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Abstract  

 

This musicological study investigates the sound of the Japanese koto, a 13-string zither, using 

heuristic finite element models. It aims firstly to test a new integrated analytical approach with 

finite element methods; these methods have become more accessible to scholars across many 

disciplines including systematic musicology in recent decades. This thesis demonstrates how 

these methods can provide powerful analytical tools for technical studies of musical 

instruments as part of organological research. Secondly, it applies this method in a heuristic 

study of the koto to characterise its sound envelope by using a series of models; these models 

range from a simple box to a more complex and geometrically accurate lofted model 

developed as part of this study. These models permitted the continual development of the 

integrated analytical approach during the period of investigation. COMSOL Multiphysics®, the 

finite element method software used to develop the models, also enabled specialist analysis 

of sound from the instrument including its qualitative visual representation. Results of these 

models in turn were validated by comparison with the limited existing literature on the koto’s 

acoustics and additional physical experiments. During this process initial tests on a plank of 

paulownia wood were undertaken in order to understand the paulownia wood from which the 

koto is made. These results then informed more complex, subsequent models.  

 

Findings from the study reveal that the anisotropic nature of paulownia significantly influenced 

predicted resonances when compared to a simple isotropic model. Key characteristics of the 

koto body that help to explain the relationship between sound production and geometry of 

the instrument were also identified, for example, the significant influence of the curvature of 

the top plate and the arching down the length of the instrument on the sound envelope 

produced. These findings contribute to the understanding of the acoustical behaviour of the 

koto in particular and East Asian zithers in general. The methods identified and validated in this 

study also serve more broadly as a template for future organological and acoustical 

investigations of geometrically complex wooden musical instruments. 

 



 

Chapter 1  

Introduction 
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Over the past century, the acoustical understanding of musical instruments has greatly 

expanded. Scholars can now investigate how the construction and assembly, geometry, 

physical properties of the material, and the performer’s actions affect the production of 

sound of a musical instrument (Bissinger 2008; Gough 2015; Leman 2008). Similarly, 

discoveries in room acoustics show the effects of the performance space on the radiation 

and perception of the sound (Bader 2009). Finite element methods have increasingly been 

used in such studies. They have been applied to the study of stringed instruments such as the 

violin family (Gough 2018) and the studies (Coaldrake 2018) of the Japanese koto, a 13 

stringed zither made of paulownia wood. However, acoustical studies of Asian stringed 

instruments in general remain limited.  

Instrumental studies in the past have often fallen within the broad framework of musicology 

and organology. More recently, they have become part of the sub-branch of systematic 

musicology. This is clearly seen for example, in Current Research in Systematic Musicology 

(2017) which has a range of acoustic studies including the q’in, a Chinese seven string zither 

(Waltham, Coaldrake, Koster and Lan 2017). This thesis contributes to this emerging branch 

of instrumental acoustics. It presents the development of a method for the study of stringed 

wooden instruments of using COMSOL Multiphysics® (hereafter COMSOL) and its application 

to the technical study of the characteristics of the sound of the koto. 1 The aims and research 

questions which focus on this two-fold approach are presented in Table 1.1.  

                                                        
1 COMSOL is now recognised as the best tool available to researchers for this type of acoustical and technical 
study. It is a powerful, but user-friendly software that can incorporate both simple and complex geometry. 
Although this software does not need knowledge of coding or detailed undertaking of signal processing, it does 
nevertheless require a considerable initial learning curve to use. 
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Table 1.1 Aims and research questions of the study 

 Methods developed in this study The study of the koto using the 
methods 

Aims To develop heuristic finite 
element models.  
 
To evaluate the heuristic finite 
elements models by applying 
them to the study of the koto. 
 
To create a template for the 
analysis of the sound of Asian 
zithers using heuristic finite 
element models.  
 

To characterise the sound 
envelope of the koto using these 
finite element models. 
 
To understand the role of the 
components of the koto body on 
its sound.  
 

Research questions How can heuristic finite element 
models be used to study the 
characteristics of the sound of 
the koto? 
 
Do heuristic finite element 
models have potential 
applications for the study of 
Asian zithers or other under-
studied instruments? 
 
 

What is the sound envelope of 
the koto? 
 
What are the resonant 
frequencies of the body? 
 
How does the wood interact 
with air? 
 
How does the sound the koto 
body emits change over time?  
 

The analytical framework in the thesis is used to investigate the overarching question of 

“What is the sound envelope of the koto?” and seek answers to the more specific research 

questions in Table 1.1. The study starts with knowledge gained from the simpler heuristic 

finite elements models to inform subsequent more complex models. In the context of this 

study, a heuristic model is one that allows discoveries to be made about the physical 

instrument. It is not intended to duplicate the exact sound of the instrument. It also does not 

assess the relationship between the performer’s actions are the response of the instrument 

or the effect of the room. The study is framed by musicology and grounded in the author’s 

background in sonic arts and music technology. 
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Such a model can replicate the process of sound radiation from the instrument better than 

the simple analytical models which are being proposed in this thesis. However, it does not 

allow for the analysis of individual parts of the instrument or for exploring variations in the 

koto’s basic components. It requires significant computational power. The complexity of 

Coaldrake’s high-resolution model can also obscure the effect of small changes in the model.  

An analytical framework is therefore used in this study rather than the synthesis approach to 

allow the detailed evaluation of components that contribute to the overall sound envelope 

and other characteristics of the sound of the koto. It is an essential part of the evaluation of 

the method to answer the critical question: how simple can the model be to remain heuristic 

and permit discoveries? It is helpful at times to compare the heuristic models with 

Coaldrake’s high resolution studies in order to answer this question. 

Organisation of the thesis 

This thesis is divided into two volumes. Volume I now presents the literature review in 

Chapter Two. It discusses the musicological, organological and acoustical literature relevant 

to this study. The study is then divided into two parts. Part One focuses on the methods and 

the validation of both the methods and the models developed. Chapter Three describes the 

methods associated with the development of the heuristic models. Chapter Four discusses 

the verification and validation of the models. This includes the comparison of model results 

against known literature and physical experiments conducted as part of the study. Chapter 

Five brings together results from Chapter Three and Chapter Four to present broader 

considerations of modelling the physical properties of paulownia. It discusses the use of 

isotropic and orthotropic material properties for this study and attempts at refining the data 

available. Part Two focuses on using the heuristic models for the discovery of the basic 

acoustical response of the koto; Chapter Six discusses modelling of a koto-sized plank of 

paulownia to provide a baseline for the analysis of the real instrument. Chapter Seven 

presents the results of studies using the heuristic koto models in the modal, frequency and 

time domains. The final chapter discusses the findings of the study, the implications for 

applying the method to other traditional stringed wooden instruments and future work in the 

acoustical study of the koto. Volume II (Datasets) presents detailed materials from the 
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studies that were used as the basis of the analyses as well as the discussion of the heuristic 

models and the sound of the koto.  

It is helpful here to represent visually how the two parts and chapters of the thesis serve to 

address the aims and the research questions of the study. Figure 1.2 presents the 

organisational framework and its relationship to the aims. It shows Chapters Two to Four in 

Part One in yellow on the horizontal plane relating to the development of the models and 

their validation and Chapter Five, also in yellow, as part of the broader considerations of the 

development of the models. Part Two is shown in green, on the vertical perspective, with 

reference to Chapter Six and Seven. It represents how the heuristic finite elements models 

are used for the study of the koto. The work completed as part of this research and the 

chapter is then summarised in the boxes that form the main body of Figure 1.2. The 

interpretation of the results connects the simpler studies to the more complex analysis and 

converges to the final understanding of the koto body.  
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Finally, a simplified work flow chart for the study is shown in Figure 1.3. This work flow chart 

is included at the start of each part of the thesis and the chapters to assist the reader. 

 

Figure 1.3 The work flow of this study 

 

Methods Validation 

The 
physical 

properties 
of 

paulownia

The finite 
element 

model of a 
koto-sized 

plank

The 
heuristic 

finite 
element 

models of 
the koto

Part One: Methods and validation of the heuristic models  
 

Part Two: Using heuristic models for 
the study of the Japanese koto 
 



 

 

Chapter 2  

Literature Review 

  



 10 

The study of musical instruments and their sound has become a multidisciplinary field. Recent 

new technologies have led to unprecedented insights into the acoustical mechanisms of 

musical instruments within systematic musicology and related fields such as cognitive 

psychology, acoustics, and computer science. Importantly, these technologies are now 

available to musicologists including those working in systematic musicology and its 

subbranches. These areas have advanced greatly in recent decades (Schneider 2018). This is 

evident in recent publications such as The Springer Handbook of Systematic Musicology 

(Bader ed. 2018), which presents a range of the current research including studies of 

embodiment, interaction, psychology, acoustics, signal processing, ethnographic studies, and 

material studies. Organology, as a study of instruments, fits within this purview. 

The organological study of instruments historically focused attention on the classification of 

musical instruments. The pioneering Hornbostel and Sachs Classification System (1914), which 

is still widely used, examines the body of the instrument, how it makes sound and how it is 

played. Kartomi’s work (1990) expands on this framework to incorporate the discussion of 

cultural concepts surrounding the instruments themselves. By contrast, Lysloff and Matson in 

1985 developed another useful classification system, based on the similarity of instruments 

across a large number of factors including the interaction between the player and the 

instrument, that expanded the cross-cultural comparison of instruments (Lysloff and Matson 

1985). These classification systems remain an integral part of musicological study and bring a 

wide perspective to meticulous measurements and cultural factors used to study musical 

instruments and their sound.  

The scientific study of musical sound, now formalised as musical acoustics, can relate cultural 

studies of music to the scientific understanding of the mechanisms of sound production. It is 

in this context that this study of the koto fits. There are many methods of studying the 

mechanisms of musical instruments. Some studies compare instruments based on their 

material or construction. For example, Yoshikawa and Waltham (2014) provide an overview of 

woods used to make musical instruments and compares a number of woodwinds made using 

bamboo (shakuhachi and xiao) with others made of African blackwood (clarinet and oboe). 

Their study considers the unique behaviour of wood depending on the construction of the 

instrument and the way it is played. Other studies have used a combination of different 
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techniques to obtain information about the resonances of the instruments chosen. In such 

studies, techniques of acoustic holography, interferography, and the comparison of measured 

and predicted eigenmodes can be used in the discussion of the “most important” resonances 

of the instrument (Molin and Lingden 1988, 286-287).  

Instrumental modelling is another technique that can be used for the study of instruments, 

and depending on the research aims, different studies have shown how this tool can be 

employed in different ways. If replicating the sound of the instrument or the process of sound 

creation in the instrument is the focus, numerical models and transfer functions can be used 

(Smyth 2011; Smyth and Rouhipour 2013). If the geometry of the instrument and its 

construction are the focus of an analysis, two or three dimensional geometric models are 

commonly used (Giordano 2016). Increased computational power has helped researchers to 

tackle modelling more complex objects such as musical instruments, a range of materials, 

geometries, and construction methods. Ravina for example has introduced a new framework 

for conceptualising musical instruments in the modelling process (2006). Horner and 

Beauchamp’s studies have similarly introduced a newer comprehensive method for sound 

analysis (Horner and Beauchamp 2007).  

This study of the koto employs more recent tools of computational modelling. Computational 

modelling of musical instruments involves creating an abstracted version of an instrument, its 

behaviour, or its components. Depending on available a priori information about the 

instrument or its acoustical behaviour, the user can also create a model which can be used to 

predict the behaviour of the instrument (Candy 2006, 3). The study of structural modifications 

of the guitar by French (2007) is one example. Deciding which modelling method to employ 

depends on the information desired about the system at the end of the process. For example, 

according to Gough (2017), a ‘generic’ or idealised model allows the researcher to begin with 

a model which is as simple as possible but reproduces salient physical properties. 

Models can be made to be analytical or synthetical. Synthetical models create a model that 

combines the total effect of the system to replicate its function.1 While these models can best 

                                                        
1 A model may show the output of a system or to replicate the way that system works. Musical instruments are 

complex objects; in the process of understanding their behaviour, many modelling studies have taken approaches 
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represent the instrument, they offer less ability to analyse its individual parts than analytical 

models do. Analytical models are considered those which break down the complex starting 

object to its simpler components. These studies use the abstraction of the parts to build up 

an understanding of the mechanisms of each part of the instrument. However, they can lack 

the intricacies of the actual system of study because each part is simplified. The output of 

simpler models can assist in the understanding of the basics of the instrument body, 

components, and physical properties (Giordano 2018).2  

Studies of acoustics of instruments are not restricted to computational modelling. Acoustical 

studies of musical instruments are wide-ranging and include the analysis of individual body 

components in an instrument (Gough 2015), the response of the full instrument body 

(Giordano 2018; Gough 2016 and 2017; Waltham 2008) and analysis of how the excitation of 

the instrument affects the sound output (Lau et al. 2010).  

The study of an instrument, its development over time and the comparison between the sound 

and acoustical behaviour similar instruments in different cultures are also part of 

contemporary approaches to musical acoustics (Yoshikawa and Waltham 2014; Rossing 2014). 

These studies use a variety of tools and analytical techniques which often include either direct 

or indirect reference to existing physical experiments and data gathered from the instruments. 

Among wooden musical instruments, the violin family has received the most comprehensive 

attention (Bissinger 2008; Hutchins and Benade 1997; Gough 2015 and 2018; Weinreich 1993). 

In contrast, Asian string instruments have only recently begun to be studied in more detailed 

acoustical studies (Coaldrake 2012, 2018, 2019; Waltham, Yang and Koster 2016; Yoshikawa 

2007 and 2010; Yoshikawa and Waltham 2014). In modelling the geometry of the instrument, 

finite element and finite difference methods give highly detailed information. To model 

                                                        
that aim to uncover the underlying principles and basic features of the instruments (Gough 2016, 22-24). James 

Candy illustrates a hierarchy of models, detailing the features of the simplest black box to fully parametric models 

(Candy 2006, 3). A black box study replicates the output of the system and from the connection between the 

input and output, infers the behaviour of the system. In musical acoustics, black box studies were pioneered by J. 

Woodhouse et al. in acoustics of the violin family (Woodhouse 1978). Parameterised models, which examine 

individual features of the response instead of the final output, were later made following Woodhouse’s work 

(Bader, 2005; Cremer 1984; Gough, 2016; Waltham, 2008). The studies aid the understanding of how the 

instrument behaves or what the most critical aspects of its sound are. They do not focus on resynthesising the 

sound of the instrument with audible accuracy. 
2 Ritchey (1991) expands on this discussion in terms of the fundamental approaches to acoustics, as seen in 

Helmholtz’ analytical studies and Bernhard Riemann’s synthesis method 
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instruments with these methods, information about the geometry of the instrument and its 

material properties are critical to their study. Built in equations for the physical interactions 

are also required. 

Finite element method (FEM) is a tool for understanding complex structures and their 

properties. Models made using this tool are called finite element models. This approach to 

modelling has been used with musical instruments since 1975, (University of California, 

Berkeley 2016).3 FEM can show how instruments react to various inputs of energy and can 

provide detailed insight into the internal process within the instrument that converts the input 

energy (plucking, bowing, tapping, etc.) to the complex resultant tone. FEM has been used to 

provide a previously unavailable level of detail about musical instruments, their sound quality, 

physical characteristics and properties, as well as insight into choices by expert craftspersons 

(Gough 2016; Hutchins 1981, 177). Examples of studies of instrument behaviour using FEMs 

include the Elejabarrieta et al.’s 2002 studies on the guitar, Fletcher et al.’s 1982 work on flute 

head joints, Rose and Holloway’s 2012 study of brass instruments and Mansour et al.’s 

modelling of the setar in 2009. New instruments can now be prototyped with FEMs, and 

variations on existing instruments can be tested in a reliable and timely fashion. While many 

of these studies were possible before FEM, the use of this technology can vastly expand the 

possible research avenues as well as offer a new perspective. 

The finite element method is useful as a tool for the study of an under-studied instruments, as 

it can provide detail about the minutiae of the acoustical response of the body. FEM has been 

considered as a quasi-experimental tool (Gough 2015, 2018). As such, it is also a useful tool 

because it allows for a non-invasive examination of the material. With knowledge of the 

internal geometry of the instrument, the detail of the sound events that happen inside can be 

captured and examined. This detail is impossible to obtain with most physical experiments. 

Finite element models are therefore useful for both analytical and synthetical approaches to 

acoustical studies. 

                                                        
3   Finite element modelling and finite element methods are used interchangeably in this study. Both are 

abbreviated as FEM. 
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Zithers and the Koto  

The study of Asian instruments and their performance practice has been a focus of musicology 

and ethnomusicology for many decades. Ethnomusicological studies of Japanese music were 

pioneered by scholars such as William Malm (1959; 1977; 1986). Discussions around musical 

instruments in these documents focused on the role of instruments in the broader 

performance practice within ethnographic studies. With regards to the koto, Adriaanz (1973), 

Wade (1976), and Johnson (1996a, 1996b, 1996c, 1999, 2004) further elaborate on the 

discussion of koto construction, music, tuning, and the material and sound culture of the 

instrument. Malm’s pioneering work on Japanese music included limited discussion on the 

acoustics of the instruments until his later publications, which includes some discussion of 

acoustics of Japanese drums (Malm 1986, 22-35).  

Box shaped zithers are a wide family of instruments that have a documented connection from 

East Asia to North Africa (Hirota 1994). Additionally, it is thought that these instruments 

connect to both Eastern and Western European zithers as well as those found in the Americas 

(Reck 1977, 143). From the Japanese koto and Chinese qin to the Finnish kantele, this wide 

family of zithers globally make up an important group of instruments. While these instruments 

are all connected, they show particular regional features. For instance, the Middle Eastern 

and Eastern European instruments including the santur, qanun, and gusli are trapezoidal, 

whereas the Chinese and Japanese qin and koto are both long hollow boxes (Reck 1997,143).  

The koto is closely related to many other instruments along the Silk Road, some invented as 

late as the 20th century. The acoustics of these instruments, much like the Japanese 13-string 

koto, are largely unknown. Table 2.1 shows a list of some known instruments in this zither 

family to which the Japanese koto belongs.  
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Table 2.1 The koto family (adapted from Hirota 1994) 

Instrument Location Instrument Location 

Tonkori 
Wagon 

1-string koto 

2-string koto4 

Japan 

Ajien 
Komungo 
Kayagum 

Korean 

peninsula 

Taishogoto Japan, India, Iran 
Zheng 

Qin China 

Kuripi Philippines Yanchin 
Mongolia, 

Korean 

peninsula, Japan 

Mijon Myanmar 
Sasando 

Churrenpun Indonesia 

Veena India Qanun West Asia, North 

Africa 

Santur Iran, India 

The list of instruments in the above figure is not exhaustive. The Asian zither family is a large 

family of instruments and it is beyond the scope of this discussion to include all of the 

instruments known in this family. Additionally, this thesis does not allow for a bigger 

discussion of the acoustics of the zither family as it aims to provide basic information about 

the acoustics of the koto.  

The Japanese koto’s direct lineage is thought to be the Chinese zheng, and in its current form, 

the koto was established during the eighth century Nara period and its exterior has remained 

the same since (Johnson 2004, 169). However, stylistic and historical traditions have led to 

differences in the exact measurements and positioning used for each part of the instrument. 

Qualities of the materials, differing styles for preparing the wood, and even choices in the 

position of the tree from which the wood is cut all have an effect on the final instrument. 

Johnson (2004) gives a detailed discussion of these aspects and new studies are investigating 

the effect of these parameters on the acoustics of the instrument (Obataya, Zeniya and Endo-

Ujie 2020).  

                                                        
4 See Johnson (2004, 32) for reference to different variations of the 13-string instrument.  
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Gagaku, orchestral music of Japan from T’ang period (618-907 C.E.), can be traced as the 

original environment of koto performance.5 Although the study refers to the koto, there are 

many variations of the instrument, each with its own size and measurements (Johnson 2004, 

57). The instrument has been classified under a number of different groups within Japanese 

music based on its structure, sound, and performance tradition.6 Two principal categories of 

zōkuso (common koto) are Yamadagoto and Ikutagoto. Yamadagoto (Yamada koto) are the 

most prominent today (Johnson 2004, 32). The koto model used in this study uses the 

measurements of a Yamadagoto. The sound holes are rounder than the key-hole shape of the 

Ikutagoto, and the tail of the instrument is more arched. It is also generally less ornamented 

than the Ikutagoto, shows more of the wood grain. It is historically played using pointed or 

rounded plectra, rather than the rounder plectra used in the Ikuta style of performance 

(Johnson 2004, 40-41). The koto has movable bridges, and so tuning of the pitches can vary. 

In Hirajōshi tuning (one of the most common), the pitches, starting from C, are as follows: E 

A B C E F A B C E F (Johnson 2004, 132). 

The Ikuta and Yamada traditions remain the two prominent schools of koto performance 

today. The design of their instruments, performance styles, and repertoire are different 

(Wade 1976, 2-13). Since these two schools, the differences in design have been small 

adjustments that owe to performers, regional standards, performance schools of thought, 

and craft choices (Johnson 2004, 20-21). The Meiji Restoration of 1868 gave way for new 

                                                        
5 The Heian period, the start of the “distinctive Japanese culture, secure in its adaptations of Chinese elements 

and confident of standing on its own” (Wade 1976, 4), started at the end of the eighth century. During this period, 

the arts flourished and so did the koto and its music. In the following centuries, analogous to and affected by 

societal changes, the performance settings of the koto, the music composed for the koto, and the performers of 

the instrument continued to change. The solo performance tradition on the instrument flourished in the tenth 

century. From this time forward koto music was varied across Japan. Buddhist and Confucian priests in Kyushu 

adapted gagaku performance of the koto from the popular to private spheres, facilitating the kumiuta repertoire 

of koto music. Historic figures from this point in the instrument’s history include Yatsuhashi Kengyō, who brought 

koto music back to the public attention and Ikuta Kengyō, who repopularised the instrument and its performance 

by performing with the shamisen and used the shamisen as inspiration for koto music in his school of 

performance, Ikuta ryū; Kengyō was the highest title awarded to the blind male musician (Wade 1976, 10). 

Yamada Kengyō, was born nearly fifty years after Ikuta Kengyō’s death and started the school of Yamada ryū, 

changing the common instrument accompanying the koto from the shamisen to the biwa and focusing more on 

narrative and song. 
6 Johnson (1996b, 22-23) provides a detailed explanation of the names of different types of koto, the reasoning 

and origin of the names and their use. In the 1996 paper, Johnson provides a comprehensive summary of the 

classifications of the koto, stating the instrument to be one of Japan’s “most important national and traditional 

instruments” (Johnson 1996/1997, 43). Johnson uses this study to demonstrate concepts around lineage, cultural 

and national identity, especially in the historical context. 
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cross-cultural interaction and a wave of innovation in koto design followed, for example, the 

17 string, 20 string, and the bass koto.  

The koto body is made of paulownia, a light and flame-retardant wood (Johnson 2004, 58; Li 

and Oda 2007, 8544). Depending on the quality of the instrument, the wood is cut radially or 

tangentially to the direction of the growth of the tree. Paulownia itself is a highly anisotropic 

wood and electron microscope images of it show a porous structure with varying cell sizes 

and arrangements.7 There exist 5 to 7 accepted species of paulownia, with up to around 30 

variations documented in total (The Wood Database 2015). The single elastic modulus of 

three of the accepted varieties, tomentosa, elongata, and fortune, are 4.3, 2.6-3.8, and 4.9GPa 

respectively (The Wood Database 2015; Kayamakci et al. 2013, 918). Understanding the effect 

of the woods used can be helpful in classifying instruments, since they draw some common 

characteristics from the wood. Yoshikawa draws on Ando’s 1986 and 1996 studies of the koto 

and relates the difference between the woods to the construction practices of instruments; 

he compares between East Asian and Western instruments in terms of sound radiation (2010, 

170 and 190). 

During the construction of the koto, the top plate is carved out with an adze and the plates 

are cut to the correct dimensions after which, the plates are dried. Internal carvings around 

the sound holes are often made. The plates are then joined, with internal struts positioned 

along the body. The plates are scorched and waxed repeatedly. The surface of the instrument 

is lightly scorched and waxed, unlike the qin or other similar instruments. Which are varnished 

or laquered. Strings are stretched and wound on top of the instrument. In the construction of 

the koto, knots in the wood are repaired using fillers or by plugging holes into the plates 

(Johnson 2004, 64). Since knots cause wood to have lower stiffness and strength (Gibson and 

Ashby 1997, 301), this repair during the construction contributes to the strength of the 

instrument body. 

The first and one of the few acoustical studies of the koto is Yoshinori Ando’s 1986 paper, 

Acoustics of Sohs “koto”s, is only two pages in length. The paper outlines the major modes of 

                                                        
7 More details in the Chapter Five. 
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vibration of the plates of the instrument, the frequency spectra of the tones the instrument 

is played at, and how they decay over time (Ando 1986). Ando published a second paper on 

the resonances of the koto in 1996, but this paper is only available in Japanese. Subsequent 

publications such as those by Yoshikawa (2010), Fletcher and Rossing (1991) all refer back to 

Ando’s 1986 and 1996 papers. Yoshikawa briefly discusses the koto in his overview of Asian 

plucked string instruments (Yoshikawa 2010). Fletcher and Rossing (1991, 289) briefly discuss 

the koto’s response, comment on Ando, and focus on the strength of the response near 400 

Hz. Waltham and Yoshikawa report on the construction and the use of paulownia for East 

Asian string instrument soundboards (Waltham and Yoshikawa 2018). By comparison, 

Yoshikawa (2014) examines the koto’s behaviour in comparison to other East Asian zithers, 

using wood properties as a guide. Coaldrake’s study of the koto’s acoustical properties is the 

most comprehensive study of the instrument’s sound to date (Coaldrake 2012, 2018, 2019a 

and 2019b). 

Coaldrake has designed a finite element model of the sounding box of her koto, which is of 

known provenance (from this point referred to as the Coaldrake Model and the CT scan 

model), and has also used CT (computered tomography) scans of the instrument to measure 

its internal dimensions, locate internal points, and refine the measurements on the model. 

She has also used SEM (scanning electron microscope) results to measure the grain of the 

paulownia wood and its density, to more accurately model the physical properties of the 

wood, which reveals its uneven grain structure (Coaldrake 2019, 7553). The Coaldrake model 

consists of a box with the dimensions, attributes, and the grain density of the paulownia 

wood. The model is represented as a physical body in a three-dimensional space in COMSOL 

Multiphysics, where it can be excited by energy input at any point on the body investigated 

closely 8 . This analysis can include the resonant motion of the box, the change in the 

                                                        
8 Sonification of these waveforms can be misleading, as there are issues of DAC (digital to audio converter) 

algorithm and playback that cause the output of these models to sound similar to an early digital synthesiser. 

Future studies with a larger scope can focus on sonification of these waveforms. Replicating an instrument’s 

behaviour in sonification of models often loses much allure, but sonification is a separate study that is outside the 

scope of this discussion. However, it is necessary to state, that although the sound heard from the model 

resembles simple synthesisers, that aspect can be refined and explored by addressing the signal chain that sonifies 

the result, and the sound as is heard, does not represent the accuracy of the model’s output in terms of acoustical 

behaviour 
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surrounding air pressure in the form of an audio output, and the spatial diffusion of energy 

from the instrument.  

This model, though the most rigorously accurate model of the instrument body yet, is 

extremely computationally-intensive to run, and therefore it cannot readily be used for 

studies of individual components. Unlike the violin studies, and other European wooden string 

instruments, no simple model of the koto has been available; a simple finite element model 

of the koto is needed to provide more information about the acoustical function of the 

components of the body and to study the basic features of the sound of the koto. A simpler 

model can be modified to investigate the changes in its design and predict the behaviour of 

the koto were it to be subject to such changes. The study, using simple models, with a case 

study of heuristic models of the koto, documented in this thesis, provides the groundwork for 

future analytical models of East Asian zithers. 
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This chapter describes the finite element methods and the heuristic models used in this study. 

First, it presents an overview of the method before providing explanations of key terminology 

relating to the modelling discussion. The information presented in this chapter is directed at 

describing the methods used in this study of the koto. It is also intended to serve as a template 

of the studies undertaken with each model and the method of analysing results is presented. 

Results from the studies and this discussion are presented in Part Two. Figure 3.1 gives a 

summary of the methods used in this work. 
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Overview of the methods 

 

Figure 3.1 Overview of the methods used in the study 

There are four main categories of methods used in this study: model design, validation, 

studies and analysis. Figure 3.1 presents an overview of these categories; these steps are 

taken for the investigation of the koto presented in Part Two.  
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In summary, models were designed in COMSOL, then validated using new experiments and 

verified against the limited existing literature to ensure that the analysis was as accurate as 

possible. When necessary, further work was undertaken to improve accuracy to within a 

determined margin of error.1 The studies were conducted next; these studies follow the logic 

of COMSOL, where the models are designed, the study parameters are set, and the data 

collection is decided. these studies identified the resonances of the body (modal domain), 

analysed the radiation of different frequencies from the koto body into the air (frequency 

response) and studied the decay of sound from the instrument model (transient studies). 

Qualitative observations of the data obtained provided the initial steps towards the 

understanding of the instrument’s basic acoustical response. Quantitative analysis of the 

heuristic models was then undertaken. The quantitative analysis aimed to uncover the basic 

features of the sound of the koto with heuristic models of the koto and a koto-sized paulownia 

plank. These models were used to obtain the resonances of the wooden body, its interaction 

with the surrounding air, followed by the assessment of the transient response. The steps 

detailed in Figure 3.1 are used first for the study of the model of a koto-sized plank (Chapter 

Six) and then for the study of the koto (Chapter Seven) using the heuristic models. The 

remainder of this chapter will discuss the application of each step in the study of the koto. 

The results from the studies and the findings of the analyses are presented in Part Two of this 

thesis. 

