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 Abstract 

Beam space (BS) processing is a spatial signal processing technique using beam output 

data. For example, the BS beamformer applies weights to a set of beam outputs, which 

are then summed to form a new output. In this way, advanced optimum spatial signal 

processing algorithms can be applied when the element outputs are not accessible. 

However, existing BS processing algorithms are based on a model that assumes a passive 

receiving system or for active systems that the transmission is omni-directional and can 

be ignored. When the transmission is directional as is typical for phased arrays that 

electronically scan over a given sector, such methods are mismatched and result in 

significant performance degradation. 

The first part of this thesis presents a new formulation of BS processing for the scenario 

where relatively narrow beams are directionally transmitted and received and then 

scanned over a given sector of interest. New formulae are developed for this case and the 

performance of the new formulae is analysed. 

The second part of this thesis is focused on the properties of directional transmission BS 

processing. When beams are formed in a sector of interest, problems related to the region 

outside the sector of interest are investigated, including analysing the output in the 

direction-of-arrival (DOA) of an interference lying outside the sector of interest, 

removing the high response in the region outside the sector of interest and mitigating a 

spurious output peak caused by the interference. Additionally, phased array errors cause 

the array response to be different from that being assumed and can seriously degrade the 

performance of the BS beamformer, a robust BS beamformer is developed to improve 

the tolerance to errors. Cramér–Rao Bounds (CRB) for DOA estimation for the 

directional transmission BS are derived and compared with the omni-directional element 

space (ES) and BS cases. The performance of the optimum BS beamformer for a non-

stationary scatterer is evaluated. 

The third part of this thesis deals with BS processing for coherent signals. The 

commonly used subarray algorithms for removing coherence in the ES processing cannot 

be applied to the BS problem directly. A method of reconstructing the ES signal 

subspace is developed for the omni-directional transmission BS case, and then existing 

methods, such as MUSIC, in ES processing can be applied. For the directional 

transmission BS case, a method is proposed to reconstruct a matrix which is a 

summation of weighted self-outer products of ES signal steering vectors, and this matrix 

allows the DOAs of coherent signals to be estimated regardless of coherence. 

Finally, the developed algorithms are investigated by carrying out spatial processing on 

real experimental data containing stationary targets. 
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Chapter 1 

 Introduction 1

A signal can represent events, actions, sounds, acoustic or electromagnetic waves and 

other manners of changes. Different types of passive sensors, such as an antenna or a 

microphone, can be used to detect and convert the physical parameters or events into a 

signal and then record the signal waveforms. By using a single sensor, recorded 

waveforms in the time domain and spectral characteristics in the frequency domain can 

be used to measure properties of the signal and extract information. However, little 

spatial information, such as the direction-of-arrival (DOA) of a signal is contained in the 

data collected by a single sensor. To enhance the signal intensity and capture more 

spatial information, phased arrays, which normally contain multiple sensors in designed 

geometric array configurations, were developed and have been widely used since the 

early part of the 20th century [1]. 

Array signal processing methods (see [17] and [30]) have been well developed and 

provide an ability to extract spatial information from received signals, which would 

never be achieved by using only a single sensor. The major benefits of array processing 

include enhancing the power of signals from given directions, suppressing noise and 

clutter – particular interferences from other directions and allowing the directions of both 

desired signals and unwanted interferences to be estimated. 

Array signal processing methods apply designed weights to the array element (sensor) 

outputs or other quantities derived from the element outputs, such as a covariance matrix, 

and this is normally called elements space (ES) processing. For example, an ES 

beamformer applies weights to different element outputs and then sums the weighted 

outputs as a beamformed output. The weights can be chosen according to different 

criteria for different purposes, for example, the conventional beamformer aligns the 

phase difference between elements and the null steering algorithm generates a beam 

pattern with nulls in given directions. 

Alternatively, weights can be applied to the preformed beamformer outputs and the 

weighted outputs are then summed, this processing method is termed beam space (BS) 

processing. Different BS methods have been developed and used to achieve similar 

performance to ES processing, such as maximisation the signal-to-noise ratio (SNR) [25] 

and direction finding [27], [28] and [29]. Fundamentally, BS processing does not provide 

better performance than ES processing, but it can be used in cases where the element 

outputs are not available. Typically this occurs in low cost phased array radar or sonar 

systems, and also in some cases where only beamformed data has been recorded for 

post-processing. Additionally, some unique advantages are associated with BS 

processing. For example, when all the signals of interest are contained in one sector of 
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interest, a reduced dimension BS processing, whose number of beams is smaller than the 

number of elements, can achieve performance equivalent to that of ES processing but 

with less computation. 

All the BS processing methods in the open literature are based on the assumption that 

signals incident on the elements of a phased array are generated by other transmitters or 

omni-directionally transmitted by the phased array itself (transmission with a broad 

beamwidth is usually considered to be near to omni-directional). Both scenarios lead to 

the same model, in which the transmission beam pattern is not taken into account in 

further spatial processing. However, to concentrate the transmission energy and obtain 

stronger returns, another type of transmission—directional transmission in an angular 

scanning fashion is widely used in practical phased array applications. The two different 

types of transmissions are illustrated in Figure 1-1. Omni-directional transmission 

radiates with a wide beam pattern near to equal energy in different directions over a wide 

angular region covering the sector of interest; whilst directional transmission with a 

narrow beam pattern scans across the sector of interest with most of its energy 

transmitted in the mainlobe and only some weak energy propagates to other directions 

through sidelobe leakage. 

 

Figure 1-1: Two types of transmissions in phased array applications. The red curve represents 

an omni-directional transmission beam with a wide beam pattern; the blue curves show 

directional transmission beams with a narrow beam pattern scanning across a sector of interest. 

This thesis focuses on BS spatial signal processing methods, especially for the latter case 

where the formed transmit/receive beams are directionally transmitted and scanned over 

a sector of interest. Whilst most of the new results presented in this thesis are for the 

directional transmission BS case, some gaps in the existing theory for the omni-

directional transmission BS problems were identified in the course of the research and so 

some additional new results in this area are also presented. 
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 Motivation 1.1

This research was initially driven by a project of applying spatial signal processing 

algorithms to a phase tilt weather radar (PTWR) system developed by Raytheon [94]. To 

radiate and receive greater power in chosen directions, this system was designed to 

transmit and receive narrow bandwidth signals in directional beams and only to record 

conventional beamformer outputs rather than receiver outputs. Typically, directional 

beams were formed and scanned over a sector of interest. For the post-processing of the 

recorded data, ES signal processing methods could not be applied and thus BS 

processing was the best option for spatial signal processing in this project. In this 

process, some gaps in the BS processing theory were found and became the motivation 

for this thesis. 

 Formulation of BS Processing for Directional Transmission 1.1.1

Case 

Existing standard BS processing formulae fail for directional transmission BS 

applications due to a mismatch between the omni-directional and directional 

transmission models. Surprisingly, although the directional transmission is commonly 

used in phased array operations, to the author’s best knowledge, no BS processing 

method specifically for the directional transmission model has been investigated and 

developed. Possibly the reason is that the element outputs are available for most current 

phased array systems and the directional transmission can actually enhance the 

performance of ES processing, thus no extra modification is required for ES processing 

formulae. However, the directional transmission BS model is significantly different from 

that in the omni-directional transmission, and the standard BS processing formulae fail 

due to the mismatch issue. To solve this problem, new BS processing formulae for the 

directional transmission BS model are developed in this thesis. 

 Properties of Directional Transmission BS Processing 1.1.2

The properties of the directional transmission BS processing are not clear, especially for 

the case that directional transmit/receive beams are scanned over an angular region as a 

sector of interest. For example, as discussed in [31], [32], [39] and [42], interferences 

outside the sector of interest are attenuated or ignored in the existing BS processing 

literature, but little research has been carried out to determine if either the omni-

directional or directional transmission forms of BS beamformers work well outside the 

sector of interest, where no beams are formed. Particular issues, such as if the 

interference can be detected and estimated by using the beams inside the sector of 

interest and if the interference would affect the estimation of signals, are addressed in 

this thesis. 
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Different types of errors commonly occur when using an imperfectly calibrated phased 

array, in addition to these errors in ES, errors in the beam directions can occur in BS 

problems. However, no solid work on increasing the tolerance of BS beamformers to 

such errors has been found in the literature. The modification of a robust ES 

beamforming technique for dealing with a variety of system errors to BS processing is 

proposed in this thesis. 

 Spatial Signal Processing of Coherent Signals in BS 1.1.3

Most current array processing methods are developed for models containing independent 

signals only, and coherent or highly correlated signals can seriously degrade the 

performance of these methods. DOA estimation of spatially coherent signals is a popular 

research topic in array processing. In ES processing, spatial coherence is normally 

removed by using decorrelation methods based on the concept of subarrays, such as 

spatial smoothing methods [47], [49] and [64] or for some special scenarios, such as 

using wideband signals [58], [59] or a moving array [61], [62]. 

The current existing ES decorrelation methods can’t be directly applied to coherence 

problems in BS processing, as normally neither element nor beam outputs of subarrays 

are available. To the best of the author’s knowledge, the coherence problem in BS 

processing is still an outstanding unsolved problem. Although the maximum likelihood 

method is a universal solution for estimating the DOAs of coherent signals, its high 

computational requirement makes it a prohibitive approach and quick signal 

decorrelation techniques together with subspace methods are often preferable. Thus one 

of the goals of this thesis has been to develop decorrelation methods for estimating the 

DOAs of coherent signals using subspace methods in both omni-directional and 

directional transmission BS cases. 

 Thesis Outline and Main Contributions 1.2

This thesis looks at the specific BS processing problems described in Section 1.1 and 

includes four parts. 

The formulation of directional transmission BS processing algorithms is the main focus 

of the first part of this thesis. Following a review of the current standard BS processing 

methods, the directional transmission BS model is introduced. An analysis shows that 

unsatisfactory performance of applying the standard optimum BS beamformer to the 

directional transmission case. New formulae for the directional transmission BS 

processing are developed and presented. 

Several properties of the directional transmission BS processing are investigated in the 

second part of this thesis. In this process, some techniques have been developed to solve 

unique problems in BS processing. 
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The third part of this thesis deals with spatially coherent signals in BS processing. An 

algorithm for reconstructing the ES signal subspace is developed and used together with 

a spatial smoothing technique to remove coherence for the omni-directional BS cases. A 

matrix is proposed to represent the coherent signals in the directional transmission BS 

case. This matrix can be estimated from the principal eigenvector of BS covariance 

matrix and it allows the DOAs of coherent signals can be estimated by existing subspace 

methods regardless of the signal coherence.  

The final part of this thesis introduces the experiment using PTWR and presents some 

results of applying the developed BS algorithms to the real experimental data. 

To summarise, the main novel contributions of this thesis include: 

 Derived expressions of the directional transmission BS model and developed 

new BS formulae for this case. 

 Investigated the properties of the directional transmission BS processing and 

developed virtual beams and scaling methods to mitigate the high response of 

optimum BS beamformer in the region outside the sector of interest. 

 Investigated the reason of a spurious peak of the optimum BS beamformer 

output power caused by an interference outside the sector of interest and 

applied oblique projection to eliminate it. 

 Modified and extended a robust ES beamforming algorithm (robust Capon 

beamforming) to enhance the optimum BS beamformer tolerance to different 

types of errors. 

 Derived CRB for DOA estimation in the directional transmission BS case and 

comparison with the CRBs for DOA estimation in the omni-directional 

transmission ES and BS cases. 

 Developed a technique to reconstruct ES signal subspace from BS signal 

subspace, which enables the subarray methods to be used to estimate the DOAs 

of coherent signals in the omni-directional transmission BS case.  

 Proposed to use a new expression matrix, which is the summation of self-outer 

products of ES steering vectors, to represent the coherent signals in the 

directional transmission BS case. This matrix allows the DOAs of coherent 

signals in the directional transmission case to be estimated regardless the 

coherence. A method has been developed to estimate the new expression matrix 

from BS signal subspace. 

 Chapter Summaries 1.2.1

Chapter 2 Array Signal Processing Background 

This chapter briefly reviews the concept and history of phased arrays and array signal 

processing. Some key concepts in phased arrays and typical ES array processing 

algorithms are introduced. 



Chapter 1 Introduction 

6 

 

Chapter 3 Standard Beam Space Processing 

This chapter reviews the standard BS processing algorithms and some examples are 

presented to compare the performance of ES and BS approaches. The number of beams 

required to give satisfactory performance of BS processing is discussed for the case 

where the beams span the whole angular space and for the other case where beams are 

only formed in a sector of interest. In case that the interference or an unexpected signal is 

incident out of the selected sector, the beamformer output power values at DOAs of the 

in sector signal and out of sector interference are analysed theoretically and numerically. 

Chapter 4 Directional Transmission Beam Space Processing 

This chapter analyses the mathematical model for both receiver and beam outputs for the 

directional transmission phased array. The performance degradation of the standard BS 

processing algorithm when applied to the directional transmission beam outputs, is 

investigated and quantified. New BS algorithms are derived for this model and the 

performance is analysed by theoretical analysis and numerical simulations. 

The development of BS algorithms for the directional transmission BS processing is 

one of the major contributions of this thesis. 

Chapter 5 Properties of Directional Transmission Beam Space Processing 

This chapter investigates properties of the directional transmission BS processing and 

provides solutions to several unique problems that arise in BS processing. These include: 

 A detailed analysis of the performance of BS processing outside the sector of 

interest. 

 Mitigating the high response of the optimum BS beamformer in the region outside 

the sector of interest. 

 Mitigating the spurious peak of the optimum BS beamformer output power when 

beams are formed in a sector of interest and an interference lies outside the sector of 

interest. 

 Developing a robust BS beamformer to tolerate different types of array errors. 

 Deriving CRB for DOA estimation in the directional BS case and comparing with the 

omni-directional ES and BS cases. 

 Exploring the performance of the directional transmission optimum BS beamformer 

for the scenario containing a moving scatterer. 

The main contributions in this chapter are: 

 Analysing properties and solve some unique problems in BS processing. 

 Extending an ES robust beamforming algorithm to BS case. 

 Deriving CRB for DOA estimation in the directional transmission BS case. 
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Chapter 6 Beam Space Processing for Coherent Signals 

This chapter is focused on the problem of coherent signals in BS processing. The BS 

model containing correlated signal is introduced and the performance degradation of BS 

algorithms is analysed. Following an analysis of the relationship between the ES and BS 

coherent signal subspaces, a technique for reconstructing the ES signal subspace is 

proposed which can be used together with spatial smoothing for DOA estimation in the 

omni-directional transmission BS case. For the directional transmission BS case, a 

vectorisation method is proposed to construct a matrix as a summation of weighted self-

outer products of ES signal steering vectors. The rank of the constructed matrix is the 

same as the number of DOAs of signals and is not affected by the coherence thus 

allowing the DOAs to be readily estimated by using subspace methods. To estimate the 

DOAs of a mixture of coherent and uncorrelated signals in BS, oblique projection is used 

to separate coherent and uncorrelated signal BS subspace and to process each one 

separately. With a priori knowledge or estimation of the DOA, the LCMV BS 

beamformer is modified for the coherent signals. 

Two main contributions for estimating DOAs of coherent signals in BS are included 

in this chapter. For coherent signals in the omni-directional transmission BS case, 

the method of reconstructing the ES coherent signal subspace is developed. For 

coherent signals in the directional transmission BS case, the new expression matrix 

to represent the coherent signals in an independent manner is proposed, and a 

method to estimate this matrix is developed. 

Chapter 7 Application of Beam Space Processing to Real Experimental Data 

This chapter describes a BS experiment and the collected data using PTWR that 

synchronously scans the directional transmit and receive beams over a sector of interest. 

Algorithms developed in this thesis are explored using the real experimental data 

collected with this array. 

Chapter 8 Conclusion  

This chapter provides a summary of the main work and results from the thesis and 

discusses potential work for future research. 
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Chapter 2 

 Array Signal Processing Background 2

 Introduction to Phased Arrays 2.1

As mentioned in Chapter 1, data from a single sensor contains little spatial information. 

For example, the conventional parabolic dish radar is a typical single sensor. It only 

provides very limited directional information by mechanically scanning its beam over an 

angular sector of interest, usually, 360 degrees so providing range and Doppler 

information in different directions by appropriate analysis of the time and frequency 

domain data. Mechanically scanned radar systems have some disadvantages, such as 

long revisit time on regions of interest, beam smearing associated with the antenna 

rotation, and no capability for simultaneous multi-function operation. 

To improve the performance and overcome the limitations of a single sensor, multiple 

sensors can be used in an array configuration. A typical phased array system has several 

separate elements (sensors) each with a phase shifter. Initially, phased arrays were used 

to enhance the transmission gain by shifting the phase of the signal transmitted from 

each element then combining them coherently. As described in [1], phased arrays were 

simply used as a combination of radiators in early radar systems at the turn of the 

twentieth century, such as the phased array developed for wireless telegraphy by Braun 

and Marconi. In the 1920s, the author in [2] proposed that the directive diagrams for 

transmission could be applied to the case of reception. In the 1930s, a phased array with 

mechanical phase shifters was developed to change steering angles for reception [3]. The 

advent of World War II accelerated the development of phased array radars. For 

example, Britain developed the Chain Home coast radar to detect and track aircraft and 

Germany developed the Klein Heidelberg radar for long-range air surveillance [4]; Luis 

Alvarez developed the first electronically scanned microwave phased array antenna and 

used it to help precision bombing and aircraft landing [5]. Since then, phased arrays have 

been applied in other fields such as sonar and radio astronomy. For modern radar 

applications, phased arrays have attracted more and more attention. The theory of phased 

array has been studied intensively and a series of phased array radar operational systems 

at different frequency bands have been built, such as the US naval S-band AN/SPY-1, 

the C-band PATRIOT, the X-band AN/SPY-3, and even a low cost phased array radar in 

the 77 GHz frequency band for the automotive industry [6]. 

Depending on the method of signal transmission, phased arrays can be simply 

categorised as active and passive arrays (which is different from the concept of 

active/passive electronically scanned arrays in [7]). Active phased arrays contain both 

transmitters and receivers. The obvious advantages include that more energy can be 

concentrated in the transmission direction and there is more freedom to look in a 
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direction of interest. Passive phased arrays contain only the receive part and one or more 

separate transmitters are used to radiate to the environment. The advantages of passive 

arrays include faster scanning as there is no need to switch between transmission and 

reception functions, lower cost and being concealed for covert operations. 

Phased array processing depends heavily on the layout of the elements of the array. 

There are different types of array geometries that are commonly used, such as linear, 

circular and planar arrays. Arrays with a constant spacing between elements are known 

as uniform arrays, for example, the elements in a uniform circular array are evenly 

distributed in a circle. Non-uniform arrays deploy adjacent elements with different 

spatial separations, such as arrays in specially designed shapes, sparse linear arrays, and 

the very common case of a uniform array with missing or faulty elements. With a careful 

design, employing non-uniform arrays can achieve narrower beamwidths, lower 

sidelobes; moreover, they offer the potential to keep the same aperture and equivalent 

performance with fewer elements [117], [118]. 

As the array configuration and distances between elements are known, delays among 

elements for a signal from a given direction can be easily calculated. Modern 

electronically steered phased arrays, by applying the corresponding phase shifts to 

respective elements, allows agile beam steering. Additionally, phased arrays can rapidly 

steer beams or synthesise multiple beams simultaneously, thus they can perform multiple 

functions, and such radars are known as multi-function phased array radar (MPAR). An 

example is shown in [11], a phased array radar was used to both acquire weather data of 

a small storm and carry out detection and tracking of aircraft. 

Furthermore, phased arrays contain both spatial and temporal information. Consequently, 

signal processing techniques were expanded and went beyond the methods for the single 

channel case. The first approach was conventional beamforming developed during the 

Second World War [17]. Later, adaptive beamforming methods, such as the Capon’s 

method [18], were applied to resolve closely spaced sources, which achieve more 

accurate spatial spectrum estimation and also can be used for interference cancellation 

and clutter mitigation. Subspace based estimation techniques, such as MUSIC (MUltiple 

SIgnal Classification) [22], significantly improved the accuracy of signal DOA 

estimation. Many other array processing techniques were also developed, such as 

maximum likelihood estimation of signal parameters by maximising a likelihood 

function, array calibration and robust beamforming methods deal with arrays with errors, 

and space-time adaptive processing methods filter data in both the spatial and temporal 

domains, which is particularly useful for clutter mitigation. 

Due to the obvious advantages of phased array systems and related array signal 

processing methods, they have been widely used in different areas and will appear more 

and more in both military and civilian applications. These applications include: radar, 

sonar [8], radio astronomy [9], seismology measurement [10], meteorological 
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observation [11], radio broadcasting [12], telecommunication [13], audio microphone 

arrays [14], optics and photonics [15], ultrasound and biomedical applications [16]. 

 Model of Independent Signals Mixed with White Noise in 2.2

ES  

The research in this thesis is focused on scenarios where narrowband and far-field plane 

wave signals are transmitted, then reflected by point scatterers and received by phased 

arrays. The line of sight free space propagation model, which means signals travel in a 

direct path between the array and scatterers, is used and other complex issues like 

refraction, dispersion and absorption etc. are not considered. The receiver noise is 

modelled as Gaussian white noise and independent to the received signals. Except for the 

sections dealing with array errors in Chapter 5 and in Chapter 7, a perfect phased array 

model is used, where all receivers are exactly the same and no error occurs. 

All methods described in this section are applicable to different types of arrays, but in 

this thesis, only the simplest case, a uniform linear array (ULA) is considered in the 

mathematical development for ease of notation. For a ULA containing K receivers with 

separation d, the steering vector for a narrowband signal incident on the array from an 

angle θ is given by 

 
𝒗(𝜃) = [1 𝑒𝑗

2𝜋𝑑
𝜆

sin𝜃 𝑒𝑗
4𝜋𝑑
𝜆

sin𝜃 ⋯ 𝑒𝑗
2(𝐾−1)𝜋𝑑

𝜆
sin𝜃]

𝑇

,  (2-1) 

where (·)
T
 denotes transpose and λ for the wavelength. At a given range, it is often 

assumed that there are L independent scatterers located at a set of angles 𝛩𝑠 =

{𝜃𝑠1,  𝜃𝑠2, … 𝜃𝑠𝐿} . Notice that for the spatial processing, it is assumed that the 

scatterers are in separate angular cells (𝜃𝑠𝑖 ≠  𝜃𝑠𝑗)  but in the same range bin. The 

reflected signals from these scatterers are called source signals and are denoted by an 

L×1 vector 𝒔 = [𝑠1 𝑠2 … 𝑠𝐿]𝑇 . The amplitudes of these returns, which are 

proportional to their radar cross sections, at any receiver in the phased array can be 

denoted as {𝜎𝑠1,  𝜎𝑠2, … , 𝜎𝑠𝐿}. The source signal covariance matrix is given by 

 𝑹𝒔 = E{𝒔𝒔𝐻}. (2-2) 

where (·)𝐻  
denotes the Hermitian transpose, E{ · } denotes expectation, which can be 

estimated by ensemble averaging. For L uncorrelated scatterers, 𝑹𝒔 can be written as 

 𝑹𝒔 = 𝑑𝑖𝑎𝑔{𝜎𝑠1
2 , 𝜎𝑠2

2 , … , 𝜎𝑠𝐿 
2 }. (2-3) 

The outputs of the K receivers at the 𝑡-th pulse is written in vector notation as 

 𝒙(𝑡) = [𝑥1(𝑡) 𝑥2(𝑡) … 𝑥𝐾(𝑡)]
𝑇. (2-4) 
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where 𝑥𝑘(𝑡) is the output of the 𝑘-th receiver. As the main interest in this thesis is 

spatial signal processing, 𝒙(𝑡) is often simply written as 𝒙. 

For a passive or active phased array system with an omni-directional transmitter, the 

receiver outputs are in direct proportion to the strength of the scattered signal. For the 

case of L plane waves in uncorrelated receiver noise incident on the phased array, a 

vector expression for the array outputs is given by 

 𝒙 = 𝑽𝒔(𝛩𝑠)𝒔 + 𝒏, (2-5) 

where the K × L matrix 𝑽𝒔(𝛩𝑠) contains the steering vectors corresponding to the DOAs 

of all the scatterer returns and given by 

 𝑽𝒔(𝛩𝑠) = [𝒗(𝜃𝑠1) 𝒗(𝜃𝑠2) … 𝒗(𝜃𝑠𝐿)], (2-6) 

and n is a K×1 vector of spatially uncorrelated receiver noise where it is assumed to be 

zero-mean Gaussian white noise and having the same power at each receiver element. 

The ES covariance matrix, 𝑹𝒙, is given by 

 𝑹𝒙 = E{𝒙𝒙𝐻} = 𝑽𝒔(𝛩𝑠)𝑹𝒔𝑽𝒔
𝐻(𝛩𝑠) + 𝜎𝑛

2𝑰, (2-7) 

where 𝜎𝑛
2 is the noise power and I is the identity matrix. 

Notice that only point scatterers whose sizes are smaller than the radar resolution cell are 

considered here, and the distributed target case is not included in this thesis. Also, the 

models and related spatial processing algorithms are based on the assumption that all 

returns are from the same range, thus propagation path loss effects are neglected. 

 Array Processing: ES 2.3

Array processing focuses on utilising the output of spatially distributed elements to 

detect and estimate parameters of signals and noises incident on the array, such as to 

estimate the number and DOAs of incident signals, to enhance the signal to noise ratio 

(SNR) and to suppress unwanted interferences. Typically, array processing applies 

different weights to the receiver outputs, covariance matrix or other expressions 

extracted from covariance matrix, such as a subspace, and to form a new output as the 

processed result. A diagram of a typical array processing – beamforming for a uniform 

linear array is presented in Figure 2-1. A far-field plane wave arrives at the receivers 

with different delays and a complex weight is applied to each receiver output, then the 

summation of these weighted receiver outputs is the beamformer output. 

https://en.wikipedia.org/wiki/White_noise
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Figure 2-1: A diagram of beamforming for a signal incident on a uniform linear array. 

Various algorithms have been developed for phased array spatial signal processing and a 

complete overview of the different approaches can be found in [30], only several 

formulae for typical array processing methods in ES are described here. 

 Conventional Beamforming  2.3.1

The conventional beamformer applies fixed weights to the receiver outputs and adds 

them to form the beamformer output. The set of weights used at a look angle 𝜃 is the 

Hermitian transpose of the steering vector at 𝜃. Thus, this approach aligns the phases of a 

signal from the incident angle 𝜃 at different receivers, steering the maximum response 

axis (MRA) to 𝜃. The output of a beam steered in the direction 𝜃 is given by 

 𝑦(𝜃) = 𝒗𝐻(𝜃)𝒙, (2-8) 

and the mean normalised output power of the conventional beamformer is given by 

 
𝑝𝐶𝐵−𝐸𝑆(𝜃) =

1

𝐾2
𝒗𝐻(𝜃) 𝑹𝑥 𝒗(𝜃). (2-9) 

The conventional beamformer reinforces a signal arriving from the look angle, 𝜃, whilst 

signals from another direction 𝜃′ is still added but suppressed by an amount determined 

by the beam pattern which is given by 

 
𝑏𝑝(𝜃′, 𝜃) =

1

𝐾
𝑒𝑥𝑝 (

𝑗(𝐾−1)𝜋𝑑

𝜆
(𝑠𝑖𝑛 𝜃′ − 𝑠𝑖𝑛 𝜃))(

𝑠𝑖𝑛(
𝐾𝜋𝑑

𝜆
(𝑠𝑖𝑛 𝜃′−𝑠𝑖𝑛𝜃))

𝑠𝑖𝑛(
𝜋𝑑

𝜆
(𝑠𝑖𝑛 𝜃′−𝑠𝑖𝑛 𝜃))

)  (2-10) 

It can be proved that for a single signal in uncorrelated receiver noise, the SNR gain of a 

conventional beamformer is K. Compared to many other array processing algorithms, 

conventional beamforming is robust to system errors and insensitive to correlation 

amongst the incident signals but its spatial resolution is limited by the width of the 
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mainlobe of the beam pattern and may not be able to resolve closely incident signals 

whose separation is less than that the width if the mainlobe. 

 Optimum Beamforming 2.3.2

Conventional beamformers use only the information about the location of elements to 

align the phase of a signal from a look direction at different elements. Optimum 

beamformers use the location information together with the received signals to achieve a 

better result, such as providing more suppression of noise, rejection of unwanted signals 

from other directions and a better directivity. Various array processing algorithms have 

been proposed to optimise the weights by different criteria. Since these criteria lead to 

the same or similar expressions, only the criterion of minimising power with a linear 

constraint is introduced here. The Minimum Variance Distortionless Response (MVDR) 

algorithm [18], also known as the Capon’s method, applies a K×1 vector 𝒘(𝜃) to the 

receiver output vector, 𝒙, such that the mean output power, given by 𝒘𝐻(𝜃)𝑹𝒙𝒘(𝜃), is 

minimised subject to maintaining a unity response to a unit amplitude signal arriving 

from the chosen look direction, 𝜃. The optimisation is written as 

 min 𝒘𝐻(𝜃)𝑹𝒙𝒘(𝜃), subject to 𝒘𝐻(𝜃)𝒗(𝜃) = 1, (2-11) 

and using Lagrange multipliers, it can be shown the ES MVDR weight is given by 

 
𝒘𝑀𝑉𝐷𝑅−𝐸𝑆(𝜃) =

𝑹𝒙
−1 𝒗(𝜃)

𝒗𝐻(𝜃)𝑹𝒙
−1 𝒗(𝜃)

, (2-12) 

and the output power is given by 

 𝑝𝑀𝑉𝐷𝑅−𝐸𝑆(𝜃) = (𝒗
𝐻(𝜃)𝑹𝒙

−1 𝒗(𝜃))
−1

. (2-13) 

The linear constrained minimum variance (LCMV) approach [19] adds extra constraints, 

such as nulls at the DOAs of interferences or unity responses in directions near to the 

steering vector. In this approach, the constraint is generalised to 

 𝒘𝐻𝑪 = 𝒈𝐻, (2-14) 

where C is a 𝐾 × 𝑐 matrix containing 𝑐 constraints determined by the constraint vectors, 

i.e., 

 𝑪 = [𝒗1 … 𝒗𝑐], (2-15) 

and 𝒈 contains the constraint values, i.e., 

 𝒈 = [𝑔1 … 𝑔𝑐]𝐻. (2-16) 

An example is directional constraints where  

 𝑪(𝜃) = [𝒗(𝜃) 𝒗(𝜃 + ∆𝜃) 𝒗(𝜃 − ∆𝜃)], (2-17) 
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or a derivative constraint [20] where 

 𝑪(𝜃) = [𝒗(𝜃)
𝑑𝒗(𝜃)

𝑑𝜃
]. (2-18) 

Similarly, other linear constraints, such as eigenvector constraints [21], can be used. 

These constraints are often applied to mitigate the loss in performance of optimum 

beamformers when the assumed and actual signal arrival directions are not exactly equal.  

The optimal weight vector which minimises 𝒘𝐻𝑹𝒙𝒘 subject to 𝒘𝐻𝑪 = 𝒈𝐻 is given by 

 𝒘(𝜃) = 𝑹𝒙
−1𝑪(𝜃)(𝑪𝐻(𝜃)𝑹𝒙

−1𝑪(𝜃))
−1
𝒈, (2-19) 

and the output power is given by 

 𝑝𝐿𝐶𝑀𝑉−𝐸𝑆(𝜃) = 𝒈𝐻(𝑪𝐻(𝜃)𝑹𝒙
−1𝑪(𝜃))

−1
𝒈. (2-20) 

 Subspace Algorithms 2.3.3

Subspace methods utilise eigen-decomposition to separate the signal and noise 

components into different subspaces. Signal waveforms are normally designed with 

known shapes but can be random, such as signal waveforms used for noise radars or 

noise generated by a target in a passive context. Noise is generated by electronic devices 

(receivers), and is random in nature. The most common noise–thermal noise can be 

modelled as white Gaussian noise. As signals and noise are generated by different 

mechanisms, they are usually independent. In this situation, applying eigen-

decomposition to the covariance matrix, the subspace spanned by the look direction 

vectors of the signals is the same subspace spanned by the eigenvectors corresponding 

to a set of the largest eigenvalues when the noise is spatially uncorrelated. When signals 

are independent of each other, the number of eigenvalues in this set is equal to the 

number of signals. The case of coherent or highly correlated signals, which has a 

different eigen-structure, will be discussed separately in Chapter 6. 

Eigen-decomposition of the receiver covariance matrix can be expressed as 

 𝑹𝒙 = ∑ 𝜆𝑖𝒒𝑖𝒒𝑖
𝐻 =𝐾

𝑖=1 𝑸𝜦𝑸𝐻, (2-21) 

where 𝜦 = [

𝜆1 0 … 0
0 𝜆2  ⋮
⋮  ⋱ 0
0 … 0 𝜆𝐾

] and eigenvalues 𝜆1 ≥ 𝜆2 ≥ ⋯ ≥ 𝜆𝐾, 

 𝑸 = [𝒒1 … 𝒒𝐿 ⋮ 𝒒𝐿+1 … 𝒒𝐾] , (2-22) 
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where 𝒒𝑖 is an eigenvector associated with the 𝑖–th eigenvalue, 𝜆𝑖 . L is the number of 

independent signals and the signal subspace [22] is defined as 

 𝑬𝒔 = [𝒒1 … 𝒒𝐿], (2-23) 

where 𝑬𝒔  is the set of eigenvectors corresponding to the largest L eigenvalues. The 

subspace spanned by these vectors is composed of signal as well as noise and this signal 

plus noise subspace is simply called the signal subspace. The remaining K-L 

eigenvectors span the noise subspace, which contains vectors of the noise process only 

and is given by 

 𝑬𝒏 = [𝒒𝐿+1 … 𝒒𝐾]. (2-24) 

There are different subspace methods for DOA estimation, and in general, DOAs are 

worked out by utilising the property that the signal and noise subspaces are orthogonal. 

The output of the most commonly used method—MUSIC [22], is given by 

 
𝑝𝑀𝑈𝑆𝐼𝐶−𝐸𝑆(𝜃) =

1

∑ |𝒗𝐻(𝜃)𝒒𝑖|2
𝐾
𝑖=𝐿+1

. (2-25) 

In the above expression, the output peaks over different azimuthal angles correspond to 

estimates of the signal arrival directions and the number of signals needs to be estimated 

before processing. There are some other variants including root-MUSIC [23], Esprit and 

TLS-Esprit [24] but they will not be discussed in this thesis. 

 Summary  2.4

This chapter provided a brief introduction to phased arrays and array signal processing 

methods. In Section 2.1, some basic concepts, history and different applications of 

phased arrays were briefly reviewed. In Section 2.2, the typical scenario that narrowband 

signals incident on a uniform linear phased array system was considered and its 

mathematical model in ES was described. Some key concepts were introduced, such as 

steering vector and covariance matrix. To focus on the spatial signal processing, some 

typical ES array processing algorithms were reviewed in Section 2.3. 
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Chapter 3 

 Standard Beam Space Processing 3

As mentioned in the previous chapter, ES array processing algorithms apply different 

weights to the element (receiver) outputs or covariance matrix extracted from the 

element outputs. However, in some cases, the ES processing algorithms cannot be 

applied directly, since the receiver outputs may not be accessible and only some beam 

outputs, such as outputs of conventional beamformer at different directions, are available 

or recorded. This problem occurs in some phased array radar and sonar systems which 

are limited by hardware and cost. For example, in the THAAD active electronically 

scanned array radar developed and built by Raytheon, the array operates with 72 

subarrays, each containing 11 Tx/Rx element assemblies and each Tx/Rx element 

assembly contains 32 active T/R modules and radiating elements. All the receiver 

outputs from each subarray are combined through a beamformer and then sent to an 

analog-to-digital converter [99].  

 Introduction to BS Processing 3.1

For the above and similar systems, the outputs of preformed conventional beams only 

provide spatial samples of the conventional beamformer outputs at selected directions. 

To achieve better performance than simply interpolating these beam outputs, designed 

weights can be applied to these beam outputs and then summed to form a new output for 

each look angle; such a process is known as beam space (BS) beamforming. A schematic 

diagram of a BS beamformer is shown in Figure 3-1. 

 

Figure 3-1: A diagram of BS beamformer 
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In this figure, 𝑥𝑘  and 𝑦𝑚  denote the k-th element output and the m-th beam output 

respectively and the complex weights 𝑤1, 𝑤2, … , 𝑤𝑀  can be determined by an 

optimisation criterion, such as to maximise the SNR [25]. Furthermore, the beam outputs 

can be used to form a BS covariance matrix, and similarly, most other ES processing 

methods, such as MUSIC [27], [28], ESPRIT [29] can also be implemented in BS. All 

these approaches using beam outputs are termed BS processing. BS processing methods 

are mostly implemented in phased array radar and sonar systems but examples of 

applications are also found in other fields such as seismic data analysis [34], biomedical 

signal processing [35], [36] and potentially for radio astronomy [37]. 

In some cases, forming beams is a preliminary step to further processing, as some extra 

advantages are associated with using the beam outputs rather than the element outputs. 

Usually, the number of beams is smaller than the number of receivers, so BS processing 

has a lower dimensionality and fewer samples are required for estimation of the BS 

covariance matrix, thus reducing the required computational load. For example, to 

process sonar data from an array of 25 hydrophones, only 10 beams were used and 

achieved good performance in [26]. Furthermore, the averaging procedure in the 

preliminary beamformer brings some other benefits, such as a lower detection signal to 

noise ratio (SNR) threshold [26], [39], reduced sensitivity of high resolution methods to 

the noise distribution and to wavefront distortions [42], and reduced statistical variance 

of the estimated beam spectrum for small numbers of samples [26]. Also, by restricting 

the beams to lie within a given sector of interest, signals or interferences outside that 

sector only enter the beams through sidelobe leakage and hence are attenuated.  

As shown in [28], the variance of DOA estimates using the BS subspace method is never 

smaller than that of ES methods for a large number of samples, thus, the performance of 

the BS processing is generally not superior to that of ES processing. Additionally, since 

the number of beams is generally smaller than the number of receivers and those beams 

are only formed in a sector of interest, there are some potential disadvantages of BS 

processing. These include: 

 Missing unknown out of sector signals 

 Reduced number of degrees of freedom 

 Weaker capability for interference cancellation 

 Reduced ability for noise suppression 

 Reduced the maximum number of signals whose directions can be estimated. 

In most cases, conventional beamformers are used as preformed beams in BS processing, 

but other beams can be considered. For example, in order to reduce out of sector 

interferences, low sidelobe beams such as Dolph-Chebychev and Hamming beams are 

suggested in [30]. Furthermore, special beams can be designed to minimise interfering 

sources located outside the sector, as discussed in [32] and [33]. In this thesis, the main 

interest is in general spatial signal processing and only further processing the outputs of 
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conventional beamforming is considered, thus to design beams in the pre-processing 

stage or BS processing for window weighted beams will not be discussed. 

 Standard BS Processing 3.2

In most BS processing literature, such as [25]–[31], phased arrays are commonly 

modelled as a passive receiving system or the transmitter is assumed to be omni-

directional, and the directional characteristics of the transmission part are not 

incorporated. The BS processing methods based on this model are termed omni-

directional transmission or standard BS processing. In this section, the formulae for 

standard BS processing are presented. 

3.2.1 Standard BS Signal Model 

A vector containing M conventional beam outputs is given by 

 𝒚 = [𝑦(𝜃1) 𝑦(𝜃2) … 𝑦(𝜃𝑀)]
𝑇. (3-1) 

where 𝑦(𝜃𝑚) is given by (2-8). The BS covariance matrix is given by 

 𝑹𝒚 = E{𝒚𝒚
𝐻} = 𝑽𝑩

𝐻𝑹𝒙𝑽𝑩, (3-2) 

where 𝑽𝑩 is a K×M matrix containing the steering vectors for each of the various 𝑀 

beams and is given by 

 𝑽𝑩(𝛩𝐵)  = [𝒗(𝜃1) 𝒗(𝜃2) … 𝒗(𝜃𝑀)], (3-3) 

where 𝛩𝐵  = {𝜃1, 𝜃2, ⋯ 𝜃𝑀} denotes the set of steering directions of the preformed 

beams. When no confusion occurs, a simpler notation 𝑽 will be used instead of 𝑽𝑩(𝛩𝐵) 

in this thesis. In practice 𝑹𝒚 can be estimated by 

 �̂�𝒚 = 1/𝑁∑ 𝒚(t)𝒚𝐻(t)𝑡=𝑁
𝑡=1 , (3-4) 

where for an active system, e.g. a monostatic radar, the averaging is over N pulses 

contained in a coherent processing interval. The vector of beam outputs due to a single 

unit amplitude plane wave from direction 𝜃 is termed BS steering vector and is given by 

 𝒉(𝜃) = 𝑽𝐻𝒗(𝜃). (3-5) 

For further processing, this vector will be needed as a processing vector or constraint 

vector at the angle  𝜃. 
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 Conventional BS Beamforming 3.2.2

The conventional BS beamformer is a weighted summation of beam outputs, and the 

weights are designed to align the phase of the signal from a chosen look direction for 

each beam, so that signal components from the same direction but in different beams are 

added in phase. Normalising the signal output to be the same as the output from a single 

receiver, the resulting output power at θ is given by  

 𝑝𝐶𝐵−𝐵𝑆(𝜃) =
1

𝐺(𝜃)
𝒉𝐻(𝜃)𝑹𝒚𝒉(𝜃), (3-6) 

where the gain varies with the steering angle and depends on the beam pattern of each 

beam. The value of the gain is given by 

 𝐺(𝜃) = ‖𝒉(𝜃)‖4. (3-7) 

Conventional BS beamforming is rarely used in practice, as its main effect is to 

interpolate the conventional ES beamformer outputs at different angles. When a 

sufficient number of beams are used, this approach becomes a valid interpolation 

mechanism. However when a small number of beams are used over a wide angular 

region, only very limited spatial information is obtained and the conventional BS 

beamformer output may be significantly different from the conventional ES beamformer 

output at some angles. 

 Optimum BS Beamforming 3.2.3

The optimum BS beamformer with MVDR criterion, which maintains unity gain in the 

look direction whilst minimising the total output power from a weighted set of beams, is 

given as the solution of the following problem (see [25] and Chapter 6 in [30]) 

 min 𝒘𝐻(𝜃)𝑹𝒚𝒘(𝜃)  subject to  𝒘𝐻(𝜃)𝒉(𝜃) = 1, (3-8) 

whose solution is given by 

 
𝒘(𝜃) =

𝑹𝑦
−1𝑽𝐻𝒗(𝜃)

𝒗𝐻(𝜃)𝑽𝑹𝒚
−1𝑽𝐻𝒗(𝜃)

. (3-9) 

The output power of the optimum BS beamformer is given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) = (𝒗

𝐻(𝜃)𝑽𝑹𝒚
−1𝑽𝐻𝒗(𝜃))

−1

. (3-10) 

Assuming zero-mean Gaussian white noise with power of 𝜎𝑛
2 at each element and a 

single signal, whose DOA and amplitude are 𝜃𝑠 and 𝜎𝑠, is incident on the array, with 

mutually orthogonal beams, it is easy to prove that the optimum BS beamformer output 

power at 𝜃𝑠 is given by 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠) = 𝜎𝑠
2 +

𝐾

|𝒉(𝜃𝑠)|2
𝜎𝑛
2. (3-11) 
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Similarly, LCMV algorithms can be implemented in BS by adding extra constraints, for 

example, to constrain the response in different directions. For this approach, the 

optimum weight vector for a steering angle, 𝜃, is given by 

 
𝒘(𝜃) = 𝑹𝒚

−1𝑪(𝜃) (𝑪𝐻(𝜃)𝑹𝒚
−1𝑪(𝜃))

−1

𝒈(𝜃). (3-12) 

Notice that 𝑪(𝜃) is a constraint matrix containing a group of linear constraints in BS, 

such as a derivative constraint matrix can be given by 𝑪(𝜃) = [𝒉(𝜃) �̇�(𝜃)]  and 

different from the ES constraint in (2-19), and 𝒈(𝜃) is a vector containing complex 

numbers denoting the response at the constraints in 𝑪(𝜃) and 

 𝒘𝐻(𝜃)𝑪(𝜃) = 𝒈𝐻(𝜃). (3-13) 

The output power is given by 

 𝑝𝐿𝐶𝑀𝑉−𝐵𝑆 (𝜃) = 𝒘𝐻(𝜃)𝑹𝒚𝒘(𝜃) 

= 𝒈𝐻(𝜃) (𝑪𝐻(𝜃)𝑹𝑦
−1𝑪(𝜃))

−1

𝒈(𝜃). 
(3-14) 

 BS Subspace Method 3.2.4

Subspace methods for DOA estimation in ES can be readily extended to BS. As 

mentioned before, noise from different receivers is commonly assumed to be spatially 

uncorrelated with zero mean and the same Gaussian distribution. For L uncorrelated 

plane waves incident with the uncorrelated receiver noise on the array, using equations 

(2-7) and (3-2), the BS covariance matrix is given by 

 
𝑹𝒚 = 𝑽

𝑯𝑹𝒙𝑽 =∑𝜎𝑙
2𝒉(𝜃𝑠𝑙)𝒉

𝐻(𝜃𝑠𝑙)

𝑳

𝒍=𝟏

+ 𝜎𝑛
2𝑽𝐻𝑽. (3-15) 

In most literature on BS processing, especially subspace methods, such as [27], [28], [38] 

and [42], the columns of matrix 𝑽 are chosen to be mutually orthogonal and normalised 

by 1/√𝐾, thus 𝑽𝐻𝑽 = 𝑰. Notice the normalisation ensures that the BS transformation is 

unitary but it does not affect the results of further processing, both 𝑽𝐻𝑽 = 𝑰  and 

𝑽𝐻𝑽 = 𝐾𝑰 are used in this thesis to represent the beam mutual orthogonality.  

Eigen-decomposition of 𝑹𝒚 can be expressed as 

 

𝑹𝒚 =∑𝜆𝑦𝑖𝒒𝒚𝑖𝒒𝒚𝑖
𝐻

𝑀

𝑖=1

= 𝑸𝒚𝜦𝒚𝑸𝒚
𝐻 (3-16) 
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As shown in [27] and Appendix A, for orthogonal beams, a subset of the noise subspace 

eigenvectors of the ES covariance matrix, 𝒒𝑖 are related to those noise eigenvectors of 

the BS covariance matrix, 𝒒𝒚𝑖 by 

 𝒒𝑖 = 𝑽𝒒𝒚𝑖, (𝑖 = 𝐿 + 1,… ,𝑀). (3-17) 

For L uncorrelated signals from different DOAs and when 𝑽𝐻𝑽 = 𝑰, the signal steering 

vectors {𝒉(𝜃𝑠1), … , 𝒉(𝜃𝑠𝐿)}  span the same signal subspace as { 𝒒𝒚1, … , 𝒒𝒚𝐿} , 

therefore 

 𝒉𝐻(𝜃𝑠𝑙)𝒒𝒚𝑖 = 0, (𝑙 ≤ 𝐿, 𝑖 = 𝐿 + 1,… ,𝑀), (3-18) 

and the output of BS MUSIC at angle 𝜃 is given by 

 
𝑝𝑀𝑈𝑆𝐼𝐶−𝐵𝑆(𝜃) =

1

∑ |𝒉𝐻(𝜃)𝒒𝒚𝑖|2
𝑀
𝑖=𝐿+1

. (3-19) 

Subspace methods require that the noise be spatially white. In ES processing, when the 

noise is spatially correlated, the eigenvectors corresponding to the largest L eigenvalues 

does not necessarily span the true signal subspace, and the signal and noise subspaces are 

not well separated. The standard subspace methods only work well for high SNR 

scenarios, thus pre-whitening for coloured noise with known covariance matrix is 

required or some other DOA estimation methods for unknown coloured noise models 

such as [43] and [44] can be considered.  

