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Asymptotic Statistical Properties of AR Spectral
Estimators for Processes With Mixed Spectra

Soon-Sen Lau, Peter J. Shermitember, IEEEand Langford B. WhiteSenior Member, IEEE

Abstract—in this paper, the influence of a point spectrum on variance of the fixedpth-order AR spectral estimator for a
large sample statistics of the autoregressive (AR) spectral estimator general mixed spectrum process was developed under the
is addressed. In particular, the asymptotic distributions of the AR assumption of small estimation error. For a single sinusoid plus

coefficients, the innovations variance, and the spectral density es- . . .
timator of a finite-order AR( p) model to a mixed spectrum process white noise, [7] proved that for fixeg, the least squares ARX

are presented. Various asymptotic results regarding AR modeling SPectral estimator converges almost surely to the spectrum of
of a regular process with a continuous spectrum are arrived at as the theoreticalth-order predictor. They also proved that the

specia_l cases of the results for the mixed spectrum setting. Finally, theoretical ARfp) spectrum becomes unbounded at a signal
numerical simulations are performed to verify the analytical re- frequency ag — occ. This latter property was extended in [8] to
sults. the more general case of unknown colored noise plus multiple
Index Terms—Asymptotic normality, autoregressive (AR) sinusoidal signals. In all these and other works, however, no
model, mixed spectrum processes, spectral analysis. distribution limit theorems of the AR] spectral estimator for a
general mixed spectrum process containing multiple sinusoids
|. INTRODUCTION plus arbitrary colored noise were developed.

., Recently, a first effort in response to this need was pursued in
.UTOIREGR,{ESSIVF (A?) rrr:odt_els have been we!{l ?tl_ld'e d That effort relied on the limiting distribution of the sample
In refation 1o regular stochastic processes containing g4y, .,y ariances given in [10]. In this paper, we rely on that
absolutely continuous spectrum. For example, [1] derived tl

" ) - &sult to develop a more concise set of limiting distributions
asymptotic normality of the coefficients of an A#}(model for regarding the finite-order AR modeling of a mixed spectrum

an AR rocess withp > ¢ by using linear regression, while . o :
2] em(gl)o?/ed the Conrse?ggncye progerties of ?nartingale diﬁeprocess. We begin by summarizing the basic background of such

. N R 5'process and AR modeling in Section Il. In Section lll, the
ences to arrive at the limiting distribution of the parameters gfsymptotic normality of the coefficients and innovations vari-
a pth-order predictor for a regular stationary process. In fr

&nce of the AR¢) model are derived. The limiting distribution

quency-dolmam analygs, AR models have received ?Xtens'veé?ihe corresponding AR{ spectral estimator is derived in Sec-
terest as high-resolution alternatives to spectral estimates b &q IV. Numerical simulations are given in Section V in order

on the Fourier transform of the data. In [3] and [4], conﬂdenct% illustrate the accuracy of the analytical results. Finally, Sec-

mtervalfs were lestabllshed f%r] ar|1_ AtR sp((ja_cttratl) i_stlmaft?rr] mAt 6n VI contains a brief summary of results, a discussion of their
case of a regular process. The fimiting distribution ot th€ Al tica) value in all too common realistic and important set-

spectral density estimator forla regular caus a_l gtationary proc ﬁas, and suggestions for future work. The proofs of the results
when bothp and the sample size approach infinity under certamesented in this paper are provided in the Appendix.
conditions was approximated in [5].

