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Vertically vibrating a liquid bath at two frequencies, f and f/2, having a constant relative phase

difference can give rise to self-propelled superwalking droplets on the liquid surface.

We have

numerically investigated such superwalking droplets in the regime where the phase difference varies
slowly with time. We predict the emergence of stop-and-go motion of droplets, consistent with
experimental observations [Valani et al. Phys. Rev. Lett. 123, 024503 (2019)]. Our simulations in
the parameter space spanned by the droplet size and the rate of traversal of the phase difference
uncover three different types of droplet motion: back-and-forth, forth-and-forth, and irregular stop-
and-go motion, which we explore in detail. Our findings lay a foundation for further studies of
dynamically driven droplets, whereby the droplet’s motion may be guided by engineering arbitrary

time-dependent phase difference functions.

I. INTRODUCTION

Intermittent locomotion where organisms alternate be-
tween active propulsion and a passive phase is frequently
encountered in the natural world [1, 2]. It is observed
in terrestrial, aquatic and aerial modes of locomotion in
a diversity of species ranging from unicellular organisms
such as ciliates to various reptiles, birds and mammals.
Terrestrial organisms that exhibit intermittent locomo-
tion typically come to a complete stop during the passive
phase, but organisms in air or water may continue to glide
forward [1]. Intermittent locomotion has also been iden-
tified in artificial systems. For example, in artificial mi-
croswimmers that are powered by chemical activity, the
self-interaction of the swimmer with its long-lived chem-
ical wake results in speed bursts [3]. Another artificial
system where entities interact with their self-generated
fields are walking droplets. A droplet bouncing on the
surface of a vertically vibrating liquid bath can walk hor-
izontally, guided by the waves it generates on each im-
pact. In this paper, we explore the intermittent locomo-
tion that emerges in this system of self-propelled droplets
when the bath is vibrated at two frequencies with a con-
tinuously evolving phase difference.

Vertically vibrating a bath of silicone oil with fre-
quency f can give rise to steadily walking droplets on
the free surface of the liquid [4, 5]. The walking droplet,
also known as a walker, emerges just below the Fara-
day instability threshold above which the fluid-air in-
terface becomes unstable to standing subharmonic Fara-
day waves of frequency f/2 [6, 7]. Each bounce of a
walker generates a localized, slowly decaying standing
wave. The droplet interacts with these self-generated
waves on subsequent bounces, resulting in a self-propelled
droplet-wave entity on the liquid surface. Such walkers
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FIG. 1. (a) Snapshots of a superwalker undergoing stop-and-
go motion (SGM) showing the passive bouncing (stop) phase
and the active self-propulsion (go) phase as observed in exper-
iments. (b) The theoretical setup has a droplet located at a
vertical position z4 with an underlying wave field h(x,t) that
is walking horizontally with velocity %4 in the frame of refer-
ence of the driven bath. The notation is defined in the main
text. The vertical amplitude of the wave field is exaggerated.

have been shown to mimic several peculiar behaviors that
were previously though to be exclusive to the quantum
realm [8-29]. Recently, a new class of walking droplets,
coined superwalkers, has been shown to emerge when the
bath is vibrated simultaneously with two frequencies, f
and f/2, along with a constant relative phase difference
Ag¢qy between them [30]. Superwalkers are typically big-
ger and faster than single-frequency driven walkers and
their inter-droplet interactions give rise to novel multi-
droplet behaviors.

A given sized walker at a fixed driving amplitude and
frequency typically has a fixed walking speed. By con-



trast, a given sized superwalker at fixed driving ampli-
tudes and frequencies can have a range of walking speeds,
dictated by the phase difference A¢y. Depending on
the value of A¢g, small- to moderate-sized superwalkers
(0.4 — 0.7mm in radius) can either be in the superwalk-
ing or pure bouncing regime while larger superwalkers
(bigger than 0.7 mm in radius) can also coalesce with the
bath for a narrow range of Agy values. Valani et al. [30]
observed that a slight detuning of the two driving fre-
quencies to f and f/24e€, results in a stop-and-go motion
(SGM) of superwalking droplets. In this locomotion, a
droplet was observed to periodically switch between ac-
tive self-propulsion and passive bouncing, see Fig. 1(a).
In this paper, we adopt the theoretical model for super-
walkers developed by Valani et al. [31] and explore the
SGM of superwalking droplets through numerical sim-
ulations. We start by presenting the theoretical model
in Sec. II followed by a description of the emergence of
SGM in Sec. III. In Sec. IV, we provide a description of
various kinds of SGM observed in the parameter space
spanned by the droplet size and the detuning parameter
€ and explore them in detail in Sections V, VI and VII.
We provide concluding remarks in Sec. VIII.

II. THEORETICAL FORMULATION

Consider a liquid droplet of mass m and radius R walk-
ing on a bath of the same liquid of density p, viscos-
ity v and surface tension o, as shown schematically in
Fig. 1(b). The bath is subjected to vertical time varying
acceleration y(t). The system geometry is described in
the co-moving frame of the bath by horizontal coordi-
nates x = (z,y) and the vertical coordinate z, with the
origin chosen to be the undeformed surface of the bath
(dashed horizontal line). In the bath’s frame of reference,
the center of mass of the droplet is located at a horizontal
position x4 and the south pole of the droplet at a verti-
cal position zg such that zy = 0 represents initiation of
the droplet’s impact with the undeformed surface of the
bath. The free surface elevation of the liquid filling the
bath is at z = h(x,t).

