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Abstract

We look at global scans of the parameter space of Two-Higgs-Doublet Models (2HDMs).

Our first study is a Bayesian analysis of the Yukawa Z;-aligned 2HDMs: the type-],
type-11, type-X (lepton-specific) and type-Y (flipped) models. Incorporated into these
analyses are the theoretical constraints: perturbativity checks, the stability of the po-
tential and the unitarity of the scattering matrix (up to NLO). The generic potential
couplings are run up to 1 TeV, stability and perturbativity are then rechecked at this
upper bound. We also calculate loop corrections to the scalar masses and check that
they do not grow too large. Next, we apply experimental constraints. These include
Higgs signals and searches matched to the latest data from LEP, the Tevatron and
the LHC. As well as fits onto the electroweak precision parameters and an array of
flavour processes, notably the radiative B decays and the Rk and R} anomalies.

Our second study is a frequentist analysis of the most general 2HDM (or type-III
model), searching for limits on flavour changing quark decays. The most general
2HDM introduces flavour-changing currents (FCC). We apply a subset of the theo-
retical and the experimental bounds described above (at tree-level) and work with
a restricted Yukawa sector. The restricted Yukawa sector allows FCC only between
fermions and then only between the second and third generation. The flavour anal-
ysis focuses on the discrepancy in the B-meson mass splitting with the Standard
Model (SM) and leads us to explore how this process may be better fit by a 2HDM.
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Introduction

The two-Higgs-doublet model (2HDM) is a natural extension to the
Standard Models (SMs) scalar sector that introduces new spin-0 par-
ticles. The 2HDM, in general, allows for flavour changing currents
(ECC) at tree-level. However, as these are constrained by experiment,
Z, symmetry is applied to the 2HDM to forbid such processes. The dif-
ferent application of Z, symmetry, or the alignment of the Yukawa sec-
tor, leads to four conventional types of 2HDMs: type-I, type-II, lepton-
specific (type-X) and flipped (type-Y).

In this thesis, we will use modern global scanning techniques on the
four types of flavour aligned 2HDMs by extending the open-source
code GAMBIT. Additionally, we carry out similar standalone scans on
the general 2HDM with FCC to identify upper bounds on interest-
ing flavour changing decays of the Higgs boson. All models we scan
over are CP-conserving, and we perform our analysis on the flavour

aligned models at two-loop-level where possible.

We begin in Chapter 2 by describing the SM, with a focus on the Higgs
mechanism, the SM Higgs production and decay pathways and also

give a brief introduction to effective field theory.

In Chapter 3, we introduce the 2HDM and focus on its theory. We de-
fine the various forms of the scalar potential, and give details about
symmetries and transformations, the structure of the vacuum and the
resultant spectrum of particles. We also look at the form of the scat-
tering amplitudes. This chapter delivers a checklist of theoretical re-
quirements for use in our global scans, including ensuring a stable
potential and unitary S-matrix.

In Chapter 4, we turn our attention to the phenomenology of the
2HDM. We introduce the Higgs basis and the Yukawa sector of the
2HDM including the aligned models arising from Z alignment in the
Yukawa sector. This leads us to describe the modifications to existing
decay processes as well as newly introduced decays of the 2HDM.
Next we present a discussion of flavour physics using an effective
theory approach. We focus on radiative B decays (BR(b) — sy)) and
the B%-meson mass-splitting (AM p0) flavour processes. These two pro-
cesses motivate us as they provide constraints on the interesting de-
cays h — bs and t — ch, which are highly suppressed in the SM and
as such may provide a fingerprint for the 2HDM at future colliders.
Closing this chapter, we write about the electroweak precision param-
eters and their adaptation to the 2HDM. Decays, flavour processes
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and the electroweak precision parameters from this chapter provide

us with more constraints to apply within our global scans.

In Chapter 5, we detail our global scan techniques and also introduce
GAMBIT and our standalone global scan code. We detail the statistics,
and scanning algorithms necessary to transform the constraints into
likelihoods and in turn map out the model parameter spaces. We walk
through the necessary steps taken to implement the Z-symmetric
models into GAMBIT and provide some starting steps for getting 2HDM
global scans running with the source code. We describe all likelihoods
used in our GAMBIT scan and give details about the spectrum genera-
tion. We finish by turning our attention to the general type-III model
with FCC and explain the scanning method and likelihoods used in
this case.

Chapter 6 presents preliminary results from the GAMBIT scans of CP-
conserving 2HDM with soft Z,-breaking. We present each of the four

7, Yukawa aligned models (type-I, type-II, lepton-specific and flipped)
and explain the bounds, best-fit points and shapes of distributions for

interesting parameters. Our results are presented as 1D and 2D profile

likelihood distributions.

Chapter 7 presents results from the standalone scans of CP-conserving
general 2HDM (type-III). This model includes extra off-diagonal Yukawa's
beyond those of the SM that give rise to the FCC. For our FC de-
cay processes we want to investigate (2 — bs and t — ch) we are
only interested in the off-diagonal Yukawa’s between the second- and

1: We, therefore, fix the all other off- third-generation.! We place upper bounds on these processes to see if

diagonal Yukawa’s to zero. evidence of a 2HDM may potentially be detected at higher energy
colliders. Our results are presented as 2D posterior likelihood distri-
butions.
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The Standard Model: Origins of
the Higgs Scalar Boson

The field of physics, consisting of experimental, phenomenological
and theoretical research, aims to explain the properties of matter and
energy. Such features prove captivating and elegant at all scales. From
the grand structures and motions of celestial bodies, right down to the
scale of the most fundamental building blocks of our universe. The
description and categorisation of these fundamental building blocks
are encapsulated in the Standard Model of Particle Physics (SM). We
refer to these fundamental building blocks as particles, using a repre-
sentation with which we are all familiar. These particles are, in fact,
point-like fluctuations of their constituent fields. The SM is not only a
catalogue of these particle properties, such as their masses and their
interactions but a quantitative theory that allows us to explain the
mathematical origins of the properties. This chapter aims to introduce
the framework of the SM. Particular interest will be put on the Higgs
boson, and the mechanism by which particles acquire their fundamen-

tal mass.

2.1 A Quick Introduction to the SM

Particles of the SM
into states of discrete energy. The statistical distribution in equilib-

At the quantum level (tiny scales) particles fall

rium of the particles in these states is given by either the Fermi-Dirac
or the Bose-Einstein distribution. The distribution a particle will join
depends on a fundamental property of the particle known as its spin.
From this property, we may separate the particles described by the
SM into two groups: elementary fermions (Fermi-Dirac distributed)
and elementary bosons (Bose-Einstein distributed). The elementary
fermion group is further broken down into quarks and leptons. There
are six quarks and six leptons (excluding anti-matter partners). The
lepton group contains three families: the electron and electron neu-
trino, the muon and muon neutrino and the tau and tau neutrino. Sim-
ilarly, the quark group is described by three families, the up, down
quarks, the charm, strange quarks and the top and bottom quarks.
Here, the families are ordered respectively according to increasing
mass. In the SM, neutrinos are considered to be massless.? The ele-
mentary boson group consists of: the photon (mediator of the electro-
magnetic force), the Z and W* bosons (mediators of the electroweak
force), the gluons (mediators of the strong force) and the Higgs boson
(provider of fundamental mass in the SM). At this point, it is good to

2.1 A Quick Introduction to the

SM ... i 5
2.2 A Quantum Field Theory Intro-
ductiontotheSM . ........ 7
2.3 Electroweak Theory and the
Higgs Mechanism . . ....... 9
2.3.1  Unitarity Violation in
Fermi’s Theory . .......... 9
2.3.2  Electroweak Symmetry
Breaking . ............. 10
2.4 Fermions ........... 17
2.4.1 Chiral Symmetry . . ... 18
2.4.2 Fermions and Flavour . . 18
2.4.3 Weak Isospin and Hyper-
charge of Fermions . ...... 19
2.4.4 Yukawa Lagrangian ... 20
2.4.5 The Fundamental Couplings
intheSM ............. 23

Running of the Fermion
Masses . . ............. 25
2.5 Production & Decays of the
SM Higgs Bosons . ....... 26

2.5.1 The Decay Spectrum .. 29
2.5.2 Higgs Production Chan-

nels . ................ 31
2.6 Effective Field Theory . .. 32
2.6.1 Constructing an EFT . . . 32

3: Experimentally; neutrinos are ob-
served to have a small mass (see chapter
15, Ref. [1]).
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pause and refer to a diagram that summarises the above. Refer to Fig-
ure 2.1 for a pictorial representation of the particles of the SM grouped

by the forces.
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Figure 2.1: Particles and Forces of the SM

4: The force of gravity is not included
in the SM. The gravitational force is the
weakest of all four with strength 104!
compared to that of the strong force.
The gravitational force has an infinite
range; however, to date, we have not
been able to discover the mediator parti-
cle or source of the interaction at a quan-
tum level. The hypothetical graviton is
accepted as the force-carrying particle
for gravity. Gravity acts on all particles
of the SM.

Interactions in the SM  There are three forces in the SM* each car-
ried by a mediator particle. The mediator particles are all bosons with
interactions restricted to a particular set of fermions (and bosons). As
such, not all fermions experience each of the forces. Each force has
a unique strength and range. Strengths of forces are defined by the
strength in which the mediator particles couple during interaction
(coupling constant). The strongest of the forces is the suitably named
strong force; it has a short-range. Gluons carry the strong force, and
can only interact with other gluons and quarks. The strong force is re-
sponsible for holding quarks together in stable hadrons, which can
either be composed of an even number of quarks (mesons) or an
odd pair of quarks (baryons). Quarks have never experimentally been
observed on their own. The next force is the electromagnetic force,
which is 1/60 the strength of the strong force, with an infinite range.
The electromagnetic force is carried by the photon and is felt by all
charged particles, namely, the quarks and the charged leptons (elec-
tron, tau and muon). Famously, the electromagnetic force keeps the
electron in orbit around the nucleus of an atom. Third, and a factor
or 107* the strength of the electromagnetic force*, is the weak nuclear
force. The weak nuclear force is mediated by the Z, W* and W~ bosons.
As the name suggests, the weak nuclear force takes part in radioactive
decay. Again, refer to Figure 2.1 for a pictorial representation of the

mediator particles, forces, leptons and quarks.

The Higgs boson Up until now, we have not mentioned the Higgs
boson. The Higgs boson is part of the electroweak sector but not a

* at the scale of 2 GeV
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mediator of the forces described above. The Higgs boson exists to pro-
vide the particles with fundamental masses. The other mediator parti-
cles interact with other particles based upon their properties (such as
charge or spin), whereas the interaction with the Higgs boson gives
the other particles the property of mass. For example, an electron car-
ries a charge before taking part in an electromagnetic interaction, but
does not carry a fundamental mass until it interacts with the Higgs.

The SM without the Higgs boson has cannot explain the origin of par-
ticle masses. The details of this problem and how constructing a solu-
tion leads to the necessary existence of the Higgs boson is covered in
sections 2.3 and 2.4.

2.2 A Quantum Field Theory Introduction to
the SM

Quantum field theory (QFT) is the framework of particle physics. It is
the quantisation of the familiar classical field theory, which, for exam-
ple, can be used to model matter in a gravitational field. The dynamics
of a QFT are encapsulated by a Lagrangian density & ° (onward re-
ferred to as just the Lagrangian). To accurately describe nature, we
must ensure that our Lagrangian respects two transformation proper-

ties - these being Lorentz and gauge invariance.

Lorentz Transformations Lorentz transformations allow us to com-
pare physics between two frames of reference in space-time all the
while taking relativistic effects into account. The space-time coordi-

nate x* transforms under Lorentz transformations according to
M = ()" = Abx”, (2.2)

where A% is a four-by-four transformation matrix that may include
both relativistic boosts and rotations in spatial directions as well as
a time dilation transformation. We require that our Lagrangian is in-
variant (it does not change) under such Lorentz space-time transfor-
mations. In a field representation (where ¢(x) is a scalar field) we ex-
pect that the transformation,

P(x) = ¢’ (x) = p(A ), (2.3)

leaves our Lagrangian invariant. The Lorentz transformation is global,
that is A4 is independent of space-time coordinate x*.

7

5: The Lagrangian density integrates

over space to give the Lagrangian itself

L:/§£d3x.

2.1)
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Gauge Transformations Unlike Lorentz transformations which are
independent of space-time, gauge transformations are local and as
such depend on x*. This dependence on space-time in the transfor-
mation results in the appearance of additional terms picked up by
derivative operators. Such extra terms must be cancelled to ensure
gauge invariance. As a taste of what is to come, the process that leads
these additional terms to cancel introduces new field operators lead-
ing to new bosons in the SM.

Before gauge transformations, the Lorentz invariant field Lagrangian
of a free Dirac field (spin-half) y is given as

L =y iy oy —m)y, (2.4)

where m is the mass of the field.

Imposing gauge invariance on the Lagrangian, we find that we can

construct the theories discussed below.

QED QED is the most successful of all theories in the sense that it
allows matching calculations to observables with incredible accuracy.
QED is a theory of the electromagnetic interaction. Making our La-
grangian of Eq. (2.4) gauge invariant under the Abelian group U(1)
we find the appearance of a massless field, the photon. This process is
detailed in section 2.3.2.

The Electroweak Theory Moving from the U(1) symmetry describ-
ing QED to the non-Abelian group combination SU(2) x U(1), our
Lagrangian produces four massless bosons. After the introduction of
the Higgs boson through spontaneous symmetry breaking (see sec-
tion 2.3.2) we find that these bosons become three massive vector
bosons (Z°, W*) and a massless photon. In this way, the weak nu-
clear force and the electromagnetic force belong to a single framework
known as the Electroweak Theory.

QCD QCD is a theory of the strong interaction. QCD appears un-
der the imposition of gauge invariance under the non-Abelian SU(3)
group. This group introduces eight new fields which correspond to
the eight colour charged gluons.

Gauge Group of the SM The SM which describes all these forces is
hence a Lorentz invariant QFT that respects the SU(3) x SU(2) x U(1)

gauge symmetry group.
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2.3 Electroweak Theory and the Higgs

Mechanism

The need for the scalar field, which we have come to know as the
Higgs field originated from two inconsistencies within the SM. The
first of these being the inability to formulate bosonic and fermionic
mass terms without a Higgs scalar term. Within the formulation of
the SM, it was recognised that neither gauge boson mass terms nor
fermion mass terms respect the SM gauge symmetry. The addition of
the Higgs field to these terms brings gauge invariance, this process
will be shown later. In the meantime, let us look the the second prob-
lem which involves unitarity violation in the four-point scatterings of
Fermi’s Theory [2] [3].

2.3.1 Unitarity Violation in Fermi’s Theory

Let us begin, by considering the weak force mediated interaction of a

neutrino-muon pair going to a neutrino-electron pair
Vu+ U — Vete . (2.5)

This process is shown in Figure 2.2.

We aim to calculate the strength of coupling at the vertex of this inter-
action. For such a vertex to occur the particles must meet and scatter
off of one another. We describe the scattering using the classical idea
of an area in which these particles interact. Such an area is known as

the scattering cross-section.

Fermi’s theory describes this process as a four-point interaction, with
form

Gr (W) (), (2.6)

where GF is known as the Fermi coupling. The overall dimension of

the vertex is required to be 4, and using the fact that ¢ has dimension
v =[MP"2, (27)
our coupling constant must then have dimension
Gr = [M]2 (2.8)
The dimension of the cross-section, is given to be

o=[M]2 (2.9)

9
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6: There is a sin? §; term (where &; is
a real angle associated with the ampli-
tude) which we may ignore by rewriting
the cross-section as an inequality.

Figure 2.2: The four point Fermi interac-
tion: vy +u~ — Vv +e”.

Figure 2.3: The W* boson mediated
four-point interaction: v, + u= — v, +

e .

Since o ~ G2 , to preserve dimensionality we must multiply o by a
term of dimension [M]2.

o ~GLE?, (2.10)

where E is the centre of mass-energy for the interaction. Using par-
tial wave expansion, the cross-section for a spin-less particle may be
written in the form [4]

o< i—’; Z(zz +1), (2.11)
=0

with k is the momentum in the centre of mass frame. We see that
in Eq. (2.11) the cross-section will always decrease as the energy in-
creases. This statement directly contradicts the form of Eq. (2.10) form-
ing the essence of the unitarity violation of the weak force.

To aid our situation, we can UV-complete the interaction, as shown
in Figure 2.3. UV completing means that we add a mediator particle
that only appears on-shell (physically) at high energies. In our UV-
completed vertex of Figure 2.3 the mediator is the W boson.

At each vertex we have

Wy)W. (2.12)

Vector boson fields have mass dimensionality
w=[M], (2.13)

and, our cross-section goes like ~ g2, with g = [M]°. Hence, we need
to divide it by a term of dimension [M]? to satisfy dimensionality.

Upon division
2

~
which evidently decreases with increasing energy, preserving unitar-
ity.

o (2.14)

The UV-completed interaction is experimentally observed to hold only
over small ranges which has the profound implication that the W bo-

son must be a massive particle.

2.3.2 Electroweak Symmetry Breaking

The Higgs in the SM arises from an aspect known as the Higgs Mecha-
nism, which is responsible for electroweak symmetry breaking (EWSB).

Goldstone’s theorem is an important precursor to EWSB. It says that
for a continuous global symmetry of our theory having symmetry
generator Q, if O annihilates the ground state (Q|0) = 0), it leads to
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the appearance of a massive particle. Otherwise, if QO does not anni-
hilate the ground state (Q|0) # 0) then we have the appearance of a
massless state, known as a Goldstone Boson.

Spontaneous symmetry breaking occurs when a symmetry present in
our theory is broken by the ground state. EWSB is the occurrence of
this in the electroweak sector.

We will work towards being able to apply spontaneous symmetry
breaking to a model invariant under local SU(2) x U(1) symmetry as
present in the electroweak theory. We find that the EWSB process is
responsible for the appearance and unification of the weak and elec-

tromagnetic forces of the SM.

The Global U(1) Group Model Consider the Goldstone Model La-
grangian [3], [5], [6] describing a complex scalar ¢ field

' . 1. .
L = (9.97)(0"9) + 1*(979) = 7A(0'9)7, (2.15)
with ,
¢= @(6151 —i¢2). (2.16)

Eq. (2.15) respects a global U(1) symmetry, under which the field ¢

transforms

¢ — ¢ =exp(—ia)¢, (2.17)

where « is a constant phase. Such a transformation, as can easily be

shown, leaves the Lagrangian invariant.

A Lagrangian for the field contains a kinetic 7 and potential term V

£ =T(¢)-V(¢), (2.18)

where T contains terms that go like d,,(0,¢0* ¢) and

V=267 0) + A0 219)

The mass term in the Lagrangian is the term quadratic in the field
operators, this will from the above appear in the potential V. The
quadratic term in V has coefficient —u2. Conventionally the mass term
has the form +’"72(¢T¢), which gives us a mass term of my = @
Then the mass term associated with our complex Goldstone Lagrangian
is imaginary, resulting in a negative mass squared.

To produce a positive mass spectrum of particles, we need to examine
the potential term in the Lagrangian. The crucial step is to find the

11
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A

oz/

v

Figure 2.4: The SM Higgs potential func-
tion. The z-axis is the potential function,
while the x and y-axes are the fields ¢
and ¢5.

minimum of our potential. The minimum can be found by solving

V__y (2.20)
a(¢7¢)
For our potential the minimum occurs on the circle
4y>
¢%,min + (/b%,min = — =2 (2.21)

A

This circle represents a degenerate set of minimum solutions and we
are free to choose a particular solution. A simple solution, where one
of the components is chosen zero, iS ¢1,min = v and ¢p min = 0. Substi-
tuting the real and imaginary solution components into Eq. (2.16), we
get the solution ¢min = \/Li We call this chosen minimum energy the
vacuum state or ground state.

A graphical discussion of the points discussed so far proves useful.
Plotting the potential function against ¢; and ¢,, we find a Mexican

hat result, shown in Figure 2.4.

Figure 2.4 shows that we have two sets of extrema, a circle of global
minimum surrounding a local maximum. Initially, to respect the sym-
metries of the Lagrangian, the potential sits at the local maximum,
where ¢1 = ¢» = 0. This is meta-stable point, but we have a ‘safer’
region, the stable points along the circle of minima. This is precisely

the circle described by our vacuum state.

This process of moving to our global minimum has altered a symme-
try of the system. Notice that at the local maximum our system was
symmetric under rotations about the potential axis, V. However, after
moving to a solution on the circle of minima, such a symmetry is no
longer present. This change in the system symmetry state is what we
mean by spontaneous symmetry breaking. As we shall see later the
symmetries of this global minimum are different to that of the origi-
nal Lagrangian.

In a quantum theory, the system will oscillate around the classical
minimum. As such, we next cast our attention to small oscillations
about our newly defined vacuum state. We may express our complete

set of vacuum states in polar form

L
V2

This is just the equation of the minimum potential circle, with a pertur-

o(x) = —=((v +h(x)) exp(@). (2.22)

bation /(x) to the radial term, corresponding to an oscillation around

the minimum.

Substituting this form into the Goldstone Lagrangian Eq. (2.15) gives
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%6 = (8,h) (0" h) — 1P h* + %(aﬂa)(aﬂa) +.., (2.23)

where the ellipsis represent higher dimension interaction terms. The
appearance of the negative sign associated with the mass term here
comes from a cancellation when expanding the dimension four term
in the Lagrangian (keeping in mind that v is defined as in Eq. (2.21)).

We now have a massive field # with mass V2u, and a massless field
6. Spontaneous symmetry breaking has reduced our initial complex
scalar field to a pair of fields, one massive, one massless. The massless
field is, in fact, a Goldstone mode. By Goldstone’s Theorem, it was
guaranteed to make an appearance if symmetry was broken and here
it is in the form of 6.

The Local U(1) Model Next consider a local U(1) transformation

6 — ¢’ = exp(=ia(x))¢. (2.24)

Under such a transformation, our Goldstone Lagrangian Eq. (2.15) is
no longer invariant as we pick up da(x) terms. To retain invariance,
we introduce a massless field A* and the covariant derivative

D* = 0" +iqA*, (2.25)
where A* transforms as

1
AF — AF = AF + —0Fa(x). (2.26)
q

Our Goldstone Lagrangian becomes

L = (G +ig )81 (B +igAM)0] — 3 Fu " +42(8'0) ~ TA(80),
(2.27)
where we have included the kinetic energy term F,,,, F*” for the mass-
less field. Identically to the global case, we break the symmetry of the
theory and express ¢ in its polar form Eq. (2.22). Now, we can exploit
a crucial feature attributed to local symmetries. Start by performing a
gauge transformation on ¢

¢(x) — ¢(x)" = exp|—ia(x)] %(V + h(x)) exp(@), (2.28)
and selecting
a(x) = @, (2.29)
we conveniently get
¢ = i(v + h(x)). (2.30)

V2

13
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7: The Pauli-spin matrices generate a
representation of SU (2).

8: The unitary gauge is a choice of
gauge transformations for our scalar
fields such that Goldstone bosons disap-
pear from the theory.

Our 6 field has gone. We say the 6 field has been ‘gauged-away’.We
are always free to choose an « that gauges-away our massless mode
under such a local symmetry. To investigate what is happening on
the particle front let us substitute this new form into our Goldstone
Lagrangian

1 1
8::—ZQLAV—i%Auxa“AV—avA“)+§q%ﬁAﬂA“

. (2.31)
+§@mwh—ﬁﬂ+m,

again the ellipsis represent higher dimensional terms.

From the Lagrangian, we see that both of our fields are now massive.
The previously massless gauge field A ‘swallows’ the Goldstone field
0 through the local gauge transformation. This disappearance of the
6 field contributes a longitudinal polarisation state to the vector field,
through which A becomes massive.

The Electroweak Non-Abelian SU(2) x U(1) Model Let us now ex-
tend to a Lagrangian that respects the electroweak local SU(2) x U(1)
symmetry. The SU(2) group brings with it an extra three degrees of
freedom. To accommodate for these degrees of freedom, we promote
¢ to a complex doublet of four real scalar fields

¢* ¢1+id2
= = . 2.32
(083 o
¢ transforms according to the SU(2) gauge transformation
¢ — ¢ =exp(—ia-7/2)¢. (2.33)

as well as the U(1) symmetry transformation of Eq. (2.17). Here, T are
the Pauli-spin matrices” and « is a vector consisting of gauge parame-
ters. After spontaneous symmetry breaking the vacuum state acquires
an expectation value

(0]¢7 + @3 + ¢35 + $310) =12 (2.34)

One solution to this vacuum state follows
1[0
¢=— ( ) . (2.35)

This choice of solution is convenient to make when describing the
“Glashow-Weinberg-Salam" (GWS) Model [7] for the description of
electroweak interactions and also the standard choice in the unitary
gauge.®

The solution to the vacuum state above mixes the third component
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of the SU(2) symmetry with U(1) symmetry, resulting in symmetry

generators, 71, 2, I + 13,1 — 13.

The symmetries 71, 72, I — 73 do not annihilate the ground state’ and
due to Goldstone’s theorem these give three Goldstone bosons. How-

ever, the symmetry / + 73 does annihilate the ground state

( +T3)( (v) )=o. (2.36)
2

In turn, we have the appearance of a massive state. Regardless of the
solution we choose for our ground state, an unbroken symmetry will
arise. Hence, breaking symmetry under these conditions results in
three massless Goldstone bosons, one for each broken symmetry, as
opposed to the four we expect under complete symmetry breaking.

Each of the three broken symmetries will generate massless bosons
which will then become extra polarisation states of the W*, W~ and Z
bosons, giving them mass. The unbroken symmetry will remain, and
so a single massless photon appears in the final theory. Among the
remnants, we will also have a massive scalar field, the Higgs field

(L 0
¢_(¢0)_\/§(v+h(x) )’ @37)

where v is known as the vacuum expectation value (VEV) and has
value v ~ 246 GeV.

This leaves us with precisely what we see in the electroweak sector:
three massive bosons and a massless photon. We have spontaneously
broken SU(2) x U(1) symmetry to a U(1) symmetry. Counting degrees
of freedom, we began with four real scalar ¢ fields with four degrees
of freedom in total. We also had four massless gauge fields, each with
two polarisation states. Initially, this amounts to twelve degrees of
freedom in total.

Three symmetries are broken and, as a result, we get three Goldstone
bosons. These bosons are then ‘swallowed’ by three gauge bosons giv-
ing them an extra polarisation state.

After symmetry breaking, we have three massive vector fields W+, Z,
a massless vector field A and one massive scalar field 7. Counting the
final degrees of freedom we find, as expected, that there is an equal
amount before and after symmetry breaking has been performed. This
is summarised in Table 2.1.

The appropriate Lagrangian is

1

N 1 1
% = [Dug]'[D"9] = LFuwF"™ = GG +1%(4'9) - 72(670)%,

(2.38)

9: A key feature was that Q|¢g) # 0, for
a broken symmetry Q acting on the vac-
uum state ¢g.
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with derivative operator
DHp = (0" +igT-WH/[2+ig B [2)¢, (2.39)

where F*¥ and G*” are the kinetic terms for the gauge fields W* and
B, respectively

FH = 0FWY —0"WH — gWHE X W,

(2.40)
GHY = 9MBY — 9" BX.

The gauge field W* transforms under SU(2), while B transforms un-
der U(1)y. We have also introduced the gauge couplings g and g’ for
the WY and B” fields, respectively.

Gauge Boson Spectrum The W= bosons are described in terms of
the Wy and W, fields via the linear combination

1
V2
It becomes more complicated for the Z boson and the photon, which

stem from the W3 and B gauge fields. After EWSB, we find that the
associated Lagrangian mixes the gauge fields, and so the resulting

WE = — (Wy +iW,). (2.41)

mass matrix is not diagonal. We aim to diagonalise this mass matrix
bringing our fields into a physical basis. The term that involves this
mixing may be written in a matrix form

2

1 g g8 W3
gvz( W3,U!B/1 )( _gg/ (g/)z )( BM’u ) (242)

Solving the eigenvalue equation, we may diagonalise the interaction

matrix

(2.43)

1 2+ "2 0
MW3B:§V2(g ég) 0)

The diagonal interaction matrix now has the masses for the Z bosons
and the photon along the diagonal.

We can describe this mixing through a more elegant approach by mak-
ing use of the Weinberg angle. By convention we define

g g
Copy = ————, Sopy = ——.
V&2 +(g')? V&2 +(g)?

An orthogonal rotation through the Weinberg angle relates our W3

(2.44)

and B fields to their physical states

ZH _ Cow S Oow Wél (2 45)
—Sgw ng B'u ' '

AH




Expanding out the quadratic derivative operator term of the Lagrangian
and rotating through the Weinberg angle, we have

2w— WHt 2

(D.¢)" (DH¢) = %(v +h) g”T +0,0" + § ZuZ" (v+h). (2.46)

4c Ow

At this point we may read off masses* and couplings directly

my =52, my =W (2.47)
2 Cow
] . iZm%v N
ghww =igmwg"”,  gnnww = 3 g", (2.48)
g v 8> v
8hzz = —mzg"", gnzz = ——&"". (2.49)
Cow 2CGW

By the Weinberg angle we may express the masses of W* and Z vector

bosons as ,
vg %
= , = — 2.50
nw 2t9W nz 2g/S9W ( )

This leads to the useful relationship

mwy

— = . 2.51

mz Cow ( )

We see that if y — 0 then mw — mz, so the Weinberg angle relates
the mass difference between the charged W bosons and the neutral Z
boson. This mixing may be represented as

2
m
v (2.52)

pP="5"
mzCow

which at tree-level equals one but deviates when incorporating self-
energy corrections I, and I1,”,. Later we will see that the p pa-
rameter comes in useful when searching for new physics (NP) in the
electroweak sector.

2.4 Fermions

Fermions (spin-half) particles were discovered to have mass as early
as 1923 when the oil drop experiment [8] was used to measure the
electron charge. This need for fermion mass motivates us to extend
the Higgs mechanism to spin-half particles.

* The mass of the W* boson is defined as twice the mass that would be result using
the general %mzz// prescription. This is because the W* particle is in fact defined as

a linear combination of the W! and W2 particles and the physical mass eigenstate of
W * needs to be multiplied by two to account for this.
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Field DOF | No.
Before EWSB

w 2 3

B 2 1

1) 1 4
After EWSB

w=*,7Z 3 3

A 2 1

h 1 1

Table 2.1: Fields and degrees of freedom
(DOF) before and after Electroweak
Symmetry Breaking (EWSB) has oc-
curred.
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10: by definition a clockwise spin in the
direction a particle is travelling is left-
handed.

Later, in 1956, it was shown fermions cannot be massless according
to electroweak theory as they violate parity under interactions with
the weak force [9] [10]. We discuss why this is so, and introduce the
concept of left- and right-handed particles in the following.

2.4.1 Chiral Symmetry

Fermions are divided into two groups, left-handed and right-handed,

based on properties known as helicity and chirality.

The projection of a particle’s spin onto the direction of momentum
defines a particle’s helicity. A particle can either have left- or right-
handed helicity!? . As the direction any massive particle is travelling
in is entirely dependent on the frame of reference of the observer, we
can always find two frames in which a massive particle has oppo-
site vectors of motion, hence, opposite helicities. To avoid this kind
of frame dependence, we introduce a concept known as chirality. Chi-
rality also assigns particles a handiness (left or right-handed) depend-
ing on their spin and direction of travel. However, chirality is Lorentz
invariant. Massless particles must by this definition have the same
helicity and chirality. It is not possible to find a frame in which their
direction of motion is reversed as this would require a boost larger

than c.

In the Dirac representation, the chirality operator is the ys matrix with
eigenvalues -1, +1 for left-handed and right-handed chiral classifica-
tion, respectively. In order to extract left or right-handed components
of a particle’s wave function  we use the projection operators

1-vy5 1+7vs5
= P =
2 lvb/ l//R R'ﬁ 2

Yp=Pry = v, (2.53)

where ¥ =y +Yg.

Now, this is interesting to us as weak interactions have been observed
[10] to treat left- and right-handed fermions differently. In particular,
W= bosons interact only with left-chiral fermion doublets; they violate
parity. The outcome of this is that fermions must be able to exist as
both left- and right-handed states. Leading to the requirement that
fermions must have a mass because, as discussed, massless particles
are restricted to a single chirality.

2.4.2 Fermions and Flavour

Left-handed fermions are grouped in SU(2) doublets, whereas right-
handed fermions are grouped into SU(2) singlets. Particles within
each SU(2) doublet are referred to as a family.



Fermion Families

Left-Handed Lepton Doublets

B :( i ) : (2.54)
L

Right-Handed Lepton Singlets

€R, ﬂRl TR, {Ve R/ V[l R, VTR}' (255)

Left-Handed Quark Doublets

oofe] aelr)s oofi] e
L dL L CL L bL

Right-Handed Quark Singlets

ur, dr, SR, CrR, R, br. (2.57)

Notice that the right-handed neutrinos are in curly-braces. Until re-
cently right-handed neutrinos were not thought to exist. As such the
neutrinos could not change chirality and had to be massless. Recently
oscillations between neutrino families have been observed [11] which
are only possible if both left and right-handed neutrinos are present.
Measurements have put a small upper limit on the total mass of the
three neutrinos. By not included right-handed neutrinos above, we

are assuming a massless neutrino theory.

2.4.3 Weak Isospin and Hypercharge of Fermions

Weak isospin and weak hypercharge are quantum numbers that to-
gether describe the electroweak interaction. Weak isospin is one of
the three generators associated with SU(2), while weak hypercharge
is the generator associated with U(1). We denote the magnitude of

2.4 Fermions
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11: The sign of T3 = +1/2 depends
on the fermions position in the doublet
structure

1(1 o0
Ty= - , 2.58
} 2(0 —1) (259)

such that, for the example of the up-
down quark doublet

T Z )L= (+%ML)+(—%CJL). (2.59)

Particle | T3 Y [0}
I, 1/2 | -1 0
IR 0 0 0
I -1/2 | -1 -1
It 0 -2 -1
ul 1/2 | 1/3 | 2/3
uby 0 4/3 | 2/3
dy -1/2 1 1/3 | -1/3
d 0 -2/3 | -1/3

Table 2.2: Quantum numbers of the left
and right-handed SM fermions. Each of
the fermions is summed over the fami-
liesi =1,2,3.

weak isospin as T. Usually, we are only interested in the third compo-

nent of weak isospin T3, which is conserved by all forces.

Left-handed fermions have quantum numbers 7' = 1/2 and 73 = +1/2
11 whereas right-handed fermions possess a quantum number of
T = 0 for each T. Charged W* bosons only interact with particles
that have a non-zero 73 quantum number. Hence they only interact
with left-handed fermions. Upon interaction, charged W* bosons will
raise or lower the value of T3 of a fermion by an integer value. This in-
teraction causes the particles to change flavour within their doublet.
To include right-handed counterparts, we introduce the concept of
weak hypercharge. Weak hypercharge is associated with the B field
and takes into account both right- and left-handed fermions. We de-
note weak hypercharge by ¥ and together with the third component
of weak isospin 73 we construct a particles charge via the Gell-Mann-
Nishijima Formula

0=T3+Y/2. (2.60)

To complete our picture of weak isospin and hypercharge, we give
the values associated with these quantum numbers as well as the re-
sultant charge in Table 2.2.

2.4.4 Yukawa Lagrangian

Earlier, we mentioned that fermions needed to be massive (except
neutrinos). A mass term for a fermion would have the form

YLmyR. (2.61)

However, this form is not gauge invariant under SU(2) and U(1) trans-
formations as the chiral left- and right-handed components transform
differently. Introduction of the ¢ field is required to regain gauge in-
variance, such that mass terms can be generated. The Lagrangian which
then describes the fermion mass generation is known as the Yukawa

Lagrangian and is given by

3 ; . PP, .
Prukawa == )| [Yz/u;@u; +Y dpgdy+Y) I ply + [Hel |, (2.62)
i,j=1
where the sum is over the three families of particles and we have not
included the mass terms for neutrinos. The Y terms are Yukawa matri-
ces which quantify masses and possibly interaction strengths between

members of a family. To correctly represent an up quark mass we have

- .. 1 [ v+h
¢:—l‘[’2¢ :—( ).

also defined

5l o (2.63)



Lepton Sector Expanding out the leptonic piece of the Yukawa

3 .
gleptorls = Z [_G;.j( Erz )L( z: )e;?

i,j=1
The sum is over the three lepton families. Breaking symmetry in the

+[Hel]. (2.64)

usual way and substituting in the GWS choice for the scalar field we
are left with a Lagrangian for the Higgs-lepton coupling!?

3 ij
R m; _ .
Lieptons = ), [—m;’a’lf) -, (2.66)
i,j=1

where -

Yy
md =L, (2.67)

W2

The piece of the Lagrangian Eq. (2.66) after EWSB gives us a lepton
;J
is a 3x3 matrix!3 . We are in what is known as the interaction basis

mass term and a three-point Higgs-lepton interaction. The mass m

(or weak basis). As the mass matrix is diagonal already, we can easily
read off the masses for our leptons, and the interaction basis is equiv-
alent to the mass basis.

Quark Sector The Higgs-quark interactions are

3
gquarks == Z [Gljlﬁi(ﬁdé - G;j q_Li(gu{q +[H.c], (2.68)

i,j=1

with the summation i, j = 1,2, 3 over the three quark families.

The quark Lagrangian after EWSB is

3
gquarks = Z

i, j=1

, (2.69)

[—m'd]d’dj(l+—)—mfjﬁ’ul(1+—)
v v

where we define

oYYy yi
m = % mi = «M/EV' (2.70)

There exist interactions among different quark families. As a result,
the mass matrices in this interaction basis are not diagonal and to
determine physical mass values we need to move to a mass basis in
which the matrices are diagonal. This change in basis is characterised
by the unitary T and S matrices!* , which are chosen such that they
diagonalise mass matrix m,

My = (S))ImT), (2.71)

fory =u,c,t,d,s,b. Rotated to the mass basis the quark Lagrangian
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12: Note that for fermion ¢ we have

YLYR+YRYL = Y. (2.65)

13: As we are working in a theory
where the neutrinos are massless, it is al-
ways possible to obtain a diagonal mass
matrix.

14: S originates from transforming left-
handed components, and T originates
from transforming right-handed compo-
nents.
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Eq. (2.69) becomes

3
ij 300 31j h ij —ri 1i h
Louarks = Z [—Mj;d‘df(n—) — MYy '(1+;)

. (2.72)
= 1%
i,j=1

The transformations through S and 7 also need to be applied to other
terms involving fermions in the Lagrangian. One such term is that

describing quark self-energies and interactions with gauge bosons

LK quarks = GLY" (Ou +igT - W, /2 +ig' B [2)qr +uRry" (0u +ig By /2)ur
+dry" (8, +ig'B,/2)dR.
(2.73)
Expanding, terms associated with the neutral gauge fields (W3 and B)
are of the form
u' [field]u] , d: [field]d] ... (2.74)

Moving to the mass basis leaves these unchanged. Terms associated
with the charged gauge fields (W*) take on the form

ul [field]d] , d [field]u] .... (2.75)

As these mix quark flavours, moving into the mass basis will give rise
to an important component of the electroweak theory, the Cabibbo-
Kobayashi-Maskawa (CKM) Matrix [12]. The basis transformation,

i} (S [field](SY)d?, (2.76)
defines the CKM matrix, which is unitary
Veru = (S)7(83). (2.77)

The CKM matrix describes flavour-changing (FC) interactions among
quarks. The result is that a quark can change its flavour through inter-
action with a W* particle. For example, a down-quark can become an
up-quark through the emission of a W boson, as shown in Figure 2.5.
This kind of flavour-changing process is known as a flavour-changing
charged current (FCCC), as the flavour is changed by a charged par-
ticle. FCCCs will flip fermions to the other member of the doublet-
structure (change their charge Q by one), which may not necessarily
be within their own family. Alternatively, if the FC process happens
through a neutral particle, and the fermion charge does not changed,
we get flavour-changing neutral currents (FCNC). There are no FCNC
in the SM at tree-level. However, they may be constructed at one-loop,
as shown in Figure 2.6. By experimental observation, it was shown
that FC processes are significantly suppressed in the SM, even at one
loop. This suppression was explained by Sheldon L. Glashow, John
lliopoulos and Luciano Maiani and is known as the GIM mechanism.



At loop-level, cancellations between diagrams of quarks with similar
mass (namely the charm and up quark) lead to the occurrence of such
a suppression. The CKM matrix governs the FC properties of the W-
boson.

The CKM Matrix is given explicitly as

Vud Vu K Vuh
Vexm = Vea Ves Ven |- (278)
th Vcs th

To see the significance of terms in the CKM, we may approximate it

as

1 A A3
Vekm = A 1 A% |. (2.79)
A3 AZ 1

where A - 0.2. As such, processes proportional to terms of power two
or more in A are negligible in the SM. The complex values of the CKM
parameters may be found in Appendix F. An alternate method to pa-
rameterise the values of the CKM matrix is known as the Wolfenstein

parameterisation
1-4%2/2 Pl A (p —in)
Vckum = -1 1-42/)2 AL? , (2.80)
A1 -p—-in) —AA? 1

where the matrix contains higher corrections but we have included
terms of up to order A%. In the Wolfenstein parameterisation we have

values given in Appendix F.1.

2.4.5 The Fundamental Couplings in the SM

We have seen that we can extract coupling terms by expanding the
Lagrangian. There are three fundamental couplings in the SM that de-
scribe the strength of the interactions. These fundamental parameters
are the fine structure constant @ (electromagnetic interactions), the
strong coupling constant ag (strong QCD interactions) and the Fermi
constant Gy (weak interactions). The couplings are energy-dependant,
and we discuss the determination of each coupling individually be-
low. We follow the review [13] (specifically sections 9, 10 and 66) and
where not explicitly stated we use the values and numerical results

presented in the review.

Fine Structure Constant («): The fine structure constant « is the di-
mensionless fundamental parameter describing the electromagnetic
interaction between elementary charged particles. In QED this is the
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Figure 2.5: The W~ mediated flavour-
changing quark interaction.

b Ui s
- - -
w= w=
- - -
Ky u; b

Figure 2.6: Meson mixing in the SM.
This diagram shows a box (one-loop-
level) diagram of B meson mixing.
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coupling of the photon and the electron. The parameter @ depends on
the energy scale of the electron and is generally stated in the Thomson
limit, in which the energy of the photon is much less than that of the

particle (¢ ~ 0)
2\-1
@ 1(0) = (Z—ﬂ) =137.036, (2.81)

where e is the positron electric charge. Quoted is the experimentally
observed value of e from measurement of the e* anomalous magnetic
moment [14]. At higher energy levels we must incorporate corrections
to the vacuum polarization function of the photon, and we may write

a at energy q* as

a(q?) = Tl D) _(Z(szqz), (2.82)
with
Aa(g?) =T11,,,(0) — 1,5 (¢°). (2.83)

At the energy of the Z boson and in the MS renormalisation scheme

a7t (m2%)® =127.916 +0.015. (2.84)

We use the convention that parameters with a hat are evaluated in the
MS renormalisation scheme [15] [16]. The superscript signifies that
the calculation has been carried out to 5-loop order. We may relate
this scheme to the on-shell parameter via

A&(m%) — Aa(m%) = 0.007127(2). (2.85)
Fermi Constant (Gr): The strength of weak interactions is governed

by the weak coupling parameter Fermi’s constant Gr. Fermi’s con-
stant may be derived from the muon lifetime formula

7, 1927°

2 .2
1 Gim

Fr (1 +Aq). (2.86)
Aq contains higher order QED corrections, expressed as a power se-
ries expansion in the renormalised fine-structure constant (at the muon

energy)
a7 (m,,) = 135.901. (2.87)

See for example Ref. [17] or Ref. [13] for the full expansion. The latest
value of Fermi’s constant has been evaluated to be
Gr =1.1663787(6) x 10~° GeV 2. (2.88)
The Fermi constant may be related to the electroweak coupling con-
stant g and the Higgs VEV v through the relations
2

__ & 1
4N2m?,  (V2v)l2

Gr (2.89)



Strong Coupling Constant: (@s): The strong interaction is governed
by the QCD coupling «;. The QCD coupling is dependent the on the
energy of the interaction u and satisfies the renormalisation Group
Equation!® (RGE)

2 Oay (/1) _

2 3 4
— = ). 2.
dlog (1) (boas + b1y + bras + ...) (2.90)

Blas) = p
In the RGE by, b1, by are the one, two and three-loop S-function co-
efficients respectively and the ellipses represent further loop correc-
tions that may be applied. The beta-function coefficients depend on
the number of flavours (as well as colour-factors Cg, C4 and Tg). The

one-loop beta function coefficient is

_ 11CA—4nfTR _ 33—2l’lf
- 127 127

0 (2.91)

The remaining beta function coefficients may be found in the review
Ref. [13]. One can then solve this analytically at one-loop-level, in the
case where the number of flavours is constant. The one-loop equation
becomes

p\
as(p) = (bo log F) (2.92)

with A the scale where perturbativity of @, breaks down. An analyti-
cal solution up to four-loops is presented in the reference. In our nu-
merical analysis we calculate a; to two-loops unless otherwise speci-
fied.1

Experimentally, at the mass of the Z boson, we have the strong cou-
pling constant
as(mz) = 0.1181(11). (2.93)

With this as a starting point, we may run to another energy scale with

two loop accuracy using

as(mz) B1ag(mz) Inv(u)

W=y R 4 v | (254)
where
() =1 —ﬁo% In "L—Z (2.95)

Here By = ? and B1 = % are the beta function coefficients (with the

7 terms written explicitly outside of the functions and the number of
flavours taken constant).

2.4.5.1 Running of the Fermion Masses

The masses of the fermions constitute fundamental parameters of the
SM. The position of a fermion propagator pole is known as its pole
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15: An equation that describes the en-
ergy evolution of the coupling.

