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INVARIANT PROLONGATION OF THE KILLING TENSOR EQUATION

A. ROD GOVER AND THOMAS LEISTNER

ABSTRACT. The Killing tensor equation is a first order differential equation on symmetric
covariant tensors that generalises to higher rank the usual Killing vector equation on Rie-
mannian manifolds. We view this more generally as an equation on any manifold equipped
with an affine connection, and in this setting derive its prolongation to a linear connection.
This connection has the property that parallel sections are in 1-1 correspondence with solu-
tions of the Killing equation. Moreover this connection is projectively invariant and is derived
entirely using the projectively invariant tractor calculus which reveals also further invariant
structures linked to the prolongation.

1. INTRODUCTION

On a Riemannian manifold (M, g) a tangent vector field k € X(M) is an infinitesimal auto-
morphism (or symmetry) if the Lie derivative of the metric ¢ in direction of k vanishes. In terms
of the Levi-Civita connection V = V9, this may be written as

(1) V(akb) =0

where we use an obvious abstract index notation, k, = gapk®, and the (ab) indicates symmetri-
sation over the enclosed indices. This Killing equation is generalised to higher rank » > 1 by the
Killing tensor equation equation

2) Viakpcy =0

where k... is a symmetric tensor, that is k € I'(S™T* M) and again (ab- - - ¢) indicates symmetri-
sation over the enclosed indices. Solutions of this, so-called Killing tensors, are important for
treatment of separation of variables [2], 25| [30} [33], higher symmetries of the Laplacian and similar
operators [II, 14l [16] 22] 28] 29], and for the theory of integrable systems, and superintegrability
[11, 15 13 27, 26]. Partly these applications arise because a solution of () (for any r) provides
a first integral along geodesics: if v : I — M is a geodesic (where I C R is an interval) and
u := 4 is the velocity of this then V,u = 0 and therefore by dint of () the function Ep...cul - uc
is constant along ~.

In dimensions n > 2 (which we assume throughout) the equation (@) is an overdetermined
finite type linear partial differential equation. This means, in particular, that it is equivalent to
a linear connection on a system that involves the Killing tensor k but also additional variables,
the prolonged system [4, [34]. For example for equation () above this prolonged system is very
easily found to be

- kc vakb — Mab
3 Va =
( ) ( Hbe ) < Va,ubc - Rbcdakd; )

where Rbcda is the curvature of V (see Section below). In general such prolonged systems
are not unique, but for any such connection its parallel sections correspond 1-1 with solutions of
the original equation ((2)) in this case). Thus, on connected manifolds, the rank of the prolonged
systems gives an upper bound on the dimension of the space of solutions and curvature of the
given connection can lead to obstructions to solving the equation, see e.g. [5l 20} 21].
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Two affine connections V and V' are said to be projectively equivalent if they share the same
unparametrised geodesics. Connections differing only by torsion are projectively related, and we
will lose no generality in our work here if we restrict to torsion free connections, which we do
henceforth. An equivalence class of p = [V] of such projectively related torsion-free connections
is called a projective structure and a manifold M"™Z? equipped with such a structure is called a
projective manifold. An important but not fully exploited feature of the equation (2)) is that it is
projectively invariant. This will be explained fully in Section 2.2 but at this stage it will suffice
to say the following. First when we introduced (2] above, V denoted the Levi-Civita connection
of a metric, but the equation makes sense and is important for any affine connection V, and it is
in this setting that we now study it. Next the projective invariance means that the equation (2))
has a certain insensitivity and, in particular, descends to a well defined equation on a projective
manifold (M, p).

On a general projective manifold (M, p) there is no distinguished affine connection on T'M.
However there is a distinguished projectively invariant connection V7 on a vector bundle 7 that
extends (a density twisting of) the tangent bundle TM:

(4) 05 E-) ST TM®E-1) -0

where £(—1) is a natural real oriented line bundle defined in Section 2l below. This is the normal
projective tractor connection and it (or the equivalent Cartan connection) provides the basic
tool for invariant calculus on projective manifolds. An important feature of this connection is
that it is on a low rank bundle (i.e. dim(7'M)+ 1) that is simply related to the tangent bundle.
The tractor calculus is recalled in Section

For most applications that one can imagine it makes sense then to seek a prolongation of
@) that is itself a projectively invariant connection. For example, if this can be found, then its
curvature simultaneously constrains solutions for the entire class of projectively related connec-
tions. In fact such a connection exists. The equations ([2)) is an example of a first BGG equation
and arises as a special case of the very general theory of Hammerl et al. in [24] (see also [23]).
That theory describes an algorithm for producing an invariant connection giving the prolonged
system for any of the large class of BGG equations (and we refer the reader to that source for
the meaning of these terms) and in this sense is very powerful. Although the algorithm of [24]
produces in the end an invariant connection it proceeds through stages that break the invariance
of the given equation. For example in treating (2)) the steps of the algorithm are not projectively
invariant. Moreover beyond the case of rank 1 the explicit treatment of (2] using this algorithm
seems practically intractible due to the number of steps involved. Finally although the construc-
tion of [24] is strongly linked to the calculus of the normal tractor connection (of [3] [6] [10]) the
connection finally obtained is not easily linked to the normal tractor connection.

The aim of this article is to produce an alternative invariant prolongation procedure that is
simple, conceptual, explicit, and that reflects the invariance properties of the original equations.
It is well known that for the projective BGG equations the normal tractor connection easily
recovers the required prolongation in the case that the structure is projectively flat (i.e., the
projective tractor/Cartan connection is flat). A motivation is to be able to produce the explicit
curvature correction terms that modify the normal tractor connection to deal with general solu-
tions on a projectively curved manifold. An explicit knowledge of these terms will enable us to
deduce properties of the prolongation and so properties of solutions in general. We develop here
a projectively invariant prolongation of the equation (2)) for each » > 1. This uses at all stages
the calculus of the normal projective tractor conection V7 (as in [3]). The result is a connection
on a certain projective tractor bundle (a tensor part of a power of the dual 7* to T) that differs
from the normal tractor connection by the algebraic action of a tractor field that is projectively
invariant and produced in a simple way from the curvature of the normal tractor connection and
iterations of a projectively invariant operator on this. An advantage is that the construction and
calculation uses projectively invariant tools, and at all stages the link to the very simple normal
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tractor connection is manifest. As an immediate application this approach typically simplifies
the computation of integrability conditions, see Remark [[8 and in particular equation (B4).

A tensorial approach to prolonging the Killing equation has been developed for arbitrary rank
in [35] (see also [12]). Concerning our results for the projectively flat case in Section Bl there
are necessarily some strong links to the prolongation approach of [29]. However our route to the
prolongation is very different and it is this that is important for the development of the curved
theory.

In fact there is considerable information in some of the preliminary results along the way in our
treatment. For example each Killing equation is captured in the very simple tractor equation of
Proposition[6 This is part of a rather general picture which suggests that the theory here should
generalise considerably. (In fact aspects of our treatment here were inspired by the conformally
invariant prolongation of the conformal Killing equation via tractors in [19, Proposition 2.2].)
This will be taken up in subsequent works. The Proposition [f] also may interpreted as showing
that solutions of the Killing tensor equation on (M, p) correspond in a simple way to Killing
tensors for the canonical affine connection on the Thomas cone over (M, p); the Thomas cone is
discussed in e.g. [7, [10].

Throughout we use Penrose’s abstract index notation. As mentioned above (ab- - - ¢) indicates
symmetrisation over the enclosed indices, while [ab---¢| indicates skewing over the enclosed
indices. Then £ is used to denote the trivial bundle, and for example &gy is the bundle of
covariant symmetric 3-tensors S3T* M.

2. BACKGROUND

2.1. Conventions for affine geometry. Let (M, V) be an affine manifold (of dimension n > 2),
meaning that V is a torsion-free affine connection. The curvature

Rapa € T(N*T*M @ TM @ T*M)
of the connection V is given by
[Vaa vb]vc = Rabcdvd7 RS F(TM)

The Ricci curvature is defined by Rpq = RepCq.
On an affine manifold the trace-free part Wy, of the curvature R, is called the projective
Weyl curvature and we have

(5) Rapa = Wap“a + 20, Pyja + Bavdg,

where B, is skew and P, is called the projective Schouten tensor. That W,,©, is trace-free
means exactly that Wy,%g = 0 and W,,% = 0. Since V is torsion-free the Bianchi symmetry
Ri4p°q) = 0 holds, whence

ﬂab = *2P[ab] and (TL — 1)Pab = Rab + ﬂab-

As we shall see below the curvature decomposition () is useful in projective differential
geometry.

