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Abstract 

In oil or gas production wells, water can become trapped by capillary forces in 

the reservoir rock near to the wellbore or hydraulic fracture face. The trapped water 

dramatically reduces the production rate of oil or gas. The general term for wells 

suffering from productivity loss due to capillary trapped water is “water block”. The 

severity of the water block is the result of the combined effects of wettability, capillary 

forces, viscous forces, fluid compressibility, hydraulic fracture length and various 

other reservoir and well properties. A numerical model can be used to evaluate all the 

effects for particular scenarios. However, for most oil or gas reservoirs, there is great 

uncertainty in many of the reservoir parameters. Evaluating enough scenarios 

numerically to account for all the uncertainty can be extremely time-consuming. 

Analysing the sensitivity to uncertain parameters is substantially faster and better 

served by analytical models. Historically, the impact of the end effects in production 

wells have been neglected in analytical models as the target reservoirs have generally 

had high permeability. Now, the development of petroleum fields involves targeting 

much lower permeability reservoirs. These reservoirs can exhibit high capillary 

pressures. Despite the significant capillary pressure effects, analytical models have yet 

to be developed for gas or oil well performance accounting for capillary end effects. 

The goal of this thesis is to develop analytical models to include the effects of 

capillary forces near to the wellbore or the hydraulic fracture and to analyse the impact 

of fluid compressibility, wettability, capillary forces, viscous forces, porous media 

network characteristics and hydraulic fracture half-length. This thesis includes five 

journal papers, four of which have been published; the last one finished with intention 

to submit later this year. The thesis develops new analytical models to calculate the 

productivity index of gas wells. The new models account for viscous forces, capillary 

forces, inertial forces, wettability, compressibility, non-uniform flow into hydraulic 

fractures and capillary end effects near to the wellbore or hydraulic fracture. The 

analytical models are validated through matching with experimental data or 

numerical simulators. The forms of the capillary pressure and relative permeability 

curves are extremely important properties of the reservoir which impact the magnitude 

of the capillary end effect. The shape of the curves is significantly impacted by the 

characteristics of the pore network. A sophisticated mixed percolation model coupled 
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with effective medium theory is developed in the thesis. The novelty of the new 

percolation model is that it applies mixed bond-site percolation for the first time to the 

water-hydrocarbon drainage problem, while only bond or site percolation was applied 

in previous models. This thesis integrates the complex interaction between the viscous, 

capillary and inertial forces, water cut, hydraulic fracture length and the topology of 

the pore network. The study quantifies the impact of each of the aforementioned 

characteristics of two phase flow on the productivity of gas wells. The results of this 

thesis are critical in screening for economic well candidates for intervention. 
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1. Contextual statement 

1.1. Research background and rationale 

The operation of drilling into a new formation, completing the wellbore and 

hydraulic fracturing can introduce non-native water into the reservoir. Generally, 

there is an attempt to produce back this introduced water. However, not all the water 

can be recovered. Simulation modelling results by Bahrami et al. (2012) and Li et al. 

(2014) and laboratory studies by Bazin et al. (2010), Kamath and Laroche (2003) and  

Mahadevan et al. (2009) show that the unrecovered water is trapped by capillary forces 

and that the trapped water impedes gas flow. 

The behaviour of capillary trapped water has been replicated numerous times 

in the laboratory during two phase core flooding (Huang and Honarpour, 1998; Kyte 

and Rapoport, 1958; Pini and Benson, 2013; Richardson et al., 1952; Virnovsky et al., 

1995), particularly when the core samples have low permeability. The build-up of 

water is caused by the capillary pressure difference between the core pore network and 

the core outlet. It is referred to as the capillary end effect. The capillary trapped water 

forms films over the pore throats and consequently impedes flow to the gas or oil 

phase. 

Capillary end effects can occur in production wells as the capillary pressures 

are significantly lower in the wellbore than that in the reservoir. For reservoirs with 

low permeability and high capillary forces, flow impedance can become significant 

and the well can become “water blocked”. Remediation may be required. A common 

technique for remediation is the application of some chemical for wettability alteration 

near to the wellbore.  

There are numerous publications on the laboratory application of nano-fluids 

or surfactants and the impact they have on parameters such as interfacial tension or 

contact angle (Adibhatla et al., 2006; Al-Anazi et al. 2007; Alvarez et al, 2014; Bang 

et al., 2009; Bryant et al., 2006; Esmaeilzadeh et al., 2015; Giraldo et al., 2013; Karimi 

et al., 2012; Kathel and Mohanty, 2013; Li and Firoozabadi, 2000; Li and Torsaeter, 

2015; Roustaei et al., 2012; Wu and Firoozabadi, 2010; Xie et al., 2009). 

However, there is poor translation of this information to the final impact on 

the performance of the well. The laboratory studies all show some improvement in 
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gas flow performance for the conditions of the lab test. There is no proper model to 

apply the result of the laboratory test to calculate well productivity under reservoir 

conditions. 

Xie et al. (2009) perform laboratory tests to quantify permeability increase as 

a result of surfactant application in core floods. Their results indicate that there could 

be 56% increase in gas deliverability through application of some surfactant. However 

their field trials on three gas storage wells, as published in Weiss and Xie (2009), failed 

to replicate the result. Two of these three wells produced around 33% increase in rate 

and one failed to show any improvement. Their method of calculating increase gas 

production rate in the well was multiplying the well rate by the ratio of permeability 

increase measured in the laboratory. 

The magnitude of water block before and after chemical treatment will depend 

on various properties of the reservoir, the reservoir fluid, the well, the hydraulic 

fracture and the chemical treatment. Paterniti (2009) did a field trial of a micro 

emulsion (ME) additive surfactant on 34 wells and non-emulsifier (NE) surfactant on 

32 wells. They split results in 3 groups: low Gas oil ratio (GOR), medium GOR and 

high GOR. They observed that the ME surfactant caused 38% more gas rate for the 

low GOR group, 11% less gas in the medium GOR group and 1% less gas in the high 

GOR group. 

None of the few published case studies report how to calculate the expected 

incremental rate incorporating reservoir conditions. The variability in reservoir 

conditions and lack of available models can cause a wide range of unexpected results 

in field trials. Eakin et al. (1965) performed field tests of alcohol-surfactant treatments 

on 20 gas producing and storage wells. The highest improvement observed was 6.1 

times increase in gas flow rate, and the worst cases reduced gas production rate by 

50%.  

Some of the most important properties of the reservoir are the forms of the 

relative permeability and capillary pressure curves. The curves are linked, and 

simultaneously affected by changes in pore scale wettability.  There are no studies 

presented in the literature that take into account of this link when studying capillary 

end effects and water block. 

Numerical models can be applied to account for all the combined effects at 

play, however they are computationally intensive and time consuming. On top of this 
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there is wide uncertainty in many of the reservoir characteristics. Time limitation can 

restrict the number of scenarios and sensitivities that can be analysed. 

Due to these limitations, analytical models are preferred. Analytical models 

are faster, and the analysis is free from numerical errors. At the commencement of this 

research project, there were no analytical models that took into account of the effects 

of wettability, capillary forces, viscous forces, inertial forces, water cut and flow 

convergence around hydraulic fractures on the capillary end effect. 

This research project aims to fulfil this research gap, by providing analytical 

models for the water block phenomenon. These models can be used for evaluating 

performance loss due to water-block and analyse the sensitivity of formation damage 

to the properties of the reservoir, the reservoir fluid, the well, the hydraulic fracture 

and the chemical treatment. 
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1.2. Research objectives 

The main objective of this research is a systematic study of the effect of 

wettability, piecewise wettability alteration, water cut, capillary forces, viscous forces, 

inertial forces, compressibility and fracture half-length on the hydraulic resistance to 

hydrocarbon flow during the production of water and oil or water and gas. This is 

achieved by: 

1. Deriving explicit formulae for two phase incompressible flow 

accounting for capillary end effects, water cut, capillary forces, viscous 

forces and piecewise wettability alteration. 

2. Deriving explicit formulae for two phase compressible flow 

accounting for capillary end effects, water cut, capillary forces, viscous 

forces and piecewise wettability alteration. 

3. Calculating the sensitivity of the productivity of a well to wettability, 

piecewise wettability alteration, compressibility, water cut, capillary 

forces and viscous forces. 

4. Deriving explicit formulae for two phase compressible Darcy flow 

accounting for non-uniform flow convergence around a hydraulic 

fracture and capillary end effects. 

5. Deriving formulae for two phase compressible non-Darcy flow 

accounting for non-uniform flow convergence around a hydraulic 

fracture and capillary end effects. 

6. Calculating the sensitivity of the model for hydraulic fractures to 

capillary, viscous and inertial forces. 

7. Developing a percolation model for the calculation of relative 

permeability and capillary pressure curves which accounts for average 

pore-network coordination number. 

8. Practical application of the models derived for evaluation of water-

block in a hydraulically fractured production well. 
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1.3. Thesis structure 

This is a PhD thesis by publication. The thesis body is formed by seven 

chapters, four of which are made up of journal papers.  

Chapter one provides the structure of the thesis and how each publication 

fulfils the objectives of the thesis.  

Chapter two reviews the literature on the water block phenomenon, and the 

models developed so far for two phase flow in porous media and calculation of relative 

permeability and capillary pressure. 

The third to sixth chapters are the novel parts of the thesis and are made up of 

five journal papers and two conference papers. Four papers have been published in 

peer reviewed journals. The final paper has been finished with the intention to submit 

to a journal at a later date. The PhD candidate is the first author in all abovementioned 

papers. The title of each paper, its corresponding chapter and its status is given in the 

following table:  

Chapter Title of paper Status 

3 

Rate enhancement in unconventional gas reservoirs by 
wettability alteration 

Published 

Effect of Wettability Alteration on Productivity 
Enhancement in Unconventional Gas Reservoirs: 

Application of Nanotechnology. 

Published 

4 

Productivity index enhancement by wettability alteration 
in two-phase compressible flows 

Published 

Well productivity enhancement by applying nanofluids 
for wettability alteration 

Published 

Prevention of water-blocking formation damage in gas 
reservoirs wettability alteration, analytical modelling. 

Published 

5 
Analytical modelling of the water block phenomenon in 

hydraulically fractured wells 
Published 

6 

Application of Percolation theory, Critical Path Theory and 

Effective Medium Theory for calculation of two phase 

relative permeability 

To be 
submitted 

 

Chapter three includes the derivation, validation, and applications of the first 

analytical model. The first analytical model is for two-phase incompressible flow 

accounting for capillary end effects at the wellbore and core outlet. The model is 
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applied to calculate the sensitivity of well productivity index to the capillary-viscous 

ratio, macroscopic contact angle and for the proportion of piecewise altered 

wettability. 

Chapter four includes the derivation, validation, and applications of the 

second analytical model. The second model is for two-phase compressible flow 

accounting for capillary end effects at the wellbore and core outlet. The model is 

applied for a comparison against the results of the first model, for calculation of 

sensitivity to water cut, for calculation of the impact of initial reservoir wettability on 

the impact of piecewise wettability alteration and for tuning of production data from 

two gas storage wells. 

Chapter five includes the derivation, validation, and applications of the third 

and fourth analytical model. The third analytical model is for two-phase compressible 

Darcy flow accounting for capillary end effects and convergence of flow towards a 

hydraulic fracture face. The fourth analytical model includes non-Darcy flow effects. 

The sensitivity of the water block skin to parameters of the leveret J function and the 

capillary, viscous and inertial forces is investigated. The analytical model is applied 

for evaluation of water-block skin in a hydraulically fractured production well. 

 Chapter six includes the derivation, validation, and applications of the 

percolation model.  The model is for two phase immiscible primary drainage. The 

pore network is modelled as a 3-D site-bond network. It is applied to calculate the 

capillary pressure curves during primary drainage. Effective medium theory and 

critical path theory are applied for calculation of the relative permeability curves, and 

their validity is tested via comparison against a numerical pore network simulator.  

Chapter seven provides the summary of the results, the limitations of the thesis 

and the future outlook of research in this area. 

Chapter eight provides the overall significance of the project, the novel 

contributions to the literature and conclusions of the thesis. 

1.4. How the publications fulfil the aims of the thesis 

The first paper, titled “Rate enhancement in unconventional gas reservoirs by 

wettability alteration” derives an analytical model for steady-state two-phase 

incompressible flow into a vertical well or through a core. The model accounts for 

wettability via a macroscopic contact angle and water block by including capillary end 
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effects at the core outlet and wellbore. The model is validated by tuning to core 

flooding data. The second paper, titled “Effect of Wettability Alteration on 

Productivity Enhancement in Unconventional Gas Reservoirs: Application of 

Nanotechnology” presents application of the model derived in the first paper. The 

derived model is applied in the first and second paper to calculate the effect of 

wettability alteration on the water-block phenomenon during two phase immiscible 

flow, and the effect of piecewise alteration of wettability under various ratios of 

capillary to viscous forces in the first and second paper. The first and second paper 

fulfil aim 1 and partly fulfil aim 3. 

The third paper, titled “Productivity index enhancement by wettability 

alteration in two-phase compressible flows” derives a second analytical model which 

accounts for all the effects in the first model, but additionally accounts for 

compressibility. The model is validated by tuning to core flood data. The paper studies 

how gas compressibility affects the water block phenomenon, and is applied to tune 

production data from two gas storage wells. The third paper fulfils aim 2 and partly 

fulfils aim 3. 

The fourth paper, titled “Well productivity enhancement by applying nano-

fluids for wettability alteration” applies the model developed in the second paper to 

investigate the impact of water cut and initial wettability of the porous media.  

The fifth paper, titled “Prevention of water-blocking formation damage in gas 

reservoirs wettability alteration” applies the model derived in the third paper for 

calculation of sensitivity of well productivity index to capillary viscous ratio and 

piecewise contact angle alteration. The first, second, third, fourth and fifth papers fulfil 

aim 3. 

The sixth paper, titled “Analytical modelling of the water block phenomenon 

in hydraulically fractured wells” develops a model for Darcy and a model for non-

Darcy flow, both accounting for capillary end effects and convergence of flow lines 

around a hydraulic fracture. Both models are validated by comparison to a numerical 

simulator. The paper provides a combined study of the inertial, capillary and viscous 

forces and determines the most important characteristics of the reservoir which impact 

water block. The non-Darcy model is applied for evaluation of water block in a 

hydraulically fractured well. The sixth paper fulfils aims 4 to 6 and 8. 
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The seventh paper, titled “Application of Percolation theory, Critical Path 

Theory and Effective Medium Theory for calculation of two phase relative 

permeability” develops a percolation model for calculation of capillary pressure and 

relative permeability curves, which are integral inputs for the models developed in the 

previous papers. The model is validated via comparison to a pore network simulator. 

The validity of effective medium and critical path theory in calculation of relative 

permeability are discussed. The seventh paper fulfils aim 7. 

1.5. Scientific novelty 

Four new analytical models have been developed. The first model is for two-

phase incompressible immiscible flow and the second model is for two-phase 

immiscible flow, where one phase is compressible. The first and second models 

combine the effect of wettability alteration on relative permeability and capillary 

pressure and for the first time show the existence of an optimal contact angle for well 

productivity during two phase flow. The impacts of capillary forces, viscous forces, 

compressibility, water-cut and depth of wettability alteration on the optimal contact 

angle are presented in the first three papers. 

 The third and fourth models are the first analytical solutions for calculation 

of skin as a result of water block for hydraulically fractured gas and oil wells. The third 

model is for Darcy flow into a hydraulic fracture and the fourth is for non-Darcy flow. 

The solution for skin allows for screening of well candidates for chemical treatment 

opportunities. 

The thesis also presents for the first time the method of applying mixed site-

bond percolation coupled with effective medium theory for the calculation of capillary 

pressure and relative permeability during drainage. There have been a few 

publications on the application of effective medium theory for calculation of relative 

permeability with varying degrees of success. The comparison against the pore 

network simulator allows for a direct validation of the utility of effective medium 

theory and of critical path theory. 
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2. Literature review 

This thesis mainly focuses on the forces at play during flow from the reservoir 

into the wellbore. In particular it investigates how the flow rate is impacted by the 

presence of water which is trapped by capillary forces near to the wellbore. When this 

capillary-trapped water greatly reduces gas rate, it is referred to as “water-block”. 

This literature review will start with a review of the studies which cover the 

physical forces at play that cause the formation of water block and the remediation 

strategies published so far. Based on this we investigate the models which have been 

applied so far to take into account of water-block and their limitations. The literature 

review will then overview possible strategies published so far which can be applied to 

overcome these weaknesses. 

What is discovered is that forms of the relative permeability and capillary 

pressure curves are of pivotal importance. Models used to calculate these curves in the 

literature, are also investigated. The drawbacks of the models and methods for 

improvement are discussed. 

2.1. Formation of water block 

This section covers the laboratory and numerical studies which show the 

formation of water block. This section also covers the explanation of the physical 

aspects which cause water block to occur. 

2.1.1. Capillary end effects 

During steady flow from the reservoir into the wellbore, there will be 

continuity in the pressure of the fluid between the reservoir and the wellbore. If there 

is steady flow of two phases, both phases will have pressure continuity. Therefore, 

capillary pressure will also have continuity between the reservoir and the wellbore. As 

the wellbore pipe has substantially higher diameter than the pore space of the 

reservoir, the capillary pressure in the wellbore is comparatively negligible. The 

continuity of capillary pressure causes the capillary pressure inside the reservoir pore 

space to be negligible at the location where the reservoir rock meets the wellbore. Far 

from the wellbore, the capillary pressure can be substantially higher. For this reason, 

there can be a decrease in capillary pressure in the reservoir pore space, as we approach 

the wellbore. This in turn will influence the water saturation. 
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This effect has been documented several times in laboratory core floods after 

steady state is reached. Richardson et al. (1952) determined the saturation profiles by 

weighing different segments of a core after steady state was reached. Graue (1994) 

applied nuclear imaging techniques to measure in situ-saturation profiles. Both 

authors observed increases in water saturation at the core outlet. The theoretical 

explanation given by Kyte and Rapoport, (1958) is as follows: During water-oil or 

water-gas core flooding of water wet porous media, the capillary pressure at the outlet 

is negligible. Water will build up at the core outlet until the water pressure is equal to 

the other phase pressure. When this occurs, water can flow through the outlet. This 

increase in water saturation at the outlet as a result of capillary pressure reduction is 

commonly called the “capillary end effect”. 

This effect can cause errors in core flood evaluation of relative permeability– 

saturation relationships if not accounted for. The increase in water saturation impedes 

gas flow and causes an increase in the pressure drop. Gupta and Maloney (2015) 

observed the extra pressure drop in laboratory corefloods and provide the 

mathematical technique to calculate relative permeability accounting for the extra 

pressure drop due to capillary end effects at low flow rates. 

The water saturation at the outlet of a core is determined from the capillary 

forces. However, the saturation determined by viscous forces can be different from the 

outlet saturation. The competition between viscous and capillary forces determines 

the size of the capillary end effect. At high rates, when the viscous forces are 

significant, the capillary end effect can be negligible. Osoba et al. (1951) performed 

laboratory tests which showed that relative permeability curve measurements had 

errors caused by end-effects at low rates, but they are negligible at high rates.  Rapoport 

and Leas (1953) showed in various laboratory tests that the remaining saturation in 

the core tended to a constant at high rates.  

Holditch (1979) used a numerical simulator to show that if the pressure drop 

between the reservoir and the wellbore was not high enough to overcome the capillary 

end effect, the complete water block can occur. For this reason, depleted reservoirs are 

more susceptible to water block. 

In porous media with low permeability, the difference in capillary pressure 

inside the porous media and at the outlet or wellbore can be substantial. Therefore, 
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low permeability gas reservoirs are more likely to be water blocked than high 

permeability reservoirs. 

2.1.2. Drilling, completion and fracturing fluid loss 

There are numerous sources for the water which makes up the capillary end 

effect or water block. On top of any water already present in the reservoir there can be 

fluid loss from the drilling, fracturing or completion operations. Bahrami et al. (2012) 

conduct a numerical simulation study that shows significant permeability can be lost 

due to leak-off water becoming trapped. They also conclude that even during gas 

production water can seep from the wellbore into the reservoir. During shut in, water 

produced from other formations can imbibe from the wellbore into the reservoir. Al-

Anazi et al. (2005) measured the permeability reduction in cores before and after the 

injection of completion fluids. They observed that productivity of the core can reduce 

by more than 50% unless some chemical treatment is applied. For this reason control 

of any leak-off fluid is essential.  

Yang et al. (2016) conducted a systematic experimental study on imbibition 

rates on sandstone, volcanic and shale cores. They observed that clay content in 

unconventional rocks also played an important role in the water imbibition process. 

The imbibition of water into these rocks will increase with the concentration of 

smectite/illite or smectite clays. 

Of the water sources, hydraulic fracturing is a key concern. Particularly, 

because low permeability reservoirs are commonly hydraulically fractured. The 

typical hydraulic fracturing operation involves pumping fracturing fluid (primarily 

water) into the reservoir at a high enough pressure to fracture the rock. This high 

pressure combined with the capillary suction of the reservoir can cause substantial 

fracturing fluid to seep into the reservoir.  

Li et al. (2014) used a numerical model to show that the invasion of fluid into 

the reservoir was greatly affected by the wettability. Control over wettability will not 

only benefit long term steady state production, but can also ensure prevention of the 

water block in the early stage. 

  



15 
 

2.2. Water block remediation 

This section covers the strategies published in literature for the remediation of 

water block. It covers the techniques and technologies already applied in industry as 

well as technologies which are in development for future application. 

It is undesirable for the introduced fluid to remain near the wellbore or fracture 

face, as it will cause water block. After the fracture operation is complete, there are 

two operations that can be done to aid in removal of the water from the near fracture 

face region. The operations are to flow the fracturing fluid back or to shut the well in. 

During the shut-in period the fracturing fluid can imbibe into the reservoir and spread 

away from the fracture.  

Odumabo and Karpyn (2014) performed experimental tests to determine the 

impacts of extended shut-in time. They measured saturation distributions using X-ray 

CT imaging and permeability over a period of 48 hours after a pulse of water was 

injected into a core. They concluded that the benefit of extended shut-in periods were 

determined by formation properties such as the relative permeability curve. However, 

there may be some drawbacks to extended shut-in times. Ghanbari and Dehghanpour 

(2016) analysed field data for an 18 well pad and performed a simulation study. They 

reported that extending shut-in time before flow back increased early gas production, 

but significantly reduced fracturing fluid recovery. Sharma and Agrawal (2013) 

performed numerical simulations to show that the productivity recovery time 

increased with depth of fracturing fluid leak-off, and the peak productivity can be 

harmed by waiting too long for flow back and increasing fluid leak-off. Parekh and 

Sharma (2004) showed in their numerical simulations that shorter shut-in time can 

increase late time production, yield higher fracturing fluid and total gas recovery. 

If the fracturing fluid is produced back, there will be two mechanisms at work 

which remove the water. Bazin et al. (2010) measured water saturation using X-ray 

scanning in cores during two phase flow. They observed that the first mechanism is 

viscous displacement and the second mechanism is evaporation. Kamath and Laroche 

(2003) came to the same conclusion by measuring liquid expelled, gas flow rate and 

change of weight in cores during two-phase core flooding. They observed that the 

displacement period can last a couple of weeks while the evaporation phase lasted for 
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several months. Bazin et al. (2010) showed in laboratory results that alcohol can 

enhance the evaporative effect.  

The chemical remediation strategies for minimising water block can involve a 

combination of interfacial tension reduction, wettability alteration and application of 

alcohols, as shown in field case trials by Weiss and Xie (2009) and Penny et al. (1983). 

For the case where the reservoir is not dry or there is water seeping from the wellbore 

into the reservoir, wettability alteration can be the permanent solution. Anderson 

(1987a) performed a literature review on the impact of wettability on capillary pressure 

curves. His investigation into numerous laboratory measured capillary pressure curves 

showed that for intermediate wettability, the capillary pressure curve was closer to 

zero. This indicates there is potential that if the porous media is altered towards an 

intermediate wettability, the deviation in capillary pressure between the porous media 

and the wellbore is smaller, which will cause a smaller saturation deviation at the 

wellbore. 

Altering wettability to more gas-wet will reduce the water block effect. 

However, there is a drawback. Anderson (1987b) performed a literature review on the 

impact of wettability on relative permeability. Over multiple laboratory cases they 

observed that altering wettability to the hydrocarbon phase reduced the relative 

permeability to the hydrocarbon phase. The two competitive effects imply that there 

may exist some optimal contact angle. 

There are multiple ways to alter wettability, but the most commonly used is 

surfactants. The primary function of a surfactant is to reduce interfacial tension and/or 

alter wettability. Numerous types of surfactants have been tested for wettability 

alteration in the laboratory setting. Some includes fluoro-surfactants (Bang et al., 

2009; Torres et al., 2010; Al-Anazi et al. 2007), fluorinated polymers (Wu and 

Firoozabadi, 2010), amine surfactants (Bryant et al., 2006), cationic surfactants (Li 

and Firoozabadi, 2000) and anionic surfactants (Kathel and Mohanty, 2013; Alvarez 

et al, 2014). 

Nanoparticles ranging from Al2O3 (Giraldo et al., 2013), SiO2 (Al-Anssari et 

al., 2016; Ju and Fan, 2009, 2013; Roustaei et al., 2012; Li and Torsaeter, 2015), TiO2 

(Esmaeilzadeh et al., 2015) and ZrO2 (Karimi et al., 2012) have also been applied for 

wettability alteration in the laboratory setting. Many experimental studies have been 
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conducted to investigate the effectiveness of nanoparticles, but, to the best of our 

knowledge, field applications of nanoparticles have yet to be published. 

Wettability alteration has been studied quite thoroughly in sandstone and 

carbonate reservoirs. There are a few laboratory studies on wettability alteration in 

unconventional reservoirs, such as shale (Morsy et al., 2014) and tight sandstone oil 

reservoirs (Kathel and Mohanty, 2013). However, it is not comprehensive and 

research on wettability alteration in unconventional rocks such as coals and shales is 

still very limited. 

The chemical treatment can be designed for particular contact angles. 

Adibhatla et al. (2006) conducted experimental studies on the effectiveness of various 

types of amines, fluorinated surfactants, fluorosilanes, and fluorinated polymers in the 

alteration of the wettability of sandstone and carbonate rocks. Among the 

fluorosilanes, they observed that increasing number of fluoro groups reduces 

hydrophilicity. 

Given the wide variety of options of chemicals and nanoparticles available for 

application of wettability alteration, there is capability for engineers in future to specify 

the contact-angle with which to alter the reservoir pore surface to. The optimization 

of contact-angle to maximize gas productivity has yet to be investigated or published 

in the literature. 

2.3. Models for two phase flow in porous media 

This section covers the models which have been developed and applied in the 

literature which are related to water-gas production in vertical and hydraulically 

fractured wells. It covers the models which have been applied for correcting core flood 

data for capillary end effects, models which can account for piecewise capillary 

pressure curves and models which account for flow convergence around hydraulic 

fractures. 

2.3.1. Models accounting for capillary end effects in core floods 

There are numerous analytical models for the capillary end effect for the 

correction of core flood calculations (Huang and Honarpour, 1998; Ramakrishnan 

and Cappiello, 1991; Virnovsky et al., 1995). In these cases capillary pressure either 

needs to be measured separately (Virnovsky et al., 1995) or in-situ saturation 
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measurements need to be made (Huang and Honarpour, 1998; Pini and Benson, 

2013). 

One of the earliest papers to introduce mathematical models for the capillary 

end effects was by Hadley and Handy (1956). They modelled one-dimensional Darcy 

flow of two immiscible incompressible fluids accounting for capillary pressure. They 

presented the calculation results for oil-wet systems. They concluded the impact of the 

ratio of capillary to viscous forces, the viscosity ratio of the two fluids and fractional 

flow curves.  

Ramakrishnan and Cappiello, (1991) presented the technique of calculating 

the drainage capillary pressure curve and relative permeability for oil. The immobile 

water phase allows for the calculation of relative permeability and capillary pressure 

without requiring the additional measurement of capillary pressure or in-situ water 

saturation. 

Virnovsky et al. (1995) presented the application of the model developed by 

Hadley and Handy (1956). The novelty in their publication is the application of the 

model to correct calculations of experimentally determined relative permeability, 

when both phases are flowing. In their method the capillary pressure curve has to be 

measured separately. 

Huang and Hornapour (1998) presented another application of the same 

model as presented by Virnovsky et al. (1995). They acknowledged that in order to 

correct core flood results for capillary end effects, either the relationship between 

capillary pressure and relative permeability needs to be known or some additional 

measurement of either capillary pressure or in-situ saturation is required. They 

presented the method of determining capillary pressure and relative permeability 

simultaneously if in-situ saturation measurements were made. Pini and Benson (2013) 

revisited the same problem as Huang and Hornapour (1998). They provided better 

validation of the technique of using in-situ saturation by using three different fluid 

pairs and determined the same leveret-J function and relative permeability curves. 

In principle, the idea is the same in both Huang and Hornapour (1998) and 

Virnovsky et al. (1995). They both showed that there was no method of determining 

the correct relative permeability curve without some additional measurement of either 
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in-situ saturation or capillary pressure. By extension, if we intend to predict additional 

pressure drop due to capillary end effects in gas wells, we need both the relative 

permeability curves and capillary pressure curves. 

2.3.2. Models for porous media with piecewise capillary pressure curves 

Capillary pressure curves are proportional to the root of permeability over 

porosity (Leverett, 1941). In heterogeneous formations when the permeability 

increases, the capillary pressure will decrease. Investigation into the effect that 

permeability and porosity heterogeneity has on two phase flow can give insight into 

what can happen after wettability alteration, as it incorporates the changes in capillary 

pressure curves. 

Yortsos and Chang (1990) developed an analytical model for steady state two-

phase incompressible immiscible flow in porous media with heterogeneity in 

permeability. They investigated porous media with a linear transition between two 

permeability values and various porous media with periodic oscillations in 

permeability. They observed when permeability increases linearly from low 

permeability to high permeability that the wetting fluid built up in the low permeability 

region. The degree to which the saturation increases depends on the slope of the linear 

transition. The saturation shock increases with slope, and reaches the maximum when 

the permeability follows a piecewise constant profile. From their conclusions we can 

gather that the piecewise reduction in capillary pressure curves that occurs at a core 

outlet, at a wellbore, at a fracture face, and even at the boundary of a wettability 

alteration treatment can cause a sharp increase in water saturation for water-wet 

media. 

Chaouche et al. (1993) compared numerical simulation of two phase steady 

state flow to laboratory results. They modelled steady state flows with piecewise 

permeability. They observed that higher flow rate reduce the saturation deviation at 

the permeability heterogeneity. The also conclude that saturation variation can be 

used to map permeability profiles. 

Van Duijn et al. (1995) developed a numerical model to study transient two-

phase flows of incompressible liquids in porous media with discontinuous 

permeability or porosity. They derived two conditions at the interface of the 
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discontinuity, one of flux continuity and one of wetting phase pressure continuity. The 

pressure continuity condition can lead to discontinuous capillary pressure which 

results in the trapping of the non-wetting phase. In this instance the non-wetting phase 

is oil, and the amount which is trapped is dependent on water flow rate, interfacial 

tension and viscosity. The authors recommended interfacial reduction due to 

surfactant, water viscosity reduction through polymer or increase in flow rate in order 

to reduce the amount of trapped oil in high permeability regions. 

Van Lingen et al. (1996) developed an analytical model to calculate oil trapped 

due to capillary forces in laminated cross bed sets, where permeability or wettability 

alternated between two sets of laminae. Using the simple analytical model, they study 

the impact of various parameters such as permeability, dimension of sets and flow 

velocity on residual oil saturation. However, they did not take into account the 

influence wettability alteration has on the relative permeability curves. 

The modelling studies (Yortsos and Chang, 1990; Chaouche et al., 1993; Van 

Duijn et al., 1995, Van Lingen et al., 1996) all showed agreement with experiments 

made in lab with composite cores (Hinkley and Davis, 1986). In all studies the 

capillary number is seen to have important influence on the saturation profile. 

2.3.3. Models for water-block in hydraulically fractured wells 

Holditch (1979) presented a numerical study of the water block impact on 

hydraulically fractured wells. The used a finite-difference reservoir simulator to 

simulate the flow of water and gas into a fracture. The model for water block is a 

stepwise reduction in permeability for 1 and 5 inches next to the fracture face.  While 

his extensive 2-year study provides conclusions on the importance of high drawdown 

and correct evaluation of the Leverett J function, it does not provide a simple method 

for reservoir engineers to evaluate water block across a variety of reservoir types. 

Furthermore, the model of stepwise decrease in permeability is not representative of 

the water block which is formed by the result of capillary forces. 