16: Note that a, is always normalised
in the M S scheme.
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Figure 2.7: The h — f f decay.

mass - this definition is close to its physical mass. Otherwise, akin to
couplings, masses run with the energy of the theory and we must also
define the running masses. The relationship between the pole mass
and the running mass at the energy of the pole mass is (in the MS
scheme)

_ 4 as(mg)
mg(mg) =mg|1 - 3 4

() (mq) 2
+(1.0414Ny —14.3323)| ———
o ;

(2.96)
as‘(mq) 3
+ (—0.65269]\/]2( +26.9239Nf — 198.7068(7) ],

with Ny the number of flavours in the theory considered. The relation
is to three-loop order in a;. The M S mass can then be run via the RGE
2y oy (). 2.97)
u
Here we introduce y the anomalous dimension, it can be found to
four-loops in the review.

Running fermion masses will be used in our numerical analysis, es-
pecially when matching flavour physics processes at their occurring
energy scales.

2.5 Production & Decays of the SM Higgs

Bosons

The Higgs scalar particle interacts with all fermions and bosons of the
SM. In this section, we would like to find expressions for the decay
processes that possess a non-negligible contribution to the total SM
Higgs boson width. Each of the processes discussed in this section are
known as the visible Higgs decays; that is, they involve only known
particles of the SM. The experimentally measured Higgs boson has a
mass of my ~ 125 GeV, and as such, some decays are kinematically
forbidden in the SM. Kinematically forbidden decays occur when the
on-shell mass of the final state is greater than that of the SM-Higgs. In
this section we just state the particle decay widths. In Appendix A we
introduce the methods that are used to calculate the decay widths and
derive two- and three-body Lorentz invariant phase space. We then
also in this Appendix apply these foundations and calculate &7 — ff
and 7 — WX processes as examples.

Higgs to Fermion Decay (2 — ff) The process is shown in Fig-
ure 2.7. We state the tree-level width below (see Appendix A for the
derivation).
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h — ff Decay Width

NCGthmff

4\2r (=]

NIw

C(h— ff) = (2.98)

We have included the colour factor, N. = 3 for quarks and N, =1 for
leptons, in the expression and we define

4m?
Xj = —=. (2.99)

m,
There are non-negligible NLO and NNLO corrections due to gluons
when the decay involves two quarks. These corrections to the width
are given by

I =1o|1+5.67%" ")+(3594 1.36N )"3(’"”) ) (2.100)

where I' is the tree-level width.

The Higgs to W decay (h — W*W~) The Higgs scalar may decay
to two charged vector bosons W*. This is kinematically forbidden in
the SM as m;, < 2mw-=. In a model where the scalar is heavier than
the combined mass of two W* bosons, the decay width is stated be-
low [18].

h — W*W~ Decay Width (mj, > 2my+)

Gpm \/1 XW[ )

I'(h— W'W") = —xw + —xW (2.101)

This decay is still, however, significant in the SM Higgs phenomenol-
ogy as one of the W bosons may be off-shell (virtual) and then decay
into X and X components in a way such that m; > (mw= +2(mx))
holds, the process is shown in Figure 2.8.

Derivation for this process is presented in Appendix A and we state
the final width here.

h — WX Decay Width (mw= < mj < 2mwy+)

G%m%vmh

F(h i WiX) = W

va(Ew). (2102)

Figure 2.8: The h —» W*X decay pro-
cess. X in this case represents the two-
fermion final state f f .
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We define
F (6)_3(1_86—24_2064)31'CCOS 3¢’ -1 —(1—62) £E2_E l
R 421 263 2¢ T2 ta
—3(1 — 6€% + 4€*)Ine,
(2.103)
and
€ = LR ﬂ (2.104)
mpy 2

The Higgs to Z decay (h — ZZ) (m;, > 2mz) Identical to the W=
decay, but with half the number of final states, the Higgs to Z boson
decay is given below.

h — ZZ Decay Width

GrmP\1—x
F(heZZ):M[

6von 1-xz+ Zx%]. (2.105)

Finding an expression for three-body decay of » — ZX follows a sim-
ilar process to the Higgs to WX boson decay detailed above [19] and
is given below.

h — ZX Decay Width (mz < m;, < 2my)

G2 m%, my, 40 160
F''w 2 4
I'h— ZX) = —64 36% 7- 3 Sy, T 9 So., |Fvx(ez). (2.106)

The Higgs to Photon Decay: 7 — yy decay The decay, although
having a negligible contribution to the overall SM Higgs branching
ratio, is fundamental to the discovery of the Higgs due to its clean
signal at colliders. As the photon does not interact directly with the
Higgs, these decays must happen indirectly through a loop that joins
the initial and final states. Figure 2.9 shows a fermion-loop contribu-
tion to the process. Additionally, the W* particles contribute to the
loop, as the photon interacts with all charged particles.
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The decay width is given below [20].

h — yy Decay Width

Gpazm“;’l 2
D(h—yy) = ———= Fw(xw)+ >, NeQFFy(xf)| -
128\/577 3 fermions
(2.107)

In the decay, O is the charge of the fermion. The form factor contains

contributions from the charged bosons W* and the fermions!”

Fw(x)==[2+3x+3x(2-x) f(x)],
Fp(x) =2x[1+(1-x)f(x)],

(2.108)

with function

arcsin?(x~1/2) ifx>1,

(x) =
! lnﬂ—in] ifx <1.

-1
4 1-VI-x

The conditional covers the off-shell top quark contribution within the

loop.

The Higgs to Gluon Decay: 7 — gg Another important decay chan-
nel is the Higgs to gluon-gluon decay. Again, as the gluons do not
directly interact with the Higgs, we must sum over all loop contribu-
tions. In this case, the loop contributions are only from quarks.

The h — gg is given below [20].

h — gg Decay Width

GFa/Smi’l 2
D(h— gg) = ——2| > Fylxg)| - (2.109)
36\/271'3 quarks
In this decay « is evaluated at mj /2 and
4
Fy(x) = §Ff (x). (2.110)

2.5.1 The Decay Spectrum

Although a Higgs-like resonance has been detected at ~ 125 GeV, it is

illuminating to survey the SM branching ratios of a scalar particle for

17: The scalar and pseudo-scalar parts
are implicit in the F¢ function. Pseudo-
scalar terms are those that change sign
under parity inversion.

y/g

h
———— - q
Y/g

Figure 2.9: The h — gg/yy decay pro-
cess which happens via a quark loop.
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Figure 2.10: The scalar decay branching ratios for myw < mj, < 300 GeV. We see two discontinuities at 2mw and 2mz (black dashed
lines), which occur due to a lack of higher-order corrections to the W and Z propagators. Above 300 GeV the decays of the scalar are
dominated by the ¢ - WW and ¢ — ZZ decays.

masses mw < mg < 1 TeV. The formula for the branching ratio of a
process is given by

BR(¢ — X) = F—X, (2.111)

Ty

where I'x is the width of a process with final state X and I'y is the
total scalar width, the sum of all the process widths that contribute
to the decay of ¢. We present the branching ratios of the scalar de-
cays in Figure 2.10. The two most predominant decays are h — bb
and & — W*W~ as these particles interact with the Higgs most readily.
The decay widths of the fermions and the massive bosons go as m%,
where m; is the mass of the respective fermion or boson. As a result,
the decays with the highest probability of incidence will be those cor-
responding to the particles with the most considerable mass. This ob-
servation agrees nicely with the underlying principle that the Higgs
boson was introduced to give particles mass. We expect particles that
interact more often with the Higgs boson to have a larger mass.

Of course, the massless particles; the photon and the gluon, do not in-
teract with the Higgs directly. As discussed, they must interact through
a particle loop. There is a large disparity between the # — gg and

h — vy decay channels. The gluon loop is restricted to the quarks,

whereas the photon loop has all fermions as well as charged bosons

as contributors. We can explain this disparity by examining the cou-
plings

2 2
I'(h— F
(h = g8) ~3.6(“5) 1Fl (2.112)

L(h—>yy)
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where we have simplified the form factor components into F, and F,,
for the gluon and photon processes respectively. The main offender
here is the (as/a@)? factor, which contributes a factor of ~ 250 causing
the wide separation we see between the photon and gluon channels.
Essentially, this is a result of the strong interaction (associated with as)
being of much greater strength than the electromagnetic interaction
(associated with a).

We may match experimental observations of Higgs decays from par-
ticle collider data with those predicted by Figure 2.10. Any discrep-
ancies would suggest deviations from our SM Higgs, opening up the
possibility for physics beyond the SM. We see that a Higgs boson at
the mass 125 GeV is very attractive as it provides us with an opportu-
nity to probe many different decay channels.

2.5.2 Higgs Production Channels

A critical component of measurements we make (at colliders) involves
the production cross-section of our Higgs states. The measured quan-
tity - the signal strength - is defined according to

uxy = oxly, (2.113)

where X is our production channel and Y represents our decay chan-
nel. For our Higgs, four main production channels exist, and we will
discuss each mechanism in order of respective cross-section size. We
will skip the theoretical framework. But note, production widths are
found in the same way as decay widths.

Since partons (quarks or gluons) are involved in the initial state, we
need information about the position and momentum distribution of
such partons within their parent hadron. We get such information
from parton distribution functions (PDFs). In this case, the produc-
tion cross-section is a convolution of the parton-level cross-section we
predict with the PDF. Note, that the PDFs are collider-dependant.

Gluon-Gluon Fusion A reversal of the Higgs to gluon-gluon decay
in the time direction leads to the gluon-gluon fusion production mech-
anism o (gg — H). Gluon-gluon fusion has the largest cross-section
of the production channels at the LHC'® . We show the process in Fig-
ure 2.11. The production cross-section is related to the i — gg decay,
with relationship

1
o(gg — h) = Er(h — gg)d(s —m3), (2.114)

18: This is said in the context of collider
observations.
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Figure 2.11: The gluon-gluon fusion
Higgs production process.

Figure 2.12: The vector-boson fusion
Higgs production process.

Figure 2.13: The Higgs-strahlung Higgs
production process.

which, as expected, is just the difference between the initial state phase

spaces of the processes of the two processes

I'(h— gg) _fdQl
o(gg—h) ~ [dQ,

(2.115)

Other Production Channels The second most prominent decay chan-
nel at the LHC is vector-boson fusion, this is shown in Figure 2.12.
Other production channels known as Higgs-strahlung (also known
as W* and Z° associated production) and top-top /bottom-bottom fu-
sion are shown in Figure 2.13 and Figure 2.14 respectively.

2.6 Effective Field Theory

Most particle interactions, especially loop-processes, involve exchanges
between particles that differ over several orders of magnitude in en-
ergy. In the SM we work up to the top mass m; ~ 170GeV.

Generally, when we are solving a physical process, we like to restrict
ourselves to magnitudes at which our process occurs. We approxi-
mate away effects that happen at different magnitudes.

If then for a particle interaction we are only interested in the physics
below a given scale M are we safe to ignore all states with mass m >
M? The answer is no, as these states may appear off-shell and must
be considered. What we may do, however, is create an effective the-
ory. An effective field theory (EFT) is one in which we encode all the
physics of heavier states m > M into the vertices of the theory itself.

Let us discuss how this is done.

2.6.1 Constructing an EFT

The creation of an EFT at the energy M occurs by matching the physics
at this energy. The matched expressions are then used as the starting
point for the effective theory which no longer includes states at or
above energy M. The effects of particles at or above our matching en-
ergy of M become implicit in the matched theory and have a simpler

form than if included in full.

The true benefit of an EFT is in the simplicity of matched terms. This
simplified starting point allows us to calculate otherwise complicated

interactions.
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We have indeed already seen an example of an EFT. In section 2.3.1
we spoke about the Fermi four-point interaction. This is a four-point
vertex that is UV-completed by a W* boson. However, before the dis-
covery of the W* boson, it was just thought of as a point-like interac-
tion, an effective interaction. In the effective Fermi theory what we do
is work at m < myw such that all particles with m > my are encoded

in the vertex a priori.

Following [21], building an EFT follows two steps power counting
and matching. When building an EFT, power counting lets us de-
cide to what order in the Lagrangian we want to keep terms up to
and matching is the process of extracting the coefficients from those
terms.

More formally: When calculating an interaction we find that it ex-
pands out in terms of (1/M)", where M is the energy of the state we
are integrating out of our EFT and n is the mass dimension of the cor-
responding operator. Keeping only the non-negligible terms, we must
decide how large we want to allow n; in other words, up to what di-
mension operators do we want to include. This process of choosing
the power of (1/M) is called power-counting. Next, we construct an
effective Lagrangian that contains each operator that we have kept,
with unknown coefficients. The theories we wish to UV-complete are
then matched at u = M, and we find these unknown coefficients in
our effective theory, making it ready to use.

Taking the UV-completed Fermi interaction as an example, if we Tay-
lor expand out the W-propagator in powers of r’:l—i and keep only the
leading term, we get precisely the point-like interaction. If we choose
to keep terms of larger powers in Z—z we may build a more accurate

effective theory.

We may write an effective version of our complete Lagrangian for mwy

the heaviest state in our theory as

Lot = Lo+ Z Ci(1)0:(p), (2.116)

where SL’&"ES;‘ECD encodes all physics below mw and }; C;(1)O; (1) en-
codes all physics at or above my . Here u is the energy scale at which
we evaluate the elements, with C(u) the Wilson coefficients of the the-
ory and O(u) the operators. These operators represent the in and out
states involved in a process, or put more succinctly, they represent
the current. The Wilson coefficients C(u) contain the couplings for a
corresponding operator (current) obtained by matching the effective

theory.

.Q

t/b
Figure 2.14: Top-TopéBottom-bottom
Fusion Higgs production process.
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Let us define the effective Hamiltonian as

4G
gpBsmeff _ _jap2OF E c9w) 09 ). (2.117)
¢ V2 i ' l

The factor —1%» % is conventional and is due to the appearance of a
potential W* boson, the CKM factor 19% is defined as

Ay = VMM, (2.118)

Here we write C(?) and 0¥ both as bare quantities that require renor-
malisation. Renormalised quantities may be related to bare quantities
via matrices as shown

oV =2%0,, (2.119)

0 A
¢\ =250;. (2.120)

To match our theoretical calculations with phenomenological observ-
ables, we need to run the Wilson coefficients down to the observable
scale u ¢ . We do this using the RGE

d
mci(ﬂ) =7;iC; () (2.121)
where y;; is the anomalous dimension matrix (ADM). Notice that the

ADM has no explicit dependence on the energy scale.

We may find the ADM through making use of the fact that one-loop
divergences must be cancelled by counter-terms when performing the

renormalisation. This condition leads to the equation,

YT = B\ 245 _ 05705
4r

4 em [_erm ~2670CM
4n (2.122)

+ @(af, aém, asem).

In this equation A’ are the one-loop divergences of bare amplitudes.

A full discussion of the derivation of the ADM, as well as the form of
629 can be found in [22]. The ADM may be used to build the evolu-
tion operator matrix U, giving the running in vector notation, which
we find useful when working with many operators and Wilson coef-
ficients

C(u) = U, 10)C (po)- (2.123)

After the RG evolution, we have an amplitude that matches the scale
of experimental observations.

We may find some mixing between the Wilson coefficients as the dom-
inant interactions change with the running of energy. This is evident
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from equation (2.121) when the ADM is non-diagonal.

This RGE may be solved, and the matrix can be found using the pub-
licly available Mathematica code DSixTools [23][22].






Theory of the
Two-Higgs-Doublet Model

The SM has a single SU(2) doublet which when combined with the
transfer of degrees of freedom within electroweak theory leaves us
with a single scalar particle - the Higgs boson. There is no reason to
assume that the model realised in nature is as such. The natural exten-
sion to the SM Higgs scalar sector is adding a second Higgs doublet
field, which results in a spectrum of new particles and interactions.
Models with a second Higgs doublet are suitably named two-Higgs-
doublet models (2HDMs).

The following two chapters are intended to be a review of the 2HDMs

key features. We approach this with the angle of building valid 2HDMs
and observing how this would alter the SM. We intend to provide

a self-contained toolbox for performing 2HDM global fits here. Run-
ning the risk of ‘disrupting the flow’, the explanations and proofs in

this chapter use a variety of methods. Rest assured, that where the

most straightforward method is not presented, we have good reason

in hopes of getting across essential insights into the 2HDM.

We begin this chapter by looking at the most general form of the
2HDM potential and exploring the different notations in which it is
presented throughout the literature.

The 2HDM provides a rich structure of phenomena relating to CP-
symmetries. We explore the possibility of CP-violation in the poten-
tial and find it may occur explicitly like in the SM, as well as sponta-
neously in the vacuum. Additionally, we find that CP may be softly
broken in the 2HDM potential, which is not possible in the SM.

While investigating CP related phenomena, we simultaneously con-
struct the most general vacuum of an N-Higgs Doublet. This allows
us to explain the different forms of VEVs that the 2HDM may attain.
We perform EWSB with each different set of VEVs to present a gen-
eral method in which we may extract the physical spectrum of the

theory.

Further, we provide a more in-depth analysis of the 2HDM vacuum to
prove a set of useful claims. Such claims allow us to make predictions
about the model and place constraints on the global parameter space

by ensuring the stability of our potential and our vacuum.
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20: As an introduction for the reader
and for convenient reference we
state the most commonly studied
phenomenological forms of the 2HDM
potential here. Section 3.2.4 explains the
symmetry classes that are applied to the
potentials to get them to their different

forms.

Real | Complex
mip | mu

my | A5

| A

A Ay

A3

Ag

Table 3.1: Classification of the general
CP-violating 2HDM potential parame-
ters.

3.1 Defining The Scalar Potential

The scalar potential gives the spectrum of scalar particles as well as in-
teractions. We define the most general scalar potential for the 2HDM
and explore the different notations which have become useful in in-
vestigating the theory and phenomenology of the 2HDM.

The field doublets in the 2HDM are ®; and ®>.

Scalar Doublets in the 2HDM

$1+ig = P3+igy
7 2 = .
5 +idy b6 +idsg

@ = (3.1)

The extra doublet ®; shares all the same quantum numbers with @;.

We would like to construct a Higgs potential that is both renormalis-

able and gauge invariant. 2

General Potential The most general SU(2) x U(1) potential we can

construct is given below.

General Scalar Potential of 2HDM

V =m3, @] @y + m3,® d; — (m?,®]®; + [H.c])
1 1. .
+§/11(q>}q>1)2 + E/lz(qniqnz)z
+43(D]D1) (D)D) + A4 (D] D2) (O] D)

1 . . .
+ 515@{@2)2 + 26(®] @) (DI @2) + A7(D] D) (D] D7) + H.c}.
(3.2)

This potential has a total of 14 free parameters classified in Table 3.1.
As the potential contains complex couplings this potential breaks CP
and is known as the general CP-violating potential.

General CP-conserving Potential To preserve CP, we impose cer-
tain symmetries onto the potential to remove the complex terms. CP-
violation of this kind is known as explicit. It can be shown that if all
terms in the Higgs potential are real, then the potential conserves CP
explicitly. The general CP-conserving potential is, hence, the same as
Eq. (3.2) but with all couplings real. This form of the potential has ten
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free parameters. We will use a CP-conserving potential for our results in
chapters 6 and 7.

Z-symmetric Potential Commonly a Z; (®; — @; and ®; — —D;)
symmetry is imposed upon our potential. The result is a simpler form
of our potential, with 16 = A7 = 0 and all remaining couplings real. We
keep m?, # 0 as a soft Zy-symmetry breaking term. This form of the
potential has 8 free parameters. A Z;-conserving potential is also au-
tomatically CP-conserving. We will use a Z,-conserving potential for our
results in chapter 6.

CP-violation may also occur in the vacuum itself. When the poten-
tial has been evaluated at this VEV, the resultant vacuum may be CP-

violating. We refer to this as spontaneous CP breaking.

In section 3.2.3, we construct the most general potential that explicitly
respects CP-symmetry. In section 3.3, we start with this explicit CP-
conserving potential and derive the simplest form of the vacuum that
spontaneously conserves CP.

In our numerical analyses, we will not consider CP-violation in the po-
tential - all parameters in the potential are taken real. Making this se-

lection is equivalent to imposing a CP1 symmetry (of the GCP-symmetry

class), more information is forthcoming in section 3.2.4. We will nev-
ertheless continue to discuss the possibility of CP-violation in the po-
tential as well as CP-violation in the vacuum solution as both have

interesting phenomenological effects within the 2HDM.

In addition, there are three useful alternative notations in which we
may represent the potential. Each notation simplifies different types
of calculations as well as shedding a different light on relationships

between parameters in the potential.

Alternative Form I: Symmetries and Basis Transformations This
notation is useful for the investigation of symmetries as well as basis
transformations of the potential. We can express the potential via a

summation, making clever use of indices.

General Scalar Potential of 2HDM: Symmetries and Basis Trans-
forms

2 2

1 N
V=D Ya®®u+s ) Zapea(®,00)(@[@a),  (33)
a,b=1 a,b,c,d=1

39
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21: By hermicity of the potential (V1 = In the above?!
V), . Zab,cd = ch,ab' (36)
Yap = Yba: (34)
Zab,ed = Zpg e (35) Alternative Form II: Vacuum and Spectrum Generation Using this

notation, it is easiest to examine the vacuum of the theory as well as
to construct mass matrices in the particle spectrum generation. Let us
introduce a basis of Hermitian operators,

X1 = (D-l}-q)l,
Xy = ‘I’;‘I’z,

1, . . (3.7)
13 = 5 (@] +®/ D)) = Re(D] @),

i
x4 = —§(q>}q>2 - @)®) = Im(®] D).

Notice The most general potential then has the form

X3+ X4 = ((Dirq)z), (38)

1
V =a1x1+axxy + Eag(x3 +X4) + [HC] + b11x% + b22x§

with x4 imaginary

1
(x3+x5)" = (x3-x4). (3.9) + bipx1x + E (b33 - b44) (x% - xi)

+

1 1 1
;L(bss +baa) (x3 +x2) + §b13X1 (X3 +x4) + Ebzsxz()% +x4) + [H-C-]]-

(3.10)
Here as, (b33 + baa), b1z and boz are complex. We have used the Her-
micity of the operators interchangeably to simplify the appearance.

Introducing

x1 ¢+ ¢5 + ¢ + 63 a1

xo| | B3+ T+ BL+ % Ao @
x3 G103+ $ogpa + dsd6 + d7ds | Re(as)
X4 P104 — P23 + P58 — P67 Im(as3)

2b1y b1y Re(b13) Im(b13)

B b1» 2by Re(b23) Im(b23)
Re(b13) Re(b23) 2b33 Im (b33 + bas)
Im(b13) Im(bzs) Im(bs3+byy) 2byy

(3.11)
We may rewrite the potential as

1
V=ATX+ EXTBX. (3.12)
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More simply, the general potential with real couplings can be expressed

a522

General Scalar Potential of 2HDM: Vacuum and Spectrum Gen-
eration

V = a1x1 +axxp + azxs + bnx% + bzzx% + b33x§ + b44xi

(3.14)
+ b12x1x2 + b13x1x3 + b23X2X3.
In this case

ai 2b1y b1y b3 0

b 2b b 0

a=| |, B=| T T2 F . (3.15)

as biz bz 2b33 0
0 0 0 0 2by

Setting b13 = bz = 0 recovers a completely CP-conserving form for
the potential.

Alternative Form III: Vacuum Structure There exists an alternative
method to investigate the vacuum phenomenology. This method in-
troduces a basis of gauge-invariant bi-linear field operators

ro = @0 + @]y,

r1 = —(@]®; + ®Jd;) = —2Re(®]dy),
ra = (@)@, - @J®) = —2Im (D] @y),
r3 = —(®]®; - D] D),

(3.16)

which together create the covariant four-vector r,, = (rp, —r;) which
lives in Minkowski space. Such a comparison may seem unusual at
first but in fact the 2HDM potential exhibits a Minkowski structure.

General Scalar Potential of 2HDM: Vacuum Structure

1
V=-M,"+ EA,”r”r". (3.17)

For the most general 2HDM potential we may identify the M, vector

1 1
M, = (Mo, M;) = _E(m% +m§2), Re(mﬁz)/ Im(’”%z)/ z(méz - mil) .

(3.18)

41

22: Relations to the potential notation

of 3.2
a = m%l,az = m%z, az = —2m%2,
b1 = 1/11, by = 1/lz, b1z = 13,
2 2
b3z =A5+ Ay, by = A5 - A4
b3 = 226, ba3 = 207.

(3.13)
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We use the Minkowski metric in this parameterisation

M = (My, —M;). (3.19)
The tensor is
—/1142'/12 + A3 Re(1g+1y) —Im(Ag+ A7) Lzl ;12
Ao = 1 Re(/lé + /17) Ag + Re(/l5) —Im(/l5) Re(/lé - /17)
B2 -Im(Ag+47) -Im(d5)  As—Re(ds) —Im(dg— A7)
Lo Re(lg— A7) -Im(dg—17) 32—,
(3.20)

Upon inspection of the bi-linears defined in Eq. (3.16) we must have

ro =0,
(3.21)

rfr, > 0.
The second of these conditions is a result of the Cauchy-Schwartz in-
equality. As such, all four-vectors r, must lie either within or on the
forward light-cone LC*. In fact, the apex of the cone when ®; = ®, =0
corresponds to a symmetric EWSB solution. The four vectors r, that
make up the rest of the surface correspond to neutral vacuum solu-
tions, and those inside the forward light-cone correspond to charge-

breaking (and CP-breaking) vacuum solutions.

3.1.1 Running of the 2HDM potential couplings

Our couplings of the 2HDM potential run with energy according to
the renormalisation Group Equations

da
— =) Wpt, 3.22
T Z B, (3.22)

where [ is the number of corrections we want to work with, for exam-
ple, if we work to NLO at which / = 2. The beta functions for the run-
ning for both the generic couplings and the Minkowski metric form
may be found in Ref. [24].

3.2 Basis, Higgs Family and

GCP-transformations

The physics of a theory remains the same as long as the symmetries
of the theory are preserved. By the physics of a theory, we mean
quantities such as observable masses, physical interaction strengths
and more. We can always perform a global basis transformation on
the two-Higgs field doublets, which will preserve all symmetries and
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thus will not alter the physics. The global basis transformation U is
applied to both Higgs doublets as

2
@, = > Uap®s, (3.23)
b=1

where U is a unitary matrix.

3.2.1 Higgs Family Transformations

A nice group of the unitary basis transformation is known as Higgs
Family (HF) symmetries [25]. It is defined by

2
o, 25, > Sap®s, (3.24)
b=1

with § a unitary matrix. HF symmetries leave the form of the poten-
tial given in Eq. (3.3) unchanged, that is they leave the values of Y,
and Z,p q unchanged. This is not the case with other basis transfor-
mations. Under any basis change U the HF-transformation may be
related through

S’ =USU". (3.25)

We find that most of the desirable symmetries to apply, for example
Z, symmetry, belong to the HF category.

3.2.2 General CP-transformation

In a single scalar field theory with the field defined by ®, the CP-
transformation is
cep_,
O — . (3.26)
The above is just the form of a charge conjugation transformation as
parity is always conserved in a scalar theory. Hence, a charge-transformation
is equivalent to a CP-transformation in this case. The natural exten-
sion of the single CP-transformation to a case where there are two
fields would be
cp .,
q)] — (D1 ’
(3.27)
ce
O, — D,
If another basis transformation U introduces complex terms, we will
find that the CP-transformation is not closed in the transformed basis.
To preserve the CP-transformation under any global basis transforma-
tions, we also need to transform the CP-transformation itself. We in-

troduce a general CP-transformation, or a GCP-transformation, with

43
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23: It can be proved that X’ can always

be written in the form

(3.29)

the definition

2
0, 5 X @ (3.28)
b=1

X is an arbitrary unitary matrix which is defined such that it allows
us to preserve the nature of the CP-transformation. Every time we
change the basis, we need to redefine X. In a basis transformed by U,
X becomes X' via

X' =UxU”. (3.30)

3.2.3 Explicit CP Invariance of the Potential

As we have previously stated, we want our potential to conserve CP
explicitly. We need to ensure that our potential is invariant under a

GCP-transformation. Let us select the hypercharge transformation

@; 2L, Mg, (3.31)

To simplify the analysis consider how each of the basis operators of
the potential x; defined in Eq. (3.7) transform individually

1 = 0y Z5 (7 () (0] ),

(3.32)
= QIq)l = X1.

Similarly, x; is invariant under a GCP interaction. The operators x3
and x4 contain mixed ®; and @, terms and as a result, the exponential
functions that appear after the GCP-transformation will contain both
a1 and a3. Now, «; is an arbitrary parameter so we are free to choose
@1 = ay such that the combination ¢'(®1~®) = 1. Then

1
x3 = E(qﬁ@z + @] 1)
ger 1

—5 [(e77 ™) (") (@] D) + () (7 ) (@} ®1)"],  (3.33)

1 .
=5 (@] + @ D] = x3.

Finally, x4 transforms as

i
X4 = —z(cb}cbz - 0ld)

GCP I

— —5[(e""”)(«f""z)(ﬂlﬁﬂbz)T — (') (e ) (@]@1)T],  (3.34)
= —% [@] @) — @ dy] = —xy

As x4 changes sign under a GCP-transformation it is not invariant, but

GcP
xgxg = — (—x4)(—x4)

(3.35)

= X4X4.
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Terms linear in x4 will need to vanish if we choose the potential to
obey GCP invariance. The general potential of Eq. (3.10) then reduces

to
V =a1x1+axxy + aszxs + bllx% + bzzx% (3 36)
+ b1px1x2 + b33x52, + b44xi + b13x1x3 + bo3xoxs. .
which is exactly the form we anticipated in Eq. (3.14) when taking all
couplings of the potential real.

In this case, x4 is a soft symmetry breaking term and is often included.
Soft symmetry breaking terms are easy to find in the 2HDM, unlike
the SM where they do not appear.*

3.2.4 Classes of Symmetry

So far, we have studied two types of transformations; basis trans-
formations (of which the HF transformations are a particularly use-
ful subgroup) and GCP-transformations. Both transformation types
leave the kinetic terms of the potential unchanged. It has been shown
in [26] that any combination of HF and GCP-symmetries imposed on
the potential belongs to one of six distinct classes. Potentials within
the same class will yield the same physical observables. Basis trans-
formations can never cross from one class to another. In other words,
basis transformations leave the physical observables of the theory in-
variant. Here we list each of the symmetry classes by stating their field

transformation matrix.

24: There are two types of symmetry
breaking that may occur. Hard symme-
try breaking occurs when the term of
dimension four does not respect the
considered symmetry. Hard symmetry
breaking causes some difficulties when
it comes to the renormalisation of the
theory. Soft symmetry, on the other
hand, occurs when the term of dimen-
sion two do not respect the symmetry.
Soft symmetry breaking does not affect
the renormalisation of the theory.
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Table 3.2: The restrictions each symmetry class places onto the parameters of the potential. This Table is adopted from [27]. Fields
with no entries are unconstrained.

Symmetry Class m%l m%z m%2 A A Az Ay As Ag A7
Zy 0 0 0
U() 0 0 0 0
SU(2) m 0 4 -3 0 0 0
CP1 real real real real
CP2 m%l 0 A -
CP3 mi 0 A A—A3—A4(rea) 0 0

Symmetry Class Transformations

1. Class I: Z,
1 0
S = . 3.37
( Lo ) 63
2. ClassII: U(1)
e€ 0
S = ) . 3.38
o e ) (3.38)
3. Class III: SU(2)
e’i‘fce e’i“’sa
S = ) ) . 3.39
( —e¥sy  elfcy (3:39)
4. Class IV: CP1
X = Lo (3.40)
o 1) '
5. Class V: CP2
X = 0 1 (3.41)
-1 0) '
6. Class VI: CP3
x=[ @ ) (3.42)
—S9 Cg

The restrictions each of these classes have on the parameters of the
potential is shown in the Table 3.2. We derive these restrictions for the
U(1) HF-symmetry and a GCP-transformation in Appendix C.

As touched on previously SU(2) provides the greatest restriction, re-
ducing the number of free parameters in the potential to three. In our
numerical analysis, we always apply at least the CP1 symmetry class,
in which all terms are real.

The most commonly imposed symmetry is Z,, which removes the CP-

violating potential terms entirely. The soft breaking term m3, is often

kept but assumed real.
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7, serves another purpose, and that is providing restrictions on the
Yukawa sector of the 2HDM. The 2HDM allows for flavour-changing
(FC) interactions. Leptons (e;) and quarks (uz, dr) can change to an-
other particle in their family (or between families in the case of the lat-
ter) upon interaction with a scalar. FC occurs as both of the scalar dou-
blets couples to each particle field. A discussion of FC in the 2HDM
follows in section 4.4.

We often want to avoid any FC at tree-level, to coincide with the lack
of observation of such processes. A way to achieve this is through im-
posing a Z>-symmetry on each family of the Yukawa sector. Imposing
this leads to the four common types of 2HDMs which are discussed
further in section 4.2.

3.3 The Vacuum Structure

There still exists the possibility of CP-violation in the vacuum itself.
Before we embark on finding the form of such a vacuum let us sidestep
and explore the general forms that the vacuum may attain in a 2HDM.
In the SM the vacuum is described by a single doublet. The VEV for
the SM Higgs field is given by;

(D) = (3.43)

v1+ivy )

V3 +ivy

where vy, ..., v4 are real numbers. We may always perform SU(2) and
U(1) gauge transformations on our @ field as our SM Lagrangian is
SU(2) x U(1) invariant. Introduce a SU(2) x U(1) transformation M
such that after spontaneous symmetry breaking

(M®) =

0 ) ) (3.44)
1%

where v is real. 2° The basis defined by the transformation M is known
as the unitary basis.

3.3.1 The Vacuum of The 2HDM

Let us extend this to the case where we have two Higgs doublet fields.
The result is as anticipated two VEVs, each corresponding to a scalar
field doublet. Each Higgs field simultaneously acquires a VEV.

Analogous to the SM, we strive to perform basis transformations on
our fields ®; and @, to simplify the form of the VEVs after SSB. For
two doublets, basis transformations alone do not ensure that the VEVs

respect U(1) charge symmetry or CP-symmetry. Hence, we have the

25: The form of Eq. (3.44) preserves
U (1) charge symmetry as well as CP-
symmetry.
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26: Normal minima are defined as
those that preserve U (1) charge as well
as CP - an example is the SM VEV of
Eq. (3.44).

possibility of VEVs that produce U(1) charge breaking or CP breaking

vacua. 26

Applying the U(1) charge operator (Q)* to the VEV doublets (i=1,2)

O(D;) = 0

Vi ) (3.48)

tells us that for a non-zero upper component of the VEV, the U(1)
charge operator is broken by the VEV.

The work of Ref. [28] investigates different combinations of minima
in a N-Higgs doublet models to find the simplest form of the VEVs
that are attainable.

From this work we give below the most general form our set of VEVs
can attain in the 2HDM.

General minimum

(@) =i( ¢ ) (@) = (3.49)
Vi

V2

Sl

—_——
<

a O
S

~————

It is possible that the potential may attain more than one minimum in
the 2HDM, and as such we may simultaneously have more than one
set of VEVs satisfying the potential. As discussed in Ref. [28], there
exist different types of minima. The 2HDM potential may attain three

possible distinct minima.

The U(1) charge breaking (CB) minimum

1 @
(1) :6( " ), (D7) =

where v1, v and « are real parameters.

( 0 ) , (3.50)
V2

Sl

“The U (1) charge operator Q is defined by the Gell-Mann-Nishijima formula

O=I+ %y, (3.45)

where I is the third component of isospin given by 173 and Y is hypercharge. From
this

Y+1 0 ) (3.46)

1
QzE( 0 v-1

By convention we set Y =1 for each Higgs-doublet

Q:((l) 8) (3.47)
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The CP-violating (CPV) minimum

1

(@) = %

01) (@) = 0 ) (3.51)

1
@( Voeif

where 6 is real.

The normal minimum

(@) = (3.52)

V2

( 0 )/ <CI)2> =
Vi

Notice that we do not have a minimum that is simultaneously U(1)

Sl
Sl
—_——

(@]
~—————

charge-breaking and CP-breaking, like in the most general form Eq. (3.49).
We will prove in the next section that this kind of minimum cannot ex-
ist in the 2HDM.

The mixing of v; and v, with respect to the electroweak VEV solution

v is given by the angle $, such that
V1 =vcg, Va2 =Vsg. (3.53)

This mixing may then be given as a ratio and results in the 2HDM

parameter 1.

Mixing of v; and v,

tg = —=. (3.54)

The stationary points of a Higgs potential are found by differentiating
the potential with respect to each field, then evaluating at the respec-

tive VEVs
ov

0ilo,~(@.)

=0, (3.55)

fori=1,.,8and a = 1,2. In the 2HDM this produces eight equations
with eight unknowns. There are two unknowns for a normal mini-
mum, three unknowns for a charge- and CP-breaking minima.

We see that there is the possibility of CP-violation occurring in the
vacuum itself. We call this spontaneous CP-violation. There are two

ways in which we may avoid spontaneous CP-violation.

1. Impose invariance under Z>-symmetry, with ®, — —®;. Under
a Zy-symmetry, (®2) — —(®Py) which eliminates any terms lin-
ear in @, which may otherwise violate CP-symmetry sponta-

neously.
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2. Impose invariance under a global symmetry, with @, — €'"7®;.
The addition of a global symmetry results in the lower compo-
nent transforming as voe? — v,e(?*) we may then rotate away
the CP-breaking term by setting 6 = —.

In both these cases, ®; remains unchanged.

Let us impose each of these symmetries onto the potential with ex-
plicit CP-invariance Eq. (3.14). Under Z,-symmetry Eq. (3.14) becomes

V =a1x1 +axxpy + blle + bzzx% + b33x§ + b44xi
(3.56)
+ buxle.
In the case where we demand a global symmetry (@, — €7®y) it is
clear that x; and x; are invariant under the global symmetry, x3 and

x4 are transformed as

Lot i Lo imet iy
x3 = 5 (D Dy + D)D) — [(e')D Dy + (7DD ],
2471 2 2 1 2 (3.57)

* X3,
with

1 ot o) s Lo\t “y@ld)?
X3X3 = Z(®1¢2+¢2@1) - Z[(gln)q>1q>2+ ()@@l (3.58)

# X3X3.

Similarly, x4 and x3 do not transform invariantly under this global

2

2+ x2 obtained by setting b33 =

symmetry. Consider the combination x
by in the potential

2l - 5 [(") (e DI DIy + (e77) (') D)1 D] D],
(3.59)
2 2

= X5 +x].
The explicitly and spontaneously CP-conserving potential with a global

symmetry is then

V =aix1 +axxy + bnx% + bzzx% + b33 (xé +xi)
(3.60)
+ b1px1x2.

Goldstone’s Theorem states that for each continuous global symmetry
that does not annihilate the ground state, we have the appearance of
a Goldstone boson. In other words, certain symmetries that remain
invariant at the VEV will result in massless particles.

The VEV for the potential above is, of course, invariant under CP-
symmetry as this was the basis in which we defined it. However, it
is also invariant under our introduced symmetry ®; — ¢/7®, at the
ground state, as we have shown above. This U(1) symmetry is both
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continuous and global, which means that it will result in the appear-
ance of an additional massless boson in our theory. An additional
massless boson is not desirable, so we aim to break this symmetry
and rid ourselves of this massless mode. We need to introduce a soft

symmetry breaking term.

Consider the operator x3. We know that this term breaks the U(1)
global symmetry that we have introduced, let us check if it preserves

CP-symmetry at the vacuum state

1 .
(x3) = 5(@1)' (@) + (D) (D7),

1 . . .
- E[ {vze‘9+v£vle_

cP 1 iig- — o — ;
il E[et(az ‘”)vlv;e l9+el(u/1 "2)\/2\/16’0],

7

i0
] (3.61)

= (x3).

Then to avoid the appearance of a Goldstone Boson we reintroduce
the —a3x3 term. This will maintain CP-invariance but break the ®, —
eld, symmetry. Our final potential is

V =aix1 +axxy —aszxsz + b11x% + b22x§ + b33(x§ +xi)

(3.62)
+b1ox1x2,
which in our most general potential notation is
V =m? @] @ + m3,® ) — (m2,®] @, + [H.c])
1 1
5 (D[01)? + 522 (@y Do) (3.63)

1.
+A3(D] @) (DS D2) + A4 (D] D) (D] D7) + 5/15(4315192)2,

with A5 real. We may arrive at this same potential choice and protec-
tion from a CP-violating minimum if we apply a Z;-symmetry and

then return the soft-breaking term by hand.

3.4 The Particle Spectrum of the 2HDM

Potential

3.4.1 Physical Particle Spectrum of the 2HDM Potential

We have seen that mass terms may be extracted using

, 0%

"= GoRl. (3.64)
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27: In the 2HDM we have eight real
field operators ¢;. So M? must be an
8 x 8 matrix.

28: The bottom components (h1,hy =
@5, ¢6) and (z1,z2 = ¢7, ¢8). The top
components are charged field operators
which correspond to linear combina-
tions of the former upper field compo-
nents

b1 = %(m vide),  (370)

b2 = \%(m vid),  B7D)

where ¢ is the quantum fluctuation of the field ¢ which we are dif-
ferentiating with respect to. In our case, we have multiple fields, so
we will need to perform multiple differentiations. The masses of the
scalar particles corresponding to fluctuations of each of the fields are
then encoded in the matrix?’

2 OV

M= . (3.65)
09:09jle,=(@,)

Notice that unless M? is purely diagonal, mass terms with field mix-
ing will be present. The appearance of such mixed terms means that
we cannot directly read off the physical mass terms from M2. A ba-
sis with such mixed states is known as the interaction basis. To rotate
away the mixed terms, we must diagonalise M? into the mass basis.

Reading off the field-doublets introduced in Eq. (3.1) along with the
knowledge that the charge operator Q extracts the upper doublet com-
ponents, the fields ¢1, ¢2, ¢3 and ¢4 result in charged scalars. The real
lower components of the doublets ¢5 and ¢4 then give neutral CP-
even scalar particles, while the imaginary lower components ¢7 and
¢3 give neutral CP-odd (pseudo-scalar) particles.

From these identifications we know how to read the masses off our
8 x 8 mass matrix. We should next observe that for |i — j| > 4
2
2 _ oV
0¢;0¢;

= 0. (3.66)
Dy=(Py)

This means that our mass matrix has the block-diagonal structure

MZ2 0
M2 [ = (3.67)

“lo, m2

where M, and My are 4 x 4 matrices that encode the charged and neu-
tral masses respectively and 04 is a 4 X 4 zero matrix.

Let us introduce a new notation for perturbations around our normal
minimum solution Eq. (3.52)

o 1 V2¢14 ® 1 V224 (3.68)
1 = —F= 7 2 = —F= 7 .
\/E V1 +nq ‘/i Vo +np
where
n; = h; +iz;. (369)

This parameterisation is conventional as clearly reveals our spectrum

of scalar particles.?®

We can relate our interaction basis to our mass basis via rotation ma-

trices, parameterised by mixing angles @ and j.



3.4 The Particle Spectrum of the 2HDM Potential

The 4 x 4 matrix M? has degeneracy among the positively and nega-
tively charged particles so we can describe the entire rotation into the
physical basis via the below.

Charged Higgs Rotation
+
A I I (3.72)
-sg g Ot H
Or simply
R (B¢ =H", (373)

where R(0) is the usual rotation matrix. We may easily make all the
particles negatively charged in Eq. (3.72) by taking the Hermitian con-
jugates.

When we have a normal minimum the neutral mass matrix MZ is fur-
ther block diagonal into 2 x 2 blocks and there is no mass-mixing be-
tween the scalar and pseudoscalar. As such we can easily progress
considering only these 2 x 2 blocks.

Perturbations around the real CP-even fields may be rotated into their
physical basis through @ as below.

CP-even Higgs Rotation

0
Soo))-R) e

Or simply
R (a)or = H'. (3.75)
The real scalar fields (h1, hy) rotate into two physical scalar Higgs

bosons H? and h°. With this definition notice that @ = Z + nr for inte-
ger n identifies 5y with 10, while @ = +nr identifies h; with HY.

Finally, the perturbations around the imaginary fields are rotated into
their physical basis by the angle 8 as below.

CP-odd Higgs Rotation

g S Y11 _
—-Sg Cp $21

GO

20 (3.76)

Or simply
R(B) ¢; = A" (3.77)

53



54 3 Theory of the Two-Higgs-Doublet Model

29: We say M7 ~ Mp to denote that the
interaction and physical mass matrices
are similar.

The imaginary scalar fields (z1, z2) rotate into a physical pseudo-scalar
particle A’ and massless pseudo-scalar Goldstone Boson G°. We get
five massive scalar particles and three massless Goldstone particles.
As in the SM Higgs theory, the three massless Goldstone particles are
‘swallowed’ by the gauge bosons (W*, Z) to become extra polarisation

states of the gauge bosons.

Label the interaction eigenstates column vector H; and mass eigen-
states column vector Hy,. As we have seen the orthogonal rotation
matrix R performs this rotation

R'H; = Hy,. (3.78)

The rotation between the interaction and mass matrices is also done
by the rotation matrix. Label our interaction matrix M;, the physical
mass matrix Mp, then

R'M;R = Mp. (3.79)

These two equations Eq. (3.78) and Eq. (3.79) may be combined to

show that the two bases are equivalent

Hy, MpHy = (RH;)' (RM;R)(RH)),

: (3.80)
= HIM;H;.

Matrices related by an invertible rotation matrix such as Eq. (3.79) are
known as similar. 2 We may say more about similar matrices, follow-

ing the discussion in [29] we see

R(M; —ADR™ = RM;R™' = RAIRY,
=Mp—Al.

(3.81)

We show that the characteristic equations for the interaction mass ma-
trix and physical mass matrix are equivalent

det(Mp — AI) = det(R(M; — AI)R™Y),
= det(R) det(M; — AI) det(R™Y), (3.82)
= det(M; — AI).

