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Abstract
The mathematical modelling of disease dynamics is now well-established, which
allows us to better understand the processes affecting diseases in communities.
Most of this work has focused on epidemic dynamics, in which we see a large outbreak of a disease but also its extinction within a short time-frame. Of interest
in this thesis will be furthering the study of endemic diseases, which persist in
populations over much longer time scales. This increased time scale means that
it is important to account for demography, and in particular the replenishment of
susceptible individuals through births and possibly waning immunity. Another
feature that has been shown to be important for modelling disease dynamics
is heterogeneity in the population, and in particular household structure. This
is likely to be important for endemic diseases because of the close relationship
between demography and household composition as these types of diseases persist in communities for periods long enough that assuming a static population
structure is not realistic.
Hence we model both the disease and population dynamics as a continuoustime Markov chain, where the population of individuals is split into adults and
children. These adults and children are assigned a household type, and within
each household the number of adults is at most two, and the number of children is at most four. These households change through time as a consequence
of demographic events such as births, deaths, children moving out of home, couples forming, separating, and migration. This demographic model is overlaid
xiii

xiv

Abstract

with SEIR disease dynamics, where the rate of disease transmission is strongest
within households, as opposed to between. We also develop a seasonally-forced
model. The so-called Gillespie algorithm is used to simulate realisations of this
process but simulation can be computationally expensive. Hence we also derive
a deterministic approximation, valid in the limit of a large number of households.
We use this deterministic approximation extensively to analyse the models dynamics.
For measles-like disease parameters, the period of the non-seasonally forced
model is approximately two years, which agrees closely to the established biennial periodicity. In the model with seasonal forcing, the periodicity is more
complicated, with annual periodicity in the deterministic approximation, and
approximately 2-3 year periods for individual stochastic realisations.
The household model without seasonal forcing is used to investigate the case
of a flu-like disease suddenly becoming fatal in children, adults, and both. We
found that when the population has only a small proportion of susceptible individuals there is a higher chance of the disease being persistent when compared
to the population with larger proportions of susceptible individuals. Significant
change in household proportions are recorded initially during the first outbreak
of the disease when the mortality rate increases during the infectious period of
individuals.
In both the models with and without seasonal forcing, a measles-like disease fades
out with higher probability in the household models compared to the homogeneous models. In each of the household models, within the first five years, we see
periods of approximately 2-3 years where the proportion of realisations that fade
out stay essentially constant for populations of greater than 225 thousand households in the seasonally-forced model, and above 250 thousand in the non-forced
model. During these periods, the proportion of realisations that have not faded
out is above 0.5, which is suggestive of a critical community size between 375-500

xv
thousand individuals in both household models. However, the household model
shows greater variability than the homogeneous models as a larger proportion of
realisations fadeout over the course of 15 years.
The household models presented in this thesis allow a great deal of flexibility
in parameterisation which means that many problems can be studied. However,
as a consequence of the flexibility, the model’s dynamics are evaluated at large
computational expense, meaning approximations are necessary.

Chapter 1
Introduction
The study of infectious diseases has long been a topic of particular importance
due to their impact. There are primarily two types of disease dynamics that
are of interest to mathematicians. The first are epidemics, which is when there
is an outbreak of a pathogen and its subsequent remission. However, many
pathogens of concern are endemic to communities, meaning that following an
initial outbreak, they form a recurring and persistent burden on health and wellbeing.
In order to understand the dynamics of diseases, we use mathematical models.
The models we consider operate on the assumption that individuals can be classified as susceptible, infectious or recovered [1, 2]. A susceptible individual does
not have the pathogen, but is able to contract the disease. An infectious individual is someone who has the pathogen in their system and is able to transmit
the disease to susceptible individuals. Recovered individuals are those without
the pathogen and are unable to contract the disease due to immunity.
Kermack and McKendrick [3] developed equations to model disease dynamics
and it was this theory that has been studied and further developed into what is
now known as the modern ‘Susceptible-Infected-Recovered’ (SIR) model. In the
modern formulation of the model, a susceptible individual becomes infectious at
1
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a rate of
βSI
N −1

(1.1)

where N is the total number of individuals in the population, S and I are the
number of susceptible and infectious individuals in the population, respectively,
and β is a parameter that quantifies how contagious the disease is as well as
incorporating how frequently individuals within the population interact with
one another. For example, in a town with people isolated from one another, a
lower β value, compared with that in a busy city where people make contact
with other people at higher rates, is expected. An infected individual recovers
and hence becomes immune to the disease with a mean recovery time of γ1 , as
the time between events is assumed to be distributed exponentially.
In the case of some diseases, such as measles and influenza, susceptible individuals
that contract the infectious disease do not immediately become infectious [4]—
that is, they have the pathogen but are not contagious—for some period of
time; this is the exposed class (E). Hence, we make use of the SEIR model [1]
throughout this thesis, which is similar to the SIR model. In this model, one
of the two main differences is that when a susceptible individual contracts the
disease, they become exposed. This occurs at the same rate as for the SIR
model; that is to say that an individual becomes exposed at rate

βSI
.
N −1

The

second difference is that the exposed individual becomes infectious after a latent
period with mean σ1 . The event that transitions an infectious individual into the
recovered class is the same as in the SIR model. For many diseases, immunity is
life-long and so there is no event that makes a recovered individual susceptible
again. If immunity is not permanent, however, a recovered individual can become
susceptible to the disease again after a period with mean ω1 . Other variations of
these compartmental models exist but are not detailed here [1].
These models are quite simple in construction and assume, for example, that

3
there is a fixed population size. That is, there are no events that correspond
to new individuals entering the population and old ones leaving. An attempt
to relax this particular assumption comes in the form of a simple demography
framework where births and deaths are introduced. Here we detail two possible
approaches to implement births and deaths. The first method is linking the two
events such that whenever a death occurs, a birth happens at the same time
[5]—which keeps the population size constant. The other method treats the two
events separately where births occur at some rate and deaths occur at some other
rate. These rates are often assumed to be equal [1, 6] to keep the population
approximately equal over long periods of time.
These models with births and deaths are of particular importance to endemic
diseases. An example of an endemic disease is measles prior to the introduction,
in 1968, of mass vaccinations in England and Wales [2]. The number of weekly
cases of measles peaks approximately every two years, but never entirely fades
out between these peaks. The main reason why measles—and endemic diseases,
in general—persists in particular communities is that the number of susceptible
individuals in the population are replenished over time, as discussed in [7, 8].
Hence, when the birth rate is large enough, new susceptible individuals are born
into the population at a rate sufficient for the pathogen of the disease find new
hosts [1].
There are many diseases which are assumed to have life-long immunity [9, 8, 1],
but many diseases do not have this property. A consequence of diseases without
life-long immunity is that no one is ever immune to the disease forever, which
means after some time (which in the case of the common cold is short, and is
so long in the case of measles [10] that the disease was considered to have a
life-long immunity for many years [11]) individuals are susceptible to contracting
the disease again and the disease does not have an opportunity to die out in the
population, assuming a large enough population size.

4
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After an initial outbreak of measles, the disease will either fadeout or another
outbreak will occur. The stochastic nature of disease transmission makes it difficult to determine whether the disease will fadeout or not, but Bartlett introduced
the notion of a critical community size [12], which is a measure of how large a
population must be in order for the disease to persist in the community more
often than the disease fades out. A large population size sees the disease persist
more frequently, compared to a small population size, as more births occur and
hence there are more susceptible individuals for infectious individuals to transmit
the disease to. In England, cities like Manchester, with populations of approximately 680,000 people, had a persistent problem with measles; however in smaller
communities, such as Cardigan (under 4000 people), measles faded out, and only
two epidemics arose between 1940 and 1956 [12]. Bartlett identified that the
connection between cities and the geographic dispersion of the communities [13]
also plays a role in determining the critical community size, and is now largely
believed to be between 250,000 and 400,000 individuals [14].
The models presented for endemic diseases, even with simple demography, assume that the population mixes homogeneously. That is, each individual has
equal probability of contacting any other individual in the population. This is not
valid because people have social and work contacts that they interact with most
frequently. To relax this assumption of homogeneous mixing, models with two
levels of mixing are utilised [15, 16]. In these models, populations are composed
of smaller populations, called meta-populations (also known as subpopulations).
The idea is that the population is split into smaller subpopulations where infection occurs at different rates within a meta-population to between them. Ball,
Mollison and Scalia-Tomba [17] generalised the concept of an infectious disease
model with two levels of mixing. In these models, individuals are partitioned
into non-overlapping groups that attempt to mimic how people interact within
social settings (and hence not entirely homogeneously). A popular social struc-
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ture used in models with two levels of mixing is grouping the individuals in the
population into households. There are two disease transmission rates: a local
transmission rate for the spread of disease within each of these households, and
a global transmission rate for the spread of disease between these households,
where the transmission rate within households is assumed to be at least as big
as the between-households transmission rate.
Typically, now, the rate of transmission within a household k is given by
βSk Ik
,
nk − 1
where Sk and Ik are the number of susceptible and infected individuals, respectively, in the household k, nk is the number of individuals in the household k,
and β is a parameter that quantifies how contagious the disease is as well as
incorporating how frequently individuals within households interact with one
another. On the other hand, we have a global (or homogeneous) level of the
disease infecting an individual in household k typically with rate,
αSk I T
,
N −1
where I T is the total number of infectious individuals in the entire population,
N is the total number of individuals in the population, and α is the parameter quantifying how rapidly the disease spreads among individuals that do not
occupy the same household. As households are constructed in such a way that
individuals that interact with one another more frequently are grouped together,
the between-household transmission rate is smaller than the within-household
transmission rate; that is, α ≤ β.
While there has been some progress in developing household models, they are
mostly concerned with epidemic diseases, rather than endemic diseases [18]. Just

6
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as the homogeneous models originally introduced did not define any demographic
events, a majority of the household models lack the demography dynamics that
are so important in modelling endemic diseases. Over the course of a number of
decades, a length of time that is typical when discussing endemic diseases, real
households change significantly: children in households will grow up and in most
cases move out of home, possibly forming new partnerships and having children.
The models described thus far do not allow for any change in household structure
at all.
A simple way to address this lack of population dynamics is to introduce births
and deaths in a similar manner to the homogeneous models. For example, as
adopted in one of the models in Cross et al [8]. This allows the population of
households to have individuals that die and are hence removed from the population and also introduce new susceptible individuals through birth events. By
incorporating these events, simple population dynamics are replicated which in
turn allows us to model endemic diseases as susceptible individuals are being
replenished.
Although introducing births and deaths allows us to model endemic diseases, two
models extend the demographic dynamics to include movement between households. The first is in Glass et al [19], which adopts a modified Reed-Frost model
[16], with generation length determined arbitrarily, that allows for transmission
of the disease within and between households; this stochastic, generation-based
disease model is overlaid with a deterministic model for the population dynamics. The population is split into households of sizes ranging from 1 to 6. In these
households, it is impossible to differentiate between children and adults; that
is, there is no age structure. These households are able to undergo a number
of population events, such as births, deaths, and movement between households.
Specifically, a household with five or less individuals can experience a birth event,
in which case the number of individuals in the household increases by one. There
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are a number of different parametrisations for the birth rate. One formulation
assumes that the larger household sizes have more births compared to smaller
households, while another assumes the opposite: smaller households have a larger
birth rate in comparison to the households with a larger size.
Death events can also occur in these households, where one individual is removed
from the household. Just as there are different parametrisations for the birth
rate, there are multiple formulations for the death rate also. Let d(n) be the
death rate for a household with n individuals in it, then three proposed forms
of rates are d(n) = nd0 , d = (1, 2, 2, 2, 2, 2)d0 , and d(n) = d0 , where d0 is the
death event parameter. These rates correspond to the following interpretations:
each individual has a constant death rate; the second formulation is similar to
the first, except it is assumed that at most two individuals are ever at risk of
death, which could correspond to an assumption that only adults are ever at risk
of death; the last rate formulation is the case where each household is equally
likely to have a death occur in it, independent of household size. The model is
calibrated so that the births and deaths cancel out over the course of the year;
that is, the expected population size is assumed fixed.
There are also events where one individual leaves a household to move into
a new household by themselves, and where someone who lives by themselves
can move into another household, assuming that when moving into the new
household there are no more than six individuals. The rates of these events also
have multiple formulations. These include situations where larger households
have more movement between households, and where smaller households have
more movement, and also a formulation where everyone is equally likely to move
out or into a new household. These events, where individuals leave and enter
households, are calibrated over a year in order to keep the proportion of the
household types constant.
The model in Glass et al [19] relaxes the assumption of a static population in a

8
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way that is simple and flexible. The deterministic demographic dynamics lends
itself to being efficiently analysed, which means that a thorough understanding of
the behaviour of the model can be achieved. However, a deterministic framework
for the demographic events does not allow any stochastic behaviour which is not
necessarily a realistic assumption. Also, there are many diseases that impact
children and adults differently, for example: measles, and this model is unable
to distinguish between children and adults. These are two particular limitations
of the model that we would like to remedy.
Another model that considers changing household structure is that of Geard et
al [20]. The demography is modelled by a discrete-time individual-based model,
where each time step corresponds to an arbitrarily picked number of days. What
this means is that each individual in the population is characterised by their
age, sex, and the household they belong to. Then each household can undergo
birth and death events, in addition to couple formation and dissolution events,
and children are able to move out of home. The probability of these events
occurring are rather complicated as they rely on the sex and the specific age of
the individuals. For example, women have a longer life expectancy and so the
formulation for a woman dying in the population is different to that of a man
dying. Further, realistically, only women can have children and the probability
that a woman has a child changes depending on the age of the woman. As these
probabilities rely on a large number of parameters, the demography is realistic
compared to data.
This individual-based model is further extended to include disease dynamics
by Geard et al [21]. The model is used to discuss a variety of scenarios. For
example, comparing demographic traits between historic and modern years—
such as community contacts between people of different ages, and household
distribution—and discussing how these changes impact disease dynamics. They
also investigate the effectiveness of some vaccination strategies; that is, the effect

1.1. Summary of chapters

9

of vaccinating based on what household an individual belongs to or vaccinating
each individual with some probability ν regardless of their household.
Although the individual-based demographic model of Geard et al [21] is incredibly
realistic, it relies upon simulations to analyse, which is very computationally
expensive; they simulate only ten realisations per scenario modelled. Where
Glass’ model was simple yet efficient to analyse, Geard’s is the opposite in that
it is very realistic but inefficient to analyse. These two models occupy different
ends of the complexity scale; our goal is to construct a model that fits somewhere
between these—easier to analyse than the model in Geard et al [20, 21], but more
detailed than in Glass et al [19]. That is, we introduce a model that incorporates
age structure, which allows additional demographic events and more detailed
transmission rates compared to [19]. On the other hand, we are able to derive
a deterministic approximation which was not done in [20, 21], and so we can
evaluate the dynamics more efficiently.
Our model can be used to investigate a number of problems. In particular, we
explore epidemic fadeout and discuss the critical community size for measles in
our model. We also introduce a flu-like disease into a population where individuals that are infectious have an increased mortality rate. From this, we learn
how population dynamics are affected by varying levels of fatality in disease,
and we are able to deduce some of the properties that our household model
possesses.

1.1

Summary of chapters

Chapter 2 details the technical background required to understand the mathematics in this thesis, which includes definitions of continuous-time Markov chains
and a selection of relevant properties and theorems pertaining to them. Chapter 2 introduces how we stochastically evaluate the model’s dynamics using the

10
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so-called Gillespie’s algorithm [22], before introducing how we can derive a deterministic approximation using theory proved by Kurtz [23].
Chapter 3 develops a continuous-time Markov chain that models the demographic
dynamics that will eventually feature alongside disease dynamics in Chapter 4.
In Chapter 3, we not only define the events of the demography model, and their
rates, but also detail how stochastic simulations are computed and the deterministic model is derived before finally parameterising the demography model in
two different ways.
Chapter 4 extends the continuous-time Markov chain in Chapter 3 by introducing
disease dynamics. In much the same way as in Chapter 3, we detail the events
and their rates, how the stochastic simulations are computed and derive the
deterministic approximation for the disease with demography model. We also
introduce seasonal forcing into our model, and provide baseline values for the
disease parameters.
Chapter 5 displays the results that our disease with demography household model
yields. Here, the periodicity of the household model, both with and without
seasonal forcing, is explored. We also investigate how a flu-like disease that
increases the mortality rate of infectious individuals impacts on the population
structure, and lastly, we look at the problem of epidemic fadeout, where we try
to find links between the population size and the persistence of disease.
The last chapter, chapter 6, discusses the results and talks about the properties of the household models researched in this thesis. We discuss the design
choices made, the limitations and assumptions, and future work that could be
explored.

Chapter 2
Technical background
In this chapter, background on the theory that is utilised throughout this thesis is
detailed. Continuous-time Markov chains are defined and some of their important
properties discussed, as well as how one may analyse a system that is modelled
as a continuous-time Markov chain.

2.1

Continuous-time Markov chains

Let (X(t), t ≥ 0) be a stochastic process which can be in any of a finite set of
states, S, which is referred to as the state space. The process X(t) is called a
continuous-time Markov chain (CTMC) if,

P (X(t + s) = j|X(s) = is , X(u) = iu , u ≤ s) = P (X(t + s) = j|X(s) = is )

for all s, t ∈ [0, ∞) and all is , iu , j ∈ S. This expression—the Markov property—
means that how the process evolves in the future, conditioned on the processes
history, depends only upon the present and not on the past. This property is
often referred to as the process being memoryless.

