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SYNOPSIS

The thesis deals with optimisation of vehicle suspensions based on

integral square values of system response as the performance criteria

for comparison.

integral square values are calculated for step input excitation which
is shown to be equivalent to random velocity input to road wheels of
constant power spectral density, closely approximating the spectra of

a typical road surface.

The integral square values are calculated by application of Laplace

Transformation and Parseval's Theorem.

The concept of performance index is introduced as a measure of suspen-
sion quality, and is defined as the weighted sum of selected integral

square values which best characterise the system.

Further it is shown that the integral square values and the performance
index due to random road input can also be calculated by application of
state variable theory in conjunction with co-variance matrix and

solution of the LYAPUNOV Equation. The results are compared, and found

to be identical.

Most of the analytical work is based on a simple 4-car model and closed
form solutions are established for integral square values. The analysis
is extended to }-car model with a time-delay between front and rear
inputs, but the analysis for the general case (coupling ratio # 1.0)
breaks down owing to its complexity, and ACSL digital simulation
language is used to calculate the integral square response for different

values of suspension parameters.

Also the state variable analysis with covariance matrix and LYAPUNOV
equation are extended to calculation of integral square values and
performance indices of a I-car model, using the digital computer to

calculate numerical results.



The role of the performance index as the criterion of suspension
'quality' is critically examined, with the conclusion that the perform-
ance index is a useful concept in a computer minimisation process,

but is not an absolute measure of system quality in case of road
vehicles, hence direct comparison of suspensions on the basis of the

performance index alone is strictly not valid.

The simulation on the analogue computer is also conducted with the view
to obtaining a large amount of response data with different values of

suspension parameters in a shortest possible time.

The general impression is, however, that the accuracy and repeatability
of the analogue machine is not adequate for establishing the points of
minima for integral square responses owing to the flatness of the
response characteristics. The characteristics are so shallow that
statistical processing of analogue computer results is necessary if

the uncertainties involved are to be reduced to acceptable level for

meaningful results.

Finally different optimisation criteria are compared, with the conclusion
that there cannot be an absolute optimum since the final choice and
judgement regarding the overall ''quality"! of a suspension will still
remain in the subjective realm of a particular designer, but within

relatively narrow limits of parameter values.
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NOMENCLATURE

Closed-loop matrix

System matrix

Distance of c.g. from front axlie
Constant coefficient matrices
Front and fear damping rates
Distance of c.g. from rear axle
Column vectors, partitioned from B
Road roughness parameter (= 2m6)

Time delay (=L/V) between the disturbance inputs to
front and rear wheels

Expectation or ensemble average

Feedback matrix

Gravitational acceleration

Performance index

Half the body pitching moment of inertia about the c.g.
Overall static stiffness of suspension measured at the
c.g-

Front and rear tyre radial rates

Front and rear suspension spring rates

Length of wheelbase (=a+b)

Half the total body mass

Unsprung masses at front and rear

Equivalent dynamic body masses supported by front and
rear suspensions

exponent

Symmetric matrix function

Constant matrix

Constant weighting matrix
Weighting factors

Inertia coupling ratio (=r?/ab)
Symmetric matrix

Constant weighting matrix

Body pitch radius of gyration about c.g.
Laplace transform complex variable
Power spectral density

Time, sec.

Control force vector

Vehicle speed m/s

Covariance matrix of disturbance vector w



W1, W3

X1, X1P
X2, X2P
X0, XopP

Y1 to yu

8(t)
v(t)

P1,P2
T,T'
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NOMENCLATURE

Disturbance input vector
Elements of w

Vertical displacement of body c.g. from static
equilibrium position

State vector

Vertical displacements of front and rear unsprung masses
Vertical displacements of front and rear sprung masses
Road input displacements at front and rear contact points
Vertical displacements

Time scale factor

Wave number or spatial frequency cycles/m

DIRAC delta function

Scalar white noise

Performance index

Weighting factors

Time delay, also dummy integration variable for time
State transition matrix

Frequency, rad./s.
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OPTIMISATION OF ROAD VEHICLE SUSPENSION SYSTEMS ;
BY APPLICATION OF DIGITAL AND ANALOGUE COMPUTERS i\ )"

1. INTRODUCTION

In recent years a large number of papers have been published
dealing with the response of road vehicles to road surface inputs, and
the associated performance criteria such as the ride comfort, road

holding ability, maximum wheel travel relative to vehicle body etc.

A comprehensive list of relevant references has been provided

in the appendix which give closer information regarding various aspects

of performance criteria.

Much of the theoretical work is associated with the analysis of
passive and active suspension systems with a view to optimising dynamic
response of the vehicle, the response criteria being based on various

practical considerations or on national and international performance

standards.

Road surface irregularity is a random process with power spectral
density expressed in terms of spatial frequency, consequently dynamic
response is usually obtained from the output spectral density using

input-output transfer function techniques.

Mean square values of response can be obtained from the output
spectral densities by integration which can be carried out analytically

for simple transfer functions, or numerically for more complex systems.

The method tends to be cumbersome since it inherently involves

a lot of complex algebra and can be quite tedious and prone to acciden-

tal errors.

Hence, other methods of analysis have been investigated, and are

being used to obtain the same end results, sometimes more elegantly.

The analysis in s-domain using Laplace transformation in con-
junction with Parseval's Theorem is very neat, enabling one to calculate
the mean square responses for simple systems directly for a random road

profile having a particular power spectrum density, but will become



rather forbidding for more complex systems, especially if the time delay

is involved in input excitation as it is usually the case for successive

sets of road wheels.

In several recent papers (8, 16, 17, 23), a method of analysis
based on differential equations involving co-variance matrix in conjunc-
tion with state variable theory is proposed for evaluating dynamic
responses, but even this latest development has its limitations when

applied to passive systems.

The method originates from the studies in the control system
theory, and involves the solution of Lyapunov matrix equations which in
itself can be a formidable task for large systems. The method can be
extendeﬁ to handle time delayed inputs caused by successive wheels of a

road vehicle.
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2. PERFORMANCE CRITERIA

Introduction

A clearly defined performance criterion is always an essential

basis and starting point for any optimisation process irrespective
of the actual method of optimisation. There cannot be really any
optimisation without a well defined performance criteria, i.e. the

desired system output to a specified input.

In case of a road vehicle the more significant output parameters

are:-

1) Ride comfort of the driver and passenger as influenced by
translational and rotational acceleration components. A
general translational and rotational acceleration vector
will be present, but only the components most significant

to ride comfort are usually considered.

2) Vehicle road holding characteristics which usually are
related to the minimum contact force between the tyre and

the road surface, i.e. directly related to dynamic tyre

deflection.

3) Maximum practical wheel travel, i.e. relative displacement
of wheel suspension. Several practical considerations set

a limit for the maximum wheel travel.

The performance criteria as listed above can be analysed individ-
ually, and then the system parameters selected to provide the
desired output. Unfortunately, most of the performance criteria
are interrelated in such a way that a change in one parameter may
result changes in other performance characteristics, often in
opposition to the desired effect. On the other hand, a quantity
known as the performance index could be formulated for the whole
system under investigation. The performance index will involve
all the significant features of response, and suspension paramet-
ers could be adjusted in order to minimise the performance index

so as to ensure the desired overall performance.

A computer optimisation routine can be employed, usually involving

two dimensional search, and by adjusting the system parameters a



minimum performance index and corresponding system parameters can
be established. The method, in principle, is simple and straight-

forward, but has some doubtful areas in practice.

The major shortcoming of the method when applied to a road vehicle
is that there are no precisely defined performance standards. In

case of a road vehicle the performance criteria is the system out-
put which is directly related to system input such as road rough-

ness and vehicle speed. In order to define the standards for the

output it also is necessary to define the standards for the input

as it cannot be expected that the desirable ride comfort level

could be maintained at any arbituary vehicle speed and road rough-

ness.

In order to appreciate all the implications associated with optim-
isation, the quantity defined as the performance index for a
vehicle will be examined in detail. Refs. 64 and 65 discuss the

selection principles of such an index at length.

The performance index is the sum of weighted mean square values of
various responses considered important in defining the performance

criteria for the system.

For a typical vehicle suspension the performance index is usually

defined as:-

_ 2. - 2 2
where ¢ 62 and 8 are the mean square values of dynamic tyre
1 3
deflection, relative wheel travel and body acceleration respectiv-

ely, and q9,» 9, and p are the corresponding weighting factors.

Without loss of generality one of the weighting factors can be
taken as unity, and the other two varied to emphasize one or the

other aspect of suspension performance.

The mean square values appearing in the performance index can be
obtained by one of the several methods such as Laplace transform-
ation, integration of output spectral density function, application

of co-variance matrix analysis, digital computer simulation or



analogue computer simulation.

Constraints can be imposed on the response, and if the constraints
are violated, i.e. the limits of set performance criteria exceeded,

. . . . ] '
the respective weighting factors can be increased until the perfor-

mance criteria are met.

Refs. 64 and 65 list a number of FORTRAN algorithms for constrained

and unconstrained optimisation.

In a broad outline, the principal procedure is to select p, q, and
q,> and then minimise the performance index by varying the suspen-
sion parameters. The response is then calculated with the parame-
ters as obtained in minimisation process, and compared with desired
performance. |f for example the acceleration criterion is not met,
weighting factor p is increased and minimisation process repeated
until the acceleration meets the set limits. Finally q can be ad-
justed to satisfy the road holding criteria if g, is taken equal to
unity. But acceleration limits may be violated in the latter proc-

ess, hence a continuous verification of vehicle response is essent-

ial.

Thus the weighting factors p and q, can be varied to produce a soft
ride with a correspondingly large suspension deflection or a stiff
ride with considerably reduced deflections. It is a process of

trading off one against the other.

The difficulty with any suspension optimisation problem is that all
criteria are relative and the selection of weighting parameters is

somewhat arbitrary, depending on individual judgement.

An optimal system is one which minimises the selected performance
index. It should be realized, however, that a system would not be
optimal under any other performance index, e.g. the vehicle susp-
ension would no longer be optimal if the tyre pressure varies from
the selected design value, or the mass distribution of the vehicle
varies with the passenger load and luggage. Hence the trends,

rather than the points on the plane become significant.
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A method of optimisation which would show trends rather than the
spot values would be more useful in a situation where several
other significant parameters are known to vary as well., It is
known that for a given wheel load and tyre pressure the stiffness
of a commercial tyre can vary nearly +20% about the nominal value.
Also dynamic stiffness of tyres decreases sharply as soon as the
tyre is rolling. Attempts have been made to determine the relat-
ionship between static and dynamic stiffness of tyres but no gen-

eral conclusions have been reached.

Ride Comfort

Probably the most important aspect from the point of view of road

vehicle performance is the ride comfort. This aspect has attract-
ed considerable amount of attention in the past, and a large amount
of research has been devoted to it over a number of years. There
is an extensive amount of literature available dealing with this
type of research over the past few decades, but there is no agree-
ment between the various research workers as to what are the limit-
ations and how to really measure and evaluate the ride comfort on

a quantitative basis since the whole aspect of ride comfort is too

subjective.

It is not the intention here to list all relevant papers dealing
with the topic, but to refer the interested reader to ref. (25)
which gives an extensive literature survey dealing with human sens-
itivity to vibration. The results of various experiments suggest
that the subjective response of an individual to an imposed vibra-
tion depends not only on the mechanical impedance of the human

body, but also on a number of psychiological and environmental

factors.

|t has also been established that human sensitivity to vibration
is not only a function of velocity and acceleration amplitudes and
frequencies but also depends on the character of motion (translat-

jon, rotation), direction of motion (horizontal, vertical) and dur-

ation of exposure to vibration.

There are currently three basic concepts in use which have been

proposed for describing the ride comfort criteria:-



1) The concept of a ride index (26, 27)

2) The concept of vibratory power absorbed by human
body (12, 28, 29)

3) Power Spectral Density envelope (30, 31, 32)

Ride indices are numerical evaluations of human response to comb-
inations of acceleration and velocity amplitudes over a range of

exciting frequencies.

Fundamental research in this area was conducted mainly by Janeway,

and the principles were extended to 1.5.0. standards.

The comfort limits as established by Janeway are shown in Fig. 2-1
while the 1.5.0 graphs defining the limits exposure as function of

time are shown in Figs. 2-2, 2-3 and 2-4.
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The tolerance curves shown were obtained by exposing test subjects
to various vibration amplitudes and frequencies and asking them to
describe the ride sensation in terms such as uncomfortable, dist-
urbing, objectionable, fatigueing and intolerable. One basic short-
coming of establishing a ride index by these means is the imprecise

definition used to describe the acceptable limit of vibration.

This, however, can never be avoided in any subjective assessment

of the ride quality of a vehicle.

The second shortcoming is that the research workers have used mainly
sinusoidal vibrations in the laboratory to establish the comfort
criteria. Since the road surfaces are random profiles, the passen-
gers are subjected to random vibration, but it is difficult to cor-

relate sinusoidal and random vibration criteria for meaningful end

resul ts.

To overcome the trend of placing a heavy emphasis on subjective
tests for the evaluation of comfort criteria, and avoiding the
short-comings mentioned regarding the ride index concept, Pradko
and Lee (28) introduced the concept of "absorbed power''. They
proposed the idea that the rate of flow of energy becomes the par-
ameter that characterises the interaction of vibrating human body
and the environment. The energy flow is a function of complex mob-

ility (or mechanical impedance) of human anatomy.

when vibrational forces distort the elastic body, dimensional
changes take place, producing reactions that tend to restore the
body to the original position, and the work done in the process
balances the applied load. Consequently the elasticity of the
body produces restoring forces that are related to the displace-
ment. The vibratory motion continues until the energy imparted

is dissipated on internal damping.

The energy flow rate is the labsorbed power'', defined as

AP = Zim ;— £T flt)v(t)dt

T »
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In tests a limiting value of 290 watts of absorbed power was estab-
lished as the tolerance limit, and the constant power curve was
fitted to sinusoidal as well as random vibration curves. The res-
ults indicated that the 'sbsorbed power' displayed the same chara-

cteristics as the subjective judgement criteria.

Since the "absorbed power'' is an energy flow rate determined by the
elastic properties of human anatomy, it is possible to measure the
variation of this parameter for different people having different

seating arrangements.

Usually the average ''absorbed power' is computed as a weighted int-
egral of the acceleration spectral density where the weighting fun-
ction is the squared magnitude of mechanical impedance of the human
body at the boundary between the body and the medium imposing the

motion where the acceleration is measured.

in the power spectral density concept of ride comfort, the acceler-
ation spectrum is broken into different frequency bands. A correl-
ation of the square of acceleration in each band with subjective
response to vibration will then give a meaningful and useful ride
criterion. A good example of this is given in ref. (20) relating

to Urban Tracked Air Cushion Vehicle Specification.

The International Standard Organisation's ''Guide for the Evaluation
of Human Exposure to Whole-Body Vibration', 150 2631, has incorpor-
ated most of the experimental data regarding human exposure to vib-

ration available from several countries, and has recently gained

acceptance for many applications.

1.5.0.2631 defines and gives numerical values for limits of expos-

ure to vibrations transmitted from solid surfaces to the human

body in the frequency range of 1 to 80 Hz. These limits cover hum-
an sensitivity to vertical, lateral and fore-and-aft vibrations of

a periodic, non-periodic or random nature with exposure times rang-

ing from 1 min. to 24 hours. Periodic excitation is evaluated in
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terms of r.m.s. acceleration amplitude while broad band excitation
is evaluated in terms of r.m.s. acceleration levels measured

through a third octave band filter.

According to 1.5.0. guide, the humans are more sensitive to vibra-
tion frequencies in the range of 4 to 10 Hz for vertical motions,
and 1 to 2 Hz range for fore and aft motions, and human tolerance

to vibrations is assumed to decrease with increasing exposure

time.

The authors in ref.(27) set out to verify the various ride quality
criteria in realistic ride environment. The investigation involv-
ed two different automobiles, seventy eight test subjects and
eighteen different roadway sections. The investigation included

the following comfort criteria:-

(1) Weighting functions derived from 1.S.0. 2631, 1974

"Guide for Evaluation of Human Exposure to Whole

Body Vibration'' (32).
(2) Urban Tracked Air Cushion Vehicle specification (30).
(3) "Absorbed power'' of Lee and Pradko (28).

(4) Acceleration limits as function of frequency established

by Janeway (26).

In the experiments a 1974 Buick Century Luxus and a 1975 Ford
Maverick were driven over a variety of highway test sections, the
roughness of which was identified by serviceability index (S.I.)
on a six point scale 0 = very rough, 5 = very smooth). The actual
sections used varied from S.l. 1.9 to 4.3. Each section was about

380m long without any significant curves or grades throughout the

section.

In the tests the vehicle was driven at a constant speed of 80 km/hr
over the test sections of varying roughness, from some fairly rough
farm roads to very smooth highway sections. Vertical and horizon-

tal accelerations were measured at the floorboard and on a 300 mm
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dia plywood disc 6 mm thick placed between the seat of the vehicle

and the 70 kg passenger sitting on the disc.

After riding over each test section, the subjects were asked to
rate the respective ride from the point of view of ride comfort.
Separate runs were made over each test section to record the accel-
erations and to conduct subjective rating tests. Subjective rat-
ings were based upon a five point scale, ranging from 1 (''the worst

ride you can think of'") to 5 (''the best ride you can think of").

Examination of all the subjective ratings obtained indicated sign-
ificant agreement between the individual subjective ratings and

the average or mean rating which was called the Mean Personal Rat-
ing (MPR) by the authors. in addition, M.P.R's were highly correl-
ated with S.1. ratings originally assigned to each test section by
Texas State Department of Highways and Public Transportation, based

on the measured roadway profiles.

The final evaluation of the test results showed that a number of
different weighted indices, using either the floor-board data, or
the seat vibrations, correlated with Mean Personal Ratings. In
general, the indices using vertical vibrations correlated better
with acceleration measured at the floor-board, while the indices

using lateral vibrations correlated better with measurements taken

at the seat interface.

Since a number of the proposed ride indices provided equally good
correlation, the authors found it difficult to decide which among

them is the best criterion, and concluded that most of them may be

considered to be equally good.

Since the statistical difference between various ride indices is
small, the authors suggest that the choice be based on generality
and ease of use. From the standpoint of ease of use, the simple
r.m.s acceleration criterion is preferable as no compl icated
weighting functions or filters are required. In addition, the
results indicated that there is very little additional information
relating.to ride quality above 40 Hz band. Therefore, the r.m.s

accelerations within 0 to 40 Hz band were recommended by authors
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as the best all-around ride quality indicator, and the "‘unweighted"

r.m.s accelerations were proposed for general use.

Based on the test results, the authors found that the following
relationship between the Mean Personal Rating and the r.m.s accel-

eration gives the best fit:-
MPR = 5.43 - 40.0a

where o is the magnitude r.m.s (g) (the square root of the sum
of the squares of vertical and lateral r.m.s accelerations).
Acceleration measured at either the floorboard or at the seat.
Where acceleration measurements are available only on one axis,
the vertical axis is recommended if the measurements are taken at

the floorboard, and the best fit equation using the vertical accel-

eration is
MPR = 5.55 - L49.h4q

|f seat vibrations are used the lateral r.m.s acceleration is

recommended in the relationship:-
MPR = 5.57 - 54.90

With this ride index MPRz4 (0<0.0314 g or 0.31 m/s?) corresponds
to the ride in a good automobile on a very smooth highway at 80
km/hr, 3<MPR<4 (0.51>0>0.31 m/s?) to a ride on a typical state
highway, and 2<MPR<3 (0.64>00.51 m/s?) to a ride on a rough sec-

ondary road.

Since the study involved the use of different automobiles and var-
jiety of road spectra, the authors recommend the results for use
with automobiles in general, but caution against directly applying
the results of the study to vehicles which may have vibration

characteristics significantly different from those of the test

vehicles.

Since the work in ref.(27) is of recent origin (1978), the ride

comfort ratings as proposed could be used as the basis for sus-



pension optimisation, but again the corresponding road input

spectra and the vehicle speed are additional factors which have

to be considered.

It thus appears that all a designer can do is to aim for the low-
est possible r.m.s acceleration level achievable at the floor
level or at the centre of mass of the vehicle, and ensure that
for a comfortable ride the r.m.s acceleration should not exceed

0.3 m/s2 at 80 km/hr vehicle speed on a road profile correspond-

ing to a smooth highway.

Another aspect of ride comfort is the maximum duration of exposure

to vibration at certain acceleration level as recommended in 1.5.0

2631, 1974.

A number of research workers have been in substantial disagreement
with parts of existing guidelines, and doubts have been expressed

as to the applicability of the rules in 1.5.0 2631 regarding the

duration of exposure to vibration.

In order to shed some light to general confusion that seems to
prevail, ref.(34) sets out to review in detail the evidence and

data which have been used to support the claims in the guidelines

that:-

1) There is a change of human reaction to vibration as a

result of duration of exposure.

2) That this change is necessarily such that it results
in decrease of comfort and reduces the ability to

perform certain tasks (driving the car).

3) That the form of the change is adequately represented

by the time dependance chart in 1.5.0.2631.

The paper then goes on to review the results of some recent studies
involving ride comfort of passengers in public transport vehicles,

and some recent laboratory results on the performance of simple
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tasks, all of which apparently show no evidence of change with

time, at least for periods up to four hours.

In summing up all the available evidence, the author concludes
that the time dependence curves quoted in 1.5.0. 2631 seem to be

based on:-

1) Subjective tolerance to extreme vibration at levels

corresponding to violent aircraft manoeuvres.

2)- Some unreliable test data obtained from aircraft
experience which are limited entirely to frequencies
below 1 Hz where motion sickness and other effects

are likely to dominate.

3) Some curves used in railway vehicle design for which

the background research data seems to be unobtainable.

According to the author, the curves relating to duration of expos-
ure were based on results obtained from a laboratory experiment in
which the subjects were exposed to vibration for some 5 minutes

and then asked to estimate the duration of the exposure which they
felt they could accept, in other words, the subjects were asked to

extrapolate the exposure curves.

The final conclusion is that there is no evidence to indicate any
clear reduction of comfort, or any reduction in performance ability
with duration of exposure to vibration which is not already present
in the absence of vibration. The author suggests that the effects
of duration of exposure on ride comfort which have been quoted by
research workers in the past could well have been due to inadequate

seating or the effects of tiredness which are present irrespective

of vibration.

The author draws a general conclusion that there is no evidence to
support 1.5.0 time dependence effect in so far as it relates to
"reduced comfort' or to ''fatigue reduced proficiency'' at vibration

levels typically met in vehicles in service, and for periods up to

four hours.
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A further claim is made that Lee and Pradko (28) apparently did
not measure the absorbed power since there is no evidence of
phase angle measurement in their report. |t thus appears that
they merely provided an acceleration weighting function in the
form of human body impedance, i.e.

P=5FVcos¢ = %{Z|V2 cos = %4Z|A2 cos ¢/w”

i
2
The average absorbed power is computed as a weighted integral of
the acceleration spectral density where the weighting function is
the squared magnitude of the mechanical impedance of human body at
the boundary between the test subject and the medium imposing the

motion where the acceleration is measured.

Road Holding and Ride Safety

Longitudinal and lateral friction forces developed at the tyre-road

interface are necessary for acceleration, braking and steering.

These forces depend on the tyre-road friction characteristics,
tyre construction, road surface condition, and the force normal to
the tyre/road interface, as well as suspension parameters and dyn-

amic characteristics of the vehicle.

Friction forces are relatively high on a smooth, dry plane pavement,
but are reduced due to dynamic wheel force exerted through the wheel

of a moving vehicle which is excited by the road surface input.

To maintain adequate directional control of the vehicle, it is nec-
essary to minimise the loss of road-to-wheel contact, i.e. to mini-
mise dynamic tyre force in order to resist lateral skidding and
transmit acceleration and braking force from tyres to the road.
Hence, the knowledge of dynamic tyre forces is of considerable

importance in studies of vehicle safety.

Since most road surface profiles are random functions, the result-

ing dynamic wheel forces are also random functions, and statistical
representation of these forces is required. One statistical method
most commonly used to estimate dynamic wheel forces is to determine

the road surface power spectral density function, and the vehicle
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response characteristics in order to obtain the power spectrum of
dynamic wheel force. The power spectrum may be used to compute
the r.m.s values of probability of exceeding a particular range
of given value of wheel dynamic load. Ref.(39) deals with this
aspect quite extensively, and the general conclusion is that dyn-

amic tyre forces should be kept small for ride safety.

It has also been shown (40) that the variations in the normal
forces between the tyres and the road influence the steering cap-

ability that in turn affect the lateral forces needed to control

the vehicle.

The mean square dynamic tyre force is generally used as a measure

of control of direction and stability (39, 41).

Optimal road holding is defined as the minimum probability that
the randomly varying part of the road-wheel contact force will

exceed a given level during a specified time period.

Dahlberg (37, 38) establishes the expected largest value of dynamic
force on statistical basis by theoretically evaluating the expected
value of the algebraically largest maximum of a stationary random
function during the length of sampling period (calculates the mean

of the largest value of a stationary Gaussian random process) .

The expected value of the algebraically largest maximum of a stat-
ionary random function f(t) during the sampling period T is approx-

imately given by (36):-

E[Ht%m&J=[/22an +Y//22mvT]of
where <y is the Euler's Constant (Y= 0.572)

of is the standard deviation of function f(t)

and Vv is the average frequency of positive mean value crossings.
Using a typical valuevT =20 according to ref. (36), the result is

E = f(t)  =2.70¢
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Thus one might as well use the expected maximum value as

E [1’(t)ma>;|2 3 x RMS

If the tyre contact is not to be lost for 99.97% of time, it

follows that

3 x RMS Dynamic Tyre Force < static gravitational force
on the wheel.

This is probably the best assumption the designer can make, but
the problem here again is that the value of dynamic tyre force
must be associated with a road roughness profile and vehicle
speed, i.e. the designer would have to estimate the probable

vehicle speed appropriate for traversing a rough road.

This criterion would set an upper limit for dynamic tyre force.

The minimum value then follows from trade-off studies in minimis-

ation process.

Wheel Travel

The primary purpose of a vehicle suspension system is to isolate

the passengers and cargo from road roughness and to maintain the
desired vehicle body attitude under varying loads and external
disturbances such as accelerating and decelerating forces applied

to the vehicle through the road wheels.

It is desirable that the dynamic and static characteristics should

be invariant under changing vehicle mass and inertia.

For an effective isolation and comfortable ride a soft suspension
is required which would have a large deflection. On the other
hand, to minimise roll angles and to provide a stable ride, a rel-
atively stiff suspension would be preferable. The implications
for passive suspension systems arising from these conflicting re-

quirements are discussed at length in ref. (44).

Evidently the requirements to satisfy different criteria will al-
ways conflict to varying degrees, and the limiting wheel travel

for passive suspension systems is usually established from pract-
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ical considerations.

According to local car industry practice the testing and develop-
ing of the suspension system is carried out on the road, starting
with a set of springs and shock absorbers which satisfy certain
basic criteria, and then modify the component values until the
suspension performs satisfactorily according to the subjective
judgement of the suspension engineer who tests the vehicle by
driving over various road surfaces and spoon drains. A local
manufacturer uses a particular spoon drain as the proving ground
for the final acceptance testing. If the suspension performs
satisfactorily when driven over the drain at certain speed, and
provides acceptable ride comfort on various road surfaces, the

suspension is considered to be acceptable.

Broad design guidelines relating to locally manufactured passenger

vehicles are as under :-

Clearance to bump stops when full laden (including luggage and
full tank of fuel) 25 to 30 mm. Total static deflection from un-
laden to fully laden condition 75 mm max. This figure is mainly
stipulated by customer acceptance and vehicle styling. |f the de-
flection is in excess of 75 mm, the vehicle would stand up too

high and would not be acceptable to stylists.

Published figures in motor magazines suggest that larger vehicles
generally tend to have larger spring deflections, hence provide
more comfortable ride. A comprehensive survey of suspension data
for different models of passenger vehicles is given in ref.(53)
from which it appears that the bump travel (unladen) varies from

70 to 100 mm, with an average value of 80 mm for the front suspen-=

sion and 85 mm for the rear.

As a starting point for selection of springs a ride frequency of
1 to 1.8 Hz is taken as basis, the aim being that the vehicle
should only bounce when hitting a bump and not pitch since pitch-

ing motion is considered more objectional from the point of view

of ride comfort.
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Shock absorbers are selected to give a damping ratio of approxim-

ately 0.3 for the sprung mass system.

The smaller the car, the more effect has the load on its suspension

characteristics, hence small cars when laden only by the driver

feel rough on roads.

The bump clearance is really only a compromise. Suspension engin-

eers would like to have much more clearance, but the stylists

would prefer to have much less.

Rebound travel is usually limited to 75 mm, either by straps or

providing 'stops'' in the shock absorbers.

The guidelines as outlined above provide some limiting values for

modelling.
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3. MATHEMAT|CAL MODELS

Introduction

The type of model selected to represent a particular system is

closely related to the specified system performance and the re-

quired output information.

The motor vehicle is a complex assembly of distributed mass and
elasticity, hence a lumped parameter representation will exhibit
some inherent shortcomings. In principle, the distributed mass

and elasticity of the chassis, drive shaft, transmission, engine
etc. could all be incorporated in the model, but then the model
itself would become far too complicated, and it is always question-

able if excessive complication will actually lead to more accurate

analysis.

The simplest model that provides all desired output information to

an acceptable degree of accuracy is to be preferred for a number

of obvious reasons.

In case of a motor vehicle, the simplest model would be a % car

model (Fig.3.1) incorporating one wheel, spring damper and the
proportion of the sprung mass supported by that spring. Despite
the apparent simplicity of the model, much useful information can
be derived by its use as shown successfully by several research

workers in this field. Ref. (15, 35, 36, 42, 52, 55) outline some

of the work.

A + car model (Fig.3.2) however, is more realistic since the
pitching of the vehicle body is also an important aspect of inves-
tigation. In case of a & car model it is possible to investigate
the coupling between the front and rear motions with time delay
that occurs between the inputs to the front and rear wheels. Also
the effect of shifting the mass centre of the vehicle by passeng-

ers or cargo can be studied in detail.
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The 4 car model with its four degrees of freedom is quite popular
among the research workers, and has been extensively used for sus-
pension analysis and synthesis, but it cannot give any information
regarding the body roll. If body roll is considered to be a sig-
nificant performance criterion, a full car model with 7 degrees of

freedom as in Ref.(8) would be the minimum requirement.

Modelling of Tyres

The basic functions of a pneumatic tyre are to provide support and
guidance to the vehicle and filter the vibration transmitted from
road surface irregularities. It also will reduce the dynamic forces
imparted to the road surface which is quite important from the point

of view of damage to road surface.

The cushioning characteristics of a pneumatic tyre can be represen=
ted by various mathematical models, and the simplest model consists
of a mass element and a linear spring, in parallel with a viscous
damper as illustrated in Fig.3.3. A better approximation to actual
tyre behaviour is displayed by the viscoelastic model shown in Fig.
3.4, but this model will add additional complications to analysis.
Tyre damping has a relatively little effect on suspension behaviour,

hence it is often neglected in the analysis.
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Fig. 3.3 FIG. 3.4
Many different tyre models have been proposed and investigated in
detail. Ref.(5L4) gives a comprehensive overview of various tyre
models and discusses their characteristics at length. References
(55) and (58) show how surface irregularities are effectively smooth-
ed due to deformation of the tyres and propose suitable mathematical

functions to describe the resulting road input.

For good filtering of vibrations, the tyre should have low vertical
stiffness, but for good handling a high lateral stiffness would be
required. In the present form of construction as an inflated tor-
oidal envelope a low vertical stiffness also results in low lateral
stiffness. To improve the lateral stiffness radial ply tyres have
been developed by tyre manufacturers, and these tyres have a slightly
improved lateral/vertical stiffness ratio but there is a limit that

can be achieved in practice.

In general, the tyres have a relatively high vertical stiffness by
their function, and there is not very much that can be done in red-

ucing vertical stiffness without significant deterioration in vehicle

handling.

As to the actual values of spring and damper elements in the model,
there are complications since three distinct types of tyre stiffness
may be defined depending on test conditions:- static, non-rolling

dynamic and rolling dynamic stiffness.

Static stiffness of a tyre is determined from the slope of static
load-deflection curve, it depends on tyre construction and inflation
pressure. Since up to 15% of the load may be supported by the tyre

carcass which has non-linear characteristics, some nonlinearity in
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the deflection curves is to be expected, especially in low load
region. Ref.(59) deals quite extensively with this aspect of
pneumatic tyres. In the range of practical interest the load-
deflection characteristics for both the bias-ply and radial-ply
tyres are more-or-less linear, and it can be assumed that tyre

stiffness is independent of load.

The graphs of stiffness v.s. inflation pressure of pneumatic tyres
are linear for all practical purposes. Typical characteristics

are shown in Fig.3.5 plotted with data taken from Ref. (59).
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Fig. 3.5: STATIC TYRE STIFFNESS AS FUNCTION OF INFLATION PRESSURE

Non-rolling dynamic stiffness and damping are usually determined

in a "drop-test'', i.e. the tyre loaded with a certain additional
mass is allowed to fall freely from a height at which the tyre is
just in contact with the ground. Consequently the tyre remains in
contact with the ground during the subsequent vertical oscillations.
The vertical acceleration of the tyre can be recorded which on int-
egration give the velocity and displacement records. From the'res-
ulting amplitude decay curve tyre stiffness and damping can be cal-

culated if the mass of the wheel assembly is known.

Typical damping characteristics of pneumatic tyres as function of
inflation pressure are shown in Fig.3.6. The inflation pressure
has relatively small influence on tyre damping since damping is

mainly dependent on tyre construction and materials.
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Fig. 3.6: DAMPING COEFFICIENT OF TYRES AS FUNCTION OF
- INFLATION PRESSURE.

The rolling dynamic stiffness of a tyre is obtained by subjecting
the tread to a specified rolling harmonic excitation and measur-
ing the response of the tyre. The response is usually measured

at the hub while the tyre is excited by rolling it against harmon-
ic profile. The dynamic stiffness and damping are determined from

output-input transfer function.

Dynamic stiffness of a pneumatic tyre decreases sharply (by 15%-
20%) as soon as the tyre starts rolling but the graph tends to
flatten out with increasing speed so that at speeds in excess of
20 km/hr the influence of speed is comparatively insignificant.
Since in simulation studies of vehicle ride characteristics the
rolling dynamic stiffness is more meaningful, attempts have been
made to establish the relationship between the static and dynamic

stiffness of pneumatic tyres but the results of these attempts

have been inconclusive so far.

It is generally accepted that for car tyres the rolling dynamic

stiffness may be 10-15% less than the static stiffness.

The author in Ref.(60) expresses the opinion, however, that the
differences between the static and dynamic stiffnesses as reported
in the literature may not be due to dynamic effects at all, but
the result of applying linear analysis to a non linear system such

as the tyre when the parameters are calculated from dynamic test
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data.

In addition to operational parameters such as inflation pressure,
speed and vertical wheel load, also the design parameters of the
tyre such as the crown angle of cords, thread width, number of

plies and materials used in tyre manufacture will affect the

stiffness.

The damping of a pneumatic tyre is mainly due to hysteresis of
tyre materials. It is neither Coulomb friction nor is it the
viscous damping but some combination of both, and certainly non-
linear. An equivalent damping coefficient is usually arrived at
in dynamic tests, and its value depends on design and construction

as-well as on operating conditions.

There is some evidence that the damping of pneumatic tyres manuf-
actured from synthetic materials is somewhat less than that prov-
ided by shock absorbers, and its influence on predicting the dyn-
amic behaviour of the vehicle is relatively small. Hence, in most
simulation studies the tyre damping effect is usually neglected,
i.e. the parallel damper with the tyre stiffness is omitted from

the dynamical model of the tyre.

Modelling of Road Surface

The road surface over which the vehicle is to travel is always more,
or less irregular, random profile, and measurements indicate that

it can be described in statistical terms.

The irregularities of many roads can approximately be described in
terms of vertical amplitude mean square spectral density S{y) where
vy is the wave number (cycles/m) or spatial frequency. It is not
possible to establish S(y) for a given road with great precision
since the road profiles are not truly realisations of stationary

random processes, also the profile records are of finite length of

necessity.

Two basic methods are in use for establishing the spectra of a

road profile:-
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1) A road profilometer which follows the road profile is

towed behind a test vehicle as in references (8, 56, 57).

2) The profile is established by direct vertical measure-
ments from a truly horizontal rail (or beam) which is
set up by means of a theodolite. The usual beam length
is of the order of 6m, and typical sample length is

taken over 3 lengths (Ref.(9)).

Where profile measurements are available, profile spectral density
S(y) can be computed directly for a particular section of road.

The spectra must cover the range of wave numbers relevant for the
required response spectra, i.e. if the response spectra is to be
established over the frequency range of 0.5 Hz < f <50 Hz for the
range of vehicle speeds of 5 m/s<v <50 m/s (18 km/hr <v< 180 km/hr)
then the road spectra must cover the wave number range of 0.01

cycles/m <y<10 cycles/m sincey= f/v.
Where road profile measurements are not available, and a spectrum
representative of a class of roads is required, Robson & Dodd

(Ref. (2, 3, 4)) recommend that the following mathematical model

for épectral density be used.

s(y) =str) (/™ (3.4)

where (Y;) is the vertical amplitude mean square spectral density

(m3/cycle) at the reference spatial frequency which is taken as
Y, = 1/2 7 cycles/m
Two values are recommended for the exponent w, as under:-

w = 1.5 when Yy <y
w = 2.0 when vy >y,

These values have also been adopted by 1.5.0 standards for descrip-

tion of road profile.
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Typical parameter values for road spectra as presented by MIRA

Report No. 1970/5, are tabulated below.

