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Abstract 

       The recent rapid development of smart electronic devices, including wearable 

electronic devices, Internet of Things (IoT) devices, implantable medical devices and 

remote smart monitors, has raised great research interests on optimising battery power 

consumption in small-scaled and remotely operational electronic components. For the 

past ten years, there has been many research works in vibration-based energy harvesting, 

i.e., converting ambient vibration sources into electrical energy via different transduction 

methods. 

       In dealing with environmental vibration sources, the most pressing issue for 

vibration-based energy harvesters (VEHs) from mechanical and structural perspectives is 

whether the device can efficiently output an optimised power level under realistic (i.e., 

non-stationary, time-dependent, distributed in frequency spectrum, etc.) excitation 

sources. Additionally, the performance of VEHs is also restricted in size, complexity of 

design, and power density issues. Under such design criteria, introducing nonlinearities 

into VEHs attracted wide attention. This research work aims to investigate the bandwidth 

performance of vibration-based energy harvesting by subjecting nonlinear 

phenomena/techniques with internal and externally induced dynamic behaviours into the 

systems, hence broadening the operational bandwidth and optimising the power level 

under a wide range of frequencies. The outcomes of this research work yield five peer-

reviewed journal papers and several international conference papers. The five journal 

papers are presented in five chapters (Chapter 3 to Chapter 7) as the main contributions 

of this thesis. 

       Paper 1 presents a magnetic VEH using combined primary and parametric resonances. 

In order to merge the resonant regions of fundamental primary resonance and parametric 

resonance as one continuously operational bandwidth, the motion limiter is utilised to 

induce external hardening effects that aim to eliminate the off-resonance regime between 

the two resonances. Theoretical investigations, including the finite element method (FEM) 

using ANSYS and an averaging perturbation technique, are performed to explain the 

experimental results. System parameter studies are also conducted to highlight the limiter 

gap distance, type and orientation angle effects. The paper has been published in Energy 
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Conversion and Management (Q1; Impact Factor =9.7; journal rank: 2 out of 135 in 

Mechanics). 

       Paper 2 aims to investigate the effects of the motion limiter on directly and 

parametrically excited energy harvesters based on our first paper. An array-type energy 

harvester is presented with piezoelectric transducers and three configurations of motion 

limiters. The bandwidth performance of the device under direct and parametric excitation 

directions is tested, and the results imply an enhanced power level and a continuous 

operational bandwidth. The results also demonstrate that the optimised performance is 

achieved by a duo-type motion limiter configuration. The effects of piezoelectric layers 

and nonlinear cubic stiffness terms in the governing equations are also studied and 

validated with experimental results. This paper has been accepted for publication in 

International Journal of Non-Linear Mechanics. 

       Paper 3, further investigates the feasibility of parametrically excited devices and 

focuses on reducing the level of the potential barrier and initial threshold amplitude in 

bistable and parametrically excited devices, respectively. From our first two papers, the 

results imply that triggering the parametric resonance needs a certain excitation level. By 

considering the joint restraint between bistable and parametrically excited energy 

harvesters, we propose a broadband magnetically coupled bistable VEH via parametric 

excitation, to reduce both the initiation threshold amplitude and the potential barrier for 

large-amplitude oscillations. The mathematical expression of magnetic coupling effects 

is presented to predict the dynamics of the system and verify the experimental results. 

The paper has been published in Energy Conversion and Management (Q1; Impact Factor 

=9.7; journal rank: 2 out of 135 in Mechanics). 

       Paper 4 is inspired by our previous studies on parametric resonance. The principal 

parametric resonance locates at twice the fundamental primary resonance (in general, the 

first transverse mode). A system can also possess a two-to-one internal resonance if the 

natural frequencies are commensurable or nearly commensurable (i.e., 1:2 frequency ratio 

between the first two natural frequencies). This paper presents theoretical modelling and 

experimental validation of a U-shaped piezoelectric energy harvester. The double-jump 

phenomena extend the resonance regime in a certain range, and the energy exchanges 

between the two transverse modes enable the motions of all segments (i.e., three 

cantilever beams) for high-efficient energy harvesting. 
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       Paper 5 provides an insight into coupling bending and torsional modes on an L-

shaped energy harvester. An internal resonance phenomenon between bending and 

torsional modes is achieved. In paper 4, we study a two-to-one internal resonance between 

the first two transverse modes. To optimise the strain rate-voltage transduction efficiency, 

we consider the out-of-plane motions in the internal resonance phenomena in this paper. 

In the presence of modal interactions, the power level can be greatly improved as the 

strain changes in both bending and torsional directions can be harvested under the same 

excitation frequency.  
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Chapter 1 

 

Introduction 

 

1.1 Overview 

       As the general trend of modern electronic devices progressively becomes wireless, 

miniaturised, low-power consumption, and requires long-term usage, it is doubtful whether 

conventional electrochemical batteries are still promising in such low-power consumption 

devices. The competitiveness and dominance of batteries lie in their ability to provide 

efficient and stable power output for traditional electronic appliances. Yet, the concerns 

with batteries are the expense and regular operations of charging and replacement. Likewise, 

the performance of small-scale electronic devices such as wireless sensors, wearable 

devices, and medical implants are vastly dependent on working volume/size and power 

density, which are limited by traditional batteries.  

       Fortunately, the required power levels of these devices have been significantly reduced 

to milliwatt and even microwatt with rapid development in microsystems [1]. Such that, 

energy harvesting technologies, which aim to convert ambient energy sources into 

electrical form, are feasible to provide continuous power supplies for these compact 

electronic devices. With environmentally friendly energy sources, such as thermal [2], solar 

[3], and kinetic energy to obtain sustainable and green energy conversions, the energy 

harvesting technologies have received great potential for providing a new concept of 

compensating energy for consumable power supplies.  

       Kinetic energy forms mainly include ambient environmental vibration, ocean wave [4, 

5] and flow-induced vibration (i.e., wind) [6, 7]. Although some industrial and commercial 
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applications based on the ocean wave and flow-induced energy harvesting techniques have 

already been established, the practicality of these devices, due to topography, construction 

cost, and volume/size, is restricted to use in everyday life. By contrast, ambient vibrations, 

as a ubiquitous form of energy, are the most reachable sources for energy conversion. 

Depending on the vibration sources, the applications of vibration-based energy harvesting 

(VEH) techniques have been applied to different fields. For moving vehicle-related 

applications, VEHs are employed as structural health monitors due to vibrations from 

engines [8], suspension systems [9], roadways and bridges [10, 11], and railways [12]. 

Human motions are also rich in kinetic energy for VEHs to power up wireless sensors and 

wearable electronic devices, such as walking [13-15] and heartbeats [16, 17]. The Internet 

of Things (IoT) applications have recently attracted immense attention in designing smart 

home and working place. However, one of the main concerns is the power consumption of 

wireless sensor networks [18, 19]. Unlike solar receivers or wind energy harvesters, the 

performance of VEHs in buildings is equally effective as in outdoor environments. 

Vibration sources such as periodic vibrations from operating appliances, pressure/strain 

changes can all be adopted by VEHs with suitable transduction methods (i.e., 

electromagnetic, electrostatic, piezoelectric, etc.).  

       Upon the above investigations, vibration-based energy harvesting is the most 

promising and reliable approach to conduct energy conversion between mechanical and 

electrical forms in ambient environment working conditions. Such that, research works 

based on VEHs have been carried out intensively from material, electrical circuit, and 

storage perspectives during the last two decades. Initially, to optimise the harvested 

power/voltage, the basic concept of VEHs is operating within the linear resonance region, 

which is only applicable with stationary vibration sources.  

        

Figure 1-1. Schematic of a linear energy harvester under harmonic excitations. 
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        Figure 1-1 shows a conventional VEH under harmonic excitations. The structure 

consists of a clamped-free cantilever beam, a piezoelectric layer bonded onto the main 

structure, and a tip mass for tuning purposes. The output voltage is measured from a loading 

resistor 𝑅𝐿. The effects of adhesive layer have been neglected. The simplified governing 

equation of a linear piezoelectric energy harvester can be written as a second order mass-

spring-damper system  

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 − 𝜑𝑣 = −𝑚𝑦̈, (1.1) 

𝑐𝑝𝑣̇ + 𝑣 𝑅𝐿⁄ + 𝜑𝑥̇ = 0, (1.2) 

where 𝑥 is displacement component, 𝑚 is effective mass, 𝑐 is damping coefficient, 𝑘 is 

stiffness coefficient, 𝜑  is electromechanical coupling coefficient,  𝑦̈ = 𝑍𝑐𝑜𝑠(𝜔𝑡)  is the 

base excitation term, 𝑐𝑝 is capacitance, 𝑣 is output voltage. For the analytical analysis, the 

system parameters are set to be:  𝑚 = 0.01 ,  𝑐 = 0.05,  𝑘 = 10 ,  𝑍 = 1 ,  𝜑 = −1 ×

10−4 ,  𝑐𝑝 = 15 × 10−9 ,  𝑅𝐿 = 1 × 105 . Figure 1-2 (a) shows a steady-state voltage 

response based on Eqns (1.1) and (1.2), which indicates a narrow operational bandwidth. 

Under a stationary harmonic vibration source, when the frequency is within the device’s 

resonance region, an optimised power level can be obtained. However, in dealing with a 

varying vibration source, which randomly distributes in a wide frequency spectrum (i.e., 

from 2 Hz to 10 Hz), the large-amplitude oscillation cannot be activated at off-resonance 

regime, the power output of the device drops significantly.  

 

      (a)                                                                        (b) 

 

Figure 1-2. (a) Steady-state voltage response of a linear VEH; (b) Voltage responses with varying 

damping coefficient. 
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       Although the power output of the device can be further increased by reducing the 

damping of the system through different design techniques, the operational bandwidth 

remains almost the same. As shown in Figure 1-2 (b), with the decreased damping 

coefficient, the overall output voltage of the system increases noticeably. On the other hand, 

with two reference voltage levels set to be 1 V and 2 V in Figure 1-2 (b), the effective 

bandwidth of the five cases seems to be unchanged, which implies the narrow bandwidth 

issue still exists even adopted with very weak damping coefficients. As the resonance 

region of linear VEHs naturally suffers from narrow bandwidth, the devices are capable 

only under stationary vibration sources.  

       Tuning techniques aim to settle the narrow bandwidth issue of the linear VEHs, by 

adjusting the resonance region of the system either passively or actively to adapt the 

vibration sources, for performance enhancement of VEHs. With resonance tuning, if the 

ambient vibration source is in the vicinity of the tuned device’s resonance region, an 

optimised power output can be achieved. Based on the external power requirements, tuning 

approaches could be divided into two branches, passive tuning and active tuning. Passive 

tuning techniques require intermittent power input, generally use manual tuning to alter the 

vibrating structure’s effective stiffness, then match the device’s resonance with targeted 

excitation frequencies. To alter the system’s effective stiffness, common techniques 

including preload approaches [20, 21] and adding magnetic attractive/repulsive forces [22, 

23] have been studied intensively.  

       Yet, an inevitable issue for manual tuning is that the stabilised ambient frequency is 

infrequent in the real environment. The variation causes the device to exit from its 

resonance regime to off-resonance status, which can lead to a significant reduction of power 

output. In addition, the manual tuning approaches are not workable for real-time 

applications. Active tuning approaches are a primary remedy to achieve real-time 

applications and have the ability to adapt the ambient vibration sources automatically. On 

the other hand, continuous power input is required to tune the resonance of the system [24]. 

Compared with passive tuning, active tuning has the potential to achieve real-time 

applications, despite the fact that the tuneable bandwidth is still limited in specific ranges, 

and the required power input for tuning is contradictory to energy harvesting purposes.  

       As most of the vibration sources in realistic environments are distributed within certain 

ranges of frequency spectrums, the most pressing issue of VEHs from mechanical and 
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structural perspectives is whether the designed device is capable of being effectively 

operational with varying vibration sources. 

 

1.2 Aims and Objectives  

       The thesis aims to tackle the narrow bandwidth issues in conventional VEHs by 

employing structural and externally induced nonlinearities into the systems, hence 

introducing broadband techniques to enhance the effective bandwidth as well as the power 

level of VEHs. 

       The detailed objectives of this thesis are: 

1. To investigate an electromagnetic energy harvester with combined primary and 

parametric resonance in the presence of motion limiters.  

2. To investigate a broadband piezoelectric energy harvesting array under both directly and 

parametrically excited conditions. 

3. To optimise the performance of a bistable piezoelectric energy harvester under 

parametric excitation by an external oscillating source and magnetic coupling effects.  

4. To investigate a U-shaped broadband energy harvester with multi-directional and multi-

mode features based on a two-to-one internal resonance phenomenon.  

5. To investigate an L-shaped internal-resonance-based piezoelectric energy harvester with 

combined in-plane and out-of-plane motions for high-efficient energy harvesting. 

 

1.3 Preview of the thesis 

       Chapter 1 provides an overview of the applications of energy harvesting technologies 

to shed light on the significance of this work. Chapter 2 presents a detailed review of the 

use of internal and externally induced nonlinearities in VEHs as broadband techniques. The 

subsequent five chapters present five manuscripts either published or submitted as journal 

papers. Chapter 8 summarises the major findings of the thesis and suggests future work.  
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Chapter 2 

 

Literature Review 

 

2.1 Brief introduction  

       To remedy the narrow bandwidth issues in linear VEHs, nonlinearities have been 

introduced to enhance the effective bandwidth and overall power level of VEHs under 

realistic excitation sources. In this chapter, a critical review of vibration-based energy 

harvesting techniques is presented, which focuses on techniques/phenomena that can 

potentially enhance the performance in terms of bandwidth, power level, and density of 

VEHs by providing structural or externally induced nonlinearities.  

 

2.2 Array-like, multi-degree-of-freedoms (MDOF) and multi-mode VEHs 

       As discussed in Chapter 1, the energy harvesting efficiency of passive and active tuning 

techniques relies on the excitation sources. In dealing with non-stationary vibration sources 

(environmental vibration sources are naturally varying and distributing in certain ranges of 

frequency spectrum), the linear resonance region limits the applicability of these techniques. 

Instead of tuning techniques, an alternative approach is to design broadband devices to fully 

cover the frequency ranges of those vibration sources. The concept of ‘broadening 

operational frequency bandwidth’ is served as the foundation, as well as the centre of 

interest of many nonlinear techniques for improving energy harvesting efficiency.  

       In early applications, researchers have utilised several linear approaches to introduce 

combinations of natural frequencies in one system. Figure 2-1 (a) shows a typical multi-
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array energy harvester with piezoelectric transducers. By properly selecting the length, 

width and tip mass of each clamped-free cantilever beam, the designed system could have 

a wide overall bandwidth with adjacent natural frequencies under base excitations in the 

designed frequency ranges as shown in Fig. 2-1 (b). An array-like beam-based VEH 

proposed by Shahruz [1] was a typical approach based on multi-resonance accumulation. 

With different scaling, array-based energy harvesters can be fabricated and used for MEMS 

applications [2, 3]. Besides the piezoelectric transduction method, electromagnet 

transducers (i.e., a tip magnet on the vibrating element that interacts with designed coils 

can generate current flow) can also be effective in array systems. In some cases, both 

transduction methods were adopted to optimise the power level.  

 

(a)                                                                             (b) 

 

Figure 2-1. (a) A schematic of multi-array energy harvester with piezoelectric transducers. (b) 

Simulated frequency response of a multi-array VEH based on Eqns. (1-1) and (1-2) with different 

effective stiffness k. 

 

       Multi-mode/MDOF VEHs are counted as another type of linear broadband technique. 

Most of the multi-mode/MDOF VEHs utilised one main structure and additionally 

designed sub-structures; multiple adjacent natural frequencies could attain multiple peaks 

over a certain frequency range. Abdelkefi et al. [4] considered a unimorph T-shaped VEH 

with asymmetric tip mass blocks to undergo bending-torsion vibrations. The numerical 

results indicated that a broader bandwidth could be achieved by tuning the bending and 

torsion modes closer to each other. Li et al. [5] proposed a multi-mode VEH, a clamped-

free beam as the main structure had several adjustable beams as sub-structures attached at 

the free end. Other recent investigations on multi-mode/MDOF VEHs can be found in [6-

11]. In some cases, the overall operational bandwidth displays discontinuity in the 
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frequency domain and the natural frequencies of the designed device are far from each 

other. For these devices, researchers attempted to carry out another potential feature in 

multi-mode/MDOF VEHs, which is the capability of working effectively under different 

directional vibration sources. For instance, Zhou et al. [7] studied a piezoelectric VEH with 

a zigzag structure, which was capable of harvesting energy under different excitation 

directions. Yang et al. [12] combined multi-directional and multi-stable characteristics 

together on a spring-mass structure as a low-frequency VEH. 

       Although array-like, multi-degree-of-freedoms (MDOF) and multi-mode VEHs did 

have the capability to broaden the operational frequency range by accumulating multiple 

resonance frequencies together to create an overall wider bandwidth, as well as dealing 

with multi-directional vibration sources. The main concerns about these approaches are the 

complexity of design, as well as the sacrifice of power density. In addition, despite a ‘broad’ 

operational bandwidth that can be obtained, the overall resonance region is composed of 

several narrow resonance regions. In essence, the working principle of these devices is still 

in linear perspective. Recent investigations on MDOF and multi-mode VEHs have started 

to combine them with other techniques, including internal and externally induced 

nonlinearities, to further enhance energy harvesting efficiency. 

 

2.3 Multi-stable VEHs 

       In order to achieve a broadband system, magnetic restoring force is commonly 

introduced by researchers to induce external nonlinearities to VEHs [13-17]. In early 

tunning approaches, magnetic couplings have been employed to tune the effective stiffness 

of the system and match the frequencies of vibration sources; however, as the magnetic 

couplings induce nonlinearities into the system, the governing equation of a linear 

piezoelectric VEH (Eqn. (1-1)) is insufficient to describe the motions of the present system. 

A typical design with magnetic restoring force is shown in Figure 2-2, different from linear 

case (Figure 1-1), a tip magnet interacts with a stationary magnet repulsively. In such 

conditions, the stable equilibrium state no longer stays along with the centre line position 

(the original position of the beam in Figure 2-2). Instead, new stable states occur at two 

initially curved positions and the locations/positions are dependent on the initial distance d 

between the two magnets and the strength of the magnetic field. This phenomenon is known 

as bistability; additional stable equilibrium states in the system induce different dynamic 
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behaviours, which can potentially be utilised in energy harvesting for optimising power 

level and broadening operational bandwidth.  

 

Figure 2-2. Schematic of a bistable energy harvester under a harmonic excitation. 

 

       With the magnetic coupling effects, Eqn. (1-1) has an additional magnetic restoring 

force term and can be expressed as  

𝑚𝑥̈ + 𝑐𝑥̇ + 𝑘𝑥 − 𝜑𝑣 +
𝜕𝑈𝑚

𝜕𝑥
= −𝑚𝑦̈, (2 − 1) 

where 𝑈𝑚 is the potential energy field caused by magnetic interactions between the two 

magnets. The form of the potential energy field can be expressed as [18-20] 

𝑈𝑚(𝑥) =
1

2
𝑘1(1 − 𝜆)𝑥2 +

1

4
𝑘3

4, (2 − 2) 

where 𝜆 is the tuning system parameter, 𝑘1 and 𝑘3 are the linear and nonlinear cubic 

stiffness terms, respectively. The magnetic restoring force can be derived from Eqn. (2-2) 

as 

𝐹𝑚(𝑥) = 𝑘1(1 − 𝜆)𝑥 + 𝑘3
3 (2 − 3)  

Figure 2-3 (a) shows the three different behaviours with varying parameters in Eqn. (2-2). 

The black dash plot displays two potential wells, which indicates the two equilibrium stable 

states. Under a sufficiently high harmonic excitation level, the system receives enough 

energy to overcome the potential barrier (between the two wells in Figure 2-3 (b)), it is able 

to move between the two stable states periodically, and the large-amplitude oscillation 

named periodic interwell motion can be revealed. On the contrary, under a small excitation, 

the device would be trapped into one potential well for periodic motion, which is named 

intrawell motion. By altering the distance between the two magnets, the system can display 

softening or hardening behaviours (i.e., the linear resonance bends to left or right), which 
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results in unstable regions in frequency responses and multiple solutions under different 

initial conditions. Generally, a system displays softening/hardening responses that has 

saddle-node bifurcations under harmonic base excitations. Under up sweep and down 

sweep harmonic excitations, the frequency response of the system has coexisting solutions, 

the initial conditions (i.e., displacement, velocity, acceleration) determine if it can jump to 

the higher branch and drop into the lower branch. Consequently, for multi-stable VEHs, 

the vital research interest is maintaining the device on higher-orbit branches with large-

amplitude oscillations for optimised power level.  

 

(a)                                                                        (b) 

 

Figure 2-3. (a) Energy Potential with different parameters in Eqn. (2-2) and (b) two types of 

oscillations in a bistable system.  

 

       Bistable VEHs with large-amplitude oscillations from interwell motion and broader 

bandwidth in the presence of softening and hardening frequency responses, have attracted 

a great many of attention. For approaches based on the magnetic restoring force, typical 

modifications focused on magnetic field arrangements. By adding external stationary 

magnets or changing the orientations of the magnets, the system could exhibit additional 

stable states, such as tristable [21-23] and even quadstable states [24, 25]. Preloading and 

pre-shaped/pre-bent approaches are also commonly utilised to introduce bistability [26-32]. 