Valani et al. [31] developed a theoretical model for su-
perwalkers by considering two-frequency driving of the
form ~(t) = vy sin(27ft) + v 2 sin(wft + Ago), where
s is the amplitude of the primary driving frequency,
7v¢/2 is the amplitude of the subharmonic frequency and
A¢q is the constant relative phase difference between
the two. In the experiments of Valani et al. [30], SGM
was observed when the bath was driven at frequencies
f and f/2 + e giving rise to time varying acceleration:
Vs sin(27 ft) +vf jaqe sin(m ft + Ao + 2met). This can be
rewritten as

Y(t) = v sin(@mft) + vy 2 sin(rft + Ag(t)), (1)

where Ad(t) = Ago + 2met, and 752 & Vf/24 for € <
f/2. Hence, two frequency driving at f and f/2+e€ can be
interpreted as driving at f and f/2 with a continuously

changing phase difference A¢(t) that varies linearly with
time. Assuming that ¢ < f/2 so that A¢(t) evolves
slowly, we can use a ‘quasi-static’ approximation and use
the model developed by Valani et al. [31] for a constant
phase difference A¢y and apply it to the case of time
varying phase difference A¢(t). Hence, we will use the
driving acceleration prescribed by Eq. (1) in the model
of Valani et al. [31] to study the SGM.

The theoretical model for superwalkers developed by
Valani et al. [31] is an extension of the model for walkers
developed by Molacek and Bush [7, 32] to two-frequency
driving. In the superwalker model, the equations for the
vertical and horizontal dynamics of the droplet are the
same as in the walker model, but the structure of the
underlying waves generated by the droplet under two-
frequency driving takes on a new form. We proceed by
reviewing the key equations governing the vertical dy-
namics, horizontal dynamics and wave form in the su-
perwalker model of Valani et al. [31].

A. Vertical dynamics

The vertical motion of the droplet is governed by
mZq = —mlg +v(t)] + Fn(¢). (2)

In this equation, the first term on the right hand side
is the effective gravitational force acting on the droplet
in the oscillating frame of the bath, with g the constant
acceleration due to gravity. The second term on the right
hand side is the normal force imparted to the droplet
during contact with the liquid surface. This contact force
is calculated by modeling the bath as a spring and a
damper [32],

FN(t) = H(—Zd) max (—kid - béd,O) . (3)

In Eq. (3), H(-) stands for the Heaviside step function
and Zg = zq4 — h(xq4,t) is the vertical position of the
droplet above the free surface of the bath. The constants
k and b are the spring constant and damping force coef-
ficient, respectively.

B. Wave field

The free surface elevation z = h(x,t) is calculated by
adding individual waves generated by the droplet on each
bounce:

h(x,t) =", hn(X, X, t, ), (4)

where h,(X,Xp,t,t,) is the wave field generated by
bounce n at location x,, and time t,,. The individual
waves generated by the droplet on each bounce are local-
ized decaying Faraday waves, which for the case of the
bath being driven at frequencies f and f/2 take the form
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where the impact location x, and the time of impact ¢,
are given by

Xn:/tt; xd(t’)FN(t’)dt’//j Fy()dt,  (6)
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In Egs. (6) and (7), t!, and t¢ are the time of initia-
tion and completion of the nth impact. The interpre-
tation of Eq. (5) is that a droplet bouncing under the
prescribed two-frequency driving excites two dominant
subharmonic standing waves with amplitude coefficients
Ayjo and Ay 4 and wavenumbers kg/o and kg4, corre-
sponding to frequencies of f/2 and f/4. These waves
decay in time with a time scale TrMey o and TrMey y4,
where Tr = 2/ f is the period of f/2 Faraday waves. The
spatial structure of each component of the wave takes
the form of a Bessel function of the first kind and zeroth
order, Jo(-). The waves also spread diffusively with dif-
fusion coefficients Dy, and Dy 4, and have phase shifts
9;/2 and 9;/4 with respect to the driving signal. Due

to the evolving phase difference A¢(t), the phase shift
9; / 4(t) will vary with time. We refer the reader to Valani
et al. [31] for explicit equations for these parameters.
For single frequency driven walkers, the waves excited by
the droplet are monochromatic with frequency f/2. We
note that although both f/2 and f/4 waves appear in
the wave field of two-frequency driven superwalkers, the
dominant contribution to the wave field comes from the
f/2 waves in the parameter regime where superwalking
is realized [31]. However, for the sake of completeness,
we retain the f/4 waves in our model, noting that the
qualitative aspects of the results presented here do not
change even if only f/2 waves are considered.

C. Horizontal dynamics

The horizontal dynamics of the droplet is modeled us-
ing the following equation [7]:

mid + Dtot(t>xd = _FN(t)Vh’(Xd7 t)) (8)

where Diot(t) = Dpmom(t) + Dair. Here, Dpom(t) =

C %FN(t) is the drag comprising of momentum loss

(

during contact with the bath and Dg;. = 6mRpu, is the
air drag. Here C' is the contact drag coefficient and p, is
the dynamic viscosity of air. The force on the right hand
side is the horizontal component of the contact force aris-
ing from the small slope |Vh(xg4, t)| < 1 of the underlying
wave field.

D. Numerical implementation

We restrict the simulations to one horizontal dimension
since even if two-dimensional planar dynamics were im-
plemented, the SGM still proceeds along a line. Egs. (2)
and (8) corresponding to vertical and horizontal equa-
tions of motions respectively are solved using the leap-
frog method [33], a modified version of the Euler method
where the new horizontal and vertical positions of the
droplet are calculated using the old velocities and then
the new velocities are calculated using the new positions.
Converting the second order differential equation for the
vertical dynamics in Eq. (2) into a system of two first or-
der ordinary differential equations and discretizing using
the leap-frog method yields,

Zd(ti+1) = Zd(ti) + At ’Ud(ti)7

and

valtiss) = va(t) + =5 [=m(g + (i) + (i)

where v4(t) = 24(t) and
FN(ti+1) = H(—Ed(tprl)) max (—kid(ti+1) — b@d(ti),O) .