Mixed spectrum processes, which contain both an abso-
lutely continuous spectrum and point masses associated with
sinusoids, exist in a wide variety of practical situations such In this work, a mixed spectrum process is defined;as=
as communications, radar, rotating machinery, meteorology; + €», Where
climatology, and geoscience. In spite of this, the limiting sta- q
tistical properties of AR spectral analysis for mixed spectrum T, = Z Ay, cos(wmn + o)
processes have received limited attention. In [6], the asymptotic m=1

en=">_ Vi
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{¢pm}¥,_, and{(, } are independent, the theoretical autocovari- 1ll. LIMITING DISTRIBUTIONS OFAR(p) PARAMETERS
ance function of, is given byTy =77 + 17, where In this section, the limiting distributions &, ands 2 defined
by (2) are derived using a relatively recent result concerning the
= Z cos(wmT) limiting distribution of the sample autocovariance functigh
m=1 The large sample distribution of the sample autocovariance
) s function¥ for the case of a single sinusoid plus white noise was
T. =0 Z Ve recently derived in [7]. More recently, [10] extended the result
j=—oo to the more general setting of multiple sinusoids plus colored
are the autocovariance functionsmgf ande,,, respectively. The noise with continuous spectrum. Their main result is given in
pth-order AR (i.e., ARp)) predictor ofy,, is Theorem 1. First define the following quantities:
L = [7’3 7y 7’5]/
__Zak'yn—k ~ o .
b= =lro 7]
with the prediction error vanancE{(yn — yn)?} = o2. The where ()’ denotes vector transposition. Notice thgt =

minimum variance parametea§ = [a1, a2, ..., ap] ando— o[ .

which minimize this prediction error variance are readily ob-

tained from the Yule—Walker (also termed minimum vanance;l Theorem 1 [10]: Given a sample of sizeV of y,, and
e assumptions and quantities described in Section Il, then

equations (see [1] or [3 ,
g ( [tor[3) L \/N('f-j’, r3) is asymptotically normal with zero mean and
a,=—-R~ 1Y (1a) covariance matris = [0);. k=0, ... p Qiven by
2y Y g o )
Op =To TT° - ap. (1b) o5k = Z 242 cos(jwm) cos(kwm) - Z 72 cos(wm T)
Here, the(p x p) Toeplitz matrixR, and the(p x 1) vectorr? m=1 T=—00
are given by
Tg 7’% 7’5_1 7‘% +(ﬁ 3)7 7k + Z {77'77'-1—] k +77‘+J T k}
. ¥ Y, N s . - o . _
R, = and Y= . Theorem 1 is a generalization of the corresponding result in
: : : [1] for a regular process. The influence of point spectrum is
Y . e Y reflected in the first term on the right of (4).
p-l Tpm2 0 r The large sample distribution @, is given in the next the-

The least squares estimatais and o ; > of (1) based on a set orem. Because it is done in a mixed spectrum setting, it is an
of V samples can be obtained by replacitignith the sample extension of results such as those in [1]-[3].

autocovariance function defined b
y Theorem 2: With a,, anda, defined as in (1a) and (2a), we

Z have
=~ Yn - YUn+r- . _ . .
N &~ VN (a,—a,)=-R,' - A-VN (7Y — 1Y) + 0,(1). (5)
Denote byﬁy andr ¢ the sample versions @&, andr?, respec- Thus,
tively. We then have VN (&, — a,) i>N(0, RgleA/Rgl)
P
a, =—R, -7 (2a) where
~ ~ ~y A ai as a3 -+
2= +4Y -a, (2b) o e o 4
Let S,(w) denote the minimum variance AR(spectrum and a o a-
S, (w) denote its least squares estimator. Then A2 ° ¢
2 2
a. A a.
Sp(w) = L = L 3a
" & woia| PP S R
arc
=0 L a]”‘ 0 -
. 52 N [0 a O |
Splw) =ty & Ly (3b)
N A )] 0 ar a
E ape—thw
k=0 0 a ai

whereay = a9 = 1. The goal of this paper is to arrive at

the large sample distribution of (3b). In particular, we desire to
characterize its statistical behavior in the frequency regions near 0 ap2 a3 -~ a 0
the point spectrum. 0 ap_1 ap2 -+ ar ap]
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The matrix4 in Theorem 2 has a special property. From thEquation (7) is in quadratic form involving the covariance

