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Pattern formation in multiphase models of chemotactic cell aggregation
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We develop a continuum model for the aggregation of cells cultured in a nutrient-rich medium in a culture
well. We consider a two-dimensional geometry, representing a vertical slice through the culture well, and
assume that the cell layer depth is small compared with the typical lengthscale of the culture well. We
adopt a continuum mechanics approach, treating the cells and culture medium as a two-phase mixture.
Specifically, the cells and culture medium are treated as fluids. Additionally, the cell phase can gener-
ate forces in response to environmental cues, which include the concentration of a chemoattractant that is
produced by the cells within the culture medium. The model leads to a system of coupled nonlinear partial
differential equations for the volume fraction and velocity of the cell phase, the culture medium pressure
and the chemoattractant concentration, which must be solved subject to appropriate boundary and initial
conditions. To gain insight into the system, we consider two model reductions, appropriate when the cell
layer depth is thin compared to the typical length scale of the culture well: a (simple) one-dimensional
and a (more involved) thin-film extensional flow reduction. By investigating the resulting systems of
equations analytically and numerically, we identify conditions under which small amplitude perturba-
tions to a homogeneous steady state (corresponding to a spatially-uniform cell distribution) can lead to a
spatially varying steady state (pattern formation). Our analysis reveals that the simpler one-dimensional
reduction has the same qualitative features as the thin-film extensional flow reduction in the linear and
weakly nonlinear regimes, motivating the use of the simpler one-dimensional modelling approach when
a qualitative understanding of the system is required. However, the thin-film extensional flow reduction
may be more appropriate when detailed quantitative agreement between modelling prediction and exper-
imental data is desired. Furthermore, full numerical simulations of the two model reductions in regions
of parameter space when the system is not close to marginal stability reveal significant differences in the
evolution of the volume fraction and velocity of the cell phase, and chemoattractant concentration.

Keywords:
Cell aggregation, Multiphase model, Model reduction, Thin-film extensional flow, Stability analysis

1. Introduction

The movement of many types of cells is influenced by local gradients of diffusible chemicals via a
phenomenon known as chemotaxis. Consider, for example, the slime mould Dictyostelium discoideum,
which usually lives as a single-cell amoeba-like organism in the soil. However, under starvation con-
ditions, the cells produce cyclic-AMP (cAMP) which diffuses through the environment, providing a
signal which drives the collective movement of cells up the cAMP gradients that are generated, result-
ing in cell aggregates called slugs [9]. The bacteria Escherichia coli exhibits similar behaviour when
cultured in vitro under suitable conditions, resulting in the formation of elaborate patterns [2]. Cell
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movement via chemotaxis also plays an important role in the progression of diseases such as cancer
[22] and Alzheimer’s [10, 26], in wound healing [1], and in the growth of tissues both in vivo and in
vitro [6, 12, 14, 23].

Mathematical models of cell aggregation through chemotaxis have a long history, starting with the
seminal work of Keller and Segel [18, 19] who considered the formation of multicellular slugs from
initially separate cells of Dictyostelium discoideum. The Keller-Segel model consists of a pair of coupled
reaction-diffusion equations for the evolution of the cell density and chemoattractant concentration. Cell
motion is assumed to include two components: unbiased random motion (modelled as a diffusive flux
term), and a biased motion up chemical gradients (modelled as a flux term proportional to the chemical
concentration gradient), whilst the chemical is assumed to be produced by the cells, to diffuse through
the environment, and to undergo natural decay.

The seminal work of [18, 19] underpins many theoretical studies of chemotaxis [15, 35], and many
model extensions have been considered (see [4] and references therein). Although the Keller-Segel
model may be presented as a phenomenological model, it can also be derived by taking the continuum
limit of a biased or reinforced random walk [34, 35]. Of particular relevance to this work is [4], in
which an alternative derivation and interpretation of the classical Keller-Segel model employing a mul-
tiphase modelling approach is presented. Multiphase models provide a natural framework within which
to model biological tissues: these composite materials comprise a variety of interacting constituents,
including, for example, different cells types, their associated extra-cellular matrix (ECM), and inter-
stitial fluid. Multiphase models represent the tissue as a mixture of continua, which occupy the same
regions of space; the behaviour of the different phases are governed by equations representing mass and
momentum conservation. Constitutive relations describe the material properties of the phases and their
interactions: the appropriate specification of such constitutive laws allows a variety of biophysical sys-
tems to be modelled [29], such approaches having been widely used in tissue engineering [20, 30, 31, 32]
and cancer modelling [3, 5].

To understand the pattern-forming potential of both reaction-diffusion and multiphase models, a
combination of analytical techniques and numerical solutions has proved useful [11, 25, 27, 29, 33].
Linear analysis can be used to determine the conditions under which spatially uniform (homogeneous)
steady states of the model are unstable and, hence, when to expect spatially-structured patterns. Weakly
nonlinear analysis can be used to understand the spatial dependence and time evolution of such patterns
when the system is close to marginal stability [27, 28, 38]. Combining these insights with numerical
simulations yields a more comprehensive description of the system’s behaviour than can be obtained
through simulation alone.

In this paper, we model cells that proliferate within a culture well, suspended in nutrient-rich medium
(referred to subsequently as the cell layer). The cells produce a chemoattractant, which diffuses rapidly
in the culture medium, and stimulates the formation of cell aggregates. The model studied here was
originally motivated by the formation of aggregates of hepatocytes (a type of liver cell) in tissue engi-
neering [12, 13], but is applicable to many other situations where cells are cultured in vitro. We employ
a multiphase modelling approach, similar to Byrne and Owen [4], but we additionally include the ef-
fects of cell viscosity to account for the resistance to cell motion due, for example, to the presence of
the cytoskeletal network inside the cell (as discussed within the multiphase framework by, for exam-
ple, [24]). In §2 we develop the model and present the full system of governing equations, together
with boundary and initial conditions. Insights into the behaviours displayed by the model equations
is gained by considering two model reductions, both of which are commonly adopted in the literature
[20, 21, 29, 32]. In §3, we consider a one-dimensional (1D) version of the governing equations. In §4,
we derive an alternative, thin-film extensional flow model, appropriate when the depth of the cell layer
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FIG. 1: Schematic showing the model setup in which the cells and culture medium (referred to as the
cell layer) occupy a 2D culture well of length L. The height of the cell layer is h(x, t).

is small compared to the lengthscale of the culture well; by considering an asymptotic analysis in this
small aspect ratio we obtain a 1D model which, in contrast to the first 1D model, accounts for the effects
of cell adhesion to the culture well surface, as well as surface tension at the cell layer-air interface. For
both models, we consider the linear stability of the homogeneous steady state to small perturbations.
Motivated by the potential for chemotaxis to stimulate cell aggregation, we highlight those features of
the system which are stabilising and those which are destabilising. An important result of our study is
that while the stabilising effects of interfacial tension and substrate adhesion are captured in the thin-
film extensional flow model, only the unstable modes of the system are well captured by the simpler 1D
formulation. This has important implications for modelling chemotactic pattern formation, in particular
supporting the use of the simpler 1D model. We then perform a weakly nonlinear analysis, which yields
approximate solutions to the governing equations when the system is close to a marginally stable steady
state. We conclude our study with numerical solutions of the 1D reductions in the nonlinear regime,
demonstrating intriguing coarsening solutions in the 1D model and the existence of surface-tension-
driven oscillations in the thin-film extensional flow model. Finally, in §5, we conclude with a summary
of our findings and a discussion of the implications of our results.

2. Governing equations

We adopt a continuum modelling approach in which the cells and nutrient-rich culture medium (referred
to subsequently as the cell layer) are treated as a two-phase mixture. We consider a 2D culture domain
with Cartesian coordinates xxx = (x,y) and corresponding coordinate directions iii, jjj. The culture well
occupies the region 0 < x < L, y > 0, while the cell layer occupies the region 0 < x < L,0 < y <
h(x, t), where h(x, t) is the height of the cell layer-air interface, and t denotes time (see Figure 1). The
volume fractions of the cells and culture medium are denoted by n(xxx, t) and s(xxx, t) respectively, and their
velocities are denoted by uuu(xxx, t) and vvv(xxx, t). The concentration of the chemoattractant per unit volume of
culture medium is given by c(xxx, t), so that sc is the concentration per unit volume of mixture (assuming
no voids).

Within the two-phase modelling framework, we account for cell proliferation and death, and the
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production of chemoattractant by the cells. Additionally, in the thin-film extensional flow model, since
we consider a reduction of the 2D equations appropriate when the cell layer depth is small compared to
the length scale of the culture well, we can account for cell-substrate adhesion and surface tension and
the cell layer-air interface. Below we summarise our modelling assumptions, and present the governing
equations in general form. In §3 and §4 we consider, respectively, a simple 1D version of the equa-
tions, and a thin-film extensional flow model obtained in the limit when the depth of the cell and culture
medium layer is small compared to its length. Since these two model variants require different boundary
conditions, these are presented later, in the relevant sections. As the 1D and thin-film extensional flow
models require different boundary conditions, these are presented in the relevant sections (§3 and §4
respectively).

