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Abstract

The mid-IR spectral region is important in a wide range of applications. Many
molecules have unique characteristic absorption features in this region due to strong
vibrational transitions. Mid-IR lasers, tuned to these absorption lines, are an excellent
source for detecting trace gases such as air pollutants for environmental monitoring,
biomarkers in exhaled human breath for medical diagnosis, and trace explosives for
security. Furthermore, the mid-IR region includes two atmospheric transmission win-
dows, 3 µm– 5 µm and 8 µm– 13 µm, which overlap with the strong absorption lines
of many molecules. These transmission windows may be exploited with differential
absorption lidar technology to remotely detect atmospheric gases. New and exciting
applications for mid-IR lasers will open up as mid-IR lasers become more powerful,
stable, tunable, and ultrafast.

This thesis details three approaches to advancing mid-IR lasers and their uses.
Firstly, a feasibility study is presented that assesses the detectability of diesel exhaust
emissions in the atmosphere using differential absorption lidar from an airborne plat-
form. This technology could be developed to identify and monitor major sources of
air pollution at any location accessible by an aircraft. The study shows that carbon
monoxide is a suitable target gas in the 2.3 µm wavelength band, while nitrogen dioxide
and formaldehyde are suitable targets in the 3.5 µm band.

Secondly, a numerical model is presented that simulates the physical processes in
3.5 µm dual-wavelength pumped fibre lasers. The model, validated against three ex-
periments reported in literature, provides time domain analysis of ionic energy state
populations, predicts laser performance, and has become a valuable tool for the opti-
misation of fibre laser design. The model was adapted to study Q-switching behaviour
of these lasers with high temporal resolution.

Finally, this thesis presents a detailed characterisation of graphene under high in-
tensity radiation to understand its suitability for passively mode-locking mid-IR lasers.
Intensity dependent transmission measurements were performed on trilayer graphene
in the 1.55 µm– 3.50 µm spectral region using a 100 fs laser source and the z-scan tech-
nique. The measured saturation intensities were combined with others reported in
literature to find that saturation intensity depends on the third power of photon en-
ergy in the femtosecond regime while longer pulses show a square root dependence.
Furthermore, multilayer graphene is shown to exhibit two-photon absorption as well
as saturable absorption when subjected to high intensity radiation. Two-photon ab-
sorption limits the effective modulation depth and can be detrimental to mode-locking
mid-IR lasers. This explains why lasers beyond the 3 µm wavelength band have not
been mode-locked using multilayer graphene.
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Chapter 1
Introduction

The first laser was demonstrated in 1960.1 A ruby crystal, with parallel silver-coated
end faces, was irradiated by a high power flash lamp resulting in the amplification of
visible light at a wavelength of 694.3 nm (deep red). Since then, laser technology has
become ubiquitous in modern society, with applications in manufacturing, communi-
cation, spectroscopy, remote sensing, metrology, surgery, defence, entertainment, and
more.

Mid-infrared (mid-IR) laser sources have attracted enormous interest in recent years
as new developments emerge. The mid-IR spectral region contains strong absorption
lines of gas-phase molecules, as well as several transparent windows of the atmosphere,
that offer significant opportunities for trace gas sensing. The last decade has seen
exciting progress in mid-IR fibre lasers, semiconductor lasers, frequency combs, and
supercontinuum generation. Continued progress will realise sensing technologies rang-
ing from portable breath analysis for medical diagnosis to remote sensing of multiple
trace gases in the atmosphere for air pollution monitoring. However, translating the
more matured technology of near-IR lasers into the mid-IR domain has been challeng-
ing and the brightness of mid-IR laser sources continue to lag behind their near-IR
counterparts.

This research was motivated by the need for bright, ultrafast mid-IR laser sources
in applications such as trace gas sensing. This thesis presents three approaches toward
advancing mid-IR lasers, which are summarised as follows:

i. Feasibility study for the detection of diesel exhaust gases in the atmosphere using
differential absorption lidar (DIAL) technology from an airborne platform for
broad-area environmental monitoring (Chapter 2);

ii. Modelling of fibre lasers, both in the temporal and spatial domains, for analysis
and optimisation of laser performance (Chapter 3);
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Chapter 1. Introduction

iii. Theoretical and experimental study of graphene and its response to mid-IR ra-
diation for potential use in mode-locking mid-IR lasers (Chapters 4, 5, and 6).

This Chapter presents an overview of the current landscape of mid-IR lasers. Sec-
tion 1.1 introduces the mid-IR spectral region and how this electromagnetic radiation
interacts with molecules. Section 1.2 discusses some current and potential applications
of mid-IR lasers to highlight their importance. In Section 1.3, the common types of
mid-IR lasers and their characteristics are introduced, while broadband laser sources
are discussed in Section 1.4. Q-switching and mode-locking principles are introduced
in Section 1.5. Finally, the scope of this thesis is outlined in Section 1.6.

1.1 Mid-IR spectral region
The boundaries of the mid-IR spectral band are not consistent in literature since
the applications that relate to this spectral region are diverse. The international
standard ISO20473:2007 defines the near-IR, mid-IR, and far-IR spectral bands as
0.78 µm– 3.0 µm, 3 µm– 50 µm, and 50 µm– 1mm respectively.2 However, the spectral
region 2 µm– 20 µm, for example, has also been used to describe the mid-IR since a
large number of molecules undergo strong characteristic vibrations in this domain.3,4

Much of the work presented in this thesis relates to the 1.5 µm– 4 µm spectral region
with particular emphasis on the 3.5 µm band.

The absorption spectrum of any molecule is determined by all allowed transi-
tions between pairs of energy levels. The quantised energy levels are superpositions
of electronic, vibrational, and rotational states of the molecule. Electronic, vibra-
tional, and rotational transitions typically occur within the ultraviolet-visible, infrared,
and microwave spectral bands respectively.5 A particular bonded pair of atoms has a
characteristic vibrational frequency. For example, if a carbon-hydrogen bond (C–H
bond) exists in any molecule, the bond will have a characteristic vibrational frequency
(wavenumber) in the range 2850 cm−1 – 3300 cm−1 (wavelength range 3.0 µm– 3.5 µm).6

The mid-IR spectral band contains the fundamental vibrational absorption lines of
many molecules while overtone vibrational transitions occur in the higher energy near-
IR band. Transitions in both vibrational and rotational states, often abbreviated as ro-
vibrational transitions, add fine structure to mid-IR absorption spectra since rotational
transitions require much lower energies than vibrational transitions.7 Since mid-IR
absorption spectra contain characteristic features that uniquely identify a molecular
species, spectral regions within the mid-IR band (such as 2 µm– 20 µm) may be referred
to as the mid-IR molecular “fingerprint” region.4,8

Figure 1.1 illustrates the absorption lines of various molecules, commonly consid-
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Figure 1.1: Spectral line intensities of various gases in the 1.0 µm– 5.0 µm spectral
region. The data was sourced from the HITRAN2016 database.9 The units for spectral
line intensity S may be thought of as wavenumbers per unit column density. Higher
peaks indicate stronger absorption.

ered either greenhouse gases or air pollutants, in the 1.0 µm– 5.0 µm spectral region.
The highest absorption peak within a complete mid-IR spectrum is associated with
the fundamental excitation (from the ground to the first excited state).5 Less intense
overtone bands are observed at shorter wavelengths due to excitations from the ground
state to higher excited states. The photon energies of these overtones are approximate
integer multiples of the fundamental photon energy.5

1.2 Mid-IR laser applications
This Section provides an overview of several mid-IR laser applications to highlight their
importance. The applications (current and potential) discussed are broadly categorised
into the following three areas: (i) remote sensing; (ii) medical; and (iii) defence.

1.2.1 Remote sensing

The intense absorption bands of many trace gases in the atmosphere fall within the
spectral region between 2.5 µm and 14 µm.9,10 The mid-IR band contains several im-
portant windows in which the Earth’s atmosphere is relatively transparent, including
the 3 µm– 5 µm and 8 µm– 13 µm spectral regions. The absorption features of the at-
mosphere show the relatively transparent and opaque spectral regions (illustrated in
Figure 2.5). The transparent windows may be exploited for applications such as map-
ping of the Earth surface or detecting pollutant and greenhouse gases in the atmosphere
for environmental monitoring.
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Lidar (light detection and ranging), commonly used for surveying, is one of the most
promising instruments for studying the atmosphere and monitoring pollution.10 Lidars
are designed to illuminate a target with laser light and then measure the backscatter
return. Most lidars consist of three basic modules: transmitting, receiving, and control
systems. The transmitter consists of a laser source and optics to control the spot
size, divergence angle, and direction of the emitted beam. The receiver consists of
a telescope, spectral filter, and a photodetector. The control system controls laser
emission, digitises the signal, and processes the data.10

Differential absorption lidar (DIAL), first proposed by Schotland 11 in 1974, is an
effective technique used to measure the concentrations of trace gases in the atmosphere
with sensitivities in the parts-per-billion (ppb) regime.10,12 This technique emits pairs
of co-aligned laser pulses that are separated by a short time interval. One pulse (online)
is tuned to the absorption line of the target gas while the other pulse (offline) is slightly
off tune and not absorbed by the target gas. The concentration of the target gas is
then determined by the differential absorption of the pulse pairs.

One advantage of DIAL technology for atmospheric sensing is that the transmitter
and receiver are co-located and thus can operate from a mobile platform. However,
the laser power emitted must be high enough to be backscattered and detected. Peak
power is optimised at a particular wavelength for maximum absorption by the target
gas and therefore maximum detectability. In this way, DIAL systems are optimised for
detectability of a single target gas.

Chapter 2 presents a feasibility study for the potential detection of diesel exhaust
gases in the atmosphere using DIAL technology in the mid-IR domain.

1.2.2 Medical

Water, the main component of tissue, is characterised by strong absorption in the
3 µm and 6 µm wavelength bands which may be exploited for minimally invasive, high-
precision laser surgery.13,14 Ultrafast mid-IR laser pulses can be used effectively to
ablate selective tissue, with minimal collateral damage to surrounding areas, for med-
ical applications such as laser scalpel,15 coagulation,14 nanobiopsy,16 biological tissue
mapping,17 and early detection of skin cancer.18

Figure 1.2 illustrates the effectiveness of a laser scalpel for ablating selective tissue
with minimal damage to surrounding areas (illustration adapted from Ref. 15). The
Er:YAG laser source (Picosecond IR Laser) emits picosecond pulses, in the strongly
absorbed 3 µm wavelength band, to eject tissue faster than energy can diffuse to the
surrounding areas. The resulting incision has a narrow damage zone when compared
with incisions made by a mechanical scalpel or conventional medical laser that emits
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Surgical
scalpel

Conventional
medical laser

Picosecond
IR laser

(c)(b)(a)

Figure 1.2: Illustration of cutting tissue using mechanical and laser scalpels.15
(a) The mechanical scalpel cuts with shear forces that exceed the elastic limit of
tissue and can cause damage up to 400 µm away from the incision borders. (b) The
conventional medical laser cuts by depositing heat until the tissue melts or burns away
causing damage up to 800 µm away from the ablation edge. (c) The Picosecond IR
Laser (Er:YAG) emits short pulses of radiation in the 3 µm wavelength band that are
absorbed by water within the tissue. The tissue is ejected faster than energy can be
dissipated to surrounding areas causing minimal damage outside the ablation zone.
This illustration was adapted from Ref. 15.

longer (nanosecond) pulses.15

Protein, as well as water, absorbs mid-IR radiation in the 5.9 µm– 6.6 µm wave-
length band. When minimising collateral damage is the only concern, optimal wave-
lengths are 6.45 µm for brain surgery, 6.0 µm for corneal stroma, and the 6.0 µm– 6.45 µm
range for skin.14

Breath analysis has become a highly desirable, non-invasive procedure for clinical
diagnosis.19 Exhaled breath contains more than 1,000 trace volatile organic compounds
(VOCs) in concentrations that range between the ppt to ppm levels. In addition, the
concentrations of nitric oxide (NO), dihydrogen (H2), ammonia (NH3), and carbon
monoxide (CO) in exhaled breath can reflect a potential disease or recent exposure
to a drug or environmental pollutant.20 For example, detection of ammonia in human
breath has the potential to probe processes involving the kidneys, liver, and bacterial
infection,21 while acetone is a biomarker for diabetes.22 The presence and concentra-
tions of these biomarkers constitute a distinctive “breathprint” that could potentially
be analysed for early disease detection and general health diagnosis.23 Highly-sensitive
mid-IR gas sensing devices, sufficiently compact for outpatient clinics, would enable
fast, cost effective, point-of-care medical services to patients.
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1.2.3 Defence

The mid-IR spectral region between 2 µm and 5 µm is of interest to Defence for defeat-
ing missiles in a Directed Infrared Countermeasure (DIRCM) system.24 Mid-IR lasers
can be used to jam and/or damage IR guided missiles to defeat these threats, although
the pulse energy required for damage is considerably higher than the energy required for
jamming.25 Due to the need for tunability and a lack of solid-state laser materials with
suitable transitions in the mid-IR spectral region, nonlinear frequency down conver-
sion devices, such as optical parametric oscillators (OPOs) containing zinc germanium
phosphide (ZGP), have been the sources of choice for countermeasure systems.24–26

Standoff detection of trace amounts of explosive materials has attracted interest
in counterterrorism for the protection of life and property.27,28 Current methods of
detection rely on close-range techniques, such as mass spectrometry of swabs and K9
units. Various explosive materials show distinct absorption bands between 5 µm and
11 µm.28 Consequently, mid-IR backscatter techniques have the potential to detect
explosives from standoff distances whilst meeting criteria for eye safety and stealth.

1.3 Types of mid-IR lasers

The direct generation of mid-IR laser radiation has been achieved with quantum cas-
cade and interband cascade lasers, vibronic solid state lasers (transition metal-doped
zinc chalcogenides), and fibre lasers. This Section presents an overview of these laser
classes.

The great challenge in solid-state lasers for mid-IR operation is finding materials
with low phonon energies. Solid state lasers which emit wavelengths longer than about
2.5 µm are often quenched by non-radiative processes caused by high energy phonons
(crystal lattice vibrations). When the energy gap between two adjacent energy man-
ifolds is less than five times the maximum phonon energy, non-radiative transitions
quench the upper manifold.29 Hence, to develop an efficient mid-IR laser with a wave-
length longer than ∼ 2.5 µm, a low phonon energy host material (such as fluoride and
chalcogenide glasses or various laser quality crystals) is required.29,30

Nonlinear techniques have also generated mid-IR radiation by shifting high bright-
ness near-IR sources into the mid-IR. Such techniques include optical parametric os-
cillators and amplifiers, difference frequency generation, and Raman shifting.31
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1.3.1 Quantum and interband cascade lasers

The landscape of mid-IR sources has changed since the mid 1990s with the development
of the quantum cascade laser (QCL).32 This semiconductor injection laser operates
on intersubband transitions between conduction band states in periodic structures of
alternating quantum wells and barriers.8,33 Once a photon is emitted from one period
of the structure, following an intersubband electronic transition, it can tunnel into
the next period and cause the emission of another photon. The continuation of this
process gives rise to a cascade of photons. QCLs have good design flexibility with an
achievable wavelength range of ∼ 3 µm– 25 µm.33 However, the peak power of QCLs is
often limited by low wall plug efficiency and short upper state lifetimes (picoseconds)
owing to fast non-radiative phonon decay between subbands that limit energy storage
capability. Furthermore, a significant amount of heat needs to be dissipated from the
active region of QCLs for CW operation at room temperature.31,33–37

Interband cascade lasers (ICL) combine the cascading scheme of a QCL with the
relatively longer (nanoseconds) upper-level electron-hole recombination lifetime of a
conventional diode laser.34,38 Although ICLs require low drive power when compared
with QCLs, their performance for applications that demand high peak power is still
limited by upper state lifetimes (nanoseconds).31,38,39 ICLs are suitable for laser spec-
troscopy applications in the 3 µm– 6 µm spectral region which do not require high
output power but do need to be hand-portable and/or battery operated.38

1.3.2 Vibronic solid state lasers

Vibronic laser gain media, such as transition metal-doped zinc chalcogenides, are char-
acterised by strong interactions between lattice vibrations and electronic states (vi-
bronic interactions) which give rise to strong homogeneous broadening and large gain
bandwidth. This class of media is suitable for broad wavelength tuning and generation
of ultrashort pulses. However, the power scaling of these lasers may be limited (to
∼ 20W) by quenching from multi-phonon emission.37

Transition metal-doped zinc chalcogenides were introduced in the late 1990s as a
new class of gain media for mid-IR lasers.40 Zinc chalcogenide hosts (such as ZnS
and ZnSe) are effective gain media for mid-IR lasers since they feature low intrinsic
phonon energies, broad IR transparency, and high thermal conductivity.41 Divalent
transition metals (such as Cr2+ and Fe2+) feature high cross sections, broad emission
and absorption bands, and the absence of excited state absorption.42

Cr2+:ZnS and Cr2+:ZnSe lasers operate with close to 100% quantum efficiency at
room temperature and are tunable over the 1.9 µm– 3.4 µm spectral range.41,42 They
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are conveniently pumped by erbium and thulium fibre lasers with >60% pump con-
version efficiency. Meanwhile, Fe2+:ZnS and Fe2+:ZnSe lasers are tunable over the
3.4 µm– 5.2 µm spectral range, although they do require cooling in the CW regime.42

Single-crystal, highly-doped chalcogenides are difficult to grow with high quality while
highly doped polycrystalline materials are an effective and scalable alternative.42

1.3.3 Fibre lasers

Fibre lasers provide high efficiency and high output power with good thermal dissi-
pation and excellent beam quality. An all-fibre design does not require the sensitive
alignment of free-space optics, making them suitable for compact, robust systems that
require low maintenance. Furthermore, the waveguide property of fibres gives rise to
high overlap of pump and laser modes along the full length of the gain medium.

Since the first demonstration of a glass fibre laser in 1964,43,44 the fabrication of glass
fibres have advanced tremendously. Silicates and exotic glasses (such as fluorozirconates
and chalcogenides) are doped with rare earth ions (such as Tm3+, Er3+, Ho3+, and
Dy3+) and drawn into fibres to form near- and mid-IR laser gain media. Silica glasses
have low loss, high strength, and are suitable for the 1.0 µm– 2.2 µm spectral region.
The high phonon energy of silicates, however, attenuates radiation wavelengths longer
than 2.2 µm and these hosts, therefore, are not suitable for the mid-IR domain.37

Fluorozirconate glasses such as ZBLAN (ZrF4-BaF2-LaF3-AlF3-NaF) have low
phonon energy, high mid-IR transparency, and high allowable doping levels (up to
10mol%).45 Although ZBLAN glasses are more complicated to produce than silica
glasses, they receive much attention due to broad transparency (from the UV to the
mid-IR) and low insertion loss. The potential implications of these features, in areas
such as medical, telecommunications, and military, have led to recent experiments in
manufacturing high-quality ZBLAN fibre in a zero-gravity environment on board the
International Space Station (ISS).46,47

The performance of IR fibre lasers are summarised in Figure 1.3 (reproduced from
Refs. 37 and 63). The average output powers of various lasers reported in literature
are plotted as a function of emission wavelength. The trend line was added for a
guide to the eye only and shows a general decline in laser output power with emission
wavelength. The main reason for this trend is that the laser transitions for longer
wavelengths are located high above the ground state. Therefore, the quantum defect
(the difference between pump and laser photon energies) generally increases with laser
emission wavelength.37,63 Furthermore, excited states located below the laser transition
levels often have long lifetimes and therefore trap ions (causing bottlenecking), delaying
their return to the ground state. Bottlenecking affects the pump cycle by depleting the
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Yb3+[48]
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Figure 1.3: Laser output power from published demonstrations of infrared fibre
lasers as a function of the emission wavelength. The reduction in output power with
increasing emission wavelength is caused primarily by the growing quantum defect.
The 3.9 µm emission demonstration required cryogenic cooling.57 This illustration
was adapted from previously reported reviews by Jackson 37 (2012, red circles) and
Henderson-Sapir et al. 63 (2017, blue triangles).

ground state and consequently reducing pump absorption.63

Dual-wavelength pumping (DWP) was developed for 3.5 µm Er3+-doped ZBLAN
fibre lasers to overcome limitations caused by bottlenecking and improve the efficiency
of these lasers.62 Two pump sources, each operating at different wavelengths, are used
to excite ions to the upper laser level. The first pump excites ions to a long-lived excited
state while the second pump excites ions from that state to the upper laser level. This
approach improves laser efficiency, when compared with conventional single-wavelength
pumping,64 by effectively converting a long-lived excited state from a “bottleneck” state
to a “virtual ground” state. This demonstration of DWP became an important step
forward in the development of 3.5 µm fibre lasers and motivated much of the work
presented in this thesis.60–63,65–67

In Chapter 3, the processes and performances of DWP 3.5 µm Er3+-doped ZBLAN
fibre lasers are studied and modelled, in both the temporal and spatial domains, to
advance these systems further.

1.4 Broadband laser sources

Broadband spectroscopy is an invaluable tool for measuring multiple gas-phase species
simultaneously in applications such as breath analysis and atmospheric gas sensing.
However, there are significant challenges involved with the development of broadband
mid-IR sources and detection techniques to provide the necessary resolution and sen-
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sitivity.19 This Section discusses broadband mid-IR laser sources for gas sensing.

1.4.1 Frequency combs

Laser frequency combs are coherent light sources that emit a broad spectrum of discrete,
evenly spaced narrow lines. Frequency combs have matured in the visible and near-
IR domains, largely motivated by applications in frequency metrology and precision
spectroscopy. The generation of mid-IR frequency combs has gained much attention
for applications in spectroscopy and gas sensing.3

(a)

(b)

Figure 1.4: Frequency comb principles.4 (a) Time domain (top) and frequency
domain (bottom) representations of a pulse train at the output of a mode-locked
laser. The spectrum is a comb of narrow lines separated by the pulse repetition
frequency frep. The phase shift ∆φ of the carrier wave relative to the envelope of
the pulses arises due to dispersion inside the laser cavity and induces a translation
f0 = frep∆φ/2π of all the lines in the spectrum from their harmonic frequencies nfrep.
(b) A gas sample is interrogated by a broadband frequency comb. The absorption
by the gas produces a transmission spectrum formed by discretely spaced lines. This
illustration was adapted from Ref. 4.

The fundamental principles of a frequency comb are illustrated in Figure 1.4 (illus-
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tration adapted from Ref. 4). The regular pulse train of a mode-locked femtosecond
laser can produce a comb spectrum of millions of laser modes with precisely controlled
equidistant spacing frep determined by the inverse of the cavity round-trip time of the
laser pulse.3,31 The carrier-envelope offset (CEO) phase shift per round trip, ∆φ, arises
due to dispersion inside the laser cavity. The rate at which the peak of the carrier fre-
quency ‘slips’ from the peak of the pulse envelope is the CEO frequency f0. Stabilisation
of the CEO phase is required to overcome random fluctuations, synthesise an optical
frequency from a microwave frequency standard, and improve conversion efficiency of
nonlinear optical processes by optimising the peak strength and reproducibility of the
electric field from pulse to pulse.68 Recent demonstrations of mode-locked mid-IR fi-
bre lasers69–71 open new possibilities for compact mid-IR fibre laser combs in the near
future.

Mode-locking techniques are introduced in Section 1.5.2, while graphene mode-
locked mid-IR lasers are discussed in Section 4.6. The growing demand for mode-locked
mid-IR lasers for frequency comb generation motivated the study of graphene presented
in Chapters 4, 5, and 6 for mode-locking mid-IR lasers.

1.4.2 Supercontinuum

Mid-IR supercontinuuum generation can be achieved by nonlinear processes when
launching ultrashort, high intensity pulses into soft glass fibres (such as fluoride and
chalcogenide fibres).72 Some of these broadband sources can span more than 10 µm
of the molecular fingerprint region, covering entire transmission windows of the atmo-
sphere.73,74 The most common pump sources for mid-IR supercontinua to date have
been free-space systems based on parametric conversion.75 However, recent demonstra-
tions toward all-fibre designs show potential for robust mid-IR supercontinuum sources
for field-deployable instruments in the future.75–78

1.4.3 Tunable fibre lasers

Broadly tunable mid-IR laser emission was demonstrated in 2016 using a dual-
wavelength pumped Er3+-doped ZBLAN fibre laser.61 The laser emission had a tuning
range of 450 nm (the widest tuning range of any rare earth doped laser demonstrated at
the time) centred at 3.5 µm. An output power of 1.45W was achieved at a wavelength
of 3.47 µm. The tunability was performed by using the zero order of a diffraction
grating as the output coupler.61

Wavelength-swept lasers have matured in the near-IR, largely driven by optical co-
herence tomography (a technique commonly used for medical imaging).79 These tunable
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laser sources are swept rapidly and periodically over a broad spectral range, increment-
ing the radiation wavelength multiple times within each sweep. However, extending
this concept to the mid-IR is complicated by limited availability of appropriate gain
media.80 The first mid-IR wavelength-swept laser was demonstrated in 2019 using
a Dy3+-doped ZBLAN fibre gain medium pumped by a 2.8 µm Er3+-doped ZBLAN
fibre pump source.80 Wavelength-swept tunability from 2.89 µm to 3.25 µm was per-
formed electronically using an acousto-optic tunable filter and output powers exceeding
100mW were achieved. This progress creates new opportunities for real-time gas sens-
ing using compact mid-IR fibre laser sources.

1.5 Short pulse generation
This Section introduces Q-switching and mode-locking principles which are techniques
used to emit short laser pulses.

1.5.1 Q-switching

Q-switching is a technique that generates a laser pulse by switching the quality factor
(Q factor) of a laser resonator. Quality factor Q is defined as the ratio of the energy
stored in the cavity to the energy loss per cycle.81 To achieve a laser pulse, the laser
is held in a low Q state that prevents lasing while a large population is established in
the upper laser level. The cavity Q is then switched to a high Q state, meaning lasing
conditions are well above threshold. A pulse rapidly develops, extracting the energy
stored in the gain medium. Pulse durations achieved by Q-switching are typically in
the nanosecond regime (refer to modelled Q-switched pulses presented in Figures 3.20
and 3.22).

Q-switching may be achieved (i) actively with an acousto-optic modulator (AOM),
electro-optic modulator (EOM), or liquid crystal modulator (LCM); or (ii) passively
with a saturable absorber such as a semiconductor saturable absorber mirrors (SESAM)
or graphene. The concept of saturable absorption in graphene is explained in Sec-
tion 4.5.1 while experimental observations of saturable absorption in graphene are
presented in Chapters 5 and 6.

Q-switched fibre lasers in the 3.5 µm wavelength band have been demonstrated
recently. A passively Q-switched 3.46 µm DWP Er3+-doped ZBLAN fibre laser was
recently achieved by focussing the laser beam onto a gold mirror coated with black
phosphorous flakes.82 A pulse energy of 1.8 µJ and pulse width of 2.05 µs was achieved
at 66.3 kHz repetition rate. The black phosphorus saturable absorber was also used to
demonstrate passive mode-locking at 3.49 µm. An actively Q-switched 3.47 µm DWP
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Er3+-doped ZBLAN fibre laser was recently achieved by implementation of an AOM.67

A pulse energy of 7.8 µJ and pulse width of 538 ns was achieved at 15 kHz repetition
rate. The Q-switching behaviour of this laser is modelled and studied in Section 3.5.

Dual-wavelength Q-switched fibre lasers have also been demonstrated for DIAL
applications that require synchronous emission of online and offline pulses (as described
in Sections 1.2.1 and 2.2). Dual-wavelength Q-switching in the 1550 nm wavelength
band has been achieved using both active83 and passive84 Q-switching techniques.
Sharma et al. 83 achieved 10 µJ pulse energy and 5 µs pulse duration at 20 kHz repetition
rate while Wang et al. 84 achieved 70 nJ pulse energy and 8 µs pulse duration at 22 kHz
repetition rate using graphene as a saturable absorber.

Chapter 2 presents a DIAL feasibility study for the remote detection of diesel ex-
haust gases in the atmosphere. The study shows that there are several gases that
could potentially be targeted in the 2 µm– 4 µm wavelength band using DIAL tech-
nology. The majority of the work presented in this thesis is relevant for advancing
dual-wavelength Q-switched fibre lasers into the mid-IR domain.

1.5.2 Mode-locking

Mode-locking is a technique that produces a periodic train of ultrafast (typically pi-
cosecond to femtosecond) laser pulses. This technique phase-locks the longitudinal
modes of the laser, either actively (e.g. with an AOM or EOM) or passively (with a
saturable absorber such as a SESAM or graphene), to generate a pulse train. Passive
mode-locking can also be achieved using artificial saturable absorber techniques such
as Kerr lensing and nonlinear polarisation rotation. The pulse width is inversely related
to the bandwidth of the laser emission.81

Passive mode-locking can achieve pulses as short as a few femtoseconds while active
mode-locking typically produces longer (∼ 100 ps) pulses.85 The CW and low intensity
pulse components are more heavily attenuated by the saturable absorber than the
high intensity pulse components which saturate the absorber. Therefore, short pulse
generation is favoured while CW radiation is suppressed.85,86

Graphene has been used extensively as a saturable absorber to passively mode-
lock near-IR lasers.70,87–95 Compared to traditional SESAMs and single-walled carbon
nanotubes, graphene has an extremely broad wavelength response, a high modula-
tion depth, and low saturation intensity.87 Graphene mode-locked lasers are discussed
further in Section 4.6.

Graphene has unique properties which, when combined with the growing demand
for ultrafast mid-IR lasers, motivated the research presented in Chapters 4, 5, and 6.
These Chapters present a theoretical and experimental study of graphene to assess its
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potential as a mode-locking element for mid-IR lasers.

1.6 Scope of this thesis

This thesis is structured as follows:
Chapter 2 presents a feasibility study for the potential use of DIAL technology to

measure the concentrations of diesel exhaust gases in the atmosphere from an airborne
platform. The development of DIAL technology to detect these gases would enable re-
mote identification of major exhaust emitters, over almost any region of interest, for air
pollution monitoring and control. This study investigates the strong absorption lines
of these gases which are accessible within the transparent windows of the atmosphere.
Exhaust plumes are also studied to investigate the detectability of gases emitted by a
single point source. The lidar sensitivity is estimated for the most detectable target
gases and compared with background concentrations in the atmosphere. This tech-
nology could be developed to identify and monitor major sources of air pollution at
any location accessible by an aircraft. This research shows that there is a potential
to detect at least three exhaust constituents using DIAL technology. These gases are
carbon monoxide (CO) in the 2.3 µm wavelength band, and nitrogen dioxide (NO2)
and formaldehyde (H2CO) in the 3.5 µm wavelength band.

In Chapter 3, a numerical model is presented that simulates the physical processes in
3.5 µm dual-wavelength pumped fibre lasers. The published article “Numerical mod-
eling of 3.5 µm dual-wavelength pumped erbium-doped mid-infrared fiber lasers” is
presented within Chapter 3. The model, validated against three experiments reported
in literature, provides time-domain analysis of ionic energy state populations, predicts
laser performance, and has become a valuable tool for the optimisation of fibre laser
design. The model was also adapted to study Q-switching behaviour of these lasers
with high temporal resolution.

Chapters 4, 5, and 6, present a theoretical and experimental study of graphene to
assess its suitability as a passive mode-locking element for mid-IR lasers. Chapter 4
introduces the properties of graphene that motivated the study of this unique 2D
material. Chapter 5 presents details of the experiment performed to measure the
response of graphene to high intensity radiation. Intensity dependent transmission
measurements were performed on trilayer graphene in the spectral region between
1.55 µm and 3.5 µm using a 100 fs laser source and the z-scan technique.

The results of the intensity dependent transmission measurements are presented
in Chapter 6 and show that multilayer graphene exhibits two-photon absorption as
well as saturable absorption when subjected to high intensity radiation. Two-photon
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absorption limits the effective modulation depth of the saturable absorber which can
be detrimental to mode-locking mid-IR ultrafast lasers. The published article “Two-
photon absorption and saturable absorption of mid-IR in graphene” is presented within
Chapter 6. The saturation intensities, measured at six wavelengths, are compared
with other reported measurements and are found to fall into two regimes of pulse
duration. Two empirical relationships between saturation intensity and photon energy
are proposed – one for each pulse duration regime.

Finally, the conclusions of this work and possible future directions are presented in
Chapter 7.
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Chapter 2
DIAL for Diesel Exhaust Detection

This Chapter presents a feasibility study for the use of differential absorption lidar
(DIAL) technology to detect diesel exhaust gases remotely from an airborne platform.
Diesel engine exhaust is a known carcinogen.96 The development of DIAL technology
to detect these gases would enable remote identification of major exhaust emitters, over
almost any region of interest, for air pollution monitoring and control. Spectral absorp-
tion of diesel exhaust constituents are modelled to investigate the potential use of DIAL
to detect these gases. This research shows that there is a potential to detect at least
three exhaust constituents using DIAL technology. These gases are carbon monoxide
(CO) in the 2.3 µm wavelength band, and nitrogen dioxide (NO2) and formaldehyde
(H2CO) in the 3.5 µm wavelength band.

2.1 Background
Diesel engines have extensive usage compared to petrol engines due to their high energy
efficiency, durability, and reliability as well as low operating cost. Diesel engines power
most commercial transport vehicles such as trucks, buses, trains, and ships as well as off-
road industrial vehicles such as excavation machinery and mining equipment. However,
diesel engines are considered to be one of the largest contributors to environmental
pollution caused by exhaust emissions.97

The primary pollutants from internal combustion engines are nitrogen oxides (NOx),
carbon monoxide (CO), sulfur oxides (SOx), volatile organic compounds (VOC), and
particulate matter (PM). Carbon dioxide (CO2), a greenhouse gas widely attributed
to cause anthropogenic global warming, is one of the major exhaust constituents of
internal combustion engines. Most of the NOx is emitted as nitric oxide (NO) which
is gradually converted to nitrogen dioxide (NO2) by reactions with ozone (O3) in the
atmosphere. The SOx content in exhaust is determined by the sulfur content in the
fuel. VOCs include formaldehyde (H2CO) and benzene (C6H6).

17



Chapter 2. DIAL for Diesel Exhaust Detection

The release rate of each pollutant can be estimated from emission factors such as
those reported by the United States Environmental Protection Agency and the Aus-
tralian Government Department of Environment and Energy.98,99 An emission factor
relates the quantity (such as mass) of a pollutant released to the atmosphere with an
activity (such as distance travelled by a vehicle or the energy output from an engine)
associated with its release. Emission factors are often averaged over available data and
therefore represent long-term emission averages. However, emission load estimates can
vary widely between engines designed for different uses, such as garden equipment and
commercial marine, due to variations in fuel content, engine combustion efficiency, and
control measures.100

Vehicle manufacturers have tried for decades to reduce pollutant emissions to meet
increasingly stringent emission standards. Their research has focussed on engine modi-
fications, electronic controlled fuel injection systems, and fuel improvement.97 However,
these measures have not been completely successful, and vehicles are equipped with af-
tertreatment (post combustion) emission control systems to meet the actual emissions
standards. Studies for emission control systems have focussed on reduction of NOx

emissions because NOx content in diesel exhaust has the highest percentage among the
pollutant emissions.97

The sulfur content in diesel fuel varies around the globe as global standards shift
toward low (<500 ppm) and ultra-low (<15 ppm) sulfur diesel fuels. The global status
of sulfur levels in diesel fuels as at August 2008 and March 2017 were reported by
the United Nations Environment Programme (UNEP) and are shown in Appendix A,
Figures A.18 and A.19. A comparison of the two figures shows a general global trend
to reduce sulfur content in diesel fuel to prevent harmful effects of SO2.

Shipping contributes to coastal emissions that are subsequently transported over
land. Maritime transport is one of the leading sources of air pollution in ports and
coastal cities.101–103 This mainly results from the berthing (hotelling), manoeuvring,
and cruising operative modes of vessels while at port.104,105 The power usage depends
on the operating mode. Cruise ships particularly stand out as air pollutants in ports
because of their large demands for electrical power.103,106

Global NOx and SOx emissions from all shipping represent about 15% and 13% of
global NOx and SOx from anthropogenic sources respectively.107,108 The International
Convention for the Prevention of Pollution from Ships (MARPOL) is the main inter-
national convention for addressing pollution sourced from ships. MARPOL Annex VI
limits the main air pollutants contained in ship exhaust, including NOx, SOx, and par-
ticulate matter. It also introduces emission control areas to reduce emissions of those
air pollutants further in designated sea areas. From 1 January 2020, for example, the
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allowed concentration of sulfur in marine fuel used outside emission control areas will
drop from 3.5% to 0.5% (m/m).

Enforcement of MARPOL regulations on fuel content are limited by the ability
to detect violations. A study by the International Transport Forum (ITF) and the
Organisation for Economic Co-operation and Development (OECD) noted that ‘bunker
fuel delivery notes are notoriously subject to irregularities and fraud’ and stressed the
limitations of sampling in the ports with respect to potential violations which may have
taken place before the vessel entered the port.109 Ships that navigate both inside and
outside emission control areas may carry different types of fuel, making it difficult for
port officers to detect potential violations. Ocean going vessels, for example, primarily
use a low quality fuel (residual oil) that has a relatively high sulfur content.105

The International Agency for Research on Cancer (France) has classified diesel en-
gine exhaust as a Group 1 carcinogen – “carcinogenic to humans”.96 The concentration
of exhaust in the air will vary within any geographic area depending on the number and
types of diesel engines and the atmospheric patterns of dispersal. Certain occupational
populations (such as transportation workers, garage workers, and heavy-equipment
operators) can be exposed to much higher levels of diesel exhaust than the general
population.110 In Australia, diesel engine exhaust is the second most common carcino-
genic agent that workers are exposed to, preceded only by solar ultraviolet radiation.111

The occupational groups exposed included farmers, heavy vehicle drivers, miners, and
metal workers.

Diesel exhaust plumes contain constituents that are potentially detectable by an
airborne DIAL system from hundreds of metres away. DIAL remotely measures the
concentration of target gases using a tuned laser source and detection system. Pre-
viously demonstrated applications include the remote sensing of methane (CH4)112,113

and carbon dioxide (CO2).114 A DIAL system that is broadly tunable can potentially
detect two or three molecular species of interest.115 A critical component of a DIAL sys-
tem is the laser emitter. Whilst the lasers required are not readily available, they could
become available within 3 to 5 years using expertise that currently exist. One group at
The University of Adelaide, for example, has been developing Q-switched lasers for the
remote detection of methane gas using DIAL technology. The proprietary techniques
that were developed for detecting methane could be easily transferable to the 3.5 µm
band using existing technology.
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2.2 Introduction
DIAL is a fast and effective technique used to measure concentrations of gases in the
atmosphere with the potential to detect diesel exhaust gases. DIAL is a form of lidar
(light detection and ranging) in which pairs of pulses, separated by a short time interval,
are emitted. The wavelength of one of the pulse pair is tuned to a gas absorption line
and the second pulse is close in wavelength but not absorbed by the gas. The role
of this second path is to calibrate the non-gas induced losses of the laser path. This
allows the path length integrated concentration of the target gas to be determined.

Figure 2.1: Wavelengths of DIAL pulses relative to the molecular absorption line of
a target gas.

The DIAL technique relies on a minimum of two laser wavelengths, λon (online)
and λoff (offline). Figure 2.1 illustrates the wavelengths of online and offline pulses
relative to a molecular absorption line of a target gas. Wavelength λon is tuned to an
absorption line of the molecular species of interest, while λoff lies just off this line.116

The laser source emits pairs of pulses, one at each wavelength, through the atmosphere.
The online and offline pulses are separated by a short time interval (typically between
1 µs and 5ms) so that their propagation paths are closely matched. The pulses scatter
from atmospheric constituents or a topographical scatterer and a small fraction of the
pulse energies are backscattered toward a detector co-located with the laser source.

The online and offline pulses are spectrally separated by a small wavelength differ-
ence (< 1 nm). Therefore, the cross sections for aerosol scattering are nearly identical
for each pulse. However, the online pulse is strongly absorbed by the gas of interest
whereas the offline pulse is not. Therefore, the difference in power of the return signals
is due to absorption of the target gas. The two laser wavelengths must be carefully cho-
sen to prevent interference from other atmospheric molecule absorption lines, minimise
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temperature dependence, and optimise optical depth.12

In the case of airborne DIAL, the laser source and detection system are mounted
on an aircraft. The airborne DIAL technique can measure large areas efficiently with
high spatial (horizontal) resolution. A considerable improvement in sensitivity can
be achieved if the DIAL technique is used in conjunction with a topographical scat-
terer (such as the ocean surface used throughout this analysis). However, this gain in
sensitivity is achieved at the expense of range resolution.116 Therefore, the difference
in power of pulse pairs that are reflected from the Earth surface can only measure
the concentration integrated over the path length. The strength of the lidar signal is
proportional to

∫ L

0
Cspeciesσspeciesdl ≈ C̄speciesσspeciesL (2.1)

where Cspecies is the spatially dependent molecular concentration (molec m−3), σspecies

is the absorption cross section, C̄species is the spatially averaged concentration, and L is
the measurement path length. Both C̄species and L can be evaluated with a knowledge
of the emission rate and the plume propagation rate. Lidar sensitivity is defined by
the minimum detectable concentration length.