Yule—Walker equation (1a), we know that matrix 3. Since the expressions for the elements3if(4),
’ 1 involve infinite summations, a direct time-domain interpreta-
(v Ry]- a, =0 tion and simplification ofl’; - is difficult. Our next resultis an

equivalent frequency-domain expression ¥orhich provides

so that the following equality can be easily deduced: o ) : .
more insight into the influence of point spectrum on an AR

r{ 7’5,1 1 o spectral estimator, and leads to a frequency-domain expression
Py Y Y 3y for 52, as given in Corollary 1. The frequency-domain ex-
2 1 p—2 ai (1 7 . o S
—0=A- — A.p¥.  pression for the covariance matxof the limiting distribution
: : " of V/N(#, — r,) in (4) is given by
Y 7,31_ . 7,31 a Y 2 T
P v e Beg [ RS0+ SIS}
Next, we derive the limiting distribution (fx‘]%. This will require -
. 1 ™
the following Iemma{. . 3){% / S, (@)(w) dw}
Lemma 1: VN(#¥ &, —r¥'a,) = BVN(#Y — 1Y) +0,(1). -
1 ™
Thus, {z [ stontera) @
4 7 a -7
VN (#Vd, - ra,) L N(0, B'Zp)
where
wheref’ = [g¢ — 12¢¢ -~ 2g;], and whereg? is the convo- 42
lution of [..., 0, ao, ..., ay, 0, ...] with its reverse at lag; Selw) =27 Y 4 HwEwn)
specifically m=1
pr— oo — )
o Se(w) = reee T
9 = Z Ajdj+i = Z %+ ) T:z_:oo
3=0 j=00

T(w) =7(w) - y(w)

y(w) =[1 cos(w) cos(2w) --- cos(pw)].

with ag = 1, a; = 0 fori < 0 andi > p.

Remark 1: Definingr = [g5 297 --- 2g5], thenv'y(w) =
|pp(w)|?, where Here,5( - ) is the Dirac delta function. The same frequency-do-
main expression as the first term on the right-hand side of (8) is
givenin [11] where the case of more manageable complex sinu-
To see this, first recall that the correlation of two real-valuegbids is addressed. Consequently, (8) is not only an extension to
sequences,, andv,, is equivalent tay*’ = w,, xv_,, Where the case of real sinusoids, but also includes a frequency-domain
» denotes convolution. Denote By (w) andV (w) the Fourier expression for the rightmost term in (8); an expression not pro-
transforms ofv,, andwv,,, respectively. The Fourier transform ofvided in [11]. It leads immediately to the following corollary.

¥(w) = [1 cos(w) cos(2w) - -- cos(pw)].

g7 1S Corollary 1: The frequency-domain expression ‘bf}i is
F{g¥"} = W(w)V(—w) = W(w)V*(w). given by
The second equality follows becaug&v_,) = V(-w) = w,. = 2 {[252(w) 4+ Se(w)]Se(w)|pp(w)]*} dw
V*(w) for real-valued sequenag,. Finally, observe that -
T 2
V/,y(w) :gg + 29% COS(w) + e+ 29; cos(pw) —i—(li _ 3){% / Se(w)|pp(w)|2 dw} ) (9)
™ —T

—_ o ,—iTw _ Fiag® = *
T;o ore 7} = o)) Theorem 3 s, to our knowledge, the first of its kind which states

that for a general mixed spectrum procéisis asymptotically
=lpp(w) unbiased estimator fofg. For the case of Gaussian noise (i.e.,
Using Lemma 1, Remark 1, (1b), and (2b), we arrive at tHe = 3), Corollary 1 states that the point spectrum influence
following large sample distribution fa¥ 2 is a combination of a direct influence on only the discrete fre-
e

_ X _ _ quenciegw, 1 _;, plus an indirect influence on the entire fre-
Theorem 3: With o> andé 2 defined as in (1b) and (2b), we quency range Vido, (w)|2.

have the following asymptotic normality:

%

\/N(r}g - ]3) -4, N(o, Wsz) IV. LIMITING DISTRIBUTION OF AR(p) SPECTRAL ESTIMATOR

where the time-domain expression o - is The results of the last section for the AR parameters set the
¥ stage for our goal of this paper, which is the large sample ap-
\If&g > (7) proximate distribution of AR spectral estimator (3b) for the case
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of a mixed spectrum process. To this end, we first describe theConjecture 1: Define ‘I’SP as in Theorem 4, then
limiting distribution of| 5, (w)|?.