11
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A CTMC is said to be time-homogeneous if,

P (X(t + s) = j|X(s) = i) = P (X(t) = j|X(0) = i) ,

for all i, j ∈ S and s, t ∈ [0, ∞). Throughout this thesis, all CTMC are defined
to be time-homogeneous. Hence, we can define,

pij (t) = P (X(t + s) = j|X(s) = i) ,

for all i, j ∈ S and s, t ∈ [0, ∞). This specifies the probability of the process
moving from state i to state j in a time interval of length t. As pij (t) is a
probability, we must have pij (t) ≥ 0 for all time intervals t, and for each i ∈
S,
X

pij (t) = 1

j∈S

because the process must be in one of the states for all times t.
A CTMC is usually defined by its infinitesimal rates. These rates are often
presented as elements in a matrix known as the infinitesimal generator, or Qmatrix, denoted Q. Define the elements of the Q-matrix to be,
pij (h)
for i, j ∈ S, j 6= i,
h→0
h
pii (h) − 1
qii = lim+
for i ∈ S.
h→0
h

qij = lim+

The entries of this matrix, qij , i 6= j, are the instantaneous rates at which the
process X(t) moves from state i to state j, and −qii is the instantaneous rate
that the process X(t) leaves state i. This can be shown by considering,

1 − pii (h) =

X
j6=i

pij (h).

2.1. Continuous-time Markov chains
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Then,
1 − pii (h)
h→0
h
X pij (h)
= lim+
h→0
h
j6=i

−qii = lim+

=

X
j6=i

=

X

lim+

h→0

pij (h)
h

qij .

j6=i

Thus the diagonal elements of the Q-matrix, qii , are just the negative of the sum
of the off-diagonal elements in row i and so the row sums to 0.
We have defined how the process transitions from state to state, but need to
discuss the time between events. Let Ti be a random variable that takes the
value of the time that the process {X(t) : t > 0} spends in state i before first
exiting. Then Ti is said to have the memoryless property if
P (Ti > s + u|Ti > s) = P (Ti > u) for s, u ∈ R+ .

For s > 0, the event {Ti > s} is equivalent to {X(t) = i for 0 < t < s}. Then
let us consider the probability that the time spent in state i is greater than some
time s + u, given the process has already spent time s in state i:

P (Ti > s + u|Ti > s) = P (X(t) = i for 0 < t < s + u|X(t) = i for 0 < t < s)
by the equivalent events defined above,
= P (X(t) = i for s < t < s + u|X(t) = i for 0 < t < s)
as the process is conditioned on X(t) = i for 0 < t < s,
= P (X(t) = i for s < t < s + u|X(s) = i)
by the Markov property,

14
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= P (X(t) = i for 0 < t < u|X(0) = i)
by time homogeneity,
= P (Ti > u)

This shows that the time in each state is memoryless, which implies that the
time spent in each state is exponentially distributed because this is the only
continuous distribution with such a property. Hence, as −qii can be interpreted
as the instantaneous rate of the process leaving state i, then the process leaves
P
state i at an exponentially distributed time with rate j6=i qij .
Of particular interest is the value pij (t) as this tells us the probability of being
in state j after t time, given the process started in state i. By considering, for
0 < u < t, and s > 0, we have,

pij (t) = P (X(t + s) = j|X(s) = i)
X
P (X(t + s) = j, X(s + u) = k|X(s) = i)
=
k∈S

=

X

P (X(t + s) = j|X(s + u) = k, X(s) = i) P (X(s + u) = k|X(s) = i)

k∈S

by the memoryless property and time homogeneity
X
=
P (X(t) = j|X(u) = k) P (X(u) = k|X(0) = i)
k∈S

=

X

pkj (t − u)pik (u).

k∈S

This final expression is known as the Chapman-Kolmogorov equation [24]. This
equation is used directly to derive the Kolmogorov forward equations, which can
be used to determine the term pij (t). Consider,

pij (t + h) =

X
k∈S

pik (t)pkj (h).

2.1. Continuous-time Markov chains
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Now let us take the derivative of pij (t), in the first principles sense,
dpij (t)
pij (t + h) − pij (t)
= lim+
h→0
dt
h

P
k∈S pik (t)pkj (h) − pij (t)
= lim+
h→0
h


P
k6=j pik (t)pkj (h) + pij (t)pjj (h) − pij (t)
k∈S
= lim+
h→0
h



P
k6=j pik (t)pkj (h)

pij (t) (1 − pjj (h)) 
k∈S


−
= lim+ 

h→0
h
h




X

=
pik (t)qkj  + pij qjj , interchanging the limit and sum.
k6=j
k∈S

This sum is the Kolmogorov forward equations [24],
dpij (t) X
pik (t)qik .
=
dt
k∈S

2.1.1

(2.1)

Example of a CTMC

As this thesis is concerned with populations and disease dynamics, we contextualise all the above information into a relevant example to introduce and familiarise notation. Let us consider the SIR compartmental model, as first introduced
in Chapter 1. The state space, S, is the set of all possible combinations in which
N individuals can be arranged into the three types: susceptible, infectious, and
recovered. Because the population size, N , is constant, we can remove one dimension. That is,
S = {(s, i) : s, i ≥ 0, s + i ≤ N },
and the number of recovered individuals is given by the equation r = N − s − i.
The possible events are transmission and recovery, where a transmission event
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has rate,
q(s,i),(s−1,i+1) =

βsi
N −1

and a recovery event has rate,

q(s,i),(s,i−1) = γi.

Replenishment of susceptible individuals can be added by allowing birth and
death events. To keep the population size fixed, the births and deaths are linked
here. That is, when a death occurs, a new individual is born into the population
as a susceptible. In a stable population, a child is born approximately whenever
somebody dies. By linking the two events, we are effectively making a simple
assumption that they happen simultaneously, which is only valid when the total
number of individuals in the population is large. As a susceptible dying and
being replaced by another susceptible effectively changes nothing, there are only
two such death events, which have rates,

q(s,i),(s+1,i−1) = µi
q(s,i),(s+1,i) = µ (N − s − i) ,

where µ is the rate parameter for the death event, and hence

1
µ

is the average

life expectancy. The reason that the births and deaths are linked is so that
total population size is preserved, which simplifies analysis greatly. This will be
discussed in more detail later.

2.2. Methods for evaluating the dynamics of the model

2.2
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Methods for evaluating the dynamics of the
model

In order to gain insight from the models developed, we need to evaluate their
dynamics. This section considers two methods that are used throughout this
thesis. Ideally, the forward equations (Equation 2.1) would be used but finding
the solution to these is not feasible for most of the models that we introduce
later because the size of the state space, and hence the number of equations to
solve, is simply too large. Instead, we introduce a simulation technique and a
deterministic approximation that we use to evaluate the dynamics of our models.

2.2.1

Stochastic simulation

For a process, X(t), realisations, or sample paths, can help to understand the
behaviour of the process. Here, a method to exactly simulate these sample paths
is described using the so-called Gillespie algorithm [22].
First, let S = {1, ..., n} be the finite state space of the process. Initialise the
system by defining the parameters and setting the initial state of the process,
say Xold = i, and setting the initial time told = 0.
Let r = (q1,2 , ..., q1,n , q2,1 , ..., qn,n−1 ) be a vector with the rates of all the possible
transitions in the process X(t), and let Λ be the stoichiometric matrix such that
each column of Λ is the change in the state of the process X(t) corresponding
to the event in r. That is, the column vector Λj is the consequence of the event
with corresponding rate in the jth component of r, which we will now denote
rj .
The rate of the process X(t) leaving the state i, which is denoted qi , is calculated

18
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by,
qi =

X

qij .

j6=i

As the CTMC will leave state i at an exponentially distributed time (with parameter qi , the time until the process changes state is given by

∆t = −

log ut
,
qi

where ut is a uniformly distributed random number between 0 and 1. Then,

tnew = told + ∆t.

At this new time, the process leaves state i, and a transition to a new state must
be chosen. To do this, we make use of another uniformly distributed random
number between 0 and 1, ue . Calculate ue qi and let le ∈ N denote the index of
the transition that is chosen. Calculate le by considering the index at which the
cumulative sum of r first exceeds ue qi . That is,
(
le = min x ∈ N :

x
X

)
rk > ue qi

.

k=1

The resulting state transition is given by the vector Λle , and hence,

Xnew = Xold + Λle .

The process has undergone one transition and has moved forward in time by ∆t.
This method can be repeated until tnew reaches some endpoint, or some other
criterion has been met.

2.2. Methods for evaluating the dynamics of the model

2.2.2
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Deterministic approximation

For small systems, running simulations to get realisations of the model is not
very time consuming. However, for models with larger state spaces, simulations
become more and more infeasible. In 1970, Kurtz published a paper [23] proving
the theory on how to approximate the expected behaviour of a CTMC. In this
section, we present the theory as relevant to our use in population and disease
dynamics.
Let {X(t) = (x1 , ..., xm ) : t > 0} be a CTMC with state space S. Let the
states of the CTMC have m variables; that is, there are m different ‘types’ of
individuals in the population. Then let x = (x1 , ..., xm ) ∈ S, and hence x ∈ Zm .
Further, let N be the total population size; that is,
m
X

xk = N.

k=1

Now, let the non-zero vector η ∈ Zm be a transition vector that changes x such
that after the event corresponding to η, the new state is xnew = xold + η. The
CTMC is said to be density dependent if for each event and transition η,

qx,x+η = N w


1
x, η ,
N

where w(ν, y) is a continuous function such that ν ∈ Rm and y ∈ Zm .
If this property is satisfied, then define

F (ν) =

X

ηw(ν, η),

η

which is a vector where each component, say, k, corresponds to the total rate at
which each of the different individual types transition into and out of the type
k.
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There are three mild technical conditions that need to be satisfied [23], which
we do not detail, and all CTMCs in this thesis satisfy them. Hence, for every
trajectory of X(s, ν0 ) with initial condition X(0, ν0 ) = ν0 , where 0 ≤ s ≤ t,
and,
∂
X(s, ν0 ) = F (X(s, ν0 )) ,
∂s
then limN →∞

1
X(0)
N

= ν0 implies for every δ > 0,



1
lim P sup
X(s) − X(s, ν0 ) > δ = 0.
N →∞
s≤t N
This expression means that as the population size approaches infinity, the scaled
stochastic model X(t) converges, uniformly in probability, over finite time intervals to the deterministic approximation. This can be interpreted more simply as
the solution to the differential equations that are constructed from the rates of
the events and their transition vectors is in fact the expected behaviour of the
CTMC as the population size N gets infinitely large.
This theory allows us to approximate the expected behaviour of a CTMC by
constructing the differential equations by considering each of the events, their
rates and their transitions, and then solving these differential equations. Figure
2.1 demonstrates the link between the deterministic trajectory and the average
of the realisations for the model defined in Section 2.2.3. It can be seen that
the average of the realisations follows the trajectory of the deterministic solution
closely, even with only ten realisations.

2.2. Methods for evaluating the dynamics of the model
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Figure 2.1: The red line is the average of ten realisations, and the solid black curve
is the deterministic trajectory. The soft blue lines are each of the 20 realisations.
As model is in years, the example parameters are β = 584, γ = 36.5, µ = 1/5,
with a population size of 100,000.

2.2.3

Example on the evaluation methods

A simple example is presented here that uses both techniques described previously. As the SIR model was defined earlier in Section 2.1.1, we will detail how
to use Gillespie’s algorithm, and how to construct the differential equations for
the mean behaviour. Note that the population size stays constant such that
N = s + i + r. By keeping the number of individuals in the population constant,
less terms in the rates of the events must be recalculated at each time step. If
N varies, then the rate corresponding to the transmission event requires three
updated values (s, i, and N ) but if N is held constant, only two need to be
calculated at each time-step. The transitions and rates are summarised in Table
2.1.
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Event

Transition

Rate

(s, i) → (s − 1, i + 1)

βsi
N −1

(s, i) → (s, i − 1)

γi

Birth and Death (I)

(s, i) → (s + 1, i − 1)

µi

Birth and Death (R)

(s, i) → (s + 1, i)

µ (N − s − i)

Transmission
Recovery

Table 2.1: Summary of the SIR model with demography.
One choice for the rate vector is,

r=


βsi
, γi, µi, µ (N − s − i)
N −1

and we can write the corresponding stoichiometric matrix as,




1
1
−1 0



Λ=
 1 −1 −1 0 


0
1
0 −1
where the jth column corresponds to the change in population numbers due to
the jth event. For example, when a recovery event is chosen, this corresponds
to the second event. The second column of Λ says that there is no change in the
number of susceptible individuals, the number of infectious individuals changes
by −1 and the number of recovered individuals changes by 1. With these things
defined, stochastic simulation can now be carried using the steps outlined in
Section 2.2.1.
Although this system is small and we can effectively simulate realisations, we
construct the approximating deterministic differential equations for illustrative
purposes. This method assumes that the total population, N , is limiting towards
infinity, so we consider the density of the susceptible and infectious individuals.

2.3. Linear stability analysis
Let s∗ =

∗

s
N

∗

and i∗ =

F (s , i ) =

n
X
k=1

ηk w
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i
N

and,



1 ∗ ∗
(s , i ), ηk
N



= βs∗ i∗ (−1, 1)T + γi∗ (0, −1)T + µi∗ (1, −1)T + µ(1 − s∗ − i∗ )(1, 0)T

where n is the total number of events, ηk is the kth column of Λ and w
is the function such that the event k occurs at rate N w
the transpose of some vector v. Then set

d
(s∗ , i∗ )T
dt



1
(s∗ , i∗ ), ηk
N

1
(s∗ , i∗ ), ηk
N


, and v T is

= F (s∗ , i∗ ). Hence,


∗ ∗
∗
d ∗ ∗ T −βs i + µ(1 − s )
(s , i ) = 
.
dt
∗ ∗
∗
∗
βs i − µi − γi

Each differential equation is the flux in and out of the proportion of the respective
type of individual. The solution to these differential equations is the approximate
average of the stochastic realisations, see Figure 2.1. After only ten simulations,
the average of the realisations follows the deterministic trajectory closely.

2.3

Linear stability analysis

In some the models we will consider, the dynamics tend to an equilibrium. To
determine the stability of the equilibrium, a linear stability analysis is carried
out. Consider the system of differential equations,
dx
= F (x),
dt
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for a function F : Rm → Rm . Let x0 be a fixed point; that is, F (x0 ) = 0. Then
let J be the Jacobian of the system, such that,




∂f1
 ∂x1

···
..
.

∂f1
∂xm 

∂fm
∂x1

···

∂fm
∂xm

 .
.
J(x) = 
 .


.. 
. 
.


where x = (x1 , ..., xm ). Hence, the linearisation of the system can be expressed
as,
dx
= F (x0 ) + J(x0 )(x − x0 )
dt
= J(x0 )(x − x0 )

because x0 is a fixed point. Define δx = x − x0 , then,
dδx
= J(x0 )δx.
dt
Let λ1 , .., λm be the eigenvalues of J(x0 ). Then, by Themorem 8.12 in [25], the
system is asymptotically stable if and only if Re{λi } < 0 for i = 1, ..., m.
However, for the models in this thesis, analytically calculating the Jacobian is
not always a viable course of action due to time constraints or complexity of the
function F , so we make use of numerical algorithms. In this thesis, we make
use of the Adaptive Robust Numerical Differentiation Matlab package by John
D’Errico [26] which contains a numerical Jacobian function. We briefly outline
the algorithm used below before further discussing the use of Jacobians in this
thesis.
The function that numerically calculates the Jacobian, jacobianest, requires the
input of the function f and the equilibrium point x0 , and will output the estimate
for J(x0 ) as well as a vector of estimated errors, each component corresponding

2.3. Linear stability analysis
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to the partial derivatives in the Jacobian. The function jacobianest numerically
differentiates forward using Romberg Extrapolation [27], eventually evaluating
at x0 .
For some function f (x), the Taylor series expansion about the point x0 is given
by,

f (x) = f (x0 ) + (x − x0 )f 0 (x0 ) +

(x − x0 )3 (3)
(x − x0 )2 00
f (x0 ) +
f (x0 ) + ..., (2.2)
2
6

and hence, by rearranging the Equation (2.2), for x = x0 + δ, we can write,
f 0 (x0 ) =

f (x0 + δ) − f (x0 ) δ 00
δ2
− f (x0 ) − f (3) (x0 ) + ... .
δ
2
6

(2.3)

For small values of δ, the terms with higher powers of δ in Equation (2.3) will
become increasingly small and so we can truncate Equation (2.3) after the second
derivative for small enough δ.
The idea behind the numerical method implemented in jacobianest is that if we
take a number of approximations of Equation (2.3) with respect to different δ
values, denoted fδ0 (x0 ), first with some δ, then with 2δ . A linear combination of
these terms are added,

f 0 (x0 ) = 2f δ0 (x0 ) − fδ0 (x0 )
2

which cancels out the second derivative term in Equation (2.3). To improve the
estimates,

δ
2

can be halved again, a different linear combination of these estimate

terms are then utilised,
1
8
f 0 (x0 ) = fδ0 (x0 ) − 2f δ0 (x0 ) + f δ0 (x0 )
2
3
3 4
so that the second derivative terms cancel out. This process of halving δ can be

26

Chapter 2. Technical background

continued until the approximation is within some desired error tolerance.
An eigenvector of a square matrix is a non-zero vector that does not change
‘direction’ upon being multiplied by the matrix, but is instead a scalar multiple
of the vector. That is, if v is an eigenvalue of the square matrix A, then,

Av = λv,

where λ is called the eigenvalue of matrix A corresponding to the right eigenvector
v. To find all of the eigenvalues of a square matrix, A, solve,

det (A − λI) = 0,

(2.4)

where I is the identity matrix of the same size as A. Equation (2.4) is known
as the characteristic equation of A. The matrix A will have the same number
of eigenvalues as the number of rows (or columns, as they are equal) because
the characteristic equation is a polynomial of degree equal to the number of
rows in the matrix and, by the Fundamental Theorem of Algebra, will have as
many solutions to Equation (2.4). That is, if A is a m × m matrix, A has m
eigenvalues.
Let λk = ak + ibk , where ak , bk ∈ R for k = 1, ..., m, be the kth eigenvalue of
J(x0 ), sorted such that a1 < . . . < am . If all the eigenvalues have real parts
that are negative, then the process is stable. If just one eigenvalue has real part
positive, then the system is unstable. Further, by considering the imaginary
parts of the eigenvalues, we can determine the periodicity of the oscillations of
the system [28]. The periodicity of the oscillations of the system with respect to
the eigenvalue λk is

2π
,
bk

which is used to find the periodicity of peaks of infection

in some of the models presented in this thesis.