This is satisfied for any orthogonal matrix R even if the determinant
is not one. Equivalent characteristic equations yield the same eigen-
values. Hence, any two similar matrices will have identical eigenval-
ues. Eigenvalues of our interaction and physical mass matrices are
the same. A more powerful result of this is that any basis change of
the form Eq. (3.79) invoked by an invertible matrix will preserve the
eigenvalues of the ‘original’ matrix. As such, a suitable basis change
cannot change the physical (observable) masses of our system of par-
ticles.
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An orthogonal rotation matrix R is constructed from the eigenvectors
corresponding to the eigenvalues that we find when we solve the char-

acteristic polynomial.

3.4.2 Scalar Masses and SM-limits of the 2HDM

Taking for granted that we have a normal minimum solution the most
natural way to extract scalar mass terms is to expand the potential in
field-perturbations like those given in Eq. (3.52). Using the rotations
of Egs. (3.72), (3.74) and Eq. (3.76) we get the more illuminating (in a
physical sense) form of the vacuum perturbations

1 \/E(G+Cﬁ - H+Sﬁ)
o = —
V2 vicg + (=h0sq + HO%,) + i(Goc/g - Aosﬁ) (3.85)
1 V2(G*sp + H*cp) '
Q, = —

V2 vosg + (Wcq+H o) + i(GOSB + AOCB)

Upon substitution of these fields into the scalar potential we may ex-
tract the bi-linear mass terms. Starting with the pseudo-scalar mass

m2 VZ
mi p 12 _ > (245 + Ag cot B+ A7tg). (3.86)
BCB

Rather conveniently, we may write all remaining scalar masses in
terms of m%. The charged scalar particle mass is given by

2
my,

) V2 ) V2
My = S5Cp —3(/l4+/l5)=mA+?(/15—/l4). (387)

Finally, the CP-even scalar particle mass matrix is easier left in its in-
teraction state with components

M3, = mﬁs,zg + vz(/llc/zg +24655¢8 +/l5s/23),
M3y = m%ch + V2 (Aas% + 2475505 + AsC), (3.88)
‘/%%2 = /ﬂt%l = —misﬁcﬁ +v2((A3 + Ag)sgep + /lécfg + /175[23),

Using the standard eigenvalue prescription to rotate this into the phys-
ical state

1
Mo o = 5(/“%1 + M3, + \/ (T, — M3y)% +4(M3,)2 ). (3.89)

30: If we define eigenvectors y; and y;
then the corresponding rotation matrix

,yT
O = 1 . 3.83
( o ) G5

Which we may express as the corre-

is

sponding rotation matrices for 6 = a, 8

via

71=( co ) 72=( e ) (3.84)
kY] co
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The mixing angle « satisfies
23,
VG = A7+ 402
2 2
My — M,

$2a =

(3.90)

C2a = .
VU, = 32 +4(002,)2

Consider imposing a Z;-symmetry and setting 43 = 14 = A5 = 0 (re-
stricting mixing in Jl1). In this limit, the scalar masses are reduced to

the forms
m2
mi = m%_li =12 (3.91)
SBCp
and CP-even
m2
m%l =12 vzs[zg/lz,
g (3.92)

m%, = m%ztﬁ + vzcé/ll.
This limit is useful for intuitively studying the forms of mj and my as
we shall see later. Further, completely removing any mixing between
h1 and hy physical states, we impose m?, = 0 and scalar masses be-
come m? = vzsé/lz, m3, = vzcé/ll and m%,. = ma = 0. We see that we
recover the SM in the limit that 8 — o0, oras vi —» vand v; — 0. In
this case the second doublet is completely decoupled from the first.

It is enough to take v = v and v, = 0 and m%z = 0 (with a Z;-
symmetry) to get decoupling behaviour between the doublets. This
kind of scenario leads to the inert model. In this scenario, one neutral
scalar decouples from the gauge bosons and depending on theory, the
fermions as well. Such behaviour leads to the identification of the de-
coupled scalar as a potential dark matter candidate. The inert model
has been discussed in the literature, we will not consider it in this
research.

3.5 Phenomenology and Stability of the
2HDM Vacuum

As a potential can attain multiple minima simultaneously, we are left
wondering how each of these compares to one other. The idea of mul-
tiple minima leaves us with an interesting question. Say the physical

Higgs field has a vacuum that corresponds to the normal vacuum

2
1

for the vacuum to either drop to or quantum tunnel to lower mini-

v = /v2+v3. Is there a deeper minimum? That is to say, is it possible
mum. Such tunnelling would spell disaster in the physical world. We
assume that our vacuum is stable against tunnelling, that the physical
minimum is indeed the deepest minima.
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In the 2HDM, we make three useful claims [30].

Vacuum Lemmas

1. If the normal minimum exists in combination with a CB
minimum, it is always a global minimum.

2. A U(1) charge breaking minimum cannot exist simultane-
ously with a CP breaking minimum as a solution to the
same potential.

3. Any U(1) charge breaking or CP breaking stationary points
that exist simultaneously with a normal minimum are nec-

essarily saddle points.
Putting (2) and (3) together we can make the final statement:

4. Minima of different natures cannot coexist as solutions to
the same potential in the 2HDM.

We prove each of the above claims in Appendix D.

3.5.1 Stability of the Vacuum

It is crucial to examine the stability of the potential. We have shown in
the Appendix the remarkable result that minima of different natures
may not co-exist in the 2HDM. However, we have not considered the
case where there are multiple vacuum solutions of the same type. A
situation like this is troubling as it means we may not be at the global
minimum, causing possible tunnelling to a ‘deeper’ minimum solu-
tion. A realised minimum which is not global is known as meta-stable.
For the case of CB and CP-breaking minimum solutions, we may only
have a single solution to the minimisation conditions, so in this case,
we need not worry about tunnelling. For normal vacua, however, in
the 2HDM, there may be more than one solution to the minimisation
conditions. We must verify that the solution we observe is indeed not

a meta-stable minimum.

We begin first by ensuring our potential solution does indeed satisfy
the minimum condition of being bounded from below. Calculations
bounding the potential from below and checking for meta-stability

are carried out at tree-level.

3.5.1.1 Bounded from Below

There are several methods in which we may find the conditions that
bound our potential from below, as there exist several choices in which

we may parameterise our potential. Bounded from below means that
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there does not exist a direction in field-space (®;) in which our po-
tential tends to negative infinity. In other words, the existence of a
‘deepest’ vacuum solution is guaranteed.

We will demonstrate two methods by which we can find the necessary

conditions for our potential to be bounded from below.

Method 1: Radial Potential Parameterisation An approach to check
if our potential is bounded from below is to parameterise the fields
using radial components and extend those radial components to the
potential boundaries as discussed in Appendix A of [31]. Begin by
writing the doublets using the radial parameterisation as

ol =22,
Iy = 1252, (3.93)

T 0.2
<I)£<I)1 =pe'’rocy sy,

where r > 0,y € [0,7/2], p € [0,1] and 6 € [0,7/2). In this param-
eterisation the potential may be separated into terms proportional to
r2 and r*. If we write the potential as V = V, + V,, where Vj represents
terms proportional to r#, then bounded from below conditions trans-
late to V4 > 0 for all points within the bounds defined above.

Method 2: Minkowski-space-time Parameterisation Another method
which gives us conditions on the couplings of our potential and is
extendable to investigating the meta-stability of the potential is an
investigation of the vacuum structure in the Minkowski-space formu-
lation of the potential, see Eq. (3.17). Our potential is bounded from
below if the tensor Ay, is positive-definite on the future light-cone. A
positive-definite tensor A, translates to three conditions [26]

» A, is diagonalisable by a Lorentz group SO(1,3) transforma-

tion.3! The diagonalised matrix has {Ag, A1, A2, A3} across its di-
31: This is equivalent to saying that our

respective eigenvectors V! make up an agonal'

SO(1,3) transformation matrix. This re- » Ag > 0and real.

quires the first-eigenvector to be time- > Ao > Ay, fori=1,2,3.

like (JV22 = 1) and the latter three-

eigenvectors to be space-like (|[VK|? = In the case of a CP-conserving potential, the A, matrix (Eq. (3.20))

-1fork=1,2,3). has the form

A3+ /11;/12 Ag + A7 0 —/ll;lz
A :1 A+ A7 Ay + A5 0 Ade — A7 (394)
) 0 0 A4-25 0 '
% e — A7 0 -A3 + %

This is diagonalisable if the eigenvalue equation can be solved for
AL =87 Ny This may be done numerically, however, the conditions
become too complicated to express here.
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For the simpler case of a Z-symmetry when 4¢ = 17 = 0, our matrix
Ay, after a SO(1,3) rotation is reduced to

/13 + \//11/12 0 0 0
1 0 g+ 4 0 0
Apy = = 4T (3.95)
2 0 0 Ay — A5 0
0 0 0 A3+ VA1 12

The conditions for a positive-definite tensor AL, hence a potential

bounded from below reduce to the stability conditions given below.

Stability Conditions (Z;-symmetric model)
A1 >0, 1, >0, (3.96)
A3 ++A142 > 0, (3.97)
A3+ Ay + A5 ++/21 12 > 0. (3.98)

The first two conditions Eq. (3.96) arise as the SO(1,3) rotation re-
quires the equality A1 + A2 > |11 — A2|. The third Eq. (3.97) comes from
the eigenvalue Ag > 0 and the final condition Eq. (3.98) comes from a

combination of the eigenvalues A for k = 1,2, 3. 32

In the radial parameterisation, consider the case where y =0, 7/2 and
p =0, this gives us the stability conditions of Eq. (3.96) and Eq. (3.97).
For 1¢ = 17 we may extract Eq. (3.98).

3.5.1.2 Meta-stability of the Vacuum Solution

Meta-stability of the potential is a continuation of the bounded from
below argument using the Minkowski-space-time parameterisation
of the potential, see Eq. (3.17). We follow Ref. [32].

This argument applies to both the tensor specifying the CP-conserving
potential Eq. (3.94) and the tensors specifying the Z, potential Eq. (3.95).
Indeed it can be extended to the tensor of the general potential or to
those with other symmetry classes imposed.

It has been shown [26], [33] that there may exist at most two normal
minima solutions in the 2HDM.

Call the matrix that diagonalises the tensor R
R7'AR = diag(Ag, A1, A2, A3), (3.99)

where A(,) are the eigenvalues and A = A

32: Note these eigenvalues are read off
A}, = 8" Ay, which effects the sign of
Ak.
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33: Technically, we have at least two
normal minima, but then we may only
have a maximum of two normal minima
coexisting in the 2HDM.

Introduce the notation for the VEV solutions rotated into the diagonal
basis of the tensor

Y T
M, = R" M,

A _ pT
, Fu=R'ry
VEV

, (3.100)
VEV
where |vgy means evaluated at the VEV. Note that for a CP-conserving
potential and CP-conserving minimum solution, M, =7, =0.

Appendix A of [32] shows that a necessary condition for two mini-
mum solutions is My > 0. The case where My < 0 and M, M* < 0 im-
plies one normal minimum solution which guarantees that we have
a global minimum, and we are done. If M ,,M H > 0 then we have no
EWSB due to a trivial solution.

The condition
My >0, (3.101)

is necessary for two solutions, but so is the requirement that we are
in the so-called asteroid curve, discussed in Appendix B of [32]. The
asteroid curve condition for any CP-conserving model is

X324y <, (3.102)

with . .
_ Mi(Ag - A3) _ M3(Ao—Aq)

= — , Y= —= .
Moy(Az = A1) Mo(Az — A1)

Hence, if both Eq. (3.101) and Eq. (3.103) are simultaneously satisfied,
33

(3.103)

then we have two normal minima

At this stage, we are at risk of a deeper solution to our electroweak
vacuum v ~ 246 GeV. A vacuum that is at risk of tunnelling to a
deeper vacuum solution is known as meta-stable or a panic vacuum.
Appendix C in [32] shows how to calculate the conditions for the exis-
tence of a panic vacuum. The necessary and sufficient condition that

our electroweak vacuum is the global minimum is given by
D = My Ms#173 > 0. (3.104)

D is known as the discriminant in this case.
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We may quantify the above to the softly-broken Z;-symmetry, repre-
sented by the tensor in Eq. (3.95). First and foremost, we need to de-
termine if our potential does indeed have more than one normal min-
imum solution. The two conditions for this are given below [32].

Multiple Normal Vacuua Condition I: My > 0 (Z;-symmetric

model)
mi, +k*m3, <0, (3.105)
where
A 1/4
k = (—) . (3.106)
A2

Multiple Normal Vacuua Condition II: Astroid Curve (Z;- con-

serving model)

X234y <1, (3.107)

where Mo .
e +k§n T _1\/%, (3.108)

and o K T4
— 11 22 112 345 (3.109)

m‘%l + kzmgz VA1A2 + A345 ’

Note that A3g5 = A3 + A4 + 15.

Next, to discern the case where we may have a meta-stable vacuum
solution we have the discriminant condition

Vacuum Meta-stability Discriminant (Z,-symmetric Potential)

D =m?,(m3, - K*m3,) (tg — k) > 0. (3.110)

3.6 Scattering in the 2HDM

The scattering matrix of a system relates the initial and final states of
a process. If we call the initial state i, and the final state ¥yt then the
scattering matrix S is defined such that

Yout = Swin' (3111)
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It is a requirement for the conservation of probability current that the
S matrix be unitary SS* = I. This requirement becomes useful when
taking into account the partial-wave analysis. Separation of the scat-
tering matrix into the identity and the transfer matrix § = 7 +iT, leads
to the unitarity relation i(7" - T) = T'T, which after placing between

initial and final states leads to the optical theorem

_ lor Z(zz +1)Im(ay), (3.112)

where s is the direction of the scattering and g; is the partial wave
with spin /. Following [34], the total cross section for a ¢1, ¢2 — @3, ¢a
process is

_ 1om Z(zz +1)]ayl? (3.113)
Together Eq. (3.112) and Eq. (3.113) give us the condition
la;|* = Im(ay), (3.114)
for all /. Then writing a; = x + iy this becomes
Fayr=y, (3.115)

which is the equation of a circle with all points lying within x < 1/2
or .
Re(a;) < 5 (3.116)

The partial wave amplitude may be written

1
ai(s) = % ‘[1 d(cg)Pi(cg)M(s,t,u), (3.117)

Then the first of these s-wave amplitudes has the form

1
ap(s) = Ton —[Copipj—tntn + Chopig; 1, (3.118)

where Cx represents the coupling from a process of type X. We carry
out the calculations at high energy. In the high energy limit, we only
need to consider s-wave channel four-point scattering processes, cor-
responding to quartic couplings in the potential. Considering only
four-point couplings we may re-phase the unitarity limit Eq. (3.116)
to

ICip;— | < 8. (3.119)

Notice that such a limit is less restrictive than a standard perturbativ-
ity factor limit of 4.

Calculating the couplings in the mass basis is rather involved, and
it is more convenient to do it in the Higgs basis or before EWSB by
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substituting the non-physical field doublet perturbations of Eq. 3.68

into the potential 3*

The calculation of couplings in the Higgs basis is 34: This approach is valid as the scatter-
ing matrix in this parameterisation is re-
lated to the physical basis (after EWSB)

by a unitarity transformation. As such,

delayed until the following chapter.

The elements of the scattering matrix for the two-to-two particle scat-

terings are classified based upon quantum numbers of the interac- it is enough the ensure the unitarity of

. . either of these scattering matrices.
tions of interest.

We have categorised the fields based upon the quantum numbers in
Table 3.3. In Ref. [34] they calculate all possible scattering states such
that we get a 22 X 22 matrix with block-diagonal elements defined by
in and out states

My = (¢p1¢5, ¢507, hiz1, haza, 2122, hiha),

- _ 7171 2222 hihy hahy
Mo = (707, ¢3¢

SRR

(3.120)

Mz = (h1z1, hoz2),

My = (h1¢y, hao], 2107, 2205, h1¢3, hady, 2105, 2203 ).
See the reference for the evaluated matrices and corresponding eigen- Z |Y | o o
values. slal | 41| +1/2 | 4172
There is another method which gives us fewer eigenvalues to solve. ¢F | -1 | +1 | +1/2 | +1/2
In Ref. [35] they observe that under a re-phasing 15, CP is conserved n |41 | 41| 4172 | /2
at high energies. Then from this, they find that they can calculate the
two-particle scattering before EWSB in terms of n;, rather than #; and np | -1 | +1 | +1/2 1 -1/2

z; separately. Next, they categorise each set of combinations we may Table 3.3: The quantum numbers of the

make from the doublets ¢; and ¢, by quantum number in their equa- fields before EWSE.
tions (4) and (5). In their other work Ref. [36] they expand these dou-
blet combinations in the fields ¢! and n; before EWSB as shown in
Table 3.4. Then finally, from these sets of two-particle states, they cal-

culate the corresponding tree-level matrices.

Table 3.4: The doublet field scattering pairs before EWSB categorised by quantum numbers, taken from Ref. [36].

Y=1 Y=0
o | o, | Zyeven Z> odd Z> even Z> odd
+ 14 + ok + %
1 $147 ot ( 1M ) ( $1n; )
+ ot 1 ok ok
¢2¢2 2 ¢2I’l1
11 0 201 pima+drm 2 2
biny V2 ¢3¢, —12n; $; ¢ —man]
2 V2 V2
1 ning nina ¢1m pin2
nany () $yn1
o ot &7 ¢y +nn] T py+nin;
12 P V2 V2
0|0 absent 5 836, tnans 567
V2 V2
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The scattering matrix has a block-diagonal structure due to the group-
ings by quantum numbers. For the general 2HDM the scattering am-
plitudes are written following the designation of Table 3.4 as [35] (see
also [37, 38]).

A1 A5 V216
ANP=l & N2 | (3.121)
‘/5/16 \/2/17 A3+ Ay

and
AL = (23 - Au), (3.122)
and
A1 Ag A /12
Ay A Ay A%
Ao = T (3.123)
A A A
6 A7 A5 A3
and
/13 2/13 + /14 3/16 3/12
213+ 4 34 31 3%
=] T ? ’ 7 (3.124)
34, 345 A3 +214 34
346 317 315 A3+ 24

The notation of these eigenvalues is eig(AfZ(r ) the unitarity bound be-
comes .
ig(A))] < —. 3.125
eig(A)] < 5 (3125)

We may analytically give eigenvalues for a Z,-symmetric model, here
we write them in the form of scattering amplitudes such that the uni-
tarity limit condition of Eq. (3.116) applies. Similarly, the notation of

. . 7
these eigenvalues is a}? ..
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Tree-Level Scattering Amplitudes Eigenvalues (Z;- symmetric
model)
‘fﬁe"e“ = on (/11 + 2 £ 4/(1 = 22)? +4/12)
161(13"9“ = % (/11 + 2 £ 4/(1 = 22)? +4/12)
a](;g)i,even _ BL (3(/11 +12) £V9(11 — 12)2 +4(213 +/14)2),
L 16_,, (a+0), (3.126)
h?"’dd = %(/13 - Ay),
g?i'Odd = %(/13 *1s5),
OL&OC‘d = %(13 +214 +325).

Moving to next-to-leading scattering, in the Z,-symmetric model only

block diagonal one-loop contributions to the scattering matrix are

non-negligible. As such, the eigenvalues for the one-loop case may

be expressed rather simply in terms of the matrix elements according

to Ref. [39].

One-Loop-Level Scattering Amplitude Eigenavlues (Z;- sym-
metric model)

10

11+

NLOodd _ 1

aNLOodd % (234 N 36),
ON]I;O,odd _ %(313 + Bis), (8.127)

= B1o,
Teq 219

1
GNLOeven _ 2 (Bzo +Bo1 = \/(320 — B21)? +4B; )

1
a0dd = ——2Bj3).

l6m

The B; make up the block diagonal matrix elements and are given in

their simple form in the Appendix of Ref. [39]. The form of B; along

with wave function corrections may be found in correspondingly la-

belled entries of the Appendix in Ref. [40]. B; are also composed of
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B functions for the A terms, their complete form along with correc-

tions from the gauge coupling parameters g1, g2, g3 and the Yukawa
couplings may be found in Refs. [41] and [42].

The constraint from one-loop unitarity is stronger and is given as

1
=. 12
: (3128)



Phenomenology of the
Two-Higgs-Doublet Model

Continuing on from the previous chapter which introduced the the-
ory of the 2HDM we now discuss the phenomenology needed for our
global fit.

Firstly in this chapter, we introduce the Higgs basis and detail why it
is useful to work in. Next, we look at the Yukawa structure of the
2HDM and find that in the most general case, the scalars mediate
FC interactions. Such interactions offer identifiable fingerprints in the
search for scalars beyond the SM. We discuss an array of interesting

flavour observables that offer such a fingerprint.

Finally, we introduce the electroweak oblique parameters and describe
how they may be extended to a 2HDM.

4.1 The Higgs Basis

It is often more convenient and intuitive to move to the Higgs basis
in which a non-trivial vacuum solution is identified with ®;. In the
Higgs basis, it is easier to identify cases with SM-like scalar structure
and more straightforward to expand the potential around the vacuum

solution.

The Higgs basis is achieved through a transformation of the doublets

in B [43]
H] _ cp g
H»> - -sg g

This transformation means that the scalars A? and H* will be rotated

@,

o | (4.1)

into their mass eigenstate. In the Higgs basis, the doublets take the

form

V2H*

1 V2G* 1
S/ hy +iA°

v+ hy +iG°

) ) (4.2)

where h] and h} are combinations of the CP-even neutral Higgs fields
rotated in S, A? is a CP-odd neutral Higgs field, H* is a charged Higgs
field, and G* and G° are the would-be Goldstone bosons. The most

general potential (see e.g. Ref [43]) in the Higgs basis is*

*The transformation between the Higgs basis and generic basis is presented in Ap-
pendix A of [43].

4.1 The Higgs Basis . . . . . .. 67
4.1.1 Basis Independent Methods:
Couplings of the Potential .. 70
4.2 The 2HDM Yukawa Sector 72
4.3 Decay Spectrum of the 2HDM

Higgs Scalars . . . ........ 76
4.3.1 Modified Decays . . . .. 76
4.3.2 New Decays . ....... 78

4.3.3 Flavour-changing Decays 79
44 Flavour Processes in the
2HDM ............... 80
4.4.1 Effective Field Theory for
Flavour Physics Observables . 80

4.4.2 Meson Mixing ...... 81
Meson Mixing: Calculation of
Observables . .......... 82
Meson Mixing: SM Calcula-
tion................. 84
Meson Mixing: 2HDM Contri-
butions............... 85

On the Discrepancy within the
Two-Higgs-Doublet Model . . 87

4.4.3 Radiative B Decays ... 89
Radiative B Decays: Wilson Co-
efficients . . . ........... 93
44.4 Leptonic Flavour Pro-
CESSES . & v v v vt i 97
Electroweak Penguins: B —
Kptpu oo oo, 97
Rare Fully Leptonic B decays:
BY st o 98
Tree-level leptonic and semi-
leptonic B and D decays . ... 99
4.5 Oblique Parameters ... 100



68

4 Phenomenology of the Two-Higgs-Doublet Model

General 2HDM Potential: Higgs Basis

V=M2H H,+M2H Hy— (M2 H H, +H 1A H H ?
= MpfyH+ My Hp o = (Mp Ay + Hec 4 oA | Hy i

1 2
+ 5 (HQHZ) +As (HjHl) (H%Hz) +Ay (HIHZ) (Hng)

+ {%A5 (hthz)2 + [ (H{EL) + A7 (B3 1 )| H +H.c.} ,

where A; (i = 1,2,...,7) are the quartic couplings and Ml.zj are the
bare mass-squared parameters. In general, As, Ag, A7 and Mj, can be
complex. Note that one can choose As to be real by redefining H; and
H, [43].

Since only H; takes a VEV, differentiating Eq. (4.3) with respect to H;
and H,, gives the following minimisation conditions

1 1
M = _EAlVZ/ M3, = §A6V2, 4.3)
which can be used to eliminate M and MZ, as independent variables.
Eq. (4.3) applies to both the real and imaginary parts. Inserting (H1) =
(0,v/¥2)T into Eq. (4.3), we obtain the squared mass of the charged
scalar .
M%. = M3, + Evag, 4.4)

the mass matrix of the neutral CP-even scalar

A1v? Agv?
w2 = oY (4.5)
Agv? mi + Asv2
and the mass of the CP-odd scalar
2 2 1,
my ZMH+—§V (A5—A4) . (4.6)

2
A

Asv? = M2, +v?Azs5, where Aggs = Az + Ay + As. Extracting the CP-even

Notice then that the {2, 2} element of the CP-even mass matrix is m?, +

mass eigenvalues

1 2
My = E{ 2 402 (A1+A5)i\/[m2A+v2 (As—A1)] +4v4Aé} . (47)

The CP-even physical Higgs states are related to the fields /] and £}
via a negative rotation in « followed by a rotation in 8, RT (a)R(B) =
R(B — @), in matrix form

HEERFI
h Sga CRa hé ’

where we have define cg, as cos(S — @) and similarly for the sin term.



The angle B — a is important as in the limit s, = +1 we get h] =
Ho, S = H° and we recover ®; as identically the SM scalar doublet.
The alternative identification occurs when 4y = H?, hy = K9, this is
known as the hidden Higgs scenario, and the SM case corresponds to
sga = 0. A possible hidden Higgs scenario occurs if mpy = 125 GeV
and identifies as the SM Higgs scalar while m;, < 125 GeV.

We may perform the rotation in the mass basis to write the masses in
terms of B—«a
M;, = R (B~ a)MR(B~ ), (4.9)

where Mﬁ is the diagonal (physical) mass matrix. The off-diagonal

entries M? being zero results in the relation

2A¢

m/zqzv2 (A1—As) + .
D2(Ba)

(4.10)

In the Higgs basis, it is easy to see the mixing between the CP-even
scalars. The mixing of the CP-even physical eigenstates is controlled
by the off-diagonal parameter in the CP-even mass matrix. If the off-
diagonal parameters are small relative to the diagonal terms, then the
mixing will be suppressed, and we have SM-like behaviour for the
lighter CP-even state. This case is known as the alignment limit. We
can see by looking at the form of Eq. (4.5) that the alignment limit
is reached at low Ag relative to the diagonal CP-even mass matrix
entries.

Another way that we may recover the SM-like behaviour is by having
one CP-even mass much larger than the other. The decoupling limit
is reached when m? + As > A1. As the other heavy scalars are all set
by m2, (via m,) then this condition separates the spectrum into a light
SM-like state and much heavier extra scalar states as needed for the
limit.

In the general 2HDM tg is not a physical parameter (see [44] for a com-
plete discussion into the significance of 7g). The physical parameter is
Sga, Which needs to be sufficiently close to one (i.e. the decoupling
or alignment limit) to give rise to an adequately SM-like Higgs bo-
son that obeys current observations [45]. It proves handy to find the
physical angle 8 — @ in terms of the scalar masses. From Eq. (4.10)

2V2A6
I/I”llz4 + v2(A5 - Al) .

Dp-a) = (4.11)

In the alignment limit #(g4) and thus A¢ approach zero, as mentioned.

4.1 The Higgs Basis
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36: Defined by

and

€ =€ =-1,

€11 = € = 0.

(4.15)

(4.16)

Combining Eq. (4.7) with the above Eq. (4.11), we may show that

mzA + v2(A5 - A1)

C2(B- == ’
(B-a) m}zq _ mi w12
2AgV? ‘
S2(B-a) = T35 5
mH b mh

We choose cyg-e) and syg-q) negative, following convention that
sga — 11is the direction of the alignment limit. Choosing both pos-
itive corresponds to a rotation of 7 in (8 - @) leading to a redefinition
of the alignment limit to sz, — 0.

When recovering 8 — « from (4.11) it is guaranteed to lie on the inter-
val (=%, 7). The sign of 8 — « is dependant on (4.11).

The value of B8 always lies on the interval (0, 5). If we calculate @
using (4.11) we get an accessible region of (-7, 7). It is, however com-
mon to re-phase @ by 7 (half-period) such that it lies on the interval
(=%, %) if necessary. This will also re-phase (8 — @) and flip the signs
of cg, and sg, but leave the forms of (4.12) invariant. In our conven-
tion, the signs of cg, and sg, are retained if re-phasing is carried out,
in other words, the signs are always obtained from Eq. (4.12), rather

than the combination (8 — «) itself.

4.1.1 Basis Independent Methods: Couplings of the
Potential

The work of Ref. [44] uses a basis-independent treatment to examine
the phenomenology of the 2HDM. Their methods allow for an elegant
approach for extracting all cubic and quartic couplings of the scalar
Higgs and Goldstone particles. Begin by defining the unit norm vec-

tors as
, c
Dy = em( -~ ) (4.13)
sﬁe K
: —sge i€
Wa = Vieqp = ¢ ( B ) (4.14)
g
where €, is the Levi-Civita tensor 3¢ and
Pribg = 0. (4.17)

Then the doublets in the Higgs basis are related to those in the generic

basis via

o (4.18)
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We may also express the rotation between the generic and Higgs basis

as
o= "1 7 ) (4.19)
1 "2

Comparing the Higgs basis to the potential form introduced in Eq. (3.3),"
beginning with the quadratic terms

ME =Te(YV), M3, =Te(YW), M}y =Y ;0o (4.21)
where V - = D 02 and W5 = WaWl The quartic term relations are
shown in Table 4. 1
We may express a doublet field (following Appendix B of Ref. [44])
according to physical fields A Z,5.7VeaVaz
Ao | ZpcaWhaWae
o Gy + H* g w2 abed
= Vs 5 —i ~ ’ A zZ a c
) A % Y1 (ak1Pa + qrae™ W ) hy 3 | ZapeaVbaWae
Ayg ZabchbL Waa
Then we may write the potential in terms of physical couplings, so we
. .. . . As Zahcdv va Wa
may read off cubic and quartic interaction terms directly from poten-
tials given in equation (57) - (60) of Ref. [44], the couplings to vector Ao | Zpea¥zpVeWa
bosons are stated in (64) - (67). The equations of the potential derived A7 | Z g aPewpWing

from the doublet (4.22) are in a basis independent form and as such Table 4.1: Relations between couplings

the mixing angle needs to be defined specifically. We use the standard of the Higgs basis and the tensor basis
. . .. .. . introduced in Eq. (3.3).

Higgs basis prescription of Eq. (4.8) for the CP-even mixing with a CP-
conserving potential, which corresponds to Case I in the Appendix of

[44]. The definitions necessary for this are

Sga €6CRa

qu=| P o | (4.23)
0 i
i 0

where € = sgn(Ag). The term e 7192 = & and there are also factors that
come with each of the neutral physical Higgs states when reading off
the couplings, these are shown here in brackets,

+DR, (—e)H®, (e)A°, (+1)GO. (4.24)

* Given here for convenience

Vi = Yap ®),®p+
1 : . (4.20)
Ezabcd(q)aq)b)(q)cq)d)'

where the summation for a, b, ¢, d = 1,2 is implicit.
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37: Note also that ®; = i 0 ®}.

4.2 The 2HDM Yukawa Sector

The most general Yukawa Lagrangian of the 2HDM reads

~Ly =Q YV &y + Y2 dy)ug + 0 (Y;fq)l + Y§>"(I>2)dR+

- ) (4.25)
LY@ +Y/ ®))lg +He.,

where Q = (ur, di)T and ug, dg, are the SU(2) quark doublets and sin-
glets, respectively and L = (e, pr)? and Ir are the SU(2) leptonic
doublets and singlets, respectively.?” Rotation into the Higgs basis
presents us with a form which may more easily identify the Yukawa'’s
with physical masses of the fermions

~Ly =0 (kH1 + & Ho)ur + Q (kaH + &4 Hp) dr+

_ (4.26)
L (k;Hy + ¢ Ho)Ir + [Hc ],
with the rotated Yukawa’s
kr=Ylcg+Y2s ,
F =BT B 4.27)

£ =—Ypsp+Yicp.
There is always a basis in which we can identify «, as the diagonal

V2M
kp == iy (4.28)

fermion mass matrix

where M; = diag(m ) are the masses of the respective fermions. As
we have two non-trivial Yukawa matrices, choosing « s purely-diagonal
allows for the possibility of off-diagonal entries in &f. Such entries
lead to new FC interactions at tree-level and beyond. The absence of
FC interactions in experimental observations thus calls for an adjust-
ment to the general 2HDM. There are two ways in which we may nat-
urally impose flavour conservation: an introduction of a symmetry or
an alignment within the Yukawa sector.

If we rewrite the potentially flavour violating term matrix ¢ with re-
spect to k, we may be able to spot patterns that will allow us to avoid

flavour violation
i
£F = — —krig. (4.29)
B
Substituting either of the £ or « into the above will satisfy the equation.
We may also reverse this in terms of Y}

!
& =——L tkpetp (4.30)
Sp
These relations forbid any off-diagonal terms in the Yukawa’s. Impos-

ing the restrictions by hand is known as aligning the Yukawa cou-



plings and is equivalent to setting

Y} Y7 (4.31)
As such, with one of the above alignment conditions present, ensur-
ing only a single Yukawa doesn’t have any off-diagonal terms guar-
antees protection against FC completely.

An alternative method is through the introduction of Z; symmetry.
The symmetry will explicitly assign each fermion only one doublet

with which to couple.

By convention, there are four models described by their Yukawa cou-

plings, and they are listed in Table 4.2. The introduction of Z-symmetries

within the Yukawa sector introduces relations of nature

ff Zkaf. (4.32)
where ky is a scaling factor, the scaling factors for respective models
are given in Table 4.3.

The most discussed, the type-Il 2HDM assigns Zy-even to @, Z¢-
even to ®; and Zé—even to @1, leading to the terms

4.2 The 2HDM Yukawa Sector 73
Type D, b,
(Z2+)  (Z2+)

I X u,d, e

1II d, e u

X(@LS) | e u,d
§a = ~Kalp, Y (flp.) | d u,e
Ee = —Kelp, (4.33)
&y = kycig.

These may be derived in two ways. One method is directly from the
form of the rotated Yukawa’s (4.27) by setting either of the unrotated
Yukawa'’s Y} orY ]% to zero by the respective Z, symmetry present.
The other method is from the alignment conditions of (4.29) and (4.30)
by again setting the respective Yukawa to zero. The relationships be-
tween masses and unrotated Yukawa’s in each model are then pre-

sented in Table 4.4.

The general type-III 2HDM does not impose any restrictions on the
Yukawa’s, and as such it allows for FC processes at tree-level. The
type-IlI model is most easily and commonly studied in the Higgs ba-

S1S.

Rotating the remaining fields (CP-even) into their physical basis and
performing EWSB on Eq. (4.26) gives us a form from which we may

Table 4.2: Models of the 2HDM Yukawa
sector. The general model couples to
both the doublets. By convention there
are four models that preserve flavour
and are widely discussed.

Type ky kg ke

I ctg ctg ctg
| ctg —tg —tg
X(LS) | ctg ctg ~—tg
Y (flp.) | ctg —tg ctg

Table 4.3: The

Yukawa coupling fac-

tors for the 2HDM in the Z,-symmetric

scheme.
Type \/Eéwu \/iéud ﬁi”
I Y,fs/g Yjs/g Ygsﬁ
I Y,fs/g Y;c/; v} cp
X(LS) | Y2sp Yisg Yieg
Y (flp.) Y‘%Sﬁ Y;cﬁ Yezsﬁ

Table 4.4: Relationship between mass
matrices and the Yukawa’s in the

generic basis.
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read off the couplings of fermions and scalars
_ £D FU * +
-2y =up (VCKM,hc EcaPrR =62, VCKM,caPL)da H
+dy (f Vexmae PL = Vexmen fcaPR)“a H

h —_— P 2D x*
+ E(db [{Kl?asﬁd +§bDaCﬂa/}PR + {KbDasﬁa +§:l?a Cﬁa}PL]da

+ﬁb {Kgasﬁw + égucﬁa}PR + {KbUaSﬁa +$g;cﬁa}PL:|ua)
(3

up {Kffacﬁa - sééjasﬁa}PR + {Kgacﬁa —fgjsﬁa}PL}“a)

S

{Kl?acﬁa _ébDaSB(t}PR + {Kl?acﬁ“ - 55£“S/3a}PL]du

ﬂlm

d +ub

A
+E(db EDPr-EDrPL

&P &),

(4.34)
where a,b = 1,2,3 are flavour indices and u, and d, denote the up
and down quark states in the mass basis. For simplicity we have left
out the leptons from the above. The derivation of this Lagrangian is
presented in Appendix B. Defining

RL
ng‘Iu¢ =i (rqbq¢PR +rqbquL) s (435)

as in Ref. [46], we may read off each coupling * provided in Table 4.5.
For Z, aligned 2HDMs the terms are given in Table 4.6. We note the

relationships
TR = g Val%,
RLH*
Ted" = KuVudl, (4.37)
A X
Ffufb —161“

The charged scalar particle and lepton interaction term appear in the
Yukawa Lagrangian as [\/El"jf fArlgH* +H.c.], the neutral scalar-lepton
interactions are the same as those of the neutral Higgs-quark interac-

tions.

Looking at the couplings for the type-I model given in Table 4.6 we
see that when a = 0 (or a half-period rotation of this), the couplings
to the fermions rotate entirely towards the SM-like Higgs. If we then
take sg — 1, we find that we recover complete SM-like behaviour
within the Yukawa sector. This is only possible within the type-I model

as Z, symmetry alignment is assigned to the same field.

Working in the type-III model without flavour alignment introduces a

large number of variables into our theory (the extra Yukawa’s). The in-

*Due to the Hermicity of the Lagrangian an important identity holds,

LR¢ + _ ~RL¢
an% _F‘Ibqa' (4'36)
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Table 4.5: Scalar-quark-quark couplings extracted from Eq. (B.13) using the convention of Eq. (4.35).
LRé RL&
dbYa qu]u
Mg 1., Mg p 1 .
— q,ba q qa,0a qd
qpqah —sﬁ(l"'_é‘: CRa sﬁa+_(§ ) CRa
. Vv \/E ba R \/z ba
Mq ba 1, M b 1 .
—_ , q q,ba q * .
qrqaH " CBa — Ef[,asﬁa — CBa— E(gba) Sga
Tgad Lér ()
updH* Verkmpe €5, —(£Y)* Vexmea

Table 4.6: Scalar-fermion couplings in the convention of Eq. (4.35) for each of the Z, aligned 2HDMs. For the charged and pseudo-

scalar particles we may write couplings in terms of I“)f( according to the relationships gi

ven in Eq. (4.37).

Type Ui Uhar Togr Uier Tige Thge X 181X
I colSp  Calsp colSg  SalSg  SalSp  Salsp ctg —ctg —clg

II colSp  —Salcp —Salcg  SalSg  cCalcg calcg clp tg tg

X (LS) colSp CalSp  —Salcg  SalSg  SalSp  calcg clp —cig tg
Y (flipped) | co/sg  —Salcg  cCalSg  SalSg  Calcp  SalSg ctg 1ty —cig

crease in parameters becomes computationally expensive for numeri-

cal scans. As such, we introduce two different sets below.

Yukawa Set I: Full This is the case where all extra Yukawa's are
non-zero. As the Yukawa’s are complex numbers this introduces 54
variables to our theory®® , making it computationally expensive to

explore

SU fU pU £D D £D
i ¢t 613 ‘n ¢t 613

U _| su pU sU D _ | 2D sD  ¢D

&= & bt & |- §7 =& & |
U fU pU 2D D £D
§31 ¢ &3 §31 ¢ &3 (4.38)
SL L AL ’
11 S12 13

PL _ | fL £L AL

§7=| &1 bt &
AL 2L AL
§31 63 &3

Yukawa Set II: Restricted With the knowledge that the couplings
to the first family are very restricted we introduce the restricted set of
Yukawa’s. In this set only the most dominant Yukawa’s, which are
those that contain the third family, are non-trivial. We also set the lep-
tonic Yukawa’s trivial, although this restricts our analysis to flavour
changing in the up and down sector we do so for the study to remain
computationally viable. The restricted set of Yukawa'’s then takes the

38: Here we include the Yukawa’s cor-
responding to the leptonic terms which
we have not previously included in our

Lagrangian.
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form
0 0 0 0 0 0
&=lo o & [, =0 o £&|,
0 & & 0 &5 &2
32 33 32 33 (4‘39)

00 0

=100 0

000

The only a priori requirement placed on the entries of £V and €7 is
that they respect perturbativity. This is the set of Yukawa's we use for the
type-I11I analysis.

4.3 Decay Spectrum of the 2HDM Higgs

Scalars

In section 2.5, we described the decay spectrum of the SM Higgs bo-
son. The introduction of another doublet (new scalar states) not only
brings new exotic decay channels but also alters some of the SM chan-
nels. In this section, we revisit the decays in their most general form.
Throughout, vertex couplings are denoted as Cx, where X identifies
the vertex interaction.

4.3.1 Modified Decays

Scalar to Fermions: ¢ — ff The scalar to fermion-fermion decay
width is not altered for 4 from the one stated in Eq. (2.5). There is,
however, a new class of decays that may occur in the 2HDM, these
being tree-level FC decays. If there is no protection against FC inter-
actions, the two final fermion states may be different. For a charged
Higgs scalar, the initial and final state fermions belong to different
families.

¢ — fifr Decay Width

Nemg | o 2| | 2 2
8n €"|Cs|“+€7|Cp]| /l(l,efl,efz). (4.40)

(¢ — fifs) =
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Above as usual

€f=1- (e = efz)z,

A(1,a,b) = (1-a-b)* -4ab, (4.41)
_ s
€r = m¢.

The vertex couplings in this process correspond to scalar and pseudo-
scalar terms respectively. We may recover the SM decay width by set-
ting |Cs|* = V2GF, |Cp| =0 and fi = fo.

Scalar to Vector Bosons: ¢ — VV/VX These processes remain the
same as those detailed in section 2.5. If the charged scalar particle is
the initial state, then care must be taken to ensure quantum numbers

are conserved.

¢ — VV Decay Width (m4 > 2my)

ICivv |PmS
T(H; > VV) =6yl 91y 4322 )T —xy.  (442)
1287Tm“1,
Above as usual
4m§
xXp=— (4.43)
m,

and the symmetry factor is 6w = 2 or 6z = 1. For the case where
mg < 2my we may get the state ¢ — VX with an off-shell V, the
numerical expression for this process is given in (15)-(17) of [47].

Scalar to Photons: ¢ — yy Earlier we showed that this decay hap-
pened through a loop. In the 2HDM the charged Higgs scalar con-
tributes to the loop and as such modifies the form factor for the chan-
nelin Eq. (2.108). We also note that to accommodate scalars other than
the light Higgs, we need to normalise each of the factors according to
their respective Yukawa’s. The most general equation for the decay
within the 2HDM is given below.

#: — vy Decay Width

a’m3

L6 = ¥7) = gep 5 IV (mo)P +1P7 (mg )P ). (4:44)

77
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Above, the scalar and pseudo-scalar form factors have been separated

as
Y = 208 _ Y op — Y F
S (Wl¢i) 2f Z NCQquS,-ff my s(xf) C¢iWW2m%V W(xW)
ermions
—Conrn-—5Fe(xu+),
H*
(4.45)
and
Y — 2-~P V.
PY(mg,) =2 Z Nchc@ﬁmpr(xf). (4.46)
fermions :

Fw remains the same as in the SM case, see Eq. (2.108). We split the
Fy into it’s scalar and pseudo-scalar counterparts as

Fo(xp) =xp[1+ 1 =xp)f(xp)],

(4.47)
Fotan) = 52,

and the new charged scalar form factor contributions is

Fi(Xf)=Xf[Xff(Xf)—1]. (4.48)
The function f(x) is also unchanged from Eq. (2.108).
Scalar to Gluons: ¢; — gg The ¢; — gg decay loop remains the

same; however, we may re-express it in the same general form as we
did for the above.

¢; — gg Decay Width

2m3.
(01— 88) = 55 525K 15%0m0) P+ KEIPE (g ). (449)

In the heavy quark limit the QCD corrections are given below.

as(m?)
o _q, 00, (95 7nf)/

K = + _—— =
S 4 6
i (4.50)
¢ +as(m¢,.) 97 7
P by 4 6nf !

where n¢ is limited to the quark flavours for which my < m.,.

4.3.2 New Decays

Higgs to Vector Boson-Higgs Pair: ¢; — V¢; The width of this new
process is given below.
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¢i — V¢; Decay Width

Cy,v o, 1°m? m, my m2, m}

M= Vo) = Loy Vﬁ(l,%,—ﬁ-’)al/z(l,—;, ;‘”).
16n%my My My Mo My,

(4.51)

For an off-shell gauge boson we may have the decay ¢; — V¢; —
b fif5. This decay width is given numerically in (21)-(22) of [47].

Higgs to Higgs-Higgs Pair: ¢; — ¢;¢r An important decay in the
2HDM is the three-point Higgs particle decay. The width is given be-
low.

¢i — ¢;j¢; Decay Width

2
| C¢i ?Dj bk |

32—”771@"/1(1,)@',)(]{). (452)

[(¢i = ¢jdr) = (2-3x)

Couplings for this decay can be read directly off a potential written in
the Higgs basis as detailed in section 4.1.1.

4.3.3 Flavour-changing Decays

In Table 4.7 we have listed the FC decay allowed by the restricted
Yukawa space and their corresponding couplings.

Due to the heavier masses of the b, s and ¢ quarks the FC processes
of the Higgs scalar that could provide a fingerprint for BSM physics
are h — bs and t — ch. Another interesting process is the leptonic
h — tu, but we do not discuss leptonic FC processes in this work.

The h — bs decay width at tree-level®® , neglecting final state masses
is given below.

h — bs Decay Width

2

3myc R R
P(h—bs) = — P (1850 +1E00) . 459

Again, if we neglect the charm mass, the r — ch decay width at tree-

level is given below.