The performance of a lidar in detecting a chemical species may be characterised by
several properties, including the following:

i. Laser wavelength: The online laser radiation needs to be absorbed by the target
molecule while the offline radiation must have a much lower absorption. The radi-
ation at both wavelengths must have high transmission through the atmosphere.
The offline scattering and absorption properties must be as close as possible to
those of the online if the target molecule were removed.

ii. Sensitivity: The minimum detectable concentration length defines the lidar sen-
sitivity. That is, the minimum concentration that is detectable over a distance
of 1m. For example, 1 ppmm.

iii. Range: The maximum distance from the source and receiver to the target that
produces a detection.

iv. Surveillance speed: The speed at which an area defined by the Earth surface
is surveyed. The surveillance speed is determined by the pulse repetition rate,
speed of the aircraft, and the area covered by the flight path. For example,
100 km2 hr−1.

The aim of this work was to assess the detectability of diesel exhaust gas emissions
using DIAL technology. A feasibility study is performed that assesses the potential
use of DIAL to detect these trace gases remotely from an airborne platform so that
large areas may be scanned and mapped quickly. A complete feasibility study would be
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complicated due to numerous possible target gases, topographical scatterers, ambient
atmospheres, and types of air pollution sources that can be classified as point, line,
or area sources. This work assesses a DIAL application in which the laser emitter
and receiver are mounted on an airborne platform and the return signal is scattered
by an ocean surface. The choice of an ocean surface is a conservative approach, since
the reflectance of an ocean surface is lower than most other surface scatterers and,
therefore, the laser power reflected from an ocean surface back toward the detector
is likely to be lower than the power reflected from urban and regional topographical
scatterers.117 This research has potential applications in monitoring air pollution over
large areas (such as coastal regions and shipping ports) and detecting violations of diesel
fuel regulations from point sources (such as ocean going vessels and cruise ships).

The approach taken to assess the detectability of diesel exhaust throughout this
Chapter may be summarised as follows:

i. Determine the emission rates of exhaust constituents from a diesel engine;

ii. Estimate the concentration of exhaust constituents in the background atmosphere
and downwind from an emitting source;

iii. Perform spectral analysis of diesel exhaust molecules and identify absorption
features within transmission windows of the background atmosphere;

iv. Model the propagation of DIAL pulses emitted from an airborne platform;

v. Estimate SNR over a broad spectral region for the possible detection of multiple
gases;

vi. Model the absorption of the most detectable gases;

vii. Estimate the lidar sensitivities for detection of four target gases and compare
with the background concentrations of those gases;

This preliminary analysis of diesel exhaust identified several constituents that had
a combination of emission rate and absorption cross section that was high enough for
detection using light emitted within the transmission windows of the atmosphere. Two
of these gases, NO2 and H2CO, have strong absorption lines in the 3.5 µm wavelength
band where the atmosphere is highly transparent. Other potential targets include
carbon monoxide (CO), propylene (C3H6), and sulfur dioxide (SO2) in the wavelength
bands 2.33 µm, 3.39 µm, and 3.98 µm respectively.

This Chapter compares the flow rates of exhaust constituents emitted from a diesel
engine against the atmospheric background concentrations of those gases in Section 2.3.
A plume study is presented for the estimation of exhaust gas concentrations downwind
from a point source. In Section 2.4, the absorption lines of diesel exhaust molecules,
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which were available from the HITRAN2016 database,9 are presented. The absorp-
tion lines which are accessible within transparent spectral regions of the atmosphere
are identified. The propagation of a laser pulse emitted from an airborne platform is
modelled in Section 2.5. The pulse is backscattered from an ocean surface and enters a
telescope receiver that is co-located with the laser emitter. In Section 2.6, expressions
for the target gas concentration, estimated from the returned pair of DIAL pulses that
enter the telescope receiver, are presented, followed by an expression for the DIAL sen-
sitivity. An SNR assessment for a single pulse is presented in Section 2.7 to determine
the spectral region with the highest SNR. The gases which are characterised by strong
absorption lines within spectral regions that have high SNR and high transparency in
the background atmosphere are assessed in Section 2.8. The lidar sensitivity is calcu-
lated for the most detectable gases and compared with background concentrations and
regulation guidelines in Section 2.9. Finally, conclusions are presented in Section 2.10.

2.3 Concentrations of exhaust constituents

In this Section, the flow rates of exhaust constituents emitted from a single diesel engine
are estimated using reported emission factors. Then the downwind concentration of
each constituent is estimated by assuming a Gaussian air pollution dispersion.

2.3.1 Flow rates

The “Compilation of Air Pollutant Emissions Factors” report provided by the United
States Environmental Protection Agency 98 lists diesel exhaust constituents and their
emission factors. The information provided in the report was used to estimate the
flow rates of each air exhaust constituent for large stationary diesel engines. The flow
rates of exhaust constituents emitted from an engine operating at a power load of
1000 kW were calculated from the listed emission factors. This 1000 kW power load
is low when compared with 97,020 kW of engine power (total of six medium-speed
engines) installed on Ocean-class cruise ships.118 The results, however, are presented
in such a way that they can be readily scaled to any diesel engine, or multiple thereof,
once the gas emission rates are known. The emission factor of NOx was provided by
the United States Environmental Protection Agency 98 for the cases of controlled and
uncontrolled engines. A NOx controlled engine and ultra low sulfur diesel fuel (ULSDF)
were assumed throughout the following analysis.
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The mass flow rates Fmi of each constituent i are given by

Fmi
(
g s−1

)
= Xi

(
g J−1

)
PE (W) (2.2)

where Xi are the emission factors and PE is the engine power load. The molecular flow
rates Fi of each constituent i, in units of molecules per second (molec s−1), are given
by

Fi
(
molec s−1

)
= Fmi (g s−1)NA (mol−1)

Mi (g mol−1) (2.3)

where NA is the Avogadro constant (number of molecules per mole) and Mi are molec-
ular weights sourced from the online database PubChem.

Figure 2.2: Flow rates of diesel exhaust molecules upon release into the atmosphere
(left axis) compared with background concentrations (right axis). Flow rates were
calculated for an engine load of 1000 kW from emission factors provided by Ref. 98.
Atmospheric concentrations were estimated for a typical urban environment from Ref.
119.

The calculated flow rates Fi of air exhaust constituents are illustrated in Figure 2.2.
The total exhaust flow rate was assumed to be 2.0 kg s−1, estimated from specifica-
tions for the Wärtsilä 20 range of diesel engines for an engine load of 1000 kW. The
flow rates are compared with background concentrations in a typical urban atmo-
sphere.119 Note that background concentrations of NOx vary widely between remote
marine (0.02 – 0.04 ppb) and urban (10 – 1000 ppb) atmospheres. A NOx background
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2.3. Concentrations of exhaust constituents

concentration of 500 ppb was assumed for this analysis. The breakdown of NOx (NO
and NO2) emissions are discussed in Section 2.8.2 and Appendix A.3.1. In regard
to SOx, both the background concentration and fuel content can vary considerably.
Background SO2 levels range from 20 ppt in a remote marine atmosphere to >1ppb in
continental air. A SO2 background concentration of 500 ppt and a fuel concentration
of 15 ppm (ULSDF) were assumed for this analysis. Note that MARPOL Annex VI
restrictions on sulfur content in marine diesel fuel, effective from 1 January 2020, allow
0.5% (m/m) sulfur content outside emission control areas, which is more than 300
times higher than the sulfur content in ULSDF.

Further plume modelling is required to predict how the discharged exhaust concen-
tration changes in time and space due to temperature, wind, buoyancy, dispersion, and
diffusion.

2.3.2 Plume dispersion

Once exhaust is emitted into the air, it will begin to disperse and be transported with
the prevailing wind. Dispersion of a gas plume subjected to wind can be visualised
using the Gaussian dispersion model illustrated in Figure 2.3. The gas concentration
in the plane that is transverse to the plume centreline is assumed to have a Gaussian
profile.

+y

−y

z

Wind
x

hs
⇒ Stack height
⇒ Plume rise
⇒ Effective stack height
= hs+Δh

hs
Δh

he

Δh
he at x1

he at x2

he at x3

Gaussian
concentration

profiles

Plume
centreline

Figure 2.3: Gaussian air pollution dispersion model. The plume, emitted from an
exhaust stack, is buoyant since it is warmer and less dense than the ambient air. The
concentrations of air pollutants are assumed to have a Gaussian distribution. This
illustration was adapted from Ref. 120.

The factors which affect the dispersion of a plume include the following:

i. Stability of the atmosphere, i.e., temperature of the Earth surface relative to the
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air above it;

ii. Relative buoyancy of the emitted exhaust constituents;

iii. Wind velocity and turbulence of the flow;

iv. Velocity of the emitting source.

The dispersion of an exhaust plume downwind from the source can be estimated
for various levels of atmospheric stability, classified by Pasquill 121 . The standard devi-
ations of dispersion as a function of distance from the source were reported by Hanna
et al. 122 . At 1 km downwind, the standard deviations in the horizontal extent vary
between 33m in a stable atmosphere and 200m in a very unstable atmosphere. In
the vertical extent, standard deviations vary between 13m and 500m for the same
atmospheric conditions respectively. The large range of values in the vertical extent
is not significant for vertically downward pointing lidar, since this lidar measures the
plume concentration multiplied by the plume height. The concentrations of exhaust
gases used in this analysis were calculated for the case of a slightly unstable atmosphere
at a distance 1 km downwind from the source. The horizontal and vertical standard
deviations were 100m and 60m respectively.

2.3.3 Plume concentrations

The concentrations Ci of each exhaust constituent i are estimated for an exhaust plume
1 km downwind from the source. The ideal gas law N = PatmV

kBTK
is used to estimate the

total number of molecules N in a volume V defined by the cross sectional area Ap of
the plume and an average ocean wind speed ū over a time period of 1 s. Then the
molecular fraction of constituent i is the molecular flow rate Fi divided by the total
number of molecules N in a plume volume extended over 1 s. Multiplying by 106 gives
a concentration Ci in units of ppm.

Ci = Fi
N

106 = Fi
Apū

kBTK

Patm
106 (2.4)

The quantities used to calculate the plume concentrations Ci of exhaust constituents
i for any given flow rate Fi were approximated as follows:

i. Cross sectional plume area Ap = 100×60 = 6000 m2 1 km downwind;122

ii. Average ocean wind speed ū = 6.64 m s−1 (12.9 kn);123

iii. Boltzmann constant kB = 1.38×10−23 m2 kg s−2 K−1;

iv. Temperature TK = 288 K;
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2.4. Spectral analysis

v. Atmospheric pressure Patm = 101, 325 Pa (standard atmosphere).

2.4 Spectral analysis

In this Section, the absorption spectra of various diesel exhaust gases are presented.
The spectral regions that contain strong absorption lines and are accessible within
transparent windows of the atmosphere are identified. The highest absorption peak
within any given spectrum is associated with the fundamental excitation (from the
ground to the first excited state).5 In some cases, less intense overtone bands are ob-
served at shorter wavelengths due to excitations from the ground state to the higher
excited states. The photon energies of these overtones are approximate integer multi-
ples of the fundamental photon energy. The spectral response of commercially available
detectors is also discussed.

2.4.1 Molecular species

The spectral line intensities S of various molecules that exist in diesel exhaust are il-
lustrated in Figure 2.4. The data was sourced and adapted from the HITRAN2016
database.9 The molecules included in this illustration are the only diesel exhaust
molecules listed in the HITRAN2016 database.

Figure 2.4: Spectral line intensities S of various diesel exhaust molecules. The data
was sourced from the HITRAN2016 database.9 The units for line intensity may be
thought of as wavenumbers per unit column density. Higher peaks indicate stronger
absorption.

Spectral line intensities S are defined in units of cm−1/ (molec cm−2) for single
molecules, per unit volume, at a temperature of 296K. The units for line intensity may
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be thought of as wavenumbers per unit column density. Absorption cross section σ is
related to spectral line intensity S by the following formula:12

σ = S

π

γL

(ν̃ − ν̃0)2 + γ2
L

(2.5)

where the spectral line shape is assumed to be Lorentzian, γL [cm−1] is the Lorentzian
half-width at half-maximum, ν̃ is the wavenumber [cm−1], and ν̃0 is the wavenumber
at line centre.

Absorption spectra of diesel exhaust constituents were sourced from the National
Institute of Standards and Technology (NIST) Chemistry WebBook for all exhaust
molecules available. However, the concentrations used to obtain the NIST data are
unknown and the absorption spectra are suitable for identification only, not quantifi-
cation. Therefore, the data were normalised to the highest peak within each spectrum.
For some spectra, the highest peak was located at a wavelength greater than 12 µm.
The absorption spectra produced from NIST data are presented in Appendix A.1.3.

Some spectral regions of radiation are strongly absorbed by the atmosphere. A
lidar must be designed to operate in a wavelength band located within a transmission
window of the atmosphere. The molecular species within the troposphere that absorb
most of the light within spectral regions of interest are H2O, CO2, and CH4. In order
to perform any laser monitoring of the atmosphere, it is necessary to have quantitative
information on absorption coefficients in the atmospheric window located close to the
wavelength of laser radiation, as well as information on absorption due to nearby
spectral lines of atmospheric gases.124

The atmospheric absorption Aatm of radiation was modelled for a DIAL applica-
tion and is presented in Figure 2.5. The absorption was modelled using the spectral
tool SpectralCalc which sourced spectral data from the HITRAN2016 database. The
absorption was modelled for the case when radiation propagates twice through a ver-
tical column of atmosphere as in the case of a laser pulse that is vertically emitted
from, and backscattered to, an airborne platform. The model atmosphere selected was
US_Standard comprising all isotopologues of H2O, CO2, O3, N2O, CO, and CH4. The
transmittance was firstly modelled by setting observer height, target height, and Nadir
angle (i.e. angle from the vertically downward pointing direction) to 0.5 km, 0 km, and
0 degrees respectively. The transmittance was then squared and subtracted from 1 to
predict the atmospheric absorption Aatm of a return pulse that propagates over a total
path length of 1 km. The model shows the broad spectral regions where the atmosphere
is either opaque (high absorption) or transparent (low absorption).

The HITRAN spectral line intensities S of various diesel exhaust molecules is over-
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2.4. Spectral analysis

Figure 2.5: Atmospheric absorption Aatm modelled using SpectralCalc and the HI-
TRAN2016 database. Absorption is denoted by the black line and the area under the
absorption is shaded grey. Areas that appear black represent closely spaced absorp-
tion lines. The absorption was modelled for a return pulse from an altitude of 500m,
i.e. a total path length of 1 km.

Figure 2.6: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption Aatm (right axis) overplotted. The spectral regions
where atmospheric absorption is low indicate which spectral lines are accessible within
the transparent windows of the atmosphere.

layed with the modelled atmospheric absorption spectrum Aatm in Figure 2.6 to broadly
illustrate where line intensity peaks coincide with atmospheric windows. These atmo-
spheric windows will be analysed with higher resolution in Section 2.8. The spectral line
intensities were obtained from HITRAN2016 data and can be observed more closely in
Appendix A.1.1 where the broad spectral region between 1.0 µm and 5.0 µm is divided
into eight equal (500 nm) regions with higher resolution. Although the atmosphere is
transparent above 8.0 µm, this spectral region is excluded from the higher resolution
analysis due to limitations in detector sensitivity at longer wavelengths. The depen-
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dence of wavelength on detector sensitivity is explained in Section 2.4.2.
The HITRAN2016 database also contains the absorption cross sections of acetalde-

hyde and acrolein. The flow rates of acetaldehyde and acrolein exhaust gases are low
when compared with the flow rates of the exhaust gases listed in the HITRAN2016 line
intensity database. Propylene, however, has a flow rate higher than SOx and formalde-
hyde (H2CO). The absorption cross sections of propylene, acetaldehyde, and acrolein
are shown in Figure A.9. The propylene cross sections were provided by Es-Sebbar
et al. 125 . These gases have absorption features in the spectral region between 3.2 µm
and 3.8 µm where atmospheric transmission windows are present. Figure A.10 shows
the absorption cross sections of the three gases in this spectral region with atmospheric
absorption overplotted. Propylene may be a promising target gas for diesel exhaust
detection using a laser wavelength near 3.39 µm. However, the flow rate of propylene
is several orders of magnitude lower than those of NOx, CO, and CO2.

The NIST absorbance data is similarly analysed against atmospheric absorption in
Figure A.12. The NIST database includes a larger set of exhaust constituents than
HITRAN2016 with some limitations. The NIST data has lower resolution and the
magnitudes of the absorption peaks are only relative within each spectrum, i.e. not
relative from one spectrum to another. The spectral region from 3.20 µm to 3.80 µm
contains absorption features of several exhaust constituents within atmospheric win-
dows. Figure 2.2 shows that most of these molecules, with the exception of propylene,
have relatively low concentrations in diesel exhaust and are unlikely to be detectable.

2.4.2 Detectivity

The specific detectivityD∗ of IR detectors is a measure of the detector spectral response
in units of cm Hz1/2 W−1. The specific detectivityD∗ is derived from the noise equivalent
power (NEP) SD (units W Hz−1/2) and active detector area AD (units cm2) as follows:

D∗ =
√
AD

SD
(2.6)

The spectral responses of Hamamatsu and Vigo IR detectors are shown in Fig-
ures A.13 and A.14 respectively. The detectivities relate to the photodiode only, not
a complete detector module with an integrated preamplifier. The general decline in
detectivity with increasing wavelength means that even strong molecular lines at long
wavelengths (>∼ 6 µm) can be difficult to detect. Note that some of the Hamamatsu
detectors require cooling by liquid nitrogen to operate at −196 ◦C.

Analysis of the spectral line intensities shown in Figure 2.6 and the detectivity
of IR detectors shown in Figures A.13 and A.14 help to narrow down the spectral
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regions of interest in selecting potentially detectable exhaust constituents using DIAL.
The spectral peaks that occur in the transparent windows between 1 µm and 5 µm are
analysed further for three reasons:

i. there are no significant molecular line intensities of exhaust molecules below 1 µm;

ii. the atmosphere is almost opaque between 5 µm and 8 µm;

iii. the spectral response of IR detectors drop by 2 orders of magnitude over the
wavelength range between 5 µm and 8 µm;

iv. thermal radiation from the Earth surface is a significant noise source in the spec-
tral region beyond 5 µm, as will be shown in Figure 2.9.

A lidar detector is followed by a data acquisition (DAQ) system that requires as
many bits as possible for the best vertical resolution of a detected pulse. Some state
of the art DAQs have 16 bit resolution and a maximum sampling rate of 250 MS s−1

(AlazarTech ATS9625). The minimum pulse width that can be detected at this sam-
pling rate, with adequate horizontal resolution, is ∼100 ns. This minimum pulse width
has a rise time of ∼50 ns. Therefore, a detector is required to have a minimum band-
width (highest frequency response) of ∼ (2π×50×10−9)−1 ∼ 3.2 MHz. Not all detectors
depicted in Figures A.13 and A.14 have bandwidths greater than 3.2MHz.

2.5 Pulse propagation
In this Section, an expression (Equation 2.13) is derived for the power Pr of a re-
turn pulse in terms of sent pulse power Ps. The modelled pulse is emitted vertically
downward from an airborne platform at altitude l, strikes an ocean surface, and is
backscattered toward a telescope receiver that is co-located with the laser emitter.
The expression for the return pulse power will be required for estimating the target
gas concentration and lidar sensitivity in Section 2.6.

2.5.1 Reflectance from sea water

A lidar may be designed to depend on a return pulse that was scattered from the
Earth surface to maximise the energy in the return pulse. The spectral reflectance of
sea water at normal angle of incidence is displayed in Figure 2.7.

Lidar backscatter RS from a surface can be defined as the Fresnel reflectance ρ per
unit solid angle Ω in the backscatter direction. That is, RS = ρ

Ω
and Ω models the

pattern of reflected radiation for backscatter. Both ρ and Ω are dependent on angle of
incidence θ from Nadir (θ = 0). If the ocean surface could be characterised as a diffuse
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Figure 2.7: Spectral reflectance of sea water at near-normal incidence. The visible
to near-IR data and mid-IR data were sourced from Kokaly et al. 126 and Pinkley and
Williams 127 respectively.

reflector, the Lambertian model of Ω = π
cos θ would give a backscatter of RS = ρ cos θ

π
.128

At Nadir angle of incidence, the Lambertian backscatter simplifies to RS = ρ
π
.

While Lambertian reflectance is often the case for terrain targets where multiple
scattering occurs, the ocean is more like a distorted mirror surface that gives rise to
specular reflections or glints from wave facets that are aligned for backscattering to the
laser receiver. Wave slopes aligned perpendicular to the incident beam and included
within the incident laser footprint on the ocean appear to the lidar receiver as specular
points or glints.128

The lidar backscatter RS from an ocean surface is dependent on angle of incidence
θ from Nadir, laser wavelength λ, wind speed u, and atmospheric stability.129 The
expression for lidar backscatter RS from an ocean surface may be written as128–130

RS = ρ

Ω
= ρ sec4 (θ)

2π 〈s2〉
exp

(
−tan2 (θ)
〈s2〉

)
(2.7)

= 1
2ρ sec4 (θ)G (tan θ) (2.8)

where 〈s2〉 is the total mean-square slope variance in the ocean surface (includes upwind
and crosswind components) and G (tan θ) is the normalised 2D Gaussian distribution
function for surface slope (tan θ) with variance 〈s2〉 /2.

At Nadir angle (θ = 0), the lidar backscatter RS simplifies to

RS = ρ

2π 〈s2〉
(2.9)

The mean-square slope variance 〈s2〉 is determined by wind speed u. Winds below
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7 m s−1 (13.6 kn) are characteristic of gravity wave influence, while slopes for winds
above 7 m s−1 are primarily due to capillary waves.128 Wu 131 proposed the following
empirical relations for the two regimes from data collected by Cox and Munk 132 :

〈
s2
〉

=

(ln u10 + 1.2)×10−2, u10 ≤ 7 m s−1 (13.6 kn)

(0.85 ln u10 − 1.45)×10−1, u10 > 7 m s−1 (13.6 kn)
(2.10)

where wind speed u10 was measured at 10m above the ocean surface in units of m s−1.
At a global average ocean wind speed ū10 = 6.64 m s−1 123 (12.9 kn), 〈s2〉 = 0.03 and
backscatter RS is more than 16 times greater than the Lambertian diffuse model at
Nadir angle of incidence. By comparison, an ocean wind speed of 10 m s−1 (19.4 kn)
results in 〈s2〉 = 0.05 and a backscatter RS that is 10 times greater than the Lambertian
diffuse model.

2.5.2 Return pulse

An expression that relates pulse power returned Pr to pulse power sent Ps is presented.
Consider a pulse sent from an airborne laser source with power Ps = Es

τp
, energy Es,

duration τp, wavelength λ, and angle of incidence θ = 0 (Nadir). The pulse propagates
vertically downward through the atmosphere over distance l with transmission Tl before
striking the ocean surface. The ocean surface has reflectance ρ and scatters the pulse
with backscatter RS. Assuming a global average wind speed u = 6.64 m s−1 (12.9 kn),
the backscatter may be approximated by RS = ρ

Ω
≈ 16 ρ

π
sr−1. Some fraction of the

reflected pulse is directed back toward the lidar telescope that has an aperture radius
rt and area At = πr2

t . The solid angle defined by the telescope receiver is At
l2
. The

reflected pulse propagates through the atmosphere over distance l before entering the
telescope receiver. The detection system has an optical efficiency η, assumed to be
η = 1 to simplify the analysis.

Pr = At

l2
RST

2
l Ps (2.11)

≈ 16At

l2
ρ

π
T 2
l Ps (2.12)

≈ 16
(
rt

l

)2
ρT 2

l Ps (2.13)

≈ 16
(
rt

l

)2
ρT 2

l

Es

τp
(2.14)

where T 2
l is the transmission of a pulse through the atmosphere over a distance 2l.
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The transmission T 2
l of a return pulse through an atmosphere that is uniform below

altitude l may expressed as:133

T 2
l = exp [−2 (αtg + αother) l] (2.15)

where αtg is the absorption coefficient for the target gas and αother is the attenuation
due to scattering and absorption by other species. The gas will be targeted on a
spectral line that is not absorbed by other species, so attenuation αother = 0 is assumed
to simplify the analysis. The wavelength dependent absorption coefficient αtg is related
to the target gas concentration Ctgv (per unit volume) by the wavelength dependent
absorption cross section σ as follows:

αtg = σCtgv (2.16)

Then the transmission of the return pulse, emitted at Nadir angle of incidence from
altitude l through a uniform atmosphere, is approximated by

T 2
l ≈ exp (−2σCtgvl) (2.17)

2.6 Target gas concentration

In this Section, expressions are derived for (i) target gas concentration Ctg (units ppm,
Equation 2.24) measured from pairs of DIAL pulses; and (ii) the minimum detectable
concentration length, or lidar sensitivity SL (units ppmm, Equation 2.33), that can
be measured from the pulse pair. The lidar sensitivity SL can be estimated from the
absorption through a known concentration of gas and the system SNR.

2.6.1 How concentration is measured

The DIAL technique relies on pulse pairs of wavelengths λon and λoff that are separated
by a small interval, as introduced in Section 2.2, to measure the concentration of the
target gas. Assuming that the pulse pair are closely separated in time such that
they propagate through equal atmospheres and are backscattered equally from the
ocean surface, the transmission of each pulse differs due to the different absorption
cross sections, σon and σoff , of the target gas at the online and offline wavelengths
respectively. The DIAL measures the relative transmission Trel of the online and offline
pulses defined as follows:
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Trel =
T 2
l,on

T 2
l,off

= Pr,on/Ps,on

Pr,off/Ps,off
= Pr,on

Pr,off
(2.18)

= exp (−2∆σCtgvl) (2.19)

where the powers of the sent pulses are assumed to be equal such that Ps,on = Ps,off = Ps

and∆σ = σon−σoff is the differential absorption cross section between online and offline
wavelengths.

The target gas concentration Ctgv (number per unit volume) is therefore given by

Ctgv (m−3) = − ln (Trel)
2∆σl = − ln (Pr,on/Pr,off)

2∆σl (2.20)

The target gas concentration Ctg in units of ppm can be estimated from Ctgv and the
total gas concentration Cv = N/V = Patm/kBTK (number per unit volume) by applying
the ideal gas law given in Section 2.3.3.

Ctg (ppm) = Ctgv

Cv
106 (2.21)

= Ctgv
kBTK

Patm
106 (2.22)

= − ln (Trel)
2∆σl

kBTK

Patm
106 (2.23)

where kB is the Boltzmann constant, TK is the temperature (units Kelvin), and
Patm ≈ 1 atm is the atmospheric pressure.

The vertical distribution of the target gas cannot be determined from the return
pulses. Therefore, DIAL measures an integrated concentration length 2lCtg that is
commonly expressed in units of ppmm.

2lCtg (ppm m) = − ln (Trel)
∆σ

kBTK

Patm
106 (2.24)

2.6.2 Lidar sensitivity

The lidar sensitivity is determined by the minimum detectable concentration of the
target gas and, therefore, the minimum detectable change in transmission Trel. Let a
small change in target gas concentration be ∆Ctgv = C ′tgv−Ctgv and the resulting small
change in transmission be ∆Trel = T ′rel − Trel. Then, from Equation 2.20, the relative
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change in concentration is given by

∆Ctgv

Ctgv
= − ln (T ′rel) + ln (Trel)

− ln (Trel)
(2.25)

The relative change in concentration may equally be expressed in units of ppm (Ctg)
instead of per unit volume (Ctgv), such that

∆Ctg = Ctg

− ln (Trel)
ln
(
Trel

T ′rel

)
(2.26)

= Ctg

− ln (Trel)
ln
(

Trel

Trel +∆Trel

)
(2.27)

= Ctg

ln (Trel)
ln
(
Trel +∆Trel

Trel

)
(2.28)

= Ctg

ln (Trel)
ln
(

1 + ∆Trel

Trel

)
(2.29)

≈ Ctg

ln (Trel)
∆Trel

Trel
(2.30)

The minimum detectable change in transmission is equivalent to the noise level while
the minimum detectable relative change in transmission

∣∣∣∆Trel
Trel

∣∣∣
min

is the inverse of the
SNR for an offline pulse. Therefore, the minimum detectable change in concentration
of the target gas |∆Ctg|min is

|∆Ctg|min = Ctg

− ln (Trel)× SNR (2.31)

≈ Ctg

Arel × SNR (2.32)

where Arel = 1− Trel is the relative absorption of the online and offline pulses.

The lidar sensitivity SL = 2l |∆Ctg|min is an estimate of the minimum concentration
length detectable in units of ppmm. It can be estimated from the SNR and the
absorption A2l over a distance 2l through a known low concentration of the target gas.
That is,

SL = 2lCtg

A2l × SNR (2.33)
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2.7 Signal to noise analysis

In this Section, the SNR of a single pulse is modelled as a function of wavelength. The
expression for return pulse power given in Equation 2.13 is used throughout the assess-
ment. The pulse was assumed to propagate through a transparent atmosphere. The
spectral region was confined to 1 µm– 5 µm due to limitations in detectivity described
in Section 2.4.2 and Figures A.13 and A.14. Although the SNR does not change sig-
nificantly with wavelength in the model presented in Figure 2.10, the spectral regions
with the highest SNR were determined and the dominant noise components (detector
and speckle) were identified. When combined with the spectral analysis of diesel ex-
haust gases and atmospheric transmission windows, the spectral region 3.4 µm– 4.0 µm
is shown to have a combination of (i) relatively high SNR; (ii) high atmospheric trans-
parency; and (iii) strong spectral line intensities for three diesel exhaust gases – NO2,
H2CO, and SO2. The modelled SNRs are illustrated in Figure 2.10 while the param-
eters used in the model are listed in Table 2.1. These SNRs were used for the lidar
sensitivity SL estimates listed in Table 2.2 of Section 2.9.

2.7.1 Noise sources

2.7.1.1 Shot noise

Shot noise in photon counts occur in the regime of low photon numbers. Shot noise
follows Poisson statistics and scales as the square root of photons received. Since the
standard deviation of shot noise is equal to the square root of the average number of
photon events Nph, the SNR due to shot noise, SNRShot, is given by

SNRShot = Nph√
Nph

=
√
Nph (2.34)

From Equations 2.14 and 2.34, the number Nph of return photons, which have wave-
length λ and photon energy Eph = hc

λ
, is given by

Nph = Prτp

Eph
= Prτpλ

hc
(2.35)

≈ 16
(
rt

l

)2
ρT 2

l

Esλ

hc
(2.36)
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SNRShot is the square root of the number of return photons Nph.

SNRShot =
√
Nph (2.37)

≈ 4rt

l

√
ρT 2

l

Esλ

hc
(2.38)

2.7.1.2 Detector noise

The noise-equivalent power (NEP), SD, of a detector is the minimum optical input
power required for an output SNR of one in a one hertz output bandwidth. NEP is
expressed in units of W/

√
Hz. The detector noise power PD is the product of the NEP

and square root of detector bandwidth ∆fD.

PD = SD

√
∆fD (2.39)

The SNR due to detector noise SNRDetector is the ratio of return power Pr to detector
noise power PD. From Equations 2.13 and 2.39,

SNRDetector = Pr

PD
(2.40)

≈ 16
(
rt

l

)2 ρT 2
l

SD
√
∆fD

Ps (2.41)

The NEP of a detector and integrated preamplifier with specific detectivity D∗ can
be calculated from Equation 2.6. The filtered detector bandwidth is assumed to be
∆fD = 5 MHz throughout this analysis.

2.7.1.3 Speckle noise

The vast majority of surfaces are extremely rough on the scale of an optical wavelength.
Under illumination by coherent light from a laser source, the waves reflected from such
surfaces consist of contributions made from many independent scattering areas. Prop-
agation of this reflected light to a distant observation point results in the addition of
these various scattered components with relative delays that form a complex interfer-
ence pattern, or a speckle pattern.134 The mean speckle size is proportional to the laser
wavelength λ.135 Speckle noise decreases with increasing number of speckle cells due
to averaging.

The SNR of the detected intensity of a single shot DIAL measurement due to rough
target speckle is proportional to the square root of the total number of statistically
independent speckle nodes in the image plane – a manifestation of negative exponential
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statistics of rough target speckle. For a telescope receiver with diameter 2rt and field
of view (FoV) θt, the SNR due to speckle, SNRSpeckle, is approximated by136

SNRSpeckle ≈

√√√√1 + 4
(
θtrt

λ

)2

(2.42)

2.7.1.4 Solar background

Solar radiation has a spectral power distribution SPDSolar as shown in Figure 2.8.
The lidar telescope receives part of the solar radiation reflected from an area AS on
the ocean surface defined by the telescope FoV, distance l from the ocean surface, and
viewing angle θ from Nadir. The solar radiation that is reflected from the ocean surface
and directed toward the telescope is largely dependent on incident angle of sunlight,
viewing angle θ, and weather conditions. To a first approximation, we assume the
diffuse Lambertian model of reflectance, removing the dependence on angle of incidence
of sunlight. Most of the solar radiation that enters the telescope aperture is blocked
by a bandpass filter with a bandwidth ∆λF centred around the laser wavelength. At
Nadir viewing angle, the solar power PSolar that enters the telescope can be estimated
by

PSolar = SPDSolar ×
At

l2
ρ

π
TlAS∆λF (2.43)

Figure 2.8: Spectral power distribution (SPD) of solar radiation at sea level under
a U.S. standard atmosphere, adapted from Ref. 137.

The SNR due to solar radiation SNRSolar is the ratio of return power Pr to solar
radiation power PSolar. This is a conservative approach, since PSolar can be subtracted
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from Pr while true noise is variable. From Equations 2.13 and 2.43,

SNRSolar = Pr

PSolar
(2.44)

≈ 16 Tl
SPDSolar × AS∆λF

Ps (2.45)

2.7.1.5 Thermal radiation

The thermal radiation spontaneously emitted from the ocean surface layer can be ap-
proximated as blackbody radiation and depends only on temperature TK. The thermal
radiance Lλ of a blackbody at temperatures 10 ◦C and 20 ◦C are displayed in Figure 2.9.
Thermal radiance Lλ, expressed in spectral units of wavelength in µm, is given by the
following expression:138

Lλ = 2× 1024hc2

λ5
1

exp
(

106hc
λkBTK

)
− 1

(2.46)

where kB is the Boltzmann constant and thermal radiance Lλ is expressed in units
of W m−2 sr−1 µm−1. The thermal power PThermal that enters the telescope can be
estimated by

PThermal = LλTlAS
At

l2
∆λF (2.47)

Figure 2.9: Thermal radiation.

The SNR due to thermal radiation, SNRThermal, is the ratio of return power Pr to
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thermal radiation power PThermal. From Equations 2.13 and 2.47,

SNRThermal = Pr

PThermal
(2.48)

≈ 16 ρTl
πLλAS∆λF

Ps (2.49)

2.7.2 Total SNR

The total SNR for the detection of a pulse that has propagated through a background
atmosphere is calculated by adding the SNR due to all noise sources in quadrature as
follows:

SNR =
(∑

i

SNR−2
i

)−1/2

(2.50)

=
(
SNR−2

Shot + SNR−2
Detector + SNR−2

Speckle + SNR−2
Solar + SNR−2

Thermal

)−1/2
(2.51)

where it has been assumed that the noise components are uncorrelated.136

Table 2.1: Parameters used to model single pulse SNR as a function of wavelength
illustrated in Figure 2.10.

Description Symbol Value

Energy of pulse sent Es 50 µJ
Duration of pulse sent τp 100 ns

Altitude l 500 m
Transmission T 2

l 1
Temperature TK 288K

Telescope radius rt 10 cm
Telescope FoV θt 4 mrad

Bandwidth of spectral filter ∆λF 10 nm
Bandwidth of detector (filtered) ∆fD 5 MHz
Detector NEP 1.0 µm– 2.5 µm SD 10.1 pW/

√
Hz

Detector NEP 2.5 µm– 4.0 µm SD 2.0 pW/
√

Hz
Detector NEP 4.0 µm– 5.0 µm SD 5.0 pW/

√
Hz

The SNR was modelled as a function of wavelength for the detection of a return
pulse which was emitted from an altitude of 500m at Nadir angle, propagated through
a transparent atmosphere, and reflected from an ocean surface. The DIAL SNR model
is illustrated in Figure 2.10 while the model parameters are listed in Table 2.1. The
energy of the pulse sent, Es = 50 µJ, and the pulse duration, τp = 100 ns, were chosen
based on previous Q-switching demonstrations in the 3 µm wavelength band.139,140 The
SNR calculations are based on single shot pulses only, i.e., no averaging. If a pulse
repetition rate of 10 kHz and an averaging time of 0.1 s were used, the SNR would
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(a) Logarithmic scale showing each SNR component and the total SNR.

(b) Linear scale showing the total SNR.

Figure 2.10: Modelled SNR as a function of wavelength for the detection of a
single return pulse reflected from an ocean surface. The atmosphere is assumed to be
transparent to the laser pulse such that T 2

l = 1. The parameters used to model the
SNR are listed in Table 2.1.

improve by a factor of
√

10 kHz×0.1 s = 32. The SNR, modelled using the parameters
listed in Table 2.1, was limited by either detector or speckle noise over the entire
spectral region modelled.

Three different commercially available detectors, equipped with preamplifiers, were
used to model SNRDetector in the spectral region 1 µm– 5 µm. These were (i) Thorlabs
PDA10D2 (1.0 µm ≤ λ < 2.5 µm); (ii) Vigo PVI-2TE-4 MIPDC-F-10 (2.5 µm ≤ λ <

4.0 µm); and (iii) Vigo PVI-4TE-5 MIPDC-F-20 (4.0 µm ≤ λ < 5.0 µm). The solar SPD
data illustrated in Figure 2.8 was extrapolated from 4µm to 5 µm to model SNRSolar.
The steps in SNRDetector at λ = 2.5 µm and λ = 4.0 µm are due to the different NEPs of
the detectors, as listed in Table 2.1. The dips in SNRDetector, SNRShot, and SNRThermal

at λ = 2.75 µm are due to the change in spectral reflectance of sea water illustrated in
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Figure 2.7. A large telescope FoV θt = 4 mrad was chosen to improve SNRSpeckle by
averaging over a large area of the ocean surface. This is achieved at the expense of
reducing SNRThermal and, less significantly, SNRSolar.

The SNR in this model shows that:

i. SNR is highest (>200) in the spectral regions 1.0 µm– 2.0 µm and 2.5 µm– 4.0 µm;

ii. Detectability in the spectral region 1.0 µm– 2.5 µm is limited by SNRDetector (for
the case of the Thorlabs PDA10D2 detector considered in this analysis);

iii. Detectability in the spectral region 2.5 µm– 5.0 µm is limited by SNRSpeckle;

The combined Figures 2.6 and 2.10 show that within the spectral region 3.4 µm– 4.0 µm,
there is a combination of (i) relatively high SNR; (ii) high atmospheric transparency;
and (iii) strong spectral line intensities for three diesel exhaust gases – NO2, H2CO, and
SO2. These absorption lines can be viewed with higher resolution in Appendix A, Fig-
ures A.4, A.5, and A.6. The detectability of these gases, as well as CO, are investigated
in Section 2.8.

2.8 Target gas assessment

The flow rates of diesel exhaust constituents were calculated and compared with back-
ground concentrations in Section 2.3. The spectral line intensities of diesel exhaust
constituents within atmospheric windows were identified in Section 2.4. The SNR of a
return pulse was modelled over a broad spectral region in Section 2.7.

In this Section, the strong line intensities of the main diesel exhaust constituents
which are accessible within atmospheric transmission windows are analysed further.
The absorption features of CO, NO2, H2CO, and SO2 are presented in Sections 2.8.1,
2.8.2, 2.8.3, and 2.8.4 respectively. The line intensities of these molecules, as well as
atmospheric absorption, are illustrated within the spectral regions that the molecules
are most likely to be detectable, effectively showing selected spectral regions of Fig-
ure 2.6 in higher resolution. Furthermore, gas cell simulations are presented to show
the absorption features of these gases in such a way that they can be scaled easily. The
values of the simulated gas concentrations were chosen to be factors of ten that result
in low levels of absorption (< ∼5 %), i.e., absorption levels that vary almost linearly
with concentration if the concentration is changed within a factor of five or so. The
gas cell absorptions were simulated using the spectral tool SpectralCalc. In each case,
the length of the simulated gas cell was set to 1 km.
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2.8.1 Carbon monoxide

The absorption features of CO in the spectral region 2.30 µm– 2.43 µm are illustrated
in Figure 2.11. Figure 2.11a illustrates the line intensities of CO and atmospheric
absorption while Figure 2.11b illustrates the absorption within a 1000 ppmm CO gas
cell. The strongest absorption lines are located in the 2.33 µm wavelength band.