. 1
Lemma 2: Jim pS2(w) Ys,
VN [l6p@)F = lpp()P?] 2. w0 aandw ¢ {w)l,
i _ q
= 204y()} - VN (4, — &)+ 0,(1). (10) Yy Te=0mande g fumln-y (19)
M, if wée {wp}i_
ThUS, - w {w }rn—l - -
) 4 where M is some constant. Even though in the setting of [5]
VN [Iﬁp(w)l - Ipp(w)lﬂ —>N(0, ‘If|;7p|2) (11) there is no point spectrum, given the orthogonalizing property
where of a frequency decomposition of a correlation function, it is not

surprising that (13) approaches the value afw ¢ {w,, }?._,.
=Y, )2 :4[A7(w)]/R;1AEA/R;1[Afy(w)], (12) After numerous unsuccessful attempts to prove this, we have
decided to let it remain as a conjecture, as did Sakai [6]. This
conjecture was arrived at by investigating a number of simula-
Theorem 4: \/N[gp(w) — S, (w)] 4, N(0, W ), where tions. The unknown valu&/ in (13) is of particular interest with

? respect to MV type of spectral analysis of mixed processes pro-

We now give the main result of this paper.

Uy = 1 52(w){\p&2 + 5%(w) T, e posed in [8]. To illustrate this convergent property, consider the
rooy por Py processy, = &, + &,, where
= 25,@) Vo 1 } o = cos(™0)
Ve =/ v
» €, =03c,_1—09, 2+,
_ rp—1 'p—1
U2 =4[Av (W) R ASA R [Ay(w)] G, ~ii.d. N(O, 1).
Vo152 =—20SAR Ay(w).
pe . __Fig. 1 shows the value dfl /pS>(w)) ¥4 for
Theorem 4 is a new result that provides a complete statis- ?
tical description of the large sample AR(spectral estimator p =[5, 10, 30, 50, 100, 200, 500]

for a general mixed spectrum process. An expression for the
: . : . . ...~ over the frequency rand@, =]. At tone frequencys = = /4,

asymptotic variance of,(w) was given in [6], but no limiting hi ; LS . .

T : ) his numerical approximation shows that the normalized vari-
distribution was given. Theorem 4 establishes the asymptottlc .

. A ; N .~ arice of the AR spectrum remains bounded.
normality of S,(w). It would be desirable to simplify the vari-
ance expression of Theorem 4 in order to gain deeper insight
into the influence of factors such as the shape of the noise color
and the signal-to-noise ratio (SNR). To this end, we have in- The proofs of the results in the previous sections relied on
vestigated the combined use of (8) and properties of circuldhe delta method, which is a first-order Taylor series approxima-
approximants of quadratic forms involving covariance informdion approach. As such, it is important to investigate the accu-
tion associated with AR processes [12]. To date, we have hady of this approximation. This investigation could proceed by
limited success. atheoretical analysis of the remainder of the approximation. But
Recall from [7] and [8] that the theoretical AR(approxi- such an approach would be nontrivial to say the very least. For

mant converges te-oc at tone frequenciebw,,, }¥,_, asp — thisreason, and to illustrate its potential in a more user-friendly
oo. This is not surprising since sinusoids have point mass. Itfashion, our investigation will proceed in the context of an ex-
this same property that is responsible for the convergence of thieple.
pth-order minimum variance (MV), denoted My)(spectrum  In this section, we will illustrate the potential accuracy of our
at point frequency to the process power spectrum as oo  results by fitting an AR{) model to the mixed spectrum process
[8], [13]. The MV(p) spectrum is defined to be the inverse ofi. = =, + ., Where
the sum of AR¢§) spectra forg < p. Since the family of MV