Specific terminology used in this heuristic modelling of the koto 

Models are considered heuristic in this study if they provide reliable information about one 

aspect of the acoustical response of the koto. These heuristic models do not individually 

provide comprehensive information about the instrument, but the information they do 

predict is considered accurate within the defined margins of the study. By contrast, a high-

resolution model predicts the response of the instrument in a highly accurate way but does 

not allow for testing simple variations.  

                                                        

1 Further details of the validation and verification process are documented in Chapter Four. Methods used for 

improving the available data on the physical properties of paulownia are documented in Chapter Five. 
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This study uses terminology from organology and musicology to refer to the instrument body, 

coordinates, and components. In Table 3.1, lists terminology used throughout the document 

to refer to components of the koto, tools, and techniques and provides an explanation for 

each. Generic disciplinary terms for acoustical analysis are presented in the Glossary at the 

end of Volume I.   
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Table 3.1 Terminology used in finite element modelling of the koto 

Term Definition Details 

Dragon’s 

head 

Player’s end of the instrument, 

where the small chamber is located, 

as well as the maximum arching of 

the body. 

The koto is symbolically shaped like a dragon, 

with its head at the player’s end, and an 

ornamental dragon’s tongue is sometimes 

seen at the end plate near the player’s end. 

(Johnson 2004, 54). 

 

Other terms used include the end of the 

instrument with the small chamber; player’s 

end. 

Dragon’s tail 

End of the instrument away from the 

player, featuring a keyhole shaped 

sound hole. This end is the position 

at which the strings are wrapped 

together. 

Symbolically, this position refers to the 

dragon’s tail (Johnson 2004, 55). 

Top shell 

The curved shell found on the top of 

the koto. The strings are stretched 

on this plate. This shell is in one 

piece and its side walls that are 

carved from the wood with the top 

part of the shell. The side walls from 

this shell attach to the base plate.  

Also called top plate in this thesis. This shell is 

also called the soundboard (Johnson 2004, 

58). 

Base plate 
The bottom plate found of the koto, 

where the sound holes are placed. 

This plate is also called the backboard, a 

dragon’s back or a dragon’s belly; it can be 

connected to the top shell wither 

perpendicularly or at an angle; this plate is 

reportedly close to 1cm in thickness. (Johnson 

2004, 55, 64).  

Small 

chamber 

A small chamber that can be found 

inside the koto’s body, at the 

dragon’s head end of the 

instrument. 

Also titled the resonant chamber; the small 

internal chamber. This chamber is separated 

with a dividing wall inside the body. 

Main air 

cavity 
The hollow inside of the koto body. Main air chamber. 

First sound 

hole 

Sound hole close to smaller internal 

chamber at player’s end of the 

instrument (dragon’s head). 

Round sound hole and distinguished from the 

keyhole-shaped sound hole.  

Second 

sound hole 

Sound hole at minimum arching, 

away from the player’s end of the 

instrument (dragon’s tail). 

Keyhole-shaped sound hole. 

Arching along 

body 

The curvature along the top of the 

koto body observed from the side 

when it is placed horizontally in 

playing position on the floor. 

Also described as “along a dragon’s spine” 

(Johnson 2004, 54). 

Curvature 

across top 

The curvature across top plate 

where the 13 strings are placed. It is 

observed best from either end of the 

instrument or by using a cross-

section in the model. 

 

Ears 

Small indentation inside the body 

that run along the inside wall at the 

joining part of the side walls and the 

top of the top shell. 
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Player’s side 

The player sits closest to string 13 on 

the resonant chamber end of the 

instrument. The opposite side is 

called the ‘audience’s side’ 

String 1 side; side 1. 

Cross-section 

1 location 

1.58 meters away from player’s end 

of instrument 
Minimum arching. 

Cross-section 

2 location 

0.42 meters away from player’s end 

of the instrument 
Maximum arching. 

x, y and z- 

axes 

These axes represent Cartesian axes. In this case, the x-axis points along the long axis of 

the instrument; the y-axis is perpendicular to the x-axis; the z-axis is the vertical axis, 

measured on a hypothetical (xy) plane on which the instrument sits. 

Heuristic 

models 

Models that approximate the subject of the study with the aim of understanding the 

behaviour of the system. These models are different from models that try to replicate 

or synthesise the subject of the study.  

Lofted model 

A heuristic model of the koto body made using measurements from 10 cross-sections 

along the body. The outer geometry is then ‘stretched’ on the outer perimeter of the 

cross-sections. This model thus incorporates the changing width, elevation and arching 

of the koto.  

The terminology used in Table 3.1 is visually represented on the model in Figure 3.2, where 

the features of the lofted model are shown. 



<e( (

(

&'()*+%,$=%>"1#+4%3"4+:%"1%#2+%!"#"%964%'#5%1+9#)*+5%

Front   Back

Round sound hole

Keyhole 
sound hole

Arched top plate Side view

End view

Taper along the 
body

Resonant chamber at 
round sound hole
(dragon’s head)

‘Ears’ in loft
 cross sections

Cross sections for lofting

Dragon’s tail end

Dragon’s head end



28  

Overview of the Heuristic Models 

This study initially employed three sets of heuristic models: the model of a koto-sized plank, 

box models of the koto, and the lofted model. The designs of models increase in complexity 

from the plank to the lofted model. The plank model is the simplest model and is used to 

examine the response of the paulownia wood without the complexity of the koto geometry.2 

The box models provided an intermediary step in adding complexity to the models and were 

useful for testing purposes. The lofted model was then developed to follow the simpler 

models and provided useful material about the transient response of the koto in this 

investigation. 

It was later found necessary to develop a fourth set of models comprising variations of the 

top shell and the base plate of the koto (hereafter substructure models). The box models and 

the models of the substructures were used to study the role of individual components of the 

body.3 The results of the sets of models were compared with the findings from a CT scan-

based, high resolution and fully validated finite element model of the koto, developed by 

Coaldrake (hereafter the Coaldrake Model or the Coaldrake CT scan model). Results from 

physical experiments using Coaldrake’s own koto (a Yamadagoto) were also used for the 

validation and evaluation of the more complex lofted model.  

From the plank model to the heuristic lofted model  

The four sets of models contribute independently to the development of the methods of the 

study or investigation of the acoustics of the koto. Table 3.2 summarises the types of models 

                                                        

2 Given the lack of information on the instrument and paulownia, required for COMSOL modelling, this step was 

necessary to anchor the study and provide a baseline for the analysis of koto models. 

3 For existing studies, it has been seen that the modes of uncoupled plates are not easily seen in the coupled full 

system of the instrument, and that sometimes the full instrument body can be considered as a separate object 

with its own characteristics (Bader 2005, 2-3). As shown for the violin, the full instrument has its own characteristic 

resonances that differ from individual plates. The final output of the full instrument is made up from the individual 

parts as well as their coupling. Untangling the individual parts from the whole instruments is not easily achieved 

due to the complex resonances of the full instrument. Even so, full body and substructure models are a reasonable 

way to approach the task of separating the role of individual parts from the response of the entire body.3 
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used, specific details of the models in each type, and their purpose. The first two sets of the 

models are more useful for refining the methods of the analysis whereas types 3 and 4 are 

employed for the discovery of the acoustical response of the koto. 

 

Table 3.2 The four sets of models used in the study of the koto  

Model type Purpose Models Studies 

1. Plank  

1. Validation of the physical 

properties used for modelling.  

2. Establishing a baseline for the 

use of the heuristic models of 

the koto.  

Simple plank All studies 

2. Full-body box 

models  

Exploratory models used to assess 

the merits of using box models as 

heuristic models in the study of the 

koto 

1. Hollow box with no struts 

and no sound holes 

2. Hollow box with two 

sound holes  

3. Hollow box models with 

(0-5) struts;  

4. The box model with four 

struts; the idealised box 

model. 

Eigenmodes 

 

Frequency 

scans 

3. Substructures 

of the koto 

1. Examination of varying the 

geometry of the top shell and 

the base plate and observation 

of the role of individual 

components of the body (see 

Table 3.3) 

2. Replicating Ando’s (1986) 

method for the study of the 

modes of the koto as a means to 

clarify his results. 

1. Top shell and variations 

2. Base plate and 

variations 

 

Eigenmodes 

4. The lofted 

model 

Discovery of the transient response 

of the koto and establishing a 

heuristic model for the detailed 

analysis of the results. 

The lofted model  

(see Figure 3.2) 
All studies 

 

There are many other more possible variations that could be used to test specific features. 

The variations tested in this study are those that were considered the most crucial to 

understanding the basic response of the koto. The top shell of the koto and the curves along 

and across it are important to the geometry of the instrument. Many variations of the top 

shell were tested and to clarify the differences between them, Table 3.3 further visually 

elaborates on the detail of the variations in the top shell models from three perspectives. 
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The lofted model was made by using 10 cross-sections of the body (from measurement of a 

Yamadagoto). The lofted model’s cross-sections (Figure 3.2) were constructed of a rectangle 

with an ellipse on top and the arching of the shell was achieved by lofting between the cross-

sections.5 Figure 3.3 shows the four steps of creating each cross-section. 

 

Figure 3.3 Building each cross-section used for lofting with a rectangle and an ellipse 

Figure 3.3 shows the combination of the ellipse and rectangle to form each cross-section. The 

major axis in the ellipse (horizontal) is coincident with the length of the rectangle; this value 

determines the width of the body at each cross-section and is changed to build tapering into 

the model. The height of the minor semi-axis (vertical) in the ellipse determines the amount of 

arching at that cross-section and is changed to add the arching along the top shell. This 

heuristic study does not model the complex features in the inner wall; thus, it needs a 

systematic method for building the inner shell. The dimensions in each of the three axes were 

                                                        

5Measurements of ellipse and rectangle were made available to the author by A. K. Coaldrake. 
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the study settings are all navigated in this side bar. The central window which shows the 

graphics is used for navigating the geometry and ensures that the researcher has a visual 

representation of the model. The bottom bar shows the results as they appear. Depending on 

the study, additional probes, detailed later, are used to gather results from the model.  

 

This is a heuristic study and does not use high-performance computing. However, the 

transient studies are RAM-intensive and standard computer power available in most laptops 

and desktops is not enough for running these studies in COMSOL. The specifications of the 

computer used in this project are presented in Table 3.6.  

Table 3.6 Computer specifications  

Hardware Specification 

Computer Lenovo Workstation T5 P700 

Operating system Windows 7 Professional 

Processor 2 x Intel Xeon E5 3.4GHz 

Memory 3 x 3TB HDDs 

RAM 96GB 

Software used 

throughout project 

COMSOL Multiphysics (versions 5.2-5.4); 

 

OriginLab 9.2 and OriginPro 2018; 

 

Adobe Suite for visualisation and datasets. 

 

In addition to the computer power needed for running the COMSOL models shown in Table 

3.6, the results require a large hard drive storage. An additional 12TB of data was stored 

externally to the computer. This resource-intensive aspect of the simulations in the time 

domain studies is a reason transient studies are not often conducted with finite element 

modelling is. The heuristic studies undertaken required considerable RAM to operate and still 

took up to two weeks to return one second of results in a transient study (48,000 points). For 

this reason, the models and the studies were carefully selected to ensure that only the most 

critical studies were conducted in the time domain.  

 

Paulownia wood 

Within the COMSOL environment, approximations of the physical properties of the wood are 

attributed to the geometry of the models to simulate the materials. The physical properties 
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used for the paulownia body of the koto in this study are orthotropic in symmetry and were 

the best available information at the time of the analysis.6 Woods are considered to be 

(generally) anisotropic; they have different amounts of stiffness and elasticity in each 

direction, which leads from the general observation that they are stronger along than across 

their grain. This anisotropy is often simplified to orthotropic symmetry in their stiffness and 

elasticity, which means the material has 3 axes of symmetry.7 Some woods have been 

extensively investigated and reliable information exists on their elastic constants, density, and 

the speed of sound in each of the tangential, radial and longitudinal directions. In contrast, 

there is far less literature available on the anisotropic properties of paulownia. In this work, 

the values shown in Table 3.7 have been used for elasticity.8 This table contains the best values 

available to the author at the time of the analysis. Chapters Four and Five discuss the process 

of validating and attempts at optimising the values. As further discussed in these chapters, 

these values are kept and used for the studies of the models. Throughout this study, the 

properties are referred to as CW.2 properties, as the properties were obtained by Chris 

Waltham of the University of British Columbia and made available to the author and A. K. 

Coaldrake for the koto research.  

Table 3.7 CW.2 Properties used in this study to model the elasticity of paulownia, based on 

Waltham’s results (2015). 

Parameter Definition Value used (GPa) 

EL Longitudinal Young’s modulus 5.6 

ER Radial Young’s modulus 0.63 

ET Tangential Young’s modulus 0.26 

GLR Shear modulus (longitudinal/radial) 0.52 

GLT Shear modulus (longitudinal/tangential) 0.37 

                                                        

6 Coaldrake’s recent work (2019) shows that the assumption of orthotropic symmetry is an issue in high-resolution 

modelling of the wood. This aspect is discussed further in Chapter Five. 
7 Materials can be generally divided to isotropic and anisotropic materials. Isotropic materials are approximated 

or considered to have the same elasticity in all three Cartesian directions, and so they have one Young’s modulus 

of elasticity, one Poisson’s ratio, and shear modulus. Broadly, all other materials are anisotropic, though full 

anisotropy in materials is not often included.  
8 Voigt matrix is a method for representing a symmetrical matrix, here used for the physical properties of the 

paulownia wood. 
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To input these parameters (Table 3.7) into the COMSOL environment, they are converted to 

a Voigt matrix, which is a system of matrix notation. Poisson’s ratio of 0.4 is used in this model. 

According to Gibson and Ashby, the in-plane Poisson’s ratios of the wood are 0.65 and 0.35, 

and in the axial direction is about 0.4 (Gibson and Ashby, 308). The wood density is 260kg/m3 

and the speed of sound in wood is 3200m/s. No material damping is considered in this work. 

There are no adjustable parameters for the physical properties of paulownia. 

Air 

Air is added to the models of the wooden body to analyse transmission and dissipation of 

sound from the body to the air. The air is in the form of a sphere of 2.2 meters in radius in the 

frequency scans. The transient studies are much more computationally intensive than 

frequency scans and the surrounding air was reduced to a cylinder of 1.3m radius and 3.6 

meters height. The Young’s modulus of the air is 10kPa, and the Poisson’s ratio is 0.5. The 

speed of sound 343m/s in air. The temperature in the COMSOL model is 20 degrees Celsius. 

Perfectly Matched Layers  

Frequency domain studies absorb reflections from the edges of the sphere of air using six 

perfectly matched layers (PMLs). PMLs are artificial layers added to the outer edges of the 

sphere that simulate a continuing boundary. These added layers help to absorb the simulated 

sound waves, so that they do not reflect off of the internal boundaries of the air, which would 

cause standing waves and affect the radiation patterns for each frequency as well as the 

frequency response peaks. The space between two PML layers is 4cm. Adding any PMLs 

increased computation time of time domain studies too much and therefore PMLs were not 

included in the transient studies. Once the wooden body and the surrounding air are defined 

in the COMSOL model, probes are placed in the air model. These probes are placed at points 

which are of interest to the analysis. 

Probes  
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Figure 3.5 Probes used in the COMSOL studies 

Selecting fewer probes for detailed analysis (Figure 3.5b) is a part of the heuristic modelling 

and also helps to manage the amount of data analysed, thereby allowing for more analysis of 

a smaller, more critical, dataset.  

After defining the shapes and dimensions in the models, the geometries of the wood and air 

in the models need to be meshed. The meshing step is a critical part of finite element 

modelling, as the geometry is turned into the mesh ‘elements’ for simulation. 

Meshing  

In the meshing process, the geometry is broken down into small tetrahedra, or elements, and 

is rebuilt from these elements. The exact response of a complex object such as the koto is 

almost impossible to simulate in one event. The idea behind finite element modelling is to 

divide a complex system (such as the koto) to small elements; the response of each element 

to a force can be determined; the final response of the complex object is then predicted from 

the response of individual elements. Given this design, the more elements there are in a 

system, or the smaller the mesh size, the more computationally intensive the study is. With 

more elements, there are more degrees of freedom (DOF) and computation time increases 

because the software predicts the response in each element.  

To create the model’s mesh in COMSOL, the wooden body can be meshed separately from 

the air. Six elements per wavelength of the sound is generally considered necessary; for 

instance, if the model is aimed to have an accurate result in frequencies as low as 100Hz in 

air, the model mesh size would have to be a maximum of 0.57 meters.10 Coaldrake (2019) has 

found that as many as 20 elements per wavelength are needed for the air and 12 elements 

                                                        

this modelling environment, it is a probe in a simulation of a sphere of air. Given that the study measures 

acoustical pressure, in a physical experiment a microphone may be used. 

10 As the frequency of analysis increases, the wavelength becomes smaller and the maximum element size 

decreases. To model 1000Hz in air, the maximum element size is 0.057 meters. Both material and geometry are 

important in meshing.  Complex parts of the koto models’ geometry require smaller meshes to build the curves 

accurately.  
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per wavelength is needed for the wood. Here, it was not feasible to use 12 mesh elements 

per wavelength, and instead, mesh analysis was done to find three levels of mesh sizes which 

gave a consistent response from the model, thereby ensuring that the model was mesh-

independent. The validation of the model (detailed in Chapter Five) also suggests that the 

meshes used are reliable. The model used for the analyses, after varying mesh sizes, has 

135,723 elements and a total of 1,655,310 DOF and an average mesh quality of 0.7. However, 

it was beyond the resources available to this study to conduct a formal analysis of meshes. 

Mesh size was tested for the lofted model using eigenmodes and refined until three 

consecutive mesh sizes showed the same response. A transient study of the plank was used 

to test the meshing of the air because the plank is less resource intensive to test. 

Mesh analysis of the koto model 

Mesh analysis of the lofted model showed consistent results with mesh element sizes equal 

to and smaller than 0.14m. The COMSOL ‘normal’ mesh size has a maximum element size of 

0.183m; in the lofted model, this mesh size gives 10685 domain elements, 7132 boundary 

elements and 1248 edge elements. The ‘fine’ mesh setting has a maximum mesh size of 

0.146m; this size gives 24629 domain elements, 15264 boundary elements and 1731 edge 

elements. The ‘finer’ mesh setting has a maximum element size of 0.1m; this setting gives 

88028 domain elements, 44834 boundary elements, and 2861 edge elements. The ‘extra fine’ 

setting has a maximum element size of 0.0639m; this setting gives 343938 domain elements, 

96698 boundary elements and 5179 edge elements.  

 Figure 3.6 details the comparison of the three acceptable mesh sizes and the unacceptable 

(too large) ‘normal’ mesh size of 0.18m. 
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Figure 3.7 shows that the model is independent of mesh size because the responses are 

similar, which means that the response can be relied on. In this case, no ‘bad’ mesh was used 

because of the time-intensive feature of the transient studies.11 12  

The meshed models were ‘excited’ in the frequency scans and the transient studies; energy 

was input to them to observe the response of the heuristic models. 

Excitation 

In the frequency scans and transient studies, a force is input to the models and the response 

is measured. In the frequency scans the force is a 0.1 Newton point load into the centre of 

the top of each model. In the transient studies, an impulsive force of duration 4.5ms is 

applied. The force is input to the lofted model to excite it and capture the transient response. 

Table 3.9 shows the definition of the pulse. This force is input perpendicularly to the plate. 

Table 3.9 Piecewise pulse used to excite the lofted model in the transient studies 13 14 

Time period Amplitude (N) 

0 to (0.8/f) 1250*f*t 

(0.8/f) to (1/f) 5000-(5000*f*t) 

Amplitude = 1000 N ; f = 220 frequency (Hz) ; t= time(s) 

 

The excitation shown in Table 3.9 is based on a Helmholtz forced excitation (Helmholtz 1898, 

84-85). In this study, the excitation is only a trigger to obtain the response of the model. The 

position of this excitation is important in the heuristic lofted model and is a variable in this 

study. 

                                                        

11 Fast Fourier transforms of probes in all three mesh sizes also showed very similar responses in frequency, 

suggesting that the results are mesh-independent.  
12 Figure 3.7 also shows the seemingly periodic tail of the response, seen from 0.3s onwards; because this artefact 

appears at all three mesh sizes, it is not caused by the mesh size. This tail is explored further in Chapter Seven. 
13 To obtain a value for the first point in time (t=0), a frequency domain study is done of one frequency, applied 

at the excitation position. 
14 Most transient studies in this work do not use a steady-state or periodic excitation. In the only case where a 

continuous excitation is used, the piecewise pulse (Table 3.9) is extrapolated periodically at 220Hz (more details 

in Chapter Six). 
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Excitation points 

In frequency domain studies, the focus is on obtaining a ‘general’ frequency response, so the 

models are excited at the midpoint of the top plate. By contrast, the transient studies focus 

on obtaining the natural response to excitation at different points on the top shell.15 In these 

studies, the changing excitation point is itself the variable of the studies. The lofted model is 

excited in three sets: at 13 points corresponding to the position of the strings at two cross-

sections at either end of the body and 13 points corresponding to the midpoint of the bridge 

position; the bridge positions are based on the standard hirajōshi tuning (starting from E4).16 

The bridge positions are used help to maximise the coverage of excitation points along the 

top shell.  

In each of the two cross-sections used for excitation points, the string number refers to the 

point at which a string would be crossing that particular cross-section of the body. The two 

chosen cross-sections correspond to the most-raised point in the height of the koto (the 

dragon’s head cross-section) and the lowest end of the koto (the dragon’s tail cross-section). 

Figure 3.8 shows the positions of excitation. On the side view, the position of maximum 

arching is identified in the black rectangle, the minimum arching cross-section is in blue, and 

the bridge position for string 1 is shown in red. The figure shows the lofted model from the 

top view, above its top shell; the transparency shows the position of the sound holes and the 

struts below the top shell; the position of the excitations on the top shell is numbered.  

                                                        

15 With a real string, the initial pluck causes a continuous energy transfer to the body of the instrument via the 

moveable and fixed bridges. After the initial pluck, the string energy would exponentially or otherwise rapidly 

decay, but it would continue to vibrate at the frequency of the string, therefore there would be a continuous 

input of energy with decaying amplitude. The examinations of strings and the effect of exciting them is beyond 

the scope of this work. Bridge positions allow the author to compare three excitation points along one line that 

stretches above the instrument, with two extremes of arching and one usual bridge position analogous to the 

instrument 

16 Measurements from the position of the bridges were provided to this author by Coaldrake. 
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eigenmodes carry forward from individual shells and simpler models to the heuristic lofted 

model of the koto. This analysis was followed by frequency scans. Air is added in the frequency 

scans; these scans document how much each frequency is radiated out of the instrument to 

the surrounding air. Finally, the transient response of the lofted model is investigated. The 

effect of each component in the body components can be studied by changing the excitation 

points (detailed earlier).  

Eigenmodes  

In the modal domain, the eigenmodes of the models, or their resonant modes, are predicted. 

Resonant modes are frequencies at which a system or object vibrates at the eigenmodes of 

an instrument are critical resonances of the object and are affected by the material, geometry 

and construction of the instruments. Comparing the eigenmodes allows the researcher to 

observe the differences caused by changing the geometry of a model. The first 44 resonant 

modes of each heuristic model were derived using COMSOL. The modes were identified as 

much as is possible and charted against variations in the models. This study has its own ‘mode 

chart’ or ‘periodic table of modes’; this chart was made using the plank model as the baseline 

and uses images of each mode alongside the mode name and number. The mode chart in this 

study is similar to others seen in Waller’s collection (1961, 43) and Fletcher and Rossing’s 

work (1998, 82).19 This mode chart minimises misalignment of eigenmodes and also helps in 

the latter stage of comparing plate modes and the modes of the assembled body. With this 

method, mode shapes can be traced from one plate to the full instrument body model to see 

if they carry through.20  

                                                        

19 Though such a table and generalised equations exist for rectangular plates, it was beneficial to this study to 

have a periodic table with the modes of a plate with the aspect ratios of the koto. A table featuring modes of a 

rectangular plate of the koto of the same aspect ratio as the top surface of the koto has not been found in the 

literature by the author. 
20 Modes are compared in terms of shape and are defined as transverse bending modes, in-plane bending modes, 

torsional modes, (m,2), and (m,3) modes. Once mode shapes have been identified, mode frequencies are plotted. 

The slopes of progression for each mode type is compared between models. As the components are added to the 

models, modes shapes deform. Sometimes there are more than one mode that seem to fit a certain mode number 

e.g. (4,1), the fourth torsional mode. These uncertain modes were revisited and compared ((4,1) in this example). 

The two modes were separately plotted against other torsional modes. A significantly better-fitting mode to a 

linear progression of this mode was not often seen. The mode which exhibited a lower frequency was usually the 

clearer mode. 
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Total energy  

It is difficult to understand the effect of geometric changes in the model on its resonance with 

the mode shapes and frequencies alone. Therefore, resonances were analysed in terms of the 

total stored energy of the system. In the modal domain, a decrease in the total stored energy 

of the system results in a more stable body; therefore, the objective of this analysis was to 

find how the stability of the models differ by way of comparing their stored energy. The total 

energy was derived for the whole system at each eigenvalue. The sum of the stored energy 

for all modes was able to give a clearer description of the relationship between eigenmodes 

and the geometry. The substructures have different masses, and the total energy depends on 

the mass of the vibrating body.21 The mass of the individual subsystems is shown in Table 3.10: 

Table 3.10 Mass of substructures 

Substructure Mass (kg) 

Top Plate 

Flat 1.91 

Steady arched top 2.20 

Changing arched top 2.54 

Tapered no arch 1.98 

Tapered steady arch 2.20 

Arched and tapered 2.55 

Arched and tapered with ‘ears’22 2.51 

Base plate 

Flat no holes 1.35 

One hole (SH 1 shape) 1.25 

One hole (SH 2 shape) - keyhole 1.24 

One hole (circular) 1.31 

2 holes (SH shapes) 1.22 

2 holes circular 1.28 

Full-body models 

No struts 4.01 

1 strut 4.03 

                                                        

21 There is more or less material available for energy to be stored in, and the system energy is higher where the 

mass is higher and more material is present in the model. 
22 The indents seen along the inside of the top shell, near the joint of the side panels, are called ‘ears’. It has been 

suggested to the author that the ears may be acting as a hinge between the side wall and the top part of the shell 

(Chris Waltham personal correspondence 2018).  The ears did not make a clear change in the modes of the plates 

when combined with other variations on the plate (tapering, arcing); their effect on mode frequency remains 

under 10Hz. They were not studied individually. 
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2 struts 4.05 

3 struts 4.07 

4 struts  4.09 

Lofted model 3.53 

The total sum of the stored energy of each model is divided by the mass of the model (Table 

3.10) to give the total energy per unit mass, which is compared between all models. The 

modal domain analyses were finalised with the study of the stored energy. After this stage, 

the frequency response of the models in a sphere of air was examined.  

Frequency scans 

Frequency scans give a time-averaged response of the system to a set of frequencies and 

allow the researcher to see the response of the air and the wooden model as a unified system. 

In these scans, the frequency response, the stored energy of the body, and the pattern of the 

radiation of sound were obtained using COMSOL.23 The outputs of this study are in the form 

of a frequency response plot from each probe, where the peaks indicate frequencies at which 

the model radiates loudly into the air. Figure 3.9 shows an example of the results page in 

COMSOL. The frequency response plots at each probe are shown in a different colour. 

                                                        

23 Frequency scans of the plank were done to 2500Hz (where the modes are present), and up to 1000Hz for the 

full-body koto models. 
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Figure 3.9 An example of frequency scan results in COMSOL 

In Figure 3.9, the frequency response inside the lofted model shows a peak at 255Hz (light 

blue); by comparison, the probe above the heuristic model shows smaller, evenly spaced, 

peaks (purple). This example shows the difference in frequency responses inside and outside 

the body and is useful for examining the small air chambers inside the instrument. Without 

modelling, a frequency response can be obtained from the real instrument using a 

microphone, but access to the small internal chambers is impossible in heuristic studies 
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without damaging an instrument.24 In these cases, frequency scans allow the researcher to 

predict the response of inaccessible components. The patterns of radiation for each 

frequency and the stored energy at each frequency can also be exported from COMSOL in 

these studies.  

First, the frequency response of the lofted model inside each of the two internal chambers 

was compared with the response observed in the surrounding air. This comparison was used 

to gain insight into how each internal air cavity responds to different frequencies and was a 

part of understanding the role of each internal air cavity. Secondly, the patterns of sound 

radiation at frequency peaks and at eigenmodes were compared to observe any changes in 

the radiation of the sound based on whether an eigenmode was present or not.  

The main analysis of the frequency scans was the comparison of the frequency response with 

the stored energy at each frequency and the eigenmodes of the heuristic models; this 

comparison illustrates the relationship between eigenmodes and peak frequencies. This 

relationship is important to understanding the sound of the instrument because only some of 

the eigenmodes of the body radiate out into the air effectively and the coupling between the 

air and the body creates new resonances. Staging the analysis from eigenmodes to frequency 

scans helps to distinguish the cause of each resonance observed.  

Energy peaks in this analysis are used to discern which eigenmodes are stronger; weak 

eigenmodes do not result in a peak in the total stored energy of the body.25 For example, the 

strongest resonances align with an eigenmode, show a peak in the frequency response and 

also cause a spike of the energy. By contrast, peaks without an eigenmode are not resonances 

from the body but appear as a part of air-wood coupling. The weakest resonances are those 

                                                        

24 High-resolution studies can make use of acoustical cameras and other high-performance technologies for 

physical experiments (Coaldrake 2018). 
25 In the modal domain, total stored energy of the body refers to the energy of the body at frequencies it has a 

tendency to vibrate in; this energy is minimised in stable bodies. In the frequency domain, total stored energy of 

the body at a particular frequency refers to how much the body is responding to excitation at a particular 

frequency; here, increase in the energy equates to increase in the response of the body. In the frequency and 

time domains, energy is input as a point load into the body; when the body has less kinetic and potential energy, 

more energy exists as sound within the space, because from the total energy of the system, less is stored at the 

body. The existence of less total stored energy in body entails more energy leaving the body; this additional energy 

within the surrounding air results in either a louder sound or a longer decay of sound. 
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that appear in only one type of observation and do not align with any other observation. These 

weak resonances appear either only as a peak in the probe or as an energy peaks of the body. 