Chapter 3
Demography model
In this chapter, we discuss how household models, introduced in Chapter 1, can
be extended to include demography. That is, household structure is no longer
assumed to stay static but can instead change over time. Disease dynamics are
not included at this point as this model focuses on how the household types
change over time.

3.1

Set-up

We model a population of households as a CTMC. We split a population of M
households into 11 different household types. These household types are denoted
by (i, j), where i is the number of adults and j is the number of children in a
household. We define children as individuals that are dependent on adults (and
not necessarily by their age). Considering Australian census data in previous
years [29, 30], it becomes apparent that group households1 make up less than
5% of the population. Hence we restrict the number of adults in a household
to be at most 2. In order to keep this model practically feasible in terms of
1

The Australian Bureau of Statistics defines group households as households that are made
up of at least two individuals over the age of 15 that are not related and are not in a relationship
of a romantic or parent-child kind.
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computation, the maximum number of children in a household is restricted to be
4. This assumption is realistic because very few households have more than four
children [29]. Hence, we enumerate the set of all household types as follows:

T = {(0, 0), (1, 0), (1, 1), (1, 2), (1, 3), (1, 4), (2, 0), (2, 1), (2, 2), (2, 3), (2, 4)} .
(3.1)
The empty household is included as one of the household types because it is then
easy to increase the total number of households in the population by essentially
building new empty households that the individuals in the population can move
into.
Define m(i,j) to be the number of households in the population of type (i, j). The
state space of the process is,
n

Sdemo = m = m(0,0) , m(1,0) , ..., m(2,4) :
o
X
m(i,j) = M, m(i,j) ≥ 0 ∀ (i, j) ∈ T .

(3.2)

(i,j)∈T

In order to complete the definition of the CTMC, we must define the events that
can occur and how they alter the state of the system. The models defined in
Glass et al [19] and in Geard et al [20] detail population events such as births,
deaths and movement between households. The latter of these two models defines
couple formation and separation events. We use the events defined in these as
motivation for our own model; that is, we define birth, death, children moving out
of home, couple formation, separation, migration, and a new empty household
events. Below are descriptions of these demographic events and the rates at which
they happen. The events are summarised by transitions and rates in Table 3.1
and a brief description of the parameters used in this table are summarised in
Table 3.2.

3.1. Set-up
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i. Births
In a household of type (2, j), where j ≤ 3, the household can undergo a birth
event at rate bj , and the result is an additional (2, j + 1) household and the loss
of a type (2, j) household. In this model, the birth rate in a household depends
on the number of children in a household because many couples choose not to
have any children. However, once a family has one child they are more inclined
to have a second. Indeed, of the households with children, the (2, 2) household is
the most common in Australia [29]. Note that households of type (2, 4) cannot
have a birth event.

ii. Deaths
In a household of type (i, j) with both i, j ≥ 1, a child dies with rate jdC , which
means that a household of type (i, j) is lost and a household of type (i, j − 1) is
gained. There are two possible scenarios for an adult death event. If i = 2, then
an adult death event occurs at a rate 2dA and the new household has type (1, j).
However, if i = 1 then the rate of an adult dying is dA and the new household is
of type (0, 0). It is assumed children cannot live without an adult (as they are
dependent on them) and hence when there are no adults in a household, it is
simply removed from the population like an emigration event (still to be defined
in vi).

iii. Child moving out
When a child leaves home, there are two possible avenues the child can take.
If there are available empty households—that is m(0,0) > 0—then a child may
move into one, and hence become an adult. Alternatively, the child can leave
the population. This second possibility can be explained by, for example, a
child finishing their degree and pursuing a career in another city. A child in a
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household of type (i, j), with i, j ≥ 1, will move out of home with rate jmout ,
where

1
mout

is the average age of a child when they move out of home. Then there

is a probability of a child moving into an empty household or emigrating out of
the system. The precise functional form of this probability will be discussed in
more detail in Section 3.2, but the general objective of the function is to have
a higher probability of emigrating when there are less empty households in the
population. If the child moves into an empty household, the initial households
(i, j) and (0, 0) become (i, j − 1) and (1, 0), respectively. On the other hand, if
the child leaves the system, the initial household of type (i, j) becomes (i, j − 1);
that is, no empty households are involved. Note also that in the second possible
event, transitionally, it appears as if we have just removed a child from the
household–in other words, this has the same affect as a child death event.

iv. Couple separation
A household of type (2, j) undergoes couple separation at a rate of cs . Similarly to
the child moving out of home event, there are two possible outcomes to this couple
dissolution event. One of the adults in the household will leave the household,
taking no children with them, and will hence have to decide whether to move
into an empty household or to leave the population. As before, the less empty
households there are in the population, the more likely the adult will choose to
leave the system. In the event that the adult doesn’t leave the population, the
households (2, j) and (0, 0) turn into (1, j) and (1, 0), respectively. Alternatively,
in the case where the adult leaves the population, household (2, j) becomes (1, j).
Again, in the second case described, it appears as if, transitionally, one of the
adults has just been removed from the household—or in other words, an adult
death event.
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v. Couple formation
When m(1,0) ≥ 1, a household of type (1, j) will combine with a (1, 0) household
at a rate cf m(1,0) to form a new household of type (2, j) and also leaves behind an
empty household. It is assumed that at least one of the households has to be of
type (1, 0) to simplify the problem arising from the possibility of two households
of, say, type (1, 3) wanting to form. Our model limits the number of children
to be at most four, but this formation would produce six children and further
complicate the model if we did not make the aforementioned assumption. If
there are no households of type (1, 0), then the rate of couple formation is zero
and the event cannot occur.

vi. Emigration and immigration
Lastly, we define the migration events. Let p(i,j) be the probability of a household type (i, j) leaving/entering the population given an emigration/immigration
event has occurred. A household of type (i, j), for all j and i 6= 0, can leave the
system with rate p(i,j) φ and hence leave behind an empty household. We call this
an emigration event. An empty household can become inhabited by an incoming
family of type (i, j) at rate p(i,j) ξ. However, just as with the couple separation
and children moving out of home events, families choose to enter the population more if there are a lot of empty households. We call this an immigration
event.

vii. New empty household
In most cities across the world, populations are increasing; this produces a demand for new houses to be built. By building new empty households we can
simply relax the assumption of a constant number of total households. An alternative way to formulate this would be to not count the number of empty
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households, but in doing so the rate of an immigration event would become difficult to define. Additionally, the rates of couple separation and children moving
out of home both rely on the number of empty households. To remove the number of empty households from our state would further complicate the model, so
we define the event where a new empty household is produced by adding a single
(0, 0) household to the population, at a rate gM , where M is the total number
of households in the population initially. For g > 0, the number of households
in the population is not held constant.

2dA m(2,j)
dA m(1,j)
jdC m(i,j)

(2, j) → (1, j)
(1, j) → (0, 0)
(i, j) → (i, j − 1)

Adult Death (2)

Adult Death (1)

Death of Child

m(0,0) 
M

cs m(2,j) 1 − f

(2, j), (0, 0) → (1, j), (1, 0)
(2, j), (0, 0) → (1, j), (1, 0)

Couple Separation

Couple Separation (emigrate)

∅ → (0, 0)

Table 3.1: Summary of the demographic events.

gM

(0, 0) → (i, j)

Immigration

New Empty Household

p(i,j) φm(i,j)
m(0,0) 
p(i,j) ξf
m(0,0)
M

(i, j) → (0, 0)

Emigration

m(0,0) 
M

m(0,0) 
M

cs m(2,j) f

(1, j), (1, 0) → (2, j), (0, 0)

cf
M m(1,j) m(1,0)

jmout m(i,j) 1 − f

(i, j) → (i, j − 1)

Couple Formation

Child Moving Out (emigrate)

jmout m(i,j) f

(i, j), (0, 0) → (i, j − 1), (1, 0)

m(0,0) 
M

bj m(2,j)

(2, j) → (2, j + 1)

Birth

Child Moving Out

Rate

Transition

Event

j 6= 0

j 6= 0

j 6= 4

Exclusions
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Parameter

Quick Description

bj

birth rate in a household with j children

dC

death rate of a child

dA

death rate of an adult

mout

rate of a child moving out

cf

rate of couple formation parameter

cs

rate of couple separation parameter

φ

rate of emigration parameter

ξ

rate of immigration parameter
probability of emigration/immigration

p(i,j)
out of/into household type (i, j)
Table 3.2: A summary of the parameters and a brief description of the demography event to which it is associated.

3.2

Preference function

Recall the child moving out and couple separation and immigration events, and
the as yet undefined functional form of the probability of leaving the system.
Let f : [0, 1] → [0, 1] be a function that depends on the proportion of empty
households,

m(0,0)
.
M

Let the event L be when an individual leaves their household

through either a child moving out or a couple separation event, and let the event
E be when that individual chooses to stay in the population and hence move
into an available empty household. We have an interpretation of this function f
such that,
f

m

(0,0)

M



= P E |L, m(0,0)



This leads to the requirement that f (0) = 0, which says that if there are no empty
households available, there is 0 probability that a home-leaver will move into an
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empty household. Further, it should be noted that this function does not imply
a choice but rather reflects a variety of factors in whether an individual leaves
the population or stays. Small numbers of empty households means it is more
difficult to find an available home to move into. As a consequence, there will
also be more competition in order to secure a house as all the home-leavers are
competing against one another for very few available empty households. From
a macroscopic viewpoint, the less empty households there are in the population,
the more likely one would see a home-leaver (whether that be a child moving out
or an adult leaving their partner or family looking for a new city to live in) leave
the population entirely as securing a new home to live in the same city becomes
more difficult than if there were a large number of empty households.
One example of such a function is,

f

m

(0,0)

M







m(0,0) k
=C 1− 1−
.
M

(3.3)

where C is the maximum probability of an individual moving into an empty
household. That is f (0) = 0 and f (1) = C. We set C = 0.95, which has the
intuitive interpretation that in a population with sufficient empty households
such that an individual could move into an empty household if he/she so desired,
they would move into an empty household 95% of the time.
There is still the question of what power, k, is utilised in Equation (3.3). Four
possible values are displayed in Figure 3.1. For each value of k, the shape is
similar, except for the steepness of the slope for small proportions of empty
households. Census data suggests that empty households make up approximately
10–15% of all households [29] so for a “typical” population, low proportions of
empty households should still produce moderate to high probabilities of choosing
to stay in the population. We arbitrarily choose k = 9, and set C = 0.95.
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Figure 3.1: Graph of Equation (3.3) for k values specified in the legend and
C = 0.95.

3.3

Methods for evaluating the population dynamics

In this section, we discuss the theory and the methods that we use to analyse
our stochastic model. The two methods include a stochastic simulation method
and a deterministic approximation for the expected behaviour of our stochastic
model.

3.3.1

Stochastic simulation

To simulate the demographic model, refer to Section 2.2.1 for the general methodology. However, in order to properly explain the procedure, the generic variables
used should be defined. The state space of the system we are simulating is Sdemo
(recall Equation (3.2)), where the initial condition is taken to be the distribution
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of households as seen in 2001 census data [29]. More detail on how this data is
utilised is discussed in Section 3.4
In total, there are 60 unique events. Let r be a vector of length 60 with components corresponding to the rate of each of these events. Then Λ is the stoichiometric matrix of size 11 × 60, where column c is the net change in the number of
households of each type corresponding to the event with rate in the cth component of r. With this information, the system can be simulated using the so-called
Gillespie algorithm.
We plot a realisation against the deterministic trajectory (which will be defined
in Section 3.3.2), and discuss the relationship between the two methods in detail
in Section 3.3.3.

3.3.2

Deterministic approximation

Stochastic simulation can be computationally expensive, which will be discussed
briefly in Section 3.3.3 and so theory proved by Kurtz [23] becomes pivotal to
evaluate the model efficiently. The result allows us to approximate the expected
behaviour of a density dependent CTMC deterministically, which can improve
the speed with which we can analyse the model. In order to use the theory
proved by Kurtz, we require our model to be density dependent, as defined in
Section 2.2.2. In addition to the density dependent rates, the theory looks at the
limit as the number of households approaches infinity.
Recall Equation (3.2), where m is the vector with the number of each household
type in the population, and let z be the transition vector that changes m due to
the event type k. To show the model is density dependent, all of the rates for
the event types k, as described in Section 2.2.2, must be able to be put in the
form,
(k)
qm,m+z


= Mw


1
m, z ,
M

38

Chapter 3. Demography model

where M is the total number of households in the population and w (x, z) is a
continuous function such that x =

1
m
M

∈ R11 and z ∈ Z11 .

In order to satisfy the above condition, w must be defined for each event type.
Once it is known that the CTMC is density dependent, the results detailed by
Kurtz in [23] can be applied. Denote,

x = (x(0,0) , x(1,0) , . . . , x(2,4) ).

Then for a household of type (i, j) and the preference function f , set,

w=

















































































bj x(i,j)

births, where bj = 0 if i 6= 2

dC x(i,j)

child death

dA x(i,j)

adult death

φx(i,j)

emigration

ξx(0,0) f (x(0,0) )

immigration


mout f x(0,0) x(i,j)

moving out

mout 1 − f x(0,0)



x(i,j) moving out (emigrate)


cs f x(0,0) x(i,j)
cs 1 − f x(0,0)



couple separation, where cs = 0 if i 6= 2
x(i,j)

couple separation, where cs = 0 if i 6= 2 (emigrate)

cf x(1,0) x(i,j)

couple formation, where cf = 0 if i 6= 1

g

new empty household.

Hence the CTMC is density dependent and so a system of differential equations,
as described in [23], can be constructed. These differential equations, in the most
intuitive sense, measure the rate at which each event type changes the proportion
of each household type. These rates have different functional forms, so we split
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the events up into subsets. Each subset has events with similar forms of rates
which allows us to construct our differential equations in a concise manner.
We solve the system of differential equations numerically because finding an
analytic solution is infeasible for this model. In order to evaluate the system
efficiently, we need a compact representation of the differential equations. That
is, we construct the system of differential equations as a product of matrices and
vectors, where the matrices depend on the subsets of events just introduced. We
will define the subsets shortly.
If all the rates were linear, the system of differential equations would be a product
of a matrix and a vector. That is, for some matrix A,
dx
= Ax.
dt
However, because the rates are not all linear, we must use a different form to
specify the system of differential equations.
Let E be the set of all event types; that is, births, adult deaths, child deaths,
children moving out of home, couple formation and separation, immigration and
emigration. Of these types of events, births, both adult and child deaths, and
emigration have linear rates, and so these events make up the set we denote
Elin . Let Edec be the set of events consisting of moving out of home and couple
separation, as these events both have the same formulation for the rates where
there is some probability that an individual stays or leaves the population. Let
Eim be the set containing the immigration event, and Ecf be the set containing
couple formation. Hence we have,

E = Elin ∪ Edec ∪ Eim ∪ Ecf .

For each of these subsets, a matrix will be constructed to formulate the system
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of differential equations described by Kurtz. The system of differential equations
can be written as,



dx
= Flin + f x(0,0) F1 + 1 − f x(0,0) F2 + x(1,0) F3 x + G,
dt
where G = (g, 0, ..., 0)T which increases the proportion of empty households at a
constant rate g, and Flin , F1 , F2 , and F3 are defined in Appendix A.

3.3.3

Numerical verification of evaluation methods

The system of differential equations just derived is quite obviously non-linear
and hence is more complicated to solve than standard linear differential equations. We content ourselves with numerical solutions using the Matlab function
ode15s.
The theory proved by Kurtz [23], as introduced in Section 2.2.2, outlines how a
system of differential equations can approximate the expected behaviour of the
stochastic model as the population size gets larger. At the beginning of Section
3.3.2, it was shown that the CTMC satisfies the conditions of Kurtz’s theorem
and hence a system of differential equations were constructed.
Figure 3.2 displays the deterministic trajectories of each of the eleven household
types with a realisation of the stochastic model on the same axes. It is noted
that the stochastic trajectories follow roughly the same path as the deterministic
as expected.
To further show that the two models are consistent, 50 simulations were run and
averaged for an initial population of 5.55×105 households (1.13×106 individuals)
and hence the average trajectories for each of the household types are plotted
on the same axes as the deterministic solution, as seen in Figure 3.3. The difference between the deterministic and stochastic trajectories are quite small. After
only 50 realisations, we see the average of the simulations much more closely
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matched compared to those in Figure 3.2. This shows satisfactory validation of
our approximation using Kurtz’s results.
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Figure 3.2: The trajectories of a single realisation and the deterministic solution
of the number of households of each type, over fifteen years, on the same axes,
with an initial population of 5.55 × 105 households (1.13 × 106 individuals).
Parameters as in Table 3.3.
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Figure 3.3: The trajectories of the average of 50 realisations and the deterministic
solution of the same axes, on an initial population of 5.55 × 105 households
(1.13 × 106 individuals). Parameters as in Table 3.3.
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Parameterisation

In this section, the model is parameterised using household composition data
from the years 2001, 2006 and 2011 [29], shown in Figure 3.4. We present two
different parameterisations using this data that corresponds to a population with
a fixed number of households and also a population with a growing number of
households.