Here z4(tiv1) = za(tiv1) — h(za(tiz1), tiv1) and v4(t;) =
va(t;)— % (xq(tix1), ti+1). The total wave height beneath
the droplet h(xq(tit+1), ti+1) is calculated using Eq. (5) by
keeping the waves from the last N impacts of the droplet.
For the integral required to calculate the location of im-
pact x,,, the time of impact ¢,, and the amplitudes Ay,
and Ay/4 we used the MATLAB inbuilt trapezoid func-
tion.

Similarly, Eq. (8) governing the horizontal dynamics
takes the following form,

2q(tis1) = zalts) + At ug(t;),

and

ug(tivy) = ug(t;) + % [ — Diot(tiv1)ua(ti)

oh
_FN(ti+1)%(md(ti+l)ati+1) ,



where ug(t) = &4(t).

The physical parameters were fixed to match the ex-
periments of Valani et al. [30]: p = 950kg/m3, v = 20 ¢St
and o = 20.6 mN/m. We also fix the driving frequencies
to f =80Hz and f/2 = 40Hz, and the acceleration am-
plitudes to vy = 3.8g and vy, = 0.6g with an initial
phase difference A¢g = 0°. There are three adjustable
parameters in the model: the spring constant of the bath
k, the damping coefficient of the bath b and the dimen-
sionless contact drag coefficient C'. The corresponding
dimensionless parameters are given by K = k/mw? and
B = b/mwy, where wy = \/o/pR3 is the droplet’s char-
acteristic oscillation frequency [32]. We choose C' = 0.17,
K = 0.70 and B = 0.60 as these values give a good
fit to the experimental data for small- to moderate-sized
superwalkers as shown in Valani et al. [31].

To increase computational speed, we only stored the
waves generated by the N = 100 most recent bounces
of the droplet and discarded the earlier ones, which
have typically decayed to below 107° of their initial
amplitude for the chosen parameters. A time step of
At = Tr /100 was used. The simulations were initialized
with 4 = Omm, ug = 1mm/s, v4 = Omm/s and three
different vertical positions z4 = (0,5,10)R. The simu-
lations were run for a duration of 15 SGM cycles i.e.,
15/|¢|, except for a small number of cases where that du-
ration would have exceeded 50007, in which case the
simulations were terminated at 5000 1. This results in
15 full SGM cycles for |e| > 0.12 Hz while simulations for
le| < 0.12 Hz were terminated at 5000 Tr. Multiple initial
conditions were used so that different modes of walking
and bouncing existing for the same parameter values are
likely to be captured.

III. EMERGENCE OF STOP-AND-GO MOTION
(SGM)

A given sized superwalker at fixed driving amplitudes
and frequencies can have a range of walking speeds uy de-
pending on the phase difference A¢g. This walking speed
dependence on the phase difference for superwalkers from
experiments (markers) and numerical simulations (multi-
colored curve) is shown for a typical droplet of radius
R = 0.60mm in Fig. 2(a). We find two different regimes
for such a droplet: a bouncing regime where the droplet
bounces in place with no horizontal motion, and a super-
walking regime where the droplet also self-propels hori-
zontally while bouncing. However, we note that in the
superwalking regime, there exist purely bouncing states
(dotted multi-colored horizontal line in the superwalk-
ing regime) that are unstable to horizontal perturbations.
The two regimes realized for R = 0.60 mm droplet is typ-
ical for small- to moderate-sized superwalkers [30]. Note
that due to the form of driving considered here at fre-
quencies f and f/2, the driving signal, see Fig. 2(b), and
hence the walking speed dependence of the phase differ-
ence in the region 180° < A¢y < 360° is a repeat from

the region 0° < Ag¢g < 180°.

To describe the vertical dynamics of the droplet, we
follow Valani et al. [30] and use the notation (I,m,n)
to indicate that the droplet impacts the surface n times
during m oscillation periods of the bath at frequency f,
which equals [ oscillation periods of the bath at frequency
f/2. In the superwalking regime, we find that the droplet
is typically bouncing in a (1,2,1)" mode, where the su-
perscript ‘L’ denotes a low-bouncing, long-contact mode
compared to a high-bouncing, short-contact mode that is
also observed for smaller superwalkers [31]. The (1,2,1)
bouncing mode is crucial for walking as the droplet in this
mode is bouncing at the same frequency as the frequency
of the subharmonic Faraday waves that emerge beyond
the Faraday instability threshold. Thus, the droplet’s
bouncing is in resonance with the damped Faraday waves
it generates and with which it interacts. In the bouncing
regime and at the start of the superwalking regime, we
also find a (1, 2, 2) bouncing mode where the droplet con-
tacts the bath twice, typically a high bounce and a low
bounce, every two up-and-down cycles of the bath. The
bouncing modes from simulations match well with exper-
iments, however, for some values of A¢y, we find (1,2, 1)"
mode where a (1,2,2) is observed in experiments. We
note that it is difficult to distinguish between a (1,2,1)"
and a (1,2,2) mode in experiments and hence it is not
clear whether all the (1,2,2) modes observed in experi-
ments of Valani et al. [30] are truly (1, 2, 2) or some in fact
may even be (1,2,1)%. The predicted vertical dynamics
of the droplet for a selection of A¢y values is shown in
Fig. 2(c).

By allowing the phase difference A¢g to vary slowly
according to A¢(t) = 2met, we can continuously traverse
the A¢y axis in Fig. 2(a) either from left to right (e >
0) or right to left (¢ < 0). This gives rise to periodic
traversals of the bouncing regime and the superwalking
regime resulting in the emergence of SGM. The rate of
traversal is controlled by e with the period of one cycle of
traversal, in other words one SGM cycle, given by 1/|e|
corresponding to phases sweeping from 0° to 360°.

