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SUMMARY

The results of this thesis deal with a numerical investi-
gation of data exhiwiting split-line regression characterist-
ics.

Chapter 1 gives a general introduction and a more inform-
ative description of split-line regressions.

In Chapter 2 we develop some procedures to test for
significant non-linearity characteristics in data sets. 1In
particular four methods are considered in detail and applied
to examples in Chapter 5.

In Chapter 3 we consider some previously developed
procedures for finding the least squares estimate for the
intersection point of two regression lines. We also develop
new methods of approach in order to find an estimate for the
intersection point, Y.

In Chapter 4 we consider some inferential problems,
where the asymptotic distribution and confidence interval
for Y are discussed.

in Chapter 5 we look at some experimental and generated
data sets, comparing with respect to time, the various
methods considered for finding an estimate of Y.

In the Appendix we list, in FORTRAN 1V, the routines
which were developed and used for the various methods of

approach.
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CHAPTER 1

In fitting linear models to data, it may be expedient
to consider split line models. This can arise because of
a-priori knowledge on the part of the experimenter, or from
information obtained from a data plot.

Situations where split line models could occur with
some frequency is in data representing the regression of
growth measurement against time. For example situations

where this could occur are,

(1) the onset of a disease resulting in a reduced growth
rate,’
(2) the application of a treatment having an immediate

stimulating or inhibiting effect,
(3) physical injury of an organism,
(4) the occurrence of a rapid change in external conditions.
The research presented in this thesis is intended to
bring together and compare various approaches for finding an
estimate for the intersection point (y) of two regression
lines. Therefore we have given some attention to numerical
comparisons of the various methods as well as finding efficient

computational procedures for each approach.

The split-line regression model can be written as

ay + Bixy, X1 S Y
E Y. . = i 1
( J.J) {OLz + Bzxi, Xl = Y

where i =1,...,M; j =1,...,my and the intersection point

Y = (a1-02)/(B2-B1) .



CHAPTER 2

TESTING FOR A SPLIT-LINE REGRESSION MODEL

2.1 Introduction

In many cases there may be good initial reasons to
expect a split-line regression model to apply. An examin-
ation of a data plot would usually indicate the existence of
a split-line regression, and to demonstrate this we construct
a test of the null hypothesis that there is just one regress-
ion line. Such tests have been developed by Page (11),
Quandt (12), Bhattacharyya and Johnson ( 2), Brown and

Durbin ( 3); and others.

2.2 Basic Results

Regression coefficients found by progressively larger
subsets of the data are used in two tests developed. This
recursive method '‘of calqulating updated regression coeffic-
ients makes use of the following.

R2.2.1 [Rao (13), page 33 point 2.8]

Let A be a non-singular matrix, and u, V be two

column vectors. Then

(a+gy’) "' =A"H - ———
1+vV'A"'u , V/AT'u#-l.

This gives a method of calculating (A+uv’)~' £from A",

2.2.1 Updating Regression Coefficients

Allowing for multiple y readings on each distinct
value in X, X = [§;X1<x2<...<xM], let mj2=l be the,
multiplicity of observations at the value X = Xj. Suppose

we have the least squares estimate, bx, of 8’ = (a,B) for-



the regression model yyx = XxB + &y, based on the first

k (k>1) values of X. An additional myy, observations are
made at X = Xy, and the least squares estimate of 8

using all k + 1 daté points is required. The extended

model can now be rewritten as,

Yk Xx &y
* = * B+ g
e 1 Xk+1 ~ ~k+1 where,
¥;+1 : new set of my4, Observations.
1 Xp4
Xy 4y ¢ ol , a My, X 2 matrix.
1 Xg4,
&§+1 : error sub-vector corresponding to Yiii
Yk : vector of observations for the first k values of X.

Let by,, denote the least-squares estimate of B

based on data from the first k + 1 values of X. It follows
that
bx+:1 = [quxk+xﬁilxﬁ+1]-Txk'Zk+xi41¥k+1]-
By R2.2.1 it readily follows that
- [Xg Xk HRE S XE L ]
My, (X X)) Ty Xy (XX ) T

= (XIX,)"! - , Where
k<k ’ r -1
1+my 41Xk 41 (X "Xk ) 7 Xk = (1,x

’ L)
Xk+1 k+1)'

When m,; =1, this result simplifies to that given by Kalmen (9).
whence
brar = (X "X) 7%k yk + (X' Xk) T Rkay 14 YR+

(X "X " Baa ke (X X)) 7 [Xi Yt Bks 1 Lhayken ]

- Mgy
14my g X4y (X X)) 7 Kkay

, -1 *
(Xy "Xg) §k+1[lﬁ+1¥k+1"mk+1§£+1?k]

= by +
T4my 4 Xk (Xx"Xx) 7 XK+

With slight modification the above result also applies to

multiple linear regression.



Putting
- -1
Trer = 1+ My Xy (XpXpe) ™ "%y,
Vk+1 = (XKX) " 'Xg4, o then

*
P+ = br + Vi (k1 Yk+1 Mk 41Xk +Px) /Ty 7 k=2,...,M

The main use of this result is to establish some stat-
istical properties, since for simply linear regression it is
simpler to invert the successive 2 x2 matrix, (XxXf) in
calculating by. These properties we now tusn to.

R2.2.2
Cov (bx+s,bk) = Var (byys)
for k =2,... M; S =1,... M-k.

Let k’e}’{ = (&k’ek) 7 ¥]2 = (XT’ o o .X]*{’)

k+s
and £ = I mj.
i=k+1

Using the result that
Cov (Ay,By) = A var (y)B’ and

b = (X "X) 7T X "y

X X)) T X ", 0]ygeg + 0 being a 2 x & matrix of

zeros.
then
Cov (bx4s,bx) = (X}2+sxk+s)_1X12+s°.21k+s(i)<k)(Xk'xk)_1
= 0% (XyugXpps) T (X X) (X T X) T
= Var (by4g)
R2.2.3

Without any loss of generality let k > t, then by
use of R2.2.2 we show

Cov (bx+1~PxrPrei=be) = 0(yx,)-
L.H.5.=Cov (By 4y rResy) = Cov (g4, be) - Cov (Bbiy,) + Cov (by,by)

=Var (bx4+,) - Var (bgy,) - Var (by) + Var (by)

= 0(2x2)



R2.2.4
) My 41 Vk+1Vk+

Var (bg4,-bg) =0

Tx+1
L.H.S. = var (by,,) + Var (by) - 2 Cov (by,, by)
= Var (bx) - Var (bgx4+,;), using R2.2.2
= o[ (XeXe) 7Y = Ry X)) 7]
=0’ mk+1yk+1yllc+1/Tk+1 » using 2.2.1
R2.2.5

Rank (var[byp,,-bx])} = 1.

From R2.2.4 it follows that

rank (Var[by,,-bx]) = rank (vk4,¥k+,)

=1

This means that the Variance matrix of by,, - by is singular.
Writing (bys,-bx)’ = (Gy4,-0y,Brs,-Bx), it follows that
&k+1 - &k and §k+1 - ﬁk are linearly related, so that infer-

ences based on byg4, - bx can be expressed in terms of either

1
a M 1\7?
1,k+1 =
a2,k+1 Tk+1

then Var(bgs,-bx) = 0% Agx41BAk4,’ and to derive the linear

difference. Let

§k+1

relation, for Var(A'[bk+;-bk]) =0 this implies that
A1 (Qx41-0x) + A2 (Bys,-Bx) = Constant. For A= az,k+17
A2 = -ai,k+1 we have a,,x+1(0ks+1-0x) = a,,k+1 (Bx+1-Bx) = C,

and by taking expectations it follows that C = 0. Therefore

o 2 a1,k+1 o =
(Ok+,-0k) = [———] (B4 =Bx)i a, x4, * 0
a2,k+1



6.

2.3 Tests using differences between consecutive updated

regression coefficents.

We assume the errors &;jj (i=1,...,M; j=1,...,mji)

are NID(0,c0?). Define

a¥ = Bx - Bxk-1; k = 3,...,M.
k 2

Ck = 'Z mi(xl—xk)
1=1

2z k k

Xk T X mix;/Nk, Nk = X m;
i=1 i=1

By R2.2.5 it follows that an analagous test is obtained if
Gx - Ok-1 is used instead of By - Bx-,. Under the null
hypothesis that the regression is linear we have

Eldy]

0

var[dy] = o?[Cgl,- C¢']
From R2.2.3 it follows that for k # L; Cov(dy,d}) = 0, which
means that the dy's are NID(0,Var[dkl).

Define d, = d;/[c;il— Cii]%, which are NID(0,0?%).
If a split-line regression exists the dy's will have zero
mean up to the break-point, but in general have non-zero
means thereafter. The mean of the dkfs,a say, seems a good

statistics to measure any departure from the null hypothesis.

Since d ~ N(0,0%/(M-2)) the test statistic is

L

£ = (M-2) “d .
54
where sé is an estimate of o?, independent of d. In

order to calculate sé, of which there are several possibil-

ities, we need the following result.

R2.3.1
Mo - N M
I myyi. = Ny2. + CyBf + T af ,
i=1 k=
_ m4 _ M my
where yj. = j£1yij/mi' yeo = L jE yij/N



Proof
Define (a) y = (Vm; vi.), which is a vector of M
independent normal veriates where Var(y) = 0°Iy

(b) Let Y’ = (/N ¥..,/CyBy,dss...,dy).

We also have Cov(§2,§..) =0V 22=2,..,M. Since
= 2 mj M M7 (x;=-Xgq)
Cov ( ol = P T 3 T ARLTRL) Cov(y;s,Yirar)
Prey i=1 j=1 i'=1 j’'=1 Cyo Yijr¥i'y
2.3 (a) 9 mi _

i=1 j=1

By use of R2.2.2 it follows that éM is independent
of djy(vk=3,..,M) and by use of 2.3(a) it follows that
@M, §.. and dk(k=3,...,M) are all independent normal vari-
ates and also Var(Y) = o’Iy.

It is easy to construct an MXxM matrix 'A' such that
Y = Ag . The matrix A is non-singular since we transform
M independent normal variates into M different independent

normal variates.

It follows that

02T, = Var(Y) = Var(ay) = A Var(y)A’ = o”AA’
= AA’ = Iy = A'AA’ = A’ = A'A = Iy.
Thus Y'Y = y' A'Ay = Y'Iny = Y'Y
and it follows that
N y2. + CyBh + kzsdﬁ = lmi§§. and since
= l:
Mo, M - -
£ d2 = I (d.,-d)% + (M-2)d*® the result follows.
k=3 & k=3 k

M S —<r 2 _ A2 . 32 M A3y 2
Thus the test statistic, t, has a student t dis-
tribution with the appropriate d.f. depending on the estimate

2
Sd'

In estimating o2 the following was used;



(a) For N =M the only estimate available is

M -
sé = % (dx-d)?/(M-3) and then
k=3

tNt(M_a) .
(b) For N - M small, a pooled estimate would be

appropriate.
m m mj
2 = _— 2 ..——.. 2 —
sa = (2, @@ T 3 (vi5-95.)2)/(w-3)

then t ~ t(N—3)

(c) For N - M large then

2
s§ = _E

mi _ )
g j£1 (yij—yi- ) ©/ (N-M)

1

and t ~ t(y_y)y- This estimate of sj 1is reliable,

even if the null hypothesis is not true.

An analogous test statistics is f = t2 ~ F,,xi where
K is the appropriate degree of freedom. A further test for

the non-linearity of the data when N - M is large [using

sé from (c)] is

M Ty 2

I (@-8) 2/ (M-2)

f = . ~ Fp-3,N-M
1] Sd

The above procedure in fact generates two tests
'depending on whether we up-date regression coefficients from
the left or right. The result obtained in one test will not
depend on the result obtained in the other test. This fact,
under certain conditions can give differing test results,
depending on whether we update from the left or right. For
example suppose that the intersection point of the two
regression lines lies to the extreme right of the data. Under
such conditions we may find that updating from left to right
gives a non-significant test result, whereas from right to

left gives a significant test result.

L R s —————.

ey




2.4 Test involving a quadratic component.

The purpose of the test developed in 2.3 is to detect
any "bend" in the regression line. This can also be done by
fitting a curve to the'data, and testing the =ignificance of
the curve model; compared to the simple linear regression
model. A simple and efficient test is to fit by least squares
techniques a quadratic regression to the data; the model
being

l,...,M

— 2, :
E(yj4) = @ + 0yx; + 0,xj; 1 !
: ,oo-’mi

J

A test for the significance of the quadratic component
(0.,) 1is a test for the existence of a split-line regression
model, since this is the only alternative considered.

The test statistic

R - R
0 L
f=— ~ Fy,N-3
Sg
tests for the quadratic component, where
Ry : Quadratic model regression sum of squares.
R;, : Simple linear regression sum of squares.
So ¢ Mean residual sum of squares for the gquadratic
model.
2.5 A useful graphical procedure

As in 2.3 this procedure also uses the fact that if
a split-line regression model exists, the updated regression
coefficients will display certain characteristics. This is
due to the fact that as K increases, the data of the second
regime begins to affect the regression estimates of the first
regression regime.

As in 2.3, two tests are involved here, depending in



10.
which direction we update the regression coefficents.
k+2

Define &f = E 6a;/5, k=4,...,M-2 to be a five unit
i=k-2 :

moving average calculaéed on the updated estimates of «a.
The only justification for using a moving average is to
deflate any large differences between consecutive estimates
of o due to some ill-positioning of the data. A plot of
[(&ﬁ,k); k =4,...,M-2] is useful in detecting split-line
regression models. Of interest only is the last half of
the plot, since if a single regression line exists this
should gradually converge to a straight line with zero slope.
If a split-line model exists the plot will exhibit a
slope, the magnitude depending on the difference (B2-8:).
Hence if a curve is evident in the last half of the plot, it

suggests the existence of a split-line regression model.

2.6 Test based on recursive residuals.

The Cusum technique discussed in Brown and Durbin (3 )

can also be used here. The extension of their procedure to
the case of multiply observations at each x value presents
no real difficulty.

