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Recent advances in computational mechanics andreahsimulation techniques enable
more efficient and realistic geotechnical and ngnilesigns and analyses. A successful numerical
simulation requires a robust and rigorous constgunodel, which is capable of predicting the most
fundamental features of material behaviour. In gogfion with numerical simulations, the complex
behaviour observed in geomaterials also encouthgedevelopment of more capable and realistic
constitutive models. The key aspects of developmgstitutive models for rocks are to capture the
essential features of rock deformation and failoleserved in experimental studies or in the field.
These features include brittle behaviour, whiclereto a sudden post-peak strain softening, ductile
behaviour which is interpreted as the capacity Undergoing substantial inelastic deformation
without gross fracturing and the transitional stateveen these two regimes of behaviour. Another
important behavioural feature of rocks and als@ogeomaterials is the localisation of deformation
within a narrow band. Upon the onset of localigatihe homogeneity of stress and strain fields is
lost and any macroscopic definition of stress drairsis no longer physically meaningful. It is@ls

essential for any constitutive model to be thernmagigically admissible.

The focus of this study is on the development efrtiodynamically consistent constitutive
models for rocks. The development of the constiéutnodels is carried out within the framework of
generalised thermodynamics to ensure the thermadgnadmissibility of the models. The key
feature of the generalised thermodynamic frameviotkat the entire constitutive relations can be
derived by explicitly defining two scaldunctions, namely, an energy potential and a didigip
function. In this study, it is demonstrated thawhbe most fundamental mechanisms of deformation
and energy dissipation can be incorporated into ntmglel formulation by enriching the two
thermodynamic functions with extra kinematic coaistr equations. The theories of plasticity and

continuum damage mechanics are also used to degbgbmechanisms of energy dissipation and



deformation. By adopting the thermodynamic approdehcoupling between damage and plasticity
is specified in the formulation of the dissipatfomction, which is subsequently transformed (using
a degenerate Legendre transformation) to a singleerglised yield function. This method for
coupling damage and plasticity facilitates the nuca¢ implementation of the models as a single
yield function controls the simultaneous evolutidrlamage and plastic strains. An important aspect
of the coupled-damage plasticity models developedhis study is that, in accordance with
experimental observations, the initial yield suefag transformed to a final failure envelope due to
the evolution of the internal variables of the med®wing to this feature of the models, rock
mechanical behaviour under various stress statebeaaptured without any need for separately

introducing hardening/softening rules into the mddemulation.

The constitutive models developed in this studyeaemined against experimental data from
drained triaxial tests on rock specimens availabl¢he literature. It should be noted that the
localisation of deformation and the subsequent nmigeneity of the kinematic field and stress
redistribution give rise to the deterministic sie#fect problem. It is, therefore, inferred that
experimental data from rock specimens are not maegresentative of intrinsic rock material
behaviour but are also influenced by the specirizn Binite element (FE) simulations of cylindrical
rock specimens are, therefore, carried out to stiuelgpecimen size effect on its overall mechanical
response. Classical constitutive models are deegdldpr a homogeneous representative volume
element (RVE) without considering the featuresamfalised failure and deterministic size effect.
After the completion of model formulation, regutaiion techniques, such as non-local or gradient
enhancements, are employed to eliminate the nualeinstabilities and ill-posedness of the
boundary value problems (BVPs) caused by the leatdin of deformation. These approaches,
however, may lead to computational inefficiencytipalarly, in large scale modelling applications.
In this study, a thermodynamic approach is develdapenodel the localised deformation and failure
of geomaterials in a rigorous and consistent manherthis end, the underlying mechanisms of
localised failure are described at the materiatlléar a non-homogeneous RVE (an RVE containing
a localisation band). Hence, the kinematic depecylertween the two material phases beyond the
onset of localisation is described by means of skimematic constraint equations. Due to the direct
incorporation of the essential mechanisms of Isedli failure in the constitutive equations,
calibration and identification of model parametees be carried out in a more consistent and
physically meaningful manner. Additionally, intrading the features of localised failure at the
material level can significantly reduce the costamputation in large scale modelling applications

in geotechnical and mining engineering.
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CHAPTER 1

I ntroduction

1.1. Introduction

Constitutive modelling of rock and rock masseshis backbone of any numerical
simulation in many mining and civil engineering jeas. Proper understanding and
modelling of rock behaviour would facilitate a safed economical design in geotechnical
and mining engineering field operations. Like attyen geological material, such as concrete
and soil, rock behaviour is also sensitive to press&nd it can change dramatically from
very brittle at low pressure to ductile under sahsally high pressure. Other important
factors that can influence the mechanical respohsack material include temperature and
rate of deformation. In mining and geotechnicalrapens, the effects of blasting, drilling
or tunnelling and also seismic forces can dramiiticlhange the stresses acting on the
surrounding rock formations. Therefore, the predicof failure (or an excessive inelastic
deformation) would necessitate a model able touraptas accurately as possible, the
macroscopic behaviour of rocks under rather comgliess states, varying temperature and

different loading rates.

Nevertheless, the complex behaviour of rocks acll neasses, owing to their non-
homogeneous and anisotropic nature, cannot alwags rdflected correctly and
straightforwardly in constitutive models. Furthemmathe inelastic deformation and failure
of rock material involve localisation of deformatiowhich introduces an additional
heterogeneity to the already non-homogeneous rahtéwcalised failure poses serious
challenges in constitutive modelling and numerstiaulation of rock structures, particularly
in large-scale problems. A constitutive model whigbcurately reflects the complex
behaviour of rock material would facilitate the renmal simulation of large-scale problems,

commonly encountered in mining and civil enginegmojects.
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CHAPTER 1 Introduction

1.2. Aims and Scope of the Present Study

The main objective of this study is to develop thedynamically admissible
constitutive models for rocks, with emphasis onouig and consistency of the model
formulation and identification of model parametbesed on experimental observations. In
the development of the constitutive models, theusods put on capturing essential
macroscopic features of rock behaviour under varistness conditions. These features
include brittle behaviour with post-peak softeniting transitional state from brittle to ductile
and ductile behaviour under high pressure, diladivé contractive responses corresponding
to the applied pressure and the localisation adrtedition. Another important feature that is
usually ignored or not addressed adequately intitotisge modelling of rocks is localised
failure, which includes the onset and orientatiérocalisation bands, together with their
evolution during post-peak deformation processeas.atcomplish this aim, theories of
plasticity and continuum damage mechanics are tsednstruct the constitutive models
within the well-established framework of generaliskermodynamics or thermodynamics

with internal variables (TIV).

It is important for any constitutive model to bestmodynamically admissible.
Constitutive models which are not thermodynamicatiynissible, although useful is some
engineering applications, may not be always configerelied upon, especially under
conditions different from those under which the elodas been developed. Examples of
such models can be given as those developed bagbd traditional micro-plane approach.
Since it was first proposed by Bazant and Oh [hg tnicro-plane approach became
progressively more popular for the descriptionhaf tonstitutive behaviour of a number of
engineering materials such as concrete, rock, gesaand ice [2-17]. Although successfully
implemented and extensively verified with experita¢énresults, the thermodynamic
consistency of traditional micro-plane models coulot be guaranteed in all loading
situations. It turned out later that, in the waggd models were introduced, some of the
stress variables used at the micro-plane levelnateconjugate quantities to their strain
counterparts. The lack of full thermodynamic cotesisy (actually common to many
constitutive models used in engineering practieenss to have had little influence on the
representation of available experimental data, rgitlee excellent fits obtained under
numerous different loading conditions. Nevertheléesre must undoubtedly exist load
sequences for which energy is spuriously dissipategenerated and could be large enough

to distort the predicted material response [18hrig case, it is obvious that an approach in
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which conjugacy of variables and thermodynamic tescy is assured should always be
preferable. In fact, thermodynamics admissibiktginecessary, but not sufficient, condition

for a constitutive model.

In principle, it is possible to apply the requirertse for the thermodynamic
admissibility of a constitutive model retrospectweafter the completion of the model
formulation. This approach, however, may lead toostucingad hocassumptions in the
formulation of the model. A more rigorous and cetesit approach is to construct the
constitutive model within a well-established themezhanical framework. To this end, the
framework of generalised thermodynamics [19-21] l&l extensively used in this study as
a basis for the development of constitutive modat$also for enhancing them to effectively
deal with localisation issues at the constitutigeel. The key aspect of the generalised
thermodynamics framework is that the entire conswé relations can be obtained through
explicitly defining two scalar functions, i.e. anexgy potential and a dissipation function
[19, 21, 22]. In this regard, it is possible bathrécast the existing models [e.g. 23] and to
develop new constitutive models within this frameorkv [e.g. 24]. Generalised
thermodynamics is a thermodynamic field theory Wwhi@s a strong link with (and even
inseparable from) continuum mechanics [21]. Theesftheories of continuum mechanics,
such as elasticity, plasticity and continuum danragehanics can be employed to explicitly

define the two scalar thermodynamic functions.

Theories of plasticity and continuum damage medsa(CDM) have been widely
used to describe the inelastic behaviour of roeksvever, neither of these theories alone
can appropriately account for both the observaténgth, stiffness reduction and residual
strains, which are characteristic of the inelabbaviour of most engineering materials.
Therefore, the specification of coupling and intéin between damage and plasticity in the
model formulation is necessary if the model is dofv the experimental observations
accurately. A coupled damage-plasticity approadtersce adopted in this study to describe
the mechanical behaviour of rocks. In this serfse strain softening, stiffness degradation
and residual strains can be captured by meansupled damage-plasticity models. From a
phenomenological perspective, itis common pradtic®nstitutive modelling to encompass
all the underlying micro-mechanisms leading torgjth and stiffness degradation (e.g.
micro-cracking, grain crushing, etc.) within a dgmandicator, which can be a scalar or a
tensor of higher orders. Similarly, all the micrarhanical phenomena, the manifestation of

which, is observed as residual strains at the macate (e.g. frictional sliding, asperity

1-3



CHAPTER 1 Introduction

interlocking, diffusional flow etc.) are represehtey plastic strain tensor. On this account,
the damage indicator and plastic strain tensorbeamterpreted as macroscopic variables
which, characterise the material behaviour at therascopic level. In thermodynamics
terminology, the damage variable and plastic strane termed as internal variables, within
which, the history of inelastic deformations ordgilgtive processes is encapsulated. In
principle, in order to accurately replicate the emi@ behaviour, an infinite number of
internal variables can be introduced into the mdolehulation. In practice, however, only
a few internal variables, provided ingenuity isgtiged in selecting them, would suffice to

give reasonable approximations to the real matbahaviour [19].

In this study, coupled damage plasticity models @degeloped to describe the
mechanical behaviour of rocks. Coupling betweenatgrand plasticity is specified in the
formulation of the dissipation rate function, whiichturn, gives rise to the existence of a
single yield function. This yield function then ¢osis the simultaneous evolution of all
internal variables, i.e. the scalar damage variabteplastic strains. It is also demonstrated
that owing to this single generalised yield functtbat evolves to a failure function, under
the effects of both damage and plastic deformatibe, proposed model facilitates the
simulation of rock behaviour under a wide rangeaffining pressures. In particular, both
brittle and ductile responses and the brittle-deictansition, together with the dilative and
contractive behaviour, are captured due to thererfideatures of the model, without any
need for separately introducing softening/hardemavgs. In addition, it is demonstrated,
through the development of two separate constautiodels for porous and compact rocks,
how different deformation mechanisms can be takém ¢onsideration by appropriately
selecting and defining the internal variables & thodels. The main motivation for these
developments is the observed differences betweerithtional/contractive responses of
porous and compact rocks. According to experimealbeervations, while porous rocks
exhibit compaction under high confining pressur@sgact rocks show a marked dilative
response even at pressures well beyond the prgsstiagming to the brittle-ductile transition
[25-30]. After presenting the details of the moldemulations, parameter identification and
calibration procedures, the performance of the risoale assessed (at material level) against
sets of experimental data from drained triaxiaistes cylindrical rock specimens available

in the literature.

One of the most important aspects that must bentake consideration when it

comes to constitutive modelling of geomaterialgluding rocks, is the localisation of
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deformation within a band of narrow width, compatedthe characteristic size of the
structure. The width of the localisation band isdgaminantly determined by the material
microstructure and it is an inherent attribute led tnaterial. For instance, the localisation
band is relatively thick in porous sandstones, wagithe thickness of localisation band in
hard rocks is infinitesimal [30]. In addition, aft¢he onset of localisation, inelastic
deformation mostly concentrates within the locaigaband, while the bulk outside the
band undergoes unloading. The localisation phenome&an be viewed from physical,

mathematical and numerical perspective.

From a physical perspective, the overall resporise siructure (or specimen), its
ultimate failure and the total amount of dissipagsergy during the course of inelastic
deformation are predominantly governed by the nedteehaviour inside the localisation
band. Upon the formation of localisation band, hibenogeneity of kinematic fields is lost
which in turn leads to the redistribution of theest field and its bifurcation from the
homogeneous state. Therefore, the definitions aedsarements of macroscopic stresses
and strains are no longer physically meaningfutegx as averages. The localisation of
deformation and the associated non-homogeneitytrass and strain fields causes the
mechanical response of the structure to be depératernts size and/or characteristic
dimensions. This is a rather well-known problensantinuum mechanics, referred to as the
deterministic size effect [31]. After the onsethafurcation the total amount of dissipated
energy, due to irreversible deformations, depemtisan the width of the localisation band,
but not the size of the structure. However, it $tidae noted that the total strain energy
which is stored within a structure scales up with $ize. Therefore, whenever the
consequence of material failure is the post-peéikising or the lack of ductility, a size effect
must be expected [31]. Therefore, the effect ofsie of a rock structure (or specimen) on
its mechanical response can be observed as progigssteeper post-peak curves and

finally the development of a snapback, as the €lemebs of the specimen increases.

From a mathematical point of view, localisationdeformation poses some serious
challenges to the constitutive modelling of geomale based on conventional continuum
mechanics. At the onset of localisation, the gowerpartial differential equations (PDES)
lose their ellipticity and the uniqueness of thugon is lost. In turn, this gives rise to the
ill-posedness of the boundary value problems (BVBZ). In numerical simulations,
localisation of deformation takes place in the desalsoftening zone that can be captured

by the numerical discretisation. As a consequeht@localisation, the numerical solution
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becomes mesh-dependent and the energy dissipatithe isoftening zone may approach
zero upon mesh refinement. Use of classical contmmechanics, in this case, has been
proven to be inadequate [33-35]. Numerical instigbproblems that arise due to the
localisation of deformation can be eliminated # #ilipticity of the governing differential
equations is preserved by means of some regulanstchnique, such as nonlocal and
gradient approaches or rate-dependent enhancefewever, employing nonlocal and
gradient regularisation schemes are still companatly expensive. Hence, the
regularisation of the constitutive models developethis study is based on a simple and

computationally cheap rate-dependent enhancembeetrst

Although the numerical instabilities of the BVPdo the localisation phenomenon
can be eliminated by means of a regularisation mehaanging from a simple rate-
dependent enhancement to more sophisticated ap@®a¢non-local or gradient
regularisations), numerical simulations of vergkascale problems, commonly encountered
in geotechnical and mining engineering, may stél domputationally expensive if not
impossible. The reason for the computational ingfficy of these models in large scale is
that they require a finer numerical resolution th@width of the localisation band in order
to simulate the localised failure. It should als® toted that since the locations of the
localisation zones are unknown, a very fine nunag¢niesolution would be needed for the
entire domain under consideration, resulting inyMarge and sometimes unmanageable
models. This problem can be alleviated by meangkimématic enhancements of the
numerical scheme. Examples of these approacheexaeaded finite element method
(XFEM) or enhanced assumed strain (EAS). Theseoappes, however, have their own
limitations, particularly in handling cases wherermthan one single crack or localisation
zone appear within the material element (espeaialtiiree dimensional problems).

In this study, a thermodynamic approach is develofge model the localised
deformation and failure of geomaterials in a rigcrand consistent manner. To this end, the
underlying mechanisms of localised failure are dbed in the formulation of the energy
potential and dissipation function. Towards this ahe kinematic relationships between the
two material phases beyond the onset of localisatice described by means of some
kinematic constraint equations and are subsequeistyl to supplement the dissipation
function. This thermodynamic approach produceslamesults to those produced by a two-
scale approach developed by Nguyen et al [36, BY]particular, due to directly

incorporating the fundamental mechanisms of loedligilure in the definition of the two
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thermodynamic functions and subsequently in thestitive equations, numerical

implementation of the model does not require arfregolution than the bandwidth of the
localisation zone. This important feature of thedelomakes it desirable for large scale
modelling applications in geotechnical and miningiaeering.

It is beyond dispute that in the process of comsée modelling for engineering
materials numerical aspects such as integratioanseh for the rate constitutive equations
and also the employment of relevant numerical #&lgms for the nonlinear finite element
analysis, are of utmost importance. However, tine @i this research is not to carry out
extensive numerical simulations of structural peofs, but to propose and develop
consistent and rigorous approaches for constitutiedelling of geomaterials, focusing on

rocks in particular.

1.3. Outline of the Thesis

This thesis is organised into seven chapters; dnotuthe current chapter, which
serves as an introduction to the aims and scoff@so$tudy while outlining the structure of

the thesis. The contents of the successive chamtess follows:

Chapter 2 presents a brief review on various aspddhe mechanical behaviour of
rocks observed in experimental studies, as welhake field. This review distinguishes
between two different types of rock material, ngmebrous and compact or non-porous
rocks. Major issues in constitutive modelling otkomaterial along with the strengths,
weaknesses and limitations of currently existingdeie and/or modelling frameworks are
also briefly addressed in Chapter 2. A tight cotinacbetween the parameters of a model
and the experimentally measured material proped®svell as the capacity of the model in
faithfully reflecting the important behavioural faees of rock material, is the basis for
comparing different models. This brief review suppothe advantages of coupled
elastoplastic-damage models over both elastoplaamtid elastic-damage models for
describing the mechanical behaviour of geomateiiatuding rocks. In addition, the
limitations and shortcomings of the existing codptamage plasticity models for rocks are
investigated and discussed. Overcoming some ot thmtations is the main motivation

and objective of the development of the constitutivodels in this study.

In Chapter 3, fundamental aspects of the framewbdeneralised thermodynamics
or thermodynamics with internal variable (TIV), whiis the basis for the development of

constitutive models in this study, are discussedetnil. Conceptual discussions on the
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applications of the laws and principles of thermmaiyics in constitutive modelling of
engineering materials are also presented in Ch&ptéurthermore, the formulation and
features of the framework is presented in such anerawhich further facilitates the
application of the framework to the constitutive dething of engineering materials. The
focus is particularly put on the incorporationiué kinematic interdependencies of a physical
problem into the model formulation by adding kinéimaonstraint equations to either the
energy potential or the dissipation function. Farthore, additional internal variables,
which are representative of an underlying mechawoisinmeversible deformation and energy
dissipation, can also be added to the model formomahrough introducing kinematic

constraint equations and supplementing the twastiaérmodynamic functions.

Chapter 4 is concerned with the development ofugpledl damage-plasticity model
for porous rocks within the framework of generadiseermodynamics. It is demonstrated in
Chapter 4 that the proposed model facilitates ithelation of rock behaviour under a wide
range of confining pressures. In particular, boitile and ductile responses and the brittle-
ductile transition, together with the dilative atwhtractive behaviour, are captured thanks
to the inherent features of the model, without areed for separately introducing
softening/hardening laws. The model behaviour $&ssed (at material level) against a few
sets of experimental data on porous sandstonekalaleain the literature. Towards the end
of the chapter, the localisation features of tr@ppsed model are investigated in detail and
rate-dependent regularisation is carried out. feuntiore, in order to investigate the effect of
the specimen size on the mechanical response &f specimens, finite element (FE)
implementation of the proposed coupled-damageipitystnodel is carried out in ABAQUS
software package by developing a UMAT subroutinehls analysis, structural behaviour
of cylindrical specimens of rocks in drained trexests is simulated.

In Chapter 5, a new coupled damage-plasticity misd#dveloped for describing the
behaviour of compact rocks. The motivation for teselopment is that the underlying
mechanisms of deformation in porous and compadtsioas well as their macroscopic
responses, are significantly different. Unlike peorocks, compact, non-porous rocks
exhibit a distinct dilational behaviour even undebstantially high confining pressure at
room temperature. This dilational behaviour of cactgocks is captured by accounting for
the effects of irreversible damage induced volumedeformations on the mechanical
response of rock. The coupling features of the gsed constitutive model in Chapter 5 is

the same as that proposed for porous rocks in €hdptand therefore this model also
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benefits from possessing a single generalised Yigidtion which evolves to a failure
function as damage and plastic deformation develitiin the material. Furthermore, the
model response and its predictive capability aessed by providing some numerical
examples through comparison between the modelgireas and a few sets of experimental
data available in the literature. Finally, the ligation features of the proposed model are

briefly discussed and rate-dependent enhancemeéhé ahodel is also carried out.

In Chapter 6, a thermodynamics approach is devdlapeorder to model the
localised failure of geomaterials, including rock$ie most important premise in the
development of this thermodynamic approach is tecdee the kinematic relationships
between two material phases within a representatbleme element (RVE) of the
continuum which has bifurcated from the homogenestage at the onset of localisation.
These kinematic interdependencies are introdudedtire model formulation by means of
kinematic constraint equations. The coupled darpd@sgicity model developed for a
homogeneous RVE of porous rocks, in Chapter 4as used to describe the mechanical
response of material phases inside and outside¢hksation band in sandstones, where the
thickness of the localisation zone is considerabte. hard rocks, on the other hand, the
mechanical behaviour of the infinitesimally thinadture process zone (FPZ) can be
described by a cohesive-frictional interface adimed in Appendix B. The modelling
framework developed in Chapter 6 is then usedudysthe deterministic size effect on the

mechanical response of rock specimens.

Chapter 7, summarises and concludes this studypaoxides discussions and

proposes possible research directions for thedugtudies.
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CHAPTER 2

Constitutive M odelling of Rock Material: a brief review

2.1. Introduction

The importance and necessity of numerical simuiatio modern day geotechnical
engineering is beyond dispute. At the core of @sssful and reliable numerical simulation,
however, is a material model that describes theharacal behaviour of the material out of
which the structure is made. Material models (ofegmed as constitutive models) establish
a relation between the applied, or naturally pregamsitu), stresses and the resultant
deformations for a material of some known propsrtien regards to geomaterials, a
constitutive model which can realistically refléleé most fundamental aspects of the rather
complex behaviour of such materials is of greatessity in engineering design projects.
Although a large number of constitutive models deomaterials, with different levels of
complexity and applicability, have been developedrd) the past few decades, there still is
a long way towards the aim of acknowledging antbogihg all fundamental features of the
material behaviour in these models. Therefore, resxée research and development are

always required.

Fundamental features of the mechanical behaviour cohesive-frictional
geomaterials, such as rock and concrete, and foeiseiade hitherto to capture such
features in constitutive models are briefly revievire this chapter. In this regard, the focus
is put mainly on continuum theories such as plagtibeory, continuum damage mechanics
and their coupling. The main features, advantagdssaortcomings of constitutive models
will be critically discussed in order to providgy@neral background and motivation for the
development of constitutive models in this studg @ basis for this critical study, the

mechanical behaviour of rock material is brieflyiesved subsequently.

2-1



CHAPTER 2 Constitutive Modelling of Rock Materialbrief review

2.2. M echanical Behaviour of Rocks

Some most fundamental aspects of the mechanicalvlmhr of rocks, observed in
experiments as well as in the field, are summairisehis section. This brief review serves
as a benchmark for comparing and evaluating th&tiegi models and provides a basis for
the development of new constitutive models for eockome aspects of micromechanisms
of deformation are also addressed in this secsahey will be referred to in the successive
chapters for physical justification of some assuams made in the development of
constitutive models. In such regards, this studyijuishes between compact and porous
rocks as their microstructure, underlying deformmtmechanisms and consequently, their
macroscopic responses are markedly different usidatar stress conditions. Fundamental
aspects of macroscopic responses of rock matehahwwill be addressed in this brief
review include; brittle and ductile behaviour, aslivas the transition from brittle to ductile,

dilation and compaction, localisation of deformatio
2.2.1. Brittleto Ductile Behaviour

In association with the mechanical behaviour okspdhe term brittle refers to a
post-peak strain softening. Under certain cond#joncks may also exhibit ductility. The
term ductility refers to the capacity for undergpsubstantial inelastic deformation without
disintegration, compared to the specimen dimensiBnistle and ductile behaviour and
brittle-ductile transition in rocks are associatetth a wide variety of deformation
mechanisms which in turn depend on many differantdirs, such as confining pressure,
temperature, loading rate and the rock microstrectiihe rock mechanical response in
brittle regime is mainly governed by micro-crackamd cracking accompanied by frictional
sliding. However, the underlying mechanisms whiske gise to the observable macroscopic
ductile behaviour may, in addition, include a vayrief other microscopic flow mechanisms,
such as crystal plasticity, diffusional flow, andagular flow [30]. In addition, there are
various microstructural features initially presentock that can significantly influence its
mechanical response. These features include goaimdaries, the contrast between different
minerals and other constituents and, more impadytadifferent forms of micro-cavities.
Among the micro-cavities, it is important to digfinsh between pores and micro-cracks. In
this section, the underlying mechanisms of bréatid ductile behaviour, as well as the brittle-
ductile transition, is briefly reviewed for poroasd compact rocks. Furthermore, this study
focuses merely on the effect of confining pressur¢he brittle-ductile response of rocks.
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2.2.1.1. Mechanisms of brittle and ductile behaviour in compact rocks

Most non-porous and unaltered rocks exhibit albriiehaviour under tension and
compression at room temperature even under sulahahigh confining pressure [38-42].
Microscopic studies on hard, compact rocks underpression [43-46] have revealed the
development of both intergranular and intragranaiaro-fracturing. Intragranular micro-
cracks may be either at grain boundaries or incémaenting matrix (in cases like low-
porosity calcite-cemented sandstone). In compraessider low confining pressure, micro-
cracks first scatter throughout the specimen octire. As the microcrack density increases
with strain, they tend to concentrate and localisean inclined zone from which the
macroscopic fracture develops by step-wise joirhghe micro-cracks, beginning in the

centre of the specimen (see Figure 2.6).

In compact rocks, the transition from brittle toctiie behaviour is associated with
more stable micro-crack development which may owmmtito larger strains. A pivotal
difference between the mechanisms involved in titdeband ductile responses lies in the
capacity for accommodating the uniformity of thecrocrack distribution [30, 47].
Numerous experimental studies suggest that witreasing confining pressure the micro-
fracturing is progressively inhibited [48, 49]. Thnain features observed towards the upper
end of the brittle range are the broadening ofldlcalisation zone and the occurrence of
considerable deformation outside the localisationez In compact crystalline rocks under
low confining pressure, microcracks mostly develdpgrain boundaries. With further
increase in pressure, the probability of occurresfaeelastic deformation within the grains

increases (either in the form of crystal plastictymicro-fracturing) [39, 50-54].

In some compact rocks, like marble, under high ioomd pressure the pervasive
micro-cracking that precedes macroscopic fractargigues to develop up to larger strains
[29, 55, 56] and the sharply defined localisatiome that forms at low pressure broadens
into a thicker zone of micro-crack concentratiorgufe 2.1 (a) shows the change in the
mechanical response of marble from brittle to deatiith increasing confining pressure.
The appearance of the marble specimens at thefesodne tests is also shown in Figure 2.1
(b). This figure shows the effect of pressure @biising the micro-cracking or damage
processes, which in turn results in broadenindgabaisation zone. The bulging or barrelling
observed in the marble specimen at higher confipiegsures can be explained by appealing

to the hypothesis of micro-crack (or damage) stiibn effect of confining pressure.
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Higher confining pressures allow the micro-craakspread through a larger volume of the
material. This large volume fraction of the matereplete with microcracks governs the
macroscopic observable response of the specimas.hipothesis is the basis of model
development in Chapter 5, where the formulatioa obupled damage-plasticity model for

compact rocks is presented.
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Figure 2.1: (a) Progression from brittle to ductédsponse and (b) appearance of Wombeyan marble
under different confining pressures (after Patteiad Wong [30]).

2.2.1.2. Mechanism of brittle and ductile behaviour in porousrocks

Experimental observations suggest that micromechamrocesses involved in
brittle to ductile transition of porous rocks ammflamentally different from those observed
in compact rocks. Nevertheless, similar to compadits, microcracking occurs both within
the cement matrix and within grains, leading toftagmentation of grains and formation of
local microscopic localisation zones (Figure 2%2-p4]. In porous rocks, the larger strains
in the ductile field result mainly from the relatimovement of grains or grain fragmentation
[65-68]. This deformation mechanism is often reddrto as “cataclastic flow”, which can
be inferred as a combination of micro-cracking grathular flow. In general, higher porosity
favours a lower brittle-ductile transition pressuret the transition pressure is also sensitive
to grain size and other microstructural featureshsas the nature of the cement, the

presence of clay minerals or alteration produ&@, $1-63, 69, 70].
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Figure 2.2: Damage and shear localisation in Beagalstone. (alsolated clusters of Hertzian
fractures emanating from grain contacts.Qoplescence of clusters of damage to form
a macroscopic localisation band (after Menéndex. §69])

In both porous and compact rocks, under low confjmpressure, microcracking (or
damage) is localised along a shear band, whilendterial undergoes dilatancy and strain
softening [59, 67, 71-73]. At higher confining pase, on the other hand, the material
compacts and hardens with damage distributed homeogesly in the samples. It should be
noted however that the pressures at which britttuotile modes of deformation and failure
are observed are significantly different for por@msl compact rocks. Furthermore, while
the ductile behaviour in compact rocks can betatted, mainly, to the effects of confining
pressure in stabilising the micro-crack developm#ra ductile behaviour of porous rocks
involves some other additional and rather compt@narios. In porous rocks, under high
pressure, proliferation of micro-cracks and accwatioh of damage in the cement matrix
gives rise to the relative movement of grains amdases the chance for grain to grain
contacts. This will, in turn, lead to the developrnef Hertzian stresses and consequently to
grain fragmentation or grain crushing, which cautfes rock to be progressively more
compact [65, 68, 74, 75]. The macroscopic manifesteof these underlying cataclastic
scenarios is observed in the macroscopic respohggomus rocks as a ductile (or
progressively hardening) response with increasitrgins In spite of the different
mechanisms of deformation in compact and porougstoapon the formation of the
macroscopic fracture and failure, the various tygfdsehaviour tend to converge towards a
“critical state” condition of constant volume andnstant flow stress [30]. This will be
discussed in further detail through the developrénbupled-damage plasticity models for

porous and compact rocks in Chapter 4 and Chapter 5
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2.2.2. Dilation and Compaction

The inelastic volumetric deformation of rocks is obnsiderable practical
importance. Much of the early studies on inelagbitime changes in rocks were motivated
by the hypothesis of its central role in the medsrarof earthquakes and its association with
possible premonitory signs for earthquakes, suahasges in elastic wave speeds or in the
levels of the Earth’s surface [76-79]. Inelastidwoe changes are often referred to as
dilation or compaction depending on whether théiahivolume increases or decreases,
respectively. Under hydrostatic pressure, inelastation is unlikely to occur, and inelastic
compaction is only expected in porous rocks. Urdiviatoric stress, on the other hand,
dilation or compaction may be observed dependintherievel of confining pressure and
the microstructure of the rock.

Dilatancy often occurs in rocks prior to the oceae of the macroscopic fracture
when the rock is loaded under conditions condudivébrittle fracture. The effect of
confining pressure on the magnitude of dilatanagrpto macroscopic fracture varies
considerably from one type of rock to another.his sense, while an increase in confining
pressure causes a diminution in dilatancy in poroaks [25-28], it does not give rise to a
marked decrease in dilatancy in compact rocksiikeble and granite. Figure 2.3, illustrates
the dilative and contractive responses of two psroddamswiller [28] and Bentheim
Sandstones [80]) and two compact (Kareliya graamtkUral Marble [29]) rocks. In compact
rocks, dilatancy can be attributed to the occumesfqervasive micro-cracking prior to the
macroscopic failure. The underlying mechanisms ifgpdto inelastic volumetric

deformation are much more complex in porous rocks.

Volume changes that occur during the deformatiopasbus rocks derive from two
opposing effects. On one hand, the formation angdaayation of micro-cracks in the cement
matrix give rise to dilatancy. On the other haid tollapse of pores under the combined
effect of the high pressure and the deviatoricsstifeeld leads to decrease in volume. In
deviatoric stressing of porous rocks under pressgreater than that of the brittle-ductile
transition, the collapse of pores during defornratends to counterbalance the tendency to
dilatancy due to damage and micro-cracking and éngmmzous rocks commonly exhibit
contraction under relatively high pressure. Furtiae, in porous rocks with high porosity,
the mechanism of compaction has been shown by mem®archers to be associated with
grain crushing as a result of Hertzian contacsses [59, 68, 81-83].
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Figure 2.3: Volumetric deformation of (a) Kareligaanite [29] (b) Ural Marble [29] (c) Adamswiller
sandstone [28] and (d) Bentheim sandstone [80]ifigreint confining pressures in
drained triaxial tests

In porous rocks, as the ductile field is approachatth increasing pressure, the
localisation zone broadens and its inclinatiorh® ¢compression axis increases. This broad
and highly inclined shear zone is often referredsthe shear-enhanced compaction. During
and after the formation of the shear-enhanced cotigpazone the material exhibits
compaction, as opposed to the case of shear-dilataler low confining pressures. The
phenomenon of shear-enhanced compaction has bestamsyically investigated in
sandstones [27, 28] and carbonate rocks [25, 2b, RBdgure 2.4 illustrates the shear-
enhanced compaction in Bleurswiller sandstone [B3he loading is continued to higher
strains a completely horizontal compaction zonéorsned, after which any increase in
confining pressure leads to a uniform distributadrmicrocracks throughout the specimen
[65, 85]. The phenomenon of shear-enhanced congpadias been systematically
investigated in sandstones [27, 28] and carbomatesi|25, 84].
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Figure 2.4:Accumulation of AE in juxtaposition with differestages of the stress-strain response
showing the development of shear-enhanced compadignds in Bleurswiller
sandstone in drained triaxial test under 80 MPdiioig pressure (after Fortein et al.
[85])

2.2.3. Localisation of Defor mation in Rocks

Deformation and failure of both compact and pormcks involve localisation of
deformation within a band of finite width. Localiga of deformation in rocks has been
observed in the form of shear and compaction bahigge scale in the field, as well as at
small scale in laboratory experiments. Severalaiesers [72, 86-90] documented naturally
occurring localisation bands associated with aiggmt volume change. However, field
studies can only be carried out on the existingllsation bands, and thus the initiation and
development of localisation bands cannot be mastdrom field studies. Therefore, over
the past few decades, numerous experimental stodiesbeen devoted to the macroscopic
and microscopic investigation of initiation and dlpment of the localisation band in rocks,
e.g.[25-28, 60, 80, 91-93]

Macroscopic observations of localisation band aleity stress-strain data provide
enough information to link the brittle-ductile addative-contractive responses with the
mode of failure. In this sense, under low pressuhesformation and development of shear
localisation band are associated with a dilatioeaponse which finally leads to a brittle
shear fracture (Figure 2.5). Under high pressunethe other hand, ductile behaviour and
contractive volumetric deformation and finally aadéestic mode of failure are results of the
formation and development of compaction bands (ei@u5). However, the latter has been

observed hitherto only in porous and/or soft rocks.

Theoretical modelling of rock behaviour also regsiknowledge of the favourable
stress state at which the localisation band firgiaites. Various observations indicate that

the onset of localisation occurs somewhere in thmity of the peak load. However, the
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observations are apparently contradictory as totldnehe onset of localisation occurs in
the pre- or post-peak stage of loading. In genatalystic emission (AE) measurements and
microstructural observations commonly indicate thatonset of localisation does not occur
until the peak stress has been attained whilenstnadl surface deformation measurements
seem to indicate the occurrence of pre-peak latads [30]. It seems that the observations
of the occurrence of the onset of localisationtarsome extent influenced by the method
adopted to record this event. For instance, logatie spatial origin of the micro-cracks by
means of an array of acoustic sensors hinges oastanption that the wave speed in the
structure is known. However, appreciable wave spm@dotropy and attenuation may
develop in a stressed rock, and the location andityeof a micro-crack cluster, for instance,
may be biased if these effects are not appropyiskken into account [94].
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Figure 2.5:Macroscopic observations of localisation band iairtd triaxial tests on Bentheim
sandstone under different confining pressuresarfd)(b) stress-strain responses [95] and
(c) deformed specimens with shear and compactigalifation bands [80, 96].

Observations of formation of localisation band iigikaceous quartzite were presented
by Haullbaueet al.[45]. The tests were stopped at predeterminedgaiong the stress-strain
curve. The growth of micro-cracks and fracturesiation to the stress-strain curve was observed
through longitudinal section cuts along the axithefspecimenHigure 2.9. In region Il of the
stress-strain curve, as illustratedRigure 2.6the first visible structural damage appears as

elongated micro-cracks having their axes orientdlfel (within+10°) to the direction of the
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maximum compressive stress. In region IV the craegse distributed throughout the sample
but were concentrated in the centre. Towards theoéregion IV, the number of micro-cracks
increased drastically and the cracks began to scalk@long a plane located in the central region
of the specimen. At the point of maximum axial ssrehe micro-cracks begin to link up to form
a macroscopic fracture. Finally, in the regionhg fracture extends through the entire specimen.
As illustrated inFigure 2.6 the onset of localisation seems to occur at al9&36 of the

maximum load.

Omax ( El)

Axial stress

A Axial strain

Lateral strain

LIV vV VI

0.6 Omax 0.95 Gmax 0.98 Gpax  Omax  Post peak

Figure 2.6: (a) Schematic representation of loatibe and brittle failure based on observations by
Hallbauer et al. [45] in test specimens duringxidh compression tests and (b)
longitudinal section cuts

In contrast to the above observations, in triagthpression experiments on compact rocks
such as Westerly granite [94], spatial clusterihgamustic emission activity is not evident
in the pre-peak stage. However, intensive acoestiission activity in the post-peak stage
is observed to accumulate along an elongated volivae propagates progressively to
develop a through-going shear band across the sarffiure 2.7). In addition,
microstructural observations in other granites [98] and gabbro [99] show that the
localised coalescence of microcracks that extemds twwo or more grains is evident in the

post-peak stage.
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Figure 2.7: Localisation of AE activity for Westgdranite under triaxial compression with 50 MPa
confining pressure. Each point represents an ABtaeeorded for (a) in the pre-peak
stage and (b) — (g) in the post-peak stage (aftekher et al. [94]).

Localisation of acoustic emission activity followemewnhat different patterns in
porous rocks. For instance in Berea sandstonesdifftlusters of acoustic activity are
observed before the peak stress is attained. Sudies on the localisation of deformation
in porous rocks have been focused mostly on samelsand further study on other rock
types would provide a more general understandingaailised deformation in porous rocks.
In sandstones localisation band is either in thefof a shear-dilation band (at low confining
pressures) or a shear enhanced (or pure) compdiiwh (at substantially high confining

pressures).

Important advances have also been made in thesimalyshear localisation based
on the principles of continuum mechanics. A couastie model which is formulated to
describe realistically the inelastic and dilataehdviour of rocks should also correctly
predict the onset of localisation to occur undéraal conditions. At this critical condition,
an incremental change in the applied stress (tpeximen or structure) results in a
deformation field that is non-unique, with separéiaique) solutions corresponding to
localised inelastic deformation within the localiea band and relatively homogeneous

inelastic deformation outside the band. This issiliebe further discussed in Sections 2.4.

2.3. Constitutive Modelling of Rock Material

Regarding the constitutive models developed fok moaterial, it is desirable for a
constitutive model to be able to capture all esakoharacteristics of rock behaviour as
outlined in the previous section. As discusseckiiaidlin the previous section, these essential
features of rock behaviour can be listed as; brdtid ductile behaviour depending on the
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applied pressure, dilative and contractive respoiséhe applied pressure and localisation
of deformation or localised failure. Furthermoregaod constitutive model should be able
to reflect the stiffness reduction and the residiain, observed during unloading (Figure
2.8). As was discussed earlier, this reductiontifiness arises as a consequence of the
occurrence and accumulation of microcracking (omage) within the material during
loading. Also, the sources of the residual straires a variety of underlying phenomena
ranging from frictional sliding between the surfaoé microcracks and asperity interlocking
to crystal plasticity and cataclastic flow.

Force 10% Ib

L m L
c 5

Di;placement. 102 in.

Figure 2.8: Force-displacement curve for Tennessble under uniaxial loading [56]

Other important aspects of the observable mechabpétaviour of rocks are their
yielding behaviour and different failure modes undarious stress states. In particular,
rocks, like any other geomaterial, exhibit pressigpendency and their yielding behaviour
and failure modes vary with respect to the levehblied pressure. Figure 2.9 illustrates
initial yield stresses and the evolution of theldiley behaviour for two porous sandstones
(Bentheim and Adamswiller [92]) along with the ewttbn of the yield surface of the
Carroll’s [100] critical state model for differel@vels of plastic volumetric strain. The focus
here is on the experimentally observed initial istresses as well as the evolution of the
yielding behaviour of rocks. Two important conctuss can be drawn from these
experimental observations. Firstly, the yieldinchéa@our of porous rocks can be well
described by means of an elliptical or a tearditwgeed yield function ip — g stress space
which is closed on both ends along thaxis. Secondly, as inelastic loading continuesraft
the occurrence of the initial yield the subsequeitl stresses evolve towards a final failure
(critical) state. Similar discussion can be stétedhe yielding and failure of compact rocks.
However, the initial yield stress under isotroparpression for hard, compact crystalline

rocks has not hitherto been measurable in expetahstudies, as it requires a substantially
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high pressure (beyond the capability of any expenital equipment) for hard, compact rocks
to yield, if ever, under isotropic compression.
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Furthermore, the failure process of rocks involeeslisation of deformation within

a band of finite thickness. The mode of localisatiomainly governed by the microstructure
of rocks and the applied pressure. For compactaihye rocks, such as granite or gabbro,
shear localisation bands can only be observed ym@ssures conducive to brittle failure
and compaction bands have never been observedmByide because at room temperature
loading, hard compact crystalline rocks under presssconducive to ductile response is not
usually possible. Nevertheless, compaction bands hat been observed even in relatively
soft compact rocks, such as marble, which candeld beyond the brittle-ductile transition
pressure in laboratory experiments. In fact, irhsteses, the ductile behaviour is associated
with a dilational response and can be observedubggnig or barrelling of the specimens
(Figure 2.10 (a)) without a distinct localisatioanal. In porous rocks, on the other hand,
shear localisation is observed at low pressuratlébregime) and compaction bands have

been observed to form at high pressures (Figu@ ®)).
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Figure 2.10: Initial yield stresses and failure m®dn low and high pressures for (a) Wombeyan
marble (data extracted from [30]) and (b) Benthsémdstone (data extracted form [80,
95, 96]).

Describing the above-mentioned behavioural featbyesneans of a constitutive
model has captured the attention of many researahesr the past few decades. In the
context of constitutive modelling, the domain undensideration can be treated as a
continuous body and all the physical quantitiesgieing to this body can be described by
means of continuous mathematical functions. Thikesapproach of continuum mechanics.
Although the same body if viewed under sufficiergiee of magnification, may contain
discontinuities in the form of, for example, mioroids, micro-cracks and the like, the
continuum approach can still take the effects eéhdiscontinuities into account by means
of continuous mathematical functions. However, ieraative approach is to consider the
body to consist of a number of particles. In tippr@ach, the physical quantities are defined
discretely for any individual particle and the natetion between a particle and its

neighbouring particles are prescribed. This apgrasiceferred to as the discrete approach.

For materials, such as concrete, rock and espeaall, with a high level of
discontinuity at the micro-scale, the discrete apphes have been widely used, as they
facilitate the description of the material microusture, as well as the micro-mechanisms of
deformation. In other words, in the context of ddosve modelling for geomaterials
discrete approaches offer excellent access toriderlying physics of deformation at the
micro-scale [101-110]. Nevertheless, the link betwéhe microscopic and macroscopic
physical quantities may not be always clear in nedmsed on discrete approaches.
Therefore, in discrete approaches, the micro-paienhare often determined by means of

curve fitting procedures at the macro-scale. Fange, in discrete modelling of cohesive
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frictional geomaterials the properties of the b&etiveen the particles, including the bond
strength, can only be determined by means of ditthre macroscopic stress-strain curves
generated by the model to their macroscopic exmeriat counterparts [see e.g. 107, 111,
112]. Furthermore, discrete approaches are comrsldas computationally expensive for
largescale problems and hence their applicatiosoimehow limited by the available

computational power.

Accordingly, the continuum approach can be viewed aiable alternative, in view
of the capabilities of current computing powerthis regard, the focus of this study is on
continuum theories, such as plasticity theory, ioonim damage mechanics and their
coupling. Therefore, the remainder of this revieaastricted only to constitutive models
based on continuum approaches. To this end, asagsl evaluation of different continuum
constitutive models are carried out based on tipatmlty of these continuum models in
capturing the essential characteristic featuresock behaviour, as outlined above and in
more detail in the previous section. Furthermanstdad of analysing a large number of
continuum models on a case by case basis, contimnadels are classified into certain
groups, based on the continuum approach througbhwthey are developed, and then the
capability of each group of models in capturing thechanical behaviour of rocks is

assessed.

Theories of plasticity and continuum damage medsa(CDM) have been widely
used to describe the inelastic behaviour of roelmvever, neither of these theories alone
can appropriately account for both the observablength and stiffness reduction and
residual strains, which are characteristic of tiedastic behaviour of not only rocks but also
other cohesive-frictional geomaterials, such ascegir. Therefore, the specification of
coupling and interplay between damage and plagticitthe model formulation is of
necessity if the model is to follow the experimémaservations closely. In this sense, the
strain softening and stiffness degradation andlvesistrains can be captured by means of
coupled damage-plasticity models. As the fractupragresses and the volume fraction of
intact rock decreases, the elastic stiffness offleeimen, correspondingly, decreases. This
effect can be made evident if the force is cycledhe post-peak region. Based on this

discussion, continuum models can be classifiedtimiee groups;

- Elastoplastic models

- Elastic-damage models
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- Coupled elastoplastic-damage models

It should be noted that although coupled damagstipity models are capable of capturing
the stiffness reduction and the observed residtahs during unloading, their capability in
predicting the onset of localisation and the oaénh of the localisation band is still to be
assessed. In what follows, the above-mentionedpgrad continuum models are briefly
investigated and their capability in replicating tixperimentally observed behaviour of rock

material is discussed.
2.3.2. Elastoplastic M odels

Plasticity theory, which was originally developed tnodel the irreversible
deformation of metallic materials, was later maatifand it has been widely used to describe
the inelastic behaviour of geomaterials. Drucket Brager [113] were the first to apply the
plasticity theory to soils, using normality prin@gogether with a three-dimensional version
of the Mohr-Coulomb criterion as the yield condition general, the development of
plasticity models requires an elastic constitutigationship, decomposition of the total
strain tensor, the definition of a yield functiortlwhardening/softening rules, and flow rules.
It is also important to note that in order to avaitrealistic plastic dissipation due to the
frictional behaviour of rocks (and also other getamnals), a non-associated flow rule, which
is defined by employing a plastic potential rattiean the yield function, should be used
[114-118]. It can be shown that if associated flove is used for frictional geomaterials no
energy is dissipated due to plastic deformationadhtthe plastic work will be stored within

the material [19]. This issue will be further intigated in Chapter 4.

Furthermore, in plasticity theory, the plastic pdi@l is selected somehow
arbitrarily, usually through slightly modifying thgeld function by adding one or more
parameters, which often lack any physical meanifge only basis for selecting these
parameters is to mathematically enforce the notynedindition, i.e. making the plastic flow
vectors normal to the plastic potential. An altéireand perhaps more convenient approach
is to define the entire formulation of a plasticitpodel using the principles of
thermodynamics. In this class of plasticity thesrihich are termed as hyperplastic [19],
the normality condition and the condition of maxmylastic dissipation are always met
owing to the existence of a convex yield potentiEis yield potential is defined in
dissipative stress space rather than the truess$psce and it is a direct result of the rate-

independent material behaviour. The latter approachaken in this study and the
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fundamental aspects of hyperplasticity, or in aengeneral sense, the framework of the

generalised thermodynamics will be further studinredepth in Chapter 3.

Numerous forms of yield surfaces have been propesed 1773 when Coulomb,
the first and one of the most widely used yieltecra. These yield functions can be classified
either based on the number of parameters in themilation or based on the shape of their
representative surface in principal stress spab, [119]. The simplest of all are Von Mises
and Tresca criteria which are two typical examjpiesne-parameter pressure-independent
yield surfaces. These vyield functions, which wardially proposed for describing the
yielding behaviour of metallic materials, cannat, general, be applied to model the
pressure-dependent behaviour exhibited by georatg@naterials, such as concrete, soil and
rock (see section 2.2.4). Nevertheless, these ibmsctcan be modified, by means of
introducing a tensile cut-off, to make them appilieato the modelling of the pressure-

dependent behaviour of geomaterials.
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Figure 2.11: (a) The cross section of the Hoek-Brolrucker-Prager, Tresca and Coulomb yield

surfaces on the deviatoric plane (b) Linear Drudkexger (LDP) and parabolic
Drucker-Prager (PDP) and (c) The Hoek-Brown andl@uab inp — g spcae.

Alternatively, yield functions that have been deypsd specifically to describe the
yielding behaviour of geomaterials can be used. Aggbnumerous functions that have been
proposed to characterise the yielding behaviougedmaterials, the Coulomb and the

Drucker-Prager yield functions are probably the @est and the most widely used.
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However, these yield functions may not accuratefyresent the experimentally observed
yielding behaviour of many geomaterials, in patacurocks. As illustrated in Figure 2.11,
while both Coulomb and Drucker-Prager predict Ing&ld envelopes on the Meridian
plane, as discussed in Section 2.2.4, almost p#rexental observations on rocks (and other
geomaterials) suggest that the yield envelopensimear on the Meridian (and alsopn- g

space).

Although, yield functions with nonlinear Meridiaeions, for instance, parabolic
Drucker-Prager and Hoek-Brown (Figure 2.11), hdge Aeen proposed and widely used
for modelling the behaviour of rock material, theea shape of such yield surfaces does not
adequately reflect the behaviour of many geomadseneag. porous rocks (see Figure 2.9),
under hydrostatic loading. A solution to this peshl could be given by modifying the
expression of the open shaped yield surface satthatomes a closed shaped for the plastic
deformation under hydrostatic loading can be cagotfit16, 120]. As illustrated in Figure
2.12, under loading the initial closed shaped ymldface eventually opens towards the
compressive hydrostatic axis.
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Figure 2.12: Evolution of the initial yield surfade stress space during hardening by
explicitly postulating hardening rules

Additionally, other elastoplastic models, in pautar, the critical state model [121]
and cap plasticity model [122] and their severatified versions, have been widely used
for describing the macroscopic behaviour of rodkse main advantages of models based
on the critical state concept are that they distisiy between the initial yielding and final
failure states and they may use only a singlefggirameters for both high and low-pressure

regimes. However, in some cases they can onlyitbestre macroscopic behaviour of rocks
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for a limited range of stress states, e.g. onbyrittle faulting regime [123] and in other cases
[124], they are unable to capture the localisatbdeformation. Models based on the cap
plasticity model [e.g. 122, 125, 126] are advantagdan the sense that they account for the
contractive behaviour of rocks due to porosity ctiun. However, these models can predict
the evolution of yield surface within a limited genof volumetric strain and are also valid
for certain sandstones only [91]. There are alsdatsowhich combine cap plasticity model
and critical state soil mechanics model to desahkanacroscopic behaviour of rocks [127-
135]. Despite the remarkable fitting capabilitysofme of these models, they pay no attention

to the material stiffness reduction due to damagevt.

Although many plasticity-based models can succégsfascribe some behavioural
aspects of geomaterials and rocks, such as staailehing/softening in monotonic loading,
they, in general, do not take into consideratiandfiect of proliferation and coalescence of
microcracks on the behaviour of cohesive geomasdike concrete and rock. However, the
nonlinear behaviour of cohesive-frictional geomiater is partially caused by the
propagation and coalescence of the existing miaoksr as well as the initiation of new
microcracks. Due to initiation and growth of micracks within a material during loading
the mechanical properties of the material will pesgively change. In particular, as
discussed in Section 2.2.4, the load carrying dapand stiffness of the material will
deteriorate. Such aspects should be included irreory designed to describe the inelastic
deformation and failure of cohesive-frictional geasrials. These aspects of the inelastic
deformation of cohesive-frictional geomaterialsruatrbe appropriately modelled by means
of conventional plasticity theory, which was origlty developed for metallic materials and
later modified to fit the experimental data of geaemials, without the underlying
microscopic failure mechanisms of the material easken into proper consideration. In
order to overcome these limitations, the theoryaoitinuum damage mechanics (CDM) was
first developed by Kachanov [136]. In a nutshelDN describes the damage of a material
as progressive processes due to which the mataealks and thus loses strength and
stiffness.