First some further notation. On a smooth n-manifold M the bundle K := (A"TM)? is an
oriented line bundle and thus we can take correspondingly oriented roots of this. For projective
geometry a convenient notation for these is as follows: given w € R we write

(6) E(w) == K=,

Of course the affine connection V acts on A"T'M and hence on the projective density bundles
E(w). As a point of notation, given a vector bundle B we often write B(w) as a shorthand for
B ® E(w).
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2.2. Projective geometry and tractor calculus. Two affine torsion-free connections V' and
V are projectively equivalent, that is they share the same unparametrised geodesics, if and only
if there some T € T'(T*M) s.t.

(7) Vb = Vol + Yoo + Totsh
for all v € T'(T*M). This implies that on sections of £(w) we have
ViT=Vor +wY,T,

while on sections of T x M,
V;ub = Vaub — Taub — Tbua
It follows at once that on kq,...., € S¥T*M(2r) we have

I(aoklhmak) = V(aokal'"ak)'

Thus for k € S¥T*M (2r) the Killing equation @) is projectively invariant and descends to a well
defined equation on (M, p), where p = [V] = [V’], the projective equivalence class of V.

On a general projective n-manifold (M, p) there is no distinguished connection on 7M. How-
ever there is a projectively invariant connection on a related rank (n + 1) bundle 7. This is the
projective tractor connection that we now describe.

Consider the first jet prolongation J*&(1) — M of the density bundle £(1). (See for example
[31] for a general development of jet bundles.) There is a canonical bundle map called the jet
projection map J*E(1) — £(1), which at each point is determined by the map from 1-jets of
densities to simply their evaluation at that point, and this map has kernel T*M (1). We write
T*, or an in an abstract index notation €4, for J'E(1) and T or £ for the dual vector bundle.
Then we can view the jet projection as a canonical section X4 of the bundle £4(1). Likewise, the
inclusion of the kernel of this projection can be viewed as a canonical bundle map &,(1) — €4,
which we denote by Z4®. Thus the jet exact sequence (at 1-jets) is written in this notation as

8) 0— (1) 285 4 X5 (1) —s 0,

We write £4 = £(1) & &£,(1) to summarise the composition structure in () and X4 € T'(£4(1)),
as defined in (§), is called the canonical tractor or position tractor. Note the sequence () is
simply the dual to (g]).

As mentioned above, any connection V € p determines a connection on £(1). On the other
hand, by definition, a connection on £(1) is precisely a splitting of the 1-jet sequence (). Thus

given such a choice we have the direct sum decomposition €4 Ye (1) ® E,(1) and we write
(9) Ya:E(Q1) = Ex  and WA, : &4 — E(1),
for the bundle maps giving this splitting of (8); so

XAy, =1, ZAWA, =6t and  YaW4, =0.

By definition X and Z are projectively invariant. The formulae for how Y4 and W transform
when V is replaced by V', is in (), is easily deduced and can be found in [3].
With respect to a splitting (@) we define a connection on 7* by

* Va0 —
10 v7 <">;< a0 = Ha )
(10 o Vapy + Papo

Here P, is the projective Schouten tensor of V € p, as introduced earlier. It turns out that
(I0d) is independent of the choice V € p, and so V7" is determined canonically by the projective
structure p. We have followed the construction of [3, [@], but as mentioned in those sources this
cotractor connection is due to T.Y. Thomas. Thus we shall also term 7* = £4 the cotractor
bundle, and we note the dual tractor bundle T = £ has canonically the dual tractor connection:
in terms of a splitting dual to that above this is given by

b b b
T 14 _ val/ + p5a
) I (%)= (en el )
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Note that given a choice of V € p, by coupling with the tractor connection we can differentiate
tensors taking values in tractor bundles and also weighted tractors. In particular we have

(12) V. XB=W2B, VWB, =—-P,uX4 V.¥Vg=P,Zp’ and V,Zp’=-0"Y3.

The curvature of the tractor connection is given by

(13) kab" D = War®aW e Zp® — CapaZp* X,
where W, is the projective Weyl curvature, as above, and
(14) Cabe := VaPpe — VyPoc

is called the projective Cotton tensor.

The projective Thomas-D operator is a first order projectively invariant differential operator,
or more accurately family of such operators. Given any tractor bundle V (including the trivial
bundle £) and any w € R it provides an operator on the weighted tractor bundle V(w)

D:V(w) =T "®@V(w-1)
given by
(15) DAV = wYAV + Z4*V,V,

where V, is the connection induced on the weighted bundle V from the tractor connection V7~

and the connection on £(1) coming from a representative in p. Note that from this definition
and (I2)) follows

(16) DAXB =68, and  XAD4V =wV,

for Ve T'(V(w)). Also from the definition it follows that ID satisfies a Leibniz rule, in that if U (w)
and V(w’) are tractor (or density) bundles of weights w and w’, respectively then for sections
UeTl(U(w)) and V € V(w') we have

DU®V)=DU)®V +UcDV.

Thus from (I8]), when commuting D4 with the tensor product with X, we get the commutator
identity

(17) D4, X5 =04".

In view of the last property, as an operator on weighted tractor fields, the commutator [D4, D]
is a “curvature” in that it acts algebraically. We will treat it this way by writing,

(18) D4, Dp|VE = Wap“pV?P

for its action on V' € (T (w)). For this reason and for convenience we will refer to Wap®p
as the W-curvature. Investigating this, consider D on projective densities 7 € I'(€(w)) to form
Dp7. Using (I2) we have

DaADpT = (w—1)YADpT 4+ Z4°V,DpT
= w(w —1)YaYp7 +2(w — )Y(4Zp Vi + Z4 25V Vo,
which we note is symmetric. Phrased alternatively, we have on sections of density bundles
(19) D, Dp]r =0.

So D is “torsion free” in this sense, and from the Jacobi identity we have at once the Bianchi
identities

(20) Wiupp =0 and  DyuWpe®r=0.

To compute Wap©p it suffices to act on a section V € T'(T). Note from (I2)
DADVE = —YuDpVE — YpDAVC + Z4°Z5°V, .V, VE.

Thus

(21) Was“p = 24"Z5"ka" D,
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where k is the tractor curvature given above, and in particular

(22) X2 Wag®p = XBPWap“p = XPWap©p =0,
as well as
(23) ZcWap®p = Z4°Z5" Zp War®a, YeWap“p = —Z24°Z5"Zp"Copa

The action of the W-tractor, as on the right hand side of (I8]), extends to tensor products of
T and 7 by the Leibniz rule and we use the shorthand W, pf for this. For example, for any
(possibly weighted) 2-cotractor field Top we have

WaptTep = —Wap®cTep — Wap®pTep.

Remark 1. The W-curvature Wap© p satisfies, of course, stronger properties if the projective
structure includes the Levi-Civita connection of a metric. An interesting case is when, in par-
ticular, the metric is Einstein but not scalar flat, as in this case there there is a parallel (non-
degenerate) metric on the projective tractor bundle. This can be used to raise and lower tractor
indices [9] and it follows easily that that the W-curvature Wy 3¢ p has the same algebraic sym-
metries as a conformal Weyl tensor. This is potentially important for applications, but we will
not exploit these observations in the current work.

2.3. Young diagrams and some algebra. For a real vector space V of dimension N we
consider irreducible representations of SL(V) = SL(N,R) within @V* for m € Z>o. Up to
isomorphism, these are classified by Young diagrams [I7, [I8] and we assume an elementary
familiarity with this notation. Each diagram is (equivalent to) a weight (a1, a9, - ,an) where
m > a; > ... > any > 0 with Zle a; = m. We usually omit terminal strings of 0, strictly
after a1, that is for s > 2 we usually omit as from the list if as = 0. In particular the trivial
representation of SL(V) on R (so m = 0) will be denoted (0) rather than (0,---,0) and the
dual of the defining (or fundamental) representation of SL(V) on V* (so m = 1) will be denoted
(1) rather than (1,0,---,0). Given this notation for weights the representation space for the
representation (ap,---,ap) will usually be denoted V4, ... 4,), or by the weight (ay,---,an),
simply, if V is understood. We will term h the height of the diagram.

In fact for our current purposes we shall only need the Young diagrams of height at most 2, and
V will be R**! with it standard representation of SL(n + 1,R). The symmetric representations
S™V* have the diagram (m), while (k,¢) with k+£¢ =m > 1, k > £ > 1, can be realised by
tensors I, .. B,c,...c, on V which are symmetric in the B;’s, also symmetric in the Cj’s, and
such that symmetrisation over the first (equivalently any) k 4 1 indices vanishes:

(24) T, .Bycy..co = T(B,..B)(Ch..c) and T(p,. B,.c1)Cs...c, = 0.

