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SUMMARY

This thesis is concerned with finding exact drift velocity expressions
and trajectories for the motion of an electron in spatially dependent

magnetic and electromagnetic field configurations.

Electron motion in static magnetic fields will be analysed first. The
fields will be dependent on x and pointing in the Z direction. Exact drift
velocities will be obtained for electron motion in an exponentially varying
magnetic field. Such a field is monotonically increasing with x and point-
ing in the positive Z direction. Drift expressions will also be found for
a magnetic field with a power law dependence, which is slightly more com-
plicated than the first case. For x greater than zero the magnetic field
may be either monotonically increasing or decreasing. This is governed by
the power law dependence, a, being greater or less than zero. The drift
velocity expressions obtained are compared with the Alfven drift velocity
results in the limit of an adiabatically affected magnetic field.l The exact

drift expressions simplify to the perturbation results of Alfven.

The trajectories for the motion of an electron in the abovementioned

magnetostatic fields will also be found, both for bound and unbound orbits.

The motion of an electron in a sinusoidal magnetic field varying with
X will be analysed and it will be shown that the exact drift results
degenerate to the Alfven drift velocity when the field is adiabatically
affected. Trajectories for both bound and unbound orbits will again be

considered.

All the drift velocity results obtained are in terms of well known
functions of mathematical physics. The integral expressions obtained for

the trajectories are found to be incomplete forms of the integrals obtained
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in the drift velocity expressions.

In dealing with electromagnetic phenomena spatially dependent electro-
magnetic fields will be considered. It will be shown that if the electric
scalar potential and the magnetic vector potentials have the same functional
dependence, then for bound orbits the electron moves with a generalized
electric drift velocity combined with an exact magnetic drift expression.

Similar trajectory results exist for unbound orbits.

Tractable results will be shown to exist for field configurations in
which the electric scalar potential varies as the square of the magnetic
vector potential. Solutions to the electron motion will be shown to vary
greatly with a parameter Q which is dependent on the constant ¢ relating
the scalar and vector potentials. It will then be shown how the integrals
change when the spged of the electron approaches the speed of light. To
illustrate these three results a magnetic field with a simple exponential
dependence on x together with the corresponding electric fields will be

used.

Further generalizations of the work by piecewise smoothing techniques
will be indicated. It will also be shown how this work may be used in
upper atmospheric physics, especially in the realm of electron motion in
the magnetic tail of the earth. The applicability of the work to problems
in laboratory physics will also be discussed, and it will be shown that for
special cases the above results may be used to describe electron motion in

the meridian plane of an axially symmetric field.
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CHAPTER 1

1.1 Introduction

Investigation of the non relativistic motion of individual charged
particles in static inhomogeneous magnetic fields was initially stimulated
by processes occuring in the magnetic field of the earth, particularly

auroral displays in the polar regionms.

Over a period of fifty years from about 1907, Carl St¥rmer pub-
lished many papers in which he discussed the trajectories of protons in
the terrestrial magnetic field. It was shown that although a completely
analytical solution could not be found, the two constants of the motion,
the energy and the canonical angular momentum of the particle, could be
uSed to describe the path of the proton. Stbrmer showed that the particle
was excluded from '"forbidden regions' determined by the angular momentum
of the proton, and that the path of the orbit could be analysed intuitively
in terms of an effective potential. This potential was also related to
the angular momentum of the particle. Trajectories of the motion of the
particle, however, were obtained only by numerical integration of the
equation of motion, as there was no third integral of motion. Analytical
solutions were found for the special case of particles moving within the
equatorial plane of the dipole field, and these results were expressed in
terms of elliptic integrals. Stdrmer's work on this special example of
axially symmetric field was summarized in his monograph, ''The Polar
Aurora" (1955) which has been reviewed by several authors. (Chamberlain;

Ferraro and Plumpton).

As no exact analytical solution to this important problem was found,
Alfven (1940) used perturbation techniques to describe charged particle

motion in a magnetic field where the change in magnetic field strength



with respect to the radius of gyration of the particle was much smaller
than the actual strength of the magnetic field. Such a magnetic field

was said to be 'adiabatically affected'.

Whilst the approximation was invalid for high energy cosmic rays,
Alfven pointed out that it was a good assumption for many ionospheric
situations in which the speed of the charged particle was relatively low.
The perturbation of the homogeneous magnetic field generated an average
drift of the zero order circular motion in a direction perpendicular to
both the direction of the magnetic field and the gradient of the magnetic
field strength. The magnetic dipole moment of the charged particle in
its almost circular orbit was shown to be an adiabatic invariant within

the limits of perturbation analysis. (Alfven 1955).

To describe static magnetic field situations in the ionosphere
where an electric field is present, the most important result is the zero
order electric drift velocity caused by spatially constant electric and
magnetic fields at right angles. This simple drift expression also des-
cribes a particle drift caused by a forcefield, since the force field can
be directly related to an equivalent electric field. A typical drift of
this type in nature is that of a charged particle moving under the
influence of the gravitational field of the earth in the magnetosphere.

(Hess, Roederer).

The electric drift velocity is also used to describe drift processes
due to charged particle motion along curved magnetic field lines, since as
the particle moves along the curved field lines it experiences a centri-
fugal force. This force can be used to describe the curvature drift, in
which the charged particle drifts in a direction perpendicular to both the
direction of the field, and the radius of curvature of the magnetic field.

Many authors have also used a similar mechanism to describe the gradient



drift, the necessary force term being related to the magnetic dipole
moment of the charged particle and the gradient of the magnetic field

strength.

To obtain this magnetic force, Allis (1956), Lehnert (1964) and
Schmidt (1966) assumed that for an adiabatically affected magnetic field
the velocity of the charged particle could be represented as a super-
position of the zero order circular velocity of a charged particle in a
constant magnetic field, plus a first order guiding centre velocity due
to the magnetic inhomogeneity. Having substituted this velocity into the
equation of motion and used a first order Taylor's series expansion for
the magnetic field, an instantaneous force term was obtained. When this
force term was averaged over a full periodic orbit of the particle, it

yielded the average magnetic force required to produce the gradient drift.

Another method of obtaining the magnetic drift velocity expressions
is to assume that for an adiabatically affected field, the position of the
charged particle may be represented by a guiding centre moving with an
instantaneous drift velocity, about which the particle moves at a radial
distance, in a circular orbit. By differentiating the first order expres-
sion for the guiding centre an instantaneous guiding centre is obtained.
When averaged over a full cycle of the orbit of the charged particle, the
instantaneous terms yield the required magnetic drift velocity expressions,

with the cyclic component averaging to zero.

Rose and Clarke (1961) used this approach to analyse the gradient
drift, whilst Seymour (1963) and Sivukhin (1965) obtained both the curva-
ture and the gradient drift expressions using a curvilinear coordinate
system in which the magnetic field was directed along the unit tangent

vector of the Frenet-Serret trihedron.

Of particular interest in the present analysis is a magnetic field

-



with straight and parallel magnetic field lines in the Z direction
dependent on x. Alfven (1940) first studied the problem of charged
particle motion in an adiabatically affected magnetic field using this
particular type of field. He found the average motion of the charged
particle in the X-Y plane by averaging the velocity components in the X
and Y directions over a complete orbit with the aid of first order
approximations for the magnetic field and the radius of gyration of the
particle. The integrations were carried out with respect to the angle ¢
at which the tangent to the trajectory intersected the X axis. Whilst the
average drift along the X axis was zero, (being in the direction of the
magnetic gradient) it was shown that there was a drift along the Y axis
related to the magnetic dipole moment of the charged particle, and the

gradient of the magnetic field.

Chandrasekhar (1960), Longmire (1963) and Kruskal (1963) discussed
the problem by using the result that the average effect of the magnetic
force in the direction of the gradient of the magnetic field along the X
axis was zero. Thus with the aid of a first order approximation fo£ the
magnetic field they arrived at the same drift velocity expression first
found by Alfven. Spitzer (1956) in the first edition of his book "Physics
of Fully Ionized Gases'" stated the Alfven drift velocity result and sug-

gested that such orbits could be analysed only by perturbation techniques.

In answer to this Seymour (1959) chose to investigate the particular
case of a magnetic field with a constant gradient Bz = AXx, and solved the
equation of motion to obtain exact drift velocity expressions in terms of
elliptic integrals. Spitzer (1962) in the second edition of the above-
mentioned book stated, "The drift velocity expression can now be found in
general only by means of an approximate theory'. It will be shown in this
thesis, that for this specific cartesian geometry, general exact solutions

for the path of the particle can be obtained.



Schmidt and others have shown that three constants of motion exist
for charged particle motion in electric and magnetic fields whose scalar
and vector potentials respectively are dependent on x only. For the
special case of an electrostatic field of this form solutions to the
equation of motion are well documented. For example Landau and Lifschitz
(1969) have solved this problem for specific functional dependences of

electrostatic potentials, such as for example a power law dependence.

In the case of magnetostatic fields the Seymour (1959) problem was
the first to be investigated. Hertweck (1959) in his analysis of charged
particle motion in the magnetic field of an infinitely long current carry-
ing wire has considered another special case of cartesian geometry. He
found that for a charged particle confined to move in a fixed plane through
the wire, with the magnetic field varying inversely as the distance from
the wire, exact solutions were obtained in terms of Bessel functions. At
present these are the only two magnetostatic problems solved for a field
dependent on x. The only electro-magnetostatic problem of this nature

which has been solved is the zero order electric drift result.

A few exact solutions for the motion of charged particles in
axially symmetric fields have been studied because of the importance of
this field type both in cosmological and laboratory plasmas (Delcroix).
Three constants of motion in this particular case can be found when the
magnetostatic and electrostatic potentials depend on the radius only.
Hurley (1961) has shown that integral expressions describing the motion
can be obtained for magnetic fields which are straight and parallel point-
ing in the Z direction and dependent on the radius. Solutions were
obtained for a magnetic field varying inversely as the radius with the
aid of an angular variable, 6, relating the radial and angular components

of velocity as cosine and sine functions of 6 respectively. The drift



velocity obtained was a simple algebraic expression dependent on the

initial conditions of the orbit of the particle.

Seymour (1971) indicated the physical significance of this angle
as being the angle between the direction of the radius vector and the
tangent to the trajectory at the tip of that vector. A generalized mag-
netic field was considered which varied as the powef of the radius,

BZ = Ar_n, recovering Hurley's earlier result for n = 1, and also finding

exact drift results for n = 3 in terms of complete elliptic integrals of

the first and second kinds.

Morozov and Solovev (Leontovitch Vol. 2) found algebraic drift
expressions for the motion of a charged particle within a uniformly
charged cylinder located in a constant longitudinal magnetic field.
Hertweck (1959), in his analysis of charged particle motion about an
infinitely long wire found that in general the drift expression for motion
along the wire was not expressible as well known functions of mathematical
physics. The integrals were therefore analysed by numerical means. As
already mentioned, however, for the special case of charged particle motion
in a meridian plane through the wire, the problem degenerated into the
special case, Bz = A/x, in the cartesian geometry, the solution of which

was analytical.

1.2 Discussion of Contents

From the above discussion it is apparent that very few exact ana-
lytical solutions for the motion of charged particles in magnetostatic
fields exist. This is also true for charged particle motion in electro-
magnetostatic fields. Whilst general solutions exist for time dependent
magnetic fields, (Seymour et al, (1965), Seymour (1966)), and also for
time dependent electric fields in an homogeneous magnetic field, (Lehnert

1964, or Appendix 6) at present it appears that no generalized results are



available for static fields.

In the present analysis it will be shown that general integral
expressions for the time and displacement along the Y axis can be obtained
for charged particle motions in electro-magnetostatic fields dependent on
X. For magnetostatic fields which are straight, parallel and directed
along the Z axis it will be shown that certain functional forms of the
magnetic field lead to solutions of the motion of the charged particle in

terms of well known functions of mathematical physics.

In Chapter 2 the three constants of motion found from the Lorentz
force law will be utilized to obtain generalized integral expressions of
the time and coordinate values for different combinations of electric and
magnetic potentials. The integrals for electron motion in a magnetostatic
field will be evaluated using the angle ¢ at which the tangent to the
trajectory intersects the X axis. Although this restricts the generality
of the integrals for time and spatial coordinates it gives much physical
insight into the analysis. For particular forms of magnetic field the
use of the angle y makes the integrals more readily interpreted as well
known functions of mathematical physics. The magnetostatic results will
be used to describe electro-magnetostatic fields in which the electric
and magnetic fields have the same functional dependence. This will lead
to a generalized electric and magnetic drift expression for these spat-
ially varying fields. Similarly, if the electric scalar potential is
dependent on the square of the magnetic potential, the integrals for the
time and displacement obtained are closely related to the integrals found
in the magnetostatic case, but modified by a constant ©. This constant
contains the parameter which relates the electric potential and the square

of the magnetic potential.

Exact drift velocity results for electrons will be found in Chapter



3. (Motion for protons will be in thée opposite direction). The first
magnetic field to be considered will be an exponentially varying field

(Bz = Azux). This is always positive and monotonically increasing with x.
Thus for orbits which are bound between a minimum value x; and a maximum
value x; the electron will always turn in the same direction. The bound
orbits will therefore be completely cyclic with ¢ continuously increasing.
Drift velocity solutions are expressed as a simple algebraic expression
dependent on the initial conditions of the electron's orbit. A more com-
plicated field to be considered is one with a power law dependence on X,
(BZ = Axa)-For X always positive the magnetic field will be monotonically
varying with x. Thus for bound orbits which do not cut the line x = 0,

¥ will continuously increase and the orbits will be full cycles. If a is
negative the electron moves in the positive Y direction. If o is positive
and the orbit cuts the line x = 0, then for o an even integer the magnetic
field is in the same direction on either side of the line x = 0, and fhe
electron will again move through ever increasing values of the angle .
For o a positive odd integer the magnetic field on either side of the line
X = 0 will be in opposite directions. Thus the electron will turn in
opposite directions on either side of the zero line. Bound orbits will
therefore not complete a revolution of ¢ but the orbit angle will oscillate
between the two angles H—wo and wo at which the electron leaves and re-
enters the region of positive magnetic field. The path shape of the elec-
tron on either side of the line x = 0 is the same. For a % -1 exact drift
velocity expressions will be in terms of hypergeometric %unctions and gamma
functions. For o = -1 solutions to the motion of the electron will be in
terms of confluent hypergeometric functions. This particular example will

be compared with results obtained by Hertweck (1959).

If the electron's path is not bound by x and has no periodic nature,
the concept of an exact drift velocity becomes quite meaningless. Thus to

follow such an orbit it will be necessary to plot the path of the electron.



9.

Indeed, if for some orbits more information is required about the orbit
than a drift velocity expression then trajectories may be plotted. In
Chapter 4 it will be pointed out how this may be achieved. Electron paths
will be analysed for the two different forms of magnetic field in Chapter
3. For bound orbits the integral expressions for time and values of x and
y will be "incomplete'" forms of those obtained for the total increments as
the particle motion is integrated to an arbitrary angle § between the

limits of a cycle, and not the complete cycle.

For unbound orbits x becomes infinite as the electron moves along
the Y axis and the electron asymptotes towards a limiting angular value
y'. For the exponential magnetic field, logarithmic expressions for the
path of the orbit are obtained which are dependent on ¢ and y'. Simi-
larly for a power law magnetic field in which a < -1 the unbound orbits
aiso give rise to points on the orbit related to ¢ and the limiting angle

v'.

In Chapter 5 electron motion in a sinusoidally varying magnetic
field (Bz = Asinqx) will be discussed. Due to the confining nature of
the magnetic field within a full cycle of varying field strength
(— £-< X < g) bound orbit drift expressions will be dependent on the
maximum and minimum values of x. For orbits which are confined to move
within a half cycle of magnetic variation, ¢ will turn through 2w radians
as the field is always in the same direction. If the electron crosses the
line x = 0 it will go into a region of reversed magnetic field. The
electron will therefore have the same path shape on either side of the
line BZ = 0 as the magnetic field is antisymmetric about that line. The
drift velocity expressions for these two types of motion will be in terms

of elliptic integrals of the first and third kinds.

Orbits which penetrate the full cycle of varying magnetic field

are no longer bound by x. They are however periodic in nature as the
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orbit shape will be identical in following periods of magnetic fluctuation.
This type of motion may be represented by an exact drift velocity expres-
sion, not along the Y axis, but at an angle to it, due to the drift compo-
nent in the direction of the magnetic gradient. As before the drift
expressions are found in terms of elliptic integrals of the first and third
kinds. The paths for the three types of motion are found in terms of

incomplete elliptic integrals of the first and third kinds.

In conclusion electro-magnetostatic phenomena mentioned in Chapter
2 will be discussed in the light of the drift and trajectory analysis of
Chapters 3 to 5. The motion of the electron will also be analysed for the
case when the speed of the electron approaches the speed of light. For
all these cases the one component exponentially varying magnetic field
plus the corresponding electric fields will be used to illustrate the

results.
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CEAPTER 2

2.1 The Equation of Motion of an Electron in Static Electromagnetic

Fields
For an electron of mass m, charge -e, positioned at r(t) =
(x(t),y(t),z(t)) moving with non-relativistic velocity v, the equation

of motion is

=]
|
i

= = -e{E + v x B} (e.m,u.), . (2.1)

where, since the fields are static,

.. (2.2)

T
il
]
<]
-
-

and B .. (2.3)

0]
[¢]
=1
=
[
b=

¢ being the electric scalar potential, and A the magnetic vector potential.
Multiplying both sides of equation (2.1) by the velocity in the standard

way, the conservation of energy

€ = %—mv2 - ed = energy
1 dxy2 | dyy2 | (dzy?
=§m{(a?) +(%) +(R)}-e¢, e (2.4)
is obtained.
2.2 Magnetic and Electric Potentials Dependent on x

If the electric scalar potential in equation (2.2) is a function

of x only,

¢ = ¢(x) , ...(2.5)
then from equation (2.2)

E = (E(x),0,0) , ... (2.6)
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where E(x) = - £oy, § ...(2.6)

Similarly if the vector potential is chosen as a function of x only,

and is of the form

A= (0,A,(0,4,(0), 2D

then from equation (2.3) the components of the magnetic field are

dAz(x}
By(X) = - dx » -..(2.8)
dAy(x)
B, (x) = —& i ... (2.9)

The magnetic field is then of the form
B = (O,By(x),Bz(x)) . ... (2.10)
consistent with Maxwell's equation, div B = 0.