39: Beyond tree-level, h — bs receives
QCD corrections at NLO that may in-
crease the rate by 10 — 20% [48].
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Yukawa's
2D 2D
$3:83

t— c¢0 %12

Decay

#° — bs

0 FU £U
t — Hts fﬁ*,f%
H* — bt §£,§33*
H* — bc fg,§32*

+ _, = 2D fUx
H™ =5t | &3,65
t— H'b | D%, &

Table 4.7: Notable FC processes in the
general 2HDM involving ¢° = h, A, A
and H*, with contributions from the
Yukawa'’s of Eq. (4.39). Notice that the
charged Higgs Yukawa’s always appear
in a pair with the CKM matrix, which
we take here to be diagonal (but not in
the numerical scan). For h — rc at least
one of the quarks is off-shell.

40: In anticipation for the fits, detailed
information about these processes as we

use them is summarised in [49]

41: The basis consists of ten operators
with another ten that are obtained by
flipping chirality.

t — ch Decay Width

m;c

t 2 m2 2
I(t — ch) ~ 3;" 1292 (1— m—g) . (4.54)
t

For the conjugate process 7 — he, &5 — E2.

4.4 Flavour Processes in the 2HDM

Due to the suppressed nature of FC processes in the SM, the FC ob-
servables are highly sensitive to NP contributions. FC processes will
depend on our Yukawa couplings, which in the Type-III are not re-
stricted by symmetry and in the Z,-aligned models are proportional
to tan 8 as described in table 4.3. In this section we prepare our un-
derstanding of the FC processes that we include as constraints in our
global fits that we are yet to speak about. The first two subsections
will detail meson mixing and radiative B-decay processes. We apply
the constraints from both these processes on both the type-III and Z5-
aligned models. As such we detail them significantly, and explore
the available parameter space of B, meson mixing processes in the
type-III model. The third section describes leptonic processes. This is
done with much more brevity and we provide references to more de-
tailed descriptions*’ . We fit the leptonic processes just to Z,-aligned
2HDM models. There has been much previous work done fitting fla-
vor physics anomalies with the 2HDM, particularly the Type-Il model.
Some notable works include [50], [46], [51], [52].

4.4.1 Effective Field Theory for Flavour Physics
Observables

We use an effective field theory approach to compute flavour observ-
ables. Section 2.6 introduces EFT methods. Flavour processes may
be categorised by groups of operators known as classes [22]. Using
flavour quantum numbers, it is convenient to classify operators into
1

classes that cannot mix. These classes follow a basis structure 4! as is

introduced in Ref. [53]. Each entry of the basis has the form

0; = W1PR(X:)u¥2) (Y3 (X;) " ya), (4.55)
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Class | Flavour Structure | Class Quantum Number
I sbsb, dbdb |AB| =2
II ublvy,cblvy |AB| =1
11 sbiic, sbcu |AB| = |AC| =1
Ebﬁc, dbcu
Y% 5bsd, dbds |AB| =1,|AS| =2
bsbd
\Y% 5bqq,dbqq |AB| =1,|AC| =0
SbF,dbF
5bG,dbG
5bl,dbll

where

Xu = Vur YuT 2 Vo Vg T LT, 0 0 T, Yivpors Yuvpo T
(4.56)
The classes are identified by the various y;, given in Table 4.8. The
exception to this basis designation above is Class 1. This class struc-
ture covers all possible operators and there is a possibility of Fierz-
equivalent pairs, in which case we remove one from the pair. Calcula-
tions do not always follow the same notation as this but calculations

will always be limited to the designated class.

4.4.2 Meson Mixing

Oscillations amongst the neutral mesons M? — M~ lead to some in-
L —0

triguing observables. The M° and barred meson M~ do not share the

same mass or indeed the same width.

The down sector mesons for which the analysis is interesting are M =
BY and BY, mesons, the K” (Kaon) and also the D° meson. The latter
of these two requires that we use the complete set of extra Yukawa
couplings as the couplings always enter the process calculation with
a term that is otherwise zero in the restricted set. As such, we focus our
discussions to the BY and B?l mesons; but mention the Kaon and the
DY meson when calculations are applicable to these as well. A study
with the Kaon and the D meson is an interesting extension as the
mixing processes yield smaller SM predictions and in turn, are more
sensitive to BSM physics contributions.

Table 4.8: Operator Classes I-V. We do
not include Lepton or Baryon Number
Violating operator sets (Classes VI and
VII, respectively.) In class V we have
FH” and G*” which construct the mag-
netic penguin operators.
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4.4.2.1 Meson Mixing: Calculation of Observables

Following Refs. [54] and [55], we may define our mixed meson state

MO
Y= ( =0 ) . (4.57)
The Schrodinger equation for meson mixing is
d i
ZE¢ =(M- El)w, (4.58)

where M and m are Hermitian. Upon expansion of this we have

-0
(MO17¢ P22 M)
ZmMo

i
(M - E.)lﬂ = mj(‘?l)oéu +
(4.59)

m(O)O—Ef +ie

- Z<M°|7€AB'=2|f><fl%'AB':2|MO>
2 4
mMo 7 by

where % 281=2 is the Hamiltonian for |AB| = 2 processes. We will state

it explicitly for meson-mixing later. The first term
m 06, (4.60)

corresponds to the time evolution of the mass, and does not affect
the meson oscillation. This term does not contribute to our FC pro-

cesses.

The next term
<M0|%|AB\=2|M0>
2mMo

, (4.61)

contains all of the flavour oscillation processes. These are known as
short-range off-shell (dispersive) and encoded in the M matrix. We
will be interested in the off-diagonal contributions.

The final term

1 MO 1AB =2 o |AB|=2 7
T Z (M”] Lf] | )/ (4.62)
f

m(o)0 —Ef +ie

M

describes flavour oscillations that occur due to hadronic intermediate
states, which are long-range. These are on-shell (absorptive) processes
and compose the m matrix.

For By and B, mixing we may ignore absorptive long-range effects as
they are negligible and as such the mass splitting is derived only from
M.

The physical mass splitting is then

AM = 2|M13]|. (4.63)
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where Mj; is the off-diagonal element of M.

Consulting the EFT, it is possible to describe all meson mixing pro-
cesses using the closed basis of operators of class I (JAB| = 2), given
by

01= (1,7 PLvv2a) Wagy" PLivap),

02 = (U1,PLY20) (WagPLap),

03 = (U1, PLY2p) WagPL¥aa), (4.64)

04 = (U1,PLY20) (W35PRYAR),

05 = (U1, PL2p) WapPrYAG),

where we have explicitly denoted the colour indices @ and g. By flip-
ping the chirality of the operator basis L — R we construct the primed
operator basis 0;. fori =1,2,3. The operators O4 and Os are equivalent
under such a flip. Making use of the y matrix identities, the chirality
of the particles is related to the projection operators through

UPLY =URYL, WPRY = YLYR. (4.65)

Recall that a chirality flip of ¢ occurs through an interaction with a
scalar particle.
The effective Hamiltonian for the class I operator may be constructed

as

5 3
T2 = 2N Ciw) 0:w) - Y CHw) O(w). (4.66)
i=1 i=1

Notice that in the effective Hamiltonian above we have factored out
the conventional factor*? that arises from the W boson loops. We in-
clude this factor as necessary.

Relating the effective Hamiltonian to the off-diagonal elements of the
interaction matrix
0|gp 1ABI=2 770
(MO 2

My = 5 , (4.67)
M0

with the matrix element of the Hamiltonian
(MO SE2 ") = 3 i) (MG10: ()| MY (4.68)
eff - ! qtt a” '
The matrix element of the operator i
—0
(M°10;()IM") (4.69)

contains all the QCD effects [56] and is thus highly sensitive to con-
stants derived from QCD simulations. This matrix element may be

42: The factor is —19P %, where 197

is composed of the CKM values.
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43: This would need to be a chirality
flip mediated by a neutral particle.

evaluated for meson-mixing to give

—0 0
(MP1O1(IM ) = bymiyg B (),

(4.70)
—0
(MO\0;()IM) = bi x™° m2, f20BM (),
with i = 2,3, 4,5 covering class I and where
b=1{8/3, -5/3,1/3, 2, 2/3},
2 4.71)

mMO

MO _
X = G G+ gy )2

B
fao are decay constants, m 0 are meson masses and B;

s, B? ¢ are bag
factors. In the y,,0 function, ¢; and ¢ are the quark constituents of
the meson. All of the quantities needed for the calculation of the op-

erator matrix element may be found in Appendix F.2.

Additionally, to the mass-splitting, we may also measure the mixing
phase for meson-mixing processes. This is given as

=2,—0
o = arg(MO17 20 ). (4.72)

4.4.2.2 Meson Mixing: SM Calculation

Beginning with the contribution from the SM, we find that only the
01 operator is present. The remaining operators require a chirality

143 which is not

flip between quarks of the same charge Q at tree-leve
possible in the SM. The form of Cj, as shown in Figure 2.6, for a loop

with off-shell top-quarks is [57]

2

BY .2 . m?
ﬁ(a, 1) M‘Z;VTIBS(m—zt). (4.73)

w

CM(uw) =

where 7jg(up) = 0.8393 is the scale-dependent QCD factor (calculated
at NLO in section XIII of Ref. [58]) and S is the Inami-Lim function
[59] which grasps the electroweak loop contributions. The superscript
on the CKM factor A refers to the particles within the meson (e.g.
ABY = 2P%). There is no contribution to C] in the SM. We also ignore
all diagrams with off-shell charm or up quarks as these are negligible.
The resultant mass splitting is then
GE B2 o o M7 2 pbBg

AMpy = g(/lt 7) MWnBS(E)mBnggqu. (4.74)
The arising combination of (#B) is a scale as well as scheme indepen-
dent quantity. In our calculations we will always quote the scale de-
pendent QCD factors 7 and scale dependent bag-factors B. The Wil-
son coefficient in (4.73) is evaluated at the matching scale u = mw.
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Before calculating our observable matrix element we must use RG
evolution to run this to the meson scale ug ~ 4.2 GeV (the mass of the
bottom quark). This is done in the 7j(up) quantity in this case, such
that

Ci(up) = 7i(us)Cr(uw)- (4.75)

Putting this together

<BQ|%!§B':2|EQ>SM = (7.08 —0.26i) x 107! GeV, (4.76)

which gives*

AMpg = (1.32£0.08) x 107" GeV, (4.77)

where we have included the theoretical error from the combination of
QCD errors as laid out in Table II of Ref. [60]. The matrix element for
B, meson mixing in the SM (at u = up) is

(B9 AF 2 Boyon = (134-129i) x 1072 GeV,  (4.78)

which gives
AMp = (3.36+0.34) x 1071 GeV, (4.79)

we choose an arbitrary theoretical error of (10%) here, which is based
upon the QCD error for AM g0 while being conservative.

The calculated SM meson-mixing phase for the BY — F? mixing is
Bs = (1.82+0.11) x 10 %rad, (4.80)

where the theoretical error is again from Ref. [60].

4.4.2.3 Meson Mixing: 2HDM Contributions

The new scalars (H°, A%, H*) of the 2HDM contribute to the M{ =
BY, B%, K® and D° meson mixing processes. At tree-level, these me-
son mixing processes are mediated via neutral scalars, as shown in
Figure 4.1 for BY meson mixing. Beyond tree-level, the meson mix-
ing processes have contributions from neutral and charged scalar par-
ticles through box diagrams, as shown in Figure 4.2 and Figure 4.3,
again for for BY meson mixing. The Wilson coefficients may be writ-
ten

C1=CM+ P+ CFP + CFOP,

G =0+ + 5P,

C3=0, (4.81)

Cy=Cp +CYP+ P+ C5C8,

Cs = CYP+ 5P,

44: This translates to AM o = 20.06 =
1.22ps’1 which aligns with the calcu-
lated value from Ref. [60].



86 4 Phenomenology of the Two-Higgs-Doublet Model

kel

S

Figure 4.1: The tree-level meson mixing
contribution from neutral scalars.
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Figure 4.2: The neutral/charged scalar
box meson mixing contribution.
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Figure 4.3: The charged scalar gauge bo-
son box meson mixing contribution.

with primed coefficients
C;=CY¥ +CP 4 CLOF,
Cy=C) +C% +C5Y,

¢} =0,

(4.82)

where the superscript 7, NB, CB and CGB refer to tree-level, neutral-
box, charged-box, charged-gauge-box processes respectively. Expres-
sions for the Wilson coefficients at the matching scale uw are given
below[46]. The Wilson coefficients have been calculated in the R.-
gauge.

Again the Wilson coefficients are evaluated at the matching scale u =
mw and must be run to ug ~ 4.2 GeV. We do this using the evolution
matrix calculated according to Eq. (2.123). The numerical calculation

of the evolution matrix for class I is done by DSIXTOOLS and may be
found in Appendix F.2.

Tree-Level Neutral Contributions The scalar particles #°, H* and
AV contribute to the neutral contribution of the meson mixing pro-
cesses of BY, BY, K” and D" as shown in Figure 4.1. The Wilson coeffi-

cients are

T 2 1 LR,$0% z
Cz (uw) = Z (Fqﬂ],l g ) ’

5 2
P 2mq52
3 1 LR,¢° 2
T _ 00
G, (uw) = Z _2_2(Fq1q2 k) , (4.83)
=1 M0
T 3 1 LR ¢ _LR,¢x
C4 (uw) = Z ) Laa Tarar " s
k=1 m¢2

where ¢9 = (h°, H°, A%) and ¢ = s, g2 = b(d) for B)(BY) - mixing.

Neutral/Charged Box Contributions The neutral scalar particles 4,
H° and A° have a non-negligible contribution only to the D° — DO me-
son mixing process. As we do not focus on D meson mixing, we

ignore neutral-box contributions here.

The box diagram contributions to BY, BY, and K° meson mixing pro-
cesses are from the charged scalar H*. This process is displayed in
Figure 4.2, the internal quarks (labelled as g) represent the allowed
states, in this case, g = u, ¢, t.
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3 3
CB _ -1 ZZ RL H**1-RL H*+RL H**~RL H*
C1 (uw) = 128712 Fujdz Fu,dg Fukdz I_‘ukal3
k=1 j=1
2 2 2 2
X D2 (mujlmuklmHir mH*) ’
1 3 3
CB _ — LR H**~RL H*1~LR H*x1~RL H*
C2 (ﬂW) - 3271'2 Zmujmukrujdz FM_,‘d3 rukdz Fukdg,
k=1 j=1
2 2 2 2
X Dg (mul,muk,mHi,mHi) ,
1 3 3
CB _ _— LR H**~RL H*~RL H*x~LR H*
Coluw) = 73 Z Zmu.fmukrujdz Fijas” Vueay Vi
k=1 j=1

3 3
CB _ 1 LR H* LR H*t+RL H*x~RL H*
C5 (IJW) - 3271'2 erujdz 1—‘ujd3 Fukdz Fukdg
k=1 j=1
2 2 2 2
X Dj (mujlmuklmHi/mHi) ’

where Dy and D, are loop functions given in the Appendix of Ref. [46].
For the case in which a gauge boson enters as one of the particles in
the loop (Figure 4.3) we have the corresponding contributions to the
Wilson coefficients

() 2 * RL H*T"RL H* %
~ 3272 j%ﬂ (m”f My VjZngl“ude Fukdz

2 2 2 2 2 2 2 2 2
4My, Do (MW,mHi,muj,muk) - D> (MW,mHi,muj,muk)

CEB ()

X

2 4
4M2,
CGB _ (&) 3 LR H**LR H*
Cy"(uw) = 002 J_kZﬂ (VjsV/:(zrujd2 Lids
(&) (fM\%V’m%—Ii/mij) -G (m‘%{i’mij’mik) +m%‘k Co (stV’m%’i’mik)
X

My
(4.84)
Note here that Co(m?,m3,m3) and Cp(m3, m3, m3) are loop functions
which may be found in the Appendix of [46]. The gauge-dependent &
term that appears in CS“P is chosen to be one for simplicity (Feynman
t'Hooft gauge choice).

4.4.2.4 On the Discrepancy within the Two-Higgs-Doublet Model

There is a 1.80 deviation between the calculated SM value and the
observed value for AMgo. Let us look at the parameter space in the
2HDM type-III model that can explain the deviation. This argument
is taken directly from our published work [61]. Notice that the 2HDM
contribution can partially cancel the SM contribution, and therefore

yield a better agreement with the lower observed value. For degener-
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Figure 4.4: AMp_ in the 2HDM versus
|§A31§ |. The horizontal line shows the ob-
served value (the corresponding error is
smaller than the width of the line itself).
Here we set sgo = 0.9, mg = my =200
GeV, £D = (x1+i) x 107,

10—](),

AMp; (GeV)

107"
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53]

Figure 4.5: Same as Figure 4.4, however,
here we set sgo = 0.99, myg = my = 200
GeV, R = (x1+i)x107%

10—10

103 102 10!
151

Figure 4.6: Same as Figure 4.4, however,
here we set sgo = 0.9, mp = ma = 2000
GeV, &0 =(+1xi)x1073.

ate H and A as expected from EWPO, the tree-level contributions to

the Wilson coefficients give

AMBS, 2HDM tree-level
= C2(up)(02) + C3 (1) {(02) + Cy(14p){04),

1 1 1 ] ~ ~
= —AB{Zcfm - m—z] ((Uzzstbz + U32B3B“ b3)(ED** +£D2)
h H
AP A 1 AP A
+2U4 By b4§£,§§*) +—UuBy’ b4§2Dg,§3D2*},

H
(4.85)

where we have defined Az = fl%s Mgs/(4 (mp + my)?) =~ 0.105GeV?,
and U;; are elements of the evolution matrix are given in Appendix F.2.

We plot AMp, (including the 2HDM contribution both at tree and
loop-level) versus |§-°3D2| for different fixed values of $2D3, ma and sgeo. In
the first two plots, we fix mpy = ma =200 GeV and €2 = (1) x107*
and plot sz, = 0.9 in Figure 4.4 and sg, = 0.99 in Figure 4.5. Under
this setup we can fit the experimental observation for the intervals
IED] ~ [2x107%,5x 107%] for both sg,. The total allowed interval
is discontinuous and a second region as large as |§93D2| ~ 35x1072
is allowed for sg, = 0.99. We can see that |£2] ~ 3.6 x 1072 is the
largest Yukawa we expect for sz, < 0.99. In the next two plots we fix
my = ma = 2000 GeV and a Yukawa of £5 = (+1 +i) x 107°. We plot
sga = 0.9 in Figure 4.6 and sg, = 0.99 in Figure 4.7. For the case where
sga = 0.99 we can attain a Yukawa as large as |§?31,)2| ~ 1.6 x1072. We
have also checked that in these regions the 2HDM is able to satisfy
the observed value of the BQ-E? mixing phase.

The 2HDM explanation of the discrepancy in terms of the tree-level
contribution, also implies a prediction of BR(%# — bs). For degenerate
H, A, and much heavier than the light Higgs scalar, the latter contri-
bution to meson mixing dominates in Eq. (4.85). This is true unless
cga = 0, for which in any case there is no contribution to BR(4 — bs).
Assuming a hierarchy in the off-diagonal Yukawa'’s (taken to be real),
for example £5) > €2 so that the C; contribution to AMp, ,rpm dom-
inates (and the mixed Cy contribution can be neglected) we get from
Egs. (4.53) and Eq. (4.85)

3mS m? AM
BR(h — bs) = hz H . | - B,,2HDM| _
16T, (myy —my,) Ap |UnBy™ b +UsaB3™ bs| - (4.86)
~21x1074,

where we used AMp_ 2xipm = AMp_ obs —AMp,,sm, and Iy, ~ 4.07 - 1073
GeV. The prediction is identical if the other Yukawa dominates, 53% <
$2D3, so that C; dominates. On the other hand, for equal Yukawa’s
égg = 52%, the mixed Cy contribution cannot be neglected, and there

is an extra term proportional to U44Bf s by inside the denominator of
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Eq. (4.86), so that BR(h — bs) = 6.3 x107°. As the angle 8 - a ap-
proaches 7/2 this lower limit grows. We confirm these predictions in
Figures 4.8 and 4.9, where we only have the SM plus the 2HDM tree-
level contributions. In these figures we throw random points and see
that may more easily reach lower values of BR(Z — bs) in the case
of fg = fﬁ In case the reader is left wondering, the solid-like lines
that appear on these plots are areas where corresponding values for
BR(h — bs) and AMp, were most frequently found. The horizontal
solid-like line, for example, represents the value of AMp_ as the off-

diagonal Yukawa’s tend to zero.

We therefore conclude, that, if the observed discrepancy is confirmed,
if accommodated in a 2HDM with negligible contributions at loop-
level, it implies a prediction of BR(h — bs) = 107> — 10~*. This moti-
vates a 2HDM type-III scan to confirm the validity of our estimation
and to investigate the features of a possibly accommodating parame-

ter space.

Briefly commenting on Z-aligned models, there will be different be-
haviour depending on the model type. Taking the type-II and type-Y
models into consideration we find that the process is proportional as
ct,‘é and Cfé from the charged scalar-boxes and mixed charged scalar
and W boxes, respectively. Additionally, the meson mixing process is
inversely proportional to the heavy scalars masses. This combination
and the fact that an enhancement to the process improves the agree-
ment between SM and observed values means that we expect a clear

best-fit somewhere along the mgpm vs tg plane.

4.4.3 Radiative B Decays

A process that could provide us with clues of NP is the » — sy decay
channel. It is sensitive to FC currents, but more enticingly it occurs
at a QCD order of agcp, resulting in a more prominent width. Other
FC sensitive photon/lepton processes occur at aerCD and as such are

suppressed.

The radiative » — sy decays process belongs to the class V operator
set. For the calculation of radiative B decays it is common to use the

lOfl(J

AMg; (GeV)

10711 r

1073 10 107!

Figure 4.7: Same as Figure 4.4, however,
here we set sgo = 0.99, myg = my =
2000 GeV,  £R = (x1+i)x1073.

10-10

0

AMp; (GeV)

10~1

10-6 1074 1072 10°
BR(h— bs)

Figure 4.8: Mass splitting AMp (from
the SM and the 2HDM at tree-level) ver-
sus BR(h — bs). We set mg = ma =
2000 GeV and sgq = 0.9. The horizon-
tal line shows the observed value (the
corresponding error is smaller than the
width of the line itself). In this case,
ED > £D,or €2 < £D.

10710

0

AMp;s (GeV)

10—1]

10-6 10~ 10~ 100
BR(h— bs)

Figure 4.9: Same as Figure 4.8, but with
.fg = %l; . We see lower values of
BR(h — bs) being more accessible for
this case.
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basis chosen in Ref. [62]

01 =(spyuT%r) (cLy"Tabyr),
0> =(spyucr) (cLy*br),

O3 =(sLyubr) Z (@y"q),

q=u,d,s,b,c
04 =Gy, Tbr) Y, (@"Taq),
g=u,d,c
(4.87)

Os =GLyuvvypbr) . @"y'v"q),
q=u,d,s,b,c

O¢ =(EL7y7v7pTabL) Z (@y"y"v’Taq),

q=u,d,c
07 =5 Ty () (515" bp) F,
7_167T2mb M) (SLO R) Fpv s,
05 =2M 50 () (5L ™ T R) G
8 = lon2 b ) \SL R) Gy

where T¢ (a = 1, 8) are SU(3) colour generators and & and agy are the
strong and electromagnetic coupling constants, respectively. In the oc-
currence of g = s, b the operator Oy is Fierz equivalent to O3 and simi-
larly Oy is Fierz equivalent to Os. As such, each Fierz equivalent pair
makes only one appearance in the basis above. In this form the chiral-
ities of the particles are explicitly stated.
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In the 2HDM we also have the primed operators [63]

07 =(SpyuT“cRr) (crY"Tabr),
0% =(5rYucr) (cry"br),

04 =Gryubr) Y. (@*q),
q=u,d,s,b,c

04 =GryuTbr) ). (@r"Tuq),
q=u,d,c
(4.88)

04 =Gryuvyobr) Y. @y v°q),
q=u,d,s,b,c

0 =GrRYuyvY,TbR) Y. @7y ¥ Taq),

qg=u,d,c
O; =F mp (1) (SRO—” br) Fyv ’
0 =M HT,) G,
8 =gz 01 Sro L)

Where unless explicitly stated everything in the calculation applies to
both the primed and unprimed operators. The effective Hamiltonian
for this operator set is then given as

4GF

Hetf =15 /lbs(ZC (1)0i(u) +ZC (1)0; (,U)) (4.89)

For this calculation we have included the conventional SM (W boson
loop) factor and as such we will be careful to cancel it when writing
BSM contributions. There exists a relationship between the tree-level
matrix elements of O; for i =1, ..., 6 and the one-loop matrix elements
of O7 and Og

<07>100p = Yi{O0i )tree,

(O8)100p = 2i{Oi)tree,

where the LHS is at loop-level, the RHS is at tree-level and the values

(4.90)

of y; and z; depend on the renormalisation scheme [64].
This relationship makes it convenient for us to introduce an effective

basis for our Wilson coefficients in which we may define effective Wil-

91
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son coefficients

Cieff(/'l) = Ci (/’t) ’ (l = 1/ cees 6) ’
6
() = G+ viCiw),
i=1
6
G = Cs(w+ ) uCil). (4.91)
i=1

Here y = (0,0,-1/3,-4/9,-20/3,-80/9) and 7 = (0,0,1,-1/6,20,-10/3),
in the MS scheme.

The following calculation is from Ref. [62] and Table 4.9 gives the
equation numbers (from this reference) of any necessary functions we

introduce below.

Beginning our observable calculation, the width for radiative B de-
cays is given by the expression

2

I'(B - Xy) = ﬁw&vmﬁaem m3, (177 (up) ). (4.92)

This expands to

2

r(§_> Xs')/) = 32_71;|Vt*svtb|2aem mi

_ sNvP «
{|D|2+A+ 1€y () [P+
m,
NP
€ _Re
mg

* ].
[c?'eff(ub)] (Cg'eff(,ub)——Co'eff(ﬂb))]},
where the reduced amplitude D is

D = 0 () + L (L) s viy)) . @9

The symbol V(u;) is defined as

8
V(pp) = > € ()

7 2
i=1 27 Hy 3

m2
ri+ lyF’feff In—2]|- Ec;"eff (up).  (4.95)

The branching ratio for B — X,y may be calculated by taking the
width I'(B — X,y) normalised to the total semi-leptonic width T'sy,

and scaled by the full semi-leptonic branching ratio Bsy,

I'B— X
(B— s')’)BS

BR(B — X,y) = ol

L. (4.96)

The equation for the semi-leptonic width is given in Table 4.9. The
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semi-leptonic branching ratio has been measured to be [65]

Bsr =0.1091 + 0.0033. (4.97)

The inclusion of the primed basis adds an extra component to the
width Eq. (4.92)

_ G2 ,
I'(B — X,y) = ﬁwgvmﬁaem m3 (1C7 (up) P +1C77 () 1P).
(4.98)

4.4.3.1 Radiative B Decays: Wilson Coefficients

Next-to-leading-order effects should not be neglected in the analysis
as they may provide up to a 20% correction [66] to the process. As
such, we will present our entire calculation at NLO accuracy. With
the NLO term included

0eff @s (1) 1 eff
et = P () + == C (). (4.99)
We may write our Wilson coefficient, separating out SM, neutral and
charged contributions as
0,eff _ ~0,eff,SM 0,eff, H* 0,eff, ¢°
cYeft = +C! + Y

CLeff _ CLeffSM | ~Leff,H* (4.100)

At the matching scale, uw the leading-order SM contributions to the
Wilson coefficients are

M) =0 fori=1,3,4,5,6,
A

M () = -2,
t
2 m?2
0,eff,SM _ 4 ~0SM[ "q 4.101
¢ (uw) = Z 79 (m_z), ( )
q=u,c,t w

2
CORMESM () _ Z g cosm( Mg
8 Hw) = 1 8 2 |

q=u,c,t mW
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Function Eq No.
Isp (38)
cyM (A1)
M (A1)
Eo (A2)
M (18)
™M (18)
e, (A3)
cdy (A3)
Cvy (A5)
Coyy (A5)
cl, (18)
Cliy (18)
Cavy (18)
Cixy (18)

Table 4.9: Locations of functions from
Ref. [62] required to calculate radiative
B decay processes.

Table 4.10: Functions XY and YY ex-
panded in the Z, aligned 2HDM mod-
els.

The NLO corrections in the SM follow
1,eff SM :“W
cy (pw)z——(15+61 )
mW
fori=2,3,5,6,

m> ,u
) 32
My, mw

(4.102)

2
1, eff,SM _ 1 eff
C7 (/’tW) - 7 SM( 2 /ﬂW)

W
2
1, eff SM 1, eff
Cge (#W)—CSSQM( > r,uW)
W

Functions introduced are mapped in Table 4.9 and 1, = 15*.

The 2HDM contributions mediated by the charged scalars may be
written by combining the notation and expressions for the Wilson
coefficients introduced in Refs. [62] and [63]. In this notation, we in-
troduce X which represents the term in the Yukawa Lagrangian that
couples the charged Higgs and down Yukawa’s and ¥ which couples
the charged Higgs and up Yukawa’s, such that

1 +
Xij = ry!
L Kd,‘/l] u; dj

4

! (4.103)
S RLH*
YU B Ku; Vl] Fui dj -

For our case we have the transition » — s with a FC vertex containing
a sum over u family quarks. We find in this kind of transition the
two combinations occur (where we have fixed the j values to 2,3 as

required)
1 + +
XY, = [RLH*+[LRH*
( )u, Ku, Kqu d2V u; dy u; ds
1 (4.104)
(Yy*) = R.LHi* R-LHi
u Ku’ Vu 0 Vul \ u; dp u; ds

In the Z, aligned 2HDM models these may be identified as X = I'}
and Y =T¥, with only the diagonal i = j terms non-trivial. The useful
combinations are given in Table 4.10. For example, this gives then for
a type-II or type-Y model Wilson coefficients that are proportional to
both 1/mpg+ and cté.

In this notation the LO Wilson coefficients due to the charged Higgs

Type Xy* yyr

I —ctlzg cté
I 1 cté
X (LS) —crg cté

Y (flp.) |1 ctg
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Figure 4.10: Charged scalar contributions to the electromagnetic penguin operator O7. The photon couples directly to the charged
Higgs and there are three possible positions for the mass insertion (a different mass insertion shown in each diagram).

Y Y Y
H* H* H* _C_ H* H* H*
/ \ br :’( \\ br ;( \ SR
’b'RE br Uir sL Ui Uir SL uir SI

Figure 4.11: Neutral 2HDM contributions to the electromagnetic penguin operator Oy. The photon couple to the up-family fermion
within the neutral Higgs loop. There are four possible positions for the mass insertion (a different mass insertion shown in each
diagram).
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scalar at the matching scale are

COHH (uw)y=0 for i=1,2,3,4,56,
2

+ \/E H* m
e (uw) = D [(YY i CQYY(—m;’ )

4GF/1[ q=u,c,t H+
0 mrzz
s\NH*
+ (XY )q C7XY(-m%_I+)], (4105)
. V2 . m?2
O H _ [ YYoH ( q )
8 (1w) G, q;m (YY" Cgyy oy

+ (Xy*)gl chY (—m2 )]
H+

The primed Wilson coefficients may be obtained by substituting the
primed (YY*) and (XY*) couplings. NLO corrections are

e (uw) =0 fori=1,2,3,5,6,

2
CH” () = 2 D EH('" )(YY J

4Grd; Lt \md,.
CLEtH" (1) = 4(;/5/1t q; ((YY )i C7YY( m;,uw)
+(XYHH Chyy (:Téuw)) e
H+ )
C;'eff'H+(,llW) - 4(;/1?% q;’t((YY )i ngy( mH+/#W)

m2
+ (XY*)5+ CéXY (Tq’“W))’
mi.
Again, the primed Wilson coefficients may be obtained by substitu-
tion of the primed couplings. Ref. [48] introduces a leading order con-
tribution from the scalar particles which we include for completeness

3 3
0,eff, ¢° RLd¢k RL,d,¢? RL,d,¢{ = RL,d,¢}
C = r F r
7 4GF/lt 36m 0 ;;( da d; ds d; my, dids di d>
#)
RL,d,¢° RLd¢ mfi
'Fdzd "Tya " (9+6log(m2‘))).
1
0 0
= -3¢y
(4.107)

The charged scalar contributions to the electromagnetic penguin op-
erator are shown in Figure 4.10, while the neutral scalar contributions

are shown in Figure 4.11.
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The pure SM calculation using all the above yields
BR(B — Xyy)sm = (3.234£0.33) x 1072, (4.108)

where we impose a conservative theoretical error of 10% on this cal-
culation.*> We may compare our calculated value of the branching to
the experimental value [68]

BR(B — X,y) = (3.32+0.16) x 107, (4.109)

We see our SM calculation and experimental values match closely
within 10, so we want to avoid any significant enhancement to this
value from NP contributions. Applied to the type-II or type-Y models,
this would disfavour regions of low mp+ and low 5.

4.4.4 Leptonic Flavour Processes

Operators that contribute to semi-leptonic processes do not follow the
standard basis structure we have discussed earlier; rather we define
new operators
04 = (@yuPLb)(Iy*D),
O = (@yuPLb) (Iy"sl), (4.110)
Olsp = @yuPab)(Iy"Psl),

where A, B = L, R. We also define operators

Os = (gPrb) (1),

i} 4.111)
Op = (qPrb)(lysl).

All the above have primed operators created by a chirality flip. The
form of the respective Wilson coefficients for the SM and generalised
to the 2HDM may be found in Ref. [69].

As we have done previously, the operators may be split into their SM
and NP contributions, put explicitly

0 =0M+ 0N, (4.112)

4.4.4.1 Electroweak Penguins: B — K*u*u~

The B — K*u*u~ decay channel with all relevant formulae is detailed
in Ref. [70].

Experimentally we observe the process B — K*(— Km)u*u~ for which
the calculation of the width suffers from a large theoretical error due
to large form factor uncertainties. Instead the process may be described

by twelve angular functions Il.(“) and twelve CP-conjugate angular

45: The theoretical error depends most
heavily on the scale dependence of the
Wilson coefficients, such a conservative
error is just above that calculated in [67].
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46: The most notable are (Sy)[14.18,16] at
280, <S5>11,6J at 240 and <FL>[1,6] at
190.

47: The decay only occurs through loop-
diagrams in the SM and is also helicity-
suppressed.

functions Il.(“) (see Ref. [70]). The (a) superscript and i subscript to-
gether count the twelve functions. Separating averaged CP-conserving
and CP-violating angular effects we form the respective observables

= -1 _
S = (—d(r +D ) (1.(“) ¥ 1.(“)),
qu i i

=\ -1
A = (ATHD) @ @)
1 dqz i i

(4.113)

where the normalisation factor is the differential decay rate.

Additionally, the K* longitudinal polarisation fraction F, forward-
backward asymmetry Arp and isospin asymmetry A; are also inter-
esting quantities. The backward asymmetry may be written as combi-

nations of the averaged angular observables above
3
Afpp = g(Sg+Sg) (4114)

The isospin asymmetry comes from a ratio of the difference in widths
[71]

B F(BO — K*O/J+/1_) —F(B+ — K*+#+'u—)
T I(BY - KOt~ + (B — K utu~)’

Y (4.115)

These variables also depend on the energy at which they are evalu-
ated through the dependence on the dilepton invariant mass ¢2. The
observables are binned into ranges of ¢ = [a, b], represented as (*X)a,b]
with x the observable in question. The integral is carried out in bin
[a, b] as follows

b o\l b —

i} d(C+T) @ . 7@

(S5 a1 =/ dqz(T) / dqz(li( "1 ))/ (4.116)
a q a

and similarly for (AE“))[a,b].

Some angular observables show significant deviations from the SM
[72].46 NP contributions to the process occur in Class V operators
07,09 and 01 (rather than the newly introduced semi-leptonic op-
erators which we do not use here). In the type-II 2HDM, for example,
C7 plays the largest role in NP contributions - which are proportional
to1l/mpy+ and cté.

4.4.4.2 Rare Fully Leptonic B decays: BY — u*u~

The B; — u*u~ decay is fully leptonic in its final state, and is rare in
the SM* . This makes it a good candidate for probing BSM physics.
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The branching ratio is defined as [73]

BR(Bs; — u'u") =

G2 arZMB m2
F s M % 12 ~MSM 2 2 2 2 2
BT 1—4g|thVm| IClo 1778, f5,m (IPI” +1S]%),

4.117)

where
2

_Cio—C{‘o+mBS( 1 )(CP—C’F)
C{‘()SM 2my \mp, + mg C{JOSM ’

4m2 m> 1 Cs-C.
§=4|1- % BS( )( i SMS). (4.119)
My 2my, \myp +myg C{lo

Current observations of the process show that it is consistent with the

(4.118)

SM [74]. In the type-II and type-Y models this process is proportional

to 1 and 1/m specifically.

4.4.4.3 Tree-level leptonic and semi-leptonic B and D decays

As previously mentioned, the B — K*u*u~ decay channel is diffi-
cult to predict due to large form factor uncertainties. Another way
we could frame this observable is in ratio with other semi-leptonic
decays. Introducing the lepton flavour non-universal observables

r _ BR(B = KWy
K" BR(B— K®eter) '

(4.120)

The above observables may be written [75] in terms of semi-leptonic
operators with 48
RK = 1+A++Z+, (4.121)

and
R+ =1+A,+Z,+p(E_ -2, +A_—-A,), (4.122)

where as stated in [75], p is the fraction of transverse parallel and
longitudinal contributions to BR(B — K*/I). The linear term A, is

cHNP 4 om
A; =2Re % —(u—>e)l, (4.123)

LL

and the quadratic term X, is

u NP H o2 1% M2
Sy ICL = Crel™+1Crg = Cipl
== SM
ICy 12

(u—e). (4.124)

Here we use (4 — ¢) to mean the same term but with substitution

u—e.

48: This neglects the electromagnetic
dipole operator [76].
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49: See the reference [78] for details on
the calculation of these processes.

As described before, integrating over energy bins [a, b], the observ-
ables (Rk)[1,6], (Rk*)[0.0451.1], {Rk*)[1.1,6] individually have reported
deviations from the SM at 2.20- — 2.50 [77]. Combining these three
there is motivation for potential NP.

With regards to the D decays, we may similarly define

RO _ BR(B — D"1v,)
b BR(B - DWIy)’

(4.125)

where | = e or u. These observables also show a deviation from the
SM [78] with Rp having a deviation at 1.90 and Rg) exhibiting a
stronger deviation at 3.30-.%

Other interesting semi-leptonic flavour decays which we will not dis-
cuss here but will be included within our analysis are for the B chan-
nels, B —» tv,B — Duv,B — D*uv and for the D channels, Dy —

7v,Dg — pvand D — uv.

4.5 Oblique Parameters

The electroweak precision parameters/observables (EWPP/EWPO),
otherwise known as the oblique parameters, are six measurable quan-
tities that allow us to search for NP in the electroweak sector, specifi-
cally in vacuum polarisation corrections.

They are defined as benchmark parameters at a fixed reference Higgs
scalar mass (SM-Higgs scalar mass) in a theory that satisfies the crite-
ria [79]:

» The electroweak gauge group is the SM - SU.(2) x U(1) theory
and there are no new gauge bosons.

» Any NP must have suppressed couplings to light fermions in
comparison to couplings to gauge bosons.

These two conditions allow us to identify and isolate the vacuum po-
larisation corrections (oblique corrections) from other four-fermion
scattering processes such as vertex corrections and box corrections
(non-oblique corrections).

Another requirement is:
» The scale of any NP is much greater than the electroweak scale.

The above means that we must work in the low-energy approxima-
tion, ¢ ~ 0, at which oblique corrections may be expanded in ¢?/M?,

throwing away any terms of quadratic order in ¢? or higher. Under



these circumstances, the oblique corrections may be entirely parame-
terised by three parameters S, T and U . We start by writing out the
vacuum polarisation tensor as

Map (%) = IEN(G?) + 6Tan (4°), (4.126)

with this the parameters S, T and U are

as oTzz(M2) - 6Tzz(0)| (¢} —s%)
42 2 M T swew OMzy Ol -0 (4.127)
w-wW Z .
~ 81T, (0)] 20,

_ ollww (0) _ dllzz(0)

aT
2 2
My, Mz

, (4.128)

aU 6Tww (M3,) — 6Ty w (0) 5 [6Tzz(M2) - 6T122(0)
a2, 2, ] o [ M2
= 53011, (0)] 4220 — 281 Cw 11, (0) | 220.
(4.129)
Corrections to the W boson mass may be written with respect to all

the above oblique parameters as

as ey ol alU

M2, = (M2 1- + +
w = (My)su Z(C%V—S%V) (c%,v—s%v) 4S%V

(4.130)

In Eq. (2.52) we introduced the p parameter, the ratio of mixing in the
neutral and charged currents. The p parameters is by definition unity
at tree-level in the SM. Corrections to p are defined as the difference
in vacuum polarisations of the neutral and weak current, these are
given by the T term

p =psm(1+aT). (4.131)

If we then no longer restrict ourselves to NP much larger than the
electroweak scale, we must be able to analyse the oblique corrections
at ¢*> = M3,. In this case, vacuum polarisation insertions must be
summed to all orders according to the Schwinger-Dyson equations.
We require an extra three parameters to entirely describe the oblique
corrections, these being, V, W and X, which are defined as

8 zz(M2) - 6T1z7(0)

aV = 5H’ZZ(M§)|qz:M§ - [

M2 ’
, Sy w (M3) — 6Ty w (0)
aW = 5nWW(M5V)|q2:MV2V - [ £ , (4.132)
MW
611z, (M2) ,
aX = —swcw # —6H27(0)|qz:0.

VA
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50: S, T and U are known as the Peskin-
Takeuchi parameters [80] [81] [82].
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Parameter Eq. No.
s (30)
T (28)
U (31)
% (35)
w (36)
X (32)

Table 4.11: Locations of the oblique pa-
rameters generalised to a multi-Higgs-

doublet model in Ref. [84].

Contributions to the width of the W boson may be written as

as s2,aT alU

Iw = Tw)sm [1- - +
2(0%‘, - s%,v) (c%v - s%v) 4s€v

+aW|. (4.133)

We may express all six parameters in just three as follows [83]

S = S+4S%VC%VV+4(C%V - S%,V)X,
T'=T+V, (4.134)

U = U—4S%VC%VV+8S%VX.

This parameterisation allows us to include NP near the electroweak
scale while keeping equations for observables invariant. Notice that
as we increase the energy of our NP scale then V,W,X — 0 and we
recover just the set of three oblique parameters S,7,U. The W param-
eter is ignored, as this notation does not consider contributions to the
width of the W boson in the low-energy NP limit.

Ref. [84] presents the oblique parameters generalised to a multi-Higgs-
doublet model. The locations for equations giving the EWPP are given
in Table 4.11 with the relationship to the 2HDM

m=n=2,
U =Im =R(B), (4.135)
Re? = R'(a),

where R(0) are the rotation matrices introduced in section 3.4.1.

The final results for S, T and U in the 2HDM are also expanded and
presented in section 5 of [85].



Global Fits and Bayesian
Statistics

In this chapter, we discuss the setup of our global scans over the
2HDMs. The previous chapters give us the theoretical and phenomeno-
logical tools to constrain our models. We discuss how these constraints
are best applied and the statistics, tools and algorithms that make it

possible.

To do a global scan, we select a 2HDM and apply constraints in the
form of likelihood functions to find and map out the best-fit areas of

parameter space.

We carry out two sets of global scans. The first is an analysis of the
parameter space of Z; Yukawa aligned 2HDM, specifically the type-
L, type-I1, lepton-specific and flipped models. This analysis is carried
out by the open-source tool GAMBIT [86] (Global and Modular Bayesian
Inference Tool). * The second analysis is of FC currents between the
second and third flavour quarks in the general (type-III) 2HDM with
a restricted Yukawa sector as introduced in Eq. (4.39). This analysis is

carried out standalone.

5.1 Global Fit Statistics

Parameters that make up the current SM are quite well known through
experimental measurements. Beyond SM theories such as the 2HDM
or the Minimal Supersymmetric Model (MSSM) introduce a large num-
ber of new unknown parameters. The best approach to investigating
such models is a test throughout all the acceptable regions of param-
eter space. This is an ambitious feat as it often requires scanning over
many parameters. A Z-aligned 2HDM, for example, has nine un-
known parameters. A global fit scans over all these nine parameters in
a given predefined region of parameter space. We will see that global
fits allow us to make two critical predictions about our models:

1. We can compare multiple models to evaluate which model is a
better fit to the data.

2. For any single model, we can map the parameter space and find
which regions best fit the data.

In our case, we will be focusing on the latter of these as we map out
the parameter spaces and observables of the various 2HDM:s.

* We have added the 2HDMs to GAMBIT to carry out this analysis, and as such, sections
of this chapter double as a reference for the models” implementation in GAMBIT.
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52: Mathematically, conditional proba-

bility is written as

P(A|B) =

P(ANB)
P(B)

(6.2)

5.1.1 Bayes Theorem

Bayesian statistics is the essence of performing our global fits. As the
name suggests it is founded upon Bayes theorem

P(B|A)P(A)

P(AIB) = ==

(5.1)
where P(A|B) defines a conditional probability, the probability of the
occurrence of A given B, requiring that P(B) # 0. To make this more
intuitive, consider the case at hand. We want to perform a global fit
of the 2HDM. We have a set of data D which we will want to match
with our theoretical model to see how well it performs. Expressing
the nine free parameters in our model as 6;, or just 6, the probability
of our model given the data is

P(D|0)P(6)

P(0|D) = D)

(5.3)
The probability distribution on the LHS is known as the posterior
distribution. Each of the terms of the RHS can be separated and de-
scribed as follows:

» £(0) = P(D|0) is known as the likelihood. It is the probability
of the data given a point 6.