2.3.2. Elastic-Damage M odels

The exact description of the actual evolution of tmicro-crack pattern in a
progressively failing rock would be nontrivial. Hewer, this process can be reflected, in an
average sense, through degradation of the matdaslic stiffness due to the progressive
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growth and coalescence of microcracks. The prooegsogressive failure and stiffness
degradation may be quantified by introducing a iowus field variable, namely, the
damage variable. Continuum Damage Mechanics (CDigiaach has been employed for
constitutive modelling of geomaterials, such asceete and rock, by many researchers [e.g.
137, 138-143].

A constitutive model based on damage theory isllysisamulated based on a stress-
strain law with the presence of a damage variableharacterise the material deterioration
and a damage criterion and/or an evolution lavdéonage. Due to the anisotropic nature of
damage, even for initially isotropic materials, endorial representation of damage is

required. To this end, the effective (or elasticadge) stiffness tensﬁ_lgjk, is defined as:

Cijki = DijpqCpqr (2.1)
whereD; j; represents the damage influence tensorGpgdis the elastic stiffness tensor.
Nevertheless, damage models which employ scalaagamariables are still preferred,
because of their simplicity in the formulation, nencal implementation and parameter
identification [119, 144, 145]. In the simplesseawhen the stiffness degradation property
of damage is represented using a single scalar glawveriable D, the damage influence
tensorD; j; in equation (2.1) can be replaced simply(lby- D). The selection of a single
damage variable implies that damage (or micro-érggkis spread uniformly in all
directions throughout the representative volumenelg (RVE) for which the constitutive
relations are derived. Although this assumptionn@ realistic, since it considerably
simplifies the process of modelling and implemeotgtit has been (and still is) adopted by
many researchers and it will also be adopted & $hidy. This simple representation of
damage (using a scalar damage variable) implié®so behaviour of the models, but helps
to considerably simplify the formulation and allofes more focus on other more important
aspects of constitutive modelling of rock materidiey are: thermodynamics admissibility
of the models, and the capability of the modelsajoture the mechanical behaviour (ductile-
brittle and the associated compaction/dilation)eurmbth pre- and post-localisation regimes.
Of course, it is the author's own view point to pabre focus on these features, as the
anisotropy in pre-peak regime is minor to a mucbrgjer one that appears once localisation
of deformation occurs. That latter and strongess@nopy due to localisation deserves

attention in this work and is also considered asrgortant feature of rock behaviour.
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As illustrated in Figure 2.13, due to damage tlossisectional area is reduced and
the effective cross-sectional arelg,can be defined a4 — Aj in which 4 is the original
cross sectional area aAg is the total area of micro-cracks. The stresgingeroc = F/A

and it is replaced by the effective stréss

F _ o
A—4, (1-D)
The extension of the concept to multi-axial stretse with scalar damage variable is

(2.2)

o=

straightforward since damage, in this case, doegemend on the direction. Therefore, the

following relation still holds:

O'i]'
a-n (2.3)

whereo;; anda;; are now the stress and effective stress tensmgectively.
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Figure 2.13: Schematic representation of the plysencept of damage

The principle of strain equivalence [146] followsettly from the effective stress
concept and, in many cases, paves the way for gpkcation of alternative approaches
instead of a full micromechanical analysis [14MeTprinciple of strain equivalence states
that “Any strain constitutive equation for a damaged makenay be derived in theame
way as for a virgin material except that the ussiaéss is replaced by the effective stress
Application of the strain equivalence hypothesisutes in the state coupling between
damage and elasticity [147]. This coupling is is@dance with the observed behaviour of

damaged materials where damage, as an averageratétion of the breakage of bonds in
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the material, causes deterioration in the elastpgrties of materials. This coupling can be

expressed as the following constitutive relation:

Oij = Diqu Cqulgkl (2.4)

In the case of damage being represented by a sealable, the above expression can simply

be written as:

0ij = (1 = D)Cpqritn (2.5)

Continuum damage models, similar to plasticity niedean be developed using
either strain-based or stress-based formulatiomhénstrain-based formulation, damage is
characterised through the effective stress coneéptg with the hypothesis of strain
equivalence. In a stress-based formulation, ootiher hand, the by adopting the hypothesis
of stress equivalence [141], the representati@lanfage is given through the effective strain

concept, in which the effective strain tensor ie tase of isotropic damage &g =
(1 - D)e;;. The hypothesis of stress equivalence [141] stétas The stress associated

with a damaged statender the applied strain is equivalent to the strassociated with its

undamaged statender the effective strdin

In principle, the choice of the damage variables arbitrary, provided that the laws
of thermodynamics are strictly followed. Damage banrepresented as a variable which
characterises the material deterioration by comsigehe concepts of effective stress or
effective strain [117, 118, 137, 139, 141, 148-1Bdfernatively, damage can be represented
by means of a function. The definition of such fiimes can also be arbitrary (as long as the
laws of thermodynamics are not violated) and theyusually defined as a function of the
position of the loading surface in stress spaceédat the initial and bounding surfaces [155]
or even as an arbitrarily defined decreasing fencfi56]. Such representations of damage,
however, can be hardly related to the physicalesgmtation of damage, as illustrated in
Figure 2.13. In fact, in macroscopic constitutivedelling, physical interpretation of
damage variables is not always straightforward [1Hawever, the convincing physical
interpretation of the damage variatidedepends on the identification of the microscopic

mechanisms which govern the observed macroscogponse.

Recent developments of continuum damage modelsdbasethe phase field
approach [157, 158] offers the opportunity of bettederstanding the damage processes.

The phase field method can also be used for modethie evolution or propagation of a
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discrete fracture in fracture mechanics [159-16%je phase field method (PFM) is a
powerful theoretical and computational approactt thaused in many research areas to
predict the microstructure evolution that consadtswo or more different phases and the
continuous transformation between the differentspsa The Phase Field Method (PFM)
provides an excellent tool for studying the effeztshe microstructure evolution without
the necessity of tracking the interface. Nevertbglao phase field based continuum damage
model has been introduced hitherto which can bdicgipe in practical large-scale
modelling of geomaterials, as these models arelysteay computationally demanding.

Similar to the models based on conventional plagtielastic-damage models can
be used for modelling the material behaviour excklg in the case of monotonic loading,
as it can replicate the softening response of tiagenal without taking the permanent
deformations into proper consideration. Furthermdte to neglecting the participation of
plastic deformations in energy dissipation, thestsddadamage models ([34, 137, 139, 153,
154, 163-170]) overestimate the stiffness reduatibthe damaged material. Nevertheless,
capturing the stiffness reduction due to damagegsses can still be viewed as an important
feature to be reflected in the constitutive modegllof cohesive geomaterials materials, as
the limitation of elastic-damage models becomesnprent only when an unloading-

reloading cycle is to be considered.

The conclusion, drawn from the brief discussionsspnted in the current and
preceding sections, points towards the fact théheethe elastoplastic models nor the
elastic-damage models on their own are capablefigicting the macroscopic behaviour of
cohesive-frictional geomaterials, as outlined irct®® 2.2.4. Therefore, the coupling
between damage and plasticity seems to be necessargler to take into account the
fundamental aspects of the macroscopic behavioutobksive-frictional geomaterials,

which are briefly presented at the beginning of tthapter.
2.3.3. Coupled Elastoplastic-Damage M odels

Inelastic deformation of most engineering materia®lves either simultaneous or
consecutive occurrence of damage processes ariit pleformation. Accordingly, residual
strains and stiffness reduction are both obsenmvélde macroscopic response of engineering
materials during the course of inelastic defornrmatisee Figure 2.8). Therefore, the
specification of coupling and interaction betweamdge and plasticity in the formulation
of constitutive models is of great necessity. Qer past few decades, numerous coupled
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elastoplastic-damage models, with different lexadlsomplexity, have been proposed for

describing the behaviour of engineering materials.

One approach for the development of coupled dam&agticity models is to control
the evolution of damage and plastic deformationsnisans of two separate loading
functions, e.g. [118, 151, 171-183]. In these medile two mechanisms of damage and
plasticity are linked through the constitutive telas or by expressing the plastic yield
function in the effective configuration which debes the stresses in the undamaged
material. Although successful in the phenomenoklagitescription of material behaviour,
numerical implementation of such models is cumbeesaas additional iteration schemes
may be required for stress updating at materiallés Gauss point in FEM). Furthermore,
the coupled relations are usually complex and reault in unstable numerical algorithms
which may cause an unrealistic representation daistijgd behaviour during the

implementation and iteration procedures [118].

Another approach for coupling damage and plastisity specify the evolution of
damage as a function of volumetric plastic straia strain-like internal softening variable
(e.g. [29, 184-188]). In such models, the evolutmihdamage begins only after the
development of plastic strains and the model behavs immensely influenced by ad hoc
assumptions and definitions involved in expressiagnage evolution as a function of plastic
strains. These models suffer from some limitatipauticularly in cases where the source of
plastic deformations prior to damage is not clEaamples of such cases may include quasi-
brittle materials, such as concrete or rock, inchplastic deformations are commonly
attributed to asperity interlocking and frictiongliding between the two surfaces of
pervasive micro-cracks. In other words, in suchemails, damage is the active mechanism

of inelastic deformation followed by plasticity gtipassive mechanism [189].

Apart from the above-mentioned limitations, mostled published models, which
can be categorised in these two groups of coupdedade-plasticity models, have other
limitations in regard to capturing the macroscdpbaviour of rocks. In particular, many of
these models were primarily developed for conaatkthus paid little or no attention to the
yielding conditions of rock material, as outlinedthe beginning of this section. Among
these models, the model proposed by Salari e8] Mias particularly developed for rocks.
However, this model also used the linear DruckegPr yield function, which as discussed

in Section 2.3.2 does not describe the yieldingabiEtur of rocks adequately. Furthermore,
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the model was not validated against experimentt dad hence the identification and
determination of model parameters were not adetyuadelressed in the development of the
model. More recently, Unteregger et al [29] propbaeoupled damage-plasticity model for
intact rocks based on a damage-plastic model focrete, proposed by Grassl and Jirasek
[190]. Although this model shows relatively highpeaility in capturing the macroscopic
stress-strain response of rocks, its capabilitgradicting the onset of localisation and the

orientation of the localisation band has not basoussed.

Recent developments for describing the coupling/beh damage and plasticity are
based on the hyperplasticity framework [19]. Thagples of hyperplasticity, which allow
for developing plasticity theories within a therngodmic framework, are established in [19-
21, 191]. It is shown later by [192] that damagen @dso be modelled using the
hyperplasticity framework and so it led to the depenent of damage-hyperplastic models.
In this sense, damage and plasticity are repreddmyeintroducing a damage internal
variable and the plastic strain tensor as anotiternal variable. In damage-hyperplasticity
approach, which was developed within the framewsdrgeneralised thermodynamics, the
entire constitutive relations, including the evaut rules for internal variables, can be
derived from merely two scalar functions. Thesecfioms include; the free energy potential
and the dissipation rate function. In damage-hylpstig models, the coupling between
damage and plasticity is specified in the formolatof dissipation function which will,
consequently, lead to obtaining a single genemligeld function through performing a
degenerate Legendre transformation. This singleergdised yield function controls the
simultaneous evolution of all internal variableshad model, e.g. damage and plasticity [118,
144, 189, 193]. The final form of the yield functics determined by specifying the active
mechanism of dissipation at micro/meso scale. A&ctiwechanisms of dissipation are
primary causes of irreversible deformations whichsequently give rise to some secondary
or passive dissipative processes. For instancguasi-brittle materials, such as rocks and
concrete, damage is the active mechanism of dissipavhile the subsequent frictional
dissipation is passive. In contrast, grain bound#dyng, which causes macroscopic plastic
strain in metallic materials, is the active meckanleading to the debonding process, which

is, thus, passive to the sliding [189].

The use of a single generalised yield, which cdstitee simultaneous evolution of
all internal variables, facilitates the numericapiementation of this class of damage-plastic
models. Nevertheless, these models also suffer fsome limitations, especially, in
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modelling the non-associated flow and dilatant andontractive behaviour commonly
observed in geomaterials. In order to alleviates¢hproblems, recently Vu et al [23]
proposed a damage-hyperplasticity approach witiglatly different form of the dissipation
function. The proposed form of the dissipation tiorcin Vu et al [23] facilitates further
controlling the plastic flow vector in stress spaoé, consequently, allows for more control
over the dilatant and/or contractive behaviour. deer, the proof for thermodynamic
admissibility (non-negativeness of the dissipatiate function) in this approach may be
cumbersome in some cases. Details of this appra@cpresented in Appendix A.

2.4. Bifurcation Analysisand M odes of L ocalisation

Inelastic deformation and failure of geomateriasch as rocks or concrete, is
associated with localisation of deformation witlirband of finite width. Therefore, it is
required for any constitutive model developed fesatibing the behaviour of rocks to be
capable of predicting the orientation of the logation band as well as the stress state at
which the localisation of deformation takes platbe localised deformation limits the
formability of materials and will often quickly ld&o failure with continued loading. Upon
formation of the localisation band or at the omgdtifurcation the homogeneity of kinematic
fields is lost and the stress field is redistrilbutend is no longer uniform. Starting with
phenomenological descriptions of the inelastic de#dion, localisation theories aim to
describe the conditions under which a uniform foosthly varying) stress field becomes
non-unique in the sense that it may have two (aejassociated strain fields, one of which
corresponds to the concentrated deformation inldbalisation band [71, 194-196]. The
mathematical analysis of the bifurcation of a hoermpus stress field into a non-unique
stress state, as a result of a non-unique defasmétld, has led to the introduction of a
number of bifurcation criteria. These bifurcationteria can, in general, be regarded as
setting an upper limit to the stability of the nr&ie Some of these bifurcation criteria are

briefly presented subsequently.
2.4.1. General Bifurcation

Based on the Drucker’s stability postulate [113jnaterial is stable (will remain in
equilibrium) if (1) during the application of a s#tstresses by an external agency the total
work done on the material is positive and (2) taewwork done by the external agency over
a cycle of application and removal is zero or pesitlf plastic (or inelastic) deformation is

generated during the cycle, then the work donehbyeixternal agency must be non-zero.
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Based on these statements, a necessary conditiolos® of material stability, loss of
uniqueness and any bifurcation in the solutionlmagiven as the loss of positiveness of the
second order work [113, 197]:

0;j€i; =0 (2.6)
whereg;; andé¢;; are the stress and strain rates at some poirggoor in the body. This

general bifurcation criterion can also be expressedoss of positive definiteness of the

symmetric part of the tangent stiffness tensor:

g ;Cﬂilékl >0 (2.7)

Wherecgfd is the symmetric part of the tangent stiffnessd)e,rCiTjid = (Clj + Coup/2.

equation (2.7) indicates that general bifurcatioras/ occur Wheneve(i‘l-Tjid IS not positive
definite. The general bifurcation criterion doest poovide any information about the
orientation of the localised zone, neither dospécify the mode of bifurcation as to whether
or not it has a kinematically compatible form. ther words, the condition of equation (2.7)
is satisfied in both diffuse and discontinuous nsoaé bifurcation. Diffuse mode of
bifurcation (which is not kinematically compatibbeode [32]) can occur only in a zone
described as a point or surface, i.e. a domainezsure zero. Such a mode initiates smooth
changes in the deformation field. A typical exanygdi¢his type of bifurcation is the necking
phenomenon in deformation of metals under tensiam.the other hand, discontinuous
bifurcation can be interpreted as a jump in thaiistwhich can take place across a band of
finite width (or certain volume) which is kinematlty compatible with the surrounding
material [32, 198].

2.4.2. Limit Point Bifurcation

General bifurcations are usually associated witirnero stress rates both inside and
outside the bifurcation zone. The subset of gert@faications associated with zero stress

rate occur only at the limit point when:

Clga=0 0 det(Cly,) =0 (2.8)
An alternative way of stating the above conditisrthat the limit point bifurcation occurs
when the tangent stiffness tenﬁ@r,d obtains its first zero eigenvalue. Valanis [199}as

that loss of material stability should be assodatéh the limit point where the tangent

modulus tensor obtains a zero eigenvalue. This b®yappropriate if only statically
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determinant specimens with force prescribed systamasconsidered. For materials with
symmetric tangent modulus tensors, the Valanis][B®@ Drucker [113] interpretations
both identify the limit point as the point at whinlecessary conditions for loss of material
stability are first satisfied. For materials witbmsymmetric tangent stiffness tensors, loss
of positive definiteness of the symmetric parthe tangent modulus tensor and satisfaction
of the necessary condition for a general bifureatian occur prior to the limit point. Similar
to the general bifurcation criteria, the directiohthe localisation band and the mode of
bifurcation cannot be determined be means of thi point bifurcation, as the condition of

eqguation (2.8) is satisfied for both diffuse anskcdntinuous modes of bifurcation.
2.4.3. Classical Discontinuous Bifurcation

The classical discontinuous bifurcation criterid®%$, 196, 200-202] determines a
point in the loading process at which discontinudmsircation can occur such that
subsequent strain rates become discontinuous apevabel planes of orientatiom that
separate a zone of localised deformation fromélseaf the body. It should be noted that in
discontinuous bifurcation the materials inside amaside the localisation band are
kinematically compatible. Accordingly, Maxwell'srapatibility conditions require that the
strain rate in the localised zoriéf-, be of the form:

&, =&+l =¢f +%([u]inj + [u];n) (2.9)
where ¢/ is the strain rate outside the localised zosij?a,is a kinematically admissible
discontinuous mode arjd]; can be interpreted as a vector that representwignatation of
the relative velocity of regions on opposite sidéshe localised deformation zone due to
the introduction of the localised zone. Assume tihat entire body is being plastically
deformed, the stress and strain components areramihroughout, and the body is at the
onset of localisation. The stress increments inart outside the localised zone are given
by:

6y = Cljiaéa @A 67 = Clif &R (2.10)
where Cj}, and /iy, are the tangent stiffness tensors for materiatienand outside the
localised band, respectively. For continuing equilim, the traction rates must be

continuous across the boundaries of the localiséarichation zone:

Tt=T¢ or (d;;—d)n =0 (2.11)
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By combining these equations, Rice [195] shows that requirement for continuing

equilibrium is given by:

(Clia — Cho)émm; + Aylul; =0 (2.12)

where4;; is the acoustic or localisation tensor and itefiried by:

Ajj = Cligmeny (2.13)
Suppose the body is loaded such that the straid#ds constrained to evolve continuously.
Then it is reasonable to assume that the tang#fmtess tensor for material outside the
localised zoneﬁl%, is identical to the tangent stiffness tensor rwaiterial inside the
localised zoneClEfd, at the initiation of the bifurcation. The classisacessary condition for

a discontinuous bifurcation is then obtained frayuation (2.12) as:

Aln]; = (2.14)

0
Therefore, loss of material stability and localisatwill not occur until the acoustic tensor

or det(Aij) =0

obtains a zero eigenvalue [195, 196, 202]. In otkerds, the classical criterion for a
discontinuous bifurcation is that the acoustic ¢ené;;, has a zero eigenvalue, a necessary
condition for loss of ellipticity [195]. The acoustensor is dependent on both an orientation
vector and on the material. Localisation is asgediavith a strain rate jump within a planar
band that does not lead to any kinematic incompisigls with the surrounding material.
Furthermore, evolution of the domain can only betaled if additional constraints such

as those provided by a non-local constitutive theoe present [203].
2.4.4. Loss of Strong Ellipticity

The classical discontinuous bifurcation criterios lbased on two important
assumptions. The first assumption is that the discoity in the strain rate (or velocity) field
is constrained to have a special form so that nater the localised zone will remain
kinematically compatible with the surrounding matkrThe second assumption is that the
strain rates evolve continuously such that thegangtiffness tensors for material inside and
outside the localised zone are identical at theboklocalisation. The general bifurcation

criterion requires neither of these assumptiongcBipally, a general bifurcation will not

k
ij

(2.9) and the active tangent modulus tensors fdaenah inside and outside the bifurcation

necessarily be associated with a mode which haspéeial form o, given in equation
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zone will not necessarily be identical. The genbertlrcation criterion, given by equation
(2.9), is a necessary condition for any type aitwiétion. A necessary condition for a general
bifurcation with a kinematically compatible mod@,is the loss of strong ellipticity criterion
[198]:

ghcle ek =0 or Agullul; =0 (2.15)

In addition to the loss of positive definitenessha acoustic tensor, loss of strong ellipticity
can also be interpreted as the satisfaction ofgéreral bifurcation condition with an
associated strain rate which is of a form suitdbieoroviding a kinematically compatible
velocity field [198]. Loss of strong ellipticity ahe governing differential equations will

first occur when positive definiteness of the syrtraegpart of the acoustic tensor is lost
[200]:

A5lul; =0 or det(45) =0 (2.16)
When the tangent stiffness tensor and thus thesicdensor are symmetric, the condition
of equation (2.16), that is, loss of strong eltfii and the classical necessary condition for
a discontinuous bifurcation, equation (2.14), wiikt be satisfied at the same point.
However, for non-symmetric acoustic tensors, logsstoong ellipticity will precede
satisfaction of the necessary condition for a ata$sliscontinuous bifurcation.

2.4.5. Deter mination of the Orientation and Onset of the L ocalisation

Regarding the prediction of the onset of occurremzkorientation of the localisation
band, in addition to the properties of the constitumodel, the choice of the bifurcation
criterion is also important. Based on the discussidhe previous section, it is clear that for
determining the orientation of the localisation d@mgeomaterials, in which the localisation
band is kinematically compatible with the surroungdbulk, either the classical bifurcation
criterion (equation (2.14)) or the criterion of$asf strong ellipticity (equation (2.16)) should
be used. Furthermore, In order to predict the ookdébcalisation, it is pivotal to have a
rigorous and versatile constitutive model able pprapriately capture the fundamental
aspects of the macroscopic behaviour of rocksattiqular, when used in conjunction with
bifurcation analysis, the constitutive model shdugdable to predict the mode of localisation
and failure and the critical conditions for the einsf instability. Predictions of the onset of

localisation and the orientation of the localisatizand are sensitively dependent on the
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constitutive model and its parameters that have beesen or developed to characterise the

mechanical behaviour of rock material.

As was discussed earlier the localisation of defdiom in compact rocks, under the
pressures attainable in the present day laboratqgriments, take place in an inclined band
often referred to as the shear band. Compactiodsohave not hitherto been observed in
compact rocks in experimental studies. On the dihed, porous rocks exhibit two distinct
localisation modes: (1) shear localisation, whielsults in brittle faulting and dilative
behaviour under low pressure; and (2) compaction sfzear-enhanced compaction)
localisation, which gives rise to contractive beabav and cataclastic flow under high
pressures. It is important for a constitutive mddede able to predict the onset and the mode
of localisation together with the post-localisatioehaviour, in addition to the mechanical
behaviour. However, the focus of the majority a# #xisting constitutive models has been
mainly on the macroscopic responses of rocks utifferent loading conditions. Therefore,
many of the existing models have some limitationgredicting the onset of localisation and
the orientation of the localisation band, let alahe capability to capture the post-
localisation behaviour in a physically meaningfuayw given the loss of homogeneity
beyond the onset of localisation. For instance,esomdels [e.g. 29, 202] can predict the
onset of localisation only in the brittle regim@n$e other models that are able to predict the
occurrence of the onset and orientation of thelieatgon band under high pressure [e.g. 74,
75, 204] suffer from some limitations in predictitige onset of localisation at low pressure
and in the brittle regime. Although some modelsshsas the cap model proposed by
Grueschow and Rudnicki [125], are able to predietdanset and mode of localisation for a
wide range of pressures (both shear and compagctizey may have some limitations in
capturing other aspects of rock behaviour. For gtamn the model by Grueschow and
Rudnicki [125] the stiffness reduction due to damegnot taken into account. Additionally,
in this model, the evolution of shape and sizehefdap is expressed as a function of both
volumetric and deviatoric plastic strains, whiclads to increasing the number of model

parameters.

Furthermore, it should be noted that for a consttumodel with non-associated
flow rules and therefore non-symmetric tangenfretgs the condition of equation (2.16) is
satisfied prior to the condition of equation (2.14% was discussed earlier in Section 2.2.3,
experimental observations of the onset of locabsain rocks have not been conclusive
about whether the onset of localisation takes plat& to or after the peak stress. For
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instance, acoustic emission (AE) measurements catymadicate that the onset of
localisation does not occur until the peak stress lbeen attained [94] while strain and
surface deformation measurements and some miccastali observations seem to indicate

the occurrence of pre-peak localisation [45, 20%) 2

In order to investigate the localisation propertigfs the constitutive models
developed in this study, the classical bifurcataiterion is adopted. In these proposed
models the flow rules are non-associated and thastangent stiffness tensors are not
symmetric. Therefore, if the classical conditionletalisation is satisfied by the model
formulation the satisfaction of the criteria of $os8f strong ellipticity is guaranteed.
Nevertheless, if the localisation properties of thedel are to be compared against
experimental data, in order to enrich the procedficalibration of model parameters, then
care must be practised as to which localisatiotertai is chosen. It is demonstrated in
Chapters 4 and 5 that the proposed coupled elastopdamage models are capable of
predicting the onset and mode of localisation fowigle range of stress states in

softening/dilation and hardening/compaction regimes
2.4.6. Localisation, Softening and Deter ministic Size Effect

The size effect is a problem of scaling and irig@l to be taken into proper account
when applying a constitutive model to simulate euddtiral response or even when
developing a constitutive model. The size effecsatid mechanics is understood as the
effect of the characteristic structure size onrtbminal strength and on the post-peak load-
displacement response of the structure. Over teefpev decades, the size effect problem
has been viewed from two perspectives often raletoeas ‘statistical size effect’ and
‘deterministic size effect’ [31]. In a nutshell, 4= on the statistical size effect the larger
structures (or specimens) have a smaller nomimahgth because the probability of the
presence of flaws and defects (e.g. voids and mriaoks) increases with the size of the
structure. The deterministic size effect hypothesisthe other hand, attributes the smaller
nominal strength and also the steeper post-peakdsplacement response (in the softening
regime) of larger structures to the enhancementihenmaterial inhomogeneity and stress
redistributions due to the stable propagation araicracks, localisation of damage and the
inherent energy release. In this study, the fosusni investigating and addressing some

issues related to the deterministic size effect.
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Due to the localisation induced inhomogeneity withi structure, stress and strain
fields lose their uniqueness and thus any contin(ammacroscopic) definition or measure
of stress and strain is no longer physically meginin Upon the onset of localisation, the
material inside the localisation band will be loddeelastically, while the material outside
the band will undergo inelastic unloading. Therefarhen the localisation zone is formed,
the volume fraction of the material outside theal@ation band starts to give up its stored
elastic energy. It is obvious that the stored alastergy within a structure scales up with its
size. However, assuming an invariable width forldualisation band the effect of structure
size on the post-peak load-displacement respomsieecdemonstrated. In this case, the load-
displacement curves pertaining to specimens wéls#ime cross section and different length
are compared with on one another in Figure 2.14th&sslenderness of the specimen

increases the specimen shows a steeper post-padkiigplacement response until a snap-

back is observed in the load-displacement response.
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Figure 2.14: Schematic representation of the effédhe structure size on the post peak load-
displacement

This phenomenon poses serious challenges to agnatitmodelling based on the
conventional continuum mechanics the most impodéwthich is the ill-posedness of BVPs
due to the loss of ellipticity of the governing stitutive equations (e.g. infinitely small
softening zone and mesh-dependent solutions inn@lysis [33]). These problems can be
alleviated by applying a regularisation schemehssnon-local, gradient or rate-dependent
regularisations. Recently a two-scale approachblean proposed by Nguyen et al. [37],
which approximates the continuum response by sprgithe kinematic interdependencies
between the localisation band and the surroundudkg. I©One important advantage of this

model is that the post-localisation response cambeéelled at the material level in a more
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physically meaningful way compared to conventia@madtinuum models. This approach will
be further enhanced with a consistent thermodyndorimulation, and explored in this

study.

2.5. Summary and Discussion

Analysis and study of the inelastic behaviour otkranaterial are of crucial
importance in many practical problems encounteredining and civil engineering projects.
Typical examples of these problems include theyaeal of rock-support interaction around
underground excavations, or problems involving dadgformations of rock material and
rock masses such as mass caving or slope insgablliimerical simulations, in particular,
finite element analysis, have been proven to begplmMools for simulating the mechanical
behaviour of many engineering materials, includiogks. The accuracy and robustness of
these numerical simulations, however, rely heawilythe material or constitutive models
which establish a relation between the appliedsség and the resultant deformations for a
material point. The more realistically the congiite model describes the mechanical

behaviour of the material, the more reliable thslts of a numerical simulation will be.

In general, the proper choice of constitutive medel an engineering application
depends on the actual need and the loading ciremtess$. For instance, simple models, such
as elastoplastic or elastic-damage models, carsgigfactory results in cases of monotonic
loading. Nevertheless, each suffer from some lioeeither in accounting for the stiffness
reduction or for capturing the residual and permardeformations. Therefore, more
advanced and sophisticated constitutive models lwhan more accurately describe the
observed macroscopic behaviour of the materiakegaired. In particular, since the two
dissipative mechanisms of damage and plasticityjuroend evolve together during the
inelastic deformation of most engineering mateyitiie coupling and interaction between
these dissipative mechanisms should be reflectéueiformulation of constitutive models.
However, the development of coupled damage-plagtiwodels is non-trivial, as it concerns
the macroscopic modelling of complex underlyingndraena at the microscopic scale, the
experimental measurement of which is extremelydift, if not impossible. An alternative
approach would be a numerical microscopic analysibe material behaviour in order to
obtain some understanding of the underlying micidmaical phenomena. This approach,
however, could be very computationally demanding:irSmicromechanical approaches are

outside the scope of this study.
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Numerous coupled elastoplastic-damage models hesse froposed during the past
few decades. Nevertheless, since all constitutiisets eventually suffer from some
limitation, there is always space for new developtseThe coupled damage-plasticity
models proposed in this study are also no excepdidhis fact as they also have their own
limitations. This study, however, attempts to foonsome aspects of constitutive modelling
to which enough attention has not been paid. Itiquéar, the complication and sometimes
the use ohd hocassumptions in the model formulation can be avoldetbrmulating the
model within the well-established framework of thedynamics. Since all the constitutive
models in this study are developed within the franord of generalised thermodynamics, a
separate chapter (Chapter 3) is devoted to thepthdnvestigation of different features and

potentials of the framework of generalised thernmaatyics.

The combination of damage mechanics and plasticggry within the framework
of generalised thermodynamic will be focused on the subsequent chapters.
Thermodynamic principles will serve as a basiglierdevelopment of constitutive models
and it facilitates the incorporation of the meclsam of deformation into the model
formulation in a rigorous and consistent manner. the development of coupled
elastoplastic-damage models in this study, an agtteimm made to capture the most
fundamental features of the rock material behayi@uch as strength and stiffness
degradation due to damage evolution, permanentrdafen, brittle to ductile transition
and dilational and contractive responses. The ifilgation and determination of model

parameters will also be addressed and discussiztar.

In addition, both field and laboratory observatitvas’e revealed that the process of
inelastic deformation and failure of rock involhazalisation of deformation within a band
of finite width. Depending on the microstructurerotk and also the stress state various
modes of deformation, localisation and failure ocaour in a rock specimen. Examples of
these modes of mechanical responses are sheaisdticed and brittle faulting, shear-
enhanced compaction and pure compaction and csiiadl@w or ductile deformation. As
was discussed earlier in preceding sections of Ihisf review, it is desirable for a
constitutive model (to be used along with bifurcatianalysis) to reflect all the above

mentioned observable macroscopic behavioural festofrthe material.

Constitutive models like the critical state and oamdels and their various modified

versions of these models [e.g. 121-124, 125, 126]e been extensively used to capture the

2-35



CHAPTER 2 Constitutive Modelling of Rock Materialbrief review

formation of the localisation band (in particulangpaction band) in the past. These studies,
however, are mostly focused on calibrating andsditjg the parameters of the constitutive
model so that the onset and mode of localisationbea predicted, without paying much
attention to how the same model with the same mdehmeters would predict the
experimental stress-strain data. On the other,hiarmbme other studies [e.g. 29, 127, 128]
only the macroscopic stress-strain response andteoof yield envelopes are taken into
consideration, without providing any informationoal the capability of the model in
predicting the onset and model of localisation. fitesthe valuable achievements of the
previous studies, it is clear that theoretical vgoake still far from being able to accurately
and realistically explain, capture and predictaalbects of the mechanical behaviour of the
rock material. In this study, in addition to thevdlmpment of constitutive models,
procedures and strategies for identification anibicdion of the model parameters are also
proposed. In particular, it is demonstrated thatusing a single set of parameters the
proposed coupled elastoplastic-damage models q@blkeaof reflecting both the stress-

strain response and the onset and mode of logahsand failure.

Furthermore, localisation of deformation, whichcisaracteristic of the inelastic
deformation of cohesive-frictional geomaterialsuses the mechanical response of the
structure to be dependent on it size. When thetstrelis loaded under conditions conducive
to post-peak softening, the steeper post-peak doguacement curves are the result of an
increase in the size of the structure. This probpgErses serious problems on constitutive
modelling and numerical simulation based on conweat continuum mechanics. In order
to tackle this problem regularisation schemes, saghonlocal and gradient models have
been widely used in the literature. In this stutlpwever, a kinematically enhanced
constitutive modelling framework is adopted in aorde investigated and study the
deterministic size effect problem at the materigbel. This kinematically enhanced
modelling framework is indeed a two-scale approattich specifies the coupling and
kinematical interdependencies of the localisatiandowith the surrounding bulk. Details of
the formulation of this two-scale approach areussed is Chapter 6 of this thesis.
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CHAPTER 3

Constitutive Modelling within the Framework of

Generalised Thermodynamics

3.1. Introduction

Analyses of boundary value problems (BVPS) in eeeiimg applications require the
determination of constitutive behaviour of the miatglor materials) making the structure
under consideration. The complex behaviour of t{@.g. rocks and soils) and many of
manmade materials (e.g. concrete and composited)vates the development of
sophisticated constitutive models with high capgbih predicting the material behaviour.
In principle, necessary components of a constiéutiwodel, such as the yield function,
hardening/softening rules, etc., can be definedrsaply, without necessarily specifying the
link between the yielding condition and the distipmaproperties of the material model. In
this approach, the requirements for the thermodymaamissibility (non-negativeness of
the energy dissipation rate during the inelasticaveour) are applied retrospectively after
the completion of the model formulation. This agmio may lead to introducingd hoc
assumptions in the formulation of the model asehgmno specific link between the rate of
energy dissipation and the attainable stress &atgelding condition) during each step of
inelastic loading. A more rigorous and consisteyraach is to construct the constitutive
model within a thermomechanical framework whichabBshes a direct link between the

energy dissipation properties and yielding condgio

The two disciplines of continuum mechanics and rtfuetynamics are closely
connected and even inseparable. In this regard,important to distinguish between the
classical thermodynamics and the modern thermodirfggtd theory. The study of changes
in the state of a system in classical thermodynaisicestricted to extremely slow processes
in the vicinity of an equilibrium state. The modénermodynamic field theory, on the other

hand, considers infinitesimal elements of a systewhich a process takes place, admitting
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that the thermodynamic state is homogeneous thouigin element and it only differs from
one element to another. This field theory faciitathe amalgamation of thermodynamics
and continuum mechanics [21]. Over the past fevades, the principles of thermodynamics
have been extensively used for the developmentonbtiutive models, describing the
mechanical behaviour of engineering materials. GdmeEcounts of the thermodynamics of
elastoplastic materials can be found in the work&iegler [21], Lemaitre and Chaboche
[152], Maugin [207, 208] and Houlsby and Puzrin][2@any other authors have also made
some key contributes to the field [22, 144, 191]20

In regard to the development of constitutive modeithin a thermodynamic
framework, an important step is to select the nedterlement. Since, in general, the
conservation condition holds for the mass of a maltelement, whereas the volume of the
element is variable, it is clear that the objectb® considered is an element of mass.
Nevertheless, in small strain continuum mechardasnit volume element of material can
be considered which considerably simplifies themialation [19]. Hence, for all
thermodynamic formalisms and constitutive model ellgyments in this study, a unit
volume element is considered. This volume elemargtroe sufficiently small to allow for
the application of thermodynamics as a field thegey large enough to be representative of
the most fundamental features of the continuum b8digh volume element is referred to

as the representative volume element (RVE).

In this chapter, key aspects of a well-establighednodynamic framework referred
to as the generalised thermodynamics or thermodigsamith internal variables (TIV) are
presented. The aim of this chapter is to provideriaf introduction to the generalised
thermodynamic framework which is extensively usedhe development of constitutive
models in the successive chapters of this thasithi$ sense, the repetition of the general
principles and formalisms will be avoided in thesessive chapters and reference will be
made to the relevant sections of the current chaytere necessary. In addition, while the
basis of the framework is based on earlier work&Ziegler [21] and Houlsby and Puzrin
[19], the author has made an attempt to intergndtraformulate it in a slightly different
and, to the best of his knowledge, easier way ¢hatbe later used in the development of
several models. In addition, a further exploratibthe dissipation properties in Section 3.4

is also introduced to give more insights into thi@imsic characteristics of the framework.

3-2



CHAPTER 3 Constitutive Modelling within the Framework of Geaksed Thermodynamics

3.2. Definitions and Ter minologies

In this section, the definition of some common thedynamics terminologies is
provided. These definitions help the subsequentudsons to follow more smoothly.

Necessary definitions for the discussions presentéds chapter include:

Independent state variableare those variables that can completely describe t

thermodynamics state of a system, e.g. stand absolute temperatuie

Dependent state variables (state functicarg)those variables which are defined as functions

of the independent state variables, e.g. intenmatgy,U and entropys

It should also be noted that the definition of ipeledent and dependent variables are
relative. For instance, in a strain based formaigtihe total strain tenseiis an independent
variable, while the stress is considered as a dependent variable and viGav8tresg

and straire are also referred to as work conjugate variables.

Internal variablesare those variables which somehow record thenyistbchanges of the

state variables within a system.

Internal forcesare those thermodynamic forces which are workugmate with the internal

variables.

The systemin the present study refers to a unit volume elgnad a material under

consideration.
A closed systens a system that can exchange heat but not nveittethe environment.

An isolated systerman exchange neither heat nor matter with therenmient.

3.3. Thermodynamic State of a Unit Volume Element

The state of a system (e.g. an RVE) can be contpkg¢scribed by two independent
state variables straig, and absolute temperatute,However, in the context of continuum
mechanics, the state of a system (e.g. a unit velelmment of a material) at tinnd@s not
merely a function of the instantaneous values efitfuependent state variables but also
depends on the previous history of these paramétessich cases, the previous history of
the thermodynamic state can be described by defthie dependent state variables (internal
energy, entropy, etc.) as functionals of the indelpat state variables. These functionals
depend not only on the instantaneous values ointtependent state variables but also on
their values at all previous times. This approazigenerally referred to as the rational
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thermodynamics. Another approach, which will beduge this study, is to introduce a
number of internal variables that somehow encomihesprevious history of the state of a
system. This approach is referred to as the gasedathermodynamics or thermodynamics
with internal variable (TIV). In principle, an imfite number of internal variables would be
needed for precisely describing the previous hystidrthe state of a system. In practice,
however, a fairly small number of internal variablevould suffice to give close
approximations to the actual state of a systerhafdssential mechanisms responsible for
the changes in the state of a system are propedgratood.

If the state of the RVE is altered by infinitesincalanges in the strain and absolute
temperature, i.& andd, then the elementary work increment done on th& B&h be given

by:

W =o0:¢& (3.2)
where o is the stress tensor, which is a dependent stat@ble in an strain-based
formulation. In general, a change in the state sysiem is also accompanied by a certain
amount of work done by the microscopic forces. €kpression of the elementary work
increment, as stated by equation (3.1), does nataco any information about this
microscopic work. Understanding the nature of thisroscopic work and the microscopic
forces involved is necessary, especially in momamex systems, where the state of the
system is not only a function of the instantanewaisies of the state variables but also
depends on the previous history of these variafdes Section 3.4). Therefore, a more
comprehensive definition of the elementary workr@meent is required. To this end, it is
assumed that the elementary work increment dona sgstem changes its properties.
Therefore, instead of directly defining the elenaeptwork incrementdl/, as in equation
(3.1), its definition can be given through the ajesit causes to the properties of a system.
In general, these properties are defined as statdidons and for now, it is assumed that they
are functions of only state variablesand 8. Two state functions that can be used for
describing the properties of an RVE are specifieriml energyy = u(e, &,, ..., @y, 0) and
specific entropys = s(g, @, ..., @y, 0). The internal energy and entropy are defined as
functions of independent state variables (therstemsor.g, and the absolute temperature,
0) and internal variables. In the definitionwfnds the sel(d,, ..., @y ) is a set of internal
variables with each variable being associated witl particular irreversible process that
can potentially occur within the system at any timeéveen the consecutive thermodynamic
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states. The symbot’ on top of each internal variable indicates tlinetyt can be a tensor of
any order, depending on the physical phenomengnrépresent. All second order tensors
are denoted by bold letters and the inner prodetetdéen the second order tensors is denoted
by “:”. Also, the inner product between two tensorst@ same unknown dimension is
denoted by *". Now the changes in the state of a system castumled by investigating the
changes in its properties. For this purpose, Thest Fand The Second Laws of

Thermodynamics is used.

The First Law of thermodynamics states that chamgedbe internal energy of a
system can be given as the summation of the elamewbrk increment done on a system

and the microscopic work done by microscopic foegkin the system:

SW +68Q=1u (3.2)

In the above expressiof() represents the microscopic work done by microscépices
within the system and it is often, phenomenolodycatterpreted as the heat supply. A more
accurate description of the microscopic work cagilien by using the other property of the
system, which is entropy. Entropy can be definealtag@rmodynamic property that measures
the degree of randomisation or disorder at the asawpic level. A macroscopic feature
which is associated with entropy production issslof ability to do useful work. Energy is
degraded to a less useful form, and it is sometisaéd that there is a decrease in the
availability of energy. Entropy is produced in botiversible and irreversible processes. The
Second Law of Thermodynamics states that entropybegproduced, but never destroyed.
Therefore, according to the Second Law any entnogement is necessarily non-negative.

This leads to the expression of The Second Lawhefmodynamics in the following form:

0
§= 8T+ 57 > FQ (3.3)
In the above expressiod” and s represent entropy increments due to reversible and
irreversible processes, respectively. In the absafdrreversible processes” = 0 and
equality holds in the expression of the Second ltherefore:

$=3" = (%Q (3.4)

Equation (3.4) in conjunction with the Second Las,stated by inequality (3.3), requires

that the irreversible entropy be necessarily nagatiee, i.es™ > 0. SubstitutingsQ from
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equation (3.4) into equation (3.2) and making usegoation (3.3) results in the following

expression for the elementary work increment:

SW =1 — 05+ 0s7 (3.5)
It is acknowledged that equation (3.4) for revdesfirocesses is used in the above equation,
and despite its usefulness, its validity for irnesiiele cases has not been examined yet. Since
the specific internal energy, and specific entropy, are state functions, their rates of

change with respect to changes in state and irltean@ables can be given as:

. du . Ou . ou . Ou.,
u=$£+a—0~(1a1++ﬁa1\,+%9 (36)
. ds . 0s . os . 0s.,
s=£:£+a—d1-a1+---+ﬁ-a,\,+%0 (3.7)

Substituting the above expressions into the exess the elementary work increment,

given by equation (3.5), results in:

Jdu ds
W = (55 = 05g) ¢
+(a_u_ga_s>.0;{1+...+(a_u_g£>.a“1v+(a_u_gﬁ)g (38)
dd, 0@71 day day 00 00
+ 6s'"

From the above expression, it is inferred that #3& has the form of an elementary work
increment which is dissipative and can be denoyedidh The termgou/dd&; — 6ds/04&;),

i =1..N are referred to as non-dissipative or quasicor$ees [21] part of the internal
forces which are work conjugate with the internafiablesd;,i = 1..N and they are
denoted here by y;, i = 1...N. Therefore, for isothermal problems, which areftoeis of

this study, the elementary work increment of equma(B.8) can be rewritten as:

SW=09:&—); @ —— Yy ay+ 6D (3.9)

In the above expressioa? = (du/de — 00s/de) represents the quasiconservative part of
the stress tensor ang,i = 1..N are the quasiconservative part of the internateer
conjugate to each internal variablér;,¢ = 1..N). Given the appearance of the
guasiconservative paid?, of the stress tensor in (3.8), it is assumed tmaigeneral form

of the dissipation functio§®, can be expressed as:

SP(&, &, ..., dy) =0 &+ 7 -G+ -+ Fy-dy =0 (3.10)
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where ¢ is the dissipative part of the total stress ten$fois acknowledged that this
assumption on the form of the dissipation may lea@ sub-set of all possibilities, the
consequence of which is not explored yet and 3 algside the scope of this thesis, given
the main focus on the application of thermodynanmicshe development of constitutive
models for rocks. Using (3.10), the expressiorhefélementary work increment, as stated
by equation (3.9), can be given as follows:

W =(a7+0%): &+ (1 — X1 &1 ++ (v — Xn) &N (3.11)

In the above expressions? represents the dissipative part of the stress tesby;,, i =
1...N are the dissipative parts of the internal ford@smparing the expressions of the
elementary work increment given by equations (3ak) (3.1) indicates that except for the
first term, all other terms in equation (3.11) aeeo andr = ¢? + . This decomposition
of the stress tensor arises as a consequencengf i notion of quasiconservative stress
for the first term in equation (3.8) (i.¢? = (du/de — 80ds/d¢)) and also assuming that the
dissipation function can be expressed by the gérferen given by equation (3.10).
Furthermore, the termg; — ¥; can be interpreted as sets of non-dissipative sgyuic
forces [21], which can be denoted [asdependent in such a way on the rates of internal

variables §;) that their power is always zero, ife: &; = 0.

An immediate conclusion could be that vectors abgygopic forces,[; = ¥; — ¥,
are always orthogonal to their corresponding véyoeectorsd;. With this conclusion, the
only way of defining the dissipative part of theests and internal forces and, consequently,
the dissipation function, is to provide an explifinition for the gyroscopic forces;. It
should be noted that the quasiconservative pattseastress tensoo{) and internal forces
(x:;,i = 1..N) are state functions and they can, in principéedbtermined from the explicit
definitions of the specific internal energy andrepy. In this sense, the irreversible
processes could be treated by any number of fumijeach defining the source of these
gyroscopic forces) in addition to the definitiontbé two state functions, i.e. internal energy
and entropy.. However, Ziegler [21] argues thabhalgh the gyroscopic forces can in
principle occur (e.g. in rotating reference fraraes1 magnetic fields), they have never been
observed, at least in reference to the deformati@continua. Therefore, by excluding the
gyroscopic forces, a more useful conclusion thanatthogonality off; andé;, would be
drawn from postulating equality between the digsipaand quasiconservative parts of

internal forces, i.ef; = ¥;. This constitutive postulate gives rise to a vanportant
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principle referred to as the Ziegler orthogonaliynciple. An important consequence of
accepting the absence of the gyroscopic forcescasstitutive postulate is that it reverses
the roles of the dissipation functia¥¥» and the dissipative forces. In this regard, the
dissipation function is now considered as the prijnfianction (or potential) from which the
dissipative stresses are derived. Furthermorerewversible system is referred to as purely
dissipative, wherever the dissipative forces arevdble from the dissipation potential [21],
that is, if the condition off; = ¥; is accepted as a constitutive postulate. Undeh suc
assumption all thermodynamic forces can be detesthnlry explicitly defining the two state

functions (i.e. internal energy and entropy) areldissipation functionj®.

In this study, it is assumed that the dissipationcfion, §®, is a homogeneous
function of ordem in terms of all internal variableg (i = 1 ... N). This assumption restricts
the focus of this study on a subset of all possigsl yet general enough to be applicable to
a wide range of materials. With this assumption baypdnvoking the Euler’s theorem for
homogeneous functions, the dissipation functionbmmritten as:

1/96d 38D | IS .
b =- —: &+ = 'a1+"'+_’;'a1\] >0 (312)
n\ 0& da, ddy

Comparing the above expression with the general Bssumed for the dissipation function

in equation (3.10), the following results can béaated:

g = 1900 (3.13)
n 0&
g = 2000 i=1.N (3.14)
= —— i=1.. :
T o

On account of equations (3.13) and (3.14), it camberred that the dissipative part of the
stress tensor and the dissipative force vectorgsponding ta; at timet are orthogonal to
the dissipation surfacgp = §®, in &;-space and in the end pointsaf(Figure 3.1). This
orthogonality is referred to as the Ziegler's ogboality principle. This principle can be
viewed in a variety of ways, but the most useful/wsato view it as a stronger statement
than the Second Law of Thermodynamics [19]. Furtfzee,n # 1 in equations (3.13) and
(3.14) indicates the rate-dependent behaviour, evitlee stress and internal forces are
functions of the strain rate and rates of inteweliables. On the other hand, for rate-
independent behaviour, dissipation function is@mbgeneous function of order one in terms

of the rates and heneae= 1.
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Figure 3.1: Orthogonality of the dissipative foreesl the rates of internal variables (Ziedt])

Furthermore, instead of explicitly defining theamal energy and entropy, the
quasiconservative parts of the stress tensor awd internal forces can be more
straightforwardly obtained by introducing a freemrgy potential. Depending on the problem
in hand, the free energy function can be eithénéform of the Helmholtz free energlf,=
Y(g dq, ..., @y, 0), or in the form of the Gibbs free enerdy= G(a, @,,...,dy,0). By
performing a Legendre transform (see [19]), thenthalltz energy potential can be given as

the dual function of the internal energy as follows

Y=u-0s (3.15)
Therefore, the rate of change of the Helmholtz feeergy with respect to changes of

dependent state variablesgnd s) and the independent state variad)es(given as:

Y =1y—0s—s6 (3.16)
Since in the development of all constitutive modalghis study isothermal condition is
assumed, the remainder of the current review vdb docus on isothermal cases. For

isothermal problems equation (3.16) reduces to:

Y =q-6s (3.17)
By substituting foru from the above equation into the expression of Rhist Law of

thermodynamics, as stated by equation (3.2), thmressgion for the elementary work

increment can be given as:
SW=W+6s5-6Q (3.18)
Substituting for§Q from equation (3.4) and also accepting the assompihat was made

immediately after equation (3.8), so tidat” = §®, the elementary work increment can be

given as:
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SW =W +05" =¥ + 5P (3.19)
Furthermore, since the Helmholtz free energy i alstate function, the above expression

for the elementary work increment can be furthgraexied to give:

6W—¢+6<b—alp-'+alp i, + +aLp iy + 6P (3.20)
= e *Toa, ™ day N '

Comparing the above equation with equations (318)(8.9), it follows that:

Y oJu ds
T _plZ 44 3.21
e O¢ oe d ( )
v s ou - )

ey i=1.N (3.22)

The specific definition of the free energy dependsthe characteristic properties of the
material, such as its microstructure and the playsieechanisms through which the energy
is stored within the material. Substituting equati(8.12) into the expression of the
elementary work increment, as stated by equatid0f3results in:
0¥ 106d\ . o¥ 1060\ . 0¥ 1060\ .
(SW=<—+——,>=£+ —t——)t+ | =+ ay (3.23)
de n 0¢ 0a, naa, ddy mnody

Again, comparing equations (3.23) and (3.1) thiowahg set of equations is obtained:

oY 1096®
=4 3.24
7% % Tnoe (3.24
¥ 1069 )
=5 Tt = i=1..N (325)
0a; n oa;

It is clear that if the explicit definition of tievo scalar functions, namely, the free energy
potential and the dissipation function are knovinentthe stress tensor and the dissipative

parts of the internal forces can be obtained frioenabove sets of equations.

3.4. Rate-independent behaviour, loading function and evolution
rules

Since the focus of this study is on the rate-indépat behaviour of materials, the
review of the generalised thermodynamic framewnrthis chapter is also restricted only to
the rate-independent case. If the material behawsoassumed to be rate-independent, then
the dissipation function is a homogeneous firseofdnction in rates. This implies that the

coefficient of proportionality is one, i.a.= 1. Therefore, for rate-independent behaviour
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the set equations (3.24) and (3.25), and also enué.14) are modified to the following

set of equations:

oY 06
_or 3.26
g EP + ER ( )
0¥ 96 3.2
d6d
= — i=1..N (3.28)
aal-

Several features of the behaviour of rate-indepeindeaterials follow from this
special form of the dissipation function, i.e. artageneous first order function in rates. In
particular, the existence of the yield or loadingdtion arises as a direct consequence of the
rate-independent behaviour [19]. The vyield functicen be derived by performing a
Legendre transformation on the dissipation functibhis transformation is a degenerate
special case of the Legendre transformation bedhesi#issipation function is homogeneous
and first-order in the rates [19, 191]. The degateeregendre transformation of the
dissipation function(SCD(s, @, ..., @y, 04, ...,&N), which is a homogeneous first-order
function in terms of the rates of internal variahlés a function of state, internal and
conjugate variableg;, and its value is always zero, iye= y(g, &, ..., @y, X1, > fn) = 0.