We start by assuming there are no voids, so

n+ s = 1. (2.1)

Assuming each phase to be incompressible and of the same density, the conservation of mass equations
are given by

∂n
∂ t

+∇ · (nuuu) = J, (2.2a)

∂ s
∂ t

+∇ · (svvv) =−J, (2.2b)

where J denotes the net rate of mass transfer from culture medium to cells (cells proliferate by absorbing
water, and water is liberated when cells die). The force balance for each phase (neglecting inertia) is of
the form

∇ · (nσσσn)+FFFn = 000, (2.3a)

∇ · (sσσσ s)−FFFn = 000, (2.3b)

where σσσn and σσσ s are the stress tensors for the cells and culture medium, respectively, and FFFn represent
the interphase force exerted by the culture medium on the cells.

When specifying the constitutive relations for σσσn, σσσ s and FFFn, we assume that the shear and bulk
viscosities of the culture medium are negligible relative to those of the cell phase, and treat the culture
medium as an inviscid fluid on the macroscale for which

σσσ s =−pIII, (2.4)

where p is the fluid pressure and III the identity tensor. The form (2.4) is chosen so that the force
balance (2.3b) and the constitutive law prescribed below for the interphase force FFFn (see (2.7)) lead to
the transport of culture medium being governed by Darcy’s law and thus the microscale effects of the
culture medium viscosity are included in this sense in the macroscale formulation. We assume that the
cell phase can be modelled as a viscous fluid and employ the Newtonian constitutive relation for σσσn,

σσσn =−pnIII +µ
(
∇uuu+(∇uuu)T )+λ (∇ ·uuu)I, (2.5)

where pn is the cell-phase pressure, T denotes transpose, and µ and λ denote the (effective) shear and
bulk cell-phase viscosities, respectively. Cells differ from ordinary viscous fluids, however, in that they
can generate forces in response to cues from their environment, such as variations in the local cell phase
volume fraction or chemoattractant concentration. We assume these forces manifest themselves in the



PATTERN FORMATION IN MULTIPHASE MODELS OF CHEMOTACTIC CELL AGGREGATION 5 of 29

form of an additional intraphase pressure [24], which can depend on both the cell phase volume fraction
and the chemoattractant concentration, and write

pn = p+Σ(n,c), (2.6)

where the function Σ(n,c) encapsulates the environmental cues described above. Finally, we assume
that the culture medium exerts a drag force on the cells, and the drag coefficient is kns, where k is a
non-negative constant. Thus there is no drag if either of the two phases is absent. We hence write

FFFn =−kns(uuu− vvv)+ p∇n, (2.7)

noting that the last term in this equation represents the contribution of interfacial forces (see [24] for a
detailed derivation).

Substituting (2.4)-(2.7) into (2.3), we obtain the following force balances (using s = 1−n)

−n∇p+∇ · [µn(∇uuu+∇uuuT )]+∇(λn(∇ ·uuu))− kn(1−n)(uuu− vvv)−∇Ψ = 000, (2.8a)

−∇p− kn(vvv−uuu) = 000, (2.8b)

where, for convenience, Ψ(n,c) = nΣ(n,c).
We assume that the chemoattractant diffuses through the culture medium on a timescale much

shorter than that associated with the convective transport of the culture medium. We hence neglect
advective transport, and make the quasi-steady assumption, leading to the following reaction-diffusion
equation

D∇ · [(1−n)∇c]+βn(1−n)−α(1−n)c = 0, (2.9)

where D is the diffusion coefficient. The second term in (2.9) represents chemoattractant production by
the cells, and the third term its net rate of decay. The chemoattractant is produced by the cells at a rate
β , and released into the culture medium. The production term is thus assumed to be proportional to the
product of the volume fractions of the two phases, since there must be contact between them in order
for the chemoattractant to enter the culture medium. Natural decay of the chemoattractant occurs at a
rate α , and the factor of 1− n in the decay term is a result of the volume averaging process (see, for
example, [8, 12]).

2.1 Model simplification

It is convenient to reduce the number of equations in the model by eliminating vvv from the system (2.2)
and (2.8). Rearranging equation (2.8b) gives

vvv =− 1
kn

∇p+uuu. (2.10)

Substituting (2.10) into the sum of (2.2a) and (2.2b) then yields

∇ ·
(

uuu− (1−n)
kn

∇p
)
= 0, (2.11)

representing global conservation of mass of the mixture. On setting pT = p+Ψ , the system (2.2) and
(2.8) reduces to

∂n
∂ t

+∇ · (nuuu) = J, (2.12a)
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∇ ·
(

uuu− (1−n)
kn

∇(pT −Ψ)

)
= 0, (2.12b)

−∇pT +∇ · [µn(∇uuu+∇uuuT )]+∇(λn∇ ·uuu) = 000. (2.12c)

Partial differential equations (2.9) and (2.12) define the evolution of the dependent variables c, n, uuu and
pT . Equations (2.12a,b) represent mass conservation for the cell phase and mixture respectively, while
equation (2.12c) is the force balance for the cell phase.

To close the system, it remains to specify the functions Ψ and J. We assume that

Ψ =
Γ n

(1−n)
exp
(
− c

c∗

)
, (2.13)

where Γ measures the contractility strength and c∗ is a positive constant. This function is phenomeno-
logical and models chemotactic movement up gradients in chemoattractant, with a greater effect in areas
of lower concentration, which is a behaviour that has been experimentally observed [16]. The depen-
dence on n represents the fact that cells tend to aggregate at low cell densities, but repulsive forces arise
due to contact inhibition when n approaches 1. An exponential dependence of the function Ψ on the
concentration c was also considered in [4]. For simplicity, we assume in the analysis that follows that J
is linear in n (first-order kinetics):

J = κ(ns−n), (2.14)

where ns is the equilibrium cell volume fraction and κ is the constant rate of mass transfer.

3. One-dimensional model

We begin by considering a simple 1D reduction of equations (2.9) and (2.12), where cell velocity is
denoted by u. Assuming that the cells and culture medium are confined to the region 0 < x < L (repre-
senting the culture well), the model is closed by specifying no flux boundary conditions for cells, culture
medium and chemoattractant at x = 0, L, as follows

u = 0,
∂

∂x
(pT −Ψ) = 0,

∂c
∂x

= 0 at x = 0,L, (3.1a–c)

together with an initial condition for the cell volume fraction. We nondimensionalise as follows, where
tildes indicate dimensionless variables, La is the length scale of an aggregate, and U is a typical cell
velocity scale:

x = Lax̃, u =Uũ, t =
La

U
t̃, pT =

µU
La

p̃T , c =
βL2

a

D
c̃, J =

U
La

J̃. (3.2)

Integrating equation (2.12b) with respect to x, and applying boundary condition (3.1b), gives an expres-
sion for ∂ p̃T/∂ x̃ in terms of ũ. We can then eliminate p̃T from the system of equations, so that the
dimensionless governing equations become

∂n
∂ t̃

+
∂

∂ x̃
(nũ) = J̃, (3.3a)

M̃(n)ũ−2
∂

∂ x̃

(
n

∂ ũ
∂ x̃

)
+

∂Ψ̃

∂ x̃
= 0, (3.3b)

∂

∂ x̃

[
(1−n)

∂ c̃
∂ x̃

]
+(1−n)(n− α̃ c̃) = 0, (3.3c)
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for n(x̃, t̃), ũ(x̃, t̃) and c̃(x̃, t̃) on 0 < x̃ < L̃, subject to the boundary conditions

ũ =
∂ c̃
∂ x̃

= 0 at x̃ = 0, L̃, (3.4a,b)

where the dimensionless functions and parameters are as follows

L̃ =
L
La

, J̃(n) = κ̃(ns−n), M̃(n) =
k̃n

1−n
, Ψ̃(n, c̃) =

Γ̃ n
1−n

exp
(
− c̃

c̃∗

)
, (3.5)

κ̃ =
Laκ

U
, k̃ =

kL2
a

(µ +λ/2)
, Γ̃ =

Γ La

(µ +λ/2)U
, c̃∗ =

Dc∗

βL2
a
, α̃ =

αL2
a

D
. (3.6)

Note that setting a value for κ̃ (as we do in the analysis that follows) sets the velocity scale U (for a
given κ and La). In the analysis that follows it is convenient to work in terms of M̃(n) and Ψ̃(n, c̃), and
we drop tildes for clarity. Note that Byrne and Owen [4] considered the equivalent of equations (3.3) in
the limit in which viscosity is neglected (the second term in equation (3.3b)). Here we retain cell phase
viscosity to capture the resistance to cell motion due, for example, to the presence of the cytoskeletal
network inside the cell.