Define zyx = 1§ y§ - mgxf byx-;; kX = 3,...,M then
(4

b
Var (zy) = 1§ Var(yyp)lyx + mixf Var(bp_,)xy
= 02(mk+mﬁ§£(xﬁ—1xk—1)_1§k)

= Ozkak

Under the null hypothesis of a single regression line
it follows that
E(zx) =0
Defining wy = zk(kak)_%; k =3,...,M it follows

that the wy's are NID(0,0?) [see section 2.6.11].



L.

k
Let W, = I wij/sy @k =3,...,M,
i=3
M nj - A
where s2 = I (v..=y..) 2% - CuPp
Wooi=1 3= Y MM
voom - = 2 L 2
= x % (Yi.—y..) = r dk
i=1 j=1 k=3

The Cusum technique involves the plotting of the points
[(We,kK): k = 3,...,M]. As in 2.5 if a split-line model exists,
the means of wy will be zero up to the break point, but gen-
erally non-zero thereafter. The null hypothesis is rejected
if the plot of (Wy,k) crosses a set of pre-determined lines.
The boundary lines proposed by Brown and Durbin were the
lines joining the points (3, % a/M-3), (M, £ 3a/M-3). The
value ‘'a' was found by solving

®(3a) + e_"az[l—Q(a)] = a/2

where o(t) = /%% j e~u2/2 gy
t

and o being the significance level of the test.
For o = 0.05, a = 0.948
o =0.01, a = 1.143,
As in 2.5 this procedure generates two tests, depend-

ing on the updating procedure.

2.6.1 The relationship between sections 2.3, 2.6

From 2.2.1 it follows that since

by - br-; = VkZk/Tx

we have _
R " (X =Xy )
P2.6.1 df = 8 - By, = —— Zk
Tx Cx-1
- 5
(x, -x ) m
o —K X7l (—— wi » k= 3,...,M-2
Cx-i Ty
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P2.6.2 Cot () L
= Wy = ————— | — (Bk—ﬁk_l)

(xy-Xg-1) \my
Since Var(zy) = o’mT, it follows from P2.6.1 that

A A -1 -1
V(Bx—-Bk-1) = GZ[Ck_l—Ck ]
, (Remxyy) 2 (mk)
—J 0‘ —
2
Ck-l Tx

Thus from P2.6.1 it follows that

P2.6.3 o (B —Byy,)
dk = ]f Ak+i\ =Wk ; k = 3,-.0’M-
Vari(ek_skfl)

Thus the plotting technique of §2.6 is replaced in §2.3 by a

test using only the last value Wy of the plotting data.

M M
WM = X Wk/Sw = b dk/Sw
k=3 k=3
= (M-2) d/sy
t X Sd
= ——— , where t 1is the test statistic
Sy

of 2.3.

.

Numerical examples illustrating the above procedures

are given in Chapter 5.
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CHAPTER 3

ESTIMATING THE INTERSECTION POINT, Y.

3.1 Introduction

The various techniques employed in estimating Yy can
be separated into two groups. The first, mentioned only in
passing involves a pragmatic approach. This group includes
McGee and Careltons (10) use of hierarchical clustering and
Wainer's (14) method of approximating firsi and second deriv-
atives between consecutive data points. The second group are
those which attempt to find least squares estimates. We now

consider this least squares estimation problem in some detail.

3.2 Method of Least Squares

Let J,x = {1,2,...,k}, T, = {k+1,...,M} then for
i=1,2 define

I;x = {Xj ] EJik}

m I3
L J s
C; (v,w,k) = z L (Vyo~Vip)Wa
iV 5ET ik =1 FJLTVik/ W3R
e

V., = L ) ) .
Vik J€ET ik =1 vjl/le

where Njyx = I m
J€T;5

We refer to such a division of the data into two sets
as the k'th partition.

Define {(3iy,Rix :i=1,2),02 to be the least squares
estimates obtained when fitting a pair of lines to the k'th

partition.

Then Yy = (G,x-0,%)/(Bx-B k)
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where

= C; (x,y,k)/Cj (x,%x,k)

jos]
.
o

|

Yik — PikXik

3.2.(a) Qdjx

2 A
Ok .Z][:i(YIYIk)-BikCi(x,y,k)]/(N—4)
l=
Since Yy = (o1-02)/(B2-B1) we can express the model

of chapter 1 as

{ oy + lei ’ X3

Y
a1 + B1y + B2(x4-Y), X3 2 Y

v A

E(yij)
Then for each partition {k :%k=2,...,M-2} and for

fixed y(y=u say), it follows that the linear model is

. [¥1k] - x.8*
¥2k kZku

where Bkd = (aTku,BikuBoku)

y' = (¥ix - Y2
3.2.(0) yix = Y1+ o0 Yp Yo Yo = (Tpgqe oee - ¥y )

Xn = ¥p Lmn since Xn,5 = %p for j =1,...,m,
3.2.(c) Define g;ﬁ = (afku,gfku,gjku) as the least squares

estimate of Bf{ 'obtained by fitting a pair of regression

lines, meeting at x = u, to the k'th partition and let

Zk = [Xk:Y]

~

3.2.(4) .
I E T Y Onyx Yk
]~'N2k ulNZk 2.( k—ulNzk E ¥2k z

By applying the sweep operator [Dempster (4), p.62-
65] to the symmetric matrix % Z, using as successive pivots
the first three diagonal elements, the fourth diagonal element
is changed to the residual sum of squares which we derive as

a function of wu, given by

3.2.(e) Si(uw) = Cily,y,M)

[af (u) f (u) + by (W) cf (u) - 2ck (u) gk (w) ag (u) 1

ek(u)
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where
ay (u) = C,(x,y k) + ﬂk(§1k‘§2k)(§1k'u)
by (u) = C, (x,x,k) + My (X —w) 2
cp (1) = C,(x,¥,K) = Ny (¥13=¥,y) (Xpp0)
gy (0) = —ny (X, -uw) (X -u)
£ (u) = C, (x,x,k) + nk(}_{Zk-u)2
and ex (u) = Cx - 2Dgu + Eyu®, with C now being defined as

Cx = C, (x,%,K)C, (x,%,k) +n[X2,C, (x,%,k) +x3,C, (x,%x,k) ],
and Dy =ny[%,xC, (X,%,k) +X,xC, (x,%,k) ]
Eyx = nk[C, (x,%,k) +C, (%,%,k) ]
The equation of 3.2.(e) can be rewritten as

3.2.(f) A A 2 s 2 2

sesolth . BoBiy) ?[eg-Dy (Fi+w) + By fyul _

Sk(u) = S; = (Hinkley)
C1 (X,X,M) [Ck—ZDku+Eku2]

where

Sg = Cl(y,y,M) - Cl(x,x,M).ﬁfM , the residual sum

of squares for a single regression line fitted to all the data.

The estimates of Biu can also be written as functions of u,

Bl g = [fx (way (W -gy (w) o (0) ]/ (w)

Ak

3.2.(q) B,

[y (1) ¢ (1) =gy (1) ay (u) ]/ ex (u)

Ak -— Adge —_
01w = Yik — Blku X1k
Now ng - N -
+ N [(yzk_ylk)'+81ku(x1k—u)"szu(xzk_u)]
Define S2(u) = Sﬁ(u); ¥ < u< x.,,, k=2,...,M2,

Then since
(a) Sg(u) is a continuous function
2 . 2 - .
and (b) sg_, (%) =S (x) V k [Hinkleyl,
it follows that S?(u) 1is also a continuous function.

Under the assumptions of the model, the least squares

estimate of vy for each partition (k say) must lie in the
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interval [xy,xx4+,]. It follows that the exhaustive set of
possible solutions for the least squares estimate, ¥, of vy
is given by |

{rX],[G]} where

]
Il

G = {Yx:k=2,...,M-2} and

as before X {x;:i=1,...,M-1}.

Then

S2(Y) =Min 8%(u) = Min {Min SZ(u);x, <u<x.,, }.

all k

k+1

A possible form for S?%(u) is given below,

X1 X2 X3 Xl weoasocceas XM~ 2 Xpy-1 Xy
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3.3. In this section, which is an extension of Hinkley's

work, we consider some properties of Sﬁ(u).

Let
1. Bo= (B -Bly) P/, (k%)
2. M = £ (CxEx-DE) > 0 since
CyEx~Di = nkcl(x,x,k)Cz(x,x,k)[Cl(x,x,k)-+C2(x,x,k)]
+ nﬁ(ilk—sz)z c, (x,%,k)C, (x,x,k) > 0
8] For each u,k there exists a 1 such that
3.3.(a) u =y, + T,

4, ek(U) = Ck = 2Dku + Eku2
= E, (u-D /B, ) ? + (Cy-Di/E;) > 0 for all wu.

gk[ck—Dk(?k+u) + Ekau]z/ek(u)

5.  Zf(u)
= Z}i(?k) N TZMk/ek(U-)
Then 3.2.(f) can be expressed as
SZ(u) = s2 - 2(w) = S - ZE(Yy) + 1M /ey (u)

3.3.1. The turning points of Sf (u)

as; (u) . .
= 2Mp (u—Yk) (5k-u) (Dk"EkYk)
du
where
8 = (Cx-DxYx)/ (Dx~ExVy)
3.3.(b) = Y + ex (Yx)/ (D=Ex¥y)

= Dy/By + (C=D{/Ey)/ (Dx-ExYy)
It follows that Sﬁ(u) has a Minimum turning point
at u = Yx and a Maximum turning point when u = k.
By use of 3.3.(b) we have
SE(6x) = S2 - Z2(Yx) + (Sk-Yx) *Mx/ex (8x)
= 5% - 22 (%) + & e (¥y)
= 5§ since ZZ(F) = Epey (Yy)
If for each partition of the data we construct lines

to pass through the point u = 8, we in fact obtain the single
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linear regression line fitted to all the data. This is easily verified by

putting u = &, into the equations of 3.2.(g) to obtain

Ak S «
Bixu = Bix i=1,2
A* . Pal

0Ty = %ig-

Define &5,8x respectively as the maximum turning

points of Sﬁ(u), depending on whether ?k > Dx/Ex or

‘A

Yk < Dk/Ek'
Since 1lim t%/e)(u) = Ex' and
u>teo
- Me (Yk-Dx/Ek)* M My
Zk (Yk) = + — > —

(Cx-DE/Ex) E, By
it follows that

3.3.(c)

My (Y =Dy /Ey) *
A ; kY'k “k/77k
s3 - Z2(¥y) < lim SZ(u) = s§ - < 8}
P (Ck-Dk/Ek)

As a consistency check it can be shown that, for each

partition of the data, 1lim Sf(u) 1is the residual sum of
Yoo

squares obtained by fitting parallel lines to the two sets of

data.
D3.3.1 The shape of Sf(u).
S%
/ ™~
// \\
/
/ N\
/ N\
S
I ~
, lim Si(u)
~— ' u->tow
—
~ |
N
N /
N /
\\ /
E / A
\\h‘ SQ—Zk(Yk)
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It follows that S£(u) is a monotone increasing
function as |Yx-u| increases, so long as

(a) u > 6p for Yy > Dy/Ex
3.3.(d4)

(b) u < 8¢ for Yk < Dk/Ek

3.3.2 The function Sj(u) as B,2 approaches Big,

where the least squares estimate of Yy 1is such that

Xg S Y < Xg4y -

Define ™ = (B,-B:)/0, then the least squares
estimate of B is given by B = (B,-8:)/0 (if o unknown,
replace it by §); where él,éz,a are the least squares

estimates of B,,B82,0. Asymptotically 8 has a normal dis-
tribution with mean B and variance (CIl(x,x,T)+C§1(x,x,T)),
where xp S vy < xT+1.ﬁink1ey has shown empirically that in
finite samples, a positive bias in B must be expected
because the minimization of §2(u) is associated with max-
imizing the difference between the two regression slopes.
Furthermore the esStimation problem becomes unreliable for
certain combinations of B, Yy and N. These ill defined
.cases-generally occur in situations when |B|.ng < 5 approx-
imately. It follows that for fixed o the positive bias in
B and the chance of an ill defined case will increase as B8,
approaches B):. This can be demonstrated by a study of the
shape of S3(u) as B2y > Big. Although Biy,B.y are
constants, we can consider ézg > 312 if we fix the x

values and manipulate the y values such that o;,0, remain
fixed, but B:,B2 are allowed to vary. Under such conditions
Sﬁ(u) also becomes a function of ézz,élg and we can express

3.2.(f) as
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[ (B,p-B8,5) (Cg=Dgu) + (aaz—azz)(Ezu—Dz)]z

Si(u) = s2 -
eg(u) C,(x,x,M)
then ~ 2 2
v (&12‘—0!.22) (Elu-Dl)
lim 82 (w) = S; -
B, o By g e, (u) Cy(x,x,M)
= 0 -—

Cl(XiX,M) (DQ,—EQu)2+(C9,EQ—D%)
has the following properties:
(a) monotone decreasing as |u-Dy/E,| increases

(b) maximum value of S when u = Dy/Eg.

(c) a lower asymptote of
la) A 2
, (ulz—a22) Eg
.80 =
C, (x,x,M)

Thus as B2g > Biy the assumption that B8 # 81
is apparently violated with the form of S;(u) changing

from that of D3.3.1 to the fdllowing

~ ~ 2
_(oy9=0,0)" Ey

s}
Cl (XrXrM)

D
*/g,
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We now consider some previous approaches for the

estimation of the intersection point Y.

3.4 Hudson's ( 8) method

The following theorem is used by Hudson to construct
an interval in which Sﬁ(u) is an increasing function as
|t] increases.

McLaren's Theorem ( 8)

"Let T = ¥ - u, then if Yy lies within the
interval [xx,X,x], SZ(u) is a monotone increasing function
as |t| 4increases; so long as u is contained in [X},X,;]."
We shall now demonstrate a simple proof for this theorem.

Since {x lies within [x,,,%X, ] it follows that
X% - Yk <0 and X, - X, > 0
then for Dy - ExYx >0 it can be readily shown that Sy >§2k,
for example since ixk - ?k < 0 it follows that

C, (x,%,k) >ng(X,xk-%,x) (x;x-Yx) for all k.

