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Abstract

The notions of Hitchin systems and Higgs bundles (also called Higgs pairs) were intro-
duced by N. Hitchin in 1987. They rapidly formed a subject lying on the crossroads of
representation theory, symplectic geometry, and algebraic geometry. In this research area,
the main objects that attract mathematicians’ attention are the moduli spaces of Higgs
bundles M,, 4 (the moduli space of Higgs bundles is a space parameterizing the collection
of all Higgs bundles). These moduli spaces have many good properties that make them
interesting objects worthy of study. For example, they are symplectic manifolds, e.g. the
moduli space of the Higgs bundles with rank one and degree zero is the cotangent bundle
of the Jacobian variety of a Riemann surface. These moduli spaces are also equipped
with Riemannian hyperkéahler metrics g, which can not be written explicitly in general,
but they can be approximated by another metric, g,y which is called the semi-flat metric.
Roughly, we can say that gnr = gsf + correction. In fact, Gaiotto, Moore and Neitzke
conjectured what the ”corrections” should be in 2011[GMN13]. To find the semi-flat
metric of M,, 4, we first investigate the integrable system (Hitchin system) h : M,, 4 — B
where the map h is known as the Hitchin map. The Lagrangian fibers of the Hitchin
systems are Jacobian (or Prym) varieties of spectral curves of a given compact Riemann
surface. The semi-flat metric of M,, 4 is induced by a special Kahler metric on B through
the Lagrangian fibration.

In my thesis, I will compute these metrics as explicitly as possible and give close
observations to them. In chapter 1, we will recall the basic notions of Hitchin systems
[Hit86] [Hit87a] [Hit87b].

In chapter 2, 3 and 4, we will give formulas for SL,(C), GL,(C) Hitchin systems.
To do that, we treat the regular part of the Hitchin systems as complex torus bundles
with fibers the Jacobian varieties (or Prym varieties) of the spectral curves. These fibers
are Lagrangian submanifolds and the base B" has a special Kahler structure. Then
we apply the results of Freed [Fre99] for special Kédhler manifolds and results of Hitchin
[Hit99] for complex Lagrangian submanifolds to get two sets of complex affine coordinate
systems on B". By using these coordinates we get some formulas for these metrics. It
seems harmless to have a peek here. For the GL,(C)-Hitchin system we have,

1 , . . ;
gor = 5 D (Im(riy) (ds} @ ds] + ds @ ds)),

V]
Gsf = Zgijkdsz, ® ds), + gi;;d)\ﬁ'c ® dN,
ijk

where s M are the real and imaginary parts of the affine coordinates, and 7;; are the
periods of the spectral curves. One may notice that the spectral curves play the key role
in the geometry of Hitchin systems.

X



X Abstract

In chapter 5, we will study the variation of the complex structures of the spectral
curves, and show a new residue formula for the Donagi-Markman cubic

, m Wi A2
%T/C = 2m'ZRes (_w w]c;)k 2 @)

=1

that measures the variation of the period of a spectral curve, and give a new description
of the special Kahler geometry on B.

In chapter 6, we will discuss the relation between special Kahler geometry and topo-
logical recursion[EO07][Eyn14]. That will lead us to a conclusion that once we know the
periods of one of the spectral curves, we can use it to derive the special Kahler geometry
of the base everywhere else.

The paper ”Special Kéhler Geometry of the Hitchin System and Topological Recur-
sion” [BH17] is joint work with David Baraglia. A copy of the paper is included at the
end of the thesis.



Chapter 1
Stable and Semi-Stable Bundles

1.1 Stability of holomorphic vector bundles

In this chapter, we focus on the spaces of (semi)stable vector bundles over a Riemann
surface. These spaces have some good geometric structures as we will see later. A short
introduction to holomorphic vector bundles over a Riemann surface is given in Appendix
A.

A remarkable property of a holomorphic line bundle L — 32 for > compact connected,
is that it does not possess any non-zero holomorphic section if deg(L) < 0 (see [For91],
theorem 16.5). In other words, there is no non-zero homomorphism from L; to Ly if
deg(Ly) > deg(Lsy), since a homomorphism is a section of L} ® Ly. In general the
analogue of this does not hold for holomorphic vector bundles of higher rank. Because
deg(ET ® Fy) = rank(E1)deg(Es) — rank(Es)deg(E), but

deg(Er) _ deg(Es)
rank(Ey) = rank(FEs)

does not imply there does not exist a non-zero homomorphism from FE; to F,. However,
the rational number deg(E)/rank(FE) called the slope is still a useful quantity to study
the holomorphic structure of vector bundles.

Definition 1.1.1. (Stable and semi-stable vector bundles) A holomorphic vector bundle
E (rank(E) # 0) over a compact connected Riemann surface is called
e semi-stable if for for any non-trivial proper holomorphic sub-bundle F, we have

deg(F) < deg(E)
rank(F) — rank(E)

e stable if for for any non-trivial proper holomorphic sub-bundle F, we have

deg(F) _ deg(E)
rank(F) ~ rank(E)

Obviously, all stable bundles are semi-stable and holomorphic line bundles are stable.
Also, a semi-stable bundle is stable when its rank and degree are relatively prime, because
if 7" and d’ is the rank and degree of a non-zero sub-bundle, then

d d

—=—<¢—=r=7rd=4d.
r r!

1



2 Chapter 1. Stable and Semi-Stable Bundles

Proposition 1.1.2. If £y and E, are stable bundles over ¥ with the same rank and
degree, then

C ifE = E,
0 . ~ 9
HY(2; Hom(En, ) = { 0 otherwise.
As a consequence, we have H'(X; End(E)) = C.

Proof. Suppose E; 2 Es, let f : E; — FE5 be a non-zero homomorphism, since FEj is
stable, if Ker(f) and rank(E;/Ker(f)) are non-zero then,

deg(Ker(f) _ deg()
rank(Ker(f)) ~ rank(E;)

Using the degree formula in Appendix A, we have

deg(Enr/Ker(f)) _ deg(Er) — deg(Ker(f))
rank(E1/Ker(f))  rank(FE;) — rank(Ker(f))

Then,
deg(Im(f)) _ deg(Ey/Ker(f)) _ deg(Ey) _ deg(E)
rank(Im(f))  rank(E,/Ker(f)) = rank(E;) rank(E,)

By stability of Es, Im(f) must be E,. Therefore, f must be surjective, hence f is an
isomorphism by rank-nullity theorem. Now if E; = Ey, W.L.O.G., we may take F5 to be
FE4 and let Id be the identity map, obviously, ¢- Id is also an isomorphism for all ¢ € C*.
Suppose there exist another isomorphism g # c¢- Id for all ¢ € C, pick an eigenvector v in
one fiber with eigenvalue A, then g(v) = Av, hence (g — A\ d)(v)=0, contradicting to the
fact that (g — AId) is also an isomorphism. Therefore, H°(X; Hom(Ey, Ey)) = C. O

In this thesis we will focus on the moduli spaces of semi-stable vector bundles, although
there are some more interesting properties of stable and semi-stable vector bundles that
are worthy to know, one may find them in for example section 3 of [Sch13].

1.2 Moduli space of stable bundles

Given a compact connected Riemann surface, we define the moduli space N9 to be
the space of S-equivialence classes [HN75] of rank n, degree d semi-stable holomorphic
vector bundles. It can be given the structure of a complex algebraic variety. When (n, d)
is known and fixed we use N := N9 to simplify the notation.

The reason we only focus on semi-stable holomorphic vector bundle is that, the mod-
uli space of all rank n, degree d holomorphic bundles is neither smooth nor Hausdorff.
However if we restrict to those with semi-stability, we get a better moduli space which is
a projective algebraic variety, and the stable points are smooth and form an open dense
subset. This result is given by Mumford and Narasimhan-Seshadri [Mum65].

In the rest of the thesis, we may use the Dolbeault operator 9z to denote the holo-
morphic structure of the holomorphic vector bundle E. Let (E,Jg) be a (representative
of a) smooth point of A, the tangent space TpN is obtained as follows. Firstly, note
that Dol(E), the space of J-operators on E, is an affine space of Q%!(3; End(E)), then
Op + Ly gives a path on N where ¢ is a tangent vector of Dol(E). If ¢ = dg(g) for some
g € Q°(Z;End(E)), then there is a path a(t) := f; '0%(f;) on Dol(E) where f; = e,



1.3. Moduli space of Higgs bundles 3

given by the group action of Gg, where Gg denotes the group of automorphisms of F,
with o/(0) = . Therefore ¢ is a tangent vector in the direction of the group action, and
hence a zero vector of TgpN. Now we have

Q% (2; End(E))
Op(Q0(X; End(E)))

TpN = (
=H'(Z; End(E)).

Now we can use the Riemann-Roch theorem, and proposition 1.1.2 to compute the di-
mension of N,

dim H*(Z; End(E)) — dim H'(Z; End(E))
=rank(End(E))(1 — g) + deg(End(E))
=rank(E)*(1 - g),

Therefore, dim(N) = dim H'(X;End(E)) = rank(E)*(g — 1) + 1. Also, using Serre
duality, we have H'(3, End(E))* = H(Z, End(E) ® K), hence a pair (E, ®), where K is
the canonical line bundle and ® € H°(X, End(E) ® K) defines a point in T*\.

1.3 Moduli space of Higgs bundles

We have observed in the last section that a pair (E,®) is a point in T*A, and it gives
us motivation to look at the space of all such pairs. In 1987, N. Hitchin showed in his
paper [Hit87a] that the moduli space M of such pairs is a complex symplectic manifold
and an integrable system.

An element in H(X, End(F) ® K) is called a Higgs field of £, and a pair (E, ®)
consisting of a holomorphic vector bundle and a Higgs field is called a Higgs bundle.
Given a trivialization E|y, = U; x C" of E, a Higgs field ® on U; can be written as an
n X n matrix

Q11 Qg o (p

Qg1 Qg+ Qap
¢ = . 3

Ap1 Qp2 - Opp

where o;; are holomorphic one forms.

Definition 1.3.1. (Stable Higgs bundle). Let (E,®) be a Higgs bundle, a sub-bundle
F C E s called ®-invariant of PF C F ® K.
e a Higgs bundle is stable if

deg(F) _ deg(FE)
rank(F) ~ rank(E)

for any proper ®-invariant sub-bundle ' C E.
e o Higgs bundle is semzi-stable if
deg(F) _ deg(E)
rank(F) — rank(E)

for any proper ®-invariant sub-bundle ' C K
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Now the group of isomorphisms of E acts on (E,®) in the way that the following
diagram commutes.

E ¢ EF®K
g g
E 9e E®K

This means g - ® = g®g !, for ¢ € Gz where Gg is the group of automorphisms of
E. The moduli space M of stable Higgs bundles is the quotient of the set of stable
Higgs bundles by the group G. There is also a moduli space of semistable Higgs bundles,
but in this thesis it will suffice to consider only the stable moduli space when the genus
g > 2. When g = 1, we consider semistable Higgs bundles. In this case we will work out
the moduli space directly.

We first restrict attention to rank 2 bundles. In this case, a Higgs bundle (E, ®) is
stable if for each ®-invariant holomorphic line bundle L C FE, degL < %degE . Note that
if the holomorphic bundle is stable, then the Higgs bundles are also stable for all ®, but
there exist stable Higgs bundles (F, ®) with non-stable .

According to N. Hitchin [Hit87a], [Hit87b], M is a complex symplectic manifold and
T*N lies as an open dense subset in M. The symplectic form on M is defined as follows.

Let (E, ®) be a (representative) element in M, firstly, we need to find out the tangent
space T (g ¢)M. Deform (E, ®),

Op+ta  teR, acQ"(T;End(E))
D+t ¢ € QYO(Z; End(E))

such that to first order in ¢, (Jg + ta)(® + te)=0. Then we have

Therefore, the tangent space at (E,®) of the space of stable holomorphic Higgs bundles
is

H:={(a,¢) | [0, ®]+0pp =0}
Now if a = —9g(\), ¢ = [\, ®] for some A € Q°(X; End(E)), then t\ defines a path
given by the gauge group action
e*0p(e™) = 0p — tOp(\) + O(?)
P Pe™ = d + t[\, B] + O(t?)

with tangent vector (—dg()), [\, ®]). Therefore (—dx(A), [\, ®]) is a tangent vector of the
group action direction, hence the tangent space of M is

H
{laso) | a=-0p(\), p=[\2]}

Next, we define a two form  : T (g e)M X T(g e M — C on M to be:

(1, 1), (a2, 2)) = / tr(cr A o2) — tr(as A ).
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for representatives (a, ¢1) and (e, ¢2). To see that ) is a well defined two form, we need
to check the definition doesn’t depend on the choice of representative. In other words,
we need to show

/Etr(—ﬁE()\) A a) —tr(ag A [A, @) = 0.

for all (ag,ps) € H and A € Q°(2; End(F)). Since

/Etr(ﬁE()\) A @2) +tr(A A (Opp2))
- / Btr(A A )

_ /E d(te(A A )
—0,

where we use Stokes’ theorem in the last equality, then we complete the proof by

[ =050 A e = [ 1 (\n @)
- _ /Etr()\/\ (D, as])
__ /Etr([)\, B A ).

Hitchin proved in [Hit87a] section 6,7 that Q is a symplectic form. Note that Q|p«ys is
the canonical symplectic form on T*N.

1.4 Special Kahler manifolds

Let M be a complex manifold, J be a complex structure, g be a Riemannian metric on
M, we say ¢ is Hermitian if

g(Ju, Jv) = g(u,v).

In this case,
w(u,v) := g(Ju,v).

is skew symmetric, hence a 2-form. Note that w is nondegenerate, we call it a Hermitian
form. If w is symplectic (i.e. if w is closed), then (M, g,w) is called a Kéhler manifold
and in this case, we say that w is a Kahler form. In other words, a Kahler manifold is a
manifold with a complex structure, a Riemannian structure, a symplectic structure, and
these three structures are compatible.

Remark 1.4.1. Let (M, g,w) be a Kdihler manifold, J be the complex structure of M,
then

1. g can be retrieved from w by: g(u,v) = w(u, Jv).

2. On the other hand, if g is a Riemannian metric, w is the associated Kahler form, then
h := g+ iw is a Hermitian metric.
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Let V be a connection on the tangent bundle of (M, g,w), and dy : Q¥(TM) —
QFFL(TM) be exterior derivative determined by the Leibniz rule

dy(a®@u) = da @ u+ (—1)%@a A Vu,
where « is a k-form and u a vector field. Then if V is flat, it provides a de Rham complex,
0 — QUTM) E=% QYT M) 2 QX(TM) = - ..

Note that for any vector bundle E — M and n € QF(E) (in our case here, F is TM), the
definition of dy is just:

dvn(Xm ceey Xk) = Z (_1)ZVX177(X07 Xw (RS Xk)

0<i<k (1 1)
+ Y (D)X X)L Xy Xy, X X))
0<i<j<k

where X, ..., X}, are vector fields on M.

Definition 1.4.2. A Kdhler manifold M is called special Kahler if it equipped with a
connection V on T M, such that

o V is flat and torsion-free

e Vw =0 and

o dyJ=0€Q*(TM).

The second condition means by definition:
VxwlV,Z) = Xw(Y,Z) —w(VxY,Z) —w(Y,VxZ) =0,

for any vector fields X,Y, Z. A connection that satisfies this relation is called a symplectic
connection. In the last condition, we think of the almost complex structure J : TM — T M
to be an endomorphism of the tangent bundle of M, hence an element of Q' (TM).

Now for J € QY(TM) and the identity endomorphism Id € Q'(T'M), we use formula
1.-1 to get:

dy J(X,Y) =Vx(J(Y)) = Vy(J(X)) = J([X, Y]);
deId(X,Y) =Vx(Y) — Vy(X) — [X,Y].

Since by definition the torsion tensor is Vx(Y) — Vy(X) — [X,Y], then torsion free
condition is just dyfd = 0. The flatness and torsion free conditions of V imply that we
can choose coordinates {t{,...,t5 } so that V(%) = 0 and V(dt) = 0 ([Lee06] p.119,
[Boo86] p.161). Then the condition Vw = 0 means the coefficients c;; of w = ¢;;dt3 A dt$
are constants. Since w is a symplectic form, therefore we can choose Darboux coordinates
{z;,y;} of w which are given by a linear constant transformation of t*, hence Vdz; =

Vdy; = 0 and
w = Z dx; N\ dy;.

By the condition dyJ = 0, we have dy(J ® dz;) = dvJ & dx; + J ® Vdx; = 0, which
implies d(J - dz;) = 0. Similarly we have d(J - dy;) = 0. Therefore locally,

J-dx; = du; and J-dy; = dvj,
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for some real coordinates {u;,v;} of M. Now we let 2* = x; — iu;, and w; = y; — iv;,
then {2’} and {w;} are complex holomorphic coordinate systems of M. Now we have
[BH17][Fre99]

0 10, 0,
0z 20z Y dy;””

w; . .
where 7;; = a—f form the period matrix.
z

Here are a few remarks about the affine coordinates:
e The connection V is trivial in the coordinate system

{Re(2"), ..., Re(2%), Re(w), ..., Re(w,, ) };

e The Kéhler form is given by w = —3Im(7;;)dz" A dz7; and

ow;

® Tij = Bt

N.Hitchin proved that the base of the Hitchin integrable system is in fact a special
Kaéhler manifold. Both Hitchin[Hit99] and Freed[Fre99] provided us a way to study the
special Kahler metrics on these bases by using two sets of affine coordinates. In the
next few sections of the thesis, we will compute the coordinates for some explicit Hitchin
systems, and derive the special Kahler metrics.

1.5 Integrable systems and the Hitchin map

In 1987, Hitchin proved in his paper [Hit87b](section 8), that the moduli space M is
equipped with an integrable system. Recall that an 2m-dimensional complex symplectic
manifold is a (completely) integrable system if there exist holomorphic functions fi, ..., fi,
which Poisson commute and df; A ... A df,, is non-zero in an open dense subset (see also
Appendix B). In our case, the functions on M are given by the Hitchin map for GL, (C)
Higgs bundles, defined as follows.

Let B := @ H(K®"), and p, : T*Y — (T*X)" be the polynomial which sends x to
i=1

Pa(T) = 2" + @12 + ..+ ay,

fora =a;®... ®a, € B. The polynomial p, is called the characteristic polynomial. Now
we define the Hitchin map to be:

h:M— B
(B, Q) —a

where p,(x) = det(z] — ®). In other words, a is the direct sum of the coefficients of
det(xl — ®). It is easy to see that this is a well defined map since we have det(AB) =
det(A)det(B) and det(A) = 1/det(A™!) for matrices A, B with A invertible. Since T*\
is open and dense in M, to conclude that (M, h) is an integrable system we shall at least
show

Proposition 1.5.1.

1 - .
§dz'm(/\/l) = dim(N)=1+n%*(g—1) = dimg:? H(Z; K%,
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Proof. Recall that dimN = 1+ n?(g — 1), and from Serre duality, we directly obtain
dimH’(%; K) = g. And we claim that for n > 1,¢ > 1, dimH°(3; K™) = (2n — 1)(g — 1),
since from the Gauss-Bonnet theorem, deg(K) = 2g — 2, hence deg(K™) = n(2g — 2),
then dimH'(Z; K™) = 0, see [For91] Theorem 17.16. Therefore

dim@ HO(2; K®%) =g + Z(Zn —1)(g—1)

=1+n?*(g—1).
[l

One can find a proof for the Poisson commutativity of components of A in [Hit87b].
When g > 1,n = 1, the moduli space M is the cotangent bundle of the Jacobian variety
T*Jac(X) with Hitchin map the projection onto the fibers (see [GX08]).

1.6 Hitchin systems for subgroups of GL,(C)

In the study of Hitchin systems, we can also restrict the structure group of the vector
bundle E to be a subgroup of GL,(C). Write the structure group to be G, let g be
the Lie algebra, if {(ua,¢o)} is a trivialization of E, then we consider endomorphisms
and automorphisms {h,, : u, — GL,(C)} taking values in g and G respectively. Denote
the space of g-valued endomorphisms of F by Endg(E), then the space of holomorphic
structures of E is an affine space of Q%1(X; Endg(F)). Let Ng be the space of isomorphism
classes of semi-stable holomorphic vector bundles (the definition of stable/semistable
Higgs bundles is different for different groups G) with G-structures, then

_ Q"(S; Endg(E))
TrNg —5E(QO(§]; Endg(F)))
:Hl(Z;EndG(E))-

>~

Similar to the computation in section 1.2, if G is reductive, then g = g* and Endg(FE)
Endg(E)*, hence deg(Endg(E)) = 0. Therefore

dim H°(¥; Endg(E)) — dim H'(X; Endg(F))
=rank(Endg(F))(1 — g) + deg(Endg(F))
=dim(G)(1 — g) + deg(Endg(E))
=dim(G)(1 - g),
Since by proposition 1.1.2, H*(X; End(E)) = C, therefore an endomorphism of £ with
the structure group embeded into G'L,,(C) is multiplication by a complex number (i.e. a

map ¥ — cld, where ¢ is a complex number and Id is the n x n identity matrix), hence
when G is semisimple, e.g. SL,(C), SO, (C), Sp,(C), we have

H°(3; Endg(E)) 0,
because the centre of G is finite. Therefore

Proposition 1.6.1. Let NS be the moduli space of stable holomorphic G-bundles, where
G 1s semisimple, then

dim(NG) = dim H(Z; End(E)) = dim(G)(g — 1).
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Example 1.6.2. (G = SL,(C)). An SL,(C)-Higgs bundle (E,®) consists of a rank n
vector bundle E over X such that the determinant line bundle det(E) is trivial, and a
Higgs field ® € H°(X; End(E) ® K) such that tr(®) = 0. Because dim(SL,(C)) =n?—1,
we have

dimNG,,, ) = (n* = 1)(g = 1),

When g > 2, The dimension of the moduli space of SL,(C)-Higgs bundles is 2(n*—1)(g—
1).

1.7 Metrics on the moduli spaces

In previous sections, we saw that a tangent vector of the moduli space M is given by a
pair (o, @) € Q%(Z; End(E)) x Q40(3; End(E))[Hit87b)].

Let * be the Hodge star operator (on a Riemann surface with compatible metric,
*dr = dy,*dy = —dx, if z = x + iy is a local holomorphic coordinate then xdz = —idz,
xdZ = idZ), recall that a hermitian inner product on Q'(X) is given by

<mw:£wa

The hermitian inner product gives a positive definite inner product on Q%'(¥) &
QL0(%) by
<(a1, bl), (ag, b2)> = Re(al, CLQ> + Re<b17 bg)

Similarly, note that Q%'(3; End(E)) @ Q'0(3; End(E)) is an infinite dimensional vec-
tor space and there is a Hermitian inner product on it given by:

(o). (o) 1= 5 [ tr(aton) = i)

where * is the conjugate transpose. The inner product is invariant under the action of the
group of unitary gauge transformations G“*%¥_ Let X be the subspace of Higgs bundles
satisfying the Hitchin equations

2mid

FE+[(I),CI)*] = — " VOlg@]dE

Op® =0

where Fpg is the curvature of the Chern connection (the hermitian connection where the
(0, 1)-part equals Jg), d is the degree of E. Let M= X/Guritary then the inner product
induces a metric on M. From the Hitchin-Simpson theorem [Hit87a] [Sim92], M is
diffeomorphic to M therefore using the diffeomorphism, we get a metric g on M.

In fact g is a hyperKahler metric. We can see it in the following way: firstly, we
use (,) on QY1 (3; End(E)) x Q4°(32; End(F)) and the complex structure to get a Kahler
form wy, let wy := Ref) and w3 := Im 2. Then let J, K be the almost complex structures
with respect to the Kéhler forms ws, ws. Now since

Q((alv 901)7 i(a% 4:02)) = iQ((ala 901)7 (a27 902))7
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so ReQ((au, 1), (g, p2)) = ImQ((a1, ¢1), i(as, p2)). Therefore

ws((a1, ¢1), K(az, p2))
(

=g((u, ¢1), (a2, 2))
=ws((a1, ¢1), J (a2, p2))
=ws((a1, 1), IJ (2, 2)),

for any (a, 1), (ag, 2) € Q%1(3; End(E)) x Q1°(3; End(E)). By non-degeneracy of ws,
we have IJ = K, hence (,) is hyperkéhler. The Hitchin equation can be interpreted
as a hyperKéahler moment map equation, hence M can be interpreted as a hyperKahler
quotient. Then according to Hitchin [Hit86], the natural metric ¢ on the hyperKéahler
quotient of a hyperKéhler manifold is again hyperkéhler (see also [HKLR&7]).

Studying these metrics is the key goal of this thesis. As you may see here that
although we have the definitions of these metrics of Hitchin systems, one can hardly
obtain any geometric information about the Hitchin systems by using these definitions.
The metrics are given fiber wise on the tangent bundle, therefore we can not even tell
the local geometry of the Hitchin system from the definitions. In later chapters, we will
look closer at these metrics by using the affine coordinates. By doing that, we can indeed
get an idea about what the metrics look like. For example, the special Kahler metric
and the semi-flat metric on G, (C)-Hitchin system are given by formulas 3.2, 3.3 in the
affine coordinates, and the metrics of the SL, (C)-Hitchin systems are the restriction of
the metrics on the general linear Hitchin systems.

Also, a more powerful result comes up when we start looking at the variation formulas
about the metrics, which concludes that one can know the geometry of the base of a
Hitchin system by looking at only one of its fibers.

1.8 Constructing special Kahler and semi-flat hyper-
Kahler metrics

According to the theorem of Arnold-Liouville, the regular fibers of an integrable system
are Lagrangian, hence we can think of the regular part of Hitchin systems as moduli
spaces of complex Lagrangian submanifolds. We explain in this section how Hitchin
constructs a special Kahler metric from the moduli space of Lagrangian submanifolds
[Hit99].

