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Conventional hadron interpolating fields,whichutilizegauge-covariantGaussian smearing, are ineffective in
isolatingground state nucleons in a uniformbackgroundmagnetic field.There is evidence that residual Landau-
mode physics remains at the quark level, even when QCD interactions are present. In this work, quark-level
projection operators are constructed from the SUð3Þ × Uð1Þ eigenmodes of the two-dimensional lattice
Laplacian operator associated with Landau modes. These quark-level modes are formed from a periodic finite
lattice where both the background field and strong interactions are present. Using these eigenmodes, quark-
propagator projection operators provide the enhanced hadronic energy-eigenstate isolation necessary for
calculation of nucleon energy shifts in a magnetic field. The magnetic polarizability of both the proton and
neutron is calculated using this method on the 323 × 64 dynamical QCD lattices provided by the PACS-CS
Collaboration. A chiral effective-field theory analysis is used to connect the lattice QCD results to the physical
regime, obtaining magnetic polarizabilities of βp ¼ 2.79ð22Þð þ13

−18Þ × 10−4 fm3 and βn ¼ 2.06ð26Þð þ15
−20Þ×

10−4 fm3, where the numbers in parentheses describe statistical and systematic uncertainties.

DOI: 10.1103/PhysRevD.101.094502

I. INTRODUCTION

The magnetic polarizability describes the response of
a system of charged particles to an external magnetic
field. The study of nucleon polarizabilities is an area of
key experimental and theoretical interest [1–6], and the
magnetic polarizabilities are key quantities in this area.
Measurement of magnetic polarizabilities is difficult [7,8]
and improvement in experimental measurements is evident
in recent years [6,9,10]. Lattice QCD can play an important
role in making predictions in this area.
The uniform background field method has been used

successfully to calculate magnetic moments [11–14] of
hadrons and the magnetic polarizability of neutral particles
such as the neutral pion [15,16] and neutron [17,18].
Herein, we present new lattice QCD techniques that enable
an investigation of the proton polarizability in an accurate
manner.
A uniform external magnetic field is induced through the

introduction of an exponential U(1) phase factor on the
gauge links across the lattice. This external field changes
the energy of the nucleon according to the energy-field
relation [11,17–22]

EðBÞ ¼ mþ μ⃗ · B⃗þ ð2nþ 1Þ jqeBj
2m

−
4π

2
βB2 þ � � � ð1Þ

where the nucleon has mass m and magnetic moment and
magnetic polarizability μ⃗ and β respectively. The Landau
energy term [23] is proportional to jqeBj. There is in prin-
ciple an infinite tower of Landau levels, ð2nþ 1ÞjqeBj=2m
for n ¼ 0; 1; 2;… which poses an additional complication
for charged hadrons such as the proton.
While the extraction of the magnetic polarizability seems

simple—simply fit the linear and quadratic coefficients of
the energies of Eq. (1) as a function of field strength—this
approach is problematic as the magnetic polarizability
appears at second order in the energy of the nucleon
[17,18,20–22]. The contribution of the magnetic polar-
izability to the nucleon energy is necessarily small com-
pared to the overall energy of the particle if the energy
expansion of Eq. (1) is to have small OðB3Þ contributions.
Three-dimensional gauge-covariant Gaussian smearing

[24] on the quark fields at the source has been shown to
efficiently isolate the nucleon ground state in pure QCD
calculations [25,26]. This is not the case when a uniform
background field is present; the magnetic field breaks three-
dimensional spatial symmetry and introduces electromag-
netic perturbations into the dynamics of the charged quarks,
thus altering the physics present. When QCD interactions
are absent, each quark will have a Landau energy propor-
tional to its charge. In the presence of QCD these quarks
hadronize, such that in the confining phase the Landau
energy will correspond to that of the composite hadron.
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It is clear that in the confining phase the effects of the
QCD and magnetic interactions compete with each other.
Previous studies have demonstrated that Landau physics
remains relevant even when QCD interactions are present
[17,27]. This leads us to the idea of using quark operators
on the lattice that capture both of these forces. In particular,
we have the freedom of choosing asymmetric source and
sink operators in order to construct correlation functions
that provide better overlap with the energy eigenstates of
the nucleon in a background magnetic field.
The two-dimensional U(1) Laplacian is associated with

the Landau modes of a charged particle in a magnetic field.
In our previous study of the neutron [17] we considered a
quark sink projection based on these two-dimensional U(1)
eigenmodes on gauge-fixed QCD fields. In the present
study we explore the use of a projector derived from the
eigenmodes of the two-dimensional lattice SUð3Þ × Uð1Þ
Laplacian operator. The use of a fully gauge-covariant
eigenmode-projected quark sink which encapsulates both
QCD and Landau-level physics eliminates the need for
gauge fixing. We find the use of the SUð3Þ × Uð1Þ modes
as a quark projection operator to be effective in isolating the
ground state of the proton in an external magnetic field,
enabling an accurate determination of the proton magnetic
polarizability.
The presentation of this research is as follows. Section II

briefly describes our implementation of a uniform magnetic
field. Section III describes the process by which the
magnetic polarizability can be extracted from nucleon
two-point correlation functions while Sec. IV describes
the smeared source and SUð3Þ × Uð1Þ projected sink used
to isolate the nucleon ground states at nonzero magnetic
field strengths. The results at several quark masses are
presented in Sec. V, and these are used to inform the chiral
extrapolations to the physical regime of Sec. VI.
Section VII summarizes conclusions.

II. BACKGROUND FIELD METHOD

The following background field method is used to
introduce a constant magnetic field along a single axis.
This technique is derived first in the continuum where a
minimal electromagnetic coupling is added to form the
covariant derivative

Dμ ¼ ∂μ þ iqeAμ; ð2Þ
where qe is the charge of the fermion field and Aμ is the
electromagnetic four-potential. On the lattice, the equiv-
alent modification is to multiply the QCD gauge links by an
exponential phase factor

UμðxÞ → UμðxÞeðiaqeAμðxÞÞ: ð3Þ

As B⃗ ¼ ∇⃗ × A⃗, a uniform magnetic field along the ẑ axis is
obtained via

Bz ¼ ∂xAy − ∂yAx: ð4Þ

To give a constant magnetic field of magnitude B in the
þẑ direction on the lattice we exploit both Ax and Ay.
Throughout the lattice we set Ax ¼ −By. To maintain the
constant magnetic field across the ŷ edge of the lattice
where periodic boundary conditions are in effect, we set
Ay ¼ þBNyx along the ŷ boundary y ¼ Ny. This then
induces a quantization condition for the uniform magnetic
field strength [22]

qeBa2 ¼ 2πk
NxNy

: ð5Þ

Here a is the lattice spacing, Nx and Ny are the spatial
dimensions of the lattice, and k is an integer specifying the
field strength in terms of the minimum field strength.
In this work the field quanta k is in terms of the charge of

the down quark, i.e., k ¼ kd and q ¼ −1=3

qdeBa2 ¼
2πkd
NxNy

: ð6Þ

Hence a field with kd ¼ 1 will be in the −ẑ direction. The
magnetic field experienced by a baryon is defined to
be kB ¼ −3kd.

