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Abstract

In this thesis we investigate electricity generation using medium temperature geother-
mal fluids (150 - 225◦C) harvested from amagmatic geothermal resources. This form
of electricity generation has huge promise because: the size of the amagmatic re-
source is estimated to be ‘truly vast’, and geothermal energy is one of the few
renewable energies capable of providing base-load electricity.

The definition of geothermal energy is ‘utilisable heat from the earth’. Where
geothermal energy is easy to access, humans have been using it for millennia. Early
humans used hot springs for bathing and cooking, and the world’s first geothermal
district heating system was built in the 14th century (and is still in use today).
Geothermal energy was first used to produce electricity in magmatic regions; we
call this type of geothermal development a conventional geothermal development.
The production of electricity from amagmatic geothermal developments (e.g. hot
rocks, hot sedimentary aquifers) began in the 1970s and is still predominantly in
a research and development phase; we call this type of geothermal development an
unconventional geothermal development.

In order to determine the best performance measures for financial decision making
regarding geothermal developments, we compare and contrast current performance
measures in the geothermal industry. We show that enthalpy efficiency, categorised
by reservoir enthalpy, is the best financial performance measure because it is the
same as other measures on most criteria, and superior in terms of comparability
across different geothermal sites.

Geothermal Assisted Power Generation (GAPG) is a very promising method of
generating electricity from an unconventional geothermal resource. GAPG uses a
hot geothermal fluid to generate extra electricity from a traditional fossil-fuel fired
steam power plant. This means that GAPG requires a geothermal resource to be
located close to a fossil-fuel fired steam power plant. Pairing an unconventional
geothermal resource with an existing power plant is the most likely way to make
this happen. GAPG is attractive because it generates more electricity per kilogram
of geothermal fluid than traditional binary Rankine cycle technology; and, perhaps
more importantly, it allows unconventional geothermal developers to concentrate
solely on producing a hot geothermal fluid, and not on electricity generation.
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Some of the most attractive unconventional geothermal resources exist a long way
from sources of cooling water. Hence, it is important to understand the effect of
using air to cool the working fluid in power generation facilities. In particular,
we investigate the effect of using air to cool binary Rankine cycle power plants.
Initially, we construct a mathematical model, which models the effect of varying
ambient-air-temperature on the power output of air-cooled binary Rankine cycle
plants. Using this model we show that, when the observed ambient-air-temperature
is greater than the design ambient-air-temperature, plants lose 10-20% productivity
for every 10◦C increase in the observed ambient-air-temperature. In contrast, there
is no productivity gain when the observed ambient-air-temperature is less than the
design ambient-air-temperature.

Using this result, it is intuitive, but inaccurate, to assume that the optimal design
ambient-air-temperature at a given site should be the coolest observed ambient-air-
temperature at that site. Hence, we subsequently use this model to investigate the
optimal design ambient-air-temperature at 12 different sites in Australia using 13
years of historical temperature data. We conducted this optimisation in two ways:
1. based on total energy output from an air-cooled organic Rankine cycle plant
(which we called the ‘production optimisation model’); and 2. based on expected
revenue from an air-cooled organic Rankine cycle plant (which we called the ‘revenue
optimisation model’).

Due to higher ambient-air-temperatures, electricity prices are generally higher in
summer, in South Australia. Conversely, due to higher ambient-air-temperatures,
production levels in an air-cooled binary Rankine cycle plant are generally lower in
summer. Hence, we expected that the production optimisation model would yield
different results to the revenue optimisation model.

Using the production optimisation model, our results show that the total energy
output from air-cooled organic Rankine cycle plants could be increased by around
5% if the design ambient-air-temperature was reduced below its traditional value of
the mean ambient-air-temperature to the optimal design ambient-air-temperature.
Using the revenue optimisation model, our results show that the expected plant
revenue of an organic Rankine cycle plant could be increased by around 4.5% by
decreasing the design ambient-air-temperature below its traditional value to the
optimal design ambient-air-temperature. The optimal design ambient-air-temper-
atures determined using the production optimisation model are generally 1-2◦C lower
than those determined using the revenue optimisation model.

This style of general insight research is particularly useful early in the development
cycle of a new technology because it enables investment to be targeted more ap-
propriately. This means that future investments, whenever they occur, can now be
targeted more precisely and gives greater hope that geothermal energy may play a
significant role in the future energy system.

Further, this research is not limited to medium temperature, unconventional re-
sources. It could equally be applied to any medium temperature fluid: For example,
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low grade conventional geothermal resources, co-produced water from oil and gas
wells, or waste water from high grade conventional geothermal resources.
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6.7.2 The relative values of Ǩi and Ḱi . . . . . . . . . . . . . . . . 153
6.7.3 The extra-power produced by GAPG . . . . . . . . . . . . . . 154
6.7.4 Brine effectiveness and flowrate . . . . . . . . . . . . . . . . . 155
6.7.5 Thermal efficiency varies with flowrate . . . . . . . . . . . . . 159
6.7.6 Maximum extra-power . . . . . . . . . . . . . . . . . . . . . . 160
6.7.7 GAPG versus binary Rankine cycle . . . . . . . . . . . . . . . 162
6.7.8 The Condenser . . . . . . . . . . . . . . . . . . . . . . . . . . 164

6.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
6.9 Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

7 Effect of ambient-air-temperature 171
7.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
7.2 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

7.2.1 Basic design assumptions . . . . . . . . . . . . . . . . . . . . . 175
7.2.2 Optimise design of base plant . . . . . . . . . . . . . . . . . . 178
7.2.3 Calculate power produced in off-design conditions . . . . . . . 186
7.2.4 Putting it all together . . . . . . . . . . . . . . . . . . . . . . 191

7.3 Performance measures . . . . . . . . . . . . . . . . . . . . . . . . . . 192
7.4 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
7.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
7.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
7.7 Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

8 Optimisation of design ambient-air-temperature 201
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
8.2 Investigation of temperature data . . . . . . . . . . . . . . . . . . . . 202
8.3 Optimisation based on production . . . . . . . . . . . . . . . . . . . . 209

8.3.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
8.3.2 Performance Measures . . . . . . . . . . . . . . . . . . . . . . 210
8.3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

8.4 Investigation of price data . . . . . . . . . . . . . . . . . . . . . . . . 211
8.5 Optimisation based on revenue . . . . . . . . . . . . . . . . . . . . . . 220

8.5.1 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
8.5.2 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
8.5.3 Performance measures . . . . . . . . . . . . . . . . . . . . . . 221
8.5.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221

8.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222
8.7 Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230

9 Conclusion 231
9.1 Summary of findings . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
9.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235



xii Contents

Appendices 239
A-1 Modelling GPH1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239

A-1.1 Step 1: Show that net-power can be written as a linear func-
tion of the decision variables . . . . . . . . . . . . . . . . . . . 240

A-1.2 Step 2: Constraints . . . . . . . . . . . . . . . . . . . . . . . . 251
A-1.3 Step 3: Show that all decision variables are greater than zero . 254
A-1.4 Full Statement of Linear Program . . . . . . . . . . . . . . . . 254
A-1.5 Finishing Touches . . . . . . . . . . . . . . . . . . . . . . . . . 255
A-1.6 Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . 256

A-2 Modelling GPH2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258
A-2.1 Step 1: Show that net-power can be written as a linear func-

tion of the decision variables . . . . . . . . . . . . . . . . . . . 259
A-2.2 Step 2: Constraints . . . . . . . . . . . . . . . . . . . . . . . . 265
A-2.3 Step 3: Show that all decision variables are greater than zero . 276
A-2.4 Full Statement of Linear Program . . . . . . . . . . . . . . . . 277
A-2.5 Finishing Touches . . . . . . . . . . . . . . . . . . . . . . . . . 278
A-2.6 Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . 279

Glossary 281
Acronyms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
Glossary of terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

Bibliography 283



Nomenclature

Notes on nomenclature

We have attempted to make the definitions of each variable clear throughout the
thesis. However, to aid the reader, we define commonly used variables here. Further,
we have added chapter specific nomenclatures at the end of Chapters 3 - 8.

Throughout this thesis, the following conventions are followed:

1. Unless otherwise stated, all units are SI units.

2. Where a thermodynamic variable can have an extensive or intensive form, a
capital letter is used to represent the extensive variable and a small letter is
used to represent the intensive variable. For example: H is enthalpy as an
extensive variable, which is measured in joules J ; while h is specific enthalpy,
which is measured in J kg−1.

3. A dot over the top of a thermodynamic variable indicates it is a rate variable.
For example: ḣ is the rate of specific enthalpy, which is measured in J (kg
s)−1.

4. Superscripts are used to indicate which fluid a thermodynamic variable refers
to. For example: hGTh indicates the specific enthalpy of the geothermal fluid.

5. Subscripts are used to indicate the place, state, flow or piece of equipment
that the variable refers to. For example: hGTh

a indicates the specific enthalpy
of the geothermal fluid at State a, ηcondenser is the efficiency of the condenser.

We have attempted to avoid using the same notation to represent more than one
variable. However, due to the wide range of topics covered in this thesis, and our
desire to follow well recognised conventions, this has not always been possible. In
particular, we note:

1. In Chapter 1 through to Chapter 6, t indicates time. However in Chapter 7 and
Chapter 8, t is used to represent the individual occurrence of the temperature
random variable T .

2. In Chapter 1 through to Chapter 6, E indicates energy. However in Chapter 7
and Chapter 8, the operator E[.] is used to represent the expectation of a
random variable.

3. η is used to represent efficiency which is dimensionless, except for the specific
case of ηbrine, which represents brine effectiveness which has units of kW kg−1.

xiii
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Nomenclature

Cp, cp heat capacity at constant pressure (J (K)−1) and
specific heat capacity at constant pressure (J (kg K)−1)

H, h enthalpy (J) and specific enthalpy (J kg−1)
m mass (kg)
P power (W = J s−1)
p pressure (Pa)
Q, q heat (J) and specific heat (J kg−1)
S, s entropy (J (K)−1) and specific entropy (J (kg K)−1)
T temperature (◦K)
W,w work (J) and specific work (J kg−1)

HV heating value (J kg−1)

∆ difference (e.g. ∆T is temperature difference).
η efficiency (dimensionless)
ψ specific exergy (J kg−1)

Superscripts

GTh geothermal fluid
WF working fluid (in fossil-fuel fired steam power plants the working

fluid is called the feedwater)

Functions

x,yf
α
z (·, ·) the function which calculates state variable z of fluid α, using state

variables x and y, assuming that fluid α is in the liquid, vapour, gas,
or supercritical region.

xf̀
α
z (·, ·) the function which calculates the state variable z of fluid α using

variable x, assuming that fluid α is a saturated vapour.

xf́
α
z (·, ·) the function which calculates the state variable z of fluid α using

variable x, assuming that fluid α is a saturated liquid.

x,yf̂
α
z (·, ·) the function which calculates state variable z of fluid α, using

state variables x and y, assuming that fluid α is in the 2-phase region.



1
Introduction

Did you know that both coal-fired and nuclear power stations use hot water, in the
form of steam, to generate electricity? They simply burn the coal (or create nuclear
fission) to heat cold water and turn it into steam. This is a really useful piece of
knowledge, because it means that if we can find a renewable, carbon-free method of
heating water, we will find a renewable, carbon-free source of electricity.

Geothermal energy is ‘utilisable heat from the earth’ [51]. Humans have been using
geothermal energy since ancient times when thermal springs were used for many
applications including washing, cooking, curing the sick etc. [78]. In volcanically
active regions of the earth, magma from the earth’s mantle comes to (or close to) the
earth’s surface. This hot magma heats any nearby underground reservoirs of water,
so much so, that there are places where hot steam erupts from the earth’s surface. In
1904, Prince Piero Ginori Conti was the first person to use this geothermal steam to
generate electricity and, in doing so, Conti generated the first kilowatts of geothermal
electricity [50]. Since that time many geothermal power stations have been built in
magmatic regions, taking advantage of the geothermal resources below the earth’s
surface. Geothermal developers now drill into the earth’s crust to directly tap into
the hot underground reservoirs of water. This enables the developers to gain hotter
and much larger quantities of steam to generate electricity. In short, geothermal
power stations use water, heated by the earth, to generate electricity. Hence, they
provide exactly the renewable, carbon-free source of electricity we described above.
Importantly, geothermal resources can provide electricity all the time. They are not
intermittent like the most well known renewable energy sources: solar and wind.

The main limitation of conventional magmatic geothermal resources is that they
are geographically restricted (e.g. volcanogenic regions, rift valleys etc.). However,
since the temperature of the earth increases with depth below the surface, amag-
matic geothermal resources exist everywhere. Further, since it is possible to use
these geothermal resources to generate electricity, they have the potential to be a

1



2 Chapter 1. Introduction

renewable, carbon-free source of base load electricity, on a large scale. However,
while amagmatic geothermal resources exist everywhere, the cost of generating elec-
tricity using these resources is not commercially viable everywhere. In fact, there
are only one or two commercially viable power plants using this type of resource in
the world today [51]. Nonetheless, the size of the amagmatic resource is potentially
‘truly vast’ [51], with estimates that it could produce up to 10% of electricity in the
USA by 2050 [102, p. 1-33], which makes it an exciting potential source of renewable,
carbon-free electricity.

In this thesis we investigate electricity generation using medium temperature geother-
mal fluids (150 - 225◦C) from amagmatic geothermal resources. However, our re-
search can be applied to any medium temperature fluid available for electricity
generation.

1.1 Background information

1.1.1 Geothermal resources

For ease of reference, we divide geothermal resources into two broad categories:
conventional and unconventional. Conventional geothermal resources generally exist
in magmatic regions and target large bodies of hot water or steam. These resources
produce over 99% of the world’s geothermal electricity [35,51], from plants operating
in 24 different countries [50]. Since conventional geothermal resources produce over
99% of the world’s geothermal electricity [35, 51], the technology used to develop
these resources is relatively mature.

Unconventional geothermal resources are geothermal resources which exist in amag-
matic regions. While in the complexity of the real world unconventional geothermal
resources exist along a spectrum, it is easiest to think of amagmatic resources di-
vided into two types: sedimentary systems and enhanced geothermal systems (see
Figure 1.1). Hot sedimentary aquifers (HSA) have underground reservoirs of water
contained in highly porous rock formations of sandstone or carbonates. In contrast,
in enhanced geothermal systems (EGS) their reservoirs are contained in rock for-
mations with little naturally occurring permeability. In the instance where an EGS
resource lacks sufficient reserves of underground water, cold water is added to the
resource. The cold water is injected deep underground, where it is heated by the
hot rocks (which maybe 3-5 km below the surface of the earth). Hot water is then
returned to the surface and used to generate electricity. While this sounds simple, it
is technically quite challenging to achieve. The rock formation must have sufficient
permeability to allow for a commercially viable flowrate and, at the same time, the
path of the flow must be sufficiently ‘tortuous’ to ensure the injected water becomes
sufficiently hot. When the existing rock formation is not sufficiently permeable,
fractures can be created by hydraulic stimulation technologies. While unconven-
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tional geothermal resources exist everywhere, they are technically challenging to
exploit, and hence they currently produce less than 1% of the world’s geothermal
electricity [51].

From 1999 to 2014, Australia saw a rapid increase in activity in the geothermal sec-
tor. Since Australia has no conventional geothermal resources, all of this activity was
targeted at developing unconventional geothermal resources. This activity peaked in
2010, ‘with 414 exploration licences or licence applications covering approximately
472,000 km2 across Australia’ [51]. From this activity, only four developments were
able to gain sufficient funding to drill wells into the target reservoir, and only one of
these four projects was able to progress beyond a single well. In the four develop-
ments that were able to drill to reservoir depth, the temperatures found were close
to expectations; however, the flowrates were significantly lower than expected [51].
Sadly for those involved, as of 2014, none of these projects are continuing their
attempts to develop geothermal electricity, as the capital investment required to
continue development could not be raised. There are many reasons for this and
many of them are outlined in a recent report commissioned by the Australian Re-
newable Energy Agency [51]. However, despite these recent set backs in Australia,
unconventional geothermal energy is still an exciting, potential source of renewable,
carbon-free power, and as such, it will be pursed again in Australia at some junc-
ture. As outlined in the Australian Renewable Energy Agency (ARENA) report [51]
challenges to be addressed for the future development of unconventional geothermal
energy resources include: very high upfront costs of project development, immature
established workflow or exploration tools to de-risk project prior to drilling, and
large uncertainty around necessary resource characteristics for commercial viability.
In this investigation however, we concentrate on issues associated with electricity
generation using these resources, assuming that a flow of hot geothermal fluid has
been achieved.

1.1.2 Electricity generation

We investigate two different ways to generate electricity from unconventional geother-
mal resources: 1. Geothermal Assisted Power Generation (GAPG), and 2. Air cooled
binary Rankine cycles.

In GAPG, hot geothermal water is sent to a conventional fossil-fired steam power
station where it is used to increase the power output of said power station. This is
attractive to conventional power stations, not only because they are able to increase
their power output, but also because they are able to do this without using any more
fossil fuel. Hence, GAPG also decreases their carbon footprint. Additionally, GAPG
is attractive to the developers of unconventional geothermal resources because it:
allows them to concentrate on underground geothermal resource issues (not power
generation); and assures them of a revenue stream (which is important due to the
very high capital costs and large risks of these developments [15,51]). Hence, GAPG
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Figure 1.1: From traditional (magmatic) geothermal systems to enhanced geother-
mal systems

is potentially a win-win option for both the geothermal developer and the power
plant operator.

Of-course, the long term goal is for unconventional geothermal developments to
generate power on their own, and given that most unconventional geothermal devel-
opments produce electricity using binary Rankine cycles [15], we focus on this type
of electricity generation.

Despite the use of ‘binary’ referring to two fluids, a binary Rankine cycle actually
has three fluids: 1. a working fluid which changes from a liquid to a vapour (or a
gas) in order to generate power; 2. a hot fluid which provides the heat to change
the working fluid from a liquid into a vapour; and 3. a cooling fluid which cools
the working fluid from a vapour (or a gas) to a liquid, so it can start the cycle
of being heated by the hot fluid again. Most often, power plants (binary Rankine
cycles and traditional power plants) use large bodies of water (i.e. the sea or large
lakes) as their cooling fluid, because water is abundant, cheap and safe, and has
excellent cooling properties. Importantly large bodies of water also have a relatively
stable temperature. However, based on recent experience in Australia, many of
the most promising unconventional resources are not close to large bodies of water;
in fact, many of them are in the desert. In cases like this, where water is scarce,
air is used as the cooling fluid. Like water, air is also abundant, cheap and safe.
Although the cooling properties of air are not as good as water, the most significant
difference for a Rankine cycle is that the temperature of ambient air is much less
stable than the temperature of a large body of water. The temperature of the cooling
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fluid is very important as it affects how much power a Rankine cycle can produce.
Additionally, Rankine cycles must be designed assuming a constant cooling fluid
temperature. Whenever the cooling fluid is not at this temperature the Rankine
cycle runs off-design. Clearly, no cooling fluid is ever at a constant temperature,
but when ambient air is used as a cooling fluid, Rankine cycles run off-design to a
much larger extent than when water is used. Hence, when ambient air is used as
a cooling fluid (instead of water), it significantly reduces the productivity of any
Rankine cycle plant. However, despite this, there are no existing models which
indicate exactly how much power is lost from a binary Rankine cycle plant due to
the effect of using air as a cooling fluid.

1.2 Structure of this thesis

In Chapter 2, we introduce geothermal resources and provide a brief history of
geothermal electricity generation. We discuss unconventional geothermal develop-
ments in the world before looking at Australia, in particular.

In Chapter 3, we provide an introduction into thermodynamics. In this thesis we
study two different types of power cycles in detail. Power cycles are based on the
principles of thermodynamics, so before we can study power cycles we must first
understand thermodynamics. Interestingly, thermodynamics is based on a small
number of empirical laws. From these laws, we use mathematics to derive some
of the fundamental thermodynamic relationships. We start by defining some basic
thermodynamic concepts, namely: a system and its surroundings; extensive and in-
tensive variables; and, heat and work. We state and describe the first three laws of
thermodynamics, and the Fundamental Equation of Thermodynamics, which leads
us to the concept of potentials. Potentials (or thermodynamic potentials) are free
energies, that is any type of energy that is stored in a system and retrievable from
that system in the form of work. Thermodynamic potentials are analogous to po-
tential energy, hence their name. The thermodynamic potential of most interest in
this thesis is enthalpy; hence, some time is given to describing this concept. Finally,
we discuss the relationships that exist between state variables. For example, if one is
given the temperature and pressure of an ideal liquid, one can determine the entropy
and enthalpy of that liquid. All of these thermodynamic relationships are integral
to understanding and modelling power cycles, and hence are integral to this thesis.

In Chapter 4, we derive the first and second laws of thermodynamics applied to a
flowing system, because the power cycles we consider are flowing systems. We then
describe and analyse a number of different types of power cycles, starting with the
ideal (but unworkable) Carnot cycle. We then move on to the ideal basic Rankine
cycle, subsequently considering more complex Rankine cycle plants and introducing
deviations from the ideal case. The Rankine cycle forms the basis of all thermal
power plants in the world today. It involves heating a pressurised working fluid
from a liquid to a vapour (or a gas). The pressurised vapour (or gas) is then used
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to generate power. Before starting the cycle again, the working fluid must return to
a depressurised liquid. We describe and analyse two types of Rankine cycle which
are used in stand-alone geothermal power plants: flash steam and binary Rankine
cycles. As part of this discussion, we identify a number of issues and limitations
with the current method of modelling the heat exchanger in a binary Rankine cycle.
Due to these issues, we conduct a deeper analysis of heat exchangers and provide a
new, more accurate method of modelling them. Finally in this chapter, we describe
and show how to analyse a large traditional coal-fired power plant, as this is needed
for our GAPG study.

In Chapter 5, we investigate performance measures that indicate the financial per-
formance of an investment in a geothermal development. Currently there is a signif-
icant debate in the geothermal industry around the issue of performance measures
for geothermal developments [36, 37, 120, 121]. This debate centres around three
commonly used performance measures in the geothermal industry: thermal effi-
ciency [37, 120], brine effectiveness [82] and utilisation efficiency [37], and a newly
suggested performance measure, which we refer to as enthalpy efficiency [120]. In
brief, the proponents of utilisation efficiency argue that thermodynamically it is
the most appropriate performance measure; while proponents of enthalpy efficiency
argue that it is the most appropriate performance measure because it has good
comparability between sites. Clearly, it is important for performance measures to
be both theoretically linked to the desired outcome and to have a method which
allows meaningful comparison between results. Hence, in this chapter we compare
and contrast these performance measures.

In Chapter 6, we present the advantages and limitations of GAPG so that it can
be seriously considered as the next small step in the exploration of unconventional
geothermal resources. We do this by conducting a mathematical analysis of the ther-
modynamics involved in GAPG. We show that the thermal efficiency of GAPG is
1.7-2.9 times higher than stand-alone geothermal plants, depending on the geother-
mal fluid temperature, for geothermal fluids in the range 150◦C - 200◦C. Addition-
ally, there is a limit to the amount of extra power that can be generated by GAPG,
even assuming a theoretically infinite geothermal fluid flow. Our modelling shows
that power can be increased by a maximum of around 6.5% in the modelled 500 MW
supercritical plant. We argue that this is a significant increase in potential power
production, given the very mature nature of the coal-fired power plant technology.
To achieve this maximum power a geothermal fluid flowrate of 190-290 kg s−1is
needed, with lower flow rates for the higher geothermal fluid temperatures and
higher flow rates for the lower geothermal fluid temperatures.

In Chapter 7, we construct a model of a basic air-cooled binary Rankine cycle, in
order to understand the effect of ambient temperature on the power output of this
plant. As mentioned earlier, Rankine cycles must be designed assuming a constant
cooling fluid temperature. We call this temperature the design ambient-air-temper-
ature (TDA). Hence, we construct a model in two parts: 1. the design of the Rankine
cycle, using the design ambient-air-temperature (TDA); and 2. what happens when
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the Rankine cycle runs off-design, that is when the observed ambient-air-temper-
ature (tamb) is not equal to the design ambient-air-temperature (i.e. tamb 6= TDA).
We compare our model’s results to real world data from the Mammoth Pacific plant
in California, USA, which shows our results are sufficiently close, both qualitatively
and quantitatively, to provide meaningful insights into the effect of ambient-air-
temperature on the performance of air-cooled binary Rankine cycle power plants.
Further, our results show that, when the observed ambient-air-temperature is greater
than the design ambient-air-temperature (i.e. tamb > TDA), plants lose 10-20% pro-
ductivity for every 10◦C increase in ambient-air-temperature. In contrast, there is no
productivity gain when the observed ambient-air-temperature is less than the design
ambient-air-temperature (i.e. tamb < TDA). In this chapter, we look at the effect of
a single observed ambient-air-temperature. However, to determine what is the best
design ambient-air-temperature for a given geothermal site, we must consider the
impact on power output of the temperature distribution at a given site.

Using this result, it is intuitive, but inaccurate, to assume that the optimal design
ambient-air-temperature at a given site should be the coolest observed ambient-air-
temperature at that site. Hence in Chapter 8, we subsequently use this model to
investigate the optimal design ambient-air-temperature at 12 different sites in Aus-
tralia using 13 years of historical temperature data. We conducted this optimisation
in two ways: 1. based on total energy output from an air-cooled organic Rankine
cycle plant (which we called the ‘production optimisation model’); and 2. based on
expected revenue from an air-cooled organic Rankine cycle plant (which we called
the ‘revenue optimisation model’).

Due to higher ambient-air-temperatures, electricity prices are generally higher in
summer, in South Australia. Conversely, due to higher ambient-air-temperatures,
production levels in an air-cooled binary Rankine cycle plant are generally lower
in summer. Hence, we expected that the production optimisation model (which
is optimised over the empirical ambient-air-temperature distribution) would yield
different results to the revenue optimisation model (which is optimised over the
empirical joint distribution of ambient-air-temperature and electricity cost) .

Using the production optimisation model, our results show that the total energy
output from air-cooled organic Rankine cycle plants could be increased by around
5% if the design ambient-air-temperature was reduced below its traditional value of
the mean ambient-air-temperature to the optimal design ambient-air-temperature.
Using the revenue optimisation model, our results show that the expected plant
revenue of an organic Rankine cycle plant could be increased by around 4.5% by
decreasing the design ambient-air-temperature below its traditional value to the
optimal design ambient-air-temperature. The optimal design ambient-air-temper-
atures determined using the production optimisation model are generally 1-2◦C
lower than those determined using the revenue optimisation model.
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1.3 Publications

Much of the work in this thesis has been presented at geothermal conferences around
the world, as follows:

• ‘Air-cooled organic Rankine cycle performance with varying ambient temper-
ature’, by J. Varney and N. Bean, was presented at the Geothermal Resources
Council (GRC) 36th Annual Meeting in September 2012 in Reno, Nevada,
USA [106];

• ‘Building a model to investigate the effect of varying ambient air temperature
on air-cooled organic Rankine cycle performance’ by J. Varney and N. Bean
was presented at the Australian Geothermal Conference 2012, in November of
that year, in Sydney, Australia [107];

• ‘Using geothermal energy to preheat feedwater in a traditional steam power
plant’ by J. Varney and N. Bean was presented at the Thirty-Eighth Work-
shop on Geothermal Reservoir Engineering, in February 2013, at Stanford
University, Stanford, California, USA [108];

• ‘What technical performance measures are critical to evaluate geothermal de-
velopments?’ by J. Varney, N. Bean and B. Bendall was presented at the
Australian Geothermal Conference 2013, in November of that year, in Bris-
bane, Australia [109].

Our work on GAPG was also published in Mandarin and English, in the Chinese
magazine Cornerstone:

• ‘Geothermal Assisted Power Generation for Thermal Power Plants’ by N. Bean
and J. Varney, Cornerstone: The official journal of the world coal industry in
December 2014 [8].



2
Geothermal Power Background

Definition

The definition of geothermal energy is ‘utilisable heat from the earth’ [51]. The
centre of the earth is believed to be around 4,500◦C to 6,600◦C [34, p6]. The tem-
perature difference between the surface of the earth and the earth’s core creates a
temperature gradient. On average the temperature gradient of the earth is con-
sidered to be 30◦C km−1 above the mean surface temperature [78]. However, this
gradient is not consistent everywhere on earth. While this is most clearly evident
in the extreme case of a volcano, there also is significant variation in non-volcanic
regions as well [102, p2-6] [60], [35, p455].

Direct use

Where geothermal energy is easy to access, humans have been using it for millen-
nia [19, 26]. Early humans used hot springs for bathing and cooking [19, 26]. For
example, in Slovakia, ‘the use of thermal waters has been traced back before the
occupation of the Romans and has had a recorded use of almost 1,000 years’ [76].
In Kyushu, Japan, the hot thermal waters are promoted to heal ‘digestive system
troubles, nervous troubles, and skin troubles. Many sick and crippled people come
to Beppu [in Kyushu] for rehabilitation and physical therapy’ [76]. ‘The geothermal
water at Xiaotangshan Sanitarium northwest of Beijing, China, has been used for
medical purposes for over 500 years. Today, the 50◦C water is used to treat high
blood pressure, rheumatism, skin disease, diseases of the nervous system, ulcers and
generally for recuperation after surgery’ [76]. In France at Chaudes-Aigues (which
translates to hot water) there are around 30 natural hot springs which have tem-
peratures ranging from 45◦C to around 82◦C. These springs were used to build the

9
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world’s first geothermal district heating system in the 14th century, and this system
is still in use today [78].

Today, geothermal energy has a wide range of applications from direct use appli-
cations (i.e. heating green houses, heating swimming pools, drying of fish etc.) to
electricity generation (see Figure 2.1). Interestingly, more geothermal energy is used
in direct use applications than is used in the generation of electricity. Global statis-
tics say that the installed thermal power for direct use, as of the end of 2014, is
70,329 MWth (megawatts thermal), based on data from 82 countries [79]. Compar-
atively, in August 2011, geothermal energy produced 10,668.52 MWe (megawatts
electrical) of electrical power from sources worldwide [35]. The ‘installed thermal
power for direct use’ in 2014 is an increase of almost 45% over the 2010 data, growing
at a compound rate of 7.7% per annum [79]. ‘The growing awareness and popular-
ity of ground-source (geothermal) heat pumps has had the most significant impact
on the direct use’ [79]. Geothermal heat pumps now account for 70.9% installed
capacity. Comparatively, bathing and swimming, and space heating contribute 13%
and 10.74% respectively [79].

Figure 2.1: Modified Lindal diagram [44]

A number of geothermal electricity developers have progressed from producing elec-
tricity only to a ‘cascading use’ of geothermal energy [74, 75]. Cascading use is
a more energy efficient practice, whereby geothermal steam (or water) is passed
from one geothermal application to another, to another, until there are no more
applications that can use it. Clearly, this requires starting with the ‘use’ requiring
the highest temperature, and moving down the temperature scale wherever possible.
The ENEL, Larderello Plant above the Mt Amiata Steamfields in southern Tuscany,
Italy, is an example of cascading use. Here waste heat rejected from the 15 MW
plant as hot water is piped to supply a series of small businesses which use the
hot water for diverse enterprises including: a district heating system which provides
domestic hot water and building heating to the local communities; equipment ster-
ilisation and humidity control for cheese making and small goods; and temperature
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and humidity control for greenhouses [18,20,24,49,51,75].

Electricity generation

The production of electricity using geothermal energy began in 1904, in Larderello,
Italy [73, 102]. Prince Piero Ginori Conti used steam escaping from the ground to
run a small steam turbine which powered five light bulbs; just enough to provide
light to his boric acid factory in Larderello (see Figure 2.2) [34]. This is an impressive
achievement when you consider that the modern steam turbine was only invented by
Sir Charles Parsons in 1884 [38]. Shortly after, in 1914, Larderello had the world’s
first geothermal power plant: a 250 kW turbo-generator which was connected to the
local electricity grid. This plant remained the only commercial geothermal power
plant until 1958 when a geothermal power plant was built in Wairakei, New Zealand,
which was closely followed by a plant in the Geysers, USA, starting in 1960 [77].
These early geothermal power stations all used a hot geothermal fluid (either hot
water or steam) to directly generate power [77].

Figure 2.2: Larderello, 1904 [96]

World geothermal power production has grown significantly from 250 kW in 1914
in Larderello to 10,669 MW in 2011 from 24 different countries [35] (see Figure 2.3
and Table 2.1).

In this thesis, we concentrate on the use of geothermal energy to produce electric-
ity. Henceforth, when we mention geothermal developments, we mean geothermal
developments which will be used to produce electricity.

2.1 Classification of geothermal resources used for

electricity production

Geothermal resources contain a geothermal fluid which, until now, we have referred
to as steam or water. Due to the high salt content, uncondensible gases and heavy
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Table 2.1: Status of geothermal power plant development in 2011 - in megawatts
electrical (MWe) [35, p510]

Rank Country No. units MWe

1 United States 253 2774.43

2 Philippines 48 1840.9

3 Indonesia 23 1134

4 Mexico 39 983.3

5 Italy 35 882.5

6 New Zealand 43 783.3

7 Iceland 31 715.4

8 Japan 21 535.26

9 Costa Rica 8 205

10 El Salvador 7 204.3

11 Kenya 13 166.2

12 Turkey 8 94.98

13 Nicaragua 5 87.5

14 Russia 12 79

15 Papua-New Guinea 6 56

16 Guatemala 9 44.6

17 Portugal - Azores 6 26

18 China 8 24

19 France - Guadeloupe 2 14.7

20 Ethiopia 1 8.5

21 Germany 4 6.75

22 Austria 3 1.45

23 Thailand 1 0.3

24 Australia 1 0.15

Totals 587 10668.52
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Figure 2.3: Growth of worldwide geothermal power installations [35, p509]

metal content of geothermal fluids, they are more accurately described as brines
(rather than water). So from now on, we refer to them as geothermal fluids.

Since there are so many different geothermal resources used for many different pur-
poses, there are a number of ways to classify these resources. One of the simplest
methods to classify a geothermal resource is by the temperature of the geother-
mal fluid, with the categories generally being: low, medium (or intermediate) and
high temperature. Unfortunately, there is no standard about how to apply these
terms [22,117]. For example: Franco and Villani [43] describe medium temperature
resources as having geothermal fluids with temperatures from 110-160◦C. Stamatis
and Andritsos [100] describe medium temperature resources as having geothermal
fluids with temperatures of 90-130◦C. The Western Australian Geothermal Cen-
tre of Excellence [97] describes low and medium temperature resources as having
temperatures < 100◦C. DiPippo [33] and the Office of Energy Efficiency & Renew-
able Energy [40] describe low temperature resources as being < 150◦C. Williams et
al. [117] provide data from a further six different authors showing different ranges
for the classifications: low, intermediate and high temperature resources (see Fig-
ure 2.4). In this thesis, we often refer to medium temperature geothermal fluids,
which we define to be 150-225◦C.

As mentioned in the Abstract and Introduction, for ease of reference we divide
geothermal resources into two broad categories: conventional and unconventional.
In the literature there are varying definitions of conventional and unconventional
resources, so we summarise some of the main definitions here.

Conventional geothermal resources are also referred to as conventional hydro-
thermal or simply hydrothermal resources [35]. DiPippo [35] defines conven-
tional geothermal resources (which he calls hydrothermal) as requiring the
following five features to make them commercially viable:

1. ‘a large heat source,

2. a permeable reservoir,
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Figure 2.4: Example of classifications of geothermal resources by temperature (in
Celsius) [117]

3. a supply of water,

4. an overlaying layer of impervious rock, and

5. a reliable recharge mechanism’ [35].

We would qualify DiPippo’s definition further by considering conventional
geothermal resources to be heated via a magmatic heat source, and hence
likely to be located in a magmatic terrain. Conventional geothermal resources
were the first geothermal resources used to produce electricity, and still pro-
duce over 99% of the worlds geothermal electricity [35]. This is because, in
order to generate power directly from a geothermal fluid in a reasonably eco-
nomic manner, the geothermal fluid must be around 185◦C or hotter [44](see
Figure 2.1), and the easiest place to find geothermal fluids at these tempera-
tures is in magmatic regions. In many magmatic regions geothermal ‘steam’
rises directly from the ground, and at relatively shallow depths (≤1,500m)
very hot geothermal fluids (greater than 300◦C) can be found [35].

Unconventional geothermal resources In essence, unconventional geothermal
resources do not have one or more of DiPippo’s ‘five essential elements’ present
at economically viable levels. This means that these resources need some de-
gree of ‘extra’ engineering to make them viable, hence, these resources are
also sometimes called enhanced (or engineered) geothermal systems (EGSs).
However, the term enhanced geothermal systems does not have a universal
definition within the geothermal community [15,117]. In an excellent illustra-
tion of this point, Breede et al. lists four, of the following six, recent EGS
definitions. We additionally include the definition used by Breede et al. [15]
and another provided by DiPippo [35], as follows:
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1. ‘The U.S. Department of Energy has broadly defined Enhanced (or en-
gineered) Geothermal Systems (EGS) as engineered reservoirs that have
been created to extract economical amounts of heat from low permeabil-
ity and/or porosity geothermal resources’ [102, p1-10].

2. The landmark MIT report [102] adapts the above definition ‘to include
all geothermal resources that are currently not in commercial produc-
tion and require stimulation or enhancement. EGS would exclude high-
grade hydrothermal but include conduction-dominated, low-permeability
resources in sedimentary and basement formations, as well as geopres-
sured, magma, and low-grade, unproductive hydrothermal resources. In
addition, we have added co-produced hot water from oil and gas produc-
tion as an unconventional EGS resource type that could be developed in
the short term and possibly provide a first step to more classical EGS
exploitation’ [102, p1-10].

3. In a similarly broad manner, the Australian Geothermal Reporting Code
Committee defined EGS as ‘a body of rock containing useful energy, the
recoverability of which has been increased by artificial means such as
fracturing [1, p67].

4. ‘In order to provide a consistent framework for assessing EGS resources
as distinct from naturally-occurring geothermal resources, [Williams et
al. proposed that] EGS comprise the portion of a geothermal resource
for which a measurable increase in production over its natural state is or
can be attained through mechanical, thermal, and/or chemical stimula-
tion of the reservoir rock. In this definition, there are no restrictions on
temperature, rock type or pre-existing geothermal exploitation’ [117].

5. Breede et al. [15] adopt the MIT definition, ‘with the only difference that
geopressured and magmatic systems and also co-produced hot water from
hydrocarbon wells are excluded’ [15]. ‘Geopressured and magma systems
were left out from this review because they typically have been excluded
from past EGS cataloguing attempts, such as those proposed by European
Geothermal Energy Council (EGEC) (2012) and GtV (2013)’ [15].

6. In its narrowest sense: ‘Conduction-dominated (Enhanced Geothermal
Systems or Hot Dry Rock)’ [102, 2-3], or DiPippo calls them simply Hot
dry rock (HDR) [34, p11].

One of the difficulties in classifying unconventional geothermal resources is sim-
ply that they include a large range of resources. To demonstrate the range of
unconventional geothermal resources, across resource temperature, rock type,
depth and flowrate, we include three figures from the worldwide review of
unconventional geothermal systems by Breede et al. in 2013 [15] (see Fig-
ures 2.5, 2.6 and 2.7). Due to their definition of EGS, Breede et al. include
EGS developments in magmatic regions, such as Larderello and the Geysers.
However, since we chose in this thesis to define unconventional geothermal
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developments to be amagmatic, we would not include these plants.

The most significant differences between conventional geothermal resources
and unconventional geothermal resources are:

• In an unconventional resource, to get similar temperatures to conven-
tional resources, it is generally necessary to drill significantly deeper.
This is because temperature gradients below the surface of the earth are
much steeper in magmatic regions.

• Unconventional resources may have insufficient natural permeability, hence,
permeability may need to be enhanced.

• Unconventional resources may have insufficient naturally occurring geother-
mal fluid, hence, geothermal fluid may need to be added.

We consider that there are many types of unconventional geothermal resources
and they exist more in a spectrum than in discrete categories. However, for
the purposes of clarity in discussions within this thesis, we restrict the term
unconventional geothermal developments to refer to amagmatic EGS and HSA
systems only, where:

Hot sedimentary aquifers (HSA) are underground reservoirs of hot water
contained in porous and permeable rocks.

Enhanced Geothermal Systems (EGS) are conduction dominated, low per-
meability resources in sedimentary and/or basement formations which
require engineering intervention to achieve economic viability. These sys-
tems are often also known as ‘hot dry rock’ (HDR) and in more recent
times ‘hot wet rock’ (HWR) (since none of these systems were completely
dry) [15].

In particular, we focus on medium temperature geothermal resources. While
we consider these resources to have come directly from a geothermal reservoir,
medium temperature resources can also often come from other sources, such as
the waste water from geothermal flash plants, co-produced water in oil wells,
etc.

2.2 Unconventional geothermal resources

Before EGS resources could be exploited, technological advances had to be made in
deep drilling and permeability enhancement to overcome the differences just high-
lighted. The first experiments in exploiting EGS resources were conducted at Fenton
Hill, USA, by Los Alamos National Laboratory in 1974 [51,102]. These experiments
were largely initiated in response to the 1970s’ oil crisis, in conjunction with technical
advances in the oil and gas industry [51] in deep drilling technology and methods
to artificially fracture rock. ‘The original concept (HDR-concept) proposed by a
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Figure 2.5: Worldwide EGS projects’ reservoir/bottomhole temperature vs. depth
[15]

Figure 2.6: Worldwide EGS projects’ flow rate vs. depth [15]
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Figure 2.7: Rock type and well depth of EGS projects worldwide [15]

group of the Los Alamos National Laboratory in the early 1970s consists of a dou-
blet of deviated boreholes. The boreholes are drilled parallel to the azimuth of the
least compressive principal stress and are connected by a set of large parallel frac-
tures created during hydraulic fracturing tests in insolated [sic] borehole sections.
These tensile fractures are oriented perpendicular to the least compressive principal
stress’ [64] (see Figure 2.8). ‘The second concept (EGS-concept) promoted mainly
by the Camborne School of Mines and the University of Paris is based on the obser-
vation of numerous natural fractures (joints and faults) even at great depth. The
crystalline basement was therefore regarded as a broken material (discontinuum)
and the idea was to shear and widen the natural fracture network by massive wa-
ter injection in long uncased borehole sections. This process was named hydraulic
stimulation’ [64] (see Figure 2.8). In short, hydraulic stimulation works by pumping
water (or other fluids) into a well at high pressure and volume, and this is capable
of increasing the natural permeability of the resource [15,64].

The development of binary Rankine cycles also significantly aided the development
of unconventional geothermal resources. This is because binary Rankine cycles allow
the economic generation of power from fluids with temperatures lower than 180◦C
(i.e. lower than that required for direct steam plants - see Figure 2.1). Binary
Rankine cycles were first demonstrated in Russia in 1967, and later used in the USA
in 1981 [78]. Binary Rankine cycles are discussed in detail in Chapter 4, and are
often referred to as organic Rankine cycles (ORCs). Currently, ‘almost all running
EGS projects in the power generation phase utilize binary power plants’ [15].

Since 1974, unconventional geothermal projects have been trialled in many parts of
the world, in many different rock types, drilling depths, resource temperatures and
flowrates. According to Breede et al. [15] by 2013 there are a total of 31 current
or historical unconventional geothermal developments worldwide. From these devel-
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Figure 2.8: A schematic showing two different concepts for hydraulic stimulation

opments, it is clear that unconventional geothermal resources can be exploited to
produce electricity. However, unconventional geothermal developments are not yet
generally commercially viable. Of the 31 plants listed by Breede et al. [15], they state
four are commercial - Bruchsal, Germany (started in 1983), Neustadt-Glewe, Ger-
many (started in 1984), Bouillante, France (started in 1996), and Altheim, Austria
(started in 1989). In contrast, however, a 2014 report by the Australian Renewable
Energy Agency (ARENA) [51] states that the world’s first commercial, unconven-
tional geothermal power plant was the plant in Landau, Germany (started 2003).
Additionally, the report states that this plant is quite unusual in that it has: 1. a
very high flowrate (for unconventional geothermal developments), and 2. receives
a significant loading for its electricity under the German government scheme. For
EGS developments, ‘Germany provides an added feed in tariff of e 50/MWh to the
basic geothermal feed in tariff of e 250/MWh’ [51]. The Landau plant was the first
unconventional geothermal power plant to be connected to the electricity grid [15].

We now discuss some of the major technical challenges facing unconventional geother-
mal developers: 1. achieving a commercial flowrate, 2. drilling cost, 3. induced seis-
micity, 4. accurate resource estimation, and 5. large uncertainty around necessary
resource characteristics for commercial viability.

‘The flow rate recovered with EGS [unconventional geothermal] projects is crucial in
dictating the success of a project. It needs to be high to ensure the project’s economic
viability. Yet if the rate is too high, there may not be sufficient residence time for the
circulating medium in the reservoir to extract enough heat from the rock. Depending
on reservoir permeability, fracture surface area, pumping pressure, etc., the flow
rate varies significantly from project to project’ [15]. For commercial viability ‘it
is commonly accepted that for an EGS [unconventional geothermal] doublet system
[...], assuming a depth greater than 3 km and a temperature greater than 150◦C,
the system should operate at flow rates between 50 and 100 `/s and produce an
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electric power of 3 to 10 MWe over a life of at least 25 years’ [64]. As Figures 2.5
and 2.6 show it is clear that currently not many unconventional geothermal projects
meet this criteria. ‘The maximum recorded flow rate so far from an EGS well in a
conductive thermal setting in Australia is about 40 kg s−1’ [51, p50]. As mentioned,
reservoir stimulation is used in unconventional geothermal developments to increase
flowrate. However, while it has been ‘demonstrated to work in geothermal reservoirs,
[...] much uncertainty remains over whether the resulting flowrates are sufficiently
high enough to make the geothermal resource commercially viable’ [51]. Hence, we
argue that the biggest risk in an unconventional geothermal development is finding
a reservoir with enough permeability to provide economic flowrates, or at least a
reservoir that can be stimulated to provide economic flowrates. This leads us to
drilling, as drilling is currently the only way to determine the flowrate of a reservoir.

According to Gebo NDS [47], drilling cost is the highest component in the devel-
opment costs of an unconventional geothermal project and can vary from 42% to
90% of the overall capital costs. Additionally, drilling costs vary significantly with
geology and local drilling market conditions. For example, it is estimated that on
average a 1.5km deep well in the USA will cost $2.9 million and a 5km well in the
USA will cost $10.5 million. However, in Australia, which has a small number of
local drilling rigs and had to mobilise some rigs from overseas, the expected cost for
similar wells, is $6.6 million to $15.3 million (all dollars are in USA 2014 dollars) [51].
Further, it is difficult to estimate how many wells are required, as flowrate per well
is the other significant unknown in unconventional geothermal developments (see
Figure 2.6), and while stimulation technology can potentially increase flowrate, this
technology is currently far from certain [51].

Another challenge for geothermal developers is the issue of ‘induced seismicity’. In-
duced seismicity is the name given to generally small scale seismic activity brought
about by pumping water, at high pressure and volume, into geothermal resources.
In conventional geothermal systems induced seismicity can occur in response to
reinjection of cooled geothermal fluids into the reservoir, whereas in unconventional
systems it can also be the result of hydraulic stimulation activities. Induced seismic-
ity caused the cessation of activity at the Basel plant in Switzerland in 2009, after
‘repeated severe induced seismicity events’ [15] in 2006/2007. In 2009 the Landau
plant had to temporarily suspend operations due to issues with induced seismicity.
‘The project was restarted after purchasing e 50 million of annual liability insur-
ance to cover potential seismic damages [34, p463-474]. As a consequence of these
events, water has to be reinjected at a reduced pressure to avoid induced seismicity,
resulting in reduced power generation’ [15]. Hence, this ‘experience gained from
preliminary projects has led to a common view that induced seismicity associated
with EGS [unconventional geothermal] activities can halt further development of
this concept particularly in densely populated areas. More recently, though, despite
the 3.6 magnitude seismicity induced by well control operations during drilling in
St. Gallen, the city council decided to continue with the project and complete the
first drilling phase (Geothermie Stadt St. Gallen 2013b)’ [15].
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Another challenge facing unconventional geothermal developers is the issue of re-
source estimation. ‘It has also been reported that the output of EGS projects is far
lower than the theoretical expectation. Sanyal and Butler (2005) built a number of
simulation models as a starting point for estimating EGS reserves on the basis of
conditions seen at desert park [sic - Desert Peak] in USA, which suggested a recovery
factor greater than 40% for EGS. However, Grant and Garg (2012) later pointed out
that the recovery factor for the Cooper Basin EGS system [Habanero field] would be
lower than 2%, according to the modelled performance’ [15]. Clearly, investors will
want to be sure about any resource estimate, prior to investing in an unconventional
geothermal project.

Given that current unconventional geothermal developments target such a wide
range of rock types, depths, temperatures and flowrates, and so few of them are
commercially viable, there is large uncertainty around necessary resource character-
istics to achieve commercial viability [51].

2.3 Unconventional Resources in Australia

From the late 1990s into the early 2000s, Australia saw a rapid increase in activ-
ity in the geothermal sector [51, p6]. ‘The total amount spent by [the Australian
geothermal] industry as at the end of 2013 [from the late 1990s] is estimated to
be $828 million. Overall the government contribution has been around 13 per cent
of the total expenditure’ [51]. However, ‘the Australian geothermal sector is cur-
rently stalled with very little activity underway. A key reason for the current lack
of activity is the difficulty in attracting commercial funding to proceed with current
and proposed developments and also policy uncertainty in relation to the renewable
energy sector’ [51, p7].

The highest point of this activity was in 2010, ‘with 414 exploration licences or li-
cence applications covering approximately 472,000 km2 across Australia’ [51]. From
this activity, four developments gained sufficient, largely private, funding to drill
wells to reservoir depths. Those developments were [51]: 1. the Innamincka Deeps
project, developed by Geodynamics, 2. the Paralana project, developed by Pe-
tratherm, 3. the Limestone Coast project, developed by Panax, and 4. the In-
namincka Shallows project, developed by Origin Energy Ltd in joint venture with
Geodynamics.

The Innamincka site was chosen as it has some of the hottest known rocks in Aus-
tralia at around 5 km below the surface of the earth. Innamincka is located in the
remote Cooper Basin of South Australia, and is surrounded by the Strzelecki, Tirari
and Sturt Stony Deserts. Hence, the environment is very dry and potable water is
scarce. Significantly, Innamincka is 500-1,000 km from any major city or town, and
is around 1,000 km from the National Electricity Market (NEM)1. The Innaminka

1The National Electricity Market connects five of Australia’s seven states and territories
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Deeps project drilled Australia’s first well into an EGS resource, in 2003. In total six
wells were drilled at the Innamincka Deeps project, four of which were abandoned.
Around a decade after activity started at Innamincka, Geodynamics ran a 1 MW
pilot plant using hot geothermal fluid. ‘From April to October, 2013, wells Habanero
4 (H04) and Habanero 1 (H01) were tested in closed-loop mode, with H04 as the
producer and H01 as the injector’ [59]. At the end of this period, the temperature
of the geothermal fluid had a reached well-head temperature of 215◦C [51,59]; how-
ever, it was still trending towards higher temperatures [59]. Further, they achieved a
maximum closed loop flowrate of 18 kg s−1(which was limited by the injector well),
and a maximum open loop flowrate of 40 kg s−1 [51, p78]. While the temperatures
were close to expected temperatures, given the time the well had been given to
equilibrate under test conditions, the flowrates were lower than expected [51, p6].

The Paralana geothermal site is also located in a remote and arid part of South
Australia, and is close to the Paralana Hot Springs [94]. After initial geological
investigations, Paralana was considered an EGS resource. Paralana is within 10 km
of the Beverley Uranium mine which is off-grid, and hence must generate its own
power [67]. So, Petratherm planned to (initially) sell its geothermal power to Bev-
erley [67]. Paralana’s closest major population centres are Port Augusta (which is
around 400 km south) and Adelaide (which is around 700 km south). In the second
half of 2009, Petratherm drilled a 4,000 m deep unconventional geothermal well at
Paralana [94]. This well was designed to be an injector well. Due to breakout issues
in the lower part of the well, the final casing was set at 3,720 m [65]. In September
2011, Petratherm stimulated and flow tested this well [66]. They achieved natural
flowrates of around 6 kg s−1, from a perforated zone of only 6 m thickness [10], with
a temperature of 171◦C [91].

The Otway Basin near Penola, South Australia, chosen by Panax, is a HSA resource
and is located very close to one of the large interconnectors for the NEM. Penola is
around 400 km south of Adelaide and, in comparison to Innamincka and Paralana,
it has a relatively cool climate. Penola’s closest regional centre is Mount Gambier
which is around 50 km south of Penola. Mount Gambier is known for its three
large ‘Crater Lakes’, lakes that exist inside the craters of a dormant volcano. In
2010, Panax drilled to 4,000 m and achieved a temperature of 171◦C [89]. However,
the flowrates from this sedimentary resource were significantly lower than expected
[9, 51,55,56].

In April 2011, Origin Energy Ltd drilled 2,360 m into the Eromanga Basin (near
Innamincka), targeting an HSA resource in the Hutton Sandstone which locally
comprises the Great Artesian Basin aquifer. This development was called the In-
namincka Shallows. However, it was very short-lived, as well tests indicated that
the permeability of the resource was much lower than expected. The temperature
of the resource was as expected, in excess of 145◦C, but since flow rates were much

(Queensland, New South Wales, Victoria, South Australia, Australian Capital Territory and Tas-
mania). Western Australia and Northern Territory are not connected to the NEM. This is discussed
in detail in Chapter 8
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lower than expected [30–32,51,54,56], operations were suspended in May 2011 [88].

2.4 Conclusion

Around the time that MIT produced its 2006 landmark report on EGS [102] there
was a lot of optimism around the future of EGS developments. This report stated:

‘Initial concerns regarding five key issues: flow short circuiting, a need for
high injection pressures, water losses, geochemical impacts, and induced
seismicity; appear to be either fully resolved or manageable with proper
monitoring and operational changes’ [102].

Further, this report estimated ‘EGS technology could be deployed commercially
on a timescale that would produce more than 100,000 MWe or 100 GWe of new
capacity by 2050 [in the USA]’ [102]. However, despite significant investment in
unconventional geothermal resource development in France, Germany, the United
Kingdom, the USA, Japan and Australia, there are only four or five commercial
unconventional geothermal developments in the world today [15].

Clearly, EGS developments are still predominantly in a research and development
phase [15], and the technology required is still quite immature [51]. Currently,
commercial flowrates are generally not achieved, drilling costs are generally a very
large percentage of capital costs, hydraulic stimulation is causing worrying levels of
induced seismicity, there is debate about accurate resource estimation, and there is
‘large uncertainty around necessary resource characteristics to achieve commercial
viability’ [51].

However, unconventional geothermal energy also has enormous potential. Geother-
mal energy is one of the few renewable energies capable of providing base-load power;
further, the size of the unconventional resource is potentially ‘truly vast’ [51]. Given
the challenges still facing unconventional geothermal developments, we expect this
technology to remain in the development phase for some years to come, but believe
that commercial viability will one day be achieved.

In this thesis we investigate electricity generation using medium temperature geother-
mal fluids (150 - 225◦C) harvested from unconventional geothermal resources. How-
ever, medium temperature geothermal resources can also come from: low grade
conventional geothermal resources, or the waste water from high grade geothermal
resources which has been used in a flash steam power plant. We investigate Geother-
mal Assisted Power Generation (GAPG), because it allows more electricity to be
produced per kilogram of geothermal fluid than traditional binary Rankine cycle
technology; and perhaps more importantly, GAPG allows unconventional geother-
mal developers to concentrate solely on producing a hot geothermal fluid, and not
to deal with power generation (see Chapter 6). As mentioned earlier, binary Rank-
ine cycles are the most common method of power generation in unconventional
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geothermal developments. In Australia and the USA some of the best targets for
unconventional geothermal developments are in arid climates [60,102]; hence, these
developments would need to use air-cooling. So, we also investigate the effect of
ambient air-cooling on binary Rankine cycles (see Chapters 7 and 8).



3
Background Thermodynamics

3.1 Basic thermodynamic concepts

The following discussion uses the notation and approach of Associate Professor Cass
Sackett from the University of Virginia [99].

‘Large’ bodies of matter, like a cup of hot coffee or pressurised natural gas in a gas
cylinder, contain many atoms, too many to track in detail. And usually, we don’t
want to track them in detail. Usually, we are only interested in a few large-scale
variables associated with these bodies of matter; variables like the temperature of
the coffee, or the pressure of the gas in the cylinder.

Thermodynamics is the theory of how these large-scale properties of matter evolve
and interact. (Leaving the study of the microscopic level to fields such as statistical
mechanics).

Interestingly, just like Newtonian mechanics, thermodynamics is based on a small
number of empirical laws. From these initial principles, and a clever use of math-
ematics, it is possible to derive relationships between various large-scale variables.
For example, the relationship between pressure, temperature and volume of a gas,
or magnetisation and magnetic field of a magnet.

In thermodynamics we study a system, everything outside the system is called the
surroundings (see Figure 3.1). When we describe a system, we talk about the state of
the system. What is the state of our hot cup of coffee? One answer to this question
might be its temperature and its volume, a less obvious answer might include the

25
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entropy, enthalpy or heat capacity of the cup of coffee. Variables, such as those just
listed, which describe the state of a system are called state variables.

Figure 3.1: The system and surroundings of a coffee cup

One of the difficulties in thermodynamics is, simply, the large number of variables
involved. Usefully, basic state variables can be grouped into pairs:

• Generalised force
These are intensive variables (variables, such as temperature, pressure and
magnetic field) which can be defined at any point in space and instant in time.

• Generalised displacement
These are extensive variables (variables such as total volume, total area and
magnetisation) which scale with the size of the system.

Some examples of paired basic variables are given here in Table 3.1 (the usefulness
of this pairing will become evident soon).

Table 3.1: Some Basic State Variables

Generalised Forces - Generalised Displacements

Pressure (p) - Volume (V )

Surface Tension (σ) - Area (A)

Tension (J) - Length (L)

Magnetic Field (H̄) - Magnetisation (M̄)

Electric Field (Ē) - Polarisation (P̄ )

Chemical Potential (µ) - Number of Particles(N)

Temperature (T ) - Entropy (S)

The concept of intensive and extensive variables is used a great deal in this chapter,
so let’s have a closer look at the meaning of these words. Let’s say we have a
homogeneous system in a specific state. The state of the system can be described by
various parameters, so let y be one of those parameters. Now, we divide our original
homogeneous system into two parts, by adding a partition (see Figure 3.2). Now
our parameter has the values y1 and y2.
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Extensive Variables have the property that y = y1 + y2.

Intensive Variables have the property that y = y1 = y2.

One important point to notice about intensive variables, is that they only apply to
a system if the system is homogeneous.

Figure 3.2: Division of a homogeneous system into two parts by a partition

One of the major uses of thermodynamics is to design, or improve, machines that
produce work for us, machines like car engines, power plants and fridges. We will
discuss the concept of work soon. However, before then, it is the concept of work
which brings us to the second important group of variables in thermodynamics,
called potentials.

Potentials tell us about the potential of the system to produce work under given cir-
cumstances. The first, and most obvious, potential is energy (E), the total amount
of energy in a system. The rest of the potentials are also known as free energies,
which tell us about the potential of the system to produce work under certain cir-
cumstances; they include variables such as enthalpy (H), Helmholtz Free Energy (A)
and Gibbs Free Energy (G). More will be said about the free-energies later.

The total energy of a system is defined to be the sum of its internal energy (U), its
potential energy (PE), and its kinetic energy (KE), or equivalently,

E = U + PE +KE. (3.1)

So far, all the variables we have mentioned are state variables. The key characteristic
of a state variable is that it exists at any given point in time. You can point to a
cup of coffee and ask, ‘What is its temperature? What is its volume?’ Because state
variables always exist, they are also a type of exact variable.

Which brings us to the third, and arguably the most important, group of variables
in thermodynamics: the inexact variables. The two most important and well known
of these are heat (Q) and work (W ).