In this article we will call these particular realisations Young symmetries and Vj, o) will mean
the SL(V)-submodule of @™V consisting of tensors on V with these Young symmetries.

The key algebraic fact we need is then the following.

Proposition 2. The map of SL(V) representations
(25) Vi @V = Vi @ Vi)
given by

T,..B.B1Cy1...Cr = Ty B.(B,s101...C)
is an isomorphism.

Proof. This is an straightforward consequence of the well known Littlewood-Richardson rules
for decomposing the tensor product Ug,...c, @ Vg, ...B,,, € V() @ V(1) into its direct sum of
irreducible parts, and then the properties of these irreducibles in terms of Young symmetries as
explained in [I7, I8 32]. Each of the summands is a representation equivalent to either V(g 1)
or Vigg), with £ > 1, k+ £ = 2r + 1, and each projection to such a component may be factored
through the map (25)). O

This yields the following consequence.
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Corollary 3. Forr € Z>1 and k> (> 1 withk+{=r+1,
(V1) ® Vi) N (Vi) @ Vi) = {0}
Proof. The irreducible components of ® 1V* isomorphic to Vik,ey, with k> £ > 1 and k + £ =
r + 1 all lie in the kernel of the map
(26) &LV = Vi
However from the Proposition 2] the kernel of the map (28] is trivial. O

In fact the kernel of () is spanned by the irreducible components of ®”+1V* isomorphic to
Vo), with k > £ > 1 and k+¢ = r+1. Thus it is clear that in fact the CorollaryBlis equivalent
to the Proposition[2l Thus it is interesting to prove this directly. We present this here, since for
our later purposes this will be useful.

Another fact that will be useful is the following.

Lemma 4. Suppose that Tg,...,c,.-.c, = T(B,...B,)(C1--C) € Vryy. Then

(27) Tp,..5.c1c, = (=1)"T¢y..C, B, B, -
Proof. The projector P, : RITV* — V(r,r is given by
(28) PoryT = Sa,..r) ©Sr+1,...2r) ©S[1,r41) © = © Spr 20 (1),

where S(1...,) denotes symmetrisation over the first 7 indices, S,41,... o) denotes symmetrisation
over the last r indices, S|; ;) denotes anti-symmetrisation over the two indices in, respectively,
the " and j* positions.

The claim in the Lemma is an immediate consequence. (|

In the following we extend these conventions, notations, and definitions to vector bundles
(with fibre V) in the obvious way.

3. KILLING EQUATIONS: PROLONGATION VIA THE TRACTOR CONNECTION

Here we treat the Killing type equations
(29) V(aokal...ar) =0,
on an affine manifold with an affine connection V. For simplicity we assume this is torsion free,
but this plays almost no role. There is such an equation for each r € Z~ and as discussed
above the equations are each projectively invariant if we take the symmetric rank r tensor to
have projective weight 2r, i.e. kp.. € I'(E(p...cy(2r)). In the following, we denote by T ) the
tractor bundle with fibre V(; ;) where V = R™ = T],. Moreover we include the weight w in
the notation as Ty ¢y (w).

Via the cotractor filtration sequence (8) we evidently have the following.
Lemma 5. There is a projectively invariant bundle inclusion

S"TT*M(2r) — S"T*(r) = Ty (r)

given by
(30) STT*M(2r) 3 ko = Kp..c = Zp"++ Zc ke € Tiry (7).
Note that for K as here we have
(31) XBKp.c=0.
Moreover if K € T(,y(r) satisfies ([31I) then it is in the image of (B0).

This enables a tractor interpretation of the Killing type equations, as follows.
Proposition 6. For each rank r the equation (29) is equivalent to the tractor equation
(32) DaKp..c)=0,
where Kp...c is given by (30).
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Proof. From the tractor formulae ([I2]) and (I3 we have
]D)AOKAI"'AT = TYAUKA1A2---AT — YAlKAoAQ---AT — e — YATKAIAZ"'ArflAU
+ ZAUGOZAlal et ZATarvaokalmam

which implies
D(AOKAI”'AT) = Z(AOGUZAlal e .ZAT)aTvaUkal"'a'r‘7
from which the result follows immediately. (|

In the following K 4,...4, will always refer to a weight r symmetric tractor as given by by (B0).
We now define a projectively invariant operator

(33) L:S"T*M(2r) = Py (@2 T) = T,

where P,y is the (r,7) Young symmetry as described in expression (28), by applying the Young
projection P, .y to D"K, as follows

key..e, = Prpy(Dp, ---Dp, Ke,..0,),
with Ko,..c, = 20, - 26, key v
Proposition 7. The operator L : S"T*M (2r) — T,y of (23) is a differential splitting operator.
Proof. We claim that

(34) XBl . XBTWClC1 . WClclp(T,T)(DBl . DBTKCy“CT) B Ck/’cyvvcra
where ¢ is a non-zero constant. It clearly suffices to show that
(35) XPr XPrP, . (Dp, -+ -Dp, Key...c,) = cKey.c, -

Contract X7 ... X Pr into the explicit expansion of P, (Dp, - --Dp, K¢,...c,). Use (i) [Da, X 7] =
68, (ii) XADaf = wf, for any tractor field V of weight w (see ([6)), and that (iii) X4 K 4...c = 0,
to eliminate all occurrences of X. It follows easily that the result is cK¢,...c, for some constant
¢, since there is no way to include a term involving Ds that has the correct valence (i.e. the
tractor rank r). That ¢ # 0 is found by explicit computation or more simply the fact that it is
not zero in the case that the affine connection V is projectively flat, as we shall see below. [

The above definition is motivated by the projectively flat case where the situation is partic-
ularly elegant. (It is easily verified that the operator £ above is a co-called first BGG splitting
operator, as discussed in e.g. [8], and see references therein. We will not use this fact however.)

We conclude this section with an observation. It shows, in particular, that sections of 7, )
that are parallel for the usual tractor connection determine solutions of ([29). These are the
so-called normal solutions (see e.g. [8]):

Proposition 8. Let (M,p) be a projective manifold (not necessarily flat) and let L € T'(Tr,))
such that

(36) 0=XP ... XBDyLp, . Bo,.C,.

Then K¢, ...c, € T(T(;y) defined by K¢, ...c, = XP'---XPB L, .. c,..c, satisfies equation (33).
If we assume in addition that

(37) 0= ]D)ALBle“‘BTCr”CM
then L defines a rank r Killing tensor via (34) such that L is a constant multiple of L(k).
Proof. The proof is a direct rewriting of (34]),

0 = XBl T XBT]D)A1LB1‘~BTC1'”CT

(38) = XD XP (Do, (XP'Lp, ..5,01¢,) = LaipsB,01C,)
= —rXP . XPLap,.B.c .0, +Da Koo,
where we successively apply [Da, XZ] = 65 to commute and eliminate X’s and D’s and use

the symmetries of L. Note that this computation does not require any mutual commutations of
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D4’s. Now since Lp,...p,(ac,...c,) = 0 this equation implies equation ([32)). Moreover, because
of the symmetries of L, we also have that

Cy _ vCi;yvB B, _
X" Ke,..c, =X X" X""Lp,..B,c,c, =0,

for each ¢ = 1,...,r. This implies that K is given by a k as in relation (B0I).

Applying Dy, ..., Dy, successively to equation (BY), commuting with the X’s successively by
[Da, XP] = 6% and finally using the additional hypothesis ([B1), shows that D4, ---Da, K¢,...c,
is a nonzero constant multiple of L4,...a,¢,...c,.. Hence, L is a constant multiple of L£(k). O

3.1. Projectively flat structures. In this subsection we restrict to affine (or projective) man-
ifolds that are projectively flat, i.e. where the projective tractor curvature vanishes. According
to equation (2I)) this also means that the Thomas-D operators mutually commute when acting
on weighted tractor sections.

In the projectively flat setting we obtain a nice characterisation of Killing tensors.

Proposition 9. Let (M,p) be a projectively flat manifold. Let ke,..... € T(S"T*M(2r)) and
define Ke,...c, = Zc,“ - Zo,“"key e, as in [A). Then k satisfies the Killing equation (29) if
and only if
(39) Dp, -+ Dp,Ke,..c, € N(Tirp)-
In particular, on a projectively flat manifold there is a non-zero constant ¢ so that
E(k) =c ]D)Bl o 'DBrKcl“‘Cra
if and only if k solves (29).

