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Abstract

The notions of Hitchin systems and Higgs bundles (also called Higgs pairs) were intro-
duced by N. Hitchin in 1987. They rapidly formed a subject lying on the crossroads of
representation theory, symplectic geometry, and algebraic geometry. In this research area,
the main objects that attract mathematicians’ attention are the moduli spaces of Higgs
bundlesMn,d (the moduli space of Higgs bundles is a space parameterizing the collection
of all Higgs bundles). These moduli spaces have many good properties that make them
interesting objects worthy of study. For example, they are symplectic manifolds, e.g. the
moduli space of the Higgs bundles with rank one and degree zero is the cotangent bundle
of the Jacobian variety of a Riemann surface. These moduli spaces are also equipped
with Riemannian hyperkähler metrics ghk which can not be written explicitly in general,
but they can be approximated by another metric, gsf which is called the semi-flat metric.
Roughly, we can say that ghk = gsf + correction. In fact, Gaiotto, Moore and Neitzke
conjectured what the ”corrections” should be in 2011[GMN13]. To find the semi-flat
metric ofMn,d, we first investigate the integrable system (Hitchin system) h :Mn,d → B
where the map h is known as the Hitchin map. The Lagrangian fibers of the Hitchin
systems are Jacobian (or Prym) varieties of spectral curves of a given compact Riemann
surface. The semi-flat metric ofMn,d is induced by a special Kähler metric on B through
the Lagrangian fibration.

In my thesis, I will compute these metrics as explicitly as possible and give close
observations to them. In chapter 1, we will recall the basic notions of Hitchin systems
[Hit86] [Hit87a] [Hit87b].

In chapter 2, 3 and 4, we will give formulas for SLn(C), GLn(C) Hitchin systems.
To do that, we treat the regular part of the Hitchin systems as complex torus bundles
with fibers the Jacobian varieties (or Prym varieties) of the spectral curves. These fibers
are Lagrangian submanifolds and the base Breg has a special Kähler structure. Then
we apply the results of Freed [Fre99] for special Kähler manifolds and results of Hitchin
[Hit99] for complex Lagrangian submanifolds to get two sets of complex affine coordinate
systems on Breg. By using these coordinates we get some formulas for these metrics. It
seems harmless to have a peek here. For the GLn(C)-Hitchin system we have,

gsk =
1

2

gs∑

i,j

(Im(τij)(ds
i
1 ⊗ dsj1 + dsi2 ⊗ dsj2)),

gsf =
∑

i,j,k

gijkds
i
k ⊗ dsjk + g−1

ijkdλ
i
k ⊗ dλjk,

where sim, λ
j
n are the real and imaginary parts of the affine coordinates, and τij are the

periods of the spectral curves. One may notice that the spectral curves play the key role
in the geometry of Hitchin systems.
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x Abstract

In chapter 5, we will study the variation of the complex structures of the spectral
curves, and show a new residue formula for the Donagi-Markman cubic

∂τjk
∂λi

= 2πi
m∑

l=1

Res

(
ωiωjωkλ

∂
∂λ

θ
; p̃l

)

that measures the variation of the period of a spectral curve, and give a new description
of the special Kähler geometry on B.

In chapter 6, we will discuss the relation between special Kähler geometry and topo-
logical recursion[EO07][Eyn14]. That will lead us to a conclusion that once we know the
periods of one of the spectral curves, we can use it to derive the special Kähler geometry
of the base everywhere else.

The paper ”Special Kähler Geometry of the Hitchin System and Topological Recur-
sion” [BH17] is joint work with David Baraglia. A copy of the paper is included at the
end of the thesis.



Chapter 1

Stable and Semi-Stable Bundles

1.1 Stability of holomorphic vector bundles

In this chapter, we focus on the spaces of (semi)stable vector bundles over a Riemann
surface. These spaces have some good geometric structures as we will see later. A short
introduction to holomorphic vector bundles over a Riemann surface is given in Appendix
A.

A remarkable property of a holomorphic line bundle L→ Σ for Σ compact connected,
is that it does not possess any non-zero holomorphic section if deg(L) < 0 (see [For91],
theorem 16.5). In other words, there is no non-zero homomorphism from L1 to L2 if
deg(L1) > deg(L2), since a homomorphism is a section of L∗1 ⊗ L2. In general the
analogue of this does not hold for holomorphic vector bundles of higher rank. Because
deg(E∗1 ⊗ E2) = rank(E1)deg(E2)− rank(E2)deg(E1), but

deg(E1)

rank(E1)
>

deg(E2)

rank(E2)

does not imply there does not exist a non-zero homomorphism from E1 to E2. However,
the rational number deg(E)/rank(E) called the slope is still a useful quantity to study
the holomorphic structure of vector bundles.

Definition 1.1.1. (Stable and semi-stable vector bundles) A holomorphic vector bundle
E (rank(E) 6= 0) over a compact connected Riemann surface is called
• semi-stable if for for any non-trivial proper holomorphic sub-bundle F , we have

deg(F )

rank(F )
≤ deg(E)

rank(E)
.

• stable if for for any non-trivial proper holomorphic sub-bundle F , we have

deg(F )

rank(F )
<

deg(E)

rank(E)
.

Obviously, all stable bundles are semi-stable and holomorphic line bundles are stable.
Also, a semi-stable bundle is stable when its rank and degree are relatively prime, because
if r′ and d′ is the rank and degree of a non-zero sub-bundle, then

d

r
=
d′

r′
←→ r = r′, d = d′.

1



2 Chapter 1. Stable and Semi-Stable Bundles

Proposition 1.1.2. If E1 and E2 are stable bundles over Σ with the same rank and
degree, then

H0(Σ; Hom(E1, E2)) ∼=
{
C if E1

∼= E2,
0 otherwise.

As a consequence, we have H0(Σ; End(E)) = C.

Proof. Suppose E1 � E2, let f : E1 → E2 be a non-zero homomorphism, since E1 is
stable, if Ker(f) and rank(E1/Ker(f)) are non-zero then,

deg(Ker(f))

rank(Ker(f))
<

deg(E1)

rank(E1)
.

Using the degree formula in Appendix A, we have

deg(E1/Ker(f))

rank(E1/Ker(f))
=

deg(E1)− deg(Ker(f))

rank(E1)− rank(Ker(f))
.

Then,
deg(Im(f))

rank(Im(f))
=

deg(E1/Ker(f))

rank(E1/Ker(f))
>

deg(E1)

rank(E1)
=

deg(E2)

rank(E2)

By stability of E2, Im(f) must be E2. Therefore, f must be surjective, hence f is an
isomorphism by rank-nullity theorem. Now if E1

∼= E2, W.L.O.G., we may take E2 to be
E1 and let Id be the identity map, obviously, c · Id is also an isomorphism for all c ∈ C∗.
Suppose there exist another isomorphism g 6= c · Id for all c ∈ C, pick an eigenvector v in
one fiber with eigenvalue λ, then g(v) = λv, hence (g − λId)(v)=0, contradicting to the
fact that (g − λId) is also an isomorphism. Therefore, H0(Σ; Hom(E1, E2)) ∼= C.

In this thesis we will focus on the moduli spaces of semi-stable vector bundles, although
there are some more interesting properties of stable and semi-stable vector bundles that
are worthy to know, one may find them in for example section 3 of [Sch13].

1.2 Moduli space of stable bundles

Given a compact connected Riemann surface, we define the moduli space N (n,d) to be
the space of S-equivialence classes [HN75] of rank n, degree d semi-stable holomorphic
vector bundles. It can be given the structure of a complex algebraic variety. When (n, d)
is known and fixed we use N := N (n,d), to simplify the notation.

The reason we only focus on semi-stable holomorphic vector bundle is that, the mod-
uli space of all rank n, degree d holomorphic bundles is neither smooth nor Hausdorff.
However if we restrict to those with semi-stability, we get a better moduli space which is
a projective algebraic variety, and the stable points are smooth and form an open dense
subset. This result is given by Mumford and Narasimhan-Seshadri [Mum65].

In the rest of the thesis, we may use the Dolbeault operator ∂̄E to denote the holo-
morphic structure of the holomorphic vector bundle E. Let (E, ∂̄E) be a (representative
of a) smooth point of N , the tangent space TEN is obtained as follows. Firstly, note
that Dol(E), the space of ∂̄-operators on E, is an affine space of Ω0,1(Σ; End(E)), then
∂̄E + tϕ gives a path on N where ϕ is a tangent vector of Dol(E). If ϕ = ∂̄E(g) for some
g ∈ Ω0(Σ; End(E)), then there is a path α(t) := f−1

t ∂̄1
E(ft) on Dol(E) where ft = etg,
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given by the group action of GE, where GE denotes the group of automorphisms of E,
with α′(0) = ϕ. Therefore ϕ is a tangent vector in the direction of the group action, and
hence a zero vector of TEN . Now we have

TEN =
Ω0,1(Σ; End(E))

∂̄E(Ω0(Σ; End(E)))

=H1(Σ; End(E)).

Now we can use the Riemann-Roch theorem, and proposition 1.1.2 to compute the di-
mension of N ,

dim H0(Σ; End(E))− dim H1(Σ; End(E))

=rank(End(E))(1− g) + deg(End(E))

=rank(E)2(1− g),

Therefore, dim(N ) = dim H1(Σ; End(E)) = rank(E)2(g − 1) + 1. Also, using Serre
duality, we have H1(Σ, End(E))∗ w H0(Σ,End(E)⊗K), hence a pair (E,Φ), where K is
the canonical line bundle and Φ ∈ H0(Σ,End(E)⊗K) defines a point in T∗N .

1.3 Moduli space of Higgs bundles

We have observed in the last section that a pair (E,Φ) is a point in T∗N , and it gives
us motivation to look at the space of all such pairs. In 1987, N. Hitchin showed in his
paper [Hit87a] that the moduli space M of such pairs is a complex symplectic manifold
and an integrable system.

An element in H0(Σ,End(E) ⊗ K) is called a Higgs field of E, and a pair (E,Φ)
consisting of a holomorphic vector bundle and a Higgs field is called a Higgs bundle.
Given a trivialization E|Ui w Ui × Cn of E, a Higgs field Φ on Ui can be written as an
n× n matrix

Φ =




α11 α12 · · · α1n

α21 α12 · · · α2n
...

...
...

...
αn1 αn2 · · · αnn


,

where αij are holomorphic one forms.

Definition 1.3.1. (Stable Higgs bundle). Let (E,Φ) be a Higgs bundle, a sub-bundle
F ⊆ E is called Φ-invariant if ΦF ⊆ F ⊗K.
• a Higgs bundle is stable if

deg(F )

rank(F )
<

deg(E)

rank(E)

for any proper Φ-invariant sub-bundle F ⊆ E.
• a Higgs bundle is semi-stable if

deg(F )

rank(F )
≤ deg(E)

rank(E)
.

for any proper Φ-invariant sub-bundle F ⊆ E
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Now the group of isomorphisms of E acts on (E,Φ) in the way that the following
diagram commutes.

E Φ //

g

��

E ⊗K

g

��
E

g·Φ // E ⊗K
This means g · Φ = gΦg−1, for g ∈ GE where GE is the group of automorphisms of

E. The moduli space M of stable Higgs bundles is the quotient of the set of stable
Higgs bundles by the group G. There is also a moduli space of semistable Higgs bundles,
but in this thesis it will suffice to consider only the stable moduli space when the genus
g ≥ 2. When g = 1, we consider semistable Higgs bundles. In this case we will work out
the moduli space directly.

We first restrict attention to rank 2 bundles. In this case, a Higgs bundle (E,Φ) is
stable if for each Φ-invariant holomorphic line bundle L ⊆ E, degL < 1

2
degE. Note that

if the holomorphic bundle is stable, then the Higgs bundles are also stable for all Φ, but
there exist stable Higgs bundles (E,Φ) with non-stable E.

According to N. Hitchin [Hit87a], [Hit87b], M is a complex symplectic manifold and
T∗N lies as an open dense subset inM. The symplectic form onM is defined as follows.

Let (E,Φ) be a (representative) element inM, firstly, we need to find out the tangent
space T(E,Φ)M. Deform (E,Φ),

{
∂̄E + tα t ∈ R, α ∈ Ω0,1(Σ; End(E))

Φ + tϕ ϕ ∈ Ω1,0(Σ; End(E))

such that to first order in t, (∂̄E + tα)(Φ + tϕ)=0. Then we have

[α,Φ] + ∂̄Eϕ = 0.

Therefore, the tangent space at (E,Φ) of the space of stable holomorphic Higgs bundles
is

H := {(α, ϕ) | [α,Φ] + ∂̄Eϕ = 0}.
Now if α = −∂̄E(λ), ϕ = [λ,Φ] for some λ ∈ Ω0(Σ; End(E)), then tλ defines a path

given by the gauge group action

etλ∂̄E(e−tλ) = ∂̄E − t∂̄E(λ) +O(t2)

etλΦe−tλ = Φ + t[λ,Φ] +O(t2)

with tangent vector (−∂̄E(λ), [λ,Φ]). Therefore (−∂̄E(λ), [λ,Φ]) is a tangent vector of the
group action direction, hence the tangent space of M is

T(E,Φ)M =
H

{(α, ϕ) | α = −∂̄E(λ), ϕ = [λ,Φ] } .

Next, we define a two form Ω : T(E,Φ)M× T(E,Φ)M→ C on M to be:

Ω((α1, ϕ1), (α2, ϕ2)) =

∫

Σ

tr(α1 ∧ ϕ2)− tr(α2 ∧ ϕ1).
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for representatives (α1, ϕ1) and (α2, ϕ2). To see that Ω is a well defined two form, we need
to check the definition doesn’t depend on the choice of representative. In other words,
we need to show ∫

Σ

tr(−∂̄E(λ) ∧ ϕ2)− tr(α2 ∧ [λ,Φ]) = 0.

for all (α2, ϕ2) ∈ H and λ ∈ Ω0(Σ; End(E)). Since

∫

Σ

tr(∂̄E(λ) ∧ ϕ2) + tr(λ ∧ (∂̄Eϕ2))

=

∫

Σ

∂̄(tr(λ ∧ ϕ2))

=

∫

Σ

d(tr(λ ∧ ϕ2))

=0,

where we use Stokes’ theorem in the last equality, then we complete the proof by

∫

Σ

tr(−∂̄E(λ) ∧ ϕ2)) =

∫

Σ

tr
(
λ ∧ (∂̄Eϕ2)

)

=−
∫

Σ

tr(λ ∧ [Φ, α2])

=−
∫

Σ

tr([λ,Φ] ∧ α2).

Hitchin proved in [Hit87a] section 6,7 that Ω is a symplectic form. Note that Ω|T∗N is
the canonical symplectic form on T∗N .

1.4 Special Kähler manifolds

Let M be a complex manifold, J be a complex structure, g be a Riemannian metric on
M , we say g is Hermitian if

g(Ju, Jv) = g(u, v).

In this case,

ω(u, v) := g(Ju, v).

is skew symmetric, hence a 2-form. Note that ω is nondegenerate, we call it a Hermitian
form. If ω is symplectic (i.e. if ω is closed), then (M, g, ω) is called a Kähler manifold
and in this case, we say that ω is a Kähler form. In other words, a Kähler manifold is a
manifold with a complex structure, a Riemannian structure, a symplectic structure, and
these three structures are compatible.

Remark 1.4.1. Let (M, g, ω) be a Kähler manifold, J be the complex structure of M ,
then
1. g can be retrieved from ω by: g(u, v) = ω(u, Jv).
2. On the other hand, if g is a Riemannian metric, ω is the associated Kähler form, then
h := g + iω is a Hermitian metric.
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Let ∇ be a connection on the tangent bundle of (M, g, ω), and d∇ : Ωk(TM) →
Ωk+1(TM) be exterior derivative determined by the Leibniz rule

d∇(α⊗ u) = dα⊗ u+ (−1)deg(α)α ∧∇u,

where α is a k-form and u a vector field. Then if ∇ is flat, it provides a de Rham complex,

0 −→ Ω0(TM)
d∇=∇−−−→ Ω1(TM)

d∇−−−→ Ω2(TM)
d∇−−−→ · · · .

Note that for any vector bundle E →M and η ∈ Ωk(E) (in our case here, E is TM), the
definition of d∇ is just:

d∇η(X0, ..., Xk) =
∑

0≤i≤k
(−1)i∇Xiη(X0, ...X̂i, ..., Xk)

+
∑

0≤i≤j≤k
(−1)i+jη([Xi, Xj], X0, ..., X̂i, ..., X̂j, ..., Xk)

(1.-1)

where X0, ..., Xk are vector fields on M .

Definition 1.4.2. A Kähler manifold M is called special Kähler if it equipped with a
connection ∇ on TM , such that
• ∇ is flat and torsion-free
• ∇ω = 0 and
• d∇J = 0 ∈ Ω2(TM).

The second condition means by definition:

∇Xω(Y, Z) := Xω(Y, Z)− ω(∇XY, Z)− ω(Y,∇XZ) = 0,

for any vector fields X, Y, Z. A connection that satisfies this relation is called a symplectic
connection. In the last condition, we think of the almost complex structure J : TM → TM
to be an endomorphism of the tangent bundle of M , hence an element of Ω1(TM).

Now for J ∈ Ω1(TM) and the identity endomorphism Id ∈ Ω1(TM), we use formula
1.-1 to get:

d∇J(X, Y ) =∇X(J(Y ))−∇Y (J(X))− J([X, Y ]);

d∇Id(X, Y ) =∇X(Y )−∇Y (X)− [X, Y ].

Since by definition the torsion tensor is ∇X(Y ) − ∇Y (X) − [X, Y ], then torsion free
condition is just d∇Id = 0. The flatness and torsion free conditions of ∇ imply that we
can choose coordinates {tα1 , ..., tα2n} so that ∇( ∂

∂tαi
) = 0 and ∇(dtαi ) = 0 ([Lee06] p.119,

[Boo86] p.161). Then the condition ∇ω = 0 means the coefficients cij of ω = cijdt
α
i ∧ dtαj

are constants. Since ω is a symplectic form, therefore we can choose Darboux coordinates
{xi, yi} of ω which are given by a linear constant transformation of tα, hence ∇dxi =
∇dyj = 0 and

ω =
n∑

i

dxi ∧ dyi.

By the condition d∇J = 0, we have d∇(J ⊗ dxi) = d∇J ⊗ dxi + J ⊗ ∇dxi = 0, which
implies d(J · dxi) = 0. Similarly we have d(J · dyi) = 0. Therefore locally,

J · dxi = dui and J · dyj = dvj,
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for some real coordinates {ui, vj} of M . Now we let zi = xi − iui, and wj = yj − ivj,
then {zi} and {wj} are complex holomorphic coordinate systems of M . Now we have
[BH17][Fre99]

∂

∂zi
=

1

2
(
∂

∂xi
+ τij

∂

∂yj
), where τij =

∂wj
∂zi

form the period matrix.

Here are a few remarks about the affine coordinates:
• The connection ∇ is trivial in the coordinate system

{Re(z1), ..., Re(zgs), Re(w1), ..., Re(wgs)};

• The Kähler form is given by ω = −1
2
Im(τij)dz

i ∧ dz̄j; and

• τij =
∂wj
∂zi

.

N.Hitchin proved that the base of the Hitchin integrable system is in fact a special
Kähler manifold. Both Hitchin[Hit99] and Freed[Fre99] provided us a way to study the
special Kähler metrics on these bases by using two sets of affine coordinates. In the
next few sections of the thesis, we will compute the coordinates for some explicit Hitchin
systems, and derive the special Kähler metrics.

1.5 Integrable systems and the Hitchin map

In 1987, Hitchin proved in his paper [Hit87b](section 8), that the moduli space M is
equipped with an integrable system. Recall that an 2m-dimensional complex symplectic
manifold is a (completely) integrable system if there exist holomorphic functions f1, ..., fm
which Poisson commute and df1 ∧ ... ∧ dfm is non-zero in an open dense subset (see also
Appendix B). In our case, the functions onM are given by the Hitchin map for GLn(C)
Higgs bundles, defined as follows.

Let B :=
n⊕
i=1

H0(K⊗i), and pa : T∗Σ→ (T∗Σ)n be the polynomial which sends x to

pa(x) = xn + a1x
n−1 + ...+ an,

for a = a1⊕ ...⊕an ∈ B. The polynomial pa is called the characteristic polynomial. Now
we define the Hitchin map to be:

h :M→ B
(E,Φ)→ a

where pa(x) = det(xI − Φ). In other words, a is the direct sum of the coefficients of
det(xI − Φ). It is easy to see that this is a well defined map since we have det(AB) =
det(A)det(B) and det(A) = 1/det(A−1) for matrices A,B with A invertible. Since T ∗N
is open and dense inM, to conclude that (M, h) is an integrable system we shall at least
show

Proposition 1.5.1.

1

2
dim(M) = dim(N ) = 1 + n2(g − 1) = dim

n⊕

i=1

H0(Σ;K⊗i).
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Proof. Recall that dimN = 1 + n2(g − 1), and from Serre duality, we directly obtain
dimH0(Σ;K) = g. And we claim that for n > 1, g > 1, dimH0(Σ;Kn) = (2n− 1)(g − 1),
since from the Gauss-Bonnet theorem, deg(K) = 2g − 2, hence deg(Kn) = n(2g − 2),
then dimH1(Σ;Kn) = 0, see [For91] Theorem 17.16. Therefore

dim
n⊕

i=1

H0(Σ;K⊗i) =g +
n∑

i=2

(2n− 1)(g − 1)

=1 + n2(g − 1).

One can find a proof for the Poisson commutativity of components of h in [Hit87b].
When g ≥ 1, n = 1, the moduli spaceM is the cotangent bundle of the Jacobian variety
T∗Jac(Σ) with Hitchin map the projection onto the fibers (see [GX08]).

1.6 Hitchin systems for subgroups of GLn(C)
In the study of Hitchin systems, we can also restrict the structure group of the vector
bundle E to be a subgroup of GLn(C). Write the structure group to be G, let g be
the Lie algebra, if {(uα, φα)} is a trivialization of E, then we consider endomorphisms
and automorphisms {hα : uα → GLn(C)} taking values in g and G respectively. Denote
the space of g-valued endomorphisms of E by EndG(E), then the space of holomorphic
structures of E is an affine space of Ω0,1(Σ; EndG(E)). LetNG be the space of isomorphism
classes of semi-stable holomorphic vector bundles (the definition of stable/semistable
Higgs bundles is different for different groups G) with G-structures, then

TENG =
Ω0,1(Σ; EndG(E))

∂̄E(Ω0(Σ; EndG(E)))

=H1(Σ; EndG(E)).

Similar to the computation in section 1.2, if G is reductive, then g ∼= g∗ and EndG(E) ∼=
EndG(E)∗, hence deg(EndG(E)) = 0. Therefore

dim H0(Σ; EndG(E))− dim H1(Σ; EndG(E))

=rank(EndG(E))(1− g) + deg(EndG(E))

=dim(G)(1− g) + deg(EndG(E))

=dim(G)(1− g),

Since by proposition 1.1.2, H0(Σ; End(E)) ∼= C, therefore an endomorphism of E with
the structure group embeded into GLn(C) is multiplication by a complex number (i.e. a
map Σ→ c ˙Id, where c is a complex number and Id is the n× n identity matrix), hence
when G is semisimple, e.g. SLn(C), SOn(C), Spn(C), we have

H0(Σ; EndG(E)) ∼= 0,

because the centre of G is finite. Therefore

Proposition 1.6.1. Let N S
G be the moduli space of stable holomorphic G-bundles, where

G is semisimple, then

dim(N S
G) = dim H1(Σ; End(E)) = dim(G)(g − 1).
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Example 1.6.2. (G = SLn(C)). An SLn(C)-Higgs bundle (E,Φ) consists of a rank n
vector bundle E over Σ such that the determinant line bundle det(E) is trivial, and a
Higgs field Φ ∈ H0(Σ; End(E)⊗K) such that tr(Φ) = 0. Because dim(SLn(C)) = n2−1,
we have

dimN S
SLn(C) = (n2 − 1)(g − 1).

When g ≥ 2, The dimension of the moduli space of SLn(C)-Higgs bundles is 2(n2−1)(g−
1).

1.7 Metrics on the moduli spaces

In previous sections, we saw that a tangent vector of the moduli space M is given by a
pair (α, ϕ) ∈ Ω0,1(Σ; End(E))× Ω1,0(Σ; End(E))[Hit87b].

Let ? be the Hodge star operator (on a Riemann surface with compatible metric,
?dx = dy, ?dy = −dx, if z = x + iy is a local holomorphic coordinate then ?dz = −idz,
?dz̄ = idz̄), recall that a hermitian inner product on Ω1(Σ) is given by

〈a, b〉 :=

∫

Σ

ā ∧ ?b.

The hermitian inner product gives a positive definite inner product on Ω0,1(Σ) ⊕
Ω1,0(Σ) by

〈(a1, b1), (a2, b2)〉 := Re〈a1, a2〉+ Re〈b1, b2〉.

Similarly, note that Ω0,1(Σ; End(E))⊗Ω1,0(Σ; End(E)) is an infinite dimensional vec-
tor space and there is a Hermitian inner product on it given by:

〈(α1, ϕ1), (α2, ϕ2)〉 :=
i

2

∫

Σ

tr(α∗1α2)− tr(ϕ∗1ϕ2),

where ∗ is the conjugate transpose. The inner product is invariant under the action of the
group of unitary gauge transformations Gunitary. Let X be the subspace of Higgs bundles
satisfying the Hitchin equations




FE + [Φ,Φ∗] = −2πid

n
volΣ ⊗ IdE

∂̄EΦ = 0

where FE is the curvature of the Chern connection (the hermitian connection where the

(0, 1)-part equals ∂̄E), d is the degree of E. Let M̃ = X/Gunitary, then the inner product

induces a metric on M̃. From the Hitchin-Simpson theorem [Hit87a] [Sim92], M̃ is
diffeomorphic to M therefore using the diffeomorphism, we get a metric g on M.

In fact g is a hyperKähler metric. We can see it in the following way: firstly, we
use 〈, 〉 on Ω0,1(Σ; End(E))×Ω1,0(Σ; End(E)) and the complex structure to get a Kähler
form ω1, let ω2 := ReΩ and ω3 := ImΩ. Then let J,K be the almost complex structures
with respect to the Kähler forms ω2, ω3. Now since

Ω((α1, ϕ1), i(α2, ϕ2)) = iΩ((α1, ϕ1), (α2, ϕ2)),
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so ReΩ((α1, ϕ1), (α2, ϕ2)) = ImΩ((α1, ϕ1), i(α2, ϕ2)). Therefore

ω3((α1, ϕ1), K(α2, ϕ2))

=g((α1, ϕ1), (α2, ϕ2))

=ω2((α1, ϕ1), J(α2, ϕ2))

=ω3((α1, ϕ1), IJ(α2, ϕ2)),

for any (α1, ϕ1), (α2, ϕ2) ∈ Ω0,1(Σ; End(E))×Ω1,0(Σ; End(E)). By non-degeneracy of ω3,
we have IJ = K, hence 〈, 〉 is hyperkähler. The Hitchin equation can be interpreted
as a hyperKähler moment map equation, hence M can be interpreted as a hyperKähler
quotient. Then according to Hitchin [Hit86], the natural metric g on the hyperKähler
quotient of a hyperKähler manifold is again hyperkähler (see also [HKLR87]).

Studying these metrics is the key goal of this thesis. As you may see here that
although we have the definitions of these metrics of Hitchin systems, one can hardly
obtain any geometric information about the Hitchin systems by using these definitions.
The metrics are given fiber wise on the tangent bundle, therefore we can not even tell
the local geometry of the Hitchin system from the definitions. In later chapters, we will
look closer at these metrics by using the affine coordinates. By doing that, we can indeed
get an idea about what the metrics look like. For example, the special Kähler metric
and the semi-flat metric on Gln(C)-Hitchin system are given by formulas 3.2, 3.3 in the
affine coordinates, and the metrics of the SLn(C)-Hitchin systems are the restriction of
the metrics on the general linear Hitchin systems.

Also, a more powerful result comes up when we start looking at the variation formulas
about the metrics, which concludes that one can know the geometry of the base of a
Hitchin system by looking at only one of its fibers.

1.8 Constructing special Kähler and semi-flat hyper-

Kähler metrics

According to the theorem of Arnold-Liouville, the regular fibers of an integrable system
are Lagrangian, hence we can think of the regular part of Hitchin systems as moduli
spaces of complex Lagrangian submanifolds. We explain in this section how Hitchin
constructs a special Kähler metric from the moduli space of Lagrangian submanifolds
[Hit99].

Let h :Mreg → Breg be the regular part of a Hitchin system. Then a fiber Y := h−1(b)
is a Lagrangian submanifold with respect to the symplectic form Ω. Let ω1 = ReΩ,
ω2 = ImΩ, then ω1, ω2 are real symplectic forms and the fibers are Lagrangian with
respect to ω1 and ω2. Let U be a contractible open subset of Breg containing h(Y ), let
{x1, ..., x2m, y1, ..., y2m} be real local coordinates on h−1(U) ⊂ Mreg (2m is the complex
dimension ofM) where {y1, ..., y2m} are coordinates of U and h(x1, ..., y2m) = (y1, ..., y2m),
then

ω1 =
∑

aijdxi ∧ dyj +
∑

bijdyi ∧ dyj.

