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T-DUALITY OF SINGULAR SPACETIME COMPACTIFICATIONS

IN AN H-FLUX

ANDREW LINSHAW AND VARGHESE MATHAI

Abstract. We begin by presenting a symmetric version of the circle equivariant T-

duality result in a joint work of the second author with Siye Wu, thereby generalising

the results there. We then initiate the study of twisted equivariant Courant algebroids

and equivariant generalised geometry and apply it to our context. As before, T-duality

exchanges type IIA and type IIB string theories. In our theory, both spacetime and

the T-dual spacetime can be singular spaces when the fixed point set is non-empty;

the singularities correspond to Kaluza-Klein monopoles. We propose that the Ramond-

Ramond charges of type II string theories on the singular spaces are classified by twisted

equivariant cohomology groups, consistent with the previous work of Mathai and Wu,

and prove that they are naturally isomorphic. We also establish the corresponding

isomorphism of twisted equivariant Courant algebroids.
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Introduction

In this paper, we will produce an explicit formula for the topology and H-flux of

the T-dual of possibly singular compactifications of spacetime in type II string theory,

significantly generalizing earlier results [4, 5, 7, 21]. Our results apply to T-dualities with

respect to any circle actions. We start with a smooth manifold M having a commuting

pair of circle actions T and T̂, where T acts on the left and T̂ acts on the right. Both

spacetime X =M/T̂ and the T-dual spacetime X̂ = T\M are in general stratified spaces,

possibly with boundaries, in the sense of Goresky-McPherson [12]. We also assume that

we are given a flux [H ] ∈ H3

T̂
(M,Z) in the equivariant cohomology [2] of M , which

Key words and phrases. singular compactifications, equivariant Generalized Geometry, equivariant

exact Courant algebroids, twisted equivariant de Rham complex, equivariant T-duality.
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represents the cohomology of X . Then we will produce an explicit T-dual X̂ , which

also can be singular, and a T-dual H-flux [Ĥ] ∈ H3
T
(M,Z) on X̂ . The singularities

of the spacetime and that of the flux form correspond to Kaluza-Klein monopoles [26,

23]. Topological aspects of examples from mirror symmetry in the case of Calabi-Yau

manifolds, cf. [16], fit into our framework, as well as the earlier results of Mathai-Wu [21].

Consider the commutative diagram,

(1) X =M/T̂

π

��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄

M

p̂

��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄

p

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

T\M/T̂

X̂ = T\M

π̂

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

We can replace the singular spaces by their Borel constructions by lifting the previous

diagram to

(2) ET×M
T̂

π

��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄

ET×M × ET̂

p̂

��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄

p

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

T(MT̂
) = (TM)

T̂

TM ×ET̂

π̂

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

.

In this picture, the flux is [H ] ∈ H3(M
T̂
,Z) = H3

T̂
(M,Z) and the bundles in the diagram

above are principal circle bundles, so we can apply [4] to obtain the unique T-dual flux

[Ĥ ] ∈ H3(TM,Z) = H3
T
(M,Z).

More precisely, the conditions that uniquely specify [Ĥ ] are:

(1) π̂∗([Ĥ ]) = eT ∈ H2
T
(M

T̂
,Z), where eT = φ is the equivariant Euler class of the

principal circle bundle π : ET ×M
T̂
→ T(MT̂

). Also π∗([H ]) = e
T̂
∈ H2

T̂
(MT,Z),

where e
T̂
= ψ is the equivariant Euler class of the principal circle bundle π̂ :

2



TM × ET̂ → (TM)
T̂
.

(2) p∗([H ]) = p̂∗([Ĥ ]) ∈ H3(M,Z).

This is proved using the Gysin sequence of the T-bundle π̂ : ET×M
T̂
→ T(MT̂

) given

by the long exact sequence

→ Hj(M
T̂
)
π̂∗→ Hj−1(T(MT̂

))
∪ eT→ Hj+1(T(MT̂

))
π̂∗

→ Hj+1(M
T̂
) →

so the Gysin sequence becomes

→ Hj(M
T̂
)
π̂∗→ Hj−1

T
(M

T̂
)
∪φ
→ Hj+1

T
(M

T̂
)
π̂∗

→ Hj+1(M
T̂
) → .

and the corresponding Gysin sequence for the circle bundle, TM ×ET̂ → T(MT̂
)

→ Hj(TM)
π∗→ Hj−1

T̂
(TM)

∪ψ
→ Hj+1

T̂
(TM)

π∗

→ Hj+1(TM) → .