Inexact variables do not exist at any one point in time. You cannot point to a cup
of coffee and ask, ‘What is its heat?’ However you can ask, ‘How much heat did
the cup of coffee give off to its surroundings in the last five minutes?’ Equally, you
cannot look at an engine and ask, ‘What is its work?’, but you can ask, ‘How much
work did the engine use towing my boat out of the driveway?’
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These examples show that inexact variables have no absolute value, and that they
only have meaning when there is a change in the system. Hence, work and heat are
usually defined through their differentials:

• d̄Q: The infinitesimal amount of heat transferred from the system to the sur-
roundings.
• d̄W : The infinitesimal amount of work done by the system on the surroundings.

You will notice that the differential d̄ is not the differential symbol you are used
to seeing. Here, the symbol d̄ indicates that a differential is an inexact differential.
This means that in order to find a value for work, W , we need to find

∫
d̄W , and

this means we must know the path taken. Intuitively, we can understand this, by
imagining ourselves carrying a large box of marking from our office to the lecture
theatre. On Monday this is a straight forward process and we walk along the most
direct route. However, on Wednesday we decide to get a cup of coffee en route to the
lecture theatre. However, the coffee shop isn’t really en route to the lecture theatre
and we have to walk an extra 500m to get our cup of coffee. Due to the longer path,
the work required to get the stack of marking from our office to the lecture theatre
is significantly more on Wednesday (when we got our cup of coffee) than it was on
Monday (without the cup of coffee).

A more detailed, mathematical explanation of the difference between exact and
inexact differentials is given in the next section.

Figure 3.3: If there is no movement, no work is done [27, p66]

From classical mechanics we know that work is the energy transfer associated with a
force acting through a distance [27, p62]. Hence if there is no displacement, then no
work is done (see Figure 3.3). In thermodynamics, work, due to its definition, can
only be observed if it crosses the boundary of the system. For example, imagine a
boat engine, as shown in Figure 3.4a. If we define the system to be the engine, then
the work crosses the system boundary through the shaft, and creates shaft work,
Wsh, given by

Wsh = F × L =
τ

r
× (2πrn).

Here F is force, L is distance, τ is torque, r is (in this case) the radius of the shaft,
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and n is the number of revolutions of the shaft.

(a) Through a rotating shaft [27] (b) Using gravity and a mass

Figure 3.4: Examples of work

In another example, imagine we enclose a gas, inside a fixed, insulated box, with a
movable, conducting partition inside it. Further, the movable partition is connected
via a string to a weight on the outside of the box (see Figure 3.4b). It is easy to
see that if the pressure p1 is equal to the pressure p2, the weight will do work on
the system. However, if p2 is sufficiently larger than p1, then the system (everything
inside the box) will do work on the surroundings (specifically, the attached weight).

Work can never be fully recovered, as some of it is always converted into heat. How-
ever, it is useful (and sometimes close to reality) to construct the idea of reversible
work which is created by a reversible process (or a quasi-equilibrium process). Quasi-
equilibrium processes happen slowly, so slowly that the system is assumed to be in
equilibrium all the way through the process. There are some very important types
of reversible work in thermodynamics, which we discuss shortly.

However, before we do, many of the equations in thermodynamics rely on assump-
tions of reversible work, so, it’s important to know when work is non-reversible, so we
understand when these equations don’t apply. One important type of non-reversible
work (in the context of this thesis) is shaft work. Shaft work is ‘the work done by a
rotating shaft that crosses the system boundary’ [119, p70] .

In thermodynamics it is not necessary for the boundary of a system to be fixed in
space; boundaries may be fixed or movable (see Figure 3.5a).

When a system has a moving boundary, and that boundary moves outwards due to
some force acting outwards from the system, then the system has done work on the
surroundings. This kind of work is known as moving boundary work or configuration
work, since the boundary of the system is moving or, equally, the configuration of
the system has changed.

The most frequently encountered example of configuration work is the expansion of
a compressed gas in a piston-cylinder device. As the gas expands the piston moves
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(a) Fixed and moving bound-

aries [27]

(b) An example of con-

figuration work [27]

Figure 3.5: Fixed and moving boundaries, and configuration work

(see Figure 3.5b), and so configuration work is defined as follows:

d̄Wconfig = F dL

= pA dL

= p dV.

Configuration work is done by many different types of simple systems (see Table 3.2)
and is often termed reversible work because the processes which create them are
considered to be quasi-equilibrium processes. From classical mechanics and electro-
mechanics, many texts [93, 99, 119] give the following, broad ranging, definition for
configuration work:

d̄W = pdV − JdL− σdA− Ē · d(V p̄)− H̄ · d(V M̄).

Fortunately, we normally only need to use one of these at a time!

The above equation can, more easily, be written generically using the generalised
force (Y ) and a generalised displacement (X), as

d̄W = −Y dX, (3.2)

where X can be V,A, L, (V M̄), (V P̄ ) and Y is the appropriate paired force (except
for V , where the paired force p must become −p, this is the price of creating a
general rule.)

Despite our familiarity with the word heat, in a thermodynamic sense it is extremely
difficult to define. Heat is all the energy which is transferred from a system to its
surroundings that is not due to work. Heat allows for a change in energy in a system
without the system doing any work.
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Table 3.2: Examples of systems and their work

System Y (force) X (displacement) d̄W

Simple compressible Pressure (p) Volume (V ) p dV

system

Thin film Surface tension (σ) Area (A) −σ dA
Stretched wire Tension (J) Length (L) −J dL

Magnetic material Magnetic field (H̄) Magnetisation (M̄) −H · d(V M̄)

Dielectric material Electric field (Ē) Polarisation (P̄ ) −E · d(V P̄ )

Equations of State

Many of the empirical laws in thermodynamics are equations of state. Equations
of state describe the relationships that exist between certain state variables. Some
examples of equations of state are: the Ideal Gas Law, Van der Waal’s Law, the
Virial Gas Law, the Stretched Wave Law and Curie’s Law.

It is important to know that equations of state only hold for homogeneous systems
(i.e. where the intensive thermodynamic variables are uniform throughout the sys-
tem and where there is no macroscopic flow). A single-phase system which is in
equilibrium inside itself is a homogeneous system.

The idea of a reversible process is critical in thermodynamics and is defined by
Çengel [27, p296] as a process that can be reversed without leaving any trace on the
surroundings. This definition is easier to understand with the help of an example.
Imagine a rigid, closed box with a partition in the middle: one side of the box has
component A and the other side has component B (see Figure 3.6). The box is
also insulated, so that heat cannot pass from the box to the surroundings. If the
partition is removed and the system is allowed to come to equilibrium, we will have
system AB, a homogeneous mixture of particles A and B. If, by simply replacing
the partition we could get back our original system (A and B), then this process
would be reversible. However, this process is not reversible, as simply replacing
the partition will give us two systems, A′ and B′, both containing a homogeneous
mixture of particles A and B.

Regardless of the process, we can generally recover our original system. It’s just
that heat and/or work are required to do so. In reality, no process is reversible.
However, some processes are close to reversible and it is useful to assume they are
reversible. Very slow changes which stay arbitrarily close to equilibrium are called
reversible, as these changes are so close to equilibrium the process can go in either
direction.

Non-equilibrium behaviour is much more complicated. In these cases the state vari-
ables are not well defined and these processes are termed irreversible. Importantly
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though, non-equilibrium processes still connect well-defined equilibrium states.

Figure 3.6: Example of non-reversible work

3.2 Some background maths

Please note that the notation in this section (Section 3.2), while clearly defined,
does not completely adhere to that shown in any of the nomenclatures. For ease of
understanding, we have used well recognised notation conventions. However, these
conventions overlap significantly with the notation conventions for thermodynamic
variables.

Based on endless examples that we all did in high school, many people believe that
integration is just the reverse of differentiation. However, this is not the case. It can
be the case, under certain circumstances, but it is not the definition nor meaning of
integration.

The definite integral is defined as follows: Given a function f(x) that is continuous
on the interval [a,b] divide the interval into n subintervals of equal width, ∆x, and
from each subinterval choose a point, x∗i . Then the definite integral of f(x) from a
to b is ∫ a

b

f(x) dx = lim
n→∞

n∑
i=1

f(x∗i )∆x.

However, in thermodynamics, one variable is very often dependent on two other
variables (e.g. pressure is a function of volume and temperature, p(V, T )). This
means we have functions of the general form f(x, y). Notice that the definition of
the definite integral, given above, only holds for functions of the form f(x).

A function f(x, y) that is dependent on two variables creates a surface (as opposed
to a function f(x) which creates a line). From this, the concept of integration
generalises, quite naturally, into two different types of integration: line integration
and surface integration.

In line integration we integrate the area under a line on our surface. Intuitively, we
can think of this as hanging a curtain along the line, from our surface to the x− y
plane; line integration calculates the area of this curtain. Since we have the whole
surface to draw a line on, the line we draw does not need to be straight, and for this
reason the line we integrate under is usually called a path.
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The mathematical notation and definition for a definite line integral is as follows:
Given a function f(x, y) that is continuous along the path P , divide the path into
n subintervals of equal length ∆s and from each subinterval choose a point (x∗i , y

∗
i ).

Then the definite integral of f(x, y) along path P is

∫
P

f(x, y) ds = lim
n→∞

n∑
i=1

f(xi, yi)∆s.

We use ds here because we are moving along a curve (in the x, y-plane) and ds
simply represents infinitesimally small segments of that curve.

In contrast to line integration, in surface integration, we calculate a volume (not an
area) under our surface. In order to calculate a volume, we specify an area on our
surface and calculate the volume from the surface to the x-y plane.

The surface integral is defined as follows: Given a function f(x, y) which is contin-
uous for all of surface S. We divide surface S into n subregions of equal area, ∆A,
and from each subregion choose a point (x∗i , y

∗
i ). Then the surface integral is

∫ ∫
S

F (x, y) dA = lim
n→∞

n∑
i=1

f(xi, yi)∆A.

So why do many people think that integration is the reverse of differen-

tiation?

If we have a function which is dependent on only one variable, say f(t), then we can
define a function, F (x), known as the indefinite integral, as follows:

F (x) =

∫ x

k

f(t) d(t).

And the Fundamental Theorem of Calculus tells us that,

F ′(x) = f(x).

So, it is the Fundamental Theorem of Calculus that tells us that integration is the
reverse of differentiation. It tells us that we can construct an indefinite integral,
which we then call an anti-derivative. This indefinite integral allows us to calculate
the value of the integration based only on the end points of the integration, i.e.∫ b

a

f(t)dt =

∫ b

k

f(t) dt −
∫ a

k

f(t) dt = F (b)− F (a).
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Exact and Inexact Differentials

Now, let’s look at exact and inexact differentials, to see the importance and relevance
of the discussion above.

Imagine we have a differential equation such that

dΩ = M(x, y)dx+N(x, y)dy. (3.3)

Can we integrate this equation? Given that the functions we need to integrate are
functions of two variables, we know that we can calculate the definite line integral
for all general forms of this equation, provided we know the path taken.

When an integral is dependent on its path, it is not possible to construct the indefinite
integral because the value of the integral is dependent not only on the end-points
but also on the path between those end-points. For a path dependent integral going
from point a to point b along two different paths, say P1 and P2,∫

P1

dΩ(x, y) 6=
∫
P2

dΩ(x, y).

Where we have a path-dependent line integral
∫
P
dΩ(x, y), we call the differential

dΩ(x, y) an inexact differential; and because, in these cases, we cannot construct
the indefinite integral Ω(x, y) we say that Ω(x, y) does not exist. In this thesis when
we are dealing with inexact differentials, we will change the notation from dΩ to d̄Ω
(simply to remind ourselves that we are dealing with an inexact differential).

In thermodynamics, work and heat are examples of inexact differentials. Just like
d̄Ω above, they do not exist at any one point in time; however, they are perfectly
well defined if you are given a change and the path taken during that change.

Interestingly, there are some cases where the line integral of Ω(x, y) is independent of
the path. This means that for any path P , which takes you from point a = (x1, y1)
to point b = (x2, y2), the value of the line integral is the same. When the line
integral

∫
P

[M(x, y)dx + N(x, y)dy ] is independent of path, then we can construct
an indefinite line integral that is dependent only on its end points, such that

Ω(b)− Ω(a) =

∫ b

a

dΩ =

∫ b

a

[M(x, y)dx+N(x, y)dy ] .

The construction of the indefinite integral means that Ω(x, y) exists.

The Theorem of Exactness and Independence of Path says: If M(x, y) and N(x, y)
are continuous in domain D, then the line integral

∫
dΩ =

∫
P

[M(x, y)dx+N(x, y)dy ]
is independent of path in D if and only if dΩ is exact in D.

So, for any differential quantity to have a line integral which is independent of path,
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it must be exact. A differential equation is said to be exact if it can be written in
the form

dΩ = M(x, y)dx+N(x, y)dy,

such that M(x, y) =
∂Ω

∂x
& N(x, y) =

∂Ω

∂y
,

and from the assumption of continuity it can be shown that this condition can be
written equivalently as

∂M

∂y
=
∂N

∂x
.

In thermodynamics if dΩ is an exact differential, then we call Ω an exact variable.
All state variables are exact variables, which makes sense as all state variables exist
at any given point in time, and changes in state variables are independent of path.
For example, it doesn’t matter how you get from 51◦C to 21◦C, the change in
temperature is always 30◦C. Equally, it doesn’t matter how the gas cylinder went
from 50kPa to 110kPa, the change in pressure in the gas cylinder is always 60kPa.

Example

Consider the function
dΩ = 2xy3dx+ 3x2y2dy.

First, we ask ourselves, ‘Is this differential equation exact?’

M(x, y) = 2xy3 =⇒ ∂M

∂y
= 6xy2,

N(x, y) = 3x2y2 =⇒ ∂N

∂x
= 6xy2,

so,
∂M

∂y
=
∂N

∂x
.

So, yes, this differential equation is exact. Since the differential equation is exact
we know that the indefinite line integral, Ω(x, y) exists, such that

Ω(x, y) =

∫
[ 2xy3dx+ 3x2y2dy ].

In fact, it can be calculated that Ω(x, y) = x2y3.

Now, let’s consider a different differential equation,

dΩ = ydx− xdy.
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Again, we ask ourselves, ‘Is this differential equation exact?’

M(x, y) = y =⇒ ∂M

∂y
= 1,

N(x, y) = −x =⇒ ∂N

∂x
= −1,

so,
∂M

∂y
6= ∂N

∂x
.

So, no, this differential equation is not exact, it is an example of an inexact differ-
ential equation. This means that, whilst the function can be integrated if you know
the path, the indefinite line integral Ω(x, y) does not exist here. So, we write

d̄Ω = ydx− xdy.

Interestingly, it is possible to turn inexact differential equations into an exact dif-
ferential equation, by dividing by an integrating factor. In this case our integrating
factor is 1

x2
and then our differential equation becomes

d̄Ω

x2
=

y

x2
dx− x

x2
dy.

Checking for exactness

M(x, y) =
y

x2
=⇒ ∂M

∂y
=

1

x2
,

N(x, y) = − x

x2
=⇒ ∂N

∂x
=

1

x2
,

so,
∂M

∂y
=
∂N

∂x
.

In thermodynamics this is important because it explains how we can define the
exact quantity entropy (S) from the inexact quantity heat (Q) using temperature
(T ) as an integrating factor: ∫

dS =

∫
d̄Q

T
.

Entropy will be talked about in more detail in Section 3.3.3.
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3.3 The Laws of Thermodynamics

3.3.1 The Zeroth Law

There are three systems: A, B and C. Suppose that systems A and B are in equilib-
rium with each other (i.e. they are in contact and their state variables are constant).
Further suppose, that systems B and C are in equilibrium with each other. Then, the
zeroth law of thermodynamics states that systems A and C are also in equilibrium
with each other.

The zeroth law of thermodynamics explains why thermometers and pressure gauges
work.

3.3.2 The First Law

The first law states that energy is conserved. So, the net change of total energy in a
system is equal to the difference between the total energy entering the system and
the total energy leaving the system. That is,

∆Esystem = Ein − Eout.

While this equation seems very simple, to be successful in using it one needs to
understand and recognise the various forms of energy transfer.

Energy can only be transferred to (or from) a system in three ways:

• A system gains or loses particles.
This is called chemical work and is shown by µdN
(or if there are multiple species

∑
j µjdNj).

• A system does work (d̄W ) on another system
(this can be mechanical or electrical work).

• A system gains or loses heat (d̄Q).

Hence the first law, written as an equation, is

dEsystem = d̄Q−d̄W +
∑
j

µjdNj. (3.4)

This energy, once transferred to (or from) a system, can affect any (or all) of the
system’s energies: internal, kinetic or potential energies. That is,

dEsystem = dU + d(KE) + d(PE) = d̄Q−d̄W +
∑
j

µjdNj. (3.5)
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3.3.3 The Second Law

The second law of thermodynamics states that heat flows spontaneously from high
to low temperatures, but never the reverse. For example, a warm cup of coffee left
in a cold kitchen will never become a hot cup of coffee.

The second law introduces the idea that energy has a quality as well as a quantity.
Given constant surroundings, ‘more of high temperature energy can be converted to
work, and thus it has a higher quality than the same amount of energy at a lower
temperature’ [27, p. 281]. It is also the key to the Carnot Cycle which describes
how to turn heat into work. The idea in this incredibly useful cycle underlies all our
power stations (hence, it will be discussed in more detail later).

The second law written as an equation is called the Clausius Inequality, after its
founder Rudolf Clausius. It states ∮

d̄Q

T
≤ 0,

where equality holds only if the process is reversible.

Entropy

It is from the Clausius Inequality that the notion and definition of entropy arise.
When a cyclic path integral is equal to zero, it is no longer dependent on path. So
for the reversible process described above, Clausius realised that he had discovered a
new thermodynamic property, and he chose to name this property entropy, S, such
that

dS =

(
d̄Q

T

)
rev

.

So, for any process
d̄Q ≤ TdS, (3.6)

where equality holds only if the process is reversible.

Since this differential of entropy is exact, we know entropy will always exist and is
a state variable. Hence the change in entropy ∆S from state 1 to state 2 can be
written as

∆S = S2 − S1 =

∫ 2

1

(
d̄Q

T

)
rev

.

However, to determine the absolute value of entropy we need the third law of ther-
modynamics.
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3.3.4 The Third Law

The third law of thermodynamics states that the entropy of a pure crystalline sub-
stance at absolute zero is zero.

This law allows us to give an absolute value to entropy.

3.4 Fundamental Equation of Thermodynamics

The Fundamental Equation of Thermodynamics is given by

U = TS +XY +
∑
j

µjNj.

This equation connects all possible thermodynamic variables for a

• homogeneous system with KE = 0 and PE = 0,

• under-going a reversible process, d̄Q = TdS,

• which only involves reversible, configuration work, d̄W = Y dX.

If we differentiate the Fundamental Equation of Thermodynamics, we get

dU = TdS + SdT +XdY + Y dX +
∑
j

µjdNj +
∑
j

Njdµj. (3.7)

However, using the First Law of Thermodynamics, given in equation (3.4),

• for a homogeneous system with PE = 0 and KE = 0,

• under going a reversible process, d̄Q = TdS,

• which only involves reversible, configuration work, d̄W = Y dX,

we can also show that

dU = TdS + Y dX +
∑
j

µjdNj. (3.8)

Hence, by equating equation (3.7) and equation (3.8), we obtain the Gibbs-Duheim
Equation,

SdT + XdY +
∑
j

Njdµj = 0.

Surprisingly, given the Fundamental Equation of Thermodynamics, it is possible to
show [93,95,119] that internal energy is in fact a function of only three independent
variables, U = U(S,X, {Nj}).
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This insight raises the question, how are the dependent variables (T,X, {µj}), re-
lated to the independent variables? Differentiating U gives

dU =
∂U

∂S
dS +

∂U

∂X
dX +

∑
j

∂U

∂Nj

dNj. (3.9)

Since the Fundamental Equation of Thermodynamics and equation (3.9) must hold
for all possible values of dS, dX and dNj, it follows that the corresponding coeffi-
cients of dS, dX and dNj must be the same [95, p161]. Hence,

∂U

∂S
= T,

∂U

∂X
= Y,

∂U

∂Nj

= µj for all species j.

It is also interesting to note (but beyond the scope of this thesis) that these equations
can be used to generate many equations of state, such as the Ideal Gas Law and
Hooke’s Law.

3.5 Potentials

In classical mechanical systems, we can store energy in the form of potential energy,
and subsequently retrieve it. One example of this is hydro-electric power. In ther-
modynamics there is a similar concept, which is called free energy. Free energy is the
energy which is stored, and retrievable in the form of work, and there are as many
different forms of free energy in a thermodynamic system as there are combinations
of constraints [93, p36]. Because the free energies are analogous to potential energy,
they are also known as thermodynamic potentials.

We now need to introduce the concept of stability. Stability characterises the results
of small changes to a system in thermodynamic equilibrium. In a system which is
thermodynamically stable (or in stable equilibrium), equilibrium is maintained after
small changes to the system [42, p 107].

For a simple system (closed and homogeneous) to be in equilibrium it must be stable.
If the system is not stable it will spontaneously change state to become stable [42, p
117]. When a system is in a stable thermodynamic equilibrium the time derivative
of each thermodynamic potential is zero.
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There are many different thermodynamic potentials but we will only look at a few
here. Also, for this section all our analysis will assume that the effects of potential
and kinetic energies are negligible, hence dE = dU (since, PE = KE = 0).

The first, and perhaps most obvious, potential is internal energy, U . Using the First
and Second Laws of Thermodynamics (equations (3.4) and (3.6)), for a homogeneous
system in which the only work is configuration work (i.e. d̄W = Y dX), we get

dU ≤ TdS + Y dX +
∑
j

µjdNj. (3.10)

If we further constrain this system by saying that we have constant entropy (i.e.
dS = 0) and constant volume (i.e. dV = 0), and that the system is closed and no
chemical reactions take place (i.e. dNj = 0), we get

dUS,X,N ≤ 0, (3.11)

where dUS,X,N indicates the differential of U where S,X, and {Nj} are held constant.

This equation tells us that for the above system the internal energy of the sys-
tem must decrease with any spontaneous finite system change and it will be at its
minimum value at equilibrium (but that value does not have to be zero).

For example, consider two single-phase, compressible systems containing one com-
mon single component, which further have constant volume and are adiabatically
isolated (i.e. cannot transfer heat), as shown in the initial state in Figure 3.7. In
the intermediate state, we change the fixed, thermally isolating wall to a wall which
can slide and conducts heat but which does not allow particles to cross it.

Figure 3.7: Initially we have two separate systems, which are then brought into
contact and allowed to come to equilibrium, with no chemical reactions taking place.

Using equation (3.10), we can show that system 1 and system 2 have the following
differentials for internal energy,

dU1 ≤ T1dS1 + p1dV1 + µ1dN1, (3.12)
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dU2 ≤ T2dS2 + p2dV2 + µ2dN2. (3.13)

In our example, system 3 is simply system 1 and system 2 together, so by conserva-
tion of energy (since PE = KE = 0), we can say that

dU3 = dU1 + dU2. (3.14)

Since, V3, U3 and {Nj}3 remain constant we can also say,

S1 + S2 = constant ⇒ dS1 = −dS2,

V1 + V2 = constant ⇒ dV1 = −dV2,

N1 +N2 = constant ⇒ dN1 = −dN2.

Thus, substituting equations (3.12) and (3.13) into equation (3.14) and then using
the above relationships, it follows that

dU3 ≤ (T1 − T2) dS1 + (p1 − p2) dV1 + (µ1 − µ2) dN1.

In our initial state, we know that dS1, dV1 and dN1 are all zero, hence dU3,initial = 0,
which we would expect as system 3 in its initial state is in equilibrium.

In our intermediate state we know that dN1 = dN2 = 0, since particles are still not
allowed to cross the boundary. However, since heat can cross the wall and the wall
can now slide, dS1 6= 0 and dV1 6= 0. Hence,

dU3,intermediate ≤ (T1 − T2) dS1 + (p1 − p2) dV1.

In its final state, system 3 is again in equilibrium, and no further spontaneous
changes can take place; hence, equation (3.11) tells us that dU3,final = 0. So,

dU3,final = 0 = (T1 − T2) dS1 + (p1 − p2) dV1,

for all very small changes in dS1 and dV1. Consequently, we get that T1 = T2 and
p1 = p2 (as we would expect at equilibrium).

So, when system 3 is not in equilibrium, the system will spontaneously change, head-
ing towards equilibrium and towards the system’s minimum internal energy value.
For this reason internal energy is seen as the free energy in this system.

So the internal energy, U , is useful for telling us about the free energy of a system
with constant S, V and {Nj}; for example a closed, thermally isolated system.
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Legendre Transforms

All the other potentials are, interestingly, Legendre Transforms of U(S,X,N). Leg-
endre Transforms are beyond the scope of this thesis, but are simply a special type
of co-ordinate transformation. For example, take the derivative of the Fundamental
Equation of Thermodynamics (NB: From this point on, the summation sign around
the

∑
j µjdNj is dropped for simplicity of notation.)

dU = TdS + Y dX + µdN

= TdS + d(XY )−XdY + µdN,

⇒ dU − d(XY ) = TdS −XdY + µdN,

⇒ d(U −XY ) = TdS −XdY + µdN.

So, if we define enthalpy, H, to be H = U − XY , we get H = H(S, Y,N). The
thermodynamic potential enthalpy is a Legendre Transform of U . There are many
possible Lengendre Transforms of U , and all of them are thermodynamic potentials.
However, some are significantly more useful in practice than others!

Note that the Gibbs-Duhiem equation is also valid for all these differentials. So,

dH = d(U −XY )

= dU − d(XY )

= (TdS + Y dX + µdN)− (XdY + Y dX)

= TdS −XdY + µdN,

while, dH = d(U −XY )

= d(TS +XY + µN −XY )

= d(TS + µN)

= TdS + SdT + µdN +Ndµ

= (SdT +XdY +Ndµ) + (TdS −XdY + µdN)

= TdS −XdY + µdN,

since, the Gibbs-Duhiem equation says, SdT +XdY +Ndµ = 0.
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Enthalpy

For this thesis, the potential of most interest is enthalpy. As we have just seen,
enthalpy, H(S, Y,N), is defined as

H = U −XY.

‘Enthalpy is useful for studying systems which are thermally isolated and closed,
but which are mechanically coupled to the outside world’ [93, p40]. Mechanically
coupled means that all the boundary or configuration work is able to be harnessed
and used by us, hence we deem it to be free.

Consider dH for a closed system with constant entropy and constant generalised
force (Y ) (i.e. dS = 0, dY = 0 and dN = 0).

dH = dU − Y dX −XdY,

= (dU − TdS − Y dX − µdN) + (TdS −XdY + µdN).

Now, the derivative of the Fundamental Equation of Thermodynamics tells us that
dU − TdS − Y dX − µdN ≤ 0; the remaining terms are equal to zero for a closed
system with constant entropy and constant generalised force, so we get

dHS,Y,N ≤ 0.

This equation tells us that for a closed system with constant entropy and constant
generalised force, the enthalpy of the system must decrease with any spontaneous
finite system change, and the enthalpy will be at its minimum at equilibrium.

Helmholtz Free Energy

In contrast, Helmholtz free energy, A(T,X,N), is useful for studying systems which
are closed, thermally coupled to the outside world, and mechanically isolated. Ther-
mally coupled here means that any thermal energy can be harnessed and used by
us. Helmholtz free energy is often used to study explosive systems, as the energy
being ‘harnessed’ in an explosion is thermal energy. Helmholtz free energy is given
by

A = U − ST.

Table of potentials

As was mentioned earlier, there are many types of potentials, and all of them are
Legendre Transforms of U(S,X,N). Shown in Table 3.3 are five different potentials;
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note that the summation sign around µdN has been dropped for simplicity.

Table 3.3: Potentials

Potential Definition Derivative

Internal Energy (U) U = TS + Y X + µN dU = TdS + Y dX + µdN

Enthalpy (H) H = U −XY dH = TdS −XdY + µdN

Helmholtz Free Energy (A) A = U − TS dA = −SdT + Y dX + µdN

Gibbs Free Energy (G) G = U − TS −XY dG = −SdT −XdY + µdN

Grand Potential (φ) φ = U − TS − µN dφ = −SdT + Y dX −Ndµ

The variable X can be: V,A, L, (V M̄), (V P̄ ).

The variable Y can be: The appropriate paired force, except p must become (−p).

Heat Capacity

Heat capacity is defined as the heat required to raise a substance’s temperature by
a given amount. There are two types of heat capacity:

• constant pressure heat capacity (Cp), and
• constant volume heat capacity (CV).

The heat capacity of a given substance changes with temperature and with pressure.

In the systems we study in this thesis the only types of configuration work are pdV
work. For a closed system, this means we can simplify enthalpy to

dH = TdS + V dp,

which can also be written as
dH = d̄Q+ V dp.

If we partially differentiate this equation with respect to temperature, holding pres-
sure constant, we get (

∂H

∂T

)
p

=

(
∂Q

∂T

)
p

= Cp.

In a small number of situations, for example, over a narrow range of temperatures
(involving no phase change), it is a reasonable approximation to assume that Cp is
constant with respect to temperature (T ). This means the above equation can be
integrated, to give

∆H = Cp∆T. (3.15)
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It is worth noting that this simplification is often used incorrectly. It is used in
situations when Cp is not (approximately) constant with respect to temperature.

Constant volume heat capacity can be similarly derived,

• using the equation for internal energy,
• assuming a closed system, with the only configuration work being pdV work,

then
• partially differentiating with respect to temperature (holding volume constant)

we get

dU = TdS + pdV,

= d̄Q+ pdV,

⇒
(
∂U

∂T

)
V

=

(
∂Q

∂T

)
V

= CV.

In this thesis, we only use constant pressure heat capacity, so for ease of reference,
whenever heat capacity is used from now on, it will mean constant pressure heat
capacity.

3.6 Specific variables

Specific variables are extensive variables per unit mass. For example specific volume,
v, is the volume of a substance per unit mass, m,

v = lim
δV→δV ′

δV

δm
,

where δV ′ is the smallest volume which allows the fluid to be considered a continuum.
(So, in this case, at volumes smaller than δV ′, molecular variations significantly af-
fect the value of density).

In this thesis we will use the lowercase symbol (of an already known extensive
variable) to indicate a specific variable, see Table 3.4.
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Table 3.4: Examples of specific variables and their notation

Specific variable Symbol

specific volume v

specific energy e

specific internal energy u

specific enthalpy h

specific entropy s

specific work w

specific heat q

specific heat capacity cp

3.7 Thermodynamic phases of a substance

A phase is identified as having a distinct molecular arrangement that is
homogeneous throughout and separated from the others by easily iden-
tifiable boundary surfaces. [27]

From experience we all know that a substance can exist in three principal phases:
a solid, a liquid or a gas phase [27]. However, with a little thought, we are also all
aware that a substance can have several phases within a principal phase [27]. For
example, carbon can be diamond or graphite in its solid phase. In this thesis, we
are interested only in substances in their fluid phase. The fluid phase includes the
gas phase, the liquid phase, and any combination of these two phases. Within the
fluid phase there are four common sub-phases:

The liquid phase A liquid is a nearly incompressible fluid that retains a nearly
constant volume and conforms to the shape of its container.

The gas phase A gas is a compressible fluid, which takes on the form of its con-
tainer and also expands to fill the container.

A vapour A vapour is a substance which is in a gas phase and also below the
critical temperature. This means that a vapour can be made into a liquid (or
a solid) by simply increasing the pressure.

A critical fluid A critical fluid is a fluid which has a temperature and pressure
above its critical point. The critical point is the temperature and pressure
above which distinct gas and liquid phases do not exist. A critical fluid can
have properties of a liquid and of a gas.

In this thesis, for simplicity and clarity, we generally dispense with the term vapour
and refer to any fluid in this phase as simply being in the gas phase.
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3.8 Thermodynamic state variable relationships

In Sections 3.4 and 3.5 we discussed the Fundamental Equation of Thermodynamics
and Potentials. From these relationships (and from a lot of material that is beyond
the scope of this thesis) one can derive the relationships between state variables.

For the purposes of this thesis we are only interested in substances in the fluid
phase; that is a gas, a liquid, a combination of gas and liquid (the 2-phase region)
or a supercritical fluid (see Figure 3.8). Further, we are only interested in the state
variables: temperature (T ), pressure (p), specific entropy (s), specific enthalpy (h)
and specific constant pressure heat capacity (cp). Also, for this thesis, we will define
x to be the percentage of gas in a fluid in the 2-phase region. Hence, x ∈ [0, 1] with
x = 0 on the saturated liquid line, and x = 1 on the saturated vapour line; and x is
undefined outside the 2-phase region.

Figure 3.8: Schematic of a temperature entropy graph for a pure fluid

The relationships between the variables T, p, s, h, cp and x, at a given state for a
given fluid, fall into three distinct categories, depending on where that state is on
the temperature-entropy diagram.

1. The state is on the saturated liquid line or on the saturated vapour line
Here, only one of T, p, s, h and cp is needed to define the other three; and
clearly, x is given.

For this thesis, we will use the symbol f́ to represent the functions on the satu-
rated liquid line, and the symbol f̀ to represent the functions on the saturated
vapour line. More specifically, T f́

α
p (·) to represent the function that gives pres-

sure from temperature for saturated liquid α; sf̀
α
T (·) to represent the function

that gives temperature from specific entropy for saturated vapour α, and so on.

2. The state is in the liquid, gas or supercritical region
Here, two of T, p, s, h and cp are needed to give the other two and to provide
the phase.
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For this thesis, we will use the symbol f to represent the functions in these
regions. In a similar manner to above, more specifically we will use T,pf

α
s (·, ·)

to represent the function that gives specific entropy from temperature and
pressure for fluid α; s,hf

α
T (·, ·) to represent the function that gives temperature

from specific entropy and specific enthalpy for fluid α, and so on.

3. The state is in the 2-phase region
Here, the situation is slightly different to the above region, because in this re-
gion pressure is constant with respect to temperature (see Figure 3.8), which
means that temperature and pressure no longer uniquely define entropy and
enthalpy. This means that all of the above relationships hold except the rela-
tionships with T and p as inputs.

This means that there are three possible options:

• two of T, s, h are needed to give the other one as well as x and p, or
• two of p, s and h are needed to give the other one as well as x and T , or
• T , p and x are needed to give s and h.

For this thesis, we will use the symbol f̂ to represent the functions in these
regions. In a similar manner to above, more specifically we will use T,sf̂

α
h (·, ·)

to represent the function that gives specific enthalpy from temperature and
specific entropy for fluid α; s,hf̂

α
T (·, ·) to represent the function that gives tem-

perature from specific entropy and specific enthalpy for fluid α, and so on.

Further, note that the heat capacity is not defined in this region, as any energy
added to a system at its vaporisation temperature only serves to change the
state of the fluid, not to increase its temperature.

The equations behind the functional relationships described here are immensely
complicated; and it is worth noting that at points near the critical point these equa-
tions sometimes fail to converge to a solution. In order to evaluate these functions,
we use the REFPROP (Reference Fluid Thermodynamic and Transport Properties
Database) program created by the National Institute of Standards and Technology
(NIST) [86].
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3.9 Nomenclature

A area (m2)
A Helmholtz free energy (J)
Cp, cp heat capacity at constant pressure (J (K)−1) and

specific heat capacity at constant pressure (J (kg K)−1)
CV heat capacity at constant volume (J K−1)
E, e energy (J) and specific energy (J/kg)
Ē electric field (kg m s−3 A−1)
F force (N)
G Gibbs free energy (J)
H, h enthalpy (J) and specific enthalpy (J kg−1)
H̄ magnetic field (T)
J tension (N)
L length (m)
M̄ magnetisation (A m−1)
n number of rotations or divisions (dimensionless)
N number of particles (dimensionless)
p pressure (Pa)
P power (J s−1)
P̄ polarisation (C m−2)
Q, q heat (J) and specific heat (J kg−1)
r radius of the shaft (m)
S, s entropy (J (K)−1) and specific entropy (J (kg K)−1)
T temperature (◦K)
U, u internal energy (J) and specific internal energy(J kg−1)
V, υ volume (m3) and specific volume (m3 kg−1)
W,w work (J) and specific work (J kg−1)
x percentage of gas in the two phase region
X generalised displacement vector

(V , A, L, (V M̄), (V P̄ ))
Y generalised force - must be paired with appropriate displacement

(p, σ, J , E , H) but p must be −p

KE kinetic energy (J)
PE potential energy (J)

∆ difference (e.g. ∆T is temperature difference)
µ chemical potential (J)
π pi (i.e. 3.1415...)
σ surface tension (N m−1)
τ torque (N m−1)
φ grand potential (J)
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Functions

x,yf
α
z (·, ·) the function which calculates state variable z of fluid α, using state

variables x and y, assuming that fluid α is in the liquid, gas or
supercritical region.

xf̀
α
z (·, ·) the function which calculates the state variable z of fluid α using

variable x, assuming that fluid α is a saturated vapour.

xf́
α
z (·, ·) the function which calculates the state variable z of fluid α using

variable x, assuming that fluid α is a saturated liquid.

x,yf̂
α
z (·, ·) the function which calculates state variable z of fluid α, using

state variables x and y, assuming that fluid α is in the 2-phase region.
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4
Background Power Cycles

Most of the world’s power, including geothermal power, is generated using a vapour
power cycle called the Rankine cycle. In the Rankine cycle, heat and a working
fluid (the fluid which generates work) are used to generate power. The Rankine
cycle is described in detail later in this chapter, but for now it is important to know
that, because the working fluid flows around the Rankine Cycle, the cycle must be
considered a flowing system.

It is equally important to know that, although it was not explicitly stated earlier, the
first and second laws of thermodynamics were derived, in Chapter 3, assuming we
had a control mass. In the control mass approach, mass can be added or taken from
the system, but the mass was not considered to continuously flow into the system.
When dealing with a flowing system, we need to explicitly account for the energy
associated with the flow. Since the control volume approach allows us to do this, we
again derive the first and second laws of thermodynamics, but this time assuming
we have a control volume.

4.1 The first and second laws of thermodynamics

applied to a flowing system

The following discussion largely uses the notation and approach of Sonntag [13,119]
and Çengel [27].

The control volume has the following properties:

• its size and shape are completely arbitrary;

• the surface of the control volume is called the control surface;

53
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• the control surface must be defined relative to some co-ordinate system;

• work and heat can cross the control surface;

• mass can flow in and out of the control volume, and mass can be accumulated
in the control volume;

• the only type of configuration work that occurs is PdV work.

Mass and volume flowrates

Mass flowrate, ṁ, is one of the most commonly used flowrates in this thesis and is
defined to be the amount of mass flowing through a cross section per unit of time.
In this thesis we will use the dot over a symbol to indicate a time rate of change for
state variables.

For simplicity, it is assumed that the fluid flowing into and out of the control volume
flows through a pipe. Due to frictional effects the velocity across any cross-section
of pipe is not uniform, so the average velocity, vavg, is used.

Average velocity is defined as

vavg =
1

Ac

∫
Ac

vn dAc,

where Ac is the cross sectional area of the pipe and vn is the component of velocity
normal to dAc.

Using the simplification of average velocity allows us to determine the mass flowrate
by

ṁ = ρ vavg Ac,

where ρ is the density of the fluid (assuming that the density is uniform across the
cross sectional area).

Rate equations

To aid us in considering a flowing system, we also need to introduce the idea of rate
equations.

Consider the first law of thermodynamics for a closed, single phase system over
a time interval δt. Over this time interval: an amount of work is done, d̄W ; an
amount of heat d̄Q crosses the system boundary; the kinetic energy change is ∆KE;
the potential energy change is ∆PE; and the internal energy change is ∆U . Hence,
from equation (3.5) we get

∆U + ∆KE + ∆PE = d̄Q−d̄W.
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Dividing by δt and taking the limit as δt approaches zero, we get

lim
δt→0

∆U

δt
+ lim

δt→0

∆KE

δt
+ lim

δt→0

∆PE

δt
= lim

δt→0

d̄Q

δt
− lim

δt→0

d̄W

δt
.

Remembering that work and heat are inexact variables, we know they do not simplify
to standard derivatives, so instead we define:

• lim
δt→0

d̄Q

δt
= Q̇ to be the heat transfer rate, and

• lim
δt→0

d̄W

δt
= Ẇ to be the work transfer rate (or power).

Hence, the First Law of Thermodynamics, for a closed, single phase system, written
as a rate equation, is

dU

dt
+
d(KE)

dt
+
d(PE)

dt
= Q̇− Ẇ .

4.1.1 Flow work

As was stated earlier, control volumes specifically involve mass flowing across the
system boundary. Whenever a fluid mass flows across a control volume, bound-
ary work is associated with that process. This boundary work is often called flow
work, Wflow, (to differentiate it from other kinds of boundary work). Consider a unit
of mass entering a control volume, as shown in Figure 4.1. The flow work is then
calculated as follows:

Wflow = pA dx,

where p is pressure, A is cross-sectional area (note we have dropped the subscript c
for simplicity of notation), and dx is the length of the unit of mass. Hence, the rate
of flow work, Ẇflow, is

Ẇflow = pA
dx

dt
= p A vavg = p ṁ

1

ρ
= pṁv,

where v is specific volume, which is also the reciprocal of density (i.e. v = 1
ρ
).

4.1.2 The first law applied to a flowing system

Figure 4.2 shows a schematic for all the types of energy we might have in a control
volume analysis. For this analysis, simply for ease of notation, we have assumed
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Figure 4.1: Schematic of mass flow into a control volume

only one inlet and one outlet flow. Note that it is straightforward to generalise this
formula where multiple flows exist.

Figure 4.2: Control volume schematic diagram [13, p183]

The First Law of Thermodynamics states that we cannot create or destroy energy.
Applying this to a control volume gives

∆Esystem︸ ︷︷ ︸
change

in energy

= QCV − WCV + Ein − Eout.︸ ︷︷ ︸
net energy transfer

by mass

We can write this more specifically and as a rate equation as follows:

dECV
dt

= Q̇CV − ẆCV + ṁiei − ṁeee + Ẇflow in − Ẇflow out.︸ ︷︷ ︸
net energy transfer

by mass

Here the subscripts i and e denote inlet and exit flows, dECV is the change in energy
for the control volume, Q̇CV is the rate of heat transfer from the surroundings to
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the control volume, ẆCV refers to the rate of all forms of work done by the control
volume to the surroundings except flow work (i.e. shaft work, boundary work etc.),
and e is specific energy (i.e. E

m
).

If potential and kinetic energy terms are assumed to be negligible then the specific
energy of the flowing fluid equals the specific internal energy of the flowing fluid (i.e.
e = u, where u = U

m
), hence,

dECV
dt

= Q̇CV − ẆCV + ṁiui − ṁeue + piviṁi − peveṁe,

= Q̇CV − ẆCV + ṁi(ui + pivi)− ṁe(ue + peve),

= Q̇CV − ẆCV + ṁihi − ṁehe, (4.1)

where h is the specific enthalpy of the flowing fluid. From Section 3.5 recall that
H = U + pV , where H is enthalpy, p is pressure and V is volume.

4.1.3 The second law applied to a flowing system

Consider, now, the Second Law of Thermodynamics for a closed system,

d̄Q ≤ TdS.

To write this equation as an equality, Wylen and Sonntag [119] introduce the concept
of d̄Sgen which is the entropy generated in any process due to irreversibilities that
occur. Hence they write

dS =
d̄Q

T
+d̄Sgen,

where d̄Sgen must be non-negative.

If we consider d̄Q
T

as entropy transfer by heat, then we can write an entropy balance
for any system as follows (see Figure 4.3):

∆Ssystem︸ ︷︷ ︸
change

in entropy

= Sin − Sout︸ ︷︷ ︸
net entropy transfer
by heat and mass

+ Sgen.︸︷︷︸
entropy

generation

The flow of mass present in the control volume approach carries an amount of
entropy per unit mass flowing, but it does not give rise to any other contributions,
hence we can more specifically write

∆Ssystem =
∑

misi −
∑

mese +

∫
P

1

T
d̄QCV + Sgen, (4.2)
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Figure 4.3: Mechanisms of entropy transfer [27, p380]

where s is specific entropy (defined as s = S
m

).

Equation (4.2) requires the evaluation of a path integral associated with heat trans-
fer. This evaluation can be difficult, so we would rather not have to do it. If we
make this equation a rate equation, then the path integral term,

∫
P

1
T
d̄Q (note the

CV term on Q has been dropped for ease of notation), becomes

d

dt

(∫
P

1

T
d̄Q

)
= lim

δt→0

∫
P

1

T

d̄Q

δt
∼=
∑
P

Q̇

T
.

The approximation of the integral by a summation is now valid since the inexact
heat term, d̄Q, has been parameterised by time.

So, the Second Law of Thermodynamics written as a rate equation for a control
volume is

dSCV
dt

=
∑

ṁisi −
∑

ṁese +
∑
P

Q̇CV

T
+ Ṡgen. (4.3)

4.1.4 The steady-state, steady-flow process

In industry, many engineering devices such as boilers, pumps and turbines operate
steadily, for long periods of time (excluding start-up and shut periods of course).
These devices are known as steady-state or steady-flow devices.

Steady-state or steady-flow processes have the following characteristics:

• The control volume does not move relative to the co-ordinate frame.

• The state of mass at each point in the control volume does not vary with time.
Or, as Çengel [27, p230] says, ‘no intensive or extensive properties within the
control volume change with time’. This means that:

– The energy and entropy of the control volume must remain constant,
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hence,

dECV
dt

= 0, and
dSCV
dt

= 0.

– The mass of the control volume must remain constant and, since mass
must also be conserved,

dmCV

dt
= 0 ⇒

∑
ṁi =

∑
ṁe.

– There is no boundary work (since volume is constant).

• All flows, states and rates at which heat and work cross the control surface
remain constant with time.

These assumptions allow us to simplify our above equations significantly. Equa-
tion (4.1) becomes

0 = q − w + hi − he,

or q − w = he − hi, (4.4)

where q is specific heat (defined as q = Q
m

), and w is specific work (defined as
w = W

m
). Equation (4.3), with one inlet and one outlet flow, becomes

0 = ṁ(si − se) +
∑ Q̇CV

T
+ Ṡgen,

or ṁ(se − si) =
∑ Q̇CV

T
+ Ṡgen. (4.5)

Equation (4.5) is often simplified further by the addition of further assumptions.

• For a reversible process, Ṡgen = 0; hence,

ṁ(se − si) =
∑ Q̇CV

T
.

• For an adiabatic process (i.e. where heat cannot cross the system boundary),∑ Q̇CV

T
= 0; hence,

ṁ(se − si) = Ṡgen.
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• So, for a reversible, adiabatic process, equation (4.5) simplifies to

se = si,

and a process in which entropy is constant is called an isentropic process.

4.2 Carnot cycle

The Rankine cycle uses heat to create work, which is then converted into power. The
Carnot cycle is an ideal thermodynamic cycle which calculates the maximum work
that can be generated from heat - without breaking the laws of thermodynamics.
Although the Carnot cycle is purely theoretical (it cannot be built in practice) it
is instructive here because it provides a natural base for the Rankine cycle (and, in
fact, to all other cycles which use heat to generate work).

The Carnot cycle is a thermodynamic cycle which has four processes and four states.
The four processes move the working fluid through four different states (see Fig-
ure 4.4), with the last process returning the system to its starting state, and thereby
forming a cycle. The major assumption in the Carnot cycle is that every process in
it, and hence the cycle itself, is reversible.
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Figure 4.4: The Carnot Cycle

The processes in the Carnot Cycle are [27, p300-301]:

• Process B moves the fluid from State 2 to State 3 by absorbing heat, QH , via
reversible isothermal (i.e. constant temperature) expansion.

Carnot proposed that in State 2 the fluid would be hot and compressed. Nor-
mally when gas expands the temperature of the gas decreases. Here the heat
source allows the gas to expand at constant temperature. The expansion of
the gas moves the piston head thereby doing work on the surroundings. The
gas continues to expand at constant temperature until it reaches State 3.

• Process C moves the fluid from state 3 to state 4 by reversible adiabatic ex-
pansion.
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Figure 4.5: The Carnot cycle - Process B [27]

Adiabatic means that no heat can cross the system boundary, so our heat
source is swapped for perfect insulation. The gas is allowed to expand natu-
rally, resulting in the temperature of the gas dropping from TH to TL.

Figure 4.6: The Carnot cycle - Process C [27]

• Process D moves the gas from state 4 to state 1 by reversible isothermal com-
pression (i.e. the reverse of stage 1).

In this stage the gas is compressed, but since compressing the gas naturally
creates heat, the insulation from stage 2 is now swapped for a heat sink. The
heat sink absorbs the heat that is generated by the compression, ensuring that
the whole process is conducted isothermally.

Figure 4.7: The Carnot cycle - Process D [27]

• Process A moves the gas from state 1 and returns it to state 2 via reversible
adiabatic compression.

Remembering that adiabatic means that no heat can cross the system bound-
ary, the heat sink is removed and the perfect insulation is returned. As the
gas is compressed the temperature of the system naturally rises from TL back
to TH .

Figure 4.8: The Carnot cycle - Process A [27]
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Since the initial and final states are the same in the Carnot cycle, the first law tells
us that dE = 0 (for the cycle as a whole). We also know that dE = d̄Q−d̄W (again
from the first law), hence we can say d̄W = d̄Q. So, the Carnot Cycle tells us that
if QH > QL then we can convert heat into work, which is very useful.

Carnot cycle efficiency

The thermal efficiency (ηth) of the Carnot cycle is defined to be the work produced
by the cycle (W ) over the heat added to the cycle (QH), that is

ηth =
W

QH

.

So, if ηth = 1 then all heat is converted into work. Using this equation, the thermal
efficiency of the Carnot cycle becomes

ηth =
W

QH

=
QH −QL

QH

= 1− QL

QH

. (4.6)

It is further possible to prove, but beyond the scope of this thesis, that equation (4.6)
can be simplified to

ηth = 1− TL
TH

, (Carnot Efficiency)

where TH and TL are in ◦K (using ◦C or ◦F will give you a large error).

This equation demonstrates that thermal efficiency increases when: the temperature
of the hot reservoir is increased, or the temperature of the cold reservoir is decreased.
And, this is true for all heat engines.

As was mentioned at the beginning of this section but beyond the scope of this the-
sis to prove, one can also use the Carnot cycle itself to show that it is not possible
to create a heat engine with a higher efficiency than the Carnot Efficiency oper-
ating between the same high temperature and low temperature reservoir - without
breaking the laws of thermodynamics.
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4.3 The simple Rankine cycle

As was mentioned at the beginning of this chapter, the Rankine cycle is used to
generate most of the world’s electricity today. It is used in gas, nuclear and coal-
fired steam power plants, and it is used in solar-thermal and geothermal power
plants. Based on this, it is fair to say that the Rankine cycle is the most practical
application of the Carnot cycle currently developed.

As was mentioned earlier, in a Rankine cycle, the work (and hence power) is gen-
erated by the working fluid. The Rankine cycle is a type of vapour power cycle:
vapour power cycles use a working fluid which changes phase during the cycle, and
the work is generated by the fluid in its vapour phase. The working fluid most often
used to generate work is water (but this is not always the case - see Section 4.5).

Like the Carnot cycle, the working fluid in a simple Rankine cycle goes through four
separate processes, changing the fluid into four different states. However, since the
Rankine cycle is built in practice, the processes are performed by real devices: a
pump, a device to heat the working fluid (e.g. a furnace), a turbine and a condenser
(see Figure 4.9).

At State 1 the working fluid is a low pressure, low temperature saturated liquid. It
is then pumped to a high pressure liquid (State 2), and then heated to become a
high pressure vapour (State 3). The pressure and temperature of the working fluid
drop across the turbine (to produce mechanical energy) to leave a low temperature,
low pressure vapour in State 4. This vapour is then condensed to become the low
pressure, low temperature saturated liquid of State 1, and the cycle starts again.

Figure 4.9: Simple Rankine cycle with a generator

Although this is not often explicitly mentioned, all Rankine cycles also use a cooling
fluid. This is the cold fluid which is used to remove heat from the working fluid
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in the condenser. It is not often mentioned because 99% of the power plants in
the USA use water as a cooling fluid [101, p12], and they use water because it has
excellent thermodynamic properties for cooling, and it is stable, abundant and cheap.
However, where water is scarce, ambient air is used as the cooling fluid because it is
also stable, abundant and cheap (although its thermodynamic properties, for cooling
purposes, are not as good as water).

Since the geothermal sites we are interested in are using geothermal heat to generate
power in a Rankine cycle, we want to be able to calculate how much power is
generated from a Rankine cycle. However, there are many types of Rankine cycles,
so we start by demonstrating how to solve an ideal simple Rankine cycle.

4.3.1 Ideal simple Rankine cycle

The schematic of a simple Rankine cycle is shown in Figure 4.9. An ideal Rankine
cycle assumes that the pump operates reversibly and isentropically (i.e. with con-
stant entropy), the turbine operates reversibly and adiabatically, and the condenser
and the heat exchanger operate at constant pressure. The temperature-entropy
schematic is for an ideal simple Rankine cycle is shown in Figure 4.10. We will use
these assumptions for the initial calculations, and later (in Section 4.3.2), show how
they can be modified.

Figure 4.10: Temperature-entropy schematic for an ideal Simple Rankine cycle

Knowns

• For the purposes of this thesis we will assume that the following vari-
ables are known: TWF

1 , TWF
3 , pWF

3 , ṁWFand the actual working fluid.
In-fact, TWF

1 is determined by the condenser and the cooling fluid, which
is discussed later in this chapter in Section 4.5.4.
• In a Rankine cycle, each state has a defined phase, as follows,

– State 1 is a saturated liquid (i.e. xWF
1 = 0),

– State 2 is a liquid (i.e. xWF
2 = 0),

– State 3 is a gas (i.e. xWF
3 = 1), and
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– State 4 can be either a gas or a 2-phase fluid; however, the 2-phase
liquid can have no-more than 10% liquid, or the liquid damages the
blades of the turbine (i.e. xWF

4 > 0.9).

Calculate the states

State 1 We know:

• fluid = working fluid (given),
• phase = saturated liquid (given), and
• temperature = TWF

1 (given).

Hence, using the relationships defined in Section 3.8, we can determine:

• pWF
1 = T f́

WF
p (TWF

1 ),

• sWF
1 = T f́

WF
s (TWF

1 ), and

• hWF
1 = T f́

WF
h (TWF

1 ).

State 2 We know:

• fluid = working fluid (given)
• phase = liquid (given)
• sWF

2 = sWF
1

(Since, the pump operates isentropically and we just calculated sWF
1 .)

• pWF
2 = pWF

3

(Since, the boiler operates at constant pressure and pWF
3 is given.)

Again, using the relationships defined in Section 3.8, we can determine:

• TWF
2 = p,sf

WF
T (pWF

2 , sWF
2 ), and

• hWF
2 = p,sf

WF
h (pWF

2 , sWF
2 ).

State 3 We know:

• fluid = working fluid (given),
• phase = gas (given), and
• TWF

3 and pWF
3 (given).

Using the relationships defined in Section 3.8, we can determine:

• sWF
3 = T,pf

WF
s (TWF

3 , pWF
3 ), and

• hWF
3 = T,pf

WF
h (TWF

3 , pWF
3 ).

State 4 We know:

• fluid = working fluid (given)
• sWF

4 = sWF
3

(Since, the turbine operates reversibly and adiabatically (from the
previous section we know this means it is isentropic) and we just
calculated sWF

3 .)
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• pWF
4 = pWF

1

(Since, the condenser operates at constant pressure and we have al-
ready calculated pWF

1 .)

Again, using the relationships defined in Section 3.8, we can determine:

• The phase of the working fluid, using xWF
4 = s,hf̂

WF
x (pWF

4 , sWF
4 ). At

State 4, the working fluid must be a gas or a 2-phase fluid (it cannot
be a saturated liquid).
• If phase = gas, then TWF

4 = p,sf
WF
T (pWF

1 , sWF
4 ),

else, if phase = 2-phase fluid, then TWF
4 = TWF

1 = p,sf̂
WF
T (pWF

1 , sWF
4 ).

• If phase = gas or 2-phase fluid, then hWF
4 = p,sf

WF
h (pWF

1 , sWF
4 ).

Calculate the power
In order to calculate power, we need to first calculate work, since power (P) is
given by

P = Ẇ = ṁw. (4.7)

The Rankine cycle is a steady-state, steady-flow process (see Section 4.1.4).
Hence, we can determine the heat and work generated (or used) by the cycle
using equation (4.4). In fact, since the Rankine cycle is actually a cycle, the
beginning and end states are the same; hence, using equation (4.4) we can see
that qcycle − wcycle = 0.

However, because the Rankine cycle is a steady-state, steady-flow process, it
follows that any sub-process of the Rankine cycle is also a steady-state, steady-
flow process. The Rankine cycle is normally divided into four sub-processes:

The pump Since we assume this is reversible and isentropic, from equa-
tion (3.6) we know there is no heat generated or used by the pump (i.e.
qpump = 0). Hence, equation (4.4) applied to the pump simplifies to

− wpump = hWF
2 − hWF

1 , (4.8)

and multiplying by the mass-flowrate of the working fluid gives

− Ẇpump = ṁWF(hWF
2 − hWF

1 ). (4.9)

Note that the negative sign in front of the work term is simply due to the
convention that work produced by the system is positive, while conversely,
heat added to the system is deemed positive.

The boiler (or alternative heating device). Since geothermal power plants
do not use a boiler, in this thesis we are going to use the term heater for
the device which adds heat to the Rankine cycle. The heater does not
generate or use work, hence, equation (4.4) applied to the heating device
simplifies to

qheater = hWF
3 − hWF

2 ,
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giving
Q̇heater = ṁWF(hWF

3 − hWF
2 ). (4.10)

The turbine Since the turbine is assumed to be a reversible, adiabatic pro-
cess, equation (4.4) applied to the condenser simplifies to,

− wturb = hWF
4 − hWF

3 , (4.11)

giving
− Ẇturb = ṁWF(hWF

4 − hWF
3 ). (4.12)

The condenser Since the condenser neither produces nor generates work,
equation (4.4) applied to the condenser simplifies to

qcond = hWF
1 − hWF

4 ,

giving
Q̇cond = ṁWF(hWF

1 − hWF
4 ). (4.13)

The net work generated by the ideal simple Rankine cycle is the sum of the
work generated by each process in the cycle. Hence,

wnet, out = wpump + wheater + wturb + wcond,

= wpump + 0 + wturb + 0,

= wpump + wturb. (4.14)

Multiplying by mass-flowrate of the working fluid (ṁWF), the power generated
by the Rankine cycle is given by

Pnet, out = Ẇnet, out = ṁWF(wpump + wturb),

= Ẇpump + Ẇturb.

Put simply, we have shown that the specific net work produced by an ideal simple
Rankine cycle is given by

wnet, out = gISR(WF, TWF
1 , TWF

3 , pWF
3 ),

where gISR is the functional relationship which comes from the thermodynamic re-
lationships required to determine wnet, out described in this section.
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4.3.2 Deviation from the ideal simple Rankine cycle

Unlike the ideal Rankine cycle, a real vapour power cycle suffers from irreversibilities
in its components, with heat losses to the surroundings and losses due to fluid friction
being the two major causes (see Figure 4.11a). Heat is lost to the surroundings
from all components, which means that to produce the same work output, more
heat is required than the ideal cycle calls for. The boiler, condenser and piping all
suffer pressure drops due to fluid friction losses, which means that the pump must
produce more work to maintain the same turbine inlet pressure that the ideal cycle
calls for [27, p557-558].

(a) Deviation of actual vapour power

cycle from the ideal Rankine cycle

(b) The effect of pump and turbine

irreversibilities on the ideal Rankine

cycle

Figure 4.11: Deviation from ideal [27, p558]

‘Of particular importance are the irreversibilities occurring within the pump and the
turbine. A pump requires a greater work input, and a turbine produces a smaller
work output as a result of irreversibilities. Under ideal conditions, the flow through
these devices is isentropic. The deviation of actual pumps and turbines from the
isentropic ones can be accounted for by utilising isentropic efficiencies’ [27], which
are defined as follows:

Pump efficiency (ηpump)

ηpump =
work needed by isentropic system

work needed by real system
=
ṁWF(hWF

2s − hWF
1 )

ṁWF(hWF
2 − hWF

1 )
, (4.15)

where hWF
2s is the enthalpy calculated at State 2 assuming the pump operates

isentropically (i.e. that the entropy at State 1 and State 2 are the same), and
hWF

2 is the entropy at State 2 taking into account the efficiency of the pump
(which is labelled as point 2a in Figure 4.11b).

