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Abstract 

Hereby I present a PhD thesis by publications. Altogether, the thesis includes:  a) 

five journal papers, b) one book chapter, and one c) SPE conference paper. Five 

journal papers have already been published. The journal publication list includes high-

impact-factor academic journals: International Journal of Coal Geology, 

Geothermics, Journal of Natural Gas Science and Engineering. The list also includes 

Journal of Petroleum Science and Engineering, which is a major academic journal in 

petroleum industry. I have also submitted one book chapter to be edited by Springer. 

Besides, the content of this thesis is published in six full-volume SPE technical papers 

of Society of Petroleum Engineering. 

The thesis presents new analytical models for fines migration in porous media. 

The novelty of this work is the new governing equation system accounting for two 

effects during fines migration in rocks: slow drift of mobilised fines along rock 

surface, and the delayed release of fine particles (non-equilibrium effect). 

Migration of fine particles in natural reservoirs is one of the main causes for 

formation damage in oil and gas fields. Numerous laboratory observations show that 

permeability stabilisation time is much longer than one pore volume injected. 

However, the existing mathematical models for fines migration, which are widely 

used in petroleum reservoir simulation, cannot predict the long-term stabilisation 

phenomenon. 

The new analytical solutions derived in this thesis successfully model the 

physical mechanisms of the permeability stabilisation delay and match well with 

laboratory data. Long permeability stabilisation period during coreflood tests 

exhibiting fines migration is explained by slow fines rolling and sliding, and also by 
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the diffusive delay in particle mobilisation. The analytical models have been derived 

for both slow fines migration and delayed mobilisation. Laboratory coreflood tests to 

observe the effects of flow velocity and salinity on fines migration and consequent 

permeability decline have been carried out, with the measurements of breakthrough 

fines concentration and pressure drop along the whole core and its sections. Matching 

of the experimental data, along with the analysis of the tuned coefficients shows that 

the slow-particle model exhibits higher accuracy of matching and more typical 

strained-concentration dependency of the tuning parameters than the delay-release 

model. The effect of temperature on fines migration is analysed systematically, which 

can be applied to geothermal reservoir conditions. 

In this thesis, a new analytical solution is derived for the simultaneous processes 

of deep bed filtration and cake build-up during injection of two-sized particles. 

Formation of low permeable external filter cake during drilling and water injection 

has been intensively studied in the literature. The external cake may significantly 

reduce the well index. There are no existing mathematical models accounting for 

simultaneous particle filtration through external cake and in the core. The proposed 

model in this work fills the gap. Two scenarios of cake formation are identified, 

corresponding to the high and low fractions of small particles injected, respectively. 

Laboratory coreflooding tests with injection of two-sized particles have been 

performed, from which the rate and pressure drop data are collected. The data 

treatment shows excellent agreement between the measured pressure drop history and 

the modelled result. 

The derived mathematical models and their analytical solutions in this thesis are 

applicable to the prediction of the extent of formation damage and the well behaviour 

in different types of reservoirs, including oil/gas, geothermal and coal bed methane 
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reservoirs. Also, these models can be applied to numerous environmental and 

chemical engineering processes, including the disposal of industrial wastes into 

aquifers, propagation of contaminants and pollutants in vadose zone, and industrial 

water treatment. 
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1 Contextual Statement  

Significance of the PhD project  Natural reservoir fines, their mobilization, 

migration and straining is one of the main causes for well productivity damage in 

petroleum reservoirs. Fine particles detachment from grains and pore walls in the 

natural reservoir rocks followed by their migration and straining, may yield 

significant permeability decline (Fig. 1). This phenomenon has been widely reported 

since the 1950s, and is currently an intensive research topic worldwide (Monaghan et 

al., 1959; Hewitt, 1963; Mungan, 1965; Sharma and Yortos, 1987; Khilar and Fogler, 

1987, 1998; Valdya and Fogler, 1992; Byrne et al., 2009, 2014; Civan, 2014; Bai et 

al., 2015; Guo et al., 2015; Han et al., 2015). Another reason for well impairment is 

extremely low permeable external filter cake (Ding et al., 2004; Wagner et al., 2006; 

Quintero et al., 2007). The cake is usually formed during drilling, waterflooding with 

low-quality water and produced water re-injection into reservoir. The external filter 

cake usually causes substantial reduction in well injectivity and productivity indexes. 

The phenomenon of skin factor due to low-permeable external filter cake has also 

been intensively studied since 1930s (Ruth et al., 1933; Abrams, 1977; Van Oort et 

al., 1993; Tien et al. 1997; Ghalambor and Economides, 2002; Parn-anurak and 

Engler, 2005; Ding et al., 2006; Civan, 2007; Dalmazzone et al., 2007; Ding et al., 

2008; Alotaibi et al., 2009; Salimi et al., 2009; Lohne et al., 2010; Karimi et al., 2011; 

Tien, 2012).  
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Fig. 1 Sketch of fines detachment, migration, and straining with consequent permeability 
decline 

Derivation of new mathematical models and their field applications is based on 

the results of adjustment of the models by the laboratory study data. Successful 

mathematical modelling in order to describe particular experimental and field 

phenomena, can highly improve the understanding of physical mechanisms. This 

understanding is an essential part of the advanced technology development. 

Analytical modelling provides fast calculations, clear structure of flow phenomena, 

straightforward interpretation of laboratory data, and visual representation of 

oil/gas/water recovery mechanisms. However, due to the limitations of the classical 

models, the long-term stabilisation and the multi-stage behaviour of impedance curve 

during deep bed filtration of released fines and of the injected particles cannot be 

reliably predicted. Therefore, derivation of new mathematical models for fines 

migration in rocks and the analytical solutions is a significant challenge, not only in 

petroleum industry, but also in other fields involving fluid flow in porous media. 

State of the art  According to the data from fines migration tests (clean water 

injection) (Fig. 2), rock permeability stabilises after a high number of pore volumes 

injected. However, the classical filtration theory says that it takes a flight time along 

the overall core for a mobilised particle to appear at the end of the core. Each fine 

particle transported by the carrier fluid, is either strained inside the core or appears at 

the effluent after one pore volume injection. According to Fig. 2, permeability 
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stabilisation times are significantly higher than one pore volume injected (PVI). This 

phenomenon is explained by slow motion of particles along the rock surface:  the 

mobilised particles move along the rock with velocity Us, which is much smaller than 

the carrier fluid velocity U. When combined with the DLVO theory, the new 

proposed model allows analysing the impedance behaviour under variant flow rates, 

salinities and temperatures.  

a) 

 b) 

Fig. 2 Permeability behaviour during coreflood tests under variant flow rates and salinities: 
(a) Coreflood test under piecewise increasing flow rates (b) Coreflood test under piecewise 
decreasing salinities 

Also, the deep bed filtration theory does not consider external cake formation if 

multi-sized particles are injected into porous media. Introducing external cake 
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formation process allows us to more precisely predict the multi-stage behaviour of 

impedance curve in field. The proposed bi-sized particle injection model aims to fill 

the gap by taking into account of injection of particles with two different sizes into 

porous media. The larger particles form the external filter cake instantly after the 

beginning of injection; while the smaller particles perform deep bed filtration 

simultaneously in the cake and in the porous media. From a certain transition time, the 

smaller particles no longer penetrate into the media, but only filtrate in the built-up 

cake. 

Scope of the work  The main achievements of the thesis include:  

 A new analytical model and experimental study for fines migration accounting for the 

slow movement along the rock surface under variant flow rates (presented in Chapter 

3) 

 Development of a new analytical model for fines migration accounting for delayed 

particle release (presented in Chapter 3) 

 Investigation of slow fines migration model in geothermal reservoirs including 

comprehensive temperature analysis, based on the analytical solution (presented in 

Chapter 4) 

 Application of the analytical model for slow fines migration in CBM reservoir 

(presented in Chapter 5) 

 Development of a new mathematical model of the cake filtration accounting for bi-

sized particles injection into porous media (presented in Chapter 6) 

1.1 Thesis structure 

This is a PhD thesis by publication. Five journal papers, one book chapter and 

one SPE conference paper are included in the thesis. Among the seven works, five 
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papers have been published in peer reviewed journals, and one paper has been 

published in SPE proceedings. The book chapter has been submitted to Springer 

publishing house.  

The main part of this thesis is divided into seven chapters. The first chapter 

contains the general aims and an introduction to show the importance of the work to 

the oil and gas industry. The second chapter presents the literature review on the 

mechanisms of fines migration induced formation damage, and the classical 

mathematical models. Chapters three, four, five and six are the novel original parts of 

the thesis. The main statements of scientific novelty presented in Chapter seven 

conclude the thesis. 

Paper Chapter Title Status 

1 Chapter 3 
Slow migration of mobilised fines during flow in reservoir 

rocks: Laboratory study 
Published 

2 Chapter 3 
Slow migration of detached fine particles over rock surface in 

porous media  
Published 

3 Chapter 3 
Fines mobilisation by low-salinity water injection: 3-point-

pressure tests 
Published 

4 Chapter 3 
Fines migration in aquifers and oilfields: laboratory and 

mathematical modelling 
Submitted for 

publication 

5 Chapter 4 
Mathematical modelling of fines migration in geothermal 

reservoirs  
Published 

6 Chapter 5 
Laboratory-based mathematical modelling of graded 

proppant injection in CBM reservoirs 
Published 

7 Chapter 6 
Deep bed and cake filtration of two-size particle suspension 

in porous media 
Published 

The first Chapter demonstrates the importance of the performed research in this 

thesis to the petroleum, chemical, and environmental industries, and other areas. This 

chapter highlights the challenges in predicting the well performance by the current 

models. It allows formulating the main aim of the thesis, i.e. modelling the impedance 

behaviour which cannot be well described by the classical models. The main 

contextual statement in chapter one is to describe the goal of the PhD study. 
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The second Chapter presents detailed literature review on mechanisms of fines 

detachment and the consequent formation damage in injection wells during injection 

of sea water, produced water, low salinity water or any poor quality water. Water 

production growth and water management challenges in the petroleum industry are 

highlighted. Laboratory coreflood tests on reservoir samples for water injection and 

drilling fluid design, and also field data observations are reviewed. In addition, 

lessons learned from cross-flow filtration experiments in membrane science are 

briefly summarised. Different mathematical models of fines migration and their 

limitation in predicting the injectivity behaviour are reviewed and discussed. It shows 

the lack of comprehensive mathematical model for prediction of well injectivity 

decline.  

Fines migration due to particle detachment often causes severe permeability 

damage in natural reservoirs. The damage happens during the mobilisation and 

migration of released fines that are strained in narrow pore throats. The delay in 

permeability stabilisation after flow rate variation is attributed to the slow drift of the 

mobilised fine particles near the rock surface. To account for this effect, the system of 

flow equations for suspended particle transport in porous media, with velocity smaller 

than the carrier fluid velocity, is derived in Chapter three. An analytical model for 

one dimensional flow including particle detachment and straining, under piecewise 

increasing velocity, is developed. Clean water injection tests, under piecewise 

increasing velocity, are also performed to confirm the observed long-term 

stabilisation. The laboratory data are in high agreement with the results of 

mathematical modelling. The effective particle speed is 500-1000 times smaller than 

the water velocity.  
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Salinity is another crucial parameter that can significantly affect fines migration 

in rocks. Delay in permeability stabilisation also takes place under salinity alterations. 

Several waterflooding tests, using the three-point method under piecewise decreasing 

salinities, are performed and discussed in details in Chapter three. Besides slow fines 

migration along the rock surface, the long term stabilisation of permeability can be 

attributed to the so-called Nernst-Planck diffusion. This diffusion occurs in a thin slot 

between two plates under the molecular-force action, which is significantly slower 

than the Brownian diffusion. Yet, a mathematical model that accounts for delay in 

particle mobilisation is not encountered in the literature as well. In Chapter three, the 

analytical model considering fines release delay is derived and the tuning results are 

compared with the previously derived model. 

Temperature analysis on fines migration and consequent formation damage are 

performed in Chapter four. Temperature can significantly affect fines mobilisation 

due to its severe effect on zeta potential of the materials, at high temperatures. DLVO 

theory is a powerful tool to quantitatively estimate the magnitude of the electrostatic 

force between a particle and rock surface. Based on the torque balance equation, the 

analytical solutions of the proposed mathematical model, along with DLVO theory, 

are successfully applied to predict the permeability behaviour of sandstone under 

higher temperature, which corresponding to geothermal reservoir condition.  

Chapter five presents the experimental studies conducted to analyse the effect of 

salinity change on fines migration in coal. The purpose of this study is to find a 

particular salinity range, where the salinity values are not too high to plug the core 

inlet by the injected particles (proppants), and not too low to cause formation damage 

by fines migration. The analytical solutions for slow fines migration, derived in 

Chapter three, are applied for tuning the experimental data. Successful treatment of 
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the test data by the analytical model allows reliable prediction of well behaviour 

during injection of graded particles. 

External filter cake build-op and fine particles deep bed filtration occur during 

drilling, completion and water injection processes. To our knowledge, comprehensive 

analytical models for external cake formation including co-occurring deep bed 

filtration and cake build-up are not available in the literature. Chapter six proposes a 

new model accounting for injection of bi-sized particle suspension into porous media. 

This chapter derives an analytical model for external cake filtration (i.e., cake build-

up and deep bed filtration). The new model incorporates the initial cake formation by 

large particles, deep bed filtration of small particles, internal cake growth inside 

external cake after the transition time, and possible formation of the mixture cake at a 

later stage. To validate the analytical model developed, a series of laboratory 

coreflood tests on the injection of two-sized particle suspensions have been 

performed. The values of impedance calculated using the analytical model agree well 

with the experimental data, and thus, validate the derived model. 

1.2 How the publications are related to the thesis 

The paper “Slow migration of mobilised fines during flow in reservoir rocks: 

laboratory study” presents the results of coreflooding tests with piecewise increasing 

velocities, in order to mobilise fines from natural cores until permeability 

stabilisation. It is observed that the times required for permeability stabilisation are 

much longer than one PVI in all the tests. This observation contradicts the classical 

model prediction, which assumes that particle and water have the same velocity, 

yielding the stabilisation time of one PVI. The permeability stabilisation time is 

shorter if the flow rate increases, because the drag force exerting on particles 

increases with flow rate. 
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In the paper “Slow migration of detached fine particles over rock surface in 

porous media”, the governing equations for one dimensional flow, accounting for 

particle mobilisation and consequent size exclusion under piecewise increasing flow 

rate, are derived. The long stabilisation time of permeability is explained by slow 

fines migration compared to the fluid velocity. The proposed model introduces a drift 

delay factor, which characterise the ratio between particle and fluid velocities. The 

analytical solutions are provided and validated by the experimental results.  

The paper “Fines mobilisation by low-salinity water injection: 3-point-pressure 

tests” presents experimental results from coreflooding tests with piecewise decreasing 

salinities. Two sandstone cores were chosen to investigate formation damage using 

the 3-point pressure measurement method along the core. It was observed that 

formation damage in the studied cores, after their contact with low-ionic strength 

fluid, is caused by fines mobilisation, their migration in the porous medium and 

straining in narrow pores. Each coreflood is characterised by decrease in rock 

permeability, with stabilisation times much longer than one PVI. This indicates that 

the mobilised particle’s drift velocity is much smaller than that of the fluid. 

The book chapter “Fines migration in aquifers and oilfields: laboratory and 

mathematical modelling” presents new mathematical models and experimental results 

of coreflooding, under piecewise decreasing salinities. Long permeability stabilisation 

time during coreflooding with fines migration, is explained by slow fines rolling and 

sliding, and also by the diffusive delay in particle mobilisation. The analytical models 

are derived for both phenomena. The laboratory fines-migration coreflood tests are 

carried out with measurements of breakthrough concentration of particles and 

pressure drop along the whole core and a fraction of its length. Tuning results of the 

two mathematical models, based on slow fines migration and delayed particle release, 
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respectively, and the combined model accounting for the two phenomena are 

compared. Treatment of the experimental data and analysis of the tuned coefficients 

show that the slow-particle model exhibits higher accuracy of matching and more 

typical strained-concentration dependencies of the tuned parameters than the delay-

release model.   

The temperature effects on reservoir fines mobilization, transport and straining 

are analysed in the paper “Mathematical modelling of fines migration in geothermal 

reservoirs”. Laboratory coreflood tests with piecewise decreasing ionic strength are 

performed, including the measurements of pressure drop along the core and 

accumulated effluent particle concentrations. Permeability stabilises after injection of 

numerous pore volumes, suggesting slow drift of mobilised particles if compared with 

the carrier water velocity. SEM-EDAX analysis of the produced fine particles shows 

that kaolinite and chlorite are the major minerals responsible for the permeability 

damage. The competitive effects of decreasing water viscosity and weakening 

electrostatic attraction, on the attached particle concentration during temperature 

increase, are observed. The microscale modelling of the fine particle mechanical 

equilibrium shows that, the electrostatic attraction effect on the fines attachment 

dominates over the fluid drag effect. This effect yields more fines release and 

consequent permeability reduction at high temperature, suggesting that geothermal 

reservoirs are more susceptible to formation damage induced by fines migration than 

the conventional petroleum fields. A mathematical model is derived accounting for 

“inherited” particles from the previous coreflooding stages. The obtained analytical 

solutions can be applied to predict well productivity index decline during reservoir 

exploitation. The maximum retention concentration function, based on mono-layer 

multi-sized particles assumption, is derived in the proposed model.    
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In the paper “Laboratory-based mathematical modelling of graded proppant 

injection in CBM reservoirs”, the analytical model for axisymmetric flow has been 

developed for exponential stress-permeability relationship. It accounts for 

permeability change out of the stimulated zone. Laboratory proppant injections into 

coal cores with different proppant sizes and water salinities have been conducted. It is 

found that the proppant suspension in low-salinity water exhibits weak particle–

particle and particle–coal attractions, leading to core entrance plugging and external 

cake formation. Yet, injection of low-salinity water may incur mobilisation and 

straining of fines, causing substantial formation damage. In this work, laboratory tests 

are performed to observe the effect of salinity change on fines migration in coal. An 

interval is found, where salinity is not low enough to avoid significant formation 

damage due to fine migration, and is not high enough to avoid inlet plugged by the 

injected proppant. Matching the mathematical model derived in Chapter three with the 

experimental data, allows for reliable laboratory-based well performance prediction 

submitted to graded particle injection.  

Build-up of an external cake on the borehole wall, along with deep bed filtration 

of small particles during drilling fluid invasion or water injection into oilfield, can 

cause permeability decline in the vicinity of the wellbore, and thus, serious formation 

damage. The paper “Deep bed and cake filtration of two-size particle suspension in 

porous media” presents a new mathematical model for the injection of two-sized 

particle suspension into rocks. The model accounts for deep bed filtration of small 

particles in porous media, build-up of external filter cake by large particles, filling of 

the cake by small particles and formation of a new cake by the mixed small and large 

particles at a later stage. Explicit analytical solutions have been derived. Two 

scenarios of cake formation are identified, and they correspond to the high and low 
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fractions of small particles injected, respectively. A laboratory test injecting two-sized 

suspension into a natural core was performed. The flow rate and pressure drop along 

the core were measured. The impedance profile from laboratory measurement was 

matched by the exact solution with high accuracy. 

Finally, the above mentioned five journal papers, one book chapter and one SPE 

full-volume conference paper present results of numerous laboratory coreflood tests, 

with injection of clean water and particle suspensions. These publications also provide 

comprehensive analytical models for prediction of suspension transport and retention 

in porous media, which is necessary for decision making, design and implementation 

of water injection projects, and determining strategies to avoid and/or mitigate 

formation damage. The proposed models can be applied to the prediction of 

permeability behaviour during injection of seawater, fresh water, re-injection of 

produced water, waste disposal, and invasion of drilling fluids in oilfields, geothermal 

and CBM reservoirs. 
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2 Literature Review 

2.1 Introduction  

Fines migration with consequent permeability reduction is a widely recognised 

formation damage mechanism, occurring in numerous petroleum and environmental 

processes. Fines migration takes place during oil and gas production in conventional 

and unconventional reservoirs, yielding significant reduction in the well productivity 

(Byrne et al., 2009, 2014; Bedrikovetsky et al., 2011a,b; 2012a,b; Zeinijahromi, 

2012a,b; Civan, 2014; Bai et al., 2015; Guo et al., 2015; Han et al., 2015). The 

occurrence of natural and induced fines migration has also been widely reported for 

waterflooding of oilfields and invasion of drilling and completion fluids into the 

formation (Watson et al., 2008; Fleming et al., 2007; 2010a,b). Generally speaking, 

the fines migration phenomenon is known for its detrimental effects on wells. Despite 

clogging in production and injection wells remains a major operational issue, 

comprehensive and precise analytical models for fines migration behaviour are 

unavailable in the literature. 

The literature review starts from the introduction of fines migration phenomenon 

and analysis of reservoir fines (Section 2.2).  It is followed by the governing equations 

of fines migration in porous media (Section 2.3): traditional kinetics model for 

particle capture, which is the basics for the system of fines migration problems, is 

presented in Section 2.3.1; Section 2.3.2 presents the mechanisms of fines 

detachment; Section 2.3.3 reviews the models of the maximum retention function; and 

Section 2.3.4 introduces the delay effect of particle release. 

Section 2.4 reviews the analytical solutions to the fines migration models 

accounting for slow drift and delayed release effects. 
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The main conclusion of the literature review, presented in Section 2.5, is the 

significance of the research project on analytical modelling of fines migration in 

porous media, due to wide spreading of these processes in petroleum, environmental 

and chemical engineering. The review is finalised by the statement that the solutions 

to the problems accounting for slow drift and delayed release effects are not available 

in the literature. 

2.2 Fines migration in natural reservoirs 

The distinguishing features of natural reservoir fines migration are mobilisation 

of the attached particles, their capture by straining in the rock and permeability 

decrease, with consequent decline of well productivity and injectivity (Fig. 1). 

Permeability decline during coreflooding with piecewise increasing velocity has been 

observed in many laboratory tests (Khilar and Fogler, 1998; Ochi and Vernoux, 1998, 

1999). Similar effects occur during piecewise variation of water salinity or pH during 

coreflooding (Kia, 1987; Lever and Dawe, 1994). The phenomenon is attributed to the 

mobilisation and migration of attached fines in porous space until size exclusion in 

narrow pore throats, finally resulting in significant permeability decline (Muecke, 

1979; Sarkar and Sharma, 1990; You et al. 2016). Fig. 1 shows the schematic for 

attached and strained fine particles in the porous space along with definitions for 

concentrations of attached, suspended and strained particles. Detachment of fines 

which coat the grain surfaces yields an insignificant increase in porosity and 

permeability, while the straining in narrow pore throats and the consequent blocking 

of conducting paths cause significant permeability decline. The main sources of 

movable fine particles in reservoirs are clays such as kaolinite, chlorite and illite; 

quartz and silica particles may be mobilised in low-consolidated sandstones (Arab et 
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al., 2014). Usually the kaolinite booklets of thin slices are situated on the grain 

surfaces (Fig. 3).  

a)   b) 

Fig. 3 Kaolinite particles attached to the grain surface (SEM image): (a) leaflet shape; (b) 
leaflets in the pore space 

Typical result of SEM-EDX analyses for a core sample is illustrated in Fig. 4. 

Plate-like “booklets” characteristic of kaolinite is shown on SEM image (Fig. 4a). The 

so-called “peak height ratio” equivalent to the ratio of relative molar proportions of Al 

and Si shown on EDX spectrum (Fig. 4b) is close to unity. This suggests that the 

above “booklets” are identified as kaolinite, Al2(Si2O5)(OH)4. Detachment of a thin 

large slice from the booklet may result in plugging of a large pore, so the mobilisation 

of small kaolinite volume may cause significant permeability impairment. Flakes of 

clay minerals are visible in the SEM image shown in Fig. 4c. Although their 

morphology indicates the presence of chlorite (Mg,Al,Fe)12[(Si,Al)8O20](OH)16, their 

EDAX spectra are more indicative of illite K1-1.5Al4[Si7-6.5Al1-1.5O20](OH)4 (Fig. 4d). 

However, the moderate iron content is an indication of the formation of chlorite 

(Vortisch et al., 2003). Therefore, the observed clay particles can be identified as 

mixed-layer illite/chlorite mineral. A double-stick electrically-conductive carbon tape 

produces carbon peaks in both EDAX spectra in Figs. 5b and 5d. 
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 (a)             (b) 

          

(c)                      (d) 

Fig. 4 SEM-EDAX results for the core sample: (a) SEM image for kaolinite; (b) EDAX 
spectra for kaolinite; (c) SEM image for illite/chlorite; and (d) EDAX spectra for 
illite/chlorite 

2.3 Governing equations 

Planning and design for injection and production in oil and gas reservoirs are 

supported by laboratory-based mathematical modelling. The classical filtration theory 

with particle detachment includes mass balance equation for suspended, attached and 

strained particles  

  0   
   

 a s

c
c U

t x
                                                    (2.1)     

where c, a and s stand for concentrations of suspended, attached and strained 

particles, respectively;   is the porosity of the porous media, U is flow velocity of the 

carrier fluid which is equal to the particle speed, x and t represent distance and time, 

respectively.  
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2.3.1 Traditional kinetics model 

The kinetics of simultaneous particles attachment and detachment is given by the 

relaxation equation (Bradford and Bettahar, 2005; Tufenkji, 2007; Bradford et al., 

2012, 2013) 

 det
a

a acU k
t

  
 


                                                                    (2.2) 

where a is the filtration coefficient for attachment and kdet is the detachment 

coefficient (Tufenkji 2007; Bradford and Bettahar, 2005; Bradford et al., 2012). 

The irreversible fines straining rate in narrow pore throats is expressed by the 

linear kinetics equation, in which the particle capture rate is proportional to the flux of 

suspended particles (Herzig et al, 1970; Bedrikovetsky, 2008; Yuan et al., 2011a,b; 

Yuan et al., 2012; Marquez et al., 2014) 

 



s

scU
t

                                                       (2.3)      

where s is the filtration coefficient for particle straining. Modified Darcy’s law 

accounts for permeability decline due to both attachment and straining (Pang and 

Sharma, 1998; Bedrikovetsky et al., 2011) is expressed as 

 1    


 
  s s a a

k p
U

x
                   (2.4) 

where k is the core permeability, p is the pressure, s  and 
a are the formation 

damage coefficient of the strained and attached particles, respectively. 

Fig. 1 illustrates the common assumption that the grain coating made of attached 

particles causes significantly lower permeability damage than straining: ≫ , i.e. 

the combination of particle release and straining yields reduction in permeability. 

Therefore, the term accounting for permeability increase due to detachment in Eq. 

(2.4) is negligible, if compared with that of permeability decline due to straining. 

19



Civan (2014, 2016) presents numerous generalisations for the governing 

equations (2.1-2.4) accounting for non-Newtonian behaviour of suspension fluxes, 

non-equilibrium for deep-bed filtration of high-concentration suspensions and 

colloids, particle bridging at thin pore throats, etc. 

2.3.2 Mechanisms of fines detachment 

The main assumption of the model for suspension transport in porous media with 

fines detachment is the introduction of a maximum (critical) retention function. This 

function relates the maximum value of the retained particle concentration with fluid 

salinity, flow velocity, pH, temperature..., i.e., σ = σcr (U, γ, pH, T,…). 

Two main forces contribute to the mobilisation of particles from pore surfaces in 

porous media, i.e., hydrodynamic and electrostatic forces (Khilar and Fogler, 1998). 

Flow rate is directly related to hydrodynamics. Salinity, pH, and temperature affect 

fines release through electrostatic force (Stuart, 1955; Aly and Esmail, 1993; 

Schembre et al., 2005, 2006a and 2006b; Leviton and Frey, 2006; Marshall, 2008; 

Leluk et al. 2010). The electrostatic forces are calculated using interaction energies 

between particles and surfaces. This indicates that the release of fines in porous media 

needs to be investigated at the interfacial scale. 

2.3.2.1 Derjaguin–Landau–Verwey–Overbeek (DLVO) theory 

At the interfacial scale, the Derjaguin–Landau–Verwey–Overbeek (DLVO) theory 

has been widely used to calculate the interaction energies between the particles and 

pore surfaces. The total energy between particles and surface is the sum of London-

van der Waals, electrical double layer and born repulsive potentials (Derjaguin and 

Landau, 1941; Hogg et al., 1966; Gregory, 1981; Israelachvili, 1992; Elimelech et al., 

1995; Hunter, 2001)  
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LVA DL BRV V V V                     (2.5)  

where V represents energy potential, the subscripts LVA, DL, and BR denote London-

van der Waals, electrical double layer, and born repulsion, respectively. 

The electrical attraction energy between two similar bodies is generally called 

London-van der Waals energy of interaction. This energy is the integration of all 

intermolecular interactions between polarised molecules, over a microscopic body. 

Several expressions for sphere-sphere and sphere-plate geometries have been 

summarised by Elimelech et al. (1995). According to the formula from Gregory 

(1981), the London-van der Waals potential is expressed as 

	 , 1 . 1
.

                                      (2.6) 

where 	 ,  is the weighted mean particles size; 100	nm is the characteristic 

wavelength of interaction (Gregory, 1981);  is Hamaker constant for clay-water-

sand system calculated using the equation presented by Israelachvili (2011) 

√
           (2.7) 

in which 	1.38110-23 J/K is Boltzmann constant;  is the absolute temperature 

of the system; ε , ε  and ε  are the static dielectric constants of clay, quartz and brine 

water respectively; ,  and  are the refractive indexes of clay, quartz and brine 

water respectively; the constant value of absorption frequency 3.0 10 	s  is 

taken from Israelachvili (2011). 

The electrical double layer repulsive energy between two similarly charged 

surfaces is a result of the overlap of diffuse double layer around charged bodies. The 

net charge on the particle surface affects the distribution of ions in the surrounding 

interfacial region. An "ion cloud" extends into solution around a charged surface 

effectively, "balancing" the surface charge over some distance away from the particle 
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(Fig. 5). The electric double layer (ion cloud) thickness around particles determines 

the minimum distance between two particles before repulsion. 

 

Fig. 5 The "Ion Cloud" around a particle (Vandamme et al., 2013) 

Various expressions for Electrical Double layer energy have been presented in 

the literature (Elimelech et al., 1995). The expression of electrical double layer 

interaction between particles and surface of porous matrix is calculated according to 

Gregory (1975): 

	 , 	                                                             (2.8) 

where 
∑

 is the Debye-Hückel parameter (the so-called “inverse Debye 

length”);  = 1.60210-19 C is the elementary electric charge;  is the number 

concentration of ions “i” in bulk solution;  is the valence of a symmetrical electrolyte 

solution;  = 8.85410-12 F/m is the dielectric permittivity of vacuum; 

	6.0221025 m-3 is the bulk number density of ions; tanh	  and 

tanh	  are reduced zeta potentials for particles and porous matrix;  and  

are zeta potentials for particles and porous matrix. 
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The born repulsive potential is effective in short range, resulting from strong 

repulsive forces between atoms due to overlap of electron clouds as the particles 

approach the point of contact. This can be determined by the expression developed by 

Ruckenstein and Prieve (1976) for a sphere-plate system: 

	 ,

	 ,

	 ,                            (2.9) 

where  = 0.5 nm is the collision diameter adopted from Elimelech et al. (1998). 

Converting equations from potential energy to force is achieved by differentiating 

the equations for potential energy with respect to the distance between the particle and 

the pore surface (Fig. 6) 

dV
F

dh
                                                    (2.10) 

where F is total electrostatic force, V is the total interaction energy, and h is the 

separation distance between the particle and rock surface. 

Fig. 6 shows typical curves of potential energy and electrostatic force for both 

high and low salinities. Curves I in Figs. 6a and 6b represent the high salinity case, 

from which we can see deep primary minimum showing strong attraction. Curves II 

correspond to the low salinity case, showing the existence of secondary minimum and 

the presence of energy barrier between the primary and secondary minima. Elimelech 

et al. (1998) shows that a barrier height 20KT or more can hinder particles from 

moving towards the primary minimum, i.e., the particles reach equilibrium state at the 

secondary minimum.  
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Fig. 6 Potential energy and electrostatic force calculated for the two tests by Ochi and 
Vernoux (1998): (a) potential energy; (b) electrostatic force 

2.3.2.2 Hydrodynamic Forces 

The hydrodynamic forces acting on fine particles from the fluid flow are 

responsible for the particles release. The total of lifting force (FL), exerting on the 

particle perpendicular to the particle-grain interface, and the drag force (Fd), exerting 

on the particle tangent to the interface (Fig. 7), form the detaching hydrodynamic 

forces (Saffmann, 1965; O'neill, 1968).  

The drag force is given by the expression from the analytical solution of the 

Navier-Stokes equation for flow around a finite size particle on the plane (O'Neill, 

1968; Altmann and Ripperger, 1997; Bergendahl and Grasso, 2003): 

-1500

-1000

-500

0

500

1000

E
n

e
rg

y 
p

o
te

n
tia

l, 
V

 (
k B

T
)

 

 

10
-10

10
-9

10
-8

10
-7

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
x 10

-8

Seperation distance, m

E
le

ct
ro

st
a

tic
 fo

rc
e

, F
e (

N
)

 

 

a)

b)

I

I

II

II

24



 
 

2
s p p

d

p c

r u r
F

r h





                                                                                     (2.11) 

where  is the viscosity of fluid,  is the particle radius,  is the pore radius,    is 

cake thickness on the pore wall,	  is the average velocity and 24 1.7 is the 

drag force coefficient. 

The lifting force exerting on a particle suspended in fluid is given by: 

3
3

3L s

u
F r

H

                  (2.12) 

where the lifting coefficient χ=89.5 was reported by Kang et al. (2004), while 

Altmann and Ripperger (1997) provided a value of 1190. The expression of the lifting 

force on a small sphere contacting with a plane in a simple shear flow was obtained 

by Leighton and Acrivos (1985). All the above researchers derived their equations 

based on the pioneering works by Saffmann (1965, 1967).  

2.3.2.3 Buoyancy force 

Assuming the particle has ideal spherical shape, the buoyancy force is expressed 

as: 

34
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where ∆ρ is the difference of densities between the suspended particles and water. 

2.3.2.4 Torques exerting on particles exposed to fluid flow 

Fig. 7 shows the schematic of fines detachment from the grain surface, which 

causes the mobilisation and migration of reservoir fines (Das, et al., 1994). A fine 

particle attached on the grain surface is subject to the drag, electrostatic, lifting, and 

gravitational forces. Torque balance of detaching and attaching forces exerting on the 

particle can be expressed as 

( , ) ( ) ( ) ( , ) ( ), /d scr scr e scr L scr g scr d nF U r l r F r F U r F r l l l                                     (2.14) 
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Fig. 7 Distribution of different-sized particles in a mono-layer on the grain surface, and forces 
acting on the particles; the torque balance on a fine particle attached to the pore wall: (a) 
normal lever ln is the radius of the contact deformation area; (b) the asperity height 
determines the normal lever 

Consider the deformation of elastic particles by the normal force (Fig. 7a), which 

equals the total of electrostatic, lifting, and gravitational forces. The right side of Eq. 

(2.14) is an expression for the normal force. Assume the particle rotates around a 

point of the contact area at the moment of mobilisation; the rotation touching point is 

located on the contact-area boundary. Following Derjaguin et al. (1975), Schechter 

(1992), Das et al. (1994), Freitas and Sharma (2001), and Bradford et al. (2013), the 

lever arm of the normal force ln is assumed to be equal to the radius of the contact 

area of deformation by the normal force. It can be calculated from Hertz’s theory as: 
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. (2.15) 

where K is the composite Young’s modulus, which depends on Poisson’s ratio ν and 

Young’s modulus E of the particle and of the surface (Prasad et al., 2002; Gercek, 

2007), and the indices 1 and 2 refer to the particle and solid matrix surface, 

respectively. The lever arm of the drag force ld can be calculated from the geometrical 

relation between particle radius rs and ln as 2 2
d s nl r l  . 
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Another particle mobilisation scheme corresponds to the particle that rotates 

around the contacting asperity of the grain surface (Fig. 7b). In this case, the particle 

size and the asperity size determine the lever arm for the normal force ln.  

In this thesis, the first scheme accounting for rigid rock surface and particle 

deformation is adopted to study the fine particle detachment in porous media.  

2.3.3 The maximum retention function 

In order to be attached on a pore surface, a particle must be in stable equilibrium, 

where the net force on the particle is zero and it is at its lowest energy potential. Two 

such points exist for the system under consideration, corresponding to the secondary 

and primary energy minima, respectively (Fig. 6). Particles with sufficient kinetic 

energy can overcome the energy barrier, shown as Curves II in Fig. 6a. Afterwards, 

these particles are eventually constrained at the primary energy minimum; while the 

remaining particles deposit in the secondary energy minimum (Tufenkji and 

Elimelech, 2005; Li et al., 2006).  

To remobilise a particle from the surface, the applied hydrodynamic torque acting 

on the single particle must overcome the torque of the total attaching forces 

(Elimelech et al., 1995; Khilar and Fogler, 1998; Bradford et al., 2011; Israelachvili, 

2011; Yuan and Shapiro, 2011a). Once the latter happens, the particles are released 

instantly from the surface.  

One obvious shortcoming of the attachment–detachment model accounting for 

particle detachment kinetics (2.1-2.4) is that, the retention concentration and 

permeability stabilise asymptotically when time tends to infinity; while the fines 

mobilisation after sharp increase of flow rate occurs almost instantly (Jaiswal et al., 

2011). A prompt permeability response is observed during the coreflood tests with 

abrupt rate rise (Khilar and Fogler, 1998; Ochi and Vernoux, 1998). Thus, the 
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classical model including the kinetic detachment equation cannot characterise the 

mechanical equilibrium of particles, since the detachment term is not affected by the 

equilibrium state of a single particle. 

The maximum retention concentration is a function of dimensionless ratio 

between the drag and normal forces, which is a phenomenological function of the 

porous medium and particles. The particle mobilisation, governed by this function, is 

determined by the torques exerting on the particles at rock surface. Therefore, the 

particle detachment kinetics in the classical attachment–detachment model (2.1-2.4) is 

substituted by this function, accounting for the particle mechanical equilibrium. 

Assuming constant porosity, and filtration and formation damage coefficients, the  

one-dimensional (1d) problem of deep bed filtration with limited particle retention, 

characterised by the net torque exerting on particles, allows for an analytical solution. 

Till now, we have developed two models for the maximum retention 

concentration. One is derived under the assumption of multi-layer internal cake 

formed by mono-sized particles. The other corresponds to mono-layer particles with a 

size distribution. The details of these two models are reviewed below. 

2.3.3.1 Multi‐layer‐mono‐size‐particle	 formed	 internal	 cake	 model	 of	 maximum	

retention	concentration	

This section presents formulae for the electrostatic, drag, lift, and gravitational 

forces related to particle equilibrium; then it derives equation for the maximum 

retention function for multi-layer mono-sized particles in cylindrical pores. At some 

moment, the particle is released by the drag and lifting forces from the cake surface. 

Consider an infinitesimal moment before the release-time. Fig. 8 exhibits the particle 

“rotation” around the tangent point with the neighbouring particle. The distance h 

between the particle and the cake increases from the minimum value to a certain value 
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where the particle- particle interaction is negligible, during the rotation. The particle 

dislodging occurs. The drag force torque must exceed the maximum torque of the 

normal force for the particle dislodging. The mechanical equilibrium of particle on the 

rock (grain, internal cake) surface involves the maximum value of electrostatic force. 

Therefore, the maximum value of electrostatic force must be taken for Fe-value in the 

mechanical equilibrium condition (2.14) (Fig. 6).  

Usually it is assumed that the lever arms for drag and normal forces have the 

same order of magnitude. Their ratio is equal to 3  for regular arrangement of mono-

sized particles in two-dimensions (Fig. 8). However, Kalantariasl et al. (2014) shows 

that, for solid particles, lever arm for drag force is almost equal to the particle radius, 

while the lever arm for normal forces is 100-700 times smaller than the particle 

radius. 

 

Fig. 8 Torques on the particles attached on the internal cake surface 

A dimensionless parameter, particle erosion number, is defined as the ratio 

between the drag and normal forces. The drag force is given by Eq. (2.11), where rs is 

an effective size of a particle with irregular shape. Substituting the relation between 
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the Darcy and interstitial velocities, and the estimate of the pore opening size H 

(Lake, 1989) 

,
U

u H k 


                  (2.16) 

into (2.11), one obtains the dimensionless ratio between the drag and normal forces as 
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                  (2.17) 

During particle deposition process, the permeability is a function of deposited 

particle concentration on the surface (Pang and Sharma, 1997; Bedrikovetsky et al., 

2011) 
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            (2.18) 

which accounts for permeability damage effect caused by particle retention. The 

formula (2.17) becomes 
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According to the torque balance equation (2.14), the dependences of the drag and 

lifting forces on velocity (2.11-2.12) and the dependences of the electrostatic force on 

salinity, pH and temperature indicate that, for each fluid condition, there exists a 

maximum retained concentration which relates to the equilibrium of torques exerting 

on particles. The maximum retention concentration can be expressed as a function of 

the ratio between the drag and normal forces (electrostatic force in particular, if the 

buoyancy force and lifting force are neglected)  a pf  , i.e. 
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Eq. (2.20) contains the variable σa on both sides. This is a transcendental equation 

with respect to the unknown σa, for an arbitrary form of the functions f(εp) and kr(σa). 

Expressing the maximum retention concentration σa = σcr from Eq. (2.20) yields 

2 2
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n n

r U r U
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              (2.21) 

Finally, the maximum retention concentration is expressed as a function of the 

particle erosion number εp:  
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  .               (2.22) 

Fig. 9 illustrates the maximum retention concentration versus flow rate, 

calculated using the above model. The higher the velocity U, the higher the numerator 

in (2.22) for the erosion number εp, the higher the lifting force, and the lower the 

denominator in (2.22). Thus, the erosion number εp increases with the velocity U 

monotonically. The higher is U, the higher is the sum of drag and lifting forces in 

(2.14) and, consequently, the lower is the maximum retention concentration σcr. 

Hence, the maximum retention concentration decreases with the erosion number εp 

monotonically. The dependency (2.22) is named the maximum retention function. 
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Fig. 9 The critical retention concentration calculated at variant flow rate, based on the multi-

layer-mono-sized-particle model (Bedrikovetsky et al., 2011a) 

In Fig. 9, point A below the maximum retention curve represents the state in a 

certain reservoir location. The state is “under-saturated”, i.e., the attaching torque of 

electrostatic and gravity forces exceeds the detaching torque of drag and lifting forces. 

If some suspended particles move along with constant velocity, the capture of these 

particles will occur at this location. Under constant injection rate, the gradual particle 

attachment leads to an increase of the interstitial flow velocity, and an increase of the 

drag and lifting forces as a result. The process of particle retention corresponds to the 

upward movement along the straight line from point A to B and stops until the 

“saturated” state point B. 

The shift along the interval AC in Fig. 9 from A to C corresponds to the gradual 

velocity increase without particle attachment. The increase of velocity results in the 

increase of hydrodynamic forces. The torque equilibrium of particles is satisfied at 

point C, where the corresponding velocity is called the “critical velocity” for 

mobilised fines (Miranda and Underdown, 1993; Khilar and Fogler, 1998). It refers to 

the minimum velocity resulting in the rock erosion by fines mobilisation. Further 

increase of flow velocity leads to the movement along the maximum retention curve 

from point C to D. 

2.3.3.2 Mono‐layer‐multi‐size‐particle	model	of	maximum	retention	concentration	

All the forces in Eq. (2.14) for mechanical equilibrium of attached particles 

depend on the particle size. Besides, the drag and lifting forces depend on flow 

velocity. Consequently, Eq. (2.14) is a transcendental equation for  and determines 

the critical particle size as (You et al., 2016) 

, , , …                                                           (2.23) 
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The function  monotonically decreases with ,  and , and increases with , 

i.e., particles are dislodged by drag force with increasing velocity, pH or T and 

decreasing ionic strength in the order of particle size reduction.  

Fig. 10 presents the results of these calculations. The higher is temperature, the 

lower is electrostatic attraction. Thus, a particle is detached at lower velocity where 

the temperature increases; so the curve 3 is located below the curve 1. Salinity 

increase yields the increase of electrostatic force; therefore curve 2 is located above 

the curve 1. During temperature increase under constant velocity, the drag force 

detaches the particles in the order of their size decreasing, i.e. large particles are 

mobilised first. 

 

Fig. 10 The maximum retention function for mono-layer of size-distributed particles 

mobilised by the fluid flow with various velocities 

Define the initial concentration distribution of attached particles with different 

sizes as . The larger particles are mobilised first and the smaller particles 

remain, determining the maximum retention function as: 
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,
,

                     (2.24) 

As shown in Fig. 11, the form of maximum retention function for the case of 

mono-layer fines is not convex. The calculated σcr(U)-curves for three particle size 

distributions with the same variance coefficient support the above observation, that 

particle mobilisation during the fluid velocity increase occurs in the order of particle 

size decrease. The larger is a particle, the higher is the drag force and the less are the  
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b) 

Fig. 11 The maximum retention function for the attached fines forming a mono-layer on the 

pore surface: (a) for log-normal size distributions with varying mean particle size; (b) for log-

normal size distributions with varying variance coefficient 

remained particles (Fig. 11a). Similar calculations for lognormal distributions with the 

same average particle size and different variance coefficients result in σcr(U)-curves 

shown in Fig. 11b. The higher fraction of mobilised large particles corresponds to 

larger coefficient of variation Cv. For the low velocity range, σcr(U)-curves for high 

values of standard deviation lie lower; whereas with the increase of fluid velocity 

σcr(U)-curves shift to higher σcr-values. According to Eq. (2.14), σcr(U)-curve has a 

step-shape for mono-sized particles (Cv0), meaning that maximum retention 

function is a step-function. The wider is the attached particle size distribution, the 

wider is the transitional spread of the σcr(U)-curves. 

2.3.3.3 Using	ionic	strength	sensitivity	to	characterise	fines	mobilisation	system	

Consider inflow performance in production wells. The well rate per unit of the 

reservoir depth is 2 . During production one observes two or more orders of 
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magnitude decrease of fluid velocity in the direction from well bore towards the 

drainage contour. The magnitude of this decrease is the function of the distance from 

the well. Variation of fluid viscosity with temperature affects detaching drag force 

which is a function of fluid velocity. Therefore, such rheological dependence of σcr 

should be studied in a wide range of fluid velocities. Having studied this relationship, 

one can reliably estimate well productivity index. However, the maximum available 

capacity of commercially available pumps limits the above studies at high fluid 

velocity variations. 

Coreflood with lower ionic strength fluid also leads to particle mobilisation. 

Therefore, it is much easier to run such tests with significant variation of fluid ionic 

strength in the laboratory. The torque balance equation (2.14) has the following two 

solutions:  and . Since , we obtain the 

following translation formula: 

, , .               (2.25) 

This formula translates  to  and vice versa. 

Below we describe such translation for a monolayer of multi-sized particles 

attached to the wall of pores. After running of coreflood tests with varying fluid ionic 

strength, one obtains ,  relationship. Equation (2.23) determines critical 

particle radius as , . It is possible to calculate , , , 

corresponding to each value of , and corresponding velocity for fixed ionic strength 

. Therefore, the relationship ,  obtained experimentally can be re-

calculated into ,  relationship. 

