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ABSTRACT: We study the general Zee model, which includes an extra Higgs scalar dou-
blet and a new singly-charged scalar singlet. Neutrino masses are generated at one-loop
level, and in order to describe leptonic mixing, both the Standard Model and the extra
Higgs scalar doublets need to couple to leptons (in a type-III two-Higgs doublet model),
which necessarily generates large lepton flavor violating signals, also in Higgs decays. Im-
posing all relevant phenomenological constraints and performing a full numerical scan of
the parameter space, we find that both normal and inverted neutrino mass orderings can
be fitted, although the latter is disfavored with respect to the former. In fact, inverted
ordering can only be accommodated if A3 turns out to be in the first octant. A branching
ratio for h — 7 of up to 1072 is allowed, but it could be as low as 107%. In addition,
if future expected sensitivities of 7 — uy are achieved, normal ordering can be almost
completely tested. Also, pe conversion is expected to probe large parts of the parame-
ter space, excluding completely inverted ordering if no signal is observed. Furthermore,
non-standard neutrino interactions are found to be smaller than 1076, which is well below
future experimental sensitivity. Finally, the results of our scan indicate that the masses of
the additional scalars have to be below 2.5 TeV, and typically they are lower than that and
therefore within the reach of the LHC and future colliders.
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1 Introduction

In the Standard Model (SM), neutrinos are massless and lepton flavors are exactly con-
served to all orders. However, from neutrino oscillation experiments, we know that neutri-
nos are not massless and that lepton flavor is not conserved in the neutrino sector.

Whether lepton number is a good symmetry of Nature or not remains an open question.
If the SM is considered an effective field theory (EFT), the only dimension-5 operator is
the Weinberg operator [1], where lepton number is broken by two units, and which gives
rise to Majorana masses for the neutrinos after electroweak symmetry breaking. There
are different realizations of this operator, both at tree level and one-loop level. High-scale
realizations of the Weinberg operator, for instance the type-I seesaw mechanism [2-6], are
well motivated by grand unified theories (GUTs), such as SO(10). However, these models
are difficult to test, and therefore, other avenues should be explored, in particular in light
of new data from the LHC and low-energy experiments.

Indeed, there is hope to test scenarios in which lepton number violation (LNV) occurs
close to the electroweak scale. One such scenario is radiative neutrino mass models, where
neutrinos are massless at tree level, but acquire mass at one or more loops. Thus, the new
degrees of freedom involved in the generation of neutrino mass cannot be too heavy, and
therefore, they can be searched for at the LHC. These new particles typically give rise to
enhanced lepton flavor violating (LFV) signals in processes like y — ey, 7 — 3u, or pe
conversion, which we denote as charged lepton flavor violation (CLFV). Furthermore, with
the discovery of the Higgs boson [7, 8], the ways to search for LFV have increased and
one can look for Higgs lepton flavor violating (HLFV) decays, especially in the 7-u and 7-¢
sectors, which are subject to weaker constraints from low-energy probes than the p-e sector.

The ATLAS and CMS experiments at the LHC have active programs to search for
HLFV decays. Considering their 13 TeV data sets, no signal has been observed.! In
table 1, we summarize the latest 13 TeV upper limits on HLFV decays from ATLAS and
CMS. The LHC is sensitive to Br(h — 7u, Te) 2 0.001, and therefore, these decays can be
used to test the models of new physics with HLFV signals in such a range.

In recent years, several studies have analyzed if a Br(h — 7u) ~ 1 % is compatible with
low-energy constraints, either using an EFT approach [13-20] or in a type-III two-Higgs
doublet model (2HDM) [21-26] (see also ref. [27] for a study of a supersymmetric inverse
seesaw scenario). Reference [20] is particularly relevant to us, where it was shown that the
only tree-level scenarios, which can accommodate the excess, are models with extra scalars.
Furthermore, the connection between HLFV decays and neutrino masses was extensively
discussed? and it was found that the most general version of the Zee model [33-35] (see also
refs. [36-55] for different works and variations on the Zee model) was the most promising
one. In this simple model, an extra Higgs scalar doublet and a new singly-charged scalar

!'The CMS 8TeV data showed a 2.40 excess in the channel h — 7u [9], which is translated into a
branching ratio Br(h — 7u) = (0.8473:39) %. This corresponds to an upper limit Br(h — 7u) < 1.51 % at
95 % C.L. [9]. Unfortunately, this small excess has disappeared with the CMS 13 TeV data. Of course, an
excess at a lower level of O(107%) could be observed at the LHC in the forthcoming years.

2See also refs. [27-32] for HLFV studies in supersymmetric and seesaw scenarios.



HLFYV observable ATLAS CMS
Br(h — 7y) | 1.43 % [10] | 1.20 % [11]
Br(h — Te) 1.04 % [10] | 0.69 % [12]

Table 1. Experimental 95 % C.L. upper bounds on HLFV decays from ATLAS and CMS in the
tau sector using the 13 TeV data sets. In our numerical scan, we will use the strongest upper bounds
from CMS shown in this table.

singlet are added to the SM and Majorana neutrino masses are generated at one-loop level.
In order to describe leptonic mixing correctly, it is necessary that both scalar doublets
couple to the charged leptons in a type-I1II 2HDM, see e.g. refs. [47, 49, 51]. This is precisely
the same requirement needed to have large HLF'V [20], and therefore, a complete analysis,
taking into account all phenomenological constraints and performing a full numerical scan
of the parameter space, is of great interest. This is the aim of this work, including a
reduction of the allowed parameter space of the model by taking into account recent data,
like the discovery of the Higgs boson [7, 8], the determination of the leptonic mixing angle
013 [56-58], the results from the latest global fits of neutrino parameters including the hint
of leptonic CP violation and the uncertainty on the octant of the leptonic mixing angle 023
(i.e. if Oo3 is smaller or larger than 7 /4) [59-61], the new limits on CLFV processes like the
ones on p — e [62], and HLFV processes like those shown in table 1. Finally, the impact of
future expected limits will also be studied, in particular those coming from 7 — u7y, where
Belle I is expected to reach a sensitivity of 10~ [63], and specially pe conversion, which is
expected to improve by several orders of magnitude in the near future, see e.g. refs. [64-71].

The paper is structured as follows. In section 2, we describe the Zee model and its
relevant parameters. In section 3, we discuss the phenomenological constraints of the model.
Then, in section 4, we perform a numerical scan and present our results for three different
scenarios: (i) without neutrino masses (just a type-III 2HDM with an extra charged singlet)
and with neutrino masses for both (ii) normal and (iii) inverted neutrino mass orderings.
Finally, in section 5, we summarize our results and give our conclusions. In addition, in
appendices A and B, we present the contributions of the model to the electroweak precision
test parameters S, T, and U and derive explicit analytical expressions for various loop
functions that these parameters are constructed from and which can be used for any model.

2 The general Zee model

In addition to the SM content with a Higgs scalar doublet ®1, the Zee model [33-35]
contains an extra Higgs scalar doublet ®5 and a singly-charged scalar singlet h™. We start
by discussing the most general scalar potential.

2.1 The scalar potential

The following analysis is similar to the ones performed for 2HDMs, see e.g. refs. [72-75].
One can start in a generic basis, where both Higgs scalar doublets ®; and ®5 take VEVs



denoted by v; and vg, respectively. Then, one can rotate to the Higgs basis, where only
H; takes a VEV denoted as usual as v = /v% 4+ v5 ~ 246 GeV. The rotation is given by
the following transformation [73]:

H1 . Cp 35 (I)l (2 1)
H, —Sg ¢ Py ,

where tan 5 = vy /v and the short-hand notations s, = sinz and ¢, = cos .3 We will also
use t, = tanz. In the Higgs basis, the doublets take the form:

Gt HT
Hi=1|1 : Hy=1 1 ; (2.2)
ﬂ ( 1 ) \/§ (902 )
where ¢! and ) are CP-even neutral Higgs fields, A is a CP-odd neutral Higgs field, H* is
a charged Higgs field, and Gt and G° are the would-be Goldstone bosons, which are eaten
by the W and the Z. The most general potential for the Zee model (see e.g. ref. [73]) is

given in the Higgs basis by
V = piHHy + p3HiHy — (W3 H{H; + Hee.) + %)\1 (Hjhrl)2
+ é)\z (H§H2)2 + 2 () (B3 ) + M (H]H) (F)H))
+ {;)\5 (Hjﬂg)z + [xe (Bl + 27 ()| HEH + H.c.}
2 [ ||+ As | ]P HEHY + X |BY|P HIH
+ Ao |1 F] (HIH2 n H.c.) + (ueaﬁH?th— v H.c.) , (2.3)

where \; (i = 1,2,...,10,h) are the quartic couplings, p? (i = 1,2,3,h) are bare mass-
squared parameters, and p is a trilinear coupling. In addition, €, is the rank two antisym-
metric Levi-Civita tensor. In general, A5, Ag, A7, A10, 3, and p can be complex. Note that
one can choose A5 to be real by redefining H; and Hy [73]. Furthermore, without loss of
generality, 1 can be chosen to be real and positive by redefining the singlet A~. In addition,
we choose \g to be real for simplicity. In the numerical scan (see section 4.1), we will treat
the three quantities u, s, and up as free real parameters, except for the case when we will
set = 0. In section 3.1, we will comment on the usage of the quartic couplings A; in the
numerical scan.

Since only H; takes a VEV, differentiating eq. (2.3) with respect to H; and Ha, gives
the following minimization conditions

1 1
M% = _5)‘1'027 M?’, = 5)‘61}2 ’ (24)

3In type-IIT 2HDM, tan 3 is an unphysical parameter [73]. For the lepton sector, it can be defined as
the ratio of the tau Yukawa coupling (times the vev) and its mass. In general, the definition of tan 8 will
be different for up and down quarks. In our numerical scan (see section 4.1), we will treat it as an arbitrary
free parameter.



which can be used to eliminate ,u% and ,u% as independent variables. Equation (2.4) applies
to both the real and imaginary parts. Inserting (H;) = (0,v/v/2)7 into eq. (2.3), we
obtain the squared mass matrices of the charged and neutral CP-even Higgs states. For
the charged ones, in the Higgs basis (H™,h"), we have

M12{+ —p/V2

M2 = (2.5)
—mv/V2 M
where 1
Mipe = i3+ 50°%s,  Miy = i+ 0*)s. (2.6)
The mass eigenstates hf and h;r are a mixing of h™ and H™ given by
hi 5, ¢ ht
1] _ % G , (2.7)
hy Co —Sp H*
where 3
2
Sop = —5o b (2.8)
T2 ;2
hy R
and the masses are defined as
1 2
qujh; =3 [M?ﬁ + M4 F \/ (M2, — MZ)" + 2022 . (2.9)

Similarly, the CP-even mass matrix is
M3E = , (2.10)
2,2 2
A6V MG + Asv
where the mass of the CP-odd Higgs state enters as

1
m4 = My, — §v2 A5 — M) . (2.11)
Thus, in the Higgs basis, the mass eigenstates h and H are a mixture of the CP-even states

1 and @9

h’ _ S,B—a C,B—Oé (p? (2 12)
H Ch—a —Sp—a ()0(2)
with the masses defined as
1
m%—[,h = 5 {mi + v? ()\1 + )\5) + \/[771124 + 02 ()\5 — )\1)]2 + 404)\%} R (2.13)
where the CP-even mixing is given by
2)\6’02
)= 2.14
52(8—a) m — m}2l ( )

that needs to be sufficiently close to zero (i.e. the alignment limit) to give rise to a SM-like
Higgs boson [72].