3.1 Linear stability analysis

To determine the regimes in which we might expect to observe aggregation, we perform a linear stability
analysis. We consider α = α0 and the spatially homogeneous steady state of equations (3.3), given by
n = ns, u = 0 and c = cs = ns/α (where the final constraint applies because cs must satisfy equation
(3.3c)). Note that this steady state exists since we have chosen J(ns) = 0 (see equation (2.14)). We then
introduce small amplitude perturbations of the following form (real part understood)

n∼ ns +δ n̂eiqx+ωt + . . . , u∼ δ ûeiqx+ωt + . . . , c∼ cs +δ ĉeiqx+ωt + . . . , (3.7)

where q is the wavenumber, ω is the growth rate of the perturbation, 0 < δ � 1, and n̂, û and ĉ are
constants. Substituting (3.7) into equations (3.3) and linearising, we find the growth rate ω is

ω =−κ− q2ns

M(ns)+2q2ns

(
β1 +

β2

α +q2

)
, (3.8)

where

β1 =
∂Ψ

∂n

∣∣∣∣
(n,c)=(ns,cs)

, β2 =
∂Ψ

∂c

∣∣∣∣
(n,c)=(ns,cs)

. (3.9a,b)

Substituting the expressions for Ψ and M(n) from (3.5), we can write the growth rate in terms of
k,κ,α,c∗,ns, cs = ns/α and the wavenumber q , as

ω =−κ +
Γ q2 exp(−cs/c∗)
k+2q2(1−ns)

(
ns

c∗(α +q2)
− 1

1−ns

)
. (3.10)

An exemplar plot of the growth rate as a function of wavenumber, given by equation (3.8), is shown
in Figure 2a. Note that we have performed the linear stability analysis on an infinite domain, and so
have not imposed the boundary conditions (3.4). Imposing the restriction that the domain is of (dimen-
sionless) length 1, say, selects a discrete set of wave numbers corresponding to integer multiples of π
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FIG. 2: Parameter values used for both (a) and (b) are n1 = 0.1, Γ = 103, κ = 21.34, k = 17.23 and
c∗ = 10−3. (a) Growth rate, ω , versus wavenumber, q, given by equation (3.8). Solid line: α = 50 (the
marginal stability case); dashed line: α = 49.5. (b) Evolution of n(0,T ) and n(0.25,T ). Additional
parameter values are L = 1, α0 = 50, α1 = 1 and ε = 0.1. Solid line: full numerical solution. Dashed
line: First-order approximation, ns + εA(T ) (A(T ) given by equation (3.17)). Circles: Second-order
approximation, ns + εA(T )+ ε2A(T )2N2 (N2 given by equation (A.7a)).

(to ensure the boundary conditions (3.4) are satisfied). Figure 2a illustrates the effect of varying α for
fixed values of the remaining parameters (the exact parameter values are noted in the figure caption).
The dashed line corresponds to α = 49.5 and we see a band of wavenumbers for which the growth rate
is positive, indicating that the homogeneous steady state is linearly unstable to small amplitude pertur-
bations with these wave numbers. We also note the presence of a maximal growth rate, corresponding
to the most linearly unstable mode. As the value of α increases, the growth rate decreases for all values
of the wavenumber until the maximum growth rate touches zero. This corresponds to the marginal sta-
bility case, and in the following section we undertake a weakly nonlinear analysis, which allows us to
construct approximate solutions to the governing equations when the system is close to the marginally
stable steady state. In particular, such an analysis will reveal the possibility of additional non-spatially
uniform steady states for certain choices of parameter values.

To explore the parameter regimes in which we expect to find instability, we calculate qc, the wavenum-
ber for which ω takes its maximum value by solving ∂ω/∂q = 0 (where a real solution exists), and use
this to calculate ωmax = ω(q2

c). In Figures 3 we indicate in white regions of parameter space in which
ωmax > 0, and where it is possible to observe instability (regions where ωmax < 0, so that the system is
stable to perturbations of all wavenumbers, are shown in black).

In figure 3 we consider the effect on the system stability of varying ns, corresponding to the equilib-
rium cell seeding density, and c∗ and α , which reflect the sensitivity of the cell generated forces to the
chemoattractant and the dimensionless chemoattractant decay rate respectively. We choose to vary these
parameters as ns may be experimentally controlled, and varying c∗ and α corresponds to exploring the
system dynamics for different cell types. In Figure 3a, we fix α and vary the equilibrium cell seeding
density, ns, and the constant c∗ (for small c∗, a small change in c produces a larger change in Ψ than that
associated with larger values of c∗). For very small values of ns, we see that increasing c∗ results in the
system becoming stable to perturbations of all wavenumbers. However, for larger values of ns (less that
≈ 0.5) we see the opposite result that increasing c∗ results in the system losing stability. In Figure 3b
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FIG. 3: Stability regions for for κ = k = 1 and Γ = 100. White (black) regions indicate parameters values
for which instability (stability) is predicted for some (all) wavenumber, q. (a) α = 10. (b) ns = 0.6. (c)
c∗ = 0.01.

we instead fix the equilibrium cell seeding density, and vary c∗ and α . We observe a region in parameter
space where the system may become unstable. Note that the role of α is complicated: increasing α

corresponds to the decay rate increasing, which we might expect to be a stabilising effect. However,
since cs = ns/α , increasing α also results in cs decreasing, which can be destabilising (see equation
(3.10)). Finally, in Figure 3c, we fix c∗ and vary α and ns, and we again see a region in parameter
space where the system may become unstable. These plots illustrate that the response of a homogenous
steady state to small amplitude perturbations depends on the system parameters in a non trivial manner:
insights gained from the analysis of the types of mathematical models described here can be used to
inform experimental protocols for promoting cell aggregation in vitro.

3.2 Weakly nonlinear analysis

We start by noting that if we choose a value of α = α0 such that

−κ =
q2ns

M(ns)+2q2ns

(
β1 +

β2

α0 +q2

)
, (3.11)

then, from equation (3.8), ω = 0, which correspond to the marginal stability case. An asymptotically
small reduction to the value of α = α0, which corresponds to the marginal stability case, results in the
maximal value of ω becoming small and positive. Thus the growth rate of the perturbations will be
asymptotically small, and it is necessary to consider the dynamics of the system on a longer timescale.
To satisfy the boundary conditions at x = 0,1 (where here we choose the lengthscale of the culture well
to be the aggregate lengthscale), we require q = mπ (where m is an integer), and we consider here the
wavenumber π (again for illustrative purposes). For marginal stability, in addition to ω(π) = 0, we
also require that the growth rate takes its maximum value at this point, so that ∂ω/∂q = 0 at q = π .
Differentiating (3.8) with respect to q, we find that for this to be true, we require

M(ns) =
2q4β2ns

β1(α2
0 +2α0q2 +q4)+β2α0

, (3.12)
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which can then be substituted into (3.11) to obtain κ . Conditions (3.11) and (3.12) therefore determine
critical parameter values (e.g. for M(ns) , or equivalently k, and κ) for the given wavenumber q = π . We
note that since M(ns) = kns/(1− ns), from the critical value of M(ns) we can equivalently determine
the critical value for k. The marginal stability case corresponding to ns = 0.1, α = α0 = 50, Γ = 103

and c∗ = 10−3 is plotted by the solid line in Figure 2a (for which k = 17.23 and κ = 21.34).
We now introduce a small parameter, ε , and consider perturbations to α of the form α = α0−ε2α1,

and the corresponding long timescale T = ε2t. We seek solutions of the form

n∼ ns + εn1 + ε
2n2 + · · · , u∼ εu1 + ε

2u2 + · · · , c∼ cs + εc1 + ε
2c2 + · · · . (3.13)

Details of the weakly nonlinear analysis are presented in Appendix A. Briefly, we substitute (3.13) into
equations (3.3) and (3.4) and consider the systems of equations and boundary conditions at successive
orders of ε . At O(ε), we obtain the following expressions for n1,u1 and c1:

n1 = A(T )cosπx, u1 =−
κ

nsπ
A(T )sinπx, c1 =

A(T )
α0 +π2 cosπx, (3.14a–c)

where the amplitude A(T ) is determined at O(ε3). At O(ε2) we find n2,u2 and c2 to be given by

n2 = N2A2 cos2πx, u2 =U2A2 sin2πx, c2 =C21A2 cos2πx+C22A2 +C23, (3.15a–c)

where N2, U2, C21, C22 and C23 are constant coefficients given in Appendix A. Finally, at O(ε3),
suppression of the resonant terms (the secularity condition) gives the following equation for A(T ):

dA
dT

= χ1A+χ2A3, (3.16)

where χ1 and χ2 depend on the system parameters governing parameters. We note that the amplitude
equation (3.16) is of the canonical form for a pitchfork bifurcation [36], and has at most three fixed
points: A = 0 and A = ±

√
(−χ1/χ2). However, the latter states only exist if χ1 and χ2 are of dif-

ferent sign. Depending on the sign of χ2, equation (3.16) can undergo either a subcritical (χ2 > 0) or
supercritical (χ2 < 0) pitchfork bifurcation.