Figure 3.4: The number of each household type in South Australia, from the
2001, 2006, 2011 census data.
We use a least squares method to parametrise the demographic model using the
deterministic approximation. This is because we only require a fit that allows
realistic movement between households, in addition to keeping the proportions
of each of the households resembling the census data in Figure 3.4. When the
disease dynamics are introduced, these features will be more important rather
than a robust parameterisation as the demography model is on a much slower
time scale compared to the disease dynamics.
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Data concerning the structure of households in cities around Australia are available and are utilised. Recall that a group household is a household containing
two or more unrelated individuals over the age of 15 that are not in a relationship
of a romantic or parent-child kind. As the proportion of group households is so
small in comparison to the other household types, we neglect them and only consider households that are represented by our model. We parameterise our model
according to South Australian census data [29]. Note that in the data, there are
a total of 6.1 × 105 households (1.2 × 106 individuals) in the year 2011, which is
a large enough population size such that the deterministic approximation to the
household model is very good, as seen in Section 3.3.3.
To use the data, we need to group the data into the household types detailed
earlier in Chapter 3. We let v(2001) , v(2006) and v(2011) be the vectors containing
the number of households of each household type. Recall the set T (Equation
(2001)

(3.1)), then v(i,j) is the number of the households of type (i, j). Then v(2001) =


(2001) (2001)
(2001)
v(0,0) , v(1,0) , ..., v(2,4) , and similarly for v(2006) and v(2011) . Further, let,
vp(2001) = P
(2006)

and similarly for vp

(2011)

and vp

1
(2001)
(i,j)∈T v(i,j)

v(2001) ,

; these vectors represent the proportion of

each household.
There are two sets of parameters that are considered for the demography dynamics throughout this thesis: a household model with a fixed number of households
and a model where the number of households is growing. The model with the
fixed number of households is used to compare with existing models with fixed
population sizes and a stable population structure, and this is done by taking an
average of the census data over the ten years as the composition of the population
is not changing significantly. However, the model with the growing number of
households can be used to investigate a constantly changing population structure,
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and so we fit the parameters to the number of households in the population over
the ten years, utilising the fact that the population is indeed growing. The model
is parameterised (to determine the parameters used in Table 3.2) by solving the
following optimisation problems.

3.4.1

Parameterising the stable model

Let x be a vector of length 21, such that, x = (b, dC , dA , mout , cf , cs , φ, ξ, p),

where b = (b0 , ..., b3 ) and p = p(1,0) , p(1,1) , ..., p(2,4) . Let m∗ be the number of
households of each type in equilibrium. Then define the optimisation problem
by the following,

min
x

subject to

fs (x) = m∗ −
X


1 (2006)
vp
+ vp(2011)
2

2

p(i,j) = 1,

(i,j)∈T


10−2 , 10−2 , 10−2 , 10−2 ≤ b ≤ (0.5, 0.5, 0.5, 0.5) ,
1
1
≤ dC ≤ ,
90
50
1
1
≤ dA ≤ ,
75
40
1
1
≤ mout ≤ ,
30
18
10−3 ≤ cs ≤ 0.05,
10−3 ≤ cf ≤ 0.085,
10−3 ≤ φ ≤ 0.04,
10−3 ≤ ξ ≤ 0.06,
L ≤ p ≤ U,
where

L = (0.2, 0.04, 0.04, 0.04, 0.04, 0.2, 0.05, 0.05, 0.05, 0.05) and,
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U = (0.5, 0.3, 0.2, 0.2, 0.2, 0.5, 0.2, 0.15, 0.15, 0.1).

Using the fmincon Matlab function, the parameters that minimise fs (x) are
summarised in Table 3.3. These parameters are then utilised in solving the
differential equations established in Section 3.3.2, where the proportion of each
household can be compared to the census data in Figure 3.5. Additionally, the
figure also shows that in the long term the distribution of the household types
is very similar to that of the current population structure, albeit with a slight
increase in (1, 0) households. It should be noted that the model was also fitted
assuming b0 = b1 = b2 = b3 , to test whether the extra flexibility of additional
parameters is necessary, but this method did not produce as close a fit as the
method where the birth rate depends on household type.
Parameter

Value

b

(0.0158, 0.1263, 0.0292, 0.0100)

dC

0.0111

dA

0.0133

mout

0.0333

cf

0.0850

cs

10−3

φ

0.0057

ξ

0.060
(0.20, 0.04, 0.04, 0.04, 0.04,

p
0.20, 0.19, 0.05, 0.15, 0.05)
Table 3.3: A summary of the parameters that minimise the function fs (x).
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Figure 3.5: Two graphs that demonstrate the fit of the parameters, in Table
3.3, by forecasting the proportion of each household type over 100 years and
500 years, and comparing against the average of the real data from 2006 and
2011. As this parameter set is for a stable population, the assumption that the
population composition is not changing is seen to be valid as the proportions of
each household type are not changing significantly.
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Parameterising the growing model

Let x be a vector of length 22, such that, x = (b, dC , dA , mout , cf , cs , φ, ξ, g, p),

where b = (b0 , ..., b3 ), p = p(1,0) , p(1,1) , ..., p(2,4) , and g is the rate at which a
new empty household is added, per household in the population. Let m(t) be the
number of households of each type after t years. Then define the optimisation
problem by the following,
2

fg (x) = m(5) − v(2006) + m(10) − v(2011)
x
X
subject to
p(i,j) = 1,

min

2

(i,j)∈T


10−2 , 10−2 , 10−2 , 10−2 ≤ b ≤ (0.5, 0.5, 0.5, 0.5) ,
1
1
≤ dC ≤ ,
100
60
1
1
≤ dA ≤ ,
100
50
1
1
≤ mout ≤ ,
35
18
10−3 ≤ cs ≤ 0.05,
10−3 ≤ cf ≤ 0.085,
10−3 ≤ φ ≤ 0.05,
10−3 ≤ ξ ≤ 0.05,
0 ≤ g ≤ 1,
L ≤ p ≤ U,
where

L = (0.2, 0.04, 0.04, 0.04, 0.04, 0.2, 0.05, 0.05, 0.05, 0.05) and,
U = (0.5, 0.3, 0.2, 0.2, 0.2, 0.5, 0.2, 0.15, 0.15, 0.1).
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Using the fmincon Matlab function, the parameters that minimise fg (x) are
summarised in Table 3.4. These parameters are utilised and compared to the
census data in Figure 3.6. We consider endemic diseases, and hence we look at
the long-term population structure. Figure 3.6 also shows the number of each
of the households that the model produces in 100 years times, and how the
proportion of each household compares to the current data. This parameter set
means that 4095.5 households are added to the population each year, meaning
in just over 100 years the population will approximately double. Despite the
increase of additional households, the proportion of each of the households does
not change significantly. In fact, if anything it shows a decrease in families with
children and increase in families without, which is the current trend, which can
be seen in the Figure 3.4.
Parameter

Value

b

(0.0100, 0.0996, 0.0399, 0.0320)

dC

0.0144

dA

0.0100

mout

0.0291

cf

0.085

cs

10−3

φ

10−3

ξ

0.05

g

0.0067
(0.20, 0.04, 0.04, 0.04, 0.04,

p
0.20, 0.19, 0.05, 0.15, 0.05)
Table 3.4: A summary of the parameters that minimise the function fg (x).
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(a)

(b)

(c)

(d)

Figure 3.6: Four plots that demonstrate how the parameters in Table 3.4 fit
against data. Plot (a) displays the parameterised model after 5 years (dark blue)
compared against real 2006 census household composition data (grey). Plot (b)
displays the parameterised model after 10 years (light blue) compared against
real 2011 census household composition data (black). Plots (c) and (d) display
the number of households and the proportion, respectively, of the parameterised
model after 100 years (brown) compared against the the parameterised model
after 10 years (light blue).
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Throughout this chapter, we have developed a CTMC that models population
dynamics. In Chapter 4, we extend the CTMC by adding disease dynamics
by defining events and rates for the transmission of the disease, moving from
the exposed class to the infectious class, recovering from the disease, and losing
immunity to the disease.

Chapter 4
Demography with disease
model
In this chapter we extend the model in Chapter 3 to include disease dynamics.
Recall that the population is made up of M households, each of which is split
into one of eleven different household types,

{(0, 0)} ∪ {(i, j) : i ∈ {1, 2}, j ∈ {0, 1, 2, 3, 4}} ,

where i is the number of adults in a household and j is the number of children
in a household. We let m(i,j) be the number of households of type (i, j) in the
population.
For the disease dynamics, we adopt a SEIR compartmental model. That is, each
individual can be in one of the four compartments: susceptible (S), exposed (E),
infectious (I) or recovered (R). If an individual is susceptible then they have not
contracted the disease but are able to. An exposed individual has the pathogen in
their system but is not yet infectious and hence is not able to transmit the disease
to susceptible individuals. Infectious individuals are those that are able to infect
susceptible individuals, and recovered individuals are those that are currently
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immune to contracting the disease and are unable to transmit the pathogen. We
represent each household of type (i, j) by the vector

(i,j)
H(Sa ,Ea ,Ia ,Sc ,Ec ,Ic ) = Sa(i,j) , Ea(i,j) , Ia(i,j) , Sc(i,j) , Ec(i,j) , Ic(i,j) ,
(i,j)

where in a household of type (i, j), Sa

(i,j)

ble adults and children, respectively, Ea
(i,j)

adults and children, respectively, Ia

(i,j)

and Sc

are the number of suscepti-

(i,j)

and Ec
(i,j)

and Ic

are the number of exposed

are the number of infectious

adults and children, respectively. Lastly, although not needed to define the state
(i,j)

of the process, define Ra

(i,j)

and Rc

to be the number of recovered adults and

children, respectively. Henceforth, we will omit the superscript (i, j) to denote
what household we are referring to, instead making it clear by prefacing statements with the household type. The number of recovered adults and children in
each household are not needed in describing the state because in each household
type, there is a fixed number of adults and children. That is, in a household of
type (i, j),

Sa + Ea + Ia + Ra = i

(4.1)

Sc + Ec + Ic + Rc = j.

(4.2)

Configurations
In Chapter 3 the households were split into different types. Now, however, the
individuals within these households can take on a number of different disease
statuses. As such, for each household type (i, j), there are a number of different
disease configurations that the inhabitants of the households can be in. By
considering all possible combinations for adults, and then for children, we can
calculate the total number of configurations that are required for each household
type. That is, we can calculate the number of different ways i adults can be
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compartmentalised from the set {S, E, I, R} with repetition allowed, and then
calculate the number of ways j children can be compartmentalised and then we
multiply those two numbers together to get the total number of configurations.
Hence, we calculate below the number of different configurations that groups of
1, 2, 3, or 4 individuals can take.
If we first consider a group of individuals of size 1, then there are 4 possible
combinations {S, E, I, R}. In a group of size 2, there are 10 possible combinations {SS, SE, SI, SR, EE, EI, ER, II, IR, RR}. We can determine this for any
group size k by considering the number of combinations with repetition from the
set of four possible disease statuses {S, E, I, R}. If we let Ck be the number of
configurations that k individuals can take. Then, using the k-multicombination
formula,
  

4
4+k−1
(3 + k)!
.
Ck =
=
=
3!k!
k
k

(4.3)

We summarise in Table 4.1 the number of disease configurations for each household type. In total, there are 981 different household configurations.
Household Type

Combinations

(0, 0)

1

(1, 0)

4

(1, 1)

16

(1, 2)

40

(1, 3)

80

(1, 4)

140

(2, 0)

10

(2, 1)

40

(2, 2)

100

(2, 3)

200

(2, 4)

350

Table 4.1: The number of disease configurations for each different household
type.
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In order to simplify notation, let v = (Sa , Ea , Ia , Sc , Ec , Ic ), and let ei be a vector
of length 6 consisting of all zeros except for a 1 in the ith component. Further,
(i,j)

let mv

(i,j)

be the number of households of type Hv

in the population. Also, let

H (0,0) denote an empty household and m(0,0) be the number of empty households
in the population. We recall the set T (Equation (3.1)) and hence write the
state space of the disease model by ordering our household configurations by
their household type (as in T ), and then within each of these types we order
the configurations lexicographically. Then we can define the state space of our
disease dynamics model, Sdis , as
(
Sdis =



(1,0)
(1,0)
(2,4)
m = m(0,0) , m(1,0,...,0) , m(0,1,0,...,0) , ..., m(0,...,0) :
)
X

X

m(i,j)
v

= M,

m(i,j)
v

(4.4)

≥ 0 ∀ (i, j) ∈ T , v ∈ C(i,j) ,

(i,j)∈T v∈C(i,j)

where C(i,j) is the set of all the disease combinations for the household type
(i, j).

4.1

Events

In this section we detail each of the events that can happen to our population of
households. We split the events into two different categories: disease dynamics
and demography dynamics. First, the disease dynamics are defined. We then
redefine the population dynamics, which are summarised in Table 3.1, so that
they align with the new formulation of the state space. Also, note that because
the demographic events occur on a slower time scale compared to the disease
dynamics, all rates (disease and demographic) have been chosen to be defined in
terms of years for convenience.
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Disease events

While the events for a SEIR disease model are well established, our model can
distinguish between adults and children which in turn alters some of these events
and rates. We define infection, recovery and waning immunity events, in addition to the two different types of transmission events corresponding to withinand between-household transmission. We define these events, and their associ(i,j)

ated transition rates, for a household with configuration Hv

. Recall that in a

household of type (i, j),

Ra = i − Sa − Ea − Ia and Rc = j − Sc − Ec − Ic .

i. Exposed becoming infectious
An exposed adult will become infectious after a latent period with mean

1
σ

years,

so the transition
(i,j)

Hv(i,j) → Hv−e2 +e3
(i,j)

(i,j)

occurs at rate σEa mv . With rate σEc mv , we can similarly define for children
the transition for an exposed child becoming infectious,
(i,j)

Hv(i,j) → Hv−e5 +e6 .

ii. Recovery
An infectious adult will recover from the disease after an infectious period with
mean

1
γ

(i,j)

years. Hence we see an adult recovery event in the household type Hv
(i,j)

at rate γIa mv , with transition
(i,j)

Hv(i,j) → Hv−e3 .
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(i,j)

Similarly, we see a child recovery event in the household type Hv

at rate

(i,j)

γIc mv , with transition
(i,j)

Hv(i,j) → Hv−e6 .
iii. Waning immunity
Often in epidemic models, an individual has life-long immunity to the infectious
disease. However, we define the event of waning immunity to allow for the possibility that immunity fades over time because for endemic diseases, the time scale
is much longer. This means we can investigate diseases that continue to infect
people even if they have been sick with the infectious disease previously.
A recovered adult will lose immunity after they recover, on average, in

1
ω

years.
(i,j)

Then the event where an adult loses their immunity, in a household type Hv

,

(i,j)

occurs at rate ωRa mv , with transition
(i,j)

Hv(i,j) → Hv+e1 .
(i,j)

Similarly, we see a recovered child lose immunity in a household type Hv

at

(i,j)

rate ωRc mv , with transition
(i,j)

Hv(i,j) → Hv+e4 .

iv. Within-household transmission
(i,j)

In a household of type Hv

, where i + j ≥ 2, an infectious individual can

transmit the disease to a susceptible individual in the same household. We call
this a within-household, or local, transmission. Let β be a matrix of transmission
parameters such that,




βaa βac 
β=
,
βca βcc
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where βaa is the local transmission parameter corresponding to an adult transmitting the disease to another adult, and similarly βac is the parameter corresponding
to an adult to child transmission, βca corresponds to a child transmitting the disease to an adult, and lastly βcc is the parameter corresponding to a child-to-child
transmission.
An adult will become infected by other members of their household at rate
Sa (βaa Ia + βca Ic ) (i,j)
mv
i+j−1
where the associated transition is given by
(i,j)

Hv(i,j) → Hv+e2 −e1 .

Similarly, we define a child being infected from within their own household at
rate
Sc (βac Ia + βcc Ic ) (i,j)
mv
i+j−1
where the associated transition is given by
(i,j)

Hv(i,j) → Hv+e5 −e4 .

v. Between-household transmission
In the population of M households, an infectious individual can also transmit the
disease to any susceptible individual in the population, which we call betweenhousehold, or external, transmission. Let IaT be the total number of infectious
adults in the population, and IcT be the total number of infectious children in
the population. As we did for local transmission, we can create a matrix of
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between-household transmission parameters and label it α, where,




αaa αac 
α=
,
αca αcc
where αaa is the between-household transmission parameter corresponding to
an adult transmitting the disease to another adult, and similarly αac is the parameter corresponding to an adult to child transmission, αca is the parameter
corresponding to a child transmitting the disease to an adult, and lastly αcc is
the parameter corresponding to a child-to-child transmission.
(i,j)

Then a susceptible adult in a household of type Hv

will contract the disease

and hence become exposed to the pathogen at rate,

Sa αaa IaT + αca IcT + M  (i,j)
mv ,
N
where N is the total number of individuals in the population, M is the total
number of households in the population, and  is a small importation term per
household that allows a disease to migrate into the population. The transition
is given by
(i,j)

Hv(i,j) → Hv+e2 −e1 .
(i,j)

Similarly, a susceptible child in a household of type Hv
and hence become exposed to the pathogen at rate,


Sc αac IaT + αcc IcT + M  (i,j)
mv
N
with transition given by
(i,j)

Hv(i,j) → Hv+e5 −e4 .

will contract the disease
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Demography events

While the demography events have already been outlined in Section 3.1, the rates
and transitions must be reformulated to align with the new definition of the state
space introduced earlier in Section 4. Here we redefine the population dynamics
(i,j)

events for a household configuration of Hv

.

i. Births
In this event, a household with two adults and no more than three children can
experience a birth event. We assume that a child is born susceptible. That is,
the household will gain one susceptible child. Let i = 2 and j ≤ 3. Then we can
define a birth event by the transition,
(2,j+1)

Hv(2,j) → Hv+e4
(2,j)

at rate bj mv

.

ii. Deaths
There are three different types of deaths: adult (1), adult (2), and children. We
look at each of them separately.
Adult Death (1): This event occurs in households with only one adult. We
remove the adult from the household and assume that any children left parentless
in the household are removed from the population. Hence this is equivalent to
just removing the household as an emigration event. Here, because we only have
a single adult, we let i = 1. Then a single adult death event is characterised by
the transition
Hv(1,j) → H (0,0)
(1,j)

with rate dA mv

.
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Adult Death (2): Alternatively, if there are two adults in a household, one is
picked randomly and is removed from the household. Now, let i = 2. Then a
couple household (with or without children) death event can be defined as

Hv(2,j) →


(1,j)
(i,j)


Hv−e1 with rate Sa dA mv








(1,j)
(i,j)


 Hv−e2 with rate Ea dA mv

.