Proof. (=) Since we work in the projectively flat setting the Thomas-ID operators commute. So
]D)Bl . -DBTKCIMCT S F(ﬁr) ® Tr))

Suppose that ([29) holds. Then ([B2) holds, so symmetrising the left hand side of the display over
any r + 1 indices that include Cj - - - C,. results in annihilation and so we conclude [B9) from the
definition of V(,.,y and hence of 7, ,y in 24).
(<) If (39) holds then
Dg, ---Dp,_ D, Ke,...c,y =0
S0
XPr . XPrDp, ---Dp,_Dp.Ke,..op) = (r— 1) Dp.Ke,...o0y) = 0,

from (I6l), thus we obtain the result from Proposition [6l O

Here and throughout, as above, K € I'(7(,y(r)) is the image of some k € T'(S"T*M (2r)) as in
formula (30I).

Proposition 10. The constant ¢ in equation (34)) is not 0.

Proof. In the case that the structure is projectively flat this is immediate from the Proposition @]
since XB1 ... XBr contracted into Dp, ---Dp, K¢, ...c, gives r! K¢,...c,. But it is clear from the
argument in the proof of Proposition[d that ¢ does not depend on curvature, as no commutation
of Ds is involved. 0

Theorem 11. Let (M, p) be projectively flat manifold. Then the splitting operator L gives an
isomorphism between Killing tensors of rank r and sections of T(,,) that are parallel for the
projective tractor connection.

Proof. Since L is a splitting operator, it does not have a kernel. Moreover, using that V,L = 0 is
equivalent to D4 L = 0, Proposition B shows that every parallel section of 7, , arises as L(k) for
a Killing tensor k. So it remains to show that L£(k) is a parallel section of the projective tractor
connection whenever k is a Killing tensor: Suppose that (29) holds. Then by Proposition [

Dp, ---Dp, Ke,...c, = L(k),
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and L(k) has weight 0 so
DAL() = ZaA"VLL(K).
Thus it suffices to show that D4 L(k) = 0. But
DAL(k) = DaDg, - -Dp, Kc,...c, =0,

because of the identity [V(,41) @ V(3] N [V @ V(. 1y] = {0} from Corollary [3] (where we have
used ([32)) which implies that DK is a section of T, 1)(2r —1)). O

As a final note in this section we observe that it is easy to “discover” the projectively invariant
Killing equation using the tractor machinery, as follows. Consider a symmetric rank r covariant
tensor field ke, ...., of projective weight 2r. Form

Ke,..c, € S"T*(r)

by Lemma[Bl We wish to prolong this to a parallel tractor. This requires a tractor field of weight
0. Thus we apply the r-fold composition of D. Altogether we have the projectively invariant
operator

k= Dp, ---Dp,Zc," -+ Zg, " key.oc, = Dp, -+ D, Ke, ..o,
and the image has weight zero. Thus we can form

VaDp, - -Dp, Zc,* - Zo, " key e,

by construction it is projectively invariant and we can ask what it means for this to be zero.
Equivalently we seek the condition on k£ determined by

DaDp, ---Dp Ke,...c, = 0.

But this implies X1 ... X DaDg, ---Dp, K¢, ...c, = 0 and from equation (B8] in the proof of
Theorem [T1] it follows that

T

]D)(AKBl---BT) = 0, implies v(akbl---br) =0
where we again used Proposition [l

3.2. Restoring curvature. We return now to the general curved case and seek the generalisa-
tions of the results in the previous subsection. First we observe the following first generalisation
of Proposition

Proposition 12. Let k € T'(S"T*M(2r)) on a general affine manifold (M,V) (or projective
manifold (M,p)) and K = K(k) € T'(Ty(r)), as in (30). Then k is a Killing tensor, i.e., a
solution of (29), if and only if we have

(40) L(k)=Dpg, ---Dp, K¢, ...c, + Kurv(K),

where Kurv is a specific projectively invariant linear differential operator on T'(T(y(r)), of order
at most (r — 2), constructed with the W-curvature and the Thomas-D operators and such that
the W -curvature and its D-derivatives appear in the coefficients of every term.

Proof. (=) Suppose that k solves ([Z9). We have
L(k) = Piy(Dp, - -Dp, Ke,...c.)-

We expand out this expression on the right hand side using the definition of the operator P,
in [28). We would like to show that the resulting terms can be combined and rearranged to
yield (@Q). We have the identity ([B2) available. In the projectively flat case we also have the
identity [D4,Dp] = 0 as an operator on (weighted) tractors. In the flat case the two identities
are enough to conclude {0) (with Kurv(K) = 0), according to the proof of Proposition @ In
the curved case we perform the same formal computation but keep track of the curvature, i.e.,
replace each [D4,Dp] with Wapf (instead of 0). The order statement follows by construction (or
elementary weight arguments), so this proves the result in this direction and generates a specific
formula for Kurv(K).
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(<) Now we suppose that k € T'(S"T*M (2r)) is any section such that
Dp, - -Dp, Ke,...o, + Kurv(K)p, ...,
is a section of 7, ,y(r). Then in particular
Dg, -+ Dp, D, Ko,...c,) + Kurv(K)p, .5, _,(B,01--c,) = 0,

according to ([4). As in the proof of Proposition [ we contract now with X5t ... XBr-1_ This
contraction annihilates the second term in the display as follows. Each of the X Bi’s is contracted
into either a Dp,, into K, or into the curvature W. Thus every X can be eliminated using
the identities (@), that X?Kp..c = 0, and that similarly X? contracted into any of the lower
indices of the curvature W is zero. But, by the construction of the operator Kurv, in any term
there are at most (r —2) D operators (either applied to the curvature or directly to the argument)
and so the identities () remove only (r — 2) of the (r — 1) X’s. This means that in every term
produced we have a contraction of the form XPKp. .o = 0, so that term vanishes, or X into W
so also that term vanishes. Thus we are left with

0= ,XB1 .- uXBT*l}D)B1 .- 'DBrfl]D(BTKCl»»»CT) = (7’ — 1)' D(BTKCleT)v
as in the proof of Proposition [ O
Proposition 13. Let k € T'(S"T*M(2r)) on a general affine manifold (M,V) (or projective
manifold (M,p)) and K = K(k) € T'(Ty(r)), as in (30). Then k is a solution of (29) if and
only if we have
(41) DL(k) = Curv(K),

where Curv is a projectively invariant linear differential operator, of order at most (r — 1), on
L(T(my (1)) given by a specific formula constructed with the W -curvature, and the Thomas-D
operator such that the W -curvature and its derivatives appear in the coefficients of every term.
Moreover, if L(k) satisfies equation {{1]), then

(42) XPr e XPDAL(K) B,y 0y 0 = 0.
Proof. (=) Suppose that k solves ([29). We apply D4 to both sides of {@0). This yields
(43) ]D)Aﬁ(k) = ]D)A]D)Bl cee ]D)BTKClmCT +Dgy KU.I‘V(K)BI...BTCTHBT.

In the case when V is projectively flat the first term on the right can be shown to be zero
by a formal calculation using just the identities [D4,Dp] = 0 and D4, Ka,...a,y = 0. This
follows from the proof of Theorem [[1l Performing the same formal calculation, but now instead
replacing the commutator of D’s with [Da,Dp] = Wupf and combining the result with the
second term on the right hand side yields the result: DL(k) is equal to a specific formula for a
linear differential operator Curv on K that is constructed polynomially, and with usual tensor
operations, involving just the W-curvature, and the Thomas-ID operator. Thus by construction it
is projectively invariant, and also by construction (or weight arguments) the order claim follows.

(<) We suppose now that () holds with k € T'(S"T*M(2r)), K as in (B0) and with the
operator Curv given by the formula found the first part of the proof. So we have

DAL(k)B,.-B,c1 - = Curv(K) ap,...B,cy -0, -

Note that contraction of X1 ... X% annihilates the right hand side by an easy analogue of the
argument used in the second part of the proof of the Proposition above: in this case there
are at most (r — 1) many D operators in any term but we are contracting in ®” X, so in each
term an X is contracted directly into and undifferentiated K or W. The result now follows by
the argument used in second part of the proof of Theorem [Tl for the projectively flat case. Thus
we have just shown that we have the equation ([@2)). Then the result follows from the first part
of Proposition B O

For the proof of the main theorem we recall the following fact, which follows from the theory
of overdetermined systems of PDE.
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Lemma 14. For every T € T(; )|z, where x € M, there is a local section k € I'(S"T*M|y),
such that T = L(k)|,.