For instance, Cottone et al. [28] investigated a double-clamped beam-based piezoelectric 

VEH subjecting to axial compression loads. The bucked beam under base excitations 

showed bistable states and strong hardening responses; compared with an unbuckled case, 

the power level was enhanced. The properties of vibration sources (i.e., level and type) as 

prerequisites for measuring the effectiveness of VEHs, have been studied extensively. Cao 
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et al. [33] attempted to use a bistable device with a time-varying potential energy function 

to harvest energy from working and running. Wang et al. [34] studied an asymmetric 

bistable VEH subjecting to different types of excitation. The experimental results 

demonstrated that a certain range of bias angles was required to enhance the harvested 

power output from human motion.  

       Indeed, the large-amplitude interwell oscillations in multi-stable energy harvesters 

result in increased power levels and wider operational bandwidth than linear counterparts. 

The critical concern is whether the device is still reliable under small excitations. The high-

energy orbit motions require a sufficiently high base excitation level to escape the potential 

barrier; otherwise, a monostable case displays more robust performance than a bistable 

configuration [35]. In addition, the frequency responses of most VEHs are tested under 

harmonic excitations, including up sweep and down sweep. Because the high-energy orbit 

motions can only be activated under certain initial conditions, with a suddenly changed 

excitation amplitude such as a random excitation source, the oscillations can possibly drop 

to the low-energy orbit and result in a significant power reduction.  

       Consequently, to improve the efficiency of multi-stable VEHs under low excitation 

levels, the promising approaches are either reducing the barrier between potential wells or 

designing shallower potential wells. Lan and Qin [36] utilised an additional stationary 

magnet placed at the centreline position in attractive to the tip magnet and two repulsive 

magnets to lower the height/depth of the potential barrier. By subjecting the device to 

random excitation, the power level outperformed the counterpart. Wang and Liao [37] 

proposed a bistable energy harvester by adding an elastic magnifier as a two-degree-of-

freedom structure. The external structure aimed to magnify the base excitation level, the 

secondary structure as a conventional bistable VEH can be therefore easier to activate the 

high-energy orbit oscillations. Cao et al. [38] investigated the influence of potential well 

depth on a tristable energy harvester based on the potential function. Chiacchiari et al. [39] 

numerically investigated a bistable energy harvester coupled with a directly excited sub-

structure to improve the threshold of triggering interwell oscillations under low-level 

impulse excitations.  

       Previous studies mentioned above have exploited the feasibility of employing multi-

stability to VEHs. For linear and multi-stable VEHs, the latter demonstrated rich dynamics 

in the system, which were practically capable of enhancing the power level from intrawell 
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or interwell motions and broadening the effective bandwidth from softening/hardening 

responses. Yet, the influence of base excitation is exceedingly important on these devices 

for attaining the high-energy orbit. Though several investigations have studied different 

techniques to induce the potential function into the system, such as preloading, magnetic 

restoring force and gravitational potential, a more primitive question is whether the 

threshold of the large-amplitude interwell motion can be reduced for multi-stable VEHs to 

work robustly under small and realistic excitations.  

 

2.4 Parametrically excited VEHs 

       Parametric resonance, sometimes also known as the Mathieu equation, has a different 

resonance behaviour from conventional VEHs that utilise principal primary resonances 

[40]. The Mathieu equation can be written as [41, 42] 

𝑚
𝑑2𝑥

𝑑𝑡2
+ 𝑐

𝑑𝑥

𝑑𝑡
+ (𝑘 + 𝜖𝑍𝑐𝑜𝑠Ω𝑡)𝑥 = 0, (2 − 4) 

where x is the displacement, c is the damping, 𝜖 is a small parameter, 𝑘 is the linear stiffness, 

Ω is the parametric frequency. A parametrically excited device (i.e., a cantilever beam) has 

a principal parametric resonance located at twice the fundamental frequency 𝜔𝑛 (i.e., Ω ≅

2𝜔𝑛 ). As shown in Eqn. (2-4), the amplitude of the system is time-dependent, which 

implies, under a parametric excitation, the dynamic instability leads the system to oscillate 

with a gradually growing amplitude.  

       A typical parametrically excited physical system is a moving swing (or as an inverted 

pendulum-mass system) with periodically increased amplitude. This interesting scientific 

system with rich dynamic behaviours from periodic motions to complex chaotic motions, 

has been actively exploited by many researchers [43-49]. One of the interests lies in the 

stability of the dynamic response, as shown in Figure 2-3. The simulation results of time 

series and phase portraits demonstrate that, the parametric resonance needs additional time 

to build up the amplitude but can possibly reach higher peaks than the conventional directly 

excited counterpart. Thus, the parametric resonance phenomenon can be utilised as a 

mechanical amplifier in VEHs [50, 51], if the external base excitations can satisfy certain 

conditions of triggering the parametric resonance. In addition, as the ambient vibration 

sources are naturally multi-directional, an energy harvesting device with design 
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mechanisms is capable of harvesting bi-directional vibration sources by its primary 

resonance as well as the parametric resonance as a multi-directional VEH. Unlike directly 

excited energy harvesters, for instance, a directly excited cantilever-based VEH has the 

excitation direction, which is perpendicular to the beam length (Figure 1-1). For parametric 

excitation, the external force direction is normally parallel to the beam length.  

 

(a)                                                                             (b) 

 
(c)                                                                             (d) 

 
Fig 2-3. Time series and the corresponding phase portraits of a parametrically excited system based 

on Eqn. (2-4) ((a) and (c)) and a directly excited system without piezoelectric coupling effects based 

on Eqn. (1-1) ((b) and (d)). 𝑚 = 1, 𝑐 = 0.2, 𝑘 = 1, 𝑍 = 1, Ω = 2; ℎ = 0.6.  

 

       Although the feasibility of utilising the parametric resonance for energy harvesting has 

been raised and theoretical investigations have been conducted, critical excitation levels (or 

threshold amplitudes) still exist in parametrically excited devices [50, 52]. Below the 

critical excitation levels, devices exhibit zero-amplitude frequency responses [40, 53]. To 

obtain a higher energy/power output and achieve efficient energy harvesting in the 

parametrically excited VEHs, the stability of the system shall be in unstable regions. As the 
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stability chart of parametric resonance is directly related to the damping coefficient [54], 

one critical design criterion of a parametrically excited VEH is lowering the mechanical 

and electrical damping of the system. However, piezoelectric transducers with high power 

density are mostly utilised in MEMS and other small-scale applications. Thus, the impacts 

of additional damping from piezoelectric materials further increase the initial threshold 

amplitude, which restricts the effectiveness of parametrically excited VEHs. To optimise 

the power level, fully covered unimorph or bimorph piezoelectric layers are suggested to 

be bonded onto the vibrating structure, but the trade-off is that activating the parametric 

resonance requires a much higher excitation level. To reduce the initial threshold amplitude, 

Jia et al. [55] experimentally utilised a pendulum-mass structure with piezoelectric 

transducers and a lever pivot to achieve a lower level of threshold amplitude. Yang and 

Towfighian [56] introduced a low threshold amplitude parametrically excited VEH by 

adopting magnetic coupling nonlinearity to the system. 

       The parametric resonance as an inherent nonlinear phenomenon indeed provides an 

alternative solution to increase the power level for energy harvesting. However, the narrow 

bandwidth issue still remains unsettled in single parametrically excited devices compared 

with nonlinear VEHs that utilise hardening and softening responses. In order to broaden 

the operational bandwidth of parametrically excited devices, externally induced 

nonlinearities are therefore introduced, such as a buckled beam structure subjecting to 

subharmonic parametric resonance [57]. By combining parametrically excited pendulum 

with magnetic spring forces, the strong hardening response provided the system with a 

broader bandwidth [58]. Internal nonlinearities such as inertial effects in a parametrically 

excited micro-resonator were considered by [59] for wide-range sensing purposes. Garg 

and Dwivedy [60] theoretically investigated a parametrically excited energy harvester with 

a three-to-one internal resonance and demonstrated that the proposed system had enhanced 

power than its conventional counterpart. To present, a number of investigations on 

theoretical modellings have been presented to show the effectiveness of parametrically 

excited VEHs [50, 52, 61]. Aghamohammadi et al. [62] presented an alternative theoretical 

method to predict the off-resonance responses of parametrically excited systems and 

Alevras et al. [63] showed that the broadband characteristics in a parametrically excited 

energy harvester have less dependence on the magnitude of the nonlinear cubic coefficient 

than Duffing type VEHs. Despite these studies theoretically validating the broadband 

performance of the parametric resonance and the corresponding potential applications in 



18 
 

energy harvesting, the practical implementations of parametrically excited VEHs are still 

limited compared with conventional directly excited cases.  

 

2.5 Internal-resonance based VEHs 

       In MDOF systems, if there exist cubic and quadratic nonlinearities, and its natural 

frequencies are commensurable or nearly commensurable (e.g.,  2𝜔1 ≅ 𝜔2; 3𝜔1 ≅ 𝜔3), 

internal resonance phenomena may occur [64-66]. When an internal resonance is presented, 

modal interactions induce rich system dynamics and interesting phenomena such as 

periodic, quasi-periodic, chaotic responses, etc. For one of the typical phenomena that 

exists in the internal resonance, the frequency response bends to increasing and decreasing 

frequency directions from the centre frequency, which is also known as double-jump 

phenomenon. Compared with its linear counterpart (without internal-resonance 

phenomena), the double-jump phenomenon has the potential to broaden the frequency 

bandwidth as a broadband technique in two directions. In the presence of the energy 

exchanges between the coupled modes, excitation frequency at lower mode can trigger 

large-amplitude oscillations at higher modes, and vice versa. Initial applications based on 

the internal resonance worked as vibration absorbers in mechanical systems [67, 68]. The 

oscillations of the core element can be reduced and transferred to additionally designed 

sub-structures for structural protection purposes. In the last ten years, internal resonance 

has been considered as an energy harvesting method that has the potential to achieve 

broadband, low-frequency operation and high-efficiency energy conversion. 

       Chen and Wang [69] theoretically proposed an electromagnetic VEH based on an 

internal resonance. Under the same excitation conditions, the proposed device exhibited 

double-jump phenomena and had enhanced power level and effective bandwidth than the 

linear counterpart. Their theoretical investigations on internal-resonance-based VEHs also 

covered piezoelectric transducers [64], axially loaded beam [70] and VEHs coupled with 

energy sinks [71]. Numerical studies on three-to-one internal resonance such as dynamic 

behaviours of a parametrically excited VEH [60] and a piezoelectric VEH [72] 

demonstrated that, introducing internal-resonance phenomena to vibration-based energy 

harvesting is advantageous to increasing averaging power output and broadening 

bandwidth.  
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       In order to obtain internal-resonance phenomena in a physical system/device, L-shaped 

beam structure is a simpler way to practically achieve commensurable natural frequencies 

than a single cantilever beam in clamped-free/clamped-clamped conditions. By altering the 

system parameters, such as dimensions of two beam components and mass blocks, internal-

resonance phenomena can be obtained. Most experimental research works of L-shaped 

VEHs focused on two-to-one or three-to-one internal resonances between the first bending 

and second bending modes [73-75]. Harne et al. [74] investigated an L-shaped energy 

harvester with a two-to-one internal resonance under harmonic excitations with additive 

noise. Nie et al. [75] utilised a theoretical distributed-parameter model and the finite 

element method (FEM) to verify the experimental results. Similar to linear tuning 

techniques, magnetic coupling is an effective approach to facilitate internal resonance. 

Likewise, the magnetic restoring force in repulsive/attractive case, as an externally induced 

nonlinearity, could induce more distorted and complex dynamic behaviours, which is 

possible to further enhance the bandwidth/power performance of internal-resonance-based 

VEHs [76-82]. For instance, Xiong et al. [76] proposed a clamped-free piezoelectric energy 

harvester with an auxiliary oscillator and a tip magnet. By altering the distance between the 

tip and stationary magnet, a two-to-one internal resonance was revealed between the first 

two bending modes. Yang and Towfighian [77, 78] investigated internal-resonance-based 

VEH with magnetic couplings using multiple scales perturbation method and experiments, 

bistability could be revealed with a moving magnet attached on the main vibrating structure.  

       Compared with linear multi-mode/MDOF VEHs, internal-resonance-based VEHs 

require natural frequencies to be commensurable or nearly commensurable, which are more 

challenging to achieve in physical systems and require additional cost for fabrication. On 

the other hand, in the presence of internal resonance phenomena, energy exchanges 

between coupled modes enable more flexibilities to the system, such as large-amplitude 

oscillations at higher mode can be triggered by lower mode excitation frequency, vice versa. 

With the double-jump (or double-bend) frequency responses, the bandwidth can be 

broadened in both increasing and decreasing frequency directions. Yet, the extended 

resonance region due to internal resonance is still limited, compared with devices using 

softening/hardening responses. Generally, without considering the coexisting motions, 

restoring force has a greater impact on broadening the bandwidth. Still, Internal-resonance-

based VEHs with multimodal, multi-directional and high power density characteristics, 
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deserve further evaluations and investigations, such as adding externally induced 

nonlinearities to broaden the bandwidth further.  

 

2.6 Motion limiter (piecewise-linear restoring force) 

       The hardening frequency response in a system could also be induced by motion limiters 

(or mechanical stoppers). Figure 2-4 (a) depicts a linear piezoelectric VEH (see Figure 1-

1) equipped with a two-side motion limiter. Motion limiter is generally made of rigid 

materials and locates at either/both side(s) of the cantilever beam; an adjustable gap 

distance ∆ between the tip of the motion limiter and beam is determined by system 

parameters. Under a harmonic base excitation, when the excitation frequency in the up 

sweep is close to the resonance region of the device, the large-amplitude oscillations of the 

device lead the cantilever beam to strike the motion limiters. Accordingly, the effective 

stiffness instantly increases to a much higher value due to the piecewise linear restoring 

force, as illustrated in Figure 2-4 (b). Such that, an extended resonance regime due to 

external impacts can be formed simultaneously. Similar to nonlinear VEHs using magnetic 

restoring force, there are coexisting solutions in frequency responses (between up sweep 

and down sweep.) 

 

(a) 
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(b) 

 
Figure 2-4. (a) Schematic of a piezoelectric energy harvester with motion limiters under a harmonic 

excitation. (b) The piecewise stiffness behaviour of the proposed device, ∆1 and ∆2 are the initial 

distances between contact positions and motion limiters.  

 

       The effects of motion limiter can sufficiently broaden the operational bandwidth, in 

some cases, the corresponding hardening response in the up sweep can be even broader 

than a VEH with magnetic restoring force. However, the power sacrifice due to motion 

limiter implies a trade-off between the operational bandwidth and peak power level. What 

is more, for conventional directly excited VEHs with motion limiters, large bifurcations in 

frequency responses exist between up and down sweep cases. Soliman et al. [83] presented 

a prototype of a MEMS-based VEH with motion limiters. Although the peak voltage level 

decreased, a 250% increase was found in bandwidth. A parameter study of the gap distance 

was performed to find the optimised value for maximum power generation. Different 

designs can be found in [84-88]. More recently, for theoretical modelling, two-DOF 

piezoelectric energy harvesters based on averaging perturbation method have been 

investigated by Liu et al. [89] and Hu et al. [90]. Zhou et al. [91] studied four types of 

motion limiters and considered geometric and inertia nonlinearities. Fan et al. [92] 

proposed a monostable VEH with combined motion limiter and magnetic restoring force 

effects. The ongoing concerns of VEHs using motion limiter are the dependence of 

excitation sources. For directly excited prototypes, the broadband performance based on 

the hardening response needs harmonic excitations with a certain excitation level. Under 

other conditions, the gap distance may need to be manually tuned to optimise the effective 

bandwidth and power level, which follows similar operating rules as tuning approaches to 

some extent.  
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2.7 Summary and research gaps 

       From the literature review, the centre of interest in state-of-the-art vibration-based 

energy harvesting techniques has been shifted from linear to nonlinear approaches, in order 

to deal with varying, time-dependent and realistic vibration sources. One of the most vital 

issues for VEHs from mechanical and structural perspectives is whether the proposed 

device is capable and efficient in harvesting the environmental vibration sources within a 

wideband frequency range. Borrowing concepts from nonlinear phenomena/techniques as 

structural or externally induced nonlinearities to VEHs have been exploited intensively to 

fulfil the needs/requirements in various conditions. Nonetheless, employing and combining 

nonlinear interactions between different techniques still deserve further studies and 

evaluations to tackle several critical issues in the aforementioned modern techniques in the 

stage of signal (i.e., environmental vibration sources) capturing. In particular: 

- Parametrically excited VEHs provide an alternative solution to harvest energy at 

twice the primary resonance and could potentially have higher power output than 

directly excited counterparts. However, the nonlinear phenomenon is highly 

dependent on excitation level and the resonance region is rather narrow compared 

with VEHs that display softening/hardening frequency responses. Limited studies 

utilised externally induced nonlinearities to extend the resonance regime of the 

parametric resonance as a broadband technique. 

- Further investigations on activating the threshold amplitude and broadening the 

resonance region of the parametric resonance shall be performed to justify if 

parametrically excited VEHs are truly advantageous under small excitations.  

- The high-orbit oscillations due to interwell motion in multi-stable VEHs can greatly 

enhance the power output but also places restrictions on the excitation levels. As 

the ultimate goal of multi-stable VEHs is achieving continually periodic large-

amplitude oscillations under varying vibration sources, insufficient investigations 

on optimising the depth/shape of the potential barriers can be found.  

- Internal-resonance-based VEHs with high-efficient and multi-modal characteristics 

are more promising than linear multi-mode/MDOF VEHs. Limited experimental 

studies have been conducted to verify the broadband performance of internal-

resonance-based VEHs.  

- With the piezoelectric transduction method, the bending modes of the core vibrating 

elements are principally selected for strain rate-voltage conversion, though the 
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strain change rates in torsional modes can also be efficient with proper piezoelectric 

transducers. Minimal investigations on the dynamics of bending-torsion motions 

and the bandwidth/power performance in the presence of internal-resonance 

phenomena were found. 
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A B S T R A C T   

Presented in this paper is harvested nonlinear energy from a vibration energy harvester device; the device has 
been designed, manufactured, and tested successfully – the device performance is verified theoretically to some 
extent. The design concept is on the basis of merging the nonlinearities of the building block (i.e. a beam) and 
those induced by the motion limiters, which for some design parameters leads to the combination of parametric 
and primary resonances of the device; these two resonances increase the operational frequency bandwidth by 
118%. By introducing motion limiters to the proposed system, the overall frequency bandwidth of the primary 
and parametric resonances is able to be broadened even more – up to 178%. By varying the angle between the 
base (ambient) excitation and the length of the core element; the optimal angle for the largest possible frequency 
bandwidth is obtained. Theoretical investigations including the finite element method (FEM) using ANSYS and 
an averaging perturbation technique have been performed to verify the experimental results for few cases. An 
experimental parametric study on the performance of the device has also been conducted to highlight the limiter 
gap and type as well as orientation angle effects.   

1. Introduction 

Vibration energy harvesters convert/save environmental ambient 
vibration energy into/in-the-form-of electrical power [1–24]. Ambient 
vibration triggers the movement of the vibration energy harvester and 
then transducers on device such as piezoelectric layers or magnets can 
output electrical power. Numerous vibration sources such as car en
gines, clothes dryers, windows next to busy roads, base of 3-axis ma
chine tools [25], heartbeats [26], etc., can be tapped into vibration 
energy harvesting. Transducing persistent and sustainable energy from 
real environment vibration sources makes ambient vibration energy 
harvesting technologies as an alternative solution, which can compen
sate for current battery limitations. 

To date, the outlook of broadband energy harvesters seemed more 
practicable from the perspective of realistic vibration sources. Tuning 
approaches in nature aimed to adapt to the targeted ambient frequency 
required external input power; they were though limited by narrow 
tuneable bandwidths, which cannot be utilised in wideband vibrational 
sources. Although multi-array approaches [27–30] are counted as 
broadband, they suffered from poor power density and required ex
ternal power for complex electrical circuit to adjust the phase differ
ences. 

1.1. Nonlinear techniques 

To remedy the existing limitations, broadband energy harvesting 
gained more potential benefits and flexibilities to encounter with rea
listic excitations as random and time-varying frequencies. Multi-array 
approaches had the initial concept for broadband, however, size issues 
especially in remote sensing applications limited its practicability. 
Nonlinear techniques, on the other hand, offered a novel perspective to 
researchers in dealing with broadening the operational bandwidth; 
compared to linear approaches, nonlinear approaches were able to 
exhibit multiple equilibrium states and had expanded resonance regime 
which could be few times wider than the linear counterparts. 
Nonlinearities in energy harvesting could be categorised as inherent 
nonlinearities and externally induced nonlinearities [31]. Inherent non
linearities mainly utilised nonlinear strain deformation from large 
bending of the core elements of the devices [32–35]. Externally induced 
nonlinearities, on the other hand, are due to nonlinearities in the ap
plied forces to a vibrating system, such as nonlinear magnetics forces. 

1.2. Parametric excitation and motion limiters 

Conventional vibration energy harvester were designed to operate 
at primary resonances, where usually the excitation (ambient vibration) 
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direction is perpendicular to the core element (usually a beam struc
ture). A parametrically excited beam has a parametric resonance locates 
at twice the fundamental frequency; by proper design parameter se
lections, the two adjacent resonances including both parametric and 
primary resonances could be merged, and it is different from conven
tional bi-stable energy harvesters. Abdelkefi et al. [36] proposed a 
distributed-parameter model which included the piezoelectric linear 
and nonlinear effects and workable for higher modes. Yildirim et al.  
[37] designed a beam subject to parametric loads with a centre-point 
magnetic mass. 