Fig. 12 shows an example of translation of the maximum retention function 

between the velocity effect and the salinity effect based on the transition principle 
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above. Curve 1 in Fig. 12b corresponds to ,  at constant fluid velocity and 

ambient temperature. The translation curve 1 in Fig. 12a represents ,  at 

constant fluid ionic strength and ambient temperature. 
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 b) 

Fig. 12 Temperature- and salinity-dependence of maximum retention function: (a) maximum 

retention concentration vs velocity at different temperatures; (b) ionic strength dependency of 

maximum retention concentration (  = 0.2 M NaCl) at different temperatures 

2.3.4 Release delay effect of attached particles 

The interaction between the ionic diffusion and thin film hydrodynamics has been 

observed in many field applications, e.g., wettability alteration or fines mobilisation 

by reduction of the ionic strength. These are the emerging technology in petroleum, 

mining and environmental industries, referred to as “low-salinity waterflooding” 

(LSF), which can improve the sweep efficiency. To our understanding, the LSF alters 

the wettability by decreasing the ionic strength and increasing the disjoining pressure 

(Mahani et al., 2015a,b).  Experimental observations (Fig. 1 in Mahani et al., 2015a) 

indicate that replacing the electrolyte of a high ionic strength with that of a low ionic 

strength yields significant alteration of the rock wettability. Consequently, the grain 

surface turns to more hydrophilic, and thus, oil droplets may be detached from the 

solid surface. This phenomenon does not happen without ionic diffusion in thin films. 
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Mahani et al. (2015a, b) observed significant delay between salinity alternation 

and the corresponding contact angle change. It is attributed to saline water diffusion 

from the contact area between the deformed particle and rock surface. The so-called 

Nernst-Planck diffusion in thin slot between two plates under the molecular-force 

action is significantly slower than the Brownian diffusion, so the delay can be 

significant. The diffusive delay in particle mobilisation due to water salinity decrease 

can serve as another explanation for long stabilisation period. Yet, mathematical 

model that accounts for the delay effect in particle mobilisation is not available in the 

literature. 

2.4 Analytical solutions for constant filtration and formation 

damage coefficient 

The exact solution of the classical fines migration model (2.1-2.4) shows 

complete stabilisation of pressure drop after injection of one PV, while many 

laboratory observations report the stabilisation after 10-1000 PVIs. Therefore, the 

classical model for colloidal suspension flow in rocks allows good matching of the 

stabilised permeability but fails to predict the long stabilisation period.    

In Keshavarz et al. (2014) and You et al. (2016), the long stabilisation times for 

permeability were explained by slow motion of mobilised particles on rock surface. 

Modification of the classical governing system consists of the substitution of the 

water flow velocity U in Eqs. (2.1-2.3) by the particle velocity Us<U. The ratio of Us 

and U is defined as drift delay factor α. Another important modification in the 

governing system is the introduction of the maximum retention function with delay, 

which corresponds to the Nernst-Planck diffusion (Mahani et al., 2015a) from the 

grain-particle contact area into the bulk of the fluid. The form of maximum retention 

function for mono-layer fines with a size distribution allows interpreting its non-
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convex shape. The obtained system with slow fines migration and delayed maximum 

retention function allows for exact solutions for the cases of piecewise-constant 

velocity/pH/temperature increase or salinity decrease.  

The analytical solution of the governing equation system (2.1-2.4) can be 

obtained by the method of characteristics (Bedrikovetsky, 1993). Fig. 13 illustrates 

the schematic of analytical solution to the slow fines migration model. 
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Fig. 13 Schematic for the analytical solution of 1d fines migration under piecewise-constant 

increasing velocity at times before and after the breakthrough (moments Ta and Tb, 

respectively): (a) trajectory of concentration fronts and characteristic lines in (X,T)-plane; (b) 

suspended concentration profiles at three moments T=0, Ta and Tb;  (c) strained concentration 

profiles at three moments 
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As shown in Fig. 13a, the concentration front of the injected clean fluid moves 

along the path X = αT, where X and T stand for dimensionless distance and time, 

respectively. Behind the concentration front, particle concentration equals zero. The 

“last” mobilised particle arrives at the effluent at the moment T = 1/α. The mobilised 

particles have uniform concentration; they move with the same velocity under the 

condition that they have the same probability to be captured by smaller vacant pore 

throats. Therefore, the profile of suspended particle concentration is uniform during 

fluid flow, and concentration of suspension in zone I is independent of X (see the 

second line in Table 1). This leads to the conclusion that the concentration of particles 

strained in thin pores is independent of X ahead of the concentration front. Particle 

straining occurs for non-zero concentration of suspended particles. Therefore, the 

strained particles accumulate at a reservoir point X until the arrival of concentration 

front at this point; afterwards, the concentration of suspended particles remains 

unchanged. Therefore, the concentration of strained particles behind the concentration 

front keeps intact. 

The profiles of suspended particle concentration at the moments T = 0, Ta (before 

the arrival of concentration front at the outlet of the core) and Tb (after the arrival of 

concentration front) are shown in Fig. 13b. We denote ∆Sa1 as the initial concentration 

of the released particles. The profile of the concentration of suspended particles 

equals zero behind the concentration front, and is constant in front of this front. After 

the front arrival, the breakthrough concentration of suspended particles is zero due to 

the fact that all mobilised particles are either strained in narrow pore throats or 

transported to the core outlet. 

Three profiles of strained particle concentration at the moments 0, Ta and Tb are 

shown in Fig. 13c. No strained particles are present in the media before the particle 
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mobilisation. The concentration of strained particles continues to grow until the 

moment of the front arrival and remains unchanged later. The duration of the particle 

straining process during the flow becomes longer, and the maximum value of 

accumulated strained particles grows with X. Hence, the profiles of strained particle 

concentration grow as X increases. The probability of particle capture ahead of the 

front remains constant. Thus, the strained profile is uniform, because the particle 

advective flux is uniform. 

Fig. 14 illustrates the schematic of analytical solution to the combined model 

considering both slow fines migration and delayed particle release. Compared to the 

previous solution accounting for slow fines migration only (illustrated in Fig. 13), the 

current solution results in non-zero suspended concentration behind the front. 

Consequently, the retained concentration is not constant behind the front, due to 

continuous release of particles.  

Tables 1, 2 and 3 list the main formulae of analytical solutions for the slow fines 

migration model and the combined models accounting for both slow fines migration 

and delayed particle release. In these tables, C, Ss, Λ and τ stand for the dimensionless 

suspended concentration, strained concentration, filtration coefficient and release 

delay time, respectively, and J denotes the impedance. 

 

43



 

Fig. 14 Analytical slow-fines delay-release model: (a) trajectory of concentration fronts and 

characteristic lines in (X, T) plane; (b) suspended concentration profiles at three moments; (c) 

strained concentration profiles at three moments 

 

 

Table 1 Analytical solution for the slow fines migration model  
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Term Explicit formulae for 1d solution (X,T)-domain 
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Table 2 Analytical solution for the combined model (ατ 1) 
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Term Notation Zones Expression 
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Table 3 Analytical solution for the combined model (ατ 1) 

Term Notation Zones Expression 
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2.5 Summary 

The distinguishing features of the natural reservoir fines migration are 

mobilisation of the attached particles, their capture by straining in the rock and 

permeability decrease with consequent decline of well productivity and injectivity. 

Permeability decline during coreflooding with piecewise increasing velocity has been 

reported in many laboratory tests (Ochi and Vernoux, 1998, 1999). Similar effects 

occur during piecewise variation of water salinity or pH during coreflooding (Lever 

and Dawe, 1994). This phenomenon is attributed to the release of attached particles 

and their migration in large pores until size exclusion in narrow pore throats, finally 

resulting in significant permeability decline (Muecke, 1979, Sarkar and Sharma, 

1990).  

Numerous laboratory studies exhibit the stabilisation periods of 10-1000 PVIs. 

However, the classical model shows that the permeability stabilises after one PVI. 

Therefore, the classical model fails to predict the long term stabilisation. Up to date, 

there have been no comprehensive mathematical models describing the long-term 

permeability stabilisation available in the literature. It encourages me to derive new 

models and their analytical solutions for fines migration in porous media.  

In this thesis, the long-term permeability stabilisation is explained by slow 

particle drift along the rock surface. The drift delay factor corresponding to the ratio 

of particle velocity and fluid velocity is introduced into the classical model. 

Meanwhile, the delay effect of particle release induced by ion diffusion from the 

grain-particle contact area into the bulk of the fluid under salinity alteration is also 

considered in the new model. The obtained system including the slow fines migration 

and delayed release effects allows for exact solutions for the cases of piecewise 

velocity/pH/temperature increase or salinity decrease. Good matches between the 
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experimental and modelling results validate the proposed model for slow motion of 

released fine particles in porous media. 
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a b s t r a c t

Permeability decline during high rate flows has been widely reported for corefloods and for production
wells. The phenomenon is attributed to mobilisation of fine particles at elevated velocities, their
migration in porous space with the following straining in thin pores and attachment to pore walls.
Sixteen sets of corefloods with piecewise constant rate have been performed under increasing flow rate.
The particularities of this study are long injection periods, allowing estimating permeability stabilisation
times, and pressure measurements in intermediate core points, permitting for evaluation of the
permeability profile variation along the core. It was found out that the mobilised particles drift with
speeds significantly lower than the carrier fluid velocity, resulting in long permeability stabilisation
periods.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Detachment of the reservoir fines, their migration as colloids or
suspensions in the carrier fluid with further straining in thin pore
throats and attachment to pore walls occur in numerous petro-
leum production processes. The main features of the processes are
the variation of colloidal suspension concentration in carrier fluid,
which is important for produced water disposal in aquifers, and
the permeability decline affecting well productivity and injectivity
(Civan, 2007; Rousseau et al., 2008; Byrne and Waggoner, 2009).
The above occurs during filtrate invasion into reservoirs during
well drilling (Schechter, 1992; Watson et al., 2008), fines migration
in oil and gas reservoirs (Schembre and Kovscek, 2005; Civan,
2007) and low quality water injection into oilfields (Nabzar et al.,
1996; Pang and Sharma, 1997; Chauveteau et al., 1998). The role of
fines migration during low-salinity waterflooding of oil reservoirs
is a subject of the current intensive research (Tang and Morrow,
1999; Morrow and Buckley, 2011; Zeinijahromi et al., 2011; Yuan
and Shapiro, 2011; Hussein et al., 2013). The permeability reduc-
tion due to fines migration can be used for water production
control (Zeinijahromi et al., 2012). The list of fines migration
applications can be significantly expanded.

The common view on the flow of mobilised fines in porous
reservoirs is that the fine colloidal or suspension particles are
transported in the carrier fluid. It means that the advective velocity
of particles is equal to the carrier fluid velocity; the permeability
stabilisation occurs after arrival of the “last” mobilised fine at the
core outlet, i.e. after the injection of one pore volume. Several
authors have mentioned the two-speed structure of the colloidal
suspension flux, where the particles may undergo the near-surface
motion with significantly reduced speed if compared to the carrier
water velocity (Yuan and Shapiro, 2010). The particle drift near the
rough pore walls as modelled by Navier–Stokes equations has the
speed significantly lower than the injected water velocity (Sefriouri
et al., 2013). However, the vast majority of mathematical models
assume equality of particle and water velocities (Bradford et al.,
2008, 2009). Besides, laboratory studies of slow fine particle
migration in porous media are not available in the literature.

Several laboratory corefloods with increasing velocity in order
to lift fines have been performed, yielding the clear understanding
of mobilisation and straining phenomena (Priisholm et al., 1987;
Ochi and Vernoux, 1998; Kuhn et al., 1998, etc.). The detailed
overviews of those works are presented by Tiab et al. (2004) and
Civan (2007). Yet, the permeability stabilisation periods cannot be
evaluated from the results of these tests due to short injection
times. Also, the permeability profile cannot be evaluated since
only the pressure drop across the overall core has been measured.

In the current work, the corefloods with piecewise constant
velocity in the mode of velocity increase in order to lift the natural
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reservoir fines are performed until the permeability stabilisation.
It is found out that the permeability stabilisation periods signifi-
cantly exceed one pore volume injected in all the tests, while the
assumption of equality of particle and water velocities yields the
stabilisation after injection of one pore volume. The delayed
stabilisation is attributed to slow fines transport near pore walls.
The stabilisation time decreases with the flow rate increase, which
is explained by simultaneous increase of drag force driving the
particles along the rock surface.

The structure of the paper is as follows. Brief physical descrip-
tion of colloidal suspension transport in porous media is given in
Section 2. Section 3 presents the details of the laboratory set-up,
rocks and fluids used and the methodology of laboratory tests. The
test results are presented in Section 4. The paper is concluded by
the discussions of results (Section 5), where the observed phe-
nomena of delayed permeability stabilisation are attributed to the
slow particle drift along the rock surface.

2. Physics of fines mobilisation, migration and straining

Following Muecke (1979), Sharma and Yortsos (1987),
Chauveteau et al. (1998), Bergendahl and Grasso (2000), Freitas
and Sharma (2001), Byrne et al. (2010), Bradford et al. (2011) and
Bedrikovetsky et al. (2011, 2012), let us describe the main physical
factors determining fines migration with consequent permeability
decline in porous media. Detachment of fine particles, their
migration with followed straining or attachment is shown in
Fig. 1. The mobilised fine particle is retained by size exclusion if
its size exceeds the pore size (Yuan et al., 2012; You et al., 2013).
The fine particle intercepting a grain can also be attached, if there
are available attachment sites on the grain surface. The forces
exerting upon a single particle attached to the grain are shown in
Fig. 1. The particle on the grain surface or on top of the internal
cake formed by other attached particles is subject to electrostatic,
drag, lifting and gravitational forces. The particle is attached if the
attaching torque of electrostatic force and gravity exceeds the
detaching torque of drag and lifting forces; otherwise the particle
leaves the grain surface. The torque equilibrium is the condition of
the particle mechanical equilibrium. The electrostatic force
depends on the grain–particle disjoining distance that reaches
the maximum at certain disjoining distance value. For the given
values of drag, lifting and electrostatic forces, particle mobilisation
is controlled by the maximum value of the attractive electrostatic

force. If the attaching torque exceeds the detaching torque, the
disjoining distance is determined by the torque balance under
given values of drag, lifting and electrostatic torques. From the
torque balance criterion follows that under the mechanical equili-
brium, there does exist the maximum concentration of retained
particles that is a function of carrier fluid velocity, salinity, pH,
temperature, etc. Particle detachment due to velocity, pH or
temperature increase or salinity decrease is described by the
maximum retention function decrease. Velocity increase yields
an increase of drag and lifting forces; it may raise the detaching
torque resulting in the particle mobilisation. The water salinity
decrease causes a decrease of the electrostatic force with conse-
quent decrease of the attaching torque and fines mobilisation.
Increase of temperature and pH also causes weakening of electro-
static force with consequent fines mobilisation. The above phe-
nomena of fines mobilisation by increasing velocity have been
observed and discussed in laboratory studies by Miranda and
Underdown (1993), Ochi and Vernoux (1998), Bradford et al.
(2011), while the fines lifting due to salinity decrease or tempera-
ture and pH increase is presented by Lever and Dawe (1984),
Sarkar and Sharma (1990), Valdya and Fogler (1992), Khilar and
Fogler (1998) and Civan (2010).

The classical filtration theory introduces critical velocity as the
minimum velocity, where fines mobilisation occurs (Miranda and
Underdown, 1993). Critical salinity is the salinity threshold below
which the fines are lifted (Khilar and Fogler, 1998). The particle
detachment rate is proportional to the difference between the
current and critical values of velocity, salinity, pH, etc. The
proportionality coefficients correspond to relaxation times, which
are empirical coefficients and are obtained from the fitting. The
model exhibits the delay in permeability response to an abrupt
change of the parameters, while several laboratory studies reveal
an instant permeability response (Lever and Dawe, 1984; Ochi and
Vernoux, 1998; Bedrikovetsky et al., 2012). The above mentioned
model of maximum retention function is free of this shortcoming.

If the migrating particle intercepts the grain and the attaching
torque exceeds the detaching torque, the particle becomes
attached to the grain. The size exclusion mechanism of the particle
has been mentioned before. Another mechanism of particle
retention is diffusion into the dead-end pores, where the particles
may remain not being accessible to the flow in skeleton pores. In
the next section we present the methodology and set-up of the
laboratory study of fines mobilisation under increasing flow
velocity followed by migration and capture.

3. Laboratory study

In this section we describe laboratory set-up (Section 3.1),
characteristics of rock and fluids (Section 3.2) and methodology
of flow testing under alternate velocities (Section 3.3).

3.1. Set-up

The schematic of laboratory set-up with specification of all key
elements is shown in Fig. 2. Fig. 3 is the photo of set-up. The
injected fluid is placed in Beaker 1 and is injected by PU-2087
pump Jasco under constant rate. The core-holder Mantec (Lab-
conte) with two intermediate ports for pressure measurements is
controlled by valves 14 and 15. The overburden pressure in core-
holder is provided by manual pump Fluke 10 and is monitored by
manometer 11. Pressure transducers 5, 6 and 7 measure pressure
drops across the overall core, between the entrance and second
ports and across the first core section, respectively. The Yokogawa
transducers are calibrated to measure the pore pressure from zero
to 500 psi. The data acquisition system 8 delivers a digital form for

Fig. 1. Fine particles detachment from grains, migration in carrier water, attachment
to grains and straining in thin pores.
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the measurements of three pressure transducers and transfers it to
PC 9. The data are treated by the software LabView installed in PC.
The effluent fluid is collected in Beaker 4 for further electrical
resistance, pH, breakthrough concentration and fine particle size
distribution measurements.

3.2. Core and fluid

Corefloods in 16 Berea cores with alternate velocities have been
performed. Some core and brine properties for Core 12 are
presented in Table 1. Table 2 shows initial core permeability and
brine salinities for 16 tests. The cores 8–20 and 21–24 have been
cut from two different blocks. The permeability values in the first
block are lower than those in the second block. Cores have
diameters determined from the core-holder size – 0.038 m. Core
length varies from 0.044 to 0.072 m. Fresh Milli-Q type ultrapure
water has been used for preparing the solution of sodium chloride.
The brine has been filtered using 0.22 μm filter.

3.3. Methodology of laboratory study

In order to determine porosity, dry cores are weighted, satu-
rated by brine with a determined salinity under vacuum and

weighted again. Dry Berea core has been saturated by brine at low
velocity (at the injection rate 0.5 mL/m). The salinity varies from
test to test from 6 to 30 g/L. The brine pH is below 7 (Table 1). The

Fig. 2. Schematic of laboratory set-up for fines migration in porous media:
1 – injected fluid, 2 – pump, 3 – core-holder with core, 4 – produced fluid, 5,6,
7 – pressure transducers, 8 – data acquisition system, 9 – PC with LabView,
10 – manual pump to maintain overburden pressure, 11 – manometer, 12–16 –

control valves.

Fig. 3. Set-up for investigation of fines migration in porous media.

Table 1
General water and core data for Test 12.

Parameter Test 12

Salinity 10.0 g/L NaCl
pH 6.4
Total core length 7.2 cm
Intermediate point core
length

0.7 cm and
2.9 cm

Porosity 19%
Cross-sectional area 11.53 cm2

Solution viscosity 1.0 cP
Initial permeability 58 mD

Table 2
Stabilised times in different tests.

Test
no.

K0 Q Duration
of tests

Stabilisation
time

Brian
salinity

Kst

(mD) (ml/min) (pvi) (pvi) (g/L) (mD)

8 57 10 303 20 10 40
20 595 16 10 36
30 585 20 10 32

9 70 10 281 16 10 61
20 623 14 10 55
30 706 18 10 50

10 44 10 200 16 6 38
20 505 15 6 33
30 778 20 6 31

11 30 10 18 16 10 30
20 469 20 10 27
30 710 14 10 26

12 58 10 91 25 10 31
20 361 17 10 26
30 455 30 10 24

13 61 10 127 11 30 42
20 752 19 30 35
30 563 22 30 32

14 44,9 10 146 14 30 40
20 628 17 30 34

15 56 10 123 14 10 46
20 451 23 10 38
30 485 15 10 34

16 50 10 129 14 6 39
20 420 20 6 33
30 527 20 6 30

18 60 10 133 27 6 43
20 599 23 6 35
30 803 18 6 34

19 71 10 146 23 6 45
20 595 25 6 36
30 627 19 6 31

20 75 10 120 12 10 32
21 270 10 72 19 10 173

20 306 18 10 155
40 421 21 10 122
48 450 23 10 118

22 109 5 44 13 10 106
10 97 18 10 84
15 213 12 10 71
20 198 10 10 67
25 367 11 10 59
30 1278 12 10 56

23 247 10 86 11 3 180
20 258 12 3 148
40 441 12 3 113

24 250 10 77 10 10 188
20 317 21 10 148
40 300 13 10 111
48 310 20 10 102
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fines are not lifted at such low velocity, low pH and high salinity.
Afterwards, the cores are submitted to the low velocity flow with
the rate varying from 0.5 to 2.0 mL/min for determining the stable
initial permeability. Subsequently, the cores are flooded with
several rates sequentially (Table 2). The first flood is always
performed with the rate 1 mL/min during short period where
the permeability remains constant. Pressure at the core inlet,
outlet and in two intermediate ports is measured during the
coreflooding (see the schematic in Fig. 2). Measurements of
pressure in intermediate core points provide more information
for tuning the mathematical model and also allow estimating the
permeability profile (Bedrikovetsky et al., 2001). The produced
fluid salinity is determined from electric conductivity (Fig. 4a). The
produced fluid pH is also measured.

The breakthrough concentrations of produced fines are too low
to be measured with certain accuracy. Therefore, the fines have
been removed from the core with high breakthrough concentra-
tion after water injection with three rates by injection of low
salinity water (0.5 g/L). Fig. 4a shows semi-transparent effluent
suspension with significant turbidity. Particle size distribution in
the effluent suspension is measured by the Particle Analyser CILAS
1180 (Fig. 5). Then the produced water is evaporated in order to
extract fine particles (Fig. 4b). Mineralogy of the fines is deter-
mined by XRD analysis (Fig. 6).

The obtained laboratory data are presented in the next section.

4. Results

Particle size distribution as obtained from the effluent suspen-
sion (Fig. 4a) is presented in Fig. 5. Diameters corresponding to
10%, 50% and 90% cuts are 0.38 μm, 1.35 μm and 5.03 μm,
respectively; the medium particle diameter is 2.14 μm. The core
permeability is k0¼247 mD, porosity is ϕ¼0.20. The medium pore
diameter is Dp¼10� (k/ϕ)1/2¼11.1 μm (see Amix et al. (1964) for
determining pore size from the permeability and porosity).
According to the “golden rule of filtration”, the particles with
diameter less than Dp/7 filtrate without being captured, the
particles with diameter larger than Dp/3 are captured after migra-
tion for a distance that is negligibly smaller than the core length
and do not appear at the effluent and the intermediate size
particles are performing the deep bed filtration (Van Oort et al.,
1993). The fines size distribution in Fig. 5 shows that a significant
fraction of fines has the diameter less than Dp/7¼1.6 μm; the
fraction of large particles with diameter above Dp/3¼3.7 μm is

significantly lower than one. The jamming ratio between the mean
pore and particle diameters in the effluent 11.2/2.14¼5.1 is typical
for deep bed filtration (Bradford et al., 2008, 2009, 2011).

The dry residue of the evaporated produced suspension
(Fig. 4b) is submitted to XRD analysis. The qualitative results are
shown in Fig. 6. Besides the salt crystals, the residue contains the
leaflets of kaolinite clay and quartz particles from sandstones. Salt
presence is attributed to the injected brine. The data refinement
shows 79 mass% of NaCl crystals, 18% of kaolinite and 3% of quartz.

The results of pressure measurements are shown in Fig. 7. Rates
10, 20 and 30 mL/min have been applied in Test 12. The so-called
dimensionless impedance is used to describe medium permeabil-
ity of different core sections

J tDð Þ ¼Δp tDð Þ
q tDð Þ

q 0ð Þ
Δp 0ð Þ ¼

k0
k tDð Þ; Δp tDð Þ ¼ p 0; tDð Þ�p L; tDð Þ

where p is pressure, q is rate, the sign Δ corresponds to the
difference between the upstream and downstream pressure values.
The impedance is the ratio between the initial and current perme-
ability values. The impedance history J(tD) for the overall core and
its sections is presented in Fig. 7a. The pressure drop across the
overall core and its sections is shown in Fig. 7b. Fig. 7c–e correspond
to time zoom from the beginning of injections with a constant rate.

Let us define the pressure drop/permeability stabilisation time.
The typical time interval between two sequential samplings is 10
PVI for the rates used in the coreflood tests. The precision of

Fig. 4. Analysis of effluent fluids: (a) conductivity measurements; (b) residual fines after produced fluid evaporation to be submitted to XRD analysis.

Fig. 5. Size distribution of produced fines.
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pressure measurements is 0.5 psi. The system is stabilised if the
pressure drop does not grow anymore. The following criterion is
assumed for stabilisation – pressure drop rise divided by the time
between two sequential samplings does not exceed 0.5/10 psi. The
calculated stabilisation times tDst, J(tDst)¼ Jst are shown in the fifth
column of Table 2. Column seven presents the stabilised perme-
ability as calculated from the stabilised impedance. The plots of
permeability versus velocity for Test 12 are shown in Fig. 8.
Stabilisation times versus velocity as obtained from all tests listed
in Table 2 are shown in Fig. 9.

5. Discussions

The size distribution of produced fines is in qualitative agree-
ment with the 1/3–1/7 filtration rule. It corresponds to the
possibility for mobilised particles to migrate along the core and
be produced at the effluent. It allows attributing the pressure drop
increase during the constant rate flow to pore straining and rock
clogging by the mobilised and migrating fines.

Numerous laboratory studies indicate simultaneous presence of
clay and sandstone particles in produced water residue after
evaporation (Lever and Dawe, 1984; Khilar and Fogler, 1998).
XRD analysis of the residue fines presented in Fig. 6 also shows
the presence of kaolinite clay and quartz sandstone particles.

The impedance curves in Fig. 7 indicate almost instant perme-
ability response to the abrupt permeability alteration. So, the fine
particles detachment occurs during time periods that are negli-
gibly shorter than flow times. Fig. 7b shows pressure drop along
the core, its third section and across Sections 2 and 3. Fig. 7c–e
presents zoom-in for each constant rate injection during small
time period from the beginning of each injection. Pressure drop
gradually increases during each constant-rate injection for core
and all sections; the gradual permeability decrease is explained by
fines migration and straining.

The stabilised values of permeability for the overall core and its
sections are shown in Fig. 8. The higher is the flow rate the
lower is the permeability. It is explained by accumulation of
strained particles sequentially mobilised under the increasing
flow rate.

Fig. 7 shows that the impedance curve for the third core section
is above that for the second and third sections; the overall core

impedance curve is the lowest. Consequently, the average perme-
ability of the overall core is higher than that for the second and
third sections; the third section has the lowest permeability. The
same relationship is revealed from Fig. 8, which shows the
stabilised permeability of the core and its sections after long-
term injection. Let us explain the phenomenon. The mobilised
fines move along the core with a certain speed. This is the velocity
of the clean water front moving from the core inlet along the core
from the beginning of injection. Particle size exclusion causing
permeability reduction is going on ahead of the front, the
suspended fines are absent behind the front. The larger is the
distance between the core inlet and a point in the core, the longer
is the period if particle straining occurs at this point, and the lower
is the final permeability. The profile of the final permeability along
the core is given by a declining curve.

Now let us discuss the obtained values of stabilisation times
with consequent conclusions about the fines drift velocity. It is
assumed that the fines are lifted by an abrupt velocity alternation
during the time period that is negligibly smaller than the reference
time of flow in the core. Therefore, the concentration front of the
injected particle-free water moves with the water velocity from
the core inlet at the beginning of injection. The diffusive front
thickness is significantly smaller than the core length. Size exclu-
sion of mobilised fines stops at the moment of concentration front
breakthrough, i.e. after one pore volume injected. The assumption
that mobilised particles are transported by carrier water results in
one pore volume value for stabilisation time.

However, the observed stabilisation times highly exceed one
(Table 2). It shows that the mobilised particles drift with a
speed that is significantly lower than the velocity of the carrier
water. This drift can be a total of different micro-motions, such as
rolling over the rock surface or sliding along the pore wall
segments (Yuan and Shapiro, 2010). The particle can be mobilised
and move with the carrier fluid until the neighbouring
asperity, either leaving it or remaining attached. The range of the
transition time in PVI, which is equal to the ratio between the
velocities of the carrier water and the drift, varies from 10 to 27
(Table 2).

Fig. 9 shows stabilisation time versus velocity of the carrier fluid
for the conditions of all tests performed. The upper curve corre-
sponds to the cores with higher permeability values that have been
cut off the second rock block (Tests 21–24, see Table 2). The lower

Fig. 6. Results of XRD analysis of the fines from produced fluid.
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curve corresponds to the cores with lower permeability values that
have been cut off the first rock block (Tests 8–20). The points are
not expected to be located exactly on two curves, since the

transition times for the different points have been calculated from
tests with different cores. However, the curves show the following
tendency: the higher is the carrier fluid velocity, the smaller is the

Fig. 7. Comparison of the model tuned predictions with impedance's data from Test 12: (a) impedance history; (b) pressure drops across the core and its sections versus PVI;
(c) history of pressure drops across the core and its sections for rate 10 mL/min; (d) zoom for pressure drops across the core and its sections for rate 20 mL/min for small
times; (e) pressure drops for rate 30 mL/min for small times.

Fig. 8. Stabilised permeability versus velocity as obtained from pressure drop
measurements across the overall core and its sections (Test 12).

Fig. 9. Permeability stabilisation time versus flow velocity for 16 tests.
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transition time or, the higher is the particle drift speed. It is
explained by the proportionality between the flow velocity and
the drag force exerting on the particles at the rock surface.

During the injection of suspensions in porous media, the break-
through time varies around one PVI. Small deviation of the break-
through time from unity is explained by accessibility of the pore
space for finite size particles (Ilina et al., 2008) or by the interplay
between the particle capture and diffusion (Altoe et al., 2006). So,
the injected particles move with the carrier fluid. On the contrary,
for conditions of the laboratory tests presented in the current work,
the detached particles perform a slow motion near to pore walls.
Nevertheless, the above does not exclude the possibility for particle
detachment into the main stream of the carrier fluid resulting in
faster particle transport. It may occur at higher flow velocities and
requires further laboratory investigation.

General tendency of the impedance growth during injection
with velocity increase is evident from Fig. 7. However, some short
time impedance decrease has been observed during the test.
Fig. 7a shows the J(tD)-curve decline after the rate switching from
1 mL/min to 10 mL/min. We explain it by formation of multi-
particle bridges at the pore throat entrances during the induced
fines migration. The abrupt rate increase may destruct the bridge
and yield the fines mobilisation, resulting in a temporary perme-
ability improvement. The effect is observed mostly at low velo-
cities (Fig. 7). It agrees well with the above mentioned explanation
of the short time impedance decline, since bridging occurs at low
velocities (Tiab et al., 2004; Civan, 2007).

The explanation of permeability decline due to fines migration
during the flow with increasing injection rate can be verified by
applying the NMR (T2 distribution) test on each core. A possible
shift in T2 distribution could be used to indicate pore plugging by
the migrating fine particles (see Arns et al., 2005).

6. Conclusions

Corefloods under sequentially increasing velocity with pressure
drop measurements allow drawing the following conclusions:

(1) Corefloods exhibit almost instant permeability response to
abrupt rate change, suggesting that the fine particles are
mobilised instantly

(2) Stabilisation time highly exceeds one pore volume, suggesting
that fine particles migrate with the velocity that is significantly
lower than the carrier water velocity

(3) The higher is the velocity, the lower is the stabilisation time. It
is explained by the proportionality between the velocity and
the drag force driving mobilised particles near to pore walls;

(4) The post-mortem permeability decreases along the core, since
more remote core points are exposed to straining by lifted
fines for longer period.
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a b s t r a c t

Fines migration involving particle detachment in natural reservoirs usually exhibits significant perme-
ability damage. This occurs due to mobilization and migration of detached colloidal or suspended fines
that were strained in thin pore throats. Numerous laboratory coreflood tests show that the time for
permeability stabilization accounts for hundreds of injected pore volumes. However, classical filtration
theory assumes that the released fines are transported by the bulk of the carrier fluid, thus stabilizing the
permeability after the injection of one pore volume. The current paper attributes the stabilization delay
to the slow drift of the mobilized fines near the pore walls. We propose basic flow equations for single-
phase particle transport in porous media with velocity lower than the carrier fluid velocity. We derive an
analytical model for one dimensional flow with particle release and straining under piecewise-constant
increasing velocity. The laboratory data are in high agreement with the results of mathematical
modelling. The effective particle speed is 500e1000 times lower than the water velocity.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction

Fines migration and the consequent permeability reduction can
cause formation damage in numerous petroleum, environmental,
and water-resource technologies. Fines migration occurs during oil
and gas production in conventional and unconventional reservoirs,
significantly reducing well productivity (Byrne and Waggoner,
2009, Byrne et al., 2010, 2014; Civan, 2014; Bai et al., 2015; Guo
et al., 2015; Han et al., 2015; You et al., 2016). The literature has
widely reported natural- and induced fines migration in the
waterflooding of oilfields and the invasion of drilling and comple-
tion fluids into the formation (Watson et al., 2008; Fleming et al.,
2007, 2010a, 2010b). Despite significant progress in the oil, gas
and water production technologies, clogging of production and
injection wells still remains a major operational issue.

The distinguishing features of the natural-reservoir fines
migration are mobilization of the attached particles, their capture
rikovetsky).
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by straining in thin pore throats, and consequent decline of well
productivity and injectivity (Fig. 1). Permeability decline during
corefloods that have piecewise-constant increasing velocity have
been observed in numerous laboratory studies (Ochi and Vernoux,
1998, 1999). Similar effects occur during piecewise-constant
change of water salinity or pH during coreflooding (Lever and
Dawe, 1984; You et al., 2015). This is attributed to mobilization of
the attachment fine particles and their migration in pore space
until size exclusion in thin pore throats, finally resulting in signif-
icant permeability decline. Fig. 1 shows the schematic for attached
and size-excluded fine particles in the porous space, along with
definitions of the concentrations of attached, suspended and
strained particles. Detachment of fines that coat the grain surfaces
yields an insignificant increase in porosity and permeability,
whereas the straining in thin pore throats and consequent plugging
of conducting paths causes significant permeability decline. The
main sources of movable fine particles in natural reservoirs are
kaolinite and illite clays (Lagasca and Kovscek, 2014; Arab et al.,
2014). Usually the kaolinite booklets of thin slices are situated on
the grain surfaces (Fig. 2). Detachment of a large, thin slice from the
booklet can result in plugging of the large pore, so that the
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Fig. 2. Kaolinite particles attached to the grain surface (SEM image).

Fig. 3. Time variation of measured and calculated parameters during coreflood with
piecewise-increasing velocity during test BS012 from Ochi and Vernoux (1998): (a)
experimentally determined permeability decline with time; (b) increasing velocity
during the test; (c) decrease in the critical mobilized fines radius as velocity increases,
calculated from the torque balance; (d) delay drift factor from the model adjustment.
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mobilization of a limited kaolinite volume can significantly impair
permeability.

Figs. 3a and 4a show typical decreasing permeability curves
during the velocity increase; the velocity variations are presented
in Figs. 3b and 4b.

Planning and design of injection and production in oil and gas
reservoirs are supported by laboratory-based mathematical
modelling. Classical filtration theory involving particle detachment
includes the following mass balance equation for suspended,
attached and strained particles

v

vt
½fcþ sa þ ss� þ U

vc
vx

¼ 0; (1)

where c, sa, and ss are concentrations of suspended, attached and
strained particles, respectively and U is flow velocity of the carrier
fluid that coincides with particle speed.

The following relaxation equation captures the kinetics of
simultaneous particles' attachment and detachment is given by
Bradford and Bettahar (2005), Tufenkji (2007), Zheng et al. (2014)

vsa
vt

¼ lacU � kdetsa; (2)

where la is the filtration coefficient for attachment and kdet is the
detachment coefficient (Bradford and Bettahar, 2005; Tufenkji,
2007; Bradford et al., 2012).

The following linear kinetics equation expresses the irreversible
fines straining rate in thin pore throats, where the straining rate is
proportional to the advective flux of suspended particles (Herzig
et al., 1970; Yuan and Shapiro, 2011a, b)

vss
vt

¼ lscU; (3)

where ls is the filtration coefficient for straining (size exclusion).
Modified Darcy's law accounts for permeability damage due to

both attachment and straining (Pang and Sharma, 1997):

U ¼ � k
mð1þ bsss þ basaÞ

vp
vx

: (4)

Eq. (4) follows from Taylor's series for the normalized reciprocal
for permeability k/k(sa, ss) with respect to small independent
variables sa and ss; the corresponding partial derivatives over
variables sa and ss, ba and bs are called the formation damage co-
efficients for attachment and straining, respectively.

Fig. 1 illustrates the accepted assumption that permeability
damage due to grain coating by attached particles is significantly
lower than that due to straining: bs > >ba, i.e., the combination of
particle detachment and straining yields the decline in perme-
ability. Therefore, the term that represents permeability increase
due to detachment in Eq. (4) is negligible in comparisonwith that of
Fig. 1. Schema for fine particle detachment and straining that yields the permeability
decline.
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permeability decline due to straining.
The quasi-linear system of partial differential equations (1)e(4)

depicts a delayed reaction to an abrupt injection rate alteration,
whereas the laboratory tests show an immediate permeability and
breakthrough concentration response to an abrupt velocity alter-
ation (Ochi and Vernoux, 1998; Bedrikovetsky et al., 2012). This
discrepancy has been resolved in the modified model for particle
detachment, by introducing the maximum attached concentration
as a velocity function sa ¼ scr(U) (Bedrikovetsky et al., 2011). If the
maximumvalue scr(U) exceeds the attached concentration, particle
attachment occurs, and the detached particles follow the classical
filtration equation (3); otherwise the maximum attached



Fig. 4. Time variation of measured and calculated parameters during coreflood with
piecewise-constant increasing velocity during test BS013 from Ochi and Vernoux
(1998): (a) permeability decline with time as calculated from experimental data; (b)
increasing piecewise-constant velocity during the test; (c) decrease in radius of the
mobilized fines as velocity increases, as calculated from mechanical equilibrium Eq.
(6); (d) delay drift factor a obtained by the model adjustment.
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concentration holds. Therefore, dependency sa¼ scr(U) is called the
maximum retention function. Hence, the following equation de-
scribes the above attachment-detachment scenario:

vsa
vt

¼ laUc; sa < scr Uð Þ
sa ¼ scr Uð Þ

(5)

The maximum retention function decreases as flow velocity
increases. Therefore, the velocity increase causes immediate
release of the attached fine-particle excess.

The function scr(U) is an empirical phenomenological function
of the model, which can be determined by the inverse-problem
solution using the fines-migration test data. However, it can be
approximated through a simplified geometry of porous space using
torque balance of attaching and detaching forces exerted on the
particle attached to the rock surface (Fig. 5) (Freitas and Sharma,
2001; Bergendahl and Grasso, 2003; Bradford et al., 2012, 2013;
Kalantariasl et al., 2015):

FdðU; rscrÞlðrscrÞ ¼ FeðrscrÞ � FlðU; rscrÞ þ FgðrscrÞ;
l ¼ ld=ln:

(6)

Here Fd, Fe, Fl, and Fg are drag, electrostatic, lift, and gravitational
forces, respectively; ld and ln are the lever arms for drag and normal
forces (see Appendix for expressions of the forces in Eq. (6)).

Substitution of the expressions for drag, electrostatic, lift, and
gravitational forces into the torque balance equation (6) yields the
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expression of the maximum retention function (for detailed deri-
vations, see Bedrikovetsky et al., 2011). The maximum retention
function (5) for the case of poly-layer attachment of single-radius
particles in rock with mono-sized cylindrical capillaries is a
quadratic polynomial of the flow velocity.

Expression (5) for the maximum retention function substitutes
the equation for simultaneous attachment and detachment (2) in
the mathematical model for colloidal-suspension transport. The
modifiedmodel consists of three equations (1), (3) and (5) for three
unknown concentrations c, sa, and ss. Eq. (4) for pressure separates
from system (1, 3, 5), which is independent of pressure. The one
dimensional flowproblemwith attachment and detachment allows
for exact solution; matching the laboratory coreflood data deter-
mining the maximum retention function. The laboratory- and
theoretically-determined maximum retention functions are in
close agreement, which validates the maximum retention function
as a mathematical model for particle detachment (Zeinijahromi
et al., 2012; Nguyen et al., 2013). Nevertheless, the exact solution
of the system (1, 3, 4, 5) shows complete pressure drop stabilization
after injection of one pore volume (Bedrikovetsky et al., 2011),
whereas numerous laboratory studies have exhibited 30e500 PVI
periods of stabilization (Ochi and Vernoux, 1998, 1999; Oliveira
et al., 2014). Fig. 3a shows the permeability stabilization times
70e3000 PVI for different injection velocities (Ochi and Vernoux,
1998). The stabilization times for flow exhibited in Fig. 4a vary
from 300 to 1200 PVI. Therefore, the modified model for
suspension-colloidal transport in porous media (1, 3, 5) accurately
predicts stabilized permeability but fails for predicting long stabi-
lization periods.

Several works claim that slow surface motion of the mobilized
particles accompanies the simultaneous fast particle transport in
the bulk of the aqueous suspension. Li et al. (2006) asserted that the
slow surface motion is due to particles in the secondary energy
minimum. Yuan and Shapiro (2011a) and Bradford et al. (2012)
introduced slow particle velocity in the classical suspension flow
model; the two-speed model successfully matches the laboratory
data on breakthrough concentration. The Navier-Stokes-based
simulation of colloidal behavior at the pore scale, performed by
Sefrioui et al. (2013), also yields particle transport speeds signifi-
cantly lower than the water velocity. However, classical filtration
theory along with the modified particle detachment model as-
sumes the particle transport occurring with the carrier fluid ve-
locity (Tufenkji, 2007; Civan, 2014).

In the current paper, the long periods for permeability stabili-
zation are explained by slow surface motion of mobilized fine
particles. Further modification of the governing system consists of
the substitution of water flow velocity U in Eqs. (1), (3) and (5) by
the particle velocity Us < U (Fig. 6). Another modification of the
governing system is the introduction of a maximum retention
function for the mono-layer of size-distributed fines, allowing
explaining its non-convex form. The obtained system allows for
exact solution in the case of piecewise-constant velocity increase.
High agreement between the laboratory and modelling data vali-
dates the proposed model for slow surface motion of released fine
particles in porous media.

The structure of the paper is as follows. Section 2 presents a brief
physical description of fine particle detachment in porous media
and introduces the maximum retention function for a mono-layer
of size-distributed particles. Qualitative analysis of the laboratory
results presented in this section yields modification of the mathe-
matical model for fines migration in porous media. Section 3 pre-
sents those basic transport equations. Section 4 derives the
analytical model for one-dimensional flow under piecewise-
constant flow velocity increase with consequent fines release and
permeability impairment. Section 5 describes the laboratory



Fig. 5. Distribution of different-sized particles in a mono-layer on the grain surface, and forces acting on the particles; torque and force balance on a fine particle attached to the
pore wall: (a) normal lever ln is the radius of the contact deformation area; (b) the asperity height determines the normal lever.

Fig. 6. Fines mobilization, migration, and straining in porous media.
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coreflood tests with fines mobilization along with the successful
adjustment of the analytical model. Discussions and conclusions
finalize the paper.

2. Fines detachment, transport, and straining in porous
media

We now discuss the micro-scale physics of particle detachment.
Figs. 1 and 5 show the schematic of reservoir-fines detachment
from the grain surfaces, causing their mobilization andmigration. A
fine particle on the grain surface is subjected to drag, lift, electro-
static, and gravitational forces. Further in the paper, we apply the
DLVO (Derjaguin-Landau-Verwey-Overbeek) theory (Derjaguin
and Landau, 1941; Elimelech et al., 1995; Khilar and Fogler, 1998;
Israelachvili, 2011) for calculating the electrostatic forces. We use
the formula for drag force from Bergendahl and Grasso (2003) and
Bradford et al. (2013). Leighton and Acrivos (1985) and Akhatov
et al. (2008) presented the expression for lift. The Appendix gives
the expressions for all forces.

Consider the deformation of elastic particles by the normal
force, which equals the total of electrostatic, lift, and gravitational
forces. The right hand side of Eq. (6) is an expression for the normal
force. It is assumed that the particle rotates around a point of the
contact circle at the moment of mobilization; the rotation touching
point is located on the contact-area boundary. Following Derjaguin
et al. (1975), Schechter (1992), Freitas and Sharma (2001), and
Bradford et al. (2013), the lever arm is assumed to be equal to the
radius of the contact area of deformation by the normal force.
Hertz's theory calculates the radius that is the lever arm ln:

l3n ¼ Fnrs
4K

; ld ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2s � l2n

q
; K≡

4

3

 
1�n21
E1

þ 1�n22
E2

!; (7)

where K is the composite Youngmodulus that depends on Poisson's
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ratio n and Young's elasticity modulus E of the particle and of the
surface, and indices 1 and 2 refer to the particle and solid matrix
surface, respectively.

Another particle mobilization schema corresponds to the par-
ticle that rotates around the contacting asperity of the grain surface
(Fig. 5b). Thus, the elastic particle and rock properties in the first
case and the asperity size in the second case determine the lever
arm for the normal force ln.

We consider the parameters in Eq. (6) that correspond to the
conditions of laboratory tests performed by Ochi and Vernoux
(1998). Berea sandstone cores were used, and kaolinite fine parti-
cles were mobilized in the course of the velocity increase during
coreflooding. We use the following values for electrostatic con-
stants of kaolinite and quartz: Hamaker constant is 2.6 � 10�20 J
(Welzen et al., 1981; Kia et al., 1987); atomic collision diameter is
0.4 � 10�9 m (Das et al., 1994); surface potentials j01 and j02 are
(�55mv,�50mv) and (�70mv,�80mv) for tests BS012 and BS013,
respectively (Ochi and Vernoux, 1998); and salinities are 0.1 and
0.01 mol/L for tests BS012 and BS013. Other constants are taken
from Israelachvili (2011) and Khilar and Fogler (1998): permittivity
of free space (vacuum) ε0 ¼ 8.854 � 10�12 C�2 J�1 m�1; dielectric
constant for water D ¼ 78.0. Temperature is T ¼ 25 �C; Boltzmann
constant is kB ¼ 1.3806504 � 10�23 J/K; and electron charge is
e ¼ 1.6 � 10�19 C. We use the following constants to calculate the
lever arm ratio (7): Young's moduli for kaolinite and for quartz are
6.2 GPa and 12 GPa, respectively (Prasad, 2002); and Poisson's ratios
are 0.281 and 0.241 (Gercek, 2007). Fig. 7a and b presents the plots
of electrostatic potential and force versus separation particle-grain
distance, that were calculated using the above parameters.

Eq. (A-5) expresses electrostatic force Fe is via energy potential
V. Therefore, minimum and maximum points of the potential
correspond to zero-values of electrostatic force. The inflection point
of the potential curve corresponds to the minimum of force.

