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Abstract

Sensor arrays play important roles in signal transmission/reception, estimation, and

tracking, and have been successfully applied to many engineering fields such as radar,

sonar, wireless communications to name a few. Practically, sensor array systems usu-

ally suffer from nonideal factors such as signal coherency, spatially coloured noise, and

a limited number of sensors. In this thesis, problems of direction of arrival (DOA) esti-

mation in the presence of nonideal factors are addressed, and new algorithms to tackle

these problems are developed that achieve improved performance with a limited num-

ber of sensors.

Under multipath propagation, independent and coherent signals coexist, resulting in

rank deficiency of the cumulant matrix. To tackle this problem, two methods for DOA

estimation of mixed independent and coherent signals using fourth-order cumulants

(FOC) are proposed, and both algorithms can make efficient use of the array degrees of

freedom (DOFs). The first algorithm implements the estimation via two-stage process-

ing by separating the independent and coherent signals. In this method, new matrix

reconstruction techniques for independent signal cumulants and rank restoration are

developed, and the DOAs of both the independent and coherent signals can be esti-

mated by polynomial rooting without performing a spectral grid search. Its superiority

over existing methods is demonstrated by simulation results.

The second algorithm considers the case when a large number of coherent signals,

greater than the number of sensors, exist due to the propagation channel. Here, we

exploit temporal correlation in the signals to form an array output matrix with pseudo

snapshots, spanning the same signal subspace as the one using real snapshots. By in-

corporating this property, new augmented cumulant matrices are constructed and the

corresponding method for coherent group separation is derived. Compared with the

existing method, the proposed one achieves better performance in terms of estimation

accuracy and robustness of the spatial signature, especially for weak signals.
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Abstract

Apart from signal with circular statistics discussed above, we study the noncircularity

embedded in modern wireless communication signals to further extend the effective

aperture, enhance DOFs, and improve the estimation performance. A new FOC-based

direction finding method which can extend the array aperture as well as maximise the

DOFs is proposed. By combining noncircularity with high order cumulants and op-

timsing geometric arrangement of the virtual array arising accordingly, the resultant

identifiability of DOA estimation can be up to twice larger compared with the using

the same order cumulants for circular signals. Simulation results validate that the pro-

posed method offers better performance in terms of identifiability as well as accuracy.

Last, we revisit the case when uncorrelated and coherent signals coexist and utilise the

noncircularity of signals in this scenario. To the best of our knowledge, there are no

publications addressing the class of DOA estimation problem, and a novel two-stage

second order statistics (SOS) estimator is introduced accordingly to further increase

the DOFs. In this method, a more robust approach is presented to identify the true

DOA estimates from the pseudo ones, the estimates of noncircular phases are derived

in closed-form, and a novel spatial smoothing technique based on the eigenvectors

is developed to restore the rank deficiency. Additionally, new deterministic Cramér-

Rao lower bounds (CRLBs) are derived for the considered mixture model of noncir-

cular signals. The theoretical analysis justifies that the number of identifiable signals

is larger than the current algorithms. Extensive simulation results show that the pro-

posed method offers sufficient DOFs as well as improving the estimation accuracy of

both the uncorrelated and coherent signals.
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Chapter 1

Introduction and
Motivation

O
UR research journey on the exploration of sensor array pro-

cessing begins right here. This chapter provides a basis for

the remainder of this body of work, giving a definition of

what this research is really about, details and motivation for all the work

that follows. This introduction serves to explain the most fundamental

meaning of sensor array processing, and explain the pathway that the re-

search follows, and thus provide the reader with a road map for what lies

ahead in this thesis.
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1.1 Research Area and Motivation

1.1 Research Area and Motivation

Array signal processing involves manipulation of signals induced in various sensor

elements, such as antennas, hydrophones, microphones, seismometers, etc, depending

on the function of the array system. An array of sensors located at different points in

space are used to receive signals that are reflected from the targets (objects) of interest.

One traditional application is signal enhancement. If the same signal is received at

multiple sensors and can be coherently added with the same delay at each sensor, then

additive noise is averaged out by an array gain equal to a factor M, the number of sen-

sors. The delay-and-sum operation is known as beamforming, since it can be regarded

as forming a beam into the direction of the source. The delay-and-sum beamformer

acts equivalently to a parabolic dish, as shown in Fig. 1.1, which physically inserts

the correct delays to look in the desired direction. Additionally, an array’s capability

of steering nulls to reduce co-channel interferences (CCI) and pointing independent

beams toward various mobile users, as well as its ability to estimate the direction of ar-

rival (DOA) and associated parameters like powers of the signal and noise fields, make

it prevalent in several application areas such as radar [3, 4], sonar [5, 6], wireless com-

munications [7–9], navigation [10–12], acoustics [13, 14], seismology [15, 16] to name a

few.

Early contributions to this field have been made mostly in the context of radar and

sonar systems in the latter parts of the 20th century. With the onset of the 21st century,

great advances in digital processing hardware has meant that array processing played

an increasingly important role in numerous emerging developments and applications

in wireless and mobile communications. The received data depends on the character-

istics of the sources, the channels, the noise, and the measurement devices.

A sensor array has spatially separated sensors whose output are fed into a weight-

ing network or a beamforming network as illustrated in Fig. 1.1. The sensors simul-

taneously measure a spatial field at different locations. Multiple plane waves either

narrowband or wideband are incident from different directions on an array of sensors

distributed in space. The DOA is specified by the radial directions (azimuth and el-

evation) of the incident plane waves using observations (snapshots) received by the
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Figure 1.1. Coherent addition of signals.

array. Sensor data are processed to gain information about the sources. Due to the

large number of applications involving different system models and signal processing

objectives, array processing is a broad research field.

In this thesis, we mainly focus on the direction finding topic, which is of great interest

and importance in array processing. Many DOA estimation techniques have been pro-

posed under the assumption that signals undergo line-of-sight direct path propagation

in isotropic media, and are statistically uncorrelated to each other. Also, an underly-

ing assumption that the number of physical sensors is greater than that of signals is

always required. Unfortunately, such assumptions are often far away from reality. In

fact, sensor arrays in practical applications may suffer from various factors, especially

for civilian usage, such as ubiquitous multipath propagation due to tall buildings and

limited numbers of sensor due to cost and portability of the hardware. It is known that

coherency between signals caused by reflections will render popular subspace-based

estimators ineffective, and overlooking potential degrees of freedom (DOFs) hidden in

the signal structure and array configuration may result in performance loss. However,

conventional array processing techniques are incapable of handling such problems.

Motivated by this fact, the problems of direction finding in the presence of multi-

path propagation and utilising additional information embedded in signals to improve

DOFs are addressed and two classes of new methods are proposed in this thesis.
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1.2 Original Contributions

This thesis makes the following original contributions to the research area:

1. DOA estimation utilising fourth order cumulants (FOC) in multipath: Second order

statistics cannot identify the signal bearings contaminated by unknown coloured

noise under multipath propagation. This issue can be effectively tackled by em-

ploying FOC since higher even order cumulants are blind to Gaussian distributions.

FOC also inherently have more DOFs than second order statistics (SOS) at a cost of

increased variance. We introduce a new algorithm for the case when independent

and coherent signals coexist. This would happen in practice where some signals are

affected by multipath. The existing accurate FOC algorithm to handle this scenario

is based on a two-stage processing approach that first identifies and eliminates the

independent signals and then resolves the coherent signals by rank restoration. We

propose a new two-stage algorithm that is more accurate than the previous meth-

ods by employing a novel signal separation and rank restoration approach. Based

on the DOA estimates of independent signals, we first reconstruct the cumulant ma-

trix of independent signals and remove it from the original cumulant matrix to deal

with the remaining coherent signals. By introducing a new matrix reconstruction

approach and applying it to restore the deficient rank caused by signal coherency,

the desired coherent signals can then be resolved by common subspace-based DOA

estimators. This work is described in Section 5.4 of Chapter 5.

2. Space-time FOC for improving coherent group separation: In wireless communica-

tions, channel estimation needs to identify and estimate spatial signature (i.e., a

linear combination of the steering vectors scaled by the fading coefficients) [17–19]

of different users-of-interest at the receiver side. A large number of coherent signals

will arise from multipath propagation, especially in urban areas, where the two-

stage algorithms are no longer valid as they cannot handle more coherent signals

than the number of sensors. So far the extended virtual ESPRIT algorithm (VESPA)

can resolve the highest number of coherent signals. However, it is less accurate and

robust than our two-stage method, especially in low SNR environments.

Page 4



Chapter 1 Introduction and Motivation

We propose a new blind separation strategy based on rotation invariance between

augmented cumulant matrices to address the problem of robust DOA estimation

of coherent signals belonging to different groups in spatial coloured noise (Chap-

ter 5). Our algorithm is more accurate and robust than VESPA while still resolving

the same number of coherent signals. We introduce temporal correlation to form an

array output matrix with pseudo snapshots, spanning the same signal subspace as

the one using real snapshots. Then the augmented cumulant matrices can be con-

structed in terms of the pseudo snapshots (Section 5.4). The separation of coherent

groups is carried out by exploiting the rotation invariance between the augmented

cumulant matrices, which gives rise to a more robust generlised steering vector es-

timation. This work is described in Section 5.5 of Chapter 5.

3. DOA estimation of noncircular signals utilising FOC: Exploiting noncircularity of

modern wireless communication signals in direction finding has been drawing in-

creasing attention over the past few years. Only limited solutions to this problem

have been reported and most of them depend on SOS which can determine at most

2(M − 1) noncircular sources where M is the number of sensors.

A new subspace-based estimator, referred to as NC-2q method, was proposed by

Liu et al. [20] to address DOA estimation of noncircular signals using high order

statistics. This technique attracted our attention since it is found to have improved

estimation capacity and can resolve up to 3(M − 1) sources. However, the authors

in [20] did not give clear physical interpretations of their idea. More significantly, a

disadvantage of their method is that it does not fully exploit the maximum effective

array aperture which can be obtained by virtual arrays arising from noncircular

signals.

The work in Chapter 6 provides an interpretation of the virtual array principles by

using FOC coupled with noncircularity. Some links with previous work, which are

left out by Liu et al. [20], are discussed. In addition, according to the explanation of

the virtual array principles, the number of DOFs and array aperture are increased by

up to an additional M elements, meanwhile the performance is also enhanced. Our

algorithm can also be extended to even higher order cumulants in a similar fashion
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to the NC-2q method, allowing up to 2q(M − 1) sources to be identified. This work

is described in Section 6.2 of Chapter 6.

4. DOA estimation of noncircular signals under multipath propagation: There are pos-

sibilities in improving estimation performance in the presence of multipath by using

the noncircular statistics of signals. We revisit the scenario of the coexistence of un-

correlated signals with coherent ones, which has been discussed in Chapter 5 where

circular statistics were assumed.

To the best of our knowledge, there are no publications addressing the noncircular

signal estimation problem for the case where uncorrelated and coherent signals co-

exist. A SOS estimator to this problem is investigated in Chapter 6, and a novel two-

stage processing algorithm is introduced to further increase the DOFs. By exploiting

the noncircularity, the DOA estimates of the uncorrelated sources are obtained first

from an augmented signal subspace, then the covariance matrix of the uncorrelated

signals is reconstructed and removed. Secondly, spatial smoothing on the eigen-

vectors of the coherent signal covariance matrix is performed to restore the rank

deficiency. The theoretical analysis shows that the number of identifiable signals

is larger than the current algorithms. Additionally, new deterministic Cramér-Rao

lower bounds (CRLBs) are derived for the considered mixture model of noncircular

signals. This work is described in Section 6.3 of Chapter 6.

1.3 Thesis Structure

The thesis can be divided into four parts. The first part provides the motivations, con-

tributions and structure of this thesis. In addition, it also gives a literature review of

array signal processing on nonideal models. This part includes Chapters 1 and Chap-

ters 2. The second part is composed of Chapter 3 and Chapter 4 which introduce

prerequisites of linear algebra, its application to sensor arrays, as well as the classi-

cal DOA estimation algorithms. The third part, including Chapter 5 and Chapter 6,

mainly addresses the problem of enhancing the effective DOFs while preserving good

DOA estimation performance, by exploiting FOC and noncircularity hidden in the sig-

nals. The last part is Chapter 7 describing conclusions of the work done in this thesis
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and making recommendations of possible work to extend this research in the future.

The content in each chapter is summarised as follows.

Chapter 1 provides a brief introduction to array signal processing. In addition, the

research problems, the contributions to knowledge provided by the thesis, and the

structure of the thesis are also discussed.

Brief background material into our research topics is provided in Chapter 2. This is

followed by a comprehensive study of the contemporary literature on models for the

nonideal factors in array processing, specifically the estimation of coherent signals,

unknown noise, and noncircular signals, which are the main topics of the research

done in this thesis. An exploration of the many ideas for these tough tasks is provided,

commenting on various merits and problems, application areas, and advances in the

theory related to sensor arrays.

Chapter 3 introduces the foundation of linear algebra which is utilised extensively in

array processing. Definitions and properties that will be useful in the thesis are sum-

marised.

Chapter 4 gives the basis of DOA estimation theory. Within this chapter, some funda-

mental ideas underlying direction finding are described and evaluated. A discussion

of the development of the signal models, for uncorrelated and coherent signals respec-

tively, is provided as well. The research topic of this thesis is also narrowed down

into meeting some particular challenges, e.g., estimation in multipath with spatially

coloured noise, in array processing.

To handle the multipath case, all the algorithms assume a mixture of independent and

coherent signals. While to deal with coloured noise, FOC are applied. Chapter 5 de-

scribes two new DOA estimation algorithms for the multipath signal model using cu-

mulants. While Chapter 6 discusses how to exploit the noncircularity of signals to

improve the estimation performance, and also introduces two novel direction finding

methods, one for uncorrelated signals combined with cumulants and the other for the

mixture signal model under multipath propagation utilising SOS.
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In Chapter 5, the basic signal model for circular statistics is introduced, including a

detailed discussion on how the FOC are incorporated. Then an improved two-stage

algorithm based on FOC is given. This algorithms follows the existing ideas of dealing

with independent and coherent signals separately but can resolve more signals with

better accuracy than the existing two-stage FOC method. Secondly, an improved sin-

gle stage DOA estimation algorithm is described which is more accurate than VESPA

by exploiting temporal correlation in the signals. The single-stage algorithm separates

the coherent groups directly and can resolve many more signals than the two-stage

method considered previously. For each algorithm, the simulation environment is de-

scribed, and the performance improvement in terms of accuracy and robustness is val-

idated by the simulation results.

In Chapter 6, we explore the additional benefits of exploiting noncircular statistics in

DOA estimation. First of all, we discuss the additional degrees of freedom that can

be obtained by the combination of noncircular statistics and FOC. The concept of vir-

tual arrays interprets in a physical way how noncircular statistics and FOC can effec-

tively increase the array DOFs and effective aperture. Using the tool of virtual arrays,

we describe a new noncircular FOC-based algorithm which has a larger virtual array

aperture and DOFs than existing methods. Simulation results demonstrate its better

identifiability and accuracy of DOA estimates. The second part of Chapter 6 considers

exploiting noncircular statistics for the case when uncorrelated and coherent signals

coexist. This section builds on the existing SOS two-stage algorithms that assume cir-

cular statistics, and introduces a novel two-stage algorithm with improved DOFs and

accuracy by exploiting noncircularity. A discussion of identifiability of DOA estima-

tion and performance bounds are also provided, along with more simulation results

demonstrating potential improvements in the algorithm performance.

Finally, Chapter 7 reviews and re-summarises the original contributions to knowledge

in the thesis. In addition, some recommendations for future work are given before final

conclusions are drawn.
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Chapter 2

Background and A Review
of Array Processing with

Nonideal Models

H
ISTORICALLY, array processing is a well visited con-

cept, though it can still hold tremendous potential for great

progress. This chapter examines the recently published liter-

ature on array processing, discussing three main nonideal models to DOA

estimation, specifically coherent signals, unknown noise, as well as noncir-

cular signals, and existing state of the art. A variety of ideas are explored,

looking at many aspects of array processing with a strong view to further

developments. Additionally, the chapter provides a background of outlin-

ing the significance of current research in advancing the state of the art in

array signal processing.
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2.1 Introduction

Subspace-based estimation methods such as MUSIC and ESPRIT can provide precise

DOA estimation and high resolution for resolving uncorrelated signals. In real envi-

ronments, this assumption may not hold as components of the received signal from a

target may undergo several reflections from various reflective surfaces (e.g., sea, build-

ings, hills, etc.) or multiple coherent signals may be deliberately transmitted in a mili-

tary scenario. As a result, uncorrelated and coherent signals may coexist, which cause

the spatial covariance matrix to be deficient in rank. The aforementioned prevalent

methods, in the presence of multipath propagation, fail to effectively identify or es-

timate bearing due to an incorrect interpenetration of signal and noise subspaces of

the coherent sources. Therefore, the estimation of coherent sources is always a thorny

problem and remains a topic of intense interest in spatial spectrum estimation.

Another nonnegligible factor is the omnipresent noise. Ideally, sensor noise is pre-

sumed to be uniform, Gaussian and white. However, the assumption may be unrealis-

tic in certain applications, where the noise environment is unknown or changes slowly

with time. In such cases, the sensor noise should be considered as an unknown spa-

tially coloured process. Additionally, when sparse arrays are utilised, the sensor noise

can be simplified to a spatially nonuniform white process. Both these circumstances

render the prevalent algorithms based on the ideal model ineffective.

Besides, recent research shows that exploitation of noncircularity within some modu-

lated signals can improve DOA estimation accuracy and degrees of freedom. Conse-

quently, it becomes significant to make the best use of the incident signal structure in

practice.

This chapter seeks to provide a comprehensive background knowledge of the issues

mentioned above in array signal processing and, hence, to serve as a precursor for this

current research. In this chapter, we first review the solutions to rank deficiency due

to signal coherency, then we address the unknown noise issues, including the spatially

coloured and nonuniform white noise cases, and review some widely used algorithms

which are robust to the nonideal noise. In addition, we review the recent research

Page 10



Chapter 2 Background and A Review of Array Processing with Nonideal Models

work on DOA estimation of noncircular signals and discuss how to take advantage of

the noncircularity to improve the performance of standard subspace-based algorithms.

2.2 Development of Coherent Signals Processing

The methods proposed so far to deal with coherent signals can be divided into two

distinct camps, with one based on dimension reduction processing and the other full

dimension processing. The two classes of methods present fundamentally different

ideas, and both inspire a great deal of subsequent research from passive beamform-

ing to active radar and sonar. The methods using dimension reduction processing are

discussed in Section 2.2.1, with full dimension processing discussed in the sequel, Sec-

tion 2.2.2.

2.2.1 Dimension Reduction Processing

Existing dimension reduction approaches can be further sub-divided into one-stage or

two-stage approaches.

One-stage Procedure

Dimension reduction processing is the most popular class of decorrelation approaches,

and it can be further categorised into spatial-smoothing- and matrix-reconstruction-

based techniques. The former comprises (forward) spatial smoothing (SS) [21–23], for-

ward/backward spatial smoothing (FBSS) [24], and modified spatial smoothing [25–

27], while the latter mainly refers to matrix decomposition and eigenvector singular

value decomposition. The two techniques differ markedly in the structures of the pro-

cessed covariance matrix, i.e., the square matrix for the spatial-smoothing-based tech-

niques while the rectangular matrix for the matrix-reconstruction-based techniques.

The SS technique doubtlessly plays the most significant part in combating signal co-

herency, which was first introduced by Evans et al [21] and further examined by Shan
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et al [22,23]. This technique is based on a preprocessing scheme that partitions the orig-

inal array into a series of overlapping subarrays, then averages the subarrays’ covari-

ance matrices to construct the spatially smoothed covariance matrix, and subsequently

applies MUSIC or ESPRIT to the smoothed covariance matrix to obtain DOA estimates.

The number of subarrays and the number of elements in each subarray are regarded as

a pair of inter-constrained parameters, and are determined from the number of direc-

tional sources under consideration. For N sources, one needs a subarray size of N + 1

and the number of subarrays K greater than or equal to N subject to N +K ≤ M, where

M is the number of array elements. Extensive studies and analysis show that the SS

technique is able to at most decorrelate ⌊M
2 ⌋ coherent signals where ⌊ · ⌋ is the flooring

operator [22, 23].

Under a mild restriction, an improved spatial smoothing scheme referred to as the

FBSS was developed, allowing up to ⌊ 2M
3 ⌋ sources to be estimated, upper bound for the

FBSS technique [24]. The technique carries out averaging not only on covariance matri-

ces obtained from the forward smoothing scheme described above, which divides the

array along one direction of the linear array, but also on covariance matrices obtained

from the backward smoothing scheme, which divides the array from the other direc-

tion of the linear array. Despite increasing the number of resolvable coherent signals

when compared with SS, FBSS still suffers from poor utilisation of antenna elements,

as approximately M
3 DOFs are lost.

The FBSS has been further developed in subsequent work [25–27], and the authors

demonstrate improvements either in performance of angular resolution or compu-

tational efficiency. A method in [25] reduces sensor noise before applying spatial

smoothing to make the covariance matrix more robust with respect to low SNR. An-

other method described in [26] squares the array covariance matrix before forming the

smoothed array covariance matrix, which improves the DOA resolution. The work

in [27] focuses on reducing computation complexity of direction finding methods in-

corporating forward-backward soothing. It shows that by applying a unitary trans-

formation, both the covariance matrix and observation data can be converted from

complex to real values, and then the forward-backward smoothing can be applied in

the real number domain to obtain the DOA estimates.
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Matrix reconstruction [28] is an alternative subarray technique to restore the loss of

rank due to coherency among signals. It segments the whole array into subarrays, and

then stacks the covariance matrices of forward subarrays rather than averaging them.

As matrix reconstruction techniques are based on similar principles as SS and also have

similar performance characteristics. Later on, the work by Cadzow et al [29] observed

that eigenvectors corresponding to large eigenvalues may each be represented as lin-

ear combinations of the steering vectors, so the eigenvectors can be used to form a

matrix whose rank can be restored accordingly, then singular value decomposition can

be applied to find the directions. Simulation results show that the resolution of the

DOA of the eigenvector singular value decomposition is slightly better than for the SS

technique. Recently, a different idea is developed by Han et al [30], where a Toeplitz

matrix reconstructed from the covariance matrix improves accuracy of DOA estimates

irrespective of whether the sources are coherent or not, but at the cost of halving the

effective array aperture.

The methods reviewed above are based just on second order statistics (SOS) of the

received data. However, these SOS methods suffer from serious drawbacks. Firstly,

they are not able to process more than M − 1 uncorrelated sources from an array of M

sensors and have a poor robustness both to modeling errors [31–33], which are always

present in practical situations, and to the presence of a coloured Gaussian additive

noise without a priori knowledge of its covariance matrix [34]. Secondly, their perfor-

mance may suffer severe degradation from closely separated sources with a low SNR

or a limited number of snapshots [35].

To overcome these limitations, many direction-finding methods [36–39] based on fourth

order cumulants (FOC) have been developed for non-Gaussian sources. The MUSIC-

like method proposed by Porat et al, as an extension of the MUSIC to FOC [36], is the

most popular. Later on, a series of work by Mendel and his colleagues drew much

attention to the virtual ESPRIT algorithm (VESPA) based on FOC. VESPA was devel-

oped firstly for DOA estimation of independent signals, where a virtual covariance

matrix is constructed by substituting cumulants for the cross-correlations between ac-

tual and the so-called virtual array elements [37]. The virtual array (VA) concept allows

both an improvement of resolution and the processing of more sources than sensors.
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In [38, 39], VESPA was extended to the case of coherent signals. By constructing two

different FOC matrices, the generalised steering vectors (i.e., a linear combination of

the steering vectors scaled by the fading coefficients) can be estimated blindly using

the rotation invariance property. Coherent groups (a group of coherent signals are

generated by the multipath propagation of one far-field source) are separated accord-

ingly, then the DOAs of coherent signals in each group can be estimated via FBSS. The

benefits of the VESPA are: i) a larger capacity for processing coherent signals than the

number of sensor; ii) a high robustness with respect to modeling errors (e.g., gain-

phase errors and mutual coupling), and requiring only two calibrated array elements,

which are very attractive and inspired further research. At about the same time, Yuen

et al [40] presented a blind estimation technique based on FOC to “blindly” estimate

the generalised steering vectors without having a priori knowledge of the array man-

ifold. Then, they used a high-resolution spectral analysis technique to estimate the

DOAs. However, compared with the VESPA, the blind algorithm is more complex,

and there will be one or more extraneous DOAs when the SNR is low.

Two-stage Procedure

A common characteristic of the one-stage procedures discussed above is that all the

uncorrelated, partially coherent or fully coherent signals, caused by multipath propa-

gation or malicious jamming in wireless communication or electronic warfare, are re-

solved simultaneously. This implies that they cannot distinguish uncorrelated sources

from coherent signals, and thus the number of their resolvable signals will be restricted

in most algorithms except VESPA which can actually resolve more signals than the

two-stage algorithms at the cost of estimation accuracy.

To deal with this problem a pre-processing step that estimates and removes the un-

correlated signals prior to decorrelation is typically applied [41–47]. The fundamental

principle of this category of technique is that the DOAs of uncorrelated signals are

estimated by conventional high-resolution methods first, then the information of un-

correlated signals are eliminated by a differencing or oblique projection operation, and

the remaining coherent signals can be resolved using decorrelation approaches dis-

cussed earlier. Applying a separation process allows the combination of uncorrelated
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and correlated signals resolved by these techniques to exceed the number of antenna

elements. The existing algorithms differ in how they remove the uncorrelated signals

from the covariance matrix and how the rank restoring step is applied.

One of the publications that initially introduced this two-stage technique utilised the

idea of spatial differencing to estimate and remove the uncorrelated signals [41]. This

work established a standard approach to the issue that was to be adopted by a num-

ber of subsequent researchers. In their paper, the authors utilised the property that

the covariance matrix of uncorrelated sources has a Toeplitz structure for a uniform

linear array (ULA), but their technique could only resolve two sources in each coher-

ent group. Al-Ardi et al [48] proposed an algorithm that combines spatial differencing

and iterative spatial smoothing to make DOA estimates. A key step in this algorithm is

the construction of a covariance matrix of uncorrelated sources, but the paper provided

scant details on this, which raises doubt over the algorithm’s general applicability. This

work was followed up by Qi et al [43] and Ye et al [46], where the problem of rank defi-

ciency was considered and the restoring operation for the issue was introduced. In [43]

and [46] spatial differencing is used to remove the uncorrelated signals, which gives

rise to extra spurious sources resulting in fewer correlated signals being resolvable in

the spatial smoothing step. Thus, extra processing is required to identify and allevi-

ate pseudo-DOA estimates. Although the pseudo DOAs are removed eventually, the

mathematical manipulations of the method by Qi et al are verified only by simulation

and lack a theoretical proof, while the method by Ye et al is not robust as the number

of coherent signals is increased. In order to complete the family of spatial differencing

methods, an FOC-based approach [49] was proposed for non-Gaussian mixed signals

corrupted with unknown coloured Gaussian noise. The method can be regarded as

an FOC version of the work in [46]: the first step estimates the DOAs of independent

signals with the cumulant matrix, and the second step resolves the coherent signals

with the smoothed cumulant matrix whose rank has been restored by firstly squar-

ing the difference cumulant matrix and then applying forward/backward smoothing.

In [44] the spatial smoothing step in [43] is replaced by a matrix reconstruction tech-

nique which restores the number of resolvable correlated signals to the full number

achievable without the spurious sources. The drawback of this technique is its high
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complexity and loss in DOA accuracy. In [45] the uncorrelated signals are removed by

subtracting their reconstructed covariance matrix, allowing the same number of coher-

ent signals to be resolved as in [44] by using traditional FBSS. This improves the DOA

estimation accuracy and reduces the complexity. A new technique in [47] only uses a

single subarray in the forward smoothing step which improves the accuracy but only

allows pairs of coherent signals to be resolved.

The methods in [41–47] cannot separate the signals from diverse coherent groups ac-

cording to their coherence despite efficiently distinguishing between uncorrelated and

coherent signals. Thus, a new method suggested in [50] uses rotation invariance prop-

erty to inherently separate eigenvectors of uncorrelated and different coherent groups.

However, the eigen-decomposition of the DOA estimation matrix in [50] gives rise to

cross-term effects due to noise and the limitation of having a finite number of snap-

shots, which result in a high probability of failure of this method. Although an orthog-

onal projection technique to solve this problem was also presented in the same paper,

it can only reduce but not completely eliminate the cross-term effects.

2.2.2 Full Dimension Processing

The Perspective of Matrix Structure

The other major research direction for dealing with coherency of incident signals has

considered maintaining the full effective array aperture with no reduction in the de-

grees of freedom of an array [51–54]. The SS methods using subarray arrangements

cannot achieve this requirement, and thus one needs a higher number of elements to

process correlated arrivals than would otherwise be required. The schemes that do

not reduce the effective size of the array include those that restore the structure of the

array covariance matrix for a linear array to that when there is no correlation. These

are referred to as Toeplitz approximation method (TAM). For a uniform linear array,

the covariance matrix in the absence of coherent arrivals has a Toeplitz structure, that

is, entries of the matrix along its diagonals are equal, but this structure will not hold if

any degree of coherency exists between sources.
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In [51], the Toeplitz array structure is restored by averaging the matrix obtained in the

presence of correlated arrivals by simple averaging along the diagonals, while in [52],

a weighted average is used. To further enhance the capabilities of the TAM method,

a modification was made in [53], where averaging is carried out on the magnitude of

entries of the matrix along its diagonals without altering the phase. In addition, an

iterative algorithm, in the same paper, was applied to iteratively reconstruct both the

Toeplitz matrix and the desired eigenstructure from the observed covariance matrix. A

method using an array covariance matrix obtained by averaging along the diagonals

for DOA estimation is discussed in [54] and appears to offer computational advantages

over similar methods.

As we shall see, Toeplitz-approximation-based methods are different from the dimen-

sion reduction processing techniques in obtaining the decorrelation capability by chang-

ing the data structure of the covariance matrix rather than sacrificing degrees of free-

dom, so the array aperture is taken full advantage of. However, generally speaking,

Toeplitz-approximation-based methods, particularly for small arrays, are likely to be

inferior to have a larger deviation in bearing estimates than other averaging methods

such as FBSS or matrix reconstruction techniques.

Optimisation

While the spectral-based methods presented in the previous section are computation-

ally attractive, they do not always yield sufficient accuracy. In particular, for scenarios

involving highly correlated (or even coherent) signals, the performance of spectral-

based methods may be insufficient. Parametric array processing methods, as an al-

ternative, tackle the problem of coherent signals from a different point of view, by

exploiting the underlying data model rather than restoring the rank deficiency of the

covariance matrix. These techniques are not affected by signal coherency which causes

the spectral based methods to fail in the eigen-decomposition step. However, they

generally have a much higher computation load as they require a nonlinear multidi-

mensional optimisation.
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In array processing literature, maximum likelihood (ML) is the most representative

technique as well as the optimum estimator since in the absence of errors, it max-

imises the log-likelihood function to find the ML estimate of the direction. According

to the data model of the incident signals, this methodology can be divided into two

approaches: deterministic maximum likelihood (DML) and stochastic maximum like-

lihood (SML).

One observed data model assumes that the signal waveforms are deterministic and

unknown whereas the noise is a zero-mean isotropic and temporally spatially white

Gaussian random process, leading to so-called deterministic maximum likelihood. The

likelihood function is the joint probability density function (PDF) of all snapshots given

the DOAs and viewed as a function of the desired variables, including the DOAs θ, the

signal waveforms and the noise power, for this case.

As is well-known [55–58], DML signal parameter estimates are obtained by solving the

following minimisation problem:

θ̂DML = arg min
θ

{
tr
{

P⊥
AR̂
}}

(2.1)

where the operators tr{ · } and P⊥
A denote the trace of the bracketed matrix and the

orthogonal projector onto the null space of A, the array manifold, respectively, and R̂

is the observation covariance matrix.

The interpretation of ML is that the measurements x(t) from array are projected onto

a subspace which is orthogonal to the subspace spanned by all anticipated signal com-

ponents, and a power measurement 1
N ∑N

t=1 ∥P⊥
Ax(t)∥2

2 = tr{P⊥
AR̂} is evaluated. The

energy is clearly at a minimum if the projector indeed nulls everything in the subspace

spanned by all the incident signals, i.e., when θ̂ = θ0. Since only a finite number of

snapshots, each contaminated by noise, are available, θ̂ may deviate from θ0 to some

extent to make the power minimum. However, if the observation is wide-sense sta-

tionary, the error will converge to zero as the number of samples approaches infinity.

This remains valid for correlated or even coherent signals, although the accuracy for

finite samples is somewhat dependent upon signal correlations.
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The other ML technique reported in the literature is termed the SML method as both

the signal waveforms and noise are modeled as white Gaussian random processes.

Similar to DML, SML searches for desired directions that maximise the log-likelihood

function of a given set of snapshots. After some algebraic manipulation and simplifi-

cation, the DOA estimates can be obtained by [58–61]

θ̂SML = arg min
θ

{
ln det

{
AR̂sAH + σ̂2

SMLI
}}

(2.2)

where the operator det{ · } denotes the determinant of the bracketed matrix, R̂s =

A+(R̂ − σ̂2
SMLI)(A+)H where the operator { · }+ denotes pseudo-inverse, and σ̂2

SML is

the power of noise in the SML model.

As seen in (2.1) and (2.2), the criterion functions are both highly nonlinear optimisation

problems of their argument θ. In the absence of a closed form solution, it requires

iterative schemes for finding solutions. Given sufficiently accurate initial estimates,

the well-known Gauss-Newton algorithm [62–64] updates the search direction at each

iteration so as to converge rapidly to the global minimum, but at the cost of expensive

computation. Other schemes, such as the alternating projection (AP) method [55, 65]

and the expectation-maximization (EM) algorithm [58, 66, 67] have been proposed to

decrease computation complexity while maintaining satisfactory performance. The

more general space alternating generalized EM (SAGE) algorithm was applied to the

direction finding problem in [68, 69], which has much shorter computation time than

EM does. However, there are still two issues affecting these implementation schemes:

one is the search step size, and the other is the initial DOA estimates. As known, a

large step size will bring about faster convergence but may miss local minima, while

a smaller step size will take a longer period of time to converge. It is crucial for most

iterative algorithms to have good initial estimates. If the selection is improper, the

search procedure may fall into a local minimum, and be unable to jump out of it to

reach the desired global minimum.

Among all popular methods the ML approaches provide a superior asymptotic perfor-

mance and remain stable in scenarios involving small numbers of snapshots, coherent

signals and low signal-to-noise ratio (SNR). For Gaussian signals, the SML estimates

attain the Cramér-Rao lower bound (CRLB) on the estimation error variance, derived
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under the stochastic signal model, while the DML estimates do not attain the corre-

sponding (deterministic) CRLB since all unknowns in the deterministic model cannot

be estimated consistently.

In order to further reduce computation cost by incorporating the advantages of sub-

space, some subspace-based methods [57,70], which are so-called subspace fitting (SF),

were derived as a large-sample realisation of the ML methods. These methods are com-

putationally efficient, especially for the ULA case [3,71], but offer similar performance

to the ML methods, resolving the coherent sources without reducing the array aper-

ture.

The subspace-based methods rest on the fact that the signal subspace is a linear combi-

nation of a space spanned by the array manifold. When noise exists, this relationship

does not hold exactly. One solution is to construct a fitting relationship to find out the

desired angles which can get the two fitted the most closely in the least squares sense,

i.e., the signal subspace fitting (SSF) estimate can be obtained by solving the following

nonlinear optimisation problem

θ̂, T̂ = arg min
θ,T

∥∥Ûs − AT
∥∥2

F (2.3)

where the columns of Ûs are the eigenvectors corresponding to large eigenvalues of R̂,

and span the signal subspace, and T is a full rank matrix. Obviously the SSF estimate

can be obtained by solving (2.3), a nonlinear optimisation problem. Extending (2.3) to

a more generic case, we will naturally have a weighted subspace fitting problem as

θ̂, T̂ = arg min
θ,T

∥∥∥ÛsW
1
2 − AT

∥∥∥2

F
(2.4)

where W is a weighting matrix. Hence, the solution with regard to θ̂ can be obtained

by

θ̂ = arg min
θ

{
tr
{

P⊥
AÛsWÛH

s

}}
. (2.5)

It should be specifically noted that when the weighting matrix satisfies following equa-

tion

Wsopt = (Σ̂s − σ̂2I)2Σ̂
−1
s (2.6)
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where Σ̂s is a diagonal matrix consisting of large eigenvalues of R̂, and σ̂2 denotes a

consistent estimate of the noise power, (2.5) is the so-called weighted signal subspace

fitting (WSSF) method with optimum weights [72, 73].

On the other hand, a relationship also exists between the noise subspace and the ar-

ray manifold—the noise subspace is orthogonal to the subspace spanned by the array

manifold. Based on this, we can obtain a fitting relationship, which is termed noise

subspace fitting (NSF), as follows

θ̂ = arg min
θ

∥∥∥ÛH
n A
∥∥∥2

F

= arg min
θ

{
tr
{

ÛH
n AAHÛn

}}
(2.7)

where the columns of Ûn are the eigenvectors corresponding to small eigenvalues of

R̂, and span the noise subspace.