TABLE 3.1
Road class Quality S(Y;) Wi W
Motorways Very good 2-8 1.945 1.360
Good 8-32
Principal roads Very good 2-8
Good 8-32 2.05 1.440
Average 32-128
Poor 128-512
Minor roads Average 32-128
Poor 128-512 2.28 1.428
Very Poor 512-2028

¢(y) measured in units of 10°° m¥/cycle

Since two different exponent values are used in describing the
road spectra, there will be a break in the slope at Y if the data
is presented in the form of a log-log plot as it is usually the
case. Now the spatial frequency of 1/2m cycles/m (y;) corresponds
to a wavelength of 2m m, and the author of Ref.(4) points out

that this length (20 ft) also happens to be the standard length in
road construction technique in U.S.A. Thus the break in spectral
density envelope may be related to a particular method of road

construction rather than being a characteristic feature of all

road surfaces.

A road with a large value of w implies decreasing road roughness
at shorter wave-lengths. As the state of repair of road deterior-
ates, a decrease in the value of the exponent is to be expected.

Also rough country roads suggest a small value of exponent.

Measurements from a large number of roads have been compiled in

Ref.(1).
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The description of the road surface in the form of a precise
mathematical function can only be an approximation to any partic-
ular road profile, and in most cases of ride simulation there
would be nothing gained by employing a discontinuous road surface

function as given by equation 3.1,

Robson in Ref.(6) recommends that for most simulations a simple

road surface model of the form

s(y) =&y = would be quite adequate and recommends
n = 2.5 to be used in conjunction with the range of values for the

road roughness coefficient as listed below.

Type of Road Range of § Mean value of §

= -6 -
Major Motorway 0.03 x 10 ® - 0.5 x 10 0.10 x 10 ®

- -6 -6
Principal road 0.03 x 10°° - 8.0 x 10 0.50 x 10

- -6 -6
Minor road 0.50 x 107" = 30 x 10 5.0 x 10

The values listed give S(y) in m®/cycle where ¥ is in cycles/m
and n = 2.5. It is important to realize here that the road rough-
ness coefficient 6 is not a dimensionless quantity in this defini-
tion but will have the dimensions (Length)®™. This aspect re-
auires careful observance when road surface data in imperial units

are converted into metric and vice versa.

In practice, a departure from a straight line log-log plot is also
expected at low values of space frequency (large values of wave-
length), since the road roughness amplitude cannot increase indef-

initely with increasing wavelength.

To overcome this dilemma some research workers(52,70,71) have sug-

gested a modified road surface model in the form

which represents first order lag, while others (6) recommend the
use of a road spectra with limited amplitude at low frequencies

and with high frequency cut-off as demonstrated in Fig.3.7.
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FIG. 3.7: MODIFIED ROAD SPECTRA

Modified road spectra are more realistic since they overcome the
problem of the amplitude tending to infinity on low frequencies,

but they will create complications in the analysis.

Since a number of workers have used straight-line road profile
spectrum quite successfully, it is reasonable to examine the

justification for its use.

The input to the model is filtered through the system impedance,
and the only frequencies that are effective are those which come
within the system pass-band. Very low and very high frequencies
are cut off by system filter. Consequently, as long as the mean
squares of differences of response are used as the performance
criteria and not the absolute displacements, the fact that the
road model spectral density tends to very high values at low

frequencies should be of little concern.

No spectral description based on road profile measurements can be
reliable over more than a few decades of a wave number, hence no
analytical representation can be valid outside the region of act-
ual measurement, and a profile spectrum must be obtained over the
range of wavenumbers likely to be relevant in prediction of veh-

icle response over the desired frequency and speed range.

The relationship between the frequency, speed and wave-number
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range is shown on the plot in Fig.3.8.

The range of wave numbers for any given range of vehicle speeds
and the required frequency range can easily be established from

the graph by drawing in the appropriate limits.
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FIG. 3.8: RELATIONSHIP BETWEEN FREQUENCY, SPEED
AND WAVE-NUMBER.

The road surface description S(y) as a function of the wave numb-

er or spatial frequency is converted into an input time function

S(f) or S(w) as the vehicle travels over the road surface with

speed V.

density is now described in terms of frequency
vy = V/A.

The input spectral

f or angular frequency w = 2nf, where £ =V

it can be shown (Ref.(18,46)), that S(y) and S(f) are related by

the following relationship:-
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S(y) =V S(f) (3.2)
also S(f) = 27S(w) (3.3)

If S(y) is described as S(y) = &y, it then follows
that

s(F) = v ey (3.4)
and s(w) = (2mv)”" &y (3.5)
but v = f/V = w/21V, which on substitution

into equ. (3.5) gives
s(w) = (2mv)”" sw™ (3.5)

Thus the input spectral density can be expressed in terms of w

and vehicle speed V.

In recent years a large amount of road surface data have been pub-

lished in technical literature, some data are tabulated below for
comparison.

TABLE 3.1 ROAD SURFACE DATA (Metric Units)

Road Description $ n Source
Typical city road 1.2 x 'IO:6 2.50 Ref. (9)
Country road 6.1 x 10_6 3.18
Major motorway 1.95 x 10" ° 2.71
Smooth runway 4.3 x 10_° 3.8
Rough runway 8.1 x 10_6 2.1
Smooth highway 4.8 x 10_° 2.1
Highway with gravel h.h x 10_b 2.1 Ref.(13)
Pasture 3.0 x 107 1.6
Ploughed field 6.5 x 10 1.6
Very rough minor road 2.0 x 10°° 2.0 Ref. (14)
01d concrete road 1.0 x 10°° 2.0 Ref. (15)

The inspection of tabulated values indicates a wide variation

among the roughness parameter § and the exponent n.
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If the model analysis is restricted to a surface corresponding

to a typical highway then & = 1.0 x 10-6 m with n = 2.0 could be

used for comparative analysis, and the input spectral density for

a vehicle travelling on a typical highway could be described by

the expression:

21V 8/w?

wn
—
£
~—
1

(2mV) x 10°° /w? (3.6)

(o]
=
w
£
~—
]
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4. CALCULATION OF VEHICLE RESPONSE DUE TO
ROAD EXCITATION.

Introduction

There are several methods which can be applied to obtain the res-
ponse of a vehicle travelling with a constant speed V on a random

road surface described by spectral density function S(w).

Some research workers (Ref.(7,8)) argue that mathematical road-
way model of the form S(y) = 8y © is too inaccurate for road sur-
face description, and have used the actual values obtained by pro-

filometer measurements suitably processed.

Thg actual method of analysis is often dictated by the required
form of the response, e.g., the output spectral density can be
obtained from the input spectral density by direct transformation.
This, however, is not the only method of obtaining the output
spectral density. In Refs.(16,17) the transition matrix solution
is used but the output state variables are processed as passenger
acceleration spectral density. In Ref.(8) the response is again
obtained by transition matrix solution, and the output is trans-

formed into passenger acceleration data in the time domain.

A more widely used technique is to use the transition matrix and

covariance analysis to obtain the integral squared values of

responses.

Output Spectral Density by Direct Transformation

If the required response is in the form of specified spectral den-
sity envelope such as body acceleration limits of some transport

authorities, the spectral density of the response can be obtained

by direct transformation

S (@) =H () s, W H (W) (4.1)
where So is the output spectral density matrix
S is the input spectral density matrix

i
(including cross spectral density terms)

H is the matrix of harmonic transfer functions ap-

plicable under discrete frequency excitation, and H® is the com-
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plex conjugate of H. Since harmonic transfer functions depend

on system parameters, these can be varied to achieve the desired

response.

The road spectral density can be expressed in the form

-n

s(w) = (2mv)" 7! sw

as previously discussed.

In a ¥ car model the front and rear wheels will follow the same
track and are subjected to the same excitation, but since multiple

excitation is involved, cross-spectral densities are required.

It is shown in Ref.(6) that

s (w) e"j(UT

Sy, W)

and S, (w) = S(w) e

21

where T is the time delay between the front and rear wheels, i.e.
T = wheel base length/velocity.

The excitation spectral density of a 2-wheeled % car model can

then be expressed as

- -n 3 €
5, (w) = (2mv)" "t sw VT 1 (4.2)

It is evident that the evaluation of the response is considerably

simplified if n is an integer.

Very often the performance criteria are specified in terms of

mean square values which can be obtained by integration of output

spectral density, i.e.

Closed form solution is possible only for very simple cases, and

numerical integration techniques invariably become necessary for
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anything beyond a single-degree-of-freedom model.

In general, a variety of methods can be applied for the solution

of the problem, either in frequency domain or in time domain.

System Response in Frequency Domain

The Fourier transform of the autocorrelation function R, (1), and

its inverse can be expressed as

(4.3)

€
~—
i
“—
=
]
»
—
-
~—
[a
—

dw (4.4)

Thé mean square value of a stationary random process can then

be expressed as:

[e 0]

e [x7]= Rualo) = & /7 Suxl) aw

Similarly the bilateral Laplace transformation can be used to

define
S, ., (s) = LR (1) e dr (4.5)
1 j® TS
and R, (1) = 5 S Sxx(s) e 7 ds (4.6)
from Eq. 4.6 it follows directly that
1 joo
E [X{] = Rxx(0) = 7 [;w S .(s) ds (4.7)

The time response y(t) of a passive linear system to an arbitrary

input x(t) can be calculated from convolution integral

o]

y(t) = S x (t - 1)g(t) dt (4.8)

-0

where g(t) is the unit impulse response function.

By the use of convolution integral and Laplace transformation, it

is shown in Ref.(19) that the Laplace transform of the output spec-
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tral density can be expressed as
S,y (s) = G(-s)G(s)s,(s) (4.9)

fmg(t)e-Stdt

oo

1

where G(s)

and g(t) = %ﬁj /1% 6(s) e "ds
- joo

This is analogous to Fourier transformation where

s, = H W Hw s, (4.10)
where H(w) =_oofpo g(t) ¢ " dt
and g(t) = %ﬁ 77 H(w) e du

Now the mean square values of the response can be expressed as

. o 1 o 2
E{y?] = g JTIHW] 5,00 do (4.11)
or [y2] = %ﬁi i G(S)G(-S)Sxx(s) ds (4.12)

The input spectral density due to road profile was discussed at

length in chapter 3, and it was shown that the road input spectral

density can be approximated by

-n

S(w) = (ZTrV)“_1 § w

where very smooth, well maintained roads are characterised by n =3

while "average' road surfaces correspond to n=2.

With n = 2, the equation for the mean square value of the response

can be expressed as

e[v] = %m_jjm 2mV 6 (Gés))(G—_(gi)) ds (4.13)

Equation 443 implies that in case of an "average'' road profile,

the mean square response of a linear model to the random road sur-
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face input is of the same form as the response to a step input,

since F(s) = 1/s for a unit step, and Y(s) = G(s) F(s).

This aspect will simplify the analytical treatment of the problem
to the extent that some closed form solutions are possible. With-

out this simplification it would be almost impossible to handle

the problem analytically.

The use of a step input is also advantageous in the case of an
analogue or digital computer simulation since it is much simpler
to apply a step function repeatedly and make suitable adjustments
to system parameters between trials rather than to apply random
input, since the optimisation in statistical sense may require
very long integration periods to ensure consistent results. These

aspects have been extensively discussed in references (20) and (21).

The mean square value of the response in Eq.443 is basically in
the form of Parseval's Theorem (19,20,21,22), i.e.

[ s]

Integral Square value = __J y(t)? dt

-0

- %ﬂ‘j _J_;” Y(s) Y(-s) ds (b.14)

The integral could be avaluated by one of the following methods :-

a) Graphical integration

b) Numerical integration

c) Contour integration

d) Tables of integrals, provided that G(s)/s in Eq.
A13 is a rational function of s and can be exp-

ressed in the form c(s)/d(s) where

c(s)
and d(s)

n-]
c tc st ... +Cpy S

[¢]

d°+d1s+ +d, s

1l

1

If the integrals can be expressed in the form

P 7] _ 1 1w cls) cl-s)
e [y(071sv = 57, M I e
=jw
then the tables published in references (19) and (22) can be used

to evaluate the integrals, provided the power of s does not exceed
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L. The formulae for integrals involving powers of s greater than

L are apparently in error (21).

System Response in Time Domain

The most direct way of evaluating the response of the mathematical

model in time domain is to carry out digital or analogue computer

simulation.

A large number of simulation languages are available, some of them
quite flexible and powerful. In the framework of this thesis ACSL
(Advanced Continuous Simulation Language) has been used quite ext-

ensively for performance calculations.

It is a general type simulation language using Runge-Kutta integr-
ation routines, very simple to program but has a rather high usage
of computer storage. An example of a typical ACSL simulation pro-

gramme is shown in Appendix C.

Digital simulation has the advantage of very high precision and
repeatability, usually not achievable in analogue computation.

The main disadvantage of digital simulation is its discrete nature,
and occasionally some unexpected phenomena may remain hidden among

discrete points while it would be observable in a continuous simu-

Jation process.

The analogue computer has the advantage of continuous simulation

and extreme flexibility in regard to setting the different param-
eter values but it is much more suited to qualitative rather than
to precise quantitative investigation, especially in a situation

where the response changes very slowly for different parameter

values, and the minima are very flat.

Direct computer simulation in time domain has the additional adv-
antage that all relevant aspects, such as the peak values and the
duration of transients can be investigated in addition to calcula-

ted mean square values of the response.

In frequency domain analysis the peak amplitude information remains
hidden unless direct Laplace transform inversion techniques are

used for evaluating the time response. But this is an almost im-
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possible task in the case of a complex mul ti-degree-of-freedom
system, especially if a time-delay between the inputs is involved

as is the case for a road vehicle.

An alternative method of evaluating the response in time domain is
the analysis based on differential equations for the co-variance

matrix of state variables of the model.

It was shown that the road profile power spectrum can be approxim-

ated by the expression
S(w) = 2m8V/w?

This envelope represents the integrated white noise of amplitude
2m8V, and the velocity input spectrum at the wheels is approximat-

ely white noise of amplitude 2méV since Sy = w? Sy

Since the velocity input to road wheels is approximated by white
noise of constant amplitude, covariance equations developed for
the analysis of stochastic optimal control systems can be applied

for response calculations.

The method can be extended to handle time-delayed inputs such as

occur when the successive wheels traverse the road profile.

A number of research workers have successfully applied this method

to vehicle suspension analysis and synthesis.

The method is adaptable to digital computer processing without the
complex algebra associated with harmonic transfer functions. |t

also avoids the integration associated with calculation of integral
squared values, and the output can be obtained in the form of time

functions by the use of transition matrices.

A more common practice, however, is to compute the weighted inte-
gral square values directly by matrix operations since this app-

roach is more suited for the optimisation process.

The programming, however, is quite extensive, much more so than

for ACSL.
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5. MODEL RESPONSE BY APPLICATION OF PARSEVAL'S THEOREM

Equations of Motion and Laplace Transformation

Consider + car model as illustrated in Fig.5.1, where the following

parameter definitions apply:-

ki

mi

k2
B2

m2

= tyre stiffness

= unsprung mass (wheel, axle,
some spring mass

= stiffness of suspension spring
= damping rate of shock absorber

= sprung mass, i.e. part of body
mass effectively supported by
the respective suspension.

fo
k, 1= B,
ml v.Jli
b
FIG.5:1

Evidently, the model is an oversimplification as it will give no

indication of body pitching which is a significant ride comfort

criterion.

A suitable berformance index could be defined as the weighted sum

of integral squared values in the form:-

2

P.I. = [ p u? + q1 x ! g2 X, dt for a step input,
o ol
2 2
or P.I. =E [pu2 +q, x_ *+4q, xlz] for random road input,
where u = f, (force applied by suspension at body support
point)
X = X, T Xy (tyre deflection)
Xp T X1 7 X (relative wheel travel)
and p, q, and g, are the weighting factors.
Equations of motion:-
-(xr xo)k1 = (x; = x,) ky -(x, - X,)B, = m X, (5.1)
-(x2—xl)k2 = ().(2 - )’(1)82 = mz 'X'z (5-2)
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Taking Laplace transforms, with all initial conditions equal to

zero, the equations can be expressed in matrix form as:-

2
(s m,

+5 B, + k, +ky) =(s By + k)| | X(s) kX (s)

= (5.3)

-(s B, + k,) (52m2 +s B, +k,) XZ(S) 0

where Xl(s) and X,(s) are the Laplace transforms of Xl(t) and Xz(t)

respectively, and X (s) is the Laplace transform of the input X (t).

For an input step of magnitude Xo, Xo(s) = Xo/s

of (5.3) is
2
X, (s) , (s m,+s 82 + k2) (s
. ~ |DET| ,
'Xz(s) (s B, + k,) (s m o +s
where
|DET| =(s?m + s B, + k, + k,)(s?m, + s B, +

+ s 82 K1 + k1 k2

and the solution

B, + kz) k Xo/s
B, +k + k)| O

(5.4)

2
k,)=(s By + kj)

2
+ mz) + s (m1 k2 +m, k, +m, k1)

Hence, the Laplace transforms of the response due to step input

are:-

(52m2 + s B, + kz)kl

X, (s) _
s |DET|

X

(]

and

X2 (s) (s B2 + ka2)kiy
Fa—— s | DET |

integral Square Values by Parseval's Theorem.

(a) Dynamic Tyre Deflection.

(5.5)

(5.6)

Laplace transform for dynamic tyre deflection is given by
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X (s) = Xi(s) _ | DET| -(s®m, + s By + ky)k
X = sTDET] ‘ = (5.7)

o

s3m1m2 + 5282(m1+m2) + s ka(my+m,)

b 3 2
s'mm, + s°B,(m +m,) +s%(m k,+m Kk, +m,k,) + s B,k,+ kk,

The function can be expressed in the form (5.8)
Xo(s) = X1(s) _ Cas> + c,s% + c,s + ¢, i 9
i 3 2 :
Xo dus + dss + dzs + dls + d,
where
c, = mm, du = mm,
c, = Bz(m1+m2) d, = B,(m;+m,)
c; = ky(m +m,) d, = km, + k,(m +m,)
Co = 0 d1 = B2 k1
d, =k, k,

According to ref.(19), Appendix D, Table of Integrals, the integral

square value of the function is given by the expression
2 2
¢l (-d>d+dod d,)+(c, -2 cc;)d d d, +(c] -2 coc,)dodyd,

2
+c, (-dyd, +d d d )
. (5.10)

2 2
2 dodq(—dod3 - d1 dq + d1d2d3)

Noting that ¢, =0 and ¢, = d, = m;m,, the expression simplifies to

2
_ du(-dgds+dids) + (co® -2 c;c35)d) +c;” dg (5.11)

Ly
2(-d (ds*- d;%d, + d,d,d,)

After substituting the appropriate values into equation 5.11, the

expression for the integral square value of tyre deflection

becomes

2 3 Pa, _uZ 2 3
I, = ki(mi+mz) B, +[mm, k - 2 kikomym, (my+m,) + k, (m +m,) ] B,

2 2 2
2 k,"m, 82

(5.12)

After cancellation of some common terms, the final form of the

equation can be expressed as:-
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(c)

L3.

2 2 3
(m,+m,) my_ komy(mytmy)  ky (my4ma) 1
2m22 B2 +{ 2 kl ma * Z(kl m;? ]Bz (5']3)

3

Relative Wheel Travel

Laplace transform of relative wheel travel is

X1(s) - Xp(s) _ ki mz s? (5.14)

Xo - s |DET]

ki mz s

L3 3 Z
s m m,+s Bz(m1+m2)+s (m1k2+m2k2+m2k1)+s B,k,+ kikg

(5.15)
_ c(s)
d(s)
where
cy =¢c2=c,=0 dy = m mp
@, = ki m2 da = Bz(ml-l-mz)
d2 = m; k,+ ma (k,+k,)
dy = B, k;
do = k; k,
The integral square value is given by
- C12d3 (5-]6)
4 ) _ 2
2(-d d7? d du + d1d2d3)
On substituting the values, eq. 5.16 becomes
_ (klmz)2 B2 (my+my)  _ my+my
YT 2 kzm2e? © 2B .
) z '
Body Force.
Fa(s) = [X1(s)-X,(s) ] (s Bytk,) = m, 5% X,(s) (5.18)
Hence,
Fo(s) _ kimp s%(s By + kp)
Xo s [ DET| (5.19)
- s? k, me By + s Kky ky mp £5.20)

k 3
s'm m, +s (m1+m2)+s3(m1k2+m2k2+m2k1)+s Bk, +k ky

—

s)
)

C

|
[a R
0
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where c¢c3 =20 and dy = m1 my

c2 = ky my B, ds = Bz(m1+m2)

Ci1 = k]_ k2 my dz = m kz + mz(k1+k2)

Co =20 d, =B, k,

do = k; k,
This gives:
2 3
1 _ Co dl + C ds (5.2])

* 2(-do d,2-d2d, + d;d,d;)
on substituting the values into eq.5.21, the result is:-

3
ki I'I'lz2 Bq2+ k12 k22 I'le2 Bz (m;-i—mg) (5.22)

2 k12 m22 Bzz

I, =

% k, B, + % ko2 (my+m,) /B, (5.23)

The performance index was defined as:
&0 2 2 2
I =°f [pu +C|1‘.(X°'X1) + q2(x1-x2) ] dt

It was shown earlier that in the case of a vehicle travelling
over a road profile which has a velocity input spectrum given
by white noise of constant amplitude 2 m8V, the mean square

values of response will correspond to those of the step input

of the same magnitude.

Hence, the performance index for the model can be expressed
as:

2
k k +
I= pcV| 7% By # —%—é%#—milj

2 3
(m1+mo)2 B, mj kamy (m1+m2) ko (my+mz) 41
+ =2 2 4 {—= - 2 —
a; ¢V 2 kym, t 2 kym, * 2(k,m,)% }BJ
- mp+my
ta, eV 75 (5.24)
where ¢ = 2m8, and the mean square values as under:

<u?> = c V|

ki1 B» k; {m +m }
Sz ke (miimg) (5.25)
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3

2 )
o TR (mi+mo) Bz my _ kami(mi+mg) , ko (my+ma) 1
xgxy) > = eV g T S, 2 ogmy)? VB,
(5.26)
2 +
<x1-x2) > = cV[FF 2] (5.27)

Influence of Model Parameters on Integral Square Values

It is now proposed to consider the mean square values of

(i) Body force
(ii) Dynamic tyre deflection

(iii) Relative wheel travel

in turn, and to examine how these are affected by changes to

model parameters.

Since the aim of the optimisation process is to minimise each
of these quantities, it is instructive to examine their depen-
dence on model parameter values. A designer could draw a num-=

ber of useful conclusions from such a preliminary study.

(a) Body Force

The integral square value of the body force due to step
input is given by

ki Bz ko’ (my+mp)
2 2 Bz

<u?> = +

Effect of Body Mass (m,)

The expression for the integral square value of body

force indicates that the force will increase with the

total mass.

The integral square value of body acceleration which is
the basic ride comfort criterion is then given by
2
ki Bz , ka2 (my+mz)

2 _ 2 2
<a?> = <u?>/m? = Tt 2E, 2 (5.28)

which indicates that it will decrease with increasing
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body mass. It is a well known fact that partly laden or

unladen vehicle provides a rougher ride.

The designer has very little control over the unladen
mass of the vehicle, since the basic aim in any vehicle
design is to reduce the mass as much as possible to save
the material and cost of fuel. There is very little left

to skimp since the basic safety aspects must be maintained.

Effect of Radial Stiffness of Tyres (ki)

For minimum body force the radial stiffness of tyres should
be as low as possible. Owing to characteristics of pneum-
atic tyre construction, the radial stiffness cannot be red-
uced without reducing the lateral stiffness, but high lat-

eral stiffness is essential for good road holding.

Thus minimum radial stiffness is determined by tyre const-
ruction, and the designer cannot influence it to any signif-
icant degree, except to select tyres that will give adequate
lateral stiffness. This in general, results in far too

high vertical stiffness for good ride comfort.

Effect of Spring and Damper Rates (kz, B2)

Since the vehicle mass and radial tyre stiffness are really
beyond the control of the suspension engineer, the basic
influencing parameters left for suspension optimisation are
the stiffness of the suspension springs and the damping
rate of shock absorbers. Since body force decreases as the
square of the stiffness of the suspension spring (Eq.5.25),
the vehicle should have as soft springs as possible. But
here the limits are set by permissible deflection from
unladen to laden condition. Styling requirements dictate
the maximum desirable deflection, and usually limit the
bump travel to approx. 60 mm. Also, for consistent hand-
ling, the height of the mass centre of the vehicle should

vary as little as possible with the load.
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These limitations dictate a minimum suspension spring stiffness
of approximately 15 kN/m for a 4-passenger vehicle, and of

approximately 18 kN/m for a 5-passenger vehicle.

With the constraints on suspension parameters as discussed,
this only leaves the damping rate of shock absorbers which

can be freely adjusted to minimise the body force.

Now,

<u?> = cV| ké B2 o kzémé:mZ) ]

on differentiating with respect to Bz, the result is:-

d <u®> _ ki_ kg (my+mz)
a8, -7 2 Bo2 ] (5.29)

which gives the value of Bz for minimum body force as:-

By = kp /(m+mz2)/k: (5.30)

The minimum value of integral square body force is then given

by the expression

2 -
<u ?nh1— cV kay/ ki (my+my) (5.31)

i.e. the minimum value of body force is directly proportional

to the stiffness of suspension springs.
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Dynamic Tyre Deflection

Dynamic tyre deflection relates directly to the contact
force between the tyre and the road surface. For good
handling, braking, accelerating, etc. this contact force

should be as large as possible.

Total contact force = static force + dynamic force, but
since dynamic force can have a +ve or a -ve sign, the

minimum contact force will be:-

Femin = (mi+tmz)g - k1|xol|max

where |xo | is the absolute value of tyre deflection.

Hence, for good road holding and control of the vehicle,

dynamic tyre deflection should be as small as possible.

The integral square value of dynamic tyre deflection is

given by eq.5.26 as

2
2 _ (my+m,) B2 my _ kg my (my+ms)
<X01 . CV[Z kl m22 +{ 2 k]_ Mo *

2
ko (mi+m§)3}l‘]
2 ky my Ba

The various factors that affect the integral square value

of dynamic tyre deflection and road-tyre contact force

will be examined in turn.

(i) Radial tyre stiffness - ki
It is evident from eq. 5.26 that dynamic tyre deflection

decreases with increasing radial stiffness of the tyre.
But the integral square value of dynamic tyre force is

given by

2 2
<ff> =< Xo1> K1 (5'32)

which indicates that the dynamic tyre force will increase
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with increasing radial stiffness of tyres. This implies
that in order to maximise the tyre-road contact force,

the radial stiffness of tyres should be as low as possible.
Low radial stiffness of tyres was found to be desirable
from the point of view of ride comfort also. Thus there

is no conflict between the different performance criteria,
except the manufacturing limitations regarding the radial/

lateral stiffness ratio of tyres.

(ii) Unsprung and sprung mass - m3 and ma.

Equ. 5.26 suggests that the integral square value of tyre
deflection will increase with increasing values of m; and
m2, but the overall effect will be small since their ratios

mainly will be involved.

(iii) Stiffness of suspension springs - Ka.

The effect is not immediately obvious, but on different-
iation with respect of k2, and setting the result equal
to zero, one obtains the value of ko that will minimise

the tyre deflection. The value is given by

- mima - mi mpy
k, opt leE;ﬁED} kﬂ(m1+m2)(m1+m2) (5.33)

If my >>mp as it is usually the case in practice, then for

the minimum value of tyre deflection

ko opt = kl m1/m2 (5-3’")

(iv) Damping rate of shock absorbers - Ba.

The value of B, that minimises the dynamic tyre deflection

is again obtained by differentiation, and is given by

2
- ok mmy® - 2 kikomimg (my+ma) + ko® (mp+mo)

Bo i
opt ki (my+m2)®

2 2
kKymimz 2 k2m1m2+ ko (m1+mg) (5.35)
(my+m5) my +my Ky )

| f now the suspension springs are optimised for minimum
tyre deflection according to eq. 5.33, and the value sub-

stituted into eq. 5.35, the result is
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2 3

_ mz
Boopt = K1 ™ T Fm, ) (5.36)

when these values are substituted into eq. 5.26, the min-

imum value of integral square tyre deflection is obtained

as
2 (my+m,)m 3
SN S AR arvand (5.37)

Relative Wheel Travel

The integral square value of relative wheel travel was

shown to be given by
2
<X123‘ = CV[ (m1+m7_)/2 Bz]

It probably comes as a surprise to notice that the wheel
travel is independent of elastic elements of the suspension,
and depends only on total mass supported by the wheel, and
the damping. For minimum wheel travel the total mass should

be as small as possible, and damping should be as large as

possible.

The quantity is inversely proportional to damping and there

is no turning point.



Note . P51, Due to bo\‘omina of the sUspension on encaunf@r;‘ﬂs
& ramp or ldrge bump rhere may be substantially

more buwmp travel provided than is required on a starlonary
random road. Hence eqn (6:5) is not \i'ke\ﬂ to be veliable.
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6. PERFORMANCE INDEX AND WEIGHTING FACTORS

Introduction

In Chapter 5 the performance index for the suspension was defined

as

o 2 2
I = £ (p u? + q, Xo1 + q2 x12) dt

with p, q, and g, as the respective weighting factors. Also closed

form solutions in terms of suspension parameters were obtained for

integral square values for a % car model.

The index as formulated above places indirect constraints on the
magnitude and duration of vertical acceleration (ride comfort),

dynamic tyre deflection (road holding) and relative wheel travel

(bottoming of suspension).

[t is evident from the general form of the performance index that
one of the weighting factors could be assigned quite arbitrarily,
and the others adjusted so that the weighted integral square values
have approximately the magnitudes of the same order. Otherwise the
changes in individual integral square values are not adequately

reflected in the changes to performance index.

Weighting Factor for Dynamic Tyre Deflection

For random road roughness of Gaussian distribution, an approximate

ratio for q,;/q, can be obtained by comparing the static tyre defl-

¥

ection §, and the bump travel &  of laden vehicle.
See note

To prevent the loss of tyre contact and bottoming of suspension on

rubber stops for 99.87% of time, the necessary conditions are:

3 8501 ki <{m+ma)g = §4¢ ki (6.1)
(6.2)

and 3 6x12 <6y,

where 6xo1 RMS dynamic tyre deflection

$

x12

RMS relative wheel travel.

I

|f the weighted quantities are to be of the same order of magnitude,
then
2 2
q1 OxOl = qz Ox12

(6.3)
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Hence 9 2
_ Ox12y _ Sw ki,
q, = 4q, (-02:;1—) = (miFm) o] (6.4)

The weighting factors can be normalised without loss of generality
by taking one of the weighting factors equal to unity. |f q, is

taken equal to unity, then

a, = [ Tiriays) il

Weighting factor for body force

If the limiting R.M.S. value of body force is known, the weighting

factor can be approximated from the relationship

2 2 2
0O, = qz Oxip = G2 (6y/3) (6.6)

u

from which the weighting factor can be calculated as
2
§
P9, s (6.7)
The exact value of p is immaterial for the purpose of optimisation,

only an initial value is required which will be changed during the

process of optimisation.

The expression for p s quite simple in principle, but the diffic-
ulty lies in estimating the R.M.S. value of the body force for the

case when the R.M.S. value of wheel travel corresponds to one third

of total laden bump travel.

Theoretically it would be possible to specify the R.M.S. accelerat-
jon limit o, based on ride comfort criteria, then calculate the

corresponding value of R.M.S. body force from the relationship

But the permissible level of RMS body acceleration is a function of
exposure time to acceleration (48,49). It would be completely un-
realistic to expect 8 hr. exposure at road and speed conditions

when the RMS value of wheel travel corresponds to 1/3 total bump
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travel. This situation corresponds to a very rough road surface

travelled at a moderate vehicle speed.
In view of this dilemma, the following questions arise:-

(i) For what continuous periods of time is the vehicle

expected to travel on rough roads?

(ii) At what speeds would the vehicle be driven on rough

sections of road?

(iii) What road roughness parameter value would adequately

describe the random road profile in question?

If the answers to the questions can be found, it is a simple matter

to determine the initial weighting factor for the mean square body

force.

One way to overcome the problems associated with road roughness and

vehicle speed is to argue as follows:-

The integral square value of wheel travel is given by

2 my+ms §
<X1,> = ¢V R SREOLY S ~ LJQ
12 [ 2 82 ] 3
Hence, %
_ A 2 B2
cv = &y LBy (6.8)

Eq. 6.8 would give the product of road roughness and vehicle speed

which corresponds to bottoming of suspension for 0.13% of the time.

The corresponding body force is given by eq. 5.25 as

2
<LI2> = CV['kIZBZ + k2 (;'1;?;2)]

Combining equations 6.7, 6.8 and 5.25, it follows that (jf qz=1)

L

2
~ ki B2 (6.9)

1
E mi+mz
In the previous chapter it was shown that for minimum tyre deflection

kl mip mz

k20pt - (|n1+m2§
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and 5
2 _ ki my M2

BZopt_ im1+rn2}3

54,

After substituting the expressions for Kygpt and ézopt in eq. 6.9,

the result is

.l k1 mi m22
p (my+m2) 3

3
(my+mo)

or p v
2 P
kZzm m,

(6.10)

(6.11)

The numerical values in eq. 6.11 are usually known before the sus-

pension optimisation procedure is commenced.

Parameter Values of Mathematical Model

To demonstrate the various points discussed by way of a numerical

example, the equations will be applied to a model of a typical small

L-passenger sedan of British design and manufacture (HILLMAN).

The data for the model as published in references (50) and (51)

are reproduced below. (suffix P refers to rear suspension values)

Front Suspension

Unladen
m = 28.58 kg
m, = 288.94 kg (inc\uAe&drIVer)
k, = 155860 N/m
ko = 19972 N/m
B, = 2015 Ns/m

For ¥ car model:

Total sprung mass
Body pitching moment of inertia
Length of wheel base

Distance of front wheels from
centre of mass

Distance of rear wheels from
centre of mass

Bump travel

Rear Suspension

54.43 kg
216.14 kg (inc). driver)
155860 N/m
22563 N/m
1256 N/m

3
-
o

Il

map
k1P

k2p

Bop

505.08 kg
569.63 kg m’
2.565 m
1.098 m

r « 3
i

o
1]

1.467 m

o
n

Sy = 63 mm.
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The mass distribution of passengers and luggage on loaded axles

is typically taken as follows:-

50%/50% front/rear for a front seat occupant
25%/75% front/rear for a rear seat occupant

-15%/115% front/rear for luggage.

The usual practice in passenger vehicle industry is to design for

a 68 kg adult passenger, and a total of 68 kg of luggage.

The load distribution on the axles of a vehicle occupied by four«aduws\

dyiver,and full luggage load would then be

Front Axle Rear Axle
Front seat passengers 68 kg 68 kg
Rear seat passengers 34 kg 102 kg
Luggage -10 kg 78 kg
Total ... 92 kg 248 kg

Hence, the laden sprung masses for the model will be

46 + 288.94 kg = 334.94 kg for the front
124 + 216.14 kg = 340.14 kg for the rear

m2

mzp

The data for a typical 5-passenger sedan of local manufacture

(CHRYSLER) was also obtained, and is listed below.

Front Suspension Rear Suspension
Unladen

m; = 40.82 kg mip = 70.31 kg

m, = 381.02 kg mop » = 322.05 kg

k; = 210000 N/m kip = 210000 N/m

ko = 19270 N/m kop = 21900 N/m

1600 N/m Bip 1600 N/m

B2



For ¥ car model:

Total sprung mass m = myz + mer = 703.07 kg

Body pitching moment of inertia J = 1151.78 kg m?
Length of wheelbase L=2.820m
Distance of front wheels from C of M a = 1.292 m
Distance of rear wheels from C of M b =1.528m
Bump travel 63 mm.
Laden mass distribution.
Front Axle Rear Axle
2 front seat passengers 68 kg 68 kg
3 rear seat passengers 51 kg 153 kg
68 kg of luggage in boot -10 kg 78 kg
Total ... 109 kg 299 kg.

Laden sprung mass for # car model

381.02 + 54.5 kg = 435.52 kg
322.05 + 149.5 kg = 471.55 kg.

Front ma

Rear map

6.5 Theoretical Optima

It is now appropriate to calculate the values of optimum suspension

parameters for the model, and compare these with actual values.

(a) Suspension springs

It was shown that the stiffness of the suspension spring for
minimum integral square value of tyre deflection is given by
the expression

ky mp mp

koopT=
z mi-+m2

The values calculated from this equation for the models are

listed below for comparison.

Front Suspension Rear Suspension
K2 opt kop OPT
H 1 LLMAN Unladen 12775 N/m 25047 N/m
Laden 11296 N/m 18535 N/m
CHRYSLER Unladen 18355 N/m 30888 N/m

Laden 16454 N/m 23761 N/m
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In comparing the values, it is interesting to note that the
front springs of HILLMAN are considerably stiffer than re-
quired from the point of good road holding criterion, while

the rear springs are near optimum.

ln case of CHRYSLER sedan, the front springs are near optimum

while the rear springs are considerably softer than required

for optimum road holding.

It appears that optimum road holding of rear wheels has been

traded off for some additional passenger comfort.