(1,j)
(i,j)


Hv−e3 with rate Ia dA mv








 Hv(1,j) with rate R d m(i,j)
a A v
Children Death: Lastly, for deaths, in a household with at least one child, we
randomly pick one child and remove them from the system. For j ≥ 1, we can
define children death events as the transition

Hv(i,j) →


(i,j−1)
(i,j)


Hv−e4 with rate Sc dC mv








(i,j−1)
(i,j)


 Hv−e5 with rate Ec dC mv

.



(i,j−1)
(i,j)


Hv−e6 with rate Ic dC mv








 Hv(i,j−1) with rate R d m(i,j)
c C v
iii. Children moving out
If j ≥ 1, then an event where a child moves out of home can occur. Just as was
defined in Chapter 3, there are two possibilities. A child can move out of home
and either leave the population, effectively emigrating, or move into an empty
household and hence become an adult. If we define the function that determines
the probability of an individual deciding to move into an empty household to be
the preference function, Equation (3.3), then we can write down the transitions
and rates at which they occur.
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Move into empty household: A child will leave home and move into an empty
household in the following way:


Hv(i,j) , H (0,0) →

 

 (0,0) 
(i,j)
(i,j−1)
(1,0)

m

with
rate
S
m
m
f
H
,
H
e1
c out v

v−e4
M






 (0,0) 



(i,j)
(i,j−1)
(1,0)
m


with
rate
E
m
m
f
H
,
H
v
e
c out
2

v−e5
M

.


 (0,0) 



(i,j)
(i,j−1)
(1,0)
m


with
rate
I
m
m
f
H
,
H
v
e
c
out
3
v−e6

M







 (0,0) 


m
 Hv(i,j−1) , H (1,0) with rate Rc mout m(i,j)
f
v
0
M
Emigrating: In the case where a child decides to move out of home and leave
the population, the transitions and rates are:

Hv(i,j) →



 (0,0) 
(i,j−1)
(i,j)

m

1
−
f
H
with
rate
S
m
m
v
c out

v−e4
M






 (0,0) 


(i,j−1)
(i,j)
m


H
1
−
f
with
rate
E
m
m
v
c
out
 v−e5
M

.


 (0,0) 


(i,j−1)
(i,j)
m


H
1
−
f
with
rate
I
m
m
v
c
out
v−e6

M






 (0,0) 


 Hv(i,j−1) with rate Rc mout m(i,j)
1 − f mM
v
iv. Couple separation
When i = 2, couples can separate. Each adult in a household has equal probability of being removed from the household, given that a couple separation event is
occurring. As the couple separation event in a household with two adults occurs
with rate cs , each adult is removed from the household due to couple separation
at a rate of 12 cs . As with children moving out, the adult leaving the household can
either leave the population or move into an empty household. Again, we use the
preference function, Equation (3.3), for determining the probability of an adult
staying in the population and hence moving into an empty household.
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Move into empty household: When an adult separates from their partner
and chooses to move into an empty household, the transitions and rates can be
written down in the following way:


Hv(2,j) , H (0,0) →

 

 (0,0) 
(1,j)
(1,0)

Sa (i,j)
m

with
rate
c
H
,
H
m
f
e1
v
s 2

v−e1
M






 (0,0) 



(1,j)
(1,0)
Ea (i,j)
m


with
rate
c
m
f
H
,
H
v
e
s 2
2

v−e2
M

.

 (0,0) 




(1,j)
(1,0)
m
Ia (i,j)


m
f
H
,
H
with
rate
c
v
e
s
3
v−e3

2
M







 (0,0) 


Ra (i,j)
m
 Hv(1,j) , H (1,0)
with
rate
c
m
f
v
s
0
2
M
Emigrating: In the case where the adult leaves the population instead of moving
into an empty household, the transitions and rates are:

Hv(2,j) →



 (0,0) 
(1,j)

Sa (i,j)
m

H
with
rate
c
m
1
−
f
v
s 2

v−e1
M






 (0,0) 


(1,j)
m
Ea (i,j)


1
−
f
m
H
with
rate
c
v
s
 v−e1
2
M

.


 (0,0) 


(1,j)
m
Ia (i,j)


H
m
1
−
f
with
rate
c
v
s
v−e1

2
M










 Hv(1,j) with rate cs Ra mv(i,j) 1 − f m(0,0)
2
M
v. Couple formation
If i = 1, then a household can undergo the event of couple formation, where a
lone adult can merge with another household with one adult. The transitions for
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these events can be denoted by the following:

(1,0)


He1








(1,0)


 He2








 (1,j)
Hv ,




(1,0)



He3











 H (1,0)
0

































→



































H (0,0) , Hv+e1

(2,j)



with rate

cf
(1,0) (i,j)
me1 mv
M



H (0,0) , Hv+e2

(2,j)



with rate

cf
(1,0) (i,j)
me2 mv
M

(2,j)



with rate

cf
(1,0) (i,j)
me3 mv
M



with rate

cf
(1,0) (i,j)
m0 mv
M

.


H (0,0) , Hv+e3



H (0,0) , Hv

(2,j)

vi. Emigration and immigration
Households of all types can emigrate (leave the population), and any type of
household can immigrate (enter the population) through an empty household.
(i,j)

Define pv

to be the probability that a household of type (i, j) and configura-

tion v will experience an emigration or immigration event, conditioned on an
emigration or immigration event occurring in the population.
Emigration: A household will leave the population at instantaneous transition
(i,j)

(i,j)

rate φpv mv . Then the transition is

Hv(i,j) → H (0,0) .

Immigration: An empty household will become inhabited by an immigrating
 (0,0) 
(i,j)
household at instantaneous transition rate ξpv f mM
m(0,0) . The preference
function is used to measure how likely a family is to choose a population with
m(0,0) empty households. The transitions are

H (0,0) → Hv(i,j) .

vii. New empty household
New empty households, H (0,0) , are built at rate M g > 0.
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Seasonal forcing

There is strong evidence that the number of infectious individuals can peak seasonally for certain diseases [31, 32] due to the increased transmission rates in
children during the school term when children are in close proximity to one another and there are many contacts between individuals. As we are primarily
motivated by measles, a disease that predominantly impacts children, we introduce seasonal forcing to our model, which essentially increases transmission of
the disease during particular seasons which is outlined in Table 4.2. This table
presents an example school year based on Adelaide, South Australia school terms
in 2016. During the school terms, the rates of transmission are changed.
Time of Year

Dates

Summer holidays

1st Jan – 31st Jan

Term 1

1st Feb – 15th April

Term 1 holidays

16th April – 1st May

Term 2

2nd May – 8th July

Term 2 holidays

9th July – 24th July

Term 3

25th July – 30th Sept

Term 3 holidays

1st Oct – 16th Oct

Term 4

17th Oct – 16 Dec

Summer holidays

17th Dec – 31st Dec

Table 4.2: The dates of school terms in 2016.
Let β(t) and α(t) be the time dependent within and between household transmission matrices, respectively. While it is common to use sinusoidal functions as
a means to seasonal forcing [16], the step function more accurately captures the
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dynamics [5]. We can write,

β(t) = β (h) + I{t∈Ts } β (s) ,
α(t) = α(h) + I{t∈Ts } α(s) ,
where β (h) and α(h) are the transmission matrices parameterised as the holiday
transmission rates, and where β (s) and α(s) are the changes to the holiday transmission matrices during the school term, and where I{•} is the indicator function
and Ts is a set containing all the times at which children are at school as shown
in Table 4.2.

4.3

Analysis

Similarly to Section 3.3, we discuss the theory and methods used for analysing our
stochastic model. The two methods that we implement are, again, a stochastic
simulation method and a deterministic approximation for the expected behaviour
of our stochastic system.

4.3.1

Stochastic simulation

We implement the so-called Gillespie algorithm [22] as outlined in Section 3.3.1.
Here, however, the generic variables used will be defined. The state space of
the process we are simulating is Sdis (Equation 4.4), and we define the initial
condition (for the results in Chapter 5) to be an entirely susceptible population
except for two households of type (2, 2) and (2, 3), each with one child exposed
to the disease. We choose these household types to initialise the disease because
they have a large number of individuals in the household and so we increase the
probability that the disease will be transmitted to others at the beginning of the
outbreak.
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Accounting for each household configuration and each household type, there are
a total of 30209 different events, many of which will not be possible at each
jump time. Let r be a vector of length 30209 with components corresponding
to the rate of each event. Then Λ is the corresponding stoichiometric matrix of
size 981 × 30209, where column c is the net change in the number of households
of each type corresponding to the event with rate in the cth component of r.
With this information, the system can be simulated using the so-called Gillespie
algorithm.
Figure 4.1 shows one realisation of the number of infectious individuals over five
years, as well as the solution to the deterministic formulation that we define
shortly. Simulating over this period takes approximately 15 minutes, implemented in Matlab. However, the majority of this time is spent in the initial
peak as in a population of approximately one million individuals where there
are only a very small number of infectious individuals initially, over a thousand
individuals will contract the disease, which means that there has to be at least
that many transitions in the stochastic simulation, which is very computationally expensive if there are recurring peaks (which can occur for different initial
conditions), especially when many realisations are required.
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Figure 4.1: A single stochastic realisation (blue) and the deterministic trajectory
(orange) of the number of infectious individuals in the population. The initial
condition for this is setting the proportion of susceptible individuals in the population to be 8%, and recovered individuals 91%, and 0.5% each of exposed and
infectious, and parameters to be defined in Section 4.4.

4.3.2

Deterministic approximation

Stochastic simulation is computationally expensive and so we use the theory
proved by Kurtz [23] to develop the differential equations approximation of the
expected trajectories of the household configurations. In order to use the approximation as in Section 3.3.2, the CTMC needs to be density dependent. Using
the same argument as in Section 3.3.2, it can be shown that our disease model
has the required properties in order to use this approximation. The details, however, are omitted due to the large number of events and transition rates, each of
which has the same form as that in the demography model; that is, each rate is
either linear, quadratic or constant, each of which have been shown to be density
dependent previously in Section 3.3.2.
Next, we progress to constructing the system of differential equations. Recall
the formulation of the system of differential equations outlined in Section 3.3.2.
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The events in Section 4.1 have very similar form and so the system of differential
equations will not be linear and hence we construct a number of matrices as we
did in Section 3.3.2. Let iTa and iTc be the total proportion of infectious adults and
children in the population. Then we can define the between-households force of
transmitting the disease to a susceptible adult and child, respectively, as,

αaa iTa + αca iTc + 
,
θa (x) = P
(i,j)
x
(i
+
j)
(i,j),v v

αac iTa + αcc iTc + 
.
θc (x) = P
(i,j)
x
(i
+
j)
v
(i,j),v
Then the form of the differential equations we are constructing is,


dx h
= F1 + f x(0,0) (F2 + F4 ) + 1 − f x(0,0) F3
dt
(4.5)

+ θa (x) F5 + θc (x) F6
(1,0)

(1,0)
(1,0)
+ x(1,0)
e1 FS + xe2 FE + xe3 FI + x0

i
FR x + G,

where G = (g, 0, ..., 0)T , which increases the proportion of empty households at
a constant rate g, f is the preference function, and the matrices F1 , F2 , F3 , F4 ,
F5 , F6 , FS , FE , FI , and FR are briefly described below, and defined rigorously in
Appendix B. They are not detailed in full here because their derivation is very
similar to that of the deterministic approximation for the demography model in
Section 3.
To describe the matrices F1 , ..., F6 , FS , FE , FI , and FR , the different events are
split up into different sets depending on the form of their associated rates. Let
Elin be the set of all the event types with linear rates, except for deaths; we
separate deaths from the other events with linear rates because once a household is chosen, an individual must be picked depending on their health status,
which complicates the rate formulation. That is, Elin contains the events: births,
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emigration, within-household transmission, infection, recovery, and waning immunity. Let Ed be the set of child and adult deaths. Let Edec be the set of events
where the individuals have two possible “decisions”; that is, the moving out of
home and couple separation events are in Edec . Let Eim be the set containing the
immigration event, and let Ecf be the set containing the couple formation event.
Lastly, let Eext be the set containing the external transmission event.
The definitions of the matrices can be found in Appendix B. Here we outline
their qualitative interpretation. As in Section 3, these matrices quantify the flux
in and out of each household configuration. The matrix F1 corresponds to events
in Elin . F2 corresponds to the rates and transitions of children moving out of
home and couple separation where the individual leaving their previous household remains in the population, whereas F3 is for the children moving out of
home and couple separation events where the individual leaves the population.
The matrix F4 corresponds to immigration events, and F5 and F6 correspond
to between-household transmission events for adults and children, respectively.
FS , FE , FI , and FR correspond to couple formation events where the single adult
in the household (1, 0) is susceptible, exposed, infectious, or recovered respectively.
Recall Figure 4.1. It shows a single realisation, which fades out stochastically
after the first peak. This realisation took just under 15 minutes to run in Matlab,
whereas the deterministic trajectory took less than a minute to compute. Hence,
where stochastic effects are not important, the deterministic model is utilised
due to the overwhelming increase in computational efficiency.

4.4

Parametrisation

To parametrise this model, we need parameter values for both the population
and disease dynamics. The parameters associated with the demographic events
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are the same as defined in Section 3.4. The only parameters that need to be
assigned values are the transmission parameters, β and α, and the associated
seasonal forcing transmission parameters, the parameter associated with the latency period, σ, and the infection period, γ, and waning immunity, ω. There is
also a parameter, , which is the immigration of the disease into the population
per household, that needs to be determined. In this section we present two sets
of baseline disease parameters, for measles- and influenza-like illnesses, and discuss some of the assumptions of the parametrisation. However, we make clear
that while these baseline parameters are used extensively throughout the thesis,
they may be changed/varied due to the nature of the problems we consider. For
example, when we investigate the behaviour of the seasonally-forced model for
different transmission rates, we will vary the parameters found in this section.
However, we will always make the reader aware of these variations.
Recall the form of β and α, both of which are matrices encoding transmission
rates between adults and children. For diseases that are primarily prevalent
in children, it is typical to see the child-to-child transmission element different
compared to the others due to the contacts children make at school [1]. To
simplify the parametrisation, we have symmetric transmission between adults
and children. That is,
βca = βac , αca = αac .
It is also assumed that each element in α is smaller than the corresponding
element of β as the interaction between individuals within a household is stronger
than that between any two individuals in the population.
The parameters σ and γ are chosen such that the mean length of the latency
period is
1
γ

1
σ

years and the mean length of time that an individual is infectious is

years. Similarly, the parameter associated with waning immunity, ω is chosen

such that individuals lose immunity to the disease after, on average,

1
ω

years.
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The parameter pertaining to the immigration of the disease, , is a term that
can be used to prevent a disease from dying out stochastically by reintroducing
it from an external source. To avoid the effect of imported infection dominating
the dynamics, the value of  is relatively small compared to the other disease
event parameters which means that the population will get an imported case of
the disease infrequently.
All disease parameters, except for those associated with transmission, in Table
4.3 are taken from [1, 33]. The transmission parameters, however, were much
harder to determine, especially since there is not an easy way to define R0 for
our model, where R0 is defined to be the average number of secondary cases
arising from an average primary case in an entirely susceptible population [1].
Hence, we make some approximations for our transmission rates for measles and
influenza. Measles is often documented to have an R0 value between 13-18 [1],
whereas for influenza R0 is approximately between 2-4 [1, 33, 34], depending on
the strain.
In the SEIR model with births and deaths occuring at rate µ, R0 =

βσ
(γ+µ)(σ+µ)

[1]. However, as the lifespan of an individual is much longer than the length of
time associated with the disease dynamics, R0 ≈ βγ . Hence we pick transmission
parameters that will approximately produce γR0 transmission events over the
course of an average infectious period.
We have two levels of mixing, and adults and children each with different transmission rates, so there are many ways to pick transmission parameters that
produce approximately γR0 transmission events. For within-household transmission, we let adult-to-adult and children-to-children rates be larger than the
between-household transmission rates so that the model produces approximately
γR0 transmission events, and then adult-to-children, and vice versa, are picked
at a much lower rate to reflect the lack of interaction between adults and children outside of a household. All disease parameters are summarised in Table
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4.3.
We also parameterise the seasonal forcing model for measles in Table 4.4. That
is, we define α(h) , α(s) , β (h) , and β (s) . The transmission parameters for the
non-forced model (in Table 4.3) are calculated by taking the average of the
seasonally-forced transmission matrices. That is, α = α(h) + ts α(h) , where ts
is the proportion of the year that children spend in school. We similarly define
β = β (h) + ts β (s) .

4.4. Parametrisation

Parameter

β

α
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Measles

2.4286

0.5714

1.8571

0.2920


0.5714

2.5177

0.2920

2.2203

Influenza


 1 0.6


0.6 2


0.8 0.2


0.2 1.2

σ −1

5 days

1 day

γ −1

7 days

3.8 days

ω

0

0



0

0

Table 4.3: Values of the disease dynamics parameters that are used throughout
this thesis. The β and α values in the table can be interpreted as contacts
per person per day, and are calculated by averaging the seasonally-forced transmission matrices in Table 4.4. It is assumed that neither disease above allows
immunity to wane over time, and there is no external infection unless stated
otherwise.

Year Round


2.4286 0.5714
β (h) = 

0.5714 2.4286


1.8571 0.2857
α(h) = 

0.2857 2.0000

Forced School Term


0 
0
β (s) = 

0 0.1214


0.0086
 0
α(s) = 

0.0086 0.3000

Average

2.4286

0.5714

1.8571

0.2920


0.5714

2.5177

0.2920

2.2203

Table 4.4: Values of the seasonally forced parameters and their average value used
for the non-forced model, as seen in Table 4.3. All other parameters, σ, γ, ω, 
are as in Table 4.3.

Chapter 5
Results
A CTMC modelling disease with demography dynamics has been developed in
Chapter 4. We consider the problem of epidemic fadeout [35, 6] and discuss
the critical community size [12], and use our model to gain some more insight
on the topic. We also consider the periodicity of our model, both with and
without seasonal forcing, and investigate the effect of a disease that poses serious
health risks for people that are infectious; that is, we increase the death rate for
infectious individuals and determine how the population dynamics change.