V. NUMERICAL ANALYSIS

nmw 3nm
spectra have demonstrated significant potential for identifying Tp = 608(7) + cos<T>
point spectrum with arbitrary noise, and since the MM{pec-
trum is related to the ARY) spectra fork < p, a valid ques- en =03e,_1 —09ep_2+(n

tion in the context of this paper is: What is the statistical be-
havior of the ARp) spectral estimator gs— oc. Clearly, this
question requires conditions @iV as bothp and N — oo. Each of the following two cases to be considered utilized
This problem was studied in [5] for regular processes, wherel®00 random simulations gf,. The numerical results are com-

it was proved that ifp, N — oo such thatp®/N — 0, then pared to the analytical results for each case, emphasizing only
w/N/p[(S‘p —5,)/5,] converges to a normal distribution withthe first four elements the coefficient vec@y, and the inno-

the asymptotic variance equalsf w = 0, 7, and2 otherwise. vation variances 2. Case 1 and Case 2 consider record lengths

p
We conclude this section with the following conjecture. N = 500 and1000 of ¥,,, respectively. The SNR for both cases

G ~10.0.N(0, 1).
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Frequency, rad/sec

Fig. 1. Numerical approximation of (13) fer = [5, 10, 30, 50, 100, 200, 500].

TABLE |
CAse 1: SNR= —7.3221 dB,N = 500
AR order | Innovations variance, 52 AR coeflicients, a
P E{6*} | N -Var{s%} E{a} N -Var{a}

0.0943 | 05598 | 0.1934 | 0.4469 | 0.1664
(0.0916) | (0.4968) | (0.1429) | (0.3699) | (0.1431)
0.8156 | 0.1034 | 0.6124 | 0.4350 | 0.3073
5 1.6246 5.4257 (0.8154) | (0.1429) | (0.5245) | (0.3708) | (0.2634)
(1.6411) | (5.4159) -0.0153 | 04469 | 04359 | 0.8286 | 0.3926
(-0.0159) | (0.3699) | (0.3708) | (0.7291) | (0.3682)
0.1627 | 0.1664 | 0.3073 | 03926 | 0.4420
(0.1592) | (0.1431) | (0.2634) | (0.3682) | (0.4098)
0.1595 | 1.0752 | -0.0684 | 0.9644 | -0.0775
(-0.1604) | (0.9241) | (-0.0523) | (0.8164) | (-0.0493)
0.8979 | -0.0684 | 0.9903 | -0.1442 | 0.9899
50 0.9450 2.9171 (0.9133) | (-0.2723) | (1.0593) | (-0.5050) | (0.9000)
(1.0616) |  (2.3039) -0.0146 | 1.3496 | -0.7959 | 2.6297 | -0.7600
(-0.0093) | (0.9073) | (-0.505) | (1.8900) | (-0.5181)
0.0535 | 0.1127 | 0.0914 | -0.7600 | 2.5552
(0.0462) | (0.0258) | (0.9000) | (-0.5181) | (1.9489)

is —7.3221 dB, and AR models of order= 5 and50 are con- given in Fig. 2. In particular, the accuracy of the spectral mean

sidered. The simulation and theoretical results are tabulatedaimd variance expressions of Theorem 4 is very high in the neigh-

Tables I and Il for Cases 1 and 2, respectively. The data in paréerhood of the point spectrum.

theses correspond to the theoretical results. An interpretation

of these data shows an excellent match between the simulation

statistics and theoretical results. A slight deviation can be ob-

served for the cases where= 50. This is due to the decrease in  This work generalized the conventional large sample proper-

the statistical reliability of the autocovariance estimates needigs of an AR estimator for a regular process with an unspecified

for solving the Yule—Walker equations (2); specifically, to theontinuous spectrum to those for a stochastic process containing

increased number of needed parameter estimates for the gi@emixed spectrum. In the process, asymptotic normality of the

sample size. AR coefficients, innovation variances, and AR spectral estimate
To gain a visual appreciation for the accuracy of the resultsf a finite-order autoregression were derived. Numerical simu-

the estimated means and variancesﬁ()b) (dashed line) are lations demonstrated the reliability of the analytical results. The

plotted against the theoretical results (solid line) for Case 1, asll-known statistics of the AR spectral estimator for regular