The calculations reveal no secondary minimum and favorable
attachment conditions for test BS012. For the conditions of test
BS013, primary and secondary minimum energies are 550 kT and
19 kT, respectively. The energy barrier is 87 kT, which exceeds
values allowing the particle jumps from secondary minimum to
primary minimum, i.e., the attachment conditions are unfavorable
(Elimelech et al., 1995).

All forces in Eq. (6) for mechanical equilibrium are particle-size
dependent. However, drag and lift forces are also flow-velocity
dependent. This allows the critical radius of the particle mobi-
lized by the flow with velocity U to be expressed as: rscr ¼ rs crðUÞ.
Eq. (6) is a transcendent equation for implicit dependency
rscr ¼ rscr(U) and can be solved using the stationary iterative nu-
merical procedure (see Varga, 1962).

Fig. 8 shows the form of the dependency rscr¼ rscr(U) as obtained
using the above constants. The solution shows that the higher the
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velocity, the smaller the mobilized particle, i.e., rscr(U) is mono-
tonically decreasing. Therefore, the particles are mobilized in order
of decreasing of size during the increase in flux velocity. Thus, the
particles that remain on the surface during the flowwith velocity U
are smaller than rscr(U).

The attaching electrostatic force increases as the Hamaker
constant increases. Thus, the higher the Hamaker constant, the
larger the particle removed under a given velocity U. Therefore, the
curve rscr(U) shifts to the right as the Hamaker constant increases
(Fig. 8).

Let the initial concentration distribution of attached particle
sizes be denoted by Sa(rs). The model assumes that the attached
Fig. 8. Minimum size of the fine particles lifted by the flux with velocity U.
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particles form a mono-layer on the rock surface. From the above
discussion, it follows that the critical retention concentration in-
cludes all particles with radii smaller than rscr(U):

scr Uð Þ ¼
Zrscr Uð Þ

0

SaðrsÞdrs: (8)

Following Jensen et al. (2000), we assume that the attached
particles have been created by the breakage algorithm, i.e., the
attached particle sizes Sa(rs) follow a log-normal distribution. Fig. 9
shows the maximum retention function for various size distribu-
tions of the attached particles as calculated by (8) using the above
mentioned values for electrostatic and elastic constants.

The maximum retention function scr(U) for single-size particles
that form the poly-layer coating on the surface of cylindrical pores
is a quadratic polynomial (Bedrikovetsky et al., 2011). Introduction
of size distributions for spherical particles and cylindrical pores
results in the convex maximum retention curves.

The maximum retention function for mono-layer fines is not
convex (Fig. 9). Fig. 9a shows the maximum retention curves for
three fines distributions that have the same variance coefficients
but different average particle sizes. The larger the particle, the
lower the maximum retention function. This result agrees with the
above assertion that the particles are mobilized by descending size,
by a flux with increasing velocity. Fig. 9b shows the maximum
retention curves that originated from log-normal distributions of
particle size and have the same average size and different variance
coefficients. The fraction of large particles is higher for the curve
with larger variance coefficient. Therefore, the higher the standard
deviation, the lower the maximum retention function at low ve-
locities; the maximum retention function increases as the variance
coefficient increases at high velocities. As Eq. (8) shows, the
maximum retention function for mono-sized particles is a step-
function; the larger the particle size deviation, the wider the
transitional spread of the maximum retention curve.

The phenomenological model for fines detachment in porous
media (1, 3e5) assumes the existence of a maximum retention
function and that its form is unconstrained.

We now consider the injection of particle-free water with
increasing piecewise-constant velocity into the rock with concen-
tration sa0 of the movable attached fines (Fig. 9c). There is no
particle release for small flow velocities, i.e., the attaching torque
(6) exceeds the detaching torque for all size particles. The hori-
zontal arrow in Fig. 9c corresponds to velocity increase from zero to
the critical velocity U0 without particle mobilization, i.e., the
attached concentration remains constant. The critical velocity is the
minimum velocity yielding the first fine appearance in the core
effluent. The critical velocity U0 is determined by the initial con-
centration of attached fines in the rock

sa0 ¼ scrðU0Þ: (9)

Flow velocity increase above U0 corresponds to movement to
the right and down along the maximum retention curve. The
abrupt flow velocity increase from U1 to U2 yields immediate
mobilization of particles with concentration [scr(U1)�scr(U2)].
Particle mobilization yields an increase in suspended concentration
of [scr(U1)�scr(U2)]/f. The mobilized particles drift along the rock
surface with velocity Us, which is smaller than the flux velocity U.
The mobilized particle migrates until being strained by a pore
throat with radius smaller than that of the particle. Particle
straining in thin pore throats occurs. This results in plugging of the
conductive pore path and decrease in permeability. Eq. (4) defines
the permeability decline due to the strained concentration



Fig. 9. Form of maximum retention function for the attached fine particles that form a
mono-layer on the pore surface: (a) log-normal particle size distribution with varying
mean particle size; (b) log-normal particle size distribution with varying variance
coefficient; (c) schematic for determining the maximum retention function.

Fig. 10. Stabilized permeability versus velocity: (a) test BS012; (b) test BS013.
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increase. Fig. 10a,b shows the stabilized permeability values for
different flow velocities as obtained from the pressure drops across
the core and velocities of the two coreflooding tests shown in
Figs. 3a and 4a, respectively. The higher the velocity, the larger the
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strained concentration, and the lower the permeability.
The impedance J denotes the dimensionless pressure drop along

the core, normalized by the initial pressure drop:

J Tð Þ ¼ DP Tð ÞUð0Þ
U Tð ÞDPð0Þ¼

k0
〈k〉 Tð Þ; (10)

where <k>(T) is the average core permeability. The permeability
decline curves in Figs. 3a and 4a are re-calculated into the imped-
ance growth curves in Fig. 11a and b, respectively.

Applying increasing velocity Un, n ¼ 1,2,3 … results in the in-
crease of the pressure drop across the core from Dpn�1 to Dpn, or in
permeability decline from kn�1 to kn. Thus, the existence of the
maximum attached concentration as a monotonically decreasing
flow velocity function (Fig. 9) explains permeability decline during
the flow velocity increase.

Figs. 3a and 4a show that permeability stabilization occurs after
injection of numerous pore volumes. According to classical filtra-
tion theory, the particle mobilized at the core inlet and transported
by the carrier water, is either strained or arrives at the outlet after
injection of one pore volume, i.e., it appears at the effluent after the
flight time along the overall core. However, the permeability sta-
bilization time in Figs. 3, 4 and 10 highly exceeds one pore volume
injected. This suggests that the particle transport velocity is
significantly lower than the carrier fluid velocity.

The next section introduces the mathematical model for
suspension-colloidal transport in porous media with maximum
retention function, modelling the particle detachment and slow
particle drift with velocity Us < U.



Fig. 11. Pressure drop across the core as obtained from coreflood versus the mathe-
matical model: (a) test BS012; (b) test BS013.
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3. Basic governing equations for colloidal transport and
detachment in porous media

The above physical analysis supports the following assumptions
for a mathematical model of suspension-colloidal transport and
detachment in porous media (Yuan and Shapiro, 2011a; Yuan et al.,
2012):

� the existence of a function that accurately characterizes the
maximum retention concentration for particles attached to a
rock surface;

� no re-attachment of the mobilized fines;
� no diffusion of fine particles in long cores;
� incompressibility of the carrier fluid;
� small concentrations of suspended, attached, and strained par-
ticles do not perturb the volume of the incompressible carrier
fluid;

� viscosity and density of suspension are equal to those of injected
water;

� mobilized particles move with velocity Us, which is lower than
the carrier fluid velocity U.

The last assumption implies that all particles drift near to the
rock surface with the speed, which is lower than the carrier water
velocity, i.e., the suspended concentration of fines carried by a
water stream is significantly lower than the drifted particle con-
centration (Fig. 6). The drift speed Us is a phenomenological
parameter of the model that can be derived from experimental
observations.

The assumption Us < U expresses the difference between the
above formulated assumptions and those for the modified model
(1, 3e5). Therefore, the system of governing equations includes a
mass balance equation for suspended, attached, and strained fines
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where the suspended particles are transported by water flux with
reduced velocity Us along the rock surface:

vðfcþ ss þ saÞ
vt

þ Us
vc
vx

¼ 0: (11)

The straining rate is proportional to particle advection flux that
is cUs (Herzig et al., 1970; Zheng et al., 2014):

vss
vt

¼ lðssÞUsc: (12)

The attachment rate from Eq. (5) is also proportional to particle
advection flux cUs, if the attached concentration is lower than the
maximum retention concentration:

vsa
vt

¼ laUsc; sa <scr Uð Þ
sa ¼ scr Uð Þ

(13)

Otherwise, the maximum retention concentration given by Eq. (13)
holds.

The four equations (4), (11)e(13) for four unknowns c, sa, ss, and
p form a closed system, which constitutes the mathematical model
for fines migration in porous media.

Introduce the following dimensionless parameters

X ¼ x
L
; T ¼ 1

fL

Zt
0

U yð Þdy; C ¼ cf
sa0

;

Sa ¼ sa
sa0

; Ss ¼ ss
sa0

; P ¼ kp
mLU

;

an ¼ Usn

Un
; La ¼ laL; Ls ¼ lsL;

(14)

where the particle drift velocities Usn and the delay factors an,
n ¼ 1,2,3… correspond to flow velocities Un; T is the accumulated
dimensionless volume of the injected water. For the case of
piecewise-constant flow velocity U(t), the dimensionless T(t) is
piecewise-linear function.

Substitution of dimensionless parameters (14) into governing
equations (4), (11)e(13) results in the following dimensionless
system:

vðC þ Ss þ SaÞ
vT

þ an
vC
vX

¼ 0 (15)

vSs
vt

¼ LsanC (16)

vSa
vT

¼ LaanC; Sa < Scr Uð Þ
Sa ¼ Scr Uð Þ

(17)

1 ¼ � 1
1þ bssa0Ss

vP
vX

: (18)

The next section solves dimensionless governing system
(15e18) is solved for the conditions of laboratory tests with
piecewise-constant increasing velocity.
4. Analytical model for one-dimensional colloidal flow with
detachment and straining

We now consider coreflooding where velocity U1 is higher than



Table 1
Analytical model for one-dimensional fines migration with increase in piecewise-constant velocity.

Term Explicit formulae (X,T)-Domain

Suspension concentration during stage 1 C ¼ 0 X � a1T

C ¼ DSa1e�a1LsT X >a1T

Retention concentration during stage 1 Ss ¼ DSa1ð1� e�LsX Þ X � a1T

Ss ¼ DSa1ð1� e�a1LsT Þ X >a1T

Impedance during stage 1
JðTÞ ¼ 1þ bssa0DSa1

�
1� 1

Ls
�
�
1� 1

Ls
� a1T

�
e�a1LsT

�
T <a�1

1

JðTÞ ¼ 1þ bssa0DSa1

"
1� 1

Ls
� e�Ls

Ls

#
T � a�1

1

Suspension concentration during stage n C ¼ 0 X � a1T

C ¼ DSane�anLsðT�TnÞ X >a1T

Retention concentration during stage n Ss � Ssn ¼ DSanð1� e�LsX Þ X <anðT � TnÞ
Ss � Ssn ¼ DSan½1� e�anLsðT�TnÞ� X � anðT � TnÞ

Impedance during stage n
JðTÞ ¼ J0n þ bssa0DSan

�
1� 1

Ls
�
�
1� 1

Ls
� a1ðT � TnÞ

�
e�anLsðT�TnÞ

�
T < Tn þ a�1

1

JðTÞ ¼ J0n þ bssa0DSan

"
1� 1

Ls
� e�Ls

Ls

#
T � Tn þ a�1

1
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the critical velocity, i.e., sa0 > scr(U1). The excess of the attached
concentration is instantly released into the colloidal suspension.
The model assumes that straining to be irreversible. The initial
concentration of strained particles is accounted for in initial
porosity and permeability. The attached concentration Sa remains
constant during the constant-rate injection. Thus, the initial con-
ditions are:

T ¼ 0 : C ¼ DSa1 ¼ Sa0 � ScrðU1Þ;
Ss ¼ 0; Sa ¼ ScrðU1Þ (19)

The inlet boundary condition corresponds to injection of
particle-free water:

X ¼ 0 : c ¼ 0: (20)

Substituting the expression for straining rate (16) into mass
balance equation (15) and accounting for steady state distribution
of Sa yields The linear first-order hyperbolic equation

vC
vT

þ a1
vC
vX

¼ �Lsa1C: (21)

The next section solves Eq. (21) subject to initial and boundary
conditions (19, 20) by the method of characteristics.
Fig. 12. Solution of fines migration problem under elevated velocity: (a) trajectory of
fronts and characteristic lines in the (X,T)-plane; (b) suspended concentration profiles
at three moments; (c) strained concentration profiles at three moments.
4.1. Exact solution for constant-rate injection

The characteristic speed in Eq. (21) is equal to a1. The solution
C(X,T) is presented in Table 1. Eq. (16) determines the strained
concentration Ss(X,T) by integration in T.

The concentration front of the injected particle-free water
propagates along the trajectory X ¼ a1T (Fig. 12a). The concentra-
tion equals zero in zone II behind the concentration front. The
moment T¼ 1/a1 corresponds to arrival of the “last” released fine at
the core outlet. The released particles with uniform concentration
move with the same velocity subject to capture in the vacant pores
with the same probability. Therefore, the suspended concentration
profile remains uniform during the flow, and suspension concen-
tration in zone I is independent of X (see row 2 in Table 1).

Because the suspended concentration profile is uniform,
strained concentration is independent of X ahead of the concen-
tration front. Straining occurs for non-zero suspended concentra-
tion. Thus, the strained particles accumulate until the arrival of the
concentration front. Afterwards, the strained concentration re-
mains the same, implying that it is steady state behind the con-
centration front.
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Fig. 12b shows suspended concentration profiles at T ¼ 0, at the
moment Ta before the front arrival at the core outlet, and at the
moment Tb after the front's arrival. The initial concentration equals
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DSa1. The suspended concentration profile before the front's arrival
is zero behind the front and constant ahead of the front. The sus-
pended concentration becomes zero after front's arrival, because all
particles become either strained or produced at the effluent.

Fig. 12c shows three profiles of strained concentration at times
0, Ta, and Tb. There are no strained particles in the rock before the
fines mobilization. The strained concentration grows with time
until the front's arrival moment and remains constant afterwards.
The larger the value of X the more prolonged the straining process
and the higher the maximum concentration of accumulated
strained particles. Thus, the strained-concentration profiles grow as
X increases. The profile is uniform ahead of the front, because the
particle advective flux is uniform along with the particle capture
probability.

The breakthrough concentration history is shown in Fig. 13. The
distance that particle travels until its arrival at the outlet increases
with time; thus, breakthrough concentration decreases. The filtra-
tion coefficient ls equals the straining probability per unit length of
the particle trajectory (Herzig et al., 1970). Therefore, the captured-
particle concentration increases with time, yielding the decrease in
the breakthrough concentration.

At the moment

Tst;1 ¼ 1
a1

; (22)

all mobilized fines either are strained or exit the core, i.e., sus-
pended concentration becomes zero. The rock permeability stabi-
lizes at this moment.

We now calculate the impedance from Eq. (10). From (18), for
the time interval with constant flow velocity, the impedance is:

J Tð Þ ¼
Z1
0

�
� vP
vX

�
dX ¼ 1þ bssa0

Z1
0

SsðX; TÞdX: (23)

Substituting the solution of retention concentration (rows 4 and
5 in Table 1) into Eq. (23) and integrating in X yields the explicit
formula for the impedance increase during the injection:

JðTÞ ¼ 1þ bssa0DSa1

�
1� 1

Ls
�
�
1� 1

Ls

� a1T
�
e�a1LsT

�
; T <a�1

1 : (24)

Substituting the expression for stabilization time (22) into Eq.
(24) yields the stabilized impedance value

JðTst1Þ ¼ 1þ bssa0DSa1

�
1� 1

Ls
þ e�Ls

Ls

�
; T � a�1

1 : (25)
Fig. 13. Histories for breakthrough concentration C, strained concentration Ss at the
outlet, and dimensionless pressure drop across the core J.
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The dimensionless pressure drop across the core monotonically
increases from one to themaximumvalue, which is attained at time
1/a1, when the “last” mobilized particle arrives at the core outlet
(Fig. 13). Afterwards, the pressure drop remains constant.

4.2. Exact solution for multiple injections

The solution of problem (15e18) after changing velocity from
Un�1 to Un is analogous to the solution of the first stage under ve-
locity U1. The only difference is that the strained concentration for
T > Tn is the total of the strained concentration before the velocity
alteration at time T ¼ Tn�0 and the concentration of particles that
have been strained during time T > Tn. The model assumes that
velocity alteration occurs after permeability stabilization.

We now consider the change in flow velocity from Un�1 to Un.
This results in release of the particles with concentration Dsan that
equals [scr(Un�1)�scr(Un)]. The initial condition corresponds to
detachment of the attached particles into the suspension and to the
“heritage” of the strained concentration from the previous injection
with velocity Un�1:

T ¼ Tn : C ¼ DSan ¼ ScrðUn�1Þ � ScrðUnÞ;
Ss ¼ SsðX; Tn � 0Þ; Sa ¼ ScrðUnÞ (26)

Substitution of strained concentration from Table 1 into Darcy's
law (18) and integration of the pressure gradient expression in X
along the core yield the impedance for T > Tn:

T<Tnþa�1
n :

J Tð Þ¼ J0nþbssa0DSan

�
1� 1

Ls
�
�
1� 1

Ls
�anðT�TnÞ

�
e�anLsðT�TnÞ

�
(27)

Substitution of stabilized time T ¼ Tn þ 1/an into Eq. (27) yields
the stabilized impedance after the n-th injection with velocity Un.

The next section uses the analytical-model based formulae for
impedance (rows 12 and 13 in Table 1) in order to match the lab-
oratory test data.

5. Determination of the model rheological functions from
the experiments

Two laboratory corefloods were performed using the Berea
cores for real bottom-hole pressures and temperatures in order to
reproduce the injection of water in the well. The details of labo-
ratory set-up, materials, and procedures can be found in Ochi and
Vernoux (1998). Seven velocities in test BS012 and four velocities
in test BS013 were applied (Figs. 3b and 4b). The tests were per-
formed in accordance to initial and boundary conditions (19, 20):
clean particle-free water was injected with piecewise-constant
increasing velocity; the pressure drop across the core was moni-
tored during the injection. Two Berea sandstone cores from the
same block were used in both tests. It was found that the kaolinite
fines were lifted under the increasing velocities from the quartz
grains. The analytical model presented in the previous Section
matches the pressure drop across the core during the injectionwith
different velocities. The model constants were adjusted by mini-
mizing the deviation between the modelled and measured pres-
sure drop histories.

5.1. Tuning the model by applying laboratory coreflood data

The model assumes that the filtration and formation-damage
coefficients are constant, i.e., they are independent of velocity and
retained concentrations. However, the drift delay factor is not



Table 2
Adjusted values of the model parameters.

Parameter Value for the test BS012 Value for the test BS013

a1 0.0020 0.0018
a2 0.0020 0.0018
a3 0.0020 0.0018
a4 0.0020 0.0018
a5 0.0020 e

a6 0.0008 e

a7 0.0008 e

Dsa1 0.0017 0.0206
Dsa2 0.0039 0.0102
Dsa3 0.0045 0.0086
Dsa4 0.0076 0.0086
Dsa5 0.0114 e

Dsa6 0.0114 e

Dsa7 0.0076 e

lL 2.2869 3.0069
b 30.9328 22.9161

Fig. 14. Maximum retention curves scr(U) as obtained from test data: (a) coreflood test
BS012; (b) test BS013.

Y. Yang et al. / Journal of Natural Gas Science and Engineering 34 (2016) 1159e11731168
assumed to be constant, i.e., the rock surface alteration during the
particle detachment yields the drift velocity change.

From (4), for stabilized permeability values kn fulfil the
following relationship

b½scrðUn�1Þ �Dsan ¼ kn�1

kn
� 1: (28)

The least square tuning of the pressure drop data as monitored
across the core during corefloods with different rates yield the
filtration coefficient ls, the products bsDscr(Un), n ¼ 1,2 …, and the
drift delay factors an for different velocities Un. To solve the opti-
mization problem, we applied the reflective trust region algorithm
(Coleman and Li, 1996) using the software Matlab (Mathworks,
2010).

Figs. 3a and 4a present the average permeability as calculated
from the pressure drop across the core (Ochi and Vernoux, 1998). It
allows calculating the impedance (10). The impedance values J(T)
calculated from experimental data are depicted using circles in
Fig. 11.

We assume a typical mass concentration of 0.06 for movable
kaolinite clay in the Berea sandstone (Khilar and Fogler, 1998).
Assuming typical porosity of 0.2 for the Berea core, we calculate the
attached volumetric concentration sa0 ¼ 0.06 � 0.8 ¼ 0.048. This is
the critical retention value that corresponds to the critical velocity
U0 < U1, as shown in Eq. (9). Finally, the formation-damage coeffi-
cient for straining is found from the condition of full removal of
attached fine particles from the rock at the maximum velocity
during the last injection:

bs ¼
1
sa0

XN
n¼1

ðbsDsanÞ; (29)

where the groups bsDsan are obtained by the tuning. The values of
released concentrations Dsan allow calculating maximum retention
function scr(U):

scrðUnÞ ¼ sa0 �
XN
n¼1

DsðUnÞ: (30)

5.2. Analysis of the results

Table 2 presents the results of the impedance history matching
for two cores. The continuous impedance curves in Fig. 11 corre-
spond to prediction by the adjusted model. Velocity dependencies
of the drift delay factor as obtained from the tuning are presented
in Figs. 3d and 4d for floods in two cores. The dependency is
monotonically decreasing.

Fig. 11 indicates that the model closely matches the experi-
mental data; the coefficient of determination R2 is close to one.
Comparing the impedance data with fixed drift delay factors
an ¼ constant yields significantly lower values of R2 criterion. Fixed
values of drift delay factor for each period of the constant-velocity
injection were assumed during the model adjustment.

Fig. 14 shows the maximum retention function as obtained by
tuning and further analytical modelling applying formula (30) for
both cores. The higher the velocity, the higher the drag and lift
forces detaching the fines from the rock grains and the smaller the
concentration of “remaining” attached fine particles.

The maximum retention curves are not convex, which can be
explained by the mono-layer different-sized fines attached to the
grain surfaces, using the mechanical equilibrium model (6, 8).

The model allows determining the size distribution of attached
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fines Sa(rs) from the maximum retention function scr(U): the
minimummobilized size rscr(U) is determined from Eq. (6), and the
size distribution Sa(rs) is calculated from (8) by regularized nu-
merical differentiation (Coleman and Li, 1996).

The velocity U was not changed continuously in the tests: the
first coreflood test applies seven values for velocity; the second test
applies four values. Therefore, the resulting fines size distributions
are given by histogram in Fig. 15. Figs. 3c and 4c show that mini-
mum radius of particles detached by flowwith velocity U decreases
as velocity increases.

Fig. 16 compares various forces exerting on the particles at the
critical condition of their mobilization for the matched systems in



Fig. 16. Forces acting on the attached particles: (a) for test BS012; (b) for test BS013.
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two coreflood tests. The ranges of particle radii cover those pre-
sented by attached particle size distributions (Fig. 15). Electrostatic
force is two orders of magnitude larger than drag force. Lift and
gravitational forces are negligible compared to drag force. The lever
arm ratio significantly exceeds one, thus small drag torque can
exceed the torque of electrostatic force.

This graph allows parameterizing the maximum retention
function by the critical particle radius scr(U)¼ scr(rscr(U)). The value
scr(rscr) is an accumulation function of retained concentration for all
particles with radius smaller than rscr. Fig. 15 shows the corre-
sponding histogram. This function shows the concentration dis-
tribution of initial reservoir fines for various radii. It allows
interpreting the maximum retention function for different-sized
fines particles attached to pore walls: scr(U) is the concentration
of attached particles that cannot be mobilized by flowwith velocity
U; these particles have radii smaller than rscr(U). Figs. 3c and 4c
show that minimum radius of particles detached by flow with ve-
locity U decreases as U increases.

Table 2 shows that the values of filtration and formation-
damage coefficients remain within the common ranges (Pang and
Sharma, 1997).

6. Discussion and summary

The mathematical model that includes the maximum retention
function for particle detachment and particle transport, with the
velocity of carrier fluid (1, 3, 5), exhibits permeability stabilization
after 1 PVI. However, the laboratory tests showed stabilization pe-
riods that significantly exceed 1 PVI. We attribute this to particle
movement that is slower than carrier fluid velocity. When the two-
Fig. 15. Histograms of movable fines on the matrix surface: (a) test BS012; (b) test
BS013.
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speed model containing six constants of mass exchange between
slow and fast particles, two filtration coefficients and two detach-
ment coefficients for fast and slow particles, is applied, it describes
the effects of slow fine particles migration (Yuan and Shapiro,
2011a, b; Bradford et al., 2012). However, the breakthrough
curves cannot provide the unique tuning of the model. Significantly
more complex tests that measure pressure drop and retained
concentration are also required for complete characterization of the
two-speed model. Yet, only histories of pressure drop across the
core are available in the majority of fines migration laboratory
studies. Therefore, the current work considers the special case
corresponding to rapid mass exchange between fast and slow
particle populations across each pore, which is assumed to be
significantly faster than particle capture by the rock with free run
along numerous pore lengths. It results in equal particle concen-
trations in the fast and slow fluxes, leading to a single-velocity
model that reflects the average particle speed.

The particle velocity in the proposedmodel (11e13) significantly
differs from the carrier fluid velocity. Matching the laboratory data
by the analytical model data reveals that the particle velocities are
significantly smaller than the carrier fluid velocity. With drift delay
factors an varying from 0.0008 to 0.002, the delay times vary from
500 PVI to 1250 PVI.

In general, water carries the fraction of the mobilized particles,
and another fraction moves along the grain surfaces with signifi-
cantly lower speed. The fines size distribution, flow velocity and the
electrostatic fines-rock interaction determine the fraction value.
The near-rock-surface drift of detached fines is a combination of
rolling, sliding, temporary detachment into fluid, and return to the
surface due to collisionwith asperities, etc. (Li et al., 2006; Yuan and
Shapiro, 2011b; Sefrioui et al., 2013).

It follows from the torque balance for an immobile particle sit-
uated at the matrix surface, that for each carrier fluid velocity, there
exists such a critical particle radius, in which all larger particles are
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removed from the surface: rscr ¼ rscr(U) (Fig. 8). It allows the
maximum retention function for a mono-layer of attached
different-size particles to be defined as the concentration of
attached particles with size smaller than the critical size. From the
definition follows the calculation method for the maximum
retention function from size distribution of attached movable par-
ticles. It also allows solving the inverse problem of determining the
size distribution of attached movable particles from the maximum
retention function.

Themaximum retention function for different-size fine particles
attached to pore walls in a monolayer depends on attached fines
radius histogram, on electrostatic constants of the particle-rock
interaction, and on particle and rock Young's moduli and Pois-
son's ratios.

The larger the particles, the lower the maximum retention
function. The higher the variance coefficient for particle size dis-
tribution, the lower the maximum retention function for low ve-
locities and the higher the maximum retention function for high
velocities.

The maximum retention function for poly-layer attachment of
mono-sized particles is convex, whereas that for the mono-layer of
poly-dispersed particles can be any monotonically decreasing
curve. The maximum retention curve for mono-layer deposit and
log-normal particle size distribution is convex for small velocities
and is concave for high velocities (Fig. 9).

The one dimensional problem for flow with piecewise-constant
increasing velocity, instant particle release, and the consequent
rock straining allows for exact analytical solution. The concentra-
tion fronts starts at the core inlet at the moment of abrupt velocity
alternation, coincides with the trajectory of the drifting particle,
and separates the particle-free region behind the front and the
region ahead of the front, where the suspended concentration
profile is uniform.

The mathematical model assumes a constant drift-delay factor.
In reality, the drift-delay factor depends on the particle size and the
geometry of the porous media, which changes during straining. The
smaller the particle the closer to the wall it moves, the lower its
speed, and the lower the drift delay factor. The velocity increased
with time in the investigated laboratory tests; thus, the radii of the
released particles decrease. This explains the decreasing drift-delay
factor in Fig. 1d. The next step in the model's development would
be the introduction of a phenomenological function for the drift-
delay factor: a ¼ a(rs,ss).

The pressure drop history during coreflooding that involves a
piecewise-constant increasing velocity closely matches the math-
ematical modelling data. However, good agreement between the
laboratory data and the matched modelling prediction provides
just a preliminary validation of the mathematical model. The lab-
oratory tests with measurements of retention profiles, break-
through concentration history and particle size distribution must
be performed and matched by the analytical solutions listed in
Table 1 in order to validate themodel with the particle drift velocity
that differs from the carrier flow velocity. To our knowledge, no
such tests have appeared in the literature.

7. Conclusions

The analytical modelling of fines release with piecewise-
constant increasing velocity during coreflooding and its compari-
son with laboratory test results allow drawing the following
conclusions:

� Low-velocity fines migration in porous media explains the long
permeability-stabilization periods.

� The higher the flow velocity the smaller the mobilized particles.
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� The maximum retention function for size-distributed fine par-
ticles attached to pore walls in a mono-layer is expressed by an
explicit formula that includes the size distribution of attached
particles and the critical detached size curve. This function is
equal to accumulated concentration of particles smaller than
that mobilized by the flux with a given flow with velocity U.

� The larger the fine particle size, the smaller the critical retention
function. The larger the variance coefficient for particle sizes, the
higher the maximum retention function at high velocities and
the lower the maximum retention function at low velocities.

� Size distribution of the attached movable particles can be
determined from the maximum retention function and the
critical detached size curve.

� Matching the pressure drop curves as obtained from two labo-
ratory corefloods by the proposed model exhibit high agree-
ment with coefficient of determination exceeding 0.98.
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Appendix. Forces acting on a particle at the pore surface

Fig. 5 shows a fine particle attached to the pore wall. Such a
particle is subject to the drag, lift, buoyancy and electrostatic forces.
Fig. 5a corresponds to the case of attractive electrostatic force and a
deformable particle. Fig. 5b shows a non-deformable particle
secured by the rock surface asperity and revolting around it at the
moment of detachment. Electrostatic and gravitational forces
attach a particle to the surface, whereas drag and lift forces attempt
to detach it. Below are the expressions for all of these forces and the
mechanical equilibrium condition.
Drag force

The expression for drag force acting on a particle on the plane
surface is obtained from the asymptotic solution of the Navier-
Stokes equations by O'Neill (1968). This expression is widely used
in the modelling of particle attachment and detachment in porous
media (Bergendahl and Grasso, 2003; Bradford et al., 2013)

Fd ¼ upmrsut jH�rs : (A-1)

Here m is the fluid viscosity, rs is the particle radius,H is a half-width
of the channel, ut is the tangential cross flow velocity of the fluid in
the center of the particle and the drag factor u equals 6 � 1.7. The
case of u ¼ 6 corresponds to the Stokes formula for a particle in the
uniform boundary-free flux.

Velocities in the center of the particle situated on the pore wall
are
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ut jH�rs ¼
3rsu
H

; ut jrw�rs ¼
2rsq
pr3w

; (A-2)

for Hele-Shaw flow in a slot and for Poiseuille flow in a tube,
respectively. Here u is average velocity through a slot.

Lift force

The lift force exerting on a spherical particle on the plane surface
is

Fl ¼ c
h
rm
�
rsut jH�rs

�3 i1=2
; (A-3)

where r is the carrier water density. Kang et al. (2004) calculated
the lift factor c as 81.2 by, whereas Altmann and Ripperger (1997)
gave a value of 0.761; r is the carrier water density. Akhatov et al.
(2008) derived similar expression for the lift. The above refer-
ences derived their equations from the work by Saffmann (1968).

Buoyancy force

The net gravitational force acting on a spherical particle inwater
is

Fg ¼ 4
3
Drgr3s : (A-4)

Here Dr is the density difference between the particle matter and
carrier water.

Electrostatic forces

The total electrostatic force is the derivative from the overall
potential energy:

Fe ¼ �vV
vh

; (A-5)

where the total energy is the sum of the London-van-der-Waals,
double electric layer and Born potentials, given by the so-called
DLVO (Derjaguin-Landau-Verwey-Overbeek) theory (Derjaguin
and Landau, 1941; Elimelech et al., 1995; Khilar and Fogler, 1998;
Israelachvili, 2011):

VLVA ¼ �A132

6

�
2ð1þ ZÞ
Zð2þ ZÞ þ ln

�
Z

2þ Z

��
; Z ¼ h

rs
(A-6)

VDLR ¼ ε0Ders
4

�
2j01j02 ln

�
1þ expð�khÞ
1� expð�khÞ

�
�
�
j2
01 þ j2

02

�
lnð1

� expð�2khÞÞ
�

(A-7)

VBR ¼ A132

7560

�
sLJ
rs

�6
"

8þ Z

ð2þ ZÞ7
þ 6� Z

Z7

#
(A-8)

V ¼ VLVA þ VDLR þ VBR (A-9)

Here A132 is the Hamaker constant, h is the surface-to-surface
separation length, Z is its dimensionless value, ε0 is the electric
constant (permittivity of free space), D is the dielectric constant, j01
and j02 are the surface potentials of particles and collectors-grains,
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respectively, and sLJ is the atomic collision diameter in Lennard-
Jones potential. The inverse Debye length k is

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
e2
P

yiz2i
ε0DkBT

!vuut ; (A-10)

where kB is the Boltzmann's constant, yi is a bulk i-th ion concen-
tration as defined by the number of ions per unit volume, zi is a
valence of the i-th ion and e is the electron charge e ¼ 1.6 � 10�19 C.

For aqueous solutions under normal temperature, the above
formula simplifies to

k ¼ 0:73� 108
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

Cmiz2i

q
; (A-11)

where Cmi is the molar concentration of i-th ion in mol/m3

(Elimelech et al., 1995).
The main text uses force expressions (A1eA11) to determine the

conditions of mechanical equilibrium of particles on the pore walls
(6) in order to calculate the maximum retention function (9).
Nomenclature

A132 Hamaker constant for interaction between material 1 and
2 in medium 3 (kg m2 s�2)

c Suspended particle concentration (m�3)
C Dimensionless suspended particle concentration
Cmi Molar concentration of i-th ion (m�3)
De Dielectric constant
e electron charge (C)
E Young's modulus (kg m�1 s�2)
F Force (N)
h Particle-surface separation distance (m)
H Half width of the channel (m)
J Impedance (normalized reciprocal of mean permeability)
k Permeability (m2)
kdet Detachment coefficient
<k> Mean permeability (m2)
kB Boltzmann constant (kg m2 s�2 K�1)
kn Number of data points in each stage
K Composite Young's modulus (kg m�1 s�2)
l Lever arm ratio
ln Normal lever (m)
ld Tangential (drag) lever (m)
L Core length (m)
p Pressure (Pa)
P Dimensionless pressure
n Serial number of different-rate flow
rs Radius of a particle (m)
rscr Critical radius of a particle that can be removed at certain

velocity (m)
S Dimensionless retained particle concentration
DSa1 Dimensionless mobilized concentration of detached

particles with velocity switch from U0 to U1
t Time (s)
T Dimensionless time
tst,n Stabilization time for nth flow rate (s)
Tst,n Dimensionless stabilization time for nth flow rate
tn Initial time of nth flow rate (s)
Tn Dimensionless initial time of nth flow rate
u Average velocity through a slot
ut The tangential cross flow velocity of fluid in the center of

the particle
U Darcy's velocity (m s�1)
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Us Particle's seepage velocity (m s�1)
V Potential energy (kg m2 s�2)
x Linear coordinate (m)
X Dimensionless linear coordinate
zi Electrolyte valence of the i-th ion

Greek symbols
a Drift delay factor
b Formation-damage coefficient
ε0 Free space permittivity (C�2 J�1 m�1)
k Debye length (m�1)
l Filtration coefficient (m�1)
L Dimensionless filtration coefficient
m Dynamic viscosity (kg m�1 s�1)
n Poison's ratio
r Fluid density (kg m�3)
rs Particle density (kg m�3)
scr Critical retention concentration (m�3)
Sa(rs) Size distribution of attached particles (m�4)
s Concentration of retained particles (m�3)
Dsn Mobilized concentration of detached particles with

velocity switch from Un�1 to Un

sLJ Atomic collision diameter (m)
yi The number of ions per unit volume
c Lifting factor
f Porosity
J01 Particle surface potential
J02 Collector surface potential
u Drag factor

Subscripts
a Attached (for fine particles)
l Lift (for force)
e Electrostatic (for force)
n Normal (for force), flow rate number (for velocities,

inherited retained concentrations, particle e fluid
velocity ratios, inherited impedances)

s Strained (for fine particles)
0 Initial value or condition (for permeability, retained

concentrations)
d Drag (for force)
g Gravitational (for force)
BR Born repulsion (for potential energy)
DLR Electrostatic double layer (for potential energy)
LVA London-van der Waal (for potential energy)
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Abstract:  Migration of natural reservoir fines is one of the main causes of formation damage in oil 

and gas fields. Yet, the phenomenon can be employed for enhancing reservoir sweep and water 

production control. Permeability decline due to fine particles' detachment from reservoir rocks, 

mobilisation, migration, and straining has been widely reported in the petroleum industry since the 

1960s, and is being researched intensively worldwide. The topic of colloidal suspension flows with 

particle detachment is also of wide interest in environmental, chemical and civil engineering.  

The current work begins with a detailed introduction on laboratory and mathematical modelling of 

fines migration, along with new mathematical models and experimental results. Each of the next three 

chapters explores a particular cause of fines migration. Chapter 2 covers high velocity that gives high 

production rate. Chapter 3 covers low salinity water injection. Chapter 4 covers high temperature 

effect on production rate and low-salinity water injection in geothermal reservoirs. The long 

permeability stabilisation period during coreflooding with fines migration is explained by slow fines 

rolling and sliding and by diffusive delay in particle mobilisation. Analytical models are derived for 

both phenomena. Laboratory fines-migration corefloods are carried out while measuring breakthrough 

fines concentration and pressure drop across the whole core and its section. Matching of the 

experimental data and analysis of the tuned coefficients show that the slow-particle model exhibits 

higher accuracy of matching and more typical strained-concentration dependencies of the tuned 

parameters than does the delay-release model.  
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1. Introduction   

Fines migration with consequent permeability reduction has been widely recognised to cause 

formation damage in numerous technologies for petroleum, environmental and water resource 

processes. Fines migration takes place during oil and gas production in conventional and 

unconventional reservoirs, significantly reducing well productivity (Byrne et al., 2009, 2014; Civan, 

2014; Bai et al., 2015; Guo et al., 2015; Han et al., 2015). The occurrence of natural and induced fines 

migration has also been widely reported in waterflooding of oilfields and invasion of drilling and 

completion fluids into the formation (Watson et al., 2008; Fleming et al., 2007, 2010a, 2010b). 

Despite significant progress in the above-mentioned technologies, clogging of production and 

injection wells remains a major operational issue. 

The distinguishing features of natural reservoir fines migration are mobilisation of the attached 

particles, their capture by straining in the rock, permeability reduction, and consequent decline in well 

productivity and injectivity (Fig. 1). Permeability decline during coreflooding with piecewise 

increasing velocity has been observed in several laboratory studies (Ochi and Vernoux, 1998, 1999).  

Similar effects occur during piecewise change in water salinity or pH during coreflooding (Lever and 

Dawe, 1994). Permeability reduction, due to velocity increase, salinity decrease and pH increase, is 

attributed to mobilisation of the attached fine particles and their migration in pore space until size 

exclusion in thin pore throats, finally resulting in significant permeability decline (Muecke, 1979; 

Sarkar and Sharma, 1990). Fig. 1 shows a schematic for attached and size-excluded fine particles in 

the porous space, along with definitions of the concentrations of attached, suspended, and strained 

particles. Detachment of fines from the grain surfaces yields an insignificant increase in permeability, 

whereas the straining in thin pore throats and consequent plugging of conducting paths causes 

significant permeability decline. The main sources of movable fine particles in natural reservoirs are 

kaolinite, chlorite, and illite clays; quartz and silica particles can be mobilised in low-consolidated 

sandstones (Arab et al., 2014). Kaolinite booklets of thin slices, when present, are usually situated on 

grain surfaces (Fig. 2). Detachment of a thin, large slice from the booklet can result in plugging of a 

large pore.  

Figs. 3a and 3e show typical decreasing permeability curves during velocity increase. 

Planning and design of the above–mentioned technologies are supported by laboratory-based 

mathematical modelling. Classical filtration theory with particle detachment includes a mass balance 

equation for suspended, attached, and strained particles:  

  0a s

c
c U

t x
  

 
   

 
, (1) 
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where c, a, and s are the concentrations of suspended, attached, and strained particles, respectively, 

and U is flow velocity of the carrier fluid that coincides with particle speed.  

The kinetics of simultaneous particle attachment and detachment is given by the relaxation equation 

(Bradford and Bettahar, 2005; Tufenkji, 2007; Bradford et al., 2012, 2013) 

 det
a

a acU k
t


 


 


, (2) 

where a is the filtration coefficient for attachment and kdet is the detachment coefficient. 

The irreversible fines straining rate in thin pore throats is expressed by the linear kinetics equation 

where the straining rate is proportional to the advective flux of suspended particles (Herzig et al, 1970; 

Yuan et al., 2011a,b): 
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Modified Darcy’s Law accounts for permeability damage due to both attachment and straining (Pang 

and Sharma, 1998): 

 1    
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Fig. 1 illustrates the common assumption that the coating of grain by attached particles causes 

significantly lower permeability damage than straining: s a  , i.e., the combination of particle 

detachment and straining is primarily responsible for the decline in permeability. Therefore, the term 

in Eq. (4) that accounts for permeability increase due to detachment is negligible. 

Civan (2014, 2016) presented numerous generalisations for the governing equations (1-4) accounting 

for non-Newtonian behaviour of suspension fluxes, non-equilibrium for deep-bed filtration of high-

concentration suspensions and colloids, and particle bridging at thin pore throats. 

A quasi-linear system of partial differential equations (1-4) exhibits the delayed reaction to an abrupt 

injection rate alteration, whereas laboratory tests have shown an instant permeability and 

breakthrough concentration response to an abrupt velocity alteration (Ochi and Vernoux, 1998; 

Bedrikovetsky et al., 2012). This discrepancy between the modelling and laboratory data, and the 

corresponding shortcoming in the theory, has been resolved in the modified model for particle 

detachment by introducing the maximum attached concentration as a velocity function σa=σcr(U) 

(Bedrikovetsky et al., 2011). If the attached concentration exceeds this maximum value, particle 

detachment occurs and the detached particles follow the classical filtration equation (3); otherwise the 
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maximum attached concentration holds. The dependency σa=σcr(U) is called the maximum retention 

function. The above attachment-detachment scenario is described by the following set of equations: 
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. (5) 

The maximum retention function decreases as the flow velocity increases. Therefore, the velocity 

increase causes instant release of the attached fine-particle excess.  

The maximum retention function cr(U) is a phenomenological function of the model and can be 

determined only by the inverse-problem approach applied to fines migration tests (Figs. 4 and 5). 

However, it can be calculated theoretically for a simplified geometry of porous space, using the 

conditions of mechanical equilibrium of particles attached to the rock surface. Freitas and Sharma 

(2001), Bergendahl and Grasso (2003), and Bradford et al. (2013) discuss the torque balance of 

attaching and detaching forces exerting on a particle situated at the rock or internal cake surface (Fig. 

6): 

( , ) ( ) ( ) ( , ) ( ), /d scr scr e scr l scr g scr d nF U r l r F r F U r F r l l l    . (6) 

Here Fd, Fe, Fl, and Fg represent drag, electrostatic, lift, and gravitational forces, respectively; ld and ln 

are the lever arms for drag and normal forces, respectively.  

Substitution of the expressions for drag, electrostatic, lift, and gravitational forces into the torque 

balance equation (6) yields the expression of the maximum retention function (Bedrikovetsky et al., 

2011). The maximum retention function (5) for the case of poly-layer attachment of single-radius 

particles in rock having mono-sized cylindrical capillaries is a quadratic polynomial with flow 

velocity as the variable. The maximum retention function for a monolayer of poly-dispersed particles 

is expressed via size-distribution for fine particles (You et al., 2015). 

Expression (5) substitutes the equation for simultaneous attachment and detachment (2) in the 

mathematical model for colloidal-suspension transport (1-4). The modified model consists of three 

equations (1, 3, 5) for three unknown concentrations c, a, and s. Eq. (4) for pressure can be 

separated from the system (1, 3, 5). The one-dimensional flow problem with attachment and 

detachment allows for exact solution, yielding suspended, attached, and strained concentrations and 

pressure drop across the core. The laboratory- and theoretically determined maximum retention 

functions are in good agreement, which validates the maximum retention function as a mathematical 

model for particle detachment (Zeinijahromi et al., 2012; Nguyen et al., 2013).  
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Nevertheless, the exact solution of the system (1, 3, 4, 5) shows complete pressure drop stabilisation 

after injection of one pore volume (Bedrikovetsky et al., 2011), whereas numerous laboratory studies 

exhibit 30–500 PVI (pore volume injected) periods of stabilisation (Ochi and Vernoux, 1998, 1999; 

Oliveira et al., 2014). Fig. 3a shows the permeability stabilisation times 70–3000 PVI for different 

injection velocities (Ochi and Vernoux, 1998). The stabilisation times for flow exhibited in Fig. 3e 

vary from 300 to 1200 PVI. Therefore, the modified model for colloidal suspension transport in 

porous media (1, 3, 5) allows for good matching of stabilised permeability and fails to predict the long 

stabilisation period.    

Several works have claimed slow surface motion of the mobilised particles, and simultaneous fast 

particle transport in the bulk of the aqueous suspension. Li et al. (2006) attributed the slow surface 

motion to particles in the secondary energy minimum. Yuan and Shapiro (2011a) and Bradford et al. 

(2012) introduced slow particle velocity in the classical suspension flow model, resulting in a two-

speed model that successfully matched their laboratory data on breakthrough concentration. Navier-

Stokes-based simulation of colloids' behaviour at the pore scale, performed by Sefrioui et al. (2013), 

also exhibited particle transport speeds significantly lower than the water velocity. However, classical 

filtration theory along with the modified particle detachment model assumes that particle transport is 

at carrier fluid velocity (Tufenkji, 2007; Civan, 2014). 

Oliveira et al. (2014) attributed long stabilisation periods to slow drift of fine particles near the rock 

surface in the porous space. However, a mathematical model for slow particle migration and 

corresponding match of the stabilisation periods is unavailable in the literature. 

Mahani et al. (2014, 2015) observed delay between salinity alteration and corresponding surface 

change. This delay is attributed to saline water diffusion from the contact area between the deformed 

particle and rock surface. The so-called Nernst-Planck diffusion in the thin slot between two plates 

subject to molecular-force action is significantly slower than the Brownian diffusion, which can bring 

about significant delay. The diffusive delay in particle mobilisation due to water salinity decrease can 

serve as another explanation for the long stabilisation period. Yet, a mathematical model that accounts 

for delay in particle mobilisation also seems absent from the literature. 