2.2 The lepton sector

As we will see, in order to describe leptonic mixing, both Higgs scalar doublets must couple
to the charged leptons, and thus, we are considering a type-III 2HDM, see e.g. ref. [51].
The most general Yukawa Lagrangian in the generic basis, where both Higgs fields take
VEVs, reads

— L, =L (Y,® +Y)®)er + Lf Lh* + H.c., (2.15)

where L = (v, e,)” and er are the SU(2) lepton doublets and singlets, respectively, and
L= j09L°¢ = iangT with o9 being the second Pauli matrix. Due to Fermi statistics, f is
an antisymmetric Yukawa matrix in flavor space (i.e. f*# = —f5), while Y; and Y3 are
completely general complex Yukawa matrices. Furthermore, the charged-lepton masses are
given by

_ v i T)
mg = cgY, +sgY.) | . 2.16
E \/§<51 BL2 ( )

Note that we will work in the basis where mpg is diagonal with real and positive elements
Me, My, and m,. Moreover, Y3 will be a general complex matrix and ¥ can be expressed
completely in terms of mp and Y, using eq. (2.16).

In the Higgs basis, we can rewrite eq. (2.15) using eq. (2.1) as

2 Y, 2mpt
\[mEH1+ <2_\[mM) H,
v

(Y Cp

— L, =1L er + LfLh* + H.c. (2.17)

Without loss of generality, rotating the lepton doublets L* and the lepton singlets ef
by the same phase (so that mg remains diagonal and positive), three phases from f can
be removed. However, note that the phases from Y5 cannot be removed by lepton field
redefinitions.

In the mass basis (also for massive neutrinos), using eq. (2.17), the most general
leptonic Lagrangian reads

—V2mpts Yy —
—Ly = U (W + 2) er (cphi — sphy) + 205 U fer, (—sphf — cphy)

cs
yep [ ZRESe v htep | LS v H
(& —_— Cp— e (& — S e
L 'UCB ﬁ o \/?CB R L 'UCﬁ ﬁ (07 \/icﬁ R

.I.
— mpgtg Y,
— A+ H.c. 2.18
—i—zeL( " +\/§(35 erA + H.c (2.18)

We define the following effective couplings for the neutral Higgs fields h° = (h, H, A),

which will turn out to be useful for CLFV processes:

So C .
9}110 = (gilw g}{? 9114) = <_a7 70‘7 _Ztﬂ> ) (219)
g €p
2 2 2 2 Ch—a Sp—«a i
gpo = (gha agm, gA) = y T ) (220)
h <\/§c[3 \/ﬁc[g ﬂ%)



and for the charged Higgs fields h. = (h{, h; ):

gh. = (9he 9b) = (—V2acp Vatss,) | (2.21)
2 2 2 Cop S

= =(2 - 2.22
h, (ghi” gh;) (057 Cﬁ) 9 ( )
G = (Gpes Ghy) = (=254, —2¢,) . (2.23)

One can observe that g}llo is flavor conserving and proportional to mg /v.

2.3 Neutrino parameters

A general 3 x 3 Majorana neutrino mass matrix M, which is defined as an effective mass
term in the Lagrangian £, = —1/2vf M,vy, + H.c., can be written as

M, =UD,UT, (2.24)

where vy, is the left-handed neutrino flavor eigenfield with three lepton flavors, D, is a 3 x 3
diagonal matrix with positive real eigenvalues and U is the 3 x 3 unitary leptonic mixing
matrix, which relates the neutrino mass eigenfields v; (i = 1,2,3) with definite masses m;
and the neutrino flavor eigenfields v, (o = e, p, 7):

3
va = Uaiv;. (2.25)
=1

The standard parametrization for U is [76]

€13C12 C13512 s13¢”% 1 0 0
_ i i iy /2
U= | —ca3s12 — s23513c12€"°  ca3c12 — S23513812€"°  S23C13 0e1/2 0 )
593512 — C23513C12€"0  —S93C12 — C23513512€"° o313 0 0 ¢2/2

(2.26)
where ¢;; = cosf;; and s;; = sinf;; (612, 613, and 63 being the three leptonic mixing
angles and 612, 613,023 € [0,7/2)). Furthermore, in eq. (2.26), 0 is the Dirac CP-violating
phase (0 € [0,27)) and ¢; and ¢y are two Majorana CP-violating phases (¢1, ¢2 € [0,47)).
Using the three definite neutrino masses mi, mo, and mgs, we also define the two linearly-
independent neutrino mass squared-differences Am3; = m3 — m? and Am3, = m% — m2,
known as the small and large mass squared-differences, respectively, where the sign of
Am3, is still unknown. The case Am3; > 0 is generally referred to as ‘normal neutrino
mass ordering’ (NO), whereas the case Am2; < 0 is known as the ‘inverted neutrino
mass ordering’ (I0). Note that using neutrino oscillation experiments, it is not possible
to determine ¢; and ¢ nor the absolute neutrino mass scale. The most up-to-date best-
fit values from global analyses of the ordinary neutrino oscillation parameters (i.e. the
leptonic mixing parameters and the neutrino mass-squared differences) are 619 ~ 34°,
013 =~ 8.5°, O3 =~ 42° for NO and fa3 ~ 50° for 10, § ~ 1.57, Am3, ~ 7.5-107° eV?, and
Am2, ~2.5-1073eV? for NO and Am3; ~ —2.5-1073eV? for IO [59-61]. Similar values
can also be found in refs. [77, 78]. Note that both the first and second octants of 633 are



allowed from the global analyses [60, 61] for both orderings with a mild preference of the
first (second) octant for NO (10).

In addition to the ordinary neutrino oscillation parameters, the following effective
neutrino parameters appear naturally in different contexts [76]

3
Mee = Z mUZ| = ‘(mlcﬂ + mgs%Qeim) 2y + masiael(9272) | (2.27)
i=1
3
S Uail? = \fmictc, + miciysty + m3sy, (2.28)
i=1
3
ZmiEZmi:ml—l—mg—l—mg, (2.29)
i=1

where mee (or mgy2g) is the effective electron neutrino mass parameter that could be
measured in neutrinoless double beta decay (0v23) experiments [79, 80] (see also ref. [81]
for a recent review), m,, (or mg) is the effective neutrino mass parameter measured in
(single) beta decay experiments [82], and finally, > m; is the sum of the three neutrino
masses, which, in the future, could be determined by cosmology, but at present it is only
restricted by an upper bound, see e.g. refs. [83, 84].

2.4 Neutrino masses in the Zee model

As can be seen from the potential and the Yukawa Lagrangian of the Zee model, eqgs. (2.3)
and (2.18), respectively, in order to have LNV and therefore neutrino masses, we need the
simultaneous presence of Y7, Y, f, and p. In the Zee model, the one-loop diagram shown
in figure 1, where the charged scalars h{” and h run in the loop, generates neutrino masses.
The complete neutrino mass matrix is then given by (see e.g. ref. [54])

(Y

V2s3

M, = A|fmE+mEfT — (fmeYo+ Yy mp 1), (2.30)

where we have defined
m2,
A= 5218 h3

822 v mi N
1
with ¢ being the mixing angle for the charged scalars given in eq. (2.8). Therefore, in the

(2.31)

Zee model, due to loop and chiral suppression, the new physics scale can be light.
Assuming f* = 0, neglecting m. < m,, m,, and keeping only the term proportional
to m, in the 3-3 element,* we obtain the following (symmetric) Majorana mass matrix
m
_2f€TY2Te _feTY2T,u‘ _ fMT}/ZTE \/555 mr feT _ fe’ryzfrr
_fBT}/QTM . f/,LTY27'e _2fu7'1/2ﬂi \/isq?mf f,uT . f,LLTYZTT
\/555 mr feT _ fe-rY27"r \/isfm'r f,uT _ f,LLT}/2TT Q%f‘uTYQMT

msv

V2sg

M,=A

(2.32)

“Keeping the 3-3 element to order m, /m, is phenomenologically relevant for the following two reasons.
First, to have that all neutrinos are massive. Second, to obtain a constrain on Y§'", which enters in h — 7p.
In our numerical analysis, we keep all terms proportional to m,.



Figure 1. The Zee model diagram for neutrino masses.

Note that in a simpler scenario, where one neglects terms proportional to m,,, one neutrino
will be massless. On the other hand, taking terms proportional to m, into account, all
neutrinos will obtain masses.

In our analysis, we assume zero Yukawa couplings in the e-p sector, i.e. we assume
f# =0 and V3" = Y = Y;* = Y§© = 0, which means that the non-zero Yukawa
couplings are f¢7, fH7 Y77 YH Y7 Y47 and Y57. We assume all these Yukawa couplings
to be complex except for f¢7, f*7, and Yy (which does not enter in neutrino masses), see
the discussion in section 2.2. Thus, the Yukawa couplings will constitute eleven free real
parameters in the numerical scan that will be described in section 4.1.

In order to obtain correct mixing angles, we need both Y;* and Yy ¢ different from
zero, as they enter in the 1-2 submatrix of eq. (2.32). Therefore, it is clear that reproducing
the leptonic mixing angles correctly will imply restrictions on Br(h — 7u), Br(h — 7e),
and other LFV processes. In fact, from this argumentation, a lower bound on the product
Br(h — 7u) - Br(h — 7e) (in addition to an upper bound from other CLFV processes) is
expected.