Choosing a connection A for the circle bundle π, the curvature FA is then a basic 2-

form which is equivariantly closed, and [FA] = eT = φ. If H is chosen to be an invariant

3-form on ET×M
T̂
, then as in [4], H = A∧ψ+Ω, where Ω is a basic 3-form. Then the

T-dual flux Ĥ = Â ∧ φ+ Ω, which an invariant, closed 3-form on TM ×ET̂.

Using the definition of twisted equivariant cohomology (cf. [21]), we deduce the equi-

variant T-duality isomorphism given by the Hori-type formula in [4],

(3) H•(TM,H) ∼= H•+1(M
T̂
, Ĥ),

or equivalently,

(4) H•
T
(M,H) ∼= H•+1

T̂
(M, Ĥ).

Using the proposal in [21] that the Ramond-Ramond charges of the singular spacetimes

X =M/T̂ and X̂ = T\M are classified by the respective twisted equivariant cohomology

groups, we then see in particular that the Ramond-Ramond charges in these theories are

naturally isomorphic.

We remark on the infinite dimensional spaces considered here. The universal T-space

ET can be chosen to be the direct limit of odd dimensional spheres S∞ = limS2n+1,

which is a smooth countably compactly generated manifold as studied in section 47.2,

[18], whose tangent space at p is the orthogonal complement of p ∈ S∞ →֒ R
∞. The

Borel construction and other infinite dimensional spaces used here are similarly also either

smooth countably compactly generated manifolds or obtained from these in a simple way.

Cavalcanti-Gualtieri [8] showed that the T-duality isomorphism of [4], can be extended

to an isomorphism of invariant Courant algebroids in that context. In this paper, we

further extend this to the case considered in this paper, as discussed above when the

circle actions are not necessarily free. We show in section 2 that T-duality as described

above, extends to an isomorphism of equivariantly exact Courant algebroids. Then in

section 3, we introduce the Weil model for equivariantly exact Courant algebroids, which

is a small model for it, and show in section 6 that T-duality extends to an isomorphism

of the Weil models for equivariantly exact Courant algebroids.

Recall that the global aspects of T-duality in type II string theories, involves compacti-

fications of spacetime X with an H-flux. The local transformation rules of the low energy
3



effective fields under T-duality, are known as the Buscher rules [3]. However, in cases in

which there is a topologically nontrivial NS 3-form H-flux, the Buscher rules only make

sense locally. Examples of T-duals to such backgrounds were studied in [1, 10, 9, 13, 17]

but the general formula was presented for the topology and H-flux of a smooth com-

pactification from the topology and H-flux of its T-dual, with respect to any free circle

action was presented for the first time in [4], generalizing [15]. As supporting evidence,

it was shown there that locally, the said formula agrees with the Buscher rules and that

globally it yields an isomorphism of the twisted cohomology and twisted K-theory-valued

conserved Ramond-Ramond charges [22, 27, 6, 7, 23]. Recent followup work on T-duality

include [11, 19].

1. Hori type formulae

Here we use the Weil model of twisted equivariant cohomology and write down the

Hori type formulae inducing the T-duality isomorphisms (3) and (4) on the level of

representatives.

We first set up notation. Let g denote the Lie algebra of T. Consider the Weil algebras

W =W (g) = S(g∗)⊗ Λ(g∗), Ŵ = W (ĝ) = S(ĝ∗)⊗ Λ(ĝ∗).

Here W is the differential graded algebra (DGA) generated by a degree one element θ

and a degree 2 element µ satisfying the relations,

ιW θ = 1, ιWµ = 0,

dWθ = µ, dWµ = 0.

Recall that the Weil model for H∗
T
(M) is the cohomology

H∗((Ω(M)⊗W )bas, d).

Here d is the total differential dM + dW where dM is the de Rham differential, and the

basic subcomplex (Ω(M)⊗W )bas is the subspace which is T-invariant and annihilated by

the operator ιV + ιW . Here V is the vector field onM generated by the action of T. Then

H∗((Ω(M)⊗W )bas, d) ∼= H∗
T
(M) with real coefficients. Note that by identifying Ω(M)⊗W

with a subcomplex of Ω(M × ET) ∼= Ω(M) ⊗ Ω(ET), we can regard (Ω(M) ⊗W )bas as

a subcomplex of Ω(M × ET)bas ∼= Ω(MT).