(a) Spectral line intensities S (left axis) with atmospheric absorption Aatm (right axis) over-
plotted.

(b) Gas cell simulation. The 1 km gas cell had a CO concentration of 1 ppm resulting in a
concentration length of 1000 ppmm.

Figure 2.11: Absorption features of CO in the spectral region 2.30 µm– 2.43 µm.

The flow rate and typical urban background concentration of CO are comparable
with those of NO2. The CO line strengths in the 2.33 µm wavelength band are within
an order of magnitude of the NO2 line strengths in the 3.43 µm wavelength band.
A comparison of Figures 2.11 and 2.12 show a weaker absorption in CO than NO2

for a given concentration length that, when combined with lower SNR in the 2.33 µm
wavelength band than the 3.43 µm wavelength band, will mean that the lidar sensitivity
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for CO detection is lower when compared with the NO2 case. The estimated lidar
sensitivities are listed in Table 2.2.

2.8.2 Nitrogen dioxide

In the context of diesel engine exhaust gas, NOx is usually limited to NO and NO2.141

The estimated flow rate of NOx from a 1000 kW diesel engine shown in Figure 2.2 was
calculated from the NOx emission factor provided by the United States Environmental
Protection Agency.98 However, the breakdown concentrations of NO and NO2 were
not provided by Ref. 98. These relative concentrations are affected by fuel mixture,
temperature, and engine load.142 The diesel exhaust concentration ratio NO2/NOx was
assumed to be 10%.141,143 More information on the breakdown of NOx concentrations
in diesel exhaust can be found in Section A.3.1.

However, once the exhaust is discharged into the atmosphere, NO can react with
O3 to form NO2 on a time scale of tens of minutes.144 Although most of the Earth’s
atmospheric ozone is found in the stratosphere, 10%– 15% is found in the troposphere
and the concentration at marine sea level is around 10 ppb – 50 ppb.119,145 The chemistry
of NOx in the troposphere is briefly described below.144

NO + O3 → NO2 + O2

During the day, NO2 can be photolysed by photons with energy hν.

NO2 + hν → NO + O

regenerating ozone
O + O2 + M→ O3 + M

where M denotes any third body that possesses the required energy for the reaction.
Nitric oxide is also converted to NO2 by reactions with hydroperoxyl (HO2)

NO + HO2 → NO2 + OH

and organic peroxy radicals (RO2)

NO + RO2 → NO2 + RO

During the day, NO2 and NO are interconverted on a time scale of minutes by
the above reactions. During the night, the photolysation process that reduces NO2

to NO cannot take place and the concentration of NO2 relative to NO can increase

45



Chapter 2. DIAL for Diesel Exhaust Detection

significantly.144 The background concentration of NO fluctuates significantly from day
to night as a result of these chemical reactions. At night time, the background concen-
tration of NO can diminish to <1% of the background NO2 concentration.144

(a) Spectral line intensities S (left axis) with atmospheric absorption Aatm (right axis) over-
plotted.

(b) Gas cell simulation. The 1 km gas cell had a NO2 concentration of 0.1 ppm resulting in a
concentration length of 100 ppmm.

Figure 2.12: Absorption features of NO2 in the spectral region 3.40 µm– 3.50 µm.

The absorption features of NO2 in the spectral region 3.4 µm– 3.5 µm are presented
in Figure 2.12. Figure 2.12a illustrates the line intensities of NO2 and atmospheric
absorption while Figure 2.12b illustrates the absorption within a 100 ppmm NO2 gas
cell. The strongest absorption lines are located in the 3.425 µm wavelength band.

Fibre lasers which emit light near 3.5 µm have advanced considerably in recent
years.63 In the year 2016, Henderson-Sapir et al. 61 demonstrated a widely tunable
mid-IR fibre laser with peak wavelengths in the 3.45 µm to 3.47 µm spectral region.
Demonstrations of active Q-switching were followed by the same group in the year
2018.67 These lasers are modelled and discussed in Chapter 3. A similar fibre laser was
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gain-switched by Jobin et al. 146 which emitted 3.55 µm light. The 6.8 µJ gain-switched
pulses were 33 ns wide with a repetition rate of 15 kHz.

2.8.3 Formaldehyde

The International Agency for Research on Cancer (IARC) has classified formaldehyde
(H2CO) as a human carcinogen (Group 1).147 The estimated flow rate of H2CO in
diesel exhaust, illustrated in Figure 2.2, is several orders of magnitude lower that those
of NO2 and CO, and one order of magnitude lower than the flow rate of SO2 when
ULSDF is used. However, H2CO is characterised by strong absorption lines, accessible
in the transparent windows of the atmosphere, when compared with those of the three
other gases considered.

(a) Spectral line intensities S (left axis) with atmospheric absorption Aatm (right axis) over-
plotted.

(b) Gas cell simulation. The 1 km gas cell had a H2CO concentration of 0.01 ppm resulting
in a concentration length of 10 ppmm.

Figure 2.13: Absorption features of H2CO in the spectral region 3.40 µm– 3.70 µm.
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The absorption features of H2CO in the spectral region 3.4 µm– 3.7 µm are illus-
trated in Figure 2.13. Figure 2.13a illustrates the line intensities of H2CO and at-
mospheric absorption while Figure 2.13b illustrates the absorption within a 10 ppmm
H2CO gas cell. The strongest absorption lines are located in the 3.60 µm wavelength
band.

The lidar sensitivity estimates presented in Table 2.2 show that the lidar sensitivity
is lowest (best) for detection of H2CO in the 3.60 µm wavelength band when compared
with detection of CO, NO2, and SO2. However, the background and exhaust plume
concentrations of H2CO are also lower when compared with the three other gases.

2.8.4 Sulfur dioxide

The flow rate of SO2 illustrated in Figure 2.2 was calculated from the emission factor of
ULSDF, which has a sulfur content of <15 ppm, since there is a global trend to reduce
sulfur content in diesel fuel due to the harmful effects of SO2 emissions. This global
trend is illustrated in Appendix A.3.2. However, as explained in Section 2.1, MARPOL
Annex VI will reduce the allowed sulfur content in marine fuel outside emission control
areas from 3.5% to 0.5% (m/m) from 1 January 2020. This revised permissible limit
is more than 300 times higher than the sulfur content in ULSDF.

The absorption features of SO2 in the spectral region 3.95 µm– 4.05 µm are illus-
trated in Figure 2.14. Figure 2.14a illustrates the line intensities of SO2 and atmo-
spheric absorption while Figure 2.14b illustrates the absorption within a 1000 ppmm
SO2 gas cell. The strongest absorption lines are located in the 3.98 µm wavelength
band.

The lidar sensitivity estimates presented in Table 2.2 show that the lidar sensitivity
is worst for detection of SO2 in the 3.98 µm wavelength band when compared with
detection of CO, NO2, and H2CO. The background and exhaust plume (calculated for
ULSDF) concentrations of SO2 are also low when compared with the three other gases.
Therefore, typical concentrations of SO2 in the background atmosphere and exhaust
plumes will be difficult to detect using DIAL technology.
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(a) Spectral line intensities S (left axis) with atmospheric absorption Aatm (right axis) over-
plotted.

(b) Gas cell simulation. The 1 km gas cell had a SO2 concentration of 1 ppm resulting in a
concentration length of 1000 ppmm.

Figure 2.14: Absorption features of SO2 in the spectral region 3.95 µm– 4.05 µm.

2.9 Lidar sensitivity estimates
SNRs and lidar sensitivities SL were calculated for the target gases and spectral lines
discussed in Section 2.8. A summary of these estimates is presented in Table 2.2. Note
that the SNR calculations presented in Table 2.2 are based on single shot measurements.
Significant noise improvements can be achieved with high pulse repetition rates and
spatial averaging. If an averaging time of 0.1 s and a repetition rate of 10 kHz are
used, as explained in Section 2.7.2, this would allow the averaging of 1000 pulses and
therefore increase the SNR by a factor of 32. The spatial resolution for an aircraft
speed of 100 m s−1 would be 100 m s−1 × 0.1 s = 10 m. The estimated improvement in
lidar sensitivity by averaging 1000 pulses is included in Table 2.2.

When 1000 pulses are averaged, the lidar sensitivity SL is below the urban back-
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Table 2.2: SNR and lidar sensitivity SL estimates for detection of CO, NO2, H2CO,
and SO2. The concentration lengths 2lCtg and absorptions A2l of the simulated gas
cells that were used in lidar sensitivity estimates are listed. Background atmospheric
concentrations, World Health Organization (WHO) guidelines, and U.S. Environ-
mental Protection Agency (EPA) standards are listed as well as their concentration
lengths for a 1 km path length. The concentrations of these gases in exhaust plumes
1 km downwind from a 1000 kW point source are included.

CO
λ=2.33 µm

NO2
λ=3.43 µm

H2CO
λ=3.60 µm

SO2
λ=3.98 µm

Gas cell 2lCtg
[ppm m] 1.0×103 1.0×102 1.0×101 1.0×103

Gas cell A2l 4.5×10−2 4.0×10−2 2.0×10−2 5.5×10−2

SNR (single pulse) 1.8×102 2.3×102 2.2×102 2.0×102

SL (single pulse)
[ppmm] 1.2×102 1.1×101 8.3×10−1 2.5×102

SL (1000 averaged)
[ppmm] 4.0×100 3.6×10−1 2.8×10−2 8.4×100

Remote background
[ppm]

4.0×10−2
119

2.0×10−5
119,144

2.5×10−4
148

5.0×10−5
119

Urban background
[ppm]

2.0×10−1
119

6.0×10−1
119,144

1.0×10−2
119,149

1.5×10−2
119,150

WHO guideline
[ppm]

3.0×101

(1 hr mean)
(indoor)

147

1.0×10−1

(1 hr mean)
151

7.9×10−2

(30min mean)
(indoor)

147,152

1.9×10−1

(10min mean)
151

U.S. EPA standard
[ppm]

3.5×101
153

1.0×10−1

(1 hr mean)
153

–
5.0×10−1

(3 hr mean)
153

Plume
[ppm] 7.8×10−3 1.6×10−3 6.7×10−7 6.0×10−6

Remote background
×1000m [ppmm] 4.0×101 2.0×10−2 2.5×10−1 5.0×10−2

Urban background
×1000m [ppmm] 2.0×102 6.0×102 1.0×101 1.5×101

WHO guideline
×1000m [ppmm] 3.0×104 1.0×102 7.9×101 1.9×102

U.S. EPA standard
×1000m [ppmm] 3.5×104 1.0×102 – 5.0×102

Plume
×120m [ppmm] 9.3×10−1 1.9×10−1 8.0×10−5 7.2×10−4
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ground concentration length for each of the four gases considered. In particular, sensi-
tivities are at least one order of magnitude below the urban background for the cases
of CO, NO2, and H2CO. Each sensitivity is also below the World Health Organiza-
tion (WHO) guidelines and United States Environmental Protection Agency (EPA)
standards listed in Table 2.2. This result shows that there is a potential to use DIAL
technology for environmental monitoring of at least four diesel exhaust gases over pol-
luted regions such as cities, their coasts, and shipping ports.

The plume analysis suggests that NOx emissions from point sources could be mon-
itored remotely for the cases of engine loads >10,000 kW, such as ocean going vessels
and cruise ships. The NO2 concentration in an exhaust plume was calculated for an
engine load of 1000 kW assuming a NOx controlled engine and ignoring post emission
chemistry that increases the NO2/NO ratio in the atmosphere. The concentration of
NO2 in an exhaust plume 1 km downwind from a point source was calculated for the
conservative case that ignores these chemical reactions. Post emission ozone driven
conversion of NO to NO2 could mean that the concentration of NO2 would be up to
six times higher.

The exhaust plume concentration of SO2 was calculated for ULSDF (15 ppm). The
combination of engine load and sulfur content would need to be increased by five
orders of magnitude for the potential detection of SO2 emitted from a point source.
For example, 15% sulfur content per 10,000 kW of engine load. Therefore, DIAL
technology is unlikely to be suitable for detecting SO2 emitted from a single point
source.

2.10 Conclusion

A feasibility study has been presented that investigates the potential use of DIAL
technology for detecting diesel exhaust gases remotely. In this study, four exhaust gas
constituents have been identified as the most likely target gases for remote detection –
CO in the 2.3 µm wavelength band, NO2 and H2CO in the 3.5 µm wavelength band, and
SO2 in the 4.0 µm wavelength band. The likely sensitivities of DIAL systems to detect
these gases has been analysed. When 1000 pulses are averaged, the lidar sensitivity SL

is at least one order of magnitude below the urban background concentration length for
the cases of CO, NO2, and H2CO. Although SO2 may not be a suitable target molecule
for diesel exhaust gas emitted from most point sources, there could be a potential to
remotely target illegal use of diesel fuel containing high levels of sulfur. If so, then the
spectral region 3.95 µm– 4.05 µm would be of interest.

The possible detections of CO, NO2, H2CO and SO2 offer a real possibility of de-
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tecting diesel exhaust emissions using DIAL. There are a number of possible variations
to the analysis that may achieve significant improvement in SNR, such as the following:

1. Increase averaging in post processing at the expense of horizontal resolution;

2. Nature may provide a significant increase in NO2 concentration due to post emis-
sion ozone chemistry, which could increase plume concentration of NO2 by a factor
of six;

3. Urban or regional topographical scatterers, rather than an ocean surface, are
expected to have higher reflectance that could result in a significant increase in
return power.117

Given these improvements, it is very likely that diesel exhaust emissions could be
detected by a downward looking DIAL system mounted on an airborne platform flying
within an altitude of 500m.

This analysis was performed using a conservative approach that targets exhaust
emissions using a low-reflectance topographical scatterer (ocean surface). The study
is applicable to marine environments such as shipping ports or shipping routes and
demonstrates high potential detectability in regional and urban environments also.
This work can be extended in the future to assess the detectability of exhaust gases
emitted in urban and industrial environments, where the background atmosphere is
heavily polluted, to identify the major sources of emissions for environmental monitor-
ing and control.
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Chapter 3
Modelling Fibre Lasers

This Chapter includes the following published article on pages 60–84:

A. Malouf, O. Henderson-Sapir, M. Gorjan, D. J. Ottaway. Numerical modeling
of 3.5 µm dual-wavelength pumped erbium-doped mid-infrared fiber lasers. IEEE
Journal of Quantum Electronics, 52(11):1–2, Nov 2016.

The article presents a numerical model that was developed to simulate 3.5 µm dual-
wavelength pumped (DWP) Er3+-doped fibre lasers. The simulations provide insight
and optimisation techniques to improve the performance of these lasers. The model
simulates ionic and photonic interactions in the time domain as well as the spatial
domain along the fibre, while most previously reported models solve for the steady
state condition only. This model was validated against three experiments reported in
literature and can be adapted to simulate any rare earth doped fibre laser.

Also included in this Chapter, Section 3.5, are revised contributions made to the
following published article:

O. Henderson-Sapir, A. Malouf, N. Bawden, J. Munch, S. D. Jackson, D. J. Ot-
taway. Recent advances in 3.5 µm erbium-doped mid-infrared fiber lasers. IEEE
Journal of Selected Topics in Quantum Electronics, 23(3):6–14, May 2017.

This article includes Q-switch modelling of a 3.5 µm DWP Er3+-doped fibre laser. Sim-
ulations were performed to study Q-switch behaviour in the time domain so that the
performance of Q-switched 3.5 µm lasers could be predicted and optimised. The con-
tributions made to this article were revised to provide more detail about the optimum
repetition rate for Q-switching. The article is presented in Appendix B for convenience
and supports the revised contributions presented in Section 3.5.
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3.1 Background

Most reported numerical models of fibre lasers simulate the steady state condition
only.154–158 Several models were developed to study Er3+-doped ZBLAN fibre lasers
that operate on the 2.8 µm transition (4I11/2 → 4I13/2). ZBLAN is a heavy metal fluo-
ride glass of composition ZrF4-BaF2-LaF3-AlF3-NaF and the most common fluorozir-
conate (ZrF4) glass. Parameters such as ion-doping concentration and fibre length were
optimised by solving for the steady state conditions numerically.

The significance of interionic processes in 2.8 µm Er3+-doped ZBLAN fibre lasers
were investigated by Gorjan et al. 159 using a time-dependent model that implemented
the fourth order Runge-Kutta (RK4) method. The laser was conventionally pumped
by a single pump source. The simulated fibre length was divided into discrete length
elements. The time step for the numerical iterations was set to the time required for
light to traverse a single fibre element. Therefore, the temporal and spatial dynamics
were coupled throughout the simulations.

Gorjan et al. 159 kindly provided this MATLAB model to our group at The Univer-
sity of Adelaide. Our plan was to adapt the model to simulate the DWP experiment
reported by Henderson-Sapir et al. 62 . However, the fibre length of this experiment was
only 20 cm, which was considerably shorter than the 4m long fibre modelled by Gorjan
et al. 159 . The shorter length elements, and therefore proportionally shorter time steps,
resulted in many more time steps for a given total simulation time. The execution time
for a 20ms simulation of a 20 cm fibre would have been 170 hours (if the simulation was
not terminated before completion), which was excessively long when compared with
6.5 hours for a 4m long fibre.160

New code was developed as part of an Honours project, prior to candidature, to
model the DWP experiment reported by Henderson-Sapir et al. 62 . This single-clad
fibre laser experiment is referred to as ‘H2014’ in the published article on pages 60–84.
The code was partially optimised for speed by solving the set of rate equations of all
length elements in a single 2D matrix. Execution times were reduced by a factor of
18.5 (from 170 hours to 9 hours for the 20 cm fibre and from 6.5 hours to 21min for the
4m fibre). Thus it became viable to develop the model further. During the Honours
project, the H2014 experiment was modelled and good agreement with experimental
data was achieved.160

During candidature, the code was developed further to model two reported double-
clad DWP fibre laser experiments (referred to as ‘H2016’ and ‘F2016’ in the published
article on pages 60–84). The H2014 simulations were repeated when any changes were
made to the algorithm. Simulations of the H2014, H2016, and F2016 experiments were
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performed, analysed, and compared with experimental data at each stage of model
development until good agreement was achieved for all three experiments. The model
was then developed to simulate and study Q-switching behaviour in a DWP fibre laser.
The model was also further optimised for speed.

3.2 Introduction
This Chapter presents a numerical model, written in MATLAB, that simulates the
performance of 3.5 µm dual-wavelength pumped (DWP) Er3+-doped fluorozirconate
glass fibre lasers. Development of the model began prior to candidature as an Honours
project.160 The project was motivated by the need to simulate the DWP laser developed
by Henderson-Sapir et al. 62 and optimise its performance. During candidature, the
model was developed further to simulate three newly reported DWP fibre lasers and
predict Q-switching behaviour for one of these laser systems.

The modelling work performed during candidature can be summarised as follows:

(i) The laser output power of three DWP Er3+-doped 3.5 µm fibre lasers, reported
in literature during the year 2016, were modelled showing good agreement with
reported values. This work was published and is presented on pages 60–84.

(ii) Q-switching was implemented into the model and a Q-switched 3.5 µm DWP
Er3+-doped fibre laser was simulated for various Q-switch repetition rates. This
work was published and revisions to this work are presented in Section 3.5.

(iii) The model code was optimised for speed. This work is presented in Section 3.6.

The model simulates the physical processes that occur within the fibre gain medium.
The interactions that occur in these DWP systems are more complex than most conven-
tional lasers due to the existence of two pumps, two possible competing laser transitions
(2.8 µm and 3.5 µm), multiple excited state absorption processes and multiple interi-
onic interactions. These complexities motivated the need to develop a model that was
flexible enough to adapt to any fibre laser system.

This Chapter introduces the principles of 3.5 µm Er3+-doped fibre lasers and the
designs that were modelled in Section 3.3. The published article “Numerical modeling
of 3.5 µm dual-wavelength pumped erbium-doped mid-infrared fiber lasers” is presented
on pages 60–84. Section 3.4 examines an excited state absorption process of the second
pump P2 that was reported by Maes et al. 66 after the presented modelling work was
completed. Q-switch modelling of a 3.5 µm Er3+-doped fibre laser is presented in
Section 3.5. This Section elaborates on contributions made to the article published
by Henderson-Sapir et al. 63 . Attempts made to optimise the model code for speed are
summarised in Section 3.6. Finally, conclusions are presented in Section 3.7.
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3.3 Dual-wavelength pumped 3.5 µm fibre lasers

A comparison between conventional pumping (CP) and DWP is illustrated in Fig-
ure 3.1(a) with an energy level diagram. The CP approach excites ions directly from
the ground state to the upper laser level with a single 655 nm pump source.64 The
3.5 µm laser transition is followed by fast multi-phonon (MP) decay into a long lived
energy state, 4I11/2. Alternatively, the DWP technique combines two pump sources to
excite ions to the upper laser level. The first pump P1 excites Er3+ ions into the long
lived 4I11/2 state, which we refer to as the “virtual ground state”. The second pump P2

excites ions from this virtual ground state to the upper laser level. The DWP technique
is more energy efficient than the single-wavelength CP approach because it reduces the
quantum defect by exploiting a long lived excited state, 4I11/2, that would otherwise
cause bottlenecking and limit laser performance.62

P1 (985nm)

P2 (1973nm)

Dichroic Gain medium - Er3+

doped ZBLAN fibre

Laser mirror
AR@985nm, 1973nm

HR@3.5µm

Asphere
f=11mm

Output coupler
partially reflective

@3.5 µm

3.5µm
laser

Off-axis
parabola
f=25mm

P655nm

4I9/2

4I13/2

4I11/2

4F9/2

4I15/2

3.5µm

CP DWP

Ground state

“Virtual ground” state

Upper laser level

P1

P2

Decay

(a)

(b)

Figure 3.1: Dual-wavelength pumping technique of a 3.5 µm Er3+-doped ZBLAN
fibre laser. (a) Energy levels of Er3+ ions showing pump and laser transitions for con-
ventional pumping (CP)64 and dual-wavelength pumping (DWP).161 (b) Schematic
showing that pumps P1 and P2 are mode matched and launched into the fibre gain
medium.161

A schematic of a DWP fibre laser system is shown in Figure 3.1(b).62,161 Two pumps,
P1 and P2, which emit light in two different wavelength bands, are mode matched and
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launched into a single clad Er3+-doped ZBLAN fibre gain medium. The resonator mir-
ror butted to the input end of the fibre is anti-reflective (AR) at both pump wavelengths
and highly reflective (HR) at 3.5 µm, while the output coupler is partially reflective at
3.5 µm. Henderson-Sapir et al. 61 and Fortin et al. 60 reported demonstrations of 3.5 µm
DWP fibre lasers using the same type of double-clad Er3+-doped zirconium fluoride fi-
bre where P1 was cladding-pumped and P2 was core-pumped. Henderson-Sapir et al. 61

used discrete highly reflective and output coupler mirrors butt-coupled to the fibre tips
while Fortin et al. 60 used an all fibre geometry including a fibre Bragg grating, written
directly into the fibre, as the output coupler.

The model was calibrated and validated against the laser output powers of three
3.5 µm DWP fibre lasers that used the same type of double-clad fibre – one reported
by Henderson-Sapir et al. 61 where P1 power was held fixed at 2W and two reported
by Fortin et al. 60 where P1 power was set to 3.5W and 6.5W. The simulated fibre
properties were common to all three experiments while uncertain parameters, such as
losses at resonator mirrors, were treated as variables within reasonable uncertainties
that were estimated from literature. Approximately 5,000 simulations, submitted in
300 job arrays, were performed on supercomputers and analysed during candidature
to validate the model against these experiments.

In addition to predicting laser output power, the model also provides time-domain
information with high temporal resolution. The evolution of energy level populations
over time provides valuable insight into laser threshold conditions, the fast changes
that occur immediately following threshold, and steady state populations. This model
has become a valuable tool for optimising fibre laser design and performance.
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Numerical Modelling of 3.5 µm Dual-Wavelength
Pumped Erbium-Doped Mid-Infrared Fibre Lasers

Abstract

The performance of mid-infrared Er3+-doped fibre lasers has dramatically improved in
the last few years. In this paper we present a numerical model that provides valuable
insight into the dynamics of a dual-wavelength pumped fibre laser that can operate on
the 3.5 µm and 2.8 µm bands. This model is a much needed tool for optimising and un-
derstanding the performance of these laser systems. Comparisons between simulation
and experimental results for three different systems are presented.

I Introduction

New mid-infrared laser sources will enable significant advances in a wide range of appli-
cations including spectroscopy,3 remote sensing,29 non-invasive medical diagnosis,162

and defence countermeasure.25 The mid-infrared spectral range is of particular interest
in molecular spectroscopy,163 since strong absorption features of many molecules (in-
cluding hydrocarbons) are found there. The fundamental absorption lines for molecules
containing bonds between hydrogen and carbon, nitrogen or oxygen are located between
2.8 µm and 4 µm.163

Dual-wavelength pumping (DWP) of an Er3+-doped ZBLAN fluoride glass fibre
is an efficient method of enabling a 3.5 µm laser at room temperature. This method
takes advantage of long-lived excited states that cause bottlenecks which normally limit
laser performance.62 Recent work has demonstrated that emission between 3.3 µm and
3.8 µm can be achieved on the 4F9/2 → 4I9/2 transition when DWP is used.61

A numerical model has been developed to provide valuable insight into laser per-
formance, the significance of competing processes, and the interactions that occur at
the atomic and photonic level. The model can be used to analyse system design and
predict optimum fibre specifications.

Several numerical models have been developed to study lasers that operate on the
2.8 µm transition in Er3+-doped fibre lasers. Gorjan et al. 159 numerically investigated
the significance of interionic processes in Er3+-doped ZBLAN while Li et al. 157 numer-
ically optimised parameters such as doping concentration. We present a model that
has been developed and experimentally validated against three published DWP sys-
tems60–62 operating on the 3.5 µm transition. We discuss the factors that limit their
performance and methods of optimisation. The model can be adapted to any fibre

60



Published: Numerical Modelling of 3.5 µm Dual-Wavelength Pumped . . .

laser system.
The paper is organised as follows: Section II introduces the scientific and math-

ematical basis of the numerical model. Sections III and IV describe the validation
procedure for the model. In Section V we discuss the findings and potential optimisa-
tions. Finally, conclusions are presented in Section VI.

II Basis of numerical model

The energy level transitions in Er3+ that are associated with the DWP system are
illustrated in Figure 3.2.61,164 Most decay processes are omitted for brevity but would
simply be represented by arrows connecting each excited state to each level below it. A
comparison of conventional pumping (CP)64 and DWP62 techniques used to generate
3.5 µm lasing (L2) are included in the left of Figure 3.2. The CP technique pumps ions
from ground level 4I15/2 (1) directly to the upper laser level 4F9/2 (5) using one 655 nm
pump source (P655nm).

P655nm1

4I9/2

2

3
4

5

6
7

4I13/2

4I11/2

4F7/2

4F9/2

2H11/2,4S3/2

4I15/2

4F3/2,4F5/2

P1

P1

P1

P2

L2

L1 W2214

W3317

W6142

W5362

W2214

W3317

MP

MP

W5362
W6142

CP DWP

wasted
energy

Figure 3.2: The energy levels of erbium ions showing DWP transitions due to pump
absorption of the first (P1) and second (P2) pumps, 2.8 µm lasing (L1), 3.5 µm lasing
(L2), and energy transfer processes Wijkl. A comparison between conventional pump-
ing (CP) and dual-wavelength pumping (DWP) techniques is illustrated on the left.
Two important multi-phonon (MP) decay processes are illustrated while other decay
processes are omitted for brevity.

The DWP technique uses a pump source with a wavelength of 966 – 985 nm60,61 (P1)
to excite ions from the ground level 4I15/2 (1) to level 4I11/2 (3), and a pump source
with a wavelength of 1973 – 1976 nm60,61 (P2) to excite ions from levels 4I11/2 (3) to
4F9/2 (5). DWP takes advantage of the long lifetime of level 4I11/2 (3) which acts as an
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elevated “virtual” ground state and cycles ions between levels 4I11/2 (3) and 4F9/2 (5).
DWP significantly increases efficiency compared with CP since less energy is wasted
by decay from level 4I11/2 (3) back to the ground state. Low P2 powers enable lasing
at 2.8 µm (L1) on the 4I11/2 → 4I13/2 transition.

A numerical model, titled “Fibre Laser Atomic and Photonic Populations” (FLAPP),
was developed in MATLAB165 to solve the rate equations listed in Section ‘Rate equa-
tions’. This model is mathematically similar to that described by Gorjan et al. 159 .

1 2 3 n
Pump Laser

‘−’ direction ‘+’ direction

Figure 3.3: Numerical iteration of photon propagation in a fibre divided into n
length elements. Photons propagate in the ‘+’ or ‘−’ direction. ncore is the refractive
index of the fibre core and c0 is the speed of light in a vacuum. The time step ∆t
is defined as the time required for light to traverse a single fibre element of length
∆L = L

n .

This model solves the atomic and photonic populations at discrete sections of the
fibre. This is achieved by dividing the fibre into a number of length elements n as
illustrated in Figure 3.3. The rate equations are solved at each time step for each
length element using the fourth order Runge-Kutta (RK4) method. Time and space are
coupled such that the time step ∆t is defined as the time required for light to traverse
a single fibre element of length ∆L=L

n
.159 The photonic populations are shifted one

length element at each time step. At the fibre ends, these populations are reflected
from, or transmitted through, the resonator mirrors.

The model FLAPP is an enhancement of that developed by Gorjan et al. 159 because
it solves the rate equations for a single 2D population matrix that contains all popu-
lations of all fibre elements. This results in a significant reduction in computational
time. The model also uses 3D parameter matrices so that parameters may be varied
for multiple parallel simulations.

Pump absorption

The first pump has a wavelength between 966 nm60 and 985 nm62 depending on the
experiment and is labelled P1. This pump launches photons into either the core62 or the
inner cladding60,61 at one end of the fibre. The ions that absorb these pump photons
are excited from energy level 4I15/2 (1) to level 4I11/2 (3) by ground state absorption
(GSA).
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The second pump, P2, has a wavelength between 1973 nm62 and 1976 nm60 depend-
ing on the experiment and is launched into the fibre core. The ions in level 4I11/2 (3)
that absorb photons from the second pump are excited to level 4F9/2 (5). The model
allows for pumping from either end of the fibre or from both ends simultaneously.

There are two excited state absorption (ESA) processes associated with the first
pump – one from level 4I11/2 (3) to level 4F7/2 (7) and one from level 4I9/2 (4) to level
4F3/2 followed by fast multi-phonon decay to level 4F7/2 (7). The latter excited state
absorption is treated as a direct transition from levels 4I9/2 (4) to 4F7/2 (7) due to the
fast multi-phonon decay.

Relaxation

Each excited energy level has an intrinsic lifetime, τ , and relaxation rate, r=τ−1 which
includes radiative (fluorescence) and non-radiative multi-phonon (MP) decay. Relax-
ation from an upper level i to a lower level j has an associated branching ratio βij
where ∑i−1

j=1 βij=1. Then the relaxation rate rij from an upper level i to lower level j
is given by rij=βijri=βijτ−1

i .

Lasing

Pump absorption of P1 and P2 photons creates a population inversion between the 4I9/2

(4) and 4F9/2 (5) energy levels. Spontaneous emission (radiative decay) from level 4F9/2

(5) to level 4I9/2 (4) initiates lasing at a wavelength of 3.5 µm. Similarly, radiative decay
from level 4I11/2 (3) to level 4I13/2 (2) can initiate lasing at a wavelength of 2.8 µm.

The rate of spontaneous emission Rsp is proportional to the population of the upper
laser level Nupper. The rate of stimulated emission Rse is proportional to the laser
photon density Flaser multiplied by Nupper. Note that laser photons may be reabsorbed
by ions in the lower laser level Nlower, reducing the effective gain of stimulated emission.
The rate of absorption is proportional to Flaser and Nlower. The cross sections of these
transitions are elaborated in Section ‘Cross sections’.

Interionic processes

Energy transfer processes are non-radiative energy exchanges that occur between ions.
The significance of these interactions is often dependent on doping concentration156,166

which determines the mean spacing between ions and hence the probability of interac-
tions.

The relevant energy transfer process Wijkl describes the non-radiative energy ex-
change between two ions initially in levels i and j that transition to levels k and l. The
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energy transfer processes in Er3+-doped ZBLAN that have been published in literature
areW2214, W3317, W6142, andW5362.164,166 The rateWijkl is expressed in units of volume
per unit time.

Rate equations

The atomic and photonic rate equations are stated below with spatial and time depen-
dence omitted for brevity. A detailed explanation of each term follows.

The atomic rate equations are:

dN7

dt = −
6∑
i=1

r7iN7 +RP1abs37FP1 +RP1abs47FP1 +W3317N
2
3 (3.1)

dN6

dt = r76N7 −
5∑
i=1

r6iN6 −W6142N6N1 +W5362N5N3 (3.2)

dN5

dt =
7∑
i=6

ri5Ni −
4∑
i=1

r5iN5 +RP2abs35FP2 −RL2se54FL2 −W5362N5N3 (3.3)

dN4

dt =
7∑
i=5

ri4Ni −
3∑
i=1

r4iN4 −RP1abs47FP1 +RL2se54FL2 +W2214N
2
2 +W6142N6N1

(3.4)
dN3

dt =
7∑
i=4

ri3Ni −
2∑
i=1

r3iN3 +RP1abs13FP1 −RP1abs37FP1 −RP2abs35FP2

−RL1se32FL1 − 2W3317N
2
3 −W5362N5N3 (3.5)

dN2

dt =
7∑
i=3

ri2Ni − r21N2 +RL1se32FL1 − 2W2214N
2
2 +W6142N6N1 +W5362N5N3 (3.6)

dN1

dt =
7∑
i=2

ri1Ni −RP1abs13FP1 +W2214N
2
2 +W3317N

2
3 −W6142N6N1 (3.7)

Ncore =
7∑
i=1

Ni (3.8)

where Ni is the population density of ions in energy level i, Ncore is the doping density
of ions in the fibre core, F is the photonic population number density, and rij is the
intrinsic relaxation rate from level i to j. RPkabsij is the rate of pump absorption of
pump Pk with transitions from level i to j and RLkseij is the rate of stimulated emission
of laser Lk with transition from level i to j. Wikjl is the rate of interionic interactions
resulting in transitions from levels i and j to k and l.

The absorption and stimulated emission rates include the populations of the upper
and lower laser energy levels and the cross sections of transitions between them.
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RPkabsij = v
(
σPkabsijNi − σPkemji

Nj

)
(3.9)

RLkseij = vσLkseij

(
biNi −

gi
gj
bjNj

)
(3.10)

= v
(
σLkemij

Ni − σLkabsjiNj

)
(3.11)

where v= c0
ncore

is the speed of light inside the fibre, approximated to be constant for
pump and laser wavelengths. σPkabsij and σPkemji

are the effective cross sections of
absorption and emission of pump Pk for the transition between levels i and j. σLkseij is
the cross section of stimulated emission of laser Lk for the transition from level i to j.
σLkemij

and σLkabsji are the effective cross sections of emission and absorption of laser
Lk. bi and bj are the Boltzmann factors of the upper and lower laser sublevels i and j.
gi and gj are the degeneracies of the upper and lower laser sublevels.

For Er3+ ions, each energy level is split into (2J+1) /2 Stark levels, where J is the
total angular momentum quantum number, leaving Kramers degeneracy.167 Therefore,
the Stark levels in Er3+ (having odd number of electrons) have degeneracies gi=gj=2.156

Photonic population densities are calculated for propagation in each of the ‘+’ and
‘−’ directions illustrated in Figure 3.3. Note that we calculate the photonic populations
inside the core only since only these populations are available to interact with the
Er3+ ions. The mode fields extend outside the core for wavelengths that have fibre
V parameters smaller than 2.4 (see Section ‘Mode overlap’) such that only the single
transverse mode is guided. Therefore, we include a mode overlap factor Γ to correct
for rates of change of population density within the core.168

The photonic rate equations are:

dF±P1

dt = ΓP1 [−RP1abs13 −RP1abs37 −RP1abs47 ]F±P1 +RP1lossF
±
P1 (3.12)

dF±P2

dt = ΓP2

[
−RP2abs35F

±
P2

]
+RP2lossF

±
P2 (3.13)

dF±L1

dt = ΓL1

[
RL1se32F

±
L1 +RL1sp32

]
+RL1lossF

±
L1 (3.14)

dF±L2

dt = ΓL2

[
RL2se54F

±
L2 +RL2sp54

]
+RL2lossF

±
L2 (3.15)

where F± is the density of pump Pk of laser Lk photons propagating in the ‘±’ direction
and Γ is the mode overlap factor of the photon field as defined in Section ‘Mode
overlap’. RLkloss and RPkloss are the loss rates of laser and pump photons. RLkspij is the
spontaneous emission rate of laser Lk photons from level i to j.
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The rate term for spontaneous emission is given by

RLkspij = faccept

2 fradrijNi (3.16)

where faccept is the probability of acceptance of a spontaneously emitted photon being
trapped in the fibre in either direction of propagation, and frad is the probability that
the relaxation is radiative.

Cross sections

For two nondegenerate states of manifold sublevels i and j, the emission and absorption
cross sections will be equal, i.e., σij=σji.169 In the case of rare earth ions doped into a
host, any ‘level’ is actually a manifold of sublevels and a transition of energy separation
hν can occur between multiple pairs of sublevels. The energy of each sublevel is slightly
dependent on the host because variations in the local electric fields cause Stark shifts.
The inhomogeneous nature of glass hosts means that effective sublevel energy positions
are blurred rather than discrete.

The populations of each sublevel is dependent on thermal distribution and can be
estimated by multiplication of the total level population by the Boltzmann factor of the
sublevel. Therefore, a cross section must be defined at a particular frequency within the
spectral bandwidth of the transition. A cross section derived from experimental mea-
surement of absorption or emission spectra is an effective cross section, i.e., inclusive
of the sublevel Boltzmann factor, at a given temperature.

Measured energy level positions and Stark splitting of Er3+ at 13K are provided by
Huang et al. 167 in units of cm−1. We use this data and the McCumber relation170 to
calculate effective emission cross sections from absorption cross sections and vice versa.
The McCumber relation considers that the population of each sublevel is determined
by the Boltzmann population distribution and is expressed as follows:

σem (ν)
σabs (ν) = Z1

Z2
exp

(
Ezl − hν
kT

)
= exp

(
ε− hν
kT

)
(3.17)

where σem and σabs are the cross sections of emission and absorption at frequency
ν for the transition between a lower energy level 1 and an upper energy level 2.
Zi=

∑
j exp

(
−Ej
kT

)
are the partition functions of the lower and upper energy levels that

each form manifolds of sublevel energies Ej, k is the Boltzmann constant, and T is
the temperature, assumed to be 300K. Ezl is the zero-line energy difference between
levels 1 and 2, defined to be the energy separation between the lowest sublevels of
the two manifolds, and hν is the photon energy. Letting Z1

Z2
exp

(
Ezl
kT

)
= exp

(
ε
kT

)
in

Equation 3.17, where ε is a constant, shows that σem and σabs are equal at only one
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frequency ν.

Mode overlap

A Gaussian intensity profile is a good approximation for a single mode field inside a
step index fibre.168 The intensity of each mode has a central peak and tends to zero
away from longitudinal axis of the fibre. We define the mode overlap Γ at any given
wavelength as the fraction of the power in the mode that overlaps the core. Only the
overlapped portion of the mode is available to interact with the Er3+ ions. The entire
mode, however, will be affected by gain or loss as a result of these interactions.

To estimate the mode overlap Γ of single mode operation, we take the approach
of calculating the fraction of power transmitted through a circular aperture of radius
equal to the fibre core radius a. This applies to the case of a lowest order mode only,
which is well approximated by a Gaussian beam.

The intensity I of a Gaussian beam inside the fibre at a distance r from the longitu-
dinal axis may be derived from the equation for the complex wave amplitude ũ (x, y, z)
given by Siegman.169 Intensity is given by I(r)=I0 exp

(
−2 r2

w2

)
where w is the mode

field radius. Then, using integration by substitution, we can calculate the mode overlap
factor Γ as the ratio of power inside the core Pcore of radius a to total power in the
mode Pmode.