& C,(x,%,k).C,(x,%x,k) >N (X,-%, %) (X;x-Yk) C, (x,%,k)
and by adding ngX,k (X,x-Yx)C;(%,x,k) to each side, the
required result is obtained. Similarly for Dy - Epyx <0
we have 6p < X i.

It follows that for Yy in the interval [X,x,X,k]
we have

* = A =
Sk < X1k S Yk S Xk < 8

and by use of 3.3.(d) the theorem is proved. |




The searching procedure used to find the least

squares estimate is

1. (1)
(ii)

(iii)

21 (1)
(ii)
(iii)
(iv)

(v)

(vi)

(vii)

3. (1)
(ii)
(iii)
(iv)
(v)

(vi)

4. (i)
(ii)
(iii)

(iv)

The final wvalue of v

of y with U

K<~ 1°
U <« S3

v < X,

k<« k +1
if kxk >M (M>3) stop.

£find 9k (3.2.(a)), SE(Yx) (3.2.(e)).

if U< sf(¥x) go to 2

if ¥, 1lies outside [xy,x,,,] go to 3
U< SE(k)s v+ Fk

go to 2.

if Yx lies outside [x,;,%, ] go to 4.
for Yk < Xk, Up < SE(xx), Vo < xx

for Yy > Xg4is Uo © SE(xky)s Vo < Xpq,
if U< U, go to 2.

U <« Uy, V< Vv

go to 2.

Uo = Min{SZ(x,),82 (%)} = S (vy)

if U< U, go to 2

U<« Uy, VvV +« vy

go to 2.

= s2(y).

22,

is the least squares estimate,?,

The least squares estimates of the

regression parameters can be easily found by use of 3.2.(qg),

and also 0°2

U/(N-4) .
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3.5 Hinkley's ( 7) method

A slight improvement on Hudson's procedure with
efficiencies being achieved by

(a) the use of the whole range of u (c-2e 3.3.(d)) in
which Sf(u) increases as |1| increases. For
example if u < &g (Dk-ExYx>0) Hinkley's procedure
requires only one step, whereas Hudson's would
require two steps if u lies outside the interval
[ilklizk]'

(b) simplifying SZ(u) to. S - ZZ(uw) and finding the
least squares estimate of Yy by maximizing the
function 2zZ(u).

The procedure is as follows

1. (i) K=<« 1

(ii) U<« 0

(iii) v <« x3

2. (1) k<«<k +1
(ii) if k > M (M >3) stop
S (iii)  find $x(3.2.(a)), ZE(¥x) (3.3.(a)).
(iv) 1if U > ZZ(¥y) go to 2
(v) if Yy 1lies outside [xy,xx+,] go to 3
(vi) U< Z2(9), v < §y

(vii) go to 2.

3. (i) If Dp - Ex¥x <0 and xy <8 go to 4
(ii) If Dy - ExYx >0 and xx4, >8x go to 4
(iii) for Ny <xp, Uo « 25 (%), Vo < Xy
(iv) for T > Xk+ys Uo < Z& (Xp4q) s Vo * Xk
(v) if U > Uy go to 2

(vi) U <« Uy, v« vy go to 2.
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of ¥y

of the

24,
(1) Uo = Max{Z(xy),2E (xx4,)} = Sg(vo)
(ii) if U 2> U, go to 2

(iii) U « Uy, v « vg go to 2.

The final value of v is the least squares estimate
and 02 = (S¢-U)/(N-4). The least squares estimates

regression parameters are found as in §3.4.
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3.6 A Refinement of Hinkley's Method.

For this approach, suggested by W.N. Venables, we
start with a close upper bound to the minimum residual sum of
squares. We then consider, in sequence, each possible range
{[xx,Xx+11, k=2,...,M-2} in which the least squares estimate
of Y could lie. For each partition the calculations are
stopped as soon as it is clear that Y could not possibly
lie within the range, otherwise the upper-bound is revised
and we continue with the searching procedure for the remain-

ing partitions.

An algorithm for least squares estimation of a split-line

model.
Denote Sﬁ as the upper bound for the minimum
residual sum of squares.

1. Calculating an initial upper bound.

One method is to use a sub-interval (xg ,Xg,) of
the data; with £,,%, given as

£, = [M/3]1, 22 = [2M/3] : with [] denoting
the integer part. A study of a data plot could be
more informative in that we may be able to choose
21,22 such that (xll,xQz) covers the estimated
intersection point.

Iet L = [(2;+2,)/2] and fit regression lines
to the partitions 1Ip,;,Ip,; giving ?L.
Then let

2y < 28(p)  Af xp < YL < xpy,

Zﬁ < Max{Z7(xy) , 22 (xp,,)} = 22 (w)

if Yy < Xps» or Y > xXp+)
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and it follows that

2. Searching Procedure.

Using Zﬁ we employ Hinkley's procedure of 3.5,

except that step 1 is changed to the following.

(i) k « 1
(ii) U+ 2]
(iii) v < YL if xp < Y.L < xpm

or v + w (see previous page)
As before, the final value of v will be the least
squares estimate of Yy with G2 = (S,-U)/(N-4).

The least squares regression parameter estimates are

found in the usual way.

3.7 An Interval Estimation Approach.

This procedure aims at finding an interval in which
the least squares‘estimate of Yy 1is contained. Then by
applying Hinkley's method only to the values within this
interval we obtain an estimate for Y. Since only a subset
of X 1is searched a considerable saving in computational time
can be achieved. The disadvantage of this method is that no
guarantee can be given that the optimum least squares estimate
of Yy 1is contained within this interval, yet this proved to
be of no disadvantage in the variety of data sets analysed.

The method is as follows:

l. Finding an initial interval (a°,b?).

Using the procedure of method 3.6 part 1 we obtain

Y1, then set



3.7(a)
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"o (Y if %, < ¥p < xy-1
) \(xq,+xy,)/2 1f Y, < x, or ¥y 2 xy,
and let |
a® =49 - r, b®=9%° 4+ r whove
2r = Min{¥°-x:, xu-¥°}.
Updating the initial interval to (a’,b!).
Define uy = og + Bgx ;7 £ =1,2 and
B(y/x) = p(x)u1 + g(x)u2
= p(x) (a:+B1x) + a(x) (o2+B2x)
where g(x) =1 - p(x),
the probability p(x) being defined as
1 x< a’
p(x) ={ F(x) a’ < x< p°
0 x> Db?
where F(x) is the cumulative logistic distribution
function given by
F(x) =1 - {l+e_(x-8°)/81}_1; & > 0,|&| < » where
&y, &, are given the values
&, = (a’+b%) /2
&, = (b%-a’)/20, so that
(i) F(a?) £ 1 (= 0.999954)
(ii) F(% £ 0 (0.000046)
(i1i) lm L E(y/%) = 81 # lim, £ B(y/x)
- +
(iv) iigi é% E(y/x) = B2 #% iigg é% E(y/x) .
where
adg E(y/x) = {al-az+(61-82)x}§%{x—) + p(x) (B1-B2) + B
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' For the data

{(x3,¥355),3=), 000 my; i=1,...,M}
we now replace the split line model by the smooth

transiticn function model of 3.7(a). Denoting
¥ = (ylj)’ E’ = [p(xl)l‘lcll' cew p(xm)l’mM);

where Xp = [p,px,q,9x]; it then follows from

least squares theory that

1

@p = (XpXp) ™

Xpy . where we denote

e
BP

~

(alplslplazplszp)

A

and Yp

(G p=8,p)/ (Byp=B1p) -

Let 6° = b’ - a’, then the updated interval
is given by

al = ?P - 8°/3

bt = ¥yp + 8°/3

Finding the estimate of ¥y

Hinkley's search procedure is then applied to the

~interval (a!,b!) and the estimate of vy giving

the minimum residual sum of squares within this
interval is found. In all cases studied this
estimate proved to be the least squares estimate

of .
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CHAPTER 4

*INFERENCE

In this chapter we use the notation {(x5,y;):i=1,...N}
to label a data set containing N points.

Let ?N denote the least squares estimate of Yy and
suppose Xy < Iy < Xty+1. Define (&ItN,ﬁitN;i=l,2) as the

least squares estimates for the parameters o. separate regress-

ion lines fitted to either side of the partition;

{(x1,y1) veen (e oY) 7 (Reyged Yege1) oo - (woyn) T
Let ?tN = (&?tN—&th)/(éétN—éﬁtN). It follows that

Yey = Vv IE Xy < g < Xty+l
or ?tN lies outside the interval
[XtNIXtN+l] if ?N = Xty - ’
Feder and Sylvester (6) say that by deleting relatively
few observations from the data,classical techniques can be
used to defive the asymptotic distribution of ?N. Hinkley
has shown asymptotic normality for YN in the case of
equally spaced x values. He further indicates that this
holds in more general cases with the asymptotic normality of ?N
dependent on the sequence of configurations of the x values.

We now consider the hypothetical case where

Xy <Y < xpg+1 and Ty is supposed known.

: ~k
4.1 Large sample variance of vyrq-

=’\* _"*
N 62TN 6ITN

~e

A g AT _ A g Ak
Let OLTN = alTN OLzTN and BT

then

Xl X3o
02(1 1l n N+ N)

~k
Var (oagq. ) = e +
N Ty N-Ty Syp,  Samy
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var(Br ) = 02( 1,1 ) and
T SITN S2Ty

~ ~ XiT X
* * 2 11y ZTN)
ov(a =0 + - where
oy TN'BTN) (SlT Sap '
N N
X 2 2™ (k- ) 2
Xy = 3 x./T S = xX.-X
_]-TN j=1 ]/ N/ lTN j=l 3 lTN

and similarly for izTN and  Sar.

Since ?;N is the ratio of two normal variates the
variance of ?;N does not exist, but the large sample dis-
tribution of ?%N can be approximated by a distribution

which has a mean Y,

and variance,

3?*‘ 2 N 3§* ) A

. A~k 'IN * ( TN) *

. = = V + ~ V

4:1(a) V(¥r) (5&‘3@;) ar(OtTN) \as’tﬁN ar (B )
a.’Y\?f‘N\/B‘?é‘N ~k A%k
(aa?f'N}\aéz_E‘N) COV(aTN’BTN)I Where

the partial derivatives are evaluated at a* (=a;-0,) and

B* (=B,-B1:B1#B2), giving
A% o2 1 i (y=X17) 2, (y= Xomy) 2\
Vi¥ry) = 15o8)2 {TN-‘-N"TN+ Siry * S2Ty : /.

Asymptotically, whether ?%N converges to y will
depend on the sequence of configurations of the x values.

Only for those sequences where Ty, N-Ty, Sip and  S,qy all

diverge will V(?%N) converge to zero and it then follows

that ?;N will be a consistent estimator of Y.

4.2 Large sample variance of ?;N for equally spaced

X values.
Let 8§ = x; - X417 for i =2,...,N and we consider
firstly the expression (y-X,p)?/S;qg. Since xx=x+(k-1)8

for all k we have
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S(Ty-1) < o - .. < S(Tntl)

1Ty S 5 and for small §

(Y"?_(lTN)Z 3 (8Ty) 2/4. Also

B ot = 0 2 {(BgE9))
= — B " SN
SITN jEl (XJ XITN) . j}=1 2 ’
3 (SZTN(T,:]"].)
12

It follows that
Y 2 Q. 1y =
(Y'XlTN) /SITN % 3/(TN—TN> = 3/Ty
and similarly it can be shown that (y-izTN)Z/szTNé=3/(N—TN),

which simplifies 4.1(a) to

~k 40? 1 1
Ve Rk (TN'FN-TN) :

which verifies Hinkley's result.

4.3 The asymptotic normality of ?;N.

The following result (from Rao (13), p.387) for large
sample theory is needed in order to establish the required
result. '

"Tlet §N' be a k dimensional statistic (élN""'ékN)
such that the asymptotic distribution of
/ﬁ(@lN—Gl),...,/ﬁ(@kN—ek) is k—variate normal with mean
zero and variance matrix I = (0;j5). Further let g be a
function of k variables which is totally differentiable.
Then the asymptotic distribution of VNuy= vNlg(fy)-g(8)]

is normal with mean zero and variance

k k
- g g ) .
V() = = I g, .ls2-)z— v v # 0.

(9) i=1 j=1 013(861)(36j » provided (8) 0

If 04 and the partial derivatives of g are also contin-
uvous functions of 6, then

VYN uy/ ¥ ox~ N(0,1)."
YVIEy)

For the sequence of configurations of the x wvalues
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being considered, we postulate that the following limits hold.

X{r Xigp
lim N(l + lT + = N*-S N) = ki1
TN N- N P1Ty 2Ty

N->
. i1TN i2TN
4.3 (a) lim N(S -+S ) = ko
Now ITN ZTN
lim N( 1 -i-s:l ) = ko2

where kun, ki, k22 are some constants. It follows that

(y-X17 )2 (v-Xap,)?
lim N(}—~+ lT +—3 N, S il )
N> TN N- N 1Ty 2Ty
= kn - 2vykn + ka 'Y2 = k* say.

Then the variance matrix of (a;N, B%N) approaches

oz(ig i;? as N increases. Putting élN = a;N, @2N = Ba

N
we have the stronger condition that /ﬁ(a;N—a*), /ﬁ(§¥n_8*)
have a bivariate normal distribution with mean zero and

variance matrix

[Var(,a%m Cov (aTy, BTy) 1
N
Ak Ak Sk
Cov(uTN,BTN) Var(BTN) .
A%k A%k _ A ofe Ak _ A % A% N
Let g(aTN,BTN) = aTN/BTN = Yoy for Bgy # 0. Using

the result from Rao, the asymptotic distribution of /ﬁ(?;N-Y)
is normal with mean zero and variance N.V(?%N). Also we
have
YIn~Y 1
— > X ~ N(0,1).
V(YT
One would hope as N increases that ty approaches Ty
so that the asymptotic properties of ?%N will also apply to
?tN. We further hope that for the sequence of configurations

of x wvalues being considered we have ?EN = ?N so that the

asymptotic properties of Y#, also apply to Yy.
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For a fixed sample of size N and under the assumption

that the above holds we proceed with the rest of this chapter.