» 7(6) = P(6) is known as the prior. It is the probability distribu-
tion of 6 with prior knowledge of the data distribution. Usually,
we take a flat prior meaning each point of our model is equally
probable.

» Z = P(D) is known as the evidence. For simplicity here, we will
say this is a normalisation factor to ensure the total volume of

the posterior distribution is one.

In our newly developed language the posterior can be written as

£(0)7(6)

P(OID) = =

(5.4)
Integrating both sides of the equation with respect to the model points
0 we get

py_1 D
/HP(9|D)d 6= Z/gSB(H)ﬂ(G)d 0, (5.5)

which given that a probability distribution functions volume on the
LHS must be one

— D
Z= /0 £(0)n(6)dP6. (5.6)

It is also useful to compare two models 6 and § with the same data
set. We can eliminate the evidence when we take the ratio

P(8|D) _ P(D|6)P(6)
P(0|D)  P(DIA)PH)

(5.7)



5.1.2 Likelihoods

The likelihood is somewhat similar to a probability density function
(PDEF); however, it tells us nothing about the frequency of outcomes
which is a crucial feature of probability distributions. The likelihood
function as described is a joint probability density™ for our data given
some point that we want to fit, as such, we have no guarantee that it
will integrate to one. Care must be taken when interpreting likelihood
results, and we will discuss methods in which this is done throughout
this section.

A larger likelihood represents a point that better fits the model, hence,
our goal is to maximise £ (6;) for 6;. Consider that in our model 6; = «
is true, then introduce the y? function as the error-squared for any
point 61, we may define

X2 (01) = (61— @)™ (5.8)

Then x? = 0 gives the best-fit of the model. Creating a Gaussian PDF
likelihood function with this knowledge

—x*(61) ), (59)

1
Z£(61) =
(1) 2102 eXp( 202

here o is the error in « and this function may easily be generalised to
a vector 6;. In this function our £ is now maximised for the best-fit

point y = 0 and y follows the normal distribution according to o.

Optimisation is enhanced by performing a logarithmic transforma-

tion. Eq. (5.9) becomes>*

x2(8;)  log(2na?)

log £(6;) = — s >

. (5.10)

Using Gaussian likelihoods provides a smooth map of the parameter
space and aids in guiding optimisation algorithms in moving towards
regions of better likelihood fits.

So far we have considered a Gaussian-centred y? which is useful for
a central data value we are attempting to fit. If we, however, are faced
with a bound B, the most straightforward approach would be to cre-
ate a so-called ‘hard-cut’. In the case of an upper bound B*, point 6,1c
would have the log-likelihood

0, if Ocalc < Bt
log ZL(Ocarc) = . (5.11)
~Xmax, if Ocalc = BT,

where ymax is a large number, such that it is rejected by any optimisa-
tion algorithm used. The same likelihood with reversed limits applies
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53: A multivariate probability density.

54: The log-likelihood is generally
known to be a negative number which
is optimised at log<% = 0. There are,
however, exceptions to this rule, result-
ing from the arbitrary normalisation of
2.
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55: A function that has an integrated
volume of one.

to a lower bound. This kind of approach is valid for our theory con-
straints which are not stated with any statistical confidence unlike our

experimental bounds.

To improve the efficiency of the scanning algorithm, it is sometimes
better to apply a half-Gaussian bound, a so-called ‘soft-cutoff’. For an
upper bound B* and point 6, a half-Gaussian log-likelihood func-

tion would be

log(2n0?) . .
—_—— if o <B
10g ZL(Ocalc) = 2 cale

—Y2(6, log (27 o?) .
Xz(()_galc) _ log = , if gcalc > B+.

(5.12)

Again we reverse the conditions if we have a lower bound.

5.1.3 Distributions

Based upon different statistical interpretations there are two ways in
which we may present the final likelihood distributions that we map

for our parameter space. We discuss both here.

5.1.3.1 Posterior Probability Distribution

The posterior probability distribution is the direct result of Bayes the-
orem (5.4), P(0|D), the probability distribution of parameter space
given the data D. The posterior probability distribution is normalised
with respect to the evidence Z, ensuring we indeed get a probability
distribution® . Hence, calculating the evidence is a prerequisite. The
distribution may be presented as a ratio of its maximum value

P(6|D)

P (O1D)° 613

Xposterior (0) =

If we only care for a single variable we may integrate out all the others,

for example, if 6; = (61, 62) then we may use

P(01|D)=/P(9i|D)d02, (5.14)

to integrate out 6,. This is known as marginalising and 6, is known

as our nuisance parameter.

5.1.3.2 Profile Likelihood Distribution

A profile likelihood distribution only involves the un-normalised like-

lihood values for each point in parameter space. The distribution is a
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ratio of each point with respect to the point with the best-likelihood

Z(0)
Xprofiled (6) = ————. 5.15
prof led( ) Prest(6) ( )
As we work with log-likelihoods, this becomes
Xprofiled (8) = exp(log £ (0) — 10g Lpest(6)). (5.16)

5.2 GAMBIT

The Global and Modular Beyond-Standard Model Inference Tool [86]
(GAMBIT) released in 2017 is an open-source tool to perform efficient
statistical analysis (in the form of global scans) of physics models.
GAMBIT is built upon the paradigm of modularity, separated into so-
called ‘Bits” each with a different purpose. BSM models may be added
or modified in GAMBIT and plugged into the physics calculations and
statistical scanning tools already provided by GAMBIT.

We have worked to integrate the 2HDMs with Z; Yukawa aligned
sectors into GAMBIT. We are also working to integrate the general type-
III model with FC; however, this is a work in progress at the time of

writing.

The 2HDM spectrum has been added to GAMBIT through at both tree-
level and loop-level in SpecBit [87] and FlexibleSUSY [88], [89]. A

new SpecBit node® has been added for the 2HDM and we integrated 56: The source file and respective head-
existing FlexibleSUSY 2HDM loop-level spectrum generators with ers required to generate a spectrum at
. . . . both tree and loop-level, according to
some minor alterations. All theoretical spectrum calculations neces- ,
the GAMBIT paradigm.

sary for the analysis (e.g. unitarity of the scattering matrix, vacuum
stability, scale couplings) were added to SpecBit .

2HDM decays were added to DecayBit , precision physics to PrecisionBit
and flavour physics and collider physics integrations to FlavBit and
ColliderBit respectively [87]. GAMBIT also integrates with backends,
and we linked the shared library from 2HDMC [47] to access this pro-
grams inbuilt calculations.

Here we discuss interesting points about the implementation of the
2HDM in GAMBIT and the likelihoods added or adapted that we use

for our analysis.

5.2.1 Models

Models in GAMBIT represent physics models. Each model must be unique
if it has a different set of input parameters or is defined by different
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physics. However, models may be related as either "TFRIEND’ or ‘PAR-
ENT’*, depending on a model translation hierarchy. The translation
between models is done via translation functions. When required and
allowed, GAMBIT will automatically trigger the necessary translation

function for changes between models.

On these grounds, we need to declare separately (and in combina-

tion):

» each 2HDM Z, Yukawa aligned model/the general type-IIl model,
» each input basis,
» models with and without running parameters in the Spectrum

generation.

For each 2HDM, input basis transformations and transformations be-
tween tree-level and loop-corrected spectra are FRIEND translations.
Translations between Z, Yukawa aligned models are not allowed, and
each Z, Yukawa aligned model, is related to the general 2HDM through
a PARENT transformation.

We give the available GAMBIT models for the 2HDM type-II in Ta-
ble 5.1. These are also available for type-I, lepton-specific (type-X)
and flipped (type-Y) with the model name changes THDMII — THDMI,
THDMII — THDMLS and THDMII — THDMflipped, respectively.

Notice, each model has two entries: the tree-level model and an ‘atQQ’
partner model. The ‘atQ)’ partner includes loop-corrections in the spec-
trum generation and requires extra parameters to specify the model.
Notice also, the Z, hard-breaking terms A and A7 appear in the Z,
Yukawa aligned models. Generally, one would fix these to zero; how-
ever, if only interested in theoretical constraints, a Z>-breaking model
is supported. The restriction here is that not all theoretical likelihoods

support Z-breaking terms, more on this later.

Aside from the generic basis, we allow input in the Higgs basis, phys-
ical basis and two hybrid bases in which either A; or A, are replaced
by mp.

The basis transformations between the Higgs and generic basis are
given explicitly in the (A13) - (A22) of Ref. [43] (with necessary rela-
tionships to the Higgs basis we use detailed in section 4.1.1). Transfor-
mations between the physical and generic basis may be found from
the relationships described in section 3.4.2. The replaced coupling in

* PARENT relationships are created when extending a model with extra parameters and
conversely allow us create child models where some parameters are fixed. FRIEND
relationships are used when manipulating parameters in the same model, for example,
when carrying out basis transformations.
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Table 5.1: Description of 2HDM type-II models available in GAMBIT. These same models are also available for the other Yukawa aligned
types.

Name Model Description Input Parameters (Variable Names)

2HDM type-Il Model - Generic Ba- Jambda_1, Tambda_2, Iambda_3, Iambda_4,

THDMII [THDMIIatQ] lambda_5, lambda_6, lambda_7, m12_2, tanb

sis Input [Qin, QrunTo]
-[r_:::_[l) ,;4,;[ II f p_hy51cal 2HDM type-Il Model - Physical Ba- | lambda_6,lambda_7, m12_2, m_A, m_H, m_Hp,
physicalatq] sis Input m_h, sba, tanb [Qin, QrunTo]

THDMII_hybrid_-
lambdal [TTHDMII, -
hybrid_lambdalatQ]

Tambda_2, lambda_3, lambda_4, lambda_5,
lambda_6, lambda_7, m12_2, m_h, sba, tanb
[Qin, QrunTo]

2HDM type-II Model - Generic Ba-
sis Input with 11 replaced by m;,

THDMII_hybrid_-
lambda2 [THDMII_-
hybrid_lambda2atQ]

lambda_1, lTambda_3, lambda_4, lambda_5,
lambda_6, lambda_7, m12_2, m_h, sba, tanb
[Qin, QrunTo]

2HDM type-II Model - Generic Ba-
sis Input with 1, replaced by m;,

THDMII_higgs
[THDMII_higgs_-

atQ]

Lambda_1, Lambda_2, Lambda_3, Lambda_4,
Lambda_5, Lambda_7, M22_2, sba, tanb [Qin,
QrunTo]

2HDM type-II Model - Higgs Basis
Input

Table 5.2: Description of the 2HDM general model (type-III) in GAMBIT . At time of publication this model is not yet supported by all
of GAMBIT

Name Model Description Input Parameters (Variable Names)
Lambda_1, Lambda 2, Lambda_3, Lambda_-
2HDM General Model (type-III) - | 4, Lambda_5, Lambda_7, alpha, M22_2, tanb,
Higgs Basis Input Z?i (yd2_re_ij, yd2_im_ij, yu2_re_ij, yu2_im_ij,
y12_re_ij, y12_im_ij ) [Qin, QrunTo]

2HDM [THDMatQ]

the hybrid bases may be recovered using

1 2.4 _ 4 2 2 2 222
VR 2 (mh(s(I —Co) +my,(ctgcy, —tgsy) + A2y S5Cq s
a
f (5.17)
2.4 _ 4 2 2 2 222
=—5 (—mh(sa —Cq) —miy(ctpcy, —1gsy) + A1v cﬁsa).
Vv2speh,
All models are transformed into the generic basis® via FRIEND trans- 57: e.g. for the type-Tl model the generic
lation functions before being used by GAMBIT. As such, all models, ex- ~basis corresponds to the model THDMII

. . . . THDMIIatQ.
cept the generic basis, exist only as a rotation to allow us better to ex- o ae

plore different regions of the 2HDM parameter space. Each basis has
its benefits and disadvantages when searching for valid points. It is
often hard to satisfy perturbativity and stability in the physical basis,
whereas, it is easy to satisfy a valid scalar sector with SM Higgs-like
signals. The opposite is true for the generic basis. The hybrid basis al-
lows one to fix m; while scanning on the remainder of the couplings,

sitting somewhere in between these.

The relationship between different models displaying the nature of

translation functions linking them is shown in Figure 5.1.

Note that the most general 2HDM (type-I1l) is at the time of publica-
tion included but not yet supported by GAMBIT (see Table 5.2).
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Tree Level Spectrum FlexibleSUSY Spectrum

THDM =P THOMaQ
A A

=
o
) A
fiend o, o
g THDMII —> THDMIlatQ
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g
3
Earem ’
Figure 5.1: An overview of model trans- LA s . sl e
lations for the 2HDM type-II model in
GAMBIT (We have not included the Higgs THDMIl_hybrid ’ THDMIl_hybridatQ

basis input model here and have com-
pressed both the hybrid models into one
for simplicity).

Table 5.3: Modular-level dependencies on backends that are used in the 2HDM GAMBIT implementation.

2HDMC [47] | SuperIso [91] | HiggsBounds
HiggsSignals
[92] [93] [94]

SpecBit X

FlavBit X

ColliderBit X X
PrecisionBit

DecayBit

5.2.2 Backends

GAMBIT utilises the existing physics code-base, through interfacing ex-
ternal source-code shared libraries (back-ending). The goal is to be
able to access routines and variables provided by external codes di-
rectly within GAMBIT. The backend dependencies for the 2HDM, grouped

58: Since these results were generated at a modular level are given in Table 5.3. 5
the backend heplike [90] has also been
added to aid with flavour likelihood cal-

culations. 5.2.2.1 Two-Higgs-Doublet Model Calculator

This work has required that we backend the code Two-Higgs-Doublet
Model Calculator (2HDMC). To install the 2HDMC backend one needs to
run the command:

make THDMC

in the build directory. This downloads and extracts the package, ap-
plies compatibility patches, performs B0SS-ing as required and finally
runs a patched make build script, which is described in the next sec-
tion.



The 2HDMC provides functionality to calculate couplings and widths
for 2HDM processes along with particle spectrum calculations. It also

evaluates constraints from stability, unitarity, perturbativity, electroweak

precision measurements and experimental constraints through inte-
gration with HiggsBounds and HiggsSignals. We use the 2HDMC to
perform coupling and width calculations as well as to calculate the
electroweak precision parameters. All other constraints and calcula-
tions are carried out through GAMBIT .

2HDMC and BOSS  2HDMC is written in C++ and makes use of class struc-
ture. The most notable is the THDM class which creates a correspond-
ingly named object that holds our spectrum and gives us an entry
point into the desired calculations. This class structure will need to be
known to GAMBIT, and GAMBIT must be able to handle objects belong-
ing to the 2HDMC. Under basic circumstances, we would use dlopen,
a C tool that accesses functions and global variables from shared li-
braries. However, as 2HDMC requires the passing of objects based on a
class structure, we need a different approach. The tool packaged with
GAMBIT that enables us to do this is the python ‘Backend on a Stick
Script’ (BOSS). BOSS parses the backend and creates abstract classes that
recreate the backend class structure with virtual functions. > Each of
the original classes in our backend is then demoted to a child member
of each respective abstract class. Finally, an interface class is created
which wraps the abstract class and can be called by GAMBIT to access
the backend. As such, the interface class would contain a pointer of
the abstract class type that then would point to the original class in
the backend. The interface class for the 2HDMC is THDMC_1_8_0 and the
pointers corresponding to each of the original backend classes of the

60

2HDMC program are °* are:

THDMC_1_8_0: : THDM*
THDMC_1_8_0: : SMx
THDMC_1_8_0: :DecayTableTHDMx*
THDMC_1_8_0::Constraintsx*

These may be used as constructors within GAMBIT directly when the
2HDMC is stated as a dependency.
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59: The virtual functions in the abstract
class mirror the functions within the re-
spective original backend class.

60: The pointers are of the respective ab-

stract class type.
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An example of usage of the 2HDMC classes would be:

—

—

—

1| // Create a new pointer to an object created from the 2HDMC THDM

2| THDMC_1_8_0::THDM+ THDM_object;
3| // Set the 2HDM input by calling the standard functions from the

4| THDM_object->set _param_gen(lambda_1, lambda_2, lambda_3, lambda_4,
5 THDM_object->set_yukawas_type(2);

6] // Retrieve a coupling from the THDM object
7| THDM_object->get_coupling_hhh(hl, h2, h3, coupling);

class

THDM object

lambda_5, lambda_6, lambda_7, ml2_2, tan_beta);

Patches to 2HDMC It was necessary to modify some sections of the
2HDMC code to provide better compatibility with GAMBIT. Patches are
applied to the out-of-the-box source files as part of the GAMBIT cmake

scripts. Here we document each modification made.

>

'S

set_CKM function added to the SM class.
The B0SS-ed classes have been included in the Makefile.

» In GAMBIT the class name DecayTable is protected as it belongs

to DecayBit, hence, we have renamed the 2HDMC class with the
same name to DecayTableTHDM and propagated this change through
the source code.

Conditional compiler directives (#1ifdef) that are placed outside
of functions must be moved inside such that functions are still
defined regardless of directive logic. All function definitions are
expected at compile time as they have virtual definitions in the
abstract classes.

Constant variable values are no longer defined in the header file
but now set in the respective classes ‘global scope” section. This
was due to a compilation error introduced due to changing def-
initions of the const static double combination type in some
modern C++ standards.

Construction of a THDM object initialises an instance of the SM
class as a private member. The default way to access the member
SM class is to use the get_SM method which returns a copy of
the SM object. We are then able modify the object and pass the
copy back using the default set_SM method. As we carry out
manual memory management of the THDM object (as discussed
later) we create the function get_SM_pointer which allows us to
access the private SM object directly. The return pointer may be
assigned directly to the abstract class pointer THDMC_1_8_0: : SMx*
type.

The 2HDMC uses only tree-level input and in effect tree-level re-
lations between bases. When working with a spectrum from
FlexibleSUSY that includes loop-level corrections we may still



use 2HDMC acknowledging that we have input parameters at a
given energy and when inputting the physical masses we need
to input the pole masses. Up to this point it is acceptable to
use 2HDMC in its current state. However, if for any reason we
require a change of basis between a coupling basis (generic or
Higgs) and the physical basis the inbuilt tree-level routines are
not valid. To allow 2HDMC to access both the couplings and the
physical masses in any run without transforming we create an
input option that takes the entire spectrum (the couplings in the

generic couplings and the physical masses).

1 bool THDM: :set_param_full(

2 double lambdal, double lambda2, double lambda3,
3 double lambda4, double lambda5, double lambda6,
4 double lambda7, double ml12_2, double tan_beta,
5 double m_h,double m_H, double m_A, double m_Hp,
6 double sba) {

7 // set couplings, set masses, calculate m22_2

8 // ...

9 params_set = true; params_full_set = true;

10 return params_set;

11 }

The function get_param_phys, which returns the physical mass
basis, has been adjusted to check if params_full_set has been
set true (this is equivalent to set_param_full completing suc-
cessfully) and if so it returns the masses given to the set_param_-

full routine.®!

5.2.3 SpecBit

SpecBit [87] is an integral part of GAMBIT and the 2HDM implementa-
tion. It is necessary for spectrum generation and as such, is a prereq-
uisite to all 2HDM functionality. We detail how spectrum generation
happens at tree- and loop-level and introduce the THDMSpec_basis
header.

The non-standard GAMBIT header THDMSpec_basis®? exists for code
reuse and exposes THDM basis transformations.

The THDM_spectrum_container struct The standard GAMBIT method
is to distribute the spectrum is through the Spectrum object. We re-
spect this policy but require more flexibility as the 2HDMC also creates
its own spectrum-like object. On top of this, the multitude of 2HDMs
means it is convenient to store and validate basis transformations in a
central location. As such, we introduce the THDM_spectrum_container

struct.
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61: The masses given to this routine are
saved as private class variables.

62: The header is located at the include
path of gambit/SpecBit/THDMSpec_-
basis.hpp and is part of the namespace
Gambit::SpecBit
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Most functions involving 2HDM observable or statistical calculations
make use of the THDM_spectrum_container struct. The struct is filled
by the 2HDMC frontend convenience function init_THDM_spectrum_-
container_CONV and hence is the THDM_spectrum_container struct is
one of backend types the 2HDMC reports to GAMBIT . It is given by the

initialiser:

1 struct THDM_spectrum_container {

2 std::unique_ptr<SubSpectrum> he;
3 std::unique_ptr<SubSpectrum> SM;
4 SMInputs sminputs;

5 THDMC_1_8_0: : THDM*+ THDM_object;
6 higgs_basis_pars higgs_pars;

7 int yukawa_type;

8 // constructors and destructors
9 THDM_spectrum_container() {
10 THDM_object = new THDMC_1_8_0::THDM();
11 }
12 ~THDM_spectrum_container() {
13 delete THDM_object;
14 }
&1 B

The first three objects in the struct are the extracted component of
the GAMBIT Spectrum object. Storing them separately avoids having
to extract the Spectrum object each time we need to access either or
all of these (and exists purely for convenience as we already need to
pass around the struct). Next is the THDM_object, which is a 2HDMC
backend class that holds the spectrum and can perform calculations.
Many times we require our parameters in the Higgs basis and to con-
serve function calls we save the Higgs basis parameters to the struct

higgs_pars with the definition:

1| struct higgs_basis_pars {

2 double Lambdal, Lambda2, Lambda3, Lambda4, Lambda5, Lambda6,
— Lambda7;

3 double M11_2, M22_2, M12_2;

i }

The final member of the THDM_spectrum_container structis an integer

that specifies the Yukawa type.



To create a new container struct one should pass an empty container
struct to its initialiser function as follows:

// Creates a THDM spectrum container with no running scale
inline void init THDM_ spectrum_container(THDM_spectrum_container&
— container, const Spectrum& spec, const int yukawa_type);

// Creates a THDM spectrum container

inline void init THDM_ spectrum_container(THDM_spectrum_container&
< container, const Spectrum& spec, const int yukawa_type, const
— double scale);

The initialiser function has been overloaded to allow one to input the
energy scale to which the spectrum should be run. The initialiser func-
tion takes care of the necessary steps to run the spectrum if desired.

When initialising the THDM_spectrum_container the THDM_object is
also initialised. This involves matching the GAMBIT spectrum with that
the spectrum used by the 2HDMC . The GAMBIT SM parameters are also
matched with the SM parameters in the 2HDMC . The light-quarks «, d, c,
and s are input as MS quantities, all other SM fermion and gauge bo-
son masses are given at their pole.

5.2.3.1 Spectrum Generation

SpecBit is responsible for the overall generation of the 2HDM spec-
trum. The spectrum is always input in the generic coupling basis.
EWSB is carried out using tree-level relations or using the FlexibleSUSY
(FS) spectrum generator (which includes loop-corrections and energy
running).

FS requires the scalar basis input 1y, ..., 47 and m%z at the user-defined
input scale Qin. It also requires tan S at the scale of m;. The input pa-
rameters are in the MS parameterisation. From the input FS calculates
the gauge couplings as well as vy, v, m%l, m%z and the Yukawa’s at the
low-scale mz. Next, FS calculates the scalar mass spectrum in the DR
scheme (at the energy Qin), as well, as the pole masses. If we desire we
may use the Qrunto parameter (in conjunction with some likelihood
settings) to run all the parameters to the energy QrunTo and perform
tests on our theory at this point.

In our scans, we set the input energy scale at which to calculate the

spectrum to Qin = mz.

The user may choose a GAMBIT model that is cast in a different basis to
the generic couplings basis, however, in this case, the THDMSpec_basis

header uses a tree-level conversion to rotate to the generic couplings

5.2 GAMBIT
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basis before starting spectrum generation. This is necessary when us-
ing the FS spectrum generator, as it has been configured to only re-
ceive input in the generic couplings basis. When using tree-level mod-
els, this process results in a closed transformation and hence is not

needed.

FS has been configured to accept the four types of 2HDMs in the
generic basis. Each FS model that the user chooses to use must be built
and specified at the cmake stage. To build with all 2HDM FS models
the following FS cmake flag is required:

-DBUILD_FS_MODELS="THDM_I;THDM_II;THDM_LS;
THDM_flipped"

These models are also automatically included when specifying the
default build command for all FS models.

5.2.3.2 Perturbativity Check on Loop-Corrections

When using models with a FS-generated spectrum, we will have the
running scalar masses calculated at Qi, = mz as well as the pole
masses. To ensure the corrections to the masses remain perturbative,
we place an upper limit. The pole mass for scalar ¢ is given as

mg =mg(mz)+2(mg), (5.18)

where m4(mz) is the running mass and X(mg) contains the correc-
tions. We construct an upper limit to the corrections based on the as-
sumption that corrections remain perturbative if they are below half

the size of the running mass

mg(mz)

> (5.19)

Z(M¢) <

We apply this limit to each scalar particle as a hard cut-off.



Perturbativity Check on Loop-Corrections

Usage

# Checks light CP-even scalar

- purpose: LogLike
capability: hO_loop_order_corrections
function: check_h0_loop_order_corrections

# Checks extra scalars

- purpose: LogLike
capability: THDM_scalar_loop_order_corrections
function: check _THDM_scalar_loop_order_corrections

Likelihood Type: Hard cut-off
Model Compatibility: CP-violating

5.2.3.3 Stability of the Potential

The stability of our potential is described in section 3.5.1.1. Firstly we
use the 2HDMC program to calculate the stability conditions using the
radial parameterisation of the potential. This calculation returns an
acceptance/rejection, which translates into a hard cut-off. It is more
efficient if we have a half-Gaussian to guide the scanner for a con-
dition of this importance. It proves difficult to convert the radial pa-
rameterisation for stability to a half-Gaussian, so instead, for points
that fail the radial approach, we apply the conditions obtained from
the Minkowski-space-time parameterisation (3.96), (3.97) and (3.98).
These conditions are a set of simple inequalities and hence may be
more easily converted to half-Gaussians. The radial parameterisation
of the potential takes into account both CP- and Z,-violating terms in
the potential. The Minkowski-space-time parameterisation has only
been implemented to allow for Z,-conserving potentials. This may be
easily extended beyond Z,-conserving potentials using the method
outlined in section 3.5.1.1.

Checking at different scales We check that stability remains valid
up to 1 TeV® . Our approach assumes that if stability is valid at both
mz and 1 TeV, then it is valid along the interval between the energies.
As such, we apply the constraint as discussed above at both energies
and choose the worse performing likelihood.

To enable checking at scales the following option needs to be added to
the likelihood in the Rules section of the input YAML file:

check_all_scales: true
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63: This upper limit is motivated by en-
ergies at next-generation colliders.
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Stability of the Potential

Usage

- purpose: LogLike
capability: stability_likelihood_THDM
function: get_stability likelihood_THDM

Likelihood Type: Hard cut-off and half-Gaussian
Model Compatibility: Softly-broken Z,-conserving

We also consider the stability of the vacuum through the discrimi-
nant introduced in section 3.5.1.2. In this section, we gave a general
approach; however, we provided analytic expressions only for a Z-
conserving model. In SpecBit, we have implemented this form for the
Zy-conserving model. Rather than implementation as a likelihood the
vacuum stability constraint has been defined as an observable which
returns either true or false (1 or 0) if the discriminant condition is sat-

isfied respectively.

Vacuum Stability

Usage

- purpose: Observable
capability: vacuum_global_minimum
function: check_vacuum_global_minimum
Likelihood Type: Hard cut-off
Model Compatibility: Softly-broken Z,-conserving

5.2.3.4 Perturbativity of the Couplings

Initially, we may check that the generic couplings satisfy perturbativ-
ity using the limit from perturbative theory corrections of

;] < 4n. (5.20)

In the generic basis, this may be guaranteed at tree-level by the prior
limits. We may improve this constraint by looking into the four-Higgs
scalar interactions and extracting these couplings

1Co; ;i b | <4n, (5.21)

where ¢; = h% H°, A°, H*, H~. When converting this to a set of half-
Gaussian likelihoods, we get an additive effect from each combina-
tion; hence, we inevitably end up double-counting some processes. To
get around this, we remove identical values from the calculation.

We check perturbativity up to 1 TeV, using the method discussed in
the section above.



Perturbativity of the Couplings

Usage

- purpose: LogLike
capability: perturbativity_likelihood_THDM
function: get_perturbativity likelihood_THDM
Likelihood Type: Half-Gaussian
Model Compatibility: CP-violating

5.2.3.5 Unitarity of the Scattering Matrix

This constraint may be calculated at LO or NLO. The leader order
scattering eigenvalues are given in section 3.6, with eigenvalues g,

ap?tO| < % (5.22)
Notice that this constraint is not necessary when using the perturba-
tivity constraint. This is because the LO scatterings that enter here
are the same 2 — 2 Higgs scattering we limit in the perturbativity
constraint. The LO scattering eigenvalues are calculated for a general
model that may violate CP- and Z;-symmetry. The next-to-leading-

order scattering eigenvalues are also given in section 3.6 and satisfy

1

zNo _ 1
T

Yo+ 2 =

(5.23)

We include wave function corrections to the eigenvalues as well as
gauge and Yukawa corrections to the A; coupling beta functions. The
NLO eigenvalues we use are only derived with a Z>-symmetric model.
The NLO unitarity constraint restricts the parameter space more than
LO eigenvalues and, as such, if using the NLO constraint the LO
eigenvalue constraint is automatically satisfied. We do however need
to check perturbativity here, that is the NLO corrections are not greater

than the LO values
Z,NLO

ay> |
R= ch§+§_§’| <1, (5.24)
for each eigenvalue. As discussed in Ref. [39] we need to be careful
when the leading order contribution is very small, for example, when
|a%O| < 1/(167) we do not use the perturbativity check above. Each
of the constraints for unitarity is an inequality; hence, it is straightfor-

ward to build half-Gaussian likelihoods from the bounds.

The perturbativity check between the LO and NLO scattering eigen-
values needs to be explicitly enabled in the YAML file by adding the
following rule to the NLO unitarity likelihood:

5.2 GAMBIT
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check_correction_ratio: true

Unitarity of the Scattering Matrix

Usage

# LO unitarity

- purpose: LogLike
capability: LO_unitarity_likelihood_THDM
function: get_LO_unitarity_likelihood_THDM

# NLO unitarity (LO unitarity is not required in combination with
— this)
# Requires model to have Z2 conservation
- purpose: LogLike
capability: NLO_unitarity_likelihood_THDM
function: get _NLO_unitarity_likelihood_THDM

Likelihood Type: Half-Gaussian
Model Compatibility: Softly-broken Z,-conserving

5.2.4 PrecisionBit
5.2.4.1 Electroweak Oblique Parameters

Section 4.5 describes how we use and calculate the electroweak preci-
sion parameters (oblique parameters) and gives references to where
we can find suitable derivations for the 2HDM.

We fit the calculated values to the observed values (EWPO), which
given in Appendix F.1. These values are evaluated at mj s = 125
GeV.

Electroweak Oblique Parameters

Usage

- purpose: LogLike
capability: oblique_parameters_likelihood_THDM
function: get_oblique_parameters_likelihood_THDM

Likelihood Type: Gaussian
Model Compatibility: CP-violating

5.2.5 ColliderBit

ColliderBit [95] allows us to fit our model against collider physics re-
sults. We have linked the 2HDM to HiggsBounds 5[92] and HiggsSignals
2 [93] beta versions. HiggsSignals tests our Higgs sector against LHC
Higgs scalar decay rates and masses, while HiggsBounds incorporates
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LEP, Tevatron and also LHC data and tests against exclusion bounds
resulting from Higgs scalar searches.

Specifically the beta versions of HiggsBounds and HiggsSignals used
includes experimental tables up to and including September 2018.

HiggsBounds and HiggsSignals share the same model-independent
input. The input contains the masses and total widths of our the the-
ory scalars, as well as (SM normalised) effective Higgs couplings for
the neutral scalars and interesting branching ratios for the charged
scalars. We input the neutral scalar properties according to the effec-
tive coupling input (described in the HiggsBounds 5 manual [94]) and
the default charged scalars input. The programs then fit the input to

data tables and provide us with a ,\/2.64 64: We choose the peak-centred meth-

ods for the likelihood calculations.
Couplings and decay widths that enter the HiggsBounds /HiggsSignals

input are provided by SpecBit and DecayBit respectively and use
the in-built coupling and decay calculation routines of the 2HDMC. The
spectrum used in GAMBIT is matched with that input to 2HDMC at the
initialisation of each point. However, during the calculation of a cou-
pling or decay, 2HDMC carries out its own running of quark masses,
and in turn Yukawa couplings, to the process energy. This sometimes
creates some minor discrepancies between the final FS Yukawa'’s and
those used by the 2HDMC, which does not affect our results.

5.2.6 FlavBit

Flavour constraints are calculated within FlavBit [49] using SuperIso
[91].%° FlavBit fits each constraint to a Gaussian according to the ex- 65: SuperIso is the only of the back-
perimental values, errors and correlations recorded in the FlavBit ends used in FlavBit needed for 2HDM

flavour calculations.
database.”

SuperIso accepts input in the SLHA?2 format[96]. SLHA2 input is filled

and added to the spectrum object in the thdm_slhahelp.cpp helper

file® . Currently the helper supports filling only the Z, Yukawa aligned ~ 66: The location of this file is
models. The most important details when filling our models for flavour ~ Etements/src/thdm_sthahelp. cpp.
observables are the Yukawa couplings, which we fill according to Ta-

ble 4.3. FlavBit comes with the following calculations and respective
likelihoods built-in:

» BR(B — X,v),

B — K*u*p~ angular observables,

BR(B) — p*u”),

Rk and Ry,

BR(B* — t*v), BR(B — Duv) and BR(B — D*uv),
Rp and R},

BR(D% — t*v), BR(DT — p*v) and BR(D* — u*v).

Yy VvV vV VY

* The location of the flavour database within GAMBIT isFlavBit/data/flav_data.yaml.
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67: Arising from form factors.

We have extended FlavBit to calculate (using SuperIso ):

> AMBB and AMBZ'
» BR(B — K*u*u),
» B — K*u*u~ isospin asymmetry.

Each of these is detailed below.

AMpo and AM ), FlavBit includes a likelihood template for AM o
with the observable calculation obtained from an alternative back-
end - FeynHiggs (not easily compatible with the 2HDM). We have
extended the calculation for AMg by using SuperIso (and also in-
cluded the calculation for AM B from SuperIso ). We have then also
added a likelihood function for AM B based on the AM o template.

BR(B — K*u*u~) Due to the significant theoretical error in the cal-
culation of BR(B — K*u*pu~)® this calculation is not included by de-
fault and instead the angular observables are constrained. As there
is a deviation from the SM here, out of interest, we have added this
likelihood. We use the experimental values of dB/ (dg?) given in Ta-
ble 2 of Ref. [97] and then integrate them over the energy bins to get
the branching ratio. We then compare this with the branching ratio
calculated by SuperIso with a 60% theoretical error as discussed in
Ref. [98].

B — K*u*u~ : Ay We include the likelihood for the isospin asym-
metry of the process in the energy bin ¢ = [1.0,6.0] GeV? for interest.
The experimentally measured value from Ref. [71] is used. We also in-
clude a likelihood for the isospin asymmetry zero-crossing and obtain
the experimental value from the same reference.

5.2.7 ScannerBit

Many algorithms exist which perform Bayesian global fits and offer
efficient methods of sampling a distribution. ScannerBit [99] is the
integrated GAMBIT tool that takes the input parameter prior and runs
a sampling algorithm. The algorithm which we choose for our GAMBIT
analysis is Diver [99]. Diver is a global scanning tool that uses dif-
ferential evolution. Diver does not sample the posterior and thus re-
stricts us to present our final data-sets as profile likelihood distribu-
tions.



5.2.7.1 Differential Evolution

Diver invokes a method known as the differential evolution (DE) al-
gorithm. The specific DE algorithm that Diver uses is known as jDE
with rand /1 /bin evolution [100].

Consider a sample of points in our multi-dimensional parameter space
{X;}.%% Each point within this sample is known as a target vector.

We want to traverse the parameter space with different sets of target
vectors. This process has three steps mutation, crossover and selec-

tion.

Step One: Mutation Initially, we want to randomly combine target

vectors to create what are known as donor vectors
Vi=Xp1+ F(XrZ - Xr3)/ (525)

where

» V; is the donor vector.

» X;1, X2, X,3 are random target vectors chosen from the sample
of points. The randomly chosen vectors have the condition that
no two are the same, and none are equal to X;, i being the index
of the donor vector under construction.

» F is the scaling factor; it is used to determine how much we
want the distance between X,, and X3 to affect our donor vec-
tor.

Step Two: Crossover The next step combines the target vectors with
donor vectors component-wise into a sample of what we call trial vec-
tors Uj. We set a parameter Cr in (0,1) and then choose a random

number r; in (0,1). Then the kth component of Uj is

(Vig, ifrp <Cr
(Ui = (5.26)
(Xi)k/ ifrk > Cr.

To guarantee that U; and X; are not the same we make one final re-
placement (U;); = (V;);, with a random ! for each i.%

Step Three: Selection The final step checks each of our newly de-
veloped trial vectors in the sample {Uj} to see if they are fit to replace
their corresponding target vector. Assigning generation superscript,
each point with the best likelihood is selected for the next genera-
tion”’

X5 = max[2(X8), 2 (U9)]. (5.27)
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68: Initially they are randomly gener-
ated.

69: Notice, that U = V is possible.

70: If the points have the same likeli-
hood we accept the new point regard-
less.



124

5 Global Fits and GAMBIT

By this method each point is always as good or better than the last.
Due to this it is possible to miss the global minimum depending on
the initial conditions.

To summarise, we randomly combine our sample of target vectors to
form a sample of the donor vector. We then randomly combine the
donor and target vectors to produce a sample of the trial vector. For
our final sample of trial vectors, the likelihood of each point is com-
pared with the likelihood of the corresponding point in the sample
of target vectors (before combination), whichever has the better likeli-
hood is kept. In this way, we are evolving towards the best likelihood

points in our parameter space.

We see that the algorithm depends on three parameters. The first, al-
though not explicitly mentioned, is the number of points that we ini-
tially (randomly) selected in our sample of target vectors. The second
is the scaling factor F. The scaling factor F should be chosen between
0.1 and 0.9. It affects the size of steps between points; hence, a small
scaling factor leads to slow convergence, whereas, if the scaling fac-
tor is too large convergence may not be possible. The third parame-
ter of importance is the bound Cr, which dictates the mixing of the
target and donor vectors into the trial vector. The bound Cr may be
chosen anywhere between 0 and 1. A low Cr, interestingly, separates
dependence between dimensions, whereas a large Cr will increase
contributions from the donor vector leading to greater exploration of

parameter space.

Another model available is 4jDE which allows for self-adaptive opti-
misation of parameters.

In our study, we use the jDE algorithm with the default settings pro-
vided by Diver, where the F and Cr parameters are randomly se-
lected for each trial.

5.3 Independent Type-III Global Fit

Aside from the GAMBIT scan, we carry out an independent global fit
of the most general 2HDM (the type-III) with FC currents. Unlike the
global fits for the Z,-aligned models our goal here is not to analyse the
entire parameter space of the model but instead to see if the model can
accommodate the AMp_, AMp, and BR(B — X,v) flavour processes.

The type-IIIl model does not conserve Z>-symmetry and has interest-
ing consequences on the flavour sector. These include predicted con-
tributions to FC decays that are highly suppressed in the SM. We
are interested in these FC decays as they may provide evidence for

a 2HDM. The two processes we want to fit with our global scan are
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h — bs and t — ch. Current experimental bounds on the branch-
ing ratios of processes with a top decaying are at the 1073 level (see
Refs. [55, 101-103]). We have at 95% CL

BR(t — hg) <7.9-107, BR(r — ch) <2.2-1073,BR(t — hu) < 2.4-107%.

(5.28)
To predict potentially large upper bounds for the 4 — bs process we
are especially interested in investigating the B meson-mixing devia-
tion from the SM and fitting it onto the type-IIl. Radiative B decays
constrain the t — ch process, which are also included in the fit.

We create an independent C++ code to perform such a global fit. To
do so, we link likelihood routines with the statistical global scanning
code MultiNest.

We carry out this fit using tree-level relations on the spectrum gener-
ation and apply the same theoretical constraints that we did on the
GAMBIT scan. We, however, calculate the scattering eigenvalues only
at LO. Vacuum meta-stability is also not checked for this scan, as it be-
comes more complicated with Z,-breaking. We check the electroweak
precision parameters agree with observed values and fit the flavour
observables:

> AMBS and AMBd/
» s (meson-mixing phase),
» BR(B — X,y).

The calculations of the flavour observables (for the type-III fit) have
been coded up specifically for this study. To our knowledge they did
not exist out-of-the-box in any package for the 2HDM without Z5-
alignment. 7!

The experimentally observed values for these processes and the elec-
troweak precision parameters are given in Appendix F.1.

To fit the SM-like signal strengths we use a custom code snippet rather
than HiggsSignals for this study. 72 As usual we identify SM-like
scalar state with the field /4, and thus the first requirement is m; =
(125.09 +£0.32) GeV [104]. The width is also required to satisfy I', < 17
MeV following the result at 20 presented in Ref. [105]. The most rel-
evant information for the phenomenological aspects of the 125 GeV
scalar is the set of signal strengths uxy for combined production (Y)
and decay (X) channels
_o([pply — h)oaupm BR(A — X)onpm

YT T o (lpply — WsmBR(h — X)sm (5.29)

which are factorised in production x decay model dependent factors

71: We are working to extend GAMBIT to
be completely compatible with the gen-
eral type-III model in the future, mean-
ing that it will support all flavour ob-
servables previously discussed.

72: The future GAMBIT implementation
will use HiggsBounds and HiggsSignals
for collider constraints.
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P BR

_ p_o(lpply = hopm g _ BR(A = X)onpm
MXY = Ky Ky Ky = .

o(pply = Msm X~ "BR(h > X)su
(5.30)

The relevant production modes are gluon-gluon fusion (ggF), vector
boson fusion (VBF), Higgs-strahlung (Wi, Zh) and associated produc-
tion with top quarks (s¢h); the corresponding factors are

p _ I'(h— gg)mpm

"2 = TT(h S gg)em
2
P v LRh |2 RLh |2 .
Kith = 2 (|Ftt +[05 " ) ’ (5.31)
U

P _ P _ P _2
Kypr = KwH = KzH = Sga -

where the couplings I' (not to be confused with the widths with the
same symbol) may be read from Table 4.5. The corresponding factors
for the relevant decay channels are

gr _ I'(h = yy)mpm

77 T(h - yy)sm
2
\%
kb = o (ITER P+ IR )
my, (5.32)
2
BR v LRh)2 RLh |2
Ker = P (|FTT + |FTT ) ’
2m%

BR BR _ 2

Kww = Kzz =3ga-
Both «/ - and 7 arise from one-loop amplitudes: the expressions
may be found, for example, in Ref. [18]. For i — 77, since we assume
for simplicity SM-like Yukawa couplings in the lepton sector, k5% =
S/zaa (the experimental uncertainties in that decay channel are, in any
case, large).

The experimental results (values and uncertainties) from the combined
ATLAS and CMS analyses of LHC Run I data [106] are given in the
following matrix:

117028 13+05  5+l3  (5+30 9 o+l6

-0.22 -0.5 -1.2 =25 -1.3
1137928 0193 x X X
= 0.17 0.4 1.2 2.6 1.8
pxy =| 0847017 12704 16112 59726 5018 |. (5.33)
0.6 0.4 14 2.2 3.7
1.0%0e 13704 14414 22122 _19+37
0.5 0.4 1.0
X X 1.0%53 0455, 11570

The ordering for decay channels (rows) is {yy, ZZ, WW,r7,bb} and
for production mechanisms (columns) {ggF, VBF, Wh, Zh, tth}. For
the missing entries (x) there is no measurement available in Ref. [106].
In addition to Eq. (5.33), we also include CMS and ATLAS data from
LHC RunIlon & — bb and h — 7t in the analysis for h — bb, we con-
sider CMS [107] and ATLAS [108] results for VBF production while
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for h — 7t we combine ggF and VBF production following Ref. [109].
Notice that the analysis of Higgs signal strengths only requires the
2HDM vs. SM modifying factors in Egs. (5.31) — (5.32).

Lastly, we require that the observed upper bounds (5.28) on the FC
decays we are trying to reach are not crossed.

We do not consider any searches for extra scalars in this work, but
will do so in anticipated the general type-III using GAMBIT.

5.3.1 Likelihoods

We need to provide likelihood functions & (or y* = —2In %) to scan
the parameter space of the model. To ensure that the masses of the
scalars are positive, as well as to impose stability of the scalar poten-
tial, we use a hard cut-off: for a calculated value O, and lower bound
B;
0, if Oca1c > B;
Xlgounds = . o l (534)
Xmax  if Ocale < By,
where ymax is large enough that the scanner effectively invalidates
the point. The reverse of this may be used for an upper bound. A soft

cut-off imposes unitarity and perturbativity

0, if Ougle < B:/0.64

2 _ 2
o | (5.35)
ounds (_0.64;(?& - 1) , if Ocare > B;/0.64,

where B; is the upper bound at 68% confidence (improving the guid-
ance provided to the scanner). For observables that have been mea-
sured we use a centred distribution with the observed value at Ogps

and error o )
®calc - ®obs
- -

ngservables = ( (536)

The final y?-like function is built from all M bounds and N observ-

ables

M N
2 _ 2 2
X = Z Xbour\ds,i + Z Xobservables,i . (537)
i i

For BY-BY mixing and BR(B — X,y), we sum the errors of the experi-

mental and calculated values in quadrature.

5.3.1.1 Scanning Algorithm: Nested Sampling

To scan our parameter space and perform the global fit, we need
to select a scanning algorithm. We select MultiNest [110] [111] [112]
which uses an extension of Monte Carlo known as nested sampling.

MultiNest calculates the Bayesian evidence and allows us to present
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the final results as either posterior probability distributions or profile
likelihood distributions.