Turbine efficiency (ηturb)



4.3. The simple Rankine cycle 69

ηturb =
work produced by real system

work produced in isentropic system
=
ṁWF(hWF

3 − hWF
4 )

ṁWF(hWF
3 − hWF

4s )
, (4.16)

where hWF
4s is the enthalpy at State 4 assuming that the turbine operates isen-

tropically (i.e. that the entropy at State 3 and State 4 are the same), and
hWF

4 is the entropy at State 4 taking into account the efficiency of the turbine
(which is labelled as point 4a in Figure 4.11b).

Hence, the work produced by the pump is

Ẇpump =
ṁWF(hWF

2s − hWF
1 )

ηpump

.

Similarly, the work produced by the turbine is

Ẇturb = ηturb × ṁWF(hWF
3 − hWF

4s ),

where ηturb is measured by pump manufacturers. In their work on binary Rankine
Cycles, Wendt and Mines [111–114] assume an isentropic pump efficiency of 80%.

In our work on the Carnot cycle we introduced the idea of thermal efficiency (ηth).
We defined the thermal efficiency of a heat engine to be the work produced by the
engine over the heat added (or used) to the engine. For any Rankine cycle, thermal
efficiency is defined as net work produced over heat added to the cycle.

ηth =
net work output

heat input
,

=
wnet, out

qin

,

=
wturb − wpump

qheater

.

When Rankine cycles are used for power generation the efficiency of the generator
is also considered. The generator efficiency (ηgen) is defined as [27]

ηgen =
electrical work output

mechanical work output
=
welec

wturb

. (4.17)

Since, wturb � wpump, it is often useful to make the approximation

wnet, out ≈ wturb, (4.18)
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which gives

ηgen ≈
welec

wnet, out

. (4.19)

Similarly to above, turbine efficiencies are measured by turbine manufacturers, or
generally assumed to be around 90% in model calculations [120].

Additionally, when fuel is burnt to provide heat, combustion efficiency is considered.
Combustion efficiency is defined as [27]

ηcomb =
amount of heat released during combustion

heating value of fuel burned
=

qin
HVfuel

, (4.20)

where HV is the heating value of the fuel burned. The heating value of the fuel
is defined as: ‘The amount of heat released when a unit amount of fuel at room
temperature is completely burned and the combustion products are cooled to the
room temperature’ [27]. Hence, ‘a combustion efficiency of 100 percent indicates that
the fuel is burned completely and the stack gases leave the combustion chamber at
room temperature’ [27].

Combustion, thermal and generator efficiency can all be combined to provide an
overall efficiency of a power plant as

ηpower plant = ηcombηthηgen. (4.21)

Using equations (4.17) and (4.20), we get

ηpower plant =
qheater

HVfuel

× wnet, out

qheater

× welec
wturb

.

However, here it is useful to use the approximation shown in equation (4.18), and
alternatively use equation (4.19). Hence, we get

ηpower plant ≈
qheater

HVfuel

× wnet, out

qheater

× welec
wnet, out

,

≈ welec
HVfuel

, (4.22)

or, alternatively, using extensive variables we get

ηpower plant ≈
Welec

Qfuel

. (4.23)

Put simply, we have shown that the specific net work produced by a non-ideal simple
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Rankine cycle is given by

wnet, out = gNSR(WF, TWF
1 , TWF

3 , pWF
3 , ηturb, ηpump), (4.24)

where gNSR is the functional relationship which comes from the thermodynamic
relationships required to determine wnet, out described in this section. The power
produced by a non-ideal simple Rankine cycle is given by

Ẇnet, out = ṁWF × wnet, out.

Hence, the power produced after the generator by a non-ideal Rankine cycle is given
by

Ẇelec = Wnet, out × ηgen.

4.3.3 Working fluids other than water

Water is the most commonly used working fluid because it is non-toxic, plentiful
and has great thermodynamic properties for this type of power cycle. However, it
is theoretically possible to use any fluid as the working fluid in a Rankine cycle,
as long as it condenses and vaporises in the temperature/pressure range you need.
However, many fluids are toxic, flammable, expensive or simply don’t have good
thermodynamic properties, so, in reality, there are only a few alternative working
fluids which are used in practice, and all of these are used only when water becomes
inefficient and uneconomic as a working fluid, which is at relatively low vaporisation
temperatures (i.e. ∼ 150◦C) [34, p158].

The shape of the saturated vapour and saturated liquid curve varies greatly between
different fluids, and these differences can dramatically affect the power output from a
binary Rankine cycle. Because of these differences, fluids are organised into groups,
based on the shape of their saturated vapour and saturated liquid curve. The three
major groupings are:

Bell-shaped fluids Have a saturated vapour and saturated liquid curve on a temperature-
entropy diagram in the shape of a bell. This is the shape for water (see Fig-
ure 4.12a).

Isentropic fluids Have a saturated vapour and saturated liquid curve on a temperature-
entropy diagram in which the bottom part of the saturated vapour curve has
largely constant entropy (see Figure 4.12b).

Retrograde fluids Fluids in this grouping have a saturated vapour curve which,
mostly has decreasing entropy; resulting in the curve bending underneath itself
(see Figure 4.12c).

Rankine cycles can also be categorised according to their turbine inlet conditions.
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(a) Bell-shaped fluid

1000 1200 1400 1600 1800 2000 2200 2400
0

20

40

60

80

100

120

140

Entropy (J/(kg/K))

T
e

m
p

e
ra

tu
re

 (
ºC

)

Isobutane: Saturated liquid and saturated vapour curves

(b) Isentropic fluid

!!"" !#"" " #"" !"" $"" %"" &""" &#"" &!""
"

#"

!"

$"

%"

&""

&#"

&!"

&$"

&%"

#""

'()*+,-./01/231455

6
7
8
,
7
*9
):
*7
./
;<
5

=>+,7()9(7?.@9):*9)7A.BCD:CA.9(A.>9):*9)7A.E9,+:*.F:*E7>

(c) Retrograde fluid

Figure 4.12: Examples of three major groupings of working fluids

Subcritical The turbine inlet conditions are in the subcritical region. Subcritical
cycles are further divided into:

• Turbine inlet conditions are on the saturated vapour curve (see Fig-
ure 4.13a). The very first Rankine cycles operated on this line, using
water as the working fluid.
• The working fluid is vaporised and then ‘superheated’ before it enters

the turbine (see Figure 4.13b). Present day coal-fired and nuclear power
plants operate in this region, using water as the working fluid.

Supercritical The turbine inlet conditions are in the supercritical region (see Fig-
ure 4.13c). In order for a cycle to be supercritical, it must be pumped to
above critical pressure before it is heated to above critical temperature. The
advantage of supercritical cycles is that there is no heat ‘lost’ to the heat of
vaporisation. However, these benefits need to be considered against the cor-
responding exhaust conditions, and the economic cost of heating to critical
temperature and pumping to critical pressure.

1000 1100 1200 1300 1400 1500 1600 1700 1800 1900
0

20

40

60

80

100

120

140

160
ThF hot=180, WF VapT =135shvs=1.8e+003, WF mass flow301

Entropy

T
e
m

p
e
ra

tu
re

(a) Subcritical, on saturated

vapour curve

1000 1200 1400 1600 1800 2000
0

20

40

60

80

100

120

140

160
ThF hot=200, WF VapT =157, WF mass flow298, Grand Junction: ThF flow = 126kg/s, Amb T= 11.7ºC, water

Entropy

T
e

m
p

e
ra

tu
re

(b) Subcritical, super-heated

1000 1100 1200 1300 1400 1500 1600 1700 1800 1900
0

20

40

60

80

100

120

140

160

180
ThF hot=180, WF VapT =167shvs=1.84e+003, WF mass flow274

Entropy

T
e

m
p

e
ra

tu
re

(c) Supercritical

Figure 4.13: Examples of subcritical and supercritical cycles

Rankine cycles can also be categorised according to their turbine outlet conditions.

Dry cycle For a cycle to be considered ‘dry’ the working fluid must be a gas for
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the entire turbine expansion period. That is, it must be a gas at turbine
inlet (State 3) and turbine outlet (State 4), and at all times in between. For
example: All the cycles shown in Figure 4.13 are examples of dry cycles.

Wet cycle If at any point during the turbine expansion the working fluid goes
into the dual-phase region, the cycle is called a ‘wet cycle’. For example: See
Figure 4.11b.

Liquid droplets cause problems for the operation of the turbine; the higher the liquid
content the lower the efficiency of the turbine [34, p93], up to a maximum limit of
approximately 10% (above this limit the liquid droplets begin to damage the blades
of the turbine).

4.4 Geothermal power plant: Simple flash-steam

When a geothermal fluid comes from the ground (at high pressure) it can be in one
of three states:

1. A dry steam, that is a saturated steam, a steam that is 100% gas (vapour).

2. A wet steam, that is an unsaturated steam, a steam that is not all gas, it is a
two-phase fluid.

3. A hot liquid.

Further, since a geothermal fluid is extracted from a very large reservoir, and gen-
erally returned to that reservoir, geothermal systems are not considered a closed
system in an engineering sense.

Given that the Rankine cycle is a closed system that requires the working fluid to
be a pure vapour at State 4 (see Figure 4.9), geothermal power plants must make
modifications to the ideal simple Rankine cycle.

Within the geothermal industry, there are two common methods of modifying the
Rankine cycle in order to generate electricity from hot geothermal fluids:

Flash-steam power plants The hot, high pressure geothermal fluid is allowed to
flash to steam. This simply means dropping the pressure of the geothermal
fluid until it becomes steam (see Figure 4.14). The hot, pressurised steam is
then used to turn a turbine, which then generates electricity.

Binary Rankine cycles In a binary Rankine cycle, the hot geothermal liquid is
used as the heat source to vaporise the working fluid, which is a second, differ-
ent fluid1. The working fluid is used to produce electricity using the traditional
Rankine cycle method (see Figure 4.16).

1Binary Rankine cycles are also referred to as organic Rankine cycles (ORCs) because it is
common to use organic fluids as the working fluid.
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Within the geothermal industry, there are many kinds of flash systems, from a
simple, single flash system to complicated double and triple flash systems. In this
section, to demonstrate the principles involved in flash systems, we describe a simple,
single flash system. In the next section, we take a similar approach to binary Rankine
cycles.

Figure 4.14: ideal simple flash-steam cycle schematic

The flashing process is modelled as an isenthalpic (constant enthalpy) process, be-
cause it occurs steadily, spontaneously, and essentially adiabatically, and with no
work involvement [34, p 92] (see Figure 4.15). This means that hWF

2a = hWF
2b . Also,

the pressure of the flash drum (or separator) (pWF
2b = pWF

3a = pWF
3 ) is known, as that

is set by the plant operators.

By conservation of mass, it is easy to see that

ṁWF
2a = ṁWF

2b = ṁWF
3a + ṁWF

3 .

But, how do we know how much vapour (and hence how much liquid) was generated
by the flash? The percentage of steam in the separator can be calculated by a
thermodynamic rule, called the lever rule2 [25], giving

the percentage of steam in the separator =
hWF

2b − pf́h(p
WF
3a )

pf̀h(pWF
3 )− pf́h(pWF

3a )
,

⇒ ṁWF
3

ṁWF
2b

=
hWF

2a − hWF
3a

hWF
3 − hWF

3a

.

Although it may not be obvious from the preceding equation, it is intuitively obvious
that for a given hot geothermal fluid (i.e. at given temperature, pressure and mass

2The lever rule is beyond the scope of this thesis.
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flowrate at State 2a), the more the pressure is dropped, the more steam is generated.
Hence, we get

ṁWF
3

ṁWF
3a

= g1(pWF
2b ),

where g1 is a decreasing function.

However, the more the pressure is dropped, the more the enthalpy at State 3 is
decreased. Hence, again for a given hot geothermal fluid (i.e. at given temperature,
pressure and mass flowrate at State 2a),

hWF
3 = g2(pWF

2b ),

where g2 is an increasing function. This means that equation (4.12) becomes

Ẇturbine = g1(pWF
2b )[g2(pWF

2b )− hWF
4 ].

Hence, all other things being equal in the Rankine cycle, we can optimise power
output from an ideal simple flash-steam power plant by choosing the optimum flash
pressure at State 2b.

Figure 4.15: T-S diagram for a ideal simple flash-steam cycle schematic

4.5 Geothermal power plant: Simple binary Rank-

ine cycle

It becomes difficult, although not impossible, to build a flash-steam power plant
that can efficiently and economically produce power when the temperature of the
geothermal fluid is less than ∼150◦C [34, p158]. Hence, geothermal developers often
use binary Rankine cycle power plants.

‘In the late 1970s binary plants were novelties with only two tiny plants installed
in the world, one in Russia at Paratunka and one at Kiabukwa in the Democratic
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Republic of the Congo’ [35, p395]. However, since medium-temperature geothermal
resources (typically 100-220◦C) are by far the most commonly available resource,
and binary cycle power plants are the most common technology for utilising such
resources for electricity generation [58], it is unsurprising that binary Rankine cycle
plants have been increasing in popularity.

Today binary plants are the most widely used type of geothermal power
plant with 235 units in operation in August 2011, generating over 708
MW of power in 15 countries. They constitute 40% of all geothermal
units in operation but generate only 6.6% of the total power. Thus,
the average power rating per unit is small, only 3 MW/unit, but units
with ratings of up to 20-21 MW are coming into use with advanced cycle
design using a pair of turbines driving a single generator. Several binary
units recently have been added to existing flash-steam plants to recover
more power from hot, waste brine [35, p153].

Figure 4.16: Schematic for a binary Rankine cycle

To determine the power produced by a binary Rankine cycle, we need enough in-
formation to be able to determine each state of the Rankine cycle, and know the
flowrate of the working fluid (just as was shown in Section 4.3 for an ideal Rankine
cycle). However, determining the flowrate of the working fluid is more complex in a
binary Rankine cycle. In a binary Rankine cycle, the working fluid flowrate is not an
independent variable; instead it is dependent on the thermodynamic relationships
and physical constraints of the heat exchanger. Hence, to determine the flowrate of
the working fluid we need to understand some more about heat exchangers.

4.5.1 Analysis of heat exchangers

The complete design of heat exchangers is a unit of study by itself, involving the
choice of: material, pipe length, flow arrangement, type of heat exchanger, etc.
In this thesis, we limit ourselves to designing only those variables which can be
determined by:
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The energy balance equation for a heat exchanger This is given by

∆Q̇ = ṁhot∆hhot = ṁcold∆hcold, (4.25)

which is derived from equation (4.4) for a constant flowrate, constant pressure,
steady state, and steady flow process. This equation must hold at all points
along a heat exchanger. Although this equation is commonly presented as a
heat balance from the beginning to the end of a heat exchanger, it can equally
be used at any, or all, points along a heat exchanger. In the geothermal case,
this becomes

ṁGThF∆hGThF = ṁWF∆hWF,

or ṁGThF(hGThF
y2 − hGThF

y1 ) = ṁWF(hWF
y2 − hWF

y2 ), ∀ y1 and y2 ∈ [0, 1],

where y1 and y2 represent the proportion along the heat exchanger. Or the
more specific case,

ṁGThF(hGThF
a − hGThF

b ) = ṁWF(hWF
3 − hWF

2 ). (4.26)

The hot fluid must always be hotter than the cold fluid. The foundation for
the Second Law of Thermodynamics is the empirical rule that heat cannot
spontaneously flow from a colder body to a warmer body. This means that,
at any point along the heat exchanger, the hot fluid must always be hotter
than the cold fluid plus the minimum temperature difference (∆Tmin feas). The
minimum temperature difference is stipulated by the manufacturer of each
heat exchanger, and allows for the fact that the fluids are separated by layers
of conductive material. Hence, to ensure that heat exchange takes place, the
following equation must hold for all points x along the heat exchanger:

T hot(y) ≥ T cold(y) + ∆Tmin feas, ∀ y ∈ [0, 1], (4.27)

where T hot(y) is the temperature of the hot fluid at a position which is a
proportion y along the heat exchanger, and similarly for T cold(y).

To design a heat exchanger using the two criteria just listed, we must (at least)
know some of the variables in equation (4.26) and ∆Tmin feas. For a geothermal
heat exchanger in a binary Rankine cycle, it is generally assumed that we know the
variables given in Table 4.1, which we refer to as the design parameters for the heat
exchanger (DPHX).

From these design parameters for the heat exchanger, we can directly determine:

• hWF
3 = T,pf

WF
h (TWF

3 , pWF
3 );

• hWF
2 = T,pf

WF
h (TWF

2 , pWF
3 ), since, pWF

3 = pWF
2 ; and,
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Table 4.1: Assumed design parameters for a geothermal heat exchanger (DPHX)

Operating Parameter Variable

State 2 temperature TWF
2

State 3 temperature TWF
3

State 3 pressure pWF
3

Working fluid WF

Geothermal fluid hot temperature TGThF
a

Geothermal fluid hot pressure pGThF
a

Mass flowrate of geothermal fluid ṁGThF

Geothermal fluid GThF

Minimum feasible temperature difference ∆Tmin feas

• hGThF
a = T,pf

GThF
h (TGThF

a , pGThF
a ).

This means the only two unknowns in equation (4.26) are ṁWF and hGThF
b . Hence,

when designing a geothermal heat exchanger for a binary Rankine cycle, we wish to
find the maximum feasible flowrate for the working fluid because this will maximise
the power produced by a binary Rankine cycle (because TWF

3 is already set as part
of the design parameters, DPHX).

To analyse the heat exchanger in a binary Rankine cycle, we use a technique called
a pinch-point analysis. Before we can describe how to use a pinch-point analysis we
need to describe a few new terms.

Pinch-point The pinch-point in a heat exchanger is defined to be: the position
along a heat exchanger where the two fluids (hot and cold) have the minimum
temperature difference.

Pinch-point temperature The temperature difference at the pinch-point is (in-
accurately) called the pinch-point temperature (∆TPP).

A pinch-point analysis says that for a heat exchanger to be optimally designed:
1. the pinch-point temperature must be equal to the minimum feasible temperature
difference of the heat exchanger, and 2. the pinch-point must be in the optimal
location along the length of the heat exchanger.

Determining the optimal location of the pinch-point varies from a straightforward
analysis to a significantly more complex one, depending on the simplifying assump-
tions that can be made in each case. In geothermal binary Rankine cycle plants,
heat exchangers can be divided into two categories: subcritical heat exchangers and
supercritical heat exchangers. In the subcritical case, a number of simplifying as-
sumptions are commonly made, so finding the optimal location of the pinch-point is
straight forward, which we present in Section 4.5.2. Further, there is a lot of litera-
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ture [34, p162]) on how to solve this type of problem. However, in the supercritical
case, the optimal location of the pinch-point is quite complex, and we could find
nothing in the literature on how to solve this problem. Hence, we developed our
own method to deal with this problem which is discussed in Section 4.5.3.

It is important to note that for optimal plant design, there are some occasions when
an individual heat exchanger may not be optimally designed (e.g. ∆TPP > ∆Tmin feas

or the pinch-point is not at the optimal location). There are examples of this in
Chapter 6, when multiple heat exchangers are used in series.

4.5.2 Geothermal heat exchangers - assuming constant heat

capacity

Geothermal subcritical heat exchangers are countercurrent, constant pressure, con-
stant flowrate heat exchangers3 which use the hot geothermal water (i.e. a liquid)
to turn the liquid working fluid into a subcritical gas. It is important to note that
the hot geothermal fluid does not change phase in the heat exchanger; it remains a
liquid through out the process.

In the subcritical case, the following simplifying assumption is generally made: The
geothermal fluid, the liquid working fluid and the gaseous working fluid have con-
stant (but different) heat capacities throughout the heat exchanger [34, p162]). Us-
ing this assumption, we get ∆h = cp∆T , which means we can draw the temperature
profile for a subcritical heat exchanger using only straight lines (see Figure 4.17).
By looking at Figure 4.17 it is easy enough to see that the optimal location for the
pinch-point (depending on the relative slopes and lengths of the straight lines) can
only be in one of three places: 1. at the hot end, 2. at the vaporisation point, or
3. at the cold end, of the heat exchanger.

Further, in this case, when TGThF
a , TWF

3 , TWF
2 and ṁGThFare given in the design

parameters (DPHX), the pinch-point can only be at the vaporisation point or at
the cold end. This can be explained as follows:

1. TGThF
a , TWF

3 , TWF
2 and ṁGThFare set, but TGThF

b and ṁWFcan be adjusted.

2. To maximise the power produced by the binary Rankine cycle, we must max-
imise the working fluid flowrate (ṁWF). To maximise ṁWF we must choose
the minimum feasible TGThF

b (see equation (4.26).

3. Due to the straight lines on the subcritical heat exchanger temperature profile
(see Figure 4.17), it is clear that the pinch point must be at the vaporisation
point or the cold end of the heat exchanger.

3A countercurrent, constant pressure heat exchanger is a type of heat exchanger in which
the fluids flow in opposite directions to each other, both at constant pressure and with constant
flowrates.
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It is possible that the temperature difference at the hot end of the heat exchanger
is set equal to the minimum feasible temperature difference. However, if this were
the case, the same difference would also be set at the vaporisation point or the cold
end of the heat exchanger.

Figure 4.17: Subcritical heat exchanger temperature profile

At this point, we note that DiPippo [34, p163] does not examine the case of the
pinch-point being at the cold end of the heat exchanger, noting that while ‘this
is theoretically possible’, it ‘practically never happens’. Consequently, his analysis
is simpler but less accurate than the following description, since there is only one
possible solution for ṁWF and TGThF

b . In contrast, our method requires a (simple)
optimisation step, because we have two possible solutions. However, our method
proves to be very instructive for the more difficult cases when the assumption of
constant heat capacity doesn’t hold (e.g. supercritical heat exchangers).

Given that we have two possible locations for the pinch-point, the first step is to
check whether both are feasible. If both are feasible, we choose the pinch-point
which gives the highest ṁWF, since this will give the largest power output for the
binary Rankine cycle. To check if these pinch-points are feasible, we use the following
procedure:

1. Assume the location of the pinch-point.

2. Using this assumption, calculate ṁWF.

3. Calculate TGThF
b .

4. Check the temperature difference (∆T ) at the other possible pinch point. If
∆T ≥ ∆Tmin feas, then the pinch-point location is feasible. Due to our simpli-
fying assumption that allows the temperature profile to be drawn using only
straight lines, we know that if the heat exchanger is feasible at the vaporisation
point and at the cold end, it will be feasible along its full length.

For example:

Step 1: Assume that the pinch-point is at the vaporisation point.
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Step 2: To calculate ṁWF, we use the energy balance equation (equation (4.26))
from the hot end of the heat exchanger to the vaporisation point. Hence,

ṁWF =
ṁGThF(hGThF

a − hGThF
WF, vap)

hWF
3 − hWF

vap

,

where hWF
vap = pf́h(p

WF
3 ),

TGThF
WF, vap = TWF

vap + ∆Tmin feas [using TWF
vap = pf́T (pWF

3 ) ],

hGThF
WF, vap = T,pfh(T

GThF
WF, vap, p

GThF
a ), ∵ pGThF

a = pGThF
WF, vap, and

hGThF
a = T,pfh(T

GThF
a , pGThF

a ).

Step 3: To calculate TGThF
b , we use ṁWFcalculated in Step 2, and the energy bal-

ance equation (equation (4.26)), this time balanced over the whole heat ex-
changer. Hence, we get,

hGThF
b = −ṁ

WF(hWF
3 − hWF

2 )− ṁGThFhGThF
a

ṁGThF

then TGThF
b = p,hfT (pGThF

a , hGThF
b ).

Step 4: If TGThF
b ≥ TWF

3 +∆Tmin feas, then the heat exchanger is feasible, otherwise
it is not feasible (because this means that TGThF

b < TWF
3 + ∆Tmin feas).

The process is very similar when we assume that the cold end of the heat exchanger
is the pinch-point, so we don’t repeat it here. Once ṁWF and TGThF

b have been cal-
culated and feasibility checked for both possible pinch-points, we choose the optimal
pinch-point, that is the pinch-point with the highest feasible working fluid flowrate
(ṁWF).

However, when using this method to design a heat exchanger, we found that the
constant heat capacity assumption is not particularly accurate. The heat capacity
of the working fluid is not constant over the range of temperatures used. We found
that using accurate heat capacities made the heat exchanger schematic look more
like Figure 4.18 than Figure 4.17, and this change moved the location of the pinch-
point away from the vaporisation point. Since we know that the constant heat
capacity assumption cannot be made for supercritical heat exchangers, we needed a
method to optimally design a geothermal heat exchanger in which heat capacity is
not constant.
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Figure 4.18: Heat exchanger schematic with varying heat capacity

4.5.3 Geothermal heat exchangers - with varying heat

capacity

From the previous section, we know that to optimally design a geothermal heat
exchanger for a binary Rankine cycle, we want to maximise the working fluid flowrate
(ṁWF). However, without the assumption of constant heat capacity, we do not know
where the optimal pinch-point is in the heat exchanger; we can’t even narrow it down
to two or three points (see Figure 4.19).

Figure 4.19: Supercritical heat exchanger schematic

So let’s recap our problem. We wish to maximise ṁWF:

1. According to the energy balance equation applied to geothermal heat exchang-
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ers (equation (4.26)),

ṁGThF(hGThF
a − hGThF

b ) = ṁWF(hWF
3 − hWF

2 ),

given that we know the design parameters for the heat exchanger, DPHX,
(see Table 4.1). Further, if we know TGThF

b then we can determine hGThF
b , since

pGThF
a = pGThF

b and hGThF
b = T,pf

WF
h (TGThF

b , pGThF
a ). This (as you will see) is a

useful transformation. Hence, we can simply say

ṁWF = gWF(TGThF
b ; DPHX) (4.28)

where gWF is the appropriately rearranged version of equation (4.26) and
hGThF
b = T,pf

WF
h (TGThF

b , pGThF
a ).

2. Subject to the following constraints:

(a) The hot fluid must always be hotter than the cold fluid. Hence, we get
equation (4.27),

TGThF(y) ≥ TWF(y) + ∆Tmin feas, ∀y ∈ [0, 1].

(b) The hot end of the heat exchanger must be hotter than the cold end of
the heat exchanger, that is,

TGThF
b < TGThF

a .

Given this, we construct the optimisation problem, OWF, to determine the maximum
feasible flowrate for a heat exchanger with varying heat capacity, as follows:

maximise
TGThF
b

ṁWF = gWF(TGThF
b ; DPHX),

subject to TGThF(y) ≥ TWF(y) + ∆Tmin feas ∀y ∈ [0, 1], and,

TGThF
b < TGThF

a .

 (4.29)

Finding the maximum of this function is relatively simple, as it is one dimensional
and unimodal, and the domain of the function is bounded (since, TWF

2 +∆Tmin feas ≤
TGThF
b < TGThF

a ). This can be done using any 1-dimensional constrained optimisa-
tion routine.

Once the heat exchanger has been optimally designed, we refer to the optimal values
for ṁWF and TGThF

b , as simply ṁWF and TGThF
b .

We use this method to determine ṁWF and TGThF
b for geothermal heat exchangers in
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binary Rankine cycle plants throughout this thesis, because: 1. it is more accurate
for subcritical geothermal heat exchangers (than the method outlined in the previous
section), and 2. it works for supercritical geothermal heat exchangers.

Numerical solution for the optimisation problem OWF using Matlab

There are two issues that need to be resolved before this problem can be solved
numerically:

1. Since, Matlab absolutely respects bounds but does not absolutely respect con-
straints, it is easier to solve the problem numerically if we can transform OWF

into an optimisation problem that has bounds and no constraints. We are able
to do this, without changing the problem, by defining OWFb, as follows:

maximise
TGThF
b

ṁWF =


gWF(TGThF

b ; DPHX), if TGThF(y) ≥ TWF(y) + ∆Tmin feas

∀y ∈ [0, 1],

−1, otherwise,

subject to TGThF
b < TGThF

a ,

TGThF
b ≥ TWF

2 + ∆Tmin feas.

2. The continuous constraint, TGThF(y) ≥ TWF(y) + ∆Tmin feas ∀x ∈ [0, 1], must
be discretised so it can be calculated and compared. We do this as follows:

(a) Assume a value for TGThF
b , calculate hGThF

a , then use it to calculate ṁWF
t

using gWF(TGThF
b ; DPHX).

(b) Divide the heat exchanger into n segments of equal heat balance. That
is

ṁGThFhGThF
segment = ṁWF

t ∆hWF
segment.

Since the flowrates are constant throughout the heat exchanger, we can
say

∆hGThF
segment =

hGThF
a − hGThF

b

n
, and

∆hWF
segment =

hWF
3 − hWF

2

n
.

(c) Use the constant enthalpy differences for each segment to calculate two
enthalpy profiles, as follows:

hGThF
1 = hGThF

b ,
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hGThF
i+1 = hGThF

i + ∆hGThF
segment ∀i = 1, . . . , n,

hWF
1 = hWF

2 , and

hWF
i+1 = hWF

i + ∆hWF
segment ∀i = 1, . . . , n.

(d) Use the enthalpy profiles and the assumption of constant pressure through-
out the heat exchanger to construct two temperature profiles as follows:

TGThF
j = p,hfT (pGThF

a , hGThF
j ), ∀ j = 1, . . . , n+ 1, and

TWF
j = p,hfT (pWF

3 , hWF
j ), ∀ j = 1, . . . , n+ 1.

(e) Use the temperature profiles to check that ṁWF
t is feasible (i.e. equa-

tion (4.27) holds) ∀ j = 1, . . . , n+ 1, to get

ṁWF =

{
ṁWF
t , if TGThF

j ≥ TWF
j + ∆Tmin feas, ∀ j = 1, . . . , n+ 1,

−1, otherwise.

4.5.4 Cooling the Rankine cycle

In order to complete its cycle, the Rankine cycle must cool the vaporised working
fluid until it becomes a saturated liquid. This is done by using a heat exchanger,
which is generally called the condenser (see Figure 4.20). The condenser has two
fluids: the working fluid and the cooling fluid. Generally, the cooling fluid is wa-
ter, because water has excellent thermodynamic properties for cooling: it is stable,
abundant and cheap (which explains why 99% of the power plants in the USA use
water cooling [101, p12]). However, where water is scarce, ambient air is used for
cooling because it is also stable, abundant and cheap (although its thermodynamic
properties, for cooling purposes, are not as good as water).
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Figure 4.20: Condenser Schematic
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It is common to consider the temperature profile of the hot working fluid in the
condenser to be essentially constant, because the function of the condenser is to
change the phase of the working fluid from a vapour to a liquid (and phase change
happens at a constant temperature). When the working fluid of the Rankine cycle
has a bell-shaped liquid-vapour curve (like water), the temperature profile of the hot
fluid is constant because the working fluid is in the two-phase state at the start of the
condenser. However, when the working fluid has an isentropic or retrograde liquid-
vapour curve, there may be some decrease in temperature, because the working fluid
is a superheated vapour at the start of the condenser. However, this temperature
drop will only occur in the early stages of the condenser, until the working fluid
becomes a saturated vapour, and then the temperature profile will be constant for
the rest of the condenser (see Figure 4.21).

The temperature profile of the cooling fluid is generally considered to be an increas-
ing straight line. This is because the cooling fluid typically increases by around 7◦C
(see Table 4.2), which is small enough for the heat capacity of the cooling fluid to
be considered constant (see Figure 4.21).
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(b) For working fluids which have isentropic or

retrograde liquid-vapour curves

Figure 4.21: Temperature profile schematics for the condenser, using different work-
ing fluids

Table 4.2: Typical temperature rise and pinch-point temperatures for a condenser
[90]

Condensing Temperature ∆Tmin feas

Fluid Rise Temperature

Water 11 6

Air-cooled 7 7
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To maximise the power output from a Rankine cycle plant, it is necessary to have the
minimum possible temperature at State 1. Using our knowledge of heat exchangers,
the minimum temperature at State 1 is given by

TWF
1 = TCF

in + ∆TTR + ∆Tmin feas,

where TCF
in is the cooling fluid inlet temperature to the condenser, ∆TTR is the

temperature rise of the cooling fluid in the condenser, and the ∆Tmin feas is the
minimum feasible temperature difference for the condenser. The temperature rise
and the minimum feasible temperature difference are dependent on the design of
the heat exchanger; however, typical values can be assumed for these variables [90,
p1265] (see Table 4.2). This means that TWF

1 can be determined as long as TCF
in is

known.

When the cooling fluid is water that is sourced from a large local river or sea, TCF
in

is relatively stable because it is roughly equal to the temperature of the water in the
river or sea. However, when the cooling fluid is air, TCF

in varies significantly more,
because TCF

in is equal to ambient air temperature. In hot arid areas, where air-
cooling is most often used, ambient air temperature varies significantly from night
to day and season to season. Importantly, this significantly impacts on the power
output of air-cooled Rankine cycle plants, dropping by more than 50% in summer,
when electricity is highly valued [72].

4.6 Traditional fossil-fuel fired steam power plants

Large coal fired power plants are also Rankine cycle plants. However, they have
improved the thermal efficiency of a basic Rankine cycle plant by using: high tem-
perature and pressure, a reheat cycle, and feedwater heaters (FWHs), which affect
the Rankine cycle plant in the following ways:

• A high temperature and pressure.
The high temperature and pressure mean that multiple pumps are needed to
reach the required pressure, and multiple turbines are needed to get the most
out of the high temperature and pressure steam.

• A reheat cycle.
A reheat cycle means that exhaust steam is taken from the high pressure
turbine, reheated in the boiler and then sent to the intermediate turbine.

• Feedwater heaters (FWHs).
Feedwater heaters are heat exchangers, which use steam extracted from the
turbines to partially heat the feedwater.

There are a few different, feasible arrangements of turbines, pumps, reheat cycles,
and FWHs. The arrangement shown in Figure 4.22 is from the 500MW natural
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gas-burning, supercritical steam power plant from the Public Service Company of
Oklahoma, Riverside Station Unit 1 (PSORSU1). The operating conditions and
flowsheet for this unit were published in Energy Conversion by Weston [115, p72].
This plant is in fact a natural gas burning plant. However, its basic design is similar
to large modern steam power plants, whether they get their heat from burning nat-
ural gas, coal or from a nuclear reaction. We use this plant to demonstrate how to
analyse the Rankine cycle with the addition of multiple turbines, pumps, feedwater
heaters and a reheat cycle. Additionally, we use PSORSU1 as the base plant for
our investigation into the use of geothermal energy to preheat the feedwater in a
traditional steam power plant, which we do in Chapter 6. So, in Chapter 6 we will
refer back to this section.

Figure 4.22: Schematic of the 500MW natural-gas-burning, supercritical steam
power plant from the PSORSU1

Similarly to analysing the ideal Rankine cycle, when analysing a more complicated
Rankine cycle some design variables must be chosen, and some idealised plant as-
sumptions must also be made. For PSORSU1 cycle these are shown in Table 4.3
and Table 4.4 respectively. Based on the design variables and plant assumptions, we
are able to draw the temperature-entropy diagram for the PSORSU1 cycle, which
is shown in Figure 4.23.
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Table 4.3: The operating variables from PSORSU1, which we use as plant design
data

Variable Value Alternate Value 1

TWF
d b 537.8◦C

pWF
d b 23.1 MPa

TWF
d r 537.8◦C

TWF
a1 38.3◦C

TWF
b1 1 82.2◦C pWF

G1 =0.064 MPa

TWF
b1 2 108.3◦C pWF

G2 =0.17 MPa

TWF
b1 3 139.5◦C pWF

G3 =0.41 MPa

TWF
b1 4 156.9◦C pWF

G4 =0.65 MPa

TWF
a2 190.9◦C pG5=1.27 MPa

pWF
b2 2.79MPa

TWF
b2 6 214.6◦C pWF

G6 =2.31 MPa

TWF
b3 7 253.4◦C pWF

G7 =4.6 MPa

Table 4.4: Idealised plant design assumptions

1. The high pressure, intermediate pressure and low pressure

turbine efficiencies are 88%, 90% and 90% respectively.

2. The pump efficiency is 80%, for all pumps.

3. The minimum feasible temperature difference (∆Tmin feas) is 5.5◦C.

4. There are no pressure losses through the pipes.

5. There are no pressure losses across the heat exchangers.

4.6.1 Solving for the states

States a1 and a2

These are saturated liquids; hence, all state information can be determined from
using TWF

a1 & TWF
a2 , as follows:

pWF
a1 = T f́

WF
p (TWF

a1 ),

1These values can be directly calculated using the original values, but are included here for ease

of reference.
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Figure 4.23: Temperature-entropy diagram for PSORSU1

sWF
a1 = T f́

WF
s (TWF

a1 ),

hWF
a1 = T f́

WF
h (TWF

a1 ),

pWF
a2 = T f́

WF
p (TWF

a2 ),

sWF
a2 = T f́

WF
s (TWF

a2 ), and

hWF
a2 = T f́

WF
h (TWF

a2 ).

States b1 1, b1 2, b1 3 and b1 4

These states have the same pressure as State a2, and their temperatures are specified;
hence, all state information can be determined, as follows:

pWF
b1 1 = pWF

b1 2 = pWF
b1 3 = pWF

b1 4 = pWF
a2 ,

hence, sWF
b1 1 = T,pfs(T

WF
b1 1, p

WF
b1 1),

hWF
b1 1 = T,pfh(T

WF
b1 1, p

WF
b1 1),

sWF
b1 2 = T,pfs(T

WF
b1 2, p

WF
b1 2),

hWF
b1 2 = T,pfh(T

WF
b1 2, p

WF
b1 2), etc.
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States b2 6 and b3 7

State b2 6 has the same pressure as State b2, and the temperature is given. Hence,
all state information can be determined, as follows:

pWF
b2 6 = pWF

b2 ,

hence, sWF
b2 6 = T,pfs(T

WF
b2 6, p

WF
b2 6),

hWF
b2 6 = T,pfh(T

WF
b2 6, p

WF
b2 6).

State b3 7 has the same pressure as the pressure out of the boiler, and again the tem-
perature at this state is specified. Hence, all state information can be determined,
as follows:

pWF
b3 7 = pWF

d b,

hence, sWF
b3 7 = T,pfs(T

WF
b3 7, p

WF
b3 7),

hWF
b3 7 = T,pfh(T

WF
b3 7, p

WF
b3 7).

States F1, F2, F3, F4, F6 and F7

Due to the physics of the heat exchanger, the temperature at State F1 is given by

TWF
F1 = TWF

b1 + ∆Tmin feas.

Since State F1 is a saturated liquid, all state information can now be determined,
as follows:

pWF
F1 = T f́

WF
p (TWF

F1 ),

sWF
F1 = T f́

WF
s (TWF

F1 ), and

hWF
F1 = T f́

WF
h (TWF

F1 ).

The same logic enables all state information to be determined for States F2, F3, F4,
F6 and F7.
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States e1s, e2s & e3s and e1, e2 & e3

The entropy at States e1, e2 and e3 is calculated using the standard method for
Rankine cycles. That is, by assuming the turbine is isentropic, giving sWF

e1s =
sd b, s

WF
e2s = sd r and sWF

e3s = sWF
e2 ; and then applying an appropriate efficiency

for the turbine to calculate the entropies at States e1, e2 and e3.

The pressure at State e1s (and State e1) is equal to the pressure at State F7. The
pressure at State e2 (and State e2s) is equal to the pressure at State a2. And the
pressure at State e3 (and State e3s) is equal to the pressure at State a1.

Now that pressure and entropy have been calculated for these states, all other state
information can be determined as follows:

TWF
e1 = p,sfT (pWF

e1 , sWF
e1 ),

hWF
e1 = p,sfh(p

WF
e1 , sWF

e1 ),

TWF
e2 = p,sfT (pWF

e2 , sWF
e2 ),

hWF
e2 = p,sfh(p

WF
e2 , sWF

e2 ),

TWF
e3 = p,sf̂T (pWF

e3 , sWF
e3 ),

hWF
e3 = p,sf̂h(p

WF
e3 , sWF

e3 ).

States b1, b1 and b3

The entropies at these states are calculated using the standard method for Rankine
cycles, that is, we assume the pump is isentropic (sWF

b1s = sWF
a1 , sWF

b2s = sWF
a2 and

sWF
b3s ) = sWF

b2 6 and then apply an efficiency factor to the pump to calculate the
entropy at States b1, b2 and b3. (Note that States b1s, b2s and b3s are not shown
in Figure 2, due to space limitations on the diagram.)

State b3 has the same pressure as State d b, the pressure at State b2 is specified,
and the pressure at State b1 is equal to the pressure at State a2. So the state
information is determined from the pressure and entropy of these states, as follows:

pWF
b3 = pd b, pWF

b1 = pWF
a2 ,

hence, TWF
b3 = p,sfT (pWF

b3 , s
WF
b3 ),

hWF
b3 = p,sfh(p

WF
b3 , s

WF
b3 ),
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TWF
b2 = p,sfT (pWF

b2 , s
WF
b2 ),

hWF
b2 = p,sfh(p

WF
b2 , s

WF
b2 ),

TWF
b1 = p,sfT (pWF

b1 , s
WF
b1 ), and

hWF
b1 = p,sfh(p

WF
b1 , s

WF
b1 ).

States G1, G2, G3, G4 and G6

The pressure at State G1 equals the pressure at State F1, the pressure at State G2
equals the pressure at State F2, and so on up to State G6.

As shown in Figure 4.23, the entropy for State G1 is found by following the constant
pressure line for State G1 until it intersects the line connecting State e2 to State e3,
on the temperature-entropy diagram. Similarly, the entropies for States G2, G3 and
G4 can be determined.

Since State G6 represents the extraction stream from the middle of the intermediate
pressure turbine, the entropy of this state is found by following the constant pressure
line for State G6, until it intersects with the line connecting State d r and State e2,
on the temperature-entropy diagram.

Determining the flowrates

In order to calculate the mass flowrates, it is necessary to first calculate the mass
flowrate fraction (mWF

i ) for each extraction stream. The mass flowrate fraction of a
stream, is defined as

mi =
ṁWF
i

ṁWF
T

,

where ṁWF
i is the mass flowrate of stream i, and ṁWF

T is the total mass flowrate
(i.e. the flowrate that enters the boiler).

The mass flowrate fractions mWF
1 to mWF

7 are determined by using the heat balance
equations around the FWHs. We start with FWH7 as this can be resolved without
any knowledge of the other mass flowrate fractions. We then move, step by step,
from FWH6 down to FWH1. The calculations must be done in this order because
to resolve each FWH heat balance, we need to know all the mass flowrate fractions
determined by the preceding steps.

So, starting with the heat balance equation around FWH7, we can determine the
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mass flowrate fraction mWF
7 , as follows:

mWF
7

(
hWF

e1 − hWF
F7

)
= 1×

(
hWF

b3 7 − hWF
b3

)
,

or mWF
7 =

hWF
b3 7 − hWF

b3

hWF
e1 − hWF

F7

.

Now that we know m7, we can use the heat balance equation around FHW6 to
determine the mass flowrate fraction mWF

6 , as follows:

1× (hWF
b2 6 − hWF

b2 ) = mWF
7 hWF

F7 +mWF
6 hWF

G6 − (mWF
7 +mWF

6 )hWF
F6 ,

or mWF
6 =

(hWF
b2 6 − hWF

b2 )−mWF
7 hWF

F7 +mWF
7 hWF

F6

hWF
G6 − hWF

F6

.

Similarly, now that we know mWF
7 and mWF

6 , we can use the heat balance equation
around FHW5 to give the mass flowrate fraction mWF

5 , as follows:

1× hWF
a2 = mWF

5 hWF
e2 + (mWF

7 +mWF
6 )hWF

F6 + (1−mWF
7 −mWF

6 −mWF
5 )hWF

b1 4,

or mWF
5 =

hWF
a2 − (mWF

7 +mWF
6 )hWF

F6 + (1−mWF
7 −mWF

6 )hWF
b1 4

hWF
e2 − hWF

b1 4

.

Now that we know mWF
7 ,mWF

6 and mWF
5 , we can use the heat balance equation

around FHW4 to determine mWF
4 , as follows:

mWF
4 (hWF

G4 − hWF
F4 ) = (1−mWF

7 −mWF
6 −mWF

5 )(hWF
b1 4 − hWF

b1 3),

or mWF
4 =

(1−mWF
7 −mWF

6 −mWF
5 )(hWF

b1 4 − hWF
b1 3)

hWF
G4 − hWF

F4

.

Now that we know mWF
7 ,mWF

6 ,mWF
5 and mWF

4 , we can use the heat balance equation
around FHW3 to determine mWF

3 , as follows:

mWF
4 hWF

F4 +mWF
3 hWF

G3 = (1−mWF
7 −mWF

6 −mWF
5 )(hWF

b1 3 − hWF
b1 2) + (mWF

4 +mWF
3 )hWF

F3 ,

or mWF
3 =

(1−mWF
7 −mWF

6 −mWF
5 )(hWF

b1 3 − hWF
b1 2)−mWF

4 (hWF
F4 − hWF

F3 )

hWF
G3 − hWF

F3

.

Now that we know mWF
7 ,mWF

6 ,mWF
5 ,mWF

4 and mWF
3 , we can use the heat balance
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equation around FHW2 to determine m2, as follows:

mWF
3 hWF

F3 +mWF
2 hWF

G2 = (1−mWF
7 −mWF

6 −mWF
5 )(hWF

b1 2 − hWF
b1 1)+

(mWF
4 +mWF

3 +mWF
2 )hWF

F2 ,

or mWF
2 =

(1−mWF
7 −mWF

6 −mWF
5 )(hWF

b1 2 − hWF
b1 1)− (mWF

4 +mWF
3 )(hWF

F3 − hWF
F2 )

hWF
G2 − hWF

F2

.

Now that we know mWF
7 ,mWF

6 ,mWF
5 ,mWF

4 ,mWF
3 and mWF

2 , we can use the heat
balance equation around FHW1 to determine mWF

1 , as follows:

mWF
2 hWF

F2 +mWF
1 hWF

G1 = (1−mWF
7 −mWF

6 −mWF
5 )(hWF

b1 1 − hWF
b1 )+

(mWF
4 +mWF

3 +mWF
2 +mWF

1 )hWF
F1 ,

or,

mWF
1 =

(1−mWF
7 −mWF

6 −mWF
5 )(hWF

b1 1 − hWF
b1 )− (mWF

4 +mWF
3 +mWF

1 )(hWF
F2 − hWF

F1 )

hWF
G1 − hWF

F1

.

Determining work produced

The work produced by the high pressure, intermediate pressure and low pressure
turbines are given by the equations below:

wHP = 1× (hWF
d b − hWF

e1 ),

wIP = (1−mWF
7 )(hWF

d r − hWF
G6 ) + (1−m7 −m6)(hWF

G6 − hWF
e2 ),

wLP = (1−mWF
7 −mWF

6 −mWF
5 )(hWF

e2 − hWF
G4 )

+ (1−mWF
7 −mWF

6 −mWF
5 −mWF

4 )(hWF
G4 − hWF

G3 )

+ (1−mWF
7 −mWF

6 −mWF
5 −mWF

4 −mWF
3 )(hWF

G3 − hWF
G2 )

+ (1−mWF
7 −mWF

6 −mWF
5 −mWF

4 −mWF
3 −mWF

2 )(hWF
G2 − hWF

G1 )
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+ (1−mWF
7 −mWF

6 −mWF
5 −mWF

4 −mWF
3 −mWF

2 −mWF
1 )(hWF

G1 − hWF
e3 ).

We can now define work out (wout) to be

wout = (wHP + wIP + wLP).

The work used by the condensate pump, booster pump and boiler feed pumps are
given by

wCP = ((1−mWF
7 −mWF

6 −mWF
5 )× (hWF

G1 − hWF
e3 )

wBP = hWF
b2 − hWF

a2

wBFP = hWF
b3 − hWF

b2 6.

We can now define work in (win ) to be

win = wCP + wBP + wBFP,

which gives us net-work (wnet) as

wnet = wout − win.

The total feedwater flowrate (ṁT ) and the total power (ẇnet ) produced by the plant,
are now related by

ẇnet = ṁT × wnet.

4.7 Summary

In this chapter we provide background knowledge for the reader, describing how to
calculate the power produced by various steam power production cycles that we use
in this thesis (e.g. a simple binary Rankine cycle and a traditional fossil-fuel fired
steam power plant). Additionally, we describe our original method for determin-
ing the optimal solution for a supercritical heat exchanger, which is necessary to
determine the power produced by a binary Rankine cycle.
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4.8 Nomenclature

A area (m2)
Cp, cp heat capacity at constant pressure (J (K)−1) and

specific heat capacity at constant pressure (J (kg K)−1)
E, e energy (J) and specific energy (J/kg)
H, h enthalpy (J) and specific enthalpy (J kg−1)
L lowest feasible value for TGThF

b (K)
m, ṁ mass (kg) and mass flowrate (kg s−1)
p pressure (Pa)
P power (J s−1)
Q, q heat (J) and specific heat (J kg−1)
S, s entropy (J (K)−1) and specific entropy (J (kg K)−1)
t time (s)
T temperature (K)
U, u internal energy (J) and specific internal energy(J kg−1)
v velocity (m s−1)
V, υ volume (m3) and specific volume (m3 kg−1)
W,w work (J) and specific work (J kg−1)
x percentage of gas in the two phase region (dimensionless)

HV heating value (J kg−1)
KE kinetic energy (J)
PE potential energy (J)

∆ difference (e.g. ∆T is temperature difference)
η efficiency (dimensionless) (except for ηbrine)
ρ density (kg m−3)

DPHX collection of the following parameters: TWF
2 , TWF

3 , pWF
3 , WF,

TGThF
a , pGThF

a , ṁGThF, GThF and ∆Tmin feas

Subscripts

Any State indicates that State
i, e inlet and exit
H, L high and low
elec, turb electrical and turbine
comb, th, gen combustion, thermal and generator
PP, PP-C, TR pinch point, pinch point of the condenser, and temperature rise
CP, BP, BFP condensate pump, booster pump, and boiler feed pump
HP, IP, LP high pressure, intermediate pressure & low pressure turbine
T total



98 Chapter 4. Background Power Cycles

Superscripts

CF, GThF, WF cooling fluid, geothermal fluid and working fluid
hot, cold hot and cold

Functions

x,yf
α
z (·, ·) the thermodynamic function which calculates state variable z of fluid α,

using state variables x and y, assuming that fluid α is in the liquid,
gas or supercritical region.

xf̀
α
z (·, ·) the thermodynamic function which calculates the state variable z of

fluid α using variable x, assuming that fluid α is a saturated vapour.

xf́
α
z (·, ·) the thermodynamic function which calculates the state variable z of

fluid α using variable x, assuming that fluid α is a saturated liquid.

x,yf̂
α
z (·, ·) the thermodynamic function which calculates state variable z of fluid α,

using state variables x and y, assuming that fluid α is in the 2-phase
region.

gISR calculates the specific net work (wnet, out) produced by an ideal simple
Rankine cycle using: WF, TWF

1 , TWF
3 , pWF

3 (see page 67).
gNSR calculates the specific net work (wnet, out) produced by a non-ideal

simple Rankine cycle using: WF, TWF
1 , TWF

3 , pWF
3 , ηturb, ηpump (see page 71).

g1 calculates
ṁWF

3

ṁWF
3a

for a flash steam Rankine cycle using pWF
2b (see page 75).

g2 calculates hWF
3 for a flash steam Rankine cycle using pWF

2b (see page 75).
gWF calculates the flowrate of the working fluid (ṁWF) in a geothermal

heat exchanger using TGThF
b and DPHX (see page 83).

Optimisation

OWF maximises ṁWF in a binary Rankine cycle using TGThF
b and DPHX

(see page 83).

Flows

mx flow of feedwater in traditional fossil-fuel fired steam power plant
where x = 1, . . . 7,T

Flowrates

ṁx mass flowrate of feedwater for flow mx ( kg s−1), x = 1, . . . 7,T
mx mass fraction of feedwater for flow mx (no units), x = 1, . . . 7,T



5
Performance Measures

Currently there is a significant debate in the geothermal industry around the is-
sue of performance measures for geothermal developments [36, 37, 120, 121]. This
debate centres around three commonly used performance measures in the geother-
mal industry: thermal efficiency [37, 120], brine effectiveness1 [82] and utilisation
efficiency [37], and a newly suggested performance measure, which we refer to as
enthalpy efficiency [120]. In brief, the proponents of utilisation efficiency argue
that thermodynamically it is the most appropriate performance measure; while pro-
ponents of enthalpy efficiency argue that it is the most appropriate performance
measure because it has good comparability between sites. Clearly, it is important
for performance measures to be both theoretically linked to the desired outcome and
to have a method which allows meaningful comparison between results.

In this chapter, we investigate performance measures that indicate the financial
performance of an investment in a geothermal development. Using the Çengel and
Boles [27] definition of performance,

performance =
desired output

required input
,

we define three different performance measures: brine efficiency, enthalpy efficiency,
and exergy efficiency (exergy efficiency closely relates to utilisation efficiency). To
evaluate these different performance measures, we compare them against the fol-
lowing key characteristics of performance measures: 1. Is the performance measure
theoretically linked to the desired performance result? 2. Does the performance mea-
sure have a meaningful method of comparison to indicate if current performance is
good or not? 3. Is the performance measure objective, quantifiable and measurable?

1Moya and DiPippo [37, 84] refer to ‘specific brine consumption’ which is essentially the recip-
rocal of brine effectiveness. See later in the chapter for a more accurate definition.
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5.1 Background

5.1.1 Performance Measures

Implicit in the term performance measures is the idea that there exists a performance
that you wish to measure. However, depending on the organisation or process or
individual, performance can have many meanings: for example, achieving sales tar-
gets, improving processes, reducing costs, increasing customer satisfaction and so
forth.

Given that there are multiple aims and multiple potential users of per-
formance measures, controversy can arise from the outset at just how
to define performance. Much of the literature implies that performance
is an objective phenomenon [. . . ] It is as if performance was out there
just waiting to be discovered and documented through a set of measures
or indicators. [...] In summary, the performance captured by a par-
ticular set of measures will always be partial and contextual, reflecting
the fact that the measures have been selected, analysed and interpreted
through the lenses of the organisations and individuals involved with the
process. [104]

In this light, it is unsurprising that the geothermal industry has multiple perfor-
mance measures, and a debate around which is the most appropriate. One method
of dealing with the issue of various definitions of performance is to ensure that
performance measures have a clearly defined purpose and use. The concept of a
performance measure implies that you have a goal for a specific process or project
that you wish to monitor. The more accurately this specific process is defined (i.e.
the boundaries, inputs and outputs are known), and the more clearly the goal for
this process is understood, the more likely it is that an appropriate, agreed upon
performance and performance measure will be found. In this chapter, we use the
following useful definition of performance (or efficiency) provided by Çengel and
Boles [27],

performance =
desired output

required input
. (5.1)

Given that we are interested in performance measures that indicate the financial
performance of an investment in a geothermal development, we further consider this
equation in monetary terms, which gives

performance =
revenue

cost
. (5.2)

As with profit, an organisation can only increase its performance by increasing
revenue or decreasing cost. Hence, it is easy to see the advantages of this kind of
performance measure.
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Depending on the author, performance measures are referred to by many names (key
performance indicators (KPIs), performance indicators, metrics etc.). As there are
different names, there are also slightly different definitions for performance measures
[6, 63, 110]. However, there is general agreement that performance measures must
have the following three characteristics: 1. a theoretical link to a stated performance
goal, 2. comparability, 3. be quantifiable, measurable and objective.

Theoretical link to a stated performance goal. Depending on the process or
project being measured, ‘performance’ can mean many different things. Ad-
ditionally, many things are measured in business, but not everything that is
measured is important to every project/process. It is important to choose a
performance measure that accurately links to the stated goal for the specific
process you wish to monitor [6]. Further, it is important to understand the
limitations of any chosen performance measure. Since performance measures
are indicators of performance, they do not include every variable. In this
chapter we use equation (5.1) to link performance measures to performance
goals.

Comparability Performance measures must have a method of comparison which
indicates if current performance is good or bad and the degree of this result
(e.g. a benchmark). This means that one, single number cannot be a per-
formance measure because it cannot indicate whether performance is good,
bad or indifferent. Ideal and/or historic data are often used for comparability.
Historic data is only useful for comparability when the variation in historic re-
sults is sufficiently small to allow for a judgement about current performance.
Clearly, if historic data has significant variation it is difficult (or impossible)
to determine if current performance is good or not. Ideal performance is a
performance level that generally cannot be achieved (as in an ideal Rankine
cycle). Hence, without historic data, ‘ideal performance’ also cannot provide
information on whether a result is good or bad. Other factors which affect the
comparability of data are changes that occur between measurements. Hence,
it is important to know which factors significantly affect the comparability
of performance measurement data: for example, when data is collected from
different locations.

Quantifiable, measurable and objective. This is required to ensure that com-
parisons are reliable and fair.

5.1.2 Levelised Cost of Energy

The levelised cost of energy (LCOE) is a widely accepted performance measure used
to compare the cost competitiveness of electricity generation technologies [7, 21, 62,
87]. In this section we define LCOE and discuss why it is a good performance
measure.

Generally, electricity is considered a commodity because a consumer cannot tell the
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difference between electricity produced by one supplier versus electricity produced
by a different supplier. While it is certainly true that the electrons that transfer elec-
tricity to our houses and factories are indistinguishable, electricity is distinguished
based on: when it is produced (i.e. periods of peak or low demand) and how it is
produced (i.e. using renewable or non-renewable resources).

Electricity is differentiated based on when it is produced because: 1. electricity
demand changes significantly from day to night and season to season (see Figure 5.1);
2. electricity cannot be cost-effectively stored in large quantities; and 3. cheaper
methods of electricity production (i.e. large coal/nuclear fired power stations) cannot
start, stop or change production quickly. This means that cheaper forms of electricity
production cover the base-load demand for electricity, while more expensive forms
of electricity production cover the intermediate and peaking demand [5]. Figure 5.1
shows a typical daily profile for an electricity grid, and Figure 5.2 shows the load
profile for the United Kingdom in March 2013. Figure 5.2 shows that nuclear and
coal cover most of the base-load demand for electricity, with combined cycle gas
turbine (CCGT) bearing ‘the brunt of load balancing in the UK for both diurnal
demand and wind variability’ [81]. This means that combined cycle gas turbine
is used to cover peaking demand and any variation in production from renewable
resources. Combined cycle gas turbine technology can change its production profile
rapidly to meet customer demand but it costs a lot more to produce electricity
using this method, meaning that the price of electricity is significantly higher during
periods of peak demand. In Chapter 8, we show that the spot price for electricity
in Australia is highly variable (prices range from -$500 to $12,000 per megawatt
hour (MW h) in South Australia), with prices increasing as demand increases and
decreasing as demand decreases.

Base-load electricity producers produce electricity all the time. This means that
they do not decide to ‘turn on’ or ‘increase production’ when the price of electricity
is high enough. Hence, they cannot differentiate themselves based on when they
produce electricity.

In addition to electricity being differentiated based on when it is produced, electricity
is increasingly differentiated based on how it is produced. In particular, electricity is
increasingly differentiated based on the energy source used to create the electricity,
specifically renewable versus non-renewable energy sources. This change means that
renewable (or green) electricity providers are increasingly able to charge a premium
for their product. However, varying price according to how electricity is produced
is still in its infancy and subject to the regulatory framework in which electricity
producers operate.

Geothermal energy, like the popular renewable energy sources of wind and solar, is
limited in its ability to quickly change production volumes on demand, hence cannot
differentiate itself to provide electricity only at times of peak demand. However,
unlike wind and solar energies, geothermal energy is capable of producing electricity
all the time, and hence providing base-load electricity. Geothermal energy is clearly
a renewable energy source and as such could potentially receive a premium price for
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Figure 5.1: Load curves for a typical electricity grid [118]

Figure 5.2: United Kingdom electricity production for March 2013 [81]
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its electricity; however, since this kind of price differentiation depends significantly
on the local regulatory framework, we do not consider it in this thesis. Hence, in
this thesis, we consider that electricity produced by geothermal energy cannot be
differentiated based on when or how it was produced. That is, geothermal energy
producers cannot charge a premium for the electricity they generate.