Γ = Pcore

Pmode
=
∫ 2π

0
∫ a

0 I(r)rdrdφ∫ 2π
0
∫∞

0 I(r)rdrdφ
= 1− exp

(
−2 a

2

w2

)
(3.18)

The mode field radius (or spot size) w for step index, single-mode fibres is estimated
by the Marcuse empirical formula:171

w ≈ a
(

0.65 + 1.619
V 3/2 + 2.879

V 6

)
(3.19)

where V is a parameter for step-index fibres defined by V=2π
λ
a (NA) and NA is the

numerical aperture.
The mode overlap Γ of a highly multi-mode beam, such as the clad pumping of a

double clad fibre, is estimated to be the ratio Acore/Aclad, where Acore and Aclad are the
cross sectional areas of the core and clad and Aclad includes the area of the core.

The relation between the photon density inside the core F to total power in the
mode Pmode is given by

F (ν) = Īcore (ν)ncore (ν)
hνc0

= Γ (ν) Pmode (ν)ncore (ν)
Ahνc0

(3.20)

where ν is the photon frequency, A is the cross sectional area of the core, and Īcore=Pcore
A

67



Chapter 3. Modelling Fibre Lasers

is the mean intensity inside the core in the transverse plane, i.e., the transverse intensity
profile inside the core is assumed to be uniform.

Any change in photon population is distributed throughout the mode which extends
beyond the fibre core. The mode overlap factor is implemented in the photonic rate
equations to convert from rates of change of photon population in the mode Fmode to
rates of change of photon population inside the fibre core F .

dF

dt
≈ ∆F

∆t
= Γ

∆Fmode

∆t
(3.21)

Loss rate

The loss rate is calculated from an internal loss coefficient that arises from scatter
and absorption of pump and laser photons due to the glass host. This loss rate does
not include transmission losses through resonator mirrors. The loss of laser photons is
given by:

(φ (z))loss = φ0 exp (−αz) (3.22)

where φ (z) is the number of photons (proportional to power) at distance z along the
fibre propagating in either direction, φ0 is the number of photons at z=0, and α is the
measured internal loss coefficient, assumed to be constant along the length of the fibre.
Therefore, the loss over a single fibre element length ∆L in time step ∆t is

(
∆φ

∆t

)
loss
≈ exp (−α∆L)− 1

∆t
φ0 (3.23)

The rates of internal loss Rloss from the photonic rate Equations 3.14 and 3.15 at
each wavelength λ are given by

(
dF
dt

)
loss

= Rloss ≈
exp (−α∆L)− 1

∆t
(3.24)

Two types of resonator mirror losses are also implemented in the model. The first
is a scattering loss that reduces transmission without affecting reflection. The second
is a reflection efficiency that reduces the effective mirror reflectivity without affecting
transmission.
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III Simulation parameters

The model, FLAPP, was tested on three experiments published in literature with their
respective properties listed in Table 3.1. The first experiment (H2014)62 used a sin-
gle clad fibre manufactured by IR-Photonics (IRP). The second (H2016)61 and third
(F2016)60 experiments used the same design double clad fibre manufactured by Le Verre
Fluoré (LVF) that had a lower doping. The first pump was launched into the inner
cladding and the second pump was launched into the core. This double clad fibre
has a circular inner cladding (diameter 260 µm) with two parallel flats (separated by
240 µm). The second experiment used discrete highly reflective (HR) and output cou-
pler (OC) mirrors butt-coupled to the fibre whereas the third experiment used an all
fibre geometry including a fibre Bragg grating (FBG), written directly into the fibre,
as the output coupler.

Table 3.1: Experimental properties.

Property H201462 H201661 F201660 Unit

Manufacturer IRP LVF LVF
Cladding single double double
Er3+ 1.7 1.0 1.0 mol.%
a 5.25 8.25 8.25 µm

NA(core) 0.150 0.125 0.125
L 0.18 2.80 4.30 m

ROC(3.5 µm) 90 80 55 %
OC type mirror mirror FBG

RHR(3.5 µm) 99 99 90 %
HR type mirror mirror mirror
P1 power 0.194 2.0 6.5, 3.5 W

P1 pumping core clad clad
λP1 985 977 966-974 nm
λP2 1973 1973 1976 nm

Tables 3.2, 3.3, and 3.4 list the simulation parameters that were sourced and cal-
culated from multiple references, including Refs. 156,159,161,167,172–176. Parameters
found to be in good agreement with multiple independent sources were held fixed in
the simulations. Such parameters include the absorption cross section of P1, stimu-
lated emission cross section of L1, mirror reflectivities at each wavelength, and intrinsic
lifetimes of levels 4I13/2 (2) and 4I11/2 (3). Parameters with larger uncertainties were al-
tered independently, within their stated uncertainties, to test their significance. These
parameters were likely to affect final results significantly if varied by 25% or so from
measured or published values. Such parameters include absorption cross section of
pump P2, stimulated emission cross section of the 3.5 µm laser transition, the cross
relaxation parameter W5362, and lifetimes of levels 4I9/2 (4) and 4F9/2 (5).
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Table 3.2: Simulation parameters of pumps and lasers.

Property H201462 H201661 F201660 Unit Ref.

λP1 985 977 968 nm
λP2 1973 1973 1976 nm

σP1abs13 9.30 19.5 8.56 10−26 m2 173
σP1abs37 2.00 9.30 30.7 10−26 m2 173
σP1abs47 25.5 13.5 2.10 10−26 m2 173
σP2abs35 30.0 30.0 30.0 10−26 m2 161
σP1em31 11.5 16.1 4.45 10−26 m2 167,173
σP1em73 6.75 21.1 44.0 10−26 m2 167,173
σP1em74 47.8 17.4 1.70 10−26 m2 167,173
σP2em53 36.1 36.1 37.5 10−26 m2 161,167
λL1 2800 2800 2800 nm
λL2 3470 3470 3440 nm

σL1em32 45.0 45.0 45.0 10−26 m2 176
σL2em54 12.0 12.0 10.8 10−26 m2 64,161
b2 0.210 0.210 0.210 167
b3 0.350 0.350 0.350 167
b4 0.575 0.575 0.427 167
b5 0.435 0.435 0.308 167

ROC (3.5 µm) 87 58 55 %
RHR (3.5 µm) 99 99 86 %
α (3.5 µm) 0.060 0.035 0.035 m−1
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Figure 3.4: Stark splitting in Er3+-doped ZBLAN and predicted laser transitions
of lasers developed by Henderson-Sapir et al. 61,62 (3470 nm) and Fortin et al. 60
(3440 nm). Each arrow connects a pair of Stark levels that correspond to the pre-
dicted transitions of the associated wavelengths. The energy data was sourced from
Ref. 167 and the assignment order of Stark levels was sourced from Ref. 177.

The emission cross sections, σP1em and σP2em, of the first and second pumps were cal-
culated from absorption measurements161 using McCumber theory. The effective stim-
ulated emission cross section σL2em of the 3.5 µm laser was estimated using the 3.5 µm
fluorescence spectrum given by Többen64 and the Füchtbauer-Ladenburg equation.161

The 3.5 µm laser transitions, predicted from measured Stark split energy levels,167 is
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shown in Figure 3.4. The Boltzmann factors bi of the Stark split upper and lower
energy levels were calculated using the partition function Z of each level as follows:

bi =
exp

(
−Ei
kT

)
Z

=
exp

(
−Ei
kT

)
∑
i exp

(
−Ei
kT

) (3.25)

where k is the Boltzmann constant and T is the temperature, assumed to be 300K.
The Boltzmann factors bi were then summed for each predicted laser transition for
each level.

The simulation reflectivities of the butt-coupled mirrors are lower than their speci-
fied values since the light is incident from a ZBLAN fibre (refractive index ncore=1.48)
rather than from air. The dielectric coatings of the mirrors used in experiments H201462

and H201661 is proprietary information and, therefore, we had to make our own pre-
dictions about their composition and number of layers. We also performed 0° reflec-
tivity measurements on the 90% and 80% output couplers that resulted in 90±1%
and 75±1% respectively. The simulation reflectivities were calibrated to give good
agreement with the slope efficiencies of experimental data.

The intrinsic lifetimes τi and branching ratios βij in Er3+-doped ZBLAN that were
used in each simulation are listed in Table 3.3.

Table 3.3: Spectroscopic parameters of Er3+.

Parameters Value Source

τ2 9.9ms 174
τ3 7.9ms 174
τ4 8.0 µs 174
τ5 177 µs 174
τ6 530 µs 174
τ7 5.0 µs 178
β21 1 174

β32, β31 0.182, 0.818 174
β43, β41 0.999, 0.001 174

β54, β53, β52, β51 0.808, 0.008, 0.009, 0.175 174
β65, β64, β63, β62, β61 0.285, 0.029, 0.014, 0.193, 0.479 174

β76, β71 0.990, 0.010 178

The interionic parameters used in the simulations are listed in Table 3.4 and are
consistent with the weakly interacting regime in recent literature.156,159,164 Interionic
processes in Er3+-doped ZBLAN fibres are currently not fully understood and a future
direct measurement of their strength in fibres (compared with bulk glass) would be
beneficial. There are discrepancies in literature regarding the rate values of the sig-
nificant processes and their dependence on doping concentration, particularly between
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bulk glass and fibre.156,159,166,174 ZBLAN composition and quality of fibre draw may
vary between suppliers and draws. This variation may result in different distributions
of Er3+-ions179 which affect the rates at which interionic processes occur.

Table 3.4: Simulation parameters of interionic processes.

Parameters Value (10−24 m3 s−1) Ref.

W2214 0.40 156,164
W3317 0.08 156,164
W6142 0.10 156,164
W5362 17.0 164

The upper and lower energy levels of the 3.5 µm laser transition are highly populated
in the DWP system compared with the more common singly pumped 2.8 µm Er3+-
doped ZBLAN fibre laser. The work of Bogdanov174 shows that further processes,
including reverse processes, are possible. These processes could have a greater affect
on the 3.5 µm DWP system than the 2.8 µm fibre laser. One example of such a process
isW3251

174 that would transfer ions from the virtual ground state 4I11/2 (3) to the upper
laser level 4F9/2 (5). This process was not included in the model since, to the best of
our knowledge, no direct measurement of its value has been made.

IV Model validation

We identified a list of parameters that were either measured directly or published in
literature and held those parameters fixed in simulations. We then varied the remaining
variable parameters slightly, within their published uncertainties or our estimate of
their bounds, until we found a cohesive set of parameters that gave good agreement
with experimental results. These values were therefore maintained for the three systems
H2014,62 H2016,61 and F2016.60

Steady state results gave excellent agreement between the cases where both pumps
were switched on simultaneously and where P1 was switched on 20ms prior to P2.
Therefore, we switched both pumps on simultaneously for all presented simulations.
The number of fibre elements n chosen for each system was determined by finding
the minimum n such that the variation between successive simulations was negligible.
These were nH2014=10, nH2016=28, and nF2016=43.

Time domain – H201462

In this section, we study the time evolution of the atomic populations and intracavity
laser power. We also show that 20ms is sufficient time to reach steady state. In each
of the following two examples, the power of pump P1 is held fixed at 194mW.
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Figure 3.5: Modelled atomic populations of experiment H2014 by Henderson-Sapir
et al. 62 . The populations are calculated midway along the fibre in the case where
pump P1 operates at 194mW and P2 operates at 2W CW. The intracavity 3.47 µm
laser power propagating in the ‘+’ direction is plotted against the right axis.

In Figure 3.5 the atomic populations in the middle fibre element are shown (left axis)
as these approximate the mean population along the fibre. The intracavity 3.47 µm
laser power midway along the fibre, propagating in the ‘+’ direction, is also shown
(right axis). Pump P2 operates at 2W CW.

The threshold condition for lasing is reached at around 1ms, after which the laser
power increases rapidly over the following 4ms. When threshold is reached, the pop-
ulation in level 4F9/2 (5) remains fairly constant beyond 1ms. A large population is
bottlenecked in level 4I13/2 (2) due to its relatively long intrinsic lifetime of τ2=9.9 ms.
Therefore steady state for this system is reached at around 20ms, making 20ms dura-
tion simulations sufficient for steady state analysis.

Intracavity laser power immediately after threshold is illustrated in Figure 3.6. For
both laser transitions, the well known relaxation oscillations169 are observed. The re-
laxation oscillations are stronger on the 2.8 µm laser emission than the 3.5 µm emission
due to the higher stimulated emission cross section on the 2.8 µm transition. This
means that 3.5 µm transition relaxation oscillations have a lower frequency and damp
out prior to full power being reached. The figure also illustrates that the 2.8 µm laser
operates at low power (20mW intracavity power) and is gradually suppressed by the
build-up of ions in its lower lasing level 4I13/2 (2).

Lasing occurs at 2.8 µm on the 4I11/2 → 4I13/2 transition when pump P1 is fixed at
194mW and the power of P2 is low. An interesting experimental observation occurs
whilst pulsing P2 at low power in which lasers pulse alternately between wavelengths
of 3.47 µm and 2.8 µm. Our simulations have reproduced this behaviour as illustrated
in Figure 3.7. This figure shows the modelled intracavity laser power when pump P2
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Figure 3.6: Modelled intracavity laser power of experiment H2014 by Henderson-
Sapir et al. 62 immediately after threshold of the 2.8 µm and 3.47 µm lasers. The
power is calculated midway along the fibre in the case where pump P1 operates at
194mW and P2 operates at 2W CW. The figure illustrates oscillatory behaviour at
each laser wavelength immediately after threshold. The powers plotted are for lasers
propagating in the ‘+’ direction only.

Figure 3.7: Modelled intracavity laser power of experiment H2014 by Henderson-
Sapir et al. 62,180 in low power pulsed operation. The power is calculated midway
along the fibre over a 10ms simulation. Pump P2 operates at 200mW with 300 µs
pulses at a repetition rate of 1 kHz. Lasers pulse alternately between wavelengths of
2.8 µm and 3.47 µm.

is pulsed at low power (200mW peak) with 300 µs pulses at a repetition rate of 1 kHz.
For this phenomenon to be observed, the power of P2 needs to be low enough to retain
a sufficient population in the 4I11/2 (3) level between pulses to enable lasing at 2.8 µm.
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Laser output power – H201462

The model calculates pump and laser transmission in both the ‘+’ and ‘−’ directions
since both resonator mirrors are partially transmissive at each of the pump and laser
wavelengths. In all of our simulations, the pumps are launched into the ‘−’ end of
the fibre and the output coupler is located at the ‘+’ end of the fibre. Therefore, all
transmission results that follow are transmissions in the ‘+’ direction.

Figure 3.8: Modelled 3.47 µm laser output power of experiment H2014 by Henderson-
Sapir et al. 62 for CW and pulsed operation.

Modelled 3.47 µm laser output power of experiment H2014 as a function of inci-
dent P2 power is presented in Figure 3.8. The plot shows reasonable agreement between
modelled and experimental data for both CW and pulsed operation.180 The modelled
threshold power matches experiment well at just above 100mW. Modelled slope effi-
ciencies and the non-linear power saturations are also closely matched to experiment.

When pulsed, the 1973 nm pump operated at a frequency of 1 kHz and a duty
cycle of 30%. The experimental pulse power was determined by dividing the average
transmitted power (detected by a slow thermopile) by the duty cycle of the pulse (0.3
in this case).

The model predicts a higher saturation level than seen in experiment. This may be
explained by a slight misalignment of the fibre that develops at the pump input end
due to thermal expansion against the butt-coupled HR mirror. The fibre tip, initially
heated by P1 core pumping, expands further with increasing P2 power since scattered
pump light that is not launched into the core is absorbed by the fibre coating. The
misalignment results in saturation of laser power.
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Pump transmission – H201462

Modelled CW pump transmission of experiment H2014 is presented in Figure 3.9.
Transmission of both pumps P1 and P2 are shown. The plot shows good agreement
between modelled and experimental data for both pumps. Nearly all of the P1 power is
absorbed before reaching the output coupler. The transmission of pump P2 is depen-
dent upon populations in levels 4I11/2 (3) and 4F9/2 (5) as well as pump absorption and
emission cross sections (see Equation 3.9). The calculated populations in levels 4I11/2

(3) and 4F9/2 (5) are dependent on parameters that have considerable uncertainties
including launch efficiency, the cross relaxation rate W5362, and the lifetimes of the
3.5 µm laser levels 4F9/2 (5) and 4I9/2 (4).

Figure 3.9: Modelled CW pump transmission of experiment H2014 by Henderson-
Sapir et al. 62 for the 985 nm (P1) and 1973 nm (P2) pumps. The incident power of
P1 was held fixed at 194mW while the incident power of P2 was varied.

Laser output power – H201661 and F201660

Modelled 3.5 µm laser output powers of experiments H2016 and F2016 are presented
in Figure 3.10. The plot shows good agreement between modelled and experimental
data for each simulation. In each simulation, the power of P1 is held fixed and the
power of P2 is incremented by 500mW from 0W to near the maximum power used in
experiment.

The H2016 experiment is plotted against incident pump power. The modelled
launch efficiencies of pumps P1 and P2 were 90% and 86% respectively. The F2016
experiments are plotted against launched pump power by setting the launch efficiency
of P1 to 100%. However, the launch efficiency of P2 was set to 72% to match the slope
efficiency of experimental data. The modelled wavelength of P1 in experiment F2016
was 968 nm which gave good agreement with the power saturation of ‘F3.5’.

76



Published: Numerical Modelling of 3.5 µm Dual-Wavelength Pumped . . .

Figure 3.10: Modelled 3.5 µm laser output powers of experiments H2016 by
Henderson-Sapir et al. 61 and F2016 by Fortin et al. 60 . ‘H2.0’ refers to the exper-
iment H2016 in which P1 operated at 2.0W. ‘F6.5’ and ‘F3.5’ refer to experiments
F2016 in which P1 operated at 6.5W and 3.5W respectively.

V Discussion

Experiment H2014 by Henderson-Sapir et al. 62

Modelled populations as functions of incident P2 power are presented in Figure 3.11.
These populations are averaged over the length of the fibre once steady state has been
reached. The 3.47 µm laser output power is also overplotted against the right axis to
show the relation between laser output power and steady state populations.

Figure 3.11: Modelled populations of experiment H2014 by Henderson-Sapir et al. 62
as a function of P2 pump power. The populations are averaged over the length of
the fibre at the end of a 20ms simulation. The 3.47 µm laser output power is plotted
against the right axis to show the relation between laser output power and steady
state populations.

77



Chapter 3. Modelling Fibre Lasers

Below threshold, the population of the 4I11/2 (3) level decreases significantly with
increasing P2 power as its population is pumped to the upper laser level 4F9/2 (5).
This decrease is closely followed by a decrease in the population of level 4I13/2 (2), as
relaxation from the depleting 4I11/2 (3) level is reduced. The population of the ground
state increases as ions are effectively returned to the ground state. This is most likely
due to ions in the now populated upper laser level 4F9/2 (5) returning to the ground
state by radiative decay r51=989 s−1. Another likely path is cross relaxation W5362 up
to level 4S3/2 (6) followed by decay to the ground state, either directly (r61=904 s−1)
or via level 4I13/2 (2) (r62=364 s−1). This cross relaxation process becomes significant
as the population of the 4F9/2 (5) level increases.

Once threshold is achieved, the population of the 4F9/2 (5) level is almost clamped
due to gain saturation. Perfect clamping is not achieved due to the accumulation
of ions in the lower laser level 4I9/2 (4). Further increases in the rate of stimulated
emission cause this lower lasing state population to gradually increase. This forces the
population in level 4F9/2 (5) to slightly increase so that threshold round trip gain is
maintained. Lasing causes a significant increase in the transfer rate of ions from the
4I9/2 (4) state to the 4I11/2 (3) state, thereby limiting the effect on depopulation of this
level by P2 pumping.

The non-linear behaviour seen in Figures 3.8 and 3.11 at P2 powers greater than
1W can be explained by power saturation due to the limited supply of ions in level
4I11/2 (3) available for pumping to the upper laser level 4F9/2 (5). Further evidence of
this is the increase in relative P2 transmission seen in Figure 3.9 above 1W.

The gain medium becomes transparent to the P2 pump when the population of
level 4I11/2 (3) is 20% higher than the population of level 4F9/2 (5). This is calculated
based on the effective P2 emission cross section that was calculated from the effective
pump absorption cross section using McCumber theory. In Figure 3.11, the ratio of
populations in levels 4I11/2 (3) to 4F9/2 (5) is 1.75 when the incident P2 power is 2.8W.
This occurs because the population of the 4I11/2 (3) level decreases and the population
of the 4F9/2 (5) level increases due to bottlenecking of population in the 4I9/2 (4) as
mentioned earlier. The population of the 4I11/2 (3) level is reduced in two ways. Firstly,
more ions are stored in the two levels above it. Secondly, the increase in level 4F9/2 (5)
increases the number of ions that escape the cycle between the virtual ground state
4I11/2 (3) and upper laser level 4F9/2 (5). This is because the spontaneous emission rate
from the 4F9/2 (5) level to the ground state is nine times higher than decay from the
4I11/2 (3) level. The cross relaxation process W5362 increases this further.
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Parameter significance

In this section we investigate the impact of changes in the lower laser level 4I9/2 (4)
lifetime and the energy exchange processW5362. The benchmark values are those listed
in Tables 3.3 and 3.4. The steady state 3.47 µm output power as a function of incident
P2 pump power is presented in Figure 3.12 for a variety of lower laser state lifetimes
and W5362 values. In each case, the fibre is pumped by CW pump sources.

The intrinsic lifetime of the lower laser level is reduced by factors of two and ten from
the benchmark value τ4=8.0 µs. The results clearly show that a dominant limitation
on laser performance is the bottlenecking of ions in the lower laser level 4I9/2 (4) since
the power saturation is removed when the lifetime of this state is reduced by a factor
of 10. Ions that accumulate in this lower laser level 4I9/2 (4) are delayed in their return
to the virtual ground state 4I11/2 (3) and limit the potential rate of P2 absorption.
The population of ions in level 4I9/2 (4) are available to absorb photons of the 3.5 µm
transition and reduce the net rate of laser photon generation.

Figure 3.12: Modelled CW 3.47 µm laser output powers as functions of P2 pump
power based on variations of experiment H2014 by Henderson-Sapir et al. 62 . The
intrinsic lifetime τ4 of the lower laser level 4I9/2 (4) and the cross relaxation parameter
W5362 are reduced by factors of 2 and 10 separately.

The cross relaxation parameter W5362 is reduced by factors of two and ten from
the benchmark value W5362=17.0×10−24 m3s−1.164 The rate at which these interionic
interactions occur is proportional to the populations in levels 4I11/2 (3) and 4F9/2 (5).
This interionic process limits the laser performance by depleting ions from the virtual
ground level 4I11/2 (3) as well as the upper laser level 4F9/2 (5) which reduces stimu-
lated emission and pump absorption. The plot of the reduced W5362=1.7×10−24 m3s−1

illustrates the negative effect this parameter has on laser performance by reducing
slope efficiency and increasing power saturation. It is worth noting that significantly
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reducing this parameter does not remove the power saturation completely as this is
dominated by the lower lasing state lifetime. The effect of this energy transfer also
reduces significantly when double clad fibres and lower doping densities are used as
described below.

To understand what processes are important in governing the performance of the
DWP laser, we calculated the transition rates as functions of incident P2 pump power.
The most significant transition rates are averaged over the length of the fibre and
plotted in Figure 3.13. The most significant transition is from levels 4I11/2 (3) to 4F9/2

(5) by P2 pump absorption. The non-linearity of this pump absorption, as well as
stimulated emission, illustrates power saturation due to depletion of ions in level 4I11/2

(3) as discussed earlier. The population of the lower laser level 4I9/2 (4) is fed mainly
by stimulated emission and non-radiative transitions from the 4F9/2 (5) level and hence
the rate of decay from this state grows with the power of the second pump.

Figure 3.13: Modelled transition rates of experiment H2014 by Henderson-Sapir
et al. 62 . Rates are averaged over the length of the fibre and plotted as functions of
incident P2 pump power. The transitions are pump absorption of P1 and P2 (P1
GSA and P2 ESA), stimulated emission (SE) of the 3.5 µm laser, the cross relaxation
process W5362, and the decay rates from the lower (4) and upper (5) laser levels.

The variations in the transition rates as functions of incident P2 pump power around
threshold are plotted in Figure 3.14. Below threshold, approximately 18% of ions in
the upper laser level 4F9/2 (5) decay to the ground state, exiting the second pump
cycle. Beyond threshold of the 3.47 µm laser, stimulated emission increases sharply
and causes a faster return of ions to the 4I11/2 (3) level.

At P2 power levels below 70mW the rate of stimulated emission due to the 2.8 µm
laser transition is more significant than W5362. Above 70mW, the 2.8 µm laser is sup-
pressed by absorption of the P2 pump and its subsequent reduction of the 4I11/2 (3)
population. The rate in which ions leave level 4F9/2 (5) by the energy transfer process
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Figure 3.14: Modelled transition rates of experiment H2014 by Henderson-Sapir
et al. 62 around threshold. The rates are averaged over the length of the fibre and
plotted as functions of incident P2 pump power. The transitions are pump absorption
P1 and P2 (P1 GSA and P2 ESA), stimulated emission (SE) of the 2.8 µm and 3.5 µm
lasers, the cross relaxation process W5362, and the decay rates of the lower (4) and
upper (5) laser levels.

W5362 rises until threshold is reached at which point it flattens considerably. The rate
in which ions are excited by P2 shows signs of initial saturation until the threshold of
the 3.47 µm laser is reached and then it resumes its linear increase.

Experiments H2016 by Henderson-Sapir et al. 61 and F2016 by Fortin et al. 60

The simulations F6.5 and F3.5 presented in Figure 3.10 are particularly sensitive to the
wavelength of P1 due to steep variation in ground state absorption between 965 nm and
972 nm.173 The P1 source used in these experiments was a 974 nm laser diode, however
the actual wavelength of operation was stated to be “closer to 966 nm at the low power
range used in these experiments”.60 The wavelength 968 nm provided the best fit to
experimental data. This wavelength also corresponds to the peak of the excited state
absorption for the 4I11/2 → 4F7/2 transition. The rate of excited state absorption in
the H2.0 simulation is more sensitive to variations in wavelength since at 977 nm the
change in cross section with wavelength is significant.

Modelled transition rates of experiment H201661 as functions of incident P2 pump
power is plotted in Figure 3.15. The rates of stimulated emission and P2 absorption
are closer to linearity compared with those of the shorter 18 cm core-pumped fibre in
experiment H2014.62 This is due to the longer interaction length of this 2.8m fibre and
the lower power density of P1 in the core which prevents bleaching of the 4I11/2 (3)
level.

The modelled laser output power as a function of fibre length for fixed powers
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Figure 3.15: Modelled transition rates of experiment H2016 by Henderson-Sapir
et al. 61 . The rates are averaged over the length of the fibre and plotted as functions
of incident P2 pump power. The transitions are pump absorption of P1 and P2 (P1
GSA and P2 ESA), stimulated emission (SE) of the 3.5 µm laser, the cross relaxation
process W5362, and the decay rates of the lower (4) and upper (5) laser levels.

of both P1 and P2 is presented in Figure 3.16. The model predicts an optimal fibre
length of 3.4m for the H201661 H2.0 system when the second pump operates at 4W.
Laser power decreases sharply below 2.6m interaction lengths and decreases moderately
above 3.6m. An optimal fibre length of 2.5m is predicted for the F201660 F6.5 system
when the second pump operates at 9W. This implies a potential increase in laser power
of 10% compared with the experimental fibre length of 4.3m.

Figure 3.16: Modelled laser output power as function of fibre length based on
parameters from experiments H2016 by Henderson-Sapir et al. 61 (H2.0) and F2016
by Fortin et al. 60 (F6.5). The H2.0 simulation had P2 power fixed at 4W and the
F6.5 simulation had P2 power fixed at 9W.

Modelled laser output power as a function of output coupler reflectivity for fixed
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powers of P2 is presented in Figure 3.17. The plot shows how optimum output coupler
reflectivity decreases with increasing power of the second pump. An optimal reflectivity
of 74% is predicted for the H2.061 system when the second pump operates at 4W and
76% reflectivity at 2W. An optimal reflectivity of 24% is predicted for the F6.560

system when the second pump operates at 9W. This implies a potential increase in
laser power of 22% compared with the experimental output coupler reflectivity of 55%.

Figure 3.17: Modelled laser output power as a function of output coupler reflectivity
based on parameters from experiments H2016 by Henderson-Sapir et al. 61 (H2.0) and
F2016 by Fortin et al. 60 (F6.5). The H2.0 simulation had the power of P2 fixed at 4,
3, and 2W. The F6.5 simulation had the power of P2 fixed at 9, 7, and 5W.

VI Conclusions

An extensive numerical model of DWP 3.5 µm Er3+-doped fibre lasers has been pre-
sented and validated against results from three published experiments. The model
provides valuable insight into atomic and photonic interactions in both time and po-
sition along the fibre and enables the optimisation of parameters such as fibre length,
output coupler reflectivity, doping concentration, and pump wavelengths. The model
may be extended to other dopant ions and fibres.

The limitations on DWP laser performance include the accumulation of ions in the
lower laser level and the escape of ions from the second pump cycle. The dominant
escape processes are the decay from the upper laser level to ground state and, in high
Er3+-doping concentrations, the cross relaxation process W5362.

Future work includes FLAPP upgrade to account for laser wavelength shifting with
second pump power and investigation into interionic processes by further modelling.
Better understanding of interionic processes would enable us to improve optimisation
of doping and potential co-doping concentrations. We also intend to optimise the
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wavelength of the first pump for laser power and slope efficiency to achieve the optimum
balance of ground and excited state absorptions.
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3.4 Excited state absorption of the second pump

Excited state absorption of the second pump P2, when operated at a wavelength of
1976 nm, was reported by Maes et al. 66 after the article181 presented in this Chapter
was published. This ESA is a transition from the upper laser level 4F9/2 to the 4F7/2

level, depleting the upper laser level population and providing an additional path that
escapes the main pump cycle.

Although the absorption cross section of the 4F9/2 → 4F7/2 transition was estimated
to be only ∼2.3 % of the cross section for the 4I11/2 → 4F9/2 transition, the authors
claim that this ESA is significant enough to completely quench 3.4 µm laser emission
when P1 power is low and P2 power is high. This is explained by bleaching of the
virtual ground state 4I11/2 by P2 and, consequently, a significant population in the
upper laser level 4F9/2 available for second ESA. The second ESA of P2 would provide
another mechanism for ions to exit the lasing cycle. Ions in the 4F7/2 state (lifetime
τ7=5 µs) quickly relax into the thermally coupled 2H11/2 and 4S3/2 levels. According to
reported branching ratios,174 67% of these ions escape the P2 cycle by decaying into
the 4I15/2 and 4I13/2 levels.

However, the strong quenching effect reported by Maes et al. 66 appears inconsistent
with experimental results reported earlier by Fortin et al. 60 which show no evidence
of laser quenching at similar powers of P1 and P2. This may be partially attributed to
the higher slope efficiency reported by Maes et al. 66 (29%) when compared with the
experiment reported by Fortin et al. 60 (19%).

The possibility of second ESA of P2 was proposed earlier by the author of this thesis
in his Honours thesis (not published) following analysis of Stark split energy levels in
Er3+-doped ZBLAN glass.160 The fluorozirconate glass reported by Maes et al. 66 was
Er3+:ZrF4 and no Stark level analysis of this glass has been reported in literature. The
following analysis for second ESA of P2 is based on Er3+-doped ZBLAN glass and,
therefore, some shifting of Stark levels relative to the fluorozirconate glass reported by
Maes et al. 66 can be expected.

Figure 3.18 represents the possible energy transitions between Stark split levels of
Er3+-doped ZBLAN glass when the P2 wavelength is 1976 nm (or photon energy is
5061 cm−1). The Stark split energy positions were measured in Er3+-doped ZBLAN
glass at 13K by Huang et al. 167 . The width of each energy level, as well its position,
determines the range of possible photon energies that can be absorbed between any
Stark level pair. There are seven possible ESA transitions (ESA1) between the virtual
ground state 4I11/2 and the upper laser level 4F9/2 and one possible transition (ESA2)
between the 4F9/2 and 4F7/2 states.
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Figure 3.18: Excited state absorption transitions between Stark split energy levels in
Er3+-doped ZBLAN when P2 wavelength is 1976 nm (or photon energy is 5061 cm−1).
Each arrow represents one possible ESA transition. The energy that separates each
pair of Stark levels, and the width of each transition, are labelled at the bottom. The
peak wavelength of each transition is labelled at the top. The energy data was sourced
from Ref. 167.
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3.4. Excited state absorption of the second pump

The ESA2 transition starts from the highest Stark level within the 4F9/2 manifold
(calculated Boltzmann factor is 0.12 at 300K) and is terminated at the lowest Stark
level within the 4F7/2 manifold. The peak wavelength for this transition is 1964 nm.
Therefore, Maes et al. 66 suggested that ESA2 is significant enough to completely quench
lasing when P2 operates at a peak wavelength that is 12 nm longer than the peak
wavelength of the energy transition while only 12% of the 4F9/2 population is available
for absorption at the P2 wavelength. Since ESA2 removes ions from the main pump
cycle, the significance of ESA2 may be amplified by multi-loop processes. That is, ESA2

transitions from 12% of the 4F9/2 population could become significant over many pump
cycles, even when the cross section of the absorption is small, because ions are removed
from the main pump cycle.

Figure 3.19: Energy transitions between Stark levels of Er3+-doped ZBLAN due to
absorption by photons with energies near those of the second pump P2.

All possible 4I11/2 → 4F9/2 and 4F9/2 → 4F7/2 transitions between Stark split levels
are represented in Figure 3.19. Each tick mark along the horizontal axis represents one
Stark split energy position (evenly spaced for clarity) while the tick marks above the
axis labels represent the lowest Stark split energy position within each energy manifold.
Each marker represents a possible energy transition from one Stark level to another.
The markers are placed at the final Stark level position, given by the horizontal axis,
that results from absorption by a photon with wavelength given by the vertical axis.
For example, a photon with wavelength 1973 nm has an energy that closely matches
energy transitions from Stark split levels within the 4I11/2 manifold to the second and
third Stark split levels of 4F9/2. It can be seen that there are five Stark split levels
in the 4F9/2 manifold and therefore five markers in each Stark split level of the 4F7/2

manifold.
The red marker at the lowest Stark level of the 4F7/2 manifold and at a wavelength
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of 1964 nm corresponds to the ESA2 transition in Figure 3.18. At wavelengths shorter
than ∼1964 nm, the 4F9/2 → 4F7/2 transitions presented in Figure 3.19 may explain
the small peaks observed in measured absorption spectra reported by Henderson-Sapir
et al. 63 .

Second ESA of P2 has not been implemented in the FLAPP model at this stage,
although it can be implemented easily if necessary. The model has shown good agree-
ment with reported measurements without the inclusion of second ESA P2.181 If the
process does indeed exist, it may be overcome by increasing P1 power or possibly by
shifting the wavelength of P2 to slightly longer values. Further validity of this process
is required by direct measurement near the P2 wavelength to determine its relevance
to DWP under normal pumping regimes. Stark level analysis on the same glass used
to manufacture the fibres, at laser operating temperature, would provide more reliable
data for future modelling.

3.5 Q-switch modelling

This Section includes revised contributions made to the following published article:

O. Henderson-Sapir, A. Malouf, N. Bawden, J. Munch, S. D. Jackson, D. J. Ot-
taway. Recent advances in 3.5 µm erbium-doped mid-infrared fiber lasers. IEEE
Journal of Selected Topics in Quantum Electronics, 23(3):6–14, May 2017.

3.5.1 Simulation

The model FLAPP presented in this Chapter was updated to predict Q-switching
behaviour of fibre lasers. Performing these simulations enables various laser system
designs to be tested before committing to costly purchases of ZBLAN fibres and com-
ponents. Since the model provides time domain information, it can be used to investi-
gate the temporal evolution of a laser pulse and the energy level population dynamics
at discrete locations along the fibre. In future work, the model may be developed to
simulate gain-switching and mode-locking.

Q-switching was implemented into the model by enabling the reflectivity of the
output coupler mirror to be switched between on (low loss) and off (high loss) states
according to a user specified repetition frequency and duty cycle. The switching time
was modelled to be instantaneous. This approach is reasonable for the case where
the buildup time of simulated pulses is much longer than the rise time of a Q-switch
(∼100 ns for acousto-optic modulators). The model update was intended to predict
and optimise peak power of laser pulses generated by Q-switching. In future work,
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finite switching times could be implemented to simulate real switches more accurately
if required.

The 3.5 µm fibre laser system H201661 modelled in this Chapter (pages 60–84) was
the base system for the following Q-switch simulations. The properties of the H2016
system are listed in Tables 3.1 and 3.2. The power of the first pump was set to 2 W
and 4 W while the power of the second pump was held fixed at 5.5 W.

Figure 3.20: Simulated pulse energy and pulse width as functions of Q-switch rep-
etition rate. The Q-switch on-time was held fixed at 5 µs. The model parameters are
based on the 3.5 µm fibre laser system H201661 modelled in this Chapter under CW
operation.

Figure 3.21: Simulated peak power of laser output pulses calculated from pulse
energies and pulse widths displayed in Figure 3.20

The Q-switch on-time was held fixed at 5 µs while the Q-switch repetition rate was
varied between 2.5 kHz (400 µs period) and 100 kHz (10 µs period). To ensure a stable
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pulse train, three simulations were performed for each Q-switch repetition rate. The
first simulation was performed over 20ms, without Q-switching, to establish CW steady
state conditions. The final populations became the initial conditions of the second
simulation, for which Q-switching was implemented over 20ms of simulation time to
establish conditions for a stable pulse train. Finally, a simulation was performed over
500 µs with high time resolution so that the fast dynamics of the Q-switched pulses
could be analysed.

The energies and widths of the laser output pulses during the final 500 µs simulation
were calculated at each pulse repetition rate and are presented in Figure 3.20. The
pulse energies were averaged by integrating the laser output power over the simulation
time and dividing by the number of pulses during the simulation. The pulse widths
were estimated from the full width at half maximum (FWHM) of Gaussian fits to each
pulse. Then the peak powers were calculated by dividing the pulse energies by the
pulse widths and are presented in Figure 3.21.

When the first pump operates at 2W, the highest peak power is 63W at 25 kHz
pulse repetition rate (pulse energy 17 µJ and pulse duration 264 ns). At 4W of pump
power, an optimum peak power of 500W is predicted at 15 kHz pulse repetition rate
(pulse energy 44 µJ and pulse duration 88 ns).

The energy level population densities while Q-switching were investigated for high
peak power pulses. Figure 3.22 shows the population densities over time when Q-switch
repetition rates were set to 5 kHz, 15 kHz, and 25 kHz. The power of the first pump
was set to 4W in each case and the populations were averaged along the length of the
fibre. The upper laser level population drops to a minimum in less than a microsecond
after the Q-switch is switched on in all cases.

At 5 kHz, the upper laser level 4F9/2 is saturated well within the Q-switch off-
time, while the virtual ground state 4I11/2 population is flat, indicating bleaching of
the second pump. At 25 kHz, the Q-switch is switched on as the population of the
4F9/2 level is still increasing almost linearly and before it could otherwise saturate. At
15 kHz, the optimum repetition rate for peak power, the Q-switch is switched on as
the upper laser level 4F9/2 approaches saturation. At this rate, the balance between
the 4I11/2 state population available for pump absorption and the Q-switch off-time
available for ions to build up in the upper laser level results in the highest upper laser
level population as the Q-switch is switched on, when compared with the 5 kHz and
25 kHz cases.

Figure 3.23 shows P2 pump absorption over time when the Q-switch repetition
rates were set to 5 kHz, 15 kHz, and 25 kHz. The absorption was calculated over the
entire fibre length. The pump absorption is bleached during the Q-switch cycle when
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 5 kHz

15 kHz

25 kHz

Figure 3.22: The time dependent behaviour of the spatially averaged population
densities along the fibre when Q-switched at 5 kHz, 15 kHz, and 25 kHz. The incident
P1 power was 4 W.

the repetition rate is 5 kHz. At 25 kHz, the Q-switch is switched on while the pump
absorption is still high in comparison with the bleached level of the 5 kHz case. The Q-
switch cycle replenishes the 4I11/2 state via stimulated emission fast enough to prevent
any bleaching of the pump absorption. At the optimum repetition rate of 15 kHz, the
Q-switch is switched on just before the pump absorption begins to bleach.

In conclusion, the model has been used to predict performance of the H201661

3.5 µm DWP fibre laser system when a Q-switching mechanism is added to this sys-
tem. Analysis in the time domain provides insight into the evolution of energy level
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Figure 3.23: Absorbed pump P2 power over time while Q-switching at 5 kHz, 15 kHz,
and 25 kHz. The P2 power launched into the fibre was 4.7W and the absorption was
calculated over the entire fibre length. The incident P1 power was 4 W.

populations with time and how deviations from the optimal Q-switch repetition rate
are detrimental to laser performance. Q-switching can be analysed in the time do-
main from numerous other perspectives, such as pump absorption, to provide more
information for improving laser performance.