Parekh and Sharma (2004) presented a numerical study of the water block 

clean up. They investigated the displacement of the fracture leak off water using the 

University of Texas Chemical Flooding Simulator. Their study was on the transient 

phase of the water block and how it was affected by viscous forces. Unlike in Holditch 
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(1979), they did not assume any permeability profile. The saturation profile was 

determined from combining effects of viscous forces, capillary forces, and relative 

permeability. They concluded that drawdown must be at least three times larger than 

the capillary pressure in order to overcome the water block effect. They also observed 

that altering wettability from strongly water-wet to intermediate-wet improved 

invaded water recovery, but hampered oil rate during flow back, suggesting that some 

optimization may be required. 

Mahadevan et al. (2007) developed a numerical model for calculation of water 

block clean up. They were primarily interested in modelling the evaporative regime 

after a steady state profile is established. The inclusion of evaporation in their model 

is what differentiates their model from the works of Parekh and Sharma (2004). They 

concluded that evaporative clean-up is faster when the fluids are more volatile, the 

reservoir is hotter, the permeability is higher, and the drawdown is larger. While their 

conclusions are relevant, their model does not incorporate the impact of slip effects or 

wettability, and wettability alteration was not a part of their study. They also assumed 

a dry reservoir with no water cut. When there is some non-zero water cut, relying 

entirely on evaporation may not remove the water blocking effect. 

Bahrami et al. (2012) investigated water block in a well producing from a tight 

gas sandstone using the CMG-IMEX black oil simulator. They primarily studied the 

impact of initial reservoir saturation in a sub-irreducible state, which was not 

considered in previous models. They showed that sub-irreducible water saturation 

made tight sandstones very sensitive to introduced water. 

2.4. Limitations of the models in literature 

This section covers the limitations of the models presented in the previous 

section, and how they do not fulfil the aims of the thesis. What was not considered in 

any of the analytical models (Virnovsky et al., 1995; Huang and Honarpour, 1998; 

Pini and Benson, 2013; Yortsos and Chang, 1990; Van Duijn et al., 1995; Van Lingen 

et al., 1996) was gas compressibility. While laboratory experiments can be engineered 

to minimize the effect of compressibility, production from gas fields cannot. 

Analytical models for gas production will need to account for compressibility, 

particularly when there are high pressure gradients. The thesis includes 

compressibility in 3 of the 4 analytical models.  
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The aforementioned analytical models also did not take into account of the 

impact of small pore throats in unconventional reservoirs on gas permeability. 

Conventional sandstone reservoirs generally have pore body sizes greater than 20 μm, 

and pore-throat sizes greater than 2 μm (Nelson, 2009). Unconventional reservoirs can 

be much lower. Nelson (2009) measured tight sandstones to have pore throat sizes in 

the range of 2 μm to 0.03 μm and shales to reach 0.005 μm. He concluded that the 

smallest detectable pore throat sizes in shales can be roughly ten times the diameter of 

water or methane molecules, and are comparable to asphaltene molecules. At this size 

the assumption of Darcy flow can break down. 

 Miguel and Serrenho (2007) perform experimental measurements of 

permeability in sand and woven fabric to air and helium. They conclude at small flow 

rates the interaction between the gas molecules and the pore walls will become non-

negligible and will cause the relationship the pressure drawdown shares with flow 

rates to deviate from the Darcy model. 

As the pore sizes decrease, the quantity of interactions the gas particles have 

with each other decreases and the quantity of interactions the gas particles have with 

the pore wall increases. There is a point at which the pore will be small enough such 

that the gas particles move independently from each other. This phenomenon is called 

Knudsen’s diffusion. 

The dimensionless number used for calculating when this diffusive flow occurs 

is called the Knudsen number. It is defined as the ratio of the molecular mean free 

path to the pore throat size. At Knudsen numbers less than 0.01, viscous flow 

dominates. This flow regime is referred to as continuum flow. At Knudsen numbers 

greater than 10 continuum fluid flow equations fully break down, and the flow is in 

the free molecular flow regime. The flow regimes for Knudsen numbers between 0.01 

and 0.1 and 0.1 and 10 are referred to as slip flow and transition flow respectively. The 

Knudsen’s correction factor as given by Beskok and Karniadakis (1999) can be used 

for these flow regimes. 

 However, the Klinkenberg slip correction equation as given by Klinkenberg 

(1941) is a much easier relationship and is more commonly used. The effects of 

compressibility and Klinkenberg slip effect can easily be incorporated into analytical 

models by replacement of the potential term in Darcy’s law with a modified gas 
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pseudo pressure as shown in the review of gas well testing equations by Clarkson 

(2013). In the analytical models presented in the thesis this effect has been 

incorporated. 

Rocks with piecewise permeability can have saturation shocks on the 

boundary of the permeability change (Van Duijn et al., 1995; Chaouche et al., 1993). 

Similarly, piecewise wettability alteration may also lead to saturation shocks at the 

boundary between the altered and unaltered zones. However, analytical solutions for 

two-phase linear flows have only been presented for uniform rock wettability 

(Chaouche et al., 1993; Van Lingen et al., 1996; Huang and Honarpour, 1998). To 

account for wettability change, the additional effect of the change in relative 

permeability also needs to be considered, and it has yet to be included in any analytical 

model. 

There are models already available for calculation of relative permeability 

(Bradford et al., 1997) and capillary pressure (O'Carroll et al., 2005) accounting for 

macro-scale contact angle. Their application into analytical equations will allow for 

evaluation of the optimal contact angle, which was performed in this thesis. 

Many modern wells are hydraulically fractured. Accounting for flow 

convergence around hydraulic fractures is pivotal for applicability of analytical 

models. There is a linear and radial transient flow regime during the early period of a 

hydraulically fractured well. The numerical model developed by Mahadevan et al. 

(2007) considered flow into a fracture as linear, which may not be true if the damage 

zone is large enough. However both the linear flow close to the fracture and radial 

flow far from the fracture can be better captured with an elliptic flow model, as 

presented by Hale and Evers (1981). If the pressure drop across the fracture is 

negligible compared to the pressure drop from the reservoir to the wellbore, the set of 

equations can be reduced down to one dimensional flow equations, as shown in Hale 

and Evers (1981) and Prats (1961). For this case, the assumption commonly used of 

linear flow close to the hydraulic fracture is no longer required. Despite numerous one 

dimensional flow models accounting for capillary end effects existing, they have yet 

to be applied for the case of a hydraulically fractured well for calculation of well skin. 

The models for water block which do take into account of flow convergence around a 

hydraulic fracture (Holditch, 1979; Bahrami et al., 2012; Parekh and Sharma, 2004) 
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are numerical only, which limits their speed and applicability. This thesis develops the 

analytical models for skin due to water blocking accounting for elliptic flow around a 

hydraulic fracture.  

2.5. Relative permeability and capillary pressure models 

This section covers the models developed for the calculation of capillary 

pressure and relative permeability curves. It also covers the strengths and weaknesses 

of the models developed.  

The relative permeability and capillary pressure curves are one of the primary 

characteristics of the reservoir which determine the behaviour of fracturing fluid clean 

up. We have a good understanding of how these curves are affected qualitatively by 

wettability. The permeability to water will decrease and the permeability to oil will 

increase if the porous media becomes more water wet. 

There have been several approaches to modelling mixed wet and fractionally 

wet porous media and they will be discussed below. The relative permeability and 

capillary pressure curves determined can be used in analytical models for analysing 

the sensitivity of the water block to wettability type, contact angle, and pore network 

topology. 

2.5.1. Capillary bundle models 

The capillary bundle model is one of the simplest models available for 

simultaneous calculation of relative permeability and capillary pressure. Bradford et 

al. (1997) modelled the impact of fractional wettability on relative permeability curves 

using the capillary bundle model. They introduced an empirical weighting function, 

which is the fraction of capillaries in the bundle model, either oil wet or gas wet, based 

on macroscopic contact angle. The curve is fitted to laboratory data presented by 

McCaffery and Bennion (1974), but also can be determined from the equation for 

composite surfaces presented by Cassie (1944). 

O’Carroll et al. (2004) modelled capillary pressure-saturation relationships in 

fractionally wet systems, building on the equation for composite surfaces presented by 

Cassie (1944) and the capillary bundle model. In order to use their approach to model 

capillary pressure, a reference capillary pressure curve for a uniformly wet system with 

identical pore structure is required. 
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Zhou et al. (2014) used scanning electron microscope images of sandstones to 

construct cross sections for a capillary bundle model. This model was then used to 

simulate water flooding and calculate capillary pressure and relative permeability 

curves. 

However, capillary bundle model may not be sufficient for modelling of 

capillary pressure for these intermediate wettabilities (Anderson, 1987a). The model 

cannot capture how the pore network topology will affect the connectivity of the 

invading phase, and consequently the pore throat size used in the model may not be 

representative of reality. 

2.5.2. Percolation models 

Percolation theory allows for taking into account the average coordination 

number of the network. Many percolation properties will follow a power law near to 

the percolation threshold. The exponents only depend on the dimensionality of the 

system (Sahimi, 2011), and this gives the theory wide versatility. Other applications 

of percolation theory were to calculate critical porosity to form a continuous void 

space (Larson, Scriven and Davis, 1981) and the calculation of capillary pressure 

profiles (Larson and Morrow, 1981). 

There have been many publications applying this theory for the calculation of 

relative permeability and capillary pressure. The earliest applications of percolation 

theory for two phase flow in porous media were around the 1980s (Sahimi, 2011). 

Since it is contentious to claim which author came first, we will just take a look at 

some of the conclusions from papers published around this timeframe. 

Larson et al. (1977) investigated the residual saturation of oil using percolation 

cluster size in Bethe lattices. The mobility of oil blobs in a network will depend on the 

capillary number and on the size of the blob. The authors relate the mobility of oil 

clusters in the network to the cluster size and calculate residual oil as the sum of all 

smaller clusters when the percolation threshold is reached. They can then qualitatively 

investigate the effects of network topology and capillary number on residual oil. The 

residual oil calculated by the percolation model successfully predicted the 

experimentally measured values by Abrams (1975) and Lefebvre du Prey (1973). 

Larson, Davis and Scriven (1981) reviewed the application of Bethe lattice percolation 
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models to several experimental results. In particular, the Bethe lattice coordination 

number is tuned to fit laboratory data by Pickell et al. (1966) and Keelan and Pugh 

(1975). A close fit to the laboratory data is achieved. They observed as capillary 

number decreases, residual oil rises and approaches an upper limit. 

By assuming a simple bethe network, there can be simple analytical 

expressions for conductivity and ratio of bonds forming an infinitely connecting 

cluster. This allows for analytical expressions for relative permeability and capillary 

pressure, as shown in Heiba et al. (1983). However, a Bethe network may not be 

physically representative of a pore network in natural porous media.  

Heiba et al. (1992) calculated relative permeability and capillary pressure using 

bond percolation. This procedure consisted entirely of bond percolation with 

cylindrical tubes as the bonds. Conductivity through each tube is defined using 

Poisuelle’s law and conductivity through the media is defined using a modified 

effective medium approximation.  

One of the issues with bond percolation is that modelling the bonds as if they 

are capillary tubes is not representative of real porous media. The pore bodies hold 

more of the volume and control saturation values, while the pore throats are the 

bottlenecks for conductance. Both Heiba et al. (1992) and Heiba et al. (1983) needed 

to introduce some empirical parameter in order to correct for this. Heiba et al. (1992) 

were able to find good agreement between their percolation model and the 

experimentally measure relative permeability presented by Talash (1976) after tuning 

the empirical parameter and the coordination number. 

Bond correlated site percolation has been investigated by Diaz et al. (1987) for 

the calculation of capillary pressure. They had good agreement of the primary and 

secondary drainage capillary pressure curves modelled using percolation theory and 

the experimental results presented by Chatzis and Dullien (1977). They were less 

successful with imbibition and concluded that further research in this area was 

necessary.  

Simple equations for network conductance using percolation exponents are 

available if the bonds have constant conductance. For networks with disordered 



27 
 

conductance a more complicated method for calculation network conductance is 

required. 

2.5.3. Effective medium theory and critical path theory 

The conductivity of a network with disordered bond conductance can be 

calculated using the effective medium approximation. Kirkpatrick (1973) presented 

the numerical validation of the effective medium theory and showed that it accurately 

describes the conductivity of the bond percolation problem, except close to the 

percolation threshold. 

Levine and Cuthiell (1986) introduced calculating relative permeability using 

effective medium theory in a cubic lattice of cylindrical tubes. They concluded that 

close to threshold there is an inadequacy in effective medium theory in calculating 

relative permeability as it does not match the convex shape observed in experimental 

measure relative permeability curves. 

Ghanbarian et al. (2016) used effective medium theory to calculate relative 

permeability. However, close to the percolation threshold they used a power law 

function. After comparison to 21 laboratory samples there was indication for good 

treatment with 14 samples but poor estimation of 7 samples. The authors suggested 

that factors such as wettability, viscous and capillary forces, pore geometry, 

accessibility and connectivity which causes difficulty in prediction of relative 

permeability. 

Salimi et al. (2020) applied effective medium theory for the calculation of 

relative permeability during bond percolation. The novelty of their work is that they 

modelled bonds as if they were triangular capillaries. However, given the uncertainty 

in effective medium theory in predicting relative permeability, as shown by 

Ghanbarian et al. (2016), their technique need proper validation, which is not supplied 

in their work. 

Hunt (2001) suggested that critical path theory was a possible solution for 

calculation of conductivity in highly heterogeneous porous media. The theory 

involves applying two concepts to simplify down the network. The first is that the 

conductance for a set of conductors in parallel is closer to the largest conductor. The 

second is that the conductance for a set of conductors in series is closer to the smallest 
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conductor. The theory presented by Ambegaoker et al. (1971) involves splitting the 

network into two sets of conductors based on conductivity. The smallest set of 

conductors is reduced down to the smallest conductor in it, which is zero. The large 

set of conductors is reduced down to the smallest conductor in its set; the critical 

conductance. While Hunt (2001) suggests that critical path theory shows promise in 

applicability, they also do write there is still some improvements required. They write 

that the weakest point in critical path theory is the uncertainty in the length of 

separation of paths contributing to the conduction. 

2.5.4. Network simulation 

The saturation, conductivity and capillary entry pressure are heavily affected 

by the geometry and shape of the bonds. It has become more popular now to use 

triangular shaped bonds. This allows for accounting for wetting phase residing in the 

corners of the bond. Patzek and Silin (2001) calculated the conductivity in and give 

analytical expressions for conductivity. They demonstrate that shape factor leads to 

simple expressions for hydraulic conductance in single phase flow in triangular, 

rectangular and elliptic capillaries. 

Pore network simulators can account for non-uniform coordination number, 

correlations between pore body size, pore throat size and coordination number and 

on more realistic shapes for pore bodies and throats. Information on the 

microstructure of networks is generally determined from thin-section images of the 

porous media (Oren et al.,1997) or the pore throat sizes determined from mercury 

injection capillary pressure (MICP) tests (Valvatne and Blunt 2004). It can also be 

gathered from micro computerized tomography scanning (Dong and Blunt, 2009). 

After simplification of the pore topology or throat geometry, prediction of single phase 

or multiphase properties is possible via network simulation. 

Wettability will also affect the displacement shape into the bond. Dixit et al. 

(2000) have developed a network model to derive capillary pressure curves from non-

uniformly wetted systems. They observed in several different regimes the change in 

oil recovery has a dependency on the fraction of oil wet rocks and on the type of 

wettability. 
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Patzek (2000) developed a quasi-static pore network simulator of two-phase 

flow. The work has been validated by comparison to proprietary simulator of Statoil. 

It can predict primary secondary and higher order drainage and imbibition processes. 

The model takes into account of several filling types, such as piston like displacement, 

snap off and co-operative pore body filling. Valvatne and Blunt (2004) built on this 

work by including the effect of mixed wettability; where surface area of pore throats 

can have surface wettability partially altered. This changes the configuration of 

interfaces in the pore and consequently, the conductivity of both phases. They 

successfully predicted the flow properties of a sand pack and two reservoir sandstones. 

One of the downsides of using a pore network simulator is that the process is 

numerical. Given the universality of the percolation exponents, a percolation model 

for capillary pressure can be analytical. The method for calculation of conductivity 

can be faster based on the algorithm used. However, in order for a percolation model 

to be as successful at predicting capillary pressure or relative permeability, it will need 

to have to account for the additional effects already employed in pore network models, 

such as the impact of size variation between bonds and sites and irregular shaped pore 

throats. These effects are incorporated in the bond-site percolation model developed 

in this thesis. Effective medium theory and critical path theory are both applied for 

calculation of relative permeability. 

2.6. Conclusion of the literature review 

The literature presents many analytical models for the case of one-dimensional 

linear flow accounting for capillary end effects (Virnovsky et al., 1995; Huang and 

Honarpour, 1998; Pini and Benson, 2013; Yortsos and Chang, 1990; Chaouche et al., 

1993; Van Duijn et al., 1995; Van Lingen et al., 1996). The analytical models 

presented do not account for gas compressibility or slip effects which can be easily 

included by a change in the potential term in Darcy’s law (Clarkson, 2013). The 

simultaneous impact of wettability alteration on capillary pressure and relative 

permeability has not been implemented in any of the analytical models in the literature 

and has been done in this thesis. The impact wettability alteration has on relative 

permeability and water block suggests that an optimal wettability may exist for 

productivity, but it has not been presented in the literature. The thesis finally presents 

the optimal contact angle and how it is impacted by wettability, piecewise wettability 
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alteration, water cut, capillary forces, viscous forces, inertial forces and 

compressibility. 

There have been analytical models already published for elliptic flow into 

hydraulically fractured wells for incompressible (Prats, 1961) and compressible fluids 

(Hale and Evers, 1981). However, they are both for single phase flow only. All models 

presented in the literature for hydraulically fractured wells accounting for the water 

cut, hydraulic fracture length and the viscous, capillary and inertial forces are 

numerical. Given that analytical models for linear one-dimensional flow accounting 

for capillary end effects have been derived, there should exist a solution for elliptical 

flow accounting for capillary end effects. The analytical solution for elliptical flow 

accounting for capillary end effects is presented in this thesis. 

The forms of relative permeability and capillary pressure are some of the most 

important characteristics of the reservoir which determine the skin due to water block. 

Models developed for calculating the effect of wettability alteration can be 

oversimplified or computationally expensive. Percolation models so far have involved 

only bond percolation and require some empirical parameters to take into account the 

relationship between pore bodies and pore throats (Heiba et al., 1983; Heiba et al., 

1992). Effective medium theory has been applied with varying degrees of success 

(Ghanbarian et al., 2016). In this thesis a mixed bond-site percolation model coupled 

with effective medium theory and critical path theory is developed in order to take 

into account a more physically meaningful relationship between the pore throats and 

pore bodies as well as network coordination. 

The critical literature review allows concluding that despite the vast quantity 

of literature on two phase flow in porous media, the main goals of this thesis have not 

been achieved. The objectives 1 to 8 have not been met in any of the reviewed 

publications.  
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a b s t r a c t

In unconventional water-wet gas reservoirs with extremely low permeability, water blockage due to the
capillary end effect near the fracture face and in the wellbore vicinity is a severe obstacle to gas pro-
duction. Wettability alteration of rock surface is discussed as an effective way to reduce water blockage
and enhance gas production. It can also be applied to accelerating dewatering and preventing drilling
and fracturing fluid leak-off. The current paper develops analytical models for steady-state two-phase
linear and radial flows, accounting for the contact-angle-dependent capillary pressure and relative
permeability. The model has been validated by comparison with laboratory test. Applications of the
proposed model to porous media with constant and piecewise-constant contact angles are presented.
The modelling shows that the competition between the viscous and capillary effects on productivity
results in an optimal contact angle for the maximum well productivity indexes for water and gas. The
productivity index increases with the capillary-viscous ratio and the altered zone length.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Natural gas from the unconventional reservoirs is one of the key
energy resources that can meet the current world's energy and
environmental objectives (Economides andWood, 2009). However,
the unconventional reservoirs have extremely low well produc-
tivity. Therefore, hydraulic fracturing is commonly used to stimu-
late wells in coal seam, shale and tight gas reservoirs (Wang et al.,
2012). For reservoirs with very low permeability, fracturing and
drilling fluid leak-off along with capillary end effect leads to an
increase of water saturation in the near wellbore or fracture-wall
regions (Xie et al., 2009; Bahrami et al., 2011; Odumabo et al.,
2014). Fluid invasion into the reservoir is greatly affected by the
contact angle (Li et al., 2014).

The increased water saturation in the fracture or wellbore
neighbourhood throttles gas flow from reservoir to the well. This
water entrapment is referred to as water blockage. A few studies
have been conducted on water block clean-up (Mahadevan et al.,
2007, 2009) and the long-term effects on production (Bahrami
et al., 2011). One of the most effective methods to reduce water

retention is wettability alteration (Barenblatt et al., 1990). Wetta-
bility modification of rock surface towards less water-wet results in
decrease of capillary pressure and mitigation of the water-blockage
effect.

Altering wettability to more water-wet increases the relative
permeability for gas (Anderson, 1987), which is a positive factor for
gas production. However, it is accompanied by the increase of water
blocking effect which restricts gas flow from reservoir matrix to-
wards well or fractures (Xie et al., 2009). These two competitive
factors suggest the existence of the optimal contact angle (wetta-
bility), corresponding to the maximum flow rate during gas pro-
duction. Yet, the existence of the optimal contact angle for gas
production has not been reported in the literature.

Two competitive factors also suggest the existence of the con-
tact angle that maximises water rate with gas-water production.
Fast dewatering in coal seams or shale gas reservoirs is required at
the beginning of the reservoir exploitation, in order to facilitate
rapid decrease of the reservoir pressure which intensifies gas
desorption from the matrix. Numerous experimental studies on
wettability alteration have been performed. The contact angle of
rock surfaces can be altered artificially through injection of sur-
factants (Adibhatla et al., 2006; Bryant et al., 2006; Kumar et al.,
2008; Chen and Mohanty, 2014), high temperature steam* Corresponding author.

E-mail address: zyou@asp.adelaide.edu.au (Z. You).

Contents lists available at ScienceDirect

Journal of Natural Gas Science and Engineering

journal homepage: www.elsevier .com/locate/ jngse

http://dx.doi.org/10.1016/j.jngse.2015.06.016
1875-5100/© 2015 Elsevier B.V. All rights reserved.

Journal of Natural Gas Science and Engineering 26 (2015) 1573e1584

Delta:1_given name
Delta:1_surname
Delta:1_given name
mailto:zyou@asp.adelaide.edu.au
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jngse.2015.06.016&domain=pdf
www.sciencedirect.com/science/journal/18755100
http://www.elsevier.com/locate/jngse
http://dx.doi.org/10.1016/j.jngse.2015.06.016
http://dx.doi.org/10.1016/j.jngse.2015.06.016
http://dx.doi.org/10.1016/j.jngse.2015.06.016


(Bruining and Van Duijn, 2006), brine with various salinities
(Nasralla et al., 2013) and water with different pH (Morsy et al.,
2014). Significant change of contact angle in sandstones and car-
bonates with variations of salinity and pH has been reported with
regards to low salinity waterflooding (Fogden et al., 2011; Morrow
and Buckley, 2011). Presently, intensive research is ongoing for
wettability alteration using nanoparticles (Roustaei et al., 2012;
Arab and Pourafshary, 2013; Hendraningrat et al., 2013; Assef
et al., 2014). To some extent, surface contact angle can be
controlled by varying concentrations and compositions of injected
agents. It inspires the investigation of contact angle as a continuous
parameter, controllable by surface treatment. Although wettability
alteration has been extensively studied in sandstone and carbonate
reservoirs, research on unconventional rocks such as coals and
shales is still very limited. There are a few studies on shale (Morsy
et al., 2014) and tight sandstone (Kathel and Mohanty, 2013) oil
reservoirs. However, comprehensive research on wettability alter-
ation in unconventional gas reservoirs is unavailable in the
literature.

Rate enhancement by wettability alteration has been dis-
cussed by Kathel and Mohanty (2013). Piecewise wettability
alteration may lead to saturation shock on the boundary of
altered and unaltered zones similarly to those on the boundary of
rocks with piecewise permeability (Barenblatt et al., 1990;
Bedrikovetsky, 1993; Van Duijn et al., 1995). The saturation
shock may highly affect well productivity index. However,
steady-state solutions for two-phase linear flows have been
presented for uniform rock wettability only (Barenblatt et al.,
1990; Chaouche et al., 1993; Van Lingen et al., 1996; Huang and
Honarpour, 1998). Analytical models accounting for wettability
variation along the core or near to fracture face and wellbore are
not available in the literature.

In the current study, the effects of contact angle alteration on
well productivity for both water and gas are investigated using
the analytical model. The formulae for steady-state saturation
distribution in heterogeneous rocks with piecewise-constant
contact angle and for well index are derived. It is found that
there does exist an optimal contact angle to maximise the water
production rate; another value of the contact angle maximises
the production rate for gas. Calculations using the analytical
model show that the wettability alterations cause increase in
productivity index 2.0e4.7 times for gas and around 2.0 times for
water.

The structure of the paper is as follows: Section 2 presents the
contact-angle-dependent models for capillary pressure and two-
phase relative permeabilities, which are then applied in Section 3
for derivation of analytical model for steady-state two-phase
flows in rocks with piecewise-constant contact angle. Laboratory
data of two coreflood tests obtained from literature are analysed for
the model validation in Section 4. Analysis of the results from
developed analytical model is then conducted in both linear and
radial flows (Section 5). Section 6 presents application of nano-
technology to rock surface treatment for enhanced dewatering and
gas production from unconventional reservoirs. Discussions of the
model validity and conclusions on optimal contact angle finalise
the paper (Sections 7 and 8).

2. Contact-angle-dependent model for capillary pressure and
relative permeability

This section presents the models for water-saturation- and
contact-angle-dependent capillary pressure and relative perme-
ability. To introduce the capillary pressure model, let us define the
normalised water saturation S as:

SðsÞ ¼ s� swc

1� swc � sgr
(1)

where s is the water saturation, and swc and sgr are the connate
water and irreducible gas saturations, respectively.

The contact angle at rock surface q is measured between the
wateregas interface and the wateresolid interface. The rock is
water-wet (hydrophilic) if q < p/2 and is hydrophobic if q > p/2.
Therefore, saturation of the wetting phase Sw can be expressed as:

SwðS; qÞ ¼

8><
>:

SðsÞ; q<
p

2

1� SðsÞ; q>
p

2

(2)

Unconventional reservoirs exhibit a variety of mineralogy and
surface types such as organic matter (e.g. kerogen), aluminosilicate
clays and silica sands; each mineral has its own wettability. This
leads to the necessity of using fractional wettability to describe the
rock surface.

In the present work, the LeveretteCassie equation (O'Carroll
et al., 2005) is applied to describe a porous medium which has
three fractions of surface area (f1, f2, f3) with different contact an-
gles. Themajor fraction f1 has the contact angle which is considered
alterable from 0 to p by some wettability altering agent. A small
fraction f2 is considered permanent water wet with contact angle
0 and another small fraction f3 is permanently hydrocarbon wet
with contact angle p. The overall capillary pressure of porous me-
dium with fractional wettability is:

Pcðs; qÞ ¼ 2sffiffiffi
k
f

s Jðs; qÞ;

Jðs; qÞ ¼ f1cosðqÞCSwðs; qÞ�
1
a þ f2CSðsÞ�

1
a þ f3Cð1� SðsÞÞ� 1

a

(3)

where s is the interfacial tension, k is the rock permeability, f is the
porosity, f1, f2, f3 are the major fraction and two minor fractions of
rock surface respectively, f1þ f2þ f3¼1; C and a are empirical
model parameters.

The relative permeabilities of water (krw) and gas (krg) are
expressed as functions of water saturation as (Chen et al., 2013):

krwðsÞ ¼ ðSðsÞÞh

Z S

0
w2ðsÞdsZ 1

0
w2ðsÞds

(4)

krgðsÞ ¼ ð1� SðsÞÞh

Z1
S

w2ðsÞds

Z 1

0
w2ðsÞds

(5)

where h is the tortuosity index and w(S) is the cleat height or
capillary radius, expressed as wðSÞ ¼

ffiffiffiffiffiffiffiffi
k=f

p
=CS� 1=a according to

YoungeLaplacemodel (Barenblatt et al.,1990; Bedrikovetsky,1993).
In this model, the rock is assumed to be water-wet and water

occupies smaller cleats or pores. As water saturation increases, the
cleats or pores are filled by water in order of increase of their
aperture (radius). Conversely, if the rock is hydrophobic, the water
filling sequence occurs from the largest to the smallest cleats and
pores. While this model is applicable to uniformly-wet media, it
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cannot explain the behaviour of intermediately-wet natural rocks
where the fractional or mixed wettability is more likely due to
surface roughness, mineral heterogeneity and different adsorbed
compounds (Bradford et al., 1997).

In order to describe the relation between relative permeability
and contact angle, we apply themodel that accounts for wettability
heterogeneity of natural cores at the pore scale, which results in a
difference in pore filling sequence for intermediate wettability
(McCaffery and Bennion (1974); see also Bradford et al. (1997) for
experimental validation of the model). An empirical weighting
function g(q) represents the portion of pores exhibiting hydro-
phobic surfaces:

gðqÞ ¼ ð1� cosqÞ=2 (6)

As it follows from Eqs (4) and (5), the contact-angle-dependent
relative permeabilities for water and gas become:

krwðs; qÞ ¼ ðSðsÞÞh
½1� gðqÞ�

Z S

0
w2ðsÞdsþ gðqÞ

Z 1

1�S
w2ðsÞdsZ 1

0
w2ðsÞds

(7)

krgðs; qÞ ¼ ð1� SðsÞÞh
gðqÞ

Z 1�S

0
w2ðsÞdsþ ½1� gðqÞ�

Z1
S

w2ðsÞds

Z 1

0
w2ðsÞds

(8)

Particularly, for gas flow in tight formation, especially in nano-
porous media, molecular scale interactions can have significant
impact on gas flow (Shapiro and Wesselingh, 2008). Gas velocity is
non-zero at the distance from the pore wall less than the mean free
path of gas (Wu and Pruess, 1998). At this scale, the collision fre-
quency between gas molecules and the pore walls increases if
compared with gas molecularemolecular collisions, yielding
higher gas flux than that calculated from no-slip condition at the
pore wall. This effect is referred to as the Klinkenberg (gas slip)
effect. It is evaluated by multiplying the Klinkenberg term
ð1þ b= PgÞ to the gas permeability (8) as:

where Pg is the average gas pressure along the distance, and b is the
Klinkenberg factor. For tight gas reservoirs with permeability below
1 md, formula for Klinkenberg factor is given by Jones and Owen
(1980) as:

b ¼ 0:86k�0:33
∞ (10)

where k∞ is the gas permeability at infinite pressure.
Contact-angle-dependent models for capillary pressure and

relative permeability presented in this sectionwill be applied to the
governing system of two-phase flow in the next section.

3. Analytical model for steady-state two-phase flow

In this section, analytical solution to the system of immiscible
steady-state two-phase flow is derived, accounting for the effects of
contact angle on capillary pressure and relative permeability. The
analytical model will be applied to the treatment of laboratory
coreflood data (Section 4) and sensitivity study on gas-water pro-
ductivity (Section 5).

3.1. Analytical model

Darcy's law applies to the flow of each phase (Barenblatt et al.,
1990; Cinar and Riaz, 2014):

uw ¼ �kkrwðs; qÞ
mw

VPw; ug ¼ �kkrgðs; qÞ
mg

VPg; U ¼ uw þ ug

(11)

where uw and ug stand for flow velocities of water and gas,
respectively; U is the total velocity; krw and krg are relative per-
meabilities of water and gas, respectively; mw and mg are viscosities
of water and gas, respectively; Pw and Pg are phase pressures.