The likelihood & is a probability distribution function in D dimen-
sions which at each point gives a likelihood for the corresponding
model parameters 6. We can define iso-contours on the likelihood dis-
tribution for different 6 as A = £(6). We can introduce the prior vol-
ume function X which is the volume of the prior above the iso-contour
defined by 6 as

X(A) = / n(0)dPe. (5.38)
Z(0)>1

We may stage the likelihood as a function of the prior volume X. We
do this by introducing

L(X) = X (1), (5.39)

which is the likelihood iso-contour at £ (6) = A multiplied by the prior
volume above this contour. Recall the evidence is defined as the total
volume of the likelihood multiplied by the prior. In this notation, this
is just the sum of all of the different values our iso-contour £ (6) = A
can take
Z= / AX(Q)da,

- (5.40)

= Z= /0 L(X)dX.

The integration bounds in the second equation arise due to X being
a probability distribution function, X is defined on the interval [0, 1].
Now, this form of expressing the evidence may be approximated by
the trapezium rule, defining a particular value of X within [0, 1] as X;,
and then &; = £(X;) gives

M
Z= Z Liw, (5.41)
i

where 1
wi = E(Xi—l = Xis1)- (5.42)

In the summation M represents the number of points we want to cal-
culate within our interval [0,1]. With this, we are ready to describe
the sampling process:

1. Starting at step i = 0, we select N points from the prior. As these
N points can be selected from anywhere in the prior we set Xy =
1, that is, the full prior volume.

2. Evaluate the likelihoods at the N points and sort them by their
order of magnitude, with & being the smallest.

3. Progressing to step i = 1, draw a point from the prior and if
Z > %y, remove &£y from the point set. Now, the prior volume X;
will be less than X as the new likelihood defines an iso-contour
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that is more restrictive than that defined by &£;. We set the new
prior volume to X; = 11 X, where 71 must be in the interval [0, 1).
As we are randomly selecting points, #; is a random variable on
[0,1), such a variable follows the distribution Pr(z) = Nt(V-D,
The knowledge of this distribution is useful as it allows us to
make statistical predictions about the entire distribution.

4. We repeat step 3 until the contribution to the evidence, which is
given at each step using the trapezium rule, reaches a particular
tolerance. This tolerance is given by Tol Z; = LmaxX;, with Lmax
being the maximum value the likelihood attains in the current
set of points.

5. From the remaining set of N points, we may add a final contri-

bution to Z
N

AZ = Z sng—M. (5.43)

This process allows us to find the evidence Z and do a statistically
meaningful scan over the entire parameter space. We keep the data
for each point that is calculated, and we can recreate the posterior by
assigning each point a weight

ZLiw;
Z

pj= (5.44)

With this weighting, we can calculate statistical quantities and plot
marginalised posterior distributions. MultiNest extends this approach
by making use of an improved ellipsoidal nested sampling algorithm.
See the MultiNest manual for an extension to this definition.
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Global Scans of Softly-Broken
Z> Yukawa Aligned 2HDMs

In this chapter, we present the preliminary results of our global fits of
the softly-broken Z-symmetric models in which the Yukawa sectors
are said to be aligned. We perform our scans in the generic basis and
include all the likelihoods described in the previous section. The prior
we use on our scans is given in Table 6.1. For #3, we use a logarithmic
prior to assist with the exploration of difficult to reach regions of the
parameter space. The parameter m%z has a vast prior region, and it
is useful to break it up into a combination of flat and logarithmic re-
gions. The form of interval given in the table, may be read as edge
regions ([-10°%,-10%], [10%,107]) being logarithmic and the region be-
tween ([-10% 10%]) being flat. It's notable that 1; > 0 and 1, > 0 are
required for a stable potential, although not done here, in future work
it is wise to set the prior to [-0.5,4x] for A; and 1,. Here the lower
value of —0.5 is arbitrary but we choose it less than zero in case the
running of the couplings allows an opening that is negative.

The global fit results are presented as one- and two-dimensional pro-

file likelihood distributions of interest, with the best-fit point shown

by a star. The data have been parsed and plotted by pippi. One-dimensional
plots are overlaid with three dashed lines to indicate confidence lev-

els; from the top down, the lines represent the 10-(68.3%), 20-(95.4%)

and 30(99.7%) regions, respectively. Likewise, the two-dimensional
distributions show the same confidence intervals, with solid lines,

and the shading indicates the profile likelihood ratio at any point.

We plot the results of all four Z;-symmetric 2HDMs, but as the liter-
ature focuses generally on the type-1I, results for the type-II are (dur-
ing preliminary stages) conducted with a higher number of sample
points.

The one-dimensional and two-dimensional distributions of the generic
couplings in the type-I, type-II, lepton-specific and flipped models are
given in Figures 6.1, 6.2, 6.3 and 6.4 respectively.

Table 6.1: Parameters scanned over in our global fits, along with the priors used. The GAMBIT models also accept 1 and A7. As we
work with Z,-symmetry, we have set these to zero explicitly.

Parameter | Range Prior Type
A12345 [—4r,4n) Flat

15 [0.01,100] Log

m?, (GeV)? | [-10°,-10%,10%,107] | Log/Flat




134

6 Global Scans of Softly-Broken Z, Yukawa Aligned 2HDMs

Figure 6.1: 1D and 2D profile likelihood distributions for the potential couplings (generic basis) in the type-I model.
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The best-fit points of each of these are given in Table 6.2. Starting at
each of the best-fit points, we plot the running of the couplings up to
100 TeV; the running plots are shown in Figure 6.5.

Notice the similarities between the best-fit points, as well as the one-
dimensional distributions. The type-II and flipped models display
similarities and the type-I and lepton-specific models also display
similarities. In fact, these similarities are easily explained by noticing
that each pair of models shares a similar Yukawa structure. As such, it
becomes evident that Yukawa structure significantly dictates the dis-
tributions of each of the model types. It is noteworthy to mention that
Yukawa structure enters only in the experimental likelihoods.

In Figure 6.6, we plot the 2D profile likelihood distributions of the
couplings with the theoretical constraints imposed exclusively. These
include the stability of the potential and perturbativity of the four-
point scalar couplings up to 1 TeV, the NLO unitarity bound on the
scattering matrix with a perturbativity check on the NLO values, and



Figure 6.2: 1D and 2D profile likelihood distributions for the potential couplings (generic basis) in the type-II model.
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perturbativity checks on loop corrections to all scalars. The NLO scat-
tering eigenvalues shown here are calculated without wave-function
corrections or gauge and Yukawa coupling contributions to the beta

functions.

As mentioned before, 11 > 0 and A2 > 0 are required for a stable po-
tential, and as such, we only plot their positive values. The remainder
of the couplings are plotted in the interval [—4,4] which encloses all
of the parameter space up to 3c0~. Note that all points plotted, also sat-
isfy the vacuum meta-stability discriminant, which is to say that they

correspond to a global minimum vacuum solution.

We see that 11 has the largest possible values within our combined
fit. It proves useful to calculate the maximum value up to which 2;
remains perturbative when running up to 1 TeV as done in our scan.
Using the one-loop beta function for 1; given in Ref. [24] and ignoring

Profile likelihood ra

Profile likelihood ratio A = £/ L,
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Figure 6.3: 1D and 2D profile likelihood distributions for the potential couplings (generic basis) in the lepton-specific model (type-X).
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Solving, we find that max[2;(mz)] ~ 5.5 such that 21 (u = 1000GeV) <
4. This value is safely below the upper limit found by the scan. How-
ever, we note that we have not included other A contributions during
running. Further, we have not applied corrections beyond order-one,
and we note that in our perturbativity constraint we more carefully
limit 2 — 2 Higgs scalar couplings, not just 11. Hence, perturbativity
up to 1 TeV may explain the upper limit on 4. Carrying out individ-
ual theoretical and experimental scans confirms this.

On the other hand, 1, has the smallest attainable values and 1, < 1 at
20 for all models but the type-I where it is 1, < 1.5 at 20~. The push
towards low values for 1, may be explained by the form taken on by
the CP-even scalar mass matrix. In the simple case of 13 = A4 = 15 =0,
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Figure 6.4: 1D and 2D profile likelihood distributions for potential couplings (generic basis) in the flipped model (type-Y).
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the CP-even Higgs masses are given at tree-level by Eq. (3.92). We

rewrite them here for convenience

2
mi,

s + vzsé/lz, m%, = m%ztﬁ + vzcé/ll. (6.2)

ml =
In an SM-like limit (tg — o0, 55 — 1,cg — 0) these masses become
mi ~ V2, m%_l ~ m%ztﬁ. (6.3)

If we fix my, to its observed value of 125 GeV in this limit then A, is
also fixed at ~ 0.26. In the opposite case when tg is small then m,
is approximately proportional to the m?, term. This opens up the A,
value to variation away from this fixed value. This relationship may
be seen in Figure 6.7, where we plot 1, against #5 for a tree-level model
and a constraint has been placed that a CP-even scalar is fixed at the

observed SM Higgs boson values.”* 74: Here we have not applied any the-
oretical constraints, hence, negative val-

ues of Ay are open.
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Table 6.2: The values of the couplings at the best-fit point.

Model TYPe Aibest | A2best | A3best | Aabest | Asbest
Type-I 1.9 0.5 -1.6 1.1 -0.5
Type-II 1.3 0.1 2.2 -2.1 0.2
Lepton-specific (X) | 1.9 0.2 -05 |20 -0.9
Flipped (Y) 1.5 0.2 2.2 -24 0.2

Figure 6.5: Running of couplings in the various 2HDMs starting at the best-fit point. Running is between mz and 100 TeV. Top-left:
type-I model, Top-right: type-Il model, Bottom-left: lepton-specific (type-X) model, Bottom-right: flipped (type-Y) model.
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Figure 6.6: 2D profile likelihood distributions of the potential couplings (generic basis) with only the theoretical constraints of our
scan imposed. We show the 30 region.
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Figure 6.7: 2D profile likelihood dis-
tribution of A, vs 7z with only an
observed SM Higgs boson mass con-
straint applied to CP-even scalars via
HiggsSignals.
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Figure 6.8: 3D plot of 2, vs 15 vs m?
with 13 = 4 = A5 = 0. The or-
ange plane represents the solution plane
where mj, = 125 is realised. The grey re-
gion represents un-physical solutions.

100

Figure 6.9: Same as 6.8 but highlight-
ing the area with low 75 and m%z where
a large range for A is realised. The
grey region here is a plotting artefact
and does not represent un-physical so-
lutions.

The implication for the relationship between 1, and #5 due to this con-
straint is that, for models with small values of 75 that are not allowed,
or not easily accessible®, the value of 1, is fixed at ~ 0.26. We have
not yet looked at the values that 73 may reach in each model but we
observe from the best-fit points and distributions that the type-I and
flipped models have the least constrained 1, parameter space and,
hence, we predict for these models lower limits on 7.

In Figure 6.8 we show this relationship in three-dimensions, adding
m?,. We plot A2 vs 15 vs m3, with A3 = 14 = 15 = 0 and add a plane (or-
ange) that represents solutions of the three-parameters where m;, =
125 GeV is realised. Looking at the form of Eq. (6.2) we see that a
large m?, makes the m?, term more significant (particularly in the
lower 1z limit). To cancel contributions from a larger m?, term we
require A, to be less than the ~ 0.2 solution and even go negative.
A negative 1, is forbidden by stability of the potential so we have a
region of parameter space where 1, cannot satisfy both the stability
and Higgs mass constraints. This may be seen as the grey region in
the Figure (which technically represents solutions where one or more
of the scalar masses goes negative). This grey region is bounded by a
proportional relationship between m?, and 1z as they compete to keep

A2 positive.

As expected, the majority of the figure shows that the solution plane
gives Ao ~ 0.2. Smaller values of 1, may be found exclusively where
m2, is above some threshold, as explained. Interestingly, the curvature
of the plane decreases as m?, grows, meaning there are more values
less than A, ~ 0.2 in the larger m3, region. Finally, near low m?, and
tg, A2 may take on in theory, any value. This thin sliver of parame-
ter space is both difficult to sample and may already be restricted by
other model constraints. We plot this region in Figure 6.9 where we

may see the large attainable range of 1,.

The distributions of A3 and A4 are peaked away from zero for each of
the models. More specifically, within the type-II and flipped models
both A3 and A4 accommodate two peaks (at 10) either side of zero.
In the type-1 and lepton-specific models 13 has a single peak (at 10)
below zero and 14 has a peak above zero (at 10-) and a smaller peak be-
low zero (at 207). The A5 distributions also share subtle similarities in
the type-II and flipped models, where they exhibit roughly Gaussian
peaks centred on zero.

At this point we should investigate the features as well as the collider

and electroweak precision parameter constraints.

Given collider constraints there are limits that come from two loca-

tions. Firstly, we look at direct collider constraints that have searched

* Accessibility in this case refers to the scanners ability to reach these points. Accessibil-
ity may improved through educated changes to the prior.
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Table 6.3: Light CP-even Higgs (h%) to fermion 2HDM Yukawa scalings to fermions for each of the Z, aligned 2HDMs. We give the
reference to the corresponding set of figures for each type.

Type Uiar  Uha  Tig-  Figure

d My
I colSp Calsp co/sg  Fig.6.10
1II colsSp —Salcg —sa/cg Fig. 6.11

X (LS) colSp CalSp  —Safcp Fig.6.12
Y (flipped) | co/sg —Sal/cg caol/sg  Fig.6.13

for extra Higgs scalars. These are fit by HiggsBounds. Secondly, we
may indirectly search for the 2HDM by looking at any modifications
it imprints on the SM-like Higgs. These are fit by HiggsSignals.

ATLAS summary results’”> [113] [114] [115] show all observed pro- 75: We quote 2016/2018  results

duction channels and branching channels for the light CP-even Higgs, =~ to match the data-sets used by
our versions of HiggsBounds and

except for h — ZZ and h — bb (measured as Vh — Vbb) lie within 1o o
HiggsSignals.

of the SM prediction. Studying the combined signal strengths shows
us a similar pattern, with the majority of the best fits observing signal
strengths ¢ > 1, all within 1o of the SM prediction. The most tightly

constrained signal strength is in the 7 — WW channel (averaged over

+0.24
-0.21"

are h — bb (it has the largest branching for #) and 7 — yy pro-

all relevant production channels) with 4 = 1.16 Also interesting
vides for a clean signature final state. The observed signal strengths
for these final states (averaged over all relevant production channels)
are u = 0.52 +0.40 and ¢ = 1.17 £ 0.27, respectively.

In the 2HDM we may rotate the light SM-like CP-even Higgs into
heavy CP-even Higgs. This will alter from the signal strength we ob-

serve.

Looking first at i — f f decays, we know in the 2HDM the couplings
to fermions depend on the type of model we are investigating. We
again show the relevant 2HDM scalings to these couplings (with re-
spect to the SM) in table 6.3. The complete listing of coupling scaling
factors may be found in table 4.6.

We plot the scaling factors in Figures 6.10, 6.11, 6.12 and 6.13 with
all constraints imposed for each of the four models, respectively. It
is interesting to investigate how much opening we are permitted on
the Yukawa scalings in the 2HDM, as these would directly effect the
amount of enhancement/suppression permitted in the production/de-
cay channels.

There is little opening for the down coupling I in all four models,
with a best fit point at one in all cases, except in the type-I, where the
best fit and 1o region are all below 1, weakening the process and per-
haps leading to a decreased signal strength. The & — bb channel has
a large experimental error due to background noise, and, along with
our channles with large noise, may not be a good candidate for 2HDM
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Figure 6.10: Scaling factors for the light CP-even Higgs (k") to fermion couplings in the type I model. All constraints are included.
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Figure 6.11: Scaling factors for the light CP-even Higgs (h°) to fermion couplings in the type II model. All constraints are included.
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searches. In the type-II and flipped models, although the best fit is
centered around one, I'" may reach [0.975,1.05] and [0.85,1.15], re-
spectively, at 1o~. Observation of the corresponding # — c¢ final state
would involve reconstructing charm-jets which would, again, have
large background interference. A potential probe could be via differ-
ent final states such as 1 — ccy [116]. Alternatively, we could also con-
sider the effects of the top to Higgs coupling in ¢tk production. Inter-
estingly, the T'" distribution in the LS model shows a preference away
from unity in both directions, but predominantly I'? < 1. The best-fit
sits at T 0.87. The h — 77 channel has the second largest branch-
ing ratio after the b. The channel is difficult to identify due to QCD-
background and reconstruction of neutrinos in the final state [117] but
remains interesting, especially with the behaviour discussed.

The light CP-even scalar couplings to the vector bosons are propor-
tional to sg, in all model types. We show h — WW vs cosg, for the
type-1l in Figure 6.14. The figure shows a 1o opening of [-0.15,0.025],
which aligns well with the SM-limit, and suggests little opening.
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Figure 6.12: Scaling factors for the light CP-even Higgs (k) to fermion couglings in the lepton specific model. All constraints are
v

included. c/sg is repeated for this model. Left: I a1, Middle: T Z ML, Right: T'¢ 57~
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Figure 6.13: Scaling factors for the light CP-even Higgs (h°) to fermion couplings in the flipped model. All constraints are included.
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Next, we consider # — yy. In the 2HDM, the loop via which the de-
cay occurs will include a contribution from the charged Higgs scalar
- H*. The observed branching ratio for this channel is (2.27 + 0.05) x
1073 [13]. We conduct an independent scan with only theoretical and
collider constraints and find that m g+ fits this process up to 3000 GeV
(beyond which we do not consider in this scan), see Figure 6.15. From
this, NP in the 2HDM may not be visible in the 4 — yy channel.

Returning to the discussion of features, recall, to identify #; with ho
then a = /2 + nn. We know from the Yukawa scalings that rotations

in @ and g change our signal strengths. Recall the relations

2412,
S2a = ’
2 2 2
\/('/”11 = l5,)? +4( A7)
‘/%%2 = —misBCB + Vz(ﬂ?) +/l4)/ (64)
= —mfz +v2( A3+ A4+ spepds),
2

m
ma T V225,

SpCp

where we have set 14 = 17 = 0. When #° is aligned with £, and
there is no mixing between CP-even scalars, (2, = 0. In this scenario
and with tan 8 small (in the type-II) we have SM-like signal strengths.
These may be maintained as & and 8 mix in proportion to one another.

Being close to the alignment of 1 with h; suggests we have limits
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Figure 6.14: h — W*W~ vs cos(Ba)
with collider constraints (HiggsBounds,
HiggsSignals) and all theoretical con-
straints in the type-II model.
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Figure 6.15: h — yy vs mpgs
with collider constraints (HiggsBounds,
HiggsSignals) and all theoretical con-
straints in the type-II model.
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on the size of the couplings 13, 14 and 15, as here 52, = O(subject to
any cancellations between them). This also helps to explain some of
the double-peaking structure of 13 and A4 throughout the models. In
all models the peaks exhibit 13 = —14 patterns, which help to cancel
mixing between the CP-even Higgs scalars.

In the type-II and flipped models, we observe a peak in A3 in the in-
terval (-1.5,4) at 1o. In 4, for all models, we observe a peak in A4
in the interval (—4,0.5) at 1o. The difference in distributions of 4 be-
tween models, unfortunately, seems to originate from lower sampling
in models other than the type-IL It seems that in the flipped model,
it is easier to recover the dual peak distribution for A4. Finally, 15 is

mostly Gaussian about zero.

Looking explicitly to the two-dimensional distributions, similarities
in the distributions are easily visible between the type-II and flipped
models and between the type-I and lepton-specific models. We clearly
see the A3 and 14 profile likelihood distributions peaked away from
zero in the 2D profile likelihood distributions.

Contrasting these two-dimensional combined fits with the two- di-
mensional purely theoretical fits, we notice the most substantial dif-
ference is on the 1, upper limit from the SM Higgs scalar mass con-
straint, along with stronger bounds on 13 and A4 from collider and
flavour physics processes.

Finally, it may be shown that the relations above in eq. (6.4) in com-
bination with the requirement to keep the Yukawa scalings near one

lead to a lower limit on m4.

The masses of the extra scalars are heavy but at the lower end of the
spectrum still detectable with current colliders. To detect them we
would need to identify and recreate their decay products into a signa-
ture. This is notoriously difficult as processes such as those containing
b-jets exhibit large amounts of background noise.

In the direct search for heavy scalars, we may implement bounds
on masses and mixing angles. For example, the m 4 vs tan 8 plane is
most constrained by the final channels A/H — 77 [118] and H —
76: here the brackets represent two dif- hh(4b)(bbyy/TtT)7¢ [119]. Usually when searching for new scalars
ferent final states. in this way we look for narrow widths and progress to wider width
searches later. Most BSM search final channels are included in HiggsBounds
and the dissection of global fits channel wise may be found in Ref. [120]
for H* specifically and more generally for each model in Ref. [121]. We
skip over this in the presentation of the preliminary results.

Ref. [84] describes the electroweak precision parameters proportional

to some combination of the functions. We very roughly detail how



these functions behave. The electroweak precision parameters

S G(m?,m?), T F(m2,m3), UxG(m2,m3),

6.5)
Vo H(m%,m3), Wo H(ma ms), Xo«G(m2m3),

where m, and m;, are heavy scalars. These functions also include the
gauge boson masses but we ignore them here as they do not change
our argument. It is shown in Figures 2, 3 and 4 of [84] that F(m?%,m?) =
0 while growing rapidly for m, # my,. Similarly G(m?%,m2) = 0 for
mg,mp > 400 GeV, while being slightly negative for m,,m; < 400
GeV. G then grows for m, # my. Finally, H < 0 for m,,mp, < 300
GeV, after which it is 0 for all m,, m;,. The above information com-
bined with the small values that we fit for the oblique parameters
(given in appenix F)* and the relations in Eq. (6.5), suggest oblique pa-
rameters best fit heavy scalars with m, = my. It also suggest that the
electroweak precision constrains prefer low masses, as at these scales
there is a greater potential opening to the oblique parameters. Our re-
sults fit well with these predictions, we present these in Figures 6.16
and 6.17.

Next, we are interested in distributions of the mixing angles o and g
within each model. We plot the 2D profile likelihood distributions for
(a vslogtg), (B —a vs logtg) and (cga Vs logtg) in Figures 6.18, 6.19,
6.20 and 6.21.

It is more revealing to plot cg, as we are close to the alignment limit
Sge = 1 and it is difficult to read off sg, values here. The best-fit
points for each of the plotted angles/angle combinations are given
in Table 6.4.

The calculation of the angle 8 — @ was guaranteed between (-7, 7),
however in this scan we also required that the angle « is on the same
—7Z,%). To guarantee this, we impose the condition @ — a -
n (shifted back by half a period) when a < 7. The resultant shifted

B — a combination no longer respects the (-7, 7) interval. As such

interval

we observe values either side of 7, in this shifted interval the sign

Figure 6.18: 2D profile likelihood distributions of the mixing angles in the type-I model.
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Figure 6.19: 2D profile likelihood distributions of the mixing angles in the fype-II model.
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(quadrant) of ¢z, and sg, is also changed. In the plots of the running
and best-fit point tables we include the shifted sign. In the 2D profile
likelihood plots we plot the absolute value of cg,,. For future scans we
will be sure to only state the angle combination before the shift in «,

as discussed at the closing of section 4.1.

Starting at the best-fit point we run the angles and show the energy
evolution up to 100 TeV of the angles and the physical combination
Sga and cg, for each model in Figure 6.22.

Notice that all angles begin near the alignment limit (sgo = 1,¢g0 =
0) and from this point are well-behaved. There is a small divergence
from this limit at high energies.

The left-handed plots of Figure 6.21 show us the relations between «
and 73. We see that a is being pushed negative at lower values of 7. It
must do this to maintain points close to the alignment limit 8 —a = &

as B shrinks.

The type-I model can replicate SM-like signal strengths; this is due to
the Z, alignment of the Yukawa’s in this model. In the case & = 0 all
the fermions couple to the SM-like Higgs scalar. The SM is recovered
then as t3 — co. We see that the SM-like model is ruled out at 20 in
the type-I scenario.

The central plots follow the alignment limit and show the moving of
the 2HDM away from this. It is the type-I model that can reach points
furthest from this limit. This behaviour again is due to the Yukawa

alignment. As « diverges from zero and approaches 7/2, the CP-even



Figure 6.21: 2D profile likelihood distributions of the mixing angles in the lepton-specific (type-X) model.
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Table 6.4: The values of the angles at the best-fit point.
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states from our fields ®; and ®, rotate into each other. As this hap-
pens to all our CP-even to fermion Yukawa couplings simultaneously
in the type-I, we do not need strict cancellations from 8. We may see
the type-I divergence from the alignment limit shows a fit to anoma-
lies in SM-like signal strengths.

The other three models show only small deviations from the align-
ment limit, and these are perhaps best seen in the rightmost plots

where again cg, = 0 is the alignment condition.

Clearly, the lowest values of ¢z may be reached in the type-I, with the
best-fit point also pushed down in the type-II. Collider constraints

push tan 8 downwards as do the leptonic flavour constraints.

When analysing the 1D profile likelihood distributions of the 1, cou-
pling, we predicted a relatively low limit on 7z for the type-I and
flipped models. This claim turns out to be accurate as indeed both
these models reach lower 75 values than the type-II or lepton-specific
models.

Perhaps the most interesting of all the results are those of the physical
spectrum. We plot the interesting one- and two-dimensional profile
likelihood distributions for the physical spectrum in Figures 6.23, 6.24,
6.25 and 6.26. Unfortunately the 2 and 3 o~ regions for the 2D m3, and
log(tg) profile likelihoods have not been sampled efficiently in the
preliminary results and provide ‘scattered’ results. One may, however,
make out the probability regions and we keep this binning to ensure
the 1o region features remain visible.

We plot pole masses for all our scalar particles since running masses
are never much larger or smaller due to the perturbativity on the loop-
correction constraint. We show the agreement between the running
mass and pole mass of my in the type-Il model in Figure 6.27. We also
show the same plot for m;, in Figure 6.28. In the case of my,, the per-
turbativity on loop-correction constraint is more obvious, especially

at the sharp bottom limit cut-off.



Figure 6.23: 1D and 2D profile likelihood distributions for the physical spectrum in the type-I model.
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Figure 6.24: 1D and 2D profile likelihood distributions for the physical spectrum in the type-II model.
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Figure 6.25: 1D and 2D profile likelihood distributions for the physical spectrum in the lepton-specific model (type-X).
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Figure 6.26: 1D and 2D profile likelihood distributions for the physical spectrum in the flipped model (type-Y).
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As usual, the best-fit points for the physical spectrum plots are given
in Table 6.5 and the running of the scalar masses and the VEV from

the best-fit points is given in Figure 6.29.

Again from our best-fit points, there is an agreement between the
type-II and flipped models and the type-I and lepton-specific mod-
els due to the Yukawa sector alignment. All scalars are strongly corre-
lated in mass as expected from the electroweak precision observables
fit. We notice a distinct upper limit on all heavy scalars at around 2
TeV. This limit appears during spectrum generation with only the SM
Higgs boson mass constraint imposed. Loop corrections to the light
CP-even scalar are of the form [1;m4] where i = 3,4,5 and m is a
term proportional to the mass of the heavy scalars (indeed it does not
matter which one as they are correlated in mass). This relationship
implies that as heavy scalar masses grow in size, so too do the loop
corrections to the light scalar (in the case that A; with i = 3,4, 5 are not
close to zero). As we have trouble sampling small values of A; with
i = 3,4,5 in our scan, loop correction growth eventually saturates the
point where we are no longer able to fit the SM Higgs scalar mass to
the pole mass of the light CP-even scalar. In Figure 6.30 we present
a scatter plot with the pole mass of the light CP-even Higgs scalar
against that of the heavy CP-even Higgs scalar. In the scatter plot we
ensure that loop corrections to both scalars remain perturbative. In
turn this produces an upper bound on my of ~ 2 TeV at m;, = 125
GeV. The same scatter plot is obtained for each of the heavy scalars. It
is crucial to mention that this upper limit is not necessarily a limit of
the theory but may arise from the inability to sample low values of 4;
with i = 3,4, 5. Alternatively the upper limit may be due to the form
of the loop-order calculation, specifically that there may exist cancel-
lations to my, at higher orders that, within the constraints of perturba-
tivity, push down the loop-corrections and recover some of the high
mass parameter space. The fit to a SM-like CP-even scalar is packaged
within the HiggsSignals y? in the combined likelihood.

Table 6.5: The values of the physical spectrum parameters at the best-fit point.
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Model Type M pole [GeV] | mapote [GeV] | mp=pole [GeV] | m?, [GeV?]
Type-I 450 430 380 58,000
Type-II 550 530 610 80,000
Lepton-specific (X) | 460 520 420 10,000
Flipped (Y) 670 660 730 68,000
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Figure 6.29: Running of the scalar masses and the VEV in the various 2HDMs starting at the best-fit point. Running is between mz and
100 TeV. The y-axis is in GeV. Top-left: type-I1 model, Top-right: type-1I model, Bottom-left: lepton-specific (type-Y) model, Bottom-right:

flipped (type-X) model.
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In the plots there seems to be an even more restrictive upper limit on
the heavy scalars at ~ 2 TeV. In the type-I, type-II and lepton-specific
models the upper limits fall below 1 TeV at 2c, in the flipped mod-
els this is relaxed slightly to just over 1 TeV. The lower limit sits just
over 200 GeV at 20 for the type-I and lepton-specific models. For the
type-II and flipped models, the lower limit sits just above 300 GeV at
20. These limits may be explained by the flavour constraints placed
upon our models. The lower limit is due to the b — sy branching pro-
cess, whereas the upper limit is from the fit on angular observables of
the B — K*u*u~ process. These two constraints are in tension with
one another, and both of them limit and shape the distributions of our
scalar masses. The radial components of B — K*u*u~ contain large
anomalies to fit and have a significant downward push on our scalar
masses. The b — sy branching process provides stronger limits from
below, especially upon the type-II and flipped models. This stronger
pull not only results in a larger lower limit but also cancels the pull
from the B — K*u*u~ process and produces a Gaussian with little
skew in the type-II and flipped models. On the other hand, there is a
noticeable skew towards lower mass values for the type-I and lepton-
specific models. The onward effects of this tension between the two



flavour constraints may also be observed in the values of the heavy
scalar masses best-fit point where the type-I and lepton-specific mod-
els have lower values due to their skewed distributions.

We perform an individual study on each flavour likelihood that is
switched on in our models. We plot the study for a type-II model in
Figures 6.31. It is difficult to grasp the restrictions placed by all con-
straints on the linear scale in g, so we also show this logarithmically

in Figure 6.32.

The flavour constraint plots for the 2HDM type-1I model show exclu-
sion regions at 20 for each flavour likelihood. The flavour likelihoods
are carried out independently, so there is no pull between each of the
regions. We see all the constraints are in tension with one another. If
at first we ignore the exclusion region originating from B — K*u*u~
angular observables (green) (see Figure 6.33), BR(b — sy) (orange)
disfavours masses below ~ 500 GeV as well as low #g values. Low g is
most strongly disfavoured by BR(B; — u*u~) (yellow) with the low-
est value (at 20) of 7z = 0.4 near masses of 1.8 TeV. Past this point the
AM o constraint drives up the lower limit on 75. We see that near our
best-fit point for the type-II model, the lower limit imposed on tg sits
at around 0.5 at 20°. At large values of g tree-level leptonic and semi-
leptonic B and D decays (blue) come into consideration and push up

the lower mass limit on mpg ..

Next, we include B — K*u*u~ radial components fits (green) and
find no region of the 2HDM type-II model parameter space is open
at 20. B —» K*u*p~ radial components are anomalous over various
energy bins. We show 3D scatter plots of using the 2HDM-II to fit the
anomalies in the [1.1,2.5] GeV bin in Figure 6.34.

The scatter plots show the corrections the 2HDM may provide to
anomalies in each of the component fits. We plot the SM values as
the pink plane and the experimentally observed values as the yellow
plane. On the axes we show g vs mp=. We see even the type-1II 2HDM
struggles to fit the observed values if they are too far from the SM pre-
diction. A similar pattern arises in the other energy bins, leading to a

large likelihood pull from this constraint.

Exploring the likelihood of the calculated B — K*u*u~ branching
ratio (rather than radial components), with a large (form factor) the-
oretical error in place puts virtually no limit on the parameter space.
Other studies such as as [123] and [124] have shown allowed regions
for the branching ratio constraint, but alas, they provide no new re-
strictions above what the other flavour constraints discussed above

already provide in our study.

Due to the heavy anomalous pull from the measurement of the B —
K*p*u~ radial components, we nominate to conduct scans with and
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Figure 6.34: 3D scatter plots of the B — K*u*u~ radial components in the type-II model. We show the components from the [1.1,2.5]
GeV bin and plot the radial component on the vertical axis, with 7z vs my+ on the two horizontal axes. The experimentally observed

(pink) and SM (yellow) values are shown as planes.
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without this constraint switched on. We present a scan of the type-II
model without the B — K*u*u~ radial components constraint. This
scan is carried out with a lower point density than the full results we

have discussed up until now.

Looking at the best-fit points, in the combined type-II model Xgest—ﬁt =
300.7. While the same model without the B — K*u*u~ radial compo-
nents constraint has Xl%est—fit =104.3. Indeed, we see the radial compo-

nents constraint has a strong pull on the results.

The physical spectrum of the type-II model without the B — K*u*u~
radial components constraints is presented in Figure 6.35.

Most interesting in this scan is the removal of the upper limit on the
scalar masses imposed by the fit onto the radial components. Looking
at the heavy scalars, we see a significant push upwards of both the
distributions and the best-fit values. In this case the best-fit values
are approximated to be 1070, 1080 and 1030 GeV for mpy, m4 and m g+
pole masses respectively. The significance of this upward push reveals
to us that it is important to carry out future studies showing both the
cases where this constraint is switched on and off.

Next, returning to the analysis of each of the model’s parameter space
we have yet to discuss the mixed term m?,. Our prior allows this pa-
rameter to be negative. However, we find that only the lepton-specific
model finds small negative values and then only at 20. At 1o the
mixed term is in the interval [0,10°] GeV? for the type-I and lepton-
specific models, while the type-I and flipped models allow for a greater
opening up to 2 x 10°. The type-I and lepton-specific models also al-
low us to reach value beyond 4 x 10° GeV? at 3¢-. The masses of all of
our scalars are proportional to m%z (see Equations (3.87) and (3.88)),
and in fits that do not provide tight restrictions on upper limits of

masses, this term is allowed to be larger. Notice that our upper limit

2
12

upper limit.

on m?, in the prior has been chosen so as not to cut off the scalar mass

Finally, before we close the chapter, we comment on the invisible
Higgs scenario where the mass eigenstate H is identified with the
SM-Higgs boson. In this case, the mass of the state 1° is less than 125
GeV. This is a fine-tuned area in the parameter space and does not
show up our combined scans. We may target this area specifically by
beginning in the mass basis and setting the prior with fixed mg = 125
GeV and [10,120] GeV, avoiding the scenario where we may get a
composite scalar case. We present the results for a type-II model from
this prior in Figures 6.36, 6.37, 6.38 and 6.39.
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Figure 6.35: 1D and 2D profile likelihood distributions for the physical spectrum in the type-II model without the B — K *u*u~ radial
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We plot the pole masses of h1° and H? as well as sg, and cg,. We see
it is possible to get an invisible Higgs scenario where mpy = 125 GeV
and mj;, < mpy. In this case, as the identifications of the states 4° and
HO are flipped, the angle 8 — @ must shift by half a period (%), this
leads to cgo — 1 and sg, — 0, as may be seen in the distributions.

The decay products of the invisible Higgs would not be detectable by
colliders and, as such, we would need to look into production chan-
nels for discovery. We would be looking for missing energy signatures
in Higgs production channels. The two main channels in which we
could do so at colliders are VBF and Higgs-strahlung. In VBF produc-
tion we would be searching for forward b-jets, which at current col-
liders are difficult to separate from noise created by other processes.
Higgs-strahlung is cleaner to reconstruct in this sense, however, it oc-
curs at a low rate. Production processes are more difficult to observe

and, as such, if the invisible Higgs scenario may evade detection.

As an interesting addition to this study, we present the tree-level re-
sults for the 2HDM type-II in Appendix E.
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Flavour-changing Currents in
the CP-conserving 2HDM Type-
IT1

In this chapter, we present the results of a global fit of the general
2HDM type-IIl model with CP-conservation. This work has been pub-
lished in Ref. [61]. We are interested in the upper limits on the 4 — bs
and ¢t — ch branching ratios. These branching ratios are heavily sup-
pressed in the SM but have potentially the least suppressed Yukawa’s
as they depend on the off-diagonal terms between the second- and
third-generation quarks. We therefore only need to work with the re-
stricted Yukawa set we introduced in Eq. (4.39).

The parameters and priors scanned over are given in Table 7.1. We
use the Higgs basis. To ensure that we carry out our scan over both
quadrants in the physical angle, we choose —7/2 < 8 —a < 7/2.

We fix all other other parameters and they may be found in Appendix F.
Note that would be beneficial to scan over some of these quantities
we fix as our of the Wilson coefficients discussed in previous chapters
are sensitive to them, particularly m; and «, for electromagnetic pen-
guins. Any extra opening of the Wilson coefficients would expose new
parameter space for the flavour processes. However, as previously
discussed we have saturated the number of parameters we include.
Hence, to maintain efficiency in this study we keep all the remaining

parameters fixed.

To start with, we show in Figure 7.1 the experimental contributions to
the total y? value that we calculate in the SM limit, that is Sga — land
fg =£ I.L]). = 0. The largest pulls here come from SM Higgs scalar decays,
as expected predominantly from 7 — WW, due to the fact that the
experimental values of some of the production channels are slightly
off from the SM, see Eq. 5.33. LHC Run II data [125-127] gives the
h — WW signal strengths by production channel (as in Table 5.33) as
(1.10%971,0.62703¢ 2.3*12,2.9*19,1.5*0¢). This almost halves the h —

-0.21/ -0.357 “2-1.07 <7137
WW channel XgM_hmit contribution to ~ 7. As such, had we included

Table 7.1: Parameters scanned over. We also indicate whether the priors are flat or log. In the Yukawa sector, i, j = 2,3, all other
couplings are zero.

Parameter | Range Prior
Aip3457 +[107'°,4x] | Log
B-a [-n/2,7/2] | Flat

M2, (GeV)? | [10%,107] Flat
Re(ég'U) +[10715,4x] | Log
Im(£7Y) | £[107%%,4x] | Log
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Figure 7.1: x? contributions due to ex-
perimental constraints in the limit of the

SM, sgq — 1and fU

&l =o.

BR(h — WW
BY mass splitting ( AI\/E@ [Ge

o BRI = bb, TT) LHC run II
B CP V1olat1ng phase (Bs) [rad.

BR(B — Xs7)
Oblique parameters

2
XSM-like

LHC Run II data in our fit we would improve our y? from this degree
of freedom. In this decay channel, the run-II data for ggF, VBF and Wh
and Zh production remain within 1o of their respective run-I result.
The tth production channel, however, is more than halved and sits
within 20 of its respective run-I result. This signal strength is propor-
tional to the top-coupling of / and sg, via the production mechanism.
The reduction of the signal strength would allow more opportunity
to the "invisible’ Higgs decays. In any case, the SM is consistent with
this data at the ~ 20~ level.

In Figure 7.2 we show the pull from each constraint at our best fit
point for the 2HDM. This occurs at heavy scalar masses (mg = ma =
mpy=) of 2450 GeV. Relative to the )(gM_Hmit shown in Figure 7.1, we
see that the Higgs boson decay channels are very similar, except for
the decrease in the i — yy channel. There is a small pull from the
oblique parameters. In light of the combined fit, the pull for oblique
parameters is optimised at heavier masses, ~ 3 TeV, where it falls to
x? = 0.4. Notably, flavour observables are well minimised at the best-
fit point. Especially the BY meson mixing (mass splitting) discrepancy
present in the SM (as discussed in section 4.4.2.4) is reduced in the
2HDM.

Examining signal strengths from (5.33)

zzyver) =01£05, ueowa =595, penwa) =501,
Moy (een) =04 +£04,
(7.1)
are anamolous at 1o. Now, uzz)(ver) = séa and the lower value
will push sg, away from the SM-limit of one, but due to the large
power this will not be a strong effect. The anamolous signal strengths
with the 77 final state suggest an enhancement to both I'?_, which in
our study are not looked at. u(pp)(wH) = 5. 0+ > is probably the most
interesting, it enhances I'?, which enters some Wllson coefficeints in
our flavour processes. Finally, the latter processes alongside encour-
aging large Yukawa couplings are proportional to sz, pushing this

upwards.
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We present our global fit results as posterior distributions with 1o~ and

20 probability regions represented by solid lines.

As mentioned we use the scanning tool MultiNest to carry out the

scans. The setting we choose in the interest of efficiency are’

> Mjive = 2500,
» efr =0.90,
» tol = 0.05.

In Figures 7.3 and 7.4, we plot log,,(|As|) and log,(cge) versus my,
respectively. There is a correlation between As and my (as expected

for a sufficiently SM-like Higgs boson, i.e., in the alignment limit sg, —

1). In Figures 7.5 and 7.6 we show correlations between the extra
scalars. They each obey a linear relationship imposed by the oblique
parameter constraints. The size of our masses extends up to ~ 3200
GeV due to the priors on M, and the perturbativity limits used on

the quartic couplings.

In Figure 7.8 we plot the logarithm of the absolute value of the off-
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Figure 7.2: The contributions from each
of the constraints to the best-fit 42 in our
global scan of the 2HDM.

Figure 7.3: 2D posterior distribution of
logyo(1As]) versus mp.

78: See the MultiNest manual [110] for
an explanation of these quantities
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Figure 7.4: 2D posterior distribution of
log,(cga) versus mg.
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diagonal Yukawa combinations (log,,(|£33]) and log;(1£2])) versus
log,,[BR(h — bs)]. We attain an upper (lower) limit on BR(2 — bs)
of ~ 1073 (~ 10712) at 1c-

Exploring the constraints that caused these limits, we show in Fig-
ure 7.7 the posterior distributions of relevant flavour physics observ-
ables (the mass splitting AMp_, the CP-violating phase B and the
radiative B-decay, BR(B — X,y)) with respect to the h — bs decay.
For AMp, we observe two solution regions, as expected from Fig-
ures 4.4, 4.5, 4.6 and 4.7. In the upper region, the predicted AMp,
mass splitting coincides with the SM value, which is 1.80- away from
the observed value. In the lower region, the 2HDM can accommodate
the observed value, and what is more interesting, this yields a upper
bound BR(i2 — bs), at the level of 107° — 10~* (at 1c). This upper
bound coincides well with our tree-level prediction (4.86).

In Figure 7.12 we plot the BY meson mixing mass splitting and BR(B —
X,y) versus BR(t — ch). For radiative B-decays, the combinations
£ &% m, with tops and €Y €2 m, with bottoms in the loop, enter.
On the other hand, Higgs scalar data favours somewhat large diag-
onal Yukawa contributions. This, in turn, implies some (weak) upper
bounds on £%;. The upper limit on the BR(r — ch) comes from the
LHC observed upper limit, 2.2 x 10~ (given in Eq.(5.28)), hence, indi-
rect constraints are weaker. As such, there is still almost an order of
magnitude of precision before we may begin exploring the allowed
2HDM region at colliders. In this case, no lower bounds have been

found from our scans; these are again just from the priors.

It is also interesting to investigate flavour violation in the new scalar
sector, that is decays involving H, A and H*. Figures 7.14, 7.15, 7.16
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and 7.17 display the modulus of the relevant off-diagonal Yukawa’s
versus BR(H — bs). Similar plots are obtained for A — bs, rc, and
H — tc. Remarkably, these flavour-changing decays can saturate the
decay widths of the heavy scalars. This may be relevant for direct
searches. We also note that H* — tb has the largest lower bound.
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Figure 7.5: 2D posterior distribution of
my, versus mpg.
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Figure 7.6: 2D posterior distribution of
M Versus mpy.

Figure 7.7: 2D posterior
tion of off-diagonal

distribu-

down-quark

Yukawa couplings loglo(lfzg |) versus

log,,[BR(h — bs)].

4000

3000

GeV)

2000

~—

mpg+

1000

10g1o(|é§%|)

—10

—25

7 Flavour-changing Currents in the CP-conserving 2ZHDM Type-111

T T T T LA B B B
- * Best fit
- ® Mean

- Marg. posterior
1 1 1 1 1 1 1 1 1 | 1 1

pippi
T

0 1000 2000 3000
mpy (GeV)

4000

L Marg.
L1y

osterior
1 1 1 1 |

—20

-15 -10 )

log,o(BR(h — bs))

—_
o

e
o

e
>

<
=~

e
o

1.0

0.8

0.6

0.4

e
o

xewt / d Lniqeqoad aAtye[ay

xmud/d Ayiqeqoad aarye[ey



167

pippi
FT T T T[T T T T[T T T T[T I T T[T Ti]
0 L * t —{ L0
i {Flos Z
g
~ -5 L — 3
Qg B {06 =
i} &
~— - . I
=) =A
S : =
ie) B i 04 <
—10 | | T
| Sl i =S
I
B | 0.2 =
| Marg. posterior ]
Lol b b | 11
. . . . . Figure 7.8: 2D posterior distribu-
25 20 15 10 5 0 tion of off-diagonal down-quark
lOglo(BR(h — bS)) Yukawa couplings 10g10(|$£|) versus
log,,[BR(h — bs)].
pippi
L L L L e
L % Best fit 1.0
-1 [ ® Mean
C ] .
L i 0.8
-2 gi
- — 2"
— - — @
3 - — el
S 3L Sl (VG
\U/ L - on
o0 —4 [ . B
2 L _ 04 <
: 17 =
_5 n ] 50
N Il o2 *
-6 [ _
[ Marg. posterior
Lo T v bvav g by

o i

=25 —20 =15 —10 =9 Figure 7.9: 2D posterior distribution of

log 10 (BR(h — bs)) the logarithm of the physical angle cgqo
versus log,,[BR(h — bs)].