Likewise, NSF represented in (2.7) can be further extended to a weighted expression,

that is,

θ̂ = arg min
θ

∥∥∥ÛH
n AW

1
2

∥∥∥2

F

= arg min
θ

{
tr
{

ÛH
n AWAHÛn

}}
= arg min

θ

{
tr
{

WAHÛnÛH
n A
}}

. (2.8)

It is natural to ask a question—If there is an optimum weighting matrix in the weighted

signal subspace, then does noise subspace have an optimum weighting matrix which

makes the estimation optimal? The answer is “yes”. Ottersten et al gave an expression

of the optimum weighting matrix of the weighted noise subspace in [74] as

Wnopt = A+(θ0)ÛsWsoptÛ
H
s (A

+(θ0))
H. (2.9)

It should be noted that (2.7), (2.8), and (2.9) are all derived on the condition that or-

thogonality between the noise subspace and array manifold hold, which implies the

signals should be uncorrelated in the NSF model. If the sources are coherent, the noise

subspace is not orthogonal to the array manifold any more, and the conditions for the
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NSF algorithm do not hold accordingly. This fully demonstrates that the drawback of

NSF lies in its inability to resolve estimates for coherent signals.

Some other preprocessing schemes to decorrelate the coherent sources include fre-

quency smoothing [75, 76], polarimetric angular smoothing [77, 78], phase mode ex-

citation [79], virtual array transformation [80, 81], etc., but these categories are usually

applicable to particular circumstances, such as wideband signals, polarisation sensitive

arrays, circular arrays, nonuniform spaced arrays, etc.

2.3 Development of Unknown Noise Processing

Many proposed estimators, like MUSIC, ESPRIT, ML, WSF, etc., are established with

the so-called uniform white noise assumption. Accordingly, sensor additive noises are

modeled as spatially and temporally uncorrelated zero-mean Gaussian processes such

that the noise covariance matrix is proportional to an identity matrix. Alternatively,

if the noise is arbitrary but its covariance can be estimated from noise-only data, the

noise model can be easily transformed to the uniform one by the prewhitening tech-

nique and any high-resolution direction finding algorithm can be straightforwardly

applied to the transformed data [82, 83]. However, this assumption is not realistic in

many practical applications [34, 84–90], where the noise fields are spatially coloured

or nonuniform, and its covariance may change slowly with time or a signal-free en-

vironment is not always available. The question that then arises is how to solve the

estimation problem without the prior knowledge of the noise environment. The spa-

tial correlation or nonuniformity in the unknown noise may cause significant bias of

the estimates assuming spatially white noise [91, 92]. In these applications, it is bene-

ficial to take the spatial colour or nonuniformity of the noise into account to improve

the resolution of the DOA estimation.
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2.3.1 Parametric Model for Unknown Noise

To address the problem of DOA estimation in the presence of coloured or correlated

unknown noise, a number of algorithms have been developed but with special para-

metric models imposed on the signals or noise. For instance, in [84, 87, 89], the noise

field is assumed to satisfy standard autoregressive/autoregressive moving average

(AR/ARMA) models. It can be readily verified that the noise is uniform and white

under the condition of a zero order model, but it becomes coloured when the model

order is larger than zero. In [82, 93], the noise covariance can be parameterised using

a linear combination of known weighting matrices. The method in [86] requires the

temporal correlation interval of the signals to be larger than that of the sensor noise.

Differing from the prevailing perspective of noise parameterisation, the signals in [90]

are required to be partially known as a linear combination of a set of basis functions.

Clearly, such constraints on noise or signal may severely restrict the applications of

the aforementioned techniques because these assumptions are built up only for certain

cases, and are not generic in practice. The performances of these estimators will dete-

riorate if the required constraints do not match the real ones. Unlike previous work, a

modified ML-based approach has been proposed in [94] where structural constraints

of the signal or noise covariances are not required. Since an implicit approximation is

adopted to estimate the noise covariance matrix, the practical performance of this ap-

proach can be substantially worse than that dictated by the corresponding CRLB [95].

Additionally, this method relies on a certain array structures, like a ULA, so is not

applicable to an arbitrary geometry.

Owing to the superior statistical performance of ML techniques, most aforementioned

methods attempt to apply ML criteria to handle coloured or correlated noise with un-

known covariance. However, these approaches have to carry out multidimensional

search with respect to all unknown variables, including the DOA angles, the signal

powers, and the noise parameters, where the noise and signal variances are nuisance

parameters. Compared with one unknown, i.e., the noise power, in the case of uni-

form white noise, the number of unknowns in the coloured noise model, without any

prior knowledge, will rise with the square of the number of array elements, which
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can be a considerable number, resulting in a huge computation burden. Even if these

methods reduce the dimension of the parameter space and the associated computa-

tion of the ML functions by using partial prior knowledge or particular assumptions

regarding the signals, noise, or array structures, it is still difficult to completely sep-

arate the DOA angles from other unknown parameters. As a result, the DOAs must

be jointly estimated along with other nuisance parameters by solving nonlinear and

multidimensional optimisation problems.

2.3.2 Sparse Model for Unknown Noise

To overcome the drawbacks of the aforementioned ML techniques, an alternative ap-

proach for reducing the number of noise parameters is to make the noise covariance

matrix sparse by adopting a certain array geometry. In several real applications (for

example, if a sparse array is used), the general coloured noise assumption can be sim-

plified by assuming the sensor noise is spatially white [91, 92, 96]. In this case, the

noise covariance matrix of the array can be represented by a diagonal matrix while

its power in each channel is no longer identical. Such a noise model is reasonable in

practice where the hardware in receiving channels or prevailing external noise (for ex-

ample, reverberation noise in sonar or external seismic noise) received by the elements

of sparse arrays are not homogenous [91].

Many algorithms have been proposed in the past decade for DOA estimation with

nonuniform white noise. Pesavento and Gershman [91] first derived the deterministic

and stochastic CRLBs for such a DOA estimation problem. In order to avoid the com-

putational burden of the straightforward implementation of the ML estimator (MLE),

a new deterministic MLE based on stepwise concentration was also proposed. Follow-

ing this work and to bridge the gap for the stochastic MLE, Chen et al [92] extended a

stochastic ML DOA estimator under the same noise model, and discussed the applica-

tion of the algorithm to a ULA.

Undoubtedly, as mentioned in Section 2.2.2, the ML DOA estimator is too complex for

a real-time system, though much work has been done in reducing the dimensionality

of the search space. As a result, there is a demand for suboptimum solutions, and many
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modified subspace-based estimators are subsequently proposed. In [96], a transform-

based covariance differencing approach is introduced which not only improves the

resolution of the bearing estimation in the case of uniform noise, but can also be used

to eliminate the effects of (unknown) unequal noise power on the array eigenstruc-

ture. The price for the advantages in this approach is the halving of the number of

sources which can be estimated. In another method [97], the noise covariance can be

estimated from the array covariance directly, then the received data is prewhitened by

the estimated noise covariance, but such a procedure has the drawback of shrinking

the number of estimated signal by an even more aggressive factor of three. Liao et

al [98] developed a modified algorithm based on the work in [97] to improve the per-

formance of estimation while mitigating the effect of nonuniform noise. The idea is

based on the fact that the array covariance is a Toeplitz Hermitian matrix in the noise-

free situation. The estimated noise covariance matrix can be subtracted out from the

array covariance, then the MUSIC algorithm can be applied directly. Unfortunately,

compared with [97], this algorithm does not improve the number of sources which can

be estimated, and it only works for a ULA.

Recently, a more generic sparse model of unknown noise was firstly proposed by

Vorobyov et al [95], then developed by Li and Nehorai [99]. The model requires a

sensor array comprised of multiple widely separated subarrays such that noise can be

assumed uncorrelated between different subarrays. As a result, the array noise covari-

ance matrix becomes block-diagonal. By virtue of sparsity of the matrix, the number of

nuisance noise parameters is still much less than that for the completely coloured noise

case, which results in better computational efficiency. In [95], a deterministic MLE was

introduced for the case of multiple subarrays. Authors in [99] added a stochastic MLE,

based on an Expectation-Maximization (EM) framework, in spatially coloured noise

fields using sparse sensor arrays. Additionally, since previous work [100] showed that

DOA estimates under spatially coloured noise can be separated using the non-zero-

mean component without specific constraints on array geometry, signals or noise, both

cases of zero-mean and non-zero-mean Gaussian signals are presented and extensively

studied in [99].
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Because of the attractive property of Gaussian processes that all cumulant spectra of or-

der higher than two are identical to zero, high order cumulants (HOC), as a by-product,

are effective against Gaussian noise whose spatial coherency may be unknown, though

its main function is to gain more DOFs for non-Gaussian signals. The issue has been

addressed by a number of papers, where corresponding estimators and performance

analysis have been developed [101–104]. However, due to the constraint on statistical

property of incident signals, i.e., non-Gaussian process, and the requirement of a large

number of snapshots, HOC-based methods for estimation problems in the presence of

unknown noise have faded into oblivion in the more recent literature.

2.4 Development of Noncircular Signal Processing

DOA estimation of narrowband planewave signals has been extensively studied in

the past few decades, and many high-resolution algorithms have been developed for

it. However, a priori knowledge such as the structure of incident signals has not been

considered in these traditional algorithms.

In many modern wireless communication systems or satellite systems, some modu-

lated signals are noncircular. Only recently has some work taken into account the ex-

tra information contained within these incident signals, where subspace-based meth-

ods are the most representative [105–109]. By exploiting second order noncircularity,

the array aperture is virtually doubled, which results in a significantly reduced es-

timation error and the ability to resolve approximate twice as many sources. In the

meantime, Delmas and Abeida derived the stochastic CRLB for DOA estimation of

noncircular signals and analysed asymptotic properties of noncircular MUSIC-type al-

gorithms [110, 111]. Roemer and Haardt comprehensively presented asymptotic per-

formance analysis of noncircular ESPRIT-type algorithms and derived the determinis-

tic CRLB [112, 113].

Although most of the research on direction finding of noncircular signals follows the

same line of the existing work on the circular signals estimation, the improvement of

estimation performance obtained by taking advantage of noncircularity can expand its
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application field and reduce the complexity of hardware design, so investigation in

this area is still essential and valuable.

2.4.1 Description

Definition of circularity of second order statistics is simple. Consider a signal s(t) that

is complex and zero-mean, but not necessarily Gaussian. The variable s(t) is said to

be noncircular, if the elliptic covariance Et[s2(t)] ̸= 0 [114], otherwise s(t) is defined to

be circular. For the arbitrary signal s(t), we have Et[s2(t)] = ρejϕEt[|s(t)|2] = ρejϕσ2
s ,

where ϕ is the noncircularity phase which is deterministic and does not vary with

time, and ρ is noncircularity rate which satisfies 0 ≤ ρ ≤ 1 (from the Cauchy-Schwartz

inequality). Obviously, the signals which satisfy 0 < ρ ≤ 1 are noncircular. The non-

circularity rate ρ is determined by the modulation of the signal, e.g., ρ = 1 for standard

BPSK signals. Note that the signal with ρ = 1 is the so-called strictly second-order non-

circular signal or rectilinear signal [111]. In this case, let s(t) = ejψs0(t), where ψ and

s0(t) are the initial phase and real-valued symbol (i.e., amplitude) of s(t), respectively.

Since Et[s2(t)] = ej2ψEt[s2
0(t)] = ej2ψσ2

s = ejϕσ2
s , it shows clearly that ψ = ϕ

2 [20].

In real applications, common noncircular signals include amplitude modulation (AM),

binary phase shift keying (BPSK), offset quadrature phase shift keying (OQPSK), am-

plitude shift keying (ASK), pulse amplitude modulation (PAM) signals [106,113]. These

signals can be divided into two categories: one is inherently noncircular, like AM,

BPSK, ASK, and PAM signals which can be obtained by shifting the phase of real sig-

nals and of rectilinearity (i.e., ρ = 1), while the other can have noncircularity with

ρ = 1 by applying a preprocessing procedure, like OQPSK modulated signals.

2.4.2 Research Status of DOA Estimation of Noncircular Signal

The classical high-resolution direction finding algorithms only consider the covari-

ance Et[s(t)s∗(t)], and do not exploit the information in Et[s2(t)]. New estimation

approaches of noncircular signals make use of the elliptic covariance based on the clas-

sical subspace-based algorithms instead of changing the essence of the algorithm itself.
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The main task of the research is to analyse the characteristics of noncircular signals, es-

pecially the difference in estimation performance, caused by noncircularity, from the

classical subspace-based methods.

In 1998, Gounon et al [115] proposed the first MUSIC-type algorithm for noncircular

signals, which is called NC-MUSIC, and Galy introduced NC-MUSIC in his Ph.D the-

sis [116] as well. Unfortunately, their work was published in French, which greatly

reduced its influence among the international research community. The first English

article that really introduced the idea of DOA estimation of noncircular signals in its

true sense was that of Chargé et al [105]. This work introduced the concept of noncir-

cular signals and established a standard approach to the area that was to be adopted

by a number of subsequent researchers. In their paper, the authors utilised snapshots

of the array output and their conjugates simultaneously to construct an augmented

covariance matrix, then performed the eigen-decomposition on it to obtain the eigen-

vectors corresponding to the noise subspace, and subsequently constructed a spatial

spectrum function, which is similar to that of the standard MUSIC algorithm, via the

orthogonality between the steering vectors and noise subspace. To get the DOA esti-

mates, polynomial rooting was adopted instead of a two dimensional search over all

azimuth angles and noncircularity phases using the spatial spectrum function. As a re-

sult of this processing procedure, the DOA estimation becomes independent from the

noncircularity phase estimation, and computation cost is reduced considerably. The

proposed algorithm is restricted to a ULA, but has distinct advantages over the stan-

dard Root-MUSIC [117] algorithm since it expands the effective array aperture and

shows improvements both in the estimation accuracy and resolution.

In 2004, Haardt and Roemer applied unitary ESPRIT to direction finding of rectilin-

ear signals, which they called NC-UESPRIT [106]. The key processing step of NC-

UESPRIT is a unitary transformation of the augmented covariance matrix from the

complex to the real domain, which has the advantage of computational attractiveness.

Additionally, the combination of the SS technique with NC-UESPRIT to separate more

than two coherent wavefronts and extensions of NC unitary ESPRIT to the multidi-

mensional case (e.g., uniform rectangular arrays) are given in the same paper as well.

Page 28



Chapter 2 Background and A Review of Array Processing with Nonideal Models

Like noncircular Root-MUSIC, NC-UESPRIT allows resolution of more noncircular sig-

nals and improve the accuracy of direction finding.

Combining HOC and noncircularity, Liu et al proposed an extended 2q-MUSIC algo-

rithm for rectilinear signals, which is called NC-2q-MUSIC [20]. This algorithm is just

an extension of standard 2q-MUSIC [118] to noncircular applications. Three 2qth or-

der cumulant matrices, one of which has to contain the noncircular information, are

required to construct an augmented matrix which is twice the size of the elemental

matrices. In order to avoid a two dimensional search, this technique eliminates the

noncircularity phase by taking the partial derivative of the spatial spectrum function

with respect to it. Moreover, the authors explored the estimation capacity and compu-

tation complexity of NC-2q-MUSIC in the case of a ULA with M sensors, and found

that the fourth order version can handle up to 3(M − 1) signals, which is a big increase

in estimation capacity especially when M is large.

The aforementioned methods all assume that the signals impinging on sensors are

purely noncircular, but this assumption is not always valid in practice. DOA esti-

mation under the coexistence of both circular and rectilinear sources was addressed

in [114]. Based on the different characteristics of the augmented matrix when sources

are circular or rectilinear, the noise and signal (circular or rectilinear) subspace are iden-

tified for each case, so the bearings of circular and rectilinear sources can be estimated

respectively. In fact, the approach in [114] can be applied to a relaxed case when there

are arbitrary sources with noncircularity rate 0 < ρ < 1 besides circular and rectilinear

sources. It is noteworthy that in this case each circular or noncircular (0 < ρ < 1) signal

corresponds to two eigenvalues, while each rectilinear signal corresponds to only one

eigenvalue.

Recently, Liu et al made use of sparse representation to tackle the problem of DOA

estimation of noncircular signals [109]. The work has been reported on using the ℓp-

norm-based (0 ≤ p ≤ 1) techniques to exploit the joint sparsity property of the covari-

ance and elliptic covariance matrices for DOA estimation by reconstructing the array

outputs on a directional overcomplete dictionary. The results in this paper show that,
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the exploitation of spatial sparsity of the incident noncircular signals helps to signifi-

cantly enhance the adaptation of the DOA estimators to much more demanding sce-

narios, such as low SNR and limited snapshots, and they are also much more immune

to the lack of prior source number information. However, as the ℓp-norm-based tech-

niques are based on separable penalties, they can hardly reduce the structural errors

(biased global minimum) and the convergence errors (failure of achieving the global

minimum) simultaneously [119], and those two kinds of errors are defined in [120]. Al-

though some modified algorithms are available to reduce the estimation biases of the

source bearings [121, 122], they can hardly modify the selected model which is valid

only when the DOA estimates are located exactly on the sampling grid, otherwise sig-

nificant performance deterioration of the estimator will occur.

A significant amount of research has focused on the performance analysis of noncircu-

lar signal estimation, including CRLB, asymptotic performance, and resolution. Del-

mas and Abeida investigated the stochastic CRLB [110] as well as it in the presence of

unknown noise [123]. In [110], the noncircular signals are assumed to be a complex

Gaussian random process, and the stochastic CRLB was derived by either comput-

ing the asymptotic covariance matrix of the MLE or an extended Slepian-Bangs for-

mula. Similar to [110], an explicit closed-form expression of the stochastic CRLB was

obtained directly from the Slepian-Bangs formula in the general case of arbitrary un-

known Gaussian noise [123]. As a special case, the CRLB under the nonuniform white

noise assumption was given as well. However, these bounds cannot be applied to the

rectilinear signal case since the real and imaginary parts of noncircular signals were

treated as different random variables in [110, 123], which only hold under the condi-

tion of 0 < ρ < 1 but are not true when ρ = 1 due to the linear dependence [112].

As a result, Roemer and Haardt bridged this gap with a derivation of the determin-

istic CRLB, and through analysis of the result they found that in the case where two

rectilinear sources approach the same direction, the CRLB reaches a finite value, com-

pared with an infinite CRLB for arbitrary (i.e., not necessarily noncircular) sources in

the same scenario. The cases where the rectilinear signals do not provide any gain over

generic signals in terms of the CRLB are also stated.
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When it comes to asymptotic performance, Abeida and Delmas extensively investi-

gated MUSIC-type algorithms for an arbitrary array geometry by providing closed-

form expressions of the covariance of the asymptotic distribution of different projec-

tion matrices [108]. Different robustness properties of the asymptotic covariance of

the DOA estimate resolved by such algorithms were proved as well. As prevalent as

MUSIC, the asymptotic performance of ESPRIT-type algorithms is analysed compre-

hensively by Steinwandt et al [113] more recently. Besides proposing R-dimensional

NC standard ESPRIT and NC unitary ESPRIT algorithms, the authors presented an

asymptotic performance analysis of both algorithms by performing the first order Tay-

lor series expansion of the estimation error in terms of the explicit noise perturbation,

and proved that the performance is identical for both algorithms with respect to high

SNRs or a large number of snapshots. Mean squared error (MSE) expressions were

also given in the same paper with common assumptions that the noise is zero mean

and has finite SOS.

The work on resolution analysis has been done by Abeida and Delmas for an NC

MUSIC-type algorithm to compare it against standard MUSIC [111]. The authors pro-

vided theoretical and approximate interpretable closed-form expressions of the thresh-

old array SNR at which two closely separated sources can be distinguished, and proved

that the thresholds of the standard MUSIC are independent of the distribution of the

sources including their noncircularity, while the NC MUSIC-type algorithm relies on

the noncircularity phase for the bearing separation.

2.4.3 Direction of Noncircular Signal Research

There is a considerable amount of research on noncircular signals in array processing

besides the work outlined in the above sections. The research can be categorised into

a number of different theoretical areas, including source enumeration, optimisation of

spatial spectrum estimation and beamforming, spatial spectrum estimation and beam-

forming of special signals, for special array geometries, and in the presence of imper-

fections, and application of advanced signal processing to spatial spectrum estimation,

which could all be investigated further.
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Spatial spectrum estimation and its application for particular purposes will continue

to form a large contingent of research. Source enumeration is of significant interest in

the field of array processing. In the classical direction finding methods, the number

of sources is normally considered to be an a priori parameter, which typically is not

the case. To accurately estimate the DOA of noncircular signals in practice, especially

when 0 < ρ < 1 or circular and noncircular signals coexist, source enumeration has

to be carried out in advance, but this issue has not been addressed. Additionally, it

is natural to extend the classical optimisation methods, like ML and WSF, to noncir-

cular signals scenario. However, the augmented matrix comprising observations and

their conjugates may not fit in with the existing algorithms which only utilise the in-

formation in the covariance matrix for special signals, such as coherent, wideband,

and distributed sources, special array geometries, such as circular, nonuniform linear,

and L-shaped arrays, and in the presence of imperfections, such as mutual coupling,

gain/phase uncertainty, and sensor location error. Additional processing procedures

would need to be developed to adapt to these complex scenarios.

Conventional methods are typically linear-algebra-based methods, requiring compu-

tationally intensive matrix inversion, and cannot meet real-time requirement. Neural

network, as a promising and advanced technique, can be readily implemented in ana-

log VLSI or on special purpose massively parallel hardware. As neural methods make

up for shortcomings of its linear-algebra-based counterparts with nonlinear property,

adaptive learning capability, strong fault-tolerant capability, and insensitivity to un-

certainty, consideration of the unconventional algorithms and the applications these

impose also raises a number of questions [124–127], and noncircular signals are no

exception.

Clearly, research interest in noncircular signal with sensor arrays will continue to be

maintained, with the literature demonstrating a wide variety of sub-fields and a great

many research questions yet to be addressed.
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2.5 Conclusion

This chapter reviews the development of DOA estimation in array processing and ad-

dressed critical issues in nonideal signal models, including effects of signal coherency,

unknown nonuniform and coloured noise, and signal noncircularity. Many of ideas

for dealing with the problems are discussed, with important differences between the

ideas highlighted. The chapter indicates some aspects of array processing research in

practice, and demonstrates many of the areas currently arousing research interest, as

well as indicating potential for future research.
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Chapter 3

Linear Algebra
Prerequisites

L
INEAR algebra is an essential mathematical foundation for ar-

ray signal processing. The matrix algebra presented in this chap-

ter forms the underlying basis for all the research carried out

with some important assumptions towards enabling innovations within

this current research. As subspace-based DOA estimation is the emphasis

of the research in the thesis, definitions and properties of subspace theory

are introduced. Additionally, the Cramér-Rao lower bound, in estimation

theory, is discussed to provide familiarity with this important analytical

tool.
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3.1 Introduction

In theoretical analysis and practical engineering applications, matrix calculations are

always indispensable. Linear algebra is the most fundamental and useful mathemat-

ical tool, involving not only a number of mathematical operations, such as eigen-

decomposition, derivative, inverse, Schur-Hadamard product, Kronecker product, but

also many important scalar functions, such as rank, determinant, trace, norm. In fact,

numerous theoretical innovations and technological developments in a broad range

of disciplines, such as signal and information processing, wireless communications,

electronics, system and control, pattern recognition, and aeronautics and astronautics,

result from the creative extension and application of linear algebra.

This chapter introduces some basic definitions, operations, and properties which are

utilised for algorithm development and theoretical analysis of DOA estimation in the

subsequent chapters. In the interest of brevity, important and commonly used proper-

ties and conclusions are given directly, and the corresponding derivations and proofs

are not covered here. A number of relevant titles containing such information are con-

tained in the bibliography.

3.2 Rank of a Matrix

The column space of a matrix Am×n is the span of the set of its columns, denoted by

span(A). The rank of this matrix, denoted by rank(A), is the dimension of this space,

the number of linearly independent columns, i.e.,

rank(A) = dim[span(A)]. (3.1)

Below is a list of selected properties of the rank of a matrix, which will be utilised in

theoretical analysis of subsequent chapters:

1) The rank is a positive integer.

2) The rank is less than or equal to the number of rows or columns of a matrix.
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3) If rank(Am×n) = m(< n), A is of full row rank.

4) If rank(Am×n) = n(< m), A is of full column rank.

5) The rank of an arbitrary matrix after pre-multiplying with a full row matrix or post-

multiplying by a full column matrix remains unchanged by such an operation.

The rank of a matrix has the following common inequality relations:

1) For an arbitrary matrix Am×n, rank(Am×n) ≤ min{m, n} always holds.

2) Let A, B ∈ Cm×n, then

rank(A + B) ≤ rank([A, B]) ≤ rank(A) + rank(B). (3.2)

3) Let A ∈ Cm×k, and let B ∈ Ck×n, then

rank(A) + rank(B)− k ≤ rank(AB) ≤ min{rank(A), rank(B)}. (3.3)

4) If some rows or columns of a matrix are eliminated, then the rank of the remaining

submatrix is less than or equal to the rank of the original matrix.

Additionally, common equality relations on the rank of a matrix are as follows:

1) Let A ∈ Cm×n, then

rank(AH) = rank(AT) = rank(A∗) = rank(A). (3.4)

2) Let A ∈ Cm×n, and let c ̸= 0, then rank(cAH) = rank(A).

3) Let A ∈ Cm×n, then

rank(AAT) = rank(ATA) = rank(A) (3.5)

rank(AAH) = rank(AHA) = rank(A). (3.6)

4) Let A ∈ Cm×m, and let C ∈ Cn×n, both are of full rank, then for an arbitrary matrix

B ∈ Cm×n, rank(AB) = rank(B) = rank(BC) = rank(ABC).

5) Let A, B ∈ Cm×n, then rank(A) = rank(B) if and only if there exist two nonsingular

matrices X ∈ Cm×m, Y ∈ Cn×n, such that B = XAY.
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3.3 Matrix Inverses

If A ∈ Cm×m and is of full rank, then the inverse of A, denoted by A−1, is uniquely

determined by A and satisfies

A−1A = AA−1 = I (3.7)

where I is the identity matrix,

I =


1 0 · · · 0

0 1 · · · 0
...

... . . . ...

0 0 · · · 1

 . (3.8)

If the inverse does not exist (i.e., rank(A) < m), then A is referred to as a singular

matrix.

The inverse has the following properties:

1)

(AT)−1 = (A−1)T. (3.9)

2)

(AH)−1 = (A−1)H. (3.10)

3) If A is nonsingular, then A is an orthogonal matrix ⇔ A−1 = AT; A is a unitary

matrix ⇔ A−1 = AH.

3.4 Moore-Penrose Pseudo-inverse

If A ∈ Cm×n, then there exists a unique matrix B ∈ Cn×m, if and only if which satisfies

the following conditions:

ABA = A (3.11)
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BAB = B (3.12)

(AB)H = AB (3.13)

and

(BA)H = BA, (3.14)

the matrix B is referred to as the Moore-Penrose pseudo-inverse, denoted by A+. It is

readily verified that:

A+ = AH(AAH)−1, m < n (3.15)

A+ = A−1, m = n (3.16)

A+ = (AHA)−1AH, m > n. (3.17)

Furthermore, A+ always exists and is unique.

Let A ∈ Cm×k, B ∈ Ck×n, (AB)+ = B+A+, if and only if either

1) A+ABBHAH = BBHAH and BB+AHAB = AHAB, or

2) A+ABBH and AHABB+ are Hermitian, or

3) A+ABBHAHABB+ = BBHAHA, or

4) A+AB = B(AB)+AB and BB+AH = AHAB(AB)+

is satisfied [128].

The following properties of the Moore-Penrose pseudo-inverse follow immediately

from its definition and uniqueness. Let A ∈ Cm×n, one has

(AH)+ = (A+)H (3.18)

A+ = (AHA)+AH = AH(AAH)+ (3.19)

rank(A+) = rank(A+A) = rank(AA+) = rank(A) (3.20)

(AAH)+ = (A+)HA+ (3.21)

(AAH)+(AAH) = AA+. (3.22)
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3.5 Derivative Operations

As discussed in Section 2.2.2, a maximum likelihood estimator always attempts to max-

imise (or minimise) the log-likelihood (LL) function. To this end, one needs to find the

vector or matrix derivatives. Another application of derivatives that we encounter in

following chapters is the calculation of the CRLB which is a fundamental tool in the

parameter estimation.

The gradient of a scalar a(θ) with respect to a real vector θ ∈ Rm×1 is defined as

∂

∂θ
a(θ) =



∂a(θ)
∂θ1

∂a(θ)
∂θ2
...

∂a(θ)
∂θM

 . (3.23)

If a(θ) ∈ Rm is a row vector,

aT(θ) =
[

a1(θ), a2(θ), · · · , an(θ)
]

, (3.24)

the gradient is an m × n matrix, represented by

∂

∂θ
aT(θ) =

[
∂

∂θa1(θ), ∂
∂θa2(θ), · · · , ∂

∂θam(θ)
]

=



∂a1(θ)
∂θ1

∂a2(θ)
∂θ1

· · · ∂an(θ)
∂θ1

∂a1(θ)
∂θ2

∂a2(θ)
∂θ2

· · · ∂an(θ)
∂θ2

...
... . . . ...

∂a1(θ)
∂θm

∂a2(θ)
∂θm

· · · ∂an(θ)
∂θm

 . (3.25)

Some cases that we will encounter are:

∂

∂θ
θT = I (3.26)

∂

∂θ

(
aT(θ)b(θ)

)
=
(

∂
∂θaT(θ)

)
b(θ) +

(
∂

∂θbT(θ)
)

a(θ) (3.27)

∂

∂θ
θTQθ = 2Qθ (3.28)

∂

∂θ
mTQm = 2

(
∂

∂θmT
)

Qm. (3.29)
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The derivative of a scalar function of a matrix X ∈ Rm×n, denoted by f (X) ∈ Rm×n,

with respect to X, is defined as

∂

∂X
f (X) =



∂ f (X)
∂x11

∂ f (X)
∂x12

· · · ∂ f (X)
∂x1n

∂ f (X)
∂x21

∂ f (X)
∂x22

· · · ∂ f (X)
∂x2n

...
... . . . ...

∂ f (X)
∂xm1

∂ f (X)
∂xm2

· · · ∂ f (X)
∂xmn

.

 . (3.30)

One application where we will utilise matrix gradients is in the computation of the

CRLB.

Let X, f (X) ∈ Rm×n, g(X) ∈ Rn×p, A and B are not functions of X, typical functions are:

∂

∂X
X =

∂

∂X
tr(X) = Imn (3.31)

∂

∂X
( f (X)g(X)) = g(X)

∂

∂X
f (X) + f (X)

∂

∂X
g(X) (3.32)

∂

∂X
tr(AX) = AT (3.33)

∂

∂X
tr(AXT) = A (3.34)

∂

∂X
tr(XTAX) = (A + AT)X (3.35)

∂

∂X
tr(XAX) = XTAT + ATXT (3.36)

∂

∂X
tr(XAXT) = X(A + AT) (3.37)

∂

∂X
tr(XTAXT) = XTA + AXT. (3.38)

3.6 Special Matrices
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3.6.1 Vandermonde Matrix

A Vandermonde matrix is a matrix with the terms of a geometric progression in each

row, i.e., an m × n matrix

V =



1 1 1 · · · 1

a1 a2 a3 · · · an

a2
1 a2

2 a2
3 · · · a2

n
...

...
... . . . ...

am−1
1 am−1

2 am−1
3 · · · am−1

n


(3.39)

or Vi,j = aj−1
i , 1 ≤ i ≤ n, 1 ≤ j ≤ m.

The determinant of a square Vandermonde matrix can be expressed as

det {V} = ∏
1≤i<j≤m

(
aj − ai

)
(3.40)

where ∏ denotes the operation of product. This is called the Vandermonde determi-

nant or Vandermonde polynomial. If all the numbers ai are distinct, then it is non-zero.

3.6.2 Toeplitz Matrix

A Toeplitz matrix has the property that all of the elements along each diagonal are

identical. Thus,

aij = ai−j. (3.41)

For example,

A =



a0 a−1 a−2 · · · a−n

a1 a0 a−1 · · · a−n+1

a2 a1 a0
. . . ...

...
... . . . . . . a−1

an an−1 · · · a1 a0


. (3.42)

Page 42



Chapter 3 Linear Algebra Prerequisites

If entries in a Toeplitz matrix A are complex conjugates of the entries around the prin-

cipal diagonal, i.e.,

A =



a0 a∗1 a∗2 · · · a∗n

a1 a0 a∗1 · · · a∗n−1

a2 a1 a0
. . . ...

...
... . . . . . . a∗1

an an−1 · · · a1 a0


, (3.43)

then A is called a Toeplitz Hermitian matrix.

A Toeplitz matrix has the following properties:

1) A linear combination of Toeplitz matrices is still a Toeplitz matrix.

2) If entries in a Toeplitz matrix satisfies aij = a|i−j|, the Toeplitz matrix is symmetric.

3) Both the transpose and conjugate transpose of a Toeplitz matrices are still Toeplitz

matrices.

4) A Toeplitz matrix is symmetric around the cross diagonal.

The exchange or reflection matrix J is a square matrix whose entries on the cross diag-

onal are unity and all other entries are zero. Thus,

J =


0 · · · 0 1

0 · · · 1 0
... . . . ...

...

1 · · · 0 0

 , (3.44)

considering the property of the Toeplitz matrix, it follows that

JAJ = AT (3.45)

JATJ = A, (3.46)

which are widely used in FBSS and spatial differencing operations.
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3.6.3 Hermitian Matrix

Most existing DOA estimation algorithms are based on SOS where the covariance ma-

trix is Hermitian. For a square matrix A, if its entries have complex conjugate symme-

try, i.e., AH = A, then A is referred to as a Hermitian matrix. If AH = −A, then A is

skew Hermitian. The diagonal entries of a skew Hermitian matrix are imaginary. If A

is real and AT = −A, then A is skew symmetric.

The Hermitian matrix A ∈ Cm×m has the following important properties:

1) The eigenvalues of A are all real.

2) If A is positive definite, i.e., xHAx > 0 (or semi-definite, i.e., xHAx ≥ 0) for all x ̸= 0

where x ∈ Cm, then all eigenvalues are positive (or non-negative, and the number

of positive eigenvalues equals rank(A) and the remaining eigenvalues are zero).

3) The non-zero eigenvectors, corresponding to the unequal eigenvalues of A, are both

linearly independent and orthogonal to each other. That is, the matrix comprised of

all eigenvectors U = [u1, u2, · · · , um] is a unitary matrix which satisfies U−1 = UH.

4) The eigenvalues of A + σ2I are λi + σ2 where λi are the eigenvalues of A, and the

eigenvectors are identical to the eigenvectors of A.

In particular, let a matrix A ∈ Cm×m, then it is called a centro-Hermitian matrix, if the

elements of A, ai,j, satisfy the relation

ai,j = a∗i,j = am−j+1,m−i+1 = a∗m−i+1,m−j+1. (3.47)

For example,

A =


a1,1 a∗2,1 a∗3,1 a∗4,1

a2,1 a2,2 a∗3,2 a∗3,1

a3,1 a3,2 a2,2 a∗2,1

a4,1 a3,1 a2,1 a1,1

 .

In matrix format, the centro-Hermitian matrix A is rotationally Hermitian symmetric

about its centre, i.e., A = JA∗J where J is the exchange matrix.
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3.7 Subspaces

Suppose that V is a vector space over Cn, and that W is a subset of V , then we say that

W is a subspace of V if W forms a vector space over Cn under the vector addition and

scalar multiplication defined in V , i.e., for all v1, v2 ∈ W and α1, α2 ∈ C it holds that

α1v1 + α2v2 ∈ W .

Suppose that v1, v2, · · · , vk are vectors in a vector space V over Cn, then the set

span{v1, v2, · · · , vk} = {
k

∑
i=1

αivi : αi ∈ R; i = 1, 2, · · · , k}

is called the span of the vectors v1, v2, · · · , vk. We also say that the vectors v1, v2, · · · , vk

span V if

V = span{v1, v2, · · · , vk};

in other words, if every vector in V can be expressed as a linear combination of the

vectors v1, v2, · · · , vk. If v1, v2, · · · , vk are linearly independent, then they form a basis

for V , and the dimension of V is k, denoted by dim (V) = k.

Consider a m × n matrix

A =


a11 · · · a1n
... . . . ...

am1 · · · amn

 =
[
â1 â2 · · · ân

]
=


āH

1

āH
2
...

āH
m

 (3.48)

with entries in C,

1) The subspace span{â1, â2, · · · , ân} of Cm is called the column space of A, denoted

by span(A).

2) The subspace span{āH
1 , āH

2 , · · · , āH
m} of Cn is called the row space of A. Obviously,

the row space of A is equivalent to the column space of AH, thus denoted by span(AH).
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3) Suppose that x ∈ Cn, then the range of transformation of A is all possible vectors

Ax, denoted by R(A), i.e.,

R(A) = {Ax|x ∈ Cn} = {
n

∑
i=1

âixi|xi ∈ C, i = 1, 2, · · · , n} ⊆ Cm,

which is equivalent to the column space of A.

4) The solution space of the system of homogeneous linear equations Ax = 0 is called

the null space of A, denoted by N (A), i.e.,

N (A) = {x ∈ Cn|Ax = 0} = {x ∈ Cn|āH
i x = 0, i = 1, 2, · · · , m}.

