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Abstract

Biological experiments have shown that yeast can be restricted to grow in a uniaxial direction, vertically upwards
from an agar plate to form a colony. The growth occurs as a consequence of cell proliferation driven by a nutrient sup-
ply at the base of the colony, and the height of the colony has been observed to increase linearly with time. Within the
colony the nutrient concentration is non-constant and yeast cells throughout the colony will therefore not have equal
access to nutrient, resulting in non-uniform growth. In this work, an agent based model is developed to predict the
microscopic spatial distribution of labelled cells within the colony when the probability of cell proliferation can vary
in space and time. We also describe a method for determining the average trajectories or pathlines of labelled cells
within a colony growing in a uniaxial direction, enabling us to connect the microscopic and macroscopic behaviours
of the system. We present results for six cases, which involve different assumptions for the presence or absence of
a quiescent region (where no cell proliferation occurs), the size of the proliferative region, and the spatial variation
of proliferation rates within the proliferative region. These six cases are designed to provide qualitative insight into
likely growth scenarios whilst remaining amenable to analysis. We compare our macroscopic results to experimental
observations of uniaxial colony growth for two cases where only a fixed number of cells at the base of the colony
can proliferate. The model predicts that the height of the colony will increase linearly with time in both these cases,
which is consistent with experimental observations. However, our model shows how different functional forms for the
spatial dependence of the proliferation rate can be distinguished by tracking the pathlines of cells at different positions
in the colony. More generally, our methodology can be applied to other biological systems exhibiting uniaxial growth,
providing a framework for classifying or determining regions of uniform and non-uniform growth.

Keywords: Uniaxial growth; Nonuniform growth; Agent-based model; Continuum approximation; Yeast

1. Introduction

Yeasts are unicellular microorganisms classified as part of the fungi kingdom [1]. They are a eukaryotic fungus
and thus have organelles, such a cell nuclei and mitochondria, within their cells. This contrasts with prokaryotic
microorganisms, such as bacteria, that do not have organelles. There are currently over 1500 recognised species of
yeast [1]. The yeast species Saccharomyces cerevisiae was the first eukaryotic cell to have its genome fully sequenced
[2] and is commonly used as a model organism for other eukaryotic cells (e.g. plants and animals)[3]. Yeast growth
experiments and models are therefore important in investigating the genetic traits of diseases in humans such as cancer
[4], and also have application in the understanding of the mechanisms and environmental factors that cause biofilm

1Corresponding author - email: edward.green@adelaide.edu.au

Preprint submitted to Journal of Theoretical Biology April 22, 2021



Figure 1: Modified images taken with permission from Vulin et al. [19]. (a) Schematic of uniaxial yeast growth. The nutrient concentration C ≥ 0
is monotonically decreasing from the base of the colony until it reaches a distance H at which C = 0 mM. (b) Experiment of uniaxial yeast growth.
The constant diameter of this cylindrical colony is approximately 1.5 mm and the constant flux of nutrient into the agar gel is 111 mM. The height
or length of the colony, L, is observed to increase linearly with time, on the order of 1 mm per 50 hours.

formation on medical implants (e.g. catheters and stents) [5, 6]. In addition, yeast is used for brewing beverages [7, 8]
and as a leavening agent when baking bread [9], with further biotechnological applications such as the production
of biofuels [10] and the treatment of wastewater [11]. Therefore, understanding the response of yeast growth in
non-constant nutrient environments is an important problem to consider.

Saccharomyces cerevisiae, like many other yeasts, typically reproduce asexually via mitosis in the presence of a
nutrient. As a result, yeast grows by consuming nutrient and the behaviour of cells within yeasts can be modified by
adjusting the nutrient supply [12]. In experiments, this nutrient typically comes from an agar medium within a Petri
dish. Many yeast experiments, and mathematical models describing them, examine growth in the radial direction
along the surface of the dish [5, 13, 14, 4, 15, 16, 17, 18]. However, Vulin et al. [19] showed that Saccharomyces
cerevisiae can be restricted to grow in a uniaxial direction vertically upwards from an agar plate to form a cylindrical
colony (see Figure 1). In the experiment, the culture system ensured nutrient was delivered into the agar gel directly
beneath the colony, resulting in a monotonically decreasing nutrient concentration from the base to the top of the
colony with both a replicative and quiescent region within the colony (see Figure 1a). In the replicative region there
is sufficient nutrient for the cells to proliferate, whereas in the quiescent region there is insufficient nutrient for cell
proliferation. This is due to the nutrient being consumed in the lower region of the colony at a greater rate than it
can diffuse into the upper region. The distance H that the nutrient can reach up the colony depends on the nutrient
consumption rate of the yeast, the amount of nutrient delivered and its diffusivity [20].

Time lapse images of a cylindrical yeast colony grown by Vulin et al. [19] are shown in Figure 1(b). The growth is
uniaxial and the height or length L of the colony was observed to increase linearly with time. It was hypothesised by
Vulin et al. [19] that this linear increase in the length is due to the fact that nutrient can only reach a certain distance up
the colony. The purpose of this study is to validate this hypothesis using a discrete agent-based modelling approach.
As observations of uniaxial growth are applicable to other biological systems, for example, embryonic gut tissue
growth [21], it is important to understand the relationship between nutrient concentration and the spatial properties
within the colony.

The non-constant nutrient concentration within the colony results in spatially dependent growth [22, 23]. As both
quantities are difficult to measure during an experiment, little is known of their relationship and how this influences
the colony height. We address this by developing a one-dimensional model of uniaxial growth that provides new
insights into the influence of the nutrient distribution on the cell growth rates and colony morphology. We explore
the growth rates by tracking the average trajectories or pathlines of labelled cells within a colony. This enables us to
establish regions of macroscopic uniform and non-uniform growth within the colony.

In general, the growth of yeast colonies on agar gel is a problem in three spatial dimensions. Yeast colonies may
grow into various different shapes and can experience radial growth. However, we observe in Figure 1(b) that the
diameter of the colony is fixed to 1.5 mm throughout the duration of the experiment. As there is no radial growth, the
cells will remain in a fixed radial and azimuthal position. We thus assume that the growth is in a uniaxial direction,
which is consistent with experimental observations. Furthermore, Figure 1(a) suggests that the nutrient concentration
is only varying in one spatial dimension — it is monotonically decreasing in the same direction as the uniaxial growth
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of the colony. Thus, it is plausible to assume that two cells at the same height will have the same amount of access to
nutrient. Cell proliferation, and hence cell displacement, is nutrient driven, so we expect two cells at the same height
to have the same proliferation rate. As a result, it is a reasonable assumption to model the non-uniform growth of the
colony in one spatial dimension.

The model we develop is an agent-based cellular automaton (CA). These models have previously been used to
model proliferative tissue growth [24, 25, 26, 27], along with other intercellular interactions (e.g. cell motility)
[28, 29, 30, 31]. Applications include tumour growth [32, 33], embryonic tissue growth [21], bone growth [34],
fungal colonies [35] and yeast colonies [15].