The compilation of the frequency scans and the eigenmodes give a set of resonances which 

are used in analysing the transient response. 

Transient studies 

The transient response is used to measure the sound emitted by the model into the air over 

a period of time. Unlike the frequency scan, this study does not give the response of the 

system to each frequency but instead outputs the value of air pressure at the probes for each 

point in time. The main objective of these studies was to arrive at a basic understating of the 

sound of the koto. The transient studies presented in this work examined the effect of moving 

the excitation point on the model on the resultant decaying sound. The analysis aimed to 

show how each component of the heuristic lofted model contributes to the decaying tail of 

the sound. The transient response up to one second was recorded with a sampling rate of 

48000Hz; at each probe, 48000 values were exported for a duration of one second; this 

sampling rate is equivalent to DVD-rate audio quality and was considered appropriate for this 

study. 

The thirteen string points at the two cross-sections resulted in 39 simulations and 143 

waveforms to compare. Due to the extremely large volume of data generated, it was not 

possible to analyse the material without either automated analysis or visualisation. Following 

an initial qualitative analysis of the results, the quantitative analysis then focused on a smaller 

set of the observations selected to obtain more detailed analyses.  

The analysis of the results from the transient studies can be divided to the two categories of 

spectral analysis and temporal analysis; spectral analysis uses tools such as fast Fourier 

transforms (FFTs) to find the frequencies in the response. The peak frequencies in the range 
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of 1-1000Hz were derived using FFTs and compared with the frequency scan data and the 

eigenmodes of the koto.26 

Temporal analysis examines the changes in amplitude of the sound over a period of time. 

Decay analysis is a form of temporal analysis. The amplitude of the sound in the one second 

window of observation is presented as a time-series graph. This representation is commonly 

referred to as the waveform. The waveforms were observed inside and outside the lofted 

model. The rate of the decay of the critical waveforms was found using exponential decays.27 

The decay of the sound was measured both inside the body’s air chambers and outside the 

body. Finally, parameters of the geometry for each excitation point were compared with the 

results of decay analyses and spectral analysis. This final comparison connects the geometry 

of the heuristic model to the transient response. For example, moving the excitation point is 

compared with the length of the decays in all simulations to observe whether exciting the 

instrument model closer to the dragon’s head causes any changes in the length of the 

decaying sound. This analysis relies on the insights from the eigenmodes and frequency scans 

but is itself the key component in understanding the acoustical response of the koto using 

heuristic models. 

The results from the eigenmodes, the frequency scans, and the transient studies were 

compiled to obtain an understanding of the basic acoustical response of the koto using the 

heuristic models. The three-domain analysis allows for characterising the response by 

separating resonances that appear in the transient response between body (eigenmodes) and 

air (frequency scan) resonances.  

Explanatory notes for the datasets in Volume II 

                                                        

26 For each of the three sets of excitations, the response observed above the midpoint of the body of the excitation 

at the string 7 position was chosen as the representative. The Fourier transforms are then compiled to find a set 

of peaks. 

27 The natural logarithm of the absolute value from the probe was plotted against time to observe the exponential 

decay of the waveform. The exponential decay was then compared across all excitation points and all models.  
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This technical study of the koto uses a large set of data and relies on qualitative and visual 

analysis tools. Datasets are included in the second volume and are organised by order of 

reference to the discussion in Volume I. These datasets summarise the original waveforms in 

the study and spectral analysis in the transient studies, compilations of radiation patterns in 

the frequency domain, and the resonant modes of all models. The purpose of the datasets is 

to provide readers and scholars in musical acoustics and musicology access to observations 

made and the original data.  
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Introduction 

Validation of models is necessary to ensure that each part of the modelling process is reliable. 

The aim of the validation is to have confidence to use the heuristic models for studying the 

koto. In this process, the methods were verified against existing literature by independently 

replicating Ando’s 1986 and 1996 studies of the base plate of the koto and Rossing and Russell’s 

1990 experiment on an aluminium bar. The base plate was verified due to its relatively simple 

geometry in comparison with the top shell (details later in this chapter). Following, the values 

used for modelling the physical properties of paulownia were validated using new physical 

experiments using transducers, a laser scanning vibrometer, and a Chladni pattern test. Next, 

the heuristic models were verified against Coaldrake’s CT scan model results and physical data 

from the koto. Finally, the margin of error for the study was established. A summary of the 

validation studies is shown in Table 4.1. 

Table 4.1 Validation studies 

Subject of validation Actions 

Method 
Replicating Rossing and Russell (1990) 

Ando base plate (1986 and 1996) 

Physical properties 

Transducer studies 

Laser scanning vibrometer (LSV) 
Chladni test 

Models 
Comparison with koto tapping data from Coaldrake  
Comparison with CT scan data. 

Although in Table 4.1 each test is shown in one category, no test only serves one purpose; this 

is especially so with analysis such as the comparison with Ando’s work. This set of validation 

aimed to obtain evidence from independent sources about the resonances of the koto and 

paulownia. First, the verification of the methods is discussed. 

Verification of the methods in this study 

The objective of this section was to provide an independent assessment of the main tool of this 

study, the finite element modelling software, against available data in the literature.  
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Ando base plate (1986 and 1996) 

Other than Coaldrake’s analyses using FEM (2015, 2018, 2019), the only detailed publication 

on the koto’s acoustics are from Yoshinori Ando. He published his findings on the resonances 

of the top and base plates of the koto in a short paper in 1986, followed by a paper in 1996 

(Ando 1986 and 1996); the second paper was published in Japanese only. The findings about 

the same resonances are different between the two publications; no clear reason has been 

shown yet for these differences. This work attempted to independently verify a model of the 

koto’s base plate against Ando’s findings. The base plate is used because the top shell has many 

features that can change, specifically the three curves along the top of the dragon’s spine, 

across the 13 strings on the top curvature, and the tapering of the plate from the sides. Details 

of Ando’s top shell results are not sufficient for the author to replicate them with a heuristic 

model. By comparison, the base plate is a simpler geometry to model and with a simpler model 

to verify, differences can be traced more clearly. In Figure 4.2, the findings of the comparison 

between COMSOL predictions and Ando’s two publications are shown. 

ß∑ 

Figure 4.2 Ando's 1986 and 1996 findings of the base plate compared with COMSOL results 

Simple base plate model in 
COMSOL 

Simple base plate model in 
COMSOL 
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Figure 4.2 shows that the model of the base plate aligns well with Ando’s findings across both 

publications. The alignment of modes indicates that Ando likely found different modes across 

the two publications but did not correlate them all as one set of results. Physical experiments 

used to obtain the shape of resonant modes can be very energy consuming, especially for a 

large wooden plate. It is possible that Ando’s experiments missed some of the nodal lines due 

to this issue. This issue is not as prominent for smaller plates, as seen in the guitar or the violin 

family, which helps to explain the comparatively large body of studies using Chladni patterns in 

these instruments (Hutchins and Benade 1997).  

It will be shown in Chapter 7 that the torsional modes of the body are highly reliant on the 

constraints of the full body and are less affected by the individual plates. Ando’s findings from 

1986 are unclear in the torsional modes (Figure 4.2). Ando’s separated the two plates, which 

may have caused issues with observing torsional modes of the full body in the individual plates. 

However, this separation but would not have affected transverse bending modes of the body 

as much; these bending modes have been found to translate more clearly from the top shell to 

the full body than torsional modes (discussed further in Chapter Seven). The findings in this 

section were able to clarify Ando’s results and were a part of validating the simple model 

against existing literature.1  

Validation of physical properties 

The available physical properties of the paulownia wood, detailed in the Methods chapter, 

were tested in a series of physical experiments using a plank. The results from the experiments 

were then compared with a COMSOL model of the plank that used the available paulownia 

properties.2 Three types of experiments were conducted: a) transducer experiments, which 

excited the plank using a surface transducer; b) a laser scanning vibrometer (LSV) test, which 

                                                        
1 Unlike Ando, this study has no access to individual plates of the koto to physically test and it is out of the scope 
of this work to obtain any new sample plates of the koto or its components. Therefore, the only physical 
experiments possible are of the simplest (plank) model discussed earlier and the most complex (full body). The 
full body are compared with recordings and scans done on a koto, the results of which have been made available 
to the author by Coaldrake. 
2 The scan used a 0.1 Newton load at the midpoint of the surface of the plank model suspended in a sphere of air; 
the frequency scan range was 1-2000Hz. 
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gave a visual output of the excited modes; c) a Chladni pattern test. The studies are detailed in 

this section. 

Transducer experiments 

Two sets of transducer experiments were conducted. The aim of these tests was to obtain a 

reliable set of resonances for the paulownia plank. The first experiment was conducted in a 

private home and was able to capture one set of resonances up to 1000Hz; this experiment 

was halted due to health risks. The second transducer experiment was able to capture the 

necessary frequency peaks to compile a reliable set of resonances for the plank in triplicate, 

thus enabling the study to validate the physical properties of the model.3  

During both transducer experiments, the plank was excited in a frequency sweep using a 

surface transducer. The transducer was placed 25.5cm from the edge of the plank, equidistant 

from either side. Vibration data was captured from an accelerometer placed on the centre of 

the plank. The frequencies at each point of the sweep were estimated from the length of the 

recording and the start and end frequencies. The resonant frequencies were derived from 

these estimates.4 Table 4.2 details the equipment used in these studies. 

Table 4.2 Equipment used in the transducer studies 

Role Equipment Setup 

Transducer 
8Zed Good Vibrations 
26 Watt surface transducer Placed on top of plate, supported by bungee and tape  

Bungee cord Theraband tape Supported plank5   

Accelerometer Accelerometer on an iPhone 6 
Placed on the centre of the top of the plank, taped 
down. 

Spectrum 
analyser  

Faber Acoustical SignalScope  Used for monitoring, placed on Tripod 80cm from 
plank 

                                                        

3 The first experiment was conducted in a private home. The second experiment used a vocal recording booth or 
“dead room”. The recording booth is not anechoic but does provide ample insulation from outside noise. In this 
recording booth, the frequency sweep was started in the recording booth, but the author could monitor it from 
an adjacent room. The room setup makes it safer to observe the sweep because the researcher is not exposed to 
the loud sweep for the 10-minute length of the sweep, thus minimising health risks and interference with the 
data production and collection. 
4 The fourth derivative of the spectrum was derived to show additional smaller peaks. 
5 The plank was suspended in free-free boundary conditions via bungee tape. The constraints of movement in 
boundary conditions mean that different factors such as velocity are part of the equation (Blevins 2001). The free-
free boundary conditions were set up in the COMSOL model to replicate the physical plank. 
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Frequency 
generator 

NCH Tone Generator on OSX Generated tone sent to transducer via audio cable 

Support for 
equipment 

Nexcare Micropore Tape Used to stop rattling  

Figure 4.3 show the setup used in both experiments; the images are from the second 

transducer experiment. The plank of paulownia used is helpful to validate the model in terms 

of the physical properties used for modelling the koto; it is not intended to validate the koto 

model itself. As such, it is a study of the material of the instrument and not its dimensions. plank 

was close to one year old at the time of the experiment, and had a small amount of warping on 

it, visible in Figure 4.3.  

 

Figure 4.3 Set up and data capture in the second transducer experiment 

The second transducer experiment was repeated three times for the frequency range of 10-

1000Hz, followed by three iterations of the 1000-2000Hz range.6 7 Each sweep duration was 

10 minutes, which equates to 0.6s for each step of 1Hz. The sampling rate was 30 samples per 

                                                        
6 When the experiment was started at 1Hz (minimum the software allows) the first few seconds had ‘pops’, which 
rattled and distorted from the transducer, so the starting minimum was changed to 10Hz. These low frequencies 
from 1-10Hz are too large for the transducer to reproduce and they result in the popping sounds. 
7 The data necessary for this study was in the 0-1000Hz range, but the 1000-2000Hz sweeps were also conducted 
because of their possible use later in other parts of the study. 

Transducer Experiment March 2018 – studio 2, EMU, University of Adelaide 
 

4 
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second, meaning that for every 1Hz step in the sweep, there are 18 samples.8 Moving averages 

were used to minimise the effect of issues in individual sample points and to account for the 

18 samples for each 1Hz step; at the thirty-point average, each averaged frequency has a less 

than 2Hz margin of error (given 18 points per 1Hz). For peak analysis, the data from the z-

direction was chosen because this direction was clearer than the other two in all sweeps. 

However, this axis does not show in-plane bending modes, as there is no movement in the z 

direction in these modes. The raw data from the x-direction in the second sweep assisted in 

capturing these modes. The peaks were overlayed to compare all sweeps, and a set of peaks 

seen in all sweeps was derived. In these experiments, low equipment resolution obstructed 

attempts to isolate the amount of excitement in each direction and consequently the mode 

types were difficult to derive from the peaks. Therefore, a laser scanning vibrometer test was 

used to observe mode shapes more clearly. It was outside the scope of the heuristic model to 

account for the variation in the grain angle across the width of the plank.  

 

Laser Scanning Vibrometer 

A Polytec Scanning Vibrometer, with the PSV 400 Scanning Head and PSV A-420 Geometry Scan 

Unit were used to obtain the LSV results at the department of Mechanical Engineering at the 

University of Adelaide. The plank of paulownia was suspended at either end, allowing it to move 

freely in three directions. A speaker was used behind the plank, with a targeted chirp for the 

excitation signal. Due to laboratory restrictions, the movement of the total body of the plank 

was not possible to capture and the test was one-dimensional. This issue resulted in observing 

partial mode shapes, which made identification of modes more difficult. Also, due to the time-

intensive nature of the test, only data up to 500Hz was processed and made available to the 

author. Mode shapes from the LSV results were compared with the COMSOL results of the 

plank. In Figure 4.4 the LSV images that align with COMSOL results are shown. 

  

                                                        
8 The author manually triggered both playback and recording. The playback ends at the outer limit of frequency 
set. The frequency for each sample point is estimated from mapping the outer limits. The data was derived and 
compiled in OriginPro. 
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FEMs. The data of the first 500Hz is aligned across the experiments. The two transducer 

experiments and the LSV response are shown in Figure 4.5. 
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the 300-1000Hz range. These consolidated results of the physical experiments are compared 

to the model in Table 4.3. In the table, the green cells show peaks that aligned between physical 

experiments and simulations.  
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Table 4.3 Comparison of the physical experiments and FEM of plank in modal and frequency 

domains 

 

Transducer experim
ent 1 

Transducer experim
ent 2 

LSV 

Eigenm
odes of plank 
m

odel 

Frequency scan peaks of 
plank m

odel 

1-500Hz 

-- -- 13   

32 31 35   
50 52 50   

65 66 68 62  
97 93 -- --  

-- 125 123 129 110 

144 146  --  
187 185 184 170 188 

-- 207 200 --  
-- -- 211 --  

-- -- 215 --  
222 -- 225 --  

255 -- 252 259  

-- 261 -- -- 266 
293 282 295 287  

-- 305 -- --  
340 -- 351 326 328 

-- --  -- 342 

-- 374 366 -- 375 
395 403 401 396  

-- 423 -- -- 419 
-- 451 441 -- 459 

 

Transducer experim
ent 1 

Transducer experim
ent 2 

LSV 

Eigenm
odes  

of plank m
odel 

Frequency scan peaks  
of plank m

odel 

500-2000Hz 

496 506 

N
o data above 500H

z 

-- 488 

-- 530 524 535 
-- -- 549  

   570 

582 583 --  
-- 611 636  

   648 
675    

   695 
 724 731 718 

-- -- 738  

-- -- 759 752 
778 771 760  

-- 817 826 831 
869 -- --  

-- 919 925  

-- 949 940  
971 983 -- 969 

 990 1012  

N
o data above 1000H

z 

1015 1019  

1065 1059  
  1139 

 1172  

  1190 
  1360 

1530   
1594   

1631  1625 

1924   



Table 4.3 shows that most of the peak frequencies observed in each of the individual tests 

correlate to at least one of the other sources (marked as green cells); examples include 

resonances at 110, 188 and 328Hz. The physical peaks observed align well with the two modal 

and frequency domain studies of the plank. In the first 1000Hz the response of the plank is 

stronger than the 1000-2000Hz range. However, the LSV test did not sufficiently clarify the 

mode shapes and further tests were necessary to ascertain the shape of each eigenmode.  

Chladni test 

To ascertain the mode shapes for each frequency, a Chladni pattern experiment was 

conducted. The plank was suspended similarly to the transducer experiments. A thin layer of 

table salt was put on the plank. The plank was sanded down before the experiment, so that the 

surface would be sufficiently smooth for the grains of sand to move freely and the vibration 

patterns could be observed easily. At 64-66Hz, the salt repeatedly gathered at two bands, 

dispersed from the centre of the box. The salt did not respond to any frequencies above this 

range. At 69Hz, COMSOL predicts the first transverse bending mode. The salt pattern in the 

physical experiment showed a strong resemblance to this mode shape. Figure 4.6 shows the 

comparison of the pattern observed in the Chladni experiment and the COMSOL mode.9  

                                                        
9 Due to the small size of the experiment room, low lighting and the large amount of equipment, it was not 
possible to obtain a representative photo of the experiment. 
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estimates available. Thus, in Chapter Five, the broader issue of using isotropic and orthotropic 

models for paulownia is explored further.   

So far, the resonant frequencies of the plank have been observed clearly and a compiled set of 

them has been created. The shape of these resonant modes has proved elusive. Within the 

scope of this study, the physical properties are considered valid and useful. With validated 

methods and physical properties, the koto models used in this study are verified and discussed 

in the next section. 

Validation of models  

The finite element models developed as a part of this study were validated by comparison of 

the results from the box and the lofted model with Coaldrake’s CT scan model and raw data 

from physical experiments on the instrument. The physical data, provided by Coaldrake, 

includes peaks from recordings of the instrument being tapped and a laser scanning vibrometer 

study. The aim of this comparison is to see whether the idealised box and the lofted model are 

valid as analytical models to study the koto’s acoustics with. The comparison of results is shown 

in Table 4.4. 
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Table 4.4 Comparison of physical data from the koto with heuristic models and Coaldrake’s CT 

scan model 

 

Box m
odel 

Lofted m
odel 

Coaldrake ct scan 
m

odel 

LSV  (koto) 

Koto physical 
recording 

1-500Hz 
91 122 112   

135   132  
   148  

164 175  169 167 
 199    
 201    

213 207    
   220  

251 230 233 236 231 
252     

254 254 258   

264     

268     

280     

283    283 
288 287    

299  296 293  
 305 302   

314 309 311 310  

323 322    

328 327   328 
 339 345 339  
 342    
 344    

361 359 355   

365  357   
 371  372  

386 382   382 
   396  

408 406  398  

410 414 410  409 
416     

421     

426     

430 436   441 
 456 456   
    463 

473 471 468 477  

487 475 480   
     

 

 

Box m
odel 

Lofted m
odel  

Coaldrake ct scan 
m

odel 

LSV (koto) 

Koto physical 
recording 

500-1000Hz 
494 504   495 
509 507    

 517  513 519 
 536 525  530 

541 544    
 545   557 
 567    
 576 570   

585 586  581  
 595    

617 600   611 
623 620 624  627 

 632    
 639 640   
 651  654 659 

666 662 676   
684 681 688  684 
686     
690 695    
699 698    
711     
712  713   

 714 714 717  
724    727 
739   747  
750  762  751 

    773 
  782  783 
  792   
  809   
  821 829 829 
  830   
  845   
  881 881 875 
  899   
    910 
  941  937 
  949   
  969   
  985 990 988 



There is no physical data of the koto above 1000Hz and so the comparison in Table 4.4 is 

truncated at 1000Hz. A strong alignment of peaks is found in Table 4.4 between the heuristic 

models (box and loft), the high-resolution CT scan model, and the recording of the instrument. 

This suggests that both the box and the lofted heuristic models are useful and reliable in terms 

of predicting the frequency of modes. Knowing the limitations, the heuristic models were 

considered to be reliable for further investigations of the koto, which will be presented in Part 

II.  

Determining the range of experimental results and establishing the margin of error 

Both the physical data and simulations provided a range of values for each resonance found. 

However, a margin of error needs to be established cross these different experiments so that 

the accuracy of the results from the models and those of the physical experiments can be 

ascertained. 

The physical experiments used in establishing the margin of error included the first transducer 

experiment, the three sweeps from the second transducer experiment, and the LSV results. 

Peaks from all five sets of data were compared to arrive at a standard deviation for each 

matched peak. Table 4.5 details this compilation of all peak frequencies observed and the mean 

and standard deviation.  
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Table 4.5 Peaks across all physical experiments with means and standard deviations for each 

peak (all numbers in Hz) 

LSV 

Transducer experim
ent 

no. 1 

Transducer experim
ent 

2: sw
eep 1 

Transducer experim
ent 

2: sw
eep 2 

Transducer experim
ent 

2: sw
eep 3 

standard deviation 

m
ean 

35 32 30 30 30 2.19 31 
  39 41 39 1.15 40 
  44  44 0 44 

50 50 51 52 51 0.84 51 
68 65    2.12 67 

  84  84 0 84 
  88 88 88 0 88 
 97  101  2.83 99 
  106  106 0 106 

123  133 133 133 5 131 
 144 143 142 143 0.82 143 
    161  161 

184 187 189 189 189 2.19 188 
200  194 192 194 3.46 195 
211  207  207 2.31 208 
225 222 226 230 226 2.86 226 
252 255 255 243 255 5.20 252 

   269   269 
295 293 286 280 287 5.97 288 

 340 339 336 339 1.73 339 
351      351 
366      366 
401 395 398 390 398 4.16 396 

  415  415 0 415 
  439 438 439 0.58 439 

441  441 439 441 1 441 
 496 497 492 497 2.38 496 
  535 535 535 0 535 
   568   568 
 582 590 586 590 3.83 587 
   657   657 
 675 676 671  2.65 674 
  687  687 0 687 
  756 756 756 0 756 
 778 776 776 776 1.00 777 
  802 807 802 2.89 804 
  821 816 821 2.89 819 
  829  829 0 842 
   934  N/A 934 
 971 986 986 986 7.50 982 
  Mean of standard deviations 2.75  

This mean of the standard deviation, presented in Table 4.5, indicates that for each peak, the 

deviation observed across the samples is 2.75Hz. Here it is assumed that the aligned peaks 

show the same resonance from the body. This means that for each resonance found, there is a 

68% chance that the ‘actual’ resonance is within 5.5Hz of the approximated value a 95% chance 
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that it is within 11Hz of it. The error margin for the simulations and physical experiments in this 

study is considered to be 11Hz for two standard deviations in each direction.  

The methods and models of the study were calibrated and validated through a number of 

physical experiments and comparisons with literature. This study has found resonant 

frequencies, but the shapes of eigenmodes has remained difficult to obtain.  

Verification of the transient response of the lofted model against the real instrument 

The lofted model is used in this work to examine the transient response of the instrument. This 

part of the discovery includes the most complex data used and is a focal point in the analysis. 

Therefore, a sample of the transient response from the lofted model was compared with 

physical data of tapping the instrument (provided by Coaldrake) to ensure that the response of 

the model in the time-dependent studies was reliable.10 Table 4.6 shows the comparison 

between the simulated transient response and the physical observation. 

  

                                                        
10 This comparison used the mean of resonant peaks from the FFTs of 7 excitations on the top curvature of the 
actual instrument with a representative waveform from the simulated transient response. 
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Table 4.6 Comparison of the transient response of the lofted model and a tapping experiment 

using the koto 

1-500Hz 500-1000Hz 1000-1500Hz 1500-2000Hz 

Peaks from 
Transient 
response 

Lofted model 

Peaks of 
tapping koto 

Peaks from 
Transient response 

Lofted model 

Peaks of 
tapping koto 

Peaks from 
Transient 
response 

Lofted model 

Peaks of 
tapping koto 

Peaks from 
Transient 
response 

Lofted model 

Peaks of 
tapping 

koto 

Hz Hz Hz Hz Hz Hz Hz Hz 
 79 504 497  1013  1501 
 81  507  1036 1541  
 87  513  1048  1571 

95 96  515 1056 1056  1579 
 104  520  1069 1591  
 120 533 522  1083  1616 

126 123 550 543  1096  1622 
 139    1121 1628 1628 
 160  570  1126  1640 

180 184  611 1137 1137  1643 
 190 631 631  1155  1651 
 196  651 1171 1166  1658 
 208 659 654 1179 1180  1661 
 219  677  1190  1671 

220 227  684  1207 1682 1681 
 236 692 692 1223 1213  1687 
 254  696    1689 

262 260  700  1233  1701 
 266  719  1258  1709 
 275  723  1268  1717 
 289  735 1287   1719 
 292 744 741  1298 1733 1736 
 299  748 1311 1311 1745 1749 

316 326  760  1324  1759 
 330  771  1338  1770 
 338 776 779  1353  1772 
 351  793  1364  1780 

372 378 811 808  1371 1795 1793 
   827  1386  1814 
 392  830  1389  1822 

402 409  834  1396 1832 1830 
428   851 1402 1408 1858 1849 

 437  859  1422  1852 
466 462 879 869  1425  1867 

 476  884  1429  1881 
 487  908 1442 1441  1883 
  927 925 1460 1450  1891 
  939 945 1476   1894 
   954 1495 1491  1899 
   962   1904 1902 
  979 984   1919 1920 
   995    1943 
   1007    1948 
      1961 1959 

Table 4.6 shows that though not all the peaks observed through the physical recording are 

picked up in the model, the majority of the peaks seen in the model align with a resonant peak 

observed in the physical recording. The few peaks that do not align are the in the 1000-2000Hz 

range; the alignment of all the low-frequency resonances in the model leads to the conclusion 
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that the model is valid enough for the studies within this project. Given that the majority of the 

analysis done in this document Is within the 1-1000Hz and the maximum range considered is 

1-2000Hz, the lofted model is considered valid as a heuristic model of the instrument.  

At the completion of the validation process of the finite element method, the physical 

properties and the models, and with the margins of error established, it was concluded that 

the next phase of work could be undertaken. The idealised box and the lofted model were both 

found to be valid for use in investigating the basic acoustical response of the koto.  
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The previous chapter detailed the validation of the best available physical properties for this 

project. It was concluded that the anisotropic properties in this study are not an optimal match 

with experimental data and have room for improvement. This chapter documents exploration 

of options for improving the data available by optimisation, creating hybrid physical properties 

towards a ‘generic’ set of moduli, and testing of isotropic models. It was found that hybrid 

properties did not improve the response of the model towards a realistic set. An attempt to 

optimise the physical properties used for modelling paulownia was unsuccessful due to the 

assumption of linearity within each of the three directions. Nevertheless, this attempt was 

useful to find the limitations of using orthotropic values for modelling paulownia in analytical 

finite element modelling.  

Isotropic moduli were explored because of their extensive use in musical acoustical studies of 

wooden instruments. The assumption of isotropy, whilst easier to manipulate, may be 

troubling as isotropic models do not capture fundamental features of the resonant modes of 

the body. Anisotropic moduli predict different sets of modes than the isotropic moduli in the 

first 2000Hz, the critical range in this study. By contrast to literature on other woods, (Bader 

2006; Gough 2018; Rodgers 1988; Yoshikawa 2007), anisotropy does not result in a consistent 

and linear frequency drop in the modes in paulownia. It was observed that, though not optimal, 

the anisotropic properties reflect the resonance of the koto much more accurately than the 

isotropic models do. Throughout this study, the properties referred to as CW.2 are also 

referred to as anisotropic. This naming is done in the strictest sense, as they are not isotropic. 

These moduli are orthotropic and not triclinic in symmetry; the properties used in this study 

have 9 constants instead of 21 and these constants use the standard naming convention. 

Isotropy vs. anisotropy 

To investigate the issue of anisotropy more closely in its application on the heuristic modelling 

of the koto, this section tests the use of isotropic elastic moduli for studying the paulownia 

plank. It compares isotropic and anisotropic koto-sized planks1, and tests isotropic box models 

                                                        
1 Here koto-sized refers to the outer dimensions of the yamadagoto used for this study (1.85m x 0.264m x 
0.074m). For norms of dimensions used by koto makers refer to Johnson (2004, 41) 
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against anisotropic box models to see the effect of isotropy versus anisotropy in modelling a 

highly asymmetrical wood such as paulownia. 

Some materials, such as aluminium, have even structures at the fibre scale, but have close 

enough elasticity in each dimension that their acoustical response can be considered identical 

in all directions; they are effectively isotropic materials. Due to the nature of their growth, as 

cellular structures, all woods are anisotropic (Bucur 2006, 106); they have different elasticity 

in each of the length, width and radial dimensions. They are stronger along the grain than 

across it, and their cells grow differently in the three dimensions because of the direction and 

orientation of vessels, fibres and their cells (Bucur 2006, 106). Choosing to include fewer 

symmetries may produce more accurate results. A material can have up to 21 different 

elasticity constants. In anisotropic materials such as woods, it is desirable to simplify the 

elasticity using any symmetries (or approximations of them) available. Bucur states that for 

wood, we can find orthotropic symmetry and transverse symmetry to be useful; these 

symmetries result in 9 and 5 constants respectively. Bucur continues to state that using 

monoclinic symmetry and no symmetry (triclinic), which produce 13 and 21 constants 

respectively, are largely used for academic purposes (Bucur 2006, 106). Obtaining anisotropic 

moduli for materials is time and resource intensive. For some materials, anisotropic moduli are 

available (Bucur 2006, 46). For lesser-studied woods such as paulownia, such information is 

not available; recent discussions of the use of paulownia for musical instruments use 9 

constants, which is the common level of anisotropy used in musical acoustics (Waltham and 

Yoshikawa 2018, 71).  