Capillary pressure Pc is defined as the difference between the
gas and water pressures:

Pc ¼ Pg � Pw (12)

Substituting Darcy equation for water in (11) and capillary
pressure equation (12) into Darcy equation for gas in (11), we
obtain:

k
krgðs; qÞ

mg
VPc ¼ uw

 
1þ krgðs; qÞmw

krwðs; qÞmg

!
� U (13)

Fractional flow function f is calculated as the ratio of water
mobility krw/mw to the total mobility l:

f ðs; qÞ ¼ krwðs; qÞ=mw
lðs; qÞ ; lðs; qÞ ¼ krwðs; qÞ

mw
þ krgðs; qÞ

mg
(14)

Substituting Eqs. (14) and (3) into (13) results in:

εc

Zs
s0

f ðs; qÞkrgðs; qÞJ0ðs; qÞ
f ðs; qÞ � f 0

ds ¼
Zy
y0

xadx (15)

where εc is the capillary-viscous ratio, defined as εc ¼ s
ffiffiffiffiffiffi
kf

p
=mg jUjL

in linear flow and εc ¼ 2ps
ffiffiffiffiffiffi
kf

p
=mg jqj in radial flow.Water flux ratio

f0¼ uw/U. For linear flow, distance y¼ X, y0¼ 0, a ¼ 0, and s0 is
water saturation at the core outlet or fracture face. For radial flow,
y¼ R, y0¼ Rw, a¼�1, and s0 is water saturation at wellbore. Eq. (15)

krgðs; qÞ ¼
0
@1þ b

Pg

1
Að1� SðsÞÞh

gðqÞ
Z 1�S

0
w2ðsÞdsþ ½1� gðqÞ�

Z1
S

w2ðsÞds

Z 1

0
w2ðsÞds

(9)
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defines the analytical solution for saturation profile in both linear
and radial flows.

The flow direction is inverse to increasing distance y, from y ¼ 1
to y0. At the flow exit point y ¼ y0, capillary pressure is Pc¼ 0. As
capillary pressure is a monotonic function of saturation, the exit
point saturation s0 can be determined from Pc (s0, q) ¼ 0 for various
contact angles. The saturation also tends to a certain value s0 at the
distance far away from the exit, i.e., as y / ∞, s/s0. Inlet point
saturation s0 can be determined from f 0 ¼ f (s0, q) for various
contact angles.

The productivity index (PI) for each phase is calculated as the
flow rate divided by the phase pressure drawdown:

PIi ¼ qi=DPi (16)

in which i stands for either w (for water) or g (for gas). DP is the
pressure drop calculated from Darcy equation (11) by integration
over the distance from inlet to outlet:

DPi ¼
uimi
k

Z1
y0

xa

kriðsðxÞ; qÞ
dx (17)

3.2. Solution procedure

For uniform wettability with known contact angle, the solution
procedure is as follows. First, water saturation at flow outlet s0
is determined from capillary pressure function Pc (s0, q) ¼ 0.
Second, saturation profile is calculated from (15) for given εc and
f 0. Third, pressure drops of water and gas are calculated from
(17). Finally, productivity indexes for both phases are obtained
from (16).

Let us consider piecewise-constant wettability in which the
contact angle alteration is applied up to a fraction of the full length.
The region y0 � y < b is considered the altered zone, where b is the
altered zone length. The contact angle in this zone is q ¼ qa (Fig. 1).

The region where y � b is considered the unaltered zone and the
contact angle is set as the initial contact angle; q ¼ q0 (Fig. 1). The
solution procedure for piecewise-constant wettability case is
similar to that for uniform wettability. Water saturation at flow
outlet s0 is obtained from Pc(s0) ¼ 0. Then the saturation profile is
calculated from y0 up to b for given εc and f0. Capillary pressure and
pressures for both phases are continuous across the boundary y¼ b.
The saturation on the outer side of the boundary sþ, is calculated
from the value on the inner side of the boundary s� as: Pc(sþ,
q0)¼ Pc(s�, qa). Afterwards, the saturation profile is calculated in the
unaltered zone from y¼ b to the inlet y¼ 1. Pressure drops of water
and gas are calculated from (17). Finally, productivity indexes for
both phases are obtained from (16).

4. Treatment of laboratory coreflood data

In this section, the laboratory coreflooding carried out by Bazin
et al. (2010) under two flow rates are analysed in order to validate
the model proposed in Sections 2 and 3.

Fig. 1. Schematic of piecewise-constant wettability inflow cases: (a) linear flow in coreflooding; (b) linear flow towards fracture face; (c) radial flow towards wellbore.

Fig. 2. Matching of the measured saturation profiles by the analytical model.
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Cylindrical Môli�ere sandstone core from tight gas reservoir
with diameter of 3.8 cm and length of 7 cm is used. The initial core
permeability is extremely low (0.01 md) and is typical for un-
conventional reservoirs; the porosity is 0.144. The tortuosity for
tight sandstone is taken as h ¼ 2.0 (Barenblatt et al., 1990). The
laboratory procedure is as follows: first, the core was fully satu-
rated with water under vacuum. Second, nitrogen was injected
into the core until irreducible water saturationwas reached. Third,
water was injected into the core with constant pressure until
breakthrough. Fourth, nitrogen backflow was performed with
constant pressure drawdown 10 bars in Test 1 and 15 bars in Test
2, respectively. The measured saturation profiles are shown in
Fig. 2. Measured irreducible saturation for water was swc ¼ 0.22
and for gas was sgr ¼ 0.2.

The mathematical model presented in Sections 2 and 3 is
applied to the calculation of saturation profile under the laboratory
conditions. s0 values are approximated from the saturation profiles
of each test; 0.320 and 0.295 for test 1 and test 2, respectively. The
values of tuned parameters as obtained by least-square method
(Chalk et al., 2012; You et al., 2013) are: capillary pressure model
parameters C ¼ 10�4, a ¼ 0.4 and contact angle q ¼ 57.3�. The ob-
tained saturation profiles for the two tests (blue and red curves (in
the web version) in Fig. 2) are in good agreement with measured
profiles (green and cyan points in Fig. 2).

5. Analysis of the results

In this section, the analytical model developed in Section 3 is
applied to investigating the effect of contact angle on the produc-
tivity behaviour of both phases in linear and radial flows. The linear
case applies to flow towards a fracture or coreflood in the labora-
tory; while the radial case applies to flow towards wellbore in the
field. Sensitivities of productivity for gas and water to the capillary-
viscous ratio and altered zone length are analysed.

The values of rock and fluid properties used in this study to
portray unconventional reservoirs with low permeability are listed
in Table 1. The well radius is: rw ¼ 0.15 m.

The contact angle affects boundary saturation and relative
permeability curves. Sensitivity of the contact angle to fractional
flow function and boundary saturations s0 and s0 is analysed.
Fractional flow function f(s) calculated from (14) is presented in
Fig. 3a. The fractional flow decreases with contact angle for any
given saturation in the range swc < s < 1 � sgr.

Fig. 3b shows the contact angle dependences of s0 calculated
from Pc(s0,q) ¼ 0 and s0 calculated from f(s0,q) ¼ f0. Both saturations
s0 and s0 decrease with contact angle; s0 and s0 are equal at an
intermediate contact angle (Fig. 3b), which results in a constant
saturation profile at this contact angle.

Alteration of contact angle introduces two competitive effects
on the productivity for water and gas. One effect is the reduction of
saturation profile with contact angle (capillary effect), which de-
creases water production and increases gas production; the other is

increase in fractional flow function with contact angle (viscous
effect), which increases water production and decreases gas
production.

The dimensionless total mobility is defined as the product of
total mobility and water viscosity: L ¼ lmw. Fig. 3c presents
dimensionless total mobility versus water saturation s at different
contact angles. At small contact angle q, increase of saturation leads
to increase of relative permeability for water krw and decrease of
relative permeability for gas krg. The dominance of gas permeability
due to large wateregas viscous ratio causes reduction of dimen-
sionless total mobility L with saturation.

At large contact angle q, krw is high and krg is low at large water
saturation. The effect of krw increase dominates over that of krg
decrease, which yields increase of L at large water saturation.

Fig. 4 presents the saturation profiles s(X) for different contact
angles with small (Fig. 4a) and large (Fig. 4b) capillary-viscous ra-
tios in linear flow. The curves start at X¼ 0 from saturation value S0.
For X / ∞, the profiles tend to s0. The curves are monotonic. The
conditions at X ¼ 0 and X / ∞, as determined by the rock wetta-
bility and by the rates of both phases, are independent. At a certain
contact angle, s0 > s0 yields decreasing saturation profiles (blue,
green and red curves) and s0 < s0 yields increasing saturation
profiles (grey and cyan curves). The slope of s(X) increases with q,
from low negative value at q¼ 0 (blue curves) to high positive value
at q ¼ p (cyan curves). The capillary-viscous ratio εc determines the
significance of capillary end effect. The magnitude of slope of s(X)
curve decreases with εc (Fig. 4). The same behaviour occurs in radial
flow.

The productivity index (Eq. (16)) can be used to evaluate the
total effect of contact angle on productivity for each phase. The full
range of contact angle from 0 to p is examined (Fig. 5). PI values for
gas and water at contact angle of p/2 are used as scales to obtain
dimensionless PIs. The saturation profile is constant for all εc values
at this contact angle, which corresponds to the condition s0 ¼ s0

(intersection between blue and green curves in Fig. 3b). Therefore,
relative permeabilities (7, 8) are independent of εc. PIs for both gas
and water at q ¼ p/2 are independent of εc (Fig. 5).

For large values of εc, the effect of saturation decrease with
contact angle (capillary effect) dominates over the effect of frac-
tional flow increase (viscous effect) on PI. Increase of contact angle
leads to the increase of PI for gas (blue and green (in the web
version) curves in Fig. 5a) and decrease of PI for water (blue and
green curves in Fig. 5b). As εc decreases, the capillary and viscous
effects become comparable. The two competitive effects lead to an
optimal PI at an intermediate contact angle (red and cyan curves in
Fig. 5a and b). The optimal contact angle increases with εc for gas
and decreases with εc for water. Larger value of εc yields higher
increase in PI for both gas and water (Fig. 5).

Let us investigate the effect of altering the contact angle of a
fraction of the production zone on the PI-contact angle profile. We
consider an example where the rock surface is partially treated by a
wettability alteration agent from the flow exit y0 up to a certain
distance y1. The zone from y1 to the inlet y2 remains unaltered.
Without losing generality, the rock surface is assumed water wet
before treatment and the initial contact angle is zero. After the
treatment, the contact angle of the altered zone qa is shifted to a
chosen value ranging from 0 to p.

Fig. 6 shows the saturation profile at different altered contact
angles qa for low (Fig. 6a) and high (Fig. 6b) capillary-viscous ratios.
Saturation decreases with contact angle in the wettability alter-
ation zone (0 < X < b). Capillary pressure continuity is satisfied
across the boundary between wettability altered and unaltered
zones (X ¼ b), which yields discontinuous saturation at this
boundary (Fig. 6). Increase of contact angle in the zone near to core
outlet or fracture face (0 < X < b) of water-wet rocks results in

Table 1
Values of rock and fluid properties.

Parameter Value

k (md) 1
f 0.05
h 0.75
s (N/m) 0.08
C 0.5
a 0.9
mg(Pa s) 1.5 � 10�5

mw (Pa s) 1 � 10�3
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decrease of saturation near the exit, but the capillary end effect still
occurs in the unaltered zone (X > b).

Restriction of gas flow due to capillary end effect occurs at the
exit (X ¼ 0) for low qa and at the boundary between wettability
altered and unaltered zones (X ¼ b) for high qa (Fig. 6). Despite the
intention of reducing the end effect by wettability alteration in the
zone near to wellbore or fracture face, end effect at the altered zone
boundary can still occur. Higher capillary-viscous ratio results in
larger end effect. It reduces the productivity for gas at both high and
low contact angles (Fig. 7a). Contact angle alteration affects satu-
ration in the altered zone significantly (Fig. 6). In this zone the
competing capillary and viscous effects yield an intermediate

optimal contact angle for the maximum gas productivity (Fig. 7a).
The optimal contact angle is around p/2.

However, the water flow is only restricted at high contact an-
gles. As capillary-viscous ratio increases, the end effect increases. It
reduces the water productivity at high contact angles (Fig. 7b).
Water production from water-wet reservoirs can be maximised by
altering the contact angle in wettability alteration zone (0 < X < b)
towards the optimal value qa < p/2, and can be minimised by
altering the contact angle towards qa ¼ p (Fig. 7b).

The sensitivity of productivity index to the altered zone length b

is investigated. PI for gas versus contact angle in the case of
piecewise-constant contact angle in linear flow is shown in Fig. 8a.

Fig. 3. Effects of contact angle on steady-state two-phase flow: (a) fractional flow curve for water at different contact angles; (b) boundary saturations versus contact angle at
different fractional flow for water f0; (c) dimensionless total mobility versus saturation at different contact angles.

Fig. 4. Saturation profiles for different contact angles in linear flow (f0 ¼ 0.01): (a) εc¼ 0.1; (b) εc¼ 10.
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The maximum value of PI for gas increases with b, since the vari-
ation of saturation and relative permeability in altered zone occurs
over a larger distance with b. The increase of b from 0.005 to 0.5
results in the increase of productivity index for gas from 0.1% to 7%
at qa ¼ p/2 (green curve in Fig. 8b).

Saturation profiles in radial flow towards well at different qa for
low (Fig. 9a) and high (Fig. 9b) εc are presented in the case of
piecewise alteration of contact angle. Saturation decreases with
contact angle qa in the wettability alteration zone (0 < R < b).

Increase of contact angle in the zone near to wellbore (0 < R < b) of
water-wet rocks results in decrease of saturation near the exit, but
the capillary end effect still occurs in the unaltered zone (R > b)
(Fig. 9). The pressure drop across the altered zone near thewellbore
is much higher compared to that in linear case, causing the altered
zone properties to be more influential over the total flow in radial
than in linear case. Therefore, PI profile is more sensitive to b in
radial case than that in linear case (Fig. 10a). Higher b leads to
higher productivity index; the increase of b from 5� 10�4 to 0.05

Fig. 5. Productivity index versus contact angle at different capillary-viscous ratios εc in linear flow (f0 ¼ 0.01): (a) gas; (b) water.

Fig. 6. Saturation profile at different altered contact angle qa in linear flow with piecewise alteration of contact angle (f0 ¼ 0.01, b ¼ 0.5): (a) εc¼ 0.1; (b) εc¼ 10.

Fig. 7. Productivity index versus piecewise alteration of contact angle in water-wet rock at different εc in linear flow (f0 ¼ 0.01, b ¼ 0.5): (a) gas; (b) water.
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results in the increase of productivity index for gas from 1% to 9% at
qa ¼ p/2 (green curve in Fig. 10b).

6. Nanoparticle injection for wettability alteration in
unconventional rocks

Presently, nanoparticles (NPs) are extensively applied to
wettability alteration of reservoir rocks for waterflooding (Maghzi
et al., 2012; Giraldo et al., 2013; Ju and Fan, 2013; Hendraningrat

and Torsaeter, 2014). The adsorption of nanoparticles onto rock
surface is dependent on DLVO forces exerting on NPs (Li and
Torsaeter, 2015), which indicates that different types of NPs and
surface materials exhibit different interactions. The wettability
alteration of rock surface is affected by the types of NPs and the
underlyingmineralogy, leading to different resultant contact angles
based on their combinations.

The main minerals present in unconventional coal seam and
shale reservoirs are sand, clays and organic matter. Karimi et al.

Fig. 8. Productivity index for gas in the case of piecewise-contact angle in linear flow (f0 ¼ 0.01, εc¼ 0.1): (a) PIg versus qa; (b) PIg versus b.

Fig. 9. Saturation profiles at different altered contact angle qa in radial flow with piecewise alteration of contact angle (f0 ¼ 0.01, b ¼ 5.0 � 10�4): (a) εc¼ 0.01; (b) εc¼ 0.5.

Fig. 10. Productivity index for gas in the case of piecewise contact angle in radial flow (f0 ¼ 0.01, εc ¼ 0.01): (a) PIg versus qa; (b) PIg versus b.
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(2012) applied zirconium dioxide (ZrO2) NPs to decrease carbonate
contact angle from 90� to 0�. Li and Torsaeter (2015) used
hydrophilic silica NPs to decrease contact angle of sandstone rock
surface from 54� to 22�. Hendraningrat and Torsaeter (2014)
investigated three metal oxides NPs: aluminium (Al2O3), titanium
(TiO2) and silicon (SiO2). Nano fluids used in the experiment
with the concentration 0.05 wt% result in the contact angles
measured in brine (NaCl 3 wt%) lowered from 53.68� to 28.6�,
21.64� and 38.82� for Al2O3, TiO2 and SiO2, respectively. To in-
crease the contact angle, lipophilic polysilicon NPs with surface
modification can be used (Ju and Fan, 2009). Hydrophobic and
neutral wet polysilicon nano fluids with concentration 4 g/L suc-
cessfully altered sandstone contact angle from 50� to 84.56� and
98.12�, respectively (Roustaei et al., 2012). Cupric oxide (CuO) NPs
increased water contact angles from less than 5� up to 130� and
150� with amine- and thiol-modified surfaces, respectively (Basu
et al., 2011).

Lebedeva and Fogden (2011) investigated the wettability alter-
ation of kaolinite clay surface, due to the deposition of asphaltene
nanoparticles. The clay surface was altered from hydrophilic to
hydrophobic with contact angle 140�.

To the best of our knowledge, application of NPs to the wetta-
bility alteration of organic matter has not been reported in the
contemporary literature.

Let us estimate the effects of contact angle alteration by
applying different NPs using the analytical model (Section 3) for
the above-mentioned cases. Productivity index values versus
contact angle are shown in Figs. 5 and 7 for f0 ¼ 0.01. For low
water fractional flow f0 ¼ 0.01 and the contact angle altered from
50� to 90� (Roustaei et al., 2012), εc ¼ 5 and 0.05 result in PIg
increase by 2.0 and 1.08 times, respectively. For high water frac-
tional flow f0 ¼ 0.95 and the contact angle altered from 0� to 130�

(Basu et al., 2011), gas productivity index PIg can be increased by
4.7 and 1.25 times for high (εc ¼ 5) and low (εc ¼ 0.05) capillary-
viscous ratios, respectively. Given f0 ¼ 0.01 with contact angle
alteration from 0� to 50� (Vafaei et al., 2006), water productivity
index PIw is increased by 2.1 and 1.96 times for εc ¼ 5 and 0.05,
respectively.

Different types of NPs affect wettability of shale- or coal-
minerals differently; hence, a mixture (cocktail) of NPs must be
developed for multi-mineral rocks. The corresponding technol-
ogy includes adding nanoparticles that increase the resulting
contact angle, into a drilling or fracturing fluid. The contact angle
increase yields the pore-scale deviation of water into larger
pores, increasing water rate during dewatering, and decreasing
water saturation to facilitate the gas flow in the future. Injection
of nanoparticles, making the rock more water-wet, after the
dewatering, leads to water displacement into smaller pores with
the consequent gas rate increase. The fast pore pressure decrease
in both scenarios results in more intensive gas desorption. To
summarise, the well treatment described above includes adding
NPs into drilling or fracturing fluids with the consequent in-
crease of the contact angle (first stage); at the second stage,
hydrophilic NPs are injected into the reservoir in order to
decrease the contact angle after dewatering during gas produc-
tion. Therefore, two different cocktails must be developed for
two stages. The delivery of nanoparticles is performed by the
injection together with fast deteriorating gas-based foam
(Farajzadeh et al., 2011).

The analytical model for steady-state gas-water flow in rocks
with piecewise-constant contact angle can be used for design of
the treatment technology, including defining volumes of injected
fluids and their compositions. The analytical model can also be
applied to the upscaling of laboratory data for well index
prediction.

7. Discussions

The analytical model for steady-state flow is based on equality of
the pressure and capillary-pressure gradients. The exact solution
for steady-state flow with piecewise-constant contact angle is
expressed by implicit analytical formulae, allowing for explicit ex-
pressions for the well productivity index.

The saturation profile for steady-state flow in the rock with
constant contact angle starts at the boundary value s0, which cor-
responds to zero capillary pressure, and tends to constant s0 as X
tends to infinity, where the constant saturation is determined by
fractional flow. Size of the end effect zone, where the significant
fraction of variation s0 � s0 occurs, is equal to εcL. Therefore, at low
capillary-viscous ratio, the saturation profile is almost uniform,
while the saturation varies along the distance at high capillary-
viscous ratio. In the rocks with piecewise-constant contact angle,
the above profiles are valid in constant-contact-angle intervals; the
profiles in different intervals are matched by the continuity con-
dition for capillary pressure yielding the saturation jumps.

A plane-parallel-flow analytical model is applied to the treat-
ment of coreflood data, and also to flow and saturation prediction
near to the fractured well. The axi-symmetric model is applied for
vertical and horizontal wells.

Let us discuss the limitations of the analytical model (15). It
assumes gas is incompressible. Since the gas density is a function of
pressure, the incompressibility assumption is valid if the pressure
drawdown is much less than the reservoir pressure:

DP
P
≪1 (18)

For linear flow during coreflooding, substitution of Darcy's law
U ¼ k=mðDP=LÞ into the condition (18) yields:

DP
P

¼ UmL
kP

≪1 (19)

or

U≪
kp
mL

(20)

For core length L¼ 0.1 m, permeability k varying from 0.01 to 10
md, gas viscosity m varying from 10�5 to 4� 10�5 Pa s, and pressure
P varying from 5� 105 to 107 Pa, the maximum velocity where the
incompressibility assumption is valid varies from 1.2� 10�5 to 1 m/
s. The typical flow velocities in cores have the order of magnitude
10�6e10�5 m/s (Barenblatt et al., 1990; Bazin et al., 2010). There-
fore, gas compressibility is negligible under the conditions of these
laboratory studies by Bazin et al. (2010), so the incompressibility
assumption is valid.

For fracturedwells, velocityat the fracture face is calculatedusing
Eq. (20). For permeability variation k ¼ 0.01e10 md, m ¼ 10�5e4�
10�5 Pa s, reservoir pressure P¼ 5� 106e108 Pa, and length of linear
flow region towards the fracture L ¼ 10e250 m, the maximum ve-
locity where the incompressibility assumption is valid varies from
5� 10�8 to 0.1 m/s. Typical velocities at fracture faces in gas reser-
voirs have the order of 10�5e10�4 m/s (see Shaoul et al., 2012).
Therefore, there are some unconventional field cases where the
incompressibility assumption is valid, andwhere it is not. Inequality
(20) defines the conditions where the analytical model (15) is valid.

For radial flow towards well, the rate of incompressible fluid per
unit height of reservoir (Q) is calculated as:

Q ¼ 2pkDP
mlnðre=rwÞ (21)
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Substitution of rate expression in vertical well into the condition
(18) yields:

Q≪
2pkp

mlnðre=rwÞ (22)

For k ¼ 0.01e10 md, m ¼ 10�5e4� 10�5 Pa s, P ¼ 107e108 Pa,
ratio between drainage and well radii re/rw ¼ 103e104, the
maximum rate per unit height, where the incompressibility
assumption is valid varies from 1.7� 10�5 to 0.9 m2/s. Some typical
rates for tight gas reservoirs vary in the range 10�3e0.1 m2/s (see
McGowen et al., 2007). Thus, the gas compressibility can be ignored
in some cases, and cannot be ignored in other cases.

For the linear flow case in this paper, k ¼ 1 md, m¼ 2� 10�5 Pa s
and length of linear flow region is 103 m. For pressure varying from
5� 106 to 108 Pa, themaximumvelocitywhere the incompressibility
assumption is valid varies from 2.5� 10�6 to 5� 10�5 m/s. The ve-
locities in the synthetic case (Section 5) are in the order of 10�7 m/s,
therefore the incompressibility assumption is valid. For the radial
flow regime, we use the same permeability, viscosity and pressure
range. For re/rw ¼ 6.67� 103, the maximum rate per unit height
where the incompressibilityassumption is validvaries from2� 10�3

to 3.5� 10�2 m2/s. The rates in the synthetic case have the order of
10�4 m2/s, therefore the incompressibility assumption is valid.

In the case that the gas compressibility cannot be neglected,
such as for high rates or high pressure drawdowns, equation of
state for gas rg(Pg) is included in gas rate equation (10). The final
expression for steady-state solution is a system of two ordinary
differential equations with respect to pressure and saturation.

The gas slip effect can be significant in porous media with low
pressure or low permeability (Wu and Pruess, 1998; Civan et al.,
2011). According to gas permeability Equation (9), the slip effect
is negligible if gas pressure is much larger than the Klinkenberg
factor b. For typical permeability k ¼ 0.001 and 1 md, the value of
b is 3.3� 105 and 2.8� 105 Pa, respectively. A typical reservoir
pressures in coal seams are 106e107 Pa (Gaurav et al., 2012). The
corresponding error in calculated relative permeability for gas
using (9) is 2e6%, if gas slip effect is ignored. In shallow gas res-
ervoirs, pressure can be even lower, which leads to higher effect of
gas slip. For shallow reservoirs or reservoirs with ultra-low
permeability, the gas slip effect can cause rate miscalculation
around 10% if it is ignored. It can be especially prevalent in core-
flooding tests, where low pressures are commonly used.

Knudsen diffusion occurs where the gas with low enough
density flows in small enough capillaries, such that the gas particles
collide more frequently with the solid walls than with other par-
ticles (Bhatia et al., 2011). Knudsen diffusion can be evaluated by
the Knudsen number Kn, defined as the ratio between the mean
free path of gas molecule and the pore size:

Kn ¼ l

dp
; l ¼ kBTffiffiffi

2
p

Ppd2g
(23)

where l is mean free path of gas, dp is pore diameter, kB is Boltz-
mann constant (1.38� 10�23 J/K), T is gas temperature, dg is
diameter of gas molecule. Knudsen diffusion is negligible if Kn≪ 0.1
(He et al., 2014). We consider methane molecule diameter
4.14� 10�10 m and typical reservoir temperature 373 K. Pore sizes
in coal seam reservoirs can range from a few angstroms to over a
micron. For pressure varying from 5� 106 to 108 Pa, Kn in coal
seams can vary from 7 � 10�5 to 3. Pore sizes in shales range from
0.005 to 0.1 mm (Nelson, 2009). For pressure varying from 5� 106 to
108 Pa, Kn in shale reservoirs can vary from 7 � 10�4 to 0.3.
Therefore, Knudsen diffusion effect can be significant in tight for-
mation; however, it is not always the case.

For rocks with permeability 1 md (corresponding dp ¼ 0.1 mm),
the calculated Kn ¼ 0.1 for gas pressure P ¼ 6.8� 105 Pa. For rocks
with lowpermeability 0.01md(dp¼0.01mm), thecalculatedKn¼0.1
forP¼6.8� 106Pa. Fromthisweconclude that themodelneglecting
Knudsen diffusion is applicable only for reservoirs at high reservoir
pressures (P> 6.8� 105 Pa for 1 md, P> 6.8� 106 Pa for 0.01 md).

The YoungeLaplace model for capillary pressure is valid if the
disjoining pressure is negligible and surface tension is constant. It is
inappropriate for pore/channel sizes in the range of nanometres. In
this scale, applying the augmented YoungeLaplace equation, the
capillary pressure can be calculated as the sum of the traditional
YoungeLaplace term and the disjoining pressure in the thin water
filmwhich canwet the surface. The disjoining pressure effects have
been used to describe the wetting film behaviour of a meniscus in
regions around 0.1 mm (Kelly, 2013). If pore sizes are above this size,
the YoungeLaplace equation can be used to calculate capillary
pressure. For the synthetic case study in Section 4, the average pore
radius estimated from KozenyeCarman model is 0.3 mm. Therefore,
the capillarypressure calculated fromYoungeLaplacemodel is valid.

Good agreement between two saturation profiles as obtained
from corefloods with different rates, and the prediction by the
analytical model (15) with three tuning parameters C, a and q has
been observed (Fig. 2). The twomeasured saturation profiles can be
approximated by exponential functions with three degrees of
freedom each: s(X) ¼ A þ BeCX, giving the two curves six degrees of
freedom totally. Good match by tuning only three parameters val-
idates the analytical model.

A simplified model for relative permeability and capillary
pressure (Section 2) has been applied in this paper. The model
corresponds to pore-space geometry as a bundle of parallel capil-
lary with different wettability. In reality, natural rocks consist of
numerous minerals with different wettability and grid-like pore-
space geometry. One way around is the percolation-effective media
model for the rocks with spotted micro heterogeneity in both
capillary pressure and relative permeability (Barenblatt et al., 1990;
Bedrikovetsky, 1993).

The obtained steady-state solutions provide the long-term as-
ymptotics for non-steady state problems of immiscible Newtonian
and Now-Newtonian displacements, which is important informa-
tion for the transient analysis (Bedrikovetsky, 1993; Morrow and
Buckley, 2011; Fogden et al., 2011). Since the long-term asymp-
totic states are in thermodymanic equilibrium, the solutions are
applicable for partly-miscible flows also (Farajzadeh et al., 2011;
Cinar and Riaz, 2014).

Two scenarios are investigated for wateregas flow with well
treatment by NPs. One scenario involves increasing contact angle
under high water saturation which corresponds to the processes of
dewatering and the fracturing-fluid flow-back. The other scenario
involves decreasing contact angle under low water saturation,
which occurs during gas production.

Based on the analytical model developed, the strategy of gas
productivity enhancement is as follows: For rocks with uniform
wettability, alter contact angle of rock surface towards p/2 for low
capillary-viscous ratio and p for high capillary-viscous ratio. For
piecewisewettability alteration of water-wet rocks, optimal contact
angle is p/2 for both low and high capillary-viscous ratios. The
strategy targeting maximum water productivity is contact angle
alteration towards p/2 for low capillary-viscous ratio and zero for
high capillary-viscous ratio.

8. Conclusions

Analytical modelling and its application to enhancing the well
productivity for gas and water by wettability alteration allow
drawing the following conclusions:
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▪ Competition between the viscous and capillary effects on gas
productivity results in non-monotonic contact-angle-de-
pendency of gas productivity index, suggesting the existence of
optimal contact angle for enhanced gas production.

▪ For dewatering and fracturing fluid flow-back, competition be-
tween the viscous and capillary effects on water productivity
yields the optimal contact angle which maximises the produc-
tivity index for water.

▪ In the case of wettability alteration over the full length, the
higher the capillary-viscous ratio εc, the higher the capillary end
effect, the larger the end effect zone and the higher the
maximum productivity indexes for gas and water.

▪ In the case of wettability alteration on a fraction of water-wet
rock, increase of the capillary-viscous ratio εc leads to the in-
crease of the maximum productivity index for water and
decrease for gas. This is because the capillary end effect at the
boundary between wettability altered and unaltered zones re-
duces gas flow more severely with higher εc.

▪ The larger the altered zone length b, the higher the contact angle
effect on gas and water productivity index. This is due to alter-
ation of saturation profile and relative permeability over a larger
distance.

▪ Productivity index is sensitive to small value of b in radial flow
towards well, indicating that wettability alteration in small
neighbourhood of wellbore can effectively improve productivity
indexes for gas and water.

▪ Wettability alteration in the range achieved by nanoparticles,
leads to 2.0e4.7 times increase of well productivity for gas and
twice increase for water.

▪ The maximum productivity index for water should be applied
during dewatering and slick water removal. The maximum pro-
ductivity index for gasmust be used during gas production stage.
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Nomenclature

b Klinkenberg factor, Pa
C capillary model parameter
dg diameter of gas molecule, m
dp pore diameter, m
f fractional flow function
k permeability, m2

kB Boltzmann constant, J/K
kr relative permeability
P pressure, Pa
Pc capillary pressure, Pa
R dimensionless radius
r radius, m
S normalised water saturation
s water saturation
sgr irreducible gas saturation
swc connate water saturation
U total velocity, m/s
u flow velocity of water or gas, m/s
x distance, m
T gas temperature, K
y0 flow exit distance, m
y1 treated distance, m
y2 flow entrance distance, m

Greek letters
a capillary model parameter
b Altered zone length
εc capillary-viscous ratio
h tortuosity index
q surface contact angle
L dimensionless total mobility
l mean free path of gas, m; total mobility, 1/Pa s
m viscosity, Pa s
r density, kg/m3

s interfacial tension, N/m
f porosity

Abbreviations
DLVO DerjaguineLandaueVerweyeOverbeek
NP nanoparticle
PI productivity index

Subscripts
a altered
e drainage radius
g gas
w water (for productivity index and relative permeability),

wetting (for saturation), well (radius)
0 exit

Superscripts
0 inlet
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A B S T R A C T

Water blocking due to the capillary end effect near the wellbore vicinity creates significant formation damage
and decreases well productivity for oil and gas. The alteration of the rock wettability by a chemical well
treatment is an effective way to reduce water blockage and enhance oil and gas production. Presently, several
surfactants and nanofluids are used in the industry for contact angle alteration. After the treatment, the porous
medium in the well vicinity (or along the core) has stepwise contact angle. The previous paper (Naik et al., 2015)
develops analytical models for incompressible steady-state two-phase linear and axi-symmetric flows, ac-
counting for the piecewise constant contact angle and contact-angle-dependent capillary pressure and relative
permeability. The current paper adds the effect of compressibility, which is particularly important for high rate
gas wells and wells in unconventional and tight-sand reservoirs. The obtained semi-analytical model has been
validated by comparison with a set of laboratory coreflood tests. The modelling reveals a complex interplay
between the competing effects of compressibility, viscous and capillary forces, yielding non-monotonic de-
pendencies of well productivity on the wettability and the optimal contact angle. The model closely matches the
productivity index data for two production wells from a field case before and after wettability treatment using
surfactant.