Note that the dxi ∧ dxj terms are missing because the fibers are Lagrangian. Since
dω1 = 0, for each j ∑

i,k

∂aij
∂xk

dxk ∧ dxi = 0,
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which implies
∑
aijdxi is closed on Y for each j. Therefore integrating

∑
aijdxi along

two homologous 1-cycles in a fiber of h gives the same result. Also, if Q is a tangent vector
to Breg then for any lift Q̃ to a vector field along Y , the 1-form given by the contraction
ω1(Q̃,−)|Y is closed and independent of the choice of the lifting. Because if we let

Q = ci∂yi be the tangent vector, where ci are constants, and lift it to Q̃ = ci∂yi + fi∂xi
for any functions fi on the fiber, then

ω1(Q̃,−)|Y · (hj
∂

∂xj
) = −ciaijhj,

hence ω1(Q̃,−)|Y = −ciaijdxj, which is independent of the fi.
Next, let A ∈ H1(Y,Z) be a homology class, then A is also a homology class of

H1(h−1(U),Z). Choose a circle fibration over U , such that each circle is contained in the
fiber of h−1(U) and represent the class A, define a 1-form FA ∈ Ω1(U) to be the integral
of ω1 over the fibers of h, i.e.

FA =
2m∑

i,j=1

(

∫

A

aijdxi)dyj.

Since dω1 = 0, writing it out explicitly we have that for any i, j, k,

∂akj
∂yi
− ∂aki
∂yj

=
∂bij
∂xk
− ∂bji
∂xk

.

Hence

dFA =
2m∑

i,j,k=1

(∫

A

∂aij
∂yk

dxi

)
dyk ∧ dyj

=
2m∑

j>k,i=1

(∫

A

(
∂aij
∂yk
− ∂aik
∂yj

)
dxi

)
dyk ∧ dyj

=
2m∑

j>k,i=1

(∫

A

(
∂bkj
∂xi
− ∂bjk
∂xi

)
dxi

)
dyk ∧ dyj

=
2m∑

j>k,i=1

(∫

A

d(bkj − bjk)
)
dyk ∧ dyj

=0,

This says FA is closed. Since U is assumed to be contractible, there is a function uA :
U → R such that duA = FA hence determines a map u : U → H1(Y,R). We shall do
the same to the real symplectic form ω2 to get a map v : U → H1(Y,R). If u′, v′ are
two other solutions then u′ = u + constant, v′ = v + constant, hence u, v are not well
defined on Breg, but they can be patched together on the universal cover B̃reg to give
u, v : B̃reg → H1(Y,R)

Proposition 1.8.1. ([Hit99], section 3) The maps u, v : B̃reg → H1(Y,R) are local
diffeomorphisms. Thus the image w(B̃reg) of w = (u, v) : B̃reg → H1(Y,R)×H1(Y,R) is
a smooth submanifold and the projections onto each factor are local diffeomorphisms.
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Let k be the Kähler form of Mreg, then there is a real constant symplectic form on
H1(Y,R) defined by

〈a, b〉 =

∫

Y

α ∧ β ∧ kn−1

where α, β are representatives of a, b. If we let

Ω1((a1, a2), (b1, b2)) =〈a1, b2〉+ 〈a2, b1〉
Ω2((a1, a2), (b1, b2)) =〈a1, b1〉 − 〈a2, b2〉

then they are clearly symplectic forms on H1(Y,R)× H1(Y,R). Also Hitchin proved the
following theorems:

Theorem 1.8.2. [Hit99] w(B̃reg) ⊂ H1(Y,R) × H1(Y,R) is Lagrangian with respect to
Ω1 and Ω2.

Theorem 1.8.3. [Hit99] The metric g|Breg which is the restriction of

g((a, b), (a, b)) =
1

2
〈a, b〉

to Breg is a special Kähler metric.

In fact the above theorem was divided into two parts in [Hit99]. Firstly, Hitchin
showed that if V is a vector space with skew form 〈, 〉 (in our case V is H1(Y,R)), and
M a Lagrangian submanifold in V × V with respect to Ω1, Ω2, then g|M is a special
pseudo-Kähler metric (not necessarily positive definite). This is Theorem 2 in [Hit99].
Secondly, the metric is in fact definite in our case (which is Theorem 3 in [Hit99]) because
given a tangent vector Q of Breg, du(Q) = ω1(Q,−)|Y ∈ H1(Y,R), then

g(Q,Q) =〈du(Q), dv(Q)〉

=
i

2
〈(du+ idv)(Q), (du− idv)(Q)〉

=
i

2

∫

Y

Ω(Q,−) ∧ Ω(Q,−) ∧ hn−1,

which showes g is positive definite. In this way we are able to construct a special Kähler
metric on Breg explicitly.

Now starting from a special Kähler manifold (X,ω, I,∇), we can construct a hyper
Kähler metric on the cotangent bundle T ∗X [Fre99]. First of all, the tangent space of
T(x,p)(T

∗X) at (x, p) ∈ T ∗X is just TxX ⊕ T ∗xX ∼= TxX ⊕ TxX. If g is the Kähler metric
of the tangent space TxX such that ω(−,−) = g(, I−), then g induces a metric on the
cotangent space T ∗xX as follows.

Let {e1, ..., e2m} be a basis of TxX such that gij = g(ei, ej) and let e1, ..., e2m be the dual
basis, let ξ =

∑
aiei be a tangent vector, then a cotangent vector α := g(ξ,−) =

∑
bie

i

is given by

α =
2m∑

j=1

g(ξ, ej)e
j =

2m∑

j=1

(
2m∑

i=1

aig(ei, ej))e
j =

2m∑

j=1

(
2m∑

i=1

aigij)e
j.

Therefore, bj =
∑
aigij (In matrices, α = ((gij)ξ)

T = ξT (gij)
T ). If the induced metric

g−1 on T ∗xX is defined by g−1(α, α) := g(ξ, ξ), then g−1(α, α) = α(gij)
−1αT .
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Now the hyper Kähler metric is given by

ghk(ξ1 ⊕ α1, ξ2 ⊕ α2) = g(ξ1, ξ2) + g−1(α1, α2), (1.0)

where ξ1, ξ2 are real tangent vectors of X, α1, α2 are real cotangent vectors of X, g is the
Kähler metric on the tangent spaces TxX, and g−1 is the induced metric on the cotangent
spaces T ∗xX. Let J be the complex structure such that J(v1 ⊕ v2) = −v2 ⊕ v1, define
K = IJ (i.e. K(v1⊕v2) = −iv2⊕v1), then the Kähler forms of the hyper Kähler structure
are

ωI(−,−) =ghk(−, I−),

ωJ(−,−) =ghk(−, J−),

ωK(−,−) =ghk(−, K−).

The fibers of the Hitchin system are complex tori (e.g. Jac(Σ), Prym(Σ)). They are
the quotient of Cm ∼= T ∗b B

reg with 2m-dimensional lattices. The metric ghk is invariant
under the translation action of this lattice. Therefore we can use this construction to get
a hyper Kähler metric on Mreg.
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Chapter 2

g = 1, SLn(C) Moduli Space

In this section, we let the Riemann surface Σ have g = 1, and it is well known that

Σ ∼= Jac(Σ) := C/{Z+ τZ}

for some τ ∈ C with Im(τ) > 0. τ determines the complex structure of Σ. Let z be the
coordinate of the complex plane C given above. Now consider the rank n holomorphic
vector bundles with trivial determinant. Note that the holomorphic 1-form dz on C is
translation invariant and so descends to Σ ∼= C/Z + τZ. It therefore provides a non-
vanishing holomorphic section of the canonical bundle K, therefore K ∼= O is trivial. It
follows that an SLn(C) Higgs field Φ ∈ H0(Σ,End0(E)⊗K) ∼= End0(E) may be regarded
as a trace-free endomorphism of E. The coefficents of the characteristic polynomial

det(λ− Φ) = λn + a1λ
n−1 + a2λ

n−2 + · · ·+ an

are globally defined holomorphic functions on Σ hence they are constant, hence the
eigenvalues {λ1, ..., λn} of Φ are constant. In addition assume that all λi are different,
since ∂̄E(Φ) = 0, the eigen-subbundles of Φ are holomorphic sub-bundles of E, therefore
∂̄E = ∂̄ + {a0,1

ij } where {a0,1
ij } is also a diagonal matrix. Note that each ∂̄ + a0,1

ij gives a
holomorphic structure of a line bundle, hence we proved the following

Theorem 2.0.1. For any Higgs bundle (E,Φ) with distinct eigenvalues, there is a gauge
transformation (E,Φ)→ (Ẽ, Φ̃) where Φ̃ is diagonalised and Ẽ decomposes as the direct
sum of line bundles

Ẽ = L1 ⊕ L2 ⊕ · · · ⊕ Ln,
where Li are eigen-subbundles of the eigenvalues λi of Φ.

Note that since det(E) = O and tr(Φ) = 0, we have
n⊗
i=1

Li = O and
n∑
i=1

λi = 0.

2.1 n = 2 Moduli space

Now we focus on the case when n = 2. First of all we need to find out what the moduli
space and the regular fibers look like. Let (E,Φ) be a rank two Higgs bundle, since Φ is
traceless and E is a vector bundle of trivial determinant, then

(E,Φ) ∼ (L⊕ L∗, (λ,−λ)),

15
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for λ ∈ H0(Σ;K) and L the λ-eigen-subbundle of E. Note that when g = 1,

dim(H0(Σ;K)) = 1.

Let λ be the coordinate of dim(H0(Σ;K)), i.e., λ ∈ C corresponds to the 1-form λdz,
then the Hitchin map is h : [(E,Φ)] 7→ −λ2. The base B of the Hitchin map is also
a complex plane C. Let (dz)2 be the basis, and β be the coordinate of B, by a gauge
transformation of SL2(C), we have (L ⊕ L∗, (λ,−λ)) ∼ (L∗ ⊕ L, (−λ, λ)). Then for any
β 6= 0, the fiber h−1(β) is

h−1(β) = {(L, λ) ∈ Jac(Σ)× C | − λ2 = β }/ ∼,
where (L, λ) ∼ (L∗,−λ). Therefore

Theorem 2.1.1. The regular fiber (i.e. β 6= 0) of the g = 1, SL2(C)-Hitchin system is
the Jacobian variety of Σ,

h−1(β) ∼= Jac(Σ)

When β = 0, the fiber is singular, given by

h−1(0) ∼=Jac(Σ)/ ∼
∼=P1,

where L ∼ L∗.

The last ∼= can be seen from the picture below, where the fiber at a point β 6= 0 is
represented by the two tori in the left of the picture, and these two tori are identified
completely by the relation ∼ (for example, the lines with the same colour were attached).
The fiber at β = 0 is represented by a torus, but half of the torus is identified with
another half by ∼.

Now we study the regular part Mreg of the Hitchin’s fibration. Recall from section
1.3 that a tangent vector ofMreg is a pair (α, ϕ) ∈ Ω0,1(Σ; End0(E))×Ω1,0(Σ; End0(E)),
and the symplectic form Ω on Mreg is defined to be

Ω((α1, ϕ1), (α2, ϕ2)) =

∫

Σ

tr(α1 ∧ ϕ2)− tr(α2 ∧ ϕ1). (2.1)
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In the case g = 1, we have Σ ∼= Jac(Σ). Let Σ := C/Z+ τZ, and z be the coordinate of
C, dz/(2iIm(τ)) be a basis of H0(Σ;K) with coordinate λ, then {z, λ} are coordinates of
Jac(Σ)× H0(Σ;K). Note that ∼ becomes (z, λ) ∼ (−z,−λ). A tangent vector on Mreg

is given by

p
∂

∂z
+ q

∂

∂λ
=

([
p 0
0 −p

]
dz̄,

[
q 0
0 −q

]
dz

2iIm(τ)

)

where
∫

Σ
dz ∧ dz̄ = −2iIm(τ). Then formula 2.1 implies

Ω

(
p
∂

∂z
+ q

∂

∂λ
,m

∂

∂z
+ n

∂

∂λ

)
=

2pn− 2qm

2iIm(τ)

∫

Σ

dz̄ ∧ dz

= 2(pn− qm).

Then we get
Ω = 2dz ∧ dλ.

Note that Ω is invariant under (z, λ) ∼ (−z,−λ). Working locally on B, for any β ∈ B
and β 6= 0, there exists a locally defined holomorphic function λ on a neighbourhood U
of β such that λ2 = −β, then λ is local coordinate of B. Let

{
z = z1 + iz2

λ = x1 + ix2,

then

Theorem 2.1.2. The special Kähler metric of B given by

gsk = 4Im(τ)(dx1 ⊗ dx1 + dx2 ⊗ dx2).

Proof. We follow the procedure in [Hit99] also see section 1.8. First of all, define

ω1 := ReΩ = 2(dz1 ∧ dx1 − dz2 ∧ dx2)

ω2 := ImΩ = 2(dz2 ∧ dx1 + dz1 ∧ dx2).

Let A,B be a symplectic basis of cycles for H1(Σ;Z), given by the path from z to z + 1
and z to z+ τ respetively. Integrating ω1, ω2 along A,B we obtain four closed 1-forms of
U :





(∮

A

2dz1

)
dx1 −

(∮

A

2dz2

)
dx2 = 2dx1

(∮

B

2dz1

)
dx1 −

(∮

B

2dz2

)
dx2 = 2(Re(τ)dx1 − Im(τ)dx2)





(∮

A

2dz2

)
dx1 +

(∮

A

2dz1

)
dx2 = 2dx2

(∮

B

2dz2

)
dx1 +

(∮

B

2dz1

)
dx2 = 2(Im(τ)dx1 + Re(τ)dx2).

They are differentials of the following functions on U :
{
uA(x1, x2) = 2Re(λ)

uB(x1, x2) = 2Re(τλ)



18 Chapter 2. g = 1, SLn(C) Moduli Space

{
vA(x1, x2) = 2Im(λ)

vB(x1, x2) = 2Im(τλ)

According to Hitchin [Hit99], u = (uA, uB), v = (vA, vB) are local diffeomorphisms onto
the image. Then we get an embedding w = (u, v) = (uA, uB, vA, vB) : U → R4. They
are two systems of local coordinates on U , and we rewrite them to be (uA, uB, vA, vB) :=
(s1, y1, s2, y2). Then we have

Theorem 2.1.3. The image w(U) ⊂ R4 is a Lagrangian submanifold with respect to the
symplectic form

Ω1 = ds1 ∧ dy2 + ds2 ∧ dy1.

One can find the proof in [Hit99].

If we think of Ω1 as the canonical form of R4 then w(U) is the graph of a generating
function

K : R2 → R

satisfying the Hamiltonian equations:




∂K

∂s1

= y2

∂K

∂y1

= −s2.

Since the graph w(U) satisfies:

s2 =
Re(τ)s1 − y1

Im(τ)

y2 =
Re(τ)2s1 − Re(τ)y1

Im(τ)
+ s1Im(τ),

solving the equations, we get

K(s1, y1) =
Re(τ)2

2Im(τ)
s2

1 −
Re(τ)

Im(τ)
y1s1 +

Im(τ)

2
s2

1 +
1

2Im(τ)
y2

1.

Since y1 = Re(τ)s1 − Im(τ)s2, we can rewrite K to be:

K(s1, s2) =
1

2
(s2

1 + s2
2)Im(τ)

=2(x2
1 + x2

2)Im(τ)

=2|λ|2Im(τ),

(2.2)

From Hitchin [Hit99] as well as Freed [Fre99], B has a special Kähler structure where
K is the Kähler potential and the Kähler form is given locally by

ΩK =
√
−1∂∂̄K = 2

√
−1Im(τ)dλ ∧ dλ̄ = 4Im(τ)dx1 ∧ dx2. (2.3)

Now using the Kähler form of B, we get the special Kähler metric,

gsk = 4Im(τ)(dx1 ⊗ dx1 + dx2 ⊗ dx2). (2.4)
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Both Hitchin and Freed in their papers gave us a way to construct a hyperkähler
metric on Mreg (see section 1.8). The idea is that the special Kähler metric gsk on the
base B extends naturally to a hyperkähler metric on the cotangent bundle T∗B. Then
we think of the fibers of the moduli space as the cotangent spaces quotiented out by the
discrete action of {Z+ τZ}, henceMreg inherits naturally a hyperkähler metric, written
as gsf . Using our convention of coordinates over U and formula 1.0, gsf is given explicitly
by

Theorem 2.1.4.

gsf |MU
= 4Im(τ)(

2∑

i=1

dxi ⊗ dxi) +
1

4Im(τ)
(

2∑

i=1

dzi ⊗ dzi), (2.5)

where the almost complex structure I, J,K are given as:





I(a1
∂

∂x1

+ a2
∂

∂x2

+ b1
∂

∂z1

+ b2
∂

∂z2

) = (−a2
∂

∂x1

+ a1
∂

∂x2

− b2
∂

∂z1

+ b1
∂

∂z2

)

J(a1
∂

∂x1

+ a2
∂

∂x2

+ b1
∂

∂z1

+ b2
∂

∂z2

) = (−b1
∂

∂x1

+ b2
∂

∂x2

+ a1
∂

∂z1

− a2
∂

∂z2

)

K = IJ.

We can also change our coordinates to β = −λ2 = β1 + iβ2 on the base B to see
the global picture. Recall that β is a globally defined coordinate on B whereas λ is only
locally defined away from β = 0. Note that β = −λ2 = −(x2

1 − x2
2)− i2x1x2, then





∂

∂x1

= −2x1
∂

∂β1

− 2x2
∂

∂β2

∂

∂x2

= 2x2
∂

∂β1

− 2x1
∂

∂β2

,

hence




∂

∂β1

= − 1

2(x2
1 + x2

2)
(x1

∂

∂x1

− x2
∂

∂x2

)

∂

∂β2

= − 1

2(x2
1 + x2

2)
(x2

∂

∂x1

+ x1
∂

∂x2

).

Then by direct computation, we get

2∑

i=1

dxi ⊗ dxi =
1

4|β|(
2∑

i=1

dβi ⊗ dβi)

Therefore,

gsk|U = Im(τ)

2∑
i=1

(dβi ⊗ dβi)

|β| ,

gsf |MU
= Im(τ)

2∑
i=1

(dβi ⊗ dβi)

|β| +
1

4Im(τ)

2∑

i=1

(dzi ⊗ dzi). (2.6)
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We can see that when β goes to zero, the metric blows up. However the metric is flat
when restricted to the fibers. The diagram shows the coordinates we are using for the
moduli space.

2.2 n > 2 Moduli spaces

Now we study the SLn(C)-moduli spaces for n > 2, and use similar methods to derive
the semi-flat metric. Let (E,Φ) be a rank n Higgs bundle, since Φ is traceless and E is
a vector bundle with trivial determinant, then

(E,Φ) ∼ (L1 ⊕ L2 ⊕ · · · ⊕ Ln, (λ1, λ2, · · · , λn)),

for λi ∈ H0(Σ;K) the eigen-values of Φ and Li the λi-eigen-subbundle of E. Note that
n⊗
i=1

Li = O,
n∑
i=1

λi = 0, because det(E) = O, trΦ = 0. Then we have

Theorem 2.2.1. For any β ∈ B such that the eigen-values λi are different,

h−1(β) ∼= Jac(Σ)n−1.

Next we will compute the special Kähler metric on Breg and the semi-flat metric of
Mreg. To do that, we need to write down the symplectic form of Mreg explicitly. First
of all, we rewrite the eigen-values λi to be λie, i = 1, · · · , n − 1 where λi ∈ C and e is
a basis of H0(Σ, K). Then analogous to the last section, {λi} are the coordinates of a
neighbourhood of β. Let zi be the coordinates of the copy of Jac(Σ) ∼= C/{Z + τZ}
corresponding to λi.

Let (α, ϕ) ∈ Ω0,1(Σ; End0(E)) × Ω1,0(Σ; End0(E)) be a tangent vector of Mreg, the
symplectic form Ω on Mreg is defined to be

Ω((α1, ϕ1), (α2, ϕ2)) =

∫

Σ

tr(α1 ∧ ϕ2)− tr(α2 ∧ ϕ1).



2.2. n > 2 Moduli spaces 21

More explicitly, if

αj =




αj1 0 0 · · · 0

0 αj2 0 · · · 0
. . . . . . . . . . . . . . .

0 · · · 0 αjn−1 0

0 0 · · · 0 −
n−1∑
i=1

αji




ϕj =




λj1 0 0 · · · 0

0 λj2 0 · · · 0
. . . . . . . . . . . . . . .

0 · · · 0 λjn−1 0

0 0 · · · 0 −
n−1∑
i=1

λji ,




for j = 1, 2, then choosing a suitable basis for Ω1,0(Σ) and Ω0,1(Σ), we have

Ω((α1, ϕ1), (α2, ϕ2)) =

∫

Σ

tr(α1 ∧ ϕ2)− tr(α2 ∧ ϕ1)

=
n−1∑

i=1

(a1
i b

2
i )−

n−1∑

i=1

(a2
i b

1
i ) +

n−1∑

i,j=1

(a1
i b

2
j − a2

i b
1
j),

where api , b
p
i are coordinates with respect to ∂

∂zi
and ∂

∂λi
for p = 1, 2. Therefore the

symplectic form on the moduli space is

Ω =
n−1∑

i=1

dzi ∧ dλi +
n−1∑

i,j=1

dzi ∧ dλj.

Let A1, B1, · · · , An−1, Bn−1 be a symplectic basis of cycles for H1(Σn−1;Z), and write
{
λj = xj1 + ixj2

zj = zj1 + izj2.

Then the real and imaginary parts of the symplectic form are




ω1 = ReΩ =
n−1∑

i=1

(dzi1 ∧ dxi1 − dzi2 ∧ dxi2) +
n−1∑

i,j=1

(dzi1 ∧ dxj1 − dzi2 ∧ dxj2)

ω2 = ImΩ =
n−1∑

i=1

(dzi2 ∧ dxi1 + dzi1 ∧ dxi2) +
n−1∑

i,j=1

(dzi2 ∧ dxj1 + dzi1 ∧ dxj2).

Analogous to the previous computation, we obtain two sets of functions,




uAk(x
1
1, x

1
2, · · · , xn−1

1 , xn−1
2 ) = Re(λk) +

n−1∑

j=1

Re(λj)

uBk(x
1
1, x

1
2, · · · , xn−1

1 , xn−1
2 ) = Re(τλk) +

n−1∑

j=1

Re(τλj)





vAk(x
1
1, x

1
2, · · · , xn−1

1 , xn−1
2 ) = Im(λk) +

n−1∑

j=1

Im(λj)

vBk(x
1
1, x

1
2, · · · , xn−1

1 , xn−1
2 ) = Im(τλk) +

n−1∑

j=1

Im(τλj).
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Each set of functions gives a local diffeomorphism of B to R2(n−1). Let w = (u, v),
and sj1, y

j
1, s

j
2, y

j
2 be the coordinates corresponding to uAj , uBj , vAj , vBj , then the image

w(U) ⊂ R4(n−1) is a Lagrangian submanifold with respect to the symplectic form [Hit99]

Ω1 =
n−1∑

j=1

(dsj1 ∧ dyj2 + dsj2 ∧ dyj1).

The image w(U) is the graph of a generating function

K : R2(n−1) → R

satisfying the Hamiltonian equations:




∂K

∂sj1
= yj2

∂K

∂yj1
= −sj2.

Solving the equations, we get

K(s1
1, s

2
1, · · · , sn−1

1 , y1
1, · · · , yn−1

1 ) =
n−1∑

j=1

(
Re(τ)2

2Im(τ)
sj1

2− Re(τ)

Im(τ)
yj1s

j
1 +

Im(τ)

2
sj1

2
+

1

2Im(τ)
yj1

2
).

Since yj1 = Re(τ)sj1 − Im(τ)sj2, restricting K to the neighbourhood of the base B, we get

K(s1
1, s

2
1, · · · , sn−1

1 , s1
2, · · · , sn−1

2 ) =
1

2

n−1∑

j=1

(sj1
2

+ sj2
2
)Im(τ) (2.7)

hence by [Fre99], the Kähler form is

ΩK =
√
−1∂∂̄K

=
1

2

√
−Im(τ)

n−1∑

j=1

d(sj1 + isj2) ∧ d(sj1 − isj2)

=Im(τ)
n−1∑

j=1

dsj1 ∧ dsj2.

Therefore

Theorem 2.2.2. The special Kähler metric is given by

gsk =
n−1∑

j=1

Im(τ)(dsj1 ⊗ dsj1 + dsj2 ⊗ dsj2). (2.8)

Since dsjp = dxjp +
n−1∑
q=1

(dxqp) for p = 1, 2, then by using {xk1, xk2}, the real and imaginary

part of the affine coordinates {λk} the special Kähler metric can be rewritten as

gsk = Im(τ)
n−1∑

i,j=1

gij(dx
i
1 ⊗ dxj1 + dxi2 ⊗ dxj2). (2.9)

with

gij =

{
n+ 1, i 6= j,
n+ 2, i = j.
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By formula 1.0, the semi-flat metric of M|U is given by

gsf = Im(τ)
n−1∑

i,j=1

gij(dx
i
1⊗dxj1+dxi2⊗dxj2)+

n−1∑

i,j=1

(Im(τ)gij)
−1(dzi1⊗dzj1+dzi2⊗dzj2). (2.10)

Up to now, we have derived explicit formulas of semi-flat metrics for the smooth part
of SLn(C) moduli spaces for all n when g = 1. One can check that the formulas for n = 2
coincide with the formulas we obtained in this section.
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Chapter 3

The GLn(C)-moduli spaces for g ≥ 2

3.1 The symplectic form and the canonical 1-form

on the moduli spaces

In this section we will have a closer look at the symplectic form and the canonical 1-form
on T∗N . We will see later that the two sets of coordinates on the base given in the last
chapter (also in [Fre99]) is the integration of the canonical 1-form along the basis of cycles
of the fibers.

From Hitchin [Hit87a] and section 1.2, the cotangent space of the moduli space of
stable bundles T∗N is an open dense subset of M. If µ is the canonical one form on
T∗N , then the symplectic form

Ω((α1, ϕ1), (α2, ϕ2)) =

∫

Σ

tr(α1 ∧ ϕ2)− tr(α2 ∧ ϕ1).

on M equals to −dµ when restricting to T∗N .

Proposition 3.1.1. The canonical 1-form µ on T∗N is given by:

µ((α, ϕ)) =

∫

Σ

tr(α ∧ Φ).

Proof. Let π : T∗N → N be the projection. Then for any point (E,Φ) ∈ T∗N with
π(E,Φ) = E, the push forward of π gives a mapping:

T(E,Φ)T
∗N π∗−−−→ TEN Φ−−−→ R.

Recall from symplectic geometry that the canonical 1-form is defined by µ(E,Φ) = Φ ◦ π∗.
Therefore, for (α, ϕ) in the tangent space of (E,Φ), the canonical 1-form applied to (α, ϕ)
gives

µ((α, ϕ)) =Φ ◦ π∗(α, ϕ)

=Φ · α

=

∫

Σ

tr(α ∧ Φ),

where the last equality is given by Serre duality.

25
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In the cases of g = 1, using our construction of the SLn(C) moduli spaces in chapter

2, the canonical 1-form is µ =
n−1∑
i=1

λidz
i +

n−1∑
i,j=1

λjdz
i. Note that Ω =

n−1∑
i=1

dzi ∧ dλi +

n−1∑
i,j=1

dzi ∧ dλj and Ω = −dµ. Now we can see that if F is a fiber of the Hitchin map, and

C ∈ H1(F,Z) is a cycle, then

d(

∫

C

µ) =d(

∫

C

λidz
i) +

n−1∑

j=1

d(

∫

C

λjdz
i)

=(

∫

C

dzi)dλi +
n−1∑

j=1

(

∫

C

dzi)dλj

=

∫

C

Ω.

In fact, it is also true for g ≥ 2.

Proposition 3.1.2. Let M be a symplectic manifold, {xi, yi} be local coordinates so that
{yi} are coordinates on the base B, {xi} are coordinates on the fiber F , and let M → B
be an integrable system given by (y1, ..., yn) then

∫

C

Ω = d(

∫

C

µ),

where C ∈ H1(F,Z) is any cycle, and the left hand side of the formula is an integral over
the fiber of the circle bundle defined locally over B with fibers representing the cycle C.

The proof is a direct computation. Since the fibers are Lagrangian, and {xi} are
coordinates of the fibers, therefore we can write Ω =

∑
i,j

aijdxi ∧ dyj + bijdyi ∧ dyj, for

some functions aij, bij. Write µ =
∑
i

eidxi + fidyi, then since Ω = −dµ, we have

aij =
∂ei
∂yj
− ∂fj
∂xi

bij =− ∂fj
∂yi

.

Therefore,

d(

∫

C

µ) =
∑

i

d(

∫

C

eidxi)

=
∑

ij

∂(
∫
C
eidxi)

∂yj
dyj

=
∑

ij

(∫

C

∂ei
∂yj

dxi −
∫

C

∂fj
∂xi

dxi

)
dyj

=

∫

C

Ω,

which completes the proof.
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3.2 The fibers of the Hitchin systems

When the genus of the Riemann surface is greater than one, the Hitchin systems are more
complicated because the Higgs fields are not diagonalizable in general, and vector bundles
E do not decompose into direct sums of line bundles. Recall that dimN = n2(g − 1) + 1
for the moduli space of GLn(C) vector bundles, and dimN = n2(g − 1) for the SLn(C)
[Hit87b]. Therefore almost all vector bundles in N can not decompose as the direct sum
of line bundles because

dim(Jac(Σ)× · · · × Jac(Σ)︸ ︷︷ ︸
n

) = ng,

which is less than the dimension of N . Hence we can not use the same method as in
chapter 2.