Binder et al. [21] developed a CA model for uniaxial growth in the gut tissue of an embryonic quail. They
found that uniform cell proliferation (implying that all cells have equal access to nutrient) results in uniform uniaxial
growth at the macroscale. Binder et al. [21] also considered a uniaxial growth model where the tissue was split
into three sections with three different constant growth rates. This adds position-dependent proliferation into the
CA model, and it was shown to result in overall non-uniform growth of the tissue (although the growth in each
section is uniform). A major limitation of this piecewise uniform model is that the non-uniform growth rate cannot be
continuous across the domain, which is physically unrealistic in the majority of biological systems. Lai De Oliveira
and Binder [36] overcame this limitation by introducing a probability mass function that prescribed the probability
of cell proliferation as a function of position. This spatially dependent cell proliferation can account for a non-
constant nutrient concentration and resulted in non-uniform growth. Although our work implements the same basic
CA mechanism for cell proliferation found in these two studies, there is an important and fundamental distinction in
the overall modelling approach.

Both Binder et al. [21] and Lai De Oliveira and Binder [36] assumed that the time evolution of the length of the
domain (colony or tissue) was known in advance, and we remark that domain growth has also been commonly spec-
ified in continuum models [37, 38, 39, 40]. This assumption is reasonable in the sense that the length of the domain
is a quantity that is easily observed, measured and recorded during an experiment (e.g. Figure 1b). The fact that the
length of the domain was known in advance at any time then pre-determined the number of cell proliferation events
to occur in a given time step of the CA models of Binder et al. [21] and Lai De Oliveira and Binder [36]. Uniform
and position-dependent cell proliferation probabilities, reflecting constraints on the nutrient concentration, were con-
sidered and a combinatorial approach was taken to determine the cell displacement probability distribution, with the
mean of the distribution being intuitively related to the average trajectories, or pathlines, of the labelled cells. For
uniform cell proliferation, the mean of the cell displacement distribution was found in closed-form [21], whereas for
position dependent cell proliferation the mean of the cell displacement distribution needed to be computed numeri-
cally [36]. Clearly, the latter numerical approach limits the potential for further analysis, but more importantly, neither
study allowed the length of the domain to emerge in response to the specification of an input nutrient concentration.
Crucially, the mechanism responsible for linear growth in the length of the colony observed in experiment of Vulin
et al. [19] cannot be explained with their [21, 36] modelling approach (see Figure 1b).

Although the cylindrical yeast colonies (Figure 1) have been observed to increase linearly with time, it is not
appropriate to specify linear domain growth as domain growth is dependent on nutrient concentration. In this work,
we aim to model the emergent macroscale response of both the growth exhibited within regions of the domain and
the evolving overall length of the domain for a given input nutrient concentration. Importantly, our results show that
if there is only a fixed number of replicative cells at the base of the colony (and all remaining cells are quiescent),
then the colony length increases linearly with time, consistent with the experimental observations of Vulin et al. [19].
Additionally, we derive an accurate continuum approximation for the pathlines (averaged positions of labelled cells),
providing a relationship between the microscopic and macroscopic behaviours of the uniaxial yeast growth process.
Through the examination and analysis of the pathlines for six different types of input nutrient concentrations, we are
able to determine the properties of growth at the macroscale within the expanding domain. More broadly, we provide
a framework for classifying or determining certain regions of uniform and non-uniform growth in biological systems
exhibiting uniaxial growth.

2. Agent based model

We develop a one-dimensional CA model to simulate the microscopic stochastic behaviour of individual cells that
are proliferating in a uniaxial direction. Due to the stochastic nature of the model, any single simulation will result in a
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Figure 2: Schematics for the CA model. (a) One-dimensional CA model. The equal size cells (width ∆x units) within the array are labelled by a
dimensionless variable i = 1, 2, . . . ,N(t), where N(t) is the total number of cells at time t. The dimensional length of the domain at time t is then
L(t) = ∆xN(t). (b) Proliferation rule. Three proliferation events have occurred in a single time step of the CA model. (c) Tracking N0 = 4 initial
cells after two time steps. The four trajectories are labelled X̃1

τ , X̃2
τ , X̃3

τ and X̃4
τ . Cell trajectories do not intersect with each other and X̃4

τ = L̃τ. (d)
Quiescent (red) and replicative (yellow) cells. The quiescent region is always assumed to be at the top of the colony. The number of cells in the
replicative region is constant withZτ = Z = 2, implying that the length of the replicative is fixed with H = 2∆x.

non-uniform spatial distribution for the labelled cells. However, Binder et al. [21] showed that the ensemble average of
many CA simulations can lead to uniform growth at the macro-scale if cell proliferation is spatially uniform (implying
that there is a constant nutrient concentration throughout the entire domain). Here, we extend their CA model to
include position-dependent cell proliferation based on the non-constant nutrient availability in the domain. If cell
proliferation is spatially varying, we expect the ensemble average of many CA simulations to result in a non–uniform
growth at the macro-scale.

To model the uniaxial growth, we first define a one–dimensional array of discrete cells (see Figure 2a), where
each of the discrete (labelled) cells in the array represent one biological cell. We assume that all the cells are the same
size and are evenly spread across the array. This is equivalent to assuming the cells are incompressible. Each of the
parent cells in the array may proliferate to give birth to daughter cells. Furthermore, we assume that there will be
no cell motility and no cell death. These are reasonable assumptions for yeasts as the cells are sessile and cell death
is negligible for the time-scale of the experiments [16]. The number of cells in the array, and length, will hence be
increasing with time.

The width of a cell is denoted as ∆x. At time t, each cell in the colony is labelled with the index i such that the
physical position of the cell is given by x = i∆x. The leftmost cell is indexed as i = 1 and the second cell from the
left is indexed i = 2 until the rightmost cell. The physical position x can be interpreted as the distance from the base
of the colony. The length of the colony at time t is given by L(t) = ∆xN(t), where N(t) is the total number of cells in
the colony at time t (see Figure 2a). We impose that the initial number of cells in the colony is N(0) = N0 and initial
length of the colony is L(0) = L0.

We choose to split up time into discrete time steps of size ∆t, and define τ as the number of time steps since the
start of the simulation. This means that the temporal variable can be written as t = τ∆t, which will be continuous in the
limit ∆t → 0. We define T to be the total number of time steps and N(τ∆t) to be the number of cells after τ time steps,
noting the length after τ time steps will be Lτ = L(τ∆t) = ∆xNτ. In each time step of length ∆t, each of the cells will
have the opportunity to proliferate. We introduce a proliferation probability pi defined as the probability that the cell
located at position i proliferates in a given time step. It is important to note that this probability pi will depend on the
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size of the time step. We also define a proliferation rate p̂i as the rate in which a cell located at position i proliferates.
As the proliferation rate p̂i is a physical quantity depending on the biology of the system, it will not change as the size
of the time step ∆t varies. The proliferation probability and proliferation rate are related by pi = p̂i∆t. At the τth time
step we then have pi

τ = ∆t p̂i
τ.