2.5 The (minimal) quark sector

Although the Zee model only deals with the lepton sector, the SM Higgs scalar doublet
needs to couple to the SM quarks, like tops and bottoms, in order to be observed via
its production and decay modes at the LHC [85]. In the generic basis, the most general
Lagrangian in the quark sector is given by

— Lo =Q (V&1 + Y ®)ur + Q (V@1 + Y}, ®2) d + Hec., (2:33)

where Q = (ur, d,)” are the SU(2) quark doublets, ur and dr are the SU(2) quark
singlets, and &, = io9®} (i = 1,2). However, flavor violation in the quark sector is severely
constrained (see e.g. ref. [16]), so we will assume the simplest scenario in which Yy =
Y.2 = 0. Then, we can use the basis, where the up-type quark mass matrix is diagonal.
Furthermore, we assume the Yukawa couplings Y;; and Y,; to be Hermitian. The masses
for the third generation quarks are given by my, = (Y?)*cgv/v/2 and my = (Y3})*cgv/V/2.



Therefore, the interactions of the physical neutral Higgs fields with quarks are given by

My (b) S Mt (b) Car M ()18
9hit (hbb) = _W’ 9HTt (Hbb) = W7 9 ATt (Abb) = 0 ) (2.34)

where the corresponding Feynman rule for the CP-odd scalar A includes a ~s.

Note that if we had taken the couplings to quarks as general as possible, including the
first generation, there would have been other phenomenological implications. In particular,
related to neutrino masses, there would have been be new contributions to neutrinoless dou-
ble beta decay and new universality and non-standard neutrino interactions with matter,
stemming from interactions of the charged scalars hf and h;. However, when naturality
constraints are imposed on the Yukawa couplings to the leptons and the up and down
quarks, see eq. (3.4), these contributions are subdominant. We will therefore only discuss
the universality constraints and the non-standard neutrino interactions generated through
leptonic interactions, see section 3.4, and we will only consider the contributions to neu-
trinoless double beta decay mediated by W bosons, i.e. the contributions from the light
neutrinos.

3 Phenomenology

3.1 Stability of the potential

A Hamiltonian in quantum mechanics has to be bounded from below, which requires the
quartic part of the scalar potential in eq. (2.3) to be positive for all values of the fields and
for all scales. Then, if two of the three fields Hy, H2, and h vanish, one immediately finds

M>0, A>0, A>0. (3.1)

For a general 2HDM potential with A\¢ = A7 = 0, it has been shown in ref. [86] that
the additional necessary conditions are

A3 > —vVAda, Az 4 A — sl > =V A (3.2)

However, when Ag, A7 # 0, it has been shown that in addition to the previous conditions,
the following condition [87]

AL+ A
2|/\6+/\7’< ! 2

+ A3+ M+ A5 (3.3)

is both necessary and sufficient to ensure stability of the potential. Other stability condi-
tions for similar potentials are discussed in refs. [45, 88, 89].

In this work, due to the large number of parameters, we will set \y = Ay = Ag = \g =
Ao = Ap = 0, since they do not significantly impact phenomenology, even though their
presence is expected to somewhat open the allowed parameter space. Thus, the four free
Higgs couplings are A1, As, A3, and A5, which we will treat as free real parameters, while
X6 is a derived parameter that can be computed from eq. (2.13). In the numerical scan
(see section 4.1), we impose the conditions from egs. (3.1)—(3.3).
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3.2 Naturality and perturbativity

There are naturality and perturbativity constraints on the Yukawa couplings and on the
quartic and trilinear couplings of the potential. In order not to have large fine-tuned can-
cellations between the different Yukawa couplings (see e.g. refs. [20, 23]), we demand that

2 2
v v
?Y;“Yz‘”s% <mums,, EYQTe 2675?3 < memy . (3.4)

One can also obtain an upper bound on pu, which contributes to the scalar masses. In
fact, using eq. (2.9), it is clear that naturality demands that p < \/ﬁmiJr /v. Interestingly,
2

we can also derive a natural upper bound using the 125 GeV Higgs boson [7, 8|, due to
the fact that p contributes at one-loop level to its mass. The relevant coupling of the light
Higgs boson to the charged scalars induced by p is

— 55— [sap (AT h{ = hyhd) + cap(hThy +hhd)] b, (3.5)
V20

We demand that the one-loop contribution to the Higgs mass fulfills dmy/my < Kk, where

we choose x = 1(10), which corresponds to no (10 %) fine-tuning.” Neglecting logarithms

and factors of two in the Higgs self-energies, we obtain

4
<K TMh 15 < n ) TeV . (3.6)
S8—a SB—a

Taking sg_o ~ 1, we find an upper bound of 1.5 (15) TeV for x = 1(10). In addition, we
impose that all the quartic couplings are perturbative:

I\ < Vam, i=1,2,35. (3.7)

3.3 Charged lepton flavor violation and electric and magnetic moments
3.3.1 Trilepton decays
The presence of the second Higgs doublet gives rise to tree-level trilepton decays ¢; —

Ej%&.@ The ratio of branching ratio reads

Br(li — £ill) 1 2 2 2 2
= D D D D 3.8
Bl = L) B <§| il” + & [Drr|” + | Dir|” + [Dre ) 7 (3.8)

where G = g2 /(v/2v?) ~ 1.166-107° GeV 2 is the Fermi coupling constant and the Wilson
coefficients Dpps (P,P’ =L,R) are given by the coherent sum of the contributions from
the neutral Higgs fields. In addition, £ = 1/2 (1) when there are two (no) indistinguishable

5The fine-tunings in the Higgs mass squared, which is the relevant parameter in the Lagrangian, would
be 1 % (100 %) for k = 1(10).

At one loop and two loops, there are dipole contributions which dominate the rate. However, these are
strongly bounded by 7 — py and p — ey, see section 3.3.2. Also, box diagrams are very suppressed, see
ref. [90].

- 11 -



particles in the final state. We are interested in tau decays.” In this case, for 7 — ppufi,
the Wilson coefficient Dr1, is given by

Dut = =5 (g80) V4" (gho) 2. (3.9)

where h® = (h, H, A). Similarly, for 7 — epji, one can simply substitute Y3'" — Y57.
Furthermore, Dgy, is obtained from Dy, by changing (g}lLO)* — g,llo. Finally, Drr (DrR) is
obtained from Dy, (Dgy,) by making the replacement YQO”B — (YZ’B “)* and conjugating the
vertex factors.

As expected, these tree-level processes do not restrict the parameter space as much
as T — wy, T — ey, or u — ey does, since they always involve a muon mass suppression
(squared) and are therefore irrelevant. In table 5, the upper bounds used in the numerical
scan for the various observables are presented.

3.3.2 ¥{; — £~ decays

One of the most constrained CLFV process is the radiative process ¢; — £;v with ¢; being
the physical charged leptons e, u, and 7. This process always arises at loop level and it
can be viewed as stemming from an effective operator of the form [21]

Cl'] v
Lo = A2 fé Pro"l;F,, + H.c. (3.10)
where A is the scale of new physics, o* = i[y*,4"]/2, and F,, = 0,A, — 0, A, is the
electromagnetic field strength tensor with A, being the photon field. It is useful to define

, .
Cz‘j v eml(];{

— = A1
5= (3.11)
and similarly, Cf, = Cg{. Then, it follows that
Br(¢; — ;) 4873 9 9
= C C . 3.12
Br(fi — EJZT]%) G% <| L| + | R| ) ( )

We use the expressions for the Wilson coefficients given in refs. [13, 15, 16], adapted to the
Zee model. We also include the two-loop Barr-Zee contributions as given in ref. [91]. At
one-loop level, the dominant contribution for 7 — u~y reads

L 16772 Z gho )Y
10

{H@W+mw>]WMﬁ+%wnKN§—®}<ma

T

"Other processes, like u — c@e, are absent at tree level, since we assume YJ#*¢ = Y5* = 0. Also, tree
level contributions to 7 — peé and 7 — eeé are suppressed by me.
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and similarly, we obtain C’% with the replacement Y;‘ﬁ — (Yf “)*. For the charged scalars,
we find (using >, |Uri|*> =~ 1)

11 1 m
o~ — 1 T 1 U7
R T 12222 2, [9h+ " +9h+(Y Vg Ys (3.14)

0, (3.15)

<3
12

where the contribution to C;{ is zero, since we assume f = 0.

The total contribution to the Wilson coefficient is C, = CP + Cf + C’E'IOOPS, and
similarly for Cr. For u — e, the dominant contributions, proportional to m., are given
by the neutral Higgs fields and 7 running in the loop

1 m 1 m? 3
0 T 2 \2v Ty eT hO
>~ — E Y, Y. In —2% — — 1
Cr 1672 (m,) 5 m,zlo [(gho) 2 72 } <n m2 2) ’ (3.16)
1 m 1 m?, 3
CR~—— () > — [gp)? () (¥ ] (In 12— =) . 3.17

Note that we also add the contributions from f to p — e, which are proportional to m,,,
with v, running in the loop:

Cf ~0, (3.18)
% ,Z V2(fETYfuT (3.19)

Oy =~

1672

The contribution in eq. (3.19) strongly constraints the antisymmetric Yukawa coupling f
of the singly-charged scalar singlet.
3.3.3 Electron and muon electric dipole and anomalous magnetic moments

When flavor is conserved, anomalous magnetic moments (AMMSs) are generated. The
dominant contributions are given by loops with neutral Higgs fields and tau leptons, similar
to those in eqgs. (3.16) and (3.17). It can be defined as [15]

ea, C'+CT v

= —. 3.20
amy, A2 /2 (3.20)

Then, using eq. (3.11), the muon AMM is given by
a, = 2m’Re(CL + Cr) . (3.21)

Similarly, the electron AMM is obtained by replacing the indices u — e everywhere.

For the electron AMM, there is no disagreement between theory and experiment, and
in fact, it represents one of the most precisely measured quantities in all of physics with an
experimental 90 % C.L. upper bound on possible new physics contributions of 2-10~'2 [76].
On the other hand, for the muon AMM, there is an experimental deviation from the
theoretical prediction of the SM, i.e. |da,| = (2.88 & 0.80) - 107 [76]. Unfortunately,
neither a 2HDM nor the Zee model can accommodate this discrepancy [23].
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If there is CP violation, electric dipole moments (EDMs) are generated, which can be
defined as

d_ ' -CTuw
which gives
g =my,Im (Cy, — CRr) . (3.23)

The experimental 90 % C.L. upper bounds for the muon and electron EDMs are 1 -
107%¢ cm [76] and 8.7 - 1072 ¢ cm [92], respectively (see also table 5). Therefore, for
the muon EDM, this bound is almost non-existing, whereas the electron one strongly con-

€T

strains the imaginary parts of Y5 ¢ and Y57 (in our scenario, Y57 is assumed to be real for

simplicity).