To understand the g ≥ 2 Hitchin systems, we first study the fibers. Let (E,Φ) be a
point in the GLn(C) moduli space M, and det(x − Φ) = xn + a1x

n−1 + · · · + an be the
characteristic polynomial, where ai ∈ H0(Σ;Ki). Let β = h((E,Φ)) ∈ B, and λ be the
tautological section of T∗(K), i.e. if π : K → Σ is the projection, then λ ∈ H0(K; π∗K) is
a section such that λ(p) = π∗(p) for p ∈ K. We call the zero set of λn+a1λ

n−1 +· · ·+an ∈
H0(K, π∗Kn) the spectral curve Sβ. For almost all β, Sβ is non-singular, and we focus
on the non-singular spectral curves.

Now, we let π∗Φ be the pull back of Φ to Sβ, then λ ∈ H0(Sβ; π∗K) is an eigenvalue
of π∗Φ and let L be the eigen-subbundle of π∗(E) over S. If Sβ is non-singular, then L
is a line bundle on S. Suppose g ∈ Ω0(Σ,End(E)) is a gauge transformation, then for
x ∈ S, (x, ξ) ∈ L,

g−1Φπ(x)g · g−1ξg = λxg
−1ξg.

We can do this to Higgs bundles in other degrees. Therefore, we have constructed a map

F : Aβ → Pic(Sβ),

with F((E,Φ)) = L, where Aβ is the set of isomorphism classes of rank n Higgs bundles
with characteristic polynomial given by β.

Next, let’s try to recover (E,Φ) from a line bundle L ∈ Pic(Sβ) . Let OL be the sheaf
of sections of L, since the projection π : S → Σ is continuous, we therefore obtain an
image sheaf OE := π∗OL of the direct image functor π∗, i.e. OE(U) := OL(π−1(U)).

If z0 ∈ Σ is not a ramification point, we can choose a small neighbourhood U of z0

such that π−1(U) is a disjoint union of connected open sets:

π−1(U) = V1 t · · · t Vn.

Then

OE(U) =
n⊕

i=1

OL(Vi) ∼=
n⊕

i=1

O(U).

Therefore OE is locally free of rank n away from ramification points.
When z0 is a ramification point, let pi ∈ π−1(z0), i = 1, · · · , k be the branch points

with ramification index di (To make things convenient, we allow di to be 1), then
k∑
i=1

di =

n.
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Choose a small neighbourhood U of z0, such that Vi are disjoints neighbourhood of
pi. Let z be the coordinate of U , then we can choose coordinates wi of Vi such that

z = wdii .

Locally, we have OL(Vi) ∼= O(Vi), then

OE(U) = O(π−1(U)) ∼=
k⊕

i=1

O(Vi).

If f(wi) is a holomorphic function on Vi, then there exist unique holomorphic functions
f1(z), ..., fdi(z) on U such that f(wi) = f1(z) + wif2(z) + · · ·+ wdi−1

i fdi(z). Therefore,

OE(U) ∼=
n⊕

i=1

O(U) (3.0)

Hence OE is locally free of rank n, and given L ∈ Jacd(Sβ), E defined by OE = π∗(OL)
is a rank n holomorphic vector bundle.

Now we define the Higgs field Φ to be an element of H0(Σ; End(E) ⊗ K) such that
the diagram below commutes for any U .

OE(U) Φ //

∼=

��

OE⊗K(U)

∼=

��
OL(π−1(U))

⊗λ // OL⊗π∗(K)(π
−1(U))

Then we obtain a map

J : Pic(Sβ)→ Aβ,

that sends L→ (E,Φ).

Since λ is the eigenvalue of π∗Φ, then by the definition of F , we have F ◦ J = Id.
Form [BNR89] proposition 3.6, the map J is a bijection. Therfore

Proposition 3.2.1. F is a homeomorphism.
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From the Grothendieck-Riemann-Roch theorem, when OE = π∗(OL), we have

deg(E) = deg(L) + (1− gs)− n(1− g),

hence the degree of L is determined by the degree of E. If we restrict F to h−1(β) (i.e
fixing the degree of Higgs bundles), then

Proposition 3.2.2. h−1(β) ∼= Jacd(Sβ),

where d = deg(E) + n(n− 1)(g − 1).

3.3 The two sets of affine coordinates on the base

In this part we derive the two sets of affine coordinates on the base of the Hitchin systems.
Recall from last section that the coordinates on the base are given by the integration of the
canonical 1-form:

∫
C
µ. Let us fix the degree of the line bundle L to be d or equivalently,

fix the degree of the Higgs bundles to be d− n(n− 1)(g − 1).

Let F := Jacd(S) be a regular fiber, {a1, b1, · · · , ags , bgs} be a basis of H1(S,Z).
Then the Abel-Jacobi map gives a basis {A1, B1, · · · , Ags , Bgs} of H1(F,Z), where Ai, Bi

correspond to ai, bi respectively, hence H1(S,Z) ∼= H1(F,Z). From the universal coefficient
theorems, we have H1(S,R) ∼= H1(F,R).

Proposition 3.3.1. If θ ∈ H0(S,KS) is the canonical 1-form on T∗Σ|S given by θ =
dπ(λ), where dπ ∈ H0(S; Hom(K−1

S , π∗K−1
Σ )) = H0(S; Hom(π∗KΣ, KS)) is the derivative

of π, then
∫

Ai

µ =

∫

ai

θ and

∫

Bi

µ =

∫

bi

θ.

Proof. Since F = Jac(S) ∼= H1(S;O)/H1(S;Z), then TF = H1(S;O). Hence a (0,1)-form
[α] ∈ H1(S;O) generates a 1-parameter family of line bundles {Lt} in Jac(S), given by
their holomorphic structures ∂̄L + tα.

Let (Ȧ, Φ̇) = dJ (α), since the set of branch points has measure zero, they do not
contribute to integrals over Σ or S. Recall that in an open neighbourhood U that does
not contain a ramification point in Σ, E|U given by OE(U) is the direct sum OL(V1) ⊕
· · · ⊕ OL(Vn). In other words,

Ȧ =




α|V1
α|V2

. . .

α|Vn


 Φ =




λ|V1
λ|V2

. . .

λ|Vn


 .

Choose an open cover U i of Σ (after removing the ramification points), let φ be the
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partition of unity, then

µ((Ȧ, Φ̇)) =

∫

Σ

tr(ȦΦ)

=
∑

i

φi

∫

U i
tr(ȦΦ)

=
∑

i

φi(
n∑

j=1

∫

U i
α|V ij · λ|V ij )

=
∑

i

φi(
n∑

j=1

∫

V ij

α(dπ)(λ))

=

∫

S

αθ.

Therefore, µ((Ȧ, Φ̇)) = θ(α). This shows J ∗(µ) = θ hence we complete the proof.

Therefore, the two sets of local coordinates of the base B are given by:

{ Re(

∫

ai

θ), Im(

∫

ai

θ) }, { Re(

∫

bi

θ), Im(

∫

bi

θ) }

for i = 1, ..., gs, where gs is the genus of S which can be computed by gs = dim(Jac(S)) =
dimN = n2(g − 1) + 1.

3.4 The Metrics

We can compute the metrics by using a procedure similar to chapter 2. Let {si1, si2, yi1, yi2}
be the coordinates of R4gs corresponding to { Re(

∫
ai
θ), Im(

∫
ai
θ), Re(

∫
bi
θ), Im(

∫
bi
θ) },

let λj = sj1 + isj2, yj = yj1 + iyj2. Locally, the graph in R4gs is a Lagrangian submanifold
with respect to the symplectic form

Ω1 =

gs∑

j=1

(dsj1 ∧ dyj2 + dsj2 ∧ dyj1).

Now choose a basis w1, ..., wgs of the space of holomorphic one forms Ω1(S), such that

A =




∫
a1
w1 · · ·

∫
ags
w1

...
...∫

a1
wgs · · ·

∫
ags
wgs


 = Id

Let the period matrix of S be

τ = B =




∫
b1
w1 · · ·

∫
bgs
w1

...
...∫

b1
wgs · · ·

∫
bgs
wgs ,


,

then we have yi =
∑
j

τjiλj, therefore



3.4. The Metrics 31





yi2 =
∑

j

Re(τjiλj) =
∑

j

(Re(τji)s
j
1 − Im(τji)s

j
2)

si2 =
∑

j

Im(τjiλj) =
∑

j

(Re(τji)y
j
2 + Im(τji)y

j
1).

The Kähler potential K is a solution of





∂K

∂sj1
= yj2

∂K

∂yj1
= −sj2.

Now we solve the equations to obtain the Kähler potential

K(s1
1, s

2
1, · · · , sgS1 , s1

2, · · · , sgS2 ) =
1

2

gs∑

j

Im(yjλ̄j)

=
1

2

gs∑

i,j

((sj1s
i
1 + sj2s

i
2)Im(τji))

=
1

4

gs∑

i,j

Im(τji)(

∫

ai

θ

∫

aj

θ̄ +

∫

ai

θ̄

∫

aj

θ).

Hence the Kähler form can be computed by

ΩK =
√
−1∂∂̄K

=

√
−1

4

gs∑

i,j

(Im(τji)(d(si1 + isi2) ∧ d(sj1 − isj2) + d(sj1 + isj2) ∧ d(si1 − isi2))

=
1

2

gs∑

i,j

Im(τji)(ds
i
1 ∧ dsj2 + dsj1 ∧ dsi2)

=

gs∑

i,j

Im(τji)ds
i
1 ∧ dsj2.

(3.1)

Theorem 3.4.1.

The special Kähler metric and semi-flat metrics are given by:

gsk =

gs∑

i,j

Im(τij)(ds
i
1 ⊗ dsi1 + dsj2 ⊗ dsj2), (3.2)

gsf =
∑

i,j=1,...,gS ; k=1,2

gijds
i
k ⊗ dsjk + g−1

ij dλ
i
k ⊗ dλjk, (3.3)

where gij are the coefficients of dsi1 ⊗ dsj1 in gsk, g
−1
ij is the inverse matrix of gij and λik

are the coordinates correspond to dsik.
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3.5 Some results on the affine coordinates

There are a few good results concerning the affine coordinates {λi :=
∫
ai
θ}, {yi :=

∫
bi
θ}

of the base B, and the periods of the fiber τij. Recall that yj = τijλi

Proposition 3.5.1.
gS∑

j=1

(
∂τij
∂λk
− ∂τkj
∂λi

)
λj = 0. (3.4)

Proof. Hitchin showed that the base B ⊂ R4gs is Lagrangian with respect to Ω1 and

Ω2 =

gS∑

i=1

dsi1 ∧ dyi1 − dsi2 ∧ dyi2.

Note that Ω2 + iΩ1 =
gS∑
j=1

dλj ∧ dyj, hence
gS∑
j=1

dλj ∧ dyj = 0 on B. Since yi =
gS∑
j=1

τjiλj,

then

dyi =

gS∑

k=1

dλk

(
τik +

gS∑

j=1

∂τij
∂λk

λj

)
.

Therefore,

0 =

gS∑

i=1

dλi ∧ dyi =

gS∑

i,k=1

τikdλi ∧ dλk +

gS∑

i,k=1

dλi ∧ dλk
(

gS∑

j=1

∂τij
∂λk

λj

)
.

Hence we have
gS∑

j=1

(
∂τij
∂λk
− ∂τkj
∂λi

)
λj = 0,

which completes the proof.

Proposition 3.5.2.
gS∑

j=1

∂τij
∂λk

λk = 0. (3.5)

Proof. Define the C∗-action on Higgs bundles given by

t · (E,Φ) = (E, tΦ)

for t ∈ C∗. Then the action induces a C∗-action on the base B =
n⊕
j=1

H0(Σ;Kj) given by

t · (a1, a2, · · · , an) = (ta1, t
2a2, · · · , tnan)

where a1, · · · , an are the coefficients of the characteristic polynomial. Hence the C∗-action
sends a point (λ, p) in the spectral curve Sb := {λ|λn + a1λ

n−1 + · · ·+ an = 0} to (tλ, p)
in the spectral curve Stb := {λ|λn + ta1λ

n−1 + · · · + tnan = 0}, for b ∈ B. By abuse of
notation, also let λ be the tautological 1-form of T∗Σ, (i.e. λ(λ,p) = λ), then given t ∈ C∗,
the pull back of the action by t is given by

(t∗λ)(λ,p) = λ(t(λ,p)) = λ(tλ,p) = tλ.
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Hence, t∗(λ) = tλ. Since the canonical 1-form θ = dπλ, therefore t∗(θ) = tθ. Now the
coordinate of the base B is given by the integration λi(b) =

∫
ai
θ, then

t∗(λi)(b) = λi(tb) =

∫

ai

t∗(θ) = tλi.

Let ξ be the holomorphic vector field generated by the C∗-action on B, then

ξ(λi)(b) =
d

dt
|t=0λ

i(etb)

=
d

dt
|t=0(et)∗λi(b)

=
d

dt
|t=0(etλi(b))

=λi(b)

If ξ = ξi ∂
∂λi

, then ξ(λi) = ξj ∂λ
i

∂λj
= ξi. Hence ξi = λi, and ξ =

∑
i λ

i ∂
∂λi

. Since the periods
τij are C∗-invariant, then

0 = ξ(τij) =

gS∑

k=1

λk
∂τij
∂λk

.

Another main result of the periods τij is that the partial derivative
∂τij
∂λk

is symmetric
with respect to i, j and k.

Theorem 3.5.3.
∂τjk
∂λi

(3.6)

is symmetric in i, j, k for 1 ≤ i, j, k ≤ gs.

We prove the theorem as follows. Let {St} be a family of spectral curves parameterised
by a family t ∈ T , as we have seen earlier, we shall think of a spectral curve St as the
zero locus of a section

pt ∈ H0(T∗Σ;Kn)

of the form

pt = λn + a1(t)λn−1 + a2(t)λn−2 + · · ·+ an(t).

where (a1(t), · · · , an(t)) can be considered as a path in B parameterised by t, and λ ∈
H0(T∗Σ;K) the tautological section. Let S := St0 be a fixed spectral curve, note that
for each t, the spectral curves St are differentiable manifolds, therefore there is a small
enough neighbourhood of t0, so that the spectral curves St are diffeomorphic to each
other (Ehresmann). Hence we obtain a family of diffeomorphisms

ϕt : S → St

parameterised by t which are given by a normal vector field V . Let θ be the canonical
1-form of T∗Σ, and define

θt = ϕ∗t θ.
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Recall that the affine coordinates and periods are given by integration of θ. When a point
in the base moves around, we can pull back the spectral curves to S by the diffeomor-
phisms ϕt. In this way, the deformation of the spectral curves St with a fixed canonical
form θ can be considered as a deformation of θ with fixed S.

Then we have,

θ̇ :=
dθt
dt

= LṼ (θt),

where Ṽ ∈ Ω0(S, T (T ∗Σ)) is a lift of V . By Cartan’s magic formula,

θ̇|S = LṼ θ|S = iṼ (dθ)|S + d(iṼ θ)|S.

Since the projection of Ṽ to the normal bundle is holomorphic, Therefore iṼ (dθ)|S is a
holomorphic 1-form on S. Moreover, d(iṼ θ)|S is an exact 1-form. Therefore in cohomol-
ogy, θ̇ can be written as the sum of holomorphic 1-forms

[θ̇] =

gs∑

i=1

ci(t)[ωi]
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for some coefficients ci(t). Then by Stoke’s theorem

∂

∂t

∫

ai

θ =

∫

ai

θ̇ =

∫

ai

(

gS∑

j=1

cjωj)

=

gS∑

j=1

cjδij

=ci.

Now let ∂
∂t

= ∂
∂λi

, and rewrite θ̇ as θ̇i. Since

∂

∂λi

∫

aj

θ =
∂

∂λi
(λj) = δij,

then cj = δij. Hence we have

Lemma 3.5.4. In de Rham cohomology,

∂

∂λi
[θ] = [θ̇i] = [ωi],

therefore,
∂

∂λi
[ωj] =

∂

∂λj
[ωi].

Since the periods are given by τij =
∫
bj
ωi, then

∂τjk
∂λi

=
∂

∂λi

∫

bk

ωj

=

∫

bk

∂ωj
∂λi

=

∫

bk

∂ωi
∂λj

=
∂

∂λj

∫

bk

ωi

=
∂τik
∂λj

.

Because τij is symmetric of i, j, therefore we completed the proof of theorem 3.5.3.

Corollary 3.5.5.

τij =
∂yj

∂λi
.

Proof. Since yj = τijλi, then

∂yj

∂λi
= τij +

gS∑

l=1

∂τlj
∂λi

λl.

By theorem 3.5.3 and proposition 3.5.2,
gS∑

l=1

∂τlj
∂λi

λl =

gS∑

l=1

∂τij
∂λl

λl = 0
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Form the corollary, we can rewrite the Kähler form 3.1 as

ΩK =

gs∑

i,j

Im(τji)ds
i
1 ∧ dsj2

=

gs∑

i

dsi1 ∧ dyi1,

because dyi =
∑
j

τijdλj and dyi1 = Re(dyi) =
∑
j

(Re(τij)ds
j
1 + Im(τij)ds

j
2).

If we define the holomorphic prepotential to be F = 1
2

gS∑
j=1

λjy
j, then by corollary 3.5

we have
∂F

∂λj
= yj,

hence
∂2F

∂λi∂λj
= τij.

Proposition 3.5.6.
∂τij
∂λk

= −
∫

S

θ ∧ ∂i∂j∂kθ,

where ∂i = ∂
∂λi

.

Proof.

∫

S

θ ∧ ∂i∂j∂kθ =

gS∑

l=1

(

∫

Al

θ

∫

Bl

∂i∂j∂kθ −
∫

Bl

θ

∫

Al

∂i∂j∂kθ)

The second part of the right hand side is zero, because
∫
al
∂i∂j∂kθ = ∂i∂j∂k

∫
al
θ =

∂i∂j∂k(λl) = 0, and

gS∑

l=1

(

∫

Al

θ

∫

Bl

∂i∂j∂kθ) =

gS∑

l=1

(λl∂i∂j∂k(
∑

m

λmτlm))

=

gS∑

l=1

∂i∂j∂ky
l)

=

gS∑

l=1

(λl∂i∂j(τkl)

=

gS∑

l=1

(λl∂i∂l(τkj)

=

gS∑

l=1

∂i(λl∂lτkj)− ∂iτjk

=− ∂iτjk.

(3.7)

The last equality is proposition 3.5.2.
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Analogous to the above, we also have

K =
1

4i

∫

S

θ ∧ θ̄,

where K is the Kähler potential of section 3.4, since

1

4i

∫

S

θ ∧ θ̄ =
1

4i

gS∑

l=1

(

∫

Al

θ

∫

Bl

θ̄ −
∫

Bl

θ

∫

Al

θ̄)

=
1

4i

gS∑

l=1

(λlȳl − ylλ̄l)

=
1

2

gS∑

l=1

Im(ylλ̄l).
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Chapter 4

The SLn(C)-moduli spaces for g ≥ 2

In this section, we let E be a degree 0, rank n SLn(C)-vector bundle over a Riemann
surface Σ. Also let N be the space of SLn(C)-stable bundles, and M := MSLn(C)

the moduli space of Higgs bundles. We will see in this section, that the fibers of the
Hitchin integrable system in these cases are the Prym varieties of the spectral curves. By
integrating the canonical one form of the spectral curve along the cycles corresponding to
the Prym variety, we will obtain the affine coordinates of the base for the Hitchin system.
Using these coordinates, we get the special Kähler metrics.

4.1 The Prym variety of the spectral curve

Let Σ be a compact Riemann surface, we have seen that a point β in the base B determines
a spectral curve S which is an n-sheeted cover of Σ. Note that (see for example [For91]
section 29; [Jos13] section 5.6 or Appendix A.2) the Picard group Pic(S) of S is isomorphic
to the group Div(S)/Divp(S), where Div(S) is the group of divisors of S, and Divp(S) is
the subgroup of principle divisors. Restricting the isomorphism to the same degree we
get Jac(S) ∼= Div0(S)/Divp(S), where Div0(S) is the divisors of degree zero. Now given a
line bundle L ∈ Jac(S), we obtain a divisor D =

∑
i

nipi such that [D] = L. The covering

π : S → Σ gives a divisor D̃ =
∑
i

niπ(pi) of Σ, which determines a line bundle over Σ.

This procedure gives a map

Nm : {line bundles over S} → {line bundles over Σ},

which is called the norm map.
To show this, we check that Nm sends linearly equivalent divisors to linearly equivalent

divisors. Let f be a meromorphic function of S and [f ] be the principle divisor generated

by f . Let D,D′ be divisors of S such that D = D′ + [f ]. Define a function f̃ of Σ to be

f̃(p) =
∏

pi∈π−1(p)

f(pi),

counting points with multiplicity. Away from the ramification points, f̃ is meromorphic.
If p0 is a branch point on S, then we can choose a local coordinate z in the neighbourhood
of p0 such that π(z) = zk where k is the multiplicity. Let w = π(z) be the coordinate

near π(p0), then π−1(w) = {z, zξ, zξ2, · · · } where ξ = e
1
k
i2π. Therefore f̃ is a product of

39
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terms of the form f(z)f(zξ)f(zξ2) · · · f(zξk−1). Writing out the Laurent series of f , one

can see that f̃ is a meromorphic function of w. Since Nm(D) = NmD′ + [f̃ ], therefore
Nm is a homomorphism between the Jacobian varieties.

Definition 4.1.1. The Prym variety Prym(S; Σ) of the spectral curve is a subvariety of
Jac(S) defined by

Prym(S; Σ) := {L ∈ Jac(S) | Nm(L) = O}.

In other words, the Prym variety is the set of isomorphism classes of line bundles over
S such that Nm(L) is trivial.

4.2 The fibers of Hitchin’s system

In the last section, we saw that a generic fiber of the GLn(C)-Hitchin system is the
Jacobian variety of the spectral curve. By integrating the canonical one form along the
cycles of H1(S;Z), we obtained two sets of affine coordinates, and used the coordinates to
compute the special Kähler metrics of B. In the SLn(C)-moduli space, we will use similar
methods to get the metrics. In these cases, the generic fibers of the Hitchin system are
not the Jacobian varieties, but instead the Prym varieties of the spectral curves.

Let h : M := MSLn(C) → B be the Hitchin map, recall from section 3.2 that there
is a map F : h−1(β) → Jacd(Sβ). Given a point (E,Φ) ∈ M, F((E,Φ)) = L is a line
bundle of the spectral curve S such that E = π∗L. Since det(E) = O in MSLn(C), then
we have

O = det(E) = Nm(L)⊗K−n(n−1)/2,

(where the second equality is given in [BNR89] section 4), hence Nm(L) = Kn(n−1)/2.

Since the degree of K is even, choosing a square root K1/2 of K, we may take L̃ =
K−(n−1)/2, hence L̃n = K−n(n−1)/2. Let L′ = L⊗π∗(L̃), since Nm(L⊗π∗(L̃)) = Nm(L)⊗
L̃n, we have Nm(L′) = O, hence L′ ∈ Prym(S; Σ).

Therefore, by shifting L with π∗L̃, the isomorphism F in section 3.2 restricts to the
SLn(C)-moduli space becomes an isomorphism

F : h−1(β)→ Prym(S; Σ)

sends (E,Φ) to L′ ∈ Prym(S; Σ).
Note that dim(Prym(S; Σ)) = dim(N ) = (n2−1)(g−1) := d. Let {A1, B1, A2, B2 · · · , Ad, Bd} ∈

H1(Prym(S; Σ);Z) ⊂ Jac(S) be a basis, and {a1, b1, a2, b2, · · · , ad, bd} be the cycles of
Ker(π∗ : H1(S,R) → H1(Σ,R)) respectively. Then the affine coordinates of B are given
by

{ Re(

∫

ai

θ), Im(

∫

ai

θ) }, { Re(

∫

bi

θ), Im(

∫

bi

θ) }.

Let {si1, si2, yi1, yi1} be the coordinates corresponds to { Re(
∫
ai
θ), Im(

∫
ai
θ), Re(

∫
bi
θ), Im(

∫
bi
θ) }.

The metrics of the SLn(C)-moduli space is computed by formulas (3.2),(3.3) given in sec-
tion 3.4.

Example 4.2.1. The regular fibers of the SL2(C)-moduli space for g = 2.
When g = 2, n = 2, the spectral curve is the set of solutions of the equation

λ2 + a2 = 0,
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where a2 ∈ H0(Σ;K2). Since deg(K2) = 2(2g − 2) = 4, then there are four branch points
with order two of the spectral cover S

π→ Σ. According to Baraglia ([Bar18] section 3),
we can find an open disc D on Σ which contains the four ramification points such that S
restrict to Σ\D is a trivial covering space(two disjoint copies of Σ\D).

Let z be the coordinate of the neighbourhood of a branch point on S, and w be the
coordinate of the corresponding neighbourhood on Σ such that w = π(z) = z2, let l1, l2
be two branch cuts for the functions z =

√
w. Then the spectral curve is obtained by

identifying the points along the branch cut of the two sheets (see the picture below).

We can also see from the picture that the genus gs of the spectral curve S is n2(g−1)+
1 = 5. Let {a1, a2, b1, b2} be a symplectic basis of H1(Σ;Z), and {a1

1, b
1
1, a

1
2, b

1
2, a

2
1, b

2
1, a

2
2, b

2
2, c, d}

be a symplectic basis of H1(S;Z), where π(akj ) = aj, π(akj ) = bj, for k = 1, 2 and
c, d are cycles represented by closed curves in π−1(D) with intersection number 1 (i.e.
c = π−1(γ1), d = π−1(γ2) where γ1, γ2 are the shown paths. They are the new cycles
induced by the ”new hole”).

Then H1(Prym(S; Σ),Z) is generated by {A1
i −A2

i , B
1
i −B2

i , C,D} where i = 1, 2 and
Aji , B

j
i , C,D are the cycles correspond to aji , b

j
i , c, d of the Abel-Jacobi isomorphism.

In fact, the affine coordinates of B can be computed by integrating the canonical 1-
from λ on Σ along the paths corresponds to aji , b

j
i , c, d. Recall from section 3.3 that

∫
aji
θ =∫

aji
dπ(λ), note that θ changes sign when restricted to another branch, then

∫
a1i
θ =

∫
ai
λ

(where we view λ as the 1-form
√−a2, which is well defined on a neighborhood of the
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cycle ai in Σ) and
∫
a2i
θ =

∫
ai
−λ, hence

∫

a1i−a2i
= 2

∫

ai

λ,

for i = 1, 2. Similarly, for the two paths γ1, γ2 on Σ corresponding to c, d, we have∫
c
θ = 2

∫
γ1
λ and

∫
d
θ = 2

∫
γ2
λ. Note that this example can be generalised to any values

of (g, n).

4.3 The metrics

From the above discussions, the base BSL :=
⊕n

i=2 H0(K⊗i) of the special linear mod-
uli space is a subspace of BGL, the base of the GLn(C) moduli space, with inclusion
(a2, ..., an) → (a1 = 0, a2, ..., an) where ai’s are coefficients of the characteristic polyno-
mials. We can construct a special Kähler metric on BSL by using Hitchin’s construction
(see section 1.8). It turns out that this special Kähler metric is the restriction of gGLsk , the
special Kähler metric on the base BGL of general linear Hitchin system, to the base BSL.

To show this, note that since Prym(S; Σ) = Ker(Nm), there is a short exact sequence

0 −→ Prym(S; Σ) −→ Jac(S)
Nm−−−−→ Jac(Σ) −→ 0.

It gives a long exact sequence of homotopy groups:

π2(Jac(Σ)) −→ π1(Prym(S; Σ)) −→ π1(Jac(S))
π∗−−−→ π1(Jac(Σ)) −→ 0.

Since π2(Jac(Σ)) = 0 and π1(Prym(S; Σ)) = H1(Prym(S; Σ),Z), π1(Jac(S)) = H1(Jac(S),Z),
π1(Jac(Σ)) = H1(Jac(Σ)). Then H1(Prym(S; Σ),Z) is the kernel of π∗ and tensoring by
R, we get

H1(Jac(S),R) = ker(π∗)⊕ π∗(H1(Jac(Σ),R). (4.1)

If we let the coefficients of the homology groups to be R then

0 −→ H1(Prym(S; Σ);R) −→ H1(Jac(S);R)
π∗−−−→ H1(Jac(Σ);R) −→ 0.

By Poincaré duality,

0 −→ H1(Prym(S; Σ);R) −→ H1(Jac(S);R)
π∗−−−→ H1(Jac(Σ);R) −→ 0.

(To avoid too many notations, we use π∗ for a few different mappings above, which should
not cause confusions).

Let VGL = H1(Jac(S);R), VSL = H1(Prym(S; Σ);R) = ker(π∗) = im(π∗)⊥ and W =
H1(Jac(Σ);R), then we also have

VGL = VSL ⊕ π∗W.
Recall from section 1.8 that to find the special Kähler metric we defined a pair of maps
u, v : BGL → VGL such that for b ∈ BGL, u(b) is determined by sending cycles A ∈
H1(Jac(S)) to Re(

∫
A
µ) and v(b) is determined by sending A to Im(

∫
A
µ) . From the

decomposition 4.1, we can write A = α + β where α ∈ ker(π∗) and β ∈ π∗(H1(Jac(Σ)).
Then

∫
A
µ =

∫
α+β

µ. Let b ∈ BSL ⊂ BGL, then for any cycle γ ∈ H1(Jac(S)),

∫

π∗(γ)

µ =

∫

π∗(r)

θ =
n∑

i=1

∫

r

λi =

∫

r

(−a1) = 0
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where the first equality is proposition 3.3.1, r ∈ H1(Σ) is a cycle in Σ representing γ, θ is
the canonical 1-from of Sb, λi is, as in proposition 3.3.1, the restriction λ|Vi of λ to the
ith sheet of the trivial covering (by removing a closed disc containing all branched points
) S/π∗(D̄)→ Σ/D̄.

