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Comment on “Unique Translation between
Hamiltonian Operators and Functional Integrals”

In a recent Letter [1], Gollisch and Wetterich (GW)
show that a careful treatment of discretization errors
in a phase-space path integral formulation of quantum
mechanics leads to a correction term as compared to
the standard form based on coherent states. Since the
coherent state formalism is widely used in field theory and
statistical physics, one would have to view any suggestion
that it may produce incorrect results with deep concern.
In order to support their finding, GW study the simple
one-dimensional nonlinear oscillator described by the
Hamiltonian

H=mata + X atat

ma'a + 2 a'a'aa D
and calculate the thermal expectation value { p?) both in
conventional quantum mechanics and the proposed new
functional integral approach [p = i(at — a)/v/2]. A
comparison of both calculations indeed supports the pro-
posed correction term. However, in this Comment, we
point out that a calculation of {p?) within the standard
coherent state path integral approach also agrees with con-
ventional quantum mechanics, provided that discretization
errors are correctly controlled here as well.

Standard coherent state path integral techniques [2] al-
low us to write down the partition function Z for the Ham-
iltonian (1)

Z = lim

N—x
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with the discrete representation for the action
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Here B denotes the inverse temperature. We now trans-
form into Fourier space using
N/2
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In the new integration variables ¢, the action reads
N/2
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with the continuum limit (N — o, e = 1/N)

S = Z b, d,2mwin + Bm)
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It is understood here that the integration measure of the
functional integral is suitably normalized so that the cor-
rect free particle limit of the theory is obtained. Equa-
tion (6) does not contain the correction term proposed by
GW in their Eq. (11). Instead, it contains an exponen-
tial factor, which guarantees convergence at large n. The
limit € — 0" must be taken only after the evaluation of
the functional integral. Although sometimes neglected (as,
e.g., in Ref. [3]), the importance of this exponential factor
is pointed out, for example, in Refs. [2,4,5].

With the action (6), a standard calculation in first order
perturbation theory yields

1 e—ﬂm 2
e [1 _ m(il ¢ e_ﬂ,,,) } )

from which one easily obtains

N Bm  BA e Pm2
(p7) = 7 coh = 2 soi(gm; O
A simple analysis confirms that Eqgs. (7) and (8) exactly
agree with conventional quantum mechanics as well as the
GW results up to order A [cf. Eq. (14) in Ref. [1]].

To conclude, we agree that the phase-space path integral
approach proposed by GW, which employs a particular
operator ordering resulting in a correction term to the
continuum action, provides a correct translation between
Hamiltonian operators and functional integrals. However,
as pointed out in this Comment, this approach is not
unique. The coherent state path integral formalism,
without correction term, yields the same results due to
exponential convergence factors to which we have drawn
attention above.
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