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Abstract: An analytical model for lightweight cemented backfill is presented. The model
integrates elastic-brittle and elastic-plastic components, replicating responses of low-density
materials and cementation that are present in backfills. The model uses a semi-implicit
algorithm to iterate stress—strain solutions, and the universal shear contraction. The model was

validated on a lightweight cemented backfill containing expanded polystyrene beads.
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1. Introduction

Cemented backfills with low-density inclusions have been recognized as valuable substitutes
for compacted soils [1-7]. These backfills offer favorable properties (e.g., lighter weight and
improved ductility) that compacted soils rarely exhibit. Due to cement inclusions, the backfills
are brittle and behave like a soft rock or hard soil [8, 9]. The low-density inclusions are
compressible, enabling material ductility. The brittle—ductile nature complicates infrastructure
design and performance optimization. Neglecting it does not acknowledge the material nature
and will under- or overdesign infrastructures that involve the backfills. A better solution is to
consider, from material modeling perspective, the effects arising from material cementation

and ductility.

Cementation affects yield surface. Gens and Nova [10] suggested to enlarge the yield surface
of the base soil. This approach was redeveloped by Rahimi ez al. [11] who upscaled the yield
locus without changing its shape. The approaches are valid where the cementation governs the
behavior [12]. Stress—strain relationships are also affected, mainly due to the presence of
inclusions. The inclusions such as expanded polystyrene (EPS) beads or rubber particles are
lightweight but compressible. In these settings, the backfills contract noticeably when sheared,
as opposed to shear dilation or light contract occurred to non-inclusion backfills. The impact
on shear behavior has been recognized in [5]. Similar modeling challenges were reported in
[13-16] which likewise applied compressible inclusions to materials. To these ends, the

material ductility should be considered by developing more advanced modelling work.



45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

2. Model Development

2.1 Conception

A cemented material, if loaded, exhibits two components of strength: cementation bonds and
granular frictions. The cementation is progressively damaged during loading; the material turns
gradually into an assembly of granular material. In this context, the bonds and frictions share,
in changing ratios, the loads. When the bonds diminish, the frictions, as of usual granular
materials, continue to withstand the load until the material reaches failure. We calibrated the
bond—friction relationship using a hybrid model, i.e., an elasto-brittle body for the pre-
breakage, and an elasto-plastic body post the breakage. Specifically, at the early stage of
loading, the material withstands the loads mainly through the elasto-brittle body. The elasto-

plastic body comes into effect when the cementation breakage occurs.

As in [17], the elastic, brittle and plastic behaviors are represented respectively by a set of
mechanical elements, i.e., a spring, a bonded bar and a slider as shown in Figure 1. The
corresponding moduli are elastic modulus, K, yield strength, f,, and break strength, ¢g,. The
elasto-brittle body is represented by a spring and a bonded bar connected in series; and the
elasto-plastic body by a spring and a slider in series, as show in Figure 2. The two bodies are
paired in parallel to share the load, P. The share ratio is stress-dependent and is determined as

a function of cementation breakage.



P P P

3

Spring Slider Bond

K fy g,

P P P

(a) (b) (c)
Figure 1 Diagrams of mechanic elements defined to simulate (a) elastic, (b) plastic and (c)

brittle behaviors of material.
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P
Figure 2 Diagram of a parallel unit defined to represent concurrent elasto-brittle and elasto-
plastic responses of material.
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2.2 Model Details

The model assumes slowly compressed stress conditions and perfectly drained conditions, thus
enabling the total stress analysis. The model defines a set of stress and strain parameters in

drained. The mean stress, p, and the deviatoric stress, ¢, are expressed as:

1

P=§(01+02+03) (1)
1

q= ﬁ((dl — )% + (0, — 03)* + (05 — 01)%) ()

where o1, 02 and o3 are the major, intermediate and minor principal stresses, respectively. In a
standard triaxial stress space, o2 = 03. The corresponding volumetric strain increment, 8gv ,and
shear strain increment, ags , respectively are:

0g, = 0&, +20, €)

be. 2(0¢, - 0sy)

=2 @

where &€, and &; are the major and minor principal strains, respectively.