Equation (3.16) may be solved explicitly, and has solution

A(T ) = sign(A(0))
[(

1
A(0)2 +

χ2

χ1

)
e−2χ1T − χ2

χ1

]−1/2

. (3.17)

The long-time behaviour of this amplitude equation is therefore as follows:

1. For χ1 < 0 and χ2 > 0, A→ 0 if A(0)<
√
|χ1|/χ2; A→ ∞ if A(0)>

√
|χ1|/χ2;

2. For χ1 < 0 and χ2 < 0, A→ 0;

3. For χ1 > 0 and χ2 > 0, A→ ∞ ;

4. For χ1 > 0 and χ2 < 0, A→
√

χ1/|χ2| .

We conclude that there are regimes of parameter space for which a small perturbation to the spatially
homogeneous marginally stable steady state can lead to spatial patterns on the long time scale (since
A(T ) multiplies functions of x in equation (3.14) and equation (3.15)). In the next section we provide
numerical validation of our weakly nonlinear analysis, before considering the thin-film extensional flow
reduction in detail.
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3.3 Numerical solution

We solve the governing equations and boundary conditions for the one-dimensional model (equations
(3.3) and (3.4)) using the finite element method: see, for example, [17]. At each timestep the system
of equations are fully coupled, and a backward difference in time is used for stability reasons. A linear
approximation is made to the solution on each element, and this approximation is continuous across
element boundaries. The resulting non-linear system of algebraic equations is solved using Newton’s
method [37], with the solution at the previous timestep used as the initial guess. The temporal and
spatial resolution is increased until the influence of any further increase in resolution on the solution is
not visible on the graphs presented. The code is validated as follows. First, we confirm that the numerical
code predicted the same growth rate for small amplitude perturbations to a spatially homogeneous steady
state as that predicted by the linear stability analysis. Secondly, by considering the solution behaviour
close to marginal stability, we confirm that the numerical results agreed with the predictions of the
weakly nonlinear theory (see Figure 5b and 7b below).

To compare the numerical results with the output of the weakly-nonlinear theory, we consider the
solution behaviour close to marginal stability: specifically we consider a small perturbation to the value
of α corresponding to marginal stability, i.e. we consider α = α0− ε2α1 where α0 = 50, α1 = 1 and
ε = 0.1. We consider an initial condition of the form

n = ns + εA(0)cosqx, (3.18)

where A(0) = 0.02 and q = π . We choose the remaining simulation parameters to ensure that condition
“4” is met (specific parameter values are reported in caption of Figure 2b). The solid line in Figure
2b shows the dynamics of the system (which we have characterised by plotting n(0,T ) and n(0.25,T ))
obtained numerically), and confirms that the system evolves towards a new steady state. The dashed
line shows the evolution of the system predicted by the weakly nonlinear analysis at first order in ε

(ns+εA(T )). The agreement between the two solutions is excellent. Furthermore, the circles correspond
to the predicted evolution of the system given by ns+εA+ε2(A)2N2. The agreement with the numerical
solution is excellent, and the prediction of the weakly nonlinear analysis clearly improves when the
O(ε2) terms are included. We stress that the agreement between the numerical and analytical solutions
holds throughout the computational domain.

As discussed in §3.2, the possibility of additional patterned steady states (predicted by the weakly
nonlinear analysis) depends on the choice of χ1 and χ2, which in turn depend on the system parameters.
We note that α1 only appears in χ1, and χ1 is proportional to α1: thus changing the sign of α1 changes
the sign of χ1. We now investigate how transitions between the possible solutions of the system occur
as α1, and hence α = α0− ε2α1, varies. For χ2 < 0, the amplitude equation (3.16) is of the canonical
form for a supercritical pitchfork bifurcation. For χ1 < 0, the homogeneous steady state is stable, but
as χ1 increases through zero, the homogeneous solution loses stability to the patterned steady state
corresponding to A =

√
−χ1/χ2. We illustrate this bifurcation in Figure 4a, where, instead of varying

χ1, we vary α , noting that α = α0− ε2α1, and increasing χ1 corresponds to increasing α1 (for our
specific choice of parameter values, see caption for details of parameter values). Thus we see that as
α decreases, we obtain a patterned steady state: as the chemoattractant signal decays less slowly the
formation of cell aggregates is promoted.

For χ2 > 0, a subcritical pitchfork bifurcation occurs as χ1 increases through zero. In this parameter
regime, increasing α1 corresponds to decreasing χ1. Hence χ1 increasing corresponds to α increasing.
When χ1 < 0, the homogeneous steady state is stable, and the patterned state (corresponding to A =√
−χ1/χ2) is unstable. As we pass through χ1 = 0, the homogeneous steady state loses stability as the
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FIG. 4: Parameter values used for both a and b are κ = 1, α0 = 200, q = π , ns = 0.6 and ε = 0.1.
(a) Bifurcation diagram with additional parameter values: c∗ = 0.001, Γ = 71.58 and k = 4.73. The
solid line is the prediction of the weakly nonlinear theory, the circles are numerical solutions (with
A(0) = 0.02). The dashed line indicates where the spatially homogeneous steady state is unstable. (b)
Bifurcation diagram with additional parameter values: c∗ = 0.0005, Γ = 109.44 and k = 0.72. The
solid (dashed) line shows where the linear stability analysis predicts the spatially uniform steady state
to be stable (unstable). The red dotted line shows the unstable patterned steady state, corresponding to
A =

√
|χ1|/χ2. The circles indicate numerical solutions.

patterned state disappears. This bifurcation is illustrated in Figure 4b, where our choice of parameter
values is given in the caption. Note that, in this regime, numerical simulations reveal the existence of
spatially-patterned fully nonlinear steady states, which persist into the χ1 < 0 parameter regime.

Thus the onset of aggregation can occur in two qualitatively different ways. In the supercritical
case, the pattern amplitude increases gradually as we move further from the bifurcation point, but in the
subcritical case the transition from a uniform steady state to a large amplitude pattern occurs much more
suddenly.

Finally, we perform numerical simulations of the one-dimensional model in regions of parameter
space not close to marginal stability, and where we do not expect to see the system settling down to
a steady state close to the spatially homogeneous steady state at long times. In Figure 5 we show
the evolution of the cell phase volume fraction, cell velocity and chemoattractant concentration as a
function of time. The parameter values are given in the caption of Figure 5. The domain 0 < x < 25
is discretised into 10,000 equally sized elements, and at each discretised node xi the initial conditions
are n(xi,0) = 0.1+ 0.001N (0,1) where N (0,1) is a normal distribution with mean 0 and standard
deviation 1. In Figure 5 (a) and 5 (c) we initially see 5 small peaks in the cell phase volume fraction
and chemoattractant concentration, while the cell velocity in Figure 5 (b) remains relatively small. As
time evolves, these small peaks coarsen into two moderately sized peaks. Our preliminary numerical
simulations suggest that this coarsening behaviour is generic. We note that similar coarsening behaviour
has been observed elsewhere in two-phase models, see, for example, [7].



PATTERN FORMATION IN MULTIPHASE MODELS OF CHEMOTACTIC CELL AGGREGATION 13 of 29

(a) (b) (c)

FIG. 5: 1D regime: Evolution of (a) cell phase volume fraction, n, (b) velocity, u, and (c) chemoattrac-
tant concentration, c, as a function of time showing behaviour reminiscent of coarsening. The parame-
ters are κ = 0.1, k = 1, ns = 0.1, Γ = 103, c∗ = 5×10−3, α = 10. The domain length considered was
0 < x < 25, and the simulation was started with initial condition n(x,0) = 0.1+ 10−3N (0,1), where
N is a normal distribution with mean 0 and standard deviation 1.

4. Thin-film extensional flow model

We now consider the two-dimensional regime in which the cell layer depth is small compared to the
lengthscale of the culture well (see Figure 1). After exploiting this small aspect ratio, we will obtain an
extensional flow model, where the term extensional refers to the fact that the leading-order (in the aspect
ratio) dependent variables are independent of y. The (dimensional) model equations are now the two-
dimensional versions of (2.9) and (2.12), which must be solved subject to suitable boundary conditions,
which we now discuss. We start with the boundary conditions for the cell and culture medium phases,
before giving boundary conditions for the chemoattractant.