5.1

Periodicity

Endemic diseases persist in populations for long periods of time. It is, then,
intuitive to investigate the long-term behaviour of the household model. The
demography dynamics with a fixed number of households will reach an equilibrium whereas the model with the parameter set which increases the number of
households at a constant rate, will never reach equilibrium. In this section we
consider the parameter set with a fixed number of households.
To find the equilibrium, we approximate the expected behaviour of the CTMC
by solving the differential equations derived in Section 4.3.2, which is valid in
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the limit as the number of households approaches infinity. We then consider the
equilibrium of this deterministic approximation, and determine the proportion
of individuals that are infectious and the period of oscillation if the system is
perturbed away from the fixed point. To find the period of oscillations, the
Jacobian of the system of differential equations is evaluated numerically at the
fixed point using D’Errico’s Adaptive Robust Numerical Differentiation Matlab
package [26] as introduced in Section 2.3. Then the eigenvalues of it are calculated
numerically using Matlab’s inbuilt eig function. The eigenvalues of the model
are displayed in Figure 5.1. We note that they are all negative, which means the
system is stable.

Figure 5.1: Plot of the eigenvalues of the Jacobian matrix associated with the
deterministic household model, evaluated at the stable fixed point. The demography parameters are those summarised in Table 3.3, and the measles parameters
as in Table 4.3.
The imaginary parts of the eigenvalues are associated with the periodicity of
the model, whereas the real parts of the eigenvalues are associated with the
dampening of the deterministic trajectory [28]. That is, the eigenvalues with
the smallest magnitude real part will dominate the dynamics of the system in
the long term. Then the periodicity that we are interested in can be found by
considering the eigenvalues with smallest magnitude real part that also have a
non-zero imaginary part. Figure 5.2 displays the eigenvalues with the smallest
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magnitude real parts and the associated imaginary parts.

Figure 5.2: The eigenvalues of the Jacobian matrix associated with the deterministic household model, evaluated at the fixed point, with real parts greater
than −0.2. The blue points are eigenvalues with non-zero imaginary parts. The
demography parameters are those summarised in Table 3.3, and the measles
parameters as in Table 4.3.
It can be seen that there are four complex conjugate pairs (highlighted in blue)
in Figure 5.2 that have a real part with magnitude less than 0.2. Taking the
positive conjugate of each of them, the eigenvalues are,

λ1 = −0.1907 + 2.9423i, λ2 = −0.0981 + 0.0250i,
λ3 = −0.1688 + 0.0219i, λ4 = −0.1801 + 0.0092i.

The period of oscillation, Θi , associated with λi is given in [28] by,

Θi =

2π
.
Im(λi )

Hence the periods associated with λ1 , λ2 , λ3 and λ4 are 2.14, 251.80, 286.69
and 679.38 years respectively. The periods 251.80, 286.69 and 679.38 are very
large and are associated with the demographics, which occur on a much slower
time scale than the disease dynamics. We effectively disregard these periods.
The other period, 2.14, is associated with the disease dynamics. We expect, for
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measles, to see a period of approximately 2 years as it is well established that
the number of infectious individuals in a population peaks approximately every
two years [2].
Further, we can determine the periodicity of the household model with seasonal
forcing as well. The deterministic model is run for approximately 150 years
before the trajectories transients die down to the stable attractor, and oscillatory
motion repeats. In Figure 5.3 we see the trajectories of the proportions, and
(h)

the slight changes for different values of αcc . We record the proportion of the
population that is infectious at the same time each year, and then the system is
(h)

perturbed by varying αcc , which is an easy and effective way to change the rate of
transmission between children. This is repeated for a number of different values,
and the results are shown in Figure 5.4. This graph shows that the proportion
of infectious individuals is approximately the same at the same time each year,
implying that the disease has an annual period.
We follow a very similar procedure again but instead of perturbing the external
transmission parameter, we perturb the birth rate of a household of type (2, 0),
because the replenishment of susceptible individuals is a driving factor in endemic
disease dynamics, and births into households of type (2, 0) also increases the
number of births into (2, 1), (2, 2) and (2, 3) households. Again, the period of the
disease dynamics is annual, as seen in Figures 5.5 and 5.6. In fact, as b0 increases,
there is no significant change in the proportion of infectious individuals that we
record each year.
We also investigate the periodicity of the stochastic dynamics. For the measles
parameters in Table 4.4, the deterministic model is evaluated over 150 years.
The state of the system at the end of 150 years is taken as the initial state for
the stochastic model and three hundred and seventy-five simulations are run over
30 years. Of the three hundred and seventy-five simulations, three hundred and
thirty-six fade out. We disregard these and consider only those that do not fade
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out in order to simplify the analysis. We plot eight of the realisations that did not
fadeout in Figure 5.7, and note the period of each realisation is approximately
between 2-3 years. The average of the thirty-nine realisations that did not fadeout
is plotted in Figure 5.8 and we see that the realisations become out of phase after
2-3 peaks. Between 15-20 years into the trajectory, we see that the peaks begin to
appear approximately yearly, which agrees with the deterministic approximation.
This has shown that although each realisation has approximate period of 2-3
years, averaging them produces a different periodicity.
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Figure 5.3: The trajectories of the proportion of infectious individuals in the
(h)
(h)
population for αcc = 0.05 (green) and αcc = 0.2 (red). The light blue reference
lines are times that we record the proportion. The demography parameters are
those summarised in Table 3.3, and the measles parameters that are not varied
in this plot as in Table 4.4.

Figure 5.4: The proportion of infectious individuals in the population is recorded
at the same time each year. The demography parameters are those summarised
(h)
in Table 3.3, and the measles parameters as in Table 4.4, with αcc being varied.
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Figure 5.5: The trajectories of the proportion of infectious individuals in the
population. The light blue reference lines are times that we record the proportion.
The demography parameters are those summarised in Table 3.3 except b0 is being
varied, and the measles parameters as in Table 4.4.

Figure 5.6: The proportion of infectious individuals in the population is recorded
at the same time each year. The demography parameters are those summarised
in Table 3.3 except b0 is being varied, and the measles parameters as in Table
4.4.
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Figure 5.7: Eight realisations that persist in the population over 30 years plotted
on separate axes, each with peaks approximately 2-3 years apart. The demography parameters are those summarised in Table 3.3, and the measles parameters
as in Table 4.4.
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Figure 5.8: The average of thirty-nine realisations. The demography parameters
are those summarised in Table 3.3, and the measles parameters as in Table 4.4.
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Outbreak of a flu-like disease

In the model developed in this thesis none of the demographic events depend
on the status of the disease in the individual. In particular, the rate of death
of an individual is independent of their disease status. However, many diseases
do actually affect the death rate of an individual that is infected. For example,
in communities with a lack of healthcare, measles can kill up to 10% of the
individuals who contract the disease [36].
Of particular interest is the scenario where there is an outbreak of a flu-like
disease in a city, where this disease kills some proportion of individuals while they
are infectious. Let mr be the proportion of individuals that die while infectious,
due to the disease, and call this the mortality rate1 . Then let d∗ be the death
(due to infection) rate in infectious individuals. As the time until the next death
event is exponentially distributed,
Z

1
γ

∗

d∗ e−d x dx = mr .

0

This equation says that over the mean infectious period, the probability of dying
due to the disease is mr for a given rate d∗ . Hence, the death rate due to the
disease is given by,
d∗ = −γ ln (1 − mr ) .
Hence an infectious adult dies at rate dA + d∗ , and an infectious child dies at a
rate of dC + d∗ . In a city, it is not realistic to introduce a disease into an entirely
susceptible population. Hence, in this scenario, the disease is run until the proportion of infectious individuals has reached equilibrium. Once in equilibrium
some percentage of each household configuration with recovered individuals are
turned entirely susceptible. This attempts to replicate the proportion of individ1

Note that this is not a ‘per time’ rate, but a percentage.
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uals susceptible to a new strain of flu when it breaks out in the population. From
then, we evaluate the model over 20 years to learn how the population structure
is impacted and how long until the household structure resettles. We investigate
three percentage of loss of immunity: 10%, 30% and 100%.
We consider three possible scenarios: where only children can die due to the
disease (pictured in Figure 5.9), only adults can die due to the disease (pictured in
Figure 5.10), and the scenario where both adults and children can die due to the
disease (pictured in Figure 5.11). To save computational time when evaluating
the process, we utilise the deterministic model. This is because a large number
of transmission events occur and hence the stochastic simulation method is very
computationally expensive. This, however, means we cannot feasibly investigate
the stochastic properties of the process.
The increased mortality rates that we consider are mr ∈ {0, 0.1, 0.2, 0.3, 0.4}.
Although the largest values here are somewhat extreme, we investigate the effect
that these increased mortality rates have on the population.

5.2.1

Increased mortality in children while infectious

In the case of increased mortality rate during infection in children, as seen in
Figure 5.9, we see persisting peaks of infection when only 10% of recovered
individuals are returning to the susceptible pool, whereas when the percentage
is higher, we see no new peaks of infection within 20 years. This is due to the
population being depleted of susceptible individuals in the latter cases, whereas,
in the 10% case, there is a smaller proportion of susceptibles, which is akin
to when the model is approaching equilibrium, meaning that there is a higher
proportion of infectious individuals between peaks and we are less likely to see
fade out. These renewed spikes in infection in the 10% case cause fluctuations
in the proportions of each household type, which is not seen when 30% or 100%
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of recovered individuals are returned to the susceptible class.
If utilising the stochastic model, the disease would almost definitely fade out during the approximately 10 years following the initial peak because the proportion
of infectious individuals is very low. This would mean that the fluctuations that
occur for every new peak of infection in the 10% case would actually smooth out,
much as it does in the other two cases.
The proportion of children in the population decreases as the mortality rate
during infection increases which is due to the increasing number of children that
are dying throughout the process. Because, in the 10% case, there are recurring
peaks of infection, the proportion of children in the population decreases rapidly
during each new outbreak of the disease as there are more individuals with the
disease and hence the amount of death increases as well.
We also see that the proportion of households with 2 or more children decrease
in proportion, whereas the proportion of households with less children actually
increase initially. However, in the long term, even the proportion of households
with 1 child eventually falls below that in the case where there is no increased
mortality during the infectious period. This is due to the children in these households becoming adults and moving out of home, and also these families having
more children, as evidenced by the households with 2 or more children increasing
in proportion over time, which are getting closer to the proportion in that of the
case where there is no increased mortality rate in infectious children.
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(a) 10% of households with recovered individuals returned to susceptible class

(b) 30% of households with recovered individuals returned to susceptible class

(c) 100% of households with recovered individuals returned to susceptible class

Figure 5.9: The trajectories of proportions of infectious children and adults,
and the proportion of children in the population, when only children have an
increased mortality rate during infectious periods. Also pictured is the proportion
of households with no children, one child, and 2 or more children. The mortality
rates plotted are mr = 0 (black), mr = 0.1 (blue), mr = 0.2 (green), mr = 0.3
(red) and mr = 0.4 (gold). The demography parameters are those summarised
in Table 3.3, and the influenza parameters as in Table 4.3.
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Increased mortality in adults while infectious

When it is adults only that have an increased probability of dying during an
infectious period, persistent infection is seen when only 10% of recovered individuals are returned to the susceptible class, and also in the 100% case too for
mortality rates mr = 0.3, 0.4, but there is no persistence over 20 years in the
30% scenario as seen in Figure 5.10.
In this scenario, where adults are the only individuals that are at risk of a higher
rate of death during an infectious period, the proportion of children increases initially to coincide with the initial peak in infectious adults and children. As adults
are the only ones that are affected by the increased mortality, the proportion of
adults decreases as they are removed from the system.
In the case of 10% of the recovered households becoming susceptible again, the
proportion of children is less predictable. Considering just the two largest mortality rates plotted, mr = 0.3, 0.4, we see that the trajectory corresponding to
mr = 0.3 gives a larger proportion of children compared to mr = 0.4; or contrapositive: mr = 0.3 yields a lower proportion of adults compared to mr = 0.4.
Further, we see that the trajectories for mr = 0.2, 0.3 are very similar, meaning
that perhaps there is some maximum impact on adults for mr ∈ [0.2, 0.3].
Initially, we see a decrease in all household types plotted, meaning that the
proportion of empty households is increasing, which is due to the large number
of single adult households being removed from the system. Over time, we see
that all the household types tend to approach the trajectory of mr = 0, except
in the 10% case, which is likely due to the persistence of the disease during the
20 years.
Because the model was evaluated deterministically, the disease will not fade out.
By determining the lowest proportion of infectious individuals in the population—
denoted, say, Lp —we can give an approximate population size for the disease to
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persist if we assume,
Lp N ≥ 1.
This says that if the population size, N , is large enough such that at least one
individual has the disease, then the disease may persist. This is, of course, simply
a ‘ball-park figure’ because the stochastic model has not been used here.
In the 10% case, for mortality rate mr = 0.4, the lowest proportion of infectious
adults is approximately 3.03 × 10−8 and the lowest proportion of infectious children is approximately 6.38 × 10−8 . Hence, if the population of adults in a city
exceeded 33 million people, and the population of children exceeded 16 million,
persistence of the disease may be observed. As of the end of 2016, no city has this
many inhabitants but perhaps in the future this result may be more meaningful.
However, for mr < 0.4 (and for all mortality rates in the 30% and 100% cases)
the lowest proportions of infectious children and adults are even smaller and as
such require a significantly larger population again to see disease persist, which
is very unlikely in any city around the world, let alone an Australian one.
Lastly, in the 100% case, for the mortality rate mr = 0.4, the lowest proportion
of infectious adults and children is 6.14×10−7 and 1.38×10−6 , respectively. This
means that in a population with approximately 1.63 × 106 adults and 7.25 × 105
children, persistence of the disease may be observed. There are many cities in
the world where such a population size is seen. In Australia cities such as Sydney
and Melbourne have the largest population size, in excess of 4 million people,
meaning that persistence may be observed in them if a flu-like disease that kills
40% of adults that contract the disease. For all other mortality rates, we see a
much lower proportion of infectious individuals such that persistence is not likely
to be seen in any current city in the world.
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(a) 10% of households with recovered individuals returned to susceptible class

(b) 30% of households with recovered individuals returned to susceptible class

(c) 100% of households with recovered individuals returned to susceptible class

Figure 5.10: The trajectories of proportions of infectious children and adults,
and the proportion of children in the population, when only adults have an
increased mortality rate during infectious periods. Also pictured is the proportion
of households with no children, one child, and 2 or more children. The mortality
rates plotted are mr = 0 (black), mr = 0.1 (blue), mr = 0.2 (green), mr = 0.3
(red) and mr = 0.4 (gold). The demography parameters are those summarised
in Table 3.3, and the influenza parameters as in Table 4.3.
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Increased mortality in both children and adults while
infectious

In the scenario where both children and adults have increased mortality during
the period of infectiousness, the trajectories of the proportions of household types
appear to be a combination of the ‘children only’ and ‘adults only’ dynamics, as
seen in Figure 5.11. Only when 10% of the recovered individuals are returned to
the susceptible class do we see any subsequent outbreaks of the disease after the
initial peak within 20 years. Further, it is very possible that these subsequent
outbreaks could appear if a stochastic model was used to evaluate this scenario
too, because for mr = 0.3, if the population exceeds 1.2 million people, or for
mr = 0.4 if the population exceeds even as little as a few hundred people, then
stochastic realisations may persist.
In this scenario, where both adults and children are at risk of an increased
mortality rate during their infectious period, the 10% case suggests that the
proportion of households with no children will increase beyond the associated
proportion where there is no increased mortality rate, albeit after a small initial
drop. This is due to the death of adults and children, reducing the size of each
household. We also see oscillations about the base mortality rate mr = 0 for
households with 1 child, similar to that seen in the scenario where only children
are affected by increased mortality rate.
The increased death rate in children means less adults are being created and
hence less children are being born, reducing the susceptible pool which results
in less infection. Over 20 years, we see a decrease in the proportion of children
(except in the case of all recovered individuals returning to the susceptible class)
which could be due to the removal of children as well as adults when a single
adult dies (recall that the entire household is removed). Hence, while it appears
that children are dying more than adults because the proportion of children is
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decreasing, some proportion of these are in fact just being removed from the
system. This is a feature of our model and a more realistic formulation may
show contrary results in this regard.
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(a) 10% of households with recovered individuals returned to susceptible class

(b) 30% of households with recovered individuals returned to susceptible class

(c) 100% of households with recovered individuals returned to susceptible class

Figure 5.11: The trajectories of proportions of infectious children and adults, and
the proportion of children in the population, when both adults and children
have an increased mortality rate during infectious periods. Also pictured is the
proportion of households with no children, one child, and 2 or more children.
The mortality rates plotted are mr = 0 (black), mr = 0.1 (blue), mr = 0.2
(green), mr = 0.3 (red) and mr = 0.4 (gold). The demography parameters are
those summarised in Table 3.3, and the influenza parameters as in Table 4.3.
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Epidemic fadeout

An integral part of investigating endemic diseases is determining why and how
they persist in communities. Two large factors in the persistence of diseases,
particularly for disease parameters akin to measles, is the birth rate and how
large the population is. The latter has been explored in detail in the form of
the critical community size [12, 14]. When a population is sufficiently large, the
disease will persist without external introductions more often than not. On the
other hand, populations of size smaller than the critical community size will have
the disease fade out much more frequently. Here, we contribute to the discussion
by investigating the critical community size for measles in our household model
with both disease and demography.
In order to investigate this phenomenon, we define epidemic fadeout to occur
when the number of infectious individuals is zero. The critical community size
is largely accepted to be between 250-400 thousand individuals [14].We run simulations for a number of population sizes and count the number of realisations
that fadeout and hence make deductions on the critical community size.