Once the phase difference is allowed to evolve with
time, the system is subjected to three characteristic time
scales set by the input parameters: (i) the time scale, T,
of the bath driving or the oscillation of the underlying
dominant f/2 standing waves generated by the droplet
on each bounce, (ii) the memory time scale, TrMey /o,
of temporal decay of the dominant f/2 waves generated
by the droplet and (iii) the SGM time scale, 1/|e|, intro-
duced by the evolving phase difference A¢(t). The in-
teractions of these time scales along with the time scale
for the inertial response of the droplet, give rise to the
emergent droplet dynamics where the vertical bouncing
dynamics of the droplet occurs on the time scale (i), and
the evolution of the horizontal walking dynamics of the
droplet occurs on the time scale (iii).
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FIG. 2. Droplet dynamics as a function of the relative phase difference. (a) Steady walking speed ugq of a superwalker as a
function of a fixed phase difference A¢o for a droplet of radius R = 0.60 mm from experiments of Valani et al. [30] (markers)
and simulations of Valani et al. [31] (multi-colored curve). The experimental data to the right of the vertical dashed line at
A¢o = 180° is repeated. The style of marker indicates the bouncing modes observed in experiments: (1,2, 2) are black circles e,
(1,2,1) are black triangles a, transition between a (1,2,1) and a (1,2,2) mode are gray squares s. The colors on the solid curve
indicate different vertical bouncing modes observed in simulations: (1,2, 1)L in navy blue, (1,2,2) in red, and chaotic modes that
arise at the transition between (1,2,1)" and (1,2,2) are shown in gray. The light purple shaded region indicates the bouncing
regime where pure vertical bouncing with no horizontal walking motion is observed. The dotted multi-colored horizontal line
in the superwalking regime indicates pure bouncing states that are unstable to horizontal perturbations. In this panel, a time-
varying phase difference A¢(t) = 2wet would correspond to traversing the A¢g axis from either left to right (€ > 0) or right to left
(e < 0). Panel (b) shows the vertical periodic motion of the bath, B(t) = — (v /(27 f)?) sin(27 ft) — (v5 2/ (7 £)?) sin(r ft+ Ado),
in the lab frame at different constant phase differences Agg. Panel (c) shows vertical bouncing modes obtained for different
values of A¢o that are indicated by a black line segment at the top of panel (a). In panel (c), the solid black curves indicate
the bath motion, B(t), the multi-colored curves represent the vertical motion of the south pole of the droplet, z4(t) + B(¢), and
the filled blue regions illustrate the vertical motion of the liquid surface directly beneath the droplet, h(zq,t) + B(t), all in the
lab frame. The gray regions indicate times at which the droplet is in contact with the underlying waves.

IV. PARAMETER-SPACE DESCRIPTION tively different types of dynamics in the (e, R) parameter
space: (i) no walking, (ii) irregular SGM, (iii) back-and-
forth SGM and (iv) forth-and-forth SGM. In the irregu-
lar SGM, we find that the droplet erratically reverses its
walking direction and/or travels a variable distance after
every half cycle of the SGM. In the back-and-forth SGM,
intriguingly, the droplet reverses its walking direction af-
ter every half cycle of the SGM resulting in the droplet
oscillating back-and-forth about a fixed mean position
or the droplet performs back-and-forth oscillations with
a drift in the mean position. Conversely, in the forth-
and-forth SGM, the droplet maintains the same walking

We have simulated droplets in the parameter space
formed by the detuning parameter € that prescribes the
rate at which the different phase differences are traversed
and the droplet radius R. For the chosen parameters, the
time scale for the bouncing dynamics or the oscillations of
the waves generated by the droplet is Tp = 2/f = 0.025 s,
while the memory time scale is TrMey/p ~ 0.22s5. We
explore the parameter space in the range —1 < e < 1Hz
and 0.30 < R < 0.65mm. We have chosen |¢] < 1Hz
to ensure € < f/2 so that our quasi-static approxima-

tion remains valid. The minimum droplet size is set by
the start of the walking regime of droplets as droplets
smaller than this are typically unable to walk at these
parameters [30, 31]. We restrict the maximum droplet
size to R = 0.65mm as the theoretical model used here
for superwalkers fails to capture experimentally observed
characteristics for larger droplets [31]. The different dy-
namical behaviors observed in the parameter-space plot
are shown in Fig. 3. We have observed four qualita-

direction after every half cycle of the SGM.

The parameter-space diagram in Fig. 3 shows that
relatively small droplets (0.30 < R < 0.50mm) are ei-
ther unable to walk under this prescribed driving or un-
dergo irregular SGM for small negative detunings. Rela-
tively larger droplets (0.50 < R < 0.65 mm) show a wide
range of stop-and-go behavior including back-and-forth
and forth-and-forth motion. For these we typically ob-
serve only back-and-forth SGM for relatively large mag-
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cycle and (iv) forth-and-forth SGM (+, maroon region) where the droplet moves in the same direction after every half SGM
cycle. The markers indicate the parameter values where simulations were performed while the background colors represent the

interpolated region.

nitude negative detunings (-1.0 < ¢ < —0.2Hz) and
typically forth-and-forth SGM for relatively large mag-
nitude positive detunings (0.2 < ¢ < 0.7Hz). For both
positive and negative detunings that are small in mag-
nitude, we see a mix of back-and-forth, forth-and-forth
and irregular SGM. Moreover, for very small magnitudes
of detunings |¢| < 0.04 Hz, we find that the SGM ceases.
To understand these different behaviors in more detail,
we study a fixed droplet size of R = 0.60 mm, which
shows a diversity of behaviors. We start by exploring the
back-and-forth SGM in Sec. V, followed by forth-and-
forth SGM in Sec. VI and the small detuning regime in
Sec. VII.