4.4, Testing the Nu.i Hypothesis Ho : Y = Yo

(a) From the asymptotic property it follows that under Hy
the test statistic 2z = (Y-Yo0)/0(yo) 1is approximately norm-
ally distributed with mean zero and variance one, where

: T.. 12 . 2
62 _]; N i +(Y0—x1t0) +(Y0—X2t0) ]
(BZtO—Dlto)z to N-ty Sit, Sat, r Bat #B1t

62(Yo) =

and Xg, S Yo < Xy 41 with glt0'§2t0 being the least

squares estimates of fB.,B82.

(b) The Likelihood Ratio Approach.

Firstly assuming o? known, the likelihood ratio

statistic is given by

A= exp[—(So-Zio(Yoﬂ/202]

A Xt = '/Y\ < Xey
expl-(So-22(§)) /20%] '

= -2 1n A = (2§ (y)-2% (yo))/0® has an asymptotic x? dis-
tribution with 1 degree of freedom. Substituting for o¢?
(by 32) if it is unknown will not change the asymptotic
result.

Without the assumption that o¢? is known, we can write
the likelihood ratio statistic as A = (5%2/G%), where
62 = 6%(ye). It follows that

-2 1n A = N 1n(8%/6%)
= N 1ln(1+(85-0%)/32).

> 52, with equality when Y = Y,, we have for ¥,

Since 032
in the vicinity of ¥ that
-2 1n A % N(0%2-62) /02

which has an asymptotic chi-squared distribution with 1 degree

of freedom.
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4.5 An Approximate Confidence Interval for Y.

(a) Using the asymptotic property, an approximate 100 (1-&)

per cent confidence interval is given by

Y * zg/2 . o(y) where
-z
&/ -t?
% = J g ;L-e /2 dt .
V2T

(b) Another means of obtaining an approximate confidencs

interval is to consider the set of Yy valuz: which satisfy

2

3

s 2
the equation F(y) = 577y) < X, s Where xg is the upper

100&% significant point of a chi-squared distribution with
1l degree of freedom. It is possible that such a confidence
interval could be disjointed, depending on the function F(y).
Graphically the confidence interval can be obtained by
plotting F(y) over the values of Yy and observing those
ranges of Yy for which F(y) < Xé :

If the function F(y) is approximately parabolic in
the neighbourhood of ¥, then an initial approximation to
the approximate confidence interval is given by the roots of
the quadratic (¥-v)2 = Xz. 62 (y). This quadratic in v
can be expressed as [é—xz.EstVar(3)]—Zy[&B—XéEStCov(&,ﬁ)]
+ YZ[&—xgjkﬁ:Var(&)] = 0, where B =8, - B, and

A

1 = G2,

Q>

Q>
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CHAPTER 5

EXAMPLES

We analyse some experimental data sets and also use
generated data sets to demonstrate various properties.
The results for each data set will be set out under the
following format.
(a) A discussion of the problem giving rise to the data,
Ithe data and a plot of the same.
(b) The procedures of Chapter 2 used to test for a split

line model.

[1] Using differences between consecutive updated regression

coefficients.

Two test results are given depending on the amalgamation
procedure, the results being set out as follows.

‘Analysis of Variance

Comparisons of Sums of Squares
-‘Single slope 1 - Qmba
Intersecting lines 1- (M-2) 4?2
M -
Residual (4) M-3 k§3(dk—d)2
. % mj - 2
Residual (y) N-M wZ1 k§1(yij—yi')
M my _ )
Total N-1 iy 4E, (Yismy..)

A test statistic, t = (M—2)li a/sd, with sgq as

discussed in §2.3, was calculated under the following scheme.
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N =M t, ~ ty_ s
. N - M 3
if PRl then t = t, ~ ty_,
N-M
large ts ~ ty-n

If N - M is large, we perform a further test by the

use of
M 2y 2
kZ (dy-d) “/ (M-3)
£ = 22 ~ F
M my M-3,N-M °
-_- 2 —
iL, jgl(yij yi-)*/ (N-M)
[2] The Quadratic Component technique.
BAnalysis of Variance
Comparisons of Sum of Squares
Single slope 1 QMéﬁ
Quadratic component 1 Rg - Ry,
Residual N-3 (N—3)SQ
M m4 _ )
Total N-1 151 j§1(yij—y")
‘The test statistic, £ = —5— ~ F[, y-3] gives a

Sg

test for non-linearity.

[3] The Graphic Approach which uses a moving average plot

of the progressively updated intercept values.

[4] The Recursive Residual Approach

The plot of [(W,k) : k = 3,...M] 1is represented on
the graph by the following symbols.
A Wx values
B : Upper Bound

Cc ILower Bound



. 37.
If the plot of Wy (A) crosses either boundary (B,C)

then the Cusum technique indicates a non-linearity in the

data.
(c) A plot of the residual function S2(u).
(a) The least squares estimates of a;, 02, Bi, B2, Y, o?

and the times taken for each method of Chapter 3 are given.

If the data plot shows clear non-linearity then methods 3.6,
3.7 are redone, using sbme set (%2;,%2), to determine if any
time saving can be achieved. The approximate 95 percent
asymptotic confidence intervals for the intersection point

(vy) completes the format. In data plots which strongly
indicated non-linearity, section (b) on tests for non-linearity

is omitted from the results for that data set.
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5.1 EXAMPLE ONE: [Growth rate of human embryonic brain

tissue; data kindly supplied by J. Dobbing

Brief Glossary:

Neuron: An immature nerve cell.
Neuroblast: Any embryonic cell which develops
into a nerve cell or neuron.
Neuroglia: The supporting structure of nervous
(glia)
tissue.
Myelin: A lipid substance forming a sheath
around certain nerve fibres.
Myelination: The act of furnishing with or
taking of myelin.
(a) From the time of conception until maturity the human
body is subject to different growth spurts; the one we
consider is the brain growth spurt. Poor nutrition during
this period could inhibit normal brain development and |
consequently cause brain deficiencies.

A feature of mammalian brain growth is that neuroblast
multiplication is almost complete before the major phase of
glial multiplication begins, with the brain growth spurt
beginning towards the end of the neuroblast stage. The
first half of this spurt being glial, with the second half
being mainly myelination. .

Dobbing demonstrates (Example TWO) that fast and slow
growing animals undergo the process of cell division, myelin-
ation and growth in brain weight at fixed chronological ages.
Since this result can also be applied to humans it is of
some importance to determine the point in time at which the

brain growth spurt begins.

. 5)]
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Dobbing demonstrated that this occurs at about the
eighteenth week of gestation. The study was based on
measurements from 148 human brains recovered from aborted
foetuses, accident victims and children who died from short
illnesses. No brain was accepted which showed any conspicuous
neuropathology.

Each brain was divided into three regions (Forebrain,
Cerebellum and Stem) and measurements of the DNA-P, water and
cholesterol conteni were made. A plot of log e (DNA-P) from
forebrain against age for brains from 10 gestational weeks to
4 postnatal months shows a clear non-linear trend. Within

this age limit there were N=106 data value, with M=42.

Data
Age log e DNA Age log e DNA
(Weeks) in forebrain (Weeks) in forebrain
10 2.045 38 6.568,6.299,6.705,
11 2.269 6.535,6.679,6.446,
12 3.120,1.721 6.547
13 3.157 ' 39 6.967
14 4.431 40 6.388,6.438,6.425,
15 4.071 6.719,6.425
16 4,290,4.868, 41 6.518,6.524,6.413,
- 4.511,4.875 - 6.521
17 5.017,5.165, 42 6.346
5.313,4.691 43 6.592,6.486
18 5.204,5.081,5.118, 44 6.468
5.517,5.407 46 6.442,6.507,6.765,
19 5.561,5.591,5.421 6.823,6.399,6.588,
20 5.583,5.613 6.416
21 5,908,5.796 47 6.740,6.826
22 5.606 48 7.064,6.690,7.154,
25 5.971 6.777,6.802
26 5.793,5.883 49 7.098,6.516
27 5.883,5.841,6.165 50 7.034,6.746
28 6.076,5.897,5.930 51 6.570
29 5.971 52 6.642
30 6.188,6.144,6.009, 53 6.999,6.630,6.416,
6.211,6.242 7.183,6.941,6.405,
31 6.131 6.927,6.436
32 6.396,6.117,6.013 54 6.971
33 6.625,6.588,6.161 55 6.689
34 6.203 57 6.819,6.813,7.134

35 6.240




A Data Plot of loge (DNA-P)

for Forebrain versus Age.
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(c) A plot of the overall residual sum of squares function,

s?2 (u).
U-VALUES OVER THE RANGE OF THE X~DATA
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(a) Parameter Estimate Standard Error
o1 -2.47 .34
02 5.09 .10
B1 4,38 x 107! .22 x 107!
B2 3.40 x 1072 .25 x 1072
Y 18.71 .27

and G2 = 6.04 x 107!

Method Time (sec x 107?)
Hudson §3.4 5.5
Hinkley §3.5 5.2
Upper bound §3.6 5.1
Interval §3.7 5.0

Since non linear trend was evident in the data we chose
21 = 7, 22 = 16 which gives an interval (16,27). Using this
interval as an initial interval for methods §3.6 and §3.7 we

obtained the following:

Method Time (sec x 10~ 2)
Upper bound §3.6 4.9
Interval §3.7 4.5

An approximate 95 per cent asymptotic confidence inter-
val is giveﬁ by (18.19, 19.23).

This verifies Dobbing's result that the brain growth
spurt begins at about the eighteenth week of gestation with
glial multiplication carrying on well into the second post-
natal year. Since under-nourishment during pregnancy will
not begin to seriously retard foetal growth till the third
trimester (Dobbing) the neuronal multiplication phase in '
humans would be spared. Such later restriction will equally
certainly not spare the establishment of the network of
synoptic connectivity, and if such restriction is continued
through the first two postnatal years, then poor brain

development could be expected.
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5.2 EXAMPLE TWO: [Environmental effects on the onset of the

brain growth spurt; data kindly supplied
by J. Dobbing.]

To demonstrate that the timing of the mammalian brain
growth spurt is unaffected by maternal malnutrition, measure-
ments on two groups of rats were made. One group consisted
of rats born into large litters, the other group of rats born
into small litters. A data plot of the logeDNA-P content for
whole brain against age (0-196 days) shows a clear non-linear-
ity for both groups (Fig. 5.2.(1); 5.2.(2)).

(a) Small litter group consisted of N=109 rats, with M=26.

Data
Age log e DNA-P Age log e DNA-P
(days) whole brain (days) whole brain
0 . 349 32 1.822,1.6%4,1.795,
2 .294, .352 1.678,1.585,1.557,
4 .811,1.019 1.569,1.613
6 1.084,1.095,1.0675 34 1.543,1.611,1.610
8 .982,1.123, .956 35 1.611,1.623,1.547
10 1.413,1.403 36 1.709,1.483,1.483
12 1.506,1.575 38 1.632,1.591,1.639
14 1.673,1.655 42 1.556,1.575,1.506,
16 1.819,1.671,1.696, _ 1.839,1.623,1.578,
1.654,1.526 1.501,1.715,1.535
18 1.616,1.655,1.597, 49 1.617,1.637,1.571,
1.854 1.595,1.576,1.555,
20 1.886,1.800,1.741, 1.550,1.511
1.749,1.835,1.777 70 1.731,1.683,1.868,
22 1.757,1.579 1.925,1.705,1.573,
24 1.632,1.652,1.812 1.679
26 1.703,1.687,1.674 196 1.963,1.899,1.841,
28 1.605,1.793,1.579, 1.679,1.571,1.725,
1.813 1.942,1.787,1.668,
30 1.765,1.856,1.691, 1.681,1.679,1.780
1.612,1.750 1.863,1.607,1.649,

1.627
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Data plot of log e DNA-P for whole brain versus age (0-196 days)

for rats born into small litters.
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A clearer picture as to the applicability of a split-line
model to this data can be seen from a plot of the data
over the age limits, 0-35 days.
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45.
Data plot of loge DNA-P for whole brain versus age (0-35 days)

for rats born into small litters.
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The large litter group consisted of 157 animals, with M=25.

Age log e DNA-P Age log e DNA-P
(days) whole brain (days) whole brain
0 .349 30 1.314,1.472,1.482,
1.446,1.494,1.505,
-294, .352 1.409,1.501,1.442,
.793, .676, .950, 1,362,1.369,1.584
951, .997, .933 - L 488
-873, .851,1.011 33 1.349,1.456,1.501,
1.174, .962,1.096, 1.649,1.593,1.501
1.130,1.044, .980 34 1.543,1.6, 1.576,
11 1.313,1.121,1.158, 1.531,1.495
1.106,1.282 36 1.541,1.423,1.302,
12 1.404,1.491,1.523, 1.545,1.499,1.459
1.395,1.347,1.408 37  1.516,1.522,1.525,
14 1.391,1.265,1.319, 1.443
1.233,1.428,1.148 42 1.292,1.398,1.628,
16 1.373,1.325,1.640, 1.427,1.456,1.375,
1,200,1.329,1.335, 1.507,1.556
1.291,1.227 49 1.830,1.491,1.669,
18 1.483,1.556,1.507, 1.444,1.412
1.628,1.448 70 1.705,1.562,1.692,
20 1.491,1.293,1.550, 1.561.1.394,1.551,
1.552,1.493,1.502, 1.659
1.185,1.517 196 1.635,1.459,1.520,
22 1.555,1.678,1.492, 1.504.1.708,1.413,
1.471 1.509,1.668,1.502,
24 1.511,1.568,1.520, i'ggé'i'gég'i'gg;'
1.521,1.476,1.547, FooR sl e T2 2
1.456,1.507,1.492 Wk e
. 7 . ’ .
26 1.319,1.327,1.374,
1.519,1.551,1.359,
1.288,1.427,1.686
28  1.647,1.683,1.668,

1.458
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pata plot of log e DNA-P for whole brain versus age (0-196 days)
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for rats born into large litters.
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As in Fig. 5.2.(1), a clearer picture as to the applic-
ability of a split-line model can be seen from a plot
over the age limits, 0-34 days.
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Data plot of loge DNA-P for whole brain versus age (0-34 days)

for rats born into large litters
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(c) A plot of the overall residual sum of squares function

for the data from the small litters group.
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A plot of the overall residual sum of squares function for

the data from the large litters group.
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(d) Small litters group

Parameter Lstimate Standard Error
a1 3.23 x 10 ' .63 x 10_,
az. 1.65 . .17 x 10_,
B1 1.04 x 10_, .85 X 10__
B2 4,54 x 10 .19 x 10
Y 12.82 .61 X

and 62 = 1.36 x 1077

Method Time (sec x 10 )
Hudson §3.4 4.5
Hinkley §3.5 4.1
Upper bound 83.6 4.3
Interval §3.7 4.5
Using %1 = 6, %2 = 9 to obtain an initial interval
(10,16) , we obtain
Method Time (sec X 10_2)
Upper bound §3.6 4.2
Interval §3.7 4.0

An approximate 95 percent asymptotic confidence interval
is given by (11.62, 14.02).