3.3.4 pe conversion in nuclei

Finally, pe conversion is a very interesting process because the sensitivity in the next gener-
ation experiments is expected to increase by around four orders of magnitude. As the dipole
contribution is already heavily constrained by p — ey, we can use the current limits to re-
strict the monopole photonic contribution. In the limit, where the transferred momentum is
zero, the conversion rate, relative to the muon capture rate, can be expressed in gold as [93]

(VR? (\9LV|2 + |9RV|2)

Cr(p — e)ay = T\

, (3.24)

where Vi = 0.0974 mz/ ? Tay=8.6-10"18GeV [93], and the vector current coefficient is

given by [23]
« [ & -1 qu— T Te\*
giv = Zgio(gio) (%) <> <4 +3In -~ > Yo (Y5 . (3.25)
hO

2
I9m 40 40

Similarly, gry is obtained by replacing YQO"H — (YQB “)* in eq. (3.25). The currently best
experimental limit is Cr(p — e)ay < 7-10713 at 90 % C.L. by the SINDRUM II experiment
at PSI [94].

For titanium, the best experimental limit is Cr(u — e)7i < 4.3-107'2 at 90 % C.L. [94].
In the future, PRISM/PRIME [68, 69] expects to achieve a sensitivity of O(107'%). For
aluminium, the future experimental sensitivity is Cr(u — e)a; < 6 - 1077 at 90 % C.L. in
the Mu2e experiment at Fermilab [64-66] and of O(10717) in the COMET experiment at J-
PARC [70, 71]. Mu2e may also run at Project X using either Al or Ti [67] with an expected
sensitivity of O(1071%). In the numerical analysis, we will discuss how the Zee model will
be constrained if the expected sensitivity of this process is achieved in the future.

3.4 Leptonic interactions of the charged scalars

Now, we study four-lepton interactions of the singly-charged scalar mass eigenstates hf
and h;r that involve two charged leptons and two neutrinos.® These give rise to muon and

8Since the new Higgs scalar doublet also couples to quarks (to the third generation in our scenario),
there are four-fermion interactions between quarks and leptons, which we do not analyze any further, see
the discussion at the end of section 2.5.
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tau decays into lighter charged leptons and neutrinos as well as to non-standard neutrino
interactions (NSIs), see e.g. refs. [95, 96].

At tree level, we can integrate out hi and hj, see e.g. ref. [95]. Therefore, using
eq. (2.18) and expanding to first order in p?/ mi TRAL obtain

1

1 _
Lot = R OF I V1" en) + g ler 5 IBE 5" el
1 -
o {ER O g 95" ew] + o 05" L V5" en] | (3.26)

12

where we have defined the effective Yukawa couplings

—V2mpgt VAl
Wi =-ut (f” + 2) , Wt=—2u"y (3.27)
v cg
and the effective masses
1 C?D S?D 1 si c?o 1 \/ivu
Ve = . VE =3 . VP =5 - (3.28)
1 hi h3 2 hi h3 12 hi"hy

Note that for the definition of Mlzz we have used the charged-scalars mixing so, as defined
in eq. (2.8).

3.4.1 Universality

The second operator in eq. (3.26), which is second order in f, i.e. |[VST|> o< f1f, couples
to the left-handed leptons, like charged currents in the SM. This implies that it interferes
constructively with the W boson. In the SM, the Fermi constant extracted from muon
decay GEM and the one extracted from hadronic decays G%M are tested to be equal with
great precision. The presence of the charged scalars modifies the muon decay rate [97, 98],
which implies that G%M = GEM #* Ggee, where Gﬁee is the Fermi constant from muon decay
in the Zee model. Therefore, we have

2
GZee ﬂ
L] =14 ——= [ +O(m ] 3.29
(GEM> e O (3:29)
where My is defined in eq. (3.28).

In the SM, unitarity of the quark mixing matrix V holds to great precision. In our

scenario, as we assume f = 0, we also have that V' is unitary up to order O(1/ mfﬁ )E
1,2

9 9 9 GSM 2 A
[VEP + [VEP)P + [Va®|” = (Ggee> =1+ (’)(mlzb). (3.30)
1 >

On the hand, other leptonic decays may not be universal (in the SM, they are mediated
by gauge interactions and are therefore universal). The ratio of flavor violating decays can
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be tested among the different generations via the effective couplings given by

iXp 2 GZee 2 \[
(gexp) = < T_w) =0y~ 1+ |feT| (3'31)

L

9u G;ZLe—ew GFM2
X 2

(gi:’) GZG_‘EM =gre =1+ —— v 47 (3.32)

Jde P G;Zt(f)e GFM2

exp \ 2 (GZee 2 \/§

9y T _ T2 et |2

= g~ 14 Y2 < w2 ) . 3.33

<ggxp> (Ggie ) gue GFM22 ‘f | ’f ’ ( )

In our scenario the expressions (3.31)—(3.33) will generally, but not necessarily, be different
from one, i.e. they deviate from the SM prediction.

3.4.2 Non-standard neutrino interactions

Apart from standard neutrino interactions (including neutrino oscillations), the new singly-
charged scalar fields hf and h; introduced in the Zee model will induce NSIs at tree level.
These NSIs are new LFV processes that are not allowed in the SM, but could be probed
in future neutrino oscillation experiments, and are usually treated using an effective four-
fermion operator.

Interestingly, the operators in the second line of eq. (3.26) violate lepton number.”
Indeed, they involve the same combination of four leptons that appears inside the neutrino
mass diagram, see figure 1, and thus, their coefficients are proportional to the same lepton-
number combination appearing in the neutrino mass formula, see eq. (2.32). Hence, they
are subject to constraints from neutrino masses and therefore suppressed.

The operators in the first line of eq. (3.26) do not violate lepton number and, in
principle, they give rise to NSIs that are not suppressed by neutrino masses. Applying
Fierz identities one can express them in various ways. Using ref. [100], they can be written
in the flavor basis with the usual NSI language as [101, 102]

L'NSI QﬂGFXg% (Ta"PrLyg) (€7, PreEs) + 2\/§GFEZ% (Ta"Pryg) (€,vuPres) , (3.34)

where X% and sg% are the canonical NSI parameters given by

PO P Vo0 53
P ANAG R MG *F T \2GEM2’
where M and M, are defined in eq. (3.28).
For neutrinos propagating in ordinary matter, these operators induce the following

matter NSI parameters

= e = (Y57)* (Vo) m e _ TU)
a = Xaf 4v2Gp &M 0 2GR M2

™

(3.36)

9Their gauge invariant EFT operators are, of course, dimension 7 [99], LLLeg®1 2.
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In our scenario, the only relevant matter NSI parameters are y2= and & (cf. ref. [102]),
since we assume Y4 = Y;* = 0 and f% = 0. Now, we can derive an upper bound
on X+ applying CLFV and HLFV limits. For illustration, let us impose the limits from
Br(h — 7e) from table 1. Using a similar equation to eq. (3.48), but for the Te channel,
which depends on Y57, we obtain

m AnTy Br(h —» 1e) _2-1071

~ , 3.37
XTT — \/§Mh GF C%ia M12 ~ C%_a ( )

which is below present and most probably future experimental sensitivity. Reproducing
small neutrino masses and fulfilling other stronger CLFV constraints, e.g. constraints on
p — ey and T — pry, imply that ¥ and £ are much smaller than 10~8, which is beyond
any future experimental sensitivity. This can be seen in our numerical scan. Other limits
and future prospects on NSIs can be found in refs. [103, 104].

Finally, at a future neutrino factory, there could be source NSIs in the process u —
eVpVq. In our scenario, the only relevant source NSI parameters x;,; and Eg% are those with
tau neutrinos, i.e. x5r and /2. However, these are also very small, at least below 1076,

3.5 Higgs signals

In the Zee model, the couplings to SM particles are modified with respect to their SM
values. For instance, the couplings to gauge bosons are

2 2

2m 2m

IhWww = 58—a s gHWW = Cl—a s gaww =0, (3.38)

and similarly, for gnzz, gmzz, and gazz, changing m%v — m2Z Clearly, close to the
decoupling limit, sg_, — 1, the light Higgs interactions are sufficiently SM-like [72]. As
we will see in section 3.5.2, in order to have HLFV, we cannot be exactly at the decoupling
limit, but it needs to be close enough to fulfill the bounds on the Higgs decays measured
at the LHC [85]. The other Higgs couplings in the Zee model are modified as in eq. (2.18)
(see also eq. (3.48)) for leptons, eq. (2.34) for quarks, and eq. (3.42) for photons.

The Higgs results at the LHC are usually given in terms of the global signal strength

defined as
ox(h)-Br(h —=Y)

ox(h)sm - Br(h — Y)sm

UXY = (3.39)

where ox(h) is the cross section for the production mode X and Br(h — Y') is the Higgs
branching ratio for the decay mode Y. By definition, in the SM, MZS}\/I = 1 for all production
modes ¢ and decay channels f. At the LHC, there are four production modes available
for the Higgs boson, where the dominant one is gluon-gluon fusion (ggF), mainly through
a top loop. The subdominant ones are vector boson fusion (VBF), associated production
with a vector boson Vh (where V- = W, Z), and the associated production with a top-quark
pair tth. The production modes are usually grouped into two effective modes according to
ggF + tth and VBF + Vh. We consider the five decay channels, where a signal has been
detected, namely vy, WW?*, ZZ*, bb, and 77. For instance, for gg — h — bb, the signal
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strength is given by
4
bb Sa

a=—] . 3.40
Hggh+tth ( cs > ( )
For the contribution to the x? function (to be discussed in section 4) from the Higgs
decay channels, we need to take into account correlations between different production
modes. Thus, for each of the decay modes f = vy, WW*, ZZ*,bb, 77, the contribution to

the x? function is defined as

1 1 9
2:7 f_/‘f2 - f—AfQ—ip f_/\f f_Af
Xy &%(1_p2)(ﬂ1 f1’) +6%(1_p2)(/i2 fi2”) &1&2(1_/)2)(#1 ! ) (py — pin’)

(3.41)

where H{,z are the results in the Zee model, ﬂ{@ are the measured Higgs signal strengths,

6’{(2) are the standard deviations, and p is the correlation. The index 1 stands for the
combination ggF + tth and the index 2 for the combination VBF + Vh. The numerical
values are given in refs. [105-108].