3.5.2 Comparison with experiment

The Q-switching simulations were soon followed by the first demonstration of an ac-
tively Q-switched 3.5 µm fibre laser.67 The H201661 experiment, modelled in this Chap-
ter (pages 60–84), was adapted for Q-switching using the same pump sources, fibre,
and resonator mirrors. Several components were inserted between the output end of
the fibre and the output coupler – a collimating lens, a dichroic mirror to remove pump
light, a CaF2 window at Brewster’s angle to force linear polarisation, and an acousto-
optic modulator (AOM) to Q-switch the cavity. The incident power of P1 was 4.3W
(compare with 4.0W used in Q-switch simulations) while P2 power was 3.6W (compare
with 5.5W used in Q-switch simulations). The P2 power was limited by pulse stability
and damage to the fibre from high peak power laser pulses.

Stable Q-switching was achieved with AOM repetition rates between 5 kHz and
100 kHz and Q-switch on-times between 4 µs and 10 µs (compare with 5 µs used in
Q-switch simulations). The Q-switch repetition rate that resulted in the maximum
pulse energy was 15 kHz which is in agreement with simulations presented in Section
3.5.1. Measured pulse energies were consistently ∼20% of simulated values for all
repetition rates (5 kHz – 100 kHz) showing good qualitative agreement. For example,
the maximum measured pulse energy was 7.8 µJ while the maximum simulated pulse
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energy was 44 µJ. Measured pulse widths were longer than simulated values by factors
between 3 and 5.

The disagreements between simulation and experiment are firstly explained by the
lower P2 power (3.6W) used in experiment, when compared with the P2 power (5.5W)
used in simulations. The output of the Q-switch experiment was unstable when the P2

power exceeded 3.6W. Secondly, the simulations were performed with ideal Q-switching
when no extra loss processes (other than the Q-switch itself) were added to the system.
In the experiment, however, losses were introduced by the components added for Q-
switching and the coupling of the laser beam to the fibre core in free space. Thirdly,
the Q-switch on-times used in experiment varied between 4 µs and 10 µs while being
held fixed at 5 µs during simulations. Finally, there is a spontaneous emission rate term
used in all simulations to initiate lasing. The spontaneous emission rate could be more
significant during Q-switch operation, since lasing is initiated on shorter time scales,
when compared with CW operation.

In conclusion, the simulations were successful in predicting an optimal repetition
rate for Q-switching. The model could not have predicted limitations in P2 power due to
the damage threshold of the fibre and pulse stability. In future work, the Q-switching
simulations could be repeated with adjusted parameters that match the experiment
reported by Bawden et al. 67 more closely. The parameters that require adjustment
are the power of both pumps, Q-switch on-times, losses from added components, and
coupling efficiency of the laser beam to the fibre core at the output end. Comparisons
between experiment and future simulations could be made to confirm the validity of
the model and study Q-switching in 3.5 µm DWP fibre lasers further. At this point
in candidature, the continuation of Q-switch modelling was passed on to Nathaniel
Bawden, PhD candidate at The University of Adelaide, to aid development in Q-
switching the 3.5 µm DWP fibre laser, while the author’s focus shifted to the study of
saturable absorption in graphene presented in Chapters 4, 5, and 6.

3.6 Code optimisation for speed

Several approaches were investigated to optimise the code for speed, including paral-
lelisation and compilation, using graphical processor units (GPUs) as well as central
processor units (CPUs). This work was performed during candidature by Albert Kong
(graduate student, The University of Adelaide) under supervision by Andrew Malouf.
The aim was to reduce execution time of the main loop.

At each time step, the DWP laser models presented on pages 60–84 solved 15 rate
equations (7 energy levels and 2×4 photonic populations) four times (RK4 method)
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for each fibre element. Optimisation tests were performed for the case of the H201661

experiment, where the length of the fibre was divided into 28 elements. The average
execution time of a 20ms simulation, which required ∼40 million time steps, was
reduced from 5.5 hours to 1.5 hours by moving the main loop and a group variable
initialisations into a separate function.

3.6.1 Parallelisation

The main loop iterated over each time step while a nested loop solved the rate equations
over four iterations in accordance with the RK4 method. Each iteration is sequential
and, therefore, cannot be parallelised. Alternatively, the rate equations for each fibre
element could be parallelised. Attempts were made to execute parallelised code on
GPUs and CPUs. However, the execution times were increased significantly, since
any speed advantage gained from parallelisation was dominated by communication
overhead.

3.6.2 Compilation

The MATLAB execution engine uses just-in-time (JIT) compilation. Alternatively, a
MATLAB function can be compiled into a MATLAB executable (MEX) file and called
by a MATLAB script. The main loop was removed from the main script, placed in
a separate function, and compiled into a MEX file. Execution time was improved by
a factor of 1.6 (from 5.5 hours to 3.5 hours). We found that when the initialisation of
main loop variables was performed within the function, rather than the main script,
execution time was reduced further. Finally, and unexpectedly, we found that not
compiling the function at all resulted in the shortest execution time, which was reduced
by a factor of 3.7 (from 5.5 hours to 1.5 hours). That is, the shortest execution time
was achieved by removing the main loop from the main script, placing the main loop
into a separate function, initialising all main loop variables within the function, and
not compiling that function. This unexpected result may be attributed to function
arguments being stored in CPU cache and accessed faster from the cache than from
main memory. Therefore, JIT compilation was effective when compared with MEX
compilation provided that memory was utilised efficiently.

3.7 Conclusion

A numerical model that simulates the performance of 3.5 µm DWP Er3+-doped
zirconium-based fluoride glass fibre lasers has been presented. The model can provide
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time-domain information with high resolution, predict laser output power, and is a
valuable tool for the optimisation of fibre laser performance. The model was calibrated
and validated against the laser output powers of three 3.5 µm DWP fibre lasers pub-
lished in literature. The optimum Q-switch repetition rate of one 3.5 µm DWP fibre
laser, reported by,61 was predicted by simulation.

In the future, more modelling could be performed to simulate the Q-switching
demonstrated by Bawden et al. 67 . Gain-switching and mode-locking algorithms could
potentially be implemented into the model to predict and compare laser pulses gener-
ated by these techniques. Alternative numerical methods that use adaptive step sizes,
such as method of lines, rather than fixed step sizes could be investigated for accuracy
and computational efficiency. Sujecki 182 developed an algorithm that used the finite
difference method and method of lines approach to model Q-switching in Er3+-doped
fluoride fibre lasers that operate on the 2.8 µm transition. The method of lines uses
discrete spatial derivatives and continuous time derivatives. The equations are firstly
solved for the steady state condition. Then time domain numerical analysis that uses
an adaptive step size is performed, effectively enabling space and time to be decou-
pled. Adaptive step sizes require less steps than fixed step sizes and are therefore more
computationally efficient. A method of lines algorithm could be implemented into the
model presented in this Chapter for comparison of simulation results, particularly in
the time domain, and execution times.
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Chapter 4
Graphene Properties

Graphene is a 2D material with unique properties. It has a linear energy disper-
sion, broadband saturable absorption, high electron mobility, and ultrafast electronic
relaxation time.183 Graphene has been used extensively as a saturable absorber to pas-
sively mode-lock ultrafast lasers.70,87–95 Compared to traditional semiconductor sat-
urable absorber mirrors (SESAMs) and single-walled carbon nanotubes, graphene has
an extremely broad wavelength response, a high modulation depth, and low satura-
tion intensity.87 The modulation depth can be extended by stacking multiple layers of
graphene.184,185

The graphene properties presented in this Chapter, combined with the growing
demand for mode-locked mid-IR lasers, motivated the need to investigate the response
of graphene to high intensity mid-IR radiation experimentally and assess its potential as
a mode-locking element for mid-IR lasers. These experiments are detailed in Chapters 5
and 6. This Chapter introduces the properties of graphene and the concepts which
underpin the experiments.

4.1 Background

Graphene, a 2D allotrope of carbon, is a flat monolayer sheet of carbon atoms bonded
in a hexagonal honeycomb lattice. By comparison, graphite, carbon nanotube and
fullerene are 3D, 1D, and 0D allotropes of carbon respectively. Graphite is made out of
stacks of graphene layers that are weakly coupled by van der Waals forces.186 Graphene
can sustain current densities six orders of magnitude higher than copper, has extremely
high thermal conductivity, and is impermeable to gases.187 Its charge carriers have zero
effective mass and exhibit extremely high intrinsic mobility.187

The 2010 Nobel Prize for Physics was shared by Andre Geim and Kostya Novoselov
for “groundbreaking experiments regarding the two-dimensional material graphene”.
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Graphene was extracted from graphite by a mechanical exfoliation process commonly
referred to as the “Scotch-tape method” or micromechanical cleavage.188 This process,
which suffers from poor reproducibility, can produce graphene up to several mm2 in
area.183,187

One attractive alternative to mechanical exfoliation for graphene production is epi-
taxial growth of graphene on a hexagonal substrate such as silicon carbide (SiC). This
process uses the carbon that exists in the substrate to form a graphene surface. The
SiC is heated to temperatures between 1273K and 1773K causing the surface silicon
to sublimate leaving a carbon-rich coating.189

Chemical vapour deposition (CVD) is a process that produces high quality graphene
on a metal substrate such as copper foil and can be transferred onto another sub-
strate.190 The copper surface is pre-treated with chemical etching to remove impurities
and flatten the surface. Gas molecules containing carbon are combined in a high-
temperature reaction chamber. The carbon atoms are disassociated by pyrolysis on
the copper substrate that is a catalyst for the reaction. The catalyst reduces the tem-
perature required for reactions to occur. Once cooled, the graphene is coated with a
polymer support layer such as polymethyl methacrylate (PMMA) and transferred by
a wet chemical process. The PMMA is removed by a solvent such as acetone.191

4.2 Introduction

This Chapter describes the unique properties of graphene that make it such an ideal
broadband saturable absorber material for laser mode-locking. In Section 4.3, the
graphene lattice is described in real space and reciprocal space, since both lattice
descriptions are required to derive expressions for the energy dispersion. The energy
dispersion relations of graphene are reported extensively in literature. However, their
derivations are often omitted or incomplete. In Section 4.4, expressions for the energy
dispersion are stated while their derivations can be found in Appendix C.2. Two
expressions are stated – one for all k-space (Equation 4.10) and one for the regions
(in k-space) where the dispersion is linear (Equations 4.11 and 4.12). The energy
dispersions in single layer and trilayer graphene are described and illustrated. The
optical properties of graphene that are most relevant to this work are described in
Section 4.5. These properties include saturable absorption, two-photon absorption,
ultrafast carrier lifetimes, and threshold estimates for laser induced damage. Previous
demonstrations of graphene mode-locked lasers are discussed in Section 4.6. Finally,
conclusions are presented in Section 4.7.
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4.3 Lattice structure

4.3.1 Carbon bonds

The carbon atom has six electrons distributed in the configuration 1s22s22p2. In
graphene, sp2 hybridisation occurs when the 2s, 2px, and 2py orbitals combine to
form three new orbitals equally separated by 120° in the xy-plane,6,192,193 as illustrated
in Figure 4.1. Strong covalent σ bonds are formed that give rise to a hexagonal struc-
ture. The σ bonds are responsible for the strength and mechanical properties of the
lattice.194

120o

z

x

y
sp2

sp2

sp2

pz

Figure 4.1: Graphene orbitals. Each carbon atom has three sp2 hybridised orbitals,
equally separated by 120° in the xy-plane, that form strong covalent σ bonds with
neighbouring atoms. The pz orbital, orientated perpendicular to the graphene plane,
forms one π bond with one of three neighbouring atoms and is responsible for the
valence and conduction bands in graphene.6,192,193

There is one π electron per carbon atom that does not contribute to the σ bonds.
The 2pz orbital, orientated perpendicular to the graphene plane, forms a π bond that is
weaker than the σ bonds. Each atom forms one π bond with one of its three neighbour-
ing atoms. These π bonds form the π band (valence band) and π∗ band (conduction
band) that are responsible for the unusual electronic properties of graphene.195 Since
each atom contributes one π electron, graphene is considered to be a half filled system
where, in the ground state, the valence band is completely filled and the conduction
band is empty. The π electrons, situated either side of the lattice plane, are responsible
for the high electron mobility in graphene.187

The real lattice exists in real space, the set of all position vectors r = (x, y), while
the reciprocal lattice exists in reciprocal space (k-space), the set of all wave vectors
k = (kx, ky). Each lattice representation is related to the other by a Fourier transform.
Both lattice descriptions are important for understanding the energy band structure
of graphene.
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4.3.2 Real lattice

Two neighbouring carbon atoms in graphene, although chemically equivalent, are lo-
cated in inequivalent environments. The hexagonal structure cannot be spanned by
the same set of primitive translation vectors (linearly independent basis vectors) and,
therefore, is not a Bravais lattice (a lattice which can be spanned by linearly indepen-
dent basis vectors). The condition for a 2D Bravais lattice is given by Equation 4.1.
The hexagonal structure of graphene, however, can be described by two interleaving
triangular Bravais sublattices, A and B,192,193 as illustrated in Figure 4.2.

Figure 4.2: Real lattice. The primitive unit cell shown shaded contains two neigh-
bouring carbon atoms – one from each interleaving triangular sublattice A (blue) and
B (red). Linear combinations of the primitive translation vectors a1 and a2 span the
triangular Bravais lattice points R and define the coordinates of the unit cells.192,193

The primitive unit cell contains two neighbouring carbon atoms, one from each
sublattice. Therefore, the hexagonal structure is a triangular Bravais lattice of unit
cells with a two-atom basis. If the origin of this Bravais lattice was chosen, for example,
to be at an atom site from sublattice A, the lattice vectors would span sublattice A.
The lattice vectors R are the set of all linear combinations of the primitive translation
vectors a1 and a2 and define the positions of the unit cells.

R = n1a1 + n2a2 n1, n2 ∈ Z (4.1)

The choice of primitive translation vectors is not unique.186,195–199 In this work, the
primitive translation vectors of the Bravais lattice are:

a1 = a

2
(√

3, 1
)
, a2 = a

2
(√

3,−1
)

(4.2)

where a =
√

3a0 is the lattice constant in real space and a0 = 1.42Å is the distance
between nearest neighbour atoms.200
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4.3.3 Reciprocal lattice

The reciprocal lattice is defined with respect to the triangular Bravais lattice.192,193,201

Each point in the reciprocal lattice corresponds to a set of lattice planes in real space.
All wave vectors k of a plane wave must have the same periodicity as the real space
Bravais lattice.201 That is,

eik·(r+R) = eik·r (4.3)
eik·R = 1 (4.4)
k ·R = 2πn, n ∈ Z (4.5)

Equation 4.5 describes the condition for discrete values of k with respect to the real
lattice vectors R.

Figure 4.3: Reciprocal lattice. Linear combinations of the primitive translation
vectors b1 and b2 span the reciprocal lattice points K. The lattice points are shown
by the filled orange circles and the lattice constant is 4π/

√
3a. The first Brillouin zone

is the primitive unit cell shown shaded while the neighbouring unit cells are shown
without shading. The symmetric points K and K ′ are located (in k-space) at the
vertices of the first Brillouin zone.192,193

The reciprocal lattice is illustrated in Figure 4.3. The reciprocal primitive trans-
lation vectors b1 and b2 are perpendicular to the real space planes with magnitude
equal to the inverse interplanar spacing multiplied by 2π.201

b1 = 2π√
3a
(
1,
√

3
)
, b2 = 2π√

3a
(
1,−
√

3
)

(4.6)

Thus the reciprocal lattice constant is 4π/
√

3a. Note that b1 ⊥ a2 and b2 ⊥ a1. Each
point in the reciprocal lattice corresponds to a set of parallel lattice planes in real
space.201 Further illustrations that relate the real lattice planes with the reciprocal
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lattice points are provided in Appendix C, Figure C.1. The set of all reciprocal space
lattice vectors K is given by

K = m1b1 +m2b2, m1,m2 ∈ Z (4.7)

The first Brillouin zone is the Wigner-Seitz cell (a primitive unit cell) of the recip-
rocal lattice.201 Every possible k is equivalent to just one vector in the first Brillouin
zone. The vertices of the first Brillouin zone are termed the K and K ′ points.186 The
K and K ′ points are positioned in k-space at:

K =
(

2π√
3a
,
2π
3a

)
,
(

0,−4π
3a

)
,

(
− 2π√

3a
,
2π
3a

)
(4.8)

K ′ =
(

2π√
3a
,−2π

3a

)
,
(

0, 4π
3a

)
,

(
− 2π√

3a
,−2π

3a

)
(4.9)

These symmetric K and K ′ points are significant because the band gap is zero at these
points and the energy dispersion is linear in the vicinity of these points. These unique
properties are described further in Section 4.4 and a derivation of the linear energy
dispersion relation is detailed in Appendix C.2.

4.4 Electronic band structure

4.4.1 Single layer graphene

The tight binding model is commonly used to describe the electronic band structure
in graphene.186,192,193,195–199 This approach assumes that electrons are tightly bound
to the atoms that they belong to. The energy dispersion E (k) of graphene is stated
in Equation 4.10 in terms of the real lattice constant a described in Section 4.3.2.
This expression is derived using the tight binding approach to a first approximation,
which assumes that π electrons may ‘hop’ between neighbouring atoms only.196 The
derivation of Equation 4.10 is detailed in Appendix C.2 using the lattice description
given in Section 4.3.2, since this derviation is often omitted or incomplete in literature.

The tight binding approach with nearest neighbour hopping is adequate for a qual-
itative description of the energy dispersion in graphene, particularly in the low energy
dispersion regime which is most relevant to this work.198 The energy dispersion of
graphene, derived from the tight binding approach with nearest neighbour hopping
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only, is given by192,193,196,198

E(k) = E0 ± γ

√√√√1 + 4 cos
(√

3a
2 kx

)
cos

(
a

2ky
)

+ 4 cos2
(
a

2ky
)

(4.10)

where E0 is the onsite energy and γ is the hopping integral, or overlap integral, for
nearest neighbour hopping. Each of these parameters are described mathematically in
the derivations presented in Appendix C.2.

The onsite energy E0 of the π electron is determined by the Hamiltonian of a single
atom, assumed to be isolated, and the perturbed potential due to all other atoms in
the lattice. The value of E0 is often treated as zero for illustration purposes since it
only displaces the energy dispersion graph vertically.195,197,198 The value of the hopping
parameter γ is determined empirically.198

In the low energy dispersion regime, the dispersion relation in Equation 4.10 can
be simplified to

EK − E0 = ±~vF|k−K|, |k−K|a� 1 (4.11)

and

EK′ − E0 = ±~vF|k−K ′|, |k−K ′|a� 1 (4.12)

in the vicinity of the K and K ′ points respectively, where vF =
√

3aγ/2~ ≈ 106 m s−1 ≈
c/300 is the Fermi velocity (or electronic group velocity).183,186 Derivations of Equa-
tions 4.11 and 4.12 are also presented in Appendix C.2.

Comparison of Equations 4.11 and 4.12 with the energy formula of special relativity
E = (p2c2 +m2c4)1/2, where momentum p = ~k, shows that charge carriers in graphene
mimic relativistic particles with zero rest mass and speed vF.202 That is, the speed vF of
charge carriers in graphene is a constant, independent of momentum. This behaviour
is one of the most intriguing aspects about graphene and is responsible for much of its
research attention.195

The valence (π) and conduction (π∗) bands of graphene are described by the energy
dispersion relation in Equation 4.10. This relation is a first approximation calculated
using the tight binding approach with nearest neighbour hopping only. The energy
dispersion is illustrated in Figure 4.4. The hopping parameter γ used in the model
was −2.7 eV.198 There is a zero band gap at the vertices of the Brillouin zone, i.e. the
K and K ′ points given in Equations 4.8 and 4.9, where the band structure is conical
and the dispersion is linear. The density of states at the Fermi level E − E0 = 0 is
zero.203,204

103



Chapter 4. Graphene Properties

(a) Energy dispersion centred on the K and K ′ points.

(b) Energy dispersion centred on the first Brillouin zone. The first Brillouin zone is
the hexagonal region bounded by the black lines in the E − E0 = 0 plane.

Figure 4.4: Energy dispersion of graphene. The energies E were calculated using
the tight binding approximation for nearest neighbour hopping only. The π band
(E − E0 < 0) and π∗ band (E − E0 > 0) touch at the K and K ′ points. The conical
band structures centred on the K and K ′ points show linear dispersion near the Fermi
level E − E0 = 0.

Figure 4.4a shows the conical band structure (Dirac cones) and linear dispersion
near the K and K ′ points (Dirac points). By comparison, semiconductors tend to have
quadratic dispersion. Figure 4.4b shows the valence (π) and conduction (π∗) bands to
just beyond the first Brillouin zone.
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The zero band gap and linear dispersion of graphene give rise to the broadband
saturable absorption properties described in Section 4.5.1. The combination of (i) zero
band gap; (ii) linear dispersion; and (iii) previously demonstrated near-IR lasers mode-
locked using graphene saturable absorbers (discussed in Section 4.6); suggested that
graphene would be an ideal broadband saturable absorber in the mid-IR and, therefore,
motivated the study of graphene presented in this Chapter as well as Chapters 5 and 6.

4.4.2 Multilayer graphene

The saturable absorption modulation depth can be extended by stacking multiple lay-
ers of graphene as described in Section 4.5.1. In stacks of multiple graphene layers,
two consecutive layers are normally oriented in such a way that the atoms in one of
the two sublattices of one layer are directly above half of the atoms in the neighbour-
ing layer. The second sublattice sits above the empty hexagon centres. The shortest
distance between carbon atoms in different layers is 3.4Å.186 Each additional graphene
layer introduces two more energy bands to the stack and coupling between layers leads
to hopping terms between the π orbitals in adjacent layers.186 In ordered few layer
graphene, the characteristic linear dispersion of single layer is either replaced or aug-
mented by pairs of split hyperbolic bands.205

Figure 4.5: Energy band illustration for trilayer graphene.186,205–207

An illustration of the band structure in ordered trilayer graphene is presented in
Figure 4.5.186,205–207 The three pairs of energy bands give rise to nine possible inter-
band energy transitions. A photon with photon energy Eph = hν, for example, may
be absorbed via one of nine possible interband transitions, provided that Eph is higher
than the largest band gap ∼1 eV (1.2 µm) at |k − K| = 0.205 Furthermore, at high
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optical intensity, band separations of 2Eph may be bridged by two-photon absorption.
Therefore, when Eph < ∼1 eV (λ > ∼1.2 µm), the number of possible interband tran-
sitions is higher for the two-photon absorption process than single photon absorption.
Two-photon absorption is described in Section 4.5.2 and experimental results presented
in Chapter 6 show that it limits the effective modulation depth of multilayer graphene
in the mid-IR and is detrimental to its performance as a laser mode-locking material.

4.5 Optical properties
Despite being only one atom thick, graphene absorbs 2.3% of incident low intensity
light, independent of wavelength λ, while reflectance is negligible (<0.1 %).208 The
wavelength independence is due to the linear energy dispersion given by Equations 4.11
and 4.12 and illustrated in Figure 4.4a. As the intensity of incident light is increased,
the absorption of light by graphene decreases and the absorption saturates, as illus-
trated graphically in Figure 4.7. This saturable absorption property, combined with
fast recovery times and linear dispersion, make graphene an ideal material for passively
mode-locking ultrafast lasers over a broad spectral range.183,209,210

At higher incident light intensity, two-photon absorption can become significant,
particularly in multilayer graphene211–213 as discussed in Section 4.4.2, and reduce the
otherwise full extent of the saturable absorption (i.e. reduce the effective modulation
depth of the absorption). The affect of two-photon absorption on effective modulation
depth in trilayer graphene is shown by experiment in Chapter 6. At even higher
intensity levels, the optical damage threshold of graphene may be exceeded, causing
the breaking of carbon bonds and subsequent ejecting of material.214–216

In this Section, the concepts of saturable absorption, two-photon absorption, carrier
lifetimes, and optical damage in graphene are introduced. These concepts are directly
related to the experimental work presented in Chapters 5 and 6. Saturable absorption,
two-photon absorption, and the optical damage threshold of graphene were measured
in the spectral region between 1.55 µm and 3.5 µm (0.35 eV to 0.80 eV) using a tunable
laser source that emitted 100 fs pulses. The details of the experiment are presented in
Chapter 5 followed by published results in Chapter 6.

4.5.1 Saturable absorption

Graphene is a saturable absorber, i.e. the absorption of light decreases with increasing
intensity. Figure 4.6 illustrates the saturable absorption of light in graphene using the
low energy dispersion band structure described in Section 4.4 and neglecting E0 by
letting E0 = 0. Low intensity light with photon energy Eph = hν is readily absorbed,
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exciting π electrons from the valence band to the conduction band, leaving a vacancy
(hole) in the valence band. At high light intensity, electron excitations occur at such a
high rate that there is insufficient time for them to decay back down from the conduc-
tion band to the valence band before the valence band is depleted. Further absorption
is rejected by Pauli blocking and the absorption saturates.87,88,217

kx

E

(a) (b) (c)

Figure 4.6: Absorption of light in graphene. Each figure depicts the low energy
dispersion of graphene, centred on a K or K ′ point in k-space, where the ky-axis (not
shown) points into the page. (a) Light with photon energy Eph = hν is absorbed
and electrons are excited from the valence band (π band) to the conduction band
(π∗ band). (b) The photogenerated carriers thermalise within sub picoseconds. An
equilibrium electron and hole distribution is approached through intraband phonon
scattering and electron-hole recombination. (c) At high radiation intensity, the pho-
togenerated carriers cause the states near the edge of the conduction and valence
bands to fill, causing Pauli blocking and saturating the absorption.87

Saturable absorption in graphene is described as a function of light intensity I by
the following equation for the absorption coefficient α(I):87

α (I) = αs (I) + αns (4.13)

= α0

1 + I
Is

+ αns (4.14)

where αs (I) is the saturable absorption coefficient, αns is the non-saturable absorption
coefficient, α0 is the modulation depth parameter, and Is is the saturation intensity,
i.e., the intensity required to reduce the saturable absorption coefficient to half of its
unbleached value. The units of the absorption parameters α0, αs, and αns are treated
as dimensionless (rather than inverse length) throughout this work because graphene
is a 2D material.
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The intensity dependent transmission T (I) through graphene, therefore, is given by

T (I) = exp
−

 α0

1 + I
Is

+ αns

 (4.15)

Equations 4.14 and 4.15 are derived in Appendix C.3 for a two energy level system.
The transmission T expressed in Equation 4.15 is shown graphically in Figure 4.7 to
illustrate saturable absorption behaviour in graphene over a broad intensity range. The
saturation intensity was assumed to be Is = 1 GW cm−2 for the illustration. In Chap-
ter 6, it will be shown that the saturation intensity increases with increasing photon
energy Eph and that Is = 1 GW cm−2 when Eph = 0.8 eV (λ = 1.55 µm). The values
for the absorption parameters α0 and αns were chosen to give 2.3% absorption at low
intensity and 1.3% modulation depth for illustration purposes.88,208 The modulation
depth can be extended by stacking multiple layers of graphene.184,185

Modulation
depth

Saturated
absorption

Unsaturated
absorption

Saturation
intensity

Figure 4.7: Modelled intensity dependent transmission of light through graphene.
The transmission is calculated from Equation 4.15 using the parameters α0 = 0.013,
αns = 0.010, and saturation intensity Is = 1 GW cm−2 for illustration purposes.88,208
The modulation depth is the difference in transmission between the completely satu-
rated and completely unsaturated levels.

The saturation intensity Is of graphene has been shown to depend on the radiation
wavelength, λ.185,218 Yamashita et al. 218 suggested that Is has a wavelength λ depen-
dence given by the empirical relationship Is = 2.7/λ6, where Is and λ are expressed in
units of GW cm−2 and µm respectively. The empirical fit was made to saturation inten-
sities sourced from literature that were measured using radiation wavelengths ranging
between 780 nm and 1560 nm (0.8 eV to 1.6 eV). However, the graphene samples used
in the experimental data of the empirical fit were fabricated by various methods, in-
cluding chemical exfoliation techniques to produce colloidal suspensions of graphene
flakes219 and exfoliation of graphite in water by sonication to incorporate graphene
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flakes into a host polymer.88 Therefore, there was considerable variation in the quality
of the graphene samples and (for the cases of suspended graphene flakes) variations in
the radiation angle of incidence to the graphene planes. Furthermore, the pulse du-
rations of the laser sources used to measure the saturation intensities ranged between
80 fs219 and 1 ps.87

When the measurements of saturation intensity presented in Chapter 6 were com-
bined with other measurements reported in literature that were performed using
(i) graphene fabricated by CVD, epitaxy, or mechanical exfoliation; and (ii) radiation
directed at normal angle of incidence to the graphene plane (unlike the case of ran-
domly orientated suspensions of graphene flakes); the dependence of photon energy
Eph on saturation intensity Is was shown to fall into two distinct regimes of laser pulse
duration, τp. When τp ≤ 500 fs, the saturation intensity Is was proportional to the
third power of photon energy Eph. However, when τp ≥ 1 ps, the saturation intensity
Is was found to have a square root dependence. The measurements of saturation
intensity Is and their dependence on photon energy Eph are presented in Chapter 6.

4.5.2 Two-photon absorption

Two-photon absorption (2PA) in graphene has also been reported in literature,211–213

although far less extensively than saturable absorption. The two-photon absorption
process is the simultaneous absorption of two photons causing an interband electronic
transition and can be a significant absorption process when the intensity of light is high
enough. The energy gap of the transition is equivalent to the combined energy of the
two photons, i.e., E2PA = 2hν. The transition creates an electron in the conduction
band and a hole in the valence band.

The rate of two-photon absorption with respect to path length has I2 dependence.
Therefore, the expression for transmission given in Equation 4.15 is modified to include
two-photon absorption as follows:211

T (I) = exp
−

 α0

1 + I
Is

+ αns + βI

 (4.16)

where β is the two-photon absorption coefficient, measured in units of cm2 GW−1

throughout this work because graphene is a 2D material.
The strength of two-photon absorption depends on the number of layers in a

graphene stack and the photon energy.211 As illustrated in Figure 4.5, each additional
layer in a stack introduces a pair of energy bands in the dispersion relation and, there-
fore, increases the number of possible interband transitions that can occur by photon
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absorption for a given photon energy.186 The strength of two-photon absorption in
graphene has been shown to decrease with photon energy over a broad spectral re-
gion, although resonant features may occur in β as a function of Eph due to stacking
orientation and interlayer coupling.211

Two-photon absorption in graphene was observed in the experimental work pre-
sented in Chapters 5 and 6. Transmission measurements of high intensity radiation, in
the spectral region between 1.55 µm and 3.5 µm (0.35 eV to 0.80 eV), through trilayer
graphene showed that the effective modulation depth was affected by two-photon ab-
sorption. The two-photon absorption coefficient β was quantified at each wavelength
by fitting Equation 4.16 to transmission measurements. A resonant peak was observed
at 3.2 µm (0.39 eV) and the location of this peak agrees with quantum perturbation
theory proposed for bilayer graphene.211 The transmission measurements and quan-
tification of the two-photon absorption parameter β show that two-photon absorption
does limit the effective modulation depth of multilayer graphene and, therefore, will
affect its performance as a mode-locking element. The strength of the affect is stronger
with increasing wavelength, particularly above 2.5 µm (below 0.5 eV).

4.5.3 Lifetimes

The relaxation of photogenerated carriers in graphene is described by two distinct time
scales. The fast recovery time τ1 ≈ 200 fs may be attributed to carrier-carrier intraband
scattering, while the slower recovery time τ2 ≈ 1.5 ps may be explained by interband
electron-hole recombination and carrier-phonon scattering. These carrier dynamics
have been measured by various groups using ultrafast pump-probe spectroscopy.219–221

Dawlaty et al. 220 measured carrier relaxation times in epitaxial graphene layers
grown on SiC wafers using a Ti:sapphire mode-locked laser that emitted ∼85 fs pulses
with a 780 nm centre wavelength at a repetition rate of 81MHz. They found an initial
fast relaxation transient τ1 in the 70 fs – 120 fs range followed by a slower relaxation
process τ2 in the 0.4 ps – 1.7 ps range. The slower relaxation time was found to be
inversely proportional to the degree of crystalline disorder in the graphene layers as
measured by Raman spectroscopy.

Shang et al. 221 measured the carrier dynamics in graphene films on CaF2 in the
mid-IR probe region between 3.15 µm and 5.0 µm (2600 cm−1 – 3100 cm−1) using fem-
tosecond pump-probe spectroscopy. They showed a fast relaxation τ1 in the range
140 fs – 300 fs, which was attributed to a superposition of several ultrafast intraband
and interband decay channels. The slow recovery τ2 was in the 1.4 ps – 1.6 ps range
and attributed to phonon scattering. Moreover, the fractional amplitudes of the bi-
exponential fits varied with probe photon energy. For example, at a probe wavelength
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of 3.85 µm (2600 cm−1), the decay components were τ1 = 250 fs and τ2 = 1.4 ps, and
the fractional amplitudes were A1 = A2 = 0.5, resulting in a mean lifetime of 820 fs.
At the shorter probe wavelength of 3.2 µm (3100 cm−1), the measured decay rates were
τ1 = 120 fs and τ2 = 1.56 ps, the fractional amplitudes were A1 = 0.74 and A2 = 0.26
respectively, and the mean lifetime was therefore 500 fs.

4.5.4 Damage threshold

Roberts et al. 214 defined the threshold condition for laser induced damage in graphene
as the point that a single laser pulse exposure creates a hole in the carbon lattice. The
single-shot damage threshold was measured in the femtosecond pulse regime using a
laser source with a centre wavelength of 790 nm. The damage threshold peak intensities
were 2.7 TW cm−2, 0.9 TW cm−2, and 0.3 TW cm−2 for pulse durations 50 fs, 200 fs, and
1.6 ps respectively. The corresponding damage threshold fluences were 135 mJ cm−2,
180 mJ cm−2, and 480 mJ cm−2 respectively. Below the single-shot damage limit, mul-
tiple ultrafast pulse exposures led to the formation of defects. The ultrafast excitation
breaks carbon bonds, thus increasing the number of lattice defects which in turn leads
to the formation of smaller and smaller nano-crystallites. For example, exposure to
50 fs pulses with peak intensity I = 10 GW cm−2 caused graphene samples to degrade
substantially after 108 exposures, corresponding to ∼1.5 days of continuous laser ex-
poser at a 1 kHz repetition rate.

Currie et al. 215 distinguish between thermal and non-thermal effects that lead to
damage in graphene. A CW laser source can cause thermal damage by photon ab-
sorption and subsequent energy dissipation through phonons which, at sufficient inci-
dent optical energy, can be violent enough to break carbon bonds. The energy from
femtosecond laser pulses is transferred at rates significantly faster than the phonon
relaxation time. Thus, hot electrons are created and then cooled by transferring their
energy to phonons on a time scale shorter than thermal diffusion and are thus capable
of breaking carbon bonds and ejecting material. Single layer CVD graphene samples
were illuminated with 50 fs pulses that had a centre wavelength of 800 nm and a 40 µm
spot diameter. Damage occurred at optical pulse fluences ranging between 14 mJ cm−2

and 66 mJ cm−2. Pulse fluences below this range were not investigated and therefore
damage at fluences below 14 mJ cm−2 cannot be ruled out.

A more conservative estimate of the optical damage threshold in graphene was
reported by Lee et al. 216 . The damage threshold intensity Idam was estimated to
be 2 GW cm−2 using a light source with a centre wavelength of 1560 nm, pulse width
210 fs, 86MHz repetition rate, and 4.4± 0.6 µm beam diameter. The damage threshold
intensity Ith corresponds to a threshold fluence of Fdam= 0.42 mJ cm−2. Optical damage
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resulted from high peak power of the laser source rather than from heat due to the
average power.

In the work presented in Chapter 5, Section 5.8, the damage threshold of graphene
was measured in the spectral region between 1.55 µm and 3.5 µm (0.35 eV to 0.80 eV)
using a tunable laser source that emitted 100 fs pulses. The measurements were per-
formed by systematically incrementing the radiation intensity incident on a sacrificial
sample of monolayer graphene until damage could be observed visually using a micro-
scope with 10× magnification. The sacrificial sample was repeatedly translated (hori-
zontally) across the beam waist so that any laser induced damage could be observed in
rows, rather than single spots, for easier identification. The measured damage thresh-
olds were wavelength dependent and ranged between 60± 11 GW cm−2 (λ = 1.55 µm)
and 191± 33 GW cm−2 (λ = 2.50 µm). The damage threshold intensity measured when
λ = 1.55 µm is more than a magnitude higher than the measurement reported by Lee
et al. 216 , while the measured threshold fluence was within an order of magnitude higher.
The measured damage threshold intensities and fluences are listed in Table 5.4 and an
image of laser induced damage in graphene, produced deliberately while performing
the damage threshold measurements, can be found in Figure 5.7.

4.6 Graphene mode-locked lasers

When a saturable absorber is placed in a laser cavity, the transmission of the high in-
tensity components of the laser radiation is higher than the lower intensity components.
Short pulse generation is therefore favoured and CW radiation is suppressed, which can
be used to achieve mode-locking. For ultrashort pulse generation, a saturable absorber
with a fast recovery time, such as graphene, is required to stabilise the mode-locking,
while a slower recovery time could facilitate laser self-starting.86,222

Graphene mode-locked fibre lasers were first demonstrated in the telecommunica-
tion band ∼1.5 µm (0.8 eV) and subpicosecond pulses were achieved.87–89 Solid state
lasers in the 1 µm,90,91 2 µm,92,93 and 2.5 µm94,95 wavelength bands have also been
mode-locked using graphene. Tolstik et al. 95 achieved a pulse duration of 41 fs at a
repetition rate of 108MHz in a Cr:ZnS laser. The wavelength was centred at 2.4 µm
with a 190 nm spectral bandwidth. They compared the performance of single layer, bi-
layer, and trilayer graphene mounted on a mirror. The maximum pulse energy, 2.3 nJ,
was achieved using bilayer graphene and the average output power was 250mW.

The longest wavelength demonstrated in a graphene mode-locked laser is 2.78 µm
(0.4 eV) in which 42 ps pulses were achieved.70 The 4 – 6 layer graphene stack, fabricated
by the CVD method, was coated onto a gold cavity mirror to mode-lock the Er3+-doped
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ZBLAN fibre laser. The linear absorption of the multilayer graphene was ∼12% and its
modulation depth and saturation intensity were ∼10% and 2 MW cm−2 respectively.
The mode-locked pulses were 42 ps wide with a repetition rate of 25.4MHz and an
average output power of 18mW.

The 42 ps pulses achieved by Zhu et al. 70 at a wavelength of 2.78 µm were sig-
nificantly longer than the 41 fs pulses achieved by Tolstik et al. 95 at 2.4 µm. The
transmission measurements presented in Chapter 6 show that the effective modulation
depth of trilayer graphene decreases with wavelength and is limited by two-photon ab-
sorption. The transmission measurements showed that the effective modulation depth
dropped from 2% to 1% when the wavelength was increased from 2.5 µm (0.50 eV) to
2.8 µm (0.44 eV). Therefore, the performance of multilayer graphene as a mode-locking
element is expected to reduce with increasing wavelength and may explain why ultra-
short pulses are difficult to achieve beyond the 2.5 µm band.

4.7 Conclusion
The unique properties of graphene that underlie its performance as a saturable ab-
sorber in the mid-IR spectral region have been described in this Chapter. The energy
dispersion is linear in the vicinity of the K and K ′ points, where the band gap is zero.
The combination of linear dispersion, Pauli blocking at high intensity, and ultrafast
response times make graphene a promising broadband saturable absorber for passive
mode-locking. Graphene mode-locked lasers have been demonstrated in the near-IR
domain but not beyond the 3 µm wavelength band. In the spectral region above 2.5 µm
(below 0.5 eV), two-photon absorption becomes significant enough to limit the effec-
tive modulation depth of the absorption and reduce the performance of multilayer
graphene as a mode-locking element (shown in Chapter 6). The characterisation of
trilayer graphene, by experiment, in the spectral region between 1.55 µm and 3.5 µm
(0.35 eV to 0.80 eV) is presented in Chapters 5 and 6 to investigate the performance
limitations of graphene for mode-locking mid-IR lasers.

113



Chapter 4. Graphene Properties

114



Chapter 5
Graphene Under Illumination:

Experiment

This Chapter provides details of an experiment performed to measure the response of
graphene to high intensity radiation. The intensity dependent transmission through
trilayer graphene was measured in the spectral region between 1.55 µm and 3.5 µm
(0.35 eV to 0.80 eV) using the z-scan technique and a tunable laser source. The purpose
of this experiment was to study saturable absorption behaviour in graphene and assess
the potential use of graphene for mode-locking mid-IR lasers. The results from this
experiment, presented in Chapter 6, will show that the effective modulation depth of
multilayer graphene is affected by two-photon absorption, which will be detrimental to
the performance of multilayer graphene when used as a saturable absorber to mode-lock
mid-IR lasers.