Let h : M™9 — B he the regular part of a Hitchin system. Then a fiber Y := h=1(b)
is a Lagrangian submanifold with respect to the symplectic form 2. Let w; = Re(2,
wy = ImQ?, then wy, wy are real symplectic forms and the fibers are Lagrangian with
respect to w; and ws. Let U be a contractible open subset of B™Y containing h(Y), let
{Z1, .., Tam, Y1, -+, Yom } be real local coordinates on h=1(U) C M"™ (2m is the complex
dimension of M) where {y1, ..., Yo, } are coordinates of U and h(xy, ..., Yom) = (Y1, .-, Yom),
then

W = Z CLZ'jd.TZ' N dy] + Z szdyz VAN dyj

Note that the dx; A dz; terms are missing because the fibers are Lagrangian. Since
dw; = 0, for each j

Z 05 1 A dies — 0,
— Oxy,
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which implies > a;;dx; is closed on Y for each j. Therefore integrating > a;;dx; along
two homologous 1-cycles in a fiber of h gives the same result. Also, if @) is a tangent vector
to B then for any lift @ to a vector field along Y, the 1-form given by the contraction
w1(Q, —)|y is closed and independent of the choice of the lifting. Because if we let
Q = c;0,, be the tangent vector, where ¢; are constants, and lift it to @ = ¢;0y, + fiOx,
for any functions f; on the fiber, then

~ 0
w1 (Q, =)y - (hj%) = —c;a;jhy,
J

hence wy (Q, —)|y = —c;a;;dz;, which is independent of the f;.

Next, let A € Hy(Y,Z) be a homology class, then A is also a homology class of
H;(h~'(U),Z). Choose a circle fibration over U, such that each circle is contained in the
fiber of h=*(U) and represent the class A, define a 1-form F4 € Q'(U) to be the integral
of wy over the fibers of h, i.e.

2m

FA = Z(/ amdazz)dy]
A

ij=1
Since dw; = 0, writing it out explicitly we have that for any 1, j, k,

8akj _ 8aki . 8()1] _ ab]

(9yi 8yj Ga:k (%k .

Oaij >
dz; | dyi A dy;
(/A Ok RO
2

8aij 86%) )
2 (/A (ayk 9, e

G>ki=1

2m
B 6bkj 8bjk
=2 </A(ax a:c)d%) Ao A dy;

j>kyi=1

Hence

ivjvk:]-

2m
dFy= Y

2m
k=1 WA

=0,

This says F4 is closed. Since U is assumed to be contractible, there is a function uy :
U — R such that duy = F4 hence determines a map u : U — H*(Y,R). We shall do
the same to the real symplectic form wy to get a map v : U — HY(Y,R). If v/, v are
two other solutions then v’ = u + constant, v" = v + constant, hence u,v are not well
defined on B™9, but they can be patched together on the universal cover B™ to give
w,v: B9 — H'(Y,R)

Proposition 1.8.1. ([Hit99], section 3) The maps u,v : B9 — HYY,R) are local
diffeomorphisms. Thus the image w(B™) of w = (u,v) : B" — HY(Y,R) x H'(Y,R) is
a smooth submanifold and the projections onto each factor are local diffeomorphisms.
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Let k£ be the Kahler form of M"Y, then there is a real constant symplectic form on

H'(Y,R) defined by
(a,b) :/Oé/\ﬂ/\knl
v

where «, (§ are representatives of a, b. If we let

Q1((a1, az), (b1, b2)) =(as, b2) + (az, b1)
Qa((a1, az), (b1, b2)) =(a1,b1) — (az, b)

then they are clearly symplectic forms on H'(Y,R) x H'(Y,R). Also Hitchin proved the
following theorems:

Theorem 1.8.2. [Hit99] w(B™*9) ¢ HY(Y,R) x H*(Y,R) is Lagrangian with respect to
Ql and QQ.

Theorem 1.8.3. [Hit99] The metric g|pres which is the restriction of

ol(a0), (a,) = 5o, )

to B™Y is a special Kdhler metric.

In fact the above theorem was divided into two parts in [Hit99]. Firstly, Hitchin
showed that if V is a vector space with skew form (,) (in our case V is H'(Y,R)), and
M a Lagrangian submanifold in V' x V' with respect to €, Qs, then g|y is a special
pseudo-Kéhler metric (not necessarily positive definite). This is Theorem 2 in [Hit99].
Secondly, the metric is in fact definite in our case (which is Theorem 3 in [Hit99]) because
given a tangent vector Q of B, du(Q) = wi(Q, —)|y € H'(Y,R), then

9(Q.Q) =(du(Q), dv(Q)
=S (du + idv)(Q), (du — idv)(@)

! /Y Q(Q. ) ATUQ. —) AR,

which showes ¢ is positive definite. In this way we are able to construct a special Kahler
metric on B™ explicitly.

Now starting from a special Kéhler manifold (X, w, I, V), we can construct a hyper
Kéhler metric on the cotangent bundle 7*X [Fre99]. First of all, the tangent space of
Top)(T*X) at (v,p) € T*X is just T,X @ Ty X 2 T,X & T,X. If g is the Kihler metric
of the tangent space T, X such that w(—,—) = g(,/—), then g induces a metric on the
cotangent space 1Ty X as follows.

Let {eq, ... eQm} be a basis of T,, X such that g;; = g(e;, €;) and let ' €™ be the dual
basis, let £ = )" a'e; be a tangent vector, then a cotangent vector o := g( —) = b’
is given by

2m 2m 2m  2m
=Y g(&eed = a‘gles, e;))e! = a’
o i) el g is €5) gzy
J=1 Jj=1 =1 Jj=1 =1

Therefore, b; = > a’g;; (In matrices, o = ((g:;)€)" = €% (gi;)"). If the induced metric
g ' on TrX is defined by g7 (a, @) := g(&, &), then g7 (o, ) = a(gi;) Lol
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Now the hyper Kahler metric is given by

gni(§1 @ o, & @ an) = g(&1, &) + 9_1(0417 ), (1.0)

where &1, & are real tangent vectors of X, o, ap are real cotangent vectors of X, g is the
Kéhler metric on the tangent spaces T, X, and g~! is the induced metric on the cotangent
spaces T X. Let J be the complex structure such that J(vy @ 73) = —vy @ 7y, define
K =1J (i.e. K(v;®73) = —iva®7y), then the Kahler forms of the hyper Kahler structure
are

)
The fibers of the Hitchin system are complex tori (e.g. Jac(X), Prym(X)). They are
the quotient of C™ = Ty B"Y with 2m-dimensional lattices. The metric g is invariant

under the translation action of this lattice. Therefore we can use this construction to get
a hyper Kahler metric on M"Y,
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Chapter 2

g =1, SL,(C) Moduli Space

In this section, we let the Riemann surface ¥ have g = 1, and it is well known that
Y= Jac(X) :=C/{Z + 77}

for some 7 € C with Im(7) > 0. 7 determines the complex structure of 3. Let z be the
coordinate of the complex plane C given above. Now consider the rank n holomorphic
vector bundles with trivial determinant. Note that the holomorphic 1-form dz on C is
translation invariant and so descends to ¥ = C/Z + 7Z. It therefore provides a non-
vanishing holomorphic section of the canonical bundle K, therefore K =2 O is trivial. It
follows that an SL,(C) Higgs field ® € H’(X, Endy(E) ® K) = Endy(E) may be regarded
as a trace-free endomorphism of E. The coefficents of the characteristic polynomial

det(A - @) —= A?’L + al)\n_l _|_a/2ATL—2 —|— P _|_ an

are globally defined holomorphic functions on ¥ hence they are constant, hence the
eigenvalues {\q,...,\,} of ® are constant. In addition assume that all \; are different,
since Op(®) = 0, the eigen-subbundles of ® are holomorphic sub-bundles of E, therefore
Op = 0+ {a%l} where {a?jl} is also a diagonal matrix. Note that each 0 + a?]’.l gives a
holomorphic structure of a line bundle, hence we proved the following

Theorem 2.0.1. For any Higgs bundle (E, ®) with distinct eigenvalues, there is a gauge
transformation (E,®) — (E,®) where ® is diagonalised and E decomposes as the direct
sum of line bundles

E=Li®Ly®---D Ly,

where L; are eigen-subbundles of the eigenvalues \; of ®.

(2

Note that since det(E) = O and tr(®) = 0, we have &) L; = O and >_ \; = 0.
i=1 =1

2.1 n =2 Moduli space

Now we focus on the case when n = 2. First of all we need to find out what the moduli
space and the regular fibers look like. Let (£, ®) be a rank two Higgs bundle, since ® is
traceless and FE is a vector bundle of trivial determinant, then

(E,®) ~ (L& L*, (A, —X),

15
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for A € HY(3; K) and L the A-eigen-subbundle of E. Note that when g = 1,

dim(H°(Z; K)) = 1.
Let A be the coordinate of dim(H%(X; K)), i.e., A € C corresponds to the 1-form Adz,
then the Hitchin map is h : [(E,®)] = —A2. The base B of the Hitchin map is also
a complex plane C. Let (dz)? be the basis, and  be the coordinate of B, by a gauge
transformation of SLy(C), we have (L & L*, (A, —\)) ~ (L* & L,(—X\, A)). Then for any
B # 0, the fiber h=1(3) is

7 (B) ={(L,N) € Jac(Z) x C | =N =8 }/~,
where (L, \) ~ (L*, —\). Therefore
Theorem 2.1.1. The reqular fiber (i.e. B # 0) of the g = 1, SLy(C)-Hitchin system is
the Jacobian variety of X,
h™H(B) = Jac(%)

When 8 =0, the fiber is singular, given by

h7H0) 2Jac(X)/ ~

~p!
where L ~ L*.
The last = can be seen from the picture below, where the fiber at a point g # 0 is

represented by the two tori in the left of the picture, and these two tori are identified
completely by the relation ~ (for example, the lines with the same colour were attached).

The fiber at § = 0 is represented by a torus, but half of the torus is identified with
another half by ~.

Fibers away from zero

>
Fiber at zero
>—
x S
\ \ >
ﬁ“

Now we study the regular part M" of the Hitchin’s fibration. Recall from section
1.3 that a tangent vector of M"™ is a pair (a, ¢) € Q% (3Z; Endo(E)) x QY0(3; Endg(F)),
and the symplectic form 2 on M" is defined to be

gwmwﬁ®%%»=LUWMwﬁ—W%A%) (2.1)
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In the case g = 1, we have ¥ = Jac(X). Let ¥ := C/Z + 7Z, and z be the coordinate of
C, dz/(2ilm(7)) be a basis of H’(X; K) with coordinate A, then {2, A} are coordinates of
Jac(X) x HY(X; K). Note that ~ becomes (z,\) ~ (=2, —A). A tangent vector on M"9

is given by
0 O (lp 0|, _ ¢ O dz
Pz T~ ({0 —p] 4z, [0 —q] Qilm(T))

where [, dz A dZ = —2iIm(7). Then formula 2.1 implies

0 0 0 0 2pn — 2gm ~
(pi?z TNz n@)\) 2ilm(7) Jy s
= 2(pn — gm).
Then we get
Q =2dz A dA.

Note that € is invariant under (z, \) ~ (—z, —\). Working locally on B, for any g € B
and 3 # 0, there exists a locally defined holomorphic function A on a neighbourhood U
of 8 such that A2 = — 3, then ) is local coordinate of B. Let

z2 =21+ 129
A= T+ il’g,
then
Theorem 2.1.2. The special Kahler metric of B given by

gsk = 4Im(7)(dx; ® dz| + dzry ® dzs).

Proof. We follow the procedure in [Hit99] also see section 1.8. First of all, define

wy := ReQ) = 2(dz; A dxy — dza A dxs)
wy :=ImQ = 2(dzg A dxy + dzy A dxs).

Let A, B be a symplectic basis of cycles for Hy(3;Z), given by the path from z to z + 1
and z to z 4+ 7 respetively. Integrating wy,ws along A, B we obtain four closed 1-forms of

U:
) ( 7{4 del) dr, — ( 7{‘ 2d22) divy = 2da,
k ( 7{9 2dzl) day — < 7{3 2dz2> Gty = 2(Re(r)das — Tm(r)drs)

(j{ Zdzg) dri + (j{ 2dzl) dre = 2dxs
A A

\ (ji 2dz2) dzry, + (7{3 2dzl> dzy = 2(Im(7)dz; + Re(T)dxs).

They are differentials of the following functions on U:

ua(z1,x2) = 2Re(N)
up(x1,22) = 2Re(TA)
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According to Hitchin [Hit99], u = (ua,up),v = (va,vp) are local diffeomorphisms onto
the image. Then we get an embedding w = (u,v) = (ua,up,va,vg) : U — RL They
are two systems of local coordinates on U, and we rewrite them to be (ua4,up,va,vg) :=
(s1,Y1, S2,y2). Then we have

Theorem 2.1.3. The image w(U) C R* is a Lagrangian submanifold with respect to the
symplectic form
Ql = d81 AN dy2 + d82 A dyl

One can find the proof in [Hit99).

If we think of ©; as the canonical form of R* then w(U) is the graph of a generating
function

K:R*>—=R
satisfying the Hamiltonian equations:
oK
oK
— = —5o.
oy ?
Since the graph w(U) satisfies:
B Re(T)s1 — 1
52
Im(7)
Re(7)%s; — Re(T)ys
= I
Y2 Tm(r) + s1Im(7),
solving the equations, we get
Re(t)? , Re(r) Im(7) , o,
K = — .
(Sla yl) QIm(T) 51 Im(T) Y151 + 9 S + QIHI(T) h

Since y; = Re(7)s; — Im(7)s2, we can rewrite K to be:

1
K(s1,82) 25(5% + 53)Im(7)

=2(2% + 235)Im(7) (2.2)
=2|A\|*Im(7),

From Hitchin [Hit99] as well as Freed [Fre99], B has a special Kéhler structure where
K is the Kahler potential and the Kahler form is given locally by

Qr = V—100K = 2v/—1Im(7)d\ A dX = 4Im(7)dz, A dzs. (2.3)
Now using the Kahler form of B, we get the special Kahler metric,
gsk, = 4lm(7)(dxr; ® dxy + drs ® dxs). (2.4)

O
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Both Hitchin and Freed in their papers gave us a way to construct a hyperkéahler
metric on M,., (see section 1.8). The idea is that the special Kahler metric gy on the
base B extends naturally to a hyperkahler metric on the cotangent bundle T*B. Then
we think of the fibers of the moduli space as the cotangent spaces quotiented out by the
discrete action of {Z + 7Z}, hence M,., inherits naturally a hyperkéahler metric, written
as gsf. Using our convention of coordinates over U and formula 1.0, g,¢ is given explicitly

by

Theorem 2.1.4.

2
Istlmy = 4Im(7)(z dr; ® dx;) + 4[m Z dz; ® dz;), (2.5)

where the almost complex structure I, J, K are given as:

0 0 0 0 0 0 0 0
](alﬁ_xl + a28[)§2 * bl 821 + b2 822> ( a28x1 tag 8x2 b2 621 * blf)_@)

0 0 0 0 0 0 0 0
J(ag— b b b b — Qg —
1 gy T g, 0y, T gy, = Thigy, Ty, tag, T %y,
K=1J.
We can also change our coordinates to § = —A? = 3; + i3, on the base B to see

the global picture. Recall that [ is a globally defined coordinate on B whereas A is only
locally defined away from 8 = 0. Note that 8 = —\* = —(2? — 23) — i22129, then

o _ 5, 9 5 0

Oy B 1851 2352

0 0 0

o 08 "'0py

hence

g B 1 (x 0 . 0 )
81 22 +a2) ory 0w,
g B 1 (z 0 o 0 )
08y 22 4a2)  tOx, Oz

Then by direct computation, we get

2 2
Z dr; @ dxr; = ﬁ(z dp; @ df;)
i=1 =1

Therefore,

2
S°(dB; @ ddy)
gswlo = Im(7) =
5]
2
Zl(dﬁi ® df;) 1 2
Gsflmy = Im(7) 7] + T (7) ;(dzZ ® dz;). (2.6)
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We can see that when [ goes to zero, the metric blows up. However the metric is flat
when restricted to the fibers. The diagram shows the coordinates we are using for the
moduli space.

22

z=z1+t12 T

A= + 129

B=p51+1ib

1

UA 0 B,

2.2 n > 2 Moduli spaces

Now we study the SL,(C)-moduli spaces for n > 2, and use similar methods to derive
the semi-flat metric. Let (E,®) be a rank n Higgs bundle, since ® is traceless and E is
a vector bundle with trivial determinant, then

(B, @) ~ (L1 ® Ly ® - ® Ly, (A, Aoy, \n)),

for \; € HO(Z; K) the eigen-values of ® and L; the \;-eigen-subbundle of E. Note that
QR L =0,> N\ =0, because det(E) = O, tr® = 0. Then we have
i=1 i=1

Theorem 2.2.1. For any B € B such that the eigen-values \; are different,
h=H(B) = Jac(X)" .

Next we will compute the special Kahler metric on B" and the semi-flat metric of
M,.,. To do that, we need to write down the symplectic form of M, , explicitly. First
of all, we rewrite the eigen-values \; to be \;je,2 = 1,--- .n — 1 where \; € C and e is
a basis of H’(X, K). Then analogous to the last section, {)\;} are the coordinates of a
neighbourhood of 3. Let 2* be the coordinates of the copy of Jac(X) = C/{Z + 77}
corresponding to ;.

Let (o, p) € Q¥Y(3; Endy(E)) x QM°(Z; Endg(E)) be a tangent vector of M,.,, the
symplectic form 2 on M,., is defined to be

(ol ¢"). (0% ¢?)) = / tr(al A ¢?) — tr(a® A ).
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More explicitly, if

(o] 0 0 0 ] (X0 0 0
0 o} 0 0 0 A 0 0
a] _ c. . t. c. . "- . t. . @j _ t. . c. S . ". . t. .
0 0 oy 0 0 0 X, 0
n—1 | n—1
0 0 0 - af 0 0 0 =X N,
L i=1 J L i=1 _

for j = 1,2, then choosing a suitable basis for Q'9(2) and Q%! (X)), we have

tr(a' A ¢?) — tr(a® A @)

(ol "), (0% ¢%) = /

b
n—1 n—1 n—1
122 271 12 271
:Z(a’ibi) - Z(aibi> + Z(aibj - aibj)7
i=1 i=1 ij=1
where a?, b are coordinates with respect to % and a(?\i for p = 1,2. Therefore the
symplectic form on the moduli space is
n—1 n—1
Q=) dz' NN+ > de' Ad).
i=1 ij=1

, A1, B,_1 be a symplectic basis of cycles for H; (X" Z), and write

{

Then the real and imaginary parts of the symplectic form are

Let Ay, By, - -
Aj = ol + il

2 =z +iz.

( n—1
wy = ReQ) = Z(dzi Adzl — dzh A
i=1
n—1
wy =TmQ =) “(dz} A daf + dzf A
i=1

\

n—1
drh) + Z (d2i A dal — dzi A da))
ij=1
n—1 ' .
dah) + Z (dzh A dad + dzi A da)).

ij=1

Analogous to the previous computation, we obtain two sets of functions,

(

1 1 n—1 n—1
UAk($1,x2,'--,xl )
1 1 n—1 n—1
uBk(xlaQ:%"' y Ly 5 Lo
\
p
1 1 n—1 n—1
UAk(xlax%'" y L1 5Ty
1 1 n—1 n—1
UBk(xtha"' y Ty T, Xg
\

) = Re(\) + ) Re();)
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Each set of functions gives a local diffeomorphism of B to R2=1 Let w = (u,v),
and 1,1, 53,93 be the coordinates corresponding to ua,,up,;,va;,vp;, then the image
w(U) € R¥"1) is a Lagrangian submanifold with respect to the symplectic form [Hit99]

n—1

Q= Z(ds{ A dyl, + dsh A dy).
j=1
The image w(U) is the graph of a generating function
K:R*™Y SR

satisfying the Hamiltonian equations:

Solving the equations, we get

< Re(r)? 2 Re(r)

- . Im(7)
K(S%aS%:"WSl layiv"'ﬁyl 1): ( Im(T)

Y151+

n—1
1 ‘ ,
K(Sia 8%7 R 8?717 5%7 T 8371) = 5 (5312 + S%Z)Im(T) (27)
j=1
hence by [Fre99], the Kéhler form is
Qg =V—100K
n—1
1 , , , .
25\/:Im(7') > d(s] +ish) Ad(s] — ish)
j=1

n—1
=Im(7) Z ds) A ds?.
j=1

Therefore

Theorem 2.2.2. The special Kahler metric is given by
Jsk = Z Im(7)(ds] @ ds] + ds} ® ds). (2.8)
j=1

n—1
Since ds), = dxl + z:l(d:cg) for p = 1,2, then by using {z%, 25}, the real and imaginary
q:
part of the affine coordinates {\;} the special Kdihler metric can be rewritten as
n—1 ' 4
Gk = Im(T) Z gij(dz| @ dx] + dxhy, @ dad). (2.9)
ij=1
with
o n+l i# ],
Yl n+2, i=4.
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By formula 1.0, the semi-flat metric of M|y is given by

n—1 n—1
gsf = Im(7) Z i (d' @da) +dxy, @ dad) + Z (Im(7)gs;) N (dzi @d2] +dzb@dz)). (2.10)
i,j=1 i,j=1

Up to now, we have derived explicit formulas of semi-flat metrics for the smooth part
of SL,(C) moduli spaces for all n when g = 1. One can check that the formulas for n = 2
coincide with the formulas we obtained in this section.
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Chapter 3

The GL,(C)-moduli spaces for g > 2

3.1 The symplectic form and the canonical 1-form
on the moduli spaces

In this section we will have a closer look at the symplectic form and the canonical 1-form
on T*N. We will see later that the two sets of coordinates on the base given in the last
chapter (also in [Fre99]) is the integration of the canonical 1-form along the basis of cycles
of the fibers.

From Hitchin [Hit87a] and section 1.2, the cotangent space of the moduli space of
stable bundles T*A is an open dense subset of M. If p is the canonical one form on
T*N, then the symplectic form

Q(a1, 1), (g, p2)) = /Etl"(al A p2) — tr(ag A p1).

on M equals to —du when restricting to T*N.

Proposition 3.1.1. The canonical 1-form p on TN is given by:

(o ) = / (A ).

Proof. Let w : TN — N be the projection. Then for any point (FE,®) € T*N with
7(E,®) = E, the push forward of 7 gives a mapping:

Recall from symplectic geometry that the canonical 1-form is defined by pg.e) = @ o 7,.
Therefore, for («, ¢) in the tangent space of (E, ®), the canonical 1-form applied to («, ¢)
gives

1((a, 9)) = o mu(a, )
—d -

:/Etr(a A D),

where the last equality is given by Serre duality. O]

25
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In the cases of g = 1, using our construction of the SL,(C) moduli spaces in chapter

n—1 n—1 n—-1
2, the canonical 1-form is p = Y Ndz' + > \;dz". Note that Q = > dz' Ad)\; +
i=1 :

ij=1 i=1
n—1
> dz' Ad); and Q = —dpu. Now we can see that if F is a fiber of the Hitchin map, and

ij=1

C € Hi(F,Z) is a cycle, then
n—1
d(/ 1) :d(/ Ndzt) + Zd(/ \;dz")
c c o Jo
n—1
:(/ dz")d)\i—i—Z(/ dz")d),
c o Jo

:/CQ.

Proposition 3.1.2. Let M be a symplectic manifold, {x;,y;} be local coordinates so that
{yi} are coordinates on the base B, {x;} are coordinates on the fiber F', and let M — B
be an integrable system given by (y, ...,yn) then

Lﬂzﬂlm,

where C' € Hy(F,7Z) is any cycle, and the left hand side of the formula is an integral over
the fiber of the circle bundle defined locally over B with fibers representing the cycle C'.

In fact, it is also true for g > 2.

The proof is a direct computation. Since the fibers are Lagrangian, and {x;} are
coordinates of the fibers, therefore we can write @ = > a;;dz; A dy; + b;jdy; A dy;, for
4]
some functions a;j, b;;. Write = e;dz; + fidy;, then since Q = —dpu, we have
i

. :8ei _ 8]%
“ 8yj 0@
o,
bz’j = — ayj .

Therefore,

” ( ¢ 0y; /caxz' v

which completes the proof.
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3.2 The fibers of the Hitchin systems

When the genus of the Riemann surface is greater than one, the Hitchin systems are more
complicated because the Higgs fields are not diagonalizable in general, and vector bundles
E do not decompose into direct sums of line bundles. Recall that dimN = n?(g — 1) + 1
for the moduli space of GL, (C) vector bundles, and dimA = n?(g — 1) for the SL,(C)
[Hit87b]. Therefore almost all vector bundles in A can not decompose as the direct sum
of line bundles because

dim(Jac(X) x - -+ x Jac(X)) = ng,

v~
n

which is less than the dimension of M. Hence we can not use the same method as in
chapter 2.

To understand the g > 2 Hitchin systems, we first study the fibers. Let (£, ®) be a
point in the GL,,(C) moduli space M, and det(z — ®) = 2" + ;2" ' + --- + a, be the
characteristic polynomial, where a; € H*(X; K%). Let 8 = h((E,®)) € B, and X be the
tautological section of T*(K), i.e. if 7 : K — ¥ is the projection, then A € H*(K; 7*K) is
a section such that A\(p) = 7*(p) for p € K. We call the zero set of A" +a; A" +---+a, €
H°(K,7*K™) the spectral curve Sg. For almost all 3, Ss is non-singular, and we focus
on the non-singular spectral curves.

Now, we let 7*® be the pull back of ® to Sg, then A € HO(Sﬂ; 7 K) is an eigenvalue
of 7@ and let L be the eigen-subbundle of 7*(E) over S. If S is non-singular, then L
is a line bundle on S. Suppose g € Q°(X,End(F)) is a gauge transformation, then for
x €S, (x,§) €L,

G99 g = Mg g

We can do this to Higgs bundles in other degrees. Therefore, we have constructed a map
F Ag — PiC(Sﬁ),

with F((E,®)) = L, where Ag is the set of isomorphism classes of rank n Higgs bundles
with characteristic polynomial given by f.

Next, let’s try to recover (F, ®) from a line bundle L € Pic(Ss) . Let Of be the sheaf
of sections of L, since the projection 7 : S — X is continuous, we therefore obtain an
image sheaf O := 7,0}, of the direct image functor m,, i.e. Op(U) := Or(7~1(U)).