V. BACK-AND-FORTH SGM

For relatively large droplets and typically negative de-
tunings in Fig. 3, we find that in the SGM, the droplet re-
verses its walking direction after every half SGM cycle re-
sulting in a back-and-forth motion. One cycle of a typical
back-and-forth SGM for R = 0.60 mm and ¢ = —0.5Hz
is shown in Fig. 4 (see also Supplementary Material [34]
for a video). During the acceleration period of the back-
and-forth SGM, the droplet bounces in a (1,2, 1)" mode
where the droplet is efficiently able to generate a slowly
decaying localized Faraday wave on each bounce and thus
build up the wave field that propels it, see Figs. 4(c)
and (e). In this acceleration period, the droplet during

contact receives two horizontal impulses in the direction
of its motion and one horizontal impulse in the oppo-
site direction such that the overall horizontal force, sum
of the force from the underlying wave field and the net
drag force, is in the direction of the droplet’s motion, see
Fig. 4(d). Since the overall horizontal force is imparted
in the direction of motion of the droplet, the droplet ac-
celerates. Note from Fig. 4(a) that during this accelera-
tion stage, the droplet’s instantaneous velocity ug (green
curve) is lower than the corresponding steady superwalk-
ing velocity for a corresponding constant phase difference
driving (multi-colored curve).

Once the instantaneous speed of the droplet exceeds
the corresponding steady superwalking speed for a con-
stant phase difference driving, further evolution in this
bouncing mode results in an overall horizontal force in
the direction opposite to ug causing the droplet to decel-
erate. This is soon followed by the droplet transitioning
to a (1,2,2) mode where the droplet impacts the bath
twice in two up-and-down motions of the bath. In this
mode, during one period of the bath, the droplet gener-
ates two waves of opposite phase that interfere destruc-
tively and thus their contribution to building up the over-
all wave field is small. This results in the decay of the
previously built-up wave field. At this time in the decel-
eration stage, the droplet is in the bouncing regime and
two competing effects are taking place simultaneously:
(i) the overall horizontal force is acting opposite to wug
and will slow down the droplet and eventually reverse its
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FIG. 4. Back-and-forth SGM: (a) Horizontal walking speed uq (green curve) as a function of the evolving phase difference
Ap(t) = 2met for one cycle of the SGM. The walking speed from constant phase difference superwalker simulations from
Fig. 2(a) is shown as a multi-colored curve. The light purple shaded region indicates the pure bouncing regime. Panel (b)
shows the vertical velocity vg of the droplet at impact (lower frame) and lift-off (upper frame) from constant phase difference
superwalker simulations (background navy blue and red multi-colored markers with e indicating the superwalking solution
branch and x indicating the non-walking, pure bouncing solution branch in the superwalking regime) and the back-and-forth
SGM (green e indicating impact and green a indicating lift-off). Panel (c) shows the vertical motion of the bath (black curve),
wave height beneath the droplet (blue shaded region) and the vertical location of the droplet’s ‘south pole’ (green curve) during
back-and-forth SGM. The gray shaded region represents contact between the droplet and the underlying waves. Panel (d)
shows the evolution of the horizontal wave force Fyy = —Fn (t) Oh/0x|c=s, (blue), horizontal drag force Fp = —Dyot(t)dq (red)
and the total horizontal force Fy = Fw + Fp (black) during the back-and-forth SGM. The magenta circular markers represent
the integrated total horizontal force over the duration of a single bounce. Panel (e) shows the evolution of the gradient of the
wave beneath the droplet Oh/0x|z—2, (black solid curve) with the dashed line indicating zero gradient. The droplet size is fixed

to R = 0.60mm and the detuning is fixed to e = —0.5 Hz.

walking direction, and (ii) the magnitude of the horizon-
tal force is decreasing due to the decay of the wave field.
In the back-and-forth SGM, the effect of the overall hori-
zontal force acting opposite to ugy dominates the decay of
the wave field and the droplet reverses its walking direc-
tion before the wave field has decayed sufficiently. Thus,
the droplet is now walking in the opposite direction at a
low speed. Eventually the wave field has decayed signifi-
cantly and the small horizontal force does not have much
further impact on the motion of the droplet.

As A¢(t) continues to evolve, the droplet transitions
back to a (1,2,1)” mode again and it enters the super-
walking regime. The droplet begins to build up the wave
field and accelerate again. However, since the droplet was
already traveling at a low speed in the opposite direction
before the acceleration re-started, the droplet continues
to accelerate in the opposite direction. This cycle repeats
periodically and results in the back-and-forth SGM.

