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Abstract

Reciprocal chains (RC) are a class of discrete-index, finite-state stochastic process
having the non-causal generalisation of the Markov property, where rather than the
future being conditionally independent of the past given the present, intervals are
conditionally independent of their complement given their endpoints. RCs are more
powerful models than Markov chains (MC) but are n times more complex to process
with their associated smoothing algorithm for number of states n, that is O(n3T ) for
fixed interval smoothing an interval of length T . In this thesis it was established that
RCs have a forgetting property - geometric decay in dependence between separated
variables: it was found that the dependence matrix between two variables in an RC
has a form expressible in terms of element-wise product of matrix products. The theory
of forgetting in matrix products using Birkhoff’s contraction coefficient, was extended
to this case. It was shown that because MCs are a special case of RCs, arising under
particular boundary conditions, forgetting property means the distributions of the
RC that are far from the boundary condition are well approximated by those of MC
models. It was shown that the forgetting property extends to the RC fixed interval
smoothing algorithm so that close approximation occurs by estimates from the MC
interval smoother for variables far from the boundary. These results would imply
that RCs were not computationally efficient models for intervals that are long with
respect to the forgetting rate, however an approximate interval smoothing algorithm
was developed for RCs which is a modified form of the MC algorithm (the forward-
backward algorithm) and is of comparable complexity to it. The forgetting theory was
used to bound the error in the approximation, which is small on the long intervals for
which the RC was inefficient for exact estimation.
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Chapter 1

Introduction

A random process is a set of random variables on an ordered index - usually representing
time - used to model some evolving signal with a random component. Questions that
can be answered with process models include prediction, where the observed history of
the process informs the future; and estimation of a ‘hidden’ process, in which the sig-
nal is not directly observed but a (possibly future) history of observations statistically
correlated with it are combined according to the process model to give the posterior
probability distribution (estimate) of the process’ current value. Random process can
be classed by the rule by which variables relate to others as a function of their relative
positions on the index. Ubiquitous in many application areas, is the class of models
with the Markov property - that the ‘future’ of the process, given the present value,
is conditionally independent of the process’ past. Markovianity is akin to memory-
lessness; there can be defined a ‘state’, the value of which contains everything relevant
about the past. A discrete-index Markov process is called a Markov chain (MC). In this
thesis use of ‘chain’ for models will imply discrete-variable as well as discrete-index. A
random walk on the integers is an example of an MC: at each time the walker draws
its new state from a probability distribution that depends on the present state, for
example moving to either neighbouring integer with equal chance. One reason for the
ubiquity of the Markov assumption is that this recursive dependence structure and the
splitting of the data into a past and future history, allows fast evaluation of marginals
and estimates by efficient matrix-vector calculations. It also happens that if a random
walker can occupy only a finite set, after a large number of steps the position of the
walker’s position will not ‘say anything’ about where the walker started. In this way
the recursive structure and limited state space of finite-state MCs means that as time
elapses, the process’ probability distribution, i.e. predictions and estimates, become
independent of past distributions at a geometric rate. Such ‘forgetting’ is actually a
property of non-negative matrix products. In MCs this property is desirable as it means
error due to an incorrect initialisation is limited to the early part of the sequence, and
furthermore, that posterior distributions of hidden Markov chain (HMC) variables can
be obtained which approach the best possible estimate using only ‘recent’ (past and
future) observations, meaning faster estimation still.

1



2 CHAPTER 1. INTRODUCTION

A more recently conceived class is reciprocal processes, which generalise the Markov
property to be two-sided. The reciprocal property requires only that given the values of
the endpoints of an interval, the interior region is conditionally independent of the out-
side. Markov models are reciprocal but reciprocal models are generally not Markov. A
discrete-index, discrete-state reciprocal model has been called a reciprocal chain (RC).
The RC counterpart to the random walk example involves three adjacent times where
the present state is drawn from a distribution given the immediate past and future
position. Reciprocals are thus not recursive with time but by suitable arithmetic, the
models can be ‘run forward’, i.e. used to predict the future distribution given the
past. Reciprocals can be used in place of a Markov model when modelling a fixed
interval. Unlike a Markov model, the reciprocal interval’s endpoints are allowed to be
dependent given the interior values. The forward-running RC walk could be a walker
that still takes steps only to neighbouring integers but over the length of some inter-
val, induces a different relationship than would result from Markov walking. For this
reason RCs have recently been proposed as useful for modelling a simple behavioural
notion of ‘destination awareness’ of moving targets, particularly ground vehicle track-
ing by radar, where target position evolves on a finite state space such as network
of road junctions. Markovian (memorylessness) dynamics on a network can constrain
movement to be between connected areas but cannot capture the tendency of targets
to proceed purposely through the network, rather than doubling back on their path -
without this constraint, a tracking algorithm is more easily detached from its target
onto another vehicle crossing the target’s path. A target can be modelled as being
‘aware’ of a destination by conditioning a random walk (Markovian) model to take a
particular value at a future time T . To model proceeding between varied origins and
destinations with a single process model requires a model that is non-Markov. In fact
‘pinning’ (conditioning) a Markov model to take values at the endpoints of an interval
and then creating a mixture of the pinned processes according to a joint distribution on
the endpoints results in a (generally non-Markov) reciprocal model. Such a reciprocal
model is referred to as being generated from a Markov base. Two models which share
a base share ‘reciprocal dynamics’ (the three-time transitions) and the ‘difference’ be-
tween the models, that manifests in the amount of error from using one to model the
other, is proportional to the difference between the boundary conditions. The recipro-
cal model is Markov if the joint endpoint distribution applied matches the relationship
implied by the base model. An algorithm has been developed for interval smoothing a
hidden RC (HRC) (estimation of the distributions of all variables n an interval, using
all observations received during the interval) so that RC models can be deployed in
applications. RC models are n times more complex (where n is the number of states),
and computationally costly to estimate per time step, than MC models.

The forgetting property associated with Markov chains is an example of a more
general notion that can be called locality where, in a model of a collection of variables,
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variables that are distant in some sense weakly influence each other. In MCs the rel-
evant distance is index (usually time) distance, hence the term forgetting. For (time)
process models, ‘forgetting’ could be defined in the strictest sense to mean geomet-
ric decay with index distance, however we will use the terms forgetting and locality,
somewhat interchangeably, to mean there is some distance that can be defined for a
model with which the influence between variables decays geometrically. An example
of models that have locality/forgetting in this more general sense is the class of con-
tinuous variable (such as Gaussian) reciprocal processes. In these, the dependence
between variables is a linear combination of a geometric decay with index distance, a
term decaying with the length of the interval complement. This effectively means the
influence, for example of the boundary condition on the distribution at time t, decays
geometrically with min(t, T − t). In finite variable models, the presence of a rule of
conditional independence given nearest-neighbours (like the reciprocal property) does
not guarantee any forgetting - two-index (e.g. 2-dimensional spatial) models can have
‘long-range’ (never decaying) dependence. For RCs, there is no theory. The question
of whether RCs have locality matters because on the one hand, if the purpose of using
an RC model in an application is to model a walker that moves from initial states to
likely end-states over an interval, then if there are variables whose distributions are
unaffected by either the source or the destination, the model is not efficient, in some
sense. On the other hand a locality property can be desirable: estimation algorithms
involve marginalisation of joint distributions, which generally is combinatorial, so ap-
proximations are desirable to make estimation tractable/fast, and a locality property is
associated with the success of the approximations. RC model structure means estima-
tion is not combinatorial, only O(n3T ) is required, but n may be large so we still would
like to know if we could do better. A locality/forgetting property raises its own ques-
tion for RCs that are generated from a Markovian base model. Since the a Markovian
model results from certain cases of endpoint choice, forgetting the boundary condition
would imply distributions in common with, thus well approximated by an MC model.
This would mean for employing an RC smoother on data, while the beginning / end
relationship is now well modelled, the estimates for what could be many variables in
between are inefficiently calculated by the RC model. However since as mentioned,
the locality property is conducive to approximate estimation, the MC result matching
hints at how this calculation could be reduced.

In this thesis we treat finite-state RCs that are constructed from a set of MC base
transitions. It can be shown (as we discuss in the Appendix) that base transitions
can be found for RCs under mild conditions, but the case of most application interest,
and that we assume, is where these transitions are directly available. We confirm that
finite-state RCs have the same form of locality as the Gaussian ones: we find that the
dependence matrix between two variables in an RC has a form expressible in terms of an
element-wise product of two matrix products. We are able to extend the properties of
the matrix product theory (Birkhoff’s contraction coefficient) to this case. The locality
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means, in terms of a time index advancing, that a reciprocal walker on a long interval
will forget its initial position, until it nears the end of the interval where it will start to
tend toward a destination that is compatible with the initial position, according to the
‘long-term transition’ contained in the end-point joint distribution. The rate of decay
is the base model’s forgetting rate. The impact of an incorrect initial state specification
is limited, not as in Markov chains to the early part of the interval, but to near both
ends of the interval. So too is the impact of incorrectly specifying the entire boundary
condition. However, this possibly desirable trait is overshadowed by the confirmation
that, the distributions, can be well approximated by those of base MC model on a long
enough interval. The MC model can be initialised with the RC’s initial distribution,
and as the index increases, the MC distributions diverge from those of the RC when
approaching the end of the interval, where the RC is again influenced by the initial
distribution and the MC is not. When we check how the dynamics (that is, conditional
distributions given some past values) of an RC compare to the MC base and find that
being far from the boundary is sufficient but not necessary for compatibility with a
Markov model. The conditional distribution at some time given a set of past variables,
reduces to the distribution given the latest variable (i.e. the Markov property) if the
length of the complement, with respect to the interval, of the index separation between
the present and the earliest past variable is long relative to the forgetting rate. It is
known that a reciprocal model on an infinite interval is Markov. This result confirms
that an RC on an finite interval can behave in a ‘Markovian’ like way within a local
region.

The results listed so far would seem to suggest RCs only model the additional
information they contain with respect to MCs efficiently when the interval length is on
the order of the time in which the base model forgets its initialisation (to whichever level
considered significant), however we are able to achieve a resolution in the estimation
context. We first confirm that locality results extend to the HRC estimation algorithm
by deriving a matrix product form for the algorithm and showing that the estimates in
the mid-interval approach those due to the HMC estimation algorithm using the base
transitions. The forgetting rate is the HMC algorithm’s forgetting rate (with the base
transitions). Using the locality property and reflecting the idea of RCs being locally
Markov, we find that approximate estimation of HRCs by the a modified version of the
HMC interval smoothing algorithm (the forward-backward algorithm), which treats
the late part of the interval as near the interval’s start, and vice-versa, can produce
accurate estimates precisely in the case that the interval is long with respect to the
forgetting rate. The conclusion of this thesis is that RC models can be used to efficiently
model not only short intervals (with respect to the forgetting rate) but a long interval,
and its end point relationship, with comparable computational complexity to the MC
models that cannot model the end point relationship.
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1.1 Thesis Work

The contents of the thesis is as follows, and we consider the labelled lemmas/theorems
etc. to be its main contributions:

Chapter 2 A review of relevant results in process models, estimation, and forgetting
properties, with technical details needed for the new work.

Chapter 3 This chapter contains results about RC models. Lemma 3.2 extends the
properties of the Birkhoff contraction coefficient to give a bound under the element-
wise product. Theorem 3.1 finds an RC’s variable interdependence is bounded by an
expression which is the the sum of a decay with index distance terms and a term
decaying with the length of the interval complement. Theorem 3.2 finds that the
marginals of an RC model become better approximated by those of the base MC model
with distance from the end of the interval. Theorem 3.3 finds the marginals of an RC
in the middle process, forget the entire boundary condition. Theorem 3.4 bounds the
difference between the conditional marginal of an RC model given one past variable
and given several, as a function the complement of the distance from the first variable
in the set to the marginalised variable, with respect to the interval length. Numerical
examples are provided which show the bounds are tight.

Chapter 4 This chapter contains results about forgetting in the HRC estimation
context. We show that the HRC estimation algorithm can be put into a matrix form
similar to that of the RC itself. Theorem 4.1 shows that with increasing distance
from the endpoints, estimates of the HRC and HMC algorithms become similar at a
geometric rate. An algorithm for approximate fixed-point smoothing (the posterior
distribution of one variable given all observations on an interval) of HRCs is derived,
and also an algorithm for fixed-interval smoothing an HRC, which has complexity on
the order of the HMC smoother. Bounds on error (relative to the exact smoother
distributions) are given and demonstrated numerically.

Appendix An appendix is included which discusses further related work that can
be applied to reciprocal models. It is demonstrated how an existing theorem implies
that sets of base model transitions exist for all positive RCs, and an existing approx-
imate estimation algorithm which can be applied to RCs is compared to this thesis’
algorithms.

1.2 Bibliographic Note

• A paper in preparation deals with the material of Chapters 3 and 4.
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• G. Stamatescu and L. B. White and R. Bruce-Doust, Track Extraction with
Hidden Reciprocal Chains. IEEE Transactions on Automatic Control. 2017
(accepted 18 Aug.) DOI: 10.1109/TAC.2017.2741919. Simulates the application
of RC models in tracking algorithms. This paper involves some work outside
the forgetting theme of this thesis. Some of its findings are discussed in the
background chapter.



Chapter 2

Background

This chapter is a combined technical background and literature review. Our domain is
stochastic process models, and since these models are so often (in the signal process-
ing context) employed for the purpose of process estimation, we first in Section 1 set
the problem of Bayesian discrete-index process estimation, and use this to introduce
the common Markov assumption and hidden Markov models (HMM) and finite-state
hidden Markov chains (HMC) which are the natural comparison to (hidden) recip-
rocal chains (HRC). We recount some of the properties of Markov models and their
estimation algorithms that stem from the model structure - fast marginalisation (by
matrix-vector multiplication) and geometric rate forgetting. We give a detailed deriva-
tion of the forgetting property proof as the method is one we will extend to new models.
We then touch on how estimation is applied in the tracking problem to show how track-
ing’s requirements can strain the capability of models utilising the Markov assumption.
In the Section 2 we recount the nature of the reciprocal chain, a non-Markov signal
model that can be used in place of MCs, including being generated by adding a long
term information to a given MC model, but which require their own more computa-
tionally expensive estimation algorithm. We mention where and why RC models are
starting to be employed in tracking applications to redress Markov models’ limitations.
We then discuss how the question of the forgetting behaviour of RCs motivates this
work.

2.1 (Markov) Process Models and Estimation

This section introduces process estimation, but specifically addresses (hidden) Markov
processes, because not only is the Markov assumption ubiquitous therefore forming
the ‘standard practice’, but the difference in the outputs (distributions and estimates)
between RC and MC models of the same scenario is one of the main themes of this
thesis. Further, the desirable properties of MCs we describe are what we will contrast
to and then try to extend to, in a way, the new models. We set the problems of process
estimation, specifically filtering and smoothing, motivating the Markov property signal

7
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model structure that facilitates fast algorithms, specifically the forward and forward-
backward algorithms. We show how in the finite-state case, both MC models and
the their estimation algorithms are parametrised by matrices and that their outputs
usually involve fast matrix-vector calculations. We show the further consequence of
matrix product operations that is the forgetting property, and how this means only
a subset of an HMC’s observations are required to produce an approximate posterior
distribution which approaches the exact (all observations) distribution. This section
concludes with a brief discussion of the extension of estimation that is the tracking
problem, within which certain scenarios motivate the use of non-Markov models.

2.1.1 Bayesian Process Estimation

It is easy to call to mind scenarios from various signal processing domains where it is
desirable to find the value of a signal that cannot be directly measured. In process
estimation, measurements correlated with the signal of interest are combined over time
according to the signal model to give a posterior probability distribution of the pro-
cess’ current state. Consider the following scenario: Let there be some time varying
signal Xt, which at a set of times t ∈ {0, ..., T} (where T may be infinity), is ‘indirectly
observed’, that is, random variables Yt, statistically dependent on the signal are sam-
pled. We will refer to the values taken Yt = yt as observations. We outline the typical
estimation questions for this scenario. The following methods apply generally to the
cases that Xt and Yt are either discrete or continuous variables but we use summation
notation informally in anticipation of our specific finite-state focus.