If 2y € ¥ is not a ramification point, we can choose a small neighbourhood U of z,
such that 7—!(U) is a disjoint union of connected open sets:

T U)=ViU--- UV,
Then

Op(U) = EBOL(Vi) = @O(U)-

Therefore Op is locally free of rank n away from ramification points.
When 2 is a ramification point, let p; € 771(2),4 = 1,--- , k be the branch points

k
with ramification index d; (To make things convenient, we allow d; to be 1), then > d; =
i=1

n.
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Choose a small neighbourhood U of zj, such that V; are disjoints neighbourhood of
pi. Let z be the coordinate of U, then we can choose coordinates w; of V; such that

N 5
z=w;".

Locally, we have Or(V;) = O(V;), then

If f(w;) is a holomorphic function on V;, then there exist unique holomorphic functions
f1(2), .y fa,(2) on U such that f(w;) = f1(2) + wifa(2) + -+ 4+ w ' fu.(2). Therefore,

Op(U) = EB o) (3.0)

Hence Op is locally free of rank n, and given L € Jacy(Sg), £ defined by O = 7.(Op)
is a rank n holomorphic vector bundle.

Now we define the Higgs field ® to be an element of H’(X; End(E) ® K) such that
the diagram below commutes for any U.

Op(U) 2 Opgx(U)

1R
IR

O (m1(U)) B O i) (7 (U))

Then we obtain a map
J @ Pic(S5) — Ag,

that sends L — (F, ®).
Since A is the eigenvalue of 7*®, then by the definition of F, we have F o J = Id.
Form [BNR&9] proposition 3.6, the map J is a bijection. Therfore

Proposition 3.2.1. F is a homeomorphism.
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From the Grothendieck-Riemann-Roch theorem, when O = 7,.(Op), we have
deg(E) = deg(L) + (1 = g5) = n(1 - g),

hence the degree of L is determined by the degree of E. If we restrict F to h™(8) (i.e
fixing the degree of Higgs bundles), then

Proposition 3.2.2. h71(8) = Jacy(Ss),

where d = deg(FE) +n(n —1)(g — 1).

3.3 The two sets of affine coordinates on the base

In this part we derive the two sets of affine coordinates on the base of the Hitchin systems.
Recall from last section that the coordinates on the base are given by the integration of the
canonical 1-form: [ o H- Let us fix the degree of the line bundle L to be d or equivalently,
fix the degree of the Higgs bundles to be d — n(n — 1)(g — 1).

Let F := Jacq(S) be a regular fiber, {ai,b1,--- ,a,4,,b,} be a basis of Hy(S,Z).
Then the Abel-Jacobi map gives a basis {A;, By, -+, A,,, By, } of Hi(F,Z), where A;, B,
correspond to a;, b; respectively, hence Hy (S, Z) = H;(F,Z). From the universal coefficient
theorems, we have H'(S,R) = H'(F, R).

Proposition 3.3.1. If 0 € H(S, Kg) is the canonical 1-form on T*Y|s given by 6 =
dr()\), where dr € H(S; Hom(Kg', 7" Ky')) = H°(S; Hom(n* Ky, Ks)) is the derivative

of m, then
/uz/@and/u:/e.
A; a; B; b;

Proof. Since F' = Jac(S) = H'(S; 0)/H'(S;Z), then TF = H'(S; O). Hence a (0,1)-form
[a] € H'(S; O) generates a 1-parameter family of line bundles {L;} in Jac(S), given by
their holomorphic structures dy, + ta.

Let (A, ®) = dJ(a), since the set of branch points has measure zero, they do not
contribute to integrals over ¥ or S. Recall that in an open neighbourhood U that does
not contain a ramification point in X, E|y given by Og(U) is the direct sum Op(V;) &
- @ Op(V,,). In other words,

O“V1 )"\/1
a|V2 A‘Vz

aly, Alv,,

Choose an open cover U’ of ¥ (after removing the ramification points), let ¢ be the
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partition of unity, then

u((4,8)) = [ u(ie)

by

=> ¢ / tr(A®)

_;@(;/iaw-)\vj)
=320 [ atano)

Therefore, ju((A, ®)) = A(a). This shows J*(;1) = 6 hence we complete the proof. O

Therefore, the two sets of local coordinates of the base B are given by:

{Re(/a,.”’ Im(/af) b Re(/bf”’ Im(/f”

fori =1, ..., gs, where g is the genus of S which can be computed by gs = dim(Jac(S)) =
dimN =n?(g— 1) + 1.

3.4 The Metrics

We can compute the metrics by using a procedure similar to chapter 2. Let {si, s%, 3¢, yi}
be the coordinates of R** corresponding to { Re([, 6), Im(f, 0), Re([, 0), Im(J, 0) },

let \; = s{ + isg, Y = y{ + zy% Locally, the graph in R*%: is a Lagrangian submanifold
with respect to the symplectic form

Js
O =) (ds] Adyb + ds) A dyi).

j=1
Now choose a basis wy, ..., w,, of the space of holomorphic one forms Q'(.9), such that

oo e [ w
A= : = Id

fal Wy, e fa

Let the period matrix of S be

w
9s s

o o f
T=B= : :

fblwgs fb w

)
9s s

then we have y* = " 7;;)\;, therefore
J
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= ZRG(TJ‘MJ’) = Z(Re(Tji)S{ — Im(7};)s3)

J
= Z Im(Tj,L')\j) = Z(Re(le)yg -+ Im(Tﬂ)y{)
J J
The Kahler potential K is a solution of

oK i
— =y
ds]
oK
ol

Now we solve the equations to obtain the Kahler potential

1 -
K(shshoosffshoo87) =5 3 I ,)
j

=5 Z 3131 + 5252 )Im(7;:))

:i::;Im(Tji)(lielje+lielj ‘)

Hence the Kéhler form can be computed by

=V —100K

1 & . , . . . . . )
-— Z(Ilrn(Tji)(al(sl1 +ish) ANd(s] —ish) +d(s] +ish) ANd(s] —isy))

5 i T g A g (3.1)
=5 Z Im(7;)(ds] A dsy + dsi A dss)
4,3
Js 4 )
= Z Im(Tji)dsll VAN dSJQ
1,J
Theorem 3.4.1.
The special Kahler metric and semi-flat metrics are given by:
gS . . - .
gar = Y _ Im(7)(ds} @ ds} + ds} @ ds}), (3.2)
1,]
Gsf = Z gijdsi @ ds) + g, dN, © X, (3.3)

where g;; are the coefficients of dsi ® ds] in g, g;;' is the inverse matrix of g;; and A}
are the coordinates correspond to dst .
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3.5 Some results on the affine coordinates

There are a few good results concerning the affine coordinates {); := [ 0}, {y' := [, 6}
of the base B, and the periods of the fiber 7;;. Recall that Y = Tij\i

Proposition 3.5.1.
gs
87’1'3' aTkj
— ——— ]\, =0 3.4
> (55 2
7j=1
Proof. Hitchin showed that the base B C R% is Lagrangian with respect to €; and

gs
Qp =) dsi Ady; — dsh A dys.

=1

gs , gs , . gs

Note that Qo +iQ; = > d\; Ady’, hence > d\; Ady’ = 0 on B. Since y' = Y 75,
=1 j=1 =1

then

Therefore,

O_Zd)\ Ady = and)\ /\d)\k+Zd)\ A dXy (ZZ;m)
k

i,k=1 i,k=1

Hence we have

QZS aTij _ aTkj >\j _ 07
: o\, O\
7j=1
which completes the proof. n

Proposition 3.5.2.

0T;j
A = 0. 3.5
Z N (3.5)
Proof. Define the C*-action on Higgs bundles given by

t-(B,®) = (B,10)

for t € C*. Then the action induces a C*-action on the base B = @@ H°(X; K”) given by
j=1

t- (a17a27 e 7an) - (ta17t2a27 e atnan>

where aq, - - - , a, are the coefficients of the characteristic polynomial. Hence the C*-action
sends a point (), p) in the spectral curve S, := {AN" + ay\" 1 + -+ +a, = 0} to (t\,p)
in the spectral curve Sy, := {AA" + ta;\""! + -+ + t"a,, = 0}, for b € B. By abuse of
notation, also let A be the tautological 1-form of T*X, (i.e. A(xp) = A), then given t € C*,
the pull back of the action by ¢ is given by

E N o) = At = Aap) = tA.
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Hence, t*(A\) = tA. Since the canonical 1-form 6 = dr ), therefore t*(6) = tf. Now the
coordinate of the base B is given by the integration \'(b) = fai 6, then

t*(AY(b) = N (tb) = / t*(0) = tA\".
Let £ be the holomorphic vector field generated by the C*-action on B, then
EO)(B) = laX(E')
a0
d .
= li=o(¢") "' (b)

d ty1
— o N )
=X)

If £ = fla/\l, then £(\Y) = &782 OX — = ¢ Hence ¢ =N, and £ =), >‘Za,\1' Since the periods

ON
0Ty
L OT;
§(7i) ZA G

7;; are C*-invariant, then

[]

Another main result of the periods 7;; is that the partial derivative g;fz is symmetric
with respect to 7,7 and k.

Theorem 3.5.3.
8Tjk

O\

(3.6)
18 symmetric in i, j, k for 1 <1,k < gs.

We prove the theorem as follows. Let {S;} be a family of spectral curves parameterised
by a family ¢ € T, as we have seen earlier, we shall think of a spectral curve S; as the
zero locus of a section

p € HY(T*S; K™)

of the form
=N+ a ()N ag(ONTE 4 - a,(t).

where (a;(t), - ,a,(t)) can be considered as a path in B parameterised by ¢, and A €
H°(T*Y; K) the tautological section. Let S := S, be a fixed spectral curve, note that
for each t, the spectral curves S, are differentiable manifolds, therefore there is a small
enough neighbourhood of %y, so that the spectral curves S; are diffeomorphic to each
other (Ehresmann). Hence we obtain a family of diffeomorphisms

Y S — S

parameterised by ¢ which are given by a normal vector field V. Let 6 be the canonical
1-form of T*Y, and define

0r = ;0.
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Recall that the affine coordinates and periods are given by integration of . When a point
in the base moves around, we can pull back the spectral curves to S by the diffeomor-
phisms ¢,. In this way, the deformation of the spectral curves S; with a fixed canonical
form 6 can be considered as a deformation of 6 with fixed S.

Then we have,

where V € Q(S, T(T*X)) is a lift of V. By Cartan’s magic formula,

Os = Li0|s = ip(dO)|s + d(ip0)]s.

Since the projection of V' to the normal bundle is holomorphic, Therefore iy (df)|s is a
holomorphic 1-form on S. Moreover, d(ij0)|s is an exact 1-form. Therefore in cohomol-
ogy, 6 can be written as the sum of holomorphic 1-forms
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for some coeflicients ¢;(t). Then by Stoke’s theorem

gs
875/ 0—/ / c]wj

T ] 1
= Z Cjaij
j=1
=C;.
Now let % = (%, and rewrite 6 as 6;. Since
0 0
O\ J., 0= 5N = %
then ¢; = d;;. Hence we have
Lemma 3.5.4. In de Rham cohomology,
P .
25101 = 61 = [,
therefore,
O sl = ]
ox T

8Tjk 0 / N
o\ O\ Sy
[ Ow;
a by ONi
B ow;
be O
0
o\
_3Tik
N o\
Because 7;; is symmetric of 7, j, therefore we completed the proof of theorem 3.5.3.

Corollary 3.5.5.

Wy

oy’
o\

Tz’j =

Proof. Since y/ = 7;;);, then

J
8y . TZ] Z 8le )\l

By theorem 3.5.3 and proposition 3.5.2,

0 or;
Z m)\l Za;j)\ 0
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Form the corollary, we can rewrite the Kahler form 3.1 as

gs
Qg = Z Im(7;,)ds A ds)

.3

ZgZSd% A dyi,

J

because dy' = 3 7;;d)\; and dy} = Re(dy’) = 3. (Re(7;;)ds) + Im(7;;)ds?).
J

gs ,
If we define the holomorphic prepotential to be F' = % >~ Ay, then by corollary 3.5
j=1

we have
oF _
hence
0*F
= Tij.
OO\ J
Proposition 3.5.6.
Omy _ —/eAa-a-a 0
a)\k - g 1UjVEY,

where 0; = %.

gs
/9Aaiajak9: Z(/ 9/ aiajake—/ 9/ 0:0,0,9)
S =1 Al Bl Bl Al

The second part of the right hand side is zero, because fal 0;0,0,0 = ;0,0 fal 0 =
8i8j8k(/\l) = 0, and

> /A 9 /B 0:0;060) = _(MD:0;0() A" 7))

=1

Proof.

gs

= 0:0;009")
=1
gs

= Z()\l&aj (Tkl)
=1
gs

= (Nidi(rhy)
=1

gs

= Z 0;( N0 Tk;) — OiTjk
=1

= — aﬂ'jk.

The last equality is proposition 3.5.2. O]
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Analogous to the above, we also have

1 _
K=—[06n0
42’/5 ’

where K is the Kahler potential of section 3.4, since
1 1 gs
L fong=L (/9/9_/9/9)
4i Js 4@; A JB B, JA
135,
LR W)y
4 lz:;( W=y

1 gs 3
=1

37
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Chapter 4

The SL,(C)-moduli spaces for g > 2

In this section, we let E be a degree 0, rank n SL,(C)-vector bundle over a Riemann
surface ¥. Also let N be the space of SL,(C)-stable bundles, and M = Mgy, (¢
the moduli space of Higgs bundles. We will see in this section, that the fibers of the
Hitchin integrable system in these cases are the Prym varieties of the spectral curves. By
integrating the canonical one form of the spectral curve along the cycles corresponding to
the Prym variety, we will obtain the affine coordinates of the base for the Hitchin system.
Using these coordinates, we get the special Kahler metrics.

4.1 The Prym variety of the spectral curve

Let 3 be a compact Riemann surface, we have seen that a point 3 in the base B determines
a spectral curve S which is an n-sheeted cover of 3. Note that (see for example [For91]
section 29; [Jos13] section 5.6 or Appendix A.2) the Picard group Pic(S) of S is isomorphic
to the group Div(S)/Div,(S), where Div(.S) is the group of divisors of S, and Div,(95) is
the subgroup of principle divisors. Restricting the isomorphism to the same degree we
get Jac(S) = Divy(S)/Div,(S), where Divy(.S) is the divisors of degree zero. Now given a
line bundle L € Jac(S), we obtain a divisor D = > n;p; such that [D] = L. The covering

78 — ¥ gives a divisor D = Y n;w(p;) of ¥, which determines a line bundle over ¥.
This procedure gives a map

Nm : {line bundles over S} — {line bundles over ¥},

which is called the norm map.
To show this, we check that Nm sends linearly equivalent divisors to linearly equivalent
divisors. Let f be a meromorphic function of S and [f] be the principle divisor generated

by f. Let D, D" be divisors of S such that D = D’ + [f]. Define a function f of ¥ to be

=TI fw).

piem~1(p)

counting points with multiplicity. Away from the ramification points, fis meromorphic.
If pg is a branch point on S, then we can choose a local coordinate z in the neighbourhood
of py such that m(z) = 2z* where k is the multiplicity. Let w = 7(z) be the coordinate

Lion

near m(pg), then 7= H(w) = {z, 2£, 22, - - - } where £ = ex*". Therefore f is a product of

39
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terms of the form f(z)f(2&)f(2£2) - f(2€51). Writing out the Laurent series of f, one
can see that f is a meromorphic function of w. Since Nm(D) = NmD’ + [f], therefore
Nm is a homomorphism between the Jacobian varieties.

Definition 4.1.1. The Prym variety Prym(S;Y) of the spectral curve is a subvariety of
Jac(S) defined by
Prym(S;%) :={L € Jac(S) | Nm(L) = O}.

In other words, the Prym variety is the set of isomorphism classes of line bundles over
S such that Nm(L) is trivial.

4.2 The fibers of Hitchin’s system

In the last section, we saw that a generic fiber of the GL,(C)-Hitchin system is the
Jacobian variety of the spectral curve. By integrating the canonical one form along the
cycles of Hy(S;Z), we obtained two sets of affine coordinates, and used the coordinates to
compute the special Kahler metrics of B. In the SL, (C)-moduli space, we will use similar
methods to get the metrics. In these cases, the generic fibers of the Hitchin system are
not the Jacobian varieties, but instead the Prym varieties of the spectral curves.

Let h : M := Mgy, (cy — B be the Hitchin map, recall from section 3.2 that there
is a map F : h™'(B) — Jacy(Ss). Given a point (E,®) € M, F((E,®)) = L is a line
bundle of the spectral curve S such that £ = 7, L. Since det(E) = O in Mgz, (c), then
we have

O = det(E) = Nm(L) @ K~"n=1/2,

(where the second equality is given in [BNR89] section 4), hence Nm(L) = K"("~1)/2,
Since the degree of K is even, choosing a square root K 12 of K, we may take L=
K=(=U/2 hence L" = K~""=V/2 Let I' = L@ 7*(L), since Nm(L ® 7*(L)) = Nm(L) ®
L", we have Nm(L/) = O, hence L' € Prym(S; X).
Therefore, by shifting L with W*Z, the isomorphism F in section 3.2 restricts to the
SL,(C)-moduli space becomes an isomorphism

F:hY(B) = Prym(S; )

sends (£, ®) to L’ € Prym(S; X).

Note that dim(Prym(S; X)) = dim(N) = (n?—1)(g—1) :=d. Let {Ay, By, Ay, By - -+ , Aq, By} €
H; (Prym(S;X);Z) C Jac(S) be a basis, and {a1, b1, as,bs, -+ ,a4,b4} be the cycles of
Ker(m, : Hi(S,R) — H;(X,R)) respectively. Then the affine coordinates of B are given

b
y (Re( [ o), ([ o)), (e [ 01,1 </b 0}

Let {s{, s5, 41, i} be the coordinates corresponds to { Re(f, ¢), Im( [, 0), Re(/, 0), Im([, 0) }
The metrics of the S L, (C)-moduli space is computed by formulas (3.2), (3 3) given in sec-
tion 3.4.

Example 4.2.1. The regular fibers of the SLs(C)-moduli space for g = 2.
When g = 2,n = 2, the spectral curve is the set of solutions of the equation

)\2+6L2:07
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where ay € H'(Z; K?). Since deg(K?) = 2(2g — 2) = 4, then there are four branch points
with order two of the spectral cover S = X. According to Baraglia ([Barl8] section 3),
we can find an open disc D on ¥ which contains the four ramification points such that S
restrict to X\ D is a trivial covering space(two disjoint copies of X\ D).

Let z be the coordinate of the neighbourhood of a branch point on S, and w be the
coordinate of the corresponding neighbourhood on 3 such that w = w(z) = 22, let ly, I
be two branch cuts for the functions z = \/w. Then the spectral curve is obtained by
identifying the points along the branch cut of the two sheets (see the picture below).

s
......... //
“
—— sheetl
w _/:
~
P \

\ sheet 2
”’

We can also see from the picture that the genus g, of the spectral curve S isn?(g—1)+
1 =5. Let{ay, as, by, ba} be a symplectic basis of Hy(3;Z), and {a}, b}, ad, bl a2, b? a3, b3, c,d}
be a symplectic basis of Hy(S;Z), where w(a¥) = a;, w(a}) = b;, for k = 1,2 and
c,d are cycles represented by closed curves in w— (D) with intersection number 1 (i.e.
c =7n1Y ), d=7"Yv) where y1, Vo are the shown paths. They are the new cycles

induced by the "new hole”).

 Then Hy(Prym(S;X),7Z) is generated by {A; — A7, B{ — B?,C, D} wherei=1,2 and
Al B! C, D are the cycles correspond to al,bl,c,d of the Abel-Jacobi isomorphism.

19 7

In fact, the affine coordinates of B can be computed by integrating the canonical 1-
from X\ on X along the paths corresponds to al,bl,c,d. Recall from section 3.3 that faj_' 0=

17 7))

[.i dm(X), note that 0 changes sign when restricted to another branch, then [, 0= [ X
(where we view \ as the 1-form \/—ay, which is well defined on a neighborhood of the
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cycle a; in X) and faZ 0= fa_ —\, hence

fo2
al—a? a;

i i z

for i = 1,2. Similarly, for the two paths v1,v2 on ¥ corresponding to c,d, we have
fce =2 fm A and fdQ = Qf,yz A. Note that this example can be generalised to any values

of (g,n).

4.3 The metrics

From the above discussions, the base Bgy, := @), H’(K®") of the special linear mod-
uli space is a subspace of Bgp, the base of the GL,(C) moduli space, with inclusion
(ag,...,a,) — (a3 = 0, a9, ...,a,) where a;’s are coefficients of the characteristic polyno-
mials. We can construct a special Kahler metric on Bg;, by using Hitchin’s construction
(see section 1.8). It turns out that this special Kihler metric is the restriction of gGF, the
special Kahler metric on the base Bg, of general linear Hitchin system, to the base Bgy.

To show this, note that since Prym(S; ) = Ker(Nm), there is a short exact sequence

0 — Prym(5; %) — Jac(S) —= Jac(X) —» 0.
It gives a long exact sequence of homotopy groups:
mo(Jac(X)) — m (Prym(S; ¥)) — 71 (Jac(S)) — m1(Jac(X)) — 0.

Since my(Jac(X)) = 0 and m (Prym(S; X)) = Hy(Prym(S; X), Z), m1(Jac(S)) = Hy(Jac(95), Z),
m(Jac(X)) = Hy(Jac(X)). Then Hy(Prym(S;X),Z) is the kernel of 7, and tensoring by
R, we get

H; (Jac(9),R) = ker(m,) @ 7*(H; (Jac(X), R). (4.1)

If we let the coefficients of the homology groups to be R then

0 — H;(Prym(S; ¥);R) — H;(Jac(S); R) —— H;(Jac(X); R) — 0.
By Poincaré duality,

0 — H'(Prym(S; ¥);R) — H'(Jac(S); R) —— H'(Jac(X); R) — 0.

(To avoid too many notations, we use , for a few different mappings above, which should
not cause confusions).

Let Vg, = H'(Jac(S); R), Vs, = H'(Prym(S; ); R) = ker(r,) = im(7*)* and W =
H'(Jac(X);R), then we also have

Var = Vs, @ m*W.

Recall from section 1.8 that to find the special Kahler metric we defined a pair of maps
u,v : Bgr — Vgr such that for b € Bgp, u(b) is determined by sending cycles A €
H; (Jac(S)) to Re([, 1) and v(b) is determined by sending A to Im(f, p) . From the
decomposition 4.1, we can write A = o +  where « € ker(m,) and § € 7*(H;(Jac(X)).
Then [, p= fa% w. Let b € Bsy, C Bgr, then for any cycle v € Hy(Jac(9)),

[ o fros
() 7 (r) i=1 YT r
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where the first equality is proposition 3.3.1, r € H;(X) is a cycle in X representing -, 6 is
the canonical 1-from of Sy, A; is, as in proposition 3.3.1, the restriction A|y, of A to the
i" sheet of the trivial covering (by removing a closed disc containing all branched points
) S/7*(D) — %/D.

Therefore when b € Bgy,, [, u = [, p- A similar argument applies to the map v. This
shows the map u sends b to the Vg, component and the following diagrams commute,

Vsr : Var Vsr x Vs, Var x Var
u u (u,v) (u,w)
Bgr, : Ber, Bgy, d Bar

where 17 is the inclusions and u, (u,v) are the maps given in section 1.8. More concretely,
let {e1, ..., e2(9,—g)s J1, -5 fog} be a basis of the decomposition ker(mw,) @& m*(H;(Jac(X))
given in 4.1, and b € Bgy, then

woi(b) :(Re(/e1 1), ...,Re(/e

2(9s—9)

:<Re(/61 u),...,Re(/e 1), 0,--.,0)

and

i o u(b) :i(Re(/ 0, ...,Re(/ 1)

€1 €2(9s—9)
:(Re(/ u),...,Re(/ ©),0,...,0).
€1 €2(9s—9)

The computation is the same for the mapping v in the second diagram. We can also check
the necessary condition that dim¢(Bgr) — dime(Bsr) = n?(g—1)+1—(n?=1)(g—1) =
g. Since the special Kdhler metrics ¢G§F and ¢5F are induced from the inner products
< ) >VGL><VGL and < ) >VSL><VSL7 where < ) >VSL><VSL = < ) >VGL><VGL|VSL><VSL7 therefore

Theorem 4.3.1. The special Kdhler metric of the SL, (C)-Hitchin system is the restric-
tion of the special Kihler metric of the G L, (C)-Hitchin system. i.e. g5t = ¢5F|ps, -
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Chapter 5

Donagi-Markman Cubic

In this section, we introduce the Donagi-Markman Cubic[DM96] for Lagrangian fibra-
tions, which is useful in the computation of metrics in Hitchin systems. We also provide
a formula of the Donagi-Markman Cubic in terms of the affine coordinates of B.

Let h : M — B be a Hitchin system, 7 : M"9 — B be the regular fibration, then
the regular fibers are complex tori with dimension g5 (In the G L, (C)-Hitchin system, g
is the genus of the spectral curves). Let V be the vector bundle over B™ whose sections
are constant vector fields along the fibers of h, then we call V — B"“ the vertical bundle
on B". Since each constant vector field on a torus can be represented by a vector in the
tangent space at the origin of the torus, therefore V may be considered as the bundle of
tangent spaces at zero of each fiber, at least, once a local section of M"™¥ — B"Y has
been chosen. This means V' is the disjoint union | |5c ey ToF'(3), where Fj is the fiber
at 3. Define a map

i:TB"™ — V*
sending X € TgB™ to Q(X, —)|r,. Note that Q(X, —)|r, is a holomorphic 1-form on
the torus Fj, because the fibers are Lagrangian hence Q(X, —)|p, does not depend on
the choice of vectors that project to X. Every such holomorphic 1-form is translation
invariant, hence Q(X, —)|p, defines an element of V5. Obviously, 7 is a homomorphism.
Since the fibers are Lagrangian and € is non-degenerate, hence V* has the same dimension
as TB"™ then ¢ is an isomorphism.