Similarly, let ĝ denote the Lie algebra of T̂, and let Ŵ be the DGA generated by a

degree one element θ̂ and a degree 2 element µ̂ satisfying the relations,

ιŴ θ̂ = 1, ιŴ µ̂ = 0,

dŴ θ̂ = µ̂, dŴ µ̂ = 0.

We shall use the notation T − bas and T̂ − bas to denote the basic subcomplexes with

respect to T and T̂, respectively. In diagram 2, the following are the Weil models for the

associated spaces.

(1) Ω(M)⊗W ⊗ Ŵ is the Weil model for ET×M × ET̂,

(2) (Ω(M)⊗ Ŵ )
T̂−bas

⊗W is the Weil model for M
T̂
×ET,

(3) (Ω(M)⊗W )T−bas ⊗ Ŵ is the Weil model for TM × ET̂,

(4) (Ω(M)⊗W ⊗ Ŵ )
T×T̂−bas

is the Weil model for TMT̂
.
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Note that if we replace the Weil models (1), (2), and (3) above by their invariant sub-

spaces with respect to T× T̂, T, and T̂, respectively, the cohomology is unchanged. The

corresponding commutative diagram of Weil models is then

(5) ((Ω(M)⊗ Ŵ )
T̂−bas

⊗W )T

ι

��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄

(Ω(M)⊗W ⊗ Ŵ )T×T̂

ι

��
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄

ι̂

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

(Ω(M)⊗W ⊗ Ŵ )
T×T̂−bas

((Ω(M)⊗W )T−bas ⊗ Ŵ )T̂

ι̂

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

.

Here ι = ιV + ιW and ι̂ = ιV̂ + ιŴ , where V and V̂ are the vector field onM generated by

the action of T and T̂, respectively. We now have total differential d = dM + dW + dŴ .

Suppose that H ∈ (Ω(M)⊗W ⊗ Ŵ )T×T̂ satisfies dH = 0 and ι̂H = 0, so that

H ∈ ((Ω(M)⊗ Ŵ )
T̂−bas

⊗W )T

Let A be a connection on the principal T-bundle π as in diagram 2. Then ιA = 1 and

(dι+ ιd)A = 0 so that ιdA = 0. Therefore

A ∈ ((Ω(M)⊗ Ŵ )
T̂−bas

⊗W )T.

The curvature of A is F = dA, where dF = 0 and ιF = 0 so that (dι + ιd)F = 0.

Therefore

F ∈ (Ω(M)⊗W ⊗ Ŵ )
T×T̂−bas

We can write the connection A in terms of the universal connection in the form

A = fθ + α,

where f is a smooth function onM , θ is the connection on the circle bundle ET → BT, α

is a 1-form on M . Then the generator V of the circle action on ET ×M is of the form

V = V1+V2, where V1 is the generator of the circle action on ET and V2 is the generator

of the circle action on M . Since A is a connection, we must have

0 = LVA⇒ V2(f) = 0, andLV2α = 0.

Also ιV (A) = 1 ⇒ ιV2α = 1− f.

Similarly let Â be a connection on the principal T̂-bundle π̂ as in diagram 2. Then

ι̂Â = 1 and (dι̂+ ι̂d)Â = 0 so that ι̂dÂ = 0. Therefore

Â ∈ ((Ω(M)⊗W )T−bas ⊗ Ŵ )T̂

5



Similarly, if F̂ = dÂ is the curvature of Â, then dF̂ = 0 and ι̂F̂ = 0 so that (dι̂+ ι̂d)F̂ = 0.

Therefore

F̂ ∈ (Ω(M)⊗W ⊗ Ŵ )
T×T̂−bas

The one constraint imposed on Â is that ιH = F̂ . Then H = A ∧ F̂ + Ω for some

Ω ∈ (Ω(M)⊗W ⊗ Ŵ )
T×T̂−bas

.

We now define the T-dual flux by

Ĥ = F ∧ Â + Ω.

Then ι̂Ĥ = F , ιH = 0, dĤ = 0, and (dι̂+ ι̂d)Ĥ = 0 so that

Ĥ ∈ ((Ω(M)⊗W )T−bas ⊗ Ŵ )T̂

Next we describe the Hori formula in [4] in terms of the Weil complex. Let

G ∈ ((Ω(M)⊗ Ŵ )
T̂−bas

⊗W )T.