At the side walls of the culture well we assume no flux of cells and culture medium, so that

iii ·uuu = iii ·∇(pT −Ψ) = 0 on x = 0, L. (4.1a,b)

At the base of the culture well, we impose no flux of cells or culture medium as follows

jjj ·uuu = jjj ·∇(pT −Ψ) = 0 on y = 0. (4.2a,b)

Additionally, we account for adhesion between the cell phase and the base of the culture well via the
following slip condition, which relates the horizontal mixture stress to the network velocity

iii ·
[
−pT III +µn(∇uuu+∇uuuT )+λn(∇ ·uuu)

]
· jjj = λsuuu · iii on y = 0, (4.3)

where λs is a measure of the cell-substrate adhesion strength, and the larger λs the stronger the adhesion.
We note that we have imposed the condition on the mixture stress, but we could also have imposed
the condition on the weighted cell phase stress, nσn. This would simply change the first term on the
right hand side of equation (4.3), but since this term does not contribute the overall condition remains
unchanged. We assume that there is no flux of the cell or culture medium phases through the cell
layer-air interface, and impose the following kinematic conditions
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uuu · n̂nn =Vn, n̂nn ·∇(pT −Ψ) = 0, on y = h, (4.4a,b)

where n̂nn is the unit outward normal to the surface, and Vn = ht/
√

1+h2
x is the outward normal velocity of

the boundary. For simplicity, we also assume that the cell layer-air interface is under constant isotropic
tension, γ , and model this via the following interfacial stress boundary condition[

−pT III +µn(∇uuu+∇uuuT )+λn(∇ ·uuu)
]
· n̂nn =−γ(∇s · n̂nn)n̂nn, (4.5)

where ∇s is the surface gradient operator, and ∇s · n̂nn is twice the mean curvature.
We assume that there is no flux of chemoattractant through the walls of the culture well or across the

interface y = h(x, t) and, hence (recall that we neglect flux of chemoattractant due to advection), impose

iii ·∇c = 0 on x = 0, L, (4.6a)
jjj ·∇c = 0 on y = 0, (4.6b)
n̂nn ·∇c = 0 on y = h(x, t). (4.6c)

In addition to these boundary conditions, initial conditions for n and h must be specified, and these
are stated in §4.3 below.

In the analysis that follows we assume that La is the lengthscale of an aggregate, and that the typical
film thickness is ε̂La, where ε̂ � 1. We non-dimensionalise and rescale as follows

x = Lx̃, y = ε̂Laỹ, h = ε̂Lah̃, t =
La

U
t̃, UUU =U(ũ, ε̂ ṽ), (4.7)

pT =
µU
La

p̃T , Ψ =
µU

ε̂2La
Ψ̃ , c =

βL2
a

D
c̃, J =

U
La

J̃, (4.8)

where U is a typical cell velocity scale. We henceforth omit the tildes from dimensionless variables, and
expand the dependent variables in powers of ε̂2 as follows

n∼ n0 + ε̂
2n1 + . . . , (4.9)

as ε̂ → 0, with similar expansions for u, v, pT , h and c.
We substitute the above expansions into equations (2.9) and (2.12), together with boundary and

interfacial conditions (4.1)-(4.6), and retain the leading-order terms. The x-component of equation
(2.12c), together with the conditions (4.3) and the tangential component of (4.5), which states that
∂u0/∂y = 0 at y = 0, h0, imply that u0 = u0(x, t). Similarly, (2.9) together with boundary conditions
(4.6b,c), which state that ∂c0/∂y = 0 at y = 0, h0, implies c0 = c0(x, t). Finally, equation (2.12b),
together with (4.2b) and (4.4b), give that n0 = n0(x, t). Integrating equation (??) with respect to y
between y = 0 and y = h0, using conditions (4.2b) and (4.4a), we derive the following PDE representing
cross-layer averaged conservation of mass for the cell phase

∂

∂ t
(h0n0)+

∂

∂x
(h0n0u0) = J0h0 = κ̃h0(ns−n0), (4.10)

where κ̃ = κLa/U .
The remaining three equations relating h0, u0, n0 and c0 are derived by considering the equations

at O(ε̂2). An expression for pT0 may be found from the y-component of equation (2.12c) together with
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the normal component of the interfacial condition (4.5). Substituting this expression for pT0 into the
x-component of (2.12c) at O(ε̂2), integrating with respect to y between y = 0 and y = h0 using the
conditions (4.2a), (4.3), (4.4a) and the tangential component of (4.5), we obtain the following equation

2
∂

∂x

(
h0n0

∂u0

∂x
−n0

Dh0

Dt

)
+ϒ h0

∂ 3h0

∂x3 = Λu0, (4.11)

where ϒ = ε̂γ/(µU), Λ = λsLa/(ε̂µ) and D/Dt is the usual material derivative. Equation (4.11) corre-
sponds to a horizontal cross-layer averaged force balance on the cell layer. We assume that Λ =O(1), so
that the cell adhesion to the substrate is sufficiently weak that the ensuing flow is extensional at leading
order: we note that if Λ is large then anchoring of the cells to the substrate is sufficiently strong that we
obtain a parabolic velocity profile for their velocity across the film thickness [21], but we do not pursue
this distinguished limit further in this paper.

Integrating equation (2.12b) at O(ε̂2) with respect to y between 0 and h0, using condition (4.2b) and
(4.4a) at leading order and (4.2b) and (4.4b) at O(ε̂2), gives the following cross-layer averaged equation
for mass conservation of the mixture

∂h0

∂ t
+

∂

∂x
(u0h0) =−

∂

∂x

(
h0K(n0)

∂Ψ0

∂x

)
, (4.12)

where

K =
1−n0

k̃n0
, Ψ0 =

Γ̃ n0

(1−n0)
exp
(
−c0

c̃∗

)
, (4.13)

and the dimensionless parameters are given by

k̃ =
ε̂2kL2

a

µ
, c̃∗ =

c∗D
βL2

a
, Γ̃ =

ε̂2Γ La

µU
. (4.14)

Note that K is the inverse of M(n) introduced in §3. Finally, equation (2.9) at O(ε̂2) together with the
O(ε̂2) versions of (4.2) and (4.6c), gives the cross-layer averaged equation for mass conservation of the
chemoattractant

∂

∂x

(
h0(1−n))

∂c0

∂x

)
+h0(1−n0)(n0− α̃c0) = 0, (4.15)

where α̃ = αL2
a/D.

Equations (4.10)-(4.12) and (4.15) are solved subject to the boundary conditions

∂n0

∂x
=

∂h0

∂x
=

∂c0

∂x
= u0 = 0, at x = 0, L̃, (4.16a–c)

where L̃ = L/La and initial conditions must be specified for n0 and h0. In contrast to the 1D model
considered in §3 we now have an additional equation for the film height, h0. Moreover, this model
reduction retains the effects of both surface tension and cell-substrate adhesion at leading order. A
similar set of governing equations were derived in [21] to describe cell motility: [21] also describes
the relationship with the single-phase Trouton model. We note that in the limit ϒ → ∞, with all other
parameters held fixed, the force balance (4.11), together with the boundary conditions (4.16a–cb) and
global conservation of mass, imply that h0 is a constant; taking h0 to be constant in governing equations
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(4.10) and (4.12) and applying the boundary conditions (4.16a–ca,d), implies that the evolution of n0
and c0 are governed by the diffusion equation

∂n0

∂ t
=

∂

∂x

(
n0K(n0)

∂Ψ0

∂x

)
+ κ̃(ns−n0), (4.17)

together with equation (4.15). This reduced system (corresponding to ϒ →∞) is identical to that derived
in [4] from a 1D version of the model when viscous effects are neglected. As such, it is the same as the
1D model (3.3) when the viscous term in (3.3b) is ignored.

In the remainder of the paper, we omit the tildes and zero subscripts for clarity. We now proceed to
perform both linear and weakly nonlinear analyses for these thin-film equations analogous to §3.

4.1 Linear stability analysis

As before, we identify regimes in which aggregation might occur by performing a linear stability anal-
ysis. For α = α0 we obtain We consider a homogeneous steady state of equations (4.10)-(4.12) and
(4.15), given by n = ns, h = hs, u = 0 and c = cs = ns/α (where the final constraint applies because cs
must satisfy equation (4.15)). We then introduce small amplitude perturbations of the following form
(real part understood)

n∼ ns +δ n̂eiqx+ωt + . . . , h∼ hs +δ ĥeiqx+ωt + . . . , u∼ δ ûeiqx+ωt + . . . , c∼ cs +δ ĉeiqx+ωt + . . . ,
(4.18)

where q is the wavenumber, ω is the growth rate of the perturbation, 0 < δ � 1 and n̂, ĥ û, ĉ are con-
stants. Substituting (4.18) into equations (4.10)-(4.15) and linearising, we obtain the following relations

ωhsn̂+ωnsĥ+ iqnshsû = −κhsn̂, (4.19a)
−2q2hsnsûn−2iqωnsĥ− iq3hsϒ ĥ−Λ û = 0, (4.19b)

ω ĥ+ iqhsû = q2hsK(ns)(β1n̂+β2ĉ), (4.19c)
n̂− (α +q2)ĉ = 0, (4.19d)

where β1 and β2 are defined in equation (3.9). The growth rate is then given by[
ω +κ +q2nsK(ns)