A linear space V (for example Cn) is a direct sum of the subspaces V1,V2 (i.e., V1,V2 ⊆

V) if V1 ∩ V2 = {0} and V1 + V2 = V .1 If the direct sum is denoted by V = V1 ⊕ V2,

then every v ∈ V can be written uniquely as v = v1 + v2 where v1 ∈ V1 and v2 ∈ V2.

Let V ⊆ Cn, then the orthogonal complement of V , denoted by V⊥, is the set of all

vectors that are orthogonal to every vector in V , i.e.,

V⊥ = {w ∈ Cn : wHv = 0, ∀v ∈ V}.

Obviously, V⊥ is the largest subset of Cn orthogonal to V . The following holds:

1) V⊥ is a subspace.

2) Cn = V ⊕ V⊥.

3) If dim (V) = k, then dim(V⊥) = n − k.

4) (V⊥)⊥ = V .

Considering the previously defined range and null spaces, the following orthogonality

relations hold:

1) R(A)⊥ = N (AH).

1 V1 + V2 is the sum of subspaces V1 and V2 (see [129, pp. 268]), such as the sum of two vectors or two

matrices.
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2) R(AH)⊥ = N (A).

3) N (A)⊥ = R(AH).

4) N (AH)⊥ = R(A).

Let A ∈ Cm×n, then the following direct sums hold:

1) Cm = R(A)⊕N (AH).

2) Cn = R(AH)⊕N (A).

where R(A) ⊥ N (AH) and R(AH) ⊥ N (A). Furthermore, it holds that dimR(A) =

dimR(AH).

Suppose that v1, v2, · · · , vk are vectors in a vector space V over Cn, then we say that

{v1, v2, · · · , vk} is a basis for V if the following two conditions are satisfied:

1) We have span{v1, v2, · · · , vk} = V .

2) The vectors v1, v2, · · · , vk are linearly independent.

Following the above definition, suppose further that r > k, and that the vectors u1, u2,

· · · , ur ∈ V , then the vectors u1, u2, · · · , ur are linearly dependent. By this, any two

bases for V have the same number of entries though having different bases is permis-

sible. Recall from (3.1), the rank of a matrix A ∈ Cm×n is equal to the common value of

the dimension of its row space and the dimension of its column space, i.e.,

rank(A) = dim[span(A)] = dimR(A). (3.49)

Finally, we introduce several relationships between matrix transformation and sub-

spaces on an arbitrary matrix A ∈ Cm×n:

1) Applying elementary row transformations to A does not change its row space R(AH).

2) Applying elementary column transformations to A does not change its column

space R(A).
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3) Applying elementary row transformations to A does not change its null space N (A).

4) Let B ∈ Cp×n, F =

A

B

 ∈ C(m+n)×n, then Fx = 0 ⇔ Ax = 0 and Bx = 0, i.e. the

null space of F is equal to the intersection of the null spaces of A and B,

N (F) = N (A) ∩N (B). (3.50)

3.8 Projection Matrices

In array processing, especially the research of DOA estimation, the optimum solution

of some problems can be generalised as to extract desired signals and suppress interfer-

ences and noise. Projection techniques will play a central role in this kind of problem

since they can separate one vector space into two non-overlapping subspaces to iden-

tify the useful information.

Projection techniques can be categorised into two groups: orthogonal projection and

oblique projection. When two subspaces are orthogonal to each other, orthogonal pro-

jection is often exploited to conduct the optimum estimation of parameters because

the projection of the signal of interest in the observations onto a subspace (i.e., the

range) can be completely extracted, while other nuisance information and noise can

be nulled in the same subspace. However, when two subspaces are not orthogonal to

each other, orthogonal projection is not valid any more. As a more generalised projec-

tion technique, oblique projection can adapt to this case: extracting the component of

observations in one subspace while eliminating components of the other subspace.

3.8.1 Orthogonal Projection

If P ∈ Cm×m is a square matrix such that P2 = P, then P is called a projector. A

matrix satisfying this property is also known as an idempotent matrix. A matrix is an

orthogonal projection matrix if, and only if, it is conjugate symmetric and idempotent.
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For projection onto a plane or to a subspace span(A) ∈ Cm with A ∈ Cm×n, the projec-

tion matrix, usually with a subscript indicating the range, is expressed as

PA = A(AHA)−1AH. (3.51)

We can also express an orthogonal projection matrix that projects a vector space onto a

subspace orthogonal to the subspace defined by the columns of A,

P⊥
A = I − PA

= I − A(AHA)−1AH. (3.52)

Note that, if the columns of A are orthogonal to each other, then

PA = AAH. (3.53)

and

P⊥
A = I − AAH. (3.54)

In many of our applications, we will find it useful to divide the matrix vector space

into the n-dimensional signal subspace, which contains both signal and noise, and an

m − n-dimensional noise subspace, which contains noise only.

By the definitions of projection and orthogonal projection matrices, the following prop-

erties are readily verified:

PH
A = PA (3.55)

(P⊥
A)

H = P⊥
A (3.56)

PAA = A (3.57)

P⊥
AA = P⊥

APA = PAP⊥
A = 0. (3.58)

3.8.2 Oblique Projection

A projection matrix that does not satisfy PH ̸= P is referred to as an oblique projection

matrix. Oblique projections are represented as E, usually with a double subscript re-

ferring first to the range and second to the null space. For an oblique projection matrix
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EA|B with R(EA|B) = R(A) and R(B) ⊂ N (EA|B), we have

E2
A|B = EA|B, EA|BA = A, EA|BB = 0. (3.59)

Likewise, we have

E2
B|A = EB|A, EB|AB = B, EB|AA = 0. (3.60)

The equations that allow projection matrices to be built from subspace spaning for

desired ranges and null spaces are constructed as

EA|B = A(AHP⊥
B A)−1AHP⊥

B (3.61)

EB|A = B(BHP⊥
AB)−1BHP⊥

A . (3.62)

Lastly, some relationships between projection matrices are listed as follows:

EA|BEB|A = EB|AEA|B = 0 (3.63)

EA|B = PAEA|B, EB|A = PBEB|A. (3.64)

3.9 Conclusion

Most of the analysis that we do throughout this current research involves manipulating

vectors and matrices extensively. This chapter has outlined the definitions and prop-

erties that will be useful in the remainder chapters, and also provided the vector and

matrix derivatives which are the fundamental elements of Cramér-Rao lower bound

(CRLB) in parameter estimation.
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Chapter 4

Basis of DOA Estimation

T
HE signal model is the most fundamental aspect of array pro-

cessing, upon which all else is built. This chapter first provides

an introduction to the uncorrelated signal model, then the coher-

ent signal model under multipath propagation. The conventional spectral-

based and subspace-based algorithms for the uncorrelated signal model

are introduced and the mechanisms behind the algorithms are interpreted.

Then preprocessing techniques to restore rank deficiency caused by signal

coherency is discussed, and the advantages of the rank restoration methods

are analysed and supported by some numerical simulation results.
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4.1 Introduction

DOA estimation is a key topic in spatial signal processing, and array processing tech-

niques are widely used to address it. These have developed rapidly and continually

over the past decades since they can capture and extract valuable spatial information.

From the published journal papers we can see that research on DOA estimation has a

wealth of content and spans a wide range of applications, covering radar, sonar, navi-

gation, wireless communication, geophysical exploration, biomedical engineering, etc.

At present, the theoretical research and implementation techniques of DOA estimation

are still unfolding. In this chapter, we introduce the model of uncorrelated received

signals and associated common processing techniques, and then the model of coherent

incident signals and associated common pre-processing methods.

4.2 Mathematical Model of Signals Received by a Sensor

Array

A sensor array has multiple sensors separately distributed in space as shown in Fig-

ure 4.1. For simplicity, we only consider a number of N narrowband far-field source

impinging on a uniform linear array with M identical omnidirectional sensors.

Denote the signal from the i-th source as si(t) = Ai(t)ej(ωit+φi(t)) with power σ2
i for

i = 1, 2, · · · , N, where Ai(t), ωi and φi(t) are the amplitude, carrier frequency and

initial phase of the i-th signal, respectively. Then, the signal received at the l-th sensor

can be expressed as xl(t) = ∑N
i=1 si(t + τli) + nl(t), l = 1, 2, · · · , M, where τli is the

propagation time delay of the i-th signal arriving at the l-th sensor, and nl(t) is the

spatially and temporally white Gaussian noise with the power σ2 adding to the l-th

sensor. Since the sources are narrowband, their amplitudes and initial phases will vary

slowly with time, implying that

Ai(t + τi) ≈ Ai(t), (4.1)

φi(t + τi) ≈ φi(t). (4.2)
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Figure 4.1. Far-field signals received by a uniform linear array (ULA).

Further, we have

si(t + τli) ≈ si(t)ejωiτli , (4.3)

that is, the time delays are equivalent to phase shifts. For the ULA,

τli =
(l − 1)d

c
sin θi (4.4)

where c is the speed of propagation in the medium, and θi is the azimuth angle of the

i-th incident signal. Hence, we can rewrite the received signal at the l-th sensor as

xl(t) =
N

∑
i=1

si(t)ej 2π(l−1)d
λ sin θi + nl(t) (4.5)

where d is the spacing between adjacent sensors, and λ is the wavelength of carrier

signal.

Stacking the output of M sensors, we obtain
x1(t)

x2(t)
...

xM(t)

 =


1 1 · · · 1

ej 2πd
λ sin θ1 ej 2πd

λ sin θ2 · · · ej 2πd
λ sin θN

...
...

...

ej 2π(M−1)d
λ sin θ1 ej 2π(M−1)d

λ sin θ2 · · · ej 2π(M−1)d
λ sin θN




s1(t)

s2(t)
...

sN(t)

+


n1(t)

n2(t)
...

nM(t)

 .

(4.6)

In matrix form, it becomes

x(t) =
[
a(θ1), a(θ2), · · · , a(θN)

]
s(t) + n(t)
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= As(t) + n(t) (4.7)

where a(θ) = [1, ej 2πd
λ sin θ, · · · , ej 2π(M−1)d

λ sin θ]T ∈ CM×1 is the steering vector, A =

[a(θ1), a(θ2), · · · , a(θN)] is the array manifold, s(t) = [s1(t), s2(t), · · · , sN(t)]T, and

n(t) = [n1(t), n2(t), · · · , nN(t)]T. Some common assumptions on the signal model

are made as follows:

A 1) The source signals si(t), i = 1, 2, · · · , N, are statistically uncorrelated to each other

and have zero-mean.

A 2) The array is calibrated, and the array manifold A is unambiguous, i.e., the steer-

ing vectors {a(θ1), a(θ2), · · · , a(θN)} are linearly independent for any set of dis-

tinct {θ1, θ2, · · · , θN}. Equivalently, the matrix A is of full column rank.

A 3) The noise is zero-mean wide-sense stationary (WSS), i.e., Et[nl(t)n∗
l (t)] = σ2, and

it is statistically uncorrelated with the signals.

A 4) Each source signal is zero-mean WSS, i.e., Et[si(t)s∗i (t)] = σ2
i .

From (4.7), the array covariance matrix is given by

Rx = Et[x(t)xH(t)] = ARsAH + σ2I (4.8)

where Rs = Et[s(t)sH(t)] = diag{σ2
1 , σ2

2 , · · · , σ2
N} is the source covariance matrix, and

I represents the identity matrix.

In practical applications, the covariance matrix can only be estimated using the L snap-

shots collected at time instants of t = 1, 2, · · · , L as follows

R̂x =
1
L

L

∑
t=1

x(t)xH(t). (4.9)

4.3 Classical DOA Estimation Algorithms of Uncorrelated

Signals

Classical DOA estimation algorithms are referred to as spectral-based approaches. In

this kind of method, one maximises the power of the beamforming output for given
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input signals to search for the highest (separated) peaks which are related to the param-

eter(s) of interest, e.g., the direction of arrival (DOA). The locations of the highest (sep-

arated) peaks of the function in question are recorded as the DOA estimates. Spectral-

based methods which are discussed in this section, can be classified into beamforming

techniques and subspace-based methods. Conventional beamforming (CB) can form

multiple beams only for widely separated sources, while minimum variance distor-

tionless response (MVDR) can identify signals with close DOA separations under high

SNRs. However, MVDR will degrade its performance to CB’s levels at low SNRs, and

thus more advanced high-resolution direction finding algorithms are required. Mul-

tiple signal classification (MUSIC) and estimation of signal parameters by rotational

invariance techniques (ESPRIT), have emerged over time as the most representative of

high resolution techniques.

4.3.1 Beamforming Techniques

The first attempt to automatically find directions of signal sources using antenna ar-

rays was through beamforming techniques. The idea is to “steer” the array in one

direction at a time and measure the output power. The steering locations which result

in maximum power correspond to the DOA estimates. Consider a generic narrow-

band beamformer, shown in Fig. 4.2, the array response is steered by forming a linear

combination of the sensor outputs as

y(t) =
M

∑
l=1

ω∗
l xl(t) = ωHx(t). (4.10)

Given samples y(l), y(2), · · · , y(L), the output power is measured by

p(θ) = Et[|y(t)|2] = ωHEt[x(t)xH(t)]ω = ωHRxω (4.11)

where Rx is defined in (4.8). Different beamforming approaches correspond to different

choices of the weighting vector ω.
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Figure 4.2. Digital beamforming network.

Conventional Beamforming

Conventional beamforming [130] is based on multiplying the output of each receiver

appropriately by a phase factor prior to summing to compensate for the different times

of arrival. The conventional beamformer is a natural extension of conventional spec-

tral analysis to sensor array data. Consider the situation where multiple strong signal

sources are incident upon an M-element ULA from unknown directions {θi}N
i=1, the

array weights are given by

ωCB =
1
M

a(θ) (4.12)

and the output power of the array with weighting vector ωCB becomes

pCB(θ) =
1

M2 aH(θ)Rxa(θ). (4.13)
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The process is typified as steering the array over [−90◦, 90◦], forming many beams

simultaneously and plotting the array output power against the steered direction of

these beams, which will result in peaks in the directions of the signal sources. This

chain of computations enable the DOA of each signal to be estimated.

Although conventional beamforming is simple to implement, it results in poor DOA

estimation for sources whose angles are closer than the beamwidth. These sources

cannot be resolved by the conventional beamformer, regardless of the available data

quality.

MVDR

In an attempt to alleviate the limitations of the above beamformer, such as its resolv-

ing power of two sources spaced closer than a beamwidth, researchers have proposed

numerous modifications. A well-known method was proposed by Capon [131], com-

monly called the MVDR beamformer. This approach attempts to minimise the power

contributed by noise and undesired interferences, while maintaining a fixed gain in the

desired direction, usually equal to unity, which is therefore stated as an optimisation

problem:

ω = arg min
ω

ωHRxω

s.t. ωHa(θ) = 1. (4.14)

By the well-known Lagrange multipliers [132], the solution is given by

ωMVDR =
R−1

x a(θ)
aH(θ)R−1

x a(θ)
(4.15)

pMVDR(θ) =
1

aH(θ)R−1
x a(θ)

. (4.16)

If the array is steered over [−90◦, 90◦], then the peaks formed by the maximum values

of (4.16) correspond to the DOA estimates. Due to spectral leakage from closely sepa-

rated sources being reduced, the MVDR beamformer has much greater resolution than

the conventional beamformer. However, if the multiple signals are highly correlated,

such as for multipath propagation, the resolution of the MVDR beamformer can actu-

ally become worse. In addition, the resolution capability of the MVDR beamformer is
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still limited by the array aperture and the SNR. In fact, when the SNR is fairly low the

resolution of MVDR deteriorates to that of the conventional beamformer.

4.3.2 Subspace-based Methods

Over the past few decades, there have been revolutionary advances in high-resolution

DOA estimation problems [55, 70, 133, 134]. Among the algorithms proposed in the

literature, subspace methods based on the eigen-decomposition of the sampled covari-

ance matrix are popular because of their modest computational complexities when

compared with the maximum-likelihood (ML) method [55].

The idea behind MUSIC is that the space spanned by eigenvectors of the covariance

matrix may be partitioned into two orthogonal subspaces, i.e., the signal subspace and

the noise subspace, and the DOA estimates can be obtained by utilising the orthogo-

nality. Parameter estimation in these methods detects sources [135] initially and then

finds the asymptotically best values of the interested parameters. MUSIC as an inno-

vative DOA estimator initiated a new epoch in the array processing. It has later been

successfully brought back to the spectral analysis/system identification problem with

further developments. Based on the eigenstructure of the covariance matrix and spe-

cial array geometry, ESPRIT was proposed subsequently and attracted considerable

attention because of efficient computation complexity and robustness.

MUSIC

When N < M, taking eigen-decomposition of Rx produces

Rx =
M

∑
i=1

λieieH
i =

[
e1, e2, · · · , eN

]


λ1

λ2
. . .

λN




eH

1

eH
2
...

eH
N



+
[
eN+1, eN+2, · · · , eM

]


λN+1

λN+2
. . .

λM




eH

N+1

eH
N+2
...

eH
M
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= UsΣsUH
s + UnΣnUH

n (4.17)

where λ1 ≥ λ2 ≥ · · · λN > λN+1 = · · · = λM = σ2
n are eigenvalues, Σs is a diagonal

matrix consisting of the N largest eigenvalues, and Σn is a diagonal matrix consisting

of the remaining M − N smallest eigenvalues. The columns of Us are the eigenvectors

corresponding to largest eigenvalues, while the columns of Un are the eigenvectors cor-

responding to smallest eigenvalues. Referring to the subspace theory in Section 3.7, the

signal subspace is spanned by the columns of Us, while the noise subspace is spanned

by the columns of Un. Since the matrix U = [Us, Un] is unitary, UH
s Un = 0, i.e., the

signal subspace is orthogonal to the noise subspace

span(Us) ⊥ span(Un). (4.18)

From the definitions of eigenvector and eigenvalue, we have

RxUn = σ2
nUn. (4.19)

Since Rx = ARsAH + σ2I, RxUn can be obtained as

RxUn = ARsAHUn + σ2
nUn. (4.20)

Combining (4.19) and (4.20), it is readily seen that

ARsAHUn = 0M×(M−N) (4.21)

thereby yielding UH
n ARsAHUn = 0M×(M−N). Suppose that P is nonsingular, then

tHPt = 0 holds if and only if t = 0, and (4.21) is consequently equivalent to

AHUn = 0N×(M−N). (4.22)

This means that the column vectors of array manifold A are all orthogonal to the noise

subspace, so we have

aH(θi)Un = 01×(M−N), i = 1, 2, · · · , N. (4.23)
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The MUSIC “spatial spectrum” is then defined as the reciprocal of the Frobenius norm

as a function of θ, i.e.,

pMUSIC(θ) =
1

∥aH(θ)Un∥2
F

=
1

aH(θ)UnUH
n a(θ)

. (4.24)

The peaks of pMUSIC(θ), theoretically infinite, indicate DOAs {θi}N
i=1.

Fig. 4.3 shows a plot of the spatial spectrum for the case of four signals impinging

on a 10-element ULA at an SNR = 5dB. Results are displayed using CB, MVDR, and

MUSIC for comparison.

From Fig. 4.3(a) we can see that all three methods can accurately identify the DOAs of

four sources when the DOA separation is large, where MUSIC has the sharpest spikes

and the lowest sidelobes, MVDR the second, followed by CB. For the case of close DOA

separation, Fig. 4.3(b) shows that CB cannot distinguish two signals between which an-

gular separation reduces to 9◦ or even less, and MVDR can separate two signals which

are close to 9◦ but is incapable of resolving them within 5◦ angular separation, while

MUSIC can still achieve good DOA estimation of all incident signals. The performance

improvement of the MUSIC is so significant that it becomes a compelling alternative

to most existing methods.

There is a problem with MUSIC as described above—one has to perform a compre-

hensive search over all possible directions to determine the spectral peaks. The MU-

SIC algorithm in general can apply to any arbitrary array regardless of the position

of sensor elements. If the array geometry is restricted to ULAs, a model-based para-

metric MUSIC-based method, root-MUSIC [117], arises. As the name implies, it is a

simplified algorithm that finds roots of a polynomial function instead of calculating

the spatial spectrum and peak searching, resulting in better computational efficiency.

The steering polynomial vector is defined as a (z) =
[
1, z, · · · , zM−1]T which is the

array steering vector at z = ej 2πd
λ sin θ. To exploit the orthogonality between the signal

and noise subspaces as in the previously described MUSIC technique, we want to find

the zeros of the following polynomial function

f (z) = aT
(

z−1
)

UnUH
n a (z) . (4.25)
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(b) Closely separated DOAs

Figure 4.3. Spatial spectrum of CB, MVDR, and MUSIC, for a 10-element ULA with λ
2 spac-

ing between adjacent elements. SNR = 5dB, snapshots number is 500. For (a),

[θ1, θ2, θ3, θ4] = [−50◦,−15◦, 20◦, 40◦]. For (b), [θ1, θ2, θ3, θ4] = [−9◦, 0◦, 15◦, 20◦].

Theoretically the values of z on the unit circle are of interest, however, one has to com-

pute the roots of f (z) and choose the N roots that are inside the unit circle and closest

to the unit circle in practice, and then the DOA estimates can be determined as

θi = arcsin
[

λ

2πd
arg(zi)

]
, i = 1, 2, · · · , N. (4.26)

It has been shown in [136,137] that MUSIC and root-MUSIC have identical asymptotic

properties. In some cases, especially for small sample sizes, root-MUSIC may provide

better performance than MUSIC. This can be attributed to a larger bias of estimates for

spectral-based methods, compared to parametric techniques.

ESPRIT

The computational requirements of the MUSIC algorithm is about [(M + 1)(M − N) +

1](180
r + 1) complex multiplications, which is high, especially when the scanning res-

olution r is relative small, such as 0.1◦. To mitigate the computation cost, Roy and

Kailath proposed ESPRIT (Estimation of Signal Parameters by Rotational Invariance

Techniques). As the name suggests, it performs DOA estimation by exploiting the

rotational invariance of the signal subspaces and array geometry rather than the or-

thogonality between the signal and noise subspaces.
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The basic idea is as simple as it is ingenious. Consider a ULA of M sensors spaced

d apart, we divide the whole array into a pair of identical subarrays. To make full

use of array aperture and elements, the first subarray can be selected as the one com-

posed of the elements 1, 2, · · · , M− 1, and the second subarray is the one with elements

2, 3, · · · , M, shifted N sensors of the first subarray to the right by d.

Recall the aforementioned signal model in Section 4.2, output vectors of the two sub-

arrays can be expressed as

x1(t) = B1x(t) = A1s(t) + n1(t) (4.27)

x2(t) = B2x(t) = A2s(t) + n1(t) (4.28)

where B1 =
[
I(M−1)×(M−1), 0(M−1)×1

]
, B2 =

[
0(M−1)×1, I(M−1)×(M−1)

]
, Ai = BiA,

ni(t) = Bin(t), i = 1, 2.

It is clear from (4.27) and (4.28) that array manifolds of the two subarrays are linked by

the following relationship

A2 = A1Φ (4.29)

where Φ = diag{ej 2πd
λ sin θ1 , ej 2πd

λ sin θ2 , · · · , ej 2πd
λ sin θN} contains all the information on

the DOAs {θi}N
i=1. Thus, the DOA estimation problem can be simplified to finding Φ.

Analogously to the MUSIC algorithms, ESPRIT relies on properties of the eigendecom-

position of the array covariance matrix. Let Us1 and Us2 be the (M − 1)× N matrices

whose column vectors are the eigenvectors of Rx1 and Rx2 , respectively, corresponding

to the N largest eigenvalues. As discussed in Section 3.7, Us1, Us2, and A span the same

signal subspace, there exists a nonsingular matrix T such that

Us1 = A1T, Us2 = A1ΦT. (4.30)

Thus, one can get

Us2 = Us1Ψ (4.31)

where the Ψ ∈ CN×N is defined as

Ψ = T−1ΦT. (4.32)
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Figure 4.4. Polar of estimates using ESPRIT. [θ1, θ2, θ3] = [−45◦, 30◦, 70◦], SNR = 0dB, snap-

shots number is 200.

This implies that Ψ and Φ are similar and, hence, the eigenvalues of Ψ must be equal to

the diagonal entries of Φ. To obtain an estimate of Ψ, one has to solve (4.31) which is

overdetermined, and the well-known least squares solution of ∥Us2 − Us1Ψ∥2
F is given

by

Ψ = U+
s1Us2 =

(
UH

s1Us1

)−1
UH

s1Us2. (4.33)

Consider three signals from [−45◦, 30◦, 70◦] impinging on a 10-element ULA. Fig. 4.4

shows a polar plot of estimates of the three signals using ESPRIT when SNR = 0dB

and the number of snapshots is 200.

From the algorithm description and simulation verification, it has been shown that

ESPRIT can obtain the DOA estimates but does not need the spectrum calculation and

peak search, which represents a significant saving in terms of computation load.

The unitary-ESPRIT is another version of ESPRIT. It has an ESPRIT-like structure, but

is implemented by real-valued computations throughout, achieving a substantial re-

duction of the computational complexity. We start with the transformation of the data

matrix from the complex to the real domain in element space. If x ∈ CM×L is defined

as the data matrix, then it can be transformed to the real domain as

xr = QH
M [x JMx∗JL]Q2L (4.34)
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where QM is a sparse unitary matrix given by

Qm =



1√
2

In jIn

Jn −jJn

 , m = 2n

1√
2


In 0n×1 jIn

0T
n×1

√
2 0T

n×1

Jn 0n×1 −jJn

 , m = 2n + 1.

(4.35)

By performing SVD on xr, one then obtains the signal subspace Usr ∈ RM×N. Similarly

to ESPRIT, a rotation invariance property holds as proved by Haardt and Nossek [138]

as

K1UsrΨ = K2Usr (4.36)

where K1 , QH
M−1 (B1 + B2)QM, K1 , QH

M−1 j (B1 − B2)QM. Moreover, it has been

proved that Ψ is similar to a diagonal matrix Φ = diag
{

tan
(

πd
λ sin θi

)}N

i=1
. Therefore,

one can follow the procedures of the previously described ESPRIT to obtain the DOA

estimates.

4.4 Classical DOA Estimation Algorithms of Coherent

Signals

All discussions in Section 4.3 are based on the condition that the incident signals are

uncorrelated to each other. However, due to various reflectors in real environments,

such as the sea, hills, buildings, etc., or intentional or unintentional outside interfer-

ences, the received signals may be highly correlated or even coherent. In this section,

we introduce the signal model under multipath propagation and the corresponding

processing techniques.

4.4.1 Signal Model Under Multipath Propagation

Consider a number of N narrowband far-field coherent signals impinging on a uniform

linear array with M identical omnidirectional sensors. Assume that these signals are
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classified into K groups, which result from K statistically uncorrelated far-field sources

sk(t), k = 1, 2, · · · , K with Pk multipath signals for each source. In the k-th coherent

group, the signal coming from direction θkp, p = 1, 2, · · · , Pk corresponds to the p-th

multipath propagation of the source sk(t), and the complex fading coefficient is αkp. It

is readily seen that the total number of coherent signals satisfies N = ∑K
k=1 Pk. Con-

sidering the noise contamination in the array elements, the corresponding M × 1 array

output vector is then given by

x(t) =
K

∑
k=1

Pk

∑
p=1

a(θkp)αkpsk(t) + n(t)

= AΓs(t) + n(t) (4.37)

where a(θ) =
[
1, ej 2πd

λ sin θ, · · · , ej 2π(M−1)d
λ sin θ

]T
∈ CM is the steering vector with λ and

d being the wavelength of carrier signal and the spacing between adjacent elements, re-

spectively, A =
[
A1, · · · , AK

]
with Ak =

[
a(θk1), · · · , a(θkPk

)
]
, Γ = blkdiag{α1, · · · , αK}

with αk =
[
αk1, · · · , αkPk

]T
containing attenuation information of the k-th coherent

group, s(t) =
[
s1(t), · · · , sK(t)

]T
, and n(t) is white Gaussian noise with the power σ2

n

for each entry and uncorrelated with the signals. Besides, we assume that the array

manifold A is unambiguous, i.e., the steering vectors {a(θi)}N
i=1 are linearly indepen-

dent for any set of distinct {θi}N
i=1.

From (6.25), the array covariance matrix is given by

Rx = AΓRsΓ
HAH + σ2

nIM (4.38)

where Rs = Et[s(t)sH(t)] = diag{σ2
1 , · · · , σ2

K} is the signal covariance matrix. Since

rank (Γ) = rank (Rs) = K < N, that is, the dimension of the signal subspace is less

than the number of coherent signals, say rank deficiency. If performing the eigen-

decomposition of Rx, although R (Us) = R (AΓ), the standard MUSIC and ESPRIT

fail to work without a prior knowledge of Γ.
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1 2 m+1 M-1 M

1st subarray

m

2nd subarray

(  -1)-th subarrayp

p-th subarray

Figure 4.5. Subarrays structure with forward spatial smoothing.

4.4.2 Conventional DOA Estimation Algorithms of Coherent Signals

As we have seen in the last section, rank deficiency will give rise to a failure of stan-

dard subspace-based algorithms. Therefore, an intuitive solution of such issue is to

effectively restore the rank of the signal subspace such that the resulting rank is equal

to the number of coherent signals. To implement this idea, it is popular to first prepro-

cess the array covariance matrix to restore the signal subspace to full rank, then apply

the standard high-resolution algorithms, such as MUSIC and ESPRIT, to carry out the

DOA estimation.

Forward/backward Spatial Smoothing

Partitioning the whole M-element array into a series of overlapping subarrays each of

which consists of m sensors, as illustrated in Fig. 4.5, leads to so-called forward spatial

smoothing. Let q denote the number of subarrays, then there exists M = m + q − 1.

For the i-th subarray, the array output and covariance matrix are given as:

x f
i (t) = AmΦi−1Γs(t) + ni(t) (4.39)

R f
xi = AmΦi−1ΓRsΓ

HΦ1−iAH
m + σ2

nI (4.40)

where Φ = diag{ej 2πd
λ sin θ1 , · · · , ej 2πd

λ sin θN} and Am ∈ Cm×N is the 1st subarray’s ar-

ray manifold. By averaging the covariance matrices of all subarrays, one obtains the

forward smoothed covariance matrix

R f
x =

1
q

q

∑
i=1

R f
xi
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1 2 m+1 M-1 M

p-th subarray

m

(  -1)-th subarrayp

2nd subarray

1st subarray

Figure 4.6. Subarrays structure with backward spatial smoothing.

= Am

(
1
q ∑

q
i=1 Φi−1ΓRsΓ

HΦ1−i
)

AH
m + σ2

nI. (4.41)

Similarly, the whole array can be divided in another way, as shown in Fig. 4.6, referred

to as backward spatial smoothing. Instead of using the array outputs directly, the

backward spatial smoothing makes the best of the conjugate of raw data. For the i-th

subarray, one has

xb
i (t) = x∗i (t) = AmΦ2−m−iΓ∗s∗(t) + n∗

i (t) (4.42)

Rb
xi = AmΦ2−m−iΓ∗R∗

s ΓTΦi−m−2AH
m + σ2

nI. (4.43)

Then, the backward smoothed array covariance matrix can be expressed as

Rb
x =

1
q

q

∑
i=1

Rb
xi

= Am

(
1
q ∑

q
i=1 Φ2−m−iΓ∗R∗

s ΓTΦi+m−2
)

AH
m + σ2

nI. (4.44)

Combining (4.41) and (4.44), one will obtain the well-known forward/backward smoothed

covariance matrix

R f b
x =

1
2
(R f

x + Rb
x)

= Am

[ 1
2q

q

∑
i=1

(
Φi−1ΓRsΓ

HΦ1−i + Φ2−m−iΓ∗R∗
s ΓTΦi+m−2

) ]
AH

m + σ2
nI. (4.45)

Irrespective of noise term, σ2
nI, when m ≥ N + 1 and 2q ≥ Pmax where Pmax = max {P1,

P2, · · · , PK}, rank(R f b
x ) = N for K groups of coherent signals, which has been proved
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Figure 4.7. Spatial spectrum comparison between (a) without rank restoration; (b) with

FBSS. SNR = 5dB, snapshots number is 500.

in [24] under the mild restrictions that whenever equality holds among some of the

members of the set {ej 2πd
λ sin θkp , k = 1, · · · , K; p = 1, · · · , Pk}, its largest subset with

equal entries must be at most of size q.

As the forward/backward smoothed covariance matrix R f b
x obtained from (4.45) has

full rank, by applying high-resolution direction finding methods, such as MUSIC or

ESPRIT, to R f b
x , we can get the DOA estimates of the coherent signals.

Consider one group of 4 signals from [−50◦,−15◦, 20◦, 40◦] impinging on a 10-element

ULA, the fading coefficients are [0.6595+ 0.7517j,−0.4656+ 0.7702j,−0.9867− 0.1625j,

0.6500 + 0.4664j], and the SNR and number of snapshots are fixed at 5dB and 500, re-

spectively. Fig. 4.7 shows that, compared with the standard spectral-based and subspace-

based methods without any preprocessing, FBSS can effectively handle the coherent

signals and obtain accurate DOA estimates.

Toeplitz Matrix Reconstruction

For a ULA, considering that the covariance matrix of uncorrelated signals is Toeplitz,

another rank restoration idea is to reconstruct a Toeplitz matrix using the entries of the

original covariance matrix while spanning the identical signal subspace. Inspired by
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this, Han and Zhang developed a Toeplitz matrix reconstruction method by exploit-

ing the symmetric configuration of the ULA, allowing the rank of resulting matrix to

only depend on the number of incident signals regardless of the correlation between

them [30]. Assume that the number of sensors in a ULA is M = 2M1 + 1, the multi-

path propagation model described in Section 4.4.1, and setting the middle sensor as a

reference, then the steering vector is

a(θ) =
[
e−j 2πM1d

λ sin θ, · · · , e−j 2πd
λ sin θ, 1, ej 2πd

λ sin θ, · · · , ej 2πM1d
λ sin θ

]T
(4.46)

and the (i, j)-th entry of the covariance matrix can be expressed as

Rx(i, j) =
K

∑
k=1

Pk

∑
l=1

(
σ2

k α∗kl

Pk

∑
p=1

αkpej 2π(i−M1−1)d
λ sin θkp

)
ej 2π(M1+1−j)d

λ sin θkp + σ2
nδi,j (4.47)

where δi,j is the Kronecker delta, i.e.,

δi,j =

 1, i = j

0, i ̸= j.
(4.48)

Then, utilising the i-th row of Rx, i = 1, 2, · · · , M, one can construct the following

Toeplitz matrix

R(i) ,


Rx(i, M1 + 1) Rx(i, M1 + 2) · · · Rx(i, M)

Rx(i, M1) Rx(i, M1 + 1) · · · Rx(i, M − 1)
...

... . . . ...

Rx(i, 1) Rx(i, 2) · · · Rx(i, M1 + 1)


= A1D(i)AH

1 + σ2
nIM1+1,i (4.49)

where A1 =
[
0(M1+1)×M1

, IM1

]
A, D(i) = diag

{
d(i)11 , · · · , d(i)1P1

, · · · , d(i)KPK

}
with

d(i)kp = σ2
k α∗kl

Pk

∑
p=1

αkpej 2π(i−M1)d
λ sin θkp , k = 1, · · · , K; p = 1, · · · , Pk (4.50)

and IM1+1,i is an (M1 + 1)× (M1 + 1) matrix with unity entries on the ith diagonal.

As stated earlier, rank (R(i)) = N and the standard spectral-based algorithms can be

applied accordingly, provided that M1 ≥ N. Note that since any row of Rx can be used
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Figure 4.8. MUSIC spatial spectrum with Toeplitz matrix reconstruction.

to construct the matrix in (4.49), one can obtain M Toeplitz matrices in parallel and

take the average DOA estimates as the final results, which improves the robustness as

well as accuracy of the estimation.

For an 11-element ULA, take the same scenario as in Fig. 4.7, for example, the MUSIC

spatial spectrum with the Toeplitz matrix reconstruction is shown in Fig. 4.8, and it is

clear to see that the peaks of spatial spectrum indicate the desired DOAs of coherent

signals.

4.5 Source Enumeration

As is well known, the performance of the high-resolution methods, such as MUSIC and

ESPRIT, essentially relies on a priori knowledge of the number of sources, consequently,

detection of the number of signals is both reasonable and desirable. In this area, a

number of approaches have been proposed [139–144].

In [139], Wax and Kailath originally addressed this problem by employing the Akaike

information criterion (AIC) and minimum description length (MDL). The MDL method

is a model-dependent and eigenvalue-based estimator, yielding a consistent estimate

for the number of sources, and thus it has attracted more attention than the AIC estima-

tor that tends to overestimate the number of sources, especially when a large number
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of snapshots. The idea behind is to use eigen-decomposition to separate the signal

and noise subspaces, and apply selection criteria that combine likelihood-based func-

tions and some penalty functions without adjusting the probability of false alarm, to

estimate the number of sources and DOAs. MDL performs well on condition that the

additive noise is a white Gaussian process with equal power, however, as reviewed

in Section 2.3, this assumption may not hold in some practical applications due to the

heterogeneity of the receiving channel or prevailing external noise. To improve the

robustness of the ordinary MDL method, Wu et al obtained the Gerschgorin radii by

performing a unitary transformation of the covariance matrix, and then used them

to construct the Gerschgorin disk estimator (GDE) to separate the signal Gerschgorin

disks from the noise Gerschgorin disks [140].