VI. CONCLUSION
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TABLE I
Case 2: SNR= —7.3221 dB,N = 1000
AR order | Innovations variance, &2 AR coefficients, a
P E{6*} | N -Var{67} FE{a} N -Var{a}

0.0917 | 05353 | 0.1598 | 04016 | 0.1405
(0.0916) | (0.4968) | (0.1429) | (0.3699) | (0.1431)
0.8144 | 0.1598 | 0.5406 | 0.3850 | 0.2684
5 1.6383 6.0849 (0.8154) | (0.1429) | (0.5245) | (0.3708) | (0.2634)
(1.6411) | (5.4195) 00153 | 0.4016 | 0.3859 | 0.7783 | 0.3799
(-0.0159) | (0.3699) | (0.3708) | (0.7291) | (0.3682)
0.1593 | 0.1405 | 02684 | 0.3799 | 0.4229
(0.1592) | (0.1431) | (0.2634) | (0.3682) | (0.4098)
0.1610 | 1.0429 | -0.0927 | 0.8956 | -0.1097
(-0.1604) | (0.9241) | (-0.0523) | (0.8164) | (-0.0493)
0.8965 | -0.0927 | 00120 | -0.1953 | 0.8941
50 1.0070 2.4638 (0.9133) | (-0.2723) | (1.0593) | (-0.5050) | (0.9000)
(1.0616) | (2.3039) ~0.0100 | 1.1509 | -0.6380 | 2.2860 | -0.7249
(-0.0093) | (0.9073) | (-0.5050) | (1.8900) | (-0.5181)
0.0520 | -0.0259 | 00883 | -0.7249 | 2.1987
(0.0462) | (0.0258) | (0.9000) | (-0.5181) | (1.9489)

stochastic processes with continuous spectrum were obtainetbas [19] that? ) = ¥ + 0,(1/+/N). Define the following
special cases of our general mixed spectrum results, and wguantities:
obtained using tools notably different than those used by othersg (,;. y) _ _R—l,;,y
As noted at the beginning of this paper, mixed processes * ” v
are commonplace in application areas ranging from machinery g(r}) = —R;l'ry =a,
condition monitoring and communication systems, to climate
models and biomedical signal processing, to name a few. In
all of these areas spectral information has long played a key equal tol, and0 otherwise
role. In some areas (e.g., military specifications for machinery
noise and vibration levels) both sample mean and variance are kp,« =(p x 1) vector withith element
ematives 1o averaged periodogram esimate o the gy 0ual 0l ando otherwise.
three decades. For both types of spectral estimation, the mii{g%te in particular thaid,, o is the identity matrixA,, j, is

. o . zero matrix, andk, o is a zero vector. Then we have [20] for
process setting poses some complications which have béen :

:ap

A, ; =(p x p) matrix with + 7th off-diagonal elements

largely ignored. This is especially true of related spectr%\I: 0, L .osp .1

statistics. At frequencies sufficiently removed from sinusoid OR, _ f?flA jzfl

frequencies the results of [1] and [3] can be used. But there is ory — Ty TPy

the issue of what is meant by sufficient. This work provides the oY

tools to answer this question in a quantitative manner. The use — =kp,i.

of spectral families, specifically the AR and MV families, as i or;

demonstrated in [14]-[16], represents a relatively new and 48US: by the chain rule .

yet not popular approach to characterizing the spectral informadg ('?‘g) 8R; Ly p-l[OFY

tion associated with a mixed process. The fact that the results i 5.v Y| orv A, [W}

this work apply to a wide range of model orders allows one to ¢ gy ’ ‘ Pl=rY

use it to develop statistically robust sinusoid detection methods “RA R Rk
for the case of arbitrary noise of unknown color, such as was =Sty Spitty Ty Api

done in [17]. Such methods could be notably improved if one =-R, (A, ia,+k, ;). (14)
could obtain the joint spectral statistics of family members, as N

well as the behavior of the mean and variance of the family &9Plying [1, Proposition 6.1.6] we then have