Motion-limiter-based energy harvester were built upon a vibrating 
continuous core element (such as a beam [38–45]) which was con
strained by mechanical motion limiters at either one or both sides; this 
lead to an instant increase in the effective stiffness of the device, and 
may help in broadening the operational bandwidth. Different designs 
had been reported [46–55] in this regard, for instance, Liu et al. and 
Ming et al. [47,50] proposed MEMS and nano-scale based designs; Liu 
et al. and Hu et al. [51,52] combined 2-DOF piezoelectric energy har
vester with limiter; Liu et al. [56] proposed an external structure ‘curve 
fixture’ as a motion limiter. 

1.3. Contributions of this article to the field 

This paper is the first to utilise the concept of using a single element 
(and simultaneously benefiting from parametric and primary 

resonances of it) in the presence of motion limiter induced non
linearities in vibration energy harvester; a FEM-based theoretical ver
ification and an averaging perturbation technique are also given. The 
device based on this concept has been designed, manufactured, and 
tested showing 178% improvement in the operating frequency band
width. It is shown that merging nonlinearities due to the motion lim
iters and those due to large amplitude vibrations of the beam enhances 
the performance of the device substantially. It is also investigated that 
how the motion limiters as well as orientation angles alter the perfor
mance of the device. 

2. Brief theoretical fundamentals 

Consider a nonlinear system vibrating under an external force, the 
corresponding primary and parametric resonant motions can be de
scribed qualitatively by using a combined Duffing and Mathieu equa
tion as [57,58] 

+ + =x f cos t x x f cos t¨ [ 2 (2 )] ( )1
3

2 (1) 

where x is the displacement field, is the natural frequency, is the 
nonlinear stiffness coefficient, is the excitation frequency and f1 and 
f2 is the forcing amplitudes. In order to design a wideband energy 
harvester, this paper aims to utilise the combination of parametric and 
primary modes to achieve a wider operational bandwidth. To further 
increase the operational bandwidth, motion limiters, as externally in
duced nonlinearities are employed to merge the parametric and pri
mary resonances together, such that, an even wider and continuous 
operational bandwidth can be formed. From the design perspectives, 
the core element of the device (i.e. a cantilever beam with tip mass) 
with a low primary resonance is preferred to fully merge the gap be
tween the parametric and primary resonances. 

3. Experimental setup and design 

The system shown in Figs. 1(a) and 2 (a) is the schematic and fab
ricated vibration energy harvester, respectively. An aluminium (density 
2700 kg/m3) beam has [length = 125 mm; width = 9 mm; thick
ness = 0.5 mm] with one end fixed onto a supported structure and the 
other end attached to a pair of cylindrical neodymium magnets 
AMF21020 which weight 12.05 g on either side. A copper coil consisted 
16 turns wired on a 36 mm diameter hollow cylindrical support 
structure was used as a transducer. 

Figs. 1(b) and 2(b) show the measurement and data acquisition 
devices; the first one shows the flowchart and the former shows the 
actual one. A shaking table APS 113 was connected to power amplifier 
APS 115 to provide base excitation, an accelerometer Kistler 8774A50 
measured the base acceleration and a displacement sensor Wenglor 
CP24MHT80 measured the beam deflection near the tip area, data ac
quisition board NI USB-6281 was used to collect the data from the 
accelerometer, displacement sensor and voltage from coil. LabVIEW 
2014 and MATLAB 2017b were used for data monitoring and data post- 
processing, respectively. Due to system nonlinear frequency responses, 
both forward and backward sinusoid wave sweeps were conducted with 
1 KHz sampling rate. With 0.05 Hz frequency increments, both primary 
and parametric resonances were fully captured. To eliminate the tran
sient response, for each increment, the settling time was set to be 20 s to 
ensure the system was exhibiting steady state response. A constant base 
excitation acceleration 0.75 g peak to peak was employed for all the 
experiments. 

In order to broaden the operational frequency bandwidth, motion 
limiters have been introduced to the experimental beam. Under base 

Fig. 1. Schematic of the device: a) the core element with motion limiters and 
the coil for transduction; b) measurement and data acquisition procedure. 
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excitation, the beam engaged with the motion limiters due to large 
deflections, and beam effective stiffness suddenly changed to a higher 
value, hence changed its effective resonance. In the experiment, the 
motion limiters were located at 63 mm along the beam length from the 
fixed end and the gap between the limiters was 2.45 mm per side; see 
Figs. 1(a) and 2(a). Two different motion limiter configurations have 
been tested, 1-side limiter and 2-side limiter. A 3D-printed Acrylonitrile 
Butadiene Styrene (ABS) rotational base was used to fix the experi
mental setup including testing beam, motion limiters, coil and dis
placement sensor; by rotating the base, different orientation angles can 

be obtained from 0° to 90° with 15° increments, where 0° and 90° 
configurations represent a purely parametric excitation and a purely 
direct excitation, respectively. 

4. Experimental results 

In this section, the proposed energy harvester with no-limiter, 1-side 
limiter and 2-side limiter configurations were experimentally tested. 
The frequency-voltage and frequency-displacement curves collected 
through coil and displacement sensor, respectively, are discussed in 

Fig. 2. Experimental setup: a) the vibration energy harvester with motion limiter; b) Overall Experimental Setup.  
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details. 
To compare the effects of the configurations with and without motion 

limiters, the frequency-voltage response of no limiter, 1-side limiter and 
2-side limiter configurations at 45° orientation angle is shown in Fig. 3.  
Figs. 4–6 display the (a) time trace; (b) phase-plane portraits and (c) 
Fast Fourier Transform (FFT) for no limiter configuration at 3.7 Hz, 1- 
side limiter configuration at 5.6 Hz and 2-side limiter configuration at 
8.25 Hz, respectively. To illustrate and compare the performances 
among the three different configurations, the reference level of the ef
fective bandwidth was set for output voltage equals 0.005 V condition. 

As seen in Fig. 3, without the motion limiter engagement, the 
measured primary resonance occurred at 3.45 Hz, the parametric re
sonance occurred at 7.1 Hz and the operational bandwidth is 3.65 Hz. 
For forward sweeping plots, without limiter, system primary resonance 
was a weak softening response while both 1-side and 2-side limiter 
configurations’ primary resonances were strong hardening responses. 
The 1-side limiter configuration had a lower peak voltage 0.0235 V at 
5.6 Hz but a wider overall bandwidth 6 Hz compared to no limiter 
configuration, however, a 1.3 Hz gap due to bifurcation still existed 
between the two resonances. For the 2-side limiter configuration, it 
managed to merge the primary and parametric resonances together, 
which exhibited the strongest hardening response with a 6.5 Hz overall 
bandwidth and 0.0268 V peak voltage at 8.25 Hz. Compared to no 

limiter configuration, the 2-side limiter configuration increased overall 
bandwidth by 178%, while the obtained peak voltage remained at the 
same level. The 1-side limiter configuration could extend the para
metric resonance to the highest frequency 9.4 Hz and had a 164% in
creased bandwidth compared to no limiter one. However, the voltage 
drop and the gap between the two resonances were the main concern 
for this configuration. For backward sweeping plots in Fig. 3, no limiter 
type indicated a small drop of the maximum displacement in primary 
resonance and the bandwidth of the parametric resonance was broader 
than forward sweeping plot which illustrated the nonlinear behaviour 
of parametric resonance. For both 1-side and 2-side limiter types, the 
bifurcations occurred at lower frequencies and dropped to off-re
sonance status, which indicated the hardening effects of motion limiter 
on backward frequency sweeping were insufficient. 

For no limiter configuration, it can be seen from Fig. 7(a) the fre
quency-voltage response and b) the frequency displacement curve, the 
amplitude of primary resonance was a weakly softening response and 
the nonlinear behaviour increased with the increasing orientation an
gles. While for the parametric resonance, the amplitude slightly de
creased with increasing orientation angles, the peak voltage occurred at 
30° and 45°. The positions that parametric resonances occurred were 
within a 0.7 Hz range, this was due to the geometric imperfection while 
rotating the 3D-printed base to obtain different orientation angles. 

Fig. 3. Frequency response curve for the no-limiter, 1-side limiter and 2-side limiter configurations for both forward (FW) and backward (BW) sweeping at 45° 
orientation angle: a) frequency-voltage diagram; b) frequency-displacement diagram. 

Y. Fan, et al.   Energy Conversion and Management 221 (2020) 113061

436 



Fig. 4. No limiter configuration at 45° orientation angle: a) time trace; b) phase portrait; c) FFT.  

Fig. 5. 1-side limiter configuration at 45° orientation angle: a) time trace; b) phase portrait; c) FFT.  
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Compared to the primary resonance, the amplitude of parametric re
sonance was at a relatively similar position, the frequency-displacement 
response shown in Fig. 7(b) evidently proved the trend of parametric 
resonance with varying orientation angles remained at almost the same 
amplitude. 

The effects of orientation angle (see Fig. 1(a)) in 1-side and 2-side 
limiter configurations are shown in Figs. 8 and 9, respectively. When 
the experimental beam engaged with limiters, the system exhibited 
strong hardening responses for both primary and parametric resonances 
with a wider bandwidth. In Fig. 8(a), 0.005 V was set to be the re
ference level, for 30° orientation angle, the primary resonance, para
metric resonance, the bandwidth of primary resonance and parametric 
resonance were 6.55 Hz, 9.9 Hz, 3.35 Hz and 3 Hz, respectively; 
compared to without limiter 30° orientation angle configuration, the 
primary resonance, parametric resonance, the bandwidth of primary 
resonance and parametric resonance were 3.2 Hz, 6.9 Hz, 2.1 Hz and 
0.3 Hz, respectively, which was 159% increase in primary resonance 
mode and 1000% increase in parametric resonance. For 1-side limiter 
configuration, the 30° configuration had the widest overall bandwidth 
6.35 Hz, however, a bifurcation still existed between the primary and 
parametric resonances which resulted a 0.35 Hz gap. In order to merge 
the two modes together hence collect the effective voltages within a 
continuously effective bandwidth, 2-side limiter configuration was in
troduced. 

Fig. 9(a) shows the 2-side limiter configuration managed to elim
inate the bifurcation between primary and parametric mode with 
varying orientation angles except the 0° and 15° configurations, because 

the parametric excitation setting limited the maximum deflection at its 
primary resonance which caused the system cannot engage with the 
limiters, the resulting off-resonance status reached minimum voltage 
level. Fig. 8(b) and 9(b) show the comparison between the tip deflec
tion of 1-side limiter and 2-side limiter, the latter had smaller deflec
tions since deflection of both sides of the experimental beam were 
limited by the motion limiter; however, Fig. 8(a) and 9(a) indicate the 
average output voltage from 2-side limiter configuration was higher 
than 1-side limiter configuration. 

Fig. 10(a) and (b) show the comparison of peak voltages and op
erating frequency bandwidth among the no limiter, 1-side limiter and 2- 
side limiter configurations with different orientation angles, respec
tively. Fig. 10(a) indicated the no limiter configuration had lower peak 
voltages compared to with limiter configurations; 2-side limiter con
figurations with various angles had a slightly higher average peak 
voltage over 1-side limiter configuration – Fig. 10(b) shows that both 
with limiter configurations doubled the effective bandwidth compared 
to no limiter configuration, while the merit of 1-side limiter has the 
capability of reaching higher operational frequency and the merit of 2- 
side limiter was merging the two resonances together hence harvest 
energy within a continuous effective bandwidth. 

5. Theoretical verification 

In this section, two different approaches are employed to theoreti
cally verify the experimental results. First, a finite element method 
(FEM) is used for a linear model analysis, both modal and harmonic 

(a)

(b)                                                                                (c) 

Fig. 6. 2-side limiter configuration at 45° orientation angle: a) time trace; b) phase portrait; c) FFT.  
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modules have been employed to validate the mode shape of the pro
posed device and the first mode frequency response, respectively; due 
to the strong softening behaviour caused by large base excitation, for 
the comparison, we chose the 0°case to eliminate the nonlinear effect 
between experimental and numerical results, which can be found in  
Fig. 7 (0°plot); due to geometric imperfection, the 0°case exhibited a 
slight directly excited component which caused a 22 mm maximum 
deflection on primary resonance. Second, an averaging perturbation 
technique is employed for the system subject to limiters and the non
linear frequency responses are validated for some cases. 

FEM via ANSYS Workbench 18.2 was conducted for preliminary 
theoretical verification, Figs. 11 and 12 show the mode shape of the 
proposed beam and the comparison between theoretical and experi
mental obtained primary resonance, respectively. By using the modal 
analysis module, the first mode of the testing beam was at 3.59 Hz, 
which was only 3.9% discrepancy compared to the primary resonance 
in no limiter configuration (3.45 Hz vs 3.59 Hz); this small discrepancy 
was due to the initial geometric imperfection. A fine mesh with 1196 
elements has been applied for the geometry meshing; the selected 
measuring point of the directional amplitude analysis in ANSYS had the 
similar longitudinal distance along the beam from the clamped end as 

the measuring point of the displacement sensor; by using the harmonic 
analysis module with 0.05 Hz frequency increment, as seen in Fig. 12, 
the theoretical and experimental results are within good agreement. 

As the second approach, to further investigate the experimental 
results and validate the nonlinear frequency response of the proposed 
design, the governing equation of 2-side limiter configuration can be 
written as [59] 

+ + + + =
+ + =

+ + + + + =

mz c c z k k z k my z
mz c z k z my z

mz c c z k k z k my z

¨ ( ) ( ) ¨ ( ),
¨ ¨ ( ),

¨ ( ) ( ) ¨ ( ),

0 1 0 1 1 1 1

0 0 2 1

0 2 0 2 1 2 2 (2) 

where m is the equivalent mass, c ,0 c c,1 2 are the damping coefficients 
for no limiter, left limiter engaged and right limiter engaged scenarios, 
respectively; k k k, ,0 1 2 are the stiffness coefficients for no limiter, left 
limiter engaged and right limiter engaged scenarios, respectively; z is 
the tip mass displacement, =y Ysin t( ) is the base excitation dis
placement, where Y is the base excitation amplitude: 1 and 2 re
present the gap distance for left and right side motion limiter, respec
tively. The dimensionless equation can be defined as [59] 

(a)

(b)

Fig. 7. No limiter configuration a) frequency-voltage diagram and b) frequency-displacement diagram at different orientation angles from 0° to 90°.  
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where = c m/20 0 0, = c m/21 1 1, = c m/22 2 2, = k m/0
2

0 , 
= k m/1

2
1 , = k m/2

2
2 and is the excitation frequency characteristic, 

=u z Y/ , =r / 0, =r /1 1 0, =r /2 2 0, = t0 , = Y/1 1 , 
= Y/2 2 . To separate the terms of impact force due to motion limiter, 

Eq. (3) can be rearranged as [59] 

+ + = +u u u r sin r F u u¨ 2 ( ) ( , ),0
2 (4) 
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+
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2
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2 2 (5)  

To obtain an analytical approximation for Eq. (4), the method of 

averaging is adopted. The solution for Eq. (4) is assumed to be [59] 

= +u a sin r( ) ( ( )) (6)  

where a ( ) and ( ) are expected to be slowly varying functions of 
. To find out the steady state response, by substituting Eq. (6) into Eq.  

(4) and applying averaging, the Eq. (4) can be defined as [59] 

= + + + +r sin ar arr sin arr sin( ) 2 (2 (2 )) (2 (2 ))2
0 1 1 1 1 2 2 2 2 (7)  

= +

+

r cos

a r r a sin cos r a
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(2 (2 )) 4 ( )) ( 1
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2

2 12
1 1 1 1 22

2 2 1 2 (8) 

where = =sin a sin a( / ) and ( / )1
1

1 2
1

2 . Eqs. (7) and (8) can be 
numerically solved, hence the motion of the 2-side motion limiter 
system can be obtained. 

To compare the analytical and experimental results, the base accel
eration level was set to be constant 0.21 g peak to peak; the beam was set 
to be directly excited condition to avoid the effects of parametric re
sonance; four different configurations has been conducted including no 

(a)

(b)

Fig. 8. 1-side limiter configuration a) frequency-voltage curve and b) frequency-displacement curve at different orientation angles from 0° to 90°.  
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limiter configuration and with limiter configurations with 2.58 mm 
3.85 mm and 4.59 mm gap distance per side. For the analytical equa
tions, the parameters were: = = = = = =f Hz f f Hz0.039, 0.01, 3.35 , 50 1 2 0 1 2 .  
Fig. 13(a)–(c) show the comparison between analytical and experimental 
results of motion limiter gap distance 2.58 mm, 3.85 mm and 4.59 mm, 
respectively. For no motion limiter configuration, since the measuring 
point of the displacement sensor was located at 94.7 mm from the 
clamped end, the measured maximum amplitude was supposed to be 
smaller than simulated one. With constant base acceleration, analytical 
plot of no limiter configuration indicated a consistently higher amplitude 
at low frequency (e.g. 2.5–3.2 Hz) comparing to experimental one, which 
was mainly due to the effects of the ratio of tip and beam mass and the 
mass moment of inertia. For with motion limiter configurations, a larger 
limiter gap distance resulted in an increase in the amplitude and a 
smaller bandwidth, which implied the trade-off between peak amplitude 
and effective bandwidth. Based on the aforementioned measuring point 
setup, the experimental plots of with limiter configurations were ex
pected to have a lower overall amplitude near the resonance. However, 
the measuring points could be inconsistent due to the large deflection 
near resonance which caused a slightly higher amplitude. Overall, the 
analytical results were in very good agreement with experimental results 
for 2-side stopper configurations. 

6. Conclusions 

An energy harvester with motion limiters subject to both direct and 
parametric excitations has been designed, manufactured, and experi
mentally tested. Based the design concept, for the core element (i.e. test 
beam), the combination of parametric and primary resonances 
broadens the operational bandwidth by an increasing of 118%. To 
further broaden the frequency bandwidth and eliminate the gap be
tween parametric and primary modes, motion limiters were employed 
to merge the parametric and primary resonances by strong hardening 
frequency response effects, hence a 178% increase in the frequency 
bandwidth. A theoretical study by using FEM in ANSYS and an aver
aging perturbation technique have been conducted to verify the linear 
and nonlinear frequency responses, respectively. Parametric studies 
including the orientation angles between the purely direct excitation 
and purely parametric excitation, the length of the core element and the 
gap between the motion limiters have been conducted to carry out the 
optimal performance of the proposed vibration energy harvester. 

Under a base excitation, no limiter configuration exhibited weakly 
softening frequency responses while both 1-side and 2-side limiter 
configurations exhibited strongly hardening frequency responses due to 
the presence of motion limiters. Comparison of the cantilever beam tip 

(a)

(b)

Fig. 9. 2-side limiter Configuration a) frequency-voltage curve and b) frequency-displacement curve at different orientation angles from 0° to 90°.  
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deflections among with and without limiter configurations indicated 
no-limiter configuration had the largest deflection and followed by 1- 
side limiter; 2-side limiter configuration had the smallest deflection 
which were consistent with the function of motion limiter. However, 
from the voltage-frequency curves, 2-side limiter had the largest peak 
voltage, followed by no limiter, the 1-side limiter had the smallest peak 
voltage. With limiter configurations had wider bandwidth, comparing 
with no limiter configuration, at 45° orientation angle, 1-side limiter 
configuration had 164% increased bandwidth (6 Hz vs 3.65 Hz) and 2- 
side limiter configuration had 178% increased bandwidth (6.5 Hz vs 

3.65 Hz). However, 1-side limiter configuration exhibited a bifurcation 
between the primary and parametric resonances which caused the 
discontinuity of the overall operational bandwidth; the primary and 
parametric resonances in 2-side limiter configuration were successfully 
merged together hence formed a continuous bandwidth for energy 
harvesting from 2 Hz to 8.6 Hz. For theoretical verification, both linear 
(without motion limiter) and nonlinear (with motion limiter) frequency 
responses were obtained theoretically through FEM and the averaging 
perturbation method, respectively, highlighting very good agreement. 

Under a multi-directional base excitation, by adapting the hard
ening frequency response from motion limiters to the primary and 
parametric resonances, the two resonances are managed to be merged 
together, hence form a broad and continuous resonance regime; with 
transducers (e.g. tip magnets and coil) on the core element, the re
sulting overall voltage output is significantly enhanced. 
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A B S T R A C T

This paper presents the design, development and test of a nonlinear piezoelectric energy harvesting array
with wideband performance under directly and parametrically excited conditions; theoretical verifications of
equation-type as well as finite-element-methods are also provided. The array, as the core element, consists
of four cantilever beams with attached piezoelectric layers and individual tip masses; two pairs of motion
limiters were designed to limit the cantilever motions. By introducing 1-pair motion limiters, a strong hardening
frequency response extended the system resonance regime and generated an enhanced bandwidth; when the
monotonically increased system response triggered engagement with 2-pair motion limiters, the operational
bandwidth was even further extended and formed a fully merged resonance regime for energy harvesting
purposes. With motion limiters, the directly excited device achieved a continuous operational frequency
bandwidth from 5.7 Hz to 12.3 Hz, which is a frequency bandwidth increase of 240%; by introducing the
nonlinear frequency response in parametric resonance to the proposed device, the operational frequency
bandwidth is increased by 579%. The corresponding piezoelectric voltage output of the proposed device
is compared with conventional no limiter and one limiter counterparts. Theoretical investigations using an
equation for the motion of the system along with a time-integration solution, as well as a finite element method
using ANSYS, have been carried out to verify the results, showing good agreement. The results reveal that the
proposed device has potential for dealing with different excitation levels and low frequency applications while
broadening the frequency bandwidth.
1. Introduction

With recent developments in wireless sensors and remote/portable
electronic devices, the application ranges of green energy harvesters
have varied from laboratory levels to applications in construction,
medical health, transportation and civil engineering. Typically, wireless
sensors are limited by volume and size; therefore, a conventional
chemical battery power supply is not suitable for these long-term
and remote applications. To remedy the current bottleneck, energy
harvesting techniques, can not only compensate energy for consumable
power supplies, but also replace expensive and polluting sources with
environmentally friendly power sources. Mechanical vibration is one
form of energy that is ubiquitous in ambient environments; the vibra-
tion energy is converted to electrical power by devices called vibration
energy harvesters.