Although these methods have received considerable attention by virtue of their rela-

tive computational simplicity, they suffer from serious degradation when the incident

signals are coherent (i.e., fully correlated) such as in multipath propagation environ-

ments, where the rank of the signal covariance matrix is smaller than the number of

signals. To handle this issue, some researchers employ the spatial smoothing technique

to restore the rank deficiency in covariance matrix [141–143]. Unlike these methods,

Wax and Ziskind [144] have developed an MDL approach for coherent signal enumer-

ation based on a multidimensional search. This approach first partitions the sensor

data into signal and noise subspace components, and then separately calculates their

MDL descriptors.

It should be stressed that source enumeration does not lie in the scope of the thesis

since it is another important research field in its own right—detection theory rather

than our focus estimation theory. Throughout the thesis we assume the number of sig-

nals is known a priori or can be obtained by using aforementioned source enumeration

methods if not specified.
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4.6 Conclusion

This chapter first introduced array signal model with expressions of some common

terms, such as the steering vector and covariance matrix. Then, a review of the con-

ventional DOA estimation algorithms for uncorrelated signals was presented, includ-

ing conventional beamforming, MVDR, especially MUSIC which ushered in the high-

resolution DOA estimation age and the follower ESPRIT, and several simple simula-

tions were carried out to demonstrate the performance of the algorithms.

Subsequently, the coherent signal model under multipath propagation was given, and

the reason why the standard spectral-based algorithms, especially MUSIC and ESPRIT,

fail to work in such conditions was analysed. Conventional rank restoration tech-

niques, including FBSS and Toeplitz matrix reconstruction, were discussed and de-

rived, and simulations were conducted to show the performance of these approaches.

Finally, on account of the significance of detection of sources, some classical source

enumeration methods were outlined for various scenarios, particularly in coloured

noise or under multipath propagation, although this topic is out of the scope of the

thesis.
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Chapter 5

Efficient DOA Estimation
Using Cumulants in

Multipath

I
N array processing, the forward/backward spatial smoothing

(FBSS) technique is most often utilised for combating signal co-

herency. However, FBSS cannot distinguish independent signals

from coherent signals, or coherent groups from each other, and thus the

number of resolvable signals will be restricted to a large extent. In this

chapter, we extend the knowledge of fourth order cumulants in this area by

introducing an improved two-stage algorithm, which can separately deal

with independent and coherent signals, as well as showing how tempo-

ral correlation can be exploited in a VESPA-like algorithm, both with the

goal of achieving a more efficient use of degrees of freedom (DOFs) and

improvement in DOA estimation performance.
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5.1 Introduction

This chapter considers the DOA estimation of signals with circular statistics using

fourth order cumulants (FOC) in conditions where uncorrelated and coherent signals

coexist. Two improved algorithms are introduced for this scenario. Based on the liter-

ature review in Chapter 2, this particular class of algorithm is important to discuss due

to the following considerations:

• Circular signal statistics are among the most general class of signals which can

describe most signals encountered in array processing.

• Fourth order statistics play an important role in array processing, as they are

insensitive to spatially coloured noise which is a difficult problem to deal with

using second order statistics and can potentially give significantly more DOFs.

• Uncorrelated and coherent signals can coexist in practical situations when some

signals are affected by multipath with delays significantly less than the inverse

signal bandwidth.

As already mentioned in Chapter 2, the VESPA algorithm is the state of the art FOC-

based algorithm for signals with circular statistics when multiple coherent groups ex-

ist. This algorithm can resolve the most signals for this particular scenario. It is a

single-stage algorithm that blindly separates all the coherent signal into groups di-

rectly and then applies FBSS to resolve the coherent signals within each group. The

blind separation of the coherent groups is achieved by constructing two different FOC

matrices from which the generalised steering vectors (i.e., a linear combination of the

steering vectors to the fading coefficients) can be blindly estimated using the rotation

invariance property.

VESPA does spatial only processing and in this chapter we explore how the temporal

correlation of signals can be exploited in the fourth order statistics to improve the DOA

estimation accuracy. We introduce new augmented cumulant matrices that are based

not only on spatial but also temporal correlations. These matrices maintain the same

properties of rotational invariance that are exploited by VESPA to blindly separate the
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coherent groups. Using temporal correlation as well as the augmented signal subspace

gives significantly improved accuracy and robustness compared with the spatial only

VESPA algorithm without sacrificing DOFs.

Another approach of dealing with a mixture of uncorrelated and coherent signals is

based on the two-stage methods [43–47] also reviewed in Chapter 2. This class of al-

gorithm first separates the uncorrelated from coherent signals and then applies a rank

restoration technique, such as spatial smoothing, to resolve the coherent signals. These

algorithms have mainly been based on second order statistics and most of them use

spatial differencing followed by spatial smoothing [43, 46, 47]. Recently oblique pro-

jections have also been applied to separate the uncorrelated signals, resulting in some

improvements over spatial differencing [145]. However, the two-stage techniques have

rarely been combined with fourth order statistics, and we have only found one contri-

bution in this area which is based on spatial differencing followed by spatial smooth-

ing [49].

While the two-stage techniques cannot resolve as many signals as VESPA, they tend

to be more accurate and robust, especially in low SNR environments. There is thus

significant scope and motivation for improving the performance of this class of algo-

rithm. In this chapter we introduce a new two-stage FOC algorithm that achieves sig-

nificantly better performance than the previously published two-stage FOC algorithm.

Improvements are made firstly in the way the FOC matrix is initially constructed. Our

algorithm uses more FOC terms than the previously published algorithm to improve

the robustness and accuracy of the estimates. Secondly, in the second stage, a cumu-

lant matrix reconstruction method is used to separate the uncorrelated signals, which

is more robust and loses less information than the spatial differencing applied in the

previous method. Finally, a novel rank restoration technique is introduced to resolve

the correlated signals which is more accurate and robust than the spatial smoothing

algorithm applied in the previous method as it makes use of more entries in the cumu-

lant matrix.

The rest of this chapter is organised as follows. In Section 5.2, we introduce the defini-

tion and properties of FOC which are significant to our research on array processing.
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From the main four properties of FOC, it is clear that high order statistics can extract

more information embedded in the non-Gaussian signals than SOS, which motives us

to investigate how to improve the existing work on coherent signal estimation utilis-

ing FOC. In Section 5.3, we present the main model of mixed, uncorrelated and co-

herent, signals in the presence of multipath which is assumed in this chapter. Then

in Section 5.4, we introduce a new two-stage FOC algorithm for mixed coherent and

correlated signals. Our algorithm follows the framework introduced in [49] but with

considerably improved accuracy and robustness. Finally in Section 5.5, we consider

how to incorporate temporal correlation information into DOA estimation by propos-

ing a novel estimator utilising space-time FOC, which can provide a more robust iden-

tification and separation of coherent groups than the spatial only VESPA algorithm.

Simulation results are provided in Sections 5.4 and 5.5 to compare our new methods

with previous work and final conclusions are drawn in Section 5.6.

5.2 Cumulants Preliminaries—Definitions and Properties

Conventional array processing techniques only utilise the second-order statistics of re-

ceived signal snapshots. The first and second-order statistics are sufficient to depict the

characteristics of signals with a Gaussian distribution. However, in wireless commu-

nication systems, most modulated signals are non-Gaussian, such as BPSK and QAM,

for which the second-order statistics cannot completely characterise all of the statistical

properties of the underlying signals, so it is beneficial to consider information embed-

ded in high order moments. In this chapter, we use the fourth-order cumulant matrix

instead of the conventional snapshot covariance matrix to exploit more potential infor-

mation of non-Gaussian signals. The fourth-order cumulants of zero-mean stationary

measurements can be defined in a balanced way as [37]

cum
{

xk1(t), x∗k2
(t), xl1(t), x∗l2(t)

}
= Et

[
xk1(t)x∗k2

(t)xl1(t)x∗l2(t)
]
− Et

[
xk1(t)x∗k2

(t)
]

Et

[
xl1(t)x∗l2(t)

]
− Et

[
xk1(t)xl1(t)

]
Et

[
x∗k2

(t)x∗l2(t)
]
− Et

[
xk1(t)x∗l2(t)

]
Et

[
x∗k2

(t)xl1(t)
]

(5.1)
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while another definition is also valid [146]

cum
{

xk1(t), xk2(t), xl1(t), xl2(t)
}

= Et

[
xk1(t)xk2(t)xl1(t)xl2(t)

]
− Et

[
xk1(t)xk2(t)

]
Et

[
xl1(t)xl2(t)

]
− Et

[
xk1(t)xl1(t)

]
Et

[
xk2(t)xl2(t)

]
− Et

[
xk1(t)xl2(t)

]
Et

[
xk2(t)xl1(t)

]
. (5.2)

Before giving an interpretation of our work, we introduce some important properties

of cumulants that are used in the sequel [38, 146]:

[CP1] If {αi}n
i=1 are constants and {xi}n

i=1 are random variables, then

cum {α1x1, α2x2, · · · , αnxn} =

(
n

∏
i=1

αi

)
cum {x1, x2, · · · , xn} . (5.3)

[CP2] Cumulants are additive in their arguments

cum {x1 + y1, x2, · · · , xn} = cum {x1, x2, · · · , xn}+ cum {y1, x2, · · · , xn} . (5.4)

[CP3] If the random variables {xi}n
i=1 are independent of the random variables {yi}n

i=1,

then

cum {x1 + y1, x2 + y2, · · · , xn + yn} = cum {x1, x2, · · · , xn}+ cum {y1, y2, · · · , yn} .

(5.5)

[CP4] Cumulants suppress Gaussian noise of arbitrary covariance, i.e., if {zi}n
i=1, are

Gaussian random variables independent of {xi}n
i=1 and n > 2, we have

cum {x1 + z1, x2 + z2, · · · , xn + zn} = cum {x1, x2, · · · , xn} . (5.6)

The following sections introduce the FOC matrices and describe two DOA estimation

algorithms using these matrices.

5.3 Problem Formulation

Although groups of coherent signals arise from multipath propagation, independent

signals may still exist in such a scenario. It is thus reasonable to consider a more com-

plex case where the received independent and coherent signals coexist. As a result, the
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model in Section 4.4.1, which only considers coherent signals, is not applicable, and a

new model is required. Here, we first introduce the mixture model of independent and

coherent signals, and then the construction of the cumulant matrices.

Consider a number of N narrowband far-field signals impinging on a uniform linear

array with M identical omnidirectional sensors. Assume that there are K groups of

coherent signals, which come from K statistically independent far-field sources sk(t)

with power σ2
k for k = 1, 2, · · · , K, and with Pk multipath signals for each source. In

the k-th coherent group, the signal coming from direction θkp, p = 1, 2, · · · , Pk corre-

sponds to the p-th multipath propagation of the source sk(t), and the complex fading

coefficient is αkp. Denote the total number of coherent signals as Nc = ∑K
k=1 Pk, and as-

sume the remaining Nu = N − Nc sources sk(t) coming from direction θk with power

σ2
k , k = Nc + 1, Nc + 2, · · · , N, are independent to each other and also to the coherent

signals. The M × 1 array output vector is then given by

x(t) =
K

∑
k=1

Pk

∑
p=1

a(θkp)αkpsk(t) +
N

∑
k=Nc+1

a(θk)sk(t) + n(t)

= AcΓsc(t) + Ausu(t) + n(t) = Ās(t) + n(t) (5.7)

where a(θ) =
[
1, ej 2πd

λ sin θ, · · · , ej 2π(M−1)d
λ sin θ

]T
∈ CM is the steering vector with λ

and d being the wavelength of carrier signal and the spacing between adjacent el-

ements, respectively, Ac =
[
Ac,1, · · · , Ac,K

]
with Ac,k =

[
a(θk1), · · · , a(θkPk

)
]
, Γ =

blkdiag{α1, · · · , αK} with αk =
[
αk1, · · · , αkPk

]T
containing attenuation information of

the k-th coherent group, Au = [a(θNc+1), a(θNc+2), · · · , a(θN)], sc(t) =
[
s1(t), · · · , sK(t)

]T
,

su(t) =
[
sNc+1(t), · · · , sN(t)

]T
, Ā =

[
AcΓ, Au

]
=
[
ā1, · · · , āK+Nu

]
, s(t) =

[
sT

c (t), sT
u (t)

]T
,

and n(t) is spatially coloured Gaussian noise with an unknown covariance matrix. Be-

sides, we assume that the array is calibrated, and the array manifold Ā is unambigu-

ous, i.e., the steering vectors {a(θi)}N
i=1 are linearly independent for any set of distinct

{θi}N
i=1. Equivalently, the matrix Ā is of full column rank.

According to the definition of cumulants (5.1), there are totally M2 combinations of

cumulants, so the size of full cumulant matrix is M2 × M2. However, only subsets of
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these can be used for rank restoration, say FBSS, due to the subarray structure require-

ment [38, 49]. The possible subsets of cumulant terms Cx,i, corresponding to the i-th

subset, can be generated by the following equation

Cx,i , cum{xi(t), x∗i (t), x(t), xH(t)}, i = 1, 2, · · · , M (5.8)

whose entry Cx(m, n) is given by

Cx,i(m, n) = cum{xi(t), x∗i (t), xm(t), x∗n(t)}

= Et[xi(t)x∗i (t)xm(t)x∗n(t)]− Et[xi(t)x∗i (t)]Et[xm(t)x∗n(t)]

− Et[xi(t)xm(t)]Et[x∗i (t)x∗n(t)]− Et[xi(t)x∗n(t)]Et[x∗i (t)xm(t)]. (5.9)

We now derive an expression for the averaged cumulant matrix based on our signal

model. As seen in (5.8) that there are M different cumulant matrices available. How-

ever, only Cx,1 is used in [49]. In order to improve the robustness of cumulants matrix

estimates, one can take an average over multiple Cx,i as the final estimate.

Based on (5.7) and recalling the property of cumulants [CP4] in the last section, one

gets

Cx,i = cum
{

Ā(i, :)s(t), (Ā(i, :)s(t))∗ , Ās(t), (Ās(t))H
}

+ cum{ni(t), n∗
i (t), n(t), nH(t)}

= cum
{

Ā(i, :)s(t), (Ā(i, :)s(t))∗ , Ās(t), (Ās(t))H
}

(5.10)

where the FOC matrix of noise cum{ni(t), n∗
i (t), n(t), nH(t)} is zero under the Gaus-

sian assumption and thus can be omitted. Substituting ∑K+Nu
i=1 āisi(t) for Ās(t) into

(5.10) and utilising the properties of cumulants [CP1]-[CP4] in the last section, one can

further get

Cx,i = cum

{
K+Nu

∑
p=1

Ā(i, p)sp(t),
K+Nu

∑
q=1

Ā∗(i, q)s∗q(t),

K+Nu

∑
m=1

āmsm(t),
K+Nu

∑
n=1

āH
n s∗n(t)

}

=
K+Nu

∑
p=1

K+Nu

∑
q=1

K+Nu

∑
m=1

K+Nu

∑
n=1

Ā(i, p)Ā∗(i, q)āmāH
n cum{sp(t),
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s∗q(t), sm(t), s∗n(t)}

=
K+Nu

∑
k=1

|Ā(i, k)|2ākāH
k cum{sk(t), s∗k(t), sk(t), s∗k (t)}

=
K+Nu

∑
k=1

γk|Ā(i, k)|2ākāH
k = ĀCs,iĀ

H (5.11)

where γk , cum{sk(t), s∗k(t), sk(t), s∗k(t)} is the kurtosis of the k-th signal, and Cs,i =

diag{γ1|Ā(i, 1)|2, · · · , γK+Nu |Ā(i, K + Nu)|2}. We assume γk is nonzero, otherwise it

is impossible to distinguish the signal subspace from the noise subspace as the zero

singular values correspond to the two subspaces simultaneously.

Averaging over the M different cumulant matrices gives

Cx =
1
M

M

∑
i=1

Cx,i = ĀCsĀ
H (5.12)

where

Cs ,
1
M

M

∑
i=1

Cs,i

= diag

{
γ1

M

M

∑
i=1

|Ā(i, 1)|2, · · · ,
γK+Nu

M

M

∑
i=1

|Ā(i, K + Nu)|2
}

= diag {γ̄1, · · · , γ̄K+Nu} . (5.13)

Since the required computations for different cumulant matrices Cx,i are independent,

they can be implemented in parallel, which means that this method does not require

additional computation time.

5.4 Two-stage Processing for Mixed Signals Under Mul-

tipath Propagation

This section describes a new two-stage DOA estimation algorithm which first estimates

the DOAs of independent signals in stage 1 and then extracts and restores the rank

of coherent signals in stage 2. The algorithm utilises averaged cumulant matrix Cx

introduced in Section 5.3, which gives better performance than the previous method

which only adopts Cx,1.
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5.4.1 Stage 1: DOA Estimation of the Uncorrelated Signals

When K + Nu < M, the singular value decomposition (SVD) of Cx is given by

Cx = UΣVH (5.14)

where Σ = diag{λ1, λ2, · · · , λM} consists of M singular values satisfying λ1 ≥ · · · ≥

λK+Nu > λK+Nu+1 = · · · = λM = 0 and V ∈ CM×M consists of the right singular vec-

tors. The columns of Us , U(:, 1 : K + Nu) are the left singular vectors corresponding

to the K + Nu largest singular values, while the columns of Un , U(:, K + Nu + 1 : M)

are the left singular vectors corresponding to the M − K − Nu singular values which

are all zero. The signal subspace is spanned by the columns of Us, while the noise sub-

space is spanned by the columns of Un. Because the signal subspace is orthogonal to

the noise subspace, we have∥∥∥(Ac,kαk)
HUn

∥∥∥2

F
= 0, for k = 1, 2, · · · , K (5.15)∥∥∥aH(θ)Un

∥∥∥2

F
= 0, for θ = θi, i = Nc + 1, Nc + 2, · · · , N. (5.16)

Proposition 1. Ac,kαk cannot be a nonzero scalar multiple of a(θ0) for any direction of arrival

θ0.

Proof: If Ac,kαk can result in another steering vector multiplied by a nonzero scalar,

i.e., Ac,kαk = βa(θ0), then we have

[
a(θk1) a(θk2) · · · a(θkPk

)
]


αk1

αk2
...

αkPk

 = βa(θ0)

⇔ αk1a(θk1) + αk2a(θk2) + · · ·+ αkPk
a(θkPk

) = βa(θ0) (5.17)

which indicates that a(θ0) is a linear combination of a(θk1), a(θk2), · · · , a(θkPk
), so the

matrix Ãk ,
[
a(θk1) a(θk2) · · · a(θkPk

), a(θ0)
]
∈ CK×Pk+1 must be deficient in col-

umn rank. Next, we prove that θ0 /∈ {θi}kPk
i=k1. This follows from the fact that there must
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be at least two signals in each coherent group, i.e., Pk ≥ 2, otherwise it would be simpli-

fied to uncorrelated signal case. If θ0 ∈ {θi}kPk
i=k1, without loss of generality, we assume

θ0 = θk1. From (5.17), one obtains (αk1 − β) a(θk1) + αk2a(θk2) + · · ·+ αkPk
a(θkPk

) = 0.

It is well known that any m × n (m ≥ n) Vandermonde matrix

V =



1 1 1 · · · 1

a1 a2 a3 · · · an

a2
1 a2

2 a2
3 · · · a2

n
...

...
... . . . ...

am−1
1 am−1

2 am−1
3 · · · am−1

n


has full column rank as long as the values of ai are distinct [147], which implies that

all columns of Ac,k are linearly independent in our case. As a result, (αk1 − β) a(θk1) +

αk2a(θk2) + · · ·+ αkPk
a(θkPk

) = 0 holds if and only if αk1 − β = αk2 = · · · = αkPk
= 0,

however, this contradicts the assumption that there are Pk coherent signals impinging

on the array, i.e., all the αi are nonzero. Hence, we say θ0 /∈ {θi}kPk
i=k1. Recalling the

previously described property of Vandermonde matrix, one further deduces that the

matrix Ãk has full column rank as the entries on the second row of Ãk are distinct to

each other, which contradicts the previous conclusion that Ãk is deficient in column

rank. Therefore, the initial assumption Ac,kαk = βa(θ0) does not hold, i.e., Ac,kαk ̸=

βa(θ0).

Now denote z = ej 2πd
λ sin θ, then a(z) =

[
1, z, · · · , zM−1

]T
. Referring to [136] a root-

MUSIC polynomial can be constructed as

f (z) , aT(z−1)UnUH
n a(z). (5.18)

It follows from Proposition 1 that f (z) will not go to 0 for any coherent signal DOA.

Therefore, combined with (5.16), the roots of (5.18) zi which are closest to the unit circle

indicate the desired DOAs of uncorrelated sources. The DOA estimates related to the

signal roots can be determined as

θi = arcsin
[

λ

2πd
arg(zi)

]
. (5.19)

Page 82



Chapter 5 Efficient DOA Estimation Using Cumulants in Multipath

Since K + Nu singular values are much larger than the remaining ones, one can de-

tect K + Nu far-field sources using the popular source enumeration methods [139,140].

However, we will obtain the K roots associated with the K groups of the coherent sig-

nals in addition to the roots of the Nu independent signals, which means we have K

false DOA estimates. If the number of independent signals is known in advance, then

the DOA estimates with the Nu smallest values of ηi =
∥∥aH(θ̂i)Un

∥∥2
F, i = 1, 2, · · · , K +

Nu, correspond to the independent signals. However, in practice, the number of inde-

pendent signals may not be known a priori. As a consequence, it is necessary to provide

a more robust criterion to identify the DOA of independent signals from the false ones.

Here, we carry out independent signal enumeration inspired by second order statistic

of eigenvalues (SORTE) which is a cluster enumeration strategy [148]. Suppose the

values of ηi are sorted decreasingly:

η1 ≥ η2 ≥ · · · ≥ ηK > ηK+1 = · · · = ηK+Nu . (5.20)

To detect the number of independent signals, we define a gap measure:

SORTE (k) =


var

(
{▽ηi}K+Nu−1

i=k+1

)
var

(
{▽ηi}K+Nu−1

i=k

) , var
(
{▽ηi}K+Nu−1

i=k

)
̸= 0

+∞, var
(
{▽ηi}K+Nu−1

i=k

)
= 0

(5.21)

where k = 1, 2, · · · , K + Nu − 2, ▽ηi = ηi − ηi+1, and var
(
{▽ηi}K+Nu−1

i=k

)
= 1

K+Nu−k

× ∑K+Nu−1
i=k

(
▽ηi − 1

K+Nu−k ∑K+Nu−1
l=k ▽ηl

)2
. Then the number of independent signal is

N̂u = K + Nu − arg min
k

SORTE (k).

Remark 1. It can be seen that the proposed method utilises root-MUSIC to classify co-

herency, and polynomial rooting is adopted for the sake of computational efficiency,

which avoids spectrum calculation and peak searching. Unlike our approach, the au-

thors in [49] partition the whole array into three overlapping subarrays, use ESPRIT

to obtain Nu + K DOA estimates, then use a pair matching method to sift the DOA

estimates of independent sources. Since that scheme requires an extra subarray, there

is a loss of one DOF and reduced array aperture, resulting in a larger DOA estima-

tion error and resolution compared to our technique, especially at low SNRs or limited

Page 83



5.4 Two-stage Processing for Mixed Signals Under Multipath Propagation

snapshots. Additionally, since the source enumeration method presented above can

distinguish the number of of independent signals from the coherent ones, it is applica-

ble to the case without such a priori information which FSDS is not valid for.

5.4.2 Stage 2: DOA Estimation of the Coherent Signals

Next we will deal with the coherent signals. The coherent signal DOAs are estimated

by first removing the independent signals from the the FOC matrix Cx and then re-

solving the coherent signals using a novel matrix reconstruction technique for rank

restoration. In this way, the proposed method classifies the signal types and provides

improved estimation accuracy. The first step in removing the independent signals is

estimating their contributions, {γ̄i}Nu
i=1, to the cumulant matrix.

Performing the compact SVD of Ā, we have

Ā =
K+Nu

∑
k=1

ηkukvH
k (5.22)

where {ηk}K+Nu
k=1 , {uk}K+Nu

k=1 , {vk}K+Nu
k=1 are the non-zero singular values, left singular

vectors, and right singular vectors, respectively. Accordingly, the pseudo-inverse of Ā

is

Ā+ =
K+Nu

∑
k=1

η−1
k vkuH

k . (5.23)

This allows us to expand the term aH(θi)C+
x a(θi) as

aH(θi)C+
x a(θi) = aH(θi)

(
ĀH
)+

C−1
s Ā+a(θi)

=
(

Ā+a(θi)
)H

C−1
s Ā+a(θi) (5.24)

where we use the fact that C+
x =

(
ĀH
)+

C−1
s Ā+ (see Appendix A.1 for proof). Note

that Ā =
[
a(θi), B

]
, i = 1, 2, · · · , Nu, where B is the remaining part of Ā, one has

a(θi) = Āei where ei ∈ RK+Nu is a column vector with 1 at the i-th entry and 0 else-

where, then substituting back to (5.24) gives

aH(θi)C+
x a(θi) =

(
K+Nu

∑
k=1

η−1
k vkuH

k

K+Nu

∑
k=1

ηkukvH
k ei

)H

C−1
s
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×
K+Nu

∑
k=1

η−1
k vkuH

k

K+Nu

∑
k=1

ηkukvH
k ei

= eH
i C−1

s ei

= eH
i diag{γ̄−1

1 , · · · , γ̄−1
K+Nu

}ei

= γ̄−1
i . (5.25)

Therefore,

γ̄i =
1

aH(θi)C+
x a(θi)

, i = 1, 2, · · · , Nu. (5.26)

From (5.26), we define Csu , diag{γ̄1, · · · , γ̄Nu}. Given Au and Csu, we can form a

matrix Cxc as

Cxc , Cx − AuCsuAH
u

= AcΓdiag{γ̄Nu+1, γ̄Nu+2, · · · , γ̄Nu+K}(AcΓ)H

= AcΓCsc(AcΓ)H. (5.27)

Clearly, Cxc only contains the information of coherent signals. Note that the FOC of

coloured noise will not go to zero in practice due to a limited number of snapshots,

which means that the impact of noise can be mitigated but not completely removed, so

it is not negligible. For this reason, the smallest singular values λK+Nu+1, λK+Nu+2, · · · ,

λM in (5.14) are not identical to zero, and their contribution to the cumulants can be cal-

culated as Cpn = UnΣnVH
n where Σn = diag{λK+Nu+1, λK+Nu+2, · · · , λM}. To alleviate

the effect of noise on Cxc, the matrix Cx in (5.26) and (5.27) is rectified as Cx − Cpn.

Remark 2. The previous method in [49] has implemented this step of eliminating the

uncorrelated signal contribution from Cx using spatial differencing. However, part of

the coherent signal information (i.e., the entries along the cross diagonal of Cx) will be

canceled out in this process as well. As a result, the performance of DOA estimation

for coherent signals suffers. In contrast, our proposed method achieves the same goal

through subtraction of the reconstructed cumulant matrix of uncorrelated sources from

Cx without removing any coherent signal information.
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After removing the uncorrelated source components from Cx, the rank of the remain-

ing coherent signals in Cxc is restored using a matrix reconstruction method. Other

approaches such as in [49] typically adopt a spatial smoothing technique in this step.

Here we define a vector gi,r ∈ Cm as

gi,r ,


Cxc(i, m + r − 1)

Cxc(i, m + r − 2)
...

Cxc(i, r)

 , r = 1, 2, · · · , L (5.28)

where L = M + 1 − m, and construct a matrix Gi,r = gi,rgH
i,r accordingly.

Since Cxc only contains the information of coherent signals, from the received data

model given in (5.7) the snapshot of coherent signals at the i-th sensor can be expressed

as

xc,i(t) =
K

∑
k=1

Pk

∑
p=1

αkpsk(t)e
j 2π(i−1)d

λ sin θkp . (5.29)

Combining with (5.9) we have

Cxc(i, m + r − n) =
1
M

M

∑
q=1

cum{xc,q(t), x∗c,q(t), xc,i(t), x∗c,m+r−n(t)}

=
1
M

M

∑
q=1

cum

{
K

∑
k=1

Pk

∑
p=1

αkpsk(t)e
j 2π(q−1)d

λ sin θkp ,

K

∑
k=1

Pk

∑
p=1

α∗kps∗k(t)e
−j 2π(q−1)d

λ sin θkp ,
K

∑
k=1

Pk

∑
p=1

αkpsk(t)e
j 2π(i−1)d

λ sin θkp ,

K

∑
k=1

Pk

∑
p=1

α∗kps∗k(t)e
−j 2π(m+r−n−1)d

λ sin θkp

}

=
1
M

M

∑
q=1

K

∑
k=1

Pk

∑
l=1

αklej 2π(q−1)d
λ sin θkl

×
Pk

∑
u=1

α∗kue−j 2π(q−1)d
λ sin θku

Pk

∑
v=1

αkvej 2π(i−1)d
λ sin θkv

×
Pk

∑
p=1

α∗kpe−j 2π(m+r−n−1)d
λ sin θkpcum {sk(t), s∗k(t), sk(t), s∗k(t)}

Page 86



Chapter 5 Efficient DOA Estimation Using Cumulants in Multipath

=
K

∑
k=1

Pk

∑
p=1

1
M

γkα∗kpe−j 2π(m+r−n−1)d
λ sin θkp

×
M

∑
q=1

Pk

∑
l=1

αklej 2π(q−1)d
λ sin θkl

Pk

∑
u=1

α∗kue−j 2π(q−1)d
λ sin θku

×
Pk

∑
v=1

αkvej 2π(i−1)d
λ sin θkv . (5.30)

If we define akp , ej 2π(n−1)d
λ sin θkp , di ,

[
d(i)11 , · · · , d(i)1P1

, · · · , d(i)K1, · · · , d(i)KPK

]T
with

d(i)kp =
1
M

γkα∗kpe−j 2π(m−1)d
λ sin θkp

M

∑
q=1

Pk

∑
l=1

αklej 2π(q−1)d
λ sin θkl

×
Pk

∑
u=1

α∗kue−j 2π(q−1)d
λ sin θku

Pk

∑
v=1

αkvej 2π(i−1)d
λ sin θkv (5.31)

the above equation can be rewritten in the following compact format

Cxc(i, m + r − n) =
[

a11, · · · , a1P1 , · · · , aK1, · · · , aKPK

]
Φ1−rdi (5.32)

where Φ = diag{ej 2πd
λ sin θ1 , ej 2πd

λ sin θ2 , · · · , ej 2πd
λ sin θNc}. Stacking Cxc(i, m+ r− 1), Cxc(i, m+

r − 2), · · · , Cxc(i, r) in a column, we obtain

gi,r = F
[
Ac,1, ..., Ac,K

]
Φ1−rdi

= BcΦ1−rdi, r = 1, 2, · · · , L (5.33)

where F =
[
I(M−L+1), 0(M−L+1)×(L−1)

]
, Bc = F

[
Ac,1, Ac,2, ..., Ac,K

]
, and further Gi,r =

BcΦ1−rdidH
i Φr−1BH

c . The proof of (5.33) is given in Appendix A.2.

Since Bc is a Vandermonde matrix, it can be readily seen that JB∗
c = BcΦ1−m where

J ∈ Rm×m is an exchange matrix (see Appendix A.3 for proof). Then a new matrix

from the i-th row of Cxc is constructed as

C̄i =
1
L

L

∑
r=1

(
Gi,r + JG∗

i,rJ
)

= Bc

(
1
L

L

∑
r=1

(
Φ1−rdidH

i Φr−1 + Φr−md∗
i dT

i Φm−r
))

BH
c

= BcDiBH
c (5.34)
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where

Di =
1
L

L

∑
r=1

{
Φ1−rdidH

i Φr−1 + Φr−md∗
i dT

i Φm−r
}

(5.35)

and J ∈ Rm×m denotes an exchange matrix that has unity entries on the cross diagonal

and zeros elsewhere.

To further restore rank and smooth out the effects of noise and limited snapshots, the

information of all M rows of Cxc are then utilised to construct an overall smoothed

matrix C̄ which is given by

C̄ =
M

∑
i=1

BcDiBH
c . (5.36)

Next we examine whether the rank of C̄ has been restored sufficiently to resolve Nc

coherent signals.

Proposition 2. When m ≥ Nc + 1 and 2L ≥ Pmax, rank(C̄) = Nc for K groups of coherent

signals, where Pmax = max{P1, P2, · · · , PK}.

Proof: As seen above, Bc ∈ Cm×Nc is a Vandermonde matrix. Since m > Nc, Bc must

be of full column rank, i.e., rank(Bc) = Nc. Since Di can be rewritten as

Di =
1
L

[
Φ1−Ldi, Φ2−Ldi, · · · , di, Φ1−md∗

i , Φ2−md∗
i , · · · , ΦL−md∗

i

]
×
[
Φ1−Ldi, Φ2−Ldi, · · · , di, Φ1−md∗

i , Φ2−md∗
i , · · · , ΦL−md∗

i

]H

=
1
L

Ti

[
V, HV

] [
V, HV

]H
TH

i (5.37)

where Ti = diag
{

ej 2π(1−L)d
λ sin θ11d(i)11 , · · · , ej 2π(1−L)d

λ sin θ1P1 d(i)1P1
, · · · , ej 2π(1−L)d

λ sin θK1d(i)K1, · · · ,

ej 2π(1−L)d
λ sin θKPK d(i)KPK

}
, V = AT

c (1 : L, 1 : Nc), and H = diag
{

d∗(i)11

d(i)11

ej 2π(1−m)d
λ sin θ11 , · · · ,

d∗(i)1P1

d(i)1P1

ej 2π(1−m)d
λ sin θ1P1 , · · · , d∗(i)K1

d(i)K1

ej 2π(1−m)d
λ sin θK1 , · · · ,

d∗(i)KPK

d(i)KPK

ej 2π(1−m)d
λ sin θKPK

}
, diag {h1, h2, · · · ,

hNc}, it is easy to identify that rank(Ti) = rank (H) = Nc, rank(V) = min(L, Nc). The

proof of (5.37) is provided in Appendix A.4. By the same setup on Page 11 of [24], we

know that rank(Di) = rank
([

V, HV
])

= min{2L, Nc} ≥ Pmax under the mild restric-

tion that whenever equality holds among some of the members of the set {hi}Nc
i=1, the

largest subset with equal entries must at most be of size L.
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We know that Cxc = AcΓCsc(AcΓ)H, rank(Ac) = Nc, rank(Γ) = rank(Csc) = K, so

rank(Cxc) = K. This implies that the size of the largest collection of linearly indepen-

dent rows of Cxc is K. Without loss of generality, we assume the largest collection of

linearly independent rows is {Cxc(i, :)}K
i=1. Since the matrix

[
Cxc(1, :), Cxc(2, :), · · · ,

Cxc(K, :)
]
=
[
BcΨd1, BcΨd2, · · · , BcΨdK

]
= BcΨ

[
d1, d2, · · · , dK

]
where Ψ =

diag
{

e−j 2π(M−m)d
λ sin θ1 , e−j 2π(M−m)d

λ sin θ2 , · · · , e−j 2π(M−m)d
λ sin θNc

}
, the vectors {di}K

i=1 are lin-

early independent to each other, and further matrices {Ti}K
i=1 are linearly independent

to each other as well.

Denote W =
[
V, HV

]
, we have

K

∑
i=1

Di =
1
L

[
T1W, T2W, · · · , TKW

] [
T1W, T2W, · · · , TKW

]H
. (5.38)

As discussed above, c1T1 + c2T2 + · · ·+ cKTK = 0 holds if and only if c1 = c2 = · · · =

cK = 0, and thus (c1T1 + c2T2 + · · ·+ cKTK)W = c1T1W + c2T2W + · · ·+ cKTKW = 0

under the same condition. This implies that matrices {TiW}K
i=1 are linearly indepen-

dent to each other. Therefore, rank
(

∑K
i=1 Di

)
= rank

([
T1W, T2W, · · · , TKW

])
=

min{2KL, Nc} = Nc. As it is known that the total number of coherent signals is Nc,

the rank of the smoothed cumulant matrix D̄ , ∑M
i=1 Di can be restored up to Nc but

not larger, which implies that rank
(

∑M
i=1 Di

)
= rank

([
T1W, T2W, · · · , TMW

])
=

rank
([

T1W, T2W, · · · , TKW
])

= Nc, i.e., each of the remaining matrices {TiW}M
i=K+1

must be a linear combination of {TiW}K
i=1.

It can be seen that {Di}M
i=K+1 do not contribute to the rank recovery as each of the re-

maining matrices {TiW}M
i=K+1 can be expressed as a linear combination of {TiW}K

i=1,

and consequently rank (C̄) = rank
(

∑M
i=1 Di

)
= Nc. This completes the proof of

Proposition 3.

One can subsequently follow similar procedures as discussed in Section 5.4.1 to re-

solve the DOA estimates of the coherent signals. Particularly, note that JC̄∗J = C̄,

which means that C̄ is centro-Hermitian (see definition in Section 3.6.3), thus one can

transform C̄ into the field of real numbers for the sake of computational efficiency. We

define a new matrix CT as

CT = QH
mC̄Qm (5.39)
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where Qm is a sparse unitary matrix given by

Qm =



1√
2

In jIn

Jn −jJn

 , m = 2n

1√
2


In 0n×1 jIn

0T
n×1

√
2 0T

n×1

Jn 0n×1 −jJn

 , m = 2n + 1.