As we mentioned at the beginning of this chapter, financial performance can be
indicated using equation (5.2),

performance =
revenue

cost
.

Organisations can only increase revenue by increasing price or increasing capacity.
Since base-load electricity producers cannot differentiate their product, they cannot
demand a higher price. Hence, the only way for base-load electricity producers to
increase revenue is to increase capacity. This means that we can simplify equa-
tion (5.2) by replacing revenue with capacity, to give

performance =
capacity

cost
, (5.3)

Formally, the levelised cost of energy (LCOE) is defined as

LCOE =

∑n
i=1

Ii+Mi+Fi

(1+r)i∑n
i=1

Ci

(1+r)i

,

where Ii is the investment (or capital) expenditure in year i, Mi is the operations
and maintenance (O&M) expenditure in the year i, Fi is the fuel expenditure in the
year i, Ci is the electricity generation in the year i, r is the discount rate, and n
is the time horizon of the investment [87, 98]. For ease of reference in subsequent
discussion, we subsequently define the following terms:

supplier cost =
n∑
i=1

Ii +Mi + Fi
(1 + r)i

,

supplier capacity =
n∑
i=1

Ci
(1 + r)i

,

investment cost =
n∑
i=1

Ii
(1 + r)i

,

operations and maintenance cost =
n∑
i=1

Mi

(1 + r)i
, and
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fuel cost =
n∑
i=1

Fi
(1 + r)i

.

Simply, the levelised cost of energy can be thought of as supplier cost over sup-
plier capacity, which is the reciprocal as our original definition of performance (see
equation (5.3)). Hence, it is unsurprising that there is wide acceptance and use
of the levelised cost of energy as a performance measure for comparing the cost
competitiveness of electricity generation technologies [7, 21,62,87].

Given its theoretical backing, wide acceptance and usage, LCOE is an excellent
financial performance measure for geothermal developments. The cost breakdown
for LCOE calculations (see Table 5.1 [98]) shows that geothermal developments
are significantly more capital intensive than traditional coal-fired power stations.
However, they make up for their increased capital intensiveness by not having to
pay for fuel (i.e. coal), which traditional fossil-fuel fired steam power plants2 must
do. It is worth noting here that, in some types of cost analysis, fuel costs are
considered part of the O&M costs [39]. Hence, results from this type of analysis
show geothermal power stations to have much lower O&M costs in comparison to
traditional fossil-fuel fired steam power plants. Both types of analysis work from
the same raw data, it is simply a different decision about where to allocate fuel
costs. Here, we consider fuel costs as a separate, individual cost (i.e. they are not
considered to be part of O&M costs) because this clarifies the major difference
between geothermal and traditional fossil-fuel fired steam power plants.

Table 5.1: Cost breakdown (Results are presented as a percentage of LCOE and
based on NREL data [98].)

Coal Conventional

Geothermal

Capital (%) 45-50 70-80

O&M (%) 16-18 20-30

Fuel (%) 30-35 0

In 2009, the cost of plant for traditional coal-fired power stations (US$3,000 to
US$5,000 per kilowatt (kW) [57]) is over double the cost of plant for geothermal
power stations (US$1,200 to US$2,400 per kW [29, 62]). However, in addition to
power plant costs, geothermal developments have the following additional capital
costs: resource identification, resource evaluation, test well drilling and production
well drilling.3 In conventional geothermal developments, these costs correspond to

2A steam power plant is a power plant that generates electricity using a Rankine cycle that
has water as its working fluid. When fossil fuels are burnt to generate the heat required for the
Rankine cycle in a steam power plant, we have a fossil-fuel fired steam power plant.

3In this thesis, we define drilling to include drilling and completing the production and re-
injection wells, and well stimulation, when required.
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<1%, 8%, 5% and 38% of total capital costs (respectively), which increases the to-
tal capital cost to US$3,000 to US$4,000 per kW [29]. As the degree of engineering
intervention increases, the cost of drilling each well increases. Based on four hypo-
thetical unconventional geothermal development scenarios in Australia in 2010, it
was predicted that the cost of drilling would range from 48% to 62% of total capital
costs [28].

The levelised cost of energy is an excellent financial performance measure which
compares the cost competitiveness of electricity generation sites. However, it is
also quite complicated to calculate. In the next section, we investigate using some
more direct geothermal performance measures to meaningfully indicate LCOE in
geothermal developments.

5.1.3 Thermal efficiency

Before we discuss geothermal performance measures, it is instructive to review the
derivation and application of the most pervasive performance measure in fossil-fuel
fired steam power plants, thermal efficiency.

Thermal efficiency is a measure of how efficiently a heat engine converts
the heat that it receives to work. Heat engines are built for the purpose of
converting heat to work, and engineers are constantly trying to improve
the efficiencies of these devices since increased efficiency means less fuel
consumption and thus lower fuel bills and less pollution. [27]

This quote shows two important aspects of thermal efficiency:

1. Thermal efficiency is a thermodynamic performance measure for heat engines.

2. Thermal efficiency also acts as a financial performance measure for heat en-
gines.

We argue that thermal efficiency’s pervasiveness in industry is due to the fact that
it acts as a financial performance measure, because fundamentally businesses are
interested in efficiencies that lead to profit, rather than efficiencies for their own
sake.

In this section we show from first principles (using Çengel and Boles [27] definition of
performance) that thermal efficiency is a thermodynamic and performance measure
for a Rankine4 cycle. Then we show that thermodynamic efficiency can be used
as a thermodynamic and financial performance measure for a fossil-fuel fired steam
power plant5.

4The Rankine cycle is a specific type of heat engine, as discussed in Chapter 4.
5A fossil-fuel fired steam power plant is a power plant that uses a Rankine cycle which uses

water as the working fluid to produce power.
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In its most general form, thermal efficiency (ηth) is defined as the net work produced
by a heat engine (wnet, out) over the heat added to the cycle (qin), that is

ηth =
wnet, out

qin

.

Note that, using this very general form, thermal efficiency can be applied to any
system that uses heat to produce work, not only fossil-fuel fired steam power plants.

As a thermodynamic performance measure for the Rankine cycle

Definitions
Chapter 4 demonstrates that Rankine cycles can vary significantly, from the
‘simple Rankine cycle’, to a typical fossil-fuel fired steam power plant Rankine
cycle (which uses a reheat cycle and feedwater heaters). However, despite this
variation, the Rankine cycle is a well defined system with well defined system
boundaries. Put simply, the Rankine cycle has the following four steps that
progress in a continual cycle: 1. Work is added to a pump which converts
the cold depressurised liquid into a cold pressurised liquid. 2. Heat is added
to convert a cold pressurised liquid into a hot pressurised gas. 3. Work is
generated by allowing the hot pressurised gas to expand in a turbine, to become
a cold depressurised gas. 4. Heat is removed to convert the cold depressurised
gas into cold depressurised liquid, so the cycle can start again. Hence, a
Rankine cycle is a closed cycle (i.e. no mass enters or leaves the system) that
converts heat into work.

For ease of understanding, in this section we base our analysis and discussion
around the simple Rankine cycle described in Section 4.3, and where necessary,
we generalise from this example. The simple Rankine cycle is shown here again
in Figure 5.3.

Using a simple Rankine cycle, with system boundary A as shown in Figure 5.3,
thermal efficiency (ηth) is defined as

ηth =
wnet, out

qheater

,

where wnet, out = wturb − wpump. However, thermal efficiency can equivalently
be written as

ηth =
mWF

mWF
× wnet, out

qheater

,

=
Wnet, out

Qheater

, or, as
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ηth =
ṁWF

ṁWF
× wnet, out

qheater

,

=
Ẇnet, out

Q̇heater

, (5.4)

where mWF is the mass of the working fluid, Wnet, out is the work produced by
the plant, Qheater is the heat added to the plant, ṁWF is the mass flowrate of
the working fluid, Ẇnet, out is the net power produced by the plant, and Q̇heater

is the rate of heat added to the plant. Note that power is the rate of work.

Theoretical link to performance
Using the Çengel and Boles definition of performance, it is fairly straight-
forward to link performance to thermal efficiency (ηth). From Figure 5.3 it
is clear that the inputs to the Rankine cycle are: heat (qheater) and work in
(wpump); and the output is work out (wturb). Using the Çengel and Boles def-
inition of performance, and considering we are interested in thermodynamic
performance (i.e. how efficiently the cycle uses energy), we get

performance =
desired energy output

required energy input
=

wturb, out

qheater + wpump, in

.

To get thermal efficiency it is necessary to deviate slightly from the Çengel
and Boles definition of performance, and move wpump from the denominator
to the numerator, so we get

ηth =
wturb − wpump

qheater

=
wnet, out

qheater

.

While this is a deviation from the Çengel and Boles definition of performance
for a Rankine cycle, it is not consistent when you consider the performance of
a steam power station. Because, in a steam power station, wnet, out (not wturb)
links directly to the ‘desired output’. Given that a Rankine cycle will always
sit within a steam power plant, it is reasonable and appropriate to make this
modification. This is discussed further in the next section.

Comparability
The thermal efficiency of a Rankine cycle can be compared to another Rankine
cycle, as long as both Rankine cycles are sufficiently similar. Given the wide
range of Rankine cycles this could be a very limiting restriction. However, this
turns out not to be so. Rankine cycles are generally compared to each other
based solely on the operating temperature and pressure of the turbine [71].
This is because the power generated for a given addition of heat by a Rankine
cycle can most often be linked to the operating temperature and pressure of
the turbine, as we now explain.

The basic idea behind all the modifications to increase the thermal
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Figure 5.3: Simple Rankine cycle [27]

efficiency of a power [Rankine] cycle is the same: 1. Increase the
average temperature at which heat is transferred to the working
fluid in the boiler, or 2. Decrease the average temperature at which
heat is rejected from the working fluid in the condenser. [27]

Since 99% of steam power stations in the US are built near large lakes and
seas [101, p12] so they can use these large bodies of water as their cooling fluid,
it is reasonable to assume that most steam power stations in the world use
large bodies of water as their cooling fluid. In turn, this means that for most
steam power stations, the variation in cooling fluid temperature is insignificant
(when compared to the variation in turbine inlet temperatures, which can vary
by around 200◦C). Hence for most steam power stations point 2 above can be
considered sufficiently similar. The simplest and most significant method of
impacting point 1 above is to increase turbine inlet pressure and/or turbine
inlet temperature [27]. Hence, Rankine cycles are often compared to each
other based solely on the operating temperature and pressure of the turbine.

For the small number of plants that use ambient temperature air as the cooling
fluid, the variation in cooling fluid temperature is significantly larger than
when large bodies of water are used. This means that the thermal efficiency of
Rankine cycles that use water as the cooling fluid and those that use ambient
air as the cooling fluid are not comparable. Further, two Rankine cycles that
use ambient air as the cooling fluid may also not be comparable, depending
on the temperature profile of the sites considered.

Quantifiable, measurable and objective
Since both Ẇnet, out and Q̇in are quantifiable, measurable and objective for the
Rankine cycle, then so is thermal efficiency.
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Figure 5.4: Schematic of a coal-fired power plant, showing energy boundaries for a
Rankine cycle (ER) and a coal fired plant (EC)

As a thermodynamic performance measure for fossil-fuel fired steam

power plants

The Rankine cycle is part of a fossil-fuel fired steam power plant. In fossil-fuel fired
steam power plants: heat is added to the Rankine cycle by burning a fossil-fuel; the
work generated by the Rankine cycle is turned into electricity using a generator; and
the heat is removed from the Rankine cycle using cold water. A simplified schematic
for a fossil-fuel fired steam power plant is shown in Figure 5.4.

Definition In Section 4.3.2, equation (4.21), we defined the thermodynamic effi-
ciency of a power plant (ηpower plant) to be [27,71],

ηpower plant = ηcombηthηgen, (5.5)

= αηth, (5.6)

where ηcomb is the efficiency of combustion, and ηgen is the efficiency of gener-
ation, which were defined in equations (4.19) and (4.20), and α = ηcombηgen.
From this it is clear that power plant efficiency is linked to thermal efficiency.

Theoretical link to performance In this section, we show that ηpower plant is linked
to the thermodynamic performance of a fossil-fuel fired steam power plant.
Using Çengel and Boles definition of performance (equation (5.1)), and the
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energy boundary EC shown in Figure 5.4, we determine the performance of a
fossil-fuel fired steam power plant as

performance =
desired output

required input
=

electricity

coal + cooling fluid
.

Since we are considering thermodynamic performance, that is, the efficiency
with which energy is converted, we consider the energy component of each
input and output. However, given that the cooling fluid in fact removes heat,
and is rarely an expensive consumable, it is always ignored. Hence, we get

performance =
desired output

required input
=
Welec

Qfuel

.

This is exactly what power plant efficiency, ηpower plant, calculates, as we now
show.

From equations (4.19) and (4.20), we know that Welec ≈ ηgenWnet, out and
qheater = ηcomb × HV; HV is the specific heating value of the fossil-fuel, that
is, heat produced by combustion per unit mass of fuel. Hence, we can write
equation (5.5) using extensive variables, as

ηpower plant =
Qheater

Qfuel

× Wnet, out

Qheater

× Welec

Wnet, out

,

=
Welec

Qfuel

.

Hence, thermal efficiency, ηth, can be used to indicate ηpower plant if α is constant
(or its variation is insignificant).

Comparability
By removing the cooling fluid from the power plant efficiency, we have assumed
that it does not affect the production of electricity. As discussed, this is a valid
assumption for most fossil-fuel fired steam power plants, except for the small
number of plants which use ambient temperature air as their cooling fluid.

Kholodovskii [71] states that ‘because the efficiency of the boiler plant depends
on the type of fuel burnt and on the design of the installation as a whole,
whilst that of the turbo-generator set depends on the power output, initial and
final steam parameters, etc., it is evident that the power station’s efficiency
[ηpower plant] depends on all of these together and can therefore be subject to
wide variation’. However, of all the design factors, the most significant factor
influencing coal-fired power plant performance is the temperature and pressure
of the steam as it enters the turbine [71]. Given that these are exactly the same
variables that affect Rankine cycle performance (i.e. thermal efficiency), we can
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say that thermal efficiency can be used to indicate power plant performance.

Hence, fossil-fuel fired steam power plants are often grouped and compared
according to turbine inlet temperature and pressure, for power plant efficiency
and thermal efficiency. For example, Kholodovskii [71] compares plants accord-
ing to turbine inlet temperature and pressure, which he classifies into groups
called: low, medium, high and super-high. Table 5.2 gives the typical turbine
inlet temperature and pressure for each group, as well as the representative
thermal efficiency and representative power plant efficiency for each group.
Analysis of these combined data sets shows that there is a strong correlation
between thermal efficiency and power plant efficiency. Hence, we can say that
α (α = ηcombηgen) is sufficiently constant for thermal efficiency to be a very
good indicator of power plant efficiency.

Table 5.2: Thermal efficiency of power plants according to turbine inlet temperature
and pressure [71].)

Pressure Temperature Thermal efficiency Power plant efficiency

(atm) (◦C) (%) (%)

Low 15 350 29.2 15

Medium 35 435 37.2 25

High 90 480 42.2 30

Super-high 170 550 46.3 35

Quantifiable, measurable and objective
Since both Ẇnet, out and Q̇heater are quantifiable, measurable and objective for
fossil-fuel fired steam power plants, then thermal efficiency is quantifiable,
measurable and objective for fossil-fuel fired steam power plants.

We have now shown that thermal efficiency is a good thermodynamic performance
measure for fossil-fuel fired steam power plants. Is it equally applicable as a financial
performance measure for fossil-fuel fired steam power plants?

Thermal efficiency as a financial performance measure in fossil-fuel fired

steam power plants

Here, we show that thermal efficiency is an indicator of LCOE for fossil-fuel fired
steam power plants. Hence, it can be used as a financial performance measure for
fossil-fuel fired steam power plants. Note that the boundary used for this analysis
is still EC as shown in Figure 5.4.

Theoretical link to LCOE
In this section, we show that thermal efficiency is the reciprocal of LCOE.
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First, we show that supplier capacity is proportional to net work produced by
the Rankine cycle (Wnet, out), then we show that supplier cost is proportional
to heat added to the plant (Qheater).

At this stage we note that electricity production is a continuous process, hence
it is most accurate to present it as a rate variable. However, since it is gen-
eral practice to represent thermal efficiency with the extensive variables work,
W , and heat, Q, we continue with this convention here. We mention this be-
cause when we move on to geothermal performance measures, we will change
the method of measuring to using extensive rate variables, in line with the
convention in the geothermal industry.

We can relate supplier capacity to net work produced (Wnet, out) as follows:

supplier capacity =
n∑
i=1

Ci
(1 + r)i

,

since capacity, Ci, is the amount of electricity produced by the power plant
(i.e. electrical work Welec,i) in a year, then

supplier capacity =
n∑
i=1

Welec,i

(1 + r)i
.

Assuming the electricity produced per year, Welec,i, is constant for all i, then
Welec,i becomes Welec, hence,

supplier capacity = k1Welec,

where k1 =
n∑
i=1

1

(1 + r)i
.

From equation (4.19), we know that Welec = ηgenWnet, out, hence,

supplier capacity = k1ηgenWnet, out. (5.7)

Relating cost to heat added is slightly more complicated. In Section 5.1.2,
we defined supplier cost to be the net present value of the sum of capital
cost, O&M cost, and fuel cost. As shown in Table 5.1, supplier cost is equal
to roughly three times the fuel costs (i.e. the cost of coal). To allow for
generalisation we write this as

supplier cost = k2 × fuel cost,

where k2 represents the ratio of supplier cost to fuel cost. Further, since coal
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(or gas) is the fuel in fossil-fuel fired power plants, and its price depends on
the heat it can provide when it is burnt, we can also say,

fuel cost = k3 ×Qheater,

where k3 is the ratio of fuel cost to the heat added to the plant.

In summary, for fossil-fuel fired power plants, we have

supplier cost

supplier capacity
=
k2k3

k1

× Qheater

Wnet, out

,

or LCOE = K1 ×
1

ηth

, (5.8)

where K1 equals k2k3 over k1. Hence, thermal efficiency is the reciprocal of
LCOE multiplied by a constant K1.

Comparability
For thermal efficiency to be a good indicator of LCOE, K1 must be constant,
or approximately constant (see equation (5.8)), across sites that you wish to
compare. Since K1 varies when k1, k2 or k3 vary, let’s look at each of these in
turn.

k1 is constant as long as capacity is constant, over time, which is a reasonable
assumption for a fossil-fuel fired power plant; and all plants have the same
discount factor r.

k2 is the ratio of supplier cost over fuel cost. Hence, when the capital or
O&M costs are a higher percentage of overall cost, or when fuel costs are
a smaller percentage of cost in comparison to other power stations, k2 in-
creases. For example, LCOE increases if (all other things being equal) it
costs more to build a plant. Plants are more costly to build where labour
and material costs are higher. However, we argue that this is also implic-
itly obvious to the investor. Additionally, plants cost more to build when
they run with higher turbine inlet temperatures and pressures. However,
plants are already categorised according to this criterion for thermal effi-
ciency (see Table 5.2). So this issue is not problematic. Hence, in many
cases this limitation of ensuring k2 is comparable is quite manageable.

k3 is the ratio of fuel cost over the heat added to the plant. There are a
few ways that k3 can vary. One is simply the cost of the fuel. In some
countries, like Australia, coal is relatively cheap as our coal-fired steam
power plants source local coal. Some countries, like Japan, do not pro-
duce any coal, and have to ship it from places like Australia. We argue,
that like the price of electricity, this factor is implicitly understood by
investors. Additionally, coal can vary in price according to its quality.
However, lower price coal provides less heat per kilogram, hence, k3 re-
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mains roughly the same.

Quantifiable, measurable and objective
As we have shown above, since both Ẇnet, out and Q̇in are quantifiable, measur-
able and objective for fossil-fuel fired steam power plants, then so is thermal
efficiency.

Hence, thermal efficiency can also be used as a financial performance indicator, in
particular for LCOE, as long as it is compared to plants with similar: turbine inlet
temperature and pressure; electricity price; and, coal, labour and material costs.

We argue that the reason thermal efficiency can act as an energy and financial per-
formance measure for systems which burn fossil fuels to generate power, is because
the energy and cost boundaries are the same in these systems. We mention this now
because the same is not true for geothermal systems, as we explore in the coming
sections.

5.2 Performance measurements in geothermal

developments

In fossil-fuel fired steam power plants, the construction of a system boundary seems
obvious or intuitive, because in these systems the cost and energy boundaries are
the same. However, in geothermal electricity producing systems this is rarely the
case, because in these systems the energy used to generate the electricity is ‘free’.

In the case of a geothermal development, the energy flow is:

heat from centre of the earth⇒ thermal energy of geothermal fluid

⇒ mechanical work of the turbine

⇒ electricity from the generator.

In pictorial form, the energy boundary for this system is shown as Boundary EG in
Figure 5.5. This energy flow is very similar to a fossil-fuel fired steam power plant,
which is:

heat from combustion⇒ thermal energy of working fluid

⇒ mechanical work of the turbine

⇒ electricity from the generator.

In pictorial form, the equivalent energy boundary to Boundary EG above, is Bound-
ary EC in Figure 5.4.
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Figure 5.5: Schematic of a generalised geothermal development

Using the energy boundary, Boundary EG, and the Çengel and Boles definition of
performance, we get

energy performance =
Ẇelec

Q̇earth

,

where Q̇earth is the rate heat is added from the earth. Despite the similarity of energy
performance to thermal efficiency, energy performance is not used in the geothermal
industry, and we argue that this is for two reasons,

1. Q̇earth is very difficult to calculate with sufficient accuracy for this metric to
be useful.

2. It cannot be used as a financial performance measure for geothermal develop-
ments, because Q̇earth is free.

So, if the energy boundary, Boundary EG, is not useful, what is a useful bound-
ary? We argue that for geothermal developments, Boundary EG should be divided
into two separate boundaries: 1. A boundary around the reservoir, Boundary RG,
and, 2. A boundary around the wells and plant, Boundary CG (see Figure 5.5).
Boundary RG is used in reservoir modelling. This modelling is extremely important
to manage the natural resource which provides the energy for geothermal develop-
ments. However, to construct a financial performance measure, we argue that it is
necessary to use Boundary CG.

Applying the Çengel and Boles [27] definition of performance to Boundary CG, we



5.2. Performance measurements in geothermal developments 117

get

performance =
desired output

required input
,

=
electricity

hot pressurised geothermal fluid + cooling fluid
.

Since the cooling fluid is always water or air, it is reasonable to assume that the
cost of the cooling fluid is insignificant in comparison to the cost of the geothermal
fluid. Hence, in a similar way to fossil-fuel fired steam power plants, the effect of
the cooling fluid is ignored. So, performance becomes,

performance =
electricity

hot pressurised geothermal fluid
.

As mentioned earlier, geothermal performance measures use extensive rate variables,
that is, rate of work produced (i.e. power), rate of heat added, rate of geothermal
fluid flow etc.

The question that now arises is: What is the most appropriate characteristic of the
hot pressurised geothermal fluid to measure? Given that we are aiming to construct
a financial performance measure and we are looking at a cost system, we need to
choose the characteristic of a geothermal fluid that most closely links to its cost.
In a fossil-fuel fired steam power plant, it is obvious that the heating value of the
fuel most closely links to its cost (because the energy boundary and cost boundary
are the same). However, since the energy and cost boundaries are different in a
geothermal development, the choice of characteristic is not obvious. For this reason,
we discuss three different potential financial performance measures, each using a
different characteristic of the hot pressurised geothermal fluid.

1. The simplest characteristic of a hot pressurised geothermal fluid to measure is
the mass flowrate (ṁGThF). This answer is also logical in terms of cost, because
drilling geothermal wells is one of the largest costs in geothermal developments,
and to increase geothermal fluid flowrate more wells must be drilled or more
stimulation needed, as in EGSs. Further, the amount of electricity produced
increases linearly with geothermal fluid mass flowrate. Using these options,
the performance measure becomes,

ηbrine =
Ẇelec

ṁGThF
, (5.9)

which is known in the geothermal industry as brine effectiveness [82].

Note that the commonly used performance measure ‘specific brine consump-
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tion’ (SSC) [34, 37,84] is closely related to brine effectiveness, as follows:

ηbrine =
Ẇelec

ṁGThF
,

=
ηgenẆnet, out

ṁGThF
,

=
ηgen

SSC
,

where ηgen is the efficiency of the generator and is defined in equation (4.19) by
Welec = ηgenWnet, out. So, SSC removes the generator from the boundary, then
inverts the definition of performance (providing required input over desired
output).

2. Alternatively, since drilling costs and enthalpy generally increase with depth
at a given site, it is reasonable to argue that the logical characteristic of a hot
pressurised geothermal fluid to measure is its enthalpy (hGThF

r ). Writing these
variables in their extensive rate form, we get enthalpy efficiency (ηenthalpy)

ηenthalpy =
Ẇelec

ṁGThFhGThF
r

. (5.10)

Enthalpy efficiency is dimensionless and was originally defined by Zarrouk
and Moon [120], but they called it actual efficiency (ηact). We have renamed
it here, for ease of understanding, that is, to help identify the thermodynamic
property of the geothermal fluid that it measures.

Note that using enthalpy in this context is similar to using ‘heating values’
for measuring ‘fossil-fuel’ in the performance of fossil-fuel fired steam power
plants.

3. The final option is to measure the exergy of the geothermal fluid. Exergy
represents ‘the maximum useful work that could be obtained from the system
at a given state in a specified environment’ [27]. For a given site, exergy (like
enthalpy) increases with depth. Hence, it also has a logical connection to the
cost of the hot pressurised geothermal fluid.

For a flowing system at State A, ignoring kinetic and potential energy, the
exergy (ψ) is defined as

ψA = hA − h0 − T0(sA − s0),

where hA and sA are the enthalpy and entropy at State A, and h0, s0, and T0

represent the enthalpy, entropy and temperature of the ‘dead state’. A system
is defined to be in a ‘dead state’ when it is in equilibrium with its surroundings.
‘Unless specified otherwise, the dead-state temperature and pressure are taken
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to be T0 = 25◦C and p0 = 101.325kPa’ [27].

Hence, using exergy as the chosen measure of the hot pressurised geothermal
fluid, and writing the variables in their extensive rate form, we get exergy
efficiency (ηexergy)

ηexergy =
Ẇelec

ṁGThFψGThF
r

, (5.11)

=
Ẇelec

ṁGThF[hGThF
r − hGThF

0 − TGThF
0 (sGThF

r − sGThF
0 )]

, (5.12)

where ψGThF
r is the exergy of the geothermal fluid flowing out of the reservoir,

hGThF
r and sGThF

r are the enthalpy and entropy of the geothermal reservoir, and
hGThF

0 , sGThF
0 , and TGThF

0 represent the enthalpy, entropy and temperature of
the ‘dead state’. Note that exergy efficiency is dimensionless.

Exergy efficiency relates very closely to utilisation efficiency (ηu) [34], as fol-
lows:

ηexergy =
Ẇelec

ṁGThFψGThF
r

,

=
ηgenẆnet, out

ṁGThFψGThF
r

,

= ηgenηu,

where ηgen is the efficiency of the generator. This means that utilisation ef-
ficiency, like SSC and thermal efficiency, puts the system boundary around a
smaller section of the overall plant. In particular, utilisation efficiency and SSC
put the generator on the outside of the system boundary. Since the efficiency
of generators normally runs at around 97%, utilisation efficiency will always
give slightly larger values than exergy efficiency. However, the relationship
between exergy efficiency and utilisation efficiency will be generally linear.

In summary, brine effectiveness, enthalpy efficiency and exergy efficiency all have
a theoretical link to the financial performance of a geothermal development. Next,
in Sections 5.2.2, 5.2.3 and 5.2.4, we investigate: 1. their theoretical link to LCOE,
2. their comparability, and 3. their objectivity.

Categorisation

Given the wide range of geothermal developments, it is necessary to categorise
geothermal developments in some way so that a performance measure can be com-
pared across different geothermal sites. For example, as shown in Table 5.2, fossil-
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fuel fired steam power plants are often categorised according to turbine inlet tem-
perature and pressure (as low, medium, high or super-high). Clearly, choosing an
appropriate method of categorisation will affect comparability. In this thesis, where
possible, we categorise geothermal developments according to their reservoir en-
thalpy. This is in line with recent work by Zarrouk [120], and also in line with
categorising fossil-fuel fired steam power plants according to temperature and pres-
sure. Further, as we show later in this chapter, it provides good correlations with
brine effectiveness and enthalpy efficiency (due to a lack of data in the public domain
we were unable to categorise utilisation efficiency according to enthalpy). Geother-
mal developments could be further sub-categorised according to power plant type
(as also done by Zarrouk [120]). We don’t consider that here, as the type of plant
chosen for a geothermal development is largely (but not wholly) dependent on the
reservoir enthalpy of the site, as can be see in Zarrouk’s [120] work.

Before we move on to discuss brine effectiveness, enthalpy efficiency and exergy
efficiency, we discuss the use of thermal efficiency as a performance measure in
the one type of geothermal development where they are regularly applied, namely
geothermal developments that use binary Rankine cycles.

5.2.1 Thermal efficiency in binary Rankine cycles

Using the geothermal system Boundary CG shown in Figure 5.5 and in Figure 5.6,
no ‘heat’ is added to a geothermal system. In these systems, electricity is generated
using the thermal energy carried by the geothermal fluid. However, in a geothermal
system that uses a binary Rankine cycle it is possible to draw an additional system
boundary around the Rankine cycle, shown as Boundary ER in Figure 5.6. This
allows thermal efficiency to be calculated for System ER (that is the system contained
inside Boundary ER) in a binary Rankine cycle.

For System ER, the geothermal fluid adds heat to the working fluid of the binary
Rankine cycle in the heat exchanger, much like a traditional furnace adds heat to
the working fluid in a fossil-fuel fired steam power plant. The heat added to the
working fluid in a traditional Rankine cycle is determined by equation (4.10), which
for a binary Rankine cycle becomes

Q̇heat exchanger = ṁGThF(hGThF
a − hGThF

b ) = ṁWF(hWF
3 − hWF

2 ),

where Q̇heat exchanger is the heat added by the heat exchanger, hGThF
a is the enthalpy

of the geothermal fluid prior to entry into the heat exchanger, and hGThF
b is the

enthalpy of the geothermal fluid leaving the heat exchanger. Hence, for a geothermal
development, thermal efficiency as defined in equation (5.4) becomes

ηth =
Ẇnet, out

Q̇heat exchanger

.
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Figure 5.6: Binary Rankine cycle schematic, showing the energy boundary for the
Rankine cycle, Boundary ER, and the cost boundary for the geothermal system,
Boundary CG

Given that this is simply a calculation of thermal efficiency for a specific type of
Rankine cycle, all the conclusions from Section 5.1.3 hold here. That is, thermal
efficiency can be used as a thermodynamic performance indicator for binary Rankine
cycles, as long as the cycles which are compared have similar design. Binary Rankine
cycle plant design is still evolving, so designs can be quite different. However, despite
this difference, thermal efficiencies are still most often compared according to turbine
inlet temperatures [102].

Thermal efficiency as a financial performance measure for a binary Rank-

ine cycle

We investigate the use of thermal efficiency as an indicator of LCOE for a geother-
mal development. This means we are considering the system contained within the
Boundary ER in Figure 5.6. Given that thermal efficiency can only be calculated for
binary power plants, the following analysis only holds for geothermal developments
using only binary power plants.

Theoretical link to LCOE
We can relate supplier capacity to net power produced (Ẇnet, out) in the same
way as we related supplier capacity to net electrical work produced per year
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(Welec) for fossil-fuel fired steam power plants, as follows:

supplier capacity =
n∑
i=1

Ci
(1 + r)i

,

where we define capacity, Ci, to be average power produced per year (Ẇelec,i),
then

supplier capacity =
n∑
i=1

Ẇelec,i

(1 + r)i
.

Assuming the average power produced per year, Ẇelec,i, is constant for all i,
then Ẇelec,i becomes Ẇelec, hence,

supplier capacity = k1Ẇelec, (5.13)

where (as before) k1 =
n∑
i=1

1

(1 + r)i
.

Note that this equation for supplier capacity is slightly different from our
earlier definition of supplier capacity, given in equation (5.7), where supplier
capacity = k1ηgenWnet, out. While these equations are different, they provide
exactly the same information. This is because the work of a continuous pro-
cess measured as an extensive variable over a fixed time, or as an extensive
rate variable averaged over the same fixed time frame, provides the same in-
formation. As we mentioned earlier, it is standard practice for performance
measures in the geothermal industry to use extensive rate variables, so we
continue this practice here.

From equation (4.19), we know that Welec = ηgenWnet, out, hence, Ẇelec =
ηgenẆnet, out. Hence,

supplier capacity = k1ηgenẆnet, out.

However, can cost be related to heat, given that fuel/heat is essentially free (in
a recurrent sense) in geothermal developments? Initially, we can link supplier
cost to drilling cost, as follows,

supplier cost = k̂2 × drilling cost,

where k̂2 is the ratio of supplier cost over the drilling cost. Given that drilling
cost is the biggest component of investment cost (Ii), and Ii is the biggest com-
ponent of supplier cost, this is a reasonable approximation. Further, drilling
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cost can be related to the flowrate of geothermal fluid (ṁGThF), by

drilling cost = k̂3 × ṁGThF,

where k̂3 =
drilling cost

ṁGThF
,

=
cost per well

flowrate per well
.

Finally, it is possible to relate the flowrate of geothermal fluid to the rate of
heat added to the system, as

ṁGThF = k̂4 × Q̇heat exchanger,

where k̂4 =
ṁGThF

Q̇heat exchanger

,

=
1

(hGThF
a − hGThF

b )
.

So now we can say, for geothermal developments using binary power plants,

supplier cost

supplier capacity
=
k̂2k̂3k̂4

k̂1ηgen

× Q̇heat exchanger

Ẇnet, out

,

or LCOE =
K2

ηth
, (5.14)

where K2 equals k̂2k̂3k̂4 over k̂1ηgen. Hence, thermal efficiency is inversely
related to LCOE as long as K2 is constant.

Comparability
Clearly, K2 is not constant all the time, so here we discuss the limitations of
this approximation.

k̂4 will only be comparable between geothermal developments when the dif-
ference between production and re-injection temperatures is similar, and we
argue that this rarely occurs across geothermal developments. Geothermal de-
velopment production temperatures (which are used to produce power) range
from 73◦C [2] to 320◦C and above in Iceland [12], and re-injection tempera-
tures range from 50◦C in Mutnovsky, Russia [34] to 140◦C in Cerro Prieto,
Mexico [34]. With such a wide range of difference, we argue that the wide
variation in k̂4 means that thermal efficiency is not sufficiently comparable
across geothermal developments to be a good indicator of LCOE.

Instead, we suggest that the approximation of cost is much more accurate if



124 Chapter 5. Performance Measures

it is stopped one step earlier, that is

supplier cost = k̂2k̂3ṁ
GThF.

Stopping one step earlier allows us to relate LCOE to brine effectiveness
(ηbrine), as we show in the next section.

Quantifiable, measurable and objective
Since both Ẇnet, out and Q̇heat exchanger are quantifiable, measurable and objec-
tive for binary power plants, then so is thermal efficiency for binary power
plants.

5.2.2 Brine effectiveness as a financial performance measure

Brine effectiveness (ηbrine) is defined in equation (5.9) as

ηbrine =
Ẇelec

ṁGThF
,

where Ẇelec is the rate electricity is produced and ṁGThF is the flowrate of the
geothermal fluid.

Theoretical link to LCOE
From the previous section, we know that brine effectiveness can be linked to
LCOE, as follows,

supplier cost

supplier capacity
=
k̂2drilling cost

k̂1Ẇelec

,

=
k̂2k̂3ṁ

GThF

k̂1Ẇelec

,

=
k̂2k̂3

k̂1

× ṁGThF

Ẇelec

,

or LCOE =
K3

ηbrine
, (5.15)

where K3 =
k̂2k̂3

k̂1

.

Comparability
In the previous section we showed that, in general, the thermal efficiency of a
fossil-fuel fired steam power plant can be compared to another plant as long as
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both plants have similar turbine inlet temperatures and pressures. Hence, the
thermal efficiency of fossil-fuel fired steam power plants is often categorised
according to turbine inlet temperature and pressure. Similar principles can be
applied to geothermal developments, leading to the idea that, in general, brine
effectiveness can be categorised according to the temperature and pressure of
the geothermal fluid.

Given that fossil-fuel fired steam power plants are man-made, the turbine
inlet temperatures and pressures generally come in consistent combinations,
which means that fortunately categorisation is one dimensional. Unfortu-
nately, geothermal developments show no such consistency. In order to avoid
a two dimensional categorisation, most authors simply categorise brine effec-
tiveness based on geothermal fluid temperature [82, 102]. However, recently,
Zarrouk [120] categorised enthalpy efficiency by enthalpy. Given that enthalpy
takes into account both temperature and pressure it is a good way of consid-
ering temperature and pressure in one variable, and it is the method we use
here.

Here we investigate comparability in two different ways. First, we discuss
comparability from a theoretical standpoint, then we look at historical results
to determine comparability across existing geothermal developments.

Theoretical comparability limitations
From equation (5.15), it is easy to see that using brine effectiveness as
an indicator of LCOE only works when the values of K3, for different
geothermal developments, are comparable. K3 varies when k̂1, k̂2 or k̂3

vary, so let’s look at each of these in turn, providing examples of when
brine effectiveness is not a good indicator of LCOE.

k̂1 is the discounting effect on electricity generated over the years, and
has been discussed earlier.

k̂2k̂3 It is easier to consider k̂2 and k̂3 together, since

k̂2k̂3 =
supplier cost

drilling cost
× drilling cost

ṁGThF
=

supplier cost

ṁGThF
.

k̂2k̂3 is heavily impacted by drilling cost as follows:

1. k̂2k̂3 increases if drilling cost increases due to increasing the drilling
cost per well, while expected flowrate per well remains unchanged.
An example of this is in some unconventional geothermal devel-
opments where the cost of drilling increases but expected flowrate
per well remains unchanged.

2. k̂2k̂3 decreases, when drilling cost increases due to increasing the
number of wells, as we now show.

Clearly, k̂2k̂3 can be considered to be a function of the number
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of wells drilled, as follows:

k̂2k̂3(x) =
supplier cost

ṁGThF

=
A+ bx

cx
,

where A = fixed supplier cost,

b = drilling cost per well,

c = average geothermal fluid flowrate per well, and

x = number of wells.

From Section 5.1.2, we know that A ≈ 3b, hence we assume that
A ≈ yb where y ≥ 1, which gives

k̂2k̂3(x) =
yb+ bx

cx
,

=
b(y + x)

cx
.

If we increase the number of wells from x to x+ 1, we get

k̂2k̂3(x+ 1) =
b(y + x+ 1)

c(x+ 1)
.

Hence, since x, y ≥ 1, we get

1 +
y

x
≥ 1 +

y

x+ 1
,

⇒ y + x

c
≥ y + x+ 1

x+ 1
,

⇒ k̂2k̂3(x) ≥ k̂2k̂3(x+ 1).

Geothermal fluid flowrate per well is one of the largest unknowns in
geothermal developments (prior to drilling). An important advantage
of brine effectiveness is that it allows investors to easily determine
the effect on power output due to varying geothermal fluid flowrates.
This is done simply by multiplying brine effectiveness by geothermal
fluid flowrate. In other words,

Ẇelec = ηbrine × ṁGThF.
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Comparability to historical results
As mentioned earlier, due to the wide range of geothermal developments,
it is necessary to categorise them in some way to enable comparabil-
ity across geothermal development sites. In this thesis, where possible,
we categorise geothermal developments according to reservoir enthalpy.
This means that reservoir enthalpy is the independent variable and brine
effectiveness is the dependent variable. Hence, in Figure 5.7, we plot
brine effectiveness against reservoir enthalpy for the 83 geothermal devel-
opments collated by Zarrouk and Moon [120]. Using this data and the
linear regression technique, we determine the following line of best fit:

ηbrine = 0.0032(hGThF
r )2 + 9.4081hGThF

r − 3, 985, (5.16)

which has an R2 value of 0.96.

Having a line of good fit is important as it allows users of a particular
performance measure to estimate, with greater reliability, how their de-
velopment is performing; or to estimate, with greater reliability, how any
future development will perform.

ηbrine = 0.0032(hGThF
r

)2 + 9.4081hGThF
r

− 3, 985
R2 = 0.96
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Figure 5.7: Brine effectiveness versus enthalpy of the reservoir

Quantifiable, measurable and objective Since both Ẇnet and ṁbrine are quan-
tifiable, measurable and objective, then so is brine effectiveness.
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5.2.3 Enthalpy efficiency as a financial performance mea-

sure

Enthalpy efficiency (ηenthalpy) is defined in equation (5.10) as

ηenthalpy =
Ẇelec

ṁGThFhGThF
r

,

where hGThF
r is the enthalpy of the reservoir.

Theoretical link to LCOE
From equation (5.13), we know that supplier capacity can be related to the
rate of electricity production as follows,

supplier capacity = k̂1Ẇelec,

where k̂1 =
n∑
i=1

1

(1 + r)i
.

As before, we can link supplier cost to drilling costs, as follows:

supplier cost = k̂2 × drilling cost.

Further,

drilling cost = k̆3 × ṁGThFhGThF
r ,

where k̆3 equals drilling cost over ṁGThFhGThF
r .

Hence, we can say

supplier cost

supplier capacity
=
k̂2 × drilling cost

k̂1Welec

,

=
k̂2k̆3ṁ

GThFhGThF
r

k̂1Welec

,

or, LCOE = K4 ×
1

ηenthalpy

, (5.17)

where K4 =
k̂2k̆3

k̂1

.
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Comparability
As for brine effectiveness, enthalpy efficiency is categorised based on the reser-
voir enthalpy. Further, we similarly investigate comparability in two different
ways. First, we discuss comparability from a theoretical standpoint, then we
look at historical results to determine comparability across existing geothermal
developments.

Theoretical comparability limitations
From equation (5.17), it is easy to see that using enthalpy efficiency as
an indicator of LCOE only works when the values of K4, for different
geothermal developments, are comparable. K4 varies when k̂1, k̂2 or k̆3

vary, so let’s look at each of these in turn, providing examples of when
utilisation efficiency is not a good indicator of LCOE.

k̂1 is the discounting effect on electricity generated over the years, as
discussed previously.

k̂2k̆3 As for brine effectiveness it is easier to consider k̂2 and k̆3 together,
since

k̂2k̆3 =
supplier cost

drilling cost
× drilling cost

ṁGThFhGThF
r

=
supplier cost

ṁGThFhGThF
r

.

k̂2k̆3 is impacted by drilling cost in a similar way to k̂2k̂3, that is:

1. k̂2k̆3 increases when drilling cost increases and average flowrate
per well remains unchanged.

2. k̂2k̆3 decreases when drilling cost increases due to increasing the
number of wells.

The logic for this is very similar to that shown for k̂2k̂3, so we do
not repeat it here. As mentioned earlier, for conventional geother-
mal resources the degree of engineering intervention is quite similar.
However, for unconventional geothermal resources, which have a large
variation in the degree of engineering intervention required, this ratio
needs to be well understood by investors.

Comparability to historical results
Due to the wide range of geothermal developments, it is necessary to
categorise them in some way to enable comparability across different
geothermal development sites. As mentioned earlier, in this thesis, where
possible, we categorise geothermal developments according to reservoir
enthalpy. In this case, this means that reservoir enthalpy is the indepen-
dent variable and enthalpy efficiency is the dependent variable. Hence,
in Figure 5.8, we plot enthalpy efficiency against reservoir enthalpy for
the 83 geothermal developments collated by Zarrouk and Moon [120].
Using this data and the linear regression technique, we were able to fit a
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logarithmic line of best fit:

ηenthalpy = 7.619 ln(hGThF
r )− 44.066,

which has an R2 value of 0.85.

ηenthalpy = 7.619ln(hGThF
r

)− 44.066
R2 = 0.85
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Figure 5.8: Enthalpy efficiency (ηenthalpy) versus reservoir enthalpy (hGThF
r )

Quantifiable, measurable and objective
Since both Ẇelec, ṁ

GThF and hr are quantifiable, measurable and objective,
then so is enthalpy efficiency.

5.2.4 Exergy efficiency as an indicator of LCOE

Exergy efficiency (ηexergy) is defined in equation (5.12) as

ηexergy =
Ẇelec

ṁGThFψGThF
r

,

where ψGThF
r is the exergy of geothermal fluid flowing out of the reservoir.

Theoretical link to LCOE
Again, supplier capacity can be related to electricity by

supplier capacity = k̂1Welec,

where k̂1 is the discounting effect on electricity generated over the years. As
before, we can link supplier cost to drilling costs, as follows:

supplier cost = k̂2 × drilling cost.
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Meaning that

drilling cost = k̃3 × ṁGThFψGThF
r ,

where k̃3 equals drilling cost over ṁGThFψGTh.

Hence, we can say

supplier cost

supplier capacity
=
k̂2 × drilling cost

k̂1Welec

,

=
k̂2k̃3ṁ

GThFψGThF
r

k̂1Welec

,

or, LCOE = K̂5 ×
1

ηexergy

, (5.18)

where K5 =
k̂2k̃3

k̂1

.

Note that the same logic can be applied to link LCOE to utilisation efficiency
(ηu), giving

LCOE = K6 ×
1

ηu

,

where K6 =
k̂2k̃3

k̂1ηgen

.

Comparability
As for brine effectiveness and enthalpy efficiency, exergy efficiency is cate-
gorised based on reservoir enthalpy. Further, we similarly investigate compa-
rability in two different ways. First, we discuss comparability from a theoret-
ical standpoint, then we look at historical results to determine comparability
across existing geothermal developments.

Theoretical comparability limitations
From equation (5.18), it is easy to see that using exergy efficiency as
an indicator of LCOE only works when the values of K5, for different
geothermal developments, are comparable. K5 varies when k̂1, k̂2 or k̃3

vary, so let’s look at each of these in turn, providing examples of when
utilisation efficiency is not a good indicator of LCOE.

k̂1 is the discounting effect on electricity generated over the years, as
discussed previously.
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k̂2k̃3 As for brine effectiveness it is easier to consider k̂2 and k̃3 together,
since

k̂2k̃3 =
supplier cost

drilling cost
× drilling cost

ṁGThFψGThF
r

=
supplier cost

ṁGThFψGThF
r

.

k̂2k̃3 is impacted by drilling cost in a similar way to k̂2k̂3, that is:
1. k̂2k̃3 increases when drilling cost increases and average flowrate
per well remains unchanged; 2. k̂2k̃3 decreases when drilling cost
increases due to increasing the number of wells. The logic for this is
very similar to that shown for k̂2k̂3, so we do not repeat it here.

ψGThF
r It is important to know what ‘dead state’ is being used to calcu-

late ψGThF
r . DiPippo [34] calculates exergy using ambient tempera-

ture and pressure as the ‘dead state’, while other sources [27] suggest
that ‘dead state’ for a Rankine cycle process should be the temper-
ature and pressure of the heat sink it uses. For example, imagine a
geothermal development using a local river (or sea), with a tempera-
ture lower than the local ambient temperature, to source its cooling
water. In this case, in line with Çengel [27], we would argue that
the temperature of the cooling water is a more appropriate choice of
dead state, rather than the ambient temperature.

Comparability to historical results
As mentioned earlier, due to the wide range of geothermal developments,
it is necessary to categorise them in some way to enable comparability
across geothermal development sites; and where possible, we categorise
geothermal developments according to reservoir enthalpy. Exergy effi-
ciency was the case which we were unable to categorise according to
reservoir enthalpy. Exergy efficiency is the most difficult of the per-
formance measures to calculate, as it requires the most data (ambient
temperature and entropy, reservoir temperature and entropy). Due to
the amount of data it requires, there is little exergy data available in
the public domain. Given the limited data available, it was necessary to
categorise exergy efficiency6 in the same manner as DiPippo [37], that is
according to reservoir temperature.

Due to the lack of exergy data (or data to calculate exergy) in the public
domain, we were not able to calculate exergy for the 83 plants provided
by Zarrouk and Moon [120]. The only data we were able to find was
utilisation efficiency data provided by DiPippo [37]. We use utilisation
efficiency to provide an indication of exergy efficiency, because utilisation
and exergy efficiency are simply and linearly related, as ηexergy = ηgenηu,
with ηgen generally around 95%.

6Actually, DiPippo plots utilisation efficiency, however, this linearly related to exergy efficiency.
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In this case, reservoir temperature is the independent variable and util-
isation efficiency is the dependent variable. Hence, we plot utilisation
efficiency versus reservoir temperature (see Figure 5.9). Using this data
and linear regression techniques, we calculate the linear line of best fit to
be

ηu = 0.1021TGTh
r + 18.19,

with an R2 value of 0.25.

As you can see from Figure 5.9 and from the R2 value, there is very lit-
tle correlation between utilisation efficiency and reservoir temperature.
Based on this small sample size, utilisation efficiency, and hence exergy
efficiency, cannot easily be used to compare one plant against another
plant, or predict the performance of any future plant. As such they are
poor performance measures particularly when using reservoir tempera-
ture as the point of comparison.

y = 0.1021x+ 18.19
R2 = 0.25
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Figure 5.9: Utilisation efficiency against reservoir temperature - using data from
DiPippo [37]

Quantifiable, measurable and objective
Assuming the ‘dead state’ is well defined and understood, Ẇelec, ṁ

GThF, hGThF
r ,

hGThF
0 , TGThF

0 , sGThF
r , and sGThF

0 are all quantifiable, measurable and objective,
hence, so is exergy efficiency.
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5.3 Comparison of geothermal performance

measures

We compared each of the geothermal performance measures (brine effectiveness,
enthalpy efficiency and exergy efficiency) against the following requirements of per-
formance measures: 1. a theoretical link to a stated goal, 2. comparability, 3. being
quantifiable, measurable and objective. We have shown that all three performance
measures satisfy points one and three.

We were unable to show that exergy efficiency was comparable across sites when
categorised according to reservoir temperature. Further, due to insufficient data in
the public domain, we had to use a much smaller data set for exergy efficiency (one-
third of the size of the data set used for brine effectiveness and enthalpy efficiency),
and were unable to categorise exergy efficiency according to reservoir enthalpy. This
is because exergy efficiency requires a lot more data to calculate than brine effec-
tiveness and enthalpy efficiency (in particular, ambient temperature and entropy,
and reservoir temperature and entropy), which is not readily available in the public
domain. Hence, due to increased complexity and decreased comparability across
geothermal sites, we argue that exergy efficiency is a poor financial performance
measure for geothermal developments.

In contrast, we were able to show that brine effectiveness and enthalpy efficiency
are comparable across sites when categorised according to reservoir enthalpy (with
R2 values of 0.96 and 0.85 respectively). Further, doing this for both performance
measures requires only three pieces of data (i.e. reservoir enthalpy, power output
and geothermal fluid flowrate).

However, an analysis of the absolute residuals shows that brine effectiveness is het-
eroscedastic with respect to reservoir enthalpy (see Figure 5.10b). Heteroscedasticity
invalidates some of the underlying assumptions for the linear regression technique
which we used to determine the R2 results. Transforming brine effectiveness into
enthalpy efficiency (by dividing by reservoir enthalpy) fixes the heteroscedasticity,
hence, enthalpy efficiency is homoscedastic (see Figure 5.10a). This means that en-
thalpy is a better predictor of enthalpy efficiency than brine effectiveness. For these
reasons, we argue that enthalpy efficiency should become the preferred financial
performance measure for geothermal developments.

5.4 Conclusion

In order to discuss different performance measures, we describe two separate system
boundaries: an energy boundary, and a cost boundary. For fossil-fuel fired steam
power plants, the energy and cost boundaries are the same, and, because of this,
setting up a system boundary seems obvious or intuitive. Further, since these two
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boundaries are the same, the thermodynamic (energy) performance measure thermal
efficiency (ηth) can also be used as a financial performance measure. However, in
the case of geothermal electricity producing systems, the cost and energy boundaries
rarely align, because in these cases the energy is ‘free’. In renewable systems, the
major cost is building the devices that capture the energy (e.g. solar panels, wind
turbines and production wells). In particular, in geothermal developments, we show
that the energy and cost boundaries are significantly different.

Based on the cost boundary for geothermal developments, we construct three finan-
cial performance measures: brine effectiveness, enthalpy efficiency and exergy effi-
ciency. Of these three performance measures, exergy efficiency is the most difficult
to calculate because it requires the most data (ambient temperature and entropy,
reservoir temperature and entropy). In fact, due to the amount of data it requires,
there is little exergy data (nor sufficient data to calculate exergy) available in the
public domain.

In order to compare the comparability of the three performance measures across
different geothermal development sites, it is necessary to categorise geothermal de-
velopments in some way. For example, fossil-fuel fired steam power plants are often
categorised according to turbine inlet temperature and pressure (as low, medium,
high and super-high). In this chapter, where possible, we categorise geothermal de-
velopments according to their reservoir enthalpy. This is in line with recent work by
Zarrouk [120], and also in line with categorising fossil-fuel fired steam power plants
according to temperature and pressure.

Based on comparability across geothermal sites and simplicity of calculation, our
results show that enthalpy efficiency is the best financial performance measure for
geothermal developments. Hence, we argue that, looking forward, enthalpy efficiency
should be the performance measure used by the geothermal community.

However, because enthalpy efficiency was first suggested in late 2014, there is little
data available for binary rankine cycle plants which is the focus of this thesis. Hence
for comparability with existing research, we use brine effectiveness and thermal
efficiency as financial performance measures in this thesis. Further, we categorise
these performance measures using reservoir temperature for the following reasons:

• We assume a fixed reservoir pressure for all our work, hence there is a direct
correlation between reservoir temperature and reservoir enthalpy.

• Existing research categorises these performance measures using reservoir tem-
perature.

• Temperature is more easily understood by the reader.
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5.5 Nomenclature

Financial variables

Ci supplier capacity in year i ($)
Fi fuel expenditure in year i ($)
Ii investment cost in year i ($)
Mi operations and maintenance expenditure in year i ($)
r discount rate (%)

Thermodynamic variables

h specific enthalpy (J kg−1)
m mass (kg)
P power (W = J s−1)
p pressure (Pa)
Q, q heat (J) and specific heat (J kg−1)
S, s entropy (J (K)−1) and specific entropy (J (kg K)−1)
T temperature (K)
t time (s)
HV heating value (J kg−1)
SSC specific brine consumption (kg J−1)
η efficiency (dimensionless) (except for ηbrine which has units J kg−1)
ψ specific exergy (J (kg K)−1)

Subscripts

Any State indicates that State
r reservoir
u utilisation
comb combustion
elec electrical
gen generator
th thermal
turb turbine

Superscripts

GThF, WF geothermal fluid and working fluid
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6
Using Geothermal Energy to Preheat

Feedwater in a Traditional Steam Power

Plant

6.1 Introduction

It is well established that using geothermal energy to preheat the feedwater in a
traditional steam power plant is the most efficient way to generate electricity using
low-medium temperature geothermal resources (90◦- 250◦C). This chapter presents
a method to determine the optimal design when this geothermal aided power genera-
tion (GAPG) is used to partially (or fully) replace the low pressure feedwater heaters
in a traditional steam power plant. The literature states that the thermal efficiency
of GAPG increases with geothermal resource temperature and provides some exam-
ples of this. We add some more detail to this discussion, and subsequently describe
how the thermal efficiency of GAPG also changes with geothermal resource flow-
rate, which has not been described to date. Consequently, we present the maximum
geothermal flowrate and associated maximum extra-power, for geothermal resource
temperatures ranging from 90◦to 225◦C.

Australia, like most countries in the world, is looking for cost-effective and reli-
able renewable energy technologies, in order to reduce its CO2 emissions. One
part of this strategy concentrates on the development of amagmatic unconventional
geothermal resources. While unconventional and conventional geothermal resources
are exploited in the same general manner (by treating the Earth’s crust as a gi-
ant heat exchanger to generate a hot geothermal fluid), unconventional geothermal
projects generally have higher drilling and stimulation costs compared to conven-

139
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tional geothermal projects [102]. However, to counter this extra cost, unconventional
geothermal resources are not limited to magmatic sites, and hence can be found in
many more locations than conventional geothermal resources, including locations
closer to large population centres and existing infrastructure [102]. Australia has no
active volcanic terrains or conventional geothermal resources but is rich in poten-
tial unconventional geothermal resources. From the late 1990s into the early 2000s,
Australia saw a rapid increase in activity in the geothermal sector [51, p6]. The
highest point of this activity was in 2010, ‘with 414 exploration licences or licence
applications covering approximately 472,000 km2 across Australia’ [51]. All of these
were hoping to develop unconventional geothermal resources [11].

One promising potential use of unconventional geothermal energy is to use it to
generate power, using geothermal aided power generation (GAPG) [16, 61]. GAPG
uses hot geothermal fluid to partially (or fully) replace some of the feedwater heaters
(FWHs) in a traditional steam power plant. Hot geothermal fluid is used to heat
the feedwater, in lieu of steam extracted from the turbines. This steam, instead,
continues through the turbines, generating extra power. Since the geothermal fluid
must not mix with the feedwater, this method can only be used to replace closed
feedwater heaters (i.e. not the deaerator). GAPG is an attractive option for geother-
mal developers for two main reasons. First, GAPG reduces capital expenditure, as
there is no need to design or build a power plant, or build any extra connections to
the grid. Hence, it allows geothermal developers to focus more geothermal issues.
Second, GAPG is the most efficient way to generate power using a hot geothermal
fluid [16, 61]. Despite these advantages, GAPG has limited use in practice today,
because in order for GAPG to work, the geothermal resource must be physically
close to a conventional power station. However, given that unconventional geother-
mal resources can be developed away from magmatic regions, GAPG becomes a
promising possibility.

This chapter presents a mathematical analysis of the thermodynamics involved in
GAPG. Importantly, this chapter demonstrates that the thermal efficiency of GAPG
changes not only with geothermal temperature, but also with geothermal flowrate;
and further presents the maximum extra-power that can be generated using GAPG.
The aim of this study is to demonstrate the advantages and limitations of GAPG
to geothermal developers, so that GAPG becomes a serious consideration when
choosing the best site to harvest unconventional geothermal resources.

6.2 Geothermal assisted power generation

In traditional steam power plants, one of the methods used to improve the thermal
efficiency of the plant is to preheat the feedwater to the boiler using steam extracted
from the turbines. GAPG generates power by using hot geothermal fluids to do some
of the feedwater preheating, in lieu of the extracted steam, and the steam that would
have been extracted is allowed to pass through the turbines to generate power.
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The history of GAPG dates back to the late 1970s, with the first studies being
presented in the United States by Khalifa et al. in 1978 [69]. Khalifa et al. presented
an exergetic analysis of GAPG, where GAPG was used to replace the low pressure
FWHs. In 2002, Bruhn [16] used computer modelling to further investigate GAPG.
In Bruhn’s study GAPG was also used to replace the low pressure FWHs; however,
Bruhn’s GAPG design was significantly more flexible than the design presented in
[69], allowing for the partial replacement of any of the low pressure FWHs. In 2010,
Buchta [17] presented work on GAPG, studying very low temperature geothermal
fluids (i.e. in the range 30◦C - 100◦C), also using computer modelling. Due to the
very low geothermal fluid temperatures considered, Buchta’s GAPG design is very
simple, and replaces only the first of the low pressure FWHs. Also in 2010, Hu et
al. [61] presented some results on GAPG using two different base steam power plants
(a sub-critical and super-critical plant), and using three different geothermal fluid
temperatures (at 90◦C, 215◦C and 250◦C). While their paper doesn’t describe the
GAPG design used, we infer, based on the geothermal fluid temperatures, that they
used GAPG to replace either a low pressure FWH, intermediate pressure FWH or
a high pressure FWH, depending on the temperature of the geothermal fluid. Most
recently, in 2012, Qin et al. [92] studied the effect on power output of running the
turbines off-design when GAPG is retro-fitted to an existing plant. They studied this
effect for three different GAPG options, those being when GAPG was used to replace
the high, intermediate or low pressure FWHs. Their results showed that in all cases
the effect on power output was less than 0.5%. All of the studies on GAPG show that
the thermal efficiency of GAPG increases with geothermal fluid temperature, and
that GAPG produces power from geothermal fluids more efficiently than any other
existing method of producing power from low-medium temperature geothermal fluids
(i.e. binary Rankine cycle plant, single flash steam plant etc.). Interestingly, there
is some disagreement about the actual thermal efficiency at lower geothermal fluid
temperatures, and to date there has been no discussion on the change in thermal
efficiency with geothermal flowrate. Also, given that all the studies since 2000 have
used computer modelling, limited thermodynamic analyses have been presented.