2.1.1.1 (HMM) Filtering

The desired quantity in Bayesian filtering is the posterior or conditional marginal dis-
tribution of the signal’s state at the current time given the set of all measurements
taken up to the present. and Letting P(xt) stand for P(Xt = xt), (for notational
convenience, and as it is not so important in the finite state case, we dispense with
a formal probabilistic framework so in general P stands for the relevant probability
function in the given context) define

π̂t(xt) = P(xt|{y0:t}),

for t ≥ 0 where {y0:t} stands for {y0, y1, ...yt}. We will use the hat notation to denote
quantities that are conditioned on observations, though not all quantities will be prob-
ability distributions. Following [1] Section 15.2, we first define the joint probability of
a state and the received measurements,

αt(xt) = P(xt, {y0:t}) (2.1)

for t ≥ 0. Evaluating (2.1) by total probability involves summing out the conditional
probabilities of all sequences up to t, equivalent to marginalisation of the joint proba-
bility P(X0, ..., Xt, y0, ..., yt), which is computationally impractical as it increases with
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t in the absence of assumptions about how the data is generated from the process and
how the process depends on itself. The following introduces the conditional indepen-
dence assumptions that define the structure the hidden Markov model of signals Xt

and Yt. Note that expanding (2.1) by total probability and the probability chain rule,
for t ≥ 1,

αt(xt) =
∑
xt−1

P(xt, xt−1, {y0:t})

=
∑
xt−1

P(yt|xt, xt−1, {y0:t−1})P(xt|xt−1, {y0:t−1})

P(xt−1, {y0:t−1}), (2.2)

Let it be assumed that data is generated according to the rule, in [1] called the emission
rule

P(yt|{x0:T , y0:T}) = P(yt|xt). (2.3)

This holds when, for example Yt = Xt+Et where Et is a ‘noise’ random variable. Most
generally the ‘observation’ at t may give a likelihood function over the signal space
directly. Let there also be a signal model or process model

P(Xt|x0:t−1) = P(Xt|xt−1) (2.4)

This is the Markov assumption, and we will elaborate conditions for its suitability as
we go on. With it (2.2) reduces to the recursion

αt(xt) = P(yt|xt)
∑
xt−1

P(xt|xt−1)αt−1(xt−1) (2.5)

with α0(x0) = P(yt|x0)P(x0). The algorithm for filtering an HMM, repeated applica-
tion of (2.5), is called the forward algorithm, which has a constant amount of calculation
per step (see the next subsection). For this reason and because data needs to only be
incorporated once as it arrives, Markov models and the hidden Markov paradigm is
popular for processing on-line or real-time signals in many fields such as communica-
tions, control systems and aerospace/military sensing. The popular Kalman filter (see
for example [2]) is a special case of this framework but in continuous state domain.
Note that, from (2.1)

P({y0:t}) =
∑
xt

αt (2.6)

gives the probability of the observed data according to the model. The quantities π̂t
are available simply by normalisation if necessary,

π̂t(xt) = αt(xt)/
∑
xt

αt(xt). (2.7)
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2.1.1.2 (HMM) Fixed-Interval Smoothing

If some interval of data has been received observations from ‘future history’ of the
process can be incorporated to get more accurate estimates. More precisely if the data
is available on some fixed interval {0, ..., T}, let there be the joint probability

γt(xt) = P(xt, {y0:T}). (2.8)

Noting that

γt(xt) = P(xt, {y0:t}, {yt+1:T}), (2.9)

then by the emission rule and Markov property, the past and future observations are
conditionally independent given the process value, so that

P(xt, {y0:t}, {yt+1:T}) = P(P(xt, {y0:t})P({yt+1:T}|xt). (2.10)

The first term of the LHS is αt(xt) and define

βt(xt) = P(yt+1:T |xt)

which by similar steps to the forward case, can be shown to reduce to the backward
recursion:

βt(xt) =
∑
xt+1

P(xt+1|xt)P(yt+1|xt+1)βt+1(xt+1) (2.11)

So for each t ∈ {0, ..., T},

γt(xt) = αt(xt)βt(xt), (2.12)

which each are produced by a recursive ‘pass’ that sums out the model’s either past or
future variables. The algorithm is called forward-backward. The algorithm has often
been rediscovered in various fields but for a development in the HMM context see
[3]. The fact that two recursive passes gives the posterior distributions of the entire
interval’s variables makes the algorithm and its HMM framework appealing in many
applications, so that even for batch-processed intervals of data where there is no for
recursion to incorporating observations in real time, the Markov paradigm is common.

Note that point smoothing is the problem of obtaining one variables estimate given
all available observations.

2.1.2 Markov Chains

The previous section introduced the hidden Markov model. The signal model itself is
a Markov model, which has its own applications beside process estimation, often to
answer what a long term distribution of an evolving quantity looks like, but also in
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for example search planning, to predict the distribution at a specific future time after
a sighting. [4, 5] The Markovian paradigm is widely adopted - the state-space models
from aerospace and control engineering are implicitly Markov by there being a definable
‘state’: a variable that represent for a given time everything that determines the future
of the variables of interest, up to the random component. The Markov property was
mentioned earlier but we need a more formal definition: a process is Markov when for
any indices {r1, ...rn}, < s < t

P(Xt|xs, {xr1 , ..., xrn}) = P(Xt|xs) (2.13)

For a process on a finite index set, this separation implies (2.4), and that the joint
probability of a specific sequence of values factorises as

P(xt, xt−1, ..., x0) = P(xt|xt−1)P(xt−1|xt−2)...P(x1|x0)P(x0) (2.14)

A finite-index, finite-state Markov model in this thesis will be called a Markov chain.
That is, where Xt takes values on some finite set with n elements. It follows from
(2.14) that an MC may then be parametrised by the set of next-neighbour transition
rules or transitions, that are n× n At for t ∈ {0 : T − 1}: where

A
(t)
j,i = P(Xt+1 = j|Xt = i), (2.15)

where A is stochastic, meaning
∑

j A
(t)
j,i = 1. (A note about notation: finite quantities

(matrices and vectors) which have both variable indices (times) and element indices,
will be represented with subscripts for the time indices, unless the the element indices
need to be referenced, where the time indices become parenthesised superscripts as in
the above). Define π0 so that (π

(0)
j = P(X0 = j). Factorising the model into these

terms means that the total probability of a given sequence can easily be assessed. A
sequence from the model can be generated or realised by drawing values sequentially
according to distributions P(Xt|xt−1). In the finite-state case these are the columns
of At in (2.15). The transition rule(s), the parameters, that are the entries of At may
originate from some theory or, if the modeller has access to example sequences the
parameters can be estimated by counting the relative number of transitions to a state
given the past time’s state. A further note on Markov transitions: define a general
two-point transition (of any type of process) Φt,s such that

Φ
(t,s)
j,i = P(Xt = j|Xs = i). (2.16)

The Chapman-Kolmogorov property of Markov transitions (see [6] p. 531) is that for
non-adjacent events, e.g. for r < s < t

P(xt|xr) =
∑
xs

P(xt|xs)P(xs|xr).
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This corresponds to the transition matrix property Φt,r = Φt,sΦs,r. By this rule MC gen-
eral two-time transitions can therefore be generated from the neighbour (parametrising)
transitions. Define the transition Ft,s as specifically a matrix composed of an appro-
priately ordered product chain of the parametrising matrices,

Ft,s =

{
At−1At−2...As+1As s < t

In s = t,
(2.17)

For Markov chains Φt,s = Ft,s but this property doesn’t hold in general, i.e. for non-
Markovian models.

2.1.3 MCs/HMCs and Matrix-Vector Operations

As it was in the hidden case, of most interest in signal processing with Markov models
are the marginal distributions πt for t ≥ 0 where π

(t)
i = P (xt = i) . The marginal is

obtained by summing the sequence joint over the other (past) variables of the rest of
the process, which can be subsumed into the evaluation of the matrix product as in
(2.17) so that, as long as the initial distribution π0 is specified,

πt = Φt,0π0 = Ft,0π0. (2.18)

When the state-space is finite, as in an HMC, the filtered estimate given by the recur-
sions of (2.5) has a similar matrix form: define the n× 1 vector c̄t to be the vector of
likelihood of state values given the observation at time t. In the case of there being a
finite set of possible observations, c̄t is the i’th row of an n×m matrix Ct where

C
(t)
i,j = P(Yt = i|Xt = j). (2.19)

Let ct be a diagonal matrix diag(c̄t), and let an update matrix for t ≥ 0 be Ut = ct+1At.
Whereas we defined a general quantity αt(xt) in (2.1), we define specifically for the
finite-state, forward algorithm operation, an n × 1 vector quantity αMC

t about which
we shall make some qualifications shortly: let

α
(t)MC
j = P(Xt = j|{y0, ..., yt}),

and by recursive application of 2.5,

αMC
t = Ut−1Ut−2...U0c0π0. (2.20)

Thus, while we previously defined the ordered product Ft,s = At−1, ..., As, define for
t > s

F̂t,s = Ut−1...Us+1Us (2.21)
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(let F̂t,t = In) such that αMC
t = F̂t,sπ̂s where π̂s = csπs. Likewise, define βMC

t such that

β
(t)MC
j = P({yt+1, ..., yT}|Xt = j),

and similarly it holds that

βMC
t = U ′tU

′
t+1...U

′
T1, (2.22)

so that βMC
t = F̂

′
T,t1, where 1 is an n × 1 vector of all ones. The matrices Ft,0

and F̂t,0 are useful for analysis, however neither should be explicitly evaluated in the
practice of marginalising/estimating because the series of square-matrix multiplications
at cost O(n3) per index increment can be reduced to O(n2) by proceeding right to left
in the expanded product by matrix-vector multiplications. This is what it means
to say that the forward-backward algorithm is ‘fast’, that the influence of the entire
rest of the model can be into two vectors, and further that their evaluation can be
organised into repeated recursions of computationally cheap matrix-vector products.
Note that because in filtering and fixed interval smoothing, the quantities of interest
are the relative posterior probabilities of the state values, and the absolute values can
be miniscule, to avoid numerical underflow, quantities like αMC

t , βMC
t are typically

normalised at each recursion. For notational convenience we will continue to use these
symbols when normalisation can be assumed, unless stated otherwise.

There is a third aspect to HMC estimation being fast, however which is that the
properties of matrix products mean that the whole set of observations may not even
be needed. This is forgetting, which begins with the model itself, with the implication
that the initialisation doesn’t necessarily affect, or rather, necessarily doesn’t affect,
later marginals.

2.1.4 Markov/Hidden Markov Chain Forgetting

For an MC model to be initialised at the nominal initial time t = 0 is by some marginal
probability,unconditional of the transition rules, π0. It is a property of homogeneous
Markov chains (for which At = A for any stochastic matrix so that Ft,0 = At), following
from the well known Perron-Frobenius theorem, (see for example [7]) that (informally)

lim
t→∞

At = π1′ (2.23)

where π is the stationary distribution of the MC, being the unique solution of Aπ = π,
and the rate of convergence is geometric. Since π1′π0 = π

∑
π0 = π, (2.23) implies

lim
t→∞

πt = π,

i.e. the marginal converges (geometrically) to the stationary distribution. Such a
Markov chain thus has a marginal which becomes independent of the choice of initial
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distribution and depends only on the the transition rule, in other words the dynamics.
A less well known result is that the tendency of products of matrices to become ‘dyadic’
is general to non-negative matrices, so non-homogeneous MCs and also the estimator’s
update matrix product also ‘go to’ rank 1. Non-negative matrix chains go to rank 1 in
an element-wise sense, i.e. for any sequence of matrices used to form a transition Ft,s,

there is some rank 1 matrix Vt,s and |F (t,s)
i,j − V

(t,s)
i,j | → 0 geometrically with (t− s). [7]

For a transition to actually be rank 1 would trivially imply that the posterior marginal
is independent of the prior: let Ft,s = π(t, s)1′ for some probability vector π(t, s), then

πt = Ft,sπs = π(t, s)1′πs = π(t, s).

The forgetting property of non-homogeneous MCs and the HMC estimation algorithm
is therefore shown implicitly by proving that chains of matrices go to rank 1, and
explicitly by bounding the difference between posterior distributions as a function of
the product length. Both aspects are relevant to our subsequent results so we recount
results relating to distribution convergence as well as matrix entries.

Birkhoff’s Contraction Coefficient The non-negative product result requires set-
ting convergence in a certain (pseudo-) metric space rather than a simple normed space
which sufficed for the homogeneous MC case. The following is due to Birkhoff ([8], see
[7]). Let x and y be two vectors of finite length, with positive elements denoted xi, yi,
The Hilbert projective pseudo-metric 1

d(x, y) = max
i,j

ln

[
xi · yj
xj · yi

]
≥ 0. (2.24)

reflects how close two vectors are to being scalar multiples, in other words to being
‘aligned’. Note d(x, y) = 0 ⇔ x = c · y for some positive scalar c. The pseudo-metric
satisfies a contraction property

d(Py, Px) < d(x, y)

for any positive matrix square matrix P and positive vectors x, y (positive throughout
refers to element-wise positive).

sup
x,y>0

d(Px, Py)

d(x, y)
= tanh

φ(P )

4
≡ τB(P ) (2.25)

is Birkhoff’s contraction coefficient where, letting Pi denote the i’th column of P [9]

φ(P ) = sup
x,y>0

d(Px, Py) = max
i,j

d(Pi, Pj). (2.26)

1A pseudo-metric d(., .) satisfies the usual axioms of a metric apart from the property that d(x, y) =
0⇒ x = y.
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For the explicit derivation of τB, see [7]. It follows from the above and the triangle
inequality of d(., .)

τB(P ) < 1

τB(PQ) ≤ τB(P )τB(Q) (2.27)

τB(P ) = 0⇔ P = vw′ (2.28)

for positive vectors v, w. We will later need a property of τB which can be shown from
the definition: for any diagonal matrices D1, D2

τB(D1AD2) = τB(A). (2.29)

Consider a Markov chain with transitions as in (2.17). For initalisations πp0, π
q
0, let

πpt , π
q
t be the marginals given the respective initialisation. Then by (2.18), (2.25) and

(2.26)

d(πpt , π
q
t ) ≤ τB(Ft,0) · d(πp0, π

q
0) ≤ φ(Ft,0) (2.30)

and by (2.27),

τB(Ft,0) ≤
t−1∏
τ=0

τB(Aτ ).

The conditions to ensure contraction are looser than described here, as we will discuss
in subsection 2.1.5, but for now let At be positive for t ≥ 0 and let there be a λ < 1
such that

τB(At) ≤ λ, t ≥ 0 (2.31)

This can be guaranteed when, for example there exists a minimum entry condition

A
(t)
i,j ≥ γ ⇒ τB(At) ≤ λ ≡ (1− γ)/(1 + γ) < 1, (2.32)

which follows from the definitions of d(., .) and τB. Under the condition (2.31), there
is uniformly geometric contraction of τB at rate at least λ, giving the Markov chain
forgetting rule:

Theorem 2.1. For an MC model generated from one-step transitions At, t = {1, ..., T}
where τB(At) ≤ λ < 1 then

τB(Φt,s) ≤ λt−s. (2.33)

More directly applicably is the corollary, due to [10]

Corollary 2.1.1.

||πpt − π
q
t ||∞ ≤ Cλt (2.34)

for some positive constant C.
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Proof. By (2.30) and Theorem 2.1

d(πpt , π
q
t ) ≤ Cλt, (2.35)

where C can be chosen as either d(πp0, π
q
0) or ln(1/γ2)/λ (by the bound of φ(At)),

whichever gives the closer bound. For probability vectors, tending to ‘alignment’ means
tending to equality: For v, w ∈ (0, 1]n,

d(v, w) = ln max
k

(
vk
wk

)
+ ln max

k

(
wk
vk

)
≥ max

k
| ln vk − lnwk|

≥ max
k
|vk − wk| = ||v − w||∞, (2.36)

using the fact that ln has derivative ≥ 1 on (0, 1]. By equivalence of norms on finite-
length vectors the result is therefore given for any vector norm.

In our results we will tend to use the infinite norm to show contractions because of
the equivalence to other norms and as other ‘probability distances’ that can be defined
are implied to go to zero as the infinity norm does. (2.36) will be useful for vector
quantities that are not probability distributions but are normalised

Matrix Entry Results Considering only stochastic matrices (with columns sum-
ming to one) contraction results are available for the matrix entries themselves, which
we will need. A contraction coefficient for stochastic matrix P is

τ1(P ) =
1

2
max
i,j

∑
k

|pk,i − pk,j|,

define also

ρ(P ) = max
i

max
j,k
|Pi,j − Pi,k|. (2.37)

It holds ([7] Theorem 3.13) that 2

ρ(P ) ≤ τ1(P ) ≤ τB(P ). (2.38)

Backward Result The implicit counterpart to the fact that as time increases, marginals
become independent of past states, is that to evaluate a that a marginal at t, given in-
formation from increasingly far in the past, converges to a fixed value. Under repeated
backward multiplication (in our configuration, left-multiplication) by transitions, those
transitions cease to affect the output marginal: Let πt|t−∆ be

πt|t−∆ = Ft,t−∆πt−∆ (2.39)

2In [7], ρ(P ) is denoted α(P ).
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it holds from (2.33) and (2.18)

||πt|t−∆ − πt|t−∆−1||∞ ≤ τB(Ft,t−∆) ≤ Cλ∆. (2.40)

Informally, this is a contraction implying a there is a fixed vector πt, and Ft,t−∆ ap-
proaches πt1

′. We will be more explicit on what the backward result means for matrix
entries within Chapter 3.