5.1 Background

The nonlinear optical properties of graphene have been measured by numerous groups
and reported in literature.70,87,89,185,211–213,217,223 Several of these groups showed that
the saturation intensity increases with photon energy by repeating transmission mea-
surements using a series of different wavelength bands rather than just one.185,212,213,223

However, besides one report of a measurement performed in the 2.8 µm wavelength
band,70 no measurements of saturation intensity beyond the 2.4 µm band213 were found
in literature. To the best of our knowledge, measurements of transmission through
graphene had not been performed using one sample and one fixed pulse duration over
a broad spectral range in the mid-IR.

Furthermore, as outlined in Section 4.6, there have been few reported demonstra-
tions of ultrashort pulses achieved using graphene as a mode-locking element beyond
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the 2.5 µm wavelength band. The characterisation of graphene in the mid-IR spectral
region was important for determining its effectiveness as a saturable absorber for mode-
locking mid-IR lasers, such as the 3.5 µm DWP fibre lasers modelled in Chapter 3.

5.2 Introduction
The experiment detailed in this Chapter was designed and optimised to measure small
changes (<1%) in transmission of light. All measurements of transmission through
graphene presented in this work were performed using the same graphene sample,
tunable laser source, and pulse duration (100 fs). Once the experiment design was
optimised for sensitivity, the experiment conditions were kept as consistent as possi-
ble between measurements that were performed using different source radiation wave-
lengths. Only the source radiation wavelength, spectral filters, and power attenuation
were changed between transmission measurements.

The design of this experiment was optimised for measurement sensitivity. The main
challenges encountered while designing this experiment were to:

i. achieve measurement sensitivity levels <0.5%;

ii. reduce effects of source power fluctuations;

iii. reduce effects of beam wander;

iv. avoid laser induced damage to the graphene.

These challenges will be addressed throughout this Chapter. Once the experiment
design was optimised, the procedure for measuring the intensity dependent transmission
using any given wavelength of radiation could be summarised as follows:

i. measure the intensity profile of the beam;

ii. determine the beam waist location and spot size;

iii. measure the damage threshold intensity of graphene;

iv. determine the minimum attenuation required to avoid laser induced damage to
graphene;

v. perform a z-scan transmission measurement through an uncoated CaF2 window;

vi. perform the z-scan transmission measurement through graphene mounted on a
CaF2 window;

vii. data analysis.
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These procedures were repeated at each of the following radiation wavelength bands:
1550 nm, 2000 nm, 2500 nm, 2800 nm, 3200 nm, and 3500 nm. Each procedure will be
described throughout this Chapter. The telecommunications wavelength band 1550 nm
was included so that measurements could be compared with others reported in liter-
ature,87–89,185,213 while the wavelength bands 2800 nm and 3500 nm were included be-
cause these are competing laser transitions of the Er3+-doped fluorozirconate glass fibre
lasers modelled in Chapter 3.

The optimised design of the z-scan is outlined in Section 5.3 and illustrated in Fig-
ure 5.1a. This design was used in all z-scan measurements presented in Chapter 6.
The graphene samples used during design optimisation, damage threshold measure-
ments, and transmission measurements throughout this experiment are described in
Section 5.4. The properties and limitations of the tunable laser source are described
in Section 5.5 followed by characterisations of the optical filters used throughout the
experiment in Section 5.6. The method and results of beam intensity profile measure-
ments are presented in Section 5.7. The approach taken to measure the laser induced
damage threshold of graphene is described in Section 5.8 and estimates are presented.
Finally, the z-scan process is described in further detail and transmission measurements
are presented in Section 5.9. The significance of the z-scan results will be discussed in
the published article contained in Chapter 6.

5.3 Experiment design

This experiment was designed to measure the intensity dependent transmission of laser
pulses through graphene using the z-scan technique.224,225 Relative transmission mea-
surements were performed using beams that were split to propagate along reference
and signal arms. A schematic of the z-scan experiment is illustrated in Figure 5.1a.
The tunable laser source (TLS) emitted 100 fs pulses at a 1 kHz repetition rate. The
beam was spectrally filtered to block unwanted spectral components, such as residual
pump light, and was attenuated with neutral density (ND) filters to prevent laser in-
duced damage to the graphene. A mid-IR polariser (Thorlabs LPMIR050) prevented
the possibility of polarisation drifts proceeding to the beamsplitter (BS) and varying
the ratio of reflectance to transmittance.

The experiment was designed to ensure that the z-scan would span a wide range of
intensities (over four orders of magnitude) so that the full range of saturable absorp-
tion (i.e. the modulation depth) could be observed. This intensity range was predicted
theoretically in Section 4.5.1 from Equation 4.15 and can be found illustrated in Fig-
ure 4.7. The combination of z-scan range (150mm), lens focal length (f=75 mm), and
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(a) Schematic of z-scan experiment.

(b) Source area. (c) Measurement area.

Figure 5.1: Experiment design for z-scan transmission measurements. The spectrally
filtered beams were attenuated by neutral density (ND) filters to prevent laser induced
damage to the graphene. The mid-IR (MIR) polariser prevented polarisation drifts
incident on the beamsplitter (BS), which split the beam into a reference path and
signal path. The graphene sample was placed in the signal path and translated along
z from the focal point by up to 150mm. Each beam entered an integrating sphere
attached to a detector. The source area contained unfiltered, high intensity radiation
that was dumped and isolated from the measurement area using aluminium sheets to
prevent scattered (triggered) pulses of light from entering the detection system.

graphene sample size (∅ 25.4 mm) were chosen to meet this objective.

The beam was split into a reference path and signal path using a CaF2 beamsplitter
(BS, Thorlabs BSW511) coated for the 1 µm– 6 µm spectral range. Each beam was
focussed by a CaF2 plano convex lens (f=75 mm). The spot radius w0 at the focal
point was between 54 µm and 78 µm, depending on the wavelength, as measured and
listed in Table 5.3. Each detection system included a gold integrating sphere (Newport
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819D-GL-4) and PbSe detector (Thorlabs PDA20H-C), suitable for the 1.5 µm to 4.8 µm
spectral region. Detections of both the reference and signal beams enabled the effects
of source power fluctuations to be (mostly) cancelled out.

The integrating spheres were implemented to minimise the effects of beam wander.
Furthermore, the large expanded beam (∼30 mm diameter) incident on the internal
grainy surface of each integrating sphere meant that fluctuations in detected power,
due to a combination of local variations in the sphere surfaces and beam wander, were
minimised. The beams that entered each integrating sphere were closely matched in
power, as well as size, to establish comparable detector responses. This beam matching
design enabled a measurement sensitivity of <0.5% to be achieved.

During each z-scan, the graphene sample was initially placed at the focal point of
the signal lens and translated by up to 150mm in the direction of beam propagation,
~z. At each sample position z, the pulse energies of the signal and reference beams
were measured simultaneously, both with and without the sample in the beam path,
to minimise the effects of source power fluctuation and drift. A motorised translation
stage (Thorlabs MTS50/M-Z8) with 50mm travel was used to increment the sample
along ~z from each of three fixed positions that extended the maximum possible z-scan
range from 50 mm to 150 mm.

The sample was held by a motorised flipper (Thorlabs MFF101/M) that was
mounted on the motorised translation stage and that enabled the sample to be flipped
into and out of the signal beam. In this way, the time between measurements was
minimised, reducing effects from source power fluctuations. Customised software, de-
veloped using MATLAB, was used to command the motorised stage, motorised flipper,
and an oscilloscope (Rigol DS4012). The averages of 2048 waveforms were acquired
from the reference and signal channels at each position z and each flipper position.
The transmission T (z) at each sample position z was calculated from the expression

T (z) =
E

(z)
sig /E

(z)
ref

E
(z)
sig0/E

(z)
ref0

(5.1)

where E(z)
sig and E(z)

ref are the averaged pulse energies detected by the signal and reference
detectors respectively at position z when the sample was in the signal beam, and E(z)

sig0

and E(z)
ref0 are the energies detected when the sample was removed from the beam path.

Note that although four pulse energies were measured at each position z, only E(z)
sig had

any dependence on intensity I (and therefore position z).
The experimental setup was divided into two sections – a source area and a mea-

surement area. Photographs of these two sections are presented in Figures 5.1b and
5.1c that provide real images to associate with the schematic representation in Fig-
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ure 5.1a. Laser pulses were emitted from the left side of the source area (Figure 5.1b)
and exited out through a circular aperture in the aluminium sheet at the right. The
laser was aligned to the beamsplitter using the pair of beam steering mirrors located
near the source, one iris immediately following the mirrors, and the aperture in the
aluminium sheet. The beam was filtered spectrally, attenuated, and polarised in the
source area which was enclosed to prevent leakage of scattered (triggered) pulses of
light into the detection system.

The filtered, attenuated, and polarised beam entered the measurement area (Fig-
ure 5.1c) from the circular aperture in the aluminium sheet at the left. The beam was
split into signal and reference paths. The signal beam was attenuated further to closely
match the power of the reference beam and its alignment was optimised using a second
pair of beam steering mirrors. Each beam was focused by a lens (f=75 mm) before
entering an integrating sphere connected to a PbSe detector. The graphene sample was
translated along the signal path from the focal point toward the integrating sphere by
a distance of up to 150mm during each z-scan.

5.4 Graphene samples
The graphene samples measured throughout this experiment were produced by the
CVD method described in Section 4.1 and transferred onto CaF2 substrates. All z-
scan transmission measurements presented in Chapter 6 were performed on one tri-
layer graphene sample produced and transferred by Graphenea, Spain. The quality of
the graphene, before and after the experiment, was validated by Raman spectroscopy
explained and illustrated in the published article contained in Chapter 6. The trilayer
was formed by three separate transfers of single layer graphene onto a ∅ 25.4 mm CaF2

substrate. The large sample size was chosen so that a large beam could be transmitted
through the graphene and, therefore, the transmission could be measured over a large
range of intensities (four orders of magnitude) during any single z-scan. The trilayer
configuration was chosen for the following reasons:

i. multilayer graphene enabled the study of interactions between layers;

ii. the modulation depth of graphene could be tuned by the number of layers, which
added importance to the study of multilayer graphene;

iii. trilayer graphene could be produced without compromising the material quality
when compared with the quality of single layer graphene production;

iv. saturable absorption was more likely to be observed in trilayer graphene than in
single layer graphene due to the higher modulation depth of trilayer graphene
and limitations in measurement sensitivity.
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Preliminary experiments were performed on 6 – 8 layer graphene (rather than single
or few layer graphene) so that nonlinear absorption processes were more likely to be
observed during experiment design and optimisation. The 6 – 8 layer Trivial Transfer
GrapheneTM was supplied by ACS Material and transferred onto a ∅ 12.7 mm CaF2

substrate using the wet transfer process in accordance with user instructions provided
by the supplier. The graphene was supplied with a PMMA coating on one side. The
sample was released into deionised water, transferred onto the substrate, baked, and
immersed in preheated acetone to remove the PMMA. A single layer graphene sample
was also produced by the same method and then used as a sacrificial sample for damage
threshold estimates presented in Section 5.8.

Fourier transform infrared (FTIR) spectra of the trilayer graphene sample (TLG
on CaF2) and an uncoated CaF2 window are shown in Figure 5.2. The transmission
through TLG alone, calculated from the two spectra, increases a few percent with
wavelength over the spectral region from 1.5 µm to 4.0 µm, which is also observed in
transmission measurements presented in Chapter 6 in the low intensity regime and has
been reported in literature.205,226 The light source in the PerkinElmer FT-IR Spectrum
Two spectrometer was low power CW and was not expected to cause any nonlinear
absorption processes in the graphene. The CaF2 substrate was chosen for its low
absorption in the mid-IR. Graphene has negligible reflectivity.208 Therefore, the FTIR
spectrum of the TLG on CaF2 sample was affected by non-saturated absorption (∼2.3%
per layer208) in the graphene and Fresnel reflections from the front and back face of
the CaF2 substrate. The small absorption features around 3.5 µm in the CaF2 only
spectrum are not observed in the TLG on CaF2 spectrum, nor in CaF2 spectra provided
by the supplier (Thorlabs). Therefore, the features around 3.5 µm in the calculated
TLG spectrum are expected to be non-physical.
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Figure 5.2: FTIR spectra of a CaF2 substrate and the trilayer graphene (TLG) on
CaF2. The TLG transmission was calculated from the two above mentioned spectra.

5.5 Tunable laser source
The TLS was an optical parametric amplifier (Light Conversion TOPAS-C) pumped by
an 800 nm regenerative amplifier system (Spectra Physics Spitfire Pro XP). The pulse
duration was 100 fs (full width at half maximum) and the repetition rate was 1 kHz.
The components of the OPA and their properties are listed in Appendix D, Table D.1.
The TOPAS-C included a difference frequency generation (DFG) crystal (1mm thick
AgGaS2). Light converted by DFG was emitted along with higher frequency compo-
nents (signal, idler, and 800 nm pump light) that were filtered out using long pass (LP)
and band pass (BP) filters while transmission measurements were performed.

Figure 5.3: Laser source TOPAS-C 09690 tuning curves. Where the tuning curves
overlap, the operator may choose a light source from either tuning curve.

According to the TOPAS-C performance specifications, the signal wave was tunable

122



5.5. Tunable laser source

from 1150 nm to 1600 nm while the idler wave was tunable from 1600 nm to 2600 nm.
Figure 5.3 shows the tuning curves of the TOPAS-C following initial installation (De-
cember, 2009).

Table 5.1: Light emitted from the tunable laser source (TOPAS-C) that was used
to measure transmission through graphene. The average power Pavg was measured at
three locations – (i) the TOPAS output; (ii) after the spectral filter; and (iii) after
the signal lens when the signal beam was not attenuated by ND filters. The spectral
filters are described in Section 5.6.1.

λ
[nm] Pol.

Signal
(V)
[nm]

Idler
(H)
[nm]

Light
source

Spectral
filter

Pavg
TOPAS
[mW]

Pavg
Spectral
filter
[mW]

Pavg
Signal
lens
[mW]

1550 V 1550.00 1660.52 Signal LP1500+
BP1550 173 3.80 1.35

2000 H 1338.01 2000.00 Idler LP1500 190 56.0 27.2
2500 H 1180.11 2500.00 Idler LP1500 135 20.0 9.4
2800 H 1244.44 2253.22 DFG LP2500 92 3.0 1.0
3200 H 1280.00 2145.32 DFG LP2500 83 2.5 0.9
3500 H 1302.16 2085.82 DFG LP2500 100 3.2 1.2

The transmission measurements were performed using radiation in the spectral re-
gion between 1.55 µm and 3.5 µm (0.35 eV to 0.80 eV). The wavelengths are listed in
Table 5.1 along with their signal and idler components, the spectral filters used, and
the average power measured at three locations. The signal was vertically polarised (V)
while the idler and DFG were horizontally polarised (H). Where the tuning curves over-
lapped, as illustrated in Figure 5.3, the light source was chosen according to the optics
available to filter out unwanted spectral components. For the case when wavelength
λ = 1550 nm, a 1550 nm half waveplate (Thorlabs WPH05M-1550) was used to rotate
the polarisation from V to H so that all transmission measurements were performed
using horizontally polarised light for consistency. The average power was measured at
three locations – (i) the TOPAS output; (ii) after the spectral filter; and (iii) after the
signal lens (where the graphene sample would be placed) without attenuation by ND
filters.

The source power was observed to fluctuate or drift over several time scales while
transmission measurements were performed. The effects of fast power fluctuations were
removed by averaging 2048 pulses. The source power also oscillated with a period of
∼8min, which can be observed in z-scan data presented in Figure 5.9. After consider-
able investigation, these oscillations were attributed to the laboratory air conditioning
cycle and were an unavoidable noise source. This meant that the time between mea-
surements while the sample was in and out of the beam path at each z location needed
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to be minimised. Finally, the source power drifted over a time scale of several hours,
particularly within the first five hours after the laser source was switched on. There-
fore, each z-scan was started at least five hours after the source was turned on and was
completed within approximately two hours.

Observations of beam wander were made while each beam profile was measured.
Each beam profile was measured using a knife edge that blocks part of the beam. The
beam wandered in both the horizontal and vertical directions and added considerable
difficulty to measuring the beam profile for each wavelength of radiation. These beam
profile measurements, as well as the approach taken to overcome beam wander effects,
are documented in Section 5.7.

The main challenges in achieving <0.5% measurement sensitivity were due to laser
source instability described in this Section.

5.6 Optical filters

5.6.1 Spectral filters

Three spectral filters – 1550 nm band pass (BP1550), 1500 nm long pass (LP1500),
and 2500 nm long pass (LP2500) – were used to block unwanted spectral compo-
nents (such as 800 nm pump light) emitted from the source. Optical density spectra
of the filters are presented in Figure 5.4 to show that when these filters were used
in accordance with Table 5.1, the unwanted spectral components of source radiation
were filtered out. The spectra were measured using a Cary 5000 UV-Vis-NIR spec-
trophotometer (0.75 µm– 3.3 µm) and a PerkinElmer FT-IR Spectrum Two spectrom-
eter (1.3 µm– 6.0 µm). The optical density of the LP2500 filter was also measured at
wavelengths 1.55 µm, 2.0 µm, and 2.5 µm using the OPA femtosecond laser source to
confirm that it was consistent with Figure 5.4a (and not Figure 5.4b).
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(a) (b)

Figure 5.4: Optical density spectra of spectral filters used in z-scan transmission
measurements. The three filters were a 1550 nm band pass (BP1550), 1500 nm long
pass (LP1500), and 2500 nm long pass (LP2500). (a) Optical density spectra in the
spectral region between 0.75 µm and 3.3 µm measured using a Cary 5000 UV-Vis-NIR
spectrophotometer. (b) Optical density spectra in the spectral region between 1.3 µm
and 6.0 µm measured using a PerkinElmer FT-IR Spectrum Two spectrometer.

5.6.2 Neutral density filters

A set of ND IR filters were characterised during the preliminary stages of this ex-
periment and FTIR spectra can be found in Appendix D.2.1. These germanium ND
filters were supplied by Spectrogon and designed for the 2 µm– 16 µm spectral region.
However, these filters caused the beam path to deviate, possibly due to a slight wedge
in each filter. The attenuated power was too low for beam alignment and, therefore,
the beam had to be aligned while it was unattenuated. Therefore, it was necessary
that the ND filter did not deviate the beam path and that the wavelength dependent
optical density of the ND filter was known. Therefore, the Spectrogon IR ND filters
were not suitable for this experiment.

Table 5.2: OD of ND UV filters for each radiation wavelength used to measure the
transmission through graphene.

λ
[nm]

NDUV
01A

NDUV
02A

NDUV
03A

NDUV
04A

NDUV
05A

NDUV
06A

NDUV
10A

NDUV
20A

NDUV
30A

1550 0.03 0.14 0.26 0.39 0.51 0.67 1.09 1.70 2.07
2000 0.03 0.14 0.28 0.45 0.58 0.74 1.21 1.82 2.10
2500 0.04 0.15 0.30 0.50 0.64 0.80 1.29 1.90 2.08
2800 0.07 0.20 0.34 0.55 0.69 0.90 1.38 1.94 2.07
3200 0.03 0.16 0.32 0.53 0.68 0.86 1.36 1.98 2.05
3500 0.04 0.17 0.34 0.56 0.71 0.89 1.40 2.02 2.05

Alternatively, a set of ND UV filters (Thorlabs, fused silica reflective) were observed
to be suitable, despite being designed for the 200 nm– 1200 nm spectral region, and were
used throughout all z-scans and damage threshold measurements. Unlike the ND IR
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filters, the ND UV filters did not deviate the beam path. FTIR spectra of these filters
can be found in Appendix D, Figure D.2. However, a peak in the optical density in
the 2.8 µm wavelength band was not consistent with observations made using the OPA
femtosecond laser source. Therefore, the optical densities of all the ND UV filters were
measured directly using the OPA femtosecond laser source and the z-scan detection
system illustrated in Figure 5.1. The measurements were performed using all z-scan
radiation wavelengths and are listed in Table 5.2. These values were used to determine
the beam attenuation throughout all z-scan transmission measurements presented in
Chapter 6 and damage threshold measurements described in Section 5.8.

5.7 Beam profiles
The intensity profiles of each beam were measured using the knife edge technique.227,228

A schematic of the knife edge measurement setup is presented in Figure 5.5. The knife
edge was made up of two razor blades at right-angles in the xy-plane and mounted on
a XYZ translation stage. One razor blade edge was aligned vertically for measuring
the horizontal spot size wx (z) while the other was aligned horizontally for measuring
the vertical spot size wy (z).
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Figure 5.5: Schematic for M2 measurements. The knife-edge consisted of a pair
of razor blades aligned at right angles and mounted on a 3-axis linear stage. The
vertically aligned blade was used to measure the beam size in the horizontal (x)
direction while the horizontally aligned blade was used to measure the beam in the
vertical (y) direction. The beam size was measured at a range of z positions either
side of the beam waist to determine the beam propagation parameter M2.

The spot sizes wx (z) and wy (z) were measured at ∼17 discrete z positions either
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side of the beam waist, with a higher concentration of measurements taken close to the
beam waist, to determine the beam propagation described by Equation 5.2. The spot
size wx (z), for example, was measured by taking the absolute difference between razor
positions along the x-direction that clip the beam to 90% and 10% of its total average
power. The difference was multiplied by the factor 0.78 to obtain the (1/e2 intensity
half-width) spot size wx (z).227 The vertical spot size wy (z) was measured similarly.

1550 nm (0.80 eV)

2000 nm (0.62 eV)

2500 nm (0.50 eV)

2800 nm (0.44 eV)

3200 nm (0.39 eV)

3500 nm (0.35 eV)

Figure 5.6: Beam profile measurements for each radiation wavelength fitted to the
function given by Equation 5.2.

The data were fitted to the free-space propagation function for the spot radius w(z)
of real beams given by228

w (z) = w0

1 +
(
M2λ (z − z0)

πw2
0

)2
 1

2

(5.2)

to determine the M2 parameters (M2
x and M2

y ) and beam waist spot sizes (w0x and
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w0y) of each beam. The beam propagation parameter M2 represents the degree of
variation of the beam from an ideal Gaussian beam (M2 = 1).

The knife edge measurements of each beam are presented graphically in Figure 5.6
while fitted values are listed in Table 5.3. The spot sizes wx (z) and wy (z) were
estimated from the fitted function, given by Equation 5.2, which therefore determined
the beam area Abeam (z) = πwx (z)wy (z). The function √wxwy was calculated from
the fitted functions wx (z) and wy (z) and its minimum value was the estimate for the
spot size w0 of the beam at the waist location and determined the position z− z0 = 0.
The distance from the back of the focussing lens to the waist location, zw−l, was
determined from the location of the knife edge position z − z0 = 0 for the z-scan
transmission measurements presented in Chapter 6. The beam intensities I(z) for all
z-scan positions z in each transmission measurement were calculated from the beam
area Abeam (z) and the measured peak power.

Table 5.3: Summary of beam profile measurements. The half-width spot sizes were
measured in the horizontal (x) and vertical (y) directions using a knife edge and fitted
to the function given by Equation 5.2. The distance zw−l is the distance from the back
of the lens to the waist location z−z0 = 0 determined by the knife edge measurements
illustrated in Figure 5.6.

Wavelength
[nm] M2

x M2
y

w0x

[µm]
w0y

[µm]
w0
[µm]

zw−l

[mm]

1550 4.91 4.34 69.7 67.3 68.8 76.3
2000 1.46 1.27 47.6 61.2 54.0 79.4
2500 1.64 1.69 52.8 69.1 61.5 79.3
2800 2.87 4.38 54.8 92.5 71.4 79.8
3200 2.93 4.06 59.9 101.2 77.9 79.7
3500 2.44 3.48 47.9 84.8 64.7 80.7

The effects of source power fluctuations and beam wander were reduced by detect-
ing the pulses that arrived at both the signal and reference detectors. The peak heights
of the pulses were measured using the oscilloscope after any DC component was sub-
tracted. The signal-to-reference ratio of pulse peaks, while the knife edge did not clip
the signal beam, was recorded in a spreadsheet. A range of possible pulse peak values
that could have arrived at the reference detector was determined from observations
of source power fluctuations and were subsequently entered into a spreadsheet. The
corresponding range of possible signal pulse peaks when the knife edge clipped 90%
and 10% of the signal power were then calculated from the range of possible reference
peaks and signal-to-reference ratio. The possible reference and clipped signal peaks
formed a lookup table for the beam profile measurement. The knife edge was then
translated to positions that reduced the signal-to-reference ratios to 90% and 10% of
the unclipped value.
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The spot size measurement at each z position needed to be performed quickly
(<∼3 s) to avoid effects of beam wander. At each z position, the approximate spot
size was estimated from averaging numerous attempted measurements. Then quick
translations of the knife edge were performed to check that the estimated value was
reproducible.

5.8 Damage threshold
The damage threshold of graphene was estimated to determine an upper bound for
the maximum peak intensity used in each z-scan. A sacrificial sample of single layer
CVD graphene on CaF2 was used to estimate the damage threshold at each radiation
wavelength. The graphene was transferred onto a CaF2 substrate by the wet transfer
process described in Section 5.4.

Figure 5.7: Laser induced damage in single layer graphene. The spots shown are
damage due to single-shot laser pulses. The sacrificial graphene sample was repeat-
edly translated in a systematic horizontal zigzag motion, across the beam waist, and
observed under a microscope to determine if the damage threshold intensity was ex-
ceeded. The sample was raised by a 100 µm thick spacer between each measurement.

The sacrificial sample was repeatedly translated (horizontally) across the beam
waist in a zigzag motion so that any laser induced damage could be observed in rows,
rather than single spots, for easier identification. The zigzag motion translated the
sample horizontally (x-direction) across the beam while making sub-millimetre trans-
lations along the beam axis (z-direction) repeatedly to ensure that the sample passed
through the beam waist. The laser induced damage was observed under an optical mi-
croscope (Olympus BX51) with 5× and 10× magnification. A photographic image of
laser induced damage in graphene, produced deliberately while performing the damage
threshold measurements, is shown in Figure 5.7.

The estimated damage threshold intensities Idam and fluences Fdam are listed in
Table 5.4. The peak intensity Ipeak = 2Ppeak/πw

2
0 of each beam was estimated using
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Table 5.4: Damage threshold estimates for single layer CVD graphene. The damage
was identified by visual observation under an optical microscope with 10× magnifica-
tion. The laser pulse duration was 100 fs.

λ Idam Fdam
[nm] [GW cm−2] [mJ cm−2]

1550 59.8± 10.9 2.99± 0.54
2000 131.1± 19.5 5.05± 0.52
2500 191.2± 32.7 9.56± 1.64
2800 124.6± 29.6 6.23± 1.48
3200 116.6± 4.0 5.83± 0.20
3500 144.9± 21.5 7.25± 1.08

the beam waist spot size w0 measurements presented in Section 5.7. The peak intensity
was adjusted by attenuation using the ND UV filters listed in Table 5.2. The discrete
levels of attenuation determined the upper and lower bounds of the damage threshold
estimates presented in Table 5.4.

The maximum peak intensity of the beams used in z-scan transmission measure-
ments through graphene was less than one third of the estimated (lower bound) damage
threshold intensity listed in Table 5.4.

5.9 Z-scans

An overview of the z-scan design was presented in Section 5.3. This Section provides
additional detail to the z-scan measurement method.

The graphene sample was held by a motorised flipper that was mounted on a 50mm
motorised translation stage. The motorised translation stage was mounted on a cus-
tom designed track that had three fixed location settings (0mm, 50mm, and 100mm)
to extend the z-scan range from 50mm up to 150mm. The sample was translated
from z=0 mm to z=50 mm in 0.5 mm increments and from z=50 mm to z=150 mm in
1.0 mm increments. The z-scan procedure was automated with customised software
that was developed using MATLAB. The software commanded the oscilloscope, mo-
torised translation stage, and motorised flipper. The automation was important for
consistency between measurements and speed to minimise effects from source power
fluctuation and drift. It also enabled the experimenter to perform other tasks while
the z-scan was in process.

The basic automated workflow could be summarised as follows:

Stage: Go to position z;
Flipper: In;
Oscilloscope: Run; Pause for averaging; Stop; Acquire data;
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Flipper: Out;
Oscilloscope: Run; Pause for averaging; Stop; Acquire data;

The workflow was repeated for each position z of the motorised stage.
Each acquired waveform was the average of 2048 waveforms. Any more averaging

extended the total duration of the z-scan and introduced effects from source power
drift over several hours. The averaged waveforms were acquired from the reference
and signal channels at each position z and each flipper position (in and out of the
beam path). The use of the flipper ensured that the transmission measurement was
calibrated at every stage position z to reduce effects from source power drift.

Figure 5.8: Typical pulse waveforms acquired from the oscilloscope and converted
to units of time and voltage. Each waveform is the average of 2048 waveforms and
the averaging was performed by the oscilloscope.

The waveform data was read in 8-bit unsigned integer format (decimal range 0 to
255). The X-increment, Y-increment, and Y-origin were used to convert the acquired
waveform into units of time and voltage. An example of the acquired waveforms,
converted to units of time and voltage, is presented in Figure 5.8. The waveform pulse
durations are much longer than 100 fs due to the slow detector response time. The rise
time (1 − 1/e) of the detector response (an impulse response) was 8 µs while the fall
time was 26 µs.

The DC level was then subtracted from each waveform and an integration window
was defined for all pulse waveforms. The pulses were integrated and the transmission
T (z) at each sample position z was calculated from the expression given in Equation 5.1.

The z-scan transmission data for each wavelength is presented in Figures 5.9 and
5.10. Figure 5.9 illustrates the integrated reference and signal pulses while Figure 5.10
illustrates the transmission, calculated from the pulse integrals, as a function of sample
position z.
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1550 nm (0.80 eV)

2000 nm (0.62 eV)

2500 nm (0.50 eV)

2800 nm (0.44 eV)

3200 nm (0.39 eV)

3500 nm (0.35 eV)

Figure 5.9: Pulse integrals for transmission through graphene. The signal has been
multiplied by a factor that equates the signal with the reference at z−z0 = 0 for easier
comparison between the two data sets. The periodic structure in the data matched
the cycle of the air conditioner in the laser lab.

The integrated signal pulses illustrated in Figure 5.9 were multiplied by a factor
that equates the signal with the reference at z − z0 = 0 for easier comparison between
the reference and signal data. There is a periodic structure in both data sets due
to source power fluctuations. The period of oscillations was observed to be ∼8min
and the fluctuations in source power were attributed to the laboratory air conditioning
cycle. This was an unavoidable noise source that was reduced by implementation of the
motorised flipper to calibrate the transmission measurement at each sample position
z.

The transmission at each position z was calculated from the pulse integral data
illustrated in Figure 5.9 using Equation 5.1 and is presented in Figure 5.10. The
dip in transmission at the beam waist location z − z0 = 0 was attributed to two-
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1550 nm (0.80 eV)

2000 nm (0.62 eV)

2500 nm (0.50 eV)

2800 nm (0.44 eV)

3200 nm (0.39 eV)

3500 nm (0.35 eV)

Figure 5.10: Transmission through trilayer graphene on CaF2. The transmission
was calculated from the integrated pulses presented in Figure 5.9.

photon absorption while the transmission peak that follows was attributed to saturable
absorption. These processes will be validated in Chapter 6 after the transmission data
has been analysed as a function of intensity.

The beam intensity was calculated as a function of z-scan position z using the beam
propagation function in Equation 5.2 and beam profile measurements described in
Section 5.7. The beam intensities of each z-scan, which span four orders of magnitude,
can be found illustrated in Appendix D, Figure D.3.

The transmission data was then converted from functions of position z to func-
tions of intensity I and fitted to Equation 4.16, the equation for transmission through
graphene that includes saturable absorption and two-photon absorption processes. The
saturation intensity Is, saturable absorption coefficient α0, and non-saturable absorp-
tion coefficient αns, and two-photon absorption parameter β were estimated from the
curve fit. The significance of these final results are discussed within the published
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article on pages 140–148 while the fitted parameters are listed in Table 6.1.
The transmission through a CaF2 window (Thorlabs WG51050) was also measured

in each wavelength band, using the z-scan technique, to rule out any nonlinear effects
in the substrate. No intensity dependence on transmission was observed. The z-scans
of the CaF2 window can be found in Appendix D, Figures D.4 and D.5.

5.10 Conclusion
This Chapter has described the design, equipment, methods, and challenges of the z-
scans performed to measure the response of graphene to high intensity radiation in the
spectral region between 1.55 µm and 3.5 µm (0.35 eV to 0.80 eV). The final optimised
experiment design was described in Sections 5.3 and 5.9 and illustrated in Figure 5.1a,
while much of the optimisation process was omitted for brevity.

Final z-scan transmission measurements were presented in Figures 5.9 and 5.10 as
functions of sample position z. Nonlinear transmission features were observed that were
attributed to saturable absorption and two-photon absorption processes in graphene.
These processes will be validated in Chapter 6 after the transmission data has been
analysed as a function of intensity. The significance of the results from this experiment
will be discussed in Chapter 6.
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Chapter 6
Graphene Under Illumination:

Results

This Chapter includes the following published article on pages 140–148:

A. Malouf, O. Henderson-Sapir, S. Set, S. Yamashita, D. J. Ottaway. Two-photon
absorption and saturable absorption of mid-IR in graphene. Applied Physics
Letters, 114(9):091111, 2019.

The article provides the first reported measurement of the transmission of high
intensity radiation through graphene, using a single sample and a fixed pulse duration,
over a wide spectral region in the near to mid-IR. The purpose of this work was to study
saturable absorption behaviour in graphene and assess the potential use of graphene
for mode-locking mid-IR lasers.

The well known z-scan technique was used to measure the intensity dependent
transmission of near to mid-IR radiation through graphene (as described in Chapter 5).
The parameters associated with saturable absorption and two-photon absorption were
quantified from the transmission data (listed in Table 6.1). The saturable absorption
properties of graphene play a crucial role in its performance as a laser mode-locking
element. This work shows that the effective modulation depth of multilayer graphene
is affected by two-photon absorption, which will be detrimental to the performance of
multilayer graphene when used as a saturable absorber to mode-lock mid-IR lasers.

The saturation intensities measured are compared with other reported measure-
ments for cases of graphene produced in uniform sheets (as opposed to, for example,
randomly orientated flakes in a composite or colloidal suspension). When the measured
saturation intensities were compared with others reported in literature, they fell into
two distinct pulse duration regimes and so two empirical relationships between satu-
ration intensity and photon energy are proposed. These results provide insight into
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graphene absorption processes at high intensity and their relationship with photon
energy.

6.1 Background
This Section provides only a brief background, since the properties of graphene were
described in Chapter 4 and the experimental details were provided in Chapter 5.

Recent work on the development of ultrafast lasers shows the enormous poten-
tial of graphene as a widely broadband saturable absorber that is ideal for passive
mode-locking.87–95 In spite of these important advances in understanding the absorp-
tion properties of graphene, the relationship between photon energy and saturation
intensity, as well as two-photon absorption, remains poorly understood.

In previous work, researchers have measured the saturation intensity of multilayer
graphene using photon energies in the visible and near-IR spectral regions.87–89,185,211–213,217

Only several researchers have reported observations of two-photon absorption in
graphene.211–213 In this work, saturable absorption and two-photon absorption pro-
cesses in the spectral region between 1.55 µm and 3.5 µm (0.35 eV to 0.80 eV) are
observed and analysed.

6.2 Introduction
This Chapter investigates the response of graphene to high intensity radiation in the
spectral region between 1.55 µm and 3.5 µm (0.35 eV to 0.80 eV). The results of the
z-scan experiment that was detailed in Chapter 5 are presented and analysed in this
Chapter. Chapter 5 concluded with z-scan transmission measurements presented as
functions of sample position z. Preliminary observations of saturable absorption and
two-photon absorption were made from the z-scan transmission data illustrated in
Figure 5.10.

The transmission data were then converted from functions of sample position z to
functions of intensity I and fitted to Equation 4.16, the expression for transmission
through graphene that includes saturable absorption and two-photon absorption pro-
cesses. The saturation intensity Is, saturable absorption coefficient α0, non-saturable
absorption coefficient αns, and two-photon absorption parameter β were estimated from
the fitted transmission functions.

The published article “Two-photon absorption and saturable absorption of mid-
IR in graphene” is presented on pages 140–148. The fitted absorption parameters
are illustrated graphically within the article while their values are listed in Section 6.3,
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6.2. Introduction

Table 6.1. Note that the published article presented in this Chapter includes references
made to Supplementary Material. Although the Supplementary Material document is
not included in this thesis, its content is covered in more detail throughout Chapter 5
and Table 6.1 of this Chapter. Finally, conclusions are presented in Section 6.4.
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Two-photon absorption and saturable absorption of
mid-IR in graphene

Abstract

We report on the response of graphene to high intensity mid-IR radiation and show that
graphene exhibits saturable absorption and significant two-photon absorption in the
spectral region from 1.55 µm to 3.50 µm (0.35 eV to 0.80 eV). We find that the effective
modulation depth of multilayer graphene is limited by two-photon absorption which
will affect its performance as a laser mode-locking element. The measured saturation
intensities of femtosecond pulses were found to depend on the third power of photon
energy when we combined our results with others reported in literature, while those of
longer pulses were found to have a square root dependence.

I Introduction

The optical and electronic properties of graphene are important for a number of applica-
tions including solar cells, photodetectors, light-emitting devices, and touch screens.183

Graphene has also been used extensively as a saturable absorber to mode-lock ultrafast
lasers because it has broadband saturable absorption (SA), large modulation depth,
and ultrafast relaxation time.70,87–91,94,218 Graphene mode-locked fibre lasers were first
demonstrated in the telecommunication band ∼1.5 µm (0.8 eV)87–89 and subpicosecond
pulses were achieved. The longest wavelength demonstrated in a graphene mode-locked
laser is 2.8 µm (0.4 eV) in which 42 ps pulses were achieved.70 There is currently an ur-
gent need to understand the mid-IR saturation properties of graphene to facilitate
growing demand for mode-locked mid-IR laser sources in fields such as molecular spec-
troscopy and medicine.14,163

Graphene has a variety of interesting electronic properties including linear dis-
persion near the Dirac points, zero bandgap, and charge carriers that have speed
v ≈ 106 m s−1 and mimic relativistic particles with zero rest mass.202 The electronic
band structure can be described using a tight-binding Hamiltonian.196 Pauli blocking
at high intensity combined with ultrafast response times and linear dispersion make
graphene an ideal broadband saturable absorber for passive mode-locking.183,209,210

Compared to traditional semiconductor saturable absorber mirrors (SESAMs) and
single-walled carbon nanotubes, graphene has an extremely broad wavelength response,
high modulation depth and low saturation intensity.87 The modulation depth can be
extended by stacking multiple graphene layers.184,185
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The saturation intensity, Is, has been suggested to have a wavelength λ dependence
given by the empirical relationship Is = 2.7/λ6, where Is and λ are expressed in units of
GW/cm2 and µm respectively.218 The empirical fit was made to saturation intensities
measured using wavelengths between 780 nm and 1560 nm (0.8 eV to 1.6 eV). However,
this relationship did not hold for some extremely small reported values of Is.87,90 We
present a revised empirical fit to Is measured with wavelengths between 435 nm and
3.5 µm (0.4 eV to 2.9 eV).

Two-photon absorption (2PA) has been observed in the spectral region between
435 nm and 2400 nm (0.5 eV to 2.9 eV)211–213 and a theoretical explanation of this strong
interaction has been proposed.211 The strength of 2PA is greater in stacked layers than
single layer graphene due to the increased number of energy bands caused by interlayer
coupling and thus a greater number of possible electronic transitions.211 The effective
modulation depth of graphene is limited by 2PA which can be detrimental to passive
mode-locking.229

In this work, we study the saturation behaviour of trilayer graphene mounted on
CaF2 using the well known z-scan technique to measure intensity dependent trans-
mission.224,225 We use a 100 fs tunable laser source at a range of wavelengths, ranging
from 1.55 µm (0.80 eV), where measured saturation intensity is compared with values
in literature,87,89,218 up to 3.5 µm (0.35 eV), where recent advances have been made in
fibre lasers.60,61,63,82,146,181,230 We show that 2PA limits the effective modulation depth,
as well as the slope of the nonlinear transmission curve, at mid-IR wavelengths. We
also show that saturation intensities of femtosecond pulses follow the empirical relation
Is ∝ E3

ph where Eph is the photon energy, while for longer pulses, Is ∝
√
Eph. We report

transmission measurements of high-intensity radiation through graphene using a single
sample and a fixed pulse duration over a wide spectral region in the near to mid-IR.