In the current work, the long times for permeability stabilisation are attributed to slow surface motion 

of mobilised fine particles. The governing system Eqs. (1, 3, 5) is modified further by replacing the 

water flow velocity U by the particle velocity Us<U (Fig. 1). We also introduced a maximum 

retention function with delay, which corresponds to the Nernst-Planck diffusion from the grain-

particle contact area into the bulk of the fluid. We derived the form for the maximum retention 

function for a monolayer of size-distributed fines, which accounts for its non-convex form. It was 

found that during continuous velocity/pH/temperature increase or salinity decrease, the largest 

particles were released first. The obtained system with slow fines migration and delayed maximum 
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retention function allows for exact solution for cases of piecewise-constant velocity/pH/temperature 

increase or salinity. Good agreement between the laboratory and modelling data allows validating the 

proposed model for slow surface motion of released fine particles in porous media. 

The remainder of the text is as follows. Section 2 presents the laboratory study of fines migration due 

to high velocities and presents the mathematical model for slow particle migration that explains the 

long stabilization periods. The analytical model is derived, providing explicit formulae for 

concentration profiles and histories, and also for the pressure drop. Section 3 presents the laboratory 

study of fines migration due to low salinities, and derives the mathematical model that accounts for 

slow particle migration and for delayed fines mobilisation. The analytical model is also derived. 

Section 4 presents the analytical model for fines mobilisation at high temperature. The recalculation 

method for varying salinity, temperature, pH, or velocity is developed. Section 5 presents the 

conclusion.                

2. Fine particles mobilisation, migration, and straining under high velocities 

This section presents the modelling and laboratory study for fine particles migration, detached by drag 

and lifting forces at increased velocities. Section 2.1 presents a brief physical description of fines 

detachment in porous media and introduces the maximum retention function for a mono-layer of size-

distributed particles. The qualitative analysis of the laboratory results on long-period stabilization, 

presented in this section yields the slow-particle modification of the mathematical model for fines 

migration in porous media. Section 2.2 presents those basic transport equations. Section 2.3 derives 

the analytical model for one-dimensional flow under piecewise increasing flow velocity with 

consequent fines release and permeability impairment. Section 2.4 describes the laboratory coreflood 

tests with fines mobilization along with the successful experimental-data matching by the analytical 

model. Section 2.5 discusses the model validity, following the results of the laboratory and analytical 

modelling. 

 

2.1. Physics of fines detachment, transport, and straining in porous media 

The physics of fines detachment/mobilization on a microscale is discussed in this section. In the 

presence of low ionic strength or high flow velocity, reservoir fines detach from the rock surface, 

mobilize, and flow through the porous media as shown in Figs. 1 and 6. Four forces act on a fine 

particle attached to the surface of the grain: drag, lift, electrostatic, and gravity forces. For calculation 

of drag force, we use the expression proposed by Bergendahl and Grasso (2003) and Bradford et al. 

(2013); lift force is calculated using the formula of Leighton and Acrivos (1985) and Akhatov et al. 

(2008); and the DLVO (Derjagin-Landau-Verwey-Overbeek) theory is used for calculating the 
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electrostatic forces (Derjagin and Landau, 1941; Elimelech et al., 1995; Khilar and Fogler, 1998; 

Israelachvili, 2011). 

Elastic particles located on the grain surface undergo deformation due to gravitational, lift, and 

electrostatic forces acting normal to the grain surface. The resultant of these forces (normal force) is 

shown on the right side of Eq. (6). We assume that at the mobilization moment, a particle rotates 

around the rotation-touching point in the boundary of the particle-grain contact area. Also assumes is 

that the lever arm is equal to the radius of the contact area of particle deformation subject to the 

normal force (Derjaguin et al., 1975; Freitas and Sharma, 2001; Schechter, 1992; Bradford et al., 

2013). The contact area radius is equal to the lever arm ln and is calculated using Hertz’s theory of 

mutual grain-particle deformation: 

3 2 2

4

n s
n d s n

F r
l l r l

K
          

2 2

1 2

1 2
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1 1
3

K

E E

 


  
 

 

. (7) 

Here K is the composite Young modulus that depends on Poisson’s ratio ν and Young’s elasticity 

modulus E of the particle and of the surface. Indices 1 and 2 refer to the particle and solid matrix 

surfaces, respectively. 

Fig. 6b depicts the scenario in which particle mobilisation revolves around the contacting roughness 

(asperity) on the surface of a grain. The value of ln in the first scenario was determined by the elastic 

properties of rock and particle, and in the second scenario by the surface roughness.  

Two coreflood tests (I and II) at increased fluid velocity on Berea sandstone cores were carried out by 

Ochi and Vernoux (1998) and resulted in mobilization of kaolinite particles (Fig. 3). The following 

electrostatic constants and parameters for quartz and kaolinite were used to calculate Fe in Eq. (6): 

surface potentials 01 and 02 are (-55 mv, -50 mv) for test I and (-70 mv, -80 mv) for test II (Ochi and 

Vernoux, 1998); the Hamaker constant is 2.6×10
-20

 J (Welzen et al., 1981; Kia et al., 1987); atomic 

collision diameter is 0.4×10
-9 

m (Das et al., 1994); and salinities are 0.1 mol/L for test I and 0.01 mol/L 

for test II. The Hamaker constant was calculated using dielectric constant for water D = 78.0 and 

permittivity of free space (vacuum) ε0 = 8.854 × 10
−12

 C
−2

J
−1

m
−1

 (Israelachvili, 2011; Khilar and 

Fogler, 1998). Electron charge was e = 1.6 × 10
−19

 C, Boltzmann’s constant was kB = 1.3806504×10
-23

 

J/K, and temperature was T = 25 
0
C. Young’s modulus for kaolinite was 6.2 GPa and for quartz was 

12 GPa (Prasad, 2002), and Poisson’s ratios were equal to 0.281 and 0.241 (Gercek, 2006) and were 

used to evaluate the lever arm ratio according to Eq. (7). The above parameters were used to construct 

graphs for electrostatic potential and force versus separation particle-grain distance (Figs. 7(a) and 

(b)). 

The total potential of interaction V determines electrostatic force Fe. Zero-values for Fe correspond to 

energy extremes Vmax and Vmin, and the minimum value of electrostatic force is obtained from the 

106



inflection point of the total potential of interaction curve. The first test of Ochi and Vernoux (Fig. 3a, 

b, c, d) was favourable for attachment of kaolinite particles to the grain surface, which resulted in the 

absence of the secondary minimum on the total potential of interaction curve. For the second test 

(Figs. 3 e, f, g, h), the values of the primary and secondary energy minima equalled 550 kT and 19 kT, 

respectively. The energy barrier was 87 kT, exceeding the values of the secondary minimum and 

allowing a particle to jump from secondary minimum to primary minimum (Elimelech et al., 1995). 

Therefore, the second test was unfavourable for kaolinite particle attachment to the grain surface. 

Fluid flow velocity affects lifting and drag forces, whereas particle size determines the magnitudes of 

all forces in Eq. (6) under mechanical equilibrium. Therefore, the critical radius of the particle 

mobilized by fluid flow with velocity U can be determined as follows:  scr scrr r U  is an implicit 

function from Eq. (6), i.e., Eq. (6) is a transcendent equation for implicit dependency rscr = rscr(U). 

The stationary iterative numerical procedure can be used to solve Eq. (6) (Varga, 1962). The graph of 

the function rscr = rscr(U) obtained using the above parameters shows that the size of each mobilised 

particle rscr(U) decreases monotonically as fluid velocity increases. Therefore, those particles which 

remained immobilised on the grain surface at fluid velocity U have sizes r < rscr(U). The magnitude of 

Fe increases as the Hamaker constant increases (see Fig. 8), resulting in the right-shift of the rscr(U)-

curve. 

Let us assume that the attached particles form a mono-layer on the rock surface. The initial 

concentration distribution of attached particle sizes is denoted as a(rs). Particles are mobilised by 

descending size as mentioned above. Thus, the critical retention concentration in Eq. (5) includes all 

particles with radii smaller than rscr(U):  

   
 

0

0

scrr U

cr a a s sU r dr   . (8) 

Now we assume that the attached particles are size-distributed according to the breakage algorithm 

(i.e., log-normal distribution for attached particle sizes a(rs) holds (Jensen et al., 2000)). The forms of 

the maximum retention function as calculated by Eq. (8) for different size distributions of the attached 

particles, using the above values for electrostatic and elastic constants, are shown in Fig. 9. 

Bedrikovetsky et al. (2011) found that σcr(U) for uniformly-sized particles that form the poly-layer 

coating on the surface of cylindrical pores is a quadratic polynomial. The corresponding curves σcr(U) 

are convex. The model for the poly-layer coating can be modified by the introduction of size 

distributions for spherical particles and cylindrical pores; the resulting maximum retention curves can 

contain the concave parts (Fig. 9). 
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Fig. 9 indicates that the maximum retention function for monolayer fines is not convex. The 

calculated σcr(U)-curves for three particle-size distributions characterised by equal variance 

coefficients support the above observation that the larger the particle, the higher the drag force on the 

particle and the less the remaining particles (Fig. 9a). Similar calculations for lognormal distributions 

with the same average particle size and different variance coefficients result in the σcr(U)-curves 

shown in Fig. 9b. The higher fraction of mobilised large particles corresponds to larger coefficient of 

variation Cv. For the low velocity range, σcr(U)-curves for high values of standard deviation lie lower; 

whereas with the increase of fluid velocity, σcr(U)-curves shift to higher σcr-values. Eq. (8) shows that 

the σcr(U)-curve has a step-shape for mono-sized particles (Cv0), meaning that the maximum 

retention function is a step-function. The wider the attached particle-size distribution, the wider the 

transitional spread of the σcr(U)-curves. The phenomenological model for fines detachment in porous 

media (1, 3–5) assumes the existence of a maximum retention function without any constraint on its 

form. 

Now we consider particle-free water being injected with increasing piecewise-constant velocity into a 

core. The movable attached fines concentration is σa0. There is no particle mobilisation at low fluid 

velocities (see Fig. 9c), because the attaching torque (6) exceeds the detaching torque for all size 

particles: point (U, σa0) is located below the maximum retention curve. Concentration of attached 

particles remains constant along the horizontal arrow directed from the point U = 0 up to critical 

velocity U = U0. Value U0 corresponds to the minimum velocity that results in mobilisation of 

particles and the consequent first fine appearance in the core effluent. 

The critical velocity U0 is determined by value σa0 as follows: 

0 0( )a cr U  . (9) 

Movement along the σcr(U)-curve to the right and down corresponds to velocity increase above the 

critical value U>U0. An instant rate change from U1 to U2 is accompanied by instant particle 

mobilisation with concentration σa1 = σcr(U1)-σcr(U2) and increase in suspended concentration by 

[σcr(U1)- σcr(U2)]/. The mobilised particle moves along the rock surface with velocity Us < U until it 

is strained by a pore throat smaller than the particle size. This results in rock permeability decline due 

to plugging of the conductive pores. The increased strained particle concentration yields the 

permeability decline according to Eq. (4). Decline in stabilised permeability values at various fluid 

velocities, due to increasing strained particle concentration for tests I and II, is presented in Figs. 10(a) 

and (b). 

Let us introduce the non-dimensional pressure drop across the core, normalised by the initial pressure 

drop. This is denoted as the impedance J:  
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where <k>(T) is the average core permeability. The permeability decline curves in Figs. 3a and 3e are 

recalculated to yield the impedance growth curves in Figs. 11a and 11b, respectively. 

The increase in pressure drop across the core from pn-1 to pn, or permeability decline from kn-1 to kn 

is caused by increasing fluid velocity Un, n=1,2,3… which leads to particle mobilisation. Permeability 

decline during the increase in fluid velocity is shown in Fig. 3. 

According to the data from test I (Fig. 3a) and II (Fig. 3b), rock permeabilities stabilise after many 

pore volumes have been injected. However, classical filtration theory says that for a mobilised particle 

to appear at the end of the core requires a flight time along the overall core. Each fine particle is 

transported by the carrier fluid; it is strained in the core or arrives at the outlet after injection of one 

pore volume. According to Figs. 3a and 3e, permeability stabilisation times are significantly higher 

than 1 PVI. This is explained by slow particle drift along the rock surface: the mobilised particles 

move along the rock with velocity Us < U that is significantly lower than the carrier fluid velocity. 

The next section introduces the basic governing equations for the transport of suspended colloids in 

porous media; the basic system includes the maximum retention function σcr that models particles' 

detachment and their slow drift along the porous medium with low velocity Us < U. 

2.2. Governing system for suspension-colloidal transport and detachment in porous media 

The following assumptions are introduced for the development of the mathematical model for 

detachment/mobilisation of particles and transport of suspended colloids in porous media (Yuan and 

Shapiro, 2011a; Yuan et al., 2012): 

 the mobilised fine particles cannot reattach to the rock surface; 

 the mobilised particles do not diffuse in long micro-homogeneous cores; 

 the carrier fluid is incompressible; 

 presence of low-concentrated particles in flowing fluid does not change density or viscosity of 

suspension, which are equal to those of injected water; 

 there exists a phenomenological maximum retention function for particles attached to the rock 

surface; 

 volume balance of the incompressible carrier fluid is not affected by the presence of small 

concentrations of suspended, attached, or strained particles; 

 the mobilised particles move with velocity Us < U. 
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Mobilised particles move along the surface of grains with velocity Us < U, meaning that the drifted 

particle concentration is significantly higher than the suspended concentration of fine particles carried 

by water stream (see Fig. 1). The drift speed Us is a phenomenological constant of the model. 

The slow fines-drift assumption Us<U determines the difference between the above formulated 

assumptions and those for the modified model (1, 3–5). Thus, the system of governing equations 

includes a mass balance equation for suspended, attached, and strained fines where the suspended 

particles are transported by water flux with reduced velocity Us: 
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The straining rate is assumed to be proportional to particle advection flux, cUs (Herzig et al., 1970): 
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If the maximum retention concentration is greater than attached concentration, the particle attachment 

rate (5) is also assumed to be proportional to the particle advection flux cUs:  
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Otherwise, the attached particle concentration is expressed by the maximum retention function given 

by Eq. (8).  

Four equations (4, 11, 12, 13) with four unknowns c, σa, σs, and p constitute a closed system and a 

mathematical model for fine-particle migration in porous media. 

Now we introduce the following dimensionless parameters: 
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Here, the particle drift velocities Usn and delay factors αn, n=1,2,3... correspond to flow velocities Un; 

T is the accumulated non-dimensional volume of injected water. For the case of piecewise constant 

flow velocity U(t), the dimensionless accumulated injected volume T(t) is piecewise linear. 

Substitution of dimensionless parameters (14) into governing equations (4, 11–13) yields the 

following dimensionless system which consists of the particle balance 
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particle straining kinetics 
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particle attachment-detachment kinetics 
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and the modified Darcy’s law that accounts for permeability damage due to fines retention 
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In the next section, we solve the non-dimensional governing system (15–18) for the conditions of 

laboratory tests with piecewise increasing velocity. 

2.3. Analytical model for one-dimensional suspension-colloidal flow with fines mobilisation and 

straining 

During coreflood when velocity U1 is higher than U0, i.e., σa0 > σcr(U1), the excess of the attached 

concentration is instantly released into the colloidal suspension. Particle straining in the proposed 

model is irreversible; therefore, it is assumed that initial porosity and permeability already account for 

the strained-particle initial concentration. Coreflood with constant fluid velocity results in a constant 

attached concentration Sa given by the maximum retention function. Thus, the initial conditions are 

   1 0 1 10: , 0,a a cr s a crT C S S S U S S S U       . (19) 

The inlet boundary condition corresponds to injection of water without particles: 

0: 0X c  .  (20) 

Substitution of the expression for straining rate (16) into mass balance equation (15) and accounting 

for steady-state distribution of attached particles Sa yields the linear first-order hyperbolic equation 
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The next section uses the method of characteristics to solve Eq. (21). 

2.3.1 Exact analytical solution for injection at constant rate 

The characteristic velocity in Eq. (21) equals α1. The solution C(X,T) is presented in Table 1, and 

integration of Eq. (16) over T determines the strained concentration Ss(X,T). 

According to Fig. 12a, the concentration front of the injected particle-free fluid moves along the path 

X = α1T. Behind the concentration front, particle concentration equals zero. The “last” mobilised 

particle arrives at the core outlet when T = 1/α1. The mobilised particles are uniformly distributed; 

they move with the same velocity and have the same probability of capture by smaller vacant pore 

throats. Therefore, the profile of suspended particle concentration is uniform during fluid flow, and 

concentration of suspension in zone I is independent of X (see the second line in Table 1). This leads 

to the conclusion that the concentration of particles strained in thin pores is independent of X ahead of 

the concentration front. Particle straining occurs for non-zero concentration of suspended particles. 

Therefore, the strained particles accumulate at a reservoir point X until the arrival of the concentration 

front; afterwards, the concentration of suspended particles remains unchanged. Therefore, the 

concentration of strained particles behind the concentration front is steady-state. 

The profiles of suspended particle concentration at T = 0, Ta (before the arrival of the concentration 

front at the outlet of the core), and Tb (after the arrival of the concentration front) are shown in Fig. 

12b. We denote ∆Sa1 as the initial concentration of the released suspended particles. The profile of the 

concentration of suspended particles equals zero behind the concentration front and is constant ahead 

of the front. After the front's arrival, the breakthrough concentration of suspended particles equals 

zero because all mobilised particles are either strained in thin pore throats or emerge at the rock 

effluent. 

Three profiles of concentration of strained particles, for times 0, Ta, and Tb, are shown in Fig. 12(c). 

No strained particles are present in the rock before particle mobilisation. The concentration of strained 

particles continues to grow until the front arrival, and it then remains unchanged. The duration of 

particle straining during the flow becomes longer, and the maximum concentration of accumulated 

strained particles grows with X. Therefore, the profiles of strained particle concentration grow as X 

increases. The probability of particle capture ahead of the front remains constant. Thus, the strained 

profile is uniform, because the particle advective flux is uniform. 

Fig. 13 shows the history of particle breakthrough concentration. The later the arrival, the higher the 

particle capture probability. According to Herzig et al. (1970), the coefficient of filtration s equals 

the probability of particle straining per unit length of the particle trajectory. Therefore, the number of 

particles captured by thin pore throats increases with time, and breakthrough concentration C(1,T) 
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decreases with time. All mobilised fine particles either are strained or exit the core at time Tst,1, i.e., 

concentration of suspended particles becomes zero: 
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 . (22) 

The rock permeability stabilises at time Tst,1. 

Core impedance can be calculated directly from Eq. (10). Impedance for the time interval with the 

constant fluid velocity from Eq. (18) equals 
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Substituting the solution for the concentration of the retained particles (rows 4 and 5 in Table 1) into 

Eq. (23) and integrating over X results in the following explicit formula for impedance increase during 

the injection: 
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Substituting the expression for stabilisation time (22) into Eq. (24) yields the stabilised impedance 

value 
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Monotonic increase in dimensionless pressure drop across the core from one to the maximum value is 

achieved at time 1/α1, coinciding with the arrival of the “last” mobilised particle at the core outlet. 

After that, the pressure drop remains unchanged. 

2.3.2 Analytical solution for multiple injections 

The solution of the problem (15–18) where fluid velocity has changed from Un-1 to Un is similar to that 

of the first stage under U1. The only difference is that the concentration of strained particles for T > Tn 

equals the total concentration of strained particles before the fluid velocity alteration at time T = Tn-0 

and the concentration of particles that have been strained during time T > Tn. We discuss the case 

where the change of fluid velocity occurs after permeability stabilisation. 

113



Following the fluid velocity change from Un-1 to Un, the attached particles immediately detach. 

Detached particle concentration is σan = σcr(Un-1)-σcr(Un). The fines detached add to the strained 

particle concentration that remains after the previous fluid injection with velocity Un-1: 

       1: , , 0 ,n an cr n cr n s s n a cr nT T C S S U S U S S X T S S U        . (26) 

Substituting strained concentration (see Table 1) into Darcy’s law (18) and integrating for pressure 

gradient over X along the core yields the impedance for T > Tn: 
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Substituting stabilised time T = Tn+1/n into Eq. (27) gives the stabilised impedance after the n-th 

injection with velocity Un. 

The analytical model-based formulae for impedance (rows 12 and 13 in Table 1) will be used to 

match the laboratory tests in the next section. 

2.4. Adjustment of the analytical model from the laboratory experiments  

In order to replicate water injection in a well, Ochi and Vernoux (1998) performed two laboratory 

corefloods. Their tests were performed with Berea cores to provide real-world bottom-hole pressures 

and temperatures. Experiments were carried out at different fluid velocities. For test I, Fig. 3a graphs 

permeability and Fig. 3b graphs flow velocity. Permeability and velocity during test II are shown in 

Fig. 3. Initial and boundary conditions (19, 20) correspond to injection of clean particle-free water 

with piecewise increasing velocity. Pressure drop along the core was measured. Both tests used Berea 

sandstone cores prepared from the same block, so that the rock properties for both cores would be 

similar. As fluid velocity increased, kaolinite particles detached from the grain surface. The mobilised 

fines migrated and were strained by the rock. We used the analytical model proposed in Section 2.3 

for matching the pressure drop across the sandstone cores during the tests. Minimisation of the 

difference between the modelled and measured pressure drop across the cores was used to adjust the 

phenomenological constants of the model: , , L, and . 

2.4.1 Tuning the rheological model parameters from laboratory coreflooding data 

The following assumptions are adopted in this study. Formation damage and filtration coefficients 

remain constant for the duration of the experiment; therefore, these parameters are independent of 

fluid velocity and concentration of the retained particles. The drift delay factor was assumed to vary, 

i.e., the alteration of rock surface during detachment/mobilisation of particles affects drift velocity. 
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For stabilised permeability, according to Eq. (4), the permeability values kn fulfil the following 

relationship: 

  1
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U
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      . (28) 

Pressure drops along the core, which define the permeabilites ki, were measured during coreflood tests 

with varying fluid velocities Ui. We applied the least square method to tune the above experimental 

pressure drop data and obtained filtration coefficient s, the products sσcr(Un), n=1,2…, and the 

drift delay factors αn for different fluid velocities Un. The optimisation problem (Coleman et al., 1996) 

was solved using the reflective trust region algorithm in Matlab (Mathworks, 2010). 

The average core permeabilities, evaluated from pressure drop data across the cores (Ochi and 

Vernoux, 1998) and presented in Figs. 3a and 3e, were used to calculate the rock impedances, which 

are shown by circles in Fig. 11. 

For Berea sandstone, we assumed typical porosity 0.2 and typical concentration of kaolinite particles 

that can be mobilised is 0.06 (Khilar and Fogler, 1998). The attached volumetric concentration is 

equal to σa0=0.06×0.8=0.048, which is equal to the σcr that corresponds to U0<U1 (see Eq. (9)). We 

calculated the formation damage coefficient for the condition of total removal of all kaolinite particles 

at maximum fluid velocity, during the last fluid injection, and straining of fraction of these particles in 

thin pore throats: 
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The tuning procedure results in groups san. Using the values of released concentrations σan, cr(U) 

is calculated as follows: 

   0

1

N

cr n a n

n

U U  


   . (30) 

2.4.2 Results 

Table 2 shows results for history matching of impedance for the two cores. Results for prediction by 

the adjusted model are presented in Fig. 11 in the form of continuous impedance curves. Tuning of the 

model parameters resulted in monotonically decreasing dependency of the drift delay factor =(S) 

for corefloods in cores I and II (Figs. 3d and 3h, respectively). The higher the strained concentration, 
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the higher the rock tortuosity, which decelerates particle drift. Also, the higher the strained 

concentration, the smaller the mobilised particles, which drifted at lower velocity.  

The experimental data closely matched the model (R
2
 values were 0.99 and 0.98 for cores I and II, 

respectively). Fixing the drift delay factor for the overall period of fluid injection and matching the 

impedance data resulted in significantly lower R
2
 values during adjustment of the proposed model. 

Using Eq. (30) to tune the model for two cores yielded the maximum retention function shown in Fig. 

14. The increase in fluid velocity resulted in the increase of drag and lifting forces, which detached 

the kaolinite particles from the surface of the rock grains and reduced concentration of kaolinite 

particles remaining immobilised on the rock grain surface. If a mono-layer of poly-sized kaolinite 

particles is attached to the surface of rock grains, the mechanical equilibrium model (6, 8) indicates 

that the obtained cr-curves are not convex. 

The proposed model can be used to calculate the size distribution of attached fine particles a(rs) from 

the maximum retention function σcr(U): the minimum mobilized size rscr(U) is determined from Eq. 

(6), and size distribution function a(rs) is calculated from Eq. (8) by regularized numerical 

differentiation (Coleman and Li, 1996). 

Because the fluid velocity was changing step-wise during coreflood tests (seven velocities for test I, 

and four velocities for test II), the calculated kaolinite particle distributions are given in the form of a 

histogram (Fig. 15). As follows from Figs. 3c and 3g, the minimum radius of detached particles 

decreases as fluid velocity increases. This observation agrees with the shape of the velocity-

dependency of the critical radius exhibited in Fig. 8.  

Figs. 16a and 16b compare the various forces acting on a particle at the critical moment of its 

mobilisation. According to Fig. 15, the ranges of particle radii cover the ranges of size distributions 

for particles attached to the surface of rock grains. The drag force was two orders of magnitude 

smaller than the electrostatic force. The drag force was significantly larger than the gravitational and 

lifting forces. Because lever arm ratio l significantly exceeded one, the small drag torque exceeded the 

torque developed by electrostatic force. 

The maximum retention function can be parameterised by the critical particle radius cr(U)= 

cr(rscr(U)). Considering the value cr(rscr) as an accumulation function of retained concentration for 

all particles with radius smaller than rscr, yields the corresponding histogram (Fig. 15) representing the 

concentration distribution of initial reservoir fines for various radii. Thus, we can explain the 

maximum retention function, cr, for various sized particles attached to the grain surface: if particles 

attached to the grain surface cannot be mobilised by fluid flowing with velocity U, then their radii are 
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smaller than rscr(U) and their concentration is expressed as cr(U). Increasing fluid velocity U results 

in the decrease of minimum radius of particles detached by flow with velocity U. 

The calculated values of filtration and formation damage coefficients (Table 2) fall within the 

common ranges of these coefficients reported by Pang and Sharma (1997). The orders of magnitude 

of drift delay factor, which vary between 10
-3

 and 10
-4

 in the present work, are the same as those 

reported by Oliveira et al. (2014). 

2.5. Summary and discussion 

According to mathematical model (1, 3, 5), which accounts for the maximum retention function for 

detachment and migration of particles with the velocity of a carrier fluid, rock permeability should 

stabilise after 1 PVI. However, the experimental data showed that the permeability stabilisation 

periods are significantly greater than 1 PVI. Such behaviour can be explained only if a mobilised 

particle moves significantly slower than the flowing fluid. This behaviour could be described by a 

two-speed model containing six constants of mass exchange between particles moving slow and fast, 

two detachment and two filtration coefficients for fast and slow particles, and slow moving particle 

(Yuan and Shapiro, 2011; Bradford et al., 2012); the model tuning for the experimental breakthrough 

curves is not unique. Complete characterisation of the two-speed model would entail complex 

experiments in which pressure drop is measured along a core, obtaining the breakthrough curve and 

calculation of the retained particle concentration. Yet, most coreflood studies have reported data for 

pressure drop along the core only. For this reason, the present study considers a rapid exchange 

between populations of particles migrating with fast and slow velocities along each rock pore, 

yielding a unique particle drift velocity. We also assume that this exchange occurs significantly faster 

than the capture of particles by the rock after free run in numerous pore lengths, resulting in equal 

concentrations of particles moving with fast and slow velocities. The above assumptions translate to a 

single-velocity model. 

The proposed model (15-18) is applied to the data treatment of laboratory tests. The modelling results 

show that the migrating particles move significantly slower than the carrier fluid. Hence, there is a 

delay in the permeability stabilisation due to fines migration. The delay time is in the range of 500-

1250 PVIs, which corresponds to the drift delay factor n varying between 0.0008-0.002. 

Migration of mobilised particles in a porous medium occurs in two simultaneous ways: one fraction 

moves with a carrier fluid, whereas another part of particles drifts along grain surface with 

significantly lower velocity. Particle size distribution, velocity of a carrier fluid and the magnitude 

and sign of electrostatic forces between the particle and grain determine the fraction of those particles. 

According to Li et al. (2006), Yuan and Shapiro (2011b) and Sefrioui et al. (2013), such slow particle 

movement along the rock grain surface occurs via sliding, rolling, temporary detachment from grain 
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surface to a carrier fluid and return back to the grain surface when particle meets and collides with the 

grain surface asperities. 

Consider an immobile particle attached to a grain surface. By application of torque balance equation, 

we prove that for each fluid velocity there does exist such a critical particle radius that all particles 

with larger sizes are removed from the grain surface: rscr=rscr(U) (see Fig. 6). 

Thus we can define cr for a monolayer of attached particles of different sizes as the concentration of 

attached particles with r<rscr. Therefore, it is possible to calculate the maximum retention function cr 

from the size distribution of the attached particles that can be mobilised by fluid velocity.  

Electrostatic constants of the particle-rock interaction, attached fines radius histogram, and the 

Young’s moduli and Poisson’s ratios for particle and rock determine cr for poly-size particles 

attached to the pore surface. 

The maximum retention function is a monotonically decreasing function of the particle size. The 

wider is the particle size distribution (or the higher is the variance coefficient for particle size 

distribution), the lower is the cr for low fluid velocities, and the higher is the cr for high fluid 

velocities. 

For the case of a poly-layer of mono-sized attached particles, the shape of cr-curve is convex; 

whereas for a monolayer of dispersed attached particles, it has the shape of an arbitrary monotonically 

decreasing curve. cr-curve changes its shape from convex to concave when a monolayer of log-

normal distributed attached particles are under the action of small and high fluid velocities, 

respectively (see Fig.9). 

The exact analytical solution can be obtained for 1d problem for suspension flow with piecewise 

increasing fluid velocity causing particle straining in thin pore throats. At the moment of velocity 

change, the concentration front starts moving from the inlet of the core, coincides with the trajectory 

of the drifting particle and separates the particle-free region behind the front and the area ahead of the 

front. The suspended and strained concentration profiles ahead of the front are uniform. 

The drift delay factor is a function of the particle size and the geometry of the porous media 

undergoing continuous changes during straining of particles in thin pore throats. Smaller particles 

move with lower velocities along the pore surface; the drift delay factor is lower too. With increasing 

fluid velocity during coreflood tests, the size of the released particle decrease; this explains why the 

drift delay factor decreases (see Figs. 3d and 3h). The proposed model for colloidal-suspension 

transport in porous media with instant particle release and slow drift, given by Eqs. (15-18), can be 

further developed by introduction of the phenomenological function in the form α=α(rs,σs). 
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Validation of the proposed mathematical model is supported by a good agreement between the 

experimental data for pressure drop across the core during corefloods with piecewise increasing 

velocity with those calculated by the above model. The close match between experimental data and 

the matched modelling results can only be regarded as a preliminary model validation. Therefore, 

additional experiments should be carried out with the following measurable parameters: retention 

profiles, breakthrough particle concentrations and their size distribution. The above measured 

experimental parameters should be matched by the analytical solutions presented in Table 1. This will 

lead to the validation of the proposed model, which describes experimental conditions when velocity 

of the moving particles significantly differs from the velocity of the carrier fluid. Analysis of the 

available literature shows that such tests are not available. 

3. Fines detachment and migration at low salinities 

Salinity variation has significant effect on fines detachment, by affecting the electrostatic force 

between particles and rock surface. The lower the salinity, the weaker is the attraction between 

particles and rock, and thus the more particles are released. The detached particles migrate with 

carrier fluid and plug the smaller pores downstream, leading to significant permeability reduction. 

This section starts from laboratory coreflood test with piecewise decreasing salinity (section 3.1). The 

measured permeability history curves, outlet particle concentration and effluent ionic strength are 

presented in section 3.2. It is followed by the derivation of mathematical model for fines detachment 

and migration in porous media accounting for both effects of slow particle migration and delayed 

release, under salinity variations (section 3.3). In section 3.4, two particular models which account for 

slow migration and release delay effects respectively are applied to the experimental data treatment, 

and the quality of matching by two models is compared. Afterwards, the same data are treated using 

the general model developed in section 3.3.  

3.1. Laboratory study  

Section 3.1.1 describes the laboratory setup. Section 3.1.2 presents characteristics of rock and fluids 

used in the tests. Section 3.1.3 describes the experimental procedure. Section 3.1.4 presents 

characterisation technique of the effluent liquids. 

3.1.1 Experimental setup 

In this study, we developed and assembled an experimental setup for suspension-colloidal flow in 

natural rocks with permeability and breakthrough fines concentration measurements. The 

distinguished feature of the set-up is pressure measurements at the intermediate core point, which 

supplement the routine pressure measurements at the core inlet and outlet. This apparatus is 

schematically shown in Fig. 17 and its photo is presented in Fig. 18. 
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High-pressure coreholder 1 (model DHCH, CoreLab, USA) contains sandstone core plug 2 inserted 

inside a Viton sleeve 3. The Viton sleeve transfers overburden pressure from manual pressure 

generator 4 (model 87-6-5, HiP Equipment Company, USA) to the sandstone core. The overburden, 

core inlet, core middle and core outlet pressures are measured by absolute pressure transmitters 5-8 

(model PA-33X, KELLER AG fur Druckmesstechnik, Switzerland), respectively. High-pressure 

liquid chromatography pump (HPLC) 9 (Scientific Systems, Inc., USA) pumps artificial formation 

fluid (AFF) 10 through the sandstone core plug. A back-pressure regulator 11 (BP-series, CoreLab, 

USA) maintains constant core outlet pressure and smooth HPLC pump operation. Differential 

pressure between core inlet and middle point of the core is measured by differential pressure 

transmitter 12 (model EJX-110, Yokogawa

, Japan) with maximum differential pressure ranged from 

zero to 140 kPa. When differential pressure exceeds this range, it is determined by the difference 

between readings of the two absolute pressure transmitters 6 and 7. Difference between the readings 

of two absolute pressure transmitters 8 and 6 determines pressure drop across the whole sandstone 

core plug. Swagelok
®
 two-way valves perform the following operations: valve 13 connects manual 

pressure regulator to coreholder, valve 14 connects HPLC pump to the inlet of the coreholder, valves 

15 and 16 connect the differential pressure transmitter to the inlet and middle point of the coreholder, 

and valve 17 is used for re-zeroing the differential pressure transmitter. Concentration of suspended 

particles in effluent samples 18 is measured by PAMAS S4031 GO portable particle counter 19 

(PAMAS GmbH, Germany). A standalone computer 20, data acquisition module 21 (model ADAM-

4019+, ADVANTECH
TM

, Taiwan), ADAM-4561 RS-232/422/485 signal converter 22 

(ADVANTECH
TM

, Taiwan) perform the test data processing. Signals from differential pressure and 

absolute pressure transmitters are fed into ADAM-4019+ module, and are converted to 

pressure/differential pressure readings and transferred to Microsoft Excel spreadsheet in real-time via 

custom-built software (ADVANTECH ADAMView Ver. 4.25 platform). As the result, calculated 

core permeability values are recorded and monitored in graphical form in real-time. 

3.1.2 Characterisation of cores and fluids 

The sandstone core plug originated from depth 1875 m from the Birkhead Formation (Eromanga 

Basin, Australia) has a mean diameter of 37.82 mm, total length 49.21 mm and intermediate point 

length 25.10 mm. The core plug contains 9.2 % of kaolinite (see Table 3). 

The major ionic components of formation fluid (FF) for the studied well supplied by Amdel 

Laboratories (Adelaide, Australia) are listed in Table 4. We converted these ionic compositions into 

molecular concentrations of an artificial formation fluid (AFF). According to total dissolved solids 

and electrolytic conductivity data presented in Table 4, we successfully matched the composition of 

AFF to the original FF. These two fluids (FF and AFF) are potassium-chloride driven (67.1% KCl). 

According to the composition data from Table 4 we prepared AFF using deionized ultrapure water 
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(Millipore Corporation, USA; later in the text it is called the DI water). The ionic strength of prepared 

AFF is boosted to 0.6 M by addition of NaCl to match its ionic strength with that of completion fluid. 

Lower ionic strength AFFs (0.6; 0.4; 0.2; 0.1; 0.05; 0.025; 0.01; 0.005; 0.001 M) are obtained by 

dilution of 0.6 M AFF with DI water. 

3.1.3 Methodology of laboratory study 

Drying of the core plug in the atmospheric oven at 60 C for 24 hours is followed by its placement 

into a vacuum desiccator and saturation with 0.6 M AFF.  

At the beginning of the experiment, the core plug is installed inside the Viton sleeve and placed in the 

stainless steel coreholder. An overburden pressure of 1000 psi is developed by the pressure generator 

and maintained at this level during the experiment. Artificial formation fluid with 0.6 M NaCl ionic 

strength is pumped by HPLC through the core plug at volumetric flowrate of 1.0 mL/min (superficial 

velocity 1.483  10
-5

 m/s). Pumping of this fluid continued until stabilization of permeability. The 

permeability stabilization is achieved within experimental uncertainty of 3.2% (Badalyan et al. 2012). 

Differential pressures across the whole core plug and between inlet and the middle point of the core 

are recorded by the data acquisition system. Automatic fraction collector collected effluent samples at 

0.17 and 0.86 PVI, respectively. The bulk effluent sample of 114 PVI corresponded to the last stage of 

injection of the fluid with chosen ionic strength; this sample was collected over the 16-hour period. 

Experiments with different ionic-strength corefloods are carried out using the same methodology. 

3.1.4 Characterisation of effluent fluids 

Particle concentration in effluent suspensions is measured by the particle counter PAMAS. 

Calibration of the particle counter/sizer is carried according to ISO Standard 21501-2:2007 

(International organisation for Standardisation 2007). This unit measures the number of particles in 

the particle size range 0.5 to 5.0 µm, which is further converted into particle concentration expressed 

in m
3
/mL or ppm (vol/vol) and particle size distribution. Multiplying the obtained particle 

concentration (m
3
/mL) by the volume of respected effluent sample, we obtain the total volume of 

particles collected in each sample; the summation of the above volumes gives the total volume of 

particles collected during coreflood with fluid of fixed ionic strength.  

Monitoring of ionic strength of effluent streams is carried out through measurement of their 

electrolytic conductivity using Mettler Toledo conductivity meter (Model S230 SevenCompact, 

Mettler-Toledo AG Analytical, Germany). The conductivity meter is calibrated using the following 

electrolytic conductivity standards covering the entire fluid ionic strength range used in the present 

study: 63.62 mS/cm (custom made solution), 12.88 mS/cm, 1413 µS/cm, 500 µS/cm, 84 µS/cm, and 10 

µS/cm. 
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3.2. Analysis of experimental data  

In this section, the experimental results of permeability and outlet particle size distribution versus time, 

measured using the laboratory procedure presented in section 3.1, are analyzed. 

Initial (undamaged) core permeability measured during initial stage of coreflood with 0.6 M AFF is 

equal to k=34.64 mD. Mean pore-throat radius is calculated according to equation proposed by Katz 

and Thompson 1986:  𝑟𝑝 = (𝑘 (4.48𝜙2⁄ ))0.5, where 𝑘 is in mD; the result is: 𝑟𝑝=6.62 µm. Mean-

volume half-size of particles collected in effluent suspensions is measured by PAMAS and results in 

1.47 m. The so-called jamming ratio factor is determined by the ratio of mean-volume half-size of 

particles to mean pore-throat radius and is equal to 0.22. Earlier, (van Oort et al. 1993) proposed a 

“golden 1/7-1/3 rule of filtration”: if jamming ratio factor is less than 1/7 particles move through the 

porous medium and not captures; if this factor is between 1/7 and 1/3, then particles are strained in 

pore throats and cause rock permeability decline; if jamming ratio factor is greater than 1/3, then 

particles are captured at  the entrance of a porous medium. Value of jamming ratio in the present 

study falls in between 1/7 and 1/3 suggesting that some of mobilised particles are captured in pore-

throats causing permeability decline which happens during deep bed filtration. 

The cumulative produced-particle volume and effluent fluid ionic strength versus PVI for the 

coreflood test are shown in Figs. 19a,b,c. Volume of produced fines increases when effluent ionic 

strength declines. In average, it takes about 1.0-1.5 PVI before effluent ionic strength starts to 

decrease for a newly-injected lower ionic-strength fluid. Rock impedance rapidly rises after this delay, 

suggesting that lower ionic strength fluid detach and mobilize the fine particles, causing pore 

blockage and increase of core impedance (permeability decline). Appreciable volume of fines was 

collected during coreflood with DI water suggesting that very low ionic strength AFF (0.001 M) was 

not able to remove all fines.  

The measured average permeability along the core 〈𝑘〉(𝑇) under piecewise decrease of salinity, scaled 

by the initial core permeability 𝑘0, is presented in Figs. 20a and 23a. The permeability history curves 

show that it takes much longer than one PVI for the permeability reaching stable values. The delay in 

permeability stabilization suggests that certain amount of particles is released with delay, if compared 

to the instantly released particles after salinity variation. The long-term permeability stabilization may 

also be caused by the slow migration of released particles drifting along the rock surface (Yuan and 

Shapiro 2011a; You et al. 2015). Slow migration model has been discussed in Section 2. The next 

section presents the model with delay. 

3.3. Analytical model with slow migration and delay particle release 
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The permeability history curves presented in section 3.2 show that the steady state is reached after 

tens to hundreds PVIs of water injection. This delay phenomenon can be explained by the Nernst-

Planck diffusion of ions between the bulk of the fluid in the pore and the contact particle-grain area of 

the mutual deformation (Mahani et al. 2015, 2016), which has not been considered in the slow-

migration model (15-18) presented in section 2. In this section, we generalize the previous model by 

accounting for both slow migration of particles and their delayed release.  

Consider a delay  in fines detachment if compared with the moment, when water salinity is equal to 

(x,t). Introducing delay into the expression of maximum retention function yields: 

a(x,t+)=cr((x,t)). Keeping two first terms of Taylor’s expansion over small delay  results in: 

 1
a

cr a
t


   


 


                                                              (31) 

System of three equations (11, 12) and (31) describes the suspension-colloidal transport in porous 

media with delayed release of the reservoir fines due to salinity decrease. The kinetic equation (31) 

substitutes equation (31) for maximum retention function. System of three equations (11, 12, 31) 

defines the same three unknowns: c, a, and s.  

Introduction of dimensionless group for delay 
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and using concentration of released particles cr in dimensionless variables (14) instead of a0 yields 

the following dimensionless system: 
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We assume that the time of mobilized particle arrival at the core outlet 1/ is significantly higher than 

1 PVI, i.e. <<1. Therefore, the initial conditions at T=0 correspond to injected salinity 1. The initial 

concentration of attached particles corresponds to the critical value a0=cr (0), where 0>1. 

Boundary conditions correspond to injection of particle-free water with salinity 1: 
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The solution of linear ordinary differential equation (33) with initial condition (35) is                                                                                                                                      
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It allows for explicit expression for the detaching rate: 
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Substitution of expressions for the detaching and straining rates, given by Eqs. (37) and (34), 

respectively, into the overall particle balance Eq. (32) yields 
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Introduction of constant 
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simplifies Eq. (38): 
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First, discuss the flow ahead of the mobilised fine front for T ≤ X / α. The characteristic form of the 

linear hyperbolic equation (40) is                                                        

dx

dT
                                                                                                                     (41) 
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dC
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                                                                                            (42) 

For the case of  ≠ b the solution of linear ordinary differential equation (42) is: 
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For the case of  = b the solution of Eq. (42) is 
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  bTC T yTe                                                                                                           (44) 

Like in the case of fines migration after abrupt velocity increase (row 3 in Table 1), initial uniform 

suspended profile moves with equal capture probability for all particles. Thus, the suspended profile 

remains constant, and suspension concentration is only time-dependent.  

Now consider the solution behind the mobilized fines front for T > X / α. The characteristic form of 

Eq. (40) with zero boundary condition is 
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For the case of  ≠ b the solution of linear ordinary differential equation (53) is: 
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Substituting the constant along the characteristic line 

x
T


              (48) 

into solution (47) yields the suspended concentration behind the front 
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For the case of =b the solution of Eq. (46) is 

( ) XC X mXe                                                                                              (50) 

Substituting the constant along the characteristic line 

x
T


   

into solution (50) yields the suspended concentration behind the front 

125



( , ) e

b
X

bTy
C X T Xe 



 
 

                                                                                                     (51) 

Formulae for strained concentration Ss are obtained by substitution of the suspended concentration 

C(X,T) in straining rate equation (34) and integration in T. The solution is given in Table 5 for the 

case  ≠ b and in Table 6 for the case =b.  

3.4. Experimental data treatment and model validation 

In this section, we treat the experimental data using three simplified models:  slow-particle migration 

model, delay-particle release model, and the general model that accounts for both effects. The 

histories of impedance across the half-core and whole core, and the accumulative outlet concentration 

of particles are matched by each model. The reflective trust region algorithm is applied for solution of 

the optimization problem (Coleman et al. 1996) using the software Matlab (Mathworks 2010).  

The results of matching by the slow-particle migration model are presented in Fig. 21a for impedance, 

and in Fig. 21b for accumulated particle concentration. The coefficient of determination is equal to 

R
2
=0.9902. The tuning parameter values are shown in Table 7 and in Fig. 22.  

The piecewise-constant salinity decrease in the test and consequent fines particle release corresponds 

to increasing of strained particle concentration. This changes the pore space geometry and values of 

the tuned parameters.  

The drift delay factor  decreases as permeability decreases (Fig. 22a. It can be explained by the 

decreasing size of released particles during the salinity decrease. Smaller particles are exerted by 

lower drag force and they move slowly. Also, the rock tortuosity increases due to straining, so the 

fines move slowly. Regarding formation damage coefficient , two factors compete during the salinity 

decrease. The lower is the permeability the higher is the formation damage coefficient. Yet, the 

smaller are the particles the lower is the formation damage coefficient. The retained-concentration-

dependency for the formation damage coefficient, shown in Fig. 22b is attributed to the dominant 

effect of the particle size over the permeability effect. The filtration coefficient for straining  

increases during rock tortuosity increase during salinity decreasing (Fig. 22c). Yet, it should decrease 

due to decrease of the released particle size.  Fig. 22d presents the salinity-dependency of the 

maximum retention function, which exhibits a typical form (Bedrikovetsky et al., 2012; Zeinijahromi 

et al., 2012). 

The results of matching by the delay-particle release model are presented in Fig. 23a for impedance, 

and in Fig. 23b for accumulated particle concentration. The tuning parameter values are shown in 

Table 8. The coefficient of determination is equal to R
2
=0.9874 and is slightly lower than that for the 

slow-particle model.  
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The formation damage coefficient  increases as salinity declines (Fig. 24a), which is different from 

the slow-particle model; the effect can be explained by the dominant role of permeability decline on 

the formation damage coefficient. Yet, this explanation contradicts to the conclusion made above for 

the slow-particle model. The filtration coefficient  decreases during salinity decrease (Fig. 24b), 

which also contradicts to the conclusion made above for the slow-particle model. The effect can be 

explained by the blocking filtration function, where  is proportional to the vacancy concentration; it 

tends to zero when the number of pores larger than particle tends to zero.  The delay time  decreases 

with increase of strained concentration (Fig. 24c); this is attributed to more confined porous space and 

smaller diffusive path. The maximum retention function hasn’t got a typical form (Fig. 24d); usually 

bulk of fines is released by low-salinity and fresh water. Low fines release by low-salinity water can 

be explained by low concentration of small particles, which is usually not the case. 