168

7 Flavour-changing Currents in the CP-conserving 2ZHDM Type-111

pippi
FT T T T[T T T T[T T T T[T T T TN T
0
-5 |
2 -0
2 B
= Marg. posterior 7]
Lot b by by o]
Figure 7.10: 2D posterior distribution of . . . . o
the modulus of the off-diagonal contri- 25 20 15 10 Z 0
butions to &P versus log;y[BR(h — loglO(BR(h — bs))
bs)].
1.5x10~ 11 pippi
’ LN L L L L L L LB
B *Bestﬁt T
B ® Mean ]
14 | —
< 13 [
Q/ L
BT
= 1.2 |
4 -
1.1 [
i Marg. posterior ]
o e b by Ly

Figure 7.11: 2D posterior distribution of
BY meson mixing mass splitting versus
log,,[BR(h — bs)].

-25 =20 -—-15 -10 )

log,o(BR(h — bs))

1.0
0.8 &
=Y
:
0.6 %
o
o
o
04 =2
~
~
s
0.2 %
1.0
0.8 &
=Y
=
0.6 F
o
o
o
04 <
~
~
s
0.2 %



0.05 | L T 17T T TT | | L T T Ipi{)p]
B % Best fit |
0.04 [ ® Mean -
0.03 [ _
=) N ]
g 0.02
o B i
0.01 _]
0.00 _
| Marg. posterior ]
1 11 1 | 1 1 1 1 | 1 11 1 | 1 11 1
-25 =20 —-15 —10 -5 0
log,o(BR(h — bs))
4.0x10~% pippi
| L T 17T T TT | | L L
L % Best fit -
| ® Mean _
/g\; 3.5 [ ]
N - —
T I ]
a i i
~
30 | |
- Marg. posterior -
1 11 1 | | 1 1 1 1 | 1 11 1 | 1 11 1
-25 =20 —-15 —10 -5 0

log,o(BR(h — bs))

1.0

0.8

0.6

0.4

0.2

1.0

0.8

0.6

0.4

I
o

XU /d Ayiqeqold eatyeroy

XU /d Anpiqeqord eatyeroy

169

Figure 7.12: 2D posterior distribution
of the BY meson CP phase versus
log,,[BR(h — bs)].

Figure 7.13: 2D posterior distribution of
the radiative B decay BR(B — X;v) ver-
sus log;,[BR(h — bs)].
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Conclusions

In this thesis, we have investigated the Z, Yukawa aligned 2HDM s (type-I, type-1I, lepton-specific and
flipped models) as well as the general 2HDM (type-III) through modern global scanning techniques.
Both models were taken to be CP-conserving.

For Z, Yukawa aligned models, we carried out our analysis up to two-loops using GAMBIT. We were in-
terested in describing the accessible parameter space after the application of constraints. The theoretical
constraints we applied are the stability of the tree-level potential up to 1 TeV, unitarity of the NLO scatter-
ing matrix and perturbativity of four-point scalar couplings up to 1 TeV. We also applied perturbativity
constraints on both the scalars mass loop-corrections and the corrections to the scattering eigenvalues
and checked that our vacuum solution was a global minimum. Experimental constraints we applied
were the latest collider constraints, flavour physics process constraints and electroweak precision pa-

rameters fits.

The type-II and flipped model pair and the type-I and lepton-specific model pair each showed strong
similarities between them. These similarities were expected due to the relationships in their Yukawa
alignment. We found that 4; had an upper limit ~ 3 at 20" set by the requirement that four-point cou-
plings needed to remain perturbative up to 1 TeV. Meanwhile, 1> had the strongest upper limit at 1 setby
constraining the light CP-even Higgs mass to the observed SM mass. Higher values of 1, are accessible
for lower 15 and m2, but this region is difficult to sample and locked out by flavour constraints pushing
up tg. Both 41 > 0 and 1> > 0 as expected by the stability of the potential. A3 shows double-peaked be-
haviour (at 107) about zero in the type-II and flipped models and A4 shows such behaviour in all models
(albeit weaker in type-I and flipped, due to sampling density). This peaking behaviour is observed due
to the tension between HiggsSignals, flavour and EWPO constraints.

The physical mixing angle combination 8 — « closely followed the alignment limit (/2) for all models.
In the type-I, we showed a greater opening in 8 — @ than in the other models pushing |cg.| as high as
0.19 at 1o. The alignment may explain this opening in type-l, as all Yukawa’s are coupled to the same
field.

We ended our study of the Z; Yukawa aligned models by examining probably the most interesting sector,
the physical mass spectrum. We found an upper limit on all our heavy Higgs scalars at ~ 2 TeV due to
the limits on corrections to the light CP-even Higgs. When corrections to the light CP-even Higgs grow
too large, we may no longer fit the observed SM Higgs mass. We do not confirm this as a limit of the
theory, as it may be a limitation of the loop-order to which we carried out our analysis, and cancellations
at higher loop order may suppress this. As expected, the heavy scalar masses are strongly correlated,
due to the EWPO fits. We observe an upper limit on the correlated heavy scalar masses my,m4 and mpg=
at 900, 800, 950 and 1300 GeV for the type-I, type-II, lepton-specific and flipped models, respectively
at 20. Lower limits are shared between the model pairs, and are 200 and 300 GeV for the type-I and
lepton-specific model pair, and type-II and flipped model pair, respectively, at 20-. We found that these
lower and upper limits stem from a tension between radiative B decays (BR(» — svy)) pushing up the
lower bound and B — K*uu angular observables pushing down the upper bound. These processes are
associated with the alignment model type in the Yukawa’s, so we see different behaviour in each case. It
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is common in the 2HDM that BR(b — sy) pushes up the scalar masses for the type-II and lepton-specific
models. This effect was most apparent in the best-fit mass of the charged Higgs, which was significantly

larger for the type-II and lepton-specific models. We see that B — K*u*u~ angular observables are
anomalous and we present global fits of the type-Il model without this constraint. This modified scan
considerably opens up our type-II scalar mass parameter space, allowing the BR(b — sy) measurement

to push up the masses, the 20 interval for the aligned heavy scalar becomes [700, 1500] GeV.

Our second study in this thesis removed the alignment in the Yukawa sector and scanned a general tree-
level type-1I1 2HDM using a standalone code package. The removal of the Yukawa alignment (removal
of the Z>-symmetry) allowed for FCC at tree-level. We were interested in finding upper limits on the
h — bs and t — ch branching ratios as they are heavily suppressed in the SM. We applied the same the-
oretical and experimental constraints as used in the GAMBIT scan, and made appropriate modifications
to allow for the Z-violating terms. We did not include NLO corrections to the scattering eigenvalues.
We focused primarily on B-physics constraints coming from BY meson mixing (mass splitting and CP-
violating phase) and the radiative decay » — sy, which impose the most significant restrictions on the
non-diagonal Yukawa elements between the second and third-generation quarks. We have also observed
that the ~ 20~ mass-splitting discrepancy with respect to the SM in the B, mass splitting can be accom-
modated in the 2HDM at tree-level, yielding a lower bound prediction of BR(h — bs) ~ 10 - 107 if
loop-level and heavy Higgs contributions are not significant. The final values obtained in our full pa-
rameter scan are BR(h — bs) < 1073 (107!) and BR(r — ch) < 6 x 107*(1072) at 1 and 20" (lower bounds,
if present, are at the level of the one-loop SM prediction). This parameter space is already accessible and
can be further examined at future colliders [128]. For example, a future 100 TeV proton-proton collider
is able to constrain the + — ch channel at O(107°) [129]. Beyond the two hallmark decays, possibly the
easiest quark-FC process to observe is H* — b due to its large production cross-section and the possible

large branching fraction.

Outlook This work has laid the foundations for 2HDM global scans using GAMBIT and has shown
that 2HDM s are both a viable candidate for BSM physics that may be identified using FC processes.
Primarily, in future work, non-preliminary GAMBIT results will be published and accompany the release
of the 2HDM GAMBIT extension. It would then be desirable for all likelihoods to be extended to support
Z-violating terms, followed by the completion of the general type-IIl model with FCC within GAMBIT.
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Decay Widths and Cross Sections

Theory allows us to calculate the amplitude |JKL|2 for a process from the scattering matrix; however, ex-
perimentally we observe only process widths leading to cross-sections and decay rates. In this Appendix,
we will show how to calculate the width from the scattering amplitude. We find that one of the biggest
challenges involves constructing the incoming particle kinematic state or the Lorentz invariant phase
space (LIPS). We present a pedagogical introduction to LIPS and finally calculate two SM processes as

an example.

This argument follows that presented in Chapter 11 of Ref [130]. *

A.1 Current Widths

Start by defining initial and final particle states for n particles |i), (f|, respectively. Initial state particles
have a total four-momenta defined as k;,, final state particles have a total four momenta k,,,. The nor-
malised scattering probability, the probability for a particle to go from an initial to the final state, is then
given by

G
RIS A

We may calculate the overlap

KA = [27)*6* (kin = kour) 121402,

= 2r) 6% (kin — kour) (27)*6*(0) W[,
(A.2)

= (226" (kin — kour) AL / dxe®,
= (21)*6* (kin = kour) |V,

where |/L|? is the scattering amplitude squared and we assume the experiment is taking place in a box
with volume V and over time 7. Next, construct initial and final state overlaps.

Consider a decay process, with one incoming particle and »n” outgoing particles

<l|l> =2E;,V,

n’ A.
Iy =1 ]2k, )

j=1

* Note in this Appendix we do not make simplifications for writing cos, sin or tan.
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where, E;, is the incoming energy of the particle and k; is the momentum of the j'" particle. Putting this
all together we get an expression for the scattering probability per unit time

f _ (271')4(54(](,‘,, - kaut)l-/%l2 (A 4)

= 3 /0 . *

t 2Ein [T 2KV

The problem now is that this equation is defined only for precise momenta and this will be very difficult

to idealise in a realistic situation. Instead we need to turn our attention to the probability over a small

distribution of momenta. To achieve this, let us sum over a range of outgoing particles. We know that

the three momenta must be quantised such that in a box of side length L, we can make the connection
with our range in momentum space via the expression

K =—2, (A5)

where n].’ is a three-dimensional vector of integer values that is responsible for the quantisation of the
space. Summing over n; and taking L — oo, we find that we can define the substitution

%} (2‘;)3 / &K, (A.6)

j

which ultimately leads us to our expression

Ny
ZE 2m)*6% (kin — out)l‘/”lzl_[‘/‘& (A7)
n t 2Eln (271')32](,]0

n,
]

This is exactly the probability of a particle going to n’ particles, the expression for a decay rate. The final
step is to define the Lorentz invariant phase space, it appears exactly in our decay rate formula

no @Bk,
dLIPS, (k) = 27)*6* (kin — > kou _, A8
(k) = (2m)*s*( ,Zl ’)ﬂ<2n>32k0 (A8)
leading us to
r= Wdups (k) (A9)
T 2E;, wA '

Next, we want to find more explicit expressions for our Lorentz invariant phase space, firstly for two-
body decays and then for the more complicated case of particle decaying into three smaller particles.

A.2 About the Two-Body Phase Space

The two body phase space is fundamental to constructing multiple body extensions and, hence, writing
down specific formulas for decay rates. Label our decay momenta as P — pi + p», so by the general
formula for LIPS (A.9)

d°*p1 d°pa

dr®(P; p1, p2) = (2n)*6* (p1+ p2 — P) .
(27r)22p(1) (2m)22p)

(A.10)
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Separating the delta function and defining the invariant mass term s = (P)?

d’p1_d’pa
d2®(P; p1, p2) = (21)*6° -P)§(E1 +E; - . All
2®(P; p1, p2) = (21)*6° (p1+p2 — P)S(E1 + E2 — Vs) (20)22E; (20)22E, (A.11)
Next, we place ourselves in the centre of mass frame of the decay, this is defined such that
pre"h=p (A12)
P=0.

Here we can integrate over p,. Notice the condition imposed by the delta function is exactly satisfied by
Eq. (A.12)
1

—— 5(E1+Ey—s)d%p. A13
(20 R2EE, (E1+Ex—Vs)d°p (A.13)

dr®(P; p1,p2) =

Using the energy-momentum relation the delta function becomes

S(\/p1+mi1 ++pz2+my —s),

(A.14)
= 6P+ VpF V).
Now introduce the useful delta function identity
0 =3 pl Sp-pi) (A15)
P ®lp=p.”
where the sum is over the p; roots of f(p). In our case
f(p) = (Vp+mi+~p+mz—Vs), (A.16)
which has a single root when
lpl = po = ﬁ(s2 + m‘l1 + mé - 2sm% - 2sm§ - Zm%mg)l/z. (A17)
After some algebraic manipulation the delta-function becomes
_6(p—po)E1E>
6(f(p)) = pIE+E2) (A.18)
Returning this all to our phase space expression
1 o(p—po)E1E2 3
dry®(P; p1,p2) = d A.19
2P0 = R, I + ) A1)
Simplifying and redefining the integral over polar coordinates
1 o(p — po) 2
dr®(P; p1,p2) = d|pld cos 8d¢, A.20
2P 1, p2) = o oy g BPdIpld cos bdg (A20)
and finally, performing the integration over |p|
1 dcosf d¢
(P _ a@ A21
dZ ( /plrp2) 47T\/EP0 2 o’ ( )
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where in the centre of mass Eq + E; = +/s. If in the final state we average over the particles spin, we have
an isotropic final state, and so there is no dependence on either of the polar angles leaving us with the

simplified Lorentz invariant phase space for a two-body system

Po
dr®(P; pq, = — . A.22
»®(P; p1, p2) s ( )

A.3 About the Three-Body Phase Space

Expressions for three-body decays and beyond become rapidly more complex and are best derived
specifically for each decay process. We will derive a more general expression for multi-body phase spaces
using the two-body phase space formula and then proceed to look at an explicit expression for the three-
body phase space. Although the final expression will prove somewhat complicated, it is illuminating to
construct, as many of the tricks involved in the calculation turn out to be helpful tools when calculating

specific decay processes.

Begin by considering the decay with momenta P — p1 + p2> + p3. Again the first step will be to write out
the general LIPS form

d’p1 d’py  d’ps

. (A.23)
(27225 (2m)22p3 (27)22p

ds®(P; p1, p2, p3) = (2m)*6* (p1 + p2 + p3 — P)

In fact, we can think of this decay as two consecutive decay processes. Grouping the p; and p3 we can
write the equivalent decay processes, I'(P — p1+{p2+ p3}) followed by I'({p2 + p3} — p2+ p3). These are
simply two body decay processes and we have already found the expression for the corresponding phase
spaces. It remains to express our general result (A.23) in terms of two-body processes. The approach may
at first seem abstract, but it helps to think about each equation and delta function as nothing more than

a constraint set by the kinematics of the decay.

First, we take a step to the side and introduce some mathematical preliminaries. Define

523 = (p2+p3)?,

(A.24)
P23 = p2+ p3.
Then we can construct the following
d4
P2 642 (27)*6* (p2+ p3 - p2) = 1, (A.25)
(27)
923 ()5 (533 - ) = 1, (A26)
(271.) 23

where 6 is the Heaviside-step function. Combining the above two equations and expanding the first

delta function gives

d®pa3 dpYs dsas
(2m)3 (27) (27)

0(p5,) 2m)*6* (p2 + p3 — p23) (27)8(s23 — p33) = 1. (A.27)
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Again we make use of the identity (A.18) on the second delta-function, making the definition

f(Ex3) = 503 = p3s,

y (A.28)
=823 — (E23) + P23/
so that S(E Eo)
23 — Eo
O(s23 — P%g) = T Enln (A.29)
0
where

Eo = *4/s23 + p%3 (A.30)

We keep only the positive energy answers of Eq. (A.3) because of the step-function that appears in
Eq. (A.27) which becomes

d® d’pa3 dEp3 dsx3
(27)3 (27) (27)

6(E — Eo) _

—=0(Ex) (27)*6*(p2 + p3 — p23) (27)
2E3|E,

(A.31)

Carrying out the E»3 integration

d®pys  ds

44
) @y () 2 9 (P24 ps=px) = 1. (A32)

We have retained the label Ep3 here as it is exactly Eq by the energy-momentum relation Eq. (A.3). Now,
we return back to our general formula for the three-body phase space (A.23) and multiply it by the above

&’pr dpx  d’ps Ppy  dsy
(2m)22pY (2m)22pY (2m)22pY (27)3(2E23) (27) (A.33)

(2m)*6*(p1+ p2 + p3 — P)(21)*6* (p2 + p3 — p23).

d3®(P; p1, p2, p3) =

which reduces to

d3®(P; p1, p2, p3) = d2®(P; p1, st) 2 2@ (p3;, p2, p3)- (A.34)

(2 )
This is exactly the form that we discussed. Of course, this trick is not limited to the three-body case.
In fact with a bit of care and mathematical rigour any multi-particle phase-space can be reduced to a

combination of two-body phase space and integrations over grouped invariant masses.

It is intuitive that next, we substitute our expression for the two-body phase space we found in section

4.4.1, that being
|pl dcos@dg

dry®(P; = — A.
2 ( rPerZ) 471.‘/3 2 27_[/ ( 35)
where
lpl = \/_(s + m‘l1 + m2 2sm1 2sm2 2m? mz). (A.36)
We obtain
d 0do|d d 0d
d3®(P; p1, p2,p3) = [Pl dcosdd|dszs| Pl dcosddd (A.37)

drfs 2 2 (27) | 4m+fs3 2 2
The un-hatted quantities are evaluated in the overall reference frame, while the hatted quantities are
evaluated in the what we will refer to as the ‘Jackson frame’. The angle 6 is the angle between —p; and
p2 in the overall frame, the corresponding hatted 6, p1, p> have the same relationship in the Jackson
frame. The overall reference frame is the centre of mass frame for d,®(P; p1, g23) and has the useful



182 A Decay Widths and Cross Sections

properties that

P=(m,0,0,00 = P=0,
(A.38)

P1 = qas.

Meanwhile, the Jackson frame is the centre of mass frame for do®(g23; p2, p3) and has useful properties

= O,
e (A.39)
P2 = —Pp3,
P=p. (A.40)

Where the last property above follows from momentum conservation. In the overall reference frame we
have from Eq. (A.17) that

1
Ip1l = 2—\/5[/1(5, m3, s23)]"72, (A.41)
1 2 2\q1)2
[p23| = NG ,E[/I(SZ&mzrmg)] . (A42)

Where we have made the conventional simplification
/l(x,ylz) =x4+y4+z4—2x2y2—2x2z2—2y2z2. (A43)

If we make the assumption that the decay is isotropic we can take the 6, ¢ and ¢ integrals now, leaving

us with .
|p1l | dsxs | |P23l dcosé
dz®(P; p1, p2, = , A.44
3®(P; p1, p2, P3) dnvs | 2m) | 3nvsn 2 (A44)
simplifying
1 A
ds®(P; pq, p2, =————d Po3|d cos 6. A.45
3@ (P; p1, p2, p3) TSN N 523/ p11P2s] (A.45)

Next we need to form a relationship between the overall frame and the Jackson frame. In the Jackson

frame we have
N ~ N2
523 = (P2 + P3)°,

=(P-p1)?,

=P +pi-2P.py,

= (P92 P2+ (p9)2 - ps? 2890 +2P - (A.46)
= (P*)2 + (p9)% —2P°p! — 2P2 + 22,

= (P p})’,

= (E-E)%,

where we have made use of Eq. (A.40) in cancelling the vector quantities. Using the energy momentum

relation )

523 = (\/s +p1? - \/m% + PAIZ) . (A.47)
Finally solving for |p1|

i = g 1400 )1 (A48)

Now, by comparing with the momentum in the overall reference frame Eq. (A.41) we can form a useful
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relation

[P1l = /211l (A.49)

1 o )
d3®(P; p1, p2, p3) = ————-dsx|pP1l|p2sld cos 6. (A.50)
64(m)3s

Allowing us to write

Recall, § is the angle between —p; and P, so we write

s12 = (p1+P2)?,

2

. R (A.51)
=my +m§ +2FE1E> +2|ﬁ1||1523| cos 6.

The positive sign of the last term is attributed to the fact that one of the momenta is negative. Then taking
the variation of s1, we find that
ds1z = 2|p1||p23ld cos 6. (A.52)

This takes a slight explanation. If we solve for |p23| we find that it is dependent only on masses my, m3

and invariant mass s»3

o 1
Pasl = = Aoz, m, )] (A.53)

If we consider the invariant mass s»3 as being fixed, then we see that the variation of Eq. (A.51) must act

only on the cos § term.

Reducing our phase-space expression to

dSlzdS23. (A.54)

1
d3®(P; p1, p2, p3) = 12835

This is our final expression as appears in Eq. (A.23), however, our work is not quite done yet. Next, we
need to establish the bounds over which this expression is valid, we will use the kinematics to find such

bounds. Starting with limits for 53, we get

So3 = s+m% —2+/sEq,

(A.55)
= s+mj —2Vsy/m? +p2.
Now the maximum of this expression occurs in the case when p? = 0
max sp3 = 5 + m% - 2\/§m%,
(A.56)

= (Vs —m)*.

Finding the minimum requires us to look at the expression for sy; that we have in the Jackson Frame,

beginning with a similar expansion as done in Eq. (A.46)
523 = (E2 + E3)?,
2
= (\/pzz +m3+ \/pZZ + m%) .

Again taking the momentum equal to zero we find that this now corresponds to a minimum value

(A.57)

s23 > (mp +m3)2, = min sp3 = (m2 +m3)2. (A.58)
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Hence, we have bounded s3, but what about s1, can we just do the same? The answer is no, as the bound
we have applied on sp3 has affected the kinematic limits placed on 512 and so we must also take this into
consideration. Expanding s1, in the Jackson frame

S12 = m%+m%+2(EA1E2— |}§1||ﬁ23|COSé). (A.59)
The maximum and minimum values of this expression occur at § = 7 and 8 = 0, respectively. Giving
$122 = m2 +m3 +2(E1E> + |P1|pasl cos ), (A.60)

where s12. denotes both maximum and minimum bounds for s1,. We need to solve for £; and E», notice
that in the Jackson frame, g3 = (1/s23,0,0,0), and then

P =(p1+4n),

5 R (A.61)
=mj+s3+ 2E1+/s23.
Solving for E;
N 1
Ei= (s = 523 — m?). (A.62)
2\/S23 1
Similarly, starting with g3 = p» + p3, we find
E, = L(m +m3 —m3). (A.63)
2\/523
And so we deduce our kinematic bounds on 51, depending on masses mj, m3 and invariant mass s»3
1
S104 = m% + m% + T5ms (s —sp3— m%)(szg + m% - mg) + \//l(s, m%, s23)/l(s23,m%, m%) . (A.64)

There are some important notes that we need to mention. This is a general formula and can be adapted
to each case as proves mathematically simplest. Notice the method we have followed above has used the
variation in s12, Eq. (A.52), it would be just as valid to consider the variation in s13, as this is an arbitrary
change in label for the two outgoing particles that share a two-body phase space when expanded in
Eq. (A.37). Mathematically, we know in the Jackson frame p> = —p3, so the angle  needs shifting by
m when considering instead the variation in s13, but cos(d + ) = — cosd and this extra negative sign is

cancelled by the condition p, = —p3, hence, we can rewrite Eq. (A.54) as the equivalent

d513dS23. (A65)

1
ds®(P; p1, po, =
3(P;p1,p2,P3) = 155

The kinematic limits would also change in correspondence. To perform the change, we simply need to
relabel the particles in the expressions we have already derived. Finally, it is important to mention that
the order in which we derive the bounds for the invariant mass integrals is also arbitrary. It would have
been equally reasonable to begin with a bound of 51, and then derive the bound on s»3 restricted by
the conditions imposed by s12, provided we carry out the integrations in their respectful order when
applying the phase space to a given problem.
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A.4 Derivation of the Higgs to Two Fermions Width: I'(h — ff)

We begin our calculations with the simplest case, the Higgs scalar to two fermion decay (shown in
Figure 2.7). For the process to be kinematically allowed, we require 2m ¢ < my,. In the SM, both fermions
must be the same due to the absence of flavour-changing and kinematically allowed decays are those

where f =d,u,s,c,b.

The coupling of this Feynman diagram is [3]

—igmyg
sz '

Using Feynman rules we may calculate the process amplitude .. The Feynman rules for this vertex

yield .
S a(p, s)v(k, s)2(x)*6% (g - p - k). (A67)

i =
! sz

The delta function is implicitly satisfied so we may cancel it. Taking the square and summing over spins

s and s’ , ) )
2_ & (M1 7 :
L = % (mW ) 2| 7P|
g (my\?
= |\ i k~’a_ 7 k/" */ .
T (mw) g;(ums)v( a(@(p, vk, ), (A.68)
g (ms\*
=T (W) ;; ;; i(p, $)au(p,s)pvik,s)av(k, s )p.
Next, we need to make use of the identities
dwat=pem, YV =pom. (A.69)
Giving
g2 (my\?
|M|2 = Z(_) Z(ﬁ +m)pa (k=m)ap,
mw
ab (A.70)
2 m
= LR T {(prm) (k-m)).
my
Aside, Dirac matrix identities give us
Tr{(p +m)(k—m)} = Te{pk} = Tr{ms p} + Tr{ms k} = Tr{m? },
= puky4gh” —4m?, (A.71)
=4(p-k - m?c)
Leading to the intermediate expression
2
gm
|2 = (—f) (p-k—m2). (A.72)
my

To continue the calculation at this stage we need to consider the kinematics of the decay. In the centre of
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mass (COM) frame for the Higgs scalar
q = (mp,0),
p=(Er,p), (A.73)
k= (Ef,—p)-

Allowing us to calculate
2
:2[@) _mz], (A74)

where we used the energy-momentum relation (p? = E; - m?) and conservation of momentum (E; =

mpy [2). Substituting Eq. (A.74) back into Eq. (A.72) we get the final process amplitude-squared

2 }n2 4m2
L2 = (ﬂ) —”[1 - —zf] (A.75)
my 2 mh

Eq. (A.9) and Eq. (A.22) from Appendix A.1 for our two body system

2
r= M s, ), (A.76)
2mh
and
daLps, = 1P (A.77)
4rmy,
Combining
r= |p|2 L2 (A.78)
8mm;,

We can directly calculate |p| from Eq. (A.17) in Appendix A.1 or alternatively, notice that applying the
energy-momentum relation differently to the first line of Eq.(A.74) we get

E} +p° - m} =2p?, (A.79)
giving
4m2 13
m
Ipl =5 1——m2f] (A.80)

h
Substituting Eq. (A.75) and Eq. (A.80) into the two body width Eq. (A.78) we get the final expression for
the Higgs scalar to fermion decay width

2 2 4m?% 13
ro gp = wa ST - (A1)

where we include the colour factor N(c) = 3 for quarks and N(c) = 1 for leptons.
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A.5 Derivation of the Higgs to WX width: I'(h — WX)

There are two couplings of interest. They are the Higgs scalar to W*W+
Apww =igmwgh”, (A.82)

and the W* to X. The X particle must be a fermion (see later), so we want 1y, ; 7, which is

—ig_1-y°
F=—=7, (A.83)
wWrf \/E H 2
By evaluating the Feynman rules, in the Feynman gauge (¢ = 1 for the W boson propagator)
it = Gk, ) (L 51y ) (A84)
MV 7 (P _ p1)2 _ m%)v \/E ’ a 2 7

Then, expanding the denominator of the propagator term, contracting indices and collecting terms

. 2 5
ig my 1 _ 1-y ,
= € (k, ) ——————ii(p3,5)y” v(p2,s’), (A.85)
V2 T mE —2(P ) 2
with Hermitian conjugate
- 2 5
. igTmw . 1 _ nopl=v
M=~ (€g)" (k, ) —————7(p2, )" u(ps, s). (A.86)
V2o’ m2 —2(P - p1) 2

Combining then we find

= (gzﬂ)2 S ek, ) (€)' (k, )
V2 ) 5

(mj = 2P - p1)>

(A.87)
= v 1- 7/5 No NAB 1- 75
2,8 p3, )Y =5 v(p2, s )02, 1P = u(ps, 5).
Next, making use of the fact
MHLV
Z e (k,A)e”* (k1) = —gh” + kkf , (A.88)
2
and using the identities from Eq. (A.69) we find
2my \? kvk 1
(22 e )
22 k% ) my —2(P- p1) (A.89)

Tr([ps +mly” (1=9°)[p, - mly’ (1 -9")}.

We make the assumption that the fermions are massless (m = 0) to simplify our calculations, this is valid
as m < (mw,my), which is all fermions but m = m,. Aside, evaluating the trace

Te{p,y" (1 =Y )p, ¥ (1-9°)} = 2Te{py" p,y* (1= ¥")},

= 2Te{yP pyy" p,} +8i€™ P p3apac, (A.90)

=8[phpt + il — 8P (p2- p3)] +8i€” P p3apac.
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Substituting back into Eq. (A.89)

4,2

g'm kyk .
AR (M) (_gvﬁ + ;—f) [P5pY + P ph — 8P (p2 - p3) +i€™ 7P p3apac]. (A91)

h
After expanding and some algebra

2 ghmyy 2(p3 - p1)(p2-p1)

P = — Wby ) . (A.92)
(mh -2P- pl) my,

We seek to rewrite this in terms of invariant masses. To do so we need to consider the kinematics of the

process. Considering the centre of momentum frame for the Higgs scalar

s33= (P=p1)* = P>+ p; —2P-py,

L, (A.93)
= P-p1= E(m” +my, — 523),
and
523 = (p2+p3)? = p3+p3+2p>- p3,
] (A.94)
= pr-p3= E(S23)’
and
s12= (p1+p2)? = pi+p3+2p1-p2,
; X (A.95)
= p1-p2= 5(312 —my,),
and finally
P? = (p1+pa+p3)? =my, +2p1-pa+2p1-p3+2p2- ps,
(A.96)

1
= p1-p3= E(m%, — S12 — 523).

We can now rewrite our amplitude squared in terms of invariant masses, a form that we are able solve

in future steps when we apply our Lorentz invariant phase space formula

4m2 S12 — m2 m2 —S12— S
=% W 2[ ” (s12 = my, )( i 12 23)]‘ (A.97)
2(s23 —my,) my,
Expanding out terms
2 g4m%v 2, S12 2
|ﬂ/(| = —2[2s23+s12—mh+—(s23+s12—mh)}. (A.98)
2(s23 — my, )? m2,
Using Egs. (A.9) and (A.23) we construct the decay formula
dl(h —» WX) = ﬂ dsypds (A.99)
256m%m3 1 '
Then 4o
g My, 1 2
d'(h - WX) = 3 [2s23+s12—mh+
2567r3mh 2(s23 — m%v)2 (A.100)

512 2
—5— (523 + 512 — mj,) | dsi2disos.
m

w
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The integration limits are imposed firstly on s12, then on 5,3 and are given by
L)
s12 € [my,, my], (A.101)

and )
s23 € [0, E(S —512) (512 — my)]. (A.102)

See the previous section for the derivation of these bounds. They are obtained directly from the three-
body phase space general bounds (given here) with my =m3 =m =0

s12 € [(m1 +m2)?, (Vs —m3)?], (A.103)

and

1
$734 = m% + m% + T (s —s12— m%)(su + m% - m%) + \/A(s, m%, 512)A(s12, m%,m%) , (A.104)

where A(x, y, z) is defined in Eq. (A.43). Performing the integration we get the general result [19]

4
+ g mp
['(h— W5X) = F A.105
(= WX = s7ans (W) (A.105)
where , \ ,
1- 2 -1 47 13 1
Fo = 2R arccos( 057 - - T - T4 5
462 -1 2e 2 2 € (A106)
—3(1 - 6€% + 4e*)Ine,
and where
ew = (A.107)
mp

Finally, let us identify the possible final states X. The two final state X particles must couple to the W
boson, and must also have a combined mass less than that of the W boson. The decay processes that
satisfy these conditions are that of the light fermions. There are nine different decay modes for the X
particle pair, X = u,d,c,s,b,e, u, 7, additionally, we could also have either a W* or W~ as the other
particle in the final state. We conclude that there are 18 different combinations of final state particles for
this decay. As a result, we need to multiply Eq. (A.105) by a factor of 18 to account for each of these
possible decays. As we have neglected the mass of X, we can assume each decay channel gives an equal
contribution to Eq. (A.105). The final expression for the 7 — W*X decay is then

4
. gtmy,
I(h — W*X) =3
(h—=WiX) =30

Few). (A.108)






The Yukawa Sector of the General Type-I11 2HDM

In this Appendix, we expand the Yukawa Lagrangian of the most general 2HDM which in the generic
basis reads . o .
~Py =0 (YN @1 + Y2 ®r)ug + Q (Y) @1 + Y3 ®y)dp+

— 0 (B.1)
LY @ +Y @)l + [Hel.

We ignore leptons in this derivation. We are free to move to the Higgs basis (through a rotation of ®;
and @, in B) as well as the up quark mass basis

—[v2 — | V2iiy ~ 5 =~
-y =0 I\/_";nD Hi+&4Hy | dr+Q Vaiy Hy+&,Hy | ur + [H.c], (B.2)
where we defined ) .
Y \/Ele‘ o Yu \/Ei’f’lUl
e ] ®3)
B 1% cp 1%
Then we can rotate into the down quark mass basis through
mp = VéKMmDVRd' (B.4)
Additionally let us define
éd = VEKMngRd- (BS)
Write the field doublets in terms of their mass eigenstates
0 H*
Hi=| 1 , Hy=| 1 . , B.6
! 6 (sﬁah+cﬂaH) 2 6 (C'gal’l—SﬁaH+lA) ( )
and
l(s h+cgaH) l(c h—sgoH —iA)
H =ionH? =( V2 pa pe , Hy=ioH, =( 2 - pa
0 —H-
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Now we are ready to perform the expansion, starting from the Higgs basis and mass basis for the up

quarks
2y ~ n o
-2y = [\/_mDH1+§dH2 dR+Q[\/_mUH1+§uH2 ug + [H.c.],
( i dL ) [ﬁ’"’) 1 ’ vel| 1 " ]d
= . R
L AL v 5 (spah +cpaH) d % (cpah —spaH +iA)
Vaio [ —% (spah+cpaH) L (cpal=spaH —iA)
_ — (sgah +Cga | —=(cgah—sgaH —1i
+ (E dr )[ mU( 7 P F +§u( V2 P P ur + [H.c.],
v _
0 -H
—mp — + — 1 .
= dLT (sﬁah +C/gaH) dR+uL§-‘dH dr +dL$§d (Cﬁah - SIBQH+ZA) dr
__m 1 ) —
+ ur vU (spah +cpaH) uR+uL\/_§u (cpah —spaH —iA) ur — d &, H ur + [H.c],
~Py = uréqdrH" —dpéurH"
1 _|m 1,
+ (dL —Sgat ‘/Egdcﬁa dr+ur TUS[%Q"'EfuCﬁa]“R)h
| MbD 1 __|my 1,
+ |dp|—cpa — —=¢aSpa |drR +UL | —Cga — —=Eus a]uR)H
( L v B \/E B L B \/E B

—&qdr — ﬁ%éuuR)A +[Hecl.

"(foz
(B.7)

At this stage we perform the rotation into the mass basis for the down quarks by rotating the mass
eigenstates as

dp = Vexmdr, dr = Veadr, dp — diVig, dr = drVyy,. (B.8)
Leading to
-2y = EVCKM‘fddRH Y= ALV EuurH™
+ ( + igdcﬁa dr +ur va Sga + %fucﬁa uR)h
+ ( [ fdsﬁa dr +ur "A1vu CRa — %éué"ga uR)H

. %z(mdr{ —mfuuR)A +[Hel.

(B.9)
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Expanding out the Hermitian conjugate

Py

(EVCKMfAd dR - ﬁé\i VCKMdL ) H+ + (%{é\; VéKMuL - ZVéKMé\u MR) H™

—[p 1, —[p 1 .

+ |dpo|—sSga+—=Euacga|dr+drR| —Sga + —=¢C a]dL
( v B \/E B v B \/E d*s

+_rhU +1$ +_mU +1‘f"' h
ur|—s —&uCga |[UR +UR| —s —&cgalu
L v Ba \/E Ba |UR R v Ba \/E Ba |UL
-5 VhD 1 ~ —_ l’f’lD 1 £

+ (@2l egy — — AR +dr| 22 gy — — d
( L| = B \/Eé:dsﬁa R+dR| = =Cpa \/zfdsﬁa] L
[ 1, [ 1,

+ ur Tcﬁa_ﬁé‘usﬁ‘a UR +UR Tcﬁa_$§usﬁa ur |H
y— e —

+ N (deddR —ULEuUR — drE 4dr + MRth”L)A-

(B.10)

We may use the projection operators to expand out the left and right components and make the relations

qLqR = qPry, (B.11)

and

qrq9L = qPrq. (B.12)

Applying these to the Yukawa Lagrangian we get our desired form

-ZLy =up (VCKM,bc ED PR - €Yy VCKM,caPL)da H*

-~ 2D y 7% * sU -
+dp (fcb Vexmae PL=Verm,en fcaPR)”a H

—[(m 1, M 1 .p.
+ (db [{ l‘)/,ba Spa + @fl?acﬁa’}PR + { l\)},ba Spa + @fbDa Cﬁa}PL da
1

MU,ba 2U
{ " Sﬁa+ ﬁfbacﬁﬂ PR+

— MD,ba 1 2D MD,ba 1 £Dx*
+(d;,[{ . Cﬁa_ﬁfbasﬂa Pgr+ N C,B(I_Efbasﬁa Py

U,ba

+up

1 FU
SBa + @fg‘l Cﬁa;PL]Ma)h (B13)

da

— MUba 1 sU } {MUba 1 £U = } ] )
+up —Cga— —=&pySpa (PR —Cga — —=&p, SBa (PL|ua |H
{ v B \/z ba°B B \/j ba B
i (5 P £Dx* — P LU *
+ @(db [e;l?aPR — &P PL|da +1p | - € PR +Ep, PL]uu)A,

where a,b = 1,2, 3 are flavour indices and u, and d, denote the up and down quark states in the mass
basis. It is from the above that we may read off the couplings

. LR RL
8Gyqa0 =1 (FqbquR + Fq,,q‘fPL) : (B.14)

Additionally, we may express this in a way that explicitly separates each of the scalar and pseudo-scalar
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terms
=-Py = ﬁ(VCKMédPR—g,?;VCKMPL)deE(é;VgKMPL—VgKMéuPR)uH—
5| CBaf iz iy (2, £y
+ (d[Tsﬁa"'ﬁ{(‘fd"‘gd)"'(fd_fd)y }]d
[y gal s s s s
+ M[Tsﬁa"'ﬁ{(gu"'é:u)"'(é:u_62)75””)}1

+ (3["1—"%—;’*7‘;{@+f;>+<éd—f;>y5}]d
_[ﬁlU
+ Uu

1 o e N N
CBa — ﬁ{(fu +&) + (éu - f;)yS}]u)H
+ Z’ﬁ(ﬁ{@d —&N+ (& +$j;>y5}d —ﬁ{(g%, — &+ (é +£Z>y5}u)A.
(B.15)



On Higgs Family and General CP Transformations

We have a look at the application of HF and GCP transformations on the most general 2HDM potential
parameters. We apply the U(2) symmetry (HF) and see that it reduces the number of free parameters in
the potential from 14 to 3. Further, we investigate why it is necessary to use GCP transformations rather
than just CP transformations when we have more than one doublet.

This Appendix provides a guided work-through of material from [131].

C.1 Higgs Family Transformation: U(2)

Let us investigate the effects of the U(2) symmetry by imposing it on the most general 2HDM potential
of Eq. (3.2). We start with

(@01 25 (@) (@)

4 . . (C1)
=0! D% + O ®y57% +coso (¢ TV DDy + e VT D]y,
HF , ,
(@)P2) = ((®5)"(®))) €2)
=0! @155 + DI D2 — cosg (e ETV DIy + VT D] @y).
We see that the bilinear mass terms are invariant under U(2) when
my1 = my, myp =my =0. (C.3)
Moving onto the quartic couplings, 4, start by imposing U(2) onto
1 1
S (DO + 25 (D)02)% + 13D P1) (9, P2) + da (@ P) (B, P1). (C4)
Anticipating the solution let us set 41 = A and 44 = 1 — 43
1 2 +
SA[(@101) +(D)02) |+ 25 [(@ 1) (@;D2) — (@) (@, P1)] (C5)

The A1 term is invariant under U(2) by the same reasoning as the mass sector. Each of the A3 terms under

a U(2) transformation
(@ 01) (@FD2) 25 (D)7 (D)) (@) (@5))

= (C%,(D-qu)l + €i<§7w)CQS9(D11'(D2 — e"(‘”f‘»f)c@s@d);dl'l + s%d);(l)z) (C6)

(501D — '€V gsg@ @y + eV e 5o @Dy + DI D),
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& HF
(Do) (@]D1) — (@) (@) (@) (@)
= (—e"(f“/’)cesHCIJlTCDl + ezjfc%)CDI(Dz + e2i‘/’sé¢>;¢>1 + ei(‘“f)cmgd);(bz) (C.7)
(—e_i(‘“f)c‘gsed)irdh - e_zws%,d)ifd)z - e_Zifc%)(I);d)l + e_i(»f“mcased);d)z).

Adding the first terms of Eq. (C.6) and Eq. (C.7)
(5] @) (s5DI 1) — (=" E ) s @IDy) (e V) s pdI D7) = 0. (C.8)

Further
(5] @) (5 0)P) + (s%)d);CDZ)(s%,(DI(Dl)] - [(—e“f**”)cesgqucbl)

(e_i(‘f+‘”)cese<1>;d)2) + (ei(‘”+f)cHse<D£¢>2)(—e_i('“‘f)cesad);rd)l) (C.9)
= (ch +55)X (D] 1) (D] D7)
= (D) (D) D).

Again, we use the assumption that bi-linear field groups commute. Continuing with very similar ex-
pansions for the transformed (dflfd)z)(d);dh) and (d);d)z)(d%d)z) terms we find that the combination
((DI(IH)(CD;CDZ) - (@J{(Dz)(d);d)l) is invariant under U(2).

Finally, for the terms
[ 545@{@)2 +A6(@]@1) (D] @3) + A7 (@] @) (@] @y) + [H.c] ] (C.10)

no combination (of these terms and/or their hermitian conjugates) will not be invariant under U(2). To
retain invariant coefficients in the potential as required under a HF transformation we set A5 = 1 = A7 =
0. The resultant potential that respects the strongest U(2) HF symmetry has the form

2

HF ; 1
V—ﬂ%@ﬁﬁ%%ﬂy*QQH@ﬁﬂ+h

@hM@%%@hM@%ﬂ (C.11)

We have reduced the number of free parameters from 14 to 3 by restricting the potential under a U(2)
symmetry.

C.2 The Need for GCP Transformations

In this example, we show why it is necessary to extend CP-transformation when transforming more than
a single doublet. Begin by considering the transformation

1 i0
U=%( e el ) (C.12)

Such a transformation mixes the Higgs fields. The transformed fields are

1 .
D = — (D1 +¢Dy),
V2
1 R
D) = —(—e Dy +Dy).

V2

(C.13)



C.2 The Need for GCP Transformations 197

Under our original definition of CP Eq. (3.27) these transform as

L @460 L Lot s eitay,
V2 V2 C.l4
1 » cp 1 0 (C14)
— (e D1+ Dy) —> —(—€'" D] + D).
\/E 1 \/E 1 2
Multiplying the second by ¢
1 i0 cp 1 20 o i g
E(_q)l +e'%®y) — 6(—8 O] +e'" D). (C.15)
Then adding and subtracting from the very first equation yields
o, <5 % (145D + (77 - el’@)@;],
(C.16)

1 e .
®; < > [(e—“9 — YD+ (72 + 1)@;].

So in our new basis the CP transformation looks different than Eq. (3.27). In this basis only 6 = nr, where
n positive integer, will retain our original form of the CP transformation. All other values of 8, which of
course we are free to choose, will cause mixing of the fields after the CP transformation.

Let us apply a GCP transformation instead. Define the GCP transformation matrix X as the U(1) hy-
percharge transformation e'Yi%. Where ¥; is the hypercharge and «; is an arbitrary parameter. For the
two-Higgs fields we have hypercharge Y1 =Y, = 1, giving

i 0
x=|° T (C.17)
0 el(lz
Our GCP transformation is
GCP ., ..
O —— ' MDY,
P (C.18)
Dy —— ' 2P},
In the basis U defined by Eq. (C.12) the GCP transformation becomes
1 iy + i(ap+20) _Li(a1-0) + i(a+0)
x=z ¢ "¢ ¢ ‘. (C.19)
2 _et((t]—O) + el(a2+9) el(a1—26) +ela
Setting a1 = 6 and @, = —6 (we are free to choose «;) reduces X’ to
i0
, e 0
X' = 0 it ) . (C.20)
Resulting in
o] L5 (@),
(C.21)

;< e (@),
which is exactly our GCP-transformation of Eq. (3.27) for the chosen 6 values.

A more intuitive approach is to apply the GCP-transformation directly to our basis relations using
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Ger GCP .
®; —— '@} and d; —— ' 2P}, then

1 . i X
6@1 +eifd,) ZL, %(@{ +e D)),
. (C.22)

Again, multiplying the second by ¢'? and then subtracting and adding the equations as above, we are
left with

(Dl GCP E (eza'l +eza/2)¢)ﬂlﬁ + (61(01—0) _elaz+0)¢);}l (C23)
@, GCP % (ei(al—e) _ ei((l’z—e))(b? + (ei(aq—26’) +eiaz)(1); ) (C24)

Setting a1 = 6 and @, = -0 as before, we are left with exactly the transformation we require.