(b) Shock absorbers
* |t was shown that the damping rate which corresponds to the
minimum integral square value of body force is given by eq.
5.30 as
+
BoorT = kz[EiTmil
and the damping corresponding to minimum tyre deflection by
eq. 5.35 as
2
B : _kim nuz_ 2 kp my mz, ks (my+m2)
: Tm1+mz)7’ my + m2 k1
Again, the optimum values of damping will be tabulated below.
Damping rates for minimum RMS acceleration are:-
Front Suspension Rear Suspension
B2 orT Bop orT
H1LLMAN Unladen 901 Ns/m 940 Ns/m
Laden 965 Ns/m 1135 Ns/m
CHRYSLER Unladen 884 Ns/m 934 Ns/m
Laden 918 Ns/m 1112 Ns/m
Damping rates for minimum RMS tyre deflection:-
Front Suspension Rear Suspension
B2 opT Bop opT
H1LLMAN Unladen 1861 Ns/m 2082 Ns/m
Laden 1913 Ns/m 2340 Ns/m
CHRYSLER Unladen 2507 Ns/m 2884 Ns/m

Laden 2563 Ns/m 3121 Ns/m
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The examination of tabulated values indicates that the actual damp-
ing rates used are generally higher than the optima for ride comfort,
but lower than optima for road holding. There seems to be no obvious
relationship between the calculated optima and the actual component
values, but nevertheless in each case considered the actual component
values are somewhere in-between the range of the calculated optima,

some closer to one end, the others closer to the other.

This is to be expected since a number of subjective criteria will

influence the actual selection and road testing of the suspension

during the development stage.

nole of Performance !ndex in Suspension Optimisation Process

The- concept of a performance index for the mathematical model was
discussed at length in Chapter 5, and for the model at hand it was

expressed as weighted sum of mean square values of the form:-

2 2
_ 2
I—-p<u>+q1<x01>+q2<x12>

with p, g, and g, as the weighting factors.

Some guide-lines for the selection of the weighting factors were
established at the beginning of this chapter where it was shown that
if q» is taken equal to unity then the remaining weighting factors

p and q, could be estimated from equations 6.5 and 6.11 respectively

as

6\.\' ks
] and p = mim_ﬁ_)-

91 =[ (my+m2) g 2

T2 2
ki m, m,

The values of weighting factors calculated from equations 6.5 and

6.11 are listed below for comparison.
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Values of q;

Front Suspension Rear Suspension
H1LLMAN model 10.0 13.7
CHRYSLER mode 10.2 11.8

Values of p

Front Suspension Rear Suspension
HILLMAN Unladen 5.5 x 10 '° 3.2 x 1010
Laden 6.2 x 10710 4.0 x 107 1°.
CHRYSLER  Unladen 2.9 x 1010 1.9 x 10 1°
Laden 3.2 x 10 1° 2.3 x 1010

It should be noted that the weighting factors are rather strongly
dependent on radial tyre stiffness ki which in a practical situat-
jon can vary over a wide range. The usual variation among identi=-
cal commercial tyres inflated to the same pressure could be as
much as +15% about the nominal value. In addition, the stiffness

is a linear function of inflation pressure which can also vary over

a wide range in practice.

Consequently, there is no point in calculating the weighting factors
to any great degree of precision, especially in view of the fact

that the weighting factors would be modified in subsequent optimis-

ation process.

Once the weighting factors for the model response have been deter-
mined, it is now a simple matter to vary the parameters in such a
way that the performance index is minimised. This would then cor-

respond to an optimum condition.

The process is quite straight-forward in principle, but there are

some inherent uncertainties which will be discussed later.

It was shown that a particular random road input characterised by
road roughness parameter & and vehicle velocity V could be sim-
ulated by a step input of mangitude cV where c = 216, and the

performance index of the model was then defined by eq. 5.24 as
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2
Ba, ko (my+my)

_ K1

L= peV[ =+~ 75, |
(my+ma) ko o (mytmy) o R Gphog) . 1
mi+mz) B2 my _ kKo my {mg+mp 2 \my+ms .

ra oV e th T * Ty )2 B,
mi+m

+qZCV['2—l‘B—2£]

Since cV is the common multiplier for all terms involved, a perf-
ormance index could be defined as the sum of weighted integral
square values of the response to unit step. There would be no
loss of information if the common factor is omitted for the sake
of simplicity in mathematical manipulations, provided the investi-
gations are confined to constant speed while the model parameters
are varied, and the multiplier is inserted later if absolute
integral square values are required. Also if g2 is taken equal to

unity, then g1 can be denoted simply as q.

With these modifications, the performance index can be expressed

in the form

2
(my+m2)

2 k1 !1122]B2

K
I=] Dz} tq
? (1 +mz) (myma) , ke (mitms)
k2® (m1+mg mip _ ka miimi+ms ka (mi+m, mi+maq 1
+le 2 a4 K1 m2 o 1t T o, (e

which in turn can be expressed as
I = aB, + B/B, (6.13)

On differentiating the index with respect to B,, and equating the
result to zero, the equation can be solved for Bz opT which mini-

mises the performance index, i.e.

2

B2 oprT = B/a (6.14)

where
3 3
_ kg (mitma) mi _ kz mi(mi+mz) | kz (mi+m) mi1+m2
B =0p 2 +q{2 ki mo * 2 (ki mz) M 2
2

. K1 (m1+m2)

06=p7 q_2_k1 ma 2
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Evidently, the value of B, that minimises the performance index

is not only a function of system parameters but it also involves

the weighting factors.

To gain a better insight into the relationships, it is instructive

to expand eq. 6.14, which defines the condition for minimum perf-
2

ormance index, and express p as a function of q with B,gpr as a

parameter.

The result of this operation is eq. 6.15 below which expresses the
relationship between p and q for the condition of minimum perform-

ance index as
2

2 3 |
(Mo K2 m1(m1+m2)+ ko (my+mp) _ By (my+my) 1% my+m2

L+ 2 ki mo2 2(kimz)? 2 kimo? 2
= 6.1
k1 Bf a kf (my+m2) ( 5)
2 2

It is evident from the relationship above that for every value of
B, oprthere corresponds an infinite number of pairs of p and q

that minimise the performance index, and p will plot as a linear
function of g with By gpy as a parameter for the condition of min-

imum performance index.

The slope of the straight lines comprising the plot is given by

3 2 2
_ Bz (mi+my)

m1_ kemy (mytma) kz (mi+ms)
do 2 ki mo 2 (kimz)* 2 k1 mz?
—d— = (616)
q 51 BZ ~ k2m1+m2
2 2 272

2
The slope tends to infinity if ;J B, - ;ﬁ (my+my) = 0

2 2
or if B, = ky” (mi+my) (6.17)
ki

This also corresponds to the condition of minimum body force given

by eq. 5.30.

The value of q where the vertical graph intersects the g-axis can

be calculated from eq. 6.15, and is given by

q _ _ ki ma(mi+mz) (6.18)
ERE my{k1 m2= 2 kz (my+mz)}
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The abcissa has a negative value unless

ki mg

>
ka 2 (mi+m2)

In normal suspensions ka =k;/10, hence this condition will arise
only with a -ve weighting factor which is most unlikely. Since q
is here constant for all values of p, the minimum performance index

is a function of p only.

The other aspect of interest is the graph of horizontal slope.

From eq. 6.16 it is seen that the graph has zero slope if

2 3 2 2
m o _ ke mi(mitmg) |, ke (mitmo) B2 (mi+mz2) _
2 k1 m2 2 (ki my ) 2 2 ki ma2”
or if 3 . >
_ k1 ms™ my - 2 ko mp mg ko (m1+m2)
Bz = mymz) 2 m1+m2 % kq (6.19)

This value of B, corresponds to the condition of minimum integral

square tyre deflection given by eq. 5.35.

The point of intersection of the horizontal characteristic with

the p-axis is obtained from eq. 6.15 as

3
" _ (m1+m2) (6.20)
HORI Z, . ki my molky; my = 2 ko (m1+m2)}

All other characteristics corresponding to different values of
B, opr (different slopes) will pass through the point defined by

the intersection of the vertical and horizontal slope lines.

The conditions are shown in Fig. 6.1 which has been plotted with

data corresponding to unladen HILLMAN front suspension.

Similar plots can be prepared also for other models, laden or

unladen.

If the weighting factor p is selected to correspond to the value
given by eq. 6.20, then the minimisation of the performance index

will lead to the value of B2 which corresponds to minimum tyre
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deflection, irrespective of the value of q. Hence, the model
response will be the same for different values of g, but the value

of minimum performance index will vary with q.

similarly if q is selected to correspond to value given by eq. 6.18
(this is hypothetical since g will be -ve), then the minimisation
process will lead to the value of B; that corresponds to minimum
body force, irrespective of the value of p. Again, the model
response will be the same for all values of p, but the minimum

performance index will vary with the value of p.

These observations suggest that a closer examination of the perfor-

mance index concept, and the associated weighting factors is

warranted.

It was shown (eq. 6.15) that in case of minimum performance index
the following relationship between the weighting factors and damp-
ing will hold

2 3 2 2
(Mo kp my(mi+mz) + K2 (mi+mo) _ By (mi+my) }+ my +m2
2

2 k1 mao 2 (kl mz)z 2 k1 mz‘

k1 Bzz_ k22 (my+ma)
2 2

This relationship can be used to eliminate p from the expression

for the performance index given by eq. 6.12, and the result is

s 2 k1 B> my ko my (my+my) mjp+moy
Lin = o 8.2 12 (memn) [ 912 ey TR ] (6.21)

Eq. 6.21 gives the minimum value of the performance index for any
selected value of B, and q, hence enables to plot I . as a function

of B, with g as a parameter.
It may be noted that there is an asymptote for the group of charac-

teristics when

2 2
ki Bz - k2 (my+mz) = 0

2 2
or when B, = ko (mi+m2)/k1

This value of B, corresponds to minimum integral square body force,
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and the corresponding value of q is given by

mi+ma
g - 2 . . ki my (my+my) (6.22)
m1_ kp mi(my+ms) mi{ k1 mz = 2 kg (my+mz) }
2 k1 ma

Similarly, q can be eliminated from eq. 6.12 by rewriting eq. 6.15

as
k 2 2 + +
o[ K1 By -k (TEM)) - DT
q
L ka2 my (my+my) + ko2 (mi+ma)? _ B2 (my+my) ? (6.23)
2 k1 mo 2 (k] mz)Z 2 kl mzz '

and on substituting into eq. 6.12, the result of this operation is

3
ki By [ p{g} ko mi(mitm2) (m1+m2) 2]

ki m2 2 (kimz) (6.24)

min - my ke mimitmy) kg (mitmg)? B (my+mz) 2
2 ki mg 2 (ki m2)* 2 ky mz?

Now I.i, can be plotted against Bz with p as a parameter.
There is an asymptote when the denominator tends to zero. The

vertical asymptote is located at B, calculated from

2
By = ki m2®m, _ 2 ka my m2 " ks® (my+my)
lm1+m2§2 mi+ms ki

The expression is familiar from the condition of minimum tyre

deflection (eq. 5.35).

The corresponding value of p is then givey by

3
0= (my+m,)
ki m; molky ma - 2 kp (mi+mz)}

This is also familiar, and corresponds to the height of horizontal

slope line above the origin on p-q graph discussed previously.

If now sets of values of Imin are plotted against B2 with p as a

parameter, and on the same graph are superimposed sets of values

of Imin with q as a parameter, a field of intersecting character-
istics is obtained as shown in Fig. 6.3.
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The points of intersection of the characteristics define the value
of B2 which will minimise the performance index for the values of

q and p that correspond to intersecting characteristics.

Fig. 6.3 clearly demonstrates that for any value of Igin (any
horizontal line), there corresponds an infinite number of pairs of
weighting factors, each pair defining a unique value of B2 which
minimises the performance index for the given weighting factors.
Since B» changes with weighting factors, the model response will
also change, but the value of minimum performance index remains
constant. Hence, depending on the weighting factors, any response
is possible for a given value of minimum performance index. Conv-
ersely, if B, is kept constant (i.e. the model response remains
constant), the value of minimum performance index will vary with
the weighting factors as one moves along the vertical line drawn

through the points of intersection of the characteristics and the

corresponding value of B.
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lt may now be argued that the performance index has no significance
at all in the optimisation process since it is clearly a function
of arbitrary and subjective weighting factors, and any value of
performance index is possible irrespective of the actual system

response. Thus the comparison of different models on the basis of

a performance index is quite pointless.

However, the performance index will play an essential and useful

role in a computer optimisation process.

Referring to Fig. 6.3, it can be seen that if any value of q is
held constant and the value of p is increased, the minimisation
process will travel along the constant q characteristic towards
the- value of B, that corresponds to the minimum body force, i.e.
by increasing the weighting factor on body force and minimising
the performance index, one will arrive at the model which has a
lower body force than the previous model. When p reaches infinity
B, will correspond to the value that results in the minimum body
force, irrespective of the other weighting factors. This also

corresponds to the case when the body force is taken as the sole

performance criterion.

Similarly, as q is increased along a constant p characteristic,
the minimisation process will lead to the values of By which will
result in lower value of tyre deformation. When q*>x, By will

correspond to the value that gives the minimum value of tyre defor-

mation.

This situation corresponds to the case when the tyre deformation

is taken as the sole performance criterion.

Fortran program B2 opr shown in Appendix C was developed to calcu-
late the data for plotting the graphs. Some of the plotting was

carried out on CALCOMP plotter using program Bz PLT , also shown in

Appendix C.
Figs. 6.4 and 6.5 show graphs plotted for HILLMAN front suspension,
unladen and wriladen respectively, while Figs. 6.6 and 6.7 show the

corresponding graphs for CHRYSLER front suspension.
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To verify the correctness of graphs, a few check points were cal-

culated using HILLMAN front suspension data.

On substituting the numerical data into eq. 6.1L4, the value of B2

for minimum performance index is given by

g2 _6.3326 x 10°p + 13.41k g + 158.76 (6.24)
2 OPT = 77793 x 10" 5 + 3.87h x 10-° q ’

and the value of min. performance index is then calculated from

Tmin = (7.793 x 10" p+ 3.874 x 10—6q)Bz oPT

+ (6.3326 x 10%+ 13.414 q + 158.76) /B, oer (6.25)

The results of the check calculation are listed in Table 6.1 below

TABLE 6.1
Point p q BoorT Imin
1 17 x 10 ° 0 1418 0.3757
2 12 x 10 *° 5 1635 0.3692
3 8 x 10°1° 10 1844 0.3727
4 b x 10 *° 15 2077 0.3710

These points are shown on graph in Fig. 6.4.

It is worth noting that while the performance index is approximately
of the same magnitude for the points considered, the response of
the model varies from point to point as can be seen from integral

square values of model response plotted in the same figure.
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6.7 Optimisation by Computer
Computer optimisation process is usually carried out in the follow-

ing sequence:

1) Establish approximate values for weighting factors, such

that the weighted integral square values are of the same

order of magnitude.

2) Minimise the performance index by an appropriate computer
routine usually a two dimensional search), and obtain the

value of Bzopr corresponding to minimum performance index.

3) Calculate (or simulate) the response with the value of B2

as found, and check if the performance is acceptable.

- 4) |f body acceleration is excessive, increase the value of

p, minimise the index again, and calculate performance with

the new value of B2

5) |f tyre deformation is excessive, increase the value of g,
minimise the performance index and check if the response

is satisfactory with the value of Bz established in the

minimisation process.

Evidently, the optimisation by a computer can be a fairly long
process requiring considerable computing time, and the question
will then arise if the use of a computer and the associated perf-

ormance index concept have any advantages at all.

In the case of a simple & car linear model considered in the prev-
ious section, closed form solutions for integral square values can
be obtained without excessive effort, hence the optimisation by
computer is completely unnecessary as all the required quantities

can be obtained by simple algebraic manipulations.

On the other hand, computer optimisation becomes an absolute nec-
essity for models having non-linear characteristics and many degrees

of freedom since closed form solutions are seldom, if ever available

or possible.

This is even more so when a large number of performance criteria

are to be considered with the associated weighting factors.
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7. MODEL RESPONSE BY APPLICATION OF STATE

VARIABLES AND COVARIANCE MATRIX METHODS .

Introduction

State variables and covariance matrix methods have gained popular-
ity for the analysis and synthesis of dynamical systems, mainly
due to ready accessibility to powerful, fast digital computers

with large memory capacity.

State variables and covariance matrix techniques were first devel-
oped for the analysis, synthesis and optimisation of control syst-
ems but the techniques have been rapidly extended to all types of
dyrfamical systems, and a large number of technical papers and

texts have been published on the subject. (72, 73, 74, 75, 76, 77)

State variable analysis applied to # car model

The model is again represented by a 2-degree- m, |Y2
of-freedom lumped parameter model as in section £
5.1, shown in Fig. 7.1. -—5—1
The equations of motion are:- | B
. . ‘2 2
-(y2-y1)kz -(y2-¥1)B2 = m y2 (7.1)
~(y1-yo)k1 -(y1-y2)kz -(y1-y2)B2 = m y1  (7.2) m, __Iyﬁ
The control force u applied to the unsprung k
1
mass mz2 is given by
Yo
u=f2=m Y2 = (yi-y2)kz +(y1-y2)B2 (7.3)
Fig. 7.1

Introducing now state variables

X1 = Y1 - Yo then u = m2 Xy
X2 = Y2 — Y1 y

. and xy= =
X3 = Y1 my

Xy = Y2
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Now the equations of motion can be expressed in terms of state

variables as

B 0 1 o |[xx] [o ]
X2 0 0 -1 1 X2 0
k3|  |-ki/my ko/mp -B2/my Ba/mi xs | 7o {u} +Biw)
Xy 0 0 0 0 | L %] 1/m2
T (1.3
The equation is of the form
{(x} + A; {x}+ Bi{u} + B{w} (7.4)

where {w} denotes the external disturbance vector.

The disturbance velocity input v(t) to the road wheels of the model
can be approximated by scalar white noise of intensity cV as shown

in section 4.3 previously.

Hence, v(t) = y,(t),and w = v(t)

with B = -1
0
0
0

The performance index,denoted by T,is again defined as the weighted

sum of mean square values, i.e.

= Li 1 2 2
m = ?-E{ S pu® + q, X, * 9 X, )dt} (7.5)
ty > 1 °
for ogtg t,

where p, q, and g, are numerical weighting factors, and E{-} denotes

the expectation or average.

The performance index can be expressed in matrix form as

™ = Lim _:_:_IE{ of“[ XTQX+ qu U]dt} (7-6)

t1 >

where T denotes the transpose, and Q is the weighting matrix given

by
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q, 0 0 0
Q = qz O 0
0 0

i 0 0 0 0 |

The body control force u can also be expressed in terms of state

variables as {u} = F{x}

where 0
F = -k2
B2
-B,

The.equations of motion can now be expressed in the form

{x}=[ A, +8,F]{x}+ Blw} (7.7)
or {x}= A {x}+ B{w} (7.8)
where A = A; + B:F

Also the performance index can be expressed as

™= Lim %‘E{ ftl[ xTQ:X+XT‘FTpFX]dt]’
[+
t; > 1
= Lim 1 i T
=S EL ST xTMo+ FTpF ] x dtd
t; > 1 o
or M =Lim 1 pr pf TR x dt] (7.9)
t1+m t' o

where R =Q + FTpF

The covariance matrix of the disturbance vector can be expressed

as

R;(t,7) = E {w(t) w1}
which can be idealised as
R,(t,T) = ¢ VS (t-T)

where & is the DIRAC delta function (66).
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The solution of matrix differential equation of the form
{x} = A{x} + B{w}
is given by the expression

x(t) =9 (t,to) x (tg) + S o (t,T) B(1) w(r) dt (7.10)
to
where ® (t,T) is the state transition matrix.

For the model being considered ty=0 and x(to)=0, hence

x(t) = fto(t,t) B(1) wlrt) dt (7.11)

On substitution the value for x(t) from eq. 7.11 into eq. 7.3, the

result is

7 = Lim 1?15{ of“[ Y w1 B(1) ©%(e,T)dt R S0 (t,T) B(T) wlr)dt] dt}

tp >

Taking the expectation, and using the rules of integration of
stochastic processes as shown in ref. (66), theorem 1.51, the

result is

m = Lim
t, >®

%l”{of“[oftcv B "(t) 7 (t,7) RO (t,7) B(T) dudt} (7.12)

If M and N are compatible arbitrary matrices, then tr(MN) = tr(NM).

Using this rule, and changing the order of integration, the result

is
L
- -%1 trd f "' B(T) oV BT (1) [ 49 (t,1) RO (t,T)dt] dr}
t1 > o T
' (7.13)
or
_Lim 1 I3z T
m o= s ‘o g B(t) cv B™(t) P(t) dt (7.14)
1 - 00 1

where P(t) is a symmetric non-negative-definite matrix given by

P(t) = SU oT(t,t)R &(T,t)dT

t

It can be shown by differentiation (66) that P(t) satisfies the

matrix differential equation



-p(t) = A(t)TP(t) + P(t) A(t) + R(t) (7.15)
For a time-invariant case with constant matrices A, B and R
P(t) = tf“ ea” (1-t) R ea (T-t) dr (7.16)
In the limit as t, >, P(t) ~P

where P =

which after the change of variable T -t = T' becomes

fw ATt AT )
e R e dt (7.17)

1
]

Eq.(7.17) shows that P is a constant matrix.

The performance index can now be expressed as

_ Lim

1 er{ " Bcv BT P dt} =cVtr[B BT P] (7.18)
t 5

t >
Since P is a constant matrix, eq. 7.15 becomes

0=ATP+PA+R (7.19)

from which the value of matrix P can be calculated.
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Eq. 7.19 is known as the Lyapunov equation, and a number of comput-

er programs have been published in literature for its numerical
solution (79,80,81,82,83,84). Closed form solutions in symbols
are feasible only for the most elementary systems having one or

two degrees of freedom.

A closed form solution will be attempted for the 4 car model in

order to compare the results with those obtained in Chapter 5.



7.3 Solution of Lyapunov Equation

where

W 0 0 0

0 0 -1
A=A; + B,F = 'kl/m1 kz/m1 'Bz/ml
0 -k2/m Bo/m

2

. P11 P12 Pis
_ P12 P22 P23
i P= P13 P23 P33
B Piu P2y Pay

The matrix will be symmetrical about the main diagonal.

q1 0

0 (q2 + o ka*)
R=Q+FT pF =

0 -p Bs ko

0 p Bz ko

plu—1

P2y
Ps3y

Pyy

0

-p k2 B2

p B
- pBY

80.

The number of simultaneous equations is expected to be n(n+1)/2 = 10

for the case under examination.

The simultaneous equations are arranged in matrix form on next

page.
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SIMULTANEOUS EQUATIONS FOR SOLUTION OF LYAPUNOV EQUATION

13 14
2 K1 0
m
k2 k2
m2 m2
B2 B2
mi m2
B2 B2
mi ma2
0 0
0 0
0 0
-1 0
0 -1
0 0

22 23
0 0
0 k1

m1
0 0
0 0
0 ko
mi1

-1 B2

mi

B2

m1
0 1
0 -1
0 0

2 k2

24

m2

B2
m2

B2

m2

33

ki

mil

ko
mi

m1

B2
m1

34

ki

mi

k2

m2

k2
mi

B2

m2

B2 + B2
m2 mi

B2
mi

L

k2

m2

m2

B2
ma

P11

p12

P13

piu

pa22

P23

P2u

P33

P3u

Puu

2
qs + ka2 p
ko By p

-k, By p
3 B: p
-B, p

'l‘sz

‘18
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The simultaneous equations in simplified form are listed below:-

ki

P11 = (pss + p3u)
k
pi2 = §2 (pzu +p23 "p13)
= m
P13 3 cu(kl)
= -1 q (™
Pl 1 q1(k1)
ko Bao Bo
= (2242 - 2 -3 ko B
p22 B, mz) P2y = o P23 % k2 2
k2 kz mi
= — 4 —
P23 (mz m1)(k1) P13
pay = (mz)[ 52pzs + $(qa+k2 ) ]
ka2 mi
pss = (ml)[ Ba p3y -p23 +p13 + % B p])
B2 m2 2
_ mi B> Ba
Pay = (El)[ p12 + (-n?z + ?n_1) P13 ]
B 2
Puy = (gz)(ﬁi pay +p2s + % B2 p)

It is now a relatively simple matter to solve for the elements of

the P - matrix by successive substitution.

The performance index is given by eq. 7.18 as

T = thr[B BT E]= thr—-l-[-l 00 o][ﬁ]

which becomes

T =cVtr 1 0 0 0-MP11 P12 P13 Pib (7.20)
0 0 0 O||p21 P22 P23 P2
0 0 O O0||ps1 P32 P33 P3s
i 0 0 0 0._ _pul Puz  Pus  Puu |

which gives T cVpi1 (7.21)
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Thus it is not necessary to solve the complete matrix, but never-

theless, the algebraic manipulation will be considerable.

The values of the elements of the P-matrix have been calculated,

and are listed below.

2 3 2
_ (my+mz) By my _ my ko (my+ma) (my+mz) ko 1
i = el T e ¥ ek | Bl

2
mi+tm2 p{kl B2 (my+msz) ka ]

* 42 7378, 7 2 B2
k | +my) 2 ko
- ma 2 (2 mj+ma _ m2 mao 2
P12 9 2 k] 82[ k1 mi; m2 1] * Q22 B pZ B
m
P13 = 41 31
m
piy = ~q1 —ZJbIZI
(my+ma) :
my k my+ B m my k
p22=q1122 1m2+q2[——2+2]+p22
2 k1 mi Bz 2 kz 2 Bz 2 Bz
m1 kol(mp+
P23 = q1 1 ;( 1 mz)
2 k1 ma
k + k
Py = G 2(m1 my) + qzmz +pm2 2
2 k12 2 ky 2
) 2
p.. = qy ()] my (mi+m) Bz ¢ mike (my+mz)  _ mika(2mi+m2)  miy 1 ]
. 1k, 2 klznf 2 kflﬂf 2 m2 ki B,
2
mi mi Bz m1
t a2 75, YA 2k182]
2
_ ml[ (mi+m2) Bo {kg(m1+m2) _m ka4 1 ]
Pau 2 ki m2 2 ki2m, 2 k1 Bz
+ mi N2 my mp kz

92 37k, B, P2 k1 B2
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(m1+m2) Bz kpz (I'I'Ir"l’]"lz)zZ k2 mzz 1
= + 2 + s
Puw = @[5 02 == ky? 2 ki m; )5,

m,> (kitkz) +p[m B2 ma” ko (kitka)
2 ki1 k2 B2 2 2 ki1 Bz

+ q2

Finally, the performance index can be expressed as:-

2 2 3
(mi+mp) B IJLER my ko (mytmy) ko (my+my) }.l ]
2 ki m2’ 2 m2 ki 2 ki12 mp2 B2

=)
U}

cV q1[

mj+m
+ cV qz[ilgzg
2
- ky B ko (my+
+cVp[=—2 + Ez(gl m2)1 (7.22)

It can be verified that the expression for the performance index
as obtained here is identical with eq. 5.24 derived in chapter 5
using Parseval's Theorem, which proves that different methods of
analysis will lead to the same result. Matrix methods have the
advantage that digital computers can be applied quite readily to
handle large matrices associated with systems having a large numb=

er of degrees of freedom.

The manual method of evaluating the integral square values by
application of Parseval's Theorem is a very tedious process, and
prone to manipulative errors. There is also some doubt about the

correctness and ready availability of listed integrals for higher

order systems.
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8. ANALYSIS OF THE 3 CAR MODEL

Introduction

In case of a 4 car model, the front and rear motions are coupled
through the body moment of inertia, hence a simple extension of
the various integral square values as derived for a # car model is
not directly applicable since the model will have four degrees of

freedom, and a time delay between the inputs to the front and rear

wheels.

Also, since the overall stiffness of the model is to remain const-

representing a fixed permissible amount of deflection due to

ant,
load, the front and rear spring stiffnesses are no longer independ-
ent. |f one spring stiffness is changed, the other must also be

changed so as to maintain approximately constant overall stiffness

of the suspension, i.e. constant deflection of the mass centre of

the vehicle under a specified static load.

Overall static stiffness of suspension

In this section the concept of static stiffness of the model will

be developed.

A simplified £ car model is shown in Fig. &.1 where k2 represents
the stiffness of the front suspension spring and kzp that of the

rear. Let 8; represent the static deflection of the mass centre
of the vehicle due to a vertical force Fg applied at the mass
centre G. The equations for force and

moment equilibrium are:-

Fa

(85+b0) kop + (8g-aB)ka = Fg  (8.1)
o —
(65+b6)b kop-(8g-ad)a k2 = 0 (8.2) —

k2

Fig. 8.1
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Eliminating © between eqs. (8.1) and (8.2) by division

Fo -6 (ka-kap) _ 0(b kop -a ka)
Sg(a ka=b kzp) 6(a’ k2 +b? kop)
Hence 2
e - ky = (kz+kop) - (E_Eélh_gzﬂ)
GG az ka+b kzp
Finall 2 2
e K o= K2 kop (a+b) _ ka kop L (8.3)

¢ a2 k2+b2 kzpn az k2+b2k2p

where L is the length of the wheel base.

only the stiffness of suspension springs is considered since the
deflection of the suspension springs under specified payload is

the critical factor.

Once the permissible static deflection has been specified, the min-

imum value of overall static stiffness k, for the vehicle is more-

or-less fixed.

Previous analysis has indicated that for good ride characteristics
the suspension springs should be as soft as possible, but here ob-

viously a lower limit is set.

If ko is to remain constant, then ko and kzp are no longer indep-
endent. |If k, is to remain constant for any chosen value of front

spring stiffness k2, the rear spring stiffness kzp must satisfy the

relationship

2
= k2 Ko a (8.4)

k2p
L2 kp-bZke

Since the overall stiffness ko is related to the position of the
mass centre, the values of ko for a laden vehicle will differ

slightly from those of an unladen vehicle.



The values are listed below for HILLMAN and CHRYSLER models.

HILLMAN model

Unladen Laden
ky = 19972 N/m
kop = 22564 N/m

mp, = 288.94 kg me = 334.94 kg

mep = 216.14 kg map = 340.14 kg

m = 505.08 kg m = 675.08 kg

a =1.098m m,_p_ql G m~m,

b = 1.468 m A u(}

L =2.566m L
a =L"Z =1.29m
b =L =1.273m

o =Kok LT _ 40813 N/m « = 2415 N/m

a? ka+b® kap

CHRYSLER model

Unladen Laden

ko = 19270 N/m

kop = 21900 N/m

my = 381.02 kg me = 435.52 kg

mep = 322.05 kg mzp = U471.55 kg

m = 703.07 kg m = 907.07 kg

a =1.292m a = 1.466 m

b =1.528 m = 1.354m

L = 2.820 m

ke = 40289 N/m ke = 41146 N/m

87.
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Analysis of % car model

For the purpose of analysis the car is divided longitudinally by a
vertical plane so that m represents half the body mass, and J rep-
resents half the mass moment of inertia about the pitching axis

through the centre of mass.

The model thus enables to investigate the bounce and pitching but

will provide no information regarding yaw and roll.

The front and rear unsprung masses M and mip each correspond to a

single wheel while ki and kip are the radial tyre stiffnesses of

the front and rear tyres respectively.

Tyre damping has relatively small effect on overall model behaviour,

hence will be disregarded in present analysis.

Only vertical and pitching motions are considered, and body forces
up and uzp are assumed to exist between the axles and the body at
the front and rear support points respectively. The model has four
degrees of freedom and is illustrated in Fig. 8.2. All vertical
displacements are measured from the static equilibrium position
with the model on a level ground. The suffix P denotes the quant-

ities corresponding to rear suspension.

UZP Bz

Kae B.e

Fig. 8.2 % CAR DYNAMICAL MODEL
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If the model travels with a constant speed V, then the time delay
between the inputs to the front and rear wheels is given by

D = L/V where L denotes the length of the wheelbase.

Equations of motion about the static equilibrium position are:-

(xo-x1)k1 = uz = m1 X1 (8.5)
(&P-ﬁp)hp - Ugp = MpXp (8.6)
au; - bugp =Jb (8.7)
uz * uzp =m ‘XG (8.8)
Now- 0 = (xp-xzp)/L
X2 = Xg t ao
Xop = Xg - b6 and xg = (a xzp+ bx2)/L
After eliminating 6 and xg from equations (8.7) and (8.8) the
equations become
aup - bugp = J(X2- Xzp)/L = m r2(x2- X2p)/L (8.9)
and uz + ugp = m(a Xzp + b X2) /L (8.10)
where r denotes the radius of gyration in the relationship
J=mr? (8.11)

The forces applied to the support points by suspension elements

are
(x1-x2) ks + (X1-%2)B2 (8.12)

uz

(x1p-X2p ) k2p + (x1p-%2p)B2p (8.13)

uop

With these substitutions, the equations of motion become

—_—
[0 o]

L14)

(xo-x1)k1 -(x1=x2) k2 -(Xx1-%2)B2 = m1 X1
(xgp-x1p ) K1p -(x1p-x2p ) kaop -(X1p-X2p)Bop = mip X1iP (8.15)

-b(x1p-x2p ) kop -b(%1p-%2p)B2p + a(x;-x2) ks +a(x1-%2)B2 =

= mr{X,-x2zp) /L (8.16)



90.

(x1-x2)kz + (X1-%2)Ba2 + (xip=x2p)kop + (X1p=x2p)B2p =
m(a Xop + b 'X'z)/l. (8-17)

For a step input of magnitude xo at the front and xopat the rear,

delayed by D sec., Laplace transformation gives
(m;s? + Bas + ko+k1)Xi(s) - (Ba2s +k2)X2(s) = ki Xo/s (8.18)
(m1ps2 + Bops +kop)Xip(s) - (Baps +kap)Xz (s) = kip e”S Xop /s (8.19)

+thkye

~a(Bas + k)X (s) + (mr2s2/L + a B, s + a ky)X,(s)
+b(Byps +kyp)Xyp(s) - (mr2s2/L + b Bys + b k,p)Xop (s) =0  (8.20)

-(Bys +ka)Xi(s) + (mbs?/L + Bys +kz)X2(s)
-(Bzps +kap)Xip(s) + (mas2/L + Baps +kap)Xzp(s) =0 (8.21)

The equations could be solved for

[Xe(s)-X1(s)], [ X1 (s)-X2 (s)], [ X, p(s)-X1e(s)], [ Xip (s)-Xzp (s)] ,

and then integral square values determined by contour integration

on complex plane (52), but the algebra involved would be unmanageable.

Without too much algebraic manipulation X2(s) and Xzp(s) can be
eliminated from equations 8.18 and 8.19, leaving two simultaneous

equations in terms of Xi(s) and Xip(s) as under

(m152+st + k2+k1) msA{r2-ab) X1 (s)

B2as + ka2 L2
2 2,2 2
-{[ES—(L—+§—)+ Bzaps + kor] (e * Bops * kzp+klp}"(52PS +kzp) } Xip (s)
2
L Baps + kap

k1 Xo) msAr®-ab) _ kipe P Xop msAr?+a?)/L® + Baps + kop (8.22)

5 (Bys + k2)L? & Bops = kap

=
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and

B
{[msHr®+b?)/L*+ Bys +io ] (2 HDes +k2+kl) - (B2s+ ka) }Xi(s)
Bas + ka2

2 2
-ab P+ 8B + keo+ k
ms(i;_ ab) (Mo S 2e S st Kieyy yx o (s) =

L Boes + kap
= (k1 Xo)'(ms?{r2+b2)/L2 + Bps + kz)_(klpe-DSan msXr?-ab)
5 Bas + k2 s (Bops + kop)L?

(8.23)

It is clear that equations (8.22) and (8.23) become uncoupled if
r2 = ab. If the coupling ratio of the model is defined as

R = J/m = r?/ab, then the front and rear motions become completely

uncoupled when the coupling ratio R = 1.0. For an uncoupled

system with R = 1.0, the equations for the front and rear axle

displacements are:-

X1(s) _ kl(m252 + Bos + kz)

Xo s[(my &+ Bas + ka)(m1 s+ Bas + kat+k1)-(B2s + kz) 2]
(8.24)
and
Xi17(s) _ e P%ky (maps? + Bops + Kop )
Xo s [((mops? + Baps + kop) (mips® + Baps + kop+kip)-(B2ps +k2p)q
(8.25)
where mp = m (r2+b2)/L% = mb (a+b)/L? = mb/L when r? = ab

and mop = m{r2+a?)/L% = ma (a+b)/L* = ma/L

When the equations (8.24) and (8.25) are compared with the equations
derived for # car model analysis, it is evident that the expressions
are identical. Thus for an uncoupled system all equations derived
for the 1 car model are directly applicable, and integral square
values for an uncoupled ¥ car model (with R=1.0) are sums of corr-

esponding integral square values for front and rear suspensions

respectively.

Time delay will not affect the integral square values of an uncoup-
led system since the front axle response is completely independent

of the delayed rear axle response and vice versa.
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Integral square response and performance index of uncoupled % car

model (R=1.0).

The performance index can be expressed as

2 2 2 2
I = p[ <uz >+<ugp >1+ qif < (xe=x1) > + <(xop-x1p) >]

M q2[<(x1-x2)2> + <(X1P‘X2P)2>] (8.26)

For a unit step input the integral square values are:-

1.5.V. Body Force

2 2
<ul > + <u;i> = 5;82 + k; é21+m2)] +[k1§ Bop , kop

o,z

].S.V. Tyre Deflection

2 2 3
(mi+mz) Bo +{EL _ kami(mi+mz) | kz (my+ms) }‘l

2 k; mg? 2 ki1 m2 2 (k1mz)2 B2

2
x>+ <xgy >, =

2 2 3
(m1 +m2p) Bop H{me kop mip (mip+map) % kzp (m1P+m2P)}

(8.28)

g 1
2 kip mzp 2 kip mzp 2(kyp map)? Bae

The integral square values are minimised if the front and rear are

independently minimised by selecting the appropriate values of Bz ogpt

and Bop opr as for # car models.