Proof. In the case of (projectively) flat (M, p) this follows at once from the fact that in the flat
case for L € I'(1{, ) we have shown that VL = 0 implies L = L(k).

For the general case the result then follows as the formula for the operator £(k) generalises
that from the flat case by the simply the addition (at each order) of lower order curvature
terms. |

Now we state and prove the main results of the paper.

Theorem 15. Let (M,p) be a projective manifold. Then there is a specific section Rafl €
T*M @ End(7,,) (where we suppress the endomorphism indices) such that X Rt = 0 and
such that the differential splitting operator L : T'(S"T* M (2r)) — I'(T(,,r)) gives an isomorphism
between Killing tensors of rank r and sections L of the bundle T, that satisfy the the equation

(44) DL = RatL.

Proof. Again, the splitting operator £ is injective. Hence, we have to show the following:

(A) For every Killing tensor k the image L£(k) satisfies equation (@) with a specific Raf €
T*M ® End(7(,,,) that will be determined;

(B) L restricted to Killing tensors (i.e. the solutions of ([29)) is surjective onto the sections
L that satisfy equation (44]), where the right hand side is as determined in (A).

We prove (A): Assume that k solves (29). Then we have equation (),
DL(k) = Curv(K).

from Proposition The operator Curv is given by a formula polynomial in the W-curvature,
its D derivatives, and the Thomas-D) operators up to order (r — 1). Now observe that each term
of the form Dp, ---Dp_ K¢, ...c,, for 0 < s < r can be replaced using [@0) from Proposition [2]

Dp, ---Dp.Ke,..o, = ¢ X*t . X"L(K)B,..B,0,...0, + Curv® (K),

where Curv'® is a differential operator is given by a formula polynomial in the W-curvature, its
D derivatives, and the Thomas-ID operators up to order (s — 2). In this way we can successively
eliminate all applications of D to K by terms algebraic in £(k) arriving at an equation of the
form

(45) DaL(k) = RatiLl(k), with R4 € T(T* ® End(®@* T)),

given by a polynomial in the W-curvature and its D-derivatives. Now we have to verify:
(i) that Raf is indeed a section of 7* ® End(7(,,), and
(ii) that for every L € T, ,, the contraction of R#L with X4 is equal to zero.

In order to verify (i) and (ii) we have to make a key observation: Although we phrased the
discussion above in a naive way that supposes there is a solution to ([29)), in fact to derive (@H)
we do not actually require that there exist solutions, even locally, to the equation ([29). Equation
@A) simply expresses relations on the jets, of a section k € I'(S™T*M (2r)) that are formally
determined by a finite jet prolongation of the Killing equation ([29)). It is clear that we can derive
@H) at any point # € M by working with just the r + 1-jet, jo 'k, of k at x. Following the
argument as above, but working formally with such jets and assuming (29) holds to order r at
T, we come to

where all curvatures and their derivatives are evaluated at z. From the results in the projectively
flat case we know that this is exactly the point where the prolongation of the finite type PDE
@9) has closed: The prolongation up to order r may be viewed as simply the introduction of
new variables labelling the part of the jet that is not constrained by the equation, and these are
exactly parametrised by the elements in the fibre 7, ,(z). At the next order the derivative of
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these variables is expressed algebraically in terms of the variables from 7, ,)(x). That is (a key
part of) the content of (@6]). Viewing this as a computation in slots (via a choice of V € p) the
computation is the same in the curved case as in the projectively flat case except that additional
curvature terms may enter when derivatives are commuted. It follows that £(k)(z) may be an
arbitrary element L of 7, (). Using this, and since contraction with X A annihilates the left
hand side of (@6 it follows that it annihilates the right hand side for any L € T, ,(z). Similarly
since the left hand side of Q) is a section of (7*®T,.,)(x) so is the right hand side, for arbitrary
L = L(k)(x) and thus (ii) also follows.

Now we prove (B): Suppose that L € I'(7, ) satisfies ([@4]) for the specific R4 € I'(T*®T ()
obtained from the argument above. We now claim that

(47) XPr o XP(RetL) gy Bocyc, = 0.

Indeed, in the case that L = L(k) for a tensor k that solves (29), we know from Proposition [[3]
that X1 ... X annihilates the right hand side of equation (@) for £(k), because then it is
simply a rewriting of the right hand side of ([@IJ). However, as mentioned above, at a point = € M
and for k satisfying ([29) to order r at x, any element of 7, |, can arise as L(k)|, because this
is the full prolonged system for the overdetermined PDE (Z9). Thus it follows that X1 ... X¢r
must annihilate the right hand side of ([@4) for L even if L is not L(k) for a k € T'(S"T*M (2r))
satisfying (29]).

Having established equation (@), we can apply the first part of Proposition [§ to ensure that
L determines a Killing tensor k. Then we have that L = £(k) unless the map

Lp,..B.Cy-.c, — KB,...B, = X6 'XCTLBl-nBTCl---CT S 7@) (r).
has a kernel. To exclude this possibility, assume there is a section L of 7, .y that satisfies (4]
and such that
(48) X9 ... X%Lp . .Bo..c =0.

The following lemma shows that this implies the vanishing of L.

Lemma 16. Let Lp,..B,c,..c, be a section of T,y that satisfies equation [{4) for the specific
Rat € T(T* @ T(y,ry). Then we have the following implication: if

(49) XBr o XBeLp p.Bci.c,=0 forake{l,. . . r}
then
XBuo xBeiLp g .Bo,..c =0,

and hence Lp,...p,.c,...c, = 0.
Proof. Assume that equation ([@9) holds. Applying D4, the Leibniz rule for D4 gives

(50) 0=c¢ XbBr. "XB]PIL31“‘Bk,lABkH»»»BTCl»»»CT + X B .. 'XBkDALBl»»»BTCyuC

r?

with a nonzero constant ¢. Hence, we have to show that equation ([@9) implies
(51) XPr - XPDaLp, .5y 5,010 = 0,

by using equation [@4]) and the specific form of R 4#. The proofs of the previous propositions
and of (A) provide us with the following information about R 4#: In Proposition [[3] we have seen
that the expression Curv(K) was of order at most (r — 1) in D and is a linear combination of
in terms of the form AG~D @ D" 5K for 1 < s < r and where A1 is a tractor of valence s
containing at most s — 1 applications of D to the tractor curvature W. Then in (A) of the present
proof we have expressed the terms D" ~* K by an s-fold contraction of £(k) with X. Hence R afL
is a linear combination of terms of the form

(52) AG=D g B6)

where B is of the form X®1--- X®Lp .p g, ..E.c .c.. Because of @J), the only terms

that are nonzero in R 44L are those of the form (52) with s < k. Hence the terms A=) contain
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at most (k — 2) D-derivatives of the tractor curvature. Now since XAWsp = 0 and therefore
XADpWac = —Wpe, each of the A6 is annihilated by s contractions with X. Hence the
only terms of the form (52]) that are non zero when contracted with & many X’s must have at
least (k + 1 — s) contractions with X at B(), which already is obtained by s contractions with
X . Hence the only terms B(®) that may remain nonzero when contracted with (k + 1 — s) many
X’s are of the form

(53) XBro XB X XL g BLCy Gy Ce

Now an induction over s shows that these terms are actually zero. In fact, for s = 1 this follows
from the assumpion @J). If s > 1 we use that L € T, to get

XxB1.. .XBSXCl .. Xck+17$LB1~~BTCl---CT —
ke
B B C C —s
= _E X7 XPe X X LBl“‘Bs—lciBs+1'”Brcl“‘C'LlesCifl“‘CT
i=1

= —(k+1—s5) XB ... xB: X .. XCt1—cLp oo,

by the induction hypothesis. This shows that the terms in (B3] are indeed zero and finishes the
proof of the lemma. O

This shows that every L € I'(7(,,,)) that satisfies equation (@4) is the image of a Killing tensor
under the splitting operator £. This finishes the proof of (B) and hence of the theorem. a

Rewriting the result of this theorem in terms of the tractor connection gives:

Corollary 17. Let (M, p) be a projective manifold. Then there is a projectively invariant section
Quf € I'(T*M @ End(T(,,y) such that the splitting operator L gives an isomorphism between
weighted Killing tensors of rank r and sections L € I'(T(,.y) that satisfy satisfies the equation

(54) VZL = QaﬂLa
or equivalently, sections L that are parallel for connection
(55) VI - Q.t.