2.1.4.1 HMC Forgetting

The same forgetting theory applies to the product of update matrices that give the filter
estimate so that for an estimate informed by ∆ past observations αt|t−∆ = F̂t,t−∆1,

||αt|t−∆ − αt|t−∞||∞ ≤ Cλ̄∆

where λ̄ is the forgetting rate of the estimator, which depends on the observation
sequence - we will discuss dealing with suitable rate evaluation in the next subsection.
Informally the same argument applies to the recursions that give βMC

T so that for
an HMC model with γt|t−∆,...,t+∆ being the fixed-point smoothed estimate with 2∆
adjacent observations

||γt|t−∆,...,t+∆ − γt|−∞,...,∞||∞ ≤ Cλ̄∆ (2.41)

The formal derivation of (2.41) is given in [11], but also follows from results in Chapter
4 of this work. The significance of (2.41) is that an estimate which approaches the
exact (all observations) estimate can be obtained with limited observations, which can
reduce calculation of a posterior distribution. (The problem of obtaining an estimate
for a single variable given a set of observations is called point smoothing.)

2.1.5 Forgetting Rates and Example Model Scenario

Forgetting Rate - Model We gave the rate as λ, the maximum coefficient of ma-
trices in the set At for t ≥ 0, however this bound may not be tight enough in practice
(for bounding error etc.), furthermore, the forgetting property extends to a broader
class of transitions which are of practically importance, that have coefficient equal to
one, specifically ‘primitive’ transitions, which means A is non-negative but there is a
τ such that Aτ is positive.3 The forgetting theory then applies normally at the time
scale of epochs of size τ . In general, evaluating the coefficient for a transition of larger
τ ′, gives a tighter bound, τB(Aτ

′
)t/τ

′
. The asymptotic rate of decay of τB(At) with t is

the magnitude of the second eigenvalue of A, however since reciprocal processes occupy
finite-length intervals, the intermediate behaviour which can be numerically evaluated
is more relevant. Numerical evaluation of a matrix τB is of complexity O(n4), which is

3 The property of primitivity can equally be applied to a non-homogeneous set of transitions that
when τ transitions are combined in any order, the overall transition is positive.
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not so slow as to prevent numerical exploration of the practical bound in the ‘offline’
analysis. In subsequent results we use λ in the theoretical bounds to refer to whichever
rate is preferred.

Estimate Forgetting Rate It is stated in [11], the forgetting rate of the estimator
is no slower than that of the signal model, which parallels a result for Kalman filters. A
simulation study is conducted in [11] suggesting that under the condition of informative
measurements (i.e. the likelihood of the state values given some measurement is not
uniform), the rate is strictly faster than that of the signal model (the cases are all .
We find that the faster rate can actually be proved for the n = 2 case. We include
this proof the Appendix, but we proceed assuming that this holds generally. The rate
of forgetting in the estimation algorithm is dependent on the data model, and the
observation sequence itself, so as discussed in [11] simulations can be to performed to
obtain average rates. Assuming the estimator forgetting is no slower than the model,
the model rate can be used as an absolute worst case rate for the estimator. As seen in
the example of the next paragraph, the rate of forgetting in the estimator is typically
fairly well grouped between different realisations, therefore the approach we take in
this thesis to evaluating estimator forgetting rate λ̄ for a model is to average τB(F̂T,0)
for 30 observation sequence realisations, at cost of ∼ 30n4.

Example Signal Model We draw an example transition matrix, (we will consider
a homogeneous process) from the context of the target tracking application domain
considered in the next section, to show the rate of contraction for a prediction marginal
vs. the bounds, and demonstrate estimate contraction rates. We will use the transitions
from the example in demonstration of our results in subsequent chapters. Consider
model of a simplified urban road network, letting road segments that a vehicle might
occupy be states, linked in a two-dimensional square lattice with edge length

√
n (there

are n states). A vehicle, after an increment of time, can have transitioned to a connected
road segment (in the 4-connected sense) or remain on the same segment so that as a
general rule (letting i, j be the indices of the lattice)

P {Xt = (j, i)|xt−1} =


p, if xt−1 = (j, i)
1−p

4
, if xt−1 = (j, i± 1), (j ± 1, i)

0, otherwise.

(2.42)

for some p which models how likely it is that the target has not had time to move
out of its state in the time-step. (2.42) applies unless the prior state is on the edge
of the lattice where, in this example, the probability is redistributed over the existing
neighbour states. (2.42) is encoded into a transition matrix Ā after choosing some
single index for the states, giving an n × n matrix. The transition is clearly not a
positive matrix, but it is ‘primitive’ - that is there is a τ such that Āτ is positive. We
can see directly for this specific scenario that the transition Ft,0 will not be positive
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until the walker has been able to take the shortest passage between the furthest states.
One corner to another requires τ = 2(n − 1). (Note that [12] gives that for a set of
transitions that is primitive, meaning when multiplied in any order, become positive,
then τ cannot be greater that 2n−2.) If we take strictly steps of this transition we can
see, as in Fig. 2.1 (a), there is no forgetting until τ . To better assess the representative
forgetting rate, a transition A = Āτ is created, and its forgetting assessed as a function
of it’s powers which are ‘epochs’ relative to the original transition. We numerically
evaluate λ from A and plot the bound due to it, showing that even for this positive
transition, the bound is not tight. To calculate a tighter bound at the expense of
calculation we numerically evaluate λ2 = τB(A2)1/2, λ4 = τB(A4)1/4, those transitions
requiring one and two matrix multiplications respectively to obtain.

Example Observation Model To demonstrate the estimator forgetting rate we
synthesise example observation sequences, and construct the chain of update matrices
that form F̂t,0. To do so, state sequences are realised from the model, and from each
realisation a sequence of observations is drawn from the observation model. The ex-
ample observation model emulates ‘signal plus noise’- the noise a is circular Gaussian
variable with variance σ = 1 (1 lattice step). From each sequence the set of state
likelihoods given observation yt, c̄t, are used to form chain F̂t,0, whose coefficient is
numerically evaluated as shown in Figure 2.1 (c) (one observation per time-step) and
(d) (one observation per epoch). An illustration of an observation sequence generated
by this model is shown in Figure 4.2 (a) (Chapter 4).

2.1.6 Target Tracking by Estimation

Tracking’s Two Sub-Problems Consider that in the aforementioned estimation
schemes (either filtering or smoothing), all of the data/observations received are as-
sumed to originate from the process of interest. It is conceivable that data might arrive
not from the modelled process (such as a moving target) but as detections of irrelevant
objects (so called clutter), or additionally in the case of multiple present targets, from
the wrong target. Obtaining state estimates under these conditions is the tracking
problem, which thus has two simultaneous and interdependent sub-problems: decid-
ing whether/which observations come from a target (assignment) and estimation of
the target state(s). Tracking is generally a real time problem meaning the assignment
decision has to be made as data arrives, but since the assignment sub-problem is opti-
mally solved over an interval by applying the filter according to all possible assignment
combinations and seeing which produces the highest likelihood of observations given
the target model, various schemes for tough tracking cases use ‘delayed decision’ where
a sliding window is batch processed as an interval to find the assignment, according
to which the filter (optionally with a smoothing pass) then gives the state estimates.
In [13], for example, it is shown that single target tracking with clutter (false alarm
returns) can be treated in such a way as a case of the interval estimation problem with
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Figure 2.1: Marginal and estimate forgetting with primitive transition (4-connected on
a lattice of side-length 4). The black line in each plot is numerical τB(Ft,0), In (a),(c)
the transition is Ā, in (b),(d) it is A. In (a) and (b), the blue line the infinity norm
between marginals at t given different initial states (the most distant pair, opposing
corners). In (b) the dotted lines are bounds due to λ (loosest), λ2 and λ4 (tightest).
In (c),(d) dotted (grey) lines are numerical τB(F̂t,0) corresponding to 30 example sets
of {y0, ...yT}. Note that (d) reflects receiving one observation every epoch.
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an extended observation model.

Motion Models and Memory Tracking is historically an aerospace application,
where targets move in free space and their state includes velocity variables, but in
ground vehicle tracking by radar [14, 15] and submarine tracking systems [4], targets
are subject to highly nonlinear constraints so that their motion is best modelled by a
random walk on finite states such as road segments or cells of a spatial grid. In this
case the memorylessness of a Markov model can cause large errors, for example, if a
segment has two reachable neighbours (such as along a road) the model will equally
predict the neighbour from which the target arrived. [16] Futhermore, unlike aerospace
tracking, where targets that cross paths, from the sensors point of view, are often able
to be distinguished by their velocity, the finite state model does not differentiate targets
which momentarily share a grid cell or segment. This leads to potential swap overs
in the multiple target case as being simultaneously on the same stretch of road means
both targets subsequent movements are fully compatible with each others’ memoryless
motion model. Recently a body of work is starting to build around the employment of
a finite-state model which can address these limitations with a relatively low amount
of additional complexity. These are reciprocal models, which are the subject of the
next section.

2.2 Reciprocal Process Models and Estimation

We recount reciprocal process models, including the situation of creating a reciprocal
model ‘based on’ some Markov model, the algorithm for smoothing processes modelled
by a reciprocal chain, and the forgetting property question that motivates this thesis’
work.

2.2.1 Reciprocal Processes

A process is reciprocal if it admits the conditional independence property that for
indices 0 ≤ a < b ≤ T , and t, s where t ∈ (a, b), s ∈ [0, a) ∪ (b, T ], it holds that

P(Xt, Xs|xa, xb) = P(Xt|xa, xb)P(Xs|xa, xb). (2.43)

Since (2.43) is equivalent to the property

P(Xt|xs, xa, xb, xu) = P(Xt|xa, xb) (2.44)

for any s < a < t < b < u, the term ‘reciprocal property’ refers to either (2.43) or
(2.44). (It is easy to see that (2.44) implies (2.43), for the proof of the converse see [17]
Lemma 1.) The Markov property implies reciprocal but not the converse. Specification
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of a reciprocal process is by the functions that are three-point ‘transitions’ (like those
of a Markov model, but a set of distributions given a past and future value)

P{Xt|xa, xb} [0 ≤ a < t < b ≤ T ] (2.45)

but because by the reciprocal property, X0 and XT are not conditionally independent
given the internal variables (consider a = 1, b = T − 1 in (2.43)), the initialising
distribution that must be given is the joint boundary relationship P{X0, XT}, It follows
that in the finite-index case, for t ∈ {0, ..., T}

P(Xt|{x0, ...xt−1, xt+1, .., xT}) = P(Xt|xt−1, xt+1)

and so the transitions that can be specified to parametrise a finite-index, finite state
process are each variable’s dependence on its nearest neighbours: an RC model on
{0, ..., T} is specified by the set, for t = {1, ..., T − 1}

Qi,j,k(t) = P(Xt = j|Xt−1 = i,Xt+1 = k)

Πi,j = P(X0 = j,XT = i).
(2.46)

where Q is an array such that for any i, k
∑

j Qi,j,k = 1. Like Markov transitions, the Q
can be counted from example sequences, or stem from theory including being generated
from other transitions, as we will show in subsection 2.2.1.1. It is not possible to
realise a sequence directly from the nearest-neighbour transitions, as each requires two
neighbours to already be drawn. Two things are needed, general (i.e. not neighbouring)
transitions and some schedule to move through the sequence. General transitions can,
as in Markov chains, be calculated from the parametrising ones:

Working with general relations With Markov models the Chapman-Kolmogorov
relation, corresponding to the semigroup property of transitions, allowing use of the
matrix product to build any ‘transition’ recursively from the next-neighbour ones.
Reciprocal transitions must obey what [18] calls the Schrodinger-Jamison relations:
For 0 ≤ s < t < u < v ≤ T∑

xu

P(xu|xs, xv) = 1 (2.47)

P(Xu|Xs, Xv)P(Xt|Xs, Xu)

= P(Xt|Xs, Xv)P(Xu|Xt, Xv) (2.48)

where (2.48) says that the joint probability of two events given two events outside
them, P(Xt, Xu|Xs, Xv), must be able to be be factorised consistently into either the
LHS or RHS of (2.48). This can be proved by the reciprocal property. Relation (2.48)
is the means to get general three time transitions, for example rearranging (2.48), a
longer range transition is given

P(Xt|Xs, Xv) =
P(Xu|Xt, Xv)

P(Xt|Xs, Xu)
P(Xu|Xs, Xv) (2.49)
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where the rightmost term can be seen not to depend on t so that it acts as a normalising
constant for vectors making up the new three point transition obtained from two nearest
neighbour ones.

Bridge Decomposition It was mentioned that to generate a sequence some schedule
is required to move through the sequence. One such follows from the result of [19] that
a reciprocal process conditioned on taking a value at its endpoint is then Markov. The
‘bridge decomposition’, converted to the finite-state case in [20], allows sequences to be
realised and is also used in the RC estimation algorithm. Decomposition of the process
into ‘bridges’ is by the factorisation

P(x0, x1, ...xT ) = P(x0, xT )
T−1∏
t=1

P(xt|xt−1, xT ). (2.50)

The terms P(xt|xt−1, xT ) form processes having Markov transitions denoted, Bk
t for

the bridge pinned to state k at T so that

B
(t),k
j,i = P(Xt+1 = j|Xt = i,XT = k)

for t = {0, ..., T − 2}. There is no ‘final transition’ as the variable XT is not part
of this conditioned process. (This factorisation has the additional benefit of being
able to be interpreted as a collection of Markov models each pinned to ‘arrive’ at
some ‘destination’ at time T ). Realisations of sequences are achieved with the bridge

decomposition by drawing the final state first, from πT where π
(T )
k =

∑
j Πk,j. The first

state is then drawn from the conditional initial distribution πk0 where

π
(0),k
i = P(X0 = i|XT = k) =

P(X0 = i,Xt = k)

P(Xt = k)
=

Π
(T,0)
k,i∑

j Π
(T,0)
k,j

,

before the other variables are drawn in the usual Markov manner by the transitions
Bk
t . With this decomposition the marginal is the weighted sum

πt =
∑
k

(Bk
tB

k
t−1...B

k
0π

k
0)P(xT = k). (2.51)

Reference [20] describes the procedure to evaluate Bk
t from Qt: Note that B

(T−2),k
i,j =

Q
(T−1)
i,j,k , then proceeding recursively backward with t, Bk

t can be evaluated by (2.49),

B
(t),k
j,i =

1

zj,i

Q
(t+1)
i,j,`

B
(t+1),`
j,i

(2.52)

for some ` (the result is independent of `. where

zj,i =
N∑
m=1

Q
(t+1)
i,m,`

B
(t+1),`
m,i

.
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It is easier to visualise the dynamics of a reciprocal process in the case that the recip-
rocal model is one derived from some Markovian model’s transitions and an additional
end point distribution. This is also the case of most current application interest. This
case was the original inception of reciprocal models and we will recount some of that de-
velopment as it gives some insight into the relationship between Markov and reciprocal
models:

2.2.1.1 RC with Markovian Base

Schrodinger Bridge In the 1930s, Erwin Schrodinger [21] attempted to answer the
following question in the context of modelling diffusions: For a density of particles ob-
served at some time, and at some future time where the second distribution is different
to what was expected according to the theoretical diffusion dynamics, what was the
most likely dynamics of the empirical process? Diffusion is assumed to be Markovian
so the theoretical diffusion dynamics is specified in two-time transitions rules but since
the final distribution is different, the two-time transition rule of the empirical process
necessarily differed from the theoretical one. What Schrodinger intuited was that the
most likely dynamics - what in modern terms is the ‘closest’ model (in the Kullback-
Leibler divergence sense (see the next section)) that would produce the observed final
distribution, resulted from holding invariant between the theoretical and empirical dy-
namics not the two-time diffusion rule but the three-time rule for the intermediate
distribution given a past and a future value, and factorising the process not like (2.14)
but as in (2.50). The three-point transition rule was obtained from the theoretical
diffusion’s Markov transition rule: for r < s < t, the Markov property and chain rule
give that the joint distribution of the three events is given by

P(xt|xs)P(xs|xr)P(xr). (2.53)

Bayes rule can be applied so that the conditional distribution of the middle variable is

P(xs|xr, xt) =
P(xt|xs)P(xs|xr)∑

x′s
P(xt|Xs = x′s)P(Xs = j|xr).