1.5.V. Relative Wheel Travel

& 2 mj;+ma m;  +map :

< =
X1 ¥ <X % 2 B 2 Bop (8.29)

This quantity is independent of spring stiffness, and decreases with

increasing damping. There are no turning points.

After having briefly examined the influence of damping on suspension
response of an uncoupled system, it is evident that optimum damping
values can be selected for front and rear by treating them

independently.
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The influence of suspension springs on integral square response

In case of an uncoupled % car model (R=1.0), only the body force
and tyre deflection integral square values are affected by the
stiffness of suspension springs while the relative wheel travel

is completely unaffected.

1.5.V. Body Force

The value of spring stiffness k2 that minimises the body force is

obtained by differentiation of eq. 8.27 as

ko (mitmz) o\ o (d kzp) miptmze  _ (8.30)
Bo B2p
where 5
k?_p = kg k[} a
ke LZ-kqo b2
and 2 5 9 2 2
d kep _ _ ko a” b” _ _ kep b7 (8.31)
d ks ( koL? -kgb?)? k2 a2

On substitution of the value for d kpp/d k2 into eq. 8.30,

the result is

ko (mi+mz) _ (kz ko a2 gkoza2 b2 (m1p+m2P) =0
By ko 12-ko b (ko L2-ko b2)* B2p
or 3 4 .2
+ b B
kML m2 g ko™ a (m1p+mzp) 2] =0 {3-32)
Bo (ko L® =ko b?)® mi+m2  Bop

The value of k, that minimises the body force can then be calcul-

ated from eq. 8.32 as

N

a" b%(mp+mzp) BZ]é} (8.33)

L®  (my+mz) Bop

k2 = ko {-—'+[

Integral square values of body force have been calculated for
different values of ks, and plotted in Fig. 8.3 for % car model
using HILLMAN data and R=1.0.
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Since the radial stiffness of identical commercial tyres is known
to vary over rather wide limits, in addition to variations due to
inflation pressure, the graphs have been plotted for different

values of tyre radial stiffness.

1.5.V. Tyre Deflection

Differentiating eq. 8.28 with respect to k,, and setting the

result equal to zero, gives

3
{- mi (my+m2) ko (my+ma) }‘l
k1 mz (ky m2)2 ~ B2
3 3
£ {kf a? b2 mip (mp+mor) _ ka ko a" b%(myp+myp ) }l (8.3k)

2
ks L2-ko b?)?% kipmap (k2 L%-ko bz)z(kleZP) Bae
Eq.QSBH)can be rearranged as

3 3 2
ko (my+my) ° 1 ko a* bZ(mip+map) (ki mp) Bo

2 3 3
(k1 m2) B2 (kp L%-ko b?) " (my+m2) (kipmaop) 2Bop

_m1(m1+m2)[ 1 - ko a® b2

7
ki m2 (ko LZ-ko b?) my(my+mz) map Bop

myp (myp+mop) my Bo ]=0 (8.35)

Eq. 8.35 can be solved for the value of k2 that minimises the
integral square value of tyre deflection, but only numerical
solution is possible which can be effected on a programmable cal-

culator or on an interactive computer terminal.

Integral square values of tyre deflection are plotted against k2

in Fig. 8.4.

Functional relationship between minimum performance index and

spring stiffness of an uncoupled % car model (R=1.0).

It is of interest to investigate the relationship between the
minimum performance index, spring stiffness and weighting factors
for an uncoupled model since it is to be expected that some gen-—

eral principles will also apply to coupled models.
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The performance index for the uncoupled % car model, excited by

unit step input is given by eq. 8.26 as

{kl Bz k2% (my+ms) o kip Bop kof (m1P+m2P)}

2 2 Bz 2 2 BZP

2 2 3
+ B k 4
+ ql{(ml m2 ) : 2 +[[!11_ kamy (my+my) + Ke (my mz)z ]%2
2 k1 ma 2 k1 mz 2(k1 mg)

B 2
(mip+mop) Bop +[m1P‘ _ kopmip (myp +map ) + kop (m1p+mzp) ]1_ }
2 2 JB
2 kip m2p 2 kip m2p 2(k1p mzp ) zF

{m1+m2 + m1p+m2p}
2 B, 2 Bop

+ g2

Differentiation with respect to kL gives

97.

di _ ko (mi+mz) dkapy mip+myp
A e * kor () T
3
N qi{[ ~ my (my+mz) P kz(m1+mz} _1B_2
kl ma (k1 m2)
3
(d kzp)[ _ myp (mip+map) + kop (myp+mop ) ]1_} (8.36)
d k2 kip m2p 2(kyp mop)?2 B2 )

after substituting for

ko kg az

kep = —2——
ko L?- ko b
and kem _ _ kap b
dkz k22 82

the condition for minimum performance index becomes after

rearrangement of eq. 8.36 as
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ko3a" b2 (m1p+mop ) B2

(kp L2-ko b2)3(my+mz) Bop

o ke [1 -

ko (my+my) 2 [ - ko a" b2(mpp+map) > my® By ]
3 3
k1% ma? (kaL2-ko b?) (mp+my) mzs B2p

m1 1 - ko?a? b* mip_ma(mip+map) B> -0 (8.37)

- q,
ki1 mz (kpL%-kq b%)?% mzp my(mi+mz2) Bop

It is clear that the value of ks that minimises the performance
index is a function of system parameters, as well as function of

weighting factors p and q.

Eq. 8.37 represents a linear relationship between p and q with

k, as a parameter for a given constant B,/Bop ratio.

The graph of p against q will have a horizontal slope when

3

2
k2 (mp+my) [ di= ko’ a*b®(myp+mze) ma By } _
kimimz (ks L2- ko b?) (my+mz)® mi% Bap
k02 a’t myp my(mp+mop) B,
=1 - P = (8°38)

2
(koL%-ko b?)" map my(mi+mz2) Bop

The value of kz calculated from eq. 8.38 corresponds to the value
of k, that minimises the integral square of tyre deflection as

indicated previously by eq. 8.35.
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The graph will have a vertical slope when

or

3
(ko L%-ko b?) mip +mop) B2

ko
ko

ko a* b? (m1+m2) B2
a® b%(mp+mop) B s b?
1P 2P 2 + s (8.39)
LS (myi+mz) Bop L?

The value of k, calculated from eq. 8.39 is identical with the

value that minimises the integral square of body force.

The linear relationship between p and g with k; as a parameter

is shown in Fig. 8.5 which has been plotted with data correspond-

ing to HILLMAN model for R=1.0.

't is evident from the graph that the values of k; that minimise

the performance index for positive values of weighting factors

must lie between the values that minimise the |.S.V. of tyre

deflection and the body force respectively.

| f

min

is plotted in the form of a carpet plot against kz, with

o and q as parameters, the graph shown in Fig. 8.6 will result.
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The region corresponding to positive weighting factors is
bounded by vertical asymptotes through the values of k2 that

minimise the tyre deflection and the body force respectively.

The general character of the graph is similar to that obtained in
case of damping. |If one of the weighting factors is held constant,
and the other increased, the minimisation process will converge to-

wards the value of ks that will reduce the particular response.

It follows that once the weighting factors p and q have been selec-
ted, the minimum value of the performance index and the correspond=-
ing value of k, that minimises the performance index are automatic-

ally fixed.

If the integral square value of tyre deflection is used as the sole
performance criterion, it implies that g3, and the computer optim-
isation process will lead to the value of kj that will minimise the

integral square of dynamic tyre deflection, i.e. to the left-hand

asymptote.

Conversely, if body force is the sole performance criterion, the

minimisation process will lead to R.H. asymptote.

The relationships are shown in Figs. 8.7, 8.8, 8.9 and 8.10 for
HiLLMAN and CHRYSLER data with R=1.0.

To verify the validity of the graphs, the integral square values

of response, and the performance indices for the models were calc-
ulated using the program "Performance Index' in ACSL digital simu-
lation language shown in Appendix C. The weighting factors in all

calculations were taken as
p=8x10"' g, =10.0, g, = 1.0.

The performance indices calculated are plotted against k2 in Fig.

8.11 for the HILLMAN model, and in Fig. 8.12 for the CHRYSLER
(R=1.0).
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The minima are listed in Table 8.1 from which it can be seen that
there is complete agreement between direct calculation and digit-

al simulation results,

TABLE 8.1
Model Imin k2 gpr for Imin
HILLMAN (R=1.0)
UNLADEN 0.801 20.8 kN/m
LADEN 0.865 20.9 kN/m
CHRYSLER (R=1.0)
" UNLADEN 1.01 20.2 kN/m
LADEN 1.10 20.1 kN/m

Program INDEX 1 in interactive BASIC was also used to check the

results.

This program, also shown in Appendix C, calculates the integral
square values and the performance index directly from model param-
eter values (for R=1.0), using the integral square expressions de-

rived from Parseval's Theorem.

There is complete agreement between the results obtained by digital

simulation and by direct calculation.

The values of k, that locate the vertical asymptotes have also been
calculated for different values of B2/Bsp ratios, and are listed in

Table 8.2 for the HILLMAN model and in Table 8.3 for the CHRYSLER
(R=1.0).
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TABLE 8.2 (HILLMAN MODEL)

B, /Bap UNLADEN LADEN
Ratio kz for min. ko for min. kz for min. k2 for min.
tyre defl. body force tyre defl. body force
N/m N/m N/m N/m
1/3.0 18132 19319 17523 17783
1/2.5 18225 19692 17776 18252
1/2.0 18331 20181 18093 19730
1/1.5 18454 20868 18510 18868
1.0 18603 21955 19111 21096
1.5 18721 22200 19720 22659
2.0 18788 24190 20151 23903
2.5 18832 25027 20482 24954
3.0 18862 25758 20748 25872

TABLE 8 (CHRYSLER MODEL

B,/Bop UNLADEN LADEN
Ratio 2 for min k, for min k, for min. k, for min.
tyre defl. body force tyre defl. body force
N/m N/m N/m N/m
1/3.0 16513 18230 17222 17119
1/2.5 16475 18631 17277 17597
1/2.0 16437 19157 17344 18223
1/1.5 16400 19894 17424 19103
1.0 16362 21061 17527 20495
1.5 16338 22397 17613 22088
2.0 16325 23461 17663 23356
2.5 16318 24359 17606 24427

3.0 16313 25144 17720 25363
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9. THE INFLUENCE OF COUPLING RATIO ON SUSPENSION RESPONSE

Introduction

The investigations and results so far have been confined to vehicle
models having rear and front motions uncoupled, i.e. the models

with a coupling ratio R=1.0.

The coupling ratio is seldom under the direct control of the suspen-
sion engineer since it is determined by the factors such as the
location of the engine and transmission, the distribution of the
passenger and luggage load, the styling of the bodywork etc.

For an average passenger sedan with front mounted engine and rear
wheel drive, the coupling ratio is somewhere between 0.7 and 0.9,

larger passenger cars seem to have slightly larger values.

The analytical solution of the model response when r2 # ab is ex-

tremely difficult due to cross-coupling and time delay terms.

The equations of motion for the model involve the expressions such

as
m(r2-ab)/L?%, m(r2+b?)/L? and m(r2+a2)/L2.

After substitution of the coupling R = r?/ab, the expressions

become:

mab (R-1) /L%, mab (R+b/a)/L? and mab(R+b/a)/L2.

The general solution for integral square values will involve the

powers of these terms, in addition to time-delay terms.

For a unity coupling ratio the terms involving mab(R-1)/L? become

zero, and relatively simple solution results. The two other terms
involved become mz2 and mgp i.e. that part of sprung mass associat-
ed with the front and rear suspensions respectively. In case of a
coupled system the response is expected to vary with varying coup-
ling ratio for a constant time delay (constant vehicle speed), and
also with a constant coupling ratio for varying speeds (apart from

the common amplitude multiplier cV).
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The Influence of Speed

Since the performance index is a good indicator of the overall rel-
ative performance of a model, the indices were calculated for diff-
erent values of coupling ratio and vehicle speed using ACSL digital

simulation language. The results of these calculations are shown

in Figs. 9.1, 9.1a and 9.1b.

It can be seen that the performance with step input excitation
deteriorates rapidly with increasing speed for R<1.0, and improves
slightly for R>1.0. When R=1.0 the system is uncoupled, hence the
response is independent of vehicle speed (apart from integral

square multiplier cV).

Damping and Coupling Ratio

Integral square values of front and rear responses were computed
for different values of front and rear damping at constant vehicle
speed and unit step input. The calculations were carried out for
the range of coupling ratios varying from 0.6 to 1.3, and the
results are shown in Figs. 9.2, 9.3 and 9.4 for integral square

values of body force, tyre deflection and wheel travel respectively.

The performance indices for the same conditions are plotted in Fig.

9.5 against damping with the coupling ratio as a parameter.

The examination of computer results indicates that there are prac-
tically no cross-coupling effects between the front and rear res-
ponses due to damping. The front response is practically unaffect-
ed when the rear damping is varied and vice versa, i.e. the front
response is determined by the front damper, and the rear response
by the rear damper. The maximum error resulting from the neglect
of cross-coupling effects due to dampers will not exceed 0.5% for
all cases investigated. Thus the front and rear dampers can be

optimised independently.

On further analysis of computer results, it becomes evident that
the mean. square responses can be approximated to a high degree of

accuracy by the expressions
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Ci1 B2 + C2/B2

wn
Il

V'Body Force

]

1.5.V Ciy By + Cy/B2

*Tyre Deflection

Cs By, + Cs/Bz

)
I

V'Wheel travel

for the front and rear.

For an uncoupled system (R=1.0), the respective values are

kzz(m1+m2)/2

C, = ki1/2 Co =
5 3
_ (my+mz) _m _ ke my (mi+mz) . k2 (m1+m2}
2 kg mzz 2 ki1 mz 2 (kl m2)
cs = 0 CG =m
2

For a coupled system the values are complicated by the terms invol-
ving the coupling ratio and time delay. Cs evidently involves the
term (R-1)/L?, and my corresponds to mab(R+b/a)/L® while mzp

corresponds to ma b(R+a/b) /L%.

The coefficients are tabulated in Tables B1 and B2 of Appendix B,
and have been plotted against the coupling ratio in Figs. 9.6 and
9.7 for HILLMAN front and rear suspensions respectively, but it is
impossible to predict the probable functional relationships from
the graphs. Evidently, the relationships are not simple linear

functions of the coupling ratio.

It would now be appropriate to investigate the general relationship

between the weighting factors and the minimum performance index for

different values of damping and coupling ratio.

Since the integral square values of response for a fixed value of

coupling ratio can be expressed in the form

¢ B, +C,, /B2 for the front suspension

i+1

and G p Byp * G ,1p/B2 for the rear suspension

where i = 1,3,5
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the performance index for the model can be written as
| =p (C; Bp+C2/B2) + q(C3 B,+Cy/B2) + (Cs B2+Cs/B2)

+p (Cip Bop +Cop/B2p) + q(Csp Bop+Cup/B2op) + (Csp Bop +Cep/Bap)
(9.1)

Now the front and rear can be independently optimised since there
are practically no cross-coupling effects due to damping.

=0 and ol =0 for the minimum

Thus
oBop

ol
9B,
value of performance index.
To minimise the front response, %%— = 0 must be satisfied, which
. 2 .
gives
2 2 2

0(C1-C2/Bs ) + q(Cs -Cu/B2 ) + (Cs~Ce/B2 ) =0 (9.2)

and establishes the functional relationship between the weighting

factors for minimum performance index as

_ q(C3-Cu/Bz’) + (C5=Ce/Bo") (9.3)
C1 - C2/B2?

The equation of p against g represents a linear graph similar to
the graph for an uncoupled system with R=1.0.

2
The slope tends to infinity when B2 = C,/Cy, and this corresponds

to the condition of minimum body force, with ISF2min =2/CiCz.

The corresponding value of q where the vertical line intercepts

the horizontal axis is given by

_Cy Cs - Cy1 Co
9v,st = " T, C3 - C1 Cu (9.4)
The slope is zero where B; = C,/C3, and this value of B2 corres-

ponds to the condition of minimum tyre deflection, given by
ISXO]min = 2 /C3Cy. The height of the horizontal line above the
origin is given by

_ _Cy Cs - C3 Cs
Pims = T, Cs - Cz Cs (9.5)

The coordinates given by eq. 9.4 and 9.5 define the point through
which all characteristics will pass. Fig. 9.8 shows the conditions

for HILLMAN front suspension with R=0.7.
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|f the front damper is varied, the condition for minimum

performance index is given by
2
P (B C1-Cz2)+q(B2? C3-Cu)+(B2 Cs-Ce) =0 (9.6)

It is evident that for any selected pair of weighting factors p
and q, there corresponds one value of B, that will minimise the

performance index, i.e. | can be plotted against B2 with p and

min
q as parameters. It also means that once the weighting factors
have been selected, the value of minimum performance index is

fixed for a given model.

The computer program B2MIN shown in Appendix C was used to calcul-
ate the values of Inin which have been plotted in Figs. 9.9 and

9.10 for HILLMAN model with R=0.7.

The general shape of characteristics is the same for all coupling
ratios (including R=1.0), only the location of vertical asymptotes
corresponding to qy g and Py ¢ will vary as shown in Tables B.3

and B.4 in Appendix B, and plotted in Figs. 9.11 and 9.12.

The graphs in Figs. 9.9 and 9.10 show again that the computer op-
timisation procedure will lead to the value of damping that minimises
the tyre deflection when g is continually increased, and to the
value of damping that minimises the body force when p is continually

increased, all other parameters remaining constant.

Thus the basic computer optimisation routine remains the same,
i.e. select the weighting factors, minimise the performance index
from which process get the value of damping, then calculate the
response and check if.the performance is acceptable. For a mini-
mum value of performance index with specified values of weighting
factors p and q, the corresponding value of damping rate can be

calculated from eq. 9.6 as

2
___DC2+(!CH+C&
B2 orT 5 i +qCs* Cs (9.7)

The damping rates corresponding to minimum performance indices
have been calculated for HILLMAN model with weighting factors
p = 8x10"'° and q = 10.0, and are listed in Table 9.1 and plotted
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in Fig. 9.13 for verification with computer results.

[t can be seen that the values as listed do agree with Fig. 9.5

which was plotted with the data from ACSL simulation results.
TABLE 9.1

DAMPING RATES FOR MINIMUM PERFORMANCE INDEX

COUPLING OPTIMUM FRONT DAMPER OPTIMUM REAR DAMPER
RATIO Br opr Ns/m BavporT Ns/m
0.6. 1726.1 1866.1
0.7 1755.0 1898.9
0.8 1784.9 1915.0
0.9 1814.2 1915.7
1.0 1843.4 1904.2
1.1 1869.2 1883.6
1.2 1890.7 1859.5
1.3 1904.8 1832.0
1.4 1917.0 1806.8
1.5 1924.8 1784 .4
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Fig. 9.1a. Variatijon of Performance |ndex with Speed
and Coupling Ratio
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o810 Fig-9.5. Variafion of Performance ndex
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Fig.9.6. Response Constants for Front Suspension
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Fig. 9.1, HILLMAN Front Suspension Characteristics,
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Fig.9.13.  Frontand Rear Damping Rate for
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9.4

Suspension Spring Stiffness and Coupling Ratio

| f the overall stiffness ko of the model is to remain constant then
the rear spring stiffness will be a function of the front spring

stiffness and vice versa according to the relationships

o = Ko_k2 a? (9.8)
2y = =
k, L2-ko b?
2
and ko, = ko kap b” (9.9)

kop LZ-kp a®

The front and rear springs cannot be optimised independently because
of this inter-relationship, in addition, there may be also cross-

coipling effects due to springs. These aspects need to be investig-

ated separately.

To get some idea of the system behaviour as the stiffness of the
suspension springs is varied, the integral square values of body

force, tyre deflection and wheel travel were calculated for H I LLMAN

model using ASCL simulation, language.

The response was calculated for different values of k2 and Kzp,
keeping all other parameters constant, including the overall mode
stiffness ko. It really means that the stiffness of rear suspension
springs is decreased according to eq. 9.8 as the stiffness of the

front springs is increased.

The results of these simulations are shown in Figs. 9.14, 9.15,

9.16 and 9.17.

After examination of the graphs, the following broad observations
can be made regarding the response with varying suspension spring

stiffness and coupling ratio R:

{.S.V. Body Force (ISF2)

The body force at the front and rear support points generally in-

creases with increasing value of the respective spring stiffness.

But since the overall stiffness is to remain constant, the stiffness
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of the rear spring will decrease in accordance of Eq. 9.8 as the
stiffness of front springs is increased. Consequently the force
at the rear support point will decrease and the force at the front
support point will increase with increasing front spring stiffness.
Also the force ‘ncreases at the front with increasing coupling

ratio, and decreases at the rear.

Thus the sum of body forces which causes the vertical body accel-
eration changes relatively little with the spring stiffness and

coupling. ratio as seen from Fig. 9.14,

|.S.V. Tyre Deflection (15X01)

Front tyre deflection increases with increasing front spring stiff-
ness and coupling ratio, while the rear tyre deflection decreases
with increasing rear spring stiffness to a well defined minimum,

and then continually increases.

The sum of front and rear tyre deflections which forms one part of
the performance index generally increases with increasing spring
stiffness and decreases with an increasing coupling ratio.

The characteristics display well defined minima.

1.S.V. Relative Wheel Travel (1sx12)

Front wheel travel decreases with the increasing value of front
spring stiffness and with decreasing coupling ratio while the rear
wheel travel displays just the opposite behaviour with the result
that the sum of the front and rear integral square values is cons-
tant, and entirely independent of spring stiffness. Evidently the

wheel travel is mainly determined by the mass distribution in the

model .

The preliminary investigation of the model behaviour, having a var-
iable front spring stiffness and constant overall stiffness will
not reveal if there is any significant interaction between the front

and the rear responses due to suspension springs.

For closer examination of the cross-coupling effects the response
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of the model was calculated for different coupling ratios while
maintaining a constant rear spring stiffness and varying the front

spring stiffness only, and then reversing the process.

This procedure is equivalent to a variable overall stiffness of the

model.

The results of these calculations are shown in Figs. 9.18, 9.19,
9.20 for varying front spring stiffness with a constant rear spring
stiffness, and Figs. 9.21, 9.22, 9.23 for varying rear spring stiff-

ness with a constant front spring stiffness.

A1l graphs demonstrate clearly that there are strong interaction

effects, except for the case R=1.0 which corresponds to an uncoupled

system.

The interaction effects increase as the coupling ratio departs more
and more from unity. This is to be expected since the cross-coupling

terms may involve the powers of the expressions
mab (R-1) /L%, mab(R+a/b)/L? and mab(R+b/a)/L?

as previously discussed.

A number of relationships seem to be linear functions of the spring
stiffness which is not obvious when the overall stiffness is maint-
ained constant since the rear spring stiffness is a non-linear fun-

ction of the front spring stiffness.

Owing to the complexity of the problem, it is not possible to calc-
ulate the integral square values by a direct analytical process us-
ing the principal parameter values of the model. It is important,
however, to gain some insight into the relationship between the
weighting factors and the spring stiffness for the case of minimum

performance index.

A graphical relationship can be established by carrying out a
large number of computer optimisation processes using 2-dimensional

search techniques with different values of weighting factors and
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plotting the minimum values of performance index against front
spring stiffness with the weighting factors p and q as the paramet-=
ers. The graph will then indicate the functional relationships
between the quantities involved, and will show the results to be

expected when the quantities are varied.

To cover the entire field of interest, a very jarge number of comp=
uter searches would be required for a comprehensive plot which is
very expensive and time consuming in terms of available computing
resources, unless the simulation is carried out on an analogue

computer.

-

A different approach to the problem would be to establish approxim-
ate functional relationships from digital computer simulation res-
ults using curve fitting techniques. The results would be suffic-
iently accurate over a limited range of model parameter values of

practical interest, and would show the trends to be expected.

A closer examination of test results calculated with different

values of spring stiffness and damping rate, but maintaining a con-
stant overall stiffness, mass distribution and coupling ratio, sug-
gests that the integral square values of response due to step input
can be closely approximated over a limited range of parameter vari-

ations by the expressions of the form

|.S.V. = ABz +(X,#Y kot Z,k,")/B,  for the front suspens ion

1.S.V., = Assz+(Xs+Ysk2P+ Zskzzp)/B2P for the rear suspension

The coefficients Ay, X , Y4, Zs where s denotes an identifying
numerical suffix, can be determined from ACSL simulation results
using interactive BASIC Program COEF shown in Appendix C. The ex=
pressions will incorporate the interaction effects between the

front and the rear, and Kzp is calculated from the relationship

= ko(a/L)?
(kz/ko)"(b/L)2

The coefficients for the HILLMAN model are tabulated in Table B.5

for unladen conditions and in Table B.6 for laden conditions
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(Appendix B) with the following suffices relating to the integral

square values:-

1 & 2 Front and rear tyre deflection respectively
3 & 4L Front and rear relative wheel travel

5§ 6 Front and rear body force.

BASIC Program PERF1, also shown in Appendix C was used to verify
the integral square responses for different values of spring stiff-

ness and damping. The agreement was found to be quite good, and

adequate to show up any trends.

Since the effect of damping can be investigated independently as
discussed in Section 9.3, the damping rates will be held constant

at 1800 Ns/m during the investigation of the effect of varying

spring stiffness.

With constant damping for front and rear, the sums of integral

square values for tyre deflection, relative wheel travel, and body

force respectively can be expressed as:

2
(Ao+ Boka+ Cokz )+(Do+ Eokze+ Foksp) (9.10)

SISX01 = ISXO1+I1SX01P =

S1SX12 = 1SX12+15X12P = (A;+ Biko+ Ciko?)+(D1+E1kop+ Flkzﬁ) (9.11)
2

SISXF2 = ISF2+1SF2P = (Az+ Baokot c2k22)+(02+ Eokop+ Faokor) (9.12)

The coefficients A,B,C,D,E and F for a specified coupling ratio are

calculated from values listed in Tables B.5 and B.6 of Appendix B.
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The performance index can be written in the form
| = p(SISXF2) + q(sIsx01) + (S1SX12) (9.13)
and for a minimum value of performance index
di/dk, = 0, hence
p[Bz2 + 2ky Co + E, (dkgp /dky) + 2Fp kop (dkop/dkz)]
+ q[ By + 2ky Co + Eo (dkge/dka) + 2Fo kae (dkop /dk2)]

+ [ By + 2kzg C1 + E1 (dkee/dkz) + 2F1 kep (dkop/dk2)] =0 (9.14)

where dk,/dkop = -(kzp b)7 (k2 a)? 4 (9.15)

It is evident that for the condition of minimum performance index
there will be a linear relationship between the weighting factor p
and q irrespective of the complexity of the functional relationship

of ky which determines the slope of the straight line characterist-

ics.

If p is plotted against q for a specified value of coupling ratio,

then the graph will have an infinite slope when
By + 2ky Co + Ez(dkzp/dkz) + 2F2 kgp (dkzp/dkz) =0 (9.16)

and the value of kz calculated from eq. 9.16 will minimise the

integral square value of body force.

The graph will have a zero slope when

By + 2kp Co + Eo (dkpp/dkz) + 2Fg ke (dkap/dkz) = 0 (9.17)

and the value of k, determined from eq. 9.17 will minimise the

integral square value of tyre deflection.

One would intuitively think that the optimum value of the spring
stiffness will be somewhere between the values that minimise the

tyre deflection and body force respectively.
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The values of spring stiffness calculated from egns. 9.16 and 9.17
for different values of coupling ratio are listed in Table 9.2 for
the HILLMAN model, for unladen and laden conditions respectively,

and show the probable range of optimum stiffness.

TABLE 9.2

SUSPENS1ON SPRING STIFFNESS FOR MINIMUM TYRE DEFLECTION AND BODY
FORCE. HILLMAN DATA.

UNLADEN LADEN

) k, for min. k, for min. k, for min. k, for min.

Tyre Defl. Body Force Tyre Defl. Body Force.
0.6 18842 23902 22898 24195
0.7 18927 23354 21806 23779
0.8 18882 22837 20864 22863
0.9 18761 22370 20068 22067
1.0 18603 21955 19437 21395
1.1 18431 21597 18942 20838
1.2 18260 21300 18530 20387
1.3 18099 21011 18254 20022
1.4 17936 20660 18008 19725
1.5 17772 20520 17803 19479

Interactive BASIC Program MIN shown in Appendix C was developed to
calculate the value of k, from eq. 9.14, for specified weighting

factors and coupling ratio, using a modified Newton-Rhapson routine.

FORTRAN Programs MINIFZand MINIPLT were developed later to calculate
and plot Igin as a function of ka2 with weighting factors p and q as

parameters.

The graphs in Figs. 9.24 and 9.25 show the relationship between the
minimum performance index and suspension spring stiffness for R=0.7,
with weighting factors as parameters, and in Figs. 9.26 & 9.27 for
R=1.3.

The graphs display characteristics similar to an uncoupled system
(R=1.0) where increasing value of q will lead to spring stiffness

that minimises the tyre deflection, and increasing value of p will
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lead to spring that minimises the body force, thus justifying the

principles of computer search.

But again, once the weighting factors have been selected, the min-
imum value of the performance index and the spring stiffness that

minimises the performance index are all fixed.

The influence of Vehicle Speed on Integral Square Response

The vehicle speed has a two-fold effect:

(1) The integral square values of response due to random road
input are cV times that due to unit step input, where ¢
involves the road roughness parameter, and V is the vehicle

- speed.

(2) The cross-coupling effects of front and rear responses

which depend on the time-delay between the front and rear

excitations for a given coupling ratio R.

The time delay affects the phase relationship between the super-

imposed cross responses. Since the frequency of free oscillations
is determined by suspension parameters such as the effective mass
and stiffness, the phase between the front and rear responses will

affect the amplitude of the combined response.

Integral square values of response for the HILLMAN model with con-
stant suspension parameters are shown in Figs. 9.28 to 9.34 as a

function of vehicle speed and coupling ratio R.

The response of an uncoupled system (R=1.0) is independent of veh-
icle speed as expected, and the cross-transfer effects decrease
with increasing vehicle speed as indicated by decreasing values of

integral square response.

The maximum values of integral square response for the rear wheel
correspond to a vehicle speed of approximately 35 m/s, or a time
delay of 0.073 sec. between the front and rear wheel excitations.
This amount of delay is of the same order of magnitude as the

period of the hop frequency of the front wheel (0.085 sec.), which
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suggests that the wheel hop frequencies may be mainly responsible

for the cross-transfer effects.

This view is further reinforced by the fact that the maxima for

laden and unladen conditions occur at the same speed, demonstrated

clearly by graphs in Figs. 9.31 and 9.32.
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10. STATE VARIABLES AND COVARIANCE MATRIX METHODS
APPLIED TO CALCULATION OF INTEGRAL SQUARE VALUES

Introduction

The response calculations of vehicle models with a coupling ratio
different from unity have been carried out by the use of ACSL

digital simulation so far.

ACSL is a special language developed for digital simulation of
dynamical systems, and as such is usually not available on general-

purpose computing systems normally used in commerce and industry.

It would be an advantage, however, if the mode! response could be
calculated using any of the more common computer languages such
as FORTRAN, BASIC or PASCAL for which the compilers are more

readily available.

The starting point in each case would be the algorithms based on
state variables and processed in the computer by a series of

matrix operations. Since BASIC is too limited and inflexible in
its applications, and PASCAL is still a relatively new language,

this leaves FORTRAN L4 or FORTRAN 5 as the obvious choice.

In Chapter 7 a closed form solution of integral square response
was obtained in terms of model parameters for an uncoupled model
(R=1.0) but owing to much greater complexity of a coupled system,
this cannot be expected to be achieved for a model having a coup~
ling ratio R differing from unity, hence only numerical solutions

will be feasible.

State variable analysis of a half-car mode

In the analysis that follows, a slightly different, less cumber-=

some nomenclature will be used, with symbols as under:-

k, = front spring stiffness ks = rear spring stiffness
c; = front damper rate csy = rear damper rate

m; = front unsprung mass m3 = rear unsprung mass

ka = front tyre stiffness kp = rear tyre stiffness
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m = total sprung mass

J = body mass moment of inertia

L = length of wheelbase

a = distance of front axle from body centre of mass
b = distance of rear axle from body centre of mass

Vertical and pitching motions are only considered, and body support
point forces u; and us are assumed to exist between the axles and
the body at the front and rear, respectively. The model, shown in
Fig. 10.1, has four degrees of freedom and eight state variables.
Note that yi, Y2, Y3, Y& and ye represent vertical displacements

from static equilibrium position with the vehicle on a level road.

L
Y.
U
0
V. K
A C
Us 4
My
k
Q yQ
kb
Fig. 10.1 DYNAMIC VEHICLE MODEL
The equations of motion are:-
(Ya= Y1)ka = up = my ¥, (10.1)
(Yb' Y3)kb - Uz = Mg Va (10.2)
au, - bu, =J8 (10.3)
up + Uy =m Ya (10.4)
where 6= (y, - v,)/L
Also y2 = yg + ab=yg + aly2 = yu)/L (10.5)
and Yy =Ye - b0=ys - blya - yu)/L (10.6)

which give vo (a ys + by2)/L
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with the substitutions as above, equations 10.3 and 10.4 can be

expressed as

a uy - b us

and up + us

where ui

and us

It

J(Y2 = yu)/L =m r2(¥2 - Yu)/L

m(a vy + b y2)/L

(y1 - y2)ki + (y1 - y2)er
(ys - yu)ks + (y3 - yu)cs

Define the state variables as follows:-

ur (1 + a?/r%)/m + us (1 - ab/r?)/m

ur (1 - ab/r?)/m + usz (1 + b2/r2)/m

X1 = Y1 ~ Ya
X2 = Y2 - Y1
X3 Y3 ~ Yo
Xy = Yu = Y3
Since au; - busg=m rz(yz
and up + us =
it follows that
Vz = Xg =
and yy = Xg =
also y1 = X5 = -x1 ka/m -
and y3 = X7 = =x3 kv/mg -

The state equationS may now be

follows:-

{x} = A; {x} + Bi{u} +

T
where {w}= [Ya Yo ] denotes the input velocity disturbance

X5
X6
X7

Xsg

- yu)/L

m(b V2 + a yu)/L

uyp/m

U3/m3

y1
y2
Y3
Yu

(10.7)
(10.8)

(10.9)
(10.10)

expressed in vector-matrix form as

B{w}

vector due to random road profile.

The system matrix A;, and coefficient matrices B, and B are given by:
- -

A1= 0

o O O O O O O O

o O O O O

-kb /m3

0 1
-1

o O O O O O O
o O O O O O

0

—

O O O O O O

0

(10.11)

0

- O O

o O O O
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B = 0 0 B = -1 0
0 0 0 0
0 0 0 -1
0 0 0 0
-1/m1 0 0 0
(1+a%/r?)/m (1-ab/r?)/m 0 0
0 ~1/m3 0 0
i (1-ab/r?)/m (14+b%/r?)/m | 0 0 |

The disturbance inputs y, and y, are identical for the wheels
following the same path, except V, is delayed by time interval

D = L/V with respect to Y, -

Hence, the disturbance signals can be modelled by the equations

y, (t) = v(t+D)
and vy (t) = v(t)

where 1(t) is scalar white noise with intensity cV.
The disturbance vector can now be expressed as

{w} =] v(t+D) _| w
v(t) W3

The performance index T is defined as the weighted sum of mean

square values, or

m = Li 1 T 2 2
' T'E{ J' [ es Uf*'ps us + qulyr = v,) + axlyz - y1)?

T+ o
+ qalys = v,) 2 + qulys - ys)2]dt}
where p1, pz and q1to guare the weighting factors, and E{:} denotes
the expectation.

The performance index can be expressed in terms of selected state

variables as

m = Lin JT—E{OIT[uT Ry u+ x¥ Q x ]dt} (10.12)

T>o
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where Ry = B 01 0
{— a P3
and Q = qgr O 0 0 0 0 0 0
0 g2 O 0 0 0 0 0
0 0 qs O 0 0 0 0
0 0 0 q O 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
B 0 0 0 0 0 0 0 0 y

Since the performance index is an average value taken over an in-
finite time period, it is independent of the initial state of the
system. To simplify calculations, the assumption will be made

that the initial state is zero.

As the white noise disturbance w, and w, originate from the same

source, and have zero means, the covariance matrix of the disturb-

ance vector according to (63) is

W(ty, tz) = E {w(ty) wlt2)}
=|E {wy(t1) wi(t2)} E{wi(t1) wa(tz)}
E{ws(t:) wi(ta)} E{ws(t1) wa(tz2)}
= cV| §(t1-t2) §(t1-t2+D)
5 (t1-t2-D) 5(t1-t2) 10152

or W(tl,t2)=cV[(1) ?:]a(tl-tz)ﬂvl:g é:]é(tl-t2+0)+cV[? 8}6(t1-t2-D) (10.14)

where & denotes DIRAC §-function, and D denotes the time delay L/V.