III. MAGNETIC POLARIZABILITY

The naive process of fitting to Eq. (1) as a function of
field strengths is not a viable method with which to extract
the magnetic polarizability. Instead a ratio of correlation
functions is constructed to isolate the energy shift in a
manner enabling correlated QCD fluctuations to be
reduced. To form this ratio, we define the spin-field
antialigned two-point correlation function

G↿⇂ðBÞ ¼ Gðþs;−BÞ þGð−s;þBÞ ð7Þ

and the spin-field aligned correlator by

G↿↾ðBÞ ¼ Gðþs;þBÞ þGð−s;−BÞ: ð8Þ

Here spin up/down is represented by ðþs= − sÞ respec-
tively and the magnetic field orientation along the spin
quantization direction, ẑ, by ð�BÞ. These spin-field anti-
aligned and aligned correlators form an improved unbiased
estimator for the required correlation functions as they are
averages over the required spin and field combinations.
The ratio required to isolate the magnetic polarizability

of Eq. (1) draws on Eqs. (7) and (8) along with the spin-
averaged zero-field correlator Gð0; tÞ

RðB; tÞ ¼ G↿↾ðB; tÞG↿⇂ðB; tÞ
Gð0; tÞ2 : ð9Þ

BIGNELL, KAMLEH, and LEINWEBER PHYS. REV. D 101, 094502 (2020)

094502-2



The zero-field correlator subtracts the mass term from the
total energy of the antialigned and aligned contributions
while the contribution from the magnetic moment term
of Eq. (1) is removed by the product of the spin-field
antialigned and aligned correlators. This product yields an
exponent of the sum of the aligned and antialigned energy
shifts

δE↿↾ðBÞ þ δE↿⇂ðBÞ
2

¼ jqeBj
2M

−
4π

2
βjBj2 þOðB4Þ: ð10Þ

Thus the desired energy shift is

δEðB; tÞ ¼ 1

2

1

δt
log

�
RðB; tÞ

RðB; tþ δtÞ
�

ð11Þ

→
jqeBj
2M

−
4π

2
βjBj2 þOðB4Þ; ð12Þ

for large Euclidean time. For the neutrally charged neutron,
jqeBj ¼ 0 and hence the Landau-level term vanishes,
providing direct access to the polarizability. For the proton
this term makes an important contribution and we inves-
tigate its magnitude in a variety of fits.

A. Fitting

For a charged hadron such as the proton, the energy shift
for the polarizability is as specified by Eq. (12) which has a
term linear in B and a term quadratic in B. As such, an
appropriate fit as a function of field strength has both a
linear and a quadratic dependence

δEðkdÞ ¼ c1kd þ c2k2d ð13Þ

where we fit as a function of kd, the integer magnetic flux
quanta in Eq. (6). c1 and c2 are fit parameters with the units
of δEðkd; tÞ. This is in contrast to the neutron where only a
quadratic term is required [17].
As c1 is a free parameter, fitting in this manner allows the

charge of the proton to be nonunitary. Thus, we also
consider the linear constrained energy shift

δEðkdÞ −
jeBj
2M

¼ c2k2d ¼ −
4π

2
βjBj2 þOðB4Þ: ð14Þ

Here the known linear term has been explicitly subtracted
with q ¼ 1 such that only a term quadratic in B is fitted.
This constrains the charge of the proton to qp ¼ 1.
The quantization condition of Eq. (6) provides

β ¼ −2c2αq2da4
�
NxNy

2π

�
2

; ð15Þ

where α ¼ 1=137… is the fine-structure constant.

The energy shifts which are fit in Eq. (14) must be well
determined at all field strengths. We apply the single state
ansatz, requiring that a constant plateau fit can be found as a
function of Euclidean lattice time t. Correlations between
adjacent Euclidean-time slices are considered through the
use of the full covariance matrix χ2d:o:f: which is estimated
via the jackknife method [28]. The resulting fit as a
function of field strength must then also fit the energy
shifts with an acceptable χ2 per degree of freedom.
Fit windows were kept consistent across the three non-

zero field strengths considered where possible. Where this
proved difficult, the fit windows between field strengths
were allowed to vary in a monotonic manner, with the
lowest field strength having the longest fit region. Through
this process we ensure that the lowest-lying state is isolated
for each energy shift.

IV. QUARK OPERATORS

The use of asymmetric source and sink operators enables
the construction of nucleon correlation functions which
have greater overlap with the lowest-energy eigenstates
of the nucleon in a background magnetic field. This is
important as the energy shift required for the magnetic
polarizability is small compared to the total energy. The
signal becomes disguised by noise at late Euclidean time.
The quark source is constructed using three-dimensional

gauge-invariant Gaussian smearing [24] as is common
practice in lattice QCD [25,26] while the quark sink uses
the SUð3Þ × Uð1Þ eigenmode quark-projection method
discussed below.

A. SUð3Þ × Uð1Þ eigenmode projection

For a charged particle in a uniform magnetic field the
lattice Landau levels are eigenmodes of the (2D) U(1)
Laplacian. Here we wish to construct a fully gauge-
covariant quark sink projection operator that encompasses
QCD as well as the electromagnetic potential. To do so,
we calculate the low-lying eigenmodes jψ ii of the two-
dimensional lattice Laplacian

Δx⃗;x⃗0 ¼ 4δx⃗;x⃗0 −
X
μ¼1;2

Uμðx⃗Þδx⃗þμ̂;x⃗0 þ U†
μðx⃗ − μ̂Þδx⃗−μ̂;x⃗0 ;

ð16Þ

where Uμðx⃗Þ are the full SUð3Þ × Uð1Þ gauge links as
applied in the full lattice QCD calculation. We can then
define a projection operator by truncating the completeness
relation

1 ¼
X
i¼1

jψ iihψ ij: ð17Þ

In the pure U(1) case, the lowest Landau level on the lattice
has a degeneracy equal to the magnetic flux quanta jkj
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given in Eq. (5), providing a natural place to truncate the
above sum. The introduction of the QCD interactions into
the Laplacian causes the U(1) modes associated with the
different Landau levels to mix, such that it is no longer
possible to clearly identify the modes associated with the
lowest Landau level at small field strengths. Instead, we
simply choose a fixed number n > jkj of modes to project.
This truncation has a similar effect to performing (2D)
smearing, by filtering out the high-frequency modes.
Indeed, we find that for small values of n the projected
hadron correlator becomes noisy, just as it does when
performing large amounts of sink smearing.
The eigenmode truncation is chosen to be sufficiently

large so as to avoid introducing large amounts of noise into
the two-point correlation function, but also small enough to
place a focus on the low-energy physics relevant to
isolating the magnetic polarizability. Truncations at 32,
64 and 96 modes are investigated in a manner similar to that
at the source. While 32 modes was not effective, it can be
observed in Fig. 1 that both 64 and 96 eigenmodes produce
consistent behavior in the proton energy shift.
Due to the two-dimensional nature of the Laplacian, the

low-lying eigenspace is calculated independently for each
ðz; tÞ slice on the lattice. Consequently, we can interpret the
four-dimensional coordinate-space representation of an
eigenmode

hx⃗; tjψ i;B⃗i ¼ ψ i;B⃗ðx; yjz; tÞ; ð18Þ

as selecting the two-dimensional coordinate-space repre-
sentation ψ i;B⃗ðx; yÞ from the eigenspace belonging to
the corresponding ðz; tÞ slice of the lattice. The four-
dimensional coordinate-space representation of the projec-
tion operator follows,

Pnðx⃗; t; x⃗0; t0Þ ¼
Xn
i¼1

hx⃗; tjψ i;B⃗ihψ i;B⃗jx⃗0; t0iδzz0δtt0 : ð19Þ

The Kronecker delta functions in the definition above
ensure that the outer product is only taken between
eigenmodes from the same subspace [i.e., the projector
acts trivially on the ðz; tÞ coordinates].
This projection operator is then applied at the sink to the

quark propagator in a coordinate-space representation as

Snðx⃗; t; 0⃗; 0Þ ¼
X
x⃗0
Pnðx⃗; t; x⃗0; tÞSðx⃗0; t; 0⃗; 0Þ: ð20Þ

We select n ¼ 96 modes for our analysis.
Using the SUð3Þ × Uð1Þ eigenmode quark-projection

operator and a tuned smeared source produces nucleon
correlation functions at nontrivial field strengths where the
proton is in the QCD ground state and the n ¼ 0 lowest-
lying Landau-level approximation is justified. The energy
shifts required by Eqs. (11) and (12) display good plateau
behavior, as exhibited in Figs. 1 and 6.