We now define the cell proliferation rule for the CA model. As aforementioned, each of the cells may proliferate
to produce a daughter cell in one time step of length ∆t. If a cell in position i proliferates, the parent cell is displaced
to the right, to position i + 1, and a daughter cell is inserted in the parent cell’s original position i. The cells to the
left of the proliferating cell remain in the same position while the cells right of the proliferating cell are displaced
one position to the right. This displacement occurs because of the insertion of the daughter cell. Now consider the
displacement of a cell when multiple proliferation events have occurred in one time step (see Figure 2b). A cell is
displaced n positions to the right if n proliferation events have occurred to the left of it. Furthermore, if a cell is
chosen to proliferate, its daughter cell will be birthed n positions to the right and the parent cell will be displaced n + 1
positions to the right if n proliferation events have occurred to the left of the parent cell.

We note that in our model, a newly born daughter cell is always able to displace all the cells to the right of it,
no matter how large the colony. Hence, the length of the colony can grow indefinitely. In reality, we might expect
that as the colony gets large, cells near x = 0 would need to produce a large force to achieve this displacement. This
may result in the cells becoming compressed, which in turn may stop them proliferating. However, to the best of our
knowledge, this phenomenon has not been reported in the experiments considered here, possibly because the duration
of the experiment is not sufficiently long. Hence, we neglect the possible effect of compression on cell proliferation
in this paper; we have considered this possibility in [41] (using a continuum model) and, in a different context, in a
recent individual-based lattice-free model [42].

One of the main biological factors used to determine the proliferation rate is the nutrient concentration, C(x, t),
which is a function of both space and time. For simplicity, in this paper we simply prescribe the nutrient concentration.
In our CA model, the concentration will have support on the spatial domain x = ∆x, 2∆x, . . . , Lτ and the temporal
domain t = ∆t, 2∆t, . . . ,T∆t. Therefore we can define the nutrient concentration of the i-th cell after τ time steps by
Ci
τ = C(i∆x, τ∆t). For ease of interpretation, we assume that the rate of proliferation is proportional to the nutrient

concentration: p̂i
τ = kCi

τ, where k is a constant chosen such that the resulting probabilities pi
τ = ∆tkCi

τ are between
zero and one. (Note that since the nutrient concentration is prescribed, this is equivalent to prescribing the proliferation
rates / probabilities.) Having defined all the key parameters and mechanisms for the CA model, we now consider the
trajectories of labelled cells.

2.1. Cell trajectories

We use the CA algorithm to track the trajectories of labelled cells within the colony. The cell trajectories can
be defined as the path of an individual cell as the colony grows. These trajectories depend on the number of cell
proliferation events and their positions, and are therefore stochastic. We thus expect the trajectories to be different
in each simulation and are interested in the average trajectories, or pathlines. In particular, we are interested in the
pathlines of the N0 initial cells, as these allow us to analyse the spatial distribution of the cells, infer where in the
colony the proliferation events are occurring and how this evolves over time. From these pathlines, we can determine
whether uniform or non–uniform growth has occurred.

The pathlines of the N0 initial cells in each simulation are shown in Figure 2c. Suppose we label the trajectory X̃ j
τ

where τ is the number of time steps and j is the initial position of the tracked cell. At t = 0, we thus have X̃ j
0 = j∆x

for j = 1, 2, . . . ,N0. We note that X̃ j
τ is the dimensional position in terms of physical length. We also observe that the

trajectory X̃N0
τ = L̃τ is the length of one simulation.

A naı̈ve method of estimating the pathlines would be to run multiple simulations and calculate an ensemble
average for the trajectory. However, this is not only computationally expensive, but it also precludes further closed-
form analysis. We therefore consider an alternative method of obtaining accurate continuum approximations for the
pathlines of the initial cells, which connects the stochastic microscopic behaviour to the macro-scale colony growth.

We derive an expression for the evolution of the pathlines over time by considering cell displacement in a single
realisation of the CA model. The cell displacement depends on the number of cell proliferations to the left of it.
Specifically, the cell displacement will be n∆x, where n is the number of cell proliferations to the left of, and including,
the specific cell. We thus need to determine the value of n for each of the initial cells at each time step. Recall that X̃ j

τ
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is the trajectory of the cell initially in position j. Suppose we define n j
τ as the number of cells proliferating to the left

of, and including, X̃ j
τ during time step τ. We can hence derive the difference equation for one simulation to be

X̃ j
τ+1︸︷︷︸

Location of cell at
next time step

= X̃ j
τ︸︷︷︸

Location of cell at
current time step

+ n j
τ∆x.︸︷︷︸

Displacement during
time step τ

(1)

As the CA model is stochastic, the quantity n j
τ is a random variable and hence we can derive the average trajectories,

or pathlines, by using the expected value of n j
τ. The difference equation for the pathlines of the initial cells is then

X j
τ+1 = X j

τ + ∆xE
[
n j
τ

]
, (2)

where X j
τ = E

[
X̃ j
τ

]
is the expected value of the cell initially in position j after τ time steps. We note that X̃ j

τ can only

be a multiple of ∆x but the average trajectory X j
τ can be any real positive number. Intuitively, E

[
n j
τ

]
will depend on

the proliferation probabilities pi
τ. Suppose we refer to a cell proliferating as a success and a cell not proliferating as

a failure. We can therefore view a cell proliferation as a Bernoulli trial with success probability pi
τ, which means the

expected value of cell proliferation for a cell with proliferation probability pi
τ is simply pi

τ. We also note that each of
the cells proliferate independently of each other, so we can view the n j

τ as a sum of independent Bernoulli trials. The
expected value for n j

τ is thus the cumulative sum of the proliferation probabilities up to, and including, the cell X j
τ,

E
[
n j
τ

]
=

X j
τ/∆x∑
i=1

pi
τ. (3)

It is important to note that the i in the expression for the proliferation probabilities refers to the dimensionless
index of the cell. As X j

τ is the dimensional position of the cell, we need to convert it to a nondimensional value. This
is why we divide X j

τ by ∆x in Equation (3). We can hence simplify the difference equation for the pathlines

X j
τ+1 = X j

τ + ∆x
X j
τ/∆x∑
i=1

pi
τ. (4)

2.2. Replicative and quiescent regions
As the proliferation probabilities depend on the nutrient concentration in the colony, pi

τ = k∆tCi
τ, we expect to

see different pathlines for different nutrient concentration profiles. As we shall see, a constant nutrient concentration
leads to uniform growth and a non–constant nutrient concentration leads to non–uniform growth at the macro-scale.

Motivated by the experimental observations of Vulin et al. [19], we consider the situation when there is a replicative
region and quiescent region of cells (see Figure1a). In the replicative region, cells have access to a non-zero nutrient
concentration and can proliferate, whereas cells in the quiescent region do not, due to a lack of nutrient (i.e., in the
quiescent region pi

τ = k∆tCi
τ = 0). The size of the replicative region is denoted by the dimensionless variable Z,

representing the number of cells. The physical length of the replicative region is then H = Z∆x (see Figures 1a &
2d).