In dealing with ambient vibration sources, which are naturally
time-varying and random within certain frequency ranges, the main
challenge for energy harvesting techniques is forming an effective wide-
band frequency range at efficiently high output voltage/power levels.

∗ Corresponding authors.
E-mail addresses: yimin.fan@adelaide.edu.au (Y. Fan), mergen.ghayesh@adelaide.edu.au (M.H. Ghayesh).

To achieve wideband energy harvesting, nonlinear techniques such as
externally induced and inherent nonlinearities, were adopted compre-
hensively by researchers. The inherent nonlinearities generally utilise
the large deformations from bending and preloading methods [1–6].
For instance, Friswell et al. [1] reported an inverted beam type energy
harvester under a pre-buckling condition. Li et al. [3] proposed a
buckled double-clamped beam-based element for energy harvesting
purpose under both random and harmonic excitations. By combining
magnetic coupling mechanism in pre-loading methods, more external
nonlinearities are induced. Zhu and Zu [7] proposed a buckled beam-
based energy harvester with magnetic repulsive couplings. Derakhshani
et al. [8] studied a clamped–clamped buckled bistable energy harvester
works in low frequency excitation. The inherent nonlinearities have
the potential to broaden the operational frequency bandwidth to a
certain range. However, devices under pre-buckling or post-buckling
conditions are prone to be damaged on structures (i.e., cantilever
beams) alongside the piezoelectric ceramic transducers [9]. For can-
tilever beam-based energy harvesters, the repulsive magnetic restoring
ttps://doi.org/10.1016/j.ijnonlinmec.2022.103974
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force approach is commonly utilised to achieve system multiple equiv-
alent stable stages [10–14]. Typically, novel modifications revolve
around the different arrangements between the magnetic tip mass
and the external stationary magnet(s). Although multi-stable energy
harvesters are capable to achieve large oscillations known as interwell
motion, the types of motion highly depend on external excitation levels.
To further extend the system resonance regime, impact-based energy
harvesting techniques have been drawing attention. The external im-
pacts are introduced by motion limiters (or mechanical stoppers). As
the system engages with the motion limiters, the instantly increased ef-
fective stiffness alters the system resonance to higher values; hence, an
overall extended resonance regime can be formed. Soliman et al. [15]
first proposed an impacted-based energy harvester with 1-side motion
limiters; different designs have been reported in [16–19], with scale,
imiter shape and multi-stable stage modifications. Zhou et al. [20]
heoretically investigated and modelled a piezoelectric energy har-
ester with different mechanical stopper types. More recently, wind
nergy harvesters also utilised impact-based features to broaden the
andwidth [21]. Li et al. [22] utilised generated contact forces be-
ween a mass and stopper to induce nonlinear dynamics behaviours,
ence achieving broadband energy harvesting. For the aforementioned
pproaches, the base excitation directions are always perpendicular
o the beam length; to introduce parametric resonance, the chosen
ase excitation direction is in parallel to the beam length — the
rincipal parametric resonance is about twice the primary one. Ab-
elkefi et al. [23] analysed a piezoelectric energy harvester operating
t parametric resonance; other investigations into parametrically ex-
ited systems for energy harvesting purposes are reported in [24–30],
hich typically focus on reducing the initial threshold amplitude of

he parametric resonance. As a subclass of the parametric resonance,
esearchers have also exploited autoparametric resonance based en-
rgy harvesting techniques [31–33]. Zhang et al. [34] investigated a
endulum-like energy harvester based on autoparametric resonance
nd magnetic coupling effects. Tan et al. [33] studied an autopara-
etric vibration energy harvester coupled by a nonlinear energy sink

nalytically and experimentally.
Under a direct force, the nonlinear dynamic behaviour of a system

f its fundamental mode can be described by the Duffing equation [35]:

̈ + 2𝜁𝜔𝑛𝑥̇ + 𝜔𝑛
2𝑥 + 𝛽𝑥3 = 𝑓𝑐𝑜𝑠(𝛺𝑡), (1)

here 𝑓𝑐𝑜𝑠(𝛺𝑡) is the external forcing term including forcing amplitude
, excitation frequency 𝛺 and time domain 𝑡; 𝑥 denotes the displace-
ent, 𝜁 is the damping ratio, 𝜔𝑛 denotes the natural frequency and 𝛽
enotes the nonlinear stiffness coefficient. The dynamic behaviour of a
arametrically excited system of its principal parametric mode can be
escribed by using the Mathieu equation [36]:

̈ + 2𝜁𝜔𝑛𝑥̇ + 𝛾𝑥3 +
[

𝜔𝑛
2 − 𝜖𝑓𝑐𝑜𝑠(𝛺𝑡)

]

𝑥 = 0, (2)

here 𝑥, 𝜁 , 𝜔𝑛, 𝛾, 𝛺, 𝜖𝑓 are the displacement field, damping ra-
io, natural frequency, nonlinear stiffness coefficient, the excitation
requency and the magnitude of parametric excitation, respectively.
irectly excited system exhibits shorter transient status and requires a

ower base excitation level; while a parametrically excited system has
ime-dependent variables and needs a certain threshold amplitude to
rigger the movement. However, in dealing with particular vibration
ources, the amplitude growth in a parametrically excited energy har-
ester is able to maximise the output voltage/power even more than a
irectly excited device. The performances of the proposed device have
een examined under both directly excited and parametrically excited
onditions.

In this paper, a report on the design, fabrication, theoretical and
xperimental test of an impact-based piezoelectric nonlinear energy
arvesting array with two pairs of motion limiters is presented. When
ubject to both primary and parametric excitations, the proposed de-
ice had enhanced broadband performance at both its fundamental
250 
Fig. 1. Schematic of the motion of the proposed device: (a) three stages of the proposed
device; (b) the piecewise stiffness behaviour of the proposed device.

and parametric resonances. Firstly, under a conventional direct base
excitation, the proposed device exhibited a broad and continuous ef-
fective frequency bandwidth; the obtained frequency response of the
system implies the advantages of the second pair of motion limiters.
Secondly, under a parametric excitation, the proposed device demon-
strated the merit of combining a nonlinear frequency response in
parametric resonance and the motion limiters; both the operational
frequency bandwidth and the peak voltage level were increased. Both
directly and parametrically excited conditions of the proposed device
are compared with the conventional linear and one (single-side or
double-side) motion limiter counterparts, highlighting the effectiveness
of the device proposed in this paper.

2. Experiments

2.1. Design and experimental setup

In this section, the experimental setup and test procedure for both
directly excited and parametrically excited scenarios are discussed. The
detailed dimensions of the fabricated array and the working principle
of the proposed device are also given.

The proposed nonlinear energy harvesting array has been designed
and fabricated based on four cantilever beams as the core vibrating
elements, and two pairs of two-side motion limiters as the externally
induced nonlinearity. The schematics shown in Fig. 1(a) and (b) are
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Fig. 2. Schematic of the device: (a) device without motion limiters; (b) device with
two pairs of motion limiters.

the working principle and the displacement-effective stiffness plot,
respectively, of the proposed device, which is presented in Fig. 2. Under
a base excitation, the motion of the test beam can be divided into three
operational stages. At the off-resonance regime, the system undergoes a
low amplitude frequency response. At resonance regime, the increasing
displacement leads the system to engage with the first pair of double-
side limiters. A periodic impact alters the system effective stiffness to
a higher value, and the resultant resonance is shifted to a much higher
value during the impact. Consequently, a wider resonance range can
be formed with the rapid impacts. When the displacement triggers the
second pair of the double-side limiters, the effective stiffness can be
increased even further, hence the resonance regime can be extended
even more.

The systems shown in Fig. 2(a) and Fig. 3(a) are the schematic and
he fabricated device without motion limiter configurations, respec-
ively; Fig. 2(b) and Fig. 3(b) show the schematic and the fabricated
evices with 2 pairs of two-side motion limiters configurations, re-
pectively. The dimensions (length, width, thickness and tip mass) of
he four clamped–free aluminium beams (density 2700 kg∕m3) used
or directly excited and parametrically excited scenarios are shown in
able 1(a) and Table 2(a), respectively. Table 1(b) and Table 2(b) are
he selected gap distances between the two pairs of motion limiters used
or directly excited and parametrically excited scenarios, respectively.
he locations of the 2-pair motion limiters were selected based on
3

Table 1
Proposed device for directly excited scenario: (a) beam dimensions; (b) gap distance
of the first and second pairs of two-side limiters.

(a)

Beam Length × width ×
thickness

Tip mass 𝑚𝑡

A 170 × 11.5 × 0.5 (mm) 0.972 (gram)
B 179 × 11.8 × 0.5 (mm) 0.964 (gram)
C 174 × 11.5 × 0.5 (mm) 1.931 (gram)
D 180 × 10.8 × 0.5 (mm) 3.169 (gram)

(b)

Beam Gap distance 𝛥1 of First
two-side limiter

Gap distance 𝛥2 of
Second two-side
limiter

A 3.67 (mm) 8.53 (mm)
B 4.81 (mm) 10.24 (mm)
C 4.69 (mm) 11.37 (mm)
D 5.00 (mm) 14.34 (mm)

Table 2
Proposed device for parametrically excited scenario: (a) beam dimensions; (b) gap
distance of the first and second pairs of two-side limiters.

(a)

Beam Length × width ×
thickness

Tip mass 𝑚𝑡

E 165 × 11.7 × 0.5 (mm) 5.58 (gram)
F 165 × 11.5 × 0.5 (mm) 7.34 (gram)
G 162 × 11.6 × 0.5 (mm) 11.24 (gram)
H 175 × 12.5 × 0.5 (mm) 11.74 (gram)

(b)

Beam Gap distance 𝛥1 of First
two-side limiter

Gap distance 𝛥2 of
Second two-side
limiter

E 12.37 (mm) 30.45 (mm)
F 12.88 (mm) 36.25 (mm)
G 12.84 (mm) 36.83 (mm)
H 8.7 (mm) 32.27 (mm)

preliminary experimental tests to ensure the wideband behaviours can
be achieved and a relatively higher overall power level can still be
obtained. In addition, the locations of the motion limiters were set to be
closer to the first half length from the clamped end to avoid structural
fatigue, as the sharpened tips of the motion limiters can potentially
damage the test beam during contacting in rapid high-amplitude os-
cillations near the free end. The experimental measurement and data
acquisition devices are shown in Fig. 4(a). A base excitation was pro-
vided by a shaking table, APS 113, and its associated power amplifier,
APS 115. The base acceleration was monitored by an accelerometer,
Kistler 8774A50, and its coupler, Kistler 5134B. A Macro Fibre Com-
posite (MFC) layer M2807-P2 (a piezoelectric layer) was attached to
each of the test beams as the transduction method, and the voltage
divider circuit shown in Fig. 4(b) was employed to reduce the input
signal level to the allowable voltage range of data acquisition board
NI USB-6281.

To fully capture the system’s nonlinear response, the frequency sam-
pling rate was set to be 1 kHz; both forward (FW) and backward (BW)
frequency sweeps with a 0.05 Hz frequency increment were adopted
to reveal the nonlinear frequency responses in fundamental and para-
metric resonances adequately. A preliminary test in the vicinity of a
primary resonance were conducted for a single ambient frequency–time
history (plotted in Fig. 5) to decide the minimum settling time (4.1 s)
required to reach a system steady-state response for each frequency
increment. However, for the parametric resonance, the time-dependent
variable results in a wider transient status, hence the settling time was
set to be 20 s.
51 
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Fig. 3. Fabricated device: (a) No limiter configuration; (b) with two pairs two-side limiters.
a

.2. Primary resonance scenario

In this section, the proposed device was tested experimentally by
tilising the fundamental primary resonance under a directly excited
cenario (i.e., the beam length is perpendicular to the base excitation di-
ection). Four beams with tip masses (see Table 1) were employed as an
nergy harvesting array. Three different configurations were tested: (i)
o motion limiter, (ii), with 1-pair double-side motion limiters and (iii)
ith 2-pair double-side motion limiters configurations; the longitudinal
ositions for 1-pair limiters and 2-pair limiters configurations were
ocated at 68 mm and 105.6 mm from the clamped end, respectively.

constant base acceleration was set to be 0.22 g peak to peak for
ll directly excited experiments. To study and compare the device
 r

452 
performance of an effective frequency bandwidth, the effective voltage
level was set to be 0.3 V throughout the directly excited experiments.

As shown in Fig. 6, the frequency voltage plot of the no limiter con-
figuration indicated the linear (or weakly nonlinear) system behaviour
within the fundamental primary resonance regime for both the forward
and backward frequency sweeps. The fabricated test beams A, B, C and
D have their fundamental primary resonance frequencies at 10.1 Hz,
9.1 Hz, 7.6 Hz, and 5.95 Hz, respectively; and the corresponding effec-
tive frequency bandwidths are 0.8 Hz, 0.65 Hz, 0.65 Hz and 0.65 Hz,
respectively. For the sake of demonstration, the experimental results of
test beam C were adopted to investigate the time history, phase-plane
diagram and Fast-Fourier-Transform (FFT) plots, as shown in Figs. 7, 9
nd 11 for no limiter, 1-pairs limiter and 2-pair limiters configurations,
espectively.
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Fig. 4. Schematics of experimental setup: (a) testing and data acquisition devices; (b) voltage divider circuit diagram of each MFC layer.
Fig. 5. Experimental tested system transient and steady state responses under a single
ambient frequency.

With 1-pair limiters, as shown in Fig. 8, the externally induced
onlinearity was managed to engage with the device at the resonance
egime. The strong hardening response altered the effective funda-
ental resonance frequencies to higher values, hence reducing the

ff-resonance regimes between the adjacent test beams. The frequency
andwidths of the test beams (A; B; C; D) were increased (1.45; 1.2;
.65; 1.75) Hz. It can be seen that the forward and backward sweeps
ncreased monotonically first, then bifurcated at 10.4 Hz, 9.25 Hz,
.9 Hz and 6.2 Hz for test beams A, B, C and D, respectively. The
eason for this phenomenon is that the hardening response can only
5

alter the device to a more rigid effective stiffness; hence, the nonlinear
region of backward frequency sweep can only be triggered at the linear
resonance regime. As seen in Fig. 8, Beam D had a sharper slope in the
forward sweep plot, which is due to the effects of the equipped large
end mass. Given that the support structure of the motion limiters was
made in 3-D printed plastic material (PLA), the large impact force can
cause a transient deformation on the structure, which broadened the
initial gap distance, hence leading to a higher voltage level.

To fully eliminate the off-resonance regime between adjacent test
beams, another pair of motion limiters was adopted. As seen in Fig. 10,
at the resonance regime, the test beam (i.e., test beam C) engaged with
the first pair of motion limiters at 7.45 Hz. As the beam displacement
continued to increase, at 8.1 Hz, the test beam was able to further
engage with the second pair of motion limiters as a more rigid boundary
condition, leading to the hardening frequency regime being further ex-
tended to 9.35 Hz, which fully merged the off-resonance regime. Hence,
a continuous effective bandwidth has been formed from 5.7 Hz to
12.3 Hz; the effective bandwidths of beam (A; B; C; D) were (2.55; 1.65;
2.1; 2.4) Hz. Compared with the linear counterpart (the no limiter con-
figuration in Fig. 6), the overall frequency bandwidth was increased by
240%. Comparing no limiter and with limiter configurations, it can be
seen that the time trace and phase plane diagram in Figs. 9(a) and 11(a)
and Figs. 13(b) and 13(b) exhibited external impacts, respectively. This
phenomenon was mainly due to the hardening frequency response of
the adjacent test beam. Both Figs. 9 and 11 display a dominant periodic
53 
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Fig. 6. Frequency–voltage diagram for the no limiter configuration for primary resonance scenario.

Fig. 7. At 7.6 Hz, the test Beam C without limiter configuration: (a) time trace; (b) phase plane diagram; (c) FFT.

Fig. 8. Frequency–voltage diagram for the 1-pair double-side limiters configuration for primary resonance scenario.

654 
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Fig. 9. At 8.8 Hz, the test Beam C with 1-pair double-side limiters configuration: (a) time trace; (b) phase plane diagram; (c) FFT, display a dominant periodic characteristic
ogether with small disturbances.
Fig. 10. Frequency–voltage diagram for the 2-pair double-side limiters configuration for primary resonance scenario.
haracteristic plus small disturbances; this phenomenon was possibly
aused by the piezoelectric effects and limiters features.

.3. Parametric resonance scenario

In this section, the proposed device was tested experimentally by
tilising the principal parametric resonance under a parametrically
xcited scenario (where the beam length is parallel to the base exci-
ation direction). The principal parametric resonance is about twice
he principal fundamental resonance; thus, the four test beams (E, F,

and H) were fabricated and attached with larger tip masses to shift
he fundamental resonances to lower values (see Table 2). Similar to the

primary resonance cases, three different configurations were considered
for testing the device’s performance on effective frequency bandwidths:
(i) no motion limiter, (ii) 1-pair double-side motion limiters and (iii)
2-pair double-side motion limiters configurations. The longitudinal dis-
tances of the limiters remained at the same positions as for the primary
resonance cases.
7

As a certain threshold excitation amplitude is needed to trigger
the parametric resonance phenomenon, the selected base excitation
level needs to be higher than for the primary resonance cases. More-
over, the test beams were coupled with piezoelectric layers, so the
external damping effects from piezoelectricity are taken into consid-
eration. Based on preliminary testings, a 1.34 g peak to peak base
acceleration level was sufficient to trigger the parametric resonance
as well as revealing the nonlinear frequency responses. The effective
voltage level was set to be 0.1 V through all parametrically excited
experiments, as the off-resonance regime in parametrically excited
experiments displayed an almost zero-amplitude frequency response.

As shown in Fig. 12, the frequency–voltage curve of the no limiter
configuration reveals a nonlinear frequency response from the system
under a high base excitation level. The resonance regime bandwidth in
the backward sweep was doubled compared with the forward sweep.
The frequency bandwidths in forward and backward sweeps of the test
beams (E; F; G; H) were 0.3 Hz vs 0.6 Hz, 0.35 Hz vs 0.65 Hz, 0.35 Hz
vs 0.7 Hz and 0.45 Hz vs 0.75 Hz, respectively. The corresponding
resonance peaks of beams E to H were 0.56 V vs 1.28 V, 0.47 V vs
55 



Y. Fan, M.H. Ghayesh, T.-F. Lu et al. International Journal of Non-Linear Mechanics 142 (2022) 103974

t

1
f
a
s
r
s
f
a
p

r
e
e
t
s
t
u
s
F
t

Fig. 11. At 9 Hz, the test Beam C with 2-pair double-side limiters configuration: (a) time trace; (b) phase plane diagram; (c) FFT, display a dominant periodic characteristic
ogether with small disturbances.
Fig. 12. Frequency–voltage diagram for the no limiter configuration for parametric resonance scenario.
o
1
(
a
t
A
t
a
i
t
c
s

p
w
r
r
w

.26 V, 0.67 V vs 1.25 V and 1.15 V vs 1.56 V, respectively. Different
rom directly excited case, the parametrically excited device can have
broader frequency bandwidth and higher amplitude in the backward

weep for no limiter configuration. It can be seen that the beam H had a
elatively higher voltage amplitude in both the forward and backward
weeps, which was due to the impact of the tip mass. In order to
abricate a beam with its parametric resonance occurring at 5.7 Hz,

large tip mass (11.75 gram) was utilised to shift the fundamental
rimary resonance to an ultra-low value (around 2.8 Hz).

Comparing the time trace and phase plane diagrams between di-
ectly excited (in Fig. 7(a) and (b), respectively) and parametrically
xcited (in Fig. 13(a) and (b), respectively) scenarios, the directly
xcited cases exhibited more smooth and rounded paths. Slightly saw-
ooth shaped paths were seen at the peaks in the parametrically excited
cenarios. However, since the base acceleration levels were inconsis-
ent between the two experiments, parametrically excited experiments
nder high base excitation levels may cause more external impacts,
uch as insured clamped ends and inherent geometric nonlinearities.
ig. 14 shows the frequency response of the 1-pair limiters configura-
ion. With 1-pair motion limiters, the effective frequency bandwidths
 t

856 
f beams E to H were increased to 1.35 Hz, 1.25 Hz, 1.1 Hz and
.35 Hz, respectively. Different from the primary resonance scenario
with motion limiters), the peak voltage of the system was maintained
t the same level as for the no limiter configuration. For beams E and F,
he peak voltage levels were even higher than no limiter configurations.
s shown in Fig. 16, by introducing the second pair of motion limiters,

he off-resonance regimes between the four test beams were eliminated
nd the effective frequency bandwidths of beams E to H were further
ncreased to 1.7 Hz, 2.05 Hz, 2.3 Hz and 2.35 Hz, respectively. Hence,
he overall effective bandwidths were increased by 579% and 311%
ompared with their no limiter counterpart, for forward and backward
weeps, respectively.