Many studies on instrumental acoustics rely on isotropic models. Gough (2018) states that 

below 1kHz, the violin plate modes are not highly reliant on anisotropy, and that using a 

geometric mean of the Young’s moduli along and across the grain is a practically viable 

solution. Gough is able to approximate the frequencies of the plates of the violin with isotropic 

Young’s modulus. In earlier studies, he mentions that anisotropy reduces the plate mode 

frequency by 15 % but has little effect on shape (2015, 1211). Before discussing the 

investigations of the physical properties of paulownia, a brief overview of woods’ material 

properties and particularities is presented. 
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Elasticity and Isotropy 

The elastic constants (Young’s moduli, shear moduli, Poisson’s ratios) of a material, combined 

with its density determine its response stress and strain and affect the resonance of an object. 

Ashby charts the Young’s modulus of a variety of materials against their density (2000, 37). In 

Figure 5.1, It is visible that woods have very different elastic moduli parallel and perpendicular 

to the grain, with the Young’s modulus approximately 3 times higher parallel to the grain than 

perpendicular to it.2 

                                                        
2 Shape and structure of the cells are directly related to the properties of cellular materials (Gibson and Ashby 
1997, 11). Cell shape and size affect the mechanical properties of wood; cell shape does this much more 
significantly. Some of the anisotropy is also caused by the complicated arrangement of the cellulose fibres in the 
cell walls. The relative thickness of the cell walls is responsible for the density in one direction relative to the total 
density of the material, which in turn determines the material properties of the wood (Gibson and Ashby, 280, 
313). 
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13 strings may be an important cause of flattening of the cells. Even with the inclusion of the 

protective plate (Johnson 2004, 67), this effect would not be entirely alleviated. Bucur 

compares the percentage of anisotropy of various woods (2006, 64), with Sitka spruce at 

%100 anisotropy. SEM images of paulownia show it to be similar in anisotropy to spruce. 

Paulownia  

While the koto is made of paulownia grown in Japan, paulownia is also found in China, North 

America and Australia. There are six main varieties of the wood, with paulownia tomentosa 

being the dominant, and most likely the variety of paulownia of this author’s sample. 

Paulownia is a very light and porous wood, and unlike some other woods, shows less radial 

symmetry (Coaldrake 2018). Recently, Waltham and Yoshikawa have discussed paulownia’s 

physical properties in the context of its use for musical instruments (2018, 71). The plank used 

in physical experiments of this study is a sample of paulownia grown in Australia. In this type 

of wood, the age affects the response significantly. The age of paulownia may be related to 

the high viscoelasticity of the wood. The anisotropic properties of paulownia used in this 

project were obtained from a study of North American samples. Therefore, there are three 

varieties involved in this study: the yamadagoto (Japanese), sample in this study (Australian), 

and the properties matrix available (Oregon, U.S.). It has not been possible in this study to 

ensure that the sample of paulownia used for physical experiments is the same as the wood 

used by koto manufacturers in Japan. Validation attempts expect variation between 

information of the three sources of data in this study and detail the results found. Figure 5.2 

shows the SEM of a paulownia sample from a practice koto belonging to Coaldrake; the 

anisotropic cell structure can be seen clearly; a high level of anisotropy is visible in this sample. 
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Figure 5.2 SEM of paulownia. Image courtesy of A. K. Coaldrake micrometer scale 

Isotropic and Anisotropic studies of wooden musical instruments 

Table 5.1 and Table 5.2 show a selection of studies that model the behaviour of wooden 

musical instruments, using isotropic and anisotropic grains in the models, the justification for 

use of the elastic constant(s). Table 5.1 shows studies that use isotropic approximations and 

Table 5.2 shows studies with different types of anisotropy. 
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Table 5.1 Previous studies with isotropic moduli 

Study 
 Wood Justification 

Yoshikawa 2007 
Spruce, 
paulownia, 
maple, etc. 

Uses isotropic moduli only in the discussion of each 
wood and classifies based on characteristics. States 
“though the anisotropy is essential to the wood,4–
6,9–12 only the longitudinal wave that propagates 
along the wood grain is analysed because it has the 
primary acoustical importance.” (569) 

Gough 2015 Spruce and 
maple 

Finds reasonably close approximation to previous 
studies that employ or measure anisotropic data 

Rodgers 1988 
Spruce and 
maple 

Found along-the-grain and across-the-grain 
stiffness and the corresponding shear stiffness as 
the most important properties for determining 
plate frequencies 

Bader 2006 Not 
mentioned 

12 cross-layers assumed to produce an isotropic 
result. 

Table 5.2 Previous studies with anisotropic moduli 

Study  
 Wood Justification 
Bécache, Chaigne, 
Derveaux and Joly 
2004 

Not 
mentioned 

Orthotropic simulation of guitar (3 axes of symmetry, 
9 elastic moduli) 

Shepherd, Hambric, 
Wess 2014 

Sitka spruce Orthotropic simulation of guitar (3 axes of symmetry, 
9 elastic moduli) 

Elkabarietta, Ezcurra, 
Santamaría 2002 

Canadian 
cedar, Indian 
rosewood 
and spruce 

4 elastic moduli for each wood used (two Young’s 
modulus, one shear modulus, one Poisson’s ratio) 

Bretos, Santamaría 
and Moral 1999 

Maple and 
spruce Constants along and across the grain 

Giordano 1997 Spruce uses isotropic and anisotropic models (orthotropic) 

Chabassier, Chaigne 
and Joly 2013 

Spruce and 
beech 

Bidimensional orthotorpic 

Bielski and Kujawa 
2017 

Mahogany, 
spruce, 
cedar, 
rosewood* 

All except for Indian rosewood modelled 
orthotropic. Cites lack of physical information for 
isotropic values for rosewood 

Trévisan, Ege, 
Laulagnet 2017 Spruce Orthotropic ribbed plate for piano soundboard 

Table 5.2 shows that most anisotropic models are assumed to be orthotropic in symmetry. This 

is a valid assumption as long as “a sample of wood is cut at a sufficient distance from the centre 

of the tree that the curvature of the growth rings can be neglected” (Gibson and Ashby 1997, 

278). Paulownia is a very light hardwood with weak growth rings; a plank of paulownia weighs 
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one tenth of that of a same-sized aluminium plank. The lack of obvious growth rings in 

hardwoods is due to the even spacing of sap channels in these woods (Gibson and Ashby 1997, 

279 and 303). It cannot be assumed that in this study the plank has been cut from sufficient 

distance from the centre and this may complicate the issues around isotropy and anisotropy. 

Figure 4.2 in the Validation chapter shows the growth rings, which appear to be close to the 

centre of the tree.  

Testing isotropic moduli 

Gough (2015a, 2015b, and 2018) uses the geometric mean of available values in the literature 

to obtain a Young’s modulus. Waltham’s 2015 report of isotropic properties for paulownia, 

which includes the anisotropic matrix used in this study, states the Young’s moduli for the 

tomentose variety of paulownia tested to be 5.6, 0.63 and 0.26GPa. Taking Gough’s approach 

of using the geometric mean will give an isotropic Young’s modulus (E) for each direction of 

1.2GPa. A simple isotropic plank at 1 to 1.5GPa in increments of 0.025GPa was tested to find a 

potential generic isotropic modulus to use. It was also used to see the sensitivity of the model’s 

response in the modal domain to isotropic moduli and their predictive power in this study. For 

eigenfrequencies in isotropic planks with E = 1 to 1.5GPa, as the Young’s modulus increased, 

so did the frequency of each mode. There were no observed changes in mode shape. The plank 

was also modelled with the isotropic Young’s modulus of 5GPa (an estimate along the grain).  

Figure 5.3 shows a comparison eigenmodes of a model of a koto-sized plank (1.825m x 0.245m 

x 0.074m) with different physical properties. A model with the elastic modulus along the grain 

is seen in black, and the range of models around the geometric mean are seen in the colour 

band. In contrast, the change in slope is seen with the anisotropic model (CW.2 properties) in 

red. This comparison is to evaluate whether an isotropic modulus can be used to predict values 

close to the anisotropic matrix used in this study.  
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Figure 5.3 Eigenmodes of isotropic and anisotropic models of a koto-sized plank 

With anisotropy, (m,2) and (m,3) modes appeared in the first 1000Hz; isotropic models did not 

show these modes in the first 5000Hz range. Some curved nodal lines were also observed in 

anisotropic models. The curved nodal lines may be caused by anticlastic bending, which is 

affected by elastic moduli and Poisson’s ratio (Shepherd and Hambric 2016). The results 

indicate that isotropic models do not predict realistic mode shapes for the plank and the effect 

of anisotropy is not merely a frequency drop. This was seen in models with dimensions of the 

Australian plank. 

In Figure 5.3, at lower frequencies, the anisotropic properties predict modes similar to those 

of the model with the Young’s modulus of 5GPa. The lower slope of the anisotropic box means 

that by the 30th mode, anisotropic modes are lower in frequency than the lowest isotropic 

Young’s modulus of 1GPa. Additionally, the responses of the isotropic range seem close to 

parallel. The results in Figure 5.3 indicate that Young’s modulus and frequency are directly 

correlated, but that isotropic and anisotropic boxes have little response in common in 

paulownia. In Figure 5.4 and Figure 5.5, individual mode types are separated in isotropic and 

anisotropic planks. 
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Figure 5.4 Identified mode shapes in isotropic models of a koto-sized plank model 
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Table 5.3 Isotropic and anisotropic models slopes and intercepts 

 Isotropic slope Isotropic intercept Anisotropic slope Anisotropic intercept 
Transverse bending 1.94 1.06 1.75 1.19 
Torsion 1.13 2.54 1.09 2.27 
In-plane bending 1.51 1.81 1.36 1.84 

In both the isotropic and the anisotropic planks, the slopes are highest for the torsional modes, 

followed by the in-plane bending and then transverse bending modes. The ratio of the isotropic 

to anisotropic slopes and intercepts for each mode type is shown in Table 5.4. 

Table 5.4 Ratio of isotropic vs. anisotropic slopes and intercepts for each mode type 

 Isotropic/anisotropic slope Isotropic/anisotropic intercept 
Transverse bending 1.1 0.89 
Torsion 1.03 1.11 
In-plane bending 1.11 0.98 

Table 5.4 shows that all the slopes are higher in isotropic models than in anisotropic models. 

Comparing the slopes of each mode type between the boxes shows that in all three main mode 

types found, the slopes decrease in the anisotropic plank but the intercepts slightly increases 

with anisotropy, which shows that modes start to appear at slightly higher frequencies in 

anisotropic models, but they appear closer together.  

Isotropic vs. anisotropic box models 

In this section, isotropic box models were compared with anisotropic box models. These 

models are all full-body models and do not include model of individual plates. This comparison 

attempted to separate the effects of anisotropy from the effect of geometric complexity on 

eigenmodes and to check if isotropic box models approximated mode shapes well. The modes 

of isotropic and anisotropic boxes with the dimensions of the koto are shown. Each identified 
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The difference between the same modes in isotropic and anisotropic modes is shown in Table 

5.5, Table 5.6 and Table 5.7. Transverse bending modes are more closely similar between 

isotropic and anisotropic boxes than torsional and in-plane bending modes. Both isotropic and 

anisotropic planks have much higher mode frequencies than box models. All isotropic box 

models have relatively close mode frequencies to each other, regardless of sound holes and 

struts.  

Up to this stage, comparison between isotropic and anisotropic models has been restricted to 

models without reference to physical data because no physical equivalent of these models 

exists. Therefore, two isotropic models of the plank were made with moduli of E= 5GPa and E= 

1.2GPa, which is the geometric mean of the orthotropic properties available. The first 44 mode 

frequencies are compared with resonances found in the two transducer experiments and the 

LSV results from Chapter Four, as well as the anisotropic model. Figure 5.6 shows the alignment 

of the peaks from the physical experiments with the modes of the isotropic and anisotropic 

models. 
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Figure 5.6 Isotropic and anisotropic models compared with physical experiments4. 

Figure 5.6 shows that the anisotropic model predicts many more of the mode frequencies 

observed in the physical experiments than the isotropic models do. The isotropic modulus of 

5GPa is clearly inappropriate for modelling the wood. However, the isotropic model with the 

Young’s modulus of 1.2 is closer to the anisotropic model in terms of frequency and so it may 

still be a viable replacement for the anisotropic properties. The LSV results are not as useful 

for frequency analysis because of the small range of frequencies studied with them. However, 

the LSV is the only experiment that has shown the mode shapes. Therefore, in Figure 5.7, the 

mode shapes for the first 500Hz are compared between the isotropic model (E=1.2 GPa), the 

anisotropic model and the LSV results.   

                                                        
4 note LSV experiment was truncated at 500Hz by the external laboratory operator, stating that the required time 
for a larger frequency range was not available 
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Figure 5.7 Isotropic model (E=1.2GPa) and the anisotropic model compared with LSV results of 

the plank  
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Figure 5.7 shows that the anisotropic results predict the majority of the modes seen with the 

LSV closely. Where the isotropic model predicts mode frequencies close to the LSV and 

anisotropic results, in all but one case the isotropic results model does not predict the correct 

mode shape. This observation shows that isotropic properties are incompatible with physical 

data; while the anisotropic properties are not ideal, the isotropic models have not improved 

the predictive power of the models.  

Conclusion 

In the anisotropic models, the first 44 modes are seen in a smaller frequency range. The 

components have a similar effect on the frequency range, but the effect is intensified with 

anisotropy combined. Anisotropy does not introduce (m,2), (m,3) and (m,4) modes generally, 

but if they exist in an isotropic wood with the same size and other properties, they appear 

outside the ‘critical’ range.5 No ideal isotropic modulus has been found. The Young’s modulus 

of 5GPa in isotropic models renders mode frequencies that are too high; the modulus of 

1.2GPa gives closer eigenfrequencies but predicts a different mode shape to shapes predicted 

with the anisotropic model and observed using the LSV. 

If the sample of wood that is tested was dry, seasoned and knot-free, the age and moisture 

content would not contribute to the physical properties as much as the relative density of each 

direction to the total density of the wood (Gibson and Ashby, 314). However, the plank used 

in this study is a young sample (it had been dried for 3 months and was about one year old at 

the time of purchase). It also seems that the sample is cut relatively close to the centre of the 

tree. The combined effect of these factors is that orthotropic properties struggle to replicate 

the responses captured in physical testing. With the isotropic moduli eliminated as an option 

for modelling, this exploration continues with attempts at improving the anisotropic moduli in 

the form of hybrid properties and optimisation of the available matrix of moduli. 

                                                        
5 The critical range is 0-2kHz. These modes have not been found in the isotropic models of this study in frequencies 
up to 5000Hz.  
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Testing hybrid physical properties 

The physical properties used in this work (see Methods chapter) were combined with 

properties from a FEM study of historical qins, (hereafter qin study properties), made available 

to the author as the Voigt matrix seen in Table 5.8 (Waltham, Coaldrake, Koster, Lan, 2017; 

Yang 2014). A set of hybrid properties were made as the geometric mean to test. If successful, 

the hybrid set can serve as a generic set of moduli for paulownia in heuristic studies. The Voigt 

matrix for all three sets of properties is shown in Table 5.8. 

Table 5.8 CW.2, qin study and hybrid Properties 

CW.2 properties 
5.81E+09 3.23E+08 1.85E+08    

 7.03E+08 1.35E+08    
  2.89E+08    
   1.68E+07   
    3.70E+08  
     5.20E+08 

Qin study properties 
5.16E+09 2.64E+08 6.82E+08    

 2.11E+08 2.27E+08    
  3.37E+08    
   3.30E+07   
    4.16E+08  
     5.59E+08 

Hybrid properties 
5.45E+09 2.36E+08 5.62E+08    

 1.72E+08 1.61E+08    
  2.72E+08    
   2.58E+07   
    3.93E+08  
     5.40E+08 

Eigenmodes were obtained with all three sets of properties shown in Table 5.8. Mode shape 

and eigenfrequencies were compared between physical data from the LSV and the simulations 

with each of the three sets of properties. Table 5.9 shows the frequencies of all of the mode 

types discussed in all three sets of anisotropic properties; where LSV results exist, frequencies 

observed from the laser are also included in the comparison. Frequencies are shown in Hertz. 
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Table 5.9 Mode frequencies in each anisotropic modulus and in the LSV 

Mode LSV CW.2 
Qin study 
properties 

Hybrid 
properties 

Transverse bending 
(2,0) 68 63 48 54 
(3,0) 184 170 134 148 
(4,0) 352 326 259 286 
(5,0)  524 450 469 
(6,0)  759 645 680 
(7,0)  1020 875 922 
(8,0)  1304 1134 1190 
(9,0)  1604 1416 1479 

(10,0)  1917   

Torsion 
(1,1) 123 129 133 131 
(2,1) 252 259 264 262 
(3,1) 366 397 399 398 
(4,1)  550 544 546 
(5,1)  731 709 717 
(6,1)  940 891 911 
(7,1)  1181 1124 1139 
(8,1)  1448 1360 1386 
(9,1)  1730 1624 1657 

(10,1)   2033     
(m,2) 

(0,2)  738 339 376 
(1,2)  760 394 437 
(2,2)  827 577 595 
(3,2)  925 783 784 
(4,2)  1059 998 987 
(5,2)  1223 1217 1199 
(6,2)  1409 1441 1416 
(7,2)  1625  1646 
(8,2)  1863   

In-plane bending 
IPB 1  287 221 253 
IPB 2  636 512 575 
IPB 3  1013 829 926 
IPB 4  1383 1136 1268 
IPB 5  1751 1425 1594 
IPB 6   2102     

Hybrid/Unknown mode shape 
hybrid (1,1)   786 988 
hybrid (2,1)   796 993 
hybrid (3,1)   871 1053 
hybrid (4,1)   1006 1180 
hybrid (5,1)   1203 1379 
hybrid (6,1)   1446 1629 

Table 5.9 shows that although there are not many bending modes found from the laser data, 

a strong correlation is seen between the modes identified and the transverse bending modes 
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in COMSOL. The qin study properties and hybrid properties show curved nodal lines in lower 

frequency modes than the CW.2 properties set does. In the comparison of the frequencies 

between these modes, strong similarity is seen throughout. The torsional modes in Table 5.9 

show less variation across the properties used. In-plane bending modes do not seem to be as 

affected as the other mode types. In Table 5.9, there is some mode shape change as the modes 

progress. In in-plane bending modes and (m,2) modes are omitted from this analysis because 

they were not clearly observed in the LSV and there is no physical counterpart to the predicted 

modes.6 To expand the physical comparison, the peak frequency results from the validation 

attempts are compared with the three sets of properties available in Table 5.10. The mean 

frequency for each peak from all of the simulations and from the physical experiments are 

shown in the two columns on the far right. The mean, standard deviation, and the variance 

across each set of results is shown at the bottom of the table. Frequencies are all shown in 

Hertz. 

  

                                                        
6 However, unusual and unexplained mode shapes appear in the hybrid properties and the qin study properties. 
These modes have nodal lines similar to those of torsional modes but their movement is in-plane, which is visible 
from the end view. These modes are not included because there is no frame of reference for them elsewhere in 
this work. 
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Table 5.10 Comparison of peak frequencies observed in validation with results from anisotropic 

models 

 

transducer experim
ent 1 

transducer experim
ent 2 

LSV 

CW
.2 properties  

Q
in study properties 

H
ybrid properties 

M
ean of physical 
experim

ents  

M
ean of sim

ulations 

     13           

 32 31 35       33   

 50 52 50   47 54 51 51 

 65 66 68 62     66 62 

 97 93         95   

   125 123 129 132 131 124 131 

 144 146       148 145 148 

 187 185 184 170     185 170 

   207 200       204   

     211       211   

     215       215   

 222   225   221   224 221 

 255   252 259 259 253 254 257 

   261     264 262 261 263 

 293 282 295 287   286 290 287 

   305         305   

 340   351 326 339   346 333 

                 

                 

   374 366     376 370 376 

 395 403 401 396 399 398 400 398 

   423         423   

   451 441   449 437 446 443 

 496 506     511 469 501 490 

   530   524     530 524 

       549 544 546   546 

 582 583     576 575 583 576 

   611   636   595 611 615 

 675        680 675 680 

         709       

   724   731   717 724 724 
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       738       738 

       759   784   771 

 778 771   760 782   775 771 

   817   826 829   817 828 

 869           869   

   919   925   911 919 918 

   949   940   922 949 931 

 971 983     978 926 977 952 

   990   1012 1006 934 990 984 

       1019 1021 987   1009 

       1059   988   1023 

       1172   993   1083 

Mean 379.47 431.88 227.80 530.41 469.27 498.47 424.21 489.00 

StDev 300.03 298.65 126.29 286.56 270.52 274.62 287.44 279.78 

Variance 90020.76 89194.36 15948.60 82116.51 73183.50 75414.21 82622.90 78274.70 

n 17 26 16 21 17 23 33 31 

Table 5.10 shows close correlation between the physical results and the simulations across the 

three anisotropic properties. Next, an independent unpaired two-tail t-test with assumption 

of homoscedasticity was done between the mean of the physical results and that of each of 

the properties as well as the mean of the simulated modes. The results are shown in Table 

5.11. 

Table 5.11 T-test results 

  
mean of physical 

experiments vs. mean of 
simulations 

 mean of physical 
experiments vs. 
CW.2 properties 

mean of physical 
experiments vs. 

qin study 
properties 

mean of physical 
experiments vs. 

hybrid properties 

t-value 0.136 0.034 0.315 0.095 

p-value 0.446 0.486 0.378 0.462 

The critical p-value is set at 0.05. From the above t-test, it can be deduced that the CW.2 

anisotropic properties are not significantly different from physical experiments. However, the 

qin study properties and hybrid properties are significantly different. Therefore, these two sets 

of properties are not optimal for use in this project. The correlation between the CW.2 results 

and that of the mean of physical results shows a weak correlation. Ascertaining the mode 

shapes of the measured peaks is necessary for further clarification.  
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To run a paired t-test between these sets of data, the physical results can be considered the 

pre-treatment set, and the simulations as the post-treatment set. This assumption sets the 

modelling properties as the ‘treatment’. There is no material available outside the results of 

this study on paulownia that can be used as the pre-treatment set. In such a setup, the t-values 

rise considerably. The CW.2 properties can also be considered a different pre-treatment set 

and the other two properties post-treatment. The results for both of these considerations are 

documented in Table 5.12:  

Table 5.12 Paired t-test 

paired t-test:          
set 1:       

pre treatment 
mean of physical 

experiments 
mean of physical 

experiments 

mean of 
physical 

experiments 

mean of 
physical 

experiments 
post 

treatment mean of simulations CW.2 Qin study  Hybrid  
t-value 0.07 0.93 0.10 0.03 
p-value 0.944 0.362 0.925 0.976 
set 2:       

pre treatment CW.2  CW.2    
post 

treatment Qin study Hybrid    
t-value 0.22 0.04    
p-value 0.88 0.96     

 
In this paired t-test, p-values showed that the results are not significantly different between 
the properties. 

Findings  

This validation process shows that these hybrid properties do not improve the physical 

properties. It also shows some of the changes in mode shape across the matrices used. These 

moduli are all of paulownia or derived as an average of the known data. A range of possible 

mode shapes is observed within the confined scope of paulownia properties available. At this 

stage, the only other option was to try and optimise the physical properties available. 
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Optimising physical properties 

Investigations to find alternative isotropic and anisotropic moduli for paulownia wood were 

unsuccessful to this point in the study. These investigations did not improve the results for 

modelling this wood from those obtained with the CW.2 properties, which were validated in 

Chapter Four. Therefore, an optimisation attempt was undertaken to improve the CW.2 

properties used for modelling paulownia. This optimisation uses the eigenmodes of the plank 

model and aims to improve the elastic moduli available so that the alignment between the 

predicted and measured modes is increased. The benchmark physical data is the peaks from 

the second transducer experiment in Chapter Four. This optimisation tries to calculate what 

elastic moduli would result in the peaks observed with the physical experiment. 

For this analysis, the five elastic constants of the CW.2 properties are varied systematically. A 

balanced fractional factorial design was used with a high and low value for each elastic 

constant. This means that each modulus is tried at a low value (80% of its original value) and a 

high value (120% of its original value). The combinations of all variations for the high and low 

values of the moduli gives 32 iterations. In this set of permutations, no combination of high 

and low values for each of the five elastic constants has a higher weighting than the others. 

The systematic variation used a balanced group set adapted from The CRC Handbook of Tables 

for Probability and Statistics (1966, 69). 

The eigenmodes are obtained with each variation. Linear regressions are then undertaken for 

each mode shape across all variations of the elastic constants to improve the predicted 

eigenfrequencies. These frequencies are individually compared with the corresponding result 

from the physical experiment. The aim of the optimisation is to minimise the total difference 

between the predicted and recorded modes. The sum of the difference between the predicted 

modes and the peaks from the physical experiment is then calculated as the objective function, 

which is minimised to give the optimised elastic constants.  

Figure 5.8 shows an example page from the systematic variation of the CW.2 properties. On 

the right-hand side, the frequencies at which each mode (each row) is observed is shown for 

the first eight variations. The associated mode shape is shown on the left-hand side of Figure 
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the mode shapes were not observed in the physical experiment and so, it is not possible to 

confirm that the modes aligned between the predicted and measured peaks are in fact the 

same eigenmode.  

To battle the first issue, the lowest moduli predicted from the optimisation manually kept at 

their original values. These moduli are the longitudinal Young’s modulus (EL) and the radial-

tangential shear modulus (GRT). The simulation returns values much closer to the measured 

data by the exclusion of EL and GRT from optimisation. In Table 5.13, the results from both 

attempts at optimisation (with and without El and GRT) are compared with the original CW.2 

properties.. In the table, each row shows one mode type. The frequencies for both sets of 

optimisation are shown for each row. For example, the (3,0) mode is seen at 39Hz when all 

moduli are changed. This mode is predicted at 161Hz when EL and GRT are manually kept at 

pre-optimisation values. This mode is found at 170Hz with the original CW.2 properties 

Table 5.13 Comparison of two optimisation attempts, with and without manual control of EL 

and GRT 

 Mode Frequency (Hz) 
Mode 
type 

Solver Optimisation 
with all moduli Manual EL and GRT  

Pre-optimisation 

(2,0) 14 62 63 

(3,0) 39 161 170 

(1,1) 41 44 129 

IPB 1 67 178 287 

(4,0) 76 295 326 

(2,1) 80 107 259 

(3,1) 116 204 397 

(5,0) 125 448 524 

(4,1) 153 332 550 

IPB 2 161 289 636 

(6,0) 185 613 759 

(5,1) 196 481 731 

Table 5.13 shows that, especially in higher order modes, both optimisation attempts are 

unsuccessful. At the present date, the author believes that the failure of optimisation is due to 

the assumption that in each of the tangential, radial and longitudinal directions, the properties 

are uniform and can be linearly extrapolated. Thus, although the physical properties (CW.2) 
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are not an exact match, they are the most useful properties. The most important reason for 

using the CW.2 properties is that they predict the resonances of the wood within a useful 

margin for this study (as shown in the Chapter Four). These CW.2 properties were obtained 

from physical measurements and not purely from numerical estimates and are still better than 

the unverified optimised values. 

An important difference between the results is likely that of the origin in the wood samples; 

the simulations rely on information on North American paulownia, Coaldrake’s koto is from 

paulownia grown in Japan, and the plank is from paulownia grown in Australia. Their elastic 

moduli are almost certainly different. The optimisation of physical properties for a general case 

was not successful. For the remainder of this study of the koto, the CW.2 properties continue 

to be used because they are the best-available properties and have been shown (in Chapter 

Four) to predict relatively close modes to those measured. 

Concluding remarks 

This chapter reviewed existing work on isotropic modelling of wooden musical instruments. It 

also compared isotropic and anisotropic models of paulownia using the best data available and 

approximation methods used by others in isotropic studies. The isotropic and anisotropic 

models of planks and koto-sized boxes were compared, and plank models were compared with 

experimental data. This chapter has found that there are few similarities between isotropic 

and anisotropic models. Other scholars have suspected issues with isotropic models. This study 

has shown that while the anisotropic models do not show a perfect match for the physical 

data, they are nevertheless more appropriate than isotropic models for the study of paulownia. 

This conclusion is based on the following three reasons: 

1. Isotropic models do not predict the correct mode shape (see Figure 5.7) even when 

predicting the frequency accurately.  

2. Isotropic box models predict widely different frequencies for the same modes than 

anisotropic models do (Table 5.5, Table 5.6, Table 5.7) 

3. To successfully model the wood as isotropic, the assumption needs to be that it is cut 

sufficiently far from the core of the tree. It cannot be ensured that the sample of wood 
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used in this study has been cut in this fashion to allow for a reasonable isotropic 

approximation.  

Therefore, although isotropic models have been useful for other studies, they are 

inappropriate in the study of the paulownia. It is likely that isotropic moduli are also 

problematic for similarly light and highly anisotropic woods. This study will continue with the 

orthotropic properties available for paulownia. However, future work on the koto will benefit 

from additional attempts at refining the available data on the physical properties of paulownia.  

In Part One of this study, the methods of finite element modelling were discussed. The 

methods, physical properties and models were validated. Following, the use of isotropic and 

anisotropic moduli was explored further in this chapter. At this stage, this study has refined 

the tools used for analysis and discussed considerations and limitations present on the study. 

In Part Two, the methods are used for the discovery of the acoustical characteristics of the 

koto with the heuristic finite element models. Part Two starts with the finite element modelling 

of a koto-sized plank.  
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Part One of this thesis outlined the methods used for finite element modelling of the koto using 

heuristic models. It showed the validation of the methods, models and physical properties, and 

with further analysis showed the importance of modelling anisotropy in the study of the 

resonances of a body made of paulownia wood. This part applies the methods with the use of 

the heuristic models to the koto, not only to evaluate the usefulness of the methods in general 

but also for each model in particular. This part also investigates the characteristics of the sound 

of the koto using studies of the heuristic models in the three modal, frequency and time 

domains. This part starts with the simplest form of the model, which is a koto-sized plank of 

paulownia (Chapter Six). In Chapter Seven, the koto models are discussed.  

 

First, the resonant modes of each model are obtained. With this analysis in the modal domain, 

the relationship between the basic components of the koto body and its resonances is clarified. 