(5.40)

Referring to Theorem 3 in [149], we can see that CT is a real matrix. Performing the

SVD of CT, one has

CT = UTΣTVH
T (5.41)

where UT =
[
UTs, UTn

]
∈ Rm×m is a matrix whose columns are the left singular vectors

of CT, and ΣT = diag{λT1, λT2, · · · , λTm} consists of the corresponding m singular

values. The columns of UTs span the Nc dimensional signal subspace of QmBc, while

the columns of Un span the noise subspace. Then the unitary root-MUSIC polynomial

can be expressed as

fU(z) , b̃T
(z−1)UTnUH

Tnb̃(z) (5.42)

where b̃(z) = QH
mb(z) with b(z) =

[
1, z, · · · , zm−1

]T
. Then the DOA estimates related

to the roots {zi}Nc
i=1 of (5.42) can be determined by (5.18) accordingly.

Remark 3. The standard FBSS always exploits the partial information of all rows of

Cxc by averaging the cumulants of the subarrays, e.g. submatrices along the main di-

agonal of Cxc, but not utilising the cross correlations between the subarrays, e.g. upper

and lower triangular parts of Cxc, to resolve the coherent signals, and thus the estima-

tion performance will be compromised to some extent [150]. In contrast, our method

exploits all entries of the cumulants matrix of the coherent signals for rank restora-

tion, which means more information has been utilised and better accuracy can be ex-

pected. Additionally, our algorithm applies a unitary transformation in conjunction

with the root-MUSIC algorithm which results in real-valued computations, while the

counterparts, such as FSDS, VESPA, and FBSS, employ the standard high-resolution

algorithms which perform complex-valued computations, resulting in higher compu-

tational complexity [151].
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5.4.3 Separable Signal Number

This section discusses the maximum number of separable signals by the proposed

scheme. The independent and coherent signals are resolved separately, which makes

best use of the DOFs of the original ULA and allows more signals than sensors (N ≥

M) to be estimated, i.e., the so-called underdetermined DOA estimation problem [152,

153]. Compared with the standard FBSS which estimates the independent and coher-

ent signals simultaneously, the maximum number of signals estimated by our method

can be increased beyond the traditional limit. If M > K + Nu, m > Nc, and 2L ≥

Pmax, we can estimate a maximum number of M − K − 1 independent sources plus

M − ⌈Pmax
2 ⌉ coherent signals since M ≥ Nc + ⌈ Pmax

2 ⌉, while the FBSS can estimate at

most M − ⌈ Pmax
2 ⌉ mixed signals since M ≥ Nu + Nc + ⌈Pmax

2 ⌉, where ⌈ · ⌉ is the ceiling

operator. Although in general spatial differencing methods for separating the coherent

signals from independent sources can also process more signals than array sensors,

they have shortcomings in the coherent signal estimation step. First, the differencing

operation will give rise to a loss of information as explained in Remark 2. Besides, ex-

tra processing procedures are required to identify and alleviate pseudo-DOA estimates

which are also caused by the differencing operation [49]. A rectified smoothing tech-

nique such as FSDS can achieve the same number of coherent signals as our proposed

method, but it is less accurate. Chen et al [154] used a Toeplitz matrix constructed from

the cumulants matrix, referred to as CTMR, to improve the accuracy of DOA estimates

no matter whether the sources are coherent or not, but at the cost of halving the DOFs

and effective array aperture. In general, the loss of DOFs in CTMR outweighs the gain

in accuracy. By exploiting a quite different approach, VESPA in [38, 39] achieves much

better discrimination of coherent groups, which gives more DOFs for estimation with

an upper limit of M − K − 1 uncorrelated sources plus K⌊ 2M
3 ⌋ coherent signals, where

⌊ · ⌋ is the flooring operator.

Table 6.1 lists the minimum number of array elements required to resolve a given num-

ber of signals by the five methods. For simplicity, we assume that each group has the
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Table 5.1. Minimum number of array elements required

Indepe- Coherent signals Total Number of array elements

ndent Groups Signals in signals CTMR FBSS FSDS VESPA PROPO-

signals each group SED

2 1 2 4 9 5 5 4 4

2 2 2 6 13 7 6 5 5

4 1 4 8 17 10 7 6 6

4 2 2 8 17 9 8 7 7

5 3 2 11 23 12 10 9 9

3 3 3 12 25 14 11 7 11

7 2 4 15 31 17 11 10 10

3 4 4 19 39 21 18 8 18

same number of coherent signals. We can see that our method can use less array el-

ements than most algorithms except VESPA, to estimate the same number of signals.

5.4.4 Simulation Results and Discussion

In this section, a series of numerical experiments under different conditions are con-

ducted to examine the performance of the proposed method. Simulations are carried

out for a ULA with half-wavelength spacing between adjacent elements. For simplic-

ity, we assume that all signals, independent and coherent, have identical power. Sim-

ilar to the settings in [49], the signals are modeled as s(t) = F(t)r(t), where F(t) =

diag { f1(t), · · · , fN(t)}, r(t) = [r1(t), · · · , rN(t)]
T. fi(t) and ri(t) are zero-mean Gaus-

sian processes with unit-variance and σ2
s -variance, respectively. The noise is assumed

to be a first order spatial autoregressive process, and the (m, n)-th entry of the noise

covariance matrix is given by R(m, n) = σ2
n0.8|m−n|ej π(m−n)

16 [85,90]. In order to describe

the performance of the source enumeration method we developed in Section 5.4.1, the

detection accuracy is defined as

Detection accuracy =
Fd
F

(5.43)
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where F is the number of trials, and Fr is the number of times that the number of

independent signals Nu is successfully detected. The accuracy of the DOA estimates is

measured from 800 Monte Carlo runs in terms of the root mean square error (RMSE)

which is defined as

RMSE =

√√√√ 1
800N

800

∑
n=1

N

∑
i=1

(θ̂
(n)
i − θi)2 (5.44)

where θ̂
(n)
i is the estimate of θi for the n-th trial, and N is the number of all independent

or coherent signals. Additionally, to assess the overall reliability of all the algorithms,

the probability of resolution is defined as

Probability of resolution =
Fr

F
(5.45)

where Fr is the number of successful estimations for which the absolute DOA estima-

tion errors of both independent and coherent signals are within 1.5◦.

Source Enumeration

In the first scenario, we consider three independent sources from [−52◦,−25◦, 27◦]

and two groups of five coherent signals from [−13◦, 37◦] and [−39◦, 1◦, 10◦], respec-

tively, impinging on an eleven-element array. The fading amplitudes of the coher-

ent signals are [1, 0.8] and [1, 0.7, 0.6], while the fading phases are [122.16◦, 30.52◦] and

[326.45◦, 211.82◦, 336.19◦], respectively. In this case, suppose that this number of inde-

pendent signals is unknown and we need to detect it. The detection accuracy of the

proposed method using as a function of SNR or the number of snapshots are plotted in

Fig. 5.1. Since both FSDS and VESPA do not provide explicit source enumeration meth-

ods, there are no counterparts for comparison. We can see that the detection accuracy

of our method improves dramatically with increasing SNR or number of snapshots,

and achieves a 100% successful detection above −6dB or 1900 snapshots, which means

the enumeration method we developed can even work well under adverse conditions

(e.g. relatively low SNRs or few snapshots) for the cumulants.
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Figure 5.1. Detection accuracy versus (a) SNR when the number of snapshots is 2000; (b) the

number of snapshots when SNR = −6dB.

Overdetermined DOA estimation

Since RMSE defined before can only be collected when the numbers of signals, both in-

dependent and coherent, are given, we assume such information is known in advance,
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Figure 5.2. RMSE of the DOA estimates in the overdetermined case versus (a) SNR when the

number of snapshots is 4000; (b) the number of snapshots when SNR = 0dB.
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or the number of independent signals has been detected successfully using the pro-

posed enumeration approach, and then the number of coherent signals is obtained by

the method in [141]. We consider the same scenario as in the source enumeration sim-

ulation and select m = 9 for the reconstruction of C̄. FSDS and VESPA are chosen for

comparison. Fig. 5.2(a) depicts the RMSE of the DOA estimates versus input SNR. The

number of snapshots is fixed to 4000. From this figure, we can see that the proposed

algorithm has the lowest RMSE for both independent and coherent signals, among

all the algorithms for all SNRs. With an increase in SNR, the estimation accuracy of all

three algorithms improves, and the RMSE of the independent signals is better than that

of coherent signals except for VESPA. Although VESPA can separate coherent groups

and achieve more DOFs for coherent signal estimation, its performance is not satisfac-

tory due to the large errors introduced by using the rotational invariance property to

estimate the generalised steering vector. In Fig. 5.2(b) we show the RMSE performance

of all three methods when the number of snapshots increases, fixing the SNR at 0dB.

It is observed that our technique is still superior to FSDS and VESPA, especially when

the number of snapshots is less than 3000 for the independent signal case, whereas the

performance of FSDS for coherent signal estimation approaches that of the proposed al-

gorithm asymptotically with increasing snapshots. The remaining algorithm, VESPA,

however, improves slowly with increasing snapshots and has a relatively large bias for

both independent and coherent signals compared with our technique and FSDS even

for a relatively large number of samples.

The results of the empirical probability of resolution versus input SNR and the num-

ber of snapshots are shown in Fig. 5.3. It can be observed that the proposed method

and FSDS attain over 90% successful estimation above 5dB. As the SNR decreases, the

probability of successful estimation starts dropping for each method at a certain point,

known as the SNR threshold, until it eventually becomes zero. The proposed method

has the lowest SNR threshold, followed by FSDS and then VESPA which has the high-

est SNR threshold. Even if the SNR rises to 15dB, VESPA can barely reach 10% success

probability due to the big error in independent signal identification. When the SNR

is fixed at 0dB, both our approach and FSDS can achieve over 90% probability above

5000 snapshots, whereas VESPA can barely reach 20% success probability even if the
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Figure 5.3. Probability of resolution of the DOA estimates in the overdetermined case versus (a)

SNR when the number of snapshots is 4000; (b) the number of snapshots when SNR =

0dB.

number of snapshots is greater than 10000. The proposed method outperforms FSDS,

especially at low SNRs or few snapshots, but is somewhat inferior to FSDS when the

SNR or the size of snapshots is large.
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Underdetermined DOA estimation

We consider six independent signals from [−45◦,−26◦,−8◦, 9◦, 24◦, 50◦] and one group

of five coherent signals from [−53◦,−33◦,−1◦, 15◦, 41◦] impinging on a ten-element

array. The fading amplitudes and phases of the coherent signals are [1, 0.7, 0.8, 0.9, 0.6]

and [245.97◦, 201.89◦, 47.96◦, 122.01◦, 294.69◦], respectively. We select m = 7 in this

scenario where the total number of signals exceeds the number of array elements.

Fig. 5.4 depicts the RMSE of DOA estimates in the underdetermined case. From this

figure, we can see that as the SNR and the number of snapshots increase, the RMSE of

DOA estimation decreases gradually for all of the methods. The proposed method is

significantly superior to FSDS and VESPA, especially at low SNRs and few snapshots,

mainly because the independent and coherent signals are processed separately while

avoiding the elimination of partial coherent information. Although FSDS outperforms

VESPA, there is a larger discrepancy between these two and the proposed method even

for SNRs up to 10dB as shown in Fig. 5.4(a), compared with the first scenario.

Next, in Fig. 5.5 we plot the probability of resolution of the three methods by varying

the SNR and total number of snapshots. Evidently the proposed method is superior

to the counterparts for all SNRs and number of snapshots considered. Although FSDS

outperforms VESPA, both have poor reliability, and there is a clear discrepancy be-

tween these two and the proposed method even for snapshot sizes up to 10000 or

beyond 0dB as shown in the figure.

Effect of the Number of Cumulant Matrices

Next, we test the algorithm in the cases of different numbers of cumulant matrices,

denoted as Tm. Consider an independent signal from −30◦ and one group of three co-

herent signals from [−12◦, 10◦, 33◦] impinging on a six-element array. The fading am-

plitudes and phases of the coherent signals are [1, 0.8, 0.4] and [218.43◦, 106.64◦, 47.96◦],

respectively. To compare with FSDS, we select Tm = 1, 6 for the proposed algorithm.

Fig. 5.6 shows the RMSEs for different values of Tm with respect to SNR and snapshot

size, respectively. It can be found that the proposed method is superior to FSDS even

though the performance improvement with Tm = 1 is not as significant as with Tm = 6.
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Figure 5.4. RMSE of the DOA estimates in the underdetermined case versus (a) SNR when the

number of snapshots is 4000; (b) the number of snapshots when SNR = 0dB.

Page 99



5.4 Two-stage Processing for Mixed Signals Under Multipath Propagation

−15 −13 −11 −9 −7 −5 −3 −1 1 3 5 7 9 11 13 15
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

SNR (dB)

P
ro

ba
bi

lit
y 

of
 r

es
ol

ut
io

n

 

 

proposed method
FSDS
VESPA

(a)

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Number of snapshots

P
ro

ba
bi

lit
y 

of
 r

es
ol

ut
io

n

 

 

proposed method
FSDS
VESPA

(b)

Figure 5.5. Probability of resolution of the DOA estimates in the underdetermined case versus

(a) SNR when the number of snapshots is 4000; (b) the number of snapshots when

SNR = 0dB.

It is also worth mentioning that exploiting more cumulant matrices has a clear advan-

tage on coherent signal estimation, compared with independent signal estimation.
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Figure 5.6. RMSE of the DOA estimates for Tm versus (a) SNR when the number of snapshots is

4000; (b) the number of snapshots when SNR = 0dB.
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Effect of the Small Snapshot Sizes

Finally, we investigate the effect of the the small snapshot sizes, say several hundreds,

on the proposed approach. We consider the same scenario as in the effect of the number

of cumulant matrices. The resulting RMSEs versus SNR and the number of snapshots

are exhibited respectively in Fig. 5.6. As expected, the performances of all three meth-

ods, i.e, the proposed one, FSDS, and VESPA, are very poor except that our method

can achieve satisfactory accuracy with respect to the DOA estimation of independent

signals. This is mainly due to the fact that fourth order statistics require a relatively

large number of snapshots to “cumulate”, otherwise it cannot suppress the unknown

coloured noise, and the signal kurtosis is not large enough to the noise level either. As

this effect has been known to signal processing society, we will not consider the case of

the small snapshot sizes when discussing FOC hereafter.

5.5 DOA Estimation in the Presence of Multipath with

Fewer Sensors

Employing the proposed two-stage processing technique, one can improve the DOFs

and resolve more signals than the number of sensors, provided that the mixed model is

valid, i.e., uncorrelated and coherent signals coexist. Note that all the coherent signals

are still resolved by our method simultaneously, which implies that no improvement

of DOFs for coherent signal has been achieved. As reviewed in Section 2.2.1, Mendel

et al suggested that the scaled generalised array manifold (i.e., the product of original

array manifold and fading coefficient matrix) can be obtained by using the rotational

invariance between signal subspaces of two cumulant matrices, and then the standard

FBSS can be applied to each Hermitian matrix constructed by the resulting generalised

steering vectors to restore the rank deficiency. This algorithm, VESPA, can estimate

more signals than our two-stage approach since the generalised manifold inherently

separates coherent signals into different groups which can then be dealt with individ-

ually.
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Figure 5.7. RMSE of the DOA estimates versus in the case of the small snapshot sizes (a) SNR

when the number of snapshots is 700; (b) the number of snapshots when SNR = 0dB.
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In this section, we consider how temporal correlation can be incorporated into the

framework proposed in VESPA by forming space-time cumulant matrices, and then

separating coherent groups through a more robust rotation invariance between the

signal subspaces of the cumulant matrices. To demonstrate the utility of this technique,

continuous wave (CW) signals are adopted as they are fully correlated in time domain.

In practice, narrowband signals whose bandwidths (to sampling rate) are less than the

inverse of the snapshot length can be used.

5.5.1 Space-time Cumulant Matrix

We utilise the same signal model as Section 5.3, but without loss of generality, here we

only consider K groups of multiple coherent signals (independent signals can be re-

garded as coherent groups each of which only include one signal). Let the coherent sig-

nal arising from the k-th direct path be denoted as skp(t) = αkpsk(t) = αkp Akej(ωc+ωk)t,

where ωc is the carrier frequency, ωk is a small frequency offset for the k-th signal with

ωk ≪ ωc, Ak is the amplitude of the k-th signal, and αkp is the fading coefficient of the

kp-th multipath channel [155]. After demodulation to IF, the coherent signal due to the

k-th source becomes skp(t) = αkp Akejωkt. We assume that source signals (direct paths)

are mutually independent, the noises are spatially coloured and temporally white to

each other, and also statistically independent to the signals.

For an array with M physical sensors, the cross-correlation functions Rxmx1(τ) between

signal outputs {xm(t)}M
m=1 and x1(t) can be expressed as

Rxmx1(τ) = Et

[
xm

(
t +

τ

2

)
x∗1
(

t − τ

2

)]
= Et

[(
K

∑
k=1

Pk

∑
p=1

αkpej 2π(m−1)d
λ sin θkp sk

(
t +

τ

2

)
+ nm

(
t +

τ

2

))

×
(

K

∑
k=1

Pk

∑
p=1

α∗kps∗k
(

t − τ

2

)
+ n∗

1

(
t − τ

2

))]

=
K

∑
k=1

Pk

∑
l=1

α∗klRsksk(τ)
Pk

∑
p=1

αkpej 2π(m−1)d
λ sin θkp + Rnmn1(τ). (5.46)
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The auto-correlation function in (5.46) can be evaluated as

Rsksk(τ) = Et

[
sk

(
t +

τ

2

)
s∗k
(

t − τ

2

) ]
= Et

[
Akejωk(t+ τ

2 )Ake−jωk(t− τ
2 )
]

= A2
kejωkτ (5.47)

and is found to have the same form as the source signals. The second term in (5.46) is

evaluated as

Rnmn1(τ) = Et

[
nm

(
t +

τ

2

)
n∗

1

(
t − τ

2

) ]
= σ2

nδ(τ)δ(m − 1). (5.48)

Stacking Rx1x1(τ), Rx2x1(τ), · · · , RxMx1(τ) in a column, one obtain

Rx(τ) = [Rx1x1(τ), Rx2x1(τ), · · · , RxMx1(τ)]
T

= AΓRs(τ) + [Rn1n1(τ), Rn2n1(τ), · · · , RnMn1(τ)]
T

= ARs(τ) + Rn(τ) (5.49)

where A = AΓ = [ā1, · · · , āK] is the generlised array manifold, A = [A1, · · · , AK] with

Ak =
[
a(θk1), · · · , a(θkPk

)
]
, Γ is the fading coefficient matrix, and Rs(τ) = [Rs1s1(τ),

Rs2s2(τ), · · · , RsKsK(τ)]
T.

Following the approach in [156], we form the pseudo-data matrix of Rx(τ) for different

lags

R =
[
Rx
(
−LpTs

)
, Rx

(
−
(

Lp − 1
)

Ts
)

, · · · , Rx
(

LpTs
)]

= A
[
Rs
(
−LpTs

)
, Rs

(
−
(

Lp − 1
)

Ts
)

, · · · , Rs
(

LpTs
)]

+
[
Rn
(
−LpTs

)
, Rn

(
−
(

Lp − 1
)

Ts
)

, · · · , Rn
(

LpTs
)]

= ARs + Rn (5.50)

where Ts is the pseudo sampling period. Clearly, R ∈ CM×(2Lp+1) contains 2Lp + 1

pseudo snapshots.
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Next we proceed to the estimation of generalised steering vectors. To this end, the

cumulant matrix is constructed by averaging over pseudo snapshots as

C1 , cum
{

r̄1(t), r̄∗1(t), R(t), RH
(t)
}

= cum
{

A(1, :)Rs(t),
(
A(1, :)Rs(t)

)∗ , ARs(t),
(
ARs(t)

)H
}

+ cum
{

rn,1(t), r∗n,1(t), Rn(t), RH
n (t)

}
(5.51)

where t denotes the index of pseudo snapshots, t = −LpTs,−
(

Lp − 1
)

Ts, · · · , LpTs,

r̄1(t) and rn,1(t) are the first entries of R(t) and Rn(t), respectively.

It is well known that the product of Gaussian probability density functions (PDFs)

are also Gaussian functions [157], so the second term in the above equation is a zero

matrix by the property of cumulants [CP4]. Substituting ∑K
i=1 āirs,i(t) for ARs(t) and

by applying the properties of cumulants [CP1]-[CP3] in the Section 5.2, (5.51) can be

rewritten as

C1 = cum

{
K

∑
p=1

A(1, p)rs,p(t),
K

∑
q=1

A∗
(1, q)r∗s,q(t),

K

∑
m=1

āmrs,m(t),
K

∑
n=1

āH
n r∗s,n(t)

}

=
K

∑
p=1

K

∑
q=1

K

∑
m=1

K

∑
n=1

A(1, p)A∗
(1, q)āmāH

n cum{rs,p(t),

r∗s,q(t), rs,m(t), r∗s,n(t)}

=
K

∑
k=1

|A(1, k)|2ākāH
k cum{rs,k(t), r∗s,k(t), rs,k(t), r∗s,k(t)}

=
K

∑
k=1

γk|A(1, k)|2ākāH
k = ACsA

H (5.52)

where γk , cum
{

rs,p(t), r∗s,q(t), rs,m(t), r∗s,n(t)
}

and Cs = diag
{

γ1|Ā(1, 1)|2, · · · ,

γK|Ā(1, K)|2
}

.

Proceeding similarly, another three cumulant matrices are given as follows:

C2 , cum
{

r̄2(t), r̄∗1(t), R(t), RH
(t)
}

=
K

∑
k=1

γkA(2, k)A∗
(1, k)ākāH

k
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= AD1CsA
H (5.53)

C3 , cum
{

r̄1(t), r̄∗2(t), R(t), RH
(t)
}

=
K

∑
k=1

γkA(1, k)A∗
(2, k)ākāH

k

= AD2CsA
H (5.54)

C4 , cum
{

r̄2(t), r̄∗2(t), R(t), RH
(t)
}

=
K

∑
k=1

γk|A(2, k)|2ākāH
k

= AD3CsA
H (5.55)

where D1 = diag
{

A(2,1)
A(1,1)

, · · · , A(2,K)
A(1,K)

}
, D2 = diag

{
A∗

(2,1)
A∗

(1,1)
, · · · , A∗

(2,K)
A∗

(1,K)

}
, and D3 =

diag
{∣∣∣A(2,1)

A(1,1)

∣∣∣2 , · · · ,
∣∣∣A(2,K)

A(1,K)

∣∣∣2}.

From (5.52), (5.53), (5.54), (5.55), one can form two augmented matrices, say

C̃1 ,

C1

C3


=

 A

AD2

CsA
H (5.56)

C̃2 ,

C2

C4


=

 A

AD2

D1CsA
H. (5.57)

Now, consider the matrix pencil [158]

C̃2 − λC̃1 =

 A

AD2

 (D1 − λI)CsA
H (5.58)

where I ∈ RK×K is the identity matrix. One can show that rank
{

C̃2 − λC̃1

}
= K, pro-

vided that K ≤ M. However, if λ = A(2,k)
A(1,k)

, k = 1, 2, · · · , K, the k-th row of D1 − λI

is zero (see Appendix A.5 for proof), then rank
{

C̃2 − λC̃1

}
= K − 1. Therefore,
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the diagonal entry A∗
(2,k)

A∗
(1,k)

can be found as the generalised singular value of the ma-

trix pair {C̃1, C̃2}. The solution to the problem is simplified to the standard eigen-

decomposition problem, i.e., A(2,k)
A(1,k)

is the eigenvalue of C̃
+
1 C̃2.

From the eigen-decomposition C̃
+
1 C̃2 = UD1UH where the columns of U are the eigen-

vectors corresponding to the eigenvalues in D2, one has

C̃2U = C̃1UD1. (5.59)

Considering (5.56) and (5.57), it follows that U =
(

CsA
H
)+

Z−1, where Z is an arbi-

trary diagonal matrix with nonzero entries. Therefore, multiplying (5.56) and (5.57) by

U and UD−1
1 , one finds that

C̃1U =

 A

AD2

Z−1 ,

F11

F12

 (5.60)

C̃2UD−1
1 =

 A

AD2

Z−1 ,

F21

F22

 . (5.61)

Finally, an improved estimate of A is obtained by averaging these results as

AZ−1 =
1
2
(F11 + F21) . (5.62)

Note that Z is a diagonal matrix, AZ−1 has scaled column vectors as in A. By de-

noting AZ−1 = [b1, · · · , bK], it is readily seen that the column vector bk = z−1
k āk =

z−1
k Akαk, k = 1, · · · , K, where zk is the k-th diagonal entry of Z. Once one has the es-

timate of bk, exactly following the same procedure in [39], FBSS can be applied to a

Hermitian matrix constructed from bk as follows

Ck =
1
2q

q

∑
i=1

[
ΠibkbH

k ΠH
i + J

(
ΠibkbH

k ΠH
i

)∗
J
]

= Π1Ak

[
1

2q|zk|

q

∑
i=1

(
Φi−1ααHΦ1−i + Φ2−m−iα∗αTΦi+m−2

)]
AH

k ΠH
1 (5.63)

where Πi =
[
0m×(i−1), Im, 0m×(q−i)

]
with q = M+ 1−m, and J ∈ Rm×m is the exchange

matrix.
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It has been shown that rank
{

Ck
}
= Pk, provided that m ≥ Pk + 1 and 2q ≥ Pk [39]. As

proved in [24], up to ⌊ 2M
3 ⌋ coherent signals in the k-th group can be resolved. There-

fore, considering at most M − 1 coherent groups can be separated, it is possible to

estimate a maximum of (M − 1) ⌊ 2M
3 ⌋ signals.

To reduce the computational load, one can make use of JC∗
kJ = Ck, where Ck is the

centro-Hermitian matrix, to define a new matrix Tk as

Tk = QH
mCkQm (5.64)

where Qm is defined in (5.40). Referring to Theorem 3 in [149], Tk is a real matrix,

and thus one can resort to unitary ESPRIT [138] to resolve the DOA estimates of the

coherent signals.

5.5.2 Computational Complexity

We compare the major computations of FBSS, VESPA and STFOC, which involve in the

fourth order and the second order statistical matrices construction, eigen-decomposition,

and SVD. In order to facilitate the analysis, we assume that the effective apertures of

smoothed cumulant or covariance matrices are identical to m elements. For FBSS, the

major computations involved are to form one M × M FOC matrix and to perform the

SVD of the smoothed m × m cumulant matrix, which require O
(
9M2Ls + m3) flops

where Ls is the number of snapshots.2 Here, a flop stands for a complex-valued float-

ing point multiplication operation. VESPA constructs two M × M cumulant matrices

and performs the SVDs of one 2M × M matrix and one M × 2K matrix, respectively,

and the eigen-decomposition of one K × K matrix to estimate the generalised steering

vectors. Then, VESPA forms K smoothed covariance matrices and carries out the eigen-

decompositions of these matrices to finally determine the DOA estimates of coherent

signals. As a result, it needs O
(
18M2Ls + 2M3 + min{2M2K, 4MK2}+ K3 + M2K + m3

×K) flops in total. By comparison, the proposed STFOC establishes 2Lp + 1 pseudo

snapshots which involves O
(

∑
Lp
i=−Lp

M (Ls− | iTs |)
)
= O

(
2M

(
LpLs −

Lp(Lp+1)
2 Ts

)
2 The computational complexity of SVD is known as O

(
min{kl2, k2l}

)
for an arbitrary matrix B ∈ Ck×l .
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+MLs) flops, the construction of four M× M cumulant matrices by such pseudo snap-

shots needs O
(
36M2 (2Lp + 1

))
flops, and the eigen-decomposition of one M× M ma-

trix takes about O
(

M3) flops. Additionally, STFOC also constructs K smoothed covari-

ance matrices and performs the eigen-decompositions of these matrices, which involve

O
(

M2K + m3K
)

flops. The resulting flops required are in order of O
(
2M

(
LpLs−

Lp(Lp+1)
2 Ts

)
+ MLs + 36M2 (2Lp + 1

)
+ M3 + M2K + m3K

)
.

5.5.3 Simulation Results and Discussion

We now evaluate the DOA estimation performance of STFOC for a few scenarios

by computer simulation. Specifically, the runtime of the algorithm, estimation ac-

curacy and reliability of overdetermined and underdetermined problems are stud-

ied. Cumulant-based FBSS and VESPA are chosen for comparison with the proposed

STFOC. Consider an eight-element ULA with sensor separation λ
2 . For simplicity, we

assume that each coherent group contains the same number of signals, i.e., P1 = P2 =

· · · = PK. In addition, let Ls and Lp denote the number of snapshots and pseudo snap-

shots, respectively.

Runtime Comparison

This scenario is designed to compare the running time for the cumulant-based FBSS,

VESPA, and STFOC estimator. Table 5.2 records the average elapsed time of one hun-

dred trial runs for various numbers of sensors M. Here, we assume that there are K = 2

coherent groups, P1 = P2 = 3, and Ls = 3000, Lp = 180, Ts = 1, and m = 7, respec-

tively. The simulations are performed using MATLAB R2013a running on an Intel Core

i7-2600, 3.4 GHz processor with 16 GB of memory, under Windows 7 64-bit. Table 5.2

shows that for the same value of M, STFOC has a much longer runtime than FBSS and

VESPA, and the runtime of VESPA appears to be approximately twice that of FBSS.

The higher computational complexity of STFOC is mainly subject to its larger number

of pseudo snapshots generated from the temporal correlation as well as the cumulant

matrices arising from these pseudo snapshots.
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Table 5.2. Average runtime (in seconds)

M FBSS VESPA STFOC

6 N/A 0.0215 0.2408

7 N/A 0.0288 0.2862

8 0.0193 0.0378 0.3390

9 0.0243 0.0470 0.3812

10 0.0302 0.0586 0.4346

11 0.0358 0.0698 0.4785

Overdetermined DOA Estimation

In the second scenario, we consider two groups of three coherent signals from [−42◦,

− 13◦, 37◦] and [−29◦, 20◦, 50◦] impinge on the array. The fading amplitudes and phases

of the coherent signals are [1, 0.9, 0.8] and [1, 0.7, 0.6], while the fading phases are [48.74◦,

121.15◦, 35.66◦] and [9.35◦, 251.47◦, 103.56◦], respectively. We select m = 7 for rank

restoration of the generalised steering vectors {bk}2
k=1. Fig. 5.8 shows the estimation

results of 50 independent trials. The solid lines indicate the true DOAs. It can be seen

that each group of DOAs can be accurately determined, and there is no failure among

the 50 experiments.

Since both VESPA and STFOC have to estimate D1 in the course of the generalised

steering vector estimation, and the generalised steering vectors and D1 closely relate

to each other as the relationship between eigenvalue and eigenvector, it is necessary to

examine the estimates of diagonal entries of D1, denoted as {ξk}K
k=1, which influence

the estimation accuracy of the generalised steering vectors (see (5.61) in Section 5.5.1

and (25) in [38]) and to some extend reflect the accuracy of estimates of generalised

steering vectors. The estimated ξ1 and ξ2 under different SNRs are listed in Table 5.3

to Table 5.6. All measurements are obtained from 1000 Monte Carlo runs. The above

results show that the bias of ξ1 and ξ2 estimates are quite small, so both VESPA and

STFOC can achieve satisfactory estimation accuracy of D1 for moderate SNRs.

In terms of estimation accuracy, we calculated the RMSE of each coherent group for the

three methods. The results are given in Fig. 5.9. For all SNRs and number of snapshots,

our STFOC method gives substantially better angle estimates than FBSS and VESPA.
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(b) The second coherent group

Figure 5.8. DOA estimation results of 50 runs in the overdetermined case. SNR = 0dB,

Ls = 5000, and Lp = 300. Two groups of coherent signals from [θ1, θ2, θ3] =

[−42◦,−13◦, 37◦] , [θ4, θ5, θ6] = [−29◦, 20◦, 50◦], respectively.

To be specific, the RMSE of the first coherent group is always very small, i.e., lower

than 0.02◦, and the RMSE of the second group falls off dramatically and stabilises for

SNR values greater than −5dB. On the other hand, the RMSE of the first coherent
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Table 5.3. Estimated amplitude of ξ1 versus SNR in the overdetermined case (True value

ρ1 = 0.7522)

VESPA STFOC

SNR ρ̂1 |ρ1 − ρ̂1| × 10−3 ρ̂1 |ρ1 − ρ̂1| × 10−3

0 0.7517 0.4768 0.7522 0.02527

2 0.7523 0.1214 0.7522 0.02598

4 0.7520 0.1342 0.7522 0.02703

6 0.7521 0.0433 0.7522 0.02451

8 0.7522 0.0436 0.7522 0.02722

10 0.7522 0.0230 0.7522 0.02645

Table 5.4. Estimated amplitude of ξ2 versus SNR in the overdetermined case (True value

ρ2 = 0.9821)

VESPA STFOC

SNR ρ̂2 |ρ2 − ρ̂2| × 10−3 ρ̂2 |ρ2 − ρ̂2| × 10−3

0 0.9824 0.3736 0.9833 1.2421

2 0.9823 0.2269 0.9831 0.9996

4 0.9825 0.4711 0.9829 0.8715

6 0.9813 0.7559 0.9829 0.8353

8 0.9820 0.0957 0.9829 0.8311

10 0.9820 0.0483 0.9829 0.8238

Table 5.5. Estimated phase of ξ1 versus SNR in the overdetermined case (True value ψ1 =

2.1533rad)

VESPA STFOC

SNR ψ̂1 |ψ1 − ψ̂1| × 10−3 ψ̂1 |ψ1 − ψ̂1| × 10−3

0 2.1526 0.6385 2.1533 0.01479

2 2.1530 0.3062 2.1533 0.01463

4 2.1536 0.3145 2.1533 0.01731

6 2.1532 0.0376 2.1533 0.02264

8 2.1532 0.0208 2.1533 0.02012

10 2.1532 0.0724 2.1533 0.02086

group from VESPA is much smaller than FBSS at low SNRs, but slightly greater at

2dB and above. The RMSE of the second coherent group using VESPA is greater than
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Table 5.6. Estimated phase of ξ2 versus SNR in the overdetermined case (True value ψ2 =

1.9644rad)

VESPA STFOC

SNR ψ̂2 |ψ2 − ψ̂2| × 10−3 ψ̂2 |ψ2 − ψ̂2| × 10−3

0 1.9648 0.4107 1.9684 3.9652

2 1.9646 0.1794 1.9685 4.1135

4 1.9644 0.0510 1.9685 4.0721

6 1.9648 0.3679 1.9685 4.0651

8 1.9646 0.2155 1.9685 4.1176

10 1.9640 0.3899 1.9685 4.1089

FBSS when the SNR is lower than 5dB, while it tends to give equal performance as

the SNR increases. The three algorithms have similar performance as in Fig. 5.9(a) by

varying the number of snapshots shown in Fig. 5.9(b), and one subtle difference is that

the accuracy of STFOC is getting better with the rise of pseudo snapshots, whereas

remains unchanged with a fixed number of snapshots even if SNR ascends to 15dB.

One concludes, therefore, STFOC is more sensitive to the number of pseudo snapshots

than to the SNR.

Underdetermined DOA Estimation

In the third scenario, we consider three groups of three coherent signals from [−47◦,

− 24◦, 9◦], [−70◦, 30◦, 60◦], and [8◦, 23◦, 45◦] impinging on the array. The fading am-

plitudes and phases of the coherent signals are [1, 0.9, 0.8], [1, 0.7, 0.6], and [1, 0.7, 0.4],

while the fading phases are [48.74◦, 121.15◦, 35.66◦], [9.35◦, 251.47◦, 103.56◦] and [130.21◦,

16.88◦, 319.69◦], respectively. We select m = 7 for rank restoration of the generalised

steering vectors {bk}3
k=1. Fig. 5.10 shows estimation results of 50 independent trials.

Like the overdetermined case, all three groups of coherent signals can be correctly es-

timated, even though the total number of signals is larger than the number of sensors.

We now examine the estimation accuracy of D1. The estimated ξ1, ξ2, and ξ3 under

different SNRs are listed in Table 5.7 to Table 5.12. The results show that the bias of

the {ξk}3
k=1 estimates by STFOC decrease more quickly than for VESPA, and remain
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Figure 5.9. RMSE of DOA estimates in the overdetermined case. (a) Ls = 5000, and

Lp = 300. (b) SNR = 0dB, and Lp = 3
50 Ls.

lower than 3% of the relative estimation error. At high SNRs, VESPA can give as good

performance as STFOC does, while it is significantly inferior to STFOC at low SNRs.
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(c) The third coherent group

Figure 5.10. DOA estimation results of 50 runs in the underdetermined case. SNR = 0dB,

Ls = 5000, and Lp = 300. Three groups of coherent signals from [θ1, θ2, θ3] =

[−47◦,−24◦,−9◦] , [θ4, θ5, θ6] = [−70◦, 30◦, 60◦], and [θ7, θ8, θ9] = [8◦, 23◦, 45◦], re-

spectively.