For spatially white receiver noise n, 𝐸{𝒏𝒏𝐻} = 𝜎𝑛
2𝑰 . By applying a linear 

transformation, the noise component in BS becomes 𝑽𝐻𝒏. When  𝑽𝐻𝑽 = 𝑰, the BS noise 

component is also white. When non-orthogonal beams are selected, i.e., 𝑽𝐻𝑽 ≠ 𝑰, the 

BS noise covariance matrix is coloured and the result is similar to the above ES coloured 

noise problem. To remove the correlation of the noise component caused by the linear 

transformation of  𝑽, sector focused stability (SFS) BS processing [45] can be used to 

transform the beam steering vectors to be mutually orthogonal. The SFS BS 

transformation matrix is given by 

 𝑽′ = 𝑽(𝑽𝐻𝑽)−1/2, (3-20) 

and the SFS BS covariance matrix is written as 

 𝑹𝒚𝑠𝑓𝑠
 = 𝑽′𝐻𝑹𝒙𝑽

′ = (𝑽𝐻𝑽)−1/2𝑹𝒚(𝑽
𝐻𝑽)−1/2. (3-21) 

A comparison of the performance of the BS with non-orthogonal steered beams and SFS 

BS processing algorithms with both MVDR and MUSIC estimators can be found in [46]. 
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 Examples of Standard BS Processing 3.3

In this section, examples are presented to show the results of standard BS processing. A 

scenario is considered that two plane wave signals, whose power values are 10 and 6 dB 

above the noise power (considered as 0 dB) at any single receiver and DOAs are at 

azimuthal angles of 8° and 15° respectively, are incident on a phased array. This example 

of two sources will be used as a basic scenario in further BS processing in this thesis, 

because it is a general example where the two closely spaced sources are in a relative 

narrow sector but can be separated by conventional beamformer, also the angular 

difference between two sources are similar to the experimental data which will be 

described in Chapter 7. However, analysis based on this scenario would still be suitable 

for other general examples. The phased array is modelled as a horizontal (azimuthal) 

scanning uniform linear array of 64 elements spaced half a wavelength apart. An equal 

number of independent conventional beams spanning the full angular sector were 

modelled. The theoretical output power values of conventional and MVDR beamformers 

versus azimuthal angle for both ES and BS are compared in Figure 3-2 and the results of 

the ES and BS MUSIC algorithm are plotted in Figure 3-3.  

 
Figure 3-2: Theoretical output power values of conventional and optimum beamformers for 

both ES and BS versus azimuthal angle. M independent beams spanning the full angular space 

were used and M=K. Note: here and in subsequent figures, CB denotes the conventional 

beamformer. 

 

Figure 3-3: Theoretical output values of MUSIC algorithm for both ES and BS versus azimuthal 

angle. M independent beams spanning the full angular space were used and M=K. 
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Notice that the averaged power value of receiver noise is assumed as 0 dB here, and the 

output power values are referenced to the noise power, and the true numerical value of 

receiver noise depends on the noise level and sensitivity of receivers. 

As expected, the BS and ES results of each algorithm are identical and overlap when the 

number of independent conventional beams scanning over the whole angular space is the 

same as the number of receivers. In this case, the ES and BS conventional beamformer 

output power values are exactly same and they are plotted on top of each and the same to 

the ES and BS MVDR, also ES and BS MUSIC outputs. Obviously, for both ES and BS 

processing, the performance of the optimum beamformers are superior to the 

conventional beamformers, as they provide a better angular resolution and a more 

accurate estimation of signal power. The strong and sharp peaks on the MUSIC output 

indicate the DOAs, due to the orthogonality between signal and noise subspaces, but 

these peaks values in the MUSIC output do not represent signal power. 

Based on the theoretical ES covariance matrix, 128 pulses (i.e., receiver output samples) 

were simulated and used to estimate the ES covariance matrix in the normal fashion. At 

each pulse, conventional beamformer outputs in M(𝑀 = 𝐾 = 64) independent steering 

directions were formed, and then used together to estimate the BS covariance matrix as 

(3-4). Then, conventional, MVDR beamforming and MUSIC algorithms were applied to 

both ES and BS covariance matrices estimated by using the simulated data. The 

beamformer and MUSIC outputs are shown in Figure 3-4 and Figure 3-5.  

 

Figure 3-4: Simulated output power values of conventional and MVDR beamformers for both 

ES and BS versus azimuthal angle. M independent beams spanning the full angular space were 

used and M=K. 
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Figure 3-5: Simulated output values of MUSIC algorithm for both ES and BS versus azimuthal 

angle. M independent beams spanning the full angular space were used and M=K. 

These results based on the simulated covariance matrix show the typical better resolution 

of the optimum ES and BS beamformers over the conventional beamformers, but the 

output power is slightly lower than the true SNRs. Both ES and BS MUSIC algorithms 

provide sharp peaks but the outputs at DOAs are not as strong as the theoretical 

numerical analysis. The optimum BS beamformer achieved nearly the same effective 

beamwidth as the theoretical numerical analysis. 

The performance of BS MUSIC algorithm is normally not affected by the SNR 

significantly, as the signal and noise subspace are orthogonal to each other. However, for 

low SNRs, where the signal power is weaker than the noise power, the difficulty in 

separating the two subspaces is potentially increased, and this is especially obvious when 

a small number of samples are generated by simulation or collected by experiment. 

Notice in this example, that simulated covariance matrix is not exactly the same as the 

theoretical covariance matrix due to the number of samples (128), thus, the noise 

eigenvectors are not exactly orthogonal to the assumed signal steering vectors and the 

performance of MUSIC algorithm is not as outstanding as in the theoretical analysis. 

However, the performance would be improved by increasing the number of simulated 

samples averaged in the covariance matrix estimation. The MUSIC algorithm is based on 

the signal model of point scatterer, and its performance can be degraded when being 

applied to the extended targets (volume scatterers), as the distributed scatterers can be 

correlated and the number of the scatterers can be larger than the number of 

receivers/beams. 

 BS Processing with Different Number of Beams 3.4

As mentioned in Section 3.1, an important advantage of BS processing is its lower 

dimensionality when the number of beams, M, is smaller than number of receivers, K. 

However, when insufficient beams are formed in the full angular sector or a large 

angular sector, information loss happens in the transformation between the BS and ES 
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covariance matrices. In this section, the beamforming results using either a set of beams 

(𝑀 < 𝐾) scanned over the full array manifold or only a sector of interest are discussed. 

 BS Beamformer in a Full Angular Sector 3.4.1

It has been proved in [25] and also shown by the example in Section 3.3, that 

performance of the optimum beamforming in BS and ES are equivalent when the 

number of independent beams spanning the full angular sector is the same as number of 

receivers, because the transformation matrix 𝑽 is a K × K full rank invertible matrix, so 

𝒙 = (𝑽𝐻)−1𝒚 . This indicates that, theoretically, the receiver outputs can be fully 

recovered and all the information in ES is fully retained in BS. 

To obtain the maximum aperture without any grating lobes, most commonly, phased 

array elements are spaced half a wavelength of signal apart each other. In this case, if the 

number of beams spanning the full angular sector is smaller than the number of 

receivers, then these beams cannot adequately cover the whole angular region and some 

information in ES may not be fully recovered. In another case that the number of used 

beams is larger than 𝐾, it would cause the BS covariance matrix to become singular and 

degrade the performance of the optimum BS beamformer, unless a careful use of 

diagonal loading is made. 

For wideband signals, the system may be designed to operate at the higher end of the 

frequency band, and so for signals at the lower end of the frequency band, the element 

spacing is smaller than half a wavelength. At these frequencies, it is not necessary to 

have the number of beams equals to the number of receivers.  

Consider a phased array with 64 elements operating at a frequency where the element 

spacing is one quarter of the wavelength. In this example, only 32 independent beams are 

required to cover the full angular sector. The theoretical results of conventional and 

MVDR beamformers for both ES and BS cases are shown in Figure 3-6 and simulated 

results using 128 samples are shown in Figure 3-7. In both figures, the BS results closely 

approximate the ES results. As can be seen, due to the doubling of the angular 

beamwidth that occurs when d/𝜆=1/4, even using beams whose number is half of the 

receivers, the BS beamformers provide almost identical performance compared with the 

ES approaches. In fact, using all the element outputs for ES processing is spatially 

oversampling, as only 32 elements with a spacing of λ/2 between adjacent elements are 

required to cover the full array aperture. Thus, if only a group of element outputs in odd 

or even order were used for ES processing, the performance would be similar to this. 
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Figure 3-6: Theoretical output power values of conventional and optimum beamformers for 

both ES and BS versus azimuthal angle. 64 receivers are one quarter wavelength apart and 32 

independent beams are used for BS processing. 

 

Figure 3-7: Simulated output power values of conventional and optimum beamformers for both 

ES and BS versus azimuthal angle. 64 receivers were one quarter wavelength apart and 32 

independent beams are used for BS processing. 

The above figures show there are small differences between BS and ES MVDR 

beamforming outputs when number of beams is half of the number of receivers, and this 

can be different by varying 𝑑/𝜆 and its corresponding number of beams. As a general 

rule, beams are required to span the full angular space and the number of beams is given 

by 𝑀 = ⌊2𝐾𝑑/𝜆⌋, where ⌊·⌋ denotes the integer part of the expression. The averaged 

difference between BS and ES MVDR beamformer output power values at the two 

DOAs and over the whole region from -45° to 45° are plotted in Figure 3-8 respectively 

for different 𝑑/𝜆  (
1

16
≤ 𝑑/𝜆 ≤

1

2
). It shows that the differences between BS and ES 

beamformer output power values are small for all values of 𝑑/𝜆 considered, especially 

for the output power values at DOAs, and the difference approaches zero when more 

beams formed. 
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Figure 3-8: Averaged differences between output power values of BS and ES MVDR 

beamformers versus 𝑑/𝜆 . Notice that number of beams at different 𝑑/𝜆  changes as 𝑀 =
⌊2𝐾𝑑/𝜆⌋ and 64 receivers are used. 

 BS Beamformer in a Subsector 3.4.2

The above results are based on using independent beams that span the full angular sector, 

but often in many practical applications the signals of interest are located in a given 

subsector of the full angular region and so beams are usually only formed in that 

subsector. Also, in practical phased array operations, it is often hard to set or control all 

the beams to be fully orthogonal in a mathematical sense. However, with a sufficient 

number of beams covering the subsector, BS algorithms can still achieve satisfactory 

results when signals lie in the subsector and most information would be captured by the 

beams spanning that subsector.  

The same scenario in Section 3.3 was considered but only 21 beams were formed at 

azimuthal angles ranging from -2° to 18° in 1° increments (note that the beams are not 

strictly orthogonal as in the previous scenario). Numerical evaluation of the output power 

values from conventional and optimum beamformer are plotted as a function of 

azimuthal angle in Figure 3-9, and a zoomed in view of the output in the sector of 

interest are shown in Figure 3-10. Notice that the conventional BS beamformer output is 

only meaningful at angles inside the subsector, and the output outside the subsector is 

dominated by some very high response values. 
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Figure 3-9: Theoretical output power values of conventional, optimum ES and subsector BS 

beamformers versus azimuthal angle. The DOAs of signals are 8° and 15° and 21 beams formed 

at azimuthal angles ranging from -2° to 18° in 1° increments. 

 

Figure 3-10: A zoomed in view of the theoretical output power of conventional, ES MVDR and 

subsector BS MVDR beamformers in the sector of interest. 

The above figures indicate that both the ES and BS MVDR algorithms have very similar 

performance in the sector where beams were formed. Therefore, within a sector of 

interest, even the number of beams is smaller than the number of receivers, comparable 

performance can be achieved by the BS method. Notice, however, that outside the sector 

of interest spanned by the 21 beams, the response of the BS MVDR approach is 

significantly different from the ES MVDR beamformer; this is analysed in the following 

section. Although  Tx/Rx beams with window functions can be used to reduce sidelobe 

level, the high response outside the sector of interest is still not avoided for subsector BS 

processing. 
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 BS Processing in the Region outside the Sector of Interest  3.5

As shown in Figure 3-9, it is apparent that the subsector BS MVDR beamformer 

produces a strong response in the region not contained within the sector of interest. This 

is a unique problem for subsector BS processing and the region outside the sector of 

interest is normally treated as “not of interest”, for example, in [32] and [33], the authors 

used the BS method for dimension reduction and rejection of interferences out of the 

sector of interest. In this section, the effect of interferences outside the sector of interest 

on the estimation of the signals within the sector of interest is studied. In addition, 

whether interferences lying out of the sector of interest can be identified using just beams 

spanning the sector of interest is investigated. 

 BS Model with an Out of Sector Interference 3.5.1

Out of sector signals in the omni-directional transmission BS model are received through 

sidelobes of beams. These signals can be reflections from strong scatterers outside the 

sector of interest; in the other case, these signals are from other transmitters, such as 

jamming signals towards a radar or acoustic signals from other ships in the sonar case. 

Consider L in sector signals incident on the array where the receiver outputs are given by 

equation (2-5) together with an independent interference from an azimuthal angle, 𝜃𝐼. 

For this scenario the vector of conventional beam outputs is given by 

 𝒚 = 𝑽𝐻𝑽𝒔(𝛩𝑠)𝒔 + 𝑽
𝐻𝒗(𝜃𝐼)𝒊 + 𝑽

𝐻𝒏, (3-22) 

where 𝒔, 𝒊 and 𝒏 denote the in sector signals, the out of sector interference and receiver 

noise respectively and the matrix 𝑽𝒔(𝛩𝑠) containing the in sector steering vectors is 

given by 

 𝑽𝒔(𝛩𝑠) = [𝒗(𝜃𝑠1) 𝒗(𝜃𝑠2) … 𝒗(𝜃𝑠𝐿)]. (3-23) 

Denoting 𝜎𝐼
2 as the power of the interference received by any single receiver, the BS 

covariance matrix is given by 

 𝑹𝒚𝑰 = 𝑽𝐻𝑽𝒔(𝛩𝑠)𝑹𝒔𝑽𝒔
𝐻(𝛩𝑠)𝑽 + 𝜎𝐼

2𝑽𝐻𝒗(𝜃𝐼)𝒗
𝐻(𝜃𝐼)𝑽 + 𝜎𝑛

2𝑽𝐻𝑽 

= 𝑹𝒚 + 𝜎𝐼
2𝒉(𝜃𝐼)𝒉

𝐻(𝜃𝐼), 
(3-24) 

where 𝒉(𝜃)  is given by (3-5). With uncorrelated receiver noise, the BS covariance 

matrix for a single out of sector interference only is given by 

 𝑹𝒚(𝐼) = 𝜎𝐼
2𝑽𝐻𝒗(𝜃𝐼)𝒗

𝐻(𝜃𝐼)𝑽 + 𝜎𝑛
2𝑽𝐻𝑽. (3-25) 
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 Optimum BS Beamformer Output Power in the Presence of an 3.5.2

Out of Sector Interference  

Here the following analysis is restricted to a model containing a single scatterer within 

the sector of interest and a single interference outside the sector of interest. Denoting the 

DOAs of signals within and outside the sector of interest as 𝜃𝑠 and 𝜃𝐼 respectively, and 

𝜎𝑠
2 as the power of the in sector signal received by any single receiver, the BS covariance 

matrix is given by 

 𝑹𝒚𝑰 = 𝜎𝑠
2𝒉(𝜃𝑠)𝒉

𝐻(𝜃𝑠) + 𝑹𝒚(𝐼) , or 

𝑹𝒚𝑰 = 𝜎𝐼
2𝒉(𝜃𝐼)𝒉

𝐻(𝜃𝐼) + 𝑹𝒚. 
(3-26) 

 Optimum BS Beamformer Output Power at the DOA of an In 3.5.2.1

Sector Signal 

When 𝜃 = 𝜃𝑠, i.e., the optimum beam is steered directly at the signal of interest, the 

output power is given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠)𝐼 = (𝒉

𝐻(𝜃𝑠)𝑹𝒚𝑰
−1𝒉(𝜃𝑠))

−1

 

= (𝒉𝐻(𝜃𝑠)𝑹𝒚(𝐼)
−1 𝒉(𝜃𝑠) −

𝜎𝑠
2𝒉𝐻(𝜃𝑠)𝑹𝒚(𝐼)

−1 𝒉(𝜃𝑠)𝒉
𝐻(𝜃𝑠)𝑹𝒚(𝐼)

−1 𝒉(𝜃𝑠)

1 + 𝜎𝑠
2𝒉𝐻(𝜃𝑠)𝑹𝒚(𝐼)

−1 𝒉(𝜃𝑠)
)

−1

 

= (𝒉𝐻(𝜃𝑠)𝑹𝒚(𝐼)
−1 𝒉(𝜃𝑠))

−1

+ 𝜎𝑠
2 

(3-27) 

Note that in (3-27) the estimate of the power of the desired signal, 𝜎𝑠
2, is distorted by an 

amount (𝒉𝐻(𝜃𝑠)𝑹𝒚(𝐼)
−1 𝒉(𝜃𝑠))

−1

 which is caused by leakage from the interference into the 

optimum beam. A mathematical representation of 𝑹𝒚(𝐼)
−1  for the general case is not 

particularly illuminating, but when the steering beams are mutually orthogonal, i.e., 

𝑽𝑯𝑽 = 𝐾𝑰, then it is given by 

 

𝑹𝒚(𝐼)
−𝟏 =

𝑰

𝐾𝜎𝑛
2 −

𝜎𝐼
2

𝐾𝜎𝑛
2 𝒉(𝜃𝐼)𝒉

𝐻(𝜃𝐼)
1
𝐾𝜎𝑛

2

1 +
𝜎𝐼
2

𝐾𝜎𝑛
2 𝒉

𝑯(𝜃𝐼)𝒉(𝜃𝐼)

 (3-28) 

Then, the bias term in the optimum BS beamformer output power in the beam steered at 

the DOA of the signal with an out of sector interference is given by 

 
(𝒉𝐻(𝜃𝑠)𝑹𝒚(𝐼)

−1 𝒉(𝜃𝑠))
−1

=
𝐾𝜎𝑛

2[𝐻(𝜃𝐼)𝜎𝐼
2 + 𝐾𝜎𝑛

2]

𝐻(𝜃𝑠)𝐾𝜎𝑛
2 + [𝐻(𝜃𝑠)𝐻(𝜃𝐼) − 𝐵𝐻(𝜃𝑠, 𝜃𝐼)]𝜎𝐼

2
, (3-29) 

where H and 𝐵𝐻 are defined as 

 𝐻(𝜃) = 𝒉𝐻(𝜃)𝒉(𝜃) = ‖𝒉(𝜃)‖ 2 

𝐵𝐻 (𝜃1, 𝜃2) = 𝒉𝐻(𝜃1)𝒉(𝜃2)𝒉
𝐻(𝜃2)𝒉(𝜃1) = |𝒉𝐻(𝜃1)𝒉(𝜃2)| 

2. 
(3-30) 
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The values of 𝐻(𝜃𝑠)𝐻(𝜃𝐼) and 𝐵𝐻(𝜃𝑠, 𝜃𝐼) are compared here. By using the previous 

scenario that 21 beams are formed at angles of -2° to 18° with 1° increments and the 

DOA of the interference is 25°. The values of 𝐻(𝜃𝑠)𝐻(𝜃𝐼) and 𝐵𝐻(𝜃𝑠, 𝜃𝐼) as a function 

of 𝜃𝑠, i.e., the DOA of the in sector signal, are plotted in Figure 3-11. 

 

Figure 3-11: An example of values of 𝐻(𝜃𝑠)𝐻(25
0) and 𝐵𝐻(𝜃𝑠, 25

0). 

In this case the value of 𝐻(𝜃𝑠)𝐻(𝜃𝐼)  is significantly larger than 𝐵𝐻(𝜃𝑠, 𝜃𝐼)  and is 

approximately constant across the sector of interest. Thus when the DOAs of the signal 

and the interference are well separated, the beamformer output power at the DOA of the 

in sector signal, by substituting (3-29) in (3-27) and ignoring the relatively small part—

𝐵𝐻(𝜃𝑠, 𝜃𝐼), can be approximated as 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠) ≈ 𝜎𝑠

2 +
𝐾𝜎𝑛

2

𝐻(𝜃𝑠)
 (3-31) 

Thus, in this case the optimum BS beamformer output power at the DOA of the in sector 

signal is only negligibly affected by the interference. Within the sector of interest, the 

noise component is attenuated, as the values of 
𝐾

𝐻(𝜃𝑠)
 are relatively small and plotted 

versus azimuthal angles in Figure 3-12. 

 

Figure 3-12: An example of value of 𝐾/𝐻(𝜃𝑠). 
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However, when the DOAs of the signal and interference are spaced less than half 

beamwidth, the difference between values of 𝐻(𝜃𝑠)𝐻(𝜃𝐼) and 𝐵𝐻(𝜃𝑠, 𝜃𝐼) can be small. 

For example, when 𝜃𝑠 = 17.9°  and 𝜃𝐼  is varied from 18° to 45°, the values of 

𝐻(𝜃𝑠)𝐻(𝜃𝐼)  and 𝐵𝐻(𝜃𝑠, 𝜃𝐼)  are plotted in Figure 3-13. In this example, when the 

interference is at an azimuthal angle,  𝜃𝐼 ≤ 18.5° , the values of 𝐻(𝜃𝑠)𝐻(𝜃𝐼)  and 

𝐵𝐻(𝜃𝑠, 𝜃𝐼) are very close. In this case, the simplification leading to (3-31) is not valid 

anymore and the value of the beamformer output power depends on more parameters. 

 

Figure 3-13: An example of values of 𝐻(17.90)𝐻(𝜃𝐼) and 𝐵𝐻(17.9
0,𝜃𝐼). 

 Optimum BS Beamformer Output Power at the DOA of an Out of 3.5.2.2

Sector Interference 

When 𝜃 = 𝜃𝐼, it can be shown by an argument similar to that used to derive (3-27), the 

optimum BS beamformer output power is given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝐼) = (𝒉𝐻(𝜃𝐼)𝑹𝒚𝑰

−1𝒉(𝜃𝐼))
−1

 

= (𝒉𝐻(𝜃𝐼)𝑹𝒚
−1𝒉(𝜃𝐼))

−1

+ 𝜎𝐼
2 

(3-32) 

where the first term represents leakage of the in sector scatterer into the optimum beam 

steered at the interference. Similar to the derivation of (3-29) and using the second 

version of (3-26), the distortion term is given by 

 
(𝒉𝐻(𝜃𝐼)𝑹𝒚

−1𝒉(𝜃𝐼))
−1

=
𝐾𝜎𝑛

2(𝐻(𝜃𝑠)𝜎𝑠
2 + 𝐾𝜎𝑛

2)

𝐻(𝜃𝐼)𝐾𝜎𝑛2 + (𝐻(𝜃𝑠)𝐻(𝜃𝐼) − 𝐵𝐻(𝜃𝑠, 𝜃𝐼)) 𝜎𝑠2
 (3-33) 

As analysed, when the DOAs of the signal and interference are well separated, 𝐵𝐻(𝜃𝑠, 𝜃𝐼) 

is much smaller than 𝐻(𝜃𝑠)𝐻(𝜃𝐼), thus, the output power can be approximated as 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝐼) ≈ 𝜎𝐼

2 +
𝐾

𝐻(𝜃𝐼)
𝜎𝑛
2. (3-34) 
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It indicates the output power at the DOA of the interference is the sum of the interference 

power 𝜎𝐼
2 and the noise power with a gain of 

𝐾

𝐻(𝜃𝐼)
. The results in Figure 3-12 can still be 

used here and show the value of 
𝐾

𝐻(𝜃𝐼)
 is a function of 𝜃𝐼 . As the gain is significantly 

larger than that inside the sector of interest, the noise component is amplified and the 

total output power given by (3-34) is significantly different from the interference power, 

𝜎𝐼
2. 

 Examples of Optimum BS Beamforming Output in the Region 3.5.2.3

outside the Sector of Interest 

In most cases, the DOAs of the signal and interference are not close, i.e., their angular 

separation is more than half a beamwidth. From (3-31) and (3-34), it is obvious that the 

BS MVDR beamformer output power at the DOA of either the in sector signal or the out 

of sector interference can be approximated as the sum of the signal/interference power 

and the noise power multiplied by the factor, 
𝐾

𝐻(θ)
. Thus, the identification and estimation 

of the signal and interference power depend on the ratio between two parts in the above 

equations (3-34), where in the second term the factor, 
𝐾

𝐻(θ)
, has been shown to be 

interpretable in terms of the array beam pattern. Note that the above analysis is based on 

the condition that the columns of the BS transformation matrix, 𝑽 , are mutually 

orthogonal, when this is not the case, the results may change. 

Two examples are shown in Figure 3-14 and Figure 3-15, where the scenario is the same 

as that previously used in Figure 3-9 and the sector of interest is again from -2° to 18° in 

azimuth but an interference is at -5° with 10 dB interference to noise ratio (INR) (plotted 

in Figure 3-14) or at -10° with 10 dB INR (plotted in Figure 3-15). The optimum BS 

beamformer output power using a covariance matrix estimated using 128 samples 

simulated for the scenario in Figure 3-15 is plotted in Figure 3-16. 

 

Figure 3-14: An example of subsector BS MVDR output power values with an interference at -5° 

with 10 dB INR. 
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Figure 3-15: An example of subsector BS MVDR output power value versus azimuthal angle 

with an interference at -10° with 10 dB INR. 

 

Figure 3-16: An example of simulated subsector BS MVDR output power values simulated with 

an interference at -10° with 10 dB INR. 

As shown in the above examples, the optimum BS beamformer output power values in 

the sector of interest are not affected by the interference significantly and the interference 

outside of the sector of interest can be easily identified and well estimated when the 

interference intensity is reasonably strong compared with the noise term. However, as 

shown in Figure 3-15 and Figure 3-16, due to a weaker ability to suppress the power 

outside the sector of interest, there are some peaks around the DOA of the interference, 

which would potentially indicate wrong information.  

According to equation (3-34), the output power at the DOA of the interference is the sum 

of the interference power 𝜎𝐼
2 and the noise power with a gain of 

𝐾

𝐻(𝜃𝐼)
, which increases 

when the distance from 𝜃𝐼  to the sector of interest increases. Thus, when the INR is 

relatively small or the gain to noise power is very large, the interference is hard to 

identify using the BS MVDR method, especially when the number of interferers is 

unknown. For example, where the scenario is the same as that used in Figure 3-16, but 

the interference is located at -15° with 3 dB INR, the output power values of the 
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optimum BS beamformer based on a covariance matrix estimated by 128 simulated 

conventional beam samples are plotted in Figure 3-17. In this case, it is hard to identify 

and estimate the interference accurately. A more sophisticated method for a similar 

problem will be discussed later in Chapter 5. 

 

Figure 3-17: An example of subsector BS MVDR output with an interference at -15° with 3 dB 

INR. 

 Summary 3.6

In this chapter, some background and fundamental concepts of BS processing have been 

introduced in Section 3.1. In Section 3.2, the mathematical model of the omni-directional 

transmission BS and standard BS processing algorithms were briefly introduced. Some 

examples in Section 3.3 showed that ES equivalent performance can be achieved by the 

BS processing when the number of independent beams is the same as the number of 

receivers. In Section 3.4, the problems of using smaller numbers of beams for the 

optimum BS beamformer were considered. For ULAs, it was demonstrated that when 
𝜆

𝑑
< 

1

2
 provided the beams overlap at the their 3 dB beam pattern points and span the full 

angular sector, a smaller number of beams (𝑀 < 𝐾)  is sufficient  to achieve 

performance almost equivalent to that of the ES case. In another case, when the DOAs of 

signals lie inside an angular sector of interest, satisfactory performance can be achieved 

by the optimum BS beamformer when enough beams are formed to cover the angular 

subsector. The BS processing with an out of sector interference incident on the array was 

analysed in Section 3.5. It showed that in most cases where a signal and an interference 

are well separated, the optimum BS beamformer output power at the DOA of the signal 

(in sector) is only negligibly affected by the interference. On the other hand, identifying 

the interference according to optimum BS beamformer output is complicated and it 

depends on the INR and the DOA of the interference. 
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Chapter 4 

 Directional Transmission Beam Space 4

Processing 

As described earlier, most BS processing algorithms are formulated for either passive or 

active systems which assume that the transmitter is omni-directional. However, in many 

practical applications of the active systems, to transmit more energy to a concentrated 

area, directional transmission is widely used. The directional transmission can be a beam 

with a relatively large beamwidth fixed at an angle of interest, and focused on a sector 

determined by the transmit beamwidth; or it can be the case that a single transmit and 

receive beam with a relatively narrow beamwidth that are synchronously scanned over a 

wider sector of interest. Here only the second case is considered, as it is much more 

common in practice and the first case can be approximated as the omni-directional 

transmission. A schematic diagram of a beam scanning over a sector is drawn in Figure 

4-1. In each beam direction N pulses are transmitted and then returns to the array after 

being reflected by scatterers either lying along the direction of the beam (main beam 

scatterers) or in other directions through sidelobe leakage (sidelobe scatterers). 

Figure 4-1: A diagram of a narrow beamwidth directional Tx/Rx beam scanning over a sector of 

interest. M sequential beams are formed in the sector of interest, and N Tx/Rx pulses are in each 

beam direction. 

The omni-directional transmission model implies that the echo from any far-field 

scatterer at the receive array is statistically the same over the whole processing, and the 

difference among elements of the array is due to the propagation delay across the 
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aperture of the array. Thus for a stationary scatterer, the returns at the receive array do 

not vary when the receive beams are formed either simultaneously or sequentially. For 

the directional transmission case, the returns from such a scatterer will vary from 

transmit beam to transmit beam, as the amount of transmitted energy reaching the 

scatterer vary according to that scatterer’s orientation relative to the MRA of the transmit 

beam. For example, the return from a scatterer located at broadside is maximum when 

the transmit beam is in the broadside direction but would be less if the transmit beam is 

at another angle. In this case, to model the receiver and beamformer responses to the 

scatterer, the beam patterns of both transmit and receive beam must be accounted for. 

An example of such a phased array system is the phase tilt weather radar developed by 

Raytheon Integrated Defence Systems and produced by First RF Corporation [94]. This 

radar can scan electronically to ±45° in azimuth (the horizontal principal plane) and 

mechanically in elevation; only the conventional beamformer output power values are 

recorded for beams steered in directions of the scan sequence. A fixed number of pulses 

are transmitted and received before the Tx/Rx beam is switched to the next direction. 

More details about this phased array system will be further discussed in Chapter 7. 

In the directional transmission case since the receiver outputs vary for different Tx/Rx 

beams, theoretical expressions for the ES and BS covariance matrices are different from 

those presented in Chapter 3. For ES approaches, the directional transmission does not 

pose a severe problem, since an ES covariance matrix can be estimated and used to 

derive the optimum set of array weights for each transmitted beam, provided that the 

sampling rate is fast enough. In the pulsed radar case, a sufficient number of pulses are 

transmitted for each beam, to allow a sufficient number of degrees of freedom to be used 

to estimate the covariance matrix. In fact, the directional transmission radiates less 

energy in the directions of scatterers out of main beam, which potentially enhances the 

performance of ES beamforming. For BS processing, the standard BS approaches 

assume that the phased array is passive or the transmission is omni-directional and as 

shown by equation (3-2), the BS covariance matrix is a linear transformation of an 

invariant ES covariance matrix. However, for the directional transmission where the 

receiver ES covariance matrix varies with the Tx/Rx beam, the linear transformation 

between BS and ES covariance matrices represented in (3-2) no longer exists; and as will 

be shown in Section 4.1.2, the performance of standard BS processing is degraded when 

it is applied to the directionally transmitted BS data. 

In this chapter, the directional transmission ES/BS model is analysed and some examples 

are represented to illustrate shortcomings of the standard BS processing for the 

directional transmission BS model. Then new BS processing formulae for the directional 

transmission problem are derived by taking into account the directional nature of the 

transmitter. Finally, the performance of the new formulae for the directional transmission 

is analysed and evaluated. Notice that only the narrowband signal case is considered as 

the analysis can be readily adapted for the case of wide band signals.  
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 Formulation of Directional Transmission BS Processing 4.1

When Tx/Rx beams are scanned over a sector of interest, each Tx/Rx beam dwells in a 

certain direction for a finite interval before switching to the next direction. The dwell 

duration depends on the pulse repetition frequency (PRF), number of collected samples 

and the beam scanning strategy. To process outputs of several beams whose MRAs lie in 

different directions together, an important assumption is that the scatterers remain 

stationary during the period over which the Tx/Rx beams scan across the sector of 

interest. With rapid electronic scanning of modern phased arrays, the directional Tx/Rx 

beam scanning can be completed in a very short time and most scatterers are near to 

stationary during this process. A special scenario containing a moving target will be 

specifically discussed later in Chapter 5. 

4.1.1 Directional Transmission Model 

Consider a scenario of an active phased array system where the transmit energy is 

beamformed in a certain direction and then scattered and reflected energy is received by 

a receive beam formed in the same direction. For a pulse in the m-th beam, most energy 

is transmitted through the mainlobe whose centre is at an azimuthal angle 𝜃𝑚, and some 

energy is also transmitted via sidelobes. The transmitted energy reaches and is reflected 

by each of L scatterers located at a set of angles 𝛩𝑠 = {𝜃𝑠1,  𝜃𝑠2, … , 𝜃𝑠𝐿} in the same 

range bin. By transmitting a unit amplitude signal at the beam centre, 𝜃𝑚, and ignoring 

any propagation loss, the amplitudes of the reflected signals, which are proportional to 

their radar cross sections (RCS), are written as an L×1 vector [𝜎𝑠1  𝜎𝑠2 … 𝜎𝑠𝐿]𝑇. This 

scenario is illustrated in Figure 4-2. 

 

Figure 4-2: Plane wave propagation by using a directional Tx/Rx phased array. 

For a signal 𝑠(𝑡) directionally transmitted by a phased array in a beam steered at an 

angle  𝜃𝑚 , the vector of transmit waveforms at the array elements is given by 

𝑠(𝑡) 𝒗∗(𝜃𝑚) . Assuming that unit signal energy is transmitted at the MRA in the 
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mainlobe, then at an azimuthal angle, 𝜃𝑠𝑙 , the DOA of the l-th scatterer, energy is 

propagated through the mainlobe or a sidelobe of the transmit beam and is given by 

 𝑠𝑇(𝜃𝑚, 𝜃𝑠𝑙) = 𝑠(𝑡)𝒗𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙)/𝐾 . (4-1) 

This signal is reflected by the l-th scatterer, then received by those K elements of the 

phased array and the vector of receiver outputs is given by 

 𝒔𝑇𝑅(𝜃𝑚, 𝜃𝑠𝑙) = 𝜎𝑠𝑙𝑠(𝑡)𝒗(𝜃𝑠𝑙)𝒗
𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙)/𝐾, (4-2) 

where the additional 𝒗(𝜃𝑠𝑙) term represents the phase delays across the receive array. In 

vector notation, the vector of receiver outputs due to the transmission of the m-th beam 

can be expressed as the summation of the signals reflected by different scatterers and 

receiver noise in this beam, and is given by 

 

𝒙(𝜃𝑚) =∑𝒔𝑇𝑅(𝜃𝑚, 𝜃𝑠𝑙)

𝑙=𝐿

𝑙=1

+ 𝒏(𝜃𝑚) 

= 𝑽𝒔(𝛩𝑠)(𝑽𝒔
𝑇(𝛩𝑠)𝒗

∗(𝜃𝑚)/𝐾 ∘ 𝒔) + 𝒏(𝜃𝑚), 

(4-3) 

where (·)∗ denotes complex conjugate; ∘ denotes the Hadamard product; 𝑽𝒔(𝛩𝑠) is given 

by equation (3-23); 𝒔 = 𝑠(𝑡)[𝜎𝑠1  𝜎𝑠2 … 𝜎𝑠𝐿]T and 𝒏(𝜃𝑚)  denotes the vector of 

receiver noise in the period when the m-th transmit beam is formed. A consequence of 

the sequential scanning strategy is that the noise can be assumed to be independent from 

beam to beam. The dependence of the receiver outputs on the transmit beam is made 

explicit in 𝒙 = 𝒙(𝜃𝑚). The appearance of 𝑽𝒔(𝛩𝑠) twice reflects the fact that phase delays 

need to be accounted for both transmit and receive. Thus the ES covariance matrix is 

transmit beam dependent and can be shown to be given by 

 𝑹𝒙(𝜃𝑚) = 𝑽𝒙(𝛩𝑠, 𝜃𝑚)𝑹𝒔𝑽𝒙
𝐻(𝛩𝑠, 𝜃𝑚) + 𝐸{𝒏(𝜃𝑚)𝒏

𝐻(𝜃𝑚)}. (4-4) 

 

where 𝑽𝒙(𝛩𝑠, 𝜃𝑚) = [𝒗𝒙(𝜃𝑠1, 𝜃𝑚) 𝒗𝒙(𝜃𝑠2, 𝜃𝑚) … 𝒗𝒙(𝜃𝑠𝐿 , 𝜃𝑚)], (4-5) 

 

and 𝒗𝒙(𝜃𝑠𝑖 , 𝜃𝑚) = 𝒗(𝜃𝑠𝑖)𝒗
𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑖)/𝐾, 𝑖 = 1, 2 ··· 𝐿. (4-6) 

The vector containing the beamformer outputs corresponding to the M different 

transmit/receive beams is given by 

 

𝒚 = [

𝑦(𝜃1)

𝑦(𝜃2)
⋮

𝑦(𝜃𝑀)

] = [

𝒗𝐻(𝜃1)𝒙(𝜃1)

𝒗𝐻(𝜃2)𝒙(𝜃2)
⋮

𝒗𝐻(𝜃𝑀)𝒙(𝜃𝑀)

], (4-7) 

where the dependence of each component of 𝒚 on the particular chosen direction of the 

transmit beam is explicitly shown. The directional transmission BS steering vector, 
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which is the M×1 vector of beam outputs for a single scatterer with a unit radar cross 

section at angle 𝜃𝑠𝑖, is given by  

 

𝒗𝒚(𝜃𝑠𝑖) =

[
 
 
 
𝒗𝐻(𝜃1)𝒗(𝜃𝑠𝑖)𝒗

𝐻(𝜃1)𝒗(𝜃𝑠𝑖)/𝐾

𝒗𝐻(𝜃2)𝒗(𝜃𝑠𝑖)𝒗
𝐻(𝜃2)𝒗(𝜃𝑠𝑖)/𝐾
⋮

𝒗𝐻(𝜃𝑀)𝒗(𝜃𝑠𝑖)𝒗
𝐻(𝜃𝑀)𝒗(𝜃𝑠𝑖)/𝐾]

 
 
 
. (4-8) 

For spatial and temporal white receiver noise, the receiver noise vectors due to different 

transmit beams are independent of each other, as those beams are formed at different 

times. Thus ES noise covariance matrices satisfy 

 𝐸{𝒏(𝜃𝑚)𝒏
𝐻(𝜃𝑚)} = 𝜎𝑛

2𝑰 

𝐸{𝒏(𝜃𝑝)𝒏
𝐻(𝜃𝑞)} = 𝟎, 𝑝 ≠ 𝑞. 

(4-9) 

Thus the directional transmission BS noise covariance matrix is given by 

 

𝑹𝒚𝒏 =

[
 
 
 
𝒗𝐻(𝜃1)𝒗(𝜃1)𝜎𝑛

2   𝟎

 𝒗𝐻(𝜃2)𝒗(𝜃2)𝜎𝑛
2   

  ⋱  
𝟎   𝒗𝐻(𝜃𝑀)𝒗(𝜃𝑀)𝜎𝑛

2]
 
 
 
 

= 𝐾𝜎𝑛
2𝑰𝑀×𝑀. 

(4-10) 

When there is only a single scatterer at angle 𝜃𝑠 and its amplitude is 𝜎𝑠 at any single 

receiver, the directional transmission BS covariance matrix is given by 

 𝑹𝒚(1) = 𝜎𝑠
2𝒗𝒚(𝜃𝑠)𝒗𝒚

𝐻(𝜃𝑠) + 𝐾𝜎𝑛
2𝑰𝑀×𝑀. (4-11) 

For L uncorrelated scatterers, 𝑹𝒔 = 𝑑𝑖𝑎𝑔{𝜎𝑠1
2 , 𝜎𝑠2

2 , … , 𝜎𝑠𝐿
2 } and 

 

𝑹𝒚 =∑𝜎𝑠𝑖
2𝒗𝒚(𝜃𝑠𝑖)𝒗𝒚

𝐻(𝜃𝑠𝑖)

𝐿

𝑖=1

+ 𝐾𝜎𝑛
2𝑰. (4-12) 

In vector notation, the BS covariance matrix with directional Tx/Rx scanning is given by 

 𝑹𝒚 = 𝑽𝒚(𝛩𝑠)𝑹𝒔𝑽𝒚
𝐻(𝛩𝑠) + 𝐾𝜎𝑛

2𝑰𝑀×𝑀. (4-13) 

 

where  𝑽𝒚(𝛩𝑠) = [𝒗𝒚(𝜃𝑠1) 𝒗𝒚(𝜃𝑠2) … 𝒗𝒚(𝜃𝑠𝐿)]. (4-14) 

The above equation (4-13) for the BS covariance matrix also can be used for the case 

where signals are correlated but with a different expression for the source covariance 

matrix, 𝑹𝒔, which will be discussed in Chapter 6. 
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4.1.2 Application of Standard BS Processing to Directionally 

Transmitted BS Data 

As has been discussed, the steering vector for a directionally transmitted data is different 

from that of the standard omni-directional transmission. In this section, to check if the 

standard BS algorithms are adequate for the directional transmission problem, the 

standard optimum BS beamforming formula (3-10) is applied to the BS covariance 

matrix for the directional transmission case, i.e., (4-13). 

There are two possible ways of applying the standard BS MVDR algorithm to the 

directional transmission model. In the first scenario, the MVDR weights are calculated 

using an omni-directional transmission BS covariance matrix. This can happen when 

observing a stationary environment with weights designed by using previous knowledge 

of the environment. However, as variations of the signals and noise are very common, 

this approach is only used for the conventional beamformer and will not be discussed 

here. 

In the other case, the beamformer works in an online update fashion. The BS MVDR 

weights are calculated using the covariance matrix estimated from samples of the 

directionally transmitted BS data, which is then substituted directly into the standard BS 

expression for the beamformer weight and output power. This is more likely to happen 

and further discussion will be based on it.  

In this way, the vector of BS MVDR beamforming weights at an angle θ is given by  

 
𝒘(𝜃) =

𝑹𝒚
−1𝑽𝐻𝒗(𝜃)

𝒗𝐻(𝜃)𝑽𝑹𝒚−1𝑽𝐻𝒗(𝜃)
, (4-15) 

and the output power can be expressed as 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) = (𝒉 

𝐻(𝜃)𝑹𝒚𝒉(𝜃))
−1

. (4-16) 

For L uncorrelated signals, substituting the exact directional Tx BS covariance matrix 

given by (4-12) into  𝑹𝒚, the above expression can be written as 

 

𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) = (𝒉
𝐻(𝜃) (∑𝜎𝑠𝑖

2𝒗𝒚(𝜃𝑠𝑖)𝒗𝒚
𝐻(𝜃𝑠𝑖)

𝐿

𝑖=1

+𝐾𝜎𝑛
2𝑰)

−1

𝒉(𝜃))

−1

. (4-17) 

The simplest case of a single scatter whose DOA is 𝜃𝑠 which lies inside the sector of 

interest and whose signal noise ratio (SNR) is 𝜎𝑠
2/𝜎𝑛

2 is considered. The BS covariance 

matrix containing a single scatterer is given by (4-11), and using the matrix inversion 
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lemma, its inverse is given by 

 𝑹𝒚(1)
−1 =

𝑰

𝐾𝜎𝑛
2 [𝑰 − 𝒗𝒚(𝜃𝑠)(𝒗𝒚

𝐻(𝜃𝑠)𝒗𝒚(𝜃𝑠)+𝐾𝜎𝑛
2
/𝜎𝑠

2)
−1
𝒗𝒚
𝐻(𝜃𝑠)]. (4-18) 

By using the standard formula, the optimum BS beamformer output power at an 

azimuthal angle  𝜃𝑠 , i.e., when the optimum receive beam is pointed directly at the 

scatterer, is given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠) = 𝐾𝜎𝑛

2 (𝒉𝐻(𝜃𝑠) (𝑰 − 𝒗𝒚(𝜃𝑠)(𝒗𝒚
𝐻(𝜃𝑠)𝒗𝒚(𝜃𝑠) + 𝐾𝜎𝑛

2/𝜎𝑠
2)
−1
𝒗𝒚
𝐻(𝜃𝑠)) 𝒉(𝜃𝑠))

−1

 

=
𝐾𝜎𝑛

2(𝑘𝑦(𝜃𝑠)𝜎𝑠
2 + 𝐾𝜎𝑛

2)

(𝐻(𝜃𝑠)𝑘𝑦(𝜃𝑠) − 𝐻𝑦(𝜃𝑠)) 𝜎𝑠
2 + 𝐻(𝜃𝑠)𝐾𝜎𝑛

2
 , 

(4-19) 

where two scalars are defined as 

 𝑘𝑦(𝜃𝑠) = 𝒗𝒚
𝐻(𝜃𝑠)𝒗𝒚(𝜃𝑠), 

𝐻𝑦(𝜃𝑠) = 𝒉
𝐻(𝜃𝑠)𝒗𝒚(𝜃𝑠)𝒗𝒚

𝐻(𝜃𝑠)𝒉(𝜃𝑠), 
(4-20) 

and 𝐻(𝜃𝑠)has been given by (3-30) as 𝐻(𝜃𝑠) = ‖𝒉(𝜃𝑠)‖ 
2. In this case the standard BS 

formula assumes the omni-directional transmission and only considers the receive beam 

pattern, and its assumed BS steering vector 𝒉(𝜃𝑠) is mismatched with the actual BS 

steering vector 𝒗𝒚(𝜃𝑠), which represents the response of an incident signal in different 

beam outputs. The actual array manifold is determined by 𝒗𝒚(𝜃), but as the standard BS 

MVDR processor maintains a unity response for 𝒉(𝜃𝑠), and the energy at the BS steering 

vector 𝒗𝒚(𝜃𝑠), is suppressed. According to (4-19), the signal power at 𝜃𝑠 is attenuated to 

be 
𝐾𝜎𝑛

2𝑘𝑦(𝜃𝑠)𝜎𝑠
2

(𝐻(𝜃𝑠)𝑘𝑦(𝜃𝑠)−𝐻𝑦(𝜃𝑠))𝜎𝑠
2+𝐻(𝜃𝑠)𝐾𝜎𝑛

2
.  The Cauchy–Schwarz inequality states 

𝐻(𝜃𝑠)𝑘𝑦(𝜃𝑠) > 𝐻𝑦(𝜃𝑠), then (𝐻(𝜃𝑠)𝑘𝑦(𝜃𝑠) − 𝐻𝑦(𝜃𝑠)) 𝜎𝑠
2 > 0 , also 𝑘𝑦(𝜃𝑠) < 𝐻(𝜃𝑠), 

thus the beamformer output power in (4-19) is smaller than the output for the omni-

directional transmission model, which is given by (3-11), and the difference depends on 

the difference between 𝑘𝑦(𝜃𝑠) and 𝐻(𝜃𝑠). 