Then, with a smaller group of important models, the next step of analysis is conducted. Air is 

added to selected box and lofted models to examine how the wood and the air interact to add 

or change resonances. This analysis, in the frequency domain, shows the importance of the 

internal air cavities. With these first two domains, the role of the wooden body and the air are 

characterised. Finally, time is added to the studies with the transient response of the lofted 

model. The transient response represents the dissipation and transmission of sound from the 

instrument body to the surrounding air, over a period of time. Therefore, it is musically 

paramount to the study of the sound of the instrument. The transient response can be 

characterised with the understanding of the resonances of the body and the connection 

between the wood and the air obtained from the other two domains. The lofted model of the 

instrument is excited at either end of the top shell and at the bridge points. Extensive analysis 

of the decay of sound from the instrument is undertaken to show how the decay of sound 

changes depending on where the instrument model is excited. This analysis is combined with 

the findings from the modal and frequency domain to characterise the basic acoustical 

response of the koto and the role of the components of its wooden body in the sound of the 

instrument. The findings of the study of the koto help to show which heuristic models are 

useful for the study of this instrument and what can be gained from analytical models. 

 

Chapter Six focuses attention on the characteristics of a koto-sized paulownia plank. This 

chapter adds a study that uses the analytical methods of this work for a simple model, thereby 
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showing the use of the methods without the complex geometry of the koto. This chapter also 

gives a baseline for examining the koto models. Chapter Seven details the discoveries about 

the koto, made using the heuristic models.   

 

This part of the thesis relies on the analysis of a large dataset of primary data. This data has 

been summarised in Volume II. The datasets are prepared to be helpful to the reader in the 

discussion of the observations in the text and best viewed on a large screen or a large page. 

These datasets are presented separately to comply with the thesis format restrictions at the 

University of Adelaide and limitations of the A4 page size. Some comparisons have needed to 

be made with reference to the datasets to deliver the data. It is assumed that the reader has 

access to an A3 printed version of the appendices or a soft copy of the material for 

magnification of necessary data. 
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Overview 

The validation process and the studies of the physical properties showed that the resonances 

of the koto are strongly affected by the physical properties of the wood in Part One. However, 

this process left many unanswered questions because as noted, there are few previous studies 

of paulownia and further information was required. An independent analysis of the wood 

without the complications of koto geometry was therefore designed to gain further insights, 

refine methods and parameter values required for input into the koto model’s simulations. 

This chapter thus lays the framework for the analysis of the heuristic models of the koto by 

testing the methods and refining tools with a simpler model than that of the koto. The koto 

and the heuristic models of it are still complex geometries and the finite element models 

produce a wealth of data. A simpler model of the wood is necessary in this study so that it can 

provide an entry point for analysis of the more complex models and to create a baseline of 

understanding of the subject. It also gives a roadmap to the analysis of other subjects with the 

example of a simple shape. 

This baseline for analysis, which is obtained with the plank model, provides three outcomes for 

the remainder of this work: it provides new information about a koto-sized plank of the wood 

without the geometric complexities of the body, which in turn allows for directly observing the 

role of the wood within the geometry; it sets up a template for the analysis and understanding 

of the complex resonances of the koto; it is used to refine methods of the study by being the 

simplest form of the model possible. The koto-sized plank model in this chapter uses the CW.2 

physical properties, as detailed in the Chapter Three. In this chapter, eigenmodes of the koto-

sized plank model are derived and a template for categorising modes is setup. The second 

section details frequency scans of a model of the plank in a sphere of air. This scan adds the 

resonances within the air and is used for understanding the radiation pattern of resonances of 

the body and the air. Finally, two transient studies are done with the plank in the air which test 

a periodic and a single piecewise excitation. The results of the three sets of studies are 

compiled and show the overall response of the plank, which eigenmodes are excited, and what 

resonances exist from the air and plank coupling.  
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Predicted eigenmodes of the koto-sized simple plank 

The eigenmodes of the koto-sized plank were obtained and are presented in Figure 6.1, 

organised by the number of nodal lines seen along and across the plank. In Figure 6.1, the 

number of nodal line along the body are shown vertically and those across the body shown 

horizontally. Each column shows one mode type. The end view and an example of the side 

view for each mode type is shown above the column. 
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Figure 6.1 Mode chart of eigenmodes of the koto-sized plank 

The modes seen in Figure 6.1, and any other modes identified as variations on these shapes 

are named (y,x) with y the number of nodal lines across the body (rows) and x the nodal lines 

along the body (columns). Frequencies at which each mode is found in the plank model is 

shown below the mode shape. The in-plane bending modes (IPBs) are excluded from the above 
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figure. These modes only have motion in the xy plane. They can also be classified under the 

first column (x=0). To avoid confusion, they are presented independently in Figure 6.2.  

 

Figure 6.2 In-plane bending modes of the koto-sized plank 

The modes shown in Figure 6.2 are labelled IPB n, with n being the index of the mode, which 

is one less than the number of nodal lines seen. The mode frequencies from the modes charted 

in Figure 6.1 and Figure 6.2 are shown in Figure 6.3, compared in terms of frequency across 

different mode types. It has not been possible to compare these modes with results from other 

authors, as no precedent study of this wood in this aspect ratio exists. Attempts at using other 

formulae to predict and compare the modes in an anisotropic plank were unsuccessful.  
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Figure 6.3 Mode frequencies in each mode type for a koto-sized plank 

The slope for the in-plane bending modes in Figure 6.3 is 165. The transverse bending mode 

slope is 148 and the slope for the progression of the torsional modes is 207. The simple plank 

model shows very few in-plane bending (IPB) modes in the first 2500Hz range; the model 

predicts more (m,2) and (m,3) modes than IPBs. They exhibit additional non-linearity, 

currently not characterised. A number of these higher order modes occur at the same or very 

close frequencies to the transverse bending, in-plane bending and the torsional modes. In 

Figure 6.3, the index given all except torsional modes is 2n +1, where n is the number of nodes 

seen across the top of the simple plank (y-axis). For torsional modes, the index is n. This 

indexing follows Rossing and Russell’s (1990) convention when comparing all modes. 

Frequency scans using the plank model  

The Methods chapter outlined the position of probes in the air surrounding the models. In 

Figure 6.4, the response of the plank, as observed above its midpoint, is shown for frequencies 

of 1-2500Hz. 
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Figure 6.5 Alignment of eigenmodes with frequency response in the air and the body energy 

In the alignment of peaks in Figure 6.5, it is shown that the stored energy in the plank body 

shows few peaks, with the clearest alignment between energy, eigenmodes and probes at 

slightly above 100Hz and close to 400Hz. The eigenmodes mostly align with peaks in the probe 

in the air, and it can be said that the eigenmodes in the first 1000Hz radiate strongly into the 

air. The largest energy peak in the plank is near 850Hz, but it is not seen as an eigenmode or a 

peak in the frequency scan.  

For frequency peaks observed in Figure 6.5, the radiation pattern of the sound in the air sphere 

was extracted. In Figure 6.6, an example is shown of the radiation pattern of these peak 

frequencies in all three side, end and top views. In Figure 6.6, the plank is visible as the 

rectangle in the centre of the sphere. 
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Figure 6.6 Radiation pattern at peaks observed in the probe above the midpoint 

No particular pattern has been identified from these radiation patterns at this stage. The 

radiation is mostly spherical. This is expected given that the load energy input is positioned at 

the centre of the top of the plank with the increase of frequencies beyond 600Hz, the radiation 

pattern is too complex to discern.  

Radiation at eigenmodes 

In Figure 6.7, the radiation pattern at each eigenmode is shown for the simple plank. The 

frequency is shown at the top of the figure. The first row shows the top view of the plank model 

in the sphere of air; the second row shows the end view; the third row shows the side view. 

The eigenmode corresponding with the radiation pattern is shown at the bottom. 
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Figure 6.7 Radiation patterns in the air at eigenmodes of the plank 

Similarly to peak frequencies, no particular pattern is visible beyond the addition of rings 

around the koto-sized plank and complex patterns from 600Hz.1 Mode shapes do not correlate 

to the radiation pattern seen in the spheres in Figure 6.7. In Appendix 1, these radiation 

patterns are shown in comparison with the radiation pattern at peak frequencies. 

Radiation patterns are clearest in the lower frequencies. The first transverse bending mode is 

entirely radiated through the bottom of the plank; the first torsional mode shows some 

diagonal dispersion of sound. In contrast, the first in-plane bending mode has a broader 

radiation pattern to the surrounding sphere. Comparing these modes individually, within their 

own mode type, it seems that there was an observed connection to the radiation pattern. The 

comparison showed that the nuances observed were likely caused by the radiation pattern of 

                                                        
1 To explore whether radiation patterns are related to the type of movement or eigenmode, the same radiation 
is considered individually for each mode type across multiple models in the chapter 7. 
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the frequency, through analysis of the radiation at eigenmodes, rather than the mode shape. 

The reason the first transverse bending mode is radiated down is likely due to the point load 

being pointed down at the centre. 

Comparison of frequency peaks and eigenmodes  

To examine the peaks and eigenmodes closer, radiation pattern of the peaks are shown in 

Figure 6.8. Modes and peaks that align closely are shown in the same column. Here, only the 

side and end views are shown for radiation. The modes are shown above their radiation 

pattern. Figure 6.8 shows an example page of this analysis. The full comparison within the first 

1000Hz can be found in Appendix 1. 

 

Figure 6.8 Comparison of radiation at peaks and eigenmodes in the plank 

Comparison of radiation at peaks and eigenmodes shows that many eigenmodes are observed 

close to peaks in radiation and exhibit similar radiation patterns, as seen near 100, 199, 264, 

300Hz. In this model, most modes except (5,0), (0,2) and (1,2) correspond to a close peak in 
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the frequency response. A phase change is seen in the radiation pattern at peak frequencies 

but is not seen when the eigenfrequency is radiated. This observation gives two possible clues 

about the resonance of the body and the interaction with air: 

1. Sinusoidal movement of the body does not cause the largest amount of air pressure. 

2. If the air and wood system is considered as one, the presence of air is ‘modulating’ the 

whole system’s resonances. 

If the first possibility is the case, it is likely that the coupling of air and the plank model are 

giving a new set of peaks. In this case, eigenmodes are not the only important feature of the 

resonances of the model. If the second possibility is the cause, changing the air can cause a 

change in the response of the model. It is likely that both of the possibilities happen in tandem 

within the response. The air surrounding the plank model can be considered a modulating 

filter, which emphasises some of the existing resonances and shifts the frequency at which 

they are heard, while restricting other resonances. Following, changes in the air such as 

altitude, humidity, temperature, would cause a change in resonances observed.   

Transient studies of the plank model  

In transient studies, the plank was placed in a cylinder of air with a height of 3.6m and a radius 

of 2.3m. The body was first observed for a duration of 1 second with the piecewise pulse and 

then with a periodic extrapolation of the same pulse. The waveform of the periodic 

extrapolation of the excitation force is shown in Figure 6.9.  
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Figure 6.11 STFT of periodic and pulse responses in the plank 

The fast decay of high frequencies within the range of this analysis (1800-2000Hz) is seen in 

the pulse response and a relative steady presence of these frequencies is observed in the 

periodic excitation. In the first 200ms of the pulse excitation, an almost steady pattern of 
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appearance and disappearance is seen in the presence of these frequencies. Bader (2013) 

observed similar presence in the studies of the guitar with the similar finite difference 

methods. It is observed in Figure 6.11 that the STFT, beyond an initial observation of presence 

of frequencies, does not offer strong conclusions. 

FFTs of changing time ranges 

In Figure 6.12, the first and third column show the waveforms produced by the periodic and 

pulse excitation, with the corresponding FFTs of that particular time region in the adjacent 

second and fourth columns.  
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Figure 6.14 shows that the spectrum does not change much in the timescale and frequency 

range considered in this study, regardless of extrapolation. In the spectral analysis, the periodic 

excitation adds the 220 and 440 peaks throughout the waveform, but does not show much 

other variation in the resonances observed from the pulse excitation. Since the pulse was 

extrapolated periodically at 220Hz, these peaks are expected as the fundamental frequency 

and the first octave harmonic. Form the comparison of intervallic FFTs, cumulative FFTs and 

FFT of the full second, it is shown that the full 1 second FFT is a reliable source for spectral 

analysis within the scope of this project. It is deduced that periodic excitation is not necessary 

to observe the instrument models’ basic response at within the scope of this project. 

Therefore, for the analysis of transient responses of heuristic koto FEMs, STFTs are used to 

obtain general observations; FFTs are conducted for the full 1 second transient response to 

obtain spectral data, and the time-series (waveforms) are used for observations around 

amplitude and decay. In terms of refining study methods, the analysis of the plank results 

showed that STFTs, intervallic FFTs, and cumulative FFTs give insights for the time and 

frequency scale of this work; they thus are only used in preliminary analysis of the results of 

the koto chapter.  

Compiled response of the plank: the three domains of analysis  

The frequency response of all probes is compared in Table 6.1 with known eigenfrequencies 

of the plank. The peaks from the FFT of the transient response are compared with the 

eigenmodes and frequency scan results to give a compiled response of the plank in three 

domains. The transient peaks are found from the full 1s response of the pulse excitation of the 

plank. 
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Table 6.1 Compiled response of the simple koto-sized plank in terms of eigenmodes, frequency 
scan results, and the transient response 

 simple plank 

Eigenmode 

frequency scan 
transient 
response 

(pulse) 
Eigenmode 

frequency scan 
transient 
response 

(pulse) 

Peaks from 
outside probe 

Energy 
peak (J) at 
frequency 

Peaks from 
outside probe 

Peaks 
from 

outside 
probe 

Energy 
peak (J) at 
frequency 

Peaks 
from 

outside 
probe 

1-1500Hz 1500-2500Hz 
101 111 113 101  1584   

199 186      1604 
269 264   1623    

300 329      1750 
 341   1774    

393 406 397  1779   1786 
 414   1805    
 459   1858 1844  1849 

503 510  498    1882 
 535      1933 
  549  1947    
  562   1967  1977 

586       2019 
 571   2038 2039   
  604   2058  2055 

667    2074    
 686    2092 2090  
  713   2105   
 730   2128 2139  2134 

782    2168   2161 

797 790   2189 2183  2283 
 820    2209 2198  
  834   2218   
  843  2236 2227   
 893 897   2251 2250  

969 969  960 2257 2256   
 976    2265   

995 990   2278 2274   
 999     2299 2298 
 1004    2306 2302  

 1009    2311   
 1022    2314   

1041     2322  2324 

1067  1063 1060 2334 2335   
1069 1069    2341  2341 
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 1079   2374 2372  2367 
 1084  1086 2376    

1097 1090    2385   

1194 1100    2388   
 1104   2391 2394   

1230   1228  2417   
1319 1315    2421 2421  

 1327    2425   
 1336    2429   

1359   1348  2433  2432 

1396     2444   
1428     2447  2450 

1444     2468 2477  
1463   1458  2487  2484 

 1520    2498 2498 2450 

 1531       

1564 1564  1553     

 1567       

1575        

Table 6.1 shows the alignment of a large number of peaks across the spectrum of the study. In 

the next table, this alignment is re-examined based on the ‘strength’ of the resonances. As 

discussed in the methods chapter, the frequencies that show more alignment between 

eigenmodes, body energy, and response observed in the air are considered higher priority.2 In 

the next table, the details of the alignment are shown in the leftmost column. 

  

                                                        
2 These resonances are considered more important than those that show and alignment between frequency scan 
and the transient response for two reasons: first, the frequency scan is a time-averaged response and does not 
consider radiation over a period of time; time is an essential part of this study because the ultimate interest of 
this work is the radiation of sound in time. The second reason is that frequency scan peaks that are not 
eigenmodes are caused by the addition of air or are caused by the excitation pulse, the second possibility being 
less likely; these resonances are not integral to the body itself as much as eigenmodes are. 



 122 

Table 6.2 Alignment of peaks between three domains of study 

simple plank 

 

Eigenmode 

frequency scan 
transient 

response 

 Outside Probe 
Energy 

peak (J) 

Outside 

probe 

 Hz Hz Hz Hz 

transient + frequency scan + eigenmode + 

energy 
101 111 113 101 

transient + frequency scan + eigenmode 503 510  498 

 1564 1564  1553 

 1858 1844  1849 

 2128 2139  2134 

 2189 2183  2283 

 2374 2372  2367 

 969 969  960 

transient + eigenmodes 1230   1228 

 1359   1348 

 1463   1458 

 1779   1786 

transient + frequency scan  1967  1977 

  1084  1086 

  2058  2055 

  2322  2324 

  2341  2341 

  2433  2432 

  2447  2450 

  2487  2484 

transient + energy + eigenmode 1067  1063 1060 

  2498 2498 2450 

transient + energy   2299 2298 

The other peaks seen in either of the three domains do not necessarily align with transient 

peaks and are omitted from Table 6.2.  
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Concluding remarks: finite element modelling a koto-sized plank 

The study of the resonances of the simple plank showed few in-plane bending modes. The 

frequency scan of the plank in air showed a close alignment of peak frequencies in the 

surrounding air with eigenmodes but gave less insight in terms of radiation of sound. The 

transient response did not show a strong change in the spectral output of the model between 

the periodic and pulse excitation. The comparisons of the spectrum output at each interval and 

in the full length of the response between a periodic and a pulse excitation showed that the 

periodic extrapolation of the excitation pulse does not add a new set of resonances. The 

periodic excitation of the plank also obscures temporal observations about the sound 

envelope. The pulse excitation in the time domain showed an as-yet unexplained steady tail; 

because the periodic excitation does not allow for the observation of the sound decay, it 

restricts such anomalies. Periodic input of energy to the model is seen to be unnecessary to 

use in the context of the koto studies at this stage. Many features observed in the plank 

response (e.g. semi-periodic tail at pulse excitation) cannot be confirmed yet because of the 

simplicity of the plank model. These observations are further examined in the koto models. 

Their appearance in the plank model is useful in having a stand-alone observation of these 

events beyond the koto models. 

The comparison of the three domains gave a compiled set of resonances of the plank. This 

analysis of the plank model was useful to observe how the wooden plank of paulownia 

responds acoustically. The resonances compiled provide a baseline for the analysis of the koto 

body and a starting point for comparison of different levels of geometric complexity in the 

models. With this baseline, changes in modelling can be compared against the simplest 

abstraction of the koto body. This plank is entirely different from the koto body, and it is not 

expected that any of the observations of its resonances will necessarily carry through to the 

instruments. Where resonances are observed in koto models and this plank model, it can be 

said that these resonances arise from to the aspect ratios of the outer shell and the material 

itself.  
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Introduction 

This chapter aims to characterise the basic sound envelope of the koto by a series of studies 

using heuristic models. First, the basic resonances of the body are obtained in the modal 

domain. The role of the components of the koto on these basic resonances is studied using a 

variety of models of the instrument body as well as separate models of the koto’s top shell and 

base plate. Ando also studied the two plates separately in his 1996 and 1986 publication; his 

findings were discussed in Chapter Four. Ando’s results have been questioned (Fletcher and 

Rossing, 289), especially as he was unable to observe the torsional modes of the body. The 

substructure coupling study here has replicated Ando’s method of studying the plates 

separately. This analysis of the separate shells is combined with the analysis of the assembled 

body also helps to clarify Ando’s findings. Additionally, the study of the substructures expands 

on the understanding of the role of geometric features of the top shell by testing variations in 

the model of the shell. In the modal domain, studies are often done with a smaller number of 

variations. Given the complexity of the koto and the few precedent studies in its acoustical 

response, more variations were tested in the models of the body and its individual shells.  

Secondly, frequency scans were done of a smaller set of models from those studied in the 

modal domain. These models helped to clarify the effect of the internal air cavities of the 

instrument on its frequency response. Finally, with a basic understanding of the resonant 

modes of the koto and its interaction with the surrounding air, the transient response of the 

instrument was investigated using the lofted model. The insights from the modal and 

frequency domain were used in the time domain analysis; the lofted model was excited at 

different points along and across the top shell and changes in the decay of sound and in the 

spectral response inside and outside the body were predicted.  

This chapter will show that the resonances of the koto are largely derived from the geometry 

of the top shell. The interaction between the body and the surrounding air results in a slight 

modulation of the resonant frequencies. Exciting the instrument across the top curvature of 

the body changes the distribution of energy between the top plate and the air inside the body; 

excitation points closer to the position of middle strings on the instrument across the top 

curvature emit a louder sound from the top shell. Movement along the dragon’s spine on the 
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lofted model indicates that the arched top shell of the body has a strong impact on the 

response of the internal air chamber, which acts as a resonator by limiting the amplification of 

the frequencies within the 800-1000Hz range. The decay tail of the sound emitted from the 

sound holes is increased with changes in the response of the small chamber.  

In this chapter, results are presented and discussed in each of the domains; the results are 

connected between domains at the end of each section. First, the results of studying the 

resonant modes of the koto and its substructures is discussed. 
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Modal Domain: Eigenmodes of the heuristic koto models 

In this domain, geometric features are changed in the models, the deformation in the shape 

and modulation in the frequency of modes is noted. These two aspects of the modes are used 

to compare different models. Including mode shapes in the analysis helps to ensure that the 

same resonance is traced between the models. This analysis provides an understanding of the 

basic resonances of each simple model of the koto or its individual shells. 

The analysis of the mode shapes 

The deformation of identifiable mode shapes is documented in this analysis.1 It is necessary to 

compare mode shapes because the mode shapes represent the first stage in understanding 

the resonances of the body. These mode shapes show the deformation of the body in each 

resonance. As shown in the validation chapter, correct alignment of the mode shapes is 

necessary for the study the modes. In this section the modes of the models of the full body are 

compared first. In this comparison, the modes of the simple plank (from chapter 6), the 

idealised box and the lofted model are shown, with the results from Coaldrake’s CT scan model 

in the final column. This set shows the main stages of variations within the full-body models. A 

larger set of box models were compared in terms of modes, including those with changing 

numbers of struts. The results from the simple plank are different from those of the koto 

models, but they provide the basic undeformed mode shape and provide a baseline for the 

analysis. Figure 7.1, Figure 7.2 and Figure 7.3 display the deformation in the transverse bending, 

torsional and in-plane bending modes of the models. In these figures, each row shows one 

mode, with the labels on the left side of the figure. The frequency of each mode is shown 

underneath each mode shape. 

                                                        

 
1 In modal domain and frequency domain studies of the koto models, because there exists a model variation, the 
simple plank (also called simple box) model results are shown alongside the koto models’ results to provide a 
baseline for observing changes in mode shape and frequency responses.  
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Figure 7.1 Transverse bending modes compared between simple models and the Coaldrake CT 

scan model  
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Figure 7.2 Torsional modes compared between simple models and the Coaldrake CT scan 

model (Note the deformation of torsional modes. Especially observed in the (4,1) mode, the 

middle nodal lines are inverted and overlapped) 
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Figure 7.3 In-plane bending modes compared between simple models and the Coaldrake CT 

scan model  
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Torsional modes are deformed from the second torsional mode (Figure 7.2) The fourth 

torsional mode (4,1) shows the two middle nodes inverted and combined in the idealised box. 

The lofted model and CT scan model also show this inversion, but the nodes are less 

overlapping. The same effect was seen in the (5,1) mode in these models. 2 

Box models are included in this study to assess whether the lofted or the idealised box models 

is an appropriate heuristic model. In Figure 7.1 to Figure 7.3, in modes that both the box and 

lofted model predict, the lofted model shows no increased accuracy. However, the lofted 

model does show more mode shapes that are found in the CT scan model, especially in the 

transverse bending modes. The lofted model is determined as a more useful heuristic model 

because more modes are aligned between this model and the CT scan model. After the mode 

shape analysis, the progression of the frequency of modes in each of the mode types is 

compared between models. 

Mode frequency analysis 

Among the 44 modes found for the full body models, many are not easily identifiable as one 

of the mode types. Therefore, the findings of the mode comparisons are constrained to the 

mode types of torsion, in-plane bending and transverse bending. The slopes of the regression 

for these mode types are compared in Table 7.1.  

  

                                                        

 
2 Extensive analysis was done to identify these modes. The mode were compared against all other modes of each 
model; the modes depicted in Figure 7.2 were the more likely option for the (4,1) and (5,1) within the predicted 
modes. 
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Table 7.1 Lines of best fit compared between mode types and models 

In-plane Bending Modes 

Plot simple plank idealised box lofted model 
Intercept -294.7 -100.6 -45.1 
Slope 195.0 117.5 117.9 
R-Square (COD) 0.99 1 1 
Adj. R-Square 0.99 -- -- 

Transverse Bending Modes 

Plot simple plank idealised box lofted model 
Intercept -466.1 -92.0 132.0 
Slope 147.6 61.0 31.0 
R-Square (COD) 0.98 1 0.87 
Adj. R-Square 0.98 -- 0.85 

Torsional Modes 

Plot simple plank idealised box lofted model 
Intercept -44.5 24 51 
Slope 207 88.8 84 
R-Square (COD) 0.97 0.95 0.94 
Adj. R-Square 0.96 0.91 0.92 

Table 7.1 demonstrates that the identified modes are reliable for this study; the R2 values for 

the regression show a strong correlation between the modes in each type. However, the R2 

values from modes identified in the idealised box are unreliable. In this box, only two of each 

mode is identified and so the R2 value is meaningless. The slope and intercept values from the 

box model can only be used to give a general idea of progression of modes in each mode type. 

The analysis of in-plane bending modes in the lofted model is also not reliable, because only 

two in-plane bending modes were found in the model (see Figure 7.3).  

Additionally, there is some rise in mode frequencies from the boxes to the loft model in the 

torsional modes (see Figure 7.2). The CT scan model and the lofted model do not seem to be 

closely aligned in the torsional and transverse bending mode types. Because few modes are 

identified in many cases, the analysis results remain limited. With the general understanding 

of the modes in the simple models of the koto body, the individual plates are examined next. 
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Variation on the top shell and base plate substructures of the koto 

A full summary of the results from mode frequency analysis can be found in Dataset 2. Each 

mode shape is traced in Dataset 2 through variations in base plate, variations in top shell, box 

model and the lofted model in each column, from top to bottom. The orange sections denote 

modes that are not observed, such as the fifth torsional mode in the box models and the sixth 

torsional mode in the box models and the lofted model. Reading along each column shows 

which modes are seen in all models and which are only observed some of the models. The 

fourth torsional mode is an example of a mode that is observed in both plates and in the full-

body models; this mode occurs at 344Hz in the lofted model. In this analysis of resonant modes, 

the addition of arching on the top plate shows the clearest effect on the torsional modes of 

the top shell. Unlike the top shell, the modes of the base plate did not show a clear change 

(see Dataset 2). 

Torsional modes are not affected by changes of a plate’s attributes when it is not connected 

to the full body as much as transverse bending modes; these modes are affected more by the 

joining of the two plates.  

It has been found that torsional modes are mostly reliant on the full body of the instrument, 

and less influenced by the individual plates; the fourth torsional mode is seen in the flat top 

shell at 439Hz, in the arched and tapered top shell at 456Hz, and in the top shell with arching, 

tapering and the ‘ears’, at 456Hz; this mode is seen at a much lower frequency of 344Hz in the 

lofted model. In contrast, transverse bending modes are heavily affected by the arched nature 

of the top shell (see Dataset 2). There were not enough in-plane bending, (m,2) and (m,3) 

modes observed across the models to draw a conclusion on the trend in these modes. 

Arching and tapering have also been seen to increase the frequency of modes, especially in 

transverse bending modes. As an example, the third transverse bending mode, (3,0), is 

predicted at 157Hz on the flat top shell (without arching or tapering); this mode is seen at 

255Hz on the arched shell. Tapering does not have as much of an effect on the increase of 

mode frequency, as the same mode, (3,0), is seen at 180Hz in the tapered but not arched plate.  
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It is clear that each component of the body of the koto, if examined alone, has its own set of 

resonances. The fully assembled instrument has different resonances to the individual 

components. Nevertheless, some modes are recognisable between the top shell and the full-

body models; an example of this observation is the first four torsional modes in the lofted 

model observed at 175, 201, 322, 344 and 504Hz respectively. This analysis has allowed for 

creating some distinctions between the assembled simple models of the koto body and the 

models of the individual plates. However, the mode shape and mode frequency analyses have 

not given a clear understanding of the connection between the two plates and the full body. 

To investigate these resonances further, the total stored energy of the models was compared 

next. 

Total energy analysis 

The analysis of the stored energy in the body reveals the total energy of the body, which when 

in vibration, is transferred between modes. The lowest stored energy shows the substructure 

that is least resistant to vibration. As discussed in Chapter Three, the body with the lowest 

stored energy is considered the most stable. Therefore, the total stored energy of the body 

from the sum of all modes observed in each body was compared. The sum of the stored energy 

from 44 modes was used instead of the stored energy for individual modes to make the energy 

analysis independent from the frequency and mode shape. The stored energy in modes rises 

exponentially with the rise of frequency, and therefore, the same mode observed across 

multiple bodies would have different energy amounts. Changing mode frequencies are 

combined with the deformation of mode shape across substructures, which has made many 

modes impossible to identify. Almost half of the modes found for each substructure are as of 

yet unidentified. The sum for all of 44 modes is a way to include these unidentified modes in 

the analysis. Given that the mass of the substructures is different, the total stored energy per 

unit mass (J/kg) was used instead. Figure 7.4 illustrates the energy analysis for all models.  
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Figure 7.4 The sum of energy per unit mass (J/kg) for all 50 predicted modes in each variation 

of the shells and the full-body models. Note that the energy values are not the value for an 

individual mode. The values currently seem high to the author. The author has not been able 

to find any second experiment to provide additional energy values for the substructures and 

the data is entirely reliant on the simulations. No erroneous source has been found by the 

author at this stage.  

Figure 7.4 demonstrates that the full body models have less stored energy per unit mass than 

the individual substructures, and that the top shell has a lower energy per unit mass than the 

base plate. This minimisation of energy in the full body models shows that the assembled body 

is more stable than individual plates with respect to the amount of energy used to produce 

sound. The models with a lower amount of total stored energy require less energy to vibrate. 