We now consider how the size of the replicative region evolves with time by definingZτ as the number of cells in
the region at time step τ, with the length being given by Hτ = Zτ∆x. Intuitively, we requireZτ ≤ Nτ (and equivalently
Hτ ≤ Lτ) for all time steps τ. Other than this inequality, we may arbitrarily define Zτ. In the following section, we
consider a number of prototypical scenarios (Cases I-VI) in which the nutrient distributions and the lengths of the
proliferative regions are prescribed in ways which qualitatively re-create a number of possible biological scenarios,
but are sufficiently simple to be analytically tractable.

3. Results

We choose to focus on the results for six specific cases (see Table 1) to demonstrate how the CA model can identify
regions of uniform and nonuniform growth by determining and examining the pathlines in each case. The main input
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Constant nutrient concentration
in replicative region

Linearly decreasing nutrient
concentration in replicative
region

No quiescent region,Zτ = Nτ I II
Fixed height of replicative region,Zτ = Z ≤ N0 III IV
Variable height of replicative region,Zτ = hNτ ≤ Nτ V VI

Table 1: The six modelling scenarios, I–IV

into the CA model is the cell proliferation probabilities, pi
τ = ∆tkCi

τ, which are proportional to the prescribed nutrient
concentration, Ci

τ = C(i∆x, τ∆t). For cases I and II there is no quiescent region, with Zτ = Nτ and Hτ = L. These
situations could represent the early growth of a yeast colony, when it is still small enough that all cells have access to
nutrient. Cases III and IV correspond to situations where the number of cells in the replicative region is constant at
all times, and we set Zτ = Z, implying that the length of the proliferative region is constant, with Hτ = H. These
cases mimic the situation in a larger colony where nutrient is transported by diffusion and consumed by the cells,
hence only being present in appreciable concentrations in a fixed region at the bottom of the colony. For cases V and
VI the variable length of the replicative region is a constant fraction of the overall length, Hτ = hLτ, implying that the
number of cells in the replicative region is increasing with time, soZτ = hNτ, where 0 < h < 1. This could represent
a situation in which nutrient is transported mainly by advection.

In the replicative regions of these six cases, we assume for simplicity that the nutrient concentration is either
constant (I, III & V) or linear (II, IV & VI), with the corresponding cell proliferation probabilities for each of the six
cases illustrated in Figure 3. Whilst these two nutrient profiles are not biologically realistic, their simplicity facilitates
analysis and comparison with previous work e.g. [21]. The linearly decreasing distribution provides a qualitative
representation of the expected monotonically decreasing nutrient concentration seen in Figure 1a.

3.1. The length of the colony
We begin by deriving some general results regarding the length of the colony. We recall from earlier that Vulin

et al. [19] observed the yeast colony’s length to grow linearly in time; however, in other models of biological growth,
exponential growth of the domain is often found, or assumed.

The basic equation for the length of the colony is (4) with j = Nτ. Recalling that XNτ
τ = Lτ we have

Lτ+1 = Lτ + ∆x
Nτ∑
i=1

pi
τ. (5)

It is also useful at this point to define the mean proliferation probability, and the mean proliferation rate within the
proliferative region at timestep, τ, which are respectively given by:

pτ =
1
Zτ

Zτ∑
i=1

pi
τ, p̂τ =

1
Zτ

Zτ∑
i=1

p̂i
τ =

1
∆t

pτ. (6)

Since we have pi
τ = 0 for i > Zτ (there is no proliferation outside the proliferative zone) then we can re-write

equation (5) as
Lτ+1 = Lτ + ∆xZτpτ = Lτ + ∆t∆xZτ p̂τ. (7)

We now consider two important cases.

Proliferative region of length proportional to the colony length
Let us first assume that the proliferative region is proportional in length to the length of the entire colony. In

this case, Zτ = hNτ for some constant value, h, or equivalently, the length of the replicative region Hτ is given by
Hτ = hLτ = ∆xhNτ = ∆xZτ. The, equation (7) can be written as

Lτ+1 = Lτ + hLτpτ. (8)
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Provided that pτ is independent of time (i.e. pτ = p (constant)) - which is true for cases I, II, V and VI - then (8) has
solution

Lτ = L0(1 + hp)τ. (9)

Alternatively, since we equivalently have p̂τ = p̂ (i.e. independent of time) we can write (7) as

Lτ+1 − Lτ
∆t

= hLτ p̂. (10)

On recalling that Lτ = L(τ∆t) = L(t) and taking the limit ∆t → 0 we obtain the continuous time approximation

dL
dt

= hp̂L ⇒ L(t) = L0ehp̂ t. (11)

Hence, in this case, equations (9) and (11) clearly show the growth in the length of the colony is exponential, and its
rate depends on the size of the proliferative region and the mean rate of proliferation. This generalises the results of
e.g. [21] which demonstrated that uniform proliferation gives rise to exponential growth of the length of the tissue.
Here, we see that the result still holds when proliferation can vary in space and time, as long as the mean proliferation
rate is time-independent.

Proliferative region of fixed length
We now consider the situation where the proliferative region is of fixed length. This implies that Zτ = Z (constant)

o Hτ = H (constant). Using the fact that H = ∆xZ equation (7) now becomes

Lτ+1 = Lτ + H pτ = Lτ + ∆tH p̂τ. (12)

We assume as before that the mean proliferation probability and rate are independent of time (which is true for cases
III and IV) and write pτ = p and p̂τ = p̂). Then, proceeding as above, we obtain the following discrete and continuous
time approximations for the colony length

Lτ = L0 + pHτ, (13)

L(t) = L0 + Hp̂ t. (14)

In this case, equations (13) and (14) show that the colony length grows linearly, which is consistent with the observa-
tions of Vulin et al. [19].

In the following section, we consider the six proliferation scenarios in detail, including the determination of the
pathlines for the cells.

3.2. Case I: No quiescent region and constant nutrient concentration

We first consider the situation of a constant nutrient concentration with no quiescent region. This corresponds to
a physical system in which an unlimited nutrient supply can diffuse fast enough (relative to the rate of consumption
by the cells) to maintain a constant nutrient concentration, Ci

τ = C, throughout the entire domain. It then follows
that the proliferation rate will be constant, p̂i

τ = p̂, and as the size of the time step ∆t is fixed, the cell proliferation
probabilities will also be constant,

pi
τ = p for i = 1 . . .Nτ. (15)

(see Figure 3a). The difference equation (4) then becomes

X j
τ+1 = X j

τ + ∆x
X j
τ/∆x∑
i=1

p = (1 + p) X j
τ, (16)

which can be solved to give the discrete expression

X j
τ = X j

0 (1 + p)τ , (17)
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(a) Case I: No quiescent region and constant nutrient concentration (b) Case II: No quiescent region and linearly decreasing nutrient concentration

(d) Case IV: Fixed replicative region with a linearly decreasing nutrient concentration(c) Case III: Fixed replicative region with a constant nutrient concentration

(e) Case V: Variable replicative region with a constant nutrient concentration (f ) Case VI: Variable replicative region with a linearly decreasing nutrient concentration