(
β1 +

β2

α +q2

)][
ω(Λ +4q2nshs)+q4h2

sϒ
]
= 0. (4.20)

Equation (4.20) holds if either of the expressions in square brackets is zero. Setting the expression in
the second bracket to zero we obtain a negative value of ω , which corresponds to stable perturbations to
the base state. Thus the effects of interfacial surface tension and substrate adhesion, which are retained
in this model and captured by the terms involving ϒ and Λ respectively, are stabilising. By setting the
expression in the first bracket to zero, it is possible to determine parameter values for which the growth
rate for a prescribed wave number is positive, indicating regions of instability. Since q2nsK(ns) > 0, a
necessary condition for instability to occur (recalling that β2 < 0) is that

β1 +
β2

α
< 0. (4.21)

We also require β1 > 0 to avoid ill-posedness (to ensure arbitrarily small wavelength perturbations
(corresponding to q→ ∞) have finite growth rate).
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FIG. 6: Common parameter values for (a) and (b) are ns = 0.1, hs = 1, Γ = 103, Λ = 0.1, ϒ = 1,
κ = 0.1, k = 5069.37 and c∗ = 1.7× 10−3. (a) Dispersion relation, given by equation (4.20). Solid
line: α = 30 (the marginal stability case); dashed line: α = 29. (b) Evolution of n(0,T ) and n(0.25,T ).
Additional parameter values are L = 1, α0 = 30, α1 = 1, ε = 0.1 and A(0)=0.02. Solid line: full
numerical solution; dashed line: first-order solution ns + εA(T ); Circles: second-order solution ns +
εA(T )+ ε2(N21 +N22)A(T )2 (N21 and N22 given by equations (B.8a) and (B.8b) respectively).

If β1 > 0 and condition (4.21) is satisfied, the range of unstable wavenumbers must be finite (since
the β2 term vanishes as q→ ∞). Hence, we can determine the wavenumbers qc with the highest growth
rates as being the roots of ∂ω/∂q = 0, which gives

q2
c =−α±

√
−αβ2

β1
. (4.22)

Note that the positive root of equation (4.22) corresponds to q2
c > 0 provided the instability criterion

(4.21) is fulfilled. A typical dispersion relation is plotted in Figure 6a, where the effect of varying α

for fixed values of the remaining parameters (see figure caption for parameter values) can be seen. The
dashed line corresponds to α = 29, and the solid line to α = 30 (the marginal stability case). As in
§3.1, we have performed the linear stability analysis on an infinite domain and note that restricting the
domain size again constrains the wavenumbers which can be selected.

We comment also that exploring the parameter regimes in which we expect to find instability reveals
similar stability regime plots to those for the one-dimensional model and depicted in Figure 3. This
is unsurprising given the similarity of the expressions for the growth rate for the one-dimensional and
thin-film extensional cases, given by (3.8) and the term in the first square bracket of equation (4.20),
respectively.

4.2 Weakly nonlinear analysis

We now repeat the weakly nonlinear analysis presented in §3.2 for this extensional flow case, and omit
many of the details for brevity. We again consider the wavenumber q = π , and select parameter values
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for which the maximal growth rate is zero, corresponding to α = α0 (see the caption of Figure 6a for
details). As before, we consider perturbations to α of the form α = α0− ε2α1. In summary, we seek
solutions of the form

n∼ ns +εn1 +ε
2n2 + · · · , u∼ εu1 +ε

2us + · · · , c∼ cs +εc1 +ε
2cs, h∼ hs +εh1 +ε

2hs + · · · (4.23)

as ε → 0 wherein

n1 = A(T )cosπx, u1 = U A(T )sinπx, c1 = C A(T )cosπx, h1 = H A(T )cosπx, (4.24)

and
n2 = N21A2 cos2πx+N22A2, u2 =U2A2 sin2πx, (4.25a)

h2 = H2A2 cos2πx, c2 =C21A2 cos2πx+C22A2 +C23. (4.25b)

We find that U , C , and H are given by

U =− κ

nsπ
, C =

1
α0 +π2 , H =− κ

ϒ hsπ4 (Λ +2hsπ
2), (4.26)

and N21, N22, U2, H2, C21, C22 and C23 are constants, whose values are specified in Appendix B. The
amplitude, A(T ), satisfies an equation of the form given in equation (3.16) and regions of parameter
space can be identified in which A approaches a non-zero constant value for long times.

4.3 Numerical solution

We solve equations (4.10)-(4.12) and (4.15) subject to the boundary conditions (4.16a–c) for the thin-
film extensional flow model, by first recasting them in terms of the integrated-mass variable

m(x, t) =
∫ x

0
h(s, t) ds. (4.27)

Using the boundary conditions on u, n and c at x = 0 in (4.16a–c), equation (4.12) can be rewritten in
the form

u =−∂m
∂ t

(
∂m
∂x

)−1

−K(n)
∂Ψ

∂x
, (4.28)

revealing that both h and u may be eliminated from the governing equations in favour of m, as we shall
now describe. Subtracting n times equation (4.12) from equation (4.10) implies that the evolution of n
is governed by the nonlinear second-order reaction-advection-diffusion equation

Dn
Dt

= n
(

∂m
∂x

)−1
∂

∂x

(
K(n)

∂m
∂x

∂Ψ

∂x

)
+ J(n), (4.29)

where the material derivative may be written in terms of m, n and c using (4.28). Similarly (4.11) implies
that the evolution of m is governed by the nonlinear fourth-order diffusion equation

∂m
∂ t

+
Γ

Λ

(
∂m
∂x

)2
∂ 4m
∂x4 =

2
Γ

∂m
∂x

∂

∂x

(
n

∂m
∂x

∂u
∂x
−n

D
Dt

(
∂m
∂x

))
−K(n)

∂m
∂x

∂Ψ

∂x
, (4.30)
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where u is given by (4.28); we emphasise that the terms on the right-hand side of (4.30) contain mixed
partial derivatives of m of lower order than the fourth-order term on the left-hand side. By writing

r =−∂ 2m
∂x2 , (4.31)

we may write equation (4.30) as

∂m
∂ t
− Γ

Λ

(
∂m
∂x

)2
∂ 2r
∂x2 =

2
Γ

∂m
∂x

∂

∂x

(
n

∂m
∂x

∂u
∂x
−n

D
Dt

(
∂m
∂x

))
−K(n)

∂m
∂x

∂Ψ

∂x
, (4.32)

Finally, we note that the evolution of c is governed by (4.15) with h = ∂m/∂x.
Equations (4.15), (4.29), (4.31) and (4.32) are then a system of second-order equations in space (for

c,n,m and r), which are solved subject to boundary conditions (by (4.16a–c))

∂c
∂x

=
∂n
∂x

=
∂m
∂x

= r = 0, at x = 0, 1, (4.33a–c)

and initial conditions which must be specified for n and m. These equations are solved numerically
using the finite element method, see §3.3 for details.

In Figure 6b, we compare numerical simulations of equations (4.10)-(4.12) and (4.15) subject to
boundary conditions (4.16a–c) and initial conditions

n(x,0) = ns + εA(0)cos(πx), h(x,0) = 1−0.0213A(0)ε cos(πx), (4.34)

with the predictions of the weakly nonlinear analysis. The solid line shows the evolution of n(0,T ) and
n(0.25,T ) given by the numerical solution of the governing equations, while the dashed line corresponds
to the prediction of the weakly nonlinear analysis, accurate to first order, and the circles correspond to
the second-order accurate prediction (which again is almost indistinguishable from the full numerical
solution). Again, excellent agreement can be seen between the numerical and asymptotic predictions,
and this agreement holds for all values of x. The bifurcation structure of the extensional flow case is
qualitatively similar to the 1D case, with the weakly nonlinear analysis revealing that both subcritical
and supercritical pitchfork bifurcations are possible, depending on the choice of parameter values. Thus,
for brevity, we do not present bifurcation diagrams for this regime.

Finally, we perform numerical simulations of the thin-film extensional flow model in regions of
parameter space not close to marginal stability, and where we do not expect to see the system settling
down to a steady state close to the spatially homogeneous steady state at long times. In Figure 7 we
show the evolution of the cell phase volume fraction, cell velocity, chemoattractant concentration, and
film height. The domain 0 < x < 10 is discretised into 10,000 equally sized elements, and at each
node xi the initial conditions are n(xi,0) = ns + 10(− 3)N (0,1), h(xi,0) = hs where N (0,1) is the
normal mode distribution with mean 0 and standard deviation 1, as before. Parameter values are given
in the caption of Figure 7. In contrast to Figure 5 and as illustrated by analogous plots in Figure 7, our
preliminary numerical simulations of the thin-film extensional flow model suggest that an initial pattern
does not coarsen on a moderate timescale, though the effects of capillarity are readily observed in the
form of surface-tension-driven oscillations that eventually decay.
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(a) (b)

(c) (d)

FIG. 7: Extensional regime: Evolution of (a) the cell phase volume fraction, n, (b) velocity, u, (c) the
chemoattractant concentration, c, and (d) film height h, as a function of time. The parameter values are
ns = 0.17, hs = 1, c∗ = 5×10−3, α = 10, Λ = 1, Γ = 100, ϒ = 0.1, k = 1, κ = 1. The domain length
is 0 < x < 10 and the initial conditions are n(x,0) = 0.17+ 10−3N (0,1) (where N (0,1) is a normal
distribution with mean 0 and standard deviation 1) and h = 1.