As the history of GAPG shows, GAPG can be implemented in a number of differ-
ent ways. First, GAPG can be retrofitted to large existing (super-critical or sub-
critical) steam power plants, or used in specifically designed steam power plants.
Given that retrofitting GAPG to an existing steam power plant is the simplest and
cheapest way to trial GAPG, this is the option we consider in this chapter. In
order to demonstrate our analysis, we consider retrofitting GAPG to the nominal
500MW natural-gas-burning, supercritical steam power plant from the Public Ser-
vice Company of Oklahoma, Riverside Station Unit 1 (PSORSU1). The operating
conditions and flowsheet for this plant were published in Energy Conversion by We-
ston [115, p72]. A simplified version of the flowsheet, showing all the components
we model, is shown here in Figure 6.1. We chose this plant because its flowsheet is
similar to most modern large steam power plants, whether they get their heat from
burning natural gas or coal, or from a nuclear reaction; and because the necessary
data is publicly available. Although we chose a specific plant to demonstrate our
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calculations, wherever possible we have kept our notation and calculations generic,
so that they can be applied to any large steam power plant.

Figure 6.1: Schematic of the 500MW natural-gas-burning, supercritical steam power
plant from the PSORSU1

Second, depending on the geothermal resource temperature, GAPG can be used to
partially (or fully) replace the:

• high pressure FWHs [61,92],

• intermediate FWHs [61,92],

• low pressure FWHs [16,17,61,69,92].

In this chapter we only consider the last option, as this is the only option that is
suitable for geothermal fluids in our range of interest, that is the 90◦- 225◦C range.

Third, GAPG can be run in either ‘fuel saving mode’ or ‘power boosting mode’ [16].
In fuel saving mode, the total power output of a plant running with GAPG is kept
the same, and the fuel that runs the boiler is reduced. In power boosting mode,
the fuel that runs the boiler is kept the same and the plant produces the extra
power provided by the GAPG. In fuel saving mode the boiler must run at off-design
conditions; in comparison to power boosting mode (for GAPG using the low pressure
FWHs) where the low pressure turbine must run at off-design conditions and there
is an increased cooling load which may require an additional small condenser. In
this chapter, we use power boosting mode, since Qin et al. [92] have shown that the
effect of running the turbines in off-design conditions for GAPG on power output
is less than 0.5% [92], and the effect of running the boiler off-design for GAPG is
unstudied.
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The final implementation option for GAPG is the placement of the heat exchanger(s)
which use the hot geothermal fluid to heat the feedwater. We call these heat ex-
changers, for ease of discussion, geothermal feedwater heaters (GFWHs). In this
thesis we consider two different GAPG plant designs: the design first proposed by
Bruhn in 2002 [16], which we call geothermal preheat option 1 (GPH1); and an al-
ternative design proposed by us in [107], which we call geothermal preheat option 2
(GPH2). Bruhn’s design is chosen as it is the most flexible design presented to date,
and as such it covers all other low pressure FWH designs. GPH2 is proposed, to see
if this alternative design is more efficient than GPH1.

In GPH1, some of the feedwater is removed (just after the condenser pump), and
then heated with a GFWH and returned to the cycle. As shown in Figure 6.2, the
heated feedwater can be returned to one (or more) of the following places:

1. in front of FWH1,

2. in front of FWH2,

3. in front of FWH3, and/or

4. in front of FWH4.

Figure 6.2: Schematic of Geothermal Preheat Option 1 (GPH1)

In GPH2, instead of heating some of the feedwater, all of the feedwater is heated,
using GFWHs in series. These are located in front of:

• FWHs 4, 3, 2 and 1 (see Figure 6.3),

• FWHs 3, 2 and 1,

• FWHs 2 and 1, or

• FWH 1,
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depending on the temperature of the geothermal resource.

Figure 6.3: Schematic of Geothermal Preheat Option 2 (GPH2) for TGThF
γH > TWF

b1 3 +
∆Tmin feas

6.3 Performance measures

Since GAPG is not a traditional fossil-fuel steam power plant nor a traditional
geothermal power plant, none of the existing performance measures apply exactly.
Hence, to evaluate performance, we consider thermal efficiency and brine effective-
ness, in a similar manner to previous authors [16, 61] on this topic.

Thermal efficiency (ηth), is defined as the net-power out over the total heat added
to the system,

ηth =
ẇnet out

Q̇in

=
Pnet out

Q̇in

. (6.1)

where ẇnet out and Pnet out are both used to represent the net-power produced by the
plant (after the turbine, but before the generator), since the rate of work produced
is power; and Q̇in is the rate of heat added to the plant.

However, when heat is added to a system by two different fuel sources (as in GAPG),
the thermal efficiency is usually calculated, separately, for each fuel source. To
calculate thermal efficiency separately for each fuel source, the net-power out must
be separated into two parts, one part for each fuel source. Since this thesis considers
GAPG running in power boosting mode, the separation of the total net-power out
(ẇnet) is straightforward; the original net-power out is said to be generated by the
fossil-fuel (ẇFF

net out), and the extra-power generated by retro-fitting GAPG is said to
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be generated by the geothermal fluid (ẇGThF
net out). That is,

ẇnet = ẇFF
net out + ẇGThF

net out.

Hence, fossil-fuel thermal efficiency (ηFF
th ), and the geothermal fluid thermal efficiency

(ηGThF
th ) are defined as follows,

ηFF
th =

ẇFF
net out

Q̇FF
in

,

ηGThF
th =

ẇGThF
net out

Q̇GThF
in

, (6.2)

where Q̇FF
in is the heat added to the working fluid by burning fossil-fuel, and Q̇GThF

in is
the heat added to the working fluid by the hot geothermal fluid. From this definition,
it is easy to see that retro-fitting GAPG to the low pressure FWHs, and running
it in power boosting mode, does not change the thermal efficiency of the fossil-fuel
section of the plant.

Brine effectiveness only applies to the electrical power generated by a geothermal
fluid (i.e. the power after the generator), and is defined as [82]

ηbrine =
ẇGThF

elec

ṅGThF
T

=
PGThF

elec

ṅGThF
T

, (6.3)

where ṅGThF
T is the total geothermal fluid flowrate, and

ẇGThF
elec = PGThF

elec = ẇnet out × ηgen.

6.4 Modelling the traditional fossil-fuel fired steam

power plant

Initially, we construct an ideal thermodynamic model of PSORSU1, as outlined
in Figure 6.1, using plant design data from Table 6.1 and plant design assumptions
shown in Table 6.2. This model is used to calculate the total feedwater flowrate (ṁT ),
and this is then compared to the total feedwater flowrate given on the PSORSU1
flowsheet. The thermodynamic calculations for this are well known in the steam
power plant industry [70,115], and are shown in Section 4.6.

While the PSORSU1 is nominally a 500MW unit, the flowsheet shows that it is
actually producing 441.35MW [115, p72]. The results (shown in Table 6.3) show
that our calculated feedwater flowrate is approximately 7% lower than the tabulated
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value (given on the flowsheet) for PSORSU1. Given that our calculations are based
on an idealised plant (the assumptions shown in Table 6.2), it is expected that the
calculated flowrate should be somewhat lower than the plant flowrate.

Table 6.1: The operating variables from PSORSU1, which we use as plant design
data

Variable Value Alternate Value

TWF
d b 537.8◦C

pWF
d b 23.1 MPa

TWF
d r 537.8◦C

TWF
a1 38.3◦C

TWF
b1 1 82.2◦C pWF

G1 =0.064 MPa

TWF
b1 2 108.3◦C pWF

G2 =0.17 MPa

TWF
b1 3 139.5◦C pWF

G3 =0.41 MPa

TWF
b1 4 156.9◦C pWF

G4 =0.65 MPa

TWF
a2 190.9◦C pWF

G5 =1.27 MPa

pWF
b2 2.79MPa

TWF
b2 6 214.6◦C pWF

G6 =2.31 MPa

TWF
b3 7 253.4◦C pWF

G7 =4.6 MPa

Table 6.2: Idealised plant design assumptions

1. The high pressure, intermediate pressure and low pressure

turbine efficiencies are 88%, 90% and 90% respectively.

2. The pump efficiency is 80%, for all pumps.

3. The generator efficiency is 95%.

4. The minimum feasible temperature difference (∆Tmin feas) is 5.5◦C.

5. There are no pressure losses through the pipes.

6. There are no pressure losses across the heat exchangers.

Table 6.3: Total feedwater flowrate (ṁWF
T ) required to produce a net-power of

441.35MW

Plant Flowrate Model Flowrate

368.2 kg s−1 343.9 kg s−1
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6.5 Modelling GPH1

We investigate Bruhn’s GAPG design to partially (or fully) replace the low pres-
sure FWHs (see Figure 6.2). Since we are running Bruhn’s design using different
running conditions to those in [16], we refer to Bruhn’s design as GPH1 in this
thesis. We construct an ideal thermodynamic model of GPH1, using the design
conditions outlined in Table 6.4. Models like these generally have multiple degrees
of freedom, and hence, are frequently solved using proprietary software programs.
In the context of this problem, solved means that variables are chosen so that the
plant produces the largest amount of power possible. Without making any further
simplifying assumptions, we are able to mathematically reduce this model to a much
simpler form, namely a four dimensional Linear Programming problem. This Linear
Program maximises net-power out for GPH1, using ṁWF

G1 , ṁWF
G2 , ṁWF

G3 and ṁWF
G4 as

the decision variables.

Table 6.4: GPH1 design conditions

1. Retro-fitted to PSORSU1.

2. Run in power boosting mode, with ẇFF
net out = 441.35MW.

3. Pressures at States b1, b2 and b3 remain constant.

4. Since GAPG heats feedwater: hWF
b1 3g ∈ [hWF

b1 4 hWF
b1 3], hWF

b1 2g ∈ [hWF
b1 3 hWF

b1 2],

hWF
b1 1g ∈ [hWF

b1 2 hWF
b1 1], hWF

b1 g ∈ [hWF
b1 1 hWF

b1 ], and hWF
b1 GX ≥ hWF

b1 .

5. The minimum feasible temperature difference (∆Tmin feas) is 5.5◦C.

6. Flowrates of the extraction streams must not be negative

(i.e. there can be no flow back into the turbine).

7. Geothermal fluid has a constant flowrate, pressure and temperature.

Given the design and the design conditions, the next step is to determine which
of the states and flowrates in GPH1 are constant, and hence, which are variable.
From the design and design conditions of GPH1, the following states and flowrates
in GPH1 are constant.

• All the states in the original PSORSU1 plant and ṁWF
T .

This follows directly from items 2, 3 and 4 in Table 6.4, and that the GPH1 is
being retro-fitted to PSORSU1. In order to run in power boosting mode there
must be a constant fuel load, which requires that the boiler have constant
inlet, outlet and reheat states and flowrates. Retro-fitting GPH1 means that
the turbine outlet and extraction stream pressures cannot be altered (i.e. States
e1, e2, e3, G1, G2, G3, G4, G6), which further means that States F1, F2, F3,
F4, F6, F7 are constant. The cooling water remains unchanged, so State a1
also remains unchanged; since, the pressure at e2 is constant then State a2 also
remains constant. Given that pressures at States b1, b2 and b3 are constant,
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as are the States e1, e2, e3, G1, G2, G3, G4, G6, it further follows that States
b1, b1 1, b1 2, b1 3, b1 4, b2 6, and b3 7 also remain constant.

• mWF
7 ,mWF

6 or mWF
5 (or ṁWF

7 , ṁWF
6 or ṁWF

5 )
GPH1 does not alter the state variables required to calculate these flowrates,
hence these flowrates remain constant. Consequently, ṁWF

T − ṁWF
7 − ṁWF

6 −
ṁWF

5 is also constant, and to simplify the equations to follow, we now define
a new constant, ṁWF

ψ , such that

ṁWF
ψ = ṁWF

T − ṁWF
7 − ṁWF

6 − ṁWF
5 . (6.4)

• win, wHP and wIP

GPH1 does not alter the state variables or flowrates required to calculate these
types of work.

• State γH and ṅGThF
T .

This follows directly from item 7 in Table 6.4.

• State γC
In order to maximise the net-power produced by GPH1, it is necessary to
remove the maximum heat from the geothermal fluid and add that to the
feedwater. To achieve this, the pinch-point of the GFWH must be at the cold
end of the GFWH, hence, making State γC a constant.

Hence, the only flowrates and states that vary in GPH1 are the:

• temperature and enthalpy at State b1 GX and flowrate ṁWF
G ;

• flowrates ṁWF
G1 , ṁWF

G2 , ṁWF
G3 and ṁWF

G4 ;

• temperature and enthalpy at States b1g, b1 1g, b1 2g, and b1 3g;

• flowrates ṁWF
1 , ṁWF

2 , ṁWF
3 and ṁWF

4 ; and

• net-power out (ẇnet).

Whilst all these states are variables, it is worth noting that they are not all inde-
pendent variables; since State b1 GX combined with flowrates ṁWF

G1 , ṁWF
G2 , ṁWF

G3 ,
and ṁWF

G4 determines States b1g, b1 1g, b1 2g, and b1 3g, and these States, in turn,
determine flowrates ṁWF

1 , ṁWF
2 , ṁWF

3 and ṁWF
4 , which determine net-power out.

The formal construction of the linear program is shown in detail in Appendix A-1.
However, it is quite long, so here we extract the key points to provide the reader
with an intuitive understanding of the process.

We show this problem is a linear programming problem in the following three steps:

Step 1: Show that net-power can be written as a linear function of the decision
variables ṁWF

G1 , ṁWF
G2 , ṁWF

G3 , and ṁWF
G4 .
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Step 2: Define and show that the constraints for this problem are linear constraints.

Step 3: Show that the decision variables are all greater than zero.

Step 1: Show that net-power can be written as a linear function of the

decision variables

The logic for this step is not immediately obvious, hence, we show it using the
following steps. (Again, we simply provide an outline here.)

Step 1a. Write net-power out as a function of the decision variables: hWF
b1 GX, ṁWF

G1 ,

ṁWF
G2 , ṁWF

G3 , and ṁWF
G4 , such that

ẇnet = Ǩ1ṁ
WF
G1 + Ǩ2ṁ

WF
G2 + Ǩ3ṁ

WF
G3 + Ǩ4ṁ

WF
G4 + Č,

where the Ǩi are linear functions in hWF
b1 GX. This means that for fixed hWF

b1 GX,

ẇnet is linear in ṁWF
Gi .

Step 1b. Show it is a necessary condition, to maximise net-power out, that hWF
b1 GX

be at its maximum feasible value.

Step 1c. Hence, show that net-power out can be written as a linear function of the
remaining decision variables: ṁWF

G1 , ṁWF
G2 , ṁWF

G3 , and ṁWF
G4 . That is,

ẇnet = Ǩ1ṁ
WF
G1 + Ǩ2ṁ

WF
G2 + Ǩ3ṁ

WF
G3 + Ǩ4ṁ

WF
G4 + Č,

where Ǩ1, Ǩ2, Ǩ3, Ǩ4 and Č are constants. Further, we explicitly state the
values of Ǩ1, Ǩ2, Ǩ3, Ǩ4 and Č.

Step 2: Define and show that the constraints for this problem are linear

constraints

These are listed in detail in Appendix A-1; in summary, the constraints are all
physical constraints, such as:

• ṁWF
G1 + ṁWF

G2 + ṁWF
G3 + ṁWF

G4 = ṁWF
G , and ṁWF

G ≤ ṁWF
ψ .

• The extraction flows from the steam turbines must flow out of the steam
turbine, hence, ṁi ≥ 0.

• The feedwater cannot be cooled down, hence,

hWF
b1 ≤ hWF

b1g ≤ hWF
b1 1 ≤ hWF

b1 1g ≤ hWF
b1 2 ≤ hWF

b1 2g ≤ hWF
b1 3 ≤ hWF

b1 3g ≤ hWF
b1 4.



150 Chapter 6. GAPG

Step 3: Show that the decision variables are all greater than zero

Any physically reasonable values for ṁWF
G1 , ṁWF

G2 , ṁWF
G3 and ṁWF

G4 must be greater
than zero. Any value less than zero indicates that fluid is flowing in the opposite
direction, which is not permissible.

Once the problem is described in this way, there are a number of mathematical
optimisation methods and software implementations available to solve linear pro-
gramming problems.

6.6 Modelling GPH2

GPH2 is an alternative design to Bruhn’s design. We analyse it here, to see if it is
more efficient than Bruhn’s design.

We construct an ideal thermodynamic model of GPH2, using the same design condi-
tions as those used for GPH1 (see Table 6.4). As mentioned in Section 6.5, models
like these generally have multiple degrees of freedom, and hence, are frequently
solved using proprietary software programs. As in GPH1, in the context of this
problem, solved means that variables are chosen so that the plant produces the
largest amount of power possible. Again, as in GPH1, without making any further
simplifying assumptions, we are able to mathematically reduce this formulation to
a much simpler form, namely a four dimensional Linear Programming problem. For
GPH2, the Linear Program maximises net-power out for GPH1, using hGThF

γC1 , hGThF
γC2 ,

hGThF
γC3 and hGThF

γC4 as the decision variables.

As we did with GPH1, given the design and the design conditions, the first step is to
determine which of the states and flowrates in GPH2 are constant, and hence, which
are variable. Using the design and design conditions of GPH2, we determine that
the states which are constant are the same as those which are constant in GPH1.
However the states which vary are different from GPH1, and they are:

• temperature and enthalpy at States γC1, γC2, γC3, and γC4;

• temperature and enthalpy at States b1g, b1 1g, b1 2g, and b1 3g;

• flowrates ṁWF
1 , ṁWF

2 , ṁWF
3 and ṁWF

4 ; and

• net-power out (ẇnet).

Whilst all these states are variables, it is worth noting that they are not all indepen-
dent variables; since States γC1, γC2, γC3, and γC4 determine States b1g, b1 1g,
b1 2g, and b1 3g, which in turn determine the flowrates ṁWF

1 , ṁWF
2 , ṁWF

3 and ṁWF
4 ,

which in turn determine net-power out.

Using the thermodynamic equations relating all these variables, we now show this
problem is a Linear Programming problem, and subsequently solve it. This analysis
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is shown in detail in Appendix A-2. However, it is quite long, so we have simply
described the key points here.

We show this problem is a linear programming problem using the same three steps
we used for modelling GPH1.

Step 1: Show that net-power out can be written as a linear function of

the decision variables

For GPH2 we use hGThF
γC1 , hGThF

γC2 , hGThF
γC3 and hGThF

γC4 as the decision variables and show
that

ẇnet = Ḱ1h
GThF
γC1 + Ḱ2h

GThF
γC2 + Ḱ3h

GThF
γC3 + Ḱ4h

GThF
γC4 + Ć, (6.5)

where Ḱ1, Ḱ2, Ḱ3, Ḱ4 and Ć are constants.

We do this by showing that

• ṁWF
1 = ǵ1(hGThF

γC1 , hGThF
γC2 , hGThF

γC3 , hGThF
γC4 ),

• ṁWF
2 = ǵ2(hGThF

γC2 , hGThF
γC3 , hGThF

γC4 ),

• ṁWF
3 = ǵ3(hGThF

γC3 , hGThF
γC4 ), and

• ṁWF
4 = ǵ4(hGThF

γC4 ),

where ǵ1, ǵ2, ǵ3 and ǵ4 are linear functions. Further, since, net-power out is a linear
function of ṁWF

1 , ṁWF
2 , ṁWF

3 and ṁWF
4 (as in GPH1), we can write net-power out

as a linear function of hGThF
γC1 , hGThF

γC2 , hGThF
γC3 and hGThF

γC4 .

Step 2: Define and show that the constraints for this problem are linear

constraints

These are listed in detail in Appendix A-2; in summary, the constraints are all
physical constraints, such as:

• The geothermal resource flow must be out of the ground (i.e. nGThF
T ≥ 0).

• The extraction flows from the steam turbines must flow out of the steam
turbine, hence, ṁWF

i ≥ 0.

• Neither the GFWHs nor the FWHs cool down the feedwater, hence,

hWF
b1 ≤ hWF

b1g ≤ hWF
b1 1 ≤ hWF

b1 1g ≤ hWF
b1 2 ≤ hWF

b1 2g ≤ hWF
b1 3 ≤ hWF

b1 3g ≤ hWF
b1 4.

• Since the geothermal fluid is giving heat to the feedwater, the geothermal fluid
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cannot heat up, hence,

hGThF
γH ≥ hGThF

γC4 ≥ hGThF
γC3 ≥ hGThF

γC2 ≥ hGThF
γC1 .

• Ensuring that there is at least the minimum feasible temperature difference at
both ends of the GFWHs.

Step 3: Show that the decision variables are all greater than zero

Any physically reasonable state for States γC1, γC2, γC3, and γC4 must be greater
than zero.

Once the problem is described in this way, there are a number of mathematical
optimisation methods and software implementations available to solve linear pro-
gramming problems.

6.7 Results

For PSORSU1 using the two different implementations of GAPG, GPH1 and GPH2,
we calculated:

• the net extra-power produced, ẇGThF
net out for varying geothermal resource flowrates

and temperatures,

• the brine effectiveness for varying geothermal resource flowrates and temper-
atures,

• the thermal efficiency for varying geothermal resource flowrates and tempera-
tures,

• the maximum flowrate for each GAPG option, that is, the geothermal resource
flowrate beyond which there is no increase in extra-power out, and

• the maximum extra-power that can be produced for a given geothermal re-
source temperature.

We studied these factors over a geothermal resource temperature range of 90◦- 225◦C,
and geothermal resource flowrate of zero to the maximum flowrate.

In order to see how efficient our GAPG implementations are in comparison to tra-
ditional methods for generating power using geothermal energy, we compared these
results to an ideal binary Rankine cycle [107].
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6.7.1 Minimum flowrate for ṁWF
i

Before we discuss the results any further, we define the concept of minimum flowrate
for ṁi, as the rest of this section requires this concept.

To generate power GPH1 and GPH2 decrease the flowrates ṁWF
1 , ṁWF

2 , ṁWF
3 and

ṁWF
4 . Since ṁWF

i ≥ 0, it is obvious that zero is one possible minimum for flowrate.
However, if the geothermal resource temperature is not high enough to affect ṁWF

i

at all, then the minimum flowrate is its original flowrate. In fact, there are many
possibilities for this minimum flowrate. Given this, we define the minimum flowrate
for ṁWF

1 ṁWF
2 , ṁWF

3 , and ṁWF
4 , determined by the physical constraints of the system,

and the given geothermal resource temperature, as ṁWF
1 min, ṁWF

2 min, ṁWF
3 min, and

ṁWF
4 min respectively.

6.7.2 The relative values of Ǩi and Ḱi

The relative values of Ǩi and Ḱi are interesting because they provide insight into the
linear program solution. Linear program optimal solutions always take extremes,
that is, they are always on the vertex of the feasible set. This is because the gradient
of a linear objective function is constant. Hence, if it is optimal to move in a certain
direction then it will always be optimal to move in that direction, until the edge of
the feasible region is reached (see Figure 6.4)).

Figure 6.4: A pictorial representation of a simple linear program with two variables
and six inequalities. The set of feasible solutions is depicted as a polygon. The
linear cost function is represented by the grey line and the arrow: the grey line is a
level set of the cost function, and the arrow indicates the direction in which we are
optimising [116].

For GPH1, it is tedious, but easy, to show that:

• Ǩ1(hWF
b1 GX = hWF

b1 1) = Ǩ2(hWF
b1 GX = hWF

b1 1),

• Ǩ2(hWF
b1 GX = hWF

b1 2) = Ǩ3(hWF
b1 GX = hWF

b1 2), and

• Ǩ3(hWF
b1 GX = hWF

b1 3) = Ǩ4(hWF
b1 GX = hWF

b1 3).
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Further, we can show graphically (see Figure 6.5) that:

hWF
b1 GX ∈ [hWF

b1 , hWF
b1 1] ⇒ 0 < Ǩ1,

hWF
b1 GX ∈ [hWF

b1 1, h
WF
b1 2] ⇒ 0 < Ǩ1 < Ǩ2,

hWF
b1 GX ∈ [hWF

b1 2, h
WF
b1 3] ⇒ 0 < Ǩ1 < Ǩ2 < Ǩ3,

hWF
b1 GX ∈ [hWF

b1 3, h
WF
a2 ] ⇒ 0 < Ǩ1 < Ǩ2 < Ǩ3 < Ǩ4.

Note that, hWF
a2 is the maximum value for hWF

b1 GX because above this value the
feedwater becomes steam, which is not allowed in this section of the plant.

The above relationships tell us that for any given value of hWF
b1 GX, to achieve

the maximum net-power out, we should add as much flowrate as possible to
ṁWF
Gi (where i = 1, . . . , 4) with the highest possible index, then to ṁWF

Gi with
the next highest index, and so on.
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Figure 6.5: Ǩi versus hWF
b1 GX (for a 250◦C, 50 kg s−1 geothermal resource)

For GPH2, the relationship between the value of Ḱi is not as simple as it is for
GPH1. However, since the problem is a linear program, as the geothermal
temperature or flowrate are increased, certain GFWHs are given their maxi-
mum allocation, until they can’t transfer any more heat. After this point, a
new solution is determined.

6.7.3 The extra-power produced by GAPG

One major advantage of GAPG is its flexibility: Power can be generated from low
geothermal fluid flowrates that otherwise might be of little value in a stand-alone
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geothermal facility. As these flowrates increase, power generation increases. As an
example, see Figure 6.6 which shows the incremental power generated as the flowrate
of the geothermal fluid is increased.

Our modelling showed that power could be increased by a maximum of 28.7 MW (see
Figure 6.6). That is 6.5% of the 441.35 MW operating condition at PSORSU1. To
achieve the maximum extra-power, a geothermal fluid flowrate of 190 – 290 kg s−1

was needed, with lower flowrates for the higher geothermal fluid temperatures and
higher flowrates for the lower geothermal fluid temperatures.

Results for GPH1 and GPH2 are very similar with TGThF = 150, 175 and 200◦C.
Interestingly, the extra-power out does not increase linearly with geothermal resource
flowrate, but this is difficult to see using this representation. This non-linearity is
much easier to see when brine effectiveness is plotted against geothermal resource
flowrate, which we explore in the next section.
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Figure 6.6: The extra-power, ẇGThF
net out, produced by GAPG

6.7.4 Brine effectiveness and flowrate

Our results show for GPH1 and GPH2 that brine effectiveness is initially constant
with respect to flowrate. However, as flowrate increases, brine effectiveness de-
creases in a piecewise linear fashion (see Figure 6.8). This is true for most cases
of geothermal resource temperature, the exception being for TGThF

γH ≤ TWF
b1 1, when

brine effectiveness is constant for all flowrates up to the maximum flowrate (this
case is not shown in Figure 6.8).

The piecewise changes in the brine effectiveness curve can be explained as follows:

• Decreasing the flowrate in the steam extraction streams by the same amount
has a different effect on the extra-power out depending on which extraction
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stream is reduced; decreasing ṁWF
4 increases extra-power out by the largest

amount, followed by ṁWF
3 , then ṁWF

2 , and finally ṁWF
1 .

• Each steam extraction stream has a minimum flowrate, which is determined
by the physical constraints and geothermal resource.

• Decreasing ṁi also means decreasing ṁj, for all j < i and i, j = 1, . . . , 4, due
to the designs of GPH1 and GPH2. For example, decreasing ṁWF

4 also means
reducing ṁWF

3 , ṁWF
2 , and ṁWF

1 .

To further explain this idea, let’s first look at the simplest case, that is when TGThF
γH >

TWF
b1 4 + ∆Tmin, feas. This is the simplest case because (as we show below), given

sufficient flowrate, it is possible to make all the return flows equal to zero. Since
ṁWF

4 provides the most return, the optimisation ensures that first ṁWF
4 is decreased

to ṁWF
4 min, followed by ṁWF

3 to ṁWF
3 min, ṁWF

2 to ṁWF
2 min, and ṁWF

1 to ṁWF
1 min, in that

order.

In the first linear segment, the optimisation is trying to reduce ṁWF
4 to ṁWF

4 min.
As mentioned above, this also means reducing ṁWF

3 , ṁWF
2 , and ṁWF

1 . Hence, in
this segment, the rate of decrease of all extraction streams is constant with respect
to increasing geothermal resource flowrate, which means that both marginal and
overall brine effectiveness are constant. As the geothermal resource flowrate in-
creases, ṁWF

4 will reach ṁWF
4 min sooner than ṁWF

3 , ṁWF
2 , ṁWF

1 will reach ṁWF
3 min,

ṁWF
2 min or ṁWF

1 min (respectively), since it is decreasing the fastest. Now, since
TGThF
γH > TWF

b1 4 + ∆Tmin, feas, then ṁWF
4 min = 0, which means there is no return flow

from ṁWF
4 ; hence, as geothermal flowrate increases, the rest of the optimisation is

independent of this extraction stream, which significantly simplifies the optimisa-
tion.

Once ṁWF
4 = 0, the second linear segment begins. Now there are only three extrac-

tion streams left to decrease, hence the marginal brine effectiveness drops to a new
lower, but still constant, level, and this is seen in Figure 6.8 as a new decreasing
linear segment (as Figure 6.8 is plotting overall brine effectiveness). Like the first
segment, as geothermal flowrate increases, ṁWF

3 decreases fastest, until it reaches
ṁWF

3 min. Since TGThF
γH is sufficiently high and there is no return flow from ṁWF

4 ,
then ṁWF

3 min = 0, which in turn means there is no return flow from ṁWF
3 ; hence,

as geothermal flowrate increases, the rest of the optimisation is independent of this
extraction stream.

Now in the third linear segment, there are only two extraction streams with decreas-
ing flowrates: ṁWF

2 and ṁWF
1 , which means this segment has an even lower, but still

constant, marginal brine effectiveness level than in linear segment two; hence, the
overall brine effectiveness curve is linear but decreasing faster than the second lin-
ear segment. Again, like previous segments, as geothermal flowrate increases, ṁWF

2

decreases fastest, until it reaches ṁWF
2 min = 0. Since TGThF

γH is sufficiently high and
there is no return flow from ṁWF

4 or ṁWF
3 , then ṁWF

2 min = 0, which in turn means
there is no return flow from ṁWF

2 ; hence, as geothermal flowrate increases, the rest
of the optimisation is independent of this extraction stream.
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Finally, in the fourth linear segment, ṁWF
1 is the only decreasing extraction stream;

hence, the overall brine effectiveness curve is linear and decreasing faster than
the third linear. As geothermal flowrate increases, ṁWF

1 decreases until it reaches
ṁWF

1 min = 0, which, for similar reasons as mentioned above, is also zero. Once all
extraction streams have been reduced to their minimum level, no further increase in
geothermal flowrate can increase the extra-power out; hence, this is the maximum
flowrate (see Section 6.7.6 for further discussion on maximum flowrate).

A similar process occurs when TGThF
γH ∈ (TWF

b1 , TWF
b1 4] + ∆Tmin, feas, with two major

differences:

1. When fewer extraction streams are affected, there are fewer linear segments.

2. In this case, there will always be some return flow from ṁWF
4 , and the geother-

mal temperature is not hot enough to turn off this flow completely. When
there is return flow that cannot be completely turned off, this may affect the
order in which the extraction streams reach their minimum level (i.e. ideally
the extraction streams reach their minimum level in order of decreasing re-
turn). However, the return flows may cause, say, ṁWF

2 to reach its minimum
level before ṁWF

3 .

For GPH2, this has no significant change on brine effectiveness. It simply
means the order in which the extraction streams reach their minimum level
has changed, and the number of linear segments is still equal to the number of
extraction flows which can be affected by the geothermal resource (however,
this does affect thermal efficiency, see the next section on Thermal Efficiency).

However, for GPH1, once ṁWF
i reaches ṁWF

i min = 0, ṁj cannot be reduced
any further for all j > i and i, j = 1, . . . , 4. For example, consider the case
TGThF
γH = 150◦C. In the first linear segment, ṁWF

4 is decreasing, consequently
the remaining extractions streams are also decreasing. Since TGThF

γH < TWF
b1 4,

ṁWF
4 cannot reach zero, hence ṁWF

4 is decreased until one of the remaining ex-
traction streams cannot be reduced any further, due to the return flows. In this
case, as the geothermal resource flowrate increases, the first extraction stream
to reach its minimum level is ṁWF

2 , which means that ṁWF
4 , ṁWF

3 and ṁWF
2

can no longer decrease. In turn, this means that there can only be one more
linear segment (i.e. two linear segments in total), which is reducing ṁWF

1 (see
Figure 6.7). As a result of this, assuming a constant geothermal resource tem-
perature, the maximum flowrate for GPH1 is less than the maximum flowrate
for GPH2, and the GPH1 brine effectiveness curve drops away from the GPH2
brine effectiveness curve, as different numbers of steam extraction streams are
decreasing for a given geothermal resource flowrate (see Figure 6.7).

Depending on the temperature of the geothermal resource, the relationship of brine
effectiveness and geothermal resource flowrate for GPH1 compared to GPH2 varies.

Case 1 For the cases when the geothermal resource temperature (TGThF
γH ) is greater

than TWF
a2 +∆Tmin feas, brine effectiveness is around 0.5% higher for GPH2 com-
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Figure 6.7: Zoom of brine effectiveness for GPH1 and GPH2 at TGThF
γH = 150◦C

pared to GPH1 for the first linear section of the brine effectiveness/geothermal
resource flowrate curve. This difference decreases with increasing flowrate until
it is zero at maximum flowrate (see the 200◦C cases in Figure 6.8).

The difference is due to the fact that TWF
b1 GX must always be less than TWF

a2

(irrespective of TGThF
γH ) because above this temperature flow mG would become

steam. In these cases, GPH1 cannot pass on the full temperature benefit of
the geothermal resource, although it can pass on all of the geothermal resource
heat (by increasing ṁWF

G ). Even when the full heat benefit is passed on, not
being able to pass on the full temperature benefit has negative consequences
on brine effectiveness. Due to its different plant design, GPH2 does not suffer
from this problem.

Case 2 For the cases when TGThF
γH ∈ [TWF

b1 4 + ∆Tmin,feas , T
WF
a2 ] , GPH1 and GPH2

are exactly the same (see the 175◦C cases in Figure 6.8).

In this case, as the geothermal resource flowrate is increased, the steam extrac-
tion streams are turned off in the same order (that is ṁWF

4 , ṁWF
3 , ṁWF

2 , ṁWF
1 ),

and at the same minimum flowrate (which is zero), for both GPH1 and GPH2.
This, combined with GPH1 and GPH2 having the same geothermal resource
temperature (which is not affected by the problem described in the previous
paragraph) and the same geothermal resource outlet temperature, means that
GPH1 and GPH2 have the same brine efficiency.

Case 3 For the cases when TGThF
γH ∈ [TWF

b1 1 + ∆Tmin,feas , T
WF
b1 4 + ∆Tmin,feas], GPH1

and GPH2 are exactly the same for the first linear section of the brine effec-
tiveness/geothermal resource flowrate curve. However, they diverge after this
point and the GPH2 curve is longer than the GPH1 curve, as explained in
Brine Effectiveness results above (see Figure 6.7).
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Figure 6.8: Brine effectiveness versus flowrate

6.7.5 Thermal efficiency varies with flowrate

As shown in Figure 6.9, for the cases when geothermal resource temperatures are
greater than TWF

b1 4, thermal efficiency is initially constant with respect to flowrate.
However, as flowrate increases, thermal efficiency decreases in a piecewise linear
fashion, for the same reasons as brine effectiveness. Also, the relationship between
GPH1 and GPH2 follows similarly to that for brine effectiveness.

However, for the cases when

TGThF
γH ∈ [TWF

b1 1 + ∆Tmin,feas , T
WF
b1 4 + ∆Tmin,feas], (6.6)

the GPH2 thermal efficiency curve unexpectedly increases near its maximum flow-
rate. However, this increase is not reflected in the corresponding brine effectiveness
curves. Since the 150◦C plot in Figure 6.9 does not show this clearly (due to the
scale of the figure), we have magnified the section of interest in Figure 6.10. Despite
the unusualness of this increase in thermal efficiency, it does have a logical expla-
nation, which underscores one of the reasons why thermal efficiency must be used
with caution when judging the performance of geothermal resources.

The following explanation for the increase in thermal efficiency is given for the
150◦C case, but the logic can be generalised to other cases. In the 150◦C case
for GPH2, as the geothermal resource flowrate is increased, the second extraction
stream to reach its minimum value is ṁWF

1 , which corresponds to the second linear
segment. Once ṁWF

1 is at its minimum flowrate, as the geothermal resource flowrate
is increased further, the only way to keep ṁWF

1 from falling below zero is to increase
the temperature at TGThF

γC1 . Increasing the temperature at TGThF
γC1 decreases the heat

added to the cycle by the geothermal fluid, and hence increases the thermal efficiency.
So, even though, the rate of increase of extra-power out versus flowrate is decreasing
(as shown by the brine effectiveness curve), the thermal efficiency is increasing,
purely because we are not able to take as much heat out of the geothermal fluid
anymore.
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Figure 6.9: Thermal efficiency versus flowrate

In cases outside the region defined by equation (6.6), ṁWF
1 is the last extraction

stream to reach its minimum level for GPH2; hence, the increase in thermal efficiency
does not occur.
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Figure 6.10: Brine effectiveness and thermal efficiency for GPH2 for a geothermal
resource temperature of 150◦C

6.7.6 Maximum extra-power

The previous sections have shown that (unlike traditional binary Rankine cycle
plants) the extra-power produced by GAPG plants does not scale linearly with
geothermal resource flowrates, for a given resource temperature. In this section we
show that, for a given resource temperature, there also exists a limiting geother-
mal resource flowrate, a flowrate beyond which no further increase will produce any
increase in extra-power. We call this flowrate the maximum flowrate, and the associ-
ated extra-power out the maximum extra-power. In addition, we also show, surpris-
ingly, that there exists an absolute maximum extra-power for a given GAPG plant,
that is, there exists a geothermal resource temperature and flowrate beyond which
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any increase in geothermal resource temperature and/or flowrate does not increase
the extra-power out. For GPH1 and GPH2 this value is the same. For geothermal
resource temperatures greater than 162.4◦C, the maximum extra-power remains
constant at 28.7 MW (see Figure 6.11a). This means that the absolute maximum
extra-power that can be generated using GPH1 or GPH2 with TGThF

γH ≥ 162.4◦C
is 28.7 MW (or 6.5% of PSORSU1’s original operating capacity). Increasing the
geothermal resource flowrate above the maximum flowrate will not increase the
extra-power out.

The concept of maximum extra-power rests on the fact that extra-power in GPH1
and GPH2 is produced by decreasing ṁWF

1 , ṁWF
2 , ṁWF

3 , and ṁWF
4 , and further, that

there exists a minimum flowrate for ṁWF
1 ṁWF

2 , ṁWF
3 , and ṁWF

4 , which are ṁWF
1 min,

ṁWF
2 min, ṁWF

3 min, and ṁWF
4 min respectively.

In general, as TGThF
γH increases,

∑4
i=1 ṁ

WF
i min decreases, which increases the maximum

extra-power. However, for certain regions of TGThF
γH ,

∑4
i=1 ṁ

WF
i,min remains constant,

hence, maximum extra-power remains constant. These regions are seen as plateaus
on a maximum extra-power/TGThF

γH graph, and occur around

(TWF
b1 1 , T

WF
b1 2 , T

WF
b1 3 , T

WF
b1 4) + ∆Tmin feas.

The plateaus at TWF
b1 2 + ∆Tmin feas and TWF

b1 4 + ∆Tmin feas can be seen in Figures 6.12
and 6.11a respectively (the other plateaus are not visible on these graphs due to
issues of scale).

Recall from the Modelling GPH1 section, that we choose the value of TWF
b1 GX to be

the maximum possible value of TWF
b1 GX, that is

TWF
b1 GX = min(TGThF

γH −∆Tmin feas , pf̀
GTh
T (p = pb1) ).

Similarly, from the Modelling GPH2 section, we know that

Tb1 3g = TGThF
γH −∆Tmin feas.

The highest plateau begins at TGThF
γH = TWF

b1 4+∆Tmin feas, which means that TWF
b1 GX =

TWF
b1 4 (for GPH1), or Tb1 3g = TWF

b1 4 (for GPH2). At this geothermal resource
temperature (or higher), it is not difficult to see that at maximum extra-power,∑4

i=1 ṁ
WF
i,min = 0. Further, since this is the highest plateau, this means that neither

GPH1 nor GPH2 can produce more than 28.7 MW of extra-power, or equivalently,
increase the power output of PSORSU1 by more than 6.5%, irrespective of the
geothermal resource temperature or flowrate.

The remaining three plateauing regions occur for similar reasons, in both GPH1
and GPH2. Hence, we only describe the reason for one of the six plateaus here, the
plateau at TGThF

γH = TWF
b1 2 + ∆Tmin,feas for GPH1. At maximum extra-power, in the

region TGThF
γH ∈ (TWF

b1 1 , T
WF
b1 2] + ∆Tmin feas, the following is true:
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• ṁWF
1 min = 0 (since the temperature is sufficiently high and the physical con-

straints allow this);

• ṁWF
3 min and ṁWF

4 min equal the original flowrate of ṁWF
3 and ṁWF

4 in PSORSU1
(since, TWF

b1 GX is not hot enough to affect ṁWF
3 or ṁWF

4 ).

This means that maximum extra-power increases as TGThF
γH increases, for as long as

ṁWF
2 min decreases; however, at some point ṁWF

2 min = 0. For ease of discussion, we
define TWF

b2 min to be the lowest TGThF
γH such that ṁWF

2 min = 0. Now, due to the effect
of the return flow, we know that

TWF
b2 min < TWF

b1 2 + ∆Tmin feas.

Hence, at maximum extra-power for TGThF
γH ∈ [TWF

b2 min , T
WF
b1 2 + ∆Tmin feas], ṁ

WF
2 min =

0; so,
∑4

i=1 ṁ
WF
i min is constant, which means that maximum extra-power is constant

in this region. This explains why we see a plateau in maximum extra-power around
TWF

b1 2 + ∆Tmin feas.

Further, while
∑4

i=1 ṁ
WF
i min is constant, the total heat added to PSORSU1 through

flows mG1, mG2, mG3 and mG4 must be constant, and means that the RHS of the
heat balance equation (6.7) is constant. The heat balance around the GFWH for
GPH1 in this situation is given by

ṅGThF
T (hWF

γH − hGThF
γC ) = ṁWF

G (hWF
b1 GX − hWF

b1 ) = constant. (6.7)

Further, from Modelling GPH1, Step 1c, we know that hGThF
γC is constant, since it

is linked to Tb1. It follows then, while
∑4

i=1 ṁ
WF
i min is constant, as TGThF

γH increases,
ṅGThF
T must decrease; and this explains the drop in flowrate that can be seen in

Figure 6.11b at around 113.8◦C. Note, a similar argument can be made for the drop
in flowrate at 145.5◦C.

Finally, we note that the maximum flowrate for GPH1 is always less than the max-
imum flowrate for GPH2; however, this only results in minor differences in extra-
power out (see Figure 6.11).

6.7.7 GAPG versus binary Rankine cycle

It is well known that GAPG provides significantly better performance than a bi-
nary Rankine cycle (BRC) plant, given the same geothermal resource conditions.
However, our results (see Figure 6.13a) show that for GPH1 and GPH2, the relative
benefit of GAPG over BRC decreases with:

• increasing geothermal resource temperature, and

• increasing geothermal flowrate.
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Figure 6.11: maximum extra-power and maximum flowrate for GPH1 and GPH2
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Although the overall benefit of GAPG over BRC is decreasing, GAPG at 200◦C and
200 kg s−1 still provides around 60% better performance than a BRC with the same
geothermal resource.

Since the overall benefit of GAPG over BRC decreases with geothermal resource
temperature and flowrate, this raises the interesting question of the marginal bene-
fit of GAPG over BRC. Will the marginal benefit of GAPG over BRC remain greater
than one? The marginal benefit of GAPG over BRC is shown in Figure 6.13b and,
as expected, the marginal benefit of GAPG over BRC decreases with increasing
geothermal resource temperature and flowrate. The step changes in marginal bene-
fit occur when the geothermal resource flowrate is sufficiently high to start replacing
another lower benefit FWH. Note that for the geothermal temperatures shown, all
four FWHs can be affected given a sufficiently high geothermal resource flowrate,
so in Figure 6.13b, there are four step changes for each geothermal resource tem-
perature. For the geothermal resource temperatures we tested, the marginal benefit
of GAPG over BRC generally remains higher than one, except very close to the
maximum flowrate for TGThF

γH = 150◦C.

Historically, GAPG results have been presented as thermal efficiency and/or brine
effectiveness against geothermal resource temperature. As we have shown, since
thermal efficiency and brine effectiveness vary with geothermal resource flowrate,
these graphs need to be viewed with caution. However, for the purposes of com-
parison with the literature, we have presented our data in this format - assuming
ṅGThF
T = 50 kg s−1 (see Figure 6.14). Included in Figure 6.14 is data from the liter-

ature, which is included for completeness. However, it should be remembered that
each example from the literature has a different GAPG implementation, so there is
no direct comparison to our GAPG results.

6.7.8 The Condenser

Due to the extra heat added to the system by the geothermal preheating options,
PSORSU1 now has a higher heat load. In order to quantify this effect, we calculated
the extra heat load required for the condenser using equation (6.8), and the results
are presented in Figure 6.15. We calculate Q̇condenser initial based on the current
operating output of 441.35 MW.

Extra heat load required by condenser =
Q̇condenser final − Q̇condenser initial

Q̇condenser initial

. (6.8)

Since PSORSU1 is operating at 13% below its design capacity, it currently has 13%
spare cooling capacity. Hence, PSORSU1 could accommodate some GAPG imple-
mentations without requiring any changes to the condenser. However, if the existing
condenser could not manage the required extra GAPG heat load, an additional,
smaller condenser would need to become part of the retro-fit of the plant.
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Figure 6.13: Comparison of extra-power out for GAPG and BRC, and marginal
extra-power out for GAPG and BRC. Using an ideal BRC (sink temperature 38.3◦C)
[107]
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Figure 6.14: Brine effectiveness and thermal efficiency for a geothermal resource,
using a geothermal resource flowrate of 50 kg s−1. The figures include data for
GPH1, GPH2, an ideal BRC (sink temperature 38.3◦C) [107], Bruhn (sink temper-
ature 33◦C) [16], and Hu et al. (sink temperature 35◦C ) [61]. (Note, the Bruhn
brine effectiveness curve was calculated by Bruhn, based on a best fit to the thermal
efficiency curve.)
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Figure 6.15: Extra heat load required by condenser

6.8 Conclusion

The first important fact about GAPG is that it can be implemented in many signif-
icantly different ways: different base power plants, used to replace different FWHs
(i.e. low, medium or high pressure), run in ‘fuel saving’ or ‘power boosting’ mode,
and there can be different placement of the GFWHs. For an investor, it is im-
portant to know the relevant implementation factors of GAPG, before comparing
GAPG analyses. In this chapter we study GAPG plants which fully (or partially)
replace the low pressure feedwater heaters, run in power boosting mode, on the same
nominal 500 MW steam power plant, using two different placements of the GFWHs;
we call these designs GPH1 and GPH2.

With no further simplifying assumptions, we mathematically reduced the formula-
tion of the model to a significantly simpler form, namely a four dimensional linear
program. The simplicity of the linear program allows for deeper study of the system,
particularly focussing on the limits of the system and interpretation of the results.
Using these models we show that the performance of these plants declines in a
piecewise linear fashion, with increasing geothermal resource flowrate, something
which has not been noted in the literature to date. Importantly, the limiting case
of this is when all FWHs have provided their maximum benefit (i.e. all the steam
extraction streams have reached their minimum level). At this point, increasing the
geothermal resource flowrate cannot further increase the extra-power out; we call the
flowrate and power at this point the maximum flowrate and maximum extra-power.
Maximum extra-power and maximum flowrate are important considerations for any
GAPG investor: maximum extra-power is the maximum benefit that GAPG can
provide for a given geothermal resource temperature; and maximum flowrate is the
maximum productive geothermal resource flowrate, since, no further extra-power is
produced for flowrates higher than this, at this geothermal resource temperature.
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Interestingly, we also show that there exists a limiting case for maximum extra-
power, and hence there exists an absolute maximum extra-power for a given plant,
that is, there exists a geothermal resource temperature and flowrate beyond which
any increase in geothermal resource temperature and/or flowrate does not increase
the extra-power out. Further, for GPH1 and GPH2 the absolute maximum extra-
power is 28.74 MW (or 6.5% of original PSORSU1 power production), and applies
for all geothermal resource temperatures greater than 162.4◦C.

It is important to note that, in the past, GAPG results have been presented as
thermal efficiency against geothermal resource temperature. This assumes that,
like a binary Rankine cycle, GAPG thermal efficiency is constant with flowrate.
However, as we have just shown, this is not the case. Hence, it is important to
know the geothermal resource flowrate that was used to create these graphs, to fully
understand this information.

Many authors [16, 17, 61, 69, 92] have shown that GAPG has a higher thermal effi-
ciency than a binary Rankine cycle plant, for the same geothermal resource. Our
extension of this work shows that the overall power benefit for GPH1 and GPH2
over a binary Rankine cycle plant decreases with: increasing geothermal resource
temperature, and increasing geothermal resource flowrate. Due to these results,
we also investigated the marginal benefit of GAPG over binary Rankine cycle for
a 150◦, 175◦and 200◦C geothermal resource. Interestingly, the marginal benefit of
GAPG remained higher than the marginal benefit of a binary Rankine cycle plant,
for these temperatures at all flowrates, except very near the maximum flowrate for
the 150◦C case.

Using GAPG in ‘power boosting’ mode increases the heat load on the original power
plant; hence, if the plant is running at capacity, then an additional, smaller condenser
maybe required. Our studies show that, for GPH1 and GPH2, the heat load could
be up to 23% more than the current heat load.

GAPG remains an attractive option for geothermal developers, since it provides
greater returns for less capital investment and no need to worry about power gener-
ation; however, the challenge of developing a geothermal resource near an existing
power station has yet to be overcome.
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6.9 Nomenclature

h enthalpy (J kg−1)
p pressure (kPa)
P, ẇ power (W = J s−1)

Q̇ heat flow per second (W = J s−1)
T temperature (◦K)
∆Tmin feas minimum feasible temperature difference between the hot fluid and

cold fluid in a heat exchanger (◦K)
ηth thermal efficiency (dimensionless)
ηbrine brine effectiveness (kW kg−1)

Subscripts

Any State indicates that State
CP, BP, BFP condensate pump, booster pump, boiler feed pump
HP, IP, LP high pressure, intermediate pressure & low pressure turbine

Superscripts

FF fossil fuel
GTh geothermal fluid
FW feedwater

Flows

mx flow of feedwater where x = 1, . . . 7,T
mGx flow of feedwater which has been heated by a GFWH

where x = 1, . . . 4, or blank
nT flow of geothermal fluid

Flowrates

ṁWF
x mass flowrate of feedwater for flow mx ( kg s−1), x = 1, . . . 7,T

mWF
x mass fraction of feedwater for flow mx (no units), x = 1, . . . 7,T

ṅGThF
T mass flowrate of geothermal fluid for flow nT ( kg s−1)
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Constants used in Linear Programs

Ǩx constants in the linear program for GPH1 (J kg−1), x = 1, . . . , 4
Č constant in the linear program for GPH1 (W)

Ḱx constants in the linear program for GPH2 (J kg−1), x = 1, . . . , 4

Ć constant in the linear program for GPH2, (W)



7
Effect of ambient-air-temperature on an

air-cooled binary Rankine cycle

The majority of Australia’s existing geothermal exploration licences are located in
arid to semi-arid areas of the continent, targeting relatively low enthalpy unconven-
tional geothermal targets [11]. In this context, it is likely that binary Rankine cycles
and air-cooling will be the most viable technologies for electricity production from
many projects. Hence, in this chapter, we wish to consider the performance of an
air-cooled binary Rankine cycle plant.

Operators of air-cooled power plants [83] are already aware of the significant impact
that ambient-air-temperature has on the power output of their plants. This was re-
enforced recently in a study by Wendt and Mines [111] which showed that ambient-
air-temperature could reduce the maximum power output by up to 35% and 60%
for theoretical air-cooled binary Rankine cycle plants located in Grand Junction,
Colorado, and Houston, Texas, respectively.

Created by Entingh (with help from Mines et al) [41] GETEM (Geothermal Elec-
tricity Technology Evaluation Model) is the most well known and widely referenced
geothermal modelling system. GETEM is exceptionally broad ranging and allows
for the inclusion of many different variables. However, it currently assumes water
cooling to 10◦C, so doesn’t allow for air-cooling and the associated effect of amb-
ient-air-temperature.

Since ambient-air-temperature has a significant impact on the power output of air-
cooled power plants, we model this effect in detail, in order to better understand
how it works. For example: any key driving forces, turning points, optimal points
etc.

As we’ve mentioned before, it is our aim to understand the principles of the objects

171
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we model, to gain insights into these objects and to understand the major factors
driving these objects. To this end, we do not wish to just model specific cases,
but try to keep our modelling as general as possible, while still gaining insight.
In this chapter, this means that we model the fundamental thermodynamics of
an air-cooled binary Rankine cycle, including the thermodynamic limitations of
the heat exchanger and the condenser. However, we do not model the specific
type of heat exchanger (e.g. shell and tube, finned, the manufacturing material,
diameter of pipe etc.) or the specific type of condenser (e.g. banks of cooling fans,
or natural convection towers etc.). In this way, our results will provide general
guiding principles, rather than case-specific answers.

7.1 Background

From Chapter 4, we know that the power output of a Rankine cycle can be roughly
correlated with the temperature difference between the turbine inlet and turbine
outlet. Hence, air-cooling can significantly reduce the power output, because as amb-
ient-air-temperature increases, the condenser temperature increases (see Figure 7.1),
which in turn increases the turbine outlet temperature. While it is straightforward
to determine the effect of changing condenser temperature on the designed power
output of a plant, it is not easy to determine the effect of changing the condenser
temperature on a plant that is already designed and built.

To design and build a plant it is necessary to assume that all four states of the
Rankine cycle are constant. This is because the pump, heat exchanger, turbine, and
condenser are all sized and built to meet these design conditions. For example, the
pump is designed to increase the pressure from condenser pressure to turbine inlet
pressure, while the heat exchanger is built to increase the temperature from pump
outlet temperature to turbine inlet temperature at turbine inlet pressure, using a
geothermal fluid which enters at geothermal production temperature and pressure
and leaves at geothermal re-injection temperature. So, in order to understand the
effect of varying ambient-air-temperature on a plant that is already built, it is nec-
essary to understand how the plant will perform in off-design circumstances.

Wendt and Mines [111–113] are the only authors to have studied the effect of
ambient-air-temperature on the power produced by air-cooled binary Rankine cy-
cle plants, in off-design circumstances. In their first paper [111], their base plant
configuration was a simple air-cooled binary Rankine cycle, like the one we use in
this chapter (see Figure 7.1). However, they additionally specify the method of
air-cooling, which is a bank of cooling fans. In subsequent papers [112, 113], they
increase the complexity of their base plant design by investigating cycles with re-
cuperation, reheating, and make-up water condensers1. They also run their models
both with and without a temperature constraint designed to prevent silica scaling.

1These are all ways of marginally improving the productivity of a binary Rankine cycle
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This temperature ‘constraint is common when using hydrothermal resources to pre-
clude the precipitation of dissolved solids in the surface equipment. Typically it is
imposed to prevent the precipitation of amorphous silica, which goes into solution
in the subsurface as quartz. The solubility of both the quartz and amorphous silica
increase with the fluid temperature, hence as the resource temperature increases so
does the minimum temperature needed to prevent silica precipitation’ [111].

To determine the effect of ambient-air-temperature, Wendt and Mines [111–113] use
two steps:

1. They optimise the design of the base plant (which operates at design condi-
tions).

2. They make some assumptions about off-design performance of the base plant,
vary the value for ambient-air-temperature, and calculate the power produced
in these off-design conditions.

Wendt and Mines optimise the design of the base plant (operating at the design con-
ditions), using Aspen Plus proprietary software, according to the objective function

wnet = wturb − wpump − wfans,

where wnet is the net work produced by the Rankine cycle, wturb is the work produced
by the turbine, wpump is the work used by the pump, and wfans is the work used by
the cooling fans. While the paper does not give a complete list of input and output
variables, it does mention that the inputs include hot geothermal temperature and
the design ambient air temperature. Additionally, it mentions that the free variables
available to the Aspen solver are: working fluid mass flowrate, air mass flowrate,
pump outlet pressure, turbine outlet pressure, preheater and vaporiser duty.

To determine how the plant runs in off-design conditions, Wendt and Mines use
the base plant from the first step and allow the following variables to be modified:
working fluid massflow rate, control valve pressure drop, and air mass flowrate.
Again, the power produced is determined using Aspen. They present case studies
from two different sites: Grand Junction, Colorado, and Houston, Texas. The
results from these plants show different shaped curves, with the Grand Junction
plant producing significantly less power (comparatively) at temperatures lower than
design ambient-air-temperature, in comparison to Houston.

Based on this work, we construct our model in the same two parts as Wendt and
Mines. However, since we want more control than Aspen allows, and the ability to
run hundreds of simulations in order to integrate over the ambient-air-temperature,
we choose to construct a thermodynamically-based mathematical model of a binary
Rankine cycle. Additionally, we choose to model a basic binary Rankine cycle, as
recuperation, reheating etc. are specific extensions of the basic Rankine cycle and
none is obviously better than the others.

Hettiarachchi et al. [58] and Franco and Villani [43] describe non-proprietary meth-
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ods of optimising a base plant design. Hettiarachchi et al. model a basic water-cooled
binary Rankine cycle with specified evaporator and condenser. Further, they claim
that the heat exchanger is the most expensive piece of equipment in low to medium
temperature binary Rankine cycle plants, hence, for their objective function they
choose to minimise γ, where

γ =
AT
WN

.

Here AT is the surface area of the heat exchanger plus the surface area of the
condenser, and WN is the net work produced by the cycle. Their optimisation
process contains two different optimisation steps, one nested inside the other. As
input variables they use the temperature of the evaporator, the temperature of the
condenser, the cooling water inlet velocity and the hot geothermal fluid inlet velocity.

Alternatively, Franco and Villani model a basic air-cooled binary Rankine cycle.
They describe their optimisation as ‘a multiobjective, multivariable constrained op-

timisation problem’ [43]. They use brine effectiveness (ηbrine = Ẇelec

ṁGThF ) as their
objective function, and describe the geothermal fluid temperature, the re-injection
temperature and the ambient-air-temperature as the three main constraints in their
optimisation (even though they use these temperatures as inputs rather than con-
straints in the optimisation). Franco and Villani argue that all binary Rankine cycle
optimisation procedures should consider silica scaling, and constrain the re-injection
temperature of the geothermal fluid so that it is high enough to avoid silica over
saturation. Hence, re-injection temperature features strongly as one of their con-
straints. Franco and Villani break their optimisation into three steps. First, they
optimise the power produced by the binary Rankine cycle (excluding any parasitic
use of power by the cooling fans or pressure drops across the condenser or heat
exchanger), then they optimise the size and pressure drop across the heat exchang-
ers and condenser (each in turn), to determine net-power produced by the plant.
Once net-power is known, it is straightforward to determine brine effectiveness. As
inputs to their optimisation they use the hot geothermal fluid temperature, pres-
sure and flowrate, the geothermal fluid re-injection temperature, and the average
ambient-air-temperature. Given that geothermal fluid flowrate is an input to the
optimisation, Franco and Villani are, in fact, optimising net-power. This study by
Franco and Villani raises a number of salient points. In particular, we agree that
reasonable input variables to this problem are those variables that are determined
by the geothermal site, that is, hot geothermal fluid temperature, pressure and
flowrate. For design ambient-air-temperature, Franco and Villani suggest the use of
average ambient-air-temperature, rather than the median ambient-air-temperature
(suggested by Wendt and Mines). However, in their work they simply assume a
constant ambient-air-temperature of 298◦K. In our work, we want to understand
the effect of varying the design ambient-air-temperature and a varying ambient-air-
temperature, so we additionally include the ambient-air-temperature distribution
of a site. Although we entirely agree that brine effectiveness is the most impor-
tant indicator for a site, since we also use geothermal fluid flowrate as an input to
the optimisation, we choose to simply optimise net-power. By focusing on power
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produced, we are enabling investors or plant designers to make their own decisions
about the cost of specific items (such as heat exchangers and cooling systems) and
how they affect power production.