B. Source smearing

While we attempt to encapsulate the quark-level physics
of the electromagnetic interaction at the sink, we use a
smeared source to provide a representation of the QCD
interactions with the intent of isolating the QCD ground
state. A broad range of smearing levels are examined at
zero field strength, B ¼ 0 in order to do this.
The effective mass at B ¼ 0 was investigated for each

ensemble and the smearing which produces the earliest
onset of plateau behavior is chosen. This B ¼ 0 effective
mass is shown in Fig. 2 for mπ ¼ 0.702 GeV where the
optimal smearing of 150 sweeps is chosen. On the lightest
ensemble considered, at mπ ¼ 0.296 GeV as shown in
Fig. 3, the choice is not as obvious. In this case the full set
of correlation functions at each finite field strength is run
for each smearing and these results are examined.
This reveals a particularly interesting problem with large

amounts of smearing which can be seen in the antialigned
energy shown in Fig. 4. The antialigned energy is examined
in preparation for its use in the energy shift ratio of Eq. (9)
and has spin and magnetic field antialigned as in Eq. (7).
When the source is excessively smeared, the larger field

strengths couple preferentially to higher Landau levels
rather than the lowest. This is evident in how the 350-
sweep effective energy differs from the other smearings in
both value and slope. This difference is close to the
difference between Landau levels for the proton, i.e., for

FIG. 1. The proton energy shift δEðkd; tÞ of Eq. (11) for three
field strengths using 64 (orange diamond) and 96 (blue square)
eigenmodes in the projection operator of Eq. (19). The mπ ¼
0.702 GeV ensemble is shown.
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E2
nðBÞ ∼m2 þ jeBjð2nþ 1Þ; ð21Þ

the difference can be determined by considering the rela-
tivistic energy difference E2

1ðBÞ − E2
0ðBÞ ¼ 2jeBj. The

difference of squares can be factored as

ðE1ðBÞ − E0ðBÞÞðE1ðBÞ þ E0ðBÞÞ ¼ 2jeBj: ð22Þ

Defining ΔE10ðBÞ ¼ E1ðBÞ − E0ðBÞ as the energy differ-
ence visible in Fig. 4, we obtain a quadratic form

ΔE10ðBÞðΔE10ðBÞ þ 2E0ðBÞÞ − 2jeBj ¼ 0: ð23Þ

Recalling that the field strength experienced by the proton
is related to that of the down quark by kB ¼ −3kd, the
appropriate values for Fig. 4 are

E0ðkd ¼ 2Þ ∼ 0.9 GeV;

jeBðkd ¼ 2Þj ∼ 0.522 GeV2;

and the energy difference between these two Landau levels
is ΔE10ðkd ¼ 2Þ ∼ 0.46 GeV. This is consistent with the
difference between smearings visible in Fig. 4.
The smeared source examination is followed at each of

the quark masses where for masses mπ ¼ 702, 570, 411,
296 MeV, optimal smearings of Nsm ¼ 150, 175, 300, 250
respectively are obtained.
An advantage of using the Uð1Þ × SUð3Þ Laplacian

projector is that it is well defined at zero magnetic field
strength, where the U(1) field is equal to unity. This means
that the fluctuations at finite B and B ¼ 0 are strongly
correlated, such that they cancel out when taking the ratio
of the correlators in Eq. (9), providing an improved signal
in comparison to the U(1) projection. This improvement
does come at a computational cost, as the SUð3Þ × Uð1Þ
Laplacian eigenmodes must be calculated on every con-
figuration. Using the SUð3Þ × Uð1Þ eigenmode quark-
projection operator and a tuned smeared source produces
nucleon correlation functions at nontrivial field strengths
where the proton is in the QCD ground state and the n ¼ 0
lowest-lying Landau-level approximation is justified. This
is demonstrated by the energy shifts required by Eqs. (11)
and (12), which display good plateau behavior as exhibited
in Figs. 1 and 6.

C. Hadronic Landau projection

The SUð3Þ × Uð1Þ eigenmode projection technique
defined above is relevant to Landau effects at the quark
level. As the proton is a charged hadron it will also
experience Landau-level behavior in a magnetic field.
The Landau-level physics at the hadronic level is easier

FIG. 3. Proton zero-field effective masses from smeared source
to SUð3Þ × Uð1Þ eigenmode-projected sink correlators using
various levels of covariant Gaussian smearing at the source on
the mπ ¼ 0.296 GeV ensemble. The source is at t ¼ 16.

FIG. 4. Proton kd ¼ 2 antialigned effective energies from
smeared source to SUð3Þ × Uð1Þ eigenmode-projected sink
correlators using various levels of covariant Gaussian smearing
at the source on the mπ ¼ 0.296 GeV ensemble. The source is
at t ¼ 16.

FIG. 2. Proton zero-field effective masses from smeared source
to SUð3Þ × Uð1Þ eigenmode-projected sink correlators using
various levels of covariant Gaussian smearing at the source on
the mπ ¼ 0.702 GeV ensemble. The source is at t ¼ 16.
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to capture due to the color-singlet nature of the proton. We
can simply use the eigenmodes of the U(1) Laplacian, with
a well-defined degeneracy for the lowest Landau level
[17,29]. Below we describe in detail the prescription for the
hadronic Landau-level projection.
To study hadronic two-point correlation functions in the

zero-field case one calculates the momentum-projected
correlator

Gðp⃗; tÞ ¼
X
x⃗

e−ip⃗·x⃗hΩjTfχðx⃗; tÞχ̄ð0⃗; tÞgjΩi; ð24Þ

where χ and χ̄ are appropriate interpolating fields.
This standard approach of a three-dimensional Fourier

projection is not appropriate for the proton when the
uniform background magnetic field is present. The pres-
ence of the background field causes the energy eigenstates
of the charged proton to no longer be eigenstates of the px,
py momentum components. Hence, we instead project the
x, y dependence of the two-point correlator onto the lowest
Landau level, ψ B⃗ðx; yÞ, explicitly, and also select a specific
value for the z component of momentum,

Gðpz; B⃗; tÞ ¼
X
r

ψ B⃗ðx; yÞe−ipzz

× hΩjTfχðr; tÞχ̄ð0⃗; tÞgjΩi: ð25Þ

In the continuum limit, the lowest Landau mode has a
Gaussian form, ψ B⃗ ∼ e−jqeBjðx2þy2Þ=4. However, in a finite
volume the periodicity of the lattice causes the wave
function’s form to be altered [21,30]. As such, we instead
calculate the lattice Landau eigenmodes using the two-
dimensional U(1) gauge-covariant lattice Laplacian in an
analogous way to Eq. (16) [17,29]. Here Uμ contains only
the U(1) phases appropriate to the background magnetic
field quantized on the lattice.
The correlator projection is then onto the space spanned

by the degenerate modes ψ i;B⃗ associated with the lowest
lattice Landau level available to the proton

Gðpz; B⃗; tÞ ¼
X
r

Xn
i¼1

ψ i;B⃗ðx; yÞe−ipzz

×hΩjTfχðr; tÞχ̄ð0⃗; tÞgjΩi: ð26Þ

The degeneracy of the lowest-lying Landau mode is given
by the magnetic-field quanta jkdj.
In evaluating Eq. (26), we also consider the case of fixing

n ¼ 1, such that only the first eigenmode having the best
overlap with the source is considered. Assuming the source
ρðx; yÞ ¼ δx;0δy;0 is located at the origin, the overlap
with the first mode i ¼ 1 is optimized through a rotation
of the U(1) eigenmode basis that maximizes the value of

jhρjψ i¼1;B⃗ij2. An optional phase can be applied so that
ψ i¼1;B⃗ð0; 0Þ is purely real at the source point.
In most cases the results are almost indistinguishable and

we proceed with n ¼ j3kdj. The only exception is for the
ensemble with mπ ¼ 0.411 GeV. Here the i ¼ 1 mode
alone provides superior results. As discussed in Sec. II, for
the proton kB ¼ −3kd and therefore the degeneracy is
n ¼ j3kdj. Figure 5 illustrates the six degenerate modes
associated with kd ¼ 2.
More generally, this hadronic eigenmode-projected cor-

relator offers superior isolation of the ground state for the
proton [21] and is crucial for the identification of constant
plateaus in the energy shift of Eq. (11).