Now let F' be a fiber, 71, -+ , 724, be a symplectic basis of Hy (F,Z), then the change of
basis is given by a symplectic transformation. Let ay,--- , oy, be a basis of holomorphic
1-forms, such that for 1 <14, 5 < g,,

/ a; = 61]
i

Then the period matrix 7 = {7;;} is given by 7;; = f%‘+g5 a;.

By Riemann’s bilinear relations (see [GX08]), 7 is a g5 X g5 symmetric matrix depend-
ing on the complex structure of F' with positive definite imaginary part. Let a point vary
in the base B, then 7 is locally a matrix of complex functions of B™ (7 depends on the

local choice of basis 71, ..., 724, ). Let

A {symmetric matrices with positive definite imaginary part}
" Sp(29s; Z) ’

then we obtain a map
p: B — A,

45
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Note that F' is determined by the period matrix, hence F' can be regarded as a point in
A,,, and p is the map which sends a point b € B to a matrix (7;;) € A, An element in
TA,, is a symmetric matrix, which can be considered as a symmetric tensor of V, then
the differential of p gives

dp: TB™ — TA,, = Sym*V.

Donagi and Markman showed (in [DM96]) that the map dp o i~! : V* — Sym?®V is a
cubic in H(B"*9; Sym®V).
Let {A1,---, A4 } be the affine coordinates of B given as in section 3.3, 3.4, then

dpoi~t € H'(B™; Sym*®V)
is equivalent to the condition that Oy7;; := g:: is symmetric in 4, j, k which we have
proven in theorem 3.5.3. From now on, we call d;7;; the Donagi-Markman cubic.

Given a point b € B", with local coordinates Ay, --- , Ay, since 7;; is the periods of
the spectral curve Sy, hence the Donagi-Markman cubic 0,7 is given by the deformation
of a family of spectral curves and by the theorem of Ehresmann, locally on B", the
spectral curves S, are diffeomorphic ([Huy06] section 6.2). Therefore we can think of
the deformation of spectral curves as the deformation of complex structures on S,. It is
known that the deformation of complex structure is given by the Kodaira-Spencer class
in H'(S,; TS,), which can be computed as follows.

{>‘1? to 7)‘95}

Let B*™ be the open and dense subset of B" so that the spectral curves Sy have
only ramification points with ramification order one (i.e. the spectral curves S, only have
simple ramification points), for simplicity, we will work on B*™ instead of B"9. Let m be
the number of ramification points on Sy, {p1, - ,Pm}, {P1, - , Pm} be the branch points
on Y and ramification points on Sy, {U;}, {U;} be the neighbourhoods of the branch
points and ramification points respectively as the picture showed, then for each [, we
can find coordinates z; of U; such that x;(p;) = 2, and the local coordinate of Sy in a
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neighbourhood of the ramification point p; is given by ¢ = 2 — 2. Then we have a short
exact sequence,

0 — O(TS) = O(x*Tx) =N, 0, (TS) — 0,

where Oy, (TX) is the skyscraper sheaf of the branch points with values in T, X, because
7, vanishes to first order of each ramification point. Let § : H(X; O,,(TX)) — H'(S; TS)
be the coboundary map of the induced long exact sequence of Cech cohomology. Since ¥
and Sy are complex manifolds, we prefer to think of the cohomologies of the first two terms
in the short exact sequence to be Dolbeault cohomologies (though there is no Dolbeault
cohomology of the third term).

Explicitly, when a point b € B*™ varies smoothly, let i be a local coordinate of the
fiber of T*3 (i.e. (z,y) corresponds to ydz). The spectral curve given by the characteristic
polynomial y™ + a;y" "' + -+ + a, = 0 varies in T*Y, hence the branch points on ¥ also
vary smoothly. Therefore locally we obtain a map (which sends a point b € B*™ to the
m-tuple of ramification points of Sy)

Q:B"™ s U x - xUp.

Let % € Ty, B*"™ be the tangent vector at b in the \; direction, then dQ(%) is an element

in H°(X; 04, (TY)). The corresponding Kodaira-Spencer class &; is given by § o dQ(%).
In the local coordinates we have chosen on X, let A be the local coordinate of Sy

around ramification points, write

0 ;0 .0

Ho )

dQ<a_)\z) = (218_21’ Ty mazm

where z; is a local coordinate on U;. Then we choose a smooth extension of the local
vector fields {z}a%} to X, and call the extended vector field F;. In addition, we can
require F; to be holomorphic in a small neighbourhood of each branch point (e.g. we can
assume F; = /-2 in a neighbourhood of p;). Let W; be the singular vector field on S

19z
such that
7"—*V‘/i - E
At ramification points, we have
20
W, =L 5.1
2490’ (5.1)

where ¢ is a local coordinate on S at p; satisfying ¢° = z; — z;(p;), hence 2qdg = dz and

g 10
0z 2q0q°
Therefore the Kodaira-Spencer class is given by x; = OW; (note that OW; has no pole
since W; is meromorphic near ramification points).
Now by Riemann’s bilinear relation,

&u]/\ e — > /aw]/ k_/awj/wk
Sb

(%Jj
be ONi
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Therefore,

87—jkz B &JJ]-
_ 3wj A Wi
5 0N

8wj ©0,1) A
= — Wk
s, ONi

9w, (0
where 222

71 . W . .
o "is the (0, 1)-part of g_/\Z' From Griffiths transversality,

0

(D@ = k]~ [w]
Therefore, we have
aTjk /
= — Kiwi N\ W
O g UE

= —/ (5%)&% /\(,u,z€
Sb

S

Now by Stokes’ theorem and Cauchy’s residue theorem, we have

Theorem 5.0.1.

a7 - ~
TJ’f =2mi E Res(Ww;wi; pi)
=1

O\

m 0
WiWjWrYs,
=—2m E Res(%; Di)-
=1

The second equality is due to the lemma below.

wiw w2
Lemma 5.0.2. Res(Wwj;wy; pi) = —R68(+yay; pr)-

Proof. The proof is in fact Lemma 6.2.4 which shows
0,0 0

o Wi (9

V: - a
e\syay leyay

where V is a lift of the normal vector field with Res(V) =

Donagi-Markman Cubic

—Res(W). The second

equality is given by Lemma 3.5.4 and the fact that ¢;0 is holomorphic (see section 6.2
and Proposition 6.2.2 for details), because if df is an exact holomorphic 1-from, then
d(df) = 00 f = 0, which implies f is a harmonic function hence constant by the maximum
principle. All these together give a proof of the Lemma.

]
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Topological Recursion

We have seen in the previous sections that the special Kahler metric on the base B™Y,
and the semi-flat metric of the moduli space M depend on the variation of periods of
the spectral curves. Under this circumstance, it allow us to use a tool called topological
recursion [EO07] [Eynl14], introduced by Eynard and Orantin, to describe the variation of
the periods 7;;. We will also give an overview of the relation between topological recursion
and the Bergmann tau-function 75 [KIK04], which is defined locally as a flat section of
the Bergmann projective connection near ramification points. Although the Bergmann
tau-function is only defined locally under some chosen coordinates, it turns out that the
12th power of the function is a global section of a line bundle of the Hurwitz space, and
we have worked out the transition functions for the line bundle. We begin by giving the
definitions of topological recursion.

6.1 Definitions of topological recursion
Let 7 be the period matrix of a compact Riemann surface with genus g5, and @, b be fixed

vectors in Z9%, and
. a
={z)

1. The Riemann theta-function with characteristic ¢ [Fay73], 6; : C% — C to be

we define:

0,(v) = Z ez‘w(ﬁ+6/2)Tr(r‘i+z'z‘/2)+2i77(17+l;/2)T(7‘i+6/2)‘

nez9s

The fixed vector ¢ is called the characteristic of the theta function and we say that it is
odd if 3% a;b; is an odd number where @ = (a;)",b = (b;)";
2. The prime form of S x S to be
0 (u(p) — ulq))

Bed) = (e

where u is the Abel-Jacobi map, t is an odd characteristic and

dhy(p) = Z dw;(p) - 865,5:])

v=0

49
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Note that £ is independent of the choice of t;
3. The Bergmann kernel to be

B(p,q) = dpdn(0:(u(p) — u(q))),

for any odd characteristic . We will use the following properties of the Bergmann kernel
in this section. All of them can be found in [EO07] [Fay73].

The Bergmann kernel is a section of Kg X Kg. It has double poles with no residue
on the diagonal of S x S and is holomorphic elsewhere, choose a coordinate {p, ¢} in the
neighbourhood of a point (a,a) € S x S, such that p o m; = g o m on the diagonal of
S x S where 7, my are the projections of S x S onto the first and second component,
then B(p, q) has the form

1
(p—q)?

where Sp is called the Bergmann projective connection [Fay73] that depends on the choice
of local coordinates, such that if ¢ is another coordinate near a, and Sg is the Bergmann
projective connection corresponding to ¢, assume that ¢(a) = ¢(a) = 0 then

. f/// 3f//2
Sale) = (F)Snla) + (L~ 3

where f is the change of coordinate, i.e. ¢ = f(q) = f'q+ %f”q2 + %f’”q3 +-
Also B(p, q) is the unique symmetric form of the type described above satisfying,

B(p,q) = (

1
+ 5S8(a) + - )dpda,

),

1

1
o ) (p,q) =0, i ) (p,q) = wi(q) (6.1)

7

Now given a ramification point b of the spectral curve S, and let b be the corresponding
branch point on ¥, z be the coordinate around b such that z(b) = zp, then we can find a
local coordinate ¢ on the spectral curve near b, such that ¢*> = z — 2. Let

1Ep) =5 [ B

w(q) = (y(q) — y(—q))dz(q),

where y is defined by 6 = ydx, then we define the topological recursion for meromorphic
sections W, (they are called Eynard-Orantin invariants) of the n-th exterior tensor
product K¥" = K, KK, X --- X K, for n > 1, g > 0 as follows.

W% (p) =0,

Wi (p,q) = B(p, q),

and by recursion for g > 0, n > 3,

dE,(p) & m m _
Wéﬁ-)l(p7 PN) = Z 1;{_?2 qu) (Z Z VV\(K\i_l(Q7 PK)WT(LQ—|K|)+1<_q7 PN\K>+WT(Lin)(Q7 —q, PN))a

( m=0 KCN
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where a are ramification points, Py = {p1, - ,pn}, Px = {pi,, Pigs -+ ,Di,} for K =
{i1,--- ,ix} a subset of {1,2,--- n}. One can check that the recursion formula is well
defined when Wl(o) and WQ(O) are given. Using the recursion formula we can compute

() _ o B(q,p)B(q, p1)B(q, p2)
W37 (p,p1,p2) = ; 1?_}@ de(q)dy(q) , (6.2)
wilp) =" Res dfgg) B(g, —q). (6.3)

Note that Wi? is symmetric in its n variables [EO07].

6.2 Variation formulas and the Donagi-Markman cu-
bic

Recall that given a point b € U the spectral curve S lies in 7% and the normal bundle
Ng, is defined by the short exact sequence

b
0— TS, - T(T*3) - Ng, — 0.

When b is moving along an integral curve of a vector field on B", the deformation of .S
is described by a section of the normal bundle Ng,. This is called the characteristic map

x:T,B™ = B — H"(S,, Ng,),

which is given as follows.

Let S be a spectral curve which is the zero divisor of a p € H*(T*%, m*(K™)), V be a
section in Ng, by the adjunction formula we have an isomorphism ¢ : Ny = 7*(K")|s. If
we choose local trivialisations of 7* K™ with transition functions g;; : U; N U; — C*, then
p is just a collection of functions s; : U; — C with s; = g;;5; on U; N U; and s;|g = 0.
That implies dv (s;)|s = ¢ij0v ()]s, where Oy (s;) is the derivative of s; in the direction
V. Hence {0y (s;)|s} is a section of 7*(K™)|s denoted as dyp|s. Then ¢ is given by

Cb(V) = aVP|S-
Let b € B™9 and
p:B=EH(E, K7) = H(S), 7" (K"))

j=1

be the map such that
p(b1, .y by) = T (b)AN"E + T (b)) N2 4+ 7 (Dy).
Then we have,

Proposition 6.2.1. The characteristic map is given by

xX=—0¢""op.
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Proof. Let b(t) be a 1-parameter family in B9 with b(0) = b, b'(0) € T,B" a tangent
vector, and x a point in S,, z(t) a l-parameter family of points in 7*(X) such that

x(t) € Spr). Then by the definition of x, the projection of 2’(0) to the normal bundle is
x(V'(0)) := V. Since pyu(x(t)) = 0, then

dpor) (x(1))
dt

ooy (z(t))

dt =0

t=0

=0 (0)2"1(0) + - -, (0) +

This says p('(0))(z) + Ovpeoy = 0 or ¢(V(x)) = —p(b'(0))(z). Therefore
X(¥'(0)) = —¢~"pt/(0).

In fact, p is an isomorphism since by [BNR89],
W*OS = OZ S5 K_l D---D K_(n_1)7

and then multiplying both sides by K™ and taking global sections gives the result. That
means X is an isomorphism, so B™ can be identified (at least locally) with the moduli
space of deformations of Sp. Since in a local neighborhood U of b, the topology of all
the spectral curves Sy are the same for Vi € U. We can think of the moduli space B"*
as the space of a fixed curve with different complex structures and each curve Sy is
equipped with a 1-form 6, which is the pull back of the canonical 1-form of Sy to Sp).
In concrete terms, let 2" be the universal moduli spaces of spectral curves:

7" ={(x,b) € T"E x B" | py(x) =0},
then for any b € B" we can find an open neighborhood U C B such that
Z"Ny 2 U xSy

Here we think of Z"|; as the product of U with a fixed topological surface Sy, but
there is a family of complex structures I(t) of S, that is varing with ¢ € U. In other
words, all spectral curves Sy C T*Y for t € U were identified with .5, by a diffeomorphism
vt 2 Sp — S Then

Tt Sy = Sy — &

is holomorphic with respect to I(t). Given a tangent vector 9 € TyU, let Y = 7 €
QO(S,7*(TX)) be the differentiation of 7 by 9, then 9Y = m,(x(0)), since =, is holomor-
phic and k(0) = OW where W is the vector field as defined in Chapter 5. If we view 7,

as a section of Kg @ 7*(T'Y), then
Y

W= —
Tl
is a vector field on S with poles at the ramification points and satisfies OW = k. Let:
e j: /" — T*Y the map sending a spectral curve to its image in T*%;
«F=moj;
e 0 a (1,0)-vector field on B"Y;
e 0 =0 — W(9), where W(9) means the vector field W determined by 0,
then 0 is the unique lift of 9 to Z"|y such that 7(d) = 0 (i.e., 7 is constant along the
integral curves of §). Since W has poles at ramification points, § is a vector field with
poles of Z™9|;;. Let S := S, the variation of # is given by the next proposition.[BH17]
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Proposition 6.2.2. Let V' be the section of the normal bundle Ng given by x(0), then
00 = iydl|s (where in the right hand side, to simplify the notation, we also use 0 as the
canonical 1-form of T*%, and iydf|s means restricting iydf to S, i.e. we only apply the
1-form to tangent vectors in T'S).

Proof. Let D = }_ (r(a) — 1)a be the ramification divisor of 7, where a are the ram-
ification points and r(a) the ramification index, let V' = j.(9) € Q°(S,T(T*X)) and

V = j.(0) € QUS, T(T*X))(D) (see the picture below). Note that V' is meromorphic,
since W has poles.

0 direction of the fibers (spectral curves) in Z"|; = U X S,

\
%
S, S,
. —— %
<« T
8 € T,B

Note that V and V are lifts of V because the flow of them gives spectral curves for
each ¢, but they depend on the trivialisation of Z"9|; = U x S,. Also note that
7.V = m,W. Since § preserves 7o j, mj.0 = 0. Hence 7.V = 0. Since Jilrs = 1d,
we have V = J«(8) = j5(0 - W) = V — W. Applying 9 to m.V = m.W, we have
1,(0V) = 7, (OW) = m.k. Since m, : T'S — 7*TY is generically an isomorphism, so
k = OW = 9V, hence V is meromorphic. The identity j,(d) = V means the diffeomor-
phisms ¢, are given by integral curves of V, hence the change in 0 is 90 = Li0]s. Then
we have

50 =00 — L0 = Loy 0)s = Lb)s = ipdl|s + d(ig0)]s,

where the last equality is the Cartan’s formula. Since 6 vanishes at the ramification
points with order at least that of ., hence i;,6 has no pole on S, i.e. it is a holomorphic
function on S, hence a constant. Therefore 60 = i;df|s = iydf|s, since V is a lift of V
(note that a tangent line of S in T*X is always Lagrangian with repsect to df). O

Example 6.2.3. (g =1, SLy(C) moduli space) Let C be a complez plane with coordinate
x, think of ¥ as C/(Z + TZ), then a holomorphic one form on ¥ has the form Adx. In
particular, \ gives the coordinate of the base B. When X\ # 0, the spectral curve of % is
{(y,p) | y¥* = =\, p € Z}. In these settings, we have

0 1 0
Ve — = =
O\ 2y Oy’
hence .
iydf = ——dx.
1874 2y X

On the other hand,

oV —A 1
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Now let « be a local coordinate of ¥, y be the coordinate of the fiber of T*¥ such
that (z,y) corresponds to (x,ydx) € T*Y, then § = ydz. Let £ = ya%, and o = iy df|s
then we have

Lemma 6.2.4.
«

Vv 0‘55 : (6.4)

Proof. Since V is a lift of V satisfying W*(V) = 0, therefore V s uniquely determined
(because for a tangent vector in X € T'S, m,(X) is non zero generically). Therefore all we
need to prove is that the right hand side of 6.4, denoted as V*, is a section of T'(T*X)(D)
which is a lift of V and 7, (V*) = 0. The condition 7, (V*) = 0 is automatically satisfied by
the definition of V* since m.(§) = 0. Now we write a = a(q)dq for some local coordinate
of S, then
a(q)dg O

ydx yay
_alg 0

2'(q) Oy’

which says the polar divisor of V* is D. Since

V* =

«

'*dg —
v |s 9|S

9|5:Oé,

thus V* is a lift of V. Hence V* = V. O]

Also we can vary the Bergmann kernel and other Eynard-Orantin invariants by ¢
[EO07] [BH17].

Theorem 6.2.5. (Rauch variational formula)

- _ es 00(u)B(u, p)B(u, q)
5B(p, q) = Z e e tw)dy(w)

where p,q are distinct and are not ramification points.

Proof. Note that the vector field W such that 7,W = 7 depends on the choice of the
local trivialisation of Z"|; = U x S (the diffeomorphisms ¢;). We can choose a local
trivialisation such that T vanishes in a neighbourhood of p and ¢ (i.e. we choose a
trivialisation so that p, ¢ deforms inside the fibers T*¥ they belong to, we can do that
because p, ¢ are not ramification points). Then

0B(p,q) = 0B(p,q) = Lw ) B(p,9) — Lw(g)B(p,q) = 0B(p, q).
Next we have the variational formula for B(p,q) ([Fay92], page 57),

1

OB(r.0) = R B(p) + R0 B(0.p) — 5=PV. [ k(B0 A B(=0)

where P.V. is the Cauchy principal value of the integral. Since x = OW, then k(p) =
k(q) = 0 and

OB(0) = 52> | W Blup) Blu ),

210 = Juera
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where ) is the sum over all poles of W (u)B(u, p))B(u,q) (i.e. ramification points and
p and ¢, but since W is zero near p and ¢, we only need to take the sum over the
ramification points), 7, is a contour around a. Note that if a = ¢(0) is a ramification
point, Y (a) = c% € T2 is a tangent vector describing the motion of the branch point
m(a) correspond to 0, then under these coordinates,

0 0 c 0 d 0O
Wia) = cqe T4, = 20)aq * y(0) 9

where the second term has no pole. Let ( = 1/(dzdy), V in these coordinates is V(a) =
Y(a), and —(iydf|s)(a)((a) = ¢/(2'(0)dg) has the same pole as W (a). Therefore by
proposition 6.2.2 we can write W as —(d6)¢ + W' where W’ has no pole. Then

0B(p.a) =53 [ W(w)B(wp)Blu.g)

u€Ya

= — > Res(60)(u)¢(u)B(u, p) B(u,q) (6.5)

B 66(u) B(u, p) B(u, q)
T ;5—63 dx(u '

Hence we finish the proof. n

If {A1,...,\gq} are (the affine) coordinates of B"™9 as before, ¢; is the lift of 0; as in
proposition 6.2.2, then from theorem 6.2.5 we have

a wi(a) B(a,p)B(a,r)
%B(p.r) =~ ; y'(a)  2dgdg

(6.6)

where the sum is over all simple ramification points, ¢ the local coordinate of a. Because
if p, r are not ramification points then B(u,p) B(u,r) have no pole when u — a. Also
00 is w; in this case from Lemma 3.5.4, and note that d6 is holomorphic from the proof
of Proposition 6.2.2, and dz = 2qdq.

Theorem 6.2.6. (Variational formula) (See [EO07] Theorem 5.7, [BH17] Theorem 7.2)
Forg+Fk>1,

1
61'W]§g)(p17 7pk) = _% ) Wk(i)l(papqa "-apk)7
pEO;

where 6; is the 0 corresponding to the i-th affine coordinate of B"9, and the cycle b; is
chosen so that it contains no ramification points.

Now using the variational formulas, we are able to recompute the Donagi-Markman
cubic. Recall that 5= fplebj B(p1,p2) = w;(ps) and fp2€bk w; = T;,. Therefore the cubic

Y%A
cijr can be computed by

1
ik = 0iTjr =5—0i B(p1,
Cijk Tik =5 /plebj/mebk (p1,p2)
1
:_‘/ / 52‘3(1717172)
2mi p1€b; Jpacby

1\° 0
=— <2—) / / Ws( )(p7p17p2)'
m p€eb; Jp1€b; Jpaeby
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From formula 6.2, we have

5N Res [(Wilwi(@wr(a)
K ;5’%< d0(q)dy(q) )

which is the same as the formula of ¢;;;, we obtained in the last section. Using the
recursion and variation formulas, we are also able to compute [BH17],

. m—1
0, 0; "'6im_27—im_1im = — - / / W#?)(pla'-wpm)'

In this way, we have a power series expansion for the period matrix 7;; about any point
in B"9 by using W,io). From Chapters 2,3,4, we have seen that the special Kahler metrics
are given by the periods of the spectral curves, hence the Kéhler geometry of B around
a point p € B" is determined by the spectral curve corresponds to p. Next, we will study
what W,gl) computes.

6.3 Bergmann tau-function, F(!) and W,f;l)

Start with 7 : S — X, a holomorphic n-fold covering with only simple ramification points.
Let py,...,p;n be the branch points on ¥ and aq, ..., a,, be the ramification points on S, x;
be local coordinates of a small neighbourhood of p; with z;(p;) = 0. Now fix ¥ and vary
S in B" then both the branch points and ramification points are varying.

Let H,, ., be the set of all n-fold coverings with m simple branch points, let x; be a
local coordinate of an open disc on ¥ containing the branch point p;, then the coordinates
x1, ..., Ty of branch points on X can be considered as local coordinates of a neighbourhood
of a point 7 : S = ¥ in H,, . This gives H,,, the structure of a complex manifold.
We shall rewrite it to be {z1, ..., 2z, } to distinguish the coordinate on 3, then z; = x; =
z(a;). Let B¥™ C B be the dense subset consisting of all points whose spectral curves
only have simple ramification points, then there is a natural map B*™ — H,, ,,, where
m = deg(K™™Y), then by the same reason in the proof of Theorem 6.2.5, formula 6.5
extends to any vector field 0 in H,, ,,, with 46 describing the variation of § with respect to
0. The Rauch variational formula of the Bergmann kernel in the coordinates {z1, ..., 2 }
is given by (see e.g. [EOO07] formula 5-3, 5-4 or Theorem 6.2.5, where it is clear that
06 = (dy/dx)dx = dy in this case)

0B(P,Q) Res B(R,P)B(R, Q)
0z  Roa dz(R) '

(6.7)

Let g = /x — 2z for 1 < k < m, then ¢, is a local coordinate of S in the neighbour-
hood of the ramification point ay, and

Define )
Bk = _ESB(O)

then B is a function of z,. Note that B, depends on the choice of local coordinate xy,.
We will examine the dependence of B on the choice of coordinate later. We can do this
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for all £ =1, ...,m, and define a connection on H,, ,, in a neighbourhood of 7 : S — X to

be .
k=1

This is a locally defined connection in the coordinates {z1, ..., 2, }.
Theorem 6.3.1. Fori,j =1,...,m we have

0B, 0B,
aZj N 8zl '

Proof. When i = j, the formula is correct automatically. Assume 7 # j, let a; be a
ramification point, U; be an open disc of a;, U; an open disc of a;, let ¢ : U; — C,
r : U; — C be coordinates, such that ¢ = /= — z; near q;, and r = /T — z; near q; .
Then we have

1

B(q,—q) = — (4—q2 + %SB(q(ai)) +o(1) +-- ) dqdg. (6.9)

Therefore B B
B, — Res 20— _ g Ble—0)

g—a;  2qdq g—a;  dx

From the Rauch variational formula 6.7 (which is a formula for z fixed), we have

% — RGS aB(q7 _Q) i
0zj  a—a; 0z, dx
— Res Res B(Ta Q)B(T7 _Q) 1
g—a; \r—a; 2rdr 2qdq (6.10)
— RGS RGS B(’I", q)B(Ta _Q)

q—a; r—a; 4qrdqdr

B<T7 Q)B(Ta _Q)
= Res R .
r—>easj q—>easi 4grdqdr

Since we need to consider the situation when r — a;, ¢ — a; and i # j, B(r,q) and
B(r,—q) are holomorphic in a small neighbourhood of (aj,a;) € S x S. The series
expansions of B(r,q) and B(r, —q) near ¢ = 0 (note that ¢ — a;) have the form

B(r,q) =(co(r) + c1(r)g + - -+ )drdyg
B(r,—q) =(co(r) — c1(r)qg + - - - )drdg.