1. Introduction

The reservoir rock wettability determines the phase distribution
near the wellbore during commingled gas-water and oil-water pro-
duction. Particularly, the capillary end effect in water-wet rocks creates
water film/layer near the wellbore with residual saturation of gas or oil.
This layer enhances the hydraulic resistance for gas or oil flow and is
called water-blocking (Barenblatt et al., 1990; Bedrikovetsky, 1993).
Water blocking in gas and oil wells is a widespread source of formation
damage, resulting in low productivity index (Mahadevan and Sharma,
2005). The effect is loudly pronounced in low-permeability fields,
especially in tight-sand and unconventional reservoirs (Bazin et al.,
2010; Bahrami et al., 2011; Morsy et al., 2014).

In hydrophobic rocks, the effluent water saturation is equal to the
connate water saturation, and water blocking does not occur.
Therefore, alteration of wettability from hydrophilic to hydrophobic
may increase the well productivity index. Significant efforts have been
made to develop the technologies to alter wettability near the wellbore
(Parekh and Sharma, 2004; Kumar et al., 2008; Sheydaeemehr et al.,
2014). Treatment of wells by surfactants and nanoparticles that change
the rock wettability near the wellbore remove the wetting water barrier

and increase well productivity (Weiss et al., 2006; Li and Liu, 2008;
Butler et al., 2009; Al-Yami et al., 2013). Numerous types of surfactants
have been applied to wettability alteration (Adibhatla et al., 2006),
which includes fluoro-surfactants (Bang et al., 2009; Torres et al.,
2010), amine surfactants (Bryant et al., 2006), and anionic surfactants
(Kathel and Mohanty, 2013). Nanoparticles ranging from Al2O3

(Giraldo et al., 2013), SiO2 (Ju and Fan, 2009, 2013; Roustaei et al.,
2012; Li and Torsaeter, 2015), TiO2 (Esmaeilzadeh et al., 2015) and
ZrO2 (Karimi et al., 2012) have also been applied for wettability al-
teration. Polymers and amine salts have also been tested for this pur-
pose (Restrepo et al., 2012; Liu et al., 2015). Presently, chemical
wettability-altering well-stimulation methods are widely spread in gas
and oil production.

Fig. 1a shows the schematic of gas and water flow towards the
fractured well; here β is the dimensionless treatment depth. It is as-
sumed that the reservoir is fully water-wet. Fig. 1b presents saturation
profiles near to the fracture face. The upper curve corresponds to the
case where the altered contact angle, θ1, is lower than 90°, and the
altered contact angle for the lower curve exceeds 90°. Contact angle
alteration yields a decrease in the water saturation near to the fracture
face and an increase in the gas relative permeability. The same effects
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occur near the vertical and horizontal wellbores (Fig. 1c).
Decision-making on a chemical well treatment and its planning and

design rely on the results of laboratory-based mathematical modelling.
Particularly, the choice of chemicals and injected volume will depend
on the initial and altered contact angles, relative permeability, capillary

pressure and rock heterogeneity, which are reflected in the mathema-
tical models. Analytical models for inflow performance with laboratory-
based empirical functions provide a reliable tool for planning and de-
sign of various well stimulation techniques (Economides and Nolte,
2000).

Mathematical models for chemical treatment contain piecewise-
constant contact-angle as a function of the spatial coordinate. Chaouche
et al. (1993) investigated steady-state two-phase incompressible flow in
rocks with piecewise constant permeability. The condition at the per-
meability discontinuity is the continuity of capillary pressure. It allows
matching steady-state flow in rocks with constant permeability into
solutions for the overall core with piecewise constant permeability.
Yortsos and Chang (1990) studied steady state two-phase in-
compressible immiscible flow for the case of multiple abrupt perme-
ability changes along the flow path and observed that saturation re-
sponse is sensitive to parameters such as rate and heterogeneity length
scale. The particular case of two-phase incompressible flow with im-
mobile oil phase has been investigated by Van Lingen et al. (1996) in
order to estimate trapped oil in heterogeneous rocks, i.e. for upscaling
the residual oil saturation.

Van Duijn et al. (1995) studied transient two-phase flows of in-
compressible liquids in porous media with discontinuous permeability.
Matching the unsteady-state solutions in rock segments with piecewise
constant permeability was also performed by the capillary-pressure
continuity condition on the permeability discontinuity.

Two competitive factors define the well behaviour during chemical
treatment. On the one hand, the contact angle increase will yield the
decrease, or even removal, of the wetting water barrier, resulting in the
increase of well productivity. On the other hand, increase in the contact
angle displaces oil or gas into smaller pores, causing a decrease in the
oil or gas production (Berman and Mirotchnik, 2005). This yields a non-
monotonic well-productivity dependence on contact angle and capillary
pressure. These effects are obtained from steady-state solutions for two-
phase incompressible flow with piecewise-constant wettability (Naik
et al., 2015).

However, gas-compressibility effects are significant in inflow-per-
formance modelling and well productivity estimation (Economides
et al., 2012). Compressibility along with the effects of wetting film
removal and gas displacement in small pores would result in more
complex gas well behaviour due to chemical treatment. Yet, analytical
solutions for compressible flow in rocks with discontinuous wettability
are not available in the literature.

In the current paper, the previous work is extended by accounting
for fluid compressibility during commingled water-gas production.
Steady-state profiles for compressible flow in rocks with piecewise-
constant wettability have been investigated for linear and axi-sym-
metric flows. Asymptotic value for inlet saturation in long cores is de-
fined by a relationship derived and is determined graphically. A non-
monotonic dependency of gas-well index on the contact angle has been
discovered, indicating the existence of an optimal contact angle for the
maximum well productivity.

The structure of this paper is as follows. Section 2 derives the so-
lution for steady-state compressible flow in linear and axi-symmetric
geometry. Section 3 validates the model by comparison with laboratory
coreflood data. Section 4 analyses the interplay between compressi-
bility and wettability-alteration effects and presents typical dependency
of well index of the well-treatment parameters. Section 5 interprets two
field cases of well treatment using the analytical model. Discussion in
Section 6 and conclusions in Section 7 finalise the paper.

2. Mathematical modelling of steady-state two-phase immiscible
flows

In this section, we describe the steady-state two-phase immiscible
flow of water and gas accounting for gas compressibility. Linear and
axi-symmetric flows are considered. The porous media with piecewise-

Fig. 1. Schematic figure for commingled gas-water production in the reservoir with
piecewise-constant contact angle: a) water-gas flow towards fracture; b) saturation pro-
files near the fracture face; c) inflow of gas and water towards well.
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constant wettability corresponds to the formation after well treatment
by surfactant or nanofluid, which changes the contact angle.

2.1. Linear and axi-symmetric steady-state gas-water flows in homogeneous
porous media

Consider one-dimensional steady-state flow of gas and water
(Fig. 2). Mass fluxes for water qw and gas qg accounting for two-phase
Darcy's flow are

=q k k s θ
μ

ρ
dp
dx

( , )
w

rw

w
w

w

(1)

=q kk p
k s θ
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ρ p
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( )
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( )g kg g

rg

g
g g
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where subscripts w and g correspond to water and gas, respectively; k is
the permeability, s is the water saturation, θ is the contact angle, kkg is
the Klinkenberg correction coefficient, kr is the relative permeability, μ
is the viscosity, ρ is the density, and p is the pressure. Real gas equation
is used for gas density:

=ρ
p M

z p R T( )g
g

g c (3)

where M is the molar mass, Rc is the universal gas constant, T is the
temperature, and z is compressibility factor.

The capillary pressure pc is the difference between the phase pres-
sures and is expressed via the dimensionless J-function:

= − =p p p σ J s θ( , )c g w k
ϕ (4)

Here σ is the interfacial tension, and ϕ is the porosity of the rock.
The mass fluxes for both water and gas are constant under steady-

state flow. Introduce the fraction of water and gas fluxes in the total
flux as:
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Let us introduce the following dimensionless variables and para-
meters:
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Here P is the dimensionless pressure, X is dimensionless distance, and D
is the density-viscosity ratio. The capillary-viscous ratio εx is the di-
mensionless ratio between the reference capillary pressure and pressure
drop across the core with linear single-phase water flow (the modified
capillary number).

Substituting the dimensionless parameters (5, 6) into Eqs. (1), (2)
and (4) yields
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The pressure gradient in gas can be expressed from Eq. (8) as
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Expressing pressure gradient in water from Eq. (7), subtracting the
result from Eq. (10) and accounting for Eq. (4) yield:

= − −ε dJ s θ
dX

Q
k P k s θ D P

Q
k s θ

( , ) 1
( ) ( , ) ( ) ( , )x

w

kg g rg g

w

rw (11)

We assume that the capillary pressure equals zero at the core outlet,
and that the pressure is set at the core outlet:

= = = =X s s J s P P0: , ( ) 0, g0 0 0 (12)

The system of two ordinary differential equations (10) and (11)
subject to the Cauchy conditions (12) determines the steady state pro-
files s(X) and Pg(X) for one-dimensional steady state water-gas flow.

System (10, 11) subject to boundary conditions (12) is solved nu-
merically using Gear's method, based on numerical differentiation for-
mulas with quasi-constant step size (Klopfenstein, 1971) implemented
in Matlab. The step size is automatically adjusted and ranges from
ΔX = 10−9 to 10−2, depending on s- and P- gradients. The forms of
relative permeability and capillary pressure are presented in Appendix
A. Qualitative analysis of solution is presented in Appendix B.

Fig. 2 shows the saturation and pressure drop profiles for water-wet
rock (s0 = 1 - sgr), oil-wet rock (s0 = swc) and intermediate-wet rock
(swc < s0 < 1 - sgr), where sgr and swc are irreducible gas saturation
and connate water saturation, respectively.

Solutions for s(X) and Pg(X) allow calculating the dimensionless
productivity indexes for water and gas

= = −PI Q
ΔP

PI Q
ΔP

, 1
w

w

w
g

w

g (13)

Fig. 2. Schematic for steady state flow profiles
along the rock sample at different contact angles
for the cases of compressible (solid curves) and
incompressible gas (dotted curve): a) saturation
profiles; b) gas pressure profiles.
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for the cases of linear (core or fracture) and axi-symmetric (well) flows.
The detailed derivations of axi-symmetric two-phase compressible

flow in presented in Appendix C. Change of variables X = ln(R) maps
the system (C-6, C-7) into system (10, 11). The boundary condition (C-
8) is set at Xw = ln(re/rw), and the inlet corresponds to X = 0. There-
fore, the saturation and pressure profiles for axi-symmetric flow is ob-
tained from the linear flow profiles by expansion of coordinate (-Xw)
times.

Saturation profiles versus natural logarithm of radius during well
inflow performance have the same forms as those shown in Fig. 2.

2.2. Steady state gas-water flow in rock with piecewise constant contact
angle

Consider the linear flow case where the initial contact angle θ2 has
been changed toθ1 in the fraction β of the core adjacent to the outlet by
some chemical treatment:

= ⎧
⎨⎩

< <
< <

θ
θ X β
θ β X

, 0
, 1

1

2 (14)

Continuity of pressure for both phases is assumed at the interface X
= β:

= = =− + − +X β P P P P: ,g g w w (15)

where “-” and “+” correspond to downstream and upstream of the
interface X = β, respectively. Therefore, the capillary pressure is also
continuous across the interface X = β.

For radial flow, consider the case of water-gas inflow from a re-
servoir with wettability alternated in the wellbore vicinity. The contact
angle is changed due to surfactant treatment near to well from θ2 to θ1
in the fraction β of the reservoir adjacent to the wellbore, see Eq. (14).
The boundary condition at R= β corresponds to continuity of pressures
in both phases and consequently, to the continuity of capillary pressure,
as in Eq. (15).

3. Model validation

In this section, the laboratory coreflooding carried out by Pini and
Benson (2013) under seven flow rates are analysed, for validation of the
mathematical model for compressible water-gas flow represented by
Eqs. (9) and (10).

A cylindrical core of Berea sandstone with a diameter of 0.05 m and
length of 0.085 m was used. The core has an average porosity of 18.8%
and an initial permeability of 329 mD.

The laboratory procedure is as follows: the core is prepared by in-
jection of CO2, followed by the circulation of fresh water to dissolve the
remnants of CO2. Then, the permeability is measured during water
flowing through the core. The coreflooding experiment starts by in-
jecting gas (nitrogen) at constant flow rate until steady state is reached.
After 10 pore volumes have been injected, the flow rate is increased.
Seven different flow rates ranging from 8.3 × 10−9 to 1.0 × 10−6 m3/s
are used. Pressure drop is measured during the injection. The saturation
profile is simultaneously measured by X-Ray CT scanning system. The
measured saturation profiles are shown as black dotted lines in Fig. 4a
and b. The measured pressure drop is shown as cross points in Fig. 4c.
The numbers 1 to 7 correspond to the tests with flow rates of
1.0 × 10−6, 4.2 × 10−7, 2.3 × 10−7, 1.3 × 10−7, 6.7 × 10−8,
3.3 × 10−8 and 8.3 × 10−9 m3/s, respectively.

The mathematical model given by Eqs. (10) and (11) and presented
in Section 2 is applied to calculating saturation profiles and pressure
drops along the core under laboratory conditions for three flow rates
(curves 1–3 in Fig. 4a). The optimisation of the following 8 parameters
is performed by maximising the coefficient of determination R2: J-
function coefficient C and exponent α, contact angle θ, tortuosity η,
wettability alteration fraction φ1, permanently water wet fraction φ2,

residual gas saturation sgr, and water connate saturation swc.
Now let us calculate the number of degrees of freedom for seven sets

of the experimental data. Each saturation-profile curve in Fig. 4a has 3
degrees of freedom; outlet saturation for the water-wet rock is equal to
1- sgr, where sgr is the same for all flow cases; so, the total degree of
freedom for seven saturation profiles is 2 × 7 + 1 = 15. The curve of
pressure drop along the core versus gas rate (Fig. 4b) has 3 degrees of
freedom. The capillary pressure curve also has 3 degrees of freedom.
Therefore, the laboratory data set on saturation profiles, pressure drop
across the core and capillary pressure has 21 degrees of freedom. We
treat this 21-parametric set of the experimental data to tune 8 para-
meters by minimising the least square deviation between the experi-
mental and modelling data. Non-linear least square method (improved
Levenberg-Marquardt procedure) is applied (Coleman and Li, 1996).

The obtained parameter values by the tuning are: capillary J-func-
tion coefficient C = 0.1, J-function exponent α = 3.05, contact angle
θ = 18.3°, tortuosity η = 1.15, wettability alteration fraction
φ1 = 0.98, permanently water wet fraction φ2 = 0.014, residual gas
saturation sgr = 0, and irreducible water saturation swc = 0.38. The
matched saturation profiles are presented in Fig. 4a; Fig. 4b shows the
matched pressure drops, Fig. 4c shows the matched capillary pressure
and Fig. 4d exhibits gas relative permeability matching.

The results from modelling closely agree with those from experi-
mental measurement: R2 is 0.81 for saturation profiles, 0.92 for capil-
lary pressure and 0.99 for pressure drops. The saturation data show
significant scattering around the monotone profiles, which is typical for
CT data (Mays and Hunt, 2005, 2007). Relatively low coefficient of
determination for saturation profiles is explained by their extensive
scattering. Usually, the length-resolution of computational tomography
is higher than the length scale of rock micro heterogeneity. The scat-
tering is explained by the rock micro-heterogeneity. Therefore, CT-de-
termined saturation profiles are usually highly scattered (Shi et al.,
2011; Alemu et al., 2011).

Also, usually high deviations between the measured and modelled
profiles are observed near to core ends (Al-Abduwani et al., 2005a,
2005b). The interaction between X-rays and aluminium flanges (end-
caps) used in the tests, affects CT measurements and explains the de-
viation near to core inlet and outlet. Therefore, the saturation profiles
were accounted for only outside the end-effect zones.

Pressure drop across the core is an integral of pressure gradient;
micro-heterogeneous deviations of saturation profiles annihilate during
integration. Therefore, the coefficient of determination for pressure
drop is significantly higher than that for saturation profiles. Fig. 4b
shows uncertainty in pressure drop measurements, calculated by the
method proposed by Badalyan et al. (2012, 2014). The modelling curve
matches the laboratory points in the range of uncertainties.

Besides the above-mentioned artefacts, the quality of matching of

Fig. 3. Graphical solution for inlet saturation value where core length (drainage radius)
tends to infinity.
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the data from seven tests is high.
The model parameters obtained by tuning vary in common inter-

vals: α is in the range of 0–7 (Brooks and Corey, 1964); C is in the range
of 0.09–0.6 (Desbarats, 1995; Thungsuntonkhun and Engler, 2004); η
can be in the range of 0.5–2 (Mualem, 1976; Bradford et al., 1997; Chen
et al., 2014).

Pini and Benson (2013) also performed an independent measure-
ment of the capillary pressure curve for the rock, used in the core-
flooding, by Mercury Injection Capillary Pressure (MICP) apparatus.
Fig. 4c presents high agreement between the measurements and the
values obtained from the tuning of the coreflood data.

The above experimental data treatment validates the mathematical
model for compressible two-phase steady-state flow in porous media.

4. Analysis of results

In the present section, we predict well productivity and its de-
pendency on the contact angle and flow rate using typical parameter
values.

4.1. Homogeneous core/reservoir

The effects of contact angle on saturation profile in 1d linear flow
are shown in Fig. 2. The following typical values for the model para-
meters have been used in the model (10, 11) for calculating water-gas
flow presented in Figs. 2, 3 and 5-8: C = 0.4, α = 0.99, η = 0.75,
φ1 = 0.98, φ2 = 0.01, sgr = 0.3, swc = 0.3, k = 1md, and ϕ = 0.1.
Those constants are typical for water-gas flows (Brooks and Corey,
1964; Desbarats, 1995; Chen et al., 2014). Additionally, in Fig. 2, we
applied Qw = 0.35 and εx = 0.2.

The blue curve in Fig. 2 corresponds to water-wet, green to neutral-
wet and red to gas-wet rocks (contact angles 0°, 90° and 180°,

respectively). The solid curves correspond to compressible gas; while
the dashed curves correspond to incompressible flows. Mass fluxes of
gas and water are constant in steady-state flows. Pressure decreases
along the flow direction. The higher is the pressure, the higher is the gas
density and, consequently, the lower is the volume filled by gas.
Therefore, gas saturation increases along the flow. Consequently, water
saturation decreases along the flow, as shown in Fig. 2a (solid curves).

Approaching the outlet, capillary pressure approaches zero. This
leads to the decrease of the saturation profile s(X) in hydrophobic
media, reaching the saturation value s = swc at the outlet. In water-wet
media, the saturation profile reaches the minimum and increases until
reaching the outlet with s = 1-sgr. The influence of capillary pressure
explains why there can be non-monotonic saturation profiles.

Because pressure variation near the outlet is small, the solid and
dashed curves converge. The difference between the curves decreases
along the flow direction due to pressure decreasing.

Fig. 2b shows gas pressure profiles for different rock wettability. In
water-wet media, the pressure steeply increases near the outlet (well-
bore) due to the hydraulic resistance to gas flow created by water
barrier. The pressure profiles for hydrophobic and mixed-wet rocks are
significantly lower than those for the water-wet case, i.e. water-wet
case is more formation-damaging.

An observation from Fig. 2b is that pressure for compressible flow is
lower than that for incompressible flow. In compressible flow, satura-
tion increases towards the inlet if compared with incompressible flow.
So, phase permeability for water also increases. Therefore, pressure
gradient in water decreases. Far away from the outlet, pressure gra-
dients in water and gas are equal.

The effect of capillary-viscous ratio on saturation profiles is shown
in Fig. 5. The constants applied are Qw = 0.6, θ = 0°. The saturation
profiles for compressible and incompressible cases almost coincide for
high capillary-viscous ratio εx = 10, exhibit small deviation for

Fig. 4. Laboratory coreflood data treatment using
the analytical model: a) matched saturation pro-
files for all tests with different rates; b) pressure
drop measured in all seven tests compared with
modelling results. c) matching the MICP-mea-
sured capillary pressure by the analytical model;
d) matching of gas relative permeability mea-
surements by the model.
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intermediate capillary-viscous ratio εx = 1 and significantly deviate for
small εx = 0.1. Large εx corresponds to small rates and, consequently,
small pressure drops, so the compressibility effect is negligible. The
same corresponds to deviation of compressible pressure profiles from
those for incompressible case (Fig. 5b). The deviation increases as the
capillary-viscous ratio decreases.

Low εx –values correspond to high rates and, consequently, high
pressure profiles along the core. Gas density decreases significantly
along the flow, resulting in increasing of gas volumetric flux, i.e. gas
saturation increases. The continuous blue curve in Fig. 5a lies above the
continuous green curves, while the order for dotted profiles is opposite.

Increase in εx results in the expansion of the end-effect zone
(Fig. 5a). As a result, the minimum in the saturation profile can be
located outside the investigated region. Therefore, the saturation

profile is monotonic in the region X∈ [0, 1] for large capillary-viscous
ratio εx (red curves in Fig. 5a).

In hydrophobic rocks, saturation decreases along the flow trajectory
due to gas compressibility, outside the end effect zone. It also decreases
up to swc at the outlet, so all saturation profiles in Fig. 5c are monotonic.
Large capillary-viscous ratios correspond to slow flows, caused by low
pressure gradient (Fig. 5d).

Fig. 6 shows the effect of contact angle on gas and water pro-
ductivity indexes for linear flows. The constant used is Qw = 0.6. The
non-monotonic dependencies are explained by the competing factors of
compressibility, capillary pressure and viscous forces. Contact angle
increase leads to decrease of water saturation along the overall core,
resulting in increase of relative permeability for gas. Yet, the corre-
sponding wettability altering yields displacement of gas into small

Fig. 5. a) Saturation profiles at different capil-
lary-viscous ratios in linear flow: (a) for water
wet case (θ = 0); b) pressure profiles for linear
flow for water wet case (θ = 0); c) Saturation
profiles at different capillary-viscous ratios in
linear flow for hydrophobic rock (θ = π); d)
pressure profiles for linear flow for hydrophobic
rock (θ = π).

Fig. 6. Productivity index versus contact angle at
different capillary-viscous ratios εx under linear
flow with boundary condition Qw = 0.6 for: a)
gas and b) water.
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pores, causing the decrease in gas relative permeability. The above
factors result in non-monotonic curves for gas and water productivity
indexes versus contact angle.

At high capillary-viscous ratios, the saturation is controlled pre-
dominantly by outlet capillary pressure. When the contact angle is in-
creased, the decrease of water saturation has much larger effect on the
PIs for gas and water, than the reduction of gas relative permeability
has on the PIs. Therefore, gas PI is much higher at large contact angles
(red curves in Fig. 6a) and water PI is much lower at large contact
angles (red curves in Fig. 6b).

The productivity index for compressible case is higher than that for
in compressible case, as shown in Fig. 6. This is due to the reduction in
pressure gradient previously observed in Figs. 2b and 4b.

Fig. 6a shows that for each capillary-viscous ratio, there does exist

an optimal contact angle, causing the highest productivity index for gas.
This conclusion is important for planning and design of gas well
treatment with wettability alteration.

4.2. Core/reservoir with piecewise constant contact angle

Fig. 7 presents saturation and pressure profiles with contact angle
altering from 0° to 90° (green curve) and to 180° (red curve). The
constants used are Qw = 0.6, β = 0.5, εx = 1 and θ2 = 0°. The blue
curve corresponds to gas-water flow without wettability change. Point
X= β corresponds to the depth of chemical treatment, where saturation
shock with continuous capillary pressure occurs; see Eqs.(14) and (15).
Water saturation at θ1 = 0° increases along the flow path from point
1 at the inlet up to the value 1 - sgr at the outlet (sand-face of the well).

Fig. 7. Saturation and pressure profiles with
corresponding paths on capillary pressure curves
at different altered contact angle θ1 in linear flow
with piecewise alteration of contact angle: a) sa-
turation profile; b) gas pressure profiles; c) ca-
pillary pressure curves.

Fig. 8. Productivity index versus altered contact
angle θ1 at different capillary-viscous ratios εx in
linear flow with piecewise alteration of contact
angle for a) gas and b) water.
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The green curve corresponds to the altered contact angle θ1 = 90°. The
saturation increases from point 2 at the inlet up to the value 1 - sgr
upstream the treatment boundary, where it drops down to point 3 with
further decrease up to s0 at the outlet. The red curve corresponds to
complete wettability alternation: θ1 = 180°. It increases from point 4 at
the inlet to 1 - sgr at the boundary, then it drops to point 5 across the
boundary; then it decreases up to point swc.

The corresponding pressure drop profiles are shown in Fig. 7b. The
above-mentioned profiles are also presented in the capillary pressure
curves for three values of contact angles (Fig. 7c). The saturation jumps
across the treatment boundary corresponds to horizontal lines of con-
tinuous capillary pressure.

When θ1 is increased in the altered zone, capillary pressure is de-
creased. Due to the capillary pressure decrease and the capillary con-
tinuity condition at X = β, saturation will rise outside the treatment
boundary. The saturation will approach 1 - sgr, as the altered contact
angle θ1 approaches 90°. This leads to a pressure gradient increase with
contact angle at the treatment boundary (Fig. 7b).

Fig. 8 presents the productivity index versus contact angle at dif-
ferent capillary-viscous ratios εx under linear flow after the chemical
treatment for gas and water. The constants used are: Qw = 0.6, β = 0.5
and θ2 = 0°. When θ1 is increased, the water barrier at X= 0 decreases.
However, the water barrier at X = β increases. The pressure gradient
increase at the treatment boundary introduces another hindrance to gas
production with the increase of contact angle. The optimal contact
angle is therefore lower if compared with the fully altered case (Fig. 6).

5. Well behaviour prediction

In this section, we analyse the productivity behaviour of two gas
wells producing from gas storage in aquifer, before and after wettability
alteration near the wellbore, by using the mathematical model given by
Eqs. (C-6, C-7).

Natural gas is injected into an St. Peter's aquifer (Illinois, US) during
summer for storage purposes, and is withdrawn during winter. The
details of the gas storage operations at different reservoir pressures and
rock properties are presented in the works by Buschbach and Bond
(1973), Weiss and Xie (2009) and Xie et al. (2009). The gas withdrawal
in this reservoir is affected by water capillary barrier in the near-
wellbore region. The surfactant Tomadory N-4 is injected into the near-
wellbore region of a few selected wells to alter wettability, remove the
capillary water barrier and enhance gas deliverability.

Fig. 9a and b shows gas rates qp versus accumulated volume of
produced gas Qp for Stenemeyer and Thomas wells, respectively. Blue
crosses correspond to gas production before well stimulation, and red
crosses reflect gas productivity after the stimulation. Fig. 10a shows the
productivity index before (blue crosses) and after (red crosses) wett-
ability alteration treatment for the Stenemeyer well. The analogous
data for the Thomas well are presented in Fig. 10b.

The following data are taken from the above-mentioned papers for
well-behaviour modelling: initial contact angle 0°, altered contact angle
70°, permeability 1.22 × 10−12 m2, well drainage area 4.05 × 104 m2,
temperature 300 K, connate water saturation 0.3, wellbore diameter
0.1397 m, for both wells. The data that are different for two wells are
presented in Table 1.

Five model parameters are tuned to match PI data, before and after
the treatment in each well: J-function coefficient C, J-function exponent
α, tortuosity η, wellbore pressure P1(Rw) at the beginning of pressure
depletion for maximum value of Pres for Qp = 0, and wellbore pressure
P2(Rw) at the end of pressure depletion for minimum value of Pres.
Reservoir pressures shown in Fig. 10a and b by crosses, are estimated in
source papers from the observation well data. In modelling, we fix
Pres=P(re). Table 1 shows similar values of the reservoir parameters for
both wells. To minimise the number of tuned parameters, rock prop-
erties C, α, and η are assumed to be equal for both wells. Therefore, the
field data from both wells are treated simultaneously.

The tuning is performed by minimising the least square deviation
between the well and modelling data. Non-linear least square method
(improved Levenberg-Marquardt procedure) is applied (Coleman and
Li, 1996). The values of tuned parameters for Stenemeyer and Thomas
wells are listed in Table 2. The results of modelling by numerical so-
lution of two ordinary differential equations (C-6, C-7) are shown in
Fig. 10a and b for Stenemeyer and Thomas wells, respectively (solid
curves).

The PI curves obtained from modelling (solid curves in Fig. 10a and
b) deviate from the field data (cross points in Fig. 10a and b) in the
early stage of well operation, which corresponds to Pres>5 × 106 Pa.
Field data scattering presented in both wells are explained by Weiss and
Xie (2009). There are complications in the field operation which are not
accounted for in the current model. Post-treatment gas injection was
limited due to the loss of a disposal well and pipeline repairs and re-
placements. The loss of the disposal well after treatment prevented
dewatering of the storage zone. The loss of the well and pipeline repairs
resulted in reduction of the total volume of gas injected into the re-
servoir and altered the distribution of saturation in the reservoir (Weiss
and Xie, 2009). The resulted non-uniform gas distribution and transient
effects at the beginning of gas withdrawal lead to data scattering in
post-treatment PI curve withdrawal cycles (red crosses in Fig. 10a and
b). There are also several other reasons for field data scattering: not all
data points represent steady states; several data were taken during
transition period where the steady states had not been reached. Also,
the reservoir rock is assumed to be incompressible in the model (C-6, C-
7). Reservoir heterogeneity is not accounted for in the model. There-
fore, only qualitative match between the field and modelling data is
expected.

Despite the above-mentioned effects of field operations, rock com-
pressibility and reservoir heterogeneity are neglected in Eqs. (C-6, C-7),
the model qualitatively matches the trend of PI data of the withdrawal

Fig. 9. Gas rates qp versus accumulated volume of
produced gas Qp before and after well treatment
(marked by blue and red crosses), respectively:
(a) Stenemeyer well; (b) Thomas well. (For in-
terpretation of the references to colour in this
figure legend, the reader is referred to the web
version of this article.)

S. Naik et al. Journal of Natural Gas Science and Engineering 50 (2018) 101–114

108



cycle. The coefficient of determination is R2 = 0.85 for the Stenemeyer
well (Fig. 10a), and R2 = 0.68 for the Tomas well (Fig. 10b). However,
the field and modelling data exhibit close agreement at the late stage of
pressure depletion for Pres<5 × 106 Pa.

6. Discussion

Saturation and pressure profiles for axi-symmetric flow are obtained
from the linear-flow profiles by the substitution X = ln(R) and trans-
formation of the abscissa from the interval [0, 1] to [ln(Rw), 0]. It al-
lows re-calculating coreflood data on two-phase flow after the chemical
treatment, into the well inflow performance and behaviour prediction.

Near to and far away from the inlet, the model for steady-state two-
phase compressible flow can be asymptotically simplified. Inside the
capillary end-effect zone close to the core outlet, fracture face or
wellbore, gas compressibility can be neglected. Far away from the end-
effect zone, i.e., a long distance from the outlet or wellbore, capillary
pressure gradient is negligible. In both cases, pressure and saturation
profiles are given by implicit formulae.

With the core length or drainage radius tending to infinity, capillary
pressure gradient at the inlet or drainage radius tends to zero. The ratio
of gas and water rates becomes equal to the ratio of gas and water
mobilities. It allows determining inlet saturation, either graphically or
by solving transcendental equation.

Outside the end-effect zone, water saturation decreases along the
flow path due to gas compressibility. Saturation continues decreasing
within the end-effect zone of gas-wet rock down to the value of swc. For

water-wet rock, saturation increases in the end-effect zone up to 1-sgr,
yielding non-monotonic saturation profile.

Section 3 validates the model for compressible gas-water flow, given
by Eqs. (10) and (11) and used in the present work to study the com-
pressibility effects on well productivity during wettability alterations.
The model uses relative permeability and capillary pressure curves,
presented in Appendix A. Those formulae of relative permeability and
capillary pressure include the dependency of contact angle as an in-
dependent variable, reflecting possible wettability alterations, de-
scribed in Section 2.2. The formulae have been proposed by Bradford
et al. (1997) and O'Carroll et al. (2005), based on numerous laboratory
tests with changing wettability, and used by Naik et al. (2015) to study
incompressible two-phase flux during wettability alterations.