Then the Hori formula in this context is given by the formula,

T (G) = ι((1 + A ∧ Â)G)

Then one checks that T (G) ∈ ((Ω(M)⊗W )T−bas ⊗ Ŵ )T̂, and that the map

(6) T : ((Ω(M)⊗ Ŵ )
T̂−bas

⊗W )T → ((Ω(M) ⊗W )T−bas ⊗ Ŵ )T̂

is a linear isomorphism, cf. [20]. Moreover if dH = d + H∧ is the twisted differential,

and dHG = 0, then dĤT (G) = 0, so that T is a chain map, defining a map in twisted

equivariant cohomology,

T : H•
T̂
(M,H) −→ H•−1

T
(M, Ĥ)

which was shown in [4] to be an isomorphism.

2. Equivariant standard and exact Courant algebroids

We will consider two equivalent models of equivariant Courant algebroids and their

twisted analogues. First, given a manifold M , the standard Courant algebroid is defined

to be E = TM ⊕ T ∗M , with Courant bracket

〈X + ξ, Y + η〉 =
1

2
(ιXη + ιY ξ),

[X + ξ, Y + η] = [X, Y ] + LXη − LY ξ −
1

2
d(ιXη − ιY ξ).

E is also known as the generalized tangent bundle in generalized geometry.

More generally, one considers exact equivariant Courant algebroids E, that is, there is

an exact sequence of vector bundles

0 → T ∗M → E → TM → 0,

where the last map is π. Exact Courant algebroids are classified by H3(M), [24, 25]. For

every such E, there is a splitting E ∼= TM ⊕ T ∗M and a closed 3-form H ∈ Ω3(M) such

that the bilinear form and bracket are given by

(7) [X + ξ, Y + η]H = [X, Y ] + LXη − LY ξ −
1

2
d(ιXη − ιY ξ) + ιY ιXH.

6



For any H , Ω∗(M) is a Clifford module over TM ⊕ T ∗M via

(X + ξ) · ω = ιX(ω) + ξ ∧ ω.

Define the twisted de Rham differential dH on Ω∗(M) by

dH(ω) = d(ω) +H ∧ ω.

Note that dH is not a derivation of Ω∗(M) regarded as an algebra, but it is a derivation of

Ω∗(M) regarded as a left Ω∗(M)-module. In particular, for homogeneous a, ω ∈ Ω∗(M),

we have dH(aω) = d(a)ω + (−1)|a||ω|adH(ω). Finally, for X, Y ∈ Vect(M), ξ, η ∈ Ω1(M),

and ω ∈ Ω∗(M), we have

(8) [X + ξ, Y + η]H · ω = [[dH , X + ξ], Y + η] · ω.

Suppose now that M has commuting actions of T and T̂, and we have T-dual fluxes

[H ] ∈ H3(M
T̂
,Z) and [Ĥ ] ∈ H3(TM,Z). Also, assume that we have chosen connections A

and Â on the bundles π and π̂ in diagram (2), such that ιH = F̂ = dÂ and ι̂Ĥ = F = dA.

Then the quotients
(
T (ET×M

T̂
)⊕ T ∗(ET×M

T̂
)
)
/T,

(
T (TM × ET̂)⊕ T ∗(TM × ET̂)

)
/T̂

are again (twisted) Courant algebroids. By a result of Cavalcanti-Gualtieri [8], there is

an isomorphism of twisted Courant algebroids

(9) τ :
(
T (ET×M

T̂
)⊕ T ∗(ET×M

T̂
)
)
/T →

(
T (TM ×ET̂)⊕ T ∗(TM × ET̂)

)
/T̂,

that is compatible with the previously described T-duality isomorphism (6). This map

can be described explicitly as follows. The connection form A on ET×M
T̂
gives rise to a

splitting of the space of T-invariant 1-forms Ω1(ET×M
T̂
)T. Such a 1-form can be uniquely

written in the form ω = ω0 + fA where ω0 ∈ Ω1(TMT̂
) and f ∈ C∞(TMT̂

). Similarly,

if we fix a T-invariant vector field YA on ET ×M
T̂
which is dual to A in the sense that

ιYA(A) = 1, we can write a T-invariant vector field on ET×M
T̂
in the form Y = Y0+gYA,

where g ∈ C∞(ET×M
T̂
), and Y0 satisfies ιY0(A) = 0. Then the isomorphism (9) is given

by

(10) τ(Y0 + gYA, ω0 + fA) = (Y0 + fYÂ, ω0 + gÂ).