The stresses, p and ¢, and strain, &, are shared by the elasto-brittle body and the elasto-plastic
body as in Figure 2. In terms of homogenization method [18], the load sharing can be

formulated as:

p=(1-b)p, +bp, (5)
q:(l_b)% +bg, (6)
ETE7¢E (7)

nn nn

where, subscripts "1" and ">" apply to the elasto-brittle and elasto-plastic bodies respectively,

and b is the cementation breakage ratio and represents the volume fraction of the elasto-plastic
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body. The value b falls in the range of 0 to 1. Egs. (5) and (6) can be rewritten into

corresponding incremental forms as:
8p=(l—b)apl+b8p2+(p2—pl)ab (8)

0q =(1-b) g, +bdq, +(g, —q,) b 9)
Egs. (8) and (9) suggest that p and ¢ stress increments comprise three components: the stress

increment of elasto-brittle body, the stress increment of elasto-plastic body, and the stress

increment due to the cementation breakage. The three components are determined separately.

2.2.1 Stress increments of elasto-brittle body

The stress increments of elastic-brittle body can be determined in terms of Hooke’s law, as:
=K, (10)
0q, =3G0¢, (11)

where K is the material bulk modulus and is determined as the slope of line tangential to the

stress—strain curve obtained in an isotropic compression test, G is the shear modulus and is the

slope of line tangential to the stress—strain curve obtained in a triaxial test, and &, and & are the

volumetric strain and shear strain respectively and determined from the elasto-plastic body.

2.2.2 Stress increments of elasto-plastic body
The stress increments of elasto-plastic body are determined in terms of model MCC [19]. This
model has been widely used to simulate elasto-plastic behavior of soil and other geomaterials.

As per [19], important forms are adopted in this section.

The volumetric and shear strains, &, and &, consist of elastic and plastic components, and the

incremental forms are expressed as
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— € P
O¢, =0¢. +0¢! (12)
— € P
Oc, =0&: +0¢! (13)
where, O, and O&; are the elastic components of volumetric and shear strains, respectively,

0’ and O&’ are the corresponding plastic components. The elastic components alone occur

if the stress states for the elasto-plastic body sit inside the yield surface. Otherwise, yielding

(or hardening) occurs. In the elastic stage, MCC defines the following stress—strain

relationships:
op, = m(agv ~oe?) (14)
K
9(1—21/) (1+e)p2
aq, = oe. —o¢g’
QZ 2(1+V) ( K ( gs gs) (15)

where, e is the void ratio, x is the slope of the swelling line, and v is the Poisson’s ratio.

MCC uses an elliptical yield locus, as in Figure 3. The yield surface is expressed as:
fle.p)=a,"+Mp,’—M’p,p, (16)

where M is the aspect ratio of the ellipse and determined as the slope of the critical state line
(CSL); size of the locus, po, is the tip stress and is defined as the hardening parameter for the
model. For general soils, MCC assumes an associated flow so that the plastic potential function
uses the same form as the yield surface. However, as per [20], the plastic potential function
causes discrepancy in plastic shear strain for cemented soils. To consider this, we adapted the
associated flow into a non-associated one. In this sense, the plastic potential function is

expressed as:

9(0) = g2 + a*(p2* — pp?) (17)
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where QU is the parameter used to determine the shape of the plastic potential, and p, is the
parameter for plastic potential scale. Both parameters are determined in terms of stress—strain
curves and varied with the material ingredients in particular the cement content. Eq. (17) is
presented in Figure 3. The form offers flexibility in shape and location and is applicable to

greater varieties of stress—strain relationships. It is noteworthy that the setting of Ot = M and

P, =+/P,p, simplifies the potential function into the yield locus.

Y icld Surface
= == = Plastic Potential

Figure 3 The non-associated flow in which the plastic potential curve is separate to the yield

surface locus.

As an example, point Y in Figure 3 sits on the yield surface. Applying the hardening rule, the

plastic strain increment vector, d¢”, develops at a direction normal to the plastic potential

locus. The plastic strain includes two components: the plastic volumetric strain, d¢”, and the
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plastic shear strain, d¢”, which develop in parallel to the p- and g-axes respectively. Based on

the rule of normality, 0¢” and Og! can be expressed as:

ag
0P = 99 —=— 1
&v ap, (18)
ag
0eP = 09 — 1
& 94, (19)

where, 00 is a scalar multiplier and is determined in terms of the hardening trialed for the

material of interest; the other two terms are expressed as

ag

— =2a?

ap, P2 (20)

dag

—=2 21

94, az (21
Combining Egs. (18)—(21) yields:

def 1

=— 22
0P a? 22)

where the stress ratio 7=g,/p, . Similarly, the strain vectors at other locations on the yield

locus are presented in Figure 4. Interestingly the vector directions suggest that shear contraction

occurs throughout the shear process where 77 # 0. The shear contraction suits the results in [5].