Matching of seven coreflood tests by the semi-analytical model re-
presented by Eqs. (10) and (11) yields the coefficient of determination
R2 = 0.99 for pressure drops across the core and 0.82 for saturation
profiles. Relatively low R2 value for saturation profiles is explained by
high data scattering, which is typical for CT data. Comparison between
the capillary pressure function tuned from the coreflood tests, and that
measured independently exhibits R2 = 0.92. The above validates the
model proposed. In particular, it validates the usage of formulae (A-3,
A-4) for relative permeability and capillary pressure for compressible-
flow modelling.

The semi-analytical modelling shows that the effect of compressi-
bility on the inflow performance with commingled gas-water produc-
tion could be quite significant. The difference between pressure draw-
downs for compressible and incompressible cases reaches 19% (green
curves for contact angle θ = π/2 in Fig. 2b) and 40% (blue curves for
capillary-viscous ratio εx = 0.1 in Fig. 5d); the difference in saturations
can be up to 10% (blue curves for capillary-viscous ratio εx = 0.1 in
Fig. 5c); the difference in productivity index is up to 25% (blue curves
for capillary-viscous ratio εx = 0.1 in Fig. 6a).

For the above case where θ = π/2 and εx = 0.1, doubling rate and
decreasing the outlet pressure at x = 0 from 5 × 106 Pa to 3 × 106 Pa
yields an increase in the difference between compressible and in-
compressible cases: the difference is 66% for pressure drawdown, is
58% for PI, and is 10% for saturation.

The Brooks-Corey forms for relative permeability and capillary
pressure, which are more habitual in petroleum industry, can be also
used in the semi-analytical model given by Eqs. (10) and (11).

The semi-analytical model for linear flow can be applied not only
for coreflood tests, but also for fractured wells. The proposed model can
be used to describe two-phase water-gas flow from formation towards
fracture face.

The semi-analytical model can be applied for design of the chemical
well treatment to maximise gas production and minimise produced
water volumes. Matching the data of steady-state commingled gas-
water flow through the reservoir cores before and after treatment by

Fig. 10. Field case study of wettability-alteration
effects on well productivity index – field and
modelling data before and after well stimulation:
a) Stenemeyer well; b) Thomas well.

Table 1
Field parameters in the areas of Stenemeyer and Thomas wells.

Parameter Stenemeyer Thomas

Reservoir thickness 8.23 m 7.01 m
Treatment radius 5.97 m 6.43 m
Porosity 0.20 0.18
Reservoir depth 359 m 356 m

Table 2
The parameter tuning results for Stenemeyer and Thomas wells.

Parameter Stenemeyer Thomas

C 2.34 2.34
α 0.76 0.76
η 1.04 1.04
P1 (before) 5.33 × 106 Pa 5.34 × 106 Pa
P2 (before) 4.11 × 106 Pa 3.95 × 106 Pa
P1 (after) 5.30 × 106 Pa 4.78 × 106 Pa
P2 (after) 4.08 × 106 Pa 3.73 × 106 Pa
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wettability-alternating chemicals (surfactants or nano-fluids) using the
linear-geometry analytical model allows tuning the model parameters
as functions of concentration of the applied chemical. The obtained
plots for productivity index permit determining an optimal contact
angle, yielding possible choice of the wettability-alternating chemical.
The axi-symmetric model re-calculates flow for well conditions, ap-
plying the laboratory-based model parameters. The calculated de-
pendencies of well productivity of concentration and volumes of the
applied chemicals allow determining the optimal values for given re-
servoir conditions.

The above-mentioned approach can be used for design of well
treatment decreasing water-blocking in gas producers in conventional,
coal-bed and shale-gas reservoirs.

The proposed 1d model (C-6, C-7) assumes uniform rock homo-
geneity. Multi-layer model with areal heterogeneity can yield better
match of the well data before and after the surfactant treatment
(Fig. 10). Another limitation of the model is the Darcy's law for two-
phase flows. Well behaviour deviates from the modelling data at high
drawdowns and rates. Additional productivity index enhancement can
be attributed to removal of water drops from small pores by high-ve-
locity gas (Barenblatt et al., 1990). Reduction in pore-blocking explains
permeability enhancement at high rates. The above effects can be
captured by the modified Darcy's law with initial pressure gradient,
where the value of the initial pressure gradient increases as perme-
ability decreases. The effect of the water-droplet mobilisation can be
particularly important in low-permeable unconventional gas and oil
fields.

The model (C-6, C-7) also assumes rock incompressibility, i.e. the
permeability is independent of the reservoir pressure. However, the
reservoir-pressure decrease yields stress increase, resulting in perme-
ability decline (Barenblatt et al., 1990). The effect can be captured by
using k = k(p) in Eqs. (C-6, C-7). Using exponential permeability de-
pendency of pressure adds an extra tuning parameter, yielding better
matching of the field data by the modelling curves.

Water block on the matrix-fracture boundaries is a serious obstacle
for gas production from fractured-porous reservoirs (Van Golf-Racht,
1996). The effect of well neighbourhood treatment by wettability-
changing surfactants or nanofluids must be investigated. The mathe-
matical model for gas flow towards well in fractured-porous formation
is unsteady-state (Barenblatt et al., 1990), while the present paper de-
rives steady-state solution for inflow performance in homogeneous re-
servoir as a special case.

The mathematical model developed reveals non-monotonic pro-
ductivity-index dependency of the contact angle. It is attributed to two
competitive factors: the higher is the contact angle, the lower is the
capillary water barrier yielding higher PI for gas; on the contrary, the
higher is the contact angle, the lower is the radius of the gas-filled pores
and the lower is the relative permeability for gas. Therefore, there does
exist an optimal contact angle, which must be achieved during well
treatment.

7. Conclusions

The semi-analytical modelling of steady-state gas-water flow in the
rock with constant and piecewise-constant contact angles accounting
for gas compressibility allows making the following conclusions:

For high capillary-viscous ratio and water-wet rock, gas pressure
significantly rises in the end-effect zone, creating a hydraulic resistance
for gas inflow.

Increase of contact angle or decrease in capillary-viscous ratio near
to well removes the capillary barrier and increases well productivity for
gas.

For high capillary-viscous ratio, the end effect zone covers the
overall region, and saturation increases monotonically along the flow
path from inlet to the outlet for water-wet rocks.

Pressure drop across the core is higher for lower capillary-viscous
ratios. For small ε values, the effect of compressibility is higher, and the
difference between profiles for compressible and incompressible gas is
larger.

For inflow of water and gas, the interplay between the physical
phenomena of capillary pressure, pressure in gas phase and compres-
sibility leads to a non-monotonic dependency of the productivity in-
dexes for gas and water versus contact angle.

For the porous media with piecewise altered contact angle, increase
in altered contact angle forms a second water barrier outside the altered
zone. This additional end effect reduces the optimal contact angle if
compared to the fully altered case.
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Nomenclature

b Klinkenberg factor, Pa
C J-function coefficient
D density-viscosity ratio
g gas-wet capillary fraction
J J-function
k permeability, m2

kkg Klinkenberg correction coefficient
kr relative permeability
L length scale, m
M molar mass, kg/mol
pc capillary pressure, Pa
p pressure, Pa
P dimensionless pressure
P1 wellbore pressure at the beginning of depletion, Pa
P2 wellbore pressure at the end of depletion, Pa
Pres reservoir pressure, Pa
PI dimensionless productivity index
q mass rate (per unit area for linear flow, kg/m2·s)(per unit height for radial flow, kg/m·s)
qp gas volumetric flow rate, m3/s
Qw water cut by mass
Qp accumulated volume of produced gas, m3
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R radius, m
re drainage radius, m
R dimensionless radius
Rc universal gas constant, 8.3144621 J/Mol·K
S water saturation
sgr irreducible gas saturation
swc connate water saturation
S normalised saturation
T temperature, K
W capillary size, m
x distance, m
X dimensionless distance
Z compressibility factor
Greek letters

α J-function exponent
β fraction of wettability altered zone
ε capillary-viscous ratio
η tortuosity index
ϕ porosity
φ fraction of pore surface
μ viscosity, Pa·s
ρ density, kg/m3

σ interfacial tension, N/m
θ contact angle
θ1 altered contact angle
θ2 initial contact angle
Subscripts

g gas
w water (for density, pressure, productivity index, relative permeability and viscosity)wetting phase (for normalised saturation), well (for

radius)
x linear
r radial
0 outlet
∞ inlet

Appendix A. Relative permeability and capillary pressure functions

Following papers by Bradford et al. (1997) and O'Carroll et al. (2005), we introduce the model for relative permeability and capillary pressure for
the capillary bundle model. Introduce normalised water saturation as follows:

= −
− −

S s s s
s s

( )
1

wc

gr wc (A-1)

where s is the water saturation, swc is the connate water saturation, sgr is the residual gas saturation. The rock is hydrophobic for contact angle
exceeding 90°. The normalised wetting phase saturation is

= ⎧
⎨⎩

< °
− > °

S s
S s θ
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( )

( ), 90
1 ( ), 90w

(A-2)

The capillary pressure is a function of normalised wetting phase saturation and contact angle. A fractionally wet rock is assumed, which is split
into three fractions. The first fraction φ1 has the contact angle θ. The fractions φ2 and φ3 are the fractions of surfaces which are fully hydrophilic and
hydrophobic, respectively. Fractions φ2 and φ3 vary in the intervals 0–0.03. The sum of φ1, φ2 and φ3 is one. The capillary pressure is expressed using
Leverett's J-function as:

=
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Relative phase permeabilities for water and gas are expressed by the following formulae, respectively
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where

= − =g θ θ w S S
C

k
ϕ( ) 1

2
[1 cos( )], ( )

α
1

(A-5)

Particularly, in the case where permeability or pressure is low, such as in laboratory conditions with rock permeability less than 1 md, the slip
effect can affect gas permeability. The slip effect can be accounted for by multiplying gas permeability with a Klinkenberg correction coefficient kkg
(Jones and Owens, 1980) as

= ⎛

⎝
⎜ + ⎞

⎠
⎟ = −k p b

p
b k( ) 1 , 0.86kg g

g

0.33

(A-6)

The functions of capillary pressure (A-3) and relative permeability (A-5) contain 9 constants: J-function coefficients C and exponent α, contact
angle θ, tortuosity η, wettability alteration fraction φ1, permanently water wet fraction φ2, residual gas saturation sgr, irreducible water saturation swi,
and the ratio of permeability k over porosity ϕ.

The above functions for relative permeability and capillary pressure are used in the derivation of analytical models in Section 2.

Appendix B. Qualitative analysis of solution

Consider how compressible flow tends to incompressible flow in important asymptotical cases. In the case where the pressure drop across the core
is significantly lower than the outlet pressure P0, gas is considered incompressible. In this case, Eq. (11) separates from Eq. (10) and allows for an
implicit solution (Barenblatt et al., 1990):

∫=

× ⎡
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The solution to Eq. (B-1) is an asymptotic one to (11) near the core outlet, where X→0.
Another special case corresponds to negligible capillary pressure gradient, which provides the asymptotic solution far away from the end effect

zone. Assuming εx = 0 in Eq. (11) yields

−
=Q

Q
k s θ

k s θ k P D P1
( , )
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w

w

rw

rg kg g g (B-2)

Eq. (B-2) allows expressing saturation via pressure as an implicit function: s= s(Pg). Its substitution into Eq. (10) and separation of variables yield
the solution s(X):

∫=
−

X
Q

k P k s P θ D P dP1
1

( ) ( ( ), ) ( )
w P

P

kg g rg g g g

0 (B-3)

Consider pressure and saturation profiles in long cores and the structure of the solution as X tends to infinity. For the incompressible case, as X
tends to infinity, the saturation tends to the limit s∞, and the left side of Eq. (11) tends to zero, which corresponds to the condition where the
mobility ratio equals the rate ratio

−
= ∞

∞
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and pressure tends to infinity (Naik et al., 2015).
For the compressible case, we assume that at X tending to infinity with pressure tending to infinity, gas density tends to a limit ρ∞. The saturation

limit s∞ corresponds to the left-hand side of Eq. (11) equalling zero, and satisfies the condition

= − =∞ ∞
∞
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Graphical solution of Eq. (B-5) defining saturation at infinity s∞ is presented in Fig. 3 in semi-log plot. Left-hand side of Eq. (B-5) is relative
permeability for gas; right-hand side depends on water rate. The graphical solution shows that an increase in the water injection rate Qw leads to an
increase in the water saturation at infinity.

Let us show that s∞ for compressible case is higher than s∞ for incompressible case. Outlet pressure is less than the inlet pressure, so the outlet gas
density is smaller than gas density at the inlet. Therefore, D(P0) < D∞. Right-hand side of Eq. (B-5) increases as D decreases. Fig. 3 shows that s∞ for
compressible case is higher than that for incompressible case.

Appendix C. Axi-symmetric steady-state gas-water flow

We discuss steady state axi-symmetric flow towards the well. The expressions for water and gas phases follow from modified Darcy's law

=q πr kk s θ
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ρ
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Let us introduce the following dimensionless variables and parameters:
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where re is the drainage radius, and R is the dimensionless radius. The capillary-viscous ratio εr is the dimensionless ratio between the reference
capillary pressure and pressure drop across the core with axi-symmetric single-phase water flow.

Substitution of dimensionless parameters (C-3) into Eqs. (C-1, C-2) yields
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The equation for gas flux (C-5) allows the gas pressure gradient to be expressed as
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Expressing the pressure gradient in water from Eq. (C-4), subtracting it from Eq. (C-6) and accounting for capillary pressure (9) will yield
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The capillary pressure equals zero at the wellbore; the constant pressure is set at the wellbore:

= = = =R R s s J s P P: , ( ) 0,w g0 0 0 (C-8)

System of two ordinary differential equations (C-6, C-7) subject to Cauchy conditions (C-8) determines the steady-state profiles s(R) and Pg(R) for
axi-symmetric steady state gas-water flow

Like for the linear flow presented in Appendix B, in the case where pressure drop across the reservoir is significantly lower than the outlet
pressure P0, gas is considered incompressible. The functions kkg and D become constant. Eq. (C-7) separates from Eq. (C-6). Solving ordinary
differential equation (C-7) by separation of variables and accounting for Cauchy conditions (C-8) yields:
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This solution is asymptotic in the near-wellbore zone R - Rw< < Rw

Far away from the well, saturation derivative tends to zero. As it follows from Eq. (C-7), Eq. (B-2) holds. It allows determining s= s(Pg), similar as
in Eqs. (B-2, B-3). Substituting it into Eq. (C-7) and separating variables yield pressure distribution far away from the well:
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As in the linear case, Eq. (B-5) determines saturation far away from the well.
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Abstract. Water blocking is a frequent cause for gas productivity decline in unconventional and conventional fields. It is
a result of the capillary end effect near the wellbore vicinity. It creates significant formation damage and decreases gas well
productivity. The alteration of the rock wettability by nanofluids is an effective way to reduce water blockage and enhance
gas production. Presently, several types of surfactants and nanofluids are used in the industry for contact angle alteration.
In this study, we developed an analytical model and analysed the sensitivity to several parameters.

After the treatment, the porous medium in the well vicinity (or along the core) will have a stepwise constant contact
angle profile. We derive analytical models for compressible steady-state two-phase linear and axi-symmetric flows,
accounting for the piecewise-constant contact angle and contact-angle-dependent capillary pressure and relative
permeability. The modelling reveals a complex interplay between the competing effects of compressibility, viscous and
capillary forces, which influence the optimal contact angle for treatment.

The optimal contact angle for treatment will depend on the initial wettability of the formation, the water cut and the
capillary-viscous ratio.

Keywords: contact angle, gas production, Nanofluids, Nanoparticles, Productivity Index, two-phase flow, wettability.
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Introduction

Two-phase steady flow in porous media is an important process
that occurs during production of many petroleum reservoirs.
During two-phase immiscible flow, capillary pressure affects
the fluid distribution among the pore throats. The capillary
pressure approaches very low values where the reservoir rock
meets the wellbore or fracture face. This effect is known as the
capillary end effect (CEE), and is frequently observed during
core flood tests (Huang and Honarpour 1998). In low
permeable reservoirs, the CEE is more dramatic and can cause
water saturation to rise dramatically, severely reducing gas
production (Naik et al. 2015, 2018). To avoid these issues in
common to low permeability reservoirs, technology has been
developed to alter wettability, which is one of the most effective
ways to modify capillary forces and reduce capillary blocking
(Penny et al. 1983).

A new method for wettability alteration is the application
of nanotechnology. This new technology uses particles, or any
materials of nanoscale, characterised by their large surface
area with different structures, composition, functional groups

on the surface, charges and other singular characteristics
(Mohanraj and Chen 2006).

The effect of nanofluid on enhanced oil recovery (EOR) is
explained by numerous authors as wettability alteration (Kong
and Ohadi 2010; Mcelfresh et al. 2012; Torsater et al. 2012;
Skauge et al. 2010). However, wettability alteration is explained
by different mechanisms in the literature. One of the mechanisms
proposed is the reduction in interfacial tension (IFT), where the
nanoparticles adsorb on the oil/water interface, changing the
energy between the two fluids and consequently altering
the wettability (Hendraningrat and Torsæter 2014; Nwidee
et al. 2016; Al-Anssari et al. 2016). Another mechanism
proposed is the wedge effect, where the nanoparticles spread
around the three-phase contact (solid/water/oil) and changes the
contact angle of the surface (Chengara et al. 2004; Nikolov and
Wasan 2014; Zhang et al. 2014).

Our work is motivated by situations in which gas is being
produced with water from a porous medium with constant or
piecewise-constant contact angle. This situation could arise
during production from gas reservoir with nanoparticle
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application near the wellbore or fracture face. The effect of
piecewise-constant contact angle can have similar effects on
capillary pressure as piecewise-constant permeability.

Yortsos and Chang (1990) investigated steady-state two-
phase flows with sharp and smooth permeability change in
porous media, where the capillary pressure is inversely
proportional to permeability. The saturation fluctuation
becomes larger with the sharper change in permeability. Van
Duijn et al. (1995) and Van Lingen et al. (1996) observed that
the viscosity, flow rate and interfacial parameters were essential
for determining the saturation profile in rocks with piecewise
permeability and porosity.

While piecewise permeability helps explain the effect of
altering the capillary pressure curve in the near wellbore
region, it does not allow us to fully explore what occurs under
piecewise wettability. Contact angle alteration will also affect
relative permeability relationship and this may be very
consequential to productivity.

Mathematical models, including governing equations,
boundary conditions and steady-state solutions, are presented.
Sensitivity of piecewise-constant macroscopic contact angle to
capillary-viscous ratio and altered fraction are investigated in
Results and analysis. Limitations of the model are discussed,
and finally, conclusions are drawn.

Mathematical model

Linear flow

The mass fluxes for water qw and gas qg during two-phase water-
gas flow are described by Darcy’s law as:

qw ¼ k
krwðs; �Þ

mw
rw

dpw
dx

ð1Þ

qg ¼ kkkgðpgÞ krgðs; �Þ
mg

rgðpgÞ
dpg
dx

ð2Þ

where the subscripts w and g refer to water and gas, respectively;
k is permeability, s is water saturation, � is the contact angle, kkg
is the Klinkenberg coefficient, kr is the relative permeability, m
is the viscosity, r is the density p is pressure and x is distance
from fracture face. The real gas equation is used to calculate gas
density:

rg ¼ pgM

zðpgÞRcT
ð3Þ

whereM is the molar mass, Rc is the universal gas constant, T is
the temperature and z is the compressibility factor.

The capillary pressure pc is the difference between the gas
pressure and the water pressure. It is also expressed via the
dimensionless J-function as:

pc ¼ pg � pw ¼ sffiffiffiffiffiffiffi
k=�

q Jðs; �Þ ð4Þ

where s refers to the IFT and � to the rock porosity. The forms
of relative permeability and capillary pressure are presented in
Appendix 1.

If we consider steady-state flow, we can introduce a constant
for the ratio of total mass flux that water contributes to:

Qw ¼ qw
qg þ qw

; 1� Qw ¼ qg
qg þ qw

ð5Þ

Let us also introduce the followingdimensionless variables for
pressure, length, capillarity and viscosity:

Pg ¼ krw
ðqg þ qwÞmwL

pg;Pw ¼ krw
ðqg þ qwÞmwL

pw ;

X ¼ x

L
;DðpgÞ ¼ rgðpgÞmw

rwmg
; " ¼ srw

ffiffiffiffiffiffi
k�

p
ðqg þ qwÞmwL

ð6Þ

where P refers to the dimensionless pressure, X to the
dimensionless length and D to the density-viscosity ratio. The
constant " is the dimensionless ratio between the reference
capillary pressure and pressure drop and is called the capillary-
viscous ratio. L is the length scale over which the solution is
investigated.

Substituting the dimensionless variables from Eqns 5 and 6
into Eqns 1, 2 and 4 gives us:

Qw ¼ krwðs; �Þ dPw

dX
ð7Þ

1� Qw ¼ kkgðPgÞkrgðs; �ÞDðPgÞ dPg

dX
ð8Þ

Pg � Pw ¼ " Jðs; �Þ ð9Þ
The pressure gradient for gas is expressed as:

dPg

dX
¼ 1� Qw

kkgðPgÞkrgðs; �ÞDðPgÞ ð10Þ

Expressing pressure gradient in water from Eqn 7, subtracting
the result from Eqn 10 and accounting for Eqn 9 will give us:

ds

dX
¼

�
1� Qw

kkgðPgÞkrgðs; �ÞDðPgÞ �
Qw

krwðs; �Þ
��

"
dJðs; �Þ

ds

��1

ð11Þ
We assume that the capillary pressure equals zero at X = 0,

which can represent the hydraulic fracture face or the core outlet:

X ¼ 0 : s ¼ s0; Jðs0Þ ¼ 0; Pg ¼ P0 ð12Þ
The steady-state profiles for s and Pg for one-dimensional

steady-state water-gas flow are determined by the system of
two ordinary differential Eqns (10, 11) subject to the Cauchy
conditions (Eqn 12).

The system is solved numerically using implicit numerical
differentiation formulae with quasi-constant step size implemented
in Matlab (Shampine and Reichelt 1997).

To estimate the effects of nanofluid treatment, we consider
a piecewise-constant contact angle profile, where the initial
contact angle �2 has been changed to �1 in the neighbourhood
close to the hydraulic fracture:
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� ¼ �1; 0<X <b
�2; b<X < 1

�
ð13Þ

where b is the depth of treatment over L. Fig. 1 shows the
schematic for this case. At this discontinuity in contact angle,
there must be continuity of both water and gas pressures:

X ¼ b : Pg
� ¼ Pg

þ;Pw
� ¼ Pw

þ ð14Þ
where the negative ‘–’ and positive ‘+’ signs correspond to
downstreamandupstreamof thediscontinuity atX=b, respectively.

The solution for Pg allows calculation of the dimensionless
productivity indexes (PIs) for water and gas as:

PIw ¼ Qw

DPw
;PIg ¼ 1� Qw

DPg
ð15Þ

Radial flow

The system of Eqns 10 and 11 can be easily converted from linear
to axi-symmetric radial flow, which can describe radial flow to a
wellbore. To do this, the coordinateX is replacedwith ln(R), where
R is the distance from wellbore r, over the drainage area re:

R ¼ r

re
ð16Þ

The pressure gradient for gas is then expressed as:

dPgr

d lnR
¼ 1� Qw

kkgðPgrÞkrgðs; �ÞDðPgrÞ ð17Þ

The saturation gradient is expressed as:

ds

d lnR
¼ 1� Qw

kkgðPgrÞkrgðs; �ÞDðPgrÞ �
Qw

krwðs; �Þ
� �

"r
dJ ðs; �Þ

ds

� ��1

ð18Þ
The dimensionless constants for radial case are:

The boundary conditions are set at the wellbore instead:

R ¼ rw
re

: s ¼ s0; Jðs0Þ ¼ 0; Pgr ¼ P0 ð20Þ

The saturation and pressure profiles versus natural logarithm
of radius during well inflow have the same forms as those for
linear flow case.

Field case

The PI for the field case can be estimated by:

PI ¼ qg
rgðpscÞ2pkh

1Ðpre
prw

rgðpgÞ
mgðpgÞ

dpg
ð21Þ

where the subscript sc stands for surface conditions, rw stands
forwellbore re stands for the drainage area and h stands for height
of reservoir. For the model dimensionless PI for a well is
calculated by:

PI ¼ 1

Sa þ Swb
ð22Þ

where Sa is a constant and Swb is a skin due to a water block.
The constant Sa accounts for drainage area and other skins, which
are assumed to be constant. The water block skin is calculated
from assuming linear flow in the near fracture face region. The
skin results from the relative permeability reduction due to
water build up:

Swb ¼ p

2xf

ð1
0

1

krgðsdðX Þ; �Þ �
1

krgðsudðX Þ; �Þ dX
2
4

3
5 ð23Þ

where xf stands for fracture half-length, the subscript d stands
for damaged case (case accounting for CEE) and subscript ud
stands for undamaged case (case not accounting for CEE).

Results and analysis

The adjustment of wettability has two effects on productivity of
thefluid. For example,with hydrophilic rocks, increase in contact
angle will reduce the saturation near the fracture face dues to end
effects, positively impacting gas productivity. However, as gas
will begin to imbibe into smaller pores, it will also reduce the
relative permeability function to gas. This negatively impacts gas
productivity. The result of these two competitive effects is that
contact angle needs to be optimised to maximise the PI.

For the analysis required, we investigated a case where " = 1,
k= 1 mD, �= 0.1, Qw= 0.05 and b = 0.3. The J-function
coefficient C= 0.1, J-function exponent a= 0.6, and the
relative permeability tortuosity index h = 2. Flow is presented
from right to left with X= 0 representing the fracture face and
X = 1 the boundary for investigation.

Fig. 2a shows the steady-state saturation profiles for
a hydrophilic rock with contact angle altered in the near
fracture face region. The blue curve indicates the case for no
contact angle alteration. Very close to the fracture face (X = 0),
saturation quickly rises because of the CEE. The capillary
pressures in the fracture are zero, and the continuity in
capillary pressure causes the capillary pressure in the near
fracture face region to be close to or equal to zero. When this

Fig. 1. Schematic figure of flow into hydraulic fracture. The rock has
contact angle �2, which is altered in the near fracture face zone (from�= 0
to� = b) to �1.

Pgr ¼ 2pkrw
ðqw þ qgÞmw

pg; Pwr ¼ 2pkrw
ðqw þ qgÞmw

pw;

"r ¼ 2psrw
ffiffiffiffiffiffi
k�

p
ðqw þ qgÞmw

ð19Þ
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happens, the pressure of the gas phase is not large enough to
overcome the capillary forces, which favour the water phase, and
the water saturation rises.

The red curve indicates when the contact angle has increased
to 90�. The water saturation at X = 0 is determined by the
capillary pressure curve, and the water saturation further from
the fracture face is determined by the mobilities and the ratio
of gas and water fluxes. As the capillary pressure in the near
fracture face region is reduced close to zero, the boundary at
X =b will behave similar to the fracture face when there was
no contact angle alteration. Capillary pressure continuity causes
a discontinuity in the saturation profile. For this case there is
a small jump in saturation.

The yellow curve indicates when the contact angle is
completely altered to 180�. At this contact angle, the capillary
forces favour the gas phase, so at the fracture face, the gas phase
saturation will rise. However, capillary pressure continuity must
exist at the boundary between the unaltered and the altered zone.
In this instance the capillary pressure is a negative value, and the
effect on saturation profile is even stronger than that when the
contact angle was altered to 90�. The jump in saturation is
much larger.

Fig. 2b shows the dimensionless pressure drop. The blue
curve shows the highest gradient at X = 0. The water saturation
at this point is close to 1 – sgr, so the gas relative permeability is

close to zero. This causes a very large pressure gradient at the
point X = 0. Further from the fracture face, the pressure gradient
decreases as the saturation reduces.

When the contact angle is increased, the gradient at X = 0
decreases as the saturation decreases. When the contact
angle is increased to 180� the pressure gradient at X= 0 is
the lowest.

Away from the fracture face, the dimensionless pressure
gradient is determined by the mobilities and the ratio of phase
fluxes. For the case with complete alteration, the effect of the
second water barrier is seen by a sharp rise in dimension less
pressure atX =b. Despite the reduction of pressure gradient in the
near wellbore zone, the second boundary effect can negate the
pressure gradient decrease. This can make the treatment strategy
suboptimal.

For this case, the dimensionless pressure drop for the neutral
contact angle of 90� is the lowest, meaning it is the optimal
contact angle.

Fig. 3a shows saturation profiles for hydrophobic rocks with
contact angle altered in the near wellbore region. The yellow
curve indicates the case for no contact angle alteration. When
contact angle is reduced, capillary pressure in the altered
region increases. At the boundary X=b, the capillary pressure
continuity causes the saturation to drop in the hydrophobic
section of the rock.

(a) (b)

Fig. 2. (a) Saturation and (b) pressure versus depth for a hydrophilic rock with piecewise alteration. The blue curve indicates that the near fracture zone contact
angle has been altered to 0�, the red curve indicates it has been altered to 90� and the yellow curve that it has been altered to 180�.

(a) (b)

Fig. 3. (a) Saturation and (b) pressure versus depth for a hydrophobic rockwith piecewise alteration. The blue curve indicates that the near fracture zone contact
angle has been altered to 0�, the red curve indicates it has been altered to 90� and the yellow curve that it has been altered to 180�.
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Fig. 3b shows the dimensionless pressures for this case.When
the contact angle is reduced, the pressure gradient increases at
X = 0 due to the CEE. However, the second end effect does not
induce a sharp increase in the pressure gradient like in the
hydrophilic reservoir. This is due to the saturation decreasing
rather than increasing at the boundary. The yellow curve for the
hydrophobic rock has the lowest pressure drop, indicating that
contact angle alteration may not improve recovery.

The effect on dimensionless PI is shown in Fig. 4 and Fig. 5.
Fig. 4a shows PI for hydrophilic rock with contact angle altered
near to the fracture face. For gas productivity the optimal contact
angle is shown to be close to 90�.

Low capillary-viscous ratios correspond to lower IFT, higher
viscosities or higherfluid velocities. In this regime, the impact the
end effects have on production is lower, so the altering contact
angle shows less improvement in PI.

Higher capillary-viscous ratios correspond to higher IFT,
lower viscosities and lower fluid velocities. In this regime, the
CEEs havemore impact onPI. The negative impact of completely
altering the contact angle is much higher and the positive impact
of altering contact angle to the optimal is higher.

Fig. 4b shows the PI for hydrophobic rocks. The blue curve
indicates the case for low capillary-viscous ratios. The optimal
contact angle exists at low capillary-viscous ratios; here it is
close to 90�.

The yellow curve indicates the case for high capillary-viscous
ratios. At high capillary-viscous ratios, the optimal contact angle
is closer to 180�. The end effects are larger at high capillary-
viscous ratios, and in this instance, the CEE increases the water
saturation atX = 0. This ultimately causes contact angle reduction
to increase dimensionless pressure drop.

As the saturation and pressure gradients further away from the
fracture face will be determined by the water gas flux ratios, it is
reasonable to assume that the water cut will impact the PI and the
optimal contact angle.

Fig. 5a showsPI for hydrophilic rockswith sensitivity towater
cut by mass Qw. The blue curve indicates the case for when half
the mass produced is water. When water production is this high,
the water saturation in the reservoir is also very high. At contact
angle of 90� the PI is at its highest.

At lower water cuts, such as the case for the red and yellow
curves, the optimal contact angle shifts closer to 180�. When
water cut approaches zero, the saturation determined away from
the fracture face approaches zero, so the pressure gradient away
from the end effect region is the lowest. The gas phase relative
permeability will be at its highest. When this happens, reducing
saturation due to end effects will improve PI. This is done by
increasing the contact angle past 90� towards 180�. However, the
second end effect at X =bwill cause the optimal contact angle to
be slightly less than 180�.

(a) (b)

ε = 0.1
ε = 1
ε = 10

ε = 0.1
ε = 1
ε = 10

Fig. 4. Productivity index (PI) over initial PI plotted against altered contact angle �1 for (a) water wet and (b) gas wet rocks. The blue curve indicates capillary-
viscous ratios " of 0.1, the red curve an " of 1 and yellow curve an " of 10.

(a) (b)

Qw = 0.5
Qw = 0.05

Qw = 0.005

Qw = 0.5
Qw = 0.05

Qw = 0.005

Fig. 5. Productivity index (PI) over initial PI plotted against altered contact angle �1 for (a) water wet and (b) gas wet rocks. The blue curve indicates water cut
by mass Qw of 0.5, the red curve a Qw of 0.05 and the yellow curve a Qw of 0.005.
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Fig. 5b shows the sensitivity for water for the hydrophobic
rock. A similar observation can be made: at high water cuts, the
optimal contact angles is near 90� and at lower water cuts the
optimal contact angle tends to 180�.