Figure 3: Schematics for the cell proliferation probabilities, p j
τ = ∆tkC j

τ, for the six modelling scenarios. (a) Case I: No quiescent region and con-
stant nutrient concentration. (b) Case II: No quiescent region and linearly decreasing nutrient concentration. (c) Case III: Fixed length replicative
region with a constant nutrient concentration. (d) Case IV: Fixed length replicative region with a linearly decreasing nutrient concentration. (e)
Case V: Variable length replicative region with a constant nutrient concentration. (d) Case VI: Variable length replicative region with a linearly
decreasing nutrient concentration.
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for the pathlines. The length of the domain is then

Lτ = XN0
τ = L0 (1 + p)τ . (18)

We note that the solution to the difference equation (17) is discrete in time, and is given in terms of the uniform
proliferation probability, p. Suppose we now wish to express this in terms of continuous time and uniform proliferation
rate, p̂. We recall that our continuous time will be given by t = ∆tτ and that p = p̂∆t. We can therefore obtain a
continuum path for each pathline by taking the limit as the time step ∆t → 0,

X j(t) = lim
∆t→0

X j
τ = lim

∆t→0
X j

0 (1 + p̂∆t)t/∆t = X j
0ep̂t, (19)

with the length of the domain being given by
L(t) = L0ep̂t. (20)

It is important to note that the continuum paths (19) will give the best agreement with their discrete equivalent
when the change in length for each proliferation event is small (i.e. as ∆x → 0) when compared to X j

τ. This is
equivalent to the limit X j

τ/∆x→ ∞ and will occur when there is a large number of cells in the domain.
In Figure 4, we plot both the continuum paths (solid curves) given by (19) and average cell trajectories (markers)

from 1000 simulations of the CA model, for N0 = 100 initial cells and constant cell proliferation probability, p = 0.05.
The comparison validates our derivation of the continuum paths, and we observe exponential growth at the macro-
scale. This makes intuitive sense as every cell in the domain has equal opportunity to proliferate at each time step.
Furthermore, we observe that the distance between adjacent continuum paths is equal at any fixed time. We also note
that this equidistance is increasing with time. Importantly, we may use this increasing equidistance between adjacent
continuum paths to classify uniform growth in the domain.

As previously mentioned, our results are consistent with those of Binder et al. [21], but there is a fundamental
difference in the two modelling approaches. In our work, we assume a known constant nutrient concentration (or con-
stant cell proliferation probability) across entire domain which produces the emergent property of uniform exponential
growth at the macro-scale. In contrast, Binder et al. [21] assumed the length of the domain was known and growing
exponentially to determine the number of cell proliferation events at any time step. This gives the same emergent
property of uniform growth at the macro-scale, and implicitly determines the constant cell proliferation probability
(or constant nutrient concentration). In essence, our approach may be considered as the forward problem of determin-
ing properties of the growth for a given constant nutrient concentration. The approach of Binder et al. [21] is then the
inverse problem of determining the constant value of the nutrient concentration for known properties of the growth.

We now turn our attention to the problem of a non-constant (linearly decreasing) nutrient concentration with no
quiescent region.

3.3. Case II: No quiescent region and linearly decreasing nutrient concentration

In this example we consider a linearly decreasing nutrient concentration, implying that Ci
τ ≥ C j

τ if i < j, in a
domain with no quiescent region. It is assumed that the flux (from an unlimited nutrient source) and nutrient diffusion
properties within the domain can support constant maximum and minimum values of the nutrient concentration at the
two boundaries of the domain, for all time. As the nutrient concentration Ci

τ is linearly decreasing, the proliferation
rates p̂i

τ, and hence the proliferation probabilities pi
τ, will also be linearly decreasing. Therefore, for all time steps

τ, the maximum proliferation probability will be p1
τ = pmax and the minimum probability will be pNτ

τ = pmin, with
the corresponding proliferation rates p̂1

τ = p̂max = pmax/∆t and p̂Nτ
τ = p̂min = pmin/∆t (see Figure 3b). The linearly

decreasing proliferation probabilities can then be defined by

pi
τ = pmax +

pmax − pmin

Nτ − 1
−

pmax − pmin

Nτ − 1
i for i = 1 . . .Nτ. (21)

In order to determine the continuum paths for the labelled cells, we first substitute the probability function (21)
into the difference equation (4), and use the relationship ∆x (Nτ − 1) = Lτ − ∆x to obtain:

X j
τ+1 = X j

τ + pmaxX j
τ −

(
X j
τ − ∆x

) pmax − pmin

2∆x (Nτ − 1)
X j
τ = X j

τ + pmaxX j
τ −

(
X j
τ − ∆x

) pmax − pmin

2 (Lτ − ∆x)
X j
τ. (22)
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(a) Case I: No quiescent region and constant nutrient concentration (b) Case II: No quiescent region and linearly decreasing nutrient concentration

(d) Case IV: Fixed replicative region with a linearly decreasing nutrient concentration(c) Case III: Fixed replicative region with a constant nutrient concentration

(e) Case V: Variable replicative region with a constant nutrient concentration (f ) Case VI: Variable replicative region with a linearly decreasing nutrient concentration

Figure 4: Pathlines (solid curves) for the four modelling scenarios, N0 = 1000, ∆x = 0.1, L0 = 100, ∆t = 1. The markers are averaged results from
1000 simulations of the CA model. (a) Case I: No quiescent region and constant nutrient concentration, with p = 0.05. (b) Case II: No quiescent
region and linearly decreasing nutrient concentration, pmax = 0.008 and pmin = 0. (c) Case III: Fixed replicative region, Z = 700 or H = 70
(broken vertical line), with a constant nutrient concentration, p = 0.05. (d) Case IV: Fixed replicative region,Z = 750 or H = 75 (broken vertical
line), with a linearly decreasing nutrient concentration, pmax = 0.008. (e) Case V: Variable replicative region,Zτ = hNτ and h = 1

2 (broken curve),
with a constant nutrient concentration, p = 0.05. (f) Case VI: Variable replicative region, Zτ = hNτ and h = 1

2 (broken curve), with a linearly
decreasing nutrient concentration, pmax = 0.008.
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We note that (22) is dependent on the length of the colony Lτ. From equation (9) we have:

Lτ = L0

(
1 +

pmax + pmin

2

)τ
, (23)

whilst (11) yields the continuum path as

L(t) = L0 exp
{

p̂max + p̂min

2
t
}
. (24)

To determine if the growth is uniform or non-uniform, we need to solve (22) for the remaining pathlines, X j
τ using the

expression for Lτ above. Unfortunately, the difference equation for the pathlines cannot be solved analytically. We
thus choose to take the continuum limit to find a corresponding differential equation for the continuum paths. First we
rearrange equation (22) and divide by ∆t to find

X j
τ+1 − X j

τ

∆t
= p̂maxX j

τ −
(
X j
τ − ∆x

) p̂max − p̂min

2 (Lτ − ∆x)
X j
τ, (25)

and taking the continuum limits ∆x→ 0 and ∆t → 0 gives

dX j

dt
= p̂maxX j −

p̂max − p̂min

2

(
X j

)2

L(t)
= p̂maxX j −

p̂max − p̂min

2L0
exp

{
−

p̂max + p̂min

2
t
} (

X j
)2
, (26)

where we substituted for L(t) using (24). Equation (26) is a Bernouilli equation with the closed form solution

X j(t) =
L0 exp

{
p̂max+ p̂min

2 t
}

1 +

[
L0

X j
0
− 1

]
exp

{
−

p̂max−p̂min
2 t

} , (27)

for the continuum paths.
The continuum paths (27) are plotted in Figure 4(b) and illustrate the key characteristic of non-uniform growth.