Large litter group

Parameter Estimate Standard Error
o 4.28 x 107" .53 x 107}
02 1.45 x i .15 x 10_2
B1 7.94 x 10_, .63 x 10_3
B2 : 7.55 x 10 .17 x 10
Y 12.98 .55

and 62 = 1.51 x 10 2

Method Time (sec x 10 °)
Hudson §3.4 4.9
Hinkley §3.5 4.8
Upper bound §3.6 4.6
Interval §3.7 4.6
Using 2; =5, 22 = 10 to obtain an initial interval

(8, 18), we obtain
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Method Time (sec x 10 ?)
Upper bound §3.6 3.7
Interval §3.7 3.8

An approximate 95 percent asymptotic confidence interval

is given by (11.91,14.05).

Conclusion

An approximate asymptotic test for the null hypothesis
that the intersection points for both groups are equal is

given by

v0.55% + 0.612 V.68

, = 12.98 - 12.82 _ 0.16 _  ,

where =z 1is a standard normal deviate.

It follows that the experiment does not contradict
Dobbings initial contention, namely that the timing of the
brain growth spurt in rats is independent of environmental
conditions.

Therefore sinEe no catch-up facility exists in the brain
once the brain growth has ceased, the results of environ-

mental factors which inhibit brain growth during the spurt

period could be a deficiency of mental ability.
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5.3 EXAMPLE THREE: [A light sensitivity experiment, data

supplied by H. Wainer.]
(a) In an experiment to determine a subject's sensitivity
to the brightness of a stimulus light, the subject was
initially placed in a dark room for 15 minutes. The subject
then stared directly at a 300 W. bulb for 5 minutes from a
distance of 25 cm. After this preadaptation period the
stimulus light, the brightness of which could be regulated
in several ways, was introduced and the perceived intensity
recorded. The method is given in Wainer (14).

Here we have N=M=30 and
X Time, in minutes, from the end of

preadaptation time.

y @ - log (subjective intensity).
Data

X y X y X y

.5 1.52 6.5 3.30 13.9 3.95
1.0  1.85 7.5 3.50 14.5 4.05
1.5 2.00 8.5 3.37 15.2 4.10
2.0 2.20 9.1 3.70 15.6 4.10
2.25 2.50 9.8 3.72 16.5 4.10
3.0 2.40 10.5 3.72 17.0 4.31
3.5 2.50 11.4 3.74 17.6 4.45
3.8 2.80 12.0 3.76 18.8 4.43
4.1 3.20 12.5 3. 80 19.4 4.50

549 3.10 12.7 4,00 20.8 4.50
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-log (subjective intensity) versus time (min.) since
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(c) A plot of the overall residual sum of squares function,
2
S (w).
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Fig. 5.3.(2)
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(a) Parameter Estimate Standard Error
o 1.42 .88 x 10_.
a2 2.73 . .84 x 10
B) 3.78 x 10_, .32 x 10_,
B2 9.01 x 10 .61 x 10
. Y 4.56 .35

and 62 = 1.38 x 1077

Method Time (sec x 10 )
Hudson §3.4 4.4
Hinkley §3.5 4.1
Upper bound §3.6 4.0
Interval §3.7 3.9
Using 2&; = 6, L2 = 12 which gives an initial interval

of (3,7.5) we obtain:

Method Time (sec X 10—2)
Upper bound §3.6 3.9
Interval §3.7 3.8

An approximate 95 percent asymptotic confidence interval
is given by (3.88,5.23). For an interpretation of these

results, see Wainer (14).
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5.4 EXAMPLE FOUR: [Stagnant surface layer height in water

flows; data supplied by D.W. Bacon
and D.G. Watts.]

In an investigc*ion of the behaviour of stagnant surface
layer height in a controlled flow of water down an inclined
channel for a particular surfactant the following data was
obtained, where

x : 1log (flow rate in gall/cm sec.)
y : 1log (band height in cm)

A plot of the daté demonstrates the applicability of a

split-line model. 1In this experiment 48 measurements were

made, with M = 20.

X Y X y X ¥
-1.51 1.15 -.40 .69 .21 .34
1.13 .55 .29 .31

-1.39 1.10 .60 .31
1.06 .61 .33 .17

-1.08 .93 -.25 .58 .44 .14
.95 .55 .46 .10

.99 -.12 .52 .10

.99 .54 .64 -.12

- .8 .87 0.01 .44 .80 -.33
.89 .49 .85 -.36

.89 .44 -.36

.83 .46 1.03 -.60

.80 s IF1l .34 -.56

- .58 .67 .42 1.19 -.73
.73 .40 -.73
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A plot of the log (flow rate) versus log (band height).
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(c)
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A plot of the overall residual sum of squares function,

S? (u).
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(a) Parameter Estimate Standard Error
01 .45 .85 x 10_2
02 .63 .21 x 10_,
B1 - .47 .12 x 10_,
B2 ~1.16 .27 % 10_,
Y .25 .27 x 10

and 62 = 1.18 x 10 °

2

Method Time (sec x 10 °)
Hudson §3.4 4.0
Hinkley §3.5 3.6
Upper bound §3.6 3.5
Interval §3.7 3.8
Using £, =5 and %, = 15, which gives an initial

interval (-.58,.44) we obtain:

Method Time (sec x 10 2)
Upper bound §3.6 3.5
Interval §3.7 4,0

An approximate 95 percent asymptotic confidence interval
is given by (.2,.31). For an interpretation of these results,

see Bacon and Watts (1).
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5.5 EXAMPLE FIVE

(a) For equally spaced x values over the range from
0 to 22, 100 data points were generated for the following

split-line model.

12

N + . >
E(y) = {2 6 0.7x X B

5 + 0.5x : X

Vv A

2
o
()
H
®
Q
i
|
<
I

12 and from the data we have that

This data is used to demonstrate the following points:
1. From the plot no visual evidence suggests non-linearity.
This data, then, will try out the effectiveness of the
tests in Chapter 2.
2. Applying Hinkley's criteria (3.3.2) we see that the
estimation procedure could be ill defined since

82—;-‘34[ ne = 4.95 < 5. (c.f. Ch. 3)

ne|B| =

Since we consider equally spaced x values, we have

N =M= 100,
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Plot of the generated data from the model

62.

E(y) = 2.6 + 0.7x : x< 12
Y 5 + 0.5%x : x > 12
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(b) [1] Using differences between consecutive up-dated

regression coefficients.

(i) TLeft to Right amalgamation

A.0.V.

Comparison of SS MSS
Single slope 1 1547.75 1547.75
Intersecting lines 1 20.48 20.48
Residual (y) 97 87.01 0.9

Total 99 1655.24

With (M—z)%a = 4.53, the test statistic

t: = 4.5 = 4,78

v0.9

gives a significant result for testing the non-linearity of

w

the data.

(ii) Right to Left amalgamation

A.0.V.

Comparison of SS MSS
Single slope 1 1547.75 1547.75
Intersecting lines 1 8.42 8.42
Residual (y) 97 99.07 1.02
Total 99 1655.24
and t; = et = 2.87 ~ tg97 gives a significant result for
v1.02

non-linearity of the data.

[2] The Quadratic Component technique

A,.0.V
Comparison - of Ss MSS
Single slope 1 1547.75 1547.75
Quadratic component 1l 18.61 18.61
Residual 97 88.88 0.92
Total 99 1655.24
The test statistic f = lgég% ~ F1,97 gives a

significant result for non-linearity in the data.
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[3] The graphic approach

64.

A plot of the moving average of updated intercept

values when amalgamating from left to right.
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The persistent upward movement in the moving average plot is

very indicative of non-linearity in the data.
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The Recursive Residual Approach, using amalgamation

from left to right.
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From above, the plot (points: A) crosses the lower
bound (points: C) which is indicative of non-linearity
in the data.
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In conclusion we see that all tests proved positive for
non-linearity, even though no visual evidence of non-linear-

ity in the data plot was noticed.
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A plot of the overall residual sum of squares function,

S% (u).

U-VALUES QVER THE RANGE OF THE X-DATA
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9
X%10

Fig. 5.5. (4)
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(a) Parameter Estimate Standard Error
o1 (2.6) 2.02 .29
o2 (5.0) 4.72 .51
Bi1 (0.7) 0.81 .58
B2 (0.5) 0.50 .32
Y (12) 8.89 1.29
and 62 = 0.899 (02 = 1.00).

In this case the least squares estimate of vy is a

boundary point, ? = x4,; = 8.99.

2

Method - Time (sec x 10 )
Hudson , §3.4 9.5
Hinkley §3.5 7.6
Upper bound §3.6 8.3
Interval §3.7 6.5

An approximate 95 percent asymptotic confidence interval
is given by (6.4, 11.4), which does not include the true
value of y(=12).

In conclusion, even though we can support the existence
of a split-line model, the estimation procedure for vy

becomes unreliable'.
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5.6 EXAMPLE SIX

(a) PFor equally spaced x values over the range from

0 to 22, 100 data points were generated for the split-line

model.
_ 1 + x
E(y) = {10.5 +0.2x  for y =12, o = 1.
From the data we again obtain Yy = xs55 = 12 since the

same x-values and intersection point (y) are used as in
the previous example.
In this particular case we have
1. ng|B| = 19.8, which implies that the estimation proced-
ure should be fairly reliable, according to Hinkley's
criteria.
2. Non-linearity might be just perceivable f;om a plot,
but it would be difficult to specify a fairly narrow

sub-interval for Y with any confidence.
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(b) [1] Using differences between consecutive updated

regression coefficients.

(i) Ieft to Right amalgamation.

A.0.V.
Comparisons of SS MSS
Single line 1 1812.79 1812.79
Intersecting lines 1l 51.31 51.31
Residual (y) 97 209.37 2.16
Total 99 2073.47
The test statistic t,; = e 4.87 gives a signifi-
v2.16

cant result for testing the non-linearity of the data.

(ii) Right to Left amalgamation.

A.0.V.
Comparisons of SS MSS
Single line 1 1812.79 1812.79
Intersecting lines 1 85.14 85.14
Residual (y) 97 175.54 1.81
Total 99 2073.47
Again the test statistic t; = 6.86 indicates a highly

significant non-linear component in the data.

[2] The Quadratic Component technique.

A.0.V.

Comparisons of SS MSS
Single line 1 1812.79 1812.79
Quadratic Component 1l 122.12 122.12
Residual 97 138.56 1.43

Total 99 2073.47

The test statistic f = 122.12/1.43 = 85.49 indicates

the same result as above.
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[3] The Graphic Approach: A plot of a 5 point moving Average
for updated intercept values obtained by amalgamating
from left to right.
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Fig. 5.6.(2)

The above indicates an even stronger non-linearity in the
data than that of Fig. 5.5.(2).
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The Recursive Residual Approach, amalgamating from

left to right.
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Fig. 5.6.(3)

Again, the above clearly demonstrates the significant non-
linearity of the data.
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A plot of the overall Residual Sum of squares function,

S (u).

U-VALUES OVER THE RANGE OF THE R-DATA
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(a) Parameter Estimate Standard Exror
a; (1.0) 1.13 .31
o, (10.6) 10.10 . .11 o
B: (1.0) 9.66 x 10_, .43 x 10_,
B, (0.2) 2.36 x 10 .62 x 10
Y (12) 12.28 .64

' (0% = 1).

and 6% = 6.04 x 10
In this case ¥ occurred at a smooth minimum and not

at a boundary point as in example 5.5.

Method Time (sec x 10 2)
Hudson 83.4 10.6
Hinkley §3.5 9.1
Upper bound §3.6 8.3
Interval §3.7 7.2

An approximate 95 percent asymptotic confidence interval

is given by (11.02, 13.54).
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5.7 EXAMPLE SEVEN

(a) On equally spaced x values over the range from O

to 36 we.generate 100 data points for the following model:
_ .17.8 -1.1x: for x < 12
Ely) = { 5.8 -0.1x: for x > 12

where vy = 12, 62 =1 and X34 < Yy < X3s. For this data we
have
(i) nplB| = 22.44 thus the estimation procedure should
be reliable.

(ii) the non-linearity in the data is visually apparent
from a plot, and a sub-interval can be easily con-
structed in which ? is sure to be contained.

(iii) the intersection point (y) 1is deliberately placed

to one side of the range.
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(c) A plot of the overall residual sum of squares function,

S ().

U-VALVES OVER THE RAVGE OF THE X-DATA
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(d) Parameter Estimate Standard Error
o1 (17.80) 17.52 .33
a2 (5.80) 5.04 .46 -
By (-1.10) -1.06 — .46 X 10__1
B2 (-0.10) -6.63 x 10 .18 x 10
vy (12.00) 12.48 .42

and 62 = .989 (02 = 1.00) with ¥ 1lying between the

x values (12.36, 12.73); e.g. X35 < ¥ < X3-

Method Time (sec X 10 7)
Hudson §3.4 9.3
Hinkley §3.5 8.3
Upper bound §3.6 7.8
Interval §3.7 7.0

Since non-linearity is visually apparent from the plot
(Fig. 5.7.(1)) we choose &1 = 23, R2 = 45 such that we
obtain the initial interval (8.00, 16.00), which gives the

following times

2

Method Time (sec x 10 °)
Upper bound §3.6 7.8
Intgrval §3.7 6.6

An approximate 95 percent asymptotic confidence

interval is given by (11.67, 13.30).
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5.8 EXAMPLE EIGHT

(a) For equally spaced x values over the range 0 to

16 we generate 100 data points for the following split-line

model:
[ 5 4 2x: x< 12
E(Y)“{41—x: x > 12
where vy =12, 62 =1 and X35 < Y < X7¢.