Using equations (2.6) and (2.10) the x,y and z components of the

equation of motion are given by

A dy 5 dz
m g~ = -e{E(x) + B, 3% B, T ... (2.11)
dv
dx
m HEX-= e{Bz(x) It
dAy(x]
= e > ... (2.12)
dt :
with the help of equation (2.9),and
dv
z . dx
ma = -eBy(x) It
Je L™ 2.13)
dt F) e u q .

with the aid of equation (2.8).
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Equations (2.12) and (2.13) may be integrated immediately to give

the Y and Z components of velocity as

<
]

Y1 o+ %AY(X) ; ... (2.14)

<
il

Y, ¢+ :TAZ(X) s ... (2.15)

where, for x = X, at time t = to
- - &

Y1 = (vy)t=t0 m Ay (%) s ... (2.16)
Y2 = (v, ), _ e

A z t—to ol Az(xo) : ... (2.17)

Substitution of equations (2.5), (2.14) and (2.15) into equation

(2.4) yields for the energy expression

2 2 2
" =%{(g.fc£ tn g AE) T (2 r 2A,00)7) - e(), ... (2.18)

which is dependent on x and its time derivative. From equation (2.18) the
differential of time can be found in terms of x and the differential of x.
Similarly by using equations (2.14) and (2.15) in conjunction with (2.18)
the differentials of y and z can also be obtained. The y and z coordin-
ates, and the time can be found by integrating these differential

expressions.

2.3 Specialized Field Types

(i) Electrostatic Fields

If the magnetic field is zero, the components of the magnetic
vector potential appearing in equations (2.8) and (2.9) are constant.
Therefore the y and z components of the velocity are constants of the
motion., Equation (2.18) yields

- .
dt = —— s .. (2.19)

: Y 2(e - ed(x))
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where the y and z components of velocity are chosen to be zero.

Landau and Lifschitz and others have integrated equation (2.19)
for different functional forms of electric scalar potentials. For
example, it has been shown that for e¢(x) = Alxln, integration of equa-
tion (2.19) leads to solutions for the period of oscillation of the

electron in terms of beta functions.

(ii) Magnetostatic Fields

In the absence of an electric scalar potential, it follows

from equation (2.4) that the speed of the electron

dxy 2 dyy 2 dzy 2
2= (ﬁ) + (E%) + (a%) , ... (2.20)

is a constant of the motion.

(a) One Component Magnetic Field

For a magnetic field with only one component, Bz(x), the
magnetic field lines are straight and parallel and pointing in the z
direction. In equation (2.17) the vector potential component Az(x) is
constant. The z component of velocity in equation (2.15) is therefore
constant and need not be considered explicitly. Equation (2.20) there-

fore becomes

dxs 2 dy, 2
vi= (@) + (@ . ... (2.21)

Substituting equation (2.14) into equation (2.21), or by manipula-

ting equation (2.18), with ¢(x) = v, = 0, the time differential becomes

dx

I
°

dt «..(2.22)

/v - (ot g A))2

Similarly, using equations (2.14) and (2.22), the differential of y yields
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dy = vydt s

(vi +2 A (x))dx
= il . ... (2.23)

2
Y v2 - (yp + %—Ay(x))

The x and y components of the velocity in equation (2.21) can be
expressed in terms of the angle, Y, at which the tangent to the traj-

ectory cuts the x axis. Thus

dx _ ;
_dt = v cosy , ...(2.24)
dy _ .

rraid siny , ...(2.25)

While in general it will not be possible to substitute equations
(2.24) and (2.25) into equations (2.22) and (2.23), for many important
cases equations (2.24) and (2.25) can be used. This leads to expressions
in terms of physically well-known quantities. From equations (2.24),

(2.25), (2.9) and (2.22) the result

d e
H=uw=523, ... (2.26)

eBZ
is obtained, where w = —;r-is the gyrofrequency of the electron. Equation

(2.26) may be integrated to yield
- |
t = I = 0 (2.27)

as the time.

Using equations (2.25), (2.26) and (2.23) y becomes

y = f psinydy , ... (2.28)
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where p = v/w is the radius_of gyration of the electron.
From equations (2.25), (2.14) and (2.16)
siny - simp0 = 57'(Ay(x) - Ay(xb)) . ..(2.29)

Thus by using equations (2.29) and (2.9) the magnetic field can be
obtained as a function of ¢y for particular forms of magnetic potential.
Alternatively, if a particular form of magnetic field is chosen, then by
using equation (2.9) the magnetic vector potential may be found. In
either case, from equation (2.29) x may be expressed as a function of y,

and the orbit can be analysed in terms of this angle.

(b) Bound Orbits and Exact Drift Expressions

If the electron is bound between a minimum value x;, and a
maximum value xp of x, then from equation (2.27) the period for one orbit

will be

T=J dy .\ (2.30)
one w

period
From equation (2.25) the drift along the y axis is given by

Ay = J psinydy , ... (2.31)
one
period

and from equation (2.29), Ax = 0, over one period. The motion of the

electron along the y axis is therefore given by the drift expression
A ... (2.32)
If the motion of the electron is not bounded by x, and is not

periodic, the trajectory of the electron cannot be described by the

average drift expression of (2.32). The concept of a drift velocity for
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a non-periodic orbit is meaningless. In this case the orbit can only be
analysed by plotting the path of the electron. This can be done by using

equations (2.27), (2.28) and (2.29).

(c) Homogeneous Magnetic Field

For a constant magnetic field, BZ = X, the orbit of the elec-
tron is circular and the gyrofrequency of the electron, w, = 9%—15 con-

stant. Equation (2.30) gives
) ...(2.33)

where T is the well-known period of an electron in an homogeneous magnetic
field. The radius of gyration of the electron Py = v/wO is also constant.

From equations (2.27), (2.28) and (2.29) the trajectory of the electron

becomes
_ ¥
t(lp)"'(:;"'to s g
)
y(W) = pycosy + (y, - o) g ... (2.34)
3
x(y) = posinw Xy )

where x = X, at ¥ = 0. T, = (xo,yo) is the point about which the electron
circulates with angular frequency Wy at a radius G From equations (2.34)

Ay = Ax = 0.

(d) Perturbation of the Zero Order Field

For a homogeneous magnetic field which is perturbed by a
magnetic inhomogeneity such that the radius of gyration p of the orbit
of the electron multiplied by the gradient of the magnetic field is much

less than the magnetic field strength, or mathematically

p|VB| << B, , ...(2.35)
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then the drift expression of equation (2.32) may be approximated by a

first-order drift result.

To first order the period, Té of the orbit is given by equation
(2.33). To find Ay, the magnetic field and the radius of gyration of the

electron are approximated by first-order Taylor's series expansions about

x
X=X dBZ )
Bz = B, {l * ( B ) —HE} > )
N g v (2.36)
(x-x ) dB )
and p(x) = p, {1 - —5—— 3¢ } g
o

Using equation (2.36), and the zero order value of x from equation (2.34),

equation (2.31) becomes

2m
Ay f psinydy
o

=TP, dBZ

='B—'—a§' . ...(2.37)
(o]

The drift expression first obtained by Alfven (1940) is obtained by divi-

ding equation (2.37) by equation (2.33). This leads to the well known

result

v. =& _ _p |VB ...(2.38)

or in vector form

" B x VB ,
P - A ... (2.3
vh c 2 (2.387)

where | = %—mvz/B is the magnetic dipole moment of the electron. It is

found to be an adiabatic invariant of the motion of the electron.
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(iii) Magnetic Field in the z Direction with an Electric Field

Along the x Axis

(a) General Integral Expressions

The magnetic field in the y direction is zero. Thus
from equations (2.8) and (2.15) the z component of the velocity is constant
and again need not be considered explicitly. From equations (2.14) and

(2.18) the time becomes

t =J dx , ... (2.392)
4
VEe -2 400-(vg + A, ()

and y is given by

e
Y1 + = A_(x))dx
y-J b vty . ... (2.39b)

Z
/- B0 (n 2 A,(0)

This class of electro-magnetostatic fields includes the important
example of constant electric and magnetic fields at right angles, in
which the electron moves with the electric drift velocity. For the
present analysis it will be more instructive to consider a larger group of
fields in which fhere is a simple explicit relationship between the elec-

tric and magnetic potentials,

(b) Magnetic Vector Potential with the same Functional

Form as the Electric Scalar Potential

If the electrostatic field is given by
60 = ¢, £(x) , ... (2.40)
and the magnetostatic vector potential along the y axis is

A(x) = AL £() . (2.41)
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where ¢o and A0 are constants, and f(x) is an arbitrary function of x,

then equations (2.40) and (2.41) yield

¢ (x)

[o]

A

¢
) AL e (2.

42)

Using equations (2.6 ), (2.9), (2.40) and (2.41) the electric and

magnetic fields become

df
FGo - ¢, G N
f
Bz(x) = Ao : éi) 2 G
and - E(x) = fé.= constant (2
Bz(x) Ao

Substituting equations (2.40) and (2.41) into equation (2.39a),

time becomes

¢ = J gx : e (2

eA 7
VE 2y f-(n + =2 £00)

By rearranging f(x) in the denominator of equation (2.46), and

using equation (2.45) the time yields

. I dx , ...

eA

m

12

Z
-2+ vi? - v+ =2 £(0)

where Yi =y + %-. . (2
Z

If a new coordinate system is defined such that

E
v! V. o+ =, el (2
y Yy B,

Vi =v_ , .o (2.

X

then in the dashed coordinate system the electron moves as if under the

influence of a magnetic field only. From equation (2.47) the speed of

43)

44)

45)

the

.46)

47)

.48)

.49)

50)
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the electron in the dashed coordinate system is

12 2e

viZ = = - (Y§ - Yiz) : ...(2.51)

Using equation (2.51), equation (2.47) may be rewritten

t = J dx . ...(2.52)

pA
WA G- Wes)

The integrand has the familiar form of equation (2.22) except for

the superscripts denoting the dashed coordinate system.

From equations (2.41), (2.42), (2.45), (2.48), (2.51), (2.52) and

(2.39b)

. ...(2.53)

' (S
t o+ [ (] + i AyG0)dx

1 2
12 _ e
Y v (Yl + = Ay(x))
The first term in equation (2.53) is a constant electric drift
component. The second term is the magnetostatic component in the dashed

coordinate system. Equations (2.49) and (2.50) can be rewritten

V; = v'siny , ... (2.54)
vi = v'cosy , ...(2.55)
where (v;()2 + (v}-,)2 =v'2, ... (2.56)

From equations (2.54), (2.55) and (2.52) the time simplifies to
= [ ﬂ%., ... (2.57)

where w = E-Bz(w) is the gyrofrequency of the electron.

Using equations (2.54), (2.55), (2.57) and (2.53)



22,
- _E Ve
y = - §'t + {p'sinydy , ...(2.58)
A
where p' = v'/w is the radius of gyration of the electron in the dashed

coordinate system. Finally from equations (2.14), (2.49) and (2.54)

sing - singy = o (A (X)) - A(x)) ... (2.59)

where ¥ = wo at x = X Thus from equations (2.57), (2.58) and (2.59) use
of the dashed coordinate system has transformed the static electromagnetic
problem into a magnetostatic problem in the dashed coordinate system plus

. i E
the electric drift component of equation (2.58),- Tt
z

(c) Bound Periodic Orbits

If the electron completes full cycles and is bound between a
maximum value Xp, and a minimum value x;, then over a complete orbit

equation (2.57) yieldé

T = J Q%_ 2 ...(2.60)
one

period

as the period of the orbit. In that time from equation (2.58) and (2.60)

the increment of y becomes

Ay = - %—T " J p'sinpdy . ... (2.61)
period

Dividing equation (2.61) by (2.60) gives the drift velocity along

the y axis
A
Vp T T
= -+ %J ptsinpdp .. (2.62a)
z one
period
where Ve = - E(x)/BZ(x) is a generalized electric drift velocity, and
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[ S

J p'sinydy , ...(2.62b)
one
period

o] ]

is the magnetostatic drift velocity of the electron in the dashed coordin-

ate system,

(d) Constant Electric and Magnetic Fields

The most important example of such bound orbits is the case of
an electric field E = Eoi and magnetic field gz = Ak where Eo énd A are

constants. Equation (2.57) becomes

=y
t—w +to s ...(2.63)
o
where wo =0at t = to’ and Wy, = eA/m is the zero order gyrofrequency.
Using pé e v/w0 and equation (2.63), equation (2.58) becomes
E .
y = -5 G%— + to) + pé cosy + (yO - pé) s ... (2.64)
z

with y = Yo 8t t = t,-

From equation (2.9) the magnetic vector potential due to a constant
magnetic field is Ay(x) = AX. Substituting this into equation (2.59) the

value of x becomes

...(2.65)

”
]

v s
siny + X
pO Y o °?

where x = x0 when t = t

Integration of equation (2.63) over a full cycle of the orbit of
the electron leads to the zero order result T°= 2n/wo. From equation

(2.64) the electron moves a distance
E
A)’:—'B—T N ...(2.66)

along the y axis in time T,
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Dividing equation (2.66) by the periodic time Togives the well

known drift expression

VD—-TI‘-——B—-, o-.(2.67)
Q Z
or vectorially
E x B, ,
Yp = “EE"' . ... (2.679)
z

This result is used extensively to describe many ionospheric and
laboratory situations in which there are crossed electric and magnetic

fields.

(e) Electric Scalar Potential Related to the Square of the

Magnetic Vector Potential

Analytical solutions to the motion of an electron in static
electro-magnetic fields exist if the relationship between the electric and

magnetic potentials is
$(x) = SAZ(x) , ... (2.68)

where 8§ is a constant. From equations (2.18) and (2.68) the energy of the

electron becomes

2e dx 2 e 2 2
= (E + (Yl + n_lAy(x)) - —:1_ o (x) .
= dx 2 2 2e e 2
=G +vi+5n Ay (xy + ) = A, . (2.69)
where
S 22§ .. (2.70)

The energy expression (2.69), on rearranging terms yields (for Q@ # 0)

2
2¢ 2Y1m6 dx 2 Y1 2

'E‘L_e?z_:(ﬁ) +Q(Q_+I_‘;.Ay(x)) . ... (2.71)
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Defining
2Y2m6
g2 = £ — .(2.72)
m
efn
equation (2.71) becomes
dxy 2 Y1 , e 2
2= (7@ +olgtrpa ) . ... (2.73)
Thus from equation (2.73) the time can be expressed as
t =J gx , o (2.74)
Z

Ve2 -l %Ay(x))

and by using equations (2.14) and (2.73) y becomes

e
Y1 + = A_(x))dx
y = n s mty ; ... (2.75)

Z
/g2 -l o+ f—lAy(x))

Equations (2.74) and (2.75) are now in forms similar to the inte-
grals of the magnetostatic equations (2.22) and (2.23). They have however
been modified by a constant 2. This constant contains the parameter 6,

which relates the electric and magnetic potentials.

If the electric potential becomes small compared with the magnetic
potential, & approaches zero. Thus 2 approaches one, and £2 simplifies to

v2,

Equations (2.74) and (2.75) therefore reduces to integral forms of
the magnetostatic equations (2.22) and (2.23). If the magnetic field
becomes negligible in comparison with the electric field, § approaches
infinity. (6 being of the same order of magnitude as the energy of the
electron). The parameter @ therefore approaches -2mé/e and equations

(2.74), and (2.75) go over into the electrostatic result of equation

(2.19).

For 0 < @ < = , there are the useful substitutions
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3 by e
£sinb = Qz(al- + EAY(X)) ; ve.(2.76)
dx
EcosH = (R . . “ee (2.77)

Differentiation of equation (2.76) and substitution of the result into

equation (2.74) leads to, with the aid of equation (2.9)

t=J—§-9- , ... (2.78)
2%

©
where Wy = %—BZ(G) is the gyrofrequency of the electron.

Similarly equations (2.75), (2.76), (2.9) and (2.78) give

y':

J((n -1+ (B4 2 A 0))ax

P
/g2 - (YL + %Ay(x))

1 ino
5 {ln - ) (t-to)+f5M}, .. (2.79)
Q° g

0

and from equation (2.76) x is expressed as a function of 6.

(c) Constant Magnetic Field and an Electric Field with Constant

Gradient
For a magnetic field BZ = A , and an electric field E = on

where A and E0 are constants, equations (2.6), (2.9) and (2.68) give
§ = — ...(2.80)

and equation (2.78) becomes

6 - 0
t=—1/—o+t 5 ...(2.81)
Q° W,

where 0 = eo at t = to and W, = eA/m is the gyrofrequency of the electron.

Equations (2.79) and (2.80) yield
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- (cose—coseo)
{(y1 -3 -t +¢ . F+y, s o..(2.82)
("
0

<
[}

0 Ir—a
Ny

where y = Yo at t ty

Also, from equations (2.76) and (2.9)

1 sinb
x =i {2} . .. (2.83)
o Q%
2.4 Discussion of Results

The analysis in this chapter clearly indicates that for specific
forms of static magnetic fields solutions can be found for the motion of
an electron in terms of the angular parameter . This has then been
extended to take into account static fields in which an electrostatic

field is also present.

Whilst the purely electrostatic problem has been analysed in depth,
(Marion (1970), Whittaker (1965)) and solved for specific forms of x
dependence of scalar potential, the present research has indicated that
equivalent analysis is possible for the complementary magnetostatic
problems. The following chapters will reinforce this point of view by
analysing specific forms of field dependence. Indeed, this thesis will
indicate how analysis is possible with electromagnetostatic field configura-
tions, and field configurations in which the particle is moving with rela-

tivistic velocities.
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CHAPTER 3

3.1 Drift Velocity Expressions for Bound Orbits in a Static

Magnetic Field

From Section (ii) parts (a) and (b) in Chapter 2, Part 2.3, the
average motion of an electron in periodic time T can be found for bound
orbits. The functions which constitute the drift velocity expressions
are found to be related to the magnetic vector potential of the magnetic
field. For an exponentially varying magnetic field, the drift velocity
of the electron is related to the magnetic potential at x = X whilst
for a magnetic field with a power law dependence, o + -1, the functions
describing the drift are related to the vector potential at x = x, due to
the choice of functional representation of the results in terms of hyper-
geometric functions. o = -1 is a degenerate case and the solutions

obtained depend on the parameter v = %%-which is independent of x,

3.2 Exponentially Varying Magnetic Field

For a magnetic field of the form

B, = Ae* o (3.1)

as shown in Figure 1(b), where A and o are constants > 0, equation (2.29)
becomes

ox

siny - simp0 = g%v_(eux - e 0) , ...(3.2)

with the aid of equation (2.9). For simplicity of mathematical formula-
tion and without particular loss of generality, X, is chosen to correspond

to wo = 0. Equation (3.2) then becomes

_ 1 my .
X =X, + = n (1 * oA 51nw) R ...(3.3)
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ox
where, A =
(o]

mv

er

bound orbits < 1.

o . . .
Ae /o is the magnetic vector potential at x = xo.