5. Discussion and Conclusions

We employed two-phase mixture theory to model the aggregation of cells cultured in nutrient-rich
medium in a culture well. The equations are developed by imposing mass and force balances for each
phase and, through the specification of appropriate constitutive laws, we have been able to account for
key physical processes associated with chemotactic cell aggregation. In this application, the flow of cul-
ture medium is governed by Darcy’s law, and the cell phase is modelled as a viscous fluid, which addi-
tionally can generate forces in response to environmental cues, e.g. variations in local cell phase volume
fraction and chemoattractant concentration. The cells produce and respond to a chemoattractant, which
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both diffuses and decays within the culture medium. Additionally, we account for cell proliferation and
death, surface tension at the cell layer-air interface, cell-substrate adhesion, and drag between the two
phases. We note that alternative constitutive laws could be specified within this modelling framework to
reflect alternative dominant physical processes.

We considered two reductions of the two-dimensional systems of coupled nonlinear partial differen-
tial equations: a (simple) one-dimensional reduction and a (more-involved) thin-film extensional flow
reduction, exploiting the observation that the cell layer depth is thin compared to the typical length
scale of the culture well. In both scenarios, we analysed the response of a spatially-uniform homo-
geneous steady state to small amplitude perturbations. We first considered the linear stability of the
homogeneous steady state to such perturbations, demonstrating that in certain parameter regimes the
homogeneous steady state is linearly unstable. Two key results of the paper are the relationship between
the growth rate ω and the wavelength q of the linear perturbation to the spatially homogeneous steady
state (given by equation (3.10) in the 1D model and (4.20) in the thin-film extensional flow model). We
demonstrated that in certain parameter regimes the homogeneous steady state is linearly unstable. In
both cases, we noted the presence of a maximal growth rate, corresponding to the most linearly unstable
mode. We then identified parameter values for which this maximal growth rate was zero, corresponding
to the marginal stability case and performed weakly nonlinear analyses to determine system dynam-
ics close to the marginally stable steady state. An additional result in the derivation of the amplitude
equation for A(T ) given by equation (3.16). By analysing the long-time behaviour of this equation we
identified parameter regimes that give rise to non-spatially uniform steady states.

This detailed analysis motivates the use of the simple 1D reduction when insights into the qualita-
tive behaviour of the system is sought. However, if detailed quantitative agreement between modelling
prediction and experimental data is required, it may be desirable to use the thin-film extensional flow re-
duction. While we have shown that two different model reduction approaches to obtaining 1D equations
give qualitatively similar behaviours in the linear and weakly nonlinear regimes, the question remains
as to whether differences may be observed in the fully nonlinear regimes. To explore this, we per-
formed numerical simulations of the respective 1D reductions in regions of parameter space not close to
marginal stability, and where we did not expect to see the system settling down to a steady state close
to the spatially homogeneous steady state at long times. In the 1D case we demonstrated the possibil-
ity of coarsening behaviour. In contrast, preliminary numerical simulations of the thin-film extensional
flow model suggested that coarsening is not observed on a moderate timescale, though the effects of
capillarity are readily observed in the form of surface-tension-driven oscillations that eventually decay.

In Figure 5 we show the evolution of the cell phase volume fraction, cell velocity and chemoattrac-
tant concentration as a function of time for the 1D reduction. In Figure 5 (a)(i) and 5 (c)(i) we initially
see 10 small peaks in the cell phase volume fraction and chemoattractant concentration, while the cell
velocity in Figure 5 (b)(i) remains relatively small. As time evolves, these small peaks coarsen, firstly
into four moderately sized peaks and eventually into two large peaks. While the transition from 10 small
peaks to 4 intermediate sized peaks is relatively rapid, as illustrated by the finer-scale plots in Figures
5(a)(ii)–(c)(ii), the transition from 4 to 2 peaks is much more gradual and occurs through two of the
intermediate peaks merging and one of them decaying. Our preliminary numerical simulations suggest
that this coarsening behaviour is generic. In contrast and as illustrated by analogous plots in Figure 7,
our preliminary numerical simulations of the thin-film extensional flow model suggest that an initial
pattern does not coarsen on a moderate timescale, though the effects of capillarity are readily observed
in the form of surface-tension-driven oscillations that eventually decay.

In this paper, we have analysed in detail the pattern-forming potential of two reduced multiphase
models for chemotactic cell aggregation. Our approach reveals that these reductions share many of the
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same qualitative features, hence motivating the use of the simpler 1D reduction. The model framework
is sufficiently flexible that additional biophysical effects could be incorporated and a similar analysis
would enable choices as to which model reduction is more applicable to be justified.
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A. One-dimensional model

The one-dimensional problem is governed by equations (3.3) subject to boundary conditions (3.4). De-
tails of the analysis are given in §3.2 , and we briefly recap the approach here. We undertake a weakly-
nonlinear analysis (when the dimensionless domain length is 1) to construct approximate solutions to
the governing equations when the system is close to the marginally stable steady state. We consider
perturbations to the spatially homogeneous steady state n = ns, u = 0, c = cs with wavenumber q = π .
A set of parameter values α = α0,Γ ,c∗,k,κ is chosen so that the growth rate is zero at q = π and is also
maximal there. We then consider perturbations to α of the form α = α0− ε2α1, and seek solutions of
the form (3.13). We proceed by considering the system of equations and boundary conditions at succes-
sive orders of ε , the details of which now follow, as well as the form of the solutions at each order and
details of how the coefficients in the solutions depend on the governing parameters.

At O(ε), the governing equations (3.3) give, for 0 < x < 1,

ns
∂u1

∂x
+κn1 = 0, (A.1a)

M(ns)u1−2ns
∂ 2u1

∂x2 +β1
∂n1

∂x
+β2

∂c1

∂x
= 0, (A.1b)

∂ 2c1

∂x2 +n1−α0c1 = 0, (A.1c)

and the boundary conditions (3.4) at O(ε) are

u1 = 0,
∂c1

∂x
= 0 at x = 0,1. (A.2)

Considering perturbations of wavenumber π , equations (A.1) subject to (A.2) give

n1 = A(T )cosπx, u1 =−
κ

nsπ
A(T )sinπx, c1 =

A(T )
α0 +π2 cosπx, (A.3)

where A(T ) is an amplitude which will be determined at O(ε3).
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At O(ε2) the governing equations are

ns
∂u2

∂x
+κn2 = − ∂

∂x
(n1u1), (A.4a)

M(ns)u2−2ns
∂ 2u2

∂x2 +β1
∂n2

∂x
+β2

∂c2

∂x
= −M′(ns)n1u1 +2

∂

∂x

(
n1

∂u1

∂x

)
− ∂ 2Ψ

∂c∂n

∣∣∣∣
ns,cs

∂

∂x
(n1c1)−

∂ 2Ψ

∂c2

∣∣∣∣
ns,cs

c1
∂c1

∂x
− ∂ 2Ψ

∂n2

∣∣∣∣
ns,cs

n1
∂n1

∂x
, (A.4b)

∂ 2c2

∂x2 +n2−α0c2 =
1

(1−ns)

∂

∂x

(
n1

∂c1

∂x

)
−α1cs +

n1(n1−α0c1)

1−ns
, (A.4c)

which must be solved subject to

u2 = 0,
∂c2

∂x
= 0 at x = 0,1. (A.5)

Equations (A.4) subject to (A.5) have solutions

n2 = N2A2 cos2πx, u2 =U2A2 sin2πx, c2 =C21A2 cos2πx+C22A2 +C23, (A.6)

where N2, U2, C21, C22 and C23 are constant coefficients. These coefficients are found by substituting
(A.6) into (A.4), and have the following expressions

N2 =
1
∆

[
(4π

2 +α0)

(
∆1 +

∆2

ns

)
+

2nsπ
4β2

(1−ns)(α0 +π2)

]
, (A.7a)

U2 = − κ

2nsπ

(
N2−

1
ns

)
, (A.7b)

C21 =
1

4π2 +α0

(
N2 +

π2

2(1−ns)(α0 +π2)

)
, (A.7c)

C22 = − π2

2α0(1−ns)(α0 +π2)
, (A.7d)

C23 =
α1ns

α2
0

, (A.7e)

where

∆ = −4nsπ
2
β2 +(4π

2 +α0)(∆2−4nsπ
2
β1), (A.8a)