It should, however, be noted that the additive fofmthe dissipation function, as given by
equation (3.10), can give rise to the existenae different yield functions corresponding to
n internal variables [119]. Therefore, the evolutadrthe internal variables is controlled by
n different yield functions. In order to obtain agle yield function which controls the
simultaneous evolution of all internal variableditierent form of the dissipation function
is required. To this end, the dissipation functman be defined as a functional in the

following general form:

6P = F(@q, ..., 0N) (3.29)
where @; (i = 1...N) are homogeneous first order functions in the raiksnternal
variables. These functions are related to the tmriton of each of the dissipative
mechanisms, associated witfis, to the total dissipation rate. In general, definition of
F is acceptable as long & remains a homogeneous first-order function in geaithe
rates of internal variables. To this end, it isuieed forF to satisfy the following condition
(see [19, 144]):
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0°F

adl‘ b 6071

In order to clarify and simplify the discussiorsgecific form of the functiond (¢, ..., @x)
that has been adopted by many researchers [e.g1884204, 210, 211-213] is considered
here, which is defined as:

D = /@12 + -+ pp? (3.31)
As mentioned earlier, functions,, ..., ¢y are homogeneous firs-order functions in the rates
of internal variables and they are related to the of energy dissipation due to each

dissipation mechanism represented by an internahla.

Assuming that each a@#;’s (i = 1.. N) is a function of only one internal variable rate,
Q; = ¢i(5{i), then the dissipative part of the internal foremjogate to the®” internal
variable,&;, is given as follows:

Xl B 6071 B a(Pl 6071 B 6(1) 6071

(3.32)

For this particular form of the dissipation functithe degenerate Legendre transformation
is performed in the following manner to obtain theression of the yield function in the

dissipative stress space:

Starting with equation (3.32), the following rescéin be obtained:

XioXi _ (ﬁ)z
dp; dp; \5d (3.33)
0a; 0d;

SinceX X (¢;/8®)? = 1 (see equation (3.31)), the yield function in tlisipative stress
space can be obtained as:

N V.- v
Xi ™ Xi
"= AAL 1<
y zizl 99, 99; (3.34)
9G, 0d;

Furthermore, the evolution rules for internal vhlés are obtained from the properties of

the degenerate Legendre transformation as:

ay”

oXi

a; =7 i=1..N (3.35)
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A detailed explanation of the Legendre transfororatan be found in [19]. Furthermore,
using equation (3.32), the rate of energy dissipaiilue to a dissipative mechanism

represented by th&" internal variable is given as:

2 @i a('01 L

6q)l' =)Zi-al- =£g'ai (336)
L

Since it is assumed that; is a first-order homogeneous functiondp by invoking the

Euler’'s theorem, equation (3.36) can be rewriten a

: @;°
0P =Ji~ & = 5o (3.37)

Therefore, the total dissipation rate can be gagmhe sum of all the dissipation rates due

to each underlying dissipative mechanism:

N N
5b = Z 5b; = Z;a- & (3.38)
i=1 1

i:
In regard to the relation between functions, ...,y and dissipation functions
6d,4, ..., 5Dy, the ratio between the rate of energy dissipatimnto a dissipative mechanism

associated with th&" internal variableg®;, and the total dissipation ratp, is defined

as:
6D;
67(; = 7,2 (3.39)
Comparing equations (3.39) and (3.38), it immedjdidlows that:
N
Z r?=1 (3.40)
i=1

Substituting foré ®; form the ratios defined in equation (3.39), thikofeing relations are
established betweepy, §®; anddd:

Q; = Ti(SCD and 5CDL =TiQ; i=1..N (341)

Oncer;’s and ¢;’s (i =1..N) are defined the total dissipation can be caledlaby

integrating both sides of the first equation in4(3. with respect to one of the internal
variables. Additionally, integrating both sidestloé second equation in (3.41) with respect
to one of the internal variables yields the totiabighation due to a dissipative mechanism

associated with the same internal variable.
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3.5. Kinematic I nterdependencies and Constrain Equations

In some models, kinematic variables are not entifiide or independent but are
constrained or interdependent by some means. Inergenthese constraints or
interdependencies might involve strains and/or thee of internal variables. The
development of such models can either be achieya@ducing the number of kinematic
variables, through eliminating the dependent véegbor by introducing some constraint
equations while keeping all the kinematic varialjle 214]. The latter is a more powerful
and general technique and hence will be adoptddgrstudy. In principle, depending on the
nature of the problem in hand any number of kin@mabnstraint equations can be
introduced, in order to address the kinematic dependencies between the state and
internal variables of a model. For instance, fon@del withN internal variables a set éf
kinematic constraint equations can be introducédhé constraints are on strains (e.g.
incompressible behaviour), or in general the irdpethdency of the kinematic fields can be
defined in the total form, rather than the incretakriorm, then the set of kinematic
constraints can be given in the following geneoicf:

= C'j,(s, dl' ey dl) =0 j =1..K (3.42)
These constrain equations can then be used toesuppt the free energy potential (e.g. the
Helmholtz free energy potentid¥ (g, @, ..., @y)) to obtain a new (but equivalent) function

as.

W =Ygy, .., @) + Z A C (3.43)

where,A; are the Lagrangean multipliers, which are elinedatetween the following sets

of equations, obtained by modifying equations (B&&l (3.27):

_ow' osw _ow 66([) ZA ac; o a1
7= ¢ & 68 ER) (3.44)
oW 35D alp | 080 & g ,
-7 Z e i=1..N (3.45)
a(ll' aai = a(ll'

On the other hand, if the constraints are on ttesraf state and internal variables, the generic

form of the kinematic constraint equation can hesgias:

C;=Ci(&d,...ay) =0 j=1..K (3.46)
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In this case, the development of the model invokrgsplementing the dissipation function:

K
SO = 50(g,ay, ..., by, & @y, ..., Ay) + Z A -G (3.47)
j=1

If the dissipation function is to be supplementathwhe constraint equations, then each
constraint equation must be introduced as a fiderohomogeneous function in rates of
internal variables in accordance with the dissgratiunction. Accordingly, the sets of
equations (3.26) and (3.27) are, modified as fatlow

LW 060" 0¥ 95D i ac;

°T%e T or e tae TLNE (3.48)
]:
K
¥ 9D OV 95D aC; ,
=—+ ~ = o= + = +Z Y i=1..N (349)
oa; oda; 0a; 04 0a;

j=1
In addition to the specification of kinematic irdependencies between the state and
internal variables of a model, another importanpligption of kinematic constraint
equations is that they can be used to introduce insvnal variables into the model
formulation. Regarding irreversible deformationsyy ainternal variable in the model
formulation represents, in principle, a dissipatimechanism. The evolutions of these
dissipative mechanisms are not independent, byttiberact with one another and influence
each other’s evolution. If the physics and undedymechanisms of these interactions are
understood they can be readily and straightforwandicorporated into the model

formulation by means of constraint equations.

The application of the kinematic constraint equatioan be demonstrated through a
simple example in this section, where the deforoma@f a unit volume of an elastoplastic
material is considered under isothermal conditiorthis case, the Helmholtz free energy is

the same as the elastic strain energy and canitierwais:

¥ = Cijrigrisl; (3.50)
In the above expressiof;, is the elastic stiffness tensor asfdis the elastic strain tensor.
If plastic deformations also take place within thret volume of the material, then the rate
of energy dissipation due to the plastic defornratian be given by the dissipation function
as:

6P = )(l-je'l.’;. (3.51)
Furthermore, the strain tensor can be decomposedhe elastic and plastic part as:
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g =& + & (3.52)
Also, the rate form of the above relation is giaan

& = & + €] (3.53)

In this simple example, both equations (3.52) &#3) can be used to form the kinematic
constraint equation, which, in this case, specifiesrelation between the total strain tensor
with its elastic and plastic part. However, as wasined earlier, if equation (3.52) is used

to form the constraint equation, then the constraiquation should be added to the
expression of the free energy function given byatigan (3.50). On the other hand, if the

kinematic constraint is formed by the rate equaii8rb3), then it should be used for

supplementing the dissipation function. In the aafsthis example, equation (3.53) is used

to form the kinematic constraint equation as:

Cij=é— €& —€,=0 (3.54)
The above kinematic constraint equation is thed tssupplement the dissipation function
of equation (3.51) as follows:

For this particular example, equations (3.48) &hd9) can be written as the follows:

W 95D AW 35D AC,
%= 3e, T a8, oe, 08, Mg, (3.56)
MW 95D W 95D 9C,
AR A AR (3.57)
oL 2V 050 0¥ 060 0y 559
oef,  0&  0el  0€f, o€l

Using equations (3.50), (3.51), (3.54) and (3.36xonjunction with equations (3.56) —

(3.58) the following results are obtained:

o, = Ay (3.59)
0 = Cijragr — Nij (3.60)

By eliminatingA;; between the above equations and also using equ&ib2) the stress

tensor and the dissipative part of the internatdsrconjugate to plastic deformations are

obtain as:
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0i; = Xij = Cijrehr = Cijra (€10 — €41) (3.62)
Further discussions and demonstrations of the @idgnematic constraint equations are
presented in the development of constitutive mottetsughout this study. In particular, it
is shown in Chapter 6 that how this technique @anded to further enhance the framework

of the generalised thermodynamics to model thdikezhfailure of geomaterials.
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CHAPTER 4

A Coupled Damage-Plasticity M odel for Porous Rocks

4.1. Introduction

The ability to predict the complex patterns of babar of porous rocks by means of
numerical simulations would be of great value farious engineering applications that
involve the extraction of hydrocarbons and the ugieeind storage of fluid and solid waste.
In such applications it is of crucial importance nwdel both pre- and post-failure
deformations (e.g., for borehole stability assesdrf#l5]), and to capture the variations in
porosity associated with volumetric inelastic stgai(e.g., to estimate the changes in
permeability [26, 28]). In this context, predictiasf the occurrence of compaction
localisation is particularly important becausetsfdetrimental effects on fluid flow [216].
Porous granular rocks can be described as muleplmaaterials that contain grains,
intergranular cement and void spaces. The macrasbepavioural features of these rocks
under a certain loading condition are governed H®y mechanical responses of all the
material phases in their microscopic structure #nadinteraction between them. Different
failure processes commonly observed in porous ratkg include grain crushing, cement
debonding and pore collapse [28, 59]. Under lowfioorg pressure, cement debonding is
the predominate failure process and the graineak fragmentations have enough space to
rotate and slip which may potentially give risedioear induced dilatancy. Under high
confining pressure, on the other hand, the rotatimahslip of grains are inhibited due to pore
collapse and the lack of available space. Additlgngrain crushing under high pressure
and the subsequent rearrangement of rock fragnaedtsglebris further reduces the porosity
and cause compaction [28, 59]. In general, poroaksr exhibit two types of mechanical
response corresponding to the loading conditioncanapplied pressure. These distinct
behavioural features include (a) brittle faultingether with dilational behaviour under low
pressure, and (b) cataclastic flow and contradisfeaviour under high pressures pertaining

to brittle-ductile transition and ductile regime.

4-1



CHAPTER 4 A Coupled Damage-Plasticity Model for ®as Rocks

Various modelling approaches have been proposediar to describe the behaviour
of porous rocks, ranging from critical state [1223, 124] and cap plasticity models [91,
100, 122, 125, 126] and their combination [127-1281-133] to more physically
sophisticated models with focus on micro-mechanahdeformation such as cement
debonding [130] and/or grain crushing [74, 75, 2béked on damage and breakage
mechanics [217, 218]. Despite being successfubptwing some behavioural features of
porous rocks, the main limitation of these modsl¢hat (with a single set of parameters)
they can describe rock behaviour either in thelenegime or in the ductile regime but not
always in both. This may involve either inaccuracthe prediction of stress-strain response
and inelastic volumetric deformation or incapabibf predicting the onset and the mode of
localisation. For example, in the model proposedDags et al [75] based on breakage
mechanics theory, the micromechanics of grain engshmechanical behaviour and onset
of localisation at high confinement is capturedlyaivell. However this model is unable to
describe the responses under low confining whextidil and grain friction are dominant. It
is, therefore, desirable to develop a constituthadel which is capable of describing the
macroscopic behaviour of porous rocks, including $tress-strain response, volumetric
deformation and localisation modes, in both br#ihel ductile regimes with a single set of a

few parameters.

In this chapter, a coupled damage-plasticity modeldeveloped within the
framework of generalised thermodynamics in ordeddscribe the macroscopic behaviour
of porous rocks. It is demonstrated that the madeapable of capturing some of the most
fundamental features of the macroscopic responsgodus rocks. These fundamental
features include the transition from brittle to tlecresponse with increasing confining
pressure, dilative and contractive responses andusamodes of strain localisation and
failure. The predictive capability of the proposeudel in predicting the stress-strain
response and the onset of localisation is extelysagsessed at the material level. The
proposed material model is then used to simulaestituctural response of cylindrical rock
specimens in drained triaxial tests by means afefislement (FE) analysis. In order to
alleviate the numerical instabilities, which arias a consequence of localisation of
deformation, the proposed coupled damage-plastmitglel is enhanced to a damage-

viscoplastic formulation by means of a Perzyna tyiseoplasticity [219] regularisation.
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4.2. Preliminary Definitions and Basic Assumptions

In this section, some definitions and basic assiimptused in the formulation of a
coupled damage-plasticity model, developed for mleisy the macroscopic behaviour of
porous rocks are outlined. The model formulationcéried out using the notations
appropriate for triaxial tests. Throughout the fatation process, compressive stresses and
contractive strains are assumed to be positivéhitnsense, given;; and ¢;; as stress and
strain tensors, respectively, the definitions @& thean pressure, the deviatoric stresg,

the volumetric straing,,, and the effective shear straig,are given in Table 4.1.

Table 4.1: The definition of stresses and strairtsi@xial notation

Quantity Notation Definition
Mean Pressure p p =0;/3

Deviatoric stress q *q =3/,
Volumetric strain & &y = &

Effective shear strain & & = /Zeijel-j/?) with  ** e;; = &; — &,6;;/3

* J, is the second invariant of the deviatoric stressor
** §;; is the Kronecker delta

It is important to note that the main objective thfs study is to capture the
macroscopic behaviour of porous rocks by means ajupled damage-plasticity model.
Therefore, underlying micro-mechanisms of deforora@nd energy dissipation, such as
grain crushing and cement debonding are not dyrelgscribed in the model formulation.
These micro-mechanisms are, nevertheless, repegsenthe model formulation by means
of macroscopic internal variables, i.e. damageadei and plastic strains. In order to use the
proposed model also for describing the changesiosity, it is necessary to establish a
relation between the porosity change and volumegformations. This derivation follows

closely that presented by Coussy [220].

The current volume of a representative volume etgroéa porous rocky; under

compressive loading and at timean be given as:

Vi=]V (4.1)
where] represents the Jacobean of deformationlgnd the initial volume of the RVE at
timet = t,. For small deformations, following the conventmircompression positive, the

above expression can be approximated as:
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Ve = (1—¢&)V (4.2)
The observable macroscopic volume deformation wuater by the RVE is due both to the
change in porosity and to the volume deformatiodengone by the solid matrix, although
the latter is not accessible from purely macroscegperiments. The current volume of the

solid matrix is given by:
Vtmatrix — (1 _ gmatrix)Vmatrix (4 3)
v o "
Furthermore, the Lagrangian porosity, which retaescurrent porous volume to the initial

volume, is defined as (see [220]) as follows:

void __ yymatrix
por VoW (4.4)
Vo Vo

The current volume of the solid matrix at tim@/;™*"*) can also be given as:

Vtmatrix — Vt — ¢Vo (4-5)
Furthermore, it rapidly follows from equations (ahd (4.5) that the initial volume of the
solid matrix is given by:

Vanetr* = (1 = ¢,)V, (4.6)
whereg, is the initial porosity of the RVE. Similar to ains, porosity change at any stage

of loading can be given as the additive decompmsibi reversible and irreversible porosity

changes:

b= $o+ b+ 7 @9
In the above expressiogh® and ¢ represent the reversible and irreversible chamyes
porosity, respectively. Substitution féf and V/**"* from equations (4.2) and (4.3),

respectively, into equation (4.5) and also makisg of equation (4.6) gives:

&y = (1- ¢o)€lr7natrix + (¢o - ¢) (4.8)
gy = (1= o) el ™™ — ¢ — $P (4.9)
Therefore, by virtue of equation (4.7), volumetlastic and plastic strains for the RVE are

given as follows:

g8 = (1— ) (earix) — ge (4.10)

) = (1 — ¢,)(ematrix)? — pp (4.11)
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In soil and rock mechanics the plastic volumetefodmations are mainly caused by the
relative movement of the solid grains or fragmeatet of the damaged material and hence,

the volume change of the matrix due uniquely teptdy is negligible in the absence of

any porosity or micro-cracking. Therefore, by as'sm(s{,”at”x)p = 0 the irreversible
porosity and the plastic volumetric strain of th&éERcan be used interchangeably in the

model formulation, i.e.:

el =P (4.12)
Furthermore, it is envisaged that under compressiothe elastic stage the elastically
compressed solid matrix can potentially expand th&available porous space and give up
its elastic energy while causing a reversible dution in porosity. Therefore, the elastic
volumetric strain and reversible porosity can #ls@ssumed to be approximately the same,

ie. ¢° = e

In general, the mode of volumetric deformation arqus rocks is determined as a
result of competition between two underlying medsians. These underlying mechanisms
are damaging in the cement matrix and the poreagedl phenomenon. Under deviatoric
stressing of porous rocks, the collapse of porogitying deformation tends to
counterbalance the tendency to dilatancy due tgithwth of damage in the cement matrix.
Therefore, porous rocks may exhibit compaction eatevery low confining pressures [25,
27, 92].

4.3. Ther modynamics For mulation

In this section, the principles of generalised tiv@alynamics, in the form outlined in
Chapter 3, are used to develop a coupled damaggeiha model for describing the
macroscopic behaviour of porous rocks. Constituthadelling within the framework of
generalised thermodynamics requires the knowlefig@amthermodynamic potentials (the
free energy and the dissipation functions) in ortierdetermine the entire constitutive
relations. These functions basically describe thechranisms of energy storage and
dissipation within a unit volume of material. Thieme, the predictive capability of
constitutive models developed in this frameworkeatefs on how closely these functions

represent the actual mechanisms of energy storajergergy dissipation
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4.3.1. Thefree energy potential and the dissipation function

In the development of constitutive models for eegiing materials, it is common to
assume the small strain tensor as additive decatigyosf elastic and plastic strain tensors.
This decomposition leads to the development of net®odels whose instantaneous elastic
moduli are independent of the internal variablesl[223]. These material models are often
termed as decoupled material models [191]. Althoughthe context of constitutive
modelling for porous rocks it is more appropriategd perhaps more physically correct, to
adopt a coupled material model, in which the instae@ous elastic modulus varies with the
evolution of internal variables, it is demonstratedhis study that a decoupled model can
also produce an adequate approximations to thexazsbehaviour of porous rocks. Collins
and Houlsby [191] showed that the free energy fondbr a decoupled material model can
be assumed as the summation of elastic and pfzstis. From a physical point of view, the
elastic part of the free energ¥{) represents the stored elastic strain energylanglastic
part ?) is related to that part of the plastic work whigimot dissipated and is stored within
the material (see [209, 212, 224, 225]). The gdrferan of the Helmholtz free energy

potential for a decoupled material can, therefoeegiven as:

W =we(ef) + WP (el (4.13)
In the above expressioWy is a function of only elastic strains a#d is a function of only
plastic (or inelastic) strains. Furthermore, sitteematerial is assumed to be decoupiéd,

does not have any effect on the elastic respondeeahaterial.

The existence of the stored plastic work can lribated to the non-homogeneous
stress distribution at micro-scale. That part ef phastic work which does not contribute to
dissipation is stored within the material and ib ¢d#@ recovered upon reverse dilatational
volumetric plastic deformations, and thereforshibuld be included in the definition of the
continuum free energy potential. The concept afestglastic work can be further clarified
by considering the mechanisms of energy storageeaedgy dissipation within a non-
homogeneous material under isotropic compressiading and unloading. During the
compressive loading, the elastic part of the freergy potentiallP®, represents the elastic
energy stored within the elastically compressedsttuents (e.g. grains, crystals, etc.).
Inelastic deformations, depending on the materi@rorstructure, may involve frictional
sliding, plastic deformation in ductile and fradhgy in brittle constituents. Therefore, the
applied work (or the total energy budget for defation) can be divided into recoverable,
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elastic and irrecoverable or dissipated parts. 4w of the applied work is not, however,
that straightforward during unloading. When the poessed material is unloaded, some of
the elastically compressed constituents will be ablexpand into the available space and
give up their stored elastic energy which, in twayses the RVE to tend to dilate elastically.
However, many of the elastically compressed padiolill be surrounded and trapped by
the compacted neighbouring constituents, and cparekand give up their stored elastic
energy only if some of these surrounding constifsi@ne simultaneously rearranged (see
[224, 225]). This rearrangement involves frictiod@sipation and may also induce some
volumetric plastic strains. The micro-elastic eryeagsociated with these trapped particles
can hence be recovered only if reversed inelagati@hal strains occur. At the continuum
level, the proportion of this trapped micro-elagitergy can be determined by measuring
the magnitude of the plastic strains induced dudeqoarticle rearrangement and frictional
sliding during the compression phase [see 225]s Tisipped or frozen elastic energy is
termed as stored plastic work, and it is denote@hyln contrast to isotropic compression,
since shearing may induce dilatancy, which, in twauld release some of the pre-existing
frozen energy, no significant storage of plastickue expected to take place due to shearing
[225].

Shearing-induced dilatancy can be explained by rasgy a simple sawtooth
mechanism, e.g. between the contacting grains wvele®m the rough surfaces of micro-
cracks and cracks (Figure 4.1). The shear-indudetational plastic strainef®) can be

defined as:

gy’ = —u(D)ef (4.14)

In the above expressiqn(D) is defined as a function of the scalar damageabbjD.

Initiation and propagation of damage within the enial encourage the relative movement
and slide of the grains and microcracks under sgaiTherefore, it is assumed that the
possibility for the shearing-induced dilation t&eégplace increases as damage grows within
the material. It is also assumed that a criticalestwith zero dilation, is reached when the
material is fully damaged, i.& = 1. With these assumptions the following form of the

functionu(D) is proposed:
u(D) = D*(1 = D)’ u, (4.15)

In the above expressio , a andb are material parameters. Paramg@getan be interpreted

as the coefficient of friction between the two aeds of micro-cracks. Since during shearing
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some of the stored plastic work is resealed owinthé expansion of the material into the

available space (Figure 4.1), the stored plastrgyncan be given as:

WP =p(e) — ") = p(ef + u(D)ef) (4.16)

It will be shown later that in the above expressioandpu(D) are two components of a
shift stress vector between the dissipative ane sttess spaces. The constant shift stress
parametep in (4.16) indicates that the model have differ@pdolute values for initial yield
under isotropic compression and extension (or decession) in true stress space. The
second component of the shift stress vepiotD), which varies with damage evolution,
indicates the kinematic hardening with rotatiortteé yield surface in dissipative and true
stress spaces. The details will be revealed laterisothermal problems, the Helmholtz free

energy potential can be given in the following form

1 3
Y= 5(1 — D)Keg? + 5(1 —D)Gee? + p(el + u(D)el) (4.17)

In the above expressiok,andG are bulk and shear moduli, respectively, And the scalar

damage variable.

Figure 4.1: Schematic shear-induced dilation imatsoth mechanism. Small arrows indicate the
expansion of the elastically compressed materialtime available space

For rate independent behaviour, the dissipatiorctian is a homogeneous first order
function in the rates of internal variables. Forc@upled damage-plasticity model the

following form of the dissipation function is adept([144, 189]):

D =/p,2 + 92+ pp2 =0 (4.18)

In the above expression,,, ¢, and@, are homogeneous first order functions in terms of
the rates of internal variables. These functiomsaasociated with the contribution of each
individual dissipative mechanism in the total disdion rate (see also [189]). The general

forms of the functions,,, ¢, andg, are proposed as follows:
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Py = Fv(ég + M(D)éf) (4-19)
@s = Fél (4.20)

This form of coupling between different dissipatimechanisms is advantageous compared
to the recent developments by Tengattini et al6]22hd Vu et al. [23], as the non-
negativeness of the total dissipation rate is thrienforced in the model formulation.
Furthermore, it can be readily shown that the deggn function of equation (4.18) is a
homogeneous function of order one in terms of rataaternal variables. To this end, by
invoking the Euler's theorem for homogeneous funrdj the dissipation function of

equation (4.18) can be written in the followingrfro

6P 6% ,, 06D
& +——
oD

D = xyé) + xs€8 + xpD = 6@, + 6P + 5Py 20 (4.22)

S
wheres @, 6@, ands®,, are dissipations due to plastic volumetric behawiplastic shear
behaviour, and damage, respectively. It will bevaiater that dilation behaviour can result
in negative values of®,, but thanks to the specific form of the dissipatimnction

(equation (4.18)), the thermodynamic admissibibtyhe model is always preserved.

Additionally, the decomposition of the volumetriodathe equivalent shear strains
into elastic and plastic strains is incorporatedhie@ model formulation by introducing the

following two kinematic constraint equations:

Ci=¢,—&—¢l=0 (4.23)

C,=¢é—€8—¢l =0 (4.24)
The above constraint equations are used to suppteime dissipation function of equation
(4.18) as follows:

5P = 6P+ ACy +A,Co = xR + xo€F + xpD + A1C; + A,C, >0 (4.25)

By invoking the First Law of thermodynamics andoalse Second Law, in the form of the
Ziegler's orthogonality principle, as demonstrated Chapter 3, the following set of

equations is obtained:

oY 05d O¥ 95D ac, ac,
_ _ = 4.26
de, 0¢, Os, + a¢, A d€, 4 a¢, = (4.26)

p
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_O% 950" 9% 96® 3G, 9C, arm
1= o0& 0& 885 & a 2 a 2 .
0¥ 050" _ow 95®  0G  0G
0¥ 950 ¥ asd  aC, . 9C,
T 0ef " 9é¢  0ef + 5 + A7 9e¢ +thoz e = =3(1—-D)Gel — A, (4.29)
_0¥ 080" 0¥ 950 9C, G s
- dey 0] - oel &l Lo¢ p 2 aéf; =P T Xv 1 .
oY N 8D' 0¥ 95D ac, A ac, Dy + \ s
T 9eP  agP | ge? ger Theger THWIPT A~ .
oY 95D’ oY 95D ac, ac,
~aD Y T —+ A, —=
oD~ 9p 9D oD oD *aD 4.32
! 3 ou(D) (4.32)
=—-Kef’ —=Gee +p a e +x
2 Y 2 7S oD =S D
From (4.26) — (4.29) the mean presspreand the deviatoric stresg, are derived as:
p=(1-D)Ke; (4.33)
=30 =D)6E (4.34)

Furthermore, from (4.30) — (4.32), the dissipatpaet of the internal forceg, and y;,

conjugate ta? ande?, respectively, and the conjugate damage engrgyare given as:

Xo=D—p (4.35)

Xs =q—p(D)p (4.36)
1 3 p? q° ou(D)

— _gee? L T nee? _ — p 4.37

Xo =g K& +5Ge = o Ty Y ea(1 = D)2 ap (4.37)

It is clear form equation (4.37) that in principles possible to define the function
u(D) and select its associated parameters so thadtiiegate damage energy,, becomes
negative. In the absence of any healing processdbgativeness of the damage energy is
physically meaningless, despite the warranted ipesiéss of the total dissipation.
Therefore, preserving the non-negativeness of dhgugate damage energy can be viewed
as a restrictive condition which has to be ackndgésl in the definition of the function
u(D) and selecting its parameters.
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4.3.2. Theyield function

The yield function in the dissipative stress sp@u# the true stress space) can be
derived by performing a Legendre transformatiomh@ndissipation function. Since for rate-
independent behaviour, the dissipation functioa isomogeneous first-order function in
rates, this transformation is a degenerate speasa of Legendre transformation [19, 191].
The degenerate Legendre transformation of a fid&o function of rates of internal
variables ¢ = ®(?,¢F,D)) is a function of dissipative internal forces esponding to
these internal variables, that is the yield funcd = y*(x,, x5, Xp).- By making use of

equations (4.18) — (4.21), the dissipative partisitainal forces are given as follows:

4 = 06D _ 36D dg, _ Oy de, (4.38)

v 685 8(p,, 685 \/(pvz + (psz + (pDz 685 '

35D 95D dg, 95D D,

X = 9eP ~ 09, 07 | 0y 067 2.39)

_ Ps d¢s n Pv gy |

Vol + 97 + 9p2 065 [, 2 + o2 + 9p? 06
06 096D 1) do

Xp=—%= o = z . (4.40)

oD B 0¢p oD _\/(pvz +§052 +§0D2 oD

The expression of the yield function in dissipastess space (see Section 3.5) is, therefore,

given as:
2 2 2
—u(D
= <X_> N (M) N (X_> _1<0 (4.41)
a(pv/agv a(ps/a‘gs aQOD/aD
By making use of equations (4.19) — (4.21) the almxpression is simplified to give:
N VAN %
= (2 AL Sl l1l =) —1< 4.42
y (F) +< 3 >+<FD) 1<0 (4.42)

As illustrated in Figure 4.2, the yield function edfuation (4.42) represents an ellipsoid in
the dissipative stress spaCe,, xs, xp) space, fou(D) = 0. Foru(D) > 0, the ellipsoid

rotates around the origin of the dissipative stegsce.
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Figure 4.2: Geometric representation of the yialtéptial in dissipative stress space

The introduction of shear-induced dilation into tiheodel formulation will
necessarily result in rotational hardening, whiem e physically interpreted as shear
hardening. Due to this shear hardening, which mmonly observed in dense sand and
rocks, the material behaviour becomes anisotrapics envisaged, therefore, that the
phenomena of dilatancy and anisotropy are linkedt[2The simple sawtooth model of
dilatancy (Figure 4.1), for instance, implies ddat due to shearing in one direction and
contraction in the other. This means that dilatan only take place if the sliding surfaces
are oriented in a preferential direction [214]. ¢¥ig 4.3 illustrates the projection of the
ellipsoid of equation (4.42) on thg, — x, plane. Fou (D) > 0 at a certain damage state
(0 < D; < 1), u(D;) can be represented in the dissipative stress giggge= tan 8, where
the angld is the angle between thyg axis and the current normal consolidation lingFe
4.3). Therefore, for non-zero valuesug®D) the model exhibits rotational hardening. In this
sense, as damage grows within the material, therraebehaviour immediately becomes
anisotropic. However, when the material is fullyrdmed or when the damage variable
approaches unity (at the critical state), it isuassd that no shear induced dilation is taking

place.
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Figure 4.3: Rotation of the yield surface in dissiye stress space far> 0

Since geomaterials, including porous rocks, exhdififerent yielding behaviour
under isotropic compression and decompressions iheicessary to adopt a kinematic
hardening approach and introduce a shift stress timt model formulation [191, 212].
According to equations (4.35) and (4.36), the s$tifess links the coordinates of the true
stress space and the dissipative stress spacalg¢seEigure 4.4). The true stresses can be
viewed as the sum of dissipative stresses andtaghasiconservative) stress. It should be
noted that while the plastic work increment carglven as the sum of the products of true
stressesy andq) with the plastic strain increments) (and£f), the plastic dissipation the
product of the dissipative stressgs a&ndy,) with plastic strain increments. The products
of the shift stress componengsdlong they,,-axis andu(D)p along they,-axis (Figure 4.4))

with the plastic strain increments do not contribiat the dissipation and it is stored within

the material.
Aq AXs
; / 2 Xs
/ Xo Xo
"y ’
E p\
p g ”
N\ /

Y-

<

p
Figure 4.4: Relation between true stress, shisstand dissipative stress

Furthermore, in order to obtain a closed teardimaped yield surface in true stress space,

similar to that proposed by Collins and Hilder [R1tRe definitions of functions,,, F, and
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Fp which appear in the formulation of the yield fuoatin the dissipative stress space

(equation (4.42)) are proposed as follows:

P = ( 1 -v)p: — Y ) (4.43)
Yo (1—D)(pc+pt) ¢

F, = r—(p —ay(1-=D)(p - p)) (4.44)

F, = Xp
—u(D 2 (4.45)
\/(TDZ +12) (£2) + (2 + 72 (B4
Substitution of the above expression into equa@o42) will result in:
[ 2
Xv
=2+t 4+t
y (V N D)l (1_y)pc p+yp
— c
(1-D)(p; + pt) 22 '| (4.46)
— u(D)xy

+ : —-1[<0
M(p - fT-DY0 - p)) ‘

For simplicity the effect of parametets r, andr, on the shape of the yield function in true
stress space is eliminated by imposing the contifib+ ;2 + r,2 = 1. It is recognised that
this may seem a strong assumption. Neverthelesse shese parameters also appear in the
expressions of flow rules and thereby they infletiee model behaviour, this simplification

is found to be beneficial. Therefore, the exprassibthe yield function in the true stress
space is obtained as:

2 2

— u(D
y= P—P + q—uDp _1<0  (447)

oot rayp thee) (- e/T=DI0-0)

In the above expressions, parameteesdy are material constants which control the shape

of the yield surface in true stress space. Thigden of functionsE, andF, will result is a
closed shape yield function similar to that introellby Collins and Hilder [212]. Far =
vy =1 the yield surface reduces to the elliptical miedifCam-Clay. For values of andy
less than unity the yield surface adopts a tegy dh@ape in the true stress space (Figure 4.5
(a)). Furthermore, parametks, in equation (4.44), represents the slope of ithed failure

envelope ang,. andp, are yield stresses under isotropic compressioneatehsion (or
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decompression), respectively (Figure 4.5 (b)). & stressp, is also defined in terms of

Pe: Py @ndy as:

_ G —y)pepe + Yp2
2(pc +pr)

The incorporation of damage in the formulation ield function in true stress space

(4.48)

(equation (4.47)) allows for the transformationttod initial yield surface to a final failure
envelope as the damage variable grows from zeuaity (Figure 4.5 (a)). The evolution of
yield behaviour has also been observed in labora&qgperiments on porous sandstones [91,
95, 227]. In many models developed for describimggltehaviour of porous rocks [100, 122,
125, 228] brittle and ductile modes of behavioeranoduced through separately introducing
hardening/softening laws. The proposed model, hewas capable of capturing the brittle
and ductile modes of behaviour, as well as thédxductile transition, without any need for
separately introducing hardening/softening lawss Tha significant feature of the proposed
model which is resulted from the evolution of timdtial yield surface to a final failure
envelope due to the evolution of the internal J@da of the model. In fact, this
transformation of the initial yield surface to tireal failure envelope describes the yielding
and failure as consecutive processes, during whigtdening/softening behaviour is
naturally produced. This issue will be further dissed through demonstration of the model
behaviour in Section 4.4 of the current chapter.

q (@) .D=109 q ®)

Final Failure envelope

M

Initial yield surface

Pt

Figure 4.5: (a) Evolution of the yield surface te tfailure envelope with damage growth; (b)
Schematic representation of the parameters omitial iyield surface and final failure
envelope
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4.3.3. Evolution rules of theinternal variables

Plastic deformation of many materials, such asildustetals, can be described by
means of an associated flow rule. In materials iolgethis rule, the work done by each stress
component can be regarded as being solely assoevitethe production of an incremental
strain component having the same direction as tiessscomponent, relative to the same
Cartesian axes. If the yielding behaviour of suctanals is defined by means of a surface
in stress space, the plastic flow vectors are gtmrge normal to this surface. However, this,
in general, is not true for frictional geomaterialuding concrete, soil and rocks.
Experimental observations have revealed that sdhmaterials the plastic flow vectors are
not normal to the initial yield surface definedsiiness space. Furthermore, it can be proven

that for frictional materials flow rules are neaadly non-associated [19, 191].

Within the framework of generalised thermodynamtbg, evolution rules for the
internal variables of the model are defined usimg definition of the yield potential in
dissipative stress space. The existence of thd pential in generalised dissipative stress
space is a direct consequence of rate-indepeneédaiv/imur and it is derived directly from
the dissipation function. Therefore, by using thegression of the yield function in
dissipative stress space and by making use of ieqsg#.35) and (4.36) the evolution rules

for the internal variables are obtained as follows:

Ayt D)(xs — u(D ((p— D)(q — u(D

é,’,’:Al:za(){—”Z—“( ) (s 2#( )xv)>=2/1<(p 2p)_u( )(q 2#( )p)> (4.49)
aXU Fy F Fy K
L0y" . (xs—pu(D . (q —u(D

éleizu(xs ug ) _ 3 ug )p) (4.50)
0Xs F, F,

. L0y .

D=ist=2i22 (4.51)
aXD FD

Further discussion on non-associated flow is ptesem Section 4.4.2, where the model

behaviour is investigated in more detalil.

4.4. Integration of the Rate Constitutive Equations

Numerical implementations of constitutive modelguiee the stress state to be
updated for a given strain increment. For infiritea increments in strains, stresses can be
updated explicitly using the tangent stiffness Bpé@dopting, for example, a forward-Euler

scheme. Unless the stresses are corrected anae@tonto the new vyield surface, the
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forward-Euler scheme may produce erroneous valoestfesses at the materials point
which, in turn, may result in the divergence of thenerical scheme applied for satisfying
equilibrium equations at the structural level. Hena form of the backward-Euler scheme
is adopted here to return the stresses onto theyredd surface following an elastic trial

predictor. Returning procedures, which involve neing the trial stresses onto a new yield
surface (in cases of hardening or softening), etigaed only if the trial stresses lie outside

the yield surface.
4.4.1. Tangent stiffness tensor

The formulation of tangent stiffness tensor is giue this section since apart from
its application in the explicit integration of ratenstitutive equations, it is necessary for
localisation analysis, presented in the subsecgestions. For this purpose, the elastic stress

tensorg;j, is given as:

aij = (1 = D)Cyjia (e — 5y) (4.52)

where(;; is the elastic stiffness tensor abandel, are the scalar damage variable and
the plastic strain tensor, respectively. The in@etal form of the stress tensor is, therefore,
given as:

O'i]'
(1-D)

dij = (1 = D)Cyjia (€ — €pr) — D (4.53)

The increment of the plastic strain tenaﬁr, can also be given by making use of equations

(4.49) and (4.50) and applying chain rule as:

. dy* . (dy*dy, op 0 dy*dys 0q 0
élpj:A y :/1()’ Xv Op Ukl+ Yy 0Xs 04 Ukl> (4.54)
axij 0xy Op 004 0xij  Oxs 0q 0oy Ox;j
In addition, the consistency condition for the gli@inction,y = y(p, q, D), in true stress is
written as:
dy ay .
Y= 34,% " 3D (4.55)

Substituting equation (4.53) in the consistencydition of equation (4.55) and making use

of the evolution rules of equations (4.49) — (4,81¢ damage-plastic multipliéris obtained

as:

A= Myép (4.56)
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where the second order ten3dy; is defined as follows:

aal] (1= D)Cjjk ( )

My, = 7 - " 4.57
a Y (1-D)Ciju aa 0y 9y 0y 0y 9dy"
0ij Xkl aal] (1 - D) aXD D aXD

Using the evolution rules, given by equations (#494.51), and also by making use of

equations (4.56) and (4.57), the incremental sts&sgn relationship is given as follows:

ay” 0 ay” .
= |1 - D)Cijiu — (1 = D)Cijpg5— i Mkl a D) M, T € = Cijraéa (4.58)

whereC/. ix represents the tangent stiffness tensor.

4.4.2. Semi-implicit stressreturn algorithm

In numerical simulation of structures, the stra@hdf within a structure is not usually
uniform and also the strain increments at mateoaits (e.g. Gauss points in FEM) may not
be infinitesimal throughout the body. Consequerttiy, updated stresses may drift away
from the yield surface is an explicit integratianeme is used. Therefore, a return mapping
is required to return the stresses onto the neld gierface. The new yield surface can be
approximated using a first order Taylor expansi®fodlows:

trial trial
Ao 7‘3 + a_y
oD

n+1

y AD =0 (4.59)

y

trial

=y + —=
d0;;

In the above expression, the return stresﬁeﬁf, are given as normal to the trial yield

surface (Figure 4.6) and, therefore, the interaailables (damage variable and plastic strain
. . . 1
tensor) at the trial point will bé)}f;, = D™ a”d(fifz);:al = (¢£,)". The return stresses can

be given as:

Aclf = olitt — gfjte (4.60)
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trial
Ao trial

Ao-Te
On+1

n+1
trial

Figure 4.6: Return mapping from the trial yieldfage onto the new yield surface corresponding to
the semi-implicit integration scheme

Expanding the expression of equation (4.60) gives:

pTl+1

Aol = (1= D™)Cj (Slrclzﬂ — &y ) — (1= D™ Cyja(efy™ — f;fzn (4.61)

. 1 .
Since D™ = D"+ AD and (¢7)""" = (¢7,)" + AeP,, the above expression can be

rewritten in the following form:

n
Ao’l.rje = —(1 — Dn)Cijkl(AEII:l) - ADCl’jkl(E/T(ll - g;:l )

(4.62)
— ADC i (Aey, — Ael))
Ignoring the higher order term will result in tr@léwing expression:
Adif = ~(1 = D™)Cija(Aefy) = ADCija (el — £4,) (4.63)

Since the higher order term is ignored in equaftb6?), this integration procedure can be
interpreted as a semi-implicit, as opposed to tilg implicit, backward-Euler scheme. In
this sense, this stress return algorithm is diffefeom a full backward-Euler scheme, in
whichAg; are calculated as normal to the new yield surfate!) by applying an iterative
scheme. For more detail see [229-231]. Substituifoequation (4.63) into equation (4.59)
and making use of evolution rules of equations9¥%+4 (4.51), the incremental damage-

plastic multiplayerAZ is given as follows:

trial

y
9y (1 — ay* 0y <6y*> _6_y(6y*> (4.64)
35, <(1 D)Cijxy (a)(kz) + LR a0 \ax;

The updated returned stresses are, therefore, gisien

A1 =
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4 %2 (4.65)

n+1 _ _trial re _ trial n
ntl — giriat 4 Ngle = gt — (1 — D™C; 1, A — A
0 0; O-l] 0; ( ) ijkl anl (1 _ Dn) aXD

]

4.5. Modedl Behaviour

In this section, the capability of the proposed eiad capturing various aspects of
the mechanical behaviour of porous rocks, suchriigelio ductile transition, dilation and
compaction and various modes of localisation obdeation are discussed in detail. In
particular, it is demonstrated that these featwkesnacroscopic material response are
captured owing to the inherent and essential featof the proposed model, rather than
through separately introducing additional contrgllifeatures, such as hardening and/or

softening rules.

45.1. Brittle, ductile and brittle to ductile transition

As was discussed earlier in Section 4.2.2.1, thilityield surface of the proposed
model, in true stress space, is transformed tdwddunction, as the scalar damage variable
grows from zero to one. This inherent feature efgloposed model facilitates capturing the
effect of confining pressure on brittle, ductiledabrittle to ductile transition responses,
without any need for separately introducing hardefsoftening rules. It should also be
noted that the rotational hardening, exhibited ey inodel, is due to the incorporation of
shear-induced dilatancy in the model formulatiod,dherefore, is an intrinsic feature of the

proposed model.

Along with the evolution of damage, the yield funatrotates in the true stress space,
as the functionu(D), (equation (4.15)), increases from zero to a marimBefore the
maximum value ofi(D) is reached, the model exhibits strain hardenisgaase for both
low and high confining pressures. This aspect eiiodel behaviour is illustrated in Figure
4.7 (a) for two loading pathsB andA’'B’. The evolution of the yield function continueshwit
the growing damage variable until it transformsatdinal frictional failure surface. As
illustrated in Figure 4.7 (b), the loading pathidwed to reach the final failure state are
different under low and high confining pressureadér low confining pressure, or in the
softening regime, the rotated yield surface mowegnivards (loading patBC in Figure 4.7
(b)) until it converges to the final failure suréad his reverse rotation and contraction of the
yield surface produces a brittle/softening resppaseillustrated in Figure 4.7 (c). Under

high confining pressures, on the other hand, dareagkition gives rise to further upward
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movement of the yield function (loading pahC’ in Figure 4.7 (b)) which, in turn, causes
the model to exhibit a ductile response (Figure(d)Y.

q E(a)

a (c)

Axial strain, €, Axial strain, €,

Figure 4.7: (a) rotational hardening of the yie&dfbr the maximum value ¢f (b) evolution of the
initial yield after the maximum of is reached (c) and (d) brittle and ductile respsns
of the proposed model as a result of rotation adluiion of the yield surface.

Furthermore, for low confining pressures the mod#lows a profound
brittle/softening behaviour characterised by a staéope after the peak stress. For
intermediate to relatively high pressures the stesp of the post-peak slope diminishes until
it reaches a plateau associated with the gradaraditron from a profoundly brittle behaviour

to a completely ductile one. Figure 4.8 illustrates effect of confining pressure on brittle
to ductile responses of the proposed model.

0 Jaovpa)

300 MPa
200 MPa

150 MPa
300 A

100 MPa
200 A

50 MPa

100 1 25 MPa

10 MPa
0 : . . ; 0 MPa

0 2 4 6 8 10 12
Axial strain, €, (%)

Figure 4.8: Brittle to ductile response of the nmosi¢gh model input parameters &= 20 GPay =
0.27,pc = 400 MPap; = -10 MPaM = 1.25,0 = 0.5,y = 0.8,u0 = 1.5,ry=rs= 0.7
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Furthermore, stiffness reduction due to damage tjrewd residual strain due to the
accumulation of plastic deformations can also bgeoked in the model behaviour upon
unloading (Figure 4.9 (a) and (b)). As can be sedfigure 4.9, even at considerably large
strains (about 25 %) the stiffness of the matesialot completely lost. This is thanks to the
residual frictional strengths at different configipressures, as the stress condition at failure

must respect this frictional behaviour.

250 74 (N b
q (MPa) (a) 600 | (MPa) ©) D=07
D=06
200 . 500 - D=0.5
D=02
150 - 400 -
100 0.93 p=996 390 1
200
50
_ . 100
. Axial strain, g, (%) Axial strain, ¢, (%)
T T T T ! 0 T T T T 1
0 5 10 15 20 25 0 5 10 15 20 25

Figure 4.9: Stiffness reduction and residual stiggon unloading (a) 30 MPa and (b) 300 MPa
confining pressure

Furthermore, as illustrated in Figure 4.10, damggewth is inhibited with the
increase in confining pressure. This is a promisaajure of the proposed model since, as
also discussed in Chapter 2, the ductile behawbrocks under high confining pressure can

be attributed to the inhibition of damage and $isdttion of micro-cracking processes [30].

1.0 ~
Damage (D)
30 MPa
0.8 A
0.6 _~7300 MPa
/7
0.4 - 7
0.2 A
Axial strain, €, (%)
0.0 ; —
0 5 10

Figure 4.10: The effect of confining pressure omadge evolution for 10% axial strain

4.5.2. Non-associated Plastic Flow

In contrast to conventional plasticity, where aspitapotential is defined in true stress

space to make the conventional plasticity formalatpplicable to frictional materials for
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which the flow rules are non-associated, in pléagtitheories based on the generalised
thermodynamics (termed as hyperplasticity [19]sfdaflow vectors are defined as normal
vectors to the yield potential in dissipative stregpace. In order to demonstrate the
significance of the thermomechanical approach idelimg the non-associated flow, it
would be convenient to show the relation betweetdypotentials, in dissipative stress space
and in true stress space, at a given yield sti@gs. iCorresponding to any yield point on the
initial yield surface in true stress space, thetiste an ellipsoidal yield potentia),”, in
dissipative stress space,(xs, xp) Which can be obtained, from equation (4.42). €hasld
potentials in the dissipative stress space aregaas to the concept of plastic potential in
conventional plasticity. However, unlike the arhitty defined plastic potentials, they have
a strong connection with the underlying mechanishdeformation and energy dissipation.
Figure 4.11 illustrates the projection of a numbkethese ellipsoidal potentials g = 0

plane, corresponding to a few yield points in tstress space.

q Xs q Xs q/1X5
’ /\p»{u /\p.xv / /\pa{v
0 MPa 30 MPa 60 MPa

y y \ ¥y

P, Xv

Figure 4.11: Initial yield loci in dissipative s§®spacey;”, and in true stress spagewith directions
of non-associated flow vectors

As illustrated in Figure 4.11, plastic flow vectase always normal to the yield
potential in dissipative stress space, but theyhatanecessarily normal to the yield surface
in true stress space. The plastic flow vectorsguie 4.11 are pertaining to the case of zero
damage and, thus, prior to the development of &noisp. As the damage variable grows to
values greater than zero the model response becamsasropic and the yield surfaces in

both true and dissipative stress spaces will ro@tegrespondingly, the plastic flow vector
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also rotates in true stress space, so that it rem@rmal to the yield potentigl in the
dissipative stress space, until it becomes paraldieq axis when the damage variable is
unity (Figure 4.12). Therefore, no plastic volunetteformation is expected to take place
on the final failure line. This feature of the mgdehich can also be inferred from the
evolution rules of equations (4.15) and (4.49), lisgpthat the proposed coupled damage-
plasticity model can be classified as a criticatesimnodel, in which the critical state of zero
volumetric deformation takes place when the mdteyimlly damaged, i.eD = 1. It should

be noted that at the critical state (De= 1), the yield surface in the dissipative stress spac

becomes an extremely elongated ellipse, a secfiamich is shown in Figure 4.12 as two

parallel lines.
q Xs/-——\ q 1. q V
g D=02 . b=0 ) D=0
/ / XU p l
\ y*
- v
q &/ q |Xs q Xs
D=0.7 D=09 D=1
‘;/ [» E y*
i X p : Xvp ' P, Xv
y* v

Figure 4.12: Evolution of the plastic flow direatiavith damage growth for 30 MPa confining
pressure

4.5.3. Dilation and Compaction

Dilative and contractive responses of the propasedel depend on both direction
and magnitude of the non-associated plastic flowtore The evolution rule for the
volumetric plastic strain, as stated by equatiod9¥% indicates that under low confining
pressure, the plastic volumetric strain rate isatigg and, therefore, the behaviour is
dilatational, considering the convention of compi@s/compaction positive. Furthermore,
the second term in equation (4.49) representsdhtibution of shear induced dilatancy to

the rate of volumetric plastic deformation. In gexhethe overall model behaviour is dilative
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if the magnitude of the plastic part of the voluntestrain rate is greater than its elastic part.

Figure 4.13 illustrates dilative and contractivepenses of the proposed model.
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Figure 4.13: Dilative and contractive behaviouth® model with model input parametersis; 20
GPa,v = 0.27,pc = 400 MPap; = -10 MPaM = 1.25,6 = 0.5,y = 0.8,u0 = 1.5,ry=rs=
0.7

4.5.4. Bifurcation Analysisand M odes of L ocalisation

In this section, the capacity of the proposed cediglamage-plasticity model in
predicting the onset of localisation of deformatiaa well as the orientation of the
localisation band is assessed at the material.|®ieircation from the homogeneous state
in cohesive-frictional geomaterials is usually assted with the occurrence of discontinuity
in the strain field, in the form of a velocity (gdlacement rate) jump, across the localisation
band which is kinematically compatible with the reunding material [32]. This type of
localisation is referred to as the discontinuouturbation. A classical criterion for
discontinuous bifurcation, which has been widelyedusin localisation analysis of
geomaterials [37, 75, 179, 186, 204, 232-235]ismgas the loss of positive definiteness of
the localisation (or acoustic) tensdk;,;, [195, 196, 200-202]. According to the classical

bifurcation criterion, the material bifurcates frahe homogeneous state when:

det (4;(6,CTi)) <0 (4.66)
Localisation (or acoustic) tensor is a tensor-valfunction of material tangent stiffness
tensor,Cl-Tjkl, and the orientation of the planar localisationd@, and it is given as:

In the above expression; (6) is the unit vector normal to the boundary of thanpr

localisation band and the andlas measured from the direction of the maximum @pal
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stress. As illustrated in Figure 4.14, a steepaalisation band corresponds to a larger angle

6, measured between the normal to the localisatomnl land the axial stress.

Oa

o/

X

Figure 4.14: Schematic planar localisation band #rl unit normal vectori, indicating the
orientation of the localisation band

Localisation will take place when the condition6@). is first satisfied. Since the
acoustic tensor4;;, is a function of material tangent stiffness tensatisfaction of the
localisation criterion of equation (4.66) is stronglependent on the parameters of the
constitutive model. In the case of the proposedehahe prediction of onset of localisation,
more than any other model, parameter is sensttitlegt ratios;, , r; andr;,. These ratios are
related to the proportion of energy dissipationtgaaing to each individual dissipation
mechanism. As can be seen in the expression avibletion rules, as stated by equations
(4.49) — (4.51), these ratios also control the ewoh of damage and plastic strains. In
general, these parameters can be defined as foaabibstresses and internal variables.