10
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P2
139
140
141  Figure 4 Normality of plastic strain increment vectors to yield locus.
142
143 The consistency equation for the yield surface Eq. (16) is expressed as:
o of o
——0p, +——0q,+——0p, =0
ap, v aq, * P, P @3)
144 where
of
— = 2M?p, — M? 24
apz D2 Po ( )
af (25)
EP 24>
a:
af (26)
— = —-M?
ap0 b2

145  Provided that the hardening rule, or the tip stress po, is dependent on the increments of plastic
146  volumetric strain and plastic shear strain, the change of the yield locus is linked to the changes

147  of both plastic volumetric strain and plastic shear strain, and thus is expressed as:
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op op
Op, =22 9g? + L0 pg?
pO agp gv aé‘p gs (27)

v N

where O¢? and O¢! are provided in Eqgs. (18)—(19). Substituting Egs. (24)—(27) into Eq. (23),

the scalar multiplier 96 is obtained as:

2L op, + 5L 04,
90 = — P2 az
(28)
Of (9P 99 | 9po 99
dpo\oel Op ~ 0el 0q
Substituting Eq. (28) into Egs. (18) and (19), we have
of og o 0g
F«%’” } _ -1 dp, p, 0, Op, {5192} 09)
cl] | of | op 22 0p Og ||| D G I G |l%;
dp, | 0’ dp, 0e’ oq, ||| Op, Oq, Oq, Oq,
where, from the isotropic compression, we have
dpo (1 +e)po
P — 39)
9o _ (31)
oeg

Substituting Egs. (20), (21), (30) and (31) to Eq. (29), yields the plastic strain increments:

e e Ry N

oe?’ (1+e)p2(M2+772)(a2) 77(M2—772) 2n° |04,

where A is the slope of the CSL in v—Inp plane.

2.2.3 Cementation breakage
The cementation breakage is defined by the breakage ratio . As per [21], Weibull distribution

is used to approximate b as:

bzl_ef(‘gd)z (33)

12
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where ¢, is the virtual damage strain and used as a measure of cementation breakage. As per

[22], the damage strain is a function of volumetric and shear strains, and is expressed as

gq =+ &2% + &2 (34)

The differential form for b can be expressed as:

ob

2
80

_ ob (agd o, + s, agsj = Ze_(?"] (Lj(é‘vagv +85883) (35)
o€ oe

v N

og,

where & is a strain constant and expressed as:

o= @ ()

where p. is mean yield stress, and g. is deviatoric yield stress.

3. Model Implementation

The model is implemented to computer simulation. The key step is to develop a closed-form
algorithm for the stress and strain increments. The algorithm can be developed in an explicit,
implicit or combined form. The explicit form is time-forwarded and straight to implement, but
as per [23] is vulnerable to yield incompliance. This concern can be corrected by running a trial
in the implicit solution; the solutions however involve iterations which adds to computation
cost. As per [24], we adopted a semi-implicit scheme, called the backward Euler return
algorithm. This algorithm uses the first order of Taylor series of the yield equation and offers

simplicity and efficiency.

The semi-implicit algorithm is illustrated in Figure 5. Point X that is in an elastic state
represents the current stress. Point Y is trialed at a location beyond the current yield surface
(i.e., /> 0). Stress path X7 is virtually elastic. In terms of the constitutive relationships in Egs.

(14)—(15), stress increments XY are calculated as:

13
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1+ e)p,*
ap, Y = %agv (37)

b's
90, = 92((11—+ ZVV)) ((1 + :)Pz > oc. (38)
The stresses at Y are updated as:
p2"=p* +0p (39)
q:" = ¢ +dq"" (40)
Fitting the updated stresses to the yield surface as in Eq. (16), gives
fr=7rw" 42" (41)
The first order of Taylor series of Eq. (41) is expressed as
fzfy+aa_;czapz +§_(;Za‘b +aa_;coapo (42)
Applying the flow rule Egs. (18) and (19) to Eq. (42), we have
Fofr ((1 + o)) (M* —n*) g 9(1 —2v) ((1 + Q)ZPZYCIZY> 99
K op, 2(1+v) K 0q,
(43)

1+e)(,")*(M? +1?) a
+( e)(p;")*(M* +n*) dg 3
A—k dap,

On stress path XY, applying yielding condition /= 0 to Eq. (43) gives rise to yield location point
Z. Considering Eq. (28), the scalar multiplier d6 is obtained as:

060

fY
(2062(1 +e)(p")°(M2 —n?)  9(1 — 2v) ((1 + e)4pzy(q2Y)2> 4 202+ e)(p,")* (M2 + n2)>
K 2(1+v) K A—k

Substituting Eq. (44) back to Egs. (18) and (19), stress increments YZ are expressed as

20°(1+ e 2
apzyz — _ ( - )(sz) 69 (45)

(46)

9q,7% = 9(1 — 2v) (2(1 + e)p, Vq2’> 20

__2(1+v) K

14
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The negative values agree with the stresses overestimated for the trial and should be deducted
to attain stress state at location Z. The stress increments are updated as:
dp, = 0p,™ + dp,"* (47)
dq, = g™ + 0q,"* (48)
Substituting Egs. (47) and (48) to the total stress incremental forms in Egs. (8) and (9), the total
stress increments become:
dp = (1 — b)K,de, + bdp,™ + bdp,"? + ab(p,* — p,*) (49)
dq = 3(1 — b)G,0¢&s + bdq, " + bdq, % + 0b(q% — ¢, %) (50)

It is noteworthy that point Z may not lie on the new yield surface, i.e., f ( P4, ) #0. The

algorithm can be improved by dividing the strain increment into » sub-increments, at locations
Y1, Ya,..., Va1, and by applying the stress-return algorithm to each sub-increment. By applying
the semi-implicit algorithm to each single sub-increment, the stresses at point Z as in Egs. (47)
and (48) are determined as:

0p2 = 0p™ + 0p," 2 + 0p, ™25 + - + Op, "t + Op,rar” (1)

0q, = 0q,™ + 0g,"1"2 + 0g, 1213 + --- 4+ 0g,n'n+1 4 g, Tn+1Z (52)

15
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~.Y (Trial point)

ap. ™ 9q,™ Y

£=0: current yield surface
of elastic-plastic body

Figure 5 Schematic of the semi-implicit scheme where point X is in the elastic state, point Y is

beyond the yield surface; from points X and Y point Z on the yield surface is determined.

4. Model Verification

The model was verified in a laboratory test. Triaxial tests were conducted on cemented backfills
that comprised waste foundry sand, EPS beads class-F fly ash, cement and water, with
ingredients dosage provided in Table 1. The EPS beads are compressible, but super-lightweight
enabling weight reduction by up to 36% depending on the dosages [5, 25]. The test samples
are shown in Figure 6. Further sample details, including dosage, physical properties and

mechanical behavior, are provided in [1, 5].

16



206

207  Figure 6 Cemented EPS backfill samples: (a) before triaxal test, (b) after triaxal test, with the

208  white color EPS beads incorporated in the waste foundry sand base material.
209

210  Table 1 Dosage of cemented EPS-backfill sample used for triaxial tests.

Ingredient Dosage
Cement (kg/m?) 50
Fly ash (kg/m?) 448.5

Foundry sand (kg/m?) 500
EPS bead (kg/m?) 421
Water (kg/m?) 280

211

212 The samples were subjected to isotropic tests and consolidated drained (CD) triaxial tests
213 respectively. In the CD tests, three confinements were used: 100, 200 and 300 kPa. The test
214  procedure and results were provided in [5]. The model input parameters that were obtained
215  from the tests are provided in Table 2. The model parameters are applied to the model and
216  algorithm that have been developed for the material, thus enabling simulation of stress—strain
217  relationships.

218

219
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Table 2 Model parameters for cemented EPS backfill samples.

Parameter Value
Mean yield stress, pc = po (kPa) 79.6
Deviatoric yield stress, ¢g. (kPa) 324.8
Bulk modulus, Ki (MPa) 6.3
Shear modulus, G1 (MPa) 3.5
Slope of CSL in p—¢ plane, M 1.11
Slope of CSL in v—Inp plane, A 0.04
Slope of swelling line, x 0.003
Initial void ratio, e 0.89
Plastic potential parameter, « 0.60
Plastic potential parameter, p, 50