Therefore when b ∈ BSL,
∫
A
µ =

∫
α
µ. A similar argument applies to the map v. This

shows the map u sends b to the VSL component and the following diagrams commute,

VSL
i // VGL

BSL
i //

u

OO

BGL

u

OO VSL × VSL i // VGL × VGL

BSL
i //

(u,v)

OO

BGL

(u,v)

OO

where i is the inclusions and u, (u, v) are the maps given in section 1.8. More concretely,
let {e1, ..., e2(gs−g), f1, ..., f2g} be a basis of the decomposition ker(π∗) ⊕ π∗(H1(Jac(Σ))
given in 4.1, and b ∈ BSL, then

u ◦ i(b) =(Re(

∫

e1

µ), ...,Re(

∫

e2(gs−g)

µ),Re(

∫

f1

µ), ...,Re(

∫

f2g

µ))

=(Re(

∫

e1

µ), ...,Re(

∫

e2(gs−g)

µ), 0, ..., 0)

and

i ◦ u(b) =i(Re(

∫

e1

µ), ...,Re(

∫

e2(gs−g)

µ))

=(Re(

∫

e1

µ), ...,Re(

∫

e2(gs−g)

µ), 0, ..., 0).

The computation is the same for the mapping v in the second diagram. We can also check
the necessary condition that dimC(BGL)−dimC(BSL) = n2(g− 1) + 1− (n2− 1)(g− 1) =
g. Since the special Kähler metrics gGLsk and gSLsk are induced from the inner products
〈 , 〉VGL×VGL and 〈 , 〉VSL×VSL , where 〈 , 〉VSL×VSL = 〈 , 〉VGL×VGL|VSL×VSL , therefore

Theorem 4.3.1. The special Kähler metric of the SLn(C)-Hitchin system is the restric-
tion of the special Kähler metric of the GLn(C)-Hitchin system. i.e. gSLsk = gGLsk |BSL.
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Chapter 5

Donagi-Markman Cubic

In this section, we introduce the Donagi-Markman Cubic[DM96] for Lagrangian fibra-
tions, which is useful in the computation of metrics in Hitchin systems. We also provide
a formula of the Donagi-Markman Cubic in terms of the affine coordinates of B.

Let h :M→ B be a Hitchin system, π :Mreg → Breg be the regular fibration, then
the regular fibers are complex tori with dimension gs (In the GLn(C)-Hitchin system, gs
is the genus of the spectral curves). Let V be the vector bundle over Breg whose sections
are constant vector fields along the fibers of h, then we call V → Breg the vertical bundle
on Breg. Since each constant vector field on a torus can be represented by a vector in the
tangent space at the origin of the torus, therefore V may be considered as the bundle of
tangent spaces at zero of each fiber, at least, once a local section of Mreg → Breg has
been chosen. This means V is the disjoint union

⊔
β∈Breg T0F (β), where Fβ is the fiber

at β. Define a map
i : TBreg → V∗

sending X ∈ TβB
reg to Ω(X,−)|Fβ . Note that Ω(X,−)|Fβ is a holomorphic 1-form on

the torus Fβ, because the fibers are Lagrangian hence Ω(X,−)|Fβ does not depend on
the choice of vectors that project to X. Every such holomorphic 1-form is translation
invariant, hence Ω(X,−)|Fβ defines an element of V∗β. Obviously, i is a homomorphism.
Since the fibers are Lagrangian and Ω is non-degenerate, hence V∗ has the same dimension
as TBreg, then i is an isomorphism.

Now let F be a fiber, γ1, · · · , γ2gs be a symplectic basis of H1(F,Z), then the change of
basis is given by a symplectic transformation. Let α1, · · · , αgs be a basis of holomorphic
1-forms, such that for 1 ≤ i, j ≤ gs,

∫

γi

αj = δij.

Then the period matrix τ = {τij} is given by τij =
∫
γi+gs

αj.

By Riemann’s bilinear relations (see [GX08]), τ is a gs×gs symmetric matrix depend-
ing on the complex structure of F with positive definite imaginary part. Let a point vary
in the base B, then τ is locally a matrix of complex functions of Breg (τ depends on the
local choice of basis γ1, ..., γ2gs). Let

Ags :=
{symmetric matrices with positive definite imaginary part}

Sp(2gs;Z)
,

then we obtain a map
p : Breg → Ags .
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Note that F is determined by the period matrix, hence F can be regarded as a point in
Ags , and p is the map which sends a point b ∈ B to a matrix (τij) ∈ Ags An element in
TAgs is a symmetric matrix, which can be considered as a symmetric tensor of V , then
the differential of p gives

dp : TBreg → TAgs ∼= Sym2V .

Donagi and Markman showed (in [DM96]) that the map dp ◦ i−1 : V∗ → Sym2V is a
cubic in H0(Breg; Sym3V).

Let {λ1, · · · , λgs} be the affine coordinates of B given as in section 3.3, 3.4, then

dp ◦ i−1 ∈ H0(Breg; Sym3V)

is equivalent to the condition that ∂kτij :=
∂τij
∂λk

is symmetric in i, j, k which we have
proven in theorem 3.5.3. From now on, we call ∂kτij the Donagi-Markman cubic.

Given a point b ∈ Breg, with local coordinates λ1, · · · , λgs , since τij is the periods of
the spectral curve Sb, hence the Donagi-Markman cubic ∂kτij is given by the deformation
of a family of spectral curves and by the theorem of Ehresmann, locally on Breg, the
spectral curves Sb are diffeomorphic ([Huy06] section 6.2). Therefore we can think of
the deformation of spectral curves as the deformation of complex structures on Sb. It is
known that the deformation of complex structure is given by the Kodaira-Spencer class
in H1(Sb; TSb), which can be computed as follows.

Let Bsim be the open and dense subset of Breg so that the spectral curves Sb have
only ramification points with ramification order one (i.e. the spectral curves Sb only have
simple ramification points), for simplicity, we will work on Bsim instead of Breg. Let m be
the number of ramification points on Sb, {p1, · · · , pm}, {p̃1, · · · , p̃m} be the branch points

on Σ and ramification points on Sb, {Ul}, {Ũl} be the neighbourhoods of the branch
points and ramification points respectively as the picture showed, then for each l, we
can find coordinates xl of Ul such that xl(pl) = zl, and the local coordinate of Sb in a
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neighbourhood of the ramification point p̃l is given by q2 = x− zl. Then we have a short
exact sequence,

0 −→ O(TS)
π∗−−→ O(π∗TΣ)

restriction−−−−−→ Obr(TΣ) −→ 0,

where Obr(TΣ) is the skyscraper sheaf of the branch points with values in TplΣ, because
π∗ vanishes to first order of each ramification point. Let δ : H0(Σ;Obr(TΣ))→ H1(S; TS)
be the coboundary map of the induced long exact sequence of Čech cohomology. Since Σ
and Sb are complex manifolds, we prefer to think of the cohomologies of the first two terms
in the short exact sequence to be Dolbeault cohomologies (though there is no Dolbeault
cohomology of the third term).

Explicitly, when a point b ∈ Bsim varies smoothly, let y be a local coordinate of the
fiber of T ∗Σ (i.e. (x, y) corresponds to ydx). The spectral curve given by the characteristic
polynomial yn + a1y

n−1 + · · ·+ an = 0 varies in T∗Σ, hence the branch points on Σ also
vary smoothly. Therefore locally we obtain a map (which sends a point b ∈ Bsim to the
m-tuple of ramification points of Sb)

Q : Bsim → U1 × · · · × Um.

Let ∂
∂λi
∈ TbB

sim be the tangent vector at b in the λi direction, then dQ( ∂
∂λi

) is an element

in H0(Σ;Obr(TΣ)). The corresponding Kodaira-Spencer class κi is given by δ ◦ dQ( ∂
∂λi

).
In the local coordinates we have chosen on Σ, let λ be the local coordinate of Sb

around ramification points, write

dQ(
∂

∂λi
) = (żi1

∂

∂z1

, · · · , żim
∂

∂zm
),

where zl is a local coordinate on Ul. Then we choose a smooth extension of the local
vector fields {żil ∂

∂zl
} to Σ, and call the extended vector field Fi. In addition, we can

require Fi to be holomorphic in a small neighbourhood of each branch point (e.g. we can
assume Fi = żil

∂
∂zl

in a neighbourhood of pl). Let Wi be the singular vector field on S
such that

π∗Wi = Fi

At ramification points, we have

Wi =
żil
2q

∂

∂q
, (5.1)

where q is a local coordinate on S at p̃l satisfying q2 = zl − zl(pl), hence 2qdq = dzl and

∂

∂zl
=

1

2q

∂

∂q
.

Therefore the Kodaira-Spencer class is given by κi = ∂̄Wi (note that ∂̄Wi has no pole
since Wi is meromorphic near ramification points).

Now by Riemann’s bilinear relation,

∫

Sb

∂ωj
∂λi
∧ ωk =

gs∑

l=1

(

∫

al

∂ωj
∂λi

∫

bl

ωk −
∫

bl

∂ωj
∂λi

∫

al

ωk)

=−
∫

bk

∂ωj
∂λi

.
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Therefore,

∂τjk
∂λi

=

∫

bk

∂ωj
∂λi

=−
∫

Sb

∂ωj
∂λi
∧ ωk

=−
∫

Sb

∂ωj
∂λi

(0,1)

∧ ωk

where
∂ωj
∂λi

(0,1)
is the (0, 1)-part of

∂ωj
∂λi

. From Griffiths transversality,

(
∂

∂λi
[ωj])

(0,1) = [κi] ^ [ωj].

Therefore, we have

∂τjk
∂λi

=−
∫

Sb

κiωj ∧ ωk

=−
∫

Sb

(∂̄Wi)ωj ∧ ωk

=−
∫

Sb

∂̄(Wi · ωj ∧ ωk).

Now by Stokes’ theorem and Cauchy’s residue theorem, we have

Theorem 5.0.1.

∂τjk
∂λi

=2πi
m∑

l=1

Res(Wiωjωk; p̃l)

=− 2πi
m∑

l=1

Res(
ωiωjωky

∂
∂y

θ
; p̃l).

The second equality is due to the lemma below.

Lemma 5.0.2. Res(Wiωjωk; p̃l) = −Res(
ωiωjωky

∂
∂y

θ
; p̃l).

Proof. The proof is in fact Lemma 6.2.4 which shows

V̂ =
δiθ

θ|S
y
∂

∂y
=

ωi
θ|S

y
∂

∂y
,

where V̂ is a lift of the normal vector field with Res(V̂ ) = −Res(W ). The second
equality is given by Lemma 3.5.4 and the fact that δiθ is holomorphic (see section 6.2
and Proposition 6.2.2 for details), because if df is an exact holomorphic 1-from, then
∂̄(df) = ∂̄∂f = 0, which implies f is a harmonic function hence constant by the maximum
principle. All these together give a proof of the Lemma.



Chapter 6

Topological Recursion

We have seen in the previous sections that the special Kähler metric on the base Breg,
and the semi-flat metric of the moduli space M depend on the variation of periods of
the spectral curves. Under this circumstance, it allow us to use a tool called topological
recursion [EO07] [Eyn14], introduced by Eynard and Orantin, to describe the variation of
the periods τij. We will also give an overview of the relation between topological recursion
and the Bergmann tau-function τB [KK04], which is defined locally as a flat section of
the Bergmann projective connection near ramification points. Although the Bergmann
tau-function is only defined locally under some chosen coordinates, it turns out that the
12th power of the function is a global section of a line bundle of the Hurwitz space, and
we have worked out the transition functions for the line bundle. We begin by giving the
definitions of topological recursion.

6.1 Definitions of topological recursion

Let τ be the period matrix of a compact Riemann surface with genus gs, and ~a, ~b be fixed
vectors in Zgs , and

t =

(
~a
~b

)
,

we define:

1. The Riemann theta-function with characteristic t [Fay73], θt : Cgs → C to be

θt(v) =
∑

~n∈Zgs
eiπ(~n+~a/2)T τ(~n+~a/2)+2iπ(~v+~b/2)T (~n+~a/2).

The fixed vector t is called the characteristic of the theta function and we say that it is
odd if

∑gs
i=1 aibi is an odd number where ~a = (ai)

T ,~b = (bi)
T ;

2. The prime form of S × S to be

E(p.q) =
θt(u(p)− u(q))√
dht(p)dht(q)

,

where u is the Abel-Jacobi map, t is an odd characteristic and

dht(p) =

gs∑

i=1

dωi(p) ·
∂θt(v)

∂vi

∣∣∣∣
v=0

.
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Note that E is independent of the choice of t;
3. The Bergmann kernel to be

B(p, q) = dpdqln(θt(u(p)− u(q))),

for any odd characteristic t. We will use the following properties of the Bergmann kernel
in this section. All of them can be found in [EO07] [Fay73].

The Bergmann kernel is a section of KS � KS. It has double poles with no residue
on the diagonal of S × S and is holomorphic elsewhere, choose a coordinate {p, q} in the
neighbourhood of a point (a, a) ∈ S × S, such that p ◦ π1 = q ◦ π2 on the diagonal of
S × S where π1, π2 are the projections of S × S onto the first and second component,
then B(p, q) has the form

B(p, q) = (
1

(p− q)2
+

1

6
SB(a) + · · · )dpdq,

where SB is called the Bergmann projective connection [Fay73] that depends on the choice
of local coordinates, such that if q̂ is another coordinate near a, and ŜB is the Bergmann
projective connection corresponding to q̂, assume that q(a) = q̂(a) = 0 then

SB(a) = (f ′)2ŜB(a) + (
f ′′′

f ′
− 3f ′′2

2f ′2
),

where f is the change of coordinate, i.e. q̂ = f(q) = f ′q + 1
2
f ′′q2 + 1

6
f ′′′q3 + · · · .

Also B(p, q) is the unique symmetric form of the type described above satisfying,

1

2πi

∫

p∈ai
B(p, q) = 0,

1

2πi

∫

p∈bi
B(p, q) = ωi(q). (6.1)

Now given a ramification point b̃ of the spectral curve S, and let b be the corresponding
branch point on Σ, x be the coordinate around b such that x(b) = z0, then we can find a
local coordinate q on the spectral curve near b̃, such that q2 = x− z0. Let

dEq(p) :=
1

2

∫ −q

ξ=q

B(ξ, p),

ω(q) = (y(q)− y(−q))dx(q),

where y is defined by θ = ydx, then we define the topological recursion for meromorphic
sections W

(g)
n (they are called Eynard-Orantin invariants) of the n-th exterior tensor

product K�ns = Ks �Ks � · · ·�Ks for n ≥ 1, g ≥ 0 as follows.

W
(0)
1 (p) = 0,

W
(0)
2 (p, q) = B(p, q),

and by recursion for g ≥ 0, n ≥ 3,

W
(g)
n+1(p, PN) =

∑

a

Res
q→a

dEq(p)

ω(q)
(

g∑

m=0

∑

K⊂N
W

(m)
|K|+1(q, PK)W

(g−m)
n−|K|+1(−q, PN\K)+W

(g−1)
n+2 (q,−q, PN)),
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where a are ramification points, PN = {p1, · · · , pn}, PK = {pi1 , pi2 , · · · , pik} for K =
{i1, · · · , ik} a subset of {1, 2, · · · , n}. One can check that the recursion formula is well

defined when W
(0)
1 and W

(0)
2 are given. Using the recursion formula we can compute

W
(0)
3 (p, p1, p2) =

∑

a

Res
q→a

B(q, p)B(q, p1)B(q, p2)

dx(q)dy(q)
, (6.2)

W
(1)
1 (p) =

∑

a

Res
q→a

dEq(p)

ω(q)
B(q,−q). (6.3)

Note that W
(g)
n is symmetric in its n variables [EO07].

6.2 Variation formulas and the Donagi-Markman cu-

bic

Recall that given a point b ∈ U the spectral curve Sb lies in T ∗Σ and the normal bundle
NSb is defined by the short exact sequence

0→ TSb → T(T∗Σ)→ NSb → 0.

When b is moving along an integral curve of a vector field on Breg, the deformation of Sb
is described by a section of the normal bundle NSb . This is called the characteristic map

χ : TaB
reg ∼= B → H0(Sb, NSb),

which is given as follows.
Let S be a spectral curve which is the zero divisor of a p ∈ H0(T ∗Σ, π∗(Kn)), V be a

section in NS, by the adjunction formula we have an isomorphism φ : Ns
∼= π∗(Kn)|S. If

we choose local trivialisations of π∗Kn with transition functions gij : Ui ∩ Uj → C∗, then
p is just a collection of functions si : Ui → C with si = gijsj on Ui ∩ Uj and si|S = 0.
That implies ∂V (si)|S = gij∂V (sj)|S, where ∂V (si) is the derivative of si in the direction
V . Hence {∂V (si)|S} is a section of π∗(Kn)|S denoted as ∂V p|S. Then φ is given by

φ(V ) = ∂V p|S.

Let b ∈ Breg and

ρ : B =
n⊕

j=1

H0(Σ, Kj)→ H0(Sb, π
∗(Kn))

be the map such that

ρ(b1, ..., bn) = π∗(b1)λn−1 + π∗(b2)λn−2 + · · ·+ π∗(bn).

Then we have,

Proposition 6.2.1. The characteristic map is given by

χ = −φ−1 ◦ ρ.
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Proof. Let b(t) be a 1-parameter family in Breg with b(0) = b, b′(0) ∈ TbBreg a tangent
vector, and x a point in Sb, x(t) a 1-parameter family of points in T ∗(Σ) such that
x(t) ∈ Sb(t). Then by the definition of χ, the projection of x′(0) to the normal bundle is
χ(b′(0)) := V . Since pb(t)(x(t)) = 0, then

dpb(t)(x(t))

dt

∣∣∣∣
t=0

= b′1(0)xn−1(0) + · · · b′n(0) +
pb(0)(x(t))

dt

∣∣∣∣
t=0

= 0.

This says ρ(b′(0))(x) + ∂V pb(0) = 0 or φ(V (x)) = −ρ(b′(0))(x). Therefore

χ(b′(0)) = −φ−1ρb′(0).

In fact, ρ is an isomorphism since by [BNR89],

π∗OS = OΣ ⊕K−1 ⊕ · · · ⊕K−(n−1),

and then multiplying both sides by Kn and taking global sections gives the result. That
means χ is an isomorphism, so Breg can be identified (at least locally) with the moduli
space of deformations of Sb. Since in a local neighborhood U of b, the topology of all
the spectral curves Sb(t) are the same for ∀t ∈ U . We can think of the moduli space Breg

as the space of a fixed curve with different complex structures and each curve Sb(t) is
equipped with a 1-form θt, which is the pull back of the canonical 1-form of Sb(t) to Sb(0).
In concrete terms, let Zreg be the universal moduli spaces of spectral curves:

Zreg = {(x, b) ∈ T∗Σ×Breg | pb(x) = 0},

then for any b ∈ Breg we can find an open neighborhood U ⊂ Breg such that

Zreg|U ∼= U × Sb.

Here we think of Zreg|U as the product of U with a fixed topological surface Sb, but
there is a family of complex structures I(t) of Sb that is varing with t ∈ U . In other
words, all spectral curves St ⊂ T ∗Σ for t ∈ U were identified with Sb by a diffeomorphism
ϕt : Sb → St. Then

πt : Sb
ϕt−−→ St

π−−→ Σ

is holomorphic with respect to I(t). Given a tangent vector ∂ ∈ TbU , let Y = π̇ ∈
Ω0(S, π∗(TΣ)) be the differentiation of π by ∂, then ∂̄Y = π∗(κ(∂)), since π∗ is holomor-
phic and κ(∂) = ∂̄W where W is the vector field as defined in Chapter 5. If we view π∗
as a section of KS ⊗ π∗(TΣ), then

W =
Y

π∗

is a vector field on S with poles at the ramification points and satisfies ∂̄W = κ. Let:
• j : Zreg → T ∗Σ the map sending a spectral curve to its image in T ∗Σ;
• π̃ = π ◦ j;
• ∂ a (1,0)-vector field on Breg;
• δ = ∂ −W (∂), where W (∂) means the vector field W determined by ∂,
then δ is the unique lift of ∂ to Zreg|U such that π̃(δ) = 0 (i.e., π̃ is constant along the
integral curves of δ). Since W has poles at ramification points, δ is a vector field with
poles of Zreg|U . Let S := Sb, the variation of θ is given by the next proposition.[BH17]
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Proposition 6.2.2. Let V be the section of the normal bundle NS given by χ(∂), then
δθ = iV dθ|S (where in the right hand side, to simplify the notation, we also use θ as the
canonical 1-form of T ∗Σ, and iV dθ|S means restricting iV dθ to S, i.e. we only apply the
1-form to tangent vectors in TS).

Proof. Let D =
∑

a(r(a) − 1)a be the ramification divisor of π, where a are the ram-
ification points and r(a) the ramification index, let Ṽ = j∗(∂) ∈ Ω0(S, T (T ∗Σ)) and
V̂ = j∗(δ) ∈ Ω0(S, T (T ∗Σ))(D) (see the picture below). Note that V̂ is meromorphic,
since W has poles.

Note that Ṽ and V̂ are lifts of V because the flow of them gives spectral curves for
each t, but they depend on the trivialisation of Zreg|U ∼= U × Sb. Also note that
π∗Ṽ = π∗W . Since δ preserves π ◦ j, π∗j∗δ = 0. Hence π∗V̂ = 0. Since j∗|TS = Id,
we have V̂ = j∗(δ) = j∗(∂ − W ) = Ṽ − W . Applying ∂̄ to π∗Ṽ = π∗W , we have
π∗(∂̄Ṽ ) = π∗(∂̄W ) = π∗κ. Since π∗ : TS → π∗TΣ is generically an isomorphism, so
κ = ∂̄W = ∂̄Ṽ , hence V̂ is meromorphic. The identity j∗(∂) = Ṽ means the diffeomor-
phisms ϕt are given by integral curves of Ṽ , hence the change in θ is ∂θ = LṼ θ|S. Then
we have

δθ = ∂θ − LW θ = LṼ−W θ|S = LV̂ θ|S = iV̂ dθ|S + d(iV̂ θ)|S,
where the last equality is the Cartan’s formula. Since θ vanishes at the ramification
points with order at least that of π∗, hence iV̂ θ has no pole on S, i.e. it is a holomorphic

function on S, hence a constant. Therefore δθ = iV̂ dθ|S = iV dθ|S, since V̂ is a lift of V
(note that a tangent line of S in T ∗Σ is always Lagrangian with repsect to dθ).

Example 6.2.3. (g = 1, SL2(C) moduli space) Let C be a complex plane with coordinate
x, think of Σ as C/(Z + τZ), then a holomorphic one form on Σ has the form λdx. In
particular, λ gives the coordinate of the base B. When λ 6= 0, the spectral curve of Σ is
{(y, p) | y2 = −λ, p ∈ Σ}. In these settings, we have

V =
∂

∂λ
= − 1

2y

∂

∂y
,

hence

iV dθ = − 1

2y
dx.

On the other hand,

δλθ =

(
∂
√
−λ
∂λ

)
dx = − 1

2y
dx.
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Now let x be a local coordinate of Σ, y be the coordinate of the fiber of T ∗Σ such
that (x, y) corresponds to (x, ydx) ∈ T ∗Σ, then θ = ydx. Let ξ = y ∂

∂y
, and α = iV dθ|S

then we have

Lemma 6.2.4.
V̂ =

α

θ|S
ξ. (6.4)

Proof. Since V̂ is a lift of V satisfying π∗(V̂ ) = 0, therefore V̂ is uniquely determined
(because for a tangent vector in X ∈ TS, π∗(X) is non zero generically). Therefore all we
need to prove is that the right hand side of 6.4, denoted as V ∗, is a section of T (T ∗Σ)(D)
which is a lift of V and π∗(V ∗) = 0. The condition π∗(V ∗) = 0 is automatically satisfied by
the definition of V ∗ since π∗(ξ) = 0. Now we write α = α(q)dq for some local coordinate
of S, then

V ∗ =
α(q)dq

ydx
y
∂

∂y

=
α(q)

x′(q)

∂

∂y
,

which says the polar divisor of V ∗ is D. Since

iV ∗dθ|S =
α

θ|S
θ|S = α,

thus V ∗ is a lift of V . Hence V ∗ = V̂ .

Also we can vary the Bergmann kernel and other Eynard-Orantin invariants by δ
[EO07] [BH17].

Theorem 6.2.5. (Rauch variational formula)

δB(p, q) = −
∑

a

Res
u→a

δθ(u)B(u, p)B(u, q)

dx(u)dy(u)

where p,q are distinct and are not ramification points.

Proof. Note that the vector field W such that π∗W = π̇ depends on the choice of the
local trivialisation of Zreg|U ∼= U × S (the diffeomorphisms ϕt). We can choose a local
trivialisation such that W vanishes in a neighbourhood of p and q (i.e. we choose a
trivialisation so that p, q deforms inside the fibers T ∗Σ they belong to, we can do that
because p, q are not ramification points). Then

δB(p, q) = ∂B(p, q)− LW (p)B(p, q)− LW (q)B(p, q) = ∂B(p, q).

Next we have the variational formula for B(p, q) ([Fay92], page 57),

∂B(p, q) = κ(p)B(p, q) + κ(q)B(q, p)− 1

2πi
P.V.

∫

S

κ(−)B(−, p)) ∧B(−, q),

where P.V. is the Cauchy principal value of the integral. Since κ = ∂̄W , then κ(p) =
κ(q) = 0 and

∂B(p, q) =
1

2πi

∑

a

∫

u∈γa
W (u)B(u, p))B(u, q),
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where
∑

a is the sum over all poles of W (u)B(u, p))B(u, q) (i.e. ramification points and
p and q, but since W is zero near p and q, we only need to take the sum over the
ramification points), γa is a contour around a. Note that if a = q(0) is a ramification
point, Y (a) = c ∂

∂x
∈ Tπ(a)Σ is a tangent vector describing the motion of the branch point

π(a) correspond to ∂, then under these coordinates,

W (a) = c
∂

∂x
+ d

∂

∂y
=

c

x′(0)

∂

∂q
+

d

y′(0)

∂

∂q

where the second term has no pole. Let ζ = 1/(dxdy), V in these coordinates is V (a) =
Y (a), and −(iV dθ|S)(a)ζ(a) = c/(x′(0)dq) has the same pole as W (a). Therefore by
proposition 6.2.2 we can write W as −(δθ)ζ +W ′ where W ′ has no pole. Then

∂B(p, q) =
1

2πi

∑

a

∫

u∈γa
W (u)B(u, p))B(u, q)

=−
∑

a

Res
u→a

(δθ)(u)ζ(u)B(u, p)B(u, q)

=−
∑

a

Res
u→a

δθ(u)B(u, p)B(u, q)

dx(u)dy(u)
.

(6.5)

Hence we finish the proof.

If {λ1, ..., λgS} are (the affine) coordinates of Breg as before, δi is the lift of ∂i as in
proposition 6.2.2, then from theorem 6.2.5 we have

δiB(p, r) = −
∑

a

ωi(a)

y′(a)

B(a, p)B(a, r)

2dqdq
, (6.6)

where the sum is over all simple ramification points, q the local coordinate of a. Because
if p, r are not ramification points then B(u, p) B(u, r) have no pole when u → a. Also
δθ is ωi in this case from Lemma 3.5.4, and note that δθ is holomorphic from the proof
of Proposition 6.2.2, and dx = 2qdq.

Theorem 6.2.6. (Variational formula) (See [EO07] Theorem 5.7, [BH17] Theorem 7.2)
For g + k > 1,

δiW
(g)
k (p1, ..., pk) = − 1

2iπ

∫

p∈bi
W

(g)
k+1(p, pq, ..., pk),

where δi is the δ corresponding to the i-th affine coordinate of Breg, and the cycle bi is
chosen so that it contains no ramification points.

Now using the variational formulas, we are able to recompute the Donagi-Markman
cubic. Recall that 1

2πi

∫
p1∈bj B(p1, p2) = ωj(p2) and

∫
p2∈bk ωj = τjk. Therefore the cubic

cijk can be computed by

cijk = ∂iτjk =
1

2πi
∂i

∫

p1∈bj

∫

p2∈bk
B(p1, p2)

=
1

2πi

∫

p1∈bj

∫

p2∈bk
δiB(p1, p2)

=−
(

1

2πi

)2 ∫

p∈bi

∫

p1∈bj

∫

p2∈bk
W

(0)
3 (p, p1, p2).
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From formula 6.2, we have

cijk = −2πi
∑

a

Res
q→a

(
ωi(q)ωj(q)ωk(q)

dx(q)dy(q)

)
,

which is the same as the formula of cijk we obtained in the last section. Using the
recursion and variation formulas, we are also able to compute [BH17],

∂i1∂i2 · · · ∂im−2τim−1im = −
(
i

2π

)m−1 ∫

p1∈bi1
· · ·
∫

pm∈bim
W (0)
m (p1, ..., pm).