Proof. This follows by contracting equation (@) with W4, yielding equation (54) with some
Quff € I'(T"M ® End(7(,,)). Moreover, since XAR# = 0, the resulting Q, is projectively
invariant. O

Remark 18. As a final remark we note that there is a considerable gain in understanding the
prolongation of (2Z9) in the form (B4 (or equivalently (B3])), rather than simply as some (possible
invariant) connection V on 7y, without the structure (G3) (or some equivalent) made explicit. An
obvious example of such a gain is for the explicit computation of integrability conditions. Given
such a connection the standard way to compute integrability conditions is via the curvature
of V, since this must annihilate any section of T(r,ry that corresponds to a solution of (29).
However, because the bundle 7, ,) has very high rank (e.g. for r = 2 it has rank n?(n* —1)/12)
and the prolongation connection is necessarily very complicated, computing such curvature is
typically out of reach without the development of specialised software. However given (B4 we
obtain integrability conditions immediately from the curvature s (see (I3))) of the normal tractor
connection: Differentiating (54 with the latter and skewing in the obvious way we obtain

(56) 2V[7,;VTL = fpafl = V[ (Qq)iL).

al
Then using similar ideas to the treatments above, we can expand the (far) right hand side
by replacing any instance of V] L with QufL and thus, by subtracting p.fL, obtain at once
a projectively invariant 2-form with values in End(7T ), that must annihilate any L(k) for k
solving ([29). Thus the existence of solutions constrains the rank of this natural projective
invariant constructed from the tractor curvature and its derivatives. From there one can compute
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invariants that must vanish following standard ideas, as in e.g. [21I] Section 3] (applied there to
a different problem).
4. EXPLICIT RESULTS FOR LOW RANK

4.1. The curved rank r = 1 case. The rank one case is well known and here we compare it
to our approach. We construct the connection corresponding to the equation

(57) V(akb) =0 Vep

on ky € I'(T*M(2)) on a projective manifold (M, p). Following LemmaBlwe form K¢ = Zc k. €
T*(1), where k. is a solution of (29)), and then according to the definition ([B3)), set

K(IC)BC = ]D)[BKC]-
Consider the case that & is a solution of (7). Then from Proposition [G]
DpKc € T(A*T),

and because the W-tractor satisfies the algebraic Bianchi identity W,z Zc+Wpofa+ W Fp =
0 we have D 4Dp K¢ = 0, that is

DaDpKce = Do, DplKa = -Wep" aKp.
So for solutions k we have
DaDpKe) — Wee” aX DipKp = 0.
So VoL(k)pc + WpcPaAWLAXTL(k)gr = 0. But for any k € I'(T*M(2))
X DpKg = X L(k)re = Kp.
Thus the projectively invariant connection on A27* is given by
VaVee +Wpe®aW X Ver.

It is easily checked that this agrees with the formula (B]) from the introduction (and so that
connection V is projectively invariant).

4.2. The curved rank r = 2 case. Here we consider the case r = 2. We will make the
computations in Section B2 explicit and in particular provide explicit formulae for the curvature
tractor fields fields R 48 and Q,f.

The first observation was established as part of a more involved argument in the second part
of the proof of Proposition I3t

Lemma 19. If Kpr € I'(7(2)(2)), then
XPXPDADpDcKpE = 6D4K pey.
In particular, XFXPDDpDcKpg is totally symmetric.
Proof. A direct computation using the relation (I implies
(58)  X“DaVep.. = [X9Da] Vop.. + Da(XVep..) = —Vap.. + Da(XVep...).
This can be used to commute X and X past the D’s until X¥ K4 = 0 can be applied. O

Now we study the projection P := P39 from @4 to T(2,2) defined in @8). If Spepr is an
element in ®*7* that is symmetric in D and E, i.e., Spcpr = SBc(pE), then a straightforward
computation shows that for Sgcpr € @2T* ® T(2) we have

(59) (PS)pepe = 5 (Stseype + Siorysc) — 1 (Sipeyse + Sepyep + SipeycE + S(Ec)BD) -
This implies ideed that

(SGjwy PS)BopE =0,
i.e., the symmetrisation of PS over any three indices 1 <17 < j < k < 4 vanishes.



16 A. R. GOVER AND T. LEISTNER

Next, for a section Kpg € I'(T(2)(2)) we set Spopr := DpDcKpr. Note that the differential
splittig operator £ is given by L(k)pa = (PD?K)pcpr. We obtain the following statement,
which was already observed in the proof Theorem [[I] and Proposition [[3l for general rank:

Lemma 20. If Kpr € I'(7(2)(2)), then
XEXPDA(PD’°K)pepe = 1XPXPDADpDeKpE

Proof. We use the formula (59) for Spepr := DpDe K pg and apply D4 to it. Using relation (G8])
as well as XP Kpp = 0 and equations ([I8]), a direct computation shows that each of the last eight
terms in the right hand side of (5J) vanishes when contracted with X? and X*. For example,

XEXPDADpDcKpr = —DeKpa+ XPDaDcKpp — XPDaDcKpr
= —DusXPDcKpp — XPDADpKpe
= 2DaKpc —DaXPDpKpe
0.
A similar computation shows that
XEXPDADpDEKpe =DaKpe + [X7,DalDpKpc = 0.
Hence, equation ([B9) implies that
XEXPDA(PD’K)pepe = 1XPXPDADEDe)Kpe = 1 XPXPDADEDcKpE,

where the second equality follows from Lemma [T9 O

The following lemma will give a formula for the projection P, when restricted to 7 @ T2 1),
i.e., applied to Spcpc € T ® T(2,1)-

Lemma 21. Let P := P39 be the projection of ®*T* onto T(2,2) defined above and Spcpc €
T* ® 7?211). Then

(60) (PS)epe =3 (Seepe — Sipeype) — 5 (Sipcjse + SiEsjep + Sippjce + SiEc)BD) -
Proof. We use equation (B9) under the additional assumption that Spopc € V* ® V1), i.e.,
(61) SB(CDE) =0.

For the the third term on the right-hand-side in (B9) we compute

Siocype = ScpBre + Spcipe = —ScBpE — ScesD + SpC)BES

where the last equation uses equation (GI). This allows to compute the sum of the last four
terms in (B9) as

Spc)Be + SEB)cp + SpB)cE + S(EC)BD =
(62) = —4S¢B)pE — ScEpB — ScpBE — SBEDC — SBDEC
+ SipeiBe + SiEicp + SipBICE + S|EC|BD
= —2ScB)pE + SpeiBE + SiEBICD + SIDBICE + S|ECIBD,
where the last equation again follows from (GTI).
Now we look at the second term on the right-hand-side of (B9): using (GI) we get that

Siorype = —3%(Spsce+ Spces + Sescep + SecpB)

= —1(Sppce + Scpes + Specp + ScEDpB)
- (S[DB]CE + Sipcies + SiEBICD + S[EC]DB)
= Swe)pe — (S[DB]CE + Sipcies + SiEBICD + S[EC]DB)-
Hence, equation (7)) from the flat case generalises to
(63) Seype = Sweysc + (SipicE + Sipcjes + SiEsjcp + SiECIDB)-
Then putting (62)) and (G3) together, for Spepr € V* @ V(5 1), finishes the proof. |
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Now assume that D¢ is the Thomas D-operator and K pg is symmetric such that
(64) DecKpgy = 0.
Then set Spepr := DpDeKpg in the above equations. Observe that
Sipeipe = DpDeKpe = 3 (DpDeKpr — DeDpKpr)
= Wpc tKpe = —Wae" (0Kpr-
Then, from Lemma 21] we get an explicit version of the curvature terms in Proposition

Proposition 22. Let D be the Thomas D-operator for a projective structure with curvature
WagSp and let P be the projection from T* @ T2,1) to Ti2,2y. Then K € I'( (’5)) satisfies
DaKpcy =0, i.e., DaKpe € T(2,1), if and only if
(65)  (PD’K)pcpr = 3DpDeKpr — 2 (WectKpe + WostKeyr + WestKo)p)
that is

DpDcKpe + 5 (WectKpe + WpiKeye + WeniKe)p) € Via,2)-
Proof. One direction immediately follows from Lemma 1] applied to Sgopr := DpDcKEgp.

For the other direction assume that equation (3] holds. Contracting with X? and noting
that XPWpg... =0 as well as XBPKpc =0 implies that

(66) XB(PD*K)pcpr = 3XPDpDeKpp = 3DcKpp
from the definition of Dp. Hence, since PD?K € ['(7T(2,2)), the symmetrisation over CDE

vanishes. O

Note that, from equation (Ghl) we obtain that
(67) XPXY(PD*K)pepe = 3XPX“DpDeKpr = 3X“DeKpr = $Kpp,
because of ([I6) and [22]).