(3.3), the upper bound x, of the orbit

29,

For

As shown in Figure 1@), and from equation

at ¢ = %-becomes

mv

X2=Xo+é£n (1+W 5 .. (3.4)
The lower bound, x;, of the orbit Y = %E-is
X1 = X, + = n -%{-} , ... (3.5)
o
and - ® < x; <X < < . ...(3.6)
(1) The Exact Drift Velocity Expression

Using equations(2.9), (2.26), (2.30), (3.1) and (3.3) the periodic

time becomes

T =1£[2"d_w
e B
o 'z
27
=:’_I dy , o (3.7)
0°0 mv }
(l + e 51nw)
(o}
eBZ(xo)
where w, = ——Er——-is the gyrofrequency of the electron at x = Xge
Use of the new variable ¢ = %—- %-in equation (3.7) gives
r
4 2
T = o I sec?¢dd (3.8)
o“0 my ' R
(1-30)
mv CAO 2
[1 + eAOJ 1+ — tan“¢
(1 + eA]
o
mv )%
(1 - eA
If another variable is defined by tan® = E-——jar—w tan¢ , equation
N E 5=
eA

(3.8) gives
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(- B5"

where To = 5%—= is the periodic time of the orbit of an electron in
0 ax
a constant magnetic field, Bo = e

2me

Similarly, equation (2.31) yields

Av = e il sinydy
& 0’0o (1 + T siny)
er
vT
=—2 |1 - . - ] ... (3.10)
mv mv L
Ay (- (W) )Zj

Using equations(3.9), (3.10) and (2.32) the exact drift velocity

becomes

= by
Vv ——T

A, mvy 2y
v (1 - ngﬂ )2 -1) . .. (3.11)

(ii)  Alfven's Approximate Theory

For a magnetic field which is adiabatically affected, 2%f-<< 1 and

o]
equation (3.11) reduces to
cA 2
o] 1 mv
Vp V(mv ((x - E{eA * ) - 1)
= - X.GEL_
2 ‘eA
2
mv<o,
= oo o, ... (3.12)
2eBZ(x0)

where from equation (2.9), Bz(xo) = aAO .

Equation (3.12) agrees with the Alfven drift expression of

equation (2.38) for an exponentially varying field.
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(iii) Discussion of Results

In Figure 2 the exact drift velocity expression of equation (3.11)

. . mv . ; .
is plotted against A T P, and compared with the perturbation result in
()

equation (3.12). From Figure 2 the Alfven drift velocity is in good

: m .
agreement with the exact result for 0 < eX < 0.6, the maximum error of
()

the approximate result being less than ten percent.

3.3 Magnetic Field with Power Law Dependence

The magnetic field is of the form

B, = axr ... (3.13)

where A and o are constants, and has the differing forms as sketched in

Figure 8. Provided o + -1 and X, > 0 then equations (2.29) and (2.9)

yield

X = X, {1 + [EKOJ (siny - sinwo)}s 0 ...(3.14)
where

1

B = a + 1 ° .(3.15)

and
- 1/8
A0 = Aon . (3.16)

is the magnetic vector potential at x = X, which, from equation (2.9)

generates the magnetic field
o
B = Axo " e (3.17)
From equation (3.17), the radius of gyration of the electron at x = X, is
= . ... (3.18)

The electron motion sketched in Figure 3 is for Xy > 0. Again if X, is

chosen to correspond to wo = 0 equation (3.14) yields
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B
X = X {1 + [E%;J sinw} . ... (3.19)

Recalling that equation (3.19) applies for all o except o = -1, the

electron orbits are then bounded between the limits

xp = x; (1 - EXfJB ; ... (3.20)
o
for y = gﬂ-, and
xz = x, (1+ %%;JB : . (3.21)
for ¢ = > s SO that
0 <x; <X <X <=, ... (3.22)

For o > 0 the magnetic field vanishes on the line x = 0, and the electron
motion is sketched in Figure 3. For a < 0 the field BZ becomes infinite

on the line x = 0. The drift reverses direction and has the same general
form as in Figure 4 for the case of o = -1, to be considered in Case 2 of

Section 2.

Another class of motions of practical interest (Seymour 1959) occurs
when X, = 0, and

a>0, ... (3.23)

so that BZ is always zero on the line x = 0. Then with ¢ = wo when X, = 0

equation (2.29) with (3.13) gives

= {%-%%—(sin¢ = sinlpo)}B . ... (3.24)

Under these conditions the electron enters a region of reversed
magnetic field when it crosses the neutral plane x = 0 if o is an odd
integer, and symmetrical electron motions of the type shown in Figure 5

occur. From equation (3.24) x for any ¢ is thus given by
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s e LIV i sing )8

X = = g o (siny 51nw0)} s ...(3.25)
with the limits

_ _ 1 mv . B
Xp = -X] = {E-(EXJ(I - 51n¢0)} , ... (3.26)
T
for ¢ = 7 so that
0>x] <X<Xp <o, eee (3.27)

For o an even integer the magnetic field does not reverse direction
when the electron crosses the neutral plane into the region x < 0,
Particle motions of the type shown in Figure 6 now occur, and from equa-

tion (3.24) the corresponding limits are given by

1 5
X) = - {E-(%¥J (1 + slmpo)}B . ...(3.28)
for ¢ = gﬂ-, and
1 . B
Xy = {—8' (I;l;-) a - 51n¢°)} s ...(3.29)
for ¢ = g—, so that
0>x] <X<Xp <o, ... (3.30)

Exact Solutions in Terms of Hypergeometric Functions

Case 1: o # -1 Electron does not cross the line x = 0, on which B, =0

when a > 0 and Bz = « when o < 0,

From equations (3.15), (3.16), (3.17), (3.18), (3.19) and

(2.31) the exact drift in the y direction, from Figure 3 is given by

sinydy

2m
Ay = p f
°Jo (1 + ZX sinw)
o

=, ... (3.31)

At x = x,, equations(3.21), (3.13) and (3.16) respectively become
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B, = Axg, and Ay = ABX%/B, with
my mv
p2 = oB, o 1§ - ... (3.32)

eAX,

Then use of the variable ¢ = %—— %-in equation (3.31), leads, with the

help of (3.16), (3.17) and (3.21) to

™ m
2 z in?
by = 4p3 f @ vl 8p2 I 3in_gdo 18 °
a - csin2¢f. (1 - osin?¢)

o o

.(3.33)
where B 7 léﬁ
2p x 2p2
_ ) _ _ 2mv
o = 3 T g ok, ... (3.34)
X2

Combining (3.21) and (3.34) leads to the useful relationships

X2
R ... (3.35)
xo o, B
1-3)
and
X2 2 G 1-8
E;.= EE.(l - ?J ) ...(3.36)

For x; > 0 (c.f. equation (3.22)), equations (3.20), (3.21) and (3.34)
yield

2p, B 8
Xy > X, ('Ex—-) > X,0 4 ...(3.37)
(o}

B

0]
so that the upper limit of —2 and of o is unity. From the theory of

on

hypergeometric functions one has the result, (see Appendix 1)

2b-1 2c-2b-1d

(cos¢)
(1 - xsin2¢)?

¢

F(a,b;c;x) =

3

™
2T (c) J Z (sing)

r(b)r(c-b) o

...(3.38)
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which for b =-%, ¢ = 1 reduces to

™
F(a,%gl;x) . E-J 2 d¢ ~ . ... (3.39)
"Jo (1 - xsin2¢)

Noting that result (3.32) gives ps = %—cexz, expression (3.33) reduces to,

by further manipulation

m m

Ay = Zsz{ZfE 1 - osin2¢)8d¢ - (2-0) JZ d¢ B}

o ) (l—csin2¢)1'

... (3.40)

Hence in terms of hypergeometric functions of the form (3.39), by
putting x = 0, a = -B for the first integral and a = 1 - B for the second

integral of equation (3.40), Ay can be written

by = wBxo{2(F(-8,5;1;0) - F(1-8,351;0)) + oF (1-8,331;0)} .

...(3.41)

From equation (2.30) and utilizing equations (3.15), (3.16),

(3.17), (3.18) and (3.19) the periodic time is

2T
T = 59.[ dv . o (3.42)

o (1 + %%— simp)l_6
o

And so with reference to Figure 3, the periodic time T corres-

ponding to Ay is obtained as

T =

20'6)(2 I % d¢

, ... (3.43)
N (1 - osin2¢)

1-8
o

with the help of equations (3.21) and (3.34). Putting a=1- B8 and x = ©

in the result (3.39), equation (3.43) becomes
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TORXo

1
T=——FQ1-8

,5;

1;0) . .. (3.44)

Elimination of x, from equation (3.44) by means of equation

(3.36) and use of the zero order orbit result

T = H ...(3.45)

gives the interesting form

L 1
T = To(l B 5) F(1 - B,5:130) . ... (3.46)

Equation (3.46) expresses the periodic time T for non-circular or-

bital motion in terms of the zero order time To corresponding to electron cir-

cular orbital motion in a constant magnetic field Bo = Axg.

From equations (3.41) and (3.44) the exact drift velocity for

a (1-8)/8

electron motion in a magnetic field BZ = is given by

1
F(‘B:_;l;o)
i ) - 1} . ... (3.47)

"D=A¥="’{% (r - 1 )
F(I'Bsi’lsc)

When o = 1 equation (3.13) reduces to a magnetic field of con-
stant gradient A, and the results (3.41), (3.44) and (3.47) reduce to
those obtained by Seymour (1959, Section 3, Case 1). Since o =1, B = %3then

from equation (3.39), with x = o = k2,

' = )
T F(3,351;k2) = Jz de =K, )
‘ 2’2 ! o (1 - k%sinzcb)i/2 )
) . (3.48)
- )
and 5 F(- %u%*lsk%)= Jz (1 - k2sin%¢)* d¢ = E , %
(]

are complete elliptic integrals of the first and second kinds respectively,

both of modulus k; where k; is bounded by the inequality

0 <ki<1 . ...(3.49)
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It has been seen that for o > 0 the electron drift has the pattern
and direction shown in Figure 3, and that for o« < 0 the drift has the
pattern and direction shown in Figure 4. When o = 0 equation (3.13)

gives the magnetic field as Bz = A = constant. Then with B = 1,

F(O,%;l;c) =1; F(-l,%ﬁl;c) = 1 - o/2, equations (3.19), (3.20), (3.41),
(3.46) and (3.47) respectively reduce to, x; = Xg = Pgs X2 = X + p_,

Ay = 0, T = To’ and v, = 0, as is correct for circular electron orbital

motion in a constant magnetic field.
Case 2: o = -1 Electron does not cross the line x = 0 on which BZ = o,

When o = -1 equation (3.13) becomes BZ = A/x, and B becomes
infinite. For electron motion in this magnetic field the results (3.41),
(3.44) and (3.47) for Ay, T and v, are invalid. The infinite value of B
here suggests solutions for these quantities in terms of confluent hyper-
geometric functions. Again choosing x, to correspond to wo = 0, use of
equations (3.13), (3.18) and (2.9) in (2.29) yields in this case

po/xosinw

X =X_e . ... (3.50)

From this result the electron motion of Figure 4 in Bz = A/x is

bounded by
X] = er'po/xo for ¢ = %I- s ... (3.51)
and Xo = xoe+po/x° for ¢ = %— ... (3.52)
From equations (2.31) and (3.50),
po/xosinw
Yy = e, J e singdy ...(3.53)
and similarly equation (2.30) yields
t = %J ep°/x°Simp v . v (3.54)
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Thus, with reference to Figure 4, equation (3.53) gives

T .
> po/x051n¢
2po e

m

2

Ay = sinydy «..(3.55)

From equations (3.13) and (3.32) it is found in this case that

p P2 2p 2p2
mv—._o--_._. 1 :_gz_ = i
o x_ %5 Putting v x_ % and T siny, Ay becomes
VT
;] =
ez tdt
Ay = 200 ———'ﬁ & ...(3.56)
4 (1-1%)

From confluent hypergeometric function theory we have the result (Appendix

2)
s Y g B
2 2
1 d '
MGz, L) = & - J & lei ' ... (3.57)
<1 (1-19)

By means of the standard result (e.g. Hochstadt, 1971)

g;M(a,b;-v) = - %M(a+1,b+l;—v) ...(3.58)

and the previous result (3.57), equation (3.56) becomes

v
Ay = 21Tpoe2 {MC%,I;—v) = M(%BZ;-v)} - ...(3.59)

Similarly equations (3.45), (3.54) and (3.57) yield for the periodic time

v

T=T . MGL1,-v) ... (3.60)

and so the drift of an electron in a magnetic field Bz = A/Xx becomes from

equations (3.45), (3.59) and (3.60)

M(%, 2 3 'V)

1

... (3.61)
M(Z»1,-v)

= Ay -
v, =TF =V [1
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Case 3: o > 0 an odd integer. Electron crosses the line x = 0 on

which Bz = 0 and enters a region of reversed magnetic field.

When o > 0 is an odd integer, equation (3.13) shows that the
magnetic field reverses when x < 0, and the symmetrical motions of Figure

5 occur. Here equations (3.24) and (2.31) give for x > 0

mV)B 61—6 J sinydy

) = ("‘ = s ... (3.62)
€% (sinq)-sinl,bo)1 B
and similarly equation (2.30) yields
1 mv B 1-8 dy
t== EXJ B g ° ... (3.63)
(sinw-sinwo)
Using ¢ = %—-2¢, then wo = g-—2¢0, where from Figure 5,
T .. . .
- %-5 wo < %-, 0 < ¢O <5 In terms of ¢o the limits given by equation
(3.26) reduce to
2m .
Xy = =Xj = (§E¥J 51n28¢0 . ... (3.64)

Utilizing the symmetry of the drift patterns of Figure 5, equation
(3.62) gives

™
B = .
by = 4(2) g1-8 Jz sinydy =
¢o (sinw—sinwo)

_ S3+Bmv B 1-8 ¢o cos2¢dé
R R e
) (51n2¢—51n2¢0)
%
_.;_J i) 1. .-..65)
0 (sin2¢o-sin2¢)

If another variable of integration is defined by sin¢ = sin¢osin6,

ki m
B = 26311207 % 5
3 1-8_28-1 2 (1- 8 1 (2 doe
by = 2R 6T {J : LSl do - 7[ TRk
cos 9 o (1-y%sin29) “cos 6

.. (3.66)
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where

X9 eAs o
Y = sing_ = {%5-2-} = (=7 , ... (3.67)

using equations (3.32), (3.64) and (2.9).

The result (3.38) enables (3.65) to be written as

ZYZB-I

Ay = 2 {2F; - F,} , ... (3.68)

where 1 B ,_
2% (5 ' Prp)
} = n , .. (3.69)
I +3)
and
11 1
Fi = F(- 5,558 + 53Y2) . (3.70)
11 1
Fy = F(5538 + 3372) . (3.71)
Similarly equation (3.63) yields for the periodic time
=27y 1E, . .. (3.72)

From the results (3.68) and (3.72) the drift velocity for o > 0 an odd

integer may be written

v =%’—=v(2——-1) . ... (3.73)

Recalling the forms (3.48), when o =1, B = %—and the results (3.68),
(3.72) and (3.73) reduce to those obtained by Seymour (1959, Section III,

Case 2).

Case 4: a > 0 an even integer. Electron crosses the line x = 0 on

which BZ = 0 and enters a region of non-reversed fields.

When o > 0 is an even integer equation (3.13) shows that the
magnetic field does not reverse direction when x < 0. Here the magnetic

field itself has symmetry about the neutral plane defined by x = 0, and
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typically the electron drift patterns are as shown in Figure 6.

From equations (3.24) and (2.31) the form (3.62) is again obtained

for y, while use of equation (2.30) gives for t the form (3.63).

In terms of ¢o the limits given by equations (3.28) and (3.29) are

B
2
Xy = -(E%¥J c0528¢0 . ... (3.74)
and
2mvy B . 2
X2 = (-—Be—)\-) sSin B¢O . «a .(3-75)
From the drift pattern of Figure 6, Ay can be expressed as
B Ll . ™Y i
" = Z(EXJ B1—8 {Jﬁ- sinydy - J sinydy : } )
e Y (siny-siny )1 g (siny-siny )1 B
o 0 3m 0
2 ... (3.76)
Again using ¢y = %—-2¢, and wo = g-—2¢0, equation (3.76) becomes
1+B mv B 1-8 ¢o (2cos?¢-1)dé [ g' (1-2sin?¢)d¢
- 1
Ay = 2 (EX) S {J 1-8 J 1-8’
o (sin?¢ -sin?¢) -¢  (cos2¢-cos?¢ )
0 o 0
.. (3.77)

Changing the variable ¢ to & in the first integral of equation
(3.77) by means of the relationship sin¢ = sin¢osin6, and changing
¢ to p in the second integral by use of cos¢ = cos¢osinu, equation (3.77)

can be written

) m

ay = 228 (mv)le-B {4281 Jg cos26-logg 4261 [5 os28-1040
: my: o L
el 0 (l-YZSinze) 5 2 o (l—yzsinze) ”
z ™
. g28-1 Jz' cos?Pluay £28-1 Jz“ cos?® L au ,
D ==}
: o (1-g2sin?u)™ o (1-g%sin’u) *

... (3.78)
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where, from equations (3.32), (3.75) and (2.9)

5 1
—_— =! — - 2472
2mV] , and £ cosq)0 (1 -vy2)°.

In terms of the results (3.38), equation (3.78) finally becomes

2g8-1

by = Yiv?Pteary - By - % lF, - BT, ... (3.79)

where Z is given by equation (3.69), F; and F, are given by equations
(3.70) and (3.71) respectively (but with B determined by o > 0 an even
integer), and

F3

11, 1

F(_ E,-z_’ B+ —2',5;2) ’ e (3.80)
11 1

Fy = F(§u§13 + 5152) : ...(3.81)

Similarly, reference to Figure 6 and equation (3.63) enables the

periodic time T in this case to be expressed as
T =2 TP R s 2Ry ... (3.82)

From results (3.79) and (3.82) the drift velocity for a > 0 an even

integer becomes

2B8-1 28-1
A Y (2F1-Fp) - ¢ (2F3-Fy)
v, = _%’ = { T s } ...(3.83)
‘ Y Fo + ¢ Fy
Since a cannot be assigned the value unity in this case, there is no

solution here which can be expressed in terms of the complete elliptic

integrals given by the forms (3.48).

3.3 Alfven's Approximate Drift Velocity

In Cases 1 and 2 of the previous section the electron does not
cross the neutral plane, and Alfven's drift velocity is readily obtained

from the exact results (3.47) and (3.61) as follows.
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Considering first the ratio of hypergeometric functions appearing
in the result (3.47), use of series Al of Appendix 1 and the binomial
expansion (1 + X)_l =1-X+X2-X3+ ..., leads , for o << 1, to the

approximate result

1
F(-B,55150)

21 $1-720-5 (1-8)02 , c o (3.84)
F(l—B,'z—;l;o’)

where it can be seen from equation (3.34) that the smallness of ¢ relative
to unity implies orbital motion far from the neutral plane. Insertion of
the result (3.84) into the equation (3.47) yields the first order B dep-

endent Alfven drift velocity expression

v
D 1
2= -+ (1-8)0 . ... (3.85)
1 42
When o = 1, B = E-equation (3.34) above gives o = —;—-and equation
2
(3.84) reduces to
v
D 1
T =" 89, ...(3.86)

as obtained by Seymour (1959, Section III, Case 1).

Consider now the ratio of confluent hypergeometric functions
appearing in the result (3.61) for o = -1, the use of series (A6) of

Appendix 2 similarly leads for v << 1, to the approximate result

<

MG:2;-v)
—Tﬂp—?lﬁz @ ... (3.87)
M(5515-v)

Substitution of this result into equation (3.61) gives the Alfven drift
velocity expression

— = for o = -1 . ...(3.88)

Bl
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From equation (3.34)

...(3.89)

V..
L2118 _° ... (3.90)

When o approaches -1, B approaches infinity, and the limiting forms of

equations (3.89) and (3.90) lead to the conclusion that

= %. , ... (3.91)

consistent with result (3.88) in the small-perturbation limit.