At any fixed non-zero time the distances between adjacent paths are no longer equal as was previously found in case I,
but are instead decreasing in the direction of increasing x. This observation is consistent with the linearly decreasing
nutrient concentration. However, we observe each distance between any two adjacent paths is increasing exponentially
with time. Therefore, we classify the emergent macro-scale growth as non-uniform exponential growth.

The results for case II are consistent with those of Lai De Oliveira and Binder [36], who obtained the continuum
paths numerically, unlike the closed-form formulas for the paths found in our work. Furthermore, and similar to
the approach of Binder et al. [21], Lai De Oliveira and Binder [36] assumed that the length of domain was known
in advance, and this approach differs to the one presented in this work, where the length of the domain emerges in
response to the given input nutrient concentration.

3.4. Case III: Fixed replicative region with a constant nutrient concentration
We now consider the situation of a fixed length replicative region, H = Z∆x, with a constant nutrient concentra-

tion, and a quiescent region that increases in length, L(t) − H, as time increases. We hence prescribe the proliferation
probabilities as

pi
τ =

p if i ≤ Z,
0 if i > Z,

(28)

(see Figure 3c).
The pathlines within the replicative region are obtained in a similar way to case I, giving

X j
τ = X j

0 (1 + p)τ for X j
τ ≤ H. (29)

For cells in the quiescent region, equation (4) simplifies to

X j
τ+1 = X j

τ + pZ∆x for X j
0 > H, (30)
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which can be solved to yield
X j
τ = pHτ + X j

0 for X j
0 > H. (31)

However, equations (29) & (31) do not account for the situation when cells cross over from the replicative region to
the quiescent region.

Let’s suppose we define the value τ?j as the time at which the cell with pathline X j
τ crosses from the replicative

region to the quiescent region. As the cell is initially in the replicative region, its pathline for τ < τ?j will be given by
equation (29). We can find τ?j by solving

X j
0 (1 + p)τ

?
j = H, (32)

because H is the location at which the cell’s pathline crosses into the quiescent region. Solving (32) gives

τ?j =
log

(
H/X j

0

)
log (1 + p)

. (33)

For τ ≥ τ?j , the cell will be in the quiescent region. The pathline for τ ≥ τ?j will thus be of the form

X j
τ = pHτ + c, (34)

where c is a constant that accounts for the time taken for the cell to leave the replicative region. We can calculate
c by considering the point

(
H, τ?j

)
where the pathline transitions from the replicative region to the quiescent region.

Substituting
(
X j
τ, τ

)
=

(
H, τ?j

)
into (34) and rearranging, we find that c = H − pHτ?j . The pathline for τ ≥ τ?j of an

initially replicative cell that has crossed into the quiescent region at time τ = τ?j is thus

X j
τ = pH

(
τ − τ?j

)
+ H. (35)

The full expression for the pathlines is then

X j
τ =


X j

0 (1 + p)τ , if X j
0 ≤ H, τ < τ?j ,

pH
(
τ − τ?j

)
+ H, if X j

0 ≤ H, τ ≥ τ?j ,
pHτ + X j

0, if X j
0 > H.

(36)

Once again, we wish to derive continuum paths for the pathlines of the labelled cells. Recalling that t = τ∆t and
p = p̂∆t, the continuum paths are obtained by taking the limit as ∆t → 0 in (36), yielding

X j(t) =


X j

0 exp{ p̂t}, if X j
0 ≤ H, t < t?j ,

p̂H
(
t − t?j

)
+ H, if X j

0 ≤ H, t ≥ t?j ,
p̂Ht + X j

0, if X j
0 > H,

(37)

where

t?j =
log

(
H/X j

0

)
p̂

. (38)

Note that t?j is found in a similar way to τ?j , by equating X j(t?j ) = H.
Equation (37) then gives the length,

L(t) = XN0 (t) = p̂Ht + XN0
0 = p̂Ht + L0, (39)

of the domain. Notably, the length is increasing linearly with time which is in contrast to the exponential growth
found in case I (see Figures 4a and 4c). Intuitively, this result may at first appear surprising, as both cases I & III have
the same constant nutrient concentration in the replicative region of the domain. The important difference is that the
nutrient concentration is only non-zero in the fixed length replicative region of case III, and this leads to the emergent
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property of linear growth in the overall length of the domain. This is due to the fact that the proportion of the length
of the replicative region to the overall length of the domain is decreasing as time increases.

Further properties on the type of growth within the domain can be inferred from examining the space-time diagram
in Figure 4(c). Consistent with the results shown in Figure 4(a), we observe uniform exponential growth in the
replicative region of Figure 4(c) (to the left of the vertical broken line). As expected, the distances between adjacent
continuum paths for cells initially located in the quiescent region are equal and do not increase with time (to the right
of the green continuum path that intersects with the vertical broken line and x axis), an important characteristic which
indicates that no growth has occurred in this portion of the quiescent region. Also, the distances between adjacent
continuum paths that have transitioned into the quiescent region (to the right of the vertical broken line and to the left
of the green continuum path that intersects with the vertical broken line and x axis) do not increase with time, but at
any fixed time, these distances are decreasing in the direction of x, indicating non-uniform growth (see Figure 4b and
analysis in Section 3.3). Therefore, we have the global property of non-uniform linear growth of the domain, with
uniform exponential growth in the replicative region and no growth in the quiescent region.

While it is tempting to infer that the analysis can explain the observed linear growth in the experiments of Vulin
et al. [19], we remind ourselves of the fact that the nutrient concentration is not decreasing linearly in this case. This
then motivates us to consider our next example.