H Mahani 2015a, b measured the delay period, which is significantly (10-20 times) longer than 

expected by diffusion alone and is explained by slow electro-kinetic Nernst-Plank ion-diffusion in the 

field of electrostatic DLVO forces. The delay time  varies from 10800 to 363600 s, which 

corresponds to dimensionless time in PVI that is equal =U/L and varies from 15.49 to 521.62 PVI 

for conditions of the test presented in section 3.1 (=0.21, U=1.48×10
-5

 m/s). The obtained values 

have the same order of magnitude as those obtained by tuning the parameter  from laboratory tests 

(Tables 8 and 9). 

The results of matching by the general model that accounts for both slow-particle migration and 

delay-particle release effects are presented in Fig. 25a for impedance, and in Fig. 25b for accumulated 

particle concentration. The tuning parameter values are shown in Table 9. The coefficient of 

determination is equal to R
2
=0.9899. The stained-concentration dependencies for , , , and cr (Figs. 

26 a, b, c and e, respectively) follow the same tendencies as those exhibited by the slow-particle 

model. The delay time  (Fig. 26 d) has the same form as that for the delay-particle model. The 

coefficient of determination is equal to R
2
=0.9899. 

3.5. Summary and discussion 

The laboratory study of fines migration mobilized by decreasing brine salinity, provide three 

measurement histories during injections with constant salinity: impedance across the half-core and 

whole core, and the outlet concentration of fine particles. Each pressure curve and each concentration 

curve has at least two degrees of freedom, so three measurement data for constant salinity period has 

6 degrees of freedom.  

The slow-particle migration and delay-particle release models have four independent coefficients 

separately. Thus, 6-dimensional data-set was matched by four model coefficients with high accuracy. 
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The strained-saturation dependencies of the tuned parameters have been explained. The close 

agreement between the experimental data and the models allows concluding the validity of both the 

slow-particle migration model and the delay-particle release model.  

The general model has five independent coefficients. This is higher than those for the slow-particle 

migration and delay-particle release models, but still lower than the number of degree of freedom of 

the laboratory data-set (6). The agreement coefficient is also very high. The obtained delay periods 

have the same order of magnitude with those observed in laboratory tests (Mahani et al., 2015a, b). 

However, the model does not exhibit a common form of the maximum retention function.  

4. Fines detachment and migration at high temperatures 

This section discusses temperature-dependency of particle detachment and fines migration with 

applications to geothermal reservoirs. 

4.1 Materials and preparation 

Availability of cuttings and the absence of cores from geothermal well Salamander-1 (Pretty Hill 

Formation, Otway Basin, South Australia, Australia) make it difficult to experimentally study 

formation damage exhibited in this well during production. To circumvent this problem we studied 

formation damage on a core with analogous mineral characteristics obtained from the nearby 

Ladbroke Grove-1 well from the same formation and basin. This core came from depth 2557.12 m. It 

is 3.92 cm in diameter and 6.33 cm in length. Core imbibition procedure, described in section 3.1.3, 

results in 17.2 % porosity. 

4.2 SEM-EDAX analyses for released fines 

The results of SEM-EDX analyses for the fines filtered from the effluent suspensions fines are shown 

in Fig. 27. Plate-like “booklets” characteristic of kaolinite is shown on SEM image (see Fig. 27a). The 

so-called “peak height ratio” equivalent to the ratio of relative molar proportions of Al and Si shown 

on EDX spectrum (see Fig. 27b) is approximately equal to unity. This suggests that the above 

“booklets” are identified as kaolinite, Al2(Si2O5)(OH)4. The amount of fines from effluent stream 

collected by filtering through 0.45 m Nylon filter is insufficient to perform XRD analysis which may 

give additional information about mineralogy of these fines. 

4.3 Analysis of temperature effect on physical parameters 

Several Derjaguin-Landau-Verwey-Overbeek (DLVO) parameters listed in Table 10 are temperature-

dependent. Studying their sensitivity to temperature variation helps to predict the effect of 

temperature on fines mobilisation. Since the most abundant minerals in the studied sandstone core are 

quartz and kaolinite we use the following DLVO parameters for calculations: the refractive index of 
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kaolinite 𝑛1 = 1.502 is adopted from (Egan and Hilgeman, 1979); the temperature dependences of 

refractive index of quartz 𝑛2 and brine 𝑛3 as functions of temperature are provided by Leviton and 

Frey (2006) and Aly and Esmail (1993), respectively; dielectric constant of quartz 𝜀2  = 4.65 is 

adopted from (Stuart, 1955); dielectric constant of kaolinite 𝜀1= 6.65 and 6.35 at 𝑇 = 25°C and 80°C, 

respectively, are adopted from (Leluk et al., 2010; see Table. 10); dielectric constant of brine 𝜀3 at 

various ionic strengths and temperatures is presented in Table. 11; zeta potentials for fines and porous 

matrix are calculated according to Schembre and Kovscek (2005). Variation of water viscosity is 

adopted from Al-Shemmeri (2012) in the form 𝜇(𝑇) = 2.414 × 10−5 × 10247.8/(𝑇−140). The data on 

temperature dependences of the characteristic wavelength of interaction 𝜆, refractive index of clay 𝑛1 

and collision diameter 𝜎𝑐  are unavailable in the literature. Therefore, following Schembre and 

Kovscek, 2005, Schembre et al., 2006a, 2006b and Lagasca and Kovscek, 2014, we assume the above 

mentioned parameters to be constant. The values of constants are taken from works by Gregory 

(1981), Egan (1979) and Elimelech et al. (2013). 

The above mentioned parameters have been used in order to calculate the critical particle size versus 

velocity by Eq. (6). Fig. 28 presents the results of these calculations. The higher is the temperature the 

lower is the electrostatic attraction. Thus, a particle is detached at lower velocity where the 

temperature increases; so curve 3 is located below the curve 1. Salinity increase yields the increase of 

electrostatic force, so curve 2 is located above the curve 1. During temperature increase under 

constant velocity, the drag force detaches the particles in order of their size decreasing, i.e. first large 

particle are mobilised. 

4.4 Experimental results and model prediction at geothermal conditions 

The corefloods using the Ladbroke Grove-1 core have been performed using the methodology of 

piecewise-constant salinity decrease described in Section 3. The experimental data of permeability 

variation with PVI are shown by black circles in Fig. 29a. Variation of effluent particle concentration 

as a function of fluid ionic strength is shown by black points in Fig. 29b. These graphs show the same 

trend as those presented in Figs. 3, 19, 20, 23, and 25. Permeability variation during corefloods with 

piecewise-constant salinity decrease shows almost instant decline when salinity of injected fluid drops 

abruptly. Such permeability behaviour suggests that the significant fraction of attached fine particles 

is mobilised instantly and then is size excluded gradually with time. 

The analytical model presented in Section 2.3 (rows 12 and 13 in Table 1) is used to treat 

experimental data. Typical log-normal size distribution is assumed for fines of the Ladbroke Grove-1 

core. 

We choose the following parameters for tuning the analytical model: filtration and formation damage 

coefficients, λ and β, respectively; drift delay factor α; variance coefficient for particle size 
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distribution Cv; and mean particle size <rs>. Smaller particles are mobilised when ionic strength of 

injected fluid decreases. It is assumed, that at each injected-fluid ionic strength the particles with 

constant radius are mobilised. For this reason, the following parameters remain unchanged for each 

injected-fluid ionic strength: the filtration and formation damage coefficients and drift delay factor. 

The tuning procedure for the analytical model include the so-called least square goal function of the 

difference between model predicted results and measured data. Minimisation of this difference is 

carried out using the Levenburg-Marquardt minimisation algorithm (Marquardt, 1963). Values of 

tuning parameters obtained by application of the above minimisation algorithm are presented in Table 

12. Results of modelling are shown in Figs. 29a and 29b as red curves for optimised permeability as 

function of PVI, and effluent concentration as function of fluid ionic strength. There is a very good 

agreement between model-predicted results and measured data for both core permeability and outlet 

particle concentration. This is supported with coefficients of determination being close to one as 

follows: R
2
=0.997 and R

2
=0.943, respectively. 

Let us calculate the number of the degree of freedom for the experimental data set. Assuming the 

exponential pressure drop variation, we obtain three degrees of freedom for each time interval in Fig. 

29a. The initial permeability is given, which results in 3x4-1=11 degrees of freedom of the pressure 

drop measurements. Four independent breakthrough particle concentrations, averaged over the 

constant-salinity injection periods, add 4 degrees of freedom, making the total 15. Table 12 shows 15 

independent constants tuned from the experimental data. There is a good agreement between the 

experimental and modelling data. We conclude that the model perfectly describes the laboratory 

results. 

Yet, the validation of the proposed model would require measurements of the breakthrough particle 

concentrations with time. It would allow enhancing the number of the degree of freedom for the 

experimental data set. 

We performed sensitivity analysis using the following main parameters: the drift delay factor, 

formation damage and filtration coefficients with results given in Figs. 29a and 29b. As follows from 

blue curve in Fig. 29a, when α increases the stabilisation time decreases since particles start to move 

faster. Lower probability of particle capture by thin pores translates to lower values of λ leading to 

higher values for permeability stabilisation period according to light blue curve in Fig. 29a. Small 

values of β correspond to permeability damage with time according to Fig. 29a (green curve). The 

only one modelling parameter, λ, has significant effect on breakthrough concentration of mobilised 

particles since it describes the probability of mobilised particle capture by thin pore throats. As 

follows from Fig. 29a (light blue curve) lower values of λ correspond to higher breakthrough particle 

concentrations. Experimental results show that effluent (breakthrough) particle concentration is 

significantly lower than concentration of mobilised particles Δσi. Therefore, the breakthrough particle 
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concentration is insensitive to drift delay factor as shown by blue curve in Fig. 29a. As shown by 

green curve in Fig. 29a the breakthrough concentration is insensitive to β. The obtained values of λ 

and β presented in Table 12 along with concentration of strained particles fall within their common 

intervals according to (Nabzar and Chauveteau, 1997; Pang and Sharma, 1997; Civan, 2007, 2016). 

The tuned data allows predicting the maximum retention function by Eq. (8). Maximum retention 

function for monolayer of multi-sized particles versus fluid velocity and fluid ionic strength are 

shown in Fig. 30a and 30b, respectively. According to Fig. 30a, initial attached particle concentration 

is shown by point I. When fluid velocity increases from 0 to UA, the state point moves along the path 

IA without particle mobilisation. Increasing fluid velocity from UA to UB (movement from point A 

to point B) leads to the start of particle mobilisation at critical fluid velocity U=UB. If we continue 

increase fluid velocity from UB to UC the state point moves down along the maximum retention curve 

from point B to C. If we compare Figs. 30a and 30b, we observe similar typical shape of the 

maximum retention function with gradual decrease of fluid ionic strength corresponding to increase of 

fluid velocity. This results in similarity between the critical ionic strength γB and critical fluid velocity 

UB. According to (Miranda and Underdown, 1993; Khilar and Fogler, 1998), the notions of critical 

velocity and critical ionic strength correspond to the first particle release when fluid velocity increases 

and fluid ionic strength decreases, respectively. If we introduce the maximum retention function it is 

possible to predict the amount of the released fines as a result of changing the critical parameters. The 

amount of mobilised particles during fluid velocity and/or salinity alteration are denoted as ∆σ in Figs. 

30a and 30b. 

Electrostatic attaching force decreases with temperature leading to the drop of maximum retention 

function. From another side, reduction of water viscosity with temperature results in decrease of both 

lifting force and detaching drag force. These changes translate to the rise of maximum retention 

function. Therefore, the above two competitive effects determine if maximum retention function 

increases or decreases. 

According to Figs. 30a and 30b, the dominance of temperature influence on electrostatic attaching 

forces leads to decrease of maximum retention function and resultant permeability decline with 

temperature rise. We calculated and plotted σcr-curves for the following temperatures (see Fig. 30a 

and 30b): room temperature, 80°C, 100°C and 129°C (curves 1-4, respectively). Comparison of these 

curves shows the decline of the maximum retention function with temperature increase. Salamander-1 

geothermal well is characterised by a reasonably moderate temperature of T=129°C and ionic strength 

equivalent to 0.2 M NaCl. At these field conditions, according to curve 4 (see Fig. 30b) almost all 

fines are mobilised with the decrease of the maximum retention function down to zero. 
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Apart from high temperature, fluid velocity alteration also effects particle mobilisation within a 

porous medium. We calculated and plotted σcr-curves for the following fluid velocities (see Fig. 30c): 

at wellbore velocity rw, at 50 rw and 100 rw (curves 1-3, respectively). If one decreases fluid velocity 

the maximum retention concentration will rise due to reduced detaching drag force acting on the 

attached particles. 

4.5 Using ionic strength sensitivity to characterise fines mobilisation system 

Consider inflow performance in geothermal production wells. The well rate per unit of the reservoir 

thickness is 𝑞 = 2𝜋𝑟𝑈. During production one observes two or more orders of magnitude decrease of 

fluid velocity in the direction from well bore towards the drainage contour. The magnitude of this 

decrease is the function of the distance from the well. Variation of fluid viscosity with temperature 

affects detaching drag force which is a function of fluid velocity. Therefore, such rheological 

dependence of σcr should be studied in a wide range of fluid velocities. Having studied this 

relationship, one can reliably estimate well productivity index. However, the maximum available 

capacity of commercially available pumps limits the above studies at high fluid velocity variations. 

Coreflood with lower ionic strength fluid also leads to particle mobilisation. Therefore, it is much 

easier to run such tests with significant variation of fluid ionic strength in laboratory. The torque 

balance equation (6) has the following two solutions: 𝜎𝑐𝑟 = 𝜎𝑐𝑟(𝛾)  and 𝜎𝑐𝑟 = 𝜎𝑐𝑟(𝑈) . Since 

𝜎𝑐𝑟(𝛾0) = 𝜎𝑐𝑟(𝑈0), then we get the following translation formula: 

𝜎𝑐𝑟(𝑈, 𝛾0) = 𝜎𝑐𝑟(𝑈0, 𝛾).         (52) 

This formula translates 𝜎𝑐𝑟 = 𝜎𝑐𝑟(𝛾) to 𝜎𝑐𝑟 = 𝜎𝑐𝑟(𝑈) and vice versa. 

Below we describe such translation for a monolayer of multi-sized particles attached to the wall of 

pores (see Eq. (8)). Let after running of coreflood tests with varying fluid ionic strength one obtains 

𝜎𝑐𝑟(𝑈0, 𝛾) relationship. Equation (6) determines critical particle radius as 𝑟𝑠𝑐𝑟(𝑈, 𝛾). It is possible to 

calculate 𝑟𝑠𝑐𝑟(𝑈0, 𝛾) = 𝑟𝑠𝑐𝑟(𝑈, 𝛾0) corresponded to each value of 𝛾, and corresponding velocity for 

fixed ionic strength 𝛾0 . Therefore, the experimentally obtained relationship 𝜎𝑐𝑟(𝑈0, 𝛾)  can be re-

calculated into 𝜎𝑐𝑟(𝑈, 𝛾0) relationship. 

Curve 1 in Fig. 30b corresponds to 𝜎𝑐𝑟(𝑈0, 𝛾) at constant fluid velocity and ambient temperature. The 

translation curve 1 in Fig. 30a represents 𝜎𝑐𝑟(𝑈, 𝛾0) at constant fluid ionic strength and ambient 

temperature. 

According to Fig. 30b, permeability decline during low ionic strength coreflood is defined by the form 

of the maximum retention curve. Very low cumulative breakthrough concentration at high fluid ionic 

strength at point I (see Fig. 29b) corresponds to point I in Fig. 30b on a flat part of maximum retention 
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curve. With increase of fluid ionic strength from state I to III through point II one observes an 

increase of cumulative breakthrough concentration (or the amount of mobilised and produced fines) 

according to Fig. 29b. This corresponds to downward movement along the critical retention curve. 

The slope of this curve increases towards point III (see Fig. 30b). Further decrease of fluid ionic 

strength towards point IV is accompanied by less increase of released and produced fines (see Fig. 

29b). This is accompanied by inflection of maximum retention curve with decrease of its slope 

according to Fig. 30b. 

4.6. Summary and discussion 

Laboratory study on fines migration and micro scale modelling of fines mobilisation allow drawing 

the following conclusions: 

Mechanical equilibrium of attached fines is determined mostly by drag and electrostatic forces; 

neglecting lifting and gravitational forces allows for reduction of the number of tuning parameters in 

torque balance equation by two. 

Maximum retention function for monolayer deposit of size-distributed particles is expressed by 

explicit formula. 

The effect of electrostatic attraction weakening with temperature rise dominates over the effect of 

detaching drag force reduction at ambient and field conditions. It yields decrease of the maximum 

retention concentration with temperature. Consequently, geothermal reservoirs are more susceptible to 

fines migration than conventional aquifers or oilfields. 

The laboratory “velocity-ionic strength” translation procedure along with the mechanical equilibrium 

model allows determining velocity dependency of the maximum retention function from tests with 

varying ionic strength.  

Experiment-based estimation of dependency of the maximum retention function on velocity and 

temperature is obtained for specific conditions of geothermal resevoirs. 

Kaolinite and illite/chlorite, as main clay minerals presented in released fines from coreflood in the 

present study, are responsible for formation damage. 

Coreflood exhibits almost instant permeability response to abrupt salinity change, suggesting that the 

significant fraction of attached fine particles is mobilised instantly and then is size excluded gradually 

with time. 

Stabilisation time highly exceeds one pore volume, indicating that the fine particles migrate with the 

velocity significantly lower than the carrier water velocity. 
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5. Conclusions 

The analytical modelling and laboratory study of fines migration due to 

velocity/salinity/temperature/pH alternations during coreflooding allow drawing the following 

conclusions: 

1. Mechanical equilibrium of attached fines is determined mostly by drag and electrostatic 

forces; neglecting lifting and gravitational forces allows for reduction of the number of tuning 

parameters in torque balance equation by two. 

2. Low-velocity fines drift along rock surface (rolling, sliding) explains the long permeability-

stabilization periods. Stabilisation time highly exceeds one pore volume, suggesting that the 

fine particles migrate with the velocity that is significantly (two-three orders of magnitude) 

lower than the carrier water velocity. 

3. Another explanation of long permeability-stabilization periods is the delay in particle release 

due to slow diffusion of salt from the grain-particle deformation-caused contact area into the 

bulk of the fluid.  

4. One-dimensional problem of slow fines migration with delayed particle release after 

velocity/salinity/pH altering allows for exact solution. The analytical model contains explicit 

formulae for breakthrough and retained concentrations and pressure drop history. 

5. Matching the measured permeability and accumulative outlet particle concentration by the 

analytical model accounting for both slow fines migration and delayed release shows high 

agreement between measured data and modelling results. 

6. Slow-particle model matches the experimental data with higher accuracy than the delay-

release model. The straining-concentration and salinity dependencies for model parameters 

obtained from tuning by the slow-particle model have typical forms observed in other studies, 

whereas those obtained using the delay-release model reveal the untypical form of the 

maximum retention function. 

7. Fine particles are mobilised during velocity, temperature, and pH increase, or salinity 

decrease in the order of decreasing of their sizes.  

8. The maximum retention function for size-distributed fine particles attached to pore walls in a 

mono-layer is expressed by an explicit formula that includes the size distribution of attached 

particles and the critical detached size curve. This function is equal to accumulated 

concentration of particles smaller than that mobilized by the flux with a given flow with 

velocity U. 

9. Size distribution of the attached movable particles can be determined from the maximum 

retention function and the critical detached size curve. 

10. The laboratory “velocity-ionic strength” and “temperature-ionic strength” translation 

procedures along with the mechanical equilibrium modelling allows determining velocity- 

134



and temperature- dependencies of the maximum retention concentration from tests with 

varying ionic strength.  

11. The effect of electrostatic attraction weakening with temperature on the maximum retention 

function dominates over that of the water viscosity decrease with temperature in this study. It 

results in the maximum retention function decrease with temperature. Therefore, geothermal 

reservoirs are more susceptible to fines migration than conventional aquifers or oilfields.  
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Nomenclature 

A132  Hamaker constant for interaction between material 1 and 2 in medium 3, ML
2
T

-2
 

c  Suspended particle concentration, L
-3  

    

C  Dimensionless suspended particle concentration 

Cmi  Molar concentration of i-th ion, L
-3

 

D  Dispersion coefficient 

De  Dielectric constant 

e  electron charge, C 

E  Young’s modulus, ML
-1

T
-2

 

F  Force, MLT
-2

 

h  Particle-surface separation distance, L 

H  Half width of the channel, L 

J  Impedance (normalized reciprocal of mean permeability) 

k  Permeability, L
2
  

kdet    Detachment coefficient 

<k>  Mean permeability, L
2
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kB  Boltzmann constant,  ML
2
T

-2
K

-1
 

kn  Number of data points in each stage 

K  Composite Young’s modulus, ML
-1

T
-2 

l  Lever arm ratio 

ln  Normal lever, L 

ld  Tangential (drag) lever, L 

L  Core length, L 

p  Pressure, MT
-2

L
-1

  

P  Dimensionless pressure 

n  Serial number of variant velocities 

N  Serial number of final velocities 

rs  Radius of a particle, L 

rscr  Critical radius of a particle can be removed at certain velocity, L 

Sa  Dimensionless attached particle concentration 

Ss  Dimensionless Strained particle concentration 

∆Sa               Dimensionless mobilized concentration of detached particles with velocity alternation 

t  Time, T 

T  Dimensionless time 

tst,n  Stabilization time for n
th

 flow rate, T 

Tst,n  Dimensionless stabilization time for n
th

 flow rate 

tn  Initial time of n
th

 flow rate, T 

Tn  Dimensionless initial time of n
th

 flow rate 

u   Average velocity through a slot 

ut    The tangential cross flow velocity of fluid in the center of the particle 

U  Darcy’s velocity, LT
-1

  

Us  Particle’s seepage velocity, LT
-1
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V  Potential energy, ML
2
T

-2
 

x  Linear coordinate, L 

X  Dimensionless linear coordinate 

zi  Electrolyte valence of the i-th ion 

 

Greek symbols 

α  Drift delay factor 

  Formation damage coefficient  

Ƴ  Salinity  

  Dimensionless delay time 

0  Free space permittivity, C
−2

J
−1

m
−1

 

η  intersection of characteristic line and the T axis 

κ  Debye length, L
-1 

a  Filtration coefficient for attachment mechanism, L
-1 

s  Filtration coefficient for straining mechanism, L
-1 

a  Dimensionless filtration coefficient for attachment mechanism  

s  Dimensionless filtration coefficient for straining mechanism 

  Dynamic viscosity, ML
-1

T
-1

  

ν  Poison’s ratio 

ρ  Fluid density, ML
-3

 

ρs  Particle density, ML
-3

 

cr  Critical retention function, L
-3

 

Σa(rs)  Size distribution of attached particles, L
-3

 

  Concentration of retained particles, L
-3

 

∆σn  Mobilized concentration of detached particles with velocity switch from Un-1   to Un 
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LJ  Atomic collision diameter, L 

τ  Delay time of particle release, T 

υi     The number of ions per unit volume 

ω                          Dimensionless coordinate of an immediate core point   

χ    Lifting factor 

  Porosity 

Ψ01  Particle surface potential  

Ψ02  Collector surface potential  

ω   Drag factor 

Subscripts  

a  Attached (for fine particles) 

d  Drag (for force) 

g  Gravitational (for force) 

iion  Injected ions 

0ion  Initial ions 

l  Lifting (for force) 

e  Electrostatic (for force) 

max  Maximum 

n  Normal (for force), flow rate number (for velocities, inherited retained concentrations,    

                             particle – fluid velocity ratios, inherited impedances) 

BR  Born repulsion (for potential energy) 

DLR  Electrostatic double layer (for potential energy) 

LVA  London-van der Waal (for potential energy) 

0 Initial value or condition (for permeability, retained concentrations) 
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Fig. 1. Schematic for fines detachment, migration, and straining with consequent permeability decline. 

 

a)  b) 

Fig. 2. Kaolinite particles attached to the grain surface (SEM image): a) leaflet shape; b) leaflets in the pore 

space. 
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Fig. 3. Variation of normalized permeability, rate, critical fine radius and drift delay factor with time during 

coreflood with piecewise increasing velocity during test I (a,b,c, and d) and test II (e,f,g, and h): a,e) 

experimentally determined permeability decline with time; b, f) increasing velocity during the test; c, g) 

decrease of the mobilised fines radius as velocity increases as calculated from torque balance; d, h) delay drift 

factor from the model adjustment. 
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Figure 4. Velocity- and salinity-dependencies of maximum retention function with introduction of critical 

velocity and salinity. 

 

 

Figure 5. Strained concentration s in large scale approximation is determined by the maximum retention 

function cr(); here concentrations s and cr() are extrapolated by the vanishing function into the domain 

<cr() where no particles are mobilised. 
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Fig. 6. Different scenarios for particle detachment in mono-layer on the grain surface and forces exerting the 

particles; torque and force balance on a fine particle attached to the pore wall: a) the lever arm is equal to the 

contact area radius, deformation due to attracting electrostatic force; b) the lever arm is determined by the 

asperity size; c) velocity distribution in Hele-Shaw flow in a pore. 

 

 

Fig. 7. Energy potential and electrostatic force for tests I and II: a) energy potential; b) electrostatic force. 
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Fig. 8. Critical particle size (minimum size of the fine particles lifted by the flux with velocity U). 

a) 

0

1

2

3

U (cm/s)

r s
c
r (

m

)

 

 

Test I

Test II

Hamaker constant 0.810
-20

J

Hamaker constant 2.610
-20

J

Hamaker constant 3.010
-20

J

0.4 0.8 1.2

4 8 12

x 10
-3

0

0.02

0.04

U (cm/s)


c
r

 

 

<r
s
>=1.0 m; Cv=0.21

<r
s
>=1.5 m; Cv=0.21

<r
s
>=0.8 m; Cv=0.21

0.4 0.8 1.2

149



b) 

    c) 

Fig. 9. Maximum retention function for the attached fines forming a mono-layer on the pore surface: a) for log-

normal particle size distributions with varying mean particle size; b) for log-normal particle size distributions 

with varying variance coefficient; c) determining the maximum retention function from the amount of particles 

released at each abrupt velocity alternation. 

 

4 8 12

x 10
-3

0

0.02

0.04

U (m/s)


c
r

 

 

<r
s
>=1.0 m; Cv=0.21

<r
s
>=1.0 m; Cv=0.30

<r
s
>=1.0 m; Cv=0.40

U
0

U
1 U

2
U

3 U


cr


a0


a1


a2


a3


a1


a2


a3


a4

0

150



a) 

b) 

Fig. 10. Stabilised normalized permeability versus velocity: a) test I; b) test II. 
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a) 

b) 

Fig. 11. Matching the pressure drop across the core as obtained from coreflood by the mathematical model: a) 

test I; b) test II.  
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Fig. 12. Schematic for the analytical solution of 1d fines migration under piecewise increasing velocity at times 

before and after the breakthrough (moments Ta and Tb, respectively): a) trajectory of fronts and characteristic 

lines in (X,T)-plane; b) suspended concentration profiles in three moments T=0, Ta and Tb;             c) strained 

concentration profiles in three moments. 
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Fig. 13. Histories for dimensionless pressure drop across the core J and breakthrough concentration C, strained 

concentration Ss at the outlet. 
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b) 

Fig. 14. Maximum retention curves σcr(U) as obtained from tests data: a) test I; b) test II.  

a) 

0 

1 

2 

3 4 

155



b) 

Fig. 15. Size distributions of movable fine particles on the matrix surface: a) test I; b) test II.

a) 

b) 

156



Fig. 16. Forces exerting on the attached particles: a) for coreflood test I; b) for test II. 

 

Fig. 17. Schematic of laboratory setup for fines migration in porous media: 1 -Core plug; 2- Viton sleeve; 3- 

Core-holder; 4- Pressure generator; 5,9,14-16- Manual valves; 6,10,11,17- Pressure transmitters; 7- Suspension; 

8- HPLC pump; 12- Back-pressure regulator; 13- Differential pressure transmitter; 18- Data acquisition module; 

19-Signal converter; 20- Computer; 21- Beakers; 22- PAMAS particle computer/sizer. 

 

 

Fig. 18. Photo of laboratory setup for fines migration in porous media. 
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a)

b) 

 

c) 

Fig. 19. Variation of effluent ionic strength and cumulative produced-particle volume vs PVI during injection of 

water with piecewise-constant decreasing salinity: (a) for salinities 0.4 M, 0.2 M, and 0.1 M; (b) for salinities 

0.05 M, 0.025 M, and 0.01 M; (c) for salinities 0.005 M, 0.001 M, and MilliQ water. 
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Fig. 20. Analytical slow-fines delay-release model: (a) trajectory of fronts and characteristic lines in (X, T) plane; 

(b) suspended concentration profiles in three moments; (c) strained concentration profiles in three moments. 
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Fig. 21. Matching the coreflood data by the slow-particle model: (a) dimensionless pressure drop across the 

overall core; (b) dimensionless pressure drop across the first core section; (c) accumulated fine-particle 

production. 
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b) 

c) 

d) 

Fig. 22. Tuned values of the slow-particle model parameters: (a) drift delay factor; (b) formation damage 

coefficient; (c) filtration coefficient; d) maximum retention function.  
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Fig. 23. Matching the coreflood data by the delayed-particle-release model: (a) dimensionless pressure drop 

across the overall core; (b) dimensionless pressure drop across the first core section; (c) accumulated fine-

particle production. 
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b) 

c) 

d) 

Fig. 24. Tuned values of the delayed-particle-release model parameters for 10 different-salinity stages: (a) 

formation damage coefficient; (b) filtration coefficient; (c) dimensionless delay; (d) concentration of detached 

fines. 
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Fig. 25. Matching the coreflood data by the slow-particle delayed -release model: (a) dimensionless pressure 

drop across the overall core; (b) dimensionless pressure drop across the first core section; (c) accumulated fine-

particle production. 
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b) 

c) 

 

d) 

165



e) 

Fig. 26. Tuned values of the slow-particle delayed-release model parameters for 10 different-salinity stages: (a) 

drift delay factor; (b) formation damage coefficient; (c) filtration coefficient; (d) dimensionless delay; (e) 

concentration of detached fines. 

  

   (a)       (b) 

Fig. 27. SEM-EDX results for the core sample (Ladbroke Grove-1 well): (a) SEM image; (b) EDX spectra for 

kaolinite. 
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Fig. 28. Maximum retention function for monolayer of size distributed particles mobilised by the fluid flow with 

various velocities. 
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 (b) 

Fig. 29. Results of tuning the laboratory data from corefloods with varying fluid ionic strength at T=25°C using 

the analytical model and prediction for Salamander geothermal field (T=129°C): (a) decrease of core 

permeability during tests with piecewise decreasing ionic strength; (b) cumulative breakthrough concentration at 

different fluid ionic strengths. 
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 (b) 

 (c) 

Fig. 30. Temperature-, velocity-, and salinity-dependence of maximum retention function: (a) maximum 

retention concentration vs velocity at different temperatures; (b) ionic strength dependency of maximum 

retention concentration (γ0 = 0.2M NaCl) at different temperatures; (c) ionic strength dependency at geothermal 

reservoir temperature and different velocities. 
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Table 1. Exact analytical solution for 1d fines migration during the increase of piece-wise constant 

velocity 

Term Explicit formulae for 1d solution (X,T)-domain 
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concentration 

during stage 1 

0C   1X T
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Table 2. Tuned values of the model parameters 

Model 

parameter 

Test I Test II 

α1 0.0020 0.0018 

α2 0.0020 0.0018 

α3 0.0020 0.0018 

α4 0.0020 0.0018 

α5 0.0020 - 

α6 0.0008 - 

α7 0.0008 - 

∆σa1 0.0017 0.0206 

∆σa2 0.0039 0.0102 

∆σa3 0.0045 0.0086 

∆σa4 0.0076 0.0086 

∆σa5 0.0114 - 

∆σa6 0.0114 - 

∆σa7 0.0076 - 

L 2.2869 3.0069 

 30.9328 22.9161 

 

Table 3. Mineralogical composition of the rock 

Mineralogy A1 core 
% (w/w) 

Quartz 59.9 
K-feldspar 2.3 
Plagioclase 1.0 
Kaolinite 9.2 
Illite/mica 18.6 
Illite/smectite 2.0 
Chlorite 5.1 
Siderite 1.9 
Total 100.00 

 

 

 

171



Table 4. Ionic compositions for formation and artificial formation fluids 

Parameter/ 

Ion 
Units FF 

 Parameter/ 

Ion 
Units AFF 

AFF 

(NaCl) 

Electrical conductivity µS/c

m 

24000  Electrical  

conductivity 

µS/c

m 

25257 49200 
pH N/A 7.6  pH N/A 7.9 8.1 
Total dissolved solids 

(TDS) 

mg/L 15000  Total dissolved solids 

(TDS) 

mg/L 15275 36851 
Ionic strength mol/L 0.231  Ionic strength mol/L 0.230 0.601 
Chloride mg/L 7300  NaCl mg/L 3118 24693 
Sulphate as SO4

2− mg/L 350  MgCl2 mg/L 70.5 70.5 
Bicarbonate as HCO3

− mg/L 450  Na2SO4 mg/L 517.5 517.5 
Calcium mg/L 260  CaCl2 mg/L 720.0 720.0 
Magnesium mg/L 18  NaHCO3 mg/L 553.4 553.4 
Sodium mg/L 1600  KCl mg/L 10296 10296 
Potassium mg/L 5400      

 

 

 

 

Table 5 Analytical model for fines mobilisation, migration and suspension ( 𝛼 ≠ 𝑏). 

 

Term Notation Zones Expression 
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concentration 

 

( , )C X T  

/T X    bT Ty
e e

b





  


 

/T X   1

b
X

bTy
e e

b





 
   

 
 

    

 

Strained 

concentration 

 

( , )sS X T  

/T X   
   ( ) ( )

T bTy y y y
e e

b b b b b b

 
     

  
   

       
        

 

/T X   
   

   

...
( ) ( )

1 1

X
b

X

b b XX X b
bT

y y y y
e e

b b b b b b

y y
e e e e

b b b b



  

 
     

 
 




   
     

   

   
       

          

      
            

               

 

Permeability ( )Dk t  
 

 
1

0
0

1 ,s D D Dk S x t dx






 
 

 
  

 

 

 

 

 

 

172



Table 6 Analytical model for fines mobilisation, migration and suspension( 𝛼 = 𝑏). 

 

Term Notation Zones Expression 
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concentration 
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Table 7. Fitted parameters for the slow-particle model 

Salinity β ∆σ α λ  

0.6M 32803 3.17E-06 0.0138 12.06 0 

0.4M 93310 4.35E-07 0.0439 17.78 0 

0.2M 916406 3.72E-07 0.0628 1.14 0 

0.1M 89189 4.63E-06 0.0094 8.28 0 

0.05M 100070 1.04E-06 0.0500 9.99 0 

0.025M 41985 1.30E-05 0.0128 2.81 0 

0.01M 99875 2.15E-05 0.0019 15.78 0 

0.005M 2928 6.27E-05 0.0010 99.87 0 

0.001M 4451 8.87E-05 0.0030 84.44 0 

0M 8879 2.10E-04 0.0022 69.37 0 
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Table 8. Fitted parameters for the delayed-particle-release model 

Salinity β ∆σ α λ ε 

0.6M 12876 1.07E-05 1.0000 31.40 8 

0.4M 99876 6.09E-07 1.0000 21.07 4 

0.2M 99976 5.86E-05 1.0000 13.27 338 

0.1M 99973 3.97E-06 1.0000 6.65 11 

0.05M 199985 5.60E-07 1.0000 6.65 1 

0.025M 99990 3.56E-05 1.0000 2.23 84 

0.01M 1100000 3.51E-06 1.0000 2.23 33 

0.005M 100000 1.77E-06 1.0000 2.23 5 

0.001M 200000 6.02E-06 1.0000 2.23 2 

0M 900000 5.14E-06 1.0000 2.34 6 

 

 

Table 9. Fitted parameters for the slow-particle delayed-release model 

Salinity β ∆σ α λ ε 

0.6M 99998 1.14E-06 0.4835 5.14 3.99 

0.4M 99998 8.06E-07 0.2682 10.00 4.59 

0.2M 64851 8.21E-06 0.0503 14.85 23.64 

0.1M 80078 4.63E-06 0.0103 8.54 0.91 

0.05M 11084 9.38E-06 0.0055 101.73 0.01 

0.025M 2370 8.02E-05 0.0067 52.28 2.94 

0.01M 208613 9.90E-06 0.0043 7.30 0.63 

0.005M 9963 2.91E-05 0.0033 50.65 0.17 

0.001M 10070 5.44E-05 0.0014 29.74 0.17 

0M 30211 6.52E-05 0.0084 29.74 0.17 
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Table 10. Temperature effects on the parameters in DLVO interaction energy model 

Parameter Temperature effect References 

𝜆 N/A Gregory (1981) 

ε1 Table 2 below Leluk et al. (2010) 

ε2 Negligible if T<170°C (Fig. 1 in Ref) Stuart (1955) 

ε 3 Table 3 below Marshall (2008) 

n1 N/A Egan and Hilgeman (1979) 

n2 Interpolation from Fig. 1 in Ref Leviton and Frey (2006) 

n3 Eq. (8) in Ref Aly and Esmail (1993) 

𝜁𝑠 Eq. (9) in Ref Schembre and Kovscek (2005) 

𝜁𝑝𝑚 Eq. (9) in Ref Schembre and Kovscek (2005) 

𝜎𝑐 N/A Elimelech et al. (2013) 

 

 

Table 11. Dielectric constant of kaolinite ε1 (interpolated from data in Leluk et al. (2010)) 

T, °C ε1 

25 6.65 

80 6.35 

130 6.11 

180 5.89 
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Table 12. Dielectric constant of brine 𝜀3* 

 0.6M 0.4M 0.2M 0.1M 0.05M 0.025M 0.01M 0.005M 0.001M 0.00013M 

25°C 72.767 74.995 77.222 78.336 78.893 79.172 79.339 79.395 79.439 79.449 

100°C 50.711 52.263 53.816 54.592 54.980 55.174 55.291 55.329 55.361 55.367 

129°C 44.191 45.544 46.897 47.574 47.912 48.081 48.183 48.216 48.243 48.249 

200°C 31.589 32.556 33.524 34.007 34.249 34.370 34.442 34.466 34.486 34.490 

300°C 18.744 19.318 19.892 20.179 20.323 20.394 20.437 20.452 20.463 20.466 

*Values in Table 3 are calculated from formula 𝜀3(𝑇) given by Marshall (2008) based on laboratory 

measured 𝜀3 values with different ionic strength at ambient condition. 

 

Table 13. Values of the model tuning parameters in the coreflood test. 

Parameter Value 
rs, µm 1.80 

Cv 0.66 

σ0 3.04e-4 

 4.10e-3 

 2.96e-3 

 2.81e-3 

 2.74e-3 

β 9793 

β 7631 

β 7391 

β 7158 

λD1 67.14 

λD2 53.79 

λD3 51.11 

λD4 50.13 
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a  b  s  t  r  a  c  t

Laboratory-based  mathematical  modelling  of fines  migration  allows  predicting  well  productivity  reduc-
tion  during  the  geothermal  reservoir  exploitation.  The  analytical  model  for one-dimensional  flow  with
ionic  strength  alteration  has  been  derived.  Good  adjustment  of  the  permeability  and  breakthrough  con-
centration  data  from  coreflood  test  by the analytical  model  has  been  achieved,  and  the tuned  model
eywords:
ermeability reduction
ormation  damage
ines  migration
athematical model

coefficients  fall  in the  common  ranges.  The  obtained  maximum  retention  function  of  multi-sized  fines
allows  calculating  their  size  distribution.  During  the  temperature  rise,  weakening  of electrostatic  attrac-
tion  on  fines  attached  to rock  surface  overwhelms  the  reduction  of  detaching  drag  force  due  to  water
viscosity  decrease.  It  leads  to  increased  fines  detachment  and  more  severe  permeability  decline  at ele-
vated  temperatures,  typical  for geothermal  fields.
low  particle motion

. Introduction

Transport of suspensions and colloids in porous media with par-
icle capture and permeability decline occurs in several processes
f geothermal reservoir and production engineering, such as pro-
uction of hot water from geothermal wells, enhanced geothermal
ystems with cold water injection and hot water/steam production,
easonal hot water storage in aquifers, etc. (Priisholm et al., 1987;
audracco, 1990; Baudracco and Aoubouazza, 1995; Ghassemi and
hou, 2011; Aragón-Aguilar et al., 2013; Rosenbrand et al., 2012,
013, 2014, , 2015). The mathematical modelling of deep bed
ltration accounting for particle capture, detachment and rock
logging is an essential part of the planning and design of the above-
entioned processes.
Since  the particle capture by straining is the main physical

echanism of permeability damage during fines migration, and
ize exclusion is defined by pore and particle sizes, the micro scale
odels accounting for pore and particle size distributions are ade-

uate for fines migration prediction (see micro scale schematic of
nes mobilisation, migration and straining in Fig. 1). The detailed

escription of fines migration accounting for pore and particle size
istributions can be performed by using the micro scale models
f random walks (Cortis et al., 2006; Shapiro, 2007; Yuan and
hapiro, 2011), population balance models (Sharma and Yortsos,
987a,b; You et al., 2013) and Boltzmann’s physical kinetics
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equation (Shapiro and Wesselingh, 2008). However, to the best of
our knowledge, the data on particle and pore size distributions dur-
ing fines migration are not available in the literature. Therefore, the
averaged equations operating with overall suspended, retained and
attached particle concentrations are used in the current work for
fines migration prediction and assessment.

Other temperature-sensitive rock parameters affecting geother-
mal exploration and production are porosity, electrical conductiv-
ity and seismic properties (Jaya et al., 2010; Kristinsdottir et al.,
2010; Milsch et al., 2010; Rosenbrand et al., 2015).

The most commonly used approach for evaluating fines migra-
tion, retention and detachment in laboratory and field-scale studies
is to apply the mass balance equation for solute transport with the
sink term for particle retention and the source term for particle
dislodging (Schijven and Hassanizadeh, 2000; Logan, 2001; Cortis
et al., 2006; Tufenkji, 2007; Shapiro and Yuan, 2013):

∂

∂t
(�c + �) + U

∂c

∂x
= D

∂2c

∂x2
(1)

∂�

∂t
=  �(�)cU − kdet� (2)

where  c and � are dimensionless volumetric concentrations of sus-
pended and strained particles, respectively; U is the flow velocity
and D is the diffusion coefficient.
The  capture term in Eq. (2) is proportional to the advective par-
ticle flux; the proportionality coefficient � is called the filtration
coefficient. The detachment term is proportional to the retained
concentration; the proportionality coefficient kdet is called the

dx.doi.org/10.1016/j.geothermics.2015.05.008
http://www.sciencedirect.com/science/journal/03756505
http://www.elsevier.com/locate/geothermics
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Nomenclature

Cv coefficient of variance
c  volumetric concentration of suspended particles
D diffusion coefficient (L2 T−1)
F force (M L T−2)
i index
j index
k permeability (L2)
kdet detachment rate coefficient (T−1)
L length of core (L)
l  lever (L)
n  index
p pressure (M T−2 L−1)
Q intermediate function
r  radius (L)
S  dimensionless concentration of retained particles
T temperature (K)
t  time (T)
U  Darcy velocity (L T−1)
x distance (L)

Greek  letters
˛  drift delay factor
ˇ  formation damage coefficient
� ionic strength
ε  erosion ratio (ratio between the torques of detach-

ing and attaching forces)
�  filtration coefficient (L−1)
� dynamic viscosity (M L−1 T−1)
	  concentration distribution of captured particles

(L−1)
�  volumetric concentration of captured particles
� porosity

Subscripts
a attachment
cr critical (for the maximum retention function)
D dimensionless
d drag
e drainage (for reservoir radius), electrostatic (for

force)
g gravitational
l lifting
s straining (for retained concentration), radius (for

particles)
scr critical radius (for retained particles)

d
t
t
t
a
s
a
E
w
d
c
w

r
i

0 initial value

etachment rate coefficient. System of Eqs. (1) and (2) together with
he micro-scale-modelling-based formula for coefficient � is called
he classical filtration theory in the above references. The advanced
heory for the filtration coefficient dependency on particle–grain
nd particle–particle interactions, flow velocity, Brownian diffu-
ion and gravitational sedimentation has been developed (Nabzar
nd Chauveteau, 1997; Chauveteau et al., 1998; Tufenkji and
limelech, 2004; Rousseau et al., 2008; Yuan and Shapiro, 2012),
hile the detachment coefficient is an empirical constant usually
etermined by tuning from the experimental data. This is a short-
oming of the advective-diffusive attachment–detachment model

ith kinetics of the particle detachment ((1) and (2)).

Another shortcoming is the asymptotic stabilisation of the
etention concentration and permeability when time tends to
nfinity, while the fines release due to abrupt pressure gradient

181
Fig. 1. Fines mobilisation, migration and straining in porous media (Fd: drag force,
Fe: electrostatic force).

increase or under salinity alternation happens almost instantly
(Miranda and Underdown, 1993; Khilar and Fogler, 1998). The
coreflood with sharp rate increase shows an immediate permeabil-
ity response (Ochi and Vernoux, 1998; Bedrikovetsky et al., 2012;
Oliveira et al., 2014).

It  has long been recognised that the particle detachment hap-
pens if the mechanical equilibrium of a retained particle on the
internal filter cake does not take place (Schechter, 1992; Rahman
et al., 1994; Civan, 2007). The forces acting on a particle placed on
the internal cake are: electrostatic, drag, lifting and gravitational
forces. In the majority of the cases, lifting and gravitational forces
can be neglected. In particular, the analyses under both ambient and
geothermal reservoir conditions show that gravitational and lifting
forces are negligible if compared with electrostatic and drag forces
(You et al., 2014). Therefore, only drag and electrostatic forces are
shown in Fig. 1. Some authors consider a force balance between the
drag force acting on the particle from the by-passing fluid, and the
friction force with an empirical Coulomb coefficient (Civan, 2007).
Another approach includes the momentum balance of forces (Jiao
and Sharma, 1994; Freitas and Sharma, 2001):

Fd(U, T, rs)l(rs) = Fe(�, T, rs), l = ld
le

(3)

where  Fd and Fe are drag and electrostatic forces, respectively, ld
and le are corresponding lever arms, l is the lever arm ratio, U is
flow velocity, � is the ionic strength of the reservoir brine and rs is
the particle radius.

The  modified Stokes’ formula is derived for a spherical particle
located on at the pore wall, and expresses the drag force via velocity
and the particle radius (Jiao and Sharma, 1994; Ochi and Vernoux,
1998; Bradford et al., 2013). The drag force expression contains the
shape factor that accounts for the particle form, its deformation
on the rock surface by attractive electrostatic forces and the rock
surface roughness.

Electrostatic force is calculated from the total interaction

potential energy. At the micron scale of the reservoir fines,
this energy is the sum of London-van-der-Waals, electrical
double layer and Born potentials. The explicit expressions of
three interaction potential energies are given by the DLVO
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Derjaguin–Landau–Verwey–Overbeek) theory (Derjaguin and
andau, 1941; Verwey and Overbeek, 1948; Israelachvili, 2011).
he explicit formulae for the three respective forces versus water
onic strength, velocity, particle and pore radii, as applied for fines

igration and used further in this paper, can be found from Khilar
nd Fogler (1998).