Therefore the first residue of the last equality in 6.10 is just

fos B @B —0) _ o BOo)Bra) _ enal)

q—a;  4dqrdgdr g—a;  dqrdgdr 4y "

This means,

aBz _ RGS Res B(Ta Q)B<T7 q)
zj  r—ajg—a; 4grdgdr

which is symmetric in 4, j. O
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Definition 6.3.2. The Bergmann tau-function 1g is the solution of the equations

8ln(7’B) B B 1
82k = Bk = _ESB(ak) (6.11)

for all k with 1 < k < m.

We will soon see that 7p can be interpreted as a section of a line bundle on the
universal cover H,, ,,, of Hy .

Let’s fix all z; except 2, at the moment, and omit the subscript £ when it is not nec-
essary to be mentioned. Consider the coordinate change z — 2 of H,, ;. The coordinate
change of z corresponds to a coordinate change x — & = h(x).

For each z, expand h(z) in a neighbourhood of x = z, we have

T=nh(z)=hz)+ M) (z—2)+ %h"(z)(x — 2%+ éh”'(z)(x — 23

Define, ¢ = v/ — z, and ¢ = V& — 2 = f(q) as coordinate change on S near the ramifi-
cation point ay. Note that ¢(ay) = ¢(ax) = 0, then f(0) = 0. Expand f at ¢ =0,
. 1 1
Q=) =fa+5/"0C+ "0+
From the relation ¢ = v/ — z, and § = vV — Z = f(q), we have
0 — f//
W(z) = 1" (6.12)
1 2 2
h”(Z) — §f//2 + gf/f/l/ _ gf/f”/-

Note that f’, f” depend on z (when necessary, write f' := f. etc.), because we get
different f for each z. Recall that

Safa) = (P Sala) + (L7~ 3

)7

then we have

1 SO S A
ESB(a)dz — ESB(a)dZ = ﬂdln(h (2)) = ﬁdln(h (2)°). (6.13)

Note that if Z; = h;(z;) is a coordinate change on V;, where V; is a neighbourhood of the
branch point on ¥ corresponds to a;, then hl(z;) is the transition function of Kyly;. Let

Hn,mD‘/IX‘/éX'~-XVm£>‘/;

be the projection, then {>""  2Sg(a;)dz;} is a set of connection 1-forms of the line bundle
Q1 K|y, on H,,, because of 6.13.
Let dg =d + )", 2Sg(a;)dz; be the connection, from 6.11, we have

dp(T3!) =dr3 + 2 Z Sp(a;) T dz;

=1

u )
=dr3' +2) —127% aTzB dz:
i=1 i

=0.
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Hence 73! is a flat section of the line bundle £ = @7, riK2|y: (pulled back to the

i=1"i
universal cover ﬁnm) with connection dp.
Now choose a point [S] € V} X -+ X V,,
by identifying dx; ~ dqdq. If #; = h(z;) and ¢ = f(q) are coordinate changes, then the
isomorphism gives f'(q)? = h'(z;). At the point z; = z;, the formula 6.12 is satisfied.
Note that the ismorphism can be given by the jet bundle J'(dr) € Hom(Kxly,, K2|v,),
where simply branching of the covering implies JY(dm)(z;) # 0. Therefore, the line bundle
L is isomorphic to Q" | K¢|y,. Then 74 is a section of ", K2|y, (pulled back to the
universal cover). In the z coordinate, the transition function is given by g(z) = (f’)?
when we change the coordinate z = h(z) (note that the value f’ depends on z).

Definition 6.3.3. The free energy FV) is defined to be

FO = ——ln (1B) — —ln Hy

where a’s are the ramification points and y is the coordinate of dx;, and consider it as a
function of ¢ when a branch was chosen, and y'(a) = y'(¢)|4=o-

24F ()

Proposition 6.3.4. ¢ is a well-defined function on the universal cover B¥™ of Bsim|

Proof. From the definition above,

—12
ur®  Tp

~ly(a)
We have seen that 752 is a section of £72 Qi Kg®|y,. We can restrict the section
to B5m — Hnm Since

0 = y(q)dz = §(¢)dz,
apply % to the middle and the right hand side, we have y'(0) = ¢/(0)(f’)%. So []v/(a) is
also a section of @, Kg°|u,. ﬂ:herefore 2P is the ratio of two sections of the same
line bundle, so is a function on B"Y. ]

Next we will give the relation between F) and Wl(l) [EO07]. From formula 6.3 we
have,

L dE,(p)

1 (1) 2mi Jpeb;
— Wi (p) = Res,—a r
270 Jpen, v () Z - w(q)

_ wi(a)  y"(a)wi(a)
Z24y ( B T T T ) )

where the second equality is computed by the expansions of ﬁ, B(q,—q) (see formula
6.9) and the fact that ([BH17], section 7.3)
1 1

2mi ohy dE,(p) = —q(w;(0) + 6w;'(0)q2 4.

Proposition 6.3.5. The partial derivative of z; with respect to \; of the map B¥™ —
Hom 15 given by
0z;  wilay)

v (6.14)
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Proof. Near the ramification point a;, from the definition of W (or formula 5.1)

. ang . szig
oM O ON2¢0q

Then

8,2]-
N =2Res(W)

~

= —2Res(V).

From (the proof of) Proposition 6.2.2; §;0 is holomorphic. Together with Lemma 3.5.4,
we have w; = 6;/ (because if df is an exact holomorphic 1-from, then d(df) = 99 f = 0,
which implies f is a harmonic function. Since the spectral curve is compact, hence f is
constant by the maximum principle). By Lemma 6.2.4

Res(7) = %)

which finishes the proof. m

Proposition 6.3.6. [FO07]

1
pED;

271

Proof. Let A1, ..., A\gg, T1,..c; T, 21, ..., 2m as defined before, and choose a ramification
point a;, let ¢ = \/x; — z;. Recall that % = —ngg)). By the definition of 75, we have

Z mwi(a)&g(a) = 52-(%111(7'3)),

a

Since ¢; is a lift of ai/\i such that d;x = 0, then §; = 6% + ga% for some function g of
¢, A1, ..., Agg. Near the ramification point a;, we have g—i = g—f\i, hence g = 2‘;;—%.

Now since §;(y)dr = w;(q)dq, we have

oy(q)  wi(0)y'(q)
2q o, + (0) = w;i(q).

Expanding it to order ¢?, we have

2q <8y(0) + qay'(o) + - > ) (y/(o) +qy"(0) + 1612?/”(0) + - )

O\ o\

1
= (0) + qui(0) + 5P (0) + -+

Comparing the coefficients of ¢*, we get

ay'(o) 1., w;(0)y"(0)
Y Z(% (0) - W)a

(6.15)

and finishes the proof. O
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Proposition 6.3.7.

Owi(a;) _ 3 wr(a)wi(a)B(r(a),q)  wi(a)wi(a)Sp(a;)
Ok 2y'(a)dr 12y/(a) '

aFa;

Proof. Let g be a local coordinate in a neighbourhood of a@;. In this neighbourhood, let
w; = w;(q)dg. Then by formulas 6.1 and 6.6, we have

64 (wilq)dq) = 1/,, 5.B(p,q)

211

wka B
:_Z )fp B(CL?q)

y'(a) 2d7’dr
_ Z w(a)w;(a) ( q)
2y (a)d ’
where 7 is the local coordinate of a. Note that 2¢d;(q) = —d;z = —0;z. Then
1 wi(a)
(575 q) = = )
@ 2q y'(a)
and 1 wia)
w;(a
0;(dg) = ——=—
(dq) 2¢2 ' (a)
Therefore, we have
wr(a)wi(a)B(r(a),q) 1 wi(q)wk(ay)
OpW; = — —_— 6.16
) == T T v (610

a
Hence

wi(a@)wi(a)Bla,q)  wi(aj)wi(a;)Sp(a;)
2y'(a)dr 12y/(ay) '

Now combine with formulas 6.14, 6.15, we have

0%z _ 3 wi(@)wi(a)Bla, q) | wi(a;)wila;)Splay) = wilay) Wl(a;) — wk(ay)y" (a;)
ONON, = 2y (az)y (a)dr 12y/(a;)? 4y'(a;)? \ " '
One can see that the second order of the expansion of B*™ — H,, ,, depends on the one
forms w; and the Bergmann kernel of the spectral curves.
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Appendix A

Vector Bundles on Compact
Riemann Surfaces

A.1 Holomorphic vector bundles and Dolbeault op-
erators

[ will briefly give a few facts about complex vector bundles on (compact connected)Riemann
surfaces that are needed in my thesis, more detail about holomorphic vector bundles
should be found in text books such as [For91] [Jos13].

Let ¥ be a compact connected Riemann surface, and p : £ — ¥ a complex vector
bundle on X, the rank of the vector bundle F is defined to be the complex dimension
of p~!(z) for any z € X. It is denoted rank(F). A line bundle is a rank one vector
bundle.

The degree of the vector bundle F is defined to be the integral of the first Chern
class ¢;(E) € H*(X%;Z) of E:

deg(E) := [y c1(E) € Z.

The degree of vector bundles satisfies the following properties, which are useful in com-
putations:

deg(E*) = —deg(F),  where E* is the dual of E,
deg(Ey @ Ey) = deg(Ey)rank(Es) + rank(E;)deg(Ey).

Theorem A.1.1. The topology of a vector bundle E over 3 only depends on deg(FE) and
rank(E).

In other words, if F, Ey are two complex vector bundles on ¥, if deg(E;) = deg(Es),
rank(FEy) = rank(FEs), then E; and E, are isomorphic as topological complex vector
bundles. Moreover, each (r,d) € Z, x Z gives an isomorphism class. A proof of the
theorem can be found in [Tha96].

Let p : E — X be a complex vector bundle, a holomorphic structure on FE is
by definition a (maximal) holomorphic atlas on it (i.e. the transition maps of the local
trivialisations are holomorphic). Sometimes one just write E as a complex vector bundle
with a holomorphic structure. A holomophic structure of E' is a global structure that can
not be easily described in general. When studying the space of holomorphic structures,
one may find it more convenient to work with differential operators that are attached

63
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to the holomorphic structures instead. These differential operators are called Dolbeault
operators of F/, and we have a bijection between the space of Dolbeault operators and
space of holomorphic structures of E.
Let’s define a connection V on E — ¥ to be a C—linear map
V:QUZE) = QS E)
where QP(X; E) is the space of E valued k-forms, satisfies the Leibniz rule

V(fs) = (df)s+ f(Vs),

for all f € C*(X2;C) and s € Q°(%; E). Note that as a consequence of the existence of
partitions of unity, any smooth vector bundle admits a connection. Also,

(V1= V2)(fs) = Vi(fs) = Va(/[s)
= (df)s + f(Vis) = (df)s — f(Vas)
= f(Vl — VQ)S.
Therefore, Vi — Vs, is a C(3; C)-linear map from Q°(%; E) — QY(X; E), hence an
End(E)-valued one form on 3.

Proposition A.1.2. The space of connections on Y is an affine space with translation
vector space Q1 (3; End(E)).

Now, since on a Riemann surface Q'(3; E) = QM0 (3; E) @ QY9(%; E), then
V=Vgvil: QY% E)— QY E)e Q% (2 F)
Note that the operator V%! is also C linear and satisfies the Leibniz rule.
Definition A.1.3. (Dolbeault operator). A Dolbeault operator on a vector bundle E — X
1s a C-linear map
Op : (X, E) — QUL E),
satisfying the following rule: Op(fs) = (0f)s + f(Ors), for any f € C®(%;C) and
s € Q% E).

Similar to how connections extend to tensor product of vector bundles, a Dolbeault
operator extends uniquely to F® E* = End(E), given by (0p¢)(s) := 0g(¢(s)) — ¢(dxs),
for ¢ € End(F). Now, let Dol(F) be the space of all Dolbeault operators on F, and Gg
be the group of automorphisms of E, g € Gy acts on Jg by (g 9g)(s) := g(0r(g~ts)).
And one can easily show that (gh) - Jg = g - (h - Og), so the action is a group action.

Theorem A.1.4. Let Hol(E) be the space of holomorphic structures on E, then there
are bijections:

Hol(E) <+— Dol(E),
Hol(E)/isomorphism <— Dol(E)/Gg.

And the mappings above send a holomorphic structure & on E to a Dolbeault operator Or
such that Op(s) = 0 for all holomorphic sections s € £.

A proof of the theorem can be found in [Wel07]. The idea of the proof is to construct
a Dolbeault operator for each holomorphic structure using the fact that the clutching
functions of E are holomorphic, and use the Newlander-Nirenberg theorem to prove the
converse.
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A.2 Holomorphic line bundles

Definition A.2.1. Let ¥ be a Riemann surface, a divisor on 3 is a locally finite linear

combination
D= Z ZiPi
where z; € Z and p; € .

Let f be a meromorphic function on ¥, if f has a zero of order k£ at a point z € X,
we say that the order of f at p is k, denote as ord,f = k; if f has a pole of order k at a
point p € X, we say that the order of f at p is —k, denote as ord,f = —k; otherwise we
say that the order of f at pis 0, denote as ord, f = 0.

Definition A.2.2. The divisor of a meromorphic function f is defined by

(f) =) (ord,.f)pi.

If a divisor D on X is given by a meromophric function f, i.e. D = (f), then we
called D a principal divisor. Two divisors D; and D, are called linearly equivalent if
Dy — Dy = (f) for some meromoprhic function f.

Let Div(X) be the group of divisors on ¥ (with group operation "+”) and ~ be the
linearly equivalent relation. Let Pic(3) be Picard group i.e. the group of isomorphism
classes of line bundles

Theorem A.2.3. Let X be a compact Riemann surface, then
Pic(X) = Div(X)/ ~ .

Proof. Let D be a divisor on X, since D is locally finite (hence finite on X), we can find
an open cover Y = UU; and meromorphic functions f; so that the order of f; coincide
with D. On Uz N Uj set
b
ij fj )
then it is clear that {g;;} are non-vanishing meromorpic functions satisfying ¢,;¢;, = 1 and
the cocycle condition. Therefore {g;;} determines a line bundle, we denote it as [D],, .
Now if we have another set of meromorphic functions g;; on U; N U; and a line bundle
[D];,, also given by D as above, then there are non-vanishing holomorphic functions ¢;
on U; such that
oo D
9ij y Gij-
That means [D],, = [D],, hence D determines an isomorphism class of line bundle,
which is written as [D]. Therefore we obtained a map

[]: D~ [D].

Note that by definition of [ ], we have [D; — Dy] = [D;]®[D5]~*. Also note that [(g)] = O
for any meromorphic function g, since the transition functions given by (g) are identity
functions. Therefore
[]: Div(¥)/ ~— Pic(X)
is an one to one homomorphism.
The surjectivity of [ | comes from the well known fact that every line bundle L on

Y2 has a meromorphic section. Let Dj be the divisor determined by the meromorphic
section then by definition, [Dy] = L. This finishes the proof. O
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Let L be a line bundle over ¥, the degree of L is defined as

deg(L) = /E e (L).

Remark A.2.4. Given a divisor D, if we define the degree of D to be deg(D) :=>_ z;,
it is clear that deg(D) is finite. Then we have (see, for example [Jos13] Theorem 5.6.3)

deg(D) = / (D).

This means deg(|D]) = deg(D).
The theorem also implies that
Jac(X) = Divg(X2)/ ~,
where Divg(2) is the space of divisors with degree zero.

Theorem A.2.5. (Riemann-Roch) Let g be the genus of 3, E be a vector bundle over X
with rank n, then

dimH (2, E) — dimH* (3, E) = n(1 — g) + deg(E).

Theorem A.2.6. (Riemann-Hurwitz formula) Let S, ¥ be two compact Riemann sur-
faces and f : S — X be an m-fold holomorphic covering with ramification points r; € S.

Let d; be the ramification order of r; (i.e. there are coordinates in the neighbourhoods of
r; and f(r;), such that f is given by f(z) = z%), let dy = > (d; — 1). Then

2 —2g, =m(2—2g) — dy,
where gs and g are the genera of S and X respectively.

By using these theorems, we are able to compute the dimensions of the space of stable
bundles, moduli space of Higgs bundles etc. in this thesis.
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Symplectic Geometry

B.1 Symplectic manifolds

Symplectic geometry studies a special kind of manifolds called symplectic manifolds,
which are smooth manifolds equipped with closed nondegenerate differential 2-forms.
The symplectic form gives certain topological properties of a symplectic manifold. For
example, all symplectic manifolds are orientable and even-dimensional. It is crucial to
point out that the local structure of a symplectic manifold is, by Moser’s and Darboux’s
theorems, always equivalent to Euclidean space with the canonical symplectic form. Some
symplectic manifolds can be treated as Lagrange fibrations, such as the moduli space of
Higgs bundles. They are known as integrable systems, to which I will give an introduction
in B.2.

Definition B.1.1. Let M be a real manifold, a symplectic manifold is a pair (M,w) where
w s a closed and non-degenerate differential 2-form of M.

The 2-form w is called a symplectic form, and note that the non-degeneracy of w
forces M to be even-dimensional.

Definition B.1.2. A submanifold Y of a 2n-dimensional symplectic manifold (M,w) is
called isotropic if for Vy € Y,

wy|7,y = 0.
And if in addition dimY = %dimM, we call Y a Lagrangian submanifold.
Theorem B.1.3. (Moser’s Theorem) Let wy and wy be two symplectic forms on a mani-
fold M. If wy and wy coincide on a closed submanifold V', then there exist a neighborhood

Uy of V and a map
p:Uy— M

such that
oly = Id, p*w; = wy.

As a corollary of Moser’s theorem, we have

Theorem B.1.4. (Darbouz’s Theorem) Let (M,w) be a 2n-dimensional symplectic man-
ifold, then for ¥p € M, there exist a neighborhood U centered at p and a local coordinate
chart (x1, ..., Tp, Y1, -, Yn) Such that

w= ida:i A dy;.

i=1
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The coordinates (x1, ..., Tp, Y1, .-, Yn) are known as Darbouz coordinates.

There is a complex version of symplectic geometry. If we assume M is a complex
manifold with complex dimension 2n, moreover if there is a closed and non-degenerate
holomorphic 2-form w® attached to M, then we say that M is a complex symplectic man-
ifold. Similarly, a complex submanifold of complex dimension n is complex Lagrangian
if wly = 0. In the complex version, we will still have complex Darboux coordinates
(W1, ooy Wy, 21, ...y 2) of M such that locally w® = 3"" | dw; A dz;. Now, one can write w®
in terms of the real and imaginary parts,

w’ = wy + iws.
Then one can easily prove that w; and wy are real symplectic forms.

Proposition B.1.5. [Hit99] A real 2n-dimensional submanifold Y C M is complex La-
grangian if and only if wly = 0.

Therefore, in Hitchin’s words, we lose nothing by focussing our attention on the
symplectic aspects of complex Lagrangian submanifolds. When Y is compact, there is a
good local moduli space of deformations of the compact complex Lagrangian submanifolds
Y C M. One may see more about this in chapters 3, 5.

B.2 Integrable systems

Let (M,w) be a real symplectic manifold with dimension 2n, H : M — R be any function,
then the Hamiltonian vector field associated with H is a vector field Xy such that ix,w =
dH,ie. w(Xy,—)=dH(-).

If (21, ..., Tn, Y1, -.., Yn) is a local coordinate chart such that w =" | dx; A dy;, then

"\ OH 0 "~ OH 0
XH_;ayi aﬂ?i_;axiayi

Note that, by non-degeneracy of w, Xpg is unique. In physics, if we think of M as the
phase space, H the total energy, then the Hamiltonian vector field determines the motion
of particles.

Definition B.2.1. A 2n-dimensional symplectic manifold (M,w) is an integrable sys-
tem if there exist n (mazximal number of ) independent Poisson commuting functions

f1, fay ooy fro on M.

Poisson commute means {f;, f;} = 0, for all i,j where {f, g} = w(Xy, X,) is the
Poisson bracket, and the functions fi, fs,..., f, on M are said to be independent if
(df1)s,---,(df ). are linearly independent at all points x in an open dense subset of M.

If a symplectic manifold M?" is an integrable system, then we can think of it as the
foliation of n-dimensional Lagrange submanifolds (integral manifolds of the Hamiltonian
vector fields). The advantage of being an integrable system is given by the Arnold-
Liouville theorem.

Theorem B.2.2. (Arnold-Liouville) Let a be a reqular value of the map F = (f1,..., fa),
then F~1(a) is a Lagrangian submanifold of M. Also,
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o if the flows Xy,,..., Xy, starting at p € f~'(a) are complete, then f~*(a) is a ho-
mogeneous space for R™. The components have angle coordinates 01, ...,0,, in which the
flows of Xy,, ..., Xy, are linear.

o There exist coordinates o1, ..., 0y, called action coordinates, such that {v;, f;} =0
for¥i,j=1,...,n, and {0;,;} is a Darboux coordinate.

If in addition, the map F' = (fi, ..., f) : M — R™ is proper, this implies the compact
connected components of F'~(a) for a regular value a is topologically a torus T", and
there exist special coordinates called angle-action coordinates on each neighborhood of
regular fibers of F.

There is a complex version if M is a complex symplectic manifold. In this case
the Darboux coordinates are complex and the functions f; become complex functions
fi : M — C. We call the integrable system a complex integrable system (The Hitchin
systems are complex integrable systems).



70

Appendix B. Symplectic Geometry



Bibliography

[Bar18]

[BH17

[BNR8Y)]

[Boo86]

[DMO6]

[EO07]

[Eyn14]

[Fay73]

[Fay92]

[For91]

[Fre99]

[GMN13]

[GXO08]

[Hit86]

David Baraglia. Monodromy of the SL(n) and GL(n) Hitchin fibrations. Math-
ematische Annalen, 370(3-4):1681-1716, 2018.

David Baraglia and Zhenxi Huang. Special Kéhler geometry of the Hitchin
system and topological recursion. arXiv preprint arXiw:1707.04975, 2017.

Arnaud Beauville, MS a Narasimhan, and S Ramanan. Spectral curves and
the generalised theta divisor. J. reine angew. Math, 398:169-179, 1989.

William M Boothby. An introduction to differentiable manifolds and Rieman-
nian geometry, volume 120. Academic press, 1986.

Ron Donagi and Eyal Markman. Cubics, integrable systems, and Calabi-Yau
threefolds. Ramat Gan, 1993), 199221, Israel Math. Conf. Proc., 9, Bar-Ilan
Univ., Ramat Gan, 1996.

B Eynard and N Orantin. Invariants of algebraic curves and topological ex-
pansion. Communications in Number Theory and Physics, 1(2):347-452, 2007.

B Eynard. A short overview of the ”Topological recursion”. arXiv preprint
arXiw:1412.3286, 2014.

John David Fay. Theta functions on Riemann surfaces, volume 352. Springer,
1973.

John D Fay. Kernel functions, analytic torsion, and moduli spaces. Number
464. American Mathematical Soc., 1992.

Otto Forster. Lectures on Riemann surfaces, volume 81 of Graduate texts in
mathematics, 1991.

Daniel S Freed. Special Kahler manifolds. Communications in Mathematical
Physics, 203(1):31-52, 1999.

Davide Gaiotto, Gregory W Moore, and Andrew Neitzke. Wall-crossing,
hitchin systems, and the WKB approximation. Advances in Mathematics,
234:239-403, 2013.

William Mark Goldman and Eugene Zhu Xia. Rank one Higgs bundles and
representations of fundamental groups of Riemann surfaces. 2008.

Nigel J Hitchin. Metrics on moduli spaces. Contemp. Math, 58:157-178, 1986.

71



72

[Hit87al

[Hit87Db]

[Hit99]

[HKLRS87]

[HN75

[Huy06]

[Jos13]

[KKO4]

[Lee06]

[Mum65]

[Sch13]

[Sim92]

[Tha96]

[Wel07]

Bibliography

Nigel J Hitchin. The self-duality equations on a Riemann surface. Proc.
London Math. Soc, 55(3):59-126, 1987.

Nigel J Hitchin. Stable bundles and integrable systems. Duke Math. J,
54(1):91-114, 1987.

Nigel J Hitchin. The moduli space of complex Lagrangian submanifolds. arXiv
preprint math/9901069, 1999.

Nigel J Hitchin, Anders Karlhede, Ulf Lindstrom, and M Rocek. Hy-
perkédhler metrics and supersymmetry. Communications in Mathematical
Physics, 108(4):535-589, 1987.

Giinter Harder and Mudumbai S Narasimhan. On the cohomology groups
of moduli spaces of vector bundles on curves. Mathematische Annalen,
212(3):215-248, 1975.

Daniel Huybrechts. Complex geometry: an introduction. Springer Science &
Business Media, 2006.

Jirgen Jost. Compact Riemann surfaces: an introduction to contemporary
mathematics. Springer Science & Business Media, 2013.

A Kokotov and D Korotkin. Tau-functions on Hurwitz spaces. Mathematical
Physics, Analysis and Geometry, 7(1):47-96, 2004.

John M Lee. Riemannian manifolds: an introduction to curvature, volume
176. Springer Science & Business Media, 2006.

David Mumford. Picard groups of moduli problems. In Arithmetical Algebraic
Geometry (Proc. Conf. Purdue Univ., 1963), pages 33-81, 1965.

Florent Schaffhauser. Differential geometry of holomorphic vector bundles
on a curve. Geometric and Topological Methods for Quantum Field Theory:
Proceedings of the 2009 Villa de Leyva Summer School, page 39, 2013.

Carlos T Simpson. Higgs bundles ~and local systems.  Publications
Mathématiques de l'Institut des Hautes Etudes Scientifiques, 75(1):5-95, 1992.

Michael Thaddeus. An introduction to the topology of the moduli space of
stable bundles on a Riemann surface. Lecture Notes in Pure and Applied
Mathematics, pages 71-100, 1996.

Raymond O Wells. Differential analysis on complex manifolds, volume 65.
Springer Science & Business Media, 2007.



Statement of Authorship

Title of Paper

Spe.cio.l K ahles %QOW\L’{‘-’ 0{:‘Hﬂ{ Hl+c,l/1|V]
Susterm  and -fopolu%icm[ (_CUYS o

Publication Status

I Published I~ Accepted for Publication

Unpublished and Unsubmitted w ork w ritten in

X Submitted for Publication SRR St

Publication Details

Principal Author

Name of Principal Author (Candidate)

Zhenx |

Contribution to the Paper

Thae Puper- 1S
Ha madn vesulls of g my el (s

Overall percentage (%)

SO

Certification:

This paper reports on original research | conducted during the period of my Higher Degree by
Research candidature and is not subject to any obligations or contractual agreements with a
third party that would constrain its inclusion in this thesis. | am the primary author of this paper.