The SA and 2PA processes are described by Equation 6.1 where I = I (z′) is the
intensity and z′ is the depth into the material. The absorption parameters α0, αns,
and β are the saturable, non-saturable, and 2PA parameters respectively. The non-
saturable coefficient αns is included because saturable absorbers are generally imperfect
and do not saturate absorption down to zero.222,231

dI
dz′ = −

 α0

1 + I
Is

+ αns + βI

 I (6.1)

We make no assumptions about the change in intensity within the sample and treat
the trilayer thickness as dimensionless and unity such that dz′ = 1. The transmission
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T is then described by Equation 6.2,

T (I) = exp
−

 α0

1 + I
Is

+ αns + βI

Tsub (6.2)

where Tsub is the transmission through the substrate. Note that in this expression, the
units of β are inverse intensity and the SA parameters α0 and αns are dimensionless.

II Experiment

The intensity dependent transmission of mid-IR radiation through graphene was mea-
sured using the z-scan technique. Graphenea (Spain) produced the undoped graphene
using chemical vapor deposition (CVD) and transferred three monolayers separately
onto the face of a 25mm diameter, 5mm thick CaF2 window (Thorlabs WG51050).
This sample was used for all the transmission measurements in this experiment. The
tunable light source was an optical parametric amplifier (Light Conversion TOPAS-
C) pumped by an 800 nm regenerative amplifier system (Spectra Physics Spitfire Pro
XP). The pulse duration was 100 fs full width at half maximum and the repetition rate
was 1 kHz. The intensity dependent transmission was measured at six wavelengths –
1550 nm, 2000 nm, 2500 nm, 2800 nm, 3200 nm, and 3500 nm. Measurements at longer
wavelengths were limited by signal-to-noise. See Supplementary Material for more
detail on the z-scan procedure.

Raman spectra

The quality of the graphene sample was assessed using Raman spectroscopy and scan-
ning Raman microscopy. The Raman spectra of the CVD single layer graphene used to
produce the trilayer sample, as provided by the supplier (Graphenea, Spain), are pre-
sented in Figure 6.1a. These single layers were stacked on a CaF2 substrate to form the
trilayer graphene used in this experiment. The most prominent features in the Raman
spectra of graphene are the G band near 1600 cm−1 and G′ band near 2700 cm−1. The
large intensity of the G′ band relative to the G band is explained by a triple resonance
process that can occur due to graphene’s linear dispersion.232 The D band arises from
the breathing modes of the hexagonal sp2 carbon rings and requires the presence of a
defect for its activation.233

Raman maps were measured at 1mm and 1 µm spacings after the experiment was
completed to analyse the degrees of uniformity and disorder in the graphene sample.
The laser excitation wavelength used for the Raman maps was 532 nm (2.33 eV) with
a ∼1 µm spot size. The ratio of the integrated G band to G′ band over the area
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(a)

(b)

Figure 6.1: (a) Raman spectra of single layer CVD graphene used to produce the
trilayer sample used in this experiment. The graphene was transferred onto a SiO2/Si
substrate. The spectrum was taken with a laser excitation wavelength of 532 nm
(2.33 eV). (b) Raman maps of the central areas of the graphene sample at 1 mm (left)
and 1 µm (right) spacings. The color scale shows the ratio IG/IG′ of integrated peaks.

of the sample is shown by the color map in Figure 6.1b. The variations may be
explained by local changes in stacking orientation which affect the degree of coupling
between layers234 and variations in distance between layers. Although the quality of
the graphene is high, it is not crystalline. The orientation of each layer is random
and an inhomogeneous residue of polymethyl methacrylate (PMMA), resulting from
the wet-transfer of CVD graphene, may exist between the layers. The higher ratio of
IG/IG′ exhibits the Raman signature of a strong coupling between the layers while the
lower ratio resembles single layer graphene. The ratio ID/IG ≈ 0.1 was averaged over
all Raman map locations indicating that no significant disorder was introduced since
the graphene was produced.233

The Raman maps show that large variations in the degree of coupling between
graphene layers occur on the scale of several µm2. As the smallest spot radius used in
the z-scan transmission measurements was 65 µm, any effects from variations in layer
coupling are averaged over the relatively large beam area and are thus not likely to
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change with beam location. See Supplementary Material for Fourier transform infrared
(FTIR) spectra of the graphene sample.

III Results and Discussion

1550 nm (0.80 eV)

2000 nm (0.62 eV)

2500 nm (0.50 eV)

2800 nm (0.44 eV)

3200 nm (0.39 eV)

3500 nm (0.35 eV)

Figure 6.2: Z-scan transmission measurements presented as functions of intensity.
The data is fitted to Equation 6.2 and the absorption processes SA and 2PA are
observed. The fit function is then altered by setting β = 0 to qualitatively show the
effect of SA without 2PA.

The transmission T of femtosecond pulses at each wavelength were measured at
each position z and converted to a function of intensity I. The transmission data were
then fitted to Equation 6.2 and are presented in Figure 6.2. The data at all wave-
lengths show an increase in transmission with intensity that is consistent with SA.
At intensities above ∼1 GW cm−2, the I2 dependence of 2PA dominates the effects of
SA and the transmission rolls off. At wavelengths 2.8 µm (0.44 eV), 3.2 µm (0.39 eV),
and 3.5 µm (0.35 eV), the transmission reduces to well below unsaturated values. Sim-
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ilar observations have been made in the near-IR regime with bilayer graphene211 as
well as SESAMs.229 The highest peak intensities incident on the graphene were lim-
ited to below damage thresholds determined by experiment at each wavelength. See
Supplementary Material for listed damage thresholds.

Figure 6.3: Transmission fit functions normalised to the transmission of the CaF2
substrate at each wavelength.

The transmission functions fitted to Equation 6.2 were normalised to the transmis-
sion of the CaF2 substrate at each wavelength and are presented in Figure 6.3. There
are several interesting features displayed here. Firstly, the low intensity transmission
increases with wavelength, which is also observed in the FTIR spectra presented in the
Supplementary Material. This is in agreement with some reports in literature,94,235

however it does contradict other reports of a completely flat absorption spectrum208,220

and may be due to an interaction between the graphene and the CaF2 substrate. Sec-
ondly, the saturation intensity decreases with wavelength with the exception of 2.8 µm
(0.44 eV) where Is is the lowest of all wavelengths. Thirdly, the modulation depth is
highest at 2.0 µm (0.62 eV) and lowest at 3.5 µm (0.35 eV). The effective modulation
depth and slope of the nonlinear transmission curve are reduced by 2PA.

The fitted absorption parameters for SA and 2PA are shown graphically in Fig-
ure 6.4. Resonant features in 2PA are observed with a peak at around 3200 nm (0.39 eV)
which may be explained by interlayer coupling. This peak location agrees with quan-
tum perturbation theory used for the case of AB stacked bilayer graphene.211 There is
insufficient data to resolve a possible second peak below 2000 nm (above 0.62 eV) that
may exist due to three layer coupling. The sum of the SA parameters decreases with
wavelength which corresponds to the transmission increase in the low intensity regime.
See Supplementary Material for listed values of the fitted absorption parameters α0,
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Figure 6.4: Fit parameters α0 and αns for SA (left axis) and β for 2PA (right axis).
Connecting lines are included for a guide to the eye.

αns, and β.

The measured saturation intensities, Is, and saturation fluences, Fs, are presented in
Figure 6.5 as functions of photon energy, Eph (See Supplementary Material for the listed
values), and compared with measurements published in literature.70,87,89,185,211–213,217,223

In each case, graphene sheets were produced by either mechanical exfoliation, epitaxy,
or CVD and the direction of incident radiation was perpendicular to the graphene plane.
Cases for graphene flakes suspended in a solution or polymer were excluded from the
analysis because the angle of incidence is not uniform and the incident beam is more
likely to interact with flake edges where disorder is high. One reported measurement of
Is for graphene produced by spin coating is also included in Figure 6.5 for comparison,
since the graphene was mounted on a flat glass substrate and the radiation was at
normal incidence.236

The relationship between Is and Eph is affected by incident pulse duration, τp, rel-
ative to the carrier lifetime. The relaxation of photogenerated carriers in graphene
is described by two distinct time scales, τ1 ≈ 140 fs and τ2 ≈ 1.56 ps, where τ1 may
be attributed to carrier-carrier intraband scattering while τ2 may be explained by
carrier-phonon intraband scattering or electron-hole recombination.87,220,221 The frac-
tional amplitudes of the biexponential fits are A1 ≈ 0.74 for time constant τ1 and A2

for τ2,221 which result in a mean lifetime of τavg ≈ 500 fs. The saturation intensity data
in Figure 6.5 are divided into two pulse duration regimes, τp ≤ 500 fs and τp ≥ 1 ps,
where the boundary between the two regimes is comparable with the mean carrier life-
time. Each set of data were fitted to Is = aEb

ph and Fs = cEd
ph, where a, b, c and d are

the fit parameters. The saturation intensity of graphene produced by spin coating236
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[213]
[212]
[217]
[223]
[223]
[89]
[87]
[70]
[185]
[236]

Figure 6.5: Comparison of measured saturation intensities Is and saturation fluences
Fs in literature as functions of photon energy Eph. The data are sorted by laser pulse
duration. Laser pulse repetition rates and number of graphene layers (L) are listed
in the legend. The data are divided into two pulse duration regimes, τp ≤ 500 fs and
τp ≥ 1 ps, and fitted separately.

is significantly higher than the case for CVD graphene185 when measured with similar
photon energy and pulse duration, which is likely due to high disorder as a result of the
spin-coating process. Therefore, Is and Fs for the spin-coated graphene were excluded
from the fits.
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In the short pulse regime, the Is parameters are a1 = 0.2± 0.1 and b1 = 2.6± 0.3
while the Fs = τpIs parameters are c1 = 2.4± 0.1 and d1 = 2.9± 0.2. In the long pulse
regime, Fs = τavgIs, and the fit parameters are a2 = 8.6± 0.5× 10−4, b2 = 0.54± 0.10,
c2 = 0.43± 0.02, and d2 = 0.54± 0.10. That is, the empirical fits suggest that Is ∝ E3

ph

and Fs ∝ E3
ph when incident pulse durations are below the mean carrier lifetime. In

the case of longer pulses, Is ∝
√
Eph and Fs ∝

√
Eph.

IV Conclusion

We have characterised the response of trilayer graphene to high intensity radiation
between 1.55 µm and 3.50 µm (from 0.35 eV to 0.80 eV). We have shown that multilayer
graphene exhibits SA and 2PA in response to 100 fs pulses. Resonant features in 2PA
were observed over the spectral region measured, however more data is required to
resolve these features. The 2PA limits the effective modulation depth and can be
detrimental to mode-locking ultrafast lasers. Saturation intensities of femtosecond
pulses are shown empirically to be proportional to the third power of photon energy,
while those of longer pulses are shown to have a square root dependence.

Supplementary Material

See Supplementary Material for z-scan procedure, transmission measurements, absorp-
tion and saturation intensity values, method of beam profile measurement, damage
thresholds, and FTIR spectra.
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6.3 Absorption parameters
The saturable absorption parameters (α0, αns, and Is) and two-photon absorption
parameter (β) that were fitted to the z-scan transmission measurements using Equa-
tion 4.16 are listed in Table 6.1.

Table 6.1: Fitted absorption parameters.

λ
[nm]

Eph
[eV]

α0
[10−2]

αns
[10−2]

β
[10−3

cm2 GW−1]

Is
[GW cm−2]

Fs
[µJ cm−2]

1550 0.80 3.92± 1.13 1.85± 1.15 2.68± 1.16 (1.14± 0.51)×100 (1.14± 0.51)×102

2000 0.62 3.19± 0.17 2.40± 0.18 0.59± 0.17 (5.57± 0.90)×10−1 (5.57± 0.90)×101

2500 0.50 2.63± 0.14 2.67± 0.14 1.05± 0.10 (4.28± 0.68)×10−1 (4.28± 0.68)×101

2800 0.44 1.39± 0.08 3.41± 0.08 1.55± 0.18 (3.65± 0.89)×10−2 (3.65± 0.89)×100

3200 0.39 1.32± 0.16 2.61± 0.17 3.65± 0.32 (7.72± 3.43)×10−2 (7.72± 3.43)×100

3500 0.35 0.89± 0.14 3.03± 0.15 2.63± 0.24 (8.30± 4.51)×10−2 (8.30± 4.51)×100

6.4 Conclusion
The results presented in this article are the culmination of research in the unique
properties of graphene presented in Chapter 4 and the z-scan experiment presented in
Chapter 5 which was optimised for measurement sensitivity. Results of the z-scan trans-
mission measurements show that the effective modulation depth of multilayer graphene
is affected by two-photon absorption, which will be detrimental to the performance of
multilayer graphene when used as a saturable absorber to mode-lock mid-IR lasers.

This work has shown that when measured saturation intensities are compared with
reported measurements for cases of graphene produced in the form of uniform sheets
only, rather than composites or colloidal suspensions of graphene flakes, those sat-
uration intensities fall into two distinct pulse duration τp regimes. Two empirical
relationships between saturation intensity Is and photon energy Eph were proposed:
(i) Is ∝ E3

ph when τp ≤ 500 fs; and (ii) Is ∝
√
Eph when τp ≥ 1 ps. These results provide

new insight into graphene absorption processes at high intensity and their relationship
with photon energy and pulse duration.

The future directions that may stem from this work are extensive. Now that the
challenges of measuring small changes in nonlinear absorption have been met and un-
derstood, the experiment design is well established for z-scan measurements of trans-
mission through any material. Various numbers of graphene layers, for example, may
be studied and compared over a broad spectral range to extend the study of nonlinear
absorption processes in graphene and their dependence on photon energy. With further
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optimisation of experiment design, or use of a more stable tunable laser source, single
layer graphene could be studied in the mid-IR spectral region. Although the modula-
tion depth of single layer graphene is only ∼1.3 %, it is not expected to be affected by
two-photon absorption processes211 and this should be confirmed by experiment in the
mid-IR spectral region.

Furthermore, saturable absorbers other than graphene can be characterised and
compared with the response of graphene presented in this work. This would be par-
ticularly important in the mid-IR spectral region beyond the 2.5 µm wavelength band
where, as this work has shown, the effective modulation depth of multilayer graphene
is considerably affected by two-photon absorption. In fact, this work shows that the
search for an effective mid-IR laser mode-locking element should extend beyond mul-
tilayer graphene to other saturable absorber materials. The response of single layer
graphene to high intensity radiation in the mid-IR is yet to be measured.
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Chapter 7
Conclusion

7.1 Summary

Progress in mid-IR lasers will achieve the high-brightness, widely broadband sources
needed for applications in remote sensing, medicine, and defence. Three approaches
were implemented in this thesis to advance mid-IR lasers.

Firstly, a DIAL application was proposed for the detection of diesel exhaust gases in
the atmosphere (Chapter 2). Diesel engine exhaust, classified as a Group 1 carcinogen,
contains three gas constituents that could be detected remotely by an airborne DIAL
system. Carbon monoxide is a suitable target gas in the 2.3 µm wavelength band, while
nitrogen dioxide and formaldehyde are suitable targets in the 3.5 µm band. When 1000
pulses are averaged, the lidar sensitivity estimates for the detection of these gases were
at least one order of magnitude below the urban background concentration lengths.
The results of this feasibility study are presented in such a way that they are easily
scalable, while the method adopted could be repeated for other conditions, such as
different backscattering surfaces (i.e. other than an ocean surface) or different target
gases (such as methane). The 3.5 µm dual-wavelength pumped fibre lasers modelled in
Chapter 3 may continue to develop into suitable light sources for detection of nitrogen
dioxide or formaldehyde using a DIAL system in the future.

Secondly, a numerical model was developed to simulate fibre laser processes and per-
formance (Chapter 3). This was the first theoretical study of 3.5 µm lasers. The model
was validated against three reported experiments and simulates the ionic and photonic
interactions in 3.5 µm dual-wavelength pumped fibre lasers with a high temporal reso-
lution, while most previously reported models solve for the steady state condition only.
The evolution of energy level populations over time provides valuable insight into laser
threshold conditions, the fast changes that occur immediately following threshold, and
steady state populations. Furthermore, in the Q-switch mode of operation, the time
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evolution of pulses and energy level populations enable the study of Q-switching be-
haviour and the optimisation of Q-switch repetition rate. This model, adaptable to
almost any fibre laser design, has become a valuable tool for designing and optimising
laser output power in either CW or Q-switch modes of operation.

Thirdly, graphene was studied and characterised to understand its potential suit-
ability for mode-locking mid-IR lasers (Chapters 4, 5, and 6). Graphene mode-locked
lasers have been demonstrated in the near-IR domain but not beyond the 3 µm wave-
length band. This work was motivated by the broadband saturable absorption proper-
ties of graphene combined with the growing demand for ultrafast mid-IR laser sources.
The unique properties that give rise to broadband saturable absorption in graphene
were studied and presented (Chapter 4). These include linear energy dispersion, zero
bandgap, and ultrafast electronic relaxation times. The response of graphene to high
intensity radiation was measured in the spectral region between 1.55 µm and 3.50 µm
using a 100 fs laser source and the z-scan technique (Chapter 5). The experiment was
optimised to achieve transmission measurement sensitivity below 0.5%, overcoming
several challenges associated with laser source instability. The laser beam profile and
damage threshold of graphene were measured in each wavelength band prior to each
z-scan.

The intensity dependent transmission through trilayer graphene was measured in
six wavelength bands – 1.55 µm, 2.0 µm, 2.5 µm, 2.8 µm, 3.2 µm, and 3.5 µm. Saturable
absorption and two-photon absorption processes were observed and measured in each
wavelength band (Chapter 6). The measured saturation intensities were combined with
others reported in literature to find that saturation intensity depends on the third power
of photon energy in the femtosecond regime while longer pulses show a square root de-
pendence. Moreover, transmission measurements show that the effective modulation
depth of multilayer graphene is affected by two-photon absorption which will be detri-
mental to mode-locking performance. This result explains why lasers beyond the 3 µm
wavelength band have not been mode-locked using multilayer graphene.

7.2 Future directions

This research lays the foundation for a wide range of possible future directions.
The DIAL feasibility study presented in Chapter 2 demonstrates that detection of

diesel exhaust gases in the atmosphere using DIAL technology is possible. Numerous
assumptions were made to simplify the analysis. More detailed studies are required to
estimate lidar sensitivity for any specific set of DIAL parameters and environmental
conditions. The optimal wavelengths of the online and offline pulses for each target
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gas need to be determined precisely to ensure that they are not attenuated by other
gases. Now that the likelihood of diesel exhaust detection has been established, the
methodology presented can be extended to other applications, such as searching for
methane leaks in natural gas pipelines. Furthermore, this study motivates the need to
advance dual-wavelength Q-switching techniques for mid-IR DIAL laser sources.

The fibre lasers modelled in Chapter 3 were 3.5 µm dual-wavelength pumped Er3+-
doped fibre lasers. Now that the model has been validated against several experiments,
it can be easily adapted to any fibre laser design if the required parameters are known.
This is beneficial for designing fibre lasers prior to purchasing costly equipment and
fibre. Furthermore, the model could be developed to simulate the effects of a saturable
absorber inside a laser cavity for passive Q-switching. The initial approach would be
to include an intensity dependent transmission at the output coupler. The model could
be used to predict and optimise the saturable absorber properties required to Q-switch
a particular laser.

The z-scan experiment presented in Chapter 5 was optimised to measure small
changes in transmission of light through trilayer graphene. Now that the experiment
design and methodology have been established, the intensity dependent transmission
through any saturable absorber can be measured. If multilayer graphene is not ideal for
mode-locking mid-IR lasers, then what material is? Single layer graphene? Would two-
photon absorption be observed in single layer graphene? Does single layer graphene
have sufficient modulation depth for mode-locking mid-IR lasers? What about bilayer
graphene? Ten layer graphene? What about black phosphorus or any other saturable
absorber material? The emission wavelength of any laser could be used in z-scans
of multiple saturable absorbers to compare their absorption properties and determine
which materials are most suitable for mode-locking or Q-switching that laser.

When combined, the three approaches to advancing mid-IR lasers presented in this
thesis form a powerful set of tools for designing mid-IR lasers in the future.
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A.1 Spectral analysis of diesel exhaust molecules

A.1.1 Spectral line intensities

The spectral line intensities S of various diesel exhaust molecules and atmospheric
absorption in the spectral region between 1 µm and 5 µm are presented in Fig-
ures A.1 –A.8, where each figure covers a 500 nm spectral region. The figures effectively
expand part of Figure 2.6 to reveal molecular absorption features within atmospheric
transmission windows with a higher resolution. The spectral regions where atmospheric
absorption is low indicate which spectral lines are accessible within the transparent
windows of the atmosphere. The absorption was modelled for a return pulse from an
altitude of 500m, i.e. a total path length of 1 km. The line intensities were sourced
from the HITRAN2016 database.9
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Figure A.1: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption (right axis) overplotted. The spectral region is
confined to 1.0 µm– 1.5 µm.

Figure A.2: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption (right axis) overplotted. The spectral region is
confined to 1.5 µm– 2.0 µm.
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Figure A.3: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption (right axis) overplotted. The spectral region is
confined to 2.0 µm– 2.5 µm.

Figure A.4: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption (right axis) overplotted. The spectral region is
confined to 2.5 µm– 3.0 µm.
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Figure A.5: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption (right axis) overplotted. The spectral region is
confined to 3.0 µm– 3.5 µm.

Figure A.6: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption (right axis) overplotted. The spectral region is
confined to 3.5 µm– 4.0 µm.

158



A.1. Spectral analysis of diesel exhaust molecules

Figure A.7: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption (right axis) overplotted. The spectral region is
confined to 4.0 µm– 4.5 µm.

Figure A.8: The spectral line intensities S of various diesel exhaust molecules (left
axis) with atmospheric absorption (right axis) overplotted. The spectral region is
confined to 4.5 µm– 5.0 µm.
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A.1.2 Absorption cross sections

The absorption cross sections of various diesel exhaust molecules in the spectral region
between 2 µm and 12 µm are presented in Figure A.9. The cross sections for acetalde-
hyde and acrolein were sourced from the HITRAN2016 database9 while the propylene
cross sections were sourced from Ref. 125. Figure A.10 shows the absorption cross
sections in the spectral region between 3.2 µm and 3.8 µm with atmospheric absorp-
tion overplotted. Absorption peaks within transmission windows include: propylene
at wavelength 3.389 µm and cross section 1.64×10−19 cm2, acetaldehyde at wavelength
3.650 µm and cross section 1.57×10−19 cm2, and acrolein at wavelength 3.556 µm and
cross section 1.52×10−19 cm2.

Figure A.9: Absorption cross sections of various diesel exhaust molecules measured
near 298K.

Figure A.10: Absorption cross sections of various diesel exhaust molecules measured
near 298K with atmospheric absorption overplotted.
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A.1.3 Absorbance

The absorbance of diesel exhaust molecules in the spectral region between 2.5 µm and
12 µm are presented in Figure A.11. The absorbance data were sourced from the
NIST database.237 Figure A.12 shows the absorbance in the spectral region between
3.2 µm and 3.8 µm with atmospheric absorption overplotted. NIST state the follow-
ing: “Important Note: All spectra were measured in the gas phase by GC/IR (gas
chromatography / infrared spectroscopy), hence concentrations in the IR cell are not
known or estimable. Molar absorption coefficients are not reported. This data provides
only relative absorption coefficients as a function of wavelength which can be used for
identification, not quantification.” Therefore, the data was normalised to the highest
peak within each spectrum. For some spectra, the highest peak occurs at a wavelength
greater than 12 µm.
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Figure A.11: Normalised absorbance of diesel exhaust molecules sourced from NIST
data.237 Note that the absorption peaks are only relative within each spectrum and
are not relative from one spectrum to another.
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Figure A.12: Normalised absorbance of diesel exhaust molecules (left axis) sourced
from NIST data237 with atmospheric absorption (right axis) sourced from the HI-
TRAN2016 database9 overplotted. Note that the absorption peaks are only relative
within each spectrum and are not relative from one spectrum to another. The spectral
region is confined to 3.20 µm– 3.80 µm since this region contains most of the molecular
absorption features within atmospheric transmission windows.
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A.2 Spectral response of IR detectors

The spectral responses of Hamamatsu and Vigo IR detectors are shown in Figures A.13
and A.14 respectively.
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Figure A.13: Spectral response of Hamamatsu IR detectors. This illustration was
sourced from the Hamamatsu selection guide for IR detectors, April 2019.

Figure A.14: Spectral response of Vigo PVI-4TE series IR detectors suitable for the
2 µm to 12 µm spectral range. This illustration was sourced from the Vigo catalogue
for IR detectors, January 2017.
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A.3 Diesel fuel

A.3.1 Nitrogen oxide breakdown in diesel exhaust

The maximum ratios of NO2/NOx in diesel engine exhaust may be up to 30% but,
under usual operating conditions, lies between 5% and 10%.141 This ratio is affected
by fuel mixture, temperature, and engine load.142

Measurements of NOx emissions have been performed on a marine auxiliary diesel
engine using various fuel mixtures and engine loads.142 The experiments were performed
using the turbocharged diesel engine equipped with a direct fuel injection and with
the engine volume 6 l. Mixing of the biodiesel with the ultra low sulfur diesel fuel
(ULSDF), using the ratios 0%, 50%, 80% and 100%, created the different testing fuels.
The individual mixed fuels were marked ULSDF, B50:U50, B80:U20 and Biodiesel.
Measured concentrations of NOx, NO, and NO2 are displayed in Figures A.15, A.16,
and A.17 respectively. The ratio NO2/NOx ranges between 3% (high engine load) and
32% (low engine load) while NO/NOx ranges between 60% (low engine load) and 93%
(high engine load).

Figure A.15: Influence of different testing fuels on the NOx emissions at the engine
speed 1800 rpm.142
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Figure A.16: Influence of different testing fuels on NO emissions at the engine speed
1800 rpm.142

Figure A.17: Influence of different testing fuels on NO2 emissions at the engine
speed 1800 rpm.142

A.3.2 Sulfur content globally
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Figure A.18: Global status of sulfur levels in diesel fuels as at August 2008. This
illustration was reported by UNEP.

Figure A.19: Global status of sulfur levels in diesel fuels as at March 2017. This
illustration was reported by UNEP.
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This Appendix presents the following published article:

O. Henderson-Sapir, A. Malouf, N. Bawden, J. Munch, S. D. Jackson, D. J. Ot-
taway. Recent advances in 3.5 µm erbium-doped mid-infrared fiber lasers. IEEE
Journal of Selected Topics in Quantum Electronics, 23(3):6–14, May 2017.

This article is provided to support the material presented in Section 3.5.
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Recent Advances in 3.5 μm Erbium-Doped
Mid-Infrared Fiber Lasers

Ori Henderson-Sapir, Member, IEEE, Andrew Malouf, Nathaniel Bawden, Jesper Munch,
Stuart D. Jackson, Senior Member, IEEE, and David J. Ottaway

(Invited Paper)

Abstract—The performance of mid-infrared Er3+-doped fiber
lasers has dramatically improved in the last few years. In this pa-
per, we present an overview of the progress in 3.5 μm fiber lasers
based on the dual-wavelength pumping approach. The cross section
of the excited state absorption transition used by the 1973 nm sec-
ond pump is found experimentally. A numerical simulation of the
expected Q-switched behavior of this fiber laser is presented. This
shows that increasing the power of the 977 nm pump is important
to achieve high-peak power pulses.

Index Terms—Laser, fiber, optics, optical, infrared, mid-
infrared, erbium, Er3+ , ZBLAN, numerical, model, simulation,
optimization, 3.5 μm, 2.8 μm, dual-wavelength.

I. INTRODUCTION

IN THIS paper we review the current state of the art in rare-
earth doped mid-infrared fiber lasers. The last decade has

seen a continuing increase in the power available from mid-
infrared sources. Significant attention has been given to sources
such as optical parametric oscillators (OPOs) and amplifiers
(OPAs), quantum cascade lasers (QC) and fiber lasers. The im-
provement in these sources have opened up many new possible
applications in defense [1], environmental monitoring [2] and
medicine [3]. Despite the advances, mid-infrared sources oper-
ating in the 3-4 μm band have lagged behind in terms of output
power, portability, efficiency and beam quality.

Quantum cascade lasers have excelled at the longer wave-
lengths and the achievable wavelengths have recently been
pushed further towards shorter wavelengths [4]. In recent years
wavelengths as short as 3.2 μm have been demonstrated [5].
Compared with QCs, rare earth doped fiber lasers have the po-
tential for efficient power scaling of high beam quality outputs.
Moreover, their higher energy storage capability promises high
peak powers, which are likely to be outside of QC capabili-
ties. Recently, 3 μm fiber lasers have shown to exhibit power
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Fig. 1. Published laser power from rare-earth doped fiber laser as a function of
operating wavelength [9]–[22]. The trend of reduced power as the wavelength
increases (dashed orange line) is mostly a result of the energy difference between
pump and laser photons. Recent development since 2012 [8] are marked with a
blue circle. The Ho3+ based 3.9 μm laser required cryogenic cooling [22].

levels exceeding 30 W CW with peak powers exceeding 0.9 kW.
[6], [7].

Infrared fiber lasers can now provide output over most of
the wavelength range of 1-4 μm as can be seen in Fig. 1. The
figure depicts the maximum average power demonstrated to-
date from rare-earth doped fiber lasers. Originally, published
in a review paper by Jackson [8] and updated for this paper
it shows the state-of-the-art power achieved by fiber lasers at
various wavelengths. It also demonstrates that until recently
the output power versus wavelength follows a trend line that
decreases exponentially with increasing wavelength until 3 μm,
above which the laser power fell significantly to 10 mW.

The pioneering work done on demonstrating fiber lasers with
wavelengths longer than 3 μm was done by a group from
the Technischen Universität Braunschweig in Germany in the
1990‘s. They demonstrated lasers that operated at 3.2 μm [16]
and 3.9 μm (cryogenically) [22] using Ho3+ :ZBLAN fiber and
at 3.5 μm [20] using Er3+ :ZBLAN fiber. These lasers had high
threshold and low slope efficiencies, particularly when operated
at room temperature. The maximum average power levels were
at the 10 mW level.

The low powers and efficiencies demonstrated previously in
these lasers can be attributed to the following reasons. First, the
high phonon energy of silica glass means that it is not transparent

1077-260X © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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Fig. 2. The dual-wavelength pumping concept compared to ordinary ground-
state based pumping.

beyond 2.4 μm and longer wavelength transitions are efficiently
quenched by multi-phonon non-radiative decay. This requires
the use of more exotic glasses, such as the fluoride glass ZBLAN
which are less mechanically robust and have proven more dif-
ficult to fabricate and handle. In addition, many of the longer
wavelength transitions are located high above the ground state,
which means the lasing transition is inherently inefficient due
to high quantum defect. Moreover, excited states located below
the lasing transition often have long radiative lifetimes which
are fully realized due to the required low phonon energy of the
glass hosts. These long lifetimes trap ions and prevent them
from returning to the ground state after lasing which depletes
the ground state and reduces pump absorption. Therefore, the
high quantum defect for the longer transitions, combined with
less mature glasses and compounded by less efficient pump
sources [23] are the main reasons behind the declining trend in
laser power shown in Fig. 1. In the case of the 4F9/2 →4 I9/2

transition in erbium [20] we have recently found evidence that
the high threshold in these experiments were likely caused by
an energy exchange process that robs the top lasing state of
ions [24].

We realized that the long-lived lower level excited states could
be transformed from a hindrance to an advantage if they were
used to significantly reduce the quantum defect of these laser.
This could be achieved using dual-wavelength pumping (DWP)
whose concept is illustrated in Fig. 2. Dual wavelength pumping
uses one pump wavelength (P1) to establish a population in one
of the long-lived excited states which we have called a “virtual
ground state”. The lasing cycle then consists of pumping the
ions to the top lasing state using a second pump (P2), post-
lasing the ions return to the virtual ground state and the cycle
is repeated. In this way ions can undertake this lasing cycle a
number of times before they drop to the ground state and need
to be re-pumped to the virtual ground state using P1 . This tech-
nique offers the additional benefit of using infrared pump wave-
lengths that are more readily available at higher powers than the
visible sources required for direct ground state pumping. Our
initial work demonstrated this concept on the 4F9/2 →4 I9/2

transition in erbium [21], [25], [26]. Our first demonstration
of mid-infrared DWP laser significantly surpassed the 10 mW
barrier, achieved a slope efficiency of 25 % and brought the
3.5 μm Er3+ transition onto the trend line shown in Fig. 1. Fur-

Fig. 3. Emission cross-sections of mid-infrared transitions in rare-earth doped
ZBLAN glass. The 3.2 μm cross-section was calculated from the spontaneous
emission spectrum in [16] in conjunction with spectroscopic data from [28] by
applying the Fuchtbauer-Ladenburg method [29].

ther power scaling to 1.5 W output power was demonstrated
recently by our group [19] and the Université Laval group [18]
who used an all fiber approach.

We expect that further power scaling of the 3.5 μm transi-
tion is achievable. To facilitate this we have recently finished a
numerical model that emulates the 3.5 μm system [27]. This nu-
merical codes allows us to simulate different conditions and var-
ious geometries prior to committing to purchase costly ZBLAN
fibers. Moreover, our code allows us to investigate both the
spatial and temporal development of the laser pulse along the
fiber, therefore enabling the investigating of gain-switching and
Q-switching. Both short pulse approaches are necessary for re-
mote sensing applications and might allow 3.5 μm fiber lasers
to replace costly OPOs as laser sources for remote sensing ap-
plications.

Results from Figs. 1 and Fig. 3, together with the results
from Braunschweig Group [22] demonstrate that fiber lasers can
span the entire 2.6-3.9 μm wavelength range, which covers the
important light absorption “fingerprint” range of many organic
compounds, some of them shown in Fig. 4. This development
can open new applications for fiber lasers in spectroscopy that
were not previously available.

In this paper we describe new experimental and modeling
results which are important for improving the performance of
DWP based 3.5 μm fiber lasers. First we show the optimal wave-
length for the excited state pump source (P2) in a DWP system
is 1973 nm. We then present our experimental work to find the
absorption and emission cross-sections curves associated with
the second pump source.

In the following section we show phenomenologically that
the emission spectra at the 3.5 μm band has a considerable
dependence on the source of the ZBLAN glass used and its
doping concentration which has ramifications for extending the
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Fig. 4. Absorption of various gasses in the 2.5–4 μm spectral range. Note that
the three most important greenhouse gases, water (not shown for brevity - many
lines), carbon-dioxide and methane, are all present.

Fig. 5. Energy level diagram of Er:ZBLAN.

tuning range of this transition. We conclude by presenting a
numerical analysis of a Q-switched DWP, 3.5 μm laser which
is a necessary precursor for the evaluation of high peak-pulse
lasers in this band for laser based remote sensing applications.

II. 2 μm EMISSION CROSS-SECTION

To achieve efficient pumping of the DWP system by the
second pump, it is important that its wavelength is close to
the peak absorption of this transition (4I11/2 →4 F9/2) (see
Fig. 5). In this section we present measurements using excited
state spectroscopy to determine the relevant excited state cross-
section for the first time in Er3+ :ZBLAN. Spectroscopic data
available from Caspary [30], suggests that the transition has a
zero-phonon transition wavelength of 1973 nm and no ground
state-absorption (GSA) or excited-state absorption (ESA) tran-
sitions correspond to this wavelength band suggesting little in-
terference in the measurements from other transitions. Existence

Fig. 6. Experimental setup for in-fiber pump-probe measurement for deter-
mining 4 I11/2 → 4F9/2 transition cross-section. BPF - bandpass filter, LPF -
longpass filter. For further details, see text.

of a weak excited-state absorption that originates from the 4F9/2

state has been proposed by the Laval group [31] to explain their
modeling results. This excited state absorption will not effect
the results presented here because a significant population is not
established in the 4F9/2 state. The experimental set-up used to
perform this measurement is illustrated in Fig. 6.

Determining the optimum ESA wavelength using a fiber com-
pared with bulk has two major advantages. The increased inter-
action length allows small cross-sections to be measured and the
fiber geometry ensures good spatial overlap between the probe
beam and the excited state population established by the 974 nm
pump. For the fiber experiments, we used a commercially avail-
able Er3+ doped ZBLAN fiber manufactured by FiberLabs. The
fiber had a 3.6 μm core with an NA = 0.28 and 125 μm diameter
cladding surrounded by polymer coating with 250 μm diame-
ter. The doping concentration was low, 8 × 1019 ions/cm3 or
0.5 mol% to minimize non-radiative energy transfer processes.

We determined the lineshape of the ESA transition using the
experimental set-up illustrated in 6. Light from a 974 nm diode
and a broadband supercontinuum source (SCS) was launched
into an Er3+ :ZBLAN fiber. The 974 nm diode excited ions from
the ground state and created a population at the 4I11/2 level.
The SCS probed the 4I11/2 → 4F9/2 transition at a variety of
wavelengths to determine a relative transmission over a wide-
band wavelength for a range of differing 974 nm pump powers.
By determining the spatially averaged population of the 4I11/2

level, this absorption spectra was used to calculate the absolute
excited-state absorption cross-section.

In this experimental set-up, the pump and probe beams were
launched into the fiber from the same direction. The pump beam
was a 330 mW, 974 nm single mode, fiber-coupled laser diode
(Thorlabs PL980P330J), which was collimated using an as-
pheric lens. Some measurements required neutral density filters
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to attenuate the beam whilst maintaining a constant current and
hence wavelength for the 974 nm laser diode.

The probe beam was generated by a Koheras SuprK su-
percontinuum source (SCS) with a power spectral density of
0.01 mW/nm in the band around 1970 nm. The single trans-
verse mode output of the SCS enabled easy alignment and fo-
cusing into the fiber. The SCS was internally pulsed with a pulse
duration of ∼ 1 ns and a pulse repetition frequency (PRF) of
22.6 kHz. The TTL output from the SCS was used to synchronize
the lock-in amplifier (LIA). Various filters were used to allow
only a certain band of the SCS to be incident on the ZBLAN
fiber.

The beam from the SCS was combined with the 974 nm beam
on a 45◦ dichroic mirror (CVI Laser Optics). The dichroic mirror
reflected the wavelength range of 1500-2400 nm while it trans-
mitted the 974 nm beam. The combined beams were launched
through an aspheric lens into the ZBLAN fiber. Chromatic dis-
persion of the launching aspheric lens resulted in large variations
in launch efficiency at the different wavelengths used. This was
especially noticeable when launching the 974 nm pump and
the broadband SCS beam around 1900 nm band. The launching
conditions were thus a trade-off between launched pump and
probe power. This issue could be avoided in future experiments
by using reflective focusing optics.

The launched beams interacted with the Er3+ ions by GSA
and ESA transitions. The residual pump, probe and fluorescence
emerging out of the fiber were collimated by an uncoated CaF2

lens. Short wave fluorescence was filtered from the emerging
beam using either a 1550 nm or 1150 nm longpass filter (Thor-
labs). The remaining light was focused into the spectrometer
(Princeton Instruments, Acton 2557) using an additional CaF2

lens.
Visible and near-IR wavelengths were detected using a silicon

photo-diode (Horiba DSS), while the 1970 nm band light was
detected by an extended InGaAs biased photodiode detector
(Thorlabs DET10D). The signal from the detector was fed into
a LIA (Stanford Research System SRS830) for amplification
and demodulation at the SCS frequency. The signal from the
LIA was logged by computerized acquisition and control system
(Princeton Instruments, SpectraHub).

An example of the change in the transmitted probe beam
spectrum between 1500 nm and 2100 nm with changing 974 nm
power is shown in Fig. 7. It shows a wide absorption band
stretching between 1900 nm and 2020 nm, with its peak centered
at 1973 nm. As expected, the depth of absorption was strongly
dependent on the 974 nm power launched into the fiber.

In the case of a pump and probe measurement and following
Pollnau et al. notation [32], the general case for the transmission
ratio of a probe beam with and without a pump beam is

1

Nel
ln
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Ip

Iu

)
= σGSA +
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Ne
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In (1), we defined Ne =
∑

i Ni as the total population density
of all excited states, and the ratio of the transmitted probe power
with the pump laser on and off is (

Ip

Iu
). σGSA , σESA and σSE

Fig. 7. Initial broadband transmission scan showing 4 I11/2 → 4F9/2 ESA.
The ellipse encompasses the ESA region of the 1973 nm absorption maximum.
On the left side of the curves, we see hints of weak stimulated emission around
the 1550 nm band.

are the absorption cross-sections of the ground and excited state
transitions and the stimulated emission (SE) cross-sections, re-
spectively.

The excited state absorption spectra of Fig. 7 was used to cal-
culate the wavelength dependent cross-section for this transition
using (2).