The box models have a lower energy than the lofted model, which implies that the geometric 

complexities in the body raise the total stored energy.  Further exploration to verify the 

prediction that the assembled box is more stable can compare the Q factors of each 
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substructure and the full-body models. However, without physical specimens, this comparison 

is currently not possible within the scope of the thesis.  

Comparison between Dataset 2 and Figure 7.4 illustrates that unidentified modes of the full-

body models are likely the modes that reduce the body energy. In all cases, identified modes 

are seen to have a higher frequency in the full-body models than in the substructures (see 

Dataset 2) and with the rise of frequency, the energy rises. This difference signifies that 

although the full body model is lower in energy than individual plates’ substructures; modes 

that carry through from the substructure to the full body are not lower in energy. Therefore, 

the lowering of frequency in the full-body models is likely due to the lowering of mode 

frequency in the as-of-yet unidentified modes. The unidentified modes were not usable in the 

analysis of mode shape and mode frequency but were an integral part of clarifying the 

relationship between the separate plates of the koto and the assembled body. Next, the effect 

of each plate and variations in it is discussed as the final part of the analysis in the modal 

domain. 

The role of components in the eigenmodes of the koto 

Variations in the individual shells and the full-body models of the koto have helped to clarify 

the role of individual components in the resonances of the koto. In the study of the resonant 

modes of these shells, geometric variations were added individually to the models to assess 

their effect on the resonant modes. This section discusses effects of the struts, the base plate, 

and the three curvatures of the top shell of the koto on its resonant modes; the curves on the 

top shell are the arching along the top of the top shell (along the dragon’s spine), the top 

curvature across the body, and the tapering along the body. Table 7.10 documents the effect 

of each component on the eigenmodes of the koto. These results are derived from the 

material presented in Dataset 2, where examples provided in the third column can be found. 
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Table 7.2 Summary of the effect of each component on the eigenmodes of the koto body 

Component Effect on 
eigenmodes 

Observations Interpretation Comments and 
limitations 

Arching of the top 
shell 

This feature raises 
the frequency of 
bending modes. 
 
Arching also adds 
to raise in 
frequency of the 
(m,2) and (m,3) 
modes caused by 
tapering. 
 
 

(2,0) is found at 
86Hz without 
arching, at 104Hz 
with arching; at 
104Hz with arching 
and taper as found 
on the instrument. 
 

Arching has the 
dominant effect on 
the modes of the 
top shell, both in 
terms of frequency 
and shape.  
 
A plate with no 
arching behaves 
similarly to a flat 
plate, even if it is 
tapered. 

In this analysis, the 
lofting process 
means that the 
arching used along 
the dragon’s spine 
determines the 
amount of curving 
along and across 
the shell. This 
design means that 
the effect of 
curvature across 
and the arching 
along the body 
cannot be 
separated yet. 

Tapering along the 
top shell 

Causes some 
deformation of 
nodal lines in (m,2) 
and (m,3) modes. 
 
Mode frequencies 
stable 

(1,2) mode at 
207Hz in the 
arched and tapered 
top shell. 

Tapering is not a 
clear contributor to 
eigenmodes of the 
koto3 

Varying the 
amount of tapering 
along the body was 
not tested, so 
additional possible 
effects are not 
documented. 

Sound holes In-plane bending 
modes drop in 
frequency with 
addition of extra 
sound holes;  
 
Many of the modes 
remain steady 
across the models 
of the base plate. 
 
Some modes are 
not identified in 
models with more 

IPB 1 drops from 
313 to 296Hz with 
the addition of 
sound holes. 
 
IPB 2 drops 
from683 to 603Hz 
with the addition of 
sound holes. 
 
The (1,2) and (7,0) 
modes were not 
identified in 
models with the 
sound holes 

Torsional modes in 
the base plate 
showed negligible 
variations with the 
inclusion of sound 
holes, regardless of 
shape. 
 
The introduction of 
the sound holes did 
not have a clearly 
observed effect on 
the mode 
frequencies and 
shapes. 

More work is 
necessary to 
separate the effect 
of the position and 
shape of the sound 
holes from the 
amount of mass 
they remove from 
the plate on the 
eigenmodes. 

                                                        

 

3 According to Waltham, harps that are “much more tapered than those of guzhengs and kotos, the tapering has 
the effect of moving the most mobile part of the soundboard toward the treble end as the mode frequency 
increases” (2014, 378). Waltham states that this is needed in the harp, but not in the koto, because in the harp 
the higher pitched strings need the taper, but having movable bridges means the koto does not require as much 
tapering (ibid.).  
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complex sound 
holes. 
 
 

shaped as found on 
the instrument. 
These modes were 
expected near 250 
and 280Hz 
respectively. 
 

Internal struts No effect between 
models with 
change in the 
number of struts 
 
More modes 
identified in 
models with struts 
than models 
without. 

IPB 1 mode 
observed at 252Hz 
in all box 
models;(2,0) mode 
at 92Hz in all box 
models; (1,1) mode 
at 135Hz in all box 
models. 
 
The largest 
difference caused 
by changing the 
number of struts, 
between the 
frequencies of the 
same mode, is 3Hz, 
which is too small 
to be considered a 
real effect in this 
study. 

The addition of 
struts stabilises the 
box model but the 
number of struts is 
not a strong factor 
in the resonant 
modes of the box. 

Only the box 
models were used 
to test changing 
the struts, and the 
effect may be 
different in the 
lofted model.  
 
Struts are placed 
symmetrically in 
the box, which may 
be obscuring the 
effect of their 
position along the 
body.  
 
It has been seen 
that in the violin 
the position of the 
sound post has a 
considerable effect 
(Gough 2015, 
1220). However, 
the relevance of 
this effect in the 
koto remains to be 
studied. 

 

The observations presented in Table 7.2 regarding each geometric feature remain limited in 

their scope. Still, these effects provide an initial point of analysis for the study of the heuristic 

models in the more complex domains of frequency and time. These results indicate the curves 

of the top shell are critical to the resonances of the instrument because they affect the 

response of the top shell, which in turn shows the clearest connection to the resonances of 

the assembled body. Therefore, the effects of the curves along and across the top shell are 

further examined in the transient response.  
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The Findings of the modal domain 

The modal domain analysis has given results for both the methods of finite element modelling 

the koto and the basic resonances of the instrument. In terms of methods, box models are 

considered useful in identifying complicated mode shapes in the lofted model. However, these 

models themselves do not predict mode frequencies or mode shapes found in the higher 

resolution models. It was found that while the box model with flat plates helped to observe 

some features of the resonant modes of the instrument, the body is changed too much by the 

addition of arching for a flat model to remain predictive of the response of the instrument. 

Even so, box models were useful in testing the effect of internal struts on the resonant modes.  

With the addition of struts, more modes are identifiable in the box models. In this study, struts 

were added one by one to the box models; sensitivity to number of struts was not seen in the 

modelling of 3 to 5 struts, suggesting that the craftsperson’s choice of 4-5 struts (Johnson 2004, 

62) does not change the resonant frequencies. Despite their limitations in this project, box 

models may be useful in future studies of earlier versions of the koto from the eras before the 

Nara period (710 – 784 C.E.), when the koto was box shaped (Johnson 2004, 169); the use of 

struts in the body may have been different in earlier zithers. It is possible that that the 

strengthening role of the struts in the current design is different than the role of the struts in 

pre-Nara period instruments.  

The modal domain results have shown the importance of arching as the dominant geometric 

feature of the resonances of the top shell. Tapering and ‘ears’ have shown less effect on the 

resonant modes of the top shell in the heuristic models. The resonant modes of the top shell 

in turn translate closely to the modes of the lofted model of the instrument; the resonances of 

the base plate translate less to the modes of the assembled body. 

This domain has also helped to clarify Ando’s results. It is possible that Ando’s approach did 

not show clear results with torsional modes because of the response in the torsional modes is 

highly affected by the assembly of the two plates. Torsional modes are found to be more reliant 

on the full body being assembled, meaning that the plates’ separate torsional modes do not 

translate clearly to the frequencies of the full body modes. These torsional modes are less 
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affected by the particularities of the plates, such as sound holes or arching. By comparison, 

transverse bending modes are more reliant on the modes of the individual plates. This study 

has found that many of the transverse bending modes of the full body are similar to the modes 

of the top shell. Ando’s method has worked better with these modes the transverse bending 

modes because of their relative independence from the assembly of the body. Without access 

to rapid model variations available now, clarifying how different mode types respond to the 

body assembly and addition of components would have been more difficult for Ando.  

The aim of this analysis in the modal domain has been to create simple models of the koto so 

that the complexities of the instrument body can be examined. The goal was to create as 

simple a model as possible, while maintaining enough complexity to have a model that could 

be used to understand the instrument’s acoustical response. From this point, the substructure 

models and the variations in the box models are not necessary and are omitted from the next 

two stages of analysis. Next, the frequency response of the heuristic models in a sphere of air 

is obtained using frequency domain analysis. The idealised box and the lofted model used in 

the frequency domain and are compared to the simple plank and Coaldrake’s CT scan model.  

Frequency domain: Frequency response of the heuristic koto models 

The coupling of the air and the body are investigated in this domain using the idealised box 

and the lofted models. This coupling is important to understand so that the core resonances 

from the koto and those from its interaction with the air can be separated in the study of its 

decaying tail. This domain also allows for obtaining an overview of the response of the internal 

chambers of air and the sound holes. The sound holes of the instrument are also important in 

its interaction with the surrounding air, and in this heuristic study, this interaction cannot be 

tested in the modal domain only. Therefore, a new box model was made without sound holes; 

this model serves as a negative control experiment for examining the effect of the sound holes. 

The results from the frequency scans of the plank model are used as a baseline for analysis in 

the frequency domain. Figure 7.5 shows the frequency responses of the models used in this 

domain, along with the prominent peak frequencies in each response. 
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Figure 7.5 Frequency responses of the heuristic models 

Figure 7.5 shows that the resonances of the body are not uniform across the plank, box and 

lofted models.  Additionally, the resonances in the box model without sound holes (red line) 

show a partial alignment with the idealised box.  

The frequency scan studies indicate both the amplitude and radiation of sound from the body 

at each frequency. The idealised box model has four clear strong resonances (500, 615, 723, 

and 821Hz) and another set of smaller peaks (91, 233, 249, 291, 407, and 731Hz). The lofted 

model has seven clearly observable resonances (138, 264, 419, 452, 497, 644, and 700Hz) and 

a more varied response across the spectrum. The plank model has six strong resonances (330, 

407, 459, 790, 820 and 897Hz). These peaks are considered the core frequency resonances of 

the model coupled with the air. The remainder of the frequency domain section examines the 

frequency responses from these four models closely. 
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At these peak frequencies, the radiation patterns can be used to analyse where the sound 

radiates most from the body at each frequency. A compilation of the radiation patterns at peak 

frequencies and at the eigenmodes of the body can be found in Dataset 3 for the idealised box 

and Dataset 4 for the lofted model. 

Radiation pattern analysis 

The eigenmodes of the lofted model align closely with peak frequencies observed in the air 

surrounding the body; examples include the mode at 122Hz and the frequency peak at 107Hz, 

the modes at 175, 199, and 201Hz and the peaks at the 225 and 253Hz, the mode at 322Hz 

and the peak at 317Hz, and the mode at 305Hz and the peak at 301Hz. This alignment is shown 

in Dataset 2. These are likely to be the eigenmodes that carry through the air in the lofted 

model. The slight drop in the frequency of the peak between an eigenmode and the aligned 

peak observed in the surrounding air supports the hypothesis of the air as a downward 

modulator of the frequency.  

Radiation at modes and peaks 

The radiation patterns for peak frequencies and eigenmodes were compiled into Dataset 3 in 

the idealised box and Dataset 4 in the lofted model. There, the peaks and eigenmodes are 

aligned based on frequency. This alignment shows the two areas of interest in the frequency 

domain: whether the eigenmodes and frequency peaks appear in similar frequencies and 

whether the patterns of the radiation of sound are the same between the eigenmodes and 

frequency peaks is a sample of this comparison (see Datasets 3 and 4). This analysis showed 

that most eigenmodes are found a few Hertz above peak frequencies, as seen in the example 

of the first bending mode and the third torsional mode of the lofted model at 122 and 322Hz 

respectively (see Dataset 4). 
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Peak frequency analysis 

Next, the frequency response is compared between the four models studied in this domain.  

Table 7.3 presents a comparison of the peaks from the main three models compared. Where 

the peaks align (within a 10Hz range) across the three models, the row is highlighted.  

Table 7.3 Comparison of peak frequencies between the simple plank, idealised box and the 

lofted model 

Simple 
plank  
(Hz) 

Idealised 
box model  

(Hz) 

Lofted 
model 

(Hz) 

Simple 
plank 
(Hz) 

Idealised 
box 

model 
(Hz) 

Lofted 
model 

(Hz) 

Simple 
plank 
(Hz) 

Idealised 
box 
(Hz) 

Lofted 
Model 

(Hz) 

77 68 77  329  615  616 
 91 97  342  628  627 

111 113 107 367  360  637 642 
  138 406 406 397  656  

153  153 426 420   674  
 165  430    681  
  185 458 459 452 698  699 

203   467 472  723 718 725 
224 231 225 500  497 731 730  
233    510 520   760 

 254 253   528 780  779 
 264 265  537   790  

291   567 571 562   811 
300 301 301  597  821 820  
313        868 

 
Table 7.3 shows that there are eight closely shared peak frequencies across all three models 

(green rows: 77, 111, 224, 300, 406, 458, 567, and 723Hz in plank). This is an overall description 

of strong modes and peaks; no peak analysis function has been used. From the seven aligned 

resonances, only the resonance at 300Hz corresponds to a mode in every model; however, in 

each model the corresponding mode is a different shape. Therefore, either the resonances 

have shifted in frequency and these aligned resonances are not actually the same resonance 

or the mode shape has changed because of the changes in the geometry. In the other 

resonances that align between all three models, in the lofted model, the resonances at 225, 

397, 452, and 562Hz also align with an eigenmode. In the box mode, the resonances at 313 

and 406Hz align with resonant modes of the box, and in the plank, the resonances at 111 and 

406Hz align with a resonant mode each. Because these resonances align with an eigenmode, 
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each is considered the resonant mode of the model that is transferred to the air. However, 

they do not appear in all three models. Therefore, it is deduced that these resonances 

disappear with the addition on the complexity of the geometry. No peak in this alignment 

between the three models corresponds to the same mode shape in all three. Therefore, these 

are not the same resonance. The resonances of the plank, the idealised box and the lofted 

model are considered entirely separate sets. The resonances that do not carry through to the 

lofted model are not predicted to be modes of the koto, but tracing these resonances across 

models makes it possible to gain a general understanding of how changing the geometry 

affects the resonances of the body. 

 

This comparison of resonances between the models shows that though many eigenmodes are 

shared between the box and lofted models (Figure 7.1, Figure 7.2, Figure 7.3), the lofted model 

interacts with air differently. The difference in reaction is due to the lofted and box models 

responding differently to excitation and to the surrounding air. Both of these points of 

difference may be caused by the arched top shell. Therefore, the arching of the top shell is 

reinforced in its importance in terms of radiation; thus, the box model is less valuable to 

continue with as a heuristic instrument model. To examine the role of the sound holes further, 

future studies could use extra probes close to the sound holes to better observe any artefacts 

caused by the changing shape of the sound holes. 

The physical properties of paulownia and the outer aspect ratios of these models are their only 

similarity and are deemed the only possible causes of these alignments. Where peaks only align 

with the idealised box and lofted model, they are attributed to the hollow air cavity inside the 

body, and not by the arching along the dragon’s spine of the koto. 

Modulation of peaks observed outside the instrument body in this domain can be clarified in 

future studies, using simulations and physical experiments that test the response at different 

temperatures, altitudes, and with other material such as helium placed in the sphere instead 

of air. 
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Sound holes 

The extent to which sound pressure is propagated from inside the hollow body to the 

surrounding air was assessed using the comparison between the models with sound holes 

(idealised box, lofted model) and the box model without sound holes. First, the box model is 

compared with and without sound holes. Figure 7.6a shows the box model without sound holes 

and Figure 7.6b shows the idealised box model (with sound holes). In each, the red line shows 

the frequency response observed inside the model and the black line shows the response 

observed in the surrounding air.  
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Figure 7.6 Response outside vs. inside the box models with and without sound holes  
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Figure 7.6 illustrates that with the addition of sound holes (Figure 7.6b), new resonances are 

formed inside the box. Also, the sound dissipated out of the body is louder; the amplitude of 

the frequency response outside the body in is higher in Figure 7.6b than in Figure 7.6a 

because the peaks in Figure 7.6b are higher.   

 

Figure 7.6 shows that without sound holes, most of the air pressure inside the body is not 

transferred to the surrounding air. In Figure 7.6b resonances from inside the body do not 

translate to peaks outside, except for the range of 200-500Hz. The difference in air pressure 

inside and outside is as expected, because the air cavity inside the body is much smaller than 

the sphere of air surrounding it. Adding sound holes, the responses inside the body and outside 

change. in Figure 7.6a, strong resonances are seen outside of the body of the idealised box 

(spikes at 500, 600, and 800Hz); these resonances transfer through the sound holes. 

Resonances that are seen both in the idealised box model and the model without sound holes 

can only be transferred to the air via the shell of the instrument. 

This comparison shows that the idealised box model has a very different response inside the 

hollow shell of the body than the box model without sound holes. The only difference between 

the two box models is the inclusion of sound holes and it is observed that these extra 

resonances, at 97, 139, 225, 274, and 360Hz are caused by the movement of air in and out of 

the instrument. These resonances do not carry through to the lofted model (as per earlier 

discussion of Table 7.3), suggesting that the additional geometric complexity in the lofted 

model modulates or eliminates these resonances. With this overview of the role of the sound 

holes and the main air cavity, the analysis of the frequency response in the small chamber 

follows. 

Small internal chamber of lofted model 

The lofted model is the only model with the small internal chamber. In Figure 7.7, the 

frequency response in this small chamber is compared with the response in the main air cavity 

of the lofted model.  
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Figure 7.7 Frequency response inside the main air cavity and in the small chamber of the 

lofted model 

In Figure 7.9, a clear peak exists at 225Hz inside the chamber, with an almost 1000Pa increase 

in pressure. The small chamber does not affect most other frequencies in the 0-1000Hz range. 

This peak is also observed outside the instrument (see Table 7.3) with a much smaller 

amplitude. There is an eigenmode at 225Hz which may explain the large peak observed inside 

the chamber. It is possible that in the instrument, this frequency is an eigenmode that is 

amplified and modulated slightly in the chamber. As in the modal domain, the peaks 

themselves do not give a clear understanding of the response of the body and the use of 

comparing peaks is mostly confined to distinguishing the responses between models. For a 

clearer understanding of the response in the heuristic lofted model, the energy of the body at 

each frequency is compared with the eigenmodes and the frequency response in the air. 
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Comparison with the modal domain 

In the frequency domain, total stored energy of the body at a particular frequency refers to 

how much the body is responding to excitation at a particular frequency; here, increase in the 

energy equates to increase in the response of the body. 4 Figure 7.8 shows the total stored 

energy in the lofted model for each frequency in this frequency scan (1-1000Hz). 

 

Figure 7.8 Lofted model total stored energy in body (1-1000Hz)  

Figure 7.8 shows that in the lofted model, there stored energy is minimal at all frequencies, 

except for the nine peaks at 97, 138, 225, 242, 274, 360, 371, 391 and 497Hz. These are 

                                                        

 
4 The difference between total stored energy in the body in the modal domain and frequency domain is as follows: 
in the modal domain, the lowest energy indicates a more ‘stable’ body and in the frequency domain, the highest 
energy shows a major peak. In the modal domain, the instrument is examined without excitation, instead the 
total energy in the body per unit mass is studied. The body is most ‘stable’ if it has the least amount of energy 
stored in it, because that means that entropy is higher in that body across its first 50 resonant modes. This lower 
stored energy means that at resonant frequencies, the total energy in the body is lower, so when the body is 
excited, more energy will be emitted from it. In the frequency domain, where excitation is present, the total 
energy of the body (kinetic and potential) is analysed, as it responds to excitation at a particular frequency; the 
more total energy it has at a frequency allows us to see that it has more displacement at that frequency. In the 
frequency domain, comparison is between energy in one model across 1000 frequencies; where there is more 
energy, there is more displacement.  
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frequencies at which at which the lofted model responds efficiently (loudly). These frequencies 

are likely to be important peak frequencies in the response of the heuristic model within the 

air. Thus, Figure 7.9 compares this energy response with the eigenmodes of the body and the 

frequency response measured by peaks.  
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Figure 7.9 Lofted model stored energy, eigenmodes and frequency response  

122

175

199201
207

230

254

287
305309
322327

339342 344
359

371
382

406414

436

456
471475

504507
517

536544
545

567
576

586
595600

620
632639

651
662

681
695698
714

0
20
0

40
0

60
0

80
0

10
00

-2
00

-1
80

-1
60

-1
40

-1
20

-1
00-8
0

-6
0

-4
0

-2
002040

E
ne

rg
y 

(J
/k

g)

E
ig
en
m
od
e

In
si

de
 c

ha
m

be
r (

P
a)

In
si

de
 b

od
y 

(P
a)

Fr
eq

ue
nc

y 
(H

z)

A
bo

ve
 b

od
y 

(P
a)

64
4

76
0

49
7

45
4

42
0

34
1

26
4

13
8

77

-5
00

-4
00

-3
00

-2
00

-1
00

010
0

20
0

30
0

97
18
5

27
4

36
0

52
0

56
2

73
4

77

32
0

25
3

21
9

-1
00
0

-8
00

-6
00

-4
00

-2
00

020
0

40
0

60
0

80
0

10
00

97

18
421

9

22
5

27
5

32
1

40
9

48
3

73
4

64
6

50
0

22
5

77
32
1

25
4

18
5

0.
0

0.
1

0.
2

0.
3

13
8

24
2

36
0 3
98

49
7



 

 

152 

Figure 7.9 shows that more resonances inside the main air cavity of the lofted model align well 

with the energy peaks and eigenmodes observed. The strongest energy peak is found at 138Hz; 

it does not align with an eigenmode or any peaks inside the body but is seen as a peak outside 

the model. This peak does not translate out of the instrument. The eigenmodes below 600Hz 

show an alignment with peaks observed inside the body most clearly but only some of these 

modes are observed out of the body. For example, the strongest peak inside the chamber is at 

225Hz and corresponds to an eigenmode; this mode does not project out of the body. By 

contrast, the peaks at 371 and 504Hz translate to resonances outside of the body. This 

comparison means that the higher frequency eigenmodes project out of the body better than 

lower frequency modes. However, this is a time-average response, which means that it is 

unclear when in the decay of sound from the body these resonances would appear. Although 

the effect of the small chamber cannot be clearly seen yet, the resonances within the main air 

cavity (see Figure 7.9 blue line) translate well outside the body.  

In Figure 7.9, a peak is observed in all probes at 77Hz, but it does not appear as an eigenmode. 

This peak shows activity inside the body in Dataset 4. It is likely that 77Hz is the first Helmholtz 

resonance predicted with the heuristic lofted model. This resonance is observed at 85Hz in 

Coaldrake’s CT scan model (2019).  

Compared to the box model, there was more activity observed inside the lofted model. 

Radiation in this model is more separated between the two sound holes and closely resembles 

a dipole shape (see Dataset 4). With frequencies up to 700Hz, most of the radiation happens 

from the bottom of the instrument. The air inside and outside the instrument was found to be 

in-phase at these peaks, which suggests that the base plate is not hindering the motion of air 

or is moving in-phase with it. 

The findings of the frequency scans  

In this domain, box models and the lofted model were used to obtain an understanding of the 

interaction between the wooden body and the air inside and outside the koto. It was found 

that the addition of sound holes introduces new resonances to the frequency response (97, 

139, 225, 274, and 360Hz). However, this analysis found that the eigenmodes of the box 
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models do not translate into the surrounding air in the same way as those of the lofted model. 

Therefore, box models are considered unsuitable for the remainder of the analysis. If no clear 

link exists between the response of the box and lofted models, they cannot be considered 

informative in the study of the koto’s acoustics as a set. Box models have been useful in 

determining the effect of changing basic components of the body. However, they are not 

validated models. By comparison, the lofted model is validated as much as possible against 

physical measurements and is considered a reliable heuristic model. Therefore, only the 

heuristic lofted model is used in the transient studies. The results from the frequency scans 

also suggest that the small internal chamber acts as a resonator.  

The small internal chamber shows a strong resonance at 225Hz. Due to this being a relatively 

low frequency, the chamber’s amplification of it may be giving the instrument extra depth in 

tone. In his discussion of Ando’s work and the koto, Fletcher and Rossing state that modes may 

be expected but not yet observed at “integral multiples of a fundamental near 100Hz” and that 

the mode near 400Hz should vibrate efficiently and show up as a spike in a frequency response 

(Fletcher and Rossing 1991, 289 and 290). The 225Hz peak in the chamber and the 138Hz 

energy peak may be close approximations to the multiples expected. The small chamber likely 

serves in the design of the instrument to reinforce this frequency, similar to the design of 

ported loudspeakers. The response of the internal chamber is examined further in the 

transient studies. 

Time Domain: transient response of the heuristic koto model 

The transient response of the koto is the last part of its acoustical response and is examined in 

this study using the lofted model. The following section discusses the outcome of exciting the 

instrument at two cross-sections (which correspond to positions near the two fixed bridges at 

either end of the instrument) and at the bridge position for each of the thirteen strings in 

hirajōshi tuning starting from E; these excitation positions are detailed in the Methods 
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chapter.5 These excitations were used to examine how the transient response was affected by 

and the position of the excitation along and across the body. First, qualitative observations 

were made of all waveforms from the 39 simulations, which was followed by spectral analysis 

of the initial observations. Decay analysis was the final analysis. The compilation of these 

different analyses showed that the initial response of the body from the top shell is determined 

by the position of excitation across the body (string number), whereas the initial response 

captured below the body is affected by the position of excitation along the body. The separate 

response of the internal cavities and the top shell converge in the final decay of the body to a 

uniform decay tail. These findings provide the necessary starting point for understanding the 

acoustical response that results in the complex tone of the koto. 

The first analysis of the time domain results was the qualitative observations of all waveforms. 

The lofted model was excited at three points along the body for each of the thirteen string 

positions (at two cross-sections on either end of the body and at the bridge position). The 

waveforms output from the probes were compared between these 39 excitations and 

between all probes in each excitation. The probes above the midpoint, below the first sound 

hole, inside the main air cavity and inside the small chamber were selected as those used for 

further analysis. The FFT spectra were also compared between the probes and between the 

different excitation positions. Table 7.4 summarises the findings of the qualitative observations. 

The observations are used in the analysis and interpretation of the results through the 

remainder of this chapter. The raw data analysed in Table 7.4 can be found in Dataset 5 and 

Dataset 6. 

  

                                                        

 
5 The 13 strings are not evenly spaced across the arc of the cross-section. The excitation points are positioned at 
the point where the string sits atop the body when no bridge is in place. This slight shift of some excitation points 
from even spacing to string space has little effect on the amplitude both inside and outside the body and on the 
frequency response outside the body. In the main air cavity, this slight shift in position causes a change in the 
frequency response which is seen in the FFTs inside the main air cavity.  
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Table 7.4 Summary of qualitative observations of the waveforms from exciting the lofted 

model  

Observation Clarification Position across 
the top 
curvature 
(string 
number) 

Position along 
the body 

Probes  Interpretation  

Booming An additional section 
in the tail of the 
transient response 
where the amplitude 
rises again and falls. 
Without this effect, 
the amplitude 
steadily falls from the 
initial excitation 
onwards. 

Outer strings 
(1-3 and 11-
13)   

Dragon’s tail 
(minimum 
arching) and 
bridge 
positions 

Above the 
midpoint 
and in both 
internal 
chambers in 
the 
dragon’s 
tail and 
bridge 
positions. 
 
Below the 
sound hole 
in dragon’s 
tail. 

The energy in the 
outer strings is 
not directly 
dissipated out of 
the top shell 
after the initial 
excitation. 
Energy is 
transferred 
through the 
wood inside the 
body and the 
small chamber, 
dissipating out of 
the body slowly; 
the booming 
effect is 
highlighted at 
strings 12 and 13 
with a red box 
labelled A in 
Dataset 5. 
 

Higher initial 
amplitude  

The higher amplitude 
of the first 0.2s of the 
waveform  
 
 

Middle strings; 
initial 
amplitude 
increases 
towards 
middle strings 
from the outer 
strings. 

All three sets Above the 
midpoint 

 

Excitation placed 
away from the 
outer walls leads 
to a larger 
amplitude in the 
sound dissipating 
in the immediate 
0.2 seconds after 
excitation.  
 
The effect is 
caused by the 
position across 
the top curvature 
of the body and 
not along the 
body. 
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The 
unresponsive 
region of 
frequencies 
and the 
change in its 
size 

A region of 
frequencies in the 
FFT where the 
response is flat and 
low; this region is 
measured as the 
distance between the 
two peaks 
surrounding it; it is 
also referred to as a 
band gap in other 
studies (Bader 2019, 
3091). 

 All three sets  Probe 
inside the 
small 
chamber 

Initially, it seems 
that this effect is 
related to the 
change in the 
excitation 
position. This 
region is further 
studied in the 
spectral analysis. 
 
This effect is 
discussed later 
and presented in 
Dataset 7. 
 

Semi-
periodic 
state 

A period from 0.5 to 
1s in the waveform 
where the amplitude 
does not drop and 
visually resembles a 
periodic waveform. 6 

All strings, but 
more in inner 

strings. 7 

Dragon’s tail, 
bridge 
positions. 

Above the 
midpoint. 

This effect was 
also observed in 
the plank (see 
Chapter 6).  
 
It is likely caused 
by the slow 
release of energy 
from the body or 
reflections in the 

air. 8  
 
effect is 
highlighted at 
string 7 with an 
orange box 
labelled B in 
Dataset 5. 