In this way, we have a power series expansion for the period matrix τij about any point

in Breg by using W
(0)
k . From Chapters 2,3,4, we have seen that the special Kähler metrics

are given by the periods of the spectral curves, hence the Kähler geometry of Breg around
a point p ∈ Breg is determined by the spectral curve corresponds to p. Next, we will study
what W

(1)
k computes.

6.3 Bergmann tau-function, F (1) and W
(1)
k

Start with π : S → Σ, a holomorphic n-fold covering with only simple ramification points.
Let p1,...,pm be the branch points on Σ and a1, ..., am be the ramification points on S, xi
be local coordinates of a small neighbourhood of pi with xi(pi) = 0. Now fix Σ and vary
S in Breg then both the branch points and ramification points are varying.

Let Hn,m be the set of all n-fold coverings with m simple branch points, let xi be a
local coordinate of an open disc on Σ containing the branch point pi, then the coordinates
x1, ..., xm of branch points on Σ can be considered as local coordinates of a neighbourhood
of a point π : S → Σ in Hn,m. This gives Hn,m the structure of a complex manifold.
We shall rewrite it to be {z1, ..., zm} to distinguish the coordinate on Σ, then zi = xi =
x(ai). Let Bsim ⊂ Breg be the dense subset consisting of all points whose spectral curves
only have simple ramification points, then there is a natural map Bsim → Hn,m, where
m = deg(Kn(n−1)), then by the same reason in the proof of Theorem 6.2.5, formula 6.5
extends to any vector field ∂ in Hn,m with δθ describing the variation of θ with respect to
∂. The Rauch variational formula of the Bergmann kernel in the coordinates {z1, ..., zm}
is given by (see e.g. [EO07] formula 5-3, 5-4 or Theorem 6.2.5, where it is clear that
δθ = (dy/dx)dx = dy in this case)

∂B(P,Q)

∂zi
= Res

R→ai

B(R,P )B(R,Q)

dx(R)
. (6.7)

Let qk =
√
x− zk for 1 ≤ k ≤ m, then qk is a local coordinate of S in the neighbour-

hood of the ramification point ak, and

qk(ak) = 0.

Define

Bk := − 1

12
SB(0).

then Bk is a function of zk. Note that Bk depends on the choice of local coordinate xk.
We will examine the dependence of Bk on the choice of coordinate later. We can do this
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for all k = 1, ...,m, and define a connection on Hn,m in a neighbourhood of π : S → Σ to
be

dB = d−
m∑

k=1

Bkdzk. (6.8)

This is a locally defined connection in the coordinates {z1, ..., zm}.

Theorem 6.3.1. For i, j = 1, ...,m we have

∂Bi
∂zj

=
∂Bj
∂zi

.

Proof. When i = j, the formula is correct automatically. Assume i 6= j, let ai be a
ramification point, Ui be an open disc of ai, Uj an open disc of aj, let q : Ui → C,
r : Uj → C be coordinates, such that q =

√
x− zi near ai, and r =

√
x− zj near aj .

Then we have

B(q,−q) = −
(

1

4q2
+

1

6
SB(q(ai)) + o(1) + · · ·

)
dqdq. (6.9)

Therefore

Bi = Res
q→ai

B(q,−q)
2qdq

= Res
q→ai

B(q,−q)
dx

.

From the Rauch variational formula 6.7 (which is a formula for x fixed), we have

∂Bi
∂zj

= Res
q→ai

∂B(q,−q)
∂zj

1

dx

= Res
q→ai

(
Res
r→aj

B(r, q)B(r,−q)
2rdr

)
1

2qdq

= Res
q→ai

Res
r→aj

B(r, q)B(r,−q)
4qrdqdr

= Res
r→aj

Res
q→ai

B(r, q)B(r,−q)
4qrdqdr

.

(6.10)

Since we need to consider the situation when r → aj, q → ai and i 6= j, B(r, q) and
B(r,−q) are holomorphic in a small neighbourhood of (aj, ai) ∈ S × S. The series
expansions of B(r, q) and B(r,−q) near q = 0 (note that q → ai) have the form

B(r, q) =(c0(r) + c1(r)q + · · · )drdq
B(r,−q) =(c0(r)− c1(r)q + · · · )drdq.

Therefore the first residue of the last equality in 6.10 is just

Res
q→ai

B(r, q)B(r,−q)
4qrdqdr

= Res
q→ai

B(r, q)B(r, q)

4qrdqdr
=
c0(r)c0(r)

4r
dr.

This means,
∂Bi
∂zj

= Res
r→aj

Res
q→ai

B(r, q)B(r, q)

4qrdqdr

which is symmetric in i, j.
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Definition 6.3.2. The Bergmann tau-function τB is the solution of the equations

∂ln(τB)

∂zk
= Bk = − 1

12
SB(ak) (6.11)

for all k with 1 ≤ k ≤ m.

We will soon see that τB can be interpreted as a section of a line bundle on the
universal cover H̃n,m of Hn,m.

Let’s fix all zi except zk at the moment, and omit the subscript k when it is not nec-
essary to be mentioned. Consider the coordinate change z → ẑ of Hn,m. The coordinate
change of z corresponds to a coordinate change x→ x̂ = h(x).

For each z, expand h(x) in a neighbourhood of x = z, we have

x̂ = h(x) = h(z) + h′(z)(x− z) +
1

2
h′′(z)(x− z)2 +

1

6
h′′′(z)(x− z)3 + · · · .

Define, q =
√
x− z, and q̂ =

√
x̂− ẑ = f(q) as coordinate change on S near the ramifi-

cation point ak. Note that q(ak) = q̂(ak) = 0, then f(0) = 0. Expand f at q = 0,

q̂ = f(q) = f ′q +
1

2
f ′′q2 +

1

6
f ′′′q3 + · · ·

From the relation q =
√
x− z, and q̂ =

√
x̂− ẑ = f(q), we have

0 = f ′′

h′(z) = f ′2

h′′(z) =
1

2
f ′′2 +

2

3
f ′f ′′′ =

2

3
f ′f ′′′.

(6.12)

Note that f ′, f ′′′ depend on z (when necessary, write f ′ := f ′z etc.), because we get
different f for each z. Recall that

SB(a) = (f ′)2ŜB(a) + (
f ′′′

f ′
− 3f ′′2

2f ′2
),

then we have

1

12
SB(a)dz − 1

12
ŜB(a)dẑ =

3

24
dln(h′(z)) =

1

24
dln(h′(z)3). (6.13)

Note that if ẑi = hi(zi) is a coordinate change on Vi, where Vi is a neighbourhood of the
branch point on Σ corresponds to ai, then h′i(zi) is the transition function of KΣ|Vi . Let

Hn,m ⊃ V1 × V2 × · · · × Vm ri−→ Vi

be the projection, then {∑m
i=1 2SB(ai)dzi} is a set of connection 1-forms of the line bundle⊗k

i=1 r
∗
iK

3
Σ|Vi on Hn,m because of 6.13.

Let dB = d+
∑m

i=1 2SB(ai)dzi be the connection, from 6.11, we have

dB(τ 24
B ) =dτ 24

B + 2
m∑

i=1

SB(ai)τ
24
B dzi

=dτ 24
B + 2

m∑

i=1

−12τ 23
B

∂τB
∂zi

dzi

=0.
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Hence τ 24
B is a flat section of the line bundle L =

⊗m
i=1 r

∗
iK

3
Σ|Vi (pulled back to the

universal cover H̃n,m) with connection dB.
Now choose a point [S] ∈ V1 × · · · × Vm, then locally KΣ|Vi is isomorphic to K2

S|Ui
by identifying dxi ∼ dqdq. If x̂i = h(xi) and q̂ = f(q) are coordinate changes, then the
isomorphism gives f ′(q)2 = h′(xi). At the point xi = zi, the formula 6.12 is satisfied.
Note that the ismorphism can be given by the jet bundle J1(dπ) ∈ Hom(KΣ|Vi , K2

S|Ui),
where simply branching of the covering implies J1(dπ)(xi) 6= 0. Therefore, the line bundle
L is isomorphic to

⊗m
i=1K

6
S|Ui . Then τ 12

B is a section of
⊗m

i=1K
3
S|Ui (pulled back to the

universal cover). In the z coordinate, the transition function is given by g(z) = (f ′)3

when we change the coordinate ẑ = h(z) (note that the value f ′ depends on z).

Definition 6.3.3. The free energy F (1) is defined to be

F (1) = −1

2
ln(τB)− 1

24
ln(
∏

a

y′(a)),

where a’s are the ramification points and y is the coordinate of dxi, and consider it as a
function of q when a branch was chosen, and y′(a) = y′(q)|q=0.

Proposition 6.3.4. e24F (1)
is a well-defined function on the universal cover B̃sim of Bsim.

Proof. From the definition above,

e24F (1)

=
τ−12
B∏
y′(a)

.

We have seen that τ−12
B is a section of L− 1

2 ∼=
⊗m

i=1K
−3
S |Ui . We can restrict the section

to B̃sim → H̃n,m. Since
θ = y(q)dx = ŷ(q̂)dx̂,

apply d
dq

to the middle and the right hand side, we have y′(0) = ŷ′(0)(f ′)3. So
∏
y′(a) is

also a section of
⊗m

i=1 K
−3
S |Ui . Therefore e24F (1)

is the ratio of two sections of the same

line bundle, so is a function on B̃reg.

Next we will give the relation between F (1) and W
(1)
1 [EO07]. From formula 6.3 we

have,

1

2πi

∫

p∈bi
W

(1)
1 (p) =

∑

a

Resq→a

1
2πi

∫
p∈bi dEq(p)

ω(q)
B(q,−q)

=
∑

a

1

24y′(a)

(
ωi(a)SB(a) +

ω′′i (a)

4
− y′′′(a)ωi(a)

4y′(a)

)
,

where the second equality is computed by the expansions of 1
ω(q)

, B(q,−q) (see formula

6.9) and the fact that ([BH17], section 7.3)

1

2πi

∫

p∈bi
dEq(p) = −q(ωi(0) +

1

6
ω′′i (0)q2 + · · · ).

Proposition 6.3.5. The partial derivative of zj with respect to λi of the map Bsim →
Hn,m is given by

∂zj
∂λi

= −ωi(aj)
y′(aj)

. (6.14)
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Proof. Near the ramification point aj, from the definition of W (or formula 5.1)

W =
∂zj
∂λi

∂

∂x
=
∂zj
∂λi

1

2q

∂

∂q
.

Then

∂zj
∂λi

=2Res(W )

=− 2Res(V̂ ).

From (the proof of) Proposition 6.2.2, δiθ is holomorphic. Together with Lemma 3.5.4,
we have ωi = δiθ (because if df is an exact holomorphic 1-from, then ∂̄(df) = ∂̄∂f = 0,
which implies f is a harmonic function. Since the spectral curve is compact, hence f is
constant by the maximum principle). By Lemma 6.2.4

Res(V̂ ) =
ωi(aj)

2y′(aj)
,

which finishes the proof.

Proposition 6.3.6. [EO07]

− 1

2πi

∫

p∈bi
W

(1)
1 (p) = δiF

(1).

Proof. Let λ1, ..., λgS , x1, ..., xm, z1, ..., zm as defined before, and choose a ramification

point aj, let q =
√
xj − zj. Recall that

∂zj
∂λi

= −ωi(0)
y′(0)

. By the definition of τB, we have

∑

a

1

24y′(a)
ωi(a)SB(a) = δi(

1

2
ln(τB)).

Since δi is a lift of ∂
∂λi

such that δix = 0, then δi = ∂
∂λi

+ g ∂
∂q

for some function g of

q, λ1, ..., λgS . Near the ramification point aj, we have ∂x
∂λi

=
∂zj
∂λi

, hence g = ωi(0)
2qy′(0)

.

Now since δi(y)dx = ωi(q)dq, we have

2q
∂y(q)

∂λi
+
ωi(0)y′(q)

y′(0)
= ωi(q).

Expanding it to order q2, we have

2q

(
∂y(0)

∂λi
+ q

∂y′(0)

∂λi
+ · · ·

)
+
ωi(0)

y′(0)

(
y′(0) + qy′′(0) +

1

2
q2y′′′(0) + · · ·

)

=ωi(0) + qω′i(0) +
1

2
q2ω′′i (0) + · · · .

Comparing the coefficients of q2, we get

∂y′(0)

∂λi
=

1

4
(ω′′i (0)− ωi(0)y′′′(0)

y′(0)
), (6.15)

and finishes the proof.
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Proposition 6.3.7.

∂ωi(aj)

∂λk
= −

∑

a6=aj

ωk(a)ωi(a)B(r(a), q)

2y′(a)dr
− ωk(a)ωi(a)SB(aj)

12y′(a)
.

Proof. Let q be a local coordinate in a neighbourhood of aj. In this neighbourhood, let
ωi = ωi(q)dq. Then by formulas 6.1 and 6.6, we have

δk(ωi(q)dq) =
1

2πi

∫

p∈bi
δkB(p, q)

=−
∑

a

ωk(a)

y′(a)

∫
p∈bi B(r(a), p)

2drdr
B(a, q)

=−
∑

a

ωk(a)ωi(a)B(a, q)

2y′(a)dr
,

where r is the local coordinate of a. Note that 2qδi(q) = −δiz = −∂iz. Then

δi(q) =
1

2q

ωi(a)

y′(a)
,

and

δi(dq) = − 1

2q2

ωi(a)

y′(a)
dq.

Therefore, we have

δkωi(q) = −
∑

a

ωk(a)ωi(a)B(r(a), q)

2y′(a)dr
+

1

2q2

ωi(q)ωk(aj)

y′(aj)
. (6.16)

Hence

∂kωi(aj) = δkωi(aj) = −
∑

a6=aj

ωk(a)ωi(a)B(a, q)

2y′(a)dr
− ωk(aj)ωi(aj)SB(aj)

12y′(aj)
.

Now combine with formulas 6.14, 6.15, we have

∂2zj
∂λi∂λk

=
∑

a6=aj

ωk(a)ωi(a)B(a, q)

2y′(aj)y′(a)dr
+
ωk(aj)ωi(aj)SB(aj)

12y′(aj)2
+
ωi(aj)

4y′(aj)2

(
ω′′k(aj)−

ωk(aj)y
′′′(aj)

y′(aj)

)
.

One can see that the second order of the expansion of Bsim → Hn,m depends on the one
forms ωi and the Bergmann kernel of the spectral curves.
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Appendix A

Vector Bundles on Compact
Riemann Surfaces

A.1 Holomorphic vector bundles and Dolbeault op-

erators

I will briefly give a few facts about complex vector bundles on (compact connected)Riemann
surfaces that are needed in my thesis, more detail about holomorphic vector bundles
should be found in text books such as [For91] [Jos13].

Let Σ be a compact connected Riemann surface, and p : E → Σ a complex vector
bundle on Σ, the rank of the vector bundle E is defined to be the complex dimension
of p−1(x) for any x ∈ Σ. It is denoted rank(E). A line bundle is a rank one vector
bundle.

The degree of the vector bundle E is defined to be the integral of the first Chern
class c1(E) ∈ H2(Σ;Z) of E:

deg(E) :=
∫

Σ
c1(E) ∈ Z.

The degree of vector bundles satisfies the following properties, which are useful in com-
putations:

{
deg(E∗) = −deg(E), where E∗ is the dual of E,

deg(E1 ⊗ E2) = deg(E1)rank(E2) + rank(E1)deg(E2).

Theorem A.1.1. The topology of a vector bundle E over Σ only depends on deg(E) and
rank(E).

In other words, if E1, E2 are two complex vector bundles on Σ, if deg(E1) = deg(E2),
rank(E1) = rank(E2), then E1 and E2 are isomorphic as topological complex vector
bundles. Moreover, each (r, d) ∈ Z+ × Z gives an isomorphism class. A proof of the
theorem can be found in [Tha96].

Let p : E → Σ be a complex vector bundle, a holomorphic structure on E is
by definition a (maximal) holomorphic atlas on it (i.e. the transition maps of the local
trivialisations are holomorphic). Sometimes one just write E as a complex vector bundle
with a holomorphic structure. A holomophic structure of E is a global structure that can
not be easily described in general. When studying the space of holomorphic structures,
one may find it more convenient to work with differential operators that are attached
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to the holomorphic structures instead. These differential operators are called Dolbeault
operators of E, and we have a bijection between the space of Dolbeault operators and
space of holomorphic structures of E.

Let’s define a connection ∇ on E → Σ to be a C−linear map

∇ : Ω0(Σ;E)→ Ω1(Σ;E)

where Ωp(Σ;E) is the space of E valued k-forms, satisfies the Leibniz rule

∇(fs) = (df)s+ f(∇s),
for all f ∈ C∞(Σ;C) and s ∈ Ω0(Σ;E). Note that as a consequence of the existence of
partitions of unity, any smooth vector bundle admits a connection. Also,

(∇1 −∇2)(fs) = ∇1(fs)−∇2(fs)

= (df)s+ f(∇1s)− (df)s− f(∇2s)

= f(∇1 −∇2)s.

Therefore, ∇1 − ∇2 is a C∞(Σ;C)-linear map from Ω0(Σ;E) → Ω1(Σ;E), hence an
End(E)-valued one form on Σ.

Proposition A.1.2. The space of connections on Σ is an affine space with translation
vector space Ω1(Σ; End(E)).

Now, since on a Riemann surface Ω1(Σ;E) = Ω1,0(Σ;E)⊕ Ω1,0(Σ;E), then

∇ = ∇1,0 ⊕∇0,1 : Ω0(Σ;E)→ Ω1,0(Σ;E)⊕ Ω0,1(Σ;E)

Note that the operator ∇0,1 is also C linear and satisfies the Leibniz rule.

Definition A.1.3. (Dolbeault operator). A Dolbeault operator on a vector bundle E → Σ
is a C-linear map

∂̄E : Ω0(Σ;E)→ Ω0,1(Σ;E),

satisfying the following rule: ∂̄E(fs) = (∂̄f)s + f(∂̄Es), for any f ∈ C∞(Σ;C) and
s ∈ Ω0(Σ;E).

Similar to how connections extend to tensor product of vector bundles, a Dolbeault
operator extends uniquely to E⊗E∗ = End(E), given by (∂̄Eφ)(s) := ∂̄E(φ(s))−φ(∂̄Es),
for φ ∈ End(E). Now, let Dol(E) be the space of all Dolbeault operators on E, and GE
be the group of automorphisms of E, g ∈ GE acts on ∂̄E by (g · ∂̄E)(s) := g(∂̄E(g−1s)).
And one can easily show that (gh) · ∂̄E = g · (h · ∂̄E), so the action is a group action.

Theorem A.1.4. Let Hol(E) be the space of holomorphic structures on E, then there
are bijections:

Hol(E)←→ Dol(E),

Hol(E)/isomorphism←→ Dol(E)/GE.

And the mappings above send a holomorphic structure E on E to a Dolbeault operator ∂̄E
such that ∂̄E(s) = 0 for all holomorphic sections s ∈ E.

A proof of the theorem can be found in [Wel07]. The idea of the proof is to construct
a Dolbeault operator for each holomorphic structure using the fact that the clutching
functions of E are holomorphic, and use the Newlander-Nirenberg theorem to prove the
converse.
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A.2 Holomorphic line bundles

Definition A.2.1. Let Σ be a Riemann surface, a divisor on Σ is a locally finite linear
combination

D =
∑

zipi

where zi ∈ Z and pi ∈ Σ.

Let f be a meromorphic function on Σ, if f has a zero of order k at a point z ∈ Σ,
we say that the order of f at p is k, denote as ordpf = k; if f has a pole of order k at a
point p ∈ Σ, we say that the order of f at p is −k, denote as ordpf = −k; otherwise we
say that the order of f at p is 0, denote as ordpf = 0.

Definition A.2.2. The divisor of a meromorphic function f is defined by

(f) =
∑

(ordpif)pi.

If a divisor D on Σ is given by a meromophric function f , i.e. D = (f), then we
called D a principal divisor. Two divisors D1 and D2 are called linearly equivalent if
D1 −D2 = (f) for some meromoprhic function f .

Let Div(Σ) be the group of divisors on Σ (with group operation ”+”) and ∼ be the
linearly equivalent relation. Let Pic(Σ) be Picard group i.e. the group of isomorphism
classes of line bundles

Theorem A.2.3. Let Σ be a compact Riemann surface, then

Pic(Σ) ∼= Div(Σ)/ ∼ .

Proof. Let D be a divisor on Σ, since D is locally finite (hence finite on Σ), we can find
an open cover Σ = ∪Ui and meromorphic functions fi so that the order of fi coincide
with D. On Ui ∩ Uj set

gij =
fi
fj
,

then it is clear that {gij} are non-vanishing meromorpic functions satisfying gijgji = 1 and
the cocycle condition. Therefore {gij} determines a line bundle, we denote it as [D]gij .
Now if we have another set of meromorphic functions g̃ij on Ui ∩ Uj and a line bundle
[D]g̃ij also given by D as above, then there are non-vanishing holomorphic functions φi
on Ui such that

g̃ij =
φi
φj
gij.

That means [D]gij
∼= [D]g̃ij , hence D determines an isomorphism class of line bundle,

which is written as [D]. Therefore we obtained a map

[ ] : D 7→ [D].

Note that by definition of [ ], we have [D1−D2] = [D1]⊗ [D2]−1. Also note that [(g)] = O
for any meromorphic function g, since the transition functions given by (g) are identity
functions. Therefore

[ ] : Div(Σ)/ ∼→ Pic(Σ)

is an one to one homomorphism.
The surjectivity of [ ] comes from the well known fact that every line bundle L on

Σ has a meromorphic section. Let DL be the divisor determined by the meromorphic
section then by definition, [DL] = L. This finishes the proof.
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Let L be a line bundle over Σ, the degree of L is defined as

deg(L) :=

∫

Σ

c1(L).

Remark A.2.4. Given a divisor D, if we define the degree of D to be deg(D) :=
∑
zi,

it is clear that deg(D) is finite. Then we have (see, for example [Jos13] Theorem 5.6.3)

deg(D) =

∫

Σ

c1([D]).

This means deg([D]) = deg(D).

The theorem also implies that

Jac(Σ) ∼= Div0(Σ)/ ∼,

where Div0(Σ) is the space of divisors with degree zero.

Theorem A.2.5. (Riemann-Roch) Let g be the genus of Σ, E be a vector bundle over Σ
with rank n, then

dimH0(Σ, E)− dimH1(Σ, E) = n(1− g) + deg(E).

Theorem A.2.6. (Riemann-Hurwitz formula) Let S, Σ be two compact Riemann sur-
faces and f : S → Σ be an m-fold holomorphic covering with ramification points ri ∈ S.
Let di be the ramification order of ri (i.e. there are coordinates in the neighbourhoods of
ri and f(ri), such that f is given by f(z) = zdi), let df =

∑
(di − 1). Then

2− 2gs = m(2− 2g)− df ,

where gs and g are the genera of S and Σ respectively.

By using these theorems, we are able to compute the dimensions of the space of stable
bundles, moduli space of Higgs bundles etc. in this thesis.



Appendix B

Symplectic Geometry

B.1 Symplectic manifolds

Symplectic geometry studies a special kind of manifolds called symplectic manifolds,
which are smooth manifolds equipped with closed nondegenerate differential 2-forms.
The symplectic form gives certain topological properties of a symplectic manifold. For
example, all symplectic manifolds are orientable and even-dimensional. It is crucial to
point out that the local structure of a symplectic manifold is, by Moser’s and Darboux’s
theorems, always equivalent to Euclidean space with the canonical symplectic form. Some
symplectic manifolds can be treated as Lagrange fibrations, such as the moduli space of
Higgs bundles. They are known as integrable systems, to which I will give an introduction
in B.2.

Definition B.1.1. Let M be a real manifold, a symplectic manifold is a pair (M,ω) where
ω is a closed and non-degenerate differential 2-form of M .

The 2-form ω is called a symplectic form, and note that the non-degeneracy of ω
forces M to be even-dimensional.

Definition B.1.2. A submanifold Y of a 2n-dimensional symplectic manifold (M,ω) is
called isotropic if for ∀y ∈ Y ,

ωy|TyY = 0.

And if in addition dimY = 1
2
dimM , we call Y a Lagrangian submanifold.

Theorem B.1.3. (Moser’s Theorem) Let ω0 and ω1 be two symplectic forms on a mani-
fold M . If ω0 and ω1 coincide on a closed submanifold V , then there exist a neighborhood
U0 of V and a map

ϕ : U0 →M

such that
ϕ|V = Id, ϕ∗ω1 = ω0.

As a corollary of Moser’s theorem, we have

Theorem B.1.4. (Darboux’s Theorem) Let (M,ω) be a 2n-dimensional symplectic man-
ifold, then for ∀p ∈M , there exist a neighborhood U centered at p and a local coordinate
chart (x1, ..., xn, y1, ..., yn) such that

ω =
n∑

i=1

dxi ∧ dyi.

67
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The coordinates (x1, ..., xn, y1, ..., yn) are known as Darboux coordinates.

There is a complex version of symplectic geometry. If we assume M is a complex
manifold with complex dimension 2n, moreover if there is a closed and non-degenerate
holomorphic 2-form ωc attached to M , then we say that M is a complex symplectic man-
ifold. Similarly, a complex submanifold of complex dimension n is complex Lagrangian
if ωc|Y = 0. In the complex version, we will still have complex Darboux coordinates
(w1, ..., wn, z1, ..., zn) of M such that locally ωc =

∑n
i=1 dwi ∧ dzi. Now, one can write ωc

in terms of the real and imaginary parts,

ωc = ω1 + iω2.

Then one can easily prove that ω1 and ω2 are real symplectic forms.

Proposition B.1.5. [Hit99] A real 2n-dimensional submanifold Y ⊂ M is complex La-
grangian if and only if ωc|Y = 0.

Therefore, in Hitchin’s words, we lose nothing by focussing our attention on the
symplectic aspects of complex Lagrangian submanifolds. When Y is compact, there is a
good local moduli space of deformations of the compact complex Lagrangian submanifolds
Y ⊂M . One may see more about this in chapters 3, 5.

B.2 Integrable systems

Let (M,ω) be a real symplectic manifold with dimension 2n, H : M → R be any function,
then the Hamiltonian vector field associated with H is a vector field XH such that iXHω =
dH, i.e. ω(XH ,−) = dH(−).

If (x1, ..., xn, y1, ..., yn) is a local coordinate chart such that ω =
∑n

i=1 dxi ∧ dyi, then

XH =
n∑

i=1

∂H

∂yi

∂

∂xi
−

n∑

i=1

∂H

∂xi

∂

∂yi

Note that, by non-degeneracy of ω, XH is unique. In physics, if we think of M as the
phase space, H the total energy, then the Hamiltonian vector field determines the motion
of particles.

Definition B.2.1. A 2n-dimensional symplectic manifold (M,ω) is an integrable sys-
tem if there exist n (maximal number of) independent Poisson commuting functions
f1, f2, ..., fn on M .

Poisson commute means {fi, fj} = 0, for all i, j where {f, g} := ω(Xf , Xg) is the
Poisson bracket, and the functions f1, f2, ..., fn on M are said to be independent if
(df1)x,...,(dfn)x are linearly independent at all points x in an open dense subset of M .

If a symplectic manifold M2n is an integrable system, then we can think of it as the
foliation of n-dimensional Lagrange submanifolds (integral manifolds of the Hamiltonian
vector fields). The advantage of being an integrable system is given by the Arnold-
Liouville theorem.

Theorem B.2.2. (Arnold-Liouville) Let a be a regular value of the map F = (f1, ..., fn),
then F−1(a) is a Lagrangian submanifold of M . Also,
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• if the flows Xf1 , ..., Xfn starting at p ∈ f−1(a) are complete, then f−1(a) is a ho-
mogeneous space for Rn. The components have angle coordinates θ1, ..., θn, in which the
flows of Xf1 , ..., Xfn are linear.
• There exist coordinates ϕ1, ..., ϕn, called action coordinates, such that {ϕi, fj} = 0

for ∀i, j = 1, ..., n, and {θi, ϕi} is a Darboux coordinate.

If in addition, the map F = (f1, ..., fn) : M → Rn is proper, this implies the compact
connected components of F−1(a) for a regular value a is topologically a torus Tn, and
there exist special coordinates called angle-action coordinates on each neighborhood of
regular fibers of F .

There is a complex version if M is a complex symplectic manifold. In this case
the Darboux coordinates are complex and the functions fi become complex functions
fi : M → C. We call the integrable system a complex integrable system (The Hitchin
systems are complex integrable systems).
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SPECIAL KÄHLER GEOMETRY OF THE HITCHIN SYSTEM

AND TOPOLOGICAL RECURSION

DAVID BARAGLIA AND ZHENXI HUANG

Abstract. We investigate the special Kähler geometry of the base of the

Hitchin integrable system in terms of spectral curves and topological recursion.
The Taylor expansion of the special Kähler metric about any point in the

base may be computed by integrating the g = 0 Eynard-Orantin invariants of

the corresponding spectral curve over cycles. In particular, we show that the

Donagi-Markman cubic is computed by the invariant W
(0)
3 . We use topological

recursion to go one step beyond this and compute the symmetric quartic of

second derivatives of the period matrix.

1. Introduction

The Hitchin integrable system [14, 15] ties together many seemingly different
branches of geometry and physics, including twistor theory, integrable systems,
mirror symmetry and supersymmetric Yang-Mills theory to name just a few. The
goal of this paper is to elucidate one particular aspect of this rich story, namely
the relation between the special Kähler geometry of the base of the Hitchin system
with the theory of Eynard-Orantin topological recursion of the spectral curves.