The body forces u; and us were given by equations 10.9 and 10.10 as

(y1-y2) ki + (yi-y2)c1
(ys-yu)ks + (y3=yus)cs

uj

and us
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which can be expressed in matrix form in terms of state variables

as

fu} = F' {x}

where FT =10 -k; O 0 c1 =-c1 O 0
Q 0] 0 -ks 0 0 c3 ~C3

The performance index (Eq. 10.12) can now be written as

m = Lim 1 T, T
7w T ELS (X FRy FP x +x QxT]dt}

ST e ST R P+ Q)x T de (10.15)

= Lim 1 T T
T ELJ [x® R x]dt}

where R =F Ry FF +Q
and the system can be described in terms of system matrix equation

as
{x(t) } = Alx(t)} + B{w(t)} (10.16)

where A=A; + B Fr
The matrix equation 10.16 has the solution

x(t) =0 (t) x(o) + Jo(t,T)B(rIwlT)dT (10.17)

where ®(t,t) is the state transition matrix.

Since x(o) = 0 by a previous statement regarding the initial state,

and B is a constant matrix, equation 10.16 can be written as

x(t) = Jto(t,T) B w(T)dT (10.18)

Hence,

xT(t)R x(t)

Jtwr(r) BT o7 (t,)dt R Jfo(t,T)B w(t!)dt*  (10.19)

Jrdr J° e w(t')w? (7)BT % (¢,T)RO (t,7')8 ] dT'(10.20)

Equation 10.20 is based on the theorem that if x and y are vectors,
and M is a matrix, then

xT My = tr(y xT M)
Integrating and taking the expectation of both sides of eq. 10.20,

the result is
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m

{ 5T x(t) R x(t) dt } =

FTde stdr fter] Elwlo)w (1}8" @" (£, T)R @ (t,T')B] dT!

= er[ fTdt st dr St oBw(riT)BTeT (¢, TR o (t,T')dt'] (10.21)

1
Equation 10.20 is based on the fact that if M and N are compatible mat-

rices then

tr[ MN] = tr[ NM]

For further development it is advantageous to partition the 8 x 2 matrix
1
B into two column vectors by and bz, i.e. B ={byi bp] as in ref. 69,

and to express the covariance matrix of the disturbing vector as in eq.

10.14, i.e.
w(t',T) = cV{|:c1) ?JG(T'—T)+[8 (])_] S(t'-T+D)+ [? gjé(r'-'r-D) }
Hence,
BW(T',T) B =
=V [B BY8(1'-T)+by by 8(T'~T4D)+byb'y §(T'=1-D)] (10.22)

On substituting the right hand side of equation 10.22 into equation 10.21,

the result is

T T

E{ / x Rxdt}=

o

~ov tr[B 8" sTdt slat sf8(r'-1) @ (¢,1) Ré(t,T')dr!

+by bE [ Tde stdt SPbybs §(t'-14D)8 (t,T)R & (t,T')dT"
(o] (]

t by bT STdt St dt Stby by S(1'-T-D)E (t,T)R @ (t,T')dT’] (10.23)
Ref. 69 shows that the integrals of equ. 10.23 can be developed as
EC /T xTR x]dt
= cvtr[B 8" STdt ST (¢, TR O(t,T)dT
° T

+ by bay fTde rTo (¢, )R @ (t,T-D)dT
D T

+ by by STPdt ST @ (t,T)R @ (t,T+D)dT] (10.24)
T+D

(]
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From the properties of state transition matrix it follows that

o (t,t-D) =@ (t,T) @ (t,7-D)

and o (t,t+D) =& (t,T)® (t,7T+D)

With these substitutions equation 10.24 becomes
E{ fT[ x R x] dt =
[¢]
_ov e[ ST BT P(E) du+ S b by P(t)® (t,T-D)dt
] D

+ % b, by 0 (e4D,t) P (t+D)dt] (10.25)

o

where P(t) represents the symmetric matrix function

p(t) = S5 0" (1,t) RO(t,t)dr (10.26)

t
It may be shown by differentiation (66) that P(t) satisfies the matrix

differential equation
- p(t) = AT P(t) + P(t) A+R (10.27)

For a linear time-invariant system P(t) approaches the constant steady

state value P as T tends to infinity (Ref. 66), and P(t) ~0.
Eq. 10.27 can now be written as

0 =A P+PA+R (10.28)
which is the familiar LYAPUNOV equation.

Equ. 1028 can be solved for P which is an 8 x 8 symmetric matrix, thus
involving 36 simultaneous equations. Evidently, only a numerical solu-

tion by computer is thus feasible.

For a time-invariant system

exp [ Alti-to)]

) (tl ,tZ)

o (t+D,t) = e (10.29)

Hence o (t,t-D)
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and the performance index can be expressed as

Lim

E{ /7 [ x ()R x(t) ] dt}

|-

T

_ Lim :}.—cV ef ST 8" P dt + b b5 7o (t,t-D)dt
o D

T> o

+bs by P ST 0" (t+D,t)dt]

AD

- - _ T
or m=cVtr[BB P+b; b 5 & + by by Ple) ] (10.30)

Since b1, sz, bo blT, P and exp(aD) are square matrices, eq. 10.29

can be expressed in the final form as
p=cvtrle B +2eP bybs P (10.31)

Program INDEX in FORTRAN 5 (Appendix C) was developed to calculate per=

formance indices by state variables and matrix operations as outlined

in this chapter.

The program is fairly long, and comprises the subroutines CFCHEN, MATPR,
ELIMIN, TRANS, all shown in Appendix C.

The results obtained with this program fully agree with those obtained

by ACSL digital simulation, and are listed in Table 10.1 for comparison.

The data used was that corresponding to unladen HILLMAN model having a
coupling ratio R=0.7.
TABLE 10.1

COMPARISON OF CALCULATED PERFORMANCE INDICES.
HILLMAN Model (UNLADEN), R=0.7.

Per ormance ndex

Veh c e speed s 10 20 30 Lo 50
ACSL Simulation 0.7604842 0.8049339 0.8215359  0.8239172 0.8204587
Program INDEX 0.76046 0.80487 0.82161 0.82389 0.82049

(Covariance Matrix)
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The overall computing cost by matrix methods is approximately twice that
of ACSL simulation for the same amount of end results, The main cost
areas seem to be the setting up and solving the LYAPUNOV equation, also

developing the solution for exp(ap) in the form of a series.

ACSL digital simulation language, on the whole is much more versatile
since it also provides the complete time response of the model in addition

to mean square values.
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11. ANALOGUE COMPUTER SIMULATION

Introduction

The electronic analogue computer is well known for its versatility
|

in simulations relating to all types of dynamical systems, and it

was used for that purpose almost exclusively before the development

of digital simulation languages.

The outstanding feature of the analogue computer is the extreme
flexibility associated with the setting of the model parameter
values during the simulation process and direct interaction between
the machine and the operator so that possible trends in the behav-

iour of the model are immediately noticed.

However, the analogue computer has its shortcomings also, charact-

eristic to its principle of operation.

Since the signal-to-noise ratio has an economically achievable

limit in any electronic device, the accuracy of the analogue machine
depends on the quality of components used in its manufacture. In
any case, the signal-to-noise ratio is finite, hence the accuracy

and repeatability of an analogue machine cannot parallel that of

.a digital computer.

in direct simulation an accuracy of the order of 0.5% to 1% is
typical, but can be considerably worse depending on the type and
number of operations in sequence. In order to reduce the percentage
error in simulation to as low a value as possible, it is necessary
to operate the machine at signal levels approaching the output vol-

tage limit of the machine, hence the magnitude scaling becomes a

necessity.

The scaling process is somewhat cumbersome, and not always a
straightforward process since the maximum values of model response
must be known in advance. In most simulation problems the maximum
values of response can only be estimated approximately, and this
uncertainty can become embarrassing when suddenly one or more amp-
lifiers will overload during simulation, indicating that the

required analogue signal levels exceed the voltage limit of the

machine.
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The only remedy then is to rescale the whole problem which can
be quite tedious, moreover there are no guarantees that it will
not happen again if different parameters are varied. Hence int-

erruptions in simulation process are to be expected.

Time scaling is also necessary if the time response of the
physical system approaches that of the machine or if the output
is to be recorded on a low-speed plotting device such as an X-Y

chart recorder.

The problems associated with scaling do not arise in digital sim-
ulation since a magnitude does not have to be represented by a
voltage, hence the growing popularity of digital simulation. Also
the accuracy and repeatability will far exceed the capabilities of

any analogue machine.

But the digital simulation process is not as flexible as the
analogue simulation since for each model parameter change a new

run of calculations would be required with a new set of data cards,
also the actual user of the results is somewhat remote from the
process, and the direct link of observation as the.simulation

proceeds is lost.

The analogue machine used to simulate the dynamical behaviour of
L car model in connection with this thesis was the model EAI-580
Analogue Computer at the School of Electrical Engineering, S.A.
Institute of Technology, Levels Campus. The photograph of the

computer is shown in Fig. 11,1

FIG. 17.1 EAI-580 ANALOGUE COMPUTER
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The basic features of the machine are outlined in the operating

manual, and will not be discussed here.
The computer has been used for similar simulation studies quite
extensively on previous occasions as outlined in references (50)

and (70).

Mathematical Model and Parameter Values

The half-car model shown in Fig. 11.2 was used in analogue comp=
uter simulation. The input to the model was a unit step applied
to the front wheels at time t=0, and a delayed step applied to

the rear wheels at time t=L/V.

,/:-\—”"’ ; X
i e

H e.

m, Xy

Ky l .

FIG. 11.2 - %-CAR MODEL
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The equations of motion for the model can be expressed as follows:-

fy = (x1-x2)ka + (X1-%2)Bz (11.1)
fap = (xap-xer)iap + (ap—%op)Bap (11.2)
Xy = =fa/mp + (xo-x1)ki/mi (11.3)
X1p = ~fop/mip+ (xop-x1p)kip/mip (11.4)
Xg= (fytfpp)/m (11.5)

¢ =1(af, -b f)/J (11.6)

Additional relationships are:-

X2 = x _+ ad (11.7)
Ry = X+ ad (11.8)
(11.9)

Xap = X~ b¢
X2p = X - b (11.10)
The simulation was based on HILLMAN model with the following

initial parameter values:-

m = 505.08 kg a = 1,098 m

mi = 28.58 kg b = 1.467 m

mip = 54.43 kg L =2.565m

ke = 19972 N/m R =0.7

ko = 40813 N/m J = 813.75 R kg m?
ki = 155860 N/m = 569.63 kg m?

kip = 155860 N/m
B, = 1800 Ns/m
Bysp = 1800 Ns/m
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11.3 Scaling, Machine Equations and Patching

Since the maximum output of the machine is one machine unit (10V),
and the maximum physical quantity X ox must be represented by a
corresponding machine quantity [ X]max less than or equal to one

m.u., the scale factor can be expressed simply as:-
Scale factor = Max. physical quantity/Im.u.

or S.F. = x = X /1m.u.
ax

max/[x]max m

Now the nagitude of the physical quantity X is given by
x = S.F.[X]
where [ X] is the corresponding machine quantity in m.u.

Thus it is necessary to estimate the expected maximum values in
proposed simulation, and then to rewrite the equations of motion

in terms of machine quantities before the problem can be patched

on the computer.

The following scaling relationships were found to be suitable for

the model:-

f, = 90000(F,] X, = 16[X]
fop = 90000(F2p] Xy = 1.6[X;]
X = 360[%] %op = 16[ Koe)
XG = 16[).((;] Xop = ].6[X2p]
% = 1.6[%]

o = 240[¢] X1 = 1.6[X01]
b = 8.0[¢] xo1p= 1.6[Xo1p]
o = 0.8[0]

x; = 5400[%1] X12 = 50[X12]
).(1 - 60[).(1] X12 = ].2[X12]
X1 = 1.6[X1]

X1p = 3000[X1P] X12p= ho[klzﬂ
X1p = 50 (X1s] X12p = 1.2 [X129)
xp = 1.6 [X1p]



176.

With the scaling relationships shown the machine equations can

now be expressed as:-

90000[F» ] = 1.2[X12] 19972 + 50 [ X12]1800 (11.11)

or  [F2] = 0.2663[X1z] + 1.0000 [X17] (11.12)

Similarly
[F2e] = 0.3008[X12¢] + 0.8000[X121] (11.13)
[X,] = -0.5832[F2] + 1.6161[X01] (11.14)
[ 1] = -0.5512[Fas] + 1.5272[X01s] (11.15)
[¥5] = 0.4950[F2] + 0.4950[Fze] (11.16)
[$ ] =0.7227[F5]-0.9662[Fze] (11.17)
[%,] = [X;] + 0.5489[$] (11.18)
[ Xo0) = [ %] - 0.7338[d] (11.19)
[Xx2] = [xg] + 0.5489[4] (11.20)
[ X2d = [X] - 0.7338[d] (11.21)
{Xow]s 0.6250[Xop] -[X1p] (11.22)
[ Xi2g= 1.3333[Xie] - 1.3333[Xze] (11.23)
[X12]= 1.2000[X1]- 0.3200 [X2] (11.24)
[X12) = 1.2500[X:p] - 0.4000 [Xzp] (11.25)

|f the real time is denoted by t, and the machine time by T, then
the time scale relationship can be expressed as
T = Bt

or dT/dt =R

When B< 1.0, the simulation process is faster than the real time,

and vice versa.

The integration relationships incorporating the magnitude and

time scales are now expressed as:-

[%, 1= (30/B) S [X,] dt (11.26)
[X, ]= (37.5/B) /[X] dt (11.27)
[X2 ] = (60/8) S [Xip]dT (11.28)
[xip 1= (31.25/8) /[ Xip] dt (11.29)
[% 1= (22.5/8) S[%] dt (11.30)

[X; 1= (10/8) S [%; 1 dT (11.31)
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(30/8) S 4] dt (11.32)
(10/8) [ ¢ ] dt (11.33)

[¢]
(o]

The computer patching diagram for simulation of the %-car model,
together with all potentiometer settings and amplifier gains

(for B = 1.0) is shown in Appendix A.

The time scaling of the simulation was effected by simply altering

the integrator gains to suit the needs of computation.

For general simulation and measurement the problem was slowed
down 10 times (B = 10) while for the purposes of plotting on X-Y
plotter the problem was slowed down 100 times (B = 100).

The input excitation to the road wheels was a step of one machine
unit, the step to the rear wheels being delayed by a time interval

At = (L/V)B.

The time delay was derived from the computer time base by use of
the comparator and the electronic switch on logic panel. The

details of patching for the time delay circuit are shown in Fig.

11.2,
(=1m.u)
R f Comparator Electronic Switch
POL SW
100 k
L SwW) i
Time Base >

tmuf

+1m.u, Step

FIG. 11.2 - DIAGRAM OF TIME DELAY CIRCUIT
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The operation of the time-delay circuit is as follows:-

For a computer time-base setting of 1 sec the time-base ramp rises

lincarly from zero volts to Im.u. (10 volts) in that time interval.

I f now the potentiometer POL is set to value equal to the time
delay D=L/V, the reference voltage input to the comparator will
be - D volts (D<1). The time-base voltage will require D sec to
reach the same value but of opposite sign. As soon as the sum of
the reference voltage and that of the time-base reaches zero, the
comparator drives the electronic switch to conduct, thus applying
the unit step through the switch to the summing junction of ampl-
ifier 75. The output of the amplifier is a delayed step function

which is then applied to the rear wheels of the model.

As the computer time base is changed when the simulation is speed-
ed up or slowed down, the circuit will always maintain the correct
time-delay relationship relatively to computer integration

interval.

To obtain the integrals of mean squared values, the responses were

squared and integrated according to patching diagram shown in Fig.

11.3.

Owing to shortage of integrators it was necessary to employ switches

for separation of front and rear integral square values.

The scale factors for integral square values were calculated as

follows:-
2 2 2
< xpy > = (1/8) J{1.6{Xe1]} dT = (2-56/8)I[X01]2dT
< xZy > = (1/8) F11.2[X12] Yodt = (1.4478 [ X12] dt
2
<F2 > = (1/8 H9x10%[F,] ¥ dt = (0.81x101°/8) S[F4] dt

The scale factors with 8 = 10.0 are thus 0.256, 0.144 and 0.810x10°

respectively.
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£
X ()_J 4 0.256
. Jqas’
ot
INDEX
1 10
1 1
()_5 A 0.144 10
[X

OJ Qi’.\os

] O_ff A 0.810

]
o—
FIG. 11.3 - PATCHING DIAGRAM FOR INTEGRAL SQUARE VALUES

Results

The response of the model to a unit step input was monitored on
C.R.0. screen, and was found to fully agree with the results

obtained from digital ACSL simulation.

Typical responses recorded on HEWLETT PACKARD X-Y plotter are
shown in Fig. 11.4, corresponding to a road speed of 30 m/s. A
more comprehensive set of graphs corresponding to different road

speeds is shown in Appendix A.
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In Fig. 11.4 only the acceleration and velocity of the mass
centre as well as the angular acceleration and velocity of the
body are shown for comparison with the results from ACSL simul-

ation which are shown in Figs. 11.5 and 11.6.

|t can be seen that there is a good agreement between analogue

and digital simulation results.

The simulation pertains to ¥-car unladen HILLMAN model with a

coupling ratio R=0.7, and having the following parameter values:-

ko = 19972 N/m B, = 1800 Ns/m
kop = 22563 N/m Bop = 1800 Ns/m
ki = 155860 N/m
kip = 155860 N/m

As soon as the agreement between the results of analogue and
digital simulations had been confirmed, additional simulation

runs were conducted at vehicle speeds and varying suspension par-

ameters.

In these investigations the attention was mainly focussed on
integral square values of response and performance index as def-

ined in previous sections of the thesis.

It was soon noticed, however, that significant differences did
occur in the values of performance index as demonstrated by

graphs in Figs. 11.7, 11.8 and 11.9.

The corresponding analogue and digital computer results are tab-

ulated in Appendix A in Tables Al, AZ, Al, A5, A7 and AB.

The integral square values and the performance indices from
analogue simulation were significantly lower than the values
obtained from digital simulation. It was also observed during

analogue simulation that there was a random error associated

with repcatability.

To investigate the extent of discrepancies and uncertainties
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involved in analogue simulation, the apparent scale factors for
integral square values were calculated from the ratios (1.S.V
Digital)/(1.5.V Analogue) for relative tyre deflections, wheel
travel and body force respectively. The values are listed in

Tables A3, A6 and A9 in Appendix A.

The examination of the calculated ratios in the tables reveals
that a large discrepancy exists between the theoretical and actual
scale factors for integral square values of tyre deflections,

while there are relativelysmall discrepancies in case of wheel

travel and body force.

The theoretical scale factors calculated for integral square
responses are listed below which then can be compared with the
actual scale factors calculated from comparison of analogue and

digital simulation results.

Theoretical scale factors:-

1.5.V. Dynamic tyre deflection 0.256 m*/m.u.

|.S.V. Relative wheel travel 0.144 m?/m.u.

|.S.V. Body Force 0.81x10% N?/m.u.
.S.V. Body acceleration 12.96x10% (m/s?)?/m.u.

The mean values and standard deviations of actual scale factors

are listed in Table 11.1.

TABLE 11.1
SCALE FACTORS CALCULATED FROM ANALOGUE SIMULATION RESULTS

SOURCE TABLE A3 TABLE A6 TABLE A9

Mean (p) ox10°  Mean () ox103 Mean (p) ox 10°

<Xg1> 0.2736 2.87  0.2762 5.99 0.2776  5.52
<Xip> 0.2661 1.83  0.2654 2.93  0.2671  2.81
<Xa1> + <Xowp> 0.2686 2.25  0.2698 1.33  0.2712 0.9
<X12> 0.1447 0.94  0.1441 0.39 0.1438  0.29
<X1op> 0.1465 1.20  0.145k4 0.43 0.1461  0.45
xi,> & <Xipp> 0.1456  0.63  0.1448  0.37 0.1k 0.34
<Fp2> 0.818169 1.18E9 0.8154E9 0.54E9 0.8149E9 0.88EY
<Fop> 0.8239E9 5.56E9 0.8168E9  0.58E9 0.8198E9 0.44E9
<F %> + <Fmp> 0.8212E9  .08E9 0.8160E9  1.05E9 0.8178f  0.3LE9

<Xg2 > 13200 162940 12992 27258 13081 62940
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The data listed in Table 11.1 indicate that there are constant
systematic errors as well as random errors associated with integ-
ral square values of response. The results shown were taken on
different days, and the potentiometers were checked and reset
before each simulation run. Also careful static checks were

carried out before the actual simulation runs.

The systematic errors can easily be compensated for by applying
appropriate correction factors to integral square values, or by
adjustment to potentiometers 00, 05 and 09 of the summing amplif-
ier 41, and then in the absence of a random error the summing

amplifier output will agree with the performance index as obtain-

ed by digital simulation.

On the other hand, if the random error is significant, it is not
possible to establish the precise location of minima in perform-

ance index characteristics.

Typical characteristics are shown in Figs. 11.7, 11.8 and 11.9.
In Fig. 11.7 the suspension parameters are held constant and the
road speed is varied while in Figs. 11.8 and 11.9 the road speed

is constant and suspension spring stiffness is varied.

't can be seen from Figs. 11.8 and 11.9 that the characteristics
are very flat, and near the point of minima the performance index
varies only by 0.3% for +10% variation in spring stiffness about

the value that minimises the performance index.

This observation raises two questions:-

(i) What is the maximum acceptable uncertainty in parameter
values that can be tolerated in a parameter optimisat-
jon problem.

(ii) What magnitude random errors can be expected in the
values of performance index obtained in analogue simu=

lation.

It is rather difficult to give a precise answer to (i), but a
figure of +5% would be about the maximum error that could be tol-

erated, which means that the random errors in performance index
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should not exceed 0.15%.

It can be said without hesitation that this order of accuracy and
repeatability cannot be obtained with a general purpose analogue
machine, hence an accurate quantitative analysis on the basis of

analogue computer results appears to be impracticable.

It is of interest, however, to examine the accuracy that can be

expected in present analogue computer simulation.

The performance index is expressed as

2 2 2 2 2 2
q{<xO1>'F<XQ1P>}-F{<X12>'f<X129>}'Fp{<F2>-F<F2p>}

or

2 2 2
q<x01>S +4<x12>S + Q<F2 >s (11.1)

where s denotes the sum of the respective integral square values

for front and rear suspensions.

The result obtained in the analogue simulation can be expressed

as . , 2
| = q Sif Xe1]g + S2[Xi2] + pSs[F2"] (11.2)
2 2 2
where [ Xo1]  =J/[Xo1] dt + S[Xo1p] dT (11.3)
2 2 2
[Xlz]s =f[x1z] dT+f[X12P] dt (11.4)
(F22], =J[F2]"dt +S[Far] ot (11.5)

and S1, S2, S3 are the corresponding scale factors.

The variance of | can be obtained by expansion in Taylor series

as
2

fos;) Isi

2
[e] =
| i

(@l 2 (11.6)

||l et be]

1

2
where Og; denotes the variance of scale factors.

This gives
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2 2 2 2 2 2 2
0?: {q{X10] 5} og, * {[X12] ¢} g, {D[FQZ]S} Os:
2 - .2 2 - .2
= {q <X01>S 051/51} + {_<X12>s 052/52}
+ Ip <F2?> o /85) (11.7)

The percentage errors expected in the value of performance indices
have been calculated, and are listed in Tables A3, A6 and A9 of

Appendix A,

The mean values of expected random errors in performance indices

are listed below.

From Table A3 From Table A6 From Table A9
al/l 0.31% 0.23% 0.17%
30/1 0.93% 0.69% 0.51%

It is clear that the random errors will be relatively small, but
nevertheless will exceed the desired 0.15%, hence the analogue
computer results will be of doubtful value in an accurate para-

meter optimisation process.

At this point it is also instructive to examine the systematic

errors in integral square values listed in Table 11.2.

TABLE 11.2
Error in From A3 From Ab From A9
|SX01 6.82% 7.90% 8.45%
1SX01P 3.73% 3.69% L.32%
SISX01 L.78% 5.41% 5.92%
1SX12 0.51% 0.083% 0.11%
ISX12P 1.71% 0.94% 1.44%
S1SX12 1.09% .56% 0.74%
ISF2 0.94% 0.66% 0.61%
|SF2P 1.69% 0.84% 1.21%
SISF2 1.33% 0.75% 0.96%
ISXg 1.85% 0.25% 0.94%
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The examination of values listed in Table 11.2 reveals that the
errors in integral square values of wheel travel and body force
are generally within the range of the accuracy expected from an
analogue machine, but overall they seem to be a little high. This

is mainly due to multiplier errors, and subsequent integration of

errors.

The errors in integral square value of tyre deflections, however,
are far in excess of the error usually associated with analogue
simulation. The reason for this large error is probably explained
by reference to Fig. 11.10 which shows the plots of outputs, from

amplifiers 75 (X01) and 76 (X01P) against time.

FRONT TYRE DEFLECTION
V=17.2ms

|

-0.1

T 1 L) N | 1
.5 0,6 0.7 ©o.3 0.9 1.0
Time sec.

- 0.2 ‘

X oyp,
0.6 |
0.5 |
0.4
0.3 |

0.2
o

REAR TYRE DEFLECTION
V=17.2m/s

P T T T

T | | \/)——’—’T_
-04 | 0.1 0,2 0O.% 05" 0.6 ©.7 0.8 0.9 1.0
-0.2| Belay=0.»56sec. Time sec.

—

FIG. 11.10 = FRONT AND REAR TYRE DEFLECTIONS

(from amplifiers 75 and 76 respectively)
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[t can be seen that the signal exists only for a very short period
of the total integration interval, and amplifier output is zero

for the rest of the interval.

This means that the integrators following the multipliers will be
integrating the multiplier errors for the most part of the integ-

rating period, and the error would increase with increasing integ-

rating period.

Hence, the exceptionally large error associated with the integral

square value of tyre deflection.

Summary

The aim of analogue simulation was to establish the suspension par-
ameter values corresponding to minima in performance indices so as
to establish the relationships between the weighting factors and

corresponding minima of performance indices for different values

of coupling ratio.

The process, in principle, would be simple and take much less time
and computing effort with associated computing costs than the dig-

ital simulation, provided the accuracy of the analogue computer is

adequate for this purpose.
The process would be carried out as follows:-

(i) Set the required weighting factors on potentiometers

00 and 05.

(ii) Vary spring stiffness for minimum performance index

(iii) Plot graphs of minimum performance index against spring

stiffness with weighting factors as parameters.

During the actual simulation it was found that the situation was
much more complicated, mainly because of very flat characteristics
of the performance indices in the region of minima, and random
errors 'in computed values of performance indices which tended to
mask the location of exact points of minima. Owing to shallowness

of the characteristics the analogue computer just has not suffic-
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ient repeatability in order to establish the points of minima
with adequate reliability unless large numbers of readings are
taken for each test point and statistical processing of results

is introduced.

The accuracy of direct response of the analogue computer when
compared with the results from the digital machine is very good -
less than 0.5% error, but after multiplication of signals and
subsequent integration, the initial high accuracy is gradually
lost along the line of processing so that the errors become
significant, especially in the case where the signal occurs only
for a very short period of the total integration interval, and
the integrators integrate only the multiplier errors for the

rest of the interval.
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12. SUMMARY AND CONCLUSIONS

In this thesis the techniques of optimal control theory have been
applied to the analysis and synthesis of linear, passive suspensions

for road vehicles.

The process of optimisation involves the minimisation of the quantity
known as the performance index, with the view to obtaining a suspension

that has optimum characteristics.

The performance index is a function of several design variables, and
is a measure of dynamic behaviour of the suspension with respect to var-

iables such as acceleration, velocity and displacement.

The technique of optimisation, although quite straight-forward in
theory, involves some complications when it comes to its practical

implementation.

Probably the most difficult and grey area in its application is the
representative form of the performance index, i.e. which variables would

most appropriately describe the optimum system.

The other aspect of concern is the choice of suitable weighting
factors, i.e. which variables need be penalised more heavily than others

in order to achieve the best overall characteristics for the suspension.

By optimum performance it is implied that all critical quantities

that contribute to the overall response of the system must have optimum

values.

In the present analysis of the problem, the mean square values of
body acceleration, tyre deformation and relative wheel travel were taken
as the critical quantities since they directly relate to ride comfort,
road holding and vehicle handling. In an ideal system all these critical

quantities should have minimum values when appropriate suspension para-

meters are chosen.

In the case of passive suspensions some of these responses can be
minimised by a suitable choice of suspension parameters, while some

have no minima at all.
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Furthermore, minima of different responses correspond to different

values of suspension parameters,

Hence, the selection and design becomes a compromise, a trade-off
of one performance feature against another, often dictated by subjective

opinion of the designer or a testing team.

Since the whole aspect of ''optimisation'' is rather subjective, it
may be expected that different designers will arrive at slightly differ-
ent solutions for the same basic model since there are no absolute perf-
ormance standards. As there are no ‘'exact' solutions, different design-
ers will come up with slightly different ''optimal' systems by accepting
different performance criteria. Much will depend on the experience and
subjective opinion of a particular designer as to which aspect of perf-

ormance is considered to be more critical.

Additional uncertainties such as the tyre stiffness and the payload
will further complicate the issue. Should the suspension be optimised
for tyre stiffness that corresponds to specified inflation pressure or
should allowances be made for the spread of stiffness characteristics
associated with commercial tyres? Should the temperature effects be
considered for a vehicle travelling on a hot bitumen road typical to
Australian summer? Should the suspension be optimised for a laden or

unladen passenger vehicle?

It is partly to the advantage of the designer that the minima of
responses are relatively flat so that the changes in suspension param-
eters about the nominal values will result in very slight changes to
response, hence do not significantly modify the overall behaviour once

the basic parameters have been chosen.

It has been demonstrated that the performance index in the form of
weighted integral square values of response is not an absolute measure
of suspension quality but only serves as a characteristic quantity in

computer optimisation process for trade-off studies.

In the process different values of weighting factors will result
in different values of minimum performance index but may correspond to
exactly the same system, while a specified value of minimum performance

index may correspond to vastly different systems as dictated by the
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weighting factors.

The situation is demonstrated in Fig. 12.1
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FIG. 12.1 RELATIONSHIP BETWEEN MIN. PERFORMANCE

INDEX AND WEIGHTING FACTORS.

Another complication associated with the optimisation and trade-off
studies is the fact that IS0 standards specify the recommended limits
of maximum acceleration in terms of exposure to vibration without any

reference to corresponding road input spectrum.

If it is assumed that continuous 8-hour comfort limit applies to a
good motorway for a vehicle travelling at near the maximum permissible
road speed (100 km/hr on most Australian principal roads), then some

answers must be found for the following questions:-

(i) What is a reasonable continuous period of exposure to
vibration in a vehicle travelling on a poor road (duration

of travel)?

(ii) What road roughness and vehicle speed would adequately
describe the conditions of travelling on a typical rough
road where the bottoming of suspension and road holding

become the limiting criteria of performance.

Computer optimisation routines in literature are often applied to
tracked vehicles, and for very good reasons. Here the roughness spect-

rum of the track is confined to relatively narrow limits, and the accel-
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eration limits can be specified in terms of acceleration spectral
density. Also the speed of the vehicle is fixed by the design of the
system. Thus there are fixed specifications which the system will have

to meet, and trade-off studies are carried out to meet the specifications.

The situation for a road vehicle is vastly different since the road
roughness varies enormously for different types of road, hence it would
be desirable to compare the relative characteristics of different susp-

ensions without any reference to the level of input excitation to the

road wheels.

One method of achieving this is to plot the mean square values of
body acceleration against tyre deformation for an arbitrary level of

random input, with the wheel travel as a constant parameter.

The presentation of vehicle response in this form eliminates the
road roughness as a variable. The procedure is discussed at length in
Ref. (85) where the simulations were carried out on an analogue machine
with random signal input to #-car model, and the RMS value of total

dynamic body deflection (tyre deflection + wheel travel) was taken as a

constant parameter.
The simulation was conducted as follows:-

R.M.S. value of total dynamic deflection was calculated for typical
values of spring stiffness and damping. Then the spring stiffness was
varied which changed the total deflection. Now the damper was varied
to restore the initial value of total deflection. The process was re-
peated for a whole range of spring stiffnesses and damping, and finally
body acceleration was plotted against tyre deflection for a constant

value of total deflection as a parameter.

Simulations were repeated for different values of total dynamic

deflection, and the results when plotted gave a graph of general form

as shown in Fig. 12.2.
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After a number of graphs had been plotted, an envelope as shown in
dotted lines was drawn, and the optimum suspension was defined as one

which resulted in minimum value of tyre deflection indicated by letter

Hol' in Fig. 12.2.

instead of using digital or analogue simulation, the integral square

values of responses due to step input can be calculated from model para-

meter values using Parseval's Theorem.

it was shown in Chapter 5 that for 4-car model with a unit step input

the integral square values of response are given by the expressions:-

ki Ba ko (my+m2)

2
<Uy, "> =
2 2 2 B
2
< 2> _ (m +m B» + mi _ ko ml(m1+mz)
Xo1” = -
2 ki m 2 ki mg2
2
mi+mz
X127 = T,

|t can also be shown that the integral square value of total dynamic

deflection is given by:-

2 (my+my)® B, My ko (my+ms) ko2 (my+my) 3, 1
< = — = —= — .
Xo02” 2 ki mp2 +[ 2 T ki * 2 ki2mp? ]Bz (12 l)
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2
For a constant value of total deflection <xgz> = CONST., the

relationship between damping and suspension spring stiffness is given
by

(m1+m7)2 B, Mz
- + — 12.2
2 k1 m2? 2 ( )

CONST.
If now the spring stiffness is varied the value required of damping
for constant total dynamic deflection of the mass centre is given by

the solution of the equation

2 k; mo? By m2 ’k1 2 k2 m22+ ko ?(mi+m,) ] =0

2
B2 (CQNST)(mﬁmz)2 +[Tﬁl+m2)2 mi+mz ki

The spring stiffness k, can now be varied, and corresponding damping
calculated from the quadratic such that the integral square value of

total dynamic deflection remains constant.

The computer program OPT1 shown in Appendix C was used to calculate
the integral square values of response corresponding to %-car HILLMAN
models. The results of the calculations are plotted in Fig. 12.3 for

the front suspension and in Fig. 12.4 for the rear suspension respectiv-

ely.

The optimum values of suspension spring stiffness and damping rate

were obtained from the graphs and are listed in Table 12.1 for comparison.

TABLE 12.1 OPTIMUM SUSPENSION %-CAR MODEL
HILLMAN DATA (UNLADEN)

Suspension Parameters Front Suspension Rear Suspension
Spring Stiffness k2, kap 12600 N/m 24700 N/m
Damping rate B2, Bap 1850 Ns/m 2100 Ns/m

].5.V. Response
Total dynamic deflection 0.100 0.085
Tyre deflection 0.0142 0.0209

Body Force 1.570 ES8 2.020 E8
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it is expected that the values listed in Table 12.1 will be close
to the values that minimise the integral square value of dynamic tyre

deflection.

In Chapter 5 it was shown that for minimum value of dynamic tyre

deflection

mimg
1 _(_ml +'m")2 2

ma ki mim kooprT
and BoopT = L M2 = )22 L
mi+ma mi+mo 2\ mp+m2

After substituting the values, the result is

kzopT

keopr = 12765 N/m

Boorr = 1832 Ns/m for the front suspension
and

koopt = 25047 N/m

Boorr = 2080 Ns/m for the rear suspension

which are very close to the previous results.

A similar analysis can be extended to %-car model with the addition-

al constraint of constant overall static stiffness, i.e. ko = CONST.

The integral square values for a coupled model (R#1.0) can be ob-
tained by analogue or by digital simulation, but the process would be
lengthy and rather expensive in terms of computing costs if carried out

on a digital machine.

The computations for an uncoupled model (R=1.0) are relatively
straight-forward, and can be carried out using equations shown in Chapter
8. The calculations were carried out for j-car HILLMAN model (R=1.0)
using interactive Basic Program OPT2 shown in Appendix C, and the
results are plotted in Fig. 12.5 for the model having an overall static

stiffness ko = 40813 N/m.
The "optimum'' values obtained from Fig. 12.5 are shown in Table 12.2.

Performance index shown was calculated with weighting factors

p =8 x 10 1°
q1 = 10
= 1.0

q,
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TABLE 12.2 OPTIMUM SUSPENSION %-CAR MODEL
HILLMAN DATA (UNLADEN), R=1.0, ko = 40813 N/m)

Front
Suspension

Rear
Suspension

204,

Spring Stiffness 18290 N/m 27700 N/m

Damping rate 2125 Ns/m 2043 Ns/m

Damping ratio ¢ 0.462 0.417

[.S.V. Res nse Front Rear Sum

Total dynamic deflection 0.095 0.090 0.1850
Dynamic tyre deflection 0.014464 0.020942 0.035406
Relative wheel travel 0.0747096 0.062119 0.140929
Body Force 1.90593E8 2.1005LE8 L. 0064L7E8
Perf. Index 0.37182 0.44368 0.81551

The suspension parameter values and |.5.V. response for the conditions
of minimum dynamic tyre deflection, minimum body force, and minimum perf-
ormance index were also calculated, and are listed for comparison in

Tables 12.3, 12.4 and 12.5 respectively.