4, Discussion of Results

In Cases 1 and 3 of Section 2, which yielded Ay, T and vu/v in
terms of hypergeometric functions, it was noted that when o = 1 these
results assumed forms containing the well-tabulated complete elliptic

integrals E and K (see e.g. Byrd and Friedman, 1971).

For a = -2 in Case 1 equation (3.47) simplifies by means of linear

transformations of hypergeometric functions (Abramowitz and Stegun, 1965)

to
Y
D o
v "o -2 ...(3.92)
2p2
where, from equation (3.34), o = - = >
2
with

-w<o <0, ... (3.93)

Similarly, when o = -3 in Case 1 equation (3.47) becomes
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v
D 2 K \
— = - {E.(l - EJ N 1} ] ... (3.94)
%
where the complete elliptic integrals K and E have modulus k = (EgTJ H
402
with ¢ = - — and
X2
0 <k<l . ... (3.95)

The results (3.92) and (3.94) were used respectively to obtain the
curves for o = -2 and o = -3 in Figure 7. However, in general, when
particular values of o are chosen in Cases 1, 3 and 4 the hypergeometric
functions so determined are not related.to well tabulated functions of
mathematical physics, and since F(a,bjc;x) is not extensively tabulated
for the great range and variety of combinations of a,b,c and x that may be
encountered inpractical situations, the most effective way of utilizing
the principal results for v/vD given by equations (3.47), (3.73) and
(3.83) of Cases 1, 3 and 4 of Section 2 is to first calculate the specific

F(a,b;c;x) that are required.

Although the confluent hypergeometric function in Case 2 is better
tabulated (see e.g. Slater, 1960; and Abramowitz and Stegun, 1965, pp503-
535) the above éonclusion appeared to apply to the numerical evaluation
of equation (3.61), expressing vD/v in terms of M(a,b;x). Accordingly,
P.W. Seymour developed programs for use with the Monroe 1656 desk top
cémputer/calculator (having 256 program step capacity) to obtain
F(a,b;c;x) and M(a,b;x), and hence normalized drift velocity character-
istics for selected values of a in Cases 1,2,3 and 4 as shown in Figure 7.
While calculations leading to Figure 7 were tedious, it is a simple matter
to extend the Alfven drift velocity region to sméller values of VD/V for
selected values of o by employing the small perturbation results (3.85)

and (3.88).

The motion of a charged particle in the magnetic field of a straight

current carrying conductor of infinite length has been investigated by
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Hertweck (1959). In terms of a parameter A (the reduced angular momentum
of the particle) Hertweck considers four special cases of particle motion
in the magnetic field external to the conductor. The only case which is

analytically tractable is that of X = 0, in which the particle motion is

confined to a meridian plane. Detailed examination of Hertweck's case of
A = 0 shows that it corresponds in effect to the present Case 2 of o = -1,
Expressing the ratio vy/v for an electron in terms of Hertweck's analysis

parameters,

17 (1(2) D

D 1 Az
Ry vl el e ...(3.96)
(2¢) Jo (1(2e)%)

where e is a dimensionless parameter formed from the ratio of two energies.
Using standard Bessel function theory (e.g. Bell, 1968), equation (3.96)

can be expressed in terms of modified Bessel functions as

L

vy 1 ap L1l@e)7)
V—:—ﬁ/—E=—"'——'——"‘;——' . ...(3.97)

(2)* I,[(26)7

1
It is readily shown that (2¢)% = v/2, and so

vp 1 (%)

VLB

’ ... (3.98)

an alternative form of our result (3.61). In direct confirmation of this

result one can show that equation (3.59) may be further expressed as

v
Ay = 2np011(§J ; ... (3.99)
and equation (3.60) as
21Tpo v '
T=—=11(3), ... (3.100)

after a number of transformations, whereupon, with Vg = Ay/T the result

(3.98) is immediately obtained. Calculations of v,/v from equation
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(3.28) using suitable mathematical tables of modified Bessel functions
(1937, 1952) leads to results agreeing generally to four decimal places
with those calculated from equation (3.61) by means of the Monroe 1656
desk top computer/calculator approach described above. The advantage of
this latter approach is of course, that for all characteristics appearing
in Figure 7 plotted points can be obtained as required for any selected
values of the variable X, whereas for the particular characteristics which
may be plotted using appropriate mathematical tables one does not have

this freedom of choice, which can prove inconvenient.

Referring to Table 1 of Figure 7, for the region 0 < X < 1 the
angle wo corresponding to zero drift velocity is found from the numerical
work to be approximately -40° for o = 1, precisely zero for o = 2 and
approximately -21° for o = 3, Referring to Figure 6, for o = 2 the elec-
tron drift in the negative direction of the y-axis the left-hand part of
the drift cycle has zero displacement when b, = -28%. For electron drift
in the positive direction of the y-axis the right-hand part of the cycle

has zero displacement when b, = 28°.

This work on a magnetic field with power law dependence has been

accepted for publication in the Australian Journal of Physics (1975).
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CHAPTER 4

4.1 Trajectory of an Electron in a Spatially Dependent Magnetic Field

The orbits of the electron will be analysed in terms of ¢ which is
connected to Y by the relation ¢ = g—+ 2¢. Only half of the orbit will
be analysed for bound orbits as the rest of the orbit can be obtained from
the first half cycle. Similarly only half of the trajectory will be con-
sidered when analysing unbound orbits. The position, P, of the electron

at time, t = t(¢) is given by

P(¢) = (x(4),y($)) , ... (4.1a)

and for bound orbits t =y = 0 for ¢ = g-and X = Xo. Thus ¢ = 0, and

P(0) = (x2,0) . ... (4.1b)

Equation (4.1b) will also give the initial conditions for an unbound path
in an exponential magnetic field in which the trajectory of the electron

asymptotes to an angle ¢', (and ¢'), as x approaches -,

For a magnetic field with a power law dependence in which x > 0 and
a < -1, unbound orbits will asymptote to an angle y' as x approaches +=,
For this type of trajectory the initial conditions will be taken at
Y = éﬂ-where X has its minimum value x; and t = y = 0. Using the

2

substitution ¢ = §£-+ 20 the position of the electron at time t = t(8) is
P(8) = (x(8),y(9)), ... (4.2a)
with the initial condition at t(0) = 0 given by
P(0) = (x1,0) . ...(4.2b)

As Y approaches y', 6 approaches 6' so that y' = %E-+ 26"
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The appropriate equations required to analyse the trajectories are

found in Section 2.3, part (II), (a) of Chapter 2.

4.2 Exponentially Varying Magnetic Field

The magnetic field is again of the form

X
Bz=lea » ..(3.1)

where X and a > 0, as shown in Chapter 3, Figure 1(b).

(i) Bound Orbits

A typical orbit is shown in Figure 1@). From equations

(2.27), (3.1), (3.2), (3.3), (3.4) and (3.5) the time is given by

v
d
t(y) = j mvw : i ... (4.3)
1 (1 + 25— siny)
)
and ¢y = %—when t = 0. Using the substitution ¢ = g—+ 2¢ followed by
_mv s
tanb = ———uﬁéﬂ-tan¢, the time becomes
1+-é-jk-
(1 - oV Z
_ 2 -1 eA
t(¢) = " tan »«—-;Rfl tan¢ . e (4.4
mv L 1 + —
w, (1 - (-GA_O] ) eA,).

Similarly from equations (2.28), (3.1), (3.2}, (3.3), (3.4), (3.5)

and (4.3) y is given by

Y
-V sinydy
y(¥) ™ Jﬂ (L B siny) ,
2 R

or
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1 .My
-1 el
2 tan 0

y(9) =5 1¢ - w2 {*~ | tan¢ ] . ...(4.5)
(t- &) 1+ e
o o

From equation (3.3) x becomes
- 1 2 2
x(9) = xop + a-zn (cos4¢$(1 + tan<8)) , ...(4.6)

with the aid of equation (3.4). The position P = (x(¢),y(¢)) of the elec-
tron at time t(¢) is given by equations (4.5) and (4.6). Orbits are bound

when

my
'e——'< 1. . (4.7

(b) Unbound Orbits

If equation (4.7) is invalid the electron path is unbounded
and y approaches y' as x approaches -«, From equation (3.2) and with

reference to Figure 1(b)

e 2%
. Ceingt = AT )
siny - siny ol 7 ...(04.8)
with wo chosen to be the angle y' at X' = -,
Using the substitution ¢ = %—+ 2¢, equation (4.8) yields
x(¢) = Lon {Zamv (sin%¢' - sin?g¢)} (4.9)

o e ? e
as the x coordinate. This has a maximum value x, such that

1 2amyv )

Xy = a-zn ( o Sin ¢'] s vee (4.10)

when ¢ = 0, From equations (3.1), (4.8), (4.9) and (2.27) and using the

substitution ¢ = %-+ 2¢, the time becomes
4
=1 dy
t(¥) = av J“ (siny - siny')

2
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¢ 2
2 J Sec¢d¢ ... (4.11)

avsinZ¢' o (1 - (cot?¢'}tan?¢)

and with the aid of the substitution r = tan¢ equation (4.11) gives

Yy
t(r) = i J g
ovsinZ¢! e - (cot?¢Mr?)
- 1 {Jy dy N Jy dy } ‘
2avsinZ?¢' ‘o (1 - (cot¢')r) o (1 + (cot¢'r)

.. (4.12)

Finally, if X = 1 - (cot¢'r is substituted into the first integral
X' =1 +(cot¢'r is substituted into the second integral of equation (4.12),

the time reduces to

- 1 1 + cotd'tand
t(¢) - 'OLVSin2¢' {'Q,n (1 - cot¢|tan¢) } . ...(4.13)

Similarly from equations (3.1), (4.8), (4.9), (2.28) and (4.13) the y

coordinate becomes

_ 1 sinydy
y(¥) = o J" (siny - siny') °?

21

and thus in terms of ¢,y is given by

_ 2¢  cot2¢’ 1 + cot¢'tand
y(e) = PR = {1 - cot¢'tan¢} ' - (4214

(c) Discussion of Solutions

Figure 1(f) shows a typical bound orbit for which mv/er = 0.5.
Figures 1(c), (d) and (e) show different unbound orbits for amv/er = 1
and ¢' ranging through 300, 45° and 60° respectively. From equation (4.14),

as ¢ > ¢', 1 - cotp'tand > 0. Therefore y becomes infinite if ¢! + 45°,

When ¢' = 45° the orbit is such that the maximum value of y is Ve %E
when ¢' = %-radians. This is analogous to a reflection at right angles
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to the line y = 0. If 0 < ¢' < %—, then the electron moves always in the
positive y direction, whilst if %—< ' < %—the electron orbit loops and

eventually moves in the negative y direction.

4.3 Magnetic Field with a Power Law Dependence BZ = ax®

Case 1: Bound Orbits not Crossing tne Line x = 0,a % -1,
Figures 2(a) and (b) show the appropriate half cycles for both
a > 0 and a < 0 respectively. From equations (3.19), (3.21), (3.34) and

the substitution y = %-+ 2¢)x becomes

B
x() = x,(1 + MY
o]
- = x,(1 - csin2¢)S . ... (4.17)

Using equations (3.15), (3.16), (3.17), (3.19) and (2.27) the time

becomes
1%
0 g.(l + %%;—sinw)g
or
¢
t(¢) = 0852 [ d¢ = ... (4.18)

‘o (1 - csin2¢)1—

and similarly equations (3.15), (3.16), (3.17), (3.19) and (2.28) give

¥ .
y() = X)—-J Ll =
° m B
5—[1 + E%; siny)
thus
- i .2, P ¢ d¢é
y(#) = Bxz{2{ (1 - osin®¢)"d¢ - (2-0) T
o o (1 - osin?¢)
... (4.19)

with the same notation as in Chapter 3.

If ¢ were chosen to be g-equations (4.18) and (4.19) would give

precisely half the results of equations (3.43) and (3.33). This is
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because the trajectory results have been analysed over a half cycle only.

Defining

O I"’ (sing) 2P L (cose) 262014,

T(h)T(c-b) |, (1 - xsin2¢)?

7(a,b;c;x;3¢) =

>

...(4.20)

as a curly-F function, (see Appendix 3) then equations (4.18) and (4.19)

become
t(¢) ='“°§§2 7 (1-6,%11;c;¢) , . (4.21)
and -
y(#) = X2 (2(7(-8,51503¢) - 7(1-8,3;1;030))
+ 07(175,%;1;6;¢)} . e (4.22)
In particular if o = 1 and B =-%
2 9GgilikEse) = J¢ & =R/, )
o (1 - k2sin2¢)” g
and ) ...(4.23)
. )
¢ 1L -
Ty Ll = [ A - Ksin2e)as = Bga/e) §

)

where F(kj/¢) and E(ki;/¢) are incomplete elliptic integrals of the first
and second kinds respectively. Equations (4.21) and (4.22) therefore

reduce to
t(9) = iZ-F(k1/¢) , o (4.24)
y(9) = x2(2(E(k1/¢) - F(k1/¢)) + k3F(k1/4)) , ... (4.25)

and equation (4.17) becomes

1
x(¢) = x2(1 - kisinZ¢)* cen (4.26)
with
2mv mv
k? = S = T, .. (4.27
1 eA2 ex2 ' ( )
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Case 2: o = -1. Electron does not cross the line x = 0 on which Bz = ©

The orbit of the electron is shown in Figure 2(b), From equation

(3.50) the x value becomes

mv .
o siny
X = X, L : . (3.50)
which on using the substitution y = %—+ ¢ becomes
%%—cos¢
x(¢) = Xy 2 “ ...(4.28)
From equation (3.54) the time yields
mv .
1 1} o siny
t(¢) = LO— % le )
o
2
1 ¢ E% cosé
= w—J 2 de , .0 (4.29)
o ‘o
and similarly the value of y from equation (3.53) is given by
¢ 2%—cos¢
y(9) = o J L cos¢dd . ... (4.30)
o)

In a similar manner as with the bound orbits o # -1 a curly-M

function is defined such that

Z .9 " %—cos¢
I-(--13:%.1-%-%-)@1-M(al,b;z;e) = pl-b 42 J [ (sine)b-l(cot(gJ)b'zade,
(o]
...(4.31)
as shown in Appendix 4.
Thus equations (4.29) and (4.30) can be written
V2
t(9) =T, 5  M(G,15-v;6) ...(4.32)

and
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y(9) = 1o 2% @k 15-vie) - MG 25-v500) e (4.33)

using the nomenclature of Chapter 3 together with equation (4.31). If
¢ = m, then equations (4.32) and (4.33) are precisely half the increments

in equations (3.59) and (3.60) of Chapter 3.

Case 3: o > 0 . Electron crosses the line x = 0 on which BZ = 0,

The section of the trajectory to be considered as shown in
Figure 3(a) is the region of y varying from %—to T - wo. The remaiﬁder
of a full cycle can be found in a similar manner for o both even and odd.

From equation (3.63) the time becomes

2

B

1 mv 1-8 dy

tp) == (39 8 J , ... (4.34)
v oter T (simp—simpo)l_B

N

and using ¢ = %-+ 2¢, with wo = %-+ 2¢O equation (4.34) yields

28-1 oy 1-8 ’ do

t(4) = = (o8 T ... (4.35)

) (sin2¢0—sin2¢)
. . . sin¢ . . .
Substitution of 51n¢F = g;;$—-1n equation (4.35) gives
o
g (cos¢ )26_1d¢
- F F

t(¢p) = o [%1{—)8 YZB 1 J T ...(4.36)

o (1 - sin2¢osin2¢F)2

Thus from equations (3.69), (4.20) and (4.36) the time becomes

ZYZB—I
t(¢F) = _Z—V_-?Z(Yz;q)l:) F] .-.(4.37)

with
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1
7 (¥256p) = 7(5556 + %;Y2;¢F) , %
and % . (4.
11
SIS IERICE T TR CHS I
Similarly from equation (3.62)
y(op) = v (71(Y 0p) - 5 T2(vaep)) .. (4.
Using equation (3.24) and the substitution y = %-+ 2¢, x becomes
X = (% [2%) (sinyp - sind)o))B R
or
x(0p) = { G2 1P cosPey, (4,

Thus equations (4.37), (4.39) and (4.40) constitute any point

P(¢F) = (x(¢F),y(¢F)) of the‘orbit of the electron at a time t = t(¢F).

If o = 1, B = %—then equation (4.37) becomes

1 y (' d
) = 5= (297 J by
F 2v ‘ex o (1 - stin2¢)/2
=2V( ) F(v/¢p) ... (4
and from equation (4.39)
y(p) = BD% E(r/ep) - 3 FO/op)) - (4

Also from equations (4.40) and (3.67)

Y

x(¢p) = (£%¥J YCOSp = [
and thus
x(¢p) = x; coséy . ... (4.

The expressions F(Y/¢F) and E(Y/¢F) are elliptic integrals of the first

and

ST

second kinds as defined in equation (4.23). When ¢ = ¢0, ¢F =

equations (4.41) and (4.42) reduce to precisely one quarter the results

56.

38)

39)

40)

.41)

.42)

43)

44)

and
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obtained by Seymour (1959) (Section III, Case 2), as the present analysis

ranges over one quarter of a cycle of the orbit of the electron.

Case 4: Unbound orbits o < -1. As x approaches infinity the electron
orbit asymptotes to a straight line cutting the x axis at an

angle y'.

A typical unbound orbit is shown in Figure 3(b). From equations

(2.29), (2.9) and (3.13) the x coordinate in terms of ¢ and ' is

siny ~ siny! =B(§VJ xl/B 3 ... (4.45)
since o < -1 and x is infinite at ¢y = ¢' . From equation (4.45)
X = {l GE!) (siny - simp')}B (4.46)
5 &x s ... (4.
and using the substitutions ¢ = %ﬂ-+ 2¢ and yY' = gﬂ-+ 2¢' equation (4.46)
yields
1 (2 . ]
x($) = (E-[—%¥J (sin%¢ . 51n2¢')]B . _ . (4.47)
The minimum value of x is at ¢ = %ﬂ-when X = x; and
1 2mv B ’
Xy = (- -B-—J51n2¢') N ...(4.48)

where B < 0.