Under Hinkley's criteria, the estimation procedure
should be reliable. The interest in this data is that the
intersection point is clearly indicated on the data plot
and the estimate of Y can be narrowed down to a small

subinterval.
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(c) A Plot of the overall residual sum of squares function,

s? (u).

U-VALVES OVER THE RANGE OF THE X-DATA
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o
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Fig. 5.8.(2)



83.

(4d) Parameter Estimate Standard Error
o; (5.00) 4.65 .23
o, (41.00) 39.21 2.15 1
By (2.00) 2.07 .35 x 10
B2 (-1.00) -0.89 .15
vy (12.00) 11.69 .15
and 62 = 1.02 (6% = 1), with ¥ 1lying between the
consecutive x-values (11.64, 11.8); e.g. x,, < ¥ < x,5.
Method Time (sec x 10~ °)
Hudson §3.4 11.10
Hinkley §3.5 9.4
Upper bound 83.6 8.5
Interval §3.7 7.4
Choosing %: = 63, %2 = 85 we obtain an interval

(10.02, 13.58), which gives the following computational times

Method Time (sec X 10_2)
Upper bound §3.6 8.0
Interval §3.7 6.3

An approximate 95 percent asymptotic confidence interval

is given by (11.39, 12.00).
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5.9 EXAMPLE NINE

(a) To demonstrate the efficiencies of each estimation
method for large samples we genérated 360 values within the
range (0, 30). The intersection point was chosen to lie to

the extreme right of the range; the split-line model being,

_ X 1 x< 25
E(y) {so—x: x > 25
where vy = 25, 062 = 4 and Xipo < Y < X301

This data should ensure reliable estimation procedures,
and from a data plot we see that non-linearity is barely

discernible on the extreme right.
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(b) [3] The Graphic Approach demonstrates how the moving

average plot tends to level out as we proceed through
enough values of one regression line and begins, in
this case, an upward swing as the data from the
second regression line begins to influence the

updated estimates for the intercept.
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(c) A plot of the overall residual sum of squares function,
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(4d) Parameter Estimate Standard Error
o1 (0.00) -3.69 x 10”* .24
a2 (50.00) 40.93 4,18 -
B1 (1.00) 1.02 .17 x 10
B> (-1.00) -0.67 .15
y (25.00} 24.39 .33
and 62 = 4.29, (o?%=4) with ¥ lying between the consecutive

x-values (24.32, 24.40); e.g. Xjq2 < ? < X,q35-

2

Method Time (sec x 10 °)
Hudson §3.4 35.4
HinkI:oy §3.5 27.8
Upper bound §83.6 24 .6
Interval §3.7 17.9

Using &1 = 212, %22 = 313: which gives an initial
interval of (19.97, 25.99), we obtain the following comput-

ational times,

2

Method Time (sec x 10 °)
Upper bound §83.6 22.9
Interval §3.7 13.9

An approximate 95 percent asymptotic confidence interval

is given by (23.74, 25.02).
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5.10 Conclusions

In the preceding and other examples analysed, . several
patterns were observed when comparing the time taken between
methods in finding the estimate of the intersection point,

Y. Firstly in all cases analysed, Hinkley's approach (§3.5)
was computational faster than Hudson's method (83.4). This
was predictable, due to the reasons given in §3.5.

The Interval Estimation method of §3.7, although not
guaranteeing the lcast squares estimate of vy, did in fact
produce the least squéres estimate in all cases. The gener-
ated data sets given here were selected to demonstrate the
versatility of this method, under the greatly varying con-
ditions demonstrated by the data plots. The effectiveness
of §3.7 is shown by these examples, which range from data
plots with no visual evidence of non-linearity to data plots
with unmistakable non-linearity;with  y being positioned
throughout the range of the data. In all the cases consid-
ered, for -M2?30, method §3.7 was seen to be the quickest;
with the relative efficiency of this method increasing as M
increases (re 5.9). Further saving in computational time was
observed (for data with M = 30) if, from a data plot, we can
obtain an initial interval (see §3.7) with which to begin
this method.

In the cases where M < 30, for method §3.7, it was
found that the process of finding the interval (in which to
search for an estimate of Y - see §3.7) consumed too much
time and consequently this method took longer to find an estim-
ate than the other methods. Yet for 20 < M < 30 the method
of §3.7, although slower than §3.5 and §3.6, was in fact

faster than §3.4.
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A summary as to which method to apply can be given as

follows:-
Size (M) Method
M< 20 Hinkley's (3.5 method - produces the
least squares estimate of Y.
20<M< 30 §3.5 or §3.6 - produces the least squares
estimate of .
M= 30 §3.6 - the guickest method which

guarantees the least squares estimate of

Y.
If we are willing to forego this guarantee
the Interval Approach of §3.7 is signifi-
. cantly faster, with the relative saving
in computational time increasing as M
increases.
It seems reasonéble to use §3.7 because
1. of the real saving in time.
2. in all cases analysed, the least
squares estimate of Yy was

found.
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APPENDIX

The following is a listing of the subroutines and
functions for finding an estimate of the intersection point,
Y, in situations where the split-line regression model is

appropriate.

This listing, in FORTRAN IV, implements the procedures

described in sections 3.4, 3.5, 3.6 and 3.7.

These subroutines and functions have been tested on the
University of Adelaide CDC 6400, under the operating system

SCOPE 4.6, using the FTN compiler.
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SUBROUTINE HUDSON (XsYeNIsNeMeCSY)

COMMON/A/ZXSUM(360) ¢ YSUM(360) 9 XYSUM(360) ¢ X25UM(360)
COMMON/B/X19X29Y1sY29ClsC2

COMMON/F/JlsJ2s12

COMMON/D/B1982+6

DIMENSION X(1) » Y(1) » NI(1)

INTEGER T

THIS IS METHOD 3-”’.............'0..‘...QI.O.......................
HUDSONS EXHAUSTIVE SEARCHING PROCEDURE TO FIND THE LEAST SJUARES
ESTIMATE FOR THE INTERSECTION POINT » GAMMA 9 3Y MINIMIZING THE
RESIDUAL SUM OF SQUARES FUNCTION AS GIVEN gY EQUATION 3.2.(F)

ROUTINES CALLED BEFORE ENTRY INTO HUDSON= SORT s ACUM
ROUTINES CALLED WITHIN HUDSON - WORK s FUNC

INPUT VALUES -

X ¢ ARRAY OF INCREASING X VALUES
Y ¢ ARRAY OF CORRESPONDING Y VALUES
NIsNsMe=AS DEFINED IN ROUTINE ACUM

IMPORTANT COMPUTED VALUES -
GHAT :THE FINAL ESTIMATE FOR THE INTERSECTION POINT
T :THE PARTITIONING FROM WHICH THE ABOVE ESTIMATE IS FOUND
SIESTIMATE FOR THE VARIANCE OF THE SPLIT-LINE MODEL
NN :THE NUMBER OF PARTITIONS BEING SEARCHED

NN = M=2

SET THE INITIAL VALUES FOR THE SEARCHING PROCEDURE

STEP 1.....0................‘...........0..'...............I..I..n

T =1
GHAT = X (1)
RESS = CSY=(XYSUM(M)=XSUM(M) #YSUM(M) /N)##2/ (X2SUM(M) =XSUM (M) #42/N)

DO 40 I = 29NN

STEP Twooo-oooooo-oooot.oootoo.oooo.oo.oooo-o.oln.coeloooo.ooeoc.o
CALL WORK(IsloNeMeNI)

CALL FUNC(GoaNeMsJleIoS1l9AAl9BBLlBB2yCSYs0)

IF(S1.GE.RESS) GO TO 40

IF(GelTeX(J1)eORaGGTaX(IZ)) GO TO 10

RESS = S1
T =1

GHAT = 6
GO TO 40

STEP THREE.......0...............................I........G.......

IF(GeLTeX1e0ReGaGToX2) GO TO 20
G6X = X(J1)
IF(GeGTeX(I2)) GX = X(I2)
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CALL FUNC(GX9sNeMsJ19I9S1sAALlsBB19BB29CSYs0)
IF(S1.GE.RESS) GO TO 40 L

RESS = S1
T =1
GHAT = GX
GO TO 40

STEP FOUR....'......,'............................................
CALL FUNC(X(J]1)sNsMsJlyIeSX19AA19BBLlsBB2sCSYs()

CALL FUNC(X(I2)eNsMeJlsIsSX29AA1BBLIBB2+CS5Ye0)

GX = X(J1)

SX = SXl1

IF(SX1=-SX2.LEel.E=20) GO TO 30

GX = X(12)

SX = SXg

IF(SXeGELRESS) GO TO 490

RESS = SXA

T =1

GHAT = GX

CONTINUE

AT THIS STAGE ¢ THE SEARCHING PROCEODURE HAS EMDEDeseccssssccsscnne
CALL WORK(TsOsNeMoNI)

XL = X(J1) ‘
XU = X(12)
XL = X(J1) € GHAT < X(IZ2) = XU

CALL FUNC(GHATsNsMsJloTeSsAA)9881+98B29CSYr])

AA2 = AA]l + GHAT#*(gBl-382)

S = RESS /7 (N = &)

CNAME = 10H HUDSON

PRINT S0sCNAMEsJ1oXLeXUyGHATsAAL9AA29BB1+BB2yS

FORMAT (1H1/10X*THE PRQOCEDURE USED IS #A]10/10X#THE NUMBER OF Y=VA_U

ZES FOR WHICH X<GHAT =#I13/10X#THE IMMEDIATE X-VALJES BOUNDING GHAT

ZARE#E1QeG#9#E10.4/10X#THE ESTIMATE FOR THE INTERSECTION PUINT,GHAT
Z =%El0.,4/10x%THE ESTIMATES OF ALPHALlsALPHAZ2+BETAl,BETAZ ARE #3(E10
Z.4%9%) gE10.4/10X*ESTIMATE OF THE VARIANCE FOR THE SPLIT-LINE MODZIL

= “Elo.‘})
RETURN
END
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SUBROUTINE HINKLEY (XsYsNIsNeMeCSY)
COMMONZA/XSUM(360) s YSUM(360) s XYSUM(360) + X2SUM(360)
COMMON/B/X1eX29Y1laY2eClsC2

COMMON/D/81s8246

COMMON/E/CTsDTHET

COMMON/F/7Jdl9J2912

DIMENSIUN X(1) o Y (1) s NIC(1)

INTEGER T

THIS IS METHOD 3.5 o

HINKLEYS EXHAUSTIVE SEARCHING PROCEDURE TO FIND THE LEAST SQUARES
ESTIMATE FOR THE INTZRSECTION POINT s GAMMAs BY MAXIMIZATION OF A
SUBFUNCTTION OF THE RESIDUAL SuM OF SQUARES FUNCTION aS GIVEN BY
EQUATION 3.2.(F)

INPUT VALUES @

X $ARRAY OF INCREASING X-VALUES

Y ¢ CORRESPONDING ARRAY OF Y=VALUES
NeMsNI :AS DEFINED IN SUSROUTINE ACUM

SUBROUTINES TO BE CALLED BEFORE ENTRY INTO THIS ROUTINE =
ACuMs AND POSSIBLY SORT.

~ NN:THE NUMBER OF PARTITIONS TO SEARCH ,
NN = M=2

CSX = X2S5UM(M) - XSUM(M)#e2 / N
SET THE INITIAL 'VALUE OF Z TO ZERO .

STEP 1 ../.....l.l.."............l.........ﬁ.....'....Il..'........

T =1
GHAT = X(1)
Z =0

DO 40 I = 2e¢NN

STEP TVJO.I.................................Q..........Q........I..
CALL WORK(I93sNsMMsNI)

21 = 2T (GeGeCSXeB1eB82sCToDTHET)

IF (Z1.,LE.Z) GO TO 40

IF(X(J4]1) eGTeGeOReGeGTaX(I2)) GO TO 10 -

z = 21
T =1

GHAT = G
GO TO 40

STEP THREE.........Q......................................'.......l
10 DF = DT = G“ET

DG = (CT - G*DT) 7/ DF

IF(DF eGT a0 e AND ¢DGeLTeX(I2) e OReNFolLTeOeANDeX(J1)LTLDG) GO TO 20

GX = X(J]1)

IF(GaGTeX(I2)) GX = X(I2)

ZX = ZT(GX9GsCSX9Ble329CTeDTHET)

IF(ZXsLELZ) GO TO 40
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Z = IX

T =1

GHAT = GX

GO TO 40

STEP FOUROOOOO000'000000-00000oooo-oooooo'ooo.ooo..oo'ooo...oooooo
20 ZX1 = ZT(X(J1)+GsCSX9B1leB2+CTsDTHET)

IXe = ZI(X(IZ)9GoCSXqu;BZoCT9DToET)

GX = X(J1)

Zx = Zx1

GX = X(I2)

X = ZXé
30 IF(ZX.LE.Z2) GO TO 40

Z = ZX

T =1 :