The above expression (4-19) was evaluated for the example of a horizontal, ULA of 64 

elements spaced half a wavelength apart. Only 21 beams were formed and spanned the 

azimuthal region of -2° to 18° with 1° separation. One scatterer whose return with SNR 

of 10 dB at any single receiver was located at the azimuthal angle 8°. The theoretical 

output power values of the ES conventional, ES MVDR beamformers, which assume the 

ES covariance matrices in different beams are accessible, and the standard BS MVDR 

for the directional transmission model using formula (4-16) are plotted in Figure 4-3. As 

the covariance matrices varied for each transmit beam, the ES results were obtained by 
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processing the 21 sectors separately. For any look angle, the covariance matrix 

corresponding to the nearest transmit beam centre was used to derive the output power. 

 

Figure 4-3: An example of applying the standard BS MVDR formula to the directional 

transmission model (single scatterer) and comparing with the normalised ES conventional and 

MVDR beamformers. 

In this case, the results of using standard BS MVDR for the directional transmission 

model are unsatisfactory. It indicates the correct DOA but with a poor resolution and the 

output power value is much lower than the true power of the signal. 

To check the impact of SNR, the standard BS MVDR beamformer output power 

(referenced to the noise level) at the DOA of the scatterer (8°) versus different SNR is 

plotted in Figure 4-4. As shown, below -5 dB the output power increases approximately 

linearly with input SNR but above -5 dB it plateaus. According to the MVDR 

optimisation criterion, the standard MVDR BS beamformer keeps unity response on 

𝒉(𝜃𝑠) at an angle 𝜃𝑠 and suppresses energy from other vectors, including other directions 

in the manifold and any mismatched steering vectors. Due to the mismatch between 

𝒉(𝜃𝑠) and the actual steering vector 𝒗𝒚(𝜃𝑠), the signal component in 𝒗𝒚(𝜃𝑠) is wrongly 

treated as an interference. With a low SNR, i.e., lower than 0 dB, the energy on the 

actual steering vector 𝒗𝒚(𝜃𝑠) is only slightly higher than the noise level, so there is no 

strong suppression to 𝒗𝒚(𝜃𝑠) by the beamformer and the output changes near linearly but 

slowly. When the SNR is higher, a deep null is formed to cancel the signal component 

specified by 𝒗𝒚(𝜃𝑠) as it is treated as a strong interference and the beamformer output 

does not change significantly with further SNR increasing. In all cases the output power 

is significantly lower than the actual power of the signal. 
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Figure 4-4: Beamformer output power versus SNR, when standard MVDR BS formula is 

applied to a directional transmission BS model containing only one signal. 

To check if the DOA of the scatterer affects the performance of the standard BS MVDR 

algorithm, DOA of the signal is varied over a range of azimuthal angles, and then the 

corresponding beamformer output power at the DOA of the signal was evaluated. The 

results are shown in Figure 4-5 and indicate that the loss in signal power due to 

mismatch does not vary significantly with DOA within the sector. 

 

Figure 4-5: Beamformer output power value versus DOA of the in sector signal, when standard 

MVDR BS formula is applied to a directional transmission BS model containing only one signal. 

To check if the number of scatterers affects the result, another scatterer whose return has 

an SNR of 6 dB at any single receiver and which is incident at an azimuthal angle of 15° 

was added. The output power values of the ES conventional, MVDR and standard BS 

MVDR beamformer are plotted versus azimuthal angle in Figure 4-6. 
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Figure 4-6: An example of applying the standard optimum BS formula to a directional 

transmission model (two targets) and comparing with the ES conventional and MVDR 

beamformers. 

It can be seen from the above figure, although both DOAs of signals can be roughly 

estimated by the standard BS MVDR method, the mismatch has resulted in very low 

output power at DOAs of signals for the standard BS MVDR algorithm. 

In summary, the standard BS MVDR beamforming formula does not provide adequate 

performance for the directional transmission BS case, since the mismatch between the 

assumed and actual BS steering vectors causes its performance to be significantly 

degraded. Significant performance losses are found for a range of incident angles, which 

indicate that the performance degradation is independent of DOAs and the poor 

performance with other variations also show it is almost independent of SNR and 

number of scatterers. 

4.1.3 Formulation of Directional Transmission BS Processing 

As shown in the last section, the performance of the standard MVDR BS formula when 

narrow beams are transmitted and scanned over a sector of interest is unsatisfactory due 

to a mismatch between the actual BS steering vector in the directional transmission 

model and the steering vector being used in the omni-directional transmission formula. 

To solve this problem, the proposed approach follows the thread of the standard BS 

processing method, which considers a linear transformation between the BS and ES 

covariance matrices and derives formulae based on this transformation. Referring to 

(3-2), which shows the linear transformation between the ES and BS covariance matrices 

and the formulae equations such as (3-9) and (3-10), are based on an invariant ES 

covariance matrix, in the sense that it is the same for all receive beams. However, for the 

directional transmission case, the ES covariance matrix varies as the transmit beam 

changes and so these formulae are no longer applicable. 
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The form of receiver outputs change with each transmit beam, and so each conventional 

receive beam output, which is the summation of the receiver outputs with appropriate 

phase alignment, will reflect this variation. To set up a linear transformation between ES 

and BS covariance matrices, all the receiver outputs in each of the M different transmit 

beams are stacked as a KM×1 vector 

 

𝒙𝑠 = [

𝒙(𝜃1)

𝒙(𝜃2)
⋮

𝒙(𝜃𝑀)

]. (4-21) 

The corresponding KM×KM covariance matrix is given by 

 𝑹𝒙𝑠 = 𝐸{𝒙𝑠𝒙𝑠
𝐻} 

= 𝐸

{
 

 

[
 
 
 
𝒙(𝜃1)𝒙

𝐻(𝜃1) 𝒙(𝜃1)𝒙
𝐻(𝜃2) … 𝒙(𝜃1)𝒙

𝐻(𝜃𝑀)

𝒙(𝜃2)𝒙
𝐻(𝜃1) 𝒙(𝜃2)𝒙

𝐻(𝜃2) … 𝒙(𝜃2)𝒙
𝐻(𝜃𝑀)

⋮ ⋮ ⋱ ⋮
𝒙(𝜃𝑀)𝒙

𝐻(𝜃1) 𝒙(𝜃𝑀)𝒙
𝐻(𝜃2) … 𝒙(𝜃𝑀)𝒙

𝐻(𝜃𝑀)]
 
 
 

}
 

 
 . 

(4-22) 

The M×1 vector of beam outputs is given by  

 

𝒚 = [

𝑦(𝜃1)

𝑦(𝜃2)
⋮

𝑦(𝜃𝑀)

] = [

𝒗𝐻(𝜃1)𝒙(𝜃1)

𝒗𝐻(𝜃2)𝒙(𝜃2)
⋮

𝒗𝐻(𝜃𝑀)𝒙(𝜃𝑀)

] = 𝑼𝐻𝒙𝑠, (4-23) 

where a KM×M linear transformation matrix is given by 

 𝑼 = [

𝒗(𝜃1) 0 ⋯ 0

0 𝒗(𝜃2) ⋮ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝒗(𝜃𝑀)

]. (4-24) 

The resulting M×M BS covariance matrix is given by  

 𝑹𝒚 = 𝐸{𝒚𝒚
𝐻} = 𝑼𝐻𝑹𝒙𝑠𝑼. (4-25) 

The KM×1 stacked ES steering vector 𝒗𝒑(𝜃) corresponding to a plane wave incident on 

the receive array from direction 𝜃 but taking into account the M different transmission 

beam patterns (see equation (4-2)) is given by 

 

𝒗𝒑(𝜃) = [

𝒗(𝜃)𝒗𝐻(𝜃1)𝒗(𝜃)/𝐾

𝒗(𝜃)𝒗𝐻(𝜃2)𝒗(𝜃)/𝐾
⋮

𝒗(𝜃)𝒗𝐻(𝜃𝑀)𝒗(𝜃)/𝐾

] = 𝒗(𝜃)⨂(𝑽𝐻𝒗(𝜃))/𝐾, (4-26) 
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where ⨂ denotes the Kronecker product and 𝑽 is given by (3-3). The BS steering vector, 

𝒗𝒚(𝜃) , which represents the M beam outputs when a wave with unit amplitude is 

incident (Tx/Rx) on the array from direction 𝜃, is given by 

 𝒗𝒚(𝜃) = 𝑼𝐻𝒗𝒑(𝜃) 

=
1

𝐾
[

𝒗𝐻(𝜃1)𝒗(𝜃)𝒗
𝐻(𝜃1)𝒗(𝜃)

𝒗𝐻(𝜃2)𝒗(𝜃)𝒗
𝐻(𝜃2)𝒗(𝜃)

⋮
𝒗𝐻(𝜃𝑀)𝒗(𝜃)𝒗

𝐻(𝜃𝑀)𝒗(𝜃)

] 

= 𝒉(𝜃) ∘ 𝒉(𝜃)/𝐾 

(4-27) 

The stacking process sets up the linear transformation between the stacked ES and BS 

covariance matrices, but processing in ES is actually not always necessary. To consider 

the problem in another way, the BS covariance matrix can be modelled from source 

signal to beam outputs directly, as given by equation (4-13), and the ES covariance 

matrix is not explicitly used. It also leads to the same expression for the directional 

transmission BS steering vector, but no receiver outputs or ES covariance matrices are 

required as an intermediate step. 

The directional transmission BS beamformer output power is a linear combination of the 

preformed beam outputs and is given by 𝒘𝐻(𝜃)𝑹𝒚𝒘 (𝜃) and minimising this subject to 

the constraint that 𝒘𝐻𝒗𝒚(𝜃) = 1, the vector containing the weights for an optimum 

beam steered at angle θ is given by 

 
𝒘𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) =

𝑹𝒚
−1𝒗𝒚(𝜃)

𝒗𝒚
𝐻(𝜃)𝑹𝒚

−1𝒗𝒚(𝜃)
=

𝑹𝒚
−1𝑼𝐻𝒗𝒑(𝜃)

(𝒗𝒑
𝐻(𝜃)𝑼𝑹𝒚

−1𝑼𝐻𝒗𝒑(𝜃)
 . (4-28) 

Substituting the weight vector into the expression, 𝒘𝐻(𝜃)𝑹𝒚𝒘 (𝜃), the output power of 

the BS MVDR beamformer at 𝜃 is given by 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) = ((𝒗𝒑
𝐻(𝜃)𝑼𝑹𝒚

−1𝑼𝐻𝒗𝒑(𝜃))
−1
, (4-29) 

 

or 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) = (𝒗𝒚

𝐻(𝜃)𝑹𝒚
−1𝒗𝒚(𝜃))

−1

. (4-30) 

The directional transmission BS conventional beamforming formula is given by  

 𝑝𝐶𝐵−𝐵𝑆(𝜃) =
1

𝐺(𝜃)
𝒗𝒚
𝐻(𝜃)𝑹𝒚𝒗𝒚(𝜃). (4-31) 

 

where 𝐺(𝜃) = ‖𝒗𝒚(𝜃)‖
4
, (4-32) 

and the directionally dependent gain factor ensures that a unit amplitude signal from 

direction 𝜃 results in unit amplitude beam output power. Similarly to the conventional 

BS beamformer for the omni-directional transmission case, the approach can be 
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interpreted as simply performing an interpolation between the outputs of preformed 

directional Tx/Rx beams. So, it is of limited interest and mainly used as a baseline to 

check the performance of other BS processing algorithms. 

For the omni-directional transmission case, the same or near to same gain is applied to 

scatterers in different directions, whilst for the directional transmission case, a signal 

transmitted and received through sidelobes has a lower gain than the return from a 

scatterer in the mainlobe. Thus, the BS conventional beamforming may achieve a better 

result than the omni-directional transmission, as less energy from scatterers whose DOAs 

lie outside the beam mainlobe is contained in the beam output. In some cases when high 

resolution is not required, the conventional beamformer can be used and it additionally 

provides some robustness to different types of steering vector mismatch, such as that 

caused by calibration errors.  

To derive the MUSIC formula for the directional transmission BS case, the constraint 

vector 𝒉(𝜃) in equation (3-19) is simply replaced by the directional transmission steering 

vector 𝒗𝒚(𝜃) and the formula is given by 

 
𝑝(𝜃)𝑀𝑈𝑆𝐼𝐶−𝐵𝑆 =

1

∑ |𝒗𝒚𝐻(𝜃)𝒒𝒚𝑖|2
𝑀
𝑖=𝐿+1

. (4-33) 

where 𝒒𝒚𝑖 , (𝐿 < 𝑖 ≤ 𝑀) are the set of eigenvectors of the BS covariance matrix, 𝑹𝒚 , 

corresponding to the M-L smallest eigenvalues and span the BS noise subspace. Notice 

that as shown in (4-10), for the directional transmission case, the white noise in each 

beam is independent as they occur at different times. Thus, no pre-whitening process is 

required anymore for BS processing and it is not necessary that these beams are mutually 

orthogonal. 

 Performance Evaluation of Directional Transmission 4.2

Optimum BS Beamformer 

In this section, the output expression of the directional transmission optimum BS 

beamformer using MVDR criterion is theoretically analysed, then, the performance of 

the algorithm verified by numerically evaluating the theoretical expression and then by 

applying the formula to a simulated BS data. 

The simplest case is that directional Tx/Rx beams scan over a sector which only contains 

a single scatterer, and the optimum BS beamformer output at an azimuthal angle 𝜃 is 

analysed. For later use, the inner product of two directional transmission BS steering 

vectors at 𝜃1 and 𝜃2 is defined as 

 𝐵(𝜃1, 𝜃2) = 𝒗𝒚
𝐻(𝜃1)𝒗𝒚(𝜃2). (4-34) 
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The same scenario used for Figure 4-3 was used again, i.e., 21 directional ULA 

transmitted beams whose MRAs are at angles of -2° to 18° with 1° separation and a 

single scatterer whose return has SNR of 10 dB at any single receiver and whose DOA is 

8°. The values of 𝑘𝑦(𝜃), defined in equation (4-20), and |𝐵(𝜃, 8°)| are plotted as a 

function of 𝜃 in Figure 4-7. The blue curve indicates that the value of 𝑘𝑦(𝜃) is almost 

constant in the sector spanned by the beams, as it is the summation of the squared beam 

pattern values of different beams at angle 𝜃. Denoting the mean value of 𝑘𝑦(𝜃) in the 

sector as 𝐾𝑦, then an approximation can be given by 𝑘𝑦(𝜃) ≈ 𝐾𝑦. The value of 𝑘𝑦(𝜃) 

drops dramatically when angle 𝜃 moves further away from the sector scanned by the 

beams. The value of |𝐵(𝜃, 80)|  decreases when the separation between 𝜃  and the 

DOA(8°) increases, and except for a non-interesting case that 𝜃 = 80 , for remaining 

angles within the sector scanned by the beams, |𝐵(𝜃, 80)| ≪ 𝑘𝑦(𝜃). 

 

Figure 4-7: An example of values of 𝑘𝑦(𝜃) and |𝐵(𝜃, 80)|. 

 Theoretical Analysis 4.2.1

For the scenario of only a single scatterer, the covariance matrix is denoted by 𝑹𝒚(1)
 , and 

the optimum BS beamformer output power at angle 𝜃 is given by 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) = (𝒗𝒚
𝐻(𝜃)𝑹𝒚(1)

−1 𝒗𝒚(𝜃))
−1

 

=
𝐾𝜎𝑛

2(𝑘𝑦(𝜃𝑠1)𝜎𝑠1
2 + 𝐾𝜎𝑛

2)

𝑘𝑦(𝜃)𝐾𝜎𝑛
2 + (𝑘𝑦(𝜃)𝑘𝑦(𝜃𝑠1) − |𝐵(𝜃, 𝜃𝑠1)|

2)𝜎𝑠1
2 . 

(4-35) 

When 𝜃 = 𝜃𝑠1, i.e., the optimum beam is pointed directly at the DOA of the scatterer, 

𝑘𝑦(𝜃) = 𝑘𝑦(𝜃𝑠1) ≈ 𝐾𝑦 and |𝐵|2 = 𝑘𝑦
2, the above expression, (4-35), becomes 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) ≈ 𝜎𝑠1
2 +

𝐾

𝐾𝑦
𝜎𝑛
2, (4-36) 
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and confirms that the output power of a beam steered in the signal direction is 

independent of the DOA of the signal and also shows that the noise power is reduced by 

a factor of 
𝐾

𝐾𝑦
. 

When 𝜃 ≠ 𝜃𝑠1, but lies within the sector of interest where 𝑘𝑦(𝜃) ≈ 𝐾𝑦 and Figure 4-7 

shows that |𝐵|2 ≪ 𝐾𝑦
2, thus the above expression is approximately given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) ≈

𝐾

𝐾𝑦
𝜎𝑛
2, (4-37) 

which is the same amount of the attenuated noise power in equation (4-36). 

In the second example where two uncorrelated scatterer returns are incident on the 

phased array, the BS covariance matrix is given by 

 𝑹𝒚(1,2) = 𝑹𝒚(1) + 𝜎𝑠2
2 𝒗𝒚(𝜃𝑠2)𝒗𝒚

𝐻(𝜃𝑠2) (4-38) 

and hence 𝑹𝒚(1,2)
−1 = 𝑹𝒚(1)

−1 −
𝜎𝑠2
2 𝑹𝒚(1)

−1 𝒗𝒚(𝜃𝑠2)𝒗𝒚
𝐻(𝜃𝑠2)𝑹𝒚(1)

−1

1 + 𝜎𝑠2
2 𝒗𝒚

𝐻(𝜃𝑠2)𝑹𝒚(1)
−1 𝒗𝒚(𝜃𝑠2)

 (4-39) 

The optimum BS beamformer output power at the DOA of the second signal is given by 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠2)  = (𝒗𝒚
𝐻(𝜃𝑠2)𝑹𝒚(1,2)

−1 𝒗𝒚(𝜃𝑠2))
−1

 

= 𝜎𝑠2
2 +

𝐾𝜎𝑛
2(𝑘𝑦(𝜃𝑠1)𝜎𝑠1

2 + 𝐾𝜎𝑛
2)

𝑘𝑦(𝜃𝑠2)𝐾𝜎𝑛
2 + (𝑘𝑦(𝜃𝑠1)𝑘𝑦(𝜃𝑠2) − |𝐵(𝜃𝑠1, 𝜃𝑠2)|

2)𝜎𝑠1
2

 

= 𝜎𝑠2
2 + 𝑝1(𝜃𝑠2), 

(4-40) 

where 𝑝1(𝜃𝑠2) is the optimum BS beamformer output power at 𝜃𝑠2 for the case that only 

a single scatterer at 𝜃𝑠1, which is described in equation (4-35). Similarly, the output at the 

DOA angle of the first signal, whose DOA is 𝜃𝑠1, is given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) = (𝒗𝒚

𝐻(𝜃𝑠1)𝑹𝒚(1,2)
−1 𝒗𝒚(𝜃𝑠1))

−1

 

= 𝜎𝑠1
2 + (𝒗𝒚

𝐻(𝜃𝑠1)𝑹𝒚(2)
−1 𝒗𝒚(𝜃𝑠1))

−1

, 
(4-41) 

where 𝑹𝒚(2) is the covariance matrix when only the second signal is incident onto the 

array. 

Similarly, the above approaches can be readily extended to the expression for the case of 

L independent signals and the optimum BS beamformer output power is given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠𝑙) = (𝒗𝒚

𝐻(𝜃𝑠𝑙)𝑹𝒚(𝑙)̅
−1 𝒗𝒚(𝜃𝑠𝑙))

−1

+ 𝜎𝑠𝑙
2 , (4-42) 
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where 𝑹𝒚(𝑙)̅ denotes the BS covariance matrix without the returned signal from the l-th 

scatterer and is given by 

 𝑹𝒚(𝑙)̅ = 𝑹𝒚 − 𝜎𝑠𝑙
2𝒗𝒚(𝜃𝑠𝑙)𝒗𝒚

𝐻(𝜃𝑠𝑙). (4-43) 

The above derivations and theoretical analysis describe the output of the directional 

transmission optimum BS beamformer inside the angular sector scanned by the beams, 

i.e., the sector of interest. For the scenario of a single scatterer, the optimum BS 

beamformer output power at the DOA of the scatterer is a summation of the signal power 

and the noise power attenuated by a factor of  𝐾/𝐾𝑦. The output power value at one of 

other azimuthal angles inside the sector of interest is only the attenuated noise power. 

For a scenario of multiple independent scatterers, the output power at the DOA of a 

given scatterer is a summation of its power and the optimum BS beamformer output 

power at the angle where only returns from other scatterers incident, i.e., the BS 

covariance matrix becomes 𝑹𝒚(𝑙)̅. 

 Numerical Analysis 4.2.2

The example in Figure 4-6 was used again and the directional transmission formula was 

numerically evaluated for the same signal model. The output power values of the 

directional transmission optimum BS beamformer, conventional and optimum ES 

beamformers using the exact form of the ES covariance matrices varying at each beam 

are plotted versus azimuth in Figure 4-8.  

 

Figure 4-8: An example of applying the directional transmission optimum BS, conventional and 

optimum ES beamformers to the directional transmission model of two independent signals. 
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The performance of the directional transmission BS MVDR formula within the sector of 

interest is significantly better than the standard optimum BS beamformer results shown 

in Figure 4-6 and the high response outside the sector of interest will be discussed 

specifically in Chapter 5. The optimum BS beamformer output power values at the DOA 

of the signals are estimated accurately and the spatial resolution is much higher than the 

conventional ES beamforming and even slightly better than the standard ES MVDR, as 

the accumulated SNR gain from multiple directional transmission beams is higher than 

the gain applied by the optimum ES beamformer at one single beam. 

 Results on Simulated data 4.2.3

Based on the plane wave model described above, 128 realisations (pulses) were 

simulated. At each realisation, K element outputs and one beam output in each beam 

direction were simulated and those samples were then used to estimate the ES and BS 

covariance matrices. The result of applying the directional transmission optimum BS 

beamformer is shown in Figure 4-9, and the outputs of the conventional and optimum ES 

beamformers are also plotted. The plot indicates that the result is almost consistent with 

the numerical evaluation of the theoretical expressions. As shown in Figure 4-8, the 

numerical analysis result of the directional BS MVDR beamformer is slightly better than 

the standard ES MVDR, but for results using simulated data the BS MVDR algorithm 

has less suppression to the noise power. It indicates that the directional transmission 

optimum beamforming formula has a higher sensitivity of steering vector than the 

standard ES optimum beamformer and the performance would be improved by 

increasing the number of realisations. 

 

Figure 4-9: An example of applying the directional transmission BS MVDR formula to 

simulated directional transmission BS covariance matrix and comparing with the ES 

conventional and MVDR beamformers. 
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 Summary 4.3

Phased arrays with relatively narrow scanning Tx/Rx beams are commonly used in 

practice, however few BS array processing algorithms have been developed for this 

specific case and the standard algorithms used for array processing always assume 

transmission is omni-directional or the transmitter directionality can be ignored. The 

standard ES array processing algorithms work well in each separate directional transmit 

beam, and even better than the omni-directional case, as the energy from scatterers which 

lie in the directions of sidelobes is attenuated. However, the standard BS algorithms fail 

when highly directional transmitters are used, due to the mismatch between the assumed 

omni-directional transmission and the actual directional transmission BS steering 

vectors. In many current phased array systems, sub-arrays are used on transmission, 

where the beam width is relatively wide. This is similar to the scenario illustrated in 

Figure 1-1, where the region of interest is approximately uniformly illuminated and in 

such cases standard ES or BS processing approaches are effective. 

In this chapter, the BS model for the directional transmission case has been analysed. As 

the performance of applying the standard BS formula to the directional transmission 

covariance matrix is unsatisfactory, new BS algorithms specific for the directional 

transmission model were proposed. In Section 4.2, the theoretical optimum BS 

beamformer output power values inside the sector of interest were analysed and verified 

by numerical evaluation and simulation.  

In conclusion, the proposed optimum BS beamforming algorithm for the directional 

transmission case modifies the steering vector to account for the various transmit beam 

pattern, and eliminates the mismatch with greatly improved results. 
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Chapter 5 

5 Properties of Directional Transmission Beam 

Space Processing 

In the previous chapter, new BS processing formulae, such as the directional 

transmission optimum BS beamforming, have been derived for phased arrays with 

relatively narrow directional transmission beams scanned over a sector of interest. In this 

chapter, some properties of such directional transmission BS processing are analysed.  

Commonly, directional transmit/receive beams (main lobes) only scan over a sector. 

From the energy distribution perspective, the reflection of scatterers outside the sector 

may be not a significant issue as the energy radiated into this region is only through the 

sidelobe leakage. For the region outside the sector of interest, most related BS works in 

the literature treat it as “out of interest”. Low sidelobe transmission beams, e.g., Dolph-

Chebychev weighting, are suggested to be used to attenuate the returns from this region 

[30]. In [32], the transmit beams are specifically designed to increase the robustness to 

returns from outside of the region scanned by the preformed beams. However，in most 

practical systems the transmit beams are not specifically designed this way in advance 

and are either weighted by uniform or standard window functions. In some cases, 

scatterers outside the sector formed by conventional beams are sufficiently strong to 

return significant energy through sidelobes of the scanning Tx/Rx beams and there are 

three major unclear problems related to the region outside the sector of interest. 

Firstly, it is not clear whether interferences lying outside the sector of interest, whose 

returns only propagate through sidelobes of those beams, can be detected and identified. 

Secondly, it has been noticed in Chapter 4, the optimum BS beamformer output power in 

the region outside the sector of interest is unexpectedly strong. This is a unique problem 

in BS processing and no discussion for this issue has been found in the literature. The 

reason for the high response is investigated and techniques for removing or avoiding the 

high response are developed. Thirdly, it is unknown if the interference outside the sector 

of interest would affect the optimum BS beamformer output power inside the sector. 

In practice, different types of errors often occur in phased arrays due to imperfect 

calibration and limited precision of the hardware. These errors can seriously degrade the 

performance of both optimum ES and BS beamforming algorithms based on a perfect 

theoretical model. Some ES robust adaptive beamforming algorithms have been 

developed to increase robustness to such errors, but no solid work has been found for 

improving the robustness of the optimum BS beamformer. In this chapter, the directional 

transmission BS model with different errors is analysed and a typical robust ES 
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beamforming algorithm is modified and extended to the directional transmission BS 

case. 

The Cramér–Rao bound (CRB) or Cramér–Rao lower bound (CRLB) describes the 

smallest variance achievable by any unbiased estimator. It is often discussed for different 

models and used to benchmark different estimation methods. The CRB for DOA 

estimation in the directional transmission BS case is derived and compared with the 

corresponding bounds for the omni-directional transmission ES and BS cases. 

Developed BS processing algorithms are designed for stationary point scatterers, 

however these scatterers can be non-stationary or moving in practice. To check the 

usefulness of the algorithm for the moving scatterers, the performance of the directional 

BS beamformer under a scenario including a moving scatterer is analysed. 

 Directional Transmission BS Processing for the Region 5.1

outside of the Sector of Interest 

With directional Tx/Rx scanning beams, out of sector signals/interferences incident upon 

the array can be interferences from other transmitters or reflections of signals transmitted 

through sidelobe leakage. The first scenario is the passive phased array model and 

similar to the omni-directional transmission case discussed in Chapter 3. The second 

scenario needs to consider the beam pattern of the directional transmission beam and is 

further analysed in this chapter. Also, the analysis and methods for this problem can be 

readily applied to the first scenario by simply adjusting the transmission beam pattern. 

 Directional Transmission BS Model with an Out of Sector 5.1.1

Interference 

Consider an independent scatterer whose return is denoted by 𝒊, located at an out of 

sector azimuth angle, 𝜃𝐼, and it gives rise to the following vector of conventional beam 

outputs as 

 𝒚 = 𝑽𝒚(𝛩𝑠)𝒔 + 𝒗𝒚(𝜃𝐼)𝒊 + 𝒏, (5-1) 

where for the directional transmission case considered here 𝑽𝒚(𝛩𝑠) is given by (4-14) 

and 𝒗𝒚(𝜃) by (4-8). The directional transmission BS covariance matrix is given by 

 𝑹𝒚𝑰 = 𝑽𝒚(𝛩𝑠)𝑹𝒔𝑽𝒚
𝐻(𝛩𝑠) + 𝜎𝐼

2𝒗𝒚(𝜃𝐼)𝒗𝒚
𝐻(𝜃𝐼) + 𝐾𝜎𝑛

2𝑰 

= 𝑹𝒚 + 𝜎𝐼
2𝒗𝒚(𝜃𝐼)𝒗𝒚

𝐻(𝜃𝐼), 
(5-2) 

where 𝜎𝐼
2 is the power of the interference received by any single receiver. The directional  
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transmission optimum BS beamformer output power is given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆
 (𝜃) = (𝒗𝒚

𝐻(𝜃)𝑹𝒚𝑰
−1𝒗𝒚(𝜃))

−1

. (5-3) 

   

where 𝑹𝒚𝑰
−1 = 𝑹𝒚

−1 −
𝜎𝐼
2𝑹𝒚

−1𝒗𝒚(𝜃𝐼)𝒗𝒚
𝐻(𝜃𝐼)𝑹𝒚

−1

1+𝜎𝐼
2𝒗𝒚

𝐻(𝜃𝐼)𝑹𝒚
−1𝒗𝒚(𝜃𝐼)

. (5-4) 

 Optimum BS Beamformer Output at the DOA of a Scatterer 5.1.2

outside the Sector 

When 𝜃 = 𝜃𝐼, i.e., the optimum beam is steered at the DOA of the interference, recalling 

equation (4-42), the optimum beamformer output power is given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝐼) = 𝜎𝐼

2 + (𝒗𝒚
𝐻(𝜃𝐼)𝑹𝒚

−1𝒗𝒚(𝜃𝐼))
−1

. (5-5) 

As shown in the above equation, the significance of interference in the whole BS MVDR 

output spectrum depends on the ratio between the interference power i.e., the first part in 

(5-5) and the optimum BS beamformer output power without the interference at angle 𝜃𝐼 

i.e., the second part in (5-5). Here consider the simplest case of a single scatterer inside 

the sector of interest, whose DOA is at an azimuthal angle 𝜃𝑠1 and recalling (4-35), the 

second part in (5-5) becomes 

 
(𝒗𝒚

𝐻(𝜃𝐼)𝑹𝒚
−1𝒗𝒚(𝜃𝐼))

−1

=
𝐾𝜎𝑛

2(𝑘𝑦(𝜃𝑠1)𝜎𝑠1
2 + 𝐾𝜎𝑛

2)

𝑘𝑦(𝜃𝐼)𝐾𝜎𝑛
2 + (𝑘𝑦(𝜃𝐼)𝑘𝑦(𝜃𝑠1) − |𝐵(𝜃𝐼 , 𝜃𝑠1)|

2)𝜎𝑠1
2
, (5-6) 

where 𝑘𝑦 and 𝐵 are defined by equations (4-20) and (4-34) respectively and the value of 

𝑘𝑦(𝜃𝑠1) inside the sector of interest is near to the constant 𝐾𝑦. As shown in Figure 4-7, as 

𝜃𝐼 is outside the sector of interest, 𝑘𝑦(𝜃𝐼) ≪ 𝐾𝑦  and  |𝐵(𝜃𝑠1, 𝜃𝐼)|
2 < 𝑘𝑦(𝜃𝐼)𝐾𝑦, but the 

difference between 𝑘𝑦(𝜃𝐼)𝐾𝑦 and |𝐵(𝜃𝐼 , 𝜃𝑠1)|
2 varies at different 𝜃𝐼 and also causes the 

optimum BS beamformer output to change. For example, considering the scenario used 

in Figure 4-3 but with an extra scatterer outside the sector of interest, the values of 

𝑘𝑦(𝜃)𝐾𝑦 and |𝐵(𝜃, 8°)|2 are plotted in Figure 5-1. 
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Figure 5-1: An example of inner product values of 𝑘𝑦(𝜃)𝐾𝑦 and |𝐵(𝜃, 8°)|2. 

Thus, when 𝜃𝐼 is close to the sector of interest, in this example, less than 10° away from 

the edge of the sector, |𝐵(𝜃𝑠𝑙 , 𝜃𝐼)|
2 ≪ 𝑘𝑦(𝜃𝐼)𝐾𝑦  and the optimum BS beamformer 

output power can be approximated as 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝐼) ≈ 𝜎𝐼

2 +
𝐾

𝑘𝑦(𝜃𝐼)
𝜎𝑛
2. (5-7) 

As shown in Figure 4-7, at an angle outside of the sector scanned by the beams, the value 

of 𝑘𝑦(𝜃𝐼) is much smaller than K, thus the noise power at this region is amplified in the 

BS beamformer output. 

An example is shown in Figure 5-2, where the scenario was the same as that used in 

Figure 4-8, but an interference at -5° with 10 dB INR was added. No obvious spectral 

peak can be found at -5° and it is impossible to identify the interference and estimate its 

power from the high optimum BS beamformer response outside of the sector.  

 

Figure 5-2: An example of subsector optimum BS beamformer output power values, where 

interference power is contaminated by the high response outside of the sector of interest. 
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Compared with Figure 3-14, which is a similar scenario but for the omni-directional 

transmission case, the directional transmission optimum BS beamformer provides a 

similar output power value at the DOA of the interference but the high response outside 

of the sector of interest is much stronger, since the value of 𝑘𝑦(𝜃𝐼) is much smaller than 

𝐻(𝜃𝐼). This difference makes the detection and estimation of the interference for the 

directional transmission case more difficult. 

In conclusion, the directional transmission optimum BS beamformer output power at the 

DOA of a scatterer (interference) outside the sector of interest can be approximated as a 

summation of the interference power and noise power multiplied by a factor of 
𝐾

𝑘𝑦(𝜃𝐼)
. In 

most cases, the noise component is amplified and dominates the output in this region, 

thus, it is difficult to identify and estimate the interference outside the sector of interest 

by using the optimum BS beamformer output directly. 

 Using MUSIC to Estimate the DOA of an Interference 5.1.3

As shown in Section 5.1.2, the general high optimum BS beamformer response outside 

the sector of interest prevents identifying and estimating the interference by using the 

optimum beamformer output. Notice that the high response is a result of the optimum BS 

beamformer and is not an inherent feature of the BS covariance matrix and so its eigen-

decomposition into signal and noise subspaces is not affected by this effect. 

Although the return from a scatterer outside the sector of interest is attenuated by 

propagation through sidelobes of both transmit and receive beams, its BS steering vector 

will still combine with the in sector signal steering vectors to determine the signal 

subspace, and since the power at DOA of the scatterer, |𝒗𝒚(𝜃𝐼)|
2
𝜎𝐼
2 + 𝜎𝑛

2, is obviously 

larger than the noise power, this enables the signal and noise subspace to be separated. 

Therefore, BS subspace methods, such as MUSIC as described in equation (4-33), can 

still work effectively outside the sector of interest, as output values at the DOAs of both 

the signal and interference can be much larger than the high response caused by the 

impact of 𝐾/𝑘𝑦(𝜃) and appear as peaks in the BS MUSIC output.  

The results of applying the BS MUSIC algorithm to the scenario used to generate Figure 

5-2 are plotted in Figure 5-3. It shows that the DOAs of both the signals and interference 

can be easily and accurately estimated by the sharp peaks in the BS MUSIC output. The 

high response in the region outside the sector of interest also appears, however, the 

values of MUSIC output at DOAs are significantly larger than the high response. Similar 

to the BS MVDR output, some fluctuations appear in the MUSIC output outside of the 

sector of interest, this is due to the variation of 𝑘𝑦(𝜃) at different azimuthal angles, but 

they are relatively weak and different from the sharp peaks which indicate DOAs. 
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Figure 5-3: An example of applying BS MUSIC algorithm to a scenario with two independent 

signals and an interference with 10 dB INR at -5°. 21 directionally transmitted beams at angles 

of -2° to 18° with 1° separation. 

 Mitigation of the High Response outside the Sector of 5.2

Interest 

As mentioned before and shown in Figure 3-9 and Figure 4-9, the optimum BS 

beamformer generates a high response in the region outside the sector of interest. This is 

a unique problem to BS processing and happens for both the omni-directional and 

directional transmission cases. It can be argued that the high response is not an issue for 

the directional transmission case, as little energy is radiated in these directions and the 

region is not of interest. However there are potential problems with receiver noise whose 

angular spectrum (strictly wavenumber spectrum) is non-zero in the out of sector region 

and after optimum beamforming is large outside the sector of interest. Also, interferences 

can be incident upon the receive array from these directions, as shown in Section 5.1, 

this high response has dominated the output in the region outside the sector of interest 

and affected identifying and estimating the interference. Overall it is better to remove 

this high response. 

 High Response Mitigation Using Virtual Beams 5.2.1

The problem was first considered from the perspective of the optimum beamforming 

algorithm. As shown in Figure 4-7, the squared magnitude of the BS steering vector, i.e., 

|𝒗𝒚(𝜃)|
2
 in the region outside the sector of interest is much smaller than that in sector, 

and so to keep the unity response at any angle in this region, the optimum BS 

beamformer needs to apply relatively large weights to those beam outputs, which 

potentially amplify the power from other directions rather than suppressing them. If extra 
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beams are formed in the out of sector, the region becomes a part of the sector of interest, 

thus, it can be predicted that the high response would not appear. 

With an assumption that there is no interference in the out of sector region, 𝑁𝑒  extra 

virtual beams at selected angles 𝛩extra = [𝜃𝑀+1 𝜃𝑀+2 ⋯ 𝜃𝑀+𝑁𝑒] in the region out 

of sector can be added. This ensures that the beams span the whole of the azimuthal 

region and these beams are assumed to contain uncorrelated noise only, where the noise 

level 𝜎𝑛
2 can be chosen as the smallest or average noise eigenvalue of 𝑹𝒚. The resulting 

ideally modified covariance matrix is given by 

 
𝑹𝒚−aug = [

𝑹𝒚 𝟎

𝟎 𝜎𝑛
2𝑰𝑁𝑒×𝑁𝑒

]. (5-8) 

Inspection of the above augmented BS covariance matrix indicates that the effect is to 

add additional eigenvalues at the noise level and the noise subspace is expanded to 

include the angular space outside the sector of interest. For the augmented system, the 

expanded steering vector becomes 

 

𝒗𝒚−𝑎𝑢𝑔(𝜃) =

[
 
 
 

𝒗𝐻(𝜃1)𝒗(𝜃)𝒗
𝐻(𝜃1)𝒗(𝜃)/𝐾

𝒗𝐻(𝜃2)𝒗(𝜃)𝒗
𝐻(𝜃2)𝒗(𝜃)/𝐾
⋮

𝒗𝐻(𝜃𝑀+𝑁)𝒗(𝜃)𝒗
𝐻(𝜃𝑀+𝑁𝑒)𝒗(𝜃)/𝐾]

 
 
 

. (5-9) 

The optimum output power of the augmented system can be given by 

 
𝑝(𝜃)𝑀𝑉𝐷𝑅−𝐵𝑆

 = (𝒗𝒚−𝑎𝑢𝑔
𝐻 (𝜃)𝑹𝒚−𝑎𝑢𝑔

−1 𝒗𝒚−𝑎𝑢𝑔(𝜃))
−1

. (5-10) 

An example is shown in Figure 5-4, where the scenario was the same as that previously 

used in Figure 4-6, but an additional interference at -5° with 10 dB INR has been added. 

To be consistent with the separation between beams inside the sector of interest in the 

previous example, 180 beams at 1° separation and covering the full angular region were 

formed, the 160 beams outside the sector of interest were chosen as virtual beams and 

only spatial white noise was contained in each beam. The optimum BS beamformer 

output power using virtual beams is plotted versus azimuthal angle as the red curve. 

Figure 5-4 shows that the high response out of sector has been effectively removed and 

the beamformer output power values at the DOAs of signals inside the sector of interest 

are almost the same as the outputs without virtual beams. The out of sector signal 

(interference at -5°) has been ignored completely by the virtual beam method. 
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Figure 5-4: An example of using virtual beams to remove the optimum BS beamformer high 

response outside the sector of interest, with an interference whose INR = 10 dB, DOA at -5°. 

By increasing the INR to 40 dB but keeping other parameters unchanged, the result 

versus azimuthal angle is plotted in Figure 5-5 and shows that the strong interference is 

also fully ignored by the virtual beam method.  

 

Figure 5-5: An example of using virtual beams to remove the optimum BS beamformer high 

response outside the sector of interest, an interference with 40 dB INR, DOA at -5°. 

Notice that a spike appears at -2°, as the strong interference enhances the MVDR output 

at the edge of the sector of interest and the virtual beam only forces the output power 

outside the sector to be at the noise level. This spike does not indicate a signal there and 

it can be attenuated by changing the virtual beam near to the edge of the sector of 

interest. For example, changing the MRA of the virtual beam from -3° to -2.5°, the 
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output power of optimum BS beamformer with virtual beams is plotted as the magenta 

curve and the peak at -2° is significantly attenuated. 

Varying the number of virtual beams, which are designed to be evenly distributed 

outside the sector of interest, the averaged output power in the out of sector is plotted 

versus the number of virtual beams in Figure 5-6. 

 

Figure 5-6: Averaged optimum BS beamformer output power values outside the sector of 

interest versus the number of virtual beams. 

It can be seen, that the total power in this region decreases with increasing the number of 

virtual beams, but the change becomes insignificant when the virtual beams are more 

than the number of receivers. In this example, the virtual beams are simply designed to 

have an even separation as the case of beams inside the sector of interest, whilst the 

number and directions of the beams can be designed more sophisticatedly. The 

equivalent result may be achieved by using fewer beams, when mutually orthogonal 

virtual beams spanning the region outside the sector of interest are used. 

 High Response Mitigation by Scaling Optimum BS 5.2.2

Beamformer Output Power 

The directional transmission optimum BS beamformer output power values at all angles 

within the sector of interest are given by equations (4-36) and (4-37), and the output 

outside the sector of interest is given by equation (5-7). A general approximation for the 

directional transmission optimum BS beamformer output power can be given by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃) ≈ 𝜎𝜃

2 +
𝐾

𝑘𝑦(𝜃)
𝜎𝑛
2, (5-11) 

where 𝜎𝜃
2 is the power of a signal or interference incident at an azimuthal angle, 𝜃, and 

received by any single receiver, and it is zero when no signal/interference is incident. 
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Equation (5-11) shows that the noise gain,  
𝐾

𝑘𝑦(𝜃)
, varies with angle and affects the 

beamformer output at different azimuthal angles differently. As shown in Figure 4-7, the 

value of 𝑘𝑦(𝜃) is close to a constant 𝐾𝑦  in the sector of interest and the noise gain 
𝐾

𝑘𝑦(𝜃)
< 1; for the angular region outside of the sector of interest, the value of 𝑘𝑦(𝜃) 

decreases dramatically as 𝜃 is moved away from the sector of interest, thus the noise gain 
𝐾

𝑘𝑦(𝜃)
 increases and causes a very high output.  

The second method of removing the high response outside the sector of interest is to 

scale the optimum BS beamformer output to compensate for the variation of 𝑘𝑦(𝜃). With 

the prior knowledge of the DOAs of the signals/interferences, which could be worked 

out by the BS MUSIC algorithm as shown in Section 5.1.3, the directional optimum BS 

beamformer output power can be scaled as follows 

 

𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃)={
𝑘𝑦(𝜃)/𝐾𝑦 (𝒗𝒚

𝐻(𝜃)𝑹𝒚
−1𝒗𝒚(𝜃))

−1

, 𝑖𝑓 𝜃 ∉ �̂�𝑠 

(𝒗𝒚
𝐻(𝜃)𝑹𝒚

−1𝒗𝒚(𝜃))
−1

−
𝐾

𝑘𝑦(𝜃)
𝜎𝑛
2, 𝑖𝑓 𝜃 ∈ �̂�𝑠

, (5-12) 

where �̂�𝑠 is the estimated set of DOA angles.  

The same example used to produce Figure 5-2 was considered and after applying the 

above modified optimum BS beamforming algorithm, the beamformer output power 

values using (5-12) are shown in Figure 5-7.  

 

Figure 5-7: An example of using scaling algorithm to remove the optimum BS beamformer high 

response outside the sector of interest. 

In this example, the power of the interference at -5° is 10 dB above the noise power, but 

it is fully hidden by the high response in the optimum BS beamformer output power, due 
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to the very high gain to the noise component. With scaling, the gain to noise is 

normalised, thus the high response outside the sector of interest is effectively mitigated 

and the power of the interference can be accurately estimated. This example shows that 

with effectively removing the high out of sector response, the output power at DOAs 

inside the sector of interest only changes slightly, as the reduced part,  
𝐾

𝑘𝑦(𝜃)
𝜎𝑛
2 , is 

relatively small compared with signal power. 

To check if the scaling method is robust for different signal intensities, especially for a 

weak INR, the beamformer output power at the DOA of the interference (-5°) versus 

different INR value is plotted Figure 5-8. It shows that the beamformer output power 

with the scaling methods is almost the same as the desired INR value, but when the INR 

is lower than 5 dB, the result is slightly higher than the true INR, but the difference is 

negligible. 

 

Figure 5-8: Optimum BS beamformer output power with scaling algorithm at the DOA of the 

interference versus different INR value. 

It shows the scaling method can remove the high response and estimate the interference 

power very well, but it requires prior information of the DOAs, especially for an out of 

sector interference. However, for a weak interference far away from the sector of 

interest, as shown in Figure 5-1, the difference between 𝑘𝑦(𝜃)𝐾𝑦 and |𝐵(𝜃, 8°)|2  is 

smaller and the value of 𝑘𝑦(𝜃) is very small, equation (5-11) can be biased seriously and 

provides a poor approximation, as a result, the estimation of the interference power can 

be inaccurate. 
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 Directional Transmission BS Processing for the Region 5.3

inside the Sector of Interest 

To determine if the interference affects the optimum BS beamformer output within the 

sector of interest, the output power inside the sector of interest is analysed in this section.  

 Output at DOAs of Scatterers inside the Sector of Interest 5.3.1

Consider the simplest case of a single scatterer inside the sector of interest, whose DOA 

is at an azimuthal angle  𝜃𝑠1. When 𝜃 = 𝜃𝑠1, using equation (4-42), the output is given 

by 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) = (𝒗𝒚

𝐻(𝜃𝑠1)𝑹𝒚(𝐼)
−1 𝒗𝒚(𝜃𝑠1))

−1

+ 𝜎𝑠1
2  (5-13) 

 

where 𝑹𝒚(𝐼)
 = 𝜎𝐼

2𝒗𝒚(𝜃𝐼)𝒗𝒚
𝐻(𝜃𝐼) + 𝐾𝜎𝑛

2𝑰 (5-14) 

Similarly to (4-35) but replacing 𝑹𝒚(1)
  by  𝑹𝒚(𝐼)

 , the first term of equation (5-13) is given 

by 

 
(𝒗𝒚

𝐻(𝜃𝑠1)𝑹𝒚(𝐼)
−1 𝒗𝒚(𝜃𝑠1))

−1

=
𝐾𝜎𝑛

2(𝑘𝑦(𝜃𝐼)𝜎𝐼
2+𝐾𝜎𝑛

2)

𝑘𝑦(𝜃𝑠1)(𝑘𝑦(𝜃𝐼)𝜎𝐼
2+𝐾𝜎𝑛

2)−|𝐵(𝜃𝑠1,𝜃𝐼)|2𝜎𝐼
2, (5-15) 

where 𝑘𝑦 and 𝐵 are defined by equations (4-20) and (4-34), and the value of 𝑘𝑦(𝜃𝑠1) in 

the sector scanned by the beams is near to the constant 𝐾𝑦. 