Nevertheless, in the context of this study, fordinity, they are kept as constants.
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Figure 4.15: Determinant of the acoustic tendgy, plotted as a function of the localisation band
angle at the onset of localisation, with model inparameters a& = 20 GPay = 0.27,

pc = 400 MPap: = -10 MPaM = 1.25,6 = 0.5,y = 0.8,u0=0.1,ry=rs= 0.3
Furthermore, the orientation of the localisatiomdyacan be determined as an
orientation perpendicular to a unit normal vectdrich satisfies the localisation condition
(equation (4.66)). The unit normal vectorfor a planar localisation band, as illustrated in

Figure 4.14, is given as:

sin @ sin «
n; =4sinfcosa (4.68)

cos 6

4-27



CHAPTER 4 A Coupled Damage-Plasticity Model for ®as Rocks

In fact, when the condition of equation (4.66irist satisfied, it is possible not only
for a single, unique orientation but for a rangeaofinfinite number of orientations that
satisfy the condition of equation (4.66). As ilkaded in Figure 4.15, this range consists of
a lower boundary and an upper boundary and the idoereclosed between these two
boundaries. The upper and lower boundaries aretelény their associated orientation as
6,, and@,, respectively, in Figure 4.15. Although any anglthin this domain is a possible
orientation of the localisation zone, the most piab direction along which the localisation
zone will form is that for whickiet(4;;) is minimum. Furthermore, as illustrated in Figure
4.15, at low confining pressures the proposed mpulicts two shear bands and towards
higher confining pressures shear-enhanced compatios,, = 180 MPa) and finally pure
compaction band (far, = 250 MPa and300 MPa) .

4.6. Numerical Examples

In this section, different aspects of the modeldwabur, as discussed in the previous
section, are assessed against experimental data drained triaxial tests on porous
sandstones available in the literature. To this enthparison and validation are carried out
at material level to demonstrate that the proposmapled damage-plasticity model is
adequately following the general trend observedaboratory experiments. However, it
should be noted that the available experimental slets are not purely representative of the
intrinsic material behaviour but a mixture of stural and material response. In order to
take theses structural effects into consideratighndrical rock specimens with the same
size as that used in triaxial tests are simulasaatuthe finite element (FE) method in Section
4.7.

4.6.1. ldentification of Model Parameters and the Calibration Procedure

An accurate prediction of the material behaviounisans of any phenomenological
constitutive model depends, to a great extent, ssigaing realistic values to model
parameters that somehow represent a property @havioural feature of the material.
Therefore, prior to comparing the model behavioithvwexperimental data, the effect of
different model parameters on the model behavieloriefly investigated and the adopted

calibration procedure is also outlined in this mect

4-28



CHAPTER 4 A Coupled Damage-Plasticity Model for & Rocks

4.6.1.1. Parametric study on the model parameters

The proposed model employs two sets of parameteisding; the parameters
appearing in the formulation of the initial yielé.ia, y, uo, M, p. andp,, which control the
shape of the initial yield surface in true strgsace and parameters r, andrp, appearing
in the formulation of flow rules, and influence teeolution of the internal variables.
Parameters of the initial yield function enable thedel to mimic a wide variety of
experimentally observed initial yield behaviour.igHexibility is an important feature of
the proposed model, as it allows the model to Ipdicable not only to porous rocks but also
to a wide range of cohesive-frictional geomatenith significantly different initial yield
behaviour. The effect of different values of parterex, y, M, on the shape of the initial
yield function is demonstrated in Figure 4.16. tdey to further clarify the effect of each
parameter on the shape of the initial yield surfacgield surface which is calibrated for a
set of experimental data (form Bentheim Sandst@®)[is used as a benchmark for

comparison.

e  Experimental yield points
Calibrated yield surface ©
e M= 1

300 4 ® Experimental yield points ®) 400

400 1 Calibrated yield surface

e  Experimental yield points @
Calibrated yield surface

l
P:
O

-20 120, (\pay 260 400 -20 120, (vpay 260 400 -20 120, \pay 260 400

Figure 4.16: The effect of parametersy andM on the shape of the initial yield surface

As illustrated in Figure 4.17 (a), under low coiriig pressures within the softening
domain, assuming a higher evolution rate for tlasfod volumetric strain, through assigning
a larger value to parametgr(see equations (4.49) — (4.51) ), will result imare profound
softening behaviour. This is because in the saftgmegime plastic volumetric strain is
dilative (and therefore of negative sign) which sea1a steeper post-peak slope through
reducing the tangent stiffness (see equations Y4(84%67) and (4.58)). In the hardening
domain, on the other hand, where the plastic vottimstrain is contractive, greater values
of parameter;, hinders the hardening response (Figure 4.17 (p)hhibiting the damage
growth. It should be noted that the hardening afittsing responses of the proposed model
Is automatically produced through the evolutiontled initial yield surface in true stress

space, which is, in turn, governed by the evolutibthhe scalar damage variable (see Section
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4.3.2). Therefore, in general, inhibition of damggawth results in a less profound softening
and/or hardening response. Accordingly, for largdues ofry, associated with larger rates
of shear plastic deformation, the post-yield resgotends to shift towards the perfectly
plastic behaviour in both dilation/softening andngaction/hardening domains (Figure 4.17
(c) and (d)).
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Figure 4.17: The effect of ratiag, r;,, andr, on the stress-strain response of the model

4.6.1.2. Calibration of model parameters

The calibration of the parameters of the proposedehinvolves calibration of two
sets of parameters, namely the initial yield patense@, y, u,, M, p. andp,;) and
parameters;,, r; andr,. In general, it is desirable that the adoptedbcation strategy
extracts as much information as possible from trelable experimental data. The initial
yield parameters can be calibrated using experiatlgrabserved initial yielding points at
various levels of confinement in drained triaxiasts (Figure 4.18). If enough data are
available, no further steps are required for catibg the initial yield parameters. In cases
where not enough data from the yielding behaviber material are available, the stress-
strain response of the material can be considerddifther optimising these parameters. To
this end, two sets of stress-strain data, ideally foom the softening regime and the other
from the hardening regime can be selected for kldn. These data sets can also be used
to calibrate the parameters r, andr, in conjunction with the initial yield parameters s
that the model response follows the trend of behavof the two selected sets of stress-
strain data. Thereatfter, it is expected that thelehgan predict the material stress-strain

response under any other confining pressure.
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Figure 4.18: Calibration of the initial yield paratars experimental data from [28, 80, 91, 92, 232]
In addition to initial yield stresses and stresaigtdata, experimental data from the
onset of localisation, as well as the observatafrtie mode of localisation, (shear dilation
or shear enhanced compaction) can be used forhargi¢the calibration procedure and
further optimisation of the model parameters [2&2hce the localisation properties of the
proposed model is sensitive to parametgrs, andry, the values of these parameters can
be further optimised using the information extrdcteom experimentally observed
localisation properties of rock samples. The mquiedictions of the stress states at which
the onset of localisation takes place are comparddexperimental observations for some
porous sandstones in Figure 4.19. The localisatimmains predicted by means of the

proposed model are plotted as thick solid linedagnof the yield surfaces in true stress

space.
A 400 1
2% Ja (vpa) (@) a (Mpa) (b)
400 { — Yield surface 300 — Yield surface
e Onset of localisation (Experiment) ® Onset of localisation (Experiment)
300 | ====Onset of localisation (Model) === Onset of localisation (Model)
200

200 A

100 A
100 +

Berea Sandstone

Bentheim Sandstone

R p (Mpa) . p (Mpa)
-50 50 150 250 350 450 -50 50 150 250 350 450
300 q (Mpa) 500 A~ q (I\,{pa)

250 - (C) Yield surface (d)
——Yield surface 400 4 L .
. . e Onset of localisation (Experiment)
200 e Onset of localisation (Experiment) Onset of localisation (Model)
== (nset of localisation (Model) 300 4

f Rothbach Sandstone p (Mpa) Darley Dale Sandstone

R p (Mpa)
-20 30 80 130 180 230 280 -50 50 150 250 350 450

Figure 4.19: Localisation domain in stress spaceBfntheim, Berea, Darley Dale and Rothbach
sandstones; experimental data from [92].
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If in addition to the stress state correspondinghi® onset of localisation, experimental
observations of the mode of localisation are alsolable, they may as well serve as extra
information for further optimising the model paraers. For instance, predictions of the
proposed model of the mode of localisation for Bexandstone, as illustrated in Figure 4.20,

could be compared and validated against experirheata.

Shear-enhanced Compaction
det (4;) x 1012

Pure Compaction

Shear Dilation det (4,) * 1012

det (4;) x 1012 0.0

Deviatoric stress, q (Mpa)

50

0

-200 -150 -100 -50 O 50 100 150 200 250 300 350 400 450 500
Mean stress, p (Mpa)

Figure 4.20: Model prediction of different locali®a modes for Berea sandstone (Experimental
data from Baud et al. [92]).

The procedure of calibration of model parametesiramarised in the flowchart of Figure
4.21. Model parameters calibrated for six differ@otous sandstones used for model

validation at the material level in the subseqeation are listed in Table 4.2.

Table 4.2: Calibrated values of model parametarthid selected sets of experimental data

Rock type E (GPa) v a Y g M pc(MPa) p(MPa) ¥ Is
Benthiem sandstone 19.25 0.27 085 0.95 0.10 1.20 420.0.00-1 0.85 0.20
Berea sandstone 14.00 0.20 090 1.00 0.05 1.10 380.00 0-100085 0.20

Darley Dale sandstone 17.00 0.28 050 0.88 0.10 1.53 @80.e10.00 0.85 0.20
Adamswiller sandstone 750 0.29 0.60 0.85 0.10 1.50 192.066.00 0.85 0.20
Buleurswiller sandstone  10.00 0.28.00 1.00 0.20 1.10 120.00 -5.00 0.85 0.20
Rothbach sandstone 765 028 060 085 010 1.25 240.0000 -70.85 0.20
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Calibration of
model paramete

Calibration of the initial yield parameters by amhing the
best fit between the model initial yield surfacelan
experimentally observed initial yield stresses

v

Select two sets of stress-strain data and calibrite
parameters,, r; andr;, and

Y

Check if the model predictions
are in reasonable agreement
with the material response

(stress-strain and localisation)

under all confinina pressut

End of the calibration
procedure

Figure 4.21: Summary of calibration procedure

4.6.2. Model Validation at Material L evel

In order to demonstrate the capacity of the progpasedel in presiding the stress-
strain response of porous rocks, the model prexdistare compared with the experimentally
observed response of some porous sandstones, @itisifies ranging from 13 — 24%.
Experimental data selected for this study are frasamswiller [28], Bentheim [80, 92],
Darley Dale [92], Berea [91], Rothbach and Bleuhlewni[232] sandstones. These
experimental data sets consist of measurementswiétdric stressq, versus axial strain,
€4, and mean pressurg, against volumetric strairg,,, under various levels of confining
pressure in drained triaxial tests on cylindricaik specimens. In cases where the changes
in volumetric strain due to the applied pressuesrant available in the selected data sets (e.g.
for Adamswiller sandstone), the information regagdihe change in porosity is interpreted
as the associated volume change. The relation batwaumetric deformation and porosity
change is outlined in Section 4.2. For predictimg $tress-strain behaviour of the selected
porous rocks, the calibrated model parametersngiv@able 4.2 are used. The stress-strain
data sets used in the process of calibrating theeehqmarameters are shown as empty circles
in Figure 4.22 — Figure 4.27.
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Figure 4.22: Mechanical response of Bentheim sandg80] and model predictions
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Figure 4.23: Mechanical response of Berea sand$&di@nd model predictions

Deviatoric stress, q (MPa)

Figure 4.24: Mechanical response of Adamswilledsémme [28] and model predictions
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Figure 4.25: Mechanical response of Rothbach sand$232] and model predictions
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Figure 4.26: Mechanical response of Buleurswilterdstone [232] and model predictions
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Figure 4.27: Mechanical response of Darley Dalelstme [92] and model predictions

As illustrated in Figure 4.22 — Figure 4.27, thas@nable agreement between the
model predictions and experimentally observed nmatezsponse, highlights the predictive
capability and versatility of the proposed modelis] however, important to note that in
calibrating the model parameters the specimens fndnich the experimental data are
extracted are assumed to be a material point (R\é&Elarger structure) in which the strain
and stress fields assumed to be uniform. Howewés,i$ a rough assumption as due to
localised failure, in the form of shear or compactbands in these rocks, the characteristic
sizes of the specimens would influence their mecaamesponse. In fact, the observed
mechanical responses of laboratory specimens anbinations of structural and material
responses. In particular, the effect of specimea sn the mechanical response, which is
more profound under low confining pressures [31gymause a misfit between the material
model predictions and the experimental data (sger€&i4.22 (a) and Figure 4.23 (a)). This
size effect, which is also referred to as the ‘detristic size effect’, is even more profound
in cases where the thickness of the (strain or dajnkbcalisation zone is considerably
smaller than the characteristic size of the spegianestructure. In cases where the thickness
of the localisation band is considerably small cared to the characteristic size of the
specimen, a snap-back is observed in the loadatispient response under quasi-static
loading. This phenomenon, however, is mostly okekim hard and/or compact rocks, in
which localisation of micro-cracks or damage usu#dke place in a band of vanishing
thickness. In order to investigate the structufdot on the mechanical response of rock

specimens, finite element simulation of cylindrigack specimens in drained triaxial
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condition is carried out in the subsequent sectfter enhancing the current rate-

independent model by means of a rate-dependentaregaiion scheme.

4.7. Analysis of the Structural Behaviour

In the previous section, the capability of the m®gd coupled damage-plasticity
model in predicting the macroscopic behaviour abps sandstones and the onset and mode
of localisation was investigated at the materigkleln this section, the proposed material
model is used for analysing the structural behavafucylindrical sandstone specimens
involving the initiation and propagation of the #hisation band. The investigation of the
localisation features of the proposed model atntlagerial level (Section 4.5.4 and Section
4.6.1.2) indicates that the occurrence of locabsaat the material level and, consequently,
the loss of ellipticity of the governing constittgiequations will lead to numerical instability
of the boundary value problem. This numerical ibsits of the proposed rate-independent
model can be alleviated by means of a regularisaobeme. In this study, the regularisation
of the rate-independent coupled damage-plasticaglehis based on the development of a
simple Perzyna type viscoplasticity rate-depeneéahiancement. Through this analysis, an
algorithmic tangent stiffness tensor, pertainingh® rate-dependent model, is derived and
the rate-dependent, as well as rate-independgmbmess of the coupled damage-plasticity
model, are investigated. Subsequently, finite el@n(EE) simulation of cylindrical rock
specimens under drained triaxial tests enablesttitly of the formation and propagation of
localisation bands. Furthermore, the structuragctffie.g. the effect of the size of the
specimen) on the overall mechanical response ofsgigeimen, can be investigated. In
particular, it should be noted that at the onseébcdlisation, the homogeneity of stress and
strain fields within the structure is lost. Accargly, any definition and measure of
macroscopic stress and strain will no longer besayly meaningful. After bifurcating from
the homogenous state and redistribution of thestiad strain fields, the material inside the
localisation band undergoes further inelastic defdron, while the material outside the
band will be unloaded. A combination of these twatfires of behaviour will eventually
determine the overall mechanical response of thexisen as recorded in laboratory

experiments.

4.7.1. Rate-Dependent Regularisation

A rate-dependent enhancement of the proposed abdplmage-plasticity model is

presented in this section. For this purpose, ttarstate effects on the model response are

4-37



CHAPTER 4 A Coupled Damage-Plasticity Model for ®as Rocks

incorporated into the rate-independent coupled d@npdasticity model by means of the
Perzyna type viscoplastic regularisation [219]. Thedel enhancement is carried out by

explicitly defining the Lagrange multiplier of eguan (4.56) such that:

A= @dt (4.69)

n
In the above expressions, is the viscosity parameter, having the w)pa (and the

dimensionM~1LT3) and(y) is a dimensionless overstress function derivenhftioe yield
function of the rate-independent model. The McCablackets. ) in equation (4.69) imply
that:

. {y if y =0 (inelasticresponse)
= 0 if y<O0 (elasticresponse)
The evolution laws of damage and plastic strainsqufation (4.49) — (4.51) are, therefore,

modified to give the viscoplastic strain and damiades in the following manner:

. 0y* r,2(p — 1.2 —
é5p21122@<v(p2p)_5u(q2 #P))dt (4.70)
aX‘U T’ Fy F;
. dy* r2(q —
o = 0,0 @), (4.71)
0Xs n Fs
. ey 2
p=i W, 4.72)

aXD n FDZ

Furthermore, by applying the chain rule, the visasjic strain tensor is given as:

. dy” 0y* 9x, 0p 9o,  dy*dxs dq 0
on _ 19y _Z(y)(y Xo Op 90w, 0y" 0Xs 09 le>dt 4.73)

U =3k~ 20 \ax 9p 90wy | 9x, 99 B0 axy

Figure 4.28 (a) shows the comparison between tteeimdependent and rate-
dependent model responses for different valugssofiscosity parametey,and for different
strain ratess. The model response collapses to rate-indepetedsaiviour for small values
of the viscosity parameter and/or lower straingaf@irthermore, as illustrated in Figure 4.28
(@) and (b), for higher strain rates and/or greatdues of the viscosity parameter the
maximum attainable stress increases and the ti@am&iom elastic to inelastic response is
smoother. Furthermore, as illustrated in Figur&4c2 and (d), higher values of the viscosity
parameter and/or greater strain rates inhibit tamabe growth. This response of the

proposed model is in accordance with the experiatigrdbserved behaviour of rocks which
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is often reported as an increase in the rock sthemgder tension and compression at higher
strain rates [236-240].

F 300 /1 =1s/pa @ g 300 emls (b)
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< I S -
z 1/ 5 200]
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Figure 4.28: The influence of (a) viscosity paraendivithé = 10~5/s) and (b) strain rate (with
n=5x%x10"°s/pa) on (a) and (b) the stress-strain response andn@)(d) of the
evolution of damage

Furthermore, at higher strain rates rocks shownadeiecy towards more ductile
behaviour, while in quasi-static loading, under slaene confining pressure, the behaviour
can be completely brittle [95, 241-243]. From a gb& point of view, deformation
processes in rocks are mostly time/rate-dependénth@ microscopic scale. This,
consequently, gives rise to the macroscopicallenlesi rate-dependent behaviour of rocks.
Examples of such time/rate-dependent micro-mechemnimsay be given as time dependency
of static friction and the evolution of frictionatrength with the loading rate [244-247]

and/or time dependent micro-crack growth [241, 248]

A constitutive model would not exhibit any bifurcat instability as long as its
associated acoustic tensor is positive definiteerdtore, in order to demonstrate the
numerical stability of the enhanced rate-dependaodel, the formulation of the tangent
stiffness tensor of the damage-viscoplastic moslekequired for localisation analysis. It

should be noted, however, that since there is nwistency condition for the coupled
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damage-viscoelasticity model, the algorithmic tamgstiffness is given asLl]k

do;;/deg, (see [249]). In this sense, the + 1)" increment of the stress tensor is given as:

Aoli™ = o[t — o} (4.74)

The stress tensor at stapt 1 can be approximated by means of the first ordefcra

expansion as:

d0;; d0;;
ot = of} +_8£:l At + o AD™ (4.75)

Also, the elastic stress tensor of the coupled d@rvéscoelasticity model is given as:

0ij = (1 = D) Cijia (&0 — &7 ) (4.76)

Therefore, the increment of the stress tensor o&ion (4.74) can be rewritten as:

Ao = (1= D)Cyjgheli™ — (1 = D)Cijpylel?™ ™ — mAD”“ (4.77)
The above expression can also be written in tHeviahg form:
o;
AGHL = (1 = D)Cyjqhelit — [( — D)Cyyu Qi + W] AD™H1 (4.78)

where Q;; is the ratio between the increment of the viscstplastrain tensor and the

increment of the scalar damage variable:

- <6y* Oxy 0P 00 | 0y” 9Xs 09 6%)

_— ij 0xy Op 0oy a)(ij 0xs 0q 00y a)(ij

Q.. = =
) ADn+1 ay*
O0Xp

In addition, the increment of stress residual fEneéel as follows:

(4.79)

AR = (1 - D)Cijuhefit — [(1 — D)Cijui Qi + ”D)] AD™™ — Adfj™  (4.80)

In order to derive the analytical form of the cabant tangent stiffness tensor, the stress

residual must be zero after each time step. Thexefihe root ofAR’“r1 =0 can be

determined by means of an iterative scheme, subleason-Raphson. To this end, the value
of the stress residual at the end of the iteraolation is approximated using the first order

Taylor expansion as:
+1 _ +1 +1
ARZ‘ new ARZ‘ old + dAR{Lj (4-81)

In the above expression]ARl-”jJr1 is defined as:

4-40



CHAPTER 4 A Coupled Damage-Plasticity Model for & Rocks

AR™H1 AR dARH
et _ ij ij ij 4.82
dAR}: . dey + So dojy +—5—dD (4.82)
where
OARJH!
T (1 = D)Ciji 59
OARTH 00y
I . 4.84
901 [(1 D)Cl]kl 90, + (1- D)] AD — (Slk(sl ( )
OAR] 0Q Oij
3D —Cijri€n — [—Cijlekl + (1= D)Cija aD T (1 —-D)? b (4.85)

(T
_ [(1 — D)CijraQr + ﬁ]

Furthermore, by virtue of equation (4.72), the @ment of the scalar damage variaAlB,

can be written as:

(y) 0y~
n 0xp
Therefore, the damage increment during each stépedfiewton-Raphson iteration scheme

AD =

(4.86)

can be obtained, by making use of equation (4iB8&grms of the increment of stress tensor

as follows:
ay”
At J (y aXD)
27 anj
Lt 3%)
n oD

By substitution of the above expression back imfoagion (4.82) and enforcn‘[gAR"+1

0 at the end of the Newton-Raphson iterative scheme:
OART 4 OART 4 OART
ac‘fkl €kl + aakl Tk + oD

the formulation of the consistent tangent stiffniessor is obtained as follows:

0=

XkldO'kl (488)

-1

n+1 n+1 n+1
s doy  OARTTI[OARY +6ARU %, (4.89)

UL dgkl - aEkl aUkl oD
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Figure 4.29: The influence of (a) the viscosity grmaeter (withé = 107°/s) and (b) strain rate
(withn = 2.5 x 10™°s/pa) on the determinant of the acoustic tensor fortBem
sandstone under 300 MPa confining pressure

The rate-dependent effects on the determinantefitoustic tensor are shown in
Figure 4.29, where the determinant of the acoustisor at the onset of yielding is plotted
against the band orientation. It can be seen thahé rate-dependent model the determinant
of the acoustic tensor can drop below zero, evgorxkthe rate-independent behaviour for
certain combinations of the viscosity parameteaind strain rateje/dt. This is due to the
difference in the way the acoustic tensors arevddrin the two rate-independent and rate-
dependent cases. The continuum tangent stiffnesedin the former (Section 4.4.1), while
in derivation of the latter the consistent tangsifilness (equation (4.89)) is adopted, which
generally yields a smaller determinant of the séffs tensor [250, 251].

As illustrated in Figure 4.29, for certain combinas of the viscosity parameter and
strain rate{, = 1075/s andn = 2.5 x 1075 s/pa for Bentheim sandstone) the determinant
of acoustic tensord(et(Al-j)) is non-negative for all possible orientationgh# localisation
band and the minimum value d)ét(Ai]-) lies just above zero. Therefore, it is expected, th
owing to the rate-dependent enhancement, the noaherstabilities of the rate-independent
model due to its localisation properties are elat@a. Furthermore, in order to calibrate the
parameters of the rate-dependent model, the syrabgpted here is to keep the strain rate
constant and similar to that applied in laboratexperiments and then calibrate and adjust
the viscosity parametey, The basis for calibrating the viscosity parameters to, firstly,
guarantee the non-negativeness of the determinfatiteoacoustic tensor of the rate-
dependent model for all possible band orientataord secondly, to match the stress-strain
response of the model with that of the experimknexperimental practice [93, 252], the
range of axial strain rates used for triaxial temtssandstone specimens varies between
107%/s and10*/s [80, 92, 96], thus, for the present study the assty parameten;, is
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calibrated considering a constant axial strain mftes, = 107°/s. For example, for
Bentheim sandstone, it was found that correspontirg strain rate of, = 10™5/s, the
viscosity parametey = 2.5 x 10~°s/pa gives rise to a positive definite acoustic terigor
all directions and also to a good match betweasststrain response of the model and that
of the experiment (Figure 4.30). This calibratediga of the viscosity parameter at the
material level is used as a starting point fordhkbration procedures at structural level in

FE simulations.

1q (MPa) de/dt =107 /s
n=2.5x 107 s/pa

300 MPa

— o - Experiment
100 -

Rate-dependent model

50 4

0 Axial strain, g, (%)
0 2 1 6
Figure 4.30: Calibration of the viscosity parametematerial level for Bentheim sandstone under

300 MPa confining pressure (Experimental data filong et al. [80)

4.7.2. Finite element analysis

In this section, numerical simulations of draingdxial tests, involving shearing of
cylindrical samples, are performed employing défarFE discretisation. This simulations
demonstrate the application of the proposed damkgticity model to structural analyses
in conjunction with the presented regularisatiochteque (Section 7.1). The aim of such
numerical simulation (i.e. the use of different &&cretisation) is to investigate the mesh
sensitivity of the model due to the localisationdeformation in the shear band. The FE-
program ABAQUS/Standard 6.14 is employed for theskfulations. To this end, the
proposed coupled damage-plasticity model has baplemented into ABAQUS as a user
defined material subroutine UMAT along the lineglo# stress update algorithm presented
in Section 4.2. Drained triaxial compression test8entheim sandstone with material and
model parameters according to Table 2 are simul&beddifferent levels of lateral
confinement. The setup of the tests is similarhi® triaxial tests described in [96]. The
diameter and the height of the samples are 20 mind@&mm, respectively. Vertical
displacements are only constrained at the bottare & the specimen. The horizontal
displacements are constrained at the centre dfdtiem face to avoid lateral instability. The

rotational motion of the bottom boundary about\beical axis is also restricted, in order
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to avoid any rotational instability that may ardige to the localisation of deformation. The
specimens are first isotropically compressed aed the shearing process is initiated by
means of a prescribed vertical displacement wittorestant strain rate & 107°/s). In
order to trigger the localisation, a local defecintroduced as a weak element at about the
centre of each specimen to slightly disturb the bgemeity of the stress field. The isotropic
compressive strengtlp,, of the weak element is assumed to be 99.5% ofahee of this
parameter for other elements. Three different FEEhag are employed in the numerical
simulations. The coarse mesh consists of 600 linesahedral finite elements with reduced
numerical integration. The medium mesh and the firesh are obtained by consistent

refinement of the coarse mesh and they consisb@® 2nd 7700 elements, respectively.
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Figure 4.31: FE discretization of cylindrical rogfrecimens (a) 600 elements, (b) 2500 elements and
(c) 7700 elements.

Figure 4.32 illustrates the deformed meshes aéeeldpment of distinct shear bands
in the samples, as well as the distribution ofsitedar damage variahle A similar approach
to that adopted for calibrating at the material level is also adopted in the F&lyams. In
this sense, the strain rate is chosen to be the aarthat applied in real laboratory tests (10
4 - 10°/s[80, 92, 96]) and the viscosity parameter is e¢atid in order to obtain identical
responses from all FE meshes under identical lgecbnditions. In this study the axial strain
rateé, = 107°/s is chosen. As illustrated in Figure 4.32, idertiesponses are achieved
for different FE discretisation for the viscositarameter being calibrated as= 3.0 x
1075 s/pa for a cylindrical specimen of Bentheim sandstddence, the rate-dependent
regularisation of the proposed model eliminates rttesh dependency of the numerical
solution and thus, allows for predicting the stauat response, including the formation of
the shear band, independently of the employed F&ime
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Figure 4.32 The effect of the FE discretisation on the glob@d-displacement of the rate-
independent model and the results of the rate-adlgenregularisation with
distrubition of the scalar damage variable

As can be observed in Figure 4.32, the calibrasddevof the viscosity parametaer,
for the converged solution, leads to a relativéigk localisation band. This is due to the
stabilising effect of the rate-dependent modeplésticity-based models, for instance, it can
be proven that for any positive values of viscopigyameten, the magnitude of inelastic
strains are always smaller than their corresponcingterparts in a rate-independent model
at any stress state [249]. This is also true fentilues of the damage variable. Furthermore,
higher values of the viscosity parameter causel#imeage variable to grow at a slower rate
compared to the rate-independent model. The nualestabilisation effect of the rate-
dependent enhancement can, therefore, be intedpastihe stabilisation effect it has on the
evolution of internal variables, damage and plégtic

In order to assess the predictive capability ofrtiealel, both the orientation of the
localisation band (localisation or failure mode)ate stress-strain response of the FE
simulations are compared with the macroscopic eobsens from the laboratory
experiments. Figure 4.33 illustrates the orientatib the localisation bands and/or failure
planes predicted by means of the classical bifimeairiterion, at the material level, and FE
simulations, at the structural level, in comparisath those observed in drained triaxial
experiments on Bentheim sandstone [96]. The costomr Figure 4.33 indicate the
distribution of the scalar damage variable. A re&y good agreement is observed between
the results of FE simulation and laboratory experita. However, the model predicts a
slightly less steep failure plane compared to theaerved in experiments. This discrepancy
is acknowledged as a limitation of the proposed ehoghich may have arose as a
consequence of simplifying assumptions in the phwmwlogical descriptions of the
essential deformation mechanisms. With increasomdiicing pressure the inclination of the

localisation band diminishes until at substantiailyh confining pressure, it transforms to a

4-45



CHAPTER 4 A Coupled Damage-Plasticity Model for ®as Rocks

horizontal pure compaction band. The theoreticallyais of Section 4.5.4 suggests that
under substantially high confining pressures, mompaction bands, i.e. horizontal planes
with 6 = 0, can form within the specimen. Both experimenthkayvations and FE
simulations show that, in fact, multiple compactiands form within a specimen of porous
sandstone under high confining pressure in trigestis [92]. The FE simulation of multiple
compaction bands in comparison with experimentagolation form a Bentheim sandstone

specimen [92] is also shown in Figure 4.33.

300 A
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Figure 4.33: Orientation of the localisation banexperimental observations along with predictions
of FE simulations and the classical bifurcatiomerion

Furthermore, positive values of the viscosity patann, also inhibit the evolution of
damage and, therefore, cause the width of theisatan to become thicker. The effect of

the viscosity parameter on the thickness of thalieation zone is illustrated in Figure 4.34.
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Figure 4.34: The effect of the viscosity parameaten the
thickness of the localisation band for a
Bentheim sandstone specimen under 30 MPa
confining pressure

Higher values of the viscosity parameter cause#mage variable to grow at a slower rate
compared to the rate-independent model. This itibeffect of the viscosity parameter on
damage evolution is demonstrated in Figure 4.3®revdamage is plotted against the axial
strain for two elements of identical locations e tspatial discretization of FE simulation
with rate-independent and rate-dependent mater@efs. The numerical stabilisation
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effect of the rate-dependent enhancement can,ftierde interpreted as the stabilisation

effect it has on the evolution of internal variahldamage and plasticity.
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Figure 4.35: The effect of viscosity parameter amege growth in FE simulation

Relatively good agreement between the stressistrasponse of Bentheim
sandstone [80] and FE simulation, as illustratdeiguire 4.36, highlights the high predictive
capability of the model. It should be noted that #tress-strain response, as illustrated in
Figure 4.36, are average quantities. In this seéheegverage stress is calculated as the axial
reaction force divided by the cross section arethefspecimen. Also, the axial strain is
defined as the total displacement divided by tingtle of the specimen. It is also important
to note that in softening regime (i.e. under 30 MBafining pressure) the prediction of FE
simulation of stress-strain response of Bentheinmds@ne is considerably closer to the
experimental data compared to that of the mater@del in which the structural effects on
the observed mechanical response is not takercorisideration (see Figure 4.22 (a)). In
the hardening region, on the other hand, the FEnaaigrial model predictions are almost
the same. This is because the effect of the sigeeofpecimen on its mechanical behaviour
is more profound if the specimen is loaded underditmns conducive to softening
behaviour [31].
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Figure 4.36: The stress-strain response of Bentbaimdstone [80, 92] under drained triaxial tests

As was discussed earlier in the current chapteradsalin Chapter 2, the size effect
arises as a consequence of bifurcation of strasstaan fields from the homogeneous state
due to the localisation of deformation. Owing tastlocalisation-induced inhomogeneity
material points at various locations within thegpen show different mechanical response.
In particular, as illustrated in Figure 4.37, ugba onset of localisation, the material inside
the localisation band undergoes further inelas@cling while the material outside the band
is unloaded. Therefore, any definition and measergnaf stress and strain pertaining to the
specimen are not physically meaningful, unlessras\eerage. The average stress-strain
response of the model is also shown in Figure 413i8. inferred from Figure 4.37 that
damage is first distributed uniformly throughoue tpecimen. After localisation, damage
evolution continues within the localisation bandilethe damage level remains unaltered

in the bulk outside the band.
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Figure 4.37: Average stress-strain response affibeimen along with the stress-strain response and
damage evolution for materials inside and outdigddcalisation band

4.8. Summary and Discussion

The main objective of the developments in this ¢&as to construct a coupled
damage-plasticity model to describe the macroscbeicaviour of porous rocks. The
development of the model is carried out within allx@stablished thermodynamic
framework to guarantee the thermodynamic admissiloif the model. The proposed model
is then used for finite element (FE) simulationstiod mechanical response of porous
sandstone specimens under drained triaxial loadihg. motivation for FE simulation of
rock specimens is that experimental data from ildgsts do not merely reflect the intrinsic
material response and they are also affected bgideeand probably the geometry of the
specimen. The results of FE simulations confirmat tthe structural effects on the
mechanical response of rock specimens are moreoyprdf under loading conditions

conducive to softening behaviour and brittle falur
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The proposed coupled damage-plasticity model ialdapof predicting the onset of
localisation and the orientation of the localisatlmand for a wide range of stress states in
true stress space. It is demonstrated in this ehapat the orientations of the localisation
bands in FE simulations are almost the same awi@ations at which the rate-independent
material model exhibits localisation (see Sectidn4). In general, the FE simulations show
a good agreement with experiments in both predjdtie average stress-strain response and
the orientation of the localisation band and fa&larode. In order to alleviate the numerical
instabilities pertaining to the rate-independentpted damage-plasticity model, Perzyna
type viscoplasticity [219] is used for rate-departdegularisation of the rate-independent
model. In FE simulations of the triaxial tests, st@in rate is kept constant and the same at
that applied in the actual tests. The viscositypeatem is then calibrated to converge to a
solution. As was discussed earlier, positive valakshe viscosity parameter cause the
internal variables of the model to grow at a slovae. Similar to the effect of confining
pressure, a slower and more stable damage growilidwause the width of the localisation
band to increase. Furthermore, no direct link canebtablished between the viscosity
parameter and the width of the localisation bahi$, therefore, desirable to incorporate the
essential features of the localised deformatiothan constitutive equations. This will, in
particular, involve the insertion of the width dietlocalisation band as a length scale into
the constitutive model. This issue will be discusisedetail in Chapter 6 through developing
a thermodynamics approach which facilitates the etimgd) of localised deformation in

geomaterials in a consistent manner.

The coupled damage-plasticity model developedisgxdmapter exhibits a remarkable
capability in predicting the macroscopic behaviotiporous rocks. However, this model
does not directly take into account the micromedms of deformation and energy
dissipation. Therefore, the proposed model is unabexplain the different microstructural
evolutions (grain crushing, pore collapse, etc.)cwhake place in porous rocks during
inelastic deformation. This is acknowledged as akmess of the proposed approach.
However, it should be noted that the focus of thadel development is on capturing the
overall macroscopic mechanical behaviour and tbalilation of deformation under a wide

range of confining pressure.
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CHAPTER 5

A Coupled Damage-Plasticity M odel for Compact Rocks

5.1. Introduction

At room temperature, compact rocks mostly exhibittle behaviour even under
substantially high confining pressure. In additioampact rocks often exhibit dilatancy prior
to macroscopic fracture when the rock is loadeceudnditions conducive to brittle fracture.
Dilatancy can be attributed to the occurrence ofvgsve micro-cracking prior to the
macroscopic failure. Nevertheless, in some comquatts, such as quartzite, norite and marble,
dilational behaviour begins prior to the peak foroe continues markedly also in the post-peak
region (see e.g. [29, 253-255]). The effect of aanf pressure on the magnitude of dilatancy
prior to macroscopic fracture varies consideratmyf one type of rock to another. In this sense,
while an increase in confining pressure causesnéndtion in dilatancy in porous rocks, such
as dolomite and sandstone [256, 257], it does inetrise to a marked decrease in dilatancy in
compact rocks like marble and granite [258].

In this chapter, a coupled damage-plasticity madedeveloped to describe the
mechanical behaviour of compact, non-porous roaksparticular, the marked dilational
behaviour commonly observed in these rocks in titdebfield. Under compressive loading,
unlike the pore collapse phenomenon in porous ratksh causes the specimen to compact, it
is envisaged that micro-crack opening, either enftam of tension cracks or wing cracks, gives
rise, to a dilational response at the macroscopades Accordingly, the focal point of the
constitutive modelling in the current chapter iscapture the damage-induced dilation. The
thermodynamic formulation presented in this chaplte&res many essential features with that
presented in Chapter 4 for modelling the behavadyporous rocks. The main improvement
here is to enhance the model by incorporating timerkatics of elastoplastic-damage

deformation, in particular, damage-induced voluteteformations, by means of kinematic
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constraint equations as outlined in Chapter 3.

5.2. Definitions and Basic Assumptions

Under compressive loading conditions conducivedstjpeak softening behaviour
or brittle failure, the initiation and propagatiai microcracks within the structure of
compact rocks, are predominantly parallel to theafion of the maximum principal stress
[99, 258-264]. In general, these microcracks caadseimed to be either in the form of axial
splitting tension microcracks (Mode 1) [265-268]inrthe form of shear wing microcracks
(Mode 1) [269-273] (Figure 5.1). Furthermore, inakial compression, the observed
increase in linear compressibility of rock specisém the lateral direction [258] further
implies that the opening microcracks are predontlgpariented parallel to the specimen
axis. These observations imply that the damageerdideformations are dilative in nature.
Therefore, considering a representative volume eterRVE) of a damaged specimen in
compressive loading, the macroscopic volumetriomheétion is a combination of a dilative
damage-induced deformation and the volumetric dedtion of the solid or intact volume

fraction which can be either dilative or contraetiv

As was previously discussed in Chapter 4, in porogg&s the dilational effects of
damage growth within the cement matrix is compextsédr by pore collapse phenomenon,
which may even take place under very low pressi2®s27, 92]. Therefore, the mode of
volumetric deformation (dilative/contractive) ofmpas rocks is mainly determined through
a competition between damage processes and the@tapse phenomenon. In compact or
non-porous rocks, however, due to the lack of ehopgre space, micro-cracking (or
damage) is the predominate mechanism which govieenmiode of volumetric deformation.
These underlying mechanisms of volumetric deforomatare schematically depicted in
Figure 5.1. It should be noted that this discussgmnfor now, restricted to underlying
mechanisms responsible for dilational volumetriodeaation under low confining pressure,
where no significant inelastic intragranular defation (e.g. crystal plasticity and grain
crushing) is expected to take place.
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Figure 5.1:Schematic comparison of microstructure of poroigh{y and compact rocks (left): the
underlying mechanisms that influence the mode afrmetric behaviour (pore collapse
axial splitting and shear wing cracks).

During compressive loading of compact rocks, a pathe energy budget is stored
within the solid grains and some of the energyssigated due to micro-crack initiation and
frictional sliding between the surfaces of micraaks. During unloading, the elastically
compressed grains tend to expand and give updlastic energy. This elastic expansion is
accompanied by micro-crack closure due to theivelahovement of neighbouring grains.
This relative movement is either normal (in theecakaxial splitting cracks) or tangential
(in the case of shear wing cracks) to the micralcsarfaces. As was pointed out earlier in
Chapter 4, using a simple sawtooth mechanism, siegrbetween the two rough surfaces
of micro-cracks may give rise to dilation whichther encourages the release of the stored
elastic energy. However, not all micro-crack carctpletely closed or slide back to their
initial configuration. This may occur due to thegence of rock fragments between the two
faces of micro-cracks or due to asperity interlagkor crack miss-fit [274, 275] (Figure
5.2). Under such conditions, some of the storedtiel@&nergy cannot be released during
unloading and will be trapped within the matetialaddition, micro-cracks which are locked
open cause some permanent dilation to the matdaaient. In this study, this permanent

dilational deformation is referred to as damage:aedl dilation.
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Figure 5.2: Schematic demonstration of (a) revégsitbamage-induced deformation and (b)
irreversible damage-induced deformation.

The macroscopic reversible deformation of an RVE eabmpact rocke(’) can be
assumed to consist of a reversible damage-indueddrrdation £€°") and an elastic
deformation £°) in the solid material (Figure 5.3). The reversilgart of the damage-
induced deformation ™) can be directly obtained from macroscopic expemisie
regarding the effect of damage on the materidh&tss degradation (Figure 5.3). However,
the irreversible part of the damage-induced deftiona(e?!) cannot be, in general,
measured directly from purely macroscopic experisien fact,P! is encapsulated within
the macroscopic irreversible strain which referthtd part of the strain which remains when
the stress is returned to its original value. Tihscroscopic residual strain is commonly
represented by plastic straih. This study, however, distinguishes between the
irrecoverable damage-induced deformations and drengnent deformations caused by
other underlying mechanisms (e.g. crystal plagti@itctional sliding, etc.). Furthermore, as
illustrated in Figure 5.3, due to the existencéer@versible damage-induced deformations
(eP?) it seems that the material requires less amofistastic energy to be loaded to the
same stress state form which unloading starteds Ehbecause some elastic energy is
already trapped within the material due to the gmes of micro-cracks which are locked
open. Therefore, the irreversible damage-inducddraation €°!) can be interpreted as
that part of the plastic strain which influences ithstantaneous elastic moduli. Although the
damage process is an irreversible, dissipativegasialamage induced deformations can be
partially or completely recovered upon unloadingjedto micro-cracks closure.
Nevertheless, it should be noted that the recostdamage induced deformation does not

mean the healing of damage.
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Figure 5.3: Schematic representation of elastdptdstmage deformations for uniaxial loading

In almost all coupled damage-plasticity modelsI(idimg the model developed in
Chapter 4) only the effect of reversible damagewmd deformationsef™) on the
instantaneous elastic moduli is taken into accadaence, it is implicitly assumed in these
models that the instantaneous elastic moduli ateaffected by any type of irreversible
deformation. Since the irreversible strains arealiguepresented by plastic strains, these
models can be referred to as elasto-plasticallpaigled models (see [191]). Neglecting the
effects of irreversible damage-induced deformatioithe instantaneous elastic moduli may
renders the model inadequate in describing themveltic deformations of non-porous,
quasi-brittle materials. From the phenomenologomaht of view, tuning the parameters of
such a model can help reproduce the experimentdiBervable dilation behaviour of
compact rock under shearing at high confining pressTherefore, it is necessary to address
the elasto-plastic coupling by specifying the aleof irreversible damage-induced

deformations on the instantaneous elastic moduli.

In this chapter, however, it is demonstrated thataliernative approach can be
adopted to take into account the effect of irretsdes damage-induced deformation,
especially, on the mode of volumetric deformatiémon-porous compact rocks. To this
end, the model is kept elasto-plastically decoupidile the effects of irreversible damage-
induced deformations are taken into account thrapgiifying the role they play in trapping
the elastic energy within the material. For thisgmse, the evolution rule of the irreversible
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damage-induced deformation®) is explicitly specified and incorporated in theodel

formulation through introducing a kinematic consttaequation which is, subsequently,
used to supplement the dissipation function. Afsarh successfully capturing the observed
volumetric deformation of compact rocks, the prambsoupled damage-plasticity model
can also serve as an example to demonstrate hovintewwal variables can be introduced

into the formulation of constitutive models by mesaf kinematic constraint equations.

5.3. Thermodynamic for mulation

In this section, aiming to describe the macrosctyelcaviour of compact rocks, a
detailed thermodynamic formulation of a coupled-dgm plasticity model is presented,
using the notations appropriate for triaxial te$tse definitions of the pressure or the mean
stressp, the deviatoric stresg, the volumetric and equivalent shear strajngnde;) are
given in Table 4.1. Throughout the model formulatim this section, all reversible
deformations are referred to as elastic deformatand are denoted &% In addition, all
irreversible deformations are denoted by the magttain,e?, noting that they also include

the irreversible damage-induced deformatigffs
5.3.1. Thefree energy potential and the dissipation rate function

The Helmholtz energy function for an elasto-pladtc decoupled model can be

written as the sum of reversible and irreversildgg

W =Wr(D, e, e8) + (el &b, elt) (5.1)
In the above expressioW; is a function of damage and elastic strains#ids a function
of plastic and irreversible damage-induced defoionatin equation (5.1), the second term
(W) represents that part of the plastic work whicktred within the material and dose
not contribute to dissipation. Under isotropic coagsion, from the volumetric plastic work
increment §W,”) done on a unit volume of material, some partdsigated §®,,) and some

is stored &7 within the material:

SWP = 68D, + pél = x,éb + peb (5.2)

whereys, is the dissipative part of the internal force cmygte tee? andp is the back stress.
The existence of the stored plastic work can bdbated to the non-homogeneous stress
distribution at micro-scale due to inherent inhoerogity of the material [225]. One can

assume that the shear plastic work is completedgipttive, i.e WS = qéf = 6, =
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xs€2. This could be true if the shearing does not iedditation. In the presence of shear-

induced dilation some of the stored plastic work ba released (the sawtooth mechanism
presented in Chapter 4). This released plastic wiokild be subtracted from the total shear
plastic work:

WY = 8®s — pé)® = xs€7 — péy° (5.3)

In the above expressiory, is the dissipative part of internal forces conjegéo ?.
Following the same description as that presente@Ghapter 4, it is assumed that shear-
induced dilation can take place only due to theasksiding along the surfaces of micro-

cracks. Therefore, the increment of the shear iadutilation €5°) is defined as:

&’ = —u(D)& (5.4)

In the above expressiob,represents the scalar damage variable. Theréf@shear plastic
work increment of equation (5.3) can be rewritten a

SWP = xs&¥ + u(D)pel (5.5)

The definition of the functiop(D) is given (the same as that given in Chapter 4) by:

u(D) = D*(1 — D)uo (5.6)
wherepu, anda are dimensionless parameters. As was discusdbe revious section, in
contrast to the shear-induced dilatiefi, = —u(D)<F, which causes some of the stored
elastic energy to be released, the irreversibleagdg@nduced volumetric deformation cause
the elastic energy to be trapped within the mateFiaerefore, the volumetric plastic work

increment §W,?), given by equation (5.2), can be modified to:
SWP = 80, + pel = x, &0 + p(¢f + &7°) (5.7)
The increment of damage-induced dilatiéﬁ?, can be defined as:

&P = —f(D)ep! (5.8)

In the above expression, functigifD) is a function of the scalar damage variable. It is
assumed that the possibility for the irreversiblamdge-induced dilation to take place
increases as damage grows within the material.eftwer, functionf (D) can be defined as

a monotonically increasing function of the scalamége variable. In the context of this
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study, it will be shown that the following defirati of f(D) would result in adequately

predicting the macroscopic behaviour of compadksoc

f(D) =D (5.9)

Following the above discussion, and by virtue afagpns (5.5), (5.7) and (5.8), that part of
the total plastic work increment that is storedhivitthe material and does not contribute to

dissipation can be given as:

(SWP)stored = Wir = p(? + u(D)<¥ — F(D)ELY) (5.10)

The expression of the Helmholtz free energy potéigj therefore, given as:

1 .
W= =S (1 - D)[Keg? +3GeE?] + p(el + u(D)el — f(D)el?) (5.11)

In the above expressiaki and G are the material bulk and shear modasji,and e, are
volumetric and equivalent shear strains, respdgtiaamdD andel! are the scalar damage

variable and the irreversible damage-induced diatiespectively.