Signature

Date

5/ 1/1¥

Co-Author Contributions

By signing the Statement of Authorship, each author certifies that:

i the candidate’s stated contribution to the publication is accurate (as detailed above);

ii. permission is granted for the candidate in include the publication in the thesis; and

iii. the sum of all co-author contributions is equal to 100% less the candidate’s stated contribution.

Name of Co-Author

Dawvid Bewaglio

Contribution to the Paper

T am Yar Yhls superiSor and wev keek
wbc\,\ 'Z,N.«V\‘;l:\ w ?rov\\"\n’j AN i, Y- -'?—SU\.’\S <

S/T/13

Signature Date
Name of Co-Author

Contribution to the Paper

Signature Date

Please cut and paste additional co-author panels here as required.




SPECIAL KAHLER GEOMETRY OF THE HITCHIN SYSTEM
AND TOPOLOGICAL RECURSION

DAVID BARAGLIA AND ZHENXI HUANG

ABSTRACT. We investigate the special K&ahler geometry of the base of the
Hitchin integrable system in terms of spectral curves and topological recursion.
The Taylor expansion of the special Kéhler metric about any point in the
base may be computed by integrating the ¢ = 0 Eynard-Orantin invariants of
the corresponding spectral curve over cycles. In particular, we show that the

Donagi-Markman cubic is computed by the invariant W3<0>. ‘We use topological
recursion to go one step beyond this and compute the symmetric quartic of
second derivatives of the period matrix.

1. INTRODUCTION

The Hitchin integrable system [14, 15] ties together many seemingly different
branches of geometry and physics, including twistor theory, integrable systems,
mirror symmetry and supersymmetric Yang-Mills theory to name just a few. The
goal of this paper is to elucidate one particular aspect of this rich story, namely
the relation between the special Kahler geometry of the base of the Hitchin system
with the theory of Eynard-Orantin topological recursion of the spectral curves.

Suppose that f : M — B is a complex integrable system, so M is a complex
manifold with a holomorphic symplectic form and f is a complex Lagrangian fibra-
tion, whose generic fibres are complex tori. In general f will have singular fibres so
let f: M™® — B*%# denote the regular locus consisting of the non-singular torus
fibres of f. As we recall in §3, under mild assumptions, there is a naturally defined
metric g°¢ on the base B™8, known as a special Kdhler metric [4, 10, 16]. We recall
the fundamentals of special Kéhler geometry in §2. In particular, B**® has a Kahler
metric of the form

(1.1) w= —%Im(nj)dzi A dZ

where 7;; is a matrix of functions, the periods of the torus fibres of the integrable
system. It is well known that the special K&hler metric on B"® can be combined
with a metric along the fibres to produce a hyperkéhler metric g%t on M*&, known
as the semi-flat hyperkdhler metric [3, 10, 16]. This metric is called “semi-flat”
because its restriction to the fibres of f : M*® — B8 is flat.

In this paper we concentrate on the case that f: M — B is the Hitchin system.
Then M = M,, 4 is the moduli space of Higgs bundles of given rank n and degree
d. In this case M is known to admit a complete hyperkéhler metric g [14]. The
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2 DAVID BARAGLIA AND ZHENXI HUANG

semi-flat metric on M" may be thought of as an approximation of the complete
hyperkahler metric. The semi-flat metric fails to extend over the singular fibres,
however it is expected that g can be recovered from g*f by incorporating instanton
corrections [11].

To define the Hitchin system, one takes a compact Riemann surface 3 of genus
greater than 1 and M to be the moduli space of semistable Higgs bundles of fixed
rank n and degree d (see §4). In this case, the period matrices 7;;(b) for b € B™®
are not arbitrary, in fact they are the periods of a Riemann surface Sy, the spectral
curve associated to the point b € B™&. The spectral curve Sj is a smooth compact
Riemann surface S, C T*3 embedded in the cotangent bundle of X, such that the
projection 7 : S, — X is a branched covering of degree n. We now give a brief
summary of the special Kdhler geometry on B8 in terms of spectral curves. Let
# be the canonical 1-form on T*X. A pair of local holomorphic coordinate systems
(z',...,29%) and (w1,...,wy,) for B are given by integrating the canonical 1-
form over a basis of 1-cycles in S:

zi:/ 0, wi:/e,
a; b;

where a1, ..., a44,01,...,bgs is a symplectic basis of 1-cycles, which may be defined
over any sufficiently small neighbourhood in B*®8. The monodromy of the Hitchin
system prevents us from choosing such a basis globally on B*¢. Having chosen such
a basis of 1-cycles, we have the normalised basis of holomorphic 1-forms wy, ... ,wqg
characterised by fai wj = 0;5. The period matrix of S, is then given by 7;; =
fbi wj. With respect to the coordinate system (z',...,295), the special Kéhler
metric is given by Equation (1.1). Alternatively, we have a real coordinate system
(xt, .. 295 y1,...,Yys) given by:

xi:Re(zi):Re</ai€), yi:Re(wi):Re(/bie).

These coordinates are globally defined up to monodromy, which acts by linear
transformations, hence they define an affine structure on B"™¢. Moreover they are
Darboux coordinates for the Kéhler form:

w=dz' ANy, + -+ + da?s A dygs.
Recall the prepotential (see §2) is a locally defined holomorphic function F on B8

such that w; = %. We will recall that the period matrix is given by 7;; = % and
thus
0*F
9= 92021

From the prepotential F, one obtains a Kahler potential K by:
1 oOF _,
K=—=I -Z' ) .
2 " (8,212 >
An important quantity in special Kéhler geometry is the symmetric cubic ¢ €
HO(M, Sym3(Tr)) which measures the variation of the period matrix 7;;:
aTjk 63]:
Cijk = - = ——— .
kT 020 T 02102102
We call ¢ the Donagi-Markman cubic, since in the case where M is the base of a
complex integrable system, ¢ is the cubic studied by Donagi and Markman [5]. One

c= cijkdzi ®dz ® dzk,
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can for instance express the Riemann, Ricci and scalar curvatures in terms of 7
and ¢; ;5 [10]. The following proposition (cf. [13] for similar results) summarises the
relation between the special Kahler geometry on B™®# and the spectral curves:

Proposition 1.1. We have the following relations:
(1) A (local) prepotential for the special Kihler structure on B™¢ is given by:

1. 1 oo
F = —z'w; = §Tijz2zj.

2
(2) A (global) Kdhler potential is given by:

i _
K=—- .
4/S€/\9

(3) Let Ve be the local system on B2 whose fibre over b is H'(Sy, C). We may
think of 0 as a section of Vc. The Donagi-Markman cubic is given by the
“Yukawa couplings”:

C(X7Y,Z) = / VxVyVz0N0,
S

where V is the Gauss-Manin connection.

The above formula for the Donagi-Markman cubic involves differentiation with
respect to the Gauss-Manin connection. This requires knowledge of the family of
spectral curves. In §6 we give another formula for the ¢ in terms of the geometry
of a single spectral curve. Our formula holds for any smooth spectral curve, but
in this section we will for simplicity consider the case where 7 : S — > has only
simple branching. Around each ramification point a € S we can thus find local
coordinates x on ¥ and ¢ on S such that 7(q) = z = ¢*. Near a we have 0 = ydx
for some function y(q) with y'(a) # 0. We have:

Theorem 1.2. The Donagi-Markman cubic is given by:
. WiW;Wg

Cijle = —2T% Res ,

=2 R (dxdy>

where the sum is over the ramification points of m.

Similar-looking formulas for the Donagi-Markman cubic have appeared in [1, 13],
however these formulas use cameral curves instead of spectral curves and involve
quadratic residues instead of ordinary residues. One advantage of our formula (in
the form of Theorem 6.6) is that it applies even when 7 has higher order ramifica-
tion. Moreover, our formula looks very similar to formulas appearing in the theory
of Eynard-Orantin topological recursion. This is not a coincidence, as we show in
Section §7.

1.1. Relation to topological recursion. Eynard-Orantin topological recursion
[7] is a recursive formula which takes as input a Riemann surface S (which we
assume is compact) with a pair of meromorphic functions z,y and produces a

series of symmetric multidifferentials W,Sg ), for ¢ > 0, n > 1, the Eynard-Orantin
invariants. More precisely, 7(19 )isa meromorphic section of the n-th exterior tensor
product K?" =KsKKgK---KKg on S™, where Kg denotes the canonical bundle
of S, which is symmetric under interchange of factors. The function x, viewed as a

map x : S — P! is assumed to be a branched covering with only simple branching.
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The topological recursion formula has been extended to Hitchin spectral curves
S C T*¥ in [6], which gives an interpretation of the Eynard-Orantin invariants in
terms of quantisation of spectral curves. Our paper gives another interpretation
of these invariants, at least in the case of ¢ = 0. To make sense of the Eyndard-
Orantin invariants in this setting, first note that the projection 7 : S — ¥ plays
the role of x. As we will recall in §7, the topological recursion formula continues
to makes sense as long as 7 has only simple branching. They key point is that the
recursion formula does not directly involve the functions x,y but only the 1-form
ydz. In the case of a spectral curve S C T*3, the canonical 1-form 6 plays the role
of ydx. We show that the variational formula for Eynard-Orantin invariants in [7]
holds in our setting and leads to the following formula for derivatives of the period
matrix 7;; about any point b € B8,

Theorem 1.3. For any b € B*™&, we have:

. m—1
1
0;,0; "'3z'szim1im(b)=—<27r) / ) / ) W (p1,. .. pm)
p1€biy PmEbi,,

where on the right hand side, W,(T?)(pl, .oy Pm) is the Wy(,?) Eynard-Orantin in-
variant of the corresponding spectral curve Sy. One can show that Wy(,?) in each
variable only has poles with zero residue, so the above expression does not depend

on the choice of paths representing the given cycles.

This formula shows that the ¢ = 0 Eynard-Orantin invariants W}go) for a spectral
curve S, compute the Taylor series expansion of the period matrix 7;; about b €
Bre&. Since the special Kéhler metric on B8 is given in terms of the period matrix,
the invariants W,EO) also compute the power series expansion of the special Kéahler
metric. For instance, we consider the m = 1 case and show that it recovers our
formula (Theorem 1.2) for the Donagi-Markman cubic. Theorem 1.3 is remarkable
in that the left hand side of the equation is related to geometry of the family of
spectral curves, while the right hand side is given by invariants of a single spectral
curve S, C T*X. In a sense, any single spectral curve S, “knows” about the
geometry of the entire family {Sp}pe gres.

Let us remark that Theorem 1.3 is certainly not surprising, as it is essentially
a consequence of the well known variational formula for Eynard-Orantin invariants
given in [7]. The main point we would like to emphasise is that this formula is
applicable to Hitchin spectral curves. This is not immediately obvious as one needs
to check that the proof of the variational formula in [7] holds for Hitchin spectral
curves. Ultimately, this boils down to proving a version of the so-called “Rauch
variational formula”, which we prove in Proposition 7.1:

Proposition 1.4. Let 0 € T,B™8. Assume p,r are distinct and are not ramifica-
tion points. Then:

B(u,p)B(u,r)
w(u)dy(u)

5B(p.r) = Zung 59(u()i

where the sum is over the ramification points of m and for each ramification point
a € Sy, we choose coordinate functions x on ¥ and q on S with x = ¢* and write
0 = ydx.
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In this proposition, B is the Bergman kernel (see §7). For the meaning of the
variational operator §, see Definition 6.1. Versions of this formula are well known
in the literature, but we could not find a proof that holds in the setting of Hitchin
spectral curves, so we give a proof in §7.

We finish the paper by using topological recursion to go beyond the Donagi-
Markman cubic and compute the symmetric quartic of second derivatives of the
periods in terms of geometry of the spectral curve. Around any ramification point
a € Sp, we may write the normalised 1-forms as w; = w;(q)dg for some functions
w;(q). Our result is:

Theorem 1.5. The second derivatives of the period matriz are given by:

o — Omi wp (ilowi(@) (wr®u®)y
00 =2 a%“’“( v ) (2 )+ v

+ 2mi Z 1 (S’B(a) - y”’(a)) w;(a)wj(a)wi(a)w(a)

8y'(a)? y'(a)
+ 27 ; W (Wi (a)wj(a)wr(a)wi(a)) + cye; j 11,

where Sp is the Bergman projective connection (see §7), the sum Za;éb s over
distinct pairs of ramification points and cyc means to sum over cyclic permutations
of the specified indices.

1.2. On the g > 0 invariants. In this paper, we have established the relation
between the ¢ = 0 Eynard-Orantin invariants of spectral curves and the special
Kahler geometry of B™8&. An interesting problem would be to find a similar geo-
metric interpretation for the g > 0 invariants. In particular one may ask whether
there is a relation between the g > 0 invariants and the instanton corrections relat-
ing the semi-flat hyperkahler metric on M"® to the complete hyperkéhler metric
on M.

1.3. Summary of paper. A brief summary of the contents of this paper is as
follows. In §2 we give a review of special Kahler geometry. In §3 we recall a result
of Hitchin showing that the moduli space of deformations of a compact complex
Lagrangian in a complex symplectic manifold M has a natural special Kahler metric
(assuming M admits a Kéhler metric). In §4 we briefly review the relevant aspects
of the moduli space of Higgs bundles and the Hitchin system f : M, 4 — B, in
particular the spectral curve construction. There are two possible ways in which
B¢ inherits a special Kéhler geometry: (i) view B'™8 as a family of complex
Lagrangians in M,, 4 (the fibres of the map f), or (ii) view B™® as a family of
spectral curves S, C T*X (clearly Sy is a complex Lagrangian submanifold of T*Y).
We show in §5 that these two points of view give rise to the same special Kahler
geometry, and we describe this geometry in terms of the family of spectral curves.
In §6, we give a residue formula for the Donagi-Markman cubic, essentially by a
computation of Kodaira-Spencer classes. In §7, we consider the Eynard-Orantin
invariants of Hitchin spectral curves and relate the g = 0 invariants to the special
Kahler geometry on B*8. We show that in this way, we recover our formula from §6
for the Donagi-Markman cubic and then proceed to compute the quartic of second
derivatives of the periods by topological recursion.
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2. SPECIAL KAHLER GEOMETRY

2.1. Review of special Kahler geometry.
Definition 2.1 ([10, 16]). A special Kéhler manifold is a K&hler manifold (M, g, I, w)
together with a torsion free, flat affine connection V such that

e Vw=0, and

o dyl=0
Here I € QY(M,TM) is viewed as a TM-valued 1-form and dy : Q'(M, TM) —
O%(M,TM) is the differential induced by V.

Let us examine what the special Kéhler condition implies in terms of local co-
ordinates, following Freed [10]. Since V is flat and torsion free, we can find local
coordinates in which V becomes the trivial connection. Moreover, since Vw = 0, we
can choose these coordinates to be Darboux, that is, M has local flat coordinates
(xt,..., 2™ y1,...,yn) for which

w=dz Ndy, + -+ dz" A dy,.
Next, we observe that the 1-forms Idx* are closed, because
d(Idz*) = dy(Idz®) = (dyI) A da’ 4 Idy(dz®) =0,

where in the first equality we used that V is torsion free. It follows that locally

there exist functions u',...,u™ such that Idz’ = du’. Let 2* = z* —iu’. Then
dzt = dx' —idu’ = dz* — ildz® is a (1,0)-form. This together with the fact that
Re(dz") = dx' implies that (z!,...,2") is a local holomorphic coordinate system
for M. Similarly, one can find functions vy, ..., v, such that I'dy; = dv; and setting
w; = y; —iv; gives another holomorphic coordinate system (w1, ..., w,)'. A simple
computation gives

o 1[0 0 b _ Ow;

9zt 2 (8xi JrT”@yj) VRO TS

Compatibility of w and I gives, after a short computation, the condition 7;; = 7j;.
So there is a local holomorphic function F, called the prepotential such that
o oF B O*F
W= 5 T T PhioL

From symmetry of 7;;, we also deduce that
w= —§Im(7'ij)dzl AdZ.

If we use the convention that g and w are related by g(X,Y) = w(IX,Y), this
means that 7;; is a symmetric, complex n x n matrix with Im(7;;) positive definite.
That is, 7;; is a period matrix, a point in the Siegel upper half-space. We note that
a Kéhler potential for w is given by:

1 4 1 oOF _,
(2.1) K= —ilm(wi?) = —ilm (azizl) .
As in the introduction, we have the Donagi-Markman cubic ¢ € H°(M, Sym3(Tyy))
which measures the variation of the period matrix 7;;:
; j oT; PF
. 1 k R jk _
¢ =cipdz' ® d2’ ® dz", Cijk = 9~ 95920

INote that Freed uses a slightly different convention in which Re(w;) = —y;.
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2.2. Special Kahler manifolds as “bi-Lagrangians”. In [16], Hitchin estab-
lishes a close relation between special Kéhler manifolds and submanifolds of a com-
plex symplectic vector space satisfying a “bi-Lagrangian” condition. We recall the
result. Let V' be a real symplectic vector space with symplectic form w. Define
0 -1
1 0
symplectic form w® = w; 4 iws on V¢ as the C-bilinear extension of w, that is:

w((z,y), (@', 9) = wlatiy, ' +iy') = (w(z,2") —wly,y") +i (wz,y) —w@',y)).

wi((z,y),(2",y")) w2((z,y),(2",y"))

Ve =V erC=Va@V with complex structure I = . Define a complex

Define in addition an (indefinite signature) inner product g on V¢ by
1

5 ((JJ(J}, y/) + (A)(JT/, y)) .

Note that g(e, 8) = Re (4w®(a, B)), where we define (z,y) = (z, —y).

Theorem 2.2 (Hitchin, [16]). Let M C V¢ be a submanifold which is Lagrangian
with respect to w1 and we and such that g| s is positive definite. Then (M, g|ar, L)
1s special Kdhler. The projection of M to the first factor V. C V¢ defines a system
of local coordinates, and the flat affine connection V is the trivial connection on
TM with respect to these coordinates. In a similar manner, the symplectic form
w on M is obtained by pullback of the symplectic form w on V. Conversely, any
special Kdahler metric is locally of this form.

g9((z,y), («,y")) =

The relation between the local embedding M C V¢ and the holomorphic coordi-
nates z*, w; is as follows: choose a symplectic bases a',...,a"™, bt, ... b" for V, giv-
ing an explicit isomorphism V = R?". Then the map s : M — Ve = VoV = (R")4
is given by

(Re(2), Re(w), Im(z), Im(w)),
where we think of z = (2!,...,2"), w = (wy,...,w,) as vectors in C". Let
a1y .y p,b1, ..., by € V* be the dual basis and ( , ) : V* ® V — R the dual
pairing, which we extend to a pairing V& ® Vg — C by C-linearity. Then the
coordinate systems z%,w; can be recovered as:

Z'(m) = (ai, s(m)),  wi(m) = (b;, s(m)).

A slight extension of Theorem 2.2 is to consider the following situation: suppose
M is an n-manifold and let (V,w, V) be a real symplectic vector bundle of rank 2n
equipped with a flat symplectic connection V. Let Ve =V ®g C be the complexifi-
cation and as above, define a complex symplectic form w® = w; + iws and an inner
product g. Let s : M — V¢ be a section of V¢ satisfying the following conditions:

(SK1) The bundle map p: TM — V¢ given by p(X) = Vxs is injective.

(SK2) The image of p is Lagrangian with respect to wy and ws.

(SK3) The image of p is positive definite with respect to g.
Then M inherits a special Kéhler geometry. Indeed, locally on M we choose a flat
trivialisation V = M x V. Then s defines an immersion s : M — V¢ and we are
back to the setting of Theorem 2.2.

3. RELATION TO MODULI SPACES OF COMPLEX LAGRANGIANS

We recall the relationship between moduli spaces of complex Lagrangians and
special Kahler geometry [16].
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3.1. Deformations of complex Lagrangians. Let M be a complex manifold of
complex dimension 2n and let 2 be a holomorphic symplectic form, by which we
mean a closed (2,0)-form such that A" is non-vanishing. A complex Lagrangian
in M is a complex submanifold Y C M which is Lagrangian with respect to €2,
i.e. Y has complex dimension n and |y = 0. A real submanifold Y C M of real
dimension 2n such that |y = 0 is in fact automatically a complex Lagrangian
[16, Proposition 1]. If Y C M is a complex Lagrangian, then Q yields an iso-
morphism Ny — Ty between the normal bundle of ¥ and the cotangent bundle,
which sends a normal vector field X to ixQ|y. In particular, this gives an iso-
morphism H’(Y, Ny) = H'(Y,Ty) between normal vector fields and holomorphic
1-forms. Recall that H°(Y, Ny) describes the space of infinitesimal deformations
of Y as a complex submanifold of M. The infinitesimal deformations as a complex
Lagrangian are those for which the corresponding holomorphic 1-form is closed.

Following Hitchin, we make the following two assumptions: (i) Y is compact and
(ii) M has a Kéhler 2-form h. In this case, Y is also Kahler and since Y is compact
Kahler, it follows that all holomorphic 1-forms are closed. Thus every infinitesimal
deformation of Y respects the Lagrangian condition. Furthermore, it follows from
[20] that in the Lagrangian case, all deformations are unobstructed. Hence there
exists a local moduli space B of complex Lagrangian submanifolds parametrising
(sufficiently small) deformations of a given complex Lagrangian Yy C M. A point
[Y] € B is a complex Lagrangian ¥ C M which is deformation equivalent to Yj.
Moreover there is a natural isomorphism Tjy|B = HO(Y, T).

We recall from [16] how B inherits a naturally defined special Kahler structure.
Let Z be a local universal family of deformations of the complex Lagrangian sub-
manifold Yy C M, so Z is a complex manifold with a proper holomorphic surjective
submersion f : Z — B and a holomorphic map j : Z — M such that the restriction
of j to each fibre L, = f~1(b) of f gives an embedding j : L, — M whose image
is the complex Lagrangian corresponding to the point b € B. Let V = R'f,R be
the vector bundle on B whose fibre over b € B is given by the first cohomology
H'(Ly,R) of the fibre L;. The bundle V is equipped with a natural flat connection
V, the Gauss-Manin connection. The Kéahler form h on M yields a symplectic
structure w on V by setting

wh(e, B) = /L ahBAR,

for all a, 3 € V, = H'(Ly,R). Clearly w is preserved by the Gauss-Manin connec-
tion.

The natural isomorphism T, B & H°(Ly, T}, ) together with the inclusion H%(Ly, T}, ) C
H(Ly,C) (recall L; is compact Kéhler) yields a bundle map ¢ : TB — Ve:

T,B =~ H°LyT;) C H'(Ly,C) = (Vo),

23

More explicitly, let X € T, B be a tangent vector at b. Let X be a lift of X to L,
that is, X is a section of T'Z|r, such that f.(X(y)) = X for all y € L. Then ¢(X)
is given by:
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which is a closed 1-form on L; representing a class in H'(Ly, C). The map ¢ can
be viewed as a Ve-valued 1-form on B. We then have:

Theorem 3.1 (Hitchin, [16]). The Vc-valued 1-form ¢ is dv-closed, so locally
we can write ¢ = Vs for a section s of Vo. Then s satisfies the conditions (SK1)-
(SK3) and hence locally defines a special Kihler structure on B. The special Kdhler
structure is independent of the choice of s, hence this construction gives rise to a
globally defined special Kdhler structure on B.

Proof. We give only a sketch of the proof here and refer the reader to [16] for
further details. We have that j*Q is a closed 2-form on Z. The complex La-
grangian condition means that j*Q|p, = 0 for any fibre L. If we consider the
Leray-Serre spectral sequence for f : Z — B, we see that j*() yields a class in
E21’1 = HY(B,R'f.C) = H'(B,V¢), which is represented by the Vc-valued 1-form
¢. This explains why ¢ is closed. Condition (SK1) follows from the isomorphism
T,B = HO(Lb,sz) and the inclusion HO(Lb,sz) C HY(Ly,C). Condition (SK2)
follows from the fact that H%(Ly, T}, ) C H'(Ly,C) is Lagrangian with respect to
w. Condition (SK3) follows from

gp(a, ) = Re (l/ aNaA h”_l) )
2 JL,

which is positive definite, since h is a Kéahler form. O

We give another way of understanding the V¢-valued 1-form ¢. The fibre of the
dual local system V¢ over b € B is given by the homology group (V¢), = Hi(Ly, C).
Let (, ) : V¢ ® Ve — C be the dual pairing:

mwzlw

W@—Afﬂ

for all locally defined covariantly constant sections v of V{, where the integral on
the right hand side is fibrewise integration. More precisely, for any b € B, choose an
open neighborhood U of b over which f : Z — B is trivialisable: f~1(U) = L, x U.
Let 4 € H" !(Ly,C) be the Poincaré dual of 4. Then f,yj*Q is given by the
integration over the fibres of Ly, x U — U of j*Q A 4.

Then ¢ is determined by

Proposition 3.2. Suppose that Q) = du, where v is a holomorphic 1-form on M.
Then ¢ = dys, where s : B — V¢ is the section defined by

s(b) = [plr,] € H'(Ly, C).

Proof. First of all, note that the restriction u|r, is a closed 1-form because du = Q
and Q|p, = 0, so the section s is well-defined. Let v be a local constant section of

V(c. Then
(v,dvs) = d(vy,s) — (dv7, s)

=d(v,s) (asy is constant)
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where we have used the fact that exterior differentiation commutes with fibre inte-
gration. This shows ¢ = dvs. O

Suppose we are in the situation of Proposition 3.2. For any b € B, choose a
symplectic basis ay,...,an,b1,...,b, of Hi(Ly,C). If U is any simply connected
neighborhood of b, we can extend a;,b; to be covariantly constant sections of V*
over U. Then the local holomorphic coordinates z* and w; of the special Kéahler

structure are given by
= / p o w= / .
a; by

i K

Example 3.3 (Holomorphic symplectic surfaces). Let M be a holomorphic sym-
plectic surface, i.e. a complex surface with trivial canonical bundle. Let € be the
symplectic form on M. Then any complex 1-dimensional submanifold S C M
is automatically Lagrangian, because there are no (2,0)-forms on S. The moduli
space B of deformations of S then carries a natural special Kahler structure. We
note that in this case since n = 1, it is not necessary to assume the existence of a
Kéhler form h on M. Indeed, the symplectic structure on V¢ is given by

W, B) =/L a B,

which is defined without assuming the existence of h. Moreover, since S is a Rie-
mann surface it is automatically Kéahler. As we will see, this example is closely
related to the Hitchin system, where M = T*X is the cotangent bundle of a Rie-
mann surface ¥ and S C T*¥ is a spectral curve.