From equations (4.46), (3.13), (2.26), (2.27) and the substitution

3 3T

Y= 5+ 29 and Yo = 5~ + 2¢, the time becomes
! d
1 mvyB 1-8 v
t@) =5 G 8 J
R §E_(sinw'-sinw)1_s

2
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ZB mv B 1-8 d d¢
= o (ET (-8) j 1§ - ... (4.49)
o (sin2¢'—sin2¢)
Substitution of sing¢,, = —Eiﬂg-in equation (4.49) gives
. T sing! q ) §

B

¢ 2B-1
B _ _ T (cos¢ ) d¢
t(¢p) =‘2, (Ig (-8) B (singry 2Pl J T T

l/ .
0 (1-sin2¢'sin2¢>T)2

...(4.50)

In the same manner equations (4.46), (3.13), (2.28) and (2.26)

yield
B 1e inyd
yw = G e P f e
3 (siny'-siny)
2
or ¢ 2 D ok
B B B T (1-sin®¢'sin?¢..) *d¢
Y(¢T) = '26+1 (12—%) ("B)l B(Sin¢,)28 I{J 1-28 L e
o cos ¢T
1 op c0528_1¢Td¢T
-5 o ... (4.51)
0 (1—sin2¢'sin2¢T)2
From equation (4.47) x can be expressed as
B
. 2
x(o) = (Fe) (sing)** (cosep)?® . (4.52)

Utilizing equations (4.37) and (4.38) with y replaced by 2 = sing'

and ¢F replaced by ¢T’ equation (4.50) becomes

top) = =01 702500 ...(4.53)

and equation (4.51) yields
- 2
yip = - 1ot Gz - i) ... (4.54)

where from equations (4.48) and (2.9)
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1

2
2 =sing' = (321, ...(4.55)

and A; is the magnetic vector potential of the magnetic field at x = x;.

Discussion of Results

The bound orbits of cases 1 and 3 yielded the position of the elec-
tron, P(¢) = (x(¢),y(¢4)) at a time t(¢) in terms of the newly defined
curly-F function. It was shown that when a = 1, the results assumed forms
containing incomplete elliptic integrals of the first and second kinds,
which are well tabulated (see e.g. Byrd and Friedman,1971). Differing
trajectories for o = 1 are shown in Figures 4 and 5. When a = -2, B = -1

and the orbits are bound, equation (4.18) gives

t(4) = - -——252375 {(2-d)tan_1((l—0)%tan¢)
2(1-0)
- %—sin[2(tan_1((1-0)%tan¢))]} 5 ...(4.56)

with the help of Appendix 5, equation (A.31).

Similarly equation (4.19) yields

y(9) = - — X2 —taan_l((l-c)%tan¢)
2(1-0)3/2 {
+ iz%gl-osin[Z(tan-l((l—o)%tan¢))]} . ...(4.57)

and from equation (4.17) the value of x is

x(¢) = —2—no0 ... (4.58)
(1-0sin?¢)
If the orbits for a = -2, B = -1 are unbounded, then from equation

(4.49) and Appendix 5 equation_(A,SS),the time yields

¢
er

w) = (G | &
o]

(sin?¢'-sin2¢)?
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= —C% __ (1-tanZ¢ lrcotd'tand
Amvsin't¢' {(-tan”e")in {1-cot¢'tan¢ }

© (L tan?e) ettt ... (4.59)

and using equation (A.34)and (A.38)of Appendix 5, equation (4. 51) becomes

___er _ 2 l1+cotd'tang
(e ) 2msint¢! {(1 2tan®2¢) in £l-cot¢'tan¢-]
cos2¢! { tané J

+ . ...(4.60

2c0s?¢" 1-cot2¢'tan2¢ } ( )

From equation (4.47)

x(¢ ) = Zn——;{--(sin%' - sin?¢ )-1 . ...(4.61)

Solutions for both bound and unbound trajectories are in terms of trigono-

metric and logarithmic functions of the boundary conditions of the orbit,

and also the angular parameter ¢,
When o = -3, B = - %3 and equations (4.18) and (4.19) give the

bound orbit results

t(¢) = - —=2— B(k/8) ,
2v(1l-0)"*

and «..(4.62)

y($) = - —22Z__ (2F(k/6)-(2-0)E(k/9)) ,

2(1-0)72

where F(k/6) and E(k/8) are incomplete elliptic integrals of the first and

1
2

- 1
second kind respectively, with k = (EgTJ and 6 = tan 1 {(1-0)"tan¢} .

From equation (4.17) the value of x becomes

x($) = —F—1p . .. (4.63)
(1-osin%¢)*

In general however it will not be possible to obtain results in
terms of well known functions of mathematical physics, and it will be

necessary to compute curly-F and curly-M functions. For a # -1 and
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b > ¢ > 0 the curly-F functions can be found using the series expansion

(a) (),

(c)rri vr,e

r

7(a,b,c;x;0) = X s . (4.64)

which is closely related to the series expansion for the Gaussian hyper-
geometric function, but every term in the series is modified by the norma-
lized incomplete beta function

Be(b+r,c-b)

Ve,6 = B(br,c-b) .+ (4.65)

as shown in equation (Al4). Equation (4.64) simplifies to incomplete

1

elliptic integrals when a = + > b = %-and ¢ = 1. (Hancock {1917), pp26).

If b % c % 0 which is the case for unbound orbits, (o < -1) the
series expansion (4.64) cannot be applied. In this case it will be neces-

sary to integrate equation (4.20) by standard quadrature methods.

The curly-M function can be written as in Appendix 4

w (a)n x"
M(a,b;x;6) = z ———— u&(n+a,b-a) = , ... (4.66)
(b) n!
n=0 n
where again
Bg(n+a,b—a)
ug(n+a,b—a) = W ’ ...(4.67)
is a modified beta function. Thus when o = -1 electron trajectories of

equations (4.32) and (4.33) can be found using equations(4.66) and (4.67).
The incomplete beta function is well tabulated (Pearson, K; (1934)) or it

can be readily computed.

Figure 4 shows trajectories for o = 1, in which the electron does

not cut the line x = 0. The values of k‘are %-and =i - eFBPnE] St ECHS

orbits which cut the line x = 0. ¢o varies from a 20° to 70°.
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CHAPTER 5

5.1 Motion of the Electron in a Periodically Varying Magnetic Field

If the magnetic field is
BZ = Asin ax , ...(5.1)

and A and o are constants greater than zero, then the magnetic field

varies periodically and has points of zero magnetic field at x = 0,

21

o +

m Nt
:'_'-OT y sseey o

Using equations (2.29), (2.9) and (5.1) the relationship between
y and X becomes

siny - sinlp0 = - s%;-(cosux - cosaxo) s ...(5.2)

with x = X, when § = wo. From equation (5.2)

_ 1 -1 omyv . .

X = —cos {cosax0 - =% (siny - 51nwo)} 5 ...(5.3)
and for orbits not crossing the line Bz =0, wo =0 at x = Xy Equation
(5.3) then becomes

i 1 - mv ;

X = — cos (cosaxo (1 + EK;' 51nw)) i ... (5.4)

Acosaxo
where A0 S = em——— < 0, is the magnetic vector potential of the mag-

netic field at X, When ¢ = %I-, equation (5.4) yields the minimum

value

Xy = l-cos_l(cosaxO (1 - %%—J] , ...(5.5)

=]

of the orbit of the electron, and when ¢ = g—, equation (5.4) yields the

maximum value

(1+]2X)} 3 ...(5.6)
o}

21 -1 {
X2 = 'a cos COSQXO

of the orbit. x is bounded by the inequality



6

0 <x3 <x<Xxp <7/a . ... (5.

From equations (5.5) and (5.6) the electron is bounded within th
half cycle when

omv

“ex s

|cosaxo| <1 -

For trajectories which cross the line Bz = 0 at x = 0 and enter
region of reversed magnetic field, X, = 0 when ¢ = wo’ and equation (5
yields
1 -1 omv . ;
X =+ — COs (1 - (—EXJ (siny - 51n¢0)) . ... (5.

Equation (5.9) has a maximum value x, when ¢ = /2 given by

1 -1 omv I
Xp = =Xy = E-cos (1 - (_EXJ (r- 51nw0)) F . (5.
and is bounded such that
™ m
—a-< X1 EX5X2<E (5

The inequality (5.11) is valid if from equation (5.9)

. 2el
Sln¢o>l—m . ...(5.

If equation (5.12) is not valid the electron will cut the lines
zero magnetic field at x = + w/a with a new crossing angle wé. From

equation (5.9)

sinwé = sin\b0 + 2ex/(omv) . ...(5.

5.2 Exact Drift Velocities for Bound Orbits

Case 1: Electron Does Not Cross the Line BZ =0 at x = 0, v/a.

For orbits shown in Figure (1), equations (2.30), (5.1) and (5.4) yield

3.

7)

(S

8)

.3)

9)

10)

.11)

12)

of

13)
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2

I dy
sinax
o

2w

Jb

i
o (1-cos?ax)?

o=

"o ¥ =2 5.14
YN o (l+cosox - MSimP)]/z(l—cosax + amv . )1/2 >  «..(5.14)
(o} eA o —3751nw

as the periodic time.

Using the substitution y = % - 2¢ equations (5.14), (5.6) and (5.1)

become
X
amv [ do
T =2 J g -, ... (5.15)
2 /o (1+s2sin?¢) *(1-t2%sin%¢)™

where B, = Asinaxy; is the magnetic field strength at xo

2amv/ (e))
2 -
st = (1 + cosoxp) 3 +++(5.16)
and
2 _  2amv/(er)
g - (1 - cosaxz) -+ (5.17)
Equation (5.15) may be written
s
anv |2 sec?¢d
T=eBVJ AL ,/ .. (5.18)
2 70 (1+(1+s?)tan?¢) *(1+(1-t2)tan24)

1
Substituting tanf = (1+s2)?tané into equation (5.18) gives

i
T = 4m Jz dg
~ eBy(1+s%) 2. .2 y !
o (1 - (?:E%—J sinzg)12
B .
=2 (o) faK@ ... (5.19)

where K(q) is a complete elliptic integral of the first kind, modulus q.

From equations (5.5), (5.6), (5.16) and (5.17)
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9 s+ t2 4omv/ (eA)

9 = 7T+ 52 T [T-cosoxy) (1+cosaxy)

<1. ...(5.20)

Similarly from equations (2.31), (5.1), (5.4), (5.16), (5.17) and the

substitution ¢ = %-— 2¢44y yields

2m
. mv sinydy
v er o (l+cosax AWV o5 )%(l-co x + 2 o )1/2
c o~ “ex iny SO b oh siny
1 N ' m
mv y 2 2 2 d 2 dg
=2(a‘g;)‘l{(1+—2—)[ : %"_ZJ’_ o
$%°Jo (1-q2%sin?e) $% /o0 (1-nsin?g) (1-q2%sin?g)
.(5.21)
where
2
B ] _ 2 mv/(eA)
n= s2 + 1 1+ cosax ’ e+ aGin22)
and
2 _ 2
qc = 0 = cosoxa) n . ...(5.23)

From the theory of complete elliptic integrals,the elliptic integral

of the third kind is defined as

m

T 2 d¢
1(%nsq) = J _ ce e (5.24)
(2 o (l-nsin?¢) (1-q2sin2¢)?

Thus in terms of elliptic integrals of the first and third kinds

equation (5.21) becomes

[mv g

Ay = 2 557J q((l + %2) K(q) - fi-ﬂ(%un;qj) . ...(5.25)

From equations (2.32), (5.19) and (5.25) the exact drift velocity

is given by

v, = -V {—5—-2“ (-—K—@——- 1) -1} . et (5.26)

Case 2: Electron Moves into a Region of Reversed Magnetic Field in

Crossing BZ = 0 on x = 0,

For an orbit as sketched in Figure 2, equations (5.1), (5.9) and
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(2.30) yield

T=—J S 2 5 wes(5:27)
¥ (sin—simpo)2(2eA/(umv)+sin1p—sin1po)2

Using the substitution ¢ = % - 2¢ followed by sin¢ = sin¢osin6, equation

(5.27) yields

m

S 4 2 de
T = advsing [” " Les2 — ...(5.28)
z 5
(1+c052¢0tan29) (1+ (‘gz—atanze)
with
5= [—2—-1} . ve . (5.29)
amvsin2¢o

L
Finally with the aid of the substitution tanu = ((1 + §2)/82)2tane,

equation (5.29) yields

T
2 du

1
o (1 - k2sin?y)?

4 [m‘j";e}\)l’2 K(k) , ... (5.30)

where K(k) is a complete elliptic integral of the first kind, modulus k,

and
k = sin¢0(1 + (9%%3 coscho)l/2 ...(5.31)
From equation (5.12) and using wo B %—— 2¢o
cos?g, < 1 - (a%) , ... (5.32)
and therefore equation (5.31) yields
0<k<1 . ... (5.33)

From equations (5.1}, (5.9) and (2.31) Ay is given by



67.

Ay B 2 Jﬂ—wo sinydy
o T T
o wo (sinlp—simpo)2(2e>\/(onmv)+sinq)-sinwo)2
i
_ mvyk 2.2 2 du
=4 (550 " {@ * 26%sin? ) J oy
(1 - k4sin4y)
U
- 26%sin?_ Jz dp =}, ...(5.34)
o (1-psin2p) (1-k2sin2y)?
and
1 omyv .
P =TT " (_‘ex) sin%p_ < 1 . ... (5.35)
Thus equation (5.34) becomes
1L
by = 4(5g) {K@) + 262sin%_(x(k) - 1(%,p;K))} , ... (5.36)
where H(gup;k) is an elliptic integral of the third kind as defined in

equation (5.24).

From equations (5.30), (5.36) and (2.32) the drift velocity

becomes

1(3,p;k)

vy = A_%’. = —v{262sin2g_ (_K_(k_)_ - 1) -1} . ... (5.37)

(a) The Alfven Drift Approximation

For the orbits as described in Case 1 the electron does not cross

the line BZ = 0, and in the limit of

omv
_e_A« |cosaxol<< 1, ...(5.38)

the orbits are adiabatically affected.

From equations (5.20) and (5.22)

. 2 mv/(er)

T cosar ... (5.39)

and
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2 . 2 '
q T - cosoxg n , ...(5.40)
with " -
s? = 10— s .. (5.41)
and
n<gq-<<1l . ...(5.42)
Using the complete elliptic integral expansions
2y = T 2 2
K(q)—7{1+q/4+ (§) q* + ...}, ...(5.43)
and
T m 1 2 3 (ng? 3
e =g{irgbrgd v g Bt rgad) e},
.(5.44)
equation (5.25) yields
Ay = Tp {(1—n)(1+§-q2+—‘7’—n+ )-(1+—Cﬁ+ )}
0 8 4 4 '
q®
= -, g~ cosax . (5.45)
with the aid of equations (5.39) and (5.40).
Similarly equation (5.19) yields the result T0 e 2Hpo/v and
therefore equation (5.26) simplifies to
92
vp = -v{8 cosax_}
my2  COSoX
=—'—)\m 3 ...(5.46)

in agreement with the Alfven drift velocity expression of equation (2.38)

when applied to a sinusoidal magnetic field.

(b) Discussion of Results

. . e i .
For orbits confined to move within the bounds 0 < x < 3 s in Case

1, when 0 < X, < Eg-as shown in Figure 1 , the electron drifts in the

negative direction along the Y axis. If X, = then for all values of

T
20 ?



amv/ (eA) the electron has a zero drift velocity, due to the symmetry of
the field strength about that line., If the electron is confined such
that 5% <xg < g-, the gradient of the magnetic field becomes negative
and the electron drifts in the positive direction along the Y axis.

m

Figure 3 shows typical drift velocity curves for x_ = gg-and X, = %5 ¢

)
For these values cosax is 0.5 and -0.5 respectively and omv/(eX) < 0.5
in agreement with equation (5.35). The respective curves are symmetric

about the axis on which v, = 0.

Orbits which cut a line on Bz = 0 are shown in Figure 2. Figure
shows drift velocity curves for varying ¢0. oamv/ (eX) has been chosen as
0.4, 1 and 2. The elliptic integrals were obtained from well known
tables (Belyakov, V.B. et al. (1965)). Alternatively the curves can be

computed.

5.3 Trajectories of an Electron in a Sinusoidal Magnetic field

Case 1: Bound Orbit in Which the Electron Does not Cut the Line

B =0onx-=0, g—.

From Figure 1 and equations (2.27), (5.1) and (5.4) the time

becomes

7

_m dy

t) = EX-J sinox

L
2
1]

_LJ dy

T ex 1 .
T omv . ki omv . %
E—(l+c05axo— —EX-51nw)2[l—cosaxo+ = siny)?

...(5.4

i
and using the substitution ¢ = %—+ 2¢ followed by tanf = (1 + s2)2tan¢

equation (5.48) becomes

69.
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3
_ (m
t(®) = =) aF (/o) ... (5.49)
where
¢ de
F(q/8) =J T .(5.50)
o (1 - gq%sin2g)™
is an incomplete elliptic integral of the first kind and
-1 1L
g = tan {(1 + s2)*tan¢} . ...(5.51)
Similarly from equatiens (2.28), (5.1) and (5.4)
e
y(&) = G 3 + s2)F(q/E) - 2n(n,q/E)} e (5.52)
S
d
an £
I(n,q/8) =J = T ... (5.53)
0 (1-nsin2g) (1-q%sin?g)™

is an incomplete elliptic integral of the third kind.

From equation (5.4) and the relation ¢ = %—+ 2¢ the value of x

becomes

(EEX) (1-2sin2¢) }

x(¢) = -é-c:os_1 {cosox + =

0

20mv
el

= %-cos—1 {cosax; - sin2¢} ...(5.54)

with the help of equation (5.6). Equations (5.52) and (5.54) give the
point P(¢) = (x(¢9),y(¢)) of the particle at a time t(¢) represented by

equation (5.49).

Case 2: Bound Orbit in which the Electron Cuts the Line x = 0 on Which

With reference to Figure 2, using equations (2.27), (5.1), and
(5.9), and following the same procedure as for Case 2 of Section 5.2, the

time becomes
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Y
d

t(W) = é\“,‘-[ i ¥ 1 3
m (simp-simpo)2(2e)\/(amv)+sin1p—simpo)2
2

” g 9 do
_(m
t(8) = (7o) Jo RTINS ... (5.55)

Thus from equation (5.55) and (5.50)

t(8) = (= ) F(k/9) , ...(5.56)

avel

and

<D
]

an~1 {(1 - — 51n2¢0] — 1/} 2 «..(5.57)
(sin2¢o—sin2¢)2
Similarly from equations (2.28), (5.9), (5.50) and (5.53)

y(8) = (55) (F(k/0) + 282sin2¢ (F(k/8) - N(p,k/0))), ve« (5.58)

using the nomenclature of Section 5.2, Case 2. From equation (5.9) and

using the substitution ¢ = %—+ 2¢ with wo e %—+ 2¢o, X becomes

-1 2
x(¢) = = cos™" {1 - -Z—I;\ll

QIH

(sin2¢0 - sin2¢)} , ...(5.59)

within the limits of equation (5.12). In terms of ¢0, equation (5.12)

becomes

. el
51n2¢0 < o 3 ...(5.60)

in agreement with equation (5.33).
Case 3: Unbound Orbit in which the Electron Passes through the Full
Cycle of Magnetic Variation.