When 𝜃𝑠𝑙 ≠ 𝜃𝐼 , which means DOAs of the interference and the signal are not 

overlapped, |𝐵(𝜃𝑠𝑙 , 𝜃𝐼)|
2 ≪ 𝐾𝑦𝑘𝑦(𝜃𝐼), and the output can be approximated as 

 
𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠𝑙) ≈ 𝜎𝑠1

2 +
𝐾𝜎𝑛

2

𝐾𝑦
, (5-16) 

where as shown in Figure 4-7, 𝐾𝑦 ≫ 𝐾 , which indicates that the noise power is 

significantly attenuated.  

In conclusion, optimum BS beamformer output power at the DOA of a scatterer within 

the sector of interest is only slightly affected by adding an extra insignificant amount of 

attenuated noise power. An exception is when DOAs of the signal and interference are 

too close to separate and identify, the approximation would not be valid. The resolution 

threshold between two scatterers depends on several factors including array size, number 

of beams, SNR, detailed discussions can be found in the literature, such as [27]. 

However, this case where the edge of the sector of interest is exactly between two 

closely spaced signals rarely happens, and will not be considered in this thesis.  
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 Spurious Spectral Peak inside the Sector of Interest 5.3.2

As mentioned in Section 4.1.3, the optimum BS beamforming algorithm minimises the 

total power but keeps a unity response at the chosen look direction. Thus, for an 

interference with a high INR incident from an azimuthal angle near to the sector of 

interest, the optimum beamformer spends effort on manipulating the beam pattern and 

forming a deep null to suppress the interference. The resulting distortion of the beam 

pattern can give rise to spurious fluctuations which in the presence of noise and can be 

interpreted as an output peak inside the sector of interest, thus wrongly indicating a weak 

signal at around the noise level. In this section, the reason of the spurious spectral peak is 

investigated and a mitigation method is proposed.  

 Analysis of Spurious Spectral Peak  5.3.2.1

An example is shown in Figure 5-9, where the scenario was the same as that previously 

used in Figure 4-8, but no signal was included and only an out of sector interference was 

present at 20° with INR = 40 dB. The optimum BS beamformer output indicates, in 

addition to the peak at 20° corresponding to the DOA of the interference, a spurious peak 

at about 17°, which is inside the sector of interest and marked by a red circle in the 

figure. This can be a potential bad issue especially for the case of an unknown 

interference, returns from clutter or widespread strong volume scatterers such as heavy 

precipitation outside the sector of interest.  

 

Figure 5-9: An example of applying the directional transmission BS MVDR formula to a model 

containing a strong interference as 40 dB INR near the sector edge. The spurious output peak is 

at 17° and marked by a red circle. 

The eigen-spectrum of 𝑹𝒚
  is plotted in Figure 5-10, only one large eigenvalue exists and 

it clearly indicates a one dimensional signal subspace corresponding to the steering 

vector of the interference and no second signal component is included in the signal 

subspace. Additionally, as shown in Figure 5-11, even with a lower INR (20 dB), the 
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spurious peak still appeared but the power was slightly lower than the value in Figure 5-9. 

This indicates that the spurious peak is caused by the interference outside the sector of 

interest but its peak value is only slightly affected by the intensity of the interference. 

 
Figure 5-10: Eigen-spectrum of a BS covariance matrix for a single interference with 40 dB 

INR near the sector edge. 

 
Figure 5-11: An example of applying the directional transmission BS MVDR formula to a 

model with an interference with 20 dB INR near the sector edge. The spurious output peak is at 

17° and marked by a red circle. 

The beam pattern of BS MVDR beamformer at the azimuthal angle of the spurious peak 

(17°) for the scenario of INR=20 dB is shown in Figure 5-12 and obviously, the 

algorithm manipulates the beam pattern to null the interference but the response in a 

very wide region around the spurious peak is around unity, thus giving rise to the 

spurious peaks in Figure 5-9 and Figure 5-11. 
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Figure 5-12: The beam pattern at the angle where a spurious peak appears, the blue circle 

denotes the deep nulls to cancel the interference and the red circle is the steering direction. 

To investigate this problem mathematically, with a single interference at 𝜃𝐼, the optimum 

BS beamformer output power at 𝜃, which is inside the sector of interest, is, similarly to 

(5-15), given by 

 

(𝒗𝒚
𝐻(𝜃)𝑹𝒚(𝐼)

−1 𝒗𝒚(𝜃))
−1

=
𝐾𝜎𝑛

2(𝑘𝑦(𝜃𝐼)𝜎𝐼
2 + 𝐾𝜎𝑛

2)

(𝑘𝑦(𝜃)𝑘𝑦(𝜃𝐼) − |𝐵(𝜃, 𝜃𝐼)|2)𝜎𝐼
2 + 𝐾𝜎𝑛2

 (5-17) 

The values of 𝑘𝑦(𝜃)  and |𝐵(𝜃, 200)| are plotted in Figure 5-13. It shows that the 

maximum value of |𝐵(𝜃, 𝜃𝐼)| is inside the sector of interest rather than at 𝜃𝐼. Using the 

Cauchy–Schwarz inequality, 𝑘𝑦(𝜃)𝑘𝑦(𝜃𝐼) ≥ |𝐵(𝜃, 𝜃𝐼)|
2, the optimum BS beamformer 

output power at 𝜃 , which is inside the sector of interest, increases when |𝐵(𝜃, 𝜃𝐼)|
2 

increases, and the peak appears where |𝐵(𝜃, 𝜃𝐼)| reaches its maximum value. Therefore, 

the out of sector interference causes a spurious peak value of optimum BS beamformer 

output power values inside the sector of interest. 

 

Figure 5-13: An example of inner product values of 𝑘𝑦(𝜃) and |𝐵(𝜃, 200)|. 
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The value of the spurious peak at 17° inside the sector of interest versus different INR is 

plotted in Figure 5-14. When the INR is below 0 dB, the peak is not obvious, as it is 

almost the same as the output at other azimuthal angles. The value of the spurious peak 

increases almost linearly with INR when the value of INR is between 5 to 25 dB. Then, 

with further INR increasing, the noise component becomes relatively negligible and the 

value of the peak progressively approaches its ultimate value. In this example, the value 

of the spurious peak remains almost the same at about -12.2 dB when INR is larger than 

40 dB. As described in equation (5-17), when 𝜎𝐼
2 ≫ 𝐾𝜎𝑛

2, the beamformer output power 

approaches a value of  
𝐾𝑘𝑦(𝜃𝐼)𝜎𝑛

2

𝐾𝑦𝑘𝑦(𝜃𝐼)−|𝐵(𝜃,𝜃𝐼)|2
 and only the attenuated noise component 

contributes to this result. 

 

Figure 5-14: The value of the spurious peak inside the sector of interest at 17° versus 

INR at 20°. 

A question arises whether the out of sector interference still causes a spurious peak when 

there are signals within the sector of interest. This question is answered by an example of 

a scenario of two signals at 8° and 15° with 10 dB and 6 dB SNRs and a single 

interference at 20° with 40 dB INR at any single receiver. The optimum BS beamformer 

output power value versus azimuthal angle for this scenario is plotted in Figure 5-15. It 

shows that the spurious peak still appears at the same azimuthal angle, whilst its value is 

slightly higher than the single interference only scenario, as more effort is required to 

null both signals and interference and less attenuation is on the noise component, but the 

difference is insignificant. In conclusion, adding signals inside the sector of interest 

neither avoids the spurious peak nor shifts its location, but is more likely to slightly 

increase the value of the spurious peak. 
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Figure 5-15: An example of applying the directional transmission BS MVDR formula to a model 

with two independent signals and a strong interference near the sector edge. 

Generally, output peaks of subspace methods, such as MUSIC, indicate the DOAs. By 

selecting the principal eigenvector of the BS covariance matrix as the one dimensional 

signal subspace, it was expected that only one single peak for the eigen-spectrum 

described in Figure 5-10 would appear and the spurious peak would be rejected by using 

the result of the subspace method. However, to apply MUSIC to this scenario, as shown 

in Figure 5-16, apart from the strong output indicating the true DOA of the interference, 

a peak still appears at ~17° in the MUSIC output. Compared with the output at the true 

DOA, this spurious peak is much lower and can be ruled out by a threshold. However, 

the threshold method is not always absolutely secure and it may not work in the case of 

mismatch, such as small phase errors which can cause low MUSIC output values at the 

true DOAs. Therefore, it is better to mitigate the spurious peak rather than simply reject 

it according to the intensity of peaks. One approach for doing so is discussed in the 

following section. 

 

Figure 5-16: An example of BS MUSIC output contains a spurious peak. 
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 Spurious Spectral Peak Mitigation by Projection 5.3.2.2

As discussed in the previous section, the spurious peak of the optimum BS beamformer 

output power values inside the sector of interest occurs because the beamformer manages 

to suppress the interference but not enough attenuation is applied to the noise. To 

eliminate this spurious peak, two kinds of projections have been investigated to null the 

interference. 

Denote the matrix containing the BS steering vectors of interferences as  𝑽𝑰, which are 

assumed to have been estimated by MUSIC in advance. Its orthogonal projection [95] is 

written as  

 𝑷𝑽𝑰
⊥ = 𝑰 − 𝑽𝑰(𝑽𝑰

𝐻𝑽𝑰)
−𝟏𝑽𝑰

𝐻. (5-18) 

and the orthogonally projected covariance matrix is given by 

 𝑹𝒚
⊥𝑰 = 𝑷𝑽𝑰

⊥ 𝑹𝒚𝑰𝑷𝑽𝑰
⊥ , (5-19) 

where 𝑹𝒚𝑰  is the BS covariance matrix containing both signal and interference 

components. Then, the optimum BS beamformer algorithm is applied to the projected 

covariance matrix and the output is given by 

 
𝑝(𝜃)𝑀𝑉𝐷𝑅−𝐵𝑆

 = (𝒗𝒚
𝐻(𝜃)(𝑹𝒚

⊥𝑰)
−1
𝒗𝒚(𝜃))

−1

. (5-20) 

The same scenario as in Figure 5-15 was considered here but the BS covariance matrix is 

projected to be orthogonal to the interference, and the beamformer output power values 

versus azimuthal angle are shown in Figure 5-17.  

 

Figure 5-17: An example of using orthogonal projection to mitigate the spurious peak inside the 

sector of interest caused by an interference. 
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With the orthogonal projection, the spurious peak is eliminated completely, but 

unfortunately, the optimum BS beamformer output power values at the DOAs are also 

attenuated seriously. The example in Figure 5-17 shows the output power at 15° is about 

15 dB lower than the optimum BS beamformer output power without projection. This is 

because a subspace orthogonal to the steering vector of the interference does not 

necessarily contain all the signal components.  

It is desirable to mitigate the spurious peak without any change to the power estimations 

of the signals incident inside the sector of interest. Another method, oblique projection 

[38] was used. The steering vectors corresponding to the signals, interferences and 

spurious peak can be first estimated by using BS MUSIC. Then, two subspaces are 

chosen for different purposes. To apply beamforming at any angle inside the sector of 

interest, the interference components should be removed. The first subspace, 𝑽𝑰 , is 

chosen as the BS steering vector(s) of the interference(s), which could be determined by 

the BS subspace algorithm described above; the second subspace 𝑽𝒔⏞ includes the signal 

subspace and the steering vector at the angle where the spurious peak appears and its 

components will be fully kept. Additional vectors other than the interference steering 

vectors can be added in 𝑽𝒔⏞ to keep any potential information, and this process needs to 

satisfy a condition on the degrees of freedom that  

 rank (𝑽𝒔⏞) + rank (𝑽𝑰)  ⩽  rank (𝑹𝒚). (5-21) 

The oblique projection matrix is denoted by 

 𝑬𝑰𝑺 = 𝑽𝒔⏞(𝑽𝒔⏞
𝐻𝑷𝑽𝑰

⊥ 𝑽𝒔⏞)
−1𝑽𝒔⏞

𝐻𝑷𝑽𝑰
⊥ , (5-22) 

and the new covariance matrix after oblique projection is given by 

 𝑹𝒚−𝑜𝑏 = 𝑬𝑰𝑺
𝐻 𝑹𝒚𝑰𝑬𝑰𝑺. (5-23) 

Then, the optimum BS beamformer is applied to the projected covariance matrix and the 

beamformer output power is given by 

 
𝑝(𝜃)𝑀𝑉𝐷𝑅−𝐵𝑆

 = (𝒗𝒚
𝐻(𝜃)𝑹𝒚−𝑜𝑏

−1 𝒗𝒚(𝜃))
−1

. (5-24) 

The same scenario as Figure 5-15 was considered and the BS covariance matrix was 

obliquely projected via equation (5-23), where 𝑽𝒔⏞  was chosen as a matrix containing 

steering vectors of 20 beams (-1° to 18° with 1° separation, the first beam at -2° was not 

included, since it was at the edge of the sector of interest and little energy was 

propagated through this beam) in the sector of interest. The new beam pattern at the 

azimuthal angle of the spurious peak and the output power versus azimuthal angle are 

shown in Figure 5-18 and Figure 5-19 respectively. The beamforming output indicates that 

the spurious peak caused by the interference is mitigated effectively without significant 

changes to the output power values at the DOAs of the signals. 



Chapter 5 Properties of Directional Transmission Beam Space Processing 

74 

 

 

Figure 5-18: The beam pattern of optimum BS beamformer after oblique projection at the angle 

of the spurious peak. 

 

Figure 5-19: An example of using oblique projection to mitigate the spurious peak caused by the 

interference. 

 BS Processing with Array Errors 5.4

SNR gain and directivity (spatial resolution) are the most common parameters used to 

measure the performance of a phased array system or an array processing algorithm. 

Additionally, as errors often happen in practice and cause the array responses to be 

different from that being assumed, robustness to such errors is another measure of 

performance. Errors that typically occur in phased arrays can be array element gain and 

phase errors due to imperfect electronic components and imprecise positioning of the 

elements due to construction issues. With these errors, the array response is different 

from that assumed by the ideal model and the performance of array processing 

algorithms with weak robustness can be seriously degraded. An example has been 
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discussed in [78], where a small perturbation, such as random phase shifts in a few 

elements, can make the actual steering vector slightly mismatch the assumed steering 

vector, with the result that the response at the actual DOA is not constrained to be unity 

and the signal component is suppressed by the optimisation process. 

The most straightforward way to deal with the errors is to carry out array calibration 

which avoids or compensates the errors. The calibration can be physically carried out on 

the phased arrays before use. Although phased arrays can be calibrated during 

manufacture, further system errors may occur whilst being used. For example, the phase 

and amplitude characteristics of most RF devices drift at different temperatures, which 

are not able to be corrected due to various system limitations. Another way of doing 

calibration is to apply correction or compensation to the collected data after use. 

However, it can be difficult to obtain the parameters for correction in practice. 

Apart from the calibration, another way of dealing with the issue of array errors is to 

increase the robustness of beamformers. In this section, based on the directional 

transmission BS model, several types of potential errors are considered and then a robust 

BS beamformer, which is tolerant to such mismatch errors, is proposed. 

 Model of Directional Transmission BS with Errors 5.4.1

Each beam output is a linear combination of element outputs, so element errors are 

combined and passed to the BS model through this transformation. Also, there is another 

type of error that needs to be considered for BS processing. The actual MRAs of the 

preformed beams may be different from the designed directions or recorded inaccurately 

such as choosing the nearest angle value in a system direction control lookup table. 

Errors in both array elements and beam directions are considered in the directional 

transmission BS model here. For the directional Tx/Rx beam scanning case, as the same 

phase shifts are applied to both transmit and receive beams at the same angle, errors in 

transmission and receive beams are likely to be the same. In the presence of such errors, 

the vector of beam outputs is given by 

 

𝒚 = [

𝑦(𝜃1)

𝑦(𝜃2)
⋮

𝑦(𝜃𝑀)

]  

=

[
 
 
 
 
𝒗𝐻(𝜃1+𝜙1)�́�𝒔(𝛩𝑠)(�́�𝒔

𝑇(𝛩𝑠)𝒗
∗(𝜃1+𝜙1)/𝐾 ∘ 𝒔) + 𝒗

𝐻(𝜃1+𝜙1)𝒏1

𝒗𝐻(𝜃2+𝜙2)�́�𝒔(𝛩𝑠)(�́�𝒔
𝑇(𝛩𝑠)𝒗

∗(𝜃2+𝜙2)/𝐾 ∘ 𝒔) + 𝒗
𝐻(𝜃2+𝜙2)𝒏2

⋮
𝒗𝐻(𝜃𝑀+𝜙𝑀)�́�𝒔(𝛩𝑠)(�́�𝒔

𝑇(𝛩𝑠)𝒗
∗(𝜃𝑀+𝜙𝑀)/𝐾 ∘ 𝒔) + 𝒗

𝐻(𝜃𝑀+𝜙𝑀)𝒏𝑀]
 
 
 
 

. 

(5-25) 

where 𝜙𝑚  is the angle difference between the actual and assumed MRA of the m-th 

transmit/receive beam and �́�𝒔(𝛩𝑠) denotes a matrix whose columns are array responses 
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to different DOAs of signals (signal steering vectors but with errors). For example, a 

steering vector of a signal incident from directional 𝜃𝑠𝑙  but with errors is given by 

 

�́�(𝜃𝑠𝑙) = 𝒗(𝜃𝑠𝑙) ∘ 𝒆 =  

[
 
 
 

µ1𝑒
𝑗2𝜋𝛿1/𝜆𝑠𝑖𝑛 (𝜃𝑠𝑙)

µ2𝑒
𝑗2𝜋(𝑑+𝛿2)/𝜆𝑠𝑖𝑛 (𝜃𝑠𝑙)

⋮

µ𝐾𝑒
𝑗2𝜋((𝐾−1)𝑑+𝛿𝐾)/𝜆𝑠𝑖𝑛 (𝜃𝑠𝑙)]

 
 
 

 (5-26) 

where 𝒆  is a vector contains errors occur at different elements; more specifically, µ𝑘 

represents a complex gain caused by the electronic component variations and it can 

change both the amplitude and phase of received signal at the k-th element; 𝛿𝑘  is the 

position error at the k-th element, which would cause a phase shift. Due to the phased 

array electronic scanning is normally finished quickly, the error 𝒆  is assumed to be the 

same for all the Tx/Rx beams. Therefore, for a scatterer at an angle, 𝜃𝑠𝑙, the actual BS 

steering vector is given by 

 

�́�𝒚(𝜃𝑠𝑙) = [

𝒗𝐻(𝜃1 + 𝜙1)�́�(𝜃𝑠𝑙)𝒗
𝐻(𝜃1 + 𝜙1)�́�(𝜃𝑠𝑙)/𝐾

𝒗𝐻(𝜃2 + 𝜙2)�́�(𝜃𝑠𝑙)𝒗
𝐻(𝜃2 + 𝜙2)�́�(𝜃𝑠𝑙)/𝐾
⋮

𝒗𝐻(𝜃𝑀 + 𝜙𝑀)�́�(𝜃𝑠𝑙)𝒗
𝐻(𝜃𝑀 + 𝜙𝑀)�́�(𝜃𝑠𝑙)/𝐾

]. (5-27) 

Obviously, there is a mismatch between 𝒗𝒚(𝜃𝑠𝑙) and �́�𝒚(𝜃𝑠𝑙), and as the actual steering 

vector is unknown and has uncertainty, the performance of the optimum BS beamformer 

using the assumed steering vector would be degraded. The performance degradation is 

similar to ES beamformers with errors, but can be worse due to the factor of extra beam 

steering angle errors. 

 Introduction to Robust Beamforming 5.4.2

Different methods have historically been proposed to improve the robustness of a 

beamformer. Additional linear constraints, such as linear constrained minimum variance 

(LCMV) approaches [19], [20] and [21], potentially increase robustness, as they 

normally broaden the beamwidth around the look direction. However, as errors are 

normally unknown, it is not clear how to find the best additional constraint to 

approximate the actual steering vector. Thus common constraints such as derivative 

constraints, only bring a very limited improvement. Also, adding extra constraints loses 

degrees of freedom and reduces the ability to suppress interferences. Projection methods, 

such as [80], remove noise, weak interferences and small perturbations, but are not 

robust to large errors in the steering vector. Simple diagonal loading (𝑹𝒚 + 𝛥𝑰) has been 

commonly used and is equivalent to adding white noise to the covariance matrix. This 

method is less sensitive to perturbations whilst the system nulling capability is reduced. 

Quadratic constraints methods such as [21] and [79], actually add diagonal loading with 

different values of 𝛥 to improve the robustness of the beamformer. However the required 

diagonal loading level is normally unknown and it is not clear how to choose the 

diagonal loading in these methods. 
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More recently robust beamformer research has focused on the uncertainty of the array 

steering vector. Several ES optimum beamforming with robustness techniques have been 

developed and are commonly called robust adaptive beamforming (RAB) in the 

literature. The worst-case performance optimisation method [82], and further developed 

methods in [83] and [87] constrain the absolute value of the array response in a multi-

dimensional region around the look direction to lie above unity and minimise the 

beamformer output power. Such constraints guarantee that the distortionless response 

will be maintained for the true steering vector. Notice the uncertainty sets in these 

methods are different from the set in the LCVM method, whose constraints are only 

limited to a few given vectors and no recursive search and comparison are carried out. 

The method proposed by Lorenz and Boyd in [84] has a similar criterion to that proposed 

in [82] but considers a different uncertainty set which is anisotropic and uses the 

Lagrange multiplier technique to improve computation. The approach proposed by J. Li 

et al. in [85] and further extended in [86] searches for the largest output power by 

varying the steering vector in an uncertainty set around the look angle. All these methods 

are based on the same principle and belong to a class of diagonal loading approaches. In 

short, these typical robust beamforming algorithms assume the actual steering vector lies 

in an uncertainty set around the assumed steering vector and optimise the beamformer 

output subject to constraints on the set. 

 Robust BS Beamforming 5.4.3

When used as a pre-processing step, the BS transformation itself increases robustness. 

As described in [42] and [45], conventional and sector focused stability BS beamformers 

are inherently robust to small system errors, as small errors and noise can be potentially 

reduced in the process of beamforming, however the robustness is very limited. 

There is very little literature on robust adaptive beamforming techniques in BS 

processing. In [88], beams are designed as vectors which span the complementary set of 

a pre-selected angular sector of interest, and then a robust beamforming method in [87] is 

applied to estimate the actual BS steering vector. In this process, the BS transformation 

is mainly used to remove the signal of interest and obtain a signal free covariance matrix, 

but it does not really solve the robustness problem in BS processing for preformed 

beams. 

Here the robust beamforming algorithm in [85] is extended to the directional 

transmission BS steering vector mismatch problem. Similar to the ES method in the 

literature, an uncertainty set in BS is chosen around the assumed BS steering vector at 𝜃, 

𝒗𝒚(𝜃), as ‖�́�𝒚(𝜃) − 𝒗𝒚(𝜃)‖
2
≤ 𝜖 . The optimisation problem of finding the maximal 

output power value around the assumed BS steering vector can be formulated as 

 
min �́�𝒚

𝐻(𝜃)𝑹𝒚
−1�́�𝒚(𝜃), subject to ‖�́�𝒚(𝜃) − 𝒗𝒚(𝜃)‖

2
≤ 𝜖. (5-28) 
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The solution to (5-28) can be found by introducing a Langrage multiplier 𝜇  and 

minimising the function  

 
𝑓 = �́�𝒚

𝐻
(𝜃)𝑹𝒚

−1�́�𝒚(𝜃)+ 𝜇 (‖�́�𝒚(𝜃)− 𝒗𝒚(𝜃)‖
2
− 𝜖). (5-29) 

The process of solving the Lagrange multiplier 𝜇 is similar to that described in [85] and 

will not be discussed in detail here. The output of the robust optimum BS beamformer is 

given by 

 
𝑝(𝜃)𝑅𝑜𝑏𝑢𝑠𝑡−𝐵𝑆

 =
1

𝒗𝒚𝐻(𝜃)𝑸𝒚𝜦𝒚 (𝜇−2𝑰 −
2
𝜇
𝜦𝒚 + 𝜦𝒚2)

−1

𝜦𝒚𝐻𝑸𝒚𝐻𝒗𝒚(𝜃)

, 
(5-30) 

as defined in (3-16), 𝑸𝒚 is the matrix whose columns contain the eigenvectors of 𝑹𝒚 and 

the main diagonal elements of 𝜦𝒚 are the corresponding eigenvalues. In [85] for the ES 

case, the value of 𝜖 is normally the same for all steering directions. Notice that for the 

directional transmission BS case, as different transmission beam patterns are applied to 

each look direction and the magnitude of the BS steering vector, 𝒗𝒚(𝜃), varies with the 

look angle, 𝜃. Thus, although the array element perturbation 𝒆 is assumed to be the same 

at different Tx/Rx beams, the value of ‖�́�𝒚(𝜃) − 𝒗𝒚(𝜃)‖ is slightly different at different 

azimuthal angles. Therefore, a fixed value of 𝜖 would not be the best choice and an 

adjustment for the value of 𝜖 according to the BS steering vector may be necessary, for 

example 𝜖 at 𝜃 is chosen as 𝜖(𝜃) ∝ ‖𝒗𝒚(𝜃)‖
2
. 

 Examples of Robust BS Beamforming 5.4.4

As an example, a scenario was considered that 20 directionally transmitted beams in a 

sector of azimuthal angles of 1° to 20° with 1° separation and a ULA with 64 half a 

wavelength separated receivers and two scatterers whose return SNRs were 30 dB and 

16 dB at any single receiver and whose DOAs were 8.23° and 15.44° respectively. The 

perturbations included: 

(a) Random element complex gain errors µ𝑘  ( |µ𝑘|~unif(0.75 , 1.25)  and 

∠µ𝑘~unif(−
𝜋

3
 ,
𝜋

3
) ), 

(b) Random array element location errors 𝛿𝑘~unif(−0.05𝑑, 0.05𝑑), 

(c) Random independent steering beam centre angle (MRA) errors 

𝜙𝑚~unif(−0.3° , 0.3°). 

Perturbations (a) and (b) represent errors of the receiver elements and they are random 

and independent at each element and unchanged for all the beams; perturbation (c) 

represents the steering angle errors which are random and independent for each beam. 

The details of the perturbations are described in Appendix B. The outputs of directional 

transmission conventional, MVDR BS beamformers and robust beamformer with an 
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uncertainty parameter 𝜖(𝜃) = 0.11‖𝒗𝒚(𝜃)‖
2

 are plotted versus azimuthal angle in 

Figure 5-20. In this example, the conventional BS beamformer output is not seriously 

affected by the perturbations but as usual its resolution is coarse; the directional 

transmission BS MVDR beamformer can provide good estimation of the DOAs of the 

scatterers, but the estimated power values are incorrect and the directivity is 

unsatisfactory; whilst the directional transmission robust MVDR BS beamformer 

estimates the peak power with accurate values at the correct DOAs but the width of the 

main lobe response of the beamformer output power spectrum is broader than the 

optimum beamformer result with the error-free model. 

 

Figure 5-20: An example of applying robust BS beamforming to a scenario of the directional 

transmission BS model containing perturbations. 

A scenario identical as that in Figure 5-20 was simulated. Based on the BS covariance 

matrix with random, 128 conventional beamformer output pulse samples (with the same 

perturbations) were generated for each beam. Then those beam output samples were used 

to estimate a covariance matrix and the robust BS beamformer with the same uncertainty 

set as the above example, i.e., 𝜖(𝜃) = 0.11‖𝒗𝒚(𝜃)‖
2
, was applied. The results of the 

directional transmission conventional, MVDR and robust MVDR BS beamformers are 

plotted in Figure 5-21. Similar to the theoretical analysis, the performance of optimum 

BS beamformer is seriously degraded, but the superior performance of the robust BS 

beamformer indicates its satisfactory robustness to the mismatch caused by different 

errors. 
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Figure 5-21: An example of applying robust BS beamforming to a simulated data using a 

directional transmission BS model containing perturbations. 

To check the performance with more simulations, 512 independent realisations of the BS 

data simulation were carried out. Each realisation was similar to the above simulation 

and had different independent random perturbations but lying in the same range as the 

previous perturbations conditions (a), (b) and (c), and the robust BS beamformer with 

𝜖(𝜃) = 0.11‖𝒗𝒚(𝜃)‖
2
 was applied. The mean and mean plus one standard deviation of 

the output power values versus azimuth are plotted in Figure 5-22. The variance of 

output power values in the region not containing incident signals is relatively small, as 

the output is at the noise level only and the output is almost not affected by the array and 

beam responses. In those two narrow regions around the DOAs of signals, the averaged 

output power values are very close to the true signal intensities; and the analysis of the 

output powers showed that statistically 95% of the robust beamformer output power 

values at DOAs of signals were within 3 dB of the correct value. 

 

Figure 5-22: An example of statistics of robust BS beamformer output power values with 512 

independent realisations of simulated data based on a directional Tx BS model containing 

perturbations. 
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As the values of errors are unknown in advance, the uncertainty set needs to be adjusted 

for each robust beamformer, and it can be difficult to find the best value of 𝜖. A small 

value of 𝜖 may not be able to fully compensate the steering vector mismatch, whilst a 

large value of 𝜖  reduces the spatial resolution and requires more unnecessary 

computation. 

 Cramér–Rao Bounds for DOA Estimation 5.5

Parameters are estimated by using samples, and due to the random nature of receiver 

noise and, in some cases, the incident signal, different realisations drawn from the same 

ensemble of sample values normally generate different estimates of the parameters of 

interest. Two commonly used measures are the mean and variance of the estimated 

parameters. For an unbiased estimator, a smaller variance indicates more accurate 

estimates. In estimation theory, the CRB expresses a bound on the variance of 

estimators. It is the smallest variance that any unbiased estimator can achieve in practice 

and the lowest possible mean squared error among all unbiased estimators.  

Using data collected by a phased array, different parameters can be estimated, such as 

the range and velocity of a target. Among these parameters, the DOA estimation is a 

popular topic and its CRB has attracted a lot of research interest. With an assumption 

that the number of signals is known in advance, both ES and BS CRBs for DOA 

estimation in the omni-directional transmission case are reviewed in Section 5.5.1, then 

the BS CRB for DOA estimation in the directional transmission case is derived and 

analysed in Section 5.5.2. 

 CRBs for DOA Estimation in Omni-directional ES and BS 5.5.1

Cases 

The derivation of the CRB for the ES DOA estimation can be found in [30], [71] and 

[72], some details of which are also described in Appendix C. Briefly, when the signal 

vector is a sample of Gaussian random process, the ES CRB for estimating DOAs, i.e., 

𝛩𝑠 = {𝜃𝑠1 𝜃𝑠2 ⋯ 𝜃𝑠𝐿}, is given by 

 
𝑪𝐶𝑅 (𝛩𝑠) =

𝜎𝑛
2

2𝑁
{𝑅𝑒[(𝑫𝐻𝑷𝑽𝒔

⊥ 𝑫) ∘ (𝑹𝒔𝑽𝒔
𝐻𝑹𝒙

−1𝑽𝒔𝑹𝒔)
𝑇]}

−1
, (5-31) 

where N is the number of samples; 𝑹𝒔  is the source covariance matrix defined in 

equation (2-2); 𝑽𝒔 is the matrix whose columns are the steering vectors of the L signals 

and defined in equation (2-6) and 

 𝑷𝑽𝒔
⊥ = [𝑰 − 𝑽𝒔(𝑽𝒔

𝐻𝑽𝒔)
−𝟏𝑽𝒔

𝐻], 

 

𝑫 = �̇�𝒔 = [
𝜕𝒗(𝜃𝑠1)

𝜕𝜃𝑠1

𝜕𝒗(𝜃𝑠2)

𝜕𝜃𝑠2
…

𝜕𝒗(𝜃𝑠𝐿)

𝜕𝜃𝑠𝐿
]

𝑇

, 

(5-32) 



Chapter 5 Properties of Directional Transmission Beam Space Processing 

82 

 

where 
𝜕𝒗(𝜃𝑠𝑙)

𝜕𝜃𝑠𝑙
 can be denoted as 𝒅𝑙. 

When the signal vector is deterministic, 𝒔(𝑛), the n-th snapshot of the signals, becomes a 

non-random L×1 complex signal vector, the CRB is given by 

 

𝑪𝐶𝑅(𝛩𝑠) =
𝜎𝑛
2

2
{∑𝑅𝑒[𝒔𝐻(𝑛)𝑫𝐻𝑷𝑽𝒔

⊥ 𝑫𝒔(𝑛)]

𝑁

𝑛=1

}

−1

 

=
𝜎𝑛
2

2𝑁
{𝑅𝑒[(𝑫𝐻𝑷𝑽𝒔

⊥ 𝑫) ∘ �̂�𝒔
𝑇]}

−1
, 

(5-33) 

where �̂�𝒔
  is an estimate of the source covariance matrix and given by 

 

�̂�𝒔
 =

1

𝑁
∑𝒔(𝑛)𝒔𝐻(𝑛)

𝑁

𝑛=1

. (5-34) 

In most active radar systems, the waveform is known and a matched filter is usually used 

before further processing, therefore, the signal is normally deterministic and the second 

expression for the CRB, i.e., (5-33), is often used. 

In the omni-directional transmission case, the BS CRB for DOA estimation can be easily 

derived from the ES CRB, and as shown in [92] and [93], the only modification is to 

replace 𝑽𝒔 and 𝑫 in equation (5-33) by their linear transformed expressions in BS, i.e., 𝑯 

and 𝑫𝑯  defined below. For a uniform linear phased array BS processing where a 

narrowband deterministic signal is considered, the BS CRB is given by 

 
𝑪𝐶𝑅−𝒉(𝛩𝑠) =

𝜎𝑛
2

2𝑁
{𝑅𝑒[(𝑫𝑯

𝐻𝑷𝑯
⊥𝑫𝐻) ∘ �̂�𝒔

𝑇]}
−1

, (5-35) 

where terms are defined as follows 

 𝑯 = 𝑽𝐻𝑽𝒔(𝛩𝑠), 

𝑷𝑯 = 𝑯(𝑯 
𝐻𝑯)−1𝑯 

𝐻, 

𝑷𝑯
⊥ = 𝑰 − 𝑷𝑯, 

𝑫𝑯 = �̇� = [�̇�(𝜃𝑠1) �̇�(𝜃𝑠2) … �̇�(𝜃𝑠𝐿)]
𝑇, 

�̇�(𝜃𝑠𝑙) =
𝜕𝒉(𝜃𝑠𝑙)

𝜕𝜃𝑠𝑙
= 𝑽𝐻�̇�(𝜃𝑠𝑙).  

(5-36) 

 CRB for DOA Estimation in Directional Transmission BS Case 5.5.2

According to the directional transmission BS model described in Section 4.1.1, a matrix 

𝑽𝒚(𝛩𝑠)  containing the directional transmission BS signal steering vectors, i.e., 



5.5 Cramér–Rao Bounds for DOA Estimation 

83 

 

𝒗𝒚(𝜃𝑠𝑙) = 𝒉(𝜃𝑠𝑙) ∘ 𝒉(𝜃𝑠𝑙), is given by equation (4-14), thus the first order derivative of 

𝑽𝒚(𝛩𝑠) is given by 

  𝑫𝑽𝒚 = �̇�𝒚(𝛩𝑠) 

= [
𝜕 𝒗𝒚(𝜃𝑠1)

𝜕𝜃𝑠1

𝜕 𝒗𝒚(𝜃𝑠2)

𝜕𝜃𝑠2
…

𝜕 𝒗𝒚(𝜃𝑠𝐿)

𝜕𝜃𝑠𝐿
] 

= 2[𝒉(𝜃𝑠1) ∘ �̇�(𝜃𝑠1) 𝒉(𝜃𝑠2) ∘ �̇�(𝜃𝑠2) … 𝒉(𝜃𝑠𝐿) ∘ �̇�(𝜃𝑠𝐿)] 

= 2[ (𝑽𝐻𝒗(𝜃𝑠1))∘ (𝑽
𝐻𝑑1) (𝑽𝐻𝒗(𝜃𝑠2)) ∘ (𝑽

𝐻𝑑2) … (𝑽𝐻𝒗(𝜃𝑠𝐿)) ∘ (𝑽
𝐻𝑑𝐿)]. 

(5-37) 

Notice here a factor of 
1

𝐾
  has been removed from the expression of  𝒗𝒚(𝜃𝑠𝑙), defined in 

(4-8) and 𝒉(𝜃𝑠𝑙) is normalised, i.e., 𝑽𝐻𝑽=I. This normalisation avoids the different ES 

and BS gains for signals and allows an easier comparison between ES and BS CRBs. 

Assuming deterministic signals are transmitted and received, the CRB derivation for 

DOA estimation in the directional transmission BS case is similar to the above omni-

directional transmission BS case. The modification is to replace 𝑽𝒔  and 𝑫  by their 

corresponding expressions in the directional transmission BS case 𝑽𝒚(𝛩𝑠) and 𝑫𝑽𝒚  in 

both (5-32) and (5-33), and for DOA estimation in the directional transmission BS case 

is given by 

 

𝑪𝐶𝑅−𝑽𝒚(𝛩𝑠) =
𝜎𝑛
2

2𝑁
{𝑅𝑒[(𝑫𝑽𝒚

𝐻 𝑃𝑽𝒚
⊥𝑫𝑽𝒚) ∘ �̂�𝒔

𝑇]}
−1
. (5-38) 

A scenario consisting of two uncorrelated signals at DOAs of 8.23° and 9.44°, and 

whose SNRs were 10 dB and 5 dB respectively, 64 receivers, d=0.5𝜆, with variable 

number of beams evenly spaced in angle over the sector of [1°, 20°] was considered. 

Both the omni-directional transmission and directional Tx/Rx scanning cases have been 

considered. The CRBs for DOA estimation in the omni-directional transmission ES, BS 

and the directional transmission BS cases at 𝜃𝑠1 = 8.23° are compared by varying the 

number of snapshots (samples) in Figure 5-23 and Figure 5-24, where the number of 

beams used was 8 and 20 respectively.  

 

Figure 5-23: The CRBs for DOA estimation in the omni-directional transmission ES, BS and 

directional transmission BS cases versus the number of snapshots. The number of beams is 8. 
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Figure 5-24: The CRBs for DOA estimation in the omni-directional transmission ES, BS and 

directional transmission BS cases versus the number of snapshots. The number of beams is 20. 

For a fixed number of samples as 1000, the results are also compared as a function of the 

number of beams in Figure 5-25. To keep the gain unchanged in ES and BS processing, 

the SFS method was used to make beams mutually orthogonal and with unit magnitude, 

i.e., 𝑽𝐻𝑽=I. 

 

Figure 5-25: The CRBs for DOA estimation in the omni-directional transmission ES, BS and 

directional transmission BS versus the number of beams, where the number of snapshots is 1000. 

The BS CRBs for estimation DOA of a single signal are determined by several factors 

together, including: the number of samples, the number of beams, array aperture, SNR 

and DOA. Generally, more samples, larger array aperture and higher SNR will produce 

lower CRBs. For the omni-directional transmission case, Figure 5-23 shows that for this 

scenario with 8 beams, 𝑪𝐶𝑅−𝒉(𝛩𝑠) > 𝑪𝐶𝑅(𝛩𝑠); whilst as shown in Figure 5-24, when the 

number of beams is 20, the ES and BS results are identical. Figure 5-25 shows that with 

increasing the number of beams, the omni-directional transmission BS CRB for DOA 
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estimation approaches the ES CRB and they become the same when the number of 

beams is larger than 13, where the separation between adjacent beam centres is less than 

half a beamwidth. A theoretical proof can be found in [92] that the omni-directional 

transmission BS CRB is never smaller than the ES CRB, and the equality appears if and 

only if 

 𝑽𝑽𝐻𝑷𝑽𝒔
⊥ 𝑫 = 𝑷𝑽𝒔

⊥ 𝑫, 

𝑽𝑽𝐻𝑽𝒔 = 𝑽𝒔. 
(5-39) 

Figure 5-23 and Figure 5-24 show that the directional transmission BS CRB, 

𝑪𝐶𝑅−𝑽𝒚(𝛩𝑠), is obviously higher than that for the omni-directional transmission BS case. 

However, considering the very low CRB values, for example, the largest value of the 

directional transmission BS CRB in Figure 5-23 is smaller than 10−4radian2 , which 

indicate the standard derivation is about 0.6°. Also, with increasing the number of beams, 

the CRBs values become much smaller and with a large number of samples, the 

difference between the directional transmission BS CRB and omni-directional 

transmission BS for DOA estimation is very insignificant. Figure 5-25 shows that the 

directional transmission BS CRB drops when the number of beams increases but with 

some fluctuation, as the DOAs may fall at the beam centre and produce very low CRB 

values. Generally, CRB for DOA estimation in the directional transmission BS case is 

larger than that of the omni-directional transmission BS case but this is not always the 

case, when DOAs coincidently at the centre of beam, 𝑪𝐶𝑅−𝑽𝒚(𝛩𝑠) can be lower than 

𝑪𝐶𝑅−𝒉(𝛩𝑠) and 𝑪𝐶𝑅(𝛩𝑠). 

Signal correlations or system perturbations change the steering vector and signal model, 

their effects on the CRB for DOA estimation in the directional transmission BS case are 

similar to the omni-directional ES model, which can be found in [30] and will not be 

discussed here. 

 Optimum BS Beamforming with a Moving Scatterer 5.6

In all the previous descriptions of array processing, it has been assumed that the 

scatterers remain stationary, but non-stationary scatterers are quite common in practice. 

Rapidly moving interferences will degrade the algorithm performance and a projection 

algorithm has been proposed in [96], [97] to overcome this problem via artificial 

widening of adaptive pattern nulls for a moving interference. The application of the BS 

MVDR algorithm to moving sources has been reported in [91], where the main purpose 

of using BS processing is to reduce the covariance matrix dimension as the number of 

data snapshots in a non–stationary environment is limited. Little performance 

degradation was reported for a slowly moving source but significant performance 

degradation for fast moving sources. To check how the motion of a scatterer affects the 

performance of the directional transmission optimum BS beamformer, a scenario 

containing both stationary and non-stationary scatterers was considered. In this example, 
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only a short period is considered, where a target was moving at a constant speed and at 

the same range, thus eliminating the need to consider the range and Doppler effects. 

The beam scanning strategy will have an impact on the algorithm’s performance against 

a moving target. The example considered was where a burst of N pulses is transmitted at 

each steering angle of a phased array. The initial azimuthal angle of a non-stationary 

scatterer is 𝜃𝑠1 and the scatterer moves an angle Δθ during the interval between adjacent 

pulses. In this problem, only the scenario where the DOA of the moving scatterer always 

remains within the sector of interest was considered. The BS covariance matrix is 

estimated by 

  𝑹𝒚 = 𝐸{𝒚𝒚
𝐻} =

1

𝑁
∑ 𝒚(𝑛)𝒚𝐻(𝑛)𝑁
𝑛=1 , (5-40) 

where 𝒚(𝑛) denotes a vector which contains all the beam outputs at the n-th pulse for 

each beam. The covariance matrix is a composite of stationary scatterers, non-stationary 

scatterers and noise components, given by 

 𝑹𝒚 = 𝑹𝒚_1 + 𝑹𝒚_2 + 𝐾𝜎𝑛
2𝑰, (5-41) 

where 𝑹𝒚_1  and 𝑹𝒚_2  are the non-stationary and stationary scatterers components 

respectively. For a single non-stationary scatterer whose complex amplitude is 𝜎𝑠1, the i, 

j entry of matrix 𝑹𝒚_1 is given by 

 
(𝑹𝒚_1)𝑖𝑗

=
𝜎𝑠1
2

𝑁
∑𝒗𝒚(𝜃𝑠1 + ((𝑖 − 1)𝑁 + 𝑛 − 1)𝛥𝜃)𝒗𝒚

𝐻(𝜃𝑠1 + ((𝑗 − 1)𝑁 + 𝑛 − 1)𝛥𝜃)

𝑁

𝑛=1

. (5-42) 

To demonstrate the performance of the directional transmission BS MVDR beamformer 

for the non-stationary scatterer, a scenario similar to that in Figure 4-6, two returns from 

scatterers are uncorrelated, but including one stationary and one moving scatterer, was 

considered. The first scatterer with 10 dB SNR at any single receiver and initially at an 

azimuthal angle at 8° was moving at a fixed speed in azimuth. The second scatterer was 

stationary and located at 15°. The ratio of the moving scatterer’s location change during 

an interval between two adjacent beams to a beam width, BW (here the beamwidth was 

about 1.6° at broadside in this example), is defined as 

 𝑟𝑏 = 𝑁𝛥𝜃/𝐵𝑊, (5-43) 

and it indicates the fraction (or multiple) of a beamwidth that the scatterer moves when 

the transmitted/received beams change from one steering direction to the next. The value 

of 𝑟𝑏 was chosen as 0.05, 0.1, 0.2 and 0.5, which correspond to angular changes of the 

scatterer’s azimuthal location over the total assumed “coherent processing interval” of 

1.67°, 3.33°, 6.66° and 16.65° respectively. The processing results with different 𝑟𝑏 are 

shown in Figure 5-26, which indicates that the received signal reflected by the slow 

moving scatterer, i.e., 𝑟𝑏 = 0.05, can still be effectively beamformed and hence detected 
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but the location of the peak values, i.e., 8.8° is biased to the midway of its motion; with 

increasing speed, i.e., 𝑟𝑏 = 0.1 the non-stationary scatterer can be detected when it is in 

the mainlobe of a beam but the sharp peak is widened by motion of the scatterer. 

Increasing the speed to 𝑟𝑏 = 0.2 adds some spurious peaks, as the moving scatterer is 

detected several times and wrongly identified as different targets. When the speed is 

increased to 𝑟𝑏 = 0.5, the non-stationary scatterer is moving too fast to be detected, as it 

could not be captured by in the mainlobe of any of the beams and has run out of the 

sector before the scanning finished. The processing result of the stationary scatterer is 

not affected unless the non-stationary and stationary scatterers fall into the same beam. 

 

Figure 5-26: The output power values of the directional transmission BS MVDR beamformer 

for a stationary scatterer and a non-stationary scatterer with different moving speeds. 

To improve the performance of the beamfomer for non-stationary scatterers, a faster 

beam scanning strategy and algorithms which would detect and compensate for the 

scatterer motion can be considered. Some related works for this problem in ES can be 

found in [89] or a similar problem of stationary sources but with a moving array is 

addressed in [90]. 

 Summary 5.7

The directional transmission BS processing takes into account the transmission beam 

pattern and some properties are different from the standard BS processing. When beams 

are formed in a sector of interest, investigations for problems related to the region 

outside the sector of interest have been carried out covering three aspects. Firstly, the 

optimum BS beamformer output power at the DOA of an interference lying out of sector 

was analysed. It was shown that it is hard to identify the interference according to the 

optimum BS beamformer output power, as it is hidden by the high response of the BS 

MVDR beamformer in the region out of sector. Secondly, compared with the omni-

directional transmission case, the BS MVDR response out of sector is much higher, and 

two methods have been proposed to mitigate this high response. The first method using 

virtual beams effectively mitigated the high response but also removed the interference. 