SUSPENS|ON PARAMETERS AND ISV RESPONSE FOR
MINIMUM TYRE DEFLECTION
(R=1.0, ko = 40813 N/m)

TABLE 12.3

Front
Suspension

Rear
Suspension

Spring Stiffness 18563 N/m 26648 N/m

Damping rate 1851 Ns/m 2081 Ns/m

Damping ratio ¢ 0.400 0.434

1.S.V. Response Front Rear Sum

Total Dynamic Deflection 0.107135 0.087613 0.194748
Dynamic Tyre Deflection 0.014338 0.020920 0.035258
Relative Wheel Travel 0.085783 0.065022 0.150805
Body Force 1.7378E8 2.0832E8 3.82099E8
Perf. Index 0.36819 0.44087 0.80906



TABLE 12.4 SUSPENSION PARAMETERS AND ISV RESPONSE FOR
MINIMUM BODY FORCE (R=1.0, ko = 40813 N/m)

Spring stiffness
Damping rate
Damping ratio ¢

|.5.V. Response

Total dynamic deflection
Dynamic tyre deflection
Relative wheel travel
Body force

Perf. Index

Front
Suspension

22956 N/m
1036 Ns/m
0.201

Front

0.192597
0.0173543
0.153222
1.61518E8
0.45598

Rear
Suspension

17873 N/m
745 Ns/m
0.190

Rear

0.194273
0.033542
0.181669
1.16038E8
0.60992

£UD.

Sum

0.386870
0.050895
0.33489
2.77556E8
1.0659

TABLE 12.5 SUSPENSION PARAMETERS AND ISV RESPONSE FOR
MINIMUM PERFORMANCE INDEX (R=1.0, ko = 40813 N/m)

Spring stiffness
Damping rate
Damping ratio g

|.S.V Response

Total dynamic deflection
Dynamic tyre deflection
Relative wheel travel
Body force

Perf. Index

Front
Suspension

20840 N/m
1860 Ns/m
0.379

Front

0.109547
0.144726
0.0853538
1.82019€8
0.37569

of suspension springs and dampers as under:-

Rear
Suspension

20814 N/m
1890 Ns/m
0.445

Rear

0.0877983
0.0210871
0.0715796
1.78296E8
0.42509

Sum

0.197345
0.035560
0.156933
3.60316E8
0.80078

In addition, calculations were carried out for further two combinations

(1) Springs selected for minimum body force, and dampers for

minimum tyre deflection for the given spring

(2) Springs selected for minimum tyre deflection, and dampers

selected for minimum body force.
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The calculations were based on equations developed in Chapters 5 and 8.
The results are listed in Tables 12.6 and 12.7 respectively.

(HILLMAN %-Car Model, Unladen, R=1.0, ko = 40813 N/m)

TABLE 12.6

(springs selected for min. body force, dampers for min. tyre defl.)

Front
Suspension

Rear
Suspension

Spring stiffness 21650 N/m 19511 N/m

Damping rate 1875 Ns/m 2092 Ns/m

Damping ratio g 0.375 0.509

1.5.V. Resnonse Front Rear Sum

Total dynamic deflection 0.109786 0.0799451  0.189731

Dynamic tyre deflection 0.014530 0.021037 0.035567

Relative wheel travel 0.084648 0.064660 0.149308

Body force 1.85834E8 1.87666E8  3.7350E8

Perf. Index 0.37861 0.42516 0.80378
TABLE 12.7

(Spring selected for min. tyre defl., dampers for min. body force)

Front
Suspension

Rear
Suspension

Spring stiffness 18500 N/m 26883 N/m

Damping rate 835 Ns/m 1120 Ns/m

Damping ratio T 0.181 0.232

1.5.V. Response Front Rear Sum

Total dynamic deflection 0.224626 0.149419 0.37L4044
Dynamic tyre deflection 0.019117 0.025068 0.044185
Relative wheel travel 0.190129 0.120790 0.310919
Body force 1.30143E8 1.7L4576E8 3.04719€e8
Perf. Index 0.48541 0.51113 0.99654
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The integral square values due to step input excitation are only
relative indicators of suspension performance and do not directly dis-
play the expected behaviour of the vehicle on the road. A better app-
reciation could be gained if the model response is referred to some

actual road speed and associated road roughness parameter fe'',

For a more direct comparison of different suspensions, the response
was referred to top speed of 100 km/hr on a good motorway (c = 1x10”°)
where the performance criterion is mainly the R.M.S. acceleration level
as the basic yardstick for ride comfort, and at 35 km/hr on a rough

road (c = 1x10—u) where road holding and suspension bottoming are the

limiting factors.

The following quantities were calculated for each condition:=

(i) R.M.S. acceleration of centre of mass (<xg>)

(ii) The ratio:- Maximum dynamic tyre force/static wheel load

(den/FSt) :
(iii) Maximum relative wheel travel (x12 max)-

The expected maximum values of response were taken as 3x R.M.S.

response.

The results of these calculations are listed in Tables 12.8 and

12.9 for comparison.
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TABLE 12.

Suspension

12.
12.
12.
12,
12.
12.

The comparison of responses listed in Tables 12.
that there is probably little to choose between the

ions of suspensions based on different '‘optima'.

TABLE 12.8 EXPECTED RESPONSE AT V=100 km/hr, c=1x10"'m
(HILLMAN 1-CAR, Unladen, R=1.0, ko = 40813 N/m)

N0y W N

~N Oy W N

o O O O O O

9

it

.20887
.20397
. 17385
.19808
.20167
. 18215

EXPECTED
(HILLMAN

<xg>
m/s?

.2357
.2067
.0285
.1718
.1931
.0776

Fdyn/Fst

Front

.10467
. 10421
. 11465
. 10470
. 10491
.12033

o O O O O O

RESPONSE AT V=35 km/hr, c=1x10 'm

Rear

.16837
.16828
.15939
.16895
.16875
. 18421

O O O O O ©O

Xi12 Mmax. mm

Front

4.3218
L.6312
6.1891
L.6196
4.6001
6.8943

Rear

3.9407
4.0319
6.7393
4.2301
54,0203
5.4350

1-CAR, Unladen, R=1.0, ko = 40813 N/m)

den/Fst
Front
.6192
.6165
.6783
L6194
.6206
L7119

o O O O O ©

Rear

0.9961
0.9956
0.9430
0.9995
0.9983
1.0898

X12 max. mm

Front

25.568
27.398
36.615
27.330
27.214
L0.787

Rear

23.314
23.853
39.870
25.025
23.784
32.509

8 and 12.9 suggests

different combinat-
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The suspensions listed under 12.2, 12.5 and 12.6 exhibit the charac-

teristics very similar to suspension optimised for minimum tyre deflect-

ion (12.3), while suspension 12.7 has characteristics similar to suspen=

sion that has been optimised for minimum body force (12.4).

The suspension optimised for minimum body force has the lowest poss-

ible R.M.S. acceleration as expected, but rather large values of relat-

ive wheel travel thus indicating excessive static deflection for a laden

vehicl

e.
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Among all the combinations of suspensions listed in Tables 12.8 and
12.9, the maximum variation in vertical R.M.S. acceleration is only 20%
while the corresponding variation in relative wheel travel is 60% for
the front wheels and 70% for the rear wheels respectively. Hence, a
relatively large pércentage of wheel travel would have to be traded off

for only a small improvement in ride quality.

The tabulated values, in general, agree with the observations of
T. DAHLBERG (36, 37, 87) who concludes that optimal road holding is
found for suspension parameters lying in the vicinity of those used in
today's passenger vehicles, while optimal ride comfort criterion will
result in much softer suspensions such that the loading of vehicle would

result in excessive static deflection.

The comparisons between different suspension systems so far have
been made without any reference to seat dynamics, or more appropriately
to the response of passenger/seat interface. This aspect has been inv-
estigated by the authors of Ref. (86) quite extensively by studying the
input-output spectral densities and transfer functions of the front seat

of a typical passenger sedan in actual ride tests.

It was found that the seat acted as a low pass filter to vertical
accelerations, with a resonance peaks at 4.9 Hz and 24 Hz respectively.
The seat attenuated the frequencies above 6 Hz, with an attenuation of

approximately 10 dB at the wheel-hop frequency of 10 Hz.

The general effect of seat dynamics is to filter the higher frequen-
cy vertical motions while passing or even amplifying the higher frequen-

cy lateral motions.

Since the pass-band for vertical motions is within the frequency
range to which the passengers are most sensitive, it can be assumed that
the seat input acceleration as measured on the floorboard of the vehicle

is a good indicator of the expected ride quality.

These observations were confirmed by the authors of Ref. (27) who
observed that the floorboard and passenger/seat interface RMS accelerat-
ions were of about the same magnitude. The authors came to the conclus-
ion that the evaluation of ride quality can be based on the acceleration

spectra measured either at the floor or at the passenger/seat interface.
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The magnitude of RMS acceleration recommended at either of these
locations range roughly from Q0 to Oih g for a smooth ride (interstate

highway), 0.04 g to 0.06 g for a medium ride, and above 0.06 g for a

rough ride.

The authors also proposed a ride indicator R as a measure of ride
quality, given in terms of R.M.S. acceleration a(g) measured at the

floorboard. The index is expressed by the equation
R=5.55-49.4aq

and varies from R=1 to R=5 with R>L corresponding to ride in a good
automobile on very smooth interstate highway at 80 km/hr, 3<R<h to an
automobile ride on a typical state highway, and 2<R<3 for an automobile
ride on a rough secondary road. (In Table 12.8 for comparison,

L.50<R<4.67).

It can be stated, in conclusion, that despite the large number of
research papers published on various methods of optimisation of passive
suspension systems, there is no unique method that would be a complete
answer to the problem. Each of the methods have their own characteristics

somewhere in-between the optima for minimum body force and tyre deflection

respectively.

Apart from the techniques discussed in this thesis, frequency response
methods (15, 38, 42, 88) have been applied quite successfully, but the
final conclusion is still the same: there is no uniquely defined optimum

suspension, and the final choice will depend on individual subjective

judgement.

There is no question however, that the theoretical analysis of the
problem and possible computer simulation will go a long way towards

selecting an acceptable combination of suspension springs and dampers.

Theoretical analysis will also be very useful in pointing out the
directions to be taken even in the case of seat design so as to eliminate
the resonant peak, or shift it away from the sensitive low frequency
region. This implies a hard seat from the point of view of static behav-
iour but one which would have improved dynamic response. Apparently

manufacturers have realized this and are replacing seat springs by foam
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rubber or similar material.

In addition to simulations with random input excitation, the tests
with individual road irregularities commonly associated with road con-
struction, such as spoon drains need to be considered in the light of
final choice. It is necessary to know how badly the suspension will
bottom when crossing a typical drain, and the subsequent behaviour of

the vehicle, but again the judgement is subjective.

All in all, the starting point for the design of a suspension can
certainly be obtained by calculation or by computer simulation, but
the final decision regarding the design would still be subject to indiv-
idual subjective opinion with due regard to characteristics of the roads
over which the vehicle is expected to be driven under normal conditions

of usage. Any passive suspension system will be a compromise solution.
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APPENDIX A

ANALOGUE COMPUTATION

RESULTS
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ANALOGUE COMPUTER SIMULATION RESULTS

Speed m/s

Pot. setting
| X021]
f[ X 0219]

J(XA]  +/[Xo1e)

I[Fa’]
%]

JTX,]

J{F 28]

TS
e
s

5

.5131
.0525
.0810
.1334
.5452
.3918
.9368
.2115
.2043

L4156
.1035
.1738

.2993
. 7041

.6932

L7457

10

.2565
.0525
.0819
. 1343
4581
L4425
.9006
.2021
.2091

ARV
.0942
.1904

.3190
L7312

.8716

. 7400

TABLE A1 VARYING SPEED

MODEL :
ko =
kop =

15 20 25 30
.1710 0.1283 0.1026 0.0855 0
.0525 0.0526 0.0525 0.0525 0
.0845 0.0841 0.0852 0.0860 0
. 1369 0.1367 0.1377 0.1384 0
.4738 0.5018 0.5288 0.5468 0
.5447 0.5658 0.5693 0.5635 0
.0185 1.0675 1.0982 1.1103 1
.2010 0.2028 0.2049 0.2066 0
.2259 0.2295 0.2339 0.2346 0
.L267 0.4323 0.4388 0.4412 0
. 1041 0.1083 0.1182 0.1219 0
.2813 0.3252 0.3553 0.3703 0
.3176 0.3113 0.2947 0.2873 0
.5573 0.4397 0.3425 0.2882 0
4360 0.2632 0.1582 0.1089 0
.7736 0.7838 0.7950 0.8000 0

HILLMAN -CAR; R=0.7.

19972 N/m
22563 N/m
Lo
.0641 0
.0525 0
.0855 0
-1379 0.
5716 0.
.5463 0
L1179
.2089 0
.2306 0
4395 0
.1145 0
.3855 0.
.3043 0.
.2227 0
.0634 0
.8039 0

B2
BZP

50

.0513
.0525
.0846

1372
5877

.5328
.1205

.2103
.2265
4368
.1079

3931

3179

.1843
.0462

.7956

1800 Ns/m
1800 Ns/m

60

0.0428
0.0525
0.0830

0.1356

0.5997
0.5209

1.1207

0.2113
0.2236

0.4350
0.1085

0.3982

0.3125
0.1572

0.0384

0.7904

194



TABLE A2

MODEL:
ACSL DIGITAL SIMULATION RESULTS ke =
k 3
Speed m/s 5 10 15 20 25 30
1SX01 0.014541 0.014187 0.014174 0.0142365 0.014293 0.0143393 ©
ISX01P 0.021475 0.021683 0.022350 0.022365 0.022566 0.022785 0
SI1SX01 0.036015 0.035870 0.036524 0.0366014 0.036859 0.037124 0
ISX12 0.079478 0.066886 0.069052 0.072939 0.076168 0.078708 0
[SX12P 0.0571k2  0.06546L4  0.078671 0.082435  0.083017 0.082439 0
SISX12 0.136620 0.132350 0.147724 0.155374 0.159186 0.161146 0
ISF2 1.7317E8 1.6479E8 1.6459E8 1.6609E8 1.6754E8 1.6892E8 1
ISF2P 1.7042E8 1.7200E8 1.8448E8 1.8839E8 1.9142E8 1.9252E8 1
SISF2 3.4359E8 3.3679E8 3.4907E8 3.5443ES8 3.5896E8 3.6144E8 3
I SAX 136L4.422 1244 .89 1365.00 1437.85 1536.63 1603.3911 15
RMSA 0.082596 0.111575 0.14309 0.16968 0.195999 0.219321 0.
INDEX 0.771646 0.760L484 0.792224 0.804934 0.814945 0.821536 0.

HIiLLMAN

19972 N/m
22564 N/m

Lo

.014426

.022794
.037220

.082321

.080370
.16269

.7088E8
.9040E8
.6129E8

55.08
249l

823917

1

3

1
0

0

3-CAR; R=0.7

B> = 1800 Ns/m

Bop = 1800 Ns/m

50 60
.014497  0.014546
.022500 0.022202
.036997 0.036748
.084664  0.0862302
.078461 0.0770313
.1631525 0.1632615
.7190E8 1.7247€8
.8730E8 1.8503€8
.5920E8  3.5750E8
431.27 142.01
.26986 0.29189
.820459 0.81674

‘97



CALCULATED SCALE FACTORS FROM

TABLEA3

ANALOGUE SIMULATION RESULTS

Speed m/s 5 10 15 20
1SX01 0.2770 0.2702 0.2700 0.2706
ISXO1P 0.2651 0.2647 0.2645 0.2659
SI1SX01 0.2700 0.2671 0.2668 0.2677
ISX12 0.1458 0. 1460 0.1457 0. 1454
1SX12P 0.1458 0.1479 0. 14k 0.1457
SI1SX12 0.1458 0.1470 0. 1450 0.1455
ISF2 0.8188 0.8154 0.8189 0.8187
ISF2pP 0.8342 0.8226 0.8166 0.8209
SISF2 0.8267 0.8190 0.8181 0.8199
ISAX 13183 13215 13112 13203
S| 4 103 2. 431 2.504 2.468 2.487
VIR 0.315 0.312 0.312 0.309

301 /1 % 0.945 0.946 0.946 0.927

25

0.2723
0.2649
0.2677

0. 1440

0.1458
0.1449

0.8177

0.8184
0.8180

13000

2.510

0.308
0.924

30

0.2731
0.2649

0.2682

0.1439

0.1463
0.1451

0.8176

0.8206
0.8192

13153

2.528

0.308
0.924

Lo

0.2748
0.2666

0.2660

0.1440

0.1471
0.1455

0.8180

0.8257
0.8220

13581

2.548

0.309
0.927

50

0.2761
0.2660

0.2697

0. 1441

0.1473
0.1456

0.8174

0.8269
0.8223

13265

2.522

0.307
0.921

60

0.2770
0.2675

0.2710

0.1438

0.1479
0.1457

0.8162

0.8275
0.8218

13088

2.507

0.307
0.921

A%



TABLE AL

VARYING SPRING RATE MODEL: HILLMAN 3-CAR; R=0.7
: ko = 40812.7 N/m; B> = Bop = 1800 Ns/m
ANALOGUE COMPUTER S1MULATION RESULTS Speed v = 20 m/s

Front Spring Rate 16000 18000 20000 22000 24000 26000 28000 30000 32000
Pot. 03 0.2133 0.2400 0.2667 0.2933 0.3200 0.3467  0.3733 0.4000 0.4 67
Rear Spring Rate 45239 28972 22500 19023 16853 15369 14291 13472 12828
Pot. 08 0.6032 0.3863 0.3000 0.2536 0.2247 0.2049  0.1905 0.1796 0.1710
f[xfo] 0.0533 0.0529 0.0525 0.0521 0.0519 0.0516  0.0513 0.0514 0.0516
J[X10p 0.0884 0.0837 0.0842 0.0849 0.0858 0.0866  0.0873 0.0878 0.0883
S[X10] + S{X3op] 0.1416 0.1364 0.1364 0.1369 0.1375 0.1379  0.138%4 0.1389 0.1397
f[xiz] 0.5642 0.5322 0.5053 0.4868 0.4733 0.4630  0.4551 0.4486 0.4427
J1X3 ] 0.5043 0.5453 0.5692 0.5861 0.5989 0.6087  0.6166 0.6231 0.6283

f[sz] f[szp] 1.0686 1.0774 1.0752 1.0729 1.0722 1.0717  1.0715 1.0712
JIF2%) 0.1963 0.1992 0.2035 0.2088 0.2148 0.2214  0.2287 0.2367 0.2449
S1Fap] 0.3623 0.2596 0.2305 0.2176 0.2107 0.2067  0.2041 0.2024 0.2012
6221 fIF22) 0.5586 0.4586 0.4339 0.4263 0.4253 0.4279  0.4326 0.4388 0.4461
1% 0.1403 0.1168 0.1104 0.1081 0.1075 0.1078  0.1085 0.1096 0.1110
ST%6] 0.3789 0.3451 0.3306 0.3214 0.3154 0.3109  0.3082 0.3063 0.3051
ey 0.4313 0.3345 0.3101 0.3024 0.3076 0.3014  0.3037 0.3075 0.3121
/19°) 0.7741 0.4986 0.4267 0.4136 0.4213 0.4406  0.4644 0.4921 0.5214
/{67] 0.3487 0.2594 0.2509 0.2741 0.3082 0.3467  0.3857 0.4221 0.4579
| 0.8784 0.8015 0.7851 0.7812 0.7820 0.7846  0.7889 0.7942 0.8009

‘gee



ACSL DIGITAL SIMULATION RESULTS:

Front Spring Rate

Rear Spring Rate

ISX01
ISX01P

S1SX01

1SX12

1SX12P
SISX12

ISF2

ISF2P
SISF2

1SAX

INDEX

16000

k5239

0.014340
0.024076

0.038415

0.080888

0.073583
0.154470

1.5996E8

2.9554E8
L.5550€8

1826.31

0.903025

18000

28972

0.014264
0.022364

0.036628

0.076378

0.078763
0.155141

1.6256E8

2.1191E8
3.7447E8

1519.05

0.820992

20000

22500

0.014236
0.022367

0.036603

0.072896
0.082479
0.155375

1.6610E8

1.8818E8
3.5428E8

1437.19
0.804834

TABLE A5

Speed v

22000

19023

0.014243
0.022539

0.036782

0.070284

0.085175
0.155459

1.7031E8

1.7781E8
3.4813E8

1407.35
0.801785

20 2
m/ -

24000

16853

0.014280
0.022714

0.036994

0.068323

0.087153
0.155475

1.7513E8
1.7226E8
3.4739€E8

1398.04
0.803326

26000

15369

0.014346
0.022867

0.037213

0.066822

0.088633
0.155455

1.805E8

1.6893E8
3.4943E8

1399.49

0.807127

MODEL: HILLMAN

3 CAR,

ko = 40812.7 N/m; B, =

28000

14291

0.014439
0.022998

0.037437

0.065647

0.089766
0.155413

1.8640E8

1.6679€E8
3.5319€8

1407.66

0.8123M

30000

13472

0.014559
0.023112

0.037671

0.064706

0.090652
0.155358

1.9280E8

1.6535€8
3.5816E8

1420.52

0.818598

R=0.7

Bor 1800 Ns/m

32000

12828

0.014705

0.023212

0.037917

0.063936

0.091358
0.155294

1.9969E8

1.6437E8
3.6406E8

1436.95
0.825716

"6£2



Front Spring Rate

ISX01
ISXO1P
SI1SX01

1SX12
1SX12P

SISX12

ISF2

ISF2P

SISF2

1SAX

16000

0.2690
0.2724
0.2713

0.1434
0.1459
0.1445

0.8149
0.8157
0.8154

13017

1.990

0.220

0.660

Speed v

18000

0.2697
0.2672
0.2685

0.1435
0. 1444

0.1440

0.8161
0.8163
0.8165

13006

1.888
0.230

0.690

= 20 m/s

20000

0.2712
0.2656
0.2684

0.1443
0.1449
0.1445

0.8162
0.8164
0.8165

13018

1.883
0.234

0.702

TABLE A6

SCALE

22000

0.2734
0.2655
0.2683

0. 14k
0.1453

0.1450

0.8157
0.8171
0.8166

13013

1.890

0.236
0.708

FACTORS

24000

0.2751
0.2647
0.2691

0.1443
0.1455

0.1450

0.8153
0.8176
0.8168

13005

1.900

0.237

0.711

MODEL :

26000

0.2780
0.2640
0.2699

0.1443
0.1456

0.1450

0.8153
0.8173
0.8166

12982

1.911
0.237

0.711

HILLMAN %

28000

0.2815
0.2634
0.2705

0.1442
0.1456

0.1450

0.8150
0.8172
0.8134

12974

1.922
0.237

0.711

-CAR MODEL, R=0.7

30000

0.2832
0.2632
0.2712

0.1442
0.1454

0.1450

0.8145
0.8169
0.8162

12961

1.934
0.236

0.708

32000

0.2850
0.2629
0.2714

0.1444
0.1454

0.1450

0.8154
0.8169
0.8161

12945

1.947
0.236

0.708

o) 4



TABLE A7 VARY ING SPRING RATE
MODEL: HILLMAN $-CAR, R=0.7,

ANALOGUE COMPUTER SIMULATION RESULTS: Speed v = 30 m/s ko = 40B12.7 N/m; B2 = Bor = 1800 Ns/m
Front Spring Rate 16000 18000 20000 22000 24000 26000 28000 30000 32000
Pot. 03 .2133 .2400 .2667 .2933 .3200 .3467 .3733 4000 4267
Rear Spring Rate 45239 28972 22500 19023 16853 15369 14291 13472 12828
Pot. 08 6032 .3863 3000 .2536 2247 .2049 1905 .1796 .1710
f[x;i] 0.0534 0.0529 0.0525 0.0522 0.0518 0.0517 0.0517 0.0519 0.0523
S[Xo1] 0.0893 0.0846 0.0852 0.0862 0.0869 0.0879 0.0885 0.0889 0.0894
f[xfl] + f[szp] 0.1427 0.1374 0.1375 0.1382 0.1387 0.1395 0.1401 0.1407 0.1415
f[xfg] 0.6061 0.5745 0.5473 0.5268 0.5111 0.4982 0.4882 0.4797 0.4723
f[xf;ﬂ 0.5046 0.5424 0.5656 0.5837 0.5986 0.6110 0.6214 0.6301 0.6373
f[sz] + f[Xi2»] 1.1105 1.1165 1.1129 1.1101 1.1092 1.1093 1.1094 1.1095 1.1095
I[Fzz] 0.1990 0.2025 0.2079 0.2127 0.2190 0.2261 0.2337 0.2421 0.2509
F1Fan ] 0.3667 0.2637 0.2348 0.2221 0.2153 0.2113 0.2087 0.2071 0.2059
JIF2%)  + J[F%] 0.5657 0.4661 0.4419 0.4345 0.4342 0.4374 0.4423 0.4490 0.4567
S[%?] 0.1501 0,127k 0.1221 0.1208 0.1212 0.1225 0.1244 0.1266 0.1290
%] 0.4063 0.3792 0.3711 0.3665 0.3639 0.3639 0.3632 0.3641 0.3657
s $%) 0.4129 0.3139 0.2874 0.2776 0.2733 0.2716 0.2716 0.2729 0.2750
S 4% 0.6662 0.3717 0.2879 0.2628 0.2603 0.2708 0.2859 0.3065 0.3282
I{4%) 0.2682 0.1437 0.1102 0.1144 0.1350 0.1621 0.1930 0.2235 0.2519
| 0.8918 0.8145 0.7986 0.7952 0.7962 0.8003 0.8050 0.8109 0.8179

‘14t



TABLE A8
MODEL: HILLMAN %-CAR, R=0.7.

ACSL DIGITAL SIMULATION RESULTS: Speed v = 30 m/s ko = 40812.7 N/m, B2 = Bop = 1800 Ns/m
Front Spring Rate 16000 18000 20000 22000 24000 26000 28000 30000 32000
Rear Spring Rate 45239 28972 22500 19023 16853 15369 14291 13472 12828

1SX01 0.014412  0.014353  0.014339 0.014359 0.014410 0.014490 0.014596 0.014729 0.014888
ISXO1P 0.024416  0.022746  0.022787 0.022980 0.023164 0.023321 0.023453  0.023565 0.023662
SISXO0T 0.038828 0.037099 0.037126 0.037339  0.037574 0.037811  0.038049  0.038295 0.038550
1SX12 0.086965 0.082379 0.078662 0.075764 0.073516 0.071745  0.070320  0.069145 0.068158
ISX12P 0.073989 0.078718  0.082485 0.085401 0.087653 0.089421  0.090840  0.092005 0.092981
SISX12 0.160954  0.161097 0.161146  0.161165 0.161169 0.161166 0.161160 0.161150 0.161139
ISF2 1.6216E8  1.6511E8  1.6898E8  1.7351E8  1.786L4LES 1.8432E8  1.9052E8  1.9723E8 2.0442E8
ISF2p 3.0065E8  2.1600E8  1.9231E8  1.8204E8  1.7656E8 1.7329E8  1.7120E8  1.6980E8 1.6886E8
SISF2 4.6281E8  3.8111E8 3.6129E8  3.5555E8  3.5520F8 3.5761E8  3.6172E8  3.670LES 3.7328E8
ISAX 1975.86 1673.63 1602 .89 1584 .81 1587.40 1600.87 1621.16 1646.26 1675.02

INDEX 0.919480 0.836972 0.821445 0.818997 0.821072 0.825361  0.831034 0.837729 0.845269

‘Tht



Front Spring Rate

1SX01
ISXO01P
S1SX01

1SX12

1SX12P

SISX12

ISF2
ISF2P

SISF2

I SAX

o1x10?
a1/1 %

39171 %

16000

0.2699
0.2734
0.2721

0.1435
0.1466

0. 1449

0.8149
0.8199
0.8181

13164

1.438
0.156
0.468

18000

0.2713
0.2694
0.2700

0.1434
0.1451

0.1443

0.8154
0.8191
0.8177

13137

1.376
0.164

0.492

20000

0.2731
0.2675
0.2700

0.1437
0.1458

0.1448

0.8128
0.8190
0.8175

13128

1.376
0.168
0.504

TABLE A9

Speed v

22000

0.2751
0.2666
0.2702

0.1438
0.1463

0.1452

0.8157
0.8196
0.8183

13119

1.383
0.169

0.507

30 m/s

24000

0.2782
0.2666
0.2709

0.1438
0.1464

0.1453

0.8157
0.8201
0.8181

13097

1.391
0.169

0.507

26000

0.2803
0.2653
0.2710

0.1440
0.1464

0.1453

0.8152
0.8201

0.8176

13068

1.400
0.169

0.507

MODEL: HILLMAN 3-CAR, R=0.7

28000

0.2823
0.2650
0.2716

0.1440
0.1462

0.1453

0.8152
0.8203
0.8178

13032

1.407
0.169

0.507

30000

0.2838
0.2651
0.2722

0. 1441
0.1460

0.1452

0.8147
0.8199
0.8175

13004

1.416
0.169

0.507

32000

0.2847
0.2647
0.2724

0.1443
0.1459

0.1452

0.8147
0.8201

0.8173

12985

1.425
0.169

0.507

"EHT
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APPENDIX B

TABLES OF CALCULATED

COEFFICIENTS




COEFFICIENTS FOR

APPENDIX B

TABLE

HILLMAN FRONT RESPONSE,

(UNLADEN)

COUPLING
RATI10

ISF2

.52646x10"
.10931x10"°

7.57031x10"
5.36152x10'°

7.63556x10"
5.66554x10'°

7.71344x10"
5.99039x101°

7.7930x10"
6.33263x10'°

o~

~ o ~ ©0 ~ o

.87357x10"
.65929x10'°

.94925x10"
.97013x10%0

.02242x10"
.18271x10%°

.09144x10"
.39530x10%°

.15342x10"
.57696x101t°

B.1

Il

[

k2
ko

<
]

COEFFICIENTS FOR

1SX01

3.96L48x10"
12.8346

3.90854x10"
12.9626

3.88205x10"
13.1057

3.87325x10
13.2568

3.87487x10
13.4085

3.88037x10
13.5619
3.89145x10°
13.6961
3.90352x10
13.7923
3.91630x10°
13.8885

3.93350x10°
13.9558

19972 N/m

40813 N/m

20 m/s

1SX12

® s = -6.06689x107’
Ce = 126.471

¢ ¢ = -4.86919x10”’
CG = ]32.896

& s =-3.46911x10"’

CG = 140.779

® s = -1.72551x10"’
Cc = 149.531

® s =0
C¢ = 158.755

6 ¢ = 2.70302x10"7
Cs = ]67.693

5 s = 6.41781x1077
Ce = 176.006

® ¢ = 9.986h44x1077
Ce = 182.738

6 ¢, = 14.6205x107’
Ce = 189.123

® s = 19.8118x107’
Cq = 194.566

245,




COEFFICIENTS FOR

APPENDIX B

TABLE

HI1LLMAN REAR RESPONSE

B.

kop
ko

COEFFICIENTS FOR

(UNLADEN)
COUPLING
RATI10 [SF2P
C, = 8.06778x10"
0.6 C, = 7.94489x10%°
¢; = 8.03139x10"
0.7 C, = 7.88L4khk4x10'°
C, = 7.95666x10"
0.8 C, = 7.66933x10"°
C; = 7-87333x10'+
0.9 C, = 7.32267x10%°
¢, = 7.79300x10"
1.0 C, = 6.88746x10'°
C, = 7.72240x10"
1.1 C, = 6.40826x10'°
c, = 7.65800x10"
1.2 Cs = 5.93600x10%°
C, = 7.60181x10"
1.3 C, = 5.46417x10'°
C; = 7.54982x10"
1.4 C, = 5.04525x10!°
C; = 7.49913x10"

L.68542x10%°

Cs
Cy

Cs
Cy

Cs
Cy

Cs
Cy

Cs
Cy

Cs
Cy

Cs
Cy

Csy
Cy

Cs
Cy

Cs
Cy

1SX01P

6.07009x10 °

21.5038

5.72151x10"°

21.7171

5.44100x10 °

21.8220

5.21329x10"°

21.8400

5.02725x10°

21.79431

4 .87500x10"°

21.71245

4.74608x10 °

21.6180

k.641161x10°°

21.5058

L.54914x10°

21.4089

L.46901x10 °

21.3255

22563

246

L0813 N/m

20 m/s

1SX12P

-1.41621x10"®
152.609

-1.350172x10"°
152.892

-1.07574x10"°
149.467

-6.08022x10"7
143.2792

0
135.284

7.39048x10™7
126.368

1.47000x10"®
117.345
2.19513x10°
108.486

2.81557x10°©
100. 409

3.33460x10°
93.2137



HILLMAN FRONT DAMPER OPTIMISATION DATA

COUPLING
RATI0

0
0
0.
0
1

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

dy.s

2.509
3.039
3.793
4.609
5.474
6.289
7.053
7.659
8.216
8.710

B» for
min.

823.
837.
861.
881.
901.
919.
936.
946.
956.
964.

APPENDIX B

TABLE

O O N N Ul U B O W

TABLE

mlnlmum_
ISF2  1SF2x10 ° py, s_x101°

1
1

B.3

.2ko
.270
.316
.360
.hos
448
. 488
517
.545
.570

B.4

HI1LLMAN REAR DAMPER OPTIMISATION DATA

COUPLING
RATIO

o O O O
O W oo ~N O

v W N

Gy.s

.919
.579
.079
.478
797
.118
.490
. 884
. 364
917

B for
min. 1S

992.
990.
981.
966.
940.
910.
880.
847.
817.
790.

F2P

— 0 o o =

S~ v o & O

Minimum _
ISF2Px10” ®

.601
.592
.562
.519
.L65
.Lo7
.348
.289
.234
.186

p,. sx10'°

N N W w &= U1 v OO

6.669
6.787
7.058
7.358
7.694
7.
8
8
8
8

992

267
468
.636
. 784

.639
.992
.3h4
.720
.030
.398
.800
304
.859
486

B for
minimnum
1SX01

1799.
1821.
1837.
1850.
1860.
1869.
1876.
1879.
1883.
1883.

N N O VNN =W

B' .for
minimum
1SX01P

1882.
1948.
2002.
2046.
2082.
2110.
2134,
2152.
2169.
2184,

Vi & OO N = 00N W N

Minimum
ISX01x102

427
b2k
427
.433
Lb4h2
451
460
.68

475
482

Minimum

247.

1$X01Px102

—_ NN NN DD

—

.215
.229
179
134
.094
.058
.026
.998
.97h
.953




APPENDIX B

TABLE

B.5

RESPONSE COEFFICIENTS FOR HILLMAN MODEL (UNLADEN)

—

o O O o
- O W o~ O

R

- O O O O

O W o0 ~N O

Vi W N

Vi & w BN

O W O ~N O

.
—

(U2 N S VA

A;x10°

.96L448
.90854
.88205
.87325
.87487
.88036
.89140
.90350
.91630
93350

W W w w W W w w w w

A,x10°®

.07009
.72151
.44099
.21329
.02725
.87500
.7k608
64116
54914
. 46901

B e i — e — i Uy BV ) R VA BNV o B @ A

Asx107

-6.06689
-4,86919
-3.46911
-1.72551
0
2.70302
6.41781
9.98644
14.62045
28.30710

16.
15.
.2735
4.

15

14
13
13

13.
13.
13.

28.
27.
27.
27.
27.
27.
27.
27.
27.
27.

267.
238.
.4920
7793
158.
.9282

209
182

138

122.
108.
49.
37.

X1

5416
8586

7543

.2880
.8656
4772

1324
k162
4718

Xy

2395
8427
5550
3485
2155
1531
1533
1850
6616
8079

X3

3550
0018

7595

4418
7387
1672
1311

248,

V=20 m/2
Yix10* Z1x10°
-3.148171 6.49152
-2.80094 6.77484
-2.51838 7.17840
-2.26246 7.57440
-2.01510 7.89221
-1.76918 8.09820
-1.52460 8.18400
-1.28762 8.16825
-1.45156 8.87135
-1.52806 9.40100
Y,x10" Z,x10°
-5.15961 9.63658
-4,82887 9.36333
-4.59796 9.11707
-4, 45025 8.90330
-4.37179 8.72713
-4.34901 8.58802
-4.36620 8.47822
-4.40986 8.38896
-4.57897 8.46346
-4.62507 8.34034
Ysx10? Z3x10°8
-10.40282 16.76707
-7.81869 12.79800
-5.15530 8.58611
-2.51793 4,27198
0 0
2.20841 -3.84616
L.15404 -7.37074
5.79602 -10.4689
12.89480 -27.9559
14.61180 -31.8327

CONTVD:



—_ = = 0O O O O

: :—l.—-—‘OOOO - O O O O

Vi = W

- O WV O ~N O

Ayx107
-14.16211
-13.50172
-10.75738

-6.08022

7.39048
14.70200
21.95126
28.15570
33.34620

Asx10 "

.52646
.57031
.63533
71344
.79300
.87357
.94925
.02242
.09144
.15342

~J

OO0 GO 00 ~N NN N g

-
Agx10

8.06777
.03139
.95666
.87333
-79300
.72240
.65800
.60181
.43254
34345

NN N N N N N

APPENDIX B
TABLE B.5 (cont'd)

X Yux10"
221.522 -43.3393
201.277 -30.1149
178.718 -17.9377
156.152 -7.7158
135.284 0
117.313 5.0349
102.918 7.5204

91.948 7.7943
82.961 11.1577
75.155 12.0263
Xsx10 10 Ysx10™°

L. 48521 -19.460

3.28472 -14.751

2.15319 -10.204

1.05537 -5.34k4

0 0
-1.03613 5.940
-1.95667 11.727
-2.09477 14.027
-2.24434 14.586
-2.12583 12.844
X6x10_9 YGXIO-q
32.57035 -144 435
21.15191 -82.725
11.88366 -36.592

L.84395 -9.412

0 0
-2.62278 -8.254
-3.26610 -29.050
-2.99930 -52.305

3.86805 -89.3223

6.19988 -107.2620

113

125.
.106

139

150.
158.
163.
165.
169.
.507
.987

178
190

156.
-983
.517
138.
.284

149
143

135

134.
.884

135

136.
-397
137.