The stress—strain relationships are provided in Figure 7. The results include the deviator stress,
volumetric strain and axial strain obtained from the tests, and simulations obtained from MCC
model and the model developed in this study. Better agreement between the test and current
model simulation results is attained. The agreement applies to the initial linear, mid-stage
yielding and late-stage plastic sections of the stress—strain curves, for the three confinements
acted on the samples. Specifically, the elastic-brittle body replicates material stiffening
initially; the stiffness is held up until cementation breakage evolves; and the breakage evolves
at a ratio which gauges trajectory at mid- to late stages. More importantly, the proposed plastic
potential enables capturing shear contraction more appropriately than MCC model does in all
three tests. A better simulation of volumetric strains is obtained from applying the non-associated flow

rule which allows the volumetric strain to continue evolving after the material has reaches the critical

state. In contrast, the volumetric strain becomes constant at critical state if MCC model is used. These

18
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advantages corroborate the development of the modified flow rule and verifies the capability
of the model in approximating ductile behavior of EPS-based backfills. Small discrepancy
occurs to the deviatoric stresses obtained at relatively high axial strain stage (e.g., 5% or above)
under the relatively high confinements (e.g., 200 kPa or above). Albeit the discrepancy, the
current model captures trends of shear behavior, in particularly, at the early- to mid-stages and

can be used to predict mechanical responses of the material.

600 1 O  Test results

500 + T MCC simulations
—— Current model simulations
400 +
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(c)
Figure 7: Deviatoric stress, volumetric strain and axial strain results obtained for cemented
EPS backfill samples that are subjected to triaxial tests under confinements: (a) 100 kPa, (b)

200 kPa and (c) 300 kPa.

To gain further insight into the model, the stress paths in p—¢ plane are provided in Figure 8.
The figure includes two sets of stress path graphs. Figure 8(a) presents the overall stresses acted
on the entire samples, i.e., the stresses taken by the combination of elasto-brittle and elasto-
plastic bodies. Figure 8(b) shows the component stresses that are withstood by the elasto-plastic
body alone. Due to the object difference, the overall stress paths follow the Aq/Ap=3 lines as
for the drained triaxial tests; the component stress paths for the elasto-plastic body, which
nominally represents part of the sample, do not develop at the Aq/Ap=3 gradient, but are curvy
and confinement dependent, reflecting nonlinearity of cementation breakage. Highlights are: 1)
the overall and the component stress paths approach the CSL, suggesting breakage completion
and take-over of the elasto-plastic body at the end; and ii) elasto-plastic body takes over earlier

under 300 kPa confinement than 200 or 100 kPa.
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Figure 8: Stress paths for: (a) the combination of the elasto-brittle and elasto-plastic bodies;

(b) the elasto-plastic body alone.

5. Conclusions

An analytical model that was developed for cemented backfills is presented. The model
considers the combined elastic, plastic and brittle behaviors of the material. The collective
behavior is approximated by using an elasto-brittle body and an elasto-plastic body in parallel,
thus enabling simulation of progressive breakage of cementation structure. The model uses a
non-associated flow rule to assess hardening. This non-associated flow rule allows for greater
flexibility in reproducing material stress—strain relationships. The model introduces a semi-
implicit form for the time step and determines the stress increments more preciously. The above
formulation enables the model to simulate complex shear behavior, including ductility and
contraction, for materials containing compressible inclusions. The model was verified on a

lightweight cemented backfill that incorporated expanded polyethylene beads.
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283  Notations

284 b breakage ratio

285 e void ratio

286 f yield locus

287  fy yield strength

288 g plastic potential locus

289 Gy shear modulus

290 Ki bulk modulus

291 M slope of CSL in p—¢q plane

292 p mean stress
293 po tip stress hardening parameter
294 i mean stress shared by elasto—brittle body

295  p mean stress shared by elasto—plastic body

296  pe mean yield stress

297  pp parameter used to define magnitude of plastic potential
298 ¢ deviatoric stress
299  q1 deviatoric stress shared by elasto-brittle body

300 ¢» deviatoric stress shared by elasto-plastic body
301 g. deviatoric yield stress

302 qu break strength

303 ¢ time step
304 « parameter used to determine shape of plastic potential
305 O major principal stress
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306 O minor principal stress

307 ¢ strain
308 & strain constant
309 & strain of elasto-brittle body

310 & strain of elasto-plastic body

311 &, virtual damage strain

312 ¢ shear strain

313 &, volumetric strain

314 &, elastic components of shear strain

315 &  elastic component of volumetric strain
316 & plastic components of shear strain

317 & plastic component of volumetric strain

318 A4 slope of CSL

319 « slope of swelling line

320 v Poisson’s ratio

321 g stress ratio of g2/p>

322 06 scalar multiplier
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