GHAT = GX

40 CONTINUE '
‘ THE SEARCHING PROCEDURE ENDS AT THIS STAGE .
CNAME = 10 HINKLEY
CALL WOKK(TsOeNsMyNI)
CALL FUNC(GHAT sNsMyJLlsToRESSsAALl9BBlsBB29CSYs 1)
XL = X(J1)
XU = X(I2) .
AA2 = AAl + GHAT#(8Bl1-8B2)
S = (CSY= (XYSUM(M)=XSUM(M)#YSUM(M) / N )##2 / CSX = Z) 7/ (N=4)
PRINT SOsCNAMEsJloxLoXUsGHATIAAL9AAZ29BB1 98829 S
50 FORMAT (1H1/10X#THE PROCEDURE USED IS #A10710X#THE NUMBER OF Y=-Va_J
2ES FOR WHICH X<GHAT =#I3/10X#THE IMMEDIATE X-VALJES BOUNDING GHAT
ZAREH#E1Q. 4P 9#E10,4/10X#THE ESTIMATE FOR THE INTERSECTION POINTsGHAT
7 =%E10.,4/10X*#THE ESTIMATES OF ALPHALsALPHA2BETA14BETAZ ARE #3(E10
Zoltyg®) sE10e4/10X#ESTIMATE OF THE VARIANCE FOR THE SPLIT-LINE MODZIL
Z = #E10.4)
RETURN
END
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SUBROUTINE USOUND(XeYeNTsNsMsCSY)
COMMON/A/XSU%(JGO)9YSUM(360)9XYSUM(360)9X25UW(360)
COMMON/B/X19X2sY1eY29ClsC2

COMMON/C/INTER,TAsIB

COMMON/D/Bl e8B2+06

COMMON/ZE/ZCTOTLET

COMMON/ZF/Jled2e ]2

DIMENSION X (1) 9 Y(1) o NI(1)

INTEGER T

CSX = X2SUM(M) = XSUM(M)##2 / N

THIS IS METHOD 3.6 WHERE THE LEAST SQUARES ESTIMATE OF GAMYA I5
FOUND THE USE OF AN UPPER BOUND FOR THE QESIDUAL SUM OF SQUARES
THIS IS ACHIEVED BY WORKING wITH THE LOWER BOUND FOR THE SJB-
FUNCTION ( Z ) AS GIVEN IN EQUATION 3.2.(F)

VALUES OF IMPORTANCE-
INTER: (1)=FOR INTER = 0 IMPLIES NO PLOT OF THE DATA 1S AVAILABLEZ
' 710 OBTAIN A REGION IN WHICH IT IS SUSPECTED THAT GAMMA
MAY LIE o
(2)=1F INTER = 1 THEN fFROM A PLOT STUDY WE OBTAIN L] s L2
WHERE L1:IS THE POSITION OF THAT VALUE OF X JUST LESS
THAN THE INITIAL LOwWER LIMIT OF THE INTERVAL o
L2: WHERE X(L2=-1)< B < X(L2)s8 SEING THE JPPER
BOUNDARY POINTeWITw 1S L2 € L2 £ M .

ROUTINES CALLED BEFORE ENTRY INTO UBOUND - SORT » ACUM
ROUTINES CALLED WITHIN UBOUND = WORK s FUNC
FUNCTIONS CALLED wITHIN UBOUND- ZT

THE INPUT- VALUES XsYeNIsNsMsCSy ARE DEFINED AS IN SUBROUTINE
HINKLEY

STEP 1: CALCULATING THE INITIAL UPPER 30UND .
Ll = M7 3 + 1 )

Le = M = L1

IF (INTER.EQ.0) GO TO 10
L1 = IA

Lz = I8

T = (L1 + L2) /7 2

CALL WORK(Ts3sNeMeNI)

IF(X(J1) «eGTeGa0ReG.GTeX(I2)) G0 TO 30
ZBOUND = ZT(GsGsCSXe31sB29sCT9DTHET)

GHAT = G
GO TO 50
Z2X1 ZT(X(J1) sGoCSX9B814829CToDTHET)

Zxe ZT(X(12)9GoCSX9381482sCTeDTET)
ZX = ZX1

GX = X(J1)

[F(ZX1=2X2.6Te1.E-20) GO TO 40

ZXx = 2X¢

GXx = X(I2)

ZROUND = £ZX

GHAT = 06X

CONTINUE
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THE SEARCHING PROCEDUJURE FOR FINDING THE LEAST SQUARES ESTIVATE
OF THE INTERSECTION POINT GAMMA s USING METHOG 345
STEP 2: THE SEARCHINOD S8EGINS .

NN = M=2

DO 90 I = 2NN

CALL WORK(Ie39NsMeNI)

21 = 2ZT(GeGsCSXs8Ll¢B2eCToDTHET)
IF(2BO0UND.GE.21) GO TO 90

IF(X(J]) eGTeGeOReX(I2)eLTeG) GO TO 60
ZBOUND = 21

7= 1
GHAT = G
Go 70 90

60 DF = DT - GH*ET
DG = (CT - G#DT) / DF -
IF (DF eGT U ANDaDGeLT o X (I2) eOReDF eLTe0eANDeX(J1)eLToDG) GO TO 70
GX = X(J1)
IF(GeGTeX(I2))6X = K(I12)
ZX = 2T(GX9GeCSX9B19329CTeDTHET)
IF(ZXLELZ280UND) GO TO 90
ZBOUND = 2X

T =1
GHAT = GX
G0 TO 90U

70 ZX1 = ZT(X(J]1)eGeCSXeBleB2eCTeDTHET)
252 = ZT(X(I2)sGoCSXot519829CTeDToET)

GX = X(J1)

Zx = ZX1

IF(ZX1=2X2,6T.1,E=-20) GO TO 80
GX = X(I2) ‘

ZX = IX2 -

80 IF(ZBOUND.GT.ZX) GO TO 90
ZBOUND = ZX
T =1.
GHAT = GX
90 CONTINUE
THE SEAKCHING PROCEDJRE ENDS &
CALL WORKI(TsUOeNsMeNI)
XL = X(J1) :
XU = X(12)
CALL FUNC(GHATsNoMeJl eTeRSSsAAL BBl 9BB2+CSYs 1)
AA2 = AAl + OGHAT#(8B1-382) :
S= (CSY= (XYSUM(M)=XSUM(M)H#YSUM(M)/N)##2 / CSx = ZBOUND) / (N=4&)
CNAME = 10H SBOUND
PRINT 100¢CNAMEsJ]l o XLoXUsGHAT9AAl9AA293R])98BB2e>S
100 FORMAT (1H1/10X#THE PROCEDURE USED IS #*A10/10X#THE NUMBER OF Y=VA_U
ZES FOR WHICH X<GHAT =#I3/10X¥THE IMMEDIATE X=-VALJES BOUNDING GHAT
ZARE#EL0e4%s¥E10e4/10X#THE ESTIWATE FOR THE INTERSECTIUN POINTWGHaAT
72 =%El0.4/10X%THE ESTIMATES OF ALPHALl9ALPAHA2s8ETAl+3ETAZ ART #3(E10
2 4% 9 %) gE10.4/10X*ESTIMATE OF THE VARIANCE FOR THE SPLIT-LINE MODZIL
Z = #E10e4%)
RETURN
END
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SUBROUTINE UINTVAL(XsYsNIsNsMyCSY)
COMMON/A/ZXSUM(360) 4 YSUM(360) s XYSUM(360) 4 x25UM(360)
COMMON/B/X1sX24Y1sY29C1,C2

COMMON/C/INTERsIASIB

COMMON/D/BLlsB29G

COMMON/E/CTsDTHET

COMMON/F /41902912

DIMENSION X(1) ¢ Y(1) » NI(1)

INTEGER T

THE INTERVAL ESTIMATION PROCEDURE OF SECTION 3.7 .
THE INPUT VALUES XsYsNIsNsMeCSy ARE DEFINED AS IN SUBROUTINE
HINKLEY

RQOUTINES CALLED BEFORE ENTRY INTO UINTVAL = SORT o+ ACUM
ROUTINES CALLED WITHIN UINTVAL = WORX s UFDATE o FUNC
FUNCTIONS CALLED WITHIN UINTVAL = ZT

CSX = X25UM(M) < XSUM(M)yu#p / N

STEP 1l: FINDING AN INITIAL INTERVAL
Ll =M~/ 3 +« 1

L2 = M - L1

INTER : AN INDICATOR VALUE DEFINED IN SUBROUTINE UBOUND
IF(INTER « EQ « 0) GO TO 10

Ll = IA
Le = I8
JJl = NIC L1 )
JJ2 = NI( L2 )

T =(L1 + L2) /7 2

CALL WORK(TeloeNeMeNI)

Ml-= NI(2)

M2 = NI(M=1)

IF(X(M]) eGEeGeOReG GELX(M2)) G = (X(JJ1) + X(JJ2)) / 2

DIFF = AMINLl ( G=X{(1) s X(N)=G )/ 2

A= G - DIFF

B8 = 6 +« DIFF

STEP 2: UPDATING THE INITIAL INTERVAL .

CALL UPDATE (XeYsNIsNeYeAsB)

CHECKING WHETHER THE UPDATED INTERVAL LIES WITHIN THE DATA RANGE
IF(X(M]1)oeLEoA.OReBLELX(M2)) GO TO 20

PRINT 90 s A 9 B oX(J1) o X(J2)

RETURN

CONTINULE

ZBOUND = 0

STEP 3: FINDING THE ESTIMYATE OF GAMMA BY EMPLOYING METHOD 3.5 o
I =
I = +
JX1 NIC(I)
JX2 NI(I « 1)
IF(X(JX2)«LTeA) GO TIO 30

1
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CALL WORK(Is3eNsMeNI)

Z1 = ZT(GsGoCSX9e31+H829CTsDTET)
IF(Z1LELZ2BOUND) Gu TO 70
IF(X(J]1) eGT aGeOReX(I2) LTeG) GO TO 40

GHAT = 6

T =1
ZBOUND = 21
GO TO0 70

DF = DT - GHET

DG = (CT - GDT) / DF

IF(DF e GT e 00 ANDoDGoLT oA (12) eOReDF el TeOaANDeX(J]1)eLTeDG) GO TO 50
GX = X(J1)

IF(G.GToX(I2)) GX = X(I2)

ZX = ZT(GXsGeCSX9B19829CTeDTET)

IF(ZX.LE.ZBCUND) GO 10 70

ZBOUND = ZX

T =1

GHAT = (X

GO 10 70

ZX1 = ZT(X{J1l) sGeCSXeBlsBCeCTeDTHET)
ZX2 = 2T(X(I2)+GeCSXeBlsB2sCTsDTHET)
GXx = X(J1)

ZX = ZX1

IF(ZX1-2X2.GTelsE=20) GO TO 60

GX = X(I2)

ZX = ZXxe

IF(ZBOUND.GT.ZX) GO TO 70

ZBOUND = ZX

T =1

GHAT = GX s

IF(X(UX1l) LT,B)GOD TO 30

END OF SEARCHING PROCEDURE

CALL WORK(TsOeNsMoNI)

XL = .X(9]1)

Xy = X(I2)

CALL FUNC(GHAT eNeMe Il 9 T9RSSsAAL9BB1esBB2+CSYs 1)

AA2 = AAl + GHAT#(381 - BBZ2)

S = (CSY= (XYSUM(M)=XSUM(M)#YSUM(M)/N)##2/C5X = Z30UND) 7/ (N=¢)
CNAME = 10+ INTERVAL

PRINT B80¢CNAME2»JlsXLosXUsGHATsAALl9AAZ9BB]) 988298

FORMAT (1H1/10X%¥THE PROCEDURE USED IS #A10/10X#THE NUMBER OF Y=VA_U

2ES FOR WHICH X<GHAAT =#I13/10X#THE IMMEDIATE X-VALJES BOUNIJING GHAT
ZARE#ELQ 4%y #E10.4/10X#THE ESTIVWATE FOR TAE INTERSECTIONY POINT,GHAT

=#E£10.4/10X*THE ESTIMATES OF ALPHAl ALPHAZ2+BETALl,3ETAZ ARE #3(E10

2.4%e®)9E10e4/10X*ESTIMATE OF THE VARIANCE FOR THE SPLIT-LINE MODZIL

= #¥E1Q0e4)

FORMAT (/10X#SUBROUTINE ABORTED BECAUSE THE UPDATED INTERVA_#/1UX
ZF10.4% = #F10.,4% | IES OUTSIDE THE RANGE OF THE OATA#F1l0.4% - *®
ZF10.4)

RETURN

END
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SUBROUTINE UPDATE (XeYeNIeNsMr»AsB)
DIMENSION X(1) s Y(1) s NI(l) o P(360) C(5+5)
COMMON/ZA/ XSUM(360) s YSUM(360) 9 XYSUM(360) +X25UM(350)

THIS ROUTINE PRODUCES THE UPDATED INTERVAL FOR USE IN ROUTINE
UINTVAL

ROUTINES TO BE CALLED BEFORE USING UPDATE- UINTVAL
ROUTINES CALLED WITHIN UPDATE - PROB

INPUT VALUES-

X:ARRAY OF THE N VALUES OF X .

Y:ARRAY OF THE N OBSERVATIONS .

C:THE MATRIX (X#X) .

NeM:AS IN THE OTHER ROUTINES .

AtINITIAL LOWER BOUND OF INTERVAL .
B:INITIAL UPPER BOUND OF INTERVAL .
PtARRAY OF PROBABILITY VALUES FROM THE LOGISTIC DISTRIGJUTION
OUTPUT VALUES~

A:UPDATED LOWER BOUND OF NEW INTERVAL .
B:UPDATED UPPER BOUND OF NEwW INTERVAL .

GHAT s CALCULATED BELOW +IS AN UPDATED ESTIMATE FOR THE INTER-
SECTION POINT

CALCULATING THE ARRAY OF PROBABILITY VALUES
E0 = (A + B) /7 2

£1 = (B - A) / 20

CALL PROB (XsEQsELlsPoMyNI)

0
I

I

I + 1

J1'= NI(I)

J2 = NI(I + 1)

IF(X(J2)LE.A) GO TO 10

IF(X(J1) LEeASANDsASLTX(J2)) TL = I
IF(X(JU2),LE.B) GO TO 10

10

Iu =1+ 1
SPp = NI(IL)
sp2 = NI(IL)

SPX = XSUM(IL)
Sp2Xx = XSuM(iIL)
gP2Xx2 = X2SuM(IL)
SPX2 = X2SuM(IL)
SPY = YSUM(IL)
SPXY = XYSUM(IL)
IL = IL + 1



OO0

20

101.