3.5.1 h — v decays

In the Zee model, the decay of the Higgs boson to two photons is modified by two factors.
First, the couplings to gauge bosons and top quarks are changed, since we have two Higgs
doublets. Second, there are new extra charged scalars couplings to the Higgs boson. In
ref. [45], a study of h — 7 in the Zee model has been performed. However, A\; and A1
were set to zero. Thus, in the following, we will analyze this decay in our scenario.

The value of the h — ~v decay width in the Zee model with respect to the SM one is
given by [109-111]

2

U2
B e R Rt AT e 7 st il IO
L'(h — v7)sm Ai(tw) + 3A;12(7) 7

R’Y’Y

where Asp is the coupling of a charged scalar S with mass mg to the Higgs field, which
is coming from a term in the potential of the form (HTH)(STS). Note that we have used
the modified couplings to tops and WW given in eqs. (2.34) and (3.38), respectively. Here,
7 = 4m?2 /m?% and A;(z) (i =0,1/2,1) are loop functions:

Ag(z) = —z + 22 f (i) , (3.43)
Ayjp(a) = 2 + 22(1 — ) f (;) , (3.44)
Av(z) = —2— 32— 302 —a) f <i> | (3.45)

We need to compute the couplings to charged scalars Agg in the Zee model. Since we are in
the Higgs basis, the terms of the potential in eq. (2.3), which are coupling the Higgs boson
to the charged scalars, are those involving A3, A7, Ag, A1, and p. Using the rotations to
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the mass basis, i.e. eqs. (2.7) and (2.12), the relevant interactions hhj hy and hhjh; read

1

— 2 2 2 2 H
AS H = )‘hhfhf = S3_q ()\3680 + )\8890) + Ccp—a ()\76@ + )\108[10) — E v SB—a S2p 5

1
AS,H = )‘hh;h; = $8-a ()\35% + )\803) + cs_q ()\75(2p + )\100?0) + \ﬁ % S8—a 520 - (3.46)
In the case when there is no mixing x (@) — 0, we obtain
AHAH- = 8—-a A3+ Co—a A7,
Ahh+h— = 88—a A8 + C—a 10, (3.47)

where the first equation agrees with eq. (F1) in ref. [72]. Note that, in our scenario, only the
terms proportional to A3 and p in eq. (3.46) will contribute, as we set the other couplings
to zero.

3.5.2 Higgs lepton flavor violation

The Zee model predicts HLFV interactions that can be sizable. From the leptonic La-
grangian, i.e. eq. (2.18), the branching ratio of h — Tp is given by

2
mp CR—
Br(h — mp) = Rl (\/%(;) (Y12 + V7)), (3.48)

and similarly, Br(h — 7e) oc (|Y57¢|?+|Y57|?). We can expand around the decoupling limit,
ie. B —a~7/2, by using eq. (2.14), to obtain [112]

mp, )\%v4

Br(h — Tp) ~ (Y512 + Y72 (3.49)

167I, c%mj%{

Thus, in order to have large HLFV, i.e. Br(h — 7u) ~ 1%, we need

A 2
i“—ﬂ/n/ﬁ? VT2 ~ 0.004. (3.50)
g My
In principle, this can be achieved quite easily. For instance, choosing cg ~ 0.5, Ag ~ 0.05,
and mpy ~ 2v, we can obtain the desired branching ratio for \/|Y5 "2 + [YJ|2 ~ 0.002. In

order to have a sizable Br(h — 7u), the correct neutrino mass scale can be obtained with

very small singly-charged Yukawa couplings f¢™ and f+7.

Note that for a type-IIT 2HDM there is an upper bound on Br(h — 7u) - Br(h — Te)
from combining the rates of u — ey and pe conversion [23] (which currently saturates the
bound), as all combinations of couplings relevant to these HLF'V processes enter in CLEV
with tau leptons running in the loop, see sections 3.3.2 and 3.3.4:

Br(h — 7u) - Br(h — 7e) < 107°. (3.51)

In the Zee model, as we will see, reproducing the leptonic mixing angles correctly implies
that there are also lower bounds on the HLFV processes.
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Parameter Range
Complex: Y57, Yo Yoe, YI7 | [10712,107]
Real: fv7, fer, Y§T [10-12,107]

tan [0.3,50]
AL, A2, [As], [As] [107°, V/4m]

fin, pi2 [GeV] [1,107]

p [GeV] [1,107]

Table 2. Priors on the 19 free real parameters used in the scan. For Y57, Y;*, Y5, and Y47,
we scan real and imaginary parts independently, while f#7, f°7, and Y57 can be assumed to be
real without loss of generality. We use logarithmic priors for all parameters except for tan /3, where
uniform priors are used.

4 Numerical analysis

4.1 Scan of the parameter space

In order to study the large parameter space of our scenario of the Zee model and to be able
to investigate how large CLFV and HLFV processes can be, we perform a full numerical
scan using the software MULTINEST [113-115]. MULTINEST is a Bayesian inference tool
that uses so-called nested sampling and especially suitable when there are possibly several
maxima in the parameter space. It is designed to determine the Bayesian evidence, but as
a byproduct, it also yields the posterior distribution that is relevant for a Bayesian analysis.
Nevertheless, it also maximizes the likelihood, which is relevant for a frequentist analysis.
We are interested in the maximization of the likelihood and we perform a fully frequentist
analysis. We scan over all free parameters in the model, in total 19 real parameters,
which are given in table 2 together with their chosen allowed parameter ranges. The
plots, including best-fit points and 1o and 20 confidence regions, are produced using the
graphical interface SUPERPLOT [116]. We impose the stability conditions on the scalar
couplings given in eqgs. (3.2), (3.3), and (3.7). Direct searches on singly-charged scalars
from LEP II imply Mty s > 80GeV [117]. In the scan, we assume that all Higgs
bosons, except the light one (with the mass fixed to m;, = 125.5GeV), are heavier than
100 GeV, i.e. not only the charged ones. This means that m 4, my, Myt Myt > 100 GeV.
The scan over the free parameters is performed for three cases: (i) p = 0, i.e. no neutrino
masses, '’ (i) 4 # 0 with neutrino masses in NO, and (iii) u # 0 with neutrino masses in IO.

The quantity that is maximized is the likelihood L, which is equivalent to minimizing
the x? function: x? = —2In L. We assume Gaussian likelihoods, and thus, the contribution
to the x? function from the N signals is given by

N N O,L i 2
Xgignals = ZX@Q ( éh) = Z <tho_m> ) (41)
i=1 ¢

=1

1071y this case, we have only 18 free real parameters, since  is set to zero.
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Observable | Central value + 1o error

S 0.05 + 0.11 [118]
T 0.09 + 0.13 [118]
U 0.01 +0.11 [118]

197%/gP| | 1.0011 + 0.0015 [119]
192 /gSP| | 1.0030 = 0.0015 [119]
1g2% /9P| | 1.0018 + 0.0014 [119]

Table 3. The current experimental values and 1o errors for electroweak precision tests (see ap-
pendix A) and universality (see section 3.4.1). The limits on the parameters S, T', and U are derived
from a fit to different electroweak precision data, see ref. [118] for more details. The correlation
coefficients among the obervables S, T, and U are pst = 0.90, psy = —0.59, and pry = —0.83 [118].

where O}, (O.,,) is the theoretical prediction (experimental measurement) of the ob-
servable i with the respective standard deviation o;. For s3; and &, we use their com-
bined two-dimensional distribution function (therefore including their correlation) given in
refs. [60, 61]. For the M upper bounds, we use

0, O}, < B,

2 _
Xbounds — M <Oj

2 (42)
ijl th) , Ogh Z B]

B

where B’ is the experimental upper limit at 1o significance level of the observable j.
According to the definitions for the standard Gaussian distributions assumed for the ob-
servables, the 90 % C.L. and 95 % C.L. upper limits are normalized (i.e. divided) by the
factors 1.645 and 1.949, respectively. The limits for the signals are rescaled in the same
way. The choice of eq. (4.2) for the x? function is made so that we do not penalize deviation
from zero when this is not supported by data.

We take into account all the relevant bounds and observables described in section 3,
except for the muon AMM discrepancy with respect to the SM, which cannot be accom-
modated in our present scenario of the Zee model. Thus, adding eqgs. (4.1) and (4.2), the
total x? function reads

X = Xignals T Xbounds - (4.3)
In tables 1 and 3, we present different observables that yield positive signals (see also
appendix A). In table 4, we show the values for the neutrino oscillation parameters from
a global fit [60, 61] (see also section 2.3). Furthermore, in table 5, observables for which
there are only upper bounds are presented, and in table 6, we show the upper bounds
for different neutrino mass parameters (see also section 2.3). Finally, we also treat the
naturality constraints of egs. (3.4) and (3.6) as bounds and include them in x3_ ..
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Observable NO 10
sin? 019 0.306 4 0.012 0.306 4 0.012
sin? 013 0.02166 + 0.00075 0.02179 + 0.00076
sin? 03 0.441 + 0.027 0.587 + 0.024
Am3; [eV?] | (7.50 £0.19) - 107° (7.50 £0.19) - 107°
Am2, [eV?] | (2.524 £0.040) - 1073 | —(2.514 £ 0.041) - 103
5[0 261 + 59 277 + 46

Table 4. The best-fit values and 1o errors for the leptonic mixing parameters and mass-squared
differences from the NuFIT group (NuFIT 3.0, November 2016) [59-61]. See also the discussion in
section 2.3. Note that we use symmetric lower and upper errors (choosing the largest of the two when
different asymmetric errors are present). Here Am2, = Am3; > 0 for NO and Am32, = Am3, < 0
for TO. Note that for sin fa3 there are two minima in their distribution [60, 61] for both orderings,
corresponding to the first and second octants. For & the distribution is also not x? distributed.
Therefore, for sin? 653 and ¢, the two-dimensional complete distribution is used.

Observable Upper bound
Br(rt™ — pu™7) 4.4-1078 [76]
Br(7~ — e ) 3.3-1078 [76]
Br(ut — ety) 4.2-10713 [62]
Br(r— = p~ptp”) | 2.1-1078 [76]
Br(r— — p~pte™) | 2.7-1078 [76]
Cr(pu — €)au 7-10713 [94]
|6ac| 2-10712 [76]

|d,,/e| [cm] 1-10719 [76]

|de/e| [cm] 8.7-10727 [92]

Table 5. The current experimental 90 % C.L. upper bounds for relevant charged lepton flavor
violating processes and electric and magnetic dipole moments.