Another thermodynamic function that needs to becifipd to complete the
formulation is the dissipation function. For a ctagpdamage-plasticity model the following

form of the dissipation function is adopted [1489]t

8P = /@, + @2 + 9p? = 0 (5.12)

In the above expression,,, ¢, and@, are homogeneous first order functions in terms of
the rates of internal variables, representing thardution of each individual dissipative
mechanism in the total dissipation rate (see [18%)nce, the interaction between damage
and plasticity is specified by controlling the ambwf available energy budget being
dissipated due to each mechanism. Furthermorelefieition of functionsp,,, ¢, andg,

are given as follows:

@y = E,(&0 + u(D)eF + f(D)el?) (5.13)
@s = Fé¥ (5.14)
op = FpD (5.15)

Within the framework of generalised thermodynaneeslution rules for internal
variables are specified using the formulation efyteld function in dissipative stress space.
This yield function is obtained by performing a degrate Legendre transform on the
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dissipation function. However, in this study, irder to simplify the model formulation and
also to provide an example of the application & kinematic constraint equations, the
evolution of the irreversible damage-induced dilatg??) is explicitly defined as a function
of the damage incremeri?). This function is then used to form a constraigation which
will be used to supplement the dissipation functibaor this purpose, information from
experimental observations of macroscopic behavasucompact rocks can be used. In
particular, compact rocks exhibit dilational belwawieven at pressures beyond the brittle-
ductile transition. In addition, at high pressullege to the stabilising effect of confining
pressure on micro-crack growth, damage evoluti@horw, whereas at low pressure damage
grows at higher rate. Therefore, the following egsion is proposed for the increment of

the irreversible damage-induced dilati@gd):

i ="Cp (5.16)

wheref is a dimensionless fitting parameter. It shoukbdle noted that the definition of
equation (5.16) is not unique and any form of forsction can be proposed. However, as
will be shown later the proposed evolution ruleegi by equation (5.16) helps to adequately
describe the macroscopic behaviour of compact radkisough the main purpose here is to
provide an example of the application of kinemabastraint equations, this simplification
in the model formulation is acknowledged as a weakrof this model. By virtue of equation
(5.17) the definition of the functiop,, given by equation (5.13), can be modified and

rewritten as follows:

Pp ) (5.17)

00 =, (& +uel + FD)=7D
Furthermore, the evolution rule of equation (5.dl6ng with other kinematic dependencies,

i.e. decomposition of the macroscopic strains,m@mcorporated in the model formulation

through defining the following set of kinematic straint equations:

Ci=¢,—&—¢l=0 (5.18)
C,=¢é—¢¢—él =0 (5.19)
C; = €Dt — %pb =0 (5.20)

The above constraint equations are used to supptaime dissipation function of equation
(5.12) to give:
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8D = 9,2 + 92 + p? + A C; =0 i=1..3 (5.21)

Using the thermodynamics principles, outlined ira@ter 3, and the definition of two scalar
thermodynamic functions of equations (5.11) an@Xpthe following set of equations

ensues:

0¥ 950’ 9w 95d  9C,

_ Rl [ =1..3 5.22

P=%e " 98, ~as, T, T, M : (-22)
W 950 I¥ 95D 4C,

q=-— — = — —+A—=A, (5.23)
de, 08,  0g; 0% 0

0w 08 oW 080G . (5.2

T 9eC " 9ge T dec " aec | Mgee T B~ '

oW 35D W asd A

Aj—L = 3(1 = D)Gef — A, (5.25)

0eé 08¢ 0ef  0gs toes

From equations (5.22) and (5.23) the Lagrangianipligrs A, A, are calculated as follows:
A =p (5.26)
A, =q (5.27)

Substituting equations (5.26) and (5.27) into eiguat(5.24) and (5.25), respectively, and

also making use of equations (5.18) and (5.19)nthan and deviatoric stresses are given

as follows:
p=(1-D)Ket® =(1—-D)K(e, — ) (5.28)
q =3(1-D)Ge” =3(1—D)G(e; — &F) (5.29)

Furthermore, in order to derive the dissipativet pdrinternal forcesy, andy,, and the
conjugate damage energy,, the following set of equations can be writteraipplying the

standard thermodynamic principles, as outlinedhayger 3:

,_ 0¥ 089" oy 05b O

= L A T ety —A i=1..3 5.30

9ef T 9er  ael | ael | iger P AT (5:30)

0¥ 060" 3w 060 oG _ 531)
T0er T 97 9el ! 0 | iger MPTA TRz |

o I 98 _ow ose oG 532)
T 0eDl | 9ell  ggbi ' ggbi T Miggpi T TP 3 '
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5.33)

1 du(D)  ,, df (D) By (
—E(K£52+3G£§2)+pefw—p£5‘ ) +)(D—7A3

From equations (5.32) the Lagrangian multipli&gss obtained as:

Az = pf(D) (5.34)

Furthermore, by substitution of equations (5.2&) @&n27) into equations (5.30) and (5.31),

respectively, the dissipative parts of internatés are given as:

Xo=P—p (5.35)
Xs =q —Up (5.36)

Also, from equation (5.33) and by virtue of equasi@5.28), (5.29) and (5.34), the conjugate

damage energy is obtained as:

_ P q? du(D) df(D) .
> = 3K(I—D) T 6G(L—D)? PE ~ap 7p Pe T (D)6

5.3.2. Theyield function

(5.37)

The definition of the dissipation function of egoat(5.12) results in the existence
of a single generalised yield function which colgrtie simultaneous evolution of damage
and plasticity. Following the principles of genésatl thermodynamics, by performing a
degenerate Legendre transformation on the diseipadie function the yield function in the
generalised dissipative stress space can be gsvariuanction of the dissipative stresses and
the conjugate damage energy. By making use of &isgbrthogonality principle for rate-

independent behaviour the following relations esqgee Sections 3.2.2 and 3.2.3):

v = 26D _ 06D dg, _ Oy d¢, (5.38)
T0s 0008 o2+ g7+ 9p2 08 '
95D 95D I, 06D dg,
X =36 ~ Bg, 0¢7 | 0, 0E7 5.39)
_ Ps 0¢s . Py 09y '
Voo i + 02 + 0o 05 [, 2 + 92 + p? 0€5
96D 96D I, 05D 09,
A0 =3h ~ 9, oD ' 0y oD (5.40)

— Pp aQDD + Py 69017
Vo2 + 92 +p2 0D o2 + 2 + ¢p2 9D
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Therefore, by making use of equations (5.38) -Q #he general form of the yield function,
(see Section 3.5), of the coupled damage-plasticdyel in the dissipative stress space is

given as:

S agov/as) i (agov/aé) i
g _<0<p§aéﬁ>2+< awgf;p:/ag ) +/XD e \| -1<0 (541

l\ 0pp /9D /

By virtue of equations (5.14), (5.15) and (5.1%g above expression can be simplified to
give:
2 . 2 . 2
= (&) N (()(s M(D)Xv)> N (()(D f (D)ﬁva/p)> _1<o (5.42)
F, Fs Fp

As was discussed earlier in Section 4.3.2, in otd@btain a closed teardrop-shaped yield

surface in true stress space, the definitions oétionsF,, F, andF, which appear in the
formulation of the yield function in the dissipagistress space (equation (5.42)) are

proposed as follows:

1=v)pc — 14
B (amo o) 49

M
F=—(p-a/T-D) - ) (5.4
— f(D)Bxv/p

\/(rDZ +152) (r F) + (2 +1,2) (W)z

Therefore, by substituting the above expression the equation of yield function in

FD:

(5.45)

dissipative stress space (equation (5.42)) and dlking use of equations (5.35) and (5.36)
the formulation of the yield function in true stsespace is given as:

|' 2
y = (Tvz + rsz + TDZ) P p

(1- V)pc
(1-D)(p. + pt) Pty 2 ZC (5.46)
N q — u(D)p _1<0
M(p - /T=D)p - )

In order to restrict the effects of parametgrs; andr, to the flow rules of the model and

eliminate their effect on the shape of the yieldate in true stress space, similar approach
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to that adopted in Chapter 4 is also adopted hemmposingr,? + .2 + 5 = 1. Therefore,

the expression of the initial yield surface in taigess space can be rewritten as follows:

y= p—p N q—uD)p
(gl__D)S)(ZCC ThSP 5D M (P —a/A-D)(p - p)) (5:47)

-1<0
As can be seen from the above equation, the fotralaf the yield function in true stress
space is the same as that defined for porous iadksapter 4. In this sense, the brittle to
ductile response of the proposed coupled damagégitg model for compact rocks is also
captured owing to the evolution of the initial yledurface to a final failure envelope (see
Figure 4.4). In the above expressions, parameteandy are material constants which
control the shape of the yield surface in truesstigpace. Parametidrrepresents the slope
of the final failure envelope ang andp, are yield stresses under isotropic compression and
extension (or decompression), respectively. Th& striess component along, and/orp

axes is also defined in termsmwf p, andy as:

_ G —vVpcp: + 425
2(pc + pr)

It should be noted that the pivotal difference lestw the two proposed models for porous

(5.48)

and compact rocks, presented in Chapter 4 andutvert chapter, respectively, is in the
description of energy dissipation and storage efgywithin the material. This difference
can be clearly seen in the formulation of the y@dtentials of the two models in dissipative
stress space, as well as their corresponding remciated flow rules (see also Section 5.3.4).
Non-associated flow rules for the coupled damagstity model for compact rocks are

discussed in the subsequent Section and alsara$erction 5.4.

5.3.3. Non-associated flow rules

As was discussed earlier, within the framework efigralised thermodynamics the
evolution rules for the model internal variables defined using the formulation of the yield
potential in generalised dissipative stress spHuerefore, by making use of equation (5.41)
and equations (5.14), (5.15) and (5.17), the ewwiuules for internal variables in true stress

space are given as follows:
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_ ., (99u/0€F
XS XU <a(pv/aé5)

6 : Y (a%/af )
(0%/06”) 09,/0¢, CUNGEDN /

,——_|

d¢, /0D
., (awv/ab> o~ (6%/66) ]l (5.49)
09,027 09/0D /J

o4 <(p —p) ulg—p®dp) fFD)BrGo — ﬁva/p)>

F,? X pF
s (a%/as )
. dy* N dq,/0&r . (q—u(D
P = ,11 =21 v/ 0¢ = 2/1(61#—2)29) (5.50)
aXs CINEEDR / F
o — 1 <a<p,,/ab>
L A e A C W A . (xp — f(D
i oy <p.v/2 &) | _ 5300 = f( gﬂva/p) (5.51)
OXp (0¢s/0D) / Fp

The difference between the volumetric behaviouhefmodels proposed in Chapter
4 and the current chapter can be clearly seenuat@mn (5.49). The third term in equation
(5.49) arises as a consequence of taking into atcthe dilational damage-induced

deformations. This is, in particular, important foodelling the behaviour of compact rocks,

such as marble and granite, as they tend to shanereounced dilatational behaviour even

under high confining pressures beyond the brittletite transition [29, 30, 253-255]. The

volumetric behaviour of the model is further disseds through demonstration of the model

behaviour in Section 5.5.

5.4. Integration of the Rate Constitutive Equations

For the numerical implementation of the proposediehat is necessary to specify
the integration scheme by means of which stresses@ated for an infinitesimal strain
increment. In this section (similar to Section 4iBe formulation of the tangent stiffness

tensor of the proposed coupled damage-plasticitgdmpact rocks is presented for it is a
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pivotal component in localisation analysis. Furthere, the semi-implicit integration

scheme (Section 4.3.2) is used to integrate tleec@tstitutive equations.
5.4.1. Tangent stiffnesstensor

The formulation of tangent stiffness tensor is giue this section since apart from
its application in the explicit integration of ratenstitutive equations, it is necessary for
localisation analysis, presented in the subsedbections. For this purpose, the elastic stress

tensor,g;j, is given as:

O-ij = (1 — D)Cijkl(gkl - Sgl) (552)
From the above damage-elastic constitutive law tf@ macroscopic stress tensor the
increment of the stress tensor is given as:

6ij = (1 = D)Cyja(xr — €5) — Cijral(r — €fy)D (5.53)

In the above expressiofi,, is the elastic stiffness tensor afdis the scalar damage

variable. Furthermore, using the chain rule, the od the plastic strain tensor is given as

follows:
y* oy*dy, dp 0 dy*dy. dq 0

2= y A(y Xo Op 90w 0y dxs 0q cm) (5.54)
0Xij Oxy Op 00y 0y  0xs 0q 00y O)ij

The consistency condition for the yield functionegjuation (5.47) is also written as:

dy ay .
e = Gjj +%D =0 (5.55)

y =
By substitution of equation (5.53) into the aboxpression and making use of the evolution

rules of equations (5.49) — (5.51) and also equgfo54), the damage-plastic multiplier

is obtained as:
i == Mklékl (556)
where the second order tenddy; is specified by the following expression:

a% (1=D)Cjjk

dy* [ dy 0ii dy* dy dy*
A =D)Cju gyt 35, A= D)oy 9D s

Mkl

(5.57)

aal]

The incremental stress-strain relationship is,efwee, given as:
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6o = (1= D)o — (A =DV bty = =Ty | (5.58)
ij = ijkl L]pqa)(pq ki (1-D) klaXD €kt = Lijki€ki .

whereC,, represents the tangent stiffness tensor.

5.3.2. Semi-implicit stressreturn algorithm

As was outlined in Section 4.3.2, for a given straicrement, if the trial elastic
loading lies outside the current yield furnace, te&urn process of the semi-implicit
integration scheme is activated to return the se®ento the new yield surface. To this end,

the new yield surface is approximated using tret irder Taylor expansion as follows:

trial trial
. ay ria
Ao-ij + —

n+1 _ ,,trial +
y y aD

AD =0 (5.59)
anj

The return stress vectdyg;?, is normal to the trial yield surface (Figure 4ary it is given

as.

Acff = —(1- D)Cijkl(AE;:z) - ADCijkl(Ekl - 5;1:1) (5.60)

Furthermore, substitution of equation (5.60) intuaion (5.59) and making use of flow
rules of equations (5.49) — (5.51), the incremdnthe damage-plastic multiplay&? is

given as follows:

trial

y
9y (4 - 0y"\, 9y (ay*) _a_y<ay*) (5.61)
30, ((1 D)Cijn <anz> + LA A

The updated returned stresses are, thereforenelitas:

Al =

* *

0y" 9 ,,0y
Oxiue (1—=D)  dxp

O-in'+1 — O_itrlal + Ao_lrje — O_itrlal _ (1 _ D)CijklAA

(5.62)

5.5. Model Behaviour

In this section, the capacity of the proposed madetapturing some important
aspects of the macroscopic behaviour of compagisyr@eich as brittle to ductile transition
and dilation and compaction, are discussed. Sirtol#tne model for porous rocks presented
in Chapter 4, these macroscopic aspects of mat&sglonse are captured owing to the
inherent features of the proposed model, rathen ttheough separately introducing
additional hardening and/or softening rules. Irtipalar, it is demonstrated in this section

that the proposed coupled damage-plasticity madeldmpact rocks is capable of capturing
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the dilational response of compact rocks even uadestantially high confining pressures.
This is owing to taking into account the dilatiomature of damage-induced deformation in

the model formulation.

Similar to the coupled damage-plasticity modelgorous rocks (Chapter 4), brittle
and ductile responses, as well as the transitmm forittle to ductile in the current model is
also produced naturally and only due to the tramsébion of the initial yield surface to a
final failure envelope (see Figure 4.8 (a) and W)hout any need for separately introducing
hardening/softening rules. The stress-strain respai the model for a wide range of

confining pressures is illustrated in Figure 51 (a

1400 4 q(MPa) (a) S00MP 1,400 1 p (MPa) (b)
450 MPa a
1200 - 350 MPa 800 MPa ———1,200 -
1000 - 250 MPa 1,000 -
450 MPa
800 1 800
180 MPa 350MPa___ |
600 1 2501\/]]:21/,_6.0.0_'
400 90 MPa 180MPa__—5"
90MPa____———
200 200 -
30 MPa 5 soMPa___——] .
0 - : 0 MPa &, (%) 0 MPa _ g, (%)
0 2 4 6 -5 -3 0 3 5

Figure 5.4: Model response; (a) deviatoric stresalatrain and (b) mean stress-volumetric strain
with model input parameters d&= 40 GPay = 0.25,p. = 1200 MPap; = -12 MPaM
=1.2,6=05,y=09,u0=1.3,rv=rs=0.5

As illustrated in Figure 5.4 (b), the proposed dedpdamage-plasticity model for
compact rocks is capable of producing dilationdidweour even under substantially high
confining pressure, which is characteristic ofritterhanical behaviour of the compact rocks.
This is due to the incorporation of dilational daeanduced deformations into the model
formulation. It can be inferred from equation (5.48at as damage grows, two dilative
mechanisms of deformation start contributing toitheversible volumetric deformation of
the material. One of these mechanisms is the shdaced dilation, represented by the
second term in equation (5.49), noting that thection 1 (D) is defined as a function of
damage (equation (5.6)). The second dilational @eisim is the irreversible damage-
induced deformation, described by the third termequation (5.49). The first term in
equation (5.49) encapsulates all other mechanissponsible for irreversible volumetric
deformations, which are dilative under low and cactive under high confining pressures.

This aspect of the model is illustrated in Figur®, Svhere the plastic flow vector is initially
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contractive at 400 MPa confining pressure and é@névally becomes dilative as damage
grows within the material. The evolution of the woletric deformation due to damage
evolution is more clearly illustrated in Figure 5Where the volumetric deformation is

plotted against axial straig,, and the scalar damage varialile,

1200 1
q (MP2) \ Final Failure Envelop
Y D=0 1200 {4 (MPa)
1000 A \
Wi~ === D=0.05
N\ — D=
800 % g S\ D=01
y 800 —=D=10
600 A V4 W\
400 1 \y 400 . .
Final Failure Envelop
200
Initial Yield Surface p (MPa) . p (N[Pa)
100 100 300 500 700 900 1100 1300 -100 400 900 1400

Figure 5.5: Changing the direction of plastic fleector in true stress space from an initially
contractive to a dilational flow due to damage atioh and the dilational nature of
damage-induced deformation under triaxial sheaatr®pD0 MPa confining pressure

Under high confining pressure, due to the stabdjgffect of confining pressure on
micro-crack growth the width of the localisatiombaincreases until the whole volume is
damaged uniformly [30, 47-49, 55, 276]. After thaifarm spread of micro-cracks
throughout the volume element, however, the mdteray no longer be a solid compact
rock and it more resembles a granular domain, wbéchindeed exhibit compaction under
a substantially high confining pressure. It shothlolvever, be noted that unfortunately, no
experimental data from hard rocks under substéntiedh pressure is available to support
such intuition and assumption. Further discussiorthe identification and calibration of

model parameters is presented in Section 5.6.1.

1 Volumetric strain, g, (%) (a) 7 Volumetric strain, €, (%) (b)
/\ Axial strain, €, (%) Damage
2 4 6 8 0.8 1.0

[ N S T SHE
P T T T

S b A L L A o - v ow
o M

-6 4 6
Figure 5.6: Evolution of the volumetric deformati@) with increasing axial strain and (b) with the
evolution of damage under 400 MPa confining presstith model input parameters as;
E =40 GPay = 0.25,p. = 1200 MPap; = -12 MPaM = 1.2,a = 0.5,y = 0.9,u0 = 1.3,ry
=rs=0.5
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In accordance with the experimental observatiohs, stabilising effect of the
confining pressure on damage growth is also cagthyethe proposed model. This aspect

of model behaviour is illustrated in Figure 5.7.
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/7 Axial strain, €,(%)
0.0 S
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Figure 5.7: The effect of confining pressure ondfielution of the scalar damage varialile,

5.6. Model Validation at Material L evel

In this section, the predictive capability of theoposed model is assessed by
comparing the model predictions at the materiatlievith a few sets of experimental data
from the drained triaxial test on compact, non-permcks (marble and granite [29]) or hard
rocks with low porosity (Donbass sandstone [29]s was discussed in Chapter 4,
experimental data sets from rock specimens areneoely representative of the intrinsic
material behaviour but they are also affected hycttiral characteristics of the specimens.
Nevertheless, parameters of the proposed modddecadjusted so that in most cases a good
agreement between the model predictions and expetahresults is obtained, which

demonstrates the flexibility and versatility of th®posed model.
5.6.1. Identification of model parameters

Prior to assessing the model performance by comgaiti with experimental
observations, the influence of each individual peeter on the model behaviour is briefly
investigated in this section. The calibration pohae adopted in this section is the same as
that outlined and used in Section 4.6.1. As itated in Figure 5.8 (a) — (d), for higher

values of parametgt the model exhibits a more profound dilative bebavi
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Figure 5.8: The effect of Parametgron the volumetric response of the model under KIGG&
confining pressure

The effects of parameterg r, andry, on the volumetric response of the proposed
model are illustrated in Figure 5.9. Higher valwds, can be associated with more
contribution of damage process to the total disgiparate or a faster damage growth.
Accordingly, for higher values of parametgrthe model exhibits amore brittle behaviour.
Therefore, for a high value of,, although the model initially exhibits a more prond
dilational behaviour, the dilational response @ thodel will slow down for larger damage
values close to the failure state (Figure 5.93hthuld be noted that at final failure state no

volumetric deformation takes place (Figure 5.5).

, |5 (%) @ N (%) ®) 700 1q (MPa) (¢) (d) 350 9p (MPa)
L~ & (%) e ="
0 TN 5 500 A N 77 250 4
2\ 4 6 \ N

400 1 200 4
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200 1 100 -

----1s=1v=03 100 A ., 50 4 .
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0 T T , . )

-10 J rs=1v=0.7 -10 0.0 2.0 4.0 60 -50 0.0 5.0

P

Figure 5.9: The effect of parameteysr; andr, on the volumetric behaviour of the model (100 MPa
confining pressure)

5.6.2. Parameter calibration and numerical examples

In this section, in order to demonstrate the ptediccapability of the coupled
damaged plasticity model proposed for compact rotikes stress-strain response of the
model is compared to those obtain from drainedcitldests on three different rocks, i.e.
Donbass sandstone, Karilya granite and Ural mailese agreement between the model
predictions and observed material response, astréiied in Figure 5.11 — Figure 5.13,
demonstrates the capacity of the model replicatirgactual material behaviour. In order to
predict the stress-strain response for each razknibdel parameters listed in Table 5.1 are

used.
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Table 5.1: Calibrated values of the model pararadtgrKareliya granite, Ural marble and Donbass
sandstone [29]

E P. P —
Rock (GPa) v (MPa)  (MPa) a y M 1o B a ry=rg

K. granite 43 0.25 1200 -12 045 09 125 1.2 02 .50 05
U. marble 19.5 0.12 500 -10 06 085 1.2 1.0 05 0 1.05
D. sandstone 33.5 0.25 710 -7 05 095 115 15 0.2.5 0.5

The parameters of the initial yield surfad®, ¢, y, a, M, u,) are determined and
calibrated by finding the best fit between theiahiyield surface of the model and the yield
stresses measured in experiments (Figure 5.1@hduld be noted, however, that these
experimental data points are also affected by thetsiral size and geometry and are not
completely representative of intrinsic material édbur. Nevertheless, the good agreement
between the model prediction at the material lewel the experimental data demonstrates
the flexibility and versatility of the proposed nedd

1,200

Calibrated yield surface
+ Kareliya granite

m  Ural marble

O Donbass sandstone

q (Mpa)

1,000

800

600

400

200

p (Mpa)

-100 100 300 500 700 900 1,100  1.300

Figure 5.10: Calibration of parameters of the atijiield surface for Kareliya granite, Ural marble
and Donbass sandstone [29]

The flexibility of the proposed model and its capgbof replicating a wide range
of behavioural features, observed in experimentadliss on compact rocks, is further
highlighted by more closely examining the modefg@®enance in predicting the mechanical
response of marble (Figure 5.12). In particularrbigacontinues to dilate even in the
hardening regime and at pressures well beyond titiéedgluctile transition. The present
coupled damage-plasticity model is capable of gamisuch behavioural features owing to
the description and incorporation of dilational daye-induced deformation into the model

formulation.
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Figure 5.11: Comparison between the model predistend experimental stress-strain data from
drained triaxial test on Donbass sandstone [29]
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Figure 5.12: Comparison between the model predistand experimental stress-strain data from
drained triaxial test on Ural marble [29]
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Figure 5.13: Comparison between the model predistend experimental stress-strain data from
drained triaxial test on Kareliya granite [29]

In experimental studies on marble under triaxiahpoession, up to 20% of axial

deformation and at room temperature dilatancy iseoled at confining pressures much
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greater than the brittle-ductile transition presqgd2, 255, 277-280]. Furthermore, fluid flow
measurements in marble [277] and also halite [282] show that the permeability would
increase while such a compact rock dilates andraefon a ductile mode. Similar
behavioural features are also expected to be obd@numany other types of compact rocks,
such as granite, norite, etc. if the laboratorylitaes allow for pressurising these rocks well

beyond their brittle-ductile transition pressure.

5.7. Localisation Analysis

The localisation properties of the proposed damamasticity model for compact
rocks are assessed in this Section by adoptingldssical bifurcation criterion. As was
outlined in Chapter 4, according to the classidakbation criterion, the onset of localisation
takes place when the acoustic tensor loses itdiymslefiniteness (equation (4.70)). For
convenience, the necessary condition for the oenag of the onset of localisation is also

repeated here as:

det(4;) <0 With  A;; = Clymeny (5.63)
In the above expressiofy; is the acoustic tensor am:@kl is the tangent stiffness of the

model, given by equation (5.58).

As illustrated in Figure 5.14, the proposed modebjrts the onset of localisation
for a wide range of stress states in true stremsesfor each rock type for a set of parameters
listed in Table 5.1. The mode of localisation isgicted by the model to be predominantly
the shear mode with two inclined shear bands, uleseconfining pressure and even up to
relatively high confining pressures. With incre@sioonfining pressure, however, the
inclination of the shear bands decreases and tlielyegome less steep. This can be clearly
seen in Figure 5.14 where the determinant of tlmuste tensor is plotted against the
orientation of the localisation band. At high config pressures the probability of the
occurrence of two distinct shear bands decreasks\antually a thick localisation band is
formed. At even higher confining pressures no lsesibn takes place, which means that
damage is uniformly distributed throughout the mateolume. These features of the model
are in agreement with experimental observations ffailure modes of compact rocks. In
general, experimental observations from triaxistd®n compact rocks, such as marble and
granite, [30, 47-49, 55, 276], suggest that wittréasing confining pressure, the width of
the localisation band increases until at a subisignhigh pressure the whole volume of the

specimen becomes damaged uniformly with no lodadisaaking place.
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Figure 5.14: Prediction of the localisation modd &me localisation domain in true stress space for
(a) Ural marble (b) Kareliya granite and (c) Dordbasndstone

5.8. Rate-dependent Regularisation

In the previous section, the capability of the megd coupled damage-plasticity
model in predicting the onset and mode of locabsalvas demonstrated. The occurrence of

localisation at material level and, consequenthg toss of ellipticity of the governing
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constitutive equations will, however, lead to thgosedness of BVPs, when the material
model is used in numerical simulations, e.g. fielfiement. This numerical instability of the
rate-independent coupled damage-plasticity model lba alleviated by means of a
regularisation scheme. In this Section, similaBéztion 4.7.1, the strain rate effects on the
model response are incorporated into the propoatstimdependent coupled damage-
plasticity model by means of the Perzyna [219] tyiseoplastic regularisation. To this end,
an algorithmic tangent stiffness tensor is derieeall the effect of the rate-dependent
enhancement on the localisation properties of tbdahis studied.

The model enhancement is carried out by explid#iining the plastic multiplier of

equation (5.56) such that:

A= @dt (5.64)

U]
In the above expressions, is the viscosity parameter, having the w)ypa (and the

dimensionM ~1LT3), (y) is a dimensionless overstress function, derivednfthe yield
function of the rate-independent model, dndare the McCauley brackets. The evolution
laws of damage and plastic strains of equatiom®9}5- (5.51) are, therefore, modified to

give the viscoplastic strain and damage rates| ks

. ov* 2 _ 2 _ 2 _

& _ 0 o (p2 p) T #(q2 up) 1 fBp(rp 2fﬁva/p) it (5.65)
Xy n F, Fs pFp
. 9y" 2(q -

&P = Al = zwwdt (5.66)
0Xs Ul F

. Loy 2(xp —

hoi® L, o J;ﬁva/p) it (5.67)
Oxp n Fp

Furthermore, by applying the chain rule, the vidasfic strain tensor is given as:

VP _ 4 —2X7
“ij 0Xij n

ay* dy*dy, dp 0 dy"dxs dq 0
y _2(y><y Xy 9p 90w, 9y" x5 99 ""l>dt (5.68)

Oxy Op 001 0Yij  Oxs 0q 0oy Ox;j
As illustrated in Figure 5.16, with an increasdhe viscosity parameten, and/or

the strain rateg, the maximum attainable stress increases until nioglel response

approaches a completely elastic behaviour. Furtbexmthe transition from elastic to

inelastic response is smoother and more stablBifiier values of the viscosity parameter

and the strain rate. On the other hand, the medglonse collapses to the rate-independent

behaviour for smaller values of the viscosity pagtanand/or strain rate. This response of
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the rate-dependent model resembles the experirheabaerved behaviour of rocks, which
is reported as an increase in the rock nominahgtheunder tension and compression at
higher strain rates [236-240].
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Figure 5.15: The influence of (a) viscosity paraengtand (b) strain rate on the stress-strain response
of the model for uniaxial loading

Furthermore, for higher values of the viscositygoaeter and strain rate the model
exhibits a more profound dilation (Figure 5.16hiSTbehaviour of the rate-dependent model
is in accordance with the experimental observatinrssudies of the effect of the strain rate
on volumetric deformation of rocks. Dilatancy h&eb observed to increase with time at a
given applied force [257, 283-290]. Correspondingicrease in loading rate or strain rate
gives rise to greater dilation at a given strai3,2291, 292] (Figure 5.16 (c)).
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Figure 5.16: The influence viscosity parametand strain rate on dilational behaviour of the eipd
(a) and (b) stress-strain response and (c) anaix(d) strain against volumetric strain

At higher strain rates and/or higher values ofuiseosity parameter damage grows
at a slower rate. In coupled damage-plasticity ngam the other hand, the occurrence of
localisation of deformation (or damage) is highgnsitive to the rate at which damage
grows. In other words, localisation of deformatiakes place if damage growth is fast [293].
Therefore, as was also discussed earlier in Chapténe stabilising effect of the rate-

dependent regularisation scheme can be clearlyisegrslower and more stable damage
evolution.
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Figure 5.17: The influence of (a) viscosity parangtand (b) strain rate on the evolution of damage

A constitutive model would not exhibit any bifurat instability as long as its
associated acoustic tensor is positive definiteer@tore, in order to demonstrate the
numerical stability of the enhanced rate-dependsodel, the formulation of the damage-
viscoplastic tangent stiffness tensor is requimgddcalisation analysis. It should be noted,
however, that since there is no consistency camdftr the coupled damage-viscoelasticity

model, the tangent stiffness is given&$, = da;;/de,. In this sensen + 1)" increment

of the stress tensor is given as:

n+l1 _ .n+l _ _n
Ao = o] o;i

(5.69)
The stress tensor at stapt 1 can be approximated by means of the first ordeicra

expansion as:

aO'ij 60i~
—2A n+1 _JADn+1
agkl €kl + aD

Also, the elastic stress tensor of the coupled d@avéscoelasticity model is given as:

n+1l _

o} ojj + (5.70)

gij = (1 = D)Cijia (&0 — &7 ) (5.71)

In the above expressiafyjy; is the elastic stiffness tensor, andis the scalar damage

variable. Therefore, the increment of the stressdeof equation (5.69) can be rewritten as:

n+1 Oij
(1 - D)CijklAg;g) - (]_——D)

The expression of equation (5.72) can also beewritt the following form:

Aol = (1 = D)Cijuleri™ — ADp™* (5.72)

t
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O'i]'
(1-

Aol = (1 = D)Cyjaler™ — [(1 — D)Cija Qi + D)] AD™*! (5.73)

whereQ;; is the ratio between the increment of the viscetitastrain tensorz)e;’jp, and the

increment of the scalar damage variaAlB;

- (ay* 0y, Op doy +6y* dxs 0q aUkl)
nar  Ael) _ \0xy Op 0oy Ox;; = Oxs 0q 00y 0x;;
ij AD+1 - ay*

dXp

Having known the stress state at stegnd the stress increment at step 1, the stress state

(5.74)

at stem + 1 can be obtained. However, a residual is always&wep the increment of which
is given as follows:

O-. .
AR = (1 = D)CijpBeptt — |(1 = D)Cija Qi + 1 _UD) AD™* (5.75)

l

In order to derive the analytical form of consistamgent stiffness tensor, the stress residual
must be zero after each time step. Therefore,d:bttecrfAR{‘]-+1 = 0 can be determined by a

Newton-Raphson iterative scheme. To this end, &hgevof the stress residual at the end of

the iterative solution is approximated using thstforder Taylor expansion as:

AR{Tl new - AR{IJ:H old + dARlnj—'-l (5'76)

In the above expressiczd“zﬁRl?}+1 is defined as:

AR™H1 AR dARH1
ntt _ ij ij ij 577
dAR}: Sen dey; + e dojy +—5—dD (5.77)
where
OARJH!
T (1 = D)Ciji 19
OART! 9Qi; Ol
. . 5.79
doy; [(1 D)Cl]kl 00y, * 1- D)] ap (Slk&ﬂ ( )
OAR] 0Q 0ij
oD = Cukiek — [—Cijlekl + (1= D)Cija ap T (1 —D)? ab (5.80)

- | = D)Cyiaua + ]
Y (1-D)
Furthermore, by virtue of equation (5.67), the @ment of the scalar damage variaAlB,

can be written as:
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a *
AD=2@ 4
n 0xp

Therefore, damage increment during each step oN#aeton-Raphson iteration can be

At (5.81)

obtained, by making use of equation (5.81) and sosaerangements, in terms of the

increment of the stress tensor in the following nean

dy
atd 57)
n aO'l'j

dtm
1_2£&
n oD

2

By substitution of the above expression back impoagion (5.77) and enforcirtgAR{‘j“ =

0 at the end of the Newton-Raphson iteration scheme:

_ OAREM OARTH OART:

0= dgkl + do_kl + aD Xkldo-kl (583)

agkl aUkl

the formulation of the consistent tangent stiffnesssor is given as follows:
n+1 n+1 n+1 -1

- 5.84
tjkl dgkl aekl aakl oD kel ( )

The variation of the determinant of the acoustitste, derived from the tangent
stiffness of the damage-viscoplastic model, widpezt to the band orientation, is illustrated
in Figure 5.18. As can be observed in Figure Sdi&ertain combinations of strain rate and
viscosity parametegf = 107¢/s andn = 3 x 107 s/pa for Ural marble), the determinant
of acoustic tensord(et(Al-j)) IS non-negative in all directions and the minimualue of
det(4;;) lies just above zero. Therefore, it is expected the numerical instabilities of the

rate-independent model due to the localisatiorebdmination are eradicated due to the rate-
dependent enhancement of the coupled damage-plastizdel.
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n=10%s/pa
-/ e

o
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de/dt=10"/s
1.7

0.5
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Figure 5.18: The influence of (a) viscosity paraengt(with de/dt = 107%/s) and (b) strain rate (
with n = 107%s/pa) on the determinant of the acoustic tensor forl drarble under
triaxial shearing at 30 MPa confining pressure

In order to calibrate the parameters of the rajgeddent model at the material level,
the strain rate is kept constant and similar teséhapplied in laboratory experiments and
then the viscosity parameterjs calibrated. The basis for calibration and agnt ofy is
to firstly guarantee the non-negativeness of therdenant of the acoustic tensor for all
possible band orientations and secondly to magBtiiess-strain response of the model with
that of the experiment. In experimental practic® [B62], the range of axial strain rates used
for triaxial tests on sandstone specimens variegden10-°/s and10~*/s, thus, for the
present study the viscosity parameijes calibrated considering a constant axial straia
of ¢, = 107%/s. For example, for Ural marble, it was found thatrain rate of, = 107/s
along with a viscosity parameter gf= 3 x 107°s/pa gives rise to a positive definite
acoustic tensor in all directions and also to adgmatch between stress-strain response of
the model and that of the experiment, (Figure 5.8 calibrated parameters of the rate-

dependent model are given in

Table5.2 The calibrated values of the strain rate andogkyg parameter at material
level can later be used as a starting point foctigration of these parameters at structural

level in FE simulations.
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Figure 5.19: Rate-dependent model predictions wm#sststrain response of Ural marble after
calibrating the viscosity parameter gas= 3 x 107° s/pa and strain rate ag =
107%/s

Table 5.2: Rate-dependent model parameters, daibfar predicting the stress-strain response of

Ural marble
E Pc Pt —
(GPa) v (MPa)  (MPa) a y M 1o B a w=rs de/dt(/s) #(s/pa)
195 0.12 500 -10 06 08 12 10 05 1.0 0.5 610 3x10°

5.9. Summary and Discussion

In this chapter, a coupled damage-plasticity madeailieveloped to describe the
macroscopic behaviour of compact, non-porous ro&sce compact rocks exhibit
dilational behaviour, even at pressures beyonddhide brittle-ductile transition, the focus
of the constitutive model development is put onqgadeely capturing this dilational
behaviour. To this end, the model development isetdaon the phenomenological
description of damage-induced dilation. In additibre model development is carried out
within the framework of generalised thermodynamics order to guarantee the
thermodynamic admissibility of the results. The pamson between the stress-strain
response of the proposed model (at the material)lemd experimental data from drained
triaxial tests on compact rocks indicates the lugpability of the model in predicting the
mechanical response of compact rocks. In partictiar significant dilational response of

compact rocks at high pressures is successfullyoagh

Furthermore, the proposed (rate-independent) mexigbits a good capability in
predicting the onset of localisation for a wide garof stress states in true stress space.
However, the localisation properties of the ratejpendent model give rise to numerical

instabilities when the model is used in the nunanalysis of a BVP. In order to alleviate
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this problem, the rate-dependent enhancement ofateeindependent coupled damage-

plasticity model is carried out by using the Pee{219] type viscoplastic regularisation.

The proposed model in this chapter have also soeamesses and limitations. The
main issue with this model is that the effect oéwersible damage deformations on the
instantaneous elastic modulus has not been takemadcount. This has led to making some
assumptions which may not have enough physicadfigatton. Nevertheless, the proposed
coupled damage-plasticity model, in this chaptan serve as an example to demonstrate
how new internal variables, pertaining to differentderlying physical phenomena, can be
incorporated into the model formulation by makirsg wf kinematic constraint equations
within the framework of generalised thermodynani@sapter 3). In the subsequent chapter,
it is demonstrated that the kinematic constraintagigns can also be used to describe the
interdependencies of kinematic fields through depelg a thermodynamic approach to

model the localised failure of geomaterials.
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CHAPTER 6

A Thermodynamic Framework for Constitutive
Modelling of Localised Failure

6.1. Introduction

Failure of geomaterials involves localisation ofatmation within a band of finite
width, referred to as the localisation band. Shidation and compaction bands observed in
soils, porous and compact rocks are typical exasrgfléhis localised failure. Upon the onset
of localisation, the uniform (or slightly varyindgformation field becomes non-unique, with
discontinuity of displacement and other kinemaields across the boundary of the
localisation band. Under such conditions, the digdims of macroscopic stress and strain
over a volume element containing a localisationdbane not physically meaningful
anymore. Phenomenological, classic constitutiveetsyavhich are developed based on the
assumption of uniform distribution of stress amdistfields over a volume element, fail to
give a meaningful measure of macroscopic stress@aith for a non-homogeneous volume
element with a localisation band. The width of khealisation band under a given loading
configuration is governed mainly by the materialcrostructure and also boundary
condition. It can be assumed to be an intrinsicemet property which should be included

in the material constitutive description.

If the essential features of the localised deforomatre not taken into proper
consideration at the material level, identificatiamd calibration of the model parameters
may not be carried out in a consistent and phygicaaningful manner. In particular, using
the material model in the numerical simulation iy atructure requires recalibration of the
model parameters to deal with the effects of thectire size on its mechanical response
under a certain loading condition. The size effea problem scaling, which is central to

constitutive
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modelling and numerical simulations. In geomatseriicalisation is associated with a strain
rate jump within a band of certain width which isgnématically compatible with the

surrounding material (discontinuous bifurcation])3d herefore, the essential features of
localised deformation that should be incorporatethe constitutive equations include the
characteristic size of the RVE, for which the cdnsve equations are developed, the width
of the localisation band, which appears within BR¥E at the onset of bifurcation, and
specification of kinematic dependencies betweendbtaisation band and the surrounding

material.

Several approaches have been proposed to tacklgrti@ems pertaining to
modelling the localised deformation in the analydisolids and structures. In the context
of constitutive modelling, these approaches rang@ the smeared crack appro§z84] to
mathematically sophisticated regularisations suciCasserat [2954nd nonlocal/gradient
theories [151, 296-302]. The main feature of treggaroaches is the introduction of a length
scale related to the localisation of deformatidn the constitutive equations. In the smeared
crack approach, the size of the finite elememeeiporated into the constitutive equations
and, accordingly, the constitutive behaviour isletawith the resolution of the FE
discretisation. This scaling is based on meetimgescequirements on the energy dissipation,
e.g. forcing the cracked elements to reproducesymition invariant with respect to the size
of the element. One important limitation of thigagach is that no unique set of parameters
can be found for the same material, due to theatran of the spatial resolution over the
computational domain. In addition, if the elemeants large numerical issues will arise due
to spurious snap-back at the constitutive level. (i@. quasi-brittle failure, this is the case in
which the elastic strain energy in the elementaigdr than the dissipation the crack
contained within it can produce). Enriching the sigdntive models with a length scale in
nonlocal/gradient regularisation is a mathematycafid also physically rigorous approach
to account for the size of the localisation zonewkver, the numerical implementation of
these models requires a finer numerical discrétisathan the physical width of the
localisation zone. The applications of such enharecgs to very large scale problems are,
therefore, restricted by the available computalimasources. In substantially large scale
problems of geotechnical and mining engineeringgesithe locations of failure zones are
generally unknown within the domain under consitiena which can be several orders of

magnitude larger than the characteristic widttheflbcalisation zone, a very high resolution
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discretisation required by non-local/gradient medehders the application of these models

impracticable.

In cases where the width of the localisation b@nffracture process zone (FPZ) in
guasi-brittle materials, or shear/compaction bamdsoils) is smaller than the size of
numerical discretisatior{ (h < H), numerical enhancements such as enhanced assumed
strain (EAS) method (e.g. [303-306]) or the extehfieite element method (XFEM) [307-
310] have been widely used to model the localisdldre. In these kinds of enhancement,
the finite element shape functions are enrichechpyove the kinematics of deformation the
element can handle. This numerical enhancementaised out by embedding the
localisation zone, usually idealised as a strosgatitinuity (i.e. discontinuous displacement
filed) across the element. These approaches cam@ypaiely capture some fundamental
features of deformation, including crack openingésing and the shrinking of the elastic
bulk, by introducing a separate constitutive lawtfe discontinuity, disconnected from the
bulk continuum behaviour, to model the crack opgfsihearing or behaviour inside the
localisation band. Other similar approaches to owprthe kinematics of finite elements by
embedding a localisation zone (weak discontinuigy, only strain field is discontinuous)
within the finite element can be found in [311-31/)] these enhancements the embedded
zone has a finite width and, accordingly, a conimunodel is used to describe the inelastic
material behaviour inside the localisation zonehdligh these numerical enhancements
have shown promising features in modelling a sinlggeontinuity (either a single crack or
a single fracture process zone) within an elementdelling multiple interacting
discontinuities using these methods is cumbersémetiimpossible. On example of these
multiple interacting localisation bands can be gias the multiple compaction bands

observed in porous rocks under substantially higisgure [92].

Accordingly, due to the above-mentioned limitatiansmodelling the localised
deformation, especially for very large scale proigdeusually encountered in geotechnical
and mining engineering, a more rigorous and prakct@pproach is required. With this
motivation, Nguyen et al. [36, 37] developed anrapph in which the width of the
localisation band is inserted into the descriptadnthe constitutive behaviour, and the
constitutive descriptions include the responsdsvatscales: macro scale and the scale of
the localisation band. The localisation band isnthetivated once the condition for the
occurrence of the onset of localisation (equatébii@)) is met. The interaction between the

material inside and outside the localisation bamddeétermined through satisfying the
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continuity of traction across the boundaries of thealisation band. Details of the
formulation of the two-scale approach can be foumd36, 37]. Due to the direct
incorporation of the width of the localisation baamttl the characteristic size of the material
volume element into the constitutive equations, tbenerical implementation of the two
scale approach does not require a finer numerisaretisation than the width of the
localisation band. This important advantage oftiie scale approach makes its application
desirable for substantially large scale problemge@stechnical and mining engineering.
Furthermore, more recently Nguyen et. al [316] desti@ted that the two-scale approach
can be enhanced to effectively capture the presanueltiple interacting localisation bands

within a volume element.

Nevertheless, the requirements for the thermodynanmissibility of the two-scale
approach [36, 37] is applied retrospectively anterathe completion of the model
formulation. However, as was discussed earlierpeemgorous and consistent approach is
to construct the model within a well-establisheerthodynamic framework. It is, however,
important to remember that the thermodynamic fib&bry is based on the assumption that
the thermodynamic state is uniform within a mateel@ment and only varies from one
element to another (this is different from the sieal thermodynamics which deals only
with extremely slow processes in the vicinity oftreermodynamic equilibrium state).
Therefore, the original thermodynamics field theshpuld be enhanced to accommodate
constitutive modelling for a material element whizdcomes non-homogeneous due to the
localisation phenomenon. In this study, a thermadyic approach is developed for
modelling the localised failure of geomaterialsatidition to the homogenisation scheme, a
pivotal assumption in this development is the kiagm compatibility between the
localisation band and the surrounding material.

The coupled damage-plasticity models developecdhiaptr 4 and Chapter 5, can be
effectively used in conjunction with the resultstioé thermodynamic developments in this
chapter to investigate the deterministic size éffeoblem. Previous developments of the
two-scale approach [36, 37, 316] used simple nedterddels and considered only some
particular loading conditions. For example, [37]aldewith the failure of quasi-brittle
materials in the tensile regime and [316] usedeakage model [75] which can describe the
behaviour of porous granular rocks only. The codiplamage-plasticity models developed
in the previous chapters, although phenomenolagieabble the description of the
macroscopic behaviour of rocks under a wide rarigeaaling conditions. In this chapter,
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the coupled damage-plasticity model developed foops rocks (Chapter 4) is used to
investigate the deterministic size effect problerhiolv is encountered in laboratory
experiments and practical applications when thd smecimens or rock formations are
loaded under conditions conducive to brittle faglur

6.2. A Thermodynamic Field Theory for Inhomogeneous
Materials

The application of the thermodynamics field thetwycontinuum mechanics is
essentially based on the assumption that no vamiafithe state variables takes place within
the continuum element and they only differ from etement to another [21]. Therefore, in
order for the thermodynamics field theory to bel@pple to the development of constitutive
relations for a non-homogeneous continuum elenvemsisting of different constituents, a
homogenisation scheme should be adopted. At aansaihle, however, the assumption of
homogeneous element still holds for each individwaalstituent. Therefore, each individual
constituent can have its own state and internabbkes and also constitutive relations. In
this sense, the homogenisation scheme can be rettetipas a measure for specifying the
contribution of each constituent in the overalléabur of the non-homogeneous continuum
element at a larger scale. In addition, the intesas between different constituents

comprising the non-homogeneous continuum elemest brispecified.

In generalised thermodynamics (or thermodynamidh witernal variables), each
internal variable is responsible for describing #wlution of a dissipation mechanism.
Hence, the development of a fully micro-mechanmsatiel, which takes into account all the
details of deformation and energy dissipation atraiscale, would require an infinitely
large number of internal variables. In micromechahimodels, the governing equations
which describe the mechanism of deformation ar@rgiln the simplest form possible.
Although the material behaviour can be predictedisately by means of a micromechanical
model, large-scale applications of these model&ldzeirestricted by its level of complexity
and also by available computational resources.l#®nrative approach is, therefore, to select
a small number of internal variables and enrichgtreerning equations which identify the
essential mechanisms of deformation and energyipdigsn. In addition to this, the
interaction and interdependencies between thesenaitvariables should be specified by

means of some kinematic constraint equations.
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(b)

Homogenisation ol

1L

Figure 6.1: (a) A non-homogeneous RVE consistingiatonstituents (b) Homogenisation &f —
1 constituent outside thi&"* constituent

As was discussed earlier in Section 3.3, in soméaisdkinematic variables are not
entirely free or independent but are constrainedterdependent by some means. In general,
these constraints or interdependencies might irvalvains and/or the rate of internal
variables. The development of such models canreitbachieved by reducing the number
of kinematic variables, through eliminating the degent variables, or by introducing some
constraint equations while keeping all the kinemaéiriables [19, 214]. The latter is a more
powerful and general technique and, hence, withdb@pted in this study (see Section 3.3).
Developing constitutive models for non-homogene®\&Es (Figure 6.1) requires the
determination of the contribution of each (microam field, pertaining to each individual
constituent, to the macroscopic strain field. Irdiadn, it is required to specify the
interaction and kinematic interdependencies betvadlethne constituents. Therefore, for a
unit volume of a heterogeneous material consisiing different constituents, as illustrated
in Figure 6.1, the first kinematic relationship, ialh specifies the contribution of each
constituent to the macroscopic strain field, cargiven as the weighted sum of the strain

fields of all constituents as:

£=flel 4 +fNN—Zfl 6.1)
However, a more useful approach for modelling tbealised failure is to give the
macroscopic strain rate as the weighted sum oftiiaén rate of thé” constituent and the
volume-weighted average of all the strain ratesap@ng to other constituents outside the

boundaries of th&" constituents (Figure 6.1):

E=flet+ (1— fi)e (6.2)
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In the above expressio#! is the strain rate inside thé&* constituent with the volume
fraction f! and&°! represents the volume-weighted average of thinstaées outside the

boundaries of th&" constituent, which can be given as:

-0l

_Q@L ) -rie
(Z?]ﬂfj) - fi

In addition, in the absence of strong discontiesitwithin the non-homogeneous

(6.3)

RVE, Maxwell's compatibility condition requires ththe strain rate in thé" constituent be

of the form:
(E.f/e) - fié
(Z?’=1 f]) - fi

In the above expressioé! represents a kinematically admissible discontisunode (e.g.

gl = g0 4 gkl = + &Mt (6.4)

velocity jump) over the boundaries of & constituent. From equations (6.2) and (6.4) the

macroscopic strain rate can be given in the twloWohg forms:

&= g0+ flgkt (6.5)
E=¢&—(1-fh)ek (6.6)
Following the discussion in Chapter 3, the condgi@f equations (6.5) and (6.6) can be

given in the form of two kinematic constraint eqoas as follows:

C,=¢—&% —flghi=0 (6.7)

C,=¢—&+(1-fHéeki =0 (6.8)
Furthermore, the general form of the Helmholtz feeergy potential can be given

as the weighted sum of the Helmholtz free enerdgrgials for the material inside th&

constituent and the Helmholtz free energy for thmbgenised bulk outside the boundaries

of theit" constituent:

Y= Fipi(eal, ..., ab) + (1 — FHwoi(e, aft, ..., @9t (6.9)
In the above expression, the strain tergaepresents the strain field of tHé constituent

and (@, ...,a.) is a set of internal variables, which describe the historydeformation

and energy dissipation within th& constituent. The symbot® at the top of each internal
variable indicates that the internal variable caraliensor of any order, including a scalar

(which is a zero order tensor). The homogenisearstensorst is the volume-weighted
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average of the strain fields of all constituentssile thei*constituent and it is given by
equation (6.3). Furthermore, each of the intermaiables in the sei@?’, ..., @3') and also
their rates %, ...,@%") can be determined using the same method as that fose
determinings®:. For example the rate of tiké" internal variable in the homogenised zone
outside the®" constituent can be given as the volume-weightentame of the rate of the

same internal variable in all constituents:
o (ZafTay) - flay
a, = T ;

Furthermore, the power of deformation produced lagnmscopic stresses can also

(6.10)

be given as the weighted sum of the power of dedition in theit" constituent and the
volume-weighted average of the powers of deformagimduced by microscopic stresses

within all other constituents:

SW=0:é=flg": &'+ (1—f)o% : &% = flsWi+ (1 — f)swe! (6.11)
Therefore, by making use of equations (6.9) andl1()6according to the First Law of

thermodynamics, the dissipation function for theERdan be given as:

80 =0W —¥ = fi(W = W) + (1 — fH) (WO — W) = figdl + (1 — f1)60°  (6.12)
In the above  expression, §&! =8, .., @b, &k,...,ak) and POl =
soo(aft, ..., @3, afh, .., a3') represent the dissipation functions for a unitunsé of the
material inside and outside ti# constituent. The dissipation function of equat{éri2)

can now be supplemented with the two kinematic ttamg equations (6.7) and (6.8).

Therefore, the supplemented dissipation functionleagiven as:

SCD’ = SCD +A1: Cl + AZ:CZ 2 O (613)

whereA; andA, are two Lagrangian multipliers. The Lagrangian tipliers can then be
obtained from the following set of equations, whiak outlined in Chapter 3, are resulted
from the First Law of thermodynamics and the Secbad in the form of Ziegler's

orthogonality principle:

oY 99 aC, aC,

=9e Tog gy Thegy ~hthe (¢44

()
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o 09 aC, ac, N
0=a£oi+m+/\1:m+/\2:m=(1—]”)0'01—/\1 (615)
alP 0P ac, aC, o
a{:'l a l+A1:E+A2:E=fLO'l—A2 (616)
o¥ 0o ac, aC, . ,
= oot gt Mgz H A gz = (1A = fiA (6.17)
0¥ 0 o 0C  0C — - owe! £ (1= oz (6.18)
a~0L a~ot 1 a~ot 2t a~ot f a~0L f :
o¥ 09 ac aC, ov!
0:T+T+A = AZ ,.v.—fl 7 f k=1..n (619)
oa, o0aj 8 o
From equations (6.15) and (6.16) it rapldly follomat:
=(1- "o (6.20)
A, = flio? (6.21)

Therefore, by virtue of equations (6.14), (6.20) #.21), the macroscopic stress tensor is
obtained as the weighted sum of the micro-strassoteinside thé‘" constituent and the

volume-weighted average of all other micro-stressors outside thé" constituent:

o= (1-fYe" + fia (6.22)
In addition, from equation (6.17) the following é@durium condition is obtained between

theit" constituent and the surrounding homogenised damain

(1-fYe° = flot (6.23)

The homogenisation scheme used in this sectiorsimple volume averaging. In
principle, more sophisticated homogenisation tegqies can be adopted to specify the
connection between the microscopic and macroscsipan fields. This would require
further research and investigation on homogenisatitethods applicable to inelastic
deformation of inhomogeneous materials which issiolet the scope of this study.
Furthermore, the interaction between different pbasas stated by the Maxwell's
compatibility condition in equation (6.4), in tlaeneral thermodynamics formulation needs
further specification. For instance, it is requirétat the specific definition of the
kinematically compatible mode, denotedédsin equation (6.4), be determined. The next
section is a simple illustration of such an intéiacof a two-phase solid material, with a

localisation band.
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6.3. A Thermodynamic Formulation of L ocalised Defor mation

For a volume element of material containing a lisediion band, two separate
homogeneous solutions can be developed to degbebeonstitutive behaviour of each of
the two material phases inside and outside thdisati@n band. The contribution of each
material phase in determining the overall behaviouthe volume element can then be
specified by adopting a homogenisation schemeahesas that outlined in Section 6.2. In
the development of a two-scale model, Nguyen et[3&l, 37] adopted a similar
homogenisation scheme and defined the volume dracii the localisation zon¢, as (see
Figure 6.2):

Q; hA h

= o+, " W-na+hd_ H
In the above expressidly andQ, represent the volume of the localisation bandthatof

(6.24)

the surrounding material, respectively, is the characteristic size of the RVE ahd
represents the width of the localisation bandhttidd be noted that in this formulation the
width and orientation of the localisation band emesidered as invariants. If the Helmholtz
free energy potentials for a unit volume of the enat inside and outside the localisation
band are, respectively, denotedidsand¥?, the general form of the Helmholtz free energy
for the macroscopic volume element, as illustrateéigure 6.2, is given as follows:

Y =(©1-v(ef, @, ..., @5) + f¥ (el @i, ..., aly) (6.25)
In the above expressiofi,= h/H and(1 — f) are volume fractions of the material inside
and outside the localisation zone, represented uperscript,i and o, respectively.
Furthermore @, ..., @5 and @?, ..., a3 are sets oV internal variables pertaining to the
material inside and outside the localisation baedpectively. These two sets of internal
variables are responsible for recording the histifrinelastic deformation and/or energy
dissipation in each individual material phase. &seas when the internal variables for the
material inside and outside the band are of theesaature (e.g. the case of a homogeneous
material which is going to bifurcate from the horangous state) this homogenisation
scheme will be switched on at the onset of locatisawhen the evolutions of these internal
variables and, subsequently, their total valuegsHermaterial inside and outside the band
become different. However, if the two sets of ingdrvariables are identical in nature and
have the same evolutions and total values, theeMiooulation automatically collapses to

the homogeneous case, i¥.= W = O,
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0+

A
Q; - Volume fraction of the material inside
Q, = Volume fraction of the material outside
A - Area of the FPZ

Figure 6.2:Localisation band of width embedded in a volume element of characteristel$iz

Furthermore, as was discussed in Section 6.2 aWwempof deformation produced by
macroscopic stresses can also be given as the tegighm of the powers of deformation
produced by microscopic stresses inside and outbieldocalisation zone (Hill-Mandel

condition):

SW =0;;é; = (1 — fofed + folé; = (1 — f)SWO + fSW? (6.26)

Therefore, by making use of equations (6.25) an@6{6according to the First Law of

thermodynamics, the dissipation function can begias:

8O =W —-W=_>1-1)(W°—W°)+ f(6W!—¥!) = (1—f)§DP° + f5P!  (6.27)
In the above  expression §&'=4§d(al, .. aL, al, .. ak and §d° =
soo(ay, .., ag, &, ...,ay) represent the dissipation functions for the umitumne of the

material inside and outside localisation band, eespely.