EWSB In Different Vacua of the 2HDM

Beginning this Appendix, in the first section, we investigate alternative methods in which to solve the
stationary conditions and extract scalar mass matrices. These methods prove useful as they may be
easily generalised to each type of vacuum solution (normal, charge- and CP- breaking). Further, they
allow us to compare vacuum solutions and provide the necessary framework for the 2HDM vacuum

lemma proofs presented in the second section of this Appendix.

This Appendix includes a guided work-through of material from [28].

D.1 2HDM Mass Matrix Methods

D.1.1 Notation of the 2HDM Vacuum

Let us establish some notation that will become useful in future calculations. Define a function of xj
components, x € R”, as

f(x) = f(X1,X2, -'-/-xl’L)~ (Dl)

This function attains its stationary point at
X0 = (1949, ..., x9). (D.2)

Giving *
VF()| =0 (D.4)
Next, let us assume that there exists a basis X’ = Ox, O a matrix, such that in x’, m of our stationary

conditions vanish
(O g == (0 =0. (D.5)

Any stationary condition may vanish without loss of generality. We assume that we have ordered the
variables such that the stationary conditions vanish from the right. In this new basis, we have n —m
unknown stationary points required to specify these points. This set of n — m conditions is given by

0
97 =0, (D.6)
0x; L=y
* Or component wise, we have n stationary conditions
oL <o, (03)
O0Xi |x=x0

fori=1,..,n.
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fori=1,..,n—m.

The proof of this is given in the box below; this may be skipped without a loss in generality.

Define a function of polynomials constructed from a combination of terms x; components of x € R",
as

Fx) = f(x1,x2, ..., Xn). (D.7)
Label the vector at which this function attains its stationary point as
x? = (x(l],xg, ...,x?l). (D.8)
The stationary conditions of this function are then given by
VF()| _0=0. (D.9)

From this equation we may then solve for the stationary points x?, we have n conditions and n
unknown variables x?. There will be p > 1 or a continuous number of solutions for our set of
stationary points x°. For p > 2, the solutions are subject to constraints defined by the stationary
conditions. Note, the component k of Eq. (D.9) is

_(9f
(vxkf<x>|x=xo)k - (%

We may perform a transformation on our basis in which x exists, such that

) . (D.10)
x=x0/ k

X’ = () = ((]), ()", s (3_)", 0). (D.11)
In the new basis we have the relationship

VIO eepoy = Ve oy - (D.12)

and
V(o ay =0- (D.13)

Again we get n stationary conditions, however, in this new basis there are only n — 1 unknown
variables. This is as (x3)’ = 0. Fixing the stationary point at x;, will either decrease the number of
solutions p or weaken the constraints placed on a continuous solution. Geometrically this means
fixing the set of solutions xV on the plane Xy = 0. In other words, we are slicing an n dimensional
function into a n — 1 dimensional function. Our basis change extracts only the stationary points
which lie on this plane. Consider the function

g(X') = f(x1,x5, ..., x,_,0). (D.14)

This is a subset of f(x") with the constraint that x;, = 0 everywhere. Geometrically, g is the intersec-
tion of f(x’) with the x;, = 0 plane. As it is a subset of f(x’)

Vg(xX')| gy = 0. (D.15)
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The advantage of this is that now we only need to solve n — 1 stationary conditions. Defining g
as such is equivalent to applying the stationary condition (x))’ = 0 before the differentiation is
performed. There are no longer any (x,)’ terms in the function g. Let us verify that f and g share
the same stationary conditions, that is let us prove

IR
X} =0y 0xy =0y

for k =1,..,n — 1. Decompose the polynomial function f into m parts

f(x/) = fo(xi/-xé/ ...,X;,l_l) + (x;l)fl (xilxé/ "°/x;l_]) + (x;l)sz(xilxé/ '"/-x;l_])

+ oot ()" frn (X1, X5, oes Xy 1),

. (D.17)
= F() = D () XX y),
i=0
then
g(xX') = fo(x1,x5, ., %), _1)- (D.18)
We may solve
6f (9 . NI ’ ’ ’
(6_/ ) = (a ’ Z(xn)tﬁ(xll'XZ/"'/xn_l) ) 7
X Ix=(x0)/ k 7% R x=(x0)/ k
o 5 1 (D.19)
O .
S(2h1 S Wy g k) ) ,
(axk x'=(x0)’ axk [; b ! x'=(x0)"/ k
which for k = n becomes
af ) d [’” :
7 = 7 (x')’f~(x',x’,...,x'_ ) s
(axn x'=(x0)/n axn ; n NS Pade) n-1 = (D)’
[ 0(x,)! -0
= — fi (2], X5, s Xy 1)+ () = fi (X7, %5, 0 %] _ )] ,
;[ dx), 1772 i n ax), 1772 n-1 =) (D.ZO)
[ 9(x)!
= ’ fi(x',x/,...,x;l_ ) 7
;[ ax! 1742 1 sy
= filx], x5, .. X, _4)-
For k # n this becomes
(ﬁ ) :(6f0 + Zm](xl)i 0 f~(x' X’ x’ )] )
6x]’< =00y 6.7(]/( =y - n 8)(;{ 172427 s A1 =0y k/
(52 ). (D21)
Xk Ix=(x0)/ k
(55
6xl,< x'=(x0)"/ k

We have proved that f(x’) and g(x’) share the same stationary conditions for all values k # n. For
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k = n, we have the extra stationary condition

= fi(xy, %5, -, x,, 1) =0. (D.22)

(5f

ox),

x':(x“)’)n

If f1 vanishes we say that this condition is trivially satisfied, that is both the left and the right side of
the equation are zero. If f; does not vanish, we have a non-trivial stationary condition. The function
g will not include this extra stationary condition. Using the definition

g(xX) = fo(xy, x5, s Xy _1), (D.23)
we have entirely removed any dependence on x,, in g. Which means we can redefine g without loss

of any generality

g(xX') = g(x], x5, ..., x],_1). (D.24)

It follows that the set of stationary points of g are independent of Xy . Call this set of stationary
points

X = (D), (D), ., (2, (D.25)

this is a subset of (x°)” with identical entries but one less dimension. We have now established a
function g with n — 1 stationary conditions matching those of f with
’ =

Ve(X|y_po =0 (D.26)
We may have potentially lost a stationary condition that would have otherwise appeared in f but
provided no new information is given by this stationary condition we may use g rather than f to
save time. If we know that we may continue making such basis changes through until n = I we may
reduce our function to

h(x") = (x1', x5, eer X7'). (D.27)

In doing such we only need to evaluate / stationary conditions. Note that there is no restriction in
the order which we make such basis changes.

We may easily generalise this argument to the 2HDM potential dependent on field operators

V(()bl/ ¢2/ weey ¢8)

(D.28)

These field operators are each functions of space-time and are defined as components of our doublets

+i +1i
@ = 1 l.¢2 o, = #3 l.¢4 ' (D.29)
$5 +id7 b6 +ids
At the stationary point
04740 04 740
@Y ¢(1) N l_¢§ , @) = ¢g " ’,¢g . (D.30)
¢s+ig, g tidg
When the stationary point corresponds to a minimum, it is a VEV and we use the notation
G = (Pa), (D:31)
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and

¢) = (¢:). (D.32)
Then stationary conditions of the potential are given at the VEV by the set of eight equations

ov

Al = 0. (D.33)
6¢i ‘Da=<q>a>

We may make certain basis and gauge transformations, which will cause the VEVs of some of the field
operators to vanish, (¢x) = 0.

In the 2HDM after all the available basis and gauge transformations have been exhausted, and we have
reduced our set of VEVs to their simplest form as we have seen in the previous section, we are left with
one to four VEVs. We may then proceed to relabel all the remaining fields (corresponding to non-zero
field component VEVs) according to their relationship with the vacuum. Conventionally, in the 2HDM
we make the following re-definitions*

d1=a, ¢5=Vv1, 6 =Vv2, ¢7 = 0. (D.34)

These fields are still functions of space-time and only take on a particular constant value when defined
directly at the VEV after EWSB. We should strictly be writing

ov

— =0, D.35
01l pi=4) 3

where ¢° = (¢). However, for simplicity we write the stationary conditions as

ov

— =0, (D.36)
ov

where v is a non-vanishing field component which acquires a particular constant value when evaluated

at the VEV, (after the differentiation).

Here, we will use this notation Eq. (D.36) but it will always be made clear when we are referring to a
function of the fields that is yet to be evaluated at the VEV and when we are referring to a function
already evaluated at its VEV.

Stationary Conditions of a Charge Breaking VEV: An Example of Using the Notation We may
expand the stationary conditions

v
— =0, (D.37)
0%il0,~(@.)
in terms of the x; operators
Ox
3 (6—‘/ ﬁ) —0. (D.38)
Jj ax] a¢l Du=(Py)

*Sometimes the meanings of ¢1 and ¢3 or ¢7 and ¢g are swapped. Such a swap is allowed as simple field transformations relate
these, and different conventions may be used.
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Consider a set of VEVs that is charge breaking. After an appropriate change of basis we can write,

¢5 = v1, p6 = v2 and ¢3 = @ with all other ¢; vanishing. Define

av
A =V (D.39)
axj q)u:(d)u)
The solutions are o o 7 o
T —aVj, — =0, — =2aV},— =0,
0¢1 0 093 ¢y
oV ov ov ov
S 2V vV, —— = 2uaVl 4V, — =0, — =0. D.40
0¢s vy s v2V2 Tl 07 O¢s ( )

Here we have calculated all 8 derivatives. If this time we only consider the fields with non-vanishing
VEVs in the transformed basis, we may rewrite the vector X (defined in Eq. (3.11)) as

2

1
2,42
+
Xep=Y=| 279 (D.41)
V1V2
0
Now we only need to solve three equations
v , , 0V , , oV ,
a—‘}l = 2V1V1 + V2V3, (9_1)2 = 2V2V2 + V1V3, E = ZQVZ. (D42)

As expected, we can see that these are exactly the three equations that we get for ¢3, ¢5 and ¢4 using
all eight of our field variables. Finally, from the three conditions we may deduce

2 _0=v=0, (D43)
giving

g_\jlz =0=>V;=0, (D.44)
and so a7

F 0=V =0. (D.45)

The extra condition from the full potential notation offers V; = 0 which we already know.

D.1.2 Alternative Methods for Solving Stationary Conditions

Another method that allows us to investigate the matrix structure of the potential solutions and extract
masses is detailed here. This method gives us the framework to investigate the stability of the minimum
solutions and extends the ability to solve mass eigenvalues for minimum solutions of different nature
(normal, charge- and CP-breaking).

First derivatives tell us that we have a stationary point. Second partial derivatives determine whether
the point is a minimum, maximum or a saddle point. This investigation is done by making use of the
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Hessian, a matrix of second derivatives. For the function f(x1,xp, .., x,;) the Hessian matrix would be

Pf f f
(0x1)?2 0x10x2 o Ox10xp
’f &’f &’f
H=|Pm0x  (@x) i (D.46)
Pf S f Sf
9x,0x1 Ox,0xy (0x,)2

A function has a minimum at x if the Hessian is positive definite” at x.

A Hessian matrix of the potential with respect to ¢; is initially in the interaction basis. The process of
diagonalisation takes it to the physical mass basis. The eigenvalues of the Hessian matrix are the physical
mass terms for the spectra of scalar particles.

A clever method to evaluate the second derivatives of our potential exists. Making use of our field basis
operators x; introduced in Eq. (3.7), Eq. (3.10) and Eq. (3.11), we expand®

PV PV an o 0V
0¢:0¢;  0xm0x; 0¢; 0¢;  0x; 00,

(D.48)

Let us consider each of these two terms individually. In hindsight, we know that the mass matrix is
defined as the second derivative evaluated at the VEV. Hence, each derivative above is evaluated at the
VEV.

Define the 8 x 8 matrix

52)61 )
M? = ( vV —— , D.49)
! Zl: : $i09; |\ ij (
where oV
Vi=—| . (D.50)
6xl VEV

Field combinations ¢;¢; with |i — j| > 4 never appear in x;. As such,

2
M? = [Ai)“ Moz (D.51)
12
jrA positive definite matrix has determinant and eigenvalues all greater than zero.
?v 9 (v
3¢idp;  O¢i (T%)
0 (0V dx

" ¢ (371 197’_/')

-2 (‘L")@#’l 0 (@) (D47)
0pi\Ox | 0p;  Ox; O¢i\ D¢

0w 0 (V)0 oV o
Opi Oxm \ Ox; 6¢j Ox; 6¢,~6¢j

_ PV 9x 9xm OV _Ox
OxmOx; 0¢; Op;  Ox; 0piOp;’
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M12 has two 4 x 4 matrices, which can be calculated to be

w0 vV
0o 2vi v, Vi
M121 = ’ 1/ % > 4 (D52)

v, -V 2v; 0

i vio0 2w

v, Vv, 0V
Vi o2v; v, 0

M3, = D.53
N N 7 A A (059
v, 0w o2y
Next consider the first part which forms another 8 x 8 matrix, with components
2
(ZZ( il W_mﬁ) ) _ (D.54)
P axmﬁxl (9¢, (9¢j vev/ ij
Conveniently, notice that using Eq. (3.11)
oV 0%V
=B= ) D.55
0X,,0x] 0Xm0x] | gy ( )
Then, we need to calculate the matrix
ox;
C= (i ) : (D.56)
6¢j VEV/ i ]

This will be a 4 x 8 matrix, composed solely of ¢; operators. Some of these operators vanish at their VEV,
at most four operators are non-zero. These non-zero VEVs correspond to those we defined in Eq. (D.34),
with ¢1 > ¢3.

0 0 0 0 265 0 24 0
0 0 2 0 0 2 0 0
Co ¢3 Po , (D.57)
¢3 0 0 0 ¢ ¢ 0 ¢
0 -¢3 0 0 0 -¢7 —¢6 ¢5
So from the definition of the mass matrix Eq. (3.66) we may then write
M? = (M?+CTBC). (D.58)

To proceed further with the calculation, we need to specify which vacuum we are considering.

Mass Matrix of the Normal Vacuum: Charged Scalars After suitable basis transformations the normal
vacuum is identified by (¢s) = v1, (¢¢) = v2 and all other (¢;) = 0. Our C matrix (from Eq. (D.56)) reduces
to

0 00 0 265 O 0 0
0 000 0 2 0 0
C= % (D.59)
0 000 ¢ ¢ 0 0
0 000 O 0 —¢¢ o5
The form of this C matrix means
0 0
cT'BC = (D.60)
0 B
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where B is defined in Eq. (3.11). Fluctuations about the fields ¢; to ¢4 give us the charged Higgs scalar

particles. The top-left 4 x 4 block of the mass matrix encodes the charged scalar masses
(M¢1,<p2,¢3,¢4)2 = Mizl' (D.61)

At the normal minimum the X vector (from Eq. (3.11)) is reduced to

v
V2
Xn = 2. (D.62)
Viva
0
At X = Xy the stationary conditions may be defined

v

—| =0, (D.63)

ilyey

fori =1,2. Recall that from Eq. (D.50), V/ = g—r{

. Using the stationary conditions
=0,

VEV
+ ( ov (9)63)
vy \0x3.0v1 [, (D.64)
= 2V{V1 + VéV2 =0.

ov
8\/1

_ ( 1A% aX1 )
VEV 6x1 6V1

Similarly for v,

ov
— = 2V2/V2 + V3’V1V2 =0. (D.65)
02|y
Allowing us to write
V2
2
%4 2
V=3 T (D.66)
2v1vo =2v1vo
0

From this we extract

(D.67)

Vi = £2, V3. (D.68)

Multiplying these together
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With prior knowledge of the outcome we select the negative solution. The normal minimum has V; = 0,
so we may now proceed to calculate the mass matrix for the charged scalars®

vy 0 2V} o0
0 2v! 0 —2JVVI
(My,..)" = __ ! , 12| (D.71)
2V, 0 2v; 0
0 2V 0 2V}

Diagonalising this matrix to bring it to the physical basis we get

0 0 0 0
0 0 0 0

Mes )2 = D.72

(Ma=m2)"= 1 2V +2V} 0 (D-72)
0 0 0 2] +2V]

The O, rotation matrix responsible for Oi(M%m%)ZOl = (Mg=,n+)? is given by

A [v;
2 0 - |4 0
% A

\%A4 \%44
0,=] 0 v /% (D.73)
1 0 1 0
0 1 0 1

We require that our rotation matrix be unitary, 0101 = I by normalising each of the eigenvectors from

Wi 0 -y 0
1 0 Vv, 0 —\/Vl' (D.74)
VAWV 0 0

A NN 4

The masses for the physical particles may be identified by expanding

above

N

01 =

~

H*' (Mg p+)*H*, (D.75)
with H* = (G*,G~,H*, H)T. We see
2 _ 2 ’
mg: =0, my. =V/+V,. (D.76)

Had we selected the positive solution for V; Eq. (D.68), the mass matrix would not change; however,
the first two columns of the rotation matrix would be swapped for the last two. Swapped columns
correspond to different eigenvalues associated with different eigenvectors. A change in eigenvectors
would correspond to massive G* particles and massless H* particles.

* Terms mixing the fields ¢; will appear here, as the mass matrix is not diagonal. Introducing the column vector of perturbations
to the upper fields

¥1

@
= , D.69
¢ @3 (D-69)

P4
such that the mass term expands

en (Mg, ..o pu. (D.70)
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Now that we have defined our particles masses let us find an expression for the rotation angle by relating
01 to Og. O1 rotates our field perturbations ¢, = (¢1, 2, ¢3, oy)T according to

Olp, = H*. (D.77)

Recall, that for the charged Higgs bosons we have degenerate masses. So we combine the first four ¢
fields into two charged fields ¢] and ¢] according to Eq. (3.70) and Eq. (3.71). We may express this as a
basis change according to

®1
111 i 0 O +
- 2= . (D.78)
V20 01 il ¢ | \e
P4
Or more simply put
Oy =¢". (D.79)
Then, using Eq. (3.73)
030.¢, = H". (D.80)

H* is the positive component of H* and may be extracted using a transformation

G+
1 0 0 O G- G*
= (D.81)
0 0 1 0| H* H*
-
Or more simply put
O.H* =H". (D.82)
Then combining Eq. (D.77), Eq. (D.80) and the above gives us
0,01 =030.. (D.83)
Rearranging we get the useful formula
0 =0,0]01. (D.84)
In this case
1 V) vy
WitV =V Y,

We may finally identify our rotation angle 8

& i D.86

4 (D.87)
tﬁ = = .
V2

and

Correctly defining the physics of the charged particles is the most cumbersome as it involves mixing
of the original ¢; fields into charged fields and then again mixing of the charged fields into fields that



210 D EWSB In Different Vacua of the 2HDM

encode the physical particle states. Now that we have identified the process and particular relations
between the states, we may save time in the future when calculating the charged mass eigenstates and

associated mixing angle.

D.1.2.1 Mass Matrix of the Normal Vacuum: Neutral Scalars

There are four remaining physical particles, two real massive Higgs particles, a pseudo-scalar Higgs and
a pseudo-scalar Goldstone particle. With prior anticipation of the particle spectrum, we have labelled
our fields in their doublets such that the ¢5 and ¢¢ fields correspond to the real scalars and the ¢7 and ¢
fields the pseudo-scalars. In this way, the fields corresponding to each of the two groups will have rows
next to one another in the full 8 x 8 interaction mass matrix that we have begun calculating.

Recall for the normal minimum combining the general mass matrix equation Eq. (D.58) with Eq. (D.60)
we have for the bottom right 4 x 4 block
M}, +B. (D.88)

This block contains the interaction state masses of ¢5 through ¢g, here

Vi 2V 0 0

", - 2V, 2V 0 o | (D59)
0 0 v 2\VIV]
0 0 2y} 2V

and B’ has a complicated form for the general potential.

It is possible to solve the eigensystem and find one zero eigenvalue corresponding to our CP-odd Gold-
stone Boson and three non-zero eigenvalues corresponding to our CP-odd scalar, CP-even light Higgs
scalar and CP-even heavy Higgs scalar. If all the b parameters in our potential are real, we see that B’
and hence the interaction mass matrix will be block diagonal. In this case, there is no mixing between
the physical scalar particles and the pseudo-scalars and B’ has the simpler form

2H, 2Hj3 0 0
2Hs 2H, 0 0
p=|"72 "7 ) , (D.90)
0 0 2b44V2 —2b44V1V2
0 0  —2bgvivy 2b44v%
where
H, = 4v%b11 +2vivobiz + V%bgg,,
H, = v%b33 +2v1vobos + 4V%b22, (D.91)

H; = v%b13 +v1v2(2b12 + b33) + V%b23.

Let us start by diagonalising the scalar mass matrix. Finding the eigenvalues gives

eig(My) = Hy + \|H? +4H?. (D.92)
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where
H,=V/+V;+H +H>,

H_=V1’—V2’+H1—H2,

7 7 7 V3
H3=H3—1[V1V2=H317.

We may then rewrite the interaction mass matrix as*

v L[He+Ho 2H]
** 72| 2H, H.-H]|

The factor of half appears as all our couplings are real.

Introduce the physical mass matrix

with

H, = \|H2 +4HZ?.

211

(D.93)

(D.95)

(D.96)

(D.97)

Relating the physical and interaction state matrices we may construct the rotation matrix and find the

mixing angle. Solving the eigenvalue equation M, v; = eig(Mpy);v;, for i = 1,2 to find eigenvectors" we

get the normalised rotation matrix

H.—H_ 2H3’
0 \/(H(,—H_)2+4H3’2 \/ (He—H_)>+4H}?
Hh = Ho+H_ 2H]

- \/ (He+H_)2+4H2 \/ (Ho+H_)2+4H??
Giving
H.-H_ 2H;

Ca = = ,
\/(I‘IC_I‘I_)Z-I'411§2 \/(Hc+H—)2+4:Hé2

B 2H; B H.+H_
a — - .
\/(Hc — H_)? +4H} \/(HC +H_)?+4H?

N

We may express ¢, in several ways

2H;  H.+H_

t, = =
“ H.-H_.  2H]

(D.99)

(D.100)

(D.101)

(D.102)

Finally, this leaves us with the pseudo-scalar sector. The interaction matrix for the pseudo-scalar sector

*In terms of our general potential couplings
H,+H_= Z(m% +3v12/11+v22 (/13 +/l4+/l5)+6V1V2/16),
2H; = —2m3, +4vivy (A3 + Ay + As5) + 6] A6 +6v5 A7,

Ho=Ho = 2(m, +3v32+ v} (13 + A+ 35) +6viv27 )

t The eigenvectors are

(D.94)

(D.98)
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is given by
A, +A. 243
QA3 A,-A_

M =

®7,98 , (D.103)

where
Ay =Vi+ Vzl + b44v% + b44V%,

A=V - Vzl + b44V% - b44v%,

(D.104)
Az = A [Vl'Vé + bygviva,

Ac = A2 +4A2.

Diagonalising, the physical mass matrix of the pseudo-scalars is

Ay —A 0
My=|"" "¢ ) (D.105)
0 A+ Ac
The normalised rotation matrix is then
Ac—A_ 2A3
(Ac—A_)2+4A2 (Ac—A_)2+4A2
O4= _‘/ on J e 2. (D.106)
JActA2444]  [(AcrA 2444
Giving
A, —A_ 2A
cp = - 3 , (D.107)
\/(AC —AL)? +4A2 \/(AC +A)2 +4A2
2A A +A_
sg = 3 = < , (D.108)
\/(Ac — A2 +4A2 \/(AC +A)?+4A2
and so » —
3 ctA_
Ip = = . Dl
B A, —A_ 24, (D-109)

It is possible to show the 7z we calculated for the charged particles Eq. (D.87) agrees with the value
above.

Mass Matrix of the Charge Breaking Vacuum After suitable basis changes at the charge breaking
minimum, we have, ¢5 = v] and ¢¢ = v}, plus a charge breaking term ¢; = . Again, these are functions

that when evaluated at the VEV become real numbers v/, v; and a respectively. The vector X is now

Xcp=Y=| 2 ) (D.110)

with Y = (y1,y2, 3, y4).

Consider the stationary conditions for this minimum. The form of the two found at the normal minimum

remain unchanged
ov

’
Bvl

ov
2V + —
1 dys

v

= — v =0, D.111
oy1 2 ( )

VEV

VEV VEV
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ov

7
v}

ov
vl + —
27 dy;

v

= — ' =0. D.112
dy2 e ( )

VEV

VEV VEV

However, as we have now three parameters to consider, we get an additional minimisation condition

_[9V 9y2
B dy, da

v
oa

oV

= 2a = 0. (D.113)
VEV ayz

VEV

VEV

If @ = 0, we are left with precisely the two constraints we had for the normal minimum. Of course, a
trivial value of « is the condition for a normal minimum, and so for a charge breaking vacuum « # 0.
As such we conclude, using the final constraint, that 9V/ Byzivgv must vanish. Then using the second

constraint we are left with (9V/ 6y3)| = 0, which implies that either v or V/ c’)y_o,|VEV must vanish.

v/
VEV ' 1
But the requirement vi#0 has been made to construct the constraints. As a result, in the first constraint

v/ ¢9yl|VEV will vanish. In other words, the extra constraint Eq. (D.113) allows us to write

v
—1 =0 (D.114)
9Yilyey

Notice, that this condition is equivalent to writing
ov
—| =0, D.115
x| (D.115)

meaning that all V/ vanish. The general equation for the mass matrix Eq. (D.58) is
M? = (M? +CT BC). (D.116)

M? consists only of a combination of V/, meaning that M7 is a zero matrix. Next

00 002/ 0 0 0
0 0 220 0 2, 0 0

C= N "2 (D.117)
@ 0 0 0 v, v, 0 0
0O - 0 0 O 0 -v vi

Define B’ = O(CT BC)O~!, where O is a 8 x 8 orthogonal matrix. The matrices B’ and B are similar and
this means that they share the same eigenvalues. It is possible to find an O such that it performs suitable
row and column operators on C reducing our entire mass matrix to

M?=0(c"BC)0™,

O4x4 04x4l (D.118)

2
O4><4 M12

where 044 is a four-by-four zero matrix and M2, the real and pseudo-scalar Higgs mass matrix. The first
eigenvalue of M7, is by (vi? + v} + a?). The following three are omitted here as they cannot be expressed
simply. Notice that this eigenvalue implies that b44 > 0.

Mass Matrix of the CP-breaking Vacuum A CP-breaking vacuum is defined as having the definitions
¢5 = v1, g6 = v;, ¢7 = ¢ and all other ¢; = 0. As always, these are a result of suitable basis changes on the
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most general form of the vacuum. Our X vector becomes

viz +62

V/Z

Xcp = 2. (D.119)

’ ’
ViVa
—V25

The set of stationary conditions for this are

2Vivi+ V35 =0,
2VJvh + Vi, = V[6 =0, (D.120)
2V{6 = V,v; =0.

Combining these along with the condition from the potential

Vy =2bys(-v56), (D.121)
we may write the vector V’
”
V2
62 + ”
V' = —by " (D.122)
—2vv}
26v}

From this we are able to fill in our M12 matrix. The C matrix for the CP breaking case is

00002 0 25 0
0000 0 2, 0 0

C= "2 (D.123)
0000 v, v, 0 ¢
0000 0 -6 —v v

As such, the combination CT BC only contributes to uncharged scalar fields. The charged fields get their
masses directly from the eigenvalues of M7,. The real and pseudo-scalar particles get their masses from
the eigenvalues of M added to the non-zero block of C* BC. In the end, a mixed 4 x 4 matrix is produced.
Here the charged fields have double degenerate eigenvalues of zero and —bus (v? + v +62). The latter of
these requires by < 0.

D.2 2HDM Vacuum Lemma Proofs

In this section, our goal is to consider each different kind of possible minimum individually and with this
prove the claims from section 3.5. We approach the proofs by considering each of the minima separately.
For each minimum, we formulate the expression V; — V. Vi and V; represent the potential evaluated at
different minima; for example, Vi is the potential evaluated at the normal minimum. The sign of V; =V,
will reveal which of V;, V; is the global minimum.
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D.2.1 PartI: The Normal Minimum

Let us begin by considering the normal minimum, given when ¢5 = v1, ¢¢ = vy, all other ¢; = 0. From
the notation established in section D.1.1 we recall, v and v, are functions of space-time, only at the

minimum do they have a specified real value, the notation does not change, however

(vi) =v1, (v2) =2 (D.124)
In Eq. (D.66), we have shown
V2
2
174 2
ve-——2| T | (D.125)
2viva | =2viva
0

Notice that both V] and V] terms have the same sign. In Eq. (D.62) we evaluated the vector X at the

normal minimum, notice that
X,V =0. (D.126)

Previously, we found the mass of the charged Higgs scalar at a normal minimum is my= = V| +V;. This

tells us that for a normal minimum to exist
Vi+V;>0. (D.127)

But we know that both V] and V; have the same sign, so they must both be positive at the normal

minimum. This results in -
>0 (D.128)
ZV1V2

Another way to formulate the V' vector is to directly differentiate the potential with respect to x;. We

find that we may write

WV avBx, (D.129)
8)61'

which evaluated at the minimum becomes
V =A+BXy. (D.130)

We require one more useful result. Writing the potential evaluated at X = Xy as
VN = p2+ps. (D.131)

where p; = p2(v1,v2) contains bi-linear combinations of the functions v{ and v, and psy = p4(v1,v2) are

quadratic terms of the functions. Then

p2 = AT Xy,
- (D.132)
ps= 5 XNBXn.

At a stationary point

=0. (D.133)

VEV

>[5

12
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Evaluating this we find
2p2+4py =0,
P2 ab2 (D.134)
=p2= _2P 4,
where now p; and p4 are evaluated at the VEV. Substituting this equality back into our general equation

for Vi Eq. (D.131) we may write

1
VN = 5P2= P4 (D.135)

Leaving us with the equation for the normal minimum we are searching for

1 1
VN = EATXN = —EXITVBXN. (D.136)

We now have all the equations corresponding to our normal minimum that we require to proceed.

D.2.2 Part II: The Charge Breaking Minimum

We strive to find an expression for (Vcg — Viv) where Vy is the potential evaluated at the normal mini-
mum and Vg is the potential evaluated at the charge breaking minimum. We found from Eq. (D.115)

that for a charge breaking minimum
Vv
v =0. (D.137)
OX |x=Xcp=y

Exactly as in the normal vacuum situation, by differentiating the potential directly with respect to y; and
evaluating at the minimum we find
ov

x| =A+BY. (D.138)

X=Y

Combining the two above conclusions and provided that B is an invertible matrix

A+BY =0,
(D.139)
=Y =-BA.

We have just found a solution for the parameters in the charge breaking vacuum this will come in useful

later.

As before we can write the value of the potential in terms of the functionals p; and p4

Ve = p2+ pa, (D.140)
with
p2 = ATY,
1., (D.141)
pi=5Y"BY.
We find the useful relation 1 .
Vep = EATY = —E(Y)TBY. (D.142)

Now subtracting Eq. (D.139), from Eq. (D.130)

V' =A+BXy - (A+BY) = BXy — BY. (D.143)
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Then pre-multiplying through by X}, and using the fact that X7,V’ =0

XN BXn = X}, BY = —2Vy. (D.144)

The last equality comes from our final useful equation in the normal vacuum analysis (D.136). Lastly, let
us this time pre-multiply Eq. (D.143) by ()T

V' =BXy — BY,
(D.145)
=YV =Y"BXy -Y"BY.
Using the useful equations (D.142) and Eq. (D.144) and the fact that B is symmetric (Y” BXy = X}, BY)
(MNTV’ = (=2Vy) = (-2VcB),

1 (D.146)
Ty,
= VCB - VN = EY V.

This is exactly the equation we set out to find. Next, we need to determine the sign. Calculating the RHS
of the above

| %4
Ty, 3 2.2 2 2y,,2 Y
YTy’ = “To1v ["1 v+ (v +a )+ (vlvz)(—zvlvz)],
%4

_ 3

(D.147)
’ _ 7\2 2
FI [(V1vz v1vy)© + (avy)

Using Eq. (D.128) it is easy to see the above must be positive

(VCB - VN) > 0. (D148)
If there is a normal minimum, its value is always less than that of the charge breaking minimum; hence,

the normal minimum is always a global minimum. Returning to Eq. (D.145) and multiplying both sides
to the left by V7 B~ we are left with

vTB v =vT (Xy -Y).

(D.149)
After explicitly calculating V7 (Xy - Y), we find that

vTB v =—yTv. (D.150)

So if a normal minimum exists then Y7V’ > 0 which implies by the above that V'7 B~1V” < 0. This result
then must mean B is not a positive definite matrix. This fact will come in useful soon.

D.2.3 Part III: The CP-Breaking Minimum

We need to perform this analysis once again, this time for the CP-breaking vacuum. This vacuum has the

re-definitions ¢5 = v{, ¢¢ = v}, ¢7 = J and all other ¢; = 0. With these parameters our X vector becomes

viz +62

”
v
Xcp = 2

= . (D.151)
vivy
—V25
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We find that at the CP-breaking minimum the relation x2

1= X1 - x% holds. Let us make this substitution

in the most general potential Eq. (3.10)

V = a1x1 +axxy + azxz+

, , ) (D.152)
b11x] + baox; + (b33 — bag)x3 + (b12 + bag)x1x2 + b13x1X3 + bo3xox3.
We can retain the same forms of the equations we have used up until now by defining
vi2+6? 2bi1 bu+bu b1z 0
2 bia+b 2b b 0
z=| "2 |, Bep=| RTM 2 3 , (D.153)
vivh b1z by 2(bsz—by) O
0 0 0 0 0
with Z = (z1, 22, 23, 74). We can write
T, 11
V=A"Z+:7"BepZ. (D.154)

Again, Z is a vector of functions which at the VEV becomes a vector of real numbers. We have three

stationary constraints, the first two identical to those from the charged minimum, the third gives

ov

vl _(2V.9u
)

VEV_ (a_zl 66)

When § = 0 this constraint adds no extra information to the theory, and we are left with the same

oV

= 26 =0. (D.155)
0z1

VEV

VEV

constraint as the normal minimum. This of course, corresponds to a trivial ¢7 which gives us the normal
minimum to begin with. For a non-zero § we retain the CP-breaking minimum and the constraint implies

that z—;’l ey = 0. This fact combined with the first two constraints tells us that at the minimum
ov
= =o. (D.156)
0z VEV

If we differentiate the potential directly with respect to x; and evaluating at X = Z (the minimum) we
find

ov
— = A+BcgZ. (D.157)
0X |y
Leading us to the direct solution for Z
A+BcpZ =0,
or i (D.158)
= Z=-BL,A,

providing Bcp is invertible. Writing Vcp = p2 + ps, where p; and p4 are functions of vy, v, and «

p2=A"Z,
1, (D.159)
pa = EZ BcpZ.

We get the familiar relation at the VEV

1 1
Vep = EATZ = —EZTBCPZ. (D.160)
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Similar to the charge breaking section, subtract Eq. (D.158) from Eq. (D.130)

V' = BXy — BcpZ. (D.161)
Pre-multiplying by X},
XNBXn — Xy BcpZ =0. (D.162)
Alternatively, pre-multiplying by zT
Z'BXn - Z"BepzZ =2"V'. (D.163)

Adding the two above equations together and using the symmetry of Bcp we get

XNBXN —Z"BcpZ+Z"BXn —Z" BepXn = ZT V. (D.164)
Then using Eq. (D.136) and Eq. (D.160)

(=2Vn) = (=2Vep) + ZTBXy = ZT Bep Xy = ZTV'. (D.165)

Which simplifies to

(Vep—VN) = =127V’ + ZT (Becp - B) XN ]. (D.166)

N =

But

’

Ty’ T _ _|_ V3 roo 7\2 2
Z'V'+Z" (Bcp —B)Xy = 5 + by || (viva —v1vy)© + (6v2)°|. (D.167)
V1iVv2

We have found above that by < 0 for a CP minimum to exist and Eq. (D.122) gives us Vi = 2byviv).
Combining these we have the condition
vivy > viva, (D.168)

A ..
for the — 2V13V2 + byy to be positive. Hence

(Vep—Vn) >0, (D.169)

and our normal minimum if it exists is always ‘“deeper’ than the CP-breaking minimum iff viv/ > vyvs.

D.2.4 Classification of the Mass Matrices

A stationary point is a minimum if the mass matrix is positive definite. Likewise, it is a maximum if it is

negative definite and a saddle point if it is neither. A n x n positive definite matrix M satisfies
7'Mz >0, (D.170)

for every possible z a n component column vector. A negative definite classification is given if z/ Mz < 0
for all z. We know that the mass matrices of both the charge breaking and CP breaking are proportional
to B. That is the classification of B determines the nature of the stationary points. Let us expand

2" Bz = 2(b123 + b1az1za + boazd + b13z123 + b32023 + b33z + baazl). (D.171)

Our stationary points are classified in Table D.1.
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Table D.1: Classification of the potential B vector values corresponding to stationary points, where CPB stands for CP-breaking.

The condition that b1; > 0 for both the stationary points comes from requiring that the potential is
bounded from below. This is explained in the Appendix of Ref. [30]. As b11 > 0 for both the CB and CP-
breaking stationary points they both have a solution z' Mz > 0 for z = (z1,0,0,0)” (for example). As this
is a solution, they cannot be negative definite. Previously we proved that if a normal minimum exists B
cannot be positive definite. As such, the CB and CP-breaking stationary points must be saddle points if
they are to coexist with a normal minimum. Next, as the value of by is required to be positive for the CB
stationary point to be a minimum and negative for a CP-breaking stationary point to be a minimum we

see that they can both never coexist as minima of the same potential.



Tree-Level 2HDM Type-1I Global Fits

In this Appendix we extend the results given for the GAMBIT Z, global fits by including the tree-level
spectrum results for the (softly-broken Z;-symmetric) type-II. The constraints on the tree-level model
remain the same except we only check unitarity constraints up to leading order.

We show the two-dimensional profile likelihood distributions of the mixing angles in Figure E.1, the
one-dimensional profile likelihood distributions of parameters/observables in the physical spectrum in
Figure E.2 and the two-dimensional profile likelihood distributions of the couplings of the potential (in
the generic basis) in Figure E.3.

The tree-level model has a much greater opening for the couplings and scalar masses. The reason for
this includes the omission of the most restrictive theoretical likelihood, unitarity of the scattering matrix
at NLO as well as the disappearance of the heavy scalar mass cut-off coming from limits from loop-
corrections when fixing the SM Higgs scalar mass.

Figure E.1: 2D profile likelihood distributions of the mixing angles in the tree-level type-II model.
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Figure E.2: 1D profile likelihood distributions for the physical spectrum in the tree-level type-II model.
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Figure E.3: 2D profile likelihood distributions for the potential couplings (generic basis) in the tree-level type-1I model.
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Physical Quantities

F.1 GAMBIT Z; Yukawa Aligned 2HDM Fit

Name Symbol Value Reference
B%-Meson Mass Splitting Am go (17.757 £0.021 + 6%, ) ps~1 [68], [132]
Bg-Meson Mass Splitting AmBg (0.507 +0.005 + 15% ) ps~1 [133], [132]

B Decays

D Decays

B — D Decay Ratios

B — K Decay Ratios

Isospin asymmetry of B to K*u*u~

Isospin asymmetry zero-crossing

Radjiative B Decay
Wolfenstein CKM Parameters

Electroweak Precision Parameters

BR(BY — u*p")
BR(B? — u*u”)
BR(B* — t*v)
BR(B — Duv)
BR(B — D*uv)
BR(D* — 1*v)
BR(Df — u*v)
BR(D* — u*v)
Rp

R,

Rk

(R} )10.0454,1.1]
(Ri)11,6.0]
(AD)[1.06.0]
(Ar)o

BR(b — sv)

SN LY D o~

(2.9 +0.7 +0.2 £ 10%;p ) X 10~
(0.8 £ 1.4+ 10%pg, ) x 10710
(1.09 0.2 + 19%;, ) x 1074
(2.19 £0.12 £ 9.1%,.) x 1072
(4.93 £0.11 + 10.55% ) X 1072
(5.5 +0.24 + 2%, ) x 1072
(5.56 + 0.25 + 2%;p ) X 1073
(3.74 £ 0.17 + 3%, ) x 1072
(0.306 + 0.013 + 0.007 + 3.7%.)
(0.407 +0.039 + 0.024 + 0.1%.)
(0.846 + 0.060 + 0.016 + 1%.)
(0.66 + 0.09 + 0.03 + 1% )
(0.69 + 0.09 + 0.05 + 1%, )
(-0.15+0.16)

(1.3+1.0)

(3.32 £ 0.15 + 7% ) x 1074
0.22537

0.814

0.117

0.353

0.04+0.11

0.09 +0.14

-0.02 +0.11

[134], [135]
[134], [135]
[55]

[55]

[55]

[55] [136]
[55] [136]
[55] [136]
[68], [137]
[68], [138]
[139], [140]
[141], [140]
[141], [140]
[71]

[71]

[68], [142]

[122]
[122]
[122]
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Name Symbol Value Reference
Up Quark Running Mass (at 2 GeV) my(2GeV) 220x1073 GeV [55]
Up Quark Pole Mass My 2.2x107% GeV [55]
Charm Quark Running Mass (at ¢ pole)  m.(m,.) 1.280 GeV [55]
Top Quark Pole Mass m; 173.34 GeV [55]
Strange Quark Running Mass (at 2 GeV) m;(2GeV)  9.60 x 1072 GeV [55]
Bottom Quark Running Mass (at b pole) i, (mp) 4.18 GeV [55]
Tau Pole Mass me 1.7769 GeV [55]
Electron Pole Mass M, 5.1200 x 10~ GeV [55]
Muon Pole Mass My 1.0566 x 107! GeV [55]
Fermi Constant Gr 1.16638 x 1072 GeV~2  [55]
Fine Structure Constant (at my) Aem(mz) 1/127.95 [55]
Fine Structure Constant (at zero energy) oV 1/137.036 [55]
Strong Coupling (at mz) as(mz) 0.1181 [55]

Electroweak precision parameters correlation matrix [122]

1.0 092 -0.68
¥=1092 10 -087|. (E1)
-0.68 -0.87 1.0

Angular observables for the B — K*u*u~ decay are found in Ref. [143]. Branching fraction for B® —
K*u* = decay is found in Ref. [97] with theoretical error of 60% given in Ref. [98]. Parameters used to
calculate flavour observables are not given here, we use SuperIso routines for these calculations. We
have also ignored the correlations between flavour observables here, but they may be found within the
FlavBit source YAML database.
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F.2 Stand-alone General Type-III 2HDM Fit
Name Symbol Value Reference
Observed B-Meson Mass Splitting Amgo o (1.1688 + 0.0014) x 101 GeV  [55]
Calculated B-Meson Mass Splitting (SM) ~ Am o gy (1.32 £0.08) x 10711 GeV -
Observed B-Meson CP Phase B obs (1.5+1.6) x 102 rad [55]
Calculated B-Meson CP Phase (SM) B sm (1.86 £0.11, ) x 1072 rad -
Observed Radiative B Decay BR(b — sy)ops (3.32+0.16) x 107* [68]
Calculated Radiative B Decay (SM) BR(b — sy)sm  (3.34+0.334, ) x 1074 -
Electroweak Precision Parameters S 0.05+0.11 [144]
T 0.09 +0.13 [144]
U 0.01+0.11 [144]
Up Quark Pole Mass My 2.2x1073 GeV [55]
Charm Quark Pole Mass me 1.67 GeV [55]
Charm Quark Running Mass (at ¢ pole)  m.(m.) 1.273 GeV [145]
Top Quark Pole Mass m; 173.5 GeV [55]
Top Quark Running Mass (at ¢ pole) mz(my) (173.5-10.38) GeV [146]
Down Quark Pole Mass mgy 47 %1073 GeV [55]
Strange Quark Pole Mass mg 0.096 GeV [55]
Bottom Quark Pole Mass mp, 4.78 GeV [55]
Bottom Quark Running Mass (at b pole) iy (mp) 4.197 GeV [145]
W+# Boson Pole Mass my 80.385 GeV [55]
Z Boson Pole Mass my 91.1876 GeV [55]
Fine Structure Constant (at mz) Aem(mz) 1/127.934 [55]
Fine Structure Constant (at zero energy) a? 1/137.036 [55]
Fermi Constant Gr 1.16638 x 107> GeV > [55]
Strong Coupling (at mz) ag(mz) 0.1182 [55]
BY Mass Mpo 5.36689 GeV [145]
BY Decay Constant a0 0.224 GeV [145]
B? Bag Parameters Bf ; (up) 0.87 GeV [147]
B (uy) 0.80 GeV [147]
B (up) 0.93 GeV [147]
B (up) 116 GeV [147]
B (up) 1.75 GeV [147]
CKM-matrix [148]
0.97431 0.22512 0.00365¢ 65881
Vekm = | —0.22497003520  (0.97344-0001877i 0.04255 (F2)
0.00869¢ 220 —0.04156¢ 1040 0.999097
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Electroweak precision parameters correlation matrix [144]

1.0 09 -0.59
X=| 09 1.0 -0.83
-059 -0.83 1.0

Evolution matrix (u; = mw to iy = mp) for meson mixing basis

U(mp,mw) =

0.862096 0 0 0 0
0 1.41304 -0.197994 0 0
0 -0.0516513 0.682309 0 0
0 0 0 1.79804 (.288788
0 0 0 0 0.931673
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

o O o O

0
0.862096
0
0

o O O © O

0
1.41304

o O O © O

0
—-0.197994

—-0.0516513  0.682309

(E.3)

(F4)
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Abbreviations

Abbreviation Meaning

2HDM Two-Higgs-Doublet Model

LS Lepton-Specific

FC Flavour-Changing

FCCC Flavour-Changing Charged Current
FCNC Flavour-Changing Neutral Current
SM Standard Model

BSM Beyond Standard Model

CP Charge-Parity

CB Charge-Breaking

VEV Vacuum Expectation Value

EWSB Electroweak Symmetry Breaking
EWPO Electroweak Precision Observables
NP New Physics

FS FlexibleSUSY
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