The  two approaches are mathematically equivalent. The
dvective-diffusion equation with kinetic detachment term ((1)
nd (2)) does not reflect the particle mechanical equilibrium; the
etachment term is not affected by the mechanical equilibrium of

 single particle.
Drag  force in Eq. (3) depends on velocity and particle radius

hile electrostatic force depends on particle radius, ionic strength
nd temperature. It allows expressing particle radius rs from
ranscendental Eq. (3): rscr = R(U, � , T). For the above mentioned
xpressions for drag and electrostatic forces, the function R mono-
onically decreases with U and T, and monotonically increases with
. It means that rscr is the minimum size of particles mobilised by
ow during increase of fluid velocity and temperature, and decrease
f salinity, i.e. particles are removed in the order of their radii
ecrease. Therefore, the total remaining particle concentration is
he sum of concentrations for all particles smaller than rscr:

a = �cr(U, �, T), �cr(U, �, T) =
∫ rscr (U,�,T)

0

˙a(rs)drs (4)

here  ˙a(rs) is the size distribution of attached fine particles. The
ependency (4) is called the maximum retention function. It is
n empirical function of the properties of porous media and the
owing-through particles.

The  modified mathematical model which models the particle
elease uses the maximum retention concentration as an instant
unction of velocity, salinity and temperature (Bedrikovetsky et al.,
011, 2012). Change of any of these three parameters at point (x,
) results in either increase or decrease of the maximum reten-
ion function, yielding either timely attachment of new particles
o the rock or instant detachment. For flow regimes where velocity
nd temperature monotonically increase and salinity monotoni-
ally decreases, the maximum retention function decreases, and
he attached particles are mobilised.

So, the maximum retention function is determined by the torque
alance on the pore surface of the internal cake, Eq. (3). The phen-
menological function (4) substitutes the particle release kinetics
n the classical attachment–detachment model (2). The modified

odel (3) and (4) is free of the above mentioned shortcomings.
The  maximum retention function is analogous to adsorption

sotherm. The difference is the dependency of the maximum reten-
ion function on velocity, which is not a thermodynamic parameter
Bedrikovetsky, 1993). Maximum retention dependency (4) does
ot correspond to energy minimum, since the drag force in Eq. (3)
oes not have potential. However, Eq. (4) can be generalised as
imilar to non-equilibrium sorption.

The works by Bradford et al. (2012, 2013) account for kinetics
f the particle release due to salt diffusion from the contact area
etween the particle and matrix surface, both deformed by the elec-
rostatic “particle-rock” attraction. Their models correspond to the
ntroduction of timely delay into the maximum retention function
4).

The conventional model ((1) and (2)) assumes that the mobilised
article speed is equal to the carrier fluid velocity. This assump-
ion along with that of an instant particle release leads to zero
utlet concentration after one pore volume injection, since the

article mobilised at the core entrance arrives at the outlet at
he moment of one pore volume injected. Therefore, the pres-
ure drop along the core also stabilises after injection of one pore
olume. However, numerous laboratory studies show significant
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delay  in pressure drop/permeability stabilisation (Lever and Dawe,
1984; Ochi and Vernoux, 1998; You et al., 2014). It is explained
by slow particle drift near the grain surfaces (You et al., 2014).
Slow movement of released particles have been noticed in several
works. Sefrioui et al. (2013) investigated slow particle movement
near to pore wall asperities using the Navier–Stokes-based micro-
scale modelling. Yuan and Shapiro (2011) and Bradford et al.
(2013) observed delayed particle arrival from the breakthrough
concentration curves. They proposed the two-speed model that
successfully matches the breakthrough concentrations. However,
the model contains six empirical kinetics coefficients of mass
transfer between attached, slow-near-wall and fast-in-bulk-water
particles, which cannot be determined solely from the break-
through concentration history. Significantly more sophisticated
laboratory tests should be performed for complete characterisation
of the two-speed model. Besides, mass exchange between fast and
slow particle fluxes occurs on the pore scale, so the particle concen-
trations may  be equal on the core scale causing propagation of the
overall particle ensemble with the low average speed. Therefore,
in the current work we  use the single-velocity model with particle
speed that is lower than the water velocity.

In the present paper, water flow velocity U in basic equations
((1) and (2)) is substituted by the particle velocity Us < U that
explains long periods for permeability stabilisation by slow sur-
face motion of the mobilised fine particles. Another modification of
the governing system ((1) and (2)) is the introduction of the max-
imum retention function for a monolayer of size-distributed fines,
allowing explaining its non-convex form. The exact solution to the
obtained system of equations for one-dimensional flow with piece-
wise constant velocity increase is obtained. The laboratory data on
pressure drop along the core during injection have been matched by
the analytical model. It is shown that the mobilised particle speed is
significantly lower than the carrier water velocity, i.e. Us � U. Good
agreement between the laboratory and modelling data validates
the proposed model for a slow surface motion of released fine par-
ticles in porous media. Application of the laboratory-based model
to fines migration at higher temperatures in geothermal reservoirs
yields significantly higher permeability damage, compared with
applications at conventional reservoir temperatures.

The present work uses the laboratory study data obtained in the
companion paper by You et al. (2014).

The structure of the text is as follows. Section 2 presents
the basic governing equations for one-dimensional suspension-
colloidal transport with particle release, migration and straining
along with analytical model for injection with piecewise constantly
decreasing ionic strength. Tuning of the model coefficients from the
laboratory data from the companion paper by You et al. (2014) is
shown in Section 3. The discussions of the model validity conclude
the paper.

2.  Mathematical model for fines migration during
coreflooding

In  this section we  present the model assumptions (Section
2.1), governing system of equations (Section 2.2) and its analytical
solution (Section 2.3) for suspension flow with slow migration of
detached fines and further straining. The derived analytical model
is applied to experimental data treatment in Section 3.

2.1.  Assumptions

The assumption that the particle velocity is equal to the carrier
fluid velocity in (1) and (2) corresponds to permeability stabi-

lisation at the moment t = 1 PVI. However, the laboratory data
presented in Fig. 2(a) shows that even 25 PVI of the constant fluid
ionic strength injection is not enough for the average permeabil-
ity stabilisation. The delayed stabilisation effect can be explained
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y slow drift of mobilised fines along the pore walls and stagnant
ones, and also by particle sliding and rolling along the rock surface
Jiao and Sharma, 1994; Sefrioui et al., 2013). Therefore, below it is
ssumed that the particle transport velocity is equal to ˛U, where

 < 1.
The main assumptions of the mathematical model for fines

obilisation, migration and straining are:

 incompressible fluid and particles;
 volume additivity for fluid with suspended, attached and strained
particles;

 constant porosity for low attached and strained concentrations;
 particle migration velocity different from the carrier fluid veloc-
ity;

 negligible dispersion of fine particles if compared with their
advection;
 instant release of attached particles fulfilling the maximum
retention condition (3) and (4);

 linear kinetics of the particle straining by porous media with
constant  filtration and formation damage coefficients;

183
 analytical model and prediction for Salamander geothermal field (T = 129 C): (a)
gth; (b) cumulative breakthrough concentration (cacc) at different ionic strength

 coefficient, �: ionic strength). (For interpretation of the references to color in text

–  no strained particles in rocks before fines mobilisation;
– no detachment of strained particles; and
–  negligible permeability increase due to particle detachment if

compared with the permeability decrease due to particle strain-
ing.

Based  on the above assumptions, the next section derives trans-
port equations for colloids and suspensions accounting for particle
release, migration and straining.

2.2. Governing equations

The  mass balance equation for suspended, attached and strained
fines in porous media is:

∂(�c + � + � ) ∂c
s a

∂t
+  ˛U

∂x
= 0 (5)

where  �a and �s are concentrations of attached and strained fines.
The drift delay factor  ̨ accounts for slow particle motion.
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strength values �1–�4 correspond to four conditions applied in the laboratory test,
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Particle straining rate is proportional to the suspension flux,
elivering particles to pores with the throats smaller than the par-
icles (Herzig et al., 1970):

∂�s

∂t
= �˛Uc (6)

he  proportionality coefficient �, which is called the filtration coef-
cient, is equal to the particle capture probability per unit length
f the particle trajectory.

Darcy  equation accounts for permeability decline due to size
xclusion of fine particles:

 = −k(�s)
�

∂p

∂x
, k(�s) = k0

1 + ˇ�s
(7)

here  k is the permeability as a function of strained particle con-
entration,  ̌ is the formation damage coefficient, k0 is the initial
ermeability, � is the viscosity of suspension and p is the pressure.
he above expression for k(�s) corresponds to the zero and first
rder Taylor expansion terms.

In the case of clean water injection into the core without initially
trained fines, initial and boundary conditions are:

(x, 0) = 0, c(0, t) = 0, �a(x, 0) = �a0, �s(x, 0) = 0 (8)

The  path I → A → B → C in Fig. 3(a) corresponds to initial and
oundary conditions (8), i.e. to the transition occurring during
he injection of water with ionic strength �2 into the core with
ater ionic strength �1. The diagram illustrates the ionic strength
ependency of the attached particle concentration (see Eqs. (3) and
4)). Here, point I(0, �a0) corresponds to initial attached particle
oncentration. The attached particle concentration is given by the
aximum retention function (3) and (4). The interval I → A cor-

esponds to injection of water with the decreasing ionic strength
ithout particle release. Further transition A → B ends up in release

f the first particle with the injection of water with ionic strength
2. Further ionic strength decrease down to �3 yields the release
f attached particles with the amount 
�, which is instantly sus-
ended in the flowing water with concentration 
�/�.

Let  us consider sequential injections of water with ionic strength
i(i = 1, 2 · · ·). The suspended fines concentration due to particle
elease with ionic strength alteration from � i−1 (during stage i − 1)
o � i (during stage i) can be calculated from the variation of attached
oncentration:

c(x, ti) = �−1{�cr[�(x, ti−1)] − �cr[�(x, ti)]} = �−1
�a(�i−1, �i)

(9)

.e. the initial suspended concentration after ionic strength alter-
tion becomes 
�/�. In Eq. (9), ti corresponds to the moment of
onic strength alteration from � i−1 to � i.

The amount of released particles 
� in Fig. 3(a) represents the
ifference between the values of the maximum retention function
orresponding to ionic strengths from � i−1 to � i. Eq. (9) implies that
ll mobilised particles are instantly removed into suspension.

Since  the attaching electrostatic force depends on water ionic
trength, different sized particles are mobilised at different stages,
o the values of the drift delay factor ˛i = (i = 1, 2, · · ·)  also change
rom stage to stage. The same relates to filtration and formation
amage coefficients.

Introduce the following dimensionless variables into the gov-
rning system ((3) and (5)–(8)):

a = �a ,  Ss = �s , �D = �L, tD = 1
∫ t

U(y)dy, xD = x
,   ̨ = Us
� � �L 0
L U

(10)

here L is the core length and tD is the injected water volume
xpressed in core pore volumes.

184
U:  velocity, 〈rs〉: mean particle size, Cv: variance coefficient, �0: initial concentration
of  attached particles). (For interpretation of the references to color in text near the
figure citation, the reader is referred to the web version of this article.)

The dimensionless equations for the unknown suspended,
strained and attached concentrations ci, Ssi and Sai during stage i
are obtained by substituting (10) into ((3) and (5)–(8)):

∂(ci + Ssi)
∂tD

+ ˛i
∂ci

∂xD
= 0 (11)

∂Ssi

∂tD
= ˛i�Dici (12)

Sai(xD, tD) = Scr(�i) (13)

ci(xD, tDi) = ci−1(xD, tDi) + 
Sa(�i−1, �i), ci(0, tD)

= 0, S (x , t ) = S (x , t ) (14)
si D Di s,i−1 D Di

The initial condition for ci (the first equation in (14)) shows
that the amount of particles, released at the moment tDi when the
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Table  1
Analytical model for fines mobilisation, migration and suspension.

Term Notation Expression

Suspended concentration
during  stage 1

c1(xD , tD)

{
0, xD ≤ ˛1(tD − tD1)

Sa(�0, �1)e−˛1�D1(tD−tD1) xD > ˛1(tD − tD1)

Strained concentration during
stage 1

Ss1(xD , tD)

{

Sa(�0, �1)(1 − e−�D1xD ), xD ≤ ˛1(tD − tD1)

Sa(�0, �1)(1 − e−˛1�D1(tD−tD1)), xD > ˛i(tD − tD1)

Permeability  during stage 1 k1(tD) k0

1+ˇ1�

∫ 1

0
Ss1(xD,tD)dxD

Total suspended concentration
during  stage i − 1

∫ 1

0
ci−1(xD, tDi)dxD

i∑
j=2

[
(xD(i−1),j − xD(i−1),j−1)
Sa(�i−j, �i−j+1)

i−1∏
n=i−j+1

Qn

]

Cumulative breakthrough
concentration during stage i

∫ tD

tDi

˛ici(1, tD)dtD
1

�Di
{1 − exp[−˛i�Di

(tD − tDi)]} ×

{

Sa(�i−1, �i) +

i+1∑
j=3

[

Sa(�i−j+1, �i−j+2)

i−1∏
n=i−j+2

Qn

]}

Total suspended concentration
during  stage i

∫ 1

0
ci(xD, tD)dxD

i+1∑
j=2

[
(xDi,j − xDi,j−1)
Sa(�i−j+1, �i−j+2)

i∏
n=i−j+2

Qn

]
Total strained concentration

during  stage i

∫ 1

0
[Ssi(xD, tD) − Ss,i−1(xD, tDi)]dxD 
Sa(�i−1, �i) +

∫ 1

0
ci−1(xD, tDi)dxD −

[∫ tD

tDi

˛ici(1, tD)dtD +
∫ 1

0
ci(xD, tD)dxD

]
Permeability during stage i ki(tD) k0

{
i∏

n=

[
1 + ˇn�

∫ 1
(Ssn(xD, tD) − Ss,n−1(xD, tDn))dxD

]}−1

s
t
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a
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initial particles⎡∫ ∫ ⎤
alinity switches from � i−1 to � i, adds to the suspended concen-
ration profile inherited from the injection of water with salinity
i−1.

System  of four equations (7) and (11)–(13) subject to initial
nd boundary conditions (14) determines unknown suspended,
ttached and strained concentrations along with pressure during
tage i. The system for concentrations (11)–(13) separates from Eq.
7) for pressure, i.e., the pressure is determined from Eq. (7) after
he solution of system (11)–(13).

.3. Analytical solution

Instant  particle release with the following migration and strain-
ng is a linear hyperbolic problem allowing for exact solution. The
xplicit expressions for suspended and strained concentrations
long with pressure drop across the core have been presented for
he previously discussed case of  ̨ = 1 (Bedrikovetsky et al., 2011,
012). The derivations of the analytical model for  ̨ < 1 are briefly
resented in this section.

Suspended  fines concentration is determined from Eqs. (11) and
12) using the method of characteristics (Tikhonov and Samarskii,
013):

i(xD, tD) =
{

0, xD ≤ ˛i(tD − tDi)

[ci−1(xD, tDi) + 
Sa(�i−1, �i)]e
−˛i�Di(tD−tDi),  xD > ˛i(tD − tDi)

(15)

here ˛i = dxD/dtD is the speed of the concentration front (Fig. 4(a)
hows the first stage). Substituting (15) into straining rate equation
12) and integrating over time result in the formula for strained
oncentration (the second row in Table 1 shows the strained con-
entration for the first stage Ss1). The suspended concentration is
qual to zero behind the front. The moment 1/˛1 corresponds to the
rrival of the “last” released fine particle at the core outlet. Fig. 4(b)
hows the three suspended concentration profiles at tD = 0, at the
oment tDa before the front arrival at the core outlet and at the
oment tDb after the front arrival. The initial suspended concentra-

ion is 
Sa1. Before the front arrival, the suspended concentration

s equal to zero behind the front and is constant ahead of the front.
his constant decreases with time; see (15). The suspended con-
entration becomes zero after the front arrival, since all particles
ecome either strained or produced at the outlet. Three profiles of

185
1

0

strained concentration at moments 0, tDa and tDb are demonstrated
in Fig. 4(c). There are no strained particles in rocks before fines
mobilisation. The strained concentration grows with time until the
front arrival and remains constant afterwards. The larger is the xD,
the longer is the stabilisation time and the higher is the maximum
value of accumulated strained particles, therefore the strained pro-
file grows as xD increases. The profile is uniform ahead of the front
since the particle advective flux is uniform and the particle capture
probability is constant.

Suspended  fines concentration during stage i is the sum of con-
centrations of particles inherited from all the previous stages by
applying Eq. (15) to each stage:

ci,j(xD, tD) =

⎧⎪⎪⎨
⎪⎪⎩

0, j = 1

i+1∑
j=2

⎛
⎝
Sa(�i−j+1, �i−j+2)

i∏
n=i−j+2

Qn

⎞
⎠ j > 1

(16)

in which the function Qn is defined as

Qn(tD) = e−˛n�Dn(tD−tDn) (17)

As it follows from the particle population balance equation (11),
the total strained concentration in porous media is equal to the
initial suspended and strained concentrations at the beginning of
stage i minus the total concentration of breakthrough particles and
particles suspended in the core. Therefore, the total strained con-
centration is obtained as:

∫ 1

0

Ssi(xD, tD)dxD = 
Sa(�i−1, �i) +
∫ 1

0

ci−1(xD, tDi)dxD +
∫ 1

0

Ss,i−1(xD, tDi)dxD︸ ︷︷  ︸
−
⎢⎢⎢⎣

tD

tDi

˛ici(1, tD)dtD︸ ︷︷  ︸
breakthrough particles

+
1

0

ci(xD, tD)dxD︸ ︷︷  ︸
suspended particles

⎥⎥⎥⎦ (18)
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Fig. 4. Solution of fines migration problem under elevated velocity: (a) trajectory of
fronts and characteristic lines in (xD , tD) plane; (b) suspended concentration profiles
in  three moments; (c) strained concentration profiles in three moments (c: concen-
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here

1

0

ci−1(xD, tDi)dxD

=
i∑

j=2

⎡
⎣(xD(i−1),j − xD(i−1),j−1)
Sa(�i−j, �i−j+1)

i−1∏
n=i−j+1

Qn

⎤
⎦ (19)

epresents the total suspended concentration along the core at the
nd of stage i − 1. This term together with the mobilised particle
oncentration at the beginning of stage i provides the total initial
uspended concentration for stage i. The cumulative breakthrough
oncentration during stage i and the total suspended concentration
long the core during stage i are obtained by substituting Eq. (16)
nto the last two terms of (18): ⎧
tD

tDi

˛ici(1, tD)dtD = 1
�Di

{
1 − exp[−˛i�Di

(tD − tDi)]
}⎨⎩
Sa(�i−1, �i) +

∑
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∫ 1

0

ci(xD, tD)dxD =
i+1∑
j=2

[
(xDi,j − xDi,j−1)
Sa(�i−j+1, �i−j+2)

i∏
n=i−j+2

Qn

]
(21)

The permeability as a function of time during stage i is expressed
from the second equation of (7), accounting for permeability
decline history at each stage:

ki(tD) = ki−1{1 + ˇi�

∫ 1

0

[Ssi(xD, tD) − Ss,i−1(xD, tDi)]dxD}
−1

= k0

{
i∏

n=1

[1 + ˇn�

∫ 1

0

(Ssn(xD, tD) − Ss,n−1(xD, tDn))dxD]

}−1

(22)

where
∫ 1

0
[Ssi(xD, tD) − Ss,i−1(xD, tDi)]dxD is the total strained con-

centration along the core during stage i, calculated from Eq. (18).
The  formulae in the analytical model are summarised in Table 1.

The suspended concentration during stage 1 is c1, as obtained from
Eq. (15) by letting i = 1 (see the first row in Table 1). Substituting c1
into Eq. (12) and integrating over tD result in strained concentration
Ss1 at stage 1 (see the second row in Table 1). Permeability k1 during
stage 1 is then calculated from (22) and listed in the third row of
Table 1. Integrating suspended concentration at the end of the pre-

vious stage i − 1 over the core length
∫ 1

0
ci−1(xD, tDi)dxD delivers the

total suspended concentration inherited from stage i − 1 (the fourth
row in Table 1). Cumulative breakthrough concentration during
stage i is obtained from Eq. (20) as

∫ tD

tDi
˛ici(1, tD)dtD (the fifth row

in Table 1). The total suspended concentration during stage i is cal-

culated from Eq. (21) as
∫ 1

0
ci(xD, tD)dxD (the sixth row in Table 1).

The seventh row in Table 1 presents the total strained concentration

during stage i,
∫ 1

0
[Ssi(xD, tD) − Ss,i−1(xD, tDi)]dxD, resulting from Eq.

(18). Permeability ki during stage i is calculated from (22) and listed
in the last row of Table 1.

3. Treatment of experimental data

The analytical model presented in Section 2.3 is applied to the
treatment of experimental data obtained from the coreflood test
with piecewise decreasing ionic strength (see the paper by You
et al. (2014) for details of the laboratory procedure). The core is
taken from Ladbroke Grove formation, which has the rock proper-
ties analogous to that in Salamander geothermal field (Badalyan
et al., 2014). The following experimental procedures have been
applied to the sandstone core with porosity 17.2%, permeability
5.46 mD and length 6.33 cm:

• The  core is evacuated down to 1.5 Pa and saturated with 0.6 M
NaCl  solution;

• The  core is placed inside the high-pressure core holder with over-
burden  pressure of 1000 psi;

• 0.6  M NaCl solution is pumped through the core with velocity of
1.4 × 10−4 m/s  until the stabilisation of rock permeability, within
experimental uncertainty, is reached;

• Effluent  samples are collected, particle concentration and size
distribution  are measured by PAMAS S4031 GO portable particle
counter  (PAMAS GmbH, Salzuflen, Germany);
i+1

j=3

⎣
Sa(�i−j+1, �i−j+2)
i−1∏

n=i−j+2

Qn⎦⎬⎭ (20)
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Table  2
Values of the model tuning parameters in the coreflood test.

Parameter Value

rs (�m) 1.80
Cv 0.66
�0 3.04e−4
˛1 4.10e−3
˛2 2.96e−3
˛3 2.81e−3
˛4 2.74e−3
ˇ1 9793
ˇ2 7631
ˇ3 7391
ˇ4 7158
�D1 67.14
�D2 53.79
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�D3 51.11
�D4 50.13

Ionic  strength is decreased to 0.4 M NaCl and the above procedure
is  repeated;
Coreflood tests are performed using water with ionic strengths
0.2,  0.1, 0.05 and 0.025 M NaCl.

The  experimental data are presented in Fig. 2. The test started by
njection of high salinity water with 0.6 M and 0.4 M NaCl, which is
ot shown in Fig. 2a. The permeability was observed to remain con-
tant, defined as the initial permeability k0. The experimental data
f permeability decline history (black circles in Fig. 2(a)) and parti-
le concentration at the outlet (black points in Fig. 2(b)) are used for
odel tuning. The lognormal form for the particle size distribution

s assumed. The method for calculation of the maximum reten-
ion function for monolayer of size distributed particles is given
y You et al. (2014). The method includes determination of the
inimum particle radius rscr mobilised by the injected water with

onic strength �, from the torque balance equation. So, the parti-
les smaller than rscr remain attached to the rock surface. Therefore,
he maximum retention concentration is the total concentration of
nitially attached particles with radii smaller than rscr(�).

The tuning parameters are: mean particle size 〈rs〉, variance
oefficient for particle size distribution Cv, drift delay factor �, for-
ation damage coefficient  ̌ and filtration coefficient �. The lower

s the injected ionic strength, the smaller particles are mobilised.
e assume constant particle radius of mobilised fines at each

tage. Therefore, the drift delay factor, formation damage coeffi-
ient and filtration coefficient are constant for each stage. Least
quare goal function of deviation between the model predicted
nd measured data is used in the model tuning procedure. The
evenberg–Marquardt minimisation algorithm has been applied
Marquardt, 1963). The obtained values of tuning parameters are
isted in Table 2. The optimised permeability and outlet concentra-
ion curves from modelling are shown as red curves in Fig. 2(a) and
b), respectively. Good agreement is observed between the mea-
ured data and model prediction for both permeability and outlet
oncentration results (the coefficient of determination is R2 = 0.998
or permeability data and R2 = 0.943 for outlet concentration data),
hich validates the proposed model.

Sensitivity analysis with respect to the three main parameters
n the model is presented in Fig. 2(a) and (b). Increase of the drift
elay factor  ̨ decreases the stabilisation time due to faster move-
ent of particles (see the blue dashed curve in Fig. 2(a)). The smaller

ltration coefficient � corresponds to lower particle capture prob-
bility, which leads to longer stabilisation time (light blue dash-dot

urve in Fig. 2(a)). The larger formation damage coefficient  ̌ causes
reater permeability decline over time (green dashed curve in
ig. 2(a)). Fig. 2(b) shows that only the filtration coefficient � has
ignificant effect on breakthrough particle concentration because
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it  directly characterises the capture probability of released parti-
cles. Decrease of filtration coefficient � yields higher breakthrough
concentration (light blue curve). The effect of the drift delay factor

 ̨ on breakthrough concentration is negligible, since the concen-
tration of breakthrough particles is much lower than the released
particle concentration 
�i from the laboratory test, which means
that the breakthrough concentration is insensitive to  ̨ (blue curve).
Formation damage coefficient  ̌ does not affect the breakthrough
concentration (green curve).

To  address the uniqueness of the fitting parameters, we
searched in 20% neighbourhood of the optimal point x0, x0 =
(〈rs〉, Cv, ˛, ˇ, �), i.e. “initial guess points” for iterative minimisation
were set as 1.1x0 and 0.9x0. So, 10 runs of the optimisation algo-
rithm were performed. All runs converge to the point x0, i.e. the
minimum is unique in its 20%-neighbourhood. The coefficient of
determination R2 is lower in all initial guess points than that at the
optimal point. To conclude, the obtained optimum is unique in its
20%-neighbourhood. The most sensitive parameters with respect
to permeability are the mean particle size 〈rs〉 and formation dam-
age coefficient ˇ, while the breakthrough concentration is more
sensitive to the filtration coefficient �.

The orange curve corresponds to the geothermal temperature
of the Salamander field; other curves are obtained based on the
experimental data (Fig. 2).

The obtained values of filtration and formation damage
coefficients (Table 2) are located inside the common intervals of
these parameters (Nabzar and Chauveteau, 1997; Pang and Sharma,
1997; Sharma et al., 2000; Civan, 2007).

Fig. 3(a) presents the ionic strength dependency of the
maximum retention concentration �cr calculated from the size dis-
tributed monolayer particle model. Red curve corresponds to the
tuned values of mean radius and variance coefficient of the attached
particle size distribution (Table 2). The maximum retention concen-
tration decreases as ionic strength decreases.

Drag force exerting on fines is proportional to the square of par-
ticle size, while the particle-size dependency of electrostatic force is
significantly weaker (Khilar and Fogler, 1998; Israelachvili, 2011).
Therefore, rscr(�) is a monotonically decreasing function and the
particles are mobilised in decreasing order of their sizes with the
decrease of ionic strength.

The  smaller variance coefficient corresponds to the narrower
size distribution of fines. The fraction of large particles is higher
for curve with larger variance coefficient. Therefore, the smaller is
the variance coefficient, the larger is the maximum retention con-
centration at high ionic strength (black dash-dot curve in Fig. 3(a)).
The maximum retention concentration decreases as the variance
coefficient decreases at low ionic strength.

The smaller mean particle size yields higher small particle frac-
tion in the overall particle size distribution, resulting in higher
maximum retention concentration (blue dotted curve). The higher
�0 leads to the higher �cr at the given ionic strength (green dashed
curve).

For the case of monolayer of size distributed attached parti-
cles, the size distribution function can be determined from the
maximum retention function. Taking derivatives of both sides of
Eq. (4) allows expressing the attached concentration distribution
˙a(rs) via �cr. However, the resulting formula includes derivative
of the experimentally determined function and, therefore, repre-
sents an ill-posed solution of the inverse problem (Tikhonov and
Samarskii, 2013). Here, we  determine a well-posed solution assum-
ing lognormal size distribution for attached particles and define the
mean particle size and standard deviation for this distribution by

least-square fitting. Size distribution of attached particles obtained
from the monolayer particle model is shown in Fig. 5. The fitted
curve corresponds to the mean particle size 1.80 �m and the vari-
ance coefficient 0.66 (Table 2). Axis of abscissa presents the four
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Fig. 6. Temperature effect on rock permeability due to fines migration: (a) velocity
ig. 5. Size distribution of movable particles obtained from the model (rs: particle
ize,  f: size distribution function, �: ionic strength).

ritical particle radii corresponding to the four ionic strength val-
es �1 ∼ �4 applied in the coreflood test with piecewise decreasing

onic strength. The critical size of mobilised fines decreases with
he reduction of ionic strength from stage 1 to stage 4 (Fig. 5),
esulting in the simultaneous decrease of drift delay factor ˛, for-
ation damage coefficient  ̌ and filtration coefficient � during the

est (Table 2).
After  calculation of the size distribution ˙a(rs) for attached par-

icles, we translate the maximum retention concentration as an
onic strength function �cr(U0, �), into the velocity dependency of
he maximum retention concentration �cr(U0, �). The procedure
s described in Section 2.3. The curve �cr(U0, �) as obtained by the

odel fitting is shown in Fig. 3(a) in red; the translated curve �cr(U0,
) is given in Fig. 3(b) in red as well.

The permeability impairment due to fines migration under dif-
erent temperatures can be estimated by the second equation in (7)
sing the maximum retention function. Fig. 6 shows dimension-

ess permeability versus flow velocity (Fig. 6(a)) and ionic strength
Fig. 6(b)) during fines migration at different temperatures. The
levated temperature results in the reduction of electrostatic
ttaching force (Schembre and Kovscek (2005) have shown it for the
onditions of steam-flooding in oilfields; Rosenbrand et al. (2012)
eported this effect for kaolinite–quartz interaction in geothermal
eservoirs); it also yields decrease of detaching forces due to reduc-
ion of fluid viscosity (García et al., 2006; Rosenbrand et al., 2015).
omination of the temperature effect on the electrostatic attaching

orce reduction leads to the maximum retention concentration as
 decreasing function of temperature. Consequently, the higher is
he temperature, the larger is the permeability decline during fines

igration (Fig. 6(a) and (b)). Weakened electrostatic attaching force
t geothermal reservoir temperature T = 129 ◦C of the Salamander
eld and ionic strength � below 0.2 M NaCl lead to nearly com-
lete fines detachment (orange curve in Fig. 2(b)). Therefore, the
aximum retention concentration approaches zero, causing the

ermeability reduction to a constant level throughout the range of
 ≤ 0.2 M NaCl (orange curve in Fig. 2(a) and black dashed curve in
ig. 6(b)).

.  Discussions
The mathematical model derived in the present work has some
imitations (see the assumptions in Section 2.1). The filtration and
ormation damage coefficients are considered to be constant, which
orresponds to small retention concentration. For the case of high

188
dependency;  (b) ionic strength dependency (k: permeability, U: velocity, �: ionic
strength, T: temperature).

concentration of retained particles, the retention–concentration-
dependent  filtration and formation damage functions must be
considered.

The laboratory data presented show an instant permeability
response to abrupt ionic strength variation. The same phenomenon
has been observed in several other studies (Ochi and Vernoux,
1998; Bedrikovetsky et al., 2012). However, some studies report
the significant delay between the ionic strength alteration and fines
mobilisation. It is explained by slow diffusion of the injected water
into the contact area between the matrix surface and the fine par-
ticle, where both are deformed by attractive electrostatic force. It is
important to understand which physical phenomena are responsi-
ble for the difference between two  cases.

In the present work, the model for monolayer of size distributed
attached fine particles has been considered. The previously derived
equation for multilayers of mono sized particles has not been used
in the present study, since it exhibits a convex form of the maximum
retention function, while the experimental data indicate that the
form is not convex (Fig. 3). However, both models are simplified
versions of the multilayer of size distributed particles. Derivation
of the maximum retention function for the latter case would enrich
the mathematical model for fines migration in geothermal fields.
The two-speed model by Yuan and Shapiro (2011) and Bradford
et al. (2012) describes particle detachment and transport in more
details than the single velocity model, see Eqs. (11)–(13). In
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eality, the model (11)–(13) is a particular case of the two-speed
odel, describing only the particles that drift near to pore walls

nd assuming zero concentration of the particles suspended in the
ulk of carrier water. This case corresponds to low velocity of the
arrier fluid, where the detaching force is not sufficient to deliver
he mobilised particles into the bulk stream.

The two-speed model contains six kinetics coefficients of mass
xchange between the attached particles, the slowly drifting par-
icles near to pore walls and the fast moving particles transported
ithin the bulk of carrier fluid. It is important to find out whether

reakthrough concentration curve along with the pressure drop is
nough to tune all the model parameters. If not, more sophisticated
easurements should be performed: post-mortem measurements

f retained profile using chemical analysis, “fast” CT-scanning as
pplied during the injection where the scanner moves along the
ore, measurements of pressure drop in the intermediate core
oints, suspension sampling in the intermediate ports, etc.

The  effect of increased temperature on permeability reduction
as been reported by several authors and is attributed mostly to
nes mobilisation (Khilar and Fogler, 1998; Rosenbrand et al., 2014,
015). See the detailed analysis of published experimental data in
osenbrand and Fabricius (2012). These results support the con-
lusion of the present work that natural reservoirs with elevated
emperatures are more susceptible to fines-migration-induced for-

ation damage.
The  analytical model shows that the temperature increase yields

ignificant increase in the permeability impairment due to fines
obilisation, migration and subsequent size exclusion. As it follows

rom this statement, geothermal fields are more susceptible to fines
igration with consequent well productivity impairment than con-

entional aquifers or oilfields. The phenomenon is explained by
wo competitive effects of temperature increase on fines mobilisa-
ion. On the one side, the increase in the reservoir temperature
ields decrease of the maximum retention function due to the
ecrease of electrostatic attaching force. On the other side, the
emperature increase also leads to the decrease of fluid viscos-
ty, which results in the reduction of detaching drag and lifting
orces, and resultantly, the maximum retention function increase.
o, the maximum retention function is determined by these two
ompetitive effects. Implementation of the laboratory-based tem-
erature dependencies of electrostatic constant and water viscosity
ith corresponding modelling shows that the temperature effect

n electrostatic constants dominates over the viscosity effect. Dom-
nation of the temperature effect on electrostatic attaching force
esults in the maximum retention function decrease and perme-
bility reduction increase during the temperature rise. Therefore,
he orange curve of permeability decline during fines mobili-
ation at elevated temperature of the Salamander geothermal
eld in Fig. 2(a) is located below the other curves, which are
btained at lower temperatures. Finally, the temperature increase
rom ambient conditions (T = 25 ◦C) to typical geothermal reser-
oir conditions (T = 129 ◦C) yields decrease in maximum retention
unction nearly to zero and consequent significant permeability
ecline.

The permeability-damage sensitivity to the physical parameters
rs〉, Cv, ˇ, � and � presented in Section 3, implies different produc-
ion well behaviour in geothermal reservoirs with different rock
nd fluid properties. The rock permeability decline is greater for
arger particles and higher formation damage coefficient. The larger
s the jamming ratio (between mean particle and pore radii), the
igher is the formation damage coefficient. The mean pore radius
as the order of magnitude (k/�)1/2. So, larger values of dimension-
ess group rs(k/�)−1/2 yield higher susceptibility of the reservoir
o fines-migration-induced formation damage. The lower is the
onic strength of the reservoir brine, the smaller is the maximum
etention concentration, the larger is the amount of mobilised fine
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particles and more severe is the formation damage in production
wells.

The experimental procedure applied in the present study can be
significantly improved. As it is concluded from the history matching
of experimental data (Section 3), the rock permeability is sensitive
mostly to mean particle size and formation damage coefficient,
while the breakthrough concentration is most sensitive to filtra-
tion coefficient. The online measurements of particle concentration
and size distribution in the effluent fluid enhance the accuracy of
mean particle size and filtration coefficient estimation, while the
computed tomography (CT) scan of the particle retention profile
allows for more accurate determination of the formation damage
coefficient (Mays and Hunt, 2005, 2007). However, in this case the
population balance model must be used for the parameter tuning
(Sharma and Yortsos, 1987a,b; Bedrikovetsky, 2008; Yuan et al.,
2013).

5. Conclusions

Modification of the basic equations for fines migration by
introducing the drift delay factor and a new form of maximum
retention function for size-distributed fine particles, analytical
modelling of one-dimensional flows and matching the laboratory
coreflood data allow drawing the following conclusions:

• Analytical  model for fines mobilisation, migration and straining
yields  the explicit formulae for suspended and strained concen-
trations,  and permeability along the core;

• Large  permeability stabilisation periods during fines migration
can  be explained by slow motion of released rolling or sliding
particles; introduction of the drift delay factor allows for the per-
meability  history matching;

• Good  match between the laboratory measured and model pre-
dicted  permeability has been observed, while the agreement for
particle outlet concentration data is just qualitative;

• Size distribution of attached particles can be determined from the
maximum retention function;

• Modelling-based  predictions for high temperature geothermal
conditions show that the maximum retention concentration
decreases with temperature, yielding more severe permeability
damage if compared with conventional aquifers and petroleum
reservoirs.
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The graded proppant injection into a connected cleat system of coal bed methane (CBM) reservoir allows deeper
particle penetration and straining in the remote open cleats yielding higher well productivity index. The analytical
model for axisymmetric flow has been derived for exponential stress–permeability relationship and accounting
for permeability variation outside the stimulated zone. Laboratory proppant injections into coal cores have been
performed for different proppant sizes and water salinities. It is shown that the proppant suspension based on
low salinity water prevents the particle–particle and particle–coal attraction with the consequent core inlet plug-
ging and external cake formation. However, low salinity of the injected water may cause mobilisation, migration
and straining of the natural reservoir fines resulting in high formation damage. The interval where salinity is
low enough for the rock inlet not to be plugged by the injected proppant, and is high enough for large formation
damage due to fine migration not to occur, is proposed for the cores under investigation. The analytical model is
tuned from the laboratory data and used for well index prediction. Ignoring themodel matching by the laboratory
results causes the overestimation of the incremental productivity index, as achieved by the graded proppant
injection into coal beds below the fracturing pressure.

© 2014 Elsevier B.V. All rights reserved.
1. Introduction

Low productivity index in CBM wells have been widely reported in
the literature. It places the CBM production on the margin of economic
efficiency (Clarkson, 2013). Therefore, well stimulation in coal seam
gas fields has the primary importance for gas production. The hydraulic
fracturing is the most widely used CBM well stimulation method
(Economides and Martin, 2007; Ghalambor et al., 2009; Guo and
Ghalambor, 2012; Guo et al., 2011; Johnson et al., 2002). However, the
hydraulic fracturing is often restricted by the environmental regula-
tions. Besides, the available injection power may not be sufficient
to fracture the well. The way around this problem is stimulation of a
natural cleat systemkeeping the reservoir pressure below the fracturing
pressure (Rahman et al., 2002). The traditional acidizing is also used for
well stimulation below the fracturing pressure.

The method of natural cleat system stimulation by graded proppant
injection has been proposed recently (Bedrikovetsky et al., 2012;
Keshavarz et al., 2013; Khanna et al., 2013).

Fig. 1a shows the coal cleat network that provides the coal conduc-
tivity. Zoom around the fracture shows the cleat opening that widens
under the pore pressure increase and narrows down during the pres-
sure blow down (Fig. 1b). The cleat aperture variation along the fracture
um, The University of Adelaide,

vetsky).
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is denoted by color green in the figure. The purpose of the proppant in-
jection into a natural cleat is keeping it open during the production,
where the pore pressure declines with time. Pressure decreases along
each tortuous flow path from well inside the reservoir. So, the fracture
aperture also decreases with radius (Fig. 2). Therefore, first the small
particles are injected in order to be strained in remote areas and to
plug the thin cleats, keeping them open during the production. Then,
the intermediate size proppant particles are injected in order to fill in
the cleats in the bulk of the drainage area. Finally, the larger proppant
particles are injected to strain the cleats near the well. Fig. 2 shows
how the particle sizes increasewith radius tending to thewellbore radi-
us rw. The treated zone size is determined by theminimumparticle size;
therefore, the graded injection provides with a larger stimulation area
than the injection of mono-sized suspension.

Let us discuss the efficiency of graded proppant injection in porous
and fractured rocks. The low circle in Fig. 3 is a cross section of the po-
rous core; here blue balls correspond to grains and red balls show the
strained proppant particles. The upper circle in Fig. 3 is a cross section
of the fractured rock; large red balls strain the face cleats while the
butt cleats are strained by smaller proppant particles. Fig. 3 shows that
proppant injection into rocks where the conductivity is provided by
pores yields pore straining and permeability impairment. The proppant
injection into fractured rocks keeps the cleats open during the pressure
depletion with stress enhancement. The above is illustrated by the
permeability change during the loading–unloading cycles. The black
curve corresponds to pressure increase during the particle-free water

http://crossmark.crossref.org/dialog/?doi=10.1016/j.coal.2014.10.005&domain=pdf
http://dx.doi.org/10.1016/j.coal.2014.10.005
mailto:pavel@asp.adelaide.edu.au
http://dx.doi.org/10.1016/j.coal.2014.10.005
http://www.sciencedirect.com/science/journal/01665162
www.elsevier.com/locate/ijcoalgeo


a) b)

Fig. 1. Photo of inlet cross section of the coal plug: a) inlet cross section image; b) image under SEM showing the open cleat.
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injection and the proppant particle injection at the highest pressure.
Green arrow shows how the permeability declines during proppant in-
jection. The blue curve corresponds to pore plugging by the injected
particles in the rock with predominantly pore conductivity; further
permeability decrease occurs after the proppant pumping during the
pressure blow-down production. The resulting permeability after
the rock loading is below the initial permeability — the black point at
the maximum effective stress is above the blue point. In this case, the
particle injection spoils well productivity. On the contrary, proppant in-
jection into a cleat system increaseswell productivity, since itmaintains
the cleats open during the production. Pressure depletion in the
fractured system corresponds to the red curve in Fig. 3. The red curve
crosses the black curve and remains above it under higher values of
effective stress (under lowpore pressures). Thefinal red point is located
above the initial black point, indicating the permeability enhancement
due to the proppant injection in the case of fracture-dominant rock
conductivity.

Khanna et al. (2013) proposed amathematical model to predictwell
index increase due to the graded proppant injection under the cubic re-
lationship between the permeability and pore pressure. However, the
model has not been validated by either laboratory or field studies. The
current paper presents the results of the laboratory proppant injection
with the mathematical model matched from the laboratory data in
order to perform the reliable laboratory-based well index predictions.
Fig. 2.Gradedparticle injection into naturally fractured rock: the geometric schema for the
proppant straining.
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Numerous works concentrate on studies of coal bed deformations
and related permeability alterations (Connell, 2009; Pan and Connell,
2012; Pan et al., 2010; Shi and Durucan, 2005; Wang et al., 2007;
Wang et al., 2009; Wang et al., 2010). Exponential and cubic relation-
ships for the permeability stress dependency have been proposed
(Connell et al., 2010; Palmer and Mansoori, 1998; Pan and Connell,
2012; Seidle et al., 1992; Shi and Durucan, 2005). The permeability
stress dependencies are used in geo-mechanic models for flow and
deformations in coal beds (Seidle, 2011). The presented laboratory
measurements indicate the exponential relationship, which is used in
the mathematical modelling.

In the present paper, the axisymmetric flow of suspended particles
in fractured system of coal cleats is discussed. Derivations of the
model include exponential form of the pressure–permeability depen-
dence and accounts for permeability variation in the non-treated zone.
The explicit formulae are derived for the injection schedule and well
productivity index. Tuning the mathematical model from the coreflood
data allows for reliable experiment-based behaviour prediction for the
wells submitted to graded proppant particle injection.

The structure of the text is as follows. The mathematical model for
graded proppant injection including explicit formulae for injection
schedule and well productivity is presented in Section 2. Section 3
describes the laboratory materials, procedures and the experimental
results. Tuning of the mathematical model from the laboratory data
and the well behaviour predictions caused by the injection of graded
particles are presented in Section 4. The discussions of the model valid-
ity and the graded proppant injection applicability (Sections 5 and 6)
conclude the paper.

2. Mathematical model for well productivity with graded proppant
injection

The section derives an analytical model for horizontal graded
proppant injection into a CBM layer including steady state perme-
ability and cleat opening profiles during the particle-free injection
(Section 2.1), alternated pressure and permeability profiles after the
graded proppant injection (Section 2.2), formulae for injection schedule
providing maximum permeability for each distance to the well inside
the stimulated area (Section 2.3) and the productivity index expression
(Section 2.4).

The assumptions of themodel include incompressibility of water and
proppant particles, volume additivity with suspension of the particles in
water, exponential stress dependence of permeability, proportionality of
permeability to cube of the fracture aperture, axisymmetric flow from
the well towards the reservoir, Darcy's law for flow of injected suspen-
sion, the particle and water velocities are equal, steady state pressure
5



Fig. 3. The proppant particles plug the porous media, while the particles keep the cleats open in the fractured rocks.
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distribution during the proppant suspension flow, constant values of
suspension viscosity, proppant straining in the cleat with opening
equal to the particle diameter, particle path tortuosity is neglected, the
fracture permeability decrease due to straining and rock deformation is
the same as that for the ideal fracture with parallel walls.

2.1. Axisymmetric flow in fractured rocks

Let us discuss the injection of incompressible fluid without particles
into a fractured reservoir. The permeability is pressure-dependent or
effective stress-dependent (Pan et al., 2010)

k pð Þ ¼ k0 exp 3C fα p−p0ð Þð Þ
n o

ð1Þ

where permeability k0 corresponds to reservoir pressure p0, Cf is the
fracture compressibility, and the Biot's constantα is a pressuremultiplier
in the Terzhagy formula (Biot, 1941):

σ e ¼ σ−αp ð2Þ

where σe is the effective stress and σ is the overburden stress. Assuming
constant overburden σ, pressure becomes a function of effective stress
and vice versa. It allows changing an independent variable from pressure
to effective stress and vice versa in the formulae for permeability (Eq. (1))
further in the text.

The expression for rate with the axisymmetric flow and accounting
for Darcy's law with stress-dependent permeability is

q ¼ −2πrk pð Þ
μ

dp
dr

: ð3Þ

Another assumption of themodel is incompressibility of the injected
fluid with particles, resulting in a constant rate q.

Substituting the permeability expression (Eq. (1)) into Eq. (3), sep-
arating variables and integrating accounting for the reservoir pressure
at the drainage zone boundary yields the pressure distribution during
either injection or production

p r; qð Þ ¼ p0 þ
1

3αC f
ln 1−

3αC f μq
2πk0

ln
r
re

� �
: ð4Þ
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Here we keep rate q as an independent variable in order to distin-
guish between the pressure distributions during injection at q N 0 and
production for q b 0.