Observable Upper bound
Mee [meV] [190, 450] [120]
my, [eV] | [2.05,2.3] [121-123]
> m; [eV] 0.23 [124]

Table 6. The current experimental 95 % C.L. upper bounds on parameters related to the neutrino
masses, see also section 2.3. The two upper bounds on m.,. are due to the sensitivity on the nuclear
matrix elements, whereas for m,,, we show results coming from two different experiments. We use
the most stringent values of these two upper bounds in the scan.
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4.2 Results of scan

In this section, we discuss the main results of our numerical scan, performed for x = 1
with the naturality upper limit of p < 1.5 TeV, see eq. (3.6), unless otherwise stated. At
the end of the section, we discuss how the results would change for x = 10 (¢ < 15TeV).
The numerical scan is performed for three different cases of our scenario of the Zee model,
i.e. for 4 = 0, NO, and IO. For these cases, the values for the minima of the x? function,
XIQnin? at the respective best-fit points are

(i) =0, i.e. massless neutrinos: x2. =~ 5.1,
(ii) p # 0, massive neutrinos in NO: x2. ~10.7(11.0) for x = 1(10),
(iii) p # 0, massive neutrinos in 10: x2. ~ 21.7(21.5) for k = 1(10).

Thus, in our scenario of the Zee model, neutrino masses and leptonic mixing can be ac-
commodated in both NO and 10. However, 10 is disfavored compared to NO. We also note
that if 623 will turn out to be in the second octant, IO cannot be accommodated.

In figure 2, we present the contributions to X?nin from the observables in both NO
and 0. Note that we do not show the contributions from the upper bounds, since these
are always satisfied, and thus, the corresponding contribution to X?nin is exactly zero.
Note that we present the combined contribution from s3; and ¢ to x2; . In IO, the largest
contributions stem from s, and s3;+3, although they are all within 3o of their experimental
values. In NO, the corresponding contributions are small. These observables account for
the fact that the fit in IO is much worse than in NO. All other observables in 10 are of
the same size as those in NO and within 20. In addition, we perform a run assuming
Y}"" = 0, which renders one neutrino massless, see eq. (2.32). In this case, we find that 10
is significantly better than NO, which is in agreement with the results of ref. [54], and the
value of x2. in 10 is of the same size as for Y4'" # 0 (i.e. quite large), whereas in NO, the
difference is more than one order of magnitude with Xfmn ~ (O(100). Thus, in this scenario,
both NO and IO are basically excluded. Moreover, there are non-negligible contributions
to x2,, from the Higgs signals, especially h — ZZ. Regarding h — ~v, we find that it is
around the SM value. Note that in this case we choose some of the couplings of the scalar
potential to be zero, see eqs. (3.46), so its value can be modified by turning them on. The
values for the universality parameters g;;, see egs. (3.31)—(3.33), are always very close to
one, even closer than the experimental values, and compatible with observations at 2o.
However, these also give non-negligible contributions to anin.

In the following, we present the allowed regions for the most interesting parameters
and observables. In figure 3, we plot the leptonic mixing parameters s3, and s3; for NO
(left panel) and IO (right panel), where one can clearly see that the fit is very good for
NO, while for 10 it crucially depends on the octant of fa3. In fact, the fitted value of s%,
would be 5o away from its experimental best-fit value if 023 lies in the first octant. For
NO, it is clear that both octants are viable.

In figure 4, we plot the allowed regions of the branching ratios Br(h — 7u) and
Br(t — pvy). For = 0 (left panel), only upper bounds on the CLFV and HLFV processes
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Parameter /observable

0 2 4 6 8 10 12
2
Xmin,i

Figure 2. Individual contributions to x2, from the different parameters and observables in NO
and I0. The number of standard deviations that each observable 7 is away from the observed value

is given by the respective pull y /X2, ;-

0 20 region 0 20 region
0.64 B 10 region 0.641 B 10 region
. 0.56 . 0.56}
< <
0.48 0.48F
0.40 0.40} ,
0.24 0.28 0.32 0.36 0.40 0.24 0.28 0.32 0.36 0.40
sin® 6,5 sin® 65
(a) NO. (b) 10.

Figure 3. Allowed regions of the leptonic mixing parameters sin” 615 and sin® 63 for (a) NO and
(b) IO. The 30 C.L. ranges from global fits to neutrino oscillation data [60, 61] are 0.271 < sin? 015 <
0.345 for both orderings and 0.385 (0.393) < sin fy3 < 0.635 (0.640) for NO (I0), see also table 4.
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Figure 4. Allowed regions of the branching ratios Br(r — pvy) and Br(h — 7u) for (a) p =0, (b)
NO, and (c) IO.

exist and these are compatible with the results of refs. [22, 23]. For u # 0, one can observe
that there are lower bounds on the CLFV and HLFV processes in both NO (middle panel)
and IO (right panel). That is, reproducing neutrino masses implies that CLFV and HLFV
cannot be arbitrarily small. In particular, Br(h — 7p) 2 1076(10~7) in NO (IO). For
NO, the upper bound on Br(h — 7u) saturates the experimental one, while for 10, we
obtain Br(h — 7u) < 5-1073. In the future, Belle II is expected to reach a sensitivity
on Br(r — uy) of O(107?) [63], which would significantly probe a substantial part of the
allowed parameter space of IO and almost the complete allowed region of NO. This is one
of the most interesting results of our work. Similarly, if sensitivities of Br(h — 7u) at
future colliders reach 1074 (107%), NO (1I0) will be tested at 68 % C.L.

In figure 5, we show the allowed regions of the branching ratios Br(h — 7e) and
Br(h — 7u) for NO (left panel) and IO (right panel). No correlation exists for ;1 = 0, while
there is a strong correlation for p # 0, stronger for IO than for NO. In general, we find that
Br(h — 7e) < 1072 Br(h — 7u) or even lower for both orderings. Therefore, observations
of h — 7e will be considerably more challenging than for h — 7pu.

In figure 6, we display the allowed regions of the pe conversion rate in gold and the
branching ratio Br(h — 7u) for NO (left panel) and IO (right panel). As discussed in
section 3.3.4, next generation experiments, using aluminium and titanium, are expected
to achieve an improved sensitivity of up to about four orders of magnitude, maybe reach-
ing O(1071) [66]. The pe conversion rates of these materials are of the same order of
magnitude as that of gold,!! and therefore, if a negative result is obtained, IO would be
excluded, while there would still be a considerable allowed region for NO. Thus, there is
a complementarity between Br(7 — p7y) and pe conversion. On the other hand, the sensi-
tivity of Br(t — ey) is expected to reach about 3 - 107 [63] and Br(u — ey) is expected
to be improved by one order of magnitude, but these are not able to test the model as
thoroughly as Br(r — u7v) and pe conversion.

11Quan‘cita‘cively7 the pe conversion rates for Al and Ti scale as Cr(u — e)a1 ~ 0.5 Cr(u — €)au and
Cr(p — e)1i ~ 0.8 - Cr(p — €)au, respectively.
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Figure 5. Allowed regions of the branching ratios Br(h — 7e) and Br(h — 7u) for (a) NO and
(b) IO.
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Figure 6. Allowed regions of pe conversion and the branching ratio Br(h — 7p) for (a) NO and
(b) IO.

In figure 7, we present the allowed regions for the absolute values of the Yukawa
couplings Y5 ¢ and Y, " in both NO (left panel) and 10 (right panel). We find that the
regions are quite well defined, although they are larger in IO than in NO, and the allowed
values are larger for Y5 " than for Y7 ¢. Note that the value of Y; ", which is a very relevant
parameter since it controls the decays of the scalars into Tp (together with YJ'7), is always
larger than around 1073 (2.5 - 1073) in NO (10).

The scale of neutrino masses is controlled by the charged scalar mixing angle ¢, which
is proportional to the trilinear coupling u, see eq. (2.8), and the Yukawa couplings f and Y5.
Therefore, in figure 8, we plot the allowed regions of | f#7| and sy, for both NO (left panel)
and IO (right panel). The range of |f#7| is similar in both orderings. One can clearly see
that so is close to zero for | f#7|>1075, while it grows very fast for | f#7| <1075, reaching
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Figure 7. Allowed regions of the Yukawa couplings Y5 ¢ and Y, * for (a) NO and (b) IO.
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Figure 8. Allowed regions of the Yukawa coupling f#7 and the mixing angle sin2¢ for (a) NO
and (b) IO.

values of 0.7 (0.4) for NO (I0). As expected, the naturality condition of eq. (3.6), which is
added to the x? function, restricts u to be smaller than about 3 (30) TeV for k=1 (10) at 20.

The Yukawa couplings f*7 and f¢" are always in the range [1077,0.1] and have
similar allowed regions in both NO and IO. In fact, they are highly correlated with
AT~ f¢7(0.1£°7) in NO (I0). Their allowed 1o C.L. regions lie roughly below 1072,
suppressing all interactions mediated by the antisymmetric Yukawa coupling f of the singly-
charged scalar singlet. Therefore, in order to describe neutrino masses and leptonic mixing,
Y5 should be much larger than f.

In figure 9, we show the allowed regions of the Higgs scalar mass differences mpg —mgy
and my — My These affect the size of the parameter T, see appendix A. We find similar
results to those inref. [125]. At 1o C.L. and at low scalar masses, m g — My + is roughly equal
to myg — my, thus canceling the contributions to 7. At 20 C.L., for the two cases u =0
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Figure 9. Splittings of the scalar masses: allowed regions of the mass differences my — m4 and
mpy — my,+ for (a) =0, (b) NO, and (c) IO.

and 10, myg and m4 can be close to each other and still fulfill my > My - The allowed
ranges of m4 and my; are the same, but the two are not completely correlated, especially
for 10. In fact, it is possible to have my ~ 100 GeV, while 100 GeV < mpy < 500 GeV.
In addition, we find that the mass of the lightest charged scalar is Myt < 0.9(1.7) TeV
at 1(2)o C.L. in NO, while my,+ <0.7(1.1) TeV at 1(2) o C.L. in 1I0. The other charged
scalar of the model, i.e. h;, is always heavier than hf, see eq. (2.9), and can reach values
of O(100) TeV in both orderings. The larger the My the smaller the so,, see eq. (2.8),
and therefore, the smaller the neutrino masses.'?