DO 20 1 = ILsIU

Jz2 = NI(I)
Jl = NI(I) = NI(I = 1)
SP = SP + J1#*P(I)

SPXx = SPX + J1#P(I1)¥X(J2)

SPX2 = SPX2 + J1H¥P (1) #X(J2)##2 .
SP2 = SP2 + JLIwP(I)#¥p

SP2X = SP2X + J1¥X(J2)#P(I)##2

SP2X2 = SP2X2 + J1#(X(J2)#P(I))%#2

SPY = SPY + P(I)®#(YSUM(]I)=YSUM(I=1))

SPXY = SPXY + P(I)#(XYSUM(1) = XYSUM(I - 1))

C(lsl) = SP2

C(les2) = SP2X

C(2+1) = SP2KX

C(292) = SP2X2

C(193) = $P = SP2

C(3s1) = SP = SP2

C(ls4) = SPX = SP2X

Cl4sl) = SPX = SP2X

C(2+3) = SPXx = SP2x

C(3+2) = SPX = SP2X

C(R2s4) = SPX2 = SP2x2

C(4y2) = SPX2 = SP2X2

C(3+3) = N = 2%#SP + SP2

"C(394) = XSUM(M) = 2%5PX + SP2X
C(493) = XSUM(M) = 2%SPX + 5P2X
Clbsl) = X2SUM(M) = 2%SPX2 + SP2X2
C(l1s5) = SPY

C(295) = SPKY

C(3+5) = YSUM(M) = SPY

C(495) = XYSUM(M) = SPXY

USING THE IN-LINE SU3ROUTINE FROM THE MATRIX PACKAGE WE FIND
THE INVERSE OF THE MATRIX oCe AND AT THE SAME TIME WE CALCJLATE
ESTIMATES FOR THE REGRESSION PARAMETERS, GIVING IN TURN THZ
UPOATED ESTIMATE FOR TAE INTERSECTION POINT

CALL MATRIX (109495909C9e5+DET)

GHAT = (C(19S) = C(335)) / (C(4s5) = C(295))
A = GHAT - 20®*gl 7/ 3

B = 2%GHAT - A

RE TURN

END
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SUBRUUTLINE FPRUB(ASEUIELsFIMINL)
DIMENSION X(1) o P(1l) o NI(1)

102,

ROUTINE TO BE CALLED BEFORE USING PROB - UPDATE

PROB GENERATES THE PROBABILITIES FOR THE INITIAL INTERVAL

INPUT VALUES-
MINUMBER OF DIFFERENT X VALUES

X¢ARRAY OF THE N

DATA POINTS OF X .

E0:THE MEAN OF THE LOGISTIC DISTRIBUTION .

E1:STANDARD ERROR OF THE LOGIST
OUTPUT VALUES-

P:ARRAY OF PROBABILITY
P(I) = 0 FOR X(I) = A
P(I) = 1 For X(I) 2 8
P(I) = F(X) s WHERE F(X)
DISTRIBUTION FUNCTION
Du 10 I= 1loM
J = NI(D)
Z = -(x(J) - E0) 7/ EI
P(I) =0
IF(Z.LE«=10) GO TO 10
P(I) = 1
IF(Z2.GE«10) GO TO 10
P(I) = 1la = 1o / (1le ¢+ EXP(Z))
10 CONTINUE
RETURN
END
SUBROUTINE SORT( NeXsY)
DIMENSION X(1) s Y(1)

THIS ROUTINE TAKES THE DATA

IN

AND SORTS IT IN ASCENDING ORDER»

THE ARRAY OF X-DATA WHICH ON OUTPUT IS IN INCREASING
ARRAY OF Y-DATA #HICH IS REORGANIZED IN ACCORD wITH YHE X~=DATA

IC DISTRIBUTION .

VALUES WHERE

(THE _OWER LIMIT OF THE INTERVAL)
(THE UPPER LIMIT OF THE INTERVAL )
IS THE CJUMULATIVE LOGISTIC

THE FO&M ((X(I)eY(I)oI=loN) o
WITH RESPECT TO THE X=DATA

0IDVER

N ¢ THE TOTAL NUMBER OF DATA POINTS
X 3

Yy @

N1 = N =1

DO 20 I = 1sNl1

I1 =1 + 1

K =1

DO 10 J = I1loN
IF(X(J)eLTeX(K)) K = J
CONTINUE

T = X(I)

X(l) = X(K)

X(K) =1

T = Y(I)

Y(I) = Y(K)

Y(K) =T

RETURN
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SUBROUTINE FUNC(UeNsMsJlsIosoRU»AUL9BUL9BU2yCSY s IDENT)
COMMON/A/XSUM(360) s YSUM(360) s XYSUM(360) 4X25U4(360)
COMMON/B/X19X29Y1lsY29ClsC2
REAL NK

IDENT IS AN INDICATOR VARIABLE WHERE ,

(1) FOR IDENT=0 WE CALCULATE THE RESIDUAL SUM OF SQUARtS AS A
FUNCTION OF U-SEE EQUATION 3.2.(E)

(2) FOR IDENT=1 WE ONLY CALCULATE ESTIMATES OF THE
REGRESSION PARAMETERS FOR THE TWO LINES MEETING AT X = Js 9 FIR.
THE FIXED PARTITION=- I o

INPUT VALUE=-
UsTHE FIXED VALUE OF GAMMA,
N:NUMBER OF DATA POINTS.
MINUMBER OF DIFFERENT X=VALUES s MSN o
J1STHE NUMBER OF Y-DATA VALUES FOR WHICH X(I)SU &
1:NUMBER OF DIFFERENT X VALUES FOR wHICH x(I)<U.
CSY:CORRECTED TOTAL SuM OF SQUARES FOR THE y-DATA

ODUTPUT VALUES-
RU:THE RESIDUAL SUM OF SQUARES FOR GAMMA=U s CALCULATED ONLY IF
THE IDENTIFIER ( IDENT ) IS NOT EQUAL TO 1.
AUL:ESTIMATE FOR THE Y-INTERCERT OF FIRST LINE.
BULSESTIMATE FOR SLOPE OF FIRST LINE.
BUZ2:ESTIMATE FOR SLUPE OF SECUND LINE.
NOTES$BOTH REGRESSION LINES MEET AT X=U »AUZ2=AU]+U (BUl-BUZ2) .

J2 = N = Jl

NK = JI¥FLOAT(U2) /N
XYSUM(I)=JI#X1#YL+NK# (Yl=Y2) ¥ (X1=U)
CleNK#(X]=y) ##D

XYSUM (M) =XYSUM (1) =J28X2#Y2=NK#*(Y1=-Y2)¥* (X2 = U)
Cl¥C24NKH*(C2H (X1=U)##2+C1¥* (X2=U) ¥*#2)

NKs# (X1=U)# (U=X2)

C2+NK# (X2=U) ##2

IF(IDEN1 EQ.1) GO 70 10

RU = CSY = (F#AHUZ2 + g#CH#2 = 2%CHGHA) / E

RETURN )

BUl = (F#A-G¥*C)/E

BU2 = (B*C=G%A)/E

AUl = Yl=BUl#*X1 + J2%( (Y2-Y1l) + gULl#(X1=-U) = BUZ#*(X2-U)) / N
RETURN

END

MmoOMmMmO @ >
LI Y I TR [ 11}

FUNCTION ZT(UsGHAT4CSX9B1sB829CTsDTHET)
THIS FUNCTION EVALUATES EQUATION 3,3.A(5).

INPUT  VALUES-
UITHE FIXED VALUE FOR GAMMA,
GHAT:ITHE ESTIMATE FOR THE INTERSECTION POINT OF THE
TwO REGRESSION LINES
CSX:CORRECTED TOTAL SUM OF SQUARES FOR ALL THE X-=DATA,
B1l9B2:UNCONSTRATINED LEAST SJQUARES ESTIMATES FOR THE SLORES
OF THE TwO STRAIGHT LINES.
CTeDTHET: ARE DEFINED IN EQUATION 3.2.(F)

ZT = (Bl-B2)##2/ (CT=2#DT#U+ET#*y##2) # (CT=DT# (U+GHAT) +ETRU#GHAT) ¥%2
V4 /CSX

RE TURN
END
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SUBROUTINE ACUM(NsMsXsYoNIsCSY)
COMMON/ZA/XSUM(360) s YSUM(360) 9 XYSUM(360) 4X25UM(360)
DIMENSION X(1)9Y(1)sNI(1)

THIS ROUTINE CALCULATES ACCUMULATING SUMSsSUMS OF PRODUCTS AND
SUMS OF SQUARES OF THE (XsY) DATA = AFTER THE DATA HAS BEEN
THROUGH THE SORT ROUTINE . .

INPUT VALUES-
N:NUM3ER NF DATA POINTS .
MINUMBER OF DIFFERENT X VALUES » MSEN
X:ARRAY OF DOROERED X VALUES .
Y:CORRESPONDING ARRAY OF Y VALUES .

OQUTPUT VALUES -

NI:AN ARRAY o WHERE THE ELEMENTS NI(I) REPRESENT THE
NUMBER OF O3SERVATIONS OF Y=DATA FOR WHICH THE
CORRESPONDING X=VALUES ARE < TO X(I)

CSY:CORRECTED SUM OF SQUARES FOR TwE TOTAL Y-DATA
XSUM(I):=VI(1).X(l)*-....-.oo..o.#(VI(I)‘NI(I—I)).X(I)
YSUM(I) 2=Y (1) 4Y(2)*+cooeatY(K) oK=NI(])

XYSUM(T) e=X (1) e (Y(1)4Y(2)+eaneseeY(NI(1)))
¢X(2) o (Y (NI(L)#1) *aneee*Y(NI(2)))*+asano
ooo*X(I)n(Y(NI(I’l)"l)*ooooo'-’Y(NI(I))) .
XZSUM(I):=N1(1).X(l)”*2+.........+(NI(I)-NI(I—l)).X(I)**Z .

DO 10 I = 2sN
NI(I)=0

XSuM(l) = X(1)
YysuM(l) = v(l) .
XYSuUM(1l) = x(1)#Y (1)
X2SUM(1) = x(1)#%2
SYy = yv(})##2

NI(l) =1

I =1

DO 20 L=2¢N

IF (I.NEW&l) GO TO 20
SYY = SYY + Y(L)®¥Z

X2SUM(1) = A2SUM(1) + X(L)##2
XYSUM(1) = XYSuM(l) + X(L)#Y (L)
YSUM(l) = YSUM(1) + Y(L)

XSUM (1) = XSUM(1) + X(L)

NI(I) = NIC([) + 1

M =1

DO 30 I = 2¢M

NI(I) = NI(I-1) + NI(D)

DO S0 I = 2sM
J1 = NI(I-1) + 1
J2 = NI(D)

S5x= 0 : S
Sy = 0

SXY = 0

Sx2 = 0

DO 40 UK = Jl.J2

SX = SX + X(JK)

SY = SY + Y (JUK)

SXY SXY + X (JK)*#Y (UK)

5xe SK2 + X(JK)##2

Syy SYY + Y (JK)#u2
XSUM(I) = XSuUM(I - 1 ) + SX
YSUM(I) = YsSuM(l - 1) + S5Y

XYSUM(T) = XYSUM(I = 1) + SXY
X25UM (1) = X25uM(l = 1) + SX2
CONTINUE

CSY = SYY = YSUM(M)##2 / N
RETURN

FrnD
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SUBROUTINE WORK(IsIPARsNyMsNI)
COMMON/A/ZXSUM (360) + YSUM(360) s XYSUM(360) s XK2SUM (360)
COMMON/B/X19X29Y19Y29ClaC2

COMMON/D/BL1s32+6

COMMON/E/CTsDTSET

COMMON/F/ulsJ2s12

COMMON/H/AL A2

DIMENSTION NI(1)

THIS ROUTINE CALCULATES VARIOUS VARIABLES FOR A FIXED PARTITIONSI,

THE FIRST PARTITION BEING (XCL)oY(Ll)) woswnans (X(JL)sY(Ul)) R
THE SECOND PARTITION BEING o (X(JL+1) oY (JLl+1))wony (X(N)oY(N)) .
J1:TOTAL NUMBER OF OBSERVATIONS OF THE FIKST PARTITION .

J1 = NI(D)

J2:NUMBER OF O0BSERVATION OF THE SECOND PARTITION .

J2 = N=-Jl

I2:NUMBER OF X=VALUES FOR WHICH X< X(NI(I+1))

12 = NI(1+1)

X13THE MEAN OF THE X DATA FOR THE FIRST PARTITION .

X1 = XSUM(I)/Jl
X2iMEAN OF X DATA FOR THE SECOND PARTITION

X2 = (XSUM(M)=XSUM(1))/J2

Y1:MEAN OF Y DATA FOR FIRST PARTITION .

Y1 = YSUM(I)/J] ‘

Y2:MEAN OF THE Y-DATA FOR THE SECOND PARTITION

Y2 = (YSUM(M)=YSUM(I))/J2 4

Cl:iSUM OF SQUARES FOR X DATA OF FIRST PARTITION .
Cl = X2SUM(I)=Jl#x]##2

C2:SUM OF SQUARES FOX X DATA OF SECOND PaRTITION .
C2 = X2SUM(M)=X25UM(1)=J2%X28#2

IF(IPARCEQ+0) RETURN
B1:ESTIMATE OF SLOPE FOR FIRST PARTITION .

Bl = (XYSUM(I)=Jlu#xl®#Yl)/Cl

A1:ESTIMATE FOR Y=INTERCEPT OF FIRST PARTITION .

Al = Y1 = 81#x])

B2iESTIMATE OF SLOPE FOR SECOND PARTITION .

B2 = (XYSUM(M)=XYSUM(I)=J2#X2%Y2)/C2

A2:ESTIMATE FOR Y=INTERCERPT OF SECOND PARTITION

A2 = Y2 = Bz#Xp?

G:ESTIMATE FOR THE INTERSECTION POINT 4GAMMASFOR THIS PARTITION
G = (Al=-A2) 7/ (B2-81)

IF(IPARCEQ.1) RETURN
W= JI#FLOAT(J2) / N

ET = w#(Cl + C2)

DT = w#(X1%#C2 + Clux2)

CT = C1%#C2 + w#(Cl#X2##2 + C2u#xl##p)
RETURN

END
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