5.3.1

Non-forced model

The question of how to set up the simulations sensibly arises. The naive approach
to intialising the system is by introducing one (or at least a very small number of)
infectious individual(s) into the population, but if we were to measure how many
realisations fade out after the initial peak, we would find that most realisations
die out as the initial peak depletes so many of the susceptible individuals and
births have not had the time to replenish them. Hence, it makes sense to let the
disease run its course for longer in order to ‘mimic’ the disease persisting in the
population for some time. To do this, the deterministic model is run over a long
period until the number of infectious individuals is in equilibrium. The final state
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is a fixed point and this becomes the initial condition for each simulation.
We use a homogeneous model with demography (where births and deaths are not
linked, but have the same birth and death rate) to compare with the household
model. Recall that bj is the birth rate into a household of type (2, j), dA is
the rate of death for an adult and dC is the rate of death for a child. Then
we define the total births and deaths, respectively, for the household model in
equilibrium,

bHH = b0 m(2,0) + b1 m(2,1) + b2 m(2,2) + b3 m(2,3) ,
dHH = dA

2 X
4
X
i=1 j=0

im(i,j) + dC

2 X
4
X

jm(i,j) .

i=1 j=1

The homogeneous model is calibrated by minimising the difference between the
total births, the total deaths, and the total amount of infection in equilibrium,
in the two models. That is, the homogeneous model was fitted to the household
model by minimising,

min
b,β

1
(|bHH − b (N − S(b, β)) | + |dHH − bN |) + |IHH − Ihomo (b, β)|,
2

where IHH is the total number of infectious individuals in the household model
at equilibrium and Ihomo is the total number of infectious individuals in the
homogeneous model at equilibrium. Recall that in this homogeneous model, the
birth and death rates are assumed to be equal, but are not coupled.
In Figure 5.12, we see that in the household model over 15 years, infection tends
to die out, even in large sized population that correspond to where the homogeneous model sees persistence of the disease. This suggests that the household
model is more unstable and has higher variability. Also note that the proportions
pictured fluctuate. This is because we have simply plotted the proportion of realisations that have 0 infectious individuals at a given time; however, because
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we utilise the SEIR structure, it possible for there to be 0 infectious individuals
but more than 0 exposed individuals which consequently increases the number
of infectious individuals to be greater than 0 once more, which accounts for the
very slight fluctuations.
Of course, we expect to see the proportion of realisations that fade out to be
above 0.5 to concretely talk about the critical community size but due to the
household model seemingly having a higher variability than the homogeneous,
such proportions are not found after 15 years. Within the first 5 years in the
household model, though, there is an interval in time where the proportion of
realisations that have faded out flattens; this can be seen somewhat prominently
for households between 250 and 400 thousand, and during this period the proportions are well above 0.5. This can be interpreted as persistence of the disease
over 5 years is likely more often than not. As our model has such high variability, the first five years of the realisations may hold the most relevant information
about the critical community size. This would then suggests that the household
model without seasonal forcing has a critical community size at about 250 thousand households, which is approximately between 450 - 500 thousand individuals,
which is larger than estimated in Bartlett [12], yet similar. Our results assume no
external importation of measles over the course of the 15 years studied, whereas
for the data in [12] it cannot be assumed that there was no importation of measles
from surrounding cities and towns.
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Figure 5.12: The proportion of 800 realisations that fade out in the household
and fitted homogeneous model, for different population sizes, where the legend
denotes the number of households in thousands. The number of individuals in
the population for a given household size is approximately just below double the
number of households. The demography parameters are those summarised in
Table 3.3, and the measles parameters as in Table 4.3.

5.3.2

Seasonally-forced model

In the seasonally-forced model, the deterministic model does not reach equilibrium, instead oscillating periodically. Hence it is more difficult to determine a
reasonable initial condition. We have chosen to simply pick a time corresponding
to the period after the number of infectious individuals settles into the repeating
oscillatory motion.
Calibrating the household model to the homogeneous model here is also more difficult to do because of the oscillations in the level of infection. To get parameters

5.3. Epidemic fadeout

99

calibrated to the household model, we minimise the following,

min |bHH − b(N − S(b, βs , βh ))| + |dHH − bN |

b,βs ,βh

(h)

(h)

(l)

(l)

+ |pHH − phomo (b, βs , βh )| + |pHH − phomo (b, βs , βh )|,

where βs and βh are the transmission parameters during the school term and
(h)

holidays, respectively, bHH and dHH are defined as in Section 5.3.1, pHH and
(h)

phomo are the highest points in the oscillations that are seen in the long term in
(l)

(l)

the household and homogeneous models, respectively, and pHH and phomo are the
lowest points in the oscillations that are seen in the long term in the household
and homogeneous models, respectively. This means that we fit the homogeneous
by attempting to get a similar amount of births and deaths in each model and
also have the level of infection fluctuating between the same two values.
As seen in Figure 5.13, the household model again fades out more often than in
the homogeneous case. Further, in the homogeneous model we do not see the
flattening out of the proportions as we did in the non-forced model. What we do
see however, is that in comparison to the non-forced model, the seasonal forcing
appears to increase the number of realisations that fade out.
Although there are no significant jumps in the homogeneous model, there appears
to be a large jump between the 225 and 250 thousand households in the household
model. This suggests that populations of larger than 225 thousand households
could see a large difference in fadeout, especially within the first five years. Over
the course of 15 years, however, the difference between the proportions decreases.
However, we see an interval within the first 5 years where the proportion flattens
out somewhat at about 0.5 for populations with 250 thousand households. In
fact, we see this flattening out of the proportion in most of the populations
with household sizes greater or equal to 250 thousand, and to a lesser extent in
populations with 200 and 225 thousand households too.

100

Chapter 5. Results

Just as in the non-forced model, this interval where the proportion of fadeout
temporarily stays constant could suggest that the critical community size is in
fact between 225 and 250 thousand households, or approximately 375 to 500
thousand individuals, which is closer to the critical community size presented by
Bartlett [12], but still higher. Our estimates, in both the seasonally forced model
and the non-forced, can be explained, at least in part, by our parameterisation.
Bartlett was interested in learning about the critical community size in England
in the mid 1900s when the birth rate was considerably higher than in modern
Australia. This means that our model produces less susceptible children and
hence there is a greater chance that the disease will die out, and that the critical
community size is larger than in [12, 14].
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Figure 5.13: The proportion of 900 realisations that fade out in the household and
fitted homogeneous model with seasonal forcing, for different population sizes,
where the legend denotes the number of households in thousands. The number
of individuals in the population for a given household size is approximately just
below double the number of households. The demography parameters are those
summarised in Table 3.3, and the measles parameters as in Table 4.4.

Chapter 6
Discussion
In this thesis, a household model for endemic diseases was developed as a CTMC.
A changing population structure is assumed to contribute significantly to the
disease dynamics, and so demography dynamics are modelled as a CTMC before
extending the model to include disease events too. We also define a household
model with seasonal forcing.
Two methods are used to evaluate the dynamics of the model: simulations using
the so called Gillespie’s algorithm [22] and a deterministic approximation. The
deterministic model is derived in Section 3.3.2 and Appendix B, and numerical
differential equation solvers in Matlab, such as ode45 and ode23s, are utilised
to evaluate the dynamics of the model.
In addition to the development of the household model, this thesis has investigated the relationship between population size and the probability of the disease
fading out by running simulations and recording the proportion of realisations
that fade out over 15 years. This study was complemented by an investigation
into how an outbreak of a flu-like disease, where infectious individuals have an
increased mortality rate, may impact the population structure.
In this section, we discuss the properties that the household model possesses in
comparison to the homogeneous model and make further comparisons between
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the seasonally-forced and non-forced model. We also detail the important model
design choices, the limitations, the strengths and weaknesses of the model, and
the improvements that could be made.

6.1

Results and model discussion

Like any model, the household models in this thesis have strengths and weaknesses. The models also have a number of features that are not found in other
similar models, which we detail below. We discuss some of the properties of the
household model and how it compares to the homogeneous model, and discuss
some of the most important design choices, assumptions and limitations.
Both the household model with and without seasonal forcing appear to be less
stable in comparison to their homogeneous counterparts. The disease tends to
fade out more often in the household model which indicates more variability.
This is due to how far the stochastic realisations can move away from the mean
trajectory, which is the solution to the deterministic approximation. This is further evidenced in the seasonally-forced model where the periodicity of a single
realisation is approximately between 2-3 years, but when averaged the realisations become out of sync, and hence the mean of the realisations eventually
settles into an annual period, at least by the end of the 30 years studied, which
is what the deterministic model yields. A more robust analysis of the stochastic
period could be carried out by undertaking a spectral analysis [37].
When finding the periodicity of the stochastic seasonally forced household model,
over 350 simulations were computed. However, despite the population dynamics
representing South Australian census data (South Australia has a much higher
population compared to what the literature says the critical community size
should be), a large majority of the realisations faded out over 30 years. This
behaviour was alluded to earlier when looking at the epidemic fadeout problem,
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where we saw that the proportion of realisations that faded out steadily declined
over 15 years, despite the homogeneous model flattening out in the non-forced
model. This, in conjunction with the fact that so many realisations faded out
when simulating a population with size approximating Adelaide, implies that
the household model does not have a population size (at least up to 1.2 million
individuals) that sees the disease persistent more than 50% of the time, over time
periods longer than 10 years. We have assumed, when simulating these realisations, however, that no external disease is imported into the population, when a
realistic feature would include the possibility of measles being reintroduced into
the population over the 15-30 years studied. Future work could be investigating
the effect of importations of measles at different time intervals and the effect this
has on the persistence of measles in the population.
What we did see, however, was that within the first 5 years of stochastic simulation, the household models have persistence in the population above 50% of
the time, when the number of households was greater than approximately 225250 thousand, and for some years too, meaning that initially it appears as if
the disease will persist as expected but eventually the variability takes over and
reduces the number of infectious individuals until there are none. If we take
225-250 thousand households (or approximately 375-500 thousand individuals)
to be the range in which the critical community size for our household models
lies, then it is higher than other estimates made by Bartlett [12]. This can be
explained by our demographic parameterisation, where there are less births and
less children compared to in England in the mid 1900s, which is the time period
that Bartlett was concerned with. Less births means less susceptible individuals
and hence the disease may struggle to persist as frequently. Future work in this
area includes calibrating the demography dynamics in our model to England in
the 1950s and studying the effect of imported disease into the population.
Our household model relaxes many assumptions made in the homogeneous model
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such as providing a more realistic population structure for endemic diseases with
the addition of partitioning households and demographic events. This makes
our model one of the best for investigating population dynamics throughout the
duration of an endemic disease. In addition to this, because our model is able
to differentiate between adults and children, we are able to investigate in detail
diseases that affect adults and children separately. We have seen the difference
in population structure when a flu-like disease breaks out in a population and
affects exclusively adults or children. Although not included in this thesis, we
can also explore the dynamics of the population structure in the case where
adults and children experience different mortality rates, rather than the same, as
seen in Section 5.2. This flexibility, gained by considering separately adults and
children, can lead into much more complex problems, such as how vaccinations
can be utilised in such a population to reduce infection.
To study the effect of vaccines in our household model, we can extend the model
to include additional events such as vaccinations, where susceptible individuals
are transitioned into the recovered class at some rate. By applying different
rates and different strategies of distributing the vaccines we could learn even
more about how disease spreads through the population. The different rates
could take the form of linear or constant rates, where the associated parameters
are different for children and adults. Further, how the vaccines are distributed is
known to be important in vaccinating populations efficiently [38, 39, 40]. As such,
some of the strategies we would consider initially include randomly allocating
the vaccines uniformly to individuals across the population, randomly allocating
vaccines to entire households across the population, so that an entire household
is in the recovered class, and distributing vaccines to children only.
The results focus on the stable population size parameterisation but the model
was also parameterised to account for a growing population. Although this thesis has not explored the effects this has on the disease dynamics, it would be
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relatively easy to implement once an appropriate comparison to the equilibrium
in the non-growing model has been established. That is, in Section 5.2, where
a flu-like disease outbreak occurs, and in Section 5.3, where we investigate the
problem of epidemic fadeout, the initial condition is a fixed point. However, in
the case of a growing population, the number of households is always increasing,
meaning there is no equilibrium for the process. This means that investigating
epidemic fadeout in such a model may be difficult to initialise because choosing
the population size to be a particular value to assess critical community size,
while simultaneously attempting to start the stochastic simulation from a state
that is comparable to the fixed population size model is not easy or intuitive.
Preliminary investigation shows, though, that the trajectories of the proportions
of each of the household types appear to settle into a steady state, so that each
household type is increasing at the same rate. That is, the ratios of each of the
households are fixed, and this could be utilised in future work.
There were many design choices made in the process of developing the household
model. First and foremost was choosing to let the time between events be exponentially distributed. While this is not the most realistic assumption, it is one
that simplifies the model and the mathematics considerably. One of the most
obvious consequences of the exponentially distributed time between birth events
is that as soon as a birth has occurred, another birth can potentially occur almost immediately after. However we know that there must be at least 9 months
between births (except in the case of twins, triplets, etc), but our model does not
encapsulate that. In order to capture this biological feature, albeit at the cost
of making it even more complex, a birth event could transition a household into
another household configuration that cannot undergo a birth event, and after an
exponentially (or Erlang, in order to reduce the variance) distributed time with
mean of 9 months, the household is returned to the configuration where they can,
once more, birth another child, provided that the number of children is less than
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4. Further, we could use Erlang distributions for any events where the variance
of the time between events should be smaller, or more precise, than is the case
when exponentially distributed.
One of the many other important design choices in developing the household
model was regarding the inclusion of the empty households as opposed to defining the model without them. The inclusion of empty households easily allowed
us to keep the number of households constant, or, if desired, increase the number
of total households by some controlled amount via the event which we denoted
as a new empty household with rate g, per household in the population. While
the number of empty households does not directly impact the disease dynamics,
their importance comes in another form. They are used to define the rates of
immigration, couple separation, and children moving out of home, as each of the
rates of these events depend on the preference function. If the empty households
were not included in the model, three events would need to be redefined alternatively, as they each rely on the number of empty households in the population.
These changes would further complicate the model and necessitate alternative
assumptions in order to model them. This is because we have to assume that
either these events rely on other household types or that they do not depend on
any household type, either of which require an assumption, arguably less feasible
than assuming the events do rely on the number of empty households, which
is no more beneficial than simply including the household type (0, 0) in the
model.
One of the biggest drawbacks to including empty households is the extra household type. One of the goals in developing the household model was to keep it
as simple as practical while relaxing as many assumptions about the population
as possible. Another design choice that had to be made early was to decide how
many different age groups would be modelled and consequently how to define
these age groups. Measles primarily affects children, and so it was decided, be-
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cause our model is motivated by measles, that there would be at least two age
groups: children and adults. An elderly class was considered, as they can be
more susceptible to diseases, and they would definitely have different rates for
death events (which would increase), births (would would become very small,
if not zero), couple formation (which would decrease), couple separation (which
would decrease) and migration (which would decrease). However, by adding only
one extra age group, the size of the state space would become even bigger than
the final choice of 981 different household configurations, which was an infeasible
option due to computer memory constraints. Instead, the elderly are included
in the adult age group, where children are assumed to be individuals that are
dependent on at least one parent; that is, an individual becomes an adult once
they move out of home.
One of the main restrictions of the model is the number of children within a
household. The model assumes that no more than 4 children can live in one
household. This assumption was made as a simplification, because if the maximum number of children increased to 5, the number of household configurations
would exceed a total of 1700 different household configurations. This would not
add any extra realism to the model as Australian census data shows a very small
percentage of the population in households with more than 4 children. It is
also assumed that there are no group households in our model; that is, three or
more adults cannot live together. This assumption was made also to simplify the
model, but was justified in the sense that a very small proportion of Australian
homes classify as a group household.
Two of the main assumptions made with regard to the population dynamics is
in the birth and couple formation events. We assume that births only occur
in households with two adults in them, disregarding the births that occur in
households with single parents, and also partners who do not live together. This
assumption was to simplify the model, but as births are a real driving factor
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in endemic diseases, the model could be extended to include birth rates for
households with only one adult in them, although the rates for these birth events
would be significantly lower than those in households with two adults.
Couple formation requires that one of the two households that are joining together be a lone adult household, (1, 0). This assumption was made to simplify
the event, because by ensuring that one of the households does not have any
children, the addition of children in the two households never exceeds 4. If we do
not make this assumption, then it is possible to have more children in a household than our model allows. This is a problem which has many solutions, such as
simply truncating the number of children in a household at 4; limiting the couple
formation of single adult families to the cases where the total number of children
is no more than 4 (that is, a household type (1, 2) can combine with (1, 0), (1, 1),
or (1, 2) but not (1, 3) or (1, 4)). The consequences of the former solution is that
the number of children in the population is not being conserved in the event.
To counteract this lack of conservation of children, the excess children could be
distributed to other households, or they could create their own households, or
some combination of each, but this increase the complexity of the model and
would require making even more assumptions such as that the excess children
are old enough to form their own single household, for example.
The other solution, where we limit couple formation to single adult households
where the total number of children is no more than 4, is also not feasible for
two particular reasons. The first is that by restricting the types of households
that can join in the couple formation event, we are effectively making just as
many assumptions as if we simply assume that a lone adult has to be one of the
household types involved in a couple formation. The second reason this solution
is infeasible is that this is a complication in the model that is much more difficult
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to implement. Recall the form of the differential equations,


dx h
= F1 + f x(0,0) (F2 + F4 ) + 1 − f x(0,0) F3
dt
(6.1)

+ θa (x) F5 + θc (x) F6
(1,0)

(1,0)
(1,0)
+ x(1,0)
e1 FS + xe2 FE + xe3 FI + x0

i
FR x + G.