From eq. (3.49), we know that Br(h — 7u) is proportional to 1/mf%, i.e., it decouples
with the CP-even scalar mass. In figure 10, we display the allowed regions of the mass myy
and the branching ratio Br(h — 7p). For NO (left panel), myg < 0.9(1.7) TeV at 1(2) o
C.L., while for IO (right panel), mpy < 0.7(1.1) TeV at 1(2) o C.L. Therefore, if an extra
CP-even scalar (and close by CP-odd and charged scalars, see figure 9) is observed below
0.9 (0.7) TeV, then one expects Br(h — 7u) > 107*(107°) for NO (I0) at 1o C.L. The
heavy CP-even scalar H could also have sizable decays into 7y, depending on the scalar
spectrum.

In figure 11, we show tan 3 as a function of s, for u = 0 (left panel), NO (middle
panel), and IO (right panel). Having Higgs boson decays close to the observed ones implies
being close to the decoupling limit, i.e. sg_, — 1, and therefore, tan 8 and s, are strongly
correlated. For massless neutrinos, tan S can reach values up to 15 and s, can approach
zero. However, if neutrino masses are introduced, the value of tan § is severely constrained
to smaller values in both orderings and the allowed range of s, is also reduced. The upper
bound on tan j is clearly more severe for NO, where tan S is driven to the smallest possible
values (i.e. below 0.5), while for 10, it can reach values up to 1.4. We have also performed
a run forcing the value of the unphysical parameter tan § to be large, i.e. 40 < tan 8 < 50,

12The heavy scalars contribute to my; at one-loop level and could, in principle, pose a problem for
naturality, especially hQ+ as it is the heaviest one. However, their contributions to the Higgs boson self-
energy are suppressed by both the loop factor and the quartic couplings of the scalar potential and my, is
therefore natural for the values used.
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Figure 10. Allowed regions of the mass my and the branching ratio Br(h — 7pu) for (a) p =0,
(b) NO, and (c) IO.
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Figure 11. Allowed regions of the mixing angles sin « and tan 8 for (a) u = 0, (b) NO, and (c)
10.

and we find that the fit becomes significantly worse, leading to a value for the minimum of
the x?2 function of O(1000), and thus excluding this scenario.

In figure 12, we present the allowed regions of the effective mass parameter me. that
appears in neutrinoless double beta decay and the smallest neutrino mass (m; for NO
and mg for 10) for NO (left panel) and IO (right panel). We can see that the smallest
neutrino mass is several orders of magnitude smaller in IO than in NO. In fact, in 10, it
can be massless, whereas this is not the case in NO. This is consistent with the fact that
the fit in NO is bad when YJ'" = 0, rendering one neutrino massless. In NO, we obtain
|Mee| >~ (4—5) meV, while in 10, |me.| is one order of magnitude larger, i.e. about 50 meV,
and thus, it will be possibly probed in planned neutrinoless double beta decay experiments.
Furthermore, the mass of the lightest neutrino mass eigenstate is less than 1.4 - 1073 eV
(1.3-10~*eV) in NO (IO). Note that in NO there is a lower bound on this mass, 6-10*eV,
while IO is compatible with a massless neutrino.

In addition, we mention the phases of the leptonic mixing matrix U. We find that the
preferred value for the Dirac CP-violating phase ¢ is close to 27 in NO and close to 7 in
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Figure 12. Allowed regions of the mass of the lightest neutrino mass eigenstate (my for (a) NO
and (b) ms for I0) and the effective neutrino mass parameter me, appearing in neutrinoless double
beta decay.

10, thus implying no leptonic CP violation in our scenario of the Zee model. The hint of
0 ~ 37/2 from global fits to neutrino oscillation data, if confirmed, can therefore not be
accommodated in any of the two orderings. We also find that the values of both Majorana
CP-violating phases ¢ and ¢9 are around 27 in both orderings.

As expected, the strong limits from other LF'V processes imply that the NSI parameters
X% and ™ defined in eq. (3.36) are very suppressed in both orderings, i.e. Y™ ,e® < 1078,
and therefore well below future experimental sensitivity. The NSI parameters 52‘;, given
in eq. (3.35), are also generated in the Zee-Babu model, where they reach values of about
10~* [89, 102]. However, in the Zee model, NSIs turn out to be smaller, since neutrino
masses are generated at one-loop level, while in the Zee-Babu model, the latter arise at
two loops.

Furthermore, we check how our results change when imposing the fine-tuning param-
eter k to be 10 instead of 1, see eq. (3.6). For both values of k, the 1o C.L. region is
close to the upper limit on u, even though the entire range down to pu = 1GeV is al-
lowed at 20 C.L. The value of p is not significantly correlated to the value of tan 5. We
find that the allowed ranges for the scalar masses (where the upper bounds determine the
neutrino masses) depend critically on x, having larger allowed mass ranges the larger the
value of k. Quantitatively, for k = 1 at 1(2) o C.L., the upper bounds on the masses are
A, M, My = 0.9(1.7) TeV for NO and A, M, M+ = 0.7 (1.1) TeV for 10, whereas
for k =10 at 1(2) o C.L., the upper bounds are MA, TH, Myt = 1.6 (2.5) TeV for NO and
ma, mg,my,+ = 0.9 (1.4) TeV for 10.

Finally, we summarize some of our main results in table 7, where we display the 2¢
C.L. regions for some of the most interesting observables and parameters for NO (for
k = 1,10), and IO (for k = 1, 10). We emphasize once more that for g = 0 only upper
bounds on the CLFV processes (and lower bounds on the scalar masses) exist, whereas for
p # 0, there are lower bounds for the CLFV processes (and upper bounds on the scalar
masses). This means that the scalar sector cannot be arbitrarily heavy if neutrino masses
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NO 10
Quantity k=1 k=10 k=1 k=10
Xinin 10.7 11.0 21.7 21.5
Br(h — T [1-107%,1-1072] [1-107%,1-1077] [2-1077,4-1077] [1-1077,5-1077]

[1-10719,2.107%)

[1-1071°,2.107%)

[6-107%,3-1071]

[3-1079,3-1077]

( )
Br(h — Te)
( )

)

Br(r — py [8-107%°,3.107% [1-107%°,3-107% | [3-107*,3-107%] [3-107*%,3-1079)

Br(u — ey [1-10721,6-107"] [3-107%2,6-107"%] | [1-107*',1-107"?] [1-1073,1-107"%

Cr(p — e) [1-10721,4-107"] [1-1072%,4-107"%) | [3-107'",3-107"] [3-107'7,3-107"]
ma,mu [TeV] <17 <25 <11 <14

¢ [TeV] <17 <25 <11 <14

sin(f — a) [0.98, 1.0] [0.98,1.0] [0.97,1.0] [0.97,1.0]

Table 7. Some results of our numerical scan. We show the ranges of the 95 % C.L. regions of
different observables and parameters for NO and IO for two values k = 1,10 for the naturality
upper bound on the trilinear coupling u, see eq. (3.6).

are to be reproduced. The precise upper bound depends crucially on p, see eq. (3.6). For
i = 0, the masses could be arbitrarily large, unlike the case of having p # 0 and reproducing
neutrino masses, which imposes that they are below about 2 TeV. We do not display the
ranges for all observables, such as neutrino masses and leptonic mixing parameters, as
their contributions to Xfmn are shown in figure 2. In the Zee model (including p = 0),
the value of the muon AMM, which has not been included in the fit, is several orders of
magnitude smaller than the experimental one. This implies a deviation of about 3.5¢. The
allowed ranges for the scalar masses m4 and my are the same for both values of x, but the
two are not completely correlated (especially in 10). It is possible to simultaneously have
ma ~ 100 GeV and my varying in the range 100 GeV < mpy < 500 GeV. We conclude by
stating that NO will be tested in the next generation CLFV searches, specially with 7 — uy
and pe conversion, as well as searches for h — 7 and the other new scalars at colliders.

5 Summary and conclusions

It is well known that there is LFV in the neutrino sector and this is also expected in the
charged-lepton sector. In this work, we have studied the Zee model in detail, which is a
simple extension of the SM that can accommodate neutrino masses and leptonic mixing
if at the same time sizable signals in LF'V processes are generated. We have performed a
full numerical scan of the parameter space for three different cases (i) p = 0, which implies
massless neutrinos, (ii) NO, and (iii) I0. We have found that neutrino masses and leptonic
mixing can be easily accommodated in NO, whereas 10 is disfavored in comparison to
NO due to the difficulty to fit the leptonic mixing angles 612 and 63 as well as the Dirac
CP-violating phase §. In fact, if 23 turns out to be in the first octant, only NO would be
allowed in the Zee model. Note also that none of the orderings can reproduce the hint of
0 ~ 3m/2 from global fits to neutrino oscillation data [60, 61].
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If expected sensitivities are achieved in 7 — py and no signal is observed, a significant
portion of the allowed parameter space for NO would be ruled out. This would put the Zee
model under severe pressure, requiring an extension, e.g. involving the Yukawa couplings
that give rise to terms proportional to m,. and possibly large hierarchies among them,
and relaxing the naturality demands on the trilinear coupling p considerably, as Br(r —
wy) ~ 1072 would still rule out NO for x ~ 10. If no signals are observed in future pue
conversion experiments, which are expected to increase their sensitivities by several orders
of magnitude, the allowed regions in the parameter space will be strongly reduced, and 10
will be basically excluded.

We have analyzed if the predicted rates of the Zee model for HLFV decays are ob-
servable at the LHC and future colliders. We have found that Br(h — 7u) can be at the
percent level, whereas Br(h — 7e) is at least two orders of magnitude smaller. If no signals
are observed for Br(h — 7u) at future colliders at the 107> level, both orderings will be
excluded at 1o C.L. In general, we find that the expected sensitivities for CLF'V will be
more constraining in the near future. However, both CLFV and HLFV will have significant
impact on the allowed parameter space of the Zee model.

In the model, neutrinoless double beta is due to only light neutrinos. Therefore, as
usual, current experiments will be only sensitive to 10, while NO will only be tested if a
further-order-of-magnitude improvement is achieved. In the Zee model, NSIs are always
very suppressed, the strong limits from other CLFV processes and the fact that neutrino
masses need to be generated at one-loop level.

In general, we have found that the masses of the new scalars should be at most a
few TeV, which implies that they, especially the charged scalars that are pair-produced
via Drell-Yan processes, can be searched for at the LHC. In particular, the masses of the
neutral scalars and the charged scalar hf are below 2.5 TeV, and typically they are lower
than that, for both NO and IO. The phenomenology of the scalar sector is very model-
dependent, like in general for 2HDMSs, although it is possible to have sizable decays of the
heavy neutral scalars into 7, correlated with the light Higgs ones.