The RMSE of the DOA estimates are calculated and displayed in Fig. 5.11 as a func-

tion of SNR and the number of snapshots. It follows similarly to Fig. 5.9 that STFOC

achieves satisfactory performance at a much lower SNR and number of snapshots than

VESPA. The RMSE of STFOC is less than 1◦ for all three groups at SNRs greater than

−5dB and more than 2000 snapshots for an SNR of 0dB. To achieve comparable perfor-

mance, VESPA requires more than 8dB SNR for 5000 snapshots and much more than
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Table 5.7. Estimated amplitude of ξ1 versus SNR in the underdetermined case (True value

ρ1 = 0.7386)

VESPA STFOC

SNR ρ̂1 |ρ1 − ρ̂1| × 10−3 ρ̂1 |ρ1 − ρ̂1| × 10−3

0 0.7389 0.3293 0.7522 0.6473

2 0.7387 0.1102 0.7522 0.6566

4 0.7390 0.4240 0.7522 0.6565

6 0.7387 0.0792 0.7522 0.6589

8 0.7384 0.1882 0.7522 0.6160

10 0.7385 0.0761 0.7522 0.6410

Table 5.8. Estimated amplitude of ξ2 versus SNR in the underdetermined case (True value

ρ2 = 1.5385)

VESPA STFOC

SNR ρ̂2 |ρ2 − ρ̂2| ρ̂2 |ρ2 − ρ̂2|

0 1.1597 0.3788 1.5191 0.0193

2 1.2421 0.2963 1.5353 0.0032

4 1.3539 0.1846 1.5359 0.0026

6 1.4151 0.1233 1.5358 0.0027

8 1.4677 0.0708 1.5357 0.0028

10 1.5034 0.0350 1.5359 0.0025

Table 5.9. Estimated amplitude of ξ3 versus SNR in the underdetermined case (True value

ρ3 = 1.8732)

VESPA STFOC

SNR ρ̂3 |ρ3 − ρ̂3| ρ̂3 |ρ2 − ρ̂2|

0 1.3824 0.4908 1.8634 0.0098

2 1.5134 0.3598 1.8817 0.0084

4 1.6557 0.2175 1.8815 0.0082

6 1.7290 0.1443 1.8816 0.0083

8 1.7918 0.0814 1.8812 0.0079

10 1.8335 0.0398 1.8813 0.0081

10000 snapshots at an SNR of 0dB. In addition, we found that the estimation accu-

racy of the first group is always superior to the remaining group for both VESPA and
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Table 5.10. Estimated phase of ξ1 versus SNR in the underdetermined case (True value

ψ1 = 1.6613rad)

VESPA STFOC

SNR ψ̂1 |ψ1 − ψ̂1| × 10−3 ψ̂1 |ψ1 − ψ̂1| × 10−3

0 1.6609 0.3845 1.6621 0.7423

2 1.6610 0.3328 1.6621 0.7593

4 1.6615 0.1700 1.6622 0.8276

6 1.6612 0.1752 1.6621 0.7847

8 1.6612 0.1692 1.6622 0.8403

10 1.6614 0.0373 1.6621 0.8082

Table 5.11. Estimated phase of ξ2 versus SNR in the underdetermined case (True value

ψ2 = −0.7055rad)

VESPA STFOC

SNR ψ̂2 |ψ2 − ψ̂2| ψ̂2 |ψ2 − ψ̂2|

0 -1.1373 0.4318 -0.6950 0.0105

2 -0.9785 0.2730 -0.6855 0.0200

4 -0.8509 0.1454 -0.6853 0.0201

6 -0.7945 0.0890 -0.6853 0.0202

8 -0.7552 0.0498 -0.6854 0.0201

10 -0.7295 0.0240 -0.6853 0.0201

Table 5.12. Estimated phase of ξ3 versus SNR in the underdetermined case (True value

ψ3 = −2.4933rad)

VESPA STFOC

SNR ψ̂3 |ψ3 − ψ̂3| ψ̂3 |ψ3 − ψ̂3|

0 -2.1950 0.2983 -2.5176 0.0243

2 -2.3087 0.1847 -2.5239 0.0306

4 -2.3948 0.0986 -2.5241 0.0308

6 -2.4323 0.0610 -2.5240 0.0307

8 -2.4597 0.0336 -2.5240 0.0307

10 -2.4772 0.0161 -2.5240 0.0307

STFOC, which is consistent with Fig. 5.9. The estimator performance using generalised

steering vectors is determined by the robustness of the signal subspace eigenvectors of
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Figure 5.11. RMSE of DOA estimates in the underdetermined case. (a) Ls = 5000, and

Lp = 300. (b) SNR = 0dB,and Lp = 3
50 Ls.

{bk}K
k=1 to noise perturbation. The more robust the eigenvectors, the better the per-

formance. The robustness of bk is determined by its condition number, as described

in [159, chap. 8]. The smaller the condition number, the more robust the eigenvector.

Since C̃
+
1 C̃2 is Hermitian, the condition number of the eigenvector is the reciprocal of

the smallest absolute difference between the corresponding eigenvalue and any other
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eigenvalue [159, pp. 399]. Normally, the smallest “gap” between the first eigenvalue

and any others is the largest, so b1 in our simulation, the generalised steering vector of

the first coherent group, corresponding to the the first eigenvalue, is the most robust,

resulting in the lowest RMSEs of DOA estimates.

5.6 Conclusion

In this Chapter, an FOC-based two-stage matrix reconstruction algorithm is proposed

first in Section 5.4 for DOA estimation of mixed independent and coherent signals.

The algorithm makes efficient use of the cumulants of sensor outputs of a ULA, and

enables us to separately deal with two different types of signals, thus resolving more

signals than the number of array elements. In the first stage, the root-MUSIC algo-

rithm is utilised to estimate the DOA of the independent signals as root-MUSIC is

only a function of the DOA of the independent sources while the coherent signals are

ignored. In the second stage, the independent components are removed from the cu-

mulant matrix of the received data based on the DOA estimates of the independent

sources. Then a matrix reconstruction is performed to restore the rank deficiency in

the cumulant matrix of the coherent signals, and finally their DOAs are resolved using

a unitary transformation to reduce computation complexity. Compared with previous

two-stage FOC-based methods, the proposed solution is efficient in the sense that it

achieves a more reasonable classification of the signal types, alleviates the array DOFs

and aperture loss in previous methods, as well as improving the estimation accuracy

of both independent and coherent signals.

Secondly in Section 5.5, we develop a new DOA estimator called space-time fourth or-

der cumulants (STFOC) method. The basic idea of STFOC is to use the second-order

statistics of the received signals to get the pseudo snapshots which contain the tempo-

ral correlation information. This, together with the array manifold structure, is used

to find the fourth-order cumulants. It makes use of temporal as well as spatial infor-

mation when estimating directions. The source directions are obtained from the fourth

order cumulants using the unitary ESPRIT algorithm. STFOC can resolve the same

number of directions as VESPA. Simulation results show that the estimation accuracy,
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robustness to coherent group separation, and immunity to noise are evidently superior

to VESPA, although at the cost of greater computations.
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Chapter 6

Noncircularity to Array:
Novel Approaches with

Enhanced DOFs

M
OST DOA estimators assume circular signal statistics.

However the noncircular statistics of modern wireless

communication signals can be exploited to develop new

estimators which can deal with more signals than is possible with circu-

lar statistics. This is typically achieved by utilising the rotational invari-

ance of the augmented covariance matrix constructed from this class of sig-

nals. In this chapter we introduce a new noncircular FOC estimator that can

deal with more signals than previously published FOC methods. We also

consider how the noncircularity can be exploited in the previously intro-

duced two-stage DOA estimation methods based on second order statistics.

The simulation results demonstrate the advantages of our novel approaches

over existing methods.
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6.1 Introduction

DOA estimation for noncircular signals has been drawing increasing attention over the

past few years. These signals arise in radar, wireless communications, and satellite sys-

tems and include amplitude modulation (AM), binary phase shift keying (BPSK), am-

plitude shift keying (ASK), offset quadrature phase shift keying (OQPSK), and pulse

amplitude modulation (PAM) signals. The previous literature has shown that exploita-

tion of the noncircularity of the incident signals helps to improve the performance of

general DOA estimation methods [20, 105, 106, 108, 113, 114]. Noncircular signal esti-

mators based on SOS can extend the effective array aperture and resolve at most twice

as many sources as the circular signal estimators. Combining high order cumulants

and noncircularity, Liu et al recently proposed the NC-2q-MUSIC algorithm which is

an extension of standard 2q-MUSIC [118] to noncircular signals, which can further ex-

tend the effective array aperture and give better performance compared with the orig-

inal [20]. However, similar to the algorithms using SOS reviewed in Chapter 2, none

of the aforementioned noncircular DOA estimation methods are able to work properly

when uncorrelated and coherent signals coexist, as the spatial covariance matrix be-

comes rank deficient. Two interesting questions arise as a result: a) Is it possible to fur-

ther improve the effective aperture and estimation capacity by utilising noncircularity

and FOC? b) Does noncircularity help with direction finding of the mixed uncorrelated

and coherent signals?

To this end, in Section 6.2 we first introduce and evaluate a new FOC-based DOA esti-

mation method for noncircular signals, called augmented NC-FOC, which can handle

an additional M − 1 (M is the number of sensors) sources compared with the NC-2q

approach and has lower estimation errors because of a better utilisation of noncircu-

lar information in the FOC by constructing two cumulant matrices corresponding to a

virtual array which has the fewest overlapping sensors.

To the best of our knowledge, the previous literature has not considered DOA estima-

tion of noncircular signals containing a mixture of uncorrelated and coherent signals.

The techniques considered in Section 6.3 exploit the properties of noncircular signals
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to enable more sources to be resolved when the uncorrelated and coherent signals co-

exist. A subspace-based method is first applied to resolve the uncorrelated sources

from the overall mixed signals. It exploits the orthogonality between the signal and

noise subspaces to classify the signal types. By reconstructing the covariance matrix

of the uncorrelated noncircular sources, their contribution can be removed from the

covariance matrix of the received data. Then a spatial smoothing technique is devel-

oped to resolve the remaining coherent signals. As we shall show in Section 6.3.2,

the proposed method is capable of handling many more signals compared with exist-

ing two-stage processing algorithms. In addition, we present the deterministic direc-

tion of arrival estimation CRLB for the noncircular signals in the multipath case. The

derivation of the CRLB can be viewed as a natural extension of the well-known results

derived in [56, 160] for the noncircular signal model. The CRLB for strict sense noncir-

cular uncorrelated sources (no multipath) has been derived in [112], however, it does

not show the bound expression for noncircularity phase, nor is it applicable to coherent

signals arising from multipath propagation.

6.2 DOA Estimation of Noncircular Signals with Fewer

Sensors: A Cumulant-based Approach

As reviewed in Section 2.4, DOA estimation of strict sense noncircular signals, i.e., ρ =

1 (see definition in Section 2.4.1), based on the second-order statistics applying either

MUSIC- or ESPRIT-type algorithms, can estimate up to 2(M − 1) sources [105,106,108,

113, 114], or 3(M − 1) sources if fourth order cumulants are used [20]. By revisiting

the approach by Liu et al [20], we find that the limits of estimation capacity, i.e., the

degrees of freedom, can be further extended using noncircularity. In this Chapter, we

assume that all signals are strictly second-order noncircular, i.e., the case of ρ = 1.

6.2.1 Signal Model for Independent Noncircular Sources

Consider a number of N narrowband far-field noncircular signals impinging on a uni-

form linear array with M identical omnidirectional sensors. Assume that all sources
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si(t) = ej ϕi
2 si,0(t) coming from directions θi, i = 1, 2, · · · , N, are independent to each

other. The M × 1 array output vector is then given by

x(t) =
N

∑
i=1

a(θi)ej ϕi
2 si,0(t) + n(t)

= AΨs0(t) + n(t) (6.1)

where a(θ) =
[
1, ej 2πd

λ sin θ, · · · , ej 2π(M−1)d
λ sin θ

]T
∈ CM is the steering vector with λ

and d being the wavelength of the carrier signal and the spacing between adjacent

elements, respectively, A = [a(θ1), a(θ2), · · · , a(θN)], Ψ = diag
{

ej ϕ1
2 , ej ϕ2

2 , · · · , ej ϕN
2

}
,

s0(t) =
[
s1,0(t), · · · , sN,0(t)

]T
, and n(t) is white Gaussian noise. Besides, we assume

that the array is calibrated, and the array manifold A is unambiguous, i.e., the steering

vectors {a(θi)}N
i=1 are linearly independent for any set of distinct {θi}N

i=1. Equivalently,

the matrix A is of full column rank.

6.2.2 Improved Noncircular Signals Direction Finding Using FOC

Considering the definition of cumulants in (5.2), we start with constructing two cumu-

lant matrices as

Cx1 , cum
{

x∗(t), xT(t), x∗(t), xT(t)
}

= cum

{
N

∑
p=1

a∗
(
θp
)

e−j
ϕp
2 s∗p,0(t),

N

∑
m=1

aT (θm) ej ϕm
2 sm,0(t),

N

∑
q=1

a∗
(
θq
)

e−j
ϕq
2 s∗q,0(t),

N

∑
n=1

aT (θn) ej ϕn
2 sn,0(t)

}

=
N

∑
p=1

N

∑
m=1

N

∑
q=1

N

∑
n=1

((
a∗
(
θp
)

e−j
ϕp
2

)
⊗
(

a∗
(
θq
)

e−j
ϕq
2

))
×
((

a (θm) ej ϕm
2

)
⊗
(

a (θn) ej ϕn
2

))T
cum

{
s∗p,0(t), sm,0(t), s∗q,0(t), sn,0(t)

}
=

N

∑
i=1

((
a∗ (θi) e−j ϕi

2

)
⊗
(

a∗ (θi) e−j ϕi
2

)) ((
a (θi) ej ϕi

2

)
⊗
(

a (θi) ej ϕi
2

))T

× cum {si,0(t), si,0(t), si,0(t), si,0(t)}

=
N

∑
i=1

γi (a∗ (θi)⊗ a∗ (θi)) (a (θi)⊗ a (θi))
T
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= (A∗ ◦ A∗)diag {γ1, γ2, · · · , γN} (A ◦ A)T

= A1CsAH
1 (6.2)

Cx2 , cum
{

x(t), xT(t), x(t), xT(t)
}

= cum

{
N

∑
p=1

a
(
θp
)

ej
ϕp
2 sp,0(t),

N

∑
m=1

aT (θm) ej ϕm
2 sm,0(t),

N

∑
q=1

a
(
θq
)

ej
ϕq
2 sq,0(t),

N

∑
n=1

aT (θn) ej ϕn
2 sn,0(t)

}

=
N

∑
p=1

N

∑
m=1

N

∑
q=1

N

∑
n=1

((
a
(
θp
)

ej
ϕp
2

)
⊗
(

a
(
θq
)

ej
ϕq
2

))
×
((

a (θm) ej ϕm
2

)
⊗
(

a (θn) ej ϕn
2

))T
cum

{
sp,0(t), sm,0(t), sq,0(t), sn,0(t)

}
=

N

∑
i=1

((
a (θi) ej ϕi

2

)
⊗
(

a (θi) ej ϕi
2

)) ((
a (θi) ej ϕi

2

)
⊗
(

a (θi) ej ϕi
2

))T

× cum {si,0(t), si,0(t), si,0(t), si,0(t)}

=
N

∑
i=1

γiej2ϕi (a (θi)⊗ a (θi)) (a (θi)⊗ a (θi))
T

= (A ◦ A)diag {γ1, γ2, · · · , γN}diag
{

ej ϕ1
2 , ej ϕ2

2 , · · · , ej ϕN
2

}4
(A ◦ A)T

= (A ◦ A)CsΨ
4 (A∗ ◦ A∗)H

= A2Ψ2CsΨ
2AH

1 (6.3)

where

γi = cum {si,0(t), si,0(t), si,0(t), si,0(t)} (6.4)

A1 = A∗ ◦ A∗ = [a∗(θ1)⊗ a∗(θ1), a∗(θ2)⊗ a∗(θ2), · · · , a∗(θN)⊗ a∗(θN)] ∈ CM2×N

(6.5)

A2 = A ◦ A = [a(θ1)⊗ a(θ1), a(θ2)⊗ a(θ2), · · · , a(θN)⊗ a(θN)] ∈ CM2×N (6.6)

Cs = cum {s0(t), s0(t), s0(t), s0(t)} = diag {γ1, γ2, · · · , γN} ∈ RN×N. (6.7)

As discussed in the context of aperture extension via FOC in [37], some rows of A1 and

A2 are redundant to the rest in the case of a ULA and can be removed, resulting in the

effective array aperture being 2M− 1 elements. Let G ,

 IM 0M×(M2−M)

0(M−1)×(M2−M+1) IM−1

,
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then one can reduce the problem size by performing a transformation

GCx1GH = GA1CsAH
1 GH = Ã1CsÃ

H
1 (6.8)

GCx2GH = GA2Ψ2CsΨ
2AH

1 GH = Ã2Ψ2CsΨ
2Ã

H
1 (6.9)

where Ã1 = [ã(θ1), ã(θ2), · · · , ã(θN)] with ã(θi) =
[
1, e−j 2πd

λ sin θ, · · · , e−j 2π2(M−1)d
λ sin θ

]T
∈

C2M−1, Ã2 = Ã
∗
1 . Interpretation of G and corresponding examples are given in Ap-

pendix B.1.

Then, one can form an augmented matrix as

Ca =

JCx1J JCH
x2

Cx2J C∗
x1

 (6.10)

=

JÃ1Ψ−2

Ã2Ψ2

Cs

JÃ1Ψ−2

Ã2Ψ2

H

. (6.11)

Performing the SVD of Ca, one has

Ca = UΣsVH (6.12)

where Σ = diag {λ1, λ2, · · · , λ2M−1} consists of 2M − 1 singular values. The columns

of Us , U(:, 1 : N) are the singular vectors corresponding to the N largest singular

values. Because the columns of Us share the same signal subspace with

JÃ1Ψ−2

Ã2Ψ2

,

there is a nonsingular matrix T ∈ CN×N that satisfies

Us =

JÃ1Ψ−2

Ã2Ψ2

T. (6.13)

Here the signal subspace Us can be divided into two matrices Us1 =

 Us(1 : 2M − 2, :)

Us(2M : 4M − 3, :)

,

Us2 =

 Us(2 : 2M − 1, :)

Us(2M + 1 : 4M − 2, :)

 ∈ C4(M−1)×N. Evidently the structure in (6.13) is also

valid to Us1 and Us2. Defining B1 =

JÃ1(1 : 2M − 2, :)Ψ−2

Ã2(2M : 4M − 3, :)Ψ2

, B2 =

 JÃ1(2 : 2M − 1, :)Ψ−2

Ã2(2M + 1 : 4M − 2, :)Ψ2

,
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because JÃ1(2 : 2M − 1, :) = JÃ1(1 : 2M − 2, :)Φ and Ã2(2M + 1 : 4M − 2, :) = Ã2(2M :

4M − 3, :)Φ, then B2 = B1Φ holds andUs1

Us2

 =

B1

B2

T =

 B1

B1Φ

T. (6.14)

This shows that Us1 and Us2 share a common column space of dimension N, and thus

rank ([Us1, Us2]) = N. Thus, there is a full column rank matrix F ∈ C2N×N such that

[
Us1, Us2

]
F =

[
Us1, Us2

] F1

F2


= B1TF1 + B1ΦTF2

= 04(M−1)×N (6.15)

where the columns of F are the eigenvectors corresponding to the N smallest eigenval-

ues of
[
Us1, Us2

]H [
Us1, Us2

]
, F1 = F(1 : N, :), and F2 = F(N + 1 : 2N, :).

Since B1 ∈ C4(M−1)×N is of full column rank, (6.15) results in TF1 + ΦTF2 = 0, which

is equivalent to

−F1F−1
2 = T−1ΦT. (6.16)

Note that Φ and −F1F−1
2 are similar matrices and have identical eigenvalues. Thus, let

{ηi}N
i=1 be the N eigenvalues of −F1F−1

2 , the DOAs can be determined as follows

θ̂i = arcsin
(

λ

2πd
arg (ηi)

)
, i = 1, · · · , N. (6.17)

6.2.3 Connection with Other Work

Upon exploring how to extend the virtual array aperture, we became aware of existing

work by other researchers who, in a similar spirit to this work, have noticed and sought

to exploit the link and differences between them.

In [37], the authors first pointed out that FOC cooperating with ESPRIT, so-called

VESPA, can effectively enhance the array’s DOFs, and thus more signals can be re-

solved. The key idea behind the innovation is that the extra information obtained
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Figure 6.1. The schematics of virtual aperture extension for circular signals.

from the FOC can be interpreted as coming from additional virtual sensors. The FOC

for circular signals are based on the the Kronecker product between two steering vec-

tors, a(θi)⊗ a∗(θi). Expanding this Kronecker product results in a steering vector with

additional entries. For example if a(θ1) =
[
1, ej 2πd

λ sin θ1 , ej 2π2d
λ sin θ1

]T
for one signal im-

pinging on a three-element ULA, then the Kroneker product has the following terms

a(θ1)⊗ a∗(θ1) =
[
1, e−j 2πd

λ sin θ1 , e−j 2π2d
λ sin θ1 , ej 2πd

λ sin θ1 , 1, e−j 2πd
λ sin θ1 , ej 2π2d

λ sin θ1 , ej 2πd
λ sin θ1 , 1

]T

(6.18)

In general these additional entries can be interpreted as the same signal coming from

virtual sensor elements as shown in Fig. 6.1(a). Note that some entries are duplicate

in (6.18), which means the number of effective virtual sensors cannot reach M2. For a

ULA, it is proved that the aperture can be extended to 2M− 1 elements without redun-

dancy. These principles can also be applied to minimum redundancy arrays (MRAs)

as shown in Fig. 6.1(b) where the upper bound on aperture extension is M2 − M + 1

elements.

Later on authors in [118] also noted that even higher order cumulants can process more

sources. They initially focused on 6th-order cumulant direction finding method and

also extended the technique to an arbitrary even order 2q (q ≥ 1) case, called 2q-MUSIC

methods. The steering vector for the 2q-th order cumulants is a⊗l(θi) ⊗ a∗⊗(q−l)(θi)

where l is an arbitrary integer such that 0 ≤ l ≤ q and a⊗l(θi) , a(θi)⊗ a(θi)⊗ · · · ⊗
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a(θi) where the number of Kronecker products is equal to l − 1. Their study showed

that 6-MUSIC has better performances than 2- and 4-MUSIC with respect to angular

resolution, robustness to modeling errors, and estimation capacity, while comes along

with higher variance. In particular, it has been shown that, for a ULA, the 2q-MUSIC

method can process up to q (M − 1) sources.

Note that the underlying assumption in both papers [37, 118] is that signals processed

have circular statistics, so only circular cumulants, defined in (5.1), have been utilised.

More recently researchers in [20] extend 2q-MUSIC directly to noncircular signals and

found that the DOFs limit can be further relaxed on the condition of the signal noncir-

cularity. By exploiting noncircularity, the FOC can now be formed from a virtual array

with more elements not only arising from the steering vector as a(θi)⊗ a∗(θi) but also

a∗(θi) ⊗ a∗(θi). This gives rise to the additional virtual array elements as shown in

Fig. 6.2(a). It should be noted that a∗(θi)⊗ a∗(θi) is also valid for circular signals but

cannot directly couple with a(θi) ⊗ a∗(θi) to extend the effective array aperture due

to rank deficiency. For q = 2, the authors of [20] chose Cx1, defined in (6.2) and the

following two cumulant matrices

C̆x2 = cum
{

x(t), xH(t), xH(t), x(t)
}
= Ă2CsĂ

H
2 (6.19)

C̆x3 = cum
{

x(t), xT(t), xH(t), x(t)
}
= Ă2CsΨ

2AH
1 (6.20)

to construct an augmented matrix as

Cl =

C̆x2 C̆x3

C̆H
x3 Cx1

 (6.21)

=

 Ă2

A1Ψ−2

Cs

 Ă2

A1Ψ−2

H

(6.22)

where

Ă2 = A ◦ A∗ = [a(θ1)⊗ a∗(θ1), a(θ2)⊗ a∗(θ2), · · · , a(θN)⊗ a∗(θN)] ∈ CM2×N. (6.23)

With the help of C̆x3 containing the noncircular information, this is equivalent to the

covariance matrix from a virtual array based on a(θi)⊗ a∗(θi) as well as a∗(θi)⊗ a∗(θi),
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(a) Extended virtual aperture by the NC-2q method.
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(b) Extended virtual aperture by the proposed method.

Figure 6.2. The schematics of virtual aperture extension for noncircular signals.

which has a larger array aperture as illustrated in Fig. 6.2(a). However, it is also evident

that the aperture of a(θi)⊗ a∗(θi) overlaps with a∗(θi)⊗ a∗(θi) by M elements.

The main contribution in our approach is to avoid the overlap between virtual ele-

ments to the greatest degree. The key innovation step is coupling a(θi) ⊗ a(θi) with

a∗(θi)⊗ a∗(θi) in the FOC matrices, which appears to have been ignored in all previous

research. The virtual array, resulting from a(θi)⊗ a(θi) combined with a∗(θi)⊗ a∗(θi),

gives a larger aperture as well as more non-redundant virtual elements, as shown in

Fig. 6.2(b). As a result, our method has up to 4M − 3 virtual sensors compared with

3M− 2 available from the NC-2q method. Thus, we can process up to M− 1 additional

noncircular signals.

6.2.4 Simulation Results and Discussion

In this section, we provide some numerical simulation results to illustrate the perfor-

mance of the proposed DOA estimator, named as augmented NC-FOC method. We

assume a ULA of 3 omnidirectional sensors spaced half a wavelength apart, receiving

equal-power statistically independent BPSK signals in the presence of complex addi-

tive white Gaussian noise. NC-2q (q = 2) and VESPA are chosen for comparison. The

accuracy of the DOA estimate is measured from 1000 Monte Carlo runs in terms of
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Figure 6.3. DOA estimation results of 50 runs under the maximum processing capacity.

SNR = 20dB, the number of snapshot is 20000.

RMSE in (5.44). Additionally, to assess the overall reliability of the algorithms, the

probability of resolution is defined as

Probability of resolution =
Fr

F
(6.24)

where F is the number of trials, and Fr is the number of successful estimations for

which the absolute DOA estimation errors are within 1◦.

Estimation Capacity

The estimation capacity of augmented NC-FOC is 4(M − 1) = 8 while 3(M − 1) = 6

and 2(M − 1) = 4 for NC-2q and VESPA, respectively. First assume 8 incident signals

from [−70◦,−50◦,−28◦,−6◦, 15◦, 37◦, 60◦, 78◦], respectively, so NC-2q and VESPA fail

to resolve all the sources in this case. It is assumed that the SNR is 20dB and the num-

ber of snapshots is 20000 which is chosen to be massive to simulate the upper bond.

Fig. 6.3 depicts the estimation results of 50 independent experiments by the proposed

augmented NC-FOC. The solid lines indicate the true DOAs. It can be seen that each

DOA can be correctly determined, and there is no failure among the 50 experiments.
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Overdetermined DOA Estimation

To quantify the influence of both SNR and the number of snapshots on the perfor-

mance of augmented NC-FOC, NC-2q and VESPA, we assume that two statistically

independent BPSK sources [−70◦,−58◦] with initial phases [205.78◦, 129.56◦] have the

same symbol duration. Under these assumptions, Fig. 6.4(a) exhibits, for a moder-

ately angular separation and overdetermined case, behaviors of the three algorithms

with variations of SNR from −5 to 15dB. Fig. 6.4(b) depicts how the number of snap-

shots affects the RMSE performance of the algorithms when the input SNR is fixed at

5dB. The RMSEs are measured from 1000 Monte Carlo realisations. It is obvious from

Fig. 6.4 that the estimation accuracy of the augmented NC-FOC algorithm is better

than NC-2q and VESPA for all SNRs and snapshots sizes, followed by NC-2q and then

VESPA. Augmented NC-FOC has lower RMSEs than NC-2q because of its improved

aperture extension capability. A similar analysis can be done for NC-2q with respect

to VESPA. These results confirm that, in the overdetermined case, with moderate an-

gular separation, augmented NC-FOC may offer better performances than NC-2q and

VESPA for noncircular signals.

To quantify the influence of the SNR and number of snapshots on the reliability of the

three algorithms, we consider the same simulation scenarios as above. Fig. 6.5 shows

the variations of probability of resolution, as a function of SNR and the number of

snapshots, for augmented NC-FOC, NC-2q and VESPA, respectively. As in Fig.6.4,

augmented NC-FOC outperforms NC-2q and VESPA, and can achieve 100% probabil-

ity as long as the SNR is greater than 8dB assuming 10000 snapshots or SNR = 10dB

for snapshot sizes larger than 4000. These results are consistent with those in Fig.6.4,

and show that augmented NC-FOC has better accuracy than NC-2q and VESPA as it

achieves a larger effective aperture, allowing more DOFs to be utilised in the estima-

tion of subspaces. Similar reason explains why NC-2q performs better than VESPA.

Underdetermined DOA Estimation

To illustrate the case when the number of sources is greater than the number of sensor

elements, we assume that four statistically independent BPSK sources from [−70◦,−50◦,
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Figure 6.4. RMSE of the DOA estimates in the overdetermined case versus (a) SNR when

the number of snapshots is 5000; (b) the number of snapshots when SNR = 5dB.

Two signals from [θ1, θ2] = [−70◦,−58◦].

−24◦,−9◦] with initial phases [205.78◦, 129.56◦, 80.96◦, 82.01◦] have the same symbol

duration. Under these assumptions, Fig. 6.6 shows the variations of the RMSE of three

algorithms, as a function of SNR and the number of snapshots for the underdetermined
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Figure 6.5. Probability of resolution in the overdetermined case versus (a) SNR when the

number of snapshots is 10000; (b) the number of snapshots when SNR = 10dB.

Two signals from [θ1, θ2] = [−70◦,−58◦].

case. Note the good behavior of augmented NC-FOC which succeeds in estimating the

DOA of the four sources when the SNR becomes greater than 4dB or the number of

snapshots increase above 4000, and the poor behavior of VESPA, which has relatively
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Figure 6.6. RMSE of the DOA estimates in the underdetermined case versus (a) SNR when

the number of snapshots is 5000; (b) the number of snapshots when SNR = 5dB.

Four signals from [θ1, θ2, θ3, θ4] = [−70◦,−50◦,−24◦,−9◦].

large estimation errors, since the dimensions of null space associated with augmented

NC-FOC and VESPA are 5 and 1, respectively, i.e., VESPA reaches its upper bound
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Figure 6.7. Probability of resolution in the underdetermined case versus (a) SNR when the

number of snapshots is 10000; (b) the number of snapshots when SNR = 10dB.

Four signals from [θ1, θ2, θ3, θ4] = [−70◦,−50◦,−24◦,−9◦].

of estimation capacity. NC-2q outperforms VESPA but is still strictly inferior to aug-

mented NC-FOC due to its dimension of null space being 3, half way between 1 and

5.
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Finally, we examine the probability of successful estimation of the three methods by

varying the SNR and total number of snapshots for the same scenario in Fig. 6.7. It

can be observed that, as the SNR and snapshots size increase, the probability of suc-

cessful estimation grows for each method, and augmented NC-FOC rises the quickest,

followed by NC-2q, and VESPA. Evidently, although no method reaches 100% proba-

bility, the proposed one has a notable advantage over the counterparts. Even if the SNR

and number of snapshots are relatively large such as 15dB and 10000, respectively, the

NC-2q algorithm can barely achieve 50% success probability, while VESPA only hits

about 10%, which means nine estimations in ten are not satisfactory.

6.3 Direction Finding of Noncircular Signals in the Pres-

ence of Multipath Propagation

In this section we present a novel DOA estimation method by utilising the noncircu-

larity of the signal to separately estimate uncorrelated and coherent signals.

6.3.1 Array Model for Noncircular Signals

Consider a number of N narrowband noncircular signals impinging on a uniform lin-

ear array (ULA) with M identical omnidirectional sensors. Assume that there are

K groups of coherent signals, which come from K statistically independent far-field

sources sk(t) with power σ2
k for k = 1, 2, · · · , K, and with Pk multipath signals for

each source. In the k-th coherent group, the signal coming from direction θkp, p =

1, 2, · · · , Pk corresponds to the p-th multipath propagation of the source sk(t), and

the complex fading coefficient is αkp. Denote the total number of coherent signals as

Nc = ∑K
k=1 Pk, and assume the remaining Nu = N − Nc sources sk(t) coming from di-

rection θk with power σ2
k , k = Nc + 1, Nc + 2, · · · , N, are uncorrelated to each other and

also to the coherent signals. The M × 1 array output vector is then given by

x(t) =
K

∑
k=1

Pk

∑
p=1

a(θkp)αkpej ϕk
2 sk,0(t)
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+
N

∑
k=Nc+1

a(θk)ej ϕk
2 sk,0(t) + n(t)

= AcΓΨcsc,0(t) + AuΨusu,0(t) + n(t)

= AΥΨs0(t) + n(t) (6.25)

where a(θ) =
[
1, ej 2πd

λ sin θ, · · · , ej 2π(M−1)d
λ sin θ

]T
∈ CM is the steering vector with λ

and d being the wavelength of carrier signal and the spacing between adjacent el-

ements, respectively, Ac =
[
Ac,1, · · · , Ac,K

]
with Ac,k =

[
a(θk1), · · · , a(θkPk

)
]
, Γ =

blkdiag{α1, · · · , αK} with αk =
[
αk1, · · · , αkPk

]T
containing attenuation information of

the k-th coherent group, Au = [a(θNc+1), a(θNc+2), · · · , a(θN)], Ψc = diag
{

ej ϕ1
2 , ej ϕ2

2 , · · · ,

ej ϕK
2

}
, Ψu = diag

{
ej

ϕK+1
2 , ej

ϕK+2
2 , · · · , ej

ϕK+Nu
2

}
, sc,0(t) = [s1,0(t), s2,0(t), · · · , sK,0(t)]T ∈

RK, su,0(t) = [sK+1,0(t), sK+2,0(t), · · · , sK+Nu(t)]
T ∈ RNu , A = [Ac, Au], Υ = blkdiag{Γ, I},

Ψ = blkdiag{Ψc, Ψu}, s0(t) =
[
sT

c,0(t), sT
u,0(t)

]T
, and n(t) is white Gaussian noise with

the power σ2
n for each entry. Besides, we assume that the array is calibrated, and the

array manifold A is unambiguous, i.e., the steering vectors {a(θi)}N
i=1 are linearly in-

dependent for any set of distinct {θi}N
i=1. Equivalently, the matrix A is of full column

rank.

In order to exploit the second-order noncircularity of x(t) more conveniently, we con-

struct an augmented observation vector

x̃(t) =

Jx∗(t)

x(t)


=

JA∗
c Γ∗Ψ∗

c

AcΓΨc

 sc,0(t) +

JA∗
uΨ∗

u

AuΨu

 su,0(t) +

Jn∗(t)

n(t)


=

AcΦ1−M
c Γ∗Ψ∗

c

AcΓΨc

 sc,0(t) +

AuΦ1−M
u Ψ∗

u

AuΨu

 su,0(t) +

Jn∗(t)

n(t)


= Ãcsc,0(t) + Ãusu,0(t) + ñ(t) (6.26)

where J ∈ RM×M denotes an exchange matrix that has unity entries on the cross diago-

nal and zeros elsewhere, Ãc =

[(
AcΦ1−M

c Γ∗Ψ∗
c

)T
,
(

AcΓΨc

)T
]T

, Ãu =
[ (

AuΦ1−M
u Ψ∗

u

)T
,(

AuΨu

)T]T
, Φc = blkdiag{Φc1, Φc2, · · · , ΦcK} with Φck = diag

{
ej 2πd

λ sin θk1 , ej 2πd
λ sin θk2 ,
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· · · , ej 2πd
λ sin θkPk

}
, Φu = diag

{
ej 2πd

λ sin θNc+1 , ej 2πd
λ sin θNc+2 , · · · , ej 2πd

λ sin θN
}

, and ñ(t) =[(
Jn∗(t)

)T
, nT(t)

]T
.

The covariance matrix R̃ of the newly constructed vector x̃(t) is then given by

R̃ = Et[x̃(t)x̃H(t)] = ÃcRcÃ
H
c + ÃuRuÃH

u + σ2
nI (6.27)

where Rc = Et

[
sc,0(t)sH

c,0(t)
]

= diag
{

σ2
1 , σ2

2 , · · · , σ2
K
}

, Ru = Et

[
su,0(t)sH

u,0(t)
]

=

diag
{

σ2
K+1, σ2

K+2, · · · , σ2
K+Nu

}
, and I represents a 2M × 2M identity matrix. In the case

of finite snapshots, the array covariance matrix can be calculated as R̂ = 1
L ∑L

t=1 x̃(t)x̃H(t),

where L is the total number of snapshots.