(2.54)

By the Markov semigroup property the denominator is simply P(xt|xr). Schrodinger’s
interest was the case where the end point joint is such that the process is still Markovian,
however in the following year S. Bernstein [22] noticed that this was not always the
case, and a new class called Bernstein or reciprocal process was defined.

RC with Markovian Base For an RC generated from a set of ‘base’ Markov tran-
sitions At 0 ≥ t < T , the general three-point transitions are at obtained more easily
than the recursion (2.52). Bridge transitions are a particular case of (2.54),

Bk
j,i(t) = P(xt+1 = j|xt = i, xT = k)

= (At)j,i
(FT,t+1)k,j
(FT,t)k,i

(2.55)
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Relation Between RC and MC Models In this thesis we will give various re-
sults about the difference between single-point distributions (marginals) of variables
due to RC and MC models. Here we recount what is currently established about
the quantification of the overall difference between the models. The Kullback-Leibler
divergence (see [23]) is an information theory based quantify that measured the dif-
ference between two probability distributions. More or less divergence is reflected in
quantities of interest like the error due to using one distribution to model data of which
another distribution is true. The divergence of two distributions on the same space,
with elements indexed by i, P (i) and Q(i), the divergence is defined as

DKL(P ||Q) =
∑
i

Pi ln
Pi
Qi

(2.56)

In the case of process models, i indexes possible sequences. Consider that due to the
bridge factorisation (2.50), a reciprocal formed from some base model undergoes a
cancellation in (2.56) so that the divergence between an RC and its base MC model
reduces to a function of the two joint endpoint distributions [23]

DKL(RC||MC) =
∑
i,j

Πi,j ln
Π

(T,0)
i,j

F
(T,0)
i,j · (πMC

0 )j
(2.57)

πMC
0 however is not part of the base model itself, so it can be set to match the initial

marginal implied by the RC joint. Factorising the RC’s endpoint joint consider ‘long-
term transition’ ΦT,0 = P(xT |x0) implied by the RC joint so that ΠT,0 = ΦT,0diag(π0).
Setting πMC

0 = π0,

DKL(RC||MC) =
∑
i,j

Πi,j ln
ΦT,0i,j

(FT,0)i,j
. (2.58)

In [13] is is evidenced in simulation studies that the time-average relative error in an
estimation task due to using an MC base to model RC data vs. the matched RC
model, is increasing with this term, as is not surprising. What is not established by
any existing demonstration or theory, is where (in time) this error is distributed, this
will be addressed by the results of this thesis.

2.2.2 Hidden Reciprocal Chain Estimation

A hidden reciprocal chain (HRC) is the reciprocal equivalent of the hidden Markov
chain has the same emission rule as a HMC. An reciprocal model cannot be exactly
smoothed using the forward-backward algorithm because under the reciprocal property
the sets of observations in the past and future of a time are not conditionally indepen-
dent given the signal value, as they are by the Markov property. Other algorithms for
the posterior distribution have been developed, in continuous state [24] developed a
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smoother which uses (like forward-backward) a double-sweep of the interval, however
the recursions are more complex. The finite-state HRC smoother was derived in [20]
using the bridge decomposition. The forward-backward algorithm is applied to each
(Markovian) ‘bridge’ conditional process, and then Bayesian recombination (mixing)
of the conditioned processes gives the posterior distributions. Define

α
(t),k
j = P(Xt = j, {y0, ..., yt}, XT = k),

Let Uk
t = ct+1B

k
t , then

αkt = Uk
t U

k
t−1...U

k
0 π̂

k
0 (2.59)

where π̂k0 = c0π
k
0 and π

(0),k
i = Φ

(T,0)
k,i . Likewise

βkt = U ′kt U
′k
t+1...U

′k
T−11

By Bayes:

γtj =
N∑
k=1

α
(t),k
j β

(t),k
j π

(T )
k . (2.60)

2.2.2.1 Complexity

For interval smoothing, due to performing the O(n2T ) forward-backward algorithm
n times, the HRC interval smoothing algorithm is O(n3T ) per time-step. Note that
for applications in target tracking, signal models for the motion of targets may have
large state spaces, such as 50,000 in the Markov model used in the system of [4], so an
additional power of n merits investigation into both the significance of the RC model
vs. an MC and any opportunities to reduce calculation.

2.2.3 Example Signal Model

In answer to the need outlined in Section 2.1.6, there is a nascent effort to implement
and analyse the performance of tracking algorithms utilising reciprocal chain models.
[13, 25–28] Typically an RC model is built by starting with assumed MC transitions
(i.e. a random walk on some state space) and applying a chosen ΠT,0 that better
reflects the long term behaviour of targets than the ΠT,0 induced by the MC transitions.
Consider as motivation for this, that for a simple random walk such as the example
given in Section 2.1.5, after an interval of time, the most likely position of the target
is its original state, due to the unbiasedness of the transition steps (see the central
limit theorem applied to a random walk). This is however not not in accordance
with a purposeful (real) walker. An RC can model such purpose by asserting a long-
term relationship ΠT,0 that is more ‘spread out’ than that due to the random walk.
Example implementations of this concept are where a modeller specifies a ΠT,0 where far
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apart source-destination pairs are explicitly more likely than they are in FT,0, biasing
targets to move away from the their origin, or where the modeller chooses a ΠT,0

that is closer to rank 1 than FT,0, so that over the finite interval, the target must
move in a such a way that its final distribution is independent of its origin. With
such models, as demonstrated in [13], more likelihood is attributed by the estimator
/assignment algorithm to paths that proceed through the state-space, rather frequently
than doubling back. Figure 2.2 (b) demonstrates targets trajectories generated by
such an example model, compared to those generated by a Markov model in (a). The
transition rule of (a) is rule 2.42, with parameter p set very low, inducing the target to
transition between states regularly. Model (b) is an RC generated from the transitions
of (a), with a non-Markov ΠT,0. For illustrative purposes an exaggerated ΠT,0 was
engineered for (b) such that source-destination pairs which are most unlikely according
to the long term behaviour of (a) (i.e. the longest paths) were made the most likely by
setting

Π
(T,0)
j,i =

1

Z

1

F
(T,0)
j,i

,

with Z the normalising factor. The Markov trajectories of Figure 2.2 (a) can be seen
to double back frequently, and the distribution of destinations can be seen to group
around the origin state. The pertinent features of Figure 2.2 (b) are firstly, that
the reciprocal model’s trajectories infrequently double-back over a series of steps, and
secondly the that the distribution of path end-states (destinations) for paths departing
from the top-left corner state, can be seen to be grouped around the bottom-right
corner, whereas the top-right originating paths typically end at the bottom-left. This
behaviour cannot be captured by a Markov model. The model’s dynamics are such
that trajectories between different source-destination pairs ‘cross’, in other words paths
can occupy the same state mid-trajectory. In a Markov model, the future depends only
on the present state and so the subsequent trajectory must be independent of origin
state.

2.2.4 The Reciprocal Chain Forgetting Question

For Markov processes the question of forgetting concerned the decay with which a
variable’s value or distribution at one time affected the distribution at future times.
Of particular interest was the influence of the initialisation, which in the Markov case
is the same question because the initialisation is a distribution on the variable’s value
at nominal start time. Non-Markov processes cannot be said to be initialised by a
distribution on the variable, because the variable is not the ‘state’ (the quantity that
contains all information from the past). [29] In the RC case, the model is properly
initialised by the end-points joint distribution. Nevertheless it is desirable to maintain
the consistency with MC concepts such as initial distribution when utilising RCs as
process models where there is a meaningful order of and progression of the index: We
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(a) (b)

Figure 2.2: Best viewed in colour. Selected realisations from MC and RC models,
visualised in 2-dimensional layout, where grid cells represent state values. Only the
trajectories originating in two states are shown. The model generating the trajectories
in (a) is an MC with transitions given by rule 2.42, n = 49, p = 0.005. The model in
(b) is an RC generated from the transitions of (a), and a non-Markov ΠT,0 (described
in the body text). Origins (i.e. x0) marked with point marker. Destinations (i.e. xT )
are marked according to originating state - from the top-left state, crosses, from the
top-right diamonds. Note that a realisation is a set of T=14 state values chosen from
set {1, ..., 49}, however random ‘jitter’ offsets have been applied to target positions
within the cells purely to aid visualisation of transitions.

would like to be able to ask of the model, if the walker is here or there at a particular
time, to what extent is its distribution at other times affected? This is not obvious from
the bridge decomposition. We will see in the next chapter that we can organise the RC
model to get the two-point transition so that a past distribution goes into the model
for a future distribution to be predicted. The MC forgetting question was answered
by bounding Birkhoff’s contraction coefficient of the two-point transition as a function
of distance on the index. In asking the same question of an RC we will necessarily
get a different answer - the MC transition over the interval [0, T ] must have coefficient
bounded by λT , but for an RC the long-range transition’s coefficient can be arbitrarily
prescribed. What happens along the way? This question matters because as outlined
in the introduction, if the purpose of using an RC model in an application is to model
a walker that moves from an initial state to likely end-states over an interval, then
if there are marginals that are unaffected by either the source or the destination, the
model is not efficient, in some sense. At the same time a forgetting property can allow
approximate estimates with only ‘local’ data to be accurate.

Forgetting in the MC sense is one example of the more general notion of locality. An
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example of models that have forgetting in the more general sense is continuous variable
(such as Gaussian) reciprocal processes: It is known that there are some parallels
between constant variance processes on continuous variables and finite-state processes.
In continuous variable processes, the magnitude of the autocorrelation, defined for
a stationary, zero-mean, unit variance process as R(τ) = E(xtxt+τ ), is an influence
measure. For a Markovian constant variance process, such as the AR(1) on finite
index, and the Ornstein-Uhlenbeck process on continuous index, the autocorrelation
function is geometric decay, showing the association between Markov structure with
constrained dynamics/state, and geometric forgetting. Autocorrelation functions of
constant variance RPs were established firstly for the continuous index case in [17,
30, 31], and separately for the discrete index case in [32], where in each case, the
autocorrelation has the general form

R(τ) = Ae−ατ − (1−A)eατ , (2.61)

where α > 0 and A are constants. Different choices of boundary condition (co-variance
of x0, xT ) lead to different forms of the correlation function through A. The special
Markovian case (A = 1) has R(t) = e−αt. ‘Periodic’ boundary condition xT = x0 (on
interval to [0, T ]), gives a process whose correlation is a hyperbolic cosine function:

R(τ) =
e−ατ + e−α(T−τ)

1 + e−αT
. (2.62)

The ‘anti-cyclic’ (xT=− x0) condition leads to a hyperbolic sin correlation:

R(τ) =
e−ατ − e−α(T−τ)

1− e−αT
(2.63)

The form of the correlation function is between the superposition and cancellation of a
decay and a growth, depending on the boundary condition. Note that the magnitude
of (2.63) and in fact (2.61) in general, is no greater than (2.62) so (2.62) serves also as
the bound on magnitude of R(τ). In (2.62) R(0) = R(T ) = 1, but the function drops
to a minimum at T/2 of

R(T/2) =
1

1 + e−αT
e−α

T
2 .

So while a variable can be highly correlated with another that is distant on the index,
a bound limits the influence on other variables - variable pairs are able to be found
with arbitrarily small influence of one on another as long as the sequence interval is
long enough, which is no less a requirement in MCs. Tf x0 and xT are defined together
as the boundary (variable), then with distance from it, i.e. min(t, T − t) for xt, there
is geometric forgetting of its influence, by

C(e−ατ + eα(T−τ)) ≤ 2Ce−αmin(τ,T−τ).
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The effect of asymptotically enlarging the interval is that the influence of the boundary
value goes geometrically to zero.

However the presence of a conditional independence (separation) rule like the recip-
rocal property does not guarantee even this kind of forgetting/locality. We note that
reciprocal processes are Markov random fields (MRFs), and finite-state MRFs can have
a different behaviour. Markov random fields are a generalisation of the Markov prop-
erty, expanding the notion of the separating ‘present’ to some neighbouring set, such as
on a 2-dimensional lattice, the 4-connected neighbours. In MRFs there can be multiple
‘paths between’ variables which a single-index model with the Markov property doesn’t
have. In certain multi-path finite-state MRFs, for example, the 2-dimensional lattice,
there is a critical strength of coupling between neighbours above which the correlation
function is not geometric decay but an inverse power law and for some configurations
not even necessarily decaying to zero but a constant value, so that a value can influence
the values of the whole rest of the model, including the boundary, even if is at infinite
distance. This is referred to as long-range dependence but in a difference sense to
what we have used it for RCs. In this sense it means all-range dependence and is the
opposite of locality. We note that long-range dependence is specifically a finite-state
phenomenon - an MRF with the same lattice structure but continuous (Gaussian) vari-
ables does not have it. [33] RCs are finite-state MRFs with a one-dimensional index
[34] but for which there are multiple paths between variables, namely two, by the fact
that the reciprocal property does not separate sets of variables from each other given
one variable’s value, but given two. There is some further discussion of the implica-
tions of RCs being MRFs in Appendix A, but given these ambiguous precedents, the
first question of forgetting for finite-state reciprocal chains, is whether they can have
long-range dependence in the sense of MRFs or is there a geometric bound in the sense
of the continuous variable reciprocal models, in which case we could refer to RC models
as a way to model long-range dependence without ‘long-range dependence’, and thus
being amenable to some local approximation etc.



Chapter 3

Forgetting Properties of Reciprocal
Chains

In this chapter we address two questions about the model itself, whether RCs have
a forgetting property in the sense of the constant-variance reciprocal processes; and
if so, for an RC that is based on some Markov model, given that the Markov model
itself is a special case of that RC with a particular endpoints distribution, are the
marginals and dynamics of the RC on the region away from the end times convergent
to those of the base model? In Section 1 we answer the first question by showing that
that RC forgetting is geometric in the sense that it is in constant variance reciprocal
models, by deriving the bound on the Birkhoff coefficient of the two-point transition
between any two variables in the model. We give an explicit counterpart for RCs
to the theorem of Markov chains that bounds the difference between a marginal at
time t given two different initial values. In Section 2 we address the second question
using the conceptual division of the boundary distribution into a long-range endpoints
relationship (transition) and an initial marginal. We bound the distance between the
marginals of a reciprocal process and those of its Markov base when the Markov process
is initialised with the same initial marginal as the RC (the models thus differ by their
long-range transition). We show that the difference decays geometrically with distance
of t from T . Then simply by considering the Markov forgetting theorem, we find
that marginals far from both initial and final times are insensitive to all aspects of the
initialisation. Finally we investigate the dynamics (conditional behaviour) of the model
and show that the conditional distribution at some time given a set of past variables,
reduces to the distribution given the latest variable (i.e. the Markov property) if the
first variable in the set is relatively ‘close’ to the time in questions, that is, if the length
of the relative complement of their index separation on the interval is long relative to
the forgetting rate.

31
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3.1 RC Forgetting Behaviour

In this section we answer whether RC forgetting is like RPs. As well as the fundamental
implications for the nature of the model and its estimation as outlined, the question
is motivated some contextual considerations from the modelling applications which
entertain the possibility of long-memory (not forgetting) in RCs created from an MC
when particular boundary distribution is applied. For example, a Markov model’s
transition FT,0 entries define which ‘journeys’ (pairs of initial and final value) are more
or less likely. In the case of a simple random walker this can be proportional to how
many distinct paths go between the pair. When constructing a RC by imposing an
arbitrary joint distribution ΠT,0 the modeller can make unlikely pairs likely (as is the
case when applying RCs to make walkers ‘move along’ ) leading to a smaller number
of viable paths overall. Does the reduced diversity of paths inhibit forgetting? Note in
this case there is a ‘tension’ between the imposed and ‘natural’ dynamics. Alternately
the MRF case of long-range (all-range) dependence was related to the boundary values
being all the same (at the same time as the neighbor relationships preferred neighbours
to have the same values), so the xT = x0 case is also under suspicion. Rather than
tension, here the boundary and neighbour relationships reinforce each other. Aside
from upper bounding to show forgetting, a secondary question for RCs created from
MCs is how forcing forgetting, also related to the attempt to model walkers that moving
through the space, works. This is the case of applying a long-range transition that has
τB = 0, even if the base Markov model’s dynamics whose transition over the interval
has little or no forgetting. We wonder by what function τB decays from 1 to 0.