As was discussed in Section 6.2, the developmeatcohstitutive model for a non-
homogeneous RVE, e.g. an RVE containing a locabisdtand, requires to, firstly, specify
the relationship between the microscopic and maogmes kinematic fields and, secondly,
to specify the kinematic interdependency betwedierént constituents within the RVE.

Therefore, the first kinematic relationship givé® tmacroscopic strain raté;) as the

weighted sum of the microscopic strains insis'f;a) @nd outsideg) the localisation band:

&;=1— e+ fel; (6.28)
The above kinematic relationship specifies the rdoation of each constituent to the
macroscopic strain field with respect to their voifraction. In addition, bifurcation from
the homogeneous state in geomaterials is assoaigtethe occurrence of discontinuity in
the strain field across the localisation band whglkinematically compatible with the

surrounding material (discontinuous bifurcation])32 herefore, following the discussion
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in section 6.2, the strain rate inside the loctbisaband él-ij) can be given, from the
Maxwell’'s compatibility condition, as the sum oéthtrain rate outside the localisation band
(¢7;) and a kinematically admissible mode over the lauies of the localisation bané{j()
(equation (6.4)). For a localisation band with laboundaries this kinematically admissible
mode can be given as a velocity (displacement patep) between the two planar boundaries
as [317, 318]:

w (Eimg)” (6.29)

E]- A

In the above expressiofy]; represents the velocity jump between the two safethe
localisation band and; is the unit vector normal to the orientation o thcalisation band.
The superscript refers to the symmetric part of the ‘directionalocity tensor’. Hence, the
strain field for the material inside the localisatiband is connected to the strain field outside

the band by means of the Maxwell’'s compatibilitypdiion, which is stated as:

. s
£l = &0 + &k = &0 + (fadimy ) (6.30)

At the continuum level, the two microscopic streensorsg;; ande'l-"j as well as the
velocity jump vector[u];, play the role of internal variables and are tatrhere as macro-
internal variables. In this sense, conditions ofiagpns (6.28) and (6.30) specify the
interaction and interdependency between the rdtesaoro-internal variables and also the
macroscopic state variablé;;. The macro-internal variables also play the rofe o
microscopic state variables for their associatetsttwent. In general, each constituent can
have its own set of micro-internal variables anal €ghibit a unique constitutive behaviour.
For instance, in an RVE containing a localisatiand under monotonic compressive
loading the material inside the band undergoesédurinelastic loading while the material
outside the band will be unloaded. The overall beha of the RVE is then a combination

of these two modes of behaviour.

Using equations (6.28) and (6.30), after some aegements, the macroscopic strain

tensor €;;) can be given in the two following alternativerfo:

_gi (1 f)( 1)’ (6.32)

gij ij
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Following the discussion in Chapter 3, the condsiof equations (6.31) and (6.32) can be

given in the form of some kinematic constraint dmumes as follows:

Cij = & — £ _%([u]inj)s =0 (6.33)
Ch=éy—¢&j+ th)([u]inj)s =0 (6.34)

As can be seen from equations (6.33) and (6.34)éordance with the dissipation function,
kinematic constraint equations are also homogen&mirder functions in terms of the
rates of internal variables. Thereby, the dissgrafunction can be supplemented by the

kinematic constraints of equations (6.33) and (pa34follows:

8§D' = 8D + A};Cl + A3 CE =0 (6.35)

Therefore, from equations (6.25) and (6.35) antbbgwing the standard procedures of the
generalised thermodynamics, as outlined in Ch&jtire following set of equations can be

written for an RVE containing a localisation band:

v 9D ac; acz
= 280 = AL+ A2, 6.36
Oij e, | Deng + Ay 3, + A%y e, NjaSiacSjy + Ny 8385 = Aj; + 13 (6.36)
¥ 9P acs ach
= 9e?, + 9¢?, + Ay FED L+ A% 90, = = (1= f)of; = N6y = (1 = o — Ay (6.37)
oY 00 ac; aCE .
=—+ Ay —L+ AN —L = A2,848; = fol — A% 6.38
agllcl asz agkl kl agkl fo-l] kl lk Jjl falj ij ( )
o L aC; ac? _a-1 f
= 1 2 2 18
0= a[u]k + a[u] +Al] a[u] +AU a[ ] n A alk ] hAU&kn] (639)
_a-n.,
— T A% hAk]nJ
0 aLp+aCD+A1 aCl+A ad 1-— + 1
- a~7qn E am Kkl ~% ( f) a~o ( f) (640)
=1..N
0o 0% L, 0C; L2 265 och vt
S oal  al i gl TUgl T aal (6.41)
m=1..N
From equations (6.37) and (6.38) it rapidly follotlat:
A =1 - f)af (6.42)
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N = fai; (6.43)
whereai"j anda;; are stress tensors for the localisation band bedurrounding material,

respectively. Therefore, by virtue of equation @,3the macroscopic stress tensor is
deduced as the weighted sum of the stress tensideiand outside the localisation band

as:

o= (1 —faf} + fo; (6.44)
Furthermore, from equation (6.39) along with equadi (6.42) and (6.43) the following
result is obtained:

Bl el - oy = o (649
For0 < f < 1, that is, for cases when the RVE contains a Isadbn band of widtl) <
h < H, the continuity of traction across the boundaakthe localisation band is deduced

as:

In order to complete the formulation, it is alsgegstial to obtain the explicit expression of
the velocity jump[z]; in terms of the macroscopic strain incremept, To this end, the

internal equilibrium or the continuity of tracti@ctross the localisation band, as stated by
equation (6.46), is used in the rate form as:

(6t —)n; =0 (6.47)
Furthermore, by virtue of equations (6.33) and4H.te microscopic strain increments for

the material outside and inside the localisatiomdoa terms of the total macroscopic strain

increment and the velocity jump are given as:

S S P

S'l' = Sij + T([u]ln] )S (649)
Therefore, if the tangent stiffness tensors forrttagerial inside and outside the localisation
band are denoted agkl andCi‘}L, respectively, then the stress increments insideoatside

the localisation band are given as:

a-1_. )

p . e
6ij = Cljtéia = Clju (Ekl + - ([lgny )®

(6.50)
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. [
= Cléi = Clik (Ekl - E([u]knl )S) (6.51)
Substitution of equations (6.50) and (6.51) inte thte form of the traction continuity
condition (equation (6.47)), results in the follogyiexpression:

Ciji (ékl + Tf ([aleny )® ) n; = Cliy (ékl — % (D )5> n (6.52)

Rearrangement of the above expression gives:

(= Pal + £4%) [il; = h(C = Clha)éumn; (6.53)
In the above expressioﬂj andAy; are the acoustic tensors pertaining to the maiesile

and outside the localisation band, respectivelg,tapy are defined as follows:

Ai’j = iikalnknl (6.54)
A?j = in]I;lnknl (6.55)

Therefore, the velocity jumpi]; across the boundaries of the localisation bamilviesn in

terms of the macroscopic strain increment by tlewong expression:

[u]; = h[(1 - f)Ai'j ] ( jklm — klm)glmnk (6.56)
Furthermore, the dissipative parts of the intefoates corresponding to the microscopic
internal variables are obtained from equationsQ)6add (6.41) as follows:

3 alpo , 0G5, 9 oW
i ack ack oW
Fio=— 5al (A}] i + A i /f = 3t n=1..N (6.58)

For practical applications of the above formulatibshould be noted that this model
describes the behaviour of an RVE which is iniyidlomogeneous. After the onset of
localisation has taken place, the RVE bifurcatesfthe homogeneous state and becomes
non-homogeneous. One way of describing the behawioilne RVE after localisation is to
assume an elastic behaviour for the material caitsid localisation band, while the material
inside the band continues to deform elastically.[Bn alternative approach, which is used
in this study, is assume a single mode of behayioelr inelastic behaviour for both the

localisation band and the surrounding material. B\mv, it should be noted that the
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evolutions and the total values of the state anermal variables of the models will be

different for the materials inside and outsideldwalisation band.
6.3.1. The Case of a L ocalisation Band of Vanishing Thickness (h — 0)

For some quasi-brittle materials, such as hardstieé thickness of the localisation
band or the fracture process zone (FPZ) is verylsiompared to the characteristic size of
the specimen or structure. In such cases, the iagnst behaviour of the FPZ can be
described using a cohesive crack model or a coldsational interface (see Appendix B).
For the case when the width of the localisationdb@nnegligible, i.eh — 0, the volume
averaged macroscopic strain tensor is obtainediyevof equation (6.28) and (6.30) as
follows:

, s
&= (1= FE0 + fel, = (1 - %) & +%<s;} + M) =& +%([u]in,-)s (6.59)
In addition, the increment of the macroscopic stteasor, given by equation (6.44), reduces

to:

Therefore, by making use of equation (6.59) théotahg expression is deduced for the

increment of the macroscopic stress tensor:

1
diy = 68 = Cifa (80 = 77 (i) (6.6)

whereCi‘}L is the tangent stiffness of the bulk outside tR& Af the tangent stiffness of the
thin FPZ is denoted ak;; then the traction continuity condition across HeZ can be

written as:
Substitution of equation (6.61) into equation (§.&&er some rearrangement gives:

1 . .
(E Cliamem + Kij) [i]; = Cllémy (6.63)

Recalling that4?; = Ci‘}-};lnknl Is the acoustic tensor for the material outsideRRZ, the
following expression for the velocity jump acrobe FPZ is deduced:

\ 1 - ,
[u]; = (EA& + K,d) Cootm Mm&ij (6.64)
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Substituting the above expression into equatiddil{g.esults in the following expression for

the macroscopic stress tensor:

1
Gij = 6 = Cliiy (1 74 1C{,’grsnrns> Exl (6.65)
In the above expressio;ﬁl,-‘j1 is given from equation (6.64) as:

At = (%A?j +Ky) 1 (6.66)

In cases where the thickness of the localisatiardba infinitesimal k& — 0), the
constitutive model for the localisation band spesithe relationships between the tractions
acting on the boundaries of the localisation baod f(acture process zone) and the
corresponding displacements. An example of this caprovided in Appendix B, where a
very thin fracture process zone is modelled ashesiwe-frictional interface. However, it
should be noted that the case of an infinitesimalks shown in the developments of this
section is a special case of a more general fotioualgpresented earlier. This new
development makes it possible to describe the cadbghaviour using a continuum model.
In this sense, a single continuum model can be tmethe RVE and after the onset of
localisation the same continuum model can be usdddcribe the constitutive behaviour of
a fracture process zone with infinitesimal thiclgie8n important aspect of the present
developments is that it facilitates to take intoaet the stress triaxiality in cohesive crack
modelling, a feature which is usually missing imeentional constitutive models developed

for cohesive cracks.
6.3.2. Continuum Tangent Stiffness Tensor
From equation (6.44), the increment of the macrpiscstress tensor is given as:
6 = (1= )6 + fdi; (6.67)
Substitution of equations (6.50) and (6.51) int® &lvove expression will result in:
—a-p (c;}il (6 Lt ))) +f (cl,kl (600 + 2 it ))) (6.68)

By rearranging equation (6.68) the following exgres for the increment of the

macroscopic stress tensor is obtained:

f(

=[(1- )i + fCl]kl] ' [Cukl Cukz]([ﬁ]knz )* (6.69)
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Substituting for the velocity jumgit],, from equation (6.56) into equation (6.69) resirts
the following expression for the increment of thaamoscopic stress tensor:
6 = [(1 = CH + fCiikal]ékl . .
- f(1- f)[Cin]I;l - Cilfkl](A;t}(ngTS - C[,er)nrns )ékl
In the above expression the second order tefisas defined as (see equation (6.56)):

(6.70)

Ay = (1= A} + A (6.71)
Therefore, the macroscopic tangent stiffness telmsdhe RVE is given as:
Cﬂkz = [((1 - f)Ci(;'iTcl + fCii]Tkl)
— £ = P(CS = ) (A (Cohs = CilrsInyms) |

From the expression of the tangent stiffness teesration (6.72)) it is clear that

(6.72)

the model is neither an upper bound nor a lowentaolution but it lays between these
two limits. This feature of the model is a direonsequence of specifying the kinematic
relationships at two scales. Firstly, the macrogcsyain field is given as the weighted sum
of the strain fields inside and outside the lo@dim band. Secondly, the kinematic
relationship between the localisation band andstireounding material is specified in the
form of Maxwell’'s compatibility condition. The maxscopic stress is then obtained
automatically within the thermodynamic formulatias the weighted sum of the two stress
fields inside and outside the band. FurthermonetHe homogeneous state, e.g. before the
onset of localisation, the tangent stiffness temsoe the same inside and outside the band,

i.e.Cogrs = C;;f,rs and the solution collapses to a homogeneous soluti

6.3.3. An explicit stressreturn algorithm

In this section, an explicit stress return algomnitfor numerical implementation of
the two-scale model is presented. This followsieadevelopments in [27, 28]. Explicit
stress return algorithms are easy to implementcandalso serve the verification of other
more complicated stress return algorithms if usdth extremely small increments. The
explicit algorithm in Section 6.2.2, requires thefagcement of traction continuity in
incremental form (equation (6.47)) in order to abthe velocity jump (equation (6.56)) for
determination of tangent stiffness tensor. The meiment of traction continuity in
incremental form inevitably introduces error acclation during the deformation and
affects the accuracy of the numerical solutionsorbter to improve the performance of the
explicit algorithm an algorithm which uses the tdiam of the traction continuity is
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developed in this section. Due to numerical ettee,traction continuityd;in; = aii]-n]-) has

a small residual as:

T O'TL

i1 Uiij n; (6.73)

The first order Taylor expansion of the residuattion vector can be written as:

rjew = pold 4 Aofin Aa (6.74)
wherer?' is the traction residual vector calculated frora #ress states in the previous
step:

ld _ old - yold
Pt =(a5) ni—(o5) (6.75)

The traction vectors for the material inside antsiole the localisation band are given from
equations (6.50) and (6.51) as follows:

i CotamumyAluly (6.76)

f
Acfiny = Cjg (Afkl — (A[uliny )S) n = ClliqAen; A

(1 -1
Aaun] = CUTkz <A€kl + 3 (Alulkn, ) |

(6.77)

Substituting equations (6.76) and (6.77) into eilguaf6.74) and rearranging the obtained

expression will result in:

. f 1-1)
eV =P 4 (Ch — Clly) Agigm; — (h Coamny + ——— " Cllamuny | Alul,  (6.78)

The above expression can be rewritten as:

f a-7 .
i =1+ (Clla — l]kl) Agpn; — <EA?1' + h Ay | Alul (6.79)

where A7; and Aﬁj are the acoustic tensors for the materials insidé outside of the

localisation band. Enforcing the requirement4f* = 0 and solving the obtained equation

for the displacement jump incremeiiit]; leads to:

Alu]; = (%A(i)j (- 5 f) —— A > (' + (Cht - Ciikal) Aem;) (6.80)

OnceAfu]; has been calculated, the strain increments cataéned as:

. 1-—
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Ac‘flpj = Agij —%(A[u]inj)s (682)

Having the strain increments for the material ias@ohd outside the localisation band their
associated stress increment can be computed usiiagscal stress return algorithm [319,

320]. Then the macroscopic stress increment catob®guted using equation (6.44). The

aspects of the numerical implementation of the sesale approach and its performance can
be found in [36].

6.4. Analysis of the Deter ministic Size Effect

As was discussed in Section 4.7, the observed meiaresponses of rock
specimens in drained triaxial tests are a comhlonaif structural and material responses. In
general, whenever the consequence of failure isptist-peak softening or the lack of
ductility, a size effect is expected [31]. The sef#ect is the most important practical
consequence of fracturing phenomena and observatithre size effect is an effective way
to calibrate the parameters of a constitutive madablerstanding the effect of the size of
the specimen (or structure) on its mechanical respaonder a certain loading configuration
is of paramount importance in engineering desigth applications. The size effect is a
problem of scaling which should be taken into praymmsideration, especially, in areas such
as geotechnical engineering, arctic engineering gadmechanics. In other areas of
engineering, where the structural components catesied at full size (e.g. aerospace
engineering), the scaling problem is a relativelssl pressing issue. In solid mechanics, the
size effect is understood as the effects of theaateristic size (or dimension) of a specimen
(or structure) on its mechanical response, i.e.inahstrength and the post peak load-
displacement response. Theories developed for ssidethe size effect problem can either
be classified as statistical or as deterministie siffect theories. In the former, it is assumed
that the size effect is caused by the randomnesstdrial strength which increases with the
dimension (or characteristic size) of the structumethe later, on the other hand, the size
effect is known to be caused by stress redistoibgtidue to the stable propagation of a

fracture process zone (or a localisation zone).

The overall response of a rock specimen is detethby the material behaviour
inside and outside the band and also the orientatnol thickness of the localisation band.
In the context of the two-scale model, the orieatabf the band is determined by means of

a standard bifurcation analysis (e.g. loss of pasitiefiniteness of the acoustic tensor).
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Therefore, for a given set of parameters, the tatemn of the localisation band under a
certain loading condition is always the same. Thiekhess of the localisation band is
governed by the material microstructure and alsanbary conditions. In particular,
experimental observations show that the band teskis a physical quantity which can be
linked to the grain size of the material (e.g. 8i2@es the mean grain diameter) in granular
materials [194, 321, 322] or 3 times the maximurgragate diameter in concrete [323].
Figure 6.3 illustrates the variations in the reggoaf a model under triaxial compression at
30 MPa confining pressure, with respect to diffemeidths of the localisation band, while
all other model parameters are kept unchanged.cobpled damage-plasticity model for
porous rocks, developed in Chapter 4, is usedHhigr garametric study and the material
model parameters are the same as those given ie Zdbh The incorporation of a length
scale, via parametér; into the model formulation allows for correctlgpturing the effect

of size on the macroscopic response of a specie aonstitutive level.

MP.
200 |1

150 A
100 A

50 1

Figure 6.3: The effect of the width of the localisa band on the average stress-strain resporee of
specimen modelled by means of the two-scale model

In Section 4.7.2, the effect of the specimen sizéhe overall mechanical response
of the specimen was investigated by means of fialament (FE) simulation of rock
specimens in drained triaxial tests, using the nateodel for porous rocks developed and
discussed in Sections 4.3 — 4.6. In this sectlumjwo-scale model, detailed in Section 6.3,
along with the coupled damage-plasticity model ¢tgyed for porous rocks in Chapter 4 are
used to investigate the effect of the deterministme effect on the overall mechanical
response recorded for rock specimens in experirstudies. As mentioned earlier, upon
the onset of localisation the homogeneity of théemal is lost and the material inside and
outside the localisation band exhibit differentp@sses to different stress (and kinematic)
fields inside and outside the band. In particullae, dissipation mechanisms (e.g. damage
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and plasticity) are active inside the localisati@md, while they are deactivated outside the
band. Therefore, the amount of total dissipatedggnis mainly determined by the size of
the fracture process zone or the shear localisdi@o. On the other hand, the amount of
total elastic energy which is stored within the@pen prior to the formation of fracture
process zone scales up with the specimen (or ste)ctize. Accordingly, specimens of the
same cross section and different slenderness oam different amounts of elastic energy,
but the amount of dissipated energy is the samalf@ases as the width of the localisation
band does not change with the size of the speciiites, however, is only true if the aspect
ratio of the specimen is large enough so thattiless distribution inside the specimen is not
majorly affected by the end effects due to theratdton between the steel platens of the
loading machine and the rock specimen. The effeitteospecimen slenderness on the load-
displacement response of specimens of unit cragsoeeand different slenderness under
uniaxial tension is illustrated in Figure 6.4. Inglre 6.4, the area under each load-
displacement curve can be interpreted as fractueegg or the amount of energy which is
dissipated during the course of inelastic deforama#ind fracturing. As can be seen in Figure
6.4, in all cases the same amount of energy igdiexl. However, the effect of the specimen

slenderness can be clearly seen in the post-petikngsmy branch, which becomes
progressively steeper for longer specimens.

H = 20cm
_-lx Force, kN

(a) £=0.5
(b)——-£=0.25
(©)----f=02

W +~ ] [e)) ~1 (o] O
1 1 1 1 1 1

o
1

0.0 0.2 0.4 0.6 0.8
-1 x Displacement, mm

Figure 6.4: Analysis of size effect on the loadsthsement response of rock specimens with the
same cross-sectional area and different slendebyasgans of the two-scale model

Due to the loss of homogeneity of stress and s{eaid other kinematic) fields upon

the onset of localisation the macroscopic stresisstmrains measured for rock specimens in
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laboratory experiments are only meaningful as ayesa Due to the localisation of
deformation, material points inside a specimeneddmg on whether they are located inside
or outside the localisation band, exhibit differstness-strain responses. The overall average
stress-strain response measured in tests is gcauabmbination of stress-strain responses
of different material points within the specimemigissue was addressed in finite element
simulation of porous rock specimens in Section2 \Where it was demonstrated that upon
the onset of localisation, inelastic loading conéis in the finite elements (integration points)
inside the localisation band while those outsidelibnd were unloaded. It was also shown
and discussed that since the structural effectgshenoverall mechanical response are
accounted for in FE simulation of rock specimerndpaer agreement between the simulated
results and those from experiments can be achi@vigdre 4.42), compared to the case
when the whole specimen is assumed as an RVE dvehwhe stress and strain fields are

assumed to be homogeneous (Figure 4.23).

Furthermore, the localisation features of the natkependent coupled damage-
plasticity model (Section 4.5.4) causes the BVP%doill-posed and, hence, the rate-
dependent enhancement of the material model wasedaput in Section 4.7.1, as a
computationally efficient regularisation schemealieviate the ill-posedness of the BVPs.
In the application of the rate-dependent model, liasis for calibrating the viscosity
parameter is that the axial strain rate is presdrithe same as that in the laboratory tests
(¢, = 107%/s) and the viscosity parameteris calibrated using stress-strain data and the
localisation properties of the rate-dependent m¢sk® Sections 4.7.1 and 4.7.2). It should
be noted that although the viscosity parameter larcalibrated to replicate the load-
displacement (or average stress-strain) respdmse is no direct link between the width of
the localisation band and the viscosity paramétsillustrated in

Figure6.5, identical load-displacement responses can benaotdor two different
special discretisation by calibrating the viscosggrameten. Therefore, despite the
difference in the width of the localisation baneé gtame amount of energy is dissipated in
both cases. This can be explained by consideriagstiain profile across the localisation
bands, which indicates a greater strain rate ferlthnd of smaller width. Therefore, the
discrepancy between the widths of the two locabsaband is compensated for by the strain

rate to produce the same amount of dissipation.
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Figure 6.5: Load-displacement response and straifilgp across the localisation band for two
different mesh sizes

Figure 6.6 (a) illustrates the FE simulation ofenBieim sandstone specimen under
drained triaxial test with 30 MPa confining pregsurhe overall stress-strain response of
the specimen is calculated as the average of thgssstrain responses of the material inside

and outside the band.

Figure6.6 (a) also illustrates the stress-strain responséno elements inside and
outside the localisation band. The same analysisbeacarried out using the two-scale
approach through activating the localisation banth & prescribed thickness which is
embedded in an RVE. The localisation band is atettvat the onset of bifurcation, which is
determined by means of a bifurcation criterion (&oun 4.70). The classical bifurcation
criterion, which is used throughout this study edetines the stress state and the orientation
of the localisation bad for which the governing RDIBse their ellipticity. This loss of
ellipticity of the governing PDEs can be interpcetes the loss of material stability in a
certain direction at which the acoustic tensordase positive definiteness [32]. Figure 6.6
(b) illustrates the overall structural responseva#i as the material responses inside and

outside the localisation band captured by meariseofwo-scale model.
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Figure 6.6: Average stress-strain response anstitbgs-strain responses for the material inside and
outside the localisation band for a specimen oftBam sand stone under 30 MPa
confining pressure analysed by means of (a) FElation (b) the two-scale model with

f=h/H = 0.25.

As was discussed in Chapters 4 and 5, the simpéedependent regularisation
(Perzyna viscoplasticity [219]) scheme alleviates mumerical instabilities of the coupled
damage-plasticity models in a more computatioreffigient way compared to non-local or
gradient models. More specifically, rate-dependegtlarisation can eliminate the mesh-
dependency of the FE simulation (Figure 6.5). Hoavevf in addition to numerical
stabilisation, prediction of the thickness of tbedlisation band is also required, then the
viscose regularisation may not be adequate, netdirkk can be established between the
viscosity parameter and the width of the localmatband (see Figure 6.5). It should, also,
be noted that the application of the rate-dependmuels still requires that the size of the
finite elements be smaller than the width of thealsation band. Therefore, the application
of these models for very large scale problems ofegdhnical and mining engineering is still
limited by the available computational resourcd®e fwo-scale approach, however, enables

simulating substantially large scale problems hbryychimg the kinematics of the constitutive
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models through incorporating the essential featafdscalised deformation and failure at
the material level. As illustrated in Figure 6.fe taccuracy of the model in predicting the
mechanical response (of the specimens) is significamproved compared to the case of
assuming a homogeneous RVE. Furthermore, the timeomputation is significantly

reduced while achieving similar results compareth&FE simulation.

e —
~—
Uniform RVE Two-scale RVE FE simulation
q (MPa)
200 4
FAN
160 1 ' AN
¢ N s N
AR
N S~.
120 4 N T
N
~ ~
80 1 =
; Experiment
w0]¢ T—RVE Two-scale
— — —FE Simulation
. ---- RVE Homogeneous ¢, (%)

0 1 2 3

Figure 6.7: Comparison between the stress-straporese of a Bentheim sandstone specimen under
30 MPa confining pressure and the stress-straporeges produced by the homogeneous
and two-scale models at the material level andiffiglation

Figure 6.7 shows a discrepancy between the resiURE simulation and that of the
two scale model. This discrepancy is due to th@Hifizations in the two-scale model, which
assumes two separate zones and a "jump” in thawetr. It should be recalled that the
thickness of the localisation band, is specified as a constant parameter in the tates
approach. In Figure 6.7, the volume fraction ofldmalisation band is specifiefl & h/H =
0.1) so that the best fit with the experimental data loe achieved. However, it is emphasised
here that the discussions and developments irchiaigter are not aiming towards achieving
best fits. The focus is rather on the developméminocapproach which is more physically
correct compared to other approaches, which daai@ into account the induced non-

homogeneity at and beyond the onset of localisataine material level. As illustrated in
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Figure 6.8, the results of FE simulation and the-sgale model are in closer agreement
when the same bandwidth as that in the FE simuldfio= h/H = 0.3) is used in the two-

scale approach.
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Figure 6.8: Comparison between the stress-straporese of the two-scale model and that of the FE
simulation when the same bandwidth as that obtaimé¢tE simulation is used for the
two-scale model

0

Nevertheless, assuming a constant width for thalikation band poses some
challenges in selecting the bandwidtlas an input parameter for the two-scale approach.
No experimental procedure has been hitherto dedigmeffectively measure this length
scale. A common strategy for measuring the lenggileseither in the two-scale model or in
non-local or gradient models is to use the prafifestrain across the localisation band.
However, this profile shows a distribution with dual variation across the localisation
band. The main question is, therefore, how thetlersgaleh can be defined from the
distribution of kinematic fields (e.g. strain orsglacement) across the localisation band?
Providing an answer to this question, however, ireguurther experimental and numerical

investigations at the grain scale which is outsidescope of this study.

The two-scale approach can effectively capturel#terministic size effect by taking
into account the inhomogeneity of the stress amérkatic (strain and other kinematic
internal variables) fields at the onset of locdima It should, however, be noted that the
two scale model assumes the width of the locatisdiand to be invariant throughout post-
localisation phase of deformation. This assump@pproximates the variations of the

kinematic field within the localisation band an& turrounding bulk.

Figure6.9illustrates the displacement and strain profil@®ss the localisation band
obtained from the FE simulation and the analysisigans of the two-scale model. Non-
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local and gradient models can produce the gracaration of the kinematic field across the
localisation band. However, as mentioned earliee, implementation of these models
requires a discretisation size smaller than thehwad the localisation band. If the location
of the band is also unknown, then the whole domader consideration should be
discretised with the spatial resolution smallenttfee bandwidth. This would severely limit
the application of non-local and/or gradient modw&svery large scale problems of
geotechnical and mining engineering. The two-soabelel approximates the variation of
the displacement and strain fields by assumingnateot bandwidthh). This bandwidth is
then directly incorporated in the constitutive dtuas and the interaction between the
materials inside and outside the band at the datigé level. Therefore, the application of
the two-scale model does not require a smaller@tesize than the bandwidth. This feature
of the two-scale model makes it desirable for lesgale modelling in geotechnical and
mining engineering. However, for smaller scale peois non-local or gradient models

produce more accurate results.

Figure 6.9: Variation of displacement and straiafifgs across the localisation band captured by
means of FE simulation and the two-scale model
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6.5. Summary and Discussion

The main objective of this chapter is to develoghermodynamic approach to
constitutive modelling of localised failure. The dsgcale approach [37] featuring two
different responses upon the onset of localisatiasithe basis for this development. In order
to apply the thermodynamic field theory to the ¢insve modelling of localised failure, a
homogenisation scheme is proposed in this studig Atmogenisation scheme, although
simplistic, enables the modelling of localised dedl to be carried out in a consistent and

coherent manner within the framework of generaltbedmodynamics.

Furthermore, the application of the two-scale appinan capturing the deterministic
size effect is briefly discussed in this chaptarderstanding the deterministic size effect on
the mechanical response of structures is of paratmoyportance in any solid mechanics
problem, especially, in areas such as geotechar@imining engineering that conducting
experiments on full-scale structures is not usyadlgsible. The analysis of the deterministic
size effect by means of the two-scale approach oissiderably more efficient and
computationally cheaper compared to other kinerallyienhanced models such as non-
local or gradient models since the numerical im@etation of the two-scale model does
not require a discretisation resolution finer thidwe width of the localisation zone.
Furthermore, the two-scale model, detailed in $ac6.3, can be easily enhanced to

accommodate more than a single crack or fracturegsss zone within a volume element.

It is also discussed in this chapter that the teales approach specifies the
connection between the materials inside and outbelécalisation band by approximating
the kinematic fields across a band of an invamadth (h = constant). In other words, the
localisation band which is activated at the ondebiturcation has a fixed width (or
thickness) throughout the entire course of postilsation deformation. However, the
results of FE analysis (and also experimental nreasents [194, 321-323]) show that the
thickness of the localisation band is not constamt it evolves from an initially thick band
to a final fracture of negligible thickneds © 0). It should also be noted that although the
width of the localisation band) can be incorporated in the constitutive equatasa length
scale, the measurement or interpretation of thithwirom experimental observations may
not be straightforward. This length scale is selécby approximating the profile of
kinematic variables across the localisation bamstially by satisfying an energy balance

criterion. Although the macroscopic load-displacemeesponse of the experimental
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samples can be replicated by calibrating the mpdeimeters and selecting a length scale,
there are more than just one unique length scalestitisfy the energy balence criterion.

The schematic representation of this discussiatescted in Figure 6.10. The two strain

profiles across the localisation band are resdh®u selecting two different withi{ and

h,) for the localisation band. In both cases the wsmpic load-displacemnt response and
the dissipated energy are the same. This discusésonapplies to non-local and gradient

models. This issue is briefly addressed in Chaptes a subject for future research.

Load OExperimental data points

Displacement

Figure 6.10: Schematic demonstration of two diffielgandwidth with the same load displacement
response and different strain profiles acrossdhbalisation band
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CHAPTER 7

Conclusions and Future Resear ch

7.1. Summary and Conclusions

A thermodynamic approach has been adopted in tig/ 20 develop constitutive
models for rocks, using continuum damage mechamdsplasticity theory. The focus of
the constitutive model developments is on captutiregkey features of the macroscopic
behaviour of rock material. These features inclodgle and ductile failure modes and the
transition from brittle to ductile, dilation andropaction and localised failure. Emphasis is
placed on the thermodynamic admissibility of thedele by formulating the constitutive
models within the generalised thermodynamic frantkwim particular, a thermodynamic
approach is developed for modelling the localiseldife in geomaterials. In this section, the
main contributions of this study together with lin@tations and weaknesses of the proposed
models in this study is briefly discussed. In thd,egpossible future research directions are

proposed.
The main contributions of this research are:

» Development of constitutive models for two genewalk types (porous and compact
rocks) within the framework of generalised thermualyics using damage mechanics
and plasticity theory. The key feature that distispes these models from existing ones
is their capability to capture both the mechanibahaviour and corresponding
localisation modes of failure under both low andfeung pressures. In particular, it is
demonstrated that these coupled damage-plastiatets are capable of predicting the
macroscopic behaviour of rocks (brittle, ductil@ftie-ductile transition, dilation and
compaction) under a wide range of stress stateapi€hs 4 and 5). Furthermore, the
proposed coupled damage-plasticity models aretalgesdict the onset and orientation

of localised deformation for a wide range of thelaga confining pressures.
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Developing a thermodynamics formulation for moagli post-localisation at the
material (constitutive) level. A general thermodyn@ basis for constitutive modelling
of localised failure in geomaterials is proposesi,aa essential step that follows the
thermodynamic formulation for homogeneous behaviburfact this formulation is a
general one that covers both homogeneous and dedabehaviour to facilitate the
developments of constitutive models that can caphath pre- and post-localisation
responses in a physically meaningful way. The psedapproach is then used to model

the localised failure of geomaterials as an exarflapter 6).

An investigation of localised failure in geomatésiat both structural (specimen) and
material levels. In particular, the regularisedmed damage-plasticity model for porous
rocks, using rate-dependent enhancement, allowditite element simulations of
localised failure in cylindrical rock specimens end wide range of confining pressures.
Based on the results of FE simulations, the detestit size effect is investigated and
discussed (Chapter 4). In parallel with this, iaiso demonstrated that once a correct
mechanism of failure (in this study, localised mod# failure) is identified and
embedded in a model, it is possible to investigaitesize effect at the material level. In
this regard, the constitutive model developed fwops rocks is also used in conjunction
with the results from the thermodynamics developn@@analyse the deterministic size
effect at the material level. This is physicallyanengful and also more computationally
efficient, compared to the full finite element siation of rock specimens. This also has

good potential for simulations of large scale issue

In the subsequent sections, the above-mentionetlilmations and findings of the

present research will be further illustrated arstdssed.

7.1.1. Constitutive model development for rock using damage and plasticity

Coupled damage plasticity models are developedhis $tudy to describe the

macroscopic behaviour of porous and compact roCkgters 4 and 5). The development

of the models was carried out within the framewafrigeneralised thermodynamics. Within

the framework of generalised thermodynamics, théreerconstitutive relations can be

obtained through explicitly defining two scalar &fions, i.e. an energy potential and a

dissipation function [19, 21, 22]. Coupling betwetamage and plasticity is specified in the

formulation of the dissipation rate function, whiah turn, gives rise to the existence of a

single yield function, which controls the simultans evolution of all internal variables, i.e.
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the scalar damage variable and plastic straings klso demonstrated that owing to
possessing a single generalised yield function ékiatves to a failure function, under the
effects of both damage and plastic deformationptbposed model facilitates the simulation
of rock behaviour under a wide range of confininggsures. In particular, unlike many
existing models in the literature, no explicit hemchg/softening laws are needed in this
formulation. Instead, both hardening and softeningether with their transition are

contained in the evolution of the yield functiororr its initial state (onset of inelastic

behaviour) to ultimate failure. This greatly sinfigls the structure of the models, reduces

the number of parameters, and can facilitate tnsarin practical applications.

An important feature that, to the best of my knalgle, has been overlooked in the
development of constitutive models for geomateriglthe capability to predict correctly
both the onset and orientation of localised defdionain conjunction with the mechanical
responses, under different confining pressuresindithe requirements to predict correctly
the onset and orientation of localisation banda toodel is, to some extent, like imposing
more constraints that the model should conforri\sohas been demonstrated in Chapters 4
& 5, the proposed coupled damage plasticity modedscapable of predicting the onset and
orientation of the localisation band for a widegarof confining pressures. Capturing all
these behavioural features together is not trana is missing in most (if not all) constitutive
models. Furthermore, it is demonstrated, through development of two separate
constitutive models for porous and compact rocksy Hifferent deformation mechanisms
can be taken into consideration by selecting arfthidg the internal variables in the
formulation of thermodynamically admissible congiite models. The main motivation for
these developments is the observed differenceslettihe dilational/contractive responses
of porous and compact rocks.

7.1.2. Ther modynamics developments

It is essential for any constitutive model to berthodynamically admissible. It is,
in principle, possible to apply the requirementstfee thermodynamic admissibility of a
constitutive model retrospectively after the coriple of the model formulation. This
approach, however, may lead to introducathhocassumptions in the formulation of the
model. A more rigorous and consistent approacthesgefore, to construct the constitutive
model within a well-established thermomechanicaifework. Constitutive models in this
study are all developed within the framework of @@aftised thermodynamics or

thermodynamics with internal variables. Standardcedures and principles of the

7-3



CHAPTER 7 Ctrsions and Future Research

generalised thermodynamic framework are summaasedpresented in Chapter 3 of this
thesis in a simple way which facilitates the apatiien of the framework to the constitutive

modelling of engineering materials.

More importantly, given localisation as an impottéeature of rock behaviour that
should be correctly captured in a model, it is e8akto establish a general thermodynamic
formulation that can cover both homogeneous aralikexd modes of failure in a physically
meaningful and consistent manner. To the best okmoyvledge, no such thermodynamic
frameworks exist in the literature, although thleawe been constitutive models capable of
handling post-localisation responses and captwing effects at the material level. This
issue is addressed in Chapter 6, in which a theymadic approach for modelling the
localised deformation and failure in geomaterialdeveloped. For this purpose, the original
thermodynamics field theory is enhanced to acconat®donstitutive modelling for
geomaterials under both homogeneous and localisetesnof failure. This enhancement,
although simplistic, has proven to be useful in stibutive modelling of localised
deformation, which is a special type of non-homagggrbeing introduced to a homogeneous
material element at the onset of localisation. lir@nhore, this simple enhancement can also
serve as a basis for further developments of teentbdynamics field theory for it to be
applicable to constitutive modelling of materialsitw more complex modes of

inhomogeneity.
7.1.3. Study of the deter ministic size effect

Experimental data from triaxial tests do not menadflect the intrinsic material
response and they are also affected by the sizprabdbly the geometry of the specimen.
In order to investigate the effect of specimen sizets mechanical response finite element
simulation of cylindrical rock specimens under deal triaxial loading condition is carried
out in this study. The results of FE simulatiamanfirms that the size effect on the
mechanical response of rock specimens are moreoyrdf under loading conditions
conducive to softening behaviour and brittle faluFurthermore, in order to eliminate the
numerical instabilities pertaining to the rate-ipdedent coupled damage-plasticity model,
Perzyna type viscoplasticity [219] is used for ra#pendent regularisation of the rate-
independent models. In FE simulations of the tahiests, the strain rate is kept constant
and the same at that applied in the actual tesis viscosity parameteris then calibrated
to converge to a solution. However, despite a gowdch between experimental and
numerical results, no direct link can be estabtishetween the viscosity parameter and the
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width of the localisation band. This is due to tise of rate-dependent enhancement purely
as a mathematical approach to regularise the totsti behaviour for dealing with material

instability issues in analysing boundary value peots.

It is desirable, therefore, to directly incorportite width of the localisation band as
a length scale into the constitutive equationsthi® end, a thermodynamics framework is
developed in this thesis to model the localisetuifaiof geomaterials. The basis for this
development is a two-scale approach proposed byégat al [36, 37]. The enhancement
at the material level has a good physical justiitcg given the experimental observations
of localised failure addressed in Chapter 2. Thesnes a computationally cheaper approach
to size effect issues at the material level, wielaining all essential features of the model.
In particular classical approach to dealing wittelesed failure and size effects is to enhance
a model with a regularisation after the model depelent. In this sense, a regularisation,
despite some physical justifications, is usually m@ll connected to a model and its
behaviour, besides its intended use as a localiséithiter. It is therefore more physically
meaningful to close that gap, although not compleyet in this study, by embedding
physically meaningful mechanisms of failure dirgaetl a constitutive model, as part of its

development.

7.2. Limitationsand Weaknesses of the M odels Developed in This
Study

In general, any constitutive model has some kindiroitation and/or potential
weaknesses. As was pointed out by Houlsby and iP[iA]: “the constitutive relations are
simply approximations to the behaviour of real miate; none of which will behave exactly
according to the idealisations employed. Thus ctuiste relations are never “true” for a
real material; they can only provide solutions tlagiproximate what happens in reality to
a certain degree of precisibnLike any other constitutive model, the consiitatmodels
developed in this study also have their own linotag and potential weaknesses. The main

limitations of the models developed in this studp e summarised as follows:

. Despite their remarkable capability in predicting macroscopic behaviour
of porous and compact rocks, the proposed cougethde-plasticity models in this
study do not directly take into account the microh@mnisms of deformation and

energy dissipation. Therefore, these models ardlen® explain the different
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microstructural evolutions (grain crushing, pordlajmse, the interaction between

micro-cracks, etc.) which take place in rock maitediuring inelastic deformation.

. At the macro continuum level, the constitutive nmeda this study are of
isotropic nature, due to the use of a scalar damagable. In this sense, anisotropic
behaviour, including unilateral effects under tenstcompression transition, is not
accounted for. As reasoning in Chapter 2, we cenghds anisotropic behaviour, as
a material characteristic, minor to that stronge due to the onset and development
of a localisation band. The Ilatter one in this daseot purely a material behaviour
but in our opinion a mix between material and gtrcad ones and is treated using the
two-scale approach. However the consequence oéctagy anisotropic nature of
behaviour prior to localisation is an issue thabudti be explored in the future,

together with possible enhancements to take anppinto account.

. The rate-dependent enhancements, used merely éorelimination of
numerical instabilities of the rate-independent eiedThese enhancements do not
have a clear physical link with the observed rapehdent response of rocks and
they are not derived from the thermodynamics ppies, discussed and used
throughout this study. In general, the mechanesponse of rocks is sensitive to the
rate of deformation [241, 242, 324, 325] (see &lppendix C). The rate-dependent
nature of deformation, usually observed in rocksnat taken into account in the

constitutive models developed in this thesis.

. Through rate-dependent regularisation and finieneint implementation of
the proposed constitutive models, it was found tiwadlirect link can be established
between the width of the localisation band andpieameters of the homogeneous
models. Therefore, a thermodynamics approach waelag®sed to model the
localised failure of geomaterials by inserting width of the localisation band as a
length scale into the constitutive equations. Tthisrmodynamic formulation is
based on a two-scale approach which assumes amaimvaidth and orientation for
the localisation band throughout the post-localsatieformation. Therefore, the
width and orientation of the localisation band amnsidered as material input
parameters that can, in principle, be measured feaperiments. However, no
experimental procedure has been hitherto designefidctively measure this length

scale. A common strategy for measuring the lengtles(either in the two-scale
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model or in non-local or gradient models) is to tise profile of strain across the
localisation band. However, this profile shows stribbution with gradual variation
across the localisation band. One can, therefarse phe question as to how this
length scale can be defined using the smooth bligion of kinematic fields (e.g.
strain or displacement) across the localisatiordb&towever, the problem can be
viewed from an entirely different angle. In thimse, the question can be put as:
would further enhancements of the constitutive ggqoa facilitate the identification
of a single length scale from a distribution? Toye a convincing answer to this
question necessitates further experimental, numileaicd theoretical research and

developments.

7.3. Future Research Directions

In this section, based on the limitations and pidénveaknesses of the current
developments, discussed in the previous sectione gmssible directions are proposed for
the future research.

7.3.1. Micromechanical developments

Techniques and frameworks used in this study indéaneelopment of constitutive
models need further enhancement so that micromeshanof deformation and energy
dissipation can be directly incorporated into maoideimulations in a straightforward and
consistent manner. For this purpose, understaniiegunderlying micromechanisms of
deformation and the mathematical description otmsal mechanisms at micro-scale is
necessary. In addition to this, innovative, soptaseéd yet simple enough homogenisation
schemes are required to map these micromechanisntset macroscopic scale. One
particular example of benefits of a micromechanmatlel is the elimination of the need for
defining the yield function of the constitutive nedslbased on laboratory tests on specimens.
In generalised thermodynamics, each internal veriad responsible for describing the
evolution of a dissipative mechanism during inetastieformations. Instead of
phenomenologically defining the internal variablegy. damage variable and plastic strain
tensor) each internal variable can directly repreiee evolution of a dissipative mechanism
at the microscale, e.g. friction, micro-cracking nmode | and Il, grain crushing, etc.
Subsequently, the macroscopic dissipation functiam be defined by combining all the
microscopic dissipation functions. Then the yialddtion in the dissipative stress space,

which is obtained by performing a degenerate Legenthnsform on the dissipation
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function, will specify the attainable stress dom#on the material under a given loading
configuration. The yield function in the true ssespace can be obtained from the yield in
the dissipative stress space (see Chapters 4 afciS)yield function which is obtained
from the micromechanical considerations can nowdésfied against the experimental
observations of vyielding the laboratory specimefifie main motivation for this
development is that, as was discussed in Chaptpérimental measurements are carried
out on laboratory specimens and, therefore, therded mechanical response is not merely
representative of material behaviour but is al$lo@mced by the size of the specimen.

7.3.3. Localisation of deformation in a band of varying width

The distribution of strain profile across the lagsation band in FE simulations and
also experimental observations [194, 321-323] risvibat the strain concentration gradually
increases from a background value to a maximumnallysat the centre of the localisation
band. Application of all models which incorporake twidth of the localisation band as a
length scale into their formulations involves séleg this length scale from a gradually
varying strain profile. This is, in general, possibnly by approximating the strain field
inside the localisation band through satisfying soenergy equivalence criterion and by
fitting the model to the macroscopic load-displaeatrdata (see Figure 4.39). Experimental
procedures for determining the width of the loclsn band also involve indirect and
approximate measurements, e.g. by making linksdetwhe width of the localisation band
and the grain size of the material (e.g. 8-20 tittes mean grain diameter) in granular

materials [194, 321, 322] or 3 times the maximumragate diameter in concrete [323].

In this section, it is briefly discussed that theeaduction of the varying width of the
localisation band may be feasible though furtheekiatic enhancements of the constitutive
model. This may be achieved if instead of assuramgivariant width for the localisation
band, it is assumed that the width of the locabsaband varies with the evolution of
inelastic deformations. In this sense, the widtlhef localisation band is inserted into the
model formulation not as a material input paramdtet as an internal variable. This internal
variable can evolve from an initial value (e.g.exwthick band) to a final macroscopic
fracture with a negligible thickness (the case 0). As the width of the localisation band
reduces with the evolution of inelastic processies, material outside the band becomes
progressively non-homogeneous while the matergatethe current localisation band can
still be assumed as homogeneous. With this assampthe generic thermodynamic
framework developed for constitutive modelling @&térogeneous materials in Chapter 6
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can be used to specify the kinematic relationsbtgben the current active localisation band

and the surrounding non-homogeneous material.

In order to further clarify the discussion, an RMMBich has bifurcated form the
homogeneous state under uniaxial tensile loading m&a considered (Figure 7.1). As
schematically demonstrated in Figure 7.1, it isuassd that the width of the localisation
band is reduced with the evolution of inelasticgaesses. In addition, the strain profile
suggests that the strain concentration also tdkee pvithin a progressively narrower band.
For a discrete approach, the strain profile caagproximated by defining the width of the
localisation band as a discrete and monotonicatyrehsing function of the total value of
one of the internal variables pertaining to theerat inside the currently active localisation
band, e.gh = h(@.). Is this sense, ona@., has reached a certain value the solution is
continued by adopting a new width for the localmatband, depending of the definition
of h = h(&}). In this sense, if the diminution of the widthtb® localisation from a thick
band to a macro-fracturé & 0) is supposed to take placeNnsteps, then the total strain

rate at the RVE levek, at thei'" step can be given as:

E=flet+(1—fHeot (7.1)
In the above expressio&’ is the strain rate inside ti& active localisation band with the
width h; and the volume fractiofi' = h!/H. The terme°’ represents the homogenised strain
rate outside thé'" active localisation zone. The strain rate outsiuei" active zone is
homogenised in order to obtain a single stressastlationship. This facilitates the
application of the developments in Chapter 6. T® ¢éimd, the volume-weighted average of

the strain rates for the material outside itfteactive localisation ban@?*, can be given as:

— (1 _fl)é.ol + ;;11(]” _fj+1 )éoj+1

ol

(1= fH+ X2 = fi+) (7. 2)
e+ SR - e |
- CD

In addition, the kinematic relationship between tHe active localisation band and the
surrounding materials is given by Maxwell compditipicondition as:

([u] @n) s

= (7. 3)

g = g0t + gkt = got ¢

In the above expressio&l' is a kinematically admissible mode across the Hatias of the

localisation band at thé" step,n is an outward unit vector normal to the planar latauies
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of the active band anft] is the velocity jump across the active band. Simib £°!, the
internal variables outside thé&" active band can also be given as the volume-weidght
average of the internal variables of all the deattid bands. For instance the volume-
weighted average of tHé" internal variable outside thié&* active band is given as:

7 A D& (0 - )a 7. 4)

1-19

From equations (71) and (7. 3) the following constraint equations@&ained (see Chapter
6):

Clzé—ﬁ—f"@=0 (7.5)
6 =e-ei+ (1- ) g (7.6)

where &% is given by equation (7. 2). Therefore, the diagm function can be
supplemented by the above constraint equationseasGhapter 6):

8P =8P+ Ap:Cy+ Ay Co = fI6D + (1 — )P + Ay: €y + Ay: €, (7.7)
where, §&! = §L (L, ..., &y, &, ..., &%) and 5§00 = 6(1)01'(&—;", o, @O, @9, &_,‘\’,‘) represent
the dissipation functions for a unit volume of thaterial inside and outside ti¥& active
band.

lrens

<
77
-1

Figure 7.1: Schematic evolution of the width of tbealisation band in uniaxial tension

&y
y

Y
U

Once the definition ok(&}) is specified the following constraint equation da
written:
Co=h—h(a.)=0 (7. 8)
Subsequently, the Helmholtz free energy potergialipplemented with the above constraint

equation:
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W' =W+ AgCy =W+ (1= FHPO + AoC (7.9)
whereW' = Wil @}, ..., @) is the Helmholtz free energy potentials for theterial inside
theit" active band and th&®' = W' (&%, ad ... ~"‘) represents the Helmholtz free energy
for the homogenised bulk outside the boundariethefit" active band. The rest of the
constitutive relations can be obtained from thenddsd procedures of generalised
thermodynamics as outlined in Chapter 3. In padicdollowing the discussion presented

in Section 3-5 the following sets of equations @tained:

0¥ 0D aC, ac, aC,
& -7 = 7. 10
o= aE + 9& + A= 9 + Ay —— 9 + Ay 98 A+ A, ( )
oV 09 0C, ac,
0= aE‘F aﬁ-l_ 1_6E+A26F+ 9% = = (1 f )O-Ol (7 11)
alp oD aC, aC, aC, . .
=gs Taa T Aiga thigg Thega =10 - A (7.12)
Y 9o 1 9C, 9C, 660 l
= ana "o M g T gy Ao = (L /A=A (7.13)
vy 0P 661 acz aCO
"o oy a~°l+A2 aFH\ G2
* ! “ (7. 14)
(1 f)a~ol+(1_f)~0l k=1..n
0=+t A+ A=+ M=
aak aak 6 dat Ok .19
fl, a\{” +fl i +Aoah k 1 .
= [ L = W n
oa; kT aaL
n top A the gt A= (W -90)+ A 7.16
=an TR Ty gy Hhegr = g )+ 40 (7.16)

In equation (7. 14)y°* represent theolume-weighted average of the dissipative partbef
internal forces for the material outside % active localisation zone. Furthermore, from
equation (7. 10) — (7. 12) the macroscopic streissdr is given as the weighted sum of the
micro-stress tensor inside tifé active band and the volume-weighted average cétiless

tensors outside thé&" active band:

o= (1-fYa" + fia" (7.17)
Also, from equations (7. 11) — (7. 13) the contiypaf traction across the boundaries of the

currently active band is obtained as:
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(6" —0%).n=0 (7.18)
For a continuum approach the width of the locélisaband,h can be defined as a
continuous and monotonically decreasing functiotheftotal value of an internal variable

inside the currently active band € h(d,;)). Alternatively, if the rate of change éfis

defined as a function of the rate of one interraiable inside the currently active bamo=

h(o?,i)), then the dissipation function is supplementetth tie following constraint equation:

Co=h—h(a,)=0 (7. 19)
In this case, the dissipation function of equafiary) is further supplemented with the above

constraint equation:

8D = fEP + (1 — f)EDP  + Ay:Cy + Ay:Cy +AgCy =0 (7. 20)
The procedure of driving the rest of the formulatis similar to that presented in the case
of the discrete approach.