We note that after reversing the walking direction,
the droplet does not immediately accelerate in the su-
perwalking regime even though it has entered the stage
where the constant A¢g equilibrium solution has a large
superwalking speed. By inspecting the plot of vertical ve-
locity of the droplet vy at impact and lift-off as a function
of the evolving phase difference A¢(t) in Fig. 4(b), we see
that during this time, the droplet is following the equilib-
rium solution branch corresponding to non-walking solu-
tion in the superwalking regime and the droplet begins
to accelerate only once it has left this solution branch.
This may be due to the droplet losing its wave field dur-
ing the deceleration stage and hence it takes time for the
droplet to build up its wave field again and become un-
stable to the pure bouncing state. Hence, the difference
between the constant phase difference and the varying
phase difference curves in Figs. 4(a) and (b) is due to
the droplet’s inertial response to the continuously vary-
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FIG. 5. Forth-and-forth SGM: (a) Horizontal walking speed uq (maroon curve) as a function of the evolving phase difference
Ap(t) = 2met for one cycle of the SGM. The walking speed from constant phase difference superwalker simulations from
Fig. 2(a) is shown as a multi-colored curve. The light purple shaded region indicates the bouncing regime. Panel (b) shows the
vertical velocity vq of the droplet at impact (lower frame) and lift-off (upper frame) from constant phase difference superwalker
simulations (background navy blue and red multi-colored markers with e indicating the superwalking solution branch and x
indicating the non-walking, pure bouncing solution branch in the superwalking regime) and the forth-and-forth SGM (maroon
e indicating impact and maroon a indicating lift-off). Panel (c) shows the vertical motion of the bath (black curve), wave
height beneath the droplet (blue shaded region) and the vertical location of the droplet’s ‘south pole’ (maroon curve) during
forth-and-forth SGM. The gray shaded region represents contact between the droplet and the underlying waves. Panel (d)
shows the evolution of the horizontal wave force Fyy = —Fn(t) Oh/0x|z=z, (blue), horizontal drag force Fp = —Diot(t)dq (red)
and the total horizontal force Fg = Fw + Fp (black) during the forth-and-forth SGM. The magenta circular markers represent
the integrated total horizontal force over the duration of a single bounce. Panel (e) shows the evolution of the gradient of the
wave beneath the droplet 0h/0x|z=+, (black solid curve) with the dashed line indicating zero gradient. The droplet size is fixed
to R = 0.60mm and the detuning is fixed to e = 0.5 Hz.

droplet following the constant phase difference super-
walking branch more closely during deceleration, the
droplet only starts accelerating near a phase difference of
A¢ = 135°. This also corresponds to a sharp transition
from the non-walking solution branch to the superwalk-
ing solution branch in Fig. 6(c).

ing equilibrium states at different phase difference and it
does not invalidate the quasi-static approximation.

For a typical droplet size of R = 0.60 mm, such a back-
and-forth SGM is realized for a range of negative detun-
ings —1 < € < —0.2Hz. The horizontal walking velocity
uq and the vertical velocity vy at impact and lift-off for
different detunings are shown in Figs. 6(a) and (c) respec-
tively. We find that as the magnitude of detuning gets
smaller in the range —1 < ¢ < —0.2 Hz, the droplet fol-
lows the constant phase difference superwalking branch
more closely during the deceleration stage.

VI. FORTH-AND-FORTH SGM

For relatively large droplets and typically positive de-

For small negative detunings (—0.2 < e < 0Hz), the
SGM is qualitatively different and we see a mixture
of back-and-forth, forth-and-forth and irregular SGM.
These are explored in detail in Sec. VII. Here we note
that in the back-and-forth SGM in the small negative de-
tuning regime, see for example the ¢ = —0.07 Hz curves
in Figs. 6(a) and (c), we find that in addition to the

tunings in Fig. 3, we find that in the SGM, the droplet
maintains its walking direction after every half SGM
cycle resulting in a forth-and-forth SGM. One cycle of
a typical forth-and-forth SGM for R = 0.60mm and
¢ = 0.5Hz is shown in Fig. 5 (see also Supplementary
Material [34] for a video). During the acceleration stage
of this SGM, we also find that the droplet bounces in a
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FIG. 6. Back-and-forth and forth-and-forth SGM for differ-
ent detunings. Horizontal walking speed ugq as a function
of the evolving phase difference A¢(t) for one cycle of the
SGM showing (a) back-and-forth SGM at different negative
detunings and (b) forth-and-forth SGM at different positive
detunings. Panels (c) and (d) show the vertical velocity of the
droplet vq at impact (lower frame) and lift-off (upper frame)
from the back-and-forth and the forth-and-forth SGM corre-
sponding to panels (a) and (b) respectively. The constant
phase difference superwalker simulation results are shown as
multi-colored curves in the background in these panels.

(1,2,1)* mode. However, this (1,2,1) is qualitatively
different from the one observed for back-and-forth SGM,
see Fig. 4(c). Here the droplet’s vertical motion has
three turning points when the droplet is in contact with
the bath as compared to a single turning point for the
(1,2,1)Y mode in back-and-forth SGM. This difference
can be attributed to the fact that in this SGM, as shown
in Fig. 5(b), the vertical velocity of the droplet is unable
to completely leave the non-walking branch and transi-
tion to the superwalking branch where a (1,2, 1)" mode
with only a single turning point during contact would be
observed. Instead, the droplet’s vertical velocity during
the acceleration stage oscillates about the non-walking
branch where a qualitatively different (1,2,1)" mode is
realized. However, similar to the back-and-forth SGM,
during the acceleration stage the droplet during contact
receives two impulses in the direction of motion and one
impulse in the direction opposite to its motion such that
the overall horizontal force acting on the droplet is in the
direction of its motion allowing it to accelerate. More-
over, during acceleration, the instantaneous velocity of
the droplet is smaller than the steady superwalking ve-

locity at constant phase differences.

Once the droplet’s instantaneous speed exceeds the
corresponding equilibrium speed for constant phase dif-
ferences, the droplet starts to decelerate. In contrast to
the back-and-forth SGM, here we find that the droplet’s
wave field decays significantly during the initial stages of
the deceleration period in the (1,2, 1)" mode. Hence, the
horizontal component of the force arising from the gradi-
ent of the underlying wave does not a have a significant
impact on the droplet. At this time the droplet also tran-
sitions to a (1,2,2) mode in which the droplet is unable
to build its wave field. Since the droplet is already near
the peak velocity at the start of the deceleration stage,
it experiences large drag forces that eventually slow it
down. But unlike the back-and-forth SGM, the droplet’s
walking direction does not get reversed as the drag force
can only slow the droplet down and not reverse its walk-
ing direction. Hence, the droplet continues to walk with a
decaying speed in the same direction as the A¢(t) passes
through the bouncing regime. FEventually, the droplet
enters the phase differences for the superwalking regime
where the droplet’s steady superwalking velocity exceeds
its instantaneous velocity and the droplet also transitions
to a (1,2,1)" mode, where it can build up its wave field
and start to accelerate again. Since the droplet already
had an initial perturbation in the direction of motion
before it entered the acceleration stage, the motion con-
tinues in the same direction resulting in forth-and-forth
SGM.