3.1.1 RC Two-Point Transitions

Note that the marginal distributions, π0 and πT , and ‘long-range’ transitions ΦT,0, Φ0,T

are prescribed by endpoint distribution ΠT,0,

Φ
(T,0)
m,h =

Π
(T,0)
m,h

π
(0)
h

, Φ
(0,T )
h,m =

Π
(T,0)
h,m

π
(T )
m

, (3.1)

where

π
(0)
h =

n∑
m=1

Π
(T,0)
m,h , π

(T )
k =

n∑
m=1

Π
(T,0)
k,m .

We will derive the general two-point transitions for an RC generated from an MC
base model. Note that these quantities are not Markov transitions, i.e. they don’t, in
general, satisfy the composition property Φt,u Φu,s = Φt,s for s < u < t.

Lemma 3.1. Let {xt : t = 0, . . . , T} be an RC generated from base Markov transitions
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Ft,s, t, s = 0, . . . , T , and end-points distribution ΠT,0. Define the n×n matrix

Ψ
(T,0)
k,h =

Π
(T,0)
k,h

F
(T,0)
k,h

. (3.2)

Then for 0 ≤ s < t ≤ T ,

Φt,s =
(
Ft,s ◦

(
F′T,t ΨT,0 F′s,0

))
(diag (πs))

−1 . (3.3)

Proof. By total probability

Φ
(t,s)
j,i =

P(Xt = j,Xs = i)

P(Xs = i)

Using the rule for RC variable joint distribution (2.48), the numerator is (let t > s for
this case)

Π
(t,s)
j,i =

n∑
k=1

n∑
`=1

Q
(s,t,T )
j,i,k Q

(0,s,T )
`,j,k Π

(T,0)
k,` (3.4)

=
n∑
k=1

n∑
`=1

F
(t,s)
j,i F

(T,t)
k,j

F
(T,s)
k,i

F
(s,0)
i,h F

(T,s)
k,i

F
(T,0)
k,h

Π
(T,0)
k,`

= F
(t,s)
j,i

n∑
k=1

n∑
`=1

F
(s,0)
i,h Ψ

(T,0)
k,h F

(T,t)
k,j

= (Ft,s)j,i
(
F′T,t ΨT,0 F′s,0

)
j,i
, (3.5)

dividing by the marginal yields the result. It is readily verified (by simplification of
the above argument), that the result holds for s = 0 and/or t = T using the definition
that Fu,u = In for all u.

A time-reversed transition, that is Φs,t, s < t, simply results from normalising the
transpose of the two-point joint

Φs,t = F′t,s ◦
(
Fs,0 Ψ′T,0 FT,t

)
(diag (πt))

−1 (3.6)

The two-point transition matrix thus involves two matrix chains, one which represents
the inner variables on the interval between t and s, one which represents the variables
in the complement, and the boundary condition. Given that each matrix is a chain,
each must have a decay of its Birkhoff coefficient so that it approaches rank 1 entry-
wise. The matrices interact by entry-wise product - there is a matrix rank condition,
rank(A ◦ B) ≤ rank(A)rank(B), so if both factors are actually rank 1, so must Φt,s

be also. But when either is not rank 1, what happens? Until now there is no result
that says what the Birkhoff coefficient of a Hadamard product is in terms of τB(.)
of the factor matrices. Intuition suggests that two matrices with small τB(.) will not
Hadamard-multiply to result in a large coefficient but a proof is needed so we derive
this here:
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3.1.2 Birkhoff’s Coefficient Under Hadamard Product

We introduce now a new property of τB(.) – its behaviour under the elementwise
(Hadamard) product.

Lemma 3.2. For two positive matrices P and Q,

|τB(P )− τB(Q)|
1− τB(P )τB(Q)

≤ τB(P ◦Q) ≤ τB(P ) + τB(Q)

1 + τB(P )τB(Q)
(3.7)

Proof. Let B = P ◦ Q. Let bi,k denote the i, k entry of B, then (2.24) and (2.26) can
be expressed together as

φ(B) = max
ijk`

ln
bikbj`
bjkbi`

(3.8)

Note that since the maximand in (3.8) is the log of a ratio, minimisation of the same
quantity is by inverting the ratio, thus

min
ijk`

ln
bikbj`
bjkbi`

= −φ(B) (3.9)

Since τB(B) = tanh (φ(B)/4) and tanh is strictly increasing, to upper/lower bound
τB(B) it suffices to upper/lower bound φ(B). Expanding the right hand side of (3.8)
gives

φ(B) = max
ijk`

ln
pikqik · pj`qj`
pjkqjk · pi`qi`

= max
ijk`

[
ln
pikpb`
pjkpi`

+ ln
qikqj`
qjkqi`

]
(3.10)

Immediately from the fact that for general functions

max
x

(f(x) + g(x)) ≤ max
x

(f(x)) + max
x

(g(x)),

it holds that

φ(B) ≤ φ(P ) + φ(Q). (3.11)

For the lower bound we now need to consider that

max
x

(f(x) + g(x)) ≥ min
[
max
x

(f(x)) + min
x

(g(x)), min
x

(f(x)) + max
x

(g(x))
]
,

which gives

φ(B) ≥ |φ(P )− φ(Q)|. (3.12)
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Returning to the upper bound, substituting (3.11) into the τB definition (2.25) gives

τB(B) ≤ tanh(φ(P )/4 + φ(Q)/4). (3.13)

The hyperbolic tangent addition formula, then gives

τB(B) ≤ tanh(φ(P )/4) + tanh(φ(Q)/4)

1 + tanh(φ(P )/4) tanh(φ(Q)/4)
(3.14)

Using the τB definition again gives the upper bound in (3.7). Likewise the lower bound
follows from (3.12) with the same substitutions.

We can replace the coefficients of the factor matrices with their upper bounds and
still suitably upper bound the element-wise product’s coefficient:

Lemma 3.3. For positive matrices P,Q with τB(P ) ≤ p, τB(Q) ≤ q, and B = P ◦Q,
τB(B) ≤ p+q

1+pq

Proof. The gradient of the tangent addition formula is always positive for arguments
0 ≤ p′, q′ ≤ 1

∆(τB(B)) =

[
1− p′2

(p′q′ + 1)2
,

1− q′2

(p′q′ + 1)2

]
> 0. (3.15)

So we find that small-coefficient matrices approximately add their coefficients, stay-
ing small, but also note that matrices with more significant τB are able to cancel to small
values. Regarding attainment of the bounds, attainment of the upper bound is by coin-
cidence of the maximising arguments in (3.8) between the factor matrices. For example,
sufficient, but not necessary, is P = Q, such that for p=τB(P ), τB(P ◦P ) = 2p/(1+p2).
Attainment of the lower bound is by coincidence of the maximising arguments in (3.8)
of one factor with the minimising arguments of the other, and further condition that
the set of arguments maximise (3.8) for the (element-wise) product B. This occurs
in the following result which gives the condition for non-rank 1 matrices’ elementwise
product to be rank 1 :

Lemma 3.4. For positive matrices P,Q with τB(P ) = p > 0, τB(Q) = q > 0, τB(P ◦
Q) = 0⇔ qik = 1/pik · αi · βk for positive vectors α, β.

Proof. If the right hand side holds then P ◦ Q = αβ′ and τB = 0. Conversely, letting
B = P ◦Q, τB(B) = 0⇒ φ(B) = 0⇒ bikbj`

bjkbi`
= 1 ∀ ijk`⇒ pikqik = αiβk ∀i, k.
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3.1.3 RC Forgetting Bound

We have established the form of ΦRC
t,s and we can now use the new property of τB under

Hadamard product, in combination with the rule for chains, to evaluate its dependence
bound.

Theorem 3.1. For an RC model generated from Markov transitions Ft,s, t, s ∈ {0, ..., T},
for whose next-neighbour transitions At, τB(At) ≤ λ < 1, let m = τB(ΨT,0) then

τB(ΦRC
t,s ) ≤ λt−s +mλT−(t−s)

Proof. Applying Lemma 3.2, to forward (3.3) or backward (3.6) transitions, noting
there is no effect on τB of the diagonal normalising matrix due to property (2.29),

τB(ΦRC
t,s ) ≤

τB(Ft,s) + τB(F′T,tΨT,0F′s,0)

1 + τB(Ft,s)τB(F′T,tΨT,0F′s,0)
(3.16)

≤ λt−s +mλT−tλs

1 +mλT−tλsλt−s
(3.17)

where by Lemma 3.3, we have replaced the terms in the RHS with their bounds given
by the matrix product chain restult from the background chapter, Theorem 2.1. (The
RHS denominator which simplifies to 1 + mλT is bounded above 1, we let it equal 1
for simplicity).

Note that (3.17), in the m = 1 case, for τ = t− s reduces to

τB(ΦRC
t,t+τ ) ≤

λτ + λT−τ

1 + λT
,

which is the same overall bound as the continuous variable autocorrelation bound
(2.62).

We are able to make a direct counterpart to the MC result of the difference between
marginals given different initial distributions, corollary 2.1.1 (which includes the special
case of initial values) using the separation of ΠT,0 into initial marginal and transition:

Corollary 3.1.1. Let there be an RC model as above, initialised by distinct boundary-
distribution choices Πp,Πq, which have a common ‘long-range transition’ ΦT,0 but differ
in initial state distribution such that each Πi = ΦT,0diag(πi0) for i = p, q. Let πpt , π

q
t be

the unconditional marginals at t given the respective initialisations, then

||πpt − π
q
t || ≤ Cλt +mCλ(T−t)

for positive constant C.
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The proof follows from the coefficient bound in the same manner as in the Markov
case given for corollary 2.1.1. The mid-point marginal at t = T/2 is bounded by 2CλT/2.
Thus the main conclusion of this section is reached, the mid-process marginals always
forget x0 (or π0) and xT (πT ) for sufficient T , regardless of boundary condition. The
boundary condition still affects details of the forgetting behaviour, as we will discuss
in the next paragraph. Then follows examples of bounds compared to the numerical
value of τB(Φt,0) for some RCs with common generating process and different boundary
conditions in subsection 2.1.5.

Boundary Condition Note that the coefficient m is τB(ΨT,0) and not τB(ΠT,0). Be-
fore we address the forgetting of the BC entirely, in Section 3.2, we will comment about
the effect of the choice of boundary condition on the marginal forgetting behaviour.
The choice of Π0,T firstly results in a value m and secondly impacts the behaviour of
the dependence function below the bound. We will look into the second effect through
examples in the next subsection. Regarding m, this term’s magnitude results from the
relationship between the long-range transition imposed by the boundary condition and
that due to the base dynamics. ΨT,0 is itself the element-wise product of ΠT,0 and a
matrix whose entries are the inverse of the entries of FT,0 (this matrix necessarily has
Birkhoff coefficient τB(FT,0) ≤ λT ), letting p = τB(Π), then by Lemma 3.2:

|p− τB(FT,0)|
1− p · τB(FT,0)

≤ m ≤ p+ τB(FT,0)

1 + p · τB(FT,0)
,

So we note, firstly that for any ΠT,0 that is not positive, e.g a diagonal matrix, p = 1,
m = 0. Secondly p = 0 does not give m = 0, rather p = 0 ⇒ m = τB(FT,0) ≤ λT .
Rather, Lemma 3.4 thus asserts the condition to attain m = 0, by which (if we take m’s
magnitude as reflecting the degree of non-Markovianity of the model) we find agreement
with the result of [35] that a reciprocal process is only Markov when the boundary
distribution has form ΠT,0 = diag(νT )FT,0diag(ν0), for positive vectors ν0, νT .

3.1.4 Numerical Examples

To illustrate that the mid-process forgetting edge values is geometric (in the sense
established) regardless of boundary choice we first evaluate the bound, numerical value
of τB, and norm between marginals of processes given different initial states, for systems
representing the motivating cases mentioned in the section introduction. The base
Markov model for these RCs is the road network example from the background, ‘epoch’
version. As in the background example, the bound resulting from λ = τB(A) is not
be tight enough to be useful, so also demonstrated are bounds using λ2, λ4. The first
boundary condition case is simply xT = x0 such that ΦT,0 = In. Note that m = 1 by
the fact that ΠT,0 is not positive. The second case represents the application motivated
idea of encouraging targets to move across the space - a ΦT,0 is created where unlikely
initial-final value pairs (according to the base transitions) become likely by taking the



38 CHAPTER 3. FORGETTING PROPERTIES OF RECIPROCAL CHAINS

elementwise inverse of the (positive) transition A and normalising. Note that here
τB(ΦT,0) = τB(A) = λ ≈ 1, so the bound functions are essentially the same as for the
first example. Figure 3.1 (a) and (b) show that for both these cases the bounds hold,
and the mid-process forgets the initial state. In (b) we see the middle forgets even
more because in this case the two terms of the bound cancel rather than add. (This
is like reminiscent of the hyperbolic sin function from the anticyclic boundary case in
continuous variable RPs.) A look at example realisations shows this is because this Π
makes many paths occupy the same state around T/2. The limited number of paths
mentioned in the section introduction results here in more, not less forgetting.

The third example relates to the secondary question of trying to make faster for-
getting: ΠT,0 is the outer product of the stationary vector of the transition, ππ′, thus
ΦT,0 is normalised to π1′. We see in (c) that rather than the forgetting being at an
increased rate, the RC function matches the MC function (compare to Figure 2.1) (b)
until very late on the interval when the plot ends, as it’s value at T = 0. This is due to
the lower bound in (3.7). Since p = 0, m = λT , and the term in the RC transition that
modifies its behavior from the base model has τB() only of comparable size near T . We
can deduce that such a configuration does not ‘speed up’ forgetting, rather there is a
normal decay until a collapse toward the end.

The last example shows the limitations of the bound. In this case the transition
matrix is the road network example single-step primitive transition Ā, i.e. the x-axis
is single time steps not the epochs. Compare to Figure 2.1) (a). Here, while FT,0 is
positive, τB(FT,0) ≈ 1. For the RC, ΦT,0 is reused from the previous example, having
rank 1, τB = 0. because all the MC chain terms in the bound are ≈ 1, the best bound
on m is ≈ 1, and likewise λτ ≈ 1, τ ∈ {0, ..., T}, giving the transition bound close
to unity for all distances on this interval, whereas the specific behaviour of τB(ΦT,0) is
shown in Figure 3.1 (d), to be decay with not a particularly predictable function.

3.1.5 Discussion

The conclusion of this section, is that an RC must forget π0 in the middle, and likewise
πT . We cannot choose a boundary condition transition that so that we there is not
geometric forgetting, essentially with min(t, T − t) as in continuous variable models,
thus RCs have a locality property. The marginals in the mid process are insensitive
to the initial/final state but in the next section we establish what the marginals there
actually are.

3.2 Forgetting in RCs Restores Markovianity

From the last section we learned that there’s no choice of boundary condition that will
prevent the mid-process from forgetting the values, or marginals, at the end points.
Presuming for the moment that this also means the mid-process forgets all aspects
of the entire boundary distribution, recall from the background discussion that for
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Figure 3.1: Solid line numerical τB(ΦRC
t,0 ), dotted lines coefficient bounds with λ, λ2, λ4,

dashed (blue) line the infinity norm between marginals at t given different initial states.
See the body text for descriptions of scenarios pictured.

RCs that are based on an MC model, the Markovian base model itself results due to
a special case of the boundary condition. Since to ‘forget’ the boundary condition
means approaching behaviour shared with all BC cases including that one, forgetting
the endpoints should result in matching the base model in some sense. As outlined
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in the introduction, if the mid-process matches the Markovian base, for example in
terms of marginals and more importantly dynamics, i.e. conditional properties, then
an applying an RC to an interval which is long with respect to the forgetting rate would
more often that not produce the same marginals as the simpler MC model. However
when it came to estimation, would presumably mean the faster Markov estimation
algorithm could be substituted on that part. We first check the marginals situation,
where we find an MC model (which can be initialised with the same marginal as the RC)
distributions need only diverge from those of the RC when approaching the end of the
interval. The confirmation of forgetting the entire boundary by marginals mid sequence
follows as a consequence of this result and the MC forgetting property. Investigating
the dynamics we find it is not forgetting the boundary, but just considering ‘local’ sets
of variables that gives Markov conditional dynamics, though not necessarily with the
same transitions as the base.

3.2.1 RC Marginals Go to MC Marginals

Theorem 3.2. Let there be an MC with transitions Ft,s composed of At, t, s ∈ {0, ..., T},
where τB(At) ≤ λ < 1, and further entry condition F

(T,0)
j,i ≥ γ > 0. Let there be an RC

based on Ft,s with joint endpoint distribution ΠT,0. Let the intial marginal of the RC,
π0 = Π′T,01 be the intitialisation of the MC model. Let πMC

t and πRCt be marginals at t
according to of the respective models. Then

||πMC
t − πRCt ||∞ ≤ Cλ(T−t)

for positive constant C.