3. Weil model for equivariant Courant algebroids

Based on the Weil model of equivariant cohomology, we give a simpler notion of a

(twisted) equivariant Courant algebroid on M . As in Section 1, suppose that M has

commuting actions of T and T̂ and we have T-dual fluxes [H ] ∈ H3(M
T̂
,Z) and [Ĥ ] ∈

H3(MT,Z). Also, assume that we have chosen connections A and Â on the bundles π

and π̂ in diagram (2), such that ιH = F̂ = dÂ and ι̂Ĥ = F = dA.

First, we define the Weil model of T (ET×M ×ET̂)⊕ T ∗(ET×M ×ET̂), which will

be a Courant algebroid on M . Define a vector bundle

T ∗M ⊕ Iθ ⊕ Iθ̂

on M , where Iθ and Iθ̂ are trivial rank one vector bundles on M . The space of smooth

sections Γ(T ∗M⊕Iθ⊕Iθ̂) is just Ω
1(M)⊕C∞(M)θ⊕C∞(M)θ̂, where θ and θ̂ are constant

sections of Iθ and Iθ̂ respectively.
7



We can identify Γ(T ∗M ⊕ Iθ⊕ Iθ̂) with a subspace of Γ(T ∗(ET×M ×ET̂)) as follows.

Let

π1 : ET×M ×ET̂ → ET, π2 : ET×M ×ET̂ →M, π3 : ET×M ×ET̂ → ET̂,

denote the projection maps. Then Γ(T ∗M ⊕ Iθ ⊕ Iθ̂) can be identified with

π∗
2(Γ(T

∗M))
⊕(

π∗
2(C

∞(M))⊗ π∗
1(Γ0(I))

)⊕(
π∗
2(C

∞(M))⊗ π∗
3(Γ0(Î))

)
.

Here I and Î are the trivial rank one subbundles generated by the connection form θ

on ET, and the connection form θ̂ on ET̂, respectively, and Γ0(I) and Γ0(Î) denote the

spaces of constant sections. Let Θ = π∗
1(θ) and Θ̂ = π∗

3(θ̂) be the corresponding forms in

Ω1(ET×M × ET̂).

Next, we define another vector bundle

TM ⊕ Iθ∗ ⊕ Iθ̂∗

on M , where Iθ∗ and Iθ̂∗ denote again trivial rank one bundles on M . We can identify

Γ(TM ⊕ Iθ∗ ⊕ Iθ̂∗) with a subspace of Γ(T (ET×M ×ET̂)) as follows. First, a section of

TM ⊕ Iθ∗ ⊕ Iθ̂∗ has the form

Y + fθ∗ + gθ̂∗,

where Y is a smooth vector field on M , f, g ∈ C∞(M), and θ∗, θ̂∗ are constant sections

of Iθ∗ , Iθ∗ , respectively.

Choose vector fields Θ∗ and Θ̂∗ on ET×M×ET̂ which are dual to Θ and Θ̂, respectively.

We may identify Y + fθ∗ + gθ̂∗ with a section of T (ET×M ×ET̂) of the from

Ỹ + π∗
2(f)Θ

∗ + π∗
2(f)Θ̂

∗,

where Ỹ is a vector field on ET ×M × ET̂ satisfying (π2)∗(Ỹ ) = Y . Furthermore, we

may choose Ỹ such that

(11) [Ỹ ,Θ∗] = 0 = [Ỹ , Θ̂∗], ιỸ (Θ) = 0 = ιỸ (Θ̂).

Note that if Ỹ1, Ỹ2 satisfy (11), so does [Ỹ1, Ỹ2]. Also, if f ∈ C∞(M), then for all

f ∈ C∞(M),

(12) Ỹ (π∗
2(f)) = π∗

2(Y f).

Given two sections Y + f1θ
∗ + f2θ̂

∗ and Y ′ + f ′
1θ

∗ + f ′
2θ̂

∗ of TM ⊕ Iθ∗ ⊕ Iθ̂∗ , we have the

bracket operation

[Y + f1θ
∗ + f2θ̂

∗, Y ′ + f ′
1θ

∗ + f ′
2θ̂

∗] = [Y, Y ′] + (Y f ′
1 − Y ′f1)θ

∗ + (Y f ′
2 − Y ′f2)θ̂

∗,

which is compatible with the bracket in T (ET×M ×ET̂) under the above identification

by (11) and (12).