∆1 = κ(M′(ns)+4π
2)+

2π2ns

α0 +π2
∂ 2Ψ

∂n∂c

∣∣∣∣
ns,cs

+
π2ns

(α0 +π2)2
∂ 2Ψ

∂c2

∣∣∣∣
ns,cs

+π
2ns

∂ 2Ψ

∂n2

∣∣∣∣
ns,cs

, (A.8b)

∆2 = −κ(M(ns)+8nsπ
2). (A.8c)
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At O(ε3) we have

ns
∂u3

∂x
+κn3 =−

∂ 2n1

∂T 2 −
∂

∂x
(n1u2 +n2u1), (A.9a)

M(ns)u3−2ns
∂ 2u3

∂x2 +β1
∂n3

∂x
+β2

∂c3

∂x
=−M′(ns)n1u2−

[
n2M′(ns)+

n2
1

2
M′′(ns)

]
u1

+2
∂

∂x

(
n1

∂u2

∂x
+n2

∂u1

∂x

)
− ∂ 2Ψ

∂c∂n

∣∣∣∣
ns,cs

∂

∂x
(n1c2 +n2c1)

−∂ 2Ψ

∂c2

∣∣∣∣
ns,cs

∂

∂x
(c1c2)−

c2
1

2
∂ 3Ψ

∂c3

∣∣∣∣
ns,cs

∂c1

∂x
− n2

1
2

∂ 3Ψ

∂n3

∣∣∣∣
ns,cs

∂n1

∂x

−1
2

∂ 2Ψ

∂c2∂n

∣∣∣∣
ns,cs

∂

∂x
(n1c2

1)−
1
2

∂ 2Ψ

∂n2∂c

∣∣∣∣
ns,cs

∂

∂x
(n2

1c1)−
∂ 2Ψ

∂n2

∣∣∣∣
ns,cs

∂

∂x
(n1n2), (A.9b)

∂ 2c3

∂x2 +n3−α0c3 =
1

(1−ns)

[
∂

∂x

(
n1

∂c2

∂x
+n2

∂c1

∂x

)
+n1(n2−α0c2)+n2(n1−α0c1)−α1c1(1−ns)+α1n1cs] . (A.9c)

B. Thin-film extensional flow model

We now present details of the weakly nonlinear analysis governed by equations (4.10)-(4.12) and (4.15)
subject to boundary conditions (4.16a–c). The analysis proceeds along the same lines as presented in
Appendix A. Below we present details of the governing equations and boundary conditions at successive
orders of ε , as well as the form of the solutions at each order and expressions for the constant coefficients
appearing in the solution.

At O(ε) the governing equations are

nshs
∂u1

∂x
+hsκn1 = 0, (B.1a)

2nshs
∂ 2u1

∂x2 +ϒ hs
∂ 3h1

∂x3 −Λu1 = 0, (B.1b)

hs
∂u1

∂x
+hsK(ns)

(
β1

∂ 2n1

∂x2 +β2
∂ 2c1

∂x2

)
= 0, (B.1c)

∂ 2c1

∂x2 +n1−α0c1 = 0. (B.1d)

Solving equations (B.1) subject to the O(ε) boundary conditions

∂n1

∂x
=

∂h1

∂x
=

∂c1

∂x
= u1 = 0, at x = 0,1, (B.2)

we find that

n1 = A(T )cosπx, u1 = U A(T )sinπx, c1 = C A(T )cosπx, h1 = H A(T )cosπx, (B.3)

where U , C , and H have been introduced for notational convenience, and are given by

U =− κ

nsπ
, C

1
α0 +π2 , H =− κ

ϒ hsnsπ4 (Λ +2hsnsπ
2). (B.4)



PATTERN FORMATION IN MULTIPHASE MODELS OF CHEMOTACTIC CELL AGGREGATION 25 of 29

At O(ε2) the equations are

nshs
∂u2

∂x
+hsκn2 =−ns

∂

∂x
(h1u1)−hs

∂

∂x
(n1u1)−κh1n1, (B.5a)

2nshs
∂ 2u2

∂x2 +ϒ hs
∂ 3h2

∂x3 −Λu2 =−2
∂

∂x

(
(hsn1 +nsh1)

∂u1

∂x
−nsu1

∂h1

∂x

)
−ϒ h1

∂ 3h1

∂x3 , (B.5b)

hs
∂u2

∂x
+hsK(ns)

(
β1

∂ 2n2

∂x2 +β2
∂ 2c2

∂x2

)
=− ∂

∂x

[
h1u1 +hsK(ns)

(
∂ 2Ψ

∂c∂n

∣∣∣∣
ns,cs

∂

∂x
(n1c1)+

∂ 2Ψ

∂c2

∣∣∣∣
ns,cs

c1
∂c1

∂x
+

∂ 2Ψ

∂n2

∣∣∣∣
ns,cs

n1
∂n1

∂x

)

+
(
h1K(ns)+hsn1K′(ns)

)(
β1

∂n2

∂x
+β2

∂c2

∂x

)]
, (B.5c)

∂ 2c2

∂x2 +n2−α0c2 =
1

hs(1−ns)

[
− ∂

∂x

(
(h1(1−ns)−hsn1)

∂c1

∂x

)
−(n1−α0c1)(h1(1−ns)−n1hs)−α1cshs(1−ns)

]
, (B.5d)

subject to boundary conditions

∂n2

∂x
=

∂h2

∂x
=

∂c2

∂x
= u2 = 0, at x = 0,1. (B.6)

The solutions are of the form

n2 = N21A2 cos2πx+N22A2, u2 =U2A2 sin2πx, (B.7a)

h2 = H2A2 cos2πx, c2 =C21A2 cos2πx+C22A2 +C23, (B.7b)
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where N21, N22, U2, H2, C21, C22 and C23 are constants, as follows:

N21 =
16h2

s π4ϒ

∆3

[
(4π

2 +α0)(−C1 +nsC3)−4nsπ
2K(ns)β2hsC4

]
, (B.8a)

N22 = −H

2hs
, (B.8b)

U2 =
8h2

s π3ϒ

∆3

[
−4K(ns)π

2C1(β2 +4π
2
β1 +α0β1)

− C3κ(4π
2 +α0)+4C4β2K(ns)κπ

2hs
]
, (B.8c)

H2 =
1

∆3

[
−4π

2K(ns)nshsC1(8π
2hs +Λ)(β2 +β1(4π

2 +α0))+
∆3C2

8ϒ π3hs

−κnshsC3(8π
2hs +Λ)(4π

2 +α0)+4h2
s nsπ

2
κK(ns)β2C4(8π

2hs +Λ)

]
, (B.8d)

C21 =
16h2

s π4ϒ

∆3

[
−C1 +n2C3 +hsκC4 +4C4hsnsπ

2
β1K(ns)

]
, (B.8e)

C22 =
1

2α0hs(1−ns)
[−α0H C (1−ns)−hs(1−α0C )] , (B.8f)

C23 =
nsα1

α2
0

. (B.8g)

(B.8h)

where

∆3 = −16ϒ π
4h3

s
[
4nsπ

2
β2K(ns)+(4π

2 +α0)κ +4ns pi2β1K(ns)(4π
2 +α0)

]
(B.9a)

C1 = −hsπU −nsπU H − 1
2

κH , (B.9b)

C2 =
π2

2

(
4U hs−ϒ πH 2 +

ΛU

π2

)
, (B.9c)

C3 = −π

[
U H −2hsK(ns)C π

∂ 2Ψ

∂n∂c

∣∣∣∣
ns,cs

−hsK(ns)C
2
π

∂ 2Ψ

∂c2

∣∣∣∣
ns,cs

−H πK(ns)β1 (B.9d)

−H C πK(ns)β2−hsπK′(ns)β1−hsπK′(ns)β2C −hsK(ns)π
∂ 2Ψ

∂n2

∣∣∣∣
ns,cs

]
,

C4 =
1

2(1−ns)hs
(H (1−ns)−hs)

(
2π

2C −1+α0C
)
. (B.9e)

Finally, the O(ε3) the governing equations are

nshs
∂u3

∂x
+hsκn3 =−

∂

∂T
(hsn1 +nsh1)−

∂

∂x
[(hsn1 +nsh1)u2 +(nsh2 +n1h1 +hsn2)u1]

−κ(h1n2 +n1h2), (B.10)
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2nshs
∂ 2u3

∂x2 +ϒ hs
∂ 3h3

∂x3 −Λu3 =−ϒ h1
∂ 3h2

∂x3 −ϒ h2
∂ 3h1

∂x3 −2
∂

∂x

[
(h1ns +n1hs)

∂u2

∂x

+(h2ns +n1h1 +n2hs)
∂u1

∂x
−ns

(
∂h1

∂T
+u1

∂h2

∂x
+u2

∂h1
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