Combining Eqs. (1) and (4) results in the areal permeability distribu-
tion during the injection

k r; qð Þ ¼ k0 1−
3αC f μq
2πk0

ln
r
re

� �
: ð5Þ

The fractured system permeability is proportional to the cube of the
fracture aperture (Civan, 2007; Reiss, 1980; van Golf-Racht, 1982):

k
ko

¼ h
ho

� �3
: ð6Þ

Considering whatever geometry of the fractured system that is a re-
alisation of probabilistic distribution of fractures over size, areal position
and opening (Fig. 1), an estimation of rock permeability k can be
performed using percolation theory, effective medium theory or their
combination (Bedrikovetsky, 1993). Each model results in Eq. (6),
which means that the expansion of the opening of every individual
fracture a times results in permeability increase a3 times.

Substituting Eq. (5) into Eq. (6) yields the areal distribution of the
fracture opening:

h rð Þ ¼ h0
k rð Þ
k0

� �1
3 ¼ h0 1−

3αC f μq
2πk0

ln
r
re

� �1
3

; h0 ¼ h reð Þ: ð7Þ

Now let us discuss the injection of a proppant suspension in
water. It is assumed that the particle is trapped in fracture when its
aperture reaches the value of particle diameter, h= 2rs. As it follows
from Eq. (7), the particle with radius rs is trapped at the distance r=
r(rs):

r rsð Þ ¼ re exp
2πk0 1− 2rs

h0

� �3
� �
3αC f μq

8>><
>>:

9>>=
>>;: ð8Þ

image of Fig.�3
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Radius of the treated (stimulated) zone rst corresponds to the
minimum size particles (Fig. 2):

rst ¼ r rsminð Þ ¼ re exp
2πk0 1− 2rsmin

h0

� �3
� �
3αC f μq

8>><
>>:

9>>=
>>; ð9Þ

allowing the calculation of the stimulated zone radius.

2.2. Axisymmetric flow with strained particles

The permeability–straining diagram allows the determination of the
permeability alteration after particle injection and its variation versus
effective stress or pressure (Fig. 4). The curves correspond to variation
of normalised permeability f = k(σ) / k0 versus proppant aspect ratio
β = 2rs / l, where l is the distance between the strained particles in
the fracture under constant effective stress. For a given geometry of
particle straining in a fracture, the aspect ratio β can be expressed via
the concentration of strained particles. The values of dimensionless
effective stress

εσ ¼
σe 1−v2

� �
E

ð10Þ

are shown in Fig. 4 above each curve.
According to Eq. (1), the higher is the effective stress the lower is the

permeability; consequently, the lower is the curve location in the
diagram. The dependency (Eq. (1)) is monotonic, so the curves do not
intersect. The upper envelope curve corresponds to zero effective stress.
The curves have been obtained by solving system of equation for flow of
incompressible viscous liquid in the fracture with strained proppant
particles accounting for elastic matrix and proppant deformation with
pressure decrease during the depletion stage (Khanna et al., 2012,
2013). The computation fluid dynamics package ANSYS calculates pres-
sure drop across the fracture, allowing calculation of the permeability
correction factor f (Stolarski et al., 2006). The larger is the inter-
particle distance l the lower is the fracture aperture due to deformation
of fracture walls; so the fracture can be closed at some large l. Therefore,
f becomes equal to zero at some small β-value, corresponding to cross-
ing the abscissa axes by the curve. The smaller is the inter-particle
distance the lower is the permeability due to hydraulic resistivity of
packed particles in the fracture. So, the curves tend to negligibly small
f-value as β tends to one. Therefore, each curve has maximum β⁎ corre-
sponding to the optimal particle placement: k(β*(σe),σe) N k(β,σe). The
Fig. 4. The diagram for f-normalised permeability vs. proppant aspect ratio for constant
values of dimensionless effective stress.
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traced normalised permeability curve corresponds to the points of
maximum permeability at each effective stress value: f = f(β*(σe),σe).

Let us calculate pressure distribution after injection of water with
particles, plugging and further production. The “initial” permeability
profile before plugging is determined by Eq. (5), where q N 0 is the injec-
tion rate. The proppant injection is carried out with increasing particle
size and decreasing concentration in time, in order to achieve maxi-
mum permeability with the normalised permeability value f(r) =
f(β*(σe(r)),σe(r)) in each point of the reservoir. The production stage
is described by Eq. (3) with the following areal permeability distribu-
tion

k rð Þ ¼ f β� pð Þ; p� 	 � k r; qJ

� �
r≤rst

k r; qPð Þ rNrst

(
: ð11Þ

Eq. (4) determines pressure in the non-treated zone r N rst, including
pressure at the stimulated zone boundary pst = p(rst,qp). The effect of
permeability variation in un-stimulated zone has not been accounted
for by Khanna et al. (2013).

Substituting the expression for permeability in stimulated zone
(Eq. (11)) into Eq. (3), separating variables and integrating in r from
the point r b rst up to the stimulated zone boundary yields the implicit
formula for pressure distribution in the treated area

Z pst

p
f β� pð Þ;p� 	

dp ¼ qPμ
2πk0

Z rst

r

dr

r 1−εq ln
r
re

� �� � ; εq ¼
3αC f μqJ

2πk0
ð12Þ

where qP and qJ are production and injection rates, respectively.

2.3. Optimal injection schedule

Let us calculate the travelling time of the particle before its capture
by straining in the cleats. The particle speed in the cleat at a distance r
from the well for incompressible fluid flowwith non-deformable parti-
cles is

dr tð Þ
dt

¼ q
n rð Þh rð Þ ð13Þ

where q is the injection rate per unit thickness of the reservoir, n(r) is
the number of cleats throughwhich the fluid flows and h(r) is the aper-
ture of the cleats. Let us calculate the number of cleats n(r) encountered
by the injected fluid. Assuming two perpendicular sets of evenly spaced
vertical cleats in thin horizontal reservoir (the matchstick model), the
number of cleats crossing a circle with radius r is:

n rð Þ ¼ 8r=a ð14Þ

where a is the cleat spacing. The number of cleats that crosses a circle
with radius r increases with increasing distance from the wellbore.
Substituting Eqs.(14) and (7) into formula (13), separating the variables
and integrating both sides of the equation results in an expression for
time taken by a particle to travel along the distance r

qL
8h0

t ¼
Z r

rw

r 1−εq J ln
r
re

� �1=3
dr: ð15Þ

Here r is the dummy integration variable. The above expression
assumes that the particle velocity is the same as the velocity of the
carrier fluid. In terms of the dimensionless radial coordinate rD = r/re,
the travelling time is given by:

qL
8h0

t ¼ r2e

Z rD

rwD

r 1−εq J lnr
� �1=3

dr: ð16Þ
7
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Substituting the expression for plugging distance given by Eq. (8)
into Eq. (16) yields the settling time ts or the time it takes for the particle
of size rDs to strain in the thinning cleat,

ts rDsð Þ ¼ 8hr2e
qL

Z rD rDsð Þ

rwD

r 1−εq J lnr
� �1

3dr; rDs ¼ rs=h0: ð17Þ

Eq. (17) is used to calculate the total injection time that is the travel-
ling time for the smallest particlets(rsmin). A higher injection rate results
in a smaller settling time, corresponding to faster arrival of an rsmin

particle to its plugging site. Eq. (17) shows that the total injection
time decreases with the injection rate increase.

Now we calculate the required particle concentration based on the
optimal proppant placement. It is assumed that the proppant particles
fill the cleats in the formof a partial coveragemonolayer. The concentra-
tion of particles can be expressed in terms of the inter particle distance
l(rDs)along the cleat. The volume of a cleat section that contains a single
particle is given by

V rDsð Þ ¼ l rDsð Þ
Z rD rDsð Þþl rDsð Þ

rD rDsð Þ
h rð Þdr ð18Þ

The packing aspect ratio β* corresponds to maximum permeability
in permeability-straining diagram (Fig. 4)

β� rDsð Þ ¼ 2rDs
l rDsð Þ : ð19Þ

Free variable in Eq. (19) could be radius r due to Eq. (8) or pressure p
due to Eq. (4). Zero packing aspect implies that there are no proppant
particles in the cleats. Packing aspect ratio that is equal to one implies
that the proppant particles form a full monolayer in the cleat system.
The concentration of particles of a given size is obtained from Eqs. (7),
(18) and (19) as

c rDsð Þ ¼ 1
V rDsð Þ ¼ h0

2rDs
β� rDsð Þ

Z rD rDsð Þþ 2rDs
β rDsð Þ

rD rDsð Þ
1−εq ln

r
re

� �1
3

dr

" #−1

: ð20Þ

The moment when the particle with size rDs is injected is equal to

t rDsð Þ ¼ ts rsminð Þ−ts rDsð Þ: ð21Þ

Finally, Eq. (20) presents the injected particle concentration at the
moment t; Eq. (21) shows the particle radius injected at the same mo-
ment. Two Eqs. (20) and (21) present the optimal injection schedule.
Well index calculations, where the optimal injection schedule is followed
during well stimulation, are presented in the next section.

2.4. Well index derivation

Let us derive the formulae for productivity index before the particle
injection. Substituting Eq. (5) into Eq. (3) and integrating pressure
gradient from rw to re yields

PI0 ¼ qP
p0−pw

¼ −3αC f q

ln 1−
3αC f qμ
2πk0

ln
rw
re

� � : ð22Þ

Well productivity index after the proppant injection is

PI ¼ qP
p0−pstð Þ þ pst−pwð Þ : ð23Þ

Herewellbore pressure pw is determined fromEq. (12) by substituting
r= rw and p= pw.
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The first term in Eq. (23) is the pressure drop between the drainage
and treated zone contours; it is defined explicitly by Eq. (4). The second
term is the pressure drop across the treated zone; it is determined
implicitly by Eq. (12).

3. Laboratory study

This section presents laboratory materials, methods and the results
of the experimental study. Core samples and proppant material along
with the experimental set-up are presented in Section 3.1. Section 3.2
shows measurements and calculations of cleat system porosity, perme-
ability, fracture spacing and aperture. Measurements in Section 3.3
allow establishing the stress–permeability relationship. Themethodolo-
gy of the sequential coal unload–load intercalated by proppant injection
is given in Section 3.4. The favourable salinity and pH conditions for
those tests are found in Section 3.5, followed by the test results in
Section 3.6. The additional conditions preventing fine migration are
found in Section 3.7.

3.1. Cores, proppant and set-up

Two blocks of bituminous coal samples were obtained from two dif-
ferent mines. The first one (Coal block A) is taken from Dawson Mine
Central, Queensland, Australia. The second block (Coal block U) is taken
from Affinity coal mine, West Virginia, US. Four core samples drilled
from Coal block-A are referred to further in the text as A1, …, A4. Those
drilled from Coal block U are called U1, …, U5. After drilling and cutting
of the core surfaces, the core lengths and radii are measured by a digital
calliper; the results are presented in Tables 1 and 2.

Core samples A1, A2, U1 and U2 are used in the particle placement
tests. The geo-mechanical property measurements in uniaxial stress
tests are performed for core samples A3, A4, U3 and U4. Core sample
U5 is used in the fines migration test.

Helium gas expansion porosimetry and the imbibition method are
used for core porosity measurements (Amyx et al., 1960; Keshavarz
et al., 2014). The Helium and water porosity values for coal samples
A1, A2, U1, U2 and U5 are presented in Table 1. Coal cores A3, A4, U3

and U4 are tested in a uniaxial stress test apparatus. The Young's modu-
lus and Poisson's ratio values are calculated from the experimental axial
load, axial strain and radial strain data (Table 2). The average values of
Young's modulus and Poisson's ratio as obtained for samples A3 and
A4 are assumed for samples A1 and A2; they are denoted in Table 3 as
bAN. The average values of Young's modulus and Poisson's ratio as
calculated for samples U3 and U4 and denoted in Table 3 as bUN are
assumed for samples U1 and U2.

Prior to the start of the particle placement tests, core samples are
tightly wrapped with a Teflon tape to prevent water leakage between
the core outer surface and rubber sleeve, holding the cores inside a
high-pressure core holder. All tests are conducted at constant ambient
temperature of 25 °C.

The particles chosen for injection are the spherical ultra-light and
high-strength hollow borosilicate glass microspheres SPHERICEL
110P8 and SPHERICEL 60P18 (Potters Industries LLC, South Yorkshire,
UK). The particle sizes rs = 5 μm and rs = 9.5 μm are used in the tests.

Fig. 5 shows the photo of the laboratory set-up. Fig. 6 is the schematic
of the set-up. Here 1 is the coal core; 2 is the rubber sleeve; 3 is the high-
pressure core holder; 4 is themanual overburden pressure generator; 5 is
the 15 PA 33X gauge pressure transmitters; 6 is the suspensionwith glass
particles; 7 is the high-pressure separator; 8 is the piston; 9 is the MilliQ
water; 10 is the HPLC pump; 11–13 and 20–23 are manual valves; 14 is
the back-pressure regulator; 16–19 are Validyne differential pressure
transducers; 24 is the ADAM-4019+ analogue data acquisition module;
25 is the ADAM-5060 RS-232/RS-485 signal converter; 26 is the personal
computer; 27 is the ADAM-4024 analogue output module; 28 are
beakers; and 29 is the PAMAS S4031 GO portable particle counter. More
details about the equipment can be found from Keshavarz et al. (2014).



Table 1
Properties of core plugs.

Coal D, cm L, cm ϕw, % ϕΗ % ϕc0
a % Cf, psi−1 α k0

a, md ho
a, μm aa, mm h(σe-min) j1 j2

A1 3.88 2.45 3.1 5.26 0.61 0.00095 0.82 5.41 45.79 15.01 41.26 0.24 0.46
A2 3.88 2.96 3.53 6.27 0.52 0.0012 0.90 6.22 53.22 20.47 49.72 0.20 0.38
U1 3.86 3.17 3.58 5.74 0.48 0.00088 0.88 4.94 49.17 20.49 49.73 0.20 0.38
U2 3.86 3.44 3.25 5.53 0.54 0.0011 0.91 5.80 50.44 18.68 48.23 0.21 0.39
U5 3.86 2.70 3.82 6.35 0.72 – – 4.13 36.73 10.20 – – –

a (Pob − Pinlet = 100 psi).

6 A. Keshavarz et al. / International Journal of Coal Geology 136 (2014) 1–16
3.2. Cleat property measurements

The coal cores A1, A2, U1, U2 and U5 are installed in the core holder
and submitted to flow under four loading cycles before carrying out
experiments, to make sure that the results are repeatable.

The initial natural fracture and cleat porosity and permeability of
each coal core plug are measured according to the Gash's method
(Gash, 1991) in the following sequence. First, the coal sample is saturated
with water. Then, an overburden pressure is increased up to 150 psi,
and flow of water is established through the sample at a constant inlet
pressure of 50 psi until a steady-state flowcondition is achieved. Finally,
the initial permeability of the core plug is measured. After achieving the
initial permeability value, water is displaced by helium. The displaced
water mass is converted into the sample's initial cleat porosity ϕc0.
The initial cleat permeability and porosity values are presented in
Table 1.

The assumption of vertical matchstick geometry of matrix blocks in-
tercalated by vertical fractures is used for definition of coal permeability
and porosity (Seidle, 2011):

ϕc0 ¼ h0
500a

ð24Þ

k0 ¼ 1:0555� 105 ϕ3
c0a

2
� �

ð25Þ

where a is the cleat spacing; h0 is the initial cleat opening; k0 and ϕc0

are initial cleat permeability and porosity, respectively. The initial cleat
opening and cleat spacing for each sample as calculated by formu-
lae (24) and (25) are presented in Table 1.

According to filtration theory in porous media, the particle jamming
ratio j ¼ 2rs

h

� 	
should not exceed 1/3 of the average pore size in order to

provide the particle penetration into the rock without being trapped at
the inlet face (Bedrikovetsky, 2008; Van Oort et al., 1993). The particle
jamming ratio should exceed 1/7th of the average pore size in order to
avoid the capture-free particle motion in the rock; in this case some
particles remain in the cleats and do not allow the cleat closure during
the pore pressure depletion. To the best of our knowledge, the above
thresholds for fractured media are not available in the literature
(Noam, 2012; Rodrigues and Dickson, 2014).

The permeability at the minimum effective stress is determined for
each sample. The permeability of the fractured media is proportional
to the cube of the aperture (Eq. (6)) allowing the calculation of the frac-
ture aperture atminimum effective stress for each sample (Table 1). For
two particle sizes rs=5 μmand rs=9.5 μm, the jamming ratios j1 and j2
are calculated for core samples A1, A2, U1 and U2. All jamming ratios
Table 2
Geo-mechanical properties of core plugs.

Coal D, cm L, cm ν Ε, GPa

A3 3.88 3.87 0.29 1.025
A4 3.89 4.12 0.27 0.91
bAN 0.28 0.97
U3 3.86 4.73 0.3 1.13
U4 3.87 4.3 0.31 1.25
bUN 0.305 1.19
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exceed 1/7th of the average cleat aperture. However, j-values for cores
A2, U1 and U2 slightly exceed 1/3rd of the average cleat opening. It
reaches the higher value j = 0.46 for core A1. As it is shown further in
the text, the injected rs = 5 μm and rs = 9.5 μm particles perform
deep bed filtration and are strained in the cleats.
3.3. Stress sensitivity for permeability

The goal of the section is determination of the pressure/stress-
dependency of permeability, including the calculations of α- and Cf-
coefficients. The core A1 has been submitted to flow under different
overburden stresses and pore pressures in the coreflood rig (Figs. 5,
6). The exponential permeability–pressure dependency (Eq. (1)) in
semi-log coordinates becomes straight line. Three straight lines are
shown in Fig. 7a for three different overburden values. Fig. 7b shows
straight lines corresponding to different permeabilities as obtained
from Fig. 7a. Three point triples are located on straight lines. Indeed,
permeability is determined by the effective stress; overburden is a
linear function of pressure for a constant effective stress, see Eq. (2).
Slope of straight lines in Fig. 7b is Biot's coefficient. For the case
discussed, α= 0.82. Since permeability is fully determined by effective
stress, three sets of points, as recalculated from Fig. 7a into permeability–
effective stress dependency, are located on the same curve (Fig. 7c). This
curve becomes straight line in semi-log coordinates, the slope is equal to
−3Cf. Finally, the cleat compressibility coefficient for the case considered
Cf = 0.00095 psi a−1. The coefficient of determination R2 for the graphs
shown in Fig. 7d is equal to 0.94, allowing considering the stress depen-
dency of log-permeability to be a linear function (Eq. (1)) with high
accuracy.

The agreement between the laboratory data for core A1 and cubic
permeability–stress formula (Palmer and Mansoori, 1998; Pan and
Connell, 2012) is 0.9 for core A1, which is lower than the agreement
coefficient R2 = 0.94 for exponential permeability expression
(Eq. (1)). Therefore, the exponential permeability–pressure dependency
is chosen for modelling in the current paper.

The same tests have been carried out for cores A2, U1 and U2. The
results are presented in Table 1.
3.4. Particle placement tests

The schema for particle injection tests is shown in Figs. 3 and 4. The
injection of particle-free water is carried out under piece-wise constant
pore pressure in the increasingmode until themaximum pore pressure
is reached (black curve in Fig. 3). Thismotion corresponds tomovement
along the f-normalised permeability envelope from point (0,1) to point
B in Fig. 4. The proppant particles are injected at higher pore pressure
in order to provide the maximum cleat opening; the corresponding
permeability decline is shown by the green arrow; it corresponds to in-
terval BA in Fig. 4. Then the injection of particle-free water continues
under piece-wise constant pore pressure in the decreasing mode until
the initial pore pressure is reached (red and blue curves in Fig. 3).

The sequence of floods corresponds to the proppant injection into
the reservoir under the elevated pressures followed by water produc-
tion during the reservoir dewatering.
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Table 3
Zeta potential values for particle and coal suspensions under different IS and pH of the carrier water.

pH ζ (mV) pH ζ (mV) pH ζ (mV) pH ζ (mV) pH ζ (mV)

IS (M) 0 0.1 0.2 0.4 0.6

Particle 3.05 −32.53 3.02 −14.93 2.93 −10.80 3.04 −7.68 2.86 −5.32
6.07 −40.84 4.73 −29.44 4.69 −25.24 6.28 −17.74 5.19 −13.10
9.66 −51.23 9.51 −38.30 9.24 −31.04 9.36 −19.04 9.35 −14.41

11.26 −60.10 11.52 −37.71 11.32 −30.55 10.15 −20.64 11.28 −13.87
11.89 −59.93 11.97 −37.24 12.07 −29.71 11.65 −20.33 11.87 −14.34

Coal 2.84 −14.42 2.86 −10.07 2.71 −7.09 2.73 −6.22 2.71 −6.56
3.71 −19.94 3.98 −14.26 3.98 −13.35 4.08 −8.07 4.14 −11.23
6.54 −42.55 6.82 −30.84 7.67 −27.19 7.98 −19.40 7.96 −18.51
9.68 −50.18 9.48 −33.34 9.52 −30.64 9.79 −21.19 9.51 −19.97

11.30 −62.57 11.35 −36.94 11.34 −33.30 11.23 −20.55 11.06 −21.50
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3.5. Electrostatic coal–proppant interaction

The unsuccessful proppant injection with high salinity brine in coals
has been reported in our previous paper (Keshavarz et al., 2014).
The permeabilities of cores A1 and U1 after particle injection and stress
loading are the same and even less than the initial permeability. It is
attributed to particle–particle attachment yielding the particle agglom-
eration with consequent straining at the core inlet. Another reason
for enhanced hydraulic resistance at high salinity is the attachment
between proppant and coal at high salinity, resulting in plugging
of the near-entrance core area and formation of external filter cake.
Therefore, in the current section we study the electrostatic particle–rock
interaction to find the conditions providing the mutual proppant–coal
and particle–particle repulsion and avoiding the core entrance clogging.

The Derjaguin–Landau–Verwey–Overbeek (DLVO) theory is used to
evaluate the extent of particle–particle and particle–coal interaction at
various ionic strengths and pH of suspensions (see Appendix A for de-
tails). As it is shown in Table 3, surfaces of proppant particles and coal
are negatively charged in the entire studied range of ionic strengths
and pH of suspensions. The higher values of pH and the lower values
of the ionic strengths of suspensions correspond to higher absolute
values of zeta potentials for both particles and coal. The conditions of
high pH and low salinity translate to a greater particle–particle and par-
ticle–coal repulsion due to increased thickness of electrical double layer.
The proppant particle agglomeration and particle–coal attachment
occur where the electrical double layer is compressed at the elevated
ionic strength of the proppant suspension.

Fig. 8 shows theparticle–particle interaction in the suspension of 0.6,
0.1 and 0.05 M NaCl for 9.5 μm (solid lines) and 5 μm (dashed lines)
proppant particles.

The depth of theminimum potential energy increases with increase
in ionic strength from 0.05 to 0.6 M. The values of highest depth of
minima potential energy that occurs at 0.6 M are −520 and −280 kBT
Fig. 5. Photo of set-up.

200
for 9.5 μm and 5 μm particles respectively. High negative values of pri-
mary minima in the total potential energy curves for both particle
sizes indicate the compressed electrical double layer. The interaction
energy of particle–coal surface is presented in Fig. 9. Similar to the
case of particle–particle system (Fig. 8), the higher values of the ionic
strength correspond to the higher values of the depth of the minimum
energy. The values of the minima potential energy of particle–coal sur-
face system at 0.6 M, for rs = 9.5 μm and rs = 5 μm particles are about
−11,800 and−6000 kBT respectively. The very lowminimumpotential
energy corresponds to significantly compressed electrical double layer
and attraction of proppant particles to the coal surface.

Decrease of ionic strength from 0.6 to 0.05 M NaCl makes particle–
particle and particle–coal interactions less attractive since the depth of
the primary minimum decreases significantly for both particle sizes.

As it follows from Figs. 8 and 9, the shallowminima depths on DLVO
potential curves at lower ionic strength of 0.05 and 0.1 M NaCl may not
lead to agglomeration of proppant particles and particle attachment on
the coal surface due to Brownian force and heat fluctuations.

Fig. 10 shows the suspension solution under the optical microscope
for both high and low salinities. Significant particle agglomeration is ob-
served for 0.6 M suspension (Fig. 10a) while almost no agglomeration
occurs at lower ionic strength of 0.05 M (Fig. 10b).

So, at salinities below 0.1 M, both particle–particle and particle–coal
repulse. Therefore, injection of proppant particles into coal bed has been
performed under 0.1 M salinity; the results are presented in the next
section.

3.6. Proppant injection with low salinity water

The laboratory procedure repeats the sequence, which is supposed
to be performed in CBMwell; the injection of water with proppant par-
ticles with further production under the pressure blow-down (Fig. 3).
The tests are planned in order to provide the optimal return permeabil-
ity. Point A at Fig. 4 is the maximum permeability point located at the
curve for high effective stress, which corresponds to initial low pore
pressure. This point is a target after the proppant injection at high pres-
sure and return to the low pressure. Particle injectionwith permeability
decline under high pore pressure (low effective stress) corresponds to
the state pointmovement from thepoint (0,1) downalong the envelope
curve. Consider point B on the envelope curve that has the same abscis-
sa as point A, so the states A and B have the same concentrations of the
retained particles. Injection of the proppant until point B, i.e. until the
normalised permeability decreases from one to fB, provides the perme-
ability decrease until fA after decreasing the pore pressure up to the ini-
tial value. So, the test with the proppant injection until the permeability
decreases up to fB results inmaximumpermeability that is achievable at
low pressure.

First, the core is submitted to flood with piecewise constant increas-
ing pore pressure (blue dashed curve in Fig. 11). Then 5 μm proppant
particles are injected at themaximumpressure, resulting in permeability
decline (green vertical arrow). Then the proppant-free water is injected
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Fig. 6. Schematic for laboratory set-up.
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under piecewise constant decreasing pore pressure, which corresponds
to the red continuous curve. Further increase of pore pressure in the
same internal follows the red curve up, i.e. the process is reversible.
Afterwards 9.5 μm proppant particles are injected at the maximum
a)

c)

Fig. 7. Permeability versus stress for deformable coal: a permeability vs pore pressure for diffe
c) dimensionless permeability vs effective stress; d) the cleat compressibility coefficient Cf is fo
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pressure; the resulting permeability decrease is shown by another
green vertical arrow. Waterflood under the pressure decrease is shown
by black continuous curve. The proppant-free flood with pressure in-
crease also shows no hysteresis; the corresponding state point moves
b)

d)

rent overburden stresses; b) graphical determination of the effective stress coefficient α;
und from the exponential effective stress dependency.

1



Fig. 8. DLVO interaction potential in proppant particle–particle system. Dashed lines
correspond to small particles (rs = 5 μm) and solid lines correspond to larger particles
(rs = 9.5 μm).
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up reversibly along the black curve. Further proppant injection at high
pressure yields further permeability decrease. Pressure decrease flood
follows the continuous green curve.

Fig. 11 shows the results of tests for coreU2,which are carried out for
salinity 0.05M and pH=9. The initial permeability at low pressure p=
50 psi is equal to 0.37 md. Blue line injection increases permeability up
to 3.88mdat p=900 psi. Injection of 5 μmproppant particles yields the
permeability decreases up to 2.53md. The return red curve exhibits the
permeabilities lower than that of the blue curve at pressure above
600 psi. Two curves cross at this pressure; the return permeabilities at
red curve are above those at blue curves, showing the permeability
enhancement due to particle injection at high pressure and keeping
the cleats open at lower pressures. The red curve ends up at permeabil-
ity of 0.9 md, exhibiting the enhancement against the initial core
permeability of 0.37 md.

Further injection of 9.5 μm proppant particles at highest pressure
causes further decrease of permeability from 2.53 md to 2.14 md. The
pressure decrease return is shown by black curve. Further permeability
increase from 0.9 md to 1.19 md occurs at the initial pressure.

However, secondary injection of 9.5 μm proppant (green curve)
decreases the effect of remaining cleat aperture by strained proppant —
the green curve comes back at almost the same permeability as the red
curve does.
Fig. 9. DLVO interaction potential in particle–coal system. Dashed lines correspond to
small particles (rs = 5 μm) and solid lines correspond to large particles (rs = 9.5 μm).
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Injection of 5 μmproppant particles keeps cleat open during pressure
depletion and causes permeability increase. Injection of larger particles
(9.5 μm) at high pressure results in further enhancement of the cleat ap-
erture and in the further permeability increase. Secondary large particle
injection yields the increase of strained particle density in the cleats that
leads to the increased hydraulic resistivitywith consequent permeability
decline. Therefore, there does exist an optimal concentration of size
excluded particles placed in cleats that yields the maximum return
permeability.

The accumulated breakthrough particle concentrations aremeasured
after each of three injections. Since the injected proppant concentration
is known, it allows the determination of the retained strained concentra-
tion and, consequently, the aspect ratio coefficient β. Fig. 4 shows point C
after injection of 5 μmparticles, point A′ afterfirst injection of 9.5 μmpar-
ticles and point D after second injection of 9.5 μm particles. Abscissas of
those points are calculated from the retained concentrations. The point
ordinates correspond to return permeabilities.

Fig. 12a shows the optical microscope image of the core inlet after
the test for sample U2. The inlet cleats are not plugged by particles,
there is no external cake. Higher resolution photo of the cleat shows
some size exclusion in situ, which does not impair the flow paths. So,
the particle–particle and particle–coal electrostatic repulsion provide
the particle transport throughout the core with the uniform particle
placement in cleats.

Similar results are obtained from the tests with core A2, which are
carried out for salinity 0.1M and pH=9. Initial permeability at lowpres-
sure k = 0.45 md is increased up to 0.95 md after injection of 5 μm
proppant particles and return to the initial pressure. Further injection
of 9.5 μm proppant causes permeability enhancement up to 1.33 md.
Secondary flush by 9.5 μm proppant particles yields some decrease of
the return permeability up to 1.13 md.

So, the proppant particle injection under lowwater salinity results in
particle–coal repulsion, providing particle transport inside the core and
particle straining throughout the core. The lower is the solution ionic
strength, the higher is the repulsion. The above results suggest that low
salinity promotes the repulsion between the proppant and coal, so the
proppant particles must be injected at low ionic strength. However,
flow of low salinity water causes lifting of reservoir fines, their migration
and plugging the rock with consequent permeability and productivity
decline. In order to determine the salinity value that do not cause drastic
permeability damage due to finesmigration, in the next sectionwe carry
out the laboratory and mathematical modelling of fines migration in
coals.

3.7. Fine migration in coals

The traditional test on corefloodwith piecewise constant decreasing
salinity is carried out (Civan, 2010; Khilar and Fogler, 1987; Lever and
Dawe, 1984). Core U5 was used in set-up presented in Figs. 4 and 5.
Eight values of salinity decreasing from 0.6 M up to 0.025 M have
been applied. Fig. 13 shows drastic permeability decrease during the
lowest salinity injection of 0.025 M, while the salinity decrease from
0.6 M to 0.050 M yields the moderate rock permeability decrease.

The experimental points in Fig. 13 are denoted by blue circles. The
red curve corresponds to tuning of themodel coefficients from the pres-
sure drop data. The tuning results are presented in Table 4. The filtration
coefficientλs and the drift delay factorα* are assumed to be constant. As
it follows from Eq. (B-6), the value βdΔσa

⁎ is the increase of dimension-
less pressure after straining of the amount of Δσa

⁎ of the fine particles.
This value is tuned for each injection period.

Generally, the coefficient of determination R2 is close to one, so the
agreement between the experimental data and the modelling results
is good. The experimental points lay on the red curves for salinities
0.6–0.05 M. However, there is some deviation during the injection
of water with lowest salinity 0.025 M. It is explained by significant
permeability decline that corresponds to mobilisation of the largest
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Fig .10. Particle suspended in injected fluid: a) high salinity suspension; b) low salinity suspension.
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fine amount if compared with other injections with higher salinity; the
highly concentrated suspension might cause a multi particle bridging
rather than a single particle plugging, so deep bed filtration system
(B-5) must be modified.

The curve-fitting tool box of the software package MatLab-2013a
based on the optimisation algorithm for the least-square method has
been used (MATLAB, 2013).

Fig. 13 presents the results of sensitivity analysis of the tuned labora-
tory datawith respect to drift delay factor that was increased two times,
to filtration coefficient that was decreased two times and to products
βdΔσai⁎, i=1, 2,…, 8 that were decreased two times. The corresponding
permeability curves are shown in green, black and grey, respectively.
Small perturbation of tuned parameters results in small perturbation
of themeasureddata, suggesting that the inverse problemof theparam-
eter tuning is well posed.

The obtained values of tuned parameters are located in common
intervals that validate the explanation of the permeability decline in
coal core during injection of low salinity water by fines migration.

The above assumptions of constant filtration coefficient λ⁎ and drift
delay factor α⁎ correspond to low concentration of strained particles.
However, those depend on the pore space geometry. Alternation of
the geometry of the porous space by fines straining in thin cleat zones
yields the strained-concentration-dependent filtration coefficient and
drift delay factor. The problem of deep bed filtration with the filtration
coefficient and drift delay factor as functions of the strained concentra-
tion allows for exact solution (Bedrikovetsky, 2008; Vjazmina et al.,
2007). It yields well-posed inverse problem (see Alvarez et al., 2006,
Fig. 11. Normalised permeability vs effective stress in low salinity water.
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2007). However, more information from the fine-migration test is
required for unique determination of the functions λ⁎ = λ(σs

⁎) and
α⁎ = α(σs⁎). One of the ways around the problem is to measure
pressure in the middle point of the core besides the inlet and outlet
pressures (Bedrikovetsky et al., 2001).

Fig. 13 suggests that injection of water with ionic strength above
0.05 M results in moderate permeability decline, while injection of
water with 0.025 M salinity causes strong decline in permeability. The
results of Section 3.7 show that low salinity water should be used for
graded particle injection. The current section's results suggest that the
salinity should exceed 0.05 M in order to prevent the fine-migration-
induced permeability damage.
4. Laboratory-based well behaviour prediction

4.1. Tuning of the permeability–straining diagram

In this section, the permeability–straining diagram is tuned from the
laboratory tests presented in Section 3.6.

The results of the proppant injection tests are shown in Figs. 4 and
11. Points C, A′ and D correspond to coal sample permeability at lowest
(initial) pore pressure after injection of 5 μm proppant, first injection of
9.5 μm and second injection of 9.5 μm, respectively. Since the lowest
pressure is the same for three injection cycles, the effective stress is
also the same, so three points lay on the same curve with εσ = const.
Points 1, 2,…, 6 above the points C, A′ and D correspond to permeabil-
ities at lower pressures (higher stresses) after the proppant injection.
All points 1 lay on the envelope due to zero effective stress at the injec-
tion pressure. Seventh points coincidewith the points C, A′ andD. Points
with the same number are located on the same curves εσ = const. In
particular, points C, A′ and D lay on the curve εσ = 4.9 ∗ 10−3.

So, there are 21 points to tune the permeability–straining diagram.
The iso-effective-stress curves are interpolated by six order polyno-
mials. The curve-fitting tool box of the software package MatLab-
2013a has been used (MATLAB, 2013). The fitting results are shown in
Fig. 14. Points 2′, …, 7′ correspond to maximum permeabilities at a
given effective stress; those are the target points. The target point that
corresponds to points 1 has coordinates (0,1) in the plain (β, f). Fig. 15
presents the target points for initial permeability–straining diagram
(in black) and for tuned diagram (in blue). Six points 2′, …, 7′ corre-
spond to dimensionless effective stress values from the highest initial
value up to the lowest value during the proppant injection. The points
lay on a straight line with a good accuracy. It allows using this straight
line for pressure dependency of permeability (Eq. (12)) inside the
stimulated zone for calculation of the productivity index. The results
of calculations are presented in the next section.
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Fig. 12. Optical microscope images of the coal core inlet after low salinity suspension injection: a) fractured rock scale; b) deep inside fracture.
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4.2. Calculation of productivity index

The permeability profile during the production after stimulation is
shown in Fig. 16. The continuous blue curve corresponds to permeability
profile during the depletion without stimulation. It was calculated using
Eq. (5). The lower is the pore pressure, the lower is the permeability, see
Eq. (1).

The purple, red and green curves correspond to permeabilities in
stimulated zone under wellbore pressures during proppant injection
that are 0.9Pfr, 0.8Pfr and 0.7Pfr. All injection pressures are maintained
below the fracturing pressure in order to avoid the hydraulic fracturing.
The higher is the injection pressure thewider are the cleats and the larg-
er are the particles injected at the end of the schedule period that keep
cleats open near the wellbore. Consequently, the higher is the injection
pressure under the optimal injection schedule, the larger is the perme-
ability. The profiles corresponding to theoretical permeability–straining
diagram are marked by continuous curves; the dashed curves corre-
spond to the matched diagram. The permeability profiles as calculated
by the initial diagram are above those predicted from the diagram
matched to the laboratory data.

Fig. 17 presents the pressure profiles during the production stage.
The black curve corresponds to pressure profile without stimulation.
Blue, green and red curves correspond to the stimulated areas with
radii 0.03re, 0.05re and 0.1re. Pressure profiles inside the stimulated
zones are located above that without stimulation. Therefore, the
proppant injection allows achieving the same rate at the lower pressure
drawdown, yielding the productivity index increase.
Fig. 13. Fines migration in coal beds during the salinity decrease.
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Fig. 18 shows the normalised productivity index versus stimulated
radius for different injection pressures. The initial data for well behav-
iour prediction are adopted from the field case of Crowsnest coalfield
(Fernie Basin, South-East British Columbia, Canada) (Gentzis, 2009).
The larger is the stimulated area the higher is the productivity index
after the stimulation. The higher is the injection pressure the higher is
the productivity index.

The continuous curves correspond to initial permeability–straining
diagram while the dashed curves have been calculated from the
laboratory-data-matched diagram. The laboratory-based modelling
produces almost the same results as the calculations based on the initial
diagram in the case of small stimulation zone. However, the deviation
becomes significant at large stimulation zone. The lower is the injection
pressure the higher is the deviation (Fig. 18). The relative productivity
index increases 2.5–5 times due to the graded injection of proppant
particles.

The results of sensitivity analysis of the productivity index after
stimulation with respect to fracture compressibility Cf is shown in
Fig. 19. The higher is the fracture compressibility the larger proppant
particles are injected and the higher is the final well productivity
index. The deviation between the initial and laboratory-based model-
ling increase as Cf increases. PI increases as the injection pressure
increases.

5. Discussions

The mathematical model for graded particle injection into naturally
fractured porous media has numerous limitations; the corresponding
assumptions are presented in Section 2. More advanced model for
fractured media permeability versus stress and strained particle con-
centration may enhance the reliability of the well index prediction.
For example, the presented model assumes the constant aperture and
the network structure of the initial cleat system. The improved models
for particle flow and capture into natural fractured systems should
account for stochastic probabilistic distributions of fractures by their
Table 4
Tuned parameters of fines mobilisation straining.

Stage i (βdΔσa
⁎)i ai⁎ λsi

2 0.0095 0.0055 5.669
3 0.0223 0.0055 5.669
4 0.0443 0.0055 5.669
5 0.0463 0.0055 5.669
6 0.0404 0.0055 5.669
7 0.0353 0.0055 5.669
8 0.3088 0.0055 5.669

image of Fig.�13


Fig. 14. Experimentally tuned f-normalised permeability vs proppant aspect ratio for
various values of dimensionless effective stress. Fig. 16. Permeability distribution profile for stimulation zone radius rst / re = 0.05. Here

solid lines represent permeability distributions calculated theoretically. Dash lines repre-
sent the permeability distributions calculated using the experimentally tuned model.
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opening, size and direction. The stochastic population balance models
can be extended for fractured media and used for design and planning
of the proposed technology under specific field conditions; percolation
and effectivemedium theories can be used for transport properties pre-
diction in the population balance models (Bedrikovetsky, 1993, 2008).

The common threshold values for the proppant jamming ratios in
porous media are used in Section 3.2 to determine the proppant size
that provides the proppant placement in the cleats. The above men-
tioned stochastic model for suspension transport would provide the
threshold values for fractured systems, which can differ significantly
from those in porous networks.

The present paper discusses well productivity enhancement during
CBMdewatering due to graded proppant injection. However, themeth-
od can enhance the productivity during gas production too. Pressure
depletion with the consequent effective stress increase results in
micro fracturing of coal near to contact proppant–coal points. It causes
the increase of the coal matrix surface and acceleration of methane
desorption from the coal, finally resulting in well productivity enhance-
ment. Besides, the proppant particles strained in the cleats capture
the migrating fines and decrease their production, causing a positive
environmental impact.

High potential energy barriers calculated via DLVO theory indicate
themutual particle–particle and particle–coal repulsionwhich prevents
particles from agglomeration and attachment to coal matrix leading to
permeability enhancement at low salinity injection. Increase of brine
salinity results in the external cake formation, attachment neat to core
inlet and decrease in the overall coal core permeability.
Fig. 15. The permeability correction factor f as a function of dimensionless effective stress
for theoretical prediction and from experimental data.
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According to the mathematical model, higher injection pressure re-
sults in a greater increase of well productivity index due to graded
proppant injection. The higher is the cleat compressibility the higher
is the well productivity index. The lower is the stimulation zone, the
less is the difference between the pure theoretical model and the exper-
imentally tuned model. The above speculations are helpful for optimal
design and planning of the graded particle injection into CBM reservoirs
for well stimulation without hydraulic fracturing.

Wider spectrum of coal properties must be investigated in laborato-
ry for more general formulations of the favourable conditions for the
proposed technology applications.

We discuss the effect of graded proppant injection on dewatering of
CBM reservoirs. The effects on gas production accounting formicro frac-
turing and incremental gas desorption are subject of a separate forth-
coming work.

Further developments of the graded proppant injection include peri-
odical injections alternated by the gas production periods, where the
coal bed shrinks during pressure depletion and desorption, resulting
in deeper proppant penetration after each injection cycle due to contin-
uous pore pressure decrease with matrix shrinkage and the permeabil-
ity enhancement.
Fig. 17. Pressure distribution profiles during production.
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Fig. 18. Normalised productivity index vs stimulation radius.

Fig. 19. Normalised productivity index versus fracture compressibility for rst / re = 0.05.
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Another application is an additional well stimulation during the hy-
draulic fracturing. Graded proppant injection during hydraulic fracturing
can transport fine particles into cleats during the leak-off. The effect of
dewatering accelerationby keeping the cleats openduring the production
is the main advantage of the proposed technology.

6. Conclusions

The analytical modelling of the graded proppant injection into CBM
reservoirs based on the laboratory corefloods allows drawing the
following conclusions:

➢ The analytical model for graded proppant injection into fractured
media, accounting for exponential permeability dependency of
stress and rock deformation in untreated zone, allows for explicit
formulae for areal pressure and permeability distributions and well
index during injection and production.

➢ DLVO-theory-based calculations provide the ionic strength and pH
conditions for the proppant–coal and proppant–proppant attachment
and repulsion.
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➢ Using the low salinity water prevents proppant–coal attraction, pro-
viding deep bed filtration of the proppant and its placement in the
cleats. However, it facilitates finemigration, resulting in cleat plugging
and permeability damage.

➢ The salinity interval favourable for the coal–proppant repulsion and
low finesmigration for the coal samples investigated in the presented
study is 0.1–0.05 M.

➢ If compared with modelling based on the permeability–straining dia-
gram for a single rectangular fracture, tuning of the mathematical
model from the laboratory experiments results in 10% decrease of
the productivity index, for the case where the stimulated zone is 5%
of the drainage area.

➢ The ultra-fine glass proppant injection results in 3.0–3.2 times perme-
ability enhancement for the coal samples investigated. For injection
pressures 0.9Pfr, 0.8Pfr and 0.7Pfr, it yields 3–5 times enhancement of
well productivity index.

➢ The sensitivity analysis of well index shows that the most influential
parameters are the stimulated zone size, injection pressure and the
cleat system compressibility.

Nomenclature
A123 Hamaker constant, M L2 T−2

a Cleat spacing, L
c Concentration of suspension fluid, L−3

Cf Cleat compressibility, M−1 L T2

D Core diameter, L
dp Particle diameter, L
E Young's modulus of elasticity, M L−1 T−2

e Elementary electric charge, IT
F Axial load, M L T−2

Fe Electrostatic force, M L T−2

Fd Drag force, M L T−2

f Permeability correction factor
h Cleat aperture, L
h* Separation distance, L
IS Ionic strength
j Jamming ratio
k Permeability of reservoir, L2

kB Boltzmann constant, M L2 T−2 K−1

l Distance between adjacent proppant particles, L
l* Lever arm ratio
ln Lever arm for normal forces, L
L Core length, L
n Number of cleats
n∞ Bulk number density of ions, L−3

p Fluid pressure, M L−1 T−2

pf Fracturing pressure, M L−1 T−2

p0 Reservoir fluid pressure, M L−1 T−2

pw Fluid pressure at wellbore, M L−1 T−2

pinlet Inlet pressure, M L−1 T−2

pob Overburden pressure, M L−1 T−2

PIo Well productivity index of non-stimulated reservoir,
M−1 L3 T

PI Well productivity index of stimulated reservoir, M−1 L2 T3

q Injection/production rate per unit reservoir thickness,
L2 T−1

r Distance from wellbore, L
rD Dimensionless radius
rDs Dimensionless particle size
re Drainage radius, L
rs Particle radius,L
rsmin Minimum particle radius,L
rst Stimulation radius, L
rscr The minimum particle size mobilised by the flow with

salinity, L
rw Wellbore radius, L
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rwD Dimensionless wellbore radius
s Salinity
ts Settling time, T
T Absolute temperature, K
ut Tangential cross flow velocity of fluid in the centre of the

particle
UE Electrophoretic mobility of particle, M T2 I
Z Valence of a symmetrical electrolyte solution
V Total potential of interaction, M L2 T−2

Greek Letters
α Biot effective stress coefficient
α* Drift delay factor
β Dimensionless packing aspect ratio
β* Optimum dimensionless packing aspect ratio
βd Formation damage coefficient
γ1 Reduced surface potential for particles
γ2 Reduced surface potential for coals
ε Dielectric permittivity of MilliQ water
εq Dimensionless rate
εσ Dimensionless stress
ζ Zeta potential M L2 T−3 I−1

κ Debye–Hückel reciprocal length, L−1

λ Characteristic wavelength of the interaction L
λs Filtration coefficient for straining L−1

μ Dynamic viscosity of fluid, M L−1 T−1

ν Poisson's ratio
σ Stress, M L−1 T−2

σc Collision diameter, L
σcr
⁎ Maximum retention concentration

σe Effective stress, M L−1 T−2

σh Minimum horizontal stress, M L−1 T−2

σH Maximum horizontal stress, M L−1 T−2

σs
⁎ Retention concentration of fines,

Δσa
⁎ Mobilised concentration of attached particles

Σa Particle size distribution on the surface
ϕc Cleat porosity
ϕH Helium porosity
ϕw Water porosity
ω Drag factor

Subscript
o Initial value of a parameter
P Production
J Injection
cr Critical
part Particle
coal Coal

Superscript
exp Experiment
model Model

Abbreviations
CBM Coal bed methane
DLVO Derjaguin–Landau–Verwey–Overbeek
EDL Electrical double layer
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Appendix A. Electrostatic interactions in the particle–coal systems

The total interaction potential energy between the injected particles
and coal matrix is a sum of interaction potential energies arising from
the long-range London–van der Waals forces, the short-range attrac-
tive/repulsive electrical double layer and Born's repulsion forces as
follows (Gregory, 1981; Israelachvili, 2011; Landau and Lifshitz, 1980;
Verwey et al., 1999):

V ¼ −A123rs
6h�

1−5:32h�

λ
ln 1þ λ

5:32h�

� �� �
þ 128πr sn∞kBT

κ2 γ1γ2e
−κh�

þA123σ c
6

7560
8r s þ h�

2rs þ h�ð Þ7 þ
6r s−h�

h�7

� �
: ðA� 1Þ

Here A123 is the Hamaker constant; λ=100 nm is the characteristic
wavelength of the interaction adopted from; h* is particle-surface
(sphere-plate) separation distance, n∞ is bulk number density of ions;
kB = 1.381 × 1023 J/K is the Boltzmann constant; T= 298.15 K is abso-

lute temperature of the system; γ1 ¼ tanh zeζp

4kBT

� �
and γ1 ¼ tanh zeζ c

4kBT

� �
are reduced surface potentials for particles and coals; ζp and ζc are zeta po-
tentials for injected particles and coal, respectively; z is valence of a sym-
metrical electrolyte solution, z= 1 for NaCl; e = 1.602 × 10−19 C is the
elementary electric charge. Hamaker constant is calculated for a system
glass–water–coal for 0.6MNaCl suspension according to the formula pro-
posed in Israelachvili (2011). The calculations for ionic strength varying
from 0.05 to 0.6 M show that Hamaker constant varies by 0.3% only.
Thus, the effect of ionic strength on Hamaker constant is neglected.
The calculated value A123 = 1.270 × 10−20 J excellently agree with that
reported for coals by Chaturvedi et al. (2009). The typical value for the
collision diameter σc = 0.5 nm is adopted from Elimelech et al. (1995).