Next, we define a Courant bracket [, ] on (TM ⊕ Iθ∗ ⊕ Iθ̂∗)⊕ (T ∗M ⊕ Iθ ⊕ Iθ̂) by

[Y + f1θ
∗ + f2θ̂

∗ + ξ + g1θ + g2θ̂, Y
′ + f ′

1θ
∗f ′

2θ̂
∗ + ξ′ + g′1θ + g′2θ̂]

= [Y, Y ′] + (Y f ′
1 − Y ′f1)θ

∗ + (Y f ′
2 − Y ′f2)θ̂

∗

+LY ξ
′ − LY ′ξ + d

(
ιY ξ

′ − ιY ′ξ + f1g
′
1 − f ′

1g1 + f2g
′
2 − f ′

2g2

)

+(Y g′1 − Y ′g1)θ + (Y g′2 − Y ′g2)θ̂.

(13)
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Here f1, f2, g1, g2, f
′
1, f

′
2, g

′
1, g

′
2 are smooth functions on M , Y, Y ′ are smooth vector fields

on M , and ξ, ξ′ are smooth 1-forms on M . To see that this defines a Courant algebroid

structure, it suffices to note that if we identify Γ(TM⊕ Iθ∗ ⊕ Iθ̂∗)⊕Γ(T ∗M ⊕ Iθ⊕ Iθ̂) with

a subspace of Γ(T (ET ×M × ET̂))⊕ Γ(T ∗(ET ×M × ET̂)) as above, this subspace is

closed under the Courant bracket, which is given by (13).

4. Basic and invariant subbundles

First, we define (T ∗M ⊕ Iθ⊕ Iθ̂)T−bas to be the subbundle of T ∗M ⊕ Iθ⊕ Iθ̂ whose space

of smooth sections is T-invariant and annihilated by ιV + ιθ. In this notation, ιV is the

contraction on T ∗M with respect to the vector field V generated by the T-action, and ιθ
is defined by ιθ(ξ + fθ + gθ̂) = f .

Under the identification of Γ(T ∗M⊕Iθ⊕Iθ̂) with the degree one part of Ω(M)⊗W⊗Ŵ ,

this identifies Γ(T ∗M ⊕ Iθ⊕ Iθ̂)T−bas) with the degree one part of (Ω(M)⊗W )T−bas ⊗ Ŵ .

This allows us to identify Γ(T ∗M ⊕ Iθ ⊕ Iθ̂)T−bas) with a subspace of Γ(T ∗(TM × ET̂)).

Similarly, we define (TM ⊕ Iθ∗ ⊕ Iθ̂∗)bas to be the subbundle of (TM ⊕ Iθ∗ ⊕ Iθ̂∗) whose

space of smooth sections Y + fθ∗ + gθ̂∗ is T-invariant and satisfies

ιY+fθ∗+gθ̂∗(θ) = 0.

Under the identification of Γ(TM ⊕ Iθ∗ ⊕ Iθ̂∗) with a subspace of Γ(T (ET×M × ET̂)),

this identifies Γ((TM ⊕ Iθ∗ ⊕ Iθ̂∗)T−bas) with a subspace of Γ(T (TM × ET̂)).

Finally, we define

(14)(
(TM ⊕ Iθ∗ ⊕ Iθ̂∗)⊕ (T ∗M ⊕ Iθ⊕ Iθ̂)

)
T−bas

= (TM ⊕ Iθ∗ ⊕ Iθ̂∗)T−bas⊕ (T ∗M ⊕ Iθ⊕ Iθ̂)T−bas.

Then the T̂-invariant subspace

(15)
(
(TM ⊕ Iθ∗ ⊕ Iθ̂∗)⊕ (T ∗M ⊕ Iθ ⊕ Iθ̂)

)T̂
T−bas

is closed under the Courant bracket (13), and can be identified with a Courant subalge-

broid of
(
T (TM ×ET̂)⊕ T ∗(TM ×ET̂)

)
/T̂,

as above. Note that the Courant algebroid (15) acts by Clifford multiplication on the

Z/2Z-graded complex

(
(Ω(M)⊗W )T−bas ⊗ Ŵ

)T̂
.