The second scaling beamforming method removed the high response and kept the 

-2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

-20

-15

-10

-5

0

5

10

15

Theoretical output

Azimuth()

P
o

w
e

r(
d

B
)

 

 

r
b
=0.05

r
b
=0.1

r
b
=0.2

r
b
=0.5



Chapter 5 Properties of Directional Transmission Beam Space Processing 

88 

 

interference, but the DOAs need to be estimated in advance and the method can fail 

when the DOA of interference is far away from the sector. Thirdly, the interference 

outside the sector of interest almost has no effect on the optimum BS beamformer output 

power at the DOAs of signals inside the sector of interest, but can cause a spurious peak 

within the sector. To eliminate the spurious peak but keep the output power values at 

DOAs of signals unchanged, an oblique projection method was proposed. 

In Section 5.4, different array perturbations in BS processing were analysed and an ES 

robust beamforming algorithm was extended to improve the robustness of the directional 

transmission optimum BS beamformer. 

The CRB for DOA estimation in the directional transmission BS case was derived and 

compared with the CRBs for DOA estimation in the omni-directional transmission BS an 

ES cases in Section 5.5. 

As moving targets commonly occur in practice, to investigate how the motion of a 

scatterer affects the performance of the directional transmission optimum BS 

beamformer, the proposed BS algorithm was applied to a scenario containing both 

stationary and non-stationary scatterers in Section 5.6. 

Notice that the work completed in this chapter was mainly based on the directional 

transmission BS model, but some properties and proposed methods can also be directly 

applied the omni-directional BS case. 
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Chapter 6 

6 Beam Space Processing for Coherent Signals 

In previous chapters, different BS processing algorithms have been introduced and 

developed. All these algorithms are based on the assumption that signals and 

interferences are fully independent. This typically happens when the received signals 

from different directions are random or with different unique features, e.g. different 

waveforms, unique coding etc. For passive array systems, the received signals, which are 

self-generated by targets, such as vibrations from a ship, are normally random and 

independent of signals from other directions. For active phased array systems, the 

transmitted signal waveforms are reflected by targets and with modifications both in 

amplitude and phase. The modifications often change with time or variation of the 

position of the target and these disturbances give rise to random return signals which can 

be modelled as being independent of each other. For example, the phase of the return 

from a weather phenomenon is random, and with a large number of returned samples in 

each beam direction, the reflected signals from different directions are independent. So, 

in these cases, the above assumption is valid. 

However in practice, signals from different DOAs can be correlated. For example, 

multipath often happens; signals which scatter off a target can be then reflected and 

bounced off adjacent objects such as roads, buildings and superstructures to produce 

multiple returns from different directions with different phase delays and amplitudes. In 

another case, a smart jammer, which generates interferences coherent with the desired 

signal, can be used to interrupt signal detection and estimation, e.g. retransmitting the 

received source signal back to the source by multiple propagation paths such as direct 

and terrain bounce in the case of hot clutter. Even more, for an active system, where the 

same signal is transmitted in different directions, the returns from large, stationary targets 

or a clutter at the same range can be coherent.  

In the scenario where Tx/Rx beams are synchronously scanned across a sector, the same 

signal is transmitted through different beams (with different main lobe axes). For targets 

at the same range which are stationary during the whole scan period, two kinds of 

correlations occur. Firstly, the returns from different DOAs can be highly correlated for 

each single transmit beam, although the directional transmission radiation pattern applies 

different gains to different DOAs. Secondly, returns from the same DOA but in different 

beams can be highly correlated, as the same signal is transmitted at M different times, 

although the Tx/Rx beam pattern applied to the signal varies due to the MRA changes at 

each beam. In BS processing, the outputs from different beams are used together for 

further processing, both of the two kinds of correlations occur, thus the correlated nature 

of the return signals must be taken into consideration.  
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The model of correlated signals is different from the model used in previous chapters to 

derive BS processing algorithms and this mismatch can degrade the performance of BS 

processing. A large body of work for direction finding of correlated signals in ES has 

been completed. However, no work for the correlated signals in BS has been found in the 

literature. In this chapter, the performance degradation of the BS processing algorithms 

caused by signal correlation is analysed and methods for estimating DOAs and 

intensities of correlated signals are proposed. 

 Impact of Signal Correlation on the Performance of BS 6.1

Processing 

The correlation coefficient between two signals 𝑠𝑖(𝑡) and 𝑠𝑗(𝑡) is written as 

 
𝜌𝑖𝑗 =

𝐸{𝑠𝑖(𝑡)𝑠𝑗
∗(𝑡)}

√𝐸{𝑠𝑖(𝑡)𝑠𝑖
∗(𝑡)}𝐸{𝑠𝑗(𝑡)𝑠𝑗

∗(𝑡)}
, (6-1) 

which is a complex number and can be located in any position in or on the unit circle. 

When |𝜌𝑖𝑗|=1, the two signals are fully correlated, which is also called coherent; |𝜌𝑖𝑗|=0 

is for the case that two signals are uncorrelated and 0 < |𝜌𝑖𝑗| < 1 means the two signals 

are partially correlated. When signals are correlated, the signal covariance matrix is 

different from the case containing uncorrelated signals only, and will affect the results of 

BS processing. 

 Model of Correlated Signals 6.1.1

Consider a ULA consisting of K identical elements and receiving L narrowband signals. 

These signals are denoted as 𝒔 = {𝑠1(𝑡), 𝑠2(𝑡), … , 𝑠𝐿(𝑡)} and their DOAs are 

denoted as 𝛩𝑠 = {𝜃𝑠1,  𝜃𝑠2, …,  𝜃𝑠𝐿} . Assuming a transmitted unit amplitude 

narrowband signal is denoted as  𝑠0(𝑡), 𝜎𝑠0
 = 1, and a received signal at  𝜃𝑠𝑙 , 𝑠𝑙(𝑡), can 

be a mixture of signals correlated or uncorrelated with 𝑠0(𝑡). As discussed earlier, the 

reflected signal from a stationary scatterer,  𝑠𝑐𝑙(𝑡), is fully correlated to the transmitted 

signal; the uncorrelated part can be the return from non-stationary scatterers, which 

generate a random phase, or, an uncorrelated jamming signal transmitted and received 

from the same direction, 𝜃𝑠𝑙 . By ignoring propagation delays, 𝑠𝑙(𝑡) can be given by 

 𝑠𝑙(𝑡) = 𝑠𝑐𝑙(𝑡) + 𝑠𝑢𝑙(𝑡), (6-2) 

where 𝑠𝑐𝑙(𝑡) and 𝑠𝑢𝑙(𝑡) are independent with each other, so 

 𝐸{𝑠𝑐𝑙(𝑡)𝑠𝑢𝑙
∗ (𝑡)} = 0. (6-3) 
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The powers of 𝑠𝑐𝑙(𝑡), 𝑠𝑢𝑙(𝑡) and 𝑠𝑙(𝑡) at any single receiver are given by 

 𝐸{𝑠𝑐𝑙(𝑡)𝑠𝑐𝑙
∗ (𝑡)} = 𝜎𝑠𝑐𝑙

2 , 

𝐸{𝑠𝑢𝑙(𝑡)𝑠𝑢𝑙
∗ (𝑡)} = 𝜎𝑢𝑙

2 , 

𝐸{𝑠𝑙(𝑡)𝑠𝑙
∗(𝑡)} = 𝜎𝑠𝑙

2 = 𝜎𝑠𝑐𝑙
2 + 𝜎𝑢𝑙

2 . 

(6-4) 

Thus, 𝜌𝑙, the correlation coefficient between 𝑠𝑙(𝑡) and 𝑠0(𝑡), is given by 

𝜌𝑙 =
𝐸{𝑠𝑙(𝑡)𝑠0

∗(𝑡)}

√𝐸{𝑠𝑙(𝑡)𝑠𝑙
∗(𝑡)}𝐸{𝑠0(𝑡)𝑠0

∗(𝑡)}
 

=
𝐸{𝑠𝑐𝑙(𝑡)𝑠0

∗(𝑡)}

√𝜎𝑠𝑙
2𝜎𝑠0

2
 

=
𝐸{𝑠𝑐𝑙(𝑡)𝑠0

∗(𝑡)}

√(𝜎𝑠𝑐𝑙
2 + 𝜎𝑢𝑙

2 )𝜎𝑠0
2

 

(6-5) 

since 𝑠𝑐𝑙(𝑡) is coherent with 𝑠𝑜(𝑡), thus  

 

|
𝐸{𝑠𝑐𝑙(𝑡)𝑠0

∗(𝑡)}

√𝐸{𝑠𝑐𝑙(𝑡)𝑠𝑐𝑙
∗ (𝑡)}𝐸{𝑠0(𝑡)𝑠0

∗(𝑡)}

| = |
𝐸{𝑠𝑐𝑙(𝑡)𝑠0

∗(𝑡)}

√𝜎𝑠𝑐𝑙
2 𝜎𝑠0

2
| = 1, (6-6) 

substituting 𝜎𝑠0
 = 1 into (6-5) and (6-6), it shows that |𝜌𝑙| < 1 and the expression of 

𝑠𝑙(𝑡) can be rewritten as 

 𝑠𝑙(𝑡) = 𝜎𝑠𝑙𝜌𝑙𝑠0(𝑡) + 𝑠𝑢𝑙(𝑡), (6-7) 

Therefore, the correlated parts of these L returns are replicas of the same transmitted 

(source) signal, 𝑠0(𝑡), but with different amplitudes and phases. All the L signals at one 

moment 𝑡  are incorporated in a vector and written as 

 

𝒔(𝑡) = [

𝜌1𝜎𝑠1𝑠0(𝑡) + 𝑠𝑢1(𝑡)
𝜌2𝜎𝑠2𝑠0(𝑡) + 𝑠𝑢2(𝑡)

⋮
𝜌𝐿𝜎𝑠𝐿𝑠0(𝑡) + 𝑠𝑢𝐿(𝑡)

], (6-8) 

as no temporal signal processing (except for estimating the covariance matrix) will be 

considered, the symbols s(𝑡), 𝑠0(t), 𝑠𝑙(𝑡) and 𝑠𝑢𝑙(𝑡) can be simply denoted as s, 𝑠0, 𝑠𝑙 

and 𝑠𝑢𝑙  respectively. Since 𝐸{𝑠0𝑠𝑢𝑙
∗ } = 0, 1 ≤ 𝑙 ≤ 𝐿 and 𝐸{𝑠𝑢𝑖𝑠𝑢𝑙

∗ } = 0, 𝑖 ≠ 𝑙 , the 

covariance matrix of these signals is given by 

 

𝑹𝒔 = 𝐸{𝒔𝒔𝐻} =

[
 
 
 

𝜎𝑠1
2 𝜌12𝜎𝑠1𝜎𝑠2 ⋯ 𝜌1𝐿𝜎𝑠1𝜎𝑠𝐿

𝜌12
∗ 𝜎𝑠1𝜎𝑠2 𝜎𝑠2

2 ⋯ 𝜌2𝐿𝜎𝑠2𝜎𝑠𝐿
⋮ ⋮ ⋱ ⋮

𝜌1𝐿
∗ 𝜎𝑠1𝜎𝑠𝐿 𝜌2𝐿

∗ 𝜎𝑠2𝜎𝑠𝐿 ⋯ 𝜎𝑠𝐿
2 ]

 
 
 
, (6-9) 
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where 𝜌𝑖𝑗 is the correlation coefficient between the i-th and j-th signals. When all signals 

are fully uncorrelated or partially correlated, the above source covariance matrix 𝑹𝒔 is 

full rank; when all L signals are fully correlated, |𝜌𝑙| = |𝜌𝑖𝑗| = 1, the uncorrelated part is 

zero and the 𝑙-th signal can be written as 𝑠𝑙 = 𝜎𝑠𝑙𝜌𝑙𝑠0, then the rank of the above source 

covariance matrix, 𝑹𝒔, is one.  

The phased array receiver output vector is given by 

 𝒙(𝑡) = ∑ 𝑠𝑙(𝑡)𝒗(𝜃𝑠𝑙)
𝐿
𝑙=1 + 𝒏(𝑡), (6-10) 

For the omni-directional transmission or passive phased array cases, the ES covariance 

matrix is given by 

 𝑹𝒙 = 𝑽𝒔(𝛩𝑠)𝑹𝒔𝑽𝒔
𝐻(𝛩𝑠) + 𝜎𝑛

2𝑰 (6-11) 

and the corresponding BS covariance matrix becomes 

 𝑹𝒚 = 𝑽𝐻(𝛩𝐵)𝑹𝒙𝑽(𝛩𝐵) 

= 𝑯(𝛩𝑠)𝑹𝒔𝑯
𝐻(𝛩𝑠) + 𝑽

𝐻(𝛩𝐵)𝑽(𝛩𝐵)𝜎𝑛
2, 

(6-12) 

where from (5-36), 𝑯(𝛩𝑠) = 𝑽𝐻(𝛩𝐵)𝑽𝒔(𝛩𝑠). 

With a directional transmission transmitter, the ES covariance matrix varies with each Tx 

beam, and for the m-th beam with a steering angle 𝜃𝑚, it is given by 

 𝑹𝒙(𝜃𝑚) = 𝑽𝒙(𝛩𝑠, 𝜃𝑚)𝑹𝒔𝑽𝒙
𝐻(𝛩𝑠, 𝜃𝑚)+𝜎𝑛

2𝑰, (6-13) 

and the corresponding directional transmission BS covariance matrix is given by 

 𝑹𝒚 = 𝑽𝒚(𝛩𝑠) 𝑹𝒔𝑽𝒚
𝐻(𝛩𝑠)  + 𝐾𝜎𝑛

2𝑰, (6-14) 

where 𝑽𝒙(𝛩𝑠, 𝜃𝑚) and 𝑽𝒚(𝛩𝑠)  are given by (4-5) and (4-14) respectively. 

 Conventional BS Beamformer Output with Correlated Signals 6.1.2

When the signals are correlated, the output of the conventional BS beamformer is 

different from that of the case containing uncorrelated signals only. Here the simplest 

case is considered; two correlated signals 𝑠1 and 𝑠2 arriving from 𝜃𝑠1 and  𝜃𝑠2, incident 

on a passive or omni-directional transmission phased array. The receiver output vector is 

𝒙(𝑡) = 𝑠1(𝑡)𝒗(𝜃𝑠1) + 𝑠2(𝑡)𝒗(𝜃𝑠2) + 𝒏(𝑡), thus the BS covariance matrix is given by 

 𝑹𝒚 = [𝒉(𝜃𝑠1) 𝒉(𝜃𝑠2)] [
𝜎1
2 𝜌12𝜎1𝜎2

𝜌12
∗ 𝜎1𝜎2 𝜎2

2 ] [𝒉(𝜃𝑠1) 𝒉(𝜃𝑠2)]
𝐻 + 𝜎𝑛

2𝑽𝐻𝑽. (6-15) 
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According to formula (3-6) and the normalisation in (3-7), the output power of a 

conventional BS beamformer at the DOA of one of the correlated signals is given by 

 𝑝𝐶𝐵−𝐵𝑆(𝜃𝑠1) =
1

𝐺(𝜃𝑠1)
𝒉𝑯(𝜃𝑠1)𝑹𝒚𝒉(𝜃𝑠1) 

=
1

𝐺(𝜃𝑠1)
(𝒉𝐻(𝜃𝑠1)[𝒉(𝜃𝑠1) 𝒉(𝜃𝑠2)] [

𝜎𝑠1
2 𝜌12𝜎𝑠1𝜎𝑠2

𝜌12
∗ 𝜎𝑠1𝜎𝑠2 𝜎𝑠2

2 ] [𝒉(𝜃𝑠1) 𝒉(𝜃𝑠2)]
𝐻𝒉(𝜃𝑠1)

+ 𝜎𝑛
2𝒉𝐻(𝜃𝑠1)𝑽

𝐻𝑽𝒉(𝜃𝑠1)) 

=
1

𝐺(𝜃𝑠1)
((𝒉𝐻(𝜃𝑠1)𝒉(𝜃𝑠1))

2
𝜎𝑠1
2 + 𝒉𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)𝒉

𝐻(𝜃𝑠1)𝒉(𝜃𝑠1)𝜌12
∗ 𝜎𝑠1𝜎𝑠2

+ 𝒉𝐻(𝜃𝑠1)𝒉(𝜃𝑠1)𝒉
𝐻(𝜃𝑠2)𝒉(𝜃𝑠1)𝜌12𝜎𝑠1𝜎𝑠2 + |𝒉

𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)|
2𝜎𝑠2

2

+ 𝜎𝑛
2𝒉𝐻(𝜃𝑠1)𝑽

𝐻𝑽𝒉(𝜃𝑠1)) 

(6-16) 

As defined in (4-20), 𝐻(𝜃) = 𝒉𝐻(𝜃)𝒉(𝜃) and the inner product of the two BS steering 

vectors whose DOAs are 𝜃𝑠1 and 𝜃𝑠2 is denoted as 

 𝛽(𝜃𝑠1, 𝜃𝑠2) = 𝒉
𝐻(𝜃𝑠1)𝒉(𝜃𝑠2), (6-17) 

and can be simply denoted as 𝛽 for the two signals case. Also since 𝐺(𝜃𝑠1) = 𝐻
2(𝜃𝑠1), 

then for the scenario of two coherent signals, the BS conventional beamformer output 

power at one of the DOAs is given by 

 
𝑝𝐶𝐵−𝐵𝑆(𝜃𝑠1) = 𝜎𝑠1

2 +
𝜎𝑠1𝜎𝑠2
𝐻(𝜃𝑠1)

(𝛽𝜌12
∗ + 𝛽∗𝜌12) +

|𝛽|2

𝐻2(𝜃𝑠1)
𝜎𝑠2
2 +

𝜎𝑛
2𝒉𝐻(𝜃𝑠1)𝑽

𝐻𝑽𝒉(𝜃𝑠1)

𝐻2(𝜃𝑠1)
. (6-18) 

The variation of 𝐻(𝜃) with angle decreases with an increasing number of beams in the 

sector of interest, and when the separation between beam centres is less than half of the 

3 𝑑𝐵 beamwidth, the value of 𝐻(𝜃) is almost constant and 𝐻(𝜃) ≈ 𝐻𝑐. The value of 𝛽 

decreases dramatically with an increasing separation between the two DOAs. For 

example, consider the scenario used before, 21 directional ULA transmitted beams at 

angles of -2° to 18° with 1° separation. The value of 𝐻(𝜃) and |𝛽(𝜃, 8°)| versus 𝜃 are 

plotted in Figure 6-1. 

 
Figure 6-1: An example of values of 𝐻(𝜃) and |𝛽(𝜃, 8°)|. 
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In expression (6-18), setting 𝜌12 = 0  gives the conventional BS beamformer output 

power for the case of independent signals, and the second part of (6-18) shows that the 

extra power caused by the correlation, 
𝜎𝑠1𝜎𝑠2

𝐻(𝜃𝑠1)
(𝛽𝜌12

∗ + 𝛽∗𝜌12), which depends on both the 

correlation between signals and the correlation between two steering vectors. When the 

separation between 𝜃𝑠1  and 𝜃𝑠2  is larger than half a beamwidth, the value of  
|𝛽|

𝐻𝑐
  

becomes relatively small and the correlation between signals only affects the output at 

𝜃𝑠1  slightly. Otherwise, the extra power can be significant. Therefore, the correlation 

causes a different beamformer output from the result for the model containing 

independent signals only and can potentially shift the angles of the conventional 

beamformer output power peaks. 

 Optimum BS Beamformer Output with Correlated Signals 6.1.3

The optimum BS beamformer (MVDR) algorithm minimises the total power under the 

constraint of unity response at the look direction. With this criterion, the process of 

optimisation manipulates correlated signals to partially or completely cancel the desired 

signal at the look angle, which distorts the output power seriously. More detailed 

description of the performance degradation of optimum ES beamformer in the presence 

of correlated signals can be found in [50], [104] and [105]. In this section, only the effect 

on BS processing is analysed. 

 Optimum BS Beamformer Output Power at DOAs of Correlated 6.1.3.1

Signals in Omni-directional Transmission Case 

The output power of the standard optimum BS beamformer at the DOA of one of the 

correlated signals, e.g., 𝜃𝑠1 is derived in Appendix D, where it is shown that the optimum 

BS beamformer output power at 𝜃𝑠1 is given by 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) ≈ 𝜎𝑠1
2

+
1

(𝐻𝑐
2 − 𝛽∗𝛽)𝜎𝑠2

2 + 𝐾𝐻𝑐𝜎𝑛
2(|𝜌12|

2𝜎𝑠1
2 𝜎𝑠2

2 (𝛽∗𝛽 − 𝐻𝑐
2)    

+ 𝐾𝜎𝑛
2 (
𝛽∗𝛽𝜎𝑠2

2

𝐻𝑐
+ 𝜎𝑠1𝜎𝑠2(𝛽

∗𝜌12 + 𝛽𝜌12
∗ )))+

𝐾

𝐻𝑐
𝜎𝑛
2 

(6-19) 

Therefore, the optimum BS beamformer output power values at the DOAs of the 

correlated signals can be significantly different from the corresponding independent 

signals case and the output at the DOA, 𝜃𝑠1, is seriously attenuated. When the SNR of 

𝑠1(𝑡) is very high (𝜎𝑠1
2 ≫ 𝜎𝑛

2), equation (6-19) can be simply approximated as 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) ≈ 𝜎𝑠1
2 (1 − |𝜌12|

2) (6-20) 
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In this case, the output power depends only on the signal power at DOA 𝜃𝑠1 and the 

correlation coefficient between the two signals. The higher correlation causes more 

attenuation to the output power, and a weak but coherent interference may cancel a 

strong signal. 

When two DOAs are very closely spaced, 𝒉(𝜃𝑠1) ≈ 𝒉(𝜃𝑠2) and 𝛽∗𝛽 ≈ 𝐻2 , then the 

optimum BS beamformer output power approaches to 𝜎𝑠1
2 + 𝜎𝑠2

2 +
1

𝐻
𝜎𝑠1𝜎𝑠2(𝛽

∗𝜌12 +

𝛽𝜌12
∗ ) +

𝐾

𝐻
𝜎𝑛
2 , where K is the number of receivers. In this case, the optimum BS 

beamformer works similar to a conventional BS beamformer. 

 Optimum BS Beamformer Output Power at DOAs of Correlated 6.1.3.2

Signals in Directional Transmission Case 

With a similar derivation in Appendix D, for the directional transmission case, the 

optimum BS beamformer output power at one of the DOAs of coherent signals is given 

by 

 

𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) ≈ 𝜎𝑠1
2 +

1

(𝐾𝑦
2 − |𝛽𝑑|

2)𝜎𝑠2
2 + 𝐾𝑦𝐾𝜎𝑛

2
(|𝜌12|

2𝜎𝑠1
2 𝜎𝑠2

2 (|𝛽𝑑|
2 − 𝐾𝑦

2)

+ 𝐾𝜎𝑛
2 (
|𝛽𝑑|

2𝜎𝑠2
2

𝐾𝑦
+ 𝜎𝑠1𝜎𝑠2(𝛽𝑑

∗𝜌12 + 𝛽𝑑𝜌12
∗ )) +

𝐾

𝐾𝑦
𝜎𝑛
2 

(6-21) 

where 𝑘𝑦(𝜃𝑠1)  has been defined in (4-20) and its value is near the constant 𝐾𝑦 when 𝜃𝑠1 

is inside the sector scanned by formed beams; 𝛽𝑑 = 𝒗𝒚
𝐻(𝜃𝑠1)𝒗𝒚(𝜃𝑠2), which was earlier 

denoted as 𝐵(𝜃𝑠1, 𝜃𝑠2) in (4-34). Comparing equations (6-19) and (6-21), the expressions 

are very similar and lead to the same conclusion, i.e., output SNR can be attenuated by 

correlation, for example, a weak multipath signal can result in the cancellation of the 

direct path signal. 

An example of the directional transmission BS beamformer output for two fully 

correlated signals, where 𝜌12 = 𝑗, i.e., the direct path and reflected signals are 90° out of 

phase, was considered. A ULA containing 64 elements spaced half of a wavelength apart 

and 20 Tx/Rx beams were formed scanning over the azimuthal region of 1° to 20° with 

1° separation. The returns from two scatterers have SNRs of 10 dB and 6 dB at any 

single receiver and they were incident from azimuthal angles 8° and 15° respectively. 

The theoretical output power values of the conventional and MVDR BS beamformers are 

plotted versus azimuthal angle in Figure 6-2. In this example, the conventional BS 

beamformer output power is only slightly affected by the coherence. Considering the 

array aperture size, the two targets were reasonably separated in azimuth, but the output 

of optimum beamformer can be seriously degraded by the coherence. 
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Figure 6-2: An example of outputs of the directional transmission conventional and optimum 

BS beamformers for a model of two coherent signals. The green circles are the output power 

calculated using (6-21). 

To further quantify the performance of this example, the output SNR of the optimum BS 

beamformer in direction 𝜃𝑠1 =8° is plotted versus the actual SNR of that signal at a 

single receiver in Figure 6-3. It shows that when the SNR of the signal 𝑠1(𝑡) at 𝜃𝑠1  is 

weaker than the SNR of the signal in the other direction 𝜃𝑠2, i.e., 6 dB, it is almost fully 

cancelled and the optimum BS beamformer output power at 𝜃𝑠1 is approximately 
𝐾

𝐾𝑦
𝜎𝑛
2; 

when the SNR of 𝑠1(𝑡) is equal or larger than the SNR of the signal in direction 𝜃𝑠2, the 

optimum BS beamformer output power is near to a linear function of the SNR of 𝑠1(𝑡), 

but with a shift (i.e., loss) of about -25 dB.  

 

Figure 6-3: Directional transmission optimum BS beamformer output power value at the DOA 

of the signal (𝜃𝑠1 = 8°) versus different SNR. The SNR of the second signal is 6 dB, DOA = 15° 

and 𝜌12 = 𝑗. 
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The optimum BS beamformer output power is also plotted versus SNR of the other 

signal in Figure 6-4. It shows that the output at 𝜃𝑠1 decreases with an increasing of the 

SNR of the other signal. When the SNR of the signal from 𝜃𝑠2 reaches the same intensity 

of the signal at 𝜃𝑠1 , i.e., 10 dB, the output curve becomes flatter and the output at 𝜃𝑠1 is 

more than 25 dB lower than the SNR of 𝑠1(𝑡). 

 

Figure 6-4: Directional transmission optimum BS beamformer output power value at the DOA 

of the signal (𝜃𝑠1 = 8°) versus the SNR of the other signal whose DOA is 15° and 𝜌12 = 𝑗. 

The optimum BS beamformer output power at 𝜃𝑠1 is plotted as a function of amplitude of 

the correlation coefficient between two signals in Figure 6-5, where 𝜌12 = 𝛾𝑗, 0.1 ≤ 𝛾 ≤

1. By increasing the value of |𝜌12|, the optimum BS output at 𝜃𝑠1 is attenuated more 

significantly and falls dramatically when |𝜌12| > 0.9. 

 

Figure 6-5: Directional transmission BS MVDR beamformer output power value at the DOA of the 

signal (𝜃𝑠1 = 8°) versus correlation coefficient 𝜌12 = 𝛾𝑗, 0.1 ≤ 𝛾 ≤ 1. The SNR of the signal at 

𝜃𝑠1 = 8° is 10 dB and the SNR of the signal at 𝜃𝑠2 = 15° is 6 dB. 
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 Eigen-decomposition of a BS Covariance Matrix for the Case of 6.1.4

a Group of Coherent Signals 

Subspace methods are based on eigen-decomposition of the covariance matrix to 

separate the eigenvectors for signal and noise subspaces. When signals are uncorrelated 

or partially correlated, the source signal covariance matrix is non-singular and its rank 

depends on the number of signals L and number of beams M and is given by 

 𝑟𝑎𝑛𝑘(𝑹𝒔) = min (𝐿,𝑀). (6-22) 

All the steering vectors from the DOAs of signals span the signal subspace and are 

orthogonal to the noise subspace; therefore, the DOAs can be estimated by using 

subspace methods. Notice that for partially correlated signals, their DOAs can be 

correctly indicated by the peaks of the MUSIC output, but the values of the peaks are 

significantly lower than the uncorrelated signals case. 

However, when a group of signals are completely coherent, the steering vectors at 

different DOAs are added with different weights in the receiver outputs and thus form a 

new generalised vector. Thus, the signal subspace covariance matrix becomes rank 

deficient. In the omni-directional transmission case, the receiver output vector containing 

a group of L coherent signals is given by (6-10) and the beam output vector is given by 

 

𝒚(𝑡) = 𝑽𝐻(∑𝑠𝑙(𝑡)𝒗(𝜃𝑠𝑙)

𝐿

𝑙=1

+ 𝒏(𝑡)) 

=∑𝜌𝑙𝜎𝑠𝑙𝑠0(𝑡)𝑽
𝐻𝒗(𝜃𝑠𝑙)

𝐿

𝑙=1

+ 𝑽𝐻𝒏(𝑡) 

= 𝑠0(𝑡)∑𝜌𝑙𝜎𝑠𝑙𝒉(𝜃𝑠𝑙)

𝐿

𝑙=1

+ 𝑽𝐻𝒏(𝑡). 

(6-23) 

where 𝑠0(𝑡) is the transmitted unit amplitude narrowband signal. Here a generalised BS 

steering vector, which contains BS steering vectors of those coherent signals, can be 

defined as 

 

𝒉𝒔 =∑𝜌𝑙𝜎𝑠𝑙𝒉(𝜃𝑠𝑙)

𝐿

𝑙=1

, (6-24) 

and it is easy to verify that the following relationship between the principal eigenvector 

of the BS covariance matrix, 𝒒𝒚1, and the generalised BS steering vector, 𝒉𝒔, is  

 
𝒒𝒚1 =

𝒉𝒔

‖𝒉𝒔‖
𝑒𝑗𝜑, (6-25) 
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where 𝑒𝑗𝜑  is a random phase shift. Thus, the principal eigenvector of 𝑹𝒚  is a linear 

combination of the L coherent signal steering vectors and it can be written as  

 𝒒𝒚1 = 𝜌1
′𝒉(𝜃𝑠1) + 𝜌2

′𝒉(𝜃𝑠2) + ⋯+ 𝜌𝐿
′𝒉(𝜃𝑠𝐿) 

= 𝑽𝐻(𝜌1
′𝒗(𝜃𝑠1) + 𝜌2

′𝒗(𝜃𝑠2) + ⋯+ 𝜌𝐿
′𝒗(𝜃𝑠𝐿)), 

(6-26) 

where 𝜌𝑙
′ =

𝜌𝑙𝜎𝑠𝑙𝑒
𝑗𝜑

‖𝒉𝑠‖
. Provided that 𝑽𝐻𝑽 = 𝑰, the rest of the eigenvalues are given by 

𝜆2 = 𝜆3 = ⋯ = 𝜆𝑀 = 𝜎𝑛
2, and the corresponding eigenvectors, 𝒒𝒚𝑖, 𝑖 = 2,3,⋯𝑀, span 

the noise subspace, and the signal subspace being of rank one, which is rank deficient. 

Because of their Vandermonde structure, ES steering vectors for a ULA at different 

angular positions are linearly independent, and the same conclusion is applied to the BS 

case, i.e., no steering vector in the BS array manifold can be represented as a linear 

combination of the other BS steering vectors, when 𝑀 < 𝐾. Thus the generalised BS 

steering vector is never coherent with a BS steering vector at any azimuthal angle. Since 

if  𝒉𝑠 = 𝜌𝐿+1
 𝒉(𝜃𝐿+1), then 

 𝑽𝐻(𝜌1
′𝒗(𝜃𝑠1) + 𝜌2

′𝒗(𝜃𝑠2) + ⋯+ 𝜌𝐿
′𝒗(𝜃𝑠𝐿) − 𝜌𝐿+1

′ 𝒗(𝜃𝐿+1)) = 0 (6-27) 

As columns of 𝑽 are linearly independent, the above equation can only be satisfied by 

 𝜌1
′𝒗(𝜃𝑠1) + 𝜌2

′𝒗(𝜃𝑠2) + ⋯+ 𝜌𝐿
′𝒗(𝜃𝑠𝐿) − 𝜌𝐿+1

′ 𝒗(𝜃𝐿+1) = 0, (6-28) 

and since 𝒗(𝜃𝑙) is linearly independent of each other, only 𝜌𝑖=0 for 𝑖 = 1, 2, … , 𝐿 + 1. 

Hence 𝒒𝒚1 =
𝒉𝒔

‖𝒉𝒔‖
𝑒𝑗𝜑 is a linear combination of the BS steering vectors of the coherent 

signals, but it is not coherent with any BS steering vector. Thus, it is not able to separate 

the signal and noise subspaces as that for the model containing independent signals only. 

Consequently, eigen-decomposition methods, such as MUSIC, fail in DOA estimation, 

as no sharp output peaks would appear in the array manifold to indicate the DOAs. 

 Direction-of-Arrival Estimation for Coherent Signals 6.2

The problem of DOA estimation for coherent signals has received considerable attention, 

and for ES approaches most methods rely on using the outputs from different subarrays 

to recover the rank loss of the “signal subspace”. In these approaches, slight differences 

between the covariance matrices of different subarrays are exploited to address the rank 

deficiency problem. For example, the spatial smoothing method [47], [48], [49] or its 

extensions, such as [77], are used to restore the rank of signal covariance matrix and 

methods in [50], [51] and [52] form a new Toeplitz matrix whose elements are the 

correlations among receivers, and the rank is the same as the number of signals. 
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There are some other methods for estimating the DOAs of coherent signals in the 

literature, such as utilising different frequencies for wideband signals [58], [59] or 

relying on a moving array [61], [62]. However, these methods are based on special 

conditions and not applicable to the most common scenario of narrowband signals 

incident on a stationary phased array. 

To implement the known spatial smoothing methods requires either receiver outputs or 

the ES covariance matrix. However, in BS processing, when the ES data is not 

accessible, the standard subarray methods cannot be applied. To the best of author’s 

knowledge, no method in the literature has been proposed to remove the coherence for 

BS processing. In [63], the authors suggested performing spatial smoothing in ES then 

further processing in BS, but this method requires the exact ES covariance matrix to be 

known and is not applicable to the case where only beam data is available.  

After reviewing the spatial smoothing method in Section 6.2.1, a technique for 

reconstructing an ES coherent signal subspace from the omni-directional transmission 

BS outputs is proposed in Section 6.2.2. In Section 6.2.3, a special matrix which allows 

the DOAs of the coherent signals to be estimated is proposed, and a method of 

estimating this matrix from the directional transmission BS data is developed.  

 Spatial Smoothing 6.2.1

Spatial smoothing methods have been developed to reduce signal correlations and force 

the signal covariance matrix to be non-singular. Forward spatial smoothing [47] can be 

summarised as averaging over several subarray covariance matrices, enabling the rank of 

signal subspace to be increased until it is of full rank. This process removes the 

coherence between coherent signals and allows the subspace methods to work. The 

forward spatially smoothed covariance matrix formed by using N subarrays is given by 

 

𝑹𝑆𝑆 =
1

𝑁
∑𝑹𝒙

(𝑖)

𝑖=𝑁

𝑖=1

, (6-29) 

where 𝑹𝒙
(𝑖)

 is covariance matrix of the i-th subarray and is given by 

 𝑹𝒙
(𝑖)
= 𝐸{𝒙(𝑖)𝒙(𝑖)𝐻}, (6-30) 

where 𝒙(𝑖) is the receiver output vector of the 𝑖-th subarray and given by 

 𝒙(𝑖) = [𝑥𝑖  𝑥𝑖+1 … 𝑥𝑖+𝐾−𝑁]𝑇 . (6-31) 

After spatial smoothing, the forward averaged subarray covariance matrix can be 

expressed as 

 
𝑹𝑆𝑆 = 𝑽𝒔

(𝑁)(𝛩𝑠)𝑹𝑢
𝑓
𝑽𝒔
(𝑁)𝐻(𝛩𝑠), (6-32) 
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where 𝑽𝒔
(𝑁)(𝛩𝑠)  is a matrix containing all the source signal steering vectors but the 

length of each steering vector is reduced to K-N+1 and 𝑹𝑢
𝑓
 is a full rank 𝐿 × 𝐿 matrix. 

Thus 𝑹𝑆𝑆 has exactly the same form as the covariance matrix for the case of L incoherent 

signals, and then the subspace methods can be applied to estimate the DOAs regardless 

of the coherence. A detailed description and analysis of 𝑹𝑢
𝑓
 and 𝑹𝑆𝑆 can be found in [49] 

and [106]. 

For a group of L coherent signals, the minimum number of receivers in each subarray is 

L+1, thus the forward spatial smoothing method requires at least 2L receivers in a phased 

array and the maximal number of estimable signals in a coherent group is min (𝑁, 𝐾/2), 

more discussion can be found in [47]. 

To achieve better decorrelation and to reduce the minimum number of receivers to 3/2L, 

the forward/backward spatial smoothing (FBSS) approach [49] forms the subarrays by 

starting at the opposite ends of the linear array, i.e., the reference receiver order is 

reversed. The FBSS process can be expressed as 

 

𝑹𝐹𝐵 =
1

2𝑁
(∑𝑹𝒙

(𝑖)

𝑖=𝑁

𝑖=1

+ ∑𝑹𝒙𝑏
(𝑖)

𝑖=𝑁

𝑖=1

). (6-33) 

An expression for the i-th subarray covariance matrix of the backward spatial smoothing 

approach is given by 

 𝑹𝒙𝑏
(𝑖)
= 𝐸{𝒙𝑏

(𝑖)∗𝒙𝑏
(𝑖)𝑇
}, (6-34) 

where 𝒙𝑏
(𝑖)

 is the receiver output vector of the i-th backward subarray and given by 

 𝒙𝑏
(𝑖) = [𝑥𝐾−𝑖+1

  𝑥𝐾−𝑖
 … 𝑥𝑁−𝑖+1

 
]𝑇. (6-35) 

The i-th backward subarray covariance matrix can be also written as 

 𝑹𝒙𝑏
(𝑖)
= 𝑱𝑹𝒙

(𝑁−𝑖+1)𝑇
𝑱. (6-36) 

where J is the exchange matrix, whose components are zero except for ones on the anti-

diagonal elements, and is written as 

 

𝑱 = [

𝟎   1
  ⋰  
 1   
1   𝟎

]. (6-37) 
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A schematic drawing of the forward/backward spatial smoothing algorithm is illustrated 

in Figure 6-6 

 

Figure 6-6: The forward/backward spatial smoothing scheme. 𝐾0 is the number of the elements 

in each subarray. 

Utilising the different phase shifts that occur to different incident signals on each of the 

subarrays, the spatial smoothing approaches recover the rank of the covariance matrix. 

Then, eigen-structure methods can be successfully implemented to the spatially 

smoothed covariance matrix at the expense of a lower angular resolution, as the aperture 

of each subarray is smaller than the original array. The spatial smoothing process reduces 

the correlation by increasing the number of averages, and the performance of optimum 

beamformer on the spatially smoothed covariance matrix is different from the case of 

independent signals; more detailed discussion for this can be found in [104]. 

Unfortunately, these approaches are not directly applicable to the BS coherent signal 

problem, since the Vandermonde structure of the ES steering vector is not present in the 

beam outputs; and usually no data from subarrays is available or can be formed from the 

beam outputs. 

 DOA Estimation for Coherent Signals in Omni-directional 6.2.2

Transmission BS Case 

As discussed in Chapter 3 and given by equation (3-2), the omni-directional transmission 

BS covariance matrix is a linear transformation of an invariant ES covariance matrix. If 

the ES covariance matrix can be reconstructed or well approximated by using both the 

BS covariance matrix and the transformation matrix, 𝑽, which contains the steering 

vectors of the preformed beams, then the spatial smoothing approach can be applied to 

reduce the correlation, and then the DOAs can be estimated by using subspace methods. 
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When the number of independent beams is equal to the number of receivers, the ES 

covariance matrix can be exactly recovered by using the expression 

𝑹𝒙 = (𝑽𝐻)−1𝑹𝒚(𝑽
 )−1 . This expression naturally suggests that when the number of 

beams is either less or greater than the number of receivers, an approximation for the ES 

covariance matrix is given by 

 �̃�𝒙 = (𝑽
𝐻)+𝑹𝒚𝑽

+ . (6-38) 

where ()+ denotes the Moore-Penrose pseudoinverse [98]. When 𝑀 > 𝐾and the rows of 

V are independent, its pseudo inverse is given by 

 𝑽+ = 𝑽𝐻(𝑽𝑽𝐻)−1. (6-39) 

and substituting it into (6-38) gives  

 �̃�𝒙 = (𝑽𝑽
𝐻)−1𝑽𝑽𝐻𝑹𝒙𝑽𝑽

𝐻(𝑽𝑽𝐻)−1
 
= 𝑹𝒙. (6-40) 

Thus again the exact ES covariance matrix can be reconstructed when the number of 

beams, M, is more than the number of receivers, K, and the spacing of the beams ensures 

that there are K independent beams or they can be transformed to be independent. 

However as most commonly happens in practice, the main interest is the case where the 

number of independent beams is smaller than the number of elements, and in this case 

the pseudoinverse matrix of 𝑽 is given by 

 𝑽+ = (𝑽𝐻𝑽)−1𝑽𝐻 . (6-41) 

In this case, the higher dimensional ES covariance matrix cannot be perfectly 

reconstructed by applying a linear transformation to the lower dimensional BS 

covariance matrix. However the dimension of the ES signal subspace is normally lower 

than the number of beams, especially when the signal subspace contains only a group of 

fully coherent signals, its dimension is one, and thus it may be possible to reconstruct the 

ES signal subspace according to the BS signal subspace. As the focus in this section is on 

the use of eigen-structure techniques for DOA estimation, it is important to ensure the 

reconstructed ES signal subspace is the same as the signal subspace determined by 𝑹𝑥, 

otherwise, it could fail to find the DOAs of signal or indicate peaks at wrong angles. In 

the following Section 6.2.2.1 to 6.2.2.5, the process of ES signal subspace reconstruction 

from omni-directional transmission BS data is derived and investigated and the 

performance of DOA estimation based on the reconstructed ES covariance matrix is 

analysed.  
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 Relationship between Omni-directional Transmission BS and ES 6.2.2.1

Noise Subspaces 

First consider an ES covariance matrix, 𝑹𝒙, containing Lc (𝐿𝑐 ≥ 1) groups of coherent 

signals and a BS covariance matrix 𝑹𝒚, formed using M mutually orthogonal beams, i.e., 

𝑽𝐻𝑽 = 𝑰. As shown in [27] and Appendix A, the following relationship between the ES 

and BS noise subspace exists: 

 𝒒𝑖 = 𝑽𝒒𝒚𝑖, (𝑖 = 𝐿𝑐 + 1,⋯𝑀), (6-42) 

where 𝒒𝑖 and 𝒒𝒚𝑖 are the noise eigenvectors of 𝑹𝒙 and 𝑹𝒚 respectively. In other words, 

𝑽𝒒𝒚𝑖  (𝐿𝑐 < 𝑖 ≤ 𝑀)  is a noise eigenvector of 𝑹𝒙 , and the set of these vectors of 

𝑽𝒒𝒚𝑖 , (𝐿𝑐 < 𝑖 ≤ 𝑀) is a subset of the noise subspace of 𝑹𝒙. 

When 𝑽𝐻𝑽 ≠ 𝑰 , the SFS method can be used to generate beams that are mutually 

orthogonal, where the corresponding transformation matrix and BS covariance matrix 

are given by (3-20) and (3-21), and the generalised SFS coherent BS steering vector is 

given by 

 
𝒉 
′(𝜃) = (𝑽𝐻𝑽)−

1
2𝒉(𝜃). (6-43) 

 Reconstruction of ES Coherent Signal Subspace from BS 6.2.2.2

Covariance Matrix 

The scenario in this section is restricted to a group of fully coherent signals incident on a 

ULA, where |𝜌𝑙| = 1, (1 ≤ 𝑙 ≤ 𝐿)  and rank(𝑹𝒔) = 1 . In this case, a generalised 

steering vector in ES is a linear combination of steering vectors of the coherent signals 

and is denoted as 

 

𝒗𝒔 =∑𝜌𝑙𝜎𝑠𝑙𝒗(𝜃𝑠𝑙

𝐿

𝑙=1

). (6-44) 

The eigen-decomposition of the ES covariance matrix can be expressed as 

 

𝑹𝒙 = 𝜆1𝒒1𝒒1
𝐻 +∑𝜆𝑖𝒒𝑖𝒒𝑖

𝐻

𝐾

𝑖=2

, (6-45) 

where 𝜆1 = 𝜎𝑠
2 + 𝜎𝑛

2, 𝜆𝑖 = 𝜎𝑛
2 (2 ≤ 𝑖 ≤ 𝐾) and 𝒒1 =

𝑒𝑖𝜑

‖𝒗𝒔‖
𝒗𝒔, where 𝜎𝑠

2 is the combined 

power of the coherent signals and is given by 𝜎𝑠
2 = ‖𝒗𝒔‖

2. The above equation can be 

rewritten as 

 

𝑹𝒙 =
𝜎𝑠
2 + 𝜎𝑛

2

‖𝒗𝒔‖2
𝒗𝒔𝒗𝒔

𝐻 +∑𝜎𝑛
2𝒒𝑖𝒒𝑖

𝐻

𝑀

𝑖=2

+ ∑ 𝜎𝑛
2𝒒𝑖𝒒𝑖

𝐻

𝐾

𝑖=𝑀+1

. (6-46) 
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When 𝑽𝐻𝑽 = 𝑰, the M-1 noise eigenvectors of the middle term in (6-46) satisfy the 

equation 

 𝒒𝑖 =  𝑽𝒒𝒚𝑖 , 2 ≤ 𝑖 ≤ 𝑀. (6-47) 

For the omni-directional transmission case, the generalised coherent steering vector in 

BS is denoted as 𝒉𝒔 and is given by 

 𝒉𝒔 = 𝑽
𝐻𝒗𝒔 = ∑ 𝜌𝑙𝜎𝑠𝑙𝒉(𝜃𝑠𝑙

𝐿
𝑙=1 ). (6-48) 

The BS covariance matrix can be written as 

 𝑹𝒚 = 𝑽𝐻𝑹𝒙𝑽 

= 𝑽𝐻𝒗𝒔𝒗𝒔
𝐻𝑽 + 𝜎𝑛

2𝑰 

= 𝒉𝒔𝒉𝒔
𝐻 + 𝜎𝑛

2𝑰 

(6-49) 

The eigen-decomposition of the BS covariance matrix is expressed as 

 

𝑹𝒚 =∑𝜆𝑦𝑖𝒒𝒚𝑖𝒒𝒚𝑖
𝐻

𝑀

𝑖=1

, 

𝜆𝑦1 =
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
𝜎𝑠
2 + 𝜎𝑛

2 > 𝜎𝑛
2, 𝜆𝑦𝑖 = 𝜎𝑛

2, (𝑖 ≥ 2). 