It can be seen that test beams F, G and H reached higher resonance
eaks with the second pair of motion limiters. When beam F engaged
ith the second pair of motion limiters at 8.85 Hz, the instant frequency

esponse slope became smaller than for the 1-pair limiters’ configu-
ation. However, the second pair limiters induced external stiffness,
hich extended the effective resonance regime to 10.45 Hz (9.55 Hz for

he 1-pair limiters configuration), and resulted in a higher peak voltage
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Fig. 13. At 9.4 Hz, the test Beam F without limiter configuration: (a) time trace; (b) phase plane diagram; (c) FFT.
Fig. 14. Frequency–voltage diagram for the 1-pair double-side limiters configuration for parametric resonance scenario.
evel (1.384 V) than for the 1-pair limiters configuration (1.37 V). The
ime history, phase-plane diagram and FFT for the 1-pair limiters and
-pair limiters configurations are shown in Fig. 15(a), (b) and (c) and

Fig. 17(a), (b) and (c), respectively. Both the phase plane diagrams
show coincident paths. The saw-tooth motion (i.e., slight amplitude
disturbances) can be revealed in the positive half circle; however, the
trend in the negative voltage region was not conspicuous. This was
mainly caused by the partially attached unimorph MFC layer as the
asymmetrically located MFC layer induced the system initial geometric
imperfection.

3. Theoretical verification

In order to verify the experimental results theoretically and numer-
ically, in this section, equations for the lumped model of the system
along with the adaptive step-size Runge–Kutta method and the finite
element method (FEM) have been utilised to compare the experimental
results of a reference piezoelectric cantilever beam without a motion
limiter at its primary resonance regime. Table 3 shows the system
9

parameters used for the FEM and Runge–Kutta method. A low constant

base acceleration 0.2 g peak to peak is employed in this section.
Table 3
Structural parameters and geometry for analytical and numerical verifications of the

proposed piezoelectric energy harvester.
Aluminium beam

Dimension 𝑙𝑏 ×𝑤𝑏 × ℎ𝑏 (mm) 180 × 12.5 × 0.5
Elastic Modulus 𝐸𝑏 (GPa) 68.9
Poisson’s Ratio 0.31
Mass density (kg∕m3) 2770
Tip mass 𝑚𝑡 (g) 3.169
MFC-2807-P2 patch
Dimension 𝑙𝑝 ×𝑤𝑝 × ℎ𝑝 (mm) 28 × 7 × 0.3
Elastic Modulus 𝐸𝑝 (GPa) 30.33
Poisson’s Ratio 0.33
Mass density (kg∕m3) 5440
Capacitance 𝑐𝑝 (nF) 15.11
Load Resistance R (Ohm) 1.65 × 105

Piezoelectric constant 𝑑31 (m∕V) −170 × 10−10

Piezoelectric constant 𝑔31 (Vm∕N) 1.2 × 10−4

electromechanical coupling coefficient 𝜑 (N∕V) −5.996 × 10−5
57 
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Fig. 15. At 10.55 Hz, the test Beam F with 1-pair double-side limiters configuration: (a) time trace; (b) phase plane diagram; (c) FFT, display a dominant periodic characteristic
together with small disturbances.
Fig. 16. Frequency–voltage diagram for the 2-pair double-side limiters configuration for parametric resonance scenario.
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FEM is performed by the FEA package ANSYS Workbench 18.2. The
ode shape, piezoelectric effects and frequency response of the first
ode of the testing beam have been simulated in modal and harmonic

nalysis modules. An adequately fine mesh contains 14723 hexahedral
lements and 90810 nodes and it has been applied for modelling as
hown in Fig. 18. In Fig. 19(a), the FEM and experimental results
ndicate a very good agreement on the natural frequency, showing a
iscrepancy of 1.27% (6.2 Hz vs 6.28 Hz), which was mainly due to the
mpacts of the thin adhesive layer between the piezoelectric layer and
he aluminium beam, which can induce insufficient effective stiffness
o the system. As in the harmonic analysis module, the steady-state
esponse of the linear system neglected the transient effects, the 0.08 Hz
ifference between FEM and experimental results indicates the slightly
 𝑚

1058 
oftening behaviour of the system. The FEM voltage output from the
iezoelectric bender is based on the FEM results [37]:
(

𝑑
𝐿𝑏

)

= 𝑔31𝐸𝜀
(

𝑑
𝐿𝑏

)

𝐿𝑝, (3)

where 𝑑 is the longitudinal position of the partially attached piezoelec-
tric bender; 𝐿𝑏, 𝐿𝑝, 𝑔31, 𝐸𝜀 are the length of the test beam, length of
the piezoelectric bender, piezoelectric voltage constant and the stress at
that position, respectively. The governing electro-mechanical equations
of the piezoelectric cantilever beam can be described as:

𝑚𝑥̈(𝑡) + 𝑐𝑥̇(𝑡) + 𝑘1𝑥(𝑡) + 𝑘3𝑥 (𝑡)3 + 𝜑𝑣(𝑡) = 𝑓 (𝑡), (4)

𝑝𝑣̇ (𝑡) + 𝑣∕𝑅 − 𝜑𝑥̇(𝑡) = 0, (5)

here 𝑓 (𝑡) is the external forcing term; 𝑥 is the displacement field;
, 𝑐, 𝑘 and 𝑘 denote the equivalent mass, damping, linear and
1 3
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Fig. 17. At 10.75 Hz, the test Beam F with 2-pair double-side limiters configuration: (a) time trace; (b) phase plane diagram; (c) FFT, display a dominant periodic characteristic
together with small disturbances.
Fig. 18. The mode shape of the testing beam of its primary resonance.
nonlinear stiffness coefficients, respectively. 𝑣 is the voltage across
resistor 𝑅, 𝑐𝑝 is the capacitance of the piezoelectric bender and 𝜑 is
the electromechanical coupling coefficient.

The equivalent mass and stiffness are defined as [38]:

𝑚 = 33
140

(

𝑚𝑏 + 𝑚𝑝
)

+ 𝑚𝑡, (6)

𝑘1 =
3𝐸𝑏𝐼𝑏
𝑙𝑏3

+ 𝜀
3𝐸𝑝𝐼𝑝
𝑙𝑝3

, (7)

𝑐 = 2𝜉𝜔𝑛𝑚, (8)

where 𝜀 is the correction factor as the beam is not fully covered by the
piezoelectric bender; 𝜔𝑛 denotes the natural frequency and 𝜉 denotes
the damping ratio. Based on the system parameters given in Table 3
and Eqs. (6)–(8), the calculated parameters for the analytical model
11
are: 𝑚 = 3.96 g, 𝑐 = 0.0064 Ns∕m, 𝑘1 = 6.18 N∕m, 𝑘3 = −321.4 N∕m3.
The Runge–Kutta method in MATLAB was employed to simulate the
frequency response of the proposed piezoelectric energy harvester.

Fig. 19(a) and (b) depict the displacement voltage comparison
across the theoretical, numerical and experimental results for the test-
ing beam, respectively. The results present a good agreement of the nat-
ural frequency between the theoretical and experimental resonances,
which indicates that the system owns a nonlinear stiffness term as the
system exhibited slight softening behaviour in the primary resonance.
To decide the optimal load resistance across the piezoelectric bender,
Fig. 20 illustrates the average power as a function of load resistance
under different excitation levels when the system is excited at its
natural frequency. 𝑅 = 106Ω seems to be the optimal load resistance
value under different base acceleration levels (i.e., 0.1 g, 0.2 g and 0.3 g
59 
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Fig. 19. The comparison between experimental, analytical and numerical results: (a) displacement; (b) voltage.
Fig. 20. The average power as a function of load resistance under different excitation levels.
peak to peak), which indicates the slight impacts of base excitation
levels on the load resistance.

4. Conclusion

This paper has proposed an impact-based piezoelectric energy har-
vesting array for both conventional directly excited and parametrically
1260 
excited scenarios. The working principle is based on the externally
induced nonlinearity from the two pairs double-side motion limiters.
The device has been built and the experimental validations have been
carried out, and the results imply that for both cases, the proposed
device exhibited extended continuous effective frequency bandwidths.
For the theoretical verification, comparisons of the resonance peak, tip
displacement and generated voltage across the theoretical, numerical
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and experimental results indicate their good agreement. For the directly
excited cantilever array, the overall frequency bandwidth was increased
by 240% as compared with the no limiter configuration, while the
peak voltage level exhibited a reduction. This implies a certain trade-
off between the gap distance of the motion limiters and the extended
resonance regime in the directly excited condition at the fundamental
primary resonance. For the parametrically excited cantilever array, the
overall frequency bandwidth was increased significantly; i.e., 579%
in the forward sweep and 311% in the backward sweep cases, as
compared with those without limiter configurations. For the second
pair motion limiters, the peak voltage level of some test beams was
even higher than for the no limiter configuration. Without a limiter, the
directly excited array exhibited a linear frequency response due to the
relatively small acceleration level. In order to trigger and overcome a
certain threshold amplitude in principal parametric resonance, the base
acceleration was set to be larger, which led the parametrically excited
beams to exhibit nonlinear frequency responses; as the parametric
resonance is sensitive to damping, a proper transducer was suggested
(i.e., piezoelectric elements or magnet-coil structures) to adapt a se-
lected base excitation level. Compared to conventional impact-based
energy harvesting devices (without limiter and with one (one-side
or double-side) limiters configuration), the proposed directly excited
device achieved an increase in the effective frequency bandwidth.
When the device was under the parametrically excited condition at the
principal parametric resonance, both the peak voltage level and the
effective bandwidth were enhanced.
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A broadband magnetically coupled bistable energy harvester via 
parametric excitation 

Yimin Fan *, Mergen H. Ghayesh , Tien-Fu Lu 
School of Mechanical Engineering, University of Adelaide, South Australia 5005, Australia   

A R T I C L E  I N F O   
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A B S T R A C T   

Owing to the excitation level of ambient vibrations, the wideband performance of multi-stable energy harvesters 
and parametrically excited energy harvesters is restricted. The bistable periodic interwell motion and parametric 
resonance initial threshold amplitude primarily depend on the base excitation level. In this paper, a wideband 
two-element piezoelectric energy harvester with both bistability and parametric resonance characteristics is 
presented (i.e. designed, theoretically tested, fabricated and experimentally tested) to tackle the issue of reducing 
the potential barrier and triggering the parametric threshold amplitude. This device is the first to utilise a directly 
excited element as an external oscillation source to trigger the large amplitude oscillation of a parametrically 
excited element through magnetic coupling effects; the periodic interwell motion revealed in the parametrically 
excited device infers its bistability feature; and a continuously effective operational bandwidth (10–17.3 Hz) is 
achieved for both elements, which infers the high-energy orbit motions. Theoretical modelling of the proposed 
device and the expression of the magnetic coupling effects are presented to predict the dynamics of the system, as 
well as verifying the experimental results. The effects of the base excitation level and the gap distance between 
magnets are also analysed to shed light on the flexibilities and limitations of the device.   

1. Introduction 

With the rapid development of Internet of Things (IoT) devices 
including wearable electronic devices, wireless sensors, implantable 
medical devices and remote smart monitors, battery power consumption 
is an unavoidable issue that limiting their performance. As a natural 
energy source, vibration energy is renewable and has diverse forms, and 
is therefore considered to be one of the promising methods for miti
gating battery power limitations. Of keen interest for vibration energy 
harvesting (VEH) techniques is converting vibration energy into elec
trical energy, thereby aiming to provide a sustainable and efficient en
ergy supply for the daily use of electronic devices. 

The initial concept of VEH is to utilise tuning techniques to match 
ambient and designed system resonances, so-called linear resonators, 
which are only applicable to single harmonic input frequency sources. In 
dealing with varying excitation frequency sources and stochastic envi
ronments, nonlinear energy harvesting (NVEH) techniques aim to 
broaden the effective frequency bandwidth. The resultant expanded 
resonance regime should enable the system to be operational within a 
certain effective bandwidth. In order to achieve a broadband system, 

softening and hardening frequency responses caused by magnetic 
restoring forces are commonly introduced by researchers. In early ap
plications, Mann and Sims [1] proposed a magnetic levitation system 
with a hardening frequency response, the results demonstrated that the 
nonlinear phenomenon had potential to enhance the bandwidth per
formance. Cottone, Vocca and Gammaitoni [2] investigated an inverted 
pendulum with tip magnets subjected to a stationary magnet: potential 
wells were formed through repulsive magnetic interaction, by altering 
the distance between the magnets, two equilibrium stable positions of 
the cantilever have been found and the feature of this energy harvester is 
known as a bistable oscillator. Differing from a linear resonator, a 
bistable Duffing energy harvester moves between two potential wells, 
and its interwell motion under large excitation levels has the potential to 
outperform its linear or monostable counterparts [3]. For multi-stable 
energy harvesters, typical modifications are based on the magnetic 
restoring force [4–6] or initially curved structures [7–9]. The magnetic 
interaction mainly decides the system behaviours whether it is linear, 
monostable or bistable; based on the design parameters, the gap distance 
between the two magnets (e.g., a tip magnet on a core element interacts 
with a stationary one) affects the frequency bandwidth and the output 
power/amplitude levels. With alternative magnet designs, the 
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equilibrium states of these proposed systems can reach tristable [10–12] 
and even quadstable states [13,14]. For multi-stable energy harvesting 
techniques, the types of motion including intrawell and interwell mo
tions, which are highly dependent on the external excitation level. Based 
on the vibration sources, Cao et al. studied a nonlinear bistable energy 
harvester from human motion [15]; Qian et al. numerically and exper
imentally investigated a piezoelectric footwear energy harvester [16]; 
Izadgoshasb et al. proposed a double pendulum structure for vibration 
energy harvesting purpose from human motions [17]. To evaluate and 
optimise the performances of multi-stable energy harvesters under 
random excitations, Lan and Qin studied a bistable energy harvester 
with both magnetic repulsion and attraction effects under weak base 
excitation levels [18]; Leng et al. analytically and experimentally 
investigated a tristable energy harvester with a different arrangement of 
magnets, the experimental results demonstrated a higher voltage level 
compared with its bistable counterpart under filtered Gaussian noise 
[19]. As another broadband technique, multi degrees of freedom (DOFs) 
structures with more than one effective resonance have been investi
gated theoretically and experimentally by researchers, typically in L- 
shaped energy harvesters [20–22]; by combining with the bistability 
feature, multi DOFs bistable energy harvesters can further broaden the 
operational bandwidth [23,24]. Although the aforementioned multi- 
stable energy harvesters brought an advanced outlook in dealing with 
realistic problems, crossing the potential barrier between each potential 
well remains an unfulfilled issue since the external excitation level is 
exceedingly important for triggering the periodic interwell motion. 
Mann and Owens investigated a nonlinear energy harvester with mag
netic interactions induced bistable potential well, both the theoretical 
and experimental results showed broadband performance due to inter
well motion [25]. In order to decrease the potential barrier between 
potential wells, Wang and Liao proposed a bistable piezoelectric oscil
lator with an elastic magnifier [26]; Cao et al. investigated the potential 
well depth in a tristable energy harvester [27]; Chiacchiari et al. pre
sented numerical studies on a 2-DOF bistable energy harvester [28]. 

Unlike directly excited energy harvesters, parametrically excited 
energy harvesters mostly utilise the principal parametric resonance that 
occurs commonly at twice the principal fundamental resonance to 
extract energy, requiring the excitation direction to be paralleled to the 
core element length (e.g., a clamped-free cantilever beam). Daqaq et al. 
presented analytical and experimental investigations of a parametrically 
excited energy harvester [29]. Their results indicated there was a critical 
excitation level (or a certain threshold amplitude) exists in a para
metrically excited device, which depends on the system damping coef
ficient. Different from directly excited devices, the off-resonance regime 
exhibited an almost zero-amplitude frequency response. Consequently, 
reducing the threshold amplitude of parametrically excited devices is 
the most critical issue in the view of energy harvesting [30–34], 

especially for piezoelectric transducers [35,36], where inherent damp
ing from ceramics are used, which makes triggering even more difficult. 

Based on the points mentioned above, the base excitation level is the 
common constraint for broadening the effective frequency bandwidth in 
both multi-stable energy harvesting and parametrically excited energy 
harvesting techniques. A certain excitation level is required to overcome 
the potential barriers between potential wells and trigger the threshold 
amplitude for achieving interwell motion in bistable energy harvesters 
and the parametric resonance in parametrically excited devices, 
respectively. This paper attempts to address this issue by employing 
magnetic coupling effects between a parametrically excited beam and a 
directly excited beam. By tailoring the system parameters, the strong 
hardening frequency response from the directly excited beam as an 
external vibration source managed to trigger the principal parametric 
resonance of the parametrically excited beam, even under a low exci
tation level. 

The paper is organised as follows. In Section 2, the proposed two- 
element magnetically coupled device is modelled theoretically. The 
magnetic dipole method is introduced for analysing the magnetic in
teractions between the two core elements. Section 3 describes the spe
cific experimental setup, data processing approaches as well as 
preliminary tests on the device including revealing the equilibrium 
stable positions and resonances of the uncoupled system. Theoretical 
and experimental results are given in Section 4 along with discussion 
and comparison. Parametric studies of key system parameters such as 
the base acceleration level and gap distance between magnets are also 
presented. The major findings are discussed in details in Section 5. 

2. Theoretical modelling 

Consider a system with magnetic coupling between a parametrically 
excited beam and a directly excited beam under a certain base excita
tion, as shown in Fig. 1. Each beam attaches with a laminated piezo
electric layer that is connected to a resistance for energy harvesting 
purposes; each beam is modelled as a mass-spring-damper system, with 
an external magnetic coupling term from the interactions of the magnets 
as well as an electromechanical coupling term induced by piezoelectric 
layers. The governing equations can be described as 

mdẍ + cdẋ + kdx + αx3 − φdvd +
∂Um

∂x
= − mdZcos(ωt), (1)  

Cpv̇d +
vd

RL
+ φdẋ = 0, (2)  

mpÿ + cpẏ +
(
kp − hZcos(ωt)

)
y + βy3 − φpvp +

∂Um

∂y
= 0, (3) 

Nomenclature 

Z excitation force amplitude 
ω excitation frequency 
md equivalent mass of directly excited beam 
mp equivalent mass of parametrically excited beam 
cd damping coefficient of directly excited beam 
cp damping coefficient of parametrically excited beam 
kd linear stiffness coefficient of directly excited beam 
kp linear stiffness coefficient of parametrically excited beam 
α nonlinear stiffness coefficient of directly excited beam 
β nonlinear stiffness coefficient of parametrically excited 

beam 
x displacement component of directly excited beam 
y displacement component of parametrically excited beam 

φd electromechanical coupling coefficient of directly excited 
beam 

φp electromechanical coupling coefficient of parametrically 
excited beam 

RL load resistance 
Cp capacitance of the piezoelectric element 
v output voltage 
Um potential energy field caused by magnetic interaction 
M density of magnetization 
Brj residual magnetic flux density 
μ0 permeability of vacuum 
V volume of magnet 
θ rotational angle of the parametrically excited cantilever 

beam  
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Cpv̇p +
vp

RL
+ φpẏ = 0, (4)  

where md and mp are the equivalent masses of directly excited beam and 
parametrically excited beam, respectively; cd and cp are the damping 
coefficients; kd and kp are the linear stiffness coefficients;α and β are the 
nonlinear stiffness coefficients;φd and φp are the electromechanical 
coupling coefficients for directly excited and parametrically excited 
beams, respectively; Zcos(ωt) is the base acceleration term, ω is the 
excitation frequency; RL and Cp are the load resistance and capacitance 
of the piezoelectric element, respectively; x and y are the displacement 
components of the directly excited beam and parametrically excited 
beam, respectively; vd and vp are the output voltages from the piezo
electric layer of directly and parametrically excited beams, respectively; 
h is the scaling factor of the parametric excitation term; Um is the po
tential energy field caused by the magnetic interactions between the two 
magnets, A and B. 

To model the magnetic coupling between these two beams theoret
ically, the magnetic dipole method is employed. The two magnets are 
assumed to be point dipoles, and the magnetic field generated by A upon 
B is expressed as [37] 

BAB = −
μ0

4π ∇
μA∙rAB

rAB
3 = −

μ0

4π (
μA

rAB
3 − (μA∙rAB)

3rAB

rAB
5 ), (5)  

where μ0 is the permeability of the vacuum; μA is the magnetic moment 

vector of dipole A; rAB is the distance vector from dipole B to dipole A; 
and ∇ represents the Euclidean Norm. The magnetic moment vectors of 
dipole A and B and the distance vector rAB can be determined from Fig. 2 
as 

μA =

(
MAVAcosθ
MAVAsinθ

)

, (6a)  

μB =

(
− MBVB

0

)

, (6b)  

rAB =

(
− d − x − lp(1 − cosθ)

y

)

, (6c)  

where MA and MB are the densities of magnetization of dipole A and 
dipole B, respectively (Mj = Brj/μ0, Brj is the residual magnetic flux 
density); VA and VB are the volumes of magnets A and B, respectively; d 
is the initial distance between two dipoles along the x axis; and lp and θ 
are the length and the rotational angle (θ = ẏ) of the parametrically 
excited cantilever beam, respectively. The magnetic vector μB in the y 
direction is assumed to be zero as the magnet on the clamped–clamped 
beam is attached at the centre of the beam. Thus, the potential energy 
induced by these two dipoles can be expressed as 

Um = − BAB∙ μB = −
μ0MAVAMBVBcosθ

4π ((D2 + y2)
− 3

2 − 3D2

⎛

⎝(D2 + y2)
− 5

2

⎞

⎠,

(7a)  

D = d + x − lp(cosθ − 1) (7b) 

Eqns. (7a) and (7b) are the derived magnetic potential energy 
induced by dipoles A and B. Thus, the magnetic restoring forces in Eqns. 
(1) and (3) can be calculated by taking partial derivatives with respect to 
x and y for directly excited and parametrically excited beams, 
respectively: 

Fd =
∂Um

∂x
= −

μ0MAVAMBVBcosθ
4π (9D(D2 + y2)

− 5
2 − 15D3(D2 + y2)

− 7
2),

(8a)  

Fp =
∂Um

∂y
= −

μ0MAVAMBVBcosθy
4π

⎛

⎝3(D2 + y2)
− 5

2 − 15D2(D2 + y2)
− 7

2

⎞

⎠

(8b) 

Eqns. (8a) and (8b) indicate the difference between the derived 
magnetic restoring forces on directly and parametrically excited beam. 