3.5. Case IV: Fixed replicative region with a linearly decreasing nutrient concentration
In this example, we consider a fixed replicative region, H = ∆xZ, with a linearly decreasing nutrient concentration

to approximate the monotonically decreasing nutrient concentration in the experiments of Vulin et al. [19] (see Figures
1a & 3d). We recall that the nutrient concentration is zero in the quiescent region with corresponding cell proliferation
probabilities pi

τ = 0 for i > Z. For a nutrient concentration that is continuous across the entire the domain we need to
set pZτ = pmin = 0 at the end of the replicative region which is adjacent to the quiescent region. At the other end of
the replicative region (i.e. the base of the colony), with maximum nutrient concentration, we choose p1

τ = pmax, with
the corresponding proliferation rate p̂max. The linear cell proliferation probability function is then

pi
τ =

pmax +
pmax
Z−1 −

pmax
Z−1 i if i ≤ Z

0 if i > Z,
(40)

(see Figure 3d).
As we done previously, the aim now is to determine and continuum paths, so we substitute (40) into the difference

equation (4) and obtain

X j
τ+1 = X j

τ + ∆x
X j
τ/∆x∑
i=1

(
pmax +

pmax

Z− 1
−

pmax

Z− 1
i
)
. (41)

For the replicative region we have i ≤ Z and X j
τ ≤ H, and simplifying equation (41) then gives

X j
τ+1 = X j

τ + X j
τpmax −

(
X j
τ − ∆x

)
pmax

2 (H − ∆x)
X j
τ for X j

τ ≤ H, (42)

which is of the same form as (22) in Section 3.3. Therefore, the solution for the continuum paths in the replicative
region is

X j(t) =
2H

1 +

[
2H
X j

0
− 1

]
exp {−p̂maxt}

for X j
τ ≤ H. (43)

For the quiescent region we have i > Z and X j
τ > H. We can thus simplify (41) to obtain

X j
τ+1 = X j

τ + ∆x
Z∑

i=1

(
pmax +

pmax

Z− 1
−

pmax

Z− 1
i
)

= X j
τ + H

pmax

2
, (44)

with solution
X j
τ = H

pmax

2
τ + X j

0. (45)
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Taking the limits as ∆t → 0 and ∆x→ 0, we obtain

X j(t) = H
p̂max

2
t + X j

0, (46)

for the continuum paths in the quiescent region, with the length of the domain being given by

L(t) = H
p̂max

2
t + L0, (47)

which shows that the domain is elongating linearly.
Similarly to case III, we need to consider the situation when cells from the replicative region transition into the

quiescent region at some time t?j , defined by X j(t?j ) = H. Using (43), we find that

t?j =
−1

p̂max
log

 X j
0

2H − X j
0

 for X j
0 ≤ H. (48)

We again note that the pathlines of cells initially in the replicative region that transition into quiescent region will be
of the form

X j(t) = H
p̂max

2
t + c for t ≥ t?j . (49)

We can determine the constant, c = H − H p̂max
2 t?j , by again noting that the path must pass through the point

(
H, t?j

)
.

Hence, the continuum paths are given by

X j(t) =


2H

1+

 2H

X j
0

−1
 exp{− p̂maxt}

, if X j
0 ≤ H, t < t?j ,

H p̂max
2

(
t − t?j

)
+ H, if X j

0 ≤ H, t ≥ t?j ,
H p̂max

2 t + X j
0, if X j

0 > H.

(50)

We have just seen that the domain is increasing linearly with time (47), consistent with what was observed in the
experiments of Vulin et al. [19] (see Figure 1b). We also recall that in this case the nutrient concentration is decreasing
linearly over a fixed replicative region of the domain (see Figure 3d), approximating the hypothesised monotonically
decreasing nutrient concentration in the experimental work of Vulin et al. [19] (see Figure 1b). Therefore, we believe
case IV is a suitable model for yeast colonies growing in an uniaxial direction, validating the hypothesis of Vulin
et al. [19].

To establish the properties of growth within the domain (i.e. the yeast colony), we examine the space-time diagram
in Figure 4(d), for the continuum paths (50). Similar features are found to that observed in case III, there is non-
uniform growth across the entire domain and no growth in the quiescent region of the domain. The main difference
between cases IV & III is in the replicative region of the domain, where we see that there is non-uniform (to the left
of the vertical broken line in Figure 4d) instead of uniform growth (to the left of the vertical broken line in Figure
4c), respectively. Therefore, we classify the growth as non-uniform linear growth, with non-uniform growth in the
replicative region and no growth in the quiescent region.

3.6. Cases V & VI: Variable replicative region with a constant or linearly decreasing nutrient concentration

In our last two cases, we consider the scenario of when the replicative region is a fraction or proportion of the
overall length of the domain with either a constant, case V, or linearly decreasing, case VI, nutrient concentration in
the now variable length replicative region (see Figures 3e & 3f). In both cases, we prescribe the number of replicative
cells in the region to be Zτ = hNτ, where h ∈ [0, 1] is the constant of proportionality. The length of the replicative
region is then Hτ = hLτ. Note that a value of h = 0 implies that there are no replicative cells and no growth can occur
in the domain. However, if h = 1 then all the cells in the domain are replicative cells and the cases V & VI reduce to
the previously considered cases I & II, respectively. Furthermore, the cell proliferation probabilities for the cases V
& VI are prescribed in a similar way to cases III & IV (28, 40), respectively.
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For case V, with a constant nutrient concentration in the variable length replicative region, we have

pi
τ =

p if i ≤ hNτ,

0 if i > hNτ,
(51)

and in case VI, with a linearly decreasing nutrient concentration in the variable length replicative region, we have

pi
τ =

pmax +
pmax

hNτ−1 −
pmax

hNτ−1 i if i ≤ hNτ,

0 if i > hNτ,
(52)

(see Figures 3e & 3f).
The pathlines and length of the domain for the cell proliferation probabilities (51, 52) can be determined in a

similar way to the cases III & IV (28, 40). Therefore, and for the sake of brevity, we simply provide the results below,
and remark that the full derivation can be found in [41].

For case V, the pathlines and length of domain are gievn by:

X j(t) =


X j

0 exp{ p̂t}, if X j
0 ≤ H0, t < t?j ,

L0 exp{ p̂t} − L0 exp{hp̂t?j } + hL0 exp{hp̂t?j }, if X j
0 ≤ H0, t ≥ t?j ,

X j
0 − L0 + L0 exp{hp̂t}, if X j

0 > H0,

(53)

where H0 is the initial length of the replicative region, and p̂ is the constant proliferation rate in the variable length
replicative region, with

t?j =

log
(

X j
0

hL0

)
hp̂ − p̂

. (54)

The length of the domain is then
L(t) = L0 exp {hp̂t}. (55)

For case VI, the pathlines and length of domain are given by:

X j(t) =


hL0 exp

{
hp̂max

2 t
}

1
2−h +

 hL0
X j

0

− 1
2−h

 exp{( h
2−1)p̂maxt}

, if X j
0 ≤ H0, t < t?j ,

L0 exp
{

p̂max
2 t

}
+ hL0 exp

{
p̂max

2 t?j
}
− L0 exp

{
p̂max

2 t?j
}
, if X j

0 ≤ H0, t ≥ t?j ,
X j

0 − L0 + L0 exp
{

hp̂max
2 t

}
, if X j

0 > H0,

(56)

where p̂max is the maximum proliferation rate in the variable length replicative region, and t?j is determined by solving

X j(t?j ) = hL0 exp
{

h
p̂max

2
t?j

}
(57)

numerically. The length of the domain in this case is then

L(t) = L0 exp
{

hp̂max

2
t
}
. (58)

The pathlines (53, 56) for cases V & VI are shown in Figures 4(e) & 4(f), respectively. We observe similar
macroscale growth properties as those shown in Figures 4(c) & 4(d), for cases III & IV–globally we have non-
uniform growth. However, and importantly, we see that the length of domain is increasing exponentially (55, 58) in
the cases V & VI. More specifically, in the cases V & VI, where the replicative region is a constant proportion of the
length, the length of the domain is growing exponentially. This is in contrast to the cases III & IV, where the length
of the replicative region is constant, and the domain is growing linearly.
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4. Discussion

In this paper, we have considered six input nutrient concentrations (equivalently, cell proliferation probabilities) in
our CA model, and determined closed-form expressions for the continuum paths of cells initially labelled within the
domain. We also showed that, for sufficiently large colonies, the continuum approximation is accurate for predicting
the expected discrete cell positions as time evolves. Of course, there are an endless number of distributions for the
cell proliferation probabilities, but the six cases considered in this work capture the qualitative features of uniform and
non-uniform growth emerging at the macro-scale. In principle, it is possible to determine solutions for the paths, at
least numerically, for any input nutrient concentration using equation (4). Whether the paths are given in closed form
or numerically, they can be used to examine the properties of growth at the macro-scale, without recourse to the time
consuming averaging of data from a large number of simulations of the CA.