Discussion

The mathematical model presented in this work has been applied
to a field case study. Field ‘A’ (Australia) is a tight gas reservoir.
During many years of exploitation, the linear model has been
applied for a fractured well in this field. Because the formation
damage during leak-off is localised close to the well, the flow in
the fractured well vicinity is linear and the flux is directed
perpendicular to the plane of fracture.

The reservoir pressure decline is estimated from shut-in
periods of the well as wellhead rate and pressure are recorded
during the production of the well. The parameters k and h are
estimated from the logs. The gas pressure, volume and
temperature properties are analysed in the laboratory. The PI
for the well can then be calculated using Eqn 21 throughout the
well life. The PI decreases as the rate decreases, and this could
possibly be explained by water saturation build up. The model
was applied to match the data using Eqn 22.

By adjusting parameters Sa, J-function coefficient C,
J-function exponent a, relative permeability constant h and
contact angle q can fit this data. The results are Sa = 1.66,
C= 0.1, a= 0.16 h= 1.85 and contact angle q= 0.05�. Fig. 6
shows the productivity index plotted against the flow rate.
During the start of production there is a jump in PI due to non-
steady effects, and the model does not account for it.

One of the negative aspects observed in this paper is that
a second capillary barrier builds up after the alteration of
contact angle. The piecewise-constant contact angle can have
similar effects to piecewise-constant permeability. Yortsos
and Chang (1990), observed a reduced saturation peak when
the sharpness of the heterogeneity is decreased. It is possible
that having a gradual change in contact angle as opposed to
a sharp discontinuity would reduce the negative aspect of this
discontinuity; this, however, was not investigated in this paper.

It has been documented in literature that reducing IFT will
reduce the residual saturations of both phases and increase
the relative permeability for both phases (Chatzis and Morrow
1984); however, this was also not accounted for in this paper. It is

likely that the PI improvement for neutral contact angles is
underestimated for this reason.

Conclusions

The semi-analytical modelling of steady-state gas-water flow
in the rock with piecewise-constant contact angles allows the
following conclusions:

* The optimal contact angle for contact angle adjustment in
the near fracture face region depends on the wettability of
the formation, the water cut and the ratio of capillary and
viscous forces.

* For hydrophilic rocks, the optimal contact angle reduces if
flow rate is reduced.

* For hydrophobic rocks, the optimal contact angle increases if
flow rate is reduced.

* At high flow rates, the optimal contact angle is close to 90� for
both hydrophilic and hydrophobic rocks.

* The optimal contact angle reduces with water cut for both
hydrophilic and hydrophobic rocks.
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Nomenclature

b Klinkenberg factor, Pa
C J-function coefficient
D density-viscosity ratio
g gas-wet fraction of pores
h height of reservoir, m
J J-function
k permeability, m2

kkg Klinkenberg correction coefficient
kr relative permeability
L length scale, m
M molar mass, kg/mol
pc capillary pressure, Pa
p pressure, Pa
P dimensionless pressure
PI dimensionless productivity index
q mass rate (per unit area for linear flow, kg/m2�s)

(per unit height for radial flow, kg/m�s)
Qw water cut by mass
r radius, m
re drainage radius, m
R dimensionless radius
Rc universal gas constant, 8.3144621 J/Mol∙K
s water saturation
sgr irreducible gas saturation
swc connate water saturation
S normalised saturation
T temperature, K
w capillary size, m
x distance from fracture face, m
xf fracture half-length, m
X dimensionless distance
z compressibility factor

Model
Field

Fig. 6. Productivity index plotted against production rate qg for a field case.
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Greek Letters
a J-function exponent
b fraction of wettability altered zone
" capillary-viscous ratio
h tortuosity index
� porosity
w fraction of pore surface
m viscosity, Pa∙s
r density, kg/m3

s interfacial tension, N/m
� contact angle
�1 altered contact angle
�2 initial contact angle

Subscripts
d damaged case
g gas
w water (for density, pressure, productivity index, relative

permeability and viscosity) wetting phase (for normalised
saturation), well (for radius)

x linear
r radial
re drainage radius
rw wellbore radius
ud undamaged case
0 outlet
¥ inlet
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Appendix 1

Following papers by Bradford et al. (1997) and O’Carroll et al. (2005), we introduce the model for relative permeability and capillary pressure for the
capillary bundle model. The normalised water saturation is:

SðsÞ ¼ s� swc
1� sgr � swc

ðA-1Þ

The capillary pressure is expressed using Leverett’s J-function as:

Pcðs; �Þ ¼ sffiffiffiffiffiffiffi
k=�

q Jðs; �Þ; Jðs; �Þ ¼ gð�ÞCSðsÞ�1
a � gð�ÞCð1� SðsÞ�1

aÞ ðA-2Þ

where g is the ratio of hydrophobic to hydrophilic pores and is defined as:

gð�Þ ¼ 1

2
½1� cosð�Þ� ðA-3Þ

The relative phase permeabilities for water and gas are expressed by the following formulae, respectively:

krwðs; �Þ ¼ ðSðsÞÞh
½1� gð�Þ� ÐS

0
w2ðSÞdS þ gð�Þ Ð1

1�S
w2ðSÞdS

Ð1
0
w2ðSÞdS

krgðs; �Þ ¼ ð1� SðsÞÞh
gð�Þ Ð1�S

0
w2ðSÞdS þ ½1� gð�Þ� Ð1

S
w2ðSÞdS

Ð1
0
w2ðSÞdS

ðA-4Þ

where:

wðSÞ ¼ S
1
a

C

ffiffiffiffiffiffiffi
k=�

q
ðA-5Þ

The slip effect can affect gas permeability, particularly in the case where permeability or pressure is low, such as in laboratory conditions with rock permeability
less than 1 md. The slip effect can be accounted for by multiplying gas permeability with a Klinkenberg correction coefficient kkg (Jones and Owens 1980) as:

kkgðpgÞ ¼ 1 þ b

pg

� �
; b ¼ 0:86k�0:33 ðA-6Þ

The functions of capillary pressure (Eqn A-3) and relative permeability (Eqn A-5) contain 7 constants: J-function coefficientsC and exponenta, contact angle �,
tortuosity h, residual gas saturation sgr, irreducible water saturation swi and the ratio of permeability k over porosity �.
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A B S T R A C T

Hydraulic fracturing is a key technology which has enhanced the economic viability of the unconventional low
permeability reservoirs by increasing their productivity. However, the high capillary forces associated with low
permeability reservoirs can trap water near to the fracture face and impair the production of gas or oil. This
phenomenon is commonly referred to as water block. In order to estimate how water blocking impairs well
productivity, the model for well inflow performance must account for two phases, gas compressibility, gas-water
capillary pressure, wettability, inertial flows, and pressure-dependent gas viscosity. In this paper, we derive an
exact solution for the inflow performance of a fractured gas well during non-inertial flow. For inertial flow, an
approximate analytical solution is obtained using the streamline method. The solutions account for immobile
water, gas compressibility, gas-water capillary pressure, wettability, inertial flows, and pressure-dependent gas
viscosity. A sensitivity analysis shows the essential role played by the Leverett J function, the relative perme-
ability curves and the ratio between the capillary, viscous and inertial forces. The derived solutions are applied
in a case study to determine that water block is a likely contributor to skin.

1. Introduction

Improving inflow performance is important in order to achieve
commerciality of tight reservoirs, and one of the most common tech-
niques to achieve this is hydraulic fracturing (Economides and Nolte,
1989; Yuan and Wood, 2015; Yuan et al., 2015).

For water-wet or mixed-wet rocks, the low capillary pressures in the
hydraulic fracture result in high water saturations at the fracture face
(Barenblatt et al., 1989; Jiang and Younis, 2016; Civan, 2015). This
high water saturation creates a significant hydraulic resistance against
flow of gas or oil. This phenomenon is referred to as water block, and is
more problematic in tight reservoirs, where the capillary pressures in
the rock is significantly higher than the fracture.

The extent of water block in a hydraulically fractured well is in-
fluenced by the compressibility of the gas, the flow convergence near to
the well fracture and capillary, viscous and inertial forces. The inflow
performance of the well can be calculated using numerical or analytical
modelling.

Analytical models provide explicit or implicit formulae for skin. If
compared with numerical models, this allows for significantly faster
sensitivity studies and determination of model parameters from field
data. Analytical models for oil or gas production permit clearer

interpretation of the production history. As a result there have been
many efforts to derive analytical solutions in different areas of reservoir
and production engineering (Economides and Nolte, 1989;
Bedrikovetsky, 2013; Lake et al., 2014; Huang et al., 2018).

Analytical solutions for one-dimensional (1D) flows accounting for
two phase flows, gas compressibility, and capillary pressure have been
published (Naik et al., 2015, 2018). However, for fractured wells the
exact solution for 1D flow only corresponds to just the initial stage of
production (Lee, 1982; Dake, 2013). When the pressure transient pro-
pagates far from the fracture, the deviation of the pressure distribution
given by the linear flow model becomes significant due to curvilinear
streamlines and singular flow near to the fracture tips.

Despite the high occurrence of water block in fractured wells in low
permeability reservoirs (Bazin et al., 2010; Bahrami et al., 2011), the
analytical solutions for fractured gas wells accounting for water block
are not available. The present paper fills the gap.

The governing system of equations for gas-water flow with im-
mobile water is well established. It consists of the mass balance equa-
tion for the gas phase, the momentum balance equation accounting for
two phases (Darcy-Forchheimer's law), the equation for capillary
pressure between the water and gas phase and the equation of state for
gas (Dake, 2013; Towler, 2002).
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The exact solutions for single-phase flow into fractured wells have
been derived by reducing the governing system of equations to the
Laplace equation (Bear, 2013). Similarly for two phase flow, we reduce
the governing system of equations accounting for the gas and the im-
mobile water to the Laplace equation, allowing for an exact solution.
The exact formula for water block skin is then derived. The approx-
imate solution accounting for inertial effects under high velocities near
the fracture is obtained using the streamline method. The comparison
of the solution with the numerical solution shows high accuracy of the
approximate analytical solution. A sensitivity analysis determines that
the most sensitive parameter affecting the skin is the pore size dis-
tribution index. The analytical models are used in a case study to de-
termine if water block is a reasonable explanation for the increase of
skin.

The text has the following structure. Section 2 derives the exact
solution for the gas inflow performance with water blocking assuming
Darcy's law. To validate the model proposed, Section 3 compares the
analytical model to a numerical reservoir simulator. Section 4 develops
a streamline method for gas flow accounting for capillary end-effects
and the Darcy-Forchheimer law, and validates the analytical model
numerically. Section 5 compares the plane parallel and radial flow so-
lution to the analytical model derived. Section 6 performs a sensitivity
study for the inflow performance accounting for non-inertial effects
with respect to the modified capillary number and the dimensionless
Forchheimer number. Section 7 provides the simplified analytical
model for incompressible fluid, which corresponds to oil production.
Section 8 applies the derived analytical models to a case study. Section
9 discusses the applications and the limitations of the models derived.
Section 10 concludes the paper.

2. Derivation of gas inflow into a hydraulic fracture with
immobile water

This section formulates assumptions for the model, presents basic
equations and derives the exact solution for flow towards a fracture.

2.1. Assumptions of the model

Consider a vertical well which produces from a circular reservoir.
The position of the well is given in Fig. 1. The reservoir has constant
thickness and is isotropic and homogenous. The reservoir temperature
is constant.

The well is hydraulically fractured. The fracture penetrates the

entire thickness of the reservoir. This eliminates flow in the vertical
direction. The pressure drop between the fracture tip and the wellbore
is significantly smaller than the pressure drop between the reservoir
and the wellbore. Therefore, the fracture is assumed to have infinite
conductivity. The fracture half-length is less than half of the drainage
radius.

Gas is produced under steady state and follows Darcy's law. There is
no water production, however water is present in the reservoir.

2.2. Derivation of basic equations

The governing system for steady state gas flow with trapped water
in a low-permeability porous medium consists of the mass balance
equation for gas, Darcy's law for gas flow with Klinkenberg slip effects
and the capillary pressure equation with constant water pressure:

=u 0 (1)

=p uB p
µ p

kk s k p
( )

( )
( ) ( )g g g

g g

rg kg g (2)

= +p s
k

J s p( )
/

( )g w
(3)

where u is the velocity at surface conditions, p is the pressure, B is the
formation volume factor, k is the permeability, krg is the relative per-
meability to gas, s is the water saturation, kkg is the Klinkenberg coef-
ficient, μ is the viscosity, σ is the interfacial tension, ϕ is the porosity
and J is the Leverett J function. The subscripts g and w represent gas
and water at reservoir conditions, respectively.

The formation volume factor for gas, Bg, is defined as:

=B p
p z p T

p z T
( )

( )
g g

sc g

g sc sc (4)

where z is the compressibility factor, T is the temperature, and the
subscript sc indicates surface conditions. The Klinkenberg coefficient kkg
(Jones and Owens, 1980) is defined as:

= + =k p b p b k( ) 1 / , 0.9735kg g g
0.33 (5)

where b is an empirical constant. Since the fracture has infinite con-
ductivity, the gas pressure is equal to the flowing bottom-hole pressure
pwf throughout the fracture. As the water is immobile, the water pres-
sure is constant and can be evaluated from the bottom-hole flowing
pressure:

=p p
k

J s
/

( )w wf wf
(6)

where swf is the water saturation at the fracture face. The pore radius
and permeability inside the hydraulic fracture are substantially higher
than in the reservoir. As a result, the capillary pressure inside the
fracture is negligible compared to the capillary pressure in the re-
servoir. The continuity in capillary pressure between the fracture and
the reservoir rock causes the capillary pressure inside the reservoir rock
to approach zero at the fracture face (Van Duijn et al., 1995). This
means that for water wet cases, swf = 1- sgr, where sgr is residual gas
saturation. For gas wet cases swf = swirr, where swirr is the irreducible
water saturation. For any other wettability, swf can be found from sol-
ving the equation Pc(swf) = 0. Let us define the potential Φ as:

=s k
k p s
B p s

k s J s
µ p s

ds( )
( ( ))
( ( ))

( ) ( )
( ( ))s

s kg g

g g

rg

g gwf (7)

This potential given by Eq. (7) satisfies the following equation:

=u 2 (8)
Fig. 1. Schematic of the elliptic coordinates used for the inflow performance
model of a hydraulically fractured well.
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2.3. Boundary conditions

Consider a set of Cartesian coordinates (x,y) such that the co-
ordinate x is parallel to the hydraulic fracture and the coordinate y is
perpendicular to the hydraulic fracture. The well is located at the origin
of the axes (0,0). As s = swf at the hydraulic fracture, the potential Φ is
equal to zero at the hydraulic fracture. Therefore the inner boundary
condition for potential is:

= < < =y x x x0, : 0f f (9)

where xf is the fracture half-length. The outer boundary condition for
potential is:

+ = =y x r s: ( )e e
2 2 2 (10)

where re is the drainage radius and se is the water saturation at the
drainage radius which satisfies the following condition:

=p s p( )g e e (11)

where pe is the pressure at the drainage radius. The function pg(s) is
given by Eq. (3).

2.4. Flow equations under the streamline method

Prats (1961) and Hale and Evers (1981) used elliptic coordinates to
describe the flow of fluid from a reservoir to a hydraulically fractured
vertical well. The elliptic coordinates (ξ,θ) are defined by:

=
=

x x
y x

( , ) cosh cos
( , ) sinh sin

f

f (12)

The dimensionless Cartesian coordinates can be obtained by di-
viding Eq. (12) by fracture half-length:

=
=

X x x
Y y x

/
/

f

f (13)

The relationship between the dimensionless Cartesian coordinates
and the elliptic coordinates is presented in Fig. 1. The gradient for
potential under the new set of curvilinear coordinates is expressed as
(Tang, 2007):

= +
e
h

e
h

ˆ ˆ
(14)

where êξ and êθ are the unit vectors in direction ξ and θ respectively.
The scale factors hξ and hθ are:

= +

= +

( ) ( )
( )( )

h

h

x y

x y

2 2

2 2

(15)

The substitution of Eq. (12) into Eq. (15) results in:

= = +h h x sinh sinf
2 2 (16)

Let us assume that there is no flow in the θ direction. This gives the
following equation:

= =u 0, 0 (17)

The substitution of Eq. (16) and Eq. (17) into Eq. (14) results in:

=
e
h
ˆ

(18)

2.5. Solution for potential

Using Eqs. (2) and (3) and the definition of the potential Eq. (7) we
arrive at:

=u (19)

From the substitution of Eqs. (16)–(18) into Eq. (19) we arrive at:

=
+

u
x

d
d

1
sinh sinf

2 2 (20)

where uξ is the velocity in direction ξ. The flow rate into the fracture is
determined by integrating the normal component of velocity over any
closed path around the fracture. If we choose an iso-potential line as the
path to integrate on, the normal component of velocity will be uξ. The
equation for gas flow rate is:

=q h u a dg
0

2

(21)

where h is the formation height and a is the arc length. The arc length is
defined as:

= +a x y d
2 2

(22)

From the substitution of Eq. (12) into Eq. (22), we obtain:

= +a x sinh sinf
2 2

(23)

The substitution of Eq. (20) and Eq. (23) into Eq. (21) gives us the
following equation for gas flow rate:

=q h d
d

2g (24)

The inner boundary condition (Eq. (9)) under the elliptic co-
ordinates is:

= = =s s0: 0wf , (25)

An important characteristic of the elliptic coordinates in Eq. (12) is
that at large ξ (ξ ≫ 2) they begin to resemble cylindrical coordinates
with radius r (where r = xfsinhξ = xfcoshξ). A circular reservoir with
boundary radius r = re can be approximated by an elliptic reservoir
with boundary ξe = ln(2re/xf), as long as re > > 2xf. Therefore, the
outer boundary condition under elliptic coordinates is:

= = =r x sln(2 / ): ( )e e f e (26)

Finally, the solution for the potential is:

= s( )e

e (27)

2.6. Analytical model for inflow performance

Substituting Eq. (3) into Eq. (24) and applying the chain rule to the
resultant gives us:

=q kh
k p s
B p s

k s
µ p s

dp
d

2
( ( ))
( ( ))

( )
( ( ))g

kg g

g g

rg

g g

g

(28)

The definition of pseudo pressure ψ for reservoirs with Klinkenberg
slip effects is:

=p
k p p

z p µ p
dp( ) 2

( )
( ) ( )

p
kg g g

g g g
g

0 (29)

The substitution of Eq. (29) into Eq. (28) allows us to arrive at the
inflow performance equation:

=
+ +

q kh z T
p T

p p
r r S S

( ) ( )
ln( / )g

sc sc

sc

e wf

e w f wb (30)

where Sf is the skin for hydraulic fracture and Swb is the skin for water
block. They are expressed as:
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=S r xln(2 / )f w f (31)

=S
k s

d1
( ( ))

1wb
rg0

e

(32)

The saturation profile required for Eq. (32) can be found implicitly
from applying the chain rule to Eq. (28):

=
N

k p s
B p s

µ p
µ p s

k s J s ds1 ( ( ))
( ( ))

( )
( ( ))

( ) ( )
mca s

s
kg g

g g

g wf

g g
rg

( )

wf (33)

where Nmca is the modified capillary number:

=N
q µ p

h k
( )

2mca
g g wf

(34)

The modified capillary number is the ratio between the viscous and
capillary forces on the pore scale (Barenblatt et al., 1989).

3. Comparison between the analytical model and the numerical
reservoir simulator

This section formulates the input empirical model functions into the
exact solution and validates the analytical model by comparison with a
numerical reservoir simulator.

3.1. Forms of the relative permeability and capillary pressure curves

Any form of the Leverett J function and relative permeability can be
used in the presented model. The Brooks-Corey capillary pressure
model (Brooks and Corey, 1964) is applied in this study for the Leverett
J function. The two parameters which define this model are the pore
size distribution index λ and the dimensionless capillary entry pressure
C. The Leverett J function has the form:

=J s Cs s( ) ( )n
1

(35)

where sn is the normalised water saturation. It is expressed as:

=s s s s
s s

( )
1n

wirr

gr wirr (36)

The Brooks-Corey-Mualem model (Mualem, 1976) for relative per-
meability is used in this paper and is defined as:

= +( )k s s s s s( ) (1 ( )) 1 ( )rg n n
2 2

(37)

where η is the tortuosity coefficient.

3.2. Numerical validation of the exact solution

The proposed analytical model was tested against the black oil re-
servoir simulator IMEX. The simulated reservoir contains a single hy-
draulically fractured production well in the centre. Input data for the
simulated reservoir and the well is given in Table 1. The properties for
the gas were generated with the Petroleum Experts’ software PROSPER.

The compressibility factor was determined from the Peng and Robinson
equation of state and the viscosity was determined from the Lohrenz,
Bray and Clark gas viscosity correlation. The composition of the gas
used is given in Table 2 and the combined properties of the larger
components C8+ is given in Table 3.

The model in the reservoir simulator has the following differences
from the proposed model: the shape of the reservoir in the simulator is
square instead of circular (the existence of a hydraulic fracture restricts
the numerical model in IMEX to a Cartesian coordinate system), and the
simulator does not have an infinite conductivity fracture. To accom-
modate the shape factor difference, the size of the reservoir is made
much larger than the half-length of the fracture. To approximate an
infinitely conductive fracture, the fracture in the simulator is given a
permeability of 5000 Darcy and a width of 0.02 m.

Gas injectors are placed across the boundary of the reservoir. The
total injection rate is the same as the production rate. The reservoir has
an initial reservoir pressure of 13 MPa and water saturation of 0.1. The
simulation is run until the bottom-hole pressure of the production well
stabilizes and steady state is reached.

A total of 12 scenarios were investigated: 4 different values for
production rate against 3 different values for dimensionless entry
pressure C. The production rates qg were 0.58, 0.81, 1.04 and 1.27 m3/
s. The modified capillary numbers Nmca for the given rates were
2.66 × 106, 3.72 × 106, 4.78 × 106 and 5.85 × 106, respectively. The
values for C were 0.0375, 0.075 and 0.15.

The saturation profile for the proposed model is given by Eq. (33).
The pressure for the model is given be Eq. (3) and the dimensionless
pressure is given by:

=P
k

p
/

g g (38)

Fig. 2 shows the comparison between the saturation profiles and the
dimensionless pressure profiles calculated by the proposed model and
the reservoir simulator for the scenario where C = 0.15 and
Nmca = 4.78 × 106. The average coefficient of determination (R2) for
the saturation profiles is 0.94 and for the dimensionless pressure pro-
files is 0.99. The high water saturation at the fracture face causes a
dramatic increase in pressure gradient close to the wellbore.

The bottom hole flowing pressure pwf and the average reservoir
pressure p̅ from the numerical reservoir simulator allow us to calculate
water block skin from the following equation (Ahmed and McKinney,

Table 1
Input data for validation test against reservoir si-
mulator.

Parameter Value

k (mD) 100
A (m2) 1.225 × 105

xf (m) 22.5
h (m) 6
ϕ 0.1
λ 1.5
η 2
σ (N/m) 0.05

Table 2
Gas composition.

Component Mole precent

C1 54.8
C2 11.86
C3 3.62
i-C4 0.52
n-C4 1.03
i-C5 0.42
n-C5 0.51
C6 0.99
C7 1.38
C8+ 0.93
CO2 23.52
N2 0.42

Table 3
Properties of component C8+.

Parameter Value

Critical Temperature (K) 594.6
Critical Pressure (MPa) 2.29
Acentric factor 0.4435
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2005):
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(39)

Fig. 3 shows the comparison between the skin values determined
from the proposed analytical model and the reservoir simulator.

At low flow rates, the water block region will spread out closer to
the edges of the reservoir and the difference in reservoir shape factor
causes a deviation in skin value calculated. However, good agreement
was achieved between the proposed model and the reservoir simulator.
R2 varied from 0.94 to 0.95 for all curves. The close agreement with
skin, saturation profiles and pressure profiles validates the analytical
model given by Eq. (27).

4. Non-Darcy flows at high production rates and inertial effects

This section derives the approximate analytical model for inertial
flow using streamline method, and validates the solution by comparison
with the numerical model.

4.1. Derivation of non-Darcy skin

The model presented in Section 2 considered slow, capillary domi-
nated flow. However, at higher flow rates, inertial forces are large and
non-Darcy flow can occur. The additional pressure drop due to the non-
Darcy effect is accounted for by adding the Forchheimer term to Darcy's
law. The Darcy-Forchheimer law is expressed as:

= +p uB p
µ p

kk s k p
u M

R
p

z T
( )

( )
( ) ( )g g g

g g

rg kg g

sc

sc sc (40)

where β is the Forchheimer coefficient, M is the molar mass of the gas
and R is the universal gas constant. From the streamline assumption
(Eq. (17)), the modulus of velocity is:

=u u (41)

From Eq. (21) and Eq. (23), we arrive at the modulus of velocity:

= = +u
q
h

G
x

G d( ) , ( ) sinh sing

f 0

2
2 2

1

(42)

The quantity G(ξ)/xf is the inverse of the perimeter of the iso-po-
tential line at the position ξ. As ξ → 0, G → ¼ and Eq. (42) becomes the
equation for velocity under linear flow. As ξ → ∞, G → xf/2πr and Eq.
(42) becomes the equation for velocity under radial flow.

The streamline assumption (Eq. (17)) can reduce Eq. (40) to a single
ordinary differential equation (ODE). The substitution of Eqs. (3), (41)
and (42) the resultant ODE allows us to arrive at the following ODE:

= +ds
d

N
B p s

J s
µ p s

k s k p s µ p
FG

( ( ))
( )

( ( ))
( ) ( ( )) ( )

( )mca
g g g g

rg kg g g wf (43)

where F is the dimensionless Forchheimer number:

=F
q k

hµ p x
M
R

p
z T( )

g

g wf f

sc

sc sc (44)

The boundary condition given by Eq. (25) can make the ODE (Eq.
(43)) stiff. The implicit Klopfenstein –Shampine numerical differentia-
tion formulae with quasi-constant step size (Shampine and Reichelt,
1997) are efficient at solving stiff ODEs, and are implemented into
Matlab to solve Eq. (43).

The inflow performance equation accounting for the non-Darcy ef-
fects is:

=
+ + +

q kh z T
p T

p p
r r S S S

( ) ( )
ln( / )g

sc sc

sc

e wf

e w f wb nd (45)

where Snd is the non-Darcy skin and is evaluated from:

=S F G k p s
µ p

µ p s
d( ) ( ( ( )))

( )
( ( ( )))nd kg g

g wf

g g0

e

(46)

4.2. Numerical validation of the approximate analytical solution

The model accounting for non-Darcy effects (Eq. (43)) is compared

Fig. 2. Comparison between the proposed analytical model and the reservoir simulator at 3 different cross sections: (a) water saturation; (b) dimensionless pressure
drop.

Fig. 3. Comparison of the water block skins calculated from the proposed
analytical model and the reservoir simulator at 3 different dimensionless entry
pressures.
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to the numerical reservoir simulator IMEX. The reservoir has same
characteristics as given in Section 3.1, and the technique used to vali-
date the model is the same as given Section 3.1. The value for pro-
duction rate and injection rate qg was 0.58 m3/s.

The sensitivity of saturation and pressure profile to F is given in
Fig. 4. The blue curve represents Darcy flow, where F = 0. The value for
the Forchheimer coefficient is determined from the empirical equation
given by Pascal and Quillian (1980):

= × k(1.0827 10 )5 1.176 (47)

This equation gives a dimensionless Forchheimer number of
F = 9.4 × 10−5. The crosses in Fig. 4 represent the numerical simula-
tion results and the lines represent the model profile given by Eq. (43).
The R2 for all saturation and pressure profiles are within the range
0.97–0.99. The high agreement validates the semi-analytical model
given by Eq. (43). The saturation gradient is influenced by both inertial
and capillary forces. The inertial forces reduce the water saturation, and
cause a reduction in water block.

The sum of water block and non-Darcy skin calculated by the nu-
merical reservoir simulator and the proposed semi-analytic model for
various dimensionless Forchheimer numbers is shown in Fig. 5. The
close agreement (R2 = 0.99) validates the semi-analytic model (Eq.
(43)).

5. Comparison to linear and axisymmetric flow regimes

This section investigates the skin factor under the 1-D linear and
radial flow regimes and compares it against the analytical model

derived.

5.1. Model for the linear flow regime

During the initial stage of production, the fractured well produces
under a linear flow regime. The equations for saturation gradient ds/dx,
water block skin Swb, non-Darcy skin Snd and the dimensionless drai-
nage area Ad for linear flow are:

= +ds
dx

N
x

B p s
J s

µ p
k s k p µ p

F
2

( ( ))
( )

( )
( ) ( ) ( ) 4

mca

f

g g g g

rg kg g g wf (48)

=S
k s x

dx1
( ( ))

1wb

L

rg0

e

(49)

=S F
x

k p s x
µ p

µ p s x
dx

8
( ( ( )))

( )
( ( ( )))nd

f

L

kg g
g wf

g g0

e

(50)

=A L
x

4
d

e

f (51)

where Le is the length from fracture face.

5.2. Model for the axisymmetric flow regime

When the pressure transient travels sufficiently far away from the
fracture, the well flows under a radial flow regime. As it follows from
Eqs. (1), (3) and (40) the equations for saturation gradient ds/dr, water
block skin Swb, non-Darcy skin Snd and dimensionless drainage area Ad

for radial flow are:
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Fig. 4. Comparison between the proposed model and the reservoir simulator at the cross section X = 0.44 for 4 different dimensionless Forchheimer numbers: (a)
water saturation; (b) dimensionless pressure drop.

Fig. 5. Comparison between the sum of the water block skin and the non-Darcy
skin calculated by the proposed model and the reservoir simulator.
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5.3. Comparison with the elliptic flow regime

In the intermediate of these two flow regimes, elliptic flow can
occur. The dimensionless drainage area Ad for elliptic flow is:

=A sinh( )cosh( )d e e (56)

Naik et al. (2018) provide the analytical models for radial and linear
flows towards a well. Comparison of the presented model to the linear
and radial flow models is provided in Fig. 6. Fig. 6a shows that the
deviation between linear 1D flow and 2D flow towards fractured well
increases as the drainage volume increases. However, at large drainage
zones, where the fracture length is small in comparison with the drai-
nage radius (Ad > 10), the flow towards the fracture converges to the
radial flow. The higher is the modified capillary number Nmca, the
higher is the rate, and the lower is the deviation between the three
flows with different geometry.

Fig. 6b exhibits similar effect for non-Darcy flows: convergence of
the fractured-well and axi-symmetric flows at large drainage areas,
large deviation between the linear and fractured-well flows at large
drainage areas, and high Forchheimer numbers.

6. Sensitivity analysis

This section investigates the sensitivity of the skin, and the radius of
damage to various parameters which characterize the flow. The para-
meters investigated include the dimensionless Forchheimer number,
modified capillary number, dimensionless capillary entry pressure, and
the pore size distribution index.

6.1. Sensitivity of non-Darcy and water block skin with respect to inertial,
viscous and capillary forces

This paper establishes a new semi-analytical model with con-
sideration of inertial, viscous and capillary forces. The influence of the
aforementioned forces on the inflow performance of a naturally frac-
tured gas well is investigated. The physical characteristics of the re-
servoir which have been considered are given in Table 4. The di-
mensionless Forchheimer number F defines the ratio of inertial to
viscous forces and the modified capillary number Nmca defines the ratio
of viscous to capillary forces.

Fig. 7 shows the influence of increasing F on the saturation profile,
at a fixed Nmca. The blue line represents the smallest value for F. When F
is increased, the gas pressure increases and the gas phase becomes
compressed. The result is that water saturation increase, as indicated by
the red curve. However, at some point, the effect of the inertial forces
will begin to reduce the saturation, as indicated by the yellow curve.

The final result is that there is some intermediate F where the saturation
profile is largest.

Fig. 8 shows the sensitivity of Snd, Swb and their sum to Nmca and F.
As expected Swb is high when the Nmca is low. The non-monotonic re-
lationship Swb shares with F is the result of the competition between gas
compression and inertial forces, as previously mentioned. Also, un-
surprisingly, Snd increases if F increases. However, the effect Nmca has
on Snd is not so straightforward. A decrease in Nmca causes a decrease in
Snd. This is due to the effect Nmca has on pressure drop. A decrease in
Nmca causes an increase in pressure drop, which resultantly increases
viscosity. The increase in viscosity is what reduces Snd.

The sensitivity of Snd, Swb and their sum to C is presented in Fig. 9a.
The Leverett J function and its derivative are proportional to C, which
cause the water block skin to scale almost proportionally with C. Var-
iation in C by ± 25% gives roughly 25% variance in water block skin.