σESA =
1

N4 I1 1 / 2
l
ln

(
Ip

Iu

)
. (2)

To determine the absolute cross-section, accurate measure-
ments of the population of the 4I11/2 state (N4 I1 1 / 2

in (2)), the

fiber length l and the probe beam transmission ratio (
Ip

Iu
) are

required. The last term is readily obtained from a transmission
measurement since it is independent of absolute power. This
holds as long as the power levels are kept low to prevent bleach-
ing of the population established by the pump. Obtaining the
N4 I1 1 / 2

term accurately is considerably more challenging since
it requires an absolute value. The procedure for achieving this
is described below.

It should be noted that (2) assumes that there are no neighbor-
ing excited state absorptions whose wings overlap the excited
absorption of interest. The data shown in Fig. 7, supported by
the work of Caspary [30] shows that there are no significant
ESA or SE bands which overlap the 1970 nm band. ESA and
SE bands, which are further removed from the 1970 nm band
can be identified in Fig. 7. A feature close to 1550 nm was the
result of the 4I15/2 → 4I13/2 GSA transition combined with SE
on the 2H11/2 → 4I9/2 transition. This SE transition starts at
1470 nm but the short edge was not measured in the scan of
Fig. 7, because of the 1500 nm longpass filter used to elimi-
nate second order shorter wavelengths from coming through the
spectrometer.

We used the following additional pump-probe experiment
to obtain the average population of the 4I11/2 state at each
974 nm power level. The transmission through the fiber of a
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weak 797 nm beam probed the 4I15/2 →4 I9/2 GSA transition.
This experiment provided an absolute average value for the
change in the mean ground population of the fiber. We observed
a change in the transmission of the 797 nm beam, due to the
bleaching of the ground state, 4I15/2 due to high pump intensity.

As stated previously, the 4I11/2 population cannot be calcu-
lated simply by using the absorbed power of the 974 nm pump
because this required a very accurate knowledge of the coupling
efficiency. Further, the pump wavelength (974 nm) is known to
drive a number of excited state processes which further compli-
cates this relationship.

When the 974 nm pump is switched on, the change in the
ground population is

ΔNg = Nground with pump − Nground = −Ne

= − (N4 I1 3 / 2
+ N4 I1 1 / 2

+ NHigher), (3)

where NHigher is the population of all other excited states, be-
yond 4I13/2 , and 4I11/2 . NHigher was small because of the com-
bination of low pump power, low doping concentration and the
short lifetimes of levels above 4I11/2 . In a case similar to ours,
with CW 974 nm pumping Pollnau et al. showed numerically
[33] that less than 1% of the population occupied levels above
4I11/2 . Hence, we disregard the NHigher term in (3).

Pollnau et al. [33] also derived the ratio of population of
the 4I13/2 and 4I11/2 levels to the total excited population and
found that the population of these levels was dominated by the
ratio of lifetimes of the energy levels. They found that this ratio
held for doping densities up to almost 4 mol% doping of Er3+

ions [34], [35], which is considerably higher than the doping
densities used in our experiment (0.5 mol%). We therefore used
their result for the excited state population ratio of 33% and
66% for the 4I13/2 and 4I11/2 levels’ occupation, respectively.
Using these results together with (3), we find

N4 I1 1 / 2
� −2

3
(ΔNg ). (4)

The change in the ground state population can be measured
by observing the change in transmitted light in the 800 nm
band of the SCS, with and without the 974 nm pump operating.
This change in transmission corresponds to absorption by the
4I15/2 →4 I9/2 GSA transition and the relevant additional ESA
transitions shown in reference (1).

N4 I1 1 / 2
=

1

l
ln

(
Iout 800 nm pump(λ1)

Iout 800 nm(λ1)

)

× 1
3
2 σGSA(λ1) − 1

2 σESA4 I 1 3 / 2
(λ1) − σESA4 I 1 1 / 2

(λ1)

(5)

Equation (5) holds so long as a significant population is not
established in the 4I9/2 state, which allows us to omit the stim-
ulated emission term and obtain (5).

The combination of the low incident power of the SCS over
the entire 800 nm band (0.2 mW) and short lifetime of the 4I9/2

state (10 μs) ensures that this is true.

To determine the population of the 4I11/2 , it was neces-
sary to know the GSA and ESA cross-sections for specific
wavelengths. These cross-section were obtained from Poll-
nau et al. [33] (σGSA = 6.7 × 10−22 cm2 , σESA4 I 1 3 / 2

= 11.6 ×
10−22 cm2 and σESA4 I 1 1 / 2

= 1.5 × 10−22 cm2) at 797 nm. To

maximize the signal-to-noise, we chose a wavelength within the
800 nm band where GSA is dominant. From the work of Pollnau
[33], the peak of the GSA transition occurs around 797 nm. We
conducted an additional pump-probe scan at this band which
confirmed the wavelength of the peak of the GSA transition.
The peak of the 4I15/2 →4 I9/2 GSA transition was coinci-
dentally at the intersection point of both 4I13/2 →2 H11/2 and
4I11/2 →4 F3/2 ESA transition cross-section curves. By using
this wavelength, we were able to obtain the highest signal-to-
noise and be least affected by ESA at the 800 nm band.

In the above derivation, all population densities are assumed
to be the average values over the entire fiber length. The expo-
nential absorption profile of the pump means that the local ion
density at each position along the fiber is different. Under the
assumptions of negligible effect of cross-relaxation (CR) and
energy-transfer upconversion (ETU) processes and negligible
loss in the fiber, the average ion densities are independent of
the local population and depend only on the total pump power
absorbed. These assumptions are believed to be valid in our case
since the fiber used had low doping concentration and the pump
power used was low, both minimizing the effects of CR and
ETU processes.

The derivation by Pollnau et al. in [33] assumed that bleaching
of the ground state was very limited. In their case, less than
15% of the population was in an excited state. In our case, due
to the small core of the fiber, a large fraction of the population
could be excited. Thus, in order to maintain the validity of the
above derivation, it was necessary to reduce the pump power
as much as possible while maintaining a reasonable signal to
noise. The calculated ESA cross-section at 1973 nm was not
accurate when using high 974 nm pump power which excited a
significant fraction of the ion population.

After finding the ion density of the 4I11/2 level with varying
974 nm pump power, a second measurement was performed
using the same setup that was used to measure the 1973 nm ab-
sorption. From the transmission fraction and the ion population
we could derive the absorption cross-section using (2).

The two experiments used a similar experimental setup to
the one in Fig. 6 with slight variations. The 1500 nm longpass
filter was replaced by an 800 nm bandpass filter for the first part
of the experiment measuring the 800 nm transmission and was
reverted back to the 1500 nm longpass filter for the second part
of the experiment. A longer fiber, 65 cm long was used for both
experiments to increase the absorption of the light and hence
the signal level.

The absorption was linear up to about 25 mW of 974 nm
pump, where saturation effects started occurring. Beyond this
point the bleaching of the ground state significantly changes
the likelihood of GSA. Moreover, ESA becomes signficant at
higher power levels due to increased population at higher levels
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Fig. 8. ESA cross-section of the 4 I11/2 → 4F9/2 transition based on mea-
surement of bleaching of the ground. The black dot-dashed line represents
extrapolation of the measured absorption data. Peak absorption cross-section
value is σ1973nm abs = 2.3 ± 0.8 × 10−21 cm2 and emission peak value is
σ1973nm em = 2.6 ± 0.9 × 10−21 cm2 .

than 4I11/2 which causes the population ratio to deviate from
one used to calculate (5).

By combining the results of the ion density from the 797 nm
transmission measurement with the 1973 nm absorption at low
pump powers a consistent cross-section of σ1973nm = 2.3 ±
0.8 × 10−21 cm2 was obtained. The relatively high uncertainty
(30%) at these low power data arises from the lower signal-to-
noise and instabilities of the SCS source.

The emission cross-section of the 4F9/2 → 4I11/2 transi-
tion can be inferred from the absorption cross-section us-
ing the McCumber relation [36] and it is shown in Fig. 8.
Energy of the appropriate Stark levels required for this cal-
culation can be found in [37]. We arrived at a peak emis-
sion cross-section of σe = 2.6 ± 0.9 × 10−21 cm2 with the
wavelength dependency shown in Fig. 8. The value obtained
of σ1973nm = 2.3 ± 0.8 × 10−21 cm2 is the first experimental
value obtained for this ESA transition.

III. VARIATIONS IN THE 3.5 μm EMISSION SHAPE

In our previous work [19] we demonstrated a 450 nm wide
tuning range on the transition centered on 3.5 μm band using
the DWP method. Such wide tuning is significant to the future
sensing of hydrocarbons which tend to have strong absorption
lines closer to the short-wavelength edge of the tuning range
illustrated in Fig. 9.

It is therefore imperative to ensure efficient operation at the
shorter edge of the tuning range, which looks achievable since
there is large variability in the fluorescence curves obtained from
fibers made using slightly different compositions of ZBLAN and
differing dopant concentrations. This is summarized in Fig. 10
which shows fluorescence curves obtained from four different
fiber sources: Two fibers manufactured by FiberLabs, a single
clad, 0.5 mol% fiber (ZSF) and a 4 mol% double clad fiber
(ZDF). A third fiber manufactured by LeVerre Fluore (1 mol%)
and a forth one made by IR-Photonics (1.7 mol%). The fluores-
cence from these four fibers was collected during our work. A
fifth fiber (1 mol%) single clad, is from the work of Többen [20].

Fig. 9. Wavelength tuning obtained using 2.8 m long, 1 mol% Er3+ :ZBLAN
fiber while employing the DWP method [19]. 5 W of 977 nm pump and 4.4 W of
1973 nm pump powers were used. The dashed line represents the fluorescence
spectrum of the 4F9/2 → 4 I9/2 without a resonator.

Fig. 10. Comparison of the normalize fluorescence from the 4F9/2 →4 I9/2
transition from different fiber varieties. The distinctive feature at 3820 nm in the
FiberLabs ZSF curve is the result of stray light from the 1909 nm pump source.

The large differences of the short and long edges of the fluo-
rescence cannot be attributed to slight differences in calibration
as they span over 100 nm on each side. Although the differ-
ent curves were collected from fibers of different lengths, this
should not significantly affect the fluorescence profile because
the cross section of the fiber is low and re-absorption by the
sparsely populated 4I9/2 level was negligible

The origin of the difference between the fibers is not clear.
Fig. 10 suggests that doping concentration might contribute to
the location of the short edge. Understanding the causes and
controlling the location of the short edge is essential for future
spectroscopy application since the strongest fundamental ab-
sorption lines involving C-H bonds fall around 3.34 μm, well
within the wavelength region mostly affected by the fluores-
cence short-edge variations.

IV. Q-SWITCHING

Q-switching is a long established technique for produc-
ing short pulses with high peak power [38]. Such pulses are
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extremely useful in remote sensing applications such as differen-
tial absorption lidar (DiAL), see for example [39]. In this section
we investigate the likely Q-switching behavior of a 3.5 μm fiber
laser using our time domain numerical model [27]. We evaluate
the laser performance using the same parameters that were used
to demonstrate 1.5 W level power operation [19]. The laser gain
medium was a 2.8 m long, 1 mol% doped Er3+ :ZBLAN fiber.
This double-clad fiber had a core diameter of 16 μm and a cir-
cular, double truncated cladding of 240/260 μm. The numerical
apertures of the core and inner cladding were 0.12 and 0.46
respectively. Both ends of the fiber were butted against dichroic
mirrors. At the pump input end, the mirror was 100% reflective
at 3.5 μm while 80% and 90% transmissive at the 977 nm and
1973 nm pump wavelengths, respectively. The output dichroic
was an 80% transmissive mirror at 3.5 μm.

This study presents results for the case where both pumps
operate in CW modes suitable for high PRF remote sensing
applications. Q-switching is simulated by repetitively switch-
ing the intra-cavity loss between high and low loss states. The
switching time is modeled to be instantaneous and we show that
build-up time of a pulse is in the order of microseconds. There-
fore, slower switching times, such as those seen with acousto-
optic type switches, would not alter the outcomes significantly.

We conducted a series of simulations to obtain a modeled Q-
switched pulse train. Firstly, we performed 20 ms simulations
with the power of the first (977 nm) pump set to 2 W and
4 W. This length of time is sufficient to reach a steady state
population in the 4I11/2 state (the “virtual ground state”) which
has a lifetime of 7.9 ms [35]. We then followed with further
20 ms simulations where the second (1973 nm) pump operated
at 5.5 W (as used in our previous experiments [19]) and the Q-
switch alternated between high and low loss states. The Q-switch
on-time (low loss) was consistently 5 μs while the off-time
(high loss) was determined by the PRF. This second simulation
allowed the Q-switched pulse properties to stabilize. During
this simulation, the saved data was down-sample for memory
management reasons. Finally, we performed a third simulation
of 500 μs duration with a high temporal resolution. This enabled
us to analyze the system over the duration of a single pulse.

Simulations were conducted for PRFs ranging between
2.5 kHz and 100 kHz. The pulse duration and energy are il-
lustrated in Fig. 11. The predicted minimum pulse duration and
maximum pulse energy occur at a PRF of around 15 kHz and
25 kHz in the case when the first pump operates at 4 W and 2 W
respectively . The maximum predicted peak power was 500 W
which occurred when the pulse duration was 88 ns and the pulse
energy was 44 μJ.

It is expected that the pulse energy increases with decreasing
repetition rate for CW-pumped, repeatedly Q-switched laser,
until the inverse of the upper state lifetime is reached (177 μs for
the 4F9/2 level in Er3+ :ZBLAN [35]). At this point, the increase
plateaus. An example can be seen in the low power curve in Fig. 5
of the paper by Chang et al. [40]. The behavior predicted for
this DWP system is different in a number of ways. Firstly, the
peak energy is achieved around 20 kHz which is considerably
higher than the inverse of the upper state lifetime (∼5 kHz).
Secondly, when the peak energy is reached, the energy of the

Fig. 11. Simulated pulse energy and pulse width for Q-switched operation
using 2.8 m long, 1 mol% Er3+ :ZBLAN fiber while employing the DWP
method. 2 W and 4 W of 977 nm pump and 5.5 W of 1973 nm pump powers
were used. The Q-switching frequency was varied as part of the simulation.

Fig. 12. The time dependent behavior of the spatially averaged population
density along the fiber when pulsing at 5 kHz. The power of the 977 nm pump
was set to 2 W.

pulses decline as the pulse duration is decreased. This behavior
can be explained when the time dependent population of critical
states is evaluated.

The time dependent population densities averaged over the
fiber are plotted for the cases of 5 kHz and 25 kHz in Figs. 12
and 13 respectively. When the 5 kHz PRF is considered, it be-
comes apparent that the upper lasing state population saturates
well before the end of the pump cycle. This can be explained
by the bleaching of the second pump transition. It also means
that the pulse energy can be increased by increasing the power
of the 977 nm pump since this will increase the population in
the 4I11/2 level and hence increase the saturation intensity of
the second pump. The reduction in pulse energy as the PRF de-
creases can be described by a more subtle effect. In this regime,
a slightly higher time average population is maintained in the
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Fig. 13. The time dependent behavior of the spatially averaged population
density along the fiber when pulsing at 25 kHz The power of the 977 nm pump
was set to 2 W.

4F9/2 state for the lower repetition rate case. This means more
ions can exit this state by spontaneous processes, hence leave
the lasing cycle resulting in a reduced population in the 4I11/2

state. This lowers the saturation intensity of the second pump
and reduces the inversion at the time of Q-switching . This simu-
lation demonstrates that for Q-switched operation, higher levels
of the 977 nm pump are highly desirable.

V. CONCLUSION

In this paper we have reviewed the current state of the art
in rare-earth doped mid-infrared fiber lasers with a particular
emphasis on systems that utilize dual-wavelength pumping.

We have measured the excited state absorption cross section
of the 4I11/2 →4 F9/2 transition in erbium using excited state
absorption spectroscopy in fibers for the first time. This tran-
sition is used when DWP is used to generate lasing emission
around 3.5 μm. The data presented shows that the peak ab-
sorption of this transition is located at 1973 nm. We used the
McCumber relationship to derive the stimulated emission cross
section of this transition as well. Accurate knowledge of both
the emission and absorption cross section of this transition are
important to accurately numerically model the performance of
DWP erbium lasers.

We have presented an initial investigation of the remaining
steps that will be required to make these DWP lasers suitable
for remote hydrocarbon sensing using DiAL. This included a
comparison of the fluorescent curves of the 3.5 μm transition
for fibers with differing concentrations and ZBLAN formula-
tion. This shows the exciting possibility that it may be possi-
ble to extend the performance of the 4F9/2 →4 I9/2 to shorter
wavelength. Pulsed operation is important for lasers that are
used in DiAL, hence we present a numerical investigation of a
Q-Switched 3.5 μm laser. This study showed that sub 100 ns
duration pulses are theoretically possible with corresponding
peak powers of 500 W. This modeling also showed that high
levels of 977 nm pump are more important for pulsed operation
compared with CW operation to prevent bleaching of the virtual
ground state that is established by the 977 nm pump.
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Appendix C
Graphene Properties:

Supporting Information

C.1 Graphene lattice
The graphene lattice is illustrated in Figure C.1 in both real space and reciprocal
space. Parallel lattice planes in Figure C.1a (real space ) are duplicated in Figure C.1b
(reciprocal space) to illustrate the relationship between the two lattice representations.
The spacing between parallel lattice planes in real space determine the spatial frequency
representation of the lattice in reciprocal space. The spacing between parallel planes
in the reciprocal space representation is the inverse of those in real space, multiplied
by a factor of 2π.
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(a) Real lattice spanned by vectors a1 and a2. The vectors n1 and n2 are normal to vectors
a2 and a1 respectively. The dashed lines represent parallel lattice planes.

(b) Reciprocal lattice spanned by vectors b1 and b2. The lattice points are shown by filled
orange circles. Each lattice point corresponds to a spatial frequency defined by a set of parallel
lattice planes in real space.

Figure C.1: Graphene lattice in real and reciprocal space. The relation between the
two lattice representations is illustrated by relating lattice planes in real space with
lattice points in reciprocal space. Vectors n1 and n2 point in the same directions as
vectors b1 and b2 respectively. The magnitudes of vectors b1 and b2 are the inverse
of the n1 and n2 magnitudes respectively, multiplied by a factor of 2π.

C.2 Energy dispersion derivation

This Section presents a derivation of the energy dispersion of graphene given by Equa-
tions 4.10, 4.11, and 4.12 and illustrated in Figure 4.4. The expressions are derived
using the tight binding approach to a first approximation, which assumes that π elec-
trons may ‘hop’ between neighbouring atoms only.196 The derivations presented in this
Section were compiled from multiple sources available in literature.186,192,193,195–199,201
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C.2.1 Mathematical formulation

The wave function ψ (r) for a π electron at position r is a weighted sum of contributions
ψA (r) and ψB (r) from sublattices A and B respectively. The sublattices contribute
weighted sums of atomic wavefunctions φA (r−R) and φB (r−R) from the atoms
contained in each unit cell located at lattice points R. The lattice has N unit cells
(2N atoms) where N is very large.

ψ (r) = cAψA (r) + cBψB (r) (C.1)

ψ (r) = 1√
N

[
cA
∑
R
bA (R)φA (r−R) + cB

∑
R
bB (R)φB (r−R)

]
(C.2)

where the summations are over all lattice vectors R. The sublattice wavefunctions ψA
and ψB have coefficients cA and cB respectively. Each atomic wavefunction φA and φB
for atoms in each unit cell located at R has coefficients bA (R) and bB (R) respectively.

Applying the Hamiltonian to Equation C.1 gives

Ĥψ = Eψ (C.3)
cAĤψA + cBĤψB = cAEψA + cBEψB (C.4)

Equation C.4 may be multiplied by ψ∗A and ψ∗B from the left and integrated over all
space to obtain the following two equations:197

cA 〈ψA| Ĥ |ψA〉+ cB 〈ψA| Ĥ |ψB〉 = cAE 〈ψA|ψA〉+ cBE 〈ψA|ψB〉 (C.5)
cA 〈ψB| Ĥ |ψA〉+ cB 〈ψB| Ĥ |ψB〉 = cAE 〈ψB|ψA〉+ cBE 〈ψB|ψB〉 (C.6)

which can be expressed in terms of a tight binding Hamiltonian matrix H and overlap
matrix S as

Hc = ESc (C.7)

where

H =
〈ψA| Ĥ |ψA〉 〈ψA| Ĥ |ψB〉
〈ψB| Ĥ |ψA〉 〈ψB| Ĥ |ψB〉

, c =
cA
cB

, S =
〈ψA|ψA〉 〈ψA|ψB〉
〈ψB|ψA〉 〈ψB|ψB〉

.
This is an eigenvalue problem where the non-trivial solutions can be found by solving
the characteristic (secular) equation196

det (H− ES) = 0 (C.8)

181



Appendix C. Graphene Properties: Supporting Information

The band structure may then be determined by solving E = E(k) for every k.

C.2.2 Matrix elements

The matrix elements Hmn and Smn in Equation C.8 may be derived from the periodicity
of the lattice. According to Bloch’s theorem,201 the wavefunction for an electron in a
periodic lattice has the form ψ (r) = eik·ru (r) where u (r) = u (r + R) is a periodic
function. A translation by lattice vector R results in

ψ (r + R) = eik·(r+R)u (r + R) (C.9)
= eik·Reik·ru (r) (C.10)
= eik·Rψ (r) (C.11)

Bloch’s theorem can be applied to ψA (and similarly for ψB) in Equation C.2 with a
translation by lattice vector R′ as follows:

ψA (r + R′) = eik·R
′
ψA (r) (C.12)∑

R
bA (R)φA (r− (R −R′)) = eik·R

′ ∑
R
bA (R)φA (r−R) (C.13)

Letting R′′ = R −R′, the left side of the equation is summed over lattice vectors R′′.

∑
R′′

bA (R′′ + R′)φA (r−R′′) = eik·R
′ ∑

R
bA (R)φA (r−R) (C.14)

The size of the lattice is assumed to be much larger than the magnitude of the transla-
tion R′ so that the set of all lattice vectors R′′ is equal to the set of all lattice vectors
R. Therefore, R′′ can be substituted by R as follows:

∑
R
bA (R + R′)φA (r−R) = eik·R

′ ∑
R
bA (R)φA (r−R) (C.15)

bA (R + R′) = eik·R
′
bA (R) (C.16)

Equation C.16 must be satisfied for all R, including R = 0, and R = R′. Therefore,

bA (R′) = eik·R
′
bA (0) (C.17)

bA (R) = eik·RbA (0) (C.18)

Constants bA (0) and bB (0) can be absorbed by coefficients cA and cB respectively
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in Equation C.2 without loss of generality. Then the revised wavefunctions become

ψ (r) = 1√
N

[
cA
∑
R
eik·RφA (r−R) + cB

∑
R
eik·RφB (r−R)

]
(C.19)

ψA(B) (r) = 1√
N

∑
R
eik·RφA(B) (r−R) (C.20)

The Hamiltonian Ĥ for a π electron of mass me is determined by the potential V (r)
due to all nuclei and electrons of the lattice. The potential is the same in each unit
cell due to the periodicity of the lattice. Therefore,

Ĥ = −~
2

2me
∇2 +

∑
R
V (r−R) (C.21)

= −~
2

2me
∇2 +

∑
R
V0 (r−R − rA) +

∑
R
V0 (r−R − rB) (C.22)

= −~
2

2me
∇2 + V0 (r− rA) +

∑
R 6=0

V0 (r−R − rA) +
∑
R
V0 (r−R − rB) (C.23)

= Ĥatom,A + ∆VA (r) (C.24)

where Ĥatom,A is the Hamiltonian for an electron that belongs to a single atom from
sublattice A, assumed to be isolated, and ∆VA (r) is the perturbed potential due to
all other atoms. Potential V0 is the potential due to a single atom. Vectors rA and
rB = −rA are atom locations in the unit cell R = 0.

The matrix elements Hmn, where indices 1 and 2 correspond to sublattices A and
B respectively, are given by

Hmn = 〈ψm| Ĥ |ψn〉 (C.25)

= 1
N

∑
R′

∑
R
eik·(R−R′) 〈φm (r−R′)| Ĥ |φn (r−R)〉 (C.26)

= 1
N

∑
R′

∑
R
eik·(R−R′) 〈φm (r)| Ĥ |φn (r− (R −R′))〉 (C.27)

The overlap of two functions depends on their relative position R′′ = R−R′. There are
N unique relative positions, one for every lattice vector R′ of the outer sum. Therefore,
the matrix elements Hmn can be simplified to

Hmn =
∑
R
eik·R 〈φm (r)| Ĥ |φn (r−R)〉 (C.28)
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and the Hamiltonian matrix H may be written as

H =
∑
R
eik·R

〈φA (r)| Ĥ |φA (r−R)〉 〈φA (r)| Ĥ |φB (r−R)〉
〈φB (r)| Ĥ |φA (r−R)〉 〈φB (r)| Ĥ |φB (r−R)〉

 (C.29)

Similarly, the matrix elements Smn are given by

Smn =
∑
R
eik·R 〈φm (r)|φn (r−R)〉 (C.30)

and the overlap matrix S may be written as

S =
∑
R
eik·R

〈φA (r)|φA (r−R)〉 〈φA (r)|φB (r−R)〉
〈φB (r)|φA (r−R)〉 〈φB (r)|φB (r−R)〉

 (C.31)

C.2.3 Energy dispersion

To a first approximation, the tight binding approach is calculated with nearest neigh-
bour hopping only. Each atom has three nearest neighbours only, each from the alter-
nate sublattice. The overlap of nearest neighbour wavefunctions is assumed to be zero
while the overlap of a wavefunction with itself is one.199 Then the overlap matrix S is
the identity matrix.

S =
1 0

0 1

 (C.32)

The Hamiltonian matrix elements HAA = HBB = E0 are determined for the case
R = 0 only. They represent the onsite energy E0 of the π electron and must be equal
due to reflection symmetry of the honeycomb structure. Note that E0 is not simply
the atomic energy of an isolated atom because the Hamiltonian includes a perturbed
potential ∆V .

The Hamiltonian matrix elements HAB and HBA are determined by the lattice
vectors that connect the unit cells of nearest neighbours. From Figure 4.2, the lattice
vectors of nearest neighbour unit cells to sublattice A atoms are 0, −a1, and −a2.
Similarly, the lattice vectors of nearest neighbour unit cells to sublattice B atoms are
0, a1, and a2. The atomic wavefunctions φA and φB have reflective symmetry with
respect to each other and 120° rotational symmetry. Therefore, the hopping integrals
γ = 〈φm (r)| Ĥ |φn (r−R)〉 between nearest neighbours (m 6= n) must be equal for

184



C.2. Energy dispersion derivation

matrix elements HAB and HBA.

H =
 E0 γ

(
1 + e−ik·a1 + e−ik·a2

)
γ
(
1 + eik·a1 + eik·a2

)
E0

 (C.33)

The energy dispersion E(k) can now be solved using Equations C.8, C.32, C.33, and
the primitive translation vectors of the real lattice given in Equation 4.2.

(E0 − E)2 = γ2
(
1 + e−ik·a1 + e−ik·a2

) (
1 + eik·a1 + eik·a2

)
(C.34)

= γ2 [3 + 2 cos (k · a1) + 2 cos (k · a2) + 2 cos (k · (a1 − a2))] (C.35)

= γ2
[
1 + 4 cos

(√
3a
2 kx

)
cos

(
a

2ky
)

+ 4 cos2
(
a

2ky
)]

(C.36)

E(k) = E0 ± γ

√√√√1 + 4 cos
(√

3a
2 kx

)
cos

(
a

2ky
)

+ 4 cos2
(
a

2ky
)

(C.37)

C.2.4 Low energy dispersion

The low energy dispersion EK and EK′ in the vicinity of the K and K ′ points can
be simplified by expanding Equation C.33 to first order around the K and K ′ points.
This is done be letting k = K + q where |q| � |K| = 4π/3a ∼ 1/a and expanding to
first order in |q|a� 1 such that eiqa = 1 + iqa.

For example, consider the first K point given in Equation 4.8. From Equation C.33,
the Hamiltonian H around the K point may be written as

H =
 E0 γ

(
1 + e−i(K+q)·a1 + e−i(K+q)·a2

)
γ
(
1 + ei(K+q)·a1 + ei(K+q)·a2

)
E0

 (C.38)

where dot products of K with the primitive translation vectors are:

K · a1 =
(

2π√
3a
,
2π
3a

)
·
(√

3a
2 ,

a

2

)
= 4π

3 (C.39)

K · a2 =
(

2π√
3a
,
2π
3a

)
·
(√

3a
2 ,−a2

)
= 2π

3 (C.40)

The matrix element HAB around the K point may be expanded and simplified as
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follows:

HAB = γ
[
1 + (1− iq · a1) e−i 4π

3 + (1− iq · a2) e−i 2π
3
]

(C.41)

= γ

{
1−

[
1− ia2

(√
3qx + qy

)](1
2 − i

√
3

2

)

−
[
1− ia2

(√
3qx − qy

)](1
2 + i

√
3

2

)}
(C.42)

= γ

(
i

√
3a
2 qx −

√
3a
2 qy

)
(C.43)

=
√

3a
2 γ (iqx − qy) (C.44)

Similarly, the matrix element HBA around the K point is

HBA = H∗AB = −
√

3a
2 γ (iqx + qy) (C.45)

and the Hamiltonian matrix HK around the K point is reduced to

HK =
 E0

√
3a
2 γ (iqx − qy)

−
√

3a
2 γ (iqx + qy) E0

 (C.46)

The characteristic Equation C.8 can now be solved for the low energy dispersion
EK near K.

(E0 − EK)2 = −3a2

4 γ2 (iqx − qy) (iqx + qy) (C.47)

= −3a2

4 γ2
(
−q2

x − q2
y

)
(C.48)

= 3a2

4 γ2
(
q2
x + q2

y

)
(C.49)

EK − E0 = ±
√

3a
2 γ

√
q2
x + q2

y (C.50)

= ±
√

3a
2 γ |q| (C.51)

= ±
√

3a
2 γ |k−K| (C.52)

The low energy dispersionEK′ in the vicinity ofK ′ is solved using the same approach
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taken to solve for EK and the low energy dispersion may be summarised as follows:

EK − E0 = ±~vF|k−K|, |k−K|a� 1 (C.53)
EK′ − E0 = ±~vF|k−K ′|, |k−K ′|a� 1 (C.54)

where vF =
√

3aγ/2~ ≈ 106 m s−1 ≈ c/300 is the Fermi velocity.186

C.3 Saturable absorption equation

The transmission of light through graphene can be described by the saturable absorp-
tion of a two energy level system. Consider radiation with photon energy Eph = hν

propagating through a material that has two energy levels, E1 and E2, such that
E2 − E1 = hν. The energy levels E1 and E2 have population densities N1 and N2

respectively. The possible interactions between photons and atoms are:

i. Photon absorption with cross section σ12;

ii. Stimulated emission with cross section σ21;

iii. Non-radiative decay at a rate determined by the lifetime τ of the excited state
level 2.

From the Einstein relations for the absorption and emission cross sections between two
levels of equal degeneracies, σ12 = σ21 = σ (Siegman 169 pp. 208 and 287).

The photon flux Φ at distance z into the material is given by

dΦ
dz = −σN1Φ + σN2Φ (C.55)

= −σ (N1 −N2) Φ (C.56)
= −σ∆NΦ (C.57)

Φ = Φi exp (−σ∆Nz) (C.58)

where Φi is the incident photon flux and the population densities (N1, N2, and ∆N =
N1−N2), as well as the photon flux Φ, are dependent on the depth z into the material
and time t.

In a 2D material such as graphene, it is meaningless to describe Φ and ∆N as
functions of distance z into the material. It is more appropriate to describe population
densities in 2D units of m−2 (rather than m−3) and treat distance z as unity to represent
a single 2D layer of graphene. The transmitted flux Φt through a single layer of
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graphene may be written as

Φt = Φi exp (−σ∆N) (C.59)

and, therefore, the transmission T through single layer graphene may be written as

T = Φt

Φi
= exp (−σ∆N) (C.60)

The rate equations of this two-level system are

dN1

dt = −σΦN1 + σΦN2 + N2

τ
(C.61)

= −σΦ∆N + N2

τ
(C.62)

dN2

dt = σΦN1 − σΦN2 −
N2

τ
(C.63)

= σΦ∆N − N2

τ
(C.64)

In steady state, dN1
dt = dN2

dt = 0 and

σΦ∆N = N2

τ
(C.65)

= N −∆N
2τ (C.66)

∆N (Φ) = N

1 + 2στΦ (C.67)

∆N (I) = N

1 + 2στI
hν

(C.68)

where I = hνΦ is the radiation intensity (units W m−2).
From Equations C.60 and C.68, the intensity dependent transmission T (I) in steady

state is given by

T (I) = exp
(
− σN

1 + 2στI
hν

)
(C.69)

= exp
− α0

1 + I
Is

 (C.70)

where α0 = σN is the modulation depth parameter and Is = hν
2στ is the saturation

intensity, i.e., the intensity required to reduce the saturable absorption coefficient to
half of its unbleached value.

Equation C.70 describes saturable absorption. As intensity I increases to values
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well above the saturation intensity Is, the absorption decreases and the absorption
saturates. The modulation depth parameter α0 is the absorption coefficient at low
intensity (more precisely, in the limit I → 0) and determines the range in transmission
between low and high intensity regimes.

In practice, a saturable absorber will normally have some non-saturable loss αns

also.222,231 Therefore, the transmission through graphene is more completely described
as follows:

T = exp (−α) (C.71)
= exp [− (αs + αns)] (C.72)

T (I) = exp
−

 α0

1 + I
Is

+ αns

 (C.73)

where the total loss coefficient α (I) is given by

α (I) = α0

1 + I
Is

+ αns (C.74)

There are some limitations in the two energy level model presented to describe
saturable absorption. The radiation intensity I of a laser is not uniform in the trans-
verse plane and, therefore, Equation C.73 is limited to describing the transmission
through some point rather than the entire beam area. Another limitation of the simple
derivation arises from the assumption that the system reaches a steady state. In the
ultrashort pulse regime, the system may not reach steady state and a pulse may need
to be described with a time dependent Gaussian profile. Furthermore, graphene has
two (not one) lifetime constants, due to intraband and interband relaxations.
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D.1 OPA components

The components of the OPA femtosecond tunable laser source, described in Section 5.5
and used throughout all z-scan measurements of transmission through graphene, are
summarised in Table D.1.

Table D.1: OPA femtosecond laser system components and optical density required
for protective eyewear.

Component Manufacturer Wavelength Average
power

Pulse
dur-
ation

Rep
rate

Pulse
energy

Beam
size

OD1

re-
quired

Millennia
(pump)

Spectra-
Physics 532 nm 10W CW – – 2.3

mm 3.7

Tsunami
(oscillator)

Spectra-
Physics

700 nm–
1000 nm

2.1W
@800 nm

100
fs

80
MHz

26
nJ

2
mm 3.1

Empower
(pump)

Spectra-
Physics 527 nm 20W 20

ns
1

kHz
20
mJ

3
mm 5.6

Spitfire Pro
XP

Spectra-
Physics 800 nm 4.2W 100

fs
1

kHz
4.2
mJ

7
mm 5.4

TOPAS-C
800 fs

Light
Conversion

280 nm–
10 µm

>250mW
@1350 nm

100
fs

1
kHz

>250
µJ

<8
mm 5.6

1 Calculated by LAZAN Quick Calc v.1.1, Rockwell Laser Industries, Cincinnati, OH.
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D.2 Characterisation of optical filters

D.2.1 Spectrogon neutral density IR filters

This Section presents a brief analysis of a set of neutral density IR filters, manufac-
tured by Spectrogon, designed for the 2 µm– 16 µm spectral region. These filters were
considered for use in attenuating the beam because they were designed for the spectral
range used for transmission measurements. However, these filters caused the 3.5 µm
beam path to deviate and, therefore, were not suitable for use in this experiment. The
beam deviation was not measured using other wavelength bands. The beam deviations
may have been caused by a slight wedge in each filter. According to manufacturer spec-
ifications, the filters were 1.0± 0.2 mm thick. FTIR spectra of these filters and 3.5 µm
beam deviation measurements are presented in Figure D.1 and Table D.2 respectively
for completeness.

Figure D.1: FTIR spectra of Spectrogon neutral density IR filters.

Optical density spectra presented in Figure D.1 show that these 1mm thick Ge fil-
ters were effective in attenuating the beam, according to the optical densities indicated
by the manufacturer, in the spectral range from 2.0 µm to beyond 6.0 µm.

Table D.2 lists the filters and the beam path deviations measured using 3.5 µm
light. An iris was mounted on a XY translation stage and aligned to the unfiltered
3.5 µm beam. Each filter was mounted perpendicular to the beam path on a rotation
stage placed 1m before the iris. The filters were rotated about their optical axis and
the transmitted light at the iris location was observed to rotate about the iris aperture.
The deviation of the beam path was measured by translating the iris to the centre of
the beam and measuring the translation. The beam centre location was determined by
the position where the maximum power was transmitted through the iris.

192



D.2. Characterisation of optical filters

Table D.2: Beam path deviation through a set of Spectrogon neutral density IR
filters. The angles of deviation were measured using 3.5 µm light emitted by the OPA
femtosecond tunable laser source.

OD Colour code Deviation [mrad]

3.00 Light Green 1.05
2.00 Cyan 1.55
1.45 Red 1.50
1.00 Yellow 2.20
0.60 Brown 0.00
0.30 Black 2.55

D.2.2 Thorlabs neutral density UV filters

Thorlabs UV fused silica reflective ND filters were used to attenuate the beam through-
out all z-scans, even though the specified spectral range of these filters was between
200 nm and 1200 nm. Unlike the Spectrogon ND IR filters, the Thorlabs ND UV filters
did not deviate the beam path. The optical density spectra of these mounted filters
were measured in the spectral region between 1500 nm and 6000 nm to determine their
OD within the spectral region considered for z-scan transmission measurements. The
FTIR spectra were measured using a PerkinElmer FT-IR Spectrum Two spectrometer
and are presented in Figure D.2. The spectra shows that the filters were suitable for
radiation wavelengths between 1500 nm and 4600 nm. However, caution was required
in the spectral region between 2600 nm and 2900 nm where all spectra showed a sharp
peak in OD.

Figure D.2: Absorbance spectra of Thorlabs neutral density UV filters in the spec-
tral region between 1.5 µm and 6.0 µm. The measurements were performed using a
PerkinElmer FT-IR Spectrum Two spectrometer. The absorption feature near 2.8 µm
was not observed by direct measurement using the OPA femtosecond laser source.

The optical density peak near 2800 nm in the FTIR spectra presented in Figure D.2
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did not match observations made in the experimental setup when the OPA femtosecond
laser source radiation wavelength was set to 2800 nm. Therefore, the optical density
of each filter was measured directly using the OPA femtosecond laser source and the
z-scan detection system illustrated in Figure 5.1a in each wavelength band used in
z-scan measurements.

D.3 Transmission measurements
The beam intensities for each z-scan transmission measurement through graphene are
illustrated in Figure D.3 as functions of sample position z. The beam intensities were
calculated using the beam propagation function in Equation 5.2 and beam profile mea-
surements described in Section 5.7. The beam intensities of each z-scan span four
orders of magnitude over the z-scan range.

1550 nm (0.80 eV)

2000 nm (0.62 eV)

2500 nm (0.50 eV)

2800 nm (0.44 eV)

3200 nm (0.39 eV)

3500 nm (0.35 eV)

Figure D.3: Beam intensity as function of position z during measurement of trans-
mission through graphene.
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D.3. Transmission measurements

D.3.1 Transmission through calcium fluoride only

The transmission through a CaF2 window (Thorlabs WG51050) was measured in each
wavelength band, using the z-scan technique, to rule out any nonlinear effects in the
substrate. The measured pulse integrals of the reference and signal beams are illus-
trated in Figure D.4 while the calculated transmission data are illustrated in Figure D.5.
No intensity dependence on transmission was observed.

1550 nm (0.80 eV)

2000 nm (0.62 eV)

2500 nm (0.50 eV)

2800 nm (0.44 eV)

3200 nm (0.39 eV)

3500 nm (0.35 eV)

Figure D.4: Pulse integrals for transmission through CaF2 window. The signal was
multiplied by a factor that equates the signal with the reference at z−z0 = 0 for easier
comparison between the reference and signal data. The periodic structure in the data
matched the cycle of the air conditioner in the laser lab and was an unavoidable noise
source.
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1550 nm (0.80 eV)

2000 nm (0.62 eV)

2500 nm (0.50 eV)

2800 nm (0.44 eV)

3200 nm (0.39 eV)

3500 nm (0.35 eV)

Figure D.5: Z-scan transmission through a CaF2 window. The transmission was cal-
culated from the integrated pulses illustrated in Figure D.4. No intensity dependence
on transmission was observed.
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