In Table 7.4, the booming of sound affects the decay analysis. Working around this booming is 

discussed in the decay analysis section. The amplitude of the response is increased in the 

excitations located at the inner strings. This effect is observed at both cross-sections and at the 

bridge positions and is a starting point for observing the effect of moving the excitation point 

across the 13 strings. All simulations showed a clear decay within the first 0.2 seconds (see 

Dataset 5). A semi-periodic state is seen in the second half of the response tail in these strings, 

                                                        

 
6 As a way to approximate the semi-periodic state, the mean of the absolute value for the amplitude of the tail 
was obtained. This value is used in the compilation of observations to clarify the response of the instrument. 
7 At the bridge position, this semi-periodicity is largest in string 2, which is also the string with the smallest 
unresponsive region in this excitation set. 
8 The herringbone pattern seen below the sound holes of some koto is not included in the model (Johnson, 62). 
It may have an effect on this booming and further research could clarify its acoustical role in terms of the sound 
hole as booming of sound observed.  
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observed above the body. At the maximum arching cross-section, uniform decays are observed 

(see Dataset 6). These initial observations show that both the position of the excitation along 

the body -i.e. string number – and the position of excitation along the arched top shell affect 

the response. The features of the transient response are identified with this qualitative analysis 

and can be examined in detail with spectral and temporal analysis.  

Spectral analysis of the results 

 

The frequency spectrum in each transient response was obtained using a fast Fourier 

transform (FFT). The spectrum observed outside the body was largely uniform across all 

excitations, with the exception of the response inside the small chamber. Figure 7.10 gives an 

example of the uniform spectrum observed outside the lofted model, with the main peaks 

annotated. 

 

Figure 7.10 The spectrum of response observed outside the lofted model 

Figure 7.10 shows the response above the body, when it is excited at the standard position of 

string 7 in hirajōshi tuning. This response, with prominent peaks at 93, 126, 490, 948, 1584Hz, 

is observed similarly in all 39 simulations. This means that the general frequencies present from 
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the instrument are likely to be the same regardless of where it is struck. By comparison, clear 

differences were found between the spectra from different excitations in the small internal 

chamber, with a range of frequencies that were unresponsive frequencies within the spectrum; 

this range changed through the 39 excitations. The following section summarises the main 

analysis of this region. 

 

The unresponsive frequency range in the small internal chamber 

The small chamber is unresponsive to a range of frequencies. Bader et al. have observed a 

similar band of unresponsive frequencies in the study of a frame drum, which they refer to as 

a ‘band gap’ (Bader et al. 2019, 3091). Frequency scan of the simple plank (in Chapter Six) also 

showed a similar region of unresponsive frequencies in the range of 1250 – 1750Hz.9 The size 

of this range was found by measuring the distance between the two outer peaks at the edges 

of this range. The size of the region changes in all three sets across the 13 strings. The FFTs 

from the waveform inside the small chamber are presented in Dataset 7. In the dataset, the 

general area of the unresponsive range is shown in the dashed red lines.  Table 7.5 details the 

starting and ending frequency and the size of this region at all excitation points.  

  

                                                        

 
9 However, this region was observed outside the plank, in the surrounding air, and in a frequency domain study; 
in this study, this unresponsive range was observed most clearly inside the small chamber. Though the two sets 
of results between frequency scans and frequency analysis of the transient response cannot be equated, the 
connection of results invites further study. 
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Table 7.5 The size of the unresponsive region of frequencies (∆f) observed inside the small 

chamber at three points along all 13 strings 

 

Dragon’s head 

(maximum arching) 

Bridge positions Dragon’s tail (minimum 

arching) 

S
trin

g
 

n
u

m
b

e
r 

From 
f (Hz) 

To 
f (Hz) 

∆f 
(Hz) 

From 
f (Hz) 

To 
f (Hz) 

∆f 
(Hz) 

From 
f (Hz) 

To 
f (Hz) 

∆f 
(Hz) 

1 1058 1176 118 830 1550 720 938 1324 386 

2 1021 1245 224 987 1321 334 938 1318 380 

3 1019 1244 225 1020 1208 188 934 1282 348 

4 1021 1401 380 1020 1299 279 976 1233 257 

5 993 1401 408 976 1269 293 987 1184 197 

6 1027 1403 376 993 1301 308 1044 1184 140 

7 959 1402 443 947 1301 354 1044 1185 141 

8 955 1288 333 1023 1273 250 1045 1181 136 

9 984 1287 303 1011 1298 287 1045 1180 135 

10 1051 1198 147 1028 1273 245 985 1179 194 

11 1020 1241 221 999 1274 275 935 1314 379 

12 1060 1178 118 999 1271 272 938 1314 376 

13 1059 1177 118 1096 1180 84 938 1360 422 

Table 7.5 shows that the chamber responds to the motion across the body (string number) 

differently depending on the position of excitation along the arched top shell. At the dragon’s 

head (maximum arching), the gap is largest in middle strings (gap of 443Hz in string 7) and 

smallest in outer strings (gap of 118Hz in strings 1 and 13). An opposite response in seen in 

dragon’s tail; the gap is largest in outer strings (422Hz gap in string 13) and smallest in inner 

strings (gap size is 141Hz in string 7). Excitations at the bridge positions show an almost 

consistent gap size of nearly 300Hz in strings 2-12. It can be deduced that at each cross-section, 

there is a clear change in the response of the chamber. However, changing the bridge position 

means that the position of excitation simultaneously moves along and across the body, which 

means that even with the addition of the two cross-sections, the effect of moving the 

excitation along and across the top shell can only be separated in a generalised way. The 

clearest peaks from the responses above the midpoint of each cross-sections (Figure 7.10) are 

compared with the previous frequency and modal domain results.  
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Connection of the three domains of study  

Table 7.6 shows the alignment of peak frequencies observed in each of the three domains of 

study. Frequencies are considered aligned where they are present within 10Hz of each other. 

In Table 7.6, resonances are organised on the basis of alignment with eigenmodes, stored 

energy in the koto body, and probe data. The hierarchy of peaks from top to bottom represents 

the importance of the peaks. Peaks aligning with the total body energy and an eigenfrequency 

are considered the main resonances of the body; peaks only aligning with the probe data in 

the frequency scan in the air are considered air-based resonances.  
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Table 7.6 Compiled response of the lofted model in three domains 

 Lofted model 

 Modal domain 
Frequency 

domain 
Time domain 

 

Eigenm
ode 

Energy peaks (J) at 
frequency 

O
utside Probe peaks 

M
inim

um
 arching 

transient response 
outside 

M
axim

um
 arching 

transient response 
outside 

Bridge (string) 
position string 7 

 Hz Hz Hz Hz Hz Hz 

Transient + frequency scan + 
eigenmode + energy 

230 225 231 220 220 217 

 504 497 497 505 504  

Transient + frequency scan + 
eigenmode 

    402  

 414  420 415 428  
 456  454 460 466 461 
 576  579 576   
 639  644 646  649 
 662  672 670   
 695  693 691 692  
 714 708    716 

Transient + energy + eigenmode 359 360  351  348 
 371 371  371 372 370 

Transient + energy + frequency scan  398 398 394  396 
  97 98 94 95 93 

Transient + eigenmodes 122   126 126 126 
 175     177 
 254 254    256 
 322   318 316  
 436   439   
 475   481  490 
 517     516 
 544     540 
 567     570 
 545   545 550  
 595   593   
 632    631  
 651    659  
 681     683 
 698     700 

Transient + energy  274  272   

Transient + frequency scan   186 181 180  
   264 264 262 269 
   527 525 533  
   611 617  612 
   724 724  730 
   733 731 744  
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   761 754  761 
   774 777 776  
   794   798 
   840 847   
   865 875 879 862 
   905 907   
   921  927 916 
   941  939 948 

Transient only    557   
    816 811  
    903   
    933  931 
    965  969 
    985 979 977 

In Table 7.6, the eigenmodes at 230 and 504Hz are found to be the most important resonances 

of the heuristic lofted model. These frequencies are resonances of the koto body and translate 

out of the body at both ends of the instrument. The eigenmodes at 414, 456, 576 and 539 are 

examples of similarly strong eigenmodes. However, these modes do not show a strong peak in 

the energy from the frequency scans, which suggests that they are not as strong as the 230 

and 504Hz modes. This analysis has traced the most important resonances of the body through 

three sets of studies to find the two resonances that strongly carry through. The following 

sections continue with the results of the temporal analysis to detail how the spectrum inside 

the body and the decay of sound are affected by the position of excitation. 

Temporal analysis of all results  

Decay analysis followed the qualitative observations of the transient response (Table 7.4) to 

provide a clearer understanding of how energy dissipates from the lofted model during the 

one second length of observation. 
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Decay analysis  

The decay analysis used the response above the body, below the sound holes, and inside the 

two internal chambers. Each response at each probe was divided to multiple decay events 

within. The decays observed above the body were divided into three decay events. In the probe 

above the midpoint, the first decay was defined as t=(0-0.05)s; the second decay at t=(0.05-

0.3)s, and the third decay at t=(0.25-1)s. The same intervals were used for the decays below 

the sound holes. However, in these probes, the period (0.25-1)s was divided to (0.25-0.5)s and 

(0.5-1)s to mitigate the effect of ‘booming’ observed in the response  (see Table 7.4 and 

Dataset 5). 

 The probes inside the body are useful because the motion of energy is most likely through the 

air in the small chamber to the main are cavity to the surrounding air outside the instrument 

body. The expected length of the presence of sound from these locations is calculated because 

it allows the study to approximate how long the sound tail is likely to last with the help of the 

decay from the air inside the koto body moving to the surrounding air. Having the decay rates 

inside also helps clarify the movement of energy within this system in the form of sound.  

Inside the body only the final decay is of interest. The aim of this decay analysis is to observe 

the duration of the decay of sound from the instrument.  Any transfer of energy from the 

internal chambers in the initial part of the response would be embedded in the response 

observed outside the body, or it would have been absorbed within the wooden shell. Therefore, 

it is only the energy inside the air cavities of the body at latter part of the signal that is not 

already transferred out of the body and into the surrounding air. The initial decays in the 

internal chambers do not contribute to the total duration of the final decay of sound and thus 

were omitted from this decay analysis. Additionally, these decay periods show the ‘booming’ 

effects ((see Table 7.4 and Dataset 5); given that this effect is not clarified, the skewed decays 

from it could not be included in this investigation.  

The interval t=(0.5-1)s was chosen for the decay analysis studied from the probes in the two 

internal air chambers; only the final decay of sound from the internal probes was of interest in 

this study. Also, the initial parts of the response from the probes inside the body frequency 
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showed booming (see Dataset 6), which would have skewed the analysis. Initially, to obtain the 

decay constants, asymptotic fits (y=a-bcx) were tested. This fit was considered inappropriate 

for this study because beyond visual cues there was not enough evidence to support an 

asymptotic decay in the signal. Instead, a different approach was taken to obtain an 

exponential decay, using the natural logarithm of the initial waveform. The absolute value of 

the probe data was obtained (|A|). The moving average of the value was calculated (|Āmov|), 

with 100 steps backward and 100 steps forward, equal to 0.002s in either direction. The natural 

logarithm of (|Āmov|) was then calculated, (ln(|Āmov|)); finally, a linear fit of the waveform 

made from this (ln(|Āmov|)) gave the decay constant. Figure 7.11 shows an example of the 

three decay constants observed above the instrument model, using the linear fit of the semi-

log data: (ln(|Āmov|)). 

 

Figure 7.11 Example of the exponential decay constants using string 5 at the dragon’s tail 

(minimum arching) 

0.0 0.2 0.4 0.6 0.8 1.0
1.5

2.0

2.5

3.0

3.5

4.0

St
rin

g 
5

Timeminimum arching
ln(movavg(absolute value abovemidapoint,100,100))

Second decay constant: 0.86 s

Third decay constant: 9.09 s

First decay constant: 0.04 s

22/07/2019 09:29:28
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The example in Figure 7.11 shows the three decay events observed and the general time stamp 

for each. Table 7.7 shows the compiled set of the first and second decay constants obtained 

from probes outside the body in the three sets of excitations.  

The time range of the decays were defined using observations from the case study of strings 1 

and 5 and can be considered an estimate for the three decay events observed in the 139 

waveforms of the 39 excitations of this study. Identical time ranges for the decays are not 

appropriate for all excitations, as it is likely that each decay is slightly faster or slower, 

shortening or extending the point in time where the decay occurs. However, in this heuristic 

study, it is more appropriate to find decays within the same time range across excitations. 

Below the sound hole, the third decay seen above the midpoint was divided to two decays: 

t=(0.25-0.5)s and t=(0.5-1)s. This same time-stamp, t=(0.5-1)s is used in the two probes inside 

the small and main air cavity of the body as the final decay. 
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Table 7.7 Exponential decay constants outside the body for all strings and positions  

Outside probes 

 

m
ax arching 

bridge position 

m
in arching 

m
ax arching 

bridge position 

m
in arching 

String 

A
bove m

idpoint 

A
bove m

idpoint 

A
bove m

idpoint 

Below
 SH

 1  

Below
 SH

 1  

Below
 SH

 1  

First decay constant (s) 
1 0.05 0.11 0.13 0.17 0.13 0.12 
2 0.05 0.19 0.11 0.05 0.16 0.09 
3 0.04 0.05 0.07 0.10 0.06 0.10 
4 0.04 0.03 0.05 0.06 0.07 0.13 
5 0.04 0.04 0.04 0.05 0.07 0.15 
6 0.04 0.06 0.04 0.05 0.06 0.16 
7 0.04 0.06 0.04 0.05 0.05 0.15 
8 0.04 0.07 0.05 0.05 0.13 0.11 
9 0.04 0.07 0.05 0.06 0.17 0.08 

10 0.04 0.05 0.06 0.08 0.15 0.07 
11 0.04 0.04 0.08 0.10 0.07 0.09 
12 0.05 0.05 0.12 0.05 0.08 0.17 
13 0.05 0.05 0.13 0.04 0.10 0.17 

Second decay constant (s) 
1 0.20 3.45 3.03 2.13 0.79 2.86 
2 0.18 3.85 2.44 0.17 1.35 1.35 
3 0.20 0.68 1.92 0.20 0.41 1.09 
4 0.21 0.32 1.33 0.23 0.21 0.70 
5 0.22 1.25 0.87 0.24 0.35 0.49 
6 0.23 1.35 0.65 0.24 0.40 0.36 
7 0.22 1.59 0.60 0.24 0.47 0.31 
8 0.21 1.54 0.66 0.23 0.37 0.32 
9 0.21 1.39 0.88 0.22 0.35 0.38 

10 0.21 1.49 1.43 0.21 0.39 0.54 
11 0.20 1.41 2.50 0.20 0.48 0.94 
12 0.20 0.22 3.70 0.19 0.17 1.67 
13 0.20 0.31 4.17 0.21 0.15 2.08 

In Table 7.7, the first decay above and below the body event ranges from 0.03 to 0.13 second 

across all positions of excitement. The second decay is slower in both positions, with decay 

constants of up to 4 seconds in duration observed in the outer string positions (minimum 

arching, above midpoint in Table 7.7) and the rate of the decay of sound slows down after the 

initial decay. This observation suggests that there are multiple decays after the first 

exponential decay. Following the first two decays, Table 7.8 shows the final decays inside and 



 

 

167 

outside the body in all excitation points. In these analyses, the maximum decay time observed 

would be the final decay time of the entire system; the final decay is not the sum of the decay 

in all probes, but the longest decay time observed from each excitation. The additional decay 

from other probes likely translates to the loudness or richness of the sound in its final decay.  

Table 7.8 Final exponential decay constants in all probes inside and outside body, at all 

positions and strings  

 

In Table 7.8, the final decay of sound above the instrument stays constant at 9 seconds in 

length in the minimum arching cross-section (the dragon’s tail) with the exception of string 13, 

which shows an inexplicably quick final decay. At the dragon’s tail, as the excitation point 

moves across the top shell, the sound continues to decay evenly from the top shell. The range 

                                                        

 
10 At this position, the booming effect has skewed the final decay to a rise and there is no decay rate. 

 Final decay constants - all probes (s) 

 M
axim

um
 

arching 

Bridge 
position 

M
inim

um
 

arching 

M
axim

um
 

arching 

Bridge 
position 

M
inim

um
 

arching 

M
axim

um
 

arching 

Bridge 
position 

M
inim

um
 

arching 

M
axim

um
 

arching 

Bridge 
position  

M
inim

um
 

arching  

String 

A
bove 

m
idpoint 

A
bove 

m
idpoint 

A
bove 

m
idpoint 

Below
 SH

 1 

Below
 SH

 1 

Below
 SH

 1 

Inside m
ain air 

cavity 

Inside m
ain air 

cavity 

Inside m
ain air 

cavity 

Inside sm
all 

cham
ber 

Inside sm
all 

cham
ber 

Inside sm
all 

cham
ber 

1 3.45 8.33 9.09 2.22 6.25 2.94 0.90 2.27 1.28 1.16 2.00 1.23 
2 2.63 8.33 9.09 2.38 7.14 3.70 0.98 5.88 1.25 1.64 N/A 1.22 
3 1.54 7.69 9.09 2.27 3.33 4.76 1.27 1.85 1.12 1.49 1.92 1.10 
4 1.19 5.26 9.09 1.49 3.13 5.88 1.05 1.08 0.95 1.56 2.17 0.93 
5 1.03 7.69 9.09 1.67 6.67 8.33 0.93 1.72 0.81 1.54 1.54 0.75 
6 0.96 7.69 9.09 1.92 6.94 10  0.89 3.33 9.09 1.54 1.89 0.65 
7 0.94 7.69 9.09 2.22 7.69 8.33 0.88 5.88 1.89 1.52 1.92 0.91 
8 0.95 7.69 9.09 2.38 8.33 6.67 0.89 8.33 N/A10 1.52 1.52 1.69 
9 1.02 7.14 9.09 2.50 8.33 5.56 0.92 9.09 2.27 1.52 1.96 2.86 
10 1.14 6.67 9.09 2.44 7.14 4.55 1.00 6.67 1.49 1.47 1.96 1.64 
11 1.54 6.25 9.09 2.27 6.67 3.33 1.27 3.70 1.22 1.49 2.04 1.28 
12 2.38 2.00 9.09 2.13 3.57 2.50 1.61 1.59 1.10 1.47 1.92 1.14 
13 3.45 4.55 0.94 1.85 4.76 2.22 0.89 2.08 1.08 1.16 1.28 1.11 
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The findings of this contour plot analysis (Figure 7.13) help to discretise the effect of each 

parameter. Table 7.9 compiles the details from each decay event in each set of excitations to 

refine the findings in terms of the decay of sound from the body and not as individual excitation 

points. 

Findings of the transient studies 

 

The time domain analysis has shown that the decay of the sound changes depending on the 

position of excitation. There are also discrete decay events in the sound of the instrument. In 

this study, three approximate decay events were found. Table 7.9 summarises the findings of 

each decay. 
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Table 7.9 Summary of observations from the decay constants 

Decay Excitation position 
 Minimum arching 

 (dragon’s tail) 
Bridge position Maximum arching 

 (dragon’s head) 

First 

First decay time is shorter in 
middle strings above and 
below the body. 

After string 2, fluctuations are 
small in the probe above 
midpoint; below the sound 
hole, large fluctuations are 
seen, with a booming in stings 
8-11. 

Decay time is shorter in middle 
strings similarly to the 
minimum arching cross-
section.  
Decay time variation is smaller 
and the decays are shorter 
than the shortest at minimum 
arching  

Middle decays 

Second decay drops in inner 
strings. The third decay is 
problematic due to booming 
side effects, as discussed 
earlier.  
 
The second decay is reliant on 
position across body.  

Fluctuation of response above 
the body is small. 
 
Both above and below body 
show longer decays in strings 
7-10, with this increase in 
decay time seen clearer in 
probe above midpoint. 

The second decay is lower in 
maximum than minimum 
arching, and variation across 
string points is small.  
 
Decay time rises in middle 
strings above midpoint and 
below the sound hole. 11. 
 
Variation is large between the 
cross-sections in middle 
strings. 

Final decay 

Above the body, final decay 
time is constant at 9 seconds, 
except for in string 13.12   
 
Below the body, decay time 
increases in middle strings to 
10 seconds at string 6 and is 
seen at 3 seconds in outer 
strings.  
 
Inside probes all decay within 3 
seconds, except for anomalies. 
 

In strings 6-11, a rise and fall of 
decay time is seen in the 
chamber. These strings that are 
placed directly atop the shell 
are furthest away from both 
ends and the outer side walls  
 
The length of the decay 
changes in the same way above 
and below the body. 
 
Inside the body, in the small 
chamber and the main air 
cavity, the response is not 
clearly connected to any 
parameter. 
The bridge position shows 
smaller variance between the 
strings, with a slow decrease of 
the final decay constant with 
the progression of strings.  
 

Final decay time above drops in 
middle strings; highest level in 
outer strings is 4 seconds. 
Inside and below, a steady and 
short decay time of less than 3 
seconds is observed. At the 
dragon’s tail, the final decay 
tail above is not reliant on 
position across the top 
curvature, but decay tail below 
is increased in middle string 
points. 

Deductions: final decay 
 Final decay largely comes from 

the top shell, complimented by 
the response from the sound 
holes. 
 
Inside, the response fluctuates 
but is decayed within 3 
seconds. 

Consistent decay time, but 
source of decay time 
changes.13 
 
 

Consistent and low final decay 
time. 

                                                        

 

 
12 The reason for this anomaly has not yet been determined. 
13 The string 2 anomaly may owe to it being placed on an ‘ear’, which creates an additional tube of air directly 
below the string. 
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The three sets of excitations have some similarities but are distinct from each other. The 

duration of the final decays was longer when excitation was more distanced from the dragon’s 

head. The movement of the excitation across the top shell only effects the initial decay time 

(Table 7.7), and does not have a clear effect on the final decay; at both cross-sections, the final 

decay time is relatively steady across the 13 bridge points (Table 7.8 and Table 7.9). Therefore, 

either the arching along the body and or proximity of the excitation to the small chamber have 

the strongest effect on the decay of sound from the body. 

Table 7.8 and Table 7.9 show that at the bridge positions, the decay of sound from the top 

changes across the 13 bridge points ranging from 2-9 seconds. Nevertheless, at the bridge 

positions, the final decay remains steadily between 6-8 seconds across the 13 strings because 

the probe which accounts for this decay time changes between the probes outside and the 

probe inside the main air cavity. Table 7.7 shows that at the bridge positions, in strings 1-4, the 

longest decay is seen in the probe above the body; the decay tail is then detected from the 

sound holes in strings 5-7, 10 and 11; the longest decay tail is seen inside the main air cavity in 

string 8 and 9. In strings 12 and 13, the decay time is low in all probes at the bridge positions, 

which indicates that the proximity to the small chamber or the outer walls is likely shortening 

the decay time. The decay is generally the same across all bridge points, but in excitations 

where the decay from the outside of the instrument is reduced, there is additional energy 

remaining inside the main air cavity, which dissipates out slowly, giving additional decay time 

that stabilises the total decay. This means that the uniform length of decay at the standard 

bridge position is achieved in the instrument model by a balance between the top and the 

bottom of the instrument; the decay of sound is likely to be heard uniformly if the instrument 

is tapped at different points, but this consistent decay is created by sound transmitting through 

different parts of the body.  

The analysis has shown the effect of moving the excitation points in a general way. However, 

it had been impossible to clearly correlate the observations from each decay with specific 

changes in the positions of excitation. To address this problem, the excitation points were 

compartmentalised into the following parameters: distance of the excitation from the dragon’s 

head end of the instrument (∆x), thickness of the top shell (ht), height of the air inside the body 
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below the excitation point (ha), and the thickness of the base plate at the excitation point. 14 

With specific parameters, all observations and measurements from the transient studies were 

compiled (see Dataset 8). In Dataset 8, each decay is compared between all excitations and the 

parameters of the excitation point. These parameters are shown in the final row in Dataset 8. 

Table 7.10 details the relationship found in Dataset 8 between the first and the final decays 

and the parameters of the excitation point.  

Table 7.10 The effect of study parameters on decay time 

Parameters increasing decay time Parameters decreasing decay time 
First decay 

Distance from dragon’s head (∆x) Height of air cavity (ha) 
 Thickness of top shell (ht) 

Final decay 
Distance from dragon’s head (∆x)  

3cm ≤ ha ≤ 6 cm Height of air cavity (ha) outside the optimal range 
2cm ≤ ha ≤ 10cm Height of air cavity (ha) outside the optimal range 

The thickness of the top shell and the height of the air cavity (ha and ht) affect the first and final 

decays separately (Table 7.10). With larger values for these parameters, the initial decay time 

is shorter (Dataset 8 – first column). In comparison, the final decay time is extended with larger 

values for both parameters, but only if these two parameters are within the particular range 

detailed in Table 7.10. Outside this range, the final decay constant was found to be lower. This 

fact indicates that the thickness of the top shell and the size of the koto are critical to the decay 

of sound from the body. It reinforces the important contribution of the shape of the top shell 

to the acoustical response of the instrument.  

Discussion of results from the transient studies and the role of the geometric features of the 

heuristic lofted model on the decay of sound  

It is now possible to discuss the role of individual parts of the body on its acoustical response 

because of the distinctions that were established between different parameters. The response 

                                                        

 

. 
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of the koto’s wooden shell has been characterised in this work in terms of the different parts 

of the decay tail and the components of the body. This characterisation is achieved by the 

excitation of the lofted model of the koto at two cross-sections at either end of the body and 

at a set of bridge positions derived from hirajōshi tuning.15 The uniform spectral response 

observed outside the body at the three cross-sections shows that the top shell of the koto 

radiates a consistent spectrum at different excitation points. Moving the position of excitation 

along the body determines the response of the chamber and affects the sound radiation out 

of sound holes; moving across the top affects how much sound is radiated out above the top 

shell.  

The two internal chambers contribute to the decay of sound from the instrument. The differing 

role of these two chambers is shown in Table 7.11. 

Table 7.11 The role of the two internal air chambers in the transient response 

 Small internal chamber Main internal air cavity 
Response affected by  Proximity of excitation to the 

small chamber most 
important factor in response, 
then response changes with 
distance of the excitation 
point from the side walls. 
 

1. Height of cavity directly 
below excitation point 

 
2. Distance of excitation 

point from side walls 

Role in the transient 
response 

1. Resonates at lower 
frequencies and shows an 
unresponsive region of 
frequencies around 800-
1200Hz. 

 
2. Has a loud but fast decay 

of sound 

1. Extends decay duration 
 
2. Acts as a pipe and directs 

sound through to the 
sound holes 

                                                        

 
15  Given the resource-intensive nature of time dependent studies using finite element methods, it was not 
possible to explore different tuning systems within the scope of this thesis. Hirajōshi tuning was chosen as a 
commonly used tuning system and the arrangement, starting from E4, allowed for maximising the range of 
excitations along the body and thus obtaining an overview of the response of exiting the koto body at different 
positions along and across the curved top shell.    
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The third row in Dataset 8 shows increased decay time inside the main air cavity with increased 

height in the air cavity, especially at the bridge positions (red).The response inside the main air 

cavity depends on the height of the air cavity directly below the excitation point and the 

volume of air near that point, with the distance from the outer walls also impacting the 

response. By comparison, the small internal chamber acts as a resonator in the initial part of 

the decay of sound from the instrument, having a loud but fast decay of sound itself (Dataset 

6; Table 7.8). A larger unresponsive range inside the chamber equates to more energy in 

specific frequency bands, which decay faster. When this range of frequencies increases, in the 

maximum arching cross-section (dragon’s head), energy is focused into the lower frequency 

range. The addition of energy causes the lower frequencies to be louder. This lower frequency 

range may be contributing to the bass-frequencies heard in the koto and is likely a design 

choice. The small chamber acts as a bass booster by removing a range of frequencies within 

800-1200Hz.  

All excitations at the middle strings decay faster. It is possible that the internal main chamber 

in the body is acting as a pipe, with the velocity decreasing as excitation moves closer to the 

boundary. Thus, the top shell gives the resonances of the paulownia shell and the sound holes 

give the response of the air inside the body and the internal geometry, seen in the distribution 

of decays and amplitude features. This observation is also made by Coaldrake (2018) that the 

100Hz eigenmode is radiated from the top and the 85Hz Helmholtz resonance is radiated 

through the bottom of the body.16 

This study has not simulated the strings of the koto in the FEMs. Actual strings input energy to 

the body at three points: the two fixed bridges and the moveable bridge point. As discussed in 

the Methods chapter, the positioning of the two maximum and minimum cross-sections is 

                                                        

 

16 It would be interesting to investigate the response more formally in terms of a transfer function. However, this 
is a closed system, therefore the total energy in the system moves between air and wood in form of sound, 
displacement of body, potential energy and heat. Obtaining total stored energy of the shell as a function of time 
and total stored energy in air as function of time should show where the deficits occur as amplitudes rise in air.  
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close to the position of the fixed bridges of the koto. These results are useful for understanding 

how much these three points, relative to each other, contribute to the input of energy from 

the string. The response from energy input by a string is hypothesised to be a combination of 

the findings for each string at the three positions of this study.  

Figure 7.14 presents the summary of the understanding of the decay of sound from the koto, 

as obtained by using the heuristic lofted model. It uses an abstraction of a decaying waveform 

to show the three stages of the decay of sound. 
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Figure 7.14 illustrates that the main decay events of the instrument are each impacted by a 

different feature of its geometry. During the initial decay, the top shell radiates sound 

independently from the base plate and the internal air cavities. The initial decay of sound above 

the body is reliant on the position of excitation across the top curvature (string number). The 

initial decay below the body is reliant on the position of excitation along the body (distance 

from the small chamber). These components converge to a uniform decay in the second to 

final decays. 17 As the decays converge, the sound output from the top and bottom of the 

instrument becomes more uniform. In a reverberant instrument with a long decay tail such as 

the koto, this feature may ensure that the tail of the sound stays coherent. 