Suppose that f : M → B is a complex integrable system, so M is a complex
manifold with a holomorphic symplectic form and f is a complex Lagrangian fibra-
tion, whose generic fibres are complex tori. In general f will have singular fibres so
let f : Mreg → Breg denote the regular locus consisting of the non-singular torus
fibres of f . As we recall in §3, under mild assumptions, there is a naturally defined
metric gsk on the base Breg, known as a special Kähler metric [4, 10, 16]. We recall
the fundamentals of special Kähler geometry in §2. In particular, Breg has a Kähler
metric of the form

(1.1) ω = − i
2
Im(τij)dz

i ∧ dzj

where τij is a matrix of functions, the periods of the torus fibres of the integrable
system. It is well known that the special Kähler metric on Breg can be combined
with a metric along the fibres to produce a hyperkähler metric gsf onMreg, known
as the semi-flat hyperkähler metric [3, 10, 16]. This metric is called “semi-flat”
because its restriction to the fibres of f :Mreg → Breg is flat.

In this paper we concentrate on the case that f :M→ B is the Hitchin system.
Then M =Mn,d is the moduli space of Higgs bundles of given rank n and degree
d. In this case M is known to admit a complete hyperkähler metric g [14]. The
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2 DAVID BARAGLIA AND ZHENXI HUANG

semi-flat metric on Mreg may be thought of as an approximation of the complete
hyperkähler metric. The semi-flat metric fails to extend over the singular fibres,
however it is expected that g can be recovered from gsf by incorporating instanton
corrections [11].

To define the Hitchin system, one takes a compact Riemann surface Σ of genus
greater than 1 and M to be the moduli space of semistable Higgs bundles of fixed
rank n and degree d (see §4). In this case, the period matrices τij(b) for b ∈ Breg

are not arbitrary, in fact they are the periods of a Riemann surface Sb, the spectral
curve associated to the point b ∈ Breg. The spectral curve Sb is a smooth compact
Riemann surface Sb ⊂ T ∗Σ embedded in the cotangent bundle of Σ, such that the
projection π : Sb → Σ is a branched covering of degree n. We now give a brief
summary of the special Kähler geometry on Breg in terms of spectral curves. Let
θ be the canonical 1-form on T ∗Σ. A pair of local holomorphic coordinate systems
(z1, . . . , zgS ) and (w1, . . . , wgS ) for Breg are given by integrating the canonical 1-
form over a basis of 1-cycles in Sb:

zi =

∫

ai

θ, wi =

∫

bi

θ,

where a1, . . . , agS , b1, . . . , bgS is a symplectic basis of 1-cycles, which may be defined
over any sufficiently small neighbourhood in Breg. The monodromy of the Hitchin
system prevents us from choosing such a basis globally on Breg. Having chosen such
a basis of 1-cycles, we have the normalised basis of holomorphic 1-forms ω1, . . . , ωgS
characterised by

∫
ai
ωj = δij . The period matrix of Sb is then given by τij =∫

bi
ωj . With respect to the coordinate system (z1, . . . , zgS ), the special Kähler

metric is given by Equation (1.1). Alternatively, we have a real coordinate system
(x1, . . . , xgS , y1, . . . , ygS ) given by:

xi = Re(zi) = Re

(∫

ai

θ

)
, yi = Re(wi) = Re

(∫

bi

θ

)
.

These coordinates are globally defined up to monodromy, which acts by linear
transformations, hence they define an affine structure on Breg. Moreover they are
Darboux coordinates for the Kähler form:

ω = dx1 ∧ dy1 + · · ·+ dxgS ∧ dygS .
Recall the prepotential (see §2) is a locally defined holomorphic function F on Breg

such that wi = ∂F
∂zi . We will recall that the period matrix is given by τij = ∂wi

∂zj and
thus

τij =
∂2F
∂zi∂zj

.

From the prepotential F , one obtains a Kähler potential K by:

K = −1

2
Im

(
∂F
∂zi

zi
)
.

An important quantity in special Kähler geometry is the symmetric cubic c ∈
H0(M, Sym3(TM)) which measures the variation of the period matrix τij :

c = cijkdz
i ⊗ dzj ⊗ dzk, cijk =

∂τjk
∂zi

=
∂3F

∂zi∂zj∂zk
.

We call c the Donagi-Markman cubic, since in the case where M is the base of a
complex integrable system, c is the cubic studied by Donagi and Markman [5]. One
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can for instance express the Riemann, Ricci and scalar curvatures in terms of τij
and cijk [10]. The following proposition (cf. [13] for similar results) summarises the
relation between the special Kähler geometry on Breg and the spectral curves:

Proposition 1.1. We have the following relations:
(1) A (local) prepotential for the special Kähler structure on Breg is given by:

F =
1

2
ziwi =

1

2
τijz

izj .

(2) A (global) Kähler potential is given by:

K = − i
4

∫

S

θ ∧ θ.

(3) Let VC be the local system on Breg whose fibre over b is H1(Sb,C). We may
think of θ as a section of VC. The Donagi-Markman cubic is given by the
“Yukawa couplings”:

c(X,Y, Z) =

∫

S

∇X∇Y∇Zθ ∧ θ,

where ∇ is the Gauss-Manin connection.

The above formula for the Donagi-Markman cubic involves differentiation with
respect to the Gauss-Manin connection. This requires knowledge of the family of
spectral curves. In §6 we give another formula for the c in terms of the geometry
of a single spectral curve. Our formula holds for any smooth spectral curve, but
in this section we will for simplicity consider the case where π : S → Σ has only
simple branching. Around each ramification point a ∈ S we can thus find local
coordinates x on Σ and q on S such that π(q) = x = q2. Near a we have θ = ydx
for some function y(q) with y′(a) 6= 0. We have:

Theorem 1.2. The Donagi-Markman cubic is given by:

cijk = −2πi
∑

a

Res
a

(
ωiωjωk
dxdy

)
,

where the sum is over the ramification points of π.

Similar-looking formulas for the Donagi-Markman cubic have appeared in [1, 13],
however these formulas use cameral curves instead of spectral curves and involve
quadratic residues instead of ordinary residues. One advantage of our formula (in
the form of Theorem 6.6) is that it applies even when π has higher order ramifica-
tion. Moreover, our formula looks very similar to formulas appearing in the theory
of Eynard-Orantin topological recursion. This is not a coincidence, as we show in
Section §7.

1.1. Relation to topological recursion. Eynard-Orantin topological recursion
[7] is a recursive formula which takes as input a Riemann surface S (which we
assume is compact) with a pair of meromorphic functions x, y and produces a

series of symmetric multidifferentials W
(g)
n , for g ≥ 0, n ≥ 1, the Eynard-Orantin

invariants. More precisely, W
(g)
n is a meromorphic section of the n-th exterior tensor

product K�n
S = KS�KS� · · ·�KS on Sn, where KS denotes the canonical bundle

of S, which is symmetric under interchange of factors. The function x, viewed as a
map x : S → P1 is assumed to be a branched covering with only simple branching.
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The topological recursion formula has been extended to Hitchin spectral curves
S ⊂ T ∗Σ in [6], which gives an interpretation of the Eynard-Orantin invariants in
terms of quantisation of spectral curves. Our paper gives another interpretation
of these invariants, at least in the case of g = 0. To make sense of the Eyndard-
Orantin invariants in this setting, first note that the projection π : S → Σ plays
the role of x. As we will recall in §7, the topological recursion formula continues
to makes sense as long as π has only simple branching. They key point is that the
recursion formula does not directly involve the functions x, y but only the 1-form
ydx. In the case of a spectral curve S ⊂ T ∗Σ, the canonical 1-form θ plays the role
of ydx. We show that the variational formula for Eynard-Orantin invariants in [7]
holds in our setting and leads to the following formula for derivatives of the period
matrix τij about any point b ∈ Breg.

Theorem 1.3. For any b ∈ Breg, we have:

∂i1∂i2 · · · ∂im−2
τim−1im(b) = −

(
i

2π

)m−1 ∫

p1∈bi1
· · ·
∫

pm∈bim
W (0)
m (p1, . . . , pm)

where on the right hand side, W
(0)
m (p1, . . . , pm) is the W

(0)
m Eynard-Orantin in-

variant of the corresponding spectral curve Sb. One can show that W
(0)
m in each

variable only has poles with zero residue, so the above expression does not depend
on the choice of paths representing the given cycles.

This formula shows that the g = 0 Eynard-Orantin invariants W
(0)
k for a spectral

curve Sb compute the Taylor series expansion of the period matrix τij about b ∈
Breg. Since the special Kähler metric on Breg is given in terms of the period matrix,

the invariants W
(0)
k also compute the power series expansion of the special Kähler

metric. For instance, we consider the m = 1 case and show that it recovers our
formula (Theorem 1.2) for the Donagi-Markman cubic. Theorem 1.3 is remarkable
in that the left hand side of the equation is related to geometry of the family of
spectral curves, while the right hand side is given by invariants of a single spectral
curve Sb ⊂ T ∗Σ. In a sense, any single spectral curve Sb “knows” about the
geometry of the entire family {Sb}b∈Breg .

Let us remark that Theorem 1.3 is certainly not surprising, as it is essentially
a consequence of the well known variational formula for Eynard-Orantin invariants
given in [7]. The main point we would like to emphasise is that this formula is
applicable to Hitchin spectral curves. This is not immediately obvious as one needs
to check that the proof of the variational formula in [7] holds for Hitchin spectral
curves. Ultimately, this boils down to proving a version of the so-called “Rauch
variational formula”, which we prove in Proposition 7.1:

Proposition 1.4. Let ∂ ∈ TbBreg. Assume p, r are distinct and are not ramifica-
tion points. Then:

δB(p, r) = −
∑

a

Res
u→a

δθ(u)B(u, p)B(u, r)

dx(u)dy(u)
,

where the sum is over the ramification points of π and for each ramification point
a ∈ Sb, we choose coordinate functions x on Σ and q on S with x = q2 and write
θ = ydx.
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In this proposition, B is the Bergman kernel (see §7). For the meaning of the
variational operator δ, see Definition 6.1. Versions of this formula are well known
in the literature, but we could not find a proof that holds in the setting of Hitchin
spectral curves, so we give a proof in §7.

We finish the paper by using topological recursion to go beyond the Donagi-
Markman cubic and compute the symmetric quartic of second derivatives of the
periods in terms of geometry of the spectral curve. Around any ramification point
a ∈ Sb, we may write the normalised 1-forms as ωi = ωi(q)dq for some functions
ωi(q). Our result is:

Theorem 1.5. The second derivatives of the period matrix are given by:

∂i∂jτkl = 2πi
∑

a 6=b
B(a, b)

(
ωi(a)ωj(a)

2y′(a)

)(
ωk(b)ωl(b)

2y′(b)

)
+ cycj,k,l

+ 2πi
∑

a

1

8y′(a)2

(
SB(a)− y′′′(a)

y′(a)

)
ωi(a)ωj(a)ωk(a)ωl(a)

+ 2πi
∑

a

1

8y′(a)2
(ω′′i (a)ωj(a)ωk(a)ωl(a)) + cyci,j,k,l,

where SB is the Bergman projective connection (see §7), the sum
∑
a 6=b is over

distinct pairs of ramification points and cyc means to sum over cyclic permutations
of the specified indices.

1.2. On the g > 0 invariants. In this paper, we have established the relation
between the g = 0 Eynard-Orantin invariants of spectral curves and the special
Kähler geometry of Breg. An interesting problem would be to find a similar geo-
metric interpretation for the g > 0 invariants. In particular one may ask whether
there is a relation between the g > 0 invariants and the instanton corrections relat-
ing the semi-flat hyperkähler metric on Mreg to the complete hyperkähler metric
on M.

1.3. Summary of paper. A brief summary of the contents of this paper is as
follows. In §2 we give a review of special Kähler geometry. In §3 we recall a result
of Hitchin showing that the moduli space of deformations of a compact complex
Lagrangian in a complex symplectic manifold M has a natural special Kähler metric
(assuming M admits a Kähler metric). In §4 we briefly review the relevant aspects
of the moduli space of Higgs bundles and the Hitchin system f : Mn,d → B, in
particular the spectral curve construction. There are two possible ways in which
Breg inherits a special Kähler geometry: (i) view Breg as a family of complex
Lagrangians in Mn,d (the fibres of the map f), or (ii) view Breg as a family of
spectral curves Sb ⊂ T ∗Σ (clearly Sb is a complex Lagrangian submanifold of T ∗Σ).
We show in §5 that these two points of view give rise to the same special Kähler
geometry, and we describe this geometry in terms of the family of spectral curves.
In §6, we give a residue formula for the Donagi-Markman cubic, essentially by a
computation of Kodaira-Spencer classes. In §7, we consider the Eynard-Orantin
invariants of Hitchin spectral curves and relate the g = 0 invariants to the special
Kähler geometry on Breg. We show that in this way, we recover our formula from §6
for the Donagi-Markman cubic and then proceed to compute the quartic of second
derivatives of the periods by topological recursion.
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2. Special Kähler geometry

2.1. Review of special Kähler geometry.

Definition 2.1 ([10, 16]). A special Kähler manifold is a Kähler manifold (M, g, I, ω)
together with a torsion free, flat affine connection ∇ such that

• ∇ω = 0, and
• d∇I = 0

Here I ∈ Ω1(M,TM) is viewed as a TM -valued 1-form and d∇ : Ω1(M,TM) →
Ω2(M,TM) is the differential induced by ∇.

Let us examine what the special Kähler condition implies in terms of local co-
ordinates, following Freed [10]. Since ∇ is flat and torsion free, we can find local
coordinates in which ∇ becomes the trivial connection. Moreover, since ∇ω = 0, we
can choose these coordinates to be Darboux, that is, M has local flat coordinates
(x1, . . . , xn, y1, . . . , yn) for which

ω = dx1 ∧ dy1 + · · ·+ dxn ∧ dyn.
Next, we observe that the 1-forms Idxi are closed, because

d(Idxi) = d∇(Idxi) = (d∇I) ∧ dxi + Id∇(dxi) = 0,

where in the first equality we used that ∇ is torsion free. It follows that locally
there exist functions u1, . . . , un such that Idxi = dui. Let zi = xi − iui. Then
dzi = dxi − idui = dxi − iIdxi is a (1, 0)-form. This together with the fact that
Re(dzi) = dxi implies that (z1, . . . , zn) is a local holomorphic coordinate system
for M . Similarly, one can find functions v1, . . . , vn such that Idyj = dvj and setting
wj = yj−ivj gives another holomorphic coordinate system (w1, . . . , wn)1. A simple
computation gives

∂

∂zi
=

1

2

(
∂

∂xi
+ τij

∂

∂yj

)
, where τij =

∂wj
∂zi

.

Compatibility of ω and I gives, after a short computation, the condition τij = τji.
So there is a local holomorphic function F , called the prepotential such that

wi =
∂F
∂zi

, τij =
∂2F
∂zi∂zj

.

From symmetry of τij , we also deduce that

ω = − i
2
Im(τij)dz

i ∧ dzj .

If we use the convention that g and ω are related by g(X,Y ) = ω(IX, Y ), this
means that τij is a symmetric, complex n×n matrix with Im(τij) positive definite.
That is, τij is a period matrix, a point in the Siegel upper half-space. We note that
a Kähler potential for ω is given by:

(2.1) K = −1

2
Im(wiz

i) = −1

2
Im

(
∂F
∂zi

zi
)
.

As in the introduction, we have the Donagi-Markman cubic c ∈ H0(M,Sym3(TM ))
which measures the variation of the period matrix τij :

c = cijkdz
i ⊗ dzj ⊗ dzk, cijk =

∂τjk
∂zi

=
∂3F

∂zi∂zj∂zk
.

1Note that Freed uses a slightly different convention in which Re(wi) = −yi.
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2.2. Special Kähler manifolds as “bi-Lagrangians”. In [16], Hitchin estab-
lishes a close relation between special Kähler manifolds and submanifolds of a com-
plex symplectic vector space satisfying a “bi-Lagrangian” condition. We recall the
result. Let V be a real symplectic vector space with symplectic form ω. Define

VC = V ⊗R C = V ⊕ V with complex structure I =

(
0 −1
1 0

)
. Define a complex

symplectic form ωc = ω1 + iω2 on VC as the C-bilinear extension of ω, that is:

ωc((x, y), (x′, y′)) = ω(x+iy, x′+iy′) = (ω(x, x′)− ω(y, y′))︸ ︷︷ ︸
ω1((x,y),(x′,y′))

+i (ω(x, y′)− ω(x′, y))︸ ︷︷ ︸
ω2((x,y),(x′,y′))

.

Define in addition an (indefinite signature) inner product g on VC by

g((x, y), (x′, y′)) =
1

2
(ω(x, y′) + ω(x′, y)) .

Note that g(α, β) = Re
(
i
2ω

c(α, β)
)
, where we define (x, y) = (x,−y).

Theorem 2.2 (Hitchin, [16]). Let M ⊂ VC be a submanifold which is Lagrangian
with respect to ω1 and ω2 and such that g|M is positive definite. Then (M, g|M , I|M )
is special Kähler. The projection of M to the first factor V ⊂ VC defines a system
of local coordinates, and the flat affine connection ∇ is the trivial connection on
TM with respect to these coordinates. In a similar manner, the symplectic form
ω on M is obtained by pullback of the symplectic form ω on V . Conversely, any
special Kähler metric is locally of this form.

The relation between the local embedding M ⊂ VC and the holomorphic coordi-
nates zi, wi is as follows: choose a symplectic bases a1, . . . , an, b1, . . . , bn for V , giv-
ing an explicit isomorphism V ∼= R2n. Then the map s : M → VC = V ⊕V ∼= (Rn)4

is given by
(Re(z), Re(w), Im(z), Im(w)),

where we think of z = (z1, . . . , zn), w = (w1, . . . , wn) as vectors in Cn. Let
a1, . . . , an, b1, . . . , bn ∈ V ∗ be the dual basis and 〈 , 〉 : V ∗ ⊗ V → R the dual
pairing, which we extend to a pairing V ∗C ⊗ VC → C by C-linearity. Then the
coordinate systems zi, wi can be recovered as:

zi(m) = 〈ai, s(m)〉, wi(m) = 〈bi, s(m)〉.
A slight extension of Theorem 2.2 is to consider the following situation: suppose

M is an n-manifold and let (V, ω,∇) be a real symplectic vector bundle of rank 2n
equipped with a flat symplectic connection ∇. Let VC = V ⊗R C be the complexifi-
cation and as above, define a complex symplectic form ωc = ω1 + iω2 and an inner
product g. Let s : M → VC be a section of VC satisfying the following conditions:

(SK1) The bundle map ρ : TM → VC given by ρ(X) = ∇Xs is injective.
(SK2) The image of ρ is Lagrangian with respect to ω1 and ω2.
(SK3) The image of ρ is positive definite with respect to g.

Then M inherits a special Kähler geometry. Indeed, locally on M we choose a flat
trivialisation V ∼= M × V . Then s defines an immersion s : M → VC and we are
back to the setting of Theorem 2.2.

3. Relation to moduli spaces of complex Lagrangians

We recall the relationship between moduli spaces of complex Lagrangians and
special Kähler geometry [16].
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3.1. Deformations of complex Lagrangians. LetM be a complex manifold of
complex dimension 2n and let Ω be a holomorphic symplectic form, by which we
mean a closed (2, 0)-form such that ∧nΩ is non-vanishing. A complex Lagrangian
in M is a complex submanifold Y ⊂ M which is Lagrangian with respect to Ω,
i.e. Y has complex dimension n and Ω|Y = 0. A real submanifold Y ⊂ M of real
dimension 2n such that Ω|Y = 0 is in fact automatically a complex Lagrangian
[16, Proposition 1]. If Y ⊂ M is a complex Lagrangian, then Ω yields an iso-
morphism NY → T ∗Y between the normal bundle of Y and the cotangent bundle,
which sends a normal vector field X to iXΩ|Y . In particular, this gives an iso-
morphism H0(Y,NY ) ∼= H1(Y, T ∗Y ) between normal vector fields and holomorphic
1-forms. Recall that H0(Y,NY ) describes the space of infinitesimal deformations
of Y as a complex submanifold ofM. The infinitesimal deformations as a complex
Lagrangian are those for which the corresponding holomorphic 1-form is closed.

Following Hitchin, we make the following two assumptions: (i) Y is compact and
(ii)M has a Kähler 2-form h. In this case, Y is also Kähler and since Y is compact
Kähler, it follows that all holomorphic 1-forms are closed. Thus every infinitesimal
deformation of Y respects the Lagrangian condition. Furthermore, it follows from
[20] that in the Lagrangian case, all deformations are unobstructed. Hence there
exists a local moduli space B of complex Lagrangian submanifolds parametrising
(sufficiently small) deformations of a given complex Lagrangian Y0 ⊂ M. A point
[Y ] ∈ B is a complex Lagrangian Y ⊂ M which is deformation equivalent to Y0.
Moreover there is a natural isomorphism T[Y ]B ∼= H0(Y, T ∗Y ).

We recall from [16] how B inherits a naturally defined special Kähler structure.
Let Z be a local universal family of deformations of the complex Lagrangian sub-
manifold Y0 ⊂M, so Z is a complex manifold with a proper holomorphic surjective
submersion f : Z → B and a holomorphic map j : Z →M such that the restriction
of j to each fibre Lb = f−1(b) of f gives an embedding j : Lb → M whose image
is the complex Lagrangian corresponding to the point b ∈ B. Let V = R1f∗R be
the vector bundle on B whose fibre over b ∈ B is given by the first cohomology
H1(Lb,R) of the fibre Lb. The bundle V is equipped with a natural flat connection
∇, the Gauss-Manin connection. The Kähler form h on M yields a symplectic
structure ω on V by setting

ωb(α, β) =

∫

Lb

α ∧ β ∧ hn−1,

for all α, β ∈ Vb = H1(Lb,R). Clearly ω is preserved by the Gauss-Manin connec-
tion.

The natural isomorphism TbB ∼= H0(Lb, T
∗
Lb

) together with the inclusionH0(Lb, T
∗
Lb

) ⊂
H1(Lb,C) (recall Lb is compact Kähler) yields a bundle map φ : TB → VC:

TbB ∼=

φb

55H0(Lb, T
∗
Lb

) ⊂ H1(Lb,C) ∼= (VC)b

More explicitly, let X ∈ TbB be a tangent vector at b. Let X̃ be a lift of X to Lb,
that is, X̃ is a section of TZ|Lb

such that f∗(X̃(y)) = X for all y ∈ Lb. Then φ(X)
is given by:

(3.1) φ(X) = iX̃j
∗Ω|Lb

,
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which is a closed 1-form on Lb representing a class in H1(Lb,C). The map φ can
be viewed as a VC-valued 1-form on B. We then have:

Theorem 3.1 (Hitchin, [16]). The VC-valued 1-form φ is d∇-closed, so locally
we can write φ = ∇s for a section s of VC. Then s satisfies the conditions (SK1)-
(SK3) and hence locally defines a special Kähler structure on B. The special Kähler
structure is independent of the choice of s, hence this construction gives rise to a
globally defined special Kähler structure on B.

Proof. We give only a sketch of the proof here and refer the reader to [16] for
further details. We have that j∗Ω is a closed 2-form on Z. The complex La-
grangian condition means that j∗Ω|Lb

= 0 for any fibre Lb. If we consider the
Leray-Serre spectral sequence for f : Z → B, we see that j∗Ω yields a class in
E1,1

2 = H1(B,R1f∗C) = H1(B,VC), which is represented by the VC-valued 1-form
φ. This explains why φ is closed. Condition (SK1) follows from the isomorphism
TbB ∼= H0(Lb, T

∗
Lb

) and the inclusion H0(Lb, T
∗
Lb

) ⊂ H1(Lb,C). Condition (SK2)

follows from the fact that H0(Lb, T
∗
Lb

) ⊂ H1(Lb,C) is Lagrangian with respect to
ω. Condition (SK3) follows from

gb(α, α) = Re

(
i

2

∫

Lb

α ∧ α ∧ hn−1

)
,

which is positive definite, since h is a Kähler form. �
We give another way of understanding the VC-valued 1-form φ. The fibre of the

dual local system V∗C over b ∈ B is given by the homology group (V∗C)b = H1(Lb,C).
Let 〈 , 〉 : V∗C ⊗ VC → C be the dual pairing:

〈γ, α〉 =

∫

γ

α.

Then φ is determined by

〈γ, φ〉 =

∫

γ

j∗Ω,

for all locally defined covariantly constant sections γ of V∗C, where the integral on
the right hand side is fibrewise integration. More precisely, for any b ∈ B, choose an
open neighborhood U of b over which f : Z → B is trivialisable: f−1(U) ∼= Lb×U .
Let γ̂ ∈ Hn−1(Lb,C) be the Poincaré dual of γ. Then

∫
γ
j∗Ω is given by the

integration over the fibres of Lb × U → U of j∗Ω ∧ γ̂.

Proposition 3.2. Suppose that Ω = dµ, where µ is a holomorphic 1-form on M.
Then φ = d∇s, where s : B → VC is the section defined by

s(b) = [µ|Lb
] ∈ H1(Lb,C).

Proof. First of all, note that the restriction µ|Lb
is a closed 1-form because dµ = Ω

and Ω|Lb
= 0, so the section s is well-defined. Let γ be a local constant section of

VC. Then
〈γ, d∇s〉 = d〈γ, s〉 − 〈d∇γ, s〉

= d〈γ, s〉 (as γ is constant)

= d

(∫

γ

µ

)

=

∫

γ

dµ =

∫

γ

Ω = 〈γ,Ω〉,
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where we have used the fact that exterior differentiation commutes with fibre inte-
gration. This shows φ = d∇s. �

Suppose we are in the situation of Proposition 3.2. For any b ∈ B, choose a
symplectic basis a1, . . . , an, b1, . . . , bn of H1(Lb,C). If U is any simply connected
neighborhood of b, we can extend ai, bi to be covariantly constant sections of V∗
over U . Then the local holomorphic coordinates zi and wi of the special Kähler
structure are given by

zi =

∫

ai

µ, wi =

∫

bi

µ.

Example 3.3 (Holomorphic symplectic surfaces). Let M be a holomorphic sym-
plectic surface, i.e. a complex surface with trivial canonical bundle. Let Ω be the
symplectic form on M. Then any complex 1-dimensional submanifold S ⊂ M
is automatically Lagrangian, because there are no (2, 0)-forms on S. The moduli
space B of deformations of S then carries a natural special Kähler structure. We
note that in this case since n = 1, it is not necessary to assume the existence of a
Kähler form h on M. Indeed, the symplectic structure on VC is given by

ωb(α, β) =

∫

Lb

α ∧ β,

which is defined without assuming the existence of h. Moreover, since S is a Rie-
mann surface it is automatically Kähler. As we will see, this example is closely
related to the Hitchin system, where M = T ∗Σ is the cotangent bundle of a Rie-
mann surface Σ and S ⊂ T ∗Σ is a spectral curve.

Example 3.4 (Complex integrable systems). Suppose that M admits a proper
holomorphic Lagrangian fibration f :M→ B, by which we mean B is a complex
n-manifold and f :M→ B is a proper, surjective, holomorphic map whose fibres
are Lagrangian with respect to Ω. Assume further that the fibres of f are connected.
Then Liouville’s theorem implies that the fibres of f are in fact complex tori. We
shall refer to the data (M,Ω, B, f) as a complex integrable system. Since the
normal bundle to the fibres is given by f∗(TB), it follows that the deformations of
any given fibre Lb ⊂M are precisely the other fibres of f . Hence B is the moduli
space of deformations of any given fibre. If we make the additional assumption that
M admits a Kähler 2-form h, then B inherits a natural special Kähler structure
(which depends on the choice of h).

4. Higgs bundles and the Hitchin system

4.1. Review of Higgs bundles. Let Σ be a compact Riemann surface of genus
g > 1 and let K denote the canonical bundle of Σ.

Definition 4.1. A Higgs bundle on Σ of rank n and degree d is a pair (E,Φ), where
E is a holomorphic vector bundle on Σ of rank n, degree d and Φ is a holomorphic
bundle map Φ : E → E ⊗K, called the Higgs field.

Recall that the slope µ(E) of a holomorphic vector bundle E on Σ is defined to
be the number µ(E) = deg(E)/rank(E).

Definition 4.2. A Higgs bundle (E,Φ) is called semistable if for all proper, non-
zero subbundles F ⊂ E such that Φ(F ) ⊆ F ⊗K, we have µ(F ) ≤ µ(E).
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Using geometric invariant theory [18], one constructs a moduli space Mn,d of
rank n, degree d semistable Higgs bundles up to a suitable notion of equivalence
(called S-equivalence). Here we will recall only the details of Mn,d which are
relevant to understanding the special Kähler geometry of the Hitchin system. The
moduli space Mn,d is a quasi-projective, complex algebraic variety of dimension
2n2(g − 1) + 2. The moduli space is in general singular, but the smooth locus
Msm

n,d has a naturally defined holomorphic symplectic 2-form Ω. The smooth locus
Msm

n,d is a hyperkähler manifold with a triple of complex structures I, J,K and
corresponding Kähler 2-forms ωI , ωJ , ωK . The complex structure which arises from
viewing Mn,d as the moduli space of Higgs bundles is customarily taken to be I
and it is the only complex structure of relevance to us here. So we will regardMsm

n,d

as a Kähler manifold (Msm
n,d, I, ωI) equipped with a holomorphic symplectic form

Ω = ωJ + iωK . One can also consider moduli spaces of Higgs bundles (E,Φ), where
Φ is trace-free and E has fixed determinant. This gives a subvariety of Mn,d. As
the corresponding special Kähler geometry is obtained by restriction, it is sufficient
for our purposes to consider just the case of Mn,d.