If equation (5.60) is invalid the electron will follow a path as

+ 2¢ we find

IS

sketched in Figure 5. From equation (5.13) and ¢y =

sin2¢é = sin2¢0 - ex/ (omv) ...(5.61)
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and from equations (2.27), (5.1), (5.13) and (5.61) the time becomes

1 ! d
t) = o5 e ey
‘wo (51nw—51nwo) (51nw0—51nw)
¢
1 [° do
o | ...(5.62)

iy (sin2(1>0—sinz¢)l/2(Sinsz-Sinz‘bc'))l/2

With the aid of the substitution sin¢ = sin¢osin6 followed by cosg =

1
(amv/(ek))zsin¢écot6, equation (5.62) yields

1/2 i
2 dg
t(€) = () k' J d . ...(5.63)
aeny £ (1 - k'2sin2g)?
with
K'2 = 1 : ... (5.64)
(1 + amv/(ek)sin2¢écosz¢o)
and

0 <k'?2 <1, ... (5.65)

Equation (5.63) may be rewritten

1

= ]2 k'{K(k') - F(k'/e)} , ...(5.66)

GeAV

t(e) = (

where K(k') and F(k'/Z) are respectively complete and incomplete elliptic

integrals of the first kind. The parameter £ is given by

>
By = cos—l{(9%¥)2 sing!coto}

L sin¢é 1
(sin2¢o - sin?¢)}? ...(5.67)

-1
R {(EE¥J sing

thus as ¢ - ¢6 and with the aid of equation (5.61))cos£ - 1 and therefore

g ~> 0.

Thus from equation (5.66) the time required for the electron to

cfoss the full cycle is given by

T = [a‘(‘;‘w)2 K'K(k') . .. (5.68)
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Similarly using equations (2.28), (5.1) and (5.9)

¥
_1 sinydy
Yy =3 ) P
wo (S1nw—51nwu) (51nw0-51nw)
L Ll
mvy 2 2 dg
= (=9} g {J -
e E (1 - k'2sin2g)?
m
k2 1 -1y |2 dg
2k0(1 k'zr 2.: 2 '2-21/2}’
E (1—k051n £) (1-k'4sin%g)
.(5.69)
where
K2 = : ¥ == , ot (5.70)
(1+amv/(eA)sin2¢$) umvsin2¢o
and since equation (5.6(0) is invalid
0 <k, <1 . e (5.71)
From equation (5.69)
L
© = (29 kv {KK") - Fx'/E))
y aeA . )
_ o2 R -
2k2 (1 k'z) Mk, k') - Tk Lk'/7END} o L. (5.72)

K(k') and H(ko,k') are complete elliptic integrals of the first and third
kinds respectively, while F(k'/&) and H(ko,k'/g) are incomplete elliptic
integrals of the first and third kinds as shown in equations (5.50) and

(5.53).

If the electron crosses the half cycle xe[0,n/a] then the increment

of y from equation (5.72) becomes

297k Kk - 262 (1 - E%EJ ek, k) . v (5.73)

by = 0eA

The value of x is given by equation (5.54) and when ¢ = ¢6, X = 1/a.
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Thus from equations (5.68) and (5.73) and with Ax = m/a there is an exact

drift result.

3

. Ay .
=T irord

R mkyok')
k'zj K(kl)] 2

==i+v{l-22 1 .. (5.74)

Unlike the drift results evaluated earlier this velocity is not in
a direction perpendicular to the gradient of the magnetic field, but moves
at an angle £ to the x axis. This angle can be found directly from equa-
tions (5.74) and (5.683, or from equation (5.73), and the result

Ax = /o, and is given by

s - Ix
tan: = Ay
II
= - 7 = 7 s ««:(5.75)
(amv/ (e))) k'(K(k')-Zko(l - ETZJH(kO,k'))
or
-1 Il
E = tan { 1
oMV *5 1
(—Eiﬂﬁk'(K(k')—Zkg[l = iTEJH(kO,k'))
... (5.76)
5.4 Discussion of Results

The incomplete elliptic integrals of the first and third kinds are
well tabulated, (Belyakov, V.B. et al. (1965)), or alternatively can be
computed. All the trajectories for the motion of an electron in a sinu-
soidal magnetic field can be readily plotted. Figure 6 shows the differing
orbits considered. They are compared to show the change in the orbit with

varying initial conditions.



FIGURE 6: {a) VARIATION OF THE FIELD BZ= ASINX WITH X.
(b} THE DIFFERING TRAJECTORIESINA SINUSOIDAL FIELD.
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CHAPTER 6

6.1 Motion of an Electron in Static Electromagnetic Fields

Clectric scalar potential and magnetic vector potential of the

same functional form.

Equation (2.1) has the components

dv

dt_x = - 1% (B(x) + v, B, (X)) , ... (6.1)
and

dvy e

ac - ° i (G i +-(6.2)

and since the respective electric and magnetic potentials have the same

functional form, from equation (2.45)

¢
= 8
E(X) - A BZ(X) » ! .-.(6.3)
o
where ¢O/A0 is constant. For
vy e v} - E/B, , ... (6.4)
equations (6.1) and (6.2) become
dv
X__¢&
T m vy B0, . (6.5)
and
dv!
=ML
dt m Vsz(X) 2 .- (6.6)

which is the equation of motion of an electron in a static magnetic field
dependent on x. From equation (2.51) the speed of the electron in the

dashed coordinates is

2¢e
2 L L= L 2 _ yr2
v2 = - (v§ 't ) . . (6.7)

Equations (6.5) and (6.6) in terms of the angle ¢ as shown in
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Chapter 2 yield

vy = Vi = v'cosy , ...(2.54)
and
V& = v'siny . ...(2.55)
where
1y2 2 _ 2
(vx) + (v;) = v! . ...(2.56)

In all the analysis of electron motion in Chapters 3 - 5, the speed,
charge and mass of the electron and the initial or boundary conditions of
the orbit dictate the shape of the trajectory, its boundedness or unbounded-
ness. Thus introduction of an electric field and changing v to v' in the
magnetostatic equations of motion will modify the orbit and may cause a

large variation of orbit shape. A simple example will illustrate this.

(1 Motion of an Electron in Exponentially Varying Electric and

Magnetic Fields

(a) Bound Orbits:

If

E(x) =(6,/A,)B,(x) = Eoz“x , ... (6.8)

then with the results of Chapter 2, Section III part (b), (c) the orbit
of the electron is readily found. Using equations (2.57), (2.58), (2.59)
together with equations (4.4), (4.5), (4.6) and the speed in equation

(6.7) the time becomes

Fis 1,
, [ G

t(9) = -~ tan” ] 1 tangy , ...(6.9)
(1- @9H5H° 1+ f5g)
Wold = &A™ o

y gives
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\tw

. 1 mv'
E 2v! 1 - T e
y(9) = - g—t() + (mv') ~ — eAq | tand
Z w = mv ' my '
. oer (1— (_e‘A_o-) ) 1+E)—\';J
..57(6.10)
and from equation (4.6) x is given by
my'
1 (1 ) er
x(¢) = xo + . in {C052¢ 1 + P tan2¢ } 5 ...(6.11)
(1 + eA )
0
where
1 mv'
X2=XO+E,Q,II (l+e—Ao") i .. (6.12)
When ¢ = %—equations (6.9) and (6.10) become
T/2 = I — .(6.13)
mv'
wo(l - (gA—) )
and
1
ayj2 = - BT Iy - =l | ... (6.14)
B, 2 o (@ vty 2y 2
o eAO (l - (a——) )
)
which give rise to the drift expression
v o= =B X (2 ("l'z)l/z-l) (6.15
D~ "B my " leA ’ ++.(6.15)
z (———- 0
er

The introduction of the electric field has therefore given rise to
the generalized electric drift velocity Vg = E/Bzand the magnetostatic
drift dependent on v'. Since v' from equation (6.7), (2.51) and (2.48)
is dependent on the ratio~%— , suitable choices of the electric field
will cause v' to become smailer. Thus for specific orbits an unbound

magnetostatic orbit may become bound when an electrostatic field is

introduced or vice versa. For bound orbits
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mv !
eA ]
o

<1, .. (6.16)
or in terms of E/Bz,equations (6.7), (6.16) and (2.48) give
m

(g?;‘) E- G- -82) <1, . (6.17)

If E/BZ = 0, then Z%-= v2 is constant. If E/BZ > 0 then v' is smaller
than 2e/m and the orbits are likely to become "more bounded". For

E/BZ < 0, v' is greater than 2e¢/m and orbits will tend to become unbounded.

(2) Unbound Orbits

Using equations (4.13), (4.14), (2.57) and (2.58) the time and the

y value become

* 1 1 + coté'tand
t(¢) = ov'sin2¢!' {,Q,I'l {1 - cotd)'tanq)}} s . ea (6.17)
and
2 21 '
y@ = - g @)+ g S i GGEREY) - 6

From equation (4.9) and with v' as the speed of the electron x becomes

x(¢) = %- n {ZGZX' cos2¢sin?¢'{1-cot?¢'tan?¢}} . ...(6.19)

For ¢ ~ ¢' the orbit of the electron is almost a straight line. The
limiting angle y" is therefore found by dividing equation (6.19) by (6.18)

for ¢ ~ ¢'. Therefore

. 1 C2)
tany ii?. y (¢)
Qngzaﬁx')Cosz¢'Sin2¢(1‘°°t2¢‘tan2¢ﬁ
= 1im ) l+cotg'tand }
6" 20+ (-E/ (B,v'sin2¢")+cot2¢") {en(focsiimrans) )
i - -1 ... (6.20)
( + cot2¢')

R vicindd'
BZV sin2¢

Substituting ¢ = w/2 + 2¢", equation (6.20) becomes
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1
"n - .
tan-2¢ C0t2¢‘ - E/ (Bzv'sin2¢l) “o (6.21)
For a zero electric field equation (6.21) gives ¢'" = ¢' . In general

however there is a marked modification to the limiting angle because of

the presence of the electric field.

6.2 Electric Scalar Potential Related to the Square of the Magnetic

Vector Potential

If the electric scalar and magnetic vector potentials are related

as

$(x) = G(AY(XJ)2 : ... (2.68)

where ¢ is constant, then the trajectories of an electron in such fields
can be found by using the results of Chapter 2, Section 2.3, part (d).

An important parameter is

snl-%a, ... (2.70)

which can take any value. The variation of the trajectories with Q will

be analysed for an exponential field.

(i) Motion of an Electron in an Exponential Electric Field

E(x) = 59\2/(2005?,2@X and a Magnetic Field B, = re®*

For a magnetic field

B, = xe™* (3.1

the scalar electric potential from equations (2.68), (3.1) and (2.9)

becomes

822 20x

P(x) = =5 . ... (6.22)
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Case 1: The Electromagnetic Parameter, Q@ > 0.

(a) Bound Orbits for the Electron

From equation (2.16) vy; = vyo - e/m Ay(x) and choosing
Vyo = 0, then using equations (3.1) and (2.9)
= = &
Y1 = - A
ax
el o]
=-—ce =~ Yy <0, ... (6.23)

since A and a > 0. Thus yy > 0. Equation (2.76), (3.1) and (2.9) yield

. L el  ax
ame=M{-¥wﬁEe | S ... (6.24)
and using equation (6.24) x becomes
x =%gn [ {X2 + gsino}} . ...(6.25)
o 2 ¥
el f
At 6 = ﬂ/Z,X has its maximum value X, 5 where
1 om
x,= = in {-—¢ {X£+¢}}, .. (6.26)
a 2 “3
el 9
and its minimum value x, ,at 6 = 3n/2, given by
1 om Y2
X, =-a-ﬂ,n{ i {_i/;' E}} . e .. (6.27)

Using equations (2.78), (3.1), (3.25) and (2.9), the time becomes

0
t@):éj = , ... (6.28)
7 (y2/Q? + gsiné)
2

and using the substitution 6 = w/2 + 2¢ followed by the substitution

1.
Tg = g
tany = |92 tang
I+ g
g‘é

e (6.29)

b

equation (6.28) yields
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t(u) = Yzz
oz - &%)

TR ...(6.30)

1
2

Similarly from equations (2.79), (3.1), (6.56) and (2.9)

y(u) = -yat(u) + 24’1/ s ...(6.31)
af?
and also from equation (6.25)
L
x(9) = B { M (y,/9% + £)(1 + tanZu)cosZe}l . ...(6.32)

ex?

In a half cycle u = /2 and equation (6.30) becomes

T I
5 = = 3 ... (6.33)
-9
Q
with equation (6.31) yielding
iy T I
m%.= Y2 m ot~ . ... (6.34)
af?

Dividing equation (6.34) by equation (6.33) gives

(Y% ~ )%

A Q

vp = e -y e S, ... (6.35)
QZ

as the drift velocity. If € = 1 and the electric field is zero, equation
(6.35) gives the drift result of equation (3.11) for an electron in a

static exponential magnetic field only.

(b) Unbound Orbits

L
For unbound orbits y; = -y1 but Vyo + 0 in general. 1v2/Q? < £ and

L
thus & - v,/Q* > 0. Using the substitution y = %-+ 2¢ the time in equation

(6.28) becomes
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¢ 2
2 d
t(¢) = T J Sec @ i
a(E+y2/Q%) Yo [1 _ [E—Y1/9L]t3n2¢
E+y1/Q°*
¢ _ “gf%
€ 5
1+ s tang
1 & + a;ﬂ
= Ss===—===piin = ; ...(6.36)
a(£2-v2/2) § ~ =
1 - 3 tand
g + 2
\ 921

and similarly equations (2.79), (6.26), (3.1), (2.9) and (6.36) give

y(9) = -vot(4) + 2¢% 3 ... (6.37)

af2

with the x coordinate given by

Y2
am (g + Q’/z) £ - i;zg
x(¢) = é-ln e cos?¢ |1 - tan2¢ . +..(6.38)
VL _ g+ 12
Ré
If the electric field is ''switched off", then @ = 1, £ = v,
Yo = -vsiny' = v(1-2cos2¢') and therefore
£ + l§== 2vcos?¢' )
Q )
) ... (6.39)
£ - l%-= 2vsin2¢' )
Q% )
Equations(6.39) then give
2 4
Y2y % _ es )
(g2 - ETJ = vsinZ¢! )
and ) .. (6.40)
Y )
(g - YZ/QL) = C0t2¢' )
(E + v2/97) )

Hence from equations (6.39) and (6.40), equations (6.36), (6.37) and
(6.38) respectively simplify to the magnetostatic equations of (4.13),

(4.14) and (4.9) in Chapter 4.
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From equations (6.36), (6.37), (6.38) and (6.23) the limiting

angle wé to which the electron asymptotes is given by

x(¢)
)

1im

! y (¢

tanwé

L
o, (& - v5/9)7
Y1

U243
- Le/m - D)7 o\ (6.41)
Y1

Y1 is the speed of the electron in the y direction at x = « and

2e/m is the total speed of the electron at x = =,

Case 2: The Electromagnetic Parameter, @ = 0 and 2mé§/e = 1.

From equation (2.69) and with @ = 0, the energy becomes

2¢ _ (dxy? 2 2e
= E (R) Yy H . YlAy(x) . ... (6.42)
Defining
2e > ... (6.43)

=
{]
l
1
=<
=
-

equation (6.42) yields

dxy2  2e
wo= (‘5&‘) t o A &) . (6.44)

For an exponential magnetic field equations (6.44), (3.1) and (2.9) yield

1
) 2 X aX |73
“ud1 _(_____e\';mz )

t = f b , .. (6.45)
X

as the time. Substitution of X = 2eY1Aeax/(mua) in equation (6.45) gives

X » X
]
t(X) = f — L, (A : . (6.46)
X, HoXy(1-X) H (1-x) 2+1 X,
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Similarly equations(6.44) and (2.14) yield

X
y(X) = (y1 + “) t(X) + u/(2y1a) [X-logX) '| s e (6.47)
X

2Y1
(o]

with the help of equations (6.44) and (6.46), and standard integral expres-
sions (see equation (3.3.30), Abramowitz and Stegun).
Case 3: The Electromagnetic Parameter, @ < 0 and 2mé/e > 1.

Since 2 < 0 a new parameter
Q]_:—Q)O, ..-(6.47)

is defined. From equation (2.74) the time becomes

dx
t = J 1 . (6.48)
2 Y1, & 25
(2 + o1 (- -+ £ a,000)
and the quantity
3 3 e
gsinhe = Qf (-yi1/91 + H;Ay(x)] , ...(6.49)
gives on differentiation
L e _
h ﬁsz(x)dx = Ecoshede . ...(6.50)
Equations (6.50) and (6.48) give
t(0) =J ?6 ; ... (6.51)
3
Qlwe
as the time, whilst equation (2.75) becomes
y(8) = vi{1 + 1—1/} t(0) + %—J Esinhbd® ...(6.52)
Q7 1 Yy

For an exponential magnetic field equations (6.49), (3.1) and (2.9)

yield
1
gsinho = Q2(-v1/Q; + en/(ma)s™) ... (6.53)

from which the value of x becomes
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x(8) = é-zn {am/(exﬁ?) (éé-+ gsinhe)} , ...(6.54)
1

and from equation (6.51), (6.53), (3.1) and (2.9) the time is given by

)
do
t(8) = J T ...(6.55)
0, a(y1/9] + gsinhe)
Finally, with the aid of the substitution
1 1
tanhy = —————— {tanh26 - Q%/yv;} , ... (6.56)
218%v% 1
1+
2
¥
the time becomes
2
t(y) = ... (6.57)

L
a(yi/oy + £2)°
Similarly from equations (6.52), (6.53) and (6.57) the value of y is

y@) = yit(w) + 6/(a@®) . .. (6.58)

Variation of © has led to a complete change of functional dependence of
the results from trigonometric to hyperbolic tangent functions. This
indicates that the field may be predominantly electrostatic (@ large),
magnetostatic (2 ~ 1), or singular , having no dominant field type

®=0).

6.3 Electromagnetostatics and Special Relativity

If the speed,v,of the electron approaches the speed of light,
then the present non-relativistic approach is not applicable. In special
relativity the static fields are represented by a covariant vector

potential

A, = (b,Az(Xl),A3(X1),Au(X1)) i ...(6.59)

where X = X, Yy = Xp, 2z = X3 and ict = xu. Av consists of



and

Ay = i) ... (6.

consistent with Maxwell's equations.

The relativistic components of velocity are

u = -— el (6.

and 1 is the proper time given by

(d1)?2 = -dxvdx\’ . ... (6.

and is related to the time t as

dt = ydt = dt , «ve (6.
2.1
-7
o2
with
Y = 121 .(6
vy
1 - 55)%
(-5

For an electron with rest mass m and charge -e the relativistic

Lagrangian is given by

L' =

N =

A

and the relativistic equations of motion are

The three constants of motion for the relativistic potentialsin

equations(6.60) and (6.61) are given by

1l
"

mup - eAp(xy) = myvy - eAp(x;)

muz - eAz(xy) = myvz - eAz(x;)

A = (A1,A2,A3) = (0,A(x1),A3(x1)) ... (6.

muvuv - eu AA R «oe (6.

=0 . . ... (6.

P2 » ...(6.

P3 ... (6.

86.

60)

61)

62)

63)

64)

.65)

66)

67)

68)

69)
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and
myc? - edp(x1) = €. ... (6.70)

e is the energy of the electron while p, and p; are the relativistic

canonical momenta in the X, and X3 directions.