Although both Wendt and Mines [112] and Franco and Villani [43] run their models
with and without a constraint on the temperature of the geothermal fluid leaving the
plant, in our work we do not limit the re-injection temperature of the geothermal
fluid to prevent silica scaling. As discussed in Chapter 5, we entirely agree with
the importance of re-injection temperature in plant productivity and hence design.
However, we don’t agree that limiting re-injection temperature is the only way to
manage silica scaling, as chemical options do exist [23,45,46,48,52,53,68,105].

7.2 Method

7.2.1 Basic design assumptions

We are modelling a basic air-cooled binary Rankine cycle plant as shown in Fig-
ure 7.1. This air-cooled binary Rankine cycle plant has three separate circulating
fluids: the geothermal fluid which brings the heat from deep in the earths to the
surface, the working fluid which takes heat from the geothermal fluid and uses this
heat to generate electricity, and a cooling fluid (air), which removes heat from the
working fluid.

Figure 7.1: Schematic for an air-cooled binary Rankine cycle

For a given geothermal site, the following variables are generally known: the hot
geothermal temperature and pressure (TGThF

a and pGThF
a ), the mass flowrate of the

geothermal fluid (ṁGThF), and the ambient-air-temperature distribution. Since we
are interested in the effect of the ambient-air-temperature distribution, we use the
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random variable Tamb to represent the ambient-air-temperature, and because mete-
orological observations are discrete, we describe this random variable by its proba-
bility mass function Famb(·), where Famb(t) is the proportion of time that the tem-
perature is recorded as t◦C. Since the variables TGThF

a , pGThF
a , ṁGThF, and Tamb are

known at any chosen geothermal site, we call these parameters site parameters.

Further, the assumptions about operating parameters (i.e. design efficiencies, pinch
points and temperature rises) are based on typical values given in the literature
[34, 90], and are given in Table 7.1. We gather the operating parameters together
into a vector, which we call OP.

Table 7.1: Assumed Operating Parameters (OP)

Operating Parameter Variable Assumed Value

Turbine efficiency ηturb 85%

Generator efficiency ηgen 95%

Pump efficiency ηpump 70%

Min. feasible temperature difference in the condenser ∆TMF-C 7.5◦C

Min. feasible temperature difference in the HX ∆TMF-HX 5◦C

Temperature rise of the cooling fluid in the condenser ∆TTR 7◦C

We also choose to require all cycles to be dry, that is that no expansion (in the
turbine) occurs in the two-phase region. This is a common, conservative assumption
for binary Rankine cycles, since binary Rankine cycles generally use isentropic or
retrograde fluids.

Given that we know the site parameters and operating parameters, we now need
to determine which other variables are required to calculate the power produced by
an air-cooled binary Rankine cycle. Since, at this stage, we are only interested in
determining which variables we need in order to determine the power produced by
the plant, we limit ourselves to looking at functional relationships rather than the
details of the functions themselves.

From Section 4.5, we know that to determine the power output of a binary Rankine
cycle plant (Pnet) we need:

• the net work generated by the binary Rankine cycle (wnet), and

• the working fluid flowrate (ṁWF).
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Including air-cooling

As shown in Section 4.5.4, air-cooling the Rankine cycle means that TWF
1 is directly

linked to the cooling fluid, as follows,

TWF
1 = TCF

in + ∆TTR + ∆TMF-C,

where TCF
in is the temperature of the cooling fluid entering the condenser, ∆TTR

is the temperature rise of the cooling fluid in the condenser, and ∆TMF-C is the
minimum feasible temperature difference in the condenser. Hence, for the air-cooled
binary Rankine cycle we are discussing here,

TWF
1 = T air

c + ∆TTR + ∆TMF-C, (7.1)

= tamb + ∆TTR + ∆TMF-C, (7.2)

where T air
c is the temperature of the cooling fluid (air) at State C, and tamb is

the observed ambient-air-temperature (that is a single observation of the random
variable Tamb).

Hence, as ambient-air-temperature varies, TWF
1 varies, and the power produced by

an air-cooled binary Rankine cycle will also vary (as we know from Chapter 4).
However, as we alluded to earlier, TWF

1 must be dealt with in two different ways in
this analysis.

First, TWF
1 must be assumed to be a constant value for plant design purposes (so

that plant equipment can be appropriately sized and built). We call the constant
condenser temperature used for design purposes TWF

1,D , and based on equation (7.2)
it is determined as follows,

TWF
1,D = TDA + ∆TTR + ∆TMF-C, (7.3)

where TDA is the design ambient-air-temperature (an assumed fixed ambient-air-
temperature). It is standard practice to use the median or average ambient-air-
temperature as TDA [43, 111].

Second, when ambient-air-temperature varies, this in turn varies the condenser tem-
perature, which means the condenser temperature is now off-design. When any of
the design variables are off-design, this has flow-on effects to the rest of the plant,
resulting in the plant running in off-design conditions. Hence, assumptions about
how the plant runs in off-design conditions must be made to determine the power
produced.

This brings us to a model which has a two step construction, like that used by
Wendt and Mines [111] (described earlier). To determine the effect of ambient-air-
temperature, we use two steps:
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1. Optimise the design of the base plant, using the design ambient-air-temper-
ature.

2. Make assumptions about off-design performance of the base plant, vary the
value of the observed ambient-air-temperature, and calculate the power pro-
duced in these off-design conditions.

Note: In the following discussion, we introduce an additional subscript in the nota-
tion of thermodynamic state variables and massflow, which indicates design condi-
tions (D) (as above), or off-design conditions (OD). For example, TWF

1,D is the plant’s
design-ambient-air-temperature of the working fluid at State 1. Once the optimal
design conditions for a plant are determined, the design variables are set, and hence
are referred to as design parameters.

7.2.2 Optimise design of base plant

In this section, we describe the optimisation process we use to determine the optimal
design for our base binary Rankine cycle plant. Our objective function for this opti-
misation is to maximise the power produced by the base plant at design conditions.
First, we define what input variables are required to determine the power produced
and which of these variables are known, or can be determined directly. This will
leave us with TWF

3 , pWF
3 , and hGThF

b to be determined by the optimisation step.

In Chapter 4, we showed that the power produced by a binary Rankine cycle (Pnet)
2

is
Pnet = wnet × ṁWF,

where wnet is the work produced by the Rankine cycle, and ṁWF is the working fluid
flowrate. Further, we showed that:

wnet is determined by equation 4.24 (on page 71). We repeat this equation here
for ease of reference.

wnet = gNSR(WF, TWF
1 , TWF

3 , pWF
3 , ηturb, ηpump).

ṁWF is determined by the optimisation process OWF described on page 83. We
repeat the statement of OWF here for ease of reference.

maximise
TGThF
b

ṁWF = gWF(TGThF
b ; DPHX),

subject to TGThF(y) ≥ TWF(y) + ∆TMF-HX ∀y ∈ [0, 1], and,

TGThF
b < TGThF

a ,

2In Chapter 4, we call the power and work produced by a binary Rankine cycle, Pnet out and
wnet out respectively. From now on we drop the subscript ‘out’ for simplicity of notation.



7.2. Method 179

where the parameters included in DPHX are: TWF
2 , TWF

3 , pWF
3 , WF, TGThF

a ,
pGThF
a , ṁGThF, GThF and ∆Tmin feas. These parameters were originally shown

in Table 4.1. Note that in this section, the notation for the minimum temper-
ature difference in the heat exchanger changes from ∆Tmin feas to ∆TMF-HX, for
specificity.

Happily, via optimisation or directly (and using the site parameters and operating
parameters), we are able to determine all of these variables, with the exception of
TWF

1,D and the working fluid, hence we assume these two variables. So before we
continue, let’s discuss how we choose these two variables.

Assume choice of the working fluid

There are many papers in the literature which discuss the best choice of working
fluid [14,34,58,80]. In summary, these papers say:

• Working fluids must have appropriate physical and chemical properties.

• Ideally, working fluids should be stable, non-corrosive, non-toxic and non-
flammable.

• Additionally, the boiling point of the working fluid must be low enough to
allow the heat from the geothermal fluid to efficiently turn it into a gas. This
means that certain working fluids are more appropriate for certain temperature
ranges than other working fluids.

Based on this, some candidate working fluids for our suggested conditions are:
propane, i-butane, n-butane, i-pentane, n-pentane, R245ca, and R245fa, which are
all isentropic or retrograde fluids. As mentioned earlier, it is a common conserva-
tive assumption for such fluids that cycles are dry. Requiring a dry cycle is not a
reasonable constraint for a bell-shaped working fluid. This is because the power loss
to a cycle by requiring it to be dry is significantly larger for cycles with bell-shaped
working fluids than cycles with isentropic or retrograde working fluids.

Assume choice of design ambient-air-temperature

As we showed in equation (7.3), TWF
1,D is directly linked to the choice of TDA(since

∆TMF-C and ∆TTR are operating parameters). Further, it is standard practice to
use the median or average ambient-air-temperature as TDA [43, 111].

However, since TWF
1 affects the amount of power produced by a Rankine cycle, it

seems reasonable to assume that the choice of TDA, via its effect on TWF
1,D , could also

significantly affect the average long term energy production. This is investigated in
the next chapter.
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Determining DPHX

Having chosen values for WF and TDA we now write

wnet = gNSR(TWF
3 , pWF

3 ; DP,OP), and

ṁWF = gWF(TGThF
b ; DPHX),

where DP indicates the design parameters which are the site parameters, and WF
and TDA.

Further, we can now also show that all the parameters in DPHX are either a part
of DP or OP, or are determined in gNSR. The parameters included in DPHX are:

• WF, TGThF
a , pGThF

a , ṁGThF are all included in DP, and

• TWF
2 is determined by gNSR (assuming that TWF

3 and pWF
3 are known).

Determining Pnet

To determine Pnet we still have two (dependent) equations and three unknowns,
hence, Pnet must be determined by optimisation. Unsurprisingly, we cannot optimise
Pnet by optimising wnet and ṁWF independently, since (as we have just shown) some
of the variables required to calculate wnet are also required to calculate ṁWF. To
determine Pnet, we must first determine wnet and then determine ṁWF using OWF.
Hence we construct function gpnet which determines Pnet by

1. calculating wnet using gNSR, then

2. determining ṁWF using OWF (since all of DPHX are now known), then

3. Pnet = wnet × ṁWF .

We write this as
Pnet = gpnet(T

WF
3 , pWF

3 ; DP,OP). (7.4)

While there are many feasible solutions for TWF
3 and pWF

3 they are not free variables.
So, let’s discuss their constraints.

Constraint 1: The cycle must be dry. For a cycle to be dry, the working fluid must
be a pure vapour at the turbine inlet and the turbine outlet, that is xWF

3 = 1
and xWF

4 = 1. Further, for a cycle to be ‘dry’, the working fluid must also
be a gas for the whole time the gas expands in the turbine. We know the
turbine is isentropic (or almost isentropic). Hence, we know the expansion
in the turbine follows a straight line from turbine inlet to turbine outlet on a
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temperature-entropy graph. Hence, we can represent this constraint as follows:

T,sfx(L) = 1, for all L ∈ {u + λv : λ ∈ (0, 1)},

where, u = (TWF
3 , sWF

3 ) and v = (TWF
4 , sWF

4 ).

Constraint 2: In order for the turbine to produce power, the temperature at the
inlet of the turbine (TWF

3 ) must be hotter than the temperature at the outlet
of the turbine (TWF

4 ), that is

TWF
3 > TWF

4 .

Constraint 3: At any point along the heat exchanger, the geothermal fluid must
always be hotter than the working fluid plus the minimum feasible temperature
difference (∆TMF-HX). Hence, from equation (4.27) we get

TGThF(y) ≥ TWF(y) + ∆TMF-HX ∀ y ∈ [0, 1], (7.5)

where y represents the prop along the length of the heat exchanger.

Constraint 4: For the turbine to function, the turbine inlet pressure must be
greater than the turbine outlet pressure (i.e. pWF

3 > pWF
4 ). Since we know

that pWF
4 = pWF

1 , that the working fluid must be a saturated liquid at State 1,
and the design ambient temperature at State 1, we know that

pWF
1 = T f́p(T

WF
1,D ).

Hence,
pWF

3 > T f́p(T
WF
1,D ).

Further, since turbine expansion is almost isentropic, if pWF
3 > pWF

4 then this
ensures that TWF

3 > TWF
4 . Hence, Constraint 4 makes Constraint 2 unneces-

sary.

Constraint 5 The maximum pressure is determined by the engineering limitations
on piping and such in the plant, hence,

pWF
3 ≤ pengmax.

Constraint 6: The geothermal re-injection temperature must be less than the
geothermal hot temperature, that is

TGThF
b < TGThF

a .
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Even with the constraints listed above, there are many feasible solutions for Pnet.
So, to determine the optimal design conditions, we need to determine TWF

3,D and pWF
3,D ,

such that

(TWF
3,D , p

WF
3,D) = arg max

TWF
3 ,pWF

3

gpnet(T
WF
3 , pWF

3 ; DP,OP);

which will also give Pnet,D, where,

Pnet,D = max
TWF
3 ,pWF

3

Pnet = gpnet(T
WF
3,D , p

WF
3,D ; DP,OP).

Hence, we define an optimisation problem using TWF
3 and pWF

3 as decision variables,
which we call Optimisation TP (OTP), as follows:

maximise
TWF
3 ,pWF

3

Pnet = gpnet(T
WF
3 , pWF

3 ; DP,OP);

subject to T,sfx(L) = 1, for all L ∈ {u + tv : t ∈ (0, 1)},

where u = (TWF
3 , sWF

3 ) and v = (TWF
4 , sWF

4 );

TWF
3 < TGThF

a −∆TMF-HX,

pWF
3 > T f́p(T

WF
1,D ),

pWF
3 ≤ pengmax,

OWF.



(7.6)

However, Constraint 1 cannot be checked until we are quite a long way into the
calculation, which is numerically very inefficient. It is significantly more numerically
efficient if Constraint 1 can be ensured at the beginning of the calculation.

As you may have noticed from the description of Constraint 1, this constraint
lends itself more naturally to a temperature-entropy representation, rather than
a temperature-pressure representation. So let’s see if we can transform OTP, which
has temperature and pressure as decision variables, to a new optimisation problem
which has temperature and entropy as its decision variables. First, it is straight
forward to calculate Pnet from

Pnet = gpnetTS(TWF
3 , sWF

3 ; DP,OP), (7.7)

= gpnet(T
WF
3 , T,sfp(T

WF
3 , sWF

3 ); DP,OP).
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Hence, we can write the objective function in terms of temperature and entropy. So,
we now look at the constraints.

We know that expansion in the turbine is isentropic or just off isentropic. This
means that on a temperature-entropy diagram, turbine expansion is ideally plotted
by a vertical line down from (TWF

3 , sWF
3 ) to (TWF

4s , sWF
4s ); or more accurately by a

straight line from (TWF
3 , sWF

3 ) to (TWF
4 , sWF

4 ), where (TWF
4 , sWF

4 ) is just to the right
of (TWF

4s , sWF
4s ) (see Figure 7.2). Hence, if a cycle is dry in the ideal case, it will be dry

in non-ideal cases. Additionally, we know that the working fluids we are considering
have only retrograde or isentropic temperature-entropy curves. This means that
any point to the right of line L1L2 in Figure 7.2 ensures that a cycle is dry, and
hence that Constraint 1 holds. As you can see the line L1L2 is made up of two
distinct segments: the vertical section of the constraint which goes up from point
(TWF

R , sWF
R ), and the section below point (TWF

R , sWF
R ), which follows the saturated

vapour line on the temperature-entropy curve. Point (TWF
R , sWF

R ) is the point on the
temperature-entropy curve which has the maximum entropy value. We write this
minimum entropy line, mathematically, as follows,

smin(T ) ≥

{
T f̀s(T ) for T ≤ TWF

R ,

sWF
R for T > TWF

R .

Hence, we define the minimum entropy constraint, as

sWF
3 ≥ smin(TWF

3 ).

Figure 7.2: A schematic showing where turbine expansion must occur for a cycle to
be considered ‘dry’. If State 3 is to the right of line L1L2 then the cycle will be ‘dry’,
if State 3 is to the left of L1L2 then the cycle will be ‘wet’. Point (TWF

R , sWF
R ) is the

point on the temperature-entropy curve which has the maximum entropy value.



184 Chapter 7. Effect of ambient-air-temperature

This means we have been able to write the difficult Constraint 1 as simply a min-
imum entropy constraint. However, before we decide that a temperature-entropy
representation is better, we must check the remaining constraints. Constraint 2
was made redundant by Constraint 4, so we discuss this as part of Constraint 4.
Constraint 3 does not need to change, as it is a maximum temperature constraint.
Constraint 4 defines a minimum pressure bound for this optimisation. The mini-
mum pressure bound can be turned into a maximum entropy constraint because,
for a given temperature, pressure has a monotonically, decreasing relationship with
entropy. Hence, we define a maximum entropy line, such that

smax(T ) = T,pfs(T, T f́p(T
WF
1,D )).

Hence, we define Constraint 4 as

sWF
3 < smax(T

WF
3 ).

This constraint is shown in Figure 7.3 as the area to the left of the line AC. From
this constraint, it is clear that the minimum feasible temperature (Tmin) is

Tmin = TWF
1,D .

Constraint 5 is now redundant, as Constraint 1 and Constraint 3 now limit maximum
pressure. Constraints 6 and 7 have been incorporated into OWF, and hence do not
need to be specified again. The optimisation OWF does not need to be transformed,
as all the information required by OWF is still available to OWF. Hence, the bounded
temperature-entropy area for our optimisation problem is shown in Figure 7.3 as the
shaded area bounded by ABC.

Figure 7.3: A schematic showing the bounded temperature-entropy area for our
optimisation problem, that is the shaded area bounded by ABC.
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Hence, we construct a new optimisation process OTS, which is defined as follows:

maximise
TWF
3 ,sWF

3

Pnet = gpnetTS(TWF
3 , sWF

3 ; DP,OP);

subject to sWF
3 (TWF

3 ) ≥

{
T f̀s(T

WF
3 ) for TWF

3 ≤ TWF
R ,

sWF
R for TWF

3 > TWF
R ,

TWF
3 < TGThF

a −∆TMF-HX,

sWF
3 < sfT,p(T

WF
3 , pf́T (TWF

1,D )),

OWF.



(7.8)

However, this problem is also difficult to solve numerically, as fmincon (a suitable
Matlab optimisation routine) does not guarantee to obey constraints 3 during the
optimistaion process, although the optimal solution will obey the contraints. Un-
fortunately, when Matlab steps outside the constraints we have in place, we cannot
evaluate the power produced because the plant can’t operate in those conditions.
This means that fmincon cannot successfully optimise the problem. In order to
handle this numerical issue, we again transform the problem. In this, our final
transformation of this problem, we transform the shape ABC shown in Figure 7.3
into a rectangular shape. This transformation enables us to define bounds (i.e. not
constraints) in our new optimisation, and, since Matlab does respect bounds, this
enables us to run the program numerically. We call this optimisation OTTS.

In order to create a rectangular feasible region for OTTS, we define the transformed
entropy (φ), for a given temperature T , as follows:

φ = ψ(s;T ) =
s− smin(T )

smax(T )− smin(T )
× 100 + 300,

where ψ(s;T ) is the function that transforms s into φ. ψ(s;T ) ensures that φ is
precisely bounded, such that φ ∈ [300, 400] for all legitimate values of T . The
temperature bounds remain as they were in OTS.

For OTTS, we define Pnet as

Pnet = gpnetTTS(TWF
3 , φWF

3 ; DP,OP), (7.9)

= gpnetTS(TWF
3 , ψ−1(φWF

3 ;TWF
3 ); DP,OP).

3Matlab defines bounds as lb ≤ x ≤ ub, and any other restrictions as constraints which are of
the form c(x) ≤ 0 or ceq(x) = 0.
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where ψ−1 is the inverse of ψ, such that

ψ−1(φ;T ) = smin(T ) +
φ− 300

100
(smax(T )− smin(T )). (7.10)

So, we define OTTS as

maximise
TWF
3 ,φWF

3

Pnet = gpnetTTS(TWF
3 , φWF

3 ; DP,OP);

subject to φWF
3 ≤ 400

φWF
3 ≥ 300

TWF
3 < TGThF

a −∆TMF-HX,

TWF
3 > TWF

1,D ,

OWF.



(7.11)

Hence, similarly to OTP, by solving OTTS we determine the design variables TWF
3,D

and φWF
3,D , such that

(TWF
3,D , φ

WF
3,D) = arg max

TWF
3 ,φWF

3

gpnetTTS(TWF
3 , φWF

3 ; DP,OP);

which will also give Pnet,D, where,

Pnet,D = max
TWF
3 ,φWF

3

Pnet = gpnetTTS(TWF
3,D , φ

WF
3,D ; DP,OP).

Just to remind ourselves, at the beginning of this section our goal was to determine
the design variables: TWF

3,D and pWF
3,D . We have directly determined TWF

3,D , and it is
straightforward to calculate sWF

3,D from TWF
3,D and φWF

3,D (using equation (7.10)), and in
turn to determine pWF

3,D from TWF
3,D and sWF

3,D (using pWF
3,D = T,sfp(T

WF
3,D , s

WF
3,D)).

So, now we have determined the design variables of the plant and the designed power
output of the plant. Hence, if the plant operates at these design conditions, it will
produce the designed power output.

7.2.3 Calculate power produced in off-design conditions

At any given site, ambient-air-temperature varies, from season to season, night to
day, and even minute to minute. Hence, at any given time, the observed ambient-
air-temperature (tamb), may not be equal to the design ambient-air-temperature.
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Further, given that a plant is designed to run at TDA, when tamb 6= TDA, the plant
will run off-design, that is, the plant will not run to its design conditions, and so will
not produce the designed amount of power. The only information in the literature
on how to model the off-design case comes from Wendt and Mines [111–113]. In
their modelling, they suggest modifying the working fluid flowrate, pressure drop
across the turbine, and the air mass flowrate. Since we do not model the type
of air-cooling method, we do not need to model the air mass flowrate. However,
as mentioned earlier, we did not construct our model in Aspen, but instead con-
structed a thermodynamically-based mathematical model, hence, we also construct
a thermodynamically-based off-design model. Below are the off-design constraints
that we used. These are based on the thermodynamics of the Rankine cycle and
some basic engineering principles.

1. The working fluid must be a saturated liquid at State 1. This is because the
pump is designed to pump liquids, hence, it cannot pump a liquid-air mix
(because this will damage the pump).

2. The temperature and pressure at State 3, and the working fluid flowrate,
remain at design conditions. This is because the pressure and flowrate of the
working fluid will have affected pipe and pump sizing, so significant change in
this would not be possible. Additionally, the vaporiser and heat exchanger will
have been built to achieve a certain pressure and temperature at State 3. Again
significant change in this would not be feasible. We label the temperature and
pressure at State 3, and working fluid flowrate at design conditions, as TWF

3,D ,
pWF

3,D , and ṁWF
D respectively.

3. The heat exchanger cannot add more heat to the working fluid than it was
designed to do, that is,

∆QHX,D ≥ ∆QHX,OD,

where ∆QHX,D is the heat added to the working fluid by the heat exchanger
at design conditions, and ∆QHX,OD is the heat added to the working fluid by
the heat exchanger at off-design conditions. This constraint exists because in-
creasing the ∆QHX of a heat exchanger increases its cost. Hence, it is assumed
they will be built to achieve design conditions, not built to achieve over-design
conditions.

4. This constraint originates from equation (7.2). When the condenser is de-
signed, it is designed so that the TWF

1,D is as small as possible. This means that
the pinch point in the condenser (∆TPP-C) and the temperature rise in the
condenser (∆TTR) are quoted at their smallest possible values. However, the
pinch point in the condenser can have bigger values, even in a condenser that
is already built. Hence, given that ∆TPP-C is quoted at its smallest possible
value (for design conditions), but in off-design conditions it can be larger, we
have

TWF
1,OD ≥ tamb + ∆TTR + ∆TMF-C.
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5. We can create another useful constraint, by combining off-design constraint 2
with off-design constraint 3, as follows:

∆QHX,D ≥ ∆QHX,OD, off-design constraint 3,

⇒ hWF
3,D − hWF

2,D ≥ hWF
3,OD − hWF

2,OD,

⇒ hWF
3,D − hWF

2,D ≥ hWF
3,D − hWF

2,OD,

⇒ hWF
2,D ≤ hWF

2,OD.

Since temperature and enthalpy have a monotonically increasing relationship
(assuming constant pressure), we can now say

TWF
2,D ≤ TWF

2,OD.

Further, we argue that TWF
1 ∼ TWF

2 , hence,

TWF
1,D ≤ TWF

1,OD.

6. Where there is a range of possible values for TWF
1,OD, we choose the smallest

feasible value (because this creates the most power for the Rankine cycle).

To determine the effect of these off-design constraints on the power output of the
Rankine cycle due to varying ambient-air-temperature, it is convenient to consider
the following two cases:

• Case 1: tamb ≤ TDA, and

• Case 2: tamb > TDA.

(i) Case 1: tamb ≤ TDA

For this case, we know the following two inequalities must hold:

• Off-design constraint 3: TWF
1,OD ≥ tamb + ∆TTR + ∆TMF-C; and

• Off-design constraint 5: TWF
1,OD ≥ TWF

1,D .

Further, equation (7.3) tells us that TWF
1,D = TDA + ∆TTR + ∆TMF-C.

Combining these two inequalities with equation (7.3), and tamb ≤ TDA, we get

TWF
1,OD ≥ TWF

1,D = TDA + ∆TTR + ∆TPP-C ≥ tamb + ∆TTR + ∆TMF-C.

However, applying off-design constraint 6 (choosing the smallest feasible value
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for TWF
1,OD), allows us to conclude that

TWF
1,OD = TWF

1,D .

Finally, given that the temperature and pressure at State 3 and the working
fluid flowrate are also at design conditions, then the results from function g3

still hold for Case 1. In short, Case 1 remains at design conditions, giving the
designed power output. Of-course, Pnet in these off-design conditions is strictly
less than if the plant were designed for these conditions.

(ii) Case 2: tamb > TDA

Off-design constraint 3 requires: TWF
1,OD ≥ tamb + ∆TTR + ∆TMF-C.

Equation (7.3) tells us: TWF
1,D = TDA + ∆TTR + ∆TMF-C.

Hence,
TWF

1,OD ≥ tamb + ∆TTR + ∆TMF-C > TWF
1,D .

Applying off-design constraint 6 (choosing the smallest feasible value for TWF
1,OD),

we get
TWF

1,OD = tamb + ∆TTR + ∆TMF-C.

Hence, in Case 2, TWF
1,OD 6= TWF

1,D . This means that the design conditions no
longer hold, so new power calculations are required.

To recalculate power, first we must re-calculate state conditions at States 1, 2,
3 and 4.

State 1 To ensure that TWF
1,OD is a saturated liquid (as required by off-design

constraint 1), the back pressure of the turbine (the pressure at State 4)
must be increased, such that

pWF
4,OD = pf́T (TWF

1,OD).

This ensures that the working fluid is a saturated liquid at State 1. Be-
cause the condenser operates at constant pressure, we have pWF

1,OD = pWF
4,OD.

Now, the off-design entropy and enthalpy at State 1 can be calculated by

sWF
1,OD = T,pf

WF
s (TWF

1,OD, p
WF
1,OD), and

hWF
1,OD = T,pf

WF
h (TWF

1,OD, p
WF
1,OD).

State 2 The pressure at State 2 is equal to the pressure at State 3, hence,
pWF

2,OD = pWF
3,D . Initially, we assume that the pump is isentropic, hence,

sWF
2s,OD = sWF

1,OD. Hence,

hWF
2s,OD = p,sf

WF
h (pWF

2,OD, s
WF
2s,OD).
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Secondly, the efficiency of the pump is included to determine the off-design
enthalpy at State 2 (hWF

2,OD), using equation (4.15), as follows:

hWF
2,OD =

1

ηpump

(hWF
2s,OD − hWF

1,OD) + hWF
1,OD.

Finally, the off-design temperature and entropy at State 2 (TWF
2,OD and

sWF
2,OD) are calculated, as follows:

TWF
2,OD = p,hf

WF
T (pWF

2,OD, h
WF
2,OD), and

sWF
2,OD = p,hf

WF
s (pWF

2,OD, h
WF
2,OD).

State 3 Since the pressure and temperature of the working fluid at State 3 are
held at design conditions, then the entropy and enthalpy of the working
fluid are also at design conditions. Therefore

sWF
3,OD = sWF

3,D = T,pf
WF
s (TWF

3,D , p
WF
3,D), and

hWF
3,OD = hWF

3,D = T,pf
WF
h (TWF

3,D , p
WF
3,D).

State 4 Initially, we assume that the turbine is isentropic, hence,

sWF
4s,OD = sWF

3,D .

This means that the isentropic off-design enthalpy at State 4 (hWF
4s,OD) can

be determined, as follows:

hWF
4s,OD = p,sf

WF
h (pWF

4,OD, s
WF
4,OD).

We now include the efficiency of the turbine to determine the off-design
enthalpy at State 4 (hWF

4,OD) using equation (4.16), as follows:

hWF
4,OD = −(ηturb(hWF

3,D − hWF
4s,OD) + hWF

3,D).

Now, we can calculate the off-design temperature and entropy at State 4
(TWF

4,OD and sWF
4,OD), as follows,

TWF
4,OD = p,hf

WF
T (pWF

4,OD, h
WF
4,OD), and

sWF
4,OD = p,hf

WF
s (pWF

4,OD, h
WF
4,OD).
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Now that we have all the information for States 1-4, we can calculate the
work produced using equation (4.14), as follows:

wnet,OD = −wpump,OD + wturbine,OD.

Substituting equations (4.8) and (4.11), we get

wnet,OD = −(hWF
2,OD − hWF

1,OD) + (hWF
4,OD − hWF

3,D).

Finally, using equation (4.7), the power produced by the air-cooled binary
Rankine cycle in the Case 2 off-design conditions is given by

Pnet,OD = ṁWF
D wnet,OD.

We refer to this set of calculations (Case 1 and Case 2 in off design-conditions)
as function gOD, such that

Pnet,OD = gOD(tamb;TWF
3,D , p

WF
3,D ,DP,OP). (7.12)

7.2.4 Putting it all together

In order to determine the effect of ambient-air-temperature on an air-cooled binary
Rankine cycle plant, we must first design a base plant. Designing the base plant
requires the assumption (or knowledge) of certain operating parameters, design pa-
rameters and the optimisation function OTTS. The operating parameters (OP) that
we assume are given in Table 7.1. The design parameters (DP) that must be known
(or chosen) are:

• design ambient-air-temperature (TDA),

• working fluid (WF),

• geothermal fluid flowrate (ṁGThF),

• geothermal fluid temperature (TGThF
a ), and

• geothermal fluid pressure (pGThF
a ).

Additionally, we must know the observed ambient-air-temperature (tamb). Given
that the ambient-air-temperature at any given site is not constant, but a distribution,
it is likely that tamb 6= TDA. In this case, we require the function gOD to determine
how much power the base plant produces in off-design conditions.

Putting this altogether, we can now define one function that creates the optimal
design of the base plant and then determines the power produced in all (design and
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off-design) conditions, gDOD, such that,

Pnet,DOD = gOD(tamb;OTTS(TWF
3 , φWF

3 ; DP,OP),DP,OP),

= gDOD(tamb; DP,OP), (7.13)

where Pnet,DOD is the net power produced in all conditions, and the function gDOD
combines the optimisation OTTS and the off-design function gOD.

7.3 Performance measures

As discussed in Chapter 5, binary Rankine cycle power plant performance is often
judged using thermal efficiency and/or brine effectiveness, where thermal efficiency
is

ηth =
net work output

total heat input
=

Wnet

Qheat exchanger

=
Ẇnet

Q̇heat exchanger

=
Pnet

Q̇heat exchanger

.

and brine effectiveness is

ηbrine =
Ẇelec

ṁGThF
=

Pelec

ṁGThF
=
Ẇnetηgen

ṁGThF
.

When looking at the effect of changing ambient-air-temperature, thermal efficiency
can be misleading as a performance measure, since increasing ambient-air-temper-
ature decreases the power generated by the cycle and the heat added to a cycle4,
which means that thermal efficiency may not even decrease when power production
decreases.

Our optimisation determines the maximum power output for a given plant. While
we use a geothermal flowrate of 60 kg s−1 for our calculations, the optimised power
production scales linearly with geothermal flowrate, so our results are still valid
when presented in terms of brine effectiveness. Additionally, by presenting results
in terms of brine effectiveness, readers are easily able to determine the effect on
power production for any site they are interested in, whether the flowrate at that
site is 60 kg s−1 or 600 kg s−1.

Hence, we present our results in terms of brine effectiveness.

4Increasing the ambient-air-temperature increases the temperature at State D, which in turn
increases the temperature at State 4, which in turn increases the temperature at States 1 and 2.
Given that the heat added to a Rankine cycle is the heat required to change the working fluid from
State 2 to State 3, when State 2 increases its temperature and the temperature at State 3 remains
unchanged, the heat added to the Rankine cycle decreases. This means that the heat added to the
Rankine cycle is less.
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7.4 Validation

To check the the assumptions we made for a plant running in off-design conditions,
we compared our calculated data to real data from the Mammoth Pacific Plant,
California, USA [82]. The Mammoth plant data was used because it was the only
publicly available data linking ambient-air-temperature to plant-power-output, from
an air-cooled binary geothermal power plant, that the authors could find. Also,
please note, we have used non-SI units, in this section only, for ease of comparison
with the Mammoth plant data.

At Mammoth, the geothermal fluid temperature ranges from 300-350◦F, and the
plant’ s air-cooled binary system operates using isobutane as its working fluid. Fig-
ure 7.4a shows the observed brine efficiency versus ambient-air-temperature.

It can be seen from Figure 7.4 that, on a plot of brine efficiency versus ambient-air-
temperature, our data generally agrees with the real-world Mammoth data. How-
ever, our data somewhat under-estimates the Mammoth data when ambient-air-
temperature is greater than design ambient-air-temperature (i.e. tamb > TDA). This
indicates that our off design assumptions are a little too harsh and/or that the Mam-
moth plant uses some additional strategies, in hot weather, to mitigate the loss of
power generation. For example, turning up the fans and/or spraying cooling water
to aid fan cooling. These methods have the effect of reducing ∆TPP-HX (where we
assumed this value is constant).

In their modelling, Wendt and Mines [111] also show that brine efficiency drops as
ambient-air-temperature increases above the design ambient-air-temperature. Specif-
ically, they show that brine efficiency at tamb = TDA+25◦F is around 20% lower than
brine efficiency at tamb = TDA. However, their modelling with ambient-air-temper-
ature colder than the design ambient-air-temperature differs significantly from our
modelling, due to their inclusion of a variable nozzle design in the turbine.

We believe our model is sufficiently close, both qualitatively and quantitatively, to
real world data to provide meaningful insights into the effect of ambient-air-temp-
erature on the performance of air-cooled, binary Rankine cycle power plants.

7.5 Results

As mentioned earlier, in order to calculate the power produced by an air-cooled
binary Rankine cycle, we need to specify a number of design parameters (DP).
We choose design parameters to reflect probable conditions at potential unconven-
tional Australian geothermal sites. The design parameters we use here are given
in Table 7.2. Additionally, given that we are interested in the off-design effects of
ambient-air-temperature (that is any ambient-air-temperature that is not the design
ambient-air-temperature), we also must consider a range of observed ambient-air-
temperatures (tamb). We choose to investigate tamb ranging from -6◦ to 50◦C.
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(a) Mammoth Plant Data [82]

b
ri
n
e
e
ff
e
c
ti
v
e
n
e
ss

(W
-h
/
(l
b
o
f
G
T
h
F
))

ambient air temperature (◦F)
10 20 30 40 50 60 70
5

5.4

5.8

6.2

6.6

7

(b) Modelled Data for TGThF
a =300◦F, TDA=

38◦F, and isobutane as a working fluid)

Figure 7.4: Validation Results

Table 7.2: Design Parameters (DP)

Design Parameter Variable Value

Design ambient-air-temperature TDA 10◦C and 20◦C

Working fluid WF isobutane

Geothermal fluid flowrate ṁGThF 60 kg s−1

Geothermal fluid temperatures TGThF
a [150, 175, 200, 225]◦C

Geothermal fluid pressure pGThF
a 5,550 kPa
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Our results are presented in Figure 7.5, where they are also compared to results
from a naive model. The naive model assumes that a new plant is designed for
each value of tambwith TDA = tamb and is included here as it represents a simple or
naive method of modelling the effect of varying ambient-air-temperature, which is
commonly used.
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Figure 7.5: Effect of design ambient-air-temperature on brine effectiveness

Figure 7.5 confirms that observed ambient-air-temperature has a significant impact
on the power output of air-cooled binary Rankine cycle plants. More specifically,
according to our modelling, when tamb > TDA these plants lose between 10-20% brine
effectiveness for every 10◦C increase in observed ambient-air-temperature, depending
on resource temperature and becoming more extreme for lower geothermal resource
temperatures. Further, when tamb < TDA, there is no increase in brine effective-
ness. This means that, when the observed ambient-air-temperature is hotter than
the design ambient-air-temperature, a plant loses power. However, when the ob-
served ambient-air-temperature is colder than the design ambient-air-temperature,
the plant does not gain any power at all.

It is where observed ambient-air-temperature is colder than design ambient-air-
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temperature that our single plant model differs most significantly from the ‘naive
model’. The naive model is compared to two individual plant designs with TDA =
10◦C and 20◦C. Clearly, our single plant model has an entirely different shape curve
to the naive model. When tamb < TDA, our single plant model has a constant brine
effectiveness, while the naive model continues to increase brine effectiveness with
decreasing observed ambient-air-temperature. When tamb > TDA, the differences
between our single plant model and the naive model line are quite small. Although
these differences are small, they become important, as we show in the next chapter.
As we expect, the naive model and our single plant model give the same results
when tamb = TDA.

7.6 Conclusion

In this chapter we have successfully built a mathematical model, that models the
effects of varying ambient-air-temperature on the power output of air-cooled binary
Rankine cycle plants. This model has two distinct parts: the first optimises the
design of the base plant for a given TDA, and the second determines how much the
base plant produces in off-design conditions.

Our results show that when the observed ambient-air-temperature is greater than the
design ambient-air-temperature, plants lose 10-20% brine effectiveness for every 10◦C
increase in observed ambient-air-temperature. In contrast, there is no productivity
gain when observed ambient-air-temperature is less than the design ambient-air-
temperature.

We validated our model by comparing our modelled output against the real world
production data from the Mammoth Pacific Plant, California, USA [82]. Our mod-
elled power output is sufficiently close to the real world Mammoth data, both quali-
tatively and quantitatively, for the model to be used to study the effect of ambient-
air-temperature.

However, our work so far does not answer the question, ‘What is the best design amb-
ient-air-temperature for a given geothermal site?’ Given that there is no productivity
gain when the observed ambient-air-temperature is less then the design ambient-air-
temperature, it is easy to assume that the optimal design ambient-air-temperature
is the coolest observed ambient-air-temperature at a given site. However, while this
is intuitive, it is not actually the best answer, as we will show in the next chapter.
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7.7 Nomenclature

Notes on nomenclature

In this section, we introduce an additional subscript to the thermodynamic variables
and mass flowrates to show design (D) and off-design (OD) variables. For example,
pWF

3,D is the design pressure of the working fluid at State 3, and hWF
4,OD is the off-design

enthalpy of the working fluid at State 4.

Nomenclature

h specific enthalpy (J kg−1)
ṁ mass flowrate (kg s−1)
P power (J s−1)
T temperature (◦C)
Tamb ambient-air-temperaturerandom variable (◦C)
tamb specific instance of Tamb (◦C)
w specific work (J kg−1)
x percentage of gas in the two phase region (dimensionless)
y position along a heat exchanger

η efficiency (dimensionless) (except for ηbrine which has units J kg−1)
φ transformed entropy
∆ difference

Superscripts

CF cooling fluid
GThF geothermal fluid
WF working fluid

Subscripts

amb ambient
DA design ambient
D, OD, DOD design, off-design, and design and off-design
elec, gen , turb electrical, generator and turbine respectively
HX, TR heat exchanger and temperature rise
MF-HX minimum feasible temperature difference of heat exchanger
MF-C minimum feasible temperature difference of condenser
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Parameters

DPHX design parameters for a heat exchanger: TWF
2 , TWF

3 , pWF
3 , WF,

TGThF
a , pGThF

a , ṁGThF, GThF and ∆TMF-HX

Note: ∆TMF-HX is, more generally, called ∆Tmin feas in Chapter 4.
DP design parameters: TGThF

a , pGThF
a , ṁGThF, Tamb, WF, GThF and TDA

OP operating parameters: ηturb, ηgen, ηpump, ∆TMF-C, ∆TMF-HX and ∆TTR

Functions

x,yf
α
z (·, ·) the thermodynamic function which calculates state variable z of fluid

α, using state variables x and y, assuming that fluid α is in the liquid,
gas or supercritical region.

xf̀
α
z (·, ·) the thermodynamic function which calculates the state variable z of

fluid α using variable x, assuming that fluid α is a saturated vapour.

xf́
α
z (·, ·) the thermodynamic function which calculates the state variable z of

fluid α using variable x, assuming that fluid α is a saturated liquid.

x,yf̂
α
z (·, ·) the thermodynamic function which calculates state variable z of fluid

α, using state variables x and y, assuming that fluid α is in the
2-phase region.

gWF calculates the flowrate of the working fluid (ṁWF) in a geothermal
exchanger using TGThF

b and DPHX (see page 83).
gNSR calculates the specific net work (wnet) produced by a non-ideal

simple Rankine cycle using as variables: WF, TWF
1 , TWF

3 , pWF
3 , ηturb,

ηpump (see page 71).
gpnet calculates the specific net work (Pnet) produced by a non-ideal

simple Rankine cycle using TWF
3 and pWF

3 as variables, and DP and
OP as parameters (see page 180).

gpnetTS calculates the specific net work (Pnet) produced by a non-ideal
simple Rankine cycle using TWF

3 and sWF
3 as variables, and DP and

OP as parameters (see page 182).
gpnetTTS calculates the specific net work (Pnet) produced by a non-ideal

simple Rankine cycle using TWF
3 and φWF

3 as variables, and DP and
OP as parameters (see page 185).

gOD calculates the net power produced by an air-cooled binary Rankine
Cycle in off-design conditions Pnet,OD, using tamb as a variable and,
TWF

3,D , pWF
3,D , DP and OP as parameters (see page 191).

gDOD calculates the net power produced by an air-cooled binary Rankine
Cycle in design and off-design conditions Pnet,DOD, using tamb as a
variable, and DP and OP as parameters (see page 192).
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Optimisation functions

OWF maximises ṁWF in a binary Rankine cycle using TGThF
b and DPHX

(see page 83).
OTP maximises Pnet for a binary Rankine cycle, using TWF

3 and pWF
3 as

decision variables (see page 182)
OTS maximises Pnet for a binary Rankine cycle, using TWF

3 and sWF
3 as

decision variables (see page 185)
OTTS maximises Pnet for a binary Rankine cycle, using TWF

3 and φWF
3 as

decision variables (see page 186)
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8
Optimisation of design

ambient-air-temperature for an air-cooled

binary Rankine cycle

8.1 Introduction

In this chapter, we investigate the optimal choice of design ambient-air-temperature
(TDA) for a given plant. As we know, every binary Rankine cycle plant is built using
a given TDA, and whenever the observed ambient-air-temperature (tamb) is not at
the TDA, the plant runs off-design. In fact, our model shows that, when tamb > TDA,
plants lose 10-20% brine effectiveness for every 10◦C increase in observed amb-
ient-air-temperature. Hence, a poor choice of TDA can significantly impact on the
productivity of a plant.

Current practice is to choose TDA as the mean ambient-air-temperature at a given
site, which is a logical choice if one is using the ‘naive model’ to predict power
output for varying ambient-air-temperature. However, as we showed in the previous
chapter, the naive model is not accurate when tamb < TDA. Hence, this model is
unlikely to provide the optimal choice of TDA.

Looking at the results from the previous chapter, in particular Figure 7.5, it is easy
to think that this optimisation is not necessary, as the choice of the optimal TDA

should be the coldest ambient-air-temperature at a given site. However, this is not
accurate. Looking more closely at Figure 7.5, it is easy to see that the plant with
TDA=10◦C line does significantly better than the TDA=20◦C, when tamb < 20◦C;
however, the TDA=20◦C line does slightly better than the TDA=10◦C line when

201
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tamb > 20◦C (note that, while this is true for all cases we trialled, it is easiest to
see for the TGThF

a = 150◦C case). Hence, the optimal design ambient-air-temper-
ature is unlikely to be at the minimum of the ambient-air-temperature distribution
because this value is unlikely to occur very often, and it means that the plant will do
worse for all other observed ambient-air-temperatures in the distribution, compared
to a plant with a slightly higher design ambient-air-temperature. Figure 7.5 also
shows that this effect is more significant (and easier to see on the figure) for lower
geothermal fluid temperatures, and becomes less pronounced at higher geothermal
fluid temperatures. Additionally, we expect that this effect will only be magnified
by the addition of electricity price to the model, since electricity prices are generally
higher in summer, when ambient-air-temperatures are higher.

In this chapter, we (more appropriately) consider the power produced as a random
variable (P), determined by the underlying distribution of the ambient-air-temp-
erature random variable (Tamb) according to equation (7.13). We then choose the
optimal design ambient-air-temperature, T ∗DA, to be the TDA that gives the largest
expected value of P , with respect to the distribution of Tamb.

Subsequently, we layer electricity price data on top of the power, to determine T ∗DA

based on revenue. We determine the rate of revenue (Ṙ), such that

Ṙ = Pnet,DOD × c,

where c is the electricity price. From this, we create a rate of revenue random
variable (R), which is determined by the underlying joint distribution of Tamb and
electricity price (C). Similarly to the production case, we chose T ∗DA to be the optimal
choice of TDA that gives the largest expected value of R, with respect to the joint
distribution of Tamb and C.

8.2 Investigation of temperature data

From 2003-2011 [51,66,89], three companies have drilled unconventional geothermal
wells in Australia. These companies were: Geodynamics who drilled at Innaminka;
Petratherm who drilled at Paralana; and Panax who drilled at Penola. We purchased
temperature data from the Australian Bureau of Meterology (BOM) for BOM’s sta-
tions as close as possible to these drilling sites. Specifically, we purchased data from
the BOM’s Coonawarra station as it is the closest station to Penola, from the BOM’s
Leigh Creek station as it is the closest station to Paralana, and from the BOM’s
Moomba station as the closest station to Innaminka (see Figure 8.1). Further, we
purchased temperature data from the BOM’s station in Birdsville, Queensland, as
Birdsville is the site of Australia’s only operating geothermal plant. Additionally,
given that air-cooled binary Rankine cycles are more likely to be used in arid en-
vironments, we purchased temperature data from seven BOM stations located in
arid areas in South Australia. Specifically, those stations were the BOM’s stations
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at Woomera, Coober Pedy, Roxby Downs, Ernabella, Tarcoola, Oodnadatta, and
Maree. Finally, we purchased temperature data from the BOM’s station in Mount
Gambier, South Australia, as it is the closest major population centre to Penola.

We purchased 13 years of temperature data, from 01 July 2001 to 30 June 2014,
for all 12 sites. Data for the selected 12 sites was generally taken half-hourly or
hourly, with each temperature record having an associated time record. In the
early years, missing data was not noted with NaNs (Not a Number). However, in
later years NaNs are used. To create regularity between sites and years, we set
the maximum time difference between readings as one hour. Hence, if two valid
temperature readings had a time difference of greater than one hour without a NaN
reading, a NaN was added. Likewise, if there was a NaN reading between two valid
temperature readings that had a time difference of less than one hour, these NaNs
were removed. However, we did not set a minimum time difference, thereby keeping
more accurate data when it was available.

As expected, the time series of temperature data for a given site shows a yearly
pattern (see Figures 8.2a, 8.3a and 8.4a) reflecting the changing but repeating sea-
sons. It is interesting to notice that, while each site shows a yearly pattern, the
shape of that pattern can vary from site to site. Also, as expected, the time series
of temperature data for a given site shows a daily pattern (see Figures 8.2b, 8.3b
and 8.4b) reflecting the warmth of the day and the cool of the night.

From experience, we all know that some places are hotter (or colder) than others,
and further, that any given place can be hotter (or colder) for any given year. This
type of pattern is most easily seen using yearly mean and standard deviation data
(see Figures 8.2c, 8.3c, 8.4c and Table 8.1).

Although temperature is clearly a continuous variable, it is measured by the BOM in
discrete intervals; hence, we treat it here as a discrete variable. The mean observed
temperature, or expected temperature (E[Tamb]), for a given site is calculated using
a time weighted mean, which is defined as follows:

E[Tamb] =

∑n
i=1 ωtemp,i × tamb,i∑n

i=1 ωtemp,i

,

where tamb,i is the ith temperature reading from the set of n observed temperatures,
{tamb,1, . . . , tamb,n}, for the given site with all NaN records removed, and ωtemp,i is
the time difference between tamb,i and tamb,i+1.

Further, the variance for temperature (Var[Tamb]) is calculated as follows:

Var[Tamb] =

∑n
i=1 ωtemp,i × (tamb,i − E[Tamb])2∑n

i=1 ωtemp,i

.
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Figure 8.1: Temperature and geothermal sites (Paralana, Innaminka and Penola are
the geothermal sites for Petratherm, Geodynamics and Panax respectively)
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(a) Time series of Moomba temperature data
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(b) Time series of Moomba temperature data for one fortnight in 2008
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(c) Mean and standard deviation in financial year Moomba temperature data

Figure 8.2: Moomba temperature data



206 Chapter 8. Optimisation of design ambient-air-temperature

te
m
p
e
ra

tu
re

(◦
C
)

time
Jul01 Jul02 Jul03 Jul04 Jul05 Jul06 Jul07 Jul08 Jul09 Jul10 Jul11 Jul12 Jul13 Jun14

−10

0

10

20

30

40

50

(a) Time series of Leigh Creek temperature data
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(b) Time series of Leigh Creek temperature data for one fortnight in 2008

 

 

mean
standard deviation

st
an

d
ar

d
d
ev

ia
ti
on

in
te
m
p
er
at

u
re

ov
er

a
fi
n
an

ci
al

ye
ar

(◦
C
)

m
ea

n
te
m
p
er
at

u
re

fo
r
a
fi
n
an

ci
al

ye
ar

(◦
C
)

year
2002 2004 2006 2008 2010 2012 2014

7

8

9

10

18

19

20

21

(c) Mean and standard deviation in financial year LeighCreek temperature

data

Figure 8.3: Leigh Creek temperature data
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(a) Time series of Coonawarra temperature data
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(b) Time series of Coonawarra temperature data for one fortnight in 2008
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Table 8.1: Mean and standard deviation of temperature for various sites in South
Australia (and one in Queensland) from January 2001 to July 2014

BOM Site Mean Standard

Site Name Number Temperature Deviation

(◦C) (◦C)

Woomera Aerodrome 16001 19.74 8.071

Coober Pedy Airport 16090 20.97 8.418

Roxby Downs 16096 20.22 8.855

Ernabella 16097 19.84 8.267

Tarcoola 16098 19.66 8.652

Oodnadatta 17043 22.43 8.925

Leigh Creek 17110 19.94 8.516

Moomba 17123 22.56 8.816

Maree 17126 21.38 8.932

Mount Gambier 26021 13.52 5.761

Coonawarra 26091 14.00 6.536

Birdsville 38026 24.08 8.905
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8.3 Optimisation based on production

In this chapter, it is our aim to determine the optimal design ambient-air-temper-
ature (T ∗DA) for an air-cooled binary Rankine cycle plant. In this section, we do
that by optimising the net power output of the plant over its lifetime, not simply
at one tamb. As mentioned in the introduction, the power produced is a function
of the observed tamb and so we can think of the power produced (Pnet,DOD(Tamb))
as being a random variable itself, since Tamb is a random variable. We thus choose
T ∗DA to be the TDA that gives the largest expected power produced, with respect to
the distribution of Tamb. We call this optimisation the ‘Production Optimisation’ to
distinguish it from the optimisations in the previous chapter, and from the ‘Revenue
Optimisation’, which is described later in this chapter.

However, since we clearly cannot know the future temperature for a given plant, we
use historical temperature data as our best proxy for the distribution of Tamb. From
the previous section, we know that temperature data is dependent on site; hence,
we also expect T ∗DA to be dependent on site. Additionally, we know that ambient-
air-temperature at a given site follows a similar pattern from year to year, so we
do not expect T ∗DA to vary significantly from year to year at a given site. For the
analysis here, we use the ambient-air-temperature data we outlined in the previous
section, that is ambient-air-temperature data from 01 July 2001 to 30 June 2014,
from 12 different sites in Australia. We thus consider the empirical random variable
of Tamb for each given year at each given site. We determine the optimal design
ambient-air-temperature for each given year at each given site T ∗DA. We chose the
‘years’ to be Australia’s 01 July - 30 June financial years, so that all the data for
a single summer (in the southern hemisphere) is kept together. This is important
because net power production decreases significantly with temperatures higher than
TDA, so higher temperatures are more likely to have a larger impact on expected
power production. Additionally, the choice of financial years becomes increasingly
important when, in the next sections, we introduce the price of electricity. For
simplicity, we denote the financial years according to their last year. For example,
the financial year 2001 to 2002, is denoted as 2002.

To ‘optimise’ the expected power production, we consider values of TDA across the
support1 of Tamb. Rather than having a different range for each site, we chose
[−6, 51]◦C as this covers the support of Tamb for all sites. However, in doing this,
we do not formally ‘optimise’ E[P ], rather evaluate it at a range of integer TDAs, and
then choose the best. This method is chosen because the data is highly variable, and
we wanted to evaluate trends from year to year (not simply the maximum for each
year). This reasoning becomes clearer in the results section. In this study we are
looking for insights into how to best choose TDA, not the highest levels of precision.

Additionally, since, we are particularly interested in how T ∗DA varies with the design
parameter hot geothermal fluid temperature (TGThF

a ), we repeat the above procedure

1The ‘support’ of a random variables means from the minimum observed value to the maximum
observed value.
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using four different geothermal fluid temperatures, TGThF
a = [150, 175, 200, 225]◦C.

8.3.1 Assumptions

Taking a step back, we know from the previous chapter that net power generated in
all (design and off-design) conditions is determined by

Pnet,DOD = gDOD(tamb; DP,OP).

This means that, to calculate the net power, in addition to specifying Tamb, we must
also specify the design parameters (DP) and the operating parameters (OP). As
mentioned, we vary two of the design parameters, TDA and TGThF

a ; the rest of the
design and operating parameters remain constant, and equal to the values set in
Chapter 7, which are given in Tables 7.2 and 7.1, respectively.

8.3.2 Performance Measures

As in Chapter 7, power production results scale linearly with the geothermal fluid
flowrate (ṁGThF). Hence, we continue to present our results in terms of brine effec-
tiveness or, more accurately in this case, as the expected value of brine effectiveness
(E[ηbrine]), with respect to the empirical distribution given for Tamb, which we con-
sider for each financial year and each given site. By using E[ηbrine] as a performance
measure, our results for optimal design ambient-air-temperature are independent of
ṁGThF.

8.3.3 Results

To build an air-cooled binary Rankine cycle plant, one TDA must be chosen. Once
this is chosen and the plant is built, the TDA cannot be changed. So, when we look at
our yearly results, we must bear in mind that we cannot choose a new TDA for each
year. The question is only whether the optimal choice of TDA changes much from
year to year, in which case the choice of T ∗DA is hard and would rely on temperature
forecasts, which consider things such as climate change.

Unsurprisingly, the values of E[ηbrine] per year, for each year differ, being higher in
colder years, and lower in hotter years; however, the shape of the curve remains the
same across the years (see Figures 8.5 and 8.6). This means that, for a given site
with a given geothermal fluid temperature, the choice of optimal TDA is the same
(or very similar) irrespective of the year. Hence, the choice of a single T ∗DA, for a
given site and geothermal temperature, is straightforward and can be done based
on historical data. Results of T ∗DA and the resulting optimal E[ηbrine] (evaluated
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over the full 13 years worth of data) at each site for each different geothermal fluid
temperature are shown in Tables 8.2 - 8.5.

All our results show that T ∗DA is generally lower than the traditional mean ambient-
air-temperature, and further, that by designing a plant to operate at T ∗DA, instead
of at the traditional E[Tamb], a plant will increase its power production by around
5% per year (see Table 8.6).

Table 8.2: Optimal results based on production and TGThF
a = 150◦C, for all 12 sites

Optimal TDA Optimal Standard deviation

Site Name (i.e. T ∗DA) E[ηbrine] of E[ηbrine] at T ∗DA

(◦C) (W-h/kg) (W-h/kg)

Woomera Aerodrome 9 10.556 0.176

Coober Pedy Airport 9 10.275 0.180

Roxby Downs 7 10.414 0.183

Ernabella 7 10.549 0.184

Tarcoola 7 10.574 0.269

Oodnadatta 10 9.935 0.269

Leigh Creek 7 10.501 0.177

Moomba 10 9.912 0.191

Marree 9 10.166 0.177

Mount Gambier 6 12.023 0.208

Coonawarra 5 11.887 0.192

Birdsville 11 9.586 0.205

8.4 Investigation of price data

Having calculated T ∗DA based on production data, we now wish to determine T ∗DA

based on revenue, to see if the inclusion of electricity price data changes T ∗DA. We
choose electricity price data that relates as closely as possible to our temperature
data. Since, most of our temperature sites are in South Australia, we use electricity
price data for South Australia.