Proof. Note πRCt = ΦRC
t,0 π0. From the s = 0 case of Lemma 3.1,

ΦRC
t,0 =

(
Ft,0 ◦

(
F′T,t ΨT,0

))
(diag (π0))−1 .

Define

Gt = F′T,t
ΦT,0

FT,0
,

recalling ΦT,0’s definition (3.1), so that ΦRC
t,0 = Ft,0 ◦ Gt. We show that the entries of

Gt → 1 with the distance of t from the final time. Note that

G
(t)
i,j =

∑
k

(FT,t)k,i
Φ

(T,0)
k,j

(FT,0)k,j

=
∑
k

(FT,t)k,i
(FT,0)k,j

Φ
(T,0)
k,j (3.18)
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The ‘backward’ forgetting result of stochastic chains gives that FT,0 → FT,t in
the elementwise sense with (T − t). Following [7] (Theorems 4.17 and 4.19): By the
definition of ρ(P ), (2.37) and (2.38),

|F (T,t)
i,j − F (T,t)

i,k | ≤ τB(FT,t), ∀i, j, k. (3.19)

It also holds that

|F (T,t)
i,j − F (T,0)

i,h | ≤ τB(FT,t), ∀i, j, h, (3.20)

where (3.20) is obtained from (3.19) by considering FT,0 = FT,tFt,0 such that

F
(T,0)
i,h =

∑
k

F
(T,t)
i,k F

(t,0)
k,h

and for ε = ρ(FT,t)∑
k

(F
(T,t)
i,j − ε)F (t,0)

k,h ≤
∑
k

F
(T,t)
i,k F

(t,0)
k,h ≤

∑
k

(F
(T,t)
i,j + ε)F

(t,0)
k,h .

For all k, i, j, then∣∣∣∣1− (FT,t)k,i
(FT,0)k,j

∣∣∣∣ =

∣∣∣∣(FT,t)k,i − (FT,0)k,j
(FT,0)k,j

∣∣∣∣ ≤ τB(FT,t)

γ
≤ Cλ(T−t).

Letting (3.18) then be written as

G
(t)
i,j =

∑
k

(1 + εt(i, j, k)) Φ
(T,0)
k,j

=
∑
k

Φ
(T,0)
k,j +

∑
k

εt(i, j, k)Φ
(T,0)
k,j

= 1 + εt(i, j),

then

π
(t),RC
j =

∑
i

F
(t,0)
j,i G

(t)
j,iπ

(0)
i

=
∑
i

F
(t,0)
j,i π

(0)
i +

∑
i

εt(j, i)π
(0)
i

= (πMC
t )j + εt(j)

where
|εt(j)| ≤ |εt(j, i)| ≤ |εt(j, i, k)| ≤ Cλ(T−t).
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For an example see Figure 3.2 (a). RCs are inherently bidirectional so we could
ask whether this result can go backward in time, with a comparison to an MC which
shares the final marginal with the RC. The problem is that an MC cannot be arbitrarily
assigned a final distribution. There is such a thing as a backward-running MC, where
this is possible, but the backward MC achieves the final marginal by modifying its
transitions, so such an MC cannot be considered to be the ‘base’ model to which we
wanted to compare. This is not to say that an MC cannot be created which matches the
RCs marginals. In fact a model with entirely independent variables at each time can be
made to match an RC’s marginals, but such a model will not return anything like the
RC’s predictions or estimates. To do this a model needs to match the RC’s dynamics,
or conditional behaviour, which is what we will soon investigate. First however, for
completeness we show that the middle-process (as opposed to the early-to-mid process
from the previous result) forgets all aspects of the boundary condition.

3.2.2 Forgetting the Boundary in the Middle

Theorem 3.3. For an RC model as above, initialised with distinct boundary-distribution
choices Πp

T,0,Π
q
T,0, let pπt,

q πt be marginals given the respective initialisations, then

||pπt −q πt||∞ ≤ C1λ
t + C2λ

(T−t)

Proof. Let iπMC
t be the marginal of an MC with the base transitions and the initial

marginal corresponding to Πi
T,0, then by Theorem 3.2,

||iπt −i πMC
t ||∞ ≤ C0λ

(T−t)

for positive constant C0. Given the Markov forgetting result corollary 2.1.1 however,

||pπMC
t −q πMC

t ||∞ ≤ C1λ
t.

By the triangle inequality of norms

||pπt −q πt||∞ ≤ ||pπt −p πMC
t ||∞ + ||pπMC

t −q πMC
t ||∞ + ||qπMC

t −q πt||∞
≤ C1λ

t + C2λ
(T−t)

for C2 = 2C0.

For an example see Figure 3.2 (b).

3.2.3 Markovianity Condition

Theorem 3.2 shows that RC marginals go to that of its Markov base away from T ,
but marginals are not enough to show that the Markov property attains. To show
that an RC model ‘goes to’ a Markovian one on a long interval requires demonstration
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Figure 3.2: (a): Dashed (blue) line infinity norm between RC marginal and marginal
of MC with the base transitions and initial marginal of the RC. Solid line numerical
τB(FT,t). Dotted lines λ(T−t) for λ, λ2, λ4. (b): Dashed (blue) line infinity norm between
marginals of RCs with common transitions, different ΠT,0. Dotted lines C1λ

t+C2λ
(T−t)

for λ, λ2, λ4, where C1 used is the infinity norm between the initial marginals of the
ΠT,0s and C2 likewise of the final marginals.



44 CHAPTER 3. FORGETTING PROPERTIES OF RECIPROCAL CHAINS

that the future conditioned on the past requires only the immediate past. There is
a so far unmentioned third type of ‘transition’ that belongs to RCs, which reduces
in MCs to the two-point. Consider, in the case of a Markov process, for any indices
{r0, ...rn}, < s < t

P(Xt|xs, {xr1 , ..., xrn}) = P(Xt|xs) (3.21)

but for a reciprocal process, the reciprocal property separates Xt from Xrn , ..., Xr2 by
xs and xr0 , but nothing else, meaning

P(Xt|xs, {xr0 , ..., xrn}) = P(Xt|xs, xr0). (3.22)

The latest value and the earliest, of a set of past variables, define the evolution of
the future. Considering predictions made by a model given a set of observations, this
property sets RCs as a contrast to, for example second-order Markov models, a type
of model where the present and closest-past variable inform the future. To answer the
question of this subsection, let r denote the earliest realized or observed variable (i.e.
r0) of a set and s the latest. Letting ti stand for P(xt = i), the distribution given the
set is P(ti|sj, ri) which has a form in terms of matrices:

Lemma 3.5.

P(t`|sj, ri) = cj,i (Ft,s)`,j(F′T,tΨT,0F′r,0)`,i (3.23)

Proof.

P(t`|sj, ri) =
P(t`, sj, ri)

P(sj, ri)
(3.24)

The denominator Π
(s,r)
j,i is available from (3.5), and the numerator by

P(t`, sj, ri) = Π
(t,r)
`,i Q

(t,s,r)
`,j,i

so that in expanded form,

P(t`|sj, ri, ) =
(Ft,r ◦ F′T,tΨT,0F′r,0)`,i

(Fs,r ◦ F′T,tΨT,0F′s,0)j,i

F
(t,s)
`,j F

(s,r)
j,i

F
(t,r)
`,i

=
(F′T,tΨT,0F′r,0)`,i

(F′T,tΨT,0F′s,0)j,i
F

(t,s)
`,j (3.25)

which gives (3.23) with cj,i = (F′T,tΨT,0F′s,0)j,i, not dependent on `, acting as normalising
constant.

The RC two-point transition can now be seen to be the special case s = r of (3.23).
Investigating how this transition compares to a Markov transition rule (note, not

necessarily the base model’s transition rule), we find it is not actually necessary to be
far from the boundary to converge:
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Theorem 3.4. For and r < s < t ≤ T on an RC with base as above, with addi-
tional condition that transitions and boundary are such that (F′T,tΨT,0F′s,0)j,i ≥ γ >

0, ∀s, t, j, i. Let πt|s,r be the conditional marginal at t, given definite (but unspecified)
values taken by the process at indices s and r. Let the conditional marginal given a
definite value taken only at index s be πt|s. Then

||πt|s,r − πt|s||∞ ≤ C ·mλ(T−(t−r))

for positive constant C.

Proof. Let

H
(t,r)
j,i =

(F′T,tΨT,0F′r,0)`,i

(F′T,tΨT,0F′s,0)j,i

so that from (3.25), P(t`|sj, ri, ) = F
(t,s)
j,i H

(t,r)
j,i noting that ` is not mentioned (let ` be

any index). Noting that F′s,0 = F′r,0F′s,r, by the same argument as Theorem 3.2,

|1− h(t,r)
j,i | ≤ τB(F′T,tΨT,0F′r,0) ≤ mλ(T−t+r)

γ

As in the previous proof, this limits the marginal difference.

So it is not necessary to be away from the boundary, just that the length of the
complement of distance between r and t is long relative to the forgetting rate. Or,
noting that the m term is now present (m = τB(M)), that the boundary condition’s
long range transition is close to the base model’s. Consider that to make a prediction
by an RC model, given a set of values (such as sightings of a target), in contrast
to alternative non-Markov models such as n’th order Markov for which further past
variables are less relevant, the further into the past is an early ‘sighting’ given to an
RC model, the more relevant.

3.2.4 Discussion

We have shown the model forgets, that it has locality in the sense of a distance min(t−
s, T −(t−s)), and that considering a ‘local’ set of variables, the forgetting behaviour of
an RC means these variables have similar behaviour to a Markov model. With respect
to the concept of moving target modelling the implication of the results of Section 2 is
that if an RC is intended to be used to induce a tendency to proceed purposefully, the
interval length should be short relative to the forgetting rate. On too long an interval,
an RC walker will be not much less likely to ‘double back’ on its recent position than an
MC walker. However, in tracking applications where the relative position at the start
and end of the interval is important for distinguishing targets, an RC model is useful
even while the estimates in the mid-interval will be the same as the MC counterpart.
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Figure 3.3: Scatter plot of infinity norm between πt|s,r, πt|s for randomly chosen r, s, t
and indices Xt = i, xs = j, xr = k. Dotted lines λT−(t−r) for λ, λ2, λ4.

Before drawing conclusions it is necessary to show that the properties described carry
over to the estimation algorithm the way the Markov model’s properties carry to its
algorithm, We address this in the next chapter, and thereby find that some of the
concerns about interval length can be addressed by changing the algorithm.



Chapter 4

Forgetting Properties of Reciprocal
Chain Estimators

In this chapter we address the forgetting/locality property of the HRC smoothing
algorithm, and find its practical application in an approximate smoothing algorithm.
In Section 1 we show that the interval smoothing algorithm from [20] has a matrix
element-wise product form, with the same structure as that of the model, so that the
same concept of locality applies. We develop the result that (smoothed) estimates of
variables away from the boundary forget the boundary distribution and are therefore
well approximated by those of the MC algorithm (forward-backward) for variables far
from the boundary. In Section 2 we exploit the locality property and fact of RCs having
‘Markov like’ local structure evidenced by Theorem 3.4, to attain an approximate
interval smoothing algorithm for RCs that achieves estimation speed-up at small cost
in accuracy.

4.1 Forgetting of Observations in HRCs

In this section, by finding the matrix form of the HRC estimation algorithm we es-
tablish that the estimator forgetting behaviour is like that of the model, and give a
formalisation of the approach of the HRC algorithm’s estimates to those of the HMC
algorithm (using the base transitions) for variables further from the interval ends.

4.1.1 RC Smoother Matrix Chain Forms

We will now show that the smoothed posterior distribution γRCt of an HRC given by
the algorithm of [20] (recounted in Section 2.2.2) has a matrix product/element-wise
product form, again working with the case of an RC which is based on known/given
MC transitions.

47
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Lemma 4.1. With F̂t,s defined as in (2.21) and γRCt as in (2.60), ΦT,0 as in (3.1) and
π̂s = csπs,

γRCt = (F̂t,s ◦ F̂
′
T,tΨ̂T,0F̂

′
s,0)π̂s. (4.1)

Proof. Expanding (2.59),

αkt = ctB
k
t−1...c1B

k
0c0π

k
0 . (4.2)

Let dkt be a diagonal matrix formed from the k’th column of the matrix FT,t. Note that
Bk
t (see (2.55)) can be represented

Bk
t = dkt+1 At (dkt )

−1. (4.3)

In substituting (4.3) into the chain of (4.2), note the cancellation that occurs between
adjacent increments so that for some t

Bk
t ct B

k
t−1 ct−1 = dkt+1 At (dkt )

−1 ct d
k
t At−1 (dkt−1)−1 ct−1

= dkt+1 At ct At−1 ct−1 (dkt−1)−1

by commutativity of diagonal matrices, so that the chain of (4.2) simplifies to

αkt = dkt F̂t,0 (dk0)−1 π̂k0

Expanding the matrix product to a sum

αkj (t) =
N∑
i=1

F
(T,t)
k,j F̂

(t,0)

j,i /F
(T,0)
k,i π̂

(0),k
i

=
N∑
i=1

F
(T,t)
k,j F̂

(t,0)

j,i Φ̂
(T,0)
k,i

for Φ̂T,0 = ΦT,0c0. Meanwhile

βkt = B′kt ct+1...B
′k
T−1cT1

but note that

B
(T−1),k
j,i = A

(T−1)
j,i

(In)k,j

A
(T−1)
k,i

Bk
T−1 = ek1

′

where ek is a vector of zeros except k’th entry 1, so that using the substitution of (4.3)

β
(t),k
j = (dkt )

−1At d
k
t+1 ct+1 (dkt+1)−1 At+1 d

k
t+1...1e′kcT1

=
F̂

(T,t)

k,j

F
(T,t)
k,j

.
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Combining as in (2.60),

γj(t) =
N∑
k=1

(
N∑
i=1

F
(T,t)
k,j F̂

(t,0)

j,i Φ̂
(T,0)
k,i

)
F̂

(t,0)

k,j

F
(T,t)
k,j

(πT )k

=
N∑
k=1

(
N∑
i=1

F̂
(t,0)

j,i Φ̂
(T,0)
k,i

)
F̂

(T,t)

k,j (πT )k

=
N∑
i=1

F̂
(t,0)

j,i

N∑
k=1

F̂
(T,t)

k,j Φ̂
(T,0)
k,i

=
N∑
i=1

F̂
(t,0)

j,i (F̂
′
T,tΦ̂T,0)j,i(π0)i.

Dividing c0 from Φ̂T,0 and forming π̂0 by A diag(x)y = A(y ◦ x), we attain

γRCt = (F̂t,0 ◦ F̂
′
T,tΦT,0)π̂0. (4.4)

Let Ψ̂T,0 = ΨT,0c0. Subsuming π̂0 into Ψ̂T,0 so that

γRCt = (F̂t,0 ◦ F̂
′
T,tΨ̂T,0)1

and rearranging by the transformation

(A ◦B)x = diag(B′A) · x, (4.5)

it holds that

γRCt = diag(F̂t,0Ψ̂′T,0F̂T,t). (4.6)

We can reverse (4.5), splitting the chain at any point to get the general dependence
matrix for an estimate on a particular observation, giving the result.