Associated to Mn,d is a complex integrable system, known as the Hitchin sys-
tem [15], which is defined as follows. If A is a complex n × n matrix, write the
characteristic polynomial of A as

det(λ−A) = λn + p1(A)λn−1 + · · ·+ pn(A).

The coefficients p1, . . . , pn of the characteristic polynomial can be viewed as maps
gl(n,C) → C which are are well known to be a basis for the ring of conjugation-
invariant polynomial functions on gl(n,C). The Hitchin system is the analogue of
this where the matrix A is replaced by a Higgs field. If (E,Φ) is a rank n Higgs
bundle, then by conjugation invariance, pj(Φ) is a well-defined section of Kj . Define

B =
n⊕

j=1

H0(Σ,Kj).

Then we have a natural map f :Mn,d → B, called the Hitchin map, which sends
a Higgs bundle (E,Φ) to (p1(Φ), p2(Φ), . . . , pn(Φ)). It is known [14, 19] that f is
a proper, surjective, holomorphic map whose non-singular fibres are Lagrangian
submanifolds with respect to Ω. Let Breg ⊂ B denote the regular locus, i.e. the
locus of points b ∈ B over which f is a submersion. Let Mreg

n,d ⊂ Mn,d denote

the locus of points in Mn,d lying over Breg, so that f :Mreg
n,d → Breg is a proper,

holomorphic surjective submersion of complex manifolds (since B is smooth and
f :Mreg

n,d → Breg is a submersion, it follows that Mreg
n,d is contained in the smooth

locusMsm
n,d). As seen in Theorem 4.3 below, the fibres of f over Breg are connected

and hence, as in Example 3.4, the fibres are complex tori. We then have that
Breg can be identified with the moduli space of deformations of any given fibre in
Mreg

n,d and thus Breg carries a natural special Kähler geometry. The complement

D = B \ Breg, called the discriminant locus, is the locus of all singular fibres of
f :Mn,d → B. It is known that D is an irreducible hypersurface of B [17].

4.2. Spectral curves. The fibres of the Hitchin system can be described using the
notion of spectral curves [2, 15]. Let π : T ∗Σ → Σ be the projection from T ∗Σ to
Σ. Observe that T ∗Σ is the total space of the canonical bundle K → Σ. Therefore
the pullback π∗(K) has a natural section λ, the tautological section, defined by the
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property that if p ∈ Kx, then

λ(p) = p ∈ (π∗(K))p = Kx.

Let b = (p1, p2, . . . , pn) ∈ B, so pj ∈ H0(Σ,Kj). To the point b, we associate a
section p = pb ∈ H0(T ∗Σ, π∗(Kn)), given by

pb = λn + π∗(p1)λn−1 + · · ·+ π∗(pn).

The spectral curve Sb associated to b ∈ B is defined as the zero divisor of pb in
T ∗Σ. Thus Sb is defined as a subscheme of T ∗Σ. Bertini’s theorem implies that
for generic points b ∈ B, the spectral curve Sb ⊂ T ∗Σ is smooth. In fact, it can be
shown that Sb is smooth if and only if b ∈ Breg [17]. Thus, the discriminant locus
D is also the locus of singular spectral curves.

If Sb is a spectral curve, we denote by π : Sb → Σ the restriction of π to Sb. Let
d̃ = d+ (g− 1)n(n− 1). For b ∈ Breg, let Jacd̃(Sb) denote the degree d̃ component
of the Picard variety of Sb, which is a torsor for the Jacobian of Sb. If L ∈ Jacd̃(Sb),
then by Grothendieck-Riemann-Roch, one sees that the push-forward E = π∗L is a
rank n, degree d vector bundle on Σ. The tautological section λ, viewed as a map
λ : L→ L⊗ π∗K pushes down to a map Φ : E → E⊗K and hence the pair (E,Φ)
is a Higgs bundle. Since pb = 0 on Sb, it follows that:

Φn + π∗(p1)Φn−1 + · · ·+ π∗(pn) = 0.

Since b ∈ Breg, Sb is smooth and it follows that pb is irreducible. Thus pb must
be the characteristic polynomial of Φ, in other words (E,Φ) belongs to the fibre of
Mn,d over b ∈ B. In this way, we obtain all Higgs bundles in the fibre over b:

Theorem 4.3 ([15, 2]). Let b ∈ Breg. The map sending L ∈ Jacd̃(Sb) to (E,Φ)
described above gives an isomorphism between Jacd̃(Sb) and the fibre of Mn,d over
b ∈ B.

4.3. On deformations of spectral curves. Let θ ∈ Ω1,0(T ∗Σ) denote the canon-
ical 1-form on T ∗Σ. Then dθ is the canonical holomorphic symplectic 2-form on
T ∗Σ and gives a trivialisation of the canonical bundle of T ∗Σ. Now let S ⊂ T ∗Σ
be a non-singular spectral curve. We denote by KS the canonical bundle of S and
NS the normal bundle. By definition of NS , we have a short exact sequence

0→ K−1
S → T(T∗Σ)|S → NS → 0.

Taking determinants and using dθ, we get an isomorphism NS ∼= KS . Explicitly,
the isomorphism is given by

ϕ : NS → KS , ϕ(V ) = iV dθ|S
which sends a normal vector field V to the contraction of dθ with V . Next, since S
is by definition a divisor of the linear system of sections of π∗(Kn), we have by the
adjunction formula that NS ∼= π∗(Kn)|S . We will make this isomorphism explicit
as follows. Suppose that S is the zero divisor of p ∈ H0(T ∗Σ, π∗(Kn)). Choose an
open covering {Ui} of T ∗Σ over which π∗(Kn) is trivial. Let gij : Ui ∩Uj → C∗ be
the transition functions, so p corresponds to a collection of functions si : Ui → C
such that si = gijsj on Ui ∩ Uj and si|S = 0 for all i. Now let V be a normal
vector field along S. Denote by ∂V si the derivative of si in the direction V . Then
∂V (si)|S = gij∂V (sj)|S , because sj |S = 0. Therefore, {∂V (si)|S}i is a well-defined
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section of π∗(Kn)|S , which we denote simply as ∂V p|S . The desired isomorphism
is

ϕ′ : NS → π∗(Kn), ϕ′(V ) = ∂V p|S .
Lemma 4.4. Let b ∈ Breg. The map

ρ : B =

n⊕

j=1

H0(Σ,Kj)→ H0(Sb, π
∗(Kn))

given by

ρ(b1, b2, . . . , bn) = π∗(b1)λn−1 + π∗(b2)λn−2 + · · ·+ π∗(bn)

is an isomorphism.

Proof. From [2], we have

π∗OS = OΣ ⊕K−1 ⊕ · · · ⊕K−(n−1).

Multiplying both sides by Kn and taking global sections gives the result. �

Let b ∈ Breg and pb ∈ H0(T ∗Σ, π∗(Kn)) the corresponding section of π∗(Kn).
A tangent vector X ∈ TbBreg ∼= B gives rise to a deformation of pb and hence to a
deformation of the divisor Sb ⊂ T ∗Σ of pb. Such a deformation is described by a
section of NSb

, hence we get a map, known as the characteristic map (cf., [12]):

(4.1) χ : TbB
reg ∼= B =

n⊕

j=1

H0(Σ,Kj)→ H0(Sb, NSb
).

Proposition 4.5. The characteristic map is given by χ = −(ϕ′)−1 ◦ ρ.

Proof. Let b(t) be a 1-parameter family in Breg with b(0) = b, and b′(0) ∈ TbBreg ∼=
B a tangent vector at t = 0. The derivative of pb(t) at t = 0 is clearly given by
ρ(b′(0)). Let x(t) denote a 1-parameter family of points in T ∗Σ such that x(t) lies
on Sb(t) for all times t, i.e. pb(t)(x(t)) = 0. Note that the projection of x′(0) to the

normal bundle is given by V (x), where V = χ(b′(0)) ∈ H0(Sb, NSb
) is the normal

vector field describing the deformation of Sb in T ∗Σ. Expanding pb(t)(x(t)) = 0 to
first order at t = 0, we get ρ(b′(0))(x) + ∂V (x)pb = 0, or ϕ′(V (x)) = −ρ(b′(0))(x).

So V = χ(b′(0)) = −(ϕ′)−1ρ(b′(0)), as required. �

Note that −(ϕ′)−1 ◦ ρ : TbB
reg → H0(Sb, NSb

) is an isomorphism. Thus as a
consequence of Proposition 4.5, we see that Breg can also be identified with the
moduli space of deformations of Sb ⊂ in T ∗Σ.

5. Special Kähler geometry of the Hitchin system

5.1. Two special Kähler geometries. We now have two possible ways of ob-
taining a special Kähler geometry on Breg:

(1) View Breg as parametrising a family of spectral curves S ⊂ T ∗Σ, which are
complex Lagrangians, or

(2) View Breg as parametrising a family of complex Lagrangians in Mreg
n,d, the

fibres of the Hitchin system.

We will show that both of these give rise to the same special Kähler geometry
on Breg.
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Definition 5.1. Let (V, ω,∇) and (V ′, ω′,∇′) denote the flat symplectic bundles on
Breg corresponding to (1) and (2) above. Let φ : TBreg → VC and φ′ : TBreg → V ′C)
denote the VC and V ′C-valued 1-forms corresponding to (1) and (2).

Consider first the special Kähler geometry on Breg given by (V, ω,∇, φ). Recall
that θ is the canonical 1-form on T ∗Σ and dθ is the symplectic form on T ∗Σ. The
map Breg 3 b 7→ [θ|Sb

] ∈ H1(Sb,C) defines a section of VC which by abuse of
notation we will denote by θ. Then Proposition 3.2 gives φ = d∇θ, and hence the
section θ determines a special Kähler geometry on Breg.

Next consider the special Kähler geometry on Breg by (V ′, ω′,∇′, φ′). For this we
need to introduce the canonical 1-form on Mn,d. Let (E,Φ) be a semistable Higgs
bundle in the non-singular locus of Mn,d. The tangent space to (E,Φ) is given by

the hypercohomology group H1(Σ, End(E)
adΦ−→ End(E)⊗K). Thus tangent vectors

to (E,Φ) are represented by pairs (Ȧ, Φ̇) ∈ Ω0,1(Σ, End(E))⊕Ω0,0(Σ, End(E)⊗K)

satisfying ∂EΦ̇ + [Ȧ,Φ] = 0. Here Ȧ represents a deformation of holomorphic

structure of E and Φ̇ represents a deformation of the Higgs field Φ. The natural

map H1(Σ, End(E)
adΦ−→ End(E) ⊗ K) → H1(Σ, End(E)), sending a deformation

to (E,Φ) to a deformation of E alone is given in terms of Dolbeault representatives

by (Ȧ, Φ̇) 7→ Ȧ.
The holomorphic symplectic form Ω on Mn,d is of the form Ω = dµ, where µ

is a holomorphic (1, 0)-form, the canonical 1-form. Up to an overall scale factor,
which is not important for us, the canonical 1-form is given by

µ(E,Φ)(Ȧ, Φ̇) =

∫

Σ

Tr(ΦȦ).

By abuse of notation, let µ denote the section of V ′C on Breg given by Breg 3 b 7→
[µ|Lb

] ∈ H1(Lb,C), where Lb = f−1(b) ∼= Jacd̃(Sb) is the fibre of the Hitchin map
over b. Then by Proposition 3.2, φ′ = d∇′µ. Hence the section µ defines a special
Kähler geometry on Breg.

Proposition 5.2. There is a natural isomorphism of local systems u : (V,∇) →
(V ′,∇′). Under this isomorphism, ω and ω′ agree up to a positive constant factor.

Proof. Let Zreg denote the universal moduli space of spectral curves, which may
be defined as

Zreg = {(x, b) ∈ T ∗Σ×Breg | pb(x) = 0}.
Thus Zreg is a fibre bundle q : Zreg → Breg over Breg whose fibre over b ∈ Breg is
the spectral curve Sb. Let j : Zreg → T ∗Σ be given by j(x, b) = x. Then V = R1q∗R
is the local system Vb = H1(Sb,R) equipped with the Gauss-Manin connection and
ω is given by

ωb(α, β) =

∫

Sb

α ∧ β.

Recall the Hitchin map f : Mreg
n,d → Breg whose fibre over b ∈ Breg is Jacd̃(Sb).

Then V ′ = R1f∗R is the local system V ′b = H1(Jacd̃(Sb),R) with the Gauss-Manin
connection and ω′ given by

ω′b(α
′, β′) =

∫

Jacd̃(Sb)

α′ ∧ β′ ∧ hn−1.

Recall that Jacd̃(Sb) is a torsor over Jac(Sb). Hence there is a canonical isomor-
phism H1(Jacd̃(Sb),R) ∼= H1(Jac(Sb),R). We may identify the Jacobian Jac(Sb)
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withH1(Sb,R)/H1(Sb,Z), hence we have a canonical isomorphismH1(Jac(Sb),R) ∼=
H1(Sb,R). By composing we get a canonical isomorphismH1(Sb,R) ∼= H1(Jacd̃(Sb),R).
Clearly this isomorphism can be carried out fibrewise over Breg to give an isomor-
phism of flat vector bundles V ∼= V ′. Furthermore, the natural Kähler form h = ωI
on Mn,d restricted to the fibre Jacd̃(Sb) gives a multiple of the usual principal
polarisation on Jacd̃(Sb). It follows that ω and ω′ agree up to a positive constant
factor (which is independent of b). �
Proposition 5.3. Let b ∈ Breg. Under the canonical isomorphism H1(Jacd̃(Sb),C) ∼=
H1(Sb,C), we have µ|Jacd̃(Sb)

∼= θ|Sb
.

Proof. The restriction of µ to the fibre Jacd̃(Sb) over b is a holomorphic 1-form,
which is necessarily translation invariant, since this is true of all holomorphic 1-
forms on a complex torus. The tangent space to Jacd̃(Sb) at a point [L] ∈ Jacd̃(Sb)
is canonically isomorphic to H1(Sb,O). Under the isomorphism H1(Jacd̃(Sb),C) ∼=
H1(Sb,C), the pairing of a tangent vector with a holomorphic 1-form coincides
with the Serre duality pairing H0(Sb,KSb

) ⊗H1(Sb,O) → C. In other words, let
X ∈ T[L]Jacd̃(Sb) and let αX be the corresponding element of H1(Sb,O). Then
the statement of the proposition is equivalent to showing:

µ(X) =

∫

Sb

θ ∧ αX .

The point [L] ∈ Jacd̃(Sb) corresponds to a line bundle L → Sb. Under the spec-
tral data construction, the Higgs bundle (E,Φ) corresponding to L is given by
E = π∗(L) and Φ by pushing forward the map λ : L → L ⊗ π∗K. We view the
holomorphic line bunde L as a C∞-line bundle together with a ∂-operator ∂L. Then
the tangent vector X corresponds to the tangent at t = 0 of the 1-parameter family
of deformations of L given by ∂Lt = ∂L + tαX . Similarly view E as a C∞-vector
bundle with a ∂-operator ∂E . Let Et = π∗(Lt). We will construct an explicit
family of ∂-operators ∂Et

on the fixed C∞-vector bundle E such that (E, ∂Et
) is

isomorphic to Et.
By the Dolbeault Lemma, adding a ∂-exact term to αX if necessary, we can

assume that αX vanishes identically in a neighborhood of each point of Sb lying
over a branch point. Now let U ⊂ Σ be an open, simply-connected subset containing
no branch points. Then the pre-image π−1(U) = U1 ∪ U2 ∪ · · · ∪ Un is the disjoint
union of n open subsets of Sb, and the restriction π : Uj → U of π to each Uj is a
diffeomorphism. Over U , we have a canonical isomorphism E|U ∼= L|U1

⊕ L|U2
⊕

· · · ⊕ L|Un
. Define an End(E)-valued (0, 1)-form Ȧ|U on U by

Ȧ|U = diag
(
(π∗)−1(αX |U1

), . . . , (π∗)−1(αX |Un
)
)
.

Here π∗ : Ω0,1(U) → Ω0,1(Uj) denotes the pullback of (0, 1)-forms and (π∗)−1 :

Ω0,1(Uj) → Ω0,1(U) the inverse map. The Ȧ|U defined in this way patch together
to give an End(E)-valued (0, 1)-form on Σ minus the branch points. But since αX
vanishes in a neighborhood of each point of Sb lying over a branch point, we have
that Ȧ vanishes in a punctured neighborhood of each branch point. We extend Ȧ
by zero over each branch point to get a well-defined Ȧ ∈ Ω0,1(Σ, End(E)). Set

∂Et
= ∂E + tȦ. By construction of Ȧ, it is clear that (E, ∂Et

) is isomorphic to Et.
Observe that λ : Lt → Lt ⊗ π∗K pushes down to Φ independent of t and note that
Φ is holomorphic with respect to ∂Et for all t (because Ȧ and Φ are simultaneuosly
diagonalisable away from the branch points). So (Et,Φ) is the 1-parameter family
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of Higgs bundles corresponding to Lt. In particular, differentiating at t = 0, we

have that (Ȧ, Φ̇) = (Ȧ, 0) ∈ H1(Σ, End(E)
adΦ−→ End(E)⊗K) is the tangent vector

corresponding to X ∈ T[L]Jacd̃(Sb). Let U ⊂ Σ be a simply-connected open subset
of Σ containing no branch points, as above, and let ψ be a smooth compactly
supported function on U . Over U , we have

Φ = diag
(
λ|U1

◦ π−1, . . . , λ|Un
◦ π−1

)

and so ∫

U

ψTr(ΦȦ) =

n∑

j=1

∫

U

ψ
(
λ|Uj ◦ π−1

)
∧
(
(π∗)−1(αX |Uj )

)

=
n∑

j=1

∫

Uj

π∗(ψ) θ ∧ αX

=

∫

π−1(U)

π∗(ψ) θ ∧ αX .

Combining this with a partition of unity argument, we get

µ(X) =

∫

Σ

Tr(ΦȦ) =

∫

S

θ ∧ αX

as required. �

Corollary 5.4. The special Kähler geometries on Breg given by (1) and (2) coincide
(up to a constant rescaling of the metric g and symplectic form ω).

5.2. Special Kähler geometry of Breg. We summarise our findings so far con-
cerning the special Kähler geometry of the Hitchin system and make some further
observations. Recall that Breg is the regular locus of the Hitchin base, that is
Breg = B \ D, where D is the locus of singular spectral curves. On Breg we have
the flat symplectic bundle (V, ω,∇) whose fibre over b is Vb = H1(Sb,R). The flat
connection ∇ is the Gauss-Manin connection and the symplectic structure ω is the
intersection form ω(α, β) =

∫
Sb
α ∧ β. Let θ denote the canonical 1-form on T ∗Σ.

We think of θ as a section θ : Breg → VC which sends b to [θ|Sb
] ∈ H1(Sb,C). For

any b ∈ Breg, let a1, . . . , agS , b1, . . . , bgS be a symplectic basis for H1(Sb,R) (where
gS denotes the genus of the spectral curves). We can extend a1, . . . , bgS to covari-
antly constant sections of V∗ in any simply connected open neighborhood U ⊂ Breg

of b. Then the holomorphic coordinate systems (z1, . . . , zgS ) and (w1, . . . , wgS ) are
given by:

(5.1) zi(u) =

∫

ai

θ, wi(u) =

∫

bi

θ.

For each u ∈ U , let ω1(u), . . . , ωgS (u) be the corresponding normalised basis of
holomorphic 1-forms on Su, which are characterised by:

(5.2)

∫

ai

ωj(u) = δij .

The period matrix of Su with respect to the symplectic basis a1, . . . , bgS is

τij(u) =

∫

bi

ωj(u).
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In these coordinates the special Kähler metric is given in terms of its Kähler form
by

ω = − i
2
Im(τij)dz

i ∧ dzj .

Since θ is a holomorphic 1-form, it can be written as a linear combination of the
ωi. From Equations (5.1) and (5.2), we immediately get

θ = ziωi.

This equation holds not just at the level of cohomology classes, but as 1-forms.
Combining this with (5.1), we also find

wi =

∫

bi

θ =

∫

bi

zjωj = zjτij .

Such a relation between the z and w-coordinates does not hold for special Kähler
manifolds in general. We now deduce a simple formula for the Kähler potential:

Proposition 5.5. The Kähler potential K in Equation (2.1) is given by:

K = − i
4

∫

S

θ ∧ θ.

Proof. This is a straightforward computation:

− i
4

∫

S

θ ∧ θ =
1

4i

gS∑

i=1

(∫

ai

θ

∫

bi

θ −
∫

bi

θ

∫

ai

θ

)

=
1

4i

gS∑

i=1

(
ziwi − wizi

)

=
1

2

gS∑

i=1

Im(ziwi)

= −1

2

gS∑

i=1

Im(wizi) = K.

�

Remark 5.6. An interesting feature of this formula is that is does not depend on a
choice of symplectic basis and K is thus a globally defined Kähler potential on Breg.

Recall that the moduli space of Higgs bundles has a natural C∗-action given
by rescaling the Higgs field (E,Φ) 7→ (E, cΦ), c ∈ C∗. The C∗-action on Mn,d is
compatible with a C∗-action on the base given by

c(a1, a2, . . . , an) = (ca1, c
2a2, . . . , c

nan).

Let ξ be the vector field on B generating this action.

Proposition 5.7. In terms of local special Kähler coordinates (z1, . . . , zgS ) or
(w1, . . . , wgS ) on Breg, we have:

ξ = zi
∂

∂zi
= wi

∂

∂wi
.
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Proof. In terms of spectral data, the C∗-action on Higgs bundles corresponds to
the natural C∗ scaling action on the fibres of T ∗Σ → Σ. It follows that the C∗-
action scales θ linearly. On the other hand, for any c ∈ C∗, the action of c on
T ∗Σ induces an isomorphism of spectral curves c : Sb → Scb. Supose that U is an
open simply connected subset of Breg containing b. Then for all c ∈ C∗ sufficiently
close to 1, we have cb ∈ U and the isomorphism H1(Sb,R) ∼= H1(Scb,R) induced
by multiplication by c clearly agrees with parallel translation by the Gauss-Manin
connection. In particular, since zi =

∫
ai
θ, each of the coordinate functions zi

must scale linearly with the C∗-action and hence ξ(zi) = zi for each i. This gives
ξ = zi ∂

∂zi as required. The same argument applied to B-cycles gives ξ(wi) = wi,

hence ξ = wi
∂
∂wi

. �

From now on, whenever special Kähler coordinates (z1, . . . , zgS ) are being used
we will let ∂i denote ∂

∂zi .

Lemma 5.8. Let (z1, . . . , zgS ) be local special Kähler coordinates on Breg. Then
(as cohomology classes) we have:

∇∂iθ = ωi.

Proof. Recall that for any vector field X on Breg we have φ(X) = ∇Xθ where φ(X)
is a (1, 0)-form. We can determine the 1-form by integrating against a-cycles:

∫

aj

∇∂iθ = ∂i

∫

aj

θ = ∂i(z
j) = δij .

Hence ∇∂iθ = ωi as claimed. �

Proposition 5.9. Let X,Y, Z be vector fields on Breg. We have:
∫

S

∇Xθ ∧ θ = 0,(5.3)

∫

S

∇X∇Y θ ∧ θ = 0,(5.4)

∫

S

∇X∇Y∇Zθ ∧ θ = c(X,Y, Z),(5.5)

where c(X,Y, Z) is the Donagi-Markman cubic.

Remark 5.10. The expression
∫
S
∇X∇Y∇Zθ∧θ is the analogue of Yukawa couplings

for moduli spaces of Calabi-Yau 3-folds.

Proof. Recall as above that φ(X) = ∇Xθ is a (1, 0)-form. Thus ∇Xθ∧ θ = 0, since
it is a (2, 0)-form on S. This proves (5.3). Applying ∇Y to (5.3), we get:

0 = Y

(∫

S

∇Xθ ∧ θ
)

=

∫

S

∇Y∇Xθ ∧ θ +

∫

S

∇Xθ ∧∇Y θ.

But
∫
S
∇Xθ ∧ ∇Y θ = 0, as ∇Xθ and ∇Y θ are both (1, 0)-forms, so we get (5.4).

Observe now that the left hand side of (5.5) is a symmetric cubic tensor because of
(5.4). Therefore it suffices to consider the case where X = ∂i, Y = ∂j , Z = ∂k. In
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this case we get
∫

S

∇∂i∇∂j∇∂kθ ∧ θ =

gS∑

l=1

(∫

al

∇∂i∇∂j∇∂kθ
∫

bl

θ −
∫

bl

∇∂i∇∂j∇∂kθ
∫

al

θ

)

=

gS∑

l=1

(
wl∂i∂j∂k

∫

al

θ − zl∂i∂j∂k
∫

bl

θ

)

=

gS∑

l=1

(
wl∂i∂j∂kz

l − zl∂i∂j∂kwl
)

= −
gS∑

l=1

zl∂i∂jτkl

= −
gS∑

l=1

zl∂l∂jτki ( by symmetry of ∂jτkl)

= −ξ∂j∂kwi.
Then using the commutation relation [ξ, ∂i] = −∂i and the fact that ξ(wi) = wi,
we see that −ξ∂j∂kwi = ∂j∂kwi = ∂jτki = cjki = cijk. �

Proposition 5.11. A prepotential for the special Käher structure on Breg is given
by

F =
1

2
ziwi =

1

2
τijz

izj .

Proof. This is a simple calculation:

∂iF =
1

2
wi +

1

2
zj∂iwj =

1

2
wi +

1

2
zjτij =

1

2
wi +

1

2
wi = wi.

�

6. Donagi-Markman cubic

The Donagi-Markman cubic measures the change in periods of the spectral curve
Sb as b varies. Since the periods are essentially given by the Hodge structure on
H1(Sb,C), this amounts to computing the variation of Hodge structure, which is
controlled by the Kodaira-Spencer class of the deformation of Sb. Therefore, we
need to compute the Kodaira-Spencer class κ(∂) ∈ H1(Sb, TSb

) associated to a
tangent vector ∂ ∈ TbBreg.

6.1. Kodaira-Spencer class computation. Recall the characteristic map χ :
TbB

reg → H0(Sb, NSb
) in (4.1) which sends a tangent vector in TbB

reg to the
corresponding normal vector field on Sb. Let us write V = χ(∂) for the normal
vector field corresponding to ∂. Next, recall the universal moduli spaces of spectral
curves:

Zreg = {(x, b) ∈ T ∗Σ×Breg | pb(x) = 0}.
Let q : Zreg → Breg be the natural projection and j : Zreg → T ∗Σ the map sending
a spectral curve to its image in T ∗Σ. We denote the composition of j with the
natural projection T ∗Σ→ Σ simply as π : Zreg → Σ. For any b ∈ B we can find an
open neighbourhood b ∈ U ⊂ Breg over which the family Zreg can be differentiably
trivialised:

Zreg|U = q−1(U) ∼= U × S,
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where S = Sb. With respect to this trivialisation, the family Zreg|U consists of a
fixed topological surface S with a complex structure I(t) that varies with t ∈ U .
The map π : Zreg|U → Σ corresponds to a family of maps πt : S → Σ such that πt
is holomorphic with respect to I(t). Given a tangent vector ∂ ∈ TbU , we use a dot
to denote differentiation by ∂. Differentiating the condition that πt is holomorphic
with respect to I(t), we get

(6.1) π∗(κ(∂)) = ∂Y,

where κ(∂) = − i
2 İ is the Kodaira-Spencer class of the deformation of I in the

direction ∂ and Y = π̇ ∈ Ω0(S, π∗(TΣ)) is the corresponding deformation of the map
π. If a ∈ S is a ramification point of π then Y (a) ∈ (TΣ)π(a) is a tangent vector
describing the motion of the branch point π(a) ∈ Σ. Let D be the ramification
divisor of π, that is D =

∑
a(r(a)−1)a where the sum is over ramification points of

π and r(a) is the ramification degree of π at a. View π∗ as a section of T−1
S ⊗π∗(TΣ)

and define

W =
Y

π∗
∈ Ω0(S, TS(D)),

which is a vector field on S having poles at the ramification points. Then Equation
(6.1) says

κ(∂) = ∂W.

Note that W depends on ∂ and we will write W (∂) if we wish to show this depen-
dence. Note also that W depends on the choice of local differentiable trivialisation
of the family of spectral curves.

Definition 6.1. Let ∂ be a (1, 0)-vector field on Breg. We denote by δ the unique
vector field on Zreg \D which is a lift of ∂ (that is, q∗(δ) = ∂), satisfying π∗(δ) = 0
(i.e., π is constant along the integral curves of δ). In a local differentiable triviali-
sation Zreg|U ∼= U × S, δ is given by:

(6.2) δ = ∂ −W (∂) ∈ Ω0(Zreg, TZreg(D)).

Note that δ aquires poles along the ramification divisor D and so it may be regarded
as a section of TZreg(D).

We use δ to differentiate objects on the family Zreg in a trivialisation-independent
manner. The only drawback of this is that differentiation with respect to δ produces
poles at the ramification points.

Lemma 6.2. We have δθ = iV dθ|S, where V = χ(∂) is the normal vector field
corresponding to ∂ ∈ TBreg.

Proof. Choose a local differentiable trivialisation of the family of spectral curves:
Zreg|U ∼= U×S. Define Ṽ = j∗(∂) ∈ Ω0(S, TT∗Σ) and V̂ = j∗(δ) ∈ Ω0(S, TT∗Σ(D)).