When K + Nu ≤ 2(M − 1), the eigen-decomposition of R̃ is given by

R̃ = UΣUH = UsΣsUH
s + UnΣnUH

n (6.28)

where Σ = blkdiag{Σs, Σn} = diag{λ1, λ2, · · · , λ2M} consists of 2M eigenvalues sat-

isfying λ1 ≥ · · · ≥ λK+Nu > λK+Nu+1 = · · · = λ2M. The columns of Us , U(:, 1 : K +

Nu) are the eigenvectors corresponding to the K + Nu largest eigenvalues, while the

columns of Un , U(:, K + Nu + 1 : M) are the eigenvectors corresponding to the rest

2M − K − Nu eigenvalues. Because the columns of Us span the same signal subspace

as that spanned by [Ãc, Ãu], there is a nonsingular matrix T ∈ C(K+Nu)×(K+Nu) that

makes

Us =
[
Ãc, Ãu

]
T. (6.29)

Here the signal subspace Us can be divided into two matrices Us1 =

 Us(1 : M − 1, :)

Us(M + 1 : 2M − 1, :)

,

Us2 =

 Us(2 : M, :)

Us(M + 2 : 2M, :)

 ∈ C2(M−1)×(K+Nu). Evidently the structure in (6.29) is also

valid for Us1 and Us2. If define Ãc1 =

 Ãc(1 : M − 1, :)

Ãc(M + 1 : 2M − 1, :)

, Ãc2 =

 Ãc(2 : M, :)

Ãc(M + 2 : 2M, :)

,

Ãu1 =

 Ãu(1 : M − 1, :)

Ãu(M + 1 : 2M − 1, :)

, Ãu2 =

 Ãu(2 : M, :)

Ãu(M + 2 : 2M, :)

, Γ̃ =

Φ1−M
c Γ∗Ψ∗

c

ΓΨc

 and
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Φ̃c = I2 ⊗ Φc, one has
[
Ãc1, Ãu1

]
=
[
(I2 ⊗ Ac1) Γ̃, Ãu1

]
. It is readily shown that

U+
s1 =

([
Ãc1, Ãu1

]
T
)+

= T−1
[
(I2 ⊗ Ac1) Γ̃, Ãu1

]+
as we have used the fact that

(BC)+ = C+B+ holds on condition that B is of full column rank and C is of full row

rank and, hence

U+
s1Us2 = T−1

[
Ãc1, Ãu1

]+ [
Ãc2, Ãu1Φu

]
T

= T−1
([

(I2 ⊗ Ac1) Γ̃, Ãu1

]H [
(I2 ⊗ Ac1) Γ̃, Ãu1

])−1

×
[
(I2 ⊗ Ac1) Γ̃, Ãu1

]H [
(I2 ⊗ Ac1) Φ̃cΓ̃, Ãu1Φu

]
T

= T−1

Γ̃
H (I2 ⊗

(
AH

c1Ac1
))

Γ̃ Γ̃
H (I2 ⊗ AH

c1
)

Ãu1

ÃH
u1 (I2 ⊗ Ac1) Γ̃ ÃH

u1Ãu1

−1

×

Γ̃
H (I2 ⊗

(
AH

c1Ac1
))

Φ̃cΓ̃ Γ̃
H (I2 ⊗ AH

c1
)

Ãu1Φu

ÃH
u1 (I2 ⊗ Ac1) Φ̃cΓ̃ ÃH

u1Ãu1Φu

T

= T−1

Γ̃
H (I2 ⊗

(
AH

c1Ac1
))

Γ̃ Γ̃
H (I2 ⊗ AH

c1
)

Ãu1

ÃH
u1 (I2 ⊗ Ac1) Γ̃ ÃH

u1Ãu1

−1

×

Γ̃
H (I2 ⊗

(
AH

c1Ac1
))

Γ̃ Γ̃
H (I2 ⊗ AH

c1
)

Ãu1

ÃH
u1 (I2 ⊗ Ac1) Γ̃ ÃH

u1Ãu1

F1 0K×Nu

F2 Φu

T

= T−1

F1 0K×Nu

F2 Φu

T (6.30)

where

F1

F2

 =

Γ̃
H (I2 ⊗

(
AH

c1Ac1
))

Γ̃ Γ̃
H (I2 ⊗ AH

c1
)

Ãu1

ÃH
u1 (I2 ⊗ Ac1) Γ̃ ÃH

u1Ãu1

−1

×

Γ̃
H (I2 ⊗

(
AH

c1Ac1
))

Φ̃cΓ̃

ÃH
u1 (I2 ⊗ Ac1) Φ̃cΓ̃

 . (6.31)

This result shows that U+
s1Us2 is similar to

F1 0K×Nu

F2 Φu

. Hence, the eigenvalues of

these two matrices are identical to each other.
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By definition, an eigenvalue η of the block matrix

F1 0K×Nu

F2 Φu

 ∈ C(K+Nu)×(K+Nu)

satisfies det


F1 0K×Nu

F2 Φu

− ηIK+Nu

 = det


F1 − ηIK 0K×Nu

F2 Φu − ηINu

 = 0. Using

the identity det


B1,1 0m×n

B2,1 B2,2

 = det {B1,1}det {B2,2} where B1,1 ∈ Cm×m, B2,1 ∈

Cn×m, and B2,2 ∈ Cn×n, one has det


F1 0K×Nu

F2 Φu

− ηIK+Nu

 = det {F1 − ηIK}

×det {Φu − ηINu} = 0. Thus we say that if η is an eigenvalue of

F1 0K×Nu

F2 Φu

, then ei-

ther det {F1 − ηIK} = 0 or det {Φu − ηINu} = 0 and, hence η is also an eigenvalue of F1

or Φu. It is concluded that the Nu diagonal entries of Φu are included in the non-zero

eigenvalues of

F1 0K×Nu

F2 Φu

. However, we can obtain the K eigenvalues associated

with the K groups of the coherent noncircular signals in addition to the eigenvalues of

the Nu uncorrelated noncircular signals. As a consequence, it is necessary to provide a

more robust criterion to identify the DOA of uncorrelated noncircular signals from the

false ones.

Firstly, if the eigenvalues of U+
s1Us2 are denoted as {ηk}K+Nu

k=1 , all DOA estimate candi-

dates, θ̂k, of uncorrelated noncircular signals can be obtained by

θ̂k = arcsin
(

λ

2πd
arg (ηk)

)
, k = 1, 2, · · · , K + Nu. (6.32)

Then, let us define a spatial spectrum function

f (θ, ϕ) , ã(θ, ϕ)HUnUH
n ã(θ, ϕ) (6.33)

where

ã(θ, ϕ) =

a(θ)ej 2π(1−M)d
λ sin θe−j ϕ

2

a(θ)ej ϕ
2

 . (6.34)
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To separate parameterisation for noncircular phase and DOA, (6.34) can be rewritten

as

ã(θ, ϕ) =

a(θ)ej 2π(1−M)d
λ sin θ

a(θ)

e−j ϕ
2

ej ϕ
2


= E(θ)c(ϕ) (6.35)

where E(θ) , blkdiag
{

a(θ)ej 2π(1−M)d
λ sin θ, a(θ)

}
∈ C2M×2 and c(ϕ) ,

[
e−j ϕ

2 , ej ϕ
2

]T
.

Then, substituting (6.35) into (6.33), one gets

f (θ, ϕ) = cH(ϕ)M(θ)c(ϕ) (6.36)

where

M(θ) = E(θ)HUnUH
n E(θ). (6.37)

The function f (θ, ϕ) will only go to 0 at the DOAs and noncircularity phases of the

uncorrelated sources because of the orthogonality between the signal subspace and

noise subspace. This indicates that the DOA estimates of the uncorrelated signals can

thus be obtained by checking which of the
{

θ̂k
}K+Nu

k=1 make (6.36) equal to 0. Until

now, we have not obtained the noncircularity phase estimates, and this motivates us

to investigate whether we can identify the true DOA estimates of uncorrelated signals

from M(θ) which does not include any information of noncircularity phase.

We now show how to verify the true DOA estimates of uncorrelated signals based on

the determinant or the smallest eigenvalue of M(θ). One should first note that since

c ̸= 0, (6.36) can hold true only if the matrix M(θ) is rank deficient or, equivalently,

its determinant (as well as its smallest eigenvalue) is equal to zero [161–163]. Secondly

M(θ) ∈ C2×2 is of full rank for the coherent signal groups and rank deficient for the

uncorrelated signals. It can be found that the dimension of E(θ)HUn is 2 × (2M − K −

Nu). Because of the condition K + Nu ≤ 2(M − 1), i.e., 2 ≤ (2M − K − Nu), the matrix

E(θ)HUn, in general, is of full row rank and M(θ) is of full rank. However, due to

the orthogonality between the signal subspace spanned by Ãu and the noise subspace

spanned by Un, which only holds for the uncorrelated signals, when θ coincides with
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any one of the Nu desired DOAs of uncorrelated signals, i.e., θ = θ̂k (k = K + 1, K +

2, · · · , K + Nu), the function f (θ, ϕ) in (6.36) becomes zero. In the finite snapshots case,

the true DOA estimates of the Nu uncorrelated signals correspond to the minima of

the verification equation det
{

M(θ̂)
}

which remains large for the remaining K false

estimates. In this way, the true estimates can be selected and the false ones can be

effectively eliminated.

The noncircularity phases of the uncorrelated signals are subsequently given by the

minima of (6.33). By partitioning Un into the two submatrices with the same dimension

Un1 = Un(1 : M, :), Un2 = Un(M + 1 : 2M, :), and setting the partial derivative of (6.33)

to zero, i.e., ∂ f (θ,ϕ)
∂θ = 0, we find that when

ejϕ = −
aH(θ)Un2UH

n1a(θ)ej 2π(1−M)d
λ sin θ∣∣∣aH(θ)Un2UH

n1a(θ)ej 2π(1−M)d
λ sin θ

∣∣∣ , (6.38)

(6.33) will achieve its minima. Once the true DOA estimates of uncorrelated signals

are obtained, the corresponding noncircularity phases will be estimated accordingly.

DOA Estimation of the Coherent Noncircular Signals

Next we will deal with the coherent noncircular signals. The coherent signal DOAs

are estimated by first removing the uncorrelated signals from the the covariance ma-

trix R̃ and then resolving the coherent signals by performing spatial smoothing on the

eigenvectors of the resulting covariance matrix for rank restoration. In this way, the

proposed method separates the two types of signals and provides improved estima-

tion accuracy.

After obtaining the DOA and noncircularity phase estimates of the uncorrelated sig-

nals, one can construct the following vector

b(θ, ϕ) =

a(θ)ej 2π(1−M)d
λ sin θ

a(θ)ejϕ

 = ej ϕ
2 ã(θ, ϕ) (6.39)

which has the same subspace as ã(θ, ϕ). Performing the compact singular value de-

composition (SVD) of Ā ,
[
Ãc, Ãu

]
=
[
E, ã(θk, ϕk)

]
, k = K + 1, · · · , K + Nu, where E
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is the remaining part of Ā excluding ã(θk, ϕk), we have

Ā =
K+Nu

∑
i=1

ηiuivH
i (6.40)

where {ηi}K+Nu
i=1 , {ui}K+Nu

i=1 , {vi}K+Nu
i=1 are the non-zero singular values, left singular

vectors, and right singular vectors, respectively. Accordingly, the pseudo-inverse of

Ā is

Ā+ =
K+Nu

∑
i=1

η−1
i viuH

i . (6.41)

Since R̃ − σ2
nI = ĀR0ĀH where R0 = diag

{
σ2

1 , σ2
2 , · · · , σ2

K+Nu

}
, where σ2

n can be es-

timated as the mean of the 2M − K − Nu smallest eigenvalues of R̃, and b(θ, ϕ) =

ej ϕ
2 ã(θ, ϕ), this allows us to expand the term

bH(θk, ϕk)
(

R̃ − σ2
nI
)+

b(θk, ϕk)

= ãH(θk, ϕk)
(

ĀH
)+

R−1
0 Ā+ã(θk, ϕk). (6.42)

Note that ã(θk, ϕk) = Āek where ek ∈ RK+Nu is a column vector with 1 at the k-th entry

and 0 elsewhere, then substituting back to (6.42) gives

bH(θk, ϕk)
(

R̃ − σ2
nI
)+

b(θk, ϕk)

=

(
K+Nu

∑
i=1

η−1
i viuH

i

K+Nu

∑
i=1

ηiuivH
i ek

)H

R−1
0

×
K+Nu

∑
i=1

η−1
i viuH

i

K+Nu

∑
i=1

ηiuivH
i ek

= eH
k R−1

0 ek

= eH
k diag{σ−2

1 , σ−2
2 , · · · , σ−2

K+Nu
}ek

= σ−2
k . (6.43)

Therefore, the power of the uncorrelated signals can be estimated by

σ2
k =

1

bH(θk, ϕk)
(
R̃ − σ2

nI
)+ b(θk, ϕk)

,

k = K + 1, · · · , K + Nu. (6.44)
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From (6.44), we define Rsu , diag{σ2
K+1, · · · , σ2

K+Nu
} and Bu , [b(θK+1, ϕK+1), · · · ,

b(θK+Nu , ϕK+Nu)] = ÃuΨu. Given Bu and Rsu, we can form a matrix Rxc as

Rxc , R̃ − BuRsuBH
u − σ2

nI

= R̃ − ÃuΨuRsuΨH
u ÃH

u − σ2
nI

= R̃ − ÃuRsuÃH
u − σ2

nI

= ÃcRcÃ
H
c . (6.45)

Clearly, Rxc only contains the information of coherent signals.

After removing the uncorrelated source components from R̃, the rank of the remaining

coherent signals in Rxc is restored using a spatial smoothing technique.

Rather than the commonly used FBSS technique in [24], we carry out spatial smoothing

on the eigenvectors and tailor them to fit the noncircular signal case for two reasons.

Firstly, the standard FBSS, only averages the covariance matrices of the subarrays but

ignores the information between subarrays, like cross-correlation, to resolve the co-

herent signals, which limits estimation performance, especially at low SNRs and few

snapshots [150]; Secondly, the subarrays, if directly partitioned by the standard FBSS,

are not completely identical to each other due to the different noncircularity effects

working on the whole array as in (6.26), compared with that in (6.25).

Performing the eigen-decomposition of Rxc, we have

Rxc = UcΣcUH
c (6.46)

where Uc ∈ C2M×K is a matrix whose columns are the eigenvectors corresponding to

the K largest eigenvalues. Combining (6.45) and (6.46), the columns of Uc span the K

dimensional subspace of Ãc, and it can be shown that Uc = ÃcT where T ∈ CK×K is

a nonsingular matrix. Then we can readily verify that ui = Ãcβi where ui is the i-th

eigenvector and βi = [βi1, βi2, · · · , βiK]
T ∈ CK is the i-th column vector of T. Here, we

divide the i-th eigenvector and construct multiple 2m × 1 subvectors as

uir =

 ui(r : r + m − 1)

ui(r + M : r + m − 1 + M)

 (6.47)
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and then q = M − m + 1 subvectors become available. Since ui = Ãcβi, one has

ui(r : r + m − 1) = BcΦr−M
c Γ∗Ψ∗

c βi, ui(r + M : r + m − 1 + M) = BcΦr−1
c ΓΨcβi where

Bc = F
[
Ac,1, Ac,2, ..., Ac,K

]
with F =

[
I(M−q+1), 0(M−q+1)×(q−1)

]
. The spatial smoothed

covariance matrix is given by

Rss =
1
q

K

∑
i=1

q

∑
r=1

uiruH
ir

=
1
q

K

∑
i=1

q

∑
r=1

BcΦr−M
c Γ∗Ψ∗

c

BcΦr−1
c ΓΨc

 βiβ
H
i

BcΦr−M
c Γ∗Ψ∗

c

BcΦr−1
c ΓΨc

H

=
1
q

q

∑
r=1

BcΦr−M
c Γ∗Ψ∗

c

BcΦr−1
c ΓΨc

 [β1, · · · , βK

]

×
[

β1, · · · , βK

]H
BcΦr−M

c Γ∗Ψ∗
c

BcΦr−1
c ΓΨc

H

=
1
q

q

∑
r=1

BcΦr−M
c Γ∗Ψ∗

c

BcΦr−1
c ΓΨc

TTH

BcΦr−M
c Γ∗Ψ∗

c

BcΦr−1
c ΓΨc

H

. (6.48)

Next we examine whether the rank of Rss has been restored sufficiently to resolve Nc

coherent noncircular signals.

Proposition 3. When 2m ≥ Nc + 1 and q ≥ Pmax, rank (Rss) = Nc for K groups of coherent

noncircular signals, where Pmax = max{P1, P2, · · · , PK}.

Proof: Under the assumptions that Ac is unambiguous and m ≥ Nc + 1, the rank of

the Vandermonde matrix Bc is given by rank(Bc) = Nc. If we define

Gi =
1
q

q

∑
r=1

BcΦr−M
c Γ∗Ψ∗

c

BcΦr−1
c ΓΨc

 βiβ
H
i

BcΦr−M
c Γ∗Ψ∗

c

BcΦr−1
c ΓΨc

H

(6.49)

it can be rewritten as

Gi =

BcΦ1−M
c Γ∗Ψ∗

c βi, BcΦ2−M
c Γ∗Ψ∗

c βi, · · · , BcΦ
q−M
c Γ∗Ψ∗

c βi

BcΓΨcβi, BcΦcΓΨcβi, · · · , BcΦ
q−1
c ΓΨcβi


×

BcΦ1−M
c Γ∗Ψ∗

c βi, BcΦ2−M
c Γ∗Ψ∗

c βi, · · · , BcΦ
q−M
c Γ∗Ψ∗

c βi

BcΓΨcβi, BcΦcΓΨcβi, · · · , BcΦ
q−1
c ΓΨcβi

H
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=

BcΦ1−M
c D∗Hi

BcDHi

VVH

BcΦ1−M
c D∗Hi

BcDHi

H

, B̃ciVVHB̃H
ci (6.50)

where D = diag{d11, · · · , d1P1 , · · · , dK1, · · · , dKPK} with dkpk
= αkpk

ej ϕk
2 , Hi = blkdiag{hi1,

hi2, · · · , hiK} with hik = diag{βik, βik, · · · , βik} ∈ CPk×Pk , and V = AT
c (1 : q, 1 : Nc). It

is easy to identify that rank(Φc) = rank(D) = rank(Hi) = Nc, rank(V) = min(Nc, q).

Since the row vectors of BcΦ1−M
c and Bc are linearly independent to each other, one

has rank
(
B̃ci
)
= min{2m, Nc} = Nc and rank (Gi) = min{Nc, q} ≥ Pmax. Further, we

know that T is of full column rank, which implies that {βi}
K
i=1 are linearly independent

to each other, and Rss = ∑K
i=1 Gi, so rank (Rss) = min{Nc, Kq} = Nc, which means that

the rank deficiency in Rxc has been completely restored. This completes the proof of

Proposition 3.

One can subsequently follow prevailing subspace methods, such as MUSIC or ESPRIT,

to resolve the DOA estimates of the coherent signals.

6.3.2 Separable Signal Number

This section discusses the maximum number of separable signals by the proposed

scheme. The uncorrelated and coherent noncircular signals are resolved separately,

which makes best use of the DOFs of the original ULA and allows more signals than

sensors (N ≥ M) to be estimated, i.e., the so-called underdetermined DOA estimation

problem [152, 153]. Compared with the standard FBSS, which estimates the uncorre-

lated and coherent signals simultaneously, and spatial difference smoothing method

in [43], referred to as SDS, which cannot extend the effective aperture for uncorrelated

signals, the maximum number of signals estimated by our method can be increased

beyond the traditional limit. If 2(M − 1) ≥ K + Nu, 2m > Nc, and q ≥ Pmax, we

can estimate a maximum number of 2M − K − 2 uncorrelated noncircular sources plus

2 (M − Pmax) coherent noncircular signals since M ≥ ⌈Nc
2 ⌉+ Pmax, while the FBSS can

estimate at most M − ⌈Pmax
2 ⌉ mixed signals, and SDS can achieve the upper bound of

M − K − 1 uncorrelated signals plus M − ⌈Pmax
2 ⌉ coherent signals on condition that
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Table 6.1. Minimum number of array elements required.

Uncorrela- Coherent signals Total Number of array elements

ted signals groups Signals in signals FBSS SDS RSDS PROPOSED

each group

2 2 2 6 7 6 5 4

4 1 4 8 10 7 6 6

4 2 2 8 9 8 7 4

3 3 2 9 10 8 7 6

5 2 3 11 13 9 8 5

5 3 2 11 12 10 9 6

6 3 3 15 17 12 11 8

M − 1 ≥ K + Nu, m > Nc and 2q ≥ Pmax, where ⌈ · ⌉ is the ceiling operator. Although

in general spatial differencing methods for separating the coherent signals from un-

correlated sources can also process more signals than array sensors, they ignore the

noncircularity of the incident signals, and thus cannot increase the DOFs for uncorre-

lated noncircular signal estimation. Besides, spatial differencing will eliminate part of

the coherent signal information (i.e., the entries along the cross diagonal of the covari-

ance matrix of x(t)) in addition to the uncorrelated signal components. Thirdly, extra

processing procedures are required to identify and alleviate pseudo-DOA estimates

which are also caused by the differencing operation [43]. A rectified spatial differ-

encing technique [46], referred to as RSDS, can achieve one more DOF for resolving

coherent signals than SDS after rank restoration, but it is less accurate.

Table 6.1 compares the minimum number of array elements required to resolve a given

number of signals of the proposed method with three approaches mentioned above.

For simplicity, we assume that each group has the same number of coherent signals.

We can see that our method can use fewer array elements than any of the other algo-

rithms to estimate the same number of signals. This is due to exploiting the noncircular

statistics of the signals.
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6.3.3 Computational Complexity

Regarding the computational complexity, we consider the major part, i.e., multiplica-

tions, involved in covariance matrix construction, eigen-decomposition, and MUSIC

spectrum calculation. To facilitate the analysis, we assume that the effective aper-

tures of smoothed covariance matrices of FBSS, SDS, RSDS, and the proposed one

are identical to m elements. FBSS constructs one M × M covariance matrix and then

utilises ESPRIT to deal with the smoothed m × m covariance matrix, which require

O
(

M2L + m3 + N2m + N3) flops where L is the number of snapshots. Here, a flop

stands for a complex-valued floating point multiplication operation. For the SDS method,

the major computations involved are to form one M × M covariance matrix, to multi-

ply two m × m covariance matrices twice, to conduct the eigen-decomposition of the

smoothed m×m covariance matrix, and to do one-dimensional MUSIC spectral search

twice, one for uncorrelated signals and the other for coherent signals. Summing them

up, we can determine the computational load of SDS as O
(

M2L + 3m3 + 180
ε (M + 1)

(M − K − Nu) +
180

ε (m + 1) (m − Nc)
)

flops where ε is the search step size. Instead

of MUSIC, the computational complexity of RSDS in conjunction with ESPRIT needs

O
(

M2L + 4 (M − 1)2 L + 8 (M − 1)3 + 8 (K + Nu)
3 + N3

u + M3 + m3 + N2
c m + N3

c

)
fl-

ops. For the proposed method, the major computations involved are to form R̃ ∈

C2M×2M, to perform the eigen-decompositions of R̃, to multiply U+
s1 ∈ C(K+Nu)×(2M−1)

by Us2 ∈ C(2M−1)×(K+Nu), to perform the eigen-decompositions of U+
s1Us2, to calcu-

late
{

M(θ̂k)
}K+Nu

k=1 , to reconstruct one 2M × 2M covariance matrix of uncorrelated

noncircular signals, to perform the eigen-decompositions of Rxc ∈ C2M×2M, to form

Rss ∈ Cm×m, and to apply ESPRIT to it. The resulting flops required are in order of

O
(

4M2L + 8M3 + (K + Nu)
2 (2M − 1) + (K + Nu)

3 + 4 (K + Nu) (M + 1)(2M − K+

Nu) + 2MNu(1 + 2M) + 8M3 + 4M2K + m3 + N2
c m + N3

c
)
. It is clear that the compu-

tational complexity of the proposed algorithm is higher than FBSS and RSDS due to

the extended array aperture, but lower than the SDS approach especially when ε is

relatively small, say less than 0.1◦.
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6.3.4 Derivation of Deterministic CRLB for the Noncircular Signals

in the Presence of Multipath

In the problem of direction finding of noncircular signals under multipath propagation,

the vector including all unknown parameters is

η =
[
θT, αT, ϕT, sT

0 (1), · · · , sT
0 (L), σ2

n

]T
(6.51)

where θ, α, ϕ, s0(1), · · · , s0(L) are the vectors of unknown DOAs, fading coefficients,

noncircularity phases, signal snapshots, respectively, and σ2
n is the unknown noise

power.3

In the deterministic case, the (m, n)-th entry of the Fisher information matrix (FIM) is

given by4 [56, 164]

Fmn =
L

∑
i=1

tr
{

R−1
n

∂Rn

∂ηm
R−1

n
∂Rn

∂ηn

}
+ 2

L

∑
i=1

Re
{

∂yH

∂ηm
R−1

n
∂y
∂ηn

}
(6.52)

where Rn = σ2
nI and the M × 1 vector

y = AΥΨs0(i)

= AcΓΨcsc,0(i) + AuΨusu,0(i). (6.53)

For convenience of formulation, we define the following notations:

Ȧ =

[
da(θ)

dθ

∣∣∣
θ=θ1

, da(θ)
dθ

∣∣∣
θ=θ2

, · · · , da(θ)
dθ

∣∣∣
θ=θN

]
(6.54)

Π = blkdiag
{

1P1 , 1P2 , · · · , 1PK

}
(6.55)

Ψ̇ = diag

{
dej ϕ

2

dϕ

∣∣∣
ϕ=ϕ1

,
dej ϕ

2

dϕ

∣∣∣
ϕ=ϕ2

, · · · ,
dej ϕ

2

dϕ

∣∣∣
ϕ=ϕK+Nu

}
(6.56)

P̂ =
1
L

L

∑
i=1

s0(i)sH
0 (i) (6.57)

3 The interpretation of (6.51) can be found in Appendix B.2.
4 The interpretation of this equation can be found in Appendix B.3.
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P̂c =
1
L

L

∑
i=1

sc,0(i)sH
c,0(i) (6.58)

P̂d =
1
L

L

∑
i=1

sc,0(i)sH
0 (i) (6.59)

Q(i) = diag
{

α11ej ϕ1
2 s1,0(i), · · · , α1P1ej ϕ1

2 s1,0(i), · · · ,

αK1ej ϕK
2 sK,0(i), · · · , αKPK ej ϕK

2 sK,0(i),

ej
ϕK+1

2 sK+1,0(i), · · · , ej
ϕK+Nu

2 sK+Nu,0(i)
}

(6.60)

Qc(i) = diag
{

α11ej ϕ1
2 s1,0(i), · · · , α1P1ej ϕ1

2 s1,0(i), · · · ,

αK1ej ϕK
2 sK,0(i), · · · , αKPK ej ϕK

2 sK,0(i)
}

(6.61)

W(i) = diag {s1,0(i), s2,0(i), · · · , sK+Nu,0(i)} (6.62)

where 1l is a l × 1 vector with all the entries being 1. Additionally, define µ = Re {α}

and ν = Im {α}.

In this section, all blocks of the FIM corresponding to the unknown parameters re-

quired to calculate the CRLB are derived. The idea behind the derivation can be found

in [56, 59] and, hence, the detailed derivations are omitted here for simplicity.5

Fθθ =
2L
σ2

n
Re
{(

ȦHȦ
)
⊙
(

ΥΨP̂ΨHΥH
)T
}

(6.63)

Fµµ = Fνν

=
2L
σ2

n
Re
{(

AH
c Ac

)
⊙
(

ΠΨcP̂cΨH
c ΠH

)T
}

(6.64)

Fϕϕ =
2L
σ2

n
Re
{(

Ψ̇HΥHAHAΥΨ̇
)
⊙ P̂T

}
(6.65)

Fs0(i)s0(k) =
2
σ2

n
Re
{

ΨHΥHAHAΥΨ
}

δi,k (6.66)

Fs0s0 = blkdiag
{

Fs0(1)s0(1), Fs0(2)s0(2), · · · , Fs0(L)s0(L)

}
(6.67)

Fσ2
nσ2

n
=

ML
σ4

n
(6.68)

Fθµ = FT
µθ

=
2L
σ2

n
Re
{(

ȦHAc

)
⊙
(

ΠΨcP̂dΨHΥH
)T
}

(6.69)

5 Some blocks are derived in Appendix B.4.
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Fθν = −FT
νθ

= −2L
σ2

n
Im
{(

ȦHAc

)
⊙
(

ΠΨcP̂dΨHΥH
)T
}

(6.70)

Fθϕ = FT
ϕθ

=
2L
σ2

n
Re
{(

ȦHAΥΨ̇
)
⊙
(

P̂ΨHΥH
)T
}

(6.71)

Fθs0(i) = FT
s0(i)θ

=
2
σ2

n
Re
{

QH(i)ȦHAΥΨ
}

(6.72)

Fθs0 = FT
s0θ

=
[
Fθs0(1), Fθs0(2), · · · , Fθs0(L)

]
(6.73)

Fµν = −FT
νµ

= −2L
σ2

n
Im
{(

AHAc

)
⊙
(

ΠΨcP̂cΨH
c ΠH

)T
}

(6.74)

Fµϕ = FT
ϕµ

=
2L
σ2

n
Re
{(

AH
c AΥΨ̇

)
⊙
(

P̂H
d ΨH

c ΠH
)T
}

(6.75)

Fµs0(i) = FT
s0(i)µ

=
2
σ2

n
Re
{

QH
c (i)A

H
c AΥΨ

}
(6.76)

Fµs0 = FT
s0µ

=
[
Fµs0(1), Fµs0(2), · · · , Fµs0(L)

]
(6.77)

Fνϕ = −FT
ϕν

=
2L
σ2

n
Im
{(

AH
c AΥΨ̇

)
⊙
(

P̂H
d ΨH

c ΠH
)T
}

(6.78)

Fνs0(i) = −FT
s0(i)ν

=
2
σ2

n
Im
{

QH
c (i)A

H
c AΥΨ

}
(6.79)

Fνs0 = −FT
s0ν

=
[
Fνs0(1), Fνs0(2), · · · , Fνs0(L)

]
(6.80)

Fϕs0(i) = FT
s0(i)ϕ

=
2
σ2

n
Re
{

WH(i)Ψ̇HΥHAHAΥΨ
}

(6.81)
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Fϕs0 = FT
s0ϕ

=
[
Fϕs0(1), Fϕs0(2), · · · , Fϕs0(L)

]
. (6.82)

As a result, the FIM can be expressed as

F =



Fθθ Fθµ Fθν Fθϕ Fθs0 0

Fµθ Fµµ Fµν Fµϕ Fµs0 0

Fνθ Fνµ Fνν Fνϕ Fνs0 0

Fϕθ Fϕµ Fϕν Fϕϕ Fϕs0 0

Fs0θ Fs0µ Fs0ν Fs0ϕ Fs0s0 0

0 0 0 0 0 Fσ2
nσ2

n


. (6.83)

Consequently, the CRLB can be obtained by taking the inverse of the FIM as

CRLBθc =

√√√√ 1
Nc

Nc

∑
i=1

[F−1]ii (6.84)

CRLBθu =

√√√√ 1
Nu

N

∑
i=Nc+1

[F−1]ii (6.85)

CRLBϕu =

√√√√ 1
Nu

N+2Nc+Nu

∑
i=N+2Nc+1

[F−1]ii. (6.86)

6.3.5 Simulation Results and Discussion

In this section, a series of numerical experiments under different conditions are con-

ducted to examine the performance of the proposed method. Simulations are carried

out for a ten-element ULA with half-wavelength spacing between adjacent elements.

For simplicity, we assume that all noncircular signals are BPSK modulated with the

same symbol duration, and these BPSK signals, uncorrelated and coherent, have iden-

tical power σ2
s , and the input SNR is defined as 10 log10(σ

2
s /σ2

n). RSDS, SDS, and FBSS

are chosen for comparison. The accuracy of the estimates is measured from 1000 Monte

Carlo runs in terms of the root mean square error (RMSE) which is defined as

RMSEθ =

√√√√ 1
1000I

1000

∑
n=1

I

∑
i=1

(θ̂
(n)
i − θi)2 (6.87)
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Table 6.2. Average runtime (in milli-seconds)

M FBSS SDS RSDS PROP-

OSED

6 N/A 61.2 0.6181 1.6

8 0.4714 61.8 0.6504 1.8

10 0.4821 62.4 0.7027 2.2

12 0.5204 63.0 0.7360 2.4

14 0.5876 64.5 0.9090 2.8

16 0.6347 65.3 0.9543 3.2

RMSEϕ =

√√√√ 1
1000J

1000

∑
n=1

J

∑
j=1

(ϕ̂
(n)
j − ϕj)2 (6.88)

where θ̂
(n)
i is the estimate of θi for the n-th trial, I is the number of all uncorrelated or

coherent signals, and J is the number of noncircularity phases of the uncorrelated sig-

nals. Note that here we use different indices i for the signals, since they are estimated

at different stages.

Runtime Comparison

This scenario is designed to compare the running time for FBSS cooperating with ES-

PRIT, SDS, RSDS, and the proposed estimator. Table 6.2 records the average elapsed

time of two hundred trial runs for various numbers of sensors M. Here, we assume two

uncorrelated and one group of three coherent signals impinging on the ULA, and the

number of snapshots is fixed at 500. The simulations are performed using MATLAB

R2013a running on an Intel Core i7-2600, 3.4 GHz processor with 16 GB of memory,

under Windows 7 64-bit. Table 5.2 shows that for the same M, SDS has a much longer

runtime than the other three, and the runtime of ours is approximately three times

as long as RSDS. The higher computational complexity of SDS is mainly subject to its

spatial spectrum calculation and peak searching, i.e., the MUSIC algorithm [133], for

signal estimation at both two stages. FBSS combined with ESPRIT takes the shortest

time to complete the estimation due to its single processing stage.
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Figure 6.8. RMSE of the uncorrelated signal estimates in the overdetermined case versus

(a) SNR when the number of snapshots is 800; (b) the number of snapshots

when SNR = −5dB.

Overdetermined DOA Estimation and Corresponding Noncircularity Phase Estima-

tion of Uncorrelated Signals

In the first scenario, we consider three uncorrelated sources from [55◦, 16◦, −18◦] and a

group of four coherent signals from [−10◦,−2◦, 28◦, 36◦], impinging on the array. The

Page 157



6.3 Direction Finding of Noncircular Signals in the Presence of Multipath
Propagation

fading amplitudes and phases of the coherent signals are [1, 0.9, 0.7, 0.6] and [189.35◦,

92.79◦, 38.07◦, 170.28◦], respectively. The noncircularity phases are [51.55◦, 259.13◦,

161.93◦, 164.02◦]. We select m = 7 for rank restoration of Rxc. Fig. 6.8 depicts the

RMSE of the DOA estimates of uncorrelated signals versus input SNR and the num-

ber of snapshots. Additionally, we plot the deterministic CRLB for the noncircular

uncorrelated signals under multipath propagation, which is derived in Section 6.3.4.

From this figure, we can see that although the proposed method is somewhat inferior

to SDS in the uncorrelated case, mainly because SDS applies MUSIC to uncorrelated

signal estimation, the computational complexity of our method is significantly lower

than MUSIC and the overall performance is satisfactory. With an increase in SNR, es-

timation accuracies of all four algorithms improve asymptotically. Although FBSS can

simultaneously resolve uncorrelated and coherent signals, its performance is barely

acceptable since it does not take full advantage of the array elements, compared with

the two-stage-based methods. As a result, it has the worst estimation accuracy for

uncorrelated signals.

The RMSE of the noncircularity phase estimates versus input SNR and number of

snapshots is shown in Fig. 6.9. The results illustrate that the performance of noncir-

cularity phase estimation approaches the CRLB asymptotically with increasing SNR

and number of snapshots, resulting in a good reconstruction of the covariance matrix

of uncorrelated signals for the second stage processing.

In Fig. 6.10 we exhibit the RMSE performance of all four methods for the coherent sig-

nal estimation as the SNR and the number of snapshots increase. It is observed that

the proposed algorithm has the lowest RMSE for coherent signals, among all the algo-

rithms for all SNRs and snapshots, followed by SDS, RSDS, and then FBSS. FBSS only

ameliorates at high SNRs and has a relatively large bias for coherent signals compared

with the other three algorithms even for a relatively large number of snapshots at a

moderate SNR.
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Figure 6.9. RMSE of the noncircularity phase estimates for 3 uncorrelated signals. (a) The

number of snapshots is 800. (b) The SNR = −5dB.

Underdetermined DOA Estimation and Corresponding Noncircularity Phase Estima-

tion of Uncorrelated Signals

We consider five uncorrelated signals from [−41◦,−19◦, 5◦, 38◦, 50◦] and two groups

of three coherent signals from [−48◦,−33◦,−10◦] and [14◦, 25◦, 57◦] impinging on the
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Figure 6.10. RMSE of the coherent signal estimates in the overdetermined case versus (a)

SNR when the number of snapshots is 800; (b) the number of snapshots when

SNR = −5dB.

ULA. The fading amplitudes of the coherent signals are [1, 0.9, 0.7] and [1, 0.8, 0.6],

while the fading phases are [48.74◦, 121.15◦, 71.47◦] and [189.35◦, 35.66◦, 283.56◦], re-

spectively. The noncircularity phases are [51.55◦, 259.13◦, 161.93◦, 164.02◦, 40.75◦, 15.19◦,

263.59◦]. We select m = 7 in this scenario.

Page 160



Chapter 6 Noncircularity to Array: Novel Approaches with Enhanced DOFs

−10 −8 −6 −4 −2 0 2 4 6 8 10
10

−2

10
−1

10
0

10
1

SNR (dB)

R
M

S
E

 (
de

g)

 

 
proposed uncorrelated
RSDS uncorrelated
SDS uncorrelated
CRLB uncorrelated

(a)

300 400 500 600 700 800 900 1000 1100 1200 1300
10

−1

10
0

10
1

Number of snapshots

R
M

S
E

 (
de

g)

 

 
proposed uncorrelated
RSDS uncorrelated
SDS uncorrelated
CRLB uncorrelated

(b)

Figure 6.11. RMSE of the uncorrelated signal estimates in the underdetermined case versus

(a) SNR when the number of snapshots is 800; (b) the number of snapshots

when SNR = −5dB.