The choice of the appropriate expressions for electrostatic double
layer (EDL) interaction potential energies depends on the Debye–
Hückel parameter, κ, and the particle radius, rs. The inverse to κ is
equal to the EDL thickness. The Debye–Hückel constant is a function of
the ionic solution strength (Elimelech et al., 1995). The EDL thickness,
1
κ , varies from 3.92 × 10−4 to 1.36 × 10−3 μm for the studied ionic
strengths in the range from 0.6 to 0.05 M NaCl, respectively. The EDL
thickness is significantly smaller than the particle sizes. For this case,
the formulae for the double electric layer energy for sphere–plate inter-
actions corresponds to the second additive in Eq. (A-1) (Elimelech et al.,
1995).

The third additive in Eq. (A-1) corresponds to Born's potential
energy (Ruckenstein and Prieve, 1976).

The total interaction potential energy between the injected particles
is also a sum of interaction potential energies arising from the long-
range London–van derWaals forces, the short-range attractive/repulsive
electrical double layer and Born's repulsion forces as follows:

V ¼ −A123rs
12h�

1−5:32h�

λ
ln 1þ λ

5:32h�

� �� �
þ 64πrsn∞kBT

κ2 γ1γ2e
−κh�

þA123σ c
6

7560
8r s þ h�

2rs þ h�ð Þ7 þ
6r s−h�

h�7

� �
:

ðA� 2Þ

Appendix B. Mathematical model for fines migration

Following the work by Bedrikovetsky et al. (2011), in this Appendix
we briefly derive maximum retention concentration as a function of
ionic strength, which is the model for fines detachment with following
straining of the coal cleats.

The fine particle on the pore wall is subject to drag and electrostatic
forces. Gravity and lifting forces are negligibly smaller than drag and
electrostatic forces. Mechanical equilibrium of the fine particle on the
7
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cleat surface is described by torque balance of drag and electrostatic
forces

Fel
� ¼ Fd; Fe ¼ max − ∂V

∂h�
� �

: ðB� 1Þ

Here l* is the lever arm ratio that is equal to the ratio between the
normal and tangential levers; the electrostatic force is determined by
the total DLVO energy potential, see Eq. (A-1). Since the fine detach-
ment occurs if the drag torque exceeds the torque of the electrostatic
force Fe, maximum value of Fe is the particle detachment condition in
Eq. (B-1).

The expression for drag force exerting the particle on the plane
surface is obtained from asymptotic solution of theNavier–Stokes equa-
tions (O'Neill, 1968):

Fd ¼ ωπμrsut jh2−rs
ðB� 2Þ

where μ is the viscosity, rs is the particle radius, h is the width of the
channel, ut is the tangential cross flow velocity of fluid in the centre of
the particle that is calculated from Hele–Shaw flow and the drag factor
ω is equal to 6 ∗ 1.7. The case ofω=6corresponds to the Stokes formula
for a particle in the uniform boundary-free flux.

The Hertz's theory presents with the explicit formula for radius of
the contact area which is equal to the normal lever ln. It was originally
derived by Derjaguin et al. (1975) for the case of particle deformed by
electrostatic force:

l� ¼
3Fe 1−ν2

� �
r2s E

0
@

1
A

1=3

: ðB� 3Þ

Here, ν is the Poisson's ratio and E is Young's elasticity modulus of
the particle and of the rock.

Let us consider the concentration distribution of attached particles
with different sizes Σa(rs) retained in a monolayer. Both forces in
Eq. (A-1) for mechanical equilibrium are particle-size dependent
while electrostatic force is ionic-strength dependent. So, Eq. (A-1) is a
transcendental equation for implicit dependency for the critical radius
of the particle mobilised by the flow with ionic strength (IS): rs =
rscr(IS). The critical size of released particle rscr(IS) is a monotonically
decreasing function and the particles are mobilised in decreasing
order of their sizes with the decrease of ionic strength. Therefore, the
maximum retention concentration for a given velocity U includes all
the particles with radii smaller than rscr(IS):

σ�
cr Uð Þ ¼

Z rscr ISð Þ

p
Σa rsð Þdrs: ðB� 4Þ

The salinity change from 1 to 2 results in release of particles with
sizes betweenrscr1 and rscr2. The migration of the released particles
causes their straining in thin pores and consequent permeability de-
cline. Mass balance of suspended and strained fines in porous media is
(Civan, 2007, 2010):

∂ϕc
∂t þ α�U

∂c
∂x ¼ −λscα

�U ðB� 5Þ

where c andσs
⁎ are concentrations of suspended and strained fines; λs is

the filtration coefficient for straining. The drift delay factor α* accounts
for slow particle motion.

Darcy equation accounts for permeability decline due to size exclu-
sion of fine particles:

U ¼ − k σ�
sð Þ

μ
∂p
∂x ; k σ�

s

� 	 ¼ k0
1þ βdσ

�
s Δσ�

að Þ ðB� 6Þ
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where k is the permeability as a function of strained particle concentra-
tion, βd is the formation damage coefficient,Δσa

⁎ is the mobilised
concentration of attached particles, k0 is the initial permeability, μ is
the viscosity of suspension and p is the pressure.

The exact solution of the problem (B-5) is presented in Bedrikovetsky
et al. (2011) and is used for tuning of the experimental data on fines
migration in coals in Section 3.7.
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a b s t r a c t

Formation of low permeable external filter cake during drilling and water injection has been widely
reported in the literature. It may cause significant decrease in well index. The process is very sensitive to
size distribution of injected particles. We propose a new mathematical model for cake formation with
deep bed filtration for two-particle-size injection. The basic equations account for three stages:
formation of cake from large particles with simultaneous deep bed filtration of small particles; small
particle capture in the cake with formation of the internal cake inside the external cake; build-up of the
uniform cake from the mixture of two-size particles. The analytical model is derived for three stages.
Two regimes of the cake formation are identified, which correspond to the high and low concentrations
of injected small particles. The laboratory coreflood with two-particle-size suspension injection with
monitoring the rate and pressure drop along the core is performed. The matched mathematical model
shows good agreement with the laboratory data.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Deep bed filtration and external filter cake formation are
common phenomena encountered in the petroleum industry,
which may lead to severe permeability decline and formation
damage (Ghalambor and Economides, 2002; Ding et al., 2004;
Ding and Renard, 2005; Ding et al., 2006; Wagner et al., 2006;
Civan, 2007; Dalmazzone et al., 2007; Quintero et al., 2007; Ding
et al., 2008; Salimi et al., 2009; Lohne et al., 2010; Karimi et al.,
2011). During drilling, completion or produced water reinjection,
fluids carrying suspended particles enter the wellbore. Due to the
pressure difference between the wellbore and the reservoir
formation (the pressure in the well is higher than that of the
formation during the overbalanced drilling), the fluid penetrates
into the formation. Particles suspended in the fluid with sizes
larger than the pore throats in the formation may accumulate on
the wellbore surface, forming a cake. This process is known as the
external cake formation (Ruth, 1935; Ochi et al., 1999; Parn-anurak
and Engler, 2005; Ochi et al., 2007; Windarto et al., 2011; Ytrehus

et al., 2013). However, those fine particles smaller than the pore
throats of external cake may pass through the cake and penetrate
into the formation. During the filtration, the solid particles
suspended in the carrier fluid may be separated from the liquid
phase due to several different mechanisms, such as gravity,
Brownian motion, size exclusion, etc. (Ochi and Vernoux, 1999;
Shapiro et al., 2007; Yuan and Shapiro, 2011; You et al., 2013; Yuan
et al., 2013). The process of suspension transport in porous media
accompanied by particle capture in the pores is called deep bed
filtration (Payatakes et al., 1974; Pang and Sharma, 1997; Khilar
and Fogler, 1998; Bedrikovetsky, 2008; You et al., 2014).

The classical deep bed filtration (DBF) model developed by
Herzig et al. (1970) consists of two equations—one for particle
population balance and the other for particle capture kinetics. The
macro scale functions including suspended and retained particle
concentrations and the filtration coefficient as a function of
retained concentration are introduced into the model. Analytical
solutions to the direct problems for model prediction (Herzig et al.,
1970) and to the inverse problems for parameter determination
(Wennberg and Sharma, 1997; Bedrikovetsky et al., 2001) have
been obtained. This model has shown a good agreement with
experimental data and has been used to predict the well injectivity
decline based on the experimental core flood data.
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Analytical models for deep bed filtrationwith constant and varying
rates for linear and axisymmetric flows have been derived by Civan
and Rasmussen (2005). Numerous laboratory tests have been treated
by the analytical model with the observation of good agreement
between the analytical and experimental modelling. More complex
model for deep bed filtration is proposed by Civan and Nguyen (2005).
All pathways are divided into two parts—those plugging and non-
plugging. The analytical models as well as their tuning by laboratory
tests have been performed.

During particle deep bed filtration through porous media, there
exists a critical moment when the retention concentration of particles
at the core inlet reaches its critical value (Khatib, 1994). After the
moment, few particles can penetrate into the core. Instead, the new-
coming particles form external cake only. This critical moment is
termed as the transition time. The existence of transition time has
been observed and its evaluation has been studied intensively (Ochi et
al., 1999; Zitha et al., 2013). The phenomenon of particle deep bed
filtration followed by the formation of external filter cake is not
described in the above classical DBF models (Tien, 2012).

Moreover, the oversimplified DBF model using the overall particle
concentrations does not account for the effect of pore and particle size
distributions on permeability decline in field cases (Veerapen et al.,
2001; Massei et al., 2002; Windarto et al., 2012). Glenn and Slusser
(1957) reported that certain distribution of particle sizes may reduce
the permeability impairment for a given pore size distribution, i.e., the
particle size distribution must be accounted for in the cake formation
model. Corapcioglu and Abboud (1990) developed a model for cake
filtration process accounting for different size particle penetration at
the cake surface and migration in the cake. Furthermore, the
compressibility effect of the external cake is taken into account with
the modelling of the cake growth dynamics considering cake filtration
(Sherwood and Meeten, 1997; Tien et al., 1997; Lohne et al., 2010).
Civan (1998a, 1998b) investigated cake formation and stabilisation for
cross flow filtration. The kinetics model accounts for erosion rate,
which is proportional to the difference between the critical and
current values of the shear stress. Non-Newtonian fluid properties
are taken into account. The analytical models have been derived. Good

agreement between the modelling and experimental data has been
observed for both linear and radial flows.

The traditional model presents a linear growth of pressure drop
over time along the core and its abrupt increase during the external
filter cake formation. It results in the delay of external cake formation
if compared to particle penetration into the rock. The growth of
internal cake formed by the fine particles inside the external cake after
the transition time is not accounted for in the models for either
drilling fluid invasion or water injectivity (Pang and Sharma, 1997;
Wennberg and Sharma, 1997; Suri and Sharma, 2004; Bedrikovetsky
et al., 2005). So, the above models assume DBF occurring before the
transition time and build-up of external cake afterwards. Yet, in
practice, a significant fraction of particles in drilling fluid exceeds
pore sizes, so the formation of external cake starts at the beginning of
injection, simultaneously with fine particle DBF (Abrams, 1977; Hands
et al., 1998; Massei et al., 2002; Tien, 2012).

To the best of our knowledge, the mathematical model for cake
filtration that accounts for co-occurring deep bed filtration and
cake formation as well as internal cake formed by small particles
inside the external cake by large particles is not available in the
literature.

The present work aims to partly fill the gap considering injection
of bi-sized suspension in the rock. The large particles start building the
cake at the beginning of injection; while the small particles simulta-
neously filtrate through the built-up cake and penetrate into the
porous media. After the transition time, the small particles filtrate in
the external cake only. The aim of the present work is to develop a
mathematical model for cake filtration (i.e. cake formation and deep
bed filtration), including the external cake formation by large particles,
DBF of small particles, internal cake growth inside external cake after
the transition time, and possible formation of mixture cake after the
catching-up time. Besides, the laboratory experiments on the injection
of bi-sized suspension into a reservoir core have been performed. The
results obtained from the proposed model match the laboratory data
with high accuracy, which validates the model proposed.

The structure of the paper is as follows. First, the traditional deep
bed filtration and cake formation model for mono-size particles is

Nomenclature

L core length, m
rs small particle radius, m
rl large particle radius, m
c10 initial total particle concentration, ppm
c20 initial large particle concentration, ppm
c30 initial small particle concentration, ppm
Dp particle diameter, m
D3 speed of mixture cake growth
J impedance
km(0) initial core permeability, m2

kec12 permeability of external cake filled by internal cake of
small particles, m2

R ratio of external cake porosity and core porosity
ΔPec1 pressure drop between the fronts of external and

internal cake, Pa
ΔPec2 pressure drop between the front of internal cake and

the core inlet, Pa
ΔPm pressure drop of the core, Pa
S dimensionless retention concentration
U Darcy velocity, m/s
T dimensionless time
t time, s
Ttr transition time

T3 catching-up time of the internal cake front
X dimensionless coordinate
x coordinate, m
z internal cake thickness, m

Greek letters

α critical coefficient
β formation damage coefficient
λ filtration coefficient
m viscosity of suspension, Pa s
τ tortuosity
ϕ1 core porosity
ϕ2 porosity of internal cake
ϕ3 porosity of external cake
ϕ4 porosity of the mixture cake
σ retained particle concentration, m�3

Subscripts

m medium
c cake
ec external cake
ecmix mixture cake
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briefly reviewed. It is followed by the development of advanced two-
size particle model for external cake formation. Afterwards, the
obtained results applying the proposed model are analysed. Finally,
the treatment of data from laboratory tests validates the pre-
sent model.

2. Traditional deep bed filtration and cake formation model
for mono-size particles

In this section, the traditional model describing external cake
formation and deep bed filtration of mono-size particles in porous
media is reviewed. The assumptions of the model include cake formed
by compact particle packing, constant porosity of the core and the
cake due to low retention of particles, and incompressibility of particle
suspension and cake.

Traditional theory considers mono-modal narrow particle size
distribution and focused mostly on two extremes: (a) particles larger
than pores and (b) particles much smaller than pores.

Let us start from the simplest case, in which the injected
particle size is larger than all the pore sizes in the media. There-
fore, particles accumulate outside the core inlet and form the
external cake. There is no deep bed filtration in this case. Darcy's
equation

∂P
∂x

¼ �μU
k

ð1Þ

is integrated in terms of the distance x to calculate the pressure
drop in the core

ΔPm ¼ μUL
km

ð2Þ

and the pressure drop in the cake

ΔPec ¼
μULc tð Þ

kec
ð3Þ

The total pressure drop is the sum of these two parts

ΔP ¼ΔPmþΔPec ¼ μU
L
km

þLc tð Þ
kec

� �
ð4Þ

where km and kec are the permeability of the core and cake,
respectively; L and Lc(t) stand for the length of the core and
thickness of external cake, respectively. m is the viscosity of
injected suspension and U is the Darcy velocity. The total pressure
drop ΔP is a linear function of time.

In the case of injected particle size smaller than the pore size of
the media, particles first filtrate into porous media, then followed
by the formation of external cake after a certain moment (transi-
tion time). The model describing this process consists of the
following two equations:

Population balance of total suspended and retained particles

∂
∂t

ϕcþσ
� �þU

∂c
∂x

¼ 0 ð5Þ

Kinetics equation of particle retention

∂σ
∂t

¼ λcU ð6Þ

as well as the initial and boundary conditions t¼0: c(x, 0)¼
σ(x, 0)¼0; x¼0: c(0,t)¼c0. The filtration coefficient is denoted
as λ.

The retained particle concentration σ(x, t) is solved from
Eqs. (5) and (6) and applied to the formula for pressure drop
along the core

ΔPm ¼ μU
Z L

0

1þβσðx; tÞ
kmð0Þ

dx ð7Þ

in which β is the formation damage coefficient. The pressure drop
in the external cake is calculated using Eq. (3). The sum of these
two parts gives the total pressure drop

ΔP ¼ΔPmþΔPec ¼ μU
Z L

0

1þβσðx; tÞ
kmð0Þ

dxþLc tð Þ
kec

� �
ð8Þ

3. Deep bed and external filtration of two-size particles

In this section, the model of external cake formation with
injection of two-size particle is derived.

The size of injected small particles rs is smaller than pore size
rp, while the size of injected large particles rl is larger than rp
(Fig. 1). The process of small particle deep bed filtration in the core
and simultaneous external cake formation described by the pre-
sent model can be divided into three stages as follows (Fig. 2):

In Stage 1 (Fig. 2a,b), large particles cannot enter the porous
medium and only form the external cake from the beginning of
injection, since r14rp. Small particles filtrate through the cake and
into the core (rsorp). Suspended particle concentration in the core
decreases, while the retention concentration increases. At the
transition moment, the retained particle concentration reaches
its critical value at the core inlet. No particles can enter the core
after the transition moment. This is the end of Stage 1.

The total pressure drop ΔP¼ΔPecþΔPm, where ΔPec and ΔPm
represent the pressure drops in the external cake and in the porous
medium, respectively:

ΔPec ¼
μUL
kecð0Þ

D1þβϕ3c
0
3ðD1þ1Þ� �

T

þ μUL
kecð0Þ

βϕ3c
0
3
ðD1þ1Þ2
D1λc

exp �λc
D1T

ðD1þ1Þ

� 	
�1

� �
ð9Þ

ΔPm ¼ μUL
kmð0Þ

1þβϕ1C
0
3λ
D1þ1
λcD1

1
λ
ð1�expð�λÞÞ

�


� RðD1þ1Þ
λcD1�RλðD1þ1Þ exp

λcD1�RλðD1þ1Þ
RðD1þ1Þ �λcD1T

D1þ1

� 	�

�exp �λcD1T
D1þ1

� 		��
ð10Þ

The derivation of pressure drops (9) and (10) is provided in the
Appendix B.

In Stage 2 (Fig. 2c), the external cake formed by large particles
keeps growing. Small particles start to accumulate outside the core
inlet and form the internal cake inside the external cake of large
particles. The retained particle concentration in the core is
unchanged, since no more particles can penetrate into the
medium.

The total pressure drop ΔP¼ΔPmþΔPec1þΔPec2, in which the
three components ΔPm, ΔPec1 and ΔPec2 are the pressure drop in
the medium, between the fronts of external and internal cakes,

Fig. 1. Large particles do not penetrate into the media and start forming the cake at
once while small particles perform deep bed filtration in the media.
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and between the front of internal cake and core inlet, respectively:

ΔPm ¼ μUL
kmð0Þ

1þβϕ1C
0
3λ
D1þ1
λcD1

1
λ
ð1�expð�λÞÞ

�


� RðD1þ1Þ
λcD1�RλðD1þ1Þ exp

λcD1�RλðD1þ1Þ
RðD1þ1Þ �λcD1Ttr

D1þ1

� 	�

�exp �λcD1Ttr

D1þ1

� 		��
ð11Þ

ΔPec1 ¼
μUL
kecð0Þ

1þβϕ3c
0
3
ðD1þ1Þ

D1

� �
D1TþzðTÞð Þ

þ μUL
kecð0Þ

βϕ3c
0
3
ðD1þ1Þ2
D1λc

exp �λc
D1TþzðTÞ
ðD1þ1Þ

� 	
�1

� �
ð12Þ

ΔPec2 ¼
μUL
kec12

�zðTÞð Þ ð13Þ

in which the thickness of internal cake z(T) is calculated from

zðTÞ ¼D1þ1
λc

ln 1�c03exp � ðλcD1Þ=ðD1þ1Þ� �
Ttr

� �
ð1�ϕ2ÞD1

 !
exp

λcD1

D1þ1
T

� 	"

þ c03
ð1�ϕ2ÞD1

�
�D1T ð14Þ

Derivations of Eqs. (11)–(14) are given in the Appendix C.
The front moving speed of the external cake formed by large

particles may differ from that of the internal cake formed by small
particles. It depends on the concentration ratio of small and large
particles in the injected suspension as well as the porosities of the core
and the cake. If the internal cake front moves slower than the front of
the external cake, Stage 2 continues. Otherwise, if the front of internal
cake moves faster than that of the external cake, the internal cake

front catches up with the external cake front. Stage 2 transits to
Stage 3 at the catching-up time.

In Stage 3 (Fig. 2d), a new cake formed by the mixture of two-
size particles begins to grow. The total pressure drop in this stage
ΔP¼ΔPmþΔPecþΔPecmix, where the three components ΔPm,
ΔPec and ΔPecmix are the pressure drop in the medium, from the
intersection of the two cake fronts to the core inlet, and in the
mixture cake, respectively:

ΔPec ¼ � μUL
kec12

D1T3 ð15Þ

ΔPecmix ¼
μUL
kecmix

D3ðT�T3Þ ð16Þ

and ΔPm is calculated by Eq. (11). The catching-up time T3 is
obtained from

T3 ¼
D1þ1
λcD1

ln
1�c03=ðð1�ϕ2ÞD1Þ

1�c03expð� ðλcD1Þ=ðD1þ1Þ� �ÞTtr= ð1�ϕ2ÞD1
� �

" #

ð17Þ

Eqs. (15)–(17) are derived in the Appendix D.
For constant injection rate, the impedance caused by cake

formation is the ratio of total pressure drop at time T and the
initial pressure drop

J ¼ΔPðTÞ
ΔPð0Þ ð18Þ

The complete set of formulae for impedance profile in all stages
is summarised in Table 1.

Fig. 2. Two scenarios for two-size particle cake formation: (a) beginning of two-size particle suspension injection; (b) deep bed filtration of small particles with
simultaneous formation of cake by large particles; (c) small particles start filling pore space of the cake after the transition time; (d) development of the mixed-particle cake
after small particle cake front catching up with the large particle cake front. Zone I: clean core at t¼0; Zone II: DBF of small particles in the core; Zone III: unchanged
retention concentration profile in the core; Zone IV: small particles filtration in external cake; Zone V: internal cake growth inside external cake; Zone VI: new cake formed
by mixed two-size particles.
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4. Analysis of modelling results

The results of impedance are calculated from the model
developed above for all the three stages. Effects of different
parameters on the impedance profile are analysed in this section.

The impedance as a function of time with different injected
small particle concentration c3

0 is shown in Fig. 3. Here the
dimensionless time PVI¼Ut/(ϕ1L). The larger is c3

0, the more is
the captured particles per unit time, and the earlier is the
transition time Ttr. The larger is the small particle concentration
c3
0, the faster is the impedance growth at each stage. This is due to
the smaller porosity and lower permeability caused by the larger
proportion of small particles at each stage. Moreover, the higher
fraction of small particles corresponds to the earlier catching-up of
the internal cake front.

The impedance curves calculated using different values of
internal cake porosity are compared in Fig. 4. If the external cake
porosity is fixed, the impedance grows more slowly as the internal
cake porosity increases at Stage 2. The value of internal cake
porosity does not affect the impedance at other stages. With the
constant internal cake porosity in Fig. 5, it is shown that the
decrease of external cake porosity leads to faster impedance
growth at Stages 1 and 2.

Fig. 6 shows the obtained impedance curves with different values
of formation damage coefficient β. A larger formation damage
coefficient results in a faster impedance growth at Stage 1. The other
two stages are not affected by the value of damage coefficient β in
the core.

The impedance as a function of time with different values of
medium filtration coefficient λm is shown in Fig. 7. Higher value of

λm indicates a larger number captured particles per unit time,
which leads to an earlier transition time. However, the effect of the
cake filtration coefficient λc on the transition time is negligible
(Fig. 8). This is due to the small thickness of the external cake,
which results in relatively small number of captured particles in
the external cake compared to the injected suspension
concentration.

Fig. 9 delivers the impedance curves obtained using different
value of the critical coefficient α¼σ(0,Ttr)/ϕ. The smaller is the

Table 1
Formulae for impedance profile at each stage.

Time
interval

Impedance (J)

ToTtr Jec ¼
1

Δp0
μUL
kecð0Þ

D1þβϕ3c
0
3ðD1þ1Þ� �

Tþ μUL
kecð0Þ

βϕ3c
0
3
ðD1þ1Þ2
D1λc

exp �λc
D1T

ðD1þ1Þ

� 	
�1

� �( )

Jm ¼ 1
Δp0

μUL
kmð0Þ

1þβϕ1C
0
3λ
D1þ1
λcD1

1
λ
ð1�expð�λÞÞ� RðD1þ1Þ

λcD1�RλðD1þ1Þ exp
λcD1�RλðD1þ1Þ

RðD1þ1Þ � λcD1T
D1þ1

� 	
� exp� λcD1T

D1þ1

� 	� 	� �
 �
 �

J ¼ Jecþ Jm

TtroToT3 Jec1 ¼
1

Δp0
μUL
kecð0Þ

1þβϕ3c
0
3
ðD1þ1Þ

D1

� �
D1TþzðTÞð Þþ μUL

kecð0Þ
βϕ3c

0
3
ðD1þ1Þ2
D1λc

exp �λc
D1TþzðTÞ
ðD1þ1Þ

� 	
�1

� �( )

Jec2 ¼
1

Δp0
μUL
kec12

�zðTÞð Þ

where zðTÞ ¼D1þ1
λc

ln 1�
c03expð� λcD1

D1 þ1TtrÞ
ð1�ϕ2ÞD1

 !
exp

λcD1

D1þ1
T

� 	
þ c03
ð1�ϕ2ÞD1

" #
�D1T

JmðTtrÞ ¼
1

Δp0
μUL
kmð0Þ

1þβϕ1C
0
3λ
D1þ1
λcD1

1
λ
ð1�expð�λÞÞ� RðD1þ1Þ

λcD1�RλðD1þ1Þ expðλcD1�RλðD1þ1Þ
RðD1þ1Þ �λcD1Ttr

D1þ1
Þ�expð�λcD1Ttr

D1þ1
Þ

� 	� �
 �

J ¼ Jec1þ Jec2þ JmðTtrÞ

ToT3 Jec ¼ � 1
Δp0

μUL
kec12

D1T3

Jecmix ¼
1

Δp0
μUL
kecmix

D3ðT�T3Þ

JmðTtrÞ ¼ 1
Δp0

μUL
kmð0Þ

1þβϕ1C
0
3λ
D1þ1
λcD1

1
λ
ð1�expð�λÞÞ� RðD1þ1Þ

λcD1�RλðD1þ1Þ exp
λcD1�RλðD1þ1Þ

RðD1þ1Þ �λcD1Ttr

D1þ1

� 	
�exp �λcD1Ttr

D1þ1

� 	� 	� �
 �

J ¼ Jmþ Jecþ Jecmix

Fig. 3. Impedance curves with different small particle concentrations for two-size
model (c30¼5%, 15%, 40%, 60%). Scenario 1: internal cake front can catch up with the
external cake front; Scenario 2: internal cake front cannot catch up with the
external cake front. Ttr is the transition time. T3 is the catching-up time in the first
scenario.
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critical coefficient, the earlier is the transition time. Furthermore,
the catching-up time of the internal cake front T3 reduces with α
due to the smaller thickness of external cake at the transition time.

5. Experimental validation

Laboratory test on the process of particle deep bed filtration
and external cake formation has been performed using the Berea
Sandstone core. In the experiment, the injected large and small
particle concentrations are 50 and 25 ppm, respectively. The
diameters of large and small particles are 100 and 1 mm,

respectively. The core length is 4.7 cm, core permeability is
317 md and porosity is 0.2. The diameter of the core cross-
section is 3.8 cm.

The impedance profile calculated from the measured data is
treated by the two-size model accounting for two scenarios
(Fig. 10). The tuning parameters for Scenario 1 are as follows:
the critical coefficient α¼0.03, formation damage coefficient
β¼3200, external cake porosity ϕ1¼0.24, porosity of internal
cake ϕ2¼0.35. The tuning parameters for Scenario 2 are: α¼0.03,
formation damage coefficient β¼4500, external cake porosity
ϕ1¼0.38, porosity of internal cake ϕ2¼0.20. The permeabilities
of external and internal cakes are calculated from the Kozney–
Carman formula (A-8).

Fig. 4. Impedance curves with different internal cake porosity ϕic.

Fig. 5. Impedance curves with different external cake porosity ϕec.

Fig. 6. Impedance versus time for different values of formation damage coefficient β.

Fig. 7. Impedance curves for different formation filtration coefficients λm.

Fig. 8. Impedance curve behaviour for different cake filtration coefficients λc.

Fig. 9. Impedance curves for different critical porosity coefficients α.
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In Scenario 1, the internal cake front can catch up with the
external cake front. Therefore, all the three stages exist (see the
red curve in Fig. 10). Scenario 2 corresponds to the case that
internal cake front cannot catch up with the external cake front.
Only Stages 1 and 2 appear in this scenario (the blue dashed curve
in Fig. 10). It is clear that the first scenario results in a better
agreement between the experimental data and the model predic-
tion than the second scenario.

Comparison of the impedance prediction between the pro-
posed two-size model and the traditional mono-size model is
presented in Fig. 11. It is worth noting that the averaged particle
size applied in the mono-size model is larger than the pore sizes,
therefore all the particles accumulate to form the external cake
and no DBF happens in the core. There is no transition time in the
mono-size model, which causes the predicted curve using the
traditional model deviates from the measured impedance profile
(the coefficient of determination R2¼0.620). The present two-size
model predicts the transition time and the catching-up time
successfully and agree well with the impedance profile from lab
data (R2¼0.985).

So, the mathematical model for deep bed filtration and external
cake formation during the injection of bi-sized suspension exhibit
more complex behaviour than the mono-sized model. Moreover,
the mono-sized model cannot match the laboratory data on

bi-sized suspension injection, while the bi-sized suspension injec-
tion model matches the laboratory data with high accuracy. It
allows expecting that the developed bi-sized suspension injection
model can match well with the data on injection of water with
particles or invasion of drilling fluids and, therefore, can be used in
the design and planning of these processes. However, additional
studies are required to support this claim.

6. Conclusions

Mathematical modelling and laboratory experiments on the
injection of two-size particle suspension in porous media allow
drawing the following conclusions:

The external filter cake formation during injection of two-size
particle suspension in porous media can be described by the
analytical model. Pressure drop along the core and cake, as well
as the suspended and retained particle concentrations can be
expressed by explicit formulae.

Two different regimes of cake formation have been distin-
guished in the model and in laboratory experiments: (1) slow
growth of the external large-particle cake with fast moving of the
small-particle cake front inside the large-particle cake followed by
further cake build-up from the mixture of injected particles;
(2) fast growth of the external large-particle cake with slow
development of the internal small-particle cake filled in the
large-particle cake.

The first regime is typical for high concentration of small
particles in the injected suspension, which exhibits piecewise
impedance curve with three segments; while the second regime
takes place for low concentration of small particles, presenting
two-segment piecewise impedance curve.

Treatment of the laboratory test data by the analytical model
shows that the first regime of the external cake formation has
been occurring in the experiment.

The experimental data on two-size particle injection with deep
bed filtration and external cake formation can be matched by the
analytical model with high accuracy. Good agreement between the
laboratory and modelling data validates the proposed two-size
model, which delivers better prediction of the impedance profile
than the traditional mono-size particle cake model.

Mathematical modelling using the analytical solution shows
that the larger is the injected concentration of small particle, the
faster is the impedance growth at each stage. It is explained by
smaller porosity and permeability resulting from small particles.
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Appendix A. Governing equations and analytical solution
for particle deep bed filtration

Consider injection of suspension with two-size particles. Parti-
cles with the larger size are larger than all the pore throats. Hence,
they cannot enter the porous medium; instead, they form the
external filter cake from the beginning of injection. Small particles
injected first filtrate through the external cake formed by large
particles and then penetrate in the porous rock.

Fig. 10. Impedance profile prediction accounting for different scenarios of the two-
size model. Scenario 1: internal cake front can catch up with the external cake
front; Scenario 2: internal cake front cannot catch up with the external cake front.
Ttr is the transition time. T3 is the catching-up time in the first scenario. (For
interpretation of the references to colour in this figure, the reader is referred to the
web version of this article.)

Fig. 11. Comparison of impedance profile using the present two-size model and the
traditional mono-size model. Ttr is the transition time. T3 is the catching-up time in
the two-size model.
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System of equations for particle deep bed filtration consists of
the population balance equation for all the small particles

∂
∂t

ϕcþσ
� �þU

∂c
∂x

¼ 0 ðA� 1Þ

and the kinetics equation of particle capture

∂σ
∂t

¼ λcU ðA� 2Þ

Darcy's law is applied to calculate the pressure drop along the
distance

U ¼ � k
μð1þβσÞ

∂p
∂x

ðA� 3Þ

Introduction of dimensionless variables and parameters

X-
x
L
; T-

Ut
ϕL

; C ¼ c
c03
; S¼ σ

ϕc03
; λ¼ λ0L; P ¼ k

UμL
p ðA� 4Þ

into Eqs. (A-1)–(A-3) yields the following dimensionless system of
governing equations

∂ CþSð Þ
∂T

þ∂C
∂X

¼ 0 ðA� 5Þ

∂S
∂T

¼ λC ðA� 6Þ

1¼ � 1
1þϕc03βSðX; TÞ

∂P
∂X

ðA� 7Þ

Here m is the viscosity of suspension, U is the Darcy velocity, β is
the formation damage coefficient, λ is the dimensionless filtration
coefficient, which is denoted as λc for the filter cake and λm for the
porous medium. c30 is the injected small particle concentration, and
C is the dimensionless particle concentration. σ is the retained
particle concentration, and S is the dimensionless retained particle
concentration. L is the core length, ϕ is the porosity. For conve-
nience, ϕ1 and ϕ3 are introduced in the model for porous media
porosity and external cake porosity, respectively. k(0) is the initial
permeability, km(0) and kec(0) stand for the initial permeability of
the porous medium and that of the external cake, respectively.

The initial permeability is calculated using the Kozney–Carman
equation (Civan, 2007)

kð0Þ ¼ 1
72τ

ϕ3D2
p

ð1�ϕÞ2
ðA� 8Þ

here τ is the tortuosity and Dp is the particle diameter.
The analytical model presented below is based on the solution

of the initial-boundary problem for constant concentration sus-
pension injection into a clean bed. The initial and boundary
conditions are

t ¼ 0 : C ¼ S¼ 0

x¼ 0 : C ¼ 1 ðA� 9Þ

The solution to the equation system (A-5)–(A-7) with condi-
tions (A-9) is obtained as

C X; Tð Þ ¼ e�λX ; XoT

0; X4T

(
ðA� 10Þ

S X; Tð Þ ¼ λ T�Xð Þe�λX ; XoT

0; X4T

(
ðA� 11Þ

Appendix B. Pressure drop in the first stage of cake formation
(before transition time): 0oToTtr

The characteristic curve passing through a point (X, T) crosses
the external cake front at the point (–D1T2, T2), so

D1T2þX ¼ T�T2; T2 ¼
T�X
D1þ1

ðB� 1Þ

where D1 corresponds to the speed of external filter cake built of
the large particles. It is obtained from the mass conservation of
injected large particles: D1¼ϕ3c2

0/(1�ϕ3).
Substituting Eq. (B-1) into (A-10) results in the suspended

particle concentration in external cake

CðX; TÞ ¼ exp �λc D1T2þXð Þ� �¼ exp �λc
D1TþX
D1þ1

� �
ðB� 2Þ

Retained concentration of particles S(X, T) is derived by
integration of (B-2) in terms of T from –X/D1 to T

S X; Tð Þ ¼D1þ1
D1

1�exp �λc
D1TþX
D1þ1

� �
 �
ðB� 3Þ

Finally, the pressure drop over the external cake is obtained by
using the Darcy's law

Δpec ¼
μUL
kecð0Þ

Z 0

�D1T
ð1þβϕ3c

0
3SðX; TÞÞdX ðB� 4Þ

which is expressed as

Δpec ¼
μUL
kecð0Þ

D1þβϕ3c
0
3ðD1þ1Þ� �

T

þ μUL
kecð0Þ

βϕ3c
0
3
ðD1þ1Þ2
D1λc

exp �λc
D1T

ðD1þ1Þ

� 	
�1

� �
ðB� 5Þ

At the core inlet, the suspended concentration, as it follows
from (B-2), is

X ¼ 0 : Cð0; TÞ ¼ exp �λc
D1T
D1þ1

� �
ðB� 6Þ

The propagation velocities are different in the cake and in the
core. The coefficient R¼ϕ3/ϕ1 is used to normalise the propaga-
tion velocity in the core based on that in the external cake

dX
dT

¼ R¼ϕ3

ϕ1
ðB� 7Þ

The characteristic curve crossing the point (X, T) intersects
the core inlet at the moment T0. Integrating the above Eq. (B-7)
leads toZ X

0
dX ¼ R

Z T

T 0
dT ðB� 8Þ

Thus, we have

T 0 ¼ T�1
R
X ðB� 9Þ

The characteristic curve covers the distance D1T1 inside the
external cake and distance x in the core. We can calculate the
particle concentration by the new boundary condition
x¼ 0 : C ¼ Cð0; TÞ

C X; Tð Þ ¼ exp �λcD1T1ð Þexp �λXð Þ ¼ exp �λcD1
T '

D1þ1

� 	

exp �λXð Þ ¼ exp �λcD1
T�X=R
D1þ1

� 	
exp �λXð Þ ðB� 10Þ

Retained concentration S(X, T) is found by integrating the above
equation in terms of t from X/R to T

S X; Tð Þ ¼ λexpð�λXÞD1þ1
λcD1

1�exp �λcD1
T�X=R
D1þ1

� 	� �
ðB� 11Þ
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From (B-11), we have

S 0; Tð Þ ¼ λ
D1þ1
λcD1

1�exp �λcD1
T

D1þ1

� 	� �
ðB� 12Þ

It allows calculating the transient time Ttr

ϕ1α
c03ϕ3

¼ λ
D1þ1
λcD1

1�exp �λc
D1Ttr

D1þ1

� �
 �
ðB� 13Þ

which results in

Ttr ¼ �D1þ1
λcD1

ln 1�ðϕ1=ϕ3ÞαλcD1

c03ðD1þ1Þλ

 !
ðB� 14Þ

The pressure drop in porous medium is obtained by using the
Darcy's law

Δpm ¼ μUL
kmð0Þ

Z 1

0
ð1þβϕ1c

0
3SðX; TÞÞdX ðB� 15Þ

Substituting Eq. (B-11) into the above Eq. (B-15), we have ΔPm

as

Δpm ¼ μUL
kmð0Þ

1þβϕ1c
0
3λ
D1þ1
λcD1

1
λ
ð1�expð�λÞÞ

�


� RðD1þ1Þ
λcD1�RλðD1þ1Þ exp

λcD1�RλðD1þ1Þ
RðD1þ1Þ �λcD1T

D1þ1

� 	�

�exp �λcD1T
D1þ1

� 		��
ðB� 16Þ

Thus, the total pressure drop is obtained by the sum of the
pressure drop over the external cake and that in the porous
medium.

Appendix C. Pressure drop in the second stage of cake
formation (interval between transition time and cake front
catching-up time):TtroToT3

After the transition time Ttr, small particles cannot penetrate
into the core anymore. Therefore, suspension concentration at the
core inlet is zero, and retained particle concentration remains
constant.

At the moment Ttr, the internal cake formed by injected small
particles starts to accumulate inside the external cake of large
particles; simultaneously, injected small particles still filtrate in
the external cake and can be captured before reaching the front of
the internal cake.

Suspension concentration at the front of internal cake, which
propagates inside the external cake X¼z(T), as it follows from
(B-2), is given by

Cðz Tð Þ; TÞ ¼ exp �λc
D1Tþz Tð Þ
D1þ1

� �
ðC� 1Þ

The moving speed of the internal cake front is obtained from
the mass balance of injected small particles:

dz
dT

¼ C z; Tð Þc03
1�ϕ2

ðC� 2Þ

where ϕ2 is the porosity of the internal cake formed by the small
particles. Combining Eqs. (C-1) and (C-2) results in the ordinary
differential equation for the internal cake front location z(T)

dz
dT

¼ 1
1�ϕ2

exp �λc
D1Tþz
D1þ1

� �
ðC� 3Þ

By solving the above equation, we obtain the front location of
internal cake z(T) as a function of time T

zðTÞ ¼D1þ1
λc

ln 1�c03expð�ððλcD1Þ=ðD1þ1ÞÞTtrÞ
ð1�ϕ2ÞD1

� 	
exp

λcD1

D1þ1
T

� 	�

þ c03
ð1�ϕ2ÞD1

�
�D1T ðC� 4Þ

The moment when the internal cake front catches up with the
front of the external cake T3 is calculated from the intersection of
front trajectories:

z T3ð Þ ¼ �D1T3 ðC� 5Þ

which leads to the formula for the catching-up time T3

T3 ¼
D1þ1
λcD1

ln
1�c03=ðð1�ϕ2ÞD1Þ

1�c03expð�ððλcD1Þ=ðD1þ1ÞÞÞTtr= ð1�ϕ2ÞD1
� �

" #

ðC� 6Þ
From Eq. (A-7), the pressure drop of the external cake between

the fronts of external and internal cake can be derived by
integrating in terms of x from –D1T to z(T)

Δpec1 ¼
μUL
kecð0Þ

Z zðTÞ

�D1T
ð1þβϕ3c

0
3SðX; TÞÞdX ðC� 7Þ

The pressure drop between the front of internal cake and the
core inlet can be calculated by the Darcy's law directly

Δpec2 ¼ � μUL
kec12

zðTÞ ðC� 8Þ

where kec12 is the permeability of external cake filled by internal
cake of small particles.

Thus, the total pressure drop is the sum of the pressure drop in
the porous medium (B-16) at T¼Ttr, that in the external cake
between the two cake fronts (C7) and that between the internal
cake front and core inlet (C-8), as follows

Δp¼ΔpmþΔpec1þΔpec2 ðC� 9Þ

Appendix D. Pressure drop in the third stage of cake formation
(after the cake front catching-up time): T4T3

After the intersection of the fronts of external and internal
cakes at point (X3,T3), a new cake is formed by the mixture of two
size particles (overall injected suspension). The front speed D3 is
obtained from the mass balance of injected large and small
particles: D3¼ϕ3(c10þc20)/(1�ϕ4). Here, ϕ4 is the porosity of the
cake formed by two size particles (overall injected suspension).
There is no deep bed filtration the third stage.

The pressure drop of the mixture cake formed by two size
particles can be obtained from

Δpecmix ¼
μUL
kecmix

D3ðT�T3Þ ðD� 1Þ

where kecmix is the permeability of the mixture cake formed by two
size particles.

The pressure drop of the external cake from the intersection of
the two cake fronts to the core inlet can be calculated as

Δpec ¼ � μUL
kec12

D1T3 ðD� 2Þ

Finally, the total pressure drop can be calculated by

Δp¼ΔpmþΔpecþΔpecmix ðD� 3Þ

The impedance caused by cake formation for constant injection
rate is defined as

J ¼ΔpðTÞ
Δpð0Þ ðD� 4Þ
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7 Conclusions 

The analytical modelling and laboratory study of fines migration due to 

velocity/salinity/temperature/pH variations during coreflooding, and of simultaneous 

deep bed filtration and cake formation during injection of two-sized particles, allow 

drawing the following conclusions: 

1. Low-velocity fines drift along rock surface (rolling and sliding) explains the long 

permeability-stabilisation periods. The stabilisation time significantly exceeds one 

pore volume injected, indicating that the particles migrate with a velocity much (two-

three orders of magnitude) lower than the carrier water velocity. 

2. Another explanation for long permeability-stabilisation periods is the delay in 

particle release due to slow diffusion of salt from the grain-particle contact area into 

the bulk of the fluid.  

3. One-dimensional problem of slow fines migration with delayed particle release 

after varying velocity/salinity/pH, allows for exact solution. The analytical model 

consists of explicit formulae for breakthrough and retained concentrations, and 

pressure drop history. 

4. Matching the measured permeability and accumulative outlet particle concentration 

by the analytical model, accounting for both slow fines migration and delayed release, 

shows excellent agreement between measured data and modelling results. 

5. Slow-particle model matches the experimental data with higher accuracy than the 

delay-release model. The straining-concentration and salinity dependencies of model 

parameters, obtained from tuning by the slow-particle model, have typical forms as 
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that observed in other studies; whereas those obtained using the delay-release model 

reveal an untypical form of the maximum retention function. 

6. Fine particles are mobilised during velocity, temperature, and pH increase, or 

salinity decrease in the order of particle size reduction.  

7. The maximum retention function for size-distributed particles, attached to rock 

surface in a mono-layer, is expressed by an explicit formula that includes the size 

distribution of attached particles and the critical detached size curve. This function is 

equal to accumulated concentration of particles smaller than that mobilised by the flux 

with given flow velocity. 

8. Size distribution of the attached movable particles can be obtained from the 

maximum retention function and the critical detached size curve. 

9. The laboratory “velocity-ionic strength” and “temperature-ionic strength” 

translation procedures, along with the torque balance equation for particles, allows to 

determine velocity- and temperature-dependencies of the maximum retention 

concentration from experiments with varying ionic strength.  

10. The effect of electrostatic attraction weakening with temperature increase on the 

maximum retention function, dominates over that of the water viscosity decrease with 

temperature increase in this study. This leads to a maximum retention concentration 

decrease with temperature. Therefore, geothermal fields are more susceptible to fines 

migration than conventional petroleum reservoirs and aquifers. 

11. Two different scenarios of cake formation are distinguished during injection of 

two-sized particle suspension in porous media. The first scenario is the slow growth 

of the external large-particle cake with fast moving of the small-particle cake front 
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inside the large-particle cake followed by further cake build-up from the mixture of 

injected particles. It is typical for high concentration of small particles in the injected 

suspension, which exhibits piecewise impedance curve with three segments. 

12. The second scenario of cake formation is the fast growth of the external large-

particle cake with slow development of the internal small-particle cake filled in the 

large-particle cake. This scenario occurs for low concentration of small particles, 

presenting two-segment piecewise impedance curve. 
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