138

x10°

.7186
.4289
.0044
.9106

.5269
.9927
.0593
.3405
L6444

Zs

.006

888
469
760
200

150
781

Zg

285

989

846

583

146

249,



APPENDIX B

T

ABLE

B.6

RESPONSE COEFFICIENTS FOR HILLMAN MODEL (LADEN)

_— e e O O O O

-_ = = O O O O

vi EwN

R

Ul = WD = O W N O U"I-IZ'WN.—‘O\QOO\IO\

- 0O W W~y &

A1x10°®

.89522
.83412
.80118
.78471
.77893
.78073
.78880
.80163
.81779
.83597

woWw W W W W ww W

Ap,x10°

.05531
.79723
5974k
43931
.31680
.22198
.14632
.08387
.03046
.98346

(U I N o e e e R

A3X107

11.76655
10.35838
7.51705
3.71494
0
-2.29679
-2.39665
+0.0769
+5.03140
12.08697

16
15
15

14,
14,

13

13.

13
12

12.

29.
28.

27
27
27
27

26.

28
28

29.

342.
300.
258.
218.

181
148
119

94

75.

60

X1

.5782
.9424
.3196
7850
2880
.8239
3200
.0075
.6689
3854

1261
1294
.4929
.2110
.2155
4377
6997
.2370
.6891
1204

X3

3652
2879
7270
8841
.7550
.3040
L1374
L6467
3599
.9856

Yx10"

-3.21991
-2.91272
-2.57557
-2.28629
-1.98987
-1.68768
-1.38890
-1.10707
-0.85406
-0.64013

Y,x10*

-5.05153
-4, 26441
-3.87482
-3.82886
-4.05115
-4 44920
-4 45425
-5.48489
-5.93487
-6.35139

Y3X103

16.04618
13.02658
-8.78276
-4.37809
0
+4 . 14498
7.90369
11.5583
13.8348
15.9194

v

250.

20 m/s

Z1x10°

.59063
.15238
.66575
.28900
.81317
.19350
.42581
.53381
.55237
.52200

W W W W WO O O~~~ O

ZzX]Og

12.05715
10.89466
10.38539
10. 4402

10.9286

11.67667
12.54836
13.40417
14.15096
14.74242

Z,x108

30.48615
23.84876
16.38478
8.32455
0

-8.16204
-15.81216
-22.64119
-28.44169
-33.10589

CONT'D:



- = O O O O
- O W 0 g O

o O O O

—_ O W oo~ O

—_ e e e = o= OO O O

R

— O W OO ~ O

i oW N

Vi B W N

A2 TR — i UU I N4

APPENDIX B
TABLE B.6 (cont'd)

Ayx107 Xy Y, x10"
-10.5822 329.041 -43.154
-15.2919 282.561 ~13.109
-14.9068 249,249 + 3.399

-9.3067 214.722 + 8.093
0 197.288 0
+11.705k 190.835 ~17.963
23.7202 194.051 ~43.035
34.6897 204.248 -71.510
L. 1065 218.230 -100.617
51.4762 234.980 -128.581

Asx10”" Xsx10™ '’ Ysx10™°

7.58557 5.3253 -27.450

7.61564 3.7818 -19.845

7.66777 2.4363 -13.455

7.72827 1.1626 -6.705

7.79300 0 0

7.86229 -1.1385 7.380

8.00933 -2.1467 14.197

8.0858k ~3.0660 20.790

8.17888 -3.8933 26.955

8.31240 ~4.5802 32.018

Asx10™ " Xex10 Yex10™

8.3435 29.1324 15.899

8.1790 13.0016 97.538

8.0232 2.1989 125.278

7.8943 ~1.5811 85.467

7.7930 0 0

7.7207 +5.0755 ~110.112

7.6633 14.6246 -251.168

7.616k 2146000 -383.22k

7.5740 35.3337 -509.025

7.5343 LL 9061 -612.635

Z,x10°

_38
-51
-39

58
129
205
278

127.
138.
154,
.750
.755
190.
.313
197.
199.
198.

168
181

196

168

165
178

197.
465
772
267.

218
244

288
303

77
.647
.709
.302

541
.873
.372
.970
347.

142

125

375
125

125

125

125
563

Zg

.954
164,
.857
423

okk

288

754

.062
.245

251.



252,

APPENDIX C

DIGITAL COMPUTER PROGRAMS




253.

FILE C1 (FORTRAN)

Calculates lyjn for varying B2 and p as parameters. Front and Rear i-Car Model.

PROGRAM B2OFT

80160 PROGRRM BZ0OPT {QUTFUT. TAFE Z=0UTFUT)
80110 DIMENSION EB2<16), PR{10, 16, FR{16, 16), 31106, 18)
BB115 DIMENSION QR<1@)>, RQ{1B), RK{16, 1@)
@p126 DATA AML, AMZ, SK1, SK2/ 2&. 58, 288, 24, 15358e6., 19972.6/
08185 B=70686.

foi19%@ DO 26 I=1,106

608195 B=B+180.

0268 B2CIr=B

88210 2@ CONTINUE

Bo212 PRINT 25

BO212 25 FORMATI16X, 11HDAMFER RATE)D

B0214 PRINT Zz@, {E2(1), I=1,16)

fB216 38 FORMAT{15X,108G11. 37

gaz26 DO 26 J=1, 1@

BBe224 DO @& I=1,18

PB22B R=. 25E-16=2. B+ ({J-2)

0248 IFLJ-2.LT. 80 GO TO S

8662508 GO TO 16

88268 S5 R=0.

80278 18 CONTINUE

80275 REVJI=R

8Q2ve B=B2<{I>

BO360 RB=S5K1/2.

668318 Ri=cAM1+AMZ2) /2

B8320 R2=(SKZ2*%*2)3*R1

00330 RI={{AMI+AM2O %20 /(2. B+SK1+AMZ*HMZ)
ABR348 R4=AM1/2. -SK2*ARMI+CAMLHANZ) A (SK1+RM2)
PO350 RS=({SK2#SKZ2*{AMLI+AMZ I #4ZD /(2. G (SKIHAMZ ) #k2)
00360 E=CR*k{RE*+E#E-R2ZI-R1)I/(R4+RE-RI¥E*E)
BB376 U=R@*B+RZ2/E

BOREE KBL1=RI*EB+ R4+REIE

BB8390 K12=R1i/ B

084868 PR{I, Jr=R#U+Q+XE1+K12

80415 Q@1<I, J2=Q

B8e620 QJ=CJ-1D

808630 Q=2. 5*QJ

BB633 QRCJI=Q

a0B40 R=(Q#{R4+RI-RI*E*BI+R1I/(RO¥E*E-RZ)
BB8643 RK{I, J)=R

806568 PRI, Jr=R+U+Q*xXKB1+K12

80688 86 CONTINUE

08698 90 CONTINUE

80780 PRINT 95



PROGRAM B20PT (continued)....

80710
ap720
BB730
BE740
pE7S0
PO760
Be7v

eO750
80790
80800
p0810
POBZ0
BeB30
pessa
BOB55
BOBEO
BOBYO
pOBED
pOS9A
80895
86900
pE918

95 FORMATY/, 6H "RHO", 20X, I4HFERF. INDEX WITH
DO 166 J=1, 14
PRINT 118, RQ<J), PRI, J), 1=1, 100
180 CONTINUE
1108 FORMAT(1¥, 1G11. 3, 2¥, 108G11. 30
PRINT 115
115 FORMAT/, 5H "Q41", 21X, IIHFERF. INDEX WITH
DO 126 J=1,10
PRINT 118, QR{JD, (P@CI, J), 1=1,1@)
128 CONTINUE
PRINT 13d
138 FORMAT</, 6H "RHO", 2@%, SEHYALUES OF "&@1"
DO 146 J=1, 1@
PRINT 448, RG<JID, <Q1(1,J), I=1,16)
148 CONTINUE
PRINT 15@
158 FORMATYA SH "Q4", 21X, Z&HYALUES OF "RHO"
DO 168 J=1, 18
PRINT 1416, GR%J), (RK{I,J3, I=1, 180
168 CONTIHNUE
ETOF
END

254,

"RHO" AS PARAMETER)

"Gi" RS PARAMETER)

WITH “RHO" AS FARAMETER)

WITH "@41* AS PARAMETER)



255.

FILE C2 (FORTRAN)
The program plots I, against damping rate B for different damping rates of

p

and g as parameters #-Car Model.

PROGRAM B2FLT

60100
00114
861135
60120
80130
BB1406
pB1is5e6
60160
86190
80195
Bo2060
862106
BG228
BaE225
602306
fp240
88250
Be260
pp360
86310
80320
802320
30340
BB350
peze0
pe3ve
BO3EO
68390
804060
ge41a
Be420
@0430
00440
BB450
00460
60470
606486
80620
BA630
BB62S
BB6406
B0645
BB6ESO
BB660
80670
BB680
Be6sa
66700
607106
geraad
gerso
BB760
parve
Be780
868790
ppge06

PROGRAM B20FT <OQUTPUT, TRFE 2=0UTFUT)
DIMENSION B2<98), PR:9E, 16), FG{36,18), @156, 1@)
DIMENSION QR<1G6), RG{16), RK{(98,10)
DRTA RM1, AMZ, SK1, SKZ/ 2&. 58, Z2&&. 94, 155&86@., 19972 @/
CALL FPLOTS{SHCALZSD
CALL AKIS<Q. @, 8.8, 10HPERF. INDEX, 16, 1¢.,90. , 0. 6,8, 1, -1)
CALL ARKIS(@. @, @ @, 16HDAMPING E2,-1@,1€.,0. @, 86a. , 166, , -1)
B=vEga. a
DO 26 I=1,°94
B=B+20. @
B2({I1=E
28 CONTINUE
DO 96 J=1, 1@
0O 86 I=1, 20
RJ=J-1
R=4, BE-108*RJ
RALJII=R
B=B2:<ID
RB=5K1.-2.
R1={RAMI+AMZIASE.
R2=({SK2++2)%R1
RI=¢ ¢ AMLI+AMZD%%2) /0 2. B*SKLI+ARZ*ANZ)
R4=AM1/2. ~SKZ*#AMI+{AMLI+AMZ) A{SKLIFRM2)
R5=¢SK2#SK2*CAML+AMZ I k43D /{2, B (SKAIHANZ) *%2)
R=vR*{RO*E#E-R2)~-R1) A(R4+RE-RI*E*E)
U=RA*B+R2/E
KO1=R3+B+{R4+R31 /B
{12=R1/B
@1¢I, Jo=0
PRI, Jo=R#U+0rK@1+X12
IFCPRCI, J2. GT. 1. 6 GO TQ 48
IFCPRCI, J2. LT. 6.8 GO TO 45
GO TO 3@
40 PR{I,J2=1.6
GO TO 350
45 FR{I1,J2=0.0
56 CONTINUE
Ad=iJ-1>
@=2. 3*QdJ
QRCII=R
R={A*{RI+RS-RI*B*BI+R1) /A (RE*E*BE-RZ)D
RK{I, Jo=R
PRI, Jo=R*kU+ErK@l+X12
IFCPQYI, J2. GT. 1. 62 GO TO &8
IFCPRET, I LT. 6.8 GO TO &3
GO TO &a
6@ PR{I,J2=1.¢8
GO TO &@
£5 PQ{I,J)=0.0
8@ CONTINUE
CARLL LINEcCEZ, 808,160, ,FR{1,J),0. 6,06, 1,26, @)
CALL LIMEZEZ,&860.,4106. ,Fa<d, J2, 6 6,0, 1,56, @)
98 CONTINUE
CALL FPLOTE
STQP
END



256,

FILE €3 (ACSL)
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The program calculates complete time response and integral square values

t-car model by digital simulation.

for
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PERFORMANCE INDEX (continued)....
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FILE C4 (BAS!IC)

PROGRAM INDEX1

6e100
Be110
88120
BB1306
60148
80156
@160
80178
80180
88190
poleoe
6210
paz2a
BE23

G6o240
Be250
Be260@
Be2vo
BO280
6ez29a0
60300
660310
88220
B6330
gBR340
803306
pB360
eazrae
80280
88220
66400
BB4106
6p420
804320
00440
60430
Bo460

PRINT " ", "B2", "B2P"

PRINT * W, MKE", "KZP"

PRINT " W, WISFz", "1SF2P", "SISF2"
PRINT " W, mISK@Ln, "1SKALF", "SI1SKal"
PRINT " W, w1SK12", "1SK1ZF", "S1SK12"
PRINT

READ M4, M2, MZ, M4, K1

READ A, B L, K3, B1, B2

FOR KZ=16@06@ TO X2@0@ STEF Sa@
Ci=Ki#Bl1+KaxK2+{M1+M20 Bl

D=Kz/KI-{BALITE

Kd=iKa®i AL T2 /D

R=K1+E2+K4+KdwR(MI+M4) /BL

Si=q4C1+C2> 2

CE=¢{cMLI+M2D /M2 "2/K1I#ELA/E

Ca=cd (MI+Mdd /M4d 2/ K1I#BE2

CS=v Ml A2-KawMla(MI+M2) AKIHME0D /B
CE=CMIA2-K4neMTaME+M4) AKIxM4D) B
C?=(ﬂiKZ“Z}*(M1+M2)”E)/(E*(Ki*ME)”QD)/81
C8=((ﬁK4”2)*(M3+M4)“3)ﬁi2*(Ki*H4)“2))/82
S2=C3+C4+C5+CE+CV+CE

§I=CCML+M2) ABL+CHI+M4) /B2 L
Ii=19.*(CE+C5+C?)+8.E—18$C1ﬁ2+.5$(H1+M2)£81
12=1G.*iC4+C6+C8)+8.E-i@*62f2+.5$(M3+M4)/82
I1=6. E-10#51+18. #5245Z

PRINT" v, "FRONT", "REAR", "SUNM"
PRINT "DAMFERS",EBELl.,EZ

PRINT "GFRINGS", K2, K4

PRINT "FORCE", Ci/2,Cz~ 2,51

PRINT "TYRE DEFL". CI+CS+4C7, C4+CE+CE, &2
PRINT "HHEEL TRYL", . Sk(Mi+M2)/B1, . S*{MI+M4) B2, SX
FRINT "INDEXR",I1,12,1

PRINT

HEXT K&
DATA 40. 82,435, 52
DATA 1. 466, 1. 254,
EMD

4741, 55, 216004
41146, , 16606, , 1600,

The program calculates the integral square response and Perf.

10

Index with p = 8 x 10° , g = 10 for varying ky . Complete response,

uncoupled system (R=1.0), kg = const.



FILE C5 (BASIC)

The program calculates complete integral square response and Perf.
with

(R=1.0),

10

=8 x 10 , q=10

ky = const.

for varying B, or Bgap.

PROGRANM INDEXZ
801688 PRINT " ", "Ba", "B2F"
peii18 PRINT " " "l”" “K2pP"
80128 PRINT" ',"IEF”";"ISFEP";“SISFE"
80130 PRINT" ,rIsKadt, "ISKalr", "S1skael"
BB140 FRIHWNT " . Ty IGKL2", "ISKLIZP", "SI5K12"
808158 PRINT
B0166 READ M1, M2, MZ, M4, K1
B8170 RERD A, B, L, K3, K2, B2
80186 FOR EBi=16660 TO 2408 STEFP 164G
BE196 Cil=K1+Bi+K2*K2+{M1+M20 EL
GE280 D=Ke2 /K3I-CB/L3TE
00218 Kd4=CK2x R ALIT207D
apz2206 =K1%B2+K4xKd e (MI+M4 0 /B
B82320 Si1={C1+C22/2
802408 CR=J{{CMI+M22 M2 72/ K1 ¥ELA2
BB250 Cd=CCiM2+Md4d A MAD 72 K1 0+BE2/2
6260 CO= M1/ /2-KZ*Mlx{Mi+M2d/CK1+M2) ) 'EL
gez2v CE"'H?, 2-KdkMZHTHZ+M4 ) ACKIHM40 ) /B2
66280 SOCCK27T2 ML+ M2) T30 024 CKIxM2) 720 ) B
ge290 C8=kkih TENRCMEHMA LTI A(2HKLANM4) TRY ) /B
BB30B S2=C2+Cd4+CS5+CE+L7+CE
80218 S3I=C{MI+ME)ABL+IMI+M4I A BZI A2
BRZ20 Ii=1@. #(CZ+CE+CFI+E. E-18+C1 2+ S+ (M1+M2) /'E1
80230 I2=16. +{C4+CE+LEI+E. E-1@+C2 2+, S (MI+14) B
00240 I=8 E-10+4S1+1G *C&2+5Z2
BO258 PRINMT" Yy "FRONTY, "REAR", "SUM"
80360 PRINT "DHHPERS";EI;BE
BB27@ FPRINT "SFRIHNGS", K2, K4
603860 PRINT "FORCE", Ci1-2,C&/2, %51
BB390 PRINT "TYRE DEFL", CIX+CS+CY¥, C4+0E6+CE, S2
00408 PRINT “"WHEEL TRWYLY,.S*{M1+M2)/E1l.,. S+{M2+M4) B2, X
08418 PRINT "INDEX", I1,12,1
. BB420 PRINT
80430 NEKT EBE1
®08440 DATH 28 5VE, 334, 335, o4, 421, 40, 143, 155860
808450 DATA 1. 2226, 1. 2728, 2. 5654, 42415, 192&v2, 1&aa
868460 END

Index

Uncoupled system



FILE C6 (BASIC)

The program calculates Integral Square Response for

model for varying front or rear damper rate.
PROGRAN DAMP

1@ PRINT"B2F", "EODY FORCE","TY¥RE DEFL", “"WHEEL

20 READ Mi, M2, MZ, M4, K1

36 READ A, B,L,KZ K2, E1

35 FOR Br=12060 TO 24008 STEF 2@

48 C1=K1#B1+K24K2#{(M1+M2) Bl

58 D=K2/K3-<B/L)"2

60 Kd=(K2+IRAIT2ID

70 C2=Ki*B2+K4wK4%(MI+M4) BE

g0 Si=+Cl+C2>/2

9@ C3=c{(M1+M2)/M2) 2 K1i#B1s/2

100 Cd=r(CMI+M4D M4 "2/ KL ¥EZ/ 2

110 CS5=cMl/2-KawMin(M1+M2) AKLAMZ0 ) /BL
120 CE=rM2/2-Ka#MIeCMIT+M4) /CKL*M4D ) B2

130 C?=(((KE"E)*(M1+M2)“EDK(2*(Ki*MZ)“E))/81
140 CB=(((K4”2)*(H3+M4)"3)/(2*(K1*H4)“2))JEE

158 S2=C3I+C4+CS+CE+C7+CE

160 S3I=C(MI+MED/BL+{M2I+M4D/B2) 2
170 I=8. E-10#S1+18. *S2+452

168 PRINT B2,51,52,53, 1

190 NEXT B2

2GR DRTA 4@. 82, 433, 52,
218 DATA 1.466,1. 2354, 2
228 END

71. 55, 2100008
46, 19270, 1060

260.

car uncoupled (R=1.0),

TRYL", "FERF INDEX"

The program calculates | . and Byopr for given q and a series of values of

p  (&-car model).

PROGRAM OFTI

1868 REARD Mi, M2, K1, K2

1168 INPUT @

120 PRINT "Mi=", M1, "HM2=",H2
13@ PRINT "Ki=", K1, "K2=", K2
148 PRINT "Q@1=",Q

156 PRINT

160 PRINTYE2 OFT", "PERF INDEx", "BODY FORCE", "TYRE DEFL", “WHEEL TRYL"

170 FOR R=8 TO X@E~18 STEF 2E-18
180 A=K2*xK2*{M1+M2)> 2

198 C=M1/2-K2rMLle{M1+M20 /S CKLHME)
@@ D=CK2RKZACMI+M2) " 30/ 2k K1xM2I72)
220 E=¢dMA+M20720 /(2 K1+M2ZHEN2)

230 G=<Mi+M2) /2

248 K=R*K1l/2+Q+E

250 Y=R*AR+Q#{C+DI+G

260 B=SQARCY/KD

2708 F=K1xB/2+R/B

288 T=E#*B+{C+D> B

298 W=G/B

380 I=R*F+Q*T+H

218 PRINT B, I,F.,T.,H

220 NEKXT R

220 DATA 28.58, 334. 94, 155860, 155372
3408 END
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The program calculates the Integral Square Response and Performance Index for

FILE C7 (FORTRAN 5)
}-Car Model, using state variable algorithms and matrices.
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Program INDEX (continued)..
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Program INDEX (continued) ......
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FTN 5404218

CPT=0
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Subroutine CFCHEN
Subroutine MATPR
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FILE €3 (FORTRAN)

The program calculates lm n

parameters. #%-Car Model.

for varying values of damping with p and q as

PROGRAM BZMIN

60186
pO110
BB115
Ap118
BR120
BO130
80140
pR150
8160
08170
P0180
00190
pp206
pp210
pR220
po230
p0240
ap250e
pO260
ep2v

pp280
BO290
BR3680
BR310
BO320
BU33e
pez40
AO350
BO368
BO27O
PO28O
pA3906
80460
0nd10
pN420
gi620
pH630
po®2s
gOG40
pOG45
pN6S5a
BN6808
60690
apreo0
pO710
ppEv2

pOT30
BO740

PROGRAM EBZMIN (OUTFUT, TAFE e=0UTFUT)
DIMENSION Eoci@)y, PRCLG, 160, Pocie, 1@), 01(16, 16)
DIMENSION BR<1@), RO{18), RK(16, 16)

DATA BX, CRA1806.,.7/

DATA Ci1,CZ, CS~7. SE@55E4, Z. 2@8
DATA C2,C4, C&/S. Z217VvELE, 1
DRTR P1,FZ, P58 AZ135E4, 5.7
DRATAR P2, F4, P&/ /7. B8444E10, 21
B=rao.

DD 28 I=1,18

B=E+1060.

B2¢I3=E

20 CONTINUE

FRINT 2%

25 FORMAT:C16, L1HDAMPER REATED

PRINT 26, {B2<{I>,I1=41,18)

20 FORMAT(1SK, 16611, 50

Do 28 J=1,16

DO 86 I=1,1@

R=, 25E-10#%2. @+*(J-2)

IFvJ-2.LT.@> GO TQ ©

GO 70 16

S5 R=8.

18 CONTINUE

RAuJI=FR

B=p2(1)
Q=-ﬁC5—C6F(E*E)+R*(C1-C2/(E*B)))f(CE—C4/(B*E))
F2=C1i*B+C2/B

K@1=CI*+E+C4.E

K12=C5+B+CE/E

Fep=FP1*BI+F2/BZ

HOLP=PI+RI+P4 B2

K12P=PS*BI+Fe B2
PR(I;J)=R*(F2+FEP)+E*(H51+EH1P)+(H12+E12P)
Q1<I, J2=Q

QI=C¢J-1>

R=2. 5*%QJ

ARRCTI=R
R=—(CS—C6#(B*E)+Q*(C3—C4ﬁ(8*8))?ﬁ(Ci—CE/(B*E))
RK{I, J2=R
PQ(I;J)=R*(F2+F2P3+Q*ﬂHBi+X@iP)+(X12+E12P)

86 CONTINUE

9@ CONTINUE

PRINT 95

[N
m
i
=~

N

[T

EGEN

S WMy

Ry e
= N DD
=]
m
|
(23]
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o

1y

B Ty
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[ S I I PN |
RN

PR S
oom T m

~J
B m
N T e
=

-

95 FORMAT(A, EH "RHO", 28X, I4HFERF. INDEX WITH "RHO" AS

DD 168 J=1.186
FRINT 148, RQCJIY, (FROI, IO, I=1, 160
108 COMNTINUE

268.
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269.

FILE €3 (FORTRAN) continued......

BO7S0
BHTED
BA7 7O
0780
GELT:
CEELL:
06818
80820
6830
B850
BR85S
B0B68
8870
60880
80890
00895
00908
80918

ii@ FORMATC1X, 1G41. Z, 2%, 1@G11. 3O
PRINT 115
115 FORMATCA, SH w@Eiv, 24K, IIHFERF. INDEX WITH "e1" AS FPARAMETER)
po 128 J=1,18@
PRINT 11@, GREJY, (PQRCI, IO, I=1, 180
128 CONTINUE
FRINT 1Z@
128 FORMATA ) 6H WRHO", 2@, TEHYALUES OF "G1" WITH "RHO" AS PARAMETER)
Do 148 J=1, 1@ '
PRINT 118, RECJT)Y, ¢Q1(I, Jy, I=1,18)
148 CONTINUE
PRINT 1%5@
158 FORMATCA, SH nEe", 241%, TEHYALUES OF "RHO" WITH “&4* AS FARAMETER)
DO 1660 J=1,18@
PRINT 118, QRCJIY, CRKCI, J2, I=1, 180
168 CONTINUE
STOP
END | o



FILE C9 (BASIC)

The program calculates coefficients A,X,Y,Z from ACSL output for ¥-Car Model.
(1.s.v. =

AB,+ (X + Y kp + Z k22)/B,)

PROGRAM COEF

66108
66110
80120
601320
001406
@e8130
fB1eB
ao1vo
peaian
Bep19o
BB2060
goz10
g6a2:20
pp23e
o240
pBaso
ge260
pB2ve
pazeon
8290
BEB200
gB8310
gaz2a6
0B330
B0340
@B350
BB360
BB370
pe380
pB3906
004060
88410
6420
BE4:0
88440
BE450
BB460
0ed470
BO480
Bod496
BBLG0
88510
88520
BB8530

INPUT X1, X2, K3, K4
RERD B1, B2, Bz, E4
READ K1, K2, KX, Kd
Ri=zc¢X1#B2-K2*E1d)#B1xB2/(E272-B ~a)

2=(K2*83~EE*82)*BE*BE#(BE“E-BE“E)
R3=iH3*84-H4*E33*BE*B4H(B4"2-BE“2)
Pi=iK1*BE*EE-K2*Bl*Bi)ﬁ(82*82—81*81)
PE=¢K2*BE*EE~KE*BE*BE)E(EE*EZ-BQ*BZ)
P3=iK3*E4*B4-K4*BE*BE)E(B4*E4—BE*BE)
Q1=((Ki*EE)“2-(K2*Ei)"2)/(E“*EE—Ei*Bi)
Q2=d(KE*EE)”2-(KZ*EE)“E)E(BZ*EE—EE*EE)
03=(KKE*B4)”2—(K4*83)“2)/(84*84-83*83)
S1=F1-F&

S2=P2-Fz=

S3=R1-02
S4=02-032
R4={R1-R2)/51
R5=KR2-R2)/52
RE={01-Q2) /51
R7=VR2-Q2) /52
2=C(R4-R5»/{RE-RV
Y1=R4-Z*R&
Y2=RG-Z#R7
Y=(Y1+¥2) /2
2i=Ri1-Y#P1-Z#Q1
Z22=R2-Y+FP2-2*02
Z23=RI-Y#PI-Z*QZ2
K=(Z1+22+d3373
H1=H1/Bi—dK+V*K1+Z*K1*K1)i(Bi*Bi)
H°=H2H82—(H+V*K2+Z*K2*K2)ﬁ(82*€2)
H3=K3/83—(K+Y*K3+Z*KE*KE)E(EE*BE)
H4=H4/B4~(H+V*K4+Z*K4*K4)/(B4*B4)
A=<R1+AZ2+A3+A4) 4
PRINT "y1v,"ya"

PRINT Yi1,%Y<

PRINT "xin", "xa", "K3"
PRINT 21,22, E%3
PRINT "A1", "R2", "A3", "A4"
PRINTRL1, R2, RZ, A4
PRI'JT IIHII,II){“’II‘H"'"Z"
PRINT R, ¥, ¥ &

DATR 180Q, -6e@, 17@@, 2882. 5
DRATA 22563. 5, 1v825. 3, 22563 3. 2e9ve

END

a

270.



271.
FILE C10 (BASIC)

The program calculates Integral Square Response:
1.5.V. = ABa+ (X + Y ko + Z kp2)/Bs for front and rear.

PROGRAM PERFZ

B@1668 RERD AR, B,L,KZ, R

pR170 INPUT Bi,B2,K2

@0180 RERD A1, ¥1,¥1,21

PP190 RERD R2, X2,Y2,22

AA208A READ A3, X3, Y2, 23

PE218 RERD A4, X4, ¥4, 24

BO220 READ AS, K5, Y5, 25

BE230 RERD A6, K&, Y6, 26

PE240 D=K2Z/K3Z-(Br/L2"2

AR250 K4={iRALDITZ2IxK2/D

BE260 S1=A1*BLl+{XK1+¥Y1*K2+Z1xK2#K2)/B1

PO270 G2=R2*E2+{X2+YE2*K4+Z2+%K4*K4) B2

BO280 SI=AZIKBLI+:KI+YTHK2+ZI+K2#K2)I /R

BO290 Sd=R4*%B2+{K4+Y4*KI+T4dxK4*K4) /B2
 BB300 SS5=ASHEL+CKS+YIHRK2+Z5xK24K2) /B

BA310 S6=ARG6*B2+IKE+YEHKI+Z6+xK4#K4) /B2

PA3220 Ii=10. #S1+8 E-10+55+53

PP3I20 I2=10. *52+8. E-10%56+54

BE240 I=I1+12

BR258 PRINT " COUPLING R =", R

BB360 PRINT" ", "FRONT", "REAR". "SUM"

PP3I70 PRINT "DARMPERS", Bi, B2

PE38@ PRINT "SFRINGS", K2, K4

@B3908 PRINT “FORCE", &35,56,503+56
pB4BO FRINT "TYRE DEFL", S1,52,%51+52
60418 PRINT "WHEEL TRWL",S5X,54,53+54

86420 PRINT "INDEXK", I1.12,1

DB428 PRINT

@P440 DATA 1. AS7E, 1.4676, 2. 5654, 4@812.7, .7
450 DATA 3. 9A8E842E-6, 15. 3867, -2. 9316E-4, V. B9€945E-9
460 DATR 5. P33II9CE-€, 27V.5252, -4. 58322E-4, 8. 82832E-9
470 DATR -4. 7113@1E-7, 244. 365, -8 461616E-3, 1. 4423E-7
480 DATA -1. 874146E-6, 212. 762, -3. 9410@6€E-2, 6. GG406E-8
480 DATAR 75711. 5, 2. 6B6526E18, -1. 84¢69E6, 134 4

500 DATA 799895. 5, 2. 406933E10, -1, @278EE, 152. 4737

885108 END



FILE C11 (BASIC)

The program calculates k2 that minimises the Performance |

values of q and p.
HILLMAN, R=0.7, (Laden) Vv = 20 m/s.

PROGRARMN MIN

pp106 RERD A, B, L,K3
@P110 RERD REG, BG, CO
80128 READ A1, E1l.C1
@B120 RERAD RZ, B2, C&
BP146 RERD DO, EG,FO
801506 RERD D41, E1,F1
pe160 READ D2,E2,F&

Bo1v0 DATA 1. 2926,1. 2728, 2. 5654, 42415.

pei8a DRTA .GlS?SSSG;—i.GiSiFSE-?;E.9?1542E-12
pB198 DRTA .168?339.-?.236988E—6;1.324931E—1@
Pa26868 DRTA 1. 581@BEE, -1, 1025E3, . BYEEVT

pe216 DARTA .82426182.—2.36911?E—?;6.Ga2588E—12
gez22@ DATA .1542265.—?.28286?E—?,—2.147953E—11
gaz23@ DRTA 1.54455?E8.541.88@4;.@9113548
88240 INPUT K2Z,Q, R, C

pp250 PRINT "COUFLING RATIO =", C
@p2668 GO TO eBzea

pE270 K2=K2-. 25#%53/ 12

RE280 D=K2/KZ-<B/L)"E

AP290 Kd=¢oRAL2T20xK2/7D

00300 Dd=-cKd /K20 BARIITZ

68210 DS5=2#Dd# (DK Kd-10 /K2
0220 RO=RA+2*xK2xCO

062368 Ri=B1+2*KZ*C1l

PB340 R2=B2+2+KZ#*C2Z

0PI50 RI=C(EA+2#K4xF@I*D4

0E3606 R4=CE1+2xK4*F10#D4

AE376 RS=CEZ+2xK4xF2)%D4

G030 SB=RO+RZ

AP290 S1=R1+R4

BP4080 S2=RZ2+R3

AP410 S3=E*SOA+S1+R#*52

0B420 T4=2#CE+DS*RI+2*D4xFA*D4
o428 T5=2#Cl+D5*R4+2#DdwFlxD4d
008440 Te=2%C2+DS5HRG+2#D4wF2HD4
AR450 I13=Td*R+TS*1. +TE*R

gp460 IF ABSCS3IH»>1. E-12 THEN @@zva
PO470 S4=RO+BAXKZ+CEK2*KE

PB480 SS5=A1+BLHK2+C1kK2*KE

804908 SG6=AZ+B2+K2+Ca*K2*KE

Be%0e0 S7=DR+EA*K4+FE*KIxK4

98510 S8=D1+E1#K4+F1xKd*K4

pes20 59=02+E2$K4+F2*K4*K4

ndex for specified

272.



273.

Program MIN (continued)..... ol

BB530 I1=R*SE+Q#54+55
. PBS48 I12=R#S59+@*57+58
' 90550 I=I1+12
 BO560 T1=54+57
BOS7@ T2=55+58
BB580 TI=56+59
88598 PRINT
. 80600 PRINT "RHO", "Q@","K2", "KzP", "D1/DK2"
. pBE168 PRINT R, @, K2, K4, 53
BB628 PRINT
#8630 PRINT " W, "pxEl/DKZY, *DX1Z/DK2", "DFZ/DK2"
. 8P648 PRINT "FRONT", R, R1,R2
' @P65@ PRINT "REAR", R, R4, RS
@E668 PRINT "SUM“, 58,51, 52
PO678 PRINT
90680 PRINT " W WTYRE DEFL", "WHEEL TRYL®", "BODY FORCE", *PERF INDEX®
- B@690 PRINT “"FRONT", 54, S5, S6, 11 '
. @P7B@ PRINT "REAR", SV, S8, 59,12
' @O7L1@ PRINT "SUM", T4,T2, T3, 1
BB720 PRINT
BOY30 GO TO 6@240 N
807408 END R



FILE C12 (BASIC)

The program calculates Min. Perf. Index as function of q and p for a given

value of k2.

Data:

HILLMAN, %-Car Model, R=0.7 (Unladen).

PROGRAM MINIG

801086
BE1106
801206
Be130a
88148
gp1ao
BB160
BOE1VO
BR18a
8661906
802008
6p2106
gBe220
BE23a
6240
ge250
ge260
ppaya
Be28a
ge2eo
Dp266
Bes1a6
BB220
063328
0B8=40
80356
Be360
80270
pa380
0B39a
po4aa
Bo410a
Bo420
6430
go446
poed450
"0460
BER4vo
pBe480
00498
Be50ao0
00516
BESZ20
80520

READ A, B, L., KZ
RERD AG, E@, CAa
RERD A1, BE1.,C1
READ AZ, B2, CZ
RERD D@, EG, FO
READ D1,E1,F1
READ D2,EZ2,F&

DATA 1. @97&,1. 4676, 2. 5654, 46812, 7

DATH 01JL4J.,-1.556878E—?;3.?EESE—iZ
DATA i 1529, -4, I43713E-€6, 7. 11E-11

DRTA 1.q4511E€ -84%9. 5, 6. FIIVEE-2

DATA .BESFGSGEJ—E.ESEF@?E—?;S.2@1849E-12
DATA . 1093146, -1, GVIAS1E-6, 2. 134236E-11
DATAL. S63412EE, -459. 5847, . BEXZ2483

INFUT Kz, C

PRINT "COUPLING RATIO =",C
D=K2/KZ-tBAL2"E
Kad=doAsL TR 2R 2D
Dd=-C Ed K220 BA AT
DS=2%Ddx(Dd*K2/4-10 K2
RO=BE+2+E2+C0
Ri=B1+2#K2#*C1
R2=EB2+2xKZ*C2
Rr=CE@+2rK4xF@I#D4
Ra=¢E1+2%Kd4+xF1o*D4
RS=iE2+2xl4wF2rsDd
SA=RA+EZ

S1=R1+k4

2= r.+p=

FoRr @ = &8 TO 5 STEF 1.
R=-{@%SG+S102/52
CI=QR*+S@+S1+RAEL
T4=2#CE+DSHRI+IHD4F a4
Te=2#CL+DS*R4+Z40dxF1wld
TE=2%C24+D0S+R5+2%Dd+F2+Dd
I1Z=T4#Q+Tox1l. +TE+E
Cd=AR+BEXK2+CAFKZHEE
SE=Al+R1+#K+C14KE*KE
CE=AR+E2wK2+C2vKI*KE
SP=DR+EO+K4+FArKd*+K4
Se=D1+EL#Kd+F Lk 44
GO=D2+E K4 +F 2Rk kK
J1l=R*SE+O#S4+55
I2=R*«S3+Q*S7+58

27h.



275.