The sensitivity of Snd, Swb and their sum to λ is presented in Fig. 9b.

Fig. 6. Skin calculation comparison of for elliptical, radial and linear flows for varying dimensionless drainage area Ad: (a) the case of Darcy flow for different values
of modified capillary number Nmca; (b) Non-Darcy flow at various dimensionless Forchheimer numbers F.

Table 4
Reservoir properties used for the sensitivity
analysis.

Parameter Value

k (mD) 0.1
pwf (MPa) 5.5
C 0.15
λ 1.5
η 2
Nmca 1.5 × 102

Fig. 7. Sensitivity of the saturation profile to the dimensionless Forchheimer
number F. Nmca = 1.5 × 102.
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A decrease in λ will increase the J function, which will increase Swb. A
decrease in λ by 25% can increase the skin by up to 80% and an in-
crease in λ by 25% can decrease the skin up to 35%. Of the 2 para-
meters which define the forms of the Leverett J function, the skin due to
water block is more dependent on the pore size distribution index λ.
While the dimensionless parameters λ and C have a significant influ-
ence on the water block skin, they have a negligible influence on the
non-Darcy skin.

6.2. Sensitivity of water block damage radius

Consider an iso-potential line given by ξD, such that 99% of skin due
to water block results from water inside the region ξ < ξD:

=S
k s

d0.99 1
( ( ))

1wb
rg0

D

(57)

Let us define the radius of a circle with the same cross sectional area
as this ellipse as the water block damage radius rD. It can be found from
the following equation:
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The ratio rD/xf is called the dimensionless damage radius and is
useful for estimating volumes of chemical treatment for water block
clean up.

The sensitivity of rD/xf to F and Nmca is shown in Fig. 10a. The
domination of capillary forces over viscous and inertial forces causes
water saturation to spread over a larger distance and increase water

block skin. This means that the affected area is larger when both the
dimensionless Forchheimer number and the modified capillary number
are low. For the cases investigated the radius of damage is generally
around 2 times the fracture half-length, but can be as large as 2.5 times
the fracture half-length.

Due to the nature of the water saturation profile, more of the da-
mage is closer to the fracture. For the case of Nmca = 1.5 × 102, 70%
and 50% of the water block comes from a dimensionless damage radius
of less than 1/2 and 1/3, respectively (Fig. 10b).

7. Simplified analytical model for a fractured oil well

Generally, for oil flow, the compressibility of oil in the reservoir is
neglected and inertial effects are not considered. Viscosity can also be
approximated by a constant. Under these assumptions the water block
skin equation simplifies to:

=S J s k s
N B

ds( )[1 ( )]
wb

s

s
ro

mca owf

e

(59)

where Bo is the formation volume factor for oil. The comparison of the
model for oil to the model for gas is given in Fig. 11. Under the
aforementioned assumptions, water block skin is only dependent on the
ratio of capillary to viscous forces. Capillary forces are affected by the
Leverett J function and the dimensionless capillary number Nmca. The
water block skin calculated by the model for gas is larger than the
model for oil due to the effects gas compression has on water saturation.
Oil generally has higher viscosity than gas, which increases the capil-
lary number. For this reason there is generally higher research into
water blocking for gas wells than oil wells.

8. Case study: model application to production data

Using the analytical model developed in Section 4, here we aim to
determine the relative permeability and Leverett J curves which re-
plicate the skin observed in one hydraulically fractured gas well. This
allows us to test whether water block is a reasonable explanation for the
increasing skin observed in the aforementioned well.

8.1. Properties of the well and reservoir

Well C in the Cooper Basin was selected for this case study. It is a
vertical well intersecting multiple production intervals. One of its pri-
mary zones is the Patchawarra sand. This zone was hydraulically
fractured. The model was tuned to fit measured production data to
investigate opportunities for enhancing gas rate. The result of the tuned
parameter values and the goodness of fit can give insight into how

Fig. 8. Sensitivity of water block skin, non-Darcy skin and their sum to the
dimensionless Forchheimer number and the modified capillary number.

Fig. 9. Sensitivity of water block skin, non-Darcy skin and their sum to the dimensionless Forchheimer number and the Leverett J function parameters: (a) di-
mensionless entry pressure; (b) pore size distribution index.
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likely it is that water block is present.
After completion, a memory production logging tool (MPLT) test

was performed. It gives the downhole measurements of pressure and
rate during a short period of shut-in and production. The MPLT test is
used to determine rate allocated to each production interval and is also
used to give an indication of pressure drop during production of well
life and shut in periods.

The well had a period where it was shut-in for a few days. The
bottom-hole pressure during the shut-in is calculated from measured
tubing head pressure and adding the same pressure drop determined
from the MPLT shut-in test. The bottom-hole pressure during build-up is
used to estimate initial reservoir pressure using pressure transient
analysis equations implemented in the KAPPA software package Saphir.
Pressure transient analysis equations are presented in Appendix A. The
initial reservoir pressure determined was 14.7 MPa.

During the production period, the wellhead pressure and gas flow
rate were measured every 4 h. The pressure drop from wellhead to the
bottom-hole was calculated using Gray's correlation (Gray, 1974) im-
plemented in Petroleum Experts' software PROSPER.

The production rate and bottom-hole flowing pressure data are used
to calculate the permeability and drainage area using the rate transient
analysis equations implemented in the KAPPA software Topaz. The rate
transient analysis equations are presented in Appendix B. The de-
termined interval permeability and drainage area were 0.0875 mD and
3.57 × 104 m2 respectively.

The well has radius rw = 0.0787 m and logging tools give porosity
estimate of ϕ = 0.1 and height h = 6.1 m. Since there is no well test to
determine the fracture half-length of this particular interval, fracture

half-length given from simulation results is used. Fracture stimulation
simulation estimated an effective fracture half length of 17.4 m.

Core samples of the Patchawarra sand were taken from seven
nearby wells. From these core samples mercury injection capillary
(MICP) tests were performed. The Leverett J function was calculated for
all of the cores.

8.2. Depletion model

The original gas in place (OGIP) is determined using initial reservoir
pressure and drainage area from the following equation:

=OGIP Ah s
p T z
p Tz
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i sc sc

sc i (60)

where A is the drainage area. The subscript i represents initial reservoir
conditions. Volumetric drive with no water drive is assumed. The
average reservoir pressure p̅ is determined from the material balance
equation:
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where Qp is the cumulative volume of gas produced. The measured gas
flow rate qg, calculated bottom-hole pressure pwf and the calculated
average reservoir pressure during the first year of production are given
in Fig. 12a. The plot of p̅/z̅ against cumulative produced volume is
given in Fig. 12b. The estimated depletion during the production period
is given by the blue line.

8.3. Evaluating skin from production data

During the infinite acting radial flow regime the skin can be de-
termined from (Bourdet, 2002):
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where t is the production time and ct is the total compressibility. The
time for pseudo steady state to be reached is (Bourdet, 2002):
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After pseudo steady state is reached, the equation for skin can be
determined from (Ahmed and McKinney, 2005):

= +S kh
q

z T
p T

p p r
r

( ( ¯) ( )) ln 0.75
g

sc sc

sc
wf

e

w (64)

Fig. 10. Sensitivity of the dimensionless damage radius to the dimensionless Forchheimer number: (a) at varying modified capillary number; (b) for different
percentages of water block.

Fig. 11. Comparison of the water block skin calculated using the model for gas
to the model for oil.
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8.4. Tuning of well data by the analytical model

The model parameters C, λ and η are not known. With these para-
meters the model can give estimates of skin due to water block and non-
Darcy flow. However, there can be more skin present due to other
reasons, for example, drilling mud loss, proppant crushing and reservoir
shape factor. When tuning the model to fit well production data, we
added another constant, Sa, which represents the unaccounted for skin:

= + + +S S S S Sf wb nd a (65)

Parameters C, λ, η and Sa are tuned to fit the field estimate of skin.
The results of tuning are presented in Fig. 13. Fig. 13a shows the
comparison between modelled skin and calculated skin from produc-
tion data and Fig. 13b shows comparison between tuned Leverett J
function and the Leverett J function determined from mercury injection
capillary pressure (MICP) tests.

Good fits were obtained for skin and the average J curve (i.e.
R2 = 0.8 for both cases) using the following parameter values: C = 0.2,
λ = 1.2, η = 13.95, Sa = 0.8. The capillary pressure properties are
within the same ranges as those in literature: C is between 0.01 and 0.6
(Desbarats, 1995; Thungsuntonkhun and Engler, 2004), and λ is be-
tween 0 and 7 (Leverett, 1941). For an irreducible water saturation
range between 0 and 0.4, the empirical correlation given by Huet et al.
(2005) gives C values between 0.11 and 0.17 and λ values between 0.85
and 0.9. These empirical values are not unreasonably far from the
tuning results.

The tortuosity coefficient η = 13.95 is high compared to literature
values, which are typically given as 0.5 or 2 (Mualem, 1976). However,
when compared to the measured relative permeability in an analogous
core, it has similar curvature, albeit a much smaller irreducible water
saturation. The relative permeability comparison between the analo-
gous core and the model is given in Fig. 13c.

9. Discussion

9.1. Discussion of the case study

The case study shows that water block can increase as the well
depletes. As the gas flow rate decreases with well life, the modified
capillary number and the dimensionless Forchheimer number will de-
crease, which can cause water block skin to increase. Thus, water block
can be a reasonable explanation for the increase in skin. The water
which forms the water block can come from more than one source, such
as from the hydraulic fracturing operation or from the reservoir. During
shut-in periods water from other intervals can also imbibe into the

formation from the wellbore.
However, in order for water block skin to explain all of the increase

in skin for the case study well, the tortuosity index in the relative
permeability curve needs to be higher than that given in literature. This
indicates that there may be additional skin effects not accounted for,
such as scaling or depletion of other flow intervals, which can also
contribute to the rise in skin. The existence of other factors contributing
to skin is expected and the modelling results show that water block is a
potential contributor.

Another explanation for the high tortuosity index is that the relative
permeability model used does not account for any change in irreducible
water saturation. Given that tight sands can sometimes exhibit sub-ir-
reducible water saturations, they can be more sensitive to non-native
water introduced from the fracture (Bennion and Thomas, 2005). Not
accounting for this effect can cause the model to under-estimate water
block skin if given a lower tortuosity index.

The case study does not conclusively prove that water block is the
only cause of increasing skin. However, water block has been shown to
be a potential explanation for this phenomenon. The model can be
applied for estimating if the water block is significant enough to war-
rant intervention.

9.2. Applications of the models

In this paper we have converted the model for inflow of compres-
sible gas with capillary entrapped water, given by Eqs. (1)–(3) to the
Laplace equation. We have used the solution of the Laplace equation to
calculate inflow performance of a fractured well in an ellipsoid re-
servoir. The method of conformal mapping and the Schwarz–Christoffel
integral allow deriving the exact solutions for multiple well placement
geometries and reservoir shape factors (Lavrentev and Shabat, 1977;
Bedrikovetsky, 2013).

This work allows for estimating the improvement of productivity
index from coreflood tests. Parvazdavani et al. (2014) presented the
effect of nanoparticles which decrease the interfacial tension by 8 mN/
m and improve relative permeability to oil. Results of the relative
permeability measured before and after nano-fluid injection are pre-
sented in Fig. 14a. Substitution of the relative permeability curves and
the interfacial tension values before and after treatment into Eq. (59)
allow for the determination of skin improvement. Water block skin
values for before and after treatment are presented in Fig. 14b.

The dimensionless numbers, F and Nmca, presented in this paper can
be used as a screening criterion for well candidates in re-fracture
treatments and chemical treatments. At high dimensionless
Forchheimer numbers, re-fracturing can give the additional benefit of
reducing non-Darcy skin on top of increasing half-length. Surfactant or

Fig. 12. Data from Cooper basin well and its estimated reservoir pressure: (a) measured gas flow rate, calculated bottom-hole pressure and calculated reservoir
pressure; (b) The p̅/z̅ plot assuming volumetric depletion.
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nanoparticle treatment will reduce the capillary trapping of water
(Towler et al., 2017; Xie et al., 2009; Ni et al., 2016), which is useful at
low modified capillary numbers.

We show that the ratio of viscous to capillary forces and the mag-
nitude of the Leverett J function control the water block skin. The va-
lues for the Leverett J function constants and the relative permeability
tortuosity term can vary greatly and are the most important parameters

to determine the likelihood of water block under steady flow. Generally
in literature it has been reported that low permeability rocks can ex-
hibit high skin due to water blockage (Bazin et al., 2010; Bahrami et al.,
2011). This can be due to low permeability correlating with high di-
mensionless entry pressure and low pore size distribution index (Huet
et al., 2005).

Fig. 13. Tuning the semi-analytical model to match the skin in fractured well: (a) skin for the well; (b) tuned Leverett J function curve; (c) comparison of relative
permeability for the Cooper well to an analogous core.

Fig. 14. Example case of core flood data used to estimate water block skin reduction: (a) measured relative permeability; (b) prediction of skin reduction due to
application of Nano-fluid. Experimental data taken from Parvazdavani et al. (2014).
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9.3. Limitations of the model

The model applied in this study (Eq. (43)) assumes infinite fracture
conductivity and neglects pressure variation inside the fracture. The
method of extending the model to account for hydraulic fracture con-
ductivity can be found in the work of Economides and Nolte (1989).

The proposed model only considers steady state flow. However, the
transient flow regime can be longer in low permeability reservoirs. The
dynamic drainage area during transient flow and inflow performance
equations during transient flow regime are given by Yuan et al. (2016).
The current work can be extended to account for transient flow via
conformal mapping to the dynamic drainage volume during the tran-
sient flow regime.

The model only considers homogeneous permeability. As perme-
ability heterogeneity can affect capillary pressures near to the fracture
face, water saturations near to the fracture will also be affected. The
fracture flow back period and transient effects accounting for perme-
ability heterogeneity and capillary pressure effects can be studied using
a numerical reservoir simulator.

The model describes saturation distribution around the fractured
production well and the skin factor accounting for capillary entrapped
water. The model is not affected by the source of the water. However,
the relative permeability and capillary pressure forms can be adjusted
to account for the water source. In the case of fracture fluid leak off,
fracture fluid first imbibes into the reservoir and then the gas will flow
into the fracture. The gas inflow can be considered a secondary drai-
nage process. The viscosity of the fracture fluid can change throughout
this process. The hysteretic effects will need to be accounted for in the
relative permeability and capillary-pressure curves.

After hydraulic fracturing, water block can be cleaned up from two
dominant mechanisms; flow back and evaporation (Kamath and
Laroche, 2003). Evaporative effects are dependent on flow rate, bottom
hole flowing pressure and volatility of the gas. If the reservoir is com-
pletely dry, evaporative effects can remove the water film formed on
the hydraulic fracture. This study neglects evaporative effects and is
applicable for production after the clean-up of fracture fluid.

Adding energy conservation equation to the governing system (1–3)
yield generalisation of this work for commingled production of water
and steam from geothermal wells (Palabiyik et al., 2013; Tureyen et al.,
2014).

The developed analytical model (30–33) does not account for fines
migration, induced by shear from the fractured leak-off fluid, and
consequent permeability decline (Bedrikovetsky et al., 2011, 2012).
Another important permeability decline effect in fractured gas wells is
the fracturing fluid leak-off containing suspended particles generated
during fracture opening and propagation, yielding size exclusion, at-
tachment and pore plugging (Bedrikovetsky et al., 2017).

Rock compressibility, which is very important for shale gas and oil
reservoirs, can be implemented in the model by pressure-dependent
porosity (Jiang and Younis, 2016; Huang et al., 2018).

10. Conclusions

This paper has extended the analytical models for 1D flow of
compressible gas under the presence of capillary entrapped water de-
rived by Naik et al. (2018) to 2D inertial and non-inertial flows around
fractured wells. Besides revealing the saturation and pressure dis-
tribution around the fracture, the modelling was also able to unravel
the impact of the interplay of capillary, viscous, inertial forces on the
water block and non-Darcy skin. It allows us to conclude as follows:

1. The problem of 2-D non-inertial gas inflow towards a fractured well
under the presence of capillary-trapped liquid allows for an exact
solution. The explicit formulae for flow potential distribution is
obtained by conformal mapping.

2. The solution defines implicit formulae for pressure and saturation
distribution around the well. The skin as a result of water block
around a hydraulic fracture is determined implicitly.

3. The competing effects of gas compression and inertial forces result
in a non-monotonic relationship between water block skin and the
dimensionless Forchheimer number.

4. Water block skin is sensitive to pore size distribution index λ and
dimensionless entry pressure C. Skin due to water block can be small
in low permeable formations despite high capillary pressure values
if λ is large or if C is low.

5. The inflow-performance problem accounting for capillary-trapped
fluid and gas inertia in the near-wellbore region can be solved using
the stream-line method. Comparison with high-accuracy numerical
solution exhibits high agreement (R2 = 0.97).

6. There is a steep increase in water saturation close to the fracture
face, which creates a major portion of the water block skin. The
water block skin resulting from water inside some region close to the
fracture face can be estimated implicitly from the model, which
consequently provides an estimate for volume of chemical treatment
required.
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Nomenclature

a arc length, m
A drainage area, m2

Ad dimensionless drainage area
b Klinkenberg factor, Pa
B formation volume factor
ct total compressibility, Pa−1

C dimensionless entry pressure
ê unit vector
F dimensionless Forchheimer number
G inverse of dimensionless perimeter of ellipse
h reservoir height, m
hξ scale factor for the ξ coordinate
hθ scale factor for the θ coordinate
OGIP original gas in place, m3

J Leverett J-function
k permeability, m2
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kkg Klinkenberg correction coefficient
krg relative permeability to gas
Le drainage boundary for linear flow model, m
M molar mass, kg/mol
Nmca modified capillary number
p pressure, Pa
p̅ average reservoir pressure, Pa
pws bottom-hole shut-in pressure, Pa
P dimensionless pressure, Pa
qg flow rate, m3/s
Qp cumulative volume of gas produced, m3

r radius, m
rw wellbore radius, m
R universal gas constant, 8.3144621 J/Mol∙K
s water saturation
sn normalised water saturation
se boundary saturation\
sgr irreducible gas saturation
swirr irreducible water saturation
S skin
Sa summation of the unaccounted skin
Swb water block skin
Sf hydraulic fracture skin
Snd non-Darcy skin
t time, s
tMB material balance time, s
tPSS beginning of pseudo-steady state time, s
tsup superposition time, s
T temperature, K
u velocity at surface conditions, m/s
x Cartesian coordinate parallel to fracture, m
X dimensionless Cartesian coordinate parallel to fracture
xf facture half length, m
y Cartesian coordinate perpendicular to fracture, m
Y dimensionless Cartesian coordinate perpendicular to fracture
z compressibility factor
Greek Letters

β Forchheimer coefficient, m−1

η tortuosity index
θ elliptic coordinate which scales with the stream function
ϕ porosity
λ pore size distribution index
μ viscosity, Pa∙s
ξ elliptic coordinate which scales with the potential
σ interfacial tension, N/m
Φ potential, m2/s
ψ modified pseudo-pressure, Pa/s
Subscripts

e drainage boundary
D water block damage boundary
i initial reservoir conditions
g gas
k time period
o oil
sc standard conditions
w water
wf bottom-hole at flowing conditions
θ in the direction of elliptic coordinate θ
ξ in the direction of elliptic coordinate ξ

Appendix A. Pressure transient analysis equations

The build-up period can be preceded by multi-rate production. During build up, the difference between initial reservoir pseudo pressure, ψ(pi),
and current static bottom-hole pseudo pressure ψ(pws), is given by (Bourdet, 2002):
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where tsup is the multi-rate superposition time expressed as:
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where qk is flow rate during period k and tk is time at end of period k.

Appendix B. Rate transient analysis equations

To identify flow regimes and characterize reservoir properties, production data can be plotted on a diagnostic plot. The diagnostic plot is a log-log
plot of the derivative of the difference between the initial reservoir pseudo pressure ψ(pi) and the current flowing bottom hole pseudo pressure
ψ(Pwf) against material balance time tMB. The usage of material balance allows for conversion of production data into an equivalent constant rate
drawdown with rate qe (Ahmed and McKinney, 2005):

=t
Q
qMB

p

e (B-1)

where Qg is the cumulative volume of gas produced. Let us define the pseudo pressure drop derivative as:

= t
d p p

dt
( ( ) ( ))

MB
i wf

MB (B-2)

From the diagnostic plot the pseudo radial flow regime can be determined from a constant value of the derivative plot (Ahmed and McKinney,
2005). The value of the constant can be used to determine permeability:

=
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z T
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2

1
ln(10)

sc
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Abstract 

There has been active development of numerical pore network simulation models in recent years. These 

models allow for generation of capillary pressure and relative permeability curves which characterise 

two-phase immiscible flow in porous media. However, percolation models provide an efficient 

alternative, with reduced reliance on numerical techniques. Implementation of effective medium or 

critical path theory with the percolation model allows for evaluation of the relative permeability curves. 

This paper compares a percolation model with effective medium approximation and a percolation model 

with critical path approximation against a sophisticated pore network simulator during the drainage of 

water by oil. Both approximations failed to match the irreducible water saturation for water relative 

permeability. While the effective medium approximation poorly matches the pore network simulator, 

the critical path approximation is shown to match the result of the oil relative permeability. Despite the 

difference in end points, there is qualitative agreement between critical path approximation and the pore 

network simulator. Moreover, observed differences are not necessarily a drawback due to important 

boundary effects as discussed in the paper. Our results indicate that percolation theory made predictions 

have a potential to become an efficient tool for upscaling by computing multi-phase flow properties for 

numerous porosity sub-domains. 

1. Introduction  

Prediction of the porous media flow properties is important in numerous disciplines, notable examples 

include hydrocarbon extraction (Sahimi, 2011; Blunt, 2017) and the design of fluid injection programs 

for underground reservoirs (Zeinijahromi et al., 2013; Godinho et al., 2016). The relative permeability 

curves play essential roles in parameterizing continuum media models and simulating large scale flow 

and transport phenomena.  

In particular, in reservoirs which contain large changes in permeability or capillary pressure, the forms 

of the capillary pressure and relative permeability curves will have strong impact on the performance 

of the extraction or injection program.  Close to the wellbore, there can be a large reduction in capillary 

pressure. The saturation and pressure profile close to the wellbore can be highly affected by the 

aforementioned curves. 
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Such curves will be influenced by the physical characteristics of the pore network, the surface of the 

solid walls and the interfacial properties of the two phases. To appropriately model the influence of 

interfacial tension reduction or contact angle alteration, so-called pore-scale modelling techniques are 

invaluable as, unlike laboratory measurement, they allow to perform numerous experiments using the 

same digital pore structure model. The latter can be obtained using X-ray computed tomography (XCT) 

(Cnudde and Boone, 2013), stochastic reconstructions (Adler et al., 1990; Yeong and Torquato, 1998; 

Jiao and Chawla, 2014; Gerke et al., 2014; Thovert and Adler, 2011; Tahmasebi et al., 2012) or their 

superposition (Li et al., 2014; Li et al., 2017). 

A variety of computational methods exist to simulate single and multiphase fluid flow within 

heterogeneous pore spaces. Among the most popular are the: 1) Lattice Boltzmann method (Khirevich 

et al., 2015; Dashtian et al., 2019); 2) finite element, finite volume and volume of fluid methods (Raeini 

et al., 2012; Bilger et al., 2017); 3) smoothed particle hydrodynamics (Holmes et al., 2016); 4) finite-

difference and Laplace Stokes equation solvers (Shabro et al., 2012; Gerke et al., 2018); 5) level set 

(Bilger et al., 2017; Verma et al., 2018); 6) phase-field (Frank et al., 2018; Rokhforouz and Amiri, 

2017) and density functional theory based (Demianov et al, 2011) methods. While debates about the 

advantages and downsides of each approach are far from settling down, even with modern parallelized 

computations and hardware, all these methods are extremely computationally intensive. This limits the 

size of the simulation domain that can be evaluated to a very limited volume of usually 300-7003 voxels, 

while the time needed with high performance computing (HPC) resources easily reaches several weeks. 

For complex and hierarchical porous media, the problem is exacerbated due to the need to work on as 

large as possible 3D pore geometries to capture the REV of a porous medium or to work on fused 3D 

structure models resulting from a number of multiscale images for samples such as shales (Gerke et al., 

2015; Tahmasebi, 2018), carbonates (Bultreys et al., 2015) or soils (Karsanina et al., 2018). It is safe to 

conclude that such direct pore-scale modelling techniques are too computationally expensive to 

routinely process REVs of real rock samples. 

To make pore-scale simulations for complex hierarchical porous media practical one can utilize indirect 

modelling methods such as pore-network models (PNM) (Fatt, 1956a,b,c; Xiong et al., 2016; Gostick 

et al., 2016). There have been classical pore-network simulation models developed by Oren, et al. 

(1997) and Valvatne and Blunt (2004) which can calculate the relative permeability and capillary 

pressure curves accounting for wettability and interfacial tension effects in the quasi static regime. 

While significantly reducing the complexity of the simulations, PNMs can suffer minimal accuracy 

reductions if parameterized using abovementioned direct pore-scale simulations (Miao et al., 2017; 

Raeini et al., 2017). Although PNMs allow a very efficient computational framework to simulate single-

, two- and even three-phase (Pereira et al., 1996; Van Dijke and Sorbie, 2002; Piri and Blunt, 2005) 

flow, if one fuses macro and micro XCT scans with stochastic reconstructions (Karsanina and Gerke, 

2018; Chen et al., 2019) based on SEM or FIB-SEM images it is easy to hit more than 1010 pore-network 

elements where even PNM simulations can get prohibitive.   

Another alternative to simulate flow properties even faster than PNM would be percolation models. The 

critical parameters which are required to analytically evaluate the network properties in percolation 

models only depend on the lattice type and the dimension of the network. Given that we have a 

reasonable estimate of a lattice which represents natural porous media and that the critical parameters 

have already been evaluated, properties such as the percolation threshold, and infinite cluster strength 

can be evaluated analytically. This allows for an analytical evaluation of the capillary pressure curve, 

as shown in Heiba et al. (1992) and Larson et al. (1981). 
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However, the calculation of relative permeability is more challenging. While there are analytical 

expressions for network conductivity, they are for Bethe lattices (Heiba, et al., 1983), which are not 

representative of natural porous media. Blunt et al. (1992) provided an analytical expression for relative 

permeability, assuming saturation as equal to site occupancy and applying the percolation expression 

for conductivity. However, the conductivity calculated using the percolation expression does not 

account for variability in the bond conductivity distribution. Natural porous media have a variety of 

pore throat sizes, and consequently a variety of values for conductivity. A more complicated approach 

is required when bond conductance is disordered. 

 One approach for disordered media is effective medium theory (EMT). Kirkpatrick (1973) presents the 

numerical validation of the EMT and shows that it accurately describes the conductivity of the bond 

percolation problem, except close to the percolation threshold. There have been numerous publications 

on the application of effective medium theory for calculation of relative permeability. However, the 

application of effective medium theory has had varying degrees of success.  

Ghanbarian, et al. (2016) apply EMT but replace bond occupation directly with saturation. Close to 

threshold they use the percolation expression instead of EMT to calculate relative permeability. They 

find percolation exponents by fitting to capillary pressure data. Under this approach, they achieve good 

results for 14 out of 21 of the laboratory samples. They discuss that the deviation can occur from 

neglecting corner & film flow. Ghanbarian and Hunt (2017) improved on this work by incorporating 

pore-solid interface roughness effects in the hydraulic conductance of bonds. However, the model still 

under predicted the unsaturated hydraulic conductivity.  

The aim of this paper is to build upon previous knowledge and improve percolation models to determine 

the efficacy of effective medium theory for calculation of two-phase relative permeability as verified 

by comparison against conventional pore-network model. Bond percolation models previously 

developed have required some correction to the relationship bond radius shared with volume and 

conductivity by some empirical term (Heiba, et al., 1983; Heiba, et al., 1992) in order to achieve realistic 

relative permeability curves. The SEM or FIB-SEM techniques used to generate pore network models 

create distributions for pore bodies and pore throats. In order to properly for the difference in pore body 

and pore throat distributions a more sophisticated percolation model is developed.  For the first time we 

apply bond-site percolation to describe two-phase immiscible flow. This allows us to account for 

variability in pore body and throat sizes, without utilizing empirical parameters. Irregularity of the pore 

shape is accounted for by including corner flow in the pore bodies and pore throats. The effective 

medium approximation is applied for calculation of relative permeability for both phases. Hunt (2001) 

mentioned that critical path theory may be superior for calculation of networks with highly disordered 

conductivity distributions. Critical path theory is also presented as an alternative approach for 

calculation of relative permeability. 

This paper presents a new fast and robust percolation theory-based model to simulate single and two-

phase flow within porous media with known pore size distributions. The model is presented in section 

2. The generation of the input functions for the percolation model is described in section 3. A pore 

network simulator is compared to the percolation effective medium approach and the percolation critical 

path approach. The network simulator is described in section 4. The results of the comparison are 

presented in section 5. The discussion of the results is provided in section 6. Finally, the conclusions of 

the paper are presented in section 7. 

2. Percolation model for oil-water drainage 



 

4 

 

Let us represent a porous medium as a simple cubic network. The network is composed of sites. Each 

site centre is separated by a distance l to the next adjacent site in each of the three dimensions of the 

Cartesian coordinate system. Each site is connected to the six nearest sites by a bond. Each site 

represents a pore body and each bond represents a pore throat. The pore bodies are modelled as cubes 

and the pore throats as triangular capillaries. The porous medium is assumed to be initially filled by 

water. 

2.1. Calculation of the entry pressure and meniscus curvature 

In order for oil to enter into a water wet pore body or throat it must displace the water. The interfacial 

energy between water and a water wet surface will be lower than oil and the water wet surface. The 

difference in interfacial energy represents the amount of work that must be done for the oil to displace 

the water. The pressure of the oil phase must be large enough for this work to be done. The pressure at 

which the oil phase will overcome the work required is called the entry pressure. The entry pressure 

can be calculated using the MS-P Method. The MS-P method involves equating the terminal meniscus 

curvature and the arc meniscus curvature to find the radius at which the displacing phase can enter the 

pore throat (Mason and Morrow, 1991).  

During piston like displacement, the terminal meniscus curvature is defined by: 

1c

ow d

P

r
  (1)  

where pc is capillary pressure, σow is the interfacial tension between oil and water and rd is the radius of 

curvature during drainage. The arc meniscus curvature during piston like displacement and under 

thermodynamic equilibrium is (Lago and Araujo, 2001): 

cosc ow os

ow eff

P L L

A






  (2) 

where Low is the perimeter of the oil-water contact, Los is the perimeter of the oil-solid contact,  is 

contact angle and Aeff is the effective cross-sectional area of the oil. Substitution of (1) into (2) results 

in: 

cos1 ow os

d eff

L L

r A


  (3) 

The cross section of a triangular capillary during MS-P displacement is given in Fig. 1. 

2.2. Equations for arbitrary triangular capillaries  

The dimensionless shape factor G is defined as the ratio between the area A, and the perimeter L squared 

(Mason and Morrow, 1991): 

2

A
G

L
  (4) 

It can be calculated from the relationship between the three half-angles βi (i=1,2,3) which make up the 

triangle: 
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The perimeter of triangle can be calculated from the inscribed radius rin and the shape factor: 

 
2

inr
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  (6) 

The area of the triangle can also be derived from the inscribed radius and the shape factor: 

2

4

inr
A

G
  (7) 

During the displacement of water by oil in a triangular capillary, the area and perimeter terms for 

arbitrary triangles are given by Øren et al., (1997): 
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After substitution of Eqs. (4 - 10) into Eq. (3), the quadratic solution for rd is: 
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  (11) 

where D is constant. The equation to calculate D is: 
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   (12) 

2.3. Threshold radius for bonds and sites 

Let us assume that all bonds and all sites are completely water wet, with   = 0°. The smallest bond 

which can be entered by oil will have an inscribed radius which satisfies the following condition: 

ow
b

c r

r
P D


  (13) 

where rb is the inscribed radius of the bond and Dr is a constant. It is derived using MS-P theory: 
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The smallest site which can be entered by oil will have an inscribed radius which satisfies the following 

condition: 

2 ow
s

c

r
P


  (15) 

where rs is the inscribed radius of the site. 

2.4. Hydraulic conductance 

The flow rate of the oil or water phase through a pore throat or pore body will depend on the shape, 

cross sectional area of the phase and the pressure drop. The velocity of each phase is proportional to 

pressure drop for that phase. The constant of proportionality is called the conductance.  