Next we determine the connection for which (PD?K)gcpr is going to be parallel, i.e., we
determine explicitly the curvature terms in Proposition [[3] Theorem [I5] and Corollary [ To
get a formula for its covariant derivative with respect to the projective tractor connection, we
apply D to the equality in Proposition B2 to get

(68) 4D¢(PD’K)ppap = 3DcDpDeKap—3Dc (WpptKap + WapiKeys + We(niKEg)a) -

We are now going to obtain a formula for Teprap = DeDpDpKap € ®°V*. This is achieved
by the following lemmas.

Lemma 23. For every T € @>T* it holds

TcoryaB + ToEcyas + Tecpyas

= 3Tcpeas +31cepias + Ipiecias + Tepcias + 21 ecipas + 21 pCo)EAB-

Proof. The poof is by inspection. O

Lemma 24. Let Tapcpe € @°T* ® ﬁg,l), i.e., Tapicpr) = 0. Then

=3Tcpeap = 21ecipa + 21pcieas + 211acispE + 21(apiBEC + 21[ARBCD
+2TapcipE + 2T aBp)1EC + 2T A|BEICD
+3TciepiaB + TepaBe + TopBlEa + Teipaisp + ToEBDA + TClABIDE
+TpeciaB + Ipipasc + IpieBjca + Ipjcajpe + IpieBiea + ThiaBEC
+Tgpojas + TeicaBp + TricBipA + TEDAIBC + TEIDBICA + TE[ABICD-



18 A. R. GOVER AND T. LEISTNER
Proof. First we can swap the pair AB with DE by using (G3]) for the second equality in

Tapcpe = Towmsype+ Teiape + 2TaciBpE + 2T ABO)DE
= Towrya +Topase + Teppiea + oA + ToiEBDA
+TciaBpE + 211aciBpE + 2TABOIDE-

In an analogous computation as in the flat case, this can be used to evaluate

0 =3T'aB(cDE)
=Tcpryas + Tprcyas + Tecp)aB
+TcipaBe + Tepiea + TopaBp + ToeBipa + ToiaBipE + 2T a0)BDE + 2T A(BCIDE
+ TpealBc + IpieBjca + IplcaBE + TDicBlEA + IDlABIEC + 2T ADIBEC + 2T AIBD|EC
+ Tgicasp + TrlcBDA + TEIDAIBC + TEDBICA + TEIABICD + 2T(AEIBCD + 2T AIBEICD

Now we apply Lemma to the terms To(ppyap + TpecyaB + Te(cpyap in this equation to
get to get

0=3Tcpeas + 31ciepia + Iprcias + Tepcias + 21 ecipas + 21| pciEaB
+TcipaBe + TopBlea + Toipaep + ToeBipa + ToiaBipE + 2T1aciBpE + 2T A|BCIDE
+ TpealBc + IpieBjca + IpjcaiBE + ThicBlEA + IDlABIEC + 2T1AD)1BEC + 2T A|BDIEC
+ Tgicasp + TricBIDA + TEDAIBC + TEDBICA + TEIABICD + 2T(AEBCD + 2T AIBEICD;

which implies the formula in the lemma. O

By applying this lemma to Teprap = DeDpDpKap € T'(@2T* ® Ti2,1y) for Kap € I'(T(2y)
and by replacing skew-symmetrisations by curvature, for example,

Tircipap = 3 (DeDeDpKap — DeDeDpKag) = sWectDpKap

and
Tapeipe = 5 (DaDpDeKpp — DaDeDpKpr) = 3Da(WeetKpE),

we obtain the following result. Here and henceforth we use the following convention: the notation
|B| or |A--- B| means that the index B, or the indices A - - - B, are excluded from any surrounding
symmetrisation.

Proposition 25. Let D be the Thomas D-operator for a projective structure with curvature
Wag®p and let P be the map from T* ® Ti2,1) to T(2,2) defined in (28). Then K € (’5) satisfies
DaKpey =0, i.e., DaKpc € T2y, if and only if,
(69)
Do(PD?K)pgap = sWeomiDepyKap — 3WactD g Kpp) — 3Da(WpctKpr))

_%DC (WaBtKpe — WelKpyp — WputKe)r)

_§]D)D (WapiKpe + WectKap + 2WrutKp) o + 2WeatKp)p)
—3Dg (WastKpce + WpetKap + 2WealKp)p + 2WpaiKp)c) -
Proof. First assume that equation (69) holds. We contract this equation with X4 and X5B.
It is a direct computation to see the then the right hand side is zero: to see this, recall that
XAW,... =0 and XK ¢ = 0 and that equation (G8) applied to V... with X¢Vg... = 0 gives

(70) XC]D)AVCB... = [XC,]D)A] Ves... +DA(XCVCB...> = —VapB....

Then, from the obtained X4 XPD¢(PD?K)prpap = 0 and from Lemmas and 200 we obtain
the required symmetry of Do Kgp.
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For the other direction we apply Lemma 24 to Teprap = DeDpDeKap € @2T* ® T(2,1)-
Equation in Lemma 24] then becomes

—3DcDpDeKap = —2WepiDpyKap + 3WaclD| 5 Kpr) + 3DA(WpctKpr))
+iD¢ (3WepiKap + WaptKpe — 2WaetKpys — 2We(piKE)a)
+3Dp (WaptKec + WectKas + 2WratKp)c + 2WealKp)r)
+3Dg (WastKpe + WpetKap + 2WeatKp)p + 2WpaiKp o) -

Now we plug this in for the term DeDpDgpK4p in (69) that was obtained by differentiating the
equality in

4D¢(PD?’K)pepe = 3DcDpDeKap — 3Dc (WpeiKap + WaptKeys + WeniKp)a)
= 2WeEiDpyKap — 3WaclD g Kpgy — 3Da(WpctKpE))
—3Dc (WapiKpe + WaptKpys + WentKg)a)
—3Dp (WaptKpc + WectKap + 2WgalKp)c + 2WealKp)E)
—3Dp (WapiKpce + WpcetKas + 2WeoatKgyp + 2WpaiKp)c) -
This finishes the proof. ]

Now are going to expand the terms in (69) using the Leibniz rule
(71) Da(WactKpr) = (DaWpe)iKpe + Wect(DaKpr)) + Wee” ADuKpE,
and then substituting Kpg and D4 K pg terms by contractions of X with Lrapr = (PD?K)rapE
using relations (67) and (GG):
Kpp = 2X"X%Lpepe, DaKpp = 2X"Lraps.
To this end, first one checks that X*Wrpep =0 and Do X = 547 imply that
Wpet(XFQp...) = X" WpctQr...,
and
DAWscH(XTQr...) = X DaWpctQr... — Wae™ aQuH...,
for any tensor Qp.... For @ = L and Q = X Lg... this implies
Wect(DaKpp) = %WBcﬂ(XFLFADE) = %XFWBCﬁLFADE
and
(DaWse)iKpr = 2DaWsc)(X X Lpapr)
= 2XFXCDAWpctLrepe — X" Woc ALrupe.
Substituting this into equation (I]), the terms Wac™ 4Dy K pg are cancelled and we get
(72) DA(WpciKpe) = 2XTXDaWpctLrape + X " WpctLrape.
Then we compute step by step the terms in the right-hand-side of (69):
WentDeyKap — + (Dp WectKap) + Dg (WpctKag)) =
= 2X"WotLepyrap — 5X X DpWeotLraas.