PROGRAM MINIQ (continued).....
98540 I=I1+12
80550 T1=54+G7
'BESE0 TZ=55+58
‘9E570 TI=56+59
BB580 PRINT
ge598 PRINT "RHO", "@Q", "Ka","KzF", "DI/DKZ"
60688 PRINT R, @, K&, K4, S3
BO610 PRINT
8@62e PRINT w,onnREL/DKZY, "DRlZ/DKE", "DF2/DKE®
80636 PRINT "FRONT", RG, R1, RZ
886408 PRINT "RERR", RI, R4, RS
BBE56 PRINT "SUM", S@, 51, S8
80660 FRINT
BOETE PRINT W, "TYRE DEFL", "WHEEL TRYL", "EODY FORCE", “FERF INDEX®
pO6E0 PRINT "FRUNT",54,_5,65,11
@698 PRINT "REAR", SV, 58.5%, 12
Ba76H0 PRINT "SUM", T1,T2, T3, 1
80716 PRINT
aa720 NEXT Q
80730 END

FILE C13 (BASIC)

The Program calculates k2 that minimises the Performance Index for given values
of weighting factors. HILLMAN, R=0.7, (Unladen).

PROGRAM

A0188 RERD
80116 RERD
A0128 RERD
Be12@ RERD
00140 READ
@158 RERD
60168 READ

BB1vo

08186 DATA
88198 DATA
pez00 DATA
po218 DATH

ed0622
6230
BB240
86250
Be2c0
pezvo
B02E6
pa2920a

DRTA

DATA 1. @978, 1. 4676, 2. 3634

DRTAL. SER412EE, 459, G847, .
INPUT K&, Q, R, C

PRINT "COUPLING RRTIO =",C
GO TO @Az2BA

{2=K2-. 20%53/ 13
D=K2/KZ-(B/L)"2
Ka=C{RALI"224K2/D

MINI

AR/ B, L, K2
RG, Ba@, Co
A1, B1, C1
Re, B2, C2
Do, E6, F@
Di,E1,F1
02; Er.'.: F‘i

o

015845.;—1 S5667VEE

1<1q¢d;—4 I4IV1I8E~E,
1 S4514E8, -819. 5, 6. 3337
.BRS76962, 2. €EZVAVE-V

. 1083146, -1, 673035 1E—C;.
age

a8 BN
m
1
Y
a

| Mg
R

non =
™=
-P-F—"‘II’\J 1 T

11849E-12
gzxe6E-11
@as

[ RIEP

AEE

AB260 Dd=-{ K4 /K22x(B/RII"E

80310
bB320e

DS=2#D4#(Dd*K2/Kd-10 /K2
RO=BB+2*KZ2*(C@



PROGRAM MINI (continued).....

*0E330
pO346
AB356
80260
pazre
Aps80
pEz396
804060
00410
00420
pO42306
08440
868430
00460
06470
NE4806
pa490
BB560
8065106
pB5206
gBo 306
pB548
Aes556
80560
B8os57v0
aes58a6
0B59a6
0e6060o
Boelo
08620
80630
80640
00650
80660
PBevo
806806
pe6SH
B6a o0
favle
Bov20
0evze
00740

R1=B1+2#K2*C1
R2=B2+2xK2*(2
R2=C{EB+24K4xFBI*D4
R4=VEl+2*xK4*F1I%D4
Ro=({EZ+2%Kd4*F2)%*Dd
SH=RO+RZ

S1=R1+R4

E2=R2+R3

S3=R*S50+51+R*52
T4=24%CO+DS#RI+2xD4+F @[ d
TS=2*Ci+DS*R4+Z+Dd*F1%D4
TE=24C2+DS*RO+Z#D4*F2*Dd
I3=T4#Q+TS*1. +TE*R

IF ABSXS3»2>1. E-12 THEN @@zva
S4=[RO+BO*K2+CA+K2*K2
SS5=A1+B1+K2+C1*K2#K2
SE=R2+B2*xK2+C2+KaxK2
S7?=DO+E@*K4+FOxKd4d*K4
SB=D1+E1#K4+F1*K4xK4
S9=DZ+E2*K4+F2*KdwK4
I1=R*SE+Q+xS4+53
I12=R*S2+Q*57+58

I=I1+12

Ti=54+%&7

T2=55+5¢8

T3=56+59

PRINT

PRINT "RHO","@", "Kz", "KzFr", "DI1/DKZ"
PRINT R, &, K2, K4, 52

PRINT

PRINT " ", DRelAsDK2Y, "DR12/0KZ"

PRINT "FRONT", RO, R1, k2
PRINT "REAR", RX, R4, RS
FRIMNT "SuM", 5@, 51, &2
PRINT

PRINT " W, "TYRE DEFL", "WHEEL TRYL", "EODY FORCE", "FERF INDEX"

PRINT "FRONT", 54,55, 56, I1
PRINT "RERR", SV, 58,59, 1z
PRINT "SuM", T4, T2, T3, 1
PRINT

GO TO @040

END

"DFZ/DK2"

276.

4



FILE C14 (BASIC)

The program calculates I;, and q for series values of k2 and p.

PROGRAM MINIR

66186
pei11a
ae120
868130
66148
#8150
BB1l66
pe1vo
BO1LBO
60190
66200
6B218
8@z

BA230
Be240
ge2s50
6a260
ag2ra
BA2806
Baz30
ap300
80210
aRze

80330
a@346
BE350
80260
aazv

0e36a
paz39a
80400
66410
Be424a
004320
00446
BO450
04600
Be4vae
80480
804906
Aoseoe
gas1a
ges52a0
BB5306
BS540
Ba550
885648
gesvre
Ge58&6
80590
peene
06620

RERD AR. B, L, KZ2
RERAD ARG, EG, CO
READ A1,R1,C1
READ A2, B2, CZ
RERD D@, EB, F@
READ D1, E1,F1
RERD D2,E2,F2

DATR 1. @976, 1. 4676, 2. 5654, 40812, 7

DRTA . @158457, -1, S56A7VEE-7, . 7638E-12
DATR . 131529, -4. 242718E-6, 7. 11E-11

DATA 1. 54514E8, -819. §, 6. 99375E-2

DATA . B2576E962, -2, 6827VAVE-V, 5. 201849E-12
DATA .1@93146,-1.67 I@S1E~6, 2. 13493¢E-11
DATALl. S63412EE, ~453. 5847, . 883324875

INPUT R, C
PRINT "COQUFLING RATIO =", C
PRINT "RHO"™, "@1", "Ka", "KaFr", "DI/DK2Z"
FOR K2=168008 TO 24000 STEFR 104
D=K2/K2-{B/L)"2
K= A L2 "2I*K2/D
Dd=—-i K4 /K22 {BARIITZ
DS=2#D4w DK/ Kd-10 KZ
RA=Ro+24xK2+CH
Ri=R1+2+KZ2#*C1
R2=E2+2+KZ*C2
I=[EQ+24K4xFBI*D4
Rg=CEL1+2%K4*F10%D4d
RE=CE2+2 KA wF2o#D 4
SA=RB+RZ
Si=R1+R4
S2=RZ+RKa
B=-{R*SZ2+512/50
CX=Q*SO+S1+R*52
Td=2%CA+DS*RI+24D4xFA%D4
TS5=2#C1+D5*R4+2+Dd*F1x0d
TGE=24C2+tDS*RS+24D4*F2%D4
I2=T4+#Q+TS*1. +TE*R
S4=RO+EA+K2+CO*xK2#K2
CH=A1+B1*K2+C1+K2*K2
SE=A2+Ba*K2+C2+xK2%K2
ST=DO+EB*K4+FAxKd+K4
SE=DP1+E1*K4+F1xKd4xKd
S9=D2+E2*Kd4+F2%xK4¥K4
I1=R4SE+RQ*S4+55
P=R*kSA+Q*SE7+58

T2=55+58
T2Z=56+59

PRINT R, @, K2, Kd, 53
NEXT Kz

END

277.

i-car Model.



278.

FILD C15 (FORTRAN)

The program calculates |

i for series of k2 with p and q as parameters.

HILLMAN i-Car Model (Unladen) R=0.7.

PROGRAM MINIFZ

00108
80110
BO115
80120
801320
pR140
BE150
80160
80170
ge1ga
8185
80190
BR195
ApB2006
BB210
pE212
8213
p0e214
BB216
ae226
pez24
8B230
Be240
80250
00260
00278
80275
68276
BE280
80290
60208
80220
80330
80240
80250
50360
36370
60380
60290
665006
00410
80415
Bo47a
ge48a
38490
80500
80510
8a520
BE550

PROGRAM MINIF <QUTFRUT, TAFE 2=0UTFUT)

DIMENSION SKF<18), PR 4@, 10), FR{16,10), @1(16,14)
DIMENSION QR:1@), RAx16), RK{1@,18)

DRATR A, B, NE, SK2/ 1. BS7E&, 1. 4676, 2. 56504, 40812, 7/
DRTA RO, B@, CA/ . 0158457, ~-1. 556678E-V, 3. 7ex8E-12/
DATAR A1,E1,C1i/ . 131529, ~4. 243718E-6, V. 11E-11/
DRTR A2, B2, C2/ 1. 54514E8, -819. 5, &. F9I7V3E-2/
DATA D@, E@, FG/ . B2S76962, -2. 6827AVE-V, 5. 201843E-12/
DRTA D1, E1, F1i/ . 1093146, ~1. 67VIBS1E-6, 2. 134936E-11/
DATA D2, E2,F2/1. 563412E8, -459. 5847, . B8I324083/
SK=1e0@00.

po =20 I=1,14@

SK=SK+1084.

SKF<Iix=5K

20 CONTINUE

PRINT 2

25 FORMATL16K, 17HFRONT SPRING RATE?

PRINT 2@, {SKF<Ix, I=1,18)

36 FORMATY15K, 18614, 32

po 96 J=1,16

DO B8 I=1,1@

R=. 25E~1@#2. @k*{J-2Z)

IFCJ-2. LT. @) GO TO 9

GO 70O 1@

5 R=0.

1@ CONTINUE

RECJ2=R

SK2=5KF{IJ

D=SK2/SKI- EBE-NB)*x%2

SKd=C{{A/HBY k25K 2 /D

Dd=-SK4/SK22#{BEARD 22

Re=p@+2. #SKz+CaH

Ri=B1+2. #SK2#C1

Rz2=B2+2. #*5K2%C2

R2=(EB+2. *SK4xF@I=*D4

Ra4=(E1+2. *SK4+xF1x+D4

Ro=CE2+2. *SK4xF2r%D4

SO=RA+RZ

Si=R1i+R4

S2=R2+R5

Q=-(R*452+515/50

E1<I, Jo=Q

S4=RA+RA+SK2+CB+SK2+SKE

S5=A1+B1#SKZ+C1+SK2#5KEZ

SE=RA2+E2+CKZ+C2*kSK2*SK2

S7=DO+EB*SK4+FA*SK4x5K4

CE8=D1+EL1*SGK4+F145K4%SK4

CO=D2+E2*SK4+F2x5K4+5K4

PRI, JI=R#{GE+590+60k(S4+57I+{SE+58)



PROGRAM MINIF2 (continued).....

BOG20
68630
8B635
80640
88645
BOBLS50
B8O
00690
68706
88716
pavzo
Bev30
BOV40
6Bv5a
80V60
BevYo
667’80
0ov96
fes8oo
86810
08820
Bee30o
pB8So
88855
g6g60
608708
8B6Ea
BAs30
888935
6B964a
0069106

QI=CJ-10

@=2. 5#QJ

QRO =R

R=-{@#*58+51)/52

RK{I, Ja=R

PRCI, Jo=R*{(SE+59)+Q#{S4+57)+(55+58)

80 COMTINUE

98 CONTINUE

PRINT 93 :

95 FORMATY/, EH "RHO", 28X, Z4HPERF. INDEX WITH
DO 1606 J=1,106 '

PRINT 118, RQ<J), (PRCI,JI, 1=1,18)

1068 CONTINUE

110 FORMATCLK, 1G14. 2, 2¥, 16G11. S0

PRINT 415

115 FORMATC A, SH "Q1", 21K, TIHPERF. INDEX WITH
DD 126 J=1, 10

PRINT 118, @R<J), {PR<I, Jo, 1=1,18)

128 CONTINUE

PRINT 12306

120 FORMATCA, 6H "RHO", 2@¥, ZSHYALUES OF "Q1*
DO 146 J=1,10

PRINT 11@, RQcJd, $Q1<I,J), I=1,18)

148 CONTINUE

PRINT 154

158 FORMATCA SH "R1", 21K, TEHYALUES OF "RHO"
DO 168 J=1,106

PRINT 11@, QR:{J2I, (RK{I, J), I=1,18)

160 CONTIHUE

STOF

END

279.

"RHO" AS PARAMETER)

"G1" AS PARAMETER)

WITH "RHO" AS PRRAMETER)

WITH "@1i" AS PARAMETER)



FILE C16 (FORTRAN)

The

60100
80110
80128
60136
BA140
60158
80160
00170
00180
pH190
0200
80210
00220
p0230
00240
60250
80260
00270
60286
8290
603060
80310
pA32

09330
80340
00358
8360
00370
00380
00390
60480
60416
pn428
0A438
80440
80450
BO460
0g47e
6u488
0490
00560
0510
60520
60530
00540
00558
00568

program plots | .. against k2 with p and q as parameters. HILLMAN,

PROGRAM MINIFLT ¢QUTFUT., THPE Z=C0UTFUT)
DIMENSION SKF¢1@6), PRC166, 10, FR(L1EE, 18), niciam, 1@)
DIMENSION GR¢1@), Re<1@), RK(1aa, 1@)

DATA A, E, WE, SKZ/ 1. 8978, 1. 4676, 2. 3654, 4ag1z. 7/
DATA A@, BA, CB/ . B15E8457, -1, SSEATPEE-7, 3. TEIBE-12/
DATA A1, EB1,C1/ 1 1529, -4, X4Z7LEE-6. 7. 11E-11/

DATA A2, B2, C2/ 1 S4514ES 519.5;6.99175E~2/

DATA DO, E@, F&/ .@;5.t9t¢;—2 ELZVATE-7. 5. z@l1845E-12/
DATA D1,E1,F1/ .1@93146, -1, €7ZAS1E-€. 2 134936E-11/
DATA D2, E2,F2s1. SAZ412ZEE, ~4 459, 5847, . @EIZIZ4A5/7

CRLL PLUTSquCHL;aJ
CALL AXIS:@. @, 6. 6, ABHFERF. THDEX, 18, 16, L 2@, 0. 6,8 1, -1)

CALL HHISiG.G;G.ﬁ 12HSTIFFNESS K&, -12,2@., 8. @, 1{@@@.;5@&

SK=1696886.

po 2@ I=41,160

SK=5K+108.

SKF{Ix=C5K

20 CONTINUE

Do 9@ J=1, 1@

DO &6 I=4,1G0

R=. 25E-41@#2, @4¥(J-2)
IF¢J-2.LT. @» GO TO &

GO TC 18

5 R=4.

18 COHTINUE

RAUJI»=R

SK2=5KF{I)
D=SK2/SKZ-(B/NEI 4+
SKd= A/ WE®#2) +SKZ [
Dd4=-C(SK4/SKZI B/ H)I**E
RB=B@+2.*5K2$C@

Ri=B1+2. #S5K&#C1

R2=Ez+2. #*SK2+CE
R=CEQ+2, #SK4xFBI*D4
Re=CE1+2. #SK4xF1ixD4
RS=CEz+2. #SKdxF2oxDd
SB=RB+RZ

S1=R1+K4

§52=R2+RS

R=~CR*SZ+512750

Q1CI, J2=0
C4=FA+BEHCK2+CH+GREHRSKE
Ce=A1+B1wCKZ+C1# K SRS
SE5=R2+BEHSKZ+CI+SKZHEKE
S7=DA+ER*SK4+FO+EK4+5K4
S8=D1+E1#SK4+F1#SK4+TK4
S9=D2+E2#CK4+F2#SK4#5K4

280.

3-Car Model.

1_1)



_ 281,
Program MINIPLT (continued).....

,aes57o PRI, JI=R#({SE+SHI+Q#(S4+E7)+{(ST+58)
pA580 IFCPR<I,J».GT.1.6> GO TO 4@
@P598 IFCPR<I,J).LT. @ &> GO TO 435
00608 GO TO 5@
eNE10 40 PRI, Jo=1.6
8P620 GO TO S@
pN638 45 PRI, J2=0.8
pR640 56 CONTINUE
PO650 QJ={(J-12
PR6E0 G=2. S*RJ
BR6ETO QRC{J»=M
POE8R R=-{Q®SE+S5L10 /5
ANE90 RKI{I, J2=R
pavee PRLT, Jr=R#A(SE+SII+R#(S4+ETI+H(ST+EE)
pE718 IFCPECI, J). GT. 1. 6> GO TO €@
07208 IFCPECI,J). LT. @ @) GO TO &%
6B?30 GO TO ¢€a
BO740 60 PRCI,Jo=1 &
8O750 GO TO €0
pA760 65 PRCI, JH=08.8
pA770 8@ CONTIHNUE
PA786 CALL LINECSKF, 178048,
GO790 CALL LINECSKF, 1vee@. .S
PNBOG 98 CONTINUE
pe818 CALL PLOTE
60828 STOP

.8p830 END

@@, , FR(1, JY, 0. @, 6.1, 168, @)
@E. , PR, J), 6. 8,6, 1,168, @)

nan



FILE C17

282.

The program calculates the spring and damper rates for a given total deflection C

HILLMAN Z-Car Model, Front Suspension.
IhUhhAM OorTl

QOL00 READ MLyM2yK1

00110 DATA 28.5765288,94+155860
00120 INFUT ©

00120 FOR K2= 14000 TO 32000 STEF 1000
00140 A= (ML+M2) " 2) / (2RKIAM2KMZ)
00150 RB=K2¥(M1L+M2) /K1

00160 D=K2KRAXKE

Q0170 X=RRK2IKRKIL/2

00180 Y=Ml/2-REML/M2+D

00190 Z=M2/2+EHD

QOROO P SkC/A

00210 R=PXF-Z/A

o020 IF R0 GO TO 330

QOR300 A=5OARIR)

00240 ER=F+Q

00250 B3=F-Q

OOREH X2=AXR2+Y /B2

D070 X3=AXRILY /B3

00280 FR=K1XB2/2+X/B2

Q0RO FI=K1XB3/2+X/E3

QO300 FRINT K2sRB2yX2yF2rQ
00310 FRINT K2yB3yX3yF3

OO320 NEXT K2

Q0330 STOF

w0340 END

FILE C18

The program determines the suspension spring rate for minimum tyre deflection, and

damper rates for minimum body force. HILLMAN 4-Car Model,

FROGRAM — BFRG

00100 READ Aekslor K1Lo K3
00110 READ MLeM2yMIviid

R=1.0.

Q0120 IaTA I‘O?/”vlo4m}uv" Ba5gy 1H5H60 40813

OOL20 DATA 28,058,288 94y14‘439?1u.14
Q0140 FOR R2= ’léﬂf TH 21650 STEF 1
DOLEO R1=(A/.) 7%
D01 A0 RZ=
Q017G
Q01380 it \
Q0TGP0 KAz % (M2 CMLEME Y 27D
Ll 0200 R
OO’IO

e MAS CMBAMAY 2T

@%Hﬂ);(ﬂi%l

JOh’4k' 5

ka1+H”FK(K1*M2))“R)*((M1+M2)/R)

7 ((hﬂ+fM§%Hd)/(hl#H4))"’)*((MKFM4)/J)

QOG0 5 H{” h4$m *(M*fM4)/(hl*M4)+P/)*H6
QO30 N 2 (

0ORTO IR &

0O2BO SL:(II*IJAI’/'fI RT3 I RREREE /B4
OO2R0 FRINT In"H11vH3.M4,$

DOARCO NEXT K
Q031¢ END



FILE C19.

283.

The program calculates the spring and damper rates for constant front deflection

C; and rear deflection Cj.

(Unladen) R=1.0.

FROGRAM OFRT2

QO0R0
00100
00110
00120
00130
00140
Q0150
Q0160
00170
00180
00190
Q0200
00210
002320
Q0230
00240
Q0250
Q0260
Q0270

Q0280 .

Qo220
00300
00310
Q0320
00330
00340
QORG0
COF60
00370
003860
0390
Q0400
QG410
00420
00430
o 00440

INFUT Gl G2

READ ML M2e M3y Mar K1

READ ArByleK3

NATA 28,576y 288.94y B4, 4%y 216414y
DATA 1.0978¢ 11,4674y 25604y 40812.7
FOR K2=15000 TO 30000 STEF $500

[aRR /K3~ (BALYTZ

K¢ (A1 2 HK2 /T
ﬁlﬂ((M1+H2)”2)/(E*N1$M3#MR)
QQW((M3+M4)“2)/(2#H1*M4#M4)
B2 (ML HM2) /KD

K=K AK (HE4M4) /KD

Ol =R2xNL B

DR=RAKADHEL

P QD B L e

K@ KKA%RL /2

Y =id) /@AM /M2

YReME /2R 2KME/ Mat D2

2l 24BN

LR MR gL

120 S

DXPR-ZR/AL

1 =80RR1)

V=GR R

[ ) - (0

Bt — Q2

Kamp L kB3HY L/ RS

Y amm2kBa+Y 2/ 14
Fa=KLkR3 2+ X1 /783
Fa=KLkEa/24+X2/84

FRINT K2y B3 X33y (XFHX4A)
FRINT K4y BdeXayFay (F34F4)
NEXT K2

EMD

-

Also calculates 1.5.V. of Body Force and Tyre Deflection. HILLMAN }-Car Model.

155860



B1BLIOGRAPHY

1SO/TC 108/WG 9 (BSI Panel MEE/158/3/1)

Generalised Terrain - Dynamic Inputs to Vehicles, June 1972.

C.J. DODDS and J.D. ROBSON
"The Description of Road Surface Roughness''

Journal of Sound and Vibration, 31, (1973), pp175-183.

J.D. ROBSON and C.J. DODDS
nStochastic Road Inputs and Vehicle Response''

Vehicle System Dynamics 5 (1975/76), pp-1-13.

C.J. DODDS

"The Laboratory Simulation of Vehicle Service Stress'

Journal of Engineering for Industry, May 1974, pp.391-398.

J.D. ROBSON, K.M.A. KAMASH

"Road Surface Description in Relation to Vehicle Response'’

Vehicle System Dynamics Vol. 6, Nos. 2 & 3, Sept. 1977.

J.D. ROBSON
"Road Surface Description and Vehicle Response'!

Int. Journal of Vehicle Design, Vol.1, No. 1, 1979, pp.25-35

J.D. ROBSON
"The Role of Parkhilovskii Model in Road Description"

Vehicle System Dynamics 7 (1978), pp.153-162.

284,



8.

10.

11.

12.

13.

285.

A.J. HEALEY, E. NATHMAN, C.C. SMITH
UAn Analytical and Experimental Study of Automobile Dynamics with
Random Roadway Inputs" 2

Journal of Dynamic Systems, Measurement and Control, Dec. 1977,

pp.284-292.

V. BORMANN

''IMessungen von Fahrbahn Unebenheiten Paralleler Fahrspuren und
Anwendung der Ergebnisse'' (German)

Vehicle System Dynamics 7 (1978), pp.65-81.

A. SATTARIPOUR
"The Effect of Road Roughness on Vehicle Behaviour!

Vehicle System Dynamics Vol. 6, No. 2-3, Sept. 1977, pp.157-161.

M.A. DOKAINISH, M.M. ELMADANY
tIRandom Response of Tractor-Semitrailer System'

Vehicle System Dynamics 9 (1980), pp.187-212.

J.C. WAMBOLD, W.H. PARK, R.G. VASHLISHAN
MA New Random Data Description and its Use in Transferring Road
Roughness to Vehicle Response'

Journal of Engineering for Industry, May 1974, pp.676-681.

J.Y. WONG
Theory of Ground Vehicles (Book)
J. WILEY & SONS, 1978.



14,

15.

16.

17.

18.

19.

= 3 =3 286.

N.S. NATHOO, A.J. HEALEY

"Coupled Vertical-Lateral Dynamics of a Pneumatic Tired Vehicle"

Journal of Dynamic Systems, Measurement and Control, Dec. 1978,

Vol.100, pp.319-325.

D. RYBA
"Possible Improvements in Ride Comfort'

Vehicle System Dynamics 2 (1973), pp.1-32.

P.R. BELANGER, R. GUILLEMETTE
"passive Suspension Design for a Magnetically Levitated Vehicle'.

Journal of Dynamic Systems, Measurement and Control, Dec. 1977.

pp.277-282.

J.K. HEDRICK, G.E. BILLINGTON, D.A. DREESBACH
"Analysis, Design and Optimisation of High Speed Vehicle Suspensions
Using State Variable Techniques''.

Journal of Dynamic Systems, Measurement and Control, June 1974,

pp.193-203.

D.E. NEWLAND

An Introduction to Random Vibrations and Spectral Analysis (Book)

LONGMAN (1975)

[. McCAUSLAND
Introduction to Optimal Control (Book)
J. WILEY & SONS INC. (1969)



20.

21.

22.

23.

24,

25.

26.

287.

B. ETKIN
“A Simple Method for the Analogue Computation of the Mean-Square

Response of Airplanes to Atmospherig-Turbulence”.

UTIA Technical Note No. 32,

Institute of Aerophysics, University of Toronto, January, 1960.

W.G. BRADFORD

“0n Errors in Published Formulas for the Noise-Response Integrals"

Proceedings of the |.E.E., Nov. 1971, pp.1614-1615.

C.G. NEWTON, L.A. GOULD & J.F. KAISER
Analytical Design of Linear Feedback Controls (Book)

J. WILEY & SONS, 1957.

J.K. HEDRICK

'Some Optimal Control Techniques Applicable to Suspension System
Design'.

Trans. ASME Paper No. 73-1CT-55.

A.G. THOMPSON

"Digital Simulation Techniques for Optimising Automobile Suspension
Design''.

Presented at the Inter Society Symposium

Computers in Automotive Design and Analysis' held in Melbourne,

October, 1978.

M.M. ELMADANY, M.A. DOKAINISH, A.B. ALLAN

"Ride Dynamics of Articulated Vehicles - A Literature Survey"

Vehicle System Dynamics 8 (1979) pp.287-316.

R.N. JANEWAY
"Passenger Vibration Limits"

SAE Journal, August 1948.



27.

28.

29.

30.

31,

32.

33.

-5 = | 288.

C.C. SMITH, D.Y. McGEHEE, A.J. HEALEY

"The Prediction of Passenger Riding Comfort From Acceleration

Data''.
Transactions A.S.M.E., Vol.100, March 1978, pp.3k-41.

R.A. LEE, F. PRADKO
"Analytical Analysis of Human Vibration"

S.A.E. Transactions, Vol. 77, paper No. 680091, Jan. 1968.

W.H. PARK, J.C. WAMBOLD, R.G. VASHLISHAN
tprediction of Objective Passenger Comfort from Road Profile"

Journal of Engineering for Industry, May 1974, pp-503-508.

Dept. of Transport Specification, 1972.

Performance Specifications and Engineering Design Requirements

for the UTACV.

A.A. BUTKUNAS
"Power Spectral Density and Ride Evaluation"

S.A.E. Paper No. 660138, 1966.

International Organisation for Standardisation.

"Guide for the Evaluation of Human Exposure to Whole Body Vibration"

International Standard 1502631-1974.

C.C. SMITH
"On Using 1.5.0. Standards to Evaluate the Ride Quality of Broad-

Band Vibration Spectra in Transportation Vehicles'.

Journal of Dynamic Systems, Measurement and Control, Vol.98, No. 4,

Dec. 1976, pp.h4h0-449.



34,

35.

36.

37.

38.

39.

289.

M.J. CLARKE
"A Study of the Available Evidence on Duration Effects on Comfort

and Task Proficiency Under Vibration'.

Journal of Sound and Vibration (1979), 65(1), pp.107-123.

T. DAHLBERG

"Optimization Criteria for Vehicles Travelling on a Randomly

Profiled Road - A Survey''.
Vehicle System Dynamics 8, (1979), pp.239-252.

T. DAHLBERG
"Parametric Optimization of 1-DOF Vehicle Travelling on a Randomly

Profiled Road'.
Journal of Sound and Vibration (1977), 55(2), pp.245-253.

T. DAHLBERG

“URide Comfort and Road Holding of a 2-DOF Vehicle Travelling on a

Randomly Profiled Road'".
Journal of Sound and Vibration (1978), 58(2), pp.179-187

E. ESMAILZADEH
"Design Synthesis of a Vehicle Suspension System Using Multi-
Parameter Optimisation''.

Vehicle System Dynamics 7(1978), pp.83-96.

E.M. MITSCHKE

"Influence of Road and Vehicle Dimensions on the Amplitude of Body
Motions and Dynamic Wheel Loads (Theoretical and Experimental

Evaluation Investigation)'.
Trans. S.A.E., 1962, 70, pp.h434-496.



4o.

L.

L2 .

b3.

ik,

b5.

46 .

- ' 290.

B.E. QUINN, S.E. HILDEBRAND
"Effect of Road Roughness on Vehicle Steering"

Highway Research Record 471, 1973, pp.62-75.

E

/E.K. BENDER

"Optimisation of Random Vibration Characteristics of Vehicle
Suspensions''.

D.Sec. Thesis, M.l.T., 1967.

D. RYBA

"Improvements in Dynamic Characteristics of Automobile Suspension
Systems''.
Part 1. Two-Mass Systems.

Vehicle System Dynamics 3 (1974), pp.17-46.

W.W. METCALF.

"The Ride Behaviour of a Multi-Element Vehicle Traversing Cross-
Country Terrain''.

Cornell Aeronautical Laboratory,

Cornell University, Buffalo, New York, 1961.

H.B. SUTTON
"The Potential for Active Suspension Systems''.

Automotive Engineer, April/May, 1979, pp.21-24.

B. PORTER
Synthesis of Dynamical Systems (Book)
NELSON (1969)

J.D. ROBSON, C.J. DODDS, C.J. MACLEAN, V.R. PALING
Random Vibrations (Book)

SPRINGER (1972)



47.

48.

Lg.

50.

51.

52.

53.

291.

R. MEISINGER
"Simulation of Maglev Vehicles Riding over Single and Double Span

Guideways''.
Mathematics and Computers in Simulation

XX1 (1979) pp.197-206.

Ride and Vibration Data Manual,
Society of Automotive Engineers,

SAE J 6 a, 1965.

L.F. STIKELEATHER, G.0. HALL, A.O0. RADKE
"A Study of Vehicle Vibration Spectra as Related to Seating Dynamics''.

S.A.E. Transactions, Vol. 81, paper 72001, 1973.

A.G. THOMPSON -
""Quadratic Performance Indices and Optimum Suspension Design'.

Proc. Instn. Mech. Engineers, 1973, Vol. 187 9/73, pp.129-139.

A.G. THOMPSON
""An Active Suspension with Optimum Linear State Feedback'.

Vehicle System Dynamics 5 (1976) pp.187-203.

A.G. THOMPSON
"Optimum Damping in a Randomly Excited Non-Linear Suspension''.

Proc. Instn. Mech. Engineers, Vol. 184, Part 2A, No. 8, 1963-70
pp.169-178.

D. BASTOW
'"Suspension and Steering"'

Automobile Engineer, 10th May, 1968.



54,

55.

56.

57.

58.

59.

60.

& g = ' 292.

K.M. CAPTAIN, A.B. BOGHANI, D.N. WORMLEY
"Analytical Tyre Models of Dynamic Vehicle Simulation''.

Vehicle System Dynamics 8 (1979) pp.1-32.

J. PAGE

"Dynamic Behaviour of Single Axle Vehicle Suspension System:
A Theoretical Study'.

TRRL Report LR580, CROWTHORNE, 1973.

P.B. STILL, P.G. JORDAN
"Evaluation of the TRRL High-Speed Profilometer'.
TRRL Report LR922, CROWTHORNE, 1980.

P.G. JORDAN, J.C. YOUNG

"Developments in the Calibration and Use of the Bump-Integrator

for Ride Assessment''.
TRRL Report SR604, CROWTHORNE, 1980.

S.K. CLARK
"Mechanics of Pneumatic Tyres"

Monograph 122, National Bureau of Standards, 1971.

J.A. OVERTON, B. MILLS, C. ASHLEY
"The Vertical Response Characteristics of the Non-Rolling Tyre'

Proc. Inst. of Mech. Engineers, Vol. 184, Part 2A, No. 2, 1969-70.

V.E. GOUGH

"Tyres and Air Suspension, Advances in Automobile Engineering"
(Symposium on Vehicle Ride Problem),

PERGAMON PRESS, OXFORD, 1963.



61.

62.

63.

64.

65.

66.

67.

293.
_]0_.
A.G. THOMPSON
UA Simple Formula for Optimum Suspension Damping. Journal of

Automotive Engineering'.

April, 1972, page 20.

R.L. SWAIN, D.K. SCHMIDT, P.A. ROBERTS, A.J. HINSDALE
iAn Analytical Method for Ride Quality of Fiexible Airplanes''.
A.I1.A.A. Journal, Vol. 15, No. 1, Jan. 1977, pp.4-7.

J.K. HEDRICK, H. FIROUZTASH
"The Covariance Propagation Equation Including Time-Delayed Inputs"

| E.E.E. Transactions on Automatic Control,

Oct. 1974, pp.578-589.

J.K. HEDRICK
'Some Optimal Control Techniques Applicable to Suspension System

Design''.
Trans. ASME, Paper No. 73-1.C.T.-55.

J.L. KUESTER, J. MIZE
Optimisation Techniques with FORTRAN

McGraw-Hill, 1973 (Book)

H. KWAKERNAAK, R. SIVAN
Linear Optimal Control Systems (Book)

WILEY-INTERSCIENCE, 1972.

K.J. ASTROM.

Introduction to Stochastic Control Theory (Book)

Academic Press, 1970.



68.

69.

70.

71.

72,

73.

74.

-11-
294,

A.E. BRYSON
Applied Optimal Control (Book)
BLAISDELL Publishing Co., 1967.

A.G. THOMPSON, C.E.M. PEARCE

"An Optimal Suspension for an Automobile on a Random Road"!

S.A.E. Paper No. 790478, 1979.

J. MOUNT, A.G. THOMPSON

pseudo-Random Binary Sequences in Automobile Ride Simulation'

Automation and Control (N.Z.), July 1974, pp.26-37.

J.E. SNYDER, D.N. WORMLEY

"Dynamic Interactions Between Vehicles and Elevated, Flexible,

Randomly lrregular Guideways''.

Journal of Dynamic Systems, Measurement and Control., March 1977,

pp.23-33.

R.W. MAYNE, S.M. METWALLI, K.A. AFIMIWALA
"Optimum of Design Vehicle Suspensions''

Trans. ASME, Paper No. 73-1CT-58.

D.C. KARNOPP
""'Wehicle Response to Stochastic Roadways'"

Vehicle System Dynamics 7 (1978), pp.97-103.

C.R. GUNTHER
"Application of Stochastic Optimal Control Theory to High-Speed
Vehicle Suspension Synthesis''.

Ph.D. Thesis, University of California, Los Angeles.



75.

76.

77.

78.

79.

80.

81.

295.
i)

M. BALAKNISHNA, D. HULLENDER
""Power Spectral Density for Constrained Long Wavelength Guideway
Irregularities''.

Journal of Dynamic Systems, Measurement and Control, March 1978,

Vol. 100, pp.18-23.

P.C. MULLER, K. POPP, W.0. SCHIELEN
‘"Covariance Analysis of Non-Linear Guideway Vehicle Systems''.

Vehicle System Dynamics, Vol. 6, Sept. 1977, pp.171-177.

C. GUENTHER
A new Approach to High-Speed Tracked Vehicle Suspension Synthesis"!

Mathematics and Computers in Simulation. XX1 (1979), pp.71-133.

A. SATTARIPQOUR
"The Effect of Road Roughness on Vehicle Behaviour''.

Vehicle System Dynamics, Vol. 6, No. 23, Sept. 1977, pp.157-161.

C.F. CHEN, L.S. SHIEH
"A Note on Expanding PA + ATP = -Q"
| .E.E. Transactions on Automatic Control,

February 1968, pp.122-123.

S.P. BINGULAC
"An Alternate Approach to Expanding PA + A'P = -Q"
1.E.E. Transactions on Automatic Control.

February 1970, pp.135-137.

C.F. CHEN, I.J. HAAS
Elements of Control Systems Analysis (Book)

Prentice-Hall, 1968.



82.

83.

8L.

85.

86.

87.

88.

_]3-

J. DAVISON, F.T. MAN
"The Numerical Solution of A'Q + QA = -C!"
| .E.E. Transactions on Automatic Control

August, 1968, pp.448-449.

P.G. SMITH
Numerical Solution of the Matrix Equation AX + XAT + B = 0"

| .E.E. Transactions on Automatic Control, June 1971, pp.278-279.

N.J. YOUNG
"Formulae for the Solution of LYAPUNOV Matrix Equations''.

INT. JOURNAL CONTROL, 1980, Vol. 31, No. 1, 159-179.

E. FIALA, B. RICHTER
"Zur Optimierung von Fahrzeugfederungen'' (German)
(Optimisation of Vehicle Suspensions)

Automobiltechnische Zeitschrift, No. 1, 1970, pp.1-3.

C.C. SMITH, Y.K. KWAK

")dentification of the Dynamic Characteristics of a Bench-Type
Automotive Seat for the Evaluation of Ride Quality'.

Journal of Dynamic Systems, Measurement and Control, Vol. 100,

March 1978, pp.42-49.

T. DAHLBERG
"An Optimised Speed-Controlled Suspension of a 2-DOF Vehicle

Travelling on a Randomly Profiled Road'.
Journal of Sound and Vibration (1979), 62(4), pp.541-546.

A.G. THOMPSON
"The Optimization of Automobile Spring and Damper Rates''.

Paper Submitted to S.A.E. on 24-2-1981.

296.



	Binder1
	20180423102813
	20180423115546

	20180423115808
	Binder2.pdf
	20180423121153
	20180423121243