Fig. 1. Schematic of the proposed bistable wideband energy harvesting device.  

Fig. 2. Geometric configuration of the dipole–dipole model between the tip magnet A on the parametrically excited beam and the middle magnet B on the directly 
excited beam. 
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A parametrically excited beam, is more dependent on its displacement; 
since the magnetic moment μB omits the vector along the y axis, the 
oscillations of parametrically excited beam have fewer effects on Fd. 
Based on Eqns. ((1)–(4)), (8a) and (8b), the voltage outputs of the pro
posed energy harvester can be obtained numerically by employing the 
Runge-Kutta Method in MATLAB; the system parameters are derived 
based on the geometric and material properties listed in Table 1. 

3. Experimental setup 

The corresponding experimental tests are performed to validate the 
theoretical model of the proposed device. A picture of the experimental 
setup is shown in Fig. 3(a) and the system parameters are listed in 
Table 1. The core element consists of a parametrically excited beam 
(clamped-free) and a directly excited beam (clamped–clamped). Both of 
them are made of aluminium and attached with laminated piezoelectric 
benders (Macro Fiber Composite MFC2807-P2 from Smart Material 
Corporation) for energy conversion. To introduce magnetic coupling 
effects to the system, a tip magnet with a plastic holder and a middle 
magnet (neodymium) are attached to the parametrically excited and 
directly excited beams, respectively. The base excitation is provided by a 
shaking table, APS 113, and its power amplifier, APS 115. An acceler
ometer, Kistler 8774A50, is used to monitor the real-time acceleration 
level. A displacement sensor, Wenglor CP24MHT80, is used to record 
the transverse deflection of the parametrically excited beam near the 
free end and an electrical circuit serves as a voltage divider to ensure the 
maximum output voltage is within the allowable range of data acqui
sition board NI USB-6281. With a 1 kHz sampling rate, 0.05 Hz step size 
and 20 s settling time, the proposed device reaches the stable states 
thoroughly for both the parametrically excited and directly excited 
beams. Constant base acceleration amplitudes are adopted for all ex
periments. By altering the gap distance between the two magnets, the 
system is able to undergo linear, monostable, or bistable status. The 

bistability of parametrically excited beam is displayed in Fig. 3(b); these 
two equilibrium positions indicate that the initial positions of the 
parametrically excited beam varying with different gap distances (the 
longitudinal distance between the tip and the mid magnets). 

Since the directly excited beam works as an external vibration source 
that enhances the operational bandwidth performance of the para
metrically excited beam, the ratio of the fundamental primary reso
nances between parametrically and directly excited beam without 
magnetic coupling effects should be around 1:2. By considering the 
repulsive magnetic coupling effects on each beam, the designed funda
mental primary resonances of the uncoupled parametrically excited and 
directly excited beams are 6.9 Hz and 17.9 Hz, respectively. In pre
liminary testing, the directly excited beam with clamped–clamped 
boundary conditions exhibited a strong hardening frequency response 
with a relatively wider resonance range as expected. Thus, for the 
parametrically excited beam, its predicted parametric resonance should 
occur around 13.8 Hz, which is within the range of the directly excited 
beam resonance regime. It should also be noted that the piezoelectric 
layers attached to the testing beams induced external mechanical/ 
electrical damping to the system; for conventional parametrically 
excited devices (e.g., simply clamped-free cantilever with piezoelectric 
elements), the parametric resonance phenomenon could only be 
revealed under a much higher base excitation level. 

4. Results 

The first test was to examine the performance of the proposed device 
in terms of the voltage level and compare it with the corresponding 
theoretical results. The longitudinal distance between the two magnets 
is set to be 55 mm for the main experiments. The theoretical and 
experimental voltage-frequency plots of both forward (FW) and back
ward (BW) sweeps of the coupled system under a 0.5 g base excitation 
are shown in Fig. 4(a) and Fig. 4(b), respectively, as well as a compar
ison plot in Fig. 4(c). The theoretical and experimental results are within 
good agreements for both operational frequency bandwidth and output 
voltage level. Under a 0.5 g base acceleration level, both the para
metrically excited and directly excited beams exhibit a strong hardening 
frequency response with a continually effective frequency bandwidth 
from 10 Hz to 17.3 Hz. In Fig. 4(b), the directly excited plots reveal a 
considerable peak occurred at 14.0 Hz, which demonstrate the existence 
of the principal parametric resonance for the parametrically excited 
beam, as well as its positive effects on the directly excited component. 

For a conventional uncoupled parametrically excited device, the 
resonance regime suffers from a narrow effective bandwidth and its off- 
resonance regime is obtained as a zero-amplitude response. However, in 
the proposed device, as the directly excited beam exhibits a strong 
hardening frequency response due to the clamped–clamped condition, 
the magnetic coupling between these two beams induces rapid in
teractions between the mid magnet (on the directly excited beam) and 
the tip magnet (on the parametrically excited beam). As a result, the 
initial boundary conditions of the parametrically excited beam have 
been changed, and this triggers and overcomes the threshold amplitudes 
for both the bistable and parametric resonance characteristics in 
consequence. The parametrically excited beam maintains on its high 
energy orbit and displays periodic interwell motions synchronously with 
the directly excited beam untill 17.3 Hz where the resonance regime of 
directly excited beam ends, the parametric resonance of parametrically 
excited beam is also terminated. In term of the voltage level, a higher 
overall voltage level shows in the parametrically excited beam plot (see 
Fig. 4(a), (b) and (c)). Since the directly excited clamped–clamped beam 
has a smaller amplitude than the parametrically excited beam in a 
clamped-free condition, the positive proportional relationship between 
the deformation and output voltage of the piezoelectric layer implies the 
higher overall voltage level of the parametrically excited beam. 

As one of the most important features of this proposed device is 
triggering and observing the bistability in the parametrically excited 

Table 1 
Material and geometric parameters of the proposed system.  

Directly excited cantilever beam  

Dimension ld × wd × hd (mm)  175 X 11 X 0.5 
Mid mass mdt (g)  33.0  

Parametrically excited cantilever beam  
Dimension lp × wp × hp (mm)  159 X 11 X 0.5 
Tip mass mpt (g)  2.1 (magnet 1.15 g, plastic holder 

0.95 g)  

Aluminium property  
Elastic Modulus EAl (GPa)  68.9 
Poisson’s Ratio 0.31 
Mass density ρAl (kg/m3)  2770  

Piezoelectric patch property  
Dimension lpzt × wpzt × hpzt (mm)  28 X 7 X 0.3 
Elastic Modulus Ep (GPa)  30.33 
Poisson’s Ratio 0.33 
Mass density ρpzt (kg/m3)  5440 

Capacitance cp (nF)  15.11 
Load Resistance R (Ohm) 1.65× 105  

Piezoelectric constant d31 (m/V)  − 1.7× 10− 10  

electromechanical coupling coefficient φd 
(N/V)  

− 1.1× 10− 4  

electromechanical coupling coefficient φp 

(N/V)  
− 8.3× 10− 5   

Magnet property  
Residual magnetic flux density Br (T)  1.057 
Permeability of vacuum μ0 (H/m)  4π× 10− 7  

Volume of magnet A VA (m3)  1.5708× 10− 7  

Volume of magnet B VB (m3)  4.459× 10− 6   
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Fig. 3. a) Experimental setup; b) the two stable equilibrium positions of the parametrically excited beam.  
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Fig. 4. The voltage-frequency plots of both forward and backward sweeps of the coupled system under a 0.5 g base excitation: a) theoretical results; b) experimental 
results; c) comparison between theoretical and experimental results. 
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system. For the second test, a smaller base excitation 0.36 g is adopted to 
expose the uncertain dynamic behaviours of the proposed system. The 
overall time trace for output voltage of the coupled system in the for
ward sweep case is shown in Fig. 5(a), Fig. 5(b) depicts the time trace of 
displacement of the parametrically excited beam in the forward sweep 
case. Based on the dynamic behaviours, the system motions are cat
egorised into four regions: monostable I, bistable, chaotic and mono
stable II. For each region, the corresponding time trace, probability 
density function (PDF), voltage phase portrait, and the displacement 
phase portrait are plotted in Fig. 6(a)-(d), Fig. 7(a)-(d), Fig. 8(a)-(d) and 
Fig. 9(a)-(d), respectively. 

Unlike the 0.5 g base excitation case, the parametrically excited 
beam was not able to cross the potential barrier with a 0.36 g base 
excitation that started at 10 Hz. An intrawell movement is observed in 
Fig. 5(b) and the displacement phase portrait in Fig. 6(d) indicates its 
motion in one potential well, which was around its one equilibrium 
attractor. Without the parametric resonance, the motion of the para
metrically excited beam was almost consistent with the directly excited 
beam, which further proves the effects of the proposed magnetic 
coupling enhanced the motion, as well as the voltage level of para
metrically excited devices in its off-resonance regime. With an increased 

excitation frequency, the parametric resonance was triggered at 740 s 
(11.85 Hz). A periodic interwell movement was formed and the voltage 
levels for both beams were increased significantly. In the presence of the 
parametric resonance, the motion of the parametrically excited beam no 
longer followed the directly excited beam synchronously. Fig. 7(a) 
shows the period of parametrically excited beam movement was 
doubled comparing to the directly excited beam. Fig. 7(c) reveals the 
effects of parametric resonance on direct excited beam, there are bi
furcations near the peaks of directly excited beam. With the large 
oscillation, a clean high-energy periodic interwell motion is shown in 
Fig. 7(d). It is clear to see the average peak to peak displacement 
amplitude of the interwell motion shown in Fig. 5(b) is 11.7 times larger 
than the one in first monostable region (27 mm vs 2.3 mm), which 
implies the merit of a fully triggered bistable energy harvester; in terms 
of voltage level, a 730% increase is observed (0.73 V vs 0.1 V) by 
comparing the average peak to peak voltage of the bistable region and 
the first monostable region. In the bistable region, the potential barrier 
seems to be neutralised because of the externally induced oscillation 
from the directly excited beam through the magnetic coupling; the 
threshold amplitude for the parametric resonance has also been trig
gered; in most bistable or parametrically excited devices, a piezoelectric 

Fig. 5. Experimental time trace of the coupled system in forward sweep under a 0.36 g base excitation: a) the voltage-frequency plots of both the directly and 
parametrically excited beams; b) displacement-frequency plot of the parametrically excited beam. 
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layer attached on cantilever beam requires a much larger excitation 
level to get triggered. The chaotic region shows that the parametrically 
excited beam exhibits both intrawell and interwell motions randomly 
when its parametric resonance gets closer to the upper limit (which 
mainly depends on the base excitation level), or receives insufficient 
oscillation support from the directly excited beam. The unpredictable 
motions can be found in Fig. 5(a), (b) and Fig. 8(a)-(d). The motions of 

the parametrically excited beam have random orbit jumps and brought 
uncertainties to the system; nevertheless, the two potential wells and the 
mixed motions of the parametrically excited beam can clearly be seen in 
Fig. 8(d). Similar to the first monostable region, the second monostable 
region occurs after the chaotic region, which implies the movement of 
the parametrically excited beam in this region is only driven by the rapid 
movement of the directly excited beam through magnetic coupling. 

Fig. 6. Experimental results of the proposed system in monostable I region under a 0.36 g base excitation: a) time history at 10.85 Hz; b) probability density function 
(PDF); c) phase portrait of voltage; d) phase portrait of displacement. 

Fig. 7. Experimental results of the proposed system in bistable region under a 0.36 g base excitation: a) time history at 14.0 Hz; b) probability density function (PDF); 
c) phase portrait of voltage; d) phase portrait of displacement. 
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Comparing between the two monostable regions, two equilibrium po
sitions can be found in Fig. 5(b). The average displacement amplitude in 
the second monostable region is higher than the first region, which is 
due to the gradually rising peaks of the hardening frequency response 

from the directly excited beam. This external oscillation vibration source 
enhances the motions the parametrically excited element. Considering 
the dynamic behaviours of the second monostable region, in Fig. 9(a), 
the voltage level of directly excited beam was 0.93 V, which was 7.75 

Fig. 8. Experimental results of the proposed system in chaotic region under a 0.36 g base excitation: a) time history of the chaotic region; b) probability density 
function (PDF); c) phase portrait of voltage; d) phase portrait of displacement. 

Fig. 9. Experimental results of the proposed system in monostable II region under a 0.36 g base excitation: a) time history at 16.0 Hz; b) probability density function 
(PDF); c) phase portrait of voltage; d) phase portrait of displacement. 
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times greater than the level in the first monostable region (see Fig. 6(a)). 
Fig. 9(c) and (d) indicate the intrawell motion of parametrically excited 
device that exhibits irregular circular-like trajectories near the potential 
barrier wall. Owing to the strong magnetic interaction, a larger velocity 
amplitude has brought the parametrically excited beam closer to the 
upper boundary position of the potential barrier and has almost stimu
lated the interwell motion. 

The effects of the base acceleration level substantially decide the 
effective bandwidth (or power level) of both multi-stable and para
metrically excited systems. In order to illustrate the proposed device’s 
performance under different excitation levels, as well as validating the 
accuracy of the theoretical model, three different base excitation levels 
(0.36 g, 0.5 g, 0.6 g) were employed for the parametric studies, 
including both forward and backward frequency sweeps. For the para
metrically excited beam, the forward and backward theoretical results 
are plotted in Fig. 10(a) and (d), respectively. The forward and back
ward experimental results are also shown in Fig. 10(b) and (e), respec
tively. A comparison plot is shown in Fig. 10(c). Beyond the 0.36 g base 
excitation, the parametrically excited beam exhibits an effective fre
quency bandwidth for both theoretical and experimental results. Under 
a 0.6 g base excitation, the upper peak in the theoretical results occurs at 

17.8 Hz, which has 0.55 Hz difference compared with the 0.5 g case. 
However, in the experimental results, the peaks and overall trend of 
these two cases are highly consistent with one another. In Fig. 10(b), 
even under a 0.36 g small base excitation, the interwell motion for the 
bistable region between 11.95 Hz and 14.05 Hz has a similar peak-to- 
peak amplitude for the 0.5 g or 0.6 g cases. It can be inferred from 
this phenomenon, with the proposed magnetic coupling, that the 
bandwidth/voltage level of the parametrically excited beam does not 
primarily depend on the base excitation level except that the threshold 
amplitude of the parametric resonance has yet to be triggered. In com
parison to the parametrically excited beam frequency response curves 
under different excitation levels, Fig. 11(a)-(e) show the theoretical and 
experimental voltage-frequency results of the directly excited beam. 
Theoretically, a clamped–clamped formed beam induces more non
linearities into the system, and an increased base excitation level de
livers a stronger hardening response even with the effects of the 
parametrically excited beam movement through magnetic coupling as 
shown in Fig. 11(a). The experimental results of the directly excited 
beam in Fig. 11(b) showing slight differences across three base excita
tion cases, and the hardening trend from the frequency response curve 
can be observed. The effects of parametric resonance on the directly 

Fig. 10. The voltage-frequency plots of the parametrically excited beam under different base excitation levels. Theoretical results: a) forward sweep; d) backward 
sweep; experimental results: b) forward sweep; e) backward sweep; c) comparison between theoretical and experimental results. 
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excited beam are shown in Fig. 11(b) and (e), which indicate the effects 
of parametric resonance through magnetic coupling on the directly 
excited beams are positive proportional in terms of peak amplitude. 

Under a smaller excitation level, the parametrically excited beam is 
prone to settle in one potential well due to insufficient energy to move 
across the potential barrier; as the magnetically coupling effects not only 
serve as an additional source of vibration, but it is also a vital factor of 
achieving bistability. Thus, the analyses of gap distance between the tip 
and mid magnets are conducted. Fig. 12(a) and (b) display the theo
retical frequency response results for different gap distances d between 
the two magnets for the parametrically excited beam and directly 
excited beam, respectively. As seen in Fig. 12(a), the gap distance de
termines the initial amplitude of the parametrically excited beam. The 
equilibrium stable position is further from the origin with smaller d; the 
peaks have considerable increases in amplitude but their positions in the 
frequency domain are maintained at almost the same location. Fig. 12(b) 
indicates the magnetic coupling on the directly excited beam has rela
tively lower impacts compared with the parametrically excited beam. 
This is in agreement with the theoretical expression of magnetic 
coupling, the magnetic moment vectors of dipole B in the y direction are 
omitted as it is a centre magnet on a clamped–clamped beam. 

5. Conclusion 

This paper presents theoretical and experimental investigations to 

analyse the dynamic responses of a designed two-element para
metrically excited bistable energy harvester for broadening operational 
frequency bandwidth, as well as reducing the potential barrier and 
initial threshold amplitude that are required for bistability and para
metric resonance characteristics, respectively. The device consists of 
two core elements, a parametrically excited clamped-free beam and a 
directly excited clamped–clamped beam. In the presence of the magnetic 
coupling between the tip magnet (on the parametric beam) and the mid 
magnet (on the direct beam), both the beams exhibit strong hardening 
frequency responses that form a wide resonance regime from 10 Hz to 
17.3 Hz, which is a substantial increase when compared with a single 
parametrically excited case – its parametric resonance cannot be trig
gered unless a much higher base acceleration is adopted. 

In order to examine the bistability feature of the proposed device, 
different base excitation levels are adopted. The experimental results 
illustrate that 0.36 g is the critical base excitation level of the proposed 
device, as its time trace shows all types of motion including monostable, 
bistable and chaotic motions. For any smaller excitation level, a proper 
piezoelectric layer is suggested to adjust the system damping charac
teristics. The bistable region in Fig. 5(a) and (b) illustrates that even 
under a small base acceleration level, the periodic large interwell motion 
of the parametrically excited beam can be observed, which infers the 
merits of the proposed system – the proposed design enables periodic 
interwell motion, as well as triggers the parametric resonance threshold 
amplitude through the magnetic coupling effects. The monostable 

Fig. 11. The voltage-frequency plots of the directly excited beam under different base excitation levels. Theoretical results: a) forward sweep; d) backward sweep; 
experimental results: b) forward sweep; e) backward sweep; c) comparison between theoretical and experimental results. 
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motion implies the off-resonance regime of the parametrically excited 
beam exhibits a non-zero amplitude-frequency response. The periodic 
intrawell motion enhances the displacement as well as the harvested 
voltage levels at its off-resonance regime. With the magnetic coupling 
effects, the output voltage level of the directly excitation beam has also 
been enhanced. The directly excited beam acts as an energy-harvesting 
element, as well as an external vibration source that aims to lower the 
potential barrier and threshold amplitude of the parametrically excited 
bistable element. Future work could also focus on optimising the designs 
of the directly excited beam (e.g., obtaining a larger mid-point deflec
tion design or utilising hybrid transducers as magnet-coil structures) in 
order to achieve lower-excitation levels as well as high-power applica
tions. The theoretical model is presented to predict the dynamics of the 
proposed device, showing good agreement with the experimental 

results. The effects of the base excitation level and magnet gap distance 
were also measured in the parametric studies. Of keen interest to 
parametrically excited and bistable energy harvesting devices, the pro
posed device provides a new broadband technique for nonlinear energy 
harvesting applications under low excitation levels. 
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Abstract 

     This research investigates a U-shaped vibration-based energy harvester with 

broadband and bi-directional features via an internal resonance. The proposed U-shaped 

structure has been tailored in a way that displays a two-to-one internal resonance between 

the selected transverse modes. The resonant modes and mode shapes of the proposed 

device have been designed and validated through an analytical method, the finite-element 

simulations as well as experimental tests, showing good agreement. The experimental 

tests imply the benefits of energy transfer between two modes, as resonance phenomena 

in all segments have been successfully triggered to obtain large-amplitude oscillations for 

high-efficient energy conversion via piezoelectric effects. Under harmonic excitations, 

different from conventional multi-mode vibration energy harvesters, the proposed device 

presented broadened resonance regions for both modes, and exhibited equally effective 

bandwidths under forward/backward sweeps. Moreover, the device is capable of being 

excited in two orthogonal directions as a bi-directional energy harvester. Parametric 

studies on the acceleration levels are also presented to evaluate the system performance 

and reveal the critical excitation level for triggering the internal resonance. It has been 

found that even under a 0.1 g acceleration level, the internal resonance phenomenon can 

still be observed between the first and second modes, which implies the feasibility of the 

proposed device even for ambient vibration sources with low energies. 
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Highlights  

- The proposed device consists of bi-directional, multi-mode and internal resonance 

features.  

- Theoretical investigations are presented to predict the resonant modes and mode 

shapes. 

- Experimental results depict a two-to-one internal resonance between the first and 

second transverse modes. 

- High-efficient and broadband operations are achieved at both the first and second 

transverse modes.  

 

1. Introduction  

     The designed size of wireless electronic devices is foreseeably more compact with the 

developments of integrated circuits. With limited battery sizes and capacities, the 

functionality of devices primarily depends on the power supply. A device that utilises 

energy conversion between environmental vibration sources and electric power offers an 

alternative perspective on how to achieve clean and sustainable energy scavenging, is 

known as an energy harvester. Various types of vibration sources such as ocean waves, 

streams and wind are capable of achieving efficient energy harvesting. For wearable 

electronic devices, as well as remote monitoring devices, mechanical vibration is seen to 

be the most promising vibration source in a low ambient frequency range.  