(6-50) 

Also, according to (6-25), for a group of coherent signals, the generalised BS coherent 

signal steering vector 𝒉𝒔 is proportional to the principal eigenvector of 𝑹𝒚, 𝒒𝒚1, and can 

be written as 

 𝒉𝒔 = 𝑒
−𝑗𝜑‖𝒉𝒔‖𝒒𝒚1, (6-51) 

where 𝑒−𝑗𝜑is a random phase. As the eigenvectors are mutually orthogonal, thus  

 𝒒𝒚𝑖
𝐻 𝒉𝒔 = 0, 2 ≤ 𝑖 ≤ 𝑀. (6-52) 

In Appendix A, it is shown that the vector 𝑽𝒒𝒚1 would be coherent with the generalised 

ES coherent signal steering vector 𝒗𝒔, only if the value of  
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
 equals one. The value of  

‖𝒉𝒔‖
2

‖𝒗𝒔‖2
 varies when the number of beams changes. Consider an example of two coherent 

signals at DOAs of 8.23° and 9.44°, SNR=10 dB and 5 dB respectively, correlation 𝜌=𝑒𝑖, 

and beams evenly separated in angle in a sector from 1° to 20°. The value of 
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
 versus 

the number of beams is shown in Figure 6-7. 
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Figure 6-7: The value of 
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
 versus the number of beams in a sector of interest. 

It indicates the value of 
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
 converges to one when the number of beams is larger than 

12, in which case the spacing between the beams centres is less than half a beamwidth. 

When 
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
= 1, it is shown in Appendix A that 

 

𝜎𝑛
2 ∑ 𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻
𝐾

𝑖=𝑀+1

= 0. (6-53) 

Since 𝜎𝑛
2 > 0 and 𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻 ≥ 0, hence, 

 
𝒒𝑀+1
𝐻 𝑽𝑽𝐻 = 𝒒𝑀+2

𝐻 𝑽𝑽𝐻 = ⋯ = 𝒒𝐾
𝐻𝑽𝑽𝐻 = 0, (𝑀 < 𝑖 ≤ 𝐾), (6-54) 

Substituting (6-46) and (6-47) into 𝑹𝒙
𝑽𝒉𝒔

‖𝒉𝒔‖2
, gives 

 
𝑹𝒙

𝑽𝒉𝒔
‖𝒉𝒔‖

2
= (
𝜎𝑠2+𝜎𝑛2

‖𝒗𝒔‖2
𝒗𝒔𝒗𝒔

𝐻 +∑𝜎𝑛
2𝒒𝑖𝒒𝑖

𝐻

𝑀

𝑖=2

+ ∑ 𝜎𝑛
2𝒒𝑖𝒒𝑖

𝐻

𝐾

𝑖=𝑀+1

)
𝑽𝒉𝒔

‖𝒉𝒔‖2
 

=
𝜎𝑠2+𝜎𝑛2

‖𝒗𝒔‖2
𝒗𝒔
𝒗𝒔
𝐻𝑽𝒉𝒔
‖𝒉𝒔‖

2
+∑𝜎𝑛

2𝑽𝒒𝒚𝑖𝒒𝒚𝑖
𝐻 𝑽𝐻𝑽

𝒉𝒔
‖𝒉𝒔‖

2

𝑀

𝑖=2

+ ∑ 𝜎𝑛
2𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻
𝒗𝒔

‖𝒉𝒔‖
2

𝐾

𝑖=𝑀+1

. 

(6-55) 

Substituting 𝑽𝐻𝑽 = 𝑰, (6-52) and (6-54) into (6-55), then  

 
𝑹𝒙

𝑽𝒉𝒔
‖𝒉𝒔‖2

=
𝜎𝑠
2 + 𝜎𝑛

2

‖𝒗𝒔‖2
𝒗𝑠
𝒉𝒔
𝐻𝒉𝒔

‖𝒉𝒔‖2
+ 0 + 0 

=
𝜎𝑠
2 + 𝜎𝑛

2

‖𝒗𝒔‖2
𝒗𝒔. 

(6-56) 
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As 𝑹𝒙𝒗𝒔= (𝜎𝑠
2 + 𝜎𝑛

2)𝒗𝒔 , thus 𝑹𝒙𝒗𝒔 = ‖𝒗𝒔‖
2𝑹𝒙

𝑽𝒉𝒔

‖𝒉𝒔‖2
, because 𝑹𝒙  is a full rank and 

invertible matrix, hence 

 𝒗𝒔 =
‖𝒗𝒔‖

2

‖𝒉𝑠‖2
𝑽𝒉𝒔, (6-57) 

and by substituting (6-51),  

 
𝒗𝒔 =

‖𝒗𝒔‖
2

‖𝒉𝒔‖
𝑽𝒒𝒚1𝑒

−𝑗𝜑. (6-58) 

For the case that the formed beams are not mutually orthogonal, the SFS method can be 

applied, then the corresponding SFS BS transformation matrix and the generalised 

coherent SFS BS steering vector are given by 

 
𝑽′ = 𝑽(𝑽𝐻𝑽)−

1
2 

𝒉𝒔
′ = 𝑽(𝑽𝐻𝑽)−

1

2𝒉𝒔, 
(6-59) 

and the reconstructed ES generalised coherent signal steering vector is given by 

 

𝒗𝒔 =
‖𝒗𝒔‖

2

‖𝒉𝒔′‖2
𝑽′𝒉𝑠

′  

=
‖𝒗𝒔‖

2𝑽(𝑽𝐻𝑽)−
1
2(𝑽𝐻𝑽)−

1
2𝒉𝒔

‖𝒉𝒔𝐻(𝑽𝐻𝑽)
−
1
2𝑽𝐻𝑽(𝑽𝐻𝑽)−

1
2𝒉𝒔‖

2 

=
‖𝒗𝒔‖

2

‖𝒉𝒔‖2
𝑽(𝑽𝐻𝑽)−1𝒉𝒔 

=
‖𝒗𝒔‖

2

‖𝒉𝒔‖ 
𝑽(𝑽𝐻𝑽)−1𝒒𝒚1𝑒

−𝑗𝜑 . 

(6-60) 

Notice that the phase factor 𝑒−𝑗𝜑 and the scalar 
‖𝒗𝒔‖

2

‖𝒉𝒔‖ 
 are unknown, but they do not affect 

separating the signal and noise subspaces and the result of DOA estimation. Thus they 

can be ignored without loss of generality and a vector �̃�𝒔, which is coherent with the ES 

generalised coherent signal steering vector 𝒗𝒔, can be reconstructed or approximated as 

 �̃�𝒔 = 𝑽𝒒𝒚1, (for mutually orthogonal beams) 

�̃�𝒔 = 𝑽(𝑽𝐻𝑽)−1𝒒𝒚1. (for non-orthogonal beams) 

(6-61) 

Using the same example in Figure 6-7 , the absolute value of the correlation coefficient 

between �̃�𝒔  and 𝒗𝒔  (or 𝒒1 ) is shown in Figure 6-8. It proves that with a sufficient 

number of beams, the 1-D signal subspace of the reconstructed ES covariance matrix is 

identical to that of the original ES covariance matrix. 
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Figure 6-8: The absolute value of the correlation coefficient between �̃�𝑠 and 𝒗𝑠 versus number 

of beams in the sector of interest. 

In summary, an ES generalised coherent steering vector can be estimated from the 

principal eigenvector of the omni-directional transmission BS covariance matrix. In 

terms of covariance, a matrix containing the generalised coherent signal steering vector 

can be reconstructed as 

 �̃�𝒙
′ = �̃�𝒙𝒄 + �̃�𝒏 
= �̃�𝑠

2�̃�𝒔�̃�𝒔
𝐻 + �̃�𝑛

2𝑰. 
(6-62) 

For mutually orthogonal beams, the above equation can be written as 

 �̃�𝒙
′ = �̃�𝑠

2𝑽𝒒𝒚1𝒒𝒚1
𝐻 𝑽𝐻 + �̃�𝑛

2𝑰. (6-63) 

Note that for both cases considered in (6-61), the reconstructed ES signal subspace is 

obtained by multiplying the Moore-Penrose pseudoinverse of the BS transformation 

matrix to the BS signal subspace. An ES noise subspace could also be constructed in a 

similar manner but an alternative approach is adopted here. This approach is based on 

one assumption and one property of MUSIC DOA estimation algorithm. The assumption 

is that the noise output of receiver elements is spatially white, i.e., uncorrelated between 

receivers and so the reconstructed ES noise covariance matrix can be assumed to be a 

𝐾 × 𝐾 diagonal matrix. The used property is that for MUSIC the only way noise power 

affects the algorithm is in setting the threshold for determining the dimension of the 

signal subspace, i.e., the number of signals. Thus for DOA estimation using the subspace 

method, the exact signal and noise power values �̃�𝑠
2 and �̃�𝑛

2 are not required, as they will 

not affect the result of DOA estimation. Therefore, the choice of �̃�𝑠
2  and �̃�𝑛

2  is quite 

arbitrary, but in order to show the DOAs as very sharp peaks in the output of eigen-

structure methods, �̃�𝑠
2 > �̃�𝑛

2 can be used.  

Then the spatial smoothing and the subspace algorithms can be applied to �̃�𝒙
′  to estimate 

the DOAs of the coherent signals, the process is the same as the details described in 

Section 6.2.1 and [49]. 
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 An Example of Applying Spatial Smoothing and MUSIC to 6.2.2.3

Estimated ES Covariance Matrix 

The example in Figure 6-7 was used again, i.e., two coherent signals are incident on the 

array in directions of 8.23° and 9.44°(two random but closely spaced angles), with SNRs 

equal to 10 dB and 5 dB at any single receiver respectively, and the correlation 

coefficient between the two signals ρ = 𝑒𝑖. The array has 64 receivers, 𝑑 = 0.5𝜆, with a 

variable number (10, 14 and 20) of equally spaced beams in a sector of [1°, 20°]. The BS 

covariance matrix was modelled as (6-12), by applying the SFS transformation, the 

reconstructed ES generalised coherent signal steering vector and covariance matrix are 

given by (6-61) and (6-62) respectively, where �̃�𝑠
 = 1  and �̃�𝑛

 = 0.1 . Then, forward 

spatial smoothing was applied to �̃�𝒙
′  with one average and ES MUSIC algorithm was 

then applied. The outputs of MUSIC for using different numbers of beams are shown in 

Figure 6-9, where the true DOAs are plotted as magenta spots. It shows that DOA 

estimation is very difficult using a small number of beams whose separation is larger 

than half of 3 dB beamwidth, whilst the MUSIC output peaks appear at the correct 

DOAs with increasing the number of beams and become sharp peaks when a sufficient 

number of beams are used. 

 
Figure 6-9: An example of applying spatial smoothing and MUSIC algorithms to a 

reconstructed ES covariance matrix of a model containing two coherent signals. The numbers of 

beams are 10, 14 and 20 respectively. 

The same scenario with 20 beams at 1° separation was simulated and 1024 independent 

samples were generated for each beam. After reconstructing the ES covariance matrix �̃�𝒙
′  
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and applying forward spatial smoothing with one average, the output of MUSIC versus 

azimuthal angle is plotted in Figure 6-10. Similar to the theoretical numerical analysis, 

the DOAs of coherent signals can be estimated accurately but the output peaks are not as 

sharp as the theoretical analysis due to the high sensitivity of MUSIC algorithm. The 

output of the BS conventional beamformer and MUSIC are also plotted for comparison. 

Neither the conventional beamformer nor the BS MUSIC approaches can separate the 

two DOAs and the output values of the latter one are very small. 

 

Figure 6-10: A simulation example of applying spatial smoothing and MUSIC algorithms to the 

reconstructed ES covariance matrix containing two coherent signals. 20 beams at 1° separation 

and 1024 samples were simulated for each beam. 

 DOA Estimation of a Mixture of Uncorrelated and Coherent 6.2.2.4

Signals 

When a mixture of incoherent (uncorrelated and partially correlated) and a group of 

coherent (fully correlated) signals are incident on a ULA, the BS covariance matrix can 

be written as 

 𝑹𝒚 = 𝑽𝐻𝑹𝒙𝑽 

= 𝑯(𝛩𝑠)𝑹𝒔𝒄𝑯
𝐻(𝛩𝑠) + 𝑯(𝛩𝑠𝑢)𝑹𝒔𝒖𝑯

𝐻(𝛩𝑠𝑢) + 𝑽
𝐻𝑽𝜎𝑛

2, 
(6-64) 

where 𝛩𝑠𝑐  is the set of DOAs of the coherent signals, 𝛩𝑠𝑢  is the set of DOAs of the 

uncorrelated signals; 𝑹𝒔𝒄 and 𝑹𝒔𝒖 denote the for coherent and incoherent source signals 

covariance matrices respectively; 𝑯(𝛩𝑠) and 𝑯(𝛩𝑠𝑢)  are two matrices containing the 

steering vectors of coherent and incoherent signals respectively. The coherent signal part 

in 𝑹𝒚, 𝑯(𝛩𝑠)𝑹𝒔𝒄𝑯
𝐻(𝛩𝑠), can be denoted as 𝒉𝒔𝒄𝒉𝒔𝒄

𝐻 , where 𝒉𝒔𝒄  is the generalised BS 

coherent signal steering vector. Notice 𝒉𝒔𝒄 is the same as 𝒉𝒔 here, but this problem can 

be extended to multiple groups of coherent signals, so a new variable is used here. Also, 

only the uncorrelated signals and fully coherent signals are considered, whilst the low 

partially correlated signals can be treated as the uncorrelated case in DOA estimation and 

the highly correlated signals are similar to the coherent case. 
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The BS signal subspace is spanned by the generalised BS coherent steering vector and 

the uncorrelated signal steering vectors as following equation 

 𝑹𝒚𝒔 = 𝑠𝑝𝑎𝑛{ 𝒉𝒔𝒄 𝑯(𝛩𝑠𝑢)}. (6-65) 

A similar problem in ES processing has been discussed in the literature, such as [74], 

[75]. The basic idea is to separate the coherent and uncorrelated signal subspaces and to 

process each one separately. Here this idea is extended to the BS processing case, and the 

developed approach of reconstructing the ES signal subspace is implemented. The first 

step is to estimate the DOAs of the uncorrelated signals. For example, strong peaks at 

𝛩𝑠𝑢—the DOAs of the uncorrelated signals can be found in the output of BS MUSIC. 

Then oblique projection is used to extract the generalised BS coherent signal steering 

vector, 𝒉𝒔𝒄 , more specifically, the principal eigenvector of the BS coherent signal 

covariance matrix, 𝒒𝒚𝒄1, whilst nulling the uncorrelated signal steering vectors 𝑯(𝛩𝑠𝑢); 

then �̃�𝒔 can be estimated according to (6-61). Finally, the spatial smoothing approach can 

be applied to recover the rank of the coherent signal subspace and the DOAs of the 

coherent signals can be estimated by using ES subspace approaches. A flow diagram of 

the procedure of DOA estimation for a mixture of uncorrelated signals and a group of 

coherent signals is shown in Figure 6-11. 

 
Figure 6-11: The flow diagram for estimating DOAs of a mixture of coherent and uncorrelated 

signals. 

In the process of extracting the coherent signal subspace, as shown in equation (5-22), 

the oblique projection requires both 𝑯(𝛩𝑠𝑢) and 𝒉𝒔𝒄. 𝛩𝑠𝑢 can be easily obtained by using 

subspace methods, but obviously 𝒉𝒔𝒄 is unknown, thus the oblique projection is not able 

to be applied directly. As being proved in [74], the power values of the uncorrelated 

signals can be estimated accurately and by extending the result for ES case in [74] to the 

BS problem, the coherent signal subspace can be estimated as 

 
𝒉𝐻(𝛩𝑠𝑐)𝑹𝒔𝒄𝒉(𝛩𝑠𝑐) = 𝑹𝒚𝒔 −𝑯(𝛩𝑠𝑢) (𝑯

𝐻(𝛩𝑠𝑢)𝑹𝒚𝒔
+
 
𝑯(𝛩𝑠𝑢))

−1

𝑯𝐻(𝛩𝑠𝑢), (6-66) 

where the signal subspace 𝑹𝒚𝒔 can be estimated by  

 𝑹𝒚𝒔 = 𝑹𝒚 − 𝑽
𝐻𝑽𝜎𝑛

2. (6-67) 
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The above method was applied to an example containing uncorrelated signals and two 

coherent signals and the result is shown here. Two uncorrelated signals with DOAs of 

5.3° and 10.67°, both with the same SNR of 10 𝑑𝐵 at any single receiver were added 

into the previous example used in Figure 6-9 and Figure 6-10, whilst 20 beams in a 

sector of [1°, 20°] with 1° separation were formed. The eigen-spectrum of 𝑹𝒚 is plotted 

in Figure 6-12. Only three large eigenvalues appear and their corresponding eigenvectors 

span the signal subspace. 

 

Figure 6-12: An example of eigenvalues of BS covariance matrix mixed with two coherent 

signals and two uncorrelated signals. 

BS conventional beamformer and MUSIC outputs versus azimuthal angle are showed in 

Figure 6-13 and it shows that the coherent signals do not affect the DOA estimation for 

the uncorrelated signals. 

 

Figure 6-13: An example of BS conventional beamforming and MUSIC outputs for two 

coherent signals and two uncorrelated signals. 

To null the BS uncorrelated signal component but keep the coherent signal component 

unchanged, the formula (6-66) and (6-67) were used, where the noise power was 

estimated according to the small eigenvalues in Figure 6-12. After extracting the 

coherent signal subspace, the process of reconstructing the ES coherent signal subspace 
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as described in Section 6.2.2.2, spatial smoothing and ES subspace techniques were 

carried out and the result is shown in Figure 6-14. It shows that the DOAs of coherent 

signals can be estimated accurately and together with the previous estimated DOAs of 

the uncorrelated signals, the result of DOA estimation is satisfactory. 

 

Figure 6-14: An example of DOA estimation for a mixture of uncorrelated and coherent signals. 

The DOAs of two uncorrelated signals are estimated using BS MUSIC and the DOAs of two 

coherent signals are estimated by ES MUSIC with applying spatial smoothing to the 

reconstructed ES covariance matrix. 

In some cases, the received signals can be a mixture of several groups of coherent signals 

but uncorrelated among those groups. Similar to the scenario containing one group of 

coherent signals, the same algorithm can be used whilst more generalised coherent signal 

steering vectors or corresponding eigenvectors are used together. An example of such a 

problem in BS processing is shown in Appendix E. 

 The Number of Coherent Signals 6.2.2.5

To focus on subspace methods, it is common to assume the number of signals is known 

in advance, such as those examples in Section 6.2.2.3 and 6.2.2.4. However, this 

information is not always available in practice and needs to be estimated in advance. 

When the estimated number of signals is different from the actual number, the chosen 

signal subspace would have the wrong dimensions and signals could either be missed or 

false peaks may appear in the output. The common methods for estimating the number of 

independent source signals such as Akaike information criterion (AIC) and minimum 

description length (MDL) would not work for the case of coherent signals and need some 

modification such as [73]. Other methods, such as [64] and [65], have been suggested to 

estimate the number of coherent signals, and they carry out the MDL process after each 

spatial smoothing then compare the results of the MDL with increasing the number of 

subarrays used for spatial smoothing to decide the number of signals. 
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 DOA Estimation for Coherent Signals in Directional 6.2.3

Transmission BS Case 

As shown in Chapter 4, the directional transmission BS model is different from the 

omni-directional transmission case; the ES covariance matrices are different for each 

transmit beam and the BS covariance matrix is a linear transformation of the stacked ES 

covariance matrix, which is given by equation (4-25). Due to the way that the different 

beam patterns of transmitted beams affect the ES covariance matrices, even if the 

number of beams exactly equals the number of receivers, it is difficult to reconstruct the 

ES covariance matrix. In this section, a new expression of coherent signals for the 

directional transmission BS case is investigated. 

 Spatial Decorrelation of Directional Transmission Coherent Signals 6.2.3.1

in ES 

First consider the problem of estimating DOAs of coherent signals in the directional 

transmission ES case. When receiver outputs are available, the coherence between the 

signals can be removed by applying a spatial smoothing approach to the ES covariance 

matrix for each transmit beam. In this way, coherence can be removed but some signals 

whose DOAs occur at nulls in the beam pattern of a particular beam would not be 

detected. To overcome this limitation, the results of different beams can be merged to 

find all the DOAs. 

For the directional transmission case, as the beam pattern changes for each transmit 

beam, both the phase and amplitude of a signal transmitted into a certain direction vary 

for each beam. The average of the ES covariance matrices for all M beams is given by 

 

�̅�𝒙 =
1

𝑀
∑ 𝑹𝒙(𝜃𝑚)

𝑀

𝑚=1

 

=
1

𝑀
∑ 𝑽𝒔(𝛩𝑠)𝑹𝒔

′ (𝜃𝑚)𝑽𝒔
𝐻(𝛩𝑠)

𝑀

𝑚=1

+ 𝜎𝑛
2𝑰, 

(6-68) 

where the source signal covariance matrix weighted by the beam patterns of the m-th  

transmission beam is denoted as 𝑹𝒔
′ (𝜃𝑚) and given by 

 𝑹𝒔
′ (𝜃𝑚) =

[
 
 
 

𝑏𝑝1(𝜃𝑚)𝑏𝑝1
∗(𝜃𝑚)𝜎𝑠1

2 𝜌12𝑏𝑝1(𝜃𝑚)𝑏𝑝2
∗(𝜃𝑚)𝜎𝑠1𝜎𝑠2 ⋯ 𝜌1𝐿𝑏𝑝1(𝜃𝑚)𝑏𝑝𝐿

∗(𝜃𝑚)𝜎𝑠1𝜎𝑠𝐿
𝜌12
∗ 𝑏𝑝2(𝜃𝑚)𝑏𝑝1

∗(𝜃𝑚)𝜎𝑠1𝜎𝑠2 𝑏𝑝2(𝜃𝑚)𝑏𝑝2
∗(𝜃𝑚)𝜎𝑠2

2 ⋯ 𝜌2𝐿𝑏𝑝2(𝜃𝑚)𝑏𝑝𝐿
∗(𝜃𝑚)𝜎𝑠2𝜎𝑠𝐿

⋮ ⋮ ⋱ ⋮
𝜌1𝐿
∗ 𝑏𝑝𝐿(𝜃𝑚)𝑤𝑏1

∗(𝜃𝑚)𝜎𝑠1𝜎𝑠2 𝜌2𝐿
∗ 𝑏𝑝𝐿(𝜃𝑚)𝑏𝑝2

∗(𝜃𝑚)𝜎𝑠1𝜎𝑠2 ⋯ 𝑏𝑝𝐿(𝜃𝑚)𝑏𝑝𝐿
∗(𝜃𝑚)𝜎𝑠𝐿

2 ]
 
 
 

,  
(6-69) 

where 𝑏𝑝𝑙(𝜃𝑚) is the un-normalised beam pattern of the m-th transmitted beam in the  
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direction of the l-th signal and is given by 

 𝑏𝑝𝑙(𝜃𝑚) = 𝒗
𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙). (6-70) 

As 𝑏𝑝𝑙(𝜃𝑚) varies at each beam, it adds different weights to each correlation coefficient 

and 𝑹𝒔
′ (𝜃𝑚) changes at each beam. This processing of forming �̅�𝒙 is similar to the case 

of averaging M covariance matrices for a moving array at different positions, and the 

coherence can be effectively removed. 

An example is shown here, three directionally transmitted coherent signals are incident 

on an array in directions of 8.23°, 9.67° and 15°, with SNRs equal to 10 dB, 5 dB and 10 

dB at any single receiver respectively, with correlations between the signals as 𝜌12 = 𝑒
𝑖, 

𝜌13 = 1 and 𝜌23 = 𝑒−𝑖. The ULA consists of 64 receivers, d=0.5𝜆 , and 20 directionally 

transmitted beams equally spread in a sector of [1°, 20°]. Without decorrelation, 

coherence would cause ES eigen-structure methods to fail. The average over these ES 

covariance matrices from different beams removes the coherence and the result of 

applying MUSIC algorithm is plotted in Figure 6-15. Three sharp peaks appear on the 

correct azimuthal angles and indicate the correct DOAs. 

 

Figure 6-15: An example of applying MUSIC algorithm to the average over the ES covariance 

matrices for different directionally transmitted beams. 

This averaging process is different from the common spatial smoothing methods, as the 

idea of subarrays is not used, but different weights are applied to the source signals for 

each transmit beam. In this way, the maximum number of signals that can be estimated 

for a coherent group is the smaller of the number of beams or receivers, i.e., min(𝑀,𝐾), 

which can be more than the spatial smoothing method. Additionally, unlike the subarrays 

methods, the array aperture is not reduced, and thus it is able to provide a better angular 

resolution for DOA estimation. 
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 Feasibility of Reconstructing ES Signal Subspace for Directional 6.2.3.2

Transmission BS Case  

As described in Section 6.2.3.1, the coherence can be easily removed by averaging the 

ES covariance matrices from different beams, however, in many cases the ES receiver 

outputs are not available. Intuitively, the same method of reconstructing the omni-

directional transmission ES covariance matrix used in Section 6.2.2.2 was first 

considered. Using formula (6-61) but for the stacked ES covariance matrix as (4-22), the 

corresponding stacked MK×1 ES coherent signal steering vector is reconstructed as 

 �̃�𝒔𝑠 = 𝑼𝒒𝒚1 = 𝑼𝑼𝐻𝒒1𝑠, (6-71) 

where 𝑼 has been given by (4-24) and here 𝒒1𝑠 denotes the principal eigenvector of the 

stacked ES covariance matrix. 

Similar to the omni-directional case discussed earlier, ideally, if �̃�𝒔𝑠 is coherent with 𝒒1𝑠, 

then the ES signal subspace can be well reconstructed. By applying the approach in 

Section 6.2.2.2, the reconstructed stack ES covariance matrix is an MK×MK matrix and 

can be denoted as an M×M block matrix, each block is a K×K matrix. The block matrices 

on the main diagonal are the reconstructed ES covariance matrices for the different 

transmit beams. A question arises that whether the coherence can be removed by using 

the approach in Section 6.2.3.1—averaging over the reconstructed M covariance matrices 

for different beams. 

To recall (4-24), 𝑼 is a diagonal block matrix and 𝑼𝑼𝐻 is a projection operator and it 

projects the one dimension BS signal subspace, 𝒒𝒚1, to each beam, so �̃�𝒔𝑠 is a stack of M 

vectors, each of which is a weighted ES steering vector for one of the beam directions. 

For example, the m-th vector is given by 𝒗(𝜃𝑚)𝒗
𝐻(𝜃𝑚)𝒒1(𝜃𝑚), where 𝒒1(𝜃𝑚) is the 

principal eigenvector of  𝑹𝒙(𝜃𝑚) . Obviously, for the case that a group of coherent 

signals are incident, 𝒒1(𝜃𝑚) is not coherent with 𝒗(𝜃𝑚) and so 𝒗(𝜃𝑚)𝒗
𝐻(𝜃𝑚)𝒒1(𝜃𝑚) is 

not coherent with 𝒒1(𝜃𝑚). Thus, if �̃�𝒔𝑠 is used to reconstruct 𝑹𝒙(𝜃𝑚), only a term of the 

form 𝒗(𝜃𝑚)𝒗
𝐻(𝜃𝑚)  weighted by ‖𝒗𝐻(𝜃𝑚)𝒒1(𝜃𝑚)‖

2  can be formed, which does not 

contain the form of the incident signals from 𝛩𝑠. Then the principal eigenvector of the 

reconstructed ES covariance matrix is coherent with 𝒗(𝜃𝑚) and the subspace method 

only works for the case where the DOAs of the coherent signals are coincidently located 

at the MRAs of beams; otherwise it does not indicate the correct DOAs and peaks would 

appear at or near to the beam centres close to the DOAs. 

For example, this method was applied to the same scenario as in Figure 6-15 but the ES 

outputs were not available, the estimated DOAs were 8°, 9.88° and 15°. Only for the last 

signal, whose DOA coincides with the beam centre (15°), the estimated DOA is correct, 

and the accuracy depends on the spacing between MRAs. A more detailed analysis is 

shown in Appendix F. Increasing the number of evenly distributed beams only increases 

the resolution as beam centres are closer to the actual DOAs, but it is still not able to 



6.2 Direction-of-Arrival Estimation for Coherent Signals 

117 

 

work out the exact DOAs when they do not coincide with MRAs. Therefore, the method 

of reconstructing the ES coherent signal subspace for the omni-directional transmission 

BS case is not feasible for the directional transmission case. 

 DOA Estimation for Coherent Signals in Directional Transmission 6.2.3.3

BS Case Using a newly Derived Matrix 

The covariance matrix is the most common way to represent the signal model for use in 

array processing, but it is not the only way. For example, beam outputs can be 

represented in a vector as (3-1) and the fourth-order cumulants have been used as the 

expression of signals in [112], [113] and [114]. 

For a scenario containing L coherent signals, the m-th directional transmission beam 

output is given by 

 𝑦𝑚 = 𝒗𝐻(𝜃𝑚)𝒙(𝜃𝑚) 

=∑𝑠𝑙𝒗
𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙)𝒗

𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙)/𝐾

𝐿

𝑙=1

+ 𝒗𝐻(𝜃𝑚)𝒏(𝜃𝑚). 
(6-72) 

As these signals are coherent, ignoring the propagation delay, the l-th signal can be 

denoted as 𝑠𝑙 = 𝜌
𝑙

𝜎𝑠𝑙

𝜎𝑠0
𝑠𝑜 , where 𝑠𝑜  is the unit amplitude ( 𝜎𝑠0 = 0 ) narrowband 

transmitted signal, 𝒗𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙) is a complex scalar, thus its transpose is itself: 

 𝒗𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙) = (𝒗𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙))
𝑇 = 𝒗𝑇(𝜃𝑠𝑙)𝒗

∗(𝜃𝑚), (6-73) 

and the above equation (6-72) can be written as 

 

𝑦𝑚 = 1/𝐾∑ 𝜌
𝑙
𝜎𝑠𝑙𝑠𝑜 𝒗

𝐻(𝜃𝑚)𝒗(𝜃𝑠𝑙)𝒗
𝑇(𝜃𝑠𝑙)𝒗

∗(𝜃𝑚)

𝐿

𝑙=1

+ 𝒗𝐻(𝜃𝑚)𝒏(𝜃𝑚) 

=  
1

𝐾
𝒗𝐻(𝜃𝑚) (∑𝜌𝑙𝜎𝑠𝑙𝒗(𝜃𝑠𝑙)𝒗

𝑇(𝜃𝑠𝑙)

𝐿

𝑙=1

)𝒗∗(𝜃𝑚)𝑠𝑜 + 𝒗
𝐻(𝜃𝑚)𝒏(𝜃𝑚). 

(6-74) 

Define a matrix 𝑸𝒔  as the summation of weighted self-outer product of ES signal 

steering vectors and given by 

 

𝑸𝒔 =∑𝜌𝑙𝜎𝑠𝑙𝒗(𝜃𝑠𝑙)𝒗
𝑇(𝜃𝑠𝑙)

𝐿

𝑙=1

 

= 𝑽𝒔(𝛩𝑠) [

𝜌1𝜎𝑠1   𝟎
 𝜌2𝜎𝑠2   
  ⋱  
𝟎   𝜌𝐿𝜎𝑠𝐿

] 𝑽𝒔
𝑇(𝛩𝑠). 

(6-75) 
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For a ULA, the Vandermonde structure of 𝒗(𝜃𝑠𝑙) implies that 𝒗(𝜃𝑠𝑙)𝒗
𝑇(𝜃𝑠𝑙) and hence 

𝑸𝒔 are Hankel matrices. 𝑸𝒔 is closely related to an ES signal covariance matrix for L 

independent signals, and its rank equals to L—the number of coherent signals. 

The singular value decomposition (SVD) of 𝑸𝒔 is represented as 

 𝑸𝒔 = 𝑼𝒔𝒗𝜮𝑽𝒔𝒗 

= [𝑼𝒔𝒗(𝐿) 𝑼𝒔𝒗(𝐾 − 𝐿)] [
𝜮(𝐿) 𝟎
𝟎 𝜮(𝐾 − 𝐿)

] [
𝑽𝒔𝒗(𝐿)

𝑽𝒔𝒗(𝐾 − 𝐿)
], 

(6-76) 

where the non-zero singular values are the diagonal elements of 𝜮(𝐿); the columns of 

left singular vectors correspond to the non-zero singular values, i.e. 𝑼𝒔𝒗(𝐿), span the 

dominant (signal) subspace, and the remaining columns of 𝑼𝒔𝒗 correspond to the zero 

singular values, i.e., 𝑼𝒔𝒗(𝐾 − 𝐿) , span the subdominant(noise) subspace. These two 

subspaces are orthogonal to each other. Since the steering vectors in the array manifold 

are linearly independent, thus these steering vectors at the DOAs of the signals, i.e., 

𝒗(𝜃𝑠𝑙), 𝑙 = 1,2,⋯ 𝐿 and the columns of 𝑼𝒔𝒗(𝐿) span the same subspace, i.e., 𝑼𝒔𝒗(𝐿): 

 𝑠𝑝𝑎𝑛{𝒗(𝜃𝑠1) 𝒗(𝜃𝑠2) ⋯ 𝒗(𝜃𝑠𝐿)} = 𝑠𝑝𝑎𝑛{𝑼𝒔𝒗(𝐿)}, (6-77) 

thus 𝒗(𝜃𝑠𝑙) is orthogonal to 𝑼𝒔𝒗(𝐾 − 𝐿)  and the DOAs of signals can be estimated by 

directly applying the subspace method, such as MUSIC: 

 
𝑝𝑀𝑈𝑆𝐼𝐶−𝑄𝑠(𝜃) =

1

∑ |𝒗𝐻(𝜃)𝑼𝒔𝒗(𝐾 − 𝐿)|2
𝐾
𝑖=𝐿+1

. (6-78) 

Notice the singular vectors are used here rather than the eigenvectors and the output 

peaks indicate the DOAs of signals. Theoretically, the elements in 𝜮(𝐾 − 𝐿) are zeros, 

but in practice they can be very small values close to zero, due to issues of numerical 

computation, noise and estimation errors. 

 Estimating 𝑸𝒔 from Directional Transmission BS Data 6.2.3.4

For the directional transmission BS case, assuming the noise components are both spatial 

and temporal white, the noise in different beams are completely uncorrelated, thus 

 𝐸{𝒗𝐻(𝜃𝑚)𝒏(𝜃𝑚)𝒏
𝐻(𝜃𝑚)𝒗(𝜃𝑚)} = 𝐾𝜎𝑛

2, 

𝐸{𝒗𝐻(𝜃𝑚)𝒏(𝜃𝑚)𝒏
𝐻(𝜃𝑖)𝒗(𝜃𝑖)} = 0, when i ≠ m. 

(6-79) 

The directional transmission BS covariance matrix containing a group of coherent 

signals can be written as 

 𝑹𝑦 = 𝒗𝒚𝒔𝒗𝒚𝒔
𝐻 + 𝐾𝜎𝑛

2𝑰𝑀×𝑀, (6-80) 
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where 𝒗𝒚𝒔 is the generalised coherent signal BS steering vector and given by 

 

𝒗𝒚𝒔 =∑𝜌𝑙𝜎𝑠𝑙𝒗𝒚(𝜃𝑠𝑙

𝐿

𝑙=1

). (6-81) 

Substituting (4-8), (6-73) and (6-75) in the above expression and it is can be written as 

 

𝒗𝒚𝒔 =

[
 
 
 
 
𝒗𝐻(𝜃1)𝑸𝒔𝒗

∗(𝜃1)

𝒗𝐻(𝜃2)𝑸𝒔𝒗
∗(𝜃2)

⋮
𝒗𝐻(𝜃𝑀)𝑸𝒔𝒗

∗(𝜃𝑀)]
 
 
 
 

. (6-82) 

Applying vectorisation to each element of 𝒗𝒚𝒔 yields 

 𝒗𝒚𝒔(𝑚) = 𝑣𝑒𝑐[𝒗
𝐻(𝜃𝑚)𝑸𝒔𝒗

∗(𝜃𝑚)] 

= 𝒗𝐻(𝜃𝑚) ⊗ 𝒗𝐻(𝜃𝑚)𝑣𝑒𝑐[𝑸𝒔], 
(6-83) 

and then stacking all the elements in 𝒗𝒚𝒔: 

 

𝒗𝒚𝒔 =

[
 
 
 
𝒗𝐻(𝜃1) ⊗ 𝒗𝐻(𝜃1)

𝒗𝐻(𝜃2) ⊗ 𝒗𝐻(𝜃2)
⋮

𝒗𝐻(𝜃𝑀) ⊗ 𝒗𝐻(𝜃𝑀)]
 
 
 
 𝑣𝑒𝑐[𝑸𝒔]. (6-84) 

Then, the least square error method can be used to estimate the vectorisation of 𝑸𝒔 as 

 

𝑣𝑒𝑐[�̃�𝒔] =

[
 
 
 
𝒗𝐻(𝜃1) ⊗ 𝒗𝐻(𝜃1)

𝒗𝐻(𝜃2) ⊗ 𝒗𝐻(𝜃2)
⋮

𝒗𝐻(𝜃𝑀) ⊗ 𝒗𝐻(𝜃𝑀)]
 
 
 
+

𝒗𝒚𝒔. (6-85) 

Similar to the process in Section 6.1.4, it is easy to verify the following relationship 

between the principal eigenvector of the BS covariance matrix, 𝒒𝒚1, and 𝒗𝒚𝒔: 

 𝒒𝒚1 =
𝒗𝒚𝒔

|𝒗𝒚𝒔|
𝑒𝑗𝜑, (6-86) 

where 𝑒𝑗𝜑 is a random phase shift and (6-85) can be written as  

 

𝑣𝑒𝑐[�̃�𝒔] = |𝒗𝒚𝒔|𝑒
−𝑗𝜑

[
 
 
 
𝒗𝐻(𝜃1) ⊗ 𝒗𝐻(𝜃1)

𝒗𝐻(𝜃2) ⊗ 𝒗𝐻(𝜃2)
⋮

𝒗𝐻(𝜃𝑀) ⊗ 𝒗𝐻(𝜃𝑀)]
 
 
 
+

𝒒𝒚1. (6-87) 

Similar to the derivation in Section 6.2.2.2, with a sufficient number of beams, 𝑣𝑒𝑐[�̃�𝒔] 

can be coherent with 𝑣𝑒𝑐[𝑸𝒔]. Although the complex scalar |𝒗𝒚𝒔|𝑒
−𝑗𝜑 is unknown, it 
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does not affect the result of DOA estimation, thus it can be ignored, and (6-85) can be 

replaced by 

 

𝑣𝑒𝑐[�̃�𝒔] =

[
 
 
 
𝒗𝐻(𝜃1) ⊗ 𝒗𝐻(𝜃1)

𝒗𝐻(𝜃2) ⊗ 𝒗𝐻(𝜃2)
⋮

𝒗𝐻(𝜃𝑀) ⊗ 𝒗𝐻(𝜃𝑀)]
 
 
 
+

𝒒𝒚1. (6-88) 

The 𝐾2 × 1 vector 𝑣𝑒𝑐[�̃�𝒔] can be easily recovered or converted to a K×K matrix �̃�𝒔. 

Then the subspace method based on SVD which has been discussed in Section 6.2.3.3 

can be applied to �̃�𝒔 to estimate the DOAs of coherent signals. Due to the number of 

samples and beams, �̃�𝒔 can be different from 𝑸𝒔, and the subdominant (noise) singular 

values can be not zeros, but with a sufficient number of beams, they are still much 

smaller than the dominant (signal) singular values. Notice the maximum number of 

signals that can be detected is still M. 

 Results of Estimating DOAs of Coherent Signals Using �̃�𝒔 6.2.3.5

The similar scenario in Figure 6-9 was used, where two coherent signals at DOAs of 

8.23° and 9.44°, SNR=10 dB and 5 dB, correlation 𝜌=𝑒𝑗, are incident on a ULA with 64 

receivers, d=0.5𝜆, but with variable number of directional Tx/Rx beams equally spread 

in a sector [1°, 20°]. The matrix, �̃�𝒔, was estimated by using the approach in Section 

6.2.3.4, and then the MUSIC algorithm was applied. The outputs of MUSIC versus a 

different number (16, 20 and 24) of beams are shown in Figure 6-16. Comparing the true 

DOAs (being plotted as magenta spots), it shows that the estimated DOAs are biased for 

a small number of beams, but the result improves by increasing the number of beams, 

and eventually very sharp peaks appear at the correct DOAs of the coherent signals. 

 
Figure 6-16: An example of applying MUSIC algorithm to estimated 𝑸𝒔. A model containing 

two coherent signals was used and the numbers of beams were 16, 20 and 24 respectively. 
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The same scenario with 24 directional Tx/Rx beams equally spread in a sector [1°, 20°]. 

was simulated and 256 independent samples were generated for each beam. After 

estimating the matrix, �̃�𝒔, the MUSIC using SVD method was applied and the output 

versus azimuthal angle is plotted in Figure 6-17. The output power of the BS 

conventional beamformer is also plotted for comparison and the output power values of 

the conventional BS beamformer at the true DOAs are marked as magenta spots. The 

conventional BS beamformer provides poor resolution and the output peaks are biased 

from the true DOAs. Similar to the omni-directional transmission case, the DOAs of the 

coherent signals can be estimated accurately but the output peaks are not as sharp as the 

theoretical analysis. 

 

Figure 6-17: A simulation example of applying MUSIC algorithms to �̃�𝒔. 24 directional Tx/Rx 

beams were used and 256 samples were simulated for each beam.  

As shown in Section 6.2.2.2, for the omni-directional transmission case, an 𝑀 × 𝐾 

matrix is used to estimate a 𝐾 × 1 vector representing the ES generalised coherent signal 

steering vector as (6-61) or a 𝐾 × 𝐾 matrix representing the signal subspace as (6-63). 

Whilst for the directional transmission case, an M× 𝐾2  matrix is used to estimate a 

𝐾2 ×1 vector as (6-88). To achieve the estimation with an equivalent accuracy, more 

beams are required for the directional transmission case. As shown in Figure 6-16, with 

insufficient number of beams, the estimated DOAs can be slightly different from the true 

DOAs. On the other hand, due to the special structure of the directional transmission 

model, without any process of decorrelation, the DOAs of the coherent signals can be 

estimated regardless of the coherence by using �̃�𝒔 . Unlike the spatial smoothing 

processing for the omni-directional transmission case, the number of coherent signals is 

not required in advance and it is can be readily obtained as the rank or the number of the 

dominant singular values of �̃�𝒔, furthermore, the array aperture is not reduced, thus a 

better spatial resolution can be provided. 
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 Other Potential Approaches for Estimating DOAs of Coherent 6.2.4

Signals in BS 

The proposed subspace approaches for the BS coherence problem use either a 

reconstructed ES signal subspace for the omni-directional transmission case or an 

estimated matrix which is the summation of the self-outer product of ES signal steering 

vectors. Besides the proposed methods, other methods can be considered and extended to 

the problem of DOA estimation for coherent signals in BS. For example, constraint 

MUSIC[67], [68] or recursive MUSIC methods [69], [70] and [76] estimate DOAs using 

a sequence of projection operators to constrain the noise subspace to be orthogonal to a 

set of specified direction vectors. To select these directions, a priori information or 

estimation of DOAs is required. However the prior information is not always available 

and the estimate may be inaccurate. For example, peaks from conventional beamformer 

output power can indicate the DOAs only when high SNRs signals are well spatially 

separated, thus the number of signals can be easily estimated incorrectly. Also, the 

universal method—maximum likelihood (ML) [54], [55], [56] and [57] can be 

considered for the DOA estimation for coherent signals in BS. Those methods are either 

limited by the prior information or high computation, and will not be investigated in this 

thesis. 

 Optimum BS Beamformer for Coherent Signals with a 6.3

Priori Knowledge of DOAs 

As mentioned in Section 6.1.3, the optimum BS beamformer output can be seriously 

affected by the coherence (or high correlation) between incident signals. Generally, 

spatial smoothing reduces the correlation between signals but they are still partially 

correlated. Thus, applying the MVDR algorithm to the spatially smoothed covariance 

matrix cannot estimate the signal intensity accurately. However, with a priori knowledge 

or estimation of the DOAs of signals, the problem of signal intensity estimation is much 

easier. In the ES processing literature, this problem has been discussed, such as [19], 

[51], [60] and [66], the authors proposed to keep the unity response at the look angle and 

minimise the total power of rest of coherent signals and interferences, whilst a signal-

free covariance matrix is obtained by blocking the steering vector at the DOA of the 

desired signal. 

For optimum BS beamforming, the same method can be applied. After estimating the 

DOAs of L coherent signals in BS using the methods developed in Section 6.2.2 or 6.2.3, 

the method of linear constraints or oblique projection can be applied to null the responses 

at the DOAs of any correlated signals but keep a unity response at the look direction. The 

BS LCMV algorithm can be applied and the formula is written as  

 𝒘(𝜃) = 𝑹𝒚
−1𝑪(𝜃)[𝑪𝐻(𝜃)𝑹𝒚

−1𝑪(𝜃)]−1𝒈(𝜃), (6-89) 
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where the direction constraint 𝑪 and constraint values 𝒈 are given by 

 

If 𝜃 ∈ 𝛩𝑠, 𝑪(𝜃) = [𝒉(𝜃) 𝒉(𝛩𝑠 ∩ �̅�)], 𝒈(𝜃) = [

1
0
⋮
0

]

𝐿×1

, 

If 𝜃 ∉ 𝛩𝑠, 𝑪(𝜃) = 𝒉(𝜃), 𝒈(𝜃) = 1. 

(6-90) 

The output power is given by 

 
𝑝𝐿𝐶𝑀𝑉−𝐵𝑆(𝜃) = 𝒈

𝐻(𝜃) (𝑪𝐻(𝜃)𝑹𝒚
−1𝑪(𝜃))

−1

𝒈(𝜃). (6-91) 

Notice that the above formula is for the omni-directional transmission case and a 

modification can be easily made for the directional transmission case, which simply 

replaces the steering vector 𝒉(𝜃) by 𝒗𝒚(𝜃). 

An example of the omni-directional transmission coherent signals in BS is shown here. 

Two groups of coherent signals, but uncorrelated between groups, were considered. 

Three coherent signals with 𝑆𝑁𝑅 = 10 dB, 5 dB and 10 dB at any single receiver are 

incident from DOAs of 8.23°, 9.44° and 12°, and with correlations ρ12= e𝑖 and ρ13= 1. 

The second group contained two signals at DOAs of 5.3° and 10.67°, both with SNR=10 

dB at any single receiver, and with correlation ρ12=  e𝑖𝜋/3 . The ULA contains 64 

receivers, d=0.5𝜆 and 20 beams in a sector of [1°, 20°] were evenly distributed with 1° 

separation. After estimating the DOAs using the method discussed in Section 6.2.2, the 

modified LCMV BS beamformer was applied. The conventional and LCMV BS 

beamformer output power values versus azimuthal angle are plotted in Figure 6-18. It 

shows that the output power values at DOAs of the coherent signals are almost the same 

as the actual signal intensities. Due to the cancellation among correlated signals, the 

output power values at other azimuthal angles around DOAs are suppressed as much 

lower values and very sharp peaks appear at DOAs. 

 

Figure 6-18: An example of BS conventional and LCVM beamformer output power values 

versus azimuthal angle with prior information about DOAs. The blue curve represents the 

conventional BS beamformer output power and the black curve is the modified BS LCMV 

beamformer output power. 
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 Summary 6.4

Spatial correlation between signals can occur in both the omni-directional and directional 

transmission BS cases. Coherence or high correlation can seriously degrade the 

performance of beamformers and DOA estimation algorithms. This chapter was focused 

on the DOA estimation and beamforming for coherent signals in BS. In Section 6.1, the 

correlated signal BS model was introduced and the performance degradation for BS 

algorithms was analysed. In Section 6.2, with a brief introduction of spatial smoothing 

algorithms, the method of reconstructing ES signal subspace for the omni-directional 

transmission case was proposed and verified by some examples. Then, a new special 

matrix for the directional transmission BS was proposed. This matrix allows the DOAs 

of coherent signals to be estimated regardless of the coherence, and it can be estimated 

and constructed using the beam steering vectors and the principal eigenvector of the 

directional transmission BS covariance matrix. Some other potential methods for 

estimating DOAs of coherent signals in BS were also briefly discussed. With the DOA 

information, the BS LCMV beamformer with directional constraints was modified for 

the case of coherent signals in Section 6.3. 
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Chapter 7 

7 Application of Beam Space Processing to 

Real Experimental Data 

As mentioned earlier in this thesis, the receiver outputs of a phased array radar—phase 

tilt weather radar (PTWR) used in this project were not accessible and only conventional 

beamformer outputs were recorded for further processing. Thus commonly used ES 

processing methods could not be directly applied to the collected experimental data, and 

BS processing methods became the main technique for spatial signal processing.  