The simple thermodynamics formulation that presmtethis section may facilitate the
selection of the length scale for the two-scale ehqaesented in Chapter 6. With this
formulation, only an initial value for the width tife localisation band is needed. This width
can be the thickest width that can be measured thmmstrain profile. Then this thick
bandwidth is reduced to a negligible thicknessadtife by explicitly defining the function
h = h(&L) (or the functiorh = h(&})). Further clarification, enhancement and verifimat

of the proposed formulation is reserved as theesilgf the future studies.
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ABSTRACT

In this study, a generic formulation for constitutive modelling of engineering materials is developed,
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regard, the complete constitutive relations are determined by explicitly defining a free energy potential
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accommodating the coupling between damage and plasticity, while keeping its structure sufficiently gen-
eric to be applicable to a wide range of engineering materials. In particular, by specifying the coupling
between damage and plasticity in the dissipation function, a single generalised loading function that con-
trols the simultaneous evolution of these dissipative mechanisms is obtained. The proposed formulation
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1. Introduction

Computer simulations of the mechanical response of structures,
by means of a numerical technique, such as finite element method
(FEM), play a key role in many modern civil and mechanical engi-
neering applications. The accuracy of analysis of any numerical
simulation, however, depends on a constitutive model, capable of
adequately capturing the material behaviour under complex load-
ing scenarios. Theories of plasticity and continuum damage
mechanics (CDM) have been widely used for the development of
constitutive models in order to describe the inelastic behaviour
of materials. At the macroscopic scale, inelastic behaviour can be
observed as the reduction in strength and stiffness as well as the
occurrence of residual strains. The observable macroscopic beha-
viour of materials is mainly governed by several underlying micro-
scopic dissipative mechanisms. These dissipative mechanisms are
the direct result of progressive, irreversible changes in the material
microstructure. Examples of such changes are closure or expansion
of micro-voids, micro-crack initiation and coalescence, frictional
sliding between the two surfaces of microcracks, dislocation of

* Corresponding author at: School of Civil, Environmental and Mining Engineer-
ing, The University of Adelaide, Adelaide, SA 5005, Australia.
E-mail addresses: giang.nguyen@trinity.oxon.org, g.nguyen@adelaide.edu.au
(G.D. Nguyen).
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0141-0296/© 2017 Elsevier Ltd. All rights reserved.

defects in the crystal structure of metals and so forth. From a phe-
nomenological perspective, the effects of all underlying mecha-
nisms which cause the occurrence of residual deformations (e.g.
frictional sliding, dislocation of defects, etc.) can be represented
by a plastic strain tensor as a macroscopic variable. Similarly, the
effects of all mechanisms giving rise to strength and stiffness
degradation may be accounted for by a damage variable, which
can be a scalar or a tensor of higher orders. In general, for any con-
stitutive model, a set of internal variables is required for a com-
plete description of inelastic behaviours of not only the current
state but also the previous history of deformations [1-10].
During the course of inelastic deformation of engineering mate-
rials, plasticity and damage processes normally occur together and
one influences the evolution of the other. Hence, constitutive mod-
els which take only one of these two mechanisms into account may
not adequately represent the observed behaviour of materials. For-
mulations based merely on plasticity theory [11-19], for instance,
generally suffer from limitations in capturing the stiffness reduc-
tion due to damage growth [11], although they may be successful
in modelling the overall stress-strain response, by explicitly defin-
ing some kind of hardening/softening rules for the yield function.
Elastic-damage models [20-27], on the other hand, can success-
fully capture the material stiffness reduction due to damage pro-
cesses, yet they may be criticised for their inadequacy in
properly modelling the residual strains due to plastic deforma-
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Nomenclature

v Helmholtz free energy potential

(0] total dissipation rate function

D, dissipation rate function corresponding to volumetric
plastic deformation

D dissipation rate function corresponding to shear plastic
deformation

®p dissipation rate function corresponding to damage

D scalar damage variable

K bulk modulus

G shear modulus

ey total volumetric strain

& total effective shear strain

oy volumetric plastic strain

os effective shear plastic strain

& accumulative plastic strain

Epe critical value of the accumulative plastic strain

i stress tensor

Sij deviatoric stress tensor

I second invariant of the deviatoric stress tensor

I first invariant of the stress tensor

&jj strain tensor

e;j deviatoric strain tensor

o plastic strain tensor

A non-negative multiplier

djj Kronecker delta

Cp-,d elastic stiffness tensor

Ciju tangent stiffness tensor

p mean pressure

q deviatoric stress

Lii generalised stress tensor

qv generalised mean pressure

s generalised shear stress

XD conjugate damage energy

Lij generalised dissipative stress tensor

Av generalised dissipative mean pressure

Ls generalised dissipative shear stress

b conjugate dissipative damage energy

y yield function in true stress space

vy yield function in generalised dissipative stress space

v function representing the effect of oy in total dissipation

by function representing the effect of o in total dissipation

¢p function representing the effect of D in total dissipation

E function of stresses and internal variables

F function of stresses and internal variables

fa dimensionless function of stresses and internal vari-
ables

fs dimensionless function of stresses and internal vari-
ables

a dimensionless function of stresses and internal vari-
ables

b dimensionless function of stresses and internal vari-
ables

c dimensionless function of stresses and internal vari-
ables

Tq dimensionless function of stresses and internal vari-
ables

Tp dimensionless function of stresses and internal vari-
ables

fy dimensionless function of stresses and internal vari-
ables

foy dimensionless function of stresses and internal vari-
ables

foy dimensionless function of stresses and internal vari-
ables

Q ultimate stress (Von Mises model)

Q; ultimate stress in tension (parabolic Drucker-Prager
model)

Q. ultimate stress in compression (parabolic Drucker-
Prager model)

H material parameter determining the rate of expansion
of the yield surface

H; the value of parameter H in tension

H. the value of parameter H in compression

k material shear strength (Von Mises model)

o parabolic Drucker-Prager material parameter

B parabolic Drucker-Prager material parameter

De initial yield pressure under isotropic compression

Pr initial yield under isotropic decompression (expansion)

w material parameter controlling the shape of the yield
surface (geomaterials model)

Y material parameter controlling the shape of the yield
surface (geomaterials model)

p back stress (geomaterials model)

M slope of the final failure envelope (geomaterials model)

tions, which may only be included into these models by means of
some empirical definitions [20]. Hence, a combination of both plas-
ticity theory and CDM is necessary for the development of a realis-
tic and rigorous constitutive model.

Significant efforts have been made during the past few decades
to construct coupled damage-plasticity models by specifying the
interaction between the two dissipative mechanisms. One of the
existing approaches for coupling damage and plasticity is to
employ two separate loading functions pertaining to damage and
plasticity. In this approach, the two inelastic mechanisms are
linked through the constitutive relations and the plastic yield func-
tion is expressed in the effective stress space, associated with the
undamaged state of the material [8,28-51]. In these models, hard-
ening rules are usually introduced to control the evolution of the
yield function, while a softening rule controls the evolution of
the damage function, and their coupling results in an overall hard-
ening or softening behaviour, owing to the combined effects of
both damage and plasticity. Nevertheless, due to the use of two

separate loading functions, it is usually difficult to correlate these
two surfaces with the experimentally obtained yield envelope
and its evolution to failure, especially in multiaxial loading scenar-
ios. In particular, the coupling between damage and plasticity can
only take place if the inner loading surface (usually the plastic yield
surface) evolves and hits the outer one, after which the two sur-
faces evolve together.

In another class of coupled damage-plasticity models [9,52-59],
the above-mentioned issues associated with employing two load-
ing surfaces are alleviated by explicitly defining the damage
growth as a function of plastic strain. In these models, the only
role of the damage function is to determine the onset of
damage-induced softening, while the overall inelastic behaviour
relies on the yield function and its flow rules. A physical interpre-
tation of these models is that plasticity can be considered as an
active mechanism of deformation and energy dissipation followed
by damage as a passive mechanism, that is, damage can occur only
after some plastic deformation has already taken place. Such
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models have shown great success in modelling the deformation
and failure of a wide range of materials. Nevertheless, the concept
of active and passive mechanisms can be used to assess the char-
acteristics of such models for further improvements. For instance,
in quasi-brittle materials, such as rocks and concrete under ten-
sion, energy dissipation processes usually begin with the develop-
ment of micro-cracking as an active mechanism, followed by
frictional sliding between the newly created crack surfaces
(passive mechanism). In compression, on the other hand, experi-
mental observations from geological materials [60-67] suggest
that plastic dissipation due to micro-crack closure and the subse-
quent frictional sliding takes place together with the initiation of
new micro-cracks, where the stress condition is favourable.
Another example is grain boundary sliding in metallic materials
which can be inferred as an active plasticity mechanism, followed
by the stiffness degradation due to debonding process (damage) as
a passive mechanism [68]. In our opinion, it is always better to
have these features reflected in the constitutive model, in addition
to the requirements on its ease of implementation and adequate
predictive capability.

Furthermore, it is essential for any constitutive model to con-
form to the principles of thermodynamics. Although the require-
ments for the thermodynamic admissibility of a constitutive
model can be applied upon completion of its development, a more
rigorous and consistent approach is to build a constitutive model
within a well-established thermodynamic framework. Keeping all
these aspects in view, the development of a generic thermody-
namic approach for coupling damage and plasticity by addressing
the interaction between these two dissipative mechanisms, as well
as controlling the contribution of each of these mechanisms in the
total dissipation, is desired. This study is an attempt towards this
goal by further developing the results of our previous works [68-
70] that are based on a thermodynamic framework proposed ear-
lier by Houlsby and Puzrin [71]. Emphasis is put on the coupling
scheme of the proposed formulation so that a single plastic-
damage loading function can be obtained to describe both yielding
and the ultimate failure of a material. The evolution rules for both
damage and plastic strains appear naturally during the derivation
of the model from only two scalar thermodynamic functions (i.e.
the free energy potential and the dissipation potential). In addition,
the degree of contribution of each of these dissipative processes
can be controlled on the basis of the observed behaviour of mate-
rials. This will allow for a more convenient and easier implementa-
tion and calibration of models, particularly, under multi-axial
loading. In addition, dilative and/or contractive behaviour of engi-
neering materials can be conveniently specified in cases of either
enhancing an existing material model or developing new material
models.

The outline of this paper is as follows; in Section 2, a complete
presentation of the proposed formulation for coupling damage and
plasticity along with a detailed discussion on some of its promising
features, are provided. In Section 3, the applications of the pro-
posed formulation for enhancing the currently existing material
models as well as constructing a new material model are demon-
strated through a number of numerical examples.

2. A new formulation for coupling damage and plasticity

The framework of generalised thermodynamics by Houlsby and
Puzrin [71,72] is adopted in this study to ensure the thermody-
namic consistency of the model. A detailed discussion on the
development and different features of the proposed formulation
is provided in this section. The generic formulation provides a con-
sistent and robust scheme for coupling damage and plasticity and

allows for adequately simulating various aspects of material beha-
viour including dilation, compaction and non-associated flow.

2.1. Thermodynamic-based formulation

In the formulation presented in this section the notation appro-
priate for triaxial tests is used, with the total volumetric strain
being defined as ¢y = —¢; and the total equivalent shear strain as
& = \/2/3ee;, where e; = g; + 5;6v/3 and J; is the Kronecker
delta. Similarly, the plastic volumetric strain is denoted as
oy = —0o; and the equivalent plastic shear strain is represented

by o5 = , /2/3eg.efj, where e‘,j = o + ;v /3. In addition, the hydro-
static pressure and the deviatoric stress are defined as
p=-1/3=-04/3 and q = \/3]; = /3/2s;sy, respectively, where
sij = 0y + d;p.For isothermal processes, the Helmholtz free energy

potential is the same as the elastic strain energy and may be writ-
ten as:

¥ =(1-D) %K(sv —oy)? +%G(85 — o) (1)
where K is the bulk modulus and G is the shear modulus, and D is a
scalar damage variable controlling the strength and stiffness degra-
dation of the material [23,24]. Despite the popularity of this type of
isotropic damage formulation used in several well regarded models
e.g. [8,26,46,47,57,58], it has been pointed out [29,73,74] that this
formulation cannot capture well the change in the Poisson’s ratio
due to material deterioration. This is acknowledged as a shortcom-
ing of the proposed approach, and this isotropic damage formula-
tion is adopted here due to the simplicity in both the formulation
and the physical interpretation of damage. The resolution of this
problem may be the use of tensorial damage [29], or non-linear
elasticity coupled with scalar damage [73,74].

The stresses, p and g can be obtained from the Helmholtz free
energy as follows:

p= % = (1-D)K(ey — ow) (2)
q= Z_Z = (1-D)3G(es — as) 3)

The generalised stresses ¥y, ¥s and yp, associated with internal
variables ay, o5 and D, can also be obtained as:

- oY

Tv =g = (1= DIK(ev — o) = p @
_ oY
s =~ 55 = (1= D)3G(es — 25) =g G)
) o 1 3
XD = 78—D = EI<(8V - OCV)2 +ZG(85 - O{S)z
2 2
p q (6)

= 7t 2
2K(1-D)” 6G(1-D)

In order to specify the coupling between damage and plasticity
the following form of the dissipation rate function is proposed:

®= \/MHMV +fsps >0 (7)

where ¢,, ¢s and ¢p are homogeneous first order functions in the
rates of the internal variables (¢, & and D), representing the effect
of each dissipative mechanism on the total dissipation rate function,
®. The dimensionless quantities f, and f; are functions of stresses
and internal variables, which are responsible for controlling the
direction of plastic flow vectors in the true stress space by moving
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the centre of yield surface in the dissipative stress space (Fig. 1). The
physical meaning of these functions will be clearer when the formu-
lation of yield surface will be considered in the dissipative stress
space (Eq. (17)). The generic forms of these functions along with
the dissipation components (¢, ¢s and ¢p) used in the above equa-
tion are expressed as follows:

_p-aE(P.q.D &)
fv=—7r—5 (8)

F(p q7D~, SP)
q - b E(P7q7D7 SP)

_ A% 9
Is=""Fp.a.D.5) ®)
¢y =F(p.q,D, &)y (10)
¢@s=F(p,q,D,&p)ds (11)

_ F(p:Q:D78p)ZD D (12)

where ¢, is the accumulative effective plastic strain the rate of
which is given as &, = /2d;0;/3. In addition, E(p,q,D,¢,) and
F(p,q,D,¢,) are functions of stresses and internal variables and
define the form of the yield function in true stress space. Through-
out the remainder of this paper, these functions are simply referred
to as E and F for notational convenience. Functions a and b are used
to control the energy dissipation due to plastic volumetric strain
and equivalent shear plastic strain and also to control the direction
of the plastic flow vector in the stress space (see Section 2.2 for
more details). In addition, the function ry, in Eq. (12), controls the
activation and evolution of damage processes. Further discussions
on the role of the functions a, b and r; and their relationship will
be provided later when deriving the evolution rules for the internal
variables. Considering the definitions given in Egs. (8)-(12), the
general condition required for thermodynamic admissibility
(® > 0) can be given as (see Appendix A):

Ipal < gb +rgF (13)

The above condition imposes some restrictions on the selection
of model parameters and on the definition of generic functions
when their explicit definitions are to be specified for constructing
a material model. The further details illustrating the proof of ther-
modynamic admissibility of the constitutive models used in this
study are provided in Appendix A.

The expression of the dissipation rate function as provided in
Eq. (7) offers some advantages over the existing models which
employ similar expressions for the dissipation potential [68-70].
It facilitates to control the direction of plastic flow vector in the

s
fSa_ozS

d¢y
XD fv adv

Fig. 1. Geometric interpretation of the yield potential in generalised dissipative
stress space.

stress space for better simulations of dilative and contractive beha-
viour. Furthermore, the existence of a single generalised yield func-
tion which controls the simultaneous evolution of damage and
plastic deformations arises as a consequence of expressing the dis-
sipation rate function in the form of Eq. (7). Within the framework
of generalised thermodynamics, the yield function in generalised
dissipative stress space (not true stress space) can be derived by
performing a Legendre transformation on the dissipation rate func-
tion. Since the dissipation rate function is a homogeneous first
order function in rates, this transformation is a degenerate special
case of Legendre transformation [71,72]. Using Eq. (7), the gener-
alised dissipative stresses [71] are defined as follows:

L oo, (o Yoo,
V06w 0¢y, oy 2 2.2 V| oy
@y + Qs+ @p
y:@:@%: #_ﬁ.f % (]5)
ST 04 O@g 0dis 2 2. 2 | os
S Py + @5+ ¢p
00 00 9¢, ®p %

= _ = D _ . 16
Zp oD 0¢p 9D [0? + @2 + @3 | 9D (16)

It is inferred from the above equations and Eqs. (10)-(12) that
the generalised dissipative stresses are functions of the rates of
all the internal variables. This is a consequence of expressing the
dissipation function in the form of Eq. (7), instead of using the
usual additive form in earlier studies [8,9,46], in which dissipative
stresses are dependent on the rate of their associated internal vari-
able only. Material models constructed based on the proposed for-
mulation will benefit from possessing a single loading function,
which is obtained from the Legendre transformation of the dissipa-
tion function, instead of two separate loading functions corre-
sponding to damage and plasticity, had the additive form of the
dissipation potential been used. Eqs. (14)-(16) can be used to
obtain a single generalised loading function as:

* XV _ 2 XS _ : XD 27
v = (aariom 1) + (oo 1) *(a%/ab> 's
(17)

As illustrated in Fig. 1, the above loading function represents an

ellipsoid with its centre at the point (f, 35, fs 5%, 0) in the gener-

alised dissipative stress space (v, xs, xp)- The radii of this ellipsoid
are also denoted by I = d¢,/dky, m = dpg/dks and n = dp,/dD
(Fig. 1).

With the evolution of internal variables upon yielding, the size
of the loading surface and its position in generalised dissipative
stress space will vary, however, its centre will always remain in
the (xv, xs) plane (Eq. (17)). The evolution of plastic strains and
the scalar damage variable can be determined using this loading
function and by taking its derivatives with respect to the corre-
sponding generalised dissipative stresses. Therefore, by making
use of Egs. (4), (5), (8)-(12) and (17), the evolution rules are
derived as:

. . Oy . (avE
w=il _2A<_FZ ) (18)
.0y . (bVE
5 =12 2 <_F2 > (19)
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(20)

where / is a non-negative multiplier. In deriving the above equa-
tions, a constitutive postulate (i.e. y, = v and s = Xs) equivalent
to Ziegler's orthogonality condition [71] is invoked. It is deduced,
from Eqgs. (18)-(20), that the plastic flow vector is always normal
to the loading surface in the generalised dissipative stress space,
regardless of the plastic flow being associated or non-associated
in true stress space. Furthermore, by making use of Egs. (4)-(6)
and substitution of Eqs. (8)-(12) into Eq. (17), the general form of
the yield function in true stress space can be given as:

y=(a@+b +r)E-F =0 (21)

As can be seen in Eq. (21) for the yield function, a, b and ry will
affect the initial shape and size of the yield surface. As these func-
tions a, b and r, are also involved in the evolution rules for plastic
strains and the scalar damage variable (Egs. (18)-(20)), they will
have effects on the evolution of the yield surface. It should be
noted that the evolution of the yield surface in a damage-
plasticity model is governed by both damage and plastic strains.
In this sense, the functions a, b and r; will have both direct (Eq.
(21)) and indirect (Egs. (18)-(20)) influence on the evolution of
the yield surface. In order to simplify the calibration procedure of
the initial yield surface against experimental data, the effects of
model parameters on the initial the yield surface, and its evolution
need to be separated. In other words, the calibration of the initial
yield can be independent from its evolution. For this purpose, the
following conditions are imposed to eliminate the direct effects
of a, b and ry on the initial size and shape of the yield function in
true stress space:

@+b=r,andrg+r1,=1 (22)

By imposing the above conditions, the functions a, b and ry will
only control the evolution of the yield surface and not its initial
size and shape in true stress space. Accordingly, a user input with
rq =1 implies that damage is the only active dissipative mechanism
and no plastic deformation will take place, whereas the reverse is
true when r,, = 1. For all other cases (0<rg<1and 0<r,<1), dam-
age and plasticity occur together, while rq > 1, (or 1, > 14) indicates
that damage (or plasticity) is the dominant mechanism. Therefore,
in order to control the coupling between damage and plasticity, the
model requires only one input parameter rq (or r,). Similarly, for
controlling the direction of plastic flow vector in stress space, only
one parameter a (or b) is needed. Finally, by imposing the condition
of Eq. (22) on Eq. (21), the general form of the yield in true stress
space is expressed as:

y=E-F=0 (23)

The explicit form of the yield function can be determined by
specifying the functions E and F which in turn are defined on the
basis of the specific application and the problem to be solved. Fur-
ther discussion on the various forms of these functions E and F is
provided in Section 3. In addition, it is important to examine the
proportion of energy dissipation due to damage and plasticity rel-
ative to the total dissipation rate (defined as Rp and Rp, respec-
tively). Since for rate independent material behaviour, the
dissipation potential is a homogeneous first-order function in
terms of the rates of internal variables [71], by making use of
Euler’s theorem for homogeneous functions, the dissipation func-
tion can be written as:

oD oo o0

@ :Mo’cv +8T’¢5d5+a_DD: L0 + Xsbis + Ypo

=0y +Ps+Dp >0 (24)

where ®y, ®s and ®p are the dissipation rate functions correspond-
ing to plastic volumetric deformation, plastic shear deformation and
damage, respectively (note that they are different form functions
@y, ¢s and @, in Eq. (7)). As the functions @y, ®s and &, can be
written explicitly in term of stresses (see Appendix B), the ratios
between the dissipation rate due to plasticity or damage and the
total dissipation rate can be obtained as follows:

O_ vk (25)
® ryVE+pa+qgb
Oy +ds  pa+qgb (26)

®  ryVE+pa+gb

Also, the expressions of ®, and ®s (Appendix B) can be used to
obtain the ratio between the dissipation rates associated with vol-
umetric and shear components of the plastic deformations (Rp) as:
®, pa
s~ qb (27)

In order to facilitate the calibration of model parameters, the
total dissipated energy during the entire course of deformation
are calculated and compared with the experimentally measured
total dissipation. This can be achieved if the total dissipation rate
function can be expressed as an integrable function in terms of
the rate of one internal variable. For instance, the total dissipation
rate function can be expressed as a homogeneous first order func-
tion in term of ¢, as (see Appendix B):

@—(ﬂﬁ+f+0@—rmms (28)

The final form of I'(os) is determined by specifying the function
E. The above discussion is further clarified through an example,
given in Section 3.1, for a one-dimensional Von Mises model,
where an explicit form of the total energy dissipation (fracture
energy) is obtained by integrating the dissipation rate function.

2.2. Controlling the direction of plastic flow vector

As discussed previously, the evolutions of plastic strains (Egs.
(18), (19)) can be controlled by functions a (or b) and ry4 (or 1),
where the relationship between these functions is given through
the conditions of Eq. (22). In this regard, Egs. (18) and (19) can
be used to give the ratio between the rates of plastic volumetric
strain and equivalent shear plastic strain as:

Oy a
5% b (29)

As mentioned earlier, the plastic flow vector is always normal to
the loading surface y* in the generalised dissipative stress space.
However, it is normal to the yield surface y in p — q stress space
only if the flow rule is associated, where it will satisfy the following
condition:

a _9dy/op
b~ ay/oq (30)

In order to control the ratio between the plastic volumetric
strain and the equivalent shear plastic strain rates for simulating
non-associated flow, a dimensionless function c can be introduced
as:

a ay/o
_cv/op (31)

b "ay/oq
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where the flow rule is associated if c = 1, and it is non-associated if
¢ # 1. By making use of the conditions of Eq. (22) functions, a and b
can be expressed in term of c as follows:

c2rp

a=x | (32)
Ay /0
c+ (0%95)
T (33)
ay /0]
1 + CZ (1);’;02)

Thus, a and b can, in general, be determined indirectly by defin-
ing the function c. Following the sign convention adopted in this
study (compression is positive), positive values of a (a > 0) corre-
spond to plastic compaction, whereas negative values of a (a <0)
indicate plastic dilation (see Egs. (18) and (19)). Furthermore,
a =0 implies pure plastic shear deformations (no plastic volumet-
ric deformation), which is commonly observed in metals. The role
of the function c in modelling the material behaviour and its influ-
ences on the plastic flow direction is illustrated by providing an
example in Section 3.

2.3. Tangent stiffness tensor

In this section, the formulation of the tangent stiffness tensor
ijk, is presented as it may be necessary for integration of the rate
equations if an explicit integration scheme is used. The stress ten-
sor can be given, by making use of Eq. (1) as:

B oY oY ey oY 0&s es. e
0= Te; Doy Doy 96 08y = (1 - D)(Key oy + 2Gey)
= (1 - D)Cijk[(Skl - Ofkl) (34)

From the above equation, the incremental stress tensor can be
determined as:

) f“i—‘fmb (35)

Furthermore, Eqs. (18) and (19) can be used to obtain the incre-
mental plastic strain tensor d&;, which can be written as:

5y <8y* My " %)
— + 36
3%,, =/ Oyy 00  O)s 00j (36)

The consistency condition can now be written by utilising the
yield function of Eq. (23) as:

8y ay :
d0jj 90,01

G = (1= D)Cijalé —

+Yp o 37)

V= e, "D

where the rate of effective plastic strain &, can be obtained using Eq.
(36) as:

. 2 Zay* 8y*
8:\/%%*A 38

Therefore, the non-negative multiplier / is obtained, by making
use of Egs. (20) and (35)-(38), as:

A= Mklskl (39)
where
(1- D) Cii
90} ijkl
My = - — (40)
(1-D); yC Oyt Oy G Oyt Oy [2 0y Oyt Oy Oy
Uk 33y T 96y 1-D dyp 98, \/ 3 9y 01 9D oxp

Finally, the incremental stress-strain relationship is expressed
as:

0j ay*
D)Cjjs 83(} My — i UDMkl Q;D &u

= Clyéu (41)

oij = |(1=D)Cju — (1 -

where Cj, represents the tangent stiffness tensor.

2.4. Stress return algorithm

Numerical implementations require the stress state be updated
for a given strain increment. For infinitesimal increments in
strains, stresses can be updated explicitly using the tangent stiff-
ness or a forward-Euler scheme. However, in practical applications,
the strain field within a structure is not uniform and hence, strain
increments at material points (e.g. Gauss points in FEM) may not
be infinitesimal throughout the body and consequently, the
updated stresses may lie outside the yield surface. Unless the stres-
ses are corrected and returned onto the yield surface, the forward-
Euler scheme may give rise to erroneous values for stresses at the
material point which in turn may result in a divergence in numer-
ical scheme applied for satisfying equilibrium equations at the
structural level. Hence, a form of backward-Euler scheme is
adopted here to return the stresses to the yield surface following
an elastic trial predictor. Returning procedures, which involve
returning the trial stresses onto a new yield surface (in cases of
hardening or softening), are activated only if the trial stresses lie
outside the yield surface. To this end, the new yield surface is
approximated at the trial stress values using a first order Taylor
expansion as follows:

trial

=0 (42)

trial 8 trial

oy y
1
yn+1 ytna +_Ao'g,e 88 Agp
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As the strain increment has been utilised to move to trial stress
values, the return stress increments, Acjf, in the above equation
can be obtained as:

trial
Ojj
T-D) (43)
This stress return algorithm is slightly different from a full
backward-Euler scheme in which Agff are calculated as normal
to the new yield surface (y**') by applying an iterative scheme.
By substituting Eqgs. (20), (36), (38) and (43) into Eq. (42), the
non-negative multiplayer A/ can be obtained as follows:

Ao-g'e = GEH - O—trial = |:_(1 - D) CijklAkal - AD:|

trial
AL = N
ST . . trial oo . trial
W11 - D)Cija 2= + i L oy a 20y oyt Oy oy
90;; ijkl 55, T (1=-D) ayp dep 3 Oy Ol D" oy
(44)

Therefore, the final updated stresses can be obtained as:

n+1 __ trial re
oi =0y + Adj

ay* gi . Oy

_ lTiuI_ _ Yy
= (- 0q  (1-D) Moy,

)

D)CijuAd=—

(45)

3. Applications

In this section, the applicability of the proposed formulation for
modelling the inelastic behaviour of a wide range of materials is
discussed and its promising features are demonstrated through
some numerical examples. In each case, the model predictions
are validated against experimental data available in the literature.
In what follows, firstly, the features of the proposed formulation
are illustrated through coupling damage with the Von Mises plas-
ticity model, which is widely utilised for modelling the behaviour
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of pressure independent materials. Secondly, the influence of the
plastic flow direction on the material response is investigated
through the development of a coupled damage plasticity model
for pressure dependent materials based on the parabolic
Drucker-Prager yield function. Finally, through constructing a
new model for cohesive frictional geomaterials, it is demonstrated
that the proposed formulation can also facilitate the development
of new elastoplastic damage models.

On the other hand, it should be noted that the focus of this
paper is on the development of a thermodynamic-based formula-
tion at the constitutive level and the issues related to material sta-
bility of the model in solving Boundary Value Problems are not
considered in this study. The enhancements of the proposed mod-
els using nonlocal theory or viscous regularisation to effectively
deal with the issues related to solution of boundary value problems
will be the next step of developments. Our experience with these
kinds of regularisation [8,9,32,70,81,82]| showed that these tech-
niques can be readily added to an existing constitutive model
obtain discretisation-independent numerical solutions.

3.1. Coupling damage with the Von Mises plasticity model

The yield function of the classical Von Mises model in the
(p — q) stress space can be written in the following form:

Y= /3% k(D &) =g~ k(D,&) =0 (46)

The exclusion of pressure (or the first invariant of stresses I;) in
the above expression indicates its pressure independency. In order
to incorporate the effects of plastic deformations and damage in
the model the shear strength, k is defined as a function of two
internal variables, namely, the scalar damage variable, D and accu-
mulated plastic strain, &, as:

k= (1-D)(f, +Q(1 —e ™)) (47)

where f, and Q are the initial yield and the ultimate stresses, respec-
tively, and H is a material parameter which determines the rate of
expansion/contraction of the yield surface. It can be seen from
Eqgs. (46) and (47) that the evolution of the yield surface is governed
by evolutions of damage D and equivalent plastic strain &, where
the evolution of ¢, is defined by Eq. (38). Comparing Eq. (46) with
the generic form of yield function as stated by Eq. (23), it can be
inferred that E = g and F? = k for von Mises yield function. Therefore,
the flow rules can be obtained by making use of Eqgs. (18)-(20) as
follows:

by = 2)',L\k/q (48)
s = 21% (49)
5 _ o Fad

D=2 o (50)

In addition, the plastic flow rule in the tensorial form can be
derived using Eq. (36) as:

= 3 V5[ 0A%  ,bvE 3 dl
uuf/lax z(z 2775 37, 00, (51)

k 3

The stress-strain response produced by the above model defini-
tions is illustrated in Fig. 2. The effect of different levels of damage
activity, for different values of ry can also be observed in Fig. 2.
Also, the model parameters wused are: Young's modu-
lus =200,000 MPa, Poisson’s ratio (v)=0.3, f,=250MPa,
Q=50 MPa and H = 1000. It should be noted that the incompress-
ibility condition (¢, = 0) of the Von Mises model can be accounted
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Fig. 2. Stress-strain response of a coupled damage-plasticity model based on Von
Mises model under uniaxial stress condition for various values of ry.

for by setting a = 0. In Fig. 2, the curve associated with ry = 0 indi-
cates a pure plastic deformation of the material without having any
damage, while for other cases, where the damage and plastic defor-
mations evolve together (0<r;<1), the effect of damage is
observed as reduction in the ultimate stress and the softening
behaviour (Fig. 2).

In general, the strain hardening behaviour of ductile metals (e.g.
steel) under uniaxial tensile loading is accompanied by an insignif-
icant reduction in stiffness immediately after the initial yielding.
For these materials, softening behaviour is observed after the ulti-
mate stress is reached followed by complete failure of the material.
This behaviour can be replicated by making use of the enhanced
Von Mises model, introduced here, by controlling the degree of
activation of damage and plasticity. For instance, damage can be
switched off during the strain hardening process, where no consid-
erable stiffness reduction is observed (Fig. 3(a)), by setting ry=0
(see Egs. (48)-(50)).

The softening behaviour, however, can be modelled through
activation of damage by using a value of ry greater than 0, once
the accumulated plastic strain reaches a critical value &, (Fig. 3
(b)). As illustrated in Fig. 3 (a), higher values of ryq correspond to
more brittle behaviour with steeper slopes in the post-peak
response. Furthermore, the stress-strain response of Aluminium
Alloy 6082 under uniaxial tension [75] can be adequately captured
by the proposed model as illustrated in Fig. 4. The model parame-
ters used for this analysis are: Young’s modulus = 30,000 MPa,
Poisson’s ratio (v)=0.3, f,=40MPa, Q=85MPa, H=50, and
epc=0.48 and ry=0.97.

As discussed earlier in Section 2, the calibration of model
parameters can be facilitated by calculating the total energy dissi-
pation during the course of inelastic deformation and also by com-
paring the calculated and experimentally measured total
dissipated energy. The explicit analytical expression of the total
dissipation for the enhanced Von Mises model under uniaxial
stress condition is provided in Appendix C.

3.2. Coupling damage with the parabolic Drucker-Prager plasticity
model

Fig. 5 illustrates a typical yield surface of plain epoxy resin
which has a parabolic shape in its initial and final yielding states
[76]. In this section, based on the coupling scheme of the generic
formulation, the parabolic Drucker-Prager model is enhanced by
coupling this pressure-dependent plasticity model with damage.
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Fig. 3. (a) Effects of different values of r; on the stress-strain response of steel under uniaxial tension (b) Corresponding values of r4 for activation of damage mechanism at a
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Fig. 4. Stress-strain response of Aluminium Alloy 6082 under uniaxial tension.
Damage is activated at a critical value of the plastic strain &, = 0.48 and ry=0.97.
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Fig. 5. Parabolic Drucker-Prager yield function applied to plain epoxy resin [76]
where 7, = i\/gq is the octahedral shear stress (Circles indicate experimental data

points).

In addition, the non-associated flow and inelastic volumetric defor-
mations (dilation and compaction) are successfully modelled
thanks to the coupling scheme of the proposed generic
formulation.

The parabolic Drucker-Prager yield function can be expressed in
terms of pressure p and deviatoric stress q as:

y=3h+3h ~B(D.&) = ¢* — ap ~ B(D.&) =0 (52)

The parameters o and 8 in the above expression are given as:

B=fofy and o =3(fy, —fy) (33)
where f., and f, are the uniaxial yield stress in compression and
tension, respectively. It is assumed that, f, and f;,, will vary progres-
sively with the evolution of plastic deformation and therefore their
dependency on the damage variable and accumulated plastic strain

can be defined as:
foy=(1=D){feg +Qe(1 — eF)); and f,,
=(1-D)(fip + Q:(1 —e "))
where f;o and f,o are initial yield stresses, and Q,, Q., H;, H. are mate-
rial constants with subscript t and ¢ corresponding to tension and
compression, respectively. The growth of damage will progressively
reduce the values of o and g leading to the contraction of the yield
surface (Eq. (54)). On the other hand, the growth the effective plas-
tic strain &, will give rise to the expansion of the yield surface. By
comparing Eq. (52) with Eq. (23), it is deduced that E and F can be
defined as: E = g2 — op and F? = 8. With these expressions of E and
F, the flow rules can be obtained using Eqgs. (18)-(20) as follows:

(54)

2 _
avq” —op (55)

. . a
oy = 2 X

b\/q? —op

& = 20— (56)

D—2i ra(q* — ap) (57)
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Furthermore, by making use of Eq. (34), the plastic flow rule is
obtained in its tensorial form as:

L
“”*Aaa,-j
_ [0V —op (o) by —ap 3 0, (58)
B 3 B 2./3, 903

3.2.1. The effect of rqy and c on the model response

The stress-strain response of the coupled damage-plasticity
model based on the parabolic Drucker-Prager yield function, for
uniaxial loading, is illustrated in Fig. 6. The parameters used for
this analysis are: young’s modulus = 35,000 MPa, Poisson’s ratio
(v)=0.18, fio=5MPa, fo=10MPa, Q;=15MPa, Q.=30MPa,
H;=2000, H. = 2000. The effect of ry on the material behaviour is
also shown in Fig. 6, where r,4 varies from 0 (no damage activation)
to 0.18. As can be observed in Fig. 6 a higher value of r4 leads to a
higher level of damage activity gives rise to a lower ultimate stress
with a more significant softening behaviour.

The direction of the plastic flow vector in stress space is indica-
tive of the level of contribution of the volumetric and the shear
plastic strains to the total plastic dissipation. In addition, dilational
and/or contractive modes of deformation give rise to different
directions of the plastic flow vector in stress space. The reverse sce-
nario is, however, pursuit here as the model response is controlled
by the direction of the plastic flow vector in stress space. The vari-
ation in the model behaviour due to changes in the direction of
plastic flow vector (different values of the parameter c) is illus-
trated in Fig. 7. Cases with ¢ > 1 correspond to larger plastic volu-
metric strain rates, with the plastic flow vector being more
inclined towards the p axis in the (p — q) stress space, compared
to that in the case of associated flow (¢ = 1), and the reverse is true
for cases with c < 1. In addition, a higher value of c gives rise to
more dilational behaviour, as illustrated in Fig. 7 (b).

3.2.2. Behaviour of concrete under uniaxial cyclic loading

The nonlinear responses of concrete materials under cyclic ten-
sile and compressive loading [77] are predicted by the proposed
model and the results obtained are presented in Fig. 8. The model

o (MPa)
-

= 2 0 2 4

£ x10”

Fig. 6. Effect of r, on the stress-strain response of a material under uniaxial loading
based on the associated flow rule.

parameters used for the tensile loading are: young’s modu-
lus=31,700 MPa, Poisson’s ratio (v)=0.18, f/'=3.48 MPa,
fro=3.48 MPa, fo=10MPa Q;=0MPa, Q.=15MPa, H;=0,
H.=1000 and ry=0.14. Fig. 8(a) shows a reasonable agreement
between the model prediction and the experimental data.

In addition, Fig. 8(b) compares the model prediction with the
experimental data from cyclic compressive loading on concrete
[78]. In this case, the model parameters used are: young’s modu-
lus=31,000 MPa, Poisson’s ratio (v)=0.18, f.=27.6 MPa,
fro=3.48 MPa, fo=12MPa, Q,=0MPa, Q,=38MPa, H;=0,
H.=1600 and ry = 0.28. Fig. 8(b) also shows a very good agreement
between the model predictions and the experimental data which
indicates a successful performance of the proposed model.

3.2.3. Dilation of unconfined concrete under uniaxial compression

The dilative or contractive behaviour of material models con-
structed following the proposed generic formulation can be con-
trolled by appropriately defining the parameter c (or functions a
and b (see Section 3.3)). The experimental results of an unconfined
concrete specimen under uniaxial compression [79] is used to
determine the variation of parameter ¢ with respect to the equiva-
lent shear strain ¢, as illustrated in Fig. 9.

The nonlinear response of the concrete specimen is predicted by
the proposed model using material properties as; young’s modu-
lus = 35,000 MPa, Poisson’s ratio (v)=0.18, f/=2.4MPa, and
fé=32MPa [79]. The model parameters used are: fi=2.4 MPa,
foo=10MPa, Q;=0MPa, Q.=29MPa, H;=0, H,=2600 and
rq=0.17 along with the values of c as indicated in Fig. 9. The com-
parison between the model prediction and experimental data, as
illustrated in Fig. 10, highlights the capability of the proposed
model.

3.3. Development of an elastoplastic damage model for cohesive-
frictional geomaterials

In laboratory experiments, inelastic deformation of cohesive-
frictional geomaterials such as rocks, hard clays, etc., is observed
as a reduction in stiffness and strength as well as the occurrence
of residual strains. The failure process begins with a relatively uni-
form distribution of micro-cracks throughout the material fol-
lowed by localisation of microcracks within a band which finally
leads to the formation of a macro-crack and then shear sliding of
the two faces of the macroscopic fracture. A common strategy for
modelling such failure process is to employ a yield function or a
plastic potential, which controls the evolution of dissipative pro-
cesses (damage and plasticity), for the states before the formation
of the final macro-fracture, and a separate failure function to
describe the shear sliding between the two faces of the macro-
fracture [36]. In this section, specific definitions of the functions
E and F, in the generic formulation, are given so that a single-
surface yield function in true stress space is obtained. This yield
surface is then transformed to a final failure function as the scalar
damage variable grows from zero to one. This is a promising fea-
ture of this model which facilitates capturing the brittle and ductile
responses as well as the brittle-ductile transition, without any
need for separately introducing hardening/softening rules. It is also
demonstrated briefly that the features of proposed generic formu-
lation facilitate the modelling of dilative and contractive responses
of cohesive geomaterials.

3.3.1. The yield function

In order for the model to be capable of capturing the inelastic
volumetric deformation of the material under isotropic compres-
sion (or expansion), it is required that the yield function have a
closed envelope in the principal stress space. Hence, a single-
surface yield function with a tear-drop shape in true stress space
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Fig. 9. Evolution of ¢ for unconfined concrete under uniaxial compression.

[4] is derived following the structure of the proposed generic for-
mulation. In this regard, the damage is incorporated in the model
formulation in such a way that the initial yield function is trans-
formed gradually into a linear frictional failure function as the
damage variable grows from zero to unity. To this end, the func-
tions E and F in Egs. (8)-(12) are defined as follows:

_ | =D)p-p)p- (1 -D)u(p-p) q7?
E= ((1 VPC Pr)p+ ( )'))pc :| + I:M] (59)
-V -Dyw(p- (60)

In the above expressions, 0 < w < 1 and 0 < y < 1 are materials
parameters while p. and p, represent pressures at initial yield
under isotropic compression and expansion, respectively. The
parameter M represents the slope of the final failure envelope in
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Fig. 10. (a) Stress-strain response of concrete under uniaxial compressive loading; (b) Variation of volumetric strain (experimental validation).

true stress space. By making use of the above definitions and the
general form of the yield function, given by Eq. (23), the yield func-
tion in true stress space isobtained as:

y:< (1-D)p-p) )
(F52Eep + 5 (1 - D)yp,

2
q
+ -1=0 (61)

(M(p - V(-Dw@p- p)))

In the above expressions, parameter p represents the pressure
at the intersection of the final failure envelope and the initial yield
surface and it can be calculated by considering the yield condition
under isotropic compression as:

(4 = 7)pcpe + VP2
2(p. + Py) (62)

In addition, for y = w =1 and p, = 0 the yield function of Eq.
(61) is the same as the modified Cam-Clay. Fig. 11 illustrates the
evolution of the yield surface with damage growth and the trans-
formation of the initial yield surface to the final failure surface
when the damage variable is one.

p:

Final Failure envelope /D =1

D =05

q (MPa)

=0.2

initial yield\D = 0

/ »

p (MPa)

Fig. 11. Evolution of the yield surface with damage growth.

3.3.2. Dilative and contractive responses with non-associated flow
rules

For any point (stress state) on the initial yield surface y in true
stress space (p — q), there exists an elliptical loading surface y* in
generalised dissipative stress space (), — xs) which can be
expressed by making use of Eq. (17) as:
V' =lty— (- aVE] + s~ (a - bVE)’

These loading functions in dissipative stress space are analo-
gous to the concept of plastic potential in conventional plasticity.
As illustrated in Fig. 12, the flow vectors in true stress space are
defined as normal to the corresponding elliptical loading function
in dissipative stress space. Furthermore, functions a and b,
appeared in Eq. (63), can be defined in terms of true stresses which
helps to predict the directions of flow vectors in true stress space.
Possible definitions of these functions are proposed as follows:

—FP—rE=0 (63)

a=+ r{l—q—z} (64)
- p M2F2

b—[r,-2L (65)
M*F

Following the sign convention of compression positive, the plus
and minus signs used in Eq. (64) correspond to plastic volumetric
contraction and dilation, respectively. Hence, a dilative or contrac-
tive response at any point on the yield surface can be simulated by
choosing the appropriate sign of parameter a. For instance, Fig. 12
(a)-(c) illustrates the directions of flow vectors on the initial yield
surface of Bentheim sandstone corresponding to confining pres-
sures (g,) of 30 MPa, 120 MPa and 300 MPa. For any positive value
of parameter a, the model behaviour is contractive, whereas the
model exhibits dilational behaviour if a negative value of a is cho-
sen (Fig. 12).

In order to set a criterion for appropriately choosing the sign of
parameter a, the pressure at the intersection of the final failure line
and the initial yield locus, i.e. p (Eq. (62)), is defined as the critical
pressure. Any point on the yield surface with a pressure below the
critical pressure (p < p) corresponds to dilative response and soft-
ening behaviour, where the parameter a is negative. If, on the other
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(p. =400 MPa, p, =10 MPa, M=1.45, » = 0.6 and 4 = 0.8).

hand, this pressure exceeds the critical pressure (p > p), the model
exhibits compaction and hardening or ductile behaviour where
parameter a will be positive. The model behaviour at the intersec-
tion of the initial yield surface and the final failure line (p = p) is
perfectly plastic (brittle-ductile transition), as shown in Fig. 13. It
is also important to note that regardless of the sign of a, the dissi-
pation rate function, as given in Eq. (7), is always positive (see
Appendix C).

3.3.3. Behaviour and validation of the proposed model

A series of experimental data of Bentheim sandstone [80] is
used to assess the performance of the model. A number of yield
points (Fig. 14) corresponding to different confining pressures are
used for the calibration of initial yield parameters, i.e. p., p;, M, @
and y .

Fig. 15 illustrates the performance of the model with the same
level of activity for damage and plasticity processes, i.e. 4= -
rp, = 0.5. It is expected, however, that the contributions of damage
and plasticity in energy dissipation vary for different levels of con-
fining pressure. In the dilation/softening region (see Fig. 13(b)),
under low confining pressures, damage is the dominant mecha-
nism of the inelastic deformation, while at medium to relatively
high confining pressure, the dominant mechanism of deformation
and energy dissipation is plasticity. At significantly high confining
pressures, however, damage is envisaged to be the dominant
mechanism again. The dominance of the damage dissipation at sig-
nificantly high pressures in granular materials can be attributed to

phenomena like grain crushing [5,6,81,82]. Model predictions, in
general, show a reasonable agreement with the experimental data
(Fig. 15). However, as can be seen in Fig. 15(b), the model predic-
tion does not closely follow the experimental data in the brittle/-
softening region. The main reason for this deviation is that the
material behaviour, produced by the model, is compared with that
of the specimen without considering the size effect of the specimen
used for recording the experimental data. The size effect of a struc-
ture (or a specimen) on the nominal strength and post-peak beha-

300 q (MPa)
200
100
gt p. P (MPa)

-100 0 500
-100
-200

* Experiment

-300 —Model

Fig. 14. Calibration of the model
M=1.45,0=0.6 and y = 0.8).

parameters (p. = 400 MPa,p, = 10MPa,
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Fig. 15. Model validation against experimental data of Bentheim sandstone [79], (a) pressure-volumetric strain (b) differential stress-axial strain with rq=r,=0.5.

viour is a well-known issue and it is more profound when the
material undergoes softening [see e.g. [83]]. The issues of localised
failure and size effects can be resolved by using a regularisation
technique which is not considered in this study as this is not the
primary focus of this investigation.

4. Discussions and conclusions

A thermodynamically consistent generic formulation for con-
structing constitutive models for engineering materials is proposed
in this study. The focus of the study is to obtain a rigorous and con-
sistent method for coupling damage and plasticity for a range of
engineering materials. As a result, a general form of the total dissi-
pation rate function is developed which can be conveniently trans-
formed to get a single generalised loading surface for both yield
and failure states. This single loading surface governs the simulta-
neous evolutions of both damage and plasticity where the coupling
between these two mechanisms is effectively specified through a
model parameter without imposing any restrictions to the model.
In addition, the inherent features of the generic formulation also
facilitate the modelling of the inelastic dilative and contractive
behaviour of materials.

It is shows that the proposed generic formulation possess good
potentials for enhancing existing as well as developing new consti-
tutive models. Despite the impression that a large number of
parameters is needed for the model, it should be noted that the
majority of these parameters are in fact used for defining the yield-
ing behaviour of three different types of materials in a generic form
utilising functions E and F. Since the yield points in stress space are
usually obtained from experiments (see the example of porous
rocks in Section 3.3), these parameters can be readily calibrated.
It is to be noted that these parameters are independent from the
remaining small number of parameters used for defining the fail-
ure evolutions, and this feature facilitates the calibration of the
remaining parameters for the inelastic behaviour. For defining
the inelastic response, besides the elastic modulus and the Pois-
son’s ratio, the proposed formulation requires two mandatory
parameters which are ry (or 1) to specify the proportion of energy
dissipation due to damage (or plasticity), and a (or b) to control the
direction of the plastic flow vector. Besides these mandatory
parameters, an additional set of 3 to 4 parameters are needed to
control the hardening and softening processes of metal (Fig. 4)
and concrete (Fig. 8) while the model for porous rocks (Fig. 13)

does not need any additional parameters. We also acknowledge
that all models used in this work are relatively simple, as they
are just used for the purpose of illustrating the applicability of
the proposed generic approach. In this sense, future focus on a par-
ticular material and/or behaviour may help to identify shortcoming
of the approach for further developments and improvements.
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Appendix A: The general condition for thermodynamic
admissibility

The general condition for thermodynamic admissibility is
derived from the premise of strictly non-negativeness of the dissi-
pation rate function, given by Eq. (7). This condition can be derived
by making use of the general definition of functions and parame-
ters appearing in Eq. (7), and defined through Eqgs. (8)-(12) as well
as the flow rules of Eqs. (18)-(20) and the yield condition, as given
by Eq. (23). For convenience these Eqs. and definitions are also
repeated here:

The dissipation potential

D= /@y + Q%+ @ +fyQy +fsps = 0 (A-1)

Definition of functions

p—a+/E(p,q,D,&p)

_ A-2

v =""Fp.q.D.5) (A-2)
q_b E(p7q7D78p)

_ A-3
fS F(p7q7D78P) ( )
@y =F(p,q,D, &)y (A-4)
¢s =F(p.q,D, &)0s (A-5)
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Oy = F(p>q7D18P)XD D A6
rdE(p7 q, D7 81))
Flow rules
.oy avE
av*ﬂ“é‘xv 2(F2> (A-7)
Loy bVE
Os = /13%5 = 2/1< = > (A-8)
DoV ;T (A-9)
8/(,3 F1p
The yield function in true stress space
y=E-F =0 (A-10)

Substitution of Egs. (A-2)-(A-9) into Eq. (A-1) and making use of

Eq. (A-10), results in:
% (@ +b2)> >0

@:2}1<\/a2+b2+m+ <¥+

Since / > 0 the non-negativeness of the term in the parenthe-
ses is required, i.e.

Va2 +b* +rg+ (%-r%) —(@+b*) =0

Since F > 0, recalling the condition of Eq. (22) (a® + b*=r, and
rp, +14=1) and, the above expression is reduced to:

(A-11)

(A-12)

pa+qgb+rsF >0 (A-13)

In the above expression, the second and the third terms are
always non-negative. The first term, however, can be negative
when the model behaviour is dilative (a < 0) under compression
(p > 0). The following general condition is therefore required to
be satisfied for thermodynamic admissibility:

|pal < gb +rqF (A-14)

It should be noted that the expression at the right-hand side of
the inequality in the above condition is always non-negative.

In the case of the Von Mises model, due to incompressibility
constraint, i.e. o, = a = 0, the condition of Eq. (A-14) is always sat-
isfied. For the case of the enhanced Drucker-Prager model, in which
an additional parameter c is used to control the direction of the
plastic flow vector in stress space, no general proof can be given
for thermodynamic admissibility. However, by making use of the
general condition of Eq. (A-14), some restriction is put on selecting
the parameter ¢ for modelling the dilational behaviour under com-
pression. In this regards, parameter a in (A-14) can be substituted
for form Eq. (31) to give the following restrictive condition on c:

qb + ryF

/0]
b 22|

(A-15)

Considering the Drucker-Prager yield function, as stated by Eq.
(52) the above condition can be rewritten as:
_2q(gb+ravp) _ . _29(gb+1av/B)

pba ses pba (A-16)

This condition imposes a restriction on the direction of the flow
vector and is met for the example presented in the manuscript.