There is a similar definition of the Courant algebroid

(
(TM ⊕ Iθ∗ ⊕ Iθ̂∗)⊕ (T ∗M ⊕ Iθ ⊕ Iθ̂)

)T
T̂−bas

,

which acts by Clifford multiplication on the Z/2Z-graded complex

(
(Ω(M)⊗ Ŵ )

T̂−bas
⊗W

)T
.
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5. Twisted versions

Let [H ] ∈ H3(M
T̂
,Z) and [Ĥ ] ∈ H3(MT,Z) be T-dual fluxes as above. Fix represen-

tatives H ∈ ((Ω(M) ⊗ Ŵ )
T̂−bas

⊗W )T and Ĥ ∈ ((Ω(M) ⊗W )T−bas ⊗ Ŵ )T̂, which are

equivariantly closed 3-forms in the Weil model.

Recall that as a Z/2Z-graded complex, ((Ω(M) ⊗ Ŵ )
T̂−bas

⊗W )T has the H-twisted

differential

dH = d+H∧ = dM + dW + dŴ +H∧,

and the Z/2Z-graded cohomology

H•(((Ω(M)⊗ Ŵ )
T̂−bas

⊗W )T), dH)

is called the twisted T-equivariant cohomology of M . It coincides with the usual twisted

cohomology H•(MT, H). Similarly, ((Ω(M) ⊗W )T−bas ⊗ Ŵ )T̂ has the Ĥ-twisted differ-

ential dĤ = dM + dW + dŴ + Ĥ∧, and its Z/2Z-graded cohomology is just H•(M
T̂
, Ĥ).

There is also an H-twisted version [, ]H of the Courant algebroid (15). It has bracket

[Y + f1θ
∗ + f2θ̂

∗ + ξ + g1θ + g2θ̂, Y
′ + f ′

1θ
∗f ′

2θ̂
∗ + ξ′ + g′1θ + g′2θ̂]H

= [Y + f1θ
∗ + f2θ̂

∗ + ξ + g1θ + g2θ̂, Y
′ + f ′

1θ
∗f ′

2θ̂
∗ + ξ′ + g′1θ + g′2θ̂]

+ιY ′+f ′
1
θ∗+f ′

2
θ̂∗ιY+f1θ∗+f2θ̂∗

H.

(16)

As in the untwisted case, the H-twisted version of (15) acts by Clifford multiplication on

(
(Ω(M)⊗W )T−bas ⊗ Ŵ

)
T̂

.

The action is compatible with the twisted differential dH , in the sense of (8). Finally,

there is a similar Ĥ-twisted version of
(
(TM ⊕ Iθ∗ ⊕ Iθ̂∗)⊕ (T ∗M ⊕ Iθ ⊕ Iθ̂)

)T
T̂−bas

.

6. T-duality of Weil models

Suppose that M has commuting actions of T and T̂, and we have T-dual fluxes [H] ∈

H3(M
T̂
,Z) and [Ĥ ] ∈ H3(MT,Z) as in Section 1. Also, assume that we have chosen

connections A and Â on the bundles π and π̂ in diagram (2), such that ιH = F̂ = dÂ

and ι̂Ĥ = F = dA.

Theorem 6.1. Suppose that M has commuting actions of T and T̂ and we have T-dual

fluxes [H ] ∈ H3(M
T̂
,Z) and [Ĥ ] ∈ H3(MT,Z). Then we have an isomorphism of twisted

Courant algebroids

(
(TM ⊕ Iθ∗ ⊕ Iθ̂∗)⊕ (T ∗M ⊕ Iθ ⊕ Iθ̂)

)
T

T̂−bas
→

(
(TM ⊕ Iθ∗ ⊕ Iθ̂∗)⊕ (T ∗M ⊕ Iθ ⊕ Iθ̂)

)
T̂

T−bas
.

which is compatible with the isomorphism T of twisted Z2-graded Weil complexes given

by (6), in the obvious way.

Proof. Under the identification of Γ

((
(TM ⊕ Iθ∗ ⊕ Iθ̂∗)⊕ (T ∗M ⊕ Iθ ⊕ Iθ̂)

)T
T̂−bas

)
with a

subspace of

Γ

((
T (ET×M

T̂
)⊕ T (ET×M

T̂
)
)
/T

)
,

10



and similarly for Γ

((
(TM ⊕ Iθ∗ ⊕ Iθ̂∗) ⊕ (T ∗M ⊕ Iθ ⊕ Iθ̂)

)T̂
T−bas

)
, this follows from the

Cavalcanti-Gualtieri isomorphism (9). �
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