By this definition, Ṽ and V̂ are lifts of V = χ(∂). Next, we note that since
δ = ∂−W preserves π ◦ j : Zreg|U → Σ, we have that j∗(δ) preserves π in the sense

that π∗j∗δ = 0. Thus, π∗V̂ = 0. Observing that j∗ : T (U × S) → TT∗Σ restricted

to TS acts as the identity j∗ : TS → TS , we find V̂ = j∗(δ) = j∗(∂ −W ) = Ṽ −W .

We see that V̂ is a lift of V to a section of TT∗Σ(D) which is required to satisfy

π∗V̂ = 0. Applying ∂ to π∗Ṽ = π∗W , we get π∗(∂Ṽ ) = π∗(∂W ) = π∗κ, but

π∗ : TS → π∗TΣ is generically an isomorphism, so we deduce that κ = ∂W = ∂Ṽ
and V̂ is meromorphic. The identity j∗(∂) = Ṽ means that our local differentiable
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trivialisation of the family of spectral curves is given by integrating the flow lines
of Ṽ . This means that in our given trivialisation, the change in θ is ∂θ = LṼ θ|S .
Then:

δθ = ∂θ − LW θ = LṼ−W (θ)|S = LV̂ θ|S = iV̂ dθ + d(iV̂ θ)|S .
But θ vanishes at the ramification points with order at least that of π∗, so iV̂ θ is
a holomorphic function, hence constant on S. Therefore d(iV̂ θ)|S = 0 and δθ =

iV̂ dθ|S . But V̂ is a lift of V , so iV̂ dθ|S = iṼ dθ|S . �

Consider the natural C∗-action on T ∗Σ given by scalar multiplication in the
fibres. Let ξ ∈ H0(T ∗Σ, TT∗Σ) be the vector field generating this action. In local
coordinates (x, y), where x is a local coordinate on Σ and (x, y) corresponds to
the point (x, ydx) ∈ T ∗Σ, we have ξ = y ∂

∂y . Note that in these coordinates the

canonical 1-form is given by θ = ydx, hence θ(ξ) = 0, iξdθ = θ.

Lemma 6.3. Let V, V̂ be as in Lemma 6.2. Then V̂ is given by:

V̂ =
α

θ
ξ,

where α = iV dθ|Sb
.

Proof. Recall that V̂ is a lift of V satisfying π∗(V̂ ) = 0. These conditions uniquely

determine V̂ , because Ker(π∗) ∩ TS is generically zero. Let V ∗ = α
θ ξ. By unique-

ness, it is enough to check that V ∗ satisfies the necessary requirements, i.e. V ∗ is a
section of TT∗Σ(D) which is a lift of V and satisfies π∗V ∗ = 0. Clearly π∗V ∗ = 0,
because ξ ∈ Ker(π∗). We need to check that V ∗ is a section of TT∗Σ(D). Let (x, y)
be local coordinates on T ∗Σ as above and let q be a local coordinate on Sb. Then
π is the map π(q) = x = x(q) and with respect to these coordinates dπ = dx

dq . The

1-form α has the form α(q)dq for some holomorphic function α(q). Then:

V ∗ =
α

θ
ξ =

α(q)dq

ydx
y
∂

∂y

=
α(q)dq

dx

∂

∂y

=
α(q)

(dxdq )

∂

∂y
=
α(q)

dπ

∂

∂y
.

So the polar divisor of V ∗ is at most D. To show that V ∗ projects to V , we just
need to show that

iV ∗dθ = iV dθ = α,

where the second equality is the definition of α. This follows easily from iξdθ = θ,
indeed:

iV ∗dθ =
α

θ
iξdθ =

α

θ
θ = α.

Hence V ∗ = V̂ . �

The following result relates the characteristic map to the Gauss-Manin connec-
tion:

Lemma 6.4. For any ∂ ∈ TbBreg, we have:

∇∂θ = δθ = iχ(∂)dθ|Sb
.
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More precisely, the right hand side is the unique holomorphic 1-form representing
the cohomology class ∇∂θ ∈ H1(Sb,C).

Proof. The second equality is Lemma 6.2. Moreover the right hand side is clearly
holomorphic. Thus it remains only to show that ∇∂θ = iχ(∂)dθ|Sb

, at the level of
cohomology classes. For this we view Breg as a moduli space of spectral curves,
which are complex Lagrangians in the symplectic surface (T ∗Σ, dθ). The VC-valued
1-form φ is essentially by definition given by φ(X) = iχ(X)dθ|Sb

(this is just a special
case of Equation (3.1)). On the other hand φ = d∇θ, and the lemma follows. �

Remark 6.5. By Lemma 6.4, we have α = ∇∂θ and so V̂ can be written as

V̂ =
∇∂θ
θ
ξ =

δθ

θ
ξ,

where it is understood that by ∇∂θ, we mean the holomorphic 1-form representing
∇∂θ in cohomology.

6.2. Residue formula for the Donagi-Markman cubic.

Theorem 6.6. The Donagi-Markman cubic is given by the following residue for-
mula:

c(X,Y, Z) = −2πi
∑

a

Res
a

(
(∇Xθ)(∇Y θ)(∇Zθ)ξ

θ

)
,

where the sum is over the ramification points of π. With respect to local special
Kähler coordinates (z1, . . . , zgS ) this expression takes the form

(6.3) cijk = −2πi
∑

a

Res
a

(
ωiωjωkξ

θ

)
.

Remark 6.7. Before giving the proof we should comment on how to interpret the
right hand side of this formula. The vector field ξ is a section of TT∗Σ|Sb

which
in general is not tangent to Sb. However, it is precisely at the ramification points
where we have that ξ is tangent to Sb. Let ζ be a meromorphic section of T 2

S defined
in a neighbourhood of a and such that, when viewed as a section of TS ⊗TT∗Σ, the
difference ξ

θ − ζ is holomorphic. Then the right hand side of the formula can be
read as:

−2πi
∑

a

Res
a

((∇Xθ)(∇Y θ)(∇Zθ)ζ) .

Note that such a ζ always exists. Indeed, in local coordinates (x, y) on T ∗Σ,
ξ
θ =

y∂y
ydx =

∂y
dx . If a is a ramification point of degree r(a) then dx|S vanishes to

order r(a) − 1. But y(a) is a zero of the characteristic polynomial p(y, x) of order
r(a), so (∂jyp)(a) = 0 for j = 0, . . . , r(a)− 1. In other words, ∂y is tangent to S at

a to order r(a)− 1, hence the polar part of ξ
θ is tangent to S. We will give a more

explicit formula for this expression below, in the case where π has simple branching
only (Remark 6.8).

Proof. We start with Equation (5.4):∫

S

∇Y∇Zθ ∧ θ = 0.

Applying ∇X then gives∫

S

∇X∇Y∇Zθ ∧ θ +

∫

S

∇Y∇Zθ ∧∇Xθ = 0.
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Combined with Equation (5.5), we get:

c(X,Y, Z) = −
∫

S

∇Y∇Zθ ∧∇Xθ.

Since ∇Xθ is a (1, 0)-form, this integral only depends on the (0, 1)-part of ∇Y∇Zθ.
By the Griffiths transversality theorem for variations of Hodge structure we know
that:

(∇Y∇Zθ)(0,1) = κ(Y ) ∪∇Zθ ∈ H1(S,O),

where ∪ denotes the cup product ∪ : H1(S, TS)⊗H0(S,KS)→ H1(S,O). Thus

c(X,Y, Z) = −
∫

S

(κ(Y ) ∪∇Zθ) ∧∇Xθ.

Let V = χ(Y ), and let Ṽ be a lift of V to a smooth section of TT∗Σ|Sb
. Let V̂ be

as in Lemma 6.3, which by the Remark 6.5 is given by

V̂ =
∇Y θ
θ

ξ.

Recall that W = Ṽ − V̂ is a smooth section of TSb
(D) and that ∂(W ) = ∂(Ṽ ) is a

representative for the Kodaira-Spencer class κ(Y ). Let ζ be as in Remark 6.7. It
follows that W = −(∇Y θ)ζ +W ′, where W ′ is smooth. We then have

c(X,Y, Z) = −
∫

S

(
∂W ∪∇Zθ

)
∧∇Xθ

= −
∫

S

∂ (iW (∇Zθ) ∧∇Xθ)

= −2πi
∑

a

Res
a

(
i(∇Y θ)ζ(∇Zθ) ∧∇Xθ

)

= −2πi
∑

a

Res
a

((∇Xθ)(∇Y θ)(∇Zθ)ζ) ,

= −2πi
∑

a

Res
a

(
(∇Xθ)(∇Y θ)(∇Zθ)ξ

θ

)
,

where the sum is over the ramification points of S. �

Remark 6.8. We may re-write Equation 6.3 in terms of local coordinates as follows.
For this, we will assume π has only simple ramification points. Let a ∈ S be a
ramification point. Let x be a local coordinate on Σ centered at π(a), q a local
coordinate on S centered at a chosen so that π(q) = x = q2. Lastly, let (x, y) be
local coordinates on T ∗Σ with θ = ydx the canonical 1-form and ξ = y∂y. At the

point a, we have ∂y = dq
dy∂q. Therefore we may choose ζ in Remark 6.7 to be

(6.4) ζ =
y dqdy∂q

ydx
=

1

dxdy
.

Then the residue contribution to cijk at a is:

Res
q→0

(ωiωjωkζ) = Res
q→0

(
ωiωjωk
dxdy

)
.
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We will assume that coordinates x, q have been chosen around each ramification
point and so we will write Equation (6.3) as:

cijk = −2πi
∑

a

Res
a

(
ωiωjωk
dxdy

)
.

7. Relation to topological recursion

7.1. Topological recursion for Hitchin spectral curves. Topological recur-
sion, as introduced in [7], is a recursive procedure which takes a Riemann surface
S (we assume S is compact) with meromorphic functions x, y such that dx has

only simple zeros, and produces a collection of symmetric multidifferentials W
(g)
n ,

for g ≥ 0, n ≥ 1, known as the Eynard-Orantin invariants. By “multidifferential”

we mean that W
(g)
n is a meromorphic section of the n-th exterior tensor product

K�n
S = KS �KS � · · · �KS on Sn. By symmetric we mean invariant under the

action of the permutation group on Sn. The recursion formula requires a choice of
symplectic basis a1, . . . , agS , b1, . . . , bgS . The two base cases2 are:

W
(0)
1 (p) = 0,

W
(0)
2 (p1, p2) = B(p1, p2),

where B(p1, p2) is the Bergman kernel3 on S × S. Recall (eg, [8]) that this is
the unique meromorphic symmetric bi-differential which is holomorphic away from
the diagonal and which, in a local coordinate q(p), has an expansion around the
diagonal of the form:

B(q(p1), q(p2)) =
dq(p1)dq(p2)

(q(p1)− q(p2))2
+O(1)dq(p1)dq(p2)

and such that B is normalised with respect to the symplectic basis in the sense
that

∫
p1∈ai B(p1, p2) = 0 for i = 1, . . . , gS . To define the recursion formula we need

some further notation. By assumption the map x : S → P1 is simply branched.
Thus, for any ramification point a ∈ S, we can find a neighbourhood a ∈ U ⊂ S
and a non-trivial involution σ : U → U such that x ◦ σ = x. If q ∈ U one writes
q = σ(q). Thus x(q) = x(q). Let ω(q) denote the 1-form on U given by

ω(q) = (y(q)− y(q)dx(q) = (θ − σ∗θ)(q),
where θ = ydx. For p ∈ S and q ∈ U , we define dEq(p) as follows. We assume the
neighbourhood U is chosen to be simply-connected and set

dEq(p) =
1

2

∫ q

ξ∈q
B(ξ, p),

where the path of integration is taken to lie in U . Clearly this is independent of
the choice of path of integration.

Now we are ready to state the recursion formula. Let p1, . . . , pn be points on
S. If K = {i1, . . . , ik} is a subset of {1, 2, . . . , n}, we let pK be the k-tuple pK =

2An alternative convention is to define W
(0)
1 = ydx, but all other W

(g)
n ’s are unchanged.

3One can extend topological recursion by replacing B with a modified version of the Bergman

kernel, however we will not make use of this generalisation.
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(pi1 , pi2 , . . . , pik). Then for 2g − 2 + k > 0 we define

(7.1)

W
(g)
k+1(p, pK) =

Res
q→a

dEq(p)

ω(q)




g∑

m=0

∑

J⊆K
W

(m)
|J|+1(q, pJ)W

(g−m)
k−|J|+1(q, pK\J) +W

(g−1)
k+2 (q, q, pK)




where the sum
∑
J⊆K is over all subsets J ⊆ K. Notice that all non-zero terms

on the right hand side involve only terms W
(g′)
k′ with 2g′ − 2 + k′ < 2g − 2 + k.

Therefore, this gives a recursive definition of the W
(g)
k .

The topological recursion formula was adapted to the case of Hitchin spectral
curves in [6]. Here the map x : S → P1 is replaced by π : S → Σ. To make
sense of the recursion formula (7.1) on a spectral curve S ⊂ T ∗Σ, note that the
formula does not directly involve the functions x, y only the 1-form θ = ydx. For
the recursive formula, we only need the Bergman kernel B, the local involutions σ
about each ramification point, and the 1-forms ω = θ − σ∗θ, defined around each
ramification point. The local involutions σ are well-defined in a neighbourhood of
each ramification point provided π : S → Σ has only simple branching. We will
assume for the rest of this paper that this is the case.

7.2. Variational formulas. Our goal in this section is to relate the g = 0 Eynard-
Orantin invariants of spectral curves to the special Kähler geometry of Breg. The
key result which ties these together is the following variational formula for the
Bergman kernel:

Proposition 7.1 (Rauch variational formula). Let ∂ ∈ TbBreg. Assume p, r are
distinct and are not ramification points. Then:

δB(p, q) = −
∑

a

Res
u→a

δθ(u)B(u, p)B(u, r)

dx(u)dy(u)
,

where the sum is over the ramification points of π and for each ramification point
a ∈ Sb, we choose coordinate functions x, q as in Remark 6.8.

Proof. Although this formula is well known, we were unable to find a satisfactory
proof in the literature that applies to our setting, so we provide a proof here. Choose
a local differentiable trivialisation in a neighborhood U of b: Zreg|U ∼= U×S, so that
δ = ∂−W . Since δ is independent of the choice of local trivialisation, we are free to
choose such a trivialisation at our convenience. Changing a given local trivialisation
by a suitably chosen diffeomorphism yields a change in W of the form W 7→W+X,
where X is an arbitrary smooth vector field on S (X has no poles). From this it is
clear that, for a fixed choice of points p, r distinct from the ramification points, we
can assume W vanishes in a neigbourhood of p and r. Then

δB(p, r) = ∂B(p, r)− LW (p)B(p, r)− LW (r)B(p, r) = ∂B(p, r),

because W vanishes around p and r. Next, we have the following variational formula
for B(p, r) [9, page 57]:

∂B(p, r) = κ(p)B(p, r) + κ(r)B(r, p)

− 1

2πi
p.v.

∫

S

(κ( · )B( · , p)) ∧B( · , r),
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where p.v. denotes the Cauchy principal value of the integral. Using κ = ∂W , we
obtain

∂B(p, r) = κ(p)B(p, r) + κ(q)B(r, p)

+
1

2πi

∑

a

∫

u∈γa
W (u)B(u, p)B(u, r),

=
1

2πi

∑

a

∫

u∈γa
W (u)B(u, p)B(u, r),

where we obtain the last line because κ = 0 at p and r by our assumption on W . The
sum

∑
a is taken over all poles of W (u)B(u, p)B(u, r), namely a is a ramification

point, a = p or a = r and γa is a contour around the point a. However, we again
have by our assumptions on W that there are no residue contributions from the
points p, r and therefore we can take the sum to just be over the ramification points
of π. Now, as in the proof of Theorem 6.6, we may write W = −(δθ)ζ +W ′, where
W ′ is smooth and ζ is given by (6.4). Then

δB(p, r) =
1

2πi

∑

a

∫

u∈γa
(−(δθ)(u)ζ(u) +W ′(u))B(u, p)B(u, r),

= −
∑

a

Res
u→a

(δθ)(u)ζ(u)B(u, p)B(u, r)

= −
∑

a

Res
u→a

δθ(u)B(u, p)B(u, r)

dx(u)dy(u)
.

�
Let (z1, . . . , zgS ) be local special Kähler coordinates on Breg. Let ∂i denote the

vector field ∂
∂zi and let δi denote δ(∂i). We have:

Theorem 7.2 (Variational formula [7]). For g + k > 1,

δiW
(g)
k (p1, . . . , pk) = − 1

2πi

∫

p∈bi
W

(g)
k+1(p, p1, . . . , pk).

Proof. This is essentially Theorem 5.1 of [7]. Since we are working in a setting where
θ is not globally of the form θ = ydx, one needs to check the proof of Theorem 5.1
in [7] holds in this setting. In fact the proof in [7, pages 32-34] essentially only relies
on the Rauch variational formula (which we have proven in Proposition 7.1) and

the diagrammatic representation of W
(g)
k [7, Theorem 4.8], the proof of which only

uses the recursive definition of W
(g)
k and does not involve any global properties of

the spectral curve. �

Remark 7.3. Note that the poles of W
(g)
k , in any one of its variables, have zero

residues. This can easily be deduced from symmetry and the diagrammatic repre-

sentation of W
(g)
k [7, Theorem 4.8]. Therefore the integration of W

(g)
k over a cycle

γ (chosen so as to avoid the poles) depends only on the homology class of γ in S.

Similarly one can also show that the integration of W
(g)
k over an a-cycle is zero.

Consider the case (g, k) = (0, 2), where W
(0)
2 (p1, p2) = B(p1, p2) is the Bergman

kernel. Applying the variational formula, we obtain

δiB(p1, p2) = − 1

2πi

∫

p∈bi
W

(0)
3 (p, p1, p2).
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Recall that
∫
p1∈bj B(p1, p2) = 2πiωj(p2) [8] and thus

∫
p1∈bj

∫
p2∈bk B(p1, p2) =

2πiτjk. The variational formula then gives

cijk = ∂iτjk =
1

2πi
∂i

∫

p1∈bj

∫

p2∈bk
B(p1, p2)

=
1

2πi

∫

p1∈bj

∫

p2∈bk
δiB(p1, p2)

= −
(

1

2πi

)2 ∫

p∈bi

∫

p1∈bj

∫

p2∈bk
W

(0)
3 (p, p1, p2).

From [7, Theorem 4.1], we have:

W
(0)
3 (p, p1, p2) =

∑

a

Res
q→a

(
B(p, q)B(p1, q)B(p2, q)

dx(q)dy(q)

)
.

Therefore, we obtain

cijk = −
(

1

2πi

)2∑

a

∫

p∈bi

∫

p1∈bj

∫

p2∈bk
Res
q→a

(
B(p, q)B(p1, q)B(p2, q)

dx(q)dy(q)

)

= −2πi
∑

a

Res
q→a

(
ωi(q)ωj(q)ωj(q)

dx(q)dy(q)

)
,

which agrees with Theorem 6.6 (see Remark 6.8). In a similar manner, starting

with W
(0)
2 (p1, p2) = B(p1, p2) and applying the variational formula multiple times,

we obtain:

Theorem 7.4. We have:

∂i1∂i2 · · · ∂im−2
τim−1im = −

(
i

2π

)m−1 ∫

p1∈bi1
· · ·
∫

pm∈bim
W (0)
m (p1, . . . , pm).

Therefore, the g = 0 Eynard-Orantin invariants W
(0)
k for a spectral curve Sb com-

pute the power series expansion of the period matrix τij about b ∈ Breg. Since the
special Kähler metric on Breg is given in terms of the period matrix, the invariants

W
(0)
k also compute the power series expansion of the special Kähler metric.

7.3. Second derivatives of the period matrix by topological recursion. We
will use Theorem 7.4 to compute the symmetric quartic ∂i∂jτkl of second derivatives
of the period matrix. From the diagrammatic representation of Eynard-Orantin
invariants, one finds ([7, Equation (4-46)]):

W
(0)
4 (p, p1, p2, p3) =

∑

a,b

Res
q→a

Res
r→b

dEq(p)

ω(q)

dEr(q)

ω(r)

[
B(q, p1)B(r, p2)B(r, p3) + perm1,2,3

]

+
∑

a,b

Res
q→a

Res
r→b

dEq(p)

ω(q)

dEr(q)

ω(r)

[
B(q, p1)B(r, p2)B(r, p3) + perm1,2,3

]
,
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where perm1,2,3 means we sum over all permutations of p1, p2, p3. To this, we apply(
1

2πi

)4 ∫
p∈bi

∫
p1∈bj

∫
p2∈bk

∫
p3∈bl , giving

(7.2)

1

2πi

∫

p∈bi

∑

a,b

Res
q→a

Res
r→b

dEq(p)

ω(q)

dEr(q)

ω(r)

[
ωj(q)ωk(r)ωl(r) + permj,k,l

]

+
1

2πi

∫

p∈bi

∑

a,b

Res
q→a

Res
r→b

dEq(p)

ω(q)

dEr(q)

ω(r)

[
ωj(q)ωk(r)ωl(r) + permj,k,l

]
.

Around each ramification point, choose coordinates x, q as usual. Then dx(q) =
2qdq, dy = y′(q)dq and we have:

Res
q→b

dEq(p)f(q)

ω(q)
= −1

2
Res
q→b

B(q, p)f(q)

dx(q)dy(q)
= −B(b, p)

4y′(0)
f(b),

where f(q) is any local section of K2
S , holomorphic in a neighbourhood of b. Using

this, (7.2) simplifies to:

(7.3)

1

4πi

∫

p∈bi

∑

a,b

Res
q→a

B(q, b)
dEq(p)

ω(q)
ωj(q)

(
ωk(b)ωl(b)

2y′(b)

)
+ permj,k,l

+
1

4πi

∫

p∈bi

∑

a,b

Res
q→a

B(q, b)
dEq(p)

ω(q)
ωj(q)

(
ωk(b)ωl(b)

2y′(b)

)
+ permj,k,l.

Consider first the terms where a 6= b. Then B(q, b) and B(q, b) have no pole at
q = a, so these terms give, on further simplification:

1

4πi

∫

p∈bi

∑

a 6=b
B(a, b)

B(a, p)ωj(a)

2y′(a)

(
ωk(b)ωl(b)

2y′(b)

)
+ permj,k,l

=
1

2

∑

a 6=b
B(a, b)

(
ωi(a)ωj(a)

2y′(a)

)(
ωk(b)ωl(b)

2y′(b)

)
+ permj,k,l

=
∑

a6=b
B(a, b)

(
ωi(a)ωj(a)

2y′(a)

)(
ωk(b)ωl(b)

2y′(b)

)
+ cycj,k,l

where cycj,k,l means a sum over cyclic permutations of j, k, l. Now let us consider
the terms where a = b. In this case we must compute the residue as q → a of

1
2πi

∫
p∈bi B(q, a)

dEq(p)
ω(q) ωj(q) and of 1

2πi

∫
p∈bi B(q, a)

dEq(p)
ω(q) ωj(q). Both of these have

poles of third order. We have the following expansions near q = 0:

y(q) = y(0) + y′(0)q +
1

2
y′′(0)q2 +

1

6
y′′′(0)q3 + · · ·

ω(q) = (y(q)− y(−q))2qdq = 4q2(y′(0) +
1

6
y′′′(0)q2 + · · · )dq

ωj(q) =

(
ωj(0) + ω′j(0)q +

1

2
ω′′j (0)q2 +

1

6
ω′′′j (0)q3 + · · ·

)
dq

B(q, a) =

(
1

q2
+

1

6
SB(a) + · · ·

)
dqda
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where SB(a) is the Bergman projective connection [8]. Also, we may compute the
expansion of 1

2πi

∫
p∈bi dEq(p):

1

2πi

∫

p∈bi
dEq(p) =

1

2πi

∫

p∈bi

1

2

∫ q

ξ=q

B(ξ, p)

=
1

2

∫ q

ξ=q

ωi(ξ)

=
1

2

∫ −q

ξ=q

(
ωi(0) + ω′i(0)q +

1

2
ω′′i (0)q2 + · · ·

)

= −q
(
ωi(0) +

1

6
ω′′i (0)q2 + · · ·

)
.

Therefore, the expansion of 1
2πi

∫
p∈bi B(q, a)

dEq(p)
ω(q) ωj(q) has the form

1

2πi

∫

p∈bi
B(q, a)

dEq(p)

ω(q)
ωj(q)

=

(
1

q2
+

1

6
SB(a) + · · ·

)
q
(
ωi(0) + 1

6ω
′′
i (0)q2 + · · ·

)

4q2(y′(0) + 1
6y
′′′(0)q2 + · · · )

(
ωj(0)− ω′j(0)q +

1

2
ω′′j (0)q2 + · · ·

)
dqda

=

(
1

q2
+

1

6
SB(a) + · · ·

) (
ωi(0) + 1

6ω
′′
i (0)q2 + · · ·

)

4q(y′(0) + 1
6y
′′′(0)q2 + · · · )

(
ωj(0)− ω′j(0)q +

1

2
ω′′j (0)q2 + · · ·

)
dqda.

Adding this to the corresponding expansion for 1
2πi

∫
p∈bi B(q, a)

dEq(p)
ω(q) ωj(q), we get

1

2πi

∫

p∈bi
B(q, a)

dEq(p)

ω(q)
ωj(q) +

1

2πi

∫

p∈bi
B(q, a)

dEq(p)

ω(q)
ωj(q)

=

(
1

q2
+

1

6
SB(a) + · · ·

) (
ωi(0) + 1

6ω
′′
i (0)q2 + · · ·

)

2q(y′(0) + 1
6y
′′′(0)q2 + · · · )

(
ωj(0) +

1

2
ω′′j (0)q2 + · · ·

)
dqda.

The coefficient of dq
q in this is:

1

12y′(0)

(
SB(a)− y′′′(0)

y′(0)

)
ωi(0)ωj(0) +

1

2y′(0)

(
1

2
ωi(0)ω′′j (0) +

1

6
ω′′i (0)ωj(0)

)
.

Therefore, the a = b terms in (7.3) are given by:

1

2

∑

a

1

24y′(a)2

(
SB(a)− y′′′(a)

y′(a)

)
ωi(a)ωj(a)ωk(a)ωl(a) + permj,k,l

+
1

2

∑

a

1

4y′(a)2

(
1

2
ωi(a)ω′′j (a)ωk(a)ωl(a) +

1

6
ω′′i (a)ωj(a)ωk(a)ωl(a)

)
+ permj,k,l

=
∑

a

1

8y′(a)2

(
SB(a)− y′′′(a)

y′(a)

)
ωi(a)ωj(a)ωk(a)ωl(a)

+
∑

a

1

8y′(a)2
(ω′′i (a)ωj(a)ωk(a)ωl(a)) + cyci,j,k,l.

Putting this all together we have shown:
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Theorem 7.5. The second derivatives of the period matrix are given by:

(7.4)

∂i∂jτkl =

(
1

2πi

)3 ∫

p∈bi

∫

p1∈bj

∫

p2∈bk

∫

p3∈bl
W

(0)
4 (p, p1, p2, p3)

= 2πi
∑

a 6=b
B(a, b)

(
ωi(a)ωj(a)

2y′(a)

)(
ωk(b)ωl(b)

2y′(b)

)
+ cycj,k,l

+ 2πi
∑

a

1

8y′(a)2

(
SB(a)− y′′′(a)

y′(a)

)
ωi(a)ωj(a)ωk(a)ωl(a)

+ 2πi
∑

a

1

8y′(a)2
(ω′′i (a)ωj(a)ωk(a)ωl(a)) + cyci,j,k,l.

Remark 7.6. Let us verify that the right hand side of (7.4) is independent of the
choice of local coordinates q, x satisfying x = q2, as it must be, since ∂i∂jτkl is
independent of such choices. Consider a change of variables x̂ = h(x), q̂ = f(q),
where x = q2 and x̂ = q̂2. If h(x) = h′x + 1

2h
′′x2 + 1

6h
′′′x3 + · · · and f(q) =

f ′q + 1
2f
′′q2 + 1

6f
′′′q3 + · · · then the relation x̂ = q̂2 implies f ′′(0) = 0. Let

SB(a), ŜB(a) denote the Bergman projective connection in the q and q̂-coordinates.
The property of being a projective connection means

SB(a) = (f ′)2ŜB(a) +

(
f ′′′

f ′
− 3

2

f ′′2

f ′2

)
,

where
(
f ′′′

f ′ − 3
2
f ′′2

f ′2

)
= S(f) is the Schwarzian derivative of f at q = 0. From

θ = y(q)dx = ŷ(q̂)dx̂, one finds

(7.5) y′(0) = ŷ′(0)(f ′)3

and
y′′′(0)

y′(0)
=
ŷ′′′(0)

ŷ′(0)
(f ′)2 + 5

f ′′′

f ′
.

Then since f ′′ = 0, we get

(7.6)

(
SB(a)− y′′′(0)

y′(0)

)
= (f ′)2

(
ŜB(a)− ŷ′′′(0)

ŷ′(0)

)
− 4

f ′′′

f ′
.

But using ωi(q)dq = ω̂i(q̂)dq̂, we also find

ωi(a) = (f ′)ω̂i(a)(7.7)

ω′′i (a) = (f ′)3ω̂′′i (a) + ω̂i(a)f ′′′.(7.8)

Substituting (7.5)-(7.8) into (7.4), we see that the result is coordinate independent.
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