From (4.1) it can be seen that the estimates mirror the model result, with the
influence of observation ys (via cs in π̂s) on estimate γRCt being bounded by Cλ̄t−s +
Cλ̄T−(t−s), analogously to Theorem 3.1, with λ̄ the estimator forgetting rate. This
immediately suggests that an approximate point smoothing algorithm for HRCs could
be designed to use only a local subset of observations, and reduce ∼ 2n3T operations
to ∼ 2n3∆ for some adequate ∆. However when we address approximate estimation
in Section 2 we will find that the reduction in complexity when switching from exact
to approximate ‘local’ estimation of HRCs is more dramatic than it was for HMCs.
Before addressing alternative algorithms, we will show that when smoothed by the
HRC algorithm, estimates of variables away from the boundary forget the boundary
distribution. (Note first from the proof above, the form (4.6) of γRCt , which facilitates
subsequent results.)
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4.1.2 Estimates Forget the Boundary

The (4.1) form of γRCt given by Lemma 4.1 shows that estimates will forget distant
data. In this subsection we formalise the intuitive notion that estimates far from the
boundary also forget the boundary distribution. That is, when an HRC is smoothed by
the algorithm provided with the same base transitions but two different initialisations,
the posterior distributions of variables increasingly far from the boundary become
increasingly the same at a geometric rate. The result implies the error due to an
initialisation mismatched to the system generating the trajectories, is limited to the
interval edges. For this and the rest of this chapter’s results we will benefit from
defining some vectors, whose entries do not necessarily have probabilistic meaning:
For a positive matrix B, define positive vectors α(B), β(B)

α(B)j =
n∑
i=1

Bj,i, β(B)i =
n∑
j=1

Bi,j. (4.7)

Note that α(B) = B1, β(B) = B′1. Then define

αRCt = α(F̂t,0Ψ̂′T,0F̂T,t) = F̂t,0Ψ̂′T,0F̂T,t1 (4.8)

βRCt = β(F̂t,0Ψ̂′T,0F̂T,t) = F̂
′
T,tΨ̂T,0F̂

′
t,01. (4.9)

(For notational convenience we henceforth assume these quantities to be normalised
without explicit indication.) These quantities can be cheaply evaluated in right-to-left
order by T matrix-vector multiplications, therefore having O(n2T ) complexity, but are
not necessarily meaningful quantities for a general HRC model. For the special case of
an RC which is Markov i.e. where Π = F̂T,0diag(π0) for some π0, such that Ψ = π01

′,
we find

αRCt = F̂t,0π01
′F̂
′
T,t1

= F̂
′
T,tπ0

= αMC
t

for αMC
t defined in (2.1), i.e. the forward pass of the forward-backward algorithm.

Likewise

βRCt = F̂
′
T,t1π0F̂

′
t,01

= F̂
′
T,t1

= βMC
t

and by (4.6), since the matrix involved is rank 1, it’s diagonal γRCt = αMC
t ◦βMC

t . Thus
in the MC case γRCt coincides with that due to the MC algorithm, and γRCt could be
evaluated in O(n2T ) time by forward-backward algorithm. That γt in the Markovian
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case is the element-wise product of two vectors reflects the split of the observation
set into an independent past and future that facilitates the use of fast matrix-vector
multiplications to get the posterior distributions. In non-Markov RCs, the matrix
within (4.6) is not rank 1 and to obtain its diagonal, the full matrix must be evaluated
by matrix-matrix multiplication.

To show that the posterior distributions from the estimator forget the initialisation,
we develop the argument that the diagonal of the matrix in (4.6) approaches the
element-wise product of two vectors when the interval is long, and that these vectors
forget the boundary far from it. We will require some lemmas. The following lemma
bounds the distance between vectors that are element-wise products:

Lemma 4.2. For positive vectors x1, x2, y1, y2 and z1 = x1 ◦ y1, z2 = x2 ◦ y2

d(z1, z2) ≤ d(x1, x2) + d(y1, y2) (4.10)

Proof. From the definition of d(.) (2.24),

d(z1, z2) = max
i,j

ln

[
z

(1)
i · z

(2)
j

z
(1)
j · z

(2)
i

]

= max
i

ln
z

(1)
i

z
(2)
i

+ max
i

ln
z

(2)
i

z
(1)
i

= max
i

ln

[
x

(1)
i y

(1)
i

x
(2)
i y

(2)
i

]
+ max

i
ln

[
x

(2)
i y

(2)
i

x
(1)
i y

(1)
i

]

≤ max
i

ln
x

(1)
i

x
(2)
i

+ max
i

ln
y

(1)
i

y
(2)
i

+ max
i

ln
x

(2)
i

x
(1)
i

+ max
i

ln
y

(2)
i

y
(1)
i

≤ d(x1, x2) + d(y1, y2)

When a matrix is rank 1, the vector formed from it’s diagonal is an element-wise
product of two vectors. For a non-rank 1 matrix, the following lemma bounds the
difference between a matrix’ diagonal and this product as a function of τB. This
lemma assumes normalisation of relevant quantities.

Lemma 4.3. For positive matrix B, where tr(B) =
∑

iBii ≤ 1

||diag(B)− α(B) ◦ β(B)||∞ ≤ τB(B)

Proof. Consider the stochastic matrix A = B · diag(β(B))−1. Note τB(A) = τB(B). By
property (2.29). By the definition of ρ(A) (2.37) and bound (2.38)

max
ijk
|Ai,j − Ai,k| ≤ τB(A)
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so that or a vector π, defined

πj =
1

n

n∑
i=1

Aj,i,

it holds that

||π1′ − A||∞ ≤ ρ(A)

and follows that

||π1′diag(β(B))− Aβ(B)||∞ ≤ ρ(A) max
j

(β(B)j)

giving the result by maxj(β(B)j) ≤ 1.

The theorem follows:

Theorem 4.1. Let there be HRC models with distinct boundary distributions pΠT,0,
q ΠT,0,

and let pγt,
q γt denote the estimates due to the HRC smoothing algorithm supplied with

the respective models. Let the HRCs have base model transitions and observation mod-
els in common, with estimate forgetting rate λ̄. Let pΨ,q Ψ be the matrices associated
with the respective boundary conditions as in (3.2) and let pm = τB(pΨ),qm = τB(qΨ).
Then

|| pγt − qγt||∞ ≤ C1λ̄
t + C1λ̄

T−t + (pm+q m)λ̄T (4.11)

for some constants C1, C2.

Proof. Consider vectors, ψ = Ψ̂′T,0F̂T,t1, ψ̄ = Ψ̂T,0F̂
′
t,01 so that

αRCt = F̂t,0ψ, (4.12)

βRCt = F̂
′
T,tψ̄. (4.13)

Particular boundary condition i of iΠT,0 gives the associated iΨ, and thus a pair iψ,i ψ̄,
finally iαRCt , iβRCt . Then by (2.30),(4.12),(4.13),

d(pαRCt , qαRCt ) ≤ C1λ̄
t (4.14)

d(pβRCt , qβRCt ) ≤ C2λ̄
(T−t) (4.15)

From Lemma 4.3 , for i = p, q (dropping the ‘RC’ superscript for now)

iγt = iαt ◦ iβt + iεt

for a vector iεt, ||iεt||∞ ≤ im · λ̄T so that

pγt − qγt = pαt ◦ pβt + pεt − (qαt ◦ qβt + qεt)
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and

||pγt − qγt||∞ ≤ || pαt ◦ pβt − qαt ◦ qβt||∞ + (pm+q m)λ̄T (4.16)

By (4.14),(4.15) and Lemma 4.2

d(pαt ◦ pβt,
qαt ◦ qβt) ≤ C1λ̄

t + C2λ̄
(T−t). (4.17)

Letting the quantities be normalised the first term in the RHS of (4.16) is bounded by
the LHS of (4.17).

Theorem 4.1 is illustrated in Figure 4.1. The example system is the road network
system from Section 2.2.3 with ΠT,0 inducing targets to cross the area, as in Figure
2.2 (b). The observation model is as described in Section 2.1.5. In (a) numerical
evaluations of the signal model and estimation forgetting rates are depicted. In (b)
two models are used to smooth 400 observation sequences, the RC that generated the
data (i.e. matched model), and a model whose ΠT,0 is mismatched. The error, defined
as the infinity norm difference between γt from the models, is shown. A bound on the
error according to Theorem 4.1 is given with the rate λ̄ determined from (a).

4.1.3 HMC vs. HRC Derived Estimates

A smoother with a mismatched initialisation includes cases where the generating dis-
tribution is an RC but the smoother is given an initialisation that makes its model
Markov. So Theorem 4.1 implies a bound on the error that will result from naively
using the forward-backward algorithm on an HRC as if it were an HMC (using the
base RC’s base transitions as the MC model). In fact the mismatched model in (b) is
an RC with a Markovian ΠT,0. The same (mismatched) posterior distributions could
therefore be obtained with either the HRC or HMC algorithms. We could propose to
substitute the HMC algorithm’s estimates for the middle variables of long RC processes
to save calculation. However in the next section we show that by exploiting ‘locally
Markov’ structure, successful approximation of an HRC by an HMC-like algorithm
can be extended to the entire interval. (Note that the numerically evaluated error in
Figure 4.1 is much less than the bound because the Markovian ΠT,0 is far from the
most mismatched initialisation that can be applied.)

4.2 Fast Approximate Smoother for RCs

In this section we show how HRCs can be approximately smoothed with recursive
matrix-vector calculations. First, an approximate HRC point smoother is introduced
which treats the end part of the interval as adjacent to the beginning, and passes
recursive updates over this junction. A regime for interval smoothing an HRC is
introduced which exploits ‘approximate redundancy’ in the calculations of the point
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Figure 4.1: Smoothing by matched and mismatched model. System as in Figure 2.2
(b) with n = 16, p = 0.5. Observation model described in Section 2.1.5. (a) Rates
of forgetting. Solid line model, dotted lines estimator forgetting rate for 30 example
sequences. (b) Error by mismatched model. Dotted line: bound from Theorem 4.1 with
rate attained from (a). (Blue) dashed line-infinity norm between smoothed posterior
distributions due to matched and mismatched (Markov) model.

smoother, so that posterior distributions are given which are a second approximation to
the exact ones, and thus have some additional error to the approximate point smoothed
distributions, but via far fewer calculations.

4.2.1 Point Smoother

For special Markovian case the calculation of the vector γRCt was split into two vectors
by the matrix of (4.6) being rank 1, which allowed interval smoothing with forward-
backward by matrix-vector multiplication with complexity O(n2T ), whereas the non-
Markovian case the matrix within (4.6) is not rank 1 and to obtain its diagonal, the full
matrix must be evaluated by matrix-matrix multiplication with complexity O(n3T ).
However considering that (for any t), the matrix in (4.6) is a chain of T matrices, if the
interval is long with respect to the estimator forgetting rate, Lemma 4.3 gives that the
diagonal, γRCt , is close to the product of two vectors. Specifically, the vectors αRCt , βRCt ,
which are obtainable by matrix-vector multiplications. Define the approximate poste-
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rior point distribution

γ̄t = αRCt ◦ βRCt , (4.18)

then by Lemma 4.3

||γ̄RCt − γRCt ||∞ ≤ mλ̄T . (4.19)

An algorithm for approximate point smoothing an HRC then is to simply evaluate
αRCt , βRCt recursively by (4.8), (4.9) and then γ̄RCt by (4.18). This procedure resembles
the forward-backward algorithm, but now treating XT and X0 as adjacent variables,
and treating ΨT,0 as a transition despite it’s not being a stochastic matrix. While HRC
point smoothing this method is fast, estimating the distributions of an interval of vari-
ables by this method is not proposed to be practical: In the HMC forward-backward
algorithm, interval smoothing is effectively repreated point smoothing because of re-
dundancy between the set of distributions. That is, for each t,

αMC
t+1 = Ut α

MC
t ,

etc. However in the HRC case, it can be seen from (4.8) that

αRCt+1 6= B αRCt

for any matrix B. Without this redundancy, interval smoothing by γ̄t would involve re-
peating the process for each variables in the interval and an overall complexityO(n2T 2).
In the next subsection, investigation of how much extra error results from recursing
anyway, results in a fast second-approximation algorithm suitable for interval smooth-
ing.

4.2.2 Interval Smoothing Regime

We show that vectors can be obtained which approximate the approximate point
smoother’s component vectors, without unacceptably higher error. Consider for an
index t and increment τ , such that t + τ < T , attempting to approximate αRCt+τ by
recursion from αRCt . From (4.8), the point smoother vector we hope to attain for t+ τ
is

αRCt+τ = F̂t+τ,tF̂t,0ΨT,0F̂T,t+τ1 (4.20)

while αRCt can be expanded

αRCt = F̂t,0ΨT,0F̂T,t1

= F̂t,0ΨT,0F̂T,t+τ F̂t+τ,t1
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The presence of the term F̂t+τ,t already, within αRCt , prevents αRCt+τ being attainable

from αRCt by a multiplication by F̂t+τ,t. However, defining the approximation

ᾱRCt+τ |t = F̂t+τ,t · αRCt
= F̂t+τ,t · F̂t,0 ·ΨT,0 · F̂T,t1
= F̂t+τ,t · F̂t,0 ·ΨT,0 · F̂T,t+τ · F̂t+τ,t1 (4.21)

and comparing (4.20) and (4.21), it can be seen that

d(ᾱRCt+τ |t, α
RC
t+τ ) ≤ τB(F̂t+τ,t · F̂t,0 ·ΨT,0 · F̂T,t+τ ) (4.22)

≤ mλ̄T (4.23)

which is independent of increment τ . In other words there is some additional error, by
recursing in the manner of a forward pass, but no accumulation of that error to get a
set of ᾱRC . The above argument applies equally to backward recursion used to attain
an equivalently defined β̄RCt−τ . Since the error in these terms is independent of τ , define

¯̄γt = ᾱRCt ◦ β̄RCt , (4.24)

where ᾱRCt = ᾱRCt|t−τ for some τ , likewise β̄RCt . Then by Lemma 4.3, (4.23) and Lemma
4.2:

||̄̄γt − γRCt ||∞ ≤ 3mλ̄T . (4.25)

Define then an algorithm to approximately interval smooth an HRC:

Algorithm 1: Fast Approximate HRC Interval Smoother

1 Evaluate αRC0 by (4.8);
2 ᾱRC0 ← αRC0 ;
3 for (t = 1; t ≤ T ; t← t+ 1) do
4 ᾱRCt ← Ut−1ᾱ

RC
t−1;

5 end
6 Evaluate βRCT by (4.9);
7 β̄RCT ← βRCT ;
8 for (t = T − 1; t ≥ 0; t← t− 1) do
9 β̄RCt ← U ′t+1β̄

RC
t+1;

10 end
11 for (t = 0; t ≤ T ; t← t+ 1) do
12 ¯̄γt ← ᾱRCt ◦ β̄RCt ;
13 end

The error in this approximate algorithm’s posterior distributions is bounded by
(4.25).
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4.2.2.1 Complexity

Evaluating αRC0 , βRCT each require ∼ n2T Each subsequent recursive pass requires an-
other T matrix-vector multiplications so that the total calculations of this scheme for
the entire interval’s estimates then is ∼ 4Tn2 vs ∼ 2Tn2 for interval smoothing an
HMC with forward backward. As mentioned n may be large in applications, so an ac-
curate approximation with complexity O(n2T ) is significant. Timing results are given
in the following example problem, and in Figure 4.3 (b), timing is compared for exact
and approximate interval smoothing algorithms vs. state-space size n.

4.2.3 Approximate Estimation Example

To demonstrate the applicability of the proposed algorithm, it is used to smooth an
example HRC. The system tested is again the road network example as in Section
2.2.3, and Figures 2.2 (b) and 4.1. A sample trajectory from a road network with its
associated sequence of observations is shown in Figure 4.2 (a). Note this is not the exact
system used for the simulation study, the illustrated target travels through a larger state
space in a shorter time (n = 25, T = 10) for visual simplicity. The smoothed system
parameters are n = 16, T = 20. For Figure 4.2 (b), 400 observation sequences were
smoothed by the approximate point and fast approximate interval HRC smoothers.
Error was measured as the infinity norm distance between these posterior distributions
and the exact posterior distributions obtained by the ‘bridge-decomposition’ algorithm.
The error is charted along with bounds (4.19) and (4.25), with λ̄ derived from the
data of Figure 4.1 (a). The error resultant from naively using the Markov-assuming
forward-backward smoother (with the base transitions), as in Figure 4.1 is shown for
comparison. The CPU time for the algorithms to smooth 400 sequences was as follows:
HRC exact smoother 20.9s, approximate point smoother 45.0s, naive forward-backward
1.0s, fast approximate interval smoother, 1.9s. The fast approximate interval smoother
is of comparable speed to the MC with vastly less error. In Figure 4.3 (a), the speed
of computation for the exact, naive HMC and proposed algorithm are compared for
smoothing systems as in this example but with varying n. In the next subsection the
general relationship of error between the methods are briefly explored.