We find that after the velocity of the droplet has de-
cayed significantly and is very small, the droplet does
not immediately accelerate in the superwalking regime
even though it has reached the phase differences where
the equilibrium solution has a large superwalking speed.
Here we find that, in comparison to the back-and-forth
SGM, the droplet takes a longer time to build up the wave
field and accelerate and thus the peak speed it can reach
before it starts to decelerate again is smaller compared to
back-and-forth SGM. This again can be attributed to the
droplet never completely transiting to the superwalking
branch in Fig. 4(b), and thus being unable to accelerate
efficiently.

For a typical droplet size of R = 0.60 mm, such a forth-
and-forth SGM is realized for a range of positive detun-
ings 0.2 < € < 0.7Hz. The horizontal walking velocity uq
and the vertical velocity vg at impact and lift-off for dif-
ferent positive detunings is shown in Figs. 6(b) and (d)
respectively. We find that as the magnitude of detun-
ing increases from 0.2 Hz to 0.7 Hz, the droplet is able to
achieve slightly higher peak speed during the ‘go’ phase.
This is also correlated with the increase in the magnitude
of oscillations around the non-walking branch in the su-
perwalking regime as the detuning increases.

For small positive detunings (0 < € < 0.2Hz), the
SGM is again qualitatively different and we see a mixture
of back-and-forth, forth-and-forth and irregular SGM. It
is explored in detail in Sec. VII. Here we note that in the
forth-and-forth motion that is realized for small positive
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R =0.60mm. (a) Walking velocity

uq as a function of time for ¢ = —0.10 Hz showing forth-and-forth SGM without noise (black) and SGM with erratic direction
reversals due to added noise (gray). Panel (b) shows a zoomed in section of panel (a) with the vertical axis stretched and the
green background highlighting that the droplet continues to walk in the same direction as the previous cycle when no noise is
added. (c) Walking velocity uq as a function of time for ¢ = 0.08 Hz showing back-and-forth SGM without noise (black) and
SGM with erratic direction reversals due to added noise (gray). Panel (d) shows a zoomed in section of panel (c¢) with the
vertical axis stretched and the pink and green regions highlighting that the droplet reverses its walking direction compared to
the previous cycle when no noise is added. The multi-colored curves represent the corresponding results for constant phase

difference simulations.

detunings (see € = 0.05 Hz curves in Figs. 6(b) and (d)),
we find that the droplet is able to completely leave the
non-walking branch and transition to the superwalking
branch and thus achieve a significantly higher superwalk-
ing speed in the forth-and-forth SGM compared to the
ones described above.

VII. SGM FOR SMALL DETUNING

For both positive and negative detunings that are rel-
atively small in magnitude (—=0.2 < ¢ < —0.05Hz and
0.05 < ¢ < 0.2Hz), we observe a mixture of back-and-
forth, forth-and-forth and irregular SGM for a typical
droplet size of R = 0.60mm. However, we find that
these SGMs are qualitatively different from the ones that
emerge at larger magnitudes of positive and negative de-
tunings.

In the irregular SGM that emerges in this regime for
small detunings, the droplet travels the same distance
every half SGM cycle while the reversals of direction
are erratic. In contrast, the irregular SGM that arises
at large detunings in the parameter space for relatively
small droplets, the droplet traverses unequal path lengths
as well as performing erratic direction reversals every half
cycle of the SGM.

The back-and-forth SGM discussed in Sec. V reverses
its walking direction only once every half cycle and then
continues moving in the opposite direction while the
forth-and-forth SGM discussed in Sec. VI never reverses
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FIG. 8. No walking for very small detunings (|e| < 0.04) and
the effect of added noise for a droplet of radius R = 0.60 mm.
Panels (a) and (c) show the walking velocity uq as a func-
tion of time without noise (black) and with noise (gray) for
e = —0.03 Hz and ¢ = 0.03 Hz respectively. Panels (b) and (d)
shows the vertical velocity of the droplet vq at impact and lift-
off without noise (black) and with noise (gray) corresponding
to panels (a) and (c) respectively. The constant phase super-
walker simulations results are shown as multi-colored curves
in these panels.

its walking direction. As shown in Fig. 7, for both back-
and-forth and forth-and-forth SGM at small detunings,
we find that the droplet reverses its direction multiple
times when traversing the bouncing regime. For this
regime of SGM, when the droplet first reaches the phase



differences corresponding to the bouncing regime, the
droplet decelerates. Since the detuning is small, the
bouncing regime is traversed slowly and the droplet first
overshoots the zero velocity while decelerating and re-
verses it walking direction. But the droplet cannot accel-
erate yet in the opposite direction since it is still in the
bouncing regime, and therefore the droplet approaches
the zero velocity solution again and overshoots, result-
ing in a second reversal of the walking direction. These
reversals of direction continue until the droplet reaches
the start of the superwalking regime where it can be-
gin to build up the wave field again and then accelerate.
Whichever direction the droplet happens to move when it
encounters the start of the superwalking regime, it con-
tinues to walk and accelerate in that direction. If the
number of zero velocity crossings are even, then a forth-
and-forth SGM emerges and if the number of crossings
are odd, then back-and-forth SGM is realized.