D. Simulation details

The 2þ 1-flavor dynamical gauge configurations pro-
vided by the PACS-CS [31] Collaboration through the
International Lattice Data Grid (ILDG) [32] are used in this
work. These configurations span a variety of masses,
allowing a chiral extrapolation to be performed. A non-
perturbatively improved clover fermion action and Iwasaki

FIG. 5. Lowest-lying U(1) eigenmode probability densities of
the lattice Laplacian operator in a constant background magnetic
field oriented in the ẑ direction are plotted as a function of the x, y
coordinates. As kB ¼ −3kd, the degenerate eigenmodes for the
sixth quantized field strength relevant to the proton for kd ¼ 2 are
displayed in a linear combination that maximizes the overlap of
the first mode with the source. The origin is at the center of the
x-y plane.

BIGNELL, KAMLEH, and LEINWEBER PHYS. REV. D 101, 094502 (2020)

094502-6



gauge action provide a physical lattice spacing of
a ¼ 0.0907ð13Þ fm. Four different ensembles are consid-
ered, corresponding to four different pion masses. The
lattice spacing for each ensemble was set using the Sommer
scale with r0 ¼ 0.49 fm. The details of each of these
ensembles, including the pion mass and statistics used
can be found in Table I. Fixed boundary conditions in
the time direction are used and the source is placed at
Nt=4 ¼ 16. Source locations are then systematically varied
to produce large distances between adjacent sources [17].
We calculate correlation functions at four distinct mag-

netic field strengths, including zero. Propagators at ten
nonzero field strengths are calculated to achieve this at
eB ¼ �0.087, �0.174, �0.261, �0.348, �0.522 GeV2,
corresponding to kd ¼ �1;�2;�3;�4;�6 in Eq. (6).
The additive mass renormalization due to the Wilson

term [33,34] is removed through use of the background-
field-corrected-clover action [16]. As the background field
is known analytically, a tree-level contribution of FB

μν from
the background field can be included in the clover term
of the fermion action, avoiding the nonperturbative im-
provement coefficient, CSW . This removes the nonphysical
magnetic-field-induced additive mass renormalization due
to the Wilson term of the fermion action.
The configurations used are electroquenched; the mag-

netic field exists only for the valence quarks of the hadron.
While it is possible to include the background field on each
configuration [35] this requires a separate Monte Carlo
simulation for each field strength and so is prohibitively
expensive. Performing separate calculations would also
remove the correlated QCD fluctuations between finite-
field and zero-field correlation functions, reducing the
efficacy of Eq. (9).

V. RESULTS

The formalism for extracting the magnetic polarizability
of the nucleons using lattice QCD and the background field
method has now been established. Hadronic Landau-level
projected correlation functions are computed at several
nonzero field strengths using a specialized SUð3Þ × Uð1Þ
quark sink. Thus hadronic as well as quark-level Landau
energy level effects are considered in order to isolate the
ground state energy of the nucleon in an external magnetic
field. A tuned smeared source provides a good representa-
tion of the QCD ground state.

The effectiveness of this approach is visible in Figs. 6
and 7 where the energy shift required to extract the
magnetic polarizability of the proton is plotted for themπ ¼
0.570 GeV and mπ ¼ 0.296 GeV ensembles respectively.
The effective energy shifts display good plateau behavior
across all three nonzero field strengths. This is a common
feature across the three heavier quark masses considered.
Good plateaus can be found at all three field strengths.
At the lightest quark mass considered, the third field

strength does not present good plateau behavior. As such
only the first two field strengths are considered.

TABLE I. Lattice simulation parameters with corresponding
statistics used.

κud a (fm) mπ (GeV) L3 × T mπL Nsrc

0.13700 0.1023 0.702 323 × 64 11.6 5
0.13727 0.1009 0.570 323 × 64 9.4 4
0.13754 0.0961 0.411 323 × 64 6.4 4
0.13770 0.0951 0.296 323 × 64 4.5 7

d.o.f. d.o.f.

d.o.f.

FIG. 6. The magnetic polarizability effective energy shift,
δEðB; tÞ of Eq. (11) for themπ ¼ 0.570 GeV proton as a function
of Euclidean time (in lattice units), using a smeared source and
the SUð3Þ × Uð1Þ quark-eigenmode projection technique. Re-
sults for field strengths kd ¼ 1, 2, 3 are shown. The selected fits
for this ensemble and the χ2d:o:f: are also illustrated.

FIG. 7. The magnetic polarizability effective energy shift,
δEðB; tÞ of Eq. (11) for themπ ¼ 0.296 GeV proton as a function
of Euclidean time (in lattice units), using a smeared source and
the SUð3Þ × Uð1Þ quark-eigenmode projection technique. Re-
sults for field strengths kd ¼ 1 and 2 are shown. The selected fits
for this ensemble and the χ2d:o:f: are also illustrated.
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The fit function of Eq. (14) is applied to the non-
zero energy shifts produced by Eq. (11). The constant
Euclidean-time fits to Eq. (11) are selected using a strict
χ2d:o:f: criteria, where we require χ2d:o:f: ≤ 1.2. This ensures
single-state dominance in the energy shift.
In determining the optimal Euclidean-time fit windows

to use, each possible fit window across all three field
strengths is considered. Where all the Euclidean-time
plateau and field-strength-dependent fits are acceptable,
magnetic polarizability values are calculated from the
quadratic coefficient c2 of Eq. (14).
Where this fitting process yields no or only a small

number of acceptable fit windows, we also allow the
Euclidean-time fit window at each field strength to vary.
These fits must still have a common fit end point but the fit
start point is allowed to increase in a monotonic manner
with increasing field strength. The smallest field strength
must have the longest fit window, the second field strength
the second longest and similarly for further field strengths.
This fitting process expands the fit window parameter space
available and is particularly helpful at lighter quark masses.
At each pion mass considered, the linearly constrained

quadratic fits of Eq. (14) are determined. The final fits are
presented in Fig. 8. In every case, the full covariance-
matrix-based χ2d:o:f: indicates an acceptable fit with the
charge of the proton constrained to one.
We have also assumed higher-order terms of the expan-

sion of Eq. (1) are negligible. In order to check the validity
of this assumption, a linearly constrained quadratic þ
quartic fit incorporating a c4k4d term is performed. We find
this quartic term provides no additional information, and
similar magnetic polarizabilities are observed. When the
unconstrained linearþ quadratic fit is considered, the linear
coefficient c1 produces a charge value q in agreement
with one.
This is the first time that Euclidean-time plateau fits have

been successfully constructed for the proton’s magnetic

polarizability energy shift. Thus the SUð3Þ × Uð1Þ quark-
level eigenmode projetion technique introduced herein is
effective in isolating the energy shifts required to access the
magnetic polarizability of the proton.
A similar method is followed for the neutron. This time a

standard Fourier transform at the hadron sink projects to
zero momentum, and as the neutron is overall chargeless
the subtraction process of Eq. (14) is not required. Figures 9
and 10 display representative Euclidean-time fits to the
effective energy shifts of the neutron, analogous to Figs. 6
and 7 for the proton.