From equation (6.70) y becomes

Y ==t (e +ed(x) cr (6.71)

and from equations (6.68) and (6.69) the x, and x3 components of the

velocity may be written

dx 1
v2 = .a_t_l B E (p2 + eAz(XI)) s ..-(6.72)
and
d 1
vy = &%§'= o (03 * eAs(xl)) . ... (6.73)

Equation (6.71) gives

2 2 2 A2
v2 = (g%lg " (g%zg . (%%1 . 55-(1 - v?), v (6.74)

as the speed of the electron, and therefore

(%)2?'5—2 (142) = ooty [(Pgrehs (1) 2oparers (1))
Sl L [=(tres(x))? 2 A
= 12 {1 - PR [ 2 + (poteA; (x1)) %+ (p3+eAs(x1)) }}
... (6.75)
From equation (6.75) the differential of the time is given by

dt = Ydxy }

c E1 - (mi)z {(a+e¢£§1))2 . (p2+eA2(X1))2+(p3+eA3(x1))2}]2

= (e+¢(x1))dxy 1

mc3f1 i (mi)Z f£§+ei§X1))2 +(p2+eA2(X1))2+(P3+eA3(xl))illé

... (6.76)
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Using equations (6.72) and (6.76) the differential of X, becomes

dx, = vodt
- (po + eArp(xy))dx; -
/23
; 1 |Hered(x3))? ) 2
mCl - (mc)z [ 02 . (P2+9A2(X1)) +(P3+8A3(X1)) :ll
v (6.77)
and from equations (6.73) and (6.76)
dX3 . V3dt
_ (pateAs (xi)dxy )
“3
= 2
" Fl i (In:(l;)2 [(ueiz(xl}) +(P2+6A2(X1))2+(P3+eA3(X1))2”
... (6.78)

Equations (6.76), (6.77) and (6.79) may now be integrated to obtain the
trajectory of the electron for the covariant vector potential of equation

(6.59).

If v << ¢ then the energy expression (6.70) degenerates to the
non-relativistic energy equation (2.4). Similarly the canonical momenta
in equations (6.68) and (6.69) simplify to the non-relativistic results of

equations (2.14) and (2.15).

(a) One Component Magnetic Field

if
Av = (0,A,(x;),0,0) , ... (6.79)
then the magnetic field is

B3(x,) = gﬁzé—;‘i)— . ... (6.80)

From equations (6.69) and (6.70)

myvsy = p3 ,

... (6.81)
my¢? = e, or Yy = g/mc 5

and W=Y'-1>0.



Equation (6.76) yields on integration

Y dx
t=EJ 1 o ] ... (6.

i

21 ., 2
( me)2 (pateAr(x1))°)

and equation (6.77) similarly yields

- lJ (porehp(a))dxy (6
me (12 (p2+eA2(x1))2J/2
(mc)?

Since from equation (6.81) y is constant, equation (6.72) is a simple

- relationship. If the parameter k is defined such that

n}sinK = (p2 + eAx(x1))/ (mc) , ... (6
then
WLCOSKdK = EE%%%%l dx; , (6

and therefore equations (6.82) and (6.83) simplify to

dk
t=J'w— 5 .. (6
K
and
y = Y—l Fw3512KdK ' .. (6
K
where
e
wK=ﬁB3(K) » o-.(6.

is the relativistic gyrofrequency in terms of «.

(b) Exponentially Varying Magnetic Field

For a magnetic field of the form

B, = et ... (6

where A and o > 0, equation (6.84a)gives

wsine = (2 + & ¥/ (ne), ..o (6

89.

82)

.83)

.84a)

.84b)

.85a)

.85b)

86)

.87)

.88)



using equation (2.9). From equation (6.88) x becomes

1

X = = %n gx-(—pz +q(mc)sinn)} . ... (6.

o

Using equations(6.87), (6.88) and (6.89), equations (6.85a)and (6.85b)

become

t =-§' (-po +%Emc)sinK) ? - (6.
and

y= 3 G o

For bound orbits -p, >Q(mc) > 0 in which case,with the aid of the sub-

stitution k = g—+ 2¢, equations (6.90) and (6.91) yield

men E
2ym -1 - [“EZJ
t(¢) = tan tang \ , ... (6.
1
mery 2 1+ (2
a(- 1 -(=— -
p2) (1 -(50) P2
and
_ *2¢ _ p2
y9) = 2+ B2 eqe) ... (6.
From equation (6.89) the maximum value x; of x occurs when k = %; thus
Xp = < n [3— (-pp +ymc)} (6
2=, ex P2 s - (6.
and the minimum value xj occurs when k = 37/2 and is given by
X] = l—kn {g—-(— -nme) } (6
1 & =Yy P2 YL . :
For unbound orbit%qpnc) > -po and equation (6.90) yields
1 + X
me
a(-Pz)((EﬁU -1)

90.

89)

90)

91)

92)

93)

94)

95)

96)

with y given by equation (6.93), but for the expression of time which is

. mer) “me 5
from equation (6.96), and x.=[} -1) / (—— +1% tang .
_ ~P2 “P2

Similar results can be obtained from equations (6.76), (6.77) and
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(6.78) if a one component magnetic field and an electrostatic field with

the same functional dependence is considered.

(b) Discussion of Results

The relativistic nature of the work makes it possible to investi-
gate the motion.of fast moving electrons in magnetostatic and electro-

magnetostatic fields with a cartesian geometry. Such work may be useful

in analysing cosmic rays.
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CHAPTER 7

7.1 Conclusions

Clearly exact solutions exist for the motion of an electron in
chosen static spatially varying maénetic fields. From the three forms of
magnetic field considered many different trajectories have been

encountered.,

For an exponential field, BZ = A%ax, only two types of orbits were

found. They were either bound cyclic orbits drifting in the negative Y
direction, or unbound orbits in which the electron is ''reflected" about
the x axis and moves to infinity by asymptoting to an angle y' with the x
axis. It was found that one curve was required to represent all the drift
velocities of the electron for bound orbits. All the trajectories were
found in terms of simple trigonometric and logarithmic functions. The
simple results reflect the simple nature of the magnetic field which is

always in the same direction and monotonically increasing with x.

A magnetic. field with the power law dependence BZ = ax" is a much

more complicated field and variés greatly if o is positive or negative.

If o is greater than zero then at x = 0, Bz = 0 and for o an odd integer,
an electron crossing the line x = 0 enters a region of reversed magnetic
field. This creates a symmetrical orbit in which the electron oscillates
about the line x = 0. For o an odd integer the electron always experiences
a magnetic field in the same direction, and therefore the orbits are cyclic.
Bound orbits not crossing the line x = 0 for o > 0 and bound orbits for

o < 0 drift in opposite directions. For positive o the electrons drift in
the negative y direction while for negative o the electrons drift in the
positive y direction. Also when a < -1 there are unbound orbits in which
the electron moves to infinity, asymptoting to an angle y' with the x axis.

The magnetic field monotonically varies with x on either side of the line
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x = 0, If o is positive the magnetic field is monotonically increasing,

and if a is negative it is monotonically decreasing.

A sinusoidal field dependence B, = AsinoXx presents the greatest

. . m . . . s
variation type, since when 0 < x < Ea—the magnetic field is positive and

monotonically increasing, while if ga-< X < g-the magnetic field is

positive and monotonically decreasing. Thus for orbits confined within

the half cycle,0 < x < g—, and if 0 < X< %E the electron drifts in the

negative y direction, but if (2;) <X, < g~, then the electron drifts in
the positive y direction. If X, = %E the electron does not drift, but

moves in an elliptic type orbit about that line. Orbits which cut the
line x = 0 will enter a region of reversed magnetic field. Trajectories
will therefore be symmetric about x = 0, with the direction of the drift
governed by the initial conditions of the orbit of the electron. If the
electron has enough energy to penetréte the half cycle, then a completely
different type of trajectory is discovered. This orbit is unbounded by x
but is periodic in nature. Thus each different form of magnetic field

considered yields quite different orbit types.

In dealing with spatially dependent electric and magnetic fields it
was found that for fields with the same functional dependence there was a
generalized electric drift velocity coupled with the magnetostatic drift
result. To illustrate this an exponential field dependence was used.
Similarly the exponential magnetic field was used with the motion of
the electron in an electro-magnetostatic field where the electric scalar
potential was related by a constant to the square of the magnetic vector
potential. The variation of the orbit with the constant Q@ = 1 - 2mé/e was
of prime importance in this example. It was shown that if @ = 1 the
orbits are closely magnetostatic in nature, while if Q approaches positive
infinity, (and is of the same order as the energy), the electron behaves

as if acted upon by an attractive potential. If Q approaches negative
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infinity it moves as if under the influence of a repulsive potential.

The value @ = 0 is a singular case in which the electric field and
magnetic field interact in such a way that the electric potential and the
magnetic potential squared terms cancel. Integral expressions for the
motion of the electron have also been analysed for the case when the
speed of the electron approaches the speed of light. Results have been

analysed for the case of a one component magnetic vector potential A,(x;).

7.2 Extension of Results by Piecewise Fitting

If in a problem the type of field being considered is not closely
one which can be considered exactly, but can be obtained by piecewise
fitting different forms of magnetic field together, then the trajectories
can also be piecewise fitted, provided that the initial conditions of the
motion of the electron are known. The restrictions of the magnetic field

at x = X where the fields are being piecewise fitted are

B, _(x)) =B, , e (7.1)

and
dB_ (x) dB . (x.)
- 5 i e (7.2)

dx dx

where - signifies the limit as x X, for x < X and + signifies the

limit x - x_ for x > x_.
.o o)

Two simple examples are magnetic fields of the form

B,() = A[x|* a>1, o (7.3)

and

B, (x) ax|x|® a> 1, (7.4

where o is not necessarily an integer. Thus for any a > 1 the electron
crossing the line x = 0 can either move into a region of reversing or non-

reversing fields. Given initial conditions in the region x > 0, then the
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initial conditions for the region x < 0 are the final conditions for the
region x > 0. These can be readily found. The forms of magnetic field

need not be so closely related, since for example the first field may be

oxX

exponential, Bz = A&7, and the second field may have a power law depend-

o!

ence, BZ = A'x Thus from equations (7.1) and (7.2)

ax o
Ae = A'X , .(7.5)

0

and
ax .

rae O = A'a'xg i " e (7.6)

From equation (7.5) and (7.6)
o = a'/xo i . (7.7)

is the necessary condition for piecewise smooth fitting of curves. To
fit trajectories it would be necessary to use the trajectory results of
Chapter 4. (A process akin to the trapezoid rule in numerical analysis

could be useful in analysing magnetic fields).

7.3 Applicability of Results in Upper Atmospheric Research

Cowley (1970) has already used Seymour's (1959) paper to discuss
processes in the upper atmospheric regions, in particular the magnetic
tail of the earth. Stevenson and Comstock, (1968) have also used the
magnetic field with constant gradient to describe particle penetration

through the magnetospheric boundary.

Cole (1974) has utilized the adiabatic drift approximation to des-
cribe methods in which particles may penetrate into the magnetosphere.
It is considered that the present analysis gives another approach to this
important problem. Indeed, much of the motion of the electron at the
interface of the earth's magnetic field and the solar wind is non adiabatic,
and therefore it may be more profitable to use the exact approach dis-

cussed in this thesis. Seymour (1975) is at present using the drift
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expressions of the power law magnetic field to investigate non-adiabatic

motion of an electron in the magnetic tail of the magnetosphere.

7.4 Application in Laboratory Plasmas: The Axially Symmetric Field

(R,8,2)

For specific combinations of axially symmetric electro-magnetic
fields and electron orbit types the axially symmetric solutions simplify
to the case of electron motion in fields with cartesian symmetry.
Hertweck (1959) found one such example of this when discussing the motion
of an electron in the magnetic field of an infinitely long current carry-
ing wire. For the special case of electron motion in a meridian plane of
the wire solutions to the electron motion were in terms of Bessel functions.
As shown in Chapter 3 this is the particular case in cartesian geometry
of motion of an electron in a magnetic field in the z direction varying

as the inverse of Xx.

The vector potential

A= (0,A5(R),A,R)) , .(7.8)
generates the magnetic field
B = (0,B4(R),B (R)) , ... (7.9)
and from equation (2.3)
, 3, (R) )
By(R) = - —p— » )
¢ 4k ) .(7.10)
and , (RAY) g
BZ(R) = —'—5&—‘- . )
The electric potential
¢ = ¢R) , .. (7.11)

generates the electric field
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(ER),0,0) . (7.12)
where
E(R) = gfégl- . .. (7.13)

The Lagrangian for an electron in these axially symmetric fields is

L = %-m(R2+(Re)2+22) + ed(R) - e(RBAL(R)+ZA_(R)), e (7.14)
and from the Lagrangian equations of motion

d (5L oL _
ol —a' } - e 0, ... (7.15)
95

where qj are generalized coordinates, the three constants of motion are

> m(R2+ (R8)2+22) - eb(R) = ¢ , v (7.16)

as the energy,

3 e _
R(R6 - ﬁ'Ae(R)) =Yg > e (7.17)

as the canonical angular momentum, and
; - 2 A_(R) = 7.18
z_m Z()_YO, ...(. )

as the z component of the canonical momentum. Using equations (7.16),

(7.17) and (7.18) the time differential becomes

dt =d_R_
/&2
- dR ... (7.19)
1
2e 2e 1 eR 2 e 2)2
Tt - g (gt AW -(rp A ®)

R

From equation (7.17) and (7.19)
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(v + (e/m)RA4(R))dR

.
—Rz 2€+2e R 1( +eRAR)2( e 21/2’
Tt R - g+ AR -y A, (R))
v (7.20)
and from equations (7.18) and (7.19)
dz = vzdt
(v, + = A (R))dR
= I ee(7.21)
2e  2e 1 . eR 2 e 2]6
(—m IO Ery (g + S5 A, R)) = (v, + = A,(R))

If however Ae(R) =0 = BZ(ED and\%== 0 so that the electron is con-
fined to move in a meridian plane, & = constant in equation (7.20), then

on integration equation (7.19) becomes

t = J [ &R . (7.22)

s
. 2172
2w -+ S A,0)])

and equation (7.21) similarly yields

(v, + (e/mA_(R))dR

.. (7.23)

1/20

7 =
o 2
[35 + 28Ry - (v, + (e/m)A,(R)) ]

m m

Equations (7.22) and (7.23) are the same as equations (2.39a2) and
(2.39b) which describe the motion of an electron in a magnetic field in
the Z direction dependent on x with an electric field along the x axis
also dependent on x. The axial parameter Yo becomes the cartesian para-
meter y;. Axially symmetric fields are also prevalent in work on thermo-

nuclear containment (Simon 1958, Bishop 1955).

7.5 Other Field Configurations

Very few fields have been considered. Lehnert (1964) has investi-

gated charged particle motion in a hyperbolic magnetic field, BZ =

Bo(y,x,O) where B, = (2m/q)c0, and has shown that exact solutions exist
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for electron motion in the plane y = 0. These solutions are identical

in form to the results obtained by Seymour (1959).

There are however no exact analytical solutions at present for
magnetic fields which can be described most simply by a curvilinear
coordinate representation. Landau and Lifschitz in their book called
"Mechanics'" have shown that by using the Hamilton-Jacobi theory several
interesting solutions can be obtained for the motion of a particle in
scalar potentials which could most easily be described by using the para-
bolic and elliptic curvilinear coordinate systems. For example, a solu-
tion to the motion of a charged particle in a coulomb field of two fixed

point charges at a distance 20 apart was analysed.

At present little is known about the solubility of problems involv-
ing magnetostatic vector potentials easily representable in curvilinear
coordinates. If such solutions existed it might shed some light on the
solubility of such important problems as the motion of the electron in
the magnetic field of the earth. The toroidal or elliptic coordinate

systems might lead to useful results.



APPENDIX 1

DERIVATION OF RESULT (3.38)

The hypergeometric differential equation has for solution the

series expansion

» (@) (D) X"

F(a,b;c;x) = 2 (C) -
T

r=0

where the Pochhammer symbol is
(a)r = a(a+l) (a+2)....(a+r-1)

In terms of gamma functions

_ T'(a+r)

= ~———= ; r is a positive integer’
r T(a) ° posit nteger,

(a)
and hence using the beta function
1

o < [ o232
(o]

where x > 0, y > 0, the solution (A.1) may be written as

' I'(c) Y b c-b-1,. © (a)r(tx)r
F(a,b;c;x) = fTBjTTE:Bj-JO t T (1-t) dtrzo B
and since by expansion
T
ial?,(t—ﬂ— =1 -7,
F(a,b,c;x) = () Jl tb_l(l_t)c_b—l dt
r(b)T(c-b) ‘o (1-tx)?

100.

. (A.1)

.(A.2)

.(A.3)

.(A.4)

... (A.5)

where ¢ > b > 0. The trigonometrical substitution t = sin2¢ reduces the

form (A.5) to the result (3.38) of Chapter 3 as quoted by Erdélyi

(1953).
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APPENDIX 2

DERIVATION OF EQUATION (3.57)

The confluent hypergeometric differential equation has a series

solution of the form

©» (a), [r
M(a,b;x) = ) ORI ... (A.6)
r=0 T ‘
Following the procedure of Appendix 1, (A.6) may be written
T'(b) 1 xt, a-1 b-a-1
M(a,b;x) = 'I,—(a—)r—(b—_a—) Jo e 't (1-t) dt , (AT

since
[++] 1"
Xt xt
y B o xt

r=0 T

Changing the variable by means of the relationship 2t = 1 - 1, the

solution (A.7) becomes
X

TR a1, . b-a-1
M(a,b;x) = i.._(a—)'r.—(m J e (1-1) (1+71) dtr, ..(A.8)
-1
and in particular, when a = %—, b =1, and v = -x one obtains the result

(3.57).
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DISCUSSION OF THE CURLY F FUNCTION

The curly-F function is defined by the integral

c-b- 1

k
o r(e) (1 t)
7(a,b;c;x3k) = T'(b)T (c-b) I (1-xt)? ,

102.