     In recent research, to settle the narrow operational bandwidth issue in linear energy 

harvesting techniques (i.e., to utilise a single-mode and tuning approach), broadband 

techniques are one of the most promising approaches that are capable of obtaining a 

specific range of natural vibration sources for efficient energy harvesting purpose. In 

early applications, the general investigations into linear energy harvesters focused on 

fundamental resonant modes that could only adapt ambient vibration sources in limited 

working ranges. Later, adjacent resonant modes, which may have the potential to broaden 

the operational frequency bandwidth, were considered. Multi-degree-of-freedom (MDOF) 

and multi-mode energy harvesting techniques utilise multiple resonant modes to improve 

the system of energy harvesting efficiency, and have therefore been introduced by various 
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researchers. Common approaches utilise cantilever beam-based structures with main and 

secondary elements through cut out methods [1-3]. For instance, Li et al. [3] proposed a 

multi-mode energy harvester consisting of a main beam and three sub-beams placed at its 

tip. By attaching selected tip masses on the main and sub-structures, three resonant modes 

were close enough to narrow the off-resonance regimes between each other; the energy 

harvesting efficiency was therefore improved. In recent studies, Dhote et al. [4] proposed 

multi-mode energy harvesters with an orthoplanar spring structure. A broad bandwidth 

was achieved by the proposed structure, as the designed sub-structures enabled multiple 

close peaks. By dealing with most of the environmental vibration sources, which are 

naturally multi-directional, on the basis of multi-mode energy harvesters, their feasibility 

for adding multi-directional features have also been studied [5-8]. Zhou et al. [5] studied 

a piezoelectric energy harvester with a zigzag structure, which was capable of outputting 

energy under different excitation directions. Yang et al. [8] combined multi-directional 

and multi-stable features on a spring-mass-based structure as a low operation frequency 

energy harvester.  

     Considering an MDOF system with its resonant modes that are commensurable or 

nearly commensurable (e.g., 2𝜔1 ≅ 𝜔2; 3𝜔1 ≅ 𝜔3;  𝜔1 + 𝜔2 ≅ 𝜔3), internal resonance 

phenomena could be revealed [9, 10]. When an internal resonance is presented, a common 

frequency response gets distorted and becomes complex to satisfy the energy transfer 

conditions. Compared with its linear counterpart, the energy transfer between the resonant 

modes enables nonlinear regimes in the system, which has the potential to broaden the 

frequency bandwidth as a broadband technique. As internal resonance can only be 

triggered with two or more resonant modes, to obtain the internal resonance phenomenon, 

it is essential to tune the resonant modes to be commensurable. To obtain energy 

harvesting that utilises internal resonances, L-shaped beam structures have been exploited 

comprehensively by researchers [11-14]. With the designed system parameters, by adding 

the side and end masses, as well as altering the two beam lengths, two-to-one or three-to-

one internal resonances (or in general any higher mode internal resonances) can be 

obtained. Nie et al. [13] investigated an L-shaped piezoelectric energy harvester. By 

altering the side and end masses, a two-to-one internal resonance was obtained, which 

enhances the energy and bandwidth performance. A theoretical distributed-parameter 

model and the finite element method (FEM) were conducted to verify the experimental 

results.  
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     Magnetic coupling is another approach to achieve resonant modes tuning, as well as 

inducing more nonlinearities into the system. Combining internal resonance and magnetic 

coupling characteristics, researchers such as Chen et al. [15] studied an L-shaped energy 

harvester with magnetic coupling between a stationary magnet and a magnet at the tip of 

the side beam. Xiong et al. [16] experimentally investigated a magnetically coupled L-

shaped energy harvester with an auxiliary oscillator. Yang and Towfighian [17] proposed 

a dual beam energy harvester consist of one vertical and one horizontal beam, both 

attached with tip magnets and interacted with each other so as to achieve an internal 

resonance. Under a certain base excitation, the internal resonance phenomenon can be 

revealed by altering the distances between the magnets. Other investigations of dual-beam 

structures with magnetic coupling effects can also be found in [18-20]. To induce more 

external nonlinearities, axially loaded approaches have been investigated to obtain 

monostable or bistable features [21-23]. Several recent investigations have provided 

theoretical and analytical perspectives of energy harvesters based on internal resonance, 

such as a 2-DOF bistable device [24], a clamped-free piezoelectric cantilever with lumped 

mass [25], and gravity effects on internal resonance [26]. Apart from conventional 

bending modes, torsion modes can also provide high power levels for energy harvesting 

purpose, such as a zigzag structure [27] or L-shaped structure utilised both bending and 

torsion modes [28].  

     Based on the aforementioned literature, this paper investigates a U-shaped energy 

harvester with some critical features to enhance the bandwidth and power level 

performance. In spite of existing research studies on U-shaped energy harvesters such as 

[29-31], investigations into the modal coupling effects and internal resonance 

phenomenon remain unfulfilled. Although Rocha et al. [32] have investigated a portal 

frame based (or U-shaped) energy harvester with one piezoelectric element analytically 

via the multi-scale method, to author’s best knowledge, experimental validations and 

explanations of the rich dynamics involving internal resonances are not yet available.  

     Recently, Fan et al. [33] examined a low operational frequency multi-directional 

vibration energy harvester with combined primary and parametric resonances by utilising 

motion limiters. They then designed an energy harvesting array by considering double-

type motion limiters when subjected to direct and parametric excitations [34]. With 

externally induced magnetic coupling effects, they proposed a parametrically excited 

energy harvester to achieve bistable and wideband features [35]. 
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    In this paper, we consider the two-to-one internal resonance in a bi-directional U-

shaped piezoelectric energy harvester. In Section 2, to predict the natural modes of the U-

shaped structure, an analytical model is analysed to investigate the mode shapes of the 

device, and to validate the findings using finite-element methods (FEM). Experimental 

tests and a FEM model with piezoelectric effects have been conducted to tune and 

optimise the modal coupling between two selected resonant modes, thereby introducing 

a two-to-one internal resonance. In Section 3, the experimental results of the proposed 

device under harmonic excitations are discussed to justify its performance in terms of 

bandwidth and voltage level. Effects of base acceleration levels are also studied 

experimentally as a parametric study. Section 4 concludes the main findings of this study 

and provides the directions for future study. 

 

2. Design and modelling for internal resonance 

     In order to obtain an internal resonance, two or more resonant modes should be 

commensurable or nearly commensurable. Thus, locating and predicting the natural 

frequencies of the proposed device will be tested and validated preliminarily. A U-shaped 

cantilever beam-based structure is utilised as the core vibrating element (as shown in Fig. 

1). The device consists of three beams, including two identical side beams and one mid 

beam with a small mid mass located at its centre position for resonance tuning purposes. 

Each beam attaches with a micro fibre composite as the transducer.  

     With the aim of achieving an ambient multi-directional and internal resonance based 

energy harvesting technique, we focus on the analysis of its first and second resonant 

modes to find out about the system characteristics associated with the targeted internal 

resonance. For the reference and preliminary simulation via FEM, as shown in Fig. 2, the 

base excitation direction is perpendicular and parallel to the length of the mid beam for 

the first and second modes to obtain peak amplitude, respectively. For energy harvesting 

devices that utilise internal resonance phenomena, because the phenomena can only be 

achieved if the selected modes are highly commensurable, an accurate frequency ratio 

needs to be obtained theoretically between the selected modes for prediction before 

design and manufacture for lab-use or industrial purposes. Therefore, an analytical model 

based on Euler-Bernoulli beam theory is given in this section to predict the mode shapes 

of such device and FEM method is used to compare with the analytical results. To derive 
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the mode shapes of the proposed device, the effects of the piezoelectric layers are 

neglected; the corner between each segment is assumed to be 90 degrees; all segments 

have similar width and thickness. As shown in Fig. 1 (b), all segments (i.e., 𝑖 = 1, 2, 3, 4) 

are assumed to be uniform, and the axial motions of such slender structures can be 

neglected; hence, we are only interested in transverse 𝑣𝑖(𝑠𝑖, 𝑡) components for this 

structure. The small mid mass 𝑚𝑡  located at the centre position of the mid beam for 

frequency tuning purposes is assumed to be a point mass and the rotatory inertia effects 

are neglected. Based on the Euler-Bernoulli beam theory, the equation of motion for 

transverse direction can be written as 

𝐸𝑏𝐼𝑏

𝜕4𝑣𝑖(𝑠𝑖, 𝑡)

𝜕𝑠𝑖
4 + 𝜌𝑏𝐴𝑏

𝜕2𝑣𝑖(𝑠𝑖 , 𝑡)

𝜕𝑡2
= 0, 0 < 𝑠𝑖 < 𝐿𝑖 (1) 

where 𝜌𝑏, 𝐸𝑏, 𝐴𝑏 and 𝐼𝑏 are the density, elastic modulus, area of cross section and area 

moment of the cross section of the substrate, respectively. By using the separable solution 

𝑣𝑖(𝑠𝑖, 𝑡) = 𝑊𝑖(𝑠𝑖)𝑒𝑗𝜔𝑡, Eqns. (1) can be expressed as [36]:  

𝑊𝑖
′′′′(𝑠𝑖) − 𝛽𝑖

4𝑊𝑖(𝑠𝑖) = 0 (2) 

where 

𝛽𝑖 = √
𝜌𝑏𝐴𝑏𝜔𝑟

2

𝐸𝑏𝐼𝑏

4

 

𝜔𝑟 is the natural frequency of r-th vibration mode. The general mode shape function of 

the transverse motions for each segment can be expressed as [37, 38] 

𝑊𝑖(𝑆𝑖) = 𝑎𝑖 sin(𝛽𝑖𝑆𝑖) + 𝑏𝑖 cos(𝛽𝑖𝑆𝑖) + 𝑐𝑖 sinh(𝛽𝑖𝑆𝑖) + 𝑑𝑖 cosh(𝛽𝑖𝑆𝑖) (3) 

where the coefficients 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝑑𝑖 can be determined by the system boundary conditions. 

The boundary conditions based on assumptions and following [36, 39], can be expressed 

as 

𝑣1(0, 𝑡) = 0 (4.1) 

𝑣1
′ (0, 𝑡) = 0 (4.2) 

𝑣4(𝐿4, 𝑡) = 0 (4.3) 

𝑣4
′ (𝐿4, 𝑡) = 0 (4.4) 
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𝑣2(0, 𝑡) = 0 (4.5) 

𝑣1
′ (𝐿1, 𝑡) = 𝑣2

′ (0, 𝑡) (4.6) 

𝐸𝑏𝐼𝑏𝑣1
′′(𝐿1, 𝑡) = 𝐸𝑏𝐼𝑏𝑣2

′′(0, 𝑡) (4.7) 

𝑣2(𝐿2, 𝑡) = 𝑣3(0, 𝑡) (4.8) 

𝑣2
′ (𝐿2, 𝑡) = 𝑣3

′ (0, 𝑡) (4.9) 

𝐸𝑏𝐼𝑏𝑣2
′′(𝐿2, 𝑡) = 𝐸𝑏𝐼𝑏𝑣3

′′(0, 𝑡) (4.10) 

𝐸𝑏𝐼𝑏𝑣2
′′′(𝐿2, 𝑡) = 𝑚𝑡𝑣2̈(𝐿2, 𝑡) + 𝐸𝑏𝐼𝑏𝑣3

′′′(0, 𝑡) (4.11) 

𝑣3(𝐿3, 𝑡) = 0 (4.12) 

𝑣3
′ (𝐿3, 𝑡) = 𝑣4

′ (0, 𝑡) (4.13) 

𝐸𝑏𝐼𝑏𝑣3
′′(𝐿3, 𝑡) = 𝐸𝑏𝐼𝑏𝑣4

′′(0, 𝑡) (4.14) 

𝑣1(𝐿1, 𝑡) = −𝑣4(0, 𝑡) (4.15) 

𝐸𝑏𝐼𝑏𝑣1
′′′(𝐿1, 𝑡) + 𝐸𝑏𝐼𝑏𝑣3

′′′(0, 𝑡) = (𝜌𝑏𝐴𝑏(𝐿2 + 𝐿3) + 𝑚𝑡)𝑣1̈(𝐿1, 𝑡) (4.16) 

By substituting the defined boundary conditions listed in Eqns. 4.1 – 4.16 into Eqn 3, the 

resulting sixteen equations can be rewritten into a matrix form as: 

𝑀 ∙ [

𝑎1

𝑏1

⋮
𝑑4

] = [

0
0
⋮
0

] (5) 

where M is a 16 by 16 matrix. The zeros of the determinant of M can be numerically 

solved, and the natural frequencies of the system can be obtained. As 𝛽𝑖 is directly related 

to the system natural frequencies, the unknown coefficients in the mode shape functions 

of all segments can be determined numerically.  

     To validate the calculated resonant modes, a corresponding FEM model via 

commercial software ANSYS (version 18.2, ANSYS, Inc., Cannonsburg, PA) was 

adopted for the comparison. The system parameters and material properties used for the 

experiments and FEM can be found in Table 1, and Table 2 illustrates the comparison 

(121.9 mm side beam case) between the calculated and simulated frequency results of the 

first six resonant modes, which are in very good agreement. The comparison reveals the 

accuracy of the derived mode shape functions, as well as the defined boundary conditions. 
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As the first and second mode shapes of the U-shaped structure mainly depend on the side 

beams and the mid beam, respectively, to further tune the two resonant modes, the mid 

mass and side beams’ lengths were selected as the changing variables to obtain a two-to-

one internal resonance. The experimental setup and measurement devices are shown in 

Figs. 3 (a) and (b). An aluminium beam was bent into a right-angled U-shaped structure. 

An MFC 0714-P2 layer was attached to each segment and the voltage of each MFC layer 

was measured across an identical loading resistance. Two laser sensors, Wenglor 

CP24MHT80 were utilised to obtain the transverse displacement of the right-side beam 

near the right-angled area, as well as recording the transverse displacement of the mid 

beam at its centre position. A shaking table (APS 113) with its amplifier (APS 115) 

produced external base excitation and was monitored by an accelerometer, Kistler 

8774A50, and its coupler, 5134B, to obtain constant base acceleration levels. A data 

acquisition board, NI USB-6281 was adopted for data collection. LabVIEW 2014 and 

MATLAB 2017b were used to monitor real-time data and data processing, respectively. 

A 1 kHz sampling rate was adopted for all experiments including forward and backward 

cases; 0.05 Hz frequency interval and 10 seconds settling time were sufficient to reach 

the system steady-state response.  

     To illustrate the sensitivity of the internal resonance phenomenon, the side beam 

length is set as a changing variable from 115 mm to 128mm, and the responses of the 

device with different side beam length have been experimentally tested under base 

excitations within the resonance ranges of the first and second transverse modes. As 

depicted in Fig. 4, the system internal resonance occurs when the side beam length is 

121.9 mm. For the first mode under base excitation 𝑌1𝑐𝑜𝑠𝜔𝑡, the frequency response of 

the side beam 121.9 mm case (Fig. 4 (a)) illustrates a classic internal resonance 

phenomenon with centre frequency at 18.1 Hz. The frequency response bends in two 

directions from the centre, and for the mid beam shown in Fig. 4 (b), the internal 

resonance occurs with various lengths. However, the 121.9 mm case shows more 

symmetric peaks, as well as much higher peak displacements. To examine the coupling 

between the first and second modes through internal resonance, Figs. 4 (c) and (d) show 

the frequency response of the side beam and mid beam within the second resonance 

regime under the base excitation 𝑌2𝑐𝑜𝑠𝜔𝑡, respectively. Without an internal resonance, 

the motion of the side beam is limited to less than 1 mm, which illustrates more 

sensitivities of revealing saturated dynamics in the side beam. When the internal 
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resonance has been triggered, five times larger maximum displacement of the side beam 

can be observed. As opposed to the system responses at its first mode, Fig. 4 (c) depicts 

clear jump phenomena between its forward and backward plots, while in Fig 4 (d), the 

frequency response of the mid beam displays hardening and softening responses in 

forward and backward plots, respectively. In order to examine if the frequency ratio 

between the first two transverse modes is commensurable, a comparison of the first two 

resonant modes between experimental and FEM results with different side beam lengths 

is shown in Fig. 5, which depicts a good match between the FEM and experimental results. 

121.9 mm is the overlapping position that denotes the perfect 1:2 resonant modes ratio. 

Thus, from the theoretical investigations and experimental tests, the two adjacent modes 

(i.e., first and second transverse modes) were managed to be coupled as a two-to-one 

internal resonance by tailored system parameters. Comparing Table 2 and Fig. 5, the 

discrepancies of the first transverse mode (0.84 Hz between calculated and experimental 

results, 0.57 Hz between FEM with and without MFC layers results) illustrate that the 

MFC layers induced additional stiffness and mechanical damping to the system; in 

addition, the adhesive used for surface bonding of MFC layers can possibly cause 

additional damping that shifts the resonant modes to higher values.  

 

3. Results and discussions 

     The mode shapes and natural frequencies can be predicted and calculated accurately 

through preliminary tests and theoretical validations. Thus, the internal resonance 

phenomenon can be obtained between the first and second resonant modes. In this section, 

the experimental results of the proposed device are discussed to reveal the merits of a U-

shaped internal resonance-based energy harvester. For clarity, both displacement-

frequency and voltage-frequency responses are adopted as the main figures to examine 

the device’s performance in terms of bandwidth and voltage/power level.  

     With an excitation direction parallel to the mid beam length, as shown in Fig. 6, the 

device was excited in the vicinity of its first resonant mode. The displacement-frequency 

responses in Fig. 6 (a) illustrate the different dynamic behaviours between side and mid 

beams under 0.6 g base acceleration. The two side beams, as the core vibrating segments, 

displayed two peaks occurring at 17.85 Hz and 18.75 Hz. The two jumps led the system 

to exhibit a continuously operational bandwidth of 0.9 Hz. The displacement-frequency 
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response of the mid beam shows a flat peak. The initial and ending positions of the 

resonance region are equal to the locations of the left and right peaks of the side beam, 

respectively. Figs. 6 (c) and (d) depict the overall time trace including both forward and 

backward sweeps for mid and side beams, respectively; it should be noted that the two 

peaks of the side beam are asymmetric: right peak has a higher amplitude, which suggests 

the system may exhibit initial geometric imperfections. From Figs. 7 (a), (b) and (c), the 

time trace and the FFT plots illustrate and prove the modal coupling between the first and 

second modes – even the side and mid beams share a similar resonance region, the time 

domain and frequency domain results both show the 2:1 ratio between the mid and side 

beams. Compared between Figs. 7 (b) and (c), the FFT of the side beam denotes a slight 

but notable peak at the second mode, while there is almost no response from the mid beam 

in the first mode. In terms of voltage levels, as shown in Fig. 6 (b), peak voltage can reach 

to 8.28 V, and the power dissipated in the resistor can be calculated by 𝑃 = 𝑉2 𝑅𝐿⁄ , which 

is 0.46 mW. Both beams have coincident voltage-frequency responses, which are 

coherent with the features of piezoelectric elements. As the laser sensors could only 

record the transverse displacements of the side and mid beams, the longitudinal motions 

may cause additional deformations to the structure, and there are additional deformations 

caused by longitudinal motions in the piezoelectric layers. Although both forward and 

backward plots were conducted for all the experiments, the system frequency responses 

of the first mode show few differences between them. There is no obvious frequency 

jumps between the two directional sweeps when the system is excited within the first 

transverse mode, which is different from most nonlinear energy harvesters that utilise 

soft/hardening dynamic behaviours: large bifurcations may occur when the directions of 

harmonic excitations change. 

     To analyse the system responses at its second resonant mode, the device was excited 

with the direction perpendicular to the mid beam length to obtain higher oscillation 

amplitudes. Displacement-frequency responses shown in Figs. 8 (a), (c) and (d) reveal 

nonlinear responses in the forward and backward plots. Both beams’ frequency responses 

and time traces depict jump phenomena in the forward and backward plots. The 

corresponding left and right branches (peaks) were able to extend even further in the 

backward and forward sweep cases, respectively. Although the two branches were 

asymmetric due to initial geometric nonlinearities, the extended regions, due to the double 

jump phenomena, have almost equally increased bandwidth. Based on derived mode 
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shape functions and FEM results, the core vibrating element in system’s second resonant 

mode is the mid beam. However, in the presence of the two-to-one internal resonance, 

large oscillations of the two side beams have been triggered, with a peak amplitude up to 

9.5 mm. Compared with the mid beam, the side beam has an overall higher amplitude at 

resonance, while the mid beam displays a non-zero amplitude response at the off-

resonance regime. Figs. 9 (a), (b) and (c) describe the time trace and FFT plots of mid 

and side beams, respectively, at system second resonant mode. Similar to the first mode 

(see Fig. 7), by introducing internal resonance to couple the first two modes, the two FFT 

figures prove the 2:1 ratio between mid and side segments. The voltage-frequency 

responses shown in Fig. 8 (b) illustrate the same trend and resonant region as the 

displacement-frequency responses shown in Fig. 8 (a).  The peak voltage was up to 4.29 

V and the power dissipated in the resistor was 0.12 mW.  

     Comparing the first and second modes, the core elements (i.e., the side beams for the 

first mode and the mid beam for the second mode) exhibited internal resonance 

phenomenon that the two peaks were bent in two opposite directions from the centre. In 

comparison, the coupled elements (the mid beam for the first mode and the side beam for 

the second mode) exhibited flatter resonance regions with a much higher amplitude near 

the central position and had similar zero-like off-resonance regimes, respectively.  