FIG. 8. Constrained quadratic fits of the energy shift to the field
quanta at each quark mass for the proton.

FIG. 9. The magnetic polarizability effective energy shift,
δEðB; tÞ of Eq. (11) for the mπ ¼ 0.570 GeV neutron as a
function of Euclidean time (in lattice units), using a smeared
source and the SUð3Þ × Uð1Þ quark-eigenmode projection tech-
nique. Results for field strengths kd ¼ 1, 2, 3 are shown. The
selected fits for this ensemble and the χ2d:o:f: are also illustrated.

FIG. 10. The magnetic polarizability effective energy shift,
δEðB; tÞ of Eq. (11) for the mπ ¼ 0.296 GeV neutron as a
function of Euclidean time (in lattice units), using a smeared
source and the SUð3Þ × Uð1Þ quark-eigenmode projection tech-
nique. Results for field strengths kd ¼ 1 and 2 are shown. The
selected fits for this ensemble and the χ2d:o:f: are also illustrated.
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The final quadratic fits for the neutron are displayed in
Fig. 11. From the quadratic term of the fit in Eq. (14), the
magnetic polarizability can be found using Eq. (15).
Polarizability results for both the proton and neutron are
summarized in Table II.
For the neutron field-strength-dependent fit on the mπ ¼

0.702 GeV ensemble, only the first two nonzero field
strengths are used. Fitting to the third requires the addi-
tional quartic term and produces a magnetic polarizability
value that agrees with a single quadratic fit to the first two
field strengths. The neutron polarizability energy shift at
the largest field strength considered suffers from the same
signal-to-noise problem as that of the proton and is hence
not used to extract the magnetic polarizability.
The neutron magnetic polarizabilities obtained herein are

in good agreement with those obtained in Ref. [17] on the
same ensembles. There, a U(1)-based Landau-mode pro-
jection technique was applied to Landau-gauge-fixed quark
propagators. We find the SUð3Þ × Uð1Þ eigenmode quark
projection technique to be similarly successful in isolating
the neutron ground state in a background magnetic field.
Now, for the first time, a unified method for extracting both
proton and neutron magnetic polarizabilities has been
presented. It is anticipated that the mesons and hyperons
will also be tractable using this approach.

VI. CHIRAL EXTRAPOLATION

To connect lattice results to the physical regime, chiral
effective field theory (χEFT) provides a powerful tool. This
analysis is a generalization of Ref. [36] with modifications
arising from the consideration of both the proton and
neutron.
The chiral expansion considered is

βBðm2
πÞ ¼

X
M

βMBðm2
π;ΛÞ þ a0ðΛÞ þ a2ðΛÞm2

π

þ
X
M;B0

βMB0 ðm2
π;ΛÞ þOðm3

πÞ; ð27Þ

where a0ðΛÞ and a2ðΛÞ are residual series coefficients [37]
constrained by our infinite-volume corrected lattice QCD
results and Λ is a renormalization scale. The leading-order
loop contributions βMB and βM;B0

are shown in Figs. 12 and
13. Figure 13 allows for transitions of the baryon B to
nearby strongly coupled baryons, B0, with mass splitting Δ,
via a meson, M, loop whereas Fig. 12 does not encounter
any baryon mass-splitting effects.
In the heavy-baryon approximation [38] appropriate for

a low-energy expansion, these have integral forms [36]

FIG. 11. Quadratic fits of the energy shift to the field quanta at
each quark mass for the neutron.

TABLE II. Magnetic polarizability values for the neutron and
proton at each quark mass considered. The number of sources
considered for each quark mass varies as described in Table I. The
numbers in parentheses describe statistical uncertainties.

mπ (GeV) βnðfm3 × 10−4Þ nχ2d:o:f: βpðfm3 × 10−4Þ pχ2d:o:f:

0.702 1.91(12) 0.85 1.90(19) 0.96
0.570 1.66(10) 0.88 1.87(18) 1.10
0.411 1.53(29) 0.74 1.98(21) 0.67
0.296 1.27(37) 0.91 1.93(22) 0.33

B BB

M

FIG. 12. The leading-order meson loop contribution to the
magnetic polarizability of the nucleon.

B BB′

M

FIG. 13. The next-to-leading-order meson loop contribution to
the magnetic polarizability of the nucleon, allowing transitions to
nearby strongly coupled baryons.
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βMBðm2
π;ΛÞ ¼

e2

4π

1

288π3f2π
χMB

Z
d3k

k⃗2u2ðk;ΛÞ
ðk⃗2 þm2

MÞ3
;

ð28Þ

and for Δ ¼ mB0 −mB ≠ 0

βM;B0 ðm2
π;ΛÞ

¼ e2

4π

1

288π3f2π
χMB0

Z
d3ku2ðk;ΛÞ

×
ω2

k⃗
Δð3ωk⃗ þ ΔÞ þ k⃗2ð8ω2

k⃗
þ 9ωk⃗Δþ 3Δ2Þ

8ω5

k⃗
ðωk⃗ þ ΔÞ3 ;

respectively. Here ωk⃗ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þm2

M

q
is the energy carried

by the meson M which has three-momentum k⃗, fπ ¼
92.4 MeV is the pion decay constant and uðk;ΛÞ is a dipole
regulator

uðk;ΛÞ ¼ 1

ð1þ k⃗2=Λ2Þ2
; ð29Þ

which ensures that only soft momenta flow through the
effective-field theory degrees of freedom.
The renormalized low-energy coefficients of the chiral

expansion are formed from the residual series coefficients
a0ðΛÞ, a2ðΛÞ and the analytic contributions of the loop
integrals [39] which also depend on Λ. The full details of
the renormalization procedure are provided in the
Appendix of Ref. [39]. The standard coefficients for full
QCD, χMB and χMB0 reflect photon couplings to the
intermediate meson.
The loop integral of Eq. (28) for βMB contains the leading

nonanalytic contribution proportional to 1=mM. For finite
B0 − B mass splitting, Δ ¼ mB0 −mB, the loop integral of
Eq. (29) accounts for transitions to nearby strongly coupled
baryons B0 and contributes a nonanalytic logarithmic
contribution proportional to ð−1=ΔÞ log ðmM=ΛÞ, to the
chiral expansion.
Here we consider mesons M ¼ π and η for nucleon

transitions with B ¼ n or p for the integral of Eq. (28).
While the total charge of these mesons is zero, it is
important to consider their contributions in assessing the
contribution of sea-quark loops. The η0 meson is much
heavier and thus its contribution is suppressed and safely
neglected.
We consider transitions to the baryons B0 ¼ Σ;Λ;Δ and

Σ� with mesons M ¼ π, η and K. These transitions are
accounted for by Eq. (28) with the appropriate mass
splittings and couplings.
Our lattice QCD results are electroquenched: they do not

include contributions of photon couplings to disconnected
sea-quark loops of the vacuum. Disconnected sea-quark
loops form part of the full meson dressing of χEFT and thus

it is necessary to model the corrections associated with their
absence in the lattice QCD calculations. Hence the standard
coefficients for full QCD χMB and χMB0 are altered to
account for partial quenching effects [40] as explained
in Ref. [36] for the neutron. The proton is briefly dis-
cussed below while the neutron follows the analysis in
Refs. [17,36].