Next we consider the terms that are not evidently symmetric in A and B: using Lacpr) = 0
as well as the second Bianchi identity for the Weyl tensor we compute

—3 (Da(Wg(ctKpE)) + WactD 5 Kpr))
—5 (Dc (WaptKpr) +Dp (WapiKee) + De (WaptKep)) =
= —2X"Wip|ctLpp)ayr — 2 XTXDaWpyctLpr)ra
= 2X" (WetLpyrep — 2WantLe)cis)r)
—IXFXC (D uWnctLpere + 2DaWpypilrycra) ,
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and
3Dc (WetKeyp + WpatKp)g)
—Dp (WeatKpyc + WetKp)g) —De (WeutKpyp + WpiKp)c) =
= 3X" (WeutLeyrep + 2W(p|atLleyrip)c + 3Wpjatls) pyrc)
—2XFXC (2D pWpyatLp)cra + DaWicpiLle)pyre + DioWic(allp) pyra) -
Now note that because of the pairwise symmetry of L and the skew symmetry of W, we have
W obLleycByr = —W(p|alLB)F|E)C-
This allows to collect some of the terms above as
W (p|alLlprie)c + WipjatLe)pyre — sWatLeycipyr =
= 2Wpatlpyrie)c + Wip|alls) pyrc
= Wpatl)yrie)c + W piLEe)F B)C)

where the last equality follows from Lrpcpr = Lprec and Ly pc) = 0. Hence, we we get the
following formula for Do Lprap for L := P(D?K):

DcLppap = X¥ (WewtLeyras +Weilsrep)
+XT (Wipjatlpyrimc + Wil risc)
(73) —2XXY (D pWgyciLapre + DaWp)ctLpera)
=3 XX (D pWgyallpycre + DaWn piLleycre)
— s XFXY (DaWicptLlp)syre + DpWcwils) s ra) -
Having this formula, we can formulate the following result:

Theorem 26. Let (M,p) be an arbitrary projective manifold. Then the splitting operator L :
S2T*M (4) — T(2,2) gives an isomorphism between weighted Killing tensors of rank 2 and sections
Lprag of the tractor bundle T2 2y of weight zero that satisfy equation (73).

Proof. Given a rank 2 tensor ko, we define Lppap = DpDrpKap and Lppap = (PD?*K)ppap.
Then, if kg is Killing, it follows from Proposition 28] and the above computations that Lpgap
satisfies equation (73).

On the other hand, let Lprpap be a section of 7’(272) of weight zero that satisfies equation (73)).
Contracting ([[3) with X? and X%, one can easily check, using the same arguments as before
and that L pgp)p = 0, that the right-hand-side vanishes and thus

0=XPXEDcLppas

Then from Proposition [§] it follows that Lprap defines a Killing tensor kq,. Moreover we see
that Lpgap = L(k)DEAB unless the map

Lppap + Kap = XPX"Lppap € T2)(2).
has a kernel. So lets assume there is a section Lpgap of 7’(272) that satisfies ([3) and such that
(74) XPXPLppap =0.
Applying D¢ to this and using 0 = XPXPDecLppap implies that 0 = XPLppap. Applying
D¢ to this gives
0= Lepap + X DeLlppas = Lepas.
Here the second equality uses (73], which allows us to compute
XPDeLppap = XPXT" (Weatlpyrep + $WeiLleyroc) -
But now Lprppy =0 and ([[4) imply that

XPX"WeatLpyrep = —XP X" WeatLlpyper =0,
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which proves that XPD¢cLprap = 0 and finishes the proof. O

Note that the right hand side of (Z3) indeed defines a section Rof of 7+ ® T(2,2) as claimed
in the proof of Theorem [l

In order to extract a covariant derivative from this, we have to contract it with W¢.. In
general this contraction is not projectively invariant. However, since Lprap has weight zero,
applying D¢ to it and contracting with X ¢ gives zero, X“DeLppap = 0. Hence, the contraction
WC . .DeLppap is also projectively invariant for sections Lpgap that satisfy equation (73).
However we need that the curvature term in right hand side of (73]) is projectively invariant as
claimed in the proof of Theorem [T i.e., that the right hand side of (3] is projectively invariant
for any Lppap € 72212) not only for solutions of (3. This is the statement of the following
lemma.

Lemma 27. For any Lappr € T2,2) the right hand side in equation (73) gives zero when
contracted with X€. In particular, the section of T* ® End(7(2,2)) defined by the right hand side
in ([73) is projectively invariant.

Proof. Clearly both of the terms of the form XCWC(DijE)FAB in the first line of (3] vanish
separately because X Weapc = 0. Also both terms of the form XCXFXGD(DWE)(AﬂLB)CFG
in the fourth line of (Z3]) vanish separately because Lgcra) = 0. Similarly both terms of the form
XCXFXGID)(DWE)CﬁLABFG in the third line of (73)) vanish separately because X Weape =0
and

X DpWeyctLapra = —6(pWr)ctLasre = WieytLapra = 0.
All the other terms in the second and fifth line of (73]) do not vanish separately but cancel against
each other when contracted with X¢. In fact we have
XY (DaWicpiLeypyre + DipoWicalLle)pyre) = —WiainiLe)syre—Wp|atLle) pyre = 0,

and for the terms in the second line

XX (WipatLpyripye + WiaoiLe)ris)c) =0,
because of the skew-symmetry of Wp4. 0
In order to obtain from equation (73]) an equation involving the tractor derivative V., we have
to contract it with W¢,. First we look at terms that for which the contracted index C' is at

the curvature (or its derivative) Wac. These will turn out to be manifestly invariant as we can
eliminate WY .: First we observe that

W WeatLprep = Za"kea LEFED,
where k., ¢ is the tractor curvature defined in ([3). Hence, for the terms in the first line in
equation (73] we get
x* (WC(DuLE)FAB + WC(AﬁLB)FED) =Xx" (Z(Aa’f\ca\ﬁLB)FED + Z(Da’i\ca\ﬁLE)FAB) )

which is manifestly invariant. Next we compute, using formulae ([[2) and that the weight of
WCDHF is —2, that

WCDAWpe = —2YaZp’kie + 24" W VaWpe
= —2YaAZp Ky + Z4" (Va(WE Wpe) — VoW Wie)
= —2YaZp"Kpe + Z4"Vo(ZB"Kuc)
= —(2YaZp" +YBZA")kve + Z4“ZB "V ake,

because V, WY Wpo = —Pue X Wpe = 0 and V,Z5" = —62Y5. Hence, for the expressions in
the third line of (73]) we get,

XFXODuWactlpere = XX (=3YuZp) kye + Z(4* Z5)"Vakse) tLppre
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and
XFXDpWryctLapre = XF XY (=3Y(pZr) kv + Z(p"Z 5"V akive) L aBrG-
Similarly we get for the expressions in the fifth line of (73),
(D W cptLlpypyra + DpWcallp) pyrc) =
= -1 (DuWpclilserc + DuWe)ciLlpsra + DsWpyctLagpre + D(sWryciLparc)
= 1 (3YuZp) kb — Z(4“Zp)"Vakive) tLpErc
+5 (3Y(aZp) e — Z(AGZE)bVafibc) iLepra
+3 (3Y(8Zp) ke — Z(5°Zp) Vakse) HLaprc
+1 (3Y(8Zp) kve — Z(5°ZE)"Vakve) tLapFG-
Finally, we compute
WipjalLs ripyc + WeaotLeyrisye = Za"Z (0% kjaalf (LeyriByc — LE)oiB)F)
and
DaWgypilrycre = — (3Y(aZp)\ " Z(p kppa) — 24" Z 5y Z(0"V |abba)) 1L E)CFG
to rewrite equation ({73 in terms of the tractor connection as
(75)
Velppap = X (ZaA"KjcatLpyrep + Z(0"Fjcalilr)ypaB)
+XFWEZ(4"Z) (0 W10t (Leyrim)e — LEyei)r)
— 5 XX (3YuZpykive — Z(a"Z )"V akie) tLBEFG
— 5 XX (3YuZE) kbe — Z(a"Zg)"Vakue) tLppFG
—5 XX (3Y5Zp) kve — Z(5*Zp)*'Vakie) tLaBFG
—5XFXC (3Y(Zp) ke — Z(5"ZE) ' Vakie) tLapFa
+3 XX (3YaZp) kbe — Z(4"Zp)"Vakie) ipEFG
+3 XX (3Y(pZp\ kv — Z(p*Zg)"Vakive) il asra
—3s XFXOWE, (3Y(aZp) " Z(p%ba) — Z(A"Z )" Z(p"V |abva)) L pycra
—3XFXOWC . (3Y(pZr) Zakpa) — Z(0"ZE) " Z(4V |akia)) tLB)CFG,
where V. is the projective tractor connection and k. its curvature. The right hand side of this
equation defines the section Quf € T'(T*M ® T(3,2)) in Corollary I7l Hence we arrive at:

Theorem 28. Let (M,p) be an arbitrary projective manifold. Then the splitting operator L :
S2T*M(4) — T(2,2) gives an isomorphism between weighted Killing tensors of rank 2 and sections
Lprap of the tractor bundle T(22) of weight zero that satisfy equation (73) for the projective
tractor connection V,, or equivalently, parallel sections of the connection V, — Quff. Moreover,
the right hand side of (77)) is projectively invariant.

Proof. The proof follows immediately from Theorem [26] and Lemma 27 and from the computa-
tions above. 0
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