By performing simulations with added noise in the
form of a horizontal random force sampled from a uni-
form distribution in the range Fjpise = [-1077,1077] N,
much smaller in magnitude than the typical forces ex-
perienced by the droplet from the underlying wave, we
find that we are able to destroy these correlated back-
and-forth and forth-and-forth motions at small detun-
ings (see gray curves in Fig. 7). In these simulations,
an SGM with irregular direction reversal emerges due
to the random external noise added to the system. In
typical experiments where small noise sources are to be
expected, back-and-forth and forth-and-forth SGM may
not be realized at small detunings. We also note that for
these simulations with added noise, the droplet’s verti-
cal velocity is able to leave the non-walking branch more
easily and following the superwalking branch closely.

For very small detunings |¢|] < 0.04Hz, we find that
the SGM ceases to exist and the droplet remains sta-
tionary. Fig. 8 shows the walking velocity uq as a func-
tion of time and the vertical velocity of the droplet vy
at impact and lift-off as a function of the evolving phase
difference. Here we see that the droplet always follows
the non-walking branch for all phase differences, which
means that the droplet is not able to transition to the
superwalking branch and build up the wave field it needs
to propel itself. However, we find that adding noise in the
horizontal dynamics, similar to Fig. 7, destroys this frag-
ile non-walking state and we again observe SGM, with
random switches in the walking direction resulting from
the noise.

VIII. CONCLUSIONS

We have numerically investigated a new type of inter-
mittent locomotion, the stop-and-go motion (SGM) of
superwalking droplets, that emerges when a liquid bath
is driven simultaneously at frequencies f and f/2 with an
evolving phase difference A¢(t) = 2met. The SGM is a
complex nonlinear phenomenon with multiple timescales
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coming into play such as the bouncing time scale of the
droplet, the memory time scale associated with decay
of Faraday waves, the even longer time scale introduced
by the detuning and the time scale of the inertial re-
sponse of the droplet. We have observed three qualita-
tively different kinds of SGM in simulations: back-and-
forth, forth-and-forth and irregular. In the experimental
setup described in Valani et al. [30], back-and-forth SGM
was frequently observed and we are planning a detailed
experimental follow-up study of SGM to reveal the dif-
ferent types of SGM that may be realized. We note that
a dynamical state similar to the forth-and-forth SGM
has been observed in experiments with single-frequency
driven walkers by Wind-Willassen et al. [35]. In their ex-
periments the variations in the walking speed arose due
to the droplet periodically switching between two differ-
ent bouncing modes. However, it was noted that per-
turbing a droplet in this state can destabilize the mixed
mode, causing the droplet to shift into one of the two reg-
ular bouncing modes and resulting in a steady walker.
Furthermore, dynamical states similar to the irregular
SGM have also been observed in experiments with two
frequency driving with frequencies 80 Hz and 64 Hz [36].

Investigating the back-and-forth SGM for negative de-
tunings that are relatively large in magnitude reveals the
mechanism for the switch in the walking direction that
occurs after every half SGM cycle. In this SGM, the
droplet receives persistent impulses in the direction op-
posite to its motion during its deceleration stage. These
persistent impulses eventually slow down the droplet and
reverse its walking direction before the underlying wave
field decays significantly. Hence, the droplet already has
an initial perturbation in the direction opposite to the
direction of motion when it encounters the superwalking
regime again and it is able to accelerate in the opposite
direction for the next cycle of SGM. We note that rever-
sals of motion have also been demonstrated in the sys-
tem of single-frequency driven walkers where a pulse in
the driving signal was engineered to abruptly introduce
a 7 shift in the bouncing phase of the droplet, which re-
sults in the droplet retracing its previous trajectory [37].
Here we observe this behavior arising as an emergent phe-
nomenon.

Investigating the forth-and-forth SGM for large posi-
tive detunings reveals the mechanism for the droplet to
maintain its walking direction after every half SGM cy-
cle. In this SGM, the droplet’s wave field decays signifi-
cantly during the initial stages of the deceleration period
in the bouncing regime and hence for the remainder of
the deceleration stage, only the drag force is acting on
the droplet. The drag slows down the droplet but can-
not reverse the walking direction so when the droplet
encounters the superwalking regime again, it accelerates
in the same direction. It is worth noting that in both
the back-and-forth and forth-and-forth SGM, the peri-
odic reversal or maintenance of the walking direction is
not directly due to the memory of the waves that are
generated by the droplet since the wave field decays sig-



nificantly during each cycle for both kinds of SGM.

For small magnitude positive and negative detunings,
we found a mixture of back-and-forth, forth-and-forth
and irregular SGM. The back-and-forth and the forth-
and-forth here are qualitatively different from the ones at
large magnitude detunings. Here we find that the droplet
switches its direction multiple times while traversing
across the bouncing regime. Moreover, these SGM also
tend to be less robust and adding a small noise force de-
stroy the back-and-forth and forth-and-forth SGM in this
regime.

In this work, we numerically explored the various types
of intermittent locomotions that arise in a system of self-
propelled droplet guided by its self-generated wave field
when driven at two frequencies with a linearly varying
phase difference. Using the foundational understanding
of the various types of SGM described in this paper,
one might be able to control and program the droplet’s
motion in this artificial system. For example, by us-
ing back-and-forth and forth-and-forth SGM as build-
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ing blocks one can engineer arbitrary slowly varying one-
dimensional droplet trajectories z4(¢) by programming
the trajectory-encoding function A¢(t). Being able to
induce on-demand transverse walking instabilities would
further allow extending this idea to two dimensional
droplet trajectories. Moreover, walkers and superwalk-
ers are known to exhibit rich multi-droplet behaviors.
It would be interesting to investigate such multi-droplet
interactions in the SGM regime where the continuously
changing phase difference will result in periodically vary-
ing inter-droplet interactions that may give rise to novel
collective behaviors.
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