A. Partially quenched χEFT

In order to model the corrections to account for partial
quenching effects, the contribution of each quark-flow
diagram is separated into “valence-valence,” “valence-
sea” and “sea-sea” contributions. Each of these describes
the coupling of the two photons to the valence or sea quarks
available in the intermediate state mesons. All possible
quark-flow diagrams for the p → pπ0 channel are con-
structed in Fig. 14 without attaching external photons to the
meson. As there is no baryon mass splitting, this is an
example of Fig. 12.
As Figs. 14(a) and 14(b) have both sea- and valence-

quark lines of the intermediate meson, photon lines may be
attached to the valence- or sea-quark lines of the inter-
mediate meson. Hence they may contribute to all three
sectors. This is in contrast to Fig. 14(c) which contains only
valence quarks and hence contributes only to the valence-
valence sector. The contributions to each sector are pro-
portional to the quark charges, i.e., for Fig. 14(b) the
leading nonanalytic term of the chiral expansion has
coefficients

χv−v ∝ q2u; ð30Þ

χv−s ∝ 2quqū; ð31Þ

χs−s ∝ q2ū; ð32Þ

where Eq. (31) reflects the two orderings of the photon
couplings available.
While the sum of the valence-valence, valence-sea and

sea-sea contributions is zero for this process due to the
neutrality of the π0 meson, the valence-sea and sea-sea
terms are not present in the lattice QCD simulation and
hence must be accounted for.
The sea-sea disconnected sea-quark-loop flow for

Fig. 14(a) can be isolated by temporarily replacing the
down-quark loop with a strange quark [41]. This provides a
coupling strength

χdiagðbÞs−s ∝ q2
d̄
χ2K0Σþ ¼ q2

d̄
2ðD − FÞ2: ð33Þ

Repeating the above procedure for the up-quark loop of
Fig. 14(b) one finds
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χdiagðcÞs−s ∝ q2ūðχ2KþΛ þ χ2Σ0KþÞ

¼ q2ū

�
1

3
ð3F þDÞ2 þ ðD − FÞ2

�
: ð34Þ

The components of the p → pπ0 channel which have a
disconnected sea-quark loop have been identified and
hence the sea-sea contributions have been calculated.
The same process may be performed for the valence-sea
contributions. As the total contribution is known from
standard chiral perturbation theory (χPT), the remaining
valence-valence contribution which includes the connected
quark-flow diagram of Fig. 14(a) is also known. All such
channels for the integral processes described by Eq. (27)
are investigated using the diagrammatic procedure
described above for p → pπ0.
Having performed this procedure for each relevant

channel, the coefficients used when fitting the lattice
QCD results reflect the absence of the disconnected sea-
quark-loop contributions and can be determined by sub-
tracting the valence-sea and sea-sea contributions from
the total contribution in Tables III and IV for the proton
and neutron respectively. The numerical values of the

coefficients can be found in Table V where the standard
values of gA ¼ 1.267 and C ¼ 1.52 with gA ¼ Dþ F and
the SU(6) symmetry relation F ¼ 2

3
D are used.

The regulator mass,Λ ¼ 0.80 GeV [37,42–45] is chosen
in anticipation of accounting for the missing disconnected
sea-quark-loop contributions in the lattice QCD calcula-
tions. This regulator mass enables corrections to the pion
cloud contributions associated with missing disconnected
sea-quark-loop contributions as it defines a pion cloud
contribution to masses [37], magnetic moments [43] and
charge radii [42]. The nucleon core contribution is insen-
sitive to sea-quark-loop contributions at this regulator
mass [46].
To consider the effect of the finite volume of the lattice,

we replace the continuum integrals of the chiral expansion
with sums over the momenta available on the periodic
lattice. It is important to note that the lattice volume is
slightly different on each of the four lattice ensembles
used due to our use of the Sommer scale. To produce
finite-volume-corrected (FVC) results, βFVCv−v , we take
the difference between these sums and the continuum
integrals

(a) (b)

(c)

FIG. 14. Decomposition of the process p → pπ0 into its possible one-loop quark-flow diagrams. The configuration of the two photon
couplings to the valence and/or sea quarks determines the coefficients of partially quenched chiral perturbation theory. (a) The down
quark loop diagram where the two photons can couple to valence-valence, sea-sea or valence-sea quarks. (b) The up quark loop diagram
where the two photons can couple to valence-valence, sea-sea or valence-sea quarks. (c) The quark-ow diagram where the two photons
can couple only to valence quarks.
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βFVCv−v ðm2
πÞ ¼ βlat:v−vðm2

πÞ

−
�X

M

βMB
SUMðm2

π;ΛFVÞ þ
X
M;B0

βMB0
SUMðm2

π;ΛFVÞ
�

þ
�X

M

βMBðm2
π;ΛFVÞ þ

X
M;B0

βMB0 ðm2
π;ΛFVÞ

�
;

ð35Þ

where we note that we are correcting for finite volume only
andhence the coefficients used in evaluating these sumsand
integrals reflect only valence-valence contributions. The
finite-volume corrections should be independent of the
value of the regulator parameter, ΛFV , as long as ΛFV is
sufficiently large. Here we choose ΛFV ¼ 2.0 GeV [47].
The strength of the χPT analysis is that the leading and

next-to-leading nonanalytic terms of the chiral expansion

TABLE III. Chiral coefficients for the leading-order loop integral contributions for the proton.

Process Total Valence-sea Sea-sea

p → Nπ
p → pπ0 0 3

6
ð2quqūðχ2KþΣ0 þ χ2KþΛÞ þ 2qdqd̄χ

2
K0ΣþÞ 3

6
ðq2ūðχ2KþΣ0 þ χ2KþΛÞ þ q2

d̄
χ2K0ΣþÞ

p → pη 0 1
6
ð2quqūðχ2KþΣ0 þ χ2KþΛÞ þ 2qdqd̄χ

2
K0ΣþÞ 1

6
ðq2ūðχ2KþΣ0 þ χ2KþΛÞ þ q2

d̄
χ2K0ΣþÞ

p → pη0 0 2
6
ð2quqūðχ2KþΣ0 þ χ2KþΛÞ þ 2qdqd̄χ

2
K0ΣþÞ 2

6
ðq2ūðχ2KþΣ0 þ χ2KþΛÞ þ q2

d̄
χ2K0ΣþÞ

p → nπþ χ2πþn 2quqd̄ðχ2KþΣ0 þ χ2KþΛÞ q2
d̄
ðχ2

KþΣ0 þ χ2KþΛÞ
p → pþπ− 0 2qdqūχ2K0Σþ q2ūχ

2
K0Σþ

p → ΣK
p → ðΣ0;ΛÞKþ χ2KþΣ0 þ χ2KþΛ 2quqs̄ðχ2KþΣ0 þ χ2KþΛÞ q2s̄ðχ2KþΣ0 þ χ2KþΛÞ
p → ΣþK0 0 2qdqs̄χ2K0Σþ q2s̄χ

2
K0Σþ

p → Δπ
p → Δ0πþ χ2

πþΔ0 2quqd̄χ
2
KþΣ�0 q2

d̄
χ2KþΣ�0

p → Δþþπ− χ2π−Δþþ 2qdqūχ2K0Σ�þ q2ūχ
2
K0Σ�þ

p → Δþπ0 0 3
6
ð2quqūχ2KþΣ�0 þ 2qdqd̄χ

2
K0Σ�þ Þ 3

6
ðq2ūχ2KþΣ�0 þ q2

d̄
χ2
K0Σ�þÞ

p → Δþη 0 1
6
ð2quqūχ2KþΣ�0 þ 2qdqd̄χ

2
K0Σ�þ Þ 1

6
ðq2ūχ2KþΣ�0 þ q2

d̄
χ2K0Σ�þÞ

p → Δþη0 0 2
6
ð2quqūχ2KþΣ�0 þ 2qdqd̄χ

2
K0Σ�þ Þ 2

6
ðq2ūχ2KþΣ�0 þ q2

d̄
χ2K0Σ�þÞ

p → Σ�K
p → Σ�0Kþ χ2KþΣ�0 2quqs̄χ2KþΣ�0 q2s̄χ

2
KþΣ�0

p → Σ�þK0 0 2qdqs̄χ2K0Σ�þ q2s̄χ
2
K0Σ�þ

TABLE IV. Chiral coefficients for the leading-order loop integral contributions for the neutron.