Example 3.4 (Complex integrable systems). Suppose that M admits a proper
holomorphic Lagrangian fibration f : M — B, by which we mean B is a complex
n-manifold and f : M — B is a proper, surjective, holomorphic map whose fibres
are Lagrangian with respect to 2. Assume further that the fibres of f are connected.
Then Liouville’s theorem implies that the fibres of f are in fact complex tori. We
shall refer to the data (M,Q, B, f) as a complex integrable system. Since the
normal bundle to the fibres is given by f*(T'B), it follows that the deformations of
any given fibre L, C M are precisely the other fibres of f. Hence B is the moduli
space of deformations of any given fibre. If we make the additional assumption that
M admits a Kéhler 2-form h, then B inherits a natural special Kahler structure
(which depends on the choice of h).

4. HIGGS BUNDLES AND THE HITCHIN SYSTEM

4.1. Review of Higgs bundles. Let ¥ be a compact Riemann surface of genus
g > 1 and let K denote the canonical bundle of ¥.

Definition 4.1. A Higgs bundle on ¥ of rank n and degree d is a pair (F, ®), where
FE is a holomorphic vector bundle on ¥ of rank n, degree d and ® is a holomorphic
bundle map ¢ : F — EF ® K, called the Higgs field.

Recall that the slope u(E) of a holomorphic vector bundle E on ¥ is defined to
be the number p(E) = deg(FE)/rank(E).

Definition 4.2. A Higgs bundle (E, ®) is called semistable if for all proper, non-
zero subbundles F' C E such that ®(F) C F' ® K, we have u(F) < u(E).
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Using geometric invariant theory [18], one constructs a moduli space M, 4 of
rank n, degree d semistable Higgs bundles up to a suitable notion of equivalence
(called S-equivalence). Here we will recall only the details of M,, 4 which are
relevant to understanding the special Kahler geometry of the Hitchin system. The
moduli space M, 4 is a quasi-projective, complex algebraic variety of dimension
2n2(g — 1) + 2. The moduli space is in general singular, but the smooth locus

m.a has a naturally defined holomorphic symplectic 2-form 2. The smooth locus
MG, is a hyperkahler manifold with a triple of complex structures I, J, K and
corresponding Kahler 2-forms wy,w s, wr. The complex structure which arises from
viewing M,, 4 as the moduli space of Higgs bundles is customarily taken to be I
and it is the only complex structure of relevance to us here. So we will regard M7,
as a Kéahler manifold (Mf;j’d,f ,wr) equipped with a holomorphic symplectic form
Q = wy+iwk. One can also consider moduli spaces of Higgs bundles (E, @), where
® is trace-free and E has fixed determinant. This gives a subvariety of M,, 4. As
the corresponding special Kahler geometry is obtained by restriction, it is sufficient
for our purposes to consider just the case of M,, 4.

Associated to M, 4 is a complex integrable system, known as the Hitchin sys-
tem [15], which is defined as follows. If A is a complex n x n matrix, write the
characteristic polynomial of A as

det(A — A) = X"+ p1 (AN + -+ +p,(A).

The coefficients p1, ..., p, of the characteristic polynomial can be viewed as maps
gl(n,C) — C which are are well known to be a basis for the ring of conjugation-
invariant polynomial functions on gl(n,C). The Hitchin system is the analogue of
this where the matrix A is replaced by a Higgs field. If (E,®) is a rank n Higgs
bundle, then by conjugation invariance, p;(®) is a well-defined section of K7. Define

n
B=PH(S,K).
j=1
Then we have a natural map f : M,, 4 — B, called the Hitchin map, which sends
a Higgs bundle (E, ®) to (p1(P),p2(P),...,pn(P)). It is known [14, 19] that f is
a proper, surjective, holomorphic map whose non-singular fibres are Lagrangian
submanifolds with respect to 2. Let B C B denote the regular locus, i.e. the

locus of points b € B over which f is a submersion. Let ./\/l;effi C M, q4 denote

the locus of points in M,, 4 lying over B8, so that f : M4 — B™8 is a proper,
holomorphic surjective submersion of complex manifolds (since B is smooth and
[ M% — B is a submersion, it follows that M is contained in the smooth
locus Mi“:i) As seen in Theorem 4.3 below, the fibres of f over B**® are connected
and hence, as in Example 3.4, the fibres are complex tori. We then have that
B™& can be identified with the moduli space of deformations of any given fibre in
M:Le ® and thus B™® carries a natural special Kéhler geometry. The complement
D = B\ B, called the discriminant locus, is the locus of all singular fibres of
f:My.q— B. It is known that D is an irreducible hypersurface of B [17].

4.2. Spectral curves. The fibres of the Hitchin system can be described using the
notion of spectral curves [2, 15]. Let 7w : T*X — ¥ be the projection from T*¥ to
3. Observe that T*X is the total space of the canonical bundle K — ¥. Therefore
the pullback 7*(K) has a natural section A, the tautological section, defined by the
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property that if p € K, then
Alp) =p € (77(K)), = K.

Let b = (p1,p2,...,pn) € B, so p; € H(X, K7). To the point b, we associate a
section p = p, € HY(T*%, 7*(K™)), given by

po=A"+ 7 (p)A" T 4+ 7T (pa).

The spectral curve S, associated to b € B is defined as the zero divisor of p; in
T*Y. Thus Sy is defined as a subscheme of T*3. Bertini’s theorem implies that
for generic points b € B, the spectral curve S, C T*Y is smooth. In fact, it can be
shown that S; is smooth if and only if b € B*8 [17]. Thus, the discriminant locus
D is also the locus of singular spectral curves.

If Sy, is a spectral curve, we denote by 7 : S, — 3 the restriction of 7 to Sp. Let
d=d+ (g—1)n(n—1). For b € B™8, let Jacj(Sy) denote the degree d component
of the Picard variety of Sy, which is a torsor for the Jacobian of Sy. If L € Jacj(Sy),
then by Grothendieck-Riemann-Roch, one sees that the push-forward £ = 7, L is a
rank n, degree d vector bundle on 3. The tautological section A, viewed as a map
A: L —- L®n*K pushes down to a map ¢ : F — E® K and hence the pair (E, @)
is a Higgs bundle. Since p, = 0 on Sy, it follows that:

" + 7 (p1)®" " + -+ + 7 (pn) = 0.

Since b € B8, S, is smooth and it follows that p, is irreducible. Thus p, must
be the characteristic polynomial of ®, in other words (E, ®) belongs to the fibre of
M,,.q over b € B. In this way, we obtain all Higgs bundles in the fibre over b:

Theorem 4.3 ([15, 2]). Let b € B*™&. The map sending L € Jaci(Sy) to (E,®)
described above gives an isomorphism between Jacj(Sy) and the fibre of My, 4 over
beB.

4.3. On deformations of spectral curves. Let § € Q1'0(T*X) denote the canon-
ical 1-form on T*3. Then df is the canonical holomorphic symplectic 2-form on
T*% and gives a trivialisation of the canonical bundle of T*¥. Now let S C T*X
be a non-singular spectral curve. We denote by Kg the canonical bundle of S and
Ng the normal bundle. By definition of Ng, we have a short exact sequence

0— Kg' = Tipexyls = Ns — 0.

Taking determinants and using df, we get an isomorphism Ng = Kg. Explicitly,
the isomorphism is given by

¢:Ns— Ks, oV)=iydl|s

which sends a normal vector field V' to the contraction of df with V. Next, since S
is by definition a divisor of the linear system of sections of 7*(K™), we have by the
adjunction formula that Ng = 7*(K™)|s. We will make this isomorphism explicit
as follows. Suppose that S is the zero divisor of p € HO(T*Z, 7*(K™)). Choose an
open covering {U;} of T*% over which 7*(K™) is trivial. Let g;; : U; NU; — C* be
the transition functions, so p corresponds to a collection of functions s; : U; — C
such that s; = g;;s; on U; NU; and s;|s = 0 for all i. Now let V be a normal
vector field along S. Denote by Oy s; the derivative of s; in the direction V. Then
Ov(si)ls = 9ijOv(sj)|s, because sj|s = 0. Therefore, {0y (s;)|s}: is a well-defined
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section of 7*(K™)|g, which we denote simply as dyp|s. The desired isomorphism
is

¢': Ng = 7"(K"), ¢'(V)=0vpls.
Lemma 4.4. Let b € B*%. The map

p:B= éHO(E, K7) — HO(Sy, m*(K™))
j=1
given by
p(b1,b2, ... by) = T ()N 4 7 (b)) N2 - 7 (by)
s an isomorphism.
Proof. From [2], we have
mn0s=0se K 'o ..o K- b,
Multiplying both sides by K™ and taking global sections gives the result. |

Let b € B*™8 and p, € H*(T*3, 7*(K™)) the corresponding section of 7*(K™).
A tangent vector X € T, B*% = B gives rise to a deformation of p, and hence to a
deformation of the divisor S, C T*Y of p,. Such a deformation is described by a
section of Ng,, hence we get a map, known as the characteristic map (cf., [12]):

n
(4.1) X :T,B*® = B =P H(S,K’) = H(S, Ns,).

j=1
Proposition 4.5. The characteristic map is given by x = —(¢') "L o p.

Proof. Let b(t) be a 1-parameter family in B™® with b(0) = b, and b'(0) € T;, B"8 =~
B a tangent vector at t = 0. The derivative of py) at ¢ = 0 is clearly given by
p(b'(0)). Let x(t) denote a 1-parameter family of points in T*% such that x(t) lies
on Sy for all times ¢, i.e. py)(2(t)) = 0. Note that the projection of z'(0) to the
normal bundle is given by V(x), where V = x(¥'(0)) € H°(Sy, Ns,) is the normal
vector field describing the deformation of S, in T*¥. Expanding py)(z(t)) = 0 to
first order at t = 0, we get p(b'(0))(z) + Oy (mypp = 0, or @' (V(x)) = —p(b'(0))(x).
So V = x(t'(0)) = —(¢')~1p(b'(0)), as required. O

Note that —(¢')"1 o p : T,B™® — H°(Sy, Ng,) is an isomorphism. Thus as a
consequence of Proposition 4.5, we see that B'® can also be identified with the
moduli space of deformations of S, C in T*X.

5. SPECIAL KAHLER GEOMETRY OF THE HITCHIN SYSTEM

5.1. Two special Kihler geometries. We now have two possible ways of ob-
taining a special Kahler geometry on B'®%:

(1) View B8 as parametrising a family of spectral curves S C T*X, which are
complex Lagrangians, or
(2) View B8 as parametrising a family of complex Lagrangians in M}, the
fibres of the Hitchin system.
We will show that both of these give rise to the same special Kéhler geometry
on Bree.
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Definition 5.1. Let (V,w, V) and (V',w’, V') denote the flat symplectic bundles on
B8 corresponding to (1) and (2) above. Let ¢ : TB™8 — V¢ and ¢’ : TB™® — V)
denote the V¢ and V(-valued 1-forms corresponding to (1) and (2).

Consider first the special K&hler geometry on B™ given by (V,w, V, ¢). Recall
that 6 is the canonical 1-form on 7*¥ and df is the symplectic form on T*¥. The
map B8 3> b — [0|s,] € H'(S,,C) defines a section of V¢ which by abuse of
notation we will denote by 6. Then Proposition 3.2 gives ¢ = dy 0, and hence the
section @ determines a special Kahler geometry on B8,

Next consider the special Kahler geometry on B™2 by (V',w’, V', ¢’). For this we
need to introduce the canonical 1-form on M,, 4. Let (E, @) be a semistable Higgs
bundle in the non-singular locus of M,, 4. The tangent space to (E, ®) is given by

the hypercohomology group H! (%, End(FE) adg End(F)®K). Thus tangent vectors
to (E, ®) are represented by pairs (4, ®) € QON(Z, End(E))®Q%°(%, End(E)® K)
satisfying 0p® + [A, ®] = 0. Here A represents a deformation of holomorphic
structure of E and ® represents a deformation of the Higgs field ®. The natural
map H'(X, End(E) “3 End(E) ® K) — H'(S, End(E)), sending a deformation
to (E, ®) to a deformation of E alone is given in terms of Dolbeault representatives
by (A &) s 4.

The holomorphic symplectic form €2 on M,, 4 is of the form Q = du, where p
is a holomorphic (1,0)-form, the canonical 1-form. Up to an overall scale factor,
which is not important for us, the canonical 1-form is given by

By abuse of notation, let 1 denote the section of V(. on B**8 given by B*¢ 3 b —
(1le,] € HY(Ly, C), where L, = f~1(b) = Jac;(Sy) is the fibre of the Hitchin map
over b. Then by Proposition 3.2, ¢' = dyu. Hence the section p defines a special
Kahler geometry on B™8.

Proposition 5.2. There is a natural isomorphism of local systems u : (V,V) —
(V',V'). Under this isomorphism, w and ' agree up to a positive constant factor.

Proof. Let Z™® denote the universal moduli space of spectral curves, which may
be defined as

778 = {(x,b) € T*E x B™8 | pp(x) = 0}.
Thus Z*™# is a fibre bundle ¢ : Z*°8 — B8 over B™® whose fibre over b € B8 is
the spectral curve Sy. Let j : Z™8 — T*Y be given by j(z,b) = x. Then V = R'¢,R
is the local system V, = H'(Sp, R) equipped with the Gauss-Manin connection and
w is given by

wb<a,ﬁ>:/s anB.

Recall the Hitchin map f : M4 — B™® whose fibre over b € B8 is Jac(Sy).
Then V' = R f,R is the local system V; = H*(Jacy(S,),R) with the Gauss-Manin
connection and w’ given by

wp(a, B :/J s )a’/\ﬁ’/\h”_l.
ac;(Se

Recall that Jac;(Sy) is a torsor over Jac(Sy). Hence there is a canonical isomor-
phism H'(Jac;i(Sy),R) = H*(Jac(S,),R). We may identify the Jacobian Jac(Ss)
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with Hy(Sy, R)/H1(Sp, Z), hence we have a canonical isomorphism H1(Jac(Sp), R) =
H*'(S,,R). By composing we get a canonical isomorphism H'(S,,R) = H*(Jacy(Sy),R).
Clearly this isomorphism can be carried out fibrewise over B**¢ to give an isomor-
phism of flat vector bundles V = V’. Furthermore, the natural Kahler form h = wy
on M,, g restricted to the fibre Jacj(Sy) gives a multiple of the usual principal
polarisation on Jac;(Sy). It follows that w and w’ agree up to a positive constant
factor (which is independent of b). O

1%

Proposition 5.3. Letb € B™¢. Under the canonical isomorphism H' (Jac;(S), C)
H'(Sy,C), we have ] yac,(s,) = 0ls,-

Proof. The restriction of p to the fibre Jac;(Sy) over b is a holomorphic 1-form,
which is necessarily translation invariant, since this is true of all holomorphic 1-
forms on a complex torus. The tangent space to Jac;(Sy) at a point [L] € Jac;(Sh)
is canonically isomorphic to H*(Sy, O). Under the isomorphism H*(Jacy(Sy),C) =
H'(Sy,C), the pairing of a tangent vector with a holomorphic 1-form coincides
with the Serre duality pairing H%(Sy, Kg,) ® H'(Sp, O) — C. In other words, let
X € Typ)Jacg(Sy) and let ax be the corresponding element of H'(S,, ©). Then
the statement of the proposition is equivalent to showing:

/.L(X) = ONax.
Sb

The point [L] € Jacy(Sy) corresponds to a line bundle L — Sp. Under the spec-
tral data construction, the Higgs bundle (E,®) corresponding to L is given by
E = 7,(L) and ® by pushing forward the map A : L — L ® n*K. We view the
holomorphic line bunde L as a C*°-line bundle together with a d-operator dz,. Then
the tangent vector X corresponds to the tangent at ¢ = 0 of the 1-parameter family
of deformations of L given by th =0 + tax. Similarly view E as a C°°-vector
bundle with a d-operator dg. Let E; = m.(L;). We will construct an explicit
family of d-operators dp, on the fixed C*°-vector bundle F such that (E,dg,) is
isomorphic to E;.

By the Dolbeault Lemma, adding a d-exact term to ax if necessary, we can
assume that ax vanishes identically in a neighborhood of each point of S, lying
over a branch point. Now let U C ¥ be an open, simply-connected subset containing
no branch points. Then the pre-image 7~ 1(U) = U; UUy U --- U U, is the disjoint
union of n open subsets of S, and the restriction m : U; — U of 7 to each U; is a
diffeomorphism. Over U, we have a canonical isomorphism E|y = L|y, ¢ L|y, @
-+ @ L|y,. Define an End(E)-valued (0,1)-form Ay on U by

Aly = diag ((7*) " (ax]v,), .-, (1) " Hax|v,)) -
Here 7* : Q®Y(U) — Q%1(U;) denotes the pullback of (0,1)-forms and (7*)~! :
Q%Y(U;) = QO1(U) the inverse map. The Ay defined in this way patch together
to give an End(E)-valued (0, 1)-form on ¥ minus the branch points. But since ax
vanishes in a neighborhood of each point of S} lying over a branch point, we have
that A vanishes in a punctured neighborhood of each branch point. We extend A
by zero over each branch point to get a well-defined A € Q%!(X, End(E)). Set
Op, = 0p + tA. By construction of A, it is clear that (E,0p,) is isomorphic to Ej.
Observe that A : Ly — Ly @ m* K pushes down to ® independent of ¢ and note that
® is holomorphic with respect to dg, for all ¢ (because A and ® are simultaneuosly
diagonalisable away from the branch points). So (E, ®) is the 1-parameter family
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of Higgs bundles corresponding to L;. In particular, differentiating at ¢t = 0, we
have that (A, ®) = (4,0) € H'(Z, End(E) ada End(E) ® K) is the tangent vector
corresponding to X € TjyjJacg(Sy). Let U C ¥ be a simply-connected open subset
of ¥ containing no branch points, as above, and let ¥ be a smooth compactly
supported function on U. Over U, we have

® =diag (A, o™t . Ay, o)

and so

/Uwr(@A)_;/UWMUJM1)A((7r*)1(aX|Uj))
Z\/U.Tr*(ﬂ})e/\ax

:/ () 0 A ax.
TL(U)

Combining this with a partition of unity argument, we get

M(X):/ETT(CI)A):/SH/\aX

as required. O

Corollary 5.4. The special Kdihler geometries on B8 given by (1) and (2) coincide
(up to a constant rescaling of the metric g and symplectic form w).

5.2. Special Kihler geometry of B*8. We summarise our findings so far con-
cerning the special Kéhler geometry of the Hitchin system and make some further
observations. Recall that B*# is the regular locus of the Hitchin base, that is
B*& = B\ D, where D is the locus of singular spectral curves. On B**® we have
the flat symplectic bundle (V,w, V) whose fibre over b is V, = H'(Sp, R). The flat
connection V is the Gauss-Manin connection and the symplectic structure w is the
intersection form w(a, §) = be a A 3. Let 0 denote the canonical 1-form on T*X.
We think of 6 as a section 0 : B8 — V¢ which sends b to [0]s,] € H'(S,,C). For
any b € B™ let ai,...,a44,b1,...,by be a symplectic basis for H;(Sp, R) (where
gs denotes the genus of the spectral curves). We can extend aq, ..., by to covari-
antly constant sections of V* in any simply connected open neighborhood U C B*#
of b. Then the holomorphic coordinate systems (z',...,29%) and (wy,...,wy) are
given by:

(5.1) zi(u):/ai 0, wi(u):/bi 0.

For each v € U, let wi(u),...,wgs(u) be the corresponding normalised basis of
holomorphic 1-forms on S,,, which are characterised by:

(5.2) / w; () = 5iy.

The period matrix of S, with respect to the symplectic basis a1, ..., by, is

) = [ wy(w.

i
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In these coordinates the special Kahler metric is given in terms of its Kéhler form
by

w= —%Im(nj)dzi AdF.

Since # is a holomorphic 1-form, it can be written as a linear combination of the
w;. From Equations (5.1) and (5.2), we immediately get

0= z'w;.

This equation holds not just at the level of cohomology classes, but as 1-forms.
Combining this with (5.1), we also find

wi:/ez/z]wj:zjnj.
bi bi

Such a relation between the z and w-coordinates does not hold for special Kéhler
manifolds in general. We now deduce a simple formula for the Kahler potential:

Proposition 5.5. The Kdhler potential K in FEquation (2.1) is given by:

i _
K=—- .
4/56/\6

Proof. This is a straightforward computation:

i 108 3 B
—— [ ONO=— /9/9—/9/9)
4/,9 4Z;<at b; b; a;
1 gs

i— —
T ‘ (z w; —wizl)
i=1

138 ‘
=5 Z Im(z'w;)
i=1

1 gs -
=-3 Zlm(wizi) =K.
i=1
0

Remark 5.6. An interesting feature of this formula is that is does not depend on a
choice of symplectic basis and K is thus a globally defined Kéhler potential on B™&.

Recall that the moduli space of Higgs bundles has a natural C*-action given
by rescaling the Higgs field (E,®) — (E,c®), ¢ € C*. The C*-action on M,, 4 is
compatible with a C*-action on the base given by

clar,ag,...,a,) = (cay, Aas, ..., cay,).

Let £ be the vector field on B generating this action.

Proposition 5.7. In terms of local special Kdhler coordinates (z,...,295) or
(w1,...,weg) on B8, we have:
.0 0
. — .
§ —F 0z Wi 8wz



18 DAVID BARAGLIA AND ZHENXI HUANG

Proof. In terms of spectral data, the C*-action on Higgs bundles corresponds to
the natural C* scaling action on the fibres of T*¥ — Y. It follows that the C*-
action scales # linearly. On the other hand, for any ¢ € C*, the action of ¢ on
T*Y induces an isomorphism of spectral curves ¢ : S, — Scp. Supose that U is an
open simply connected subset of B*® containing b. Then for all ¢ € C* sufficiently
close to 1, we have ¢b € U and the isomorphism H; (S, R) = H; (S, R) induced
by multiplication by ¢ clearly agrees with parallel translation by the Gauss-Manin
connection. In particular, since 2’ = fai 0, each of the coordinate functions z°
must scale linearly with the C*-action and hence £(2%) = z* for each i. This gives
¢ = 2'-2; as required. The same argument applied to B-cycles gives & (w;) = wy,

0zt
., 0
hence & = w; B - O
From now on, whenever special Kihler coordinates (z%,...,295) are being used

we will let 9; denote %.

Lemma 5.8. Let (2%,...,295) be local special Kdhler coordinates on B™8. Then
(as cohomology classes) we have:

Vaﬁ = W;.

Proof. Recall that for any vector field X on B™® we have ¢(X) = V x6 where ¢(X)
is a (1,0)-form. We can determine the 1-form by integrating against a-cycles:

/Vaﬁ:&/ 0:(91(2:])2(5”

Hence Vp,0 = w; as claimed. O

Proposition 5.9. Let XY, Z be vector fields on B*™8. We have:

(5.3) /VX9A0 _—
S
(54) /Vvae/\e = 0,
S
(5.5) /vxvyvzme — (XY, 2),
S

where ¢(X,Y, Z) is the Donagi-Markman cubic.

Remark 5.10. The expression fs VxVyVz0A0 is the analogue of Yukawa couplings
for moduli spaces of Calabi-Yau 3-folds.

Proof. Recall as above that ¢(X) = V0 is a (1,0)-form. Thus Vx0 A6 = 0, since
it is a (2,0)-form on S. This proves (5.3). Applying Vy to (5.3), we get:

O:Y(/VXGAe):/VyVX0A9+/VXG/\VYQ.
S S S

But [, Vx0 AVy# =0, as Vxf and Vy#8 are both (1,0)-forms, so we get (5.4).
Observe now that the left hand side of (5.5) is a symmetric cubic tensor because of
(5.4). Therefore it suffices to consider the case where X =0,, Y =0;, Z =0;. In
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this case we get

gs
/VaiVajVakQ/\Q Z </ Va Va Vake/ VaiVajVaka/ 9)
S — a;
gs

9
2:(m088K/0—z80€m/9)
by

_ Z Zlﬁlaﬂ'ki ( by symmetry of 5'ka1)

= —§8J6sz
Then using the commutation relation [, ;] = —0; and the fact that {(w;) = wy,
we see that —£0;0,w; = 0;0,w; = 0Tk = Cjki = Cijk- O
Proposition 5.11. A prepotential for the special Kdher structure on B*®8 is given
by
1 % i,
F = 5% Wi = 5Ti2' %

Proof. This is a simple calculation:

1 1 ; 1 1
O F = wl+2,z 8w]ziwi—kizjnj:iwi—kiwizwi.

6. DONAGI-MARKMAN CUBIC

The Donagi-Markman cubic measures the change in periods of the spectral curve
Sy as b varies. Since the periods are essentially given by the Hodge structure on
H'(Sy,C), this amounts to computing the variation of Hodge structure, which is
controlled by the Kodaira-Spencer class of the deformation of S,. Therefore, we
need to compute the Kodaira-Spencer class x(9) € H'(Sy,Ts,) associated to a
tangent vector 9 € T, B™®.