.(A.9)

where 0 < k < 1. On substitution of t = sin?¢ equation (A.9) becomes

_ 2T (c) ® sin2b—1¢coszc_2b_1¢d¢
7(a,b;c;x;6) - F(b)P(C—b) a Kl .(A.].O)
(1-xsin?¢)
with 0 = sinflff .
a2 (@) r
Since (1 - xsinZ¢) = Z — (xsin%¢)", equation (A.10) becomes
r=0
0 (a) xr (0
cmemepy o T(@) T . 2b+2r-1 2c-2b-1
7Z(a,b;c;x;6) = P(b)r(c_b) z i ZJ sin 6cos ede} ’
r=0 o
(A.11)
Hence from the definition of the incomplete beta function
O ax-1, 2y-1
Be(x,y) = ZJ sin 6cos“Y " "ade , .(A12)
s
which is valid for x > 0, y > 0 equation (A.11l) yields
7(a,03¢5%30) = FHyT (D) rZO —— By (b+r,c-b) .(A.13)
Using the normalized incomplete beta function
Be(b+r,c—b)
\)r,e = ___B(b+r,c—b) 5 .(A,14)
equation (A.13) yields
© (a).(b)
_ S T
7(a,b;c;x;8) _rZO “TE)Tr! VX, .(A.15)



as the power series representation of the curly-F function, where
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b>c>0. If k =1 in equation (A.9) then the integral becomes the

Gaussian hypergeometric form discussed in Appendix 1, and v W
T,
equation (A.15). 2

(b) Negative Argument x < 0

For an integral of the form

¢
hon.s -5 <NE) J d¢
7(3—,",1,X,¢) =
273 TOIT(CDY ), (7 _xsinter®

21'(c) J¢ secza¢d¢

T T®)T (c-b) o (1+(1-x)tan2¢)? ’

1in

... (A.16)

1 =
where x < 0, substitution of y = (l-x)étan¢ in equation (A.16)} gives

2 -

o (1-x)*(1+y2)?

| R _ 2T (c)
7(a,§al,x,¢) T T(M®)T(c-b) J

Finally, use of y = tan6 in equation (A.17) yields

x-1

0
?(a,%31;x;6) = —20(c) J (1 - — sinze)a_lde :
0

r(b)T(c-b)

(A7)

... (A.16)
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APPENDIX 4

THE CURLY - M FUNCTION

The curly-M function is defined by the integral

21701 (1) 3 [ - Geose b-1_ _b-2a(8
M(a,b;x;8) = W J '8 (sing) cot [j)de
o
6 X : :
1-b E.S - 5cosH
2 I'(b) 2 2 . 2a-1(0- 2b-2a-1,96
= F(a)T (b-a) 2 Jo 2 sin (z]cos (EJde.
.. (A19)
Using the expansion 2? = E z"/n! equation (A.19) becomes
n=0
oo n E
. _ I'(b) X . 2(n+ta)-1 2b-2a-1
M(a,b;x;0) = T(a)T (b-a) Z o ZJ sin Ecos gdg ,
n=0 o]
. (AL20)

where £ = 6/2. Again using the normalized beta function for.b > a > 0

B _(n+a,b-a)
ug(n+a,b~a) = —m s ... (A21)
equation (A.20) becomes
. (a)n X"
M(a,byx;6) = 2 TBT—'UE(n+a’b—l) T . (A.22)
n=0 n B

When 6 = 7, £ = g-and equation (A.19) simplifies to the confluent hyper-

geometric function, and (A.22) becomes the series expansion of the confluent

hypergeometric function, with u, = 1, as shown in Appendix 2.

13



The integral

I

1L
Using the substitution y = (1-0)“tan¢ equation (A.23) becomes

1

APPENDIX 5

SPECIAL INTEGRALS

¢

¢

d¢
J, @ - osin?y)

sec?¢d¢
Jo (1+(1-0)tan?¢)

_ 1 JY dy
(1—0)% o (1+y?)

and using y = tan® equation (A.24) yields

I

The integral

Using the substitution y = tan¢ equation (A.26) becomes

I, =

Using integration

__6
(1-0) 7

¢

] J _dé
o (1-0sinZ¢)?
¢

- f sec”¢d¢
o (l+(1—c)tan2¢)2

Jy (1+y2dy

o (1+(1-0)y?)?

'y dY . o Jy y2dy
Jo (1+(1-0)y?) o (1+(1-0)y?)?

Yy dy g JY ydy2
” -|- )
Jo (+(1-0)y?) 2o (1+(1-0)y?)?

by parts equation (A.27) becomes

105.

.(A.23)

.(A.24)

. (A.25)

. (A.26)

... (A.27)
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I, = JY B A A 74 ¢ ) N LA r’ dy/(1-0)
o (1+(1-0)y?) 2 "(1+(1-0)y?) |y ) 1+(1-0)y?
Y 4
= - 0}’ + (2_0) dy
2(1-0) (1+(l-—0‘)y2] 5 2(1-0) Jo (1+(1‘0)}’2) . ... (A.28)

1
From the substitution (1-0)?y = tan6 equation (A.29) yields

Iz=-———03-sin26+-—(m3-6 : ... (A.29)
4(1—0)7- 2(1-0i7

From equation (4.19) with B = -1

y(9) = -x2{2I; - (2-0)I5}
= __’Szi_ (2(1-0)8-(2-0) {Lz—;—@— 6 - EE%EZ—B}J
(1-0)°
1 - X2 -:73- (_ o2e + E.__glg sj_nze) 3 ...(A.30)
2(1—0)2

and from equation (4.18)

t(¢) = -0x2 I,
= _:O_x?;_é_. ((2-0)e - % sin26) ] ... (A.31)
2(1—0)2

(2) For an integral of the form

¢
13=J d¢

o (sin2¢'-sin?¢)

- Jq’ d¢

o sin?¢'cos?¢-cos?¢'sin?¢



substituting y

I3
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¢ 2
. J s9c.9d¢ . . (A.32)
o sin?¢' (1 - cot?¢'tan?y)

tan¢ equation (A.32) yields

y
_ 1 I ( dy

sin2¢' 1 - cot?-q)'yz)
y
~ 2sin?g J [+ T-coty'y & T+cote'y) .. (A.33)

Substituting X = l-cot¢'y in the first integral and X = l+cotd'y in the

second integral equation (A.33) becomes

I3

- 1 l+cotg'y
) sin2¢' = {l-cot¢'y} ’ o (AL34)

The integral

Iy

Using the

I,

[t
o (sin2¢'-sin?¢)?

J¢ sec’¢d¢ . ... (A.35)
o sin%¢'(1-cot2¢'tan?¢)?

substitution y = tan¢ equation (A.35) becomes

3 Jy (1+y2)dy
o sin ¢'(l-cot2¢'y?)?
1 ([ dy X 2 Jy y2dy
= (1"‘ t !
sin"¢" Jo (1-cot2¢'y?) S o (1-c0t2¢'y2)2}
y .2 y 2
- 1 dy l+cot<¢' J ydy A.36
sin"¢! Jo (1—cot2¢‘y2) ' ( 2 ) o (1—cot2¢'y2)2} ( )

Using integration by parts equation (A.36) becomes

= 1 f)' dy " (1+C0F2¢'] oy y
sintg! o (1-cot?¢'y?) 2cot?¢! ’ 1-cot?2¢'y?
e ey
o (1-cot?¢'y?)
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- b eyl A ety y y
Sin‘*(b' 2 o (1-C0t2¢}'2) 7 (1_cbt2¢ly23 ]
... (A.37)
Using result (A.34) equation (A.37) becomes
1 1—tan2¢l l+cot¢'tan¢
I, =
) sin*¢! {( 2 ]gn{l—cotq;'tanq:}
i (l+taq39j tang
2 (1-cot24'tan?¢) ... (A.38)
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APPENDIX 6

MOTION OF THE ELECTRON IN ELECTROMAGNETIC FIELDS

6.1 Electric and Polarization Drift Velocities

When dealing with electromagnetic phenomena much use is made of the
zero order electric drift velocity, the equation of motion in an electric

field, E, and a constant magnetic field Bo is

mdy
= -elE+vxB} , (emu), ... (A.39)
The velocity of the electron is taken to be a superposition of the zero

order circular orbit in a constant magnetic field, Voo and a constant

electric drift velocity, Vi such that

V=Yt Ve ...(A.40)
and E x go
Vg ° "};;—“ . . (A41)
o}
Substituting equation (A.40) into equation (A.39) yields
deo mdyE
T - eV X §o - I ... (A.42)

mdv

~

dt

fies to the zero order result of an electron in a constant magnetic field,

For a constant electric field, go’

= 0 and equation (A.42) simpli-

equation (A.41) giviné the zero order electric drift velocity. If however
the electric field is not constant, the second component on the right hand

side of equation (A.42) may be interpreted as an equivalent force

deE
F=- T ... (A.43)

which causes an equivalent electric field
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dYP
Ey = -Fi/fe = S 3¢ ... (A.44)
Defining
Vo byl Yl + ‘!'P s .o-(A.45)
where dv
V. = (Tl_i) x B
~P e dt ~0
n CE
= ;EE'HF 3 ...(A.46)
)
then substitution of equation (A.45) into equation (A.42) yields
mdv deP
—at = - —at —e{Yl X ?} s . (A.4AT7)
mdy
and for an electric field which varies slowly, T " 0 and equation (A.47)
simplifies to the zero order result
mdv,
T ° e V1 X B . ...(A.48)

Equations (A.41) and (A.46) are the well known electric and polarization

drift expressions, as analysed by Longmire (1963), and others.

6.2 Generalization of the Electric and Polarization Drifts

The two drift expressions (A.41) and (A.46) are the first and second
order results, and higher order results may be found by repeating the

above process ad infinitum. If the electric field does not vary slowly
mdv

dt

force term

then is no longer negligible and as before may be interpreted as a

dep m2 dzE
Ez = - It = eB2 dt?_ 4 ...(A.49)
(o}

which causes an equivalent electric field

) n2 dZE
= - F = - =i ...(A.50
13‘2 ~2/e esz dt2 ) ( )
0
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where induction effects associated with the time variation of E are neg-

lected. Defining, Vi =Vt Vg, ... (A.51)
2
where E, x B
V. = .20
~Ep B2
0
n2 d2E
= - —xB ...(A.52
e?B* dt2  -© ( )
0
then equation (A.47) yields
mdv o mdvF
S ... R
e T e(vy x Eo) : .. (A.53)
mdv
If —az—z-m 0 equation (A.53) simplifies to the equation of motion of an

electron in a constant magnetic field. If this is not the case then a new

force term

deE
E3=—F2' ’ ---(A.54)

is defined which causes an electric field

dv

m -~E
= o D2
E3 e 5 ... (A.55)
and as before a velocity
V2 = V3 * Vg, s . (A.56)
is used where
Ez x B 5 d3E
v, = —"9-4+. 2 - ... (A.57)
~E3 B2 e3BS dt3
The velocity of the electron becomes
Y=Vs ¥ Vg, *Yg, *Yp*Y¥E o ... (A.58)

deE
and if —az—j-m 0 equation (A.53) becomes
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mdv 3

= -ev3 X §0 5 ...(A.59)
dt

which is again the zero order equation. This process may be continued to
higher orders until the desired accuracy is reached, provided Maxwell's

equations are not seriously violated by the requirement Bo = constant.
If the Nth order drift expression is taken to be
Ve = Ve g Y V. .+ (A.60)

then the force term becomes
mdv

. - ek -— 1
Fy —=k . (A.61

which causes an equivalent electric field

n By
EN =T T e ... (A.62)
and an Nth order drift
i By
v = — x B . ...(A.63)
~EN eBg ( dt ) ~0

Thus to the Nth order the velocity of the electron becomes

... (A.64)

mdv

and if

N o 0, v,, will be closely the radial velocity of an electron in
a constant magnetic field. The Nth order drift expression from equation

(A.64) is
N
v, = )V ' ... (A.65)

If N = 2n where n is a positive integer, the drift velocity expression

(A.65) becomes

? (_1)“ {dan . d2n+1}~3 }
v - S x B - — —— s ..;(A- 66)
“Don  n=0 ugwi“ ag?h - -0 e 4.2ntl
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eB
where W, = -ﬁg'is the zero order gyrofrequency of the electron.

If the electric field has a characteristic frequency v > 0 such that

E = Eo ¢*Vt then as n + = eguation (A.66) yields
g ( v)Zn {Eo x B, imon}
v N vy gt ...(A.67)
~D2n =0 (J.)C Bi eB2 ?
0

which is convergent if v < W, Thus as n » «

V=V, 0t Vv, s ... (A.68)

where from equation (A.66)

oy {dzng m dzmlg}
Voo = X B o — e . ...(A.69)
D =0 Béwin dt2n o e dt2n+1

6.3 Different Functional Forms of Electric Field.

(a) Exponentially Varying Field E = Eozat.
Equation (A.68) becomes

o

n o 2n} Ex 1~3o mo.
v, = - (— -{ - E ] ... (A70)
“De {rZO (wc) B2 eB2 ~ ] °
) )
. . 1 n ,2n . 3
and using the expansion ———— = X (-1 X s equation (A.70) yields
1+ X2 n=0
1 E = 1~3o m
Vpo = 5= { T = E} , ... (A7)
o B €
1+ G ) o 0

which is valid for |a| < Wer

(b) Oscillating Electric Field E = E £

Equation (A.68) gives

pos {1 @i im gy .72
~Deo r=0 wc B<2) eB(Z) - ’
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and from the expansion i = z in,’equation (A.72) may be written
1-X2 n=0
1 £ go imv
Yheo = { -2 B}, o (A73)
1 - (1_] o)
w
c

where v < .. This result is in agreement with the expression found by

Schmidt (1966; pp44).
(c) Power Law Dependence.
If the electric field is of the form
E=Ee= (B + cyt + cot? + catde o (A.74)

where Eo, c;, ¢ and c3 are constants and e¢ is the unit vector in the

direction of the electric field, then the drift expression becomes

ExB me

vp = == i (c1+2c,t+3c5t?) - Zep¥beat o , p + T6Ca e . ..(A.75)

h B2 eB2 w2B2 ~  ~0  ¢p2,2 ~
) ) co ocC

This result may be rearranged to give
E_ 2cpt6cst ne 6c3
& [Bn.. £8270530 S - 2C3 2

Vp (B2 = ) e x B, s (c1 = 2cot+3c3t?) . ... (A.76)

0 c 0 c

Similar results can be obtained for higher-order polynomials if
required. If the electric field becomes adiabatically affected then

equation (A.66) degenerates to the electric and polarization drifts.



10.

11.

12,

13.

14.

15.

16.

17.

18,

19.

115,

BIBLIOGRAPHY

Abramowitz, M. and Stegun, I.A. "Handbook of Mathematical Functions",
Dover (1965).

Alfven, Hannes, '"Motion of Charged Particles in Magnetic Fields',
(1940) Ark Mat. Astr. Fys. A27, No. 22.

Alfven, Hannes and Falthammar, Carle Gunne, '"Cosmical Electrodynamics',
Oxford University Press (1963).

Allis, W.P., "Motion of Ions and Electrons", Hand Buck der Physik;
Vol. 21, Springer; Berlin (1957) pp383-444,

Bell, W.W., "Special Functions for Scientists and Engineers', Van
Nostrand (1968).

Belyakov, V.M., "Tables of Elliptic Integrals'. Pergamon Press (1965).
Bishop, A.S., "Project Sherwood'", Addison-Wesley (1958).

Byrd, P.F. and Friedman,M.D., "Handbook of Elliptic Integrals for
Engineers and Physicists'", (Springer Verlag: Berlin 1954).

Cole, K.D., "Outline of a Theory of Solar Wind Interaction with the
Magnetosphere', Planet. Space. Sci., 1974, Vol. 22, ppl075-1088.

Cowley, S.W.H., "Some Properties of Magnetic Neutral Sheet Systems'",
From: '"Magnetosphere Ionosphere Interactions', Ed. Folkestad, K.L.
(1972).

Chamberlain, J.W., "Motion of Charged Particles in the Earth's
Magnetic Field". N.Y. Gordon and Breach (1964).

Chandrasekhar, S., '"Plasma Physics', University of Chicago Press
(1960).

Delcroix, J.L., "Plasma Physics, Vols. 1 and 2, J. Wiley § Sons L.T.D.
(1965).

Erdélyi, "Higher Transcendental Functions', Vols. 1 and 2,
McGraw Hill (1953).

Ferraro, V.C.A. and Plumpton, C., "Magneto-Fluid Mechanics", Oxford
University Press (1961).

Goldstein, Herbert, 'Classical Mechanics', Addison Wesley Publishing
Company Inc. (1969).

Hancock, H., "Elliptic Integrals', Dover (1958).
Headland, M. and Seymour, P.W., "Drift of a Charged Particle in a
Static Magnetic Field having a Power Law Dependence' A.J.P.

Vol. 28, No. 3, (1975).

Hertweck, F., '""Die Bewegung Gelader Teilchen im Magnetfeld Eines
Geraden Stromdurch Flossen Drahtes', Z.F. Natur Forschung 1l4a

(1959), pp47.



20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34,

35.

36.

37.

116.

Hess, W.N., "The Radiation Belt and Magnetosphere', Blaisdell Pub-
lishing Company (1968).

Hurley, J., "Drift Velocity of a Particle in an Inhomogeneous Mag-
netic Field', Journal of Applied Physics Vol. 32, No. 11, pp2368,
(Nov. 1961).

Lehnert, Bo., '"Dynamics of Charged Particles', North Holland Pub-~
lishing Company, Amsterdam (1964).

Marion, J.B., "Classical Dynamics of Particles and Systems', Academic
Press (1970).

Morozov, A.I. and Solovev, L.S., "Motion of Charged Particles in
Electromagnetic Fields', Reviews of Plasma Physics (Vol.2) - Ed.
Leontovich, New York 1965 - Consultants Bureau.

Longmire, C.L., "Elementary Plasma Physics'", Wiley (Interscience),
New York (1963).

Pearson, K., "Tables of Incomplete Beta Functions', University Press,
Cambridge (1934).

Roederer, J.G., "Dynamics of Geomagnetically Trapped Radiation",
Springer-Verlag (1970).

Rose, D. and Clark, M., "Plasmas and Controlled Fusion'", The M.I.T.
Press (1961)

Seymour, P.W., "Drift of a Charged Particle in a Magnetic Field of
Constant Gradient'", A.J.P. 13, pp309, (1959).

Seymour, P.W., '"Motion of Charged Particles in Plasmas", Int. J.
Engng. Sci. (1963), Vol. 1, pp423-451, Pergamon Press.

Seymour, P.W., Leipnik, R.B. and Nicholson, A.F., '"Charged Particle
Motion in a Time Dependent Axially Symmetrical Field", A.J.P. 1965,
Vol. 18, pp735-746.

Seymour, P.W., "On the Adiabatic Motion of a Charged Particle in the
Quasi Static Magnetic Field of a Solenoid", A.J.P. 1966; Vol. 19,
pp735-746.

Seymour, P.W., "Exact Drift Velocity Solutions for Charged Particle
Motion in a Static Axially Symmetric Magnetic Field", A.J.P. 1970,
Vol. 23, ppl33-154.

Schmidt, G., "Physics of High Temperature Plasmas - An Introduction",
Academic Press (1966).

Simon, P. '"An Introduction to Thermonuclear Research'', Pergamon
Press (1959).

Sivukhin, D.V., "Reviews of Plasma Physicst Vol. 1. Ed. Leontovich,
M.A. (Consultants Bureau, 1965).

Spitzer, L., ™Physics of Fully lonized Gases'", 1st Ed. 1956, 2nd Ed.
1962; Interscience, New York.



38,

39.

40.

41.

117.

Stevenson, T.E., and Comstock, C. '"Particles Incident on Magnetic
Field Gradients', J. Geophys. Res. Vol. 73, No. 1,ppl75-184 (1968).

Stormer, Carl, "The Polar Aurora', Oxford - at the Clarenden Press
(1955).

Yilmaz, H., "Introduction to the Theory of Relativity and the
Principles of Modern Physics'', Blaisdell Publishing Company (1965).

‘Whittaker, E.T., "Treatise on the Analytical Dynamics of Particles

and Rigid Bodies", Dover (1944)