The couple formation event is captured within the terms,
(1,0)

(1,0)
(1,0)
x(1,0)
e1 FS + xe2 FE + xe3 FI + x0

FR ,

(6.2)

and for each new possible configuration that is allowed to form a couple, there
is an extra term, making the system of differential equations needlessly complex. Hence, we assume that a household of type (1, 0) has to be one of the
household types in the couple formation event so that there are only four terms
corresponding to this type of event, as displayed in Equation (6.2).
Another way that could be used to further simplify the model is to alter the
death events. For diseases like measles and influenza, the latent and infectious
period is short relative to diseases such as HIV, and so it could be argued that the
rate of death occurring in the latent and infectious period is effectively negligible
because of the vast difference in the time scales of population dynamics compared to disease dynamics, and so death events are only defined for individuals
in the susceptible and recovered classes. However, the problem with such a simplification in the model is that it depends on the disease that is of interest, and
also depends on what questions are being investigated. For example, with such a
simplification in the household model presented in this thesis, we could not have
investigated the effect of an outbreak of a flu-like disease in a population where
individuals are an increased risk to death during the infectious period.
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Method discussion

In addition to the design choices made for the household model, many methods
of analysis were attempted to make evaluating the model less computationally
expensive. Simulating realisations of the trajectories of infectious individuals
was very slow and so the questions and topics of interest that required a lot of
simulation, such as repeating the increased mortality rate in an outbreak of a
flu-like disease except with stochastic effects, were left unexplored. In order to
use the household model to provide an answer to these questions and topics of
interest, better methods of simulation need to be used.
One particular method that we attempted to implement, to approximate exact
realisations, was the tau leap method [41]. This is an algorithm where instead of
exactly simulating the realisations for the process, a realisation is approximated
by stocastically determining how many of each event occurs over a time period of
τ , where the number of events is a Poisson distributed random variable. Ideally,
τ is relatively small [41]. However, the problem with using this method for our
particular household model is that there are so many events and it is required to
generate just as many random variables. Also, there are two distinct time scales
(demography and disease), and so the value of τ must be very small to capture
the disease dynamics. Because the tau leap method approximates the number of
events over a time period, τ , the rates of these events are given by the rate at the
start of the interval we are approximating over, which means that if τ is too large
then the approximation is likely to be inaccurate as the state of the system does
not update throughout the interval, but only at the end when the state space
may have already reached an unrealistic value; for example, if τ is too large and
the population has 20 infectious individuals, the method may approximate the
number of recovery events to be, say, 50, leaving the total number of infectious
individuals below zero. The required value of τ to get approximations that are
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comparable to the exact realisations using Gillespie’s algorithm [22] are so small
that the computational time to run such approximations is of the same order as
the exact simulations. There are methods, however, to overcome this problem,
which could be implemented in future, such as using a binomial distribution
instead of a Poisson distribution [42].
Although this approximation technique ultimately did not improve the efficiency
of our model, other methods of approximation may be of more use. As there are
two time scales, it may be of advantage to consider the events in each time scale
independently because the value of τ does not need to be very small for a good
approximation to the demographic dynamics. Then it may be feasible to exactly
simulate only the disease dynamics because there are a lot less events and hence
the rate vector is much smaller, because the demographic dynamics are being
approximated, and so less needs to be recalculated after each transition.
Another method to improve the efficiency that was not attempted but could be
investigated in future work is converting the current model into a hybrid model,
where the demographic dynamics are deterministic. We saw in Chapter 3 that
each realisation of the demographic dynamics do not venture far from the deterministic trajectory, meaning that stochastic effects in the demographic dynamics
are not as significant as the disease dynamics. It was noted when determining
the parameters for the demographic dynamics that the aim of including them
was to simply provide some movement between households, rather than developing a robust model for the populations changing structure. Hence, this idea of a
hybrid model could potentially be a vast improvement in terms of computational
efficiency, as there would be a much smaller rate vector that needs to be updated
after each transition.
Another technique we tried to apply utilised a dependency graph, which is a
function that maps what household configuration each event depends on [43].
That is, it is a data structure that controls which elements of the rate vector
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to change when a particular event occurs. Ideally, utilising a dependency graph
means that instead of updating the entire rate vector, a much smaller number of
components of the rate vector need to be updated at each time step, which would
considerably decrease the computational time [43]. To compute this dependency
graph, we must find all the household configurations that each event depends on
which is quite difficult for a model with so many household configurations and
events. In addition to creating this, we need to create another graph that tells
us what household configurations are effected by an event, which can be easily
computed using the stoichiometric matrix. Creating the dependency graph is
difficult but achievable. However, it was much more difficult to implement than
initially thought due to the complexity of the model. Further work is required
to implement these graphs, in order to simulate more efficiently.
It was not only the simulations that proved difficult to compute. Many results
required an equilibrium to be computed for the deterministic model, which can
be found by solving the differential equations over very long time periods until the rate of change is 0 in each differential equation. This is, however, a
naive approach and a technique that could be used to evaluate the proportion
of infectious individuals in equilibrium for a parameter set without solving the
differential equations over such long periods of time would be desirable.
Recall the form of the differential equations, Equation (6.1). Initially, we tried a
number of search algorithms, such as the bisection method [44], to solve these but
due to the non-linear form of the differential equations, regular search methods
were unsuccessful. Although not actually of the exact same form, our differential equations shared a passing resemblance to the Riccati Equations, which
are a specific form of first-order differential equations that are quadratic in their
unknown term [45]. As such, we attempted to utilise, in some way, a number
of the methods for solving such equations but they were not easily adaptable
to our household model. In order to find new ways to compute the number of

114

Chapter 6. Discussion

infectious individuals in equilibrium, we should attempt to extend some of the
algorithms in [46, 45] to be of use to the household model, or develop an entirely
new method.

6.3

Conclusion

Throughout this thesis, we have developed a household model that includes demographic events in addition to SEIR disease dynamics, both with and without
seasonal forcing. The parameters associated with the demographic events are
fitted to a stable population where there is a fixed number of households, and
also to a growing population, each of which are based on census data in South
Australia. This model is evaluated stochastically using the so-called Gillespie’s
algorithm [22] and deterministically utilising theory proved by Kurtz [23]. The
deterministic model is derived as a system of differential equations as a matrix
equation.
For measles-like disease parameters, we find that the period of the non-seasonal
forced model is approximately two years, which matched very well to the established biennial periodicity [2]. In the model with seasonal forcing, the periodicity
is more complicated, with an annual period in the deterministic, and approximately 2-3 year periods for individual stochastic realisations, which, when averaged, tend towards the annual periodicity to match the deterministic, due to the
realisations going out of sync.
The household model without seasonal forcing was used to investigate the case of
a flu-like disease suddenly becoming fatal in children, adults, and both. We found
that when the population has a small proportion of susceptible individuals there
is a higher chance that the disease persists when compared to the population with
a larger proportion of susceptible individuals. Significant change in household
proportions are recorded initially during the first outbreak of the disease when

6.3. Conclusion

115

the mortality rate increases during the infectious period of individuals.
In both the models with and without seasonal forcing, a measles-like disease
fades out more in the household models compared to the homogeneous models.
In each of the household models, within the first five years, we see periods of
approximately 2-3 years where the proportion of realisations that fade out stay
essentially constant for populations of greater than 225 household households in
the seasonally forced model, and above 250 thousand in the non-forced model.
During these periods, the proportion of realisations that have not faded out
is above 0.5, which is suggestive of a critical community size between 375-500
thousand individuals in both household models, which is higher than in the
existing literature [12, 14].
The household models in this thesis are extremely flexible in regards to the
parameters and formulation, for example: household types can have unique birth
rates; children and adults can be differentiated between; and although many
population structure assumptions are made, the partitioning of the population
into households alone relaxes some of the biggest population/contact assumptions
required in developing a homogeneous model. The drawback of such a flexible
model is the complexity and hence evaluation of such a model is time consuming
and difficult, requiring either new methods or a renewed in-depth search into
existing literature to efficiently simulate realisations and compute the equilibrium
of the differential equations.
The household models in this thesis present a more detailed model than presented
in [19], and the determinsitic approximation can be evaluated more efficiently
than the model in [21], although each of these models have their own unique set of
benefits. While the household models in this thesis can indeed be improved upon,
especially in regards to the methods used to evaluate them, they can definitely
be used to further investigate many problems related to endemic diseases and
public health in the future.

Appendix A
Demography deterministic
matrices derivation
Elin events
(k)

Define r(i,j) to be the rate of event type k ∈ Elin occurring in a household of
(k)

type (i, j). Next, we define an event type specific transition vector, Λ(i,j) . This
column vector quantifies the state transition of the event type k happening in a
household of type (i, j).
(k)

Define F(i,j) to be the vector that measures the rate into and out of each household
in the case where event type k occurs in a household of type (i, j). That is,
(k)

(k)

(k)

F(i,j) = r(i,j) Λ(i,j) .

(A.1)

h
i
(k)
(k)
(k)
F (k) := F(0,0) , F(1,0) , ..., F(2,4) .

(A.2)

Then define,

Finally, the total rate matrix for the events k ∈ Elin is given by

Flin =

X
k∈Elin
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Edec and Eim events
For the events types k ∈ Edec ∪ Eim ∪ Ecf , we note that the rates of these events
are not linear. This will mean that the functional form of these matrices will
be different, but the approach we take in defining the matrices is very similar to
that of the events with linear rates. The event types k ∈ Edec ∪ Eim have rates
that depend upon a preference function. Recall the event type “child moving
out of home”. When this event occurs, the child either moves into an empty
household or leaves the population. Due to this feature, the rate of this event
type is non-linear. Similarly for couple separation and immigration. Our aim is
to construct two matrices such that we have the form

f (x)F1 + (1 − f (x))F2 ,

where f (x) is the preference function, and F1 , F2 are matrices of a similar form
to that of Flin .
Let k1 denote the moving out event, k2 be the couple separation event, and k3
the immigration event. Then,

(k )

1
r(i,j)



 mout for i = 1, 2 and j = 1, 2, 3, 4
=
 0

otherwise.

Similarly, let us define,

(k )

2
r(i,j)

(k )

3
r(i,j)



 cs for i = 2 and j = 0, 1, 2, 3, 4
=

 0 otherwise.


 ξp(i,j) for i = 1, 2 and j = 0, 1, 2, 3, 4
=

 0
otherwise

stay
For each m = 1, 2, define km
to be the event type km but the individual
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leave
stays in the population and km
to be event type km but the individual leaves
(kstay )

m
the population. Let Λ(i,j)

be the state transition corresponding to the event

type km in a household of type (i, j), where the individual moves into an empty
(kleave )

m
household, and let Λ(i,j)

be the state transition corresponding to the event

type km in a household of type (i, j), where the individual emigrates out of the
population.
Set,
(kstay )

j
F(i,j)

stay

Hence write F (kj
(kjstay )

F(i,j)

F

stay
(km
)

)

(kjleave )

and F(i,j)

(kstay )

(k )

(kleave )

j
j
m
, F(i,j)
= r(i,j)
Λ(i,j)

leave )

and F (kj

(k )

(kleave )

j
m
= r(i,j)
Λ(i,j)

.

as the matrices that make up the column vectors

, respectively, same as in Equation (A.2). That is,

i
i
h leave
h stay
stay
stay
leave )
leave )
leave )
(km
(km
(km )
(km
)
(km
)
(km )
(km
.
, F
= F(0,0) , F(1,0) , ..., F(2,4)
= F(0,0) , F(1,0) , ..., F(2,4)

As the immigration event is only defined for when the family chooses to enter
(k )

3
the population, we need to find a different matrix for it. Let Λ(i,j)
be the state

transition corresponding to the immigration event when a household of type (i, j)
enters the population. Set,
(k )

(k )

(k )

3
3
3
Λ(i,j)
.
= r(i,j)
F(i,j)

Then combining each household type, we can write,
h
i
(k3 )
(k3 )
(k3 )
F (k3 ) = F(0,0)
, F(1,0)
, ..., F(2,4)
.

Hence we can define two matrices, F1 and F2 , where F1 corresponds to the events
that depend on the preference function where each individual in the affected
household stays in the population (or are entering the population in the case of
the immigration event), and F2 corresponds to the events that depend on the
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preference function where an individual leaves the population. That is,

F1 = F

(k3 )

+

2
X

F

stay
)
(km

, F2 =

2
X

leave )

F (km

.

m=1

m=1

Couple formation events
We consider the event type k ∈ Ecf . That is, the couple formation event.
Write,
(k)

r(i,j) =



 cf for i = 1 and j = 0, 1, 2, 3, 4

 0

.

otherwise.

(k)

Construct Λ(i,j) so as to be the state transitions, according to Table 3.1, and
write,
(k)

(k)

(k)

F(i,j) = r(i,j) Λ(i,j)
and hence finally define,
h
i
(k)
(k)
(k)
F3 = F(0,0) , F(1,0) , ..., F(2,4) .

Appendix B
Demography with disease
deterministic matrices derivation

Events with linear rates
Recall that v = (Sa , Ea , Ia , Sc , Ec , Ic ). Consider the set of all configurations of
the vector, v. Next, recall the ordering of the configurations as in Equation 4.4.
Hence denote the first configuration to be v1 and v981 to be the last; that is, v1
is the empty configuration and v981 is the household type (2, 4) where each of
the adults and children are recovered. Let V = {v1 , ..., v981 }.
(k)

Recall Section 3.3.2. Let rv be the rate of an event k ∈ Elin occurring in the
(k)

household configuration of v and let Λv

be the vector which quantifies the

number of each household configuration that is gained or lost after the event
k ∈ Elin occurs in household configuration v. If household configuration v has
household type (i, j),
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rv(k)




bj







φp(i,j)





Sa (βaa Ia +βca Ic )


i+j−1




Sc (βac Ia +βcc Ic )



i+j−1




 σEa
=


σEc







γIa






γIc







ωRa





 ωR
c

for birth events
for emigration events
for adult transmission events
for child transmission events
for adult infection events

.

for child infection events
for adult recovery events
for child recovery events
for adult waning immunity events
for child waning immunity events

Then for each k ∈ Elin and for each v, let,
Fv(k) = rv(k) Λ(k)
v .

Then we can write


F (k) = Fv(k)
, ..., Fv(k)
.
1
981
The events k ∈ Ed have rates that depend upon the number of individuals with
particular disease statuses, which of course depends further on the household
configuration. Let ψ be the generic symbol denoting a particular disease status;
that is, ψ ∈ {S, E, I, R}. Then let,

(k)

rv,ψ =



 dC ψc for children death events

.


 dA ψa for both types of adult death events
(k)

Define Λv,ψ be the vector which details the change in household configurations
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(k)

for the event with rate rv,ψ . Hence write
(k)

(k)

(k)

Fv,ψ = rv,ψ Λv,ψ .

Then we can write
h
i
(k)
(k)
(k)
Fψ = Fv1 ,ψ , ..., Fv981 ,ψ .
Finally, we let,
F (k) =

X

(k)

Fψ .

ψ

Since all the events in this section have linear rates, we can add each of the
matrices together. That is, set,

F1 =

X

F (k) .

k∈Elin ∪Ed

Events with two outcomes
Now we wish to find the matrices for the events with non-linear rates. The
events k ∈ Edec have two outcomes, specifically that the individuals can either
remain in or emigrate out of the population, and hence there are two associated
matrices. Let k1 be when the event k ∈ Edec occurs and the individual remains
in the population and enters an empty household, and let k2 be the case when
the individual emigrates out of the population. As with the events in the set Ed ,
the rates depend on the household configuration. For each m = 1, 2 let,

(k )

rv,ψm

(k )



 mout ψc for the children leaving home events
.
=

 cs ψa
for
the
couple
separation
events
2

Define Λv,ψm to be the vector which details the change in household configurations
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(k )

for the event with rate rv,ψm . Hence write
(k )

(k )

(k )

Fv,ψm = rv,ψm Λv,ψm .

Then we can write
(km )

Fψ

h
i
(km )
(km )
= Fv1 ,ψ
, ..., Fv981
,ψ .

Finally, we let,
X X

F2 =

k∈Edec

(k1 )

Fψ

and F3 =

ψ

X X
k∈Edec

(k )

Fψ 2 .

ψ

Immigration events
Although similar to the events with two outcomes, in that the rate of immigration
requires the preference function, here immigration only has one option — a
household enters the population. For the event k ∈ Eim , in which a new household
(i,j)

of configuration Hv

(k)

enters an empty household, let Λv be the vector that

quantifies the removal of an empty household and replaces it by a household of
(i,j)

type Hv

. Then set,
Fv(k) = ξp(i,j) Λ(k)
v .

Hence, the matrix F4 is given by,


(k)
.
F4 = Fv(k)
,
...,
F
v
1
981

Couple formation events
In this section, we create four matrices as the couple formation event has rates
that depend on the number of household types (1, 0) as well as the number of
household configurations that the (1, 0) household is pairing with. However, the
(1, 0) household type has four associated configurations that correspond to the
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adult being susceptible, exposed, infectious or recovered, and this non-linearity
requires four separate matrices to be constructed. Let k denote the couple for(k)

mation event. For each disease status, represented generically by ψ, let Λv,ψ
be the vector that quantifies the change in the number of households of each
configuration after a couple formation event where the household configuration
v combines with the lone adult household where the adult has disease status
represented by ψ. Then let,
(k)

(k)

Fv,ψ = cf Λv,ψ ,
and then,
Fψ =

h

(k)
(k)
Fv1 ,ψ , ..., Fv981 ,ψ

i

.

Between-household transmission events
The transmission events that occur between households also have rates that are
non linear. As such two more matrices have to be constructed; one for adults
moving from the susceptible to exposed class and one for the children. We let ka
denote the event when the disease is transmitted between households to an adult,
whereas kc is the event when the disease is transmitted between-households to
(k )

a child. Then Λv a is the vector that quantifies the change in the number of
household configurations when an adult in the household configuration v has the
disease externally transmitted to them between-households. Similarly if a child
(k )

has the disease transmitted to them, Λv c .
Recall that the rate of a susceptible adult in a household of type (i, j) and
configuration v becoming exposed to the disease through external transmission
is of the form,

αaa IaT + αca IcT + M 
,
Sa P
(i,j)
(i,j),v mv (i + j)
where M is the total number of households in the population, IaT is the total
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number of infectious adults in the population and IcT is the total number of
infectious children in the population. Note here that the entire fraction term
depends on the number of each of the household configurations in the population
at the time. Hence, here we construct our matrices F5 , F6 using the part that does
not depend on m; that is, Sa and Sc , respectively. For a household configuration
v, we write
c)
a)
and, Fv(kc ) = Sc Λ(k
Fv(ka ) = Sa Λ(k
v
v .

Then let,


a)
F5 = Fv(k1 a ) , ..., Fv(k981



c)
.
and F6 = Fv(k1 c ) , ..., Fv(k981
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