The bonds are modelled as equilateral triangles. The conductance of an equilateral triangle gb, is given 

by Patzek and Silin (2001). Their equation is applied for bond conductance gb: 

20.6b tg G A  (16) 

where Gt is the shape factor for a triangle. Sites are modelled as cubes. The conductance of a square is 

given by Patzek and Silin (2001). Their equation is applied for the calculation of site conductance gs: 

20.5623s sg G A  (17) 

where Gs is the shape factor for a triangle. The conductance of oil in centre of triangle is given by Øren 

et al., (1997). Their equation is used for the calculation of conductance to oil in bonds gob: 

20.6ob t effg G A  (18) 

The conductance of oil in centre of square is given by Øren et al., (1997). Their equation is used for the 

calculation of conductance to oil in sites gos: 

20.5623os s effg G A  (19) 

During displacement, water will gather in corners. The area of water in each corner Awc can be calculated 

by: 
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The shape factor for water in the corner Gwc is: 
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 (21) 

Assuming that there is no slip condition at the water-oil boundary, the corner water conductance gwc 

can then be calculated by (Valvatne and Blunt, 2004): 
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2

wc wc wcg CA G  (22) 

where the constant C is: 
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 (23) 

To calculate the conductance of the corner water through a site (gwcs) or bond (gwcb), take the corner 

conductance multiplied by the number of corners. For sites the half-length is β = π/8 and the number of 

corners is 4. For bonds β = π/6 and the number of corners is 3. 

To calculate the conductance from one site to another, we use the equation for a set of conductors in 

series: 

     
1 2

1 1 2 2

ins b ins

s ins b inb s ins

r l rl

g g r g r g r
    (24) 

where l is the distance between two adjacent site centres, g is the conductance from one site to the other, 

rins1 and rins2 are the inscribed radius of the first and second site respectively, gs1 and gs2 are the 

conductance for the first and second sites respectively, gb is bond conductance and lb is the bond length.  

The lengths must satisfy the following equation: 

1 2b ins insl l r r    (25) 

2.5. Pore filling during drainage 

During drainage, the proportion of bonds available to be filled by oil pbo can be calculated by: 

 
maxb

b

r

bo b in in

r

p f r dr   (26) 

where rb is the inscribed radius of the smallest bond available to oil. It is defined by: 
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  (27) 

The proportion of sites available to be filled by oil pso can be found from: 
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r
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r

p f r dr   (28) 

where rs is the inscribed radius of the smallest site available to oil. It is defined by: 
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  (29) 

The porosity made up of sites ϕs is calcaulated by: 
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The volume of oil in the site Vso is approximated by: 

   3, 8 24 , ,so in d in in wcV r r r r A r    (31) 

This equation does not properly take into account water volumes in the corner. However, the same 

equation is used in the pore network simulator, which allows for the percolation model results to be 

compared with the pore network simulator. 

The oil saturation in the sites sso is calculated by: 
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   (32) 

where ps is the proportion of sites occupied by oil. The porosity made up of bonds ϕb is calculated by: 
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The oil saturation from bonds Sbo is calculated by: 
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 (34) 

where pb is proportion of bonds occupied by oil. The total water saturation Sw is then calculated by 

 1w so s bo bS S S     (35) 

The functions pb and ps are calculated numerically using code developed in house in numerical 

computing environment MATLAB®. Results of numerical calculation are presented in Fig. 2. 

2.6. Effective Medium Theory 

Effective media theory (EMT) is used to approximate the conductance of a network. It approximates a 

network with some distribution of bond conductance gp with an equivalently conductive network where 

each bond conductance is equal to the effective medium conductance ge. It can also be called the 

effective medium approximation (EMA). Kirkpatrick (1973) derived the equation of effective 

conductance as: 
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where h is the frequency of conductance gp in the network, and Z is the coordination number. Given our 

distribution of bond sizes and site sizes, Monte Carlo simulation can be used to quickly obtain the 

conductance distribution. The probability of a site or bond can be found from the site or bond size 

distribution, respectively. 

The distribution for oil can be generated, by assigning all sites smaller than rs and all bonds smaller than 

rb to have no oil conductance. The probability distribution used for the Monte Carlo simulation is: 
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 (37) 

The conductance to oil from one site to the next, go, is calculated in the following equation: 
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    (38) 

The integral of the distribution of oil conductivities ho, should be equal to the number of bonds available 

to oil. Therefore, the normalized distribution generated by the Monte Carlo simulation is multiplied by 

pb to get the conductance distribution ho. Finally the oil conductance, go, can be calculated by: 
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  (39) 

The EMA for water is more complex. There are six possible configurations that can exist between two 

sites and a bond. Diagram for each configuration is given in Fig. 3. C1 to C3 are configurations with oil 

in the bond. C1 is the configuration with oil in both sites, C2 is the configuration with oil in one site and 

C3 is the configuration with oil in no sites. The configurations C4 to C6 are configurations with water in 

the bond. C4 is the configuration with oil in both sites, C5 is the configuration with oil in one site and 

C6 is the configuration with oil in no sites. The conductance for configurations C1 to C6 are gw1 to gw6. 

They are calculated by: 
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    (45) 

The probability that a bond or site with inscribed radius rinb or rins has oil in the centre is given by Eq. 

(37). The probability distribution that a bond or site with inscribed radius rinb or rins only contains water 

is given by: 
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 (46) 

Given these probability distributions, the distribution of conductances made up by each of the 

configurations hwi can be calculated using Monte-Carlo simulation. Fig. 4 shows a schematic for 

frequency of bonds which make up each configuration. The total of all of the frequencies gives the bond 

size distribution. The probabilities of configurations 1 to 6 are p1... p6. The probabilities depend on the 

proportion of sites and bonds available to the invading phase. They are calculated numerically using 

code developed in house in numerical computing environment MATLAB®. The results are given in 

Fig. 5. The total distribution for water conductance, hw can be calculated by:  
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  (47) 

 The conductance to water gw is calculated by solving the following equation: 
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2.7. Critical Path Theory 

A method of estimating the conductance of a disordered network was developed by Ambegaoker et al. 

(1971). The conductance of a set of parallel conductors is controlled by the largest conductor. The 

conductance of a set of conductors in series is controlled by the smallest conductor. They divide the 

network into two sets of conductors; small and large conductors. The smallest conductor of the large 

set is called the critical conductance gc. All conductors greater than gc are reduced to gc and all 

conductors smaller than gc are set to zero. The theory is called critical path theory (CPT) the resultant 

equation for conductance as given by Sahimi (1993) is: 

  e cpt c cpt c bthg c g p g p


   (49) 

where ccpt is a constant, μ is the percolation exponent for conductance (Sahimi 1993, gives a value of μ 

= 2 for 3 dimensional networks) and pbth is the bond percolation threshold. The probability pcpt is the 

probability that a bond conductance is greater than or equal to some critical conductance gc : 
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   (50) 
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The correct critical conductance gc to use is the conductance which maximises ge (Sahimi 1993). To 

calculate the correct threshold to use during bond-site percolation, we will need the thresholds for site 

and bond percolation. Galam and Mauger (1996) proposed the following expression for percolation 

threshold: 

  
1

2*

0 1 1
a a

thp d Z d


       (51) 

where for sites; 0 = 1.2868, a1 = 0.6160 and a2 = 0 and for bonds 0 = 0.7541, a1 = 0.9346 and a2 = a1. 

The calculated values for a simple cubic lattice with Z = 6 were p*bth =  0.2448 and p*sth = 0.3115. The 

percolation threshold for bonds in a bond-site network, pbth, is dependent on the proportion of sites 

which can also contribute to the infinite cluster ps∞. Yanuka and Englman (1990) obtained the following 

expression for the bond percolation threshold during bond-site percolation: 
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   (52) 

where 
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3. Infinite cluster and configuration proportion during the bond-site percolation 

The in–house code in Matlab® is developed for calculation of the percolation process across a 

40x40x40 simple cubic lattice. One face of the network is designated as the entry for the invaded phase. 

Any bond or site available to this face will become part of the invading cluster. The algorithm is as 

follows: A proportion of sites is made available to the infinite cluster. None of the bonds in the network 

are initially available to the invading cluster. One random bond is made available to the invading cluster. 

Then the proportions pb, ps and p1 to p6 are calculated. Then another random bond is made available 

and the calculation of proportions pb, ps and p1 to p6is repeated. This process is repeated until all the 

bonds are available to the invading phase. The proportions pb, ps and p1 to p6 are calculated for 120 

simulations for 32 different values of ps. Figs. 2. And 5. Show the average result of these simulations. 

The calculation of pb is given in Fig. 2a. When all the sites are available, the infinite cluster strength 

for bonds follows the bond percolation process. As the proportion of available sites is reduced, pb
 

decreases. When the proportion of available sites drops below the site percolation threshold, the 

invading cluster can no longer form an infinite cluster. 

The calculation of ps is given in Fig. 2b. Similar to the previous figure, the proportion of sites in the 

infinite cluster will decrease as the number of bonds decrease. However, one difference is that if pb > 

0.64, all sites can be connected to the infinite cluster. If pb < 0.64, there will be some proportion of sites 

which will be separate to the infinite cluster. This proportion will decrease as pb decreases, and drop to 

zero once pb is below the bond percolation threshold. 

The probability of configuration C1 will always monotonically increase as the number of bonds and 

sites available to be filled by oil increases (Fig. 5a). When all the sites are available to oil (ps = 1), the 

probability p1 is the same as the infinite cluster strength during bond percolation. The probability of 

configuration p2 will monotonically increase as the number of bonds to be filled by oil increases (Fig. 

5b). There exists some maximum for p2 at some intermediate value for ps. If there are no sites available 
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to oil or if all the sites are available to oil, configuration C2 cannot exist. Configuration C2 only exists 

at some intermediate value for ps. Configuration C3 does not exist during the drainage process (Fig. 5c). 

The probabilities p4 and p5 share a non-monotonic relationship with pb (Fig. 5d & 5e). If pb is too low, 

no enough sites will become part of the infinite cluster. Otherwise, if pb is too high, there will be less 

bonds occupied by the wetting phase. Proportion p6 will monotonically decrease with increase in either 

pb or ps (Fig. 5f). 

4. Pore network simulator 

As the target of all pore network simulations is a direct comparison against solutions obtained based on 

percolation theory, all physics mechanisms and parameters of the pore network simulator are tuned to 

be the same as the percolation model. 

At first, we construct a lattice-based pore-network model with prescribed pore-body and pore-throat 

size distributions. Given the distance in between the pore-bodies, we place them at the nodes of the 

lattice by randomly sampling from the size distribution. Next, we loop through each of the pore-bodies 

and pore throat and assign the radii from the prescribed distribution. For the case where Z = 3, the 

number of throats attached to the given pore-body is randomized. While placing throats we also perform 

body-throat partitioning that will define local element’s conductance according to Eq. (24). The length 

of throat is defined as in Eq. (25). The shape factors for all pore bodies and pore throats are assigned to 

equal that of the square and the equilateral triangle, respectively. The construction procedure as 

described above ensures that resulting characteristics of the constructed network are the same as those 

for percolation theory simulations (and no correlations exist between pore and throat placement as 

assumed in all PM computations) and for PNS on lattices with more than 103 throats the differences for 

pore, throat, length and Z distributions are virtually negligible. This is observable in the comparison of 

the distributions used for the PM and the histogram of the elements for the PNS in Fig. 6. 

After construction the pore-network is saved into so-called Statoil format and is also visualized using 

the open-source software VTK. All processing is performed using in-house C++ code imbedded within 

the credible pore-network extraction framework (Miao et al., Gerke et al., 2019a) and the size of all 

models was 403 lattice units (totalling to 64×103 pore-bodies and 19.2×104 pore-throats for Z = 6). The 

examples of visualizations for PNS with Z = 6 is presented in Fig. 7a and for Z = 3 in Fig. 7b. For single 

and two-phase flow simulations the constructed pore-network is passed into Valvatne’s code (Valvane 

and Blunt, 2004), which utilized the same physics as described for PM in sections 2.1-2.4. The flow 

was simulated in a single direction along one of major orthogonal axes. The contact angles within the 

network are assigned to 0° to represent fully water-wet conditions. The fluid properties for simulations 

using both theoretical and modelling approaches were chosen to represent a typical water-oil system 

with the surface tension of 30 mN/m. The simulated network permeability, capillary curves and relative 

permeability curves for drainage from a network initially saturated with water were saved for 

comparison against PM results. 

5. Comparison between percolation model and Pore network simulator 

The percolation model (PM) developed in Section 2 is compared against the pore network simulator 

(PNS) described in Section 4. Four different distributions for bond inscribed radius and site inscribed 

radius were used. The probability density function for each of the site-bond distributions is shown in 

Fig. 8. They density functions are normalized lognormal distributions with an upper limit of 29 µm. 

The distance between adjacent sites is l = 60 µm. There are two kinds of lattices used; a simple cubic 

lattice with coordination number Z = 6 and a simple cubic lattice with half the bonds turned off, resulting 
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in average coordination number Z = 3. The bond percolation threshold for the second lattice is p*bth = 

0.4896. In total 8 cases are compared. 

The capillary pressure curves obtained from the percolation model show very high agreement with those 

from the pore-network simulator (PNS) for all 8 cases (Fig. 9). However, there is deviation in relative-

permeability curves. 

Fig. 10. Shows the comparison of pore network simulator with the percolation model with EMT and 

CPT for calculation of relative permeability for lattice with Z = 6. Fig. 11. Shows the same comparison 

but for the second lattice, where Z = 3. In all the cases, EMT deviates from the PNS.  

Water relative permeability matches at very high water saturations but the pore network simulator 

diverges from the convex trend at lower water saturations. Generally, the PNS predicts higher water 

relative permeability. The CPT and EMT calculations for water relative permeability are similar. Both 

EMT and CPT can be treating the oil clusters as if they are randomly distributed throughout the network 

as opposed to a penetrating backbone cluster with many branches. They can therefore predict that more 

water pathways are broken than what is actually occurring. CPT predicts slightly lower water relative 

permeability to EMT in some cases. This is due to one of the assumptions associated with CPT. It 

assumes that the conductance for a set of conductors is in series and the overall conductance is equal to 

the smallest conductor in that set. The set is made up of a distribution of conductance, and if that set 

has a wide distribution this assumption can be accurate. But if that distribution has low variance, the 

assumption will under predict the overall conductance. 

The oil relative permeability curve modelled by CPT matches the PNS much more closely than the 

other models. The reason could be that the penetrating cluster of oil could be bottlenecked by the 

smallest conductors in the set, which is more suitably calculated by CPT. The oil relative permeability 

curve modelled by EMT usually always terminates at lower water saturation than the pore network 

simulator. This is not uncommon, EMT has been reported in literature to underestimate permeability 

close to the threshold. 

6. Discussion 

The end point values for relative permeability; connate water saturation, residual oil saturation, water 

relative permeability at residual oil and oil relative permeability at connate water saturation are 

important parameters for calculation of water flood efficiency. The comparison shows large deviation 

using either EMT or CPT for the prediction of the relative permeability end points for all cases except 

for sor at Z = 6. 

The percolation model predicts that water becomes immobile at saturation less than 0.5 for cases where 

Z = 6 and 0.7 for the cases where Z = 3. The relative permeability calculated by the percolation model 

shows either very small or almost no window of two-phase flow for the networks with Z = 6. For the 

networks with Z = 3, the percolation model calculates no window of saturation where both phases are 

mobile. The values of end point saturation and two-phase flow windows are unrealistic compared to 

natural porous media. The reason for these high values is that the percolation threshold is high. 

For more realistic two-phase saturation windows and end point values, one option is to use higher 

coordination numbers. There are analytical expressions already available for percolation threshold by 

Galam and Mauger (1996) and infinite cluster strength by Bedrikovetsky. and Bruining (1995) for bond 

percolation, so for this reason we investigate the end point value dependence on coordination number 
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using just bond percolation. The end point values are determined from where the relative permeability 

calculated by CPT become 1×10-3. 

End point saturation values are given in fig. 12a for values of from Z = 3 up to Z = 12 for three different 

values of coefficient of variation (cv) in inscribed bond radius. The irreducible water saturation swc and 

the residual oil saturation sor reduce as Z increases dues to the reduction in percolation threshold. 

Increases in cv cause an increase in the tail end of the lognormal distribution. As the area of the bond 

will scale to the power of 2 with the inscribed radius, the oil saturation will increase more than the water 

saturation when there is an increase in cv. For this reason, increase in cv results in decrease in swc and an 

increase in sor. swc is more sensitive to cv and Z than sor. This is due to the distribution of smaller bonds 

being more affected by changes in cv in a lognormal distribution. 

The end point relative permeability values are shown in Fig. 12b. The relative permeability to water at 

residual oil saturation krwor and the relative permeability to oil at irreducible water saturation krowc
 both 

increase as Z increases because the percolation threshold decreases. The conductivity of the bond will 

scale to the power of 4 with the inscribed radius, so increase in cv will cause dramatic increase in krowc. 

The window for two phase flow is presented in Fig. 13. As there is decrease in both end point saturations 

with Z, the window will increase with Z. 

However, the coordination numbers observed in sandstones aren’t on average that much higher than 6. 

Rabbani et al. (2016) calculates average coordination number for several sandstones in the range 1.75 

to 6.75. In natural porous media, the larger pore bodies will have larger pore throats. This would cause 

the network to have correlation between available sites and bonds. Correlated bond-site percolation can 

give lower thresholds and be more appropriate for future developments. Moreover, direct simulations 

of percolation on pore-networks extracted from 3D pore geometries of real porous media can serve as 

a much more accurate basis for percolation theory based models as discussed here. 

While the comparison against PNS was made on the assumption that it provides a solid base for 

verification, it is possible to speculate that PM actually provides more accurate results. It was recently 

shown that boundary conditions can significantly affect obtained flow properties (Gerke et al., 2019b) 

and closed walls boundary conditions on the walls of the modelling domain, as utilized in PNS, may 

not be appropriate for upscaling. Contrary to PNS, PM assumes infinite porous media domain, which 

is arguably a more plausible assumption for homogenization to continuum scale, as for example, is 

needed for multi-scale PNS (Bultreys et al., 2015). 

7. Conclusions 

Our new method to utilize percolation theory to simulate two-phase flow properties based on pore-size 

distribution. It provides a fast and robust computational framework which can be immediately used for 

intensive pore-scale simulations, which include upscaling for highly heterogeneous pore scale media 

such as shales, carbonates and soils. While we utilise a relatively simple lattice-based pore-network 

construction approach, the extension to more complex pore-networks with highly heterogeneous 

connections is possible based on pore-network simulations for such media. The new method allows the 

following conclusions to be drawn: 

1. Critical path theory is superior for calculation of oil relative permeability over effective 

medium theory in all cases studied. 

2. Effective medium theory shows deviation from pore network simulator close to threshold. 
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3. There is no simultaneous two-phase flow at small coordination number. This is due to the 

high percolation threshold which occurs at small coordination numbers. 

4. There is good agreement between percolation model and the pore network simulator capillary 

pressure curves. 

5. Despite the large difference in relative permeability end points, critical path theory shows 

qualitative agreement with the relative permeability curves generated by the pore network 

simulator. 

Nomenclature 

A cross sectional area 

Awc cross sectional are for corner water 

Aeff  effective cross sectional area of the oil 

C configuration 

ccpt constant for critical path equation 

G dimensionless shape factor 

Gwc dimensionless shape factor for corner water 

g conductivity 

gc critical conductance 

ge effective medium conductance 

gb bond conductance 

gob conductance for oil in bond 

gos conductance for oil in site 

gwc conductance for water in corner 

gwcb conductance for corner water in bond 

gwcs conductance for corner water in site 

gwi conductance for water in configuration i 

gs site conductance 

h frequency of conductance 

ho frequency of conductance to oil 

hw frequency of conductance to water 

L perimeter 

Low  perimeter of the oil-water contact 

Los  perimeter of the oil-solid contact 

l  distance between two adjacent site centres 

lb  length of bond 

Pc capillary pressure 

pbo proportion of bonds available to oil 

pbth bond percolation threshold 

pb proportion of bonds occupied by oil 

pcpt proportion of conductance greater than the critical conductance 

pi probability of configuration i 

pso proportion of sites available to oil 

ps proportion of sites occupied by oil 

p*bth percolation threshold for bonds 

p*sth percolation threshold for sites 

rd  radius of curvature during MS-P drainage 

rb inscribed radius of smallest bond available to oil 

rbmax inscribed radius of largest bond  
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rs inscribed radius of smallest site available to oil 

rsmax inscribed radius of largest site  

rin inscribed radius 

rinb inscribed radius of bond 

rins inscribed radius of site 

Sbo oil saturation from bonds 

Sso oil saturation from sites 

Sw water saturation 

Vso volume of oil in site 

Z coordination number 

 

Greek letters 

β half angle of corner 

ϕb porosity from bonds 

ϕs porosity from sites 

μ critical exponent for conductivity 

σow interfacial tension between oil and water 

  contact angle 
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Fig. 1. Cross section of a triangular capillary during Mayer, Stowe and Princep (MS-P) displacement. 

  

(a)                          (b) 

Fig. 2. Numerical calculation of the infinite cluster strength during the site-bond percolation process on a simple cubic 

lattice: (a) bonds forming an infinite cluster (pb) against available bonds (pb) for different proportion of available sites 

(ps) compared to the analytical model (in black) during bond percolation; (b) sites forming an infinite cluster (ps) 

against available sites at for different proportion of available bonds compared to the analytical model (in black) during 

site percolation. 

 

Fig. 3. Configurations of oil (in black) and water (in blue) which can exist in between two connected sites and a bond. 
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Fig. 4. Frequency of each configuration occurring at any given bond with inscribed radius rin. The radius rb is the 

inscribed radius of the smallest bond which can be penetrated by oil via capillary forces. 

 

 

(a)                          (b) 

 

(c)                          (d) 
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(e)                          (f) 

Fig. 5. Numerical calculation of the probability of the configurations (as given in Fig. 3) existing: (a) C1; (b) C2; (c) C3; 

(d) C4; (e) C5; (f) C6. 

 

Fig. 6. Comparison of the site/bond size distributions used in percolation model (PM) compared against  throat/body 

distributions used in pore network simulator (PNS). 

 

 

(a)                          (b) 
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Fig. 7. Visualization of the pore network used in simulation: (a) Z = 6; (b) Z = 3. 

 

(a)                          (b) 

 

(c)                          (d) 

Fig. 8. Frequency of bonds and sites with inscribed radius rin for: (a) distribution A; (b) distribution B; (c) distribution 

C; (d) distribution D.  
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(a)                          (b) 

  

(c)                          (d) 

Fig. 9. Comparison between capillary pressures calculated via the pore network simulator (PNS) and via the 

percolation model (PM) at coordination number (Z) 3 and 6: (a) distribution A; (b) distribution B; (c) distribution C; 

(d) distribution D.  
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(a)                          (b) 

 

(c)                          (d) 

Fig. 10. Comparison between the relative permeability curves calculated via the pore network simulator (PNS) and via 

the bond-site percolation model with effective medium theory (EMT), with an average network coordination number 

Z = 6: (a) distribution A; (b) distribution B; (c) distribution C; (d) distribution D.  

 
(a)                          (b) 
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(c)                          (d) 

Fig. 11. Comparison between the relative permeability curves calculated via the pore network simulator (PNS) and via 

the bond-site percolation model with effective medium theory (EMT), with an average network coordination number 

Z = 3: (a) distribution A; (b) distribution B; (c) distribution C; (d) distribution D.  

  

(a)                          (b) 

Fig. 12. Sensitivity of the end point values to coordination number as calculated by bond percolation & CPT for 

different coefficients of variation in bond inscribed radius: (a) end point saturations; (b) end point relative 

permeability. 

 

Fig. 13. Two phase saturation window as calculated by bond percolation & CPT. Sensitivity to the coordination 

number and the coefficient of variation for the bond radii. 
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7. Discussion 

7.1. Summary 

The thesis presented new novel analytical models for the evaluation of skin 

due to water block in oil and gas wells. The analytical models have been validated by 

comparison to experimental and numerical results, and applied for the evaluation of 

production and storage well inflow performance. 

The third chapter was the first chapter which involved the novel aspects of the 

thesis. It investigated the impact of altering the contact angle on inflow performance 

of gas and oil wells. Altering contact angle simultaneously impacted both the capillary 

pressure and the relative permeability curves, which was not considered in previous 

publications. The first analytical model for two phase flow accounting for contact 

angle dependence in the capillary pressure and relative permeability curves was 

developed in the thesis. The model showed that the contact angle dependence on these 

curves will give existence to an optimal contact angle for gas and oil production. The 

optimal contact angle was influenced by the forms of the relative permeability curves 

and the capillary pressure curve. However the capillary pressure curve was only as 

influential as the ratio of the capillary forces over the other forces present. The third 

chapter only investigated when viscous and capillary forces were present. When 

capillary forces dominated over viscous forces, the optimal contact angle was 

hydrophobic. When viscous forces dominated over capillary forces, the optimal 

contact angle was at some intermediate value and was influenced by the forms of the 

water and gas relative permeability curves and the water cut. 

The fourth chapter developed the analytical model incorporating gas 

compressibility. The effect of gas compression gives rise to a non-monotonic 

saturation profile. The gas phase expands as it approaches the wellbore due to pressure 

decline, which causes the water saturation to decrease. However, the capillary 

pressure also declines as it approaches the wellbore, which can cause water saturation 

to increase. The shape of this profile depends on the capillary-viscous ratio, relative 

permeability curves, water cut and the capillary pressure curve. The models allow for 

the design of treatment strategies of water blocked gas wells. There are many 

surfactant/chemical treatments in the market for reduction of interfacial tension or 
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alteration of contact angle of gas reservoirs. The treatment of gas wells with these 

chemicals will result in the alteration of the contact angle of the near wellbore region. 

The developed models were applied for the evaluation of the impact of piecewise-

alteration of the contact angle. They show that a second capillary end effect can appear 

at the end of the treated zone, which negatively impacts the flow of hydrocarbon and 

reduces the optimal contact angle. 

The results of the previous chapters are shown to be applicable to hydraulically 

fractured wells. Chapter five shows that when the pressure drop in the hydraulic 

fracture is negligible compared to the pressure drop from the reservoir to the fracture, 

there exists an analytical solution for water block skin under steady state flow. Two 

models are developed in Chapter 5. The first is the explicit model for Darcy gas-water 

flow into a highly conductive hydraulically fractured well, the second is a semi-

analytical model for non-Darcy flow into a highly conductive hydraulically fractured 

well. The models show that there is a steep increase in water close to the hydraulic 

fracture. The percentage of skin as a result of water block can be implicitly calculated 

for a region around the hydraulic fracture, which can then be used for the evaluation 

of volume of treatment fluid required. Inertial forces are shown to reduce the water 

block but give rise to non-Darcy skin. 

The forms of relative permeability and capillary pressure are very important 

in determining the optimal contact angle for gas and oil production. The forms of these 

curves are the result of the wettability, the pore network topology and the distribution 

of pore sizes. Chapter six developed the percolation model which can take into 

account pore network topology and size distributions. The model incorporated the 

impact of corner water film, network coordination number, and pore throat and pore 

body size distribution. The model showed that at low coordination numbers there does 

not exist simultaneous flow of both phases. Two methods for calculation of relative 

permeability were compared to pore network simulation. The first was the effective 

medium theory and the second was the critical path theory. Critical path theory was 

shown to be a better match the relative permeability curves generated by the pore 

network simulator. 



168 
 

7.2. Limitations & Future Outlook 

Some of the models supplied are semi-analytical, particularly for compressible 

gas, where two ordinary differential equations need to be solved simultaneously in 

order to evaluate saturation and pressure profile. As this method is not fully explicit it 

limits the applicability of the model. 

For all the analytical solutions supplied, the steady state assumption is 

invoked. This assumption does limit the application to flow periods after the pressure 

transient has reached the reservoir boundaries. Ultra-low permeability reservoirs can 

be in the transient flow regime for longer than months, which can misevaluate the 

impact of water blocking on well production performance. The problem can be solved 

numerically, however there can be future work to investigate if there exists any 

analytical or semi- analytical solutions for the water block problem including transient 

flow. 

Rock compressibility was not considered but can be very important for shale 

and coal reservoirs and can be implemented in the model by pressure-dependent 

porosity. 

The literature review has shown that low permeability rocks are more 

susceptible to water block. The literature review also shows that in ultra-low 

permeability rocks such as shales, molecular interactions of the pore walls can 

influence the capillary curvature. The Young Laplace equation needs to be modified 

to account for this effect. It will cause a change in the capillary entry pressure for small 

pore throats, which will change the capillary pressure and relative permeability curves. 

At low pore throat sizes and low pressures the Hagen-Poiseuille equation 

breaks down and the assumption of zero flow at the pore walls is no longer valid. The 

thesis has incorporated a simple empirical model to account for gas slip at the pore 

walls with the empirical klinkenberg slip relationship, but further work can be done to 

account for Knudsen diffusive flux. 

The capillary pressure and relative permeability models used in the first 4 

chapters were capillary bundle models with fractional wettability assumed. The 

capillary bundle model is not representative of porous media. While work in this thesis 

later develops a percolation model which takes into account network topology, the 
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fractional wettability of the network was not considered. The future opportunity of 

this work can be in developing a sophisticated percolation model for evaluation of the 

relative permeability and capillary pressure which accounts for fractional wettability. 

This percolation model can be applied in the analytical models derived previously to 

study impacts of pore size distribution, pore network coordination number and 

wettability on water block skin. 

The percolation model presented in this thesis utilizes the results of numerical 

calculation to calculate the infinite cluster density during site bond percolation. 

Empirical expressions for the infinite cluster density can be developed for site-bond 

percolation in simple cubic lattices, which can allow for analytical expressions for 

capillary pressure developed from site bond percolation models.  

Currently none of the percolation models developed take into account 

imbibition. The imbibition process can be used to describe fracture fluid, drill fluid or 

completion fluid loss into a hydrocarbon bearing reservoir. The introduction of foreign 

waters to reservoir can cause high water block. The modelling of the imbibition of 

foreign water into the reservoir can be used to evaluate skin due to water block before 

steady state conditions. 

The thesis has covered analytical solutions for water block under steady state 

conditions. The areas for future work in the area of water-block evaluation: 

1. Development of analytical or semi-analytical models for non-steady 

flow accounting for capillary entrapment of water close to the 

hydraulic fracture and/or wellbore. 

2. Development of percolation model accounting for wettability, pore 

network topology, pore size distributions and imbibition for 

calculation of capillary pressure and relative permeability curves. 

3. Incorporation of nano-scale effects such as gas slip, Knudsen-diffusive 

flow and molecular interactions on the capillary curvature in the 

aforementioned models. 

4. Incorporation of rock compressibility into the aforementioned models. 
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8. Conclusions 

The analytical modelling of the water block phenomenon during two phase steady 

state flow allow to make the following conclusions: 

1. There exists an optimal contact angle for maximising oil or gas production 

during steady state commingled production of oil and water or gas and water. 

The optimal contact angle will depend on factors such as the initial rock 

wettability, ratio of capillary to viscous forces, forms of the Leverett J function, 

and forms of the relative permeability curves. 

2. The optimal contact angle for maximising oil or gas production will increase 

as the ratio of capillary to viscous forces increases. When the capillary forces 

are negligible, the optimal contact angle will be determined by the competition 

between the viscosity ratio of the two phases, the forms of the relative 

permeability curves, and the water cut. 

3. Piece-wise alteration of wettability causes the existence of a second capillary 

end effect outside the altered zone. This second end effect can negatively 

impact gas flow. For this reason, the optimal contact angle for gas production 

is lower in the piece-wise altered case than for the case where the wettability 

is changed in the entire reservoir. 

4. The competition between the capillary forces and the expansion of a 

compressible gas phase close to the wellbore can result in a non-monotonic 

saturation profile. This effect is more prominent when the capillary-viscous 

ratio is low. 

5. When there is no water production, alteration of wettability to completely 

hydrophobic can remove the water block. For intermediate values of water 

cut, the optimal contact angle will be some intermediate value.  

6. There is explicit formulae for Darcy flow of gas towards a hydraulically 

fractured vertical well accounting for capillary trapped liquid. The saturation 

and pressure values can be determined implicitly. 

7. The competing effects of gas compression and inertial forces result in a non-

monotonic relationship between water block skin and the dimensionless 

Forchheimer number. 

8. The oil relative permeability calculated by critical path theory matches the 

relative permeability modelled by pore network simulation better than 

effective medium theory. The assumptions of critical path theory are more 

suitable for the highly heterogeneous distribution of conductivity which is 

typical for natural porous media.  

9. There is no simultaneous two phase flow when the average coordination 

number of the pore network is small. This is due to the high percolation 

threshold which occurs at small coordination numbers. 