Process Total Valence-sea Sea-sea

n → Nπ
n → nπ0 0 3

6
ð2quqūχ2KþΣ− þ 2qdqd̄ðχ2K0Σ0 þ χ2K0ΛÞÞ 3

6
ðq2ūχ2KþΣ− þ q2

d̄
ðχ2K0Σ0 þ χ2K0ΛÞÞ

n → nη 0 1
6
ð2quqūχ2KþΣ− þ 2qdqd̄ðχ2K0Σ0 þ χ2K0ΛÞÞ 1

6
ðq2ūχ2KþΣ− þ q2

d̄
ðχ2K0Σ0 þ χ2K0ΛÞÞ

n → nη0 0 2
6
ð2quqūχ2KþΣ− þ 2qdqd̄ðχ2K0Σ0 þ χ2K0ΛÞÞ 2

6
ðq2ūχ2KþΣ− þ q2

d̄
ðχ2K0Σ0 þ χ2K0ΛÞÞ

n → pπ− χ2π−p 2qdqūðχ2K0Σ0 þ χ2K0ΛÞ q2ūðχ2K0Σ0 þ χ2K0ΛÞ
n → n−πþ 0 2quqd̄χ

2
KþΣ− q2

d̄
χ2KþΣ−

n → ΣK
n → ðΣ0;ΛÞK0 0 2qdqs̄ðχ2K0Σ0 þ χ2K0ΛÞ q2s̄ðχ2K0Σ0 þ χ2K0ΛÞ
n → Σ−K− χ2KþΣ− 2quqs̄χ2KþΣ− q2s̄χ

2
KþΣ−

n → Δπ
n → Δ0π0 0 3

6
ð2quqūχ2KþΣ�− þ 2qdqd̄χ

2
K0Σ�0Þ 3

6
ðq2ūχ2KþΣ�− þ q2

d̄
χ2K0Σ�0Þ

n → Δ0η 0 1
6
ð2quqūχ2KþΣ�− þ 2qdqd̄χ

2
K0Σ�0Þ 1

6
ðq2ūχ2KþΣ�− þ q2

d̄
χ2K0Σ�0Þ

n → Δ0η0 0 2
6
ð2quqūχ2KþΣ�− þ 2qdqd̄χ

2
K0Σ�0Þ 2

6
ðq2ūχ2KþΣ�− þ q2

d̄
χ2K0Σ�0Þ

n → Δþπ− χ2π−Δþ 2qdqūχ2K0Σ�0 q2ūχ
2
K0Σ�0

n → Δ−πþ χ2πþΔ− 2quqd̄χ
2
KþΣ�− q2

d̄
χ2KþΣ�−

n → Σ�K
n → Σ�0K0 0 2qdqs̄χ2K0Σ�0 q2s̄χ

2
K0Σ�0

n → Σ�−Kþ χ2KþΣ�− 2quqs̄χ2KþΣ�− q2s̄χ
2
KþΣ�−
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are model-independent predictions of chiral perturbation
theory. The leading source of uncertainty comes from the
higher-order terms in the expansion. We provide an
estimation of the uncertainty in these terms through
variation of the regulator parameter Λ over a wide range.

B. Analysis

The extrapolation to the physical regime requires that the
residual series coefficients a0ðΛÞ and a2ðΛÞ are constrained
by fitting to the finite-volume corrected lattice results

a0ðΛÞ þ a2ðΛÞm2
π ¼ βFVCv−v ðm2

πÞ −
X
M

βMB
v−vðm2

π;ΛÞ

−
X
M;B0

βMB0
v−v ðm2

π;ΛÞ; ð36Þ

where the regulator parameter Λ takes the value Λ ¼
0.80 GeV as discussed above. After the residual series
coefficients have been determined, the chiral expansion of
Eq. (27) can be used to calculate the magnetic polarizability
for any value for m2

π. Valence-sea and sea-sea loop integral
contributions are accounted for by using the chiral coef-
ficients for the “total” process. A physical extrapolation is
produced by setting mπ ¼ mphys

π ¼ 0.140 GeV.
The resulting chiral extrapolation for the proton predicts

a magnetic polarizability of βp ¼ 2.79ð22Þ × 10−4 fm3

where the numbers in parentheses represent the statistical
uncertainty. By considering the variation of the regulator
parameter over the broad range 0.6 GeV ≤ Λ ≤ 1.0 GeV a
systematic uncertainty associated with the higher-order
terms of the chiral expansion can be reported. Thus the
prediction for the magnetic polarizability of the proton at
the physical point is

βp ¼ 2.79ð22Þð þ13
−18Þ × 10−4 fm3:

Figure 15 highlights a comparison of the chiral extrapo-
lation prediction produced herein with a selection of recent
experimental measurements. Excellent agreement is seen
between the experimental measurements and the result
obtained herein. This highlights the utility of the quark
projection technique and partially quenched chiral effective
field theory used herein. It validates our understanding of
QCD behind their development and use.

The chiral expansion of Eq. (27) may also be used to
guide future lattice QCD calculations at a range of lattice
volumes by using the discretized sum forms of the
continuum integrals with either valence-valence or total
integral coefficients. Figure 16 shows finite-volume extrap-
olations of βp with total full QCD coefficients for a range of
lattice volumes, 3.0 fm ≤ Ls ≤ 7.0 fm and pion masses
with mπLs ≥ 2.4. Here the 7.0 fm result still differs from
the infinite-volume result by ∼4%.
The same process is used to predict the value for the

magnetic polarizability of the neutron at the physical point
to be

βn ¼ 2.06ð26Þð þ15
−20Þ × 104 fm3;

where the numbers in parentheses represent statistical and
systematic errors respectively. This value is in very good
agreement with the value obtained in our earlier work of
Ref. [17] where the U(1) Landau eigenmode projection

TABLE V. SU(3) flavor coupling coefficients for the chiral effective field theory analysis. The header row indicates the intermediate
baryon species in the meson-baryon loop dressing. Through conservation of quark flavor, one can identify the baryon which is being
dressed.