We find that domain growth is exponential if a constant proportion of all cells in the domain are replicative
(e.g. cases I, II, V & VI)). However, if there is only a fixed number of replicative cells, or fixed-length replicative
region (and all remaining cells are quiescent) then the domain grows linearly (e.g. cases III & IV). This is an important
result as it identifies that it is necessary to have a fixed-length replicative region to produce linear growth. Our
results therefore show that the fixed length replicative region is the primary reason why the cylindrical yeast colonies
are growing linearly in the experiments of Vulin et al. [19]. With the additional assumption of a monotonically
decreasing nutrient concentration within the replicative region, which is approximated by a linearly decreasing nutrient
concentration in case IV, the growth will be non-uniform. Importantly, in our model the overall length of the colony
emerges in response to the input nutrient concentration, and this is in contrast to previous studies in which the length
of the domain has been assumed to be an input of the system rather than a response [21, 36, 37, 38, 39, 40].

Based on our analysis, we have also identified the characteristics of growth within a domain that is increasing
in length uniaxially. This provides the basis of a classification system for the type of growth in certain regions of
a domain, with potential application in future experiments of yeast growth to ascertain if our model prediction of
non-uniform growth within the replicative region is correct.

The first classification is uniform growth, e.g. Figure 4(a) and replicative region of Figure 4(c). There are two
conditions to determine whether uniform growth has occurred within a region. Firstly, we require proliferation to
occur within the region and thus we require the distances between adjacent paths to increase. Secondly, we require
proliferation to be uniform across the region and thus we expect the distances between adjacent paths to increase
uniformly across the region. Suppose we define the distance function dn,i

τ to be the distance between paths Xi
τ and Xi+n

τ

at time step τ. We thus have
dn,i
τ = Xi+n

τ − Xi
τ. (59)

We note that the cells Xi
τ and Xi+n

τ are initially n cells apart. It will thus always be the case that dn,i
0 = n∆x and so, for

uniform growth, we find that

dn,i
τ = dn, j

τ for all i, j, n, τ, (60)

dn,i
τ+1 > dn,i

τ for all i, n, τ. (61)

The second classification is non-uniform growth, e.g. Figure 4(b) and replicative region of Figure 4(d). We again
require proliferation to occur within the region and thus require the distances between adjacent paths to be increasing.
However, we require proliferation to be non-uniform across the region and thus expect the distances between initially
adjacent paths to be different as the number of time steps increases. The conditions for non-uniform growth are thus

dn,i
τ , dn, j

τ for all i, j, n, τ, (62)

dn,i
τ+1 > dn,i

τ for all i, n, τ. (63)

The last classification we have is quiescence, e.g. quiescent region of Figures 4(c) and (d), which occurs in regions
where no proliferation events occur. We thus expect the distances between adjacent paths to remain the same for all
time steps τ and hence the condition for quiescence is

dn,i
τ+1 = dn,i

τ for all i, n, τ. (64)
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We can use equations (60-64) to create a classification system of the three types of growth in a region. Suppose we
have empirical data for the displacement of initial cells in some colony exhibiting uniaxial growth. This data can be
obtained by labelling individual cells with unique fluorescent protein colour combinations [43], and green fluorescent
proteins (GFP) have previously been used as a marker for tumor cells to detect and predict single-cell behaviour [44].
Fluorescent ubiquination-based cell cycle indicators (FUCCI) have also been used to track cell progression [45]. Using
the empirical data, we can determine the distances between adjacent paths dn,i

τ . We can thus analyse the distances dn,i
τ

to classify regions of growth using equations (60-64). Although this procedure is purely a classification system, we
may still make some inference about cell proliferation within the colony. If a region in the colony is classified as
quiescent, we know there is no cell proliferation in that region. Furthermore, if a region in the colony is classified as
having uniform growth, we know the proliferation rate in that region will be some constant. However, if a region in
the colony is classified as having non-uniform growth, we cannot make any inference about the cell proliferation for
these regions without applying further analysis. This could involve comparing experimentally-determined pathlines
with theoretical results from this paper. However, the question of whether the qualitative differences in the shape of
the pathlines under the different hypotheses could be detected in noisy experimental data remains open.

If we know the relationship between the cell proliferation rate and the nutrient concentration, our model can be
used to infer the nutrient distribution given experimentally-observed cell pathlines. For simplicity, in our interpre-
tations in this paper, we have assumed the proliferation rate is directly proportional to the nutrient concentration.
However, there are a variety of different functional forms that are biologically plausible e.g., cells might proliferate at
a constant rate once the nutrient concentration is above a certain threshold, or proliferation rate could be a sigmoidal
function of nutrient concentration. Theoretically, the relationship could be determined by measuring cell prolifera-
tion rates in experiments where cells are grown in uniform nutrient conditions, at different nutrient concentrations.
Alternatively, if both experimentally determined pathlines, and measurements of nutrient concentration are available
in uniaxial growth experiments, then it should be possible to infer the relationship between the nutrient level and the
proliferation rate.

For simplicity, in this paper, we have neglected cell death, and breakdown of dead cells. Although we believe this
assumption is reasonable for yeast cells, for other cell types it is likely to be inaccurate. If cell death and necrosis
was non-negligible, this would have a potentially significant effect on the pathlines of the cells, since it would allow
for a local contraction of the tissue (there could be retrograde movement of cells to ‘fill in’ the gap left by the dead
cell) whilst our model assumes that the pathlines are always non-decreasing in time. The other major simplifying
assumption in the model is that the nutrient concentration (or, equivalently, the cell proliferation rate) is prescribed,
but in reality, of course, the two processes are coupled. Cell proliferation requires nutrients, which must diffuse
through, and are advected with, the cells in the colony and hence we expect the nutrient distribution to evolve in
space and time in a much more complex way than is considered here. In future work, we aim to analyse the pathlines
produced by such fully-coupled models of cell growth and nutrient transport. It is also worth noting that many factors
influence cell proliferation, in addition to nutrient levels. These might include the build-up of toxic metabolites, or
resides from necrotic cells, or a reduction in cell proliferation rate as a result of local overcrowding. We hope to
consider the impact of at least some of these effects in the future.
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