We conclude by emphasizing that the general Zee model studied in this work is fully
testable in the near future by combining different LF'V processes. In particular, both order-
ings should be completely tested by CLFV and HLFV processes in the forthcoming years,
as well as collider searches of the new scalars. Furthermore, if a signal in h — 7 is observed
at the LHC or in a future collider, the Zee model will be one of the best-motivated scenarios
to accommodate it and at the same time describe neutrino masses and leptonic mixing.
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A Electroweak precision tests

The Peskin-Takeuchi parameters .S, T', and U give a parametrization of the new physics
contributions to electroweak radiative quantities, in particular to gauge boson self-
energies [126, 127]. We follow closely ref. [128], extending their results for the 2HDM
to the Zee model by adding the extra contributions stemming from the singly-charged
scalar singlet ht. We refer the reader to ref. [128] for additional details on the evaluations
of the one-loop self-energies.

In the Zee model, the parameter T is given by!?

1
T {3 [ (P2 m?) 4 s 2 miy) + FmZ )| (A1)
+ s?o [c%,a]:(mi;, m2) + s%,a}'(m%,m%) 4 ]—‘(mi;’mi)}
1
-5 sl F (mir mi;) — G F(m3,mA) — s3_ F(my,m%)

1363, [Fmy.mdy) — F(mby,miy) — Fmy.md) + F(mdy, m)] } |

where e = €2/(47) is Sommerfeld’s fine-structure constant'4 and the symmetric auxiliary
function F is defined as

2 2 2,2 2
F(md,m3) = Flm,m3) = TLITE - _TATL T (42)

my—m; My

Similarly, for the parameter S, following ref. [128] and adding the singly-charged contribu-
tions to the different gauge boson self-energies, we obtain
1
S = W{S%—QBQQ(m%7 mi,m%h) + o [Baa(my,mp, m%) + Bao(my, miy, mi)
Z
- 822(m22’ m2Za mi%) - m%BO(mQZ7 mQZa m%{) + m2ZBO(m2Z7 m2Zv mi%)]
2 2

Co 2 2 2 Sp 2 2 2
+ ?(CQQ - 3) BQQ(mz, mhf,mhf) - ?(CQ@ + 3) BQQ(mZ7 mh;,mh;)
+ 28202 Bas(m%, mif,mig)} , (A.3)

13Using ref. [129], one would obtain a different factor in front of the first term on the third line:
f2sicif(mi;r,mig.).
MNote that Taemv? = m%,vs‘%v, where sy = sin 0w and 0w being the Weinberg angle.
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and for the combination S + U, we find'®

1
SH+U= —;

7rmW

X {Ci {522(7”%[/7 mi#mi) + 55_oBaa(miy, mif,m?{) + ¢5_ o Baz(miy, mj, qu)}
+ 52 [ Boa(my, m2 m) + 53y Boa (i my, miy) + o Boa(miy, mi, m2 )|
+ C%—a [BQQ(m%/Vv m%/V? m%[) - BQ?(mIQ/V? m%/Va m}%)
— miy Bo(miy, my, mir) + miyBo(miy, miy, m3)]
— 20329 Boa(miy,, mif,mif) - 232 Bos(m?y, mi;,mi;)} , (A.4)
where the renormalized auxiliary functions Boo and By are defined as
By (g?,mi, m3) = Bao(q®, mi, m3) — Bas(0,m7, m3), (A.5)
Bo(q2>m%7m%) = Bo(qQ,m%,m%) _BO(O’m%m%) (AG)

with the Passarino-Veltman functions Bas and By [130], arising from two-point self-energies.
Using egs. (A.3) and (A.4), one can readily obtain an expression for the parameter U. In
the limit s, = 0, it can be easily checked that one recovers the 2HDM results of the
electroweak precision tests of ref. [128]. Finally, in dimensional regularization, the two
functions Byg and By read [128]

1 1 1t
ng(qz,m%,m%) = Z(A + 1)(m% + m% — §q2) — 2/ X In(X —ie)dx, (A.7)
0
1
Bo(q?,m?,m3) = A — / In(X —ie) dz (A.8)
0
with 5
X=miz+m3(1—z) - ¢Px(l —z), =1 + In(47) — v (A.9)

in d space-time dimensions, where v ~ 0.577 is the Euler-Mascheroni constant. Note that
Bss and By are symmetric in their last two arguments. In appendix B, we derive explicit
analytical expressions for By and By as well as Bos and Bp.

B Explicit analytical expressions for the Passarino-Veltman functions By

and Bz, and the renomalized auxiliary functions By and B,

Following the seminal work by Passarino and Veltman [130] closely, it holds that!

1 1
ng(q2, m%,m%) =% [Ao(m%) + (m% + m% — 3q2> + 2m%Bo(q2, m%,m%)

H%—ﬁ+ﬁ&@m%@y (B.1)

15We believe there are typos in the last two terms of ref. [128], which should have opposite signs.
6Note that we use a different sign convention for By than ref. [130].
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where the additional Passarino-Veltman function Ag is given by

Ap(m?) =m? (A+1—1nm?) . (B.2)
Furthermore, we obtain
2 92 2 2 r1—1 T9
Bo(q°,mi,m3)=A+2—-Ing*—In(1—z1)—In(1—2x2)+z1 In +xz21n ,  (B.3)
T i)
1 1 1 1
Bl(qQ,m%,mg):—§A - 5(361 +x2) — 3 + §1nq2
1 -1 -1
+ = [ln(l —x1) +In(1 — z3) — 2% 1n 7 —221n 2 , (B.4)
2 1 T2

where 21 and z9 are the roots of the equation ¢?z? + (m? —m3 — ¢*)z +m3 = 0. Inserting

egs. (B.2), (B.3), and (B.4) into eq. (B.1), it follows after some tedious calculations that
the functions Bgy and By can be written as

1 (m? — m32)? Y3 miemi-g?+Y
2,2 2\ __ 1 2 2 2 1 2
ng(q , My, m )_12{_q2+7(m1+m2)_2q4 nm%—i—m%—qz—Y

+rﬁ—mw_3m#w®yﬂm

q* > ma
8
+ 1A = In(myma) 30k + ) - ) - 502} (85
Y  mi4mi—-¢*+Y 1 mi
Bo(¢?,mi,m3)=A+2+—In ———2 ——(m}—m3)In — —1 B.6
o(q”,my,m3) + +2q2 nm%_i_mg_qg_y qg(ml m3) an n(mimsz), ( )

where

Y = /[(m1 +m2)? — ¢?][(m1 — ma)? — ¢?. (B.7)

In fact, it is possible to find closed-form expressions even for the auxiliary functions
Bao and By. Inserting egs. (B.5) and (B.6) into egs. (A.5) and (A.6), respectively, and
using the functions By and By evaluated at ¢? = 0, i.e.

1 1milnm; — milnmy
322(07m%7m2) = §(2A + 3)(777,% + m%) - 5 ! m2 — m; ) (BS)
1 2
21 2 21 2
Bo(0,m2,m3) = A+1— LT T TR (B.9)

my—my
we obtain for mqy,mg > ¢ > 0 and (m; — m2)2 > q2

1 {_(m% -m3)% 5

Y3 mi4+mi-—¢?+Y
2 2 1 2

—1In
2¢*  mi4mi -2 -Y

Bao(q?,mi, m3) = 5

(md = 3?3t —md) 3t + w7, my
T 7 - e T e |
1 2 2
8
— [3 +A— ln(mlmg)} q2} , (B.10)

2 9 oy Y mi+m3—¢®+Y | (mi+m3)g*—(mi-m3)? . my
Bo(q®,mi,m3)=1+—5In———5—— 53 In —
2q mi+ms—q*—=Y (mi—m3)q ma

., (B.11)
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whereas for mi,ms > ¢ > 0 and (mj — mg)? < ¢?, we have to make the replacements
Y — Y’ and

In

mi+mi—¢*+Y (mf+m3 - ¢*)Y’
5 5 3 — ¢ arctan 3 3 53 55
mi+m;—q¢*—-Y (m{ 4+ mj3 — ¢?)? — 2mim;

in egs. (B.10) and (B.11), respectively, where Y’ = \/[(m1 + m2)? — ¢%][¢2 — (m1 — m2)?].
In the case when m; = ¢ and my = m (which is useful for computing egs. (A.3) and (A.4)),
we have for 0 <m/2 < g<m

1(3 9 m*  m3Z3 Z
2 2 2\ 2 2 v 2 v hnes “
Ba2(q”,q°,m*) = 12{2q + 2m = = arctanm
(m?—¢*)?®  3(m*—q*)  3(m*+q?) ™
+ q4 - q2 + ’I?’L2 _q2 n;
8
- {3 +A - ln(mq)] q2} : (B.12)

A 2,,2 -3 2
Bo(?,q%,m?) =1 — =5 arctan — — 22— n = (B.13)
q mo @ m—-¢  q

where
Z =+\/4¢*> — m?, (B.14)
whereas for 0 < ¢ < m/2, we have to make the replacements Z — iZ’ and

Z ) Z' i m+2Z
arctan — — jartanh — = = In
m m 2 m-—-27

in egs. (B.12) and (B.13), respectively, where Z’ = /m? — 4¢%. Similarly, in the case when
mi1 =mo =m > q >0, we find

1 2W3
Bos (%, m?,m?) = 5 8m? — ‘2/ arctan% - <§ +A-— 21nm> qz] , (B.15)
2W q
Bo(q®,m? m*) =2 — = arctan — B.16
o(a?,m i) =2 - 2 anctan L (B.16)

where

W =+/4m? — ¢2. (B.17)

B.1 Comments on cancellation of dimensionful logarithms and divergent
terms in S and S+ U

Note that the terms proportional to the dimensionful logarithm In(m;msz) in eq. (B.10)
as well as in egs. (B.12) and (B.15) sum up to contributions for both S in eq. (A.3)
(contribution of seven Bjy functions) and S + U in eq. (A.4) (contribution of ten Bao
functions) that are proportional to ¢ [ln(mA/th) + ln(mH/mhf)] + Si[ln(mA/mh;) +
In(mg/ mh;)], which is indeed a result of dimensionless logarithms. Furthermore, it should
be noted that all terms on the form —(A+1)q?/12 (which contains a divergency) in eq. (A.5)
with eq. (A.7) cancel exactly for both S and S + U in egs. (A.3) and (A.4), respectively,
as they must. This also holds true for the divergent terms in 7" in eq. (A.1).
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