Σ� Δ Σ Λ N

χ2KþΣ�−
4
9
C2 χ2π−Δþ

4
9
C2 χ2KþΣ− 2ðD − FÞ2 χ2K0Λ

1
3
ðDþ 3FÞ2 χ2πþn 2ðDþ FÞ2

χ2K0Σ�0
2
9
C2 χ2πþΔ−

4
3
C2 χ2K0Σ0 ðD − FÞ2 χ2KþΛ

1
3
ðDþ 3FÞ2 χ2π−p 2ðDþ FÞ2

χ2K0Σ�þ
4
9
C2 χ2

πþΔ0
4
9
C2 χ2KþΣ0 ðD − FÞ2

χ2KþΣ�0
2
9
C2 χ2π−Δþþ

4
3
C2 χ2K0Σþ 2ðD − FÞ2

FIG. 15. The magnetic polarizability of the proton, βp, from the
chiral effective field analysis herein (χEFT Prediction). Lattice
results of this work, finite-volume corrected (FV Corr.) with total
QCD coefficients are compared with experimental measurements
via an infinite-volume (Inf. Vol) chiral extrapolation with total
QCD coefficients. The error bar at the physical point reflects
systematic and statistical uncertainties added in quadrature.
Experimental results from the PDG [9], McGovern et al. [10],
Beane et al. [48], Blanpied et al. [8], Olmos de León et al. [49],
MacGibbon et al. [7] and Pasquini et al. [6] are offset for clarity.
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technique was used with a chiral extrapolation to obtain
βn ¼ 2.05ð25Þð19Þ × 104 fm3. This agreement indicates
the success of both the SUð3Þ × Uð1Þ and U(1) eigenmode
quark projection techniques. Figure 17 presents a com-
parison of βn to recent experimental measurements where
good agreement is also observed.
In an identical manner to the proton, Fig. 18 presents

finite-volume extrapolations with full QCD coefficients as

a guide to future lattice QCD calculations. For both the
proton and neutron, the leading and next-to-leading non-
analytic terms of the chiral expansion give rise to a
significant enhancement of the magnetic polarizabilities.
In the case of the neutron, this chiral contribution reverses
the trend observed on the lattice. Nevertheless, the coef-
ficients of these nonanalytic terms are model independent
and well known. Figures 16 and 18 highlight the volume
dependence of these contributions and indicate a significant
challenge to directly observe these effects in future lattice
QCD calculations. Here we note that the infinite-volume
value for the neutron is greater than that of the Ls ¼ 7.0 fm
lattice by ∼6%.
As the lattice simulations are performed with only a

single lattice spacing, it is not possible to directly quantify
an uncertainty associated with taking the continuum limit.
The nonperturbatively improved clover fermion action used
herein has been shown [54,55] to display excellent scaling
behavior for hadron masses such that theOða2Þ corrections
are expected to be small relative to the uncertainties already
presented. Indeed Ref. [54] estimated a < 0.5% error at the
lattice spacing used in this study.
Our conservative estimates for the systematic error due

to the continuum limit extrapolation have a negligible effect
on the final error when added in quadrature.

C. Magnetic polarizability difference βp − βn
The difference between the magnetic polarizability of the

proton and the neutron can provide a test of Reggeon
dominance [56,57]. When Reggeon dominance is assumed,
the difference of magnetic polarizabilities can be predicted
using chiral perturbation theory techniques and Baldin sum
rules [53,56,58].

FIG. 16. Finite-volume (FV) extrapolations of βp with total full
QCD coefficients appropriate for fully dynamical background
field lattice QCD simulations. The infinite-volume case relevant
to experiment is also illustrated. Both finite-volume valence-
valence lattice QCD results (Lattice Points) and their finite-
volume (FV Corr.) total QCD corrected values are illustrated. The
Lattice Points are offset for clarity.

FIG. 17. The magnetic polarizability of the neutron, βn from
our chiral effective field analysis (χEFT Prediction). Lattice
results of this work, finite-volume corrected (FV Corr.) with
total QCD coefficients are compared with experimental mea-
surements via an infinite-volume (Inf. Vol) chiral extrapolation
with total QCD coefficients. The error bar at the physical point
reflects systematic and statistical uncertainties added in quad-
rature. Experimental results from Kossert et al. [50,51], the PDG
[9], Myers et al. [52] and Griesshammer et al. [53] are offset for
clarity.

FIG. 18. Finite-volume (FV) extrapolations of βn with total full
QCD coefficients appropriate for fully dynamical background
field lattice QCD simulations. The infinite-volume case relevant
to experiment is also illustrated. Both finite-volume valence-
valence lattice QCD results (Lattice Points) and their finite-
volume (FV Corr.) total QCD corrected values are illustrated. The
Lattice Points are offset for clarity.
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We calculate the correlated difference between the
magnetic polarizability of the proton and the neutron at
each quark mass and then extrapolate to the physical
regime using the formalism already discussed. In taking
the difference, u-d symmetry in the leading loop-integral
coefficients of the chiral expansion in full QCD cause the
contributions to cancel, leaving a simple linear extrapola-
tion of our infinite-volume and full QCD corrected lattice
results. The resulting prediction at the physical point is

βp − βn ¼ 0.80ð28Þð4Þ × 104 fm3;

where both statistical and systematic errors are indicated
respectively. The central value differs from the difference
between the extrapolated values discussed above due to the
removal of rounding errors at each stage of the calculation.
Figure 19 shows an extrapolation of all four lattice mass
results to the physical regime with comparison to the PDG
value [9] and a result derived using Reggeon domi-
nance [56].

VII. CONCLUSIONS

The magnetic polarizabilities of the proton and neutron
have been calculated using asymmetric operators at the
source and sink. Gauge-invariant Gaussian smearing at the
source encodes the dominant QCD dynamics while the
SUð3Þ × Uð1Þ eigenmode quark projection technique is
used at the sink to encapsulate the low-lying quark-level
Landau physics resulting from the presence of the uniform
magnetic field.

At the hadronic level, it is crucial to use a Landau wave
function projection onto the proton two-point correlation
function as the proton is charged and hence experiences
Landau-level physics in a uniform magnetic field. The
combination of these techniques has enabled constant
plateau fits to be found in the magnetic polarizability
energy shift of the proton for the first time.
Furthermore, using the QCD gauge-covariant SUð3Þ ×

Uð1Þ projection we were simultaneously able to produce
magnetic polarizability energy shifts corresponding to both
the neutron and proton ground states in a uniform back-
ground field. This represents a significant advance over the
previous gauge-fixed U(1) quark-level projection used to
study the neutron polarizability.
Connection with experimental results in the physical

regime was achieved through the use of heavy-baryon
chiral effective field theory and lattice QCD simulations at
several pion masses. The resulting theoretical prediction
for the magnetic polarizability of the proton is βp ¼
2.79ð22Þð þ13

−18Þ × 10−4 fm3 and βn ¼ 2.06ð26Þð þ15
−20Þ ×

10−4 fm3 for the neutron. These predictions are built upon
ab initio lattice QCD simulations using effective field
theory techniques to account for disconnected sea-quark-
loop contributions, the finite volume of the periodic lattice
and an extrapolation to the light quark masses of nature.
These theoretical predictions are in good agreement with
current experimental measurements and pose an interesting
challenge for increased experimental precision.
While we are necessarily in the confining phase of QCD,

due to the small B⃗ field strengths required for the
perturbative energy expansion, from the success of the
SUð3Þ × Uð1Þ eigenmode projected quark sink technique it
is clear that the external magnetic field has a significant
effect on the distribution of the quarks within the nucleon.
Our lattice results are electroquenched: they do not

directly incorporate the sea-quark-loop contributions from
the magnetic field. Future work would require a separate
Monte Carlo ensemble for each value of B considered and
as such is prohibitively expensive due to a loss of QCD
correlations. Another avenue that could be considered is to
investigate the relativistic corrections to the energy-field
expansion of Eq. (1). Here, improvements in lattice
precision will be required in order to successfully fit the
energies (EþM) and construct the relativistic energy shift.
It will be particularly interesting to extend this work to

the case of hyperons. There the increased mass of the
strange quark will illustrate differences between Σþ and p
or Ξ0 and n polarizabilities and give first insights into the
environment sensitivity of quark-sector contributions to
baryon magnetic polarizabilities.
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