Based on these settings, the simulation results of the RMSE of the uncorrelated signal

estimates by varying SNR and the number of snapshots are illustrated in Fig. 6.11. The

total number of signals exceeds the number of array elements, and thus FBSS fails to

work. As is shown in Fig. 6.11, the proposed approach achieves the best performance
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Figure 6.12. RMSE of the noncircularity phase estimates for 5 uncorrelated signals. (a) The

number of snapshots is 800. (b) The SNR = −5dB.

over the range of SNR values and the number of snapshots for the uncorrelated sig-

nal estimation. Under this more challenging scenario, the proposed approach even

outperforms SDS for the uncorrelated case, especially at low SNRs. This is because

our method constructs a virtual array with twice as many elements, which plays an
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important role in estimating uncorrelated signals under DOFs-constrained conditions.

The smaller noise subspace of the SDS algorithm results in larger estimation errors,

as the orthogonality between the signal and noise subspace is affected more by finite

data effects. However, consistent with the overdetermined case, SDS is still superior to

RSDS for the uncorrelated signal estimation because of its one dimensional search of

the spatial spectrum.

In the same scenario, the RMSE of the noncircularity phase estimates versus input SNR

and number of snapshots is shown in Fig. 6.12. Similar to Fig. 6.9, the performance of

the noncircularity phase estimation approaches the CRLB asymptotically with increas-

ing SNR and number of snapshots, only with a slightly worse accuracy than that of the

first scenario due to more estimations requiring to be carried out.

In Fig. 6.13 we plot the performance of the three methods for the coherent signal es-

timation as well as CRLB as a function of SNR and the total number of snapshots. It

can be seen that the proposed method has a greater advantage over the other two algo-

rithms than the first scenario shown in Fig. 6.10 for all SNRs and number of snapshots.

Among the other approaches, the RSDS algorithm performs better than SDS for coher-

ent signal estimation up to −2dB, but worse above −2dB. When fixing SNR = −5dB,

as observed in Fig. 6.13(b), the performance of SDS for coherent signal estimation im-

proves faster than that of RSDS with increasing snapshots, and approaches RSDS when

the number of snapshots is larger than 1100.

6.4 Conclusion

In this Chapter, two novel DOA estimation methods have been proposed for inde-

pendent noncircular signals and the mixed (i.e., uncorrelated and coherent) signals,

respectively.

In Section 6.2, we introduced an augmented FOC-based algorithm for noncircular sig-

nal estimation. Both the theoretical formulation and computer simulations show that
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Figure 6.13. RMSE of the coherent signal estimates in the underdetermined case versus (a)

SNR when the number of snapshots is 800; (b) the number of snapshots when

SNR = −5dB.

the augmented NC-FOC estimator has better performances in terms of RMSE and es-

timation capacity than existing techniques. To conclude this chapter, we note that the

proposed algorithm can be easily extended to higher even orders, e.g., sixth-order.
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The DOA estimation of noncircular signals under multipath is addressed in Section 6.3,

and a two-stage DOA estimation algorithm is proposed for this case. The algorithm

makes efficient use of the DOFs of a ULA, and enables us to separately deal with two

different types of signals, thus resolving more signals than the number of array ele-

ments. At the first stage, we construct an augmented matrix of array outputs, then

use the eigenvectors of the augmented covariance matrix, corresponding to the signal

subspace, to resolve the uncorrelated signals with our proposed criterion. Our theoret-

ical identifiability analysis has revealed that the proposed method can uniquely make

a reasonable classification of the source types. After the first stage, the uncorrelated

components are removed from the covariance matrix of the augmented data based

on the DOA and noncircularity phase estimates of the uncorrelated sources. Then a

spatial smoothing on eigenvectors is performed to restore the rank deficiency in the

covariance matrix of the coherent signals, and finally their DOAs are resolved using

a similar procedure as for uncorrelated sources. Compared with previous two-stage-

based methods, the proposed solution is efficient in the sense that by exploitation of the

noncircularity of the incident signals it achieves a more reasonable classification of the

signal types, alleviates the array DOFs and aperture loss, as well as improving the es-

timation accuracy of both uncorrelated and coherent signals. Besides, it is more robust

under adverse noise conditions (SNR) and data availability (the number of snapshots).
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Chapter 7

Conclusions and Future
Work

T
HIS chapter collects and categorises the main contributions of

this thesis, and offers a road map for further research. It very

briefly summarises the material contained in this thesis, thereby

concluding this research on sensor array processing.
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7.1 Review of Research Results

The main focus of this thesis has been on enhancing the performance of DOA estima-

tion techniques by better utilising the available DOFs. These extra DOFs have been

obtained by mining extra information in the signal structure and have enabled more

signals to be estimated with improved estimation accuracy for a given sensor array. We

have mainly considered algorithms that exploit FOC, and developed two improved

algorithms in this area using circular signal statistics in Chapter 5. However, signifi-

cantly more DOFs can be obtained by exploiting the noncircularity of modern wireless

communication signals and in Chapter 6 we also proposed two new algorithms which

demonstrated the potential gains from this approach.

For circular signals, there are two classes of state of the art algorithms based on FOC.

The first are two-stage methods that separate coherent from independent signals to

achieve more DOFs than standard cumulant-based FBSS. The second class is termed

VESPA [38, 39] which separates the coherent groups directly and can accomplish even

more DOFs at a cost of degraded robustness and accuracy.

In Chapter 5, we first introduced a new two-stage FOC-based DOA estimation algo-

rithm for the case where independent and coherent signals coexist. Our algorithm

employed DOFs more efficiently than the previous two-stage method [49], achieving

higher accuracy, robustness and the ability to deal with more signals. The extra DOFs

were obtained by exploiting the orthogonality between the signal and noise subspaces

to distinguish the independent signal from the coherent ones. After reconstructing the

cumulant matrix of the estimated independent signals, they were removed from the

original cumulant matrix to deal with the remaining coherent signals. By introduc-

ing a new matrix construction approach and utilising it to restore the deficient rank

caused by signal coherency, the desired coherent signals can then be resolved by com-

mon subspace-based DOA estimators.

In the second part of Chapter 5, we introduced a new algorithm that can estimate the

same number of signals as VESPA but with improved accuracy. It follows the similar

idea as VESPA by separating the signals directly in accordance with coherency, then

restoring the rank of the signals in each coherent group. A key contribution is to show
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that if the non-Gaussian signal is temporal correlated, then by using this correlation

information and rotation invariance between the newly constructed augmented cu-

mulant matrices, a more robust coherent group separation can be obtained, although

the upper bound of estimation identifiability is not improved.

Only limited work has been done on exploiting the noncircular characteristics of mod-

ern wireless communication signals and in Chapter 6 we further extend the state of the

art algorithms in this area for both fourth and second order statistics.

In the first half of Chapter 6, we introduced a new FOC-based DOA estimation algo-

rithm that is able to estimate up to 4(M − 1) uncorrelated sources. This is significantly

more than the VESPA algorithm which does not exploit the noncircularity of the re-

ceived signals. The state of the art algorithm in this area which does exploit the non-

circular properties is termed NC-2q method and can only resolve at most 3(M − 1)

sources. It exploited the noncircularity to obtain virtual arrays that were used in the

FOC matrices to give more DOFs. Our algorithm, termed augmented NC-FOC, is in-

spired by the NC-2q method but takes advantage of a novel choice of virtual arrays

to gain the extra DOFs. Our algorithm can also be extended to even higher order cu-

mulants in a similar fashion to the NC-2q method, allowing up to 2q(M − 1) sources

identifiable. Numerical simulations demonstrated that the proposed augmented NC-

FOC technique is significantly better than existing methods in dealing with underde-

termined DOA estimation.

In the last part of of Chapter 6, we considered improving the state of the art algorithms

for noncircular signals based on second order statistics. In particular we focused on

the two-stage algorithms covered in Chapter 5 where circular statistics were assumed.

These algorithms are able to resolve more sources when uncorrelated and coherent sig-

nals coexist, however, noncircular properties do not appear to have been exploited in

these algorithms to date. We introduced a novel two-stage algorithm that integrates

the noncircularity to further increase DOFs. By expanding the signal subspace from

an augmented array output, the DOA estimates of the uncorrelated sources were ob-

tained first, then the covariance matrix of uncorrelated signals was reconstructed and

removed. Secondly, a spatial smoothing technique was performed on the eigenvectors
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of the covariance matrix to restore the rank deficiency in the covariance of the remain-

ing coherent signals. The two-stage processing strategy used the rotation invariance

between the signal subspaces to classify the signal types. The separation of the un-

correlated and coherent signals gave rise to more DOFs than the number of physical

sensors. The theoretical analysis showed that the number of signals that can be identifi-

able is larger than the current algorithms. Additionally, new deterministic CRLBs were

derived for the considered mixture model of noncircular signals. Extensive simulation

results demonstrated the validity and efficiency of the proposed method.

7.2 Recommendations on Future Work

Throughout the thesis, we assume isotropic sensors and point source scenarios. In

future research, we could extend the work in the following directions.

• In Chapter 5, we only considered the problem of rank restoration by using the

structure of a uniform linear array. The optimum orientation of a nonuniform

linear array to contribute to recover rank deficiency is worth further investiga-

tion. Moreover, the array we assume is placed along the x axis and only 1-D

bearing information can be obtained. The problem will become even more inter-

esting if a 2-D array can be utilised to resist multipath propagation, i.e., taking

the elevation angle into account.

• The proposed STFOC algorithm is valid for non-Gaussian signals but not for

Gaussian distribution. The consideration of Gaussian signals will make the co-

herent group separation problem much more involved than for the non-Gaussian

case. New DOA estimation algorithms considering temporal correlation in sig-

nals may need to be developed in order to solve this problem, which presents an

exciting challenge for the future research.

• The noise model in Chapter 5 is assumed to be spatially coloured with an un-

known covariance matrix. This is a general and robust model but does not accom-

modate much information for noise suppression. In several real applications, the
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estimation performance can be further improved by considering signals in struc-

tured noise, such as nonuniform white noise and coloured noise in sparse sensor

arrays which are common in sonar and seismology applications. Correspond-

ingly, new methods need to be developed to achieve targeted noise mitigation

while preserving good estimation performance.

• The investigation of virtual arrays for DOA estimation of noncircular signals

was conducted in Chapter 6. There are some open issues that deserve further

research: (a) For nonuniform linear arrays, such as MRAs and recently emerg-

ing co-prime arrays, finding the upper bound of estimation identifiability and

developing high-resolution DOA estimation methods are very important; (b)

Mathematically speaking, the rotation noncircular phase matrix Ψ in our model

x(t) = AΨs0(t) + n(t) has to be stationary. In the case without frequency syn-

cronisation in multicarrier wireless communication systems, all the signals have

slightly different frequencies and thus frequency offsets in the baseband due to

jitter, Doppler for nonstationary sources etc. In this case, the rotation phases con-

tained in Ψ change slowly over time (snapshots). Thus work can be done on

analysing such an effect. For instance, it would be interesting to know what the

maximum frequency offset can be for the algorithms to still work and when they

break down; (c) Applying the virtual array concept to MIMO radar related appli-

cations is another interesting and promising topic.

• Last but not least, throughout this thesis, we solved the problem of DOA estima-

tion from the ideal array manifold, i.e., on which there are no perturbations or

errors—mutual coupling and gain/phase uncertainties, for example. In practice,

it is impossible to guarantee a perfect array calibration and obtain exact knowl-

edge of the array manifold. Therefore, taking such array model errors into ac-

count is necessary and pragmatic. The array manifold errors can be characterised

by perturbation coefficient matrices but with different structures. It should be

noted that the inclusion of the perturbation coefficient matrices will increase the
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difficulty of DOA estimation. Also, it is assumed that the number of incident sig-

nals is known a priori. If such prior information is not available, it gives rise to an-

other important topic—source enumeration. Several popular enumeration meth-

ods have been extensively studied, such as Akaike information criterion (AIC),

the minimum description length (MDL), Gerschgorin disk estimator (GDE), etc,

but most of them are not either applicable to or developed specialised for coher-

ent signals and, hence, new source enumeration methods are much in demand

but more challenging.

7.3 Conclusion

This chapter summarises the research carried out in the duration of the Ph.D study.

According to the discussion in Section 7.1, the research done in this thesis contributes

to knowledge in sensor array processing into two aspects. Firstly, the thesis provides

two methods for (a) the mixture of uncorrelated and coherent circular signals under

multipath propagation and (b) improving coherent group separation utilising tempo-

ral and spatial correlation. Second, the thesis gives two new perspectives on enhancing

DOFs by considering noncircularity contained in signals, i.e., achieving virtual arrays

by noncircular cumulants and expanding the signal subspace to improve estimation

performance when uncorrelated and coherent signals coexist. Both aspects of the con-

tributions could be used by other researchers in this field and related applications. The

work in this thesis and the recommendations on future work in Section 7.2 will create

more research possibilities for advancing the state of the art in sensor array processing.
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Appendix A

Proof of Equations and
Statements in Chapter 5

T
HIS appendix contains the details of intermediate steps for some

equations and statements developed in Chapter 5.
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A.1 Proof of C+
x in (5.24)

Recall the representation of the pseudo-inverse in equation (3.17), evidently Ā+Ā =

IK+Nu . Let B ,
(

ĀH
)+

C−1
s Ā+, by the property (3.18), one can verify that B satisfies

CxBCx = ĀCsĀ
H
(

ĀH
)+

C−1
s Ā+ĀCsĀ

H

= ĀCsĀ
H
(

Ā+
)H

C−1
s CsĀ

H

= ĀCs

(
Ā+Ā

)H
ĀH

= ĀCsĀ
H

= Cx (A.1)

BCxB =
(

ĀH
)+

C−1
s Ā+ĀCsĀ

H
(

ĀH
)+

C−1
s Ā+

=
(

ĀH
)+

C−1
s Cs

(
Ā+Ā

)H
C−1

s Ā+

=
(

ĀH
)+

C−1
s Ā+

= B (A.2)

(CxB)H =

(
ĀCsĀ

H
(

ĀH
)+

C−1
s Ā+

)H

=

(
ĀCH

s

(
Ā+Ā

)H
C−1

s Ā+
)H

= IH
K+Nu

= IK+Nu

= ĀCH
s

(
Ā+Ā

)H
C−1

s Ā+

= CxB (A.3)

(BCx)
H =

((
ĀH
)+

C−1
s Ā+ĀCsĀ

H
)H

=

((
Ā+
)H

ĀH
)H

=

((
ĀĀ+

)H
)H

= ĀĀ+

=
(

ĀĀ+
)H

= BCx (A.4)
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where ĀĀ+ =
(

ĀĀ+
)H

since condition (3.13) in Section 3.4 holds for Ā+. As B satis-

fies all four pseudo-inverse conditions introduced in Section 3.4, we say that B must be

the pseudo-inverse of Cx, i.e. C+
x =

(
ĀH
)+

C−1
s Ā+. Therefore, equations ( 5.24)–( 5.26)

hold.

A.2 Proof of (5.33)

Considering equation (5.32) and stacking Cxc(i, m+ r− 1), Cxc(i, m+ r− 2), · · · , Cxc(i, r)

in a column, one obtains

gi,r =


Cxc(i, m + r − 1)

Cxc(i, m + r − 2)
...

Cxc(i, r)



=


1 · · · 1 · · · 1 · · · 1

ej 2πd
λ sin θ11 · · · ej 2πd

λ sin θ1P1 · · · ej 2πd
λ sin θK1 · · · ej 2πd

λ sin θKPK

...

ej 2π(m−1)d
λ sin θ11 · · · ej 2π(m−1)d

λ sin θ1P1 · · · ej 2π(m−1)d
λ sin θK1 · · · ej 2π(m−1)d

λ sin θKPK


︸ ︷︷ ︸

Ac(1:m,:)

× Φ1−rdi. (A.5)

If define F =
[
I(M−L+1), 0(M−L+1)×(L−1)

]
, recalling m = M − L + 1, then it is straight-

forward to see Ac(1 : m, :) = F
[
Ac,1, Ac,2, · · · , Ac,K

]
. Hence, gi,r can be expressed as

gi,r = F
[
Ac,1, Ac,2, · · · , Ac,K

]
Φ1−rdi

= BcΦ1−rdi, r = 1, 2, · · · , L (A.6)

where Bc = F
[
Ac,1, Ac,2, · · · , Ac,K

]
.

A.3 Proof of JB∗
c = BcΦ

1−m

From the above justification, evidently Bc = Ac(1 : m, :) is a Vandermonde matrix. The

property JB∗
c = BcΦ1−m is well-recognised in forward/backward spatial smoothing,
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c = BcΦ1−m

and easily verified by the structure of Vandermonde matrix. Let zkPk
= ej 2πd

λ sin θkPk , then

JB∗
c =


1

1

1

1




1 · · · 1 · · · 1 · · · 1

z−1
11 · · · z−1

1P1
· · · z−1

K1 · · · z−1
KPK

...

z1−m
11 · · · z1−m

1P1
· · · z1−m

K1 · · · z1−m
KPK



=


z1−m

11 · · · z1−m
1P1

· · · z1−m
K1 · · · z1−m

KPK
...

z−1
11 · · · z−1

1P1
· · · z−1

K1 · · · z−1
KPK

1 · · · 1 · · · 1 · · · 1



=


1 · · · 1 · · · 1 · · · 1
...

zm−2
11 · · · zm−2

1P1
· · · zm−2

K1 · · · zm−2
KPK

zm−1
11 · · · zm−1

1P1
· · · zm−1

K1 · · · zm−1
KPK





z1−m
11

. . .

z1−m
1P1

. . .

z1−m
K1

. . .

z1−m
KPK



= Bc



z11
. . .

z1P1

. . .

zK1
. . .

zKPK



1−m

= BcΦ1−m (A.7)

where Φ = diag{z11, · · · , z1P1 , · · · , zK1, · · · , zKPK}.
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A.4 Proof of (5.37)

One can readily find that[
Φ1−Ldi, Φ2−Ldi, · · · , di

]
= Φ1−L

[
di, Φdi, · · · , ΦL−1di

]

= Φ1−L



d(i)11 ej 2πd
λ sin θ11d(i)11 · · · ej 2π(L−1)d

λ sin θ11d(i)11
...

... · · · ...

d(i)1P1
ej 2πd

λ sin θ1P1 d(i)1P1
· · · ej 2π(L−1)d

λ sin θ1P1 d(i)1P1
...

... · · · ...

d(i)K1 ej 2πd
λ sin θK1d(i)K1 · · · ej 2π(L−1)d

λ sin θK1d(i)K1
...

... · · · ...

d(i)KPK
ej 2πd

λ sin θKPK d(i)KPK
· · · ej 2π(L−1)d

λ sin θKPK d(i)KPK



= Φ1−L



d(i)11
. . .

d(i)1P1
. . .

d(i)K1
. . .

d(i)KPK





1 ej 2πd
λ sin θ11 · · · ej 2π(L−1)d

λ sin θ11

...
... · · · ...

1 ej 2πd
λ sin θ1P1 · · · ej 2π(L−1)d

λ sin θ1P1

...
... · · · ...

1 ej 2πd
λ sin θK1 · · · ej 2π(L−1)d

λ sin θK1

...
... · · · ...

1 ej 2πd
λ sin θKPK · · · ej 2π(L−1)d

λ sin θKPK


= diag

{
ej 2π(1−L)d

λ sin θ11d(i)11 , · · · , ej 2π(1−L)d
λ sin θ1P1 d(i)1P1

, · · · , ej 2π(1−L)d
λ sin θK1d(i)K1, · · · ,

ej 2π(1−L)d
λ sin θKPK d(i)KPK

}
AT

c (1 : L, 1 : Nc)

= TiV (A.8)

where Ti = diag
{

ej 2π(1−L)d
λ sin θ11d(i)11 , · · · , ej 2π(1−L)d

λ sin θ1P1 d(i)1P1
, · · · , ej 2π(1−L)d

λ sin θK1d(i)K1, · · · ,

ej 2π(1−L)d
λ sin θKPK d(i)KPK

}
and V = AT

c (1 : L, 1 : Nc).

By the similar principle, one also has[
Φ1−md∗

i , Φ2−md∗
i , · · · , ΦL−md∗

i

]
= Φ1−m

[
d∗

i , Φd∗
i , · · · , ΦL−1d∗

i

]
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= Φ1−LΦL−mdiag
{

d(i)11 , · · · , d(i)1P1, · · · , d(i)K1, · · · , d(i)KPK

}∗
AT

c (1 : L, 1 : Nc)

= TiΦ
L−mdiag

d∗(i)11

d(i)11

, · · · ,
d∗(i)1P1

d(i)1P1

, · · · ,
d∗(i)K1

d(i)K1

, · · · ,
d∗(i)KPK

d(i)KPK

AT
c (1 : L, 1 : Nc)

= Ti

ej 2π(L−m)d
λ sin θ11

d∗(i)11

d(i)11

, · · · , ej 2π(L−m)d
λ sin θ1P1

d∗(i)1P1

d(i)1P1

, · · · , ej 2π(L−m)d
λ sin θK1

d∗(i)K1

d(i)K1

, · · · ,

ej 2π(L−m)d
λ sin θKPK

d∗(i)KPK

d(i)KPK

AT
c (1 : L, 1 : Nc)

= TiHV (A.9)

where H =

{
ej 2π(L−m)d

λ sin θ11 d∗(i)11

d(i)11

, · · · , ej 2π(L−m)d
λ sin θ1P1

d∗(i)1P1

d(i)1P1

, · · · , ej 2π(L−m)d
λ sin θK1 d∗(i)K1

d(i)K1

, · · · ,

ej 2π(L−m)d
λ sin θKPK

d∗(i)KPK

d(i)KPK

}
.

Hence, equation (5.35) can be rewritten as

Di =
1
L

L

∑
r=1

{
Φ1−rdidH

i Φr−1 + Φr−md∗
i dT

i Φm−r
}

=
1
L

[
Φ1−Ldi, Φ2−Ldi, · · · , di, Φ1−md∗

i , Φ2−md∗
i , · · · , ΦL−md∗

i

]
×
[
Φ1−Ldi, Φ2−Ldi, · · · , di, Φ1−md∗

i , Φ2−md∗
i , · · · , ΦL−md∗

i

]H

=
1
L

[
TiV, TiHV

] [
TiV, TiHV

]H

=
1
L

Ti

[
V, HV

] [
V, HV

]H
TH

i . (A.10)

A.5 Analysis of the k-th Row of D1 − λI

Recalling D1 = diag
{

A(2,1)
A(1,1)

, · · · , A(2,K)
A(1,K)

}
, it is obvious that

D1 − λI =



A(2,1)
A(1,1)

− λ

. . .
A(2,k)
A(1,k)

− λ

. . .
A(2,K)
A(1,K)

− λ


. (A.11)
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Once λ = A(2,k)
A(1,k)

, then

D1 − λI =



A(2,1)
A(1,1)

− A(2,k)
A(1,k)

. . .

0
. . .

A(2,K)
A(1,K)

− A(2,k)
A(1,k)


(A.12)

which evidently shows that the k-th row of D1 − λI becomes zero.
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Proof of Equations and
Statements in Chapter 6

T
HIS appendix contains the details of intermediate steps for some

equations and statements developed in Chapter 6.
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B.1 Interpretation of G and Corresponding Examples

Kronecker product of two steering vectors for a ULA has redundant entries and the ef-

fective aperture is 2M − 1 elements where M is the number of physical sensors. In our

case, Cx1 = cum
{

x∗(t), xT(t), x∗(t), xT(t)
}

, by the principle introduced in [37], the syn-

thetic array manifold after the cumulant operation is A∗ ◦A∗ = [a∗(θ1)⊗ a∗(θ1), a∗(θ2)⊗

a∗(θ2), · · · , a∗(θN)⊗ a∗(θN)]. Considering a three-element ULA, one has

a∗(θi)⊗ a∗(θi) =
[
1, z−1

i , z−2
i , z−1

i , z−2
i , z−3

i , z−2
i , z−3

i , z−4
i

]
(B.1)

where zi = ej 2πd
λ sin θi . Obviously the effective entries are

{
z−k

i

}4

k=0
, and the effective

array aperture is 5 elements. Although Prof. Jeny M. Mendel and his colleagues did not

propose explicit methods to remove the redundancy, it is not difficult to achieve. Here,

we provide a possible solution to this issue while keeping the same maximum effective

aperture. Note that
{

z−k
i

}4

k=0
are located at the both ends of the vector a∗(θi)⊗ a∗(θi),

we define

G =

 IM 0M×(M2−M)

0(M−1)×(M2−M+1) IM−1

 . (B.2)

From the previously constructed Cx1 and Cx2, we can reduce the problem size by (6.8)

and (6.9). Still taking the three-element ULA as an instance, one has

GCx1GH =



1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1





1 1 · · · 1

z−1
1 z−1

2 · · · z−1
N

z−2
1 z−2

2 · · · z−2
N

z−1
1 z−1

2 · · · z−1
N

z−2
1 z−2

2 · · · z−2
N

z−3
1 z−3

2 · · · z−3
N

z−2
1 z−2

2 · · · z−2
N

z−3
1 z−3

2 · · · z−3
N

z−4
1 z−4

2 · · · z−4
N



Cs
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×



1 1 · · · 1

z−1
1 z−1

2 · · · z−1
N

z−2
1 z−2

2 · · · z−2
N

z−1
1 z−1

2 · · · z−1
N

z−2
1 z−2

2 · · · z−2
N

z−3
1 z−3

2 · · · z−3
N

z−2
1 z−2

2 · · · z−2
N

z−3
1 z−3

2 · · · z−3
N

z−4
1 z−4

2 · · · z−4
N



H



1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1



H

=



1 1 · · · 1

z−1
1 z−1

2 · · · z−1
N

z−2
1 z−2

2 · · · z−2
N

z−3
1 z−3

2 · · · z−3
N

z−4
1 z−4

2 · · · z−4
N


Cs



1 1 · · · 1

z−1
1 z−1

2 · · · z−1
N

z−2
1 z−2

2 · · · z−2
N

z−3
1 z−3

2 · · · z−3
N

z−4
1 z−4

2 · · · z−4
N



H

. (B.3)

The specified matrix manipulation for GCx2GH is the same as the above, so we omit

here. It should be noted that the construction of G is not unique as
{

z−k
i

}3

k=1
are also

located in the middle of the vector a∗(θi)⊗ a∗(θi). For example,

G =



1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 1


(B.4)

can also achieve the same result.

B.2 Interpretation of (6.51)

The vector η appears to contain more parameters, i.e., the product of the number of ar-

ray elements and the number of snapshots, than the DOFs, resulting in unsolvable un-

knowns. However, it is known that the deterministic CRLB holds for overdetermined
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estimation no matter whether the signals are uncorrelated or coherent [56], which im-

plies that the signal waveform estimates s(t) exist for each snapshot. By this principle,

one can solve the real symbols s0(t) for each snapshot if the uncorrelated and coherent

components can be dealt with separately as the estimation problem becomes overde-

termined for uncorrelated or coherent snapshots only. To be specific, given θu, θc, ϕu,

which are obtained by the proposed method, and α estimated by the method in [165],

by employing oblique projection EAu|Ac = Au

(
AH

u P⊥
Ac

Au

)−1
AH

u P⊥
Ac

in Section 3.8.2,

one can readily eliminate the coherent components from the observations and get the

uncorrelated part as

xu(t) = EAu|Acx(t) = EAu|Ac (AcΓΨcsc,0(t) + AuΨusu,0(t) + n(t))

= AuΨusu,0(t) + EAu|Acn(t)

= AuΨusu,0(t) + nu(t) (B.5)

where nu(t) , EAu|Acn(t).

To make the best of noncircularity, one can construct x∗u(t) = A∗
uΨ∗

usu,0(t) + n∗
u(t).

Stacking xu(t) and x∗u(t) in column format, one has a 2M × 1 vector

x̃u(t) =

xu(t)

x∗u(t)

 =

AuΨu

A∗
uΨ∗

u

 su,0(t) +

nu(t)

n∗
u(t)

 = Busu,0(t) + ñu(t) (B.6)

where Bu ,

AuΨu

A∗
uΨ∗

u

 and ñu(t) ,

nu(t)

n∗
u(t)

.

Likewise, the coherent information can be obtained by removing the uncorrelated

components from the received data in conjunction with oblique projection EAc|Au =

Ac

(
AH

c P⊥
Au

Ac

)−1
AH

c P⊥
Au

as

xc(t) = EAc|Aux(t) = EAc|Au (AcΓΨcsc,0(t) + AuΨusu,0(t) + n(t))

= AcΓΨcsc,0(t) + EAc|Aun(t)

= Bcsc(t) + nc(t) (B.7)

where Bc , AcΓ, sc(t) , Ψcsc,0(t), and nc(t) , EAc|Aun(t).
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Then, the well-known least-squares solution for each real symbol can be determined

as su,0(t) = B+
u x̃u(t) =

(
BH

u Bu
)−1 BH

u x̃u(t) and sc(t) = B+
c xc(t) =

(
BH

c Bc
)−1 BH

c xc(t).

In other words, by separating the uncorrelated observations from the coherent ones

and dealing with the real symbols individually rather than solving them all at once,

the unknown parameters included in η can be estimated. It should be emphasised that

ñu(t) = x̃u(t)− Busu,0(t) and nc(t) = xc(t)− Bcsc(t), so-called residuals or errors, are

not the unknown parameters as they are not deterministic but normally characterised

by mean and variance in the statistical sense. By the definition of noncircular signal,

each signal snapshot can be split as one noncircularity phase and one real-valued sym-

bol, i.e., sk,c(t) = ej ϕk
2 sk,0(t) where sk,c(t) is the k-th entry of sc(t), and both unknowns,

ϕk and |sk,0(t)|, can be determined accordingly. It should be noted that for multiple ob-

servations {xc(t)}L
t=1 one will get multiple signal snapshots estimates {sc(t)}L

t=1 with

the identical Ψc. By this property, the signs of the real-valued symbol sc,0(t) can be

determined by adjusting the noncircularity phases, i.e., the estimates ϕk and sk,0(t) are

finally obtained for each coherent noncircular signal at one time point.

In summary, the signal snapshots, i.e., noncircularity phases and real-valued symbols,

can be estimated from the observations by our algorithm. Although the signal snap-

shots are not the parameters of interest in our study, it does not mean these nuisance

unknowns cannot be dealt with. Due to the fact that the unknown parameters interact

with and mutually influence each other, the signal snapshots cannot be excluded from

the deterministic CRLBs.

B.3 Interpretation of (6.52)

The equation (6.52) is the so-called Slepian-Bangs formula. Indeed, Prof. Stoica and

Prof. Nehorai did not show exactly the same expression in [56] but actually following

its principle, and the formula does appear in Prof. Stoica’s book [164] (see pp. 363,

(B.3.25)). Because the Slepian-Bangs formula was first employed by Prof. Stoica and

Prof. Nehorai for deterministic CRLB derivation, the following work always attributes

this contribution to [56] like [91] by Prof. Gershman and his colleague, and this is why

we cite [56] for (6.52). It should be noted that (B.3.25) in [164] is derived for the FIM
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of single snapshot, whereas (6.52) in the thesis is for the multiple snapshots case. It

is known that the joint probability density function (PDF) of multiple snapshots is the

product of the PDF of each snapshot since all snapshots are independent to each other.

As FIM stems from the logarithm of the joint PDF of multiple snapshots which converts

multiplication to summation, (6.52) is naturally obtained from the sum of (B.3.25) over

the number of snapshots.

B.4 Detailed Derivation of Some FIM Blocks

Derivatives with Respect to DOA:

Fθmθn =
2
σ2

n

L

∑
i=1

Re

{
∂sH

0 (i)ΨHΥHAH

∂θm

∂AΥΨs0(i)
∂θn

}

=
2
σ2

n

L

∑
i=1

Re
{

sH
0 (i)ΨHΥH

(
ȦemeT

m

)H (
ȦeneT

n

)
ΥΨs0(i)

}
=

2
σ2

n

L

∑
i=1

Re
{(

eT
mȦHȦen

) (
eT

n ΥΨs0(i)sH
0 (i)ΨHΥHem

)}
=

2L
σ2

n
Re

{(
eT

mȦHȦen

)(
eT

n ΥΨ

(
1
L

L

∑
i=1

s0(i)sH
0 (i)

)
ΨHΥHem

)}
=

2L
σ2

n
Re
{(

eT
mȦHȦen

) (
eT

n ΥΨP̂ΨHΥHem

)}
(B.8)

where ek is a vector of all zeros except the k-th entry being 1, and we have used the

identity that uHAxyHBv = yHBvuHAx holds for arbitrary vectors u ∈ CM, x ∈ CN, y ∈

CI , v ∈ CJ , and matrices A ∈ CM×N, B ∈ CI×J .

Thereby we can obtain the FIM corresponding to θ in matrix format as

Fθθ =
2L
σ2

n
Re
{(

ȦHȦ
)
⊙
(

ΥΨP̂ΨHΥH
)T
}

. (B.9)

In a similar manner, blocks Fµµ, Fνν, and Fϕϕ can be obtained.

Derivatives with Respect to Real-valued Symbols:

Fs0,m(i)s0,n(k) =
2
σ2

n

L

∑
l=1

Re

{
∂sH

0 (l)ΨHΥHAH

∂s0,m(i)
∂AΥΨs0(l)

∂s0,n(k)

}
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=
2
σ2

n
Re
{

eT
mΨHΥHAHAΥΨen

}
δi,k. (B.10)

Then

Fs0(i)s0(k) =
2
σ2

n
Re
{

ΨHΥHAHAΥΨ
}

δi,k (B.11)

Fs0s0 = blkdiag
{

Fs0(1)s0(1), Fs0(2)s0(2), · · · , Fs0(L)s0(L)

}
. (B.12)

Derivatives with Respect to DOA–Real-valued Symbols Cross Terms:

Fθms0,n(i) =
2
σ2

n

L

∑
l=1

Re

{
∂sH

0 (l)ΨHΥHAH

∂θm

∂AΥΨs0(l)
∂s0,n(i)

}

=
2
σ2

n
Re
{

sH
0 (i)ΨHΥH

(
ȦemeT

m

)H
AΥΨen

}
=

2
σ2

n
Re
{

sH
0 (i)ΨHΥHemeT

mȦHAΥΨen

}
. (B.13)

Here, note that sH
0 (i)ΨHΥHemeT

m = eT
mQH(i), one has

Fθms0,n(i) =
2
σ2

n
Re
{

eT
mQH(i)ȦHAΥΨen

}
(B.14)

Fθs0(i) =
2
σ2

n
Re
{

QH(i)ȦHAΥΨ
}

. (B.15)

By the same principle, one has

Fs0,m(i)θn =
2
σ2

n
Re
{

eT
mΨHΥHAH

(
ȦeneT

n

)
ΥΨs0(i)

}
=

2
σ2

n
Re
{

eT
mΨHΥHAHȦQ(i)en

}
(B.16)

Fs0(i)θ =
2
σ2

n
Re
{

ΨHΥHAHȦQ(i)
}

. (B.17)

Therefore,

Fθs0 = FT
s0θ

=
[
Fθs0(1), Fθs0(2), · · · , Fθs0(L)

]
. (B.18)

Similarly, one can calculate blocks Fµs0(i), Fµs0 , Fνs0(i), Fνs0 , Fϕs0(i), and Fϕs0 .
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B.4 Detailed Derivation of Some FIM Blocks

Derivatives with Respect to DOA–Fading Coefficients Cross Terms:

Fθmµn =
2
σ2

n

L

∑
i=1

Re

{
∂sH

0 (i)ΨHΥHAH

∂θm

∂AΥΨs0(i)
∂µn

}

=
2
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n

L

∑
i=1

Re
{

sH
0 (i)ΨHΥH

(
ȦemeT

m

)H
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(
eneT

n Π
)
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}

=
2
σ2

n

L

∑
i=1

Re
{

sH
0 (i)ΨHΥHemeT

mȦHAceneT
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}
=
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σ2

n
Re
{(

eT
mȦHAcen

) (
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)}
(B.19)

Fθµ =
2L
σ2

n
Re
{(

ȦHAc

)
⊙
(

ΠΨcP̂dΨHΥH
)T
}

. (B.20)

Following the similar procedures, one can arrive at

Fµmθn =
2
σ2

n

L

∑
i=1

Re
{

sH
c,0(i)Ψ

H
c

(
emeT

mΠ
)H

AH
c

(
ȦeneT

n

)
ΥΨs0(i)

}
=
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n
Re
{(
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(B.21)

Fµθ =
2L
σ2

n
Re

{((
ȦHAc

)
⊙
(

ΠΨcP̂dΨHΥH
)T
)H
}

= FT
θµ. (B.22)

The rest cross terms Fθν, Fθϕ, Fµν, Fµϕ, and Fνϕ can be calculated in the same way.

Derivatives with Respect to Noise Power:

Fσ2
nσ2

n
=

L

∑
i=1

tr
{(

σ2
nIM

)−1 ∂σ2
nIM

∂σ2
n

(
σ2

nIM

)−1 ∂σ2
nIM

∂σ2
n

}
=

L

∑
i=1

tr
{

σ−2
n IMIMσ−2

n IMIM

}
=

ML
σ4

n
. (B.23)

All FIM cross terms involving both signal and noise parameters are identically zero.
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