4.2.4 Discussion

In Section 1 of this chapter it was shown that naively applying the forward-backward
algorithm to an HRC as if it were an HMC (with the base transitions) produces esti-
mates that are increasingly close to those due to the HRC smoother, the further the
variable estimated is from the boundary. Considering an HRC model constructed from
base transitions and a ΠT,0 applied over some required interval length T - when T is
long relative to the forgetting rate, more variables are far from the boundary and the
time-average error is low, however the end time relationship, which can be important
for applications such as tracking that aim to keep track of multiple trajectories, must
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Figure 4.2: Example smoothing problem. (a) An illustration of an example trajectory
and observation sequence. (b) Infinity norm error in approximate (slow) point smoother
γ̄t (solid line) and fast interval smoother¯̄γt (dashed line). Dotted line is point-smoother
error bound mλ̄T , dot-dash line interval smoother error bound 3mλ̄T . Dashed blue line
error due naive forward-backward smoothing as in Figure 4.1.

still be modelled. The HRC model on the long interval can therefore be considered
beneficial but inefficient. The proposed fast approximate interval smoothing algorithm
error bound is geometric with the interval length. The approximation can thus produce
accurate estimates precisely in the case that it is needed. Figure 4.3 compares the error
due to applying naive HMC forward-backward (which decreases roughly linearly with
T ) and due to the proposed algorithm (geometric).
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Figure 4.3: (a) CPU time (s) to interval smooth 400 observations sequences generated
by a system model as in example of section 4.2.3 but with varied state size n. By
the exact HRC smoother (solid line), forward-backward HMC smoother (dotted line)
and fast approximate HRC interval smoother (dashed line). (b) Error (average infinity
norm distance between exact posterior distributions and approximations) from interval
smoothing sequences from example of Section 4.2.3 but with varied interval length
T (n = 16), by the naive forward-backward HMC smoother (dotted line) and fast
approximate HRC interval smoother (dashed line).
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Appendix A

Further Related Work - Markov
Random Fields

The theory of reciprocal models was given rigorous probabilistic treatment in the 1970s
in [35], since then, though drawing on even earlier models, some theory has been
developed that deals with probabilistic models not limited to time-indexed processes,
such as multiple finite-indices (lattices), or generally, collections of variables. In this
appendix we review some more current related work, for further insight into RCs and
looking for overlap between this theory and our results. No results seem equivalent to
ours, the closest is that the approximate estimation algorithm ‘loopy belief propagation’
(LBP) almost corresponds to the point smoother of Section 4.2. We show however that
for RCs specifically, our algorithms improve on LBP.

A Markov random field (MRF) (see [36]) is a set of variables with a more general
Markov property than the one given in (2.4). Instead of the future separated from
the past by the present, a variable is separated from the rest of the set by some
‘neighbouring’ set. The reciprocal property can be seen to be an example. The joint
distribution of the variables and be expressed in terms of conditional probabilities, for
example as in (2.50), however, the conditional independence structure implied by the
separation rules induces a graph over the variables (the ‘graphical model’). Following
[37], assuming that all probabilities are nonzero, the Hammersley-Clifford theorem
[38] guarantees that the probability distribution will also factorise into a product of
functions of the maximal cliques of the graph, where cliques are ‘all-to-all’ connected
sub-graphs. Marginal distributions can be found from this parametrisation by summing
out the functions over all other variables. Given the positivity condition, the two
representations can be converted into each other. There is however some established
theory about forgetting/locality in models parametrised by the clique functions, and
because there are some schemes/algorithms for exact and approximate estimation of
general models parametrised that way.

In this thesis we have given results about RCs that are generated from some MC
transitions. In his rigorous treatment of reciprocal models in [35], B. Jamison at-
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tempted to answer the question of whether all reciprocal models that can be specified
are generated from some base Markov transitions. His conclusion was not definitive,
and a finite-index, finite-state example was actually given as a counter-example. In Sec-
tion 1 of this appendix we will show, by showing the conversion between RC parametri-
sations by clique functions and transitions, that for a finite-index, finite-state RC with
positive three-point transitions on interval of size T > 2, a base process always exists.
In Section 2 we will discuss whether the known results forgetting in MRFs cover our
own results, and in Section 3 we will compare an MRF estimation algorithms applied
to an RC by the conversion to clique function form, with our algorithms.

A.1 RCs and Clique Functions

To find the graph for a model, its set of variables are initially assumed to be all
mutually connected, the conditional independence rules then specify which connections
are culled. For example, an MC where each variable’s past and future are separated
results in a singly connected line (including the observation variables present in the
HMC, each variableXt has a ‘branch’ which is Yt). Note that the graph does not depend
on the the content of the MRF’s parametrising conditional distributions (‘transitions’
in the MC and RC terminology). In the MC case all cliques consist of two variables
({Xt+1, Xt} for t ≥ 1) so the model is called ‘pairwise’ and each clique function is
some n × n matrix. These are therefore like the transitions, but clique functions are
not limited to have column sums equal to 1, or other probabilistic characteristics (only
to be positive). A positive RC naturally has a graphical model. Its form was first
presented as a specific finding in [39] however this work asserts the condition of the
RC having cyclic boundary condition, which is unnecessary. Applying the reciprocal
property to culling connections, each variable is left connected to its neighbours (as
in the MC) but as the reciprocal property does not separate X0 and XT , these are
connected resulting in a graph that resembles a ring. It can thus immediately be
seen that the distance, mentioned throughout the thesis starting from the background
section 2.2.4, min(t−s, T −(t−s)), with which an RC’s variables were shown to forget,
is graph distance on the RC’s graph. The structure of the RC graph is like that of an
MC with an additional function between X0, XT . The graph is still pairwise but not
‘singly-connected’ (one path between any two variables) as was the case for MCs.

A.1.1 Most RCs Have a Markovian Base Model

In this subsection we use the clique functions form of an RC to ground some of our
RCs material in some established theory, specifically that ΨT,0 defined in 3.2 is a
potential function (hence our use of the Ψ symbol heretofore), and to show that a set
of Markov transitions that serves as the base model can always be found for a positive
RC on T > 2. It will be useful to first address specifying a Markov chain by potential
functions.
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Markov Chain Potential Functions For an MC on {0, ..., T}, the conditional
independence structure and the Hammersley-Clifford theorem gives that

P(X0 = x0, X1 = x1, ..., XT = xT ) =
1

Z

T−1∏
t=0

ΨXt+1,Xt(xt+1, xt),

for normalisation constant Z and a set of functions. Let Ψt+1,t stand for a function

between {Xt+1, Xt} and Ψ
(t+1,t)
j,i for its entries. An example set of functions for an MC

can be obtained from it’s transitions factorisation (2.14),

Ψ1,0=P(x1|x0)P(x0), Ψt+1,t=P(xt+1|xt)

for t ≥ 1. In this case the Ψ have probabilistic meanings, and columns summing to 1
etc. Clique functions can be arbitrary positive functions, however so an implication of
the Hammersley-Clifford theorem is that any functions should be able to specified and
still result in meaningful MC transitions: Consider, for arbitrary functions

π
(0)
j = P(X0 = j) =

∑
i1=1,...,iT =1

Ψ
(1,0)
i1,j

Ψ
(2,1)
i2,i1

...Ψ
(T,T−1)
iT ,iT−1

which can be organised

=
∑
i1=1

Ψ
(1,0)
i1,j

∑
i2=1

Ψ
(2,1)
i2,i1

...
∑
iT =1

Ψ
(T,T−1)
iT ,iT−1

. (A.1)

Define positive vectors ht where

h
(t)
j =

∑
it+1=1

Ψ
(t+1,t)
it+1,j

h
(t+1)
it+1

,

and h
(T−1)
j =

∑
iT =1 Ψ

(T,T−1)
iT ,j

. Then there is a set of Markov transitionsAt, t ∈ {0, ..., T−
1} given by

A
(t)
`,j = P(Xt+1 = `|Xt = j)

=
P(Xt+1 = `,Xt = j)

P(Xt = j)

= Ψ
(t+1,t)
`,j

h
(t+1)
`

h
(t)
j

.

Note that h0 = π0.
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Reciprocal Chain Potential Functions Moving on to RCs we see from the model
that for a positive RC on T > 2,

P(X0 = x0, ..., XT = xT ) =
1

Z
ΨXT ,X0(xT , x0)

T−1∏
t=0

ΨXt+1,Xt(xt+1, xt),

This means any RC that can be specified can be represented by this set of arbitrary
functions. To see base transitions can be found for any such RC, consider the subset of
functions other than ΨT,0. Setting ΨT,0 be any rank 1 matrix vw′ for positive vectors,
let

Ψ′1,0 = Ψ′1,0diag(w)

Ψ′T,T−1 = diag(w)Ψ′T,T−1.

Carrying out the calculations to find Markov transitions for the functions above, gives
a set that serves as a base model for that RC, from which three-point transitions can
be constructed and an arbitrary ΨT,0 or ΠT,0 can be applied. Note that the counter
example where the transitions could not be found in [35] was postivie but on interval
of length T = 3. In this case the reciprocal property does not separate any variables
and the maximum clique size is not 2 but 3. This is the only case where the above
development does not apply.

It will be useful for comparing estimation algorithms to show the relation between
ΨT,0 and ΠT,0.

Π
(T,0)
k,h = Ψ

(T,0)
k,h

∑
i1=1,...,iT−1=1

Ψ
(1,0)
i1,j

Ψ
(2,1)
i2,i1

...Ψ
(T,T−1)
k,iT−1

= Ψ
(T,0)
k,h

∑
i1=1

Ψ
(1,0)
i1,j

∑
i2=1

Ψ
(2,1)
i2,i1

...
∑
iT =1

Ψ
(T,T−1)
k,iT−1

= Ψ
(T,0)
k,h F

(T,0)
k,h .

So for a nominated set of base transitions and joint ΠT,0, the potential function ΨT,0

is given by

Ψ
(T,0)
k,h =

Π
(T,0)
k,h

F
(T,0)
k,h

.

Base Model From Three-point Transitions We have shown how a set of transi-
tions can be found for an RC specified by clique functions, but it is more likely in the
signal processing context that a model will be specified by its conditional distributions
(transitions). Although all application works to date (e.g. [13,28]) deal with processes
where the base (two-point) transitions are known a priori, in the case where example
sequences are available and the counting of relative frequencies is used to obtain joint
and conditional distributions, the three-point transitions and end-point joint will be



A.2. LOCALITY/FORGETTING IN MRFS 65

available but the base model transitions not explicitly. In this case it seems like iter-
ation may be required to find a complete set of base transitions, however this should
not be necessary to implement the forgetting analysis in with the methods given in this
thesis, due to the fact that the ‘bridge transitions’ of (2.50), are able to be counted
from example sequences, and are base transitions for the model on t ∈ {0, ..., T − 2}.
While the last transition is not avaiable, the bridge set has the same forgetting rate
as all sets of base transitions for a given RC do. This fact is due to all transitions
being common up to column and row multiplications which cancel between adjacent
transitions (as can be seen for example in (4.3).)

A.2 Locality/Forgetting in MRFs

The Hammersley-Clifford theorem means that MRFs such as RCs can be specified by
the potential functions as well as conditional (transitions). A model that is therefore
by this equivalent to an n = 2 RC is the 1-dimensional Ising model of magnetic spins on
a lattice (see [40]), which is specified by the relationships between nearest-neighbours
on a single index, and the condition that the first and last variable on the interval
have the same value. This model has geometric forgetting like the RC [41]. There is
a 2-dimensional version (the square lattice Ising model, see also [40]) which famously
has a ‘phase change’ behaviour which means that for certain nearest-neighbour clique
function values, the variable values on the boundary determine the distribution of all
the other variables in the mode, even for infinite lattice size. In other words, this
model does not necessarily have forgetting. Because the 1-D Ising has forgetting and
whereas the 2-D has long-range dependence behaviour, it can be asked whether a
general rule exists about models which would automatically show that 1-dimensional
models (which are nearest-neighbour connected) necessarily have locality. There is
a test called Dobrushin’s uniqueness condition see [42], which is a candidate for this
role. It is not within our scope to summarise Dobrushin’s condition, except to say
that it involves requirements on the strength of influence and importantly the number
of neighbours a variables has. Applying a test of Dobrushin’s condition to an RC
converted to its clique function form, may have provided the general conclusion of 3.1,
that RCs have locality, but our work is useful for giving specific bounds, for example on
the norm between marginals, which would not be provided by Dobrushin’s condition.

A.3 MRF Estimation

The algorithms for exact estimation of MRFs parametrised by clique functions amount
to reorganisation of the otherwise combinatorial summation of the rest of the model,
using the structure to avoid redundant calculation. The optimal (exact) RC smoothing
algorithm of [20], by the bridge decomposition, corresponds to one variant, the clique-
tree algorithm [43]. Since our work has dealt with approximation, we consider an
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approximate algorithm for MRFs which would appear to have a similar approach:

A.3.1 MRF Approximate Estimation

In the background chapter section 2.1.1 we described the forward-backward algorithm,
which in light of the clique functon form of an MC can be seen to be an instance of
organising the summing out of potential functions When a model is singly connected the
procedure, which from a single variable’s point of view consists of receiving ‘messages’
αt, βt and passing them on after adding the local observation, gives the exact posterior.
Thus the general form of forward-backward, applicable to singly connected models, is
called message passing or belief propagation. When the graph has loops, it has been
proposed to run message passing anyway, multiply counting the model’s observation,
until the local messages either convergence or not. This algorithm is called loopy belief
propagation (LBP). The RC graph has (is) a single loop as described. So LBP can
be applied to RCs as was first pointed out in [44], treating Gaussian RCs. [37, 45, 46]
are the significant works relating to performance of LBP on a single loop, where the
two main questions are convergence and whether accuracy of the resultant estimate
relative to the exact. An example in [37] is analysed which is equivalent to a clique
function parametrised, n = 2 RC. The argument for convergence of LBP on the single
loop is similar to showing forgetting. In fact the general condition for convergence of
LBP is given in [42] to be Dobrushin’s condition - the same as the locality condition.

A.3.2 Loopy Belief Propagation vs. RC Approximate Algo-
rithms

[37] features the matrix (4.6), and the author acknowledges that the diagonal of that
matrix is the exact (interval smoothed) estimate. However the premise of LBP is dif-
ferent to that of the algorithms given in Chapter 4. Where the aim of our algorithms
was for forgetting to allow the replacement of matrix-matrix calculations with matrix-
vector, without multiply counting and observations, LBP anticipates that forgetting
will allow convergence of messages, and multiply counting all of the observations will
‘cancel out’ to the correct estimate. In work such as [37] this can be shown not to occur
even on the single loop, the estimates converge, but not to the exact estimate. This
raises the question of whether it would be better for LBP to stop counting after incor-
porating all observations once, rather than converging. LBP run on an RC, stopped at
T passes so that each observation was counted once by each direction of message pass,
almost corresponds to the point smoother algorithm of Chapter 4 (LBP (over) counts
one additional observation). As is shown in Figure A.1, allowing LBP to converge,
increases the error from the single-counting case. It is reasonable to conclude that
loopy belief propagation should not be employed for approximate interval smoothing
of RCs, instead either stopped version, i.e. the point smoother of section Chapter 4
(applied to each time) for best accuracy, (n2T 2 calculations) or the RC approximate
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Figure A.1: Comparison of error (infinity norm between approximate and exact es-
timate) due to point smoother (dashes line) and interval smoother (solid line) of this
work, and loopy belief propagation (blue line), vs. number of message passes of belief
propagation. The model is that of (b) from Figure 3.1, on a shorter interval of T = 8.

interval smoothing regime (4n2T calculations) for best efficiency.
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Appendix B

Proof of Faster Forgetting in
Two-State Filter

In the n = 2, symmetric transition homogeneous MC it is possible to prove that the inclusion
of any ‘informative’ observations, that is, where the observation is not equally likely to have
produced by either state value, increases the forgetting rate of the estimation algorithm with
respect to the model itself, i.e. τB(F̂t,s) < τB(Ft,s) as t increases.

Proof. Any symmetric 2x2 transition can be expressed

A =
1

2

[
1 + β 1− β
1− β 1 + β

]
−1 ≤ β ≤ 1. Without loss of generality let 0 ≤ β ≤ 1, then

A ∗A =
1

2

[
1 + β2 1− β2

1− β2 1 + β2

]
,

Let diagonal matrix c have positive diagonal values c1, c2. Since incorporating observations
replaces some instance of A ∗A with A ∗ c ∗A we can show

A ∗ c ∗A =
1

2

1

2

[
1 + β 1− β
1− β 1 + β

] [
c1 0
0 c2

] [
1 + β 1− β
1− β 1 + β

]
=
c1 + c2

4

[
(1 + β2) + 2β c1−c2c1+c2

1− β2

1− β2 (1 + β2) + 2β c2−c1c1+c2

]
=
c1 + c2

4

[
(1 + β2) + ε 1− β2

1− β2 (1 + β2)− ε

]
so that

φ(A ∗ c ∗A) = ln
(1 + β2) + ε

1− β2

(1 + β2)− ε
1− β2

= ln
(1 + β2)2 − ε2

(1− β2)2
≤ ln

(1 + β2)2

(1− β2)2
= φ(A ∗A)

τB is monotonic increasing with φ. The two φ are only equal when ε = 2β c1−c2c1+c2
= 0, i.e.

c1 = c2.
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