South Australia’s electricity grid is part of Australia’s National Electricity Market
(NEM). The NEM was established in 1998 and covers Queensland, New South Wales,
Victoria, Tasmania and South Australia (see Figure 8.7). Western Australia and the
Northern Territory are not included due to their geographic distance from the rest of
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Figure 8.6: The effect of design ambient-air-temperature on production, averaged
over a financial year for TGThF

a = 200◦C and TGThF
a = 225◦C
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Table 8.3: Optimal results based on production and TGThF
a = 175◦C, for all 12 sites

Optimal TDA Optimal Standard deviation

Site Name (i.e. T ∗DA) E[ηbrine] of E[ηbrine] at T ∗DA

(◦C) (W-h/kg) (W-h/kg)

Woomera Aerodrome 6 18.835 0.240

Coober Pedy Airport 6 18.456 0.244

Roxby Downs 3 18.677 0.244

Ernabella 4 18.848 0.265

Tarcoola 4 18.885 0.245

Oodnadatta 6 18.006 0.248

Leigh Creek 4 18.781 0.344

Moomba 6 17.964 0.392

Marree 5 18.330 0.265

Mount Gambier 4 20.811 0.245

Coonawarra 2 20.648 0.243

Birdsville 7 17.507 0.236

Table 8.4: Optimal results based on production and TGThF
a = 200◦C, for all 12 sites

Optimal TDA Optimal Standard deviation

Site Name (i.e. T ∗DA) E[ηbrine] of E[ηbrine] at T ∗DA

(◦C) (W-h/kg) (W-h/kg)

Woomera Aerodrome 5 25.903 0.299

Coober Pedy Airport 5 25.436 0.292

Roxby Downs 2 25.715 0.328

Ernabella 3 25.926 0.292

Tarcoola 3 25.972 0.486

Oodnadatta 5 24.878 0.324

Leigh Creek 4 25.841 0.426

Moomba 6 24.823 0.486

Marree 4 25.281 0.293

Mount Gambier 2 28.356 0.289

Coonawarra 1 28.158 0.319

Birdsville 6 24.255 0.303
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Table 8.5: Optimal results based on production and TGThF
a = 225◦C, for all 12 sites

Optimal TDA Optimal Standard deviation

Site Name (i.e. T ∗DA) E[ηbrine] of E[ηbrine] at T ∗DA

(◦C) (W-h/kg) (W-h/kg)

Woomera Aerodrome -3 32.553 0.338

Coober Pedy Airport -3 32.030 0.327

Roxby Downs -3 32.365 0.339

Ernabella -3 32.560 0.476

Tarcoola -3 32.648 0.476

Oodnadatta -3 31.408 0.476

Leigh Creek -3 32.494 0.476

Moomba -3 31.341 0.476

Marree -3 31.864 0.476

Mount Gambier -3 35.314 0.476

Coonawarra -3 35.097 0.476

Birdsville -3 30.697 0.476

Table 8.6: Percentage increase in yearly average brine effectiveness from using TDA =
T ∗DA instead of TDA = T̄

Site Name TGThF
a = TGThF

a = TGThF
a = TGThF

a =

150◦C 175◦C 200◦C 225◦C

Woomera Aerodrome 6.36 5.75 5.34 5.01

Coober Pedy Airport 6.41 5.88 5.47 5.13

Roxby Downs 6.11 5.77 5.40 5.13

Ernabella 6.39 5.91 5.52 5.22

Tarcoola 6.74 6.18 5.77 5.45

Oodnadatta 6.12 5.85 5.45 5.15

Leigh Creek 6.48 5.96 5.56 5.24

Moomba 7.12 6.62 6.14 5.75

Marree 6.17 5.84 5.45 5.14

Mount Gambier 4.35 3.82 3.60 3.44

Coonawarra 4.30 3.87 3.67 3.51

Birdsville 6.58 6.29 5.84 5.47
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the grid. The NEM is operated by Australian Energy Market Operator (AEMO)2.
From AEMO’s website we were able to download 14.5 years of 30 minutely electricity
price data for South Australia.

Figure 8.7: National Electricity Market in Australia [3]

This data shows that the spot-price for electricity in the NEM is highly variable, with
prices ranging from around -$500 per megawatt hour (MW h) to $12,000 per MW h
in South Australia (see Figure 8.8a). The volatility occurs principally in summer,
with winter remaining quite stable (see Figure 8.9). The volatility is caused by the
combination of [4]:

Matching supply and demand: The demand for electricity varies, with demand
in summer being generally higher than demand in winter. Since electricity
(in these volumes) cannot be stored, and electricity must continuously and
instantaneously match supply, there must be producers that can start and
stop producing quickly. In general, producing electricity this way is expensive
(the exception to this ‘rule’ is hydro-power).

Energy consumption: If energy demand is much higher than predicted, there may

2AEMO was previously known as National Electricity Market Management Company
(NEMMCO).
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not be sufficient electricity generation capacity, so electricity becomes scarce,
and prices rise.

Load profile: As mentioned above, the more fluctuation that exists in demand, the
more need we have for responsive and expensive forms of electricity generation.
Additionally, the parts of the network which are currently near capacity will
need to be upgraded to manage the periods of highest load.

Price of coal and gas: If the price of coal and gas increases, so do the input costs
to our largest generators, hence prices rise.

Weather: Hydro-power supplies 15-20% of the total capacity of the NEM. In pe-
riods of prolonged drought the availability of hydro-power is constrained, in-
creasing the need for more expensive types of power generation.

When studying yearly Australian electricity price data, it is important to keep the
whole of each summer together. Since the spot-price in winter, in Australia, is
similar from year to year, the major cause of variation in the expected electricity
price (E[C]) is due to summer price data, and more specifically the peak prices in
summer. The peak prices in summer are controlled by a number of factors (all of
which can change between summer seasons, but remain constant within a summer
season) [85]:

Market Price Cap : The Market Price Cap (MPC) was put in place in an effort
to limit the volatility of the electricity spot-price, and sets the maximum spot-
price at which electricity can be bought and sold. The MPC is set at much
higher than the median spot-price, so that peaking generators, which may only
be needed for a few hours a year, are able to recover their fixed costs during
those few hours of operation. The MPC is set at the start of each financial
year.

Electricity Grid Generally, upgrades of the electricity grid are done in winter,
when demand is low. This means that the capacity of the grid is different
between summers.

Weather Some summers are hotter than others, increasing the demand and hence
price for electricity.

Hence, we consider the empirical random variable electricity price (C) for each finan-
cial year. As we have done earlier, for ease of notation, financial years are referred to
by the year they end. For example, the financial year 2002-2003 is denoted simply
as 2003. The expected electricity price varies significantly across the 14 years we
investigated. The expected price increased from around $30 per MW h in 2002 to
around $70 per MW h in 2008 and then decreased back to around $30 per MW
h in 2012, only to increase back to around $70 per MW h in 2013 and 2014 (see
Figure 8.8b).
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8.5 Optimisation based on revenue

In this section, we determine T ∗DA by optimising the revenue of a plant. To do this we
overlay the price of electricity on the ‘production optimisation’ model, thereby cre-
ating a model which chooses the T ∗DA based on revenue. We refer to this optimisation
as the ‘Revenue Optimisation’.

8.5.1 Method

Equation (7.13) says that the net power produced is a function of the observed
temperature, as follows:

Pnet,DOD = gDOD(tamb; DP,OP).

From this we know that the rate of revenue (Ṙ) is determined by

Ṙ = Pnet,DOD(tamb)× c,

where (tamb, c) are the observed ambient-air-temperature and price of electricity at
any given time. Since a joint random variable governs both the ambient-air-temper-
ature and electricity price, we can also think of revenue as being a random variable.
Thus, we choose T ∗DA to be the TDA that gives the largest expected rate of revenue,
with respect to the empirical joint distribution of Tamb and C.

Since we cannot know the future price of electricity, we use historical price data as
our best proxy for the distribution of electricity price (C). Since electricity price
data varies significantly from financial year to financial year, and ambient-air-temp-
erature varies significantly based on site, we consider the empirical joint random
variable of Tamb and C for each financial year at each given site.

As in the Production Optimisation model, to ‘optimise’ the rate of revenue, we
calculate the expected rate of revenue for TDA across the support of Tamb, which
is [−6, 51]◦C. Again, in doing this, we do not formally ‘optimise’ expected rate of
revenue, rather evaluate it at a range of integer TDAs, and then choose the best. This
method is chosen because the data is highly variable, and we wanted to evaluate
trends from year to year (not simply the maximum for each year). This reasoning
becomes clearer in the results section. In this study we are looking for insights into
how to best choose TDA, not the highest levels of precision. Additionally, we are
again interested in how T ∗DA varies with hot geothermal fluid temperature, so we
find T ∗DA under the distributions given, for TGThF

a = [150, 175, 200, 225]◦C.
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8.5.2 Assumptions

We make the same assumptions for the Revenue Optimisation model as we did for
the Production Optimisation: the design and operating parameters remain constant,
and equal to the values set in Chapter 7, which are given in Tables 7.2 and 7.1,
respectively. There are two exceptions, those being the design parameters of TGThF

a

and TDA which we specified in Section 8.5.1.

8.5.3 Performance measures

As in Chapter 7 and the Production Optimisation, the rate of revenue (like power)
scales linearly with the geothermal fluid flowrate (ṁGThF). To remove the effect
of flowrate, when considering net power, we used brine effectiveness, which divides
net power by the geothermal flowrate (ηbrine = Pelec

ṁGThF ). So, for the rate of revenue,
we follow a similar procedure. We create a variable called revenue effectiveness
(ηrevenue), which we define as

ηrevenue =
Ṙ

ṁGThF
. (8.1)

Thus, we present our results for the ‘revenue optimisation’ in terms of revenue effec-
tiveness, or more accurately in this case, the expected value of revenue effectiveness
(E[ηrevenue]), with respect to the empirical joint distribution of C and Tamb, which
we consider for each financial year and each given site. As for the production op-
timisation, this means that our results for optimal design ambient-air-temperature
are independent of ṁGThF.

8.5.4 Results

Just as we mentioned at the beginning of the results section of the Production
Optimisation model, to build an air-cooled binary Rankine cycle plant, one TDA

must be chosen. Once this is chosen and the plant is built, the TDA cannot be
changed. So, when we look at our yearly results, we must bear in mind that we
cannot choose a new TDA for each year. The question is only whether the optimal
choice of TDA changes much from year to year. If there is significant change from
year to year, the choice of T ∗DA is hard and would rely on temperature and cost
forecasts. Fortunately, in Production Optimisation, the optimal choice of TDA did
not change much from year to year, so it was possible to choose T ∗DA in a straight
forward manner, based on historical data.

Unlike the E[ηbrine] results from the Production Optimisation, there is a large varia-
tion in E[ηrevenue] from year to year for the same TDA, for a given site and geothermal
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fluid temperature (see Figures 8.10 and 8.11). This increased variation is due to the
inclusion of C in the Revenue Optimisation model. Values of E[ηrevenue] are higher
for years with a higher E[C] and lower for years with a lower E[C]. Further, the
variation in E[C] between years is much larger than the variation in E[Tamb] between
years (at a given site).

However, despite this increased variation, the choice of T ∗DA is the same (or very
similar) irrespective of year, since the shape of the E[ηrevenue] versus TDA curve is
very similar from year to year, at a given site and geothermal fluid temperature. This
is fortunate as it means the choice of a single T ∗DA, for a known site and geothermal
fluid temperature, is straightforward and can be based on historical data. Results of
T ∗DA and the resulting optimal E[ηrevenue] (evaluated over the full 13 years worth of
data) at each site and geothermal fluid temperature are shown in Tables 8.7 - 8.10.

The results show that a T ∗DA chosen using Revenue Optimisation is, in general,
around 1◦C higher than T ∗DA chosen using Production Optimisation (for a given site
and geothermal fluid temperature). However, T ∗DA is still generally lower than the
traditional choice of TDA (TDA = E[Tamb]). Further, by designing a plant to oper-
ate at T ∗DA chosen using the Revenue Optimisation model instead of the traditional
TDA = E[Tamb], a plant will increase its revenue by around 4.5% (see Table 8.11).
This is slightly lower than the improvement in production obtained using the Pro-
duction Optimisation model, which is reasonable. Suppose we have different plants
Plant A and Plant B with design ambient-air-temperature TDA = α and TDA = β,
such that α < β. At every observed ambient-air-temperature colder than β, Plant
A will produce more power; however, at every point hotter than β, Plant A will
produce marginally less power (see Figure 7.5a). Because the price of electricity
is often much higher when ambient-air-temperatures are higher, the comparative
revenue loss is larger than the small power loss. In turn, this means that T ∗DA cho-
sen using Revenue Optimisation will be hotter than T ∗DA chosen using Production
Optimisation.

8.6 Conclusion

In this chapter, we use the model derived in the previous chapter to investigate the
optimal design ambient-air-temperature at 12 different sites in Australia using 13
years of historical temperature data. We conducted this optimisation in two ways:
1. based on total energy output from an air-cooled organic Rankine cycle plant
(which we called the ‘production optimisation model’); and 2. based on expected
revenue from an air-cooled organic Rankine cycle plant (which we called the ‘revenue
optimisation model’).

Due to higher ambient-air-temperatures, electricity prices are generally higher in
summer in South Australia. Conversely, due to higher ambient-air-temperatures,
production levels in an air-cooled binary Rankine cycle plant are generally lower in
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a = 150◦C and TGThF
a = 175◦C
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(b) Moomba with TGThF
a = 225◦C
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(c) Leigh Creek TGThF
a = 200◦C
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a = 225◦C
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(e) Coonawarra TGThF
a = 200◦C
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(f) Coonawarra TGThF
a = 225◦C
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Figure 8.11: The effect of design ambient-air-temperature on E[ηrevenue] for TGThF
a =

200◦C and TGThF
a = 200◦C
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Table 8.7: Optimal results for TDA based on E[ηrevenue] and TGThF
a = 150◦C, for all

12 sites. ‘Optimal E[ηrevenue]’ is the expected value over the sampled 13 years of
‘E[ηrevenue] per year’ at T ∗DA.

Optimal TDA Optimal Standard deviation

Site Name (i.e. T ∗DA) E[ηrevenue] of E[ηrevenue] at T ∗DA

(◦C) ($/kg x10−3) ($/kg x10−3)

Woomera Aerodrome 10 0.449 0.144

Coober Pedy Airport 10 0.439 0.142

Roxby Downs 9 0.440 0.141

Ernabella 9 0.448 0.139

Tarcoola 9 0.448 0.140

Oodnadatta 11 0.425 0.131

Leigh Creek 9 0.448 0.135

Moomba 11 0.425 0.135

Marree 10 0.434 0.132

Mount Gambier 7 0.513 0.138

Coonawarra 7 0.504 0.140

Birdsville 12 0.416 0.140
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Table 8.8: Optimal results for TDA based on E[ηrevenue] and TGThF
a = 175◦C, for all

12 sites

Optimal TDA Optimal Standard deviation

Site Name (i.e. T ∗DA) E[ηrevenue] of E[ηrevenue] at T ∗DA

(◦C) ($/kg x10−3) ($/kg x10−3)

Woomera Aerodrome 7 0.816 0.264

Coober Pedy Airport 7 0.802 0.258

Roxby Downs 4 0.803 0.258

Ernabella 5 0.828 0.258

Tarcoola 5 0.817 0.258

Oodnadatta 6 0.782 0.263

Leigh Creek 5 0.816 0.255

Moomba 7 0.783 0.253

Marree 6 0.798 0.260

Mount Gambier 4 0.903 0.262

Coonawarra 3 0.893 0.288

Birdsville 8 0.771 0.268
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Table 8.9: Optimal results based for TDA based on E[ηrevenue] and TGThF
a = 200◦C,

for all 12 sites

Optimal TDA Optimal Standard deviation

Site Name (i.e. T ∗DA) E[ηrevenue] of E[ηrevenue] at T ∗DA

(◦C) ($/kg x10−3) ($/kg x10−3)

Woomera Aerodrome 6 1.129 0.366

Coober Pedy Airport 6 1.112 0.365

Roxby Downs 3 1.112 0.365

Ernabella 4 1.144 0.373

Tarcoola 4 1.130 0.365

Oodnadatta 6 1.087 0.365

Leigh Creek 4 1.129 0.361

Moomba 6 1.087 0.355

Marree 5 1.108 0.373

Mount Gambier 3 1.236 0.396

Coonawarra 2 1.224 0.355

Birdsville 7 1.074 0.359
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Table 8.10: Optimal results for TDA based on E[ηrevenue] and TGThF
a = 225◦C, for all

12 sites

Optimal TDA Optimal Standard deviation

Site Name (i.e. T ∗DA) E[ηrevenue] of E[ηrevenue] at T ∗DA

(◦C) ($/kg x10−3) ($/kg x10−3)

Woomera Aerodrome -3 1.427 0.463

Coober Pedy Airport -3 1.407 0.456

Roxby Downs -3 1.407 0.463

Ernabella -3 1.444 0.458

Tarcoola -3 1.429 0.458

Oodnadatta -3 1.379 0.458

Leigh Creek -3 1.427 0.458

Moomba -3 1.378 0.458

Marree -3 1.402 0.458

Mount Gambier -3 1.548 0.458

Coonawarra -3 1.535 0.458

Birdsville 4 1.364 0.496

Table 8.11: Percentage increase in E[ηrevenue] by using TDA = T ∗DA instead of TDA = T̄

Site Name TGThF
a = TGThF

a = TGThF
a = TGThF

a =

150◦C 175◦C 200◦C 225◦C

Woomera Aerodrome 5.33 5.08 4.72 4.43

Coober Pedy Airport 5.31 5.16 4.79 4.51

Roxby Downs 5.13 5.16 4.82 4.60

Ernabella 5.20 5.07 4.73 4.50

Tarcoola 5.35 5.28 4.92 4.68

Oodnadatta 5.07 5.13 4.78 4.53

Leigh Creek 5.45 5.30 4.93 4.66

Moomba 6.02 5.87 5.44 5.10

Marree 5.06 5.10 4.75 4.50

Mount Gambier 3.66 3.36 3.16 3.03

Coonawarra 3.50 3.36 3.18 3.06

Birdsville 5.39 5.45 5.06 4.76
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summer in South Australia. Hence, we expected that the production optimisation
model would yield different results to the revenue optimisation model. Further, due
to an analysis of results from the previous chapter, we expected that production
optimisation would yield lower T ∗DAs than revenue optimisation.

Using the production optimisation model, our results show that the total energy
output from air-cooled organic Rankine cycle plants could be increased by around
5% if the design ambient-air-temperature was reduced below its traditional value of
the mean ambient-air-temperature to the optimal design ambient-air-temperature,
determined herein. Using the revenue optimisation model, our results show that
the expected plant revenue of an organic Rankine cycle plant could be increased
by around 4.5% by decreasing the design ambient-air-temperature below its tradi-
tional value to the optimal design ambient-air-temperature, determined herein. The
optimal design ambient-air-temperatures determined using the production optimi-
sation model are generally 1-2◦C lower than those determined using the revenue
optimisation model, as expected.

However, this is not a complete economic analysis. Any plant designer would also
need to consider the cost of the larger condenser that would be required for any
decrease in design ambient temperature. Additionally, it is highly likely that a small
geothermal producer would have to sell most of its electricity under contract to meet
its cash flow obligations. Since contract prices generally reflect the expected price of
electricity, we don’t expect there to be a significant (if any) change to our predicted
optimal design ambient-air-temperature (chosen using the Production Optimisation
model). However, it is something that should be considered.
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8.7 Nomenclature

C electricity price random variable
c specific instance of C ($ W−1)
P power (J s−1)

Ṙ rate of revenue ($ s−1)
T temperature (◦C)
T̄ average temperature (◦C)
Tamb ambient-air-temperature random variable
tamb specific instance of Tamb (◦C)

ηbrine brine effectiveness (J kg−1))
ηrevenue revenue effectiveness ($ kg−1)

Superscripts

s site
y year
* optimal result from an optimisation function

Subscripts

amb ambient
DA design ambient
temp temperature

Operators

E[·] expectation of a random variable
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Conclusion

9.1 Summary of findings

In this thesis we investigated electricity generation using medium temperature fluids
from unconventional geothermal resources. While unconventional geothermal devel-
opments are still predominantly in a research and development phase [15], they also
have enormous potential, because the size of the unconventional resource is poten-
tially ‘truly vast’ [51] and geothermal energy is one of the few renewable energies
capable of providing base-load power.

In order to discuss electricity production from unconventional geothermal develop-
ments, we first provided the reader with some background knowledge on geothermal
developments, thermodynamics and power cycles. In the geothermal background
chapter we provided the reader with some background on conventional and uncon-
ventional geothermal developments worldwide, and then looked at some recent devel-
opments in Australia. A knowledge of thermodynamics is integral to understanding
and using power cycles, which are integral to this thesis. Hence, we provided a very
thorough background in the fundamentals of thermodynamics. We started with ba-
sic thermodynamic concepts of force, displacement, a system and its surroundings,
heat and work; then moved on to the Laws of Thermodynamics, the Fundamental
Equation of Thermodynamics, and thermodynamic potentials. In the chapter on
background power cycles, we looked at the ideal (but unworkable) Carnot cycle,
then moved on to a workable analogue of the Carnot cycle, the Rankine cycle. We
described a number of different implementations of the Rankine cycle, each with
increasing complexity; starting with an ideal simple Rankine cycle, and ending up
with a traditional fossil-fuel fired steam power plant. We described, in detail, the
binary Rankine cycle as it is the power cycle used by almost all unconventional
geothermal developments in the world today [15]. In particular, we focussed on the

231
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heat exchanger and provided our own method of analysing the thermodynamic equa-
tions for the heat exchanger, for cases when the heat capacities of the fluids in the
heat exchanger cannot be assumed to be constant (e.g. in the case of a supercritical
fluid).

In order to determine the best performance measures for financial decision making re-
garding geothermal developments, we delved into the current debate [36,37,120,121]
in the geothermal industry on performance measures, comparing and contrasting
the performance measures under discussion in the current debate. Importantly, we
showed that the cost boundaries and energy boundaries are different for geothermal
developments, in contrast to traditional fossil-fuel fired power stations where the
cost and energy boundaries are the same. Using the cost boundaries for geothermal
developments, we showed that enthalpy efficiency, categorised by reservoir enthalpy,
is the best financial performance measure because it is the same as other measures
on most criteria, and superior in terms of comparability across different geothermal
sites.

Geothermal Assisted Power Generation (GAPG) is a very promising method of gen-
erating electricity from an unconventional geothermal resource. GAPG uses a hot
geothermal fluid to generate extra electricity from a traditional fossil-fuel fired steam
power plant. This means that it requires a geothermal resource to be located close to
a fossil-fuel fired steam power plant. Pairing an unconventional geothermal resource
with an existing power plant is the most likely way to make this happen. GAPG
is attractive because it generates more electricity per kilogram of geothermal fluid
than traditional binary Rankine cycle technology; and, perhaps more importantly,
it allows unconventional geothermal developers to concentrate solely on producing
a hot geothermal fluid, and not on power generation. In our literature review of
GAPG, we discuss the possible implementations of GAPG: 1. retrofitting versus
new build, 2. using hot geothermal fluid used to partially (or fully replace) high, in-
termediate and/or low FWHs, and/or, 3. running in ‘fuel-saving’ or ‘power-boosting’
mode. We constructed a thermodynamic model of GAPG which retrofits GAPG to
the 500MW natural-gas-burning, supercritical steam power plant from the Pub-
lic Service Company of Oklahoma, Riverside Station Unit 1 (PSORSU1), which
is running in power-boosting mode, partially (or fully) replacing the low pressure
feedwater heaters (FWHs). From this model, we created two sub-models GPH1 and
GPH2. GPH1 has one geothermal feedwater heater (GFWH) and GPH2 has four
GFWHs.

With no further simplifying assumptions, we mathematically reduced the formula-
tion of the model to a significantly simpler form, namely a four dimensional linear
program. The simplicity of the linear program allows for deeper study of the sys-
tem, particularly focussing on the limits of the system. Using these models we show
that the performance of these plants declines in a piecewise linear fashion, with in-
creasing geothermal resource flowrate, something which has not been noted in the
literature to date. Importantly, the limiting case of this is when all FWHs have
provided their maximum benefit (i.e. all the steam extraction streams have reached
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their minimum level). At this point, further increasing the geothermal resource
flowrate cannot further increase the extra-power produced; we call the flowrate and
power at this point the maximum flowrate and maximum extra-power. Maximum
extra-power and maximum flowrate are important considerations for any GAPG in-
vestor: maximum power is the maximum benefit that GAPG can provide for a given
geothermal resource temperature; and maximum flowrate is the maximum productive
geothermal resource flowrate, since no further extra-power is produced for flowrates
higher than this, at this geothermal resource temperature. Interestingly, we also
show that there exists a limiting case for maximum power, and hence there exists
an absolute maximum power for a given plant. That is, there exists a geothermal re-
source temperature and flowrate beyond which any increase in geothermal resource
temperature and/or flowrate does not increase the extra-power out. Further, for
GPH1 and GPH2 the maximum power is 28.74 MW (or 6.5% of original PSORSU1
power production), and applies for all geothermal resource temperatures greater
than 162.4◦C.

It is important to note that, in the past, GAPG results have been presented as
thermal efficiency against geothermal resource temperature. This assumes that,
like a binary Rankine cycle, GAPG thermal efficiency is constant with flowrate.
However, as we have just shown, this is not the case. Hence, it is important to
know what geothermal resource flowrate was used to create these graphs to fully
understand this information.

Many authors [16, 17, 61, 69, 92] have shown that GAPG has a higher thermal effi-
ciency than a binary Rankine cycle plant, for the same geothermal resource. Our
extension of this work shows that the overall power benefit for GPH1 and GPH2
over a binary Rankine cycle decreases with increasing geothermal resource temper-
ature, and increasing geothermal resource flowrate. Due to these results, we also
investigated the marginal benefit of GAPG over a binary Rankine cycle plant for
a 150◦, 175◦and 200◦C geothermal resource. Interestingly, the marginal benefit of
GAPG remained higher than the marginal benefit of a binary Rankine cycle plant
for these temperatures at all flowrates, except very near the maximum flowrate for
the 150◦C case.

Using GAPG in ‘power boosting’ mode increases the heat load on the original power
plant; hence, if the plant is running at capacity, then an additional, smaller condenser
may be required. Our studies show, that for GPH1 and GPH2, the heat load could
be up to 23% more than the current heat load.

Since some of the most attractive unconventional geothermal resources exist a long
way from sources of cooling water, we also investigate the impact of using air to
cool binary Rankine cycle plants. Initially, we construct a mathematical model,
which models the effects of varying ambient-air-temperature on the power output
of air-cooled binary Rankine cycle plants. This model has two distinct parts: the
first optimises the design of the base plant for a given design ambient-air-temper-
ature, and the second determines how much the base plant produces in off-design
conditions. We validated our model by comparing our modelled output against the
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real world production data from the Mammoth Pacific Plant, California, USA. Our
modelled power output is sufficiently close to the real world Mammoth data, both
qualitatively and quantitatively, for the model to be used to study the effect of
ambient-air-temperature. Using this model, we show that when the observed amb-
ient-air-temperature is greater than the design ambient-air-temperature, plants lose
10-20% brine effectiveness for every 10◦C increase in the observed ambient-air-temp-
erature. In contrast, there is no productivity gain when the observed ambient-air-
temperature is less than the design ambient-air-temperature.

Using this result, it is intuitive, but inaccurate, to assume that the optimal design
ambient-air-temperature at a given site should be the coolest observed ambient-air-
temperature at that site. Hence, we subsequently use this model to investigate the
optimal design ambient-air-temperature at 12 different sites in Australia using 13
years of historical temperature data. We conducted this optimisation in two ways:
1. based on total energy output from an air-cooled organic Rankine cycle plant
(which we called the ‘production optimisation model’); and 2. based on expected
revenue from an air-cooled organic Rankine cycle plant (which we called the ‘revenue
optimisation model’).

Due to higher ambient-air-temperatures, electricity prices are generally higher in
summer in South Australia. Conversely, due to higher ambient-air-temperatures,
production levels in an air-cooled binary Rankine cycle plant are generally lower in
summer. Hence, we expected that the production optimisation model would yield
different results to the revenue optimisation model. Further, due to an analysis of
results from the previous chapter, we expected that production optimisation would
yield lower optimal ambient-air-temperatures (T ∗DA) than revenue optimisation.

Using the production optimisation model, our results show that the total energy
output from air-cooled organic Rankine cycle plants could be increased by around
5% if the design ambient-air-temperature was reduced below its traditional value of
the mean ambient-air-temperature to the optimal design ambient-air-temperature
determined in this thesis. Using the revenue optimisation model, our results show
that the expected plant revenue of an organic Rankine cycle plant could be increased
by around 4.5% by decreasing the design ambient-air-temperature below its tradi-
tional value to the optimal design ambient-air-temperature determined in this thesis.
The optimal design ambient-air-temperatures (T ∗DA) determined using the produc-
tion optimisation model are generally 1-2◦C lower than those determined using the
revenue optimisation model, as expected.

This style of general insight research is particularly useful early in the development
cycle of a new technology because it enables investment to be targeted more ap-
propriately. This means that future investments, whenever they occur, can now be
targeted more precisely and gives greater hope that geothermal energy may play a
significant role in the future energy system.
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9.2 Future work

Our work on performance measures in geothermal developments should be extended
by conducting a full analysis of exergy. That is, calculating exergy efficiency and
categorising it according to reservoir enthalpy to determine its comparability across
sites. While we were limited to data in the public domain, researchers with closer
links to the geothermal industry may well be able to gain access to the necessary
data to complete this analysis.

The next step for GAPG is for it to move out of the theoretical phase and into the
research and development phase. The first challenge of the research and development
phase is to choose an appropriate site. This will require geothermal developers to
investigate potential unconventional geothermal resources which have a local fossil-
fuel fired steam power plant. Once a site is chosen a more detailed system could
be designed and costed (including: approximate sizing and costing of the additional
heat exchangers and condensers; sizing and costing of pipe work; a more accurate
estimation of geothermal flowrate and temperature etc).

Our work on the effect of ambient-air-temperature on air-cooled binary Rankine cy-
cles could be extended by determining the effect of contract pricing on the choice of
optimal design ambient-air-temperature. Based on experience in Australia [103], it
is unlikely that unconventional geothermal producers will be able to sell their elec-
tricity on the spot-market, because their investors are likely to want the guaranteed
revenue stream provided by contracts. Hence, the effect of contract pricing should
be considered.

For unconventional geothermal energy to take the next step, from the research and
development phase to a commercial enterprise, these developments must reduce
drilling costs and increase geothermal flowrates. These answers may lie in new
technologies for drilling and fracturing, or they may lie in finding a better geological
setting than the settings under consideration.

In short, there is a lot of work still to do to make electricity production from uncon-
ventional geothermal energy a commercial reality. However, given its huge promise
this work should continue.
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A-1 Modelling GPH1

In Section 6.5, we describe the design and design conditions for Geothermal Preheat
Option 1 (GPH1) and determine which states and flowrates are constant. We reprint
the schematic for PSORSU1 and GPH1 here for the ease of the reader (see Figures 1
and 2).

Figure 1: Schematic of the 500MW natural-gas-burning, supercritical steam power
plant from the PSORSU1

Figure 2: Schematic of Geothermal Preheat Option 1 (GPH1)
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In this appendix we show that determining the maximum net-power out for a given
geothermal resource for GPH1 is a linear programming problem. In order to do this,
we use the following three steps.

Step 1: Show that net-power can be written as a linear function of the decision
variables ṁWF

G1 , ṁWF
G2 , ṁWF

G3 , and ṁWF
G4 .

Step 2: Define and show that the constraints for this problem are linear constraints.

Step 3: Show that the decision variables are all greater than zero.

A-1.1 Step 1: Show that net-power can be written as a

linear function of the decision variables

The logic for this step is not immediately obvious, hence, we show it using the
following steps.

Step 1a. Write net-power out as a function of the decision variables: hWF
b1 GX, ṁWF

G1 ,

ṁWF
G2 , ṁWF

G3 , and ṁWF
G4 , such that

ẇnet = Ǩ1ṁ
WF
G1 + Ǩ2ṁ

WF
G2 + Ǩ3ṁ

WF
G3 + Ǩ4ṁ

WF
G4 + Č,

where the Ǩi are linear functions in hWF
b1 GX. This means that for fixed hWF

b1 GX,

ẇnet is linear in ṁWF
Gi .

Step 1b. Show it is a necessary condition, to maximise net-power out, that hWF
b1 GX

be at its maximum feasible value.

Step 1c. Hence, show that net-power out can be written as a linear function of the
remaining decision variables: ṁWF

G1 , ṁWF
G2 , ṁWF

G3 , and ṁWF
G4 . That is,

ẇnet = Ǩ1ṁ
WF
G1 + Ǩ2ṁ

WF
G2 + ǨṁWF

G3 + Ǩ4ṁ
WF
G4 + Č,

where Ǩ1, Ǩ2, Ǩ3, Ǩ4 and Č are constants. Further, we explicitly state the
values of Ǩ1, Ǩ2, Ǩ3, Ǩ4 and Č.

Step 1a: Write net-power out as a function of the decision variables:

hWF
b1 GX, ṁWF

G1 , ṁWF
G2 , ṁWF

G3 , and ṁWF
G4 .

We know from Section 4.6 (which begins on page 87), that

ẇnet = ṁWF
T wnet, (1)
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wnet = wout − win, (2)

wout = (wHP + wIP + wLP), (3)

and

wLP = (1−mWF
7 −mWF

6 −mWF
5 )(hWF

e2 − hWF
G4 )

+ (1−mWF
7 −mWF

6 −mWF
5 −mWF

4 )(hWF
G4 − hWF

G3 )

+ (1−mWF
7 −mWF

6 −mWF
5 −mWF

4 −mWF
3 )(hWF

G3 − hWF
G2 )

+ (1−mWF
7 −mWF

6 −mWF
5 −mWF

4 −mWF
3 −mWF

2 )(hWF
G2 − hWF

G1 )

+ (1−mWF
7 −mWF

6 −mWF
5 −mWF

4 −mWF
3 −mWF

2 −mWF
1 )(hWF

G1 − hWF
e3 ).

(4)

Using equations (1) - (4), and the knowledge of which variables remain constant, it
is clear that wnet is a function of mWF

1 ,mWF
2 ,mWF

3 ,mWF
4 , and hence, that ẇnet is also

a function of ṁWF
1 , ṁWF

2 , ṁWF
3 , ṁWF

4 .

Hence, in order to show that ẇnet is a function of hWF
b1 GX, ṁWF

G1 , ṁ
WF
G2 , ṁ

WF
G3 and

ṁWF
G4 , we show that,

• ṁWF
1 = ǧ1(hWF

b1 GX, ṁ
WF
G1 , ṁ

WF
G2 , ṁ

WF
G3 , ṁ

WF
G4 ),

• ṁWF
2 = ǧ2(hWF

b1 GX, ṁ
WF
G2 , ṁ

WF
G3 , ṁ

WF
G4 ),

• ṁWF
3 = ǧ3(hWF

b1 GX, ṁ
WF
G3 , ṁ

WF
G4 ), and

• ṁWF
4 = ǧ4(hWF

b1 GX, ṁ
WF
G4 ),

where ǧ1, ǧ2, ǧ3 and ǧ4 are non-linear functions.

For ease of notation, for the remainder of this appendix we use ṁWF
ψ , such that,

ṁWF
ψ = ṁWF

T − ṁWF
7 − ṁWF

6 − ṁWF
5 .

ṁWF
4 = ǧ4(h

WF
b1 GX, ṁ

WF
G4 )

For the standard plant at PSORSU1, we determine m4 using the heat balance equa-
tion for FWH4. For PSORSU1 with GPH1 we similarly use the heat balance equa-
tion for FHW4 to determine ṁWF

4 . Due to the addition of the GFWH for GPH1
the heat balance for these two cases is different. The heat balance equation around
FWH4 for PSORSU1 with GPH1, gives
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ṁWF
4 =

ṁWF
ψ (hWF

b1 4 − hWF
b1 3g)

hWF
G4 − hWF

F4

. (5)

For any change made by GPH1, we know that the following are constant: ṁWF
ψ ,

hWF
b1 4, hWF

G4 and hWF
F4 . Hence, the only unknown on the RHS of the above equation is

hWF
b1 3g, which can be determined using the heat balance equation around the point

where the extracted flow mG4 re-enters the feedwater stream. The heat balance
around this point, gives hWF

b1 3g, as follows:

ṁWF
ψ hWF

b1 3g = (ṁWF
ψ − ṁWF

G4 )hWF
b1 3 + ṁWF

G4 h
WF
b1 GX,

or hWF
b1 3g =

(ṁWF
ψ − ṁWF

G4 )hWF
b1 3 + ṁWF

G4 h
WF
b1 GX

ṁWF
ψ

. (6)

We can now solve equation (5) explicitly, by substituting equation (6) into it, giving

ṁWF
4 =

(hWF
b1 3 − hWF

b1 GX)

(hWF
G4 − hWF

F4 )
ṁWF
G4 +

ṁWF
ψ (hWF

b1 4 − hWF
b1 3)

(hWF
G4 − hWF

F4 )
.

This can be represented as

ṁWF
4 = ǩ4aṁ

WF
G4 + č4, (7)

where

ǩ4a =
(hWF

b1 3 − hWF
b1 GX)

(hWF
G4 − hWF

F4 )
, (8)

and č4 =
ṁWF
ψ (hWF

b1 4 − hWF
b1 3)

(hWF
G4 − hWF

F4 )
. (9)

Notice that ǩ4a is a linear function of hWF
b1 GX and č4 is constant, since GPH1 doesn’t

change the values of hWF
b1 4, hWF

b1 3, hWF
G4 , hWF

F4 or ṁWF
ψ .

ṁWF
3 = ǧ3(h

WF
b1 GX, ṁ

WF
G3 , ṁ

WF
G4 )

For the standard plant at PSORSU1, we determine m3 using the heat balance equa-
tion for FWH3. For PSORSU1 with GPH1 we similarly use the heat balance equa-
tion for FHW3 to determine ṁWF

3 . Due to the addition of the GFWH for GPH1
the heat balance for these two cases is different. The heat balance equation around
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FWH3 for PSORSU1 with GPH1, gives

ṁWF
3 =

(ṁWF
ψ − ṁWF

G4 )(hWF
b1 3 − hWF

b1 2g)− ṁWF
4 (hWF

F4 − hWF
F3 )

hWF
G3 − hWF

F3

. (10)

For any change made by GPH1, we know that the following are constant: ṁWF
ψ ,

hWF
b1 3, hWF

G3 , hWF
F4 and hWF

F3 ; while ṁWF
4 can be determined using equation (5). Hence,

the only unknowns in the above equation are hWF
b1 2g and ṁWF

G4 .

The heat balance around the point where the extracted flow mG3 re-enters the
feedwater stream gives hWF

b1 2g, as follows:

(ṁWF
ψ − ṁWF

G4 )hWF
b1 2g = (ṁWF

ψ − ṁWF
G3 − ṁWF

G4 )hWF
b1 2 + ṁWF

G3 h
WF
b1 GX,

or hWF
b1 2g =

(ṁWF
ψ − ṁWF

G3 − ṁWF
G4 )hWF

b1 2 + ṁWF
G3 h

WF
b1 GX

ṁWF
ψ − ṁWF

G4

. (11)

We can solve equation (10) explicitly, by subsutituting equation (11) into it, giving

ṁWF
3 =

(ṁWF
ψ − ṁWF

G4 )hWF
b1 3

(hWF
G3 − hWF

F3 )
−

(ṁWF
ψ − ṁWF

G3 − ṁWF
G2 )hWF

b1 2 + ṁWF
G3 h

WF
b1 GX

(hWF
G3 − hWF

F3 )

− ṁWF
4 (hWF

F4 − hWF
F3 )

(hWF
G3 − hWF

F3 )
.

Further, by substituting equation (7) for ṁWF
4 , we get

ṁWF
3 =

(hWF
b1 2 − hWF

b1 GX)

(hWF
G3 − hWF

F3 )
ṁWF
G3 −

(−hWF
b1 2 + hWF

b1 3 + ǩ4a(h
WF
F4 − hWF

F3 ))

(hWF
G3 − hWF

F3 )
ṁWF
G4

+
ṁWF
ψ (hWF

b1 3 − hWF
b1 2)− č4(hWF

G3 − hWF
F3 )

(hWF
G3 − hWF

F3 )
. (12)

This can be represented as

ṁWF
3 =ǩ3aṁ

WF
G3 − ǩ3bṁ

WF
G4 + č3, (13)

where

ǩ3a =
hWF

b1 2 − hWF
b1 GX

(hWF
G3 − hWF

F3 )
, (14)

ǩ3b =
hWF

b1 3 − hWF
b1 2 + ǩ4a(h

WF
F4 − hWF

F3 )

(hWF
G3 − hWF

F3 )
, and (15)
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č3 =
ṁWF
ψ (hWF

b1 3 − hWF
b1 2)

(hWF
G3 − hWF

F3 )
− č4(hWF

F4 − hWF
F3 )

(hWF
G3 − hWF

F3 )
. (16)

Notice that ǩ3a and ǩ3b are linear functions of hWF
b1 GX, and č3 is constant, since ǩ4a is

a linear function of hWF
b1 GX, and GPH1 doesn’t change the values of č4, hWF

b1 3, hWF
b1 2,

hWF
G3 , hWF

F4 , hWF
F3 or ṁWF

ψ .

ṁWF
2 = ǧ2(h

WF
b1 GX, ṁ

WF
G2 , ṁ

WF
G3 , ṁ

WF
G4 )

For the standard plant at PSORSU1, we determine mWF
2 using the heat balance

equation for FWH2. For PSORSU1 with GPH1 we similarly use the heat balance
equation for FHW2 to determine ṁWF

2 . Due to the addition of the GFWH for GPH1
the heat balance for these two cases is different. The heat balance equation around
FWH2 for PSORSU1 with GPH1, gives

ṁWF
2 =

(ṁWF
ψ − ṁWF

G3 − ṁWF
G4 )(hWF

b1 2 − hWF
b1 1g)− (ṁWF

4 + ṁWF
3 )(hWF

F3 − hWF
F2 )

hWF
G2 − hWF

F2

. (17)

For any change made by GPH1, we know that the following are constant: ṁWF
ψ ,

hWF
b1 2, hWF

G2 , hWF
F3 and hWF

F2 ; while ṁWF
4 and ṁWF

3 can be determined using equa-
tions (5) and (10), respectively. Hence, the only unknowns in the above equation
are ṁWF

G4 , ṁWF
G3 and hWF

b1 1g.

The heat balance around the point where the extracted flow mG2 re-enters the
feedwater stream gives hWF

b1 1g, as follows:

(ṁWF
ψ − ṁWF

G3 − ṁWF
G4 )hWF

b1 1g = (ṁWF
ψ − ṁWF

G2 − ṁWF
G3 − ṁWF

G4 )hWF
b1 1 + ṁWF

G2 h
WF
b1 GX,

or hWF
b1 1g =

(ṁWF
ψ − ṁWF

G2 − ṁWF
G3 − ṁWF

G4 )hWF
b1 1 + ṁWF

G2 h
WF
b1 GX

ṁWF
ψ − ṁWF

G3 − ṁWF
G4

. (18)

We can solve equation (17) explicitly, by subsutituting equation (18) into it, giving

ṁWF
2 =

(ṁWF
ψ − ṁWF

G3 − ṁWF
G4 )hWF

b1 2

hWF
G2 − hWF

F2

− (ṁWF
4 + ṁWF

3 )(hWF
F3 − hWF

F2 )

hWF
G2 − hWF

F2

−
(ṁWF

ψ − ṁWF
G2 − ṁWF

G3 − ṁWF
G4 )hWF

b1 1 + ṁWF
G2 h

WF
b1 GX

hWF
G2 − hWF

F2

.
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Further, substituting equation (7) and equation (13) for ṁWF
4 and ṁWF

3 , we get

ṁWF
2 =

(hWF
b1 1 − hWF

b1 GX)ṁWF
G2

hWF
G2 − hWF

F2

−
(hWF

b1 2 − hWF
b1 1 + ǩ3a(h

WF
F3 − hWF

F2 ))ṁWF
G3

hWF
G2 − hWF

F2

−
(hWF

b1 2 − hWF
b1 1 + (ǩ4a − ǩ3b)(h

WF
F3 − hWF

F2 ))ṁWF
G4

hWF
G2 − hWF

F2

+
ṁWF
ψ (hWF

b1 2 − hWF
b1 1) + (č4 + č3)(hWF

F3 − hWF
F2 )

hWF
G2 − hWF

F2

. (19)

This can be represented as

ṁWF
2 = ǩ2aṁ

WF
G2 − ǩ2bṁ

WF
G3 − ǩ2cṁ

WF
G4 + č2, (20)

where

ǩ2a =
(hWF

b1 1 − hWF
b1 GX)

hWF
G2 − hWF

F2

, (21)

ǩ2b =
(hWF

b1 2 − hWF
b1 1 + ǩ3a(h

WF
F3 − hWF

F2 ))

hWF
G2 − hWF

F2

, (22)

ǩ2c =
(hWF

b1 2 − hWF
b1 1 + (ǩ4a − ǩ3b)(h

WF
F3 − hWF

F2 ))

hWF
G2 − hWF

F2

, (23)

č2 =
ṁWF
ψ (hWF

b1 2 − hWF
b1 1) + (č4 + č3)(hWF

F3 − hWF
F2 )

hWF
G2 − hWF

F2

. (24)

Notice that ǩ2a, ǩ2b and ǩ2c are linear functions of hWF
b1 GX, and č2 is constant, since

ǩ4a, ǩ3a and ǩ3b are linear functions of hWF
b1 GX and GPH1 doesn’t change the values

of č4, č3, hWF
b1 2, hWF

b1 1, hWF
G2 , hWF

F3 , hWF
F2 or ṁWF

ψ .

ṁWF
1 = ǧ1(h

WF
b1 GX, ṁ

WF
G1 , ṁ

WF
G2 , ṁ

WF
G3 , ṁ

WF
G4 )

For the standard plant at PSORSU1, we determine m1 using the heat balance equa-
tion for FWH1. For PSORSU1 with GPH1 we similarly use the heat balance equa-
tion for FHW1 to determine ṁWF

1 . Due to the addition of the GFWH for GPH1
the heat balance for these two cases is different. The heat balance equation around
FWH1 for PSORSU1 with GPH1, gives

ṁWF
1 =

(ṁWF
ψ − ṁWF

G2 − ṁWF
G3 − ṁWF

G4 )(hWF
b1 1 − hWF

b1g )

hWF
G1 − hWF

F1
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− (ṁWF
4 + ṁWF

3 + ṁWF
2 )(hWF

F2 − hWF
F1 )

hWF
G1 − hWF

F1

. (25)

For any change made by GPH1, we know that the following are constant: ṁWF
ψ ,

hWF
b1 1, hWF

G1 , hWF
F2 and hWF

F1 ; while ṁWF
4 , ṁWF

3 and ṁWF
2 can be determined using

equations (5), (10) and (17), respectively. Hence, the only unknowns in the above
equation are ṁWF

G4 , ṁWF
G3 , ṁWF

G1 and hWF
b1g .

The heat balance around the point where the extracted flow mG1 re-enters the
feedwater stream, gives hWF

b1g , as follows:

(ṁWF
ψ − ṁWF

G2 − ṁWF
G3 − ṁWF

G4 )hWF
b1g = (ṁWF

ψ − ṁWF
G1 − ṁWF

G2 − ṁWF
G3 − ṁWF

G4 )hWF
b1

+ ṁWF
G1 h

WF
b1 GX,

or hWF
b1g =

(ṁWF
ψ − ṁWF

G1 − ṁWF
G2 − ṁWF

G3 − ṁWF
G4 )hWF

b1 + ṁWF
G1 h

WF
b1 GX

ṁWF
ψ − ṁWF

G2 − ṁWF
G3 − ṁWF

G4

. (26)

We can solve equation (25) explicitly, by substituting equation (26) into it, giving

ṁWF
1 =

(ṁWF
ψ − ṁWF

G2 − ṁWF
G3 − ṁWF

G4 )hWF
b1 1

hWF
G1 − hWF

F1

− (ṁWF
4 + ṁWF

3 + ṁWF
2 )(hWF

F2 − hWF
F1 )

hWF
G1 − hWF

F1

−
(ṁWF

ψ − ṁWF
G1 − ṁWF

G2 − ṁWF
G3 − ṁWF

G4 )hWF
b1 + ṁWF

G1 h
WF
b1 GX

hWF
G1 − hWF

F1

.

Further, after substituting equations (7), (13) and (20) for ṁWF
4 , ṁWF

3 and ṁWF
2 , we

get

=
(hWF

b1 − hWF
b1 GX)ṁWF

G1

hWF
G1 − hWF

F1

−
(hWF

b1 1 − hWF
b1 + ǩ2a(h

WF
F2 − hWF

F1 ))ṁWF
G2

hWF
G1 − hWF

F1

−
(hWF

b1 1 − hWF
b1 + (ǩ3a − ǩ2b)(h

WF
F2 − hWF

F1 ))ṁWF
G3

hWF
G1 − hWF

F1

−
hWF

b1 1 − hWF
b1 + (ǩ4a − ǩ3b − ǩ2c)(h

WF
F2 − hWF

F1 ))ṁWF
G4

hWF
G1 − hWF

F1

+
ṁWF
ψ (hWF

b1 1 − hWF
b1 )− (č2 + č3 + č4)(hWF

F2 − hWF
F1 )

hWF
G1 − hWF

F1

.
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This can be represented as

ṁWF
1 = ǩ1aṁ

WF
G1 − ǩ1bṁ

WF
G2 − ǩ1cṁ

WF
G3 − ǩ1dṁ

WF
G4 + č1, (27)

where

ǩ1a =
(hWF

b1 − hWF
b1 GX)

hWF
G1 − hWF

F1

, (28)

ǩ1b =
hWF

b1 1 − hWF
b1 + ǩ2a(h

WF
F2 − hWF

F1 )

hWF
G1 − hWF

F1

, (29)

ǩ1c =
hWF

b1 1 − hWF
b1 + (ǩ3a − ǩ2b)(h

WF
F2 − hWF

F1 )

hWF
G1 − hWF

F1

, (30)

ǩ1d =
hWF

b1 1 − hWF
b1 + (ǩ4a − ǩ3b − ǩ2c)(h

WF
F2 − hWF

F1 )

hWF
G1 − hWF

F1

, and (31)

č1 =
ṁWF
ψ (hWF

b1 1 − hWF
b1 )− (č2 + č3 + č4)(hWF

F2 − hWF
F1 )

hWF
G1 − hWF

F1

. (32)

Notice that ǩ1a, ǩ1b, ǩ1c and ǩ1d are all linear functions of hWF
b1 GX, and that č1 is

constant, since ǩ4a, ǩ3a, ǩ3b, ǩ2a, ǩ2b and ǩ2c are linear functions of hWF
b1 GX, and

GPH1 doesn’t change the values of č4, č3, č2, hWF
b1 1, hWF

b1 , hWF
G1 , hWF

F2 , hWF
F1 or ṁWF

ψ .

Net-power is a function of the decision variables

Using the above results we can show that

ẇnet = Ǩ1ṁ
WF
G1 + Ǩ2ṁ

WF
G2 + Ǩ3ṁ

WF
G3 + Ǩ4ṁ

WF
G4 + Č,

where Ǩ1, Ǩ2, Ǩ3, Ǩ4 are linear functions of hWF
b1 GX and Č is constant. We now

explicitly determine the values of Ǩ1, Ǩ2, Ǩ3, Ǩ4 and Č.

Using equations (1), (2), (3) and (4) we can say that,

ẇnet = (wHP + wIP + wLP)ṁWF
T − ẇin

= wHPṁ
WF
T + wIPṁ

WF
T + wLPṁ

WF
T − ẇin

= ẇHP + ẇIP + ṁWF
ψ (hWF

e2 − hWF
e3 )− ṁWF

4 (hWF
G4 − hWF

e3 )
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− ṁWF
3 (hWF

G3 − hWF
e3 )− ṁWF

2 (hWF
G2 − hWF

e3 )− ṁWF
1 (hWF

G1 − hWF
e3 )− ẇin.

(33)

Substituting equations (7), (13), (20) and (27) for ṁWF
4 , ṁWF

3 , ṁWF
2 and ṁWF

1 , we
get

ẇnet = ṁWF
G4 [ −ǩ4a(h

WF
G4 − hWF

e3 ) + ǩ3b(h
WF
G3 − hWF

e3 ) + ǩ2c(h
WF
G2 − hWF

e3 ) + ǩ1d(h
WF
G1 − hWF

e3 ) ]

+ ṁWF
G3 [ −ǩ3a(h

WF
G3 − hWF

e3 ) + ǩ2b(h
WF
G2 − hWF

e3 ) + ǩ1c(h
WF
G1 − hWF

e3 ) ]

+ ṁWF
G2 [ −ǩ2a(h

WF
G2 − hWF

e3 ) + ǩ1b(h
WF
G1 − hWF

e3 ) ]

+ ṁWF
G1 [ −ǩ1a(h

WF
G1 − hWF

e3 ) ]

− č1(hWF
G1 − hWF

e3 )− č2(hWF
G2 − hWF

e3 )− č3(hWF
G3 − hWF

e3 )− č4(hWF
G4 − hWF

e3 )

+ ẇHP + ẇIP + ṁWF
ψ (hWF

e2 − hWF
e3 )− ẇin. (34)

Hence, we have just shown that

ẇnet = Ǩ1ṁ
WF
G1 + Ǩ2ṁ

WF
G2 + ǨṁWF

G3 + Ǩ4ṁ
WF
G4 + Č, (35)

where

Ǩ1 = −ǩ1a(h
WF
G1 − hWF

e3 ), (36)

Ǩ2 = −ǩ2a(h
WF
G2 − hWF

e3 ) + ǩ1b(h
WF
G1 − hWF

e3 ), (37)

Ǩ3 = −ǩ3a(h
WF
G3 − hWF

e3 ) + ǩ2b(h
WF
G2 − hWF

e3 ) + ǩ1c(h
WF
G1 − hWF

e3 ), (38)

Ǩ4 = −ǩ4a(h
WF
G4 − hWF

e3 ) + ǩ3b(h
WF
G3 − hWF

e3 ) + ǩ2c(h
WF
G2 − hWF

e3 ) + ǩ1d(h
WF
G1 − hWF

e3 ), and
(39)

Č = −č1(hWF
G1 − hWF

e3 )− č2(hWF
G2 − hWF

e3 )− č3(hWF
G3 − hWF

e3 )− č4(hWF
G4 − hWF

e3 )

+ ẇHP + ẇIP + ṁWF
ψ (hWF

e2 − hWF
e1 )− ẇin. (40)

It is easy to see that Ǩ1, Ǩ2, Ǩ3 and Ǩ4 are linear functions of hWF
b1 GX and Č is

constant, since ǩ4a, ǩ3a, ǩ3b, ǩ2a, ǩ2b, ǩ2c, ǩ1a, ǩ1b, ǩ1c and ǩ1d are linear functions of
hWF

b1 GX, and GPH1 doesn’t change the values of č4, č3, č2, č1, hWF
G4 , hWF

G3 , hWF
G2 , hWF

G1 ,

hWF
e1 , hWF

e2 , ẇHP, ẇIP or ṁWF
ψ .
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Step 1b: Show that it is a necessary condition, to maximise net-power

out, that hWF
b1 GX be at its maximum feasible value.

In this step, we show that to maximise net-power out, it is a necessary condition
that hWF

b1 GX = (hWF
b1 GX)∗, where (hWF

b1 GX)∗ is the maximum feasible value of hWF
b1 GX.

hWF
b1 GX is limited by the physical constraints around the GFWH, and the fact that

stream mG is a liquid stream. Hence, (hWF
b1 GX)∗ can be defined as

(hWF
b1 GX)∗ = min( T,pf

FW
h (TGThF

γH −∆Tmin feas, p
WF
b1 ), hWF

a2 ), (41)

where T,pf
FW
h (TGThF

γH −∆Tmin feas, p
WF
b1 ) is the enthalpy of the feedwater at temper-

ature of TGThF
γH −∆Tmin feas and the pressure at State b1.

Using the heat balance around the GFWH, we know that for a given geothermal
resource, the rate of heat added to the system (Q̇R) is constant, such that

Q̇R = ṅGThF
T (hGThF

γH − hGThF
γC ),

where hGThF
γC = hWF

b1 + ∆Tmin feas. Since Q̇R is added to the feedwater through the
four flows mGi, we can write

Q̇R = Q̇1 + Q̇2 + Q̇3 + Q̇4, (42)

where Q̇i is the heat added by flow mGi, for i = 1, . . . , 4. Further, we can represent
these Q̇i’s in vector format as

Q = (Q̇1, Q̇2, Q̇3, Q̇4).

Using the heat balance around the GFWH, we also know that

Q̇R = ṁWF
G (hWF

b1 GX − hWF
b1 ),

= (ṁWF
G1 + ṁWF

G2 + ṁWF
G3 + ṁWF

G4 )(hWF
b1 GX − hWF

b1 ),

= ṁWF
G1 (hWF

b1 GX − hWF
b1 ) + ṁWF

G2 (hWF
b1 GX − hWF

b1 )

+ ṁWF
G3 (hWF

b1 GX − hWF
b1 ) + ṁWF

G4 (hWF
b1 GX − hWF

b1 ).

Hence, it is clear that Q̇i can also be written as

Q̇i = ṁWF
Gi (hWF

b1 GX − hWF
b1 ), i = 1, . . . , 4.
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Now, if we let A = {Q ∈ [0, Q̇R]4 :
∑4

i=1 Q̇i = Q̇R}, and fix Q ∈ A, then we have
fixed each Q̇i, and hence, fixed the distribution of Q̇R through flows mGi.

To determine how net-power varies with hWF
b1 GX, we investigate

dẇnet

dhWF
b1 GX

for a fixed

Q ∈ A. Using the Chain Rule, we can write

dẇnet

dhWF
b1 GX

=
4∑
i=1

(
∂ẇnet

∂ṁWF
Gi

dṁWF
Gi

dhWF
b1 GX

)
+

∂ẇnet

∂hWF
b1 GX

.

We have shown graphically, in Figure 6.5, that

∂ẇnet

∂hWF
b1 GX

> 0.

Further, we know that

∂ẇnet

∂ṁWF
Gi

=
∂

∂ṁWF
Gi

4∑
j=1

Ǩj(h
WF
b1 GX)ṁWF

Gj ,

=
d

dṁWF
Gi

(
Ǩi(h

WF
b1 GX)ṁWF

Gi

)
,

=
d

dṁWF
Gi

(
Ǩi

(
Q̇i + ṁWF

Gi h
WF
b1

ṁWF
Gi

)
ṁWF
Gi

)
.

Since Ǩi is linear in hWF
b1 GX and constant with respect to ṁWF

Gi , and Q̇i is fixed, we
can say that

∂ẇnet

∂ṁWF
Gi

=
d

dṁWF
Gi

(
aiṁ

WF
Gi + di

)
,

= ai.

Further, it is easy but tedious to show that ai ≤ 0.

It is also obvious from the definition of Q̇i, and the fact that Q̇i is fixed, that

dṁWF
Gi

dhWF
b1 GX

< 0,

and hence,
dẇnet

dhWF
b1 GX

≥ 0,
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for any fixed vector Q. Since we have just shown this is true for any fixed vector
Q ∈ A, we can now say that to maximise net-power with respect to hWF

b1 GX for any

geothermal resource, it is a necessary condition that we maximise hWF
b1 GX.

hWF
b1 GX can now be considered a constant for this problem and is no longer a decision

variable. Hence, our decision variables are now: ṁWF
G1 , ṁWF

G2 , ṁWF
G3 , and ṁWF

G4 .

Step 1c: Show that net-power out can be written as a linear function of

the remaining decision variables: ṁWF
G1 , ṁ

WF
G2 , ṁ

WF
G3 and ṁWF

G4

Given that hWF
b1 GX can now be considered a constant for this problem, the variables

ǩ4a, ǩ3a, ǩ3b, ǩ2a, ǩ2b, ǩ2c, ǩ1a, ǩ1b, ǩ1c and ǩ1d (which are linear functions of hWF
b1 GX)

are now constant. This means that equation (35) now describes net-power out as a
linear function of ṁWF

G1 , ṁWF
G2 , ṁWF

G3 , and ṁWF
G4 , and so can be used as the objective

function for the linear program for GPH1.

A-1.2 Step 2: Constraints

We now define and show that the constraints for this problem are linear constraints.

Constraints around ṁWF
G

Using information from the previous section, ṁWF
G is a constant, defined by

ṅGThF
T (hGThF

γH − hGThF
γC )

(hWF
b1 GX)∗ − hWF

b1

= ṁWF
G , (43)

where (hWF
b1 GX)∗ is the maximum enthalpy for stream mG for a given geothermal

resource, defined by equation (41).

Due to the design of GPH1, and conservation of mass, the following equations must
hold:

ṁWF
G1 + ṁWF

G2 + ṁWF
G3 + ṁWF

G4 = ṁWF
G , and

ṁWF
G ≤ ṁWF

ψ ;

hence, ṁWF
G1 + ṁWF

G2 + ṁWF
G3 + ṁWF

G4 ≤ ṁWF
ψ .

Since ṁWF
G is a constant, these are linear constraints.
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Constraints for mWF
i

All the steam extraction streams (ṁWF
i , for i = 1, . . . , 7) must have flowrates at

least zero, since these are all physical mass flowrates and a negative flowrate would
mean these flows would flow in the opposite direction, which is not feasible in this
plant. Hence, equations (7), (13), (20) and (27) for ṁWF

4 , ṁWF
3 , ṁWF

2 and ṁWF
1 give

us the following four linear constraints:

• −ǩ4aṁ
WF
G4 ≤ č4,

• −ǩ3aṁ
WF
G3 + ǩ3bṁ

WF
G4 ≤ č3,

• −ǩ2aṁ
WF
G2 + ǩ2bṁ

WF
G3 + ǩ2cṁ

WF
G4 ≤ č2,

• −ǩ1aṁ
WF
G1 + ǩ1bṁ

WF
G2 + ǩ1cṁ

WF
G3 + ǩ1dṁ

WF
G1 ≤ č1.