Concluding discussion on the finite element modelling of the koto with heuristic models 

This chapter started with the studies of the eigenmodes of the koto and its separate shells. 

Through the substructure coupling, the box and loft models, some of the effect of changing 

the geometry of the instrument were found. The eigenmodes showed that the top shell had 

the most impact on the eigenmodes of the body. These modal domain studies also showed 

that the total stored energy of the body is minimised by joining the two plates (Figure 7.4). 

Frequency scans of box and lofted models followed, which helped to clarify the connection 

between the wood and the air. The frequency scans indicated that the small internal chamber 

is acting as a resonator (Figure 7.9). The transient studies followed with the excitation of the 

lofted model at thirteen bridge points and across two cross-sections at either end of the top 

shell. The transient studies showed that the decay of sound from the body of the koto is faster 

at the dragon’s head end of the instrument than the dragon’s tail (Figure 7.12). Table 7.12 

presents the findings of the acoustical response of the koto from the studies detailed in this 

chapter. 

                                                        

 
17 In these decays, a semi-periodic waveform is seen at the dragon’s tail and at the bridge positions, which extends 
the final decay time. This semi-periodicity seems to be integral to the response of the body, because the decay 
time observed with the semi-periodicity is the same as the decays that have been observed by expert performers 
(Personal Communications with Coaldrake 2019). The data suggests that the semi-periodicity is what causes the 
additional decay time, since this decay time has not been observed at maximum arching where the semi-periodic 
decay is not present. 
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Table 7.12 The findings of studies using the heuristic finite element models of the koto 

Findings Summary of evidence 

1. The resonant modes of the koto are strongly 
affected by the anisotropic elasticity of the 
wood.  

 
 

 
 
2. The resonant modes of the assembled 

instrument are most similar to those of the top 
shell.  

 
 
 

 
 
3. The assembly of the top and based plates 

minimises the total stored energy of the body, 
making it more stable.  

 
 
4. The small internal chamber near the dragon’s 

head acts as a resonator, amplifying the lower 
resonances and extending the duration of the 
decay of sound from the body.  

 
 
 
5. The transient response of the instrument starts 

as two separate events but converges to a 
uniform response. 

 
 
 
 
6. The geometric detail which has the most effect 

on the sound envelope of the koto is the 
arching along the dragon’s spine. 

 

1. Anisotropy was found to be integral to the 
validation of the model and the exploration of 
using different physical properties for 
modelling. 

 
 
 

2. The modes of the top shell translate closely to 
those observed in the lofted model in the 
substructure modelling 

 
 
 
 

 
3. The sum of the total stored energy in the body 

showed the minimisation of energy in 
assembled models. 

 
 

4. Frequency scans and the spectral analysis of the 
time-dependent response in the small chamber 
showed the additional response in the chamber 
unresponsive range. 

 
 
 

5. The analysis of the decays inside, above and 
below the body show the convergence to a 
uniform response. 

 
 

 
 

6. Moving the excitation point along the dragon’s 
spine towards the dragon’s head end of the 
instrument reduces the length of the decay. 
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The findings detailed in Table 7.12 have a number of important implications in terms of 

understanding the sound of the koto: 

1. The highly porous and asymmetrical nature of paulownia is integral to the resonances 
of the koto and further research is necessary to understand the complexity of this 
wood. 

 
2. The complex resonances of the koto are dependent on the shape of the top shell. 

Changing the shape of the top shell is likely a strong contributor to changing the 
resonances of the instrument.  

 
3. The assembly of the koto stabilises the instrument and helps it radiate sound more 

loudly. 
 

4. This small chamber contributes to the complexity of the tail of the sound from the koto 

and is an important part of shaping the resonances heard from the instrument; it 
changes the resonances of the air inside the instrument. 

 
5. The way the instrument is creating and dissipating sound changes throughout the 

decay of sound from the koto body, adding complexity to the initial sound heard from 
the body and a distinct tail in the sound. 
 

6. The combination of the two fixed and one moveable bridge is most likely creating 
uniformity between the length of decays from the thirteen strings 

 

Changing the arching of the body down the length of the instrument itself seems to contribute 

to major changes in the resonances heard. The koto used in this study for the basis of the 

heuristic model is a Yamadagoto. It is more arched than the Ikutagoto design (Johnson 2004, 

40-41). This study has shown the effect of arching on the decay of sound from the body. It is 

likely that some of the sonic differences between the sound of the koto in the two schools of 

practice, Ikuta and Yamada, is caused by the difference in arching. This is an important avenue 

for future discovery using the method established in this study.  

At the bridge positions of excitation, the effects of individual components are balanced to give 

a uniform decay of sound across the 13 strings. This result has performance implications in 

terms of tuning of the koto. Firstly, the evenness allows flexibility for performers to make 

judgments for performances and adjust tuning to account for the needs of the composition 
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and the performance space. The moveable do system of tuning for the koto is well-suited to 

allow for this flexibility. The geometry of the instrument in turn supports the needs of the 

tuning system. Furthermore, the scores for koto music are written in tablature, meaning that 

the adjustment to the tuning is considered separately from the string. The performer can 

adjust the tuning of a string but perform from the same score unlike pitch-based notation 

which generally dictates the pitch desired and not the string with which the pitch should be 

executed. 

This thesis has only examined the body of the koto using heuristic models. It has been outside 

of the scope of this study to include the assessment of the other parts of the koto such as 

plectra, bridges, and the various stands used for positioning the instrument. Fletcher and 

Rossing (1991, 289-290) state that the floor would have an effect on the response, with 

additional reflections from the hard surface; in traditional practice, koto are performed on a 

tatami mat, which is a dense woven mat. As discussed earlier, a decay time of close to 7 

seconds has been observed by expert performers (Personal Communications with Coaldrake 

2019). This decay time has been seen in simulations in the minimum arching and at bridge 

positions. It is likely that the long decay tail of the koto sound is designed so that it can 

withstand the damping caused by the mat and still project sound to the audience. Without the 

extended decay time, the sound of the decay tail would be absorbed by the mat and would 

not relay to the audience. Without the mat, the extended decay is likely to cause a build-up of 

resonances in the room, reducing clarity of the sound of individual notes as the reverberation 

and the long decays continue.  

This chapter started with the eigenmodes of the shells of the koto, followed by frequency scans 

of heuristic models of the full-body of the instrument, and finally, examined the transient 

response of the instrument using the heuristic lofted model. This study and the study of the 

plank (Chapter Six) make up Part Two of this volume, where the methods of the study were 

applied to the investigation of the koto and a paulownia plank. The next chapter concludes this 

study and offers broader comments about the study of the koto and heuristic finite element 

modelling of East Asian zithers. 

 



 

Chapter 8  

Conclusion 
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This study had two focal points: the methods of analysis and the study of the koto. Part One 

presented the development of heuristic finite elements models from first principles. Simplicity 

of models and clarity of methods have been the tenets of this work. The series of simple finite 

element models were designed to analyse the vibration characteristics of the wooden body of 

the Japanese koto. The models of this instrument were then validated against the limited 

existing literature and new physical experiments. Table 8.1 presents a summary of findings 

regarding the methods of the study. This work has identified the characteristic interactions 

between different components of the instrument body and revealed how the resonances of 

this instrument manifest in its sound envelope. Overall the lofted model has proven to be the 

simplest valid abstraction since the lofting technique used to construct the model gives 

versatility and strength. Nevertheless, the investigations highlight that, unlike some other 

woods used for musical instrument studies, it is not appropriate to model the koto with 

isotropic moduli. 

Table 8.1 A summary of the findings on the methods of this study 

Findings Summary of evidence 
1. Orthotropic properties of the wood, even where an 

incomplete fit with measured data, are more useful in 
modelling the koto than isotropic properties. 

1. The validation and exploration of the 
physical properties showed issues with 
isotropic models. 

2. Box models are too simple for modelling the acoustical 
response of the koto 

2. Box models did not predict important 
features in the resonances of the koto.  

3. Heuristic lofted models are the simplest valid abstraction 
of the instrument.  

3. Basic features of the acoustical response 
of the koto were successfully obtained 
with the lofted model.  

4. Ando’s method of separating the plates can be useful in 
new studies with finite element modelling because it 
allows for the researcher to observe the response of 
individual plates as well as the assembled body.  

4. Substructure coupling in this study 
successfully showed new important 
details about the resonances of the koto 
and its individual shells.  

This work has also shown that although previously considered problematic, Ando’s method of 

studying the individual plates (1986 and 1996) is useful for exploratory studies of the koto; new 

technologies such as finite element modelling can clarify and refine this method for use in the 

koto family. With modelling, the response of individual shells can be studied, and full 

instrument models can be prototyped with ease. Additionally, with modelling, resonances can 

be observed more easily in large instruments than they can be with physical experiments. 
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Limitations of working with Chladni patterns on large plates may be mitigated using software 

such as COMSOL, but only if the models are validated using other tests. 

This work has used visual representation of data as a tool for analysing the results. It shows 

that alongside the numerical tools of analysis, insights can be gained by employing the 

expansive visualisation tools available; COMSOL is an ideal software for this purpose. 

Importantly, these visual analysis techniques broaden the accessibility of finite element models 

within musicology, which can allow for greater integration of sound studies, organology, and 

musical acoustics.  

Thus we now may conclude that this work can provide a roadmap for the study of other Asian 

zithers using heuristic finite element models. A lofted model is the simplest valid abstraction 

of the koto for heuristic modelling. Moreover, as noted, the lofting process gives versatility and 

strength to simple finite element models and enables transfer of the techniques to other case 

studies such as modelling other East Asian zithers. It also suggests that the lofting process has 

potential for modelling other under-studied instruments. 

Part II focused on the study of the koto. Chapter Six provided a baseline for this the analysis of 

the resonances of the koto with a finite element model of a koto-sized plank. This chapter also 

demonstrated the integrated method of this study with a geometry simpler than the koto body. 

Chapter Seven discussed the findings of the study of the koto. In this work, the basic 

resonances of the body of the koto have been found. The heuristic model of the koto estimates 

the first eigenmode at approximately 100Hz. It has been shown that the arched top shell of 

the instrument determines these resonances to a large degree. This is seen through the modes 

that carry through from the model of the top shell to the full-body lofted model. The assembly 

of the body of the instrument also stabilises it, by minimising the stored energy in the body. 

The small internal chamber found at the dragon’s head end of the instrument was found to act 

as a resonator. This chamber contributes to the long decay of sound from the koto. It was also 

shown that the decay of sound is slower at the dragon’s tail end of the body. 



 186 

Future work 

This study investigated the methods for analysis of the koto’s acoustics using heuristic models, 

from which an important issue emerged for future studies of the koto or other wooden zithers. 

As noted in Chapter Five, a gap remains in the available data on the physical properties of 

paulownia; with refined properties, heuristic models of the instrument will likely show much 

closer results to the physical measurements of the instrument.  

Improvements in model design are also important. Future lofted models of the koto or similar 

instruments would benefit from a loft cross-section near each bridge point, so as to make 

obtaining the angle of incidence for the force from the pulse more direct; having thirteen more 

lofts would also refine the shape of the top arch captured in the model. With additional lofts, 

the effect of changing top curvature can be compared better with the decay constants. 

However, such an expansion would require high computation power and computation time, 

especially in the transient studies. Similarly, the combined effect of arching, tapering, and the 

small chamber currently cannot be made fully discrete using one lofted model. Variations of 

the model of the koto can expand on the findings for example in terms of tapering, the position 

of the small internal resonating chamber, and the arching of the body, by creating variations 

on these models where the relative placing of these geometric elements is different. A model 

with the chamber at the dragon’s tail end of the body can be the first step in separating these 

effects. The results from the radiation patterns in the frequency scans will likely also improve 

with more variations in the heuristic models. 

Another area emerging in finite elements studies of musical instruments in general is relevant 

here. This relates to the modelling of strings. This research used excitation at three points 

along each string position. The next step in using the same heuristic study would be to excite 

the models at many more points along each string; doing so would help to clarify the effect 

of moving the excitation along the instrument’s arched top. Future research can also expand 

on the excitation of the instrument in the addition of strings to the model. More detail in 

terms of the transfer of energy from the strings to the model can also be incorporated without 

the addition of strings themselves to the model. Similarly, the addition of the 13 strings and 

components such as fixed bridges to the lofted model would likely change the response from 

the body; paulownia being a soft and viscoelastic wood, it is likely that new detail will be found 
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in terms of its resonance under the string tension. Existing work on other stringed instrument 

groups will be useful for informing this future study.  

The performer’s interaction with the body of the koto is another avenue for future 

exploration. It is likely that the findings of the performer interaction with the body will further 

enlighten research on the excitation of the instrument, as it has with existing research. In 

terms of modelling this interaction, the force and direction applied to the string is a next step 

for analysis, both for verifying the range of force applied by performers and how changing the 

amount of force applied to the instrument affects the output sound from the body. Future 

studies can quantify the absorption of energy by the body before sound is produced. These 

studies could also be done in tandem with changing the excitation force on the body. 

In terms of the three types of studies, a larger range of frequencies (up to 5000Hz) would also 

prove useful in the study of other zithers. The critical range of the frequency response of 

instruments is generally considered to be 2000Hz (Giordano 2016). However, the artefacts 

seen in the transient response and the higher harmonics heard in the sound of the koto may 

be an area of interest with future scans. In addition, to obtain the transient response of the 

koto models, a pulse is input onto the top plate as a way to excite the body. In reality, a plucked 

string is not just one pulse that is input to the body, but a continuous excitation with 

diminishing amplitude. In general, more extensive transient studies in future should refine our 

understanding of the instrument’s acoustics. 

The methods and heuristic finite element models developed and applied to study of the koto 

have contributed to the understanding of the characteristics of the sound of this instrument. 

In the future they may contribute to similar studies of other East Asian zithers and other under-

studied instruments. Connecting the knowledge thereby gained with existing information from 

the broader discipline of musicology will help to build the interdisciplinary musical and cultural 

understanding of the koto and other Asian instruments.  
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Glossary  

Chladni patterns 

Developed by Ernest Chladni, these patterns are derived from the vibration of objects 

and show the types of vibration at a specific frequency. At a resonant frequency, the 

entirety of the object e.g. a plate (nodes), will be moving in-sync, with particular areas of 

the object remaining stationary. These nodes can be traced by adding a layer of material 

that shakes into place easily such as grains of sand or salt or glitter. By exciting a plate 

that has been covered with such a material, the parts that are moving shake the material 

off and it gathers around the nodal lines. This technique is used by instrument makers to 

check resonances during the construction process (UNSW, n.d.). 

Eigenmode 

An eigenmode of a vibrating system is a mode at which the entire system is vibrating 

sinusoidally. It is the natural mode of vibration for the system. The mode has a phase, 

frequency and mode shape. The shape of the vibration of the structure at an eigenvalue 

is its mode shape. These mode shapes are often complex in real-life objects. Simple 

geometries result in recognisable shapes. Chladni first visualised mode shapes by 

sprinkling salt and sand on thin plates and exciting them. His work was expanded by 

Waller, who provided tables and charts of mode shapes for plates of differing shapes. 

Known types of motion are torsional, bending and longitudinal. Bending modes can be 

in-plane or transverse. For isotropic materials, Blevins’ 1976 book is useful in predicting 

mode shapes and frequencies.  

Eigenfrequency 

The frequency of an eigenmode is the eigenfrequency. The eigenfrequencies of the 

resonating body are observed in the excitation of the instrument and are affected by the 
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type of excitation and constraints on the object. Eigenfrequencies can be observed with 

excitation of the body in a physical experiment such as frequency sweep or tapping.  

Excitation 

The input of energy to the object (model, instrument etc.), in instruments aimed at 

creating a sound output. Bowing a string, hitting a membrane with a mallet, and striking 

a bell by causing the motion of a clapper all constitute physical methods for excitation. 

input of energy to a model by the input of a sine wave is another form of excitation. 

Finite element methods 

Finite element methods (FEM) are tools for understanding the behaviour of complex 

objects. In FEM, the complex geometry of an object is broken into small triangles, called 

elements. These simple geometries are then recombined (meshed) together to make up 

the main object under study. (Akin 2010, 2). 

This process uses elementary physical equations to simulate a complex interaction, such 

as that of an instrument producing a tone. Due to the number of small parts involved in 

this method of modelling, it requires a high amount of computation power.  

There are five conceptual stages to modelling with the finite element method, which are 

here summarised as: 

1. Drawing 

2. Mathematical equations 

3. Meshing 

4. Solving 

5. Post-processing (Zimmermann, 8). 

Post processing is defined as the follow-up examination of the output (of a model) for a 

meaningful interpretation of the results, and to measure the theoretical errors in the 

study (Zimmermann, 8; Akin, 17). 
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Fourier analysis 

The decomposition of a function (wave) to simple waveforms (sine and cosine 

trigonometric functions). Fourier transforms in audio analysis are used to find the 

frequencies present in a sound.  

Frequency sweep or frequency scan 

A physical or simulated test that measures how much a system (e.g. instrument) responds 

to a range of frequencies. This method can be used to characterise the frequency 

response of an acoustical system. It is often for the frequency responses of speakers. 

Impulse response 

An impulse response is an experiment that measures the response of a system or object 

to a pulse. If a system shows a peak at a frequency, it resonates at that frequency. These 

scans are often done with a range of frequencies input to a system with energy. The pulse 

is often created using a quick excitation such as a tap or balloon pop. The response over 

a period of time is recorded and decoded to capture frequencies present in the response 

and how the sound projects and decays. Within a space, this test is done to capture the 

reverberations within that space.  

Physical properties of materials 

Materials that show equal stiffness in all directions are considered isotropic and have one 

value for each property. Materials that show different stiffness in each direction are 

anisotropic and have a different modulus for each direction. Between isotropy and full 

anisotropy, many materials show approximate symmetries in stiffness in three 

dimensions and are classified depending on how many axes of symmetry they have. If 

there are three planes of symmetry in an anisotropic material, it is referred to as 

orthotropic. Many woods exhibit orthotropic symmetry at a cellular level and their 
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physical properties are approximated as orthotropic (Bodig and Jayne 87). Material 

properties relevant to this study are the following: 

1. Poisson’s ratio 

The ratio of transverse strain to axial strain in the material or the ratio of transverse 

expansion to axial compression.  

2. Shear modulus 

The radio of shear stress to shear strain. This modulus in each direction shows how much 

the material is deformed when pressure is put to it parallel to that direction. 

3. Young’s modulus 

The measure of the stiffness or elasticity of a material.  

Sound envelope 

For the purpose of this project, the sound envelope of the signal is defined as the duration 

that starts with the excitation of the physical instrument or model. This sound envelope 

includes the dynamic envelope and the spectral content. The dynamic envelope shows 

the changes in the amplitude of the sound over time, and the spectral content, which 

shows the frequencies present. Time-frequency analysis shows an approximation of 

individual frequency bands and how their amplitude changes over time. 

1. Dynamic envelope 

The change the amplitude of an audio signal or a sound from the start of displacement of 

energy to the end of the decay of the sound. 

1.1 Attack 
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In a dynamic envelope of sound, the initial part, where the amplitude of sound starts from 

minimum (or equilibrium or background noise) to the maximum, is called the attack. This 

attack is most clear with transient sounds. Plucked notes on an instrument clearly show 

the attack portion. Psychoacoustically, the attack is significant in the recognition of the 

source. 

1.2 Decay  

In audio practices, decay is discussed as the portion of a transient dynamic envelope 

following the attack, where the amplitude of sound drops to the sustained level. In 

acoustical studies, and in most vernacular, the decay refers to the trailing off of sound 

back to equilibrium or background noise, which equates to the tail of the note.  

Radiation pattern 

The directional patterns of wave propagation observed through the movement of waves 

in a medium.  

Resonance 

When an object is excited at an eigenfrequency, the amplitude of the resultant sound is 

higher than the same excitation at a different frequency. This louder sound is caused by 

the object amplifying the frequency because of its natural tendency to vibrate at that 

frequency. Resonance of objects is changed by the geometry, materials and construction 

process as well as environmental factors. 
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The datasets presented in this volume comprise a summary of the core data used in this research. The 

amount of material necessary for each part of the analysis is large. Therefore, to assist the reader the 

datasets are presented separately to the discussion. Additionally, this material may be useful for future 

studies as raw material.  

The datasets included in this volume are the resonant modes of the heuristic models, the radiation of 

these modes and peak frequencies in the plank, box and lofted models, and the materials and analysis of 

the transient response of the lofted model using 39 excitation points.  

These datasets are organised in order of their analysis in the main discussion. Annotations on the dataset 

are presented to assist the reader in following the discussion using Volume II with access to the core 

materials of the observations.. The content of the datasets is summarised in Table 1. 

 

 

 

 

 

 

 

 

 

 

Table 1 The datasets in this volume 

Dataset Contents 

Dataset 1 A compilation of the radiation patterns at the eigenmodes 
and peak frequencies of the model of a koto-sized plank. 

Dataset 2 All eigenfrequencies from the substructures and the models 
of the koto body, along with the graphs comparing the 
progression of each mode type. 

Dataset 3 A compilation of the radiation patterns at the eigenmodes 
and peak frequencies of the idealised box model. 

Dataset 4 A compilation of the radiation patterns at the eigenmodes 
and peak frequencies of the model lofted model. 

Dataset 5 Shows all waveforms from probes in the air cylinders in the 
transient responses used in this study. 

Dataset 6 Includes all waveforms from probes in the internal air 
chambers of the koto’s lofted model in the transient 
responses used in this study. 

Dataset 7 Includes the FFTs of the probe inside the small chamber in all 
three sets of excitations, showing the range of unresponsive 
frequencies at the dragon’s head, the dragon’s tail and the 
bridge positions. 

Dataset 8 Summarises the analysis of the observations of the transient 
responses, decay analysis and comparison of the results with 
the parameters of the excitation point. 

 

  



 

 

Dataset 1 

 

The radiation patterns of the plank model 
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Dataset 2 

 

The eigenmodes of the models of the koto and its substructures 

 

 

  



Mode (1,1) (2,1) (3,1) (4,1) (5,1) (6,1)

Base plate sound holes do not affect the mode frequency; sound hole shape does not affect mode frequency

Flat 32 66 106 153 209 277

sound hole 1 shape 34 68 107 153 210 278 << sound holes shape of the first hole
sound hole 2 shape 34 69 108 156 213 281 << sound hole shape of the second hole
2 sound holes 34 68 105 151 207 275 << both sound holes shaped as found on instrument
1 sound hole (circular) 32 65 102 149 206 274

2 sound holes (circular) 32 64 100 146 204 271

Mode (1,1) (2,1) (3,1) (4,1) (5,1) (6,1)

Top shell
Effect of arching, tapering and ears is not clearly observed with changes in the plates. Modes are 

harder to identify here. 

Flat 26 109 248 439 577 668

Full Arching 44 111 234 543 595 753

Steady arching 28 108 288 455 601 710

Tapered no arching 30 108 249 428 580 586

Taper with steady arch 29 107 291 456 593

Arched and Taper 45 112 233 375 598

Arched and taper + ears 45 112 235

Mode (1,1) (2,1) (3,1) (4,1)

Box models
little difference is seen across models with varying struts. Struts are not seen to make a difference in 

mode frequency. The frequencies of modes slighly lower than in the lofted model.

0 struts 134 144 299 373

1 strut 135 157 296 381

2 struts 135 159 298 384

3 struts 135 162 298 385

4 struts 135 164 299 386

Overview Compiled
Mode (1,1) (2,1) (3,1) (4,1) (5,1)

Image XY (includes top and base plate 

views)
Top View|| Base view Top View|| Base view Top View|| Base view Top View|| Base view Top View|| Base view

Full lofted model

175 201 322 344 504
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Torsional modes are most affected by the full body being assembled. They are not affected by the modes of the individual plates. Lofted 

model modes are closest to the body modes. 



Mode (0,2) (1,2) (2,2) (3,2) (4,2) (5,2)

Base plate
No strong observation of changes with the addition and shaping of holes. 

(1,2) modes not identified in models with 'real' hole shapes

Flat 246 253 276 313 360 420

sound hole 1 shape 260* 300 331 375 425

sound hole 2 shape 263 301 338 440

2 sound holes 263 297 332 372 415

1 sound hole (circular) 238 249 273 308 351 416

2 sound holes (circular) 237 237 271 305 338 405

Mode (0,2) (1,2) (2,2) (3,2) (4,2) (5,2)

Top shell arching and tapering are seen to increase mode frequency

Flat 139 146 184 428 593

Full Arching 161 200 232 449 732

Steady arching 89 101 369 432 609

Tapered no arching 160 178 203 468 597 885

Taper with steady arch 89 102 -- 436 612

Arched and Taper 161 207 235 674 740

Arched and taper + ears 159 206 232 645 710

Mode (4,2)

Box models Not enough modes seen for comparison

0 struts 490

1 strut 505

2 struts 497

3 struts 507

4 struts 509

Overview Compiled
Mode (1,2) (1,2) or (2,2)

Image XY (includes top and base plate 

views)
Top View|| Base view Top View|| Base view

Full lofted model Not enough modes observed for comparison

436 517
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Frequencies

Mode (2,0) (3,0) (4,0) (5,0) (6,0) (7,0) (8,0) (9,0) (10,0)

Base plate

Base plate modes are not affected by sound holes much. In 

the models with the real sound hole shapes, the 6th 

bending mode was not observed.

Flat 15 42 82 136 203 284 377 482 600

sound hole 1 shape 15 41 78 127 191 362 459 549

sound hole 2 shape 15 42 80 131 196 469 573

2 sound holes 16 41 76 123 184 356 456 545

1 sound hole (circular) 15 41 79 130 196 278 363 457 566

2 sound holes (circular) 15 40 75 125 189 273 359* 441 537

Mode (2,0) (3,0) (4,0) (5,0) (6,0) (7,0) (8,0) (9,0) (10,0)

Top shell

Top shell transverse bending modes increased by the 

addition of arching, but the amount of arching does not 

make a real difference.

Flat 86 157 208 258 324 399 490 591 705

Full Arching 104 255 360 431 545 704 816 944

Steady arching 118 180 246 322 391 524 588 679 770

Tapered no arching 82 157 224 273 345 426 520 629 749

Taper with steady arch 122 180 248 325 495 587 681 772 --

Arched and Taper 104 258 366 476 595 701 874 944

Arched and taper + ears 104 254 358 428 539/586 644/686 797 924

Mode (2,0) (3,0)

Box models Box models fail to show transverse bending modes clearly

0 struts 92 not identified

1 strut 92 219

2 struts 92 217

3 struts 92 215

4 struts 92 214

Overview Compiled
Mode (2,0) (3,0) (4,0) (5,0) (6,0) (7,0)

Image XY (includes top and base plate 

views)
Top View|| Base view Top View|| Base view Top View|| Base view Top View|| Base view Top View|| Base view Top View|| Base view

Full lofted model

122 305 414 475 507 536 transverse bending modes are highly dependent on the arching of the top shell. 
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Frequencies

Mode (0,3) (1,3) (2,3) (3,3)

Base plate

Flat 626 632 649 681

sound hole 1 shape 710 740

sound hole 2 shape 664 710 741

2 sound holes 666 705 736

1 sound hole (circular) 598 627 645 677

2 sound holes (circular) 598 599 642 673

Mode (0,3) (1,3) (2,3) (3,3)

Top shell

Flat 656 659 676 706

Full Arching 884 815

Steady arching 626 636 657 692

Tapered no arching 709 730 760 782

Taper with steady arch 622 669

Arched and Taper

Arched and taper + ears 850 907

Mode

Box models

0 struts
1 strut
2 struts

3 struts

4 struts

Mode
Image XY (includes top and base plate 

views)

Full lofted model

no strong conclusions. Clear changes are difficult to 

not enough modes are observed across models for 

strong conclusions

Modes not observed in models of full body clearly.
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LOFTED MODEL



Mode
IPB1 IPB 2

Image XY

Flat 313 683

1 sound hole( shaped 2) 297 621

1 sound hole (shaped 1) 298 642

2 sound holes (shaped) 296 603

1 sound hole (circular) 306 646

2 sound holes (circular) 301 613

Mode (2,1) and IPB 1 mix IPB 2

Image XY

Flat 241

Full Arching 320 758

Steady arching

Tapered no arching 282 779

Taper with steady arch 427

Arched and Taper 330

Arched and taper + ears 326 767

Mode IPB 1 IPB 2

Image XY

Full body flat top plate with 2 holes, no struts 252 489

Full body flat top plate with 2 holes, (1 strut) 252 494

Full body flat top plate with 2 holes, (2 struts) 252 489

Full body flat top plate with 2 holes, (3 struts) 252 488

Full body flat top plate with 2 holes, (4 struts) 252 487

Mode IPB 1

Image XY (includes top and base plate views) Top View|| Base view

Full body arched and tapered top plate with 2 holes (4 struts) and ears
309

Not enough modes observed for a strong conclusion. 

Not enough modes observed for a strong conclusion. 

Not enough modes observed for a strong conclusion. 

Not enough modes observed for a strong conclusion. 
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Dataset 3 

 

The radiation patterns of the idealised box model 
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The radiation patterns of the lofted koto model 
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Dataset 5 

 

Waveforms in the air cylinder  

in the transient responses of the lofted model 
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Dataset 6 

 

 Waveforms in the internal air cavities  

in the transient responses of the lofted model 
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Compilation across all strings - inside main air cavity
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Dataset 7 

 

FFTs inside the small chamber in all excitations 
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FFT inside resonant chamber across 3 positions for 
each string

Cross-section 2 - maximum arching Bridge position Cross-section 1: minimum arching

String 1-5
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3

FFT inside resonant chamber across 3 positions for 
each string

Cross-section 2 - maximum arching Cross-section 1: minimum arching

Strings 10-13

Bridge position 



 

Dataset 8 

The summary of the decay analyses  

and  

comparison with the parameters of excitation 

 

 



above midpoint 

Sample waveform 
abstraction

Initial decay 
t=(0,0.05)s

second decay 
t=(0.05,0.3)s

Third decay
 t=(0.25,0.5)s

fourth decay
t=(0.5,1)s
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