N, p — oo. Partial results along these lines are contained in VN (&, — a,)

[18]. r
==Y B, MAy i+ Ky JVN (7Y =) +0,(1)
APPENDIX =0
Let ()’ denote transposé; )* denote complex conjugate. =R, [a,(Ap 10, +kp 1)+ (Ap pay + Ky, )]

Proof of Theorem 2:First note that since/N(#% — #Y)
converges in distribution, as stated by Theorem 1, it then fol-

VN (79— 1Y) +0,(1).
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Lettinga;, = 0 for ¢ < 0 and: > p, the result follows by using Proof of Theorem 3:Using (1b), (2b) and Lemma 1, we
Theorem 1 and by observing that have
ai i ai_; VN (62 - ag) =VN [(fg -7y + ('f‘y a, — v ap)}
A2+ a2—; _ A K / £ '
Ap e, t+k, ;= |+| |, fori=1,...,p. = VN (7§ = 1§) + BVN () = ri) + 0p(1)
1 ' =V VN (#% — 1Y) + 0p(1) (15)
Apti ap—i - o . . . .
P v and the limiting distribution with the time-domain expression
O for \If;,% follows from Theorem 1. O
Proof of Lemma 1:The proof of this result is similar to Proof of Corollary 1: The frequency-domain expression
that of Theorem 2. First define the functigrsuch that for W, follows immediately as a consequences of Remark 1
and the frequency-domain expression (8) ¥ar
~ Ayl A o gLy
fry)=r’a,=-+"R, +* Proof of Lemma 2:First recall from Remark 1 that
Uy — ot (g — ¥ Rl a o a a
Jrp) =r¥ap = —r Rt lpp(@)I? = [95 267 - 295]7(w)

Then, using the chain rule and (14), we have the following parvheregy = 372 aja;4; With ag = 1, a; = 0fori < 0
tial derivative: and: > p. Using [1, Proposition 6.1.6], we now have

k p

af(';‘y) ~ 2 _ 2 _ i

o VI [13(@) = lppl)P?] = > G

" a(—R ,,.J> {96297 - --295] Y(@)} VN (@ — ar) + 0p(1).
7 ~ =1 oy Y
=3 [ oY ] y PO g Now, sincedg?/day. = ax+; + ax_; we then have
) =ry 9
, - a 90 9,0
— k;,7 iap _ Ty R;l(AT,’ iap + kpﬂ) aak {[gO g1 gp]w(w)}
=2k, a, + a,A, ;a,. = 2[ax(0r41 + ar-1) - - (Gktp + ar—p) 1Y (W)

where the row vector ofs is just thekth row of the matrix
A. Then, (10) follows by a rearrangement in matrix notation.
Finally, (11) follows from some basic asymptotic results of [1,

Using [1, Proposition 6.1.6], we have

VN(#a, —1V'a,) Ch. 6]. O
P ) , , Proof of Theorem 4:First note from (5) and Lemma 2 that
= Z(2kp,iap +a,A, iap)\/N (7 — i) +op(1) )
= VN (1) = lop()?]
p — N 4
(> @ |vE @y - = —2[Ay(W)R;'AVN (#Y — 1Y) + 0,(1).
j=1 Then, together with (15), we have
= — o (65— 03)
+3 2| e+ ajaje | VN (R =) VN X
g = (Ip (@) = lop()?)
+2ap\/N (7/\5 _75) +Op(1) \P&Q \I/a_z |;7 |2
) 4. N| o, ’ v .
= (95 - DVN(#§—r8) ozl Vil
P . . Now, using yet again [1, Proposition 6.1.6], we obtain our final
+ Z 2g{V'N (7 = r¥) +0,(1) result from
=1
N 1
where VR [560) = 5,)] = 5 Su) 1 =5y)]
gi = Z ;a4 = Z ;544 \/N . 2 2 + OP(]')
= = (12n@)* = lpp(@)I?)

with ap = 1, a; = 0 for ¢ < 0 andi > p. O O
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