In most experiments carried out by using the PTWR, beams with narrow main lobes 

were directionally transmitted and those beams were scanned over a sector of interest 

and a fixed number of pulses are transmitted and received at each beam. As shown in 

Chapter 4, standard BS processing methods fail for the directional transmission BS 

model, thus only the directional transmission BS processing algorithms developed in 

Chapter 4 to 6 were suitable to process the experimental data collected using the PTWR 

and the results of BS processing are analysed and compared in this chapter.  

This radar was designed as a low cost approach for rapid weather observations, and the 

main benefits of using this phased array system include: low cost, portability, dual 

polarisation, quick electronic scanning in azimuth and high SNR gain provided by 

conventional beamforming. Some parameters required for weather observations, such as 

reflectivity and differential reflectivity, are mainly estimated by using the beam outputs. 

Due to the robustness of conventional beamformer, some phase errors and imperfect 

calibration can be tolerated and they were not significant issues for weather observations. 

For a rapid observation purpose, a short dwell time at each beam was preferred and thus 

only a small number of samples were generally collected for each beam. However, 

because of imperfections in the array calibration, the unavailability of system parameters, 

and the limited number of samples collected, the performance of the BS spatial 

processing algorithms was not expected to be as outstanding as the theoretical analysis or 

simulations based on a perfect model. Additionally, the detailed ground truth (the 

scatterer distribution and multipath) was often unknown, which made the verification 

and assessment difficult. 
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 Description of PTWR and DSTG STF BS Experimental 7.1

Data 

In this section, some details about the PTWR and one selected experimental data for the 

application of the developed BS processing algorithms are described. 

 Details of Phase Tilt Weather Radar 7.1.1

The phased array system used in this project was developed by Raytheon Integrated 

Defence Systems and the array front-end was designed and built by First RF 

Corporation. It is an X-band (9.3 – 9.5 GHz) radar, with dual-linear polarisation and is 

comprised of 64 columns each containing 32 dipole radiating elements [94]. The aperture 

size of this radar is 1.5 m
2
, and the elevation and azimuth beamwidths at broadside  are 

2.8° and 1.8° respectively. The radar can scan electronically to ±45° angles in the 

horizontal principal plane off broadside and mechanically tilts in elevation. For each 

beam, a fixed number of pulses, typically 32 – 128, are transmitted and received before 

the Tx/Rx beam is switched to the next direction and only the conventional beamformer 

output is recorded as In-phase and Quadrature (IQ) data. Both HH and VV polarised data 

can be recorded and the two polarisations are switched at the next pulse. More details 

about the radar system can be found in [119]. Photos of the front and back of the array 

are shown in Figure 7-1. 

 

Figure 7-1: Photos of the Phase Tilt Weather Radar 
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 Description of DSTG Experimental Data 7.1.2

In 2013, the PTWR was deployed to the University of Adelaide and used for a serious of 

experiments which mainly focused on weather and bushfire observations. More details 

about these experiments can be found in [100] and [101]. Most collected data were 

observations of meteorological phenomena containing quick moving volume scatterers, 

whilst for verifying the BS processing algorithms developed in this thesis, data including 

stationary targets with large RCS was highly desired.  

The most suitable experiment for applying these developed BS processing algorithms 

was carried out at the Defence Science and Technology Group (DSTG) System Test 

Facility (STF) at Edinburgh, Adelaide, South Australia. The PTWR scanned over a 

sector by forming 20 directional Tx/Rx beams whose beamwidth was about 1.8° at 

broadside and the MRAs were from an azimuthal angle of -18° to 2° at steps of 1.1° and 

the elevation was fixed at 1°. The radar was operated at a fixed PRF of 3 kHz, with a 

pulse width of 1 µs and pulse compression and the sample gate spacing was about 6 m in 

range. 64 pulses (H and V polarisations were switched at each pulse) were 

transmitted/received in each beam (azimuth) direction. This scan pattern was repeated 12 

times.  

A metal tower at ~50 m height was located at about -8.5° in azimuth and ~ 655 m in 

range and a corner reflector at ~6.5 m height was deployed at about -1
o 
in azimuth and ~ 

605 m in range. Returns from these two large targets are obvious in both of the two range 

bins because of the effect of range sidelobes. The averaged output power values of the 

conventional beamformer as a function of range and azimuthal angle are shown in Figure 

7-2.  

 
Figure 7-2: DSTG BS data H pol return power at different range and azimuthal angle 

Notice that the radar receivers were switched off during the transmitting time, and no 

reflections were recorded in a blind range of 344.76 m. The two known targets were 
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easily identified in the conventional beam outputs, but may be mixed with some ground 

clutter. There were some vegetation features about 200 m in range behind the two 

experimental targets. There was an unknown but isolated target at ~2105 m in range, 

whose beamformed return power was only about 15 dB higher than the noise power and 

was not obvious in Figure 7-2. There were three targets at the range bin of ~1925 m 

where one of the returns was obviously stronger than the other two and its beamformed 

return power was at least 25 dB higher than the noise power.  

Although careful calibrations were done before each experiment, there were still some 

unknown phased array errors; and the accuracy of the recorded MRAs of the beams was 

unknown. 20 transmit/receive beams were formed in a sequence and 64 pulses were 

recorded at each beam, thus different beams were not transmitted/received 

simultaneously. However those targets of main interest are almost stationary and 

unchanged in such a short time during one scan, thus the data in the same scan can be 

processed as the simultaneous beams. For a set of data from multiple scans, there were 

some changes among different scans, so it contains more variation but less correlation. 

 Results of BS Processing for PTWR Experimental Data 7.2

The developed directional transmission BS processing methods were applied and tested 

on the experimental data collected at the DSTG STF. In this section, the results of 

directional transmission BS processing for several range bins of the experimental data 

are presented. 

 Apply Directional Transmission Optimum BS Beamforming to 7.2.1

PTWR Experimental Data 

As discussed in Chapter 6, spatial correlation can degrade the performance of optimum 

BS beamformer. To avoid or reduce the effect of correlation between signals, a dataset 

containing a single isolated target with a strong return was highly desirable, but 

unfortunately, the most suitable data still contained the return from a target mixed with 

some other unknown weak returns. These returns were likely from ground clutter 

because the low elevation angle may result in the lower part of the mainlobe hitting the 

ground. 

The chosen target was at an azimuthal angle of around -13.6° and in a range bin (294) 

about 2105 m away from the radar. These conventional beamformed radar returns in H 

polarisation for 12 repeat scans were used. As shown in (3-4), pulses in the same order 

but from different beams are combined as a vector, 𝒚(t), which represents a realisation 

of conventional beam outputs. The BS covariance matrix, �̂�𝑦 , was estimated by 

averaging 𝒚(t)𝒚𝐻(t)  over the 32 pulses in each scan and over the 12 scans in the 

assumed coherent processing interval. For H polarisation, the diagonal element of �̂�𝑦, 

which represent the average return power values in different beams are marked against 
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azimuthal angle as red spots in Figure 7-3. The directional transmission BS MVDR 

beamformer was applied to the estimated covariance matrix and the output power values 

are plotted versus azimuthal angle, the output power values of the conventional BS and 

standard BS MVDR are also shown for comparison. 

 
Figure 7-3: Results of applying the directional transmission BS MVDR formula to experimental 

BS data in the range bin (294) ~ 2105 m from the radar and comparing with the conventional 

and standard MVDR BS beamformers. 

Similar to the theoretical analysis and performance on the simulated data in Chapter 4, 

the directional transmission BS MVDR formula achieved a better resolution and higher 

gain at the DOA of the main target (about -13.6°). Some output peaks of the standard 

optimum BS beamformer appear around the DOAs, but their power values are relatively 

small. This is because the mismatch between the omni-directional and directional 

transmission steering vectors causes very small outputs. The performance of the 

directional transmission BS MVDR formula is only slightly better than the standard BS 

MVDR formula and the result is unsatisfactory, as the output peak is still much lower 

than the conventional beamformer. Due to possible imperfect calibrations and other 

sources of systematic errors, the covariance matrix estimated from the experimental data 

is different from the theoretical model without perturbations, and taking the beam pattern 

of the transmitting antenna into consideration in the directional transmission BS MVDR 

formula reduced but could not fully solve the mismatch. 

 Apply Robust BS Beamforming to PTWR Experimental Data 7.2.2

As analysed in Chapter 5, different types of errors can degrade the performance of 

optimum BS beamformer and the example of using experimental data in Figure 7-3 

showed that the optimum BS beamformer output power peak at the main target was near 

to 6 dB lower than the conventional beamformer. To overcome the mismatch caused by 

errors, the newly developed robust BS beamformer, as shown in equation (5-30), 

searches for the maximum output power around the processing steering vector. The 

result of applying the robust BS beamformer with an uncertainty set as 𝜖(𝜃) =
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0.18‖𝒗𝒚(𝜃)‖
2
 to the above data in range bin 294 (~2105 m) is shown in Figure 7-4. A 

better SNR gain is achieved by the robust BS beamformer compared with the directional 

optimum BS beamformer. The robust BS beamformer has a slightly narrower “main 

beam” than the conventional beamformer. This is because the robust BS beamformer 

searches the maximum power around the processing angle (steering vector). Although 

this range bin was chosen because it contains an isolated target which potentially reduces 

the effect of signal correlation, its return was weak (considering that the SNR gain from 

the conventional beamforming is 𝐾) and is even hard to see in Figure 7-2. This robust 

optimisation technique only provides very limited improvement to the estimation of the 

signals whose SNRs are low and the outputs are similar to that from the conventional 

beamformer. 

 
Figure 7-4: Results of applying the robust BS beamformer to  experimental BS data in the range 

bin (294) ~ 2105 m from the radar and comparing with directional transmission conventional 

and optimum BS beamformers. 

Another chosen target was in a range bin (264) about 1925 m away from the PTWR, and 

its conventional beamformed power was more than 25 dB above the noise power. There 

appeared to be two weaker returns located at other angles in the same range bin. In some 

scans, these return signals were correlated, but averaging over 12 repeat scans removed 

the correlation between returns in this range bin very well. Applying the developed 

robust BS beamformer with an uncertainty set 𝜖(𝜃) = 0.18‖𝒗𝒚(𝜃)‖
2
 to this data, the 

result is shown in Figure 7-5. For H polarisation, the average return power, are plotted as 

red spots and outputs of the directional transmission conventional and optimum BS 

beamformers are also plotted versus azimuthal angle for a comparison purpose. 

By overcoming the mismatch caused by the possible phase array errors, strong peaks of 

the robust BS beamformer output power appeared at the DOAs of these targets. Thus the 

robust BS beamformer provided a much higher SNR and better resolution than the 

conventional and optimum BS beamformers for the main target in this range bin. For the 

other two targets with weaker SNRs, the robust BS beamformer output power values are 

similar to the BS conventional beamformer. 
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Figure 7-5: Results of applying the robust BS beamforming method to experimental BS data in 

the range bin (264) ~1925 m from the radar and comparing with the conventional and optimum 

BS beamformers. 

These methods were applied to the main interest of this experiment, the metal tower 

located at ~ -8.5
°
 in azimuth and ~655 m from the radar and the corner reflector was 

deployed at ~-1
o 

in azimuth and ~ 605 m from the radar. The average return power 

values in the first scan are marked as red spots against azimuthal angle. The directional 

transmission conventional and optimum BS beamformer output power values, as well as 

the robust BS beamformer output power with an uncertainty set 𝜖(𝜃) =

0.18‖𝒗𝒚(𝜃)‖
2
are plotted in Figure 7-6 for the range bin where the corner reflector was 

located in. 

 
Figure 7-6: Results of applying the robust BS beamformer to the DSTG experimental data in the 

range bin (44) ~605 m from the radar. 

The conventional BS beamformer output power values versus azimuthal angle 

interpolate the beam outputs well but with a low resolution. Obviously, the directional 

transmission BS MVDR algorithm fails to process this data, as the output power peak 

values are too low to be identified. The reason for its failure can be the phase array errors 
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and also the returns from different directions are highly correlated. A sharp and strong 

peak of the robust BS beamformer output power appears at the assumed DOA of the 

corner reflector. However the output around −8.5°, where the range sidelobe of the 

tower was located in, is very weak. The peak of the output power around this angle is 30 

dB below the corresponding output peak of the conventional beamformer. The result of 

applying the robust BS beamformer to the data in the range bin 52 (~655 m away from 

the radar), where the metal tower was located in was similar to this: a strong peak 

appears at the assumed DOAs of the tower but the output around the assumed DOA of 

the corner reflector is weak. This is because the return signals from two main targets are 

highly correlated and multipath might occur around the same target, thus the 

performance of the robust BS beamformer is degraded seriously by the correlation and 

only a strong and sharp peak appears at the DOA of the strongest signal return in each 

coherent group.  

In this example, only data in the first scan was used, where the signals were highly 

correlated. When data is averaged over multiple scans, more variations and less 

correlation between signals are in the BS data. For example, when all the 12 scans were 

averaged and used to estimate the covariance matrix, the maximal robust BS beamformer 

output power appeared at about the same angle, i.e., the DOA of the corner reflector, and 

with almost the same output power value as that using the data from the first scan; also, 

the maximal output power peak was not as sharp as that using the data from a single 

scan, but the output peaks around other DOAs were larger than that from a single scan. 

In [85], the authors reported satisfactory results with different values of the parameter 𝜖 

for the uncertainty set. However, to process the above experiment BS data with 

correlation issues indicated that different values of 𝜖 can provide different results. When 

𝜖 was too small, the actual steering vectors could not be well approximated, but when the 

parameter was increased as 𝜖(𝜃) = 0.27‖𝒗𝒚(𝜃)‖
2

, more beamformer output power 

peaks appeared, which is shown in Figure 7-7.  

 
Figure 7-7: Results of applying robust BS beamformer to the DSTG experimental data in the 

range bin (44) ~605 m from the radar, with a large value of 𝜖. 
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For the case of a group of coherent signals in the directional transmission BS case, the 

BS covariance matrix is given by (6-80) as 𝑹𝑦 = 𝒗𝒚𝒔𝒗𝒚𝒔
𝐻 + 𝐾𝜎𝑛

2𝑰𝑀×𝑀, , and the 

generalised coherent signal steering vector 𝒗𝒚𝒔  is given by (6-81) as 

𝒗𝒚𝒔 = ∑ 𝜌𝑙𝜎𝑠𝑙𝒗𝒚(𝜃𝑠𝑙
𝐿
𝑙=1 ). Thus for any BS processing methods, an output peak would 

appear when the processing vector is coherent with 𝒗𝒚𝒔. For this data, considering the 

factor of phased ray errors, the generalised coherent signal steering vector can be 

modified as 

 

�́�𝒚𝒔 =∑𝜌𝑙𝜎𝑠𝑙�́�𝒚(𝜃𝑠𝑙)

𝐿

𝑙=1

, (7-1) 

where �́�𝒚(𝜃𝑠𝑙) is the actual directional transmission BS steering vector for a scatterer at 

an angle, 𝜃𝑠𝑙, and given by (5-27). As the robust BS beamformer searches for the peak 

power value by varying �̂�𝒚(𝜃)  in the uncertainty set around  𝒗𝒚(𝜃) , when �̂�𝒚(𝜃)  is 

coherent with �́�𝒚𝒔, the optimisation processing will generate an output peak. Therefore, it 

is easier to find a vector coherent with �́�𝒚𝒔 at the DOA of the strongest one in a group of 

coherent signals; whilst with a large uncertainty set, vectors around steering vectors at 

other DOAs of the coherent signals or angles near to the DOA of the strongest signal can 

be coherent with �́�𝒚𝒔 and thus generating more output peaks. 

 Apply DOA Estimation Algorithm for Coherent Signals in 7.2.3

Directional Transmission BS to PTWR Experimental Data 

As discussed in Chapter 6, for the directional transmission BS case, the returns from 

different stationary targets can be highly correlated and the correlation between signals 

can seriously degrade the performance of BS processing. In the examples shown in 

Section 7.2.2, some performance losses of the optimum and robust BS beamformers 

were found and the correlation between signals can be the possible reason. 

For the H polarisation data in the range bin 44 of the fifth scan of the DSTG STF 

experimental data, the eigen-spectrum of the directional transmission BS covariance 

matrix is plotted in Figure 7-8 and it shows only one eigenvalue is significantly larger 

than the other eigenvalues. The metal tower and corner reflector were known and 

preplaced targets, and at least two separated targets (or its range sidelobes) have been 

clearly shown by the conventional beamformer output power in Figure 7-2 and Figure 

7-6. This indicates that the strong correlation between the signals in this range bin 

occurred. 
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Figure 7-8: Eigenvalues of the BS covariance matrix estimated using the BS data in the range 

bin 44 of the fifth scan of the DSTG STF experimental data. 

In Section 6.2.3, a method based on using the newly derived matrix,  𝑸𝒔 , has been 

proposed for estimating the DOA of coherent signals. This matrix was estimated by 

using the BS data in the two range bins 44 or 52 and the results are shown in Figure 7-9 

and Figure 7-10 for the two range bins respectively. In both cases it was assumed there 

were up to 10 correlated signals and so the maximal dimension of the signal subspace 

was 10. For a comparison purpose, the results of applying the conventional BS 

beamforming and BS MUSIC algorithm to the BS covariance matrix directly are also 

plotted. As expected, the performance of BS MUSIC without decorrelation was very 

poor, as the output peaks are weak and not obvious. The proposed DOA estimation 

method in Section 6.2.3 generates multiple strong peaks in both figures, and several 

peaks around the assumed locations of the preplaced targets appear at about the same 

azimuthal angles in both figures. The positions of the largest MUSIC output peak in 

Figure 7-9 (at ~ -1.5°) and in Figure 7-10 (at ~ -8.5°), correspond to the recorded angular 

positions of the corner reflector and metal tower. Additionally, the spatial separation 

between these two groups of peaks was calculated to be close to that recorded. The 

multiple peaks around the assumed DOAs of the stationary targets or range sidelobes are 

possibly multipath and are discussed in the next paragraph. 

 

Figure 7-9: DOA estimation of returns in the range bin 44 of the fifth scan of the DSTG STF 

experimental data. 
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Figure 7-10: DOA estimation of returns in the range bin 52 of the fifth scan of the DSTG STF 

experimental data. 

It was unexpected to find six or more targets in the two range bins of this experimental 

data, since only two targets with large RCS were preplaced, also an analysis of the 

experimental setup indicated that the calculation shows the corresponding physical 

distances between adjacent peaks of the MUSIC output were larger than the sizes of the 

metal tower and the corner reflector. However, the multiple strong peaks in the above 

two figures likely indicate the DOAs of the coherent signals, and it is possibly that some 

returns were caused by multipath. Considering that in order to detect the corner reflector 

(at about 6.5 m height), a low elevation steering angle (1°) and a relatively wide 

elevation beamwidth (2.8°) were used, the other returns might be signals bounced off 

from the main targets and then reflected by other unknown targets on the ground. 

Unfortunately, except for the two known and preplaced targets, the rest of the ground 

truth, including the exact number of signals, whether any additional targets existed, and 

whether multipath occurred, is unknown.  

The performance of the proposed DOA estimation algorithm based on the derived 

matrix, 𝑸𝒔, is obviously better than the BS MUSIC without decorrelation. As shown in 

Figure 6-16, when 20 beams are used to span over a 20° angular sector, this method has 

limited resolution for DOA estimation, thus the above results are reasonable. As 

analysed in Chapter 6, increasing the number of beams would improve the accuracy of 

the DOA estimation and may provide sharper output peaks at the DOAs of signals, but 

unfortunately only 20 beams were formed in this experiment, which limits the potential 

for better performance. Also, possible phase array errors would degrade the performance 

of MUSIC and this might be another reason of that the output peaks are not very sharp. 

This issue about errors in subspace methods has been discussed in [102] and [103], but 

no solution has been suggested. 

Since the accuracy of the DOA estimation for this data is not able to be verified and the 

phased array errors caused the actual steering vectors are unknown, the optimum LCMV 

BS beamformer for coherent signals, which is given in Section 6.3, will not be applied.  
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 Summary 7.3

In this chapter, several proposed BS algorithms for the directional transmission case 

were tested on a set of real experimental data collected by using the PTWR. The result 

indicated that the directional transmission optimum BS beamformer proposed in Section 

4.1.3 provided better performance than the standard optimum BS beamformer, but 

possibly due to phase array errors, the performance was still unsatisfactory. By applying 

the robust BS beamformer proposed in Section 5.4.3, promising results for signals with 

high SNRs were achieved. For the directional transmission case, the returns from 

different stationary targets can be coherent and caused poor performance of the BS 

processing algorithms. The DOA estimation algorithm developed in Section 6.2.3, which 

is based on an estimated matrix, �̃�𝒔, was applied to the experimental data and achieved 

strong peaks of the MUSIC output. Some of these peaks were around the preselected 

azimuthal angles where the known targets were located. However, limited by the number 

of beams, it was not possible to check if a further improving performance would appear 

with a larger number of beams as described in Section 6.2.3.5. Limited by the collected 

data, such as the number of beams, and the lack of ground truth, i.e., the exact DOAs of 

known and additional unknown signals, meant that the performance of the developed 

algorithms could not be fully verified, but they still showed obvious superiority to 

existing methods and presented some promising results. 

There might be better ways for further evaluating the developed BS processing 

techniques. Firstly, for the directional transmission optimum BS beamformer, an isolated 

but strong point target would avoid the issue of correlation. Secondly, if more details 

about the system calibration and errors were available, it might be possible to improve 

the evaluation of the robust BS beamformer. Thirdly, besides forming more Tx/Rx 

beams, if the locations of stationary scatterers were accurately surveyed and higher 

elevation angles were chosen to avoid returns from clutter, it would be easier to check 

the performance of DOA estimation for coherent signals in the BS cases. 

The approaches in this thesis were developed for point targets, but obviously more 

complicated scenarios occurred in the experimental data. The results of applying BS 

processing to the experimental data revealed various issues when distributed scatters 

were observed. In general, for extended targets and clutter, the scatterers are angularly 

spread and the corresponding signal models [120], [121] and [122] are different from 

that being discussed in this thesis, thus the performance of the developed techniques are 

not guaranteed. For further analysis and research, there is the need to calibrate the 

returned power and relate it to the cross section per unit volume in case of weather or per 

unit area in case of ground clutter. Also it is worth investigating how to separate or 

distinguish the eigenvectors (and eigenvalues) for distributed (volume or surfaced) 

scatterers from those of point scatterers. This is because the proposed BS processing 

approaches for point scatterers could be applied to weather phased array radars for 

identifying returns from such scatterers and censor or filter these from weather 

contributions. 
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Chapter 8 

8 Conclusion 

In this thesis, the BS processing problem, especially for the case of directional 

transmit/receive beams scanned over a sector of interest, has been addressed and mainly 

three parts of theoretical development has been completed.  

In the first part, the basic concept of phased array, ES signal processing and standard BS 

processing algorithms were introduced. The standard BS processing algorithms were not 

able to work effectively for the directional transmission BS case, due to the mismatch 

between the actual directional transmission steering vector and the assumed steering 

vector in the formulae. To solve this problem, new formulae taking account into the 

transmission beam pattern for the directional transmission BS model were developed and 

satisfactory results have been shown by theoretical analysis and evaluations using 

simulated data. 

The second part of this thesis investigated the properties associated with the directional 

transmission BS processing. Problems related to the region outside the sector of interest 

were investigated. The optimum BS beamformer output power at the DOA of the 

interference outside the sector of interest was analysed, and then two methods were 

proposed to mitigate the high response outside the sector of interest, which is caused by 

the high gains of the noise components. The effect of an out of sector interference on the 

optimum BS beamformer output power inside the sector of interest was analysed and a 

method of mitigating the spurious peak inside the sector of interest was proposed. To 

improve the robustness of the optimum BS beamformer to different types of errors, an 

ES robust beamformer algorithm was extended to the directional transmission BS case 

and has shown strong robustness to errors. The CRB of DOA estimation was derived for 

the directional transmission BS case and compared with the CRBs for the omni-

directional transmission ES and BS cases. Also, the performance of the directional 

transmission optimum BS beamformer was checked for the scenario containing a 

scatterer moving in the same range. 

Similar to the ES case, signals in the BS model can be coherent or highly correlated. The 

third part of this thesis was focused on the DOA estimation techniques for coherent 

signals in BS. As the subarray methods are not applicable for most BS cases, a technique 

of reconstructing ES signal subspace from the BS signal subspace for the omni-

directional transmission case was proposed. A newly derived matrix, which is the 

summation of the weighted self-outer products of the ES signal steering vectors, was 

proposed for the directional transmission BS case, and this matrix allows the DOAs of 

signals to be estimated regardless the coherence. A method was developed to estimate 
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this matrix from the BS covariance matrix. Then the power of the coherent signals can be 

readily estimated by a modified LCMV method. 

Finally, those developed algorithms were applied to real experimental data containing 

stationary targets. 

As the last chapter of this thesis, Section 8.1 summaries the main conclusions from each 

chapter and some potential future research work is discussed in Section 8.2. 

 Chapter Summaries 8.1

Chapter 2 Array Signal Processing Background This chapter briefly introduced basic 

concepts, knowledge and typical algorithms in ES spatial signal processing. 

Chapter 3 Standard Beam Space Processing With a brief review of the standard BS 

mathematical model and spatial signal processing algorithms, the performance of 

standard optimum BS beamformer was checked through some examples using different 

numbers of beams. It showed that ES equivalent performance can be achieved by BS 

processing when the number of independent beams is the same as number of receivers 

for a full angular region, and when 
𝜆

𝑑
<

1

2
 provided the beams overlap at the their 3 dB 

beam pattern points and span the full angular sector, a smaller number of beams can be 

used for the optimum beamforming to achieve performance almost equivalent to that of 

the ES case. Also, when sufficient beams are formed in a sector of interest, signals in this 

subsector can be well estimated by the optimum BS beamformer. The case where the 

DOA of the interference lies out of the sector of interest is analysed and it showed that in 

most cases where signals and the interference are well spatially separated, the optimum 

BS beamformer output power at the DOA of in sector signals is only negligibly affected 

by the interference. On the other hand, to identify the interference using the optimum BS 

beamformer output power is complicated. 

Chapter 4 Directional Transmission Beam Space Processing Due to the mismatch 

between the omni-directional transmission and directional transmission BS steering 

vectors, the performance of the standard BS formula to the model of directional 

transmission with relatively narrow scanning Tx/Rx beams was shown to be 

unsatisfactory. In this chapter, new BS algorithms specific for the directional 

transmission model were developed, and the optimum BS beamformer output power has 

been analysed theoretically and verified by numerical evaluation and simulation 

examples.  

Chapter 5 Properties of Directional Transmission Beam Space Processing In this 

chapter, some properties of the directional transmission BS case were analysed. The 

problems related to the region outside the sector of interest were analysed in three 

aspects. It is difficult to identify the interference using the optimum BS beamformer 

output power, as the interference can be masked by the high response in the region 
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outside the sector of interest. Two methods were proposed to mitigate the high response 

caused by the high noise gain in this region. The method of virtual beams can mitigate 

the high response effectively but also removed the interference, whilst another proposed 

method – scaling beamforming removed the high response and kept the interference. 

However for the scaling method, the DOAs need to be estimated in advance and the 

method can fail at azimuthal angles far away from the sector. Additionally, an 

interference outside the sector of interest almost has no effect on the optimum BS 

beamformer output power values at DOAs inside the sector of interest, but can cause a 

spurious peak within the sector. To eliminate the spurious peak but keep the output 

power values at DOAs of signals unchanged, an oblique projection method was 

proposed. To deal with errors in BS processing, different array perturbations were 

analysed and a robust ES beamforming algorithm has been extended to the directional 

transmission BS case. Then, the CRB for DOA estimation in the directional transmission 

BS case was derived and analysed. As moving targets commonly occur in practice, to 

check how the motion of a scatterer affects the result of the optimum BS beamformer, its 

performance in a scenario containing both stationary and non-stationary scatterers was 

analysed.  

Chapter 6 Beam Space Processing for Coherent Signals This chapter was focused on 

the DOA estimation and beamforming problems for coherent signals in BS. The 

coherence between incident signals can be caused by multipath or the same transmitted 

signal reflected from stationary scatterers at the same range. As the commonly used ES 

subarray methods cannot be directly used to remove the signal coherence in BS problem, 

a method of reconstructing ES signal covariance matrix for the omni-directional 

transmission case was proposed and verified by some examples. Then, a newly derived 

matrix was proposed for estimating the DOAs of coherent signals in the directional 

transmission BS case, since it allowed the DOAs to be estimated by existing subspace 

methods regardless the coherence. A method was developed to estimate the matrix from 

the principal eigenvector of the directional transmission BS covariance matrix. The 

LCMV BS beamformer was modified for the case of coherent signals and verified 

through an example. 

Chapter 7 Application of Beam Space Processing to Real Experimental Data In this 

chapter, several developed BS processing algorithms for the directional transmission 

case were applied to a set of real experimental data collected by using the PTWR. The 

result indicated that the directional transmission optimum BS beamformer has better 

performance than the standard optimum BS beamformer. Due to phase array errors, the 

performance of the directional transmission optimum BS beamformer was 

unsatisfactory, and the robust BS beamformer was applied and it showed an improved 

performance. The algorithm for DOA estimation for coherent signals in the directional 

transmission BS case generated strong output peaks around the angular region where 

preselected targets were located. 
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 Future Work 8.2

In this thesis, only the scenario that deterministic signals mixed with spatial white noise 

are incident on a uniform linear array has been considered for spatial processing. The 

developed BS methods can be extended or further developed for other scenarios, for 

example, other types of Tx/Rx systems, signal and noise models with some variations. 

Also, some other expressions of representative of BS data can be considered and a few 

other signal processing methods are worth to be investigated for BS processing.  

Firstly, only ULA was considered in this thesis, whilst phased arrays, whose elements 

are placed in other geometries, have some advantages and are also commonly used in 

practice. For example, uniform circular arrays (UCA) have the same aperture for all 

beam Tx/Rx directions and can estimate DOAs in both azimuth and elevation. As shown 

in the literature [107], [108] and [109], BS processing can be used to map and 

approximate the manifold vectors for an arbitrary array onto Vandermonde ULA type 

steering vectors in an interpolated array concept [110]. These developed BS processing 

algorithms in this thesis can be extended to and further investigated for arrays of other 

shapes. 

Secondly, BS spatial processing methods were mainly investigated for the model of 

stationary point scatterers. The results of applying BS processing to experimental data in 

Chapter 7 revealed various issues in the case of distributed scatters. For further analysis 

and research, there is the need to calibrate the returned power and relate it to the cross 

section per unit volume in case of weather or per unit area in case of ground clutter. Also 

it is worth investigating how to separate or distinguish the eigenvectors (and values) for 

distributed (volume or surfaced) scatterers from those of point scatterers. This is because 

the proposed BS processing for point scatterers could be applied to weather phased array 

radars for identifying returns from such scatterers and censor or filter these from weather 

contributions. Also in practice, the models containing non-stationary targets or a mixture 

of both stationary and non-stationary targets are common or standard, for example, fast 

moving aircrafts, volume scans of weather phenomenon can be mixed with stationary 

ground clutter returns. Similarly, phased arrays can be mounted on moving platforms, 

such as a ship or an aircraft, and can be used as multi-channel synthetic aperture radar. 

For such a moving array, the phase of returns from a stationary target changes from pulse 

to pulse, this adds more difficulties for array processing but also brings some extra 

advantages, such as the signal coherence can be easily removed. Most literature for 

moving arrays, such as [97], discusses this problem from robustness aspect and the result 

is similar to the moving interference or target problem discussed in Section 5.6. Some 

sophisticated techniques, such as motion composition, could be considered and 

incorporated into the BS processing to improve the performance. Furthermore, spatial 

time BS processing can be investigated for the problems of non-stationary, volume 

scatterers and clutter mitigation.  



8.2 Future Work 

141 

 

Thirdly, the key modification for the directional transmission BS formulae is to take the 

transmission beam pattern into account. If the transmission and receive beam patterns are 

known, the concept of developed BS processing algorithms can be potentially extended 

to other radar or communication systems, such as a conventional dish radar which 

mechanically rotates and scans over a region contains stationary scatterers, a bistatic 

radar whose receiver and transmitter beam patterns are different, and a multiple-input 

and multiple-output (MIMO) system with a distributed transmitters and receivers. 

Fourthly, more work for the BS processing with noise and perturbations can be 

considered. Only the spatial and temporal white noise has been considered in this thesis, 

but coloured noise occurs naturally in many practical applications and would affect the 

performance of array processing methods based on the white noise model, especially for 

the low SNR case. Some ES array processing methods for estimating signals in coloured 

noise such as discussed in [43] and [111] can be extended into BS processing, whilst 

non-independent beams may add correlations between noises in different beams. To deal 

with the phased array and beam direction errors in BS processing, robust beamformer 

has been considered, further work of increasing robustness can be extended to other 

algorithms, such as BS MUSIC. Also, calibration can be potentially investigated for the 

BS case. 

Finally, as mentioned in Chapter 6, the covariance matrix is the most common but not 

the only way to represent signals incident at a phased array, other expressions can be 

considered for BS processing, such as a higher order cumulants [112], [113] and [114]. 

Also in Section 6.2.3, a vector, 𝑣𝑒𝑐[�̃�𝒔], was estimated using the principal eigenvector 

of the directional transmission BS covariance matrix, and then it was reshaped to be a 

matrix �̃�𝒔. Rather than simply reshaping the vector as a matrix, generating a matrix or 

other expressions based on this vector and following signal processing techniques can be 

further investigated. Unfortunately, limited by the time, this investigation has not been 

carried out in this thesis. In some ES literature such as [115], ES covariance matrix is 

reshaped as a vector to utilise the cross correlation between elements output and expand 

a virtual array with a larger aperture. Additionally, some recently developed ES array 

processing algorithms, such as sparse signal representation [116], which provides super 

resolution for DOA estimation problem, can be considered and further investigated for 

BS processing. 
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Appendix A 

 

Linear Transformation between Subspaces 

of Omni-directional Transmission ES and BS  

Section 3.2.4 discussed the linear transformation between a subset of the noise 

eigenvectors of the ES covariance matrix and noise eigenvectors of the BS covariance 

matrix. Also in Section 6.2.2 discussed estimating the ES generalised coherent signal 

steering vector from the BS generalised coherent signal steering vector. This Appendix 

will introduce more details about the linear transformation between the ES and BS 

subspaces. 

A.1. Independent Signals Case 

The eigen-decomposition of the omni-directional ES covariance matrix is given by 

 

𝑹𝒙 =∑𝜆𝑖𝒒𝑖𝒒𝑖
𝐻 =

𝐾

𝑖=1

𝑸𝜦𝑸𝐻 . (A-1) 

When the incident signals are independent, the signal subspace is given by 

 𝑬𝒔𝒙 = 𝑠𝑝𝑎𝑛{𝒒1 … 𝒒𝐿}, (A-2) 

where L is the number of independent signals and 𝑬𝒔𝒙 is spanned by a set of eigenvectors 

corresponding to the largest L eigenvalues. The noise subspace is given by 

 𝑬𝒏𝒙 = 𝑠𝑝𝑎𝑛{𝒒𝐿+1 … 𝒒𝐾}, (A-3) 

where K is the number of receivers. 

The steering vectors at the DOAs of signals also span the same signal subspace, thus 

 𝑬𝒔𝒙 = 𝑠𝑝𝑎𝑛{𝒗(𝜃𝑠1) … 𝒗(𝜃𝑠𝐿)}. (A-4) 

Since the eigenvectors are mutually orthogonal, all the noise eigenvectors are orthogonal 

to any vector in the signal subspace; and this is the principle of how the subspace 

methods work and so 

 𝒗𝐻(𝜃𝑠𝑙)𝒒𝑖 = 0, 𝑙 ≤ 𝐿, 𝑖 > 𝐿. (A-5) 
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In omni-directional transmission with white noise case, the BS covariance matrix is a 

linear transformation of the ES covariance matrix and is given by 

 𝑹𝒚 = 𝑽
𝐻𝑹𝒙𝑽 = 𝑽

𝐻𝑽𝒔(𝛩𝑠)𝑹𝒔𝑽𝒔
𝐻(𝛩𝑠)𝑽 + 𝜎𝑛

2𝑽𝐻𝑽, (A-6) 

where 𝑹𝒔 denotes the source signal covariance matrix. The eigen-decomposition of 𝑹𝒚 is 

given by 

 𝑹𝒚 = ∑ 𝜆𝑦𝑖𝒒𝒚𝑖𝒒𝒚𝑖
𝐻𝑀

𝑖=1 , 

𝜆𝑦𝑖 > 𝜎𝑛
2, (𝑖 ≤ 𝐿), and 𝜆𝑦𝑖 = 𝜎𝑛

2, (𝑖 > 𝐿), 
(A-7) 

Similar to the ES case, the BS steering vectors at the DOAs of signals also span the same 

signal subspace as the BS eigenvector corresponding to the largest 𝐿 eigenvalues 

 𝑬𝒔𝒚 = 𝑠𝑝𝑎𝑛{𝒉(𝜃𝑠1) … 𝒉(𝜃𝑠𝐿)} = 𝑠𝑝𝑎𝑛{𝒒𝐲1 … 𝒒𝒚𝐿}, (A-8) 

and any vector in this space, such as the BS steering vector at the DOA of the 𝑙 −th 

signal, 𝒉𝐻(𝜃𝑠𝑙), is orthogonal to those BS noise eigenvectors, and this is given by  

 𝒉𝐻(𝜃𝑠𝑙)𝒒𝒚𝑖 = 𝒗
𝐻(𝜃𝑠𝑙)𝑽𝒒𝒚𝑖 = 0, 𝑙 ≤ 𝐿, 𝑖 > 𝐿. (A-9) 

Thus it shows the K×1 vector 𝑽𝒒𝒚𝑖 , (𝑖 > 𝐿) is orthogonal to any ES steering vectors at 

the DOAs of the signals. Then the following relationship exists 

 

𝑹𝒙𝑽𝒒𝒚𝑖 = (∑𝜎𝑙
2𝒗(𝜃𝑠𝑙)𝒗

𝐻(𝜃𝑠𝑙)

𝐿

𝑙=1

+ 𝜎𝑛
2𝑰)𝑽𝒒𝒚𝑖  

=∑𝜎𝑙
2𝒗(𝜃𝑠𝑙)𝒉

𝐻(𝜃𝑠𝑙)𝒒𝒚𝑖

𝐿

𝑙=1

+ 𝜎𝑛
2𝑽𝒒𝒚𝑖  

= 𝜎𝑛
2𝑽𝒒𝒚𝑖 . 

(A-10) 

Obviously, 𝑽𝒒𝒚𝑖 is one of the noise space eigenvectors of the ES covariance matrix 𝑹𝒙. 

A.2. Coherent Signals Case 

For the omni-directional transmission case, a group of coherent signals are incident on a 

ULA phased array, the rank of the ES signal subspace is one and it can be represented as 

 𝑽𝒔(𝛩𝑠)𝑹𝒔𝑽𝒔
𝐻(𝛩𝑠) = 𝒗𝒔𝒗𝒔

𝐻, (A-11) 

where 𝒗𝑠 is the generalised coherent signal vector and given by 

 

𝒗𝒔 =∑𝜌𝑙𝜎𝑠𝑙𝒗(𝜃𝑠𝑙

𝐿

𝑙=1

). (A-12) 
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and the ES covariance matrix is given by  

 𝑹𝒙 = 𝒗𝒔𝒗𝒔
𝐻 + 𝜎𝑛

2𝑰. (A-13) 

The eigen-decomposition of the ES covariance matrix is given by 

 

𝑹𝒙 = 𝜆1𝒒1𝒒1
𝐻 +∑𝜆𝑖𝒒𝑖𝒒𝑖

𝐻

𝐾

𝑖=2

, (A-14) 

where 𝜆1 = 𝜎𝑠
2 + 𝜎𝑛

2,  𝜆𝑖 = 𝜎𝑛
2 (2 ≤ 𝑖 ≤ 𝐾) and 𝒒1 =

𝑒𝑖𝜑

‖𝒗𝒔‖
𝒗𝒔, where 𝜎𝑠

2 is the combined 

power of the coherent signals and is given by 𝜎𝑠
2 = ‖𝒗𝒔‖

2. 

For a group of coherent signals in the omni-directional transmission BS case, the 

generalised coherent BS steering vector is denoted as 𝒉𝒔 and is given by 

 

𝒉𝒔 = 𝑽𝐻𝒗𝒔 =∑𝜌𝑙𝜎𝑠𝑙𝒉(𝜃𝑠𝑙

𝐿

𝑙=1

) (A-15) 

and is proportional to the principal eigenvector of BS covariance matrix, i.e.,  

 𝒉𝒔 = 𝑒−𝑗𝜑‖𝒉𝒔‖𝒒𝒚1, (A-16) 

where 𝑒𝑗𝜑 is a phase shift. In this case, the BS covariance matrix can be written as 

 𝑹𝒚 = 𝑽𝐻𝑹𝒙𝑽 

= 𝑽𝐻𝒗𝒔𝒗𝒔
𝐻𝑽 + 𝜎𝑛

2𝑰 

= 𝒉𝒔𝒉𝒔
𝐻 + 𝜎𝑛

2𝑰 

(A-17) 

The eigen-decomposition of 𝑹𝒚 is given by 

 𝑹𝒚 = ∑ 𝜆𝑦𝑖𝒒𝒚𝑖𝒒𝒚𝑖
𝐻𝑀

𝑖=1 , 

𝜆𝑦1 =
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
𝜎𝑠
2 + 𝜎𝑛

2 > 𝜎𝑛
2, 𝜆𝑦𝑖 = 𝜎𝑛

2, (𝑖 ≥ 2) 

(A-18) 

The eigenvectors are mutually orthogonal, thus 

 𝒒𝒚𝑖
𝐻 𝒉𝒔 = 0, 1 < 𝑖 ⩽ 𝑀. (A-19) 

It follows that 

 

𝑽𝑹𝒚𝑽
𝐻 =∑𝜆𝑦𝑖𝑽𝒒𝒚𝑖𝒒𝒚𝑖

𝐻 𝑽𝐻
𝑀

𝑖=1

 

= (
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
𝜎𝑠
2 + 𝜎𝑛

2)𝑽𝒒𝒚1𝒒𝒚1
𝐻 𝑽𝐻 + 𝜎𝑛

2∑𝑽𝒒𝒚𝑖𝒒𝒚𝑖
𝐻 𝑽𝐻

𝑀

𝑖=2

 

(A-20) 
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As 𝑹𝒚 = 𝑽
𝐻𝑹𝒙𝑽, the above equation can also be written as 

 
𝑽𝑽𝐻𝑹𝒙𝑽𝑽

𝐻 =∑𝑽𝑽𝐻𝜆𝑖𝒒𝑖𝒒𝑖
𝐻𝑽𝑽𝐻

𝐾

𝑖=1

 

= (𝜎𝑠
2 + 𝜎𝑛

2)𝑽𝑽𝐻𝒒1𝒒1
𝐻𝑽𝑽𝐻 + 𝜎𝑛

2∑𝑽𝑽𝐻𝒒𝑖𝒒𝑖
𝐻𝑽𝑽𝐻

𝑀

𝑖=2

+ 𝜎𝑛
2 ∑ 𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻
𝐾

𝑖=𝑀+1

 

=
𝜎𝑠
2 + 𝜎𝑛

2

‖𝒗𝒔‖
2
𝑽𝑽𝐻𝒗𝒔𝒗𝒔

𝐻𝑽𝑽𝐻 + 𝜎𝑛
2∑𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻
𝑀

𝑖=2

+ 𝜎𝑛
2 ∑ 𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻
𝐾

𝑖=𝑀+1

 

=
𝜎𝑠
2 + 𝜎𝑛

2

‖𝒗𝒔‖
2
𝑽𝒉𝒔𝒉𝒔

𝐻𝑽𝐻 + 𝜎𝑛
2∑𝑽𝑽𝐻𝑽𝒒𝒚𝑖𝒒𝒚𝑖

𝐻 𝑽𝐻𝑽𝑽𝐻
𝑀

𝑖=2

+ 𝜎𝑛
2 ∑ 𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻
𝐾

𝑖=𝑀+1

 

=
‖𝒉𝒔‖

2(𝜎𝑠
2 + 𝜎𝑛

2)

‖𝒗𝒔‖
2

𝑽𝒒𝒚1𝒒𝒚1
𝐻 𝑽𝐻 + 𝜎𝑛

2∑𝑽𝒒𝒚𝑖𝒒𝒚𝒊
𝐻 𝑽𝐻

𝑀

𝑖=2

+ 𝜎𝑛
2 ∑ 𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻
𝐾

𝑖=𝑀+1

. 

(A-21) 

Where the orthogonality of the M beams, i.e., 𝑽𝐻𝑽 = 𝑰𝑀×𝑀 , has been assumed. 

Comparing (A-20) and (A-21), it follows that 

 

(
‖𝒉𝒔‖

2

‖𝒗𝒔‖
2
𝜎𝑠
2 + 𝜎𝑛

2)𝑽𝒒𝒚1𝒒𝒚1
𝐻 𝑽𝐻 =

‖𝒉𝒔‖
2(𝜎𝑠

2 + 𝜎𝑛
2)

‖𝒗𝒔‖
2

𝑽𝒒𝒚1𝒒𝒚1
𝐻 𝑽𝐻 + 𝜎𝑛

2 ∑ 𝑽𝑽𝐻𝒒𝑖𝒒𝑖
𝐻𝑽𝑽𝐻 .

𝐾

𝑖=𝑀+1

 (A-22) 

As indicated in Figure 6-7, provided a sufficient number of beams are used, 
‖𝒉𝒔‖

2

‖𝒗𝒔‖2
=1. In 

this case it follows for (A-22) that  

 
𝜎𝑛
2∑ 𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻𝐾
𝑖=𝑀+1 = 0, (A-23) 

since 𝜎𝑛
2 > 0 and 𝑽𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽𝑽𝐻 ≥ 0 hence, 

 𝒒𝑀+1
𝐻 𝑽𝑽𝐻 = 𝒒𝑀+2

𝐻 𝑽𝑽𝐻 = ⋯𝒒𝐾
𝐻𝑽𝑽𝐻 = 0, (𝑀 < 𝑖 ≤ 𝐾), (A-24) 

 

thus 𝒒𝑖
𝐻𝑽𝒒𝒚1 = 𝒒𝑖

𝐻𝑽𝑽𝐻𝑽𝒒𝒚1=0, 𝑀 < 𝑖 ≤ 𝐾. (A-25) 

Also consider that 

 𝒒𝑖
𝐻𝑽𝒒𝒚1 = 𝒒𝒚𝑖

𝐻 𝒒𝒚1 = 0, 2 ≤ 𝑖 ≤ 𝑀 (A-26) 
 

Combining the above two expressions gives 

 𝒒𝑖
𝐻𝑽𝒒𝒚1 = 0, 𝑖 ≥ 2 (A-27) 

Therefore, it means 𝑽𝒒𝒚1 is orthogonal to the ES noise subspace and coherent with the 

ES generalised coherent signal steering vector.  
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Appendix B 

 

Details of Perturbations in the Robust BS 

Beamforming Example 

In Section 5.4.4, there was an example of applying robust optimum BS beamforming to a 

BS model with perturbations. The perturbations include random element complex gain 

errors, array element location errors and beam steering angle errors and the details are as 

follows 

(a) Random array element complex gain errors µ𝑘  ( |µ𝑘|~unif(0.75 , 1.25)  and 

∠µ𝑘~unif(−
𝜋

3
 ,
𝜋

3
) ) were generated. These errors can be caused by different 

factors such as imperfect electronic components, component parameters drift with 

different temperature. The amplitudes and phases of the element gain errors are 

shown in Figure B-1 and Figure B-2 respectively. 