6.1. Kodaira-Spencer class computation. Recall the characteristic map x :
T,B*® — H°(S,, Ng,) in (4.1) which sends a tangent vector in T,B™® to the
corresponding normal vector field on Sy. Let us write V = x(9) for the normal
vector field corresponding to 0. Next, recall the universal moduli spaces of spectral
curves:
778 = {(x,b) € T*S x B8 | pp(x) = 0}.
Let q : Z'°® — B be the natural projection and j : Z*°¢ — T*Y the map sending
a spectral curve to its image in T*3. We denote the composition of j with the
natural projection T*¥ — ¥ simply as 7 : 278 — 3. For any b € B we can find an
open neighbourhood b € U C B*# over which the family Z*°¢ can be differentiably
trivialised:
7'y =q¢ H(U)=U xS,
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where S = S,. With respect to this trivialisation, the family Z*®8|; consists of a
fixed topological surface S with a complex structure I(¢) that varies with ¢t € U.
The map 7 : Z™8|y — % corresponds to a family of maps 7 : S — ¥ such that 7,
is holomorphic with respect to I(t). Given a tangent vector 9 € T,U, we use a dot
to denote differentiation by 9. Differentiating the condition that m; is holomorphic
with respect to I(t), we get

(6.1) 7. (k(9)) = 9Y,

where £(9) = —%f is the Kodaira-Spencer class of the deformation of I in the
direction d and Y = 7 € Q°(S, 7*(T%)) is the corresponding deformation of the map
7. If a € S is a ramification point of 7 then Y (a) € (Tx)r () is a tangent vector
describing the motion of the branch point 7(a) € X. Let D be the ramification
divisor of 7, that is D = )~ _(r(a) —1)a where the sum is over ramification points of
7 and r(a) is the ramification degree of w at a. View . as a section of T ' @7*(T%)
and define

Y
W= 71_7 € QO(Sa TS(D))7

which is a vector field on S having poles at the ramification points. Then Equation
(6.1) says

k(0) = OW.
Note that W depends on 0 and we will write W (0) if we wish to show this depen-
dence. Note also that W depends on the choice of local differentiable trivialisation
of the family of spectral curves.

Definition 6.1. Let 9 be a (1,0)-vector field on B*™8. We denote by § the unique
vector field on Z*°8 \ D which is a lift of 9 (that is, g.(0) = 9), satisfying 7.(d) =0
(i.e., 7 is constant along the integral curves of ¢). In a local differentiable triviali-
sation Z™8|y; 2 U x S, § is given by:

(6.2) §=0-W() € Q’(Z™8, TZ"8(D)).

Note that ¢ aquires poles along the ramification divisor D and so it may be regarded
as a section of TZ"8(D).

We use 4 to differentiate objects on the family Z*°€ in a trivialisation-independent
manner. The only drawback of this is that differentiation with respect to é produces
poles at the ramification points.

Lemma 6.2. We have 60 = iydl|s, where V.= x(0) is the normal vector field
corresponding to 0 € T B 8.

Proof. Choose a local differentiable trivialisation of the family of spectral curves:
78|y = U x S. Define V = j,(0) € Q°(S, Tp-x) and V = 4,(8) € Q°(S, Tr-x(D)).
By this definition, V and V are lifts of V = x(d). Next, we note that since
0 =0 —W preserves moj : Z" 8|y — X, we have that j.(d) preserves 7 in the sense
that m,j,0 = 0. Thus, 7.V =0. Observing that j, : T(U x S) — Tp-yx restricted
to T acts as the identity j, : Ts — T, we find V = j,(8) = j.(d — W) =V — W.
We see that V is a lift of V to a section of Tp-x(D) which is required to satisfy
7.V = 0. Applying d to m.V = 7, W, we get 7, (V) = m.(0W) = m.k, but
7. : Tg — 7T is generically an isomorphism, so we deduce that x = W = 9V
and V is meromorphic. The identity j.(9) = V means that our local differentiable
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trivialisation of the family of spectral curves is given by integrating the flow lines
of V. This means that in our given trivialisation, the change in 6 is 00 = L 0)s.
Then:

60 =900 — Ly O = ﬁ‘"/_W(e)Lg = ﬂve|s = Z""/de + d(iv@”s.
But 6 vanishes at the ramification points with order at least that of m,, so ivﬁ is
a holomorphic function, hence constant on S. Therefore d(iy0)|s = 0 and 00 =
ipdf|s. But V is a lift of V, so0 iydf|s = igdf|s. O

Consider the natural C*-action on 7% given by scalar multiplication in the
fibres. Let & € HO(T*X, Tr-x) be the vector field generating this action. In local
coordinates (x,y), where z is a local coordinate on ¥ and (z,y) corresponds to
the point (z,ydz) € T*X, we have £ = ya%. Note that in these coordinates the

canonical 1-form is given by 6 = ydx, hence 6(§) = 0, i¢df = 0.
Lemma 6.3. Let V, V be as in Lemma 6.2. Then V is given by:

N o
V_Efv

where a = iy df|s, .

Proof. Recall that V is a lift of V. satisfying 77*(17) = 0. These conditions uniquely
determine V, because Ker(m,) N Ty is generically zero. Let V* = %&. By unique-
ness, it is enough to check that V* satisfies the necessary requirements, i.e. V* is a
section of Tr«x (D) which is a lift of V' and satisfies 7.V* = 0. Clearly 7, V* = 0,
because ¢ € Ker(m,). We need to check that V* is a section of Tr-5(D). Let (z,y)
be local coordinates on T*Y as above and let ¢ be a local coordinate on S,. Then
7 is the map 7(¢) = = = x(q) and with respect to these coordinates dm = fl—z. The
1-form « has the form «(q)dg for some holomorphic function a(g). Then:

L_a, algdg 0
V= 05_ ydr By
_ alg)dg 9

dr Oy

alg) 0 _alg) 0
(d£)dy — dr 9y’

So the polar divisor of V* is at most D. To show that V* projects to V, we just
need to show that

Zv*da = Zvde = Q,

where the second equality is the definition of o. This follows easily from i¢df = 0,
indeed:

. «a, «
iy«df = gzgdéi = 59 = q.
Hence V* = V. O

The following result relates the characteristic map to the Gauss-Manin connec-
tion:

Lemma 6.4. For any 0 € T, B™8, we have:
Vot = 00 = iy(5)dl)|s,.
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More precisely, the right hand side is the unique holomorphic 1-form representing
the cohomology class Vo0 € H'(Sp, C).

Proof. The second equality is Lemma 6.2. Moreover the right hand side is clearly
holomorphic. Thus it remains only to show that Va6 = i, 9)df|s,, at the level of
cohomology classes. For this we view B"™® as a moduli space of spectral curves,
which are complex Lagrangians in the symplectic surface (T*%, df). The V¢-valued
1-form ¢ is essentially by definition given by ¢(X) = i, (x)d0|s, (this is just a special
case of Equation (3.1)). On the other hand ¢ = dv0, and the lemma follows. O

Remark 6.5. By Lemma 6.4, we have a = V6 and so V can be written as
Va0 00

Tf = ?f )

where it is understood that by V56, we mean the holomorphic 1-form representing
V0 in cohomology.

‘7:

6.2. Residue formula for the Donagi-Markman cubic.

Theorem 6.6. The Donagi-Markman cubic is given by the following residue for-

mula:
o(X,Y,Z)=—2miy Res ((Vxe)(V;Q)(VZG‘)f ) |

where the sum is over the ramification points of w. With respect to local special
Kdhler coordinates (2, ..., 295) this expression takes the form

. wiw;j Wk
(6.3) Cijk = —271'12&: Rfs <30> .

Remark 6.7. Before giving the proof we should comment on how to interpret the
right hand side of this formula. The vector field ¢ is a section of Tr-x|g, which
in general is not tangent to S,. However, it is precisely at the ramification points
where we have that £ is tangent to Sp. Let ( be a meromorphic section of T g defined
in a neighbourhood of a and such that, when viewed as a section of T's ® Ty, the
difference % — ( is holomorphic. Then the right hand side of the formula can be
read as:

—2mi Y Res (Vx0)(Vy0)(Vz0)C) .

Note that such a ¢ always exists. Indeed, in local coordinates (z,y) on T*X,
% = % = 3—;. If @ is a ramification point of degree r(a) then dz|g vanishes to
order r(a) — 1. But y(a) is a zero of the characteristic polynomial p(y,x) of order
r(a), so (8Jp)(a) =0 for j =0,...,7(a) — 1. In other words, d, is tangent to S at
a to order r(a) — 1, hence the polar part of % is tangent to S. We will give a more
explicit formula for this expression below, in the case where 7 has simple branching

only (Remark 6.8).
Proof. We start with Equation (5.4):

/VyVZG/\H =0.
S

Applying Vx then gives
/ VxVyVz0 N0+ / VyVz0 AV x6=0.
S S
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Combined with Equation (5.5), we get:
C(X,Yv, Z) = —/ Vv Vz0 AVx0.
s

Since Vx# is a (1, 0)-form, this integral only depends on the (0, 1)-part of Vy V0.
By the Griffiths transversality theorem for variations of Hodge structure we know
that:

(VyVz0) Y = k(YYUV20 € HY(S,0),
where U denotes the cup product U : H!(S,Ts) ® H°(S, Ks) — H'(S,0). Thus
oX,Y,2) = —/ (k(Y)UVz0) AVx6.
s

Let V = x(Y), and let V be a lift of V' to a smooth section of Trr-x|s,. Let V be
as in Lemma 6.3, which by the Remark 6.5 is given by

Recall that W = V — V is a smooth section of Ts, (D) and that d(W) = d(V) is a
representative for the Kodaira-Spencer class k(Y"). Let ¢ be as in Remark 6.7. Tt
follows that W = —(Vy0)¢ + W', where W’ is smooth. We then have

oX,Y,Z) = f/ (OW UV z0) AV 0
S

= */ 5(Zw(VZG) AV x0)
S
= -2 ZRaeS (i(vyg)c(VZo) A VXG)

= 273 Z Rgs (Vx0)(Vy0)(V£0)(),

— 210y Res <(VX9)(V29)(V29)§> 7

where the sum is over the ramification points of S. (|

Remark 6.8. We may re-write Equation 6.3 in terms of local coordinates as follows.
For this, we will assume 7w has only simple ramification points. Let a € S be a
ramification point. Let x be a local coordinate on ¥ centered at 7(a), ¢ a local
coordinate on S centered at a chosen so that 7(q) = x = ¢2. Lastly, let (z,y) be
local coordinates on T*¥ with 6 = ydx the canonical 1-form and £ = yd,. At the
point a, we have 0, = j—gaq. Therefore we may choose ¢ in Remark 6.7 to be

y%aq_ 1
yde — dxdy’

(6.4) ¢ =

Then the residue contribution to c;j; at a is:

Res (wiwjwi() = Res (wiijk) .

q— q—0 \ dxdy
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We will assume that coordinates x,q have been chosen around each ramification
point and so we will write Equation (6.3) as:

Cijk = _271'1'2 Rgs <wcll(:c)ilzk> .

7. RELATION TO TOPOLOGICAL RECURSION

7.1. Topological recursion for Hitchin spectral curves. Topological recur-
sion, as introduced in [7], is a recursive procedure which takes a Riemann surface

S (we assume S is compact) with meromorphic functions z,y such that dx has

only simple zeros, and produces a collection of symmetric multidifferentials T(Lg ),

for g > 0, n > 1, known as the Fynard-Orantin invariants. By “multidifferential”
we mean that W,Sg ) is a meromorphic section of the n-th exterior tensor product
K?” =KsXKsgX---X Kg on S". By symmetric we mean invariant under the
action of the permutation group on S™. The recursion formula requires a choice of

symplectic basis a1, ...,a44,b1,...,bgs. The two base cases? are:

W% (p) =0,
WQ(O)(plaPQ) = B(pl,pz),

where B(pi,ps) is the Bergman kernel®> on S x S. Recall (eg, [8]) that this is
the unique meromorphic symmetric bi-differential which is holomorphic away from
the diagonal and which, in a local coordinate ¢(p), has an expansion around the
diagonal of the form:

and such that B is normalised with respect to the symplectic basis in the sense
that fplea' B(p1,p2) =0fori=1,...,gs. To define the recursion formula we need

B(q(p1),q(p2)) =

some further notation. By assumption the map z : S — P! is simply branched.
Thus, for any ramification point a € S, we can find a neighbourhood a € U C §
and a non-trivial involution ¢ : U — U such that x o 0 = z. If ¢ € U one writes
g = 0(q). Thus z(q) = 2(g). Let w(q) denote the 1-form on U given by

w(q) = (y(q) — y(@)dz(q) = (0 — 070)(q),

where § = ydz. For p € S and ¢ € U, we define dE,(p) as follows. We assume the
neighbourhood U is chosen to be simply-connected and set

q
)= [ B,
£eq
where the path of integration is taken to lie in U. Clearly this is independent of
the choice of path of integration.
Now we are ready to state the recursion formula. Let pq,...,p, be points on
S. If K = {i1,...,ix} is a subset of {1,2,...,n}, we let px be the k-tuple px =

2An alternative convention is to define Wl(o) = ydx, but all other W}lg)’s are unchanged.
30ne can extend topological recursion by replacing B with a modified version of the Bergman
kernel, however we will not make use of this generalisation.



SPECIAL KAHLER GEOMETRY AND TOPOLOGICAL RECURSION 25

(Piys Pigs - - > Pi)- Then for 2g — 2+ k > 0 we define

W;ﬁi)l (p,pK) =

()

m —m — 1 —
q_m o E > W|J|l1 q, pJ)W,Ei|J|il(q7pK\J) +W;§iz (4,4, px)
m=0JCK

where the sum jck is over all subsets J C K. Notice that all non-zero terms

on the right hand side involve only terms W,g,g,) with 2¢' — 2 +k < 29—2+k.

Therefore, this gives a recursive definition of the W,ig).

The topological recursion formula was adapted to the case of Hitchin spectral
curves in [6]. Here the map = : S — P! is replaced by 7 : S — ¥. To make
sense of the recursion formula (7.1) on a spectral curve S C T3, note that the
formula does not directly involve the functions z,y only the 1-form 6 = ydx. For
the recursive formula, we only need the Bergman kernel B, the local involutions o
about each ramification point, and the 1-forms w = 0 — ¢*#, defined around each
ramification point. The local involutions ¢ are well-defined in a neighbourhood of
each ramification point provided m : S — X has only simple branching. We will
assume for the rest of this paper that this is the case.

7.2. Variational formulas. Our goal in this section is to relate the g = 0 Eynard-
Orantin invariants of spectral curves to the special Kahler geometry of B™&. The
key result which ties these together is the following variational formula for the
Bergman kernel:

Proposition 7.1 (Rauch variational formula). Let 0 € T, B™8. Assume p,r are
distinct and are not ramification points. Then:

_ es 66(u)B(u, p)B(u,r)
dB(p,q) = za:f?_m da(u)dy(u) ’

where the sum is over the ramification points of m and for each ramification point
a € Sy, we choose coordinate functions x,q as in Remark 6.8.

Proof. Although this formula is well known, we were unable to find a satisfactory
proof in the literature that applies to our setting, so we provide a proof here. Choose
a local differentiable trivialisation in a neighborhood U of b: Z**8|; = U x S, so that
0 = 0—W. Since ¢ is independent of the choice of local trivialisation, we are free to
choose such a trivialisation at our convenience. Changing a given local trivialisation
by a suitably chosen diffeomorphism yields a change in W of the form W — W+ X,
where X is an arbitrary smooth vector field on S (X has no poles). From this it is
clear that, for a fixed choice of points p, r distinct from the ramification points, we
can assume W vanishes in a neigbourhood of p and r. Then

5B(p7 ’I’) = 8B(p7 ’f’) - £W(p)B(p7 T) - EW(T’)B(p7T) = aB(pv T)a

because W vanishes around p and r. Next, we have the following variational formula
for B(p,r) [9, page 57]:
9B(p,r) = k(p)B(p,7) + &(r)B(r,p)
1
= 5 v [KCOBC.p) A BC ),
s

211
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where p.v. denotes the Cauchy principal value of the integral. Using k = 0W, we

obtain
9B(p,r) = k(p)B(p,r) + £(q)B(r, p)
) W (u)B(u,p)B(u,r),

B(p,
1
21

1

- 27T ; . W(U)B(U,p)B(U, 7”‘),

where we obtain the last line because k = 0 at p and r by our assumption on W. The
sum ) is taken over all poles of W (u)B(u,p)B(u,r), namely a is a ramification
point, a = p or a = r and 7, is a contour around the point a. However, we again
have by our assumptions on W that there are no residue contributions from the
points p, r and therefore we can take the sum to just be over the ramification points
of . Now, as in the proof of Theorem 6.6, we may write W = —(60)¢ + W', where
W’ is smooth and ¢ is given by (6.4). Then

5B(p.r) = 5= 3 [ (~0)w)CCu) + W () Bl p) Bl ),
UEYa,

211
a

-3 Res (60)(u)((w)B(u, p) B(u, )

_ ZR@S 59(u)B(u,p)B(u,7‘)-
- u—a dx(u

(u)dy(u)
O
Let (21,...,295) be local special Kihler coordinates on B™&. Let 0; denote the
vector field % and let d; denote §(0;). We have:
Theorem 7.2 (Variational formula [7]). For g+k > 1,
1
51‘W]§g)(p17"'apk) :_% W]gi)l(pvplv"wpk})'
pED;

Proof. This is essentially Theorem 5.1 of [7]. Since we are working in a setting where
0 is not globally of the form 6 = ydx, one needs to check the proof of Theorem 5.1
in [7] holds in this setting. In fact the proof in [7, pages 32-34] essentially only relies
on the Rauch variational formula (which we have proven in Proposition 7.1) and
the diagrammatic representation of W,Eg ) [7, Theorem 4.8], the proof of which only

uses the recursive definition of Wég ) and does not involve any global properties of
the spectral curve. O

Remark 7.3. Note that the poles of W,gg), in any one of its variables, have zero
residues. This can easily be deduced from symmetry and the diagrammatic repre-
sentation of W,gg ) [7, Theorem 4.8]. Therefore the integration of W,gg ) over a cycle
v (chosen so as to avoid the poles) depends only on the homology class of v in S.
Similarly one can also show that the integration of W,gg ) over an a-cycle is zero.

Consider the case (g,k) = (0,2), where WQ(O) (p1,p2) = B(p1,p2) is the Bergman
kernel. Applying the variational formula, we obtain

1
0;B(p1,p2) = “omi ) W:§O)(pap1ap2)‘
pE

7
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Recall that fplebj B(p1,p2) = 2miw;(p2) [8] and thus fplebj ev, Bo1,p2) =
2miTj. The variational formula then gives

Cijk = OiTjr = 5 / / B(p1,p2)
p1Eb; Jp2Eby
= 3, B(p1,p2)
27” p1EDb; /I)2€bk

2
=~ \5= W. (paplaPQ)'
(27”’ p€Eb; Jp1Eb; Jpa€byi :

From [7, Theorem 4.1], we have:

o B(p1,9)B(p2,9)
Wy (p,p1,p2) Zfﬁﬁ < d (q)dy(q) )

Therefore, we obtain

=) T [ e (Pt

which agrees with Theorem 6.6 (see Remark 6.8). In a similar manner, starting

with Wz(o)(pl, p2) = B(p1,p2) and applying the variational formula multiple times,
we obtain:

Theorem 7.4. We have:

0;,0

i\ (0)
o+ Dby Tiy _yi, =~ | 5= W’ (P15 Pm)-
27r p1€bi1 PmED;

tm

Therefore, the g = 0 Eynard-Orantin invariants W}go) for a spectral curve Sj, com-
pute the power series expansion of the period matrix 7;; about b € B™%. Since the
special Kahler metric on B'®® is given in terms of the period matrix, the invariants
W,EO) also compute the power series expansion of the special Kéhler metric.

7.3. Second derivatives of the period matrix by topological recursion. We
will use Theorem 7.4 to compute the symmetric quartic 9;0;7; of second derivatives
of the period matrix. From the diagrammatic representation of Eynard-Orantin
invariants, one finds ([7, Equation (4-46)]):

~—

(0) _ dE,(p) dEy(q
W4 (p5p17p25p3) - qu;grR_%g W(q) (U(T>
a(p

dFE dE,(q
+ ResRes (@

qa—=ar—b w(q) w(r)

[B@pl)B(Tv p2)B(7,p3) + Perm1,2,3]

a,b

v

[B(q,p1)B(r, p2) B(T, p3) + perml)w] )

a’)
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where perm, 5 3 means we sum over all permutations of py, p2, p3. To this, we apply

4 . .
(ﬁ) prbi fpl €b; Jpa€by fpgebl’ gving

2mi Jpep, < a—ar—b w(q)  w(r)
" dE,(p) dE-(q)
27” /gb qR—C;(f{%—ej wzq) w(rr) [wj(q)wk< ) ( )‘f'perm]kl]

Around each ramification point, choose coordinates z,q as usual. Then dz(q) =
2qdq, dy = y'(q)dq and we have:

dE,p)f(@) _ 1, Bla.p)fla) _ B p)
Bee—0 ~ 2oy ~ a0

where f(g) is any local section of Kg, holomorphic in a neighbourhood of b. Using
this, (7.2) simplifies to:

Eq _ [ wr(b)wi (b
i /pEb Z{fggB q,b (()) i (@) (W) + perm,

(
dEqy(p) wi (b)awi (b)
== 2 e Bah e e ) () +vemm

Consider first the terms where a # b. Then B(q,b) and B(g,b) have no pole at
q = a, so these terms give, on further simplification:

(7.3)

i a B(aap>wj (a) Wk(b)wl(b) -
A Jpes, #B( ,b) 2/ (a) ( 29/ (b) >+pe iy
a)wj(a) (wr(b)wi(b) .
;}B ( /(CL) ) ( 2y/(b) ) +p 7,k,1
= a, a)w;(a) k(b)wi(b) 4
;;B ’ ( 2y'(a) ) ( 2y (b) >+Cyca,k,l

where cyc; , ; means a sum over cyclic permutations of j, k,l. Now let us consider
the terms where ¢ = b. In this case we must compute the residue as ¢ — a of

L eb, B(q,a) dE, (p) w;(q) and of 2m fpebi B(g,a) dE, (p) w;(g). Both of these have

27 w(q) w(q)
poles of third order. We have the following expansions near ¢ = 0:

y(@) = y(0) + ¥/ (0)g + 4" (0)¢ + 5" (0)g + - -

2 6
w(q) = (y(q) — y(—q))2qdq = 4¢%(y/'(0) + éy”’(O) 24..)dg
w;j(q) = (wj(()) + wj(0)q + 5% w!(0)g* + éw”’(o)q?’ 4. ) dq
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where Sp(a) is the Bergman projective connection [8]. Also, we may compute the
expansion of ;- Joes, dEq(p):

1 1 1 [
— dE,(p) = — = B
210 J pey, a(p) 2mi /pebiz/f—q (&p)
1 q
—2/5_(10%'(5)
1 q( / 1 " 2 )
5, (@ + w0+ g0

=g (w0 + gt O+ ).

Therefore, the expansion of 5= fp o, Bla, )df‘(’g ) w;(g) has the form

1 dE,
L[ g a2
270 Jpeb, w(q)

:<q12+és,3(a)+...) ((y’((OO))+ w,,,())qqzi:...)) (MO) 0+ J(O)q2+”'>dqda
) )a* +

(L Y e (wi(0) + 1wl (0)g? )w‘ OV )
_(c12+65‘9()+ )4(]( 0) + 2y (o)qz+...)<a(0> (0>q+2 7(0)g” + )dqd.

w;(q)

Adding this to the corresponding expansion for - fp e, B(@,a) dfgq(gj )wj(q), we get

1 dE,(p) . 1 _ dE4(p)
i |, Bao @ o [ Ba@a P

pEb; 2mi w(q)

(L g ) O O )
— (q2 + 6SB( )Jr )Qq(y/(0)+ Gy///(o) 2_~_...> < 3(0)

The coefficient of % in this is:

1 y///(o) 1 1 " 1 "
125/ (0) (SB(a) =0 w; (0)w; (0) + 5/ (0) 2wl(0)wj (0) + i (0)w;(0) | -
Therefore, the a = b terms in (7.3) are given by:
1

5 za: Wl(cz)? (SB(a) - yy’i’((;))) wi(a)w;(a)wi(a)wi(a) + permy ;

+3 S e (sl @eanlalen(a) + gt @es(alen@n(e) ) + perm
=3 e (50 - 57 ) es@antorate

+ Za: 8y’1a)2 (wg,(a)wj (a)wk (a)wl(a)) + CYCi g ki

Putting this all together we have shown:
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Theorem 7.5. The second derivatives of the period matriz are given by:

3
1 0
81-(9ka1 = () / / / Wi )(p7p17p2,p3)
2mi p€eb; Jp1€b; Jp2€by Jp3€ly

o wi(a)w;(a)\ ((wk(b)wi(b)
- QMZB(G’b) < 2/ (0) ) ( k2y,(bl)
(7.4) a7b

+ 2mi Z W (SB(a) - yyé‘?) wi(a)w;(a)wk(a)w(a)

) + CYc; k.

Y s (ol @y (@) @) + e

Remark 7.6. Let us verify that the right hand side of (7.4) is independent of the
choice of local coordinates g,z satisfying * = ¢2, as it must be, since 9;0;7y; is
independent of such choices. Consider a change of variables & = h(x), § = f(q),
where # = ¢* and & = ¢%. If h(z) = h'a + $h"2* + ("2 + -+ and f(q) =
flq + %f”q2 + %f”’q3 + .-+ then the relation & = ¢ implies f”(0) = 0. Let
Sp(a), Sp(a) denote the Bergman projective connection in the ¢ and §-coordinates.
The property of being a projective connection means

Sat0) = (1Sate) + (L7 - 32 ) |

f/ 2 f/2
where (ff/:, — %J}/,f) = S(f) is the Schwarzian derivative of f at ¢ = 0. From
0 = y(q)dx = §(§)dz, one finds
(7.5) y'(0) =9'(0)(f)°
" 0 _ "0
y/// 0 B :g/// 0 o ﬂ
OB ORI
Then since f” =0, we get
SO g (sp00 - L0) —of
(75 (300 - L) =7 (S0 - £ ) 422
But using w;(q)dq = &;(§)dq, we also find
(7.7) wi(a) = (f")@i(a)
(7.8) wi'(a) = (f')°w] (a) + @i(a) f".

Substituting (7.5)-(7.8) into (7.4), we see that the result is coordinate independent.
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