Constraints to ensure the feedwater is not cooled at any step

To ensure that neither the GFWH nor the FWHs can cool down the feedwater, we
require:

hWF
b1 ≤ hWF

b1g ≤ hWF
b1 1 ≤ hWF

b1 1g ≤ hWF
b1 2 ≤ hWF

b1 2g ≤ hWF
b1 3 ≤ hWF

b1 3g ≤ hWF
b1 4.

First, the subset of these constraints: hWF
b1g ≤ hWF

b1 1, hWF
b1 1g ≤ hWF

b1 2, hWF
b1 2g ≤ hWF

b1 3,

and hWF
b1 3g ≤ hWF

b1 4 are not required, as they are ensured by the constraints for

ṁWF
i ≥ 0, as follows:

• If ṁWF
1 ≥ 0 ⇒ hWF

b1g ≤ hWF
b1 1. This follows from equation (25), since (ṁWF

ψ −
ṁWF
G2 − ṁWF

G3 − ṁWF
G4 ), (hWF

G1 − hWF
F1 ), (hWF

F2 − hWF
F1 ), mWF

4 , mWF
3 and mWF

2 are
all non-negative.

• If ṁWF
2 ≥ 0⇒ hWF

b1 1g ≤ hWF
b1 2. This follows from equation (17), since (ṁWF

ψ −
ṁWF
G3 −ṁWF

G4 ), (hWF
G2 −hWF

F2 ), (hWF
F3 −hWF

F2 ), mWF
4 and mWF

3 are all non-negative.

• If ṁWF
3 ≥ 0⇒ hWF

b1 2g ≤ hWF
b1 3. This follows from equation (10), since (ṁWF

ψ −
ṁWF
G4 ), (hWF

G3 − hWF
F3 ), (hWF

F4 − hWF
F3 ) and mWF

4 are all non-negative.

• If ṁWF
4 ≥ 0 ⇒ hWF

b1 3g ≤ hWF
b1 4. This follows from equation (5), since ṁWF

ψ ,

(hWF
G4 − hWF

F4 ) is non-negative.

Now, consider the remaining group of constraints.
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• Substitute hWF
b1 ≤ hWF

b1g into equation (26), to show

(ṁWF
ψ − ṁWF

G1 − ṁWF
G2 − ṁWF

G3 − ṁWF
G4 )hWF

b1 + ṁWF
G1 h

WF
b1 GX

ṁWF
ψ − ṁWF

G2 − ṁWF
G3 − ṁWF

G4

≥ hWF
b1 ,

or, − ṁWF
G1 h

WF
b1 + ṁWF

G1 h
WF
b1 GX ≥ 0,

or, ṁWF
G1 (hWF

b1 − hWF
b1 GX) ≤ 0.

This constraint ensures that no flow can be allocated to mG1 unless hWF
b1 GX ≥

hWF
b1 .

• Similarly, substitute hWF
b1 1 ≤ hWF

b1 1g into equation (18), to show

(ṁWF
ψ − ṁWF

G2 − ṁWF
G3 − ṁWF

G4 )hWF
b1 1 + ṁWF

G2 h
WF
b1 GX

ṁWF
ψ − ṁWF

G3 − ṁWF
G4

≥ hWF
b1 1,

or, − ṁWF
G2 h

WF
b1 1 + ṁWF

G2 h
WF
b1 GX ≥ 0,

or, ṁWF
G2 (hWF

b1 1 − hWF
b1 GX) ≤ 0.

Similarly, this constraint ensures that no flow can be allocated to mG2 unless
hWF

b1 GX ≥ hWF
b1 1.

• Again, substitute hWF
b1 2 ≤ hWF

b1 2g into equation (11), to show

(ṁWF
ψ − ṁWF

G4 − ṁWF
G3 )hWF

b1 2 + ṁWF
G3 h

WF
b1 GX

ṁWF
ψ − ṁWF

G4

≥ hWF
b1 2,

or, − ṁWF
G3 h

WF
b1 2 + ṁWF

G3 h
WF
b1 GX ≤ 0,

or, ṁWF
G3 (hWF

b1 2 − hWF
b1 GX) ≤ 0.

Again, this constraint ensures that no flow can be allocated to mG3 unless
hWF

b1 GX ≥ hWF
b1 2.

• Finally, substitute hWF
b1 3 ≤ hWF

b1 3g into equation (6), to show

(ṁWF
ψ − ṁWF

G4 )hWF
b1 3 + ṁWF

G4 h
WF
b1 GX

ṁWF
ψ

≥ hWF
b1 3,

or, − ṁWF
G4 h

WF
b1 3 + ṁWF

G4 h
WF
b1 GX ≥ 0,

or, ṁWF
G4 (hWF

b1 3 − hWF
b1 GX) ≤ 0.
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This constraint ensures that no flow can be allocated to mG4 unless hWF
b1 GX ≥

hWF
b1 3.

A-1.3 Step 3: Show that all decision variables are greater

than zero

Step 3 requires that we show that the decision variables are all greater than zero.
Any physically reasonable values for ṁWF

G1 , ṁWF
G2 , ṁWF

G3 and ṁWF
G4 must be greater

than zero. Any value less than zero indicates that fluid is flowing in the opposite
direction, which is not possible.

A-1.4 Full Statement of Linear Program

Hence, the problem is

max ẇnet = Ǩ1ṁ
WF
G1 + Ǩ2ṁ

WF
G2 + Ǩ3ṁ

WF
G3 + Ǩ4ṁ

WF
G4 + Č,

subject to ṁWF
G1 + ṁWF

G2 + ṁWF
G3 + ṁWF

G4 = ṁWF
G ,

ṁWF
G1 + ṁWF

G2 + ṁWF
G3 + ṁWF

G4 ≤ ṁWF
ψ ,

ṁWF
G1 (hWF

b1 − hWF
b1 GX) ≤ 0,

ṁWF
G2 (hWF

b1 1 − hWF
b1 GX) ≤ 0,

ṁWF
G3 (hWF

b1 2 − hWF
b1 GX) ≤ 0,

ṁWF
G4 (hWF

b1 3 − hWF
b1 GX) ≤ 0,

ṁWF
Gi ≥ 0, i = 1, . . . , 4,

where Ǩ1, Ǩ2, Ǩ3, Ǩ4, Č, ṁWF
G and ṁWF

ψ are defined by equations (36) - (40), (43),
and (6.4).

Once the problem is described in this way, it is a linear program, and there are a
number of mathematical optimisation methods and software implementations avail-
able to solve this type of problem.
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A-1.5 Finishing Touches

Once ẇnet is determined, it is straightforward to determine the extra-power generated
by the addition of the geothermal fluid (ẇGThF

net out), the brine effectiveness (ηbrine) and
the thermal efficiency (ηGThF

th ), as follows:

• ẇGThF
net out = ẇnet − ẇFF

net out,

where ẇFF
net out is the power produced by the original PSORSU1 plant (i.e. without

the addition of GPH1).

• ηbrine =
ẇGThF

elec

ṅGThF
T

=
ẇGThF

net out × ηgen

ṅGThF
T

,

where ẇGThF
elec is the net-power produced after the generator, ẇGThF

net out is the net-power
produced before the generator, and ηgen is the generator efficiency.

• ηGThF
th =

ẇGThF
net out

Q̇GThF
in

where Q̇GThF
in is the heat added to the system by the geothermal fluid. This is given

by

Q̇GThF
in = ṅGThF

T (hGThF
γH − hGThF

γC ).
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A-1.6 Nomenclature

h enthalpy (J kg−1)
p pressure (kPa)
s entropy (J (kg K)−1)
cp heat capacity at constant pressure (J (kg K)−1)
ẇ power (W)

Q̇ heat flow per second (J s−1)
T temperature (◦K)
∆Tmin feas minimum feasible temperature difference between the hot fluid and

cold fluid in a heat exchanger (◦K)
ηth thermal efficiency (dimensionless)
ηbrine brine effectiveness (kW kg−1)

Subscripts

Any State indicates that State
CP, BP, BFP condensate pump, booster pump, boiler feed pump
HP, IP, LP high pressure, intermediate pressure & low pressure turbine

Superscripts

FF fossil fuel
GTh geothermal fluid
WF working fluid (in fossil-fuel fired steam power plants the working

fluid is called the feedwater)

Flows

mx flow of feedwater where x = 1, . . . 7,T
mGx flow of feedwater which has been heated by a GFWH

where x = 1, . . . 4, or blank
nT flow of geothermal fluid

Flowrates

mWF
x mass fraction of feedwater for flow mx (no units), x = 1, . . . 7,T

ṁWF
x mass flowrate of feedwater for flow mx (kg s−1), x = 1, . . . 7,T

ṁWF
Gi mass flowrate of geothermal fluid for flow mGi (kg s−1), x = 1, . . . 4

ṅGThF
T mass flowrate of geothermal fluid for flow nT (kg s−1)
ṁWF
ψ mass flowrate, such that ṁWF

ψ = ṁWF
T − ṁWF

7 − ṁWF
6 − ṁWF

5
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Constants used in Linear Programs

Ǩx constants in the linear program for GPH1 (J kg−1), x = 1, . . . , 4
Č constant in the linear program for GPH1 (W)

ǩx constants in the linear program for GPH1 (dimensionless),
x = 4a, 3a, 3b, 2a, 2b, 2c, 1a, 1b, 1c, 1d

čx constants in the linear program for GPH1 (kg s−1),
x = 1, . . . , 4

Functions

x,yf
α
z (·, ·) the function which calculates state variable z of fluid α, using state

variables x and y, assuming that fluid α is in the liquid, gas or
supercritical region.

xf̀
α
z (·, ·) the function which calculates the state variable z of fluid α using

variable x, assuming that fluid α is a saturated gas.

xf́
α
z (·, ·) the function which calculates the state variable z of fluid α using

variable x, assuming that fluid α is a saturated liquid.

x,yf̂
α
z (·, ·) the function which calculates state variable z of fluid α, using

state variables x and y, assuming that fluid α is in the 2-phase region.
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A-2 Modelling GPH2

In Section 6.6, we describe the design and design conditions for Geothermal Preheat
Option 2 (GPH2) and determine which states and flowrates are constant. We reprint
the schematic for PSORSU1 and GPH2 here for the ease of the reader (see Figures 3
and 4).

Figure 3: Schematic of the 500MW natural-gas-burning, supercritical steam power
plant from the PSORSU1

Figure 4: Schematic of Geothermal Preheat Option 2 (GPH2) for TGThF
γH > TWF

b1 3 +
∆Tmin feas
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In this appendix we show that determining the maximum net-power out for a given
geothermal resource for GPH2 is a linear programming problem. In order to do this,
we use the following three steps.

Step 1: Show that net-power out can be written as a linear function of the decision
variables hGThF

γC1 , hGThF
γC2 , hGThF

γC3 and hGThF
γC4 .

Step 2: Define and show that the constraints for this problem are linear constraints.

Step 3: Show that the decision variables are all greater than zero.

A-2.1 Step 1: Show that net-power can be written as a

linear function of the decision variables

In this section we show that net-power out is linear in hGThF
γC1 , hGThF

γC2 , hGThF
γC3 and

hGThF
γC4 , that is, we can write

ẇnet = Ḱ1h
GThF
γC1 + Ḱ2h

GThF
γC2 + Ḱ3h

GThF
γC3 + Ḱ4h

GThF
γC4 + Ć,

where Ḱ1, Ḱ2, Ḱ3, Ḱ4 and Ć are constants. Further, we explicitly state the values
of Ḱ1, Ḱ2, Ḱ3, Ḱ4 and Ć. Since we wish to maximise net-power out, this equation
will become the objective function of the linear program.

As in GPH1, in order to show that ẇnet is a linear function in hGThF
γC1 , hGThF

γC2 , hGThF
γC3

and hGThF
γC4 , we show that:

• ṁWF
1 = ǵ1(hGThF

γC1 , hGThF
γC2 , hGThF

γC3 , hGThF
γC4 ),

• ṁWF
2 = ǵ2(hGThF

γC2 , hGThF
γC3 , hGThF

γC4 ),

• ṁWF
3 = ǵ3(hGThF

γC3 , hGThF
γC4 ), and

• ṁWF
4 = ǵ4(hGThF

γC4 ),

where ǵ1, ǵ2, ǵ3 and ǵ4 are linear functions.

ṁWF
4 = ǵ4(h

GThF
γC4 ) is a linear function

For the standard plant at PSORSU1, we determine m4 using the heat balance equa-
tion for FWH4. For PSORSU1 with GPH2 we similarly use the heat balance equa-
tion for FHW4 to determine ṁWF

4 . Due to the addition of the GFWHs for GPH2,
the heat balance for these two cases is different. Fortunately, the heat balance equa-
tions around FWH4 for PSORSU1 with GPH2 and PSORSU1 with GPH1 are the
same, which means we can determine ṁWF

4 using equation (5) (as in Appendix A-1).
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For any change made by GPH2, we know that the following are constant and known:
ṁWF
ψ , hWF

b1 4, hWF
G4 and hWF

F4 . Hence, the only unknown in equation (5) is hWF
b1 3g, which

we determine using the heat balance around GFWH4, as follows:

ṁWF
ψ (hWF

b1 3g − hWF
b1 3) = ṅGThF

T (hGThF
γH − hGThF

γC4 ),

or hWF
b1 3g =

ṅGThF
T (hGThF

γH − hGThF
γC4 ) + ṁWF

ψ hWF
b1 3

ṁWF
ψ

. (44)

We can write ṁWF
4 explicitly by substituting equation (44) into equation (5) giving

ṁWF
4 =

ṅGThF
T

(hWF
G4 − hWF

F4 )
hGThF
γC4 −

ṅGThF
T hGThF

γH

(hWF
G4 − hWF

F4 )
+
ṁWF
ψ (hWF

b1 4 − hWF
b1 3)

(hWF
G4 − hWF

F4 )
.

This can be represented as

ṁWF
4 = ḱ4ah

GThF
γC4 + ć4, (45)

where

ḱ4a =
ṅGThF
T

(hWF
G4 − hWF

F4 )
, and, (46)

ć4 = −
ṅGThF
T hGThF

γH

(hWF
G4 − hWF

F4 )
+
ṁWF
ψ (hWF

b1 4 − hWF
b1 3)

(hWF
G4 − hWF

F4 )
(47)

are constant since GPH2 doesn’t change the values of ṅGThF
T , hγH, hWF

G4 , hWF
F4 , hWF

b1 4,

hWF
b1 3 or ṁWF

ψ .

ṁWF
3 = ǵ3(h

GThF
γC3 , hGThF

γC4 ) is a linear function

For the standard plant at PSORSU1, we determine m3 using the heat balance equa-
tion for FWH3. For PSORSU1 with GPH2 we similarly use the heat balance equa-
tion for FHW3 to determine ṁWF

3 . Due to the addition of the GFWHs for GPH2
and the need to determine ṁWF

3 instead of m3, the heat balance for these two cases
is different. The heat balance equation around FWH3 for PSORSU1 with GPH1,
gives

ṁWF
3 =

ṁWF
ψ (hWF

b1 3 − hWF
b1 2g)− ṁWF

4 (hWF
F4 − hWF

F3 )

hWF
G3 − hWF

F3

. (48)

For any change made by GPH2, we know that the following are constant: ṁWF
ψ ,

hWF
b1 3, hWF

G3 , hWF
F4 and hWF

F3 ; while ṁWF
4 can be determined using equation (5). Hence,
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the only unknown in the above equation is hWF
b1 2g, which can be determined using

the heat balance around GFWH3, as follows:

ṁWF
ψ (hWF

b1 2g − hWF
b1 2) = ṅGThF

T (hGThF
γC4 − hGThF

γC3 ),

or hWF
b1 2g =

ṅGThF
T (hGThF

γC4 − hGThF
γC3 ) + ṁWF

ψ (hWF
b1 2)

ṁWF
ψ

. (49)

As in Appendix A-1, we can write ṁWF
3 explicitly by substituting equations (49)

and (45) into equation (48) giving

ṁWF
3 =

ṅGThF
T

(hWF
G3 − hWF

F3 )
hGThF
γC3 −

ṅGThF
T

(hWF
G3 − hWF

F3 )
hGThF
γC4 +

ṁWF
ψ (hWF

b1 3 − hWF
b1 2)

(hWF
G3 − hWF

F3 )

− ḱ4a(h
WF
F4 − hWF

F3 )

(hWF
G3 − hWF

F3 )
hGThF
γC4 −

ć4(hWF
F4 − hWF

F3 )

(hWF
G3 − hWF

F3 )
.

This can be represented as

ṁWF
3 = ḱ3ah

GThF
γC3 − ḱ3bh

GThF
γC4 + ć3, (50)

where

ḱ3a =
ṅGThF
T

(hWF
G3 − hWF

F3 )
, (51)

ḱ3b =
−ṅGThF

T − ḱ4a(h
WF
F4 − hWF

F3 )

(hWF
G3 − hWF

F3 )
, and (52)

ć3 =
ṁWF
ψ (hWF

b1 3 − hWF
b1 2)

(hWF
G3 − hWF

F3 )
− ć4(hWF

F4 − hWF
F3 )

(hWF
G3 − hWF

F3 )
, (53)

are all constants, since GPH2 doesn’t change the values of ḱ4a, ć4, ṅGThF
T , hWF

G3 , hWF
F4 ,

hWF
F3 , hWF

b1 3, hWF
b1 2 or ṁWF

ψ .

ṁWF
2 = ǵ2(h

GThF
γC2 , hGThF

γC3 , hGThF
γC4 ) is a linear function

For the standard plant at PSORSU1, we determine m2 using the heat balance equa-
tion for FWH2. For PSORSU1 with GPH2 we similarly use the heat balance equa-
tion for FHW2 to determine ṁWF

2 . Due to the addition of the GFWHs for GPH2,
the heat balance for these two cases is different. The heat balance equation around
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FWH2 for PSORSU1 with GPH2, gives

ṁWF
2 =

ṁWF
ψ (hWF

b1 2 − hWF
b1 1g)− (ṁWF

4 + ṁWF
3 )(hWF

F3 − hWF
F2 )

hWF
G2 − hWF

F2

. (54)

For any change made by GPH2, we know that the following are constant: ṁWF
ψ ,

hWF
b1 2, hWF

G2 , hWF
F3 and hWF

F2 ; while ṁWF
4 and ṁWF

3 are determined using equations (5)

and (48), respectively. Hence, the only unknown in equation (54) is hWF
b1 1g, which

can be determined using the heat balance equations around GFWH2, as follows:

ṁWF
ψ (hWF

b1 1g − hWF
b1 1) = ṅGThF

T (hGThF
γC3 − hGThF

γC2 ),

or hWF
b1 2g =

ṅGThF
T (hGThF

γC3 − hGThF
γC2 ) + ṁWF

ψ hWF
b1 2

ṁWF
ψ

. (55)

As in Appendix A-1, we can write ṁWF
2 explicitly by substituting equations (55),

(45) and (50) into equation (54) giving

ṁWF
2 =

ṅGThF
T

(hWF
G2 − hWF

F2 )
hGThF
γC2 −

ṅGThF
T

(hWF
G2 − hWF

F2 )
hGThF
γC3 +

ṁWF
ψ (hWF

b1 2 − hWF
b1 1)

(hWF
G2 − hWF

F2 )

− ḱ3a(h
WF
F3 − hWF

F2 )

(hWF
G2 − hWF

F2 )
hGThF
γC3 +

ḱ3b(h
WF
F3 − hWF

F2 )

(hWF
G2 − hWF

F2 )
hGThF
γC4 −

ć3(hWF
F3 − hWF

F2 )

(hWF
G2 − hWF

F2 )

− ḱ4a(h
WF
F3 − hWF

F2 )

(hWF
G2 − hWF

F2 )
hGThF
γC4 −

ć4(hWF
F3 − hWF

F2 )

(hWF
G2 − hWF

F2 )
.

This can be represented as

ṁWF
2 = ḱ2ah

GThF
γC2 − ḱ2bh

GThF
γC3 − ḱ2ch

GThF
γC4 + ć2, (56)

where

ḱ2a =
ṅGThF
T

(hWF
G2 − hWF

F2 )
, (57)

ḱ2b =
−ṅGThF

T − ḱ3a(h
WF
F3 − hWF

F2 )

(hWF
G2 − hWF

F2 )
, (58)

ḱ2c = (ḱ3b − ḱ4a)
(hWF

F3 − hWF
F2 )

(hWF
G2 − hWF

F2 )
, and (59)
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ć2 = −(ć3 + ć4)
(hWF

F3 − hWF
F2 )

(hWF
G2 − hWF

F2 )
+
ṁWF
ψ (hWF

b1 2 − hWF
b1 1)

(hWF
G2 − hWF

F2 )
, (60)

are all constant, since GPH2 doesn’t change the values of ḱ4a, ć4, ḱ3a, ḱ3b, ć3, ṅGThF
T ,

hWF
G2 , hWF

F3 , hWF
F2 , hWF

b1 2, hWF
b1 1 or ṁWF

ψ .

ṁWF
1 = ǵ2(h

GThF
γC1 , hGThF

γC2 , hGThF
γC3 , hGThF

γC4 ) is a linear function

For the standard plant at PSORSU1, we determine m1 using the heat balance equa-
tion for FWH1. For PSORSU1 with GPH2 we similarly use the heat balance equa-
tion for FHW1 to determine ṁWF

1 . Due to the addition of the GFWHs for GPH2,
the heat balance for these two cases is different. The heat balance equation around
FWH1 for PSORSU1 with GPH2, gives

ṁWF
1 =

ṁWF
ψ (hWF

b1 1 − hb1 g)− (ṁWF
4 + ṁWF

3 + ṁWF
2 )(hWF

F2 − hWF
F1 )

hWF
G1 − hWF

F1

. (61)

For any change made by GPH2, we know that the following are constant: ṁWF
ψ , hWF

b1 1,

hWF
G1 , hWF

F2 and hWF
F1 , while ṁWF

4 , ṁWF
3 and ṁWF

2 are determined using equation (45),
(50) and (56), respectively. Hence, the only unknown in equation (61) is hWF

b1g , which
can be determined using the heat balance around GFWH1, as follows:

ṁWF
ψ (hb1 g − hWF

b1 ) = ṅGThF
T (hGThF

γC2 − hGThF
γC1 ),

or hWF
b1 1g =

ṅGThF
T (hGThF

γC2 − hGThF
γC1 ) + ṁWF

ψ hWF
b1 1

ṁWF
ψ

. (62)

As in Appendix A-1, we can write ṁWF
1 explicitly by substituting equations (62),

(56), (50) and (45) into equation (61) giving

ṁWF
1 =

ṅGThF
T

(hWF
G1 − hWF

F1 )
hGThF
γC1 −

ṅGThF
T

(hWF
G1 − hWF

F1 )
hGThF
γC2 +

ṁWF
ψ (hWF

b1 1 − hWF
b1 )

(hWF
G1 − hWF

F1 )

− ḱ2a(h
WF
F2 − hWF

F1 )

(hWF
G1 − hWF

F1 )
hGThF
γC2 +

ḱ2b(h
WF
F2 − hWF

F1 )

(hWF
G1 − hWF

F1 )
hGThF
γC3 +

ḱ2c(h
WF
F2 − hWF

F1 )

(hWF
G1 − hWF

F1 )
hGThF
γC4

− ḱ3a(h
WF
F2 − hWF

F1 )

(hWF
G1 − hWF

F1 )
hGThF
γC3 +

ḱ3b(h
WF
F2 − hWF

F1 )

(hWF
G1 − hWF

F1 )
hGThF
γC4

− ḱ4a(h
WF
F2 − hWF

F1 )

(hWF
G1 − hWF

F1 )
hGThF
γC4 −

(ć2 + ć3 + ć4)(hWF
F2 − hWF

F1 )

(hWF
G1 − hWF

F1 )
.
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This can be represented as

ṁWF
1 = ḱ1ah

GThF
γC1 − ḱ1bh

GThF
γC2 − ḱ1ch

GThF
γC3 − ḱ1dh

GThF
γC4 + ć1, (63)

where

ḱ1a =
ṅGThF
T

(hWF
G1 − hWF

F1 )
, (64)

ḱ1b =
−ṅGThF

T − ḱ2a(h
WF
F2 − hWF

F1 )

(hWF
G1 − hWF

F1 )
, (65)

ḱ1c = (ḱ2b − ḱ3a)
(hWF

F2 − hWF
F1 )

(hWF
G1 − hWF

F1 )
, (66)

ḱ1d = (ḱ2c + ḱ3b − ḱ4a)
(hWF

F2 − hWF
F1 )

(hWF
G1 − hWF

F1 )
, and (67)

ć1 = −(ć2 + ć3 + ć4)
(hWF

F2 − hWF
F1 )

(hWF
G1 − hWF

F1 )
+
ṁWF
ψ (hWF

b1 1 − hWF
b1 )

(hWF
G1 − hWF

F1 )
, (68)

are all constant, since GPH2 doesn’t change the values of ḱ4a, ć4, ḱ3a, ḱ3b, ć3, ḱ2a,
ḱ2b, ḱ2c, ć2, ṅGThF

T , hWF
G1 , h

WF
F2 , h

WF
F1 , h

WF
b1 1, hWF

b1 or ṁWF
ψ .

Net-power is a linear function of hGThF
γC1 , hGThF

γC2 , hGThF
γC3 and hGThF

γC4

We have just shown that the flowrates ṁWF
i , i = 1, . . . , 4, are linear functions of

hGThF
γC1 , hGThF

γC2 , hGThF
γC3 , and hGThF

γC4 , and now, we show that net-power is a linear func-
tion of the same variables.

Substituting equations (45), (50), (56) and (63) into equation (33), we get

ẇnet = hGThF
γC4 [−ḱ4a(h

WF
G4 − hWF

e3 ) + ḱ3b(h
WF
G3 − hWF

e3 ) + ḱ2c(h
WF
G2 − hWF

e3 ) + ḱ1d(h
WF
G1 − hWF

e3 )]

+ hGThF
γC3 [−ḱ3a(h

WF
G3 − hWF

e3 ) + ḱ2b(h
WF
G2 − hWF

e3 ) + ḱ1c(h
WF
G1 − hWF

e3 )]

+ hGThF
γC2 [−ḱ2a(h

WF
G2 − hWF

e3 ) + ḱ1b(h
WF
G1 − hWF

e3 )]

+ hGThF
γC1 [−ḱ1a(h

WF
G1 − hWF

e3 )]

− ć1(hWF
G1 − hWF

e3 )− ć2(hWF
G2 − hWF

e3 )− ć3(hWF
G3 − hWF

e3 )− ć4(hWF
G4 − hWF

e3 )

+ ẇHP + ẇIP + ṁWF
ψ (hWF

e2 − hWF
e3 )− ẇin. (69)
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Hence, we now know that

ẇnet = Ḱ1h
GThF
γC1 + Ḱ2h

GThF
γC2 + Ḱ3h

GThF
γC3 + Ḱ4h

GThF
γC4 + Ć, (70)

where

Ḱ1 = −ḱ1a(h
WF
G1 − hWF

e3 ), (71)

Ḱ2 = −ḱ2a(h
WF
G2 − hWF

e3 ) + ḱ1b(h
WF
G1 − hWF

e3 ), (72)

Ḱ3 = −ḱ3a(h
WF
G3 − hWF

e3 ) + ḱ2b(h
WF
G2 − hWF

e3 ) + ḱ1c(h
WF
G1 − hWF

e3 ), (73)

Ḱ4 = −ḱ4a(h
WF
G4 − hWF

e3 ) + ḱ3b(h
WF
G3 − hWF

e3 ) + ḱ2c(h
WF
G2 − hWF

e3 ) + ḱ1d(h
WF
G1 − hWF

e3 ),

(74)

and,

Ć = −ć1(hWF
G1 − hWF

e3 )− ć2(hWF
G2 − hWF

e3 )− ć3(hWF
G3 − hWF

e3 )− ć4(hWF
G4 − hWF

e3 )

+ ẇHP + ẇIP + ṁWF
ψ (hWF

e2 − hWF
e3 )− ẇin, (75)

are all constants in GPH2.

Hence, we have just explicitly determined the objective function,

ẇnet = Ḱ1h
GThF
γC1 + Ḱ2h

GThF
γC2 + Ḱ3h

GThF
γC3 + Ḱ4h

GThF
γC4 + Ć.

A-2.2 Step 2: Constraints

We now define and show that the constraints for this problem are linear constraints.

Constraints for the geothermal resource flow

The geothermal flow must flow out of the ground, hence, ṅGThF
T ≥ 0.

Constraints for ṁi

As in GPH1, ṁWF
i (for i = 1, . . . , 7) must all be greater than zero, since these are all

physical mass flowrates and a negative flowrate would mean these flows flowed in the
opposite direction, which is not feasible in this plant. Hence, these non-negativity
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constraints applied to equations (45), (50), (56) and (63) for ṁWF
4 , ṁWF

3 , ṁWF
2 and

ṁWF
1 give us the following four constraints:

• −ḱ4ah
WF
γC4 ≤ ć4,

• −ḱ3ah
WF
γC3 + ḱ3bh

WF
γC4 ≤ ć3,

• −ḱ2ah
WF
γC2 + ḱ2bh

WF
γC3 + ḱ2ch

WF
γC4 ≤ ć2,

• −ḱ1ah
WF
γC1 + ḱ1bh

WF
γC2 + ḱ1ch

WF
γC3 + ḱ1dh

WF
γC4 ≤ ć1.

Constraints to ensure the feedwater is not cooled at any step

To ensure that neither the GFWHs or the FWHs can cool down the feedwater, we
require:

hWF
b1 ≤ hWF

b1g ≤ hWF
b1 1 ≤ hWF

b1 1g ≤ hWF
b1 2 ≤ hWF

b1 2g ≤ hWF
b1 3 ≤ hWF

b1 3g ≤ hWF
b1 4.

First, consider the subset of these constraints given by: hWF
b1g ≤ hWF

b1 1, hWF
b1 1g ≤ hWF

b1 2,

hWF
b1 2g ≤ hWF

b1 3, and hWF
b1 3g ≤ hWF

b1 4. This set of constraints is not required, as they
are ensured by the constraints for ṁi ≥ 0, as follows:

• If ṁWF
1 ≥ 0, then hWF

b1g ≤ hWF
b1 1, since (hWF

G1 − hWF
F1 ), (hWF

F2 − hWF
F1 ), ṁWF

4 , ṁWF
3

and ṁWF
2 are all non-negative.

• If ṁWF
2 ≥ 0, then hWF

b1 1g ≤ hWF
b1 2, since (hWF

G2 − hWF
F2 ), (hWF

F3 − hWF
F2 ), ṁWF

4 and

ṁWF
3 are all non-negative.

• If ṁWF
3 ≥ 0, then hWF

b1 2g ≤ hWF
b1 3, since (hWF

G3 − hWF
F3 ), (hWF

F4 − hWF
F3 ) and ṁWF

4

are all non-negative.

• If ṁWF
4 ≥ 0, then hWF

b1 3g ≤ hWF
b1 4, since (hWF

G4 − hWF
F4 ) is non-negative.

Now, consider the remaining group of constraints: hWF
b1 ≤ hWF

b1g , hWF
b1 1 ≤ hWF

b1 1g,

hWF
b1 2 ≤ hWF

b1 2g and hWF
b1 3 ≤ hWF

b1 3g. This group of constraints is ensured by the next
group of constraints on the GFWHs, which ensure:

1. the hot side of the GFWH must not be colder than the cold side of the GFWH,
for the geothermal fluid,

2. that there is at least the minimum feasible temperature difference at the cold
end of the GFWHs, and

3. that there is at least the minimum feasible temperature difference at the hot
end of the GFWHs.
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Constraints for the GFWHs

1. Since the geothermal fluid is giving heat to the feedwater, the geothermal fluid
cannot heat up, hence,

hGThF
γH ≥ hGThF

γC4 ≥ hGThF
γC3 ≥ hGThF

γC2 ≥ hGThF
γC1 ,

which gives the following constraints:

• hGThF
γC4 ≤ hGThF

γH ,

• hGThF
γC3 − hGThF

γC4 ≤ 0,

• hGThF
γC2 − hGThF

γC3 ≤ 0,

• hGThF
γC1 − hGThF

γC2 ≤ 0.

2. Constraints that ensure that there is at least the minimum feasible tempera-
ture difference at the cold end of the GFWHs.

To ensure that there is at least the minimum feasible temperature difference
at the cold end of GFWH1, we need

hGThF
γC1 ≥ T,pf

GThF
h ( TWF

b1 + ∆Tmin feas, p
GThF
γH ),

where the RHS is a constant, representing the enthalpy of the geothermal fluid
at a temperature which is ∆Tmin feas higher than the temperature at TWF

b1 . We
write this as

hGThF
γC1 ≥ ćTL1,

where ćTL1 = T,pf
GThF
h ( TWF

b1 + ∆Tmin feas, p
GThF
γH ). (76)

Similarly, we need

hGThF
γC2 ≥ ćTL2,

hGThF
γC3 ≥ ćTL3,

hGThF
γC4 ≥ ćTL4,

where ćTL2 = T,pf
GThF
h ( TWF

b1 1 + ∆Tmin feas, p
GThF
γH ), (77)

ćTL3 = T,pf
GThF
h ( TWF

b1 2 + ∆Tmin feas, p
GThF
γH ), and (78)
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ćTL4 = T,pf
GThF
h ( TWF

b1 3 + ∆Tmin feas, p
GThF
γH ), (79)

are constants.

3. Constraints that ensure that there is at least the minimum feasible tempera-
ture difference at the hot end of the GFWHs.

This set of constraints is quite complicated, hence we deal with each GFWH
in turn, starting from GFWH4 working back to GFWH1.

GFWH4
To ensure that the minimum feasible temperature difference is maintained (i.e.
TWF

b1 3g ≤ TGThF
γH − ∆Tmin feas) we construct an enthalpy constraint, based on

temperature, as follows:

hWF
b1 3g ≤ T,pf

WF
h ( TGThF

γH −∆Tmin feas, p
WF
b1 3, ),

where the RHS is a constant, representing the enthalpy of the feedwater at a
temperature ∆Tmin feas lower than the temperature of the geothermal fluid at
the hot end of GFWH4 (i.e. TGThF

γH ), and the pressure at State b1 3 (pWF
b1 3).

We therefore write this constraint as

hWF
b1 3g ≤ ćmT4,

where ćmT4 = T,pf
WF
h ( TGThF

γH −∆Tmin feas, p
WF
b1 3 ).

Substituting this into the heat balance equation for GFWH4 (equation (44)),
gives

ṅGThF
T (hGThF

γH − hGThF
γC4 ) ≤ ṁWF

ψ (ćmT4 − hWF
b1 3),

or − ṅGThF
T hGThF

γC4 ≤ ṁWF
ψ (ćmT4 − hWF

b1 3)− ṅGThF
T hGThF

γH .

This can be represented as

ḱT4h
GThF
γC4 ≤ ćT4,

where ḱT4 = −ṅGThF
T , and, (80)

ćT4 = ṁWF
ψ (ćmT4 − hWF

b1 3 )− ṅGThF
T hGThF

γH , (81)

are constants.
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GFWH3
To ensure that the minimum feasible temperature difference is maintained at
the hot end of GFWH3 (i.e. TWF

b1 2g ≤ TGThF
γC4 −∆Tmin feas), we similarly construct

an enthalpy constraint, based on temperature, as follows:

hWF
b1 2g ≤ T,pf

WF
h ( TGThF

γC4 −∆Tmin feas, p
WF
b1 2 ), (82)

where the RHS represents the enthalpy of the feedwater at a temperature
∆Tmin feas lower than the temperature of the geothermal fluid at the hot end
of GFWH3 (i.e. TGThF

γC4 ), and the pressure at State b1 2 (pWF
b1 2). We write this

enthalpy as

hWF
b1 2g ≤ hmT3,

where hmT3 = T,pf
WF
h ( TGThF

γC4 −∆Tmin feas, p
WF
b1 2 ).

Unfortunately, hmT3 is not a constant, since TGThF
γC4 is able to be varied (as

hGThF
γC4 can also be varied) in GPH2. In addition, the functional form of h

based on T and p is a thermodynamic property requiring complex numerical
calculation, for which there is no known closed form.

In order to deal with this difficulty, we create a manageable approximation
of hmT3. To approximate T,pf

WF
h ( TGThF

γC4 −∆Tmin feas, p
WF
b1 2 ) from hGThF

γC4 , we
must account for the enthalpy change due to:

(a) the temperature change (of ∆Tmin fees), and

(b) the pressure change (from pGThF
γC4 to pWF

b1 2).

To account for the enthalpy change due to the temperature change, we use the
approximation of ∆h = cp∆T , such that,

T,pf
WF
h ( TGThF

γC4 −∆Tmin feas, p
GThF
γC4 ) = hGThF

γC4 − T,pf
WF
cp (TWF

b1 2, p
WF
b1 2)∆Tmin feas

(83)

To account for the enthalpy change due the pressure change (∆hp), we assume
the constant temperature of TWF

b1 2 and then calculate the enthalpy difference

if only the pressure was changed from pGThF
γC4 to pWF

b1 2. This gives,

∆hp = T,pf
GThF
h (TWF

b1 2, p
GThF
γH )− T,pf

WF
h (TWF

b1 2, p
WF
b1 2). (84)

Hence, the manageable approximation of hmT3, which we call hnT3, is defined
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as the sum of equations 83 and 84, such that

hnT3 = hGThF
γC4 − T,pf

WF
cp (TWF

b1 2, p
WF
b1 2)∆Tmin feas

− ( T,pf
GThF
h (TWF

b1 2, p
GThF
γH )− T,pf

WF
h (TWF

b1 2, p
WF
b1 2)),

which we simplify to

hnT3 = hGThF
γC4 − ćnT3,

where ćnT3 = − T,pf
WF
cp (TWF

b1 2, p
WF
b1 2)∆Tmin feas

− ( T,pf
GThF
h (TWF

b1 2, p
GThF
γH )− T,pf

WF
h (TWF

b1 2, p
WF
b1 2)),

is a constant for GPH2.

We now wish to explore this approximation and demonstrate, for this plant at
least, that

hmT3 > hnT3 ∀ hGThF
γC4 ∈ [ hγC4,min, h

GThF
γH ), (85)

where,

hγC4,min = T,pf
WF
h ( TWF

b1 2 + ∆Tmin feas, pb1 1 ).

We can split the domain of hGThF
γC4 into two parts: Part A, where this constraint

is not required, and Part B, where this constraint is required. We discuss these
two parts in terms of temperature, since this constraint (i.e. ensuring that
the minimum feasible temperature difference is maintained at the hot end of
GFWH3) is fundamentally a temperature constraint. Note that the relevant
pressures are already specified as part of the design.

Part A TGThF
γC4 ∈ [TWF

b1 3 + ∆Tmin feas, T
GThF
γH )

Since the maximum possible value for TWF
b1 2g is TWF

b1 3, as long as TGThF
γC4 is

in this range, we do not need this constraint.

Part B TGThF
γC4 ∈ [TWF

b1 2 + ∆Tmin feas, T
WF
b1 3 + ∆Tmin feas)

Since the minimum value for TWF
b1 2g is TWF

b1 2, then the minimum value for

TGThF
γC4 is TWF

b1 2 + ∆Tmin feas. For TGThF
γC4 in this range, we need to ensure

that this constraint holds. We call this domain the necessary domain.

In order to show that hmT3 > hnT3, we investigate hmT3− hnT3 (which we call
the ‘error’ in the approximation) over the necessary domain, with ∆Tmin feas =
5.5◦C. As is shown in Figure 5, the error ranges from 33.1-70.1 J kg−1 which,
since this is always positive, ensures that the constraint (85) is true. Further,
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the magnitude of the error is small, at around 0.01%, since the value of hWF
b1 2g

is of the order of 105 J kg−1.
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Figure 5: Error (hmT3 − hnT3) over the range [TWF
b1 2 + ∆Tmin feas, T

WF
b1 3 + ∆Tmin feas],

assuming ∆Tmin feas = 5.5◦C, for GFWH3 for GPH2 using the design data provided
in Tables 6.1 - 6.4

Given this, we can now say that, if we require

hWF
b1 2g < hnT3, (86)

we guarantee that hWF
b1 2g < hmT3, or in other words that constraint (82), is

obeyed.

Substituting equation (86) into the heat balance equation for GFWH3 (equa-
tion (48)), gives

ṅGThF
T (hGThF

γC4 − hGThF
γC3 ) < ṁWF

ψ (hnT3 − hWF
b1 2 ),

or ṅGThF
T (hGThF

γC4 − hGThF
γC3 ) < ṁWF

ψ (hGThF
γC4 − ćnT3 − hWF

b1 2 ),

or − ṅGThF
T hGThF

γC3 + (ṅGThF
T − ṁWF

ψ )hGThF
γC4 < ṁWF

ψ (−ćnT3 − hWF
b1 2 ).

This can be represented as

−ṅGThF
T hGThF

γC3 + (ṅGThF
T − ṁWF

ψ )hGThF
γC4 < ćT3, (87)

where ćT3 = ṁWF
ψ (−ćnT3 − hWF

b1 2 ), (88)

which is constant, since ṁWF
ψ , ćnT3 and hWF

b1 2 are all constant for GPH2.

GFWH2
To ensure that the minimum feasible temperature difference is maintained at
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the hot end of GFWH2 (i.e. TWF
b1 1g ≤ TGThF

γC3 −∆Tmin feas), we similarly construct
an enthalpy constraint, based on temperature, as follows:

hWF
b1 1g ≤ T,pf

WF
h ( TGThF

γC3 −∆Tmin feas, pb1 1 ), (89)

where the RHS represents the enthalpy of the feedwater at a temperature
∆Tmin feas lower than the temperature of the geothermal fluid at the hot end
of GFWH2 (i.e. TGThF

γC3 ), and the pressure at State b1 1 (pWF
b1 1). We write this

enthalpy as

hWF
b1 1g ≤ hmT2,

where hmT2 = T,pf
WF
h ( TGThF

γC3 −∆Tmin feas, pb1 1 ).

Unfortunately, hmT2 is not a constant, since TGThF
γC3 is able to be varied (as

hGThF
γC3 also can vary) in GPH2. In addition, the functional form of h based

on T and p is a thermodynamic property requiring complex numerical calcu-
lation, for which there is no known closed form.

In order to deal with this difficulty, we create hnT2 as a manageable approx-
imation to hmT2. We create hnT2 using the same logic as we used to create
hnT3 so we won’t repeat it here. We define hnT2 as

hnT2 = hGThF
γC3 − T,pf

WF
cp (TWF

b1 1, p
WF
b1 1)∆Tmin feas

− ( T,pf
GThF
h (TWF

b1 1, p
GThF
γH )− T,pf

WF
h (TWF

b1 1, p
WF
b1 1)),

which we simplify to

hnT2 = hGThF
γC3 − ćnT2,

where ćnT2 = − T,pf
WF
cp (TWF

b1 1, p
WF
b1 1)∆Tmin feas

− ( T,pf
GThF
h (TWF

b1 1, p
GThF
γH )− T,pf

WF
h (TWF

b1 1, p
WF
b1 1)),

is a constant for GPH2.

We now wish to explore this approximation and demonstrate, for this plant at
least, that

hmT2 > hnT2 ∀ hGThF
γC3 ∈ [hγC2,min, hγC3,min], (90)

where

hγC2,min = T,pf
WF
h ( TWF

b1 1 + ∆Tmin feas, pb1 1).
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Given that the valid temperature range of TWF
b1 1g is [TWF

b1 1, T
WF
b1 2], we are only

interested in hmT2 and hnT2 over the range [TWF
b1 1+∆Tmin feas, T

WF
b1 2+∆Tmin feas].

We explore this approximation by investigating hmT2 − hnT2, which we call
the ‘error’ in the approximation, with ∆Tmin feas = 5.5◦C. As shown in Fig-
ure 6, the error ranges from 35.6-130.2 J kg−1 which, since this is always
positive, ensures that constraint (90) is true. In addition, the magnitude of
the error is very small, at around 0.1%, since the value of hWF

b1 1g is of the order
of 105 J kg−1.
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Figure 6: Error (ćmT2 − ćnT2) over the range [TWF
b1 1 + ∆Tmin feas, T

WF
b1 2 + ∆Tmin feas],

assuming ∆Tmin feas = 5.5◦C, for GFWH2 for GPH2 using the design data provided
in Tables 6.1 - 6.4

Given this, we can now say that, if we require

hWF
b1 1g < hnT2, (91)

then we guarantee that hWF
b1 1g < hmT2, or in other words that constraint (89)

is obeyed.

Substituting equation (91) into the heat balance equation for GFWH2 (equa-
tion (54)), gives

ṅGThF
T (hGThF

γC3 − hGThF
γC2 ) < ṁWF

ψ ( hnT2 − hWF
b1 1 ),

or ṅGThF
T (hGThF

γC3 − hGThF
γC2 ) < ṁWF

ψ (hGThF
γC3 − ćnT2 − hWF

b1 1 ),

or − ṅGThF
T hGThF

γC2 + (ṅGThF
T − ṁWF

ψ )hGThF
γC3 < ṁWF

ψ (−ćnT2 − hWF
b1 1 ).

This can be represented as

−ṅGThF
T hGThF

γC2 + (ṅGThF
T − ṁWF

ψ )hGThF
γC3 < ćT2, (92)
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where ćT2 = ṁWF
ψ (−ćnT2 − hWF

b1 1 ), (93)

which is constant, since ṁWF
ψ , ćnT2 and hWF

b1 1 are all constant for GPH2.

GFWH1
To ensure that the minimum feasible temperature difference is maintained at
the hot end of GFWH1 (i.e. TWF

b1g ≤ TGThF
γC2 −∆Tmin feas), we similarly construct

an enthalpy constraint, based on temperature, as follows:

hWF
b1g ≤ T,pf

WF
h ( TGThF

γC2 −∆Tmin feas, pb1 ), (94)

where the RHS represents the enthalpy of the feedwater at a temperature
∆Tmin feas lower than the temperature of the geothermal fluid at the hot end
of GFWH1 (i.e. TGThF

γC2 ), and the pressure at State b1 (pWF
b1 ). We write this

enthalpy as

hWF
b1g ≤ hmT1,where hmT1 = T,pf

WF
h ( TGThF

γC2 −∆Tmin feas, pb1 ).

Unfortunately, hmT1 is not a constant, since TGThF
γC2 is able to be varied (as

hGThF
γC2 also can vary) in GPH2. In addition, the functional form of h based

on T and p is a thermodynamic property requiring complex numerical calcu-
lation, for which there is no known closed form.

In order to deal with this difficulty, we create hnT1 as a manageable approx-
imation to hmT1. We create hnT1 using the same logic as we used to create
hnT3 so we won’t repeat it here. We define hnT1, as

hnT1 = hGThF
γC2 − T,pf

WF
cp (TWF

b1 , pWF
b1 )∆Tmin feas

− ( T,pf
GThF
h (TWF

b1 , pGThF
γH )− T,pf

WF
h (TWF

b1 , pWF
b1 )),

which we simplify to

hnT1 = hGThF
γC2 − ćnT1,

where ćnT1 = − T,pf
WF
cp (TWF

b1 , pWF
b1 )∆Tmin feas

− ( T,pf
GThF
h (TWF

b1 , pGThF
γH )− T,pf

WF
h (TWF

b1 , pWF
b1 )),

is a constant for GPH2.

We now wish to explore this approximation and demonstrate, for this plant at
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least, that

hmT1 > hnT1 ∀ hGThF
γC1 ∈ [hγC1,min, hγC2,min], (95)

where

hγC1,min = T,pf
WF
h ( TWF

b1 + ∆Tmin feas, pb1).

Given that the valid temperature range of TWF
b1g is [TWF

b1 , TWF
b1 1], we are only in-

terested in hmT1 and hnT1 over the range [TWF
b1 + ∆Tmin feas, T

WF
b1 1 + ∆Tmin feas].

We explore this approximation by investigating hmT1−hnT1, which we call the
‘error’ in the approximation, with ∆Tmin feas = 5.5◦C.

As is shown in Figure 7, the error ranges from 49.2-341.7 J kg−1 which, since
this is always positive, ensures that constraint (95) is true. In addition, the
magnitude of the error is very small, at around 0.3%, since the value of hWF

b1g

is of the order of 105 J kg−1.
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Figure 7: Error (ćmT1 − ćnT1) over the range [TWF
b1 + ∆Tmin feas, T

WF
b1 1 + ∆Tmin feas],

assuming ∆Tmin feas = 5.5◦C for GFWH1 for GPH2 using the design data provided
in Tables 6.1 - 6.4

Given this, we can now say that, if we require

hWF
b1g < hnT1, (96)

then we guarantee that hWF
b1g < hmT1, or in other words that constraint (94) is

obeyed.

Substituting equation (96) into the heat balance equation for GFWH1 (equa-
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tion (61)) gives

ṅGThF
T (hGThF

γC2 − hGThF
γC1 ) < ṁWF

ψ ( hnT1 − hWF
b1 ),

or ṅGThF
T (hGThF

γC2 − hGThF
γC1 ) < ṁWF

ψ (hGThF
γC2 − ćnT1 − hWF

b1 ),

or − ṅGThF
T hGThF

γC1 + (ṅGThF
T − ṁWF

ψ )hGThF
γC2 < ṁWF

ψ (−ćnT1 − hWF
b1 ).

This can be represented as

−ṅGThF
T hGThF

γC1 + (ṅGThF
T − ṁWF

ψ )hGThF
γC2 < ćT1, (97)

where ćT1 = ṁWF
ψ (−ćnT1 − hWF

b1 ), (98)

which is constant, since ṁWF
ψ , ćnT1 and hWF

b1 are all constant for GPH2.

A-2.3 Step 3: Show that all decision variables are greater

than zero

Step 3 requires that we show that the decision variables are all greater than zero.
Any physically reasonable state for States γC1, γC2, γC3, and γC4 must have
enthalpy greater than zero.
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A-2.4 Full Statement of Linear Program

Hence, the problem is

max ẇnet = Ḱ1h
GThF
γC1 + Ḱ2h

GThF
γC2 + Ḱ3h

GThF
γC3 + Ḱ4h

GThF
γC4 + Ć,

subject to ṅGThF
T ≥ 0,

− ḱ4ah
WF
b1 3g ≤ ć4,

− ḱ3ah
WF
b1 2g + ḱ3bh

WF
b1 3g ≤ ć3,

− ḱ2ah
WF
b1 1g + ḱ2bh

WF
b1 2g + ḱ2ch

WF
b1 3g ≤ ć2,

− ḱ1ah
WF
b1g + ḱ1bh

WF
b1 1g + ḱ1ch

WF
b1 2g + ḱ1dh

WF
b1 3g ≤ ć1,

hGThF
γC4 ≤ hGThF

γH ,

hGThF
γC3 − hGThF

γC4 ≤ 0,

hGThF
γC2 − hGThF

γC3 ≤ 0,

hGThF
γC1 − hGThF

γC2 ≤ 0,

hGThF
γC1 ≥ ćTL1,

hGThF
γC2 ≥ ćTL2,

hGThF
γC3 ≥ ćTL3,

hGThF
γC4 ≥ ćTL4,

ḱT4h
GThF
γC4 ≤ ćT4,

− ṅGThF
T hGThF

γC3 + (ṅGThF
T − ṁWF

ψ )hGThF
γC4 < ćT3,

− ṅGThF
T hGThF

γC2 + (ṅGThF
T − ṁWF

ψ )hGThF
γC3 < ćT2,

− ṅGThF
T hGThF

γC1 + (ṅGThF
T − ṁWF

ψ )hGThF
γC2 < ćT1,

where Ḱ1, Ḱ2, Ḱ3, Ḱ4, Ć, ḱ4a, ć4, ḱ3a, ḱ3b, ć3, ḱ2a, ḱ2b, ḱ3c, ć2, ḱ1a, ḱ1b, ḱ1c, ḱ1d, ć1,
ćTL1, ćTL2, ćTL3, ćTL4, ḱT4, ćT4, ćT3, ćT2, ćT1 are defined by equations (71 - 75, 46,
47, 51 - 53, 57 - 60, 64 - 68, 76 - 79, 80, 81, 88, 93 and 98).
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Once the problem is described in this way it is a linear program, and there are a num-
ber of mathematical optimisation methods and software implementations available
to solve this type of problem.

A-2.5 Finishing Touches

Once ẇnet is determined, it is straight forward to determine the extra power generated
by the addition of the geothermal fluid (ẇGThF

net out), the brine effectiveness (ηbrine) and
the thermal efficiency (ηGThF

th ), as follows:

• ẇGThF
net out = ẇnet − ẇFF

net out,

where ẇFF
net out is the power produced by the original PSORSU1 plant (i.e. without

the addition of GPH2).

• ηbrine =
ẇGThF

elec

ṅGThF
T

=
ẇGThF

net out × ηgen

ṅGThF
T

,

where ẇGThF
elec is the net-power produced after the generator, ẇGThF

net out is the net-power
produced before the generator, and ηgen is the generator efficiency.

• ηGThF
th =

ẇGThF
net out

Q̇GThF
in

where Q̇GThF
in is the heat added to the system by the geothermal fluid. This is given

by,

Q̇GThF
in = ṅGThF

T (hGThF
γH − hGThF

γC4 ) + ṅGThF
T (hGThF

γC4 − hGThF
γC3 )+ ṅGThF

T (hGThF
γC3 − hGThF

γC2 )

+ ṅGThF
T (hGThF

γC2 − hGThF
γC1 ),

= ṅGThF
T (hGThF

γH − hGThF
γC1 ).
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A-2.6 Nomenclature

h enthalpy (J kg−1)
p pressure (kPa)
s entropy (J (kg K)−1)
cp heat capacity at constant pressure (J (kg K)−1)
ẇ power (W)

Q̇ rate of heat flow (J s−1)
T temperature (◦K)
∆Tmin feas minimum feasible temperature difference between the hot fluid and

cold fluid in a heat exchanger (◦K)
ηth thermal efficiency (dimensionless)
ηbrine brine effectiveness (kW kg−1)

Subscripts

Any State indicates that State
CP, BP, BFP condensate pump, boster pump, boiler feed pump
HP, IP, LP high pressure, intermediate pressure & low pressure turbine
mTx specific states defined in Appendix A-2, x = 1, 2, 3
nTx specific states defined in Appendix A-2, x = 1, 2, 3

Superscripts

FF fossil fuel
GTh geothermal fluid
WF working fluid (in fossil-fuel fired steam power plants the working

fluid is called the feedwater)

Flows

mx flow of feedwater where x = 1, . . . 7,T
nT flow of geothermal fluid

Flowrates

ṁWF
x mass flowrate of feedwater for flow mx ( kg s−1), x = 1, . . . 7,T

mWF
x mass fraction of feedwater for flow mx (no units), x = 1, . . . 7,T

ṅGThF
T mass flowrate of geothermal fluid for flow nT ( kg s−1)
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Constants used in Linear Programs

Ḱx constants in the linear program for GPH2 (J kg−1), x = 1, . . . , 4

Ć constant in the linear program for GPH2, (W)

ḱx constants in the linear program for GPH2 (kg s m−1),
x = 4a, 3a, 3b, 2a, 2b, 2c, 1a, 1b, 1c, 1d

ćx constants in the linear program for GPH2 (kg s−1), x = 1, . . . , 4
ćTx constants in the linear program for GPH2 (J s−1), x = 1, . . . , 4
ćTLx constants in the linear program for GPH2 (J kg−1), x = 1, . . . , 4
ćmTx constants in the linear program for GPH2 (J kg−1), x = 1, . . . , 3
ćnTx constants in the linear program for GPH2 (J kg−1), x = 1, . . . , 3

Functions

x,yf
α
z (·, ·) the function which calculates state variable z of fluid α, using state

variables x and y, assuming that fluid α is in the liquid, gas or
supercritical region.

xf̀
α
z (·, ·) the function which calculates the state variable z of fluid α using

variable x, assuming that fluid α is a saturated gas.

xf́
α
z (·, ·) the function which calculates the state variable z of fluid α using

variable x, assuming that fluid α is a saturated liquid.

x,yf̂
α
z (·, ·) the function which calculates state variable z of fluid α, using

state variables x and y, assuming that fluid α is in the 2-phase region.
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Acronyms

AEMO Australian Energy Market Operator, previously known as NEMMCO
ARENA Australian Renewable Energy Agency
BOM Australian Bureau of Meteorology
CCGT Combined Cycle Gas Turbine
EGS Enhanced Geothermal Systems
FWH Feed Water Heater
GAPG Geothermal Assisted Power Generation
GETEM Geothermal Electricity Technology Evaluation Model
GFWH Geothermal Feed Water Heater
GPH1 Geothermal Pre-Heat Option 1
GPH2 Geothermal Pre-Heat Option 2
HX Heat Exchanger
KPI Key Performance Indicator
LCOE Levelised Cost of Energy
NaN Not a Number
NEM Australia’s National Electricity Market
NEMMCO National Electricity Market Management Company
NIST National Institute of Standards and Technology
O&M Operations and Maintenance
ORC Organic Rankine Cycle
PSORSU1 Public Service Company of Oklahoma, Riverside Station Unit 1
REFPROP Reference Fluid Thermodynamic and Transport Properties

Database created by NIST
SSC Specific Brine Consumption

Glossary of terms

Binary Rankine cycle: In a binary Rankine cycle, a hot geothermal liquid is used
as a heat source, to vaporise a second, different fluid. The second fluid is then
used to produce electricity using the traditional Rankine cycle method.

Cascading Use When hot geothermal water is passed from one geothermal appli-
cation to another, to another, until no more applications can use it.

Conventional Geothermal Resources: Geothermal resources that exist in mag-
matic regions and target large bodies of hot water or steam; these resources
produce over 99% of the world’s geothermal electricity.
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Direct Use When hot geothermal water is used directly. For example: District
heating, cooking, bathing etc.

Drilling Drilling geothermal wells, in which we include drilling and completing the
production/re-injection wells, and production stimulation when required.

Dry Steam: A saturated steam, a steam that is 100% gas (vapour).

Enhanced Geothermal Systems (EGS): Enhanced geothermal systems (EGS)
have insufficient underground reservoirs of water and often their rock forma-
tions have little naturally occurring porosity. To compensate for these chal-
lenges, EGS resources are usually quite hot, hence the term hot rocks. To
compensate for an EGS resources’ lack of sufficient reserves of underground
water, cold water is added to the resource. The cold water is injected deep
underground, where it is heated by the hot rocks (which maybe 3-5 km below
the surface of the earth). Hot water is then returned to the surface and used
to generate electricity.

Fossil-fuel fired steam power plant A power plant that produces electricity us-
ing steam Rankine cycle that has water as its working fluid. Further, the heat
required to change the working fluid from a liquid into steam in the steam
Rankine cycle is provided by burning a fossil fuel.

Geothermal Energy: Utilisable heat from the earth.

Hot Sedimentary Aquifers (HSA) HSAs have underground reservoirs of water
contained in highly porous and permeable rock formations.

Minimum feasible temperature difference: The minimum temperature differ-
ence that can exist between the hot and cold streams for heat transfer to take
place (∆Tmin feas) in a heat exchanger.

Pinch-point : The position along a heat exchanger where the two fluids (hot and
cold) have the minimum temperature difference.

Pinch-point temperature: The temperature difference at the pinch-point is called
the pinch point temperature (∆TPP).

Sedimentary Systems: Sedimentary systems have underground reservoirs of wa-
ter contained in highly porous rock formations of sandstone or carbonates.

Unconventional Geothermal Resources: Geothermal resources which exist in
amagmatic regions. While in the complexity of the real world unconventional
geothermal resources exist along a spectrum, it is easiest to think of them as
being divided into two types: sedimentary systems and enhanced geothermal
systems.

Wet Steam: An unsaturated steam, that is, a steam that is a two-phase fluid.
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