 
Figure B-1: Amplitudes of element gain errors  

 
Figure B-2: Phases of element gain errors. 
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(b) Random array element location errors δk~unif(−0.1d, 0.1d) . These errors are 

caused by inaccurate positions in the installation and each location error is 

normalised as a ratio to the assumed distance between elements, d, which is half a 

wavelength. 

 
Figure B-3: Element location errors. 

All the element errors in (a) and (b) are listed in Table B-1. 

Table B-1: Details of the phased array element errors 

Element ID Amplitude gain error Phase gain error (°) Location error (d=𝜆/2) 

1 0.81 38.21 0.00 

2 0.78 38.17 0.05 

3 1.24 59.53 -0.07 

4 0.89 -9.25 -0.02 

5 1.05 -10.26 -0.03 

6 1.23 -58.15 -0.02 

7 0.84 55.52 -0.03 

8 0.85 57.98 -0.04 

9 0.92 -48.46 -0.05 

10 1.22 -31.62 0.00 

11 0.95 -46.06 -0.06 

12 0.89 59.97 -0.03 

13 0.83 31.72 -0.02 

14 0.95 -51.01 -0.02 

15 0.94 -30.45 0.02 

16 0.82 -19.22 -0.10 

17 0.97 22.45 0.09 

18 0.80 -30.43 -0.08 

19 1.06 58.55 -0.07 

20 0.76 -52.98 -0.02 

21 1.04 55.92 -0.04 

22 1.14 21.20 -0.02 

23 0.87 37.25 0.00 

24 0.97 -53.19 -0.03 
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25 1.03 -53.78 -0.07 

26 0.78 57.88 -0.06 

27 1.00 54.59 -0.05 

28 1.07 44.71 0.04 

29 0.86 -52.84 0.03 

30 1.17 -25.88 0.05 

31 1.24 52.54 -0.08 

32 1.17 48.02 -0.08 

33 1.00 8.98 -0.06 

34 0.89 -32.75 0.07 

35 1.12 -19.32 -0.06 

36 0.87 12.33 -0.01 

37 1.23 19.92 -0.05 

38 1.06 -56.44 -0.03 

39 1.05 18.05 -0.01 

40 0.84 40.34 0.01 

41 0.80 -58.15 -0.02 

42 0.88 45.18 0.07 

43 1.18 -12.11 0.04 

44 1.21 -58.27 -0.07 

45 1.10 -43.36 0.03 

46 1.11 52.81 0.00 

47 0.86 -48.57 0.05 

48 1.04 -9.45 0.03 

49 1.16 27.56 -0.09 

50 0.95 -31.20 0.09 

51 1.24 30.90 -0.04 

52 0.79 55.91 0.00 

53 0.91 59.77 0.07 

54 1.01 -59.91 0.08 

55 0.78 -1.80 -0.10 

56 1.11 55.30 -0.01 

57 1.03 -58.85 0.05 

58 1.01 56.55 0.06 

59 1.16 -2.88 0.07 

60 1.18 -56.79 0.07 

61 1.14 27.50 -0.07 

62 0.91 -59.47 0.07 

63 0.98 0.62 -0.04 

64 1.13 -55.93 0.06 

(c) For the BS case, another kind of error—random independent steering beam centres 

(MRAs) angle errors 𝜙𝑚~unif(−0.3° , 0.3°) were generated. These errors can be 

caused by inaccurate beamforming direction parameters or an inaccurate record. 

The details are shown in Figure B-4 and Table B-2. 
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Figure B-4: Tx/Rx beam steering centre angle errors. 

Table B-2: Details of a phased array beam steering centre angle errors 

Beam ID Assumed steering MRA (°) Actual steering MRA (°) 

1 1.00 0.98 

2 2.00 2.27 

3 3.00 2.87 

4 4.00 4.01 

5 5.00 5.23 

6 6.00 6.06 

7 7.00 6.84 

8 8.00 8.26 

9 9.00 9.20 

10 10.00 9.72 

11 11.00 10.93 

12 12.00 11.79 

13 13.00 13.23 

14 14.00 14.29 

15 15.00 15.29 

16 16.00 15.98 

17 17.00 16.83 

18 18.00 18.27 

19 19.00 19.13 

20 20.00 20.21 
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Appendix C 

 

Cramér–Rao Bounds for DOA Estimation in 

ES and BS 

This appendix provides some details of the CRB derivations in Section 5.5. Consider a 

ULA with K receivers that receives the L far-field narrowband independent signals from 

different directions at 𝛩𝑠 = {𝜃𝑠1,  𝜃𝑠2, … , 𝜃𝑠𝐿}. Assuming the receiver noise is both 

spatial and temporal white, the array receiver output vector and covariance matrix are 

given by 

 𝒙(𝑡) = 𝑽𝒔(𝛩𝑠)𝒔(𝑡) + 𝑛(𝑡), 

𝑹𝒙 = 𝑽𝒔𝑹𝒔𝑽𝒔
𝐻 + 𝜎𝑛

2𝐼, 
(C-1) 

where 𝑹𝒔 is the source signal covariance matrix and if the signals are uncorrelated, it can 

be expressed as 

 𝑹𝒔 = 𝑑𝑖𝑎𝑔{𝜎𝑠1
2 , 𝜎𝑠2

2 , … , 𝜎𝑠𝐿
2 }. (C-2) 

C.1. Cramér–Rao Bounds for DOA Estimation in ES Case 

To estimate the DOAs of these signals, the probability density for a single snapshot 

(sample of receiver outputs) vector at time t is given by 

 
𝑝𝒙|𝛩𝑠 =

1

det (𝜋𝑹𝒙)
exp(−(𝒙𝐻(𝑡) −𝒎𝒔

𝐻)𝑹𝒙
−1(𝒙(𝑡) −𝒎𝒔)). (C-3) 

where 𝒎𝒔  denotes the mean of signal component in the receiver outputs. With N 

independent snapshots vectors, 𝒙(𝑡), the probability becomes 

 
𝑝𝒙(1),𝒙(2),…𝒙(𝑁)|𝛩𝑠 = ∏

exp(−(𝒙𝐻(𝑡)−𝒎𝒔
𝐻)𝑹𝒙

−1(𝒙(𝑡)−𝒎𝒔))  

det (𝜋𝑹𝒙)
𝑁
𝑡=1 . (C-4) 

The likelihood function can be written as 

 

𝐿(𝛩𝑠) = −𝑁𝑙𝑛{𝑑𝑒𝑡(𝑹𝒙)} −∑(𝒙𝐻(𝑡) −𝒎𝒔
𝐻)𝑹𝒙

−1(𝒙(𝑡) −𝒎𝒔)

𝑁

𝑛=1

− 𝑁𝐾𝑙𝑛𝜋, (C-5) 
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where the last part is a constant and can be ignored, also the parameter 𝒎𝒔 is zero for a 

random signal or a constant for a deterministic signal, which is not a function of 𝛩𝑠. 

Therefore, the likelihood function can be simplified and rewritten as 

 𝐿(𝛩𝑠) = −𝑙𝑛{det[𝑹𝒙]} − 1/N∑ 𝒙𝐻(𝑡)𝑹𝒙
−1𝒙(𝑡)𝑁

𝑛=1 . (C-6) 

Denoting the covariance matrix of the estimation errors by 

 𝑪𝒆(𝛩𝑠) = 𝐸 {(�̂�𝑠 − 𝛩𝑠)(�̂�𝑠 − 𝛩𝑠)
𝑇
}, (C-7) 

and it is never smaller than the Cramér Rao bounds: 

 𝑪𝒆(𝛩𝑠) ≥ 𝑪𝐶𝑅(𝛩𝑠) ≜  𝓕 
−1, (C-8) 

where 𝓕 is Fisher’s information matrix and is given by 

 
𝓕 = −𝐸 {∇𝛩𝑠 (∇𝛩𝑠(𝐿(𝛩𝑠)))

𝑇

}. (C-9) 

Using a simplified notation where an L×1 vector 𝝋 corresponds to the set of DOAs and 

whose l–th element is given by 𝜑𝑙 = 𝜋𝑠𝑖𝑛𝜃𝑠𝑙 , the elements in 𝓕 is given by 

 
𝓕𝑖𝑗 = −𝐸 {

∂𝐿(φ)

∂𝜑𝑖

∂𝐿(φ)

∂𝜑𝑗
} 

= −𝐸 {
∂2𝐿(φ)

∂𝜑𝑖 ∂𝜑𝑗
}. 

(C-10) 

When the signal vector is a sample of Gaussian random process or deterministic, the 

above equation can be simplified to 

 
𝓕𝑖𝑗 = tr [𝑹x

−1 ∂𝑹𝑥

∂φ𝑖
𝑹𝒙
−1 ∂𝑹𝑥

∂φ𝑗
], (C-11) 

where for a random white noise with power 𝜎𝑛
2, 𝑹𝒙

−1 is given by 

 𝑹𝒙
−1 = 1/𝜎𝑛

2[𝑰 − 𝑽𝒔(𝑽𝒔
𝐻𝑽𝒔 + 𝜎𝑛

2𝑹𝒔
−1)−1𝑽𝒔

𝐻], (C-12) 

and the partial derivative of the ES covariance matrix is given by 

 ∂𝑹𝑥

∂𝜑𝑖
=

∂𝑽𝒔

∂𝜑𝑖
𝑹𝒔𝑽𝒔

𝐻 + 𝑽𝒔𝑹𝒔
∂𝑽𝒔

𝐻

∂𝜑𝑖
, 

∂𝑽𝒔

∂𝜑𝑖
=

∂𝒗(𝜑)

∂𝜑
|𝜑=𝜑𝑖 = 𝒅(φi). 

(C-13) 
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According to [71], [72] and [92], when the signal vector is a sample of Gaussian random 

process, the Cramér Rao bounds can be written as 

 𝑪𝐶𝑅(𝝋) =
𝜎𝑛
2

2𝑁
{𝑅𝑒[(𝑫𝐻𝑷𝑽

⊥𝑫) ∘ (𝑹𝒔𝑽𝒔
𝐻𝑹𝒙

−1𝑽𝒔𝑹𝒔)
𝑇]}−1, (C-14) 

and when the signal vector is deterministic, 𝒔(𝑛) is a non-random L×1 complex source 

signal vector, then the Cramér Rao bounds can be written as 

 

𝑪𝐶𝑅(𝝋) =
𝜎𝑛
2

2
{∑𝑅𝑒[𝒔𝐻(𝑛)𝑫𝐻𝑷𝑽𝒔

⊥ 𝑫𝒔(𝑛)]

𝑁

𝑛=1

}

−1

 

=
𝜎𝑛
2

2𝑁
{𝑅𝑒[(𝑫𝐻𝑷𝑽𝒔

⊥ 𝑫) ∘ �̂�𝒔
𝑇]}

−1
, 

(C-15) 

where �̂�𝒔
 , 𝑷𝑽𝒔

⊥  and 𝐃 are given by 

 

�̂�𝒔
 =

1

𝑁
∑𝒔(𝑛)𝒔𝐻(𝑛)

𝑁

𝑛=1

 

𝑷𝑽𝒔
⊥ = [𝑰 − 𝑽𝒔(𝑽𝒔

𝐻𝑽𝒔)
−1𝑽𝒔

𝐻] 

𝑫 = �̇�𝜑 = [
𝜕𝒗(𝜑1)

𝜕𝜑1

𝜕𝒗(𝜑2)

𝜕𝜑2
…

𝜕𝒗(𝜑𝐿)

𝜕𝜑𝐿
]

𝑇

. 

(C-16) 

Notice that when 𝛩𝑠 is the parameter to estimate, the above D can be simply written as 

 
𝑫 = [𝜋𝑐𝑜𝑠𝜃𝑠1

𝜕𝒗(𝜃𝑠1)

𝜕𝜃𝑠1
𝜋𝑐𝑜𝑠𝜃𝑠2

𝜕𝒗(𝜃𝑠2)

𝜕𝜃𝑠2
… 𝜋𝑐𝑜𝑠𝜃𝑠𝐿

𝜕𝒗(𝜃𝑠𝐿)

𝜕𝜃𝑠𝐿
]

𝑇

. (C-17) 

In most radar systems, the transmit waveform is known and a match filter is often used 

before further processing. Therefore, the recorded signals are deterministic and the 

second manner of CRB expression, i.e., (C-15) is normally used. 

C.2. Cramér–Rao Bounds for DOA Estimation in Omni-

directional Transmission BS Case 

For the same scenario as above but for the omni-directional BS case, to estimate DOAs 

of several deterministic signals, the probability density for a single snapshot vector (one 

sample for each beam output) at time t , 𝒚(𝑡),is given by 

 
𝑃𝒚|𝛩𝑠 =

1

det (𝜋𝑹𝒚)
exp [−(𝒚𝐻(𝑡) −𝒎𝒚𝒔

𝐻 )𝑹𝒚
−1(𝒚(𝑡) −𝒎𝒚𝒔)] (C-18) 
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Similar to the process in Section C.1, the simplified likelihood function for the BS case is 

given by 

 𝐿(𝛩𝑠) = −𝑙𝑛{det[𝑹𝒚]} − 1/N∑ 𝒚𝐻(𝑡)𝑹𝒚
−1𝒚(𝑡)𝑁

𝑛=1 . (C-19) 

The elements of the Fisher’s information matrix is given by 

 
𝓕𝑖𝑗 = 𝑡𝑟 [𝑹𝐲

−1 ∂𝑹𝑦

∂φ𝑖
𝑹𝐲
−1 ∂𝑹𝑦

∂φ𝑗
], (C-20) 

where for a random white noise with power 𝜎𝑛
2 , beams are mutually orthogonal and 

normalised to be with unit magnitude, then 𝑹𝐲
−1 is given by 

 𝑹𝐲
−1 = 1/𝜎𝑛

2[𝑰 − 𝑯(𝑯𝐻𝑯+ 𝜎𝑛
2𝑹𝒔

−1)−1𝑯𝐻], (C-21) 

where 𝑯 = 𝑽𝐻𝑽𝒔 and the partial derivative of 𝑹𝒚 is given by 

 ∂𝑹𝒚

∂𝜑𝑖
=

∂𝑯

∂𝜑𝑖
𝑹𝒔𝑯

𝐻 +𝑯𝑹𝒔
∂𝑯𝐻

∂𝜑𝑖
, 

∂𝑯

∂𝜑𝑖
=

∂(𝑽𝐻𝒗(𝜑))

∂𝜑
|𝜑=𝜑𝑖 = 𝑽𝐻𝒅(φi). 

(C-22) 

When the signal vector is deterministic, 𝒔(𝑛) is a non-random L×1 complex source 

signal vector, then the CRB of DOA estimation in BS is given by 

 
𝑪𝐶𝑅−𝒉(𝝋) =

𝜎𝑛
2

2𝑁
{𝑅𝑒[(𝐃𝐻

𝐻𝑷𝑯
⊥𝑫𝐻) ∘ �̂�𝒔

𝑇]}
−1
, (C-23) 

where 𝑷𝑯 
⊥  and 𝑫𝑯 are given by 

 𝑷𝑯
⊥ = 𝑰 − 𝑯(𝑯 

𝐻𝑯)−1𝑯 
𝐻, 

𝑫𝑯 = �̇� = 𝑽𝐻𝑫. 
(C-24) 

A theoretical proof can be found in [92] that the CRB for DOA estimation in the omni-

directional transmission BS case is never smaller than the ES CRB, and the equality 

appears if and only if 

 𝑽𝑽𝐻𝑷𝑽𝒔
⊥ 𝐃 = 𝑷𝑽𝒔

⊥ 𝐃, 

𝑽𝑽𝐻𝑽𝒔 = 𝑽𝒔. 

(C-25) 
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C.3. Cramér–Rao Bounds for DOA Estimation in Directional 

Transmission BS Case 

For the directional transmission case, to estimate the DOAs of deterministic signals, the 

probability density function, likelihood function and even Fisher’s information matrix 

can be represented by the same expressions in C.2,  

For a random white noise with power of 𝜎𝑛
2, beams with unit magnitude, 𝑹𝐲

−1 is given by 

 𝑹𝐲
−1 = 1/𝜎𝑛

2(𝑰 −  𝑽𝒚(𝑽𝒚
𝐻 𝑽𝒚 + 𝜎𝑛

2𝑹𝒔
−1)−1𝑽𝒚

𝐻), (C-26) 

where  𝑽𝒚 is given by(4-8) and (4-14), the partial derivative of 𝑹𝑦 is given by 

 ∂𝑹𝒚

∂𝜑𝑖
=

𝜕 𝑽𝒚(𝜑𝑖)

𝜕𝜑𝑖
𝑹𝒔𝑽𝒚

𝐻 +  𝑽𝒚𝑹𝒔
𝜕𝑽𝒚

𝐻(𝜑𝑖)

𝜕𝜑𝑖
, (C-27) 

and the derivative of  𝑽𝒚 is given by 

 𝑫𝑽𝒚 = �̇�𝒚(𝛩𝑠) 

= [
𝜕 𝒗𝒚(𝜑1)

𝜕𝜑1

𝜕 𝒗𝒚(𝜑2)

𝜕𝜑2
…

𝜕 𝒗𝒚(𝜑𝐿)

𝜕𝜑𝐿
] 

= 2 [𝒉(𝜑1)∘
𝜕𝒉(𝜑1)

𝜕𝜑1
𝒉(𝜑2) ∘

𝜕𝒉(𝜑2)

𝜕𝜑2
… 𝒉(𝜑𝐿) ∘

𝜕𝒉(𝜑𝐿)

𝜕𝜑𝐿
] 

= 2[ (𝑽𝐻𝒗(𝜃𝑠1))∘ (𝑽
𝐻𝒅1) (𝑽𝐻𝒗(𝜃𝑠2)) ∘ (𝑽

𝐻𝒅2) … (𝑽𝐻𝒗(𝜃𝑠𝐿)) ∘ (𝑽
𝐻𝑑𝐿)]. 

(C-28) 

When the received signals are deterministic, 𝒔(𝑛) is a non-random L×1 complex source 

signal vector, then the Cram é r Rao bounds of DOA estimation in the directional 

transmission BS case is given by 

 
𝑪𝐶𝑅−𝑽𝒚(𝝋) =

𝜎𝑛
2

2𝑁
{𝑅𝑒[(𝐃𝑽𝒚

𝐻 𝑷𝑽𝒚
⊥ 𝑫𝑽𝒚) ∘ 𝑹𝒔

𝑇]}
−1

 (C-29) 

where 𝑷 𝑽𝒚 
⊥  is given by 

 𝑷 𝑽𝒚
⊥ = 𝑰 −  𝑽𝒚(𝑽𝒚

𝐻 𝑽𝒚)
−1𝑽𝒚

𝐻. (C-30) 

 

  



Appendix C Cramér–Rao Bounds for DOA Estimation in ES and BS 

156 

 

 



 

157 

 

Appendix D 

 

Applying Optimum Beam Space Beamformer to Correlated Signals  

Consider a scenario that two correlated signals, with a correlation coefficient, 𝜌12 and their amplitudes are 𝜎𝑠1 and 𝜎𝑠2 and DOAs are 𝜃𝑠1 and 𝜃𝑠2. 

M mutually orthogonal omni-directional transmission conventional beams are formed. Then the BS covariance matrix is given by  

Applying the omni-directional BS optimum beamforming (MVDR) formula (3-9) to the correlated BS signals model, the output power at the first 

DOA, 𝜃𝑠1, is given by 

The MVDR optimisation criteria for the omni-directional transmission BS model can be described as 

 

𝑹𝒚 = [𝒉(𝜃𝑠1) 𝒉(𝜃𝑠2)] [
𝜎𝑠1
2 𝜌12𝜎𝑠1𝜎𝑠2

𝜌12
∗ 𝜎𝑠1𝜎𝑠2 𝜎𝑠2

2 ] [𝒉(𝜃𝑠1) 𝒉(𝜃𝑠2)]
𝐻 + 𝐾𝜎𝑛

2𝑰𝑀×𝑀. (D-1) 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) = 𝒘
𝐻(𝜃𝑠1)𝑹𝒚𝒘(𝜃𝑠1)

= [𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠1) 𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)] [
𝜎𝑠1
2 𝜌12𝜎𝑠1𝜎𝑠2

𝜌12
∗ 𝜎𝑠1𝜎𝑠2 𝜎𝑠2

2 ] [𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠1) 𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)]
𝐻 +𝒘𝐻(𝜃𝑠1)𝐾𝜎𝑛

2𝒘(𝜃𝑠1) 

= 𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠1)𝒉
𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝜎𝑠1

2 +𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)𝒉
𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝜌12

∗ 𝜎𝑠1𝜎𝑠2
+𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠1)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜌12𝜎𝑠1𝜎𝑠2 +𝒘
𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜎𝑠2
2 +𝒘𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝐾𝜎𝑛

2. 
 

(D-2) 

 
min 𝒘𝐻(𝜃)𝑹𝒚𝒘(𝜃), subject to 𝒘𝐻(𝜃)𝒉(𝜃) = 1. (D-3) 
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Combining the function to be minimised and the constraint in (D-3) into a single equation: 

where 𝜇 is a scalar and setting  

results in the following equation 

by substituting 𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠1) = 1 in, it can be shown that  

and multiplying both sides 𝒉𝐻(𝜃𝑠1)/2 gives 

With 𝐻(𝜃) = 𝒉𝐻(𝜃)𝒉(𝜃) as defined in (3-30), and here defining a new parameters 𝛼 = 𝒘𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)  and 𝛽=𝒉𝐻(𝜃𝑠1)𝒉(𝜃𝑠2) , the above 

equation can be written as 

Then, 𝜇 can be obtained as 

 𝜔(𝜃𝑠1) = 𝒘
𝐻(𝜃𝑠1)𝑹𝒚𝒘(𝜃𝑠1) − 𝜇(𝒘

𝐻(𝜃𝑠1)𝒉(𝜃𝑠1) − 1), (D-4) 

 𝜕𝜔(𝜃)

𝜕𝑤(𝜃)
|
𝜃=𝜃𝑠1

= 0. (D-5) 

 2𝒉(𝜃𝑠1)𝒉
𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝜎𝑠1

2 +  2𝒉(𝜃𝑠2)𝒉
𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 2𝒉(𝜃𝑠1)𝒉
𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜌12𝜎𝑠1𝜎𝑠2 + 2𝒉(𝜃𝑠2)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜎𝑠2
2 +

2𝒘(𝜃𝑠1)𝐾𝜎𝑛
2 − 𝜇𝒉(𝜃𝑠1) = 0, 

(D-6) 

 2𝒉(𝜃𝑠1)𝜎𝑠1
2 +  2𝒉(𝜃𝑠2)𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 2𝒉(𝜃𝑠1)𝒉
𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜌12𝜎𝑠1𝜎𝑠2 + 2𝒉(𝜃𝑠2)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜎𝑠2
2 + 2𝒘(𝜃𝑠1)𝐾𝜎𝑛

2 − 𝜇𝒉(𝜃𝑠1) = 0, (D-7) 

 𝒉𝐻(𝜃𝑠1)𝒉(𝜃𝑠1)𝜎𝑠1
2 + 𝒉𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 𝒉
𝐻(𝜃𝑠1)𝒉(𝜃𝑠1)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜌12𝜎𝑠1𝜎𝑠2

+ 𝒉𝐻(𝜃𝑠1)𝒉(𝜃𝑠2)𝒉
𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜎𝑠2

2 + 𝒉𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝐾𝜎𝑛
2 −

𝜇

2
𝒉𝐻(𝜃𝑠1)𝒉(𝜃𝑠1) = 0. 

(D-8) 

 
𝐻(𝜃𝑠1)𝜎𝑠1

2 +  𝛽𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝐻(𝜃𝑠1)𝛼

∗𝜌12𝜎𝑠1𝜎𝑠2 + 𝛽𝛼
∗𝜎𝑠2

2 + 𝐾𝜎𝑛
2 −

𝜇

2
𝐻(𝜃𝑠1) = 0. (D-9) 

 
𝜇 = 2(𝜎𝑠1

2 +
𝛽𝛼∗𝜎𝑠2

2

𝐻(𝜃𝑠1)
+

𝐾𝜎𝑛
2

𝐻(𝜃𝑠1)
+
(𝛽𝜌12

∗ + 𝐻(𝜃𝑠1)𝛼
∗𝜌12)𝜎𝑠1𝜎𝑠2

𝐻(𝜃𝑠1)
) (D-10) 
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Multiplying both sides of (D-7) 𝒉𝐻(𝜃𝑠2)/2 gives  

The above equation can be simplified and written as  

Substituting 𝜇 as (D-10) in the above gives  

As the example in Figure 3-11 shows, the value of 𝐻(𝜃) is near to a constant in the sector of interest: 

Then (D-13) can be rewritten as 

 𝒉𝐻(𝜃𝑠2)𝒉(𝜃𝑠1)𝜎𝑠1
2 + 𝒉𝐻(𝜃𝑠2)𝒉(𝜃𝑠2)𝜌12

∗ 𝜎1𝜎2 + 𝒉
𝐻(𝜃𝑠2)𝒉(𝜃𝑠1)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜌12𝜎𝑠1𝜎𝑠2 + 𝒉
𝐻(𝜃𝑠2)𝒉(𝜃𝑠2)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜎𝑠2
2

+ 𝐾𝒉𝐻(𝜃𝑠2)𝒘(𝜃𝑠1)𝜎𝑛
2 −

𝜇

2
𝒉𝐻(𝜃𝑠2)𝒉(𝜃𝑠1) = 0. 

(D-11) 

 
𝛽∗𝜎𝑠1

2 + 𝐻(𝜃𝑠2)𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝛽

∗𝛼∗𝜌12𝜎𝑠1𝜎𝑠2 + 𝐻(𝜃𝑠2)𝛽𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝐻(𝜃𝑠2)𝛼

∗𝜌12𝛼
∗𝜎𝑠2

2 + 𝐾𝛼∗𝜎𝑛
2 −

𝜇

2
𝛽∗ = 0. (D-12) 

 
𝛽∗𝜎𝑠1

2 + 𝐻(𝜃𝑠2)𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝛽

∗𝛼∗𝜌12𝜎𝑠1𝜎𝑠2 + 𝐻(𝜃𝑠2)𝛽𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝐻(𝜃𝑠2)𝛼

∗𝜎𝑠2
2 + 𝐾𝛼∗𝜎𝑛

2 − 𝛽∗ (𝜎𝑠1
2 +

𝛽𝛼∗𝜎𝑠2
2

𝐻(𝜃𝑠1)
+

𝐾𝜎𝑛
2

𝐻(𝜃𝑠1)
+

(𝛽𝜌12
∗ +𝐻(𝜃𝑠1)𝛼

∗𝜌12)𝜎𝑠1𝜎𝑠2

𝐻(𝜃𝑠1)
) = 0. 

(D-13) 

 𝐻(𝜃𝑠1) ≈ 𝐻 

𝐻(𝜃𝑠2) ≈ 𝐻. 
(D-14) 

 
𝛽∗𝛼∗𝜌12𝜎𝑠1𝜎𝑠2 + 𝐻𝛼

∗𝜎𝑠2
2 + 𝐾𝛼∗𝜎𝑛

2 −
𝛽∗𝛽𝛼∗𝜎𝑠2

2

𝐻
− 𝛽∗𝛼∗𝜌12𝜎𝑠1𝜎𝑠2 =

𝛽∗𝛽𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝛽

∗𝐾𝜎𝑛
2 − 𝐻2𝜌12

∗ 𝜎𝑠1𝜎𝑠2
𝐻

, (D-15) 
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and the value of 𝛼∗ can be approximated as 

Multiplying both sides of (D-7) 𝒘𝐻(𝜃s1)/2 gives 

Substituting (D-10) into (D-17), the noise part is given by 

The expression (D-2) can be simplified as  

 
𝛼∗ ≈

(𝛽∗𝛽 − 𝐻2)𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝛽

∗𝐾𝜎𝑛
2

(𝐻2 − 𝛽∗𝛽)𝜎𝑠2
2 + 𝐾𝐻𝜎𝑛2

 (D-16) 

 𝒘𝐻(𝜃s1)𝒉(𝜃s1)𝜎𝑠1
2 + 𝒘𝐻(𝜃s1)𝒉(𝜃𝑠2)𝜌12

∗ 𝜎𝑠1𝜎𝑠2 +𝒘
𝐻(𝜃s1)𝒉(𝜃s1)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃s1)𝜌12𝜎𝑠1𝜎𝑠2 +𝒘
𝐻(𝜃s1)𝒉(𝜃𝑠2)𝒉

𝐻(𝜃𝑠2)𝒘(𝜃s1)𝜎𝑠2
2

+𝒘𝐻(𝜃s1)𝒘(𝜃s1)𝐾𝜎𝑛
2 −

𝜇

2
𝒘𝐻(𝜃s1)𝒉(𝜃s1) = 0 

𝜎𝑠1
2 + 𝒘𝐻(𝜃s1)𝒉(𝜃𝑠2)𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 𝒉
𝐻(𝜃𝑠2)𝒘(𝜃s1)𝜌12𝜎𝑠1𝜎𝑠2 +𝒘

𝐻(𝜃s1)𝒉(𝜃𝑠2)𝒉
𝐻(𝜃𝑠2)𝒘(𝜃s1)𝜎𝑠2

2 +𝒘𝐻(𝜃s1)𝒘(𝜃s1)𝐾𝜎𝑛
2 −

𝜇

2
= 0 

𝜎𝑠1
2 +  ⍺𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + ⍺
∗𝜌12𝜎𝑠1𝜎𝑠2 + ⍺⍺

∗𝜎𝑠2
2 +𝒘𝐻(𝜃s1)𝒘(𝜃s1)𝐾𝜎𝑛

2 −
𝜇

2
= 0. 

(D-17) 

 𝒘𝐻(𝜃1)𝒘(𝜃1)𝐾𝜎𝑛
2 =

𝜇

2
− 𝜎𝑠1

2 +  ⍺𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + ⍺

∗𝜌12𝜎𝑠1𝜎𝑠2 + ⍺⍺
∗𝜎𝑠2

2  

= 𝜎𝑠1
2 +

𝛽𝛼∗𝜎𝑠2
2

𝐻
+
𝐾𝜎𝑛

2

𝐻
+
(𝛽𝜌12

∗ + 𝐻𝛼∗𝜌12)𝜎𝑠1𝜎𝑠2
𝐻

− (𝜎𝑠1
2 +  ⍺𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + ⍺
∗𝜌12𝜎𝑠1𝜎𝑠2 + |𝛼|

2𝜎𝑠2
2 ) 

=
1

𝐻
((𝛽𝛼∗ − |𝛼|2𝐻)𝜎𝑠2

2 + (𝛽𝜌12
∗ − 𝐻 𝛼𝜌12

∗ )𝜎𝑠1𝜎𝑠2 + 𝐾𝜎𝑛
2). 

(D-18) 

 

𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) =  [1 𝛼] [
𝜎𝑠1
2 𝜌12𝜎𝑠1𝜎𝑠2

𝜌12
∗ 𝜎𝑠1𝜎𝑠2 𝜎𝑠2

2 ] [1 𝛼]𝐻 +𝒘𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝐾𝜎𝑛
2 

= 𝜎𝑠1
2 + 𝛼𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 𝜌12𝛼
∗𝜎𝑠1𝜎𝑠2 + 𝛼𝛼

∗𝜎𝑠2
2 +𝒘𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝐾𝜎𝑛

2. 

(D-19) 
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Substituting (D-15) and (D-18) into above equation, then the BS optimum beamforming output at 𝜃𝑠1 can be given by 

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) =  𝜎𝑠1
2 + 𝛼𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 𝜌12𝛼
∗𝜎𝑠1𝜎𝑠2 + 𝛼𝛼

∗𝜎𝑠2
2 +𝒘𝐻(𝜃𝑠1)𝒘(𝜃𝑠1)𝐾𝜎𝑛

2 

= 𝜎𝑠1
2 + 𝛼𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 𝛼
∗𝜌12𝜎𝑠1𝜎𝑠2 + |𝛼|

2𝜎𝑠2
2 +

1

𝐻
((𝛽𝛼∗ − |𝛼|2𝐻)𝜎𝑠2

2 + (𝛽 − 𝐻𝛼)𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝐾𝜎𝑛

2) 

= 𝜎𝑠1
2 + 𝛼𝜌12

∗ 𝜎𝑠1𝜎𝑠2 +
𝛽𝛼∗

𝐻
𝜎𝑠2
2 +

𝛽

𝐻
𝜌12
∗ 𝜎1𝜎2 +

𝐾

𝐻
𝜎𝑛
2 

= 𝜎𝑠1
2 +

𝛽𝜎𝑠2
2

𝐻

(𝛽∗𝛽 − 𝐻2)𝜌12
∗ 𝜎𝑠1𝜎𝑠2 + 𝛽

∗𝐾𝜎𝑛
2

(𝐻2 − 𝛽∗𝛽)𝜎𝑠2
2 + 𝐾𝐻𝜎𝑛2

+
(𝛽∗𝛽 − 𝐻2)𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 𝛽
∗𝐾𝜎𝑛

2

(𝐻2 − 𝛽∗𝛽)𝜎𝑠2
2 + 𝐾𝐻𝜎𝑛2

𝜌12𝜎𝑠1𝜎𝑠2 +
𝛽

𝐻
𝜌12
∗ 𝜎𝑠1𝜎𝑠2 +

𝐾

𝐻
𝜎𝑛
2 

= 𝜎𝑠1
2

+
1

(𝐻2 − 𝛽∗𝛽)𝜎𝑠2
2 + 𝐾𝐻𝜎𝑛2

(
𝛽𝜎2

2

𝐻
((𝛽∗𝛽 − 𝐻2)𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 𝛽
∗𝐾𝜎𝑛

2) + |𝜌12|
2𝜎𝑠1

2 𝜎𝑠2
2 (𝛽∗𝛽 − 𝐻2) + 𝛽∗𝐾𝜎𝑛

2𝜌12𝜎𝑠1𝜎𝑠2)

+
𝛽

𝐻
𝜌12
∗ 𝜎𝑠1𝜎𝑠2 +

𝐾

𝐻
𝜎𝑛
2 

= 𝜎𝑠1
2

+
1

(𝐻2 − 𝛽∗𝛽)𝜎𝑠2
2 + 𝐾𝐻𝜎𝑛2

(|𝜌12|
2𝜎𝑠1

2 𝜎𝑠2
2 (𝛽∗𝛽 − 𝐻2) +

𝛽𝜎𝑠2
2

𝐻
((𝛽∗𝛽 − 𝐻2)𝜌12

∗ 𝜎𝑠1𝜎𝑠2 + 𝛽
∗𝐾𝜎𝑛

2) + 𝛽∗𝐾𝜎𝑛
2𝜌12𝜎𝑠1𝜎𝑠2

+
𝛽

𝐻
𝜌12
∗ 𝜎𝑠1𝜎𝑠2((𝐻

2 − 𝛽∗𝛽)𝜎𝑠2
2 + 𝐾𝐻𝜎𝑛

2)) +
𝐾

𝐻
𝜎𝑛
2 

= 𝜎𝑠1
2 +

1

(𝐻2 − 𝛽∗𝛽)𝜎𝑠2
2 + 𝐾𝐻𝜎𝑛2

(|𝜌12|
2𝜎𝑠1

2 𝜎𝑠2
2 (𝛽∗𝛽 − 𝐻2) + 𝐾𝜎𝑛

2 (
𝛽∗𝛽𝜎𝑠2

2

𝐻
+ 𝜎𝑠1𝜎𝑠2(𝛽

∗𝜌12 + 𝛽𝜌12
∗ ))) +

𝐾

𝐻
𝜎𝑛
2. 

(D-20) 
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Therefore, the BS optimum beamforming output at the DOAs of coherent signals are obviously different from the outputs for the model of 

independent signals, which is described in Chapter 3. When the SNR of the signal incident from 𝜃𝑠1 is very high (𝜎𝑛
2 ≪ 𝜎𝑠1

2 ), the output at the 

DOA can be simplified as 

In this case, the output power depends wholly on the signal arriving from the look angle and correlation between signals. The higher correlation 

causes more attenuation to the output power and a relatively weak but coherent interference can fully cancel a strong signal.  

When two signals are very close, 𝛽 approaches H, the output is near to 𝜎𝑠1
2 + 𝜎𝑠2

2 + 𝜎𝑠1𝜎𝑠2(𝜌12 + 𝜌12
∗ ) +

𝐾

𝐻
𝜎𝑛
2, and the output would be similar to 

the conventional beamforming result. The output becomes the summation of the two signals coherently and the contribution of noise components. 

Similarly, for the directional transmission BS case, when two signals are correlated, the optimum BS beamformer output power at one of the 

DOAs of coherent signals is given by 

where 𝑘𝑦(𝜃𝑠1)  is defined in (4-20) and its value is near the constant 𝐾𝑦  when 𝜃𝑠1  is inside the sector scanned by formed beams; 𝛽𝑑 =

𝒗𝒚
𝐻(𝜃𝑠1)𝒗𝒚(𝜃𝑠2), which was earlier denoted as 𝐵(𝜃𝑠1, 𝜃𝑠2) in (4-34).  

  

 𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) ≈ 𝜎𝑠1
2 (1 − |𝜌12|

2) 
(D-21) 

 

𝑝𝑀𝑉𝐷𝑅−𝐵𝑆(𝜃𝑠1) ≈ 𝜎𝑠1
2 +

1

(𝐾𝑦
2−|𝛽𝑑|

2
)𝜎𝑠2
2 +𝐾𝑦𝐾𝜎𝑛

2
(|𝜌

12
|
2
𝜎𝑠1
2 𝜎𝑠2

2 (|𝛽
𝑑
|
2
− 𝐾𝑦

2) + 𝐾𝜎𝑛
2 (

|𝛽𝑑|
2
𝜎
𝑠2

2

𝐾𝑦
+ 𝜎𝑠1𝜎𝑠2(𝛽𝑑

∗𝜌
12
+ 𝛽

𝑑
𝜌
12

∗ )) +
𝐾

𝐾𝑦
𝜎𝑛
2, (D-22) 
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Appendix E 

 

DOA estimation for Several Groups of 

Coherent Signals 

When received signals are mixed with Lc groups of coherent signals but 

uncorrelated among groups, which represents a scenario of Lc independent source 

signals with multipath returns, the omnidirectional transmission BS covariance 

matrix becomes 

 𝑹𝒚 = 𝑽𝐻𝑹𝒙𝑽 

=∑𝜎𝑠𝑖
2𝑽𝐻𝒒𝑖𝒒𝑖

𝐻𝑽

𝐿𝑐

𝑖=1

+ 𝜎𝑛
2𝑽𝐻𝑽 

(E-1) 

Similar to the process in Appendix A, it can be proven that with a sufficient 

number of beams, the ES signal subspace can be reconstructed according to the 

BS signal subspace and is given by 

 

∑𝒒𝑖𝒒𝑖
𝐻

𝐿𝑐

𝑖=1

=∑𝑽𝑽𝐻𝒒𝑖𝒒𝑖
𝐻𝑽𝑽𝐻

𝐿𝑐

𝑖=1

 (E-2) 

Similar to the case for one group of coherent signals, the noise subspace can be 

simply reconstructed as a diagonal matrix and the ES covariance matrix can be 

reconstructed. Then spatial smoothing and MUSIC techniques can be applied. 

Notice that the number of averages for spatial smoothing depends on the 

maximum number coherent signals in each group. 

A signal model containing two groups of coherent signals, but uncorrelated 

between groups, are considered here. Three coherent signals at DOAs of 8.23°, 

9.44° and 12°, with SNR=10 dB, 5 dB and 10 dB, and correlation ρ12= e𝑖 and 

ρ13= 1; the second group contains two signals at DOAs of 5.3° and 10.67°, with 

SNR=10 dB and 10 dB, and correlation ρ12=  e𝑖𝜋/3 . The ULA contained 64 

identical receivers spaced at 𝑑 = 0.5𝜆 , and 20 omni-directional transmission 

beams are formed in a sector of [1°, 20°] with 1° separation. The results of 

applying the developed techniques are shown in Figure E-1. It shows all the 

DOAs can be estimated accurately and the result indicates that the technique is 

adequate for estimating DOAs of a mixture of multiple groups of coherent signals.  
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Figure E-1: An example of BS processing for two groups of coherent signals. The output of ES 

MUSIC with spatial smoothing to a reconstructed ES covariance matrix and compared with 

conventional BS beamformer and BS MUSIC without decorrelation. 
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Appendix F 

 

Averaging over Reconstructed Directional 

Transmission ES Covariance Matrices 

For the directional transmission case, as shown in Section 4.1.3, the BS covariance, 𝑹𝒚, 

can be considered as a linear transformation for a stacked ES covariance matrix 𝑹𝒙𝑠. 

 

𝑹𝒙𝑠 = 𝐸

{
 

 

[
 
 
 
𝒙(𝜃1)𝒙

𝐻(𝜃1) 𝒙(𝜃1)𝒙
𝐻(𝜃2) ⋯ 𝒙(𝜃1)𝒙

𝐻(𝜃𝑀)

𝒙(𝜃2)𝒙
𝐻(𝜃1) 𝒙(𝜃2)𝒙

𝐻(𝜃2) ⋯ 𝒙(𝜃2)𝒙
𝐻(𝜃𝑀)

⋮ ⋮ ⋱ ⋮
𝒙(𝜃𝑀)𝒙

𝐻(𝜃1) 𝒙(𝜃𝑀)𝒙
𝐻(𝜃2) ⋯ 𝒙(𝜃𝑀)𝒙

𝐻(𝜃𝑀)]
 
 
 

}
 

 
 , 

𝑹𝒚 = 𝐸{𝒚𝒚
𝐻} = 𝑼𝐻𝑹𝒙𝑠𝑼, 

U=[

𝒗(𝜃1) 0 ⋯ 0

0 𝒗(𝜃2) ⋮ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝒗(𝜃𝑀)

]. 

(F-1)  

Using the method in Section 6.2.2, the corresponding stacked MK×1 ES coherent signal 

steering vector is reconstructed as 

 

�̃�𝒔𝑠 = 𝑼𝒒𝒚1 =

[
 
 
 
 
𝒒𝒚1(1)𝒗(𝜃1)

𝒒𝒚1(2)𝒗(𝜃2)

⋮
𝒒𝒚1(𝑀)𝒗(𝜃𝑀)]

 
 
 
 

, (F-2) 

where 𝒒𝒚1(𝑚) is the m-th element in 𝒒𝒚1. It is also can be written as  

 

�̃�𝒔𝑠 = 𝑼𝑼𝐻𝒒1𝑠 =

[
 
 
 
𝒗(𝜃1)𝒗

𝐻(𝜃1)𝒒1𝑠(𝜃1)

𝒗(𝜃2)𝒗
𝐻(𝜃2)𝒒1𝑠(𝜃2)
⋮

𝒗(𝜃𝑀)𝒗
𝐻(𝜃𝑀)𝒒1𝑠(𝜃𝑀)]

 
 
 
, (F-3) 

where 𝒒1𝑠(𝜃𝑚) is the principal eigenvector of  𝑹𝒙(𝜃𝑚), and the corresponding KM×KM 

ES covariance matrix can be estimated as 

 �̃�𝒙𝑠
′ = �̃�𝑠

2�̃�𝒔𝑠�̃�𝒔𝑠
𝐻 + �̃�𝑛

2𝑰𝑀𝐾×𝑀𝐾. (F-4) 

Similar to the omni-directional case discussed earlier, ideally, if �̃�𝒔𝑠 is coherent with 𝒒1𝑠, 

then the ES signal subspace can be well reconstructed. By applying the approach in 
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Section 6.2.2.2, the reconstructed stack ES covariance matrix is an MK×MK matrix and 

can be denoted as an M×M block matrix, each block is a K×K matrix. For example, the 

m-th block is given by  

 �̃�𝒙𝑠(𝑚)
′ = �̃�𝑠

2|𝒒𝒚1(𝑚)|
2
𝒗(𝜃m)𝒗

𝐻(𝜃𝑚1), (F-5) 

Thus the averaging processing is given by 

 

�̃�𝒙
′ =

1

𝑀
∑ �̃�𝑠

2|𝒒𝒚1(𝑚)|
2
𝒗(𝜃m)𝒗

𝐻(𝜃𝑚1)

𝑀

𝑚=1

+ �̃�𝑛
2𝑰𝐾×𝐾. (F-6) 

An example is shown here, three directionally transmitted coherent signals are incident 

on an array in directions of 8.23°, 9.44° and 15°, with SNRs equal to 10 dB, 5 dB and 10 

dB at any single receiver respectively, with correlations between the signals as 𝜌12 = 𝑒𝑖, 

𝜌13 = 1 and 𝜌23 = 𝑒−𝑖. The ULA consists of 64 receivers, 𝑑 = 0.5𝜆, and 20 directional 

Tx/Rx beams equally spread in a sector of [1°, 20°] are used. The stacked ES covariance 

matrix estimated as (F-4) and then averaged along its main diagonal as (F-5) and (F-6). 

The result of applying MUSIC algorithm to the averaged matrix is plotted in Figure F-1. 

Three peaks appear at on are 8°, 9.88° and 15°. Only the DOA (15°) coincides with the 

beam centre is correct. 

 

Figure F-1: An example of applying MUSIC algorithm to a matrix averaging over reconstructed 

directional transmission ES covariance matrices. 

Recall (4-24), U is a diagonal block matrix and in (6-71), 𝑼𝑼𝐻 is a projection operator 

and it projects the one dimension BS signal subspace, 𝒒𝒚1, to each beam, so �̃�𝒔𝑠 is a 

stack of M estimated K×1 vectors, each of which is a weighted ES steering vector in each 

of the beam directions. For example, the m-th vector is given by 𝒗(𝜃𝑚)𝒗
𝐻(𝜃𝑚)𝒒1(𝜃𝑚), 

where 𝒒1(𝜃𝑚) is the principal eigenvector of  𝑹𝒙(𝜃𝑚). Obviously, for the case that a 

group of coherent signals are incident, 𝒗(𝜃𝑚)𝒗
𝐻(𝜃𝑚)𝒒1(𝜃𝑚)  is not coherent with 
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𝒒1(𝜃𝑚). Thus, if �̃�𝒔𝑠  is used to reconstruct 𝑹𝒙(𝜃𝑚), the principal eigenvector of the 

reconstructed ES covariance matrix is coherent with 𝒗(𝜃𝑚). Thus the subspace method 

only works for the case where the DOAs of the coherent signals are located at the MRAs 

of beams; otherwise it does not indicate the correct DOAs and peaks would appear at or 

near to the beam centres close to the DOAs.  
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