In the case of the new geomaterial model it is required to
demonstrate that the model conforms to the condition of
Eq. (A-14) for modelling the dilative behaviour under compression.
To this end, parameters a and b in (A-14) are substituted for from
Eqgs. (64) and (65) to give:

(A-17)

¢
’ \/rp M2F2 \q\/ Mze""rdF

Comparing the above expression with the yield function of Eq.
(61), the above expression can be rewritten as:

p\/rp<(1Di\(pp)>2 <q¢rp<1—((lepp)>2>+rdF

(A-18)
where

_ (1 =9p. —p:
Dc + Pt

Functions F and A are always positive or non-negative, there-
fore, (A-18) can be rearranged to give:

A <q\/rp <1 - (—“’DL“J””)Z) - Fra)
p=ps (T-Dpyiy

In the dilation regime the term (p — p) is always negative See
Fig. A1, while the right-hand side of the above expression is always
positive. Therefore, it is deduced that the model follows the general
condition for thermodynamic admissibility as stated by Eq. (A-14).

1
p+5(1-D)yp (A-19)

(A-20)

Appendix B: Energy dissipation potential as a function of
stresses and g

Using the definition of y,, x5 and y,, Eq. (24) can be rewritten
as:

® = bty + Yss + 1pD > 0 (B-1)
Substitutions of Eqgs. (18)-(20) into Eq. (B-1), gives:
avE bvE rqE
O =y,2]— = + Y20 = +21-= = (B-2)
Recalling the constitutive postulate of 7, = ¢y, and }s = y, and

using Eqgs. (4) and (5), the above expression can be rewritten as:

O = p2/1ﬁ q2’. b{

+ 2} rdE

(B-3)

q<0
b<0

Fig. Al. Sign determination diagram for volumetric and shear dissipation rate
functions.
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Therefore, the following expressions for the dissipation rate
functions corresponding to each internal variable can be obtained,
using Eq. (B-3), as:

Oy = pZAa;—F (B-4)
qZ/IM (B-5)

F?

rqE
Op =2/ Ij (B-6)

From the above equations, the following ratios are defined:
(0N - qb

S = B-7
®p Td\/F ( )
®y _pa -

[T "8

Substituting the above ratios into Eq. (24), the total dissipation
rate function ® can be expressed in terms of ®s and stresses as:

_pa roVE  (pa raVE )
(qubq)s-‘rq)s-‘r qb (I)5<qb+1+ qb (O (B 9)
Since @5 = y¢0s and y, = 75 = q, it follows that:
s = qos (B-10)

Thus, substitution of Eq. (B-10) into Eq. (B-9), the expression of
the total dissipation rate function, ®, in terms of &5 and stresses is
obtained as:

®— (p“+q+ﬂ> (B-11)

b

Appendix C: Energy dissipation aspects of Von-Mises materials
under uniaxial loading

As ay =0 in the Von-Mises material model, e} = o — % = o
and thus &g can be written as:

2.,. 2. . .
s = \/§€IIT}€§ = \/3%% = &

Furthermore, using Eqs. (47) and (48), the relationship between
D and &, is expressed as:

D_D_rvg
& s bip

(C-1)

(C-2)

For the case of uniaxial stress, the pressure p and the deviatoric
stress q are given as follows:

p:,g,{s}:{z/aa ~1/3¢ -1/3¢ 0 0 0} (C-3)
St =\ (5+g+5) -0 (C-4)

Using Eq. (7) and Egs. (C-3) and (C-4), x, can be expressed as:
q2
(1-Dy

G+3K
where T = $.2%

Substitution of Eq. (C-5) into Eq. (C-2) gives the following
relationship:

1o=T (€-5)

(1-D)

D
P (1-D)?

From the yield function, given by Eq. (46), g can be obtained as:
q=k=(1-D)(f, +Q(1 —e ") (C-7)

Thus, the following expression can be derived by making use of
Egs. (C-6) and (C-7):

1 N Ta 1 :
BT (f, +Q(1 — e ) "

Integrating both sides of Eq. (C-8) with results in the following
expression:
1/2 1

2y/(1- ——+C
—0.5QHe &

The integration constant C is calculated for the following cases:

Case 1: Evolution of damage and plasticity together at yielding
(see Fig. 1 for ry = 0.5 and 0.25)

For the case of damage being initiated at the onset of yielding
together with plastic strains, the expression of C can be obtained
by using &, = 0,D = 0 as the initial conditions which are substi-
tuted into Eq. (C-9) to give the following expression for the con-
stant C:

(C-8)

(fy +Q(1 —e )" (€-9)

Tq 1/2 1
C=2-5rY) " g5qm

Case 2: Only plasticity occurs at yielding and damage initiates
when g, > g, (see Fig. 2(a))

In the example provided in Section 3.1, damage is not initiated
(r« = 0) until &, > &,(= 4.5 x 107). Hence, the initial conditions
are: D=0,¢, =45 x 1072 which are substituted into Eq. (C-9) to
obtain the integration constant C as follows:

(C-10)

-1,2 1
—0.5QHe M

In order to obtain the explicit expression of D in term of the
accumulated plastic strain, ¢,, Eq. (C-9) is rearranged to give:

C=27;‘—dT(fy+Q(1 ) (C-11)

2
1 Ta —Hepy\ 12 1 _a
D-1 O.ZS[bT(fy—s—Q(l e ) 7_0'5%%4} —1-M
(C-12)
where: M = 0.25 [% (fy + Q(l — e,ng))—1/2m+ C]

It is critical to note that the expression of D in Eq. (C-12) is
defined only for &, € (&, &) where g, is the effective plastic strain
at the onset of damage initiation, and ¢y is the effective plastic

strain at failure. By substituting Eq. (C-12) into Eq. (C-8), D can
be expressed explicitly in term of &, as:

Ty (1-D) i

=4 : )

BT (f, +Q(1 —e))**
_ Tq \/M
~hT 32
Tm+m«w%m/
i
where: N = (fﬁQ@ )y
Now the total dissipation rate function can be expressed as:

D = ypD + 150s (C-14)

Substituting (C-5), (C-7), (C-12) and (C-13) into the above equa-
tion, gives:

& = Né, (C-13)

(no volumetric plastic strain)
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® = 1D +qé = (1N + 4l = [TEN+4)é

_ {T (M(fy+Q(’\1/I;e’”’7P)))2 N+ M(fy +Q(1 - e—Hcp)):| & (C-15)

- {T(fy +Q(1- eiHap))zN + M(fy +Q(1- eiHap))]ép

Thus, the total energy dissipated during the entire deformation
process (or the total fracture energy) can be calculated by integrat-
ing both sides of Eq. (C-15) with respect to &,. In addition, the dam-
age dissipation rate ratio Rp, given in Eq. (25), can also be defined
as a function of ¢, by making use of Eq. (C-7) as:

T'q

Rp =
VT M(fy +Q(1 —eFn))

(C-16)

@)

0.8f

0.6

= r =097, 0.88,0.75.0.59
04" d

€ %107

The above equation provides the explicit link between the pro-
portion of energy dissipation due to damage and plasticity. With
the expressions given in Eqs. (C-12) and (C-16), the variation of
Rp and D with respect to ¢, is plotted for different values of rq in
Fig. B1 (Case 1) and Fig. B2 (Case 2).

As illustrated in Figs. B1 and B2, a higher level of damage acti-
vation (by assigning a larger ry) associates with a higher proportion
of damage dissipation rate Rp and a faster damage growth com-
pared to a lower level of damage activity (lower ry). Furthermore,
Figs. B1(a) and B2(a) show a sharp increase in damage dissipation
rate at sufficiently high plastic strain which indicates a complete
disintegration of material towards the end of loading procedure
where damage is the dominant mechanism of energy dissipation.

0.8

0.6+
Q
0.4+

Fig. B1. Von Mises material model under uniaxial tension (Case 1: damage is activated simultaneously with plasticity).
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Fig. B2. Von Mises material model under uniaxial tension (Case 2: damage is activated at (¢, = 4.5 x 1073).
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Appendix B

A Continuum Model with an Embedded Fracture Process Zone M odelled

asa Cohesive Frictional Interface

Mir, A., Nguyen, G.D. and Sheikh, A.H., 2016. A CONUUM MODEL WITH AN EMBEDDED
FRACTURE PROCESS ZONE MODELLED AS A COHESIVE FRIONAL INTERFACE.
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A Continuum M odel with an Embedded Fracture Process Zone Modelled asa
Cohesive Frictional I nterface

B.1. Introduction

Strain localisation and stress redistribution doeptopagation of fracture or
damage and the inherent energy release cause affggzein quasi-brittle structure. This
means the nominal strength and the post-peak bmimawei quasi-brittle structures vary
with the size of the structure. The dependencéefstructural behaviour on the size (or
the characteristic dimension) due to the existafi@elocalised damage or fracture process
zone is known as the deterministic size effectiidsmechanics [1]. The size effect is the
most important practical consequence of fracturplgenomena as it is observed in
reinforced concrete structures [2, 3] and evenensagnificantly in the explosive breakout
of boreholes and/or mining stopes [4-6]. Upon timsed of localisation in quasi-brittle
structures a small part of the solid/structure (BRZ) undergoes further damage and
softening while the remaining part (surroundingkbuwlnloads. When the thickness of the
FPZ is negligible £ — 0), a cohesive frictional interface can, in genebalused to model
the dissipative behaviour of material inside FPA. this study, the fundamental
mechanisms responsible for energy dissipation ssamaed to be micro-crack opening in
mode | and frictional sliding. One important adeage of the current model is that it takes
the frictional dissipation into account and furthierproduces the nonlinear softening
behaviour by only controlling the amount of enelping dissipated due to damage and
frictional mechanisms. It is essential for a cohesnodel to take the frictional dissipation
into account as about 50% -75% of the total endngyget in failure process of quasi-
brittle materials is dissipated due to friction.[The total amount of dissipated energy in
the failure process of quasi-brittle structurescamtrolled by the width of FPZ which
depends on the material microstructure and it @radteristic of the material [8]. The
performance of the model is demonstrated througlesiigating the size effect on
structural behaviour and more specifically on thstgpeak softening curve for specimens
of different slenderness. In the following Sectidhe essential features of the cohesive
frictional interface model is presented and thesm tiodel performance in describing size

effect is presented.



B.2. A Cohesive Frictional I nterface

A unit volume/length of the fracture process zoae be represented as a cohesive

frictional interface, as illustrated in Fig. 2.

A tnlun

tS’uS<—— in
:\AM/Ih
. 1-Dp D !

Figure B-1: A unit volume of the FPZ represented ashesive frictional inter face

Following the framework of Thermodynamic with imal variables, the complete
constitutive relation between the tractions andesponding displacements is given by
only determining two scalar potentials, namely, earergy potential and a dissipation
potential. The Helmholtz free energy potential founit volume/length of the fracture
process zone can be given as:

1 1 1
Y= 5(1 — D)K,ul® + 5(1 — D)K.uf® + EDKn(—ug)Z (B-1)

In the above expressidf), andK are the stiffness of the FPZ anfl andu$ are reversible
displacements in normal and shear directions, otisedy. Also,(.) is the Macaulay
bracket and is the scalar damage variable which also repredéet volume fraction of
the damaged part of the unit length of the FPZf&gB-1). The relation between the
elastic or reversible displacements @ndu¢) and the irreversible displacement$ @nd

uP) are given through the following constraint edras:
Ci=t,—ué—ul=0 (B-2)
Ca=u—u—1uf =0 (B-3)

Furthermore, for a coupled model the dissipatiorepital can be defined as follows:

0 = \/(pDZ + @n? + @52 (B-4)
In the above expression,,, ¢,, andg, are homogeneous first order functions in terms of

the rates of internal variable® (12 andu?), representing the effect of the individual

mechanisms on the total dissipation r@&fe and they can be defined as:
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op = XD
b=
JREXDn + 2Rg xps(1 — D)2K; (B-5)

BD) " (1 - D) 2BDIK, + u(~t,)]
/RyziXDn
_ &[0 = D)2E(DIKs + pi=tw)]

Ps — (B-7)
(1 - D) 2Rs XDSKS

In the above expressiory, is the total conjugate damage energy am¢g and yps

represent conjugate damage energy correspondinghdde | and 1l of fracturing,

(B-6)

respectively. The definition of these damage emsrgire given subsequentBfand R”

(i =n,s) are ratios controlling the damage and frictiodasipation, respectively and
R? + R = 1. In addition,F, (D) andF;(D) are functions controlling the damage process
in the n- ands-directions, respectively, and for the sake of diaity they are defined to
have the same form in the current model as:

Fi(D) =i (1+fl /(ZKle fl ))

2K (1= D) + 21K Gy~ F))

(B-8)

In the above expressioG; is the fracture energy, amdtands for eithen or s, andf; and
K; are the strength and stiffness. Furthermore, ¢instcaint equations (B-2) and (B-3) can

be used to supplement the dissipation functiorgagéon (B-4) to give:

8D = pp2 + 0p% + @2 + MGy + MG, (B-9)

Following the standard procedures of the genedhligermodynamics framework, as

outlined in Chapter 3, the following set of equatias obtained:

. _alp+a<sq>'_aly+acp+A o, 06 _ (B-10)
" Qu, ou, ou, ou, ou, ‘ou, '
Y 95D ¥ 9D aC, aC,
= =—+—+A +A =A, (B-11)

t, = = P
ST Qug  dug  dug  Oug  toug  Zou

R T T TR 1 . .

0= 5uz * 3az * Mgz + N2 gge = (1= DIKtth + DKn(—uf) (B-12)
¥ 9e ac,  9C, ,

0= 307 * 3az + Mgz + N gge = (1~ DIKsus (B-13)
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oy 0 ac, aC,

0= + A =+ Ay—s =y — A B-14
o ouP | tod " TPowr M (8-14)
0= 4 0% a2 0,22y B-15
B AR T T AR (B-15)
¥ b  acC ac 1 1
0=—p++ 1a_[‘>1+ Aza—DZ = 1o = 5 Kn(uf® = (~uf)?) = 5 Ksug® (B-16)

By eliminating the Lagrangian multipliers betweée above set of equations the normal

and shear tractions are given as:

t, = (1 — D)K,u + DK, (—us) (B-17)
ts = (1 — D)K.ug (B-18)

In addition, the dissipative part of the internaides and the conjugate damage energy are

given as follows:

Xn =tn (B-19)

Xs = s (B-20)
1 e2 e\2 1 e2

XD = EKn(un —(—up) ) + EKsus = Xpn Tt Xps (B-21)

Following the principles of generalised thermodyi@mn(see Chapter 3), by
performing a degenerate Legendre transformatiotihemlissipation rate function the yield
function in the generalised dissipative stress espzan be given as a function of the
dissipative stresses and the conjugate damage yenBgg making use of Ziegler's
orthogonality principle for rate-independent beloavithe following relations ensues (see
Sections 3.2.2 and 3.2.3):

06D 06D I, On dpy,

n=—57p= D = 5 B-22
Toouy 0pndin Jgp? 4 g, + .2 Oty (22
06d 06D do, Os dos
Xs=a.p=a P > > 5 9P (B-23)
Uy Ps OUg \/(PD + @n* + @s= OUs
d6d 06 agp Q do
Xp = —— = L 2 a (B-24)

0D 3¢ 0D \[p,7 + g2 + g2 D

Therefore, the yield function in the dissipativeess space is obtained as:

2 2 2
y*=< Xn .p> +< Xs.p> +< XD .> —ISO (B_25)
0@y, /0uy, 0@ /0 d¢pp/dD

By virtue of the above expression of the yieldhe tissipative stress space, the evolution

rules for internal variables are given as follows:
B-6



. d .
Ay 2 XD

b=i2 =2i —
0xXp (8p/3D)
( BRoon, 2R? xpn (1 — D)?K, (B-26)
2
B> [ - D)2ZRDIK, + mi~t)] 1o
VG L APy S (SR 2)1( Rion ) (B-27)
"0 (g, 0uP)’ Fu(D)ty
, . 0y* : X : 2(1 — D)?RP ypK.
ub = Ay = 2i—"— =21 SLDSS . (B-28)
s (00s/015) ts[(1 = D)V2F(D)K; + p(—t)]

Furthermore, by substituting equations (B-5) — {|Brfo equation (B-25) and making use

of equations (B-17) and (B-18) the expression efytield function in the true stress space

IS given as:

y= Xpn ZXDS(]- - D)ZKS _
FD) " [(1 — D) 20K, + pl—ta)]

Figure B-2 shows the loading function (or initia¢ld surface) in the,, — t; space. Also

1=<0 (B-29)

the loading function evolves to the failure surfafeCoulomb criterion when damage

variable grows front) to 1.

-20

Figure B-2: The initial yield surfacel{ = 0) and the final failure surfac®(= 1)

For a coupled model the functidfj(D) is calibrated to control energy dissipation
only due to damaging processes while the restetdtal energy budget is dissipated due
to frictional sliding. Figure B-3(a) shows the laresoftening behaviour for a material with
Young’s modulus off = 43600N/mm?, uniaxial tensile strength gf = 4.77N /mm?
and fracture energy (ﬂ} = 0.08917N /mm. The thickness of the FPZ is assumed to be

0.1mm.
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Figure B-3: (a) Linear softening model for pure damage in mio@b) Nonlinear softening model
for the case when 50% of energy dissipation istddgctional loss R? = 0.5)

The nonlinear behaviour (Figure B-3(b)) is produdee to dissipation properties
of the model. A physical explanation is that whamdging processes take place, some of
the total energy budget for fracturing the mateisaspent on frictional sliding which in
effect will delay the damaging process.

B.3. Size Effect

Specimens with different slenderness were congidénebe axially loaded in
tension and compression. As illustrated in Figurd Ba) and (b), the model predicts a
steeper post-peak softening curve for more slesdecimen and a sharp snapback for a

significantly more slender specimen.

6 (b) 50 ©
5 i ——£=0.05 45 03 =2Mpa
s ---- 03=5Mpa

~ 4 z .............. 63 =10 Mpa
o i
Z3
g,
7

1k

0 0

0.00 0.05 0.10 0.15 0.00 0.02 0.04 0.06 0.00 . 0.05 0.10
Displacement (mm) Displacement (mm) Displacement (mm)

Figure B-4: (a) Stress-displacement curves for uniaxial tensiading, (b) stress-
displacement curves for triaxial compression, (@xtal compression with
different confining pressures

It should be noted that in all cases the same atmmfuenergy is dissipated as the
width of the FPZ is kept constant. The model alsedigts higher failure stress at higher
confining pressures in compression (Figure B-4. (Eie current model is not yet capable

of capturing snapback in compression. However,hasve in Figure B-4 (b), the model
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produces a progressively more brittle behaviourttes slenderness of specimens is

increased, in agreement with experimental obsemsati

B.4. Summary and Conclusion

Size effects due to localised failure are encapsdlan a new continuum model in
this study. The key point is to note that beyorel dhset of localisation the strain field is
no longer uniform. Upon localisation one part ot tetructure (the FPZ) undergoes
inelastic loading and exhibits softening behaviatnile the remaining part (elastic bulk)
undergoes elastic unloading. A modelling framewsukh as the one used in this study can
be applied to establish links between the FPZ dred sdurrounding elastic bulk. The
fundamental mechanisms of material degradationeaedgy dissipation can be formulated
within a thermodynamically consistent framework address the inelastic softening
behaviour of the material inside FPZ. The promisifegtures of the model are

demonstrated and validation will come in our futwark.
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ARTICLE INFO ABSTRACT
Article History: Rock response to confining pressure and strain rate can change dramatically from very brittle to ductile.
Capturing this transition is crucial for a correct prediction of rock mass failure due to blasting, explosion or
drilling in mining. In this work, a new constitutive model that accounts for the effects of both confining
Keywords: pressure and strain rate on the nominal strength and post peak behaviour is proposed for dry intact rocks
Eonlitit“ti"e models and other similar geological materials. The key features of the proposed constitutive model are the employ-
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ment of a single loading function that evolves from initial yielding to ultimate failure during damaging and
the rate-dependent enhancement so that the strain rate effects can be faithfully described at different con-
fining pressures. The model can adequately capture both the brittle and ductile responses as well as the brit-
tle-ductile transition as a result of both strain rate and confining pressure.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Understanding and modelling the behaviour of rocks would pave
the way towards a safe and economical design in geotechnical and
mining engineering. Like any other geological material, rock behav-
iour depends on both strain rate and pressure, that is, its response
can change from very brittle to ductile under significantly high con-
fining pressure [1-10] or high strain rate [11-19]. In mining and
geotechnical operations in crustal rock formations the effects of
blasting, drilling or tunnelling and/or tectonic and earthquake forces
can dramatically change the stress state. Therefore, the prediction of
failure would require a model that can capture, as accurately as pos-
sible, the macroscopic response of rocks under rather complex stress
states and different loading rates.

Inelastic rock deformation at microscopic scale involves a series of
micro-mechanical processes leading to degradation of the material
micro-structure. These processes usually begin with initiation of
micro-cracks within the material matrix (at low pressures) and/or
grains (at high pressures), followed by localization of micro-cracks
with a band of certain thickness where micro-cracks finally coalesce to

" Corresponding author.
E-mail addresses: g.nguyen@adelaide.edu.au, giang.nguyen@trinity.oxon.org
(G.D. Nguyen).

http://dx.doi.org/10.1016/j.ijimpeng.2017.01.006
0734-743X/© 2017 Elsevier Ltd. All rights reserved.

form the macroscopic fracture. Throughout the entire course of inelas-
tic deformation, frictional sliding between the two faces of micro-
cracks, asperity interlocking, granular and/or diffusional flow, crystal
plasticity, and other processes may accompany micro-cracking and
fracturing [20—24]. These micro-mechanisms of deformation are
observed at macro-scale as stiffness and strength reduction, inelastic
dilation/compaction and residual strains. From a phenomenological
perspective, all the mechanisms that cause stiffness and strength
reduction may be described as damage and all those phenomena that
lead to the occurrence of the residual strains can be interpreted as plas-
tic deformations. Furthermore, the micro-mechanical processes of
deformation in rocks are mostly time/rate-dependent, which conse-
quently give rise to the macroscopically observed rate dependent
behaviour of rocks. Examples of such time/rate dependent micro-
mechanisms may be given as time dependency of static friction and
the evolution of frictional strength with the loading rate [25—29] and/
or time dependent micro-crack growth [19,30]. Rate dependent macro-
scopic rock behaviour may be characterized by the increase in the rock
strength under tension and compression at high strain rates [31-36].
In addition, at higher strain rates rocks show a tendency towards more
ductile behaviour, while in quasi-static loading, under the same confin-
ing pressure, the behaviour can be completely brittle [13,14,19,37].
Phenomenological coupled damage-plasticity models with differ-
ent levels of complexity and applicability have been proposed for

Please cite this article as: M. Mukherjee et al., Capturing pressure- and rate-dependent behaviour of rocks using a new damage-plasticity
model, International Journal of Impact Engineering (2017), http://dx.doi.org/10.1016/j.ijimpeng.2017.01.006
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List of symbols multiple loadir?g sprfaces, while facilitating both the .implementa-
tion and applications of the model to cover a wide range of
. responses under different pressures and strain rates. In this formula-
dt Tlmeimcrement . tion, an initial yield surface evolves, with the evolution of the dam-
g Plastlc—damage potential age variable, defined as a function of the rate of accumulated plastic
& Locall or specific fracture energy strain, into a linear frictional failure envelope [53]. This is an impor-
m Strain ratg parameter tant feature of the proposed model as the brittle/softening and duc-
p Hydrostatic st.re.s§ ) ) . tile/hardening responses together with the transition between the
Pco: Pro Pressgres at 1n1t1f:11 yield un@er Isotropic com- two states of behaviour, with increasing confining pressure, can be
pression and tension, respectively automatically captured by the model without any need for sepa-
q Shear stres§ rately defining hardening or softening laws. The fundamental mech-
Y Yield functlon . anisms which determine the rock behaviour when switching from
AB Materl.al parameters  controlling  damage tensile to compressive loading is also accounted for, through mim-
evolution L icking the influence of micro-crack closure on the rock mechanical
ngé secant elast.lc stiffness tensor . response. Furthermore, strain rate dependency of the behaviour,
Cijkl Elasto-plastlc.-damage tangent stiffness tensor which has been experimentally observed in rocks and other similar
D Secant compliance tensor geological materials, is incorporated in the model through the Per-
D Damage parameter zyna type viscosity. It should be noted that rate dependency in the
G Shear modulus proposed model is viewed as an intrinsic feature of the model rather
Gr Fractgr_e energy . than a regularization technique in numerical implementation. In
H HeaV}SIde functlon of hydrostatic pressure addition, rate dependent response induced by pore pressures in
I First 1nyar1aqt of the stress Fens‘?f moist rocks is not taken into account yet in this study, and this is
J2 Second invariant of the deviatoric stress tensor acknowledged as an issue to be addressed in our future work. The
K Bulk modulus . separation of pressure and rate dependence in the proposed model
Mo Materlal constant controlling the shape of the formulation allows for independent calibration of the model in
yield surfgce . quasi-static and dynamic loading conditions. In our opinion, this
M, Strgss raFlo at failure facilitates both the development and calibration of the model.
Sij Dev1at.0r1c stress . The paper is organised as follows; at first the model formulation
%o Materlal constant controlling the shape of the is described, while providing links between the model formulation
yield surface . . and the rock behaviour under different confining pressures and
p Parameter controlling the d}latlonal response strain rates. Numerical implementation algorithms are then
Y Materlal constant controlling the shape of the described and numerical examples of rock behaviour under different
yield surfgce confining pressures and strain rates are given to demonstrate prom-
Sg Total_stram_ tensor ising features of the new model.
&) Plastic strain tensor
£ Ey Total shear and volumetric strains, respectively .
el &b Plastic shear and volumetric strains, respectively 2. Model formulation
€ Accumulated plastic strain 2.1. Convention and definition
n Viscosity parameter o
A Damage-plastic multiplier . .
oy Stress tensor . In the present study, the tensile stresses are assumed to be posi-
01,6203 Major, intermediate and minor principal tive apd the compressive stresse; are considered as pegatlve. ng-
stresses, respectively ever, in order Fo bg con51'stent Wth the rock mechamgs convention,
o, Tensile strength the s.tre.ss—stram signs wﬂl be switched .wh.en presenting the model
y Elastic energy potential predictions at the material level. The principal stresses are assumed
to satisfy the condition oy > 03 > o3. The first invariant of the stress

modelling the mechanical behaviour of rocks [10,38—44]. These
models, in general, specify the interaction between damage and
plasticity processes in the model formulation in order to account for
both stiffness and strength reduction and residual strains, observed
during the course of inelastic deformation. Various approaches may
be taken for constructing coupled damage-plasticity models for
rocks which can reflect the effect of confining pressure on the
mechanical behaviour of rock. Examples of such approaches can be
given as models with two loading surfaces [39,45-48] or models in
which damage evolution is defined as a function of volumetric plas-
tic strain rate [41,49-52]. Although many coupled damage-plasticity
models can be found in the literature, which are capable of describ-
ing the mechanical behaviour of rocks under different confining
pressures, not much attention has been given to constructing models
which take into account the combined effects of both confining pres-
sure and loading rate, particularly, on the brittle-to-ductile transi-
tion in rocks.

A new formulation is developed in this study by employing a
combined yield-failure function, which eliminates the need for

tensor, oy, is denoted as I; =0y, and the second invariant of the
deviatoric stress tensor, S, is J, = 5"’% where s;=0jj—0d;/3. In
addition, two stress invariants, the hydrostatic stress p = —oy,/3 and
the shear stress g = /3], are used in the model formulation.

2.2. Stress-strain relationship

The proposed constitutive model for intact rock has been formu-
lated within the framework of continuum damage mechanics and
plasticity theory. In addition to the compressive response, the model
accounts for the tensile regime and includes micro-crack closure
effects when switching from tension to compression modes. Such
effects are indirectly modelled by considering an enhanced elastic
stiffness under compressive loading. Instead of introducing an iso-
tropic damage parameter, the unilateral behaviour of rock due to
crack closure has been described by coupling the damage parameter
D with the elastic stiffness tensor. The following form of the elastic
energy potential has been assumed for this purpose:

1 3

¥ = 51(1-D) +DH(~0y) K (s,—&})” + 5 (1-D)G (es—¢})

2

)
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In the above expression,K, G, g,and e;are bulk modulus, shear
modulus and volumetric and shear strains, respectively, D is the sca-
lar damage variable, H denotes the Heaviside function of hydrostatic
pressure, with H=1 under compressive loading (o < 0). The dam-
age parameter has a bound, 0 < D < 1, where 0 and 1 represent an
undamaged and fully damaged material state, respectively. The elas-
tic constitutive law can be written as follows:

p= g‘/: [(1-D) + DH(~ 01K (ev—<2) 2)
q= 3‘” 3(1-D)G(es—e?) 3)

The generalised stress-strain relation and secant elastic stiffness
Gijit is given by:

W _wpoe oy

gjj T gy dsu

0V dgs Y des

Vg = Ca(eu—et 4
des 05y - ogy | o8y i (B —efy) 4)

=
where

2
Gijt = [{(1-D) +DH(~074) }K— 3 (1-D)G| 801y + (1-D)G [618;1 + 80

)
The damage-plasticity model assumes an evolving yield-failure
function which is a function of stresses and the scalar damage vari-
able D. This function evolves from an initial yield surface to a final
linear frictional failure surface as the damage variable grows from
zero to unity (Fig. 1). The initial yield surface marks the onset of
inelastic behaviour; whereas, the final failure surface corresponds to
a state where material loses all its cohesion and its residual frictional
shear strength is fully mobilised. The damage evolution is coupled
with plastic strain which is further governed by a non-associative
flow rule.
Following Mir et al. [53], a tear drop-shaped yield function y has
been assumed as:

2
(1-D)(p—p) q 2_ B
pc+pzptp+ (1—D)J/PJ +{M[p—“(l’—,0>]] 1=0

y(p a, D) |:<1
(6)

In the above expression, p., ps, @, p, and M are defined as func-
tions of D as follows:

pe=(1+3)Po )

pe=(1-D)pro (8)

Fig. 1. Evolution of yield surface with damage in the stress space.

o =v1-Day 9

M =DM, + (1-D)Mq (10)
_ (4=y)pcpe+ypc

P= " 2Ape+po) (n

where p, and pgare the pressures at initial yield under isotropic
compression and tension, respectively; y, &g and My are the material
constants which control the shape of the yield surface; and M, is the
slope of the failure surface in triaxial stress space. The parameter M,
represents the stress ratio (q/p) at failure (D=1); whereas, My is a
fitting parameter which controls the shape of the initial yield sur-
face. The variation of M in Eq. (10) can allow for some minor harden-
ing prior to peak stress under shearing at low confining pressure.
This feature is however not explored in this work. It should be noted
that both hardening and softening responses of the model are encap-
sulated in the evolution of the initial yield function to a final failure
envelope, governed by the damage variable (Fig. 1). This evolution
takes into account the effects of confining pressure to give the model
appropriate behaviour in both tension and compression.

2.3. Plastic damage potential

In order to describe the dilation behaviour with the proposed
constitutive model, a non-associative flow rule has been adopted. A
plastic-damage potential has been introduced which allows us to
calibrate the dilational behaviour against experimental data. The
plastic-damage potential takes the following form:

8P, 4.D)= | a5
Pe +Pr

2
(1-D)(p—p) +[ Bq
)¥Pe

2
(-vpepiy 4 1(1-p M{p—a(p—p)}} -1 a2

The non-dimensional parameter S controls the dilational
response of the model. It is assumed that the material reaches a criti-
cal state with zero volumetric strain when the material becomes
fully damaged, D=1. The flow rule is governed by the proposed
damage potential

. s 0g
p _
=" 5 (13)

where / is the rate of damage-plastic multiplier.

2.4. Damage evolution law

Since even intact rocks contain microscopic flaws (micro-cracks
and micro voids), frictional sliding between the two faces of pre-
existing micro-cracks as well as initiation of new micro-cracks can
take place at microscopic scale during the inelastic loading of rocks.
At the macroscopic level these mechanisms are described as soften-
ing/hardening phenomena in terms of strength and stiffness reduc-
tion/enhancement. In regard to a damage plasticity model, such
macroscopic behaviour can be modelled through a plastic strain ten-
sor and a damage variable. For a coupled approach, further charac-
terisation is required to identify the inter-dependence of these two
internal variables. An exponential relationship between damage
(AD) and increasing accumulated plastic strain (Aep = /%AegAe‘i}) is
generally adopted to effectively represent the coupling effect [54].
To better describe rock behaviour under both tensile and compres-
sive regimes, a new damage evolution law is proposed here taking
into account different contributions between plastic shear and volu-
metric responses:

D=1-€", (14)
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where where C;‘,jf is the elasto-plastic-damage tangent stiffness tensor:

Aep:\/g (AAE€)2+ (BAE?)2 (15) crd_c._c. %8 poy 3C"f'“’JD OmnM(e~) 2408 2+ B% ’
9 ijki ijkl ijrs 307s kl D mnab® mniVik] 9 ap aq

where, A and B are model parameters. After calibrating the parame- (23)

ters related to the initial yield surface, the parameters f, A and B are
calibrated iteratively by considering stress-strain-volumetric
response from both compressive and tensile experimental data.

3. Numerical implementation

A brief summary of the model is provided here before the formu-
lation of the tangent stiffness and stress update algorithms. The con-
stitutive equations governing the behaviour of the model include
the stress-strain-damage relationship (Eqs. (4) and (5)), yield surface
(Eq. (6)) with non-associated flow rules governed by the plastic
potential (Eq. (12)), and the damage evolution (Egs. (14) and (15)).
As can be seen, both hardening and softening responses of the model
are encapsulated in the evolution of the initial yield function to a
final failure envelope, governed by the damage variable (Fig. 1). This
evolution takes into account the effects of confining pressure to give
the model appropriate behaviour in both tension and compression.

3.1. Tangent stiffness formulation

The formulation of the tangent stiffness tensor for the proposed

damage-plasticity model is presented in this section. The tangent
stiffness tensor is necessary for localisation analysis and for solving
boundary value problems (BVP) where the constitutive models are
implemented within a numerical framework. The following form of
the stress rate tensor can be derived from Eq. (4):
6 = Gjuie—Cijathy + %Dklmnamnl) (16)
where Dy is the secant compliance tensor. The plastic flow rule
leads to the following expression for plastic volumetric and shear
strain rate:

&P = 1% and éf:iaig (17)
ap aq

The rate of damage variable can be calculated from Egs. (15) and
(17):

D—(eev)q,—i(eﬁv)ﬁ (Ag—§>2+(32—§)2 (18)

The consistency condition for the yield function results in:

oy . oy
9= 5,0 S5D=0 (19)

Furthermore, substitution of Eqs. (16)—(19) into the consistency
condition leads to the following expression for A:

A=Myéy (20)
where
M= 3, Giid
=
(83{,) Cabmn agi"> {(ag};b B%B” Dmnrsamn)Jr()y}(( @)\/% (A S%) 2+ (B %)2>
(21)

The incremental stress-strain relation can now be reduced to:

G =Cihi e (22)

3.2. Semi-implicit stress return algorithm

The rate constitutive equations presented in the previous section
are numerically integrated in order to give the stress update for a
given strain increment. At any time step, the stress tensor can be
represented in the following incremental form:

k+1
0" =of+ Aoy (24)
where aﬂ.‘.“ is the stress state in the current time step, ag is the pre-
vious stress state and Aoy is the increment of stress from the previ-
ous step to the current one. First a trial stress increment is evaluated
elastically using the following relation:

o =of + Aol (25)
In the above expression, Ao"'”’ is given as:

Aag'a’ Chley (26)

where Ao is the trial stress increment, o7 is the elastically eval-
uated trial stress, Cf;, is the secant elastic stiffness evaluated at state
k, and Agyis the total strain increment from step k to k + 1. The yield
function y(p, g, D) is next evaluated based on this trial stress to deter-
mine whether the material is elastic or has already yielded. Hence, if
y(p,q, D) < 0 the elastic solution is accepted; however, if y(p,q, D) >
0, a stress return algorithm must be employed to correct the stress
increment based on damage and plasticity evolutions in the previous
step (Fig. 2).

The semi-implicit stress return algorithm is a simplified form of
the fully implicit backward Euler [55]. The yield function at the trial
point can be approximated by a first-order Taylor expansion as:
trial

trial
yk +1 :ytrial + Ao.lgjorrector;l AD 3_)/ -0 (27)

Tij

where y**1 is the updated yield surface, and /2 | and %™ ar.
the derivatives of the yield function at the trlal stress state w1th
respect to stress and the scalar damage variable, respectively. The
explicit form of dy/do; and dy/aD are given in Appendix A.

In addition, by virtue of Eq. (16) the corrector stress can be given
as:

Cijt

Aaicjorrector A¢ P tnal AD (28)

ukl aD Dklmn mn

Fig. 2. Anillustration of the stress return algorithm in two dimensions.
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Substitution of the flow rule and incremental damage variable
into Eq. (27) and setting y**+! = 0 results in:

trial
A= y

Wy kB ay 9Cijkr yk i f) —ek 2 g\ 2 g\ 2
(2 ht) (3 B Dhort) + 3)() 3 (43 (63))
(29)
At each time step, AA can be evaluated from the above expres-
sion, which can be further used to calculate Ae};, AD, and Aggprmector.
The new stress increment and the updated stress state are given by
the following relationships.
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4. Model responses: calibration and validation

In this section, the proposed material model is calibrated and val-
idated against experimental data from triaxial tests on Augig Granite
[56] and Gosford Sandstone [57]. This process is carried out by con-
sidering the mechanical behaviour of rock under both compressive
and tensile loading conditions. In the case of tensile tests, the frac-
ture energy (Gy) and tensile strength (o) of rock are two key parame-
ters considered during calibration. A local or specific fracture energy
(8 =Gy/h), which can be given as the area under the stress-strain
curve in uniaxial tensile loading, is calculated and compared against
the experimental data [58]. It should be noted that inclusion of the
sample height (h) induces a length scale dependency into the charac-
terisation of constitutive properties.

Model parameters associated with initial yield surface, pco,
Dio, @0, Y, Mg are calibrated using the data set showing softening
response, specifically experiments with lower confinement.
These parameter values are obtained iteratively by carrying out a
best fit for the equation of yield surface (Eq. (6)) against the ini-
tial yield points for each data set (Fig. 3). The slope of the yield
surface at failure, M,, is identified by plotting the residual stress
data in the p—q space and minimizing the error associated with
the curve fitting, while for simplicity we take My = M,, ignoring the
minor pre-peak hardening under shearing at low confining pres-
sure. The calibration of initial yield and failure surfaces for the two
rock types have been presented in Figs. 3 and 4, respectively. The
elastic parameters, Young’s modulus E and Poisson’s ratio v are cal-
ibrated using the initial stress-strain response of such data set.
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Fig. 3. Initial yield surface for Augig Granite and Gosford Sandstone.

The dilation (8) and damage evolution parameters, A and B, are
calibrated for each rock type by comparing against their correspond-
ing stress-strain and volumetric data from compressive and tensile
tests. In order to perform the calibration in tensile regime, the mag-
nitude of Gyand o for these two rock specimens have been adopted
from the literature. A value has been assumed for the specimen
length (h) due to the lack of information regarding the specimen
dimension in these uniaxial tension tests. Fig. 5 presents the model
predictions for triaxial compression test of Gosford Sandstone over a
range of confining pressures varying from 0 to 30 MPa. The stress-
strain and volumetric behaviour have been compared against exper-
imental data available for two different specimen diameters, i.e.,
50 mm and 96 mm, respectively. A single set of material parameter
has been calibrated for these two specimens and further employed
for rock behaviour prediction. It can be observed from the figure that
the model can adequately capture the brittle behaviour of rock at
lower confinement and also predicts the gradual change in such
responses due to increase in the confining pressure.

Fig. 6 illustrates the constitutive response of Augig Granite under
triaxial compression. The material parameters for this case have
been calibrated mainly by focusing on the stress-strain response, as
limited data was available for the volumetric characterization. Simi-
lar to the previous case, the influence of confining stress has been
well accounted for by the proposed model. At higher confining pres-
sure, the model is also capable of predicting the ductile response
along with the brittle-ductile transition for hard rocks like granite.
The evolution of the initial yield surface with damage endows the
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Fig. 4. Calibration of failure surface for Augig Granite and Gosford Sandstone.

Please cite this article as: M. Mukherjee et al., Capturing pressure- and rate-dependent behaviour of rocks using a new damage-plasticity
model, International Journal of Impact Engineering (2017), http://dx.doi.org/10.1016/j.ijimpeng.2017.01.006



http://dx.doi.org/10.1016/j.ijimpeng.2017.01.006

JID: IE
6

200 r —— Simulation
R e e Experiment
-] L% S "
S 150 | e 6;=30 MPa
; ‘4 ~ g =
5100 + grhe-- b3 ;=20 MPa
s I"/’ . T S=alTTE
g5 " X 6;=10 MPa
2 50 PSR- N
7 ’ ~..  °

|y ;=0 MPa
() 1 1 1 1 J
0 0.005 0.01 0015 0.02 0.025
Shear strain
(a)

0012 ¢ Simulation
e ooog L Experiment
7 0004 1 K N 5,-30 MPa
= 0
] .
£ -0.004 63-20 MPa
= N Tm===o-l-
> -0.008 _

] No;=0 MPa °
-0.012 . L : : !

0.01 0.015 0.02 0.025

Shear strain

(c)

0 0.005

[m5G;January 13, 2017;11:09]

M. Mukherjee et al. / International Journal of Impact Engineering 00 (2017) 1-11

200 —— Simulation

T Experiment

S ! i b S
%150 I % N ;=30 MPa
R
[ 1, P X \
g 50 L :/’ _\\ !: = \ - c?flo MPa
“\ 4 S*t== 0;=5 MPa

0 o,=0 MPa ;=2 MPa | .
0 0.005 0.01 0015 002 0.025
Shear strain
(b)
0012 ¢ —— Simulation

o 0008 - T Experiment
£ 0004

= 0

g

g -0.004

S -0.008

-0.012

0.01 0.015 0.02 0.025

Shear strain

(d)

0 0.005

Fig. 5. (a, b) Stress-strain and (c, d) volumetric response for Gosford Sandstone under triaxial compression test; E=17 GPa, v=0.13, p.o =686 MPa, p;o = —1.48 MPa, oy =0.245,
y=0.88, My =M, =1.7, $=0.5,A=500 and B= 100 (experimental data for specimen with 50 mm (a, c) and 96 mm diameter (b, d)).

model with the ability of capturing such gradual transition from brit-
tle to ductile behaviour with increasing confining stress. The details
of the parameter sets used for the prediction of two rock types are
mentioned in the relevant figures.

The behaviour in uniaxial tension predicted for Gosford Sand-
stone and Augig Granite is illustrated in Fig. 7. Due to the limited
availability of experimental data related to the uniaxial test, the sim-
ulated tensile response for these two rocks could not be compared
with the experiments. However, the obtained magnitudes of peak
stresses comply well with their respective tensile strengths. As men-
tioned earlier, the post peak responses for such cases are primarily
determined based on the material fracture energy and depend on
the assumed sample size. The parameters used for tensile characteri-
zation are listed in the figure.
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5. Rate-dependent enhancement

Strain rate is another important aspect that can significantly
influence the rock behaviour. Such rate-dependent response of rock
is of utmost importance for designing against dynamic loading, such
as rock blast. Existing literature suggests that both compressive and
tensile strength of dry intact rock increase significantly with increase
in the strain rate [34,59-65]. In the quasi-static regime, i.e.,
10~7-107?/sec, the compressive strength was noticed to increase by
30-40% when the strain rate is increased by five orders of magni-
tude [59]. However, the rate induced strength increase becomes
more prominent at higher confining pressure [66]. Furthermore, a
marked increase in the dynamic compressive strength has been
reported for an applied strain rate beyond 10/sec [64,67]. Apart from
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Fig. 6. Shear stress response of Augig Granite with (a) axial and (b) lateral strain under triaxial compression test; E=30 GPa, v=0.23, p =900 MPa, p;y = —3.4 MPa, g =0.195,

y=0.78, My =M, =2.3, $=0.75,A=300 and B=30.
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Fig. 7. Axial stress-strain response of Augig Granite (G =0.0872 MPamm, o, =8.8
MPa, h=4.5mm) and Gosford Sandstone (G; =0.02 MPamm, o;=4 MPa, h=3.77
mm) under uniaxial tension test.

strength increase, higher strain rates also result in a more ductile
response of rocks even at low confining pressures [68].

A viscoplastic framework is often employed in order to model the
behaviour of rate sensitive materials [69,70]. The rate-dependent
extension of the proposed damage model has been implemented
within the general framework of visco-plasticity following the over-
stress concept proposed by Perzyna [71]. The evolution of plastic
strain is therefore given by the following modified flow rule:

p_ " o8
€l = 3

1 00k
where 7 is the viscosity parameter, having the dimension M~'LT?; the
power-law exponent m is a dimensionless coefficient, and (y) is the
dimensionless overstress function derived from the rate-independent
damage yield-function y. The McCauley bracket implies that:

y) ={

It is important to note that, unlike conventional viscosity param-
eter, the parameter 1, has a inversed stress dimension due to dimen-
sionless representation of the damaged yield function in the present
model [72]. The viscosity parameter is calibrated in such a way that
the material behaviour at quasi-static range predicted from the rate-
dependent model becomes identical to the rate-independent
response. The parameter m in Eq. (32) controls the rate-induced
strength increase of the material over a strain rate range of concern.
The proposed model attempts to address the rate-dependent
response of dry intact rock and it does not consider the rate effects
that are usually observed in moist rocks due to the development of
pore pressure.

Unlike the consistency condition in rate-independent formula-
tions, the Perzyna type framework provides an explicit form of the
non-negative plastic multiplier which for the present model can be
expressed as follows:

(32)

y, when y>0, i.e. at inelastic state

0, when y <0, i.e. at elastic state (33)
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response.
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di= gt (34)
n

Eq. (32) along with Eq. (16) can be employed to obtain the stress
update directly for a given strain increment.

The rate-dependent enhancement of the proposed damage
model has been calibrated against the triaxial compression data
available for Indian Granite at varying strain rates [66]. First, the
rate-independent parameters are calibrated against the complete
stress-strain-volumetric data at 10~>/sec (E=60 GPa, v=0.3, peg =
1200 MPa, pyy=-4 MPa, p=03, y=0.95 M,=22, My=1.7,
B=0.9, A=50 and B=50). The detail calibration and rate-indepen-
dent predictions are presented in Fig. 8. The available experimental
results were restricted to the pre-peak regime and hence, necessary
assumptions are made to capture the residual response. As expected
at lower confinement (0—50 MPa), the rock exhibits strong brittle
response with significant softening. However, a gradual change can
be noticed in the post-peak softening response as the rock becomes
more ductile with increasing the confinement.

The rate parameters are calibrated against the same data set (107>/
sec strain rate) and the peak strengths are predicted for Indian Granite
at different confining pressure and over a range of strain rate varying
from 1077—107%/sec. The experimental observation along with the
simulation predictions for two sets of rate-dependent parameter have
been presented in Fig. 9 (case-1 with n= 2 x 107!"s/Pa and m =35,
case-2 with 7= 1x10"%s/Pa and m=1). The rate-dependent
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Fig. 11. Influence of strain rate on brittle-ductile transition for Indian Granite.

response of Indian Granite could be captured well at different confine-
ment for the parameter set given by case-1. A strength increase of
15-20% has been noticed for this case as the strain rate increased from
1077 to 10?/sec. A lower magnitude of parameter m results in much
higher rate sensitivity which can be easily inferred from the predictions
of two cases as presented in Fig. 9.

The mechanical response of rock can change significantly when
the applied strain rate goes beyond 10/sec. [64]. The proposed model
has been employed to further explore its applicability in predicting
the rock behaviour at such high strain rates. The unconfined com-
pressive strength (UCS) of Granite has been predicted over a strain
rate range 26—88/sec (n= 5x 107'2s/Pa and m=1) and compared
against the experimental data of Zhang [64] in Fig. 10(a). The rate
induced strength increase noted for this case is around 30-40%,
which is captured by assigning a lower value of parameter m.
Attempt has also been made to compare the shear strength predic-
tions for other confining pressures at such higher rates. The same
rate parameters are used to predict the compressive strength of
Granite at three confining pressures with average strain rate of
75—82/sec and presented in Fig. 10(b). As can be seen, the numerical
predictions compare fairly well with experimental observations at
lower confinement. Such predictions can also be improved by a
robust calibration which cannot be carried out here due to the lack
of experimental data.

The influence of strain rate on brittle-ductile transition of rock
has been further explored numerically using the parameter set cali-
brated for Indian Granite and the simulation results are presented in
Fig. 11 in the form of stress-strain response. In case of 10~>/sec strain

600

- & . ’
350 F —— Simulation -
_ '
§ 500 +  ---- Experiment r
—E;}
g
%
é\'s
7 300
250
200 ' : : : ' l ' ]

0 5 10 15 20
Confining pressure (MPa)

(b)

Fig. 10. Variation in shear strength of Granite - (a) UCS predictions over varying strain rate and (b) shear strength at different confining pressures for strain rate 75—82/sec.

Please cite this article as: M. Mukherjee et al., Capturing pressure- and rate-dependent behaviour of rocks using a new damage-plasticity
model, International Journal of Impact Engineering (2017), http://dx.doi.org/10.1016/j.ijimpeng.2017.01.006



http://dx.doi.org/10.1016/j.ijimpeng.2017.01.006

JID: IE

[m5G;January 13, 2017;11:09]

M. Mukherjee et al. / International Journal of Impact Engineering 00 (2017) 1-11 9

500
450
400 +
350
300
250
200
150
100

65=100 MPa

Shear stress (MPa)

3=30 MPa

0.02
Axial strain

0.04

Fig. 12. Combined influence of confinement and strain rate on the stress-strain
behaviour of Gosford Sandstone under triaxial compression (7= 2.15x 10~'®s/Pa
and m=5).

rate, the brittle-ductile transition occurs around 250 MPa confining
pressure. However, with increasing strain rate such transition can be
achieved even at a lower confinement, e.g., at 200 MPa confining
pressure with an axial strain rate 10/sec. Hence, the model can effec-
tively capture the combined influence of pressure and strain rate on
the brittle-ductile transition of hard rock. It is important to mention
here that such rate-dependent modelling requires good quality
experimental data representing compressive and tensile behaviour
of rock at both quasistatic and high strain rate range; however, only
few such experimental data are available in the literature and fur-
ther work is required in this regard.

A parametric study has been carried out employing the proposed
constitutive model to further explore the combined influence of con-
finement and strain rate on the rock behaviour qualitatively. The
stress-strain data of Gosford Sandstone (from Section 4) has been
considered to represent the rate-independent response and the rate
parameter 71 is calibrated against an assumed rate-independent
threshold strain rate of 10~*/sec, using m =5. The predicted stress-
strain behaviour under triaxial compression has been shown in
Fig. 12 at different confining pressure and strain rate. At lower con-
finement (0—5 MPa), significant amount of post peak softening has
been noticed which gradually diminishes with increase in the con-
fining pressure and finally a brittle-ductile transition occurs around
100 MPa. However, increase in the strain rate affects such post peak
softening and results into a more ductile response. A general trend
of increasing peak compressive strength has been noted with
increasing strain rate over the whole confining regime. A similar
trend has also been observed in the uniaxial tensile simulations

— — 5% 3]
o w = W
1

Axial tensile stress (MPa)
w

() 1 1 1 J
0 0.005 0.01 0.015
Axial strain

(2)

Damage

which are presented in Fig. 13(a). However, the nature of post-peak
softening response in this case nearly remains independent of the
strain rate. The evolution of damage parameter under uniaxial ten-
sion has been shown in Fig. 13(b) for different strain rates. The rate
of damage evolution decreases with increase in the strain rate which
further causes an enhanced stress response for a given strain level.

6. Conclusions

We have proposed a new model taking into account the
effects of both confining pressure and strain rate on the behav-
iour of rock. The proposed model is simple while versatile
enough to capture a wide range of behaviour under the com-
bined effects of confining pressure and strain rate. Its evolving
yield function allows the description of both brittle and ductile
responses, together with their transition, without requiring
explicit softening/hardening law, while the rate-dependent
enhancement relies on a single viscosity parameter and is effec-
tive for a wide range of confining pressures. Tests against experi-
ments show promising features of the model in predicting
complex behaviour of rocks under different loading conditions.
This is essential for the analysis of large scale failure in mining
and resource engineering. On the other hand, the present model
still needs improvements to take into account the rate depen-
dency induced by pore pressures in moist rocks.
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Appendix A

The explicit form of the stress and damage derivatives of the yield
surface and plastic potential have been discussed here. The stress
derivatives are as follows:
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Fig. 13. Influence of strain rate on the (a) stress-strain response of Gosford Sandstone under uniaxial tension and (b) subsequent damage evolution (= 2.15 x 10~ ' s/Pa and

m=>5).
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The derivative of yield surface with respect to damage variable is
given below:
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