     To distinguish the differences between input frequency signals and system responses, 

Figs. 10 (a)-(h) illustrate the overall input base acceleration signals and the response 

spectrograms of both mid and side beams. Figs. 10 (a) and (b) show the overall time trace 

plots and the frequency spectrums of the measured input base acceleration within the 

system’s first and second transverse resonant ranges, respectively. With the input 

harmonic base excitation frequencies within the system’s first transverse mode (Figs. 10 

(a) and (c)), the response of the mid beam implies the effects of modal coupling that 

convert the low input frequency signal to high frequency oscillation. On the contrary, 

with a high input frequency shown in Figs. 10 (b) and (d), the response of the side beam 

reveals the energy exchanges from higher frequency to lower, especially between the 

resonant range from 17.8 Hz to 18.75 Hz (Fig. 10 (h)). The overall response spectrograms 

of the mid and side beams are consistent with the spectrums provided in Figs. 7 and 9. 

     To further study the performance of the proposed energy harvester in terms of the 

bandwidth and the voltage level, the base excitation level, as the most vital factor in 
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dealing with realistic ambient energy harvesting applications, was adopted for the 

parameter studies. The proposed device under six base acceleration levels, from 0.1 g to 

0.6 g, peak to peak, was investigated experimentally. Fig. 11 depicts the system responses 

at the first mode. Displacement-frequency responses of the mid and side beams are shown 

in Figs. 11 (a) and (c), respectively. Under a 0.1 g acceleration level, the left peak of the 

side beam can hardly be found. However, the mid beam’s response illustrates the 

existence of the internal resonance as it exhibited two notable resonant peaks that bend in 

opposite directions from the centre, which has a similar resonant region to the side beam. 

Even though the 0.1 g case can be considered as the critical excitation level to trigger 

internal resonance, a peak voltage of 2.1 V and power of 0.03 mW can still be generated. 

With increasing excitation levels, the frequency jump becomes larger between the two 

peaks are shown in the mid beam displacement-frequency plot as expected, which 

broadens the operational bandwidth, and increases the overall peak amplitudes of 

displacement and voltage levels. The system responses at its second mode shown in Figs. 

12 and 13, illustrate nonlinear dynamic behaviours in the forward and backward 

frequency responses. Unlike in the first mode case, even under a 0.1 g acceleration level, 

there is a 0.2 Hz symmetric frequency jump as shown in Figs. 12 (c) and 13 (c). Compared 

with most nonlinear energy harvesters which utilised hardening or softening responses, 

the bandwidth of their device is only effective in one direction (i.e., forward or backward 

sweeps). For the proposed devices, under a harmonic excitation, the broadband 

performance is not limited to one direction. As a U-shaped structure, the two side beams 

(segment 1 and segment 4) are considered to be symmetrical with the same material 

properties, as well as the mechanical-electrical coupling effects between the substrate and 

the MFC layer. To further validate the dynamic responses of the two side beams, Figs. 14 

(a) and (b) depict their voltage-frequency responses at the first and second modes, 

respectively. The results imply that the motions of the two side beams are almost 

consistent with each other, which agree with the assumptions. It should be noted, although 

the two side beams are considered to be symmetrical, the overall device is not, as the 

MFC layer attached to the mid beam was not placed on the centre position.   
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4. Conclusion  

     This research exploited a U-shaped piezoelectric energy harvester utilising an internal 

resonance to achieve broadband and bi-directional features. An analytical method was 

presented to predict and locate the resonant modes of the proposed device. The derived 

mode shape functions were validated with FEM simulations, showing less than 2% errors 

for the first six modes. The first two adjacent modes (i.e., the first and second modes) 

were managed to be coupled as a two-to-one internal resonance by introducing a mid-

mass and adjusting the side beams’ lengths as tuning methods, both experimentally and 

theoretically. Under harmonic excitations, the experimental tests illustrate the internal 

resonance phenomenon between the first and second modes, providing a peak power level 

of 0.46 mW and 0.12 mW, respectively. The effective operational bandwidths in either 

forward or backward sweeps for all segments (i.e., two side beams and one mid beam) 

are 1.5 Hz and 1.4 Hz in the first and second modes, respectively. Compared with 

conventional multi-mode and multi-DOFs energy harvesters that have substructures 

suffering low amplitude vibrations, the internal resonance phenomenon leads all 

segments of the proposed device exhibit large amplitude oscillations at both the first and 

second transverse modes. Thus, high-efficient energy conversion can be achieved. 

Compared with cases without an internal resonance, the side beam exhibited an almost 

zero amplitude response at its second mode. Compared with energy harvesters utilise 

softening or hardening features, which exhibit large frequency bifurcations under forward 

and backward harmonic excitations and the effective bandwidth depends on the directions 

of harmonic excitation, the operational bandwidth of the proposed device are effective 

for both directional harmonic excitations (e.g., forward and backward directions). As a 

prototype design and test, to optimise the power level, a fully covered unimorph or 

bimorph cantilever is suggested for future studies. Based on the characteristics of its first 

two transverse modes, the device is applicable under bi-directional base excitations. 

Parametric studies on acceleration levels suggest the critical excitation level is below 0.1 

g, which imply its feasibility under a small level of excitations from ambient vibrations.  
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Table 1. System parameters and material properties  

Substrate (Aluminium)   

Side beam (Segment 1) Dimension 𝑙𝑏1 × 𝑏𝑏1 × ℎ𝑏1 [mm] 121.9×17×0.5 

Mid beam Dimension 𝑙𝑏2 × 𝑏𝑏2 × ℎ𝑏2 [mm] 180.0×17×0.5 

Side beam (Segment 4) Dimension 𝑙𝑏3 × 𝑏𝑏3 × ℎ𝑏3 [mm] 121.9×17×0.5 

Elastic Modulus 𝐸𝑏 [GPa] 68.9 

Poisson’s Ratio  0.33 

Mass density 𝜌𝑏 [kg m3⁄ ] 2700 

Mid mass 𝑚𝑡 at centre of the horizontal beam [g] 2.8 

 

MFC Patch   

Dimension 𝑙𝑝 × 𝑏𝑝 × ℎ𝑝 [mm] 7×14×0.3 

Location from fixed end [mm] 18.28 

Location from connection point between segments 3 and 4 15.71 

Location from fixed end [mm] 18.28 

Elastic Modulus 𝐸𝑝 [GPa] 30.3 

Poisson’s Ratio  0.31 

Mass density 𝜌𝑝 [kg m3⁄ ] 5440 

Load resistance on each MFC patch 𝑅𝐿 [Ohm] 1.5×105 

 

 

Table 2. Comparisons between calculated and simulated system natural frequencies. Side 

beam length is 121.9 mm and a 2.8 g point mass is attached on the centre position of mid 

beam.  

Modes Calculated results [Hz] FEM results (without MFC 

layers)[Hz] 

Error [%] 

1 17.26 17.46 1.15 

2 35.15 35.33 0.51 

3 132.36 132.91 0.41 

4 144.54 146.11 1.08 

5 202.79 205.02 1.09 

6 293.77 295.59 0.62 
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(a) 

 

(b) 

 

Figure 1. Proposed U-shaped piezoelectric energy harvester: a) fabricated device; b) 

schematics. 

 

 



102 
 

(a)                                                                        

  

(b) 

                                                                  

Figure 2. FEM simulated the first two resonant mode shapes of the proposed device. 
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(a) 

 

(b) 

 

 

Figure 3. Experimental setup: a) main vibrating setup; b) flowchart of the experimental 

procedure. 
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(a)      

 

(b) 
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(c)         

 

(d) 

 

Figure 4. With 2.8 gram mid mass, frequency responses of the selected side beam 

(segment 1) and the mid beam for different side beam length. For the first mode: a) side 

beam; b) mid beam. For the second mode: c) side beam; d) mid beam. 
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Figure 5. Comparison of the frequency ratios of the first two transverse modes between 

Experimental and FEM results (including MFC layers) with different side beam lengths. 
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(a) 

 

(b) 

 

Figure 6. Frequency responses of the side and the mid beams under 0.6 g base acceleration 

at the first transverse mode, where the excitation direction is parallel to the mid beam 

length. a) displacement-frequency response; b) voltage-frequency response.  
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(a) 

 

(b)                                                                  

 

(c) 

 

Figure 7. System responses at the right peak position (18.70 Hz): a) time trace; b) FFT of 

the mid beam and c) FFT of the side beam.    
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(a) 

 

(b) 

 

Figure 8. Frequency responses of the side and the mid beams under 0.6 g base acceleration 

at the second transverse mode, where the excitation direction is perpendicular to the mid 

beam length. a) displacement-frequency response; b) voltage-frequency response.  
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(a) 

 

(b)                                                                    

 

(c) 

 

Figure 9. System responses at left peak position (36.05 Hz): a) time trace; b) FFT of the 

mid beam and c) FFT of the side beam.    
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(a)                                                                          (b) 

 

(c)                                                                          (d)

          
(e)                                                                          (f)

          
(g)                                                                          (h)

           

Figure 10. Measured input base acceleration signals and displacement response 

spectrograms. First transverse mode: (a), (c), (e) and (g); second transverse mode: (b), (d), 

(f) and (h).  
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(a) 

 

(b) 
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(c) 

 

(d) 

 

Figure 11. Under different base excitation levels, the system responses at the first 

transverse mode. Displacement-frequency responses a) the mid beam and b) the side 

beam; voltage-frequency responses c) the mid beam and d) the side beam. 
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(a)                                                                      

 

(b) 
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(c) 

 

Figure 12. Under different base excitation level, the mid beam responses at the second 

transverse mode. Displacement-frequency responses a) forward plot and b) backward plot; 

c) voltage-frequency responses including both forward and backward plots. 
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(a)                     

 

(b) 
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(c) 

 

Figure 13. Under different base excitation level, the side beam responses at second 

resonant mode. Displacement-frequency responses a) forward plot and b) backward plot; 

c) voltage-frequency responses including both forward and backward plots. 
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(a)  

 

(b) 

 

Figure 14. Comparison of voltage-frequency responses between two side beams 

(segments 1 and 4) at a) the first transverse mode and b) the second transverse mode.  
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This chapter is based on the following submitted paper (under review, April 2022): 

Fan, Y., M.H. Ghayesh and T.-F. Lu, A proof-of-concept study on an internal-resonance 

based piezoelectric energy harvester with coupled three-dimensional bending-torsion 

motions. Submitted to: ASME Journal of Vibration and Acoustics.. 
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Highlights 

- Both bending and shear strain changes can be captured for high-efficient energy 

conversion. 

 

- An internal-resonance phenomenon is presented between bending and torsion modes 

for broadband energy harvesting, for the first time 

 

- Multi-directional ambient vibration sources can be captured by the proposed device. 

 

- Low excitation frequencies can trigger large-amplitude oscillations at higher modes. 

 

- Quasi-periodic region exists near the centre frequencies of the coupled modes. 

 

Abstract 

     Internal resonance based energy harvesters, by exchanging the internal energy 

between coupled vibration modes, may provide an effective solution to broadening and 

enhancing bandwidth and power performance in dealing with realistic vibration sources. 

With the development of piezoelectric-based transducers, cantilever-based energy 

harvesters which focus on bending modes, cannot utilise the shear deformation for energy 

conversion to sufficiently improve the power density. In this paper, we present an 

internal-resonance based piezoelectric energy harvester with three-dimensional coupled 

bending and torsional modes, for the first time. The fine-tuned system leverages a two-

to-one internal resonance between its first torsion and second bending modes. The 



124 
 

dynamic behaviour implies the coexistence of in-plane and out-of-plane motions under a 

single excitation frequency, and the corresponding strain changes in the bending and 

shear directions are captured by bonded piezoelectric transducers. Dependence between 

excitation levels and the internal-resonance phenomenon is justified as a key system 

parameter study; the results also indicate an intriguing quasi-periodic region exists near 

the centre frequency. The outcomes of this study feature a multi-directional and multi-

modal energy harvester that displays rich dynamic behaviours with coupled bending and 

torsional motions, and is promising for broadband energy harvesting, as well as enhancing 

the output voltage from both in-plane and out-of-plane motions.  

 

1. Introduction 

1.1 A brief review on vibration energy harvesters 

     As the trend of state-of-the-art electronic devices progressively becomes miniaturised 

and wireless, it is doubtful whether conventional electrochemical batteries are still 

promising in such low-power consumption devices. To achieve targeted applications such 

as powering up Internet of Things (IoT) sensor networks [1, 2] and medical implants [3], 

routine replacement and relatively high expense of conventional batteries limit the 

continuous and long-term usage performance of the devices. With the required power 

level of these devices reducing to sub-milliwatt, vibration-based energy harvesting 

techniques are feasible to provide continuous power supplies by converting 

environmental vibration sources into electrical energy. Nonlinear vibration-based energy 

harvesting has recently been shown to be an effective means of improving energy 

harvesting efficiency by broadening effective bandwidth and capturing a certain 

frequency range of vibration sources. The selected/designed nonlinear techniques, which 

should be effective for the specific themes, are primarily determined by the characteristics 

of ambient vibration sources including the excitation level and direction.  

     Multi-stable energy harvesting is a typical approach for broadening the operational 

bandwidth. Yan et al. [4] utilised magnetic restoring forces as externally induced 

nonlinearities to introduce bistability. By altering the system design parameters such as 

the distance between tip magnet on vibrating structure and stationary magnets, the system 

displayed softening and hardening frequency responses. bistability can also be achieved 
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by pre-loading approaches on beam-mass structures [5-9] and snap-through phenomena 

of laminated plate structures [10, 11]. The motion types of multi-stable energy harvester 

are highly dependent on acceleration levels. Periodic inter-well motion need a sufficient 

high excitation level to obtain enough energy for crossing the potential barrier between 

the two wells [12]. Under insufficient excitation levels, monostable systems surpassed 

bistable systems for both operational bandwidth and peak power level [13-15]. In dealing 

with small ambient excitation levels, parametrically excited energy harvester also need 

design techniques to reduce the initial threshold amplitudes [16-19]. In addition, 

piezoelectric materials with high power density compared with electromagnetic type 

transducers, are commonly utilised as strain-charge converters in vibration-based energy 

harvesting devices [20-22]. On the other hand, with additional damping effects, large-

amplitude oscillations are even difficult to be triggered when the piezoelectric benders 

are bonded on the vibrating structure (i.e., a cantilever beam). To scavenge naturally 

varying vibration sources, multi-modal and multi-degree-of-freedom (MDOF) devices 

aim to utilise multiple adjacent natural frequencies to attain multiple peaks over a certain 

frequency range [23-26]. Energy harvesters with multiple close natural frequencies can 

provide a broader operational bandwidth, and some prototypes are also efficient under 

multi-directional ambient environmental vibration sources. However, the concerns are 

the complexity of design, as well as the sacrifice of power density. For some of the multi-

modal energy harvesters, when the primary resonances are either commensurable or 

nearly commensurable, a nonlinear phenomenon named internal resonance can be 

possessed, which can potentially be used for energy harvesting optimisation. 

 

1.2. Internal resonance benefits for energy harvesting 

     One of the typical phenomena is that the frequency response bends to increasing and 

decreasing frequency directions from the centre frequency as a double-jump phenomenon, 

which is considered an alternative solution within the broadband techniques [27]. Such a 

dynamic response can broaden the resonance regime in the presence of internal 

resonances [28, 29]. However, in most cases, a two-to-one (or three-to-one) internal 

resonance in fabricated simple cantilever beam structures can be difficult to achieve for 

the first few primary resonances. Thus, tuning techniques such as inducing external 

magnetic coupling effects are employed simultaneously [30-33].  By changing the 
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distance between the coupled magnets, the natural frequencies of the device can be tuned 

into designed values. Alternatively, a fine-tuned structure can be obtained by adding 

auxiliary structures to the main structure as an MDOF system [34]; for instance, an L-

shaped beam and mass structure [35-38]. L-shaped structures are seem to be more 

practical than simple clamped-free beam-mass structures, with tailored system parameters 

such as beam dimensions and tip/side masses, commensurable natural frequencies can be 

obtained accordingly.  

     In spite of in-depth investigations on L-shaped energy harvesting deviced by using 

internal resonance phenomena, achieving internal resonances between the first two 

bending modes requires a sufficiently large ratio between the attached masses and the 

beam itself. For some cases, a large side mass block is essential to connect the two 

orthogonal beams because of the mismatched thicknesses and widths, which introduces 

more complexity into the system. On the other hand, for L-shaped energy harvesters with 

internal resonance phenomena, the mode couplings between natural frequencies is always 

between two bending modes (i.e., the first two transverse modes), and the harvested 

electrical energy is therefore limited to in-plane motions only. Such devices have raised 

a practical concern, with the rapid development of piezoelectric transducers that are 

capable of capturing both bending and torsional strain changes simultaneously, the out-

of-plane motions are vital to optimise the power level.  

 

1.3. Contributions of this work to the field 

     To provide an insight into the internal resonance phenomenon between bending and 

torsional modes, this paper, for the first time, proposes an internal-resonance based 

energy harvester with coupled in-plane and out-of-plane motions (i.e., torsion and 

bending modes couplings). Specifically, we study the responses of a multi-mode energy 

harvesting device (i.e., an L-shaped beam-mass structure with bonded piezoelectric 

elements as transducers) that exhibits a two-to-one internal resonance between its first 

torsional and second bending modes under external harmonic excitations. It is of interest 

to explore the feasibility of combining both in-plane and out-of-plane motions together 

under one single excitation frequency, as well as the possibility of enhancing the 

harvested voltage/power from piezoelectric transducers from both bending and torsional 
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motions and broadening the overall operational bandwidth by an internal resonance 

phenomenon.  

 

 2. Experimental setup and design  

     The first torsion and second bending modes are shown in Figs. 1 (a) and (b). A finite 

element method (FEM) via ANSYS (version 18.2, ANSYS, Inc., Cannonsburg, PA) were 

adopted for simulation and pre-testing of the proposed device. The results display in Figs. 

1 (a) and (b) show that, without an internal resonance phenomenon, the first and second 

bending modes exhibit in-plane motions (Y-Z plane) and out-of-plane motions (X-Z 

plane) occur at the first torsion mode. Although most L-shaped energy harvesters with 

internal resonance focus on the first bending mode, for the sake of demonstration, we 

look into its second bending and first torsional modes and examine the functionality of 

coupling them together to possess internal resonance phenomena. The designed device, 

with its first bending mode occurring at 6.7 Hz, could also be utilised for energy 

harvesting as a linear resonator. The out-of-plane (torsion) motion of the L-shaped device 

is predominantly determined by the inertia of the horizontal beam and the tip mass: the 

torsional deformation of the vertical beam in the first three natural frequencies can 

therefore be neglected. The preliminary tests demonstrates that the optimising base 

excitation 𝑊𝑏(𝑡) is in the X-direction and the Y-direction for the first torsional and 

second bending modes, respectively. A schematic of the proposed device undergoes both 

bending and torsional motions is shown in Fig. 1 (c). Because the strain changes of the 

horizontal beam contain both bending and twisting deformations, piezoelectric 

transducers are chosen to be bonded onto the horizontal beam for high-efficient strain-

voltage conversion. 

     Fig. 1 (d) presents the fabricated device and the main experimental setup. To tune an 

internal resonance between the first torsional and second bending modes, a 0.5 mm thick, 

15.2 mm wide aluminium (𝜌𝐴𝑙 = 2650 𝑘𝑔 𝑚3⁄ ) beam is bent into an L-shaped (right-

angled) structure, with a 79.5 mm (𝑙ℎ) horizontal beam  (clamped end) and 74 mm (𝑙𝑣) 

vertical beam (free end). A 9.5 gram tip mass is fixed onto the free end for tuning purposes. 

To obtain both bending and torsional motions for energy harvesting purpose, two MFC 

0714-P2 (macro fibre composite) made of piezoelectric (PZT) material CTS3222HD are 

bonded onto the horizontal beam. The one with the fibres parallel to the horizontal beam 
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length measures the bending motion and the other with the fibres perpendicular to the 

horizontal beam length measures the torsional motion. Two Wenglor CP24MHT80 laser 

sensors measure the bending displacement at the centre line position along the horizontal 

beam length in the Z-direction and the torsional displacement in the X-direction by 

attaching an external plane that is placed parallel to the Z-direction (see Fig. 1 (d)). A 

shaking table APS 113, which is driven by an APS 115 amplifier, provides harmonic 

excitations 𝑊𝑏(𝑡) = 𝐹𝑐𝑜𝑠(𝜔𝑡), where 𝐹 is the forcing amplitude and 𝜔 is the excitation 

frequency. The acceleration amplitude of the base excitation is recorded by an 

accelerometer Kistler 8774A50 and its coupler Kistler 5134B, and the generated voltage 

from each of the PZT layers are measured across a resistive load of 𝑅𝐿 = 150 kΩ. All the 

measured signals are recorded to a data acquisition board NI USB-6281. The steady state 

frequency response of the proposed device is obtained by employing both an upward and 

a downward sweep with 0.05 Hz frequency internal, 10 seconds of settling time, a 1 kHz 

sampling rate and constant base acceleration levels.  

(a) 
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(b) 

   

(c) 

 

 

 

 

 

 

 

 

 



130 
 

(d) 

 

Figure 1. (a) Simulated results of the first three modes of proposed devices by FEM. (b) 

Schematics of the mode shapes of an L-shaped energy harvesting device of its first 

torsional mode (top left) and second bending mode (top right). (c) Schematics of the 

proposed device with coupled bending-torsion motions. (d) Experimental setup of the 

core elements. 

 

3. Results and discussion 

     With preliminary testings and optimisations completed, the measured first three modes 

of the L-shaped device are  𝜔1 = 6.7  Hz,  𝜔2 = 10.9  Hz and 𝜔3 = 22.1  Hz. The 

proposed structure leverages the relationship between 𝜔2  and 𝜔3  of a 1:2 ratio for 

inducing a two-to-one internal resonance. The device is firstly excited under 0.4 g peak-

to-peak (g = 9.81 𝑁 𝑠2⁄ ) up (from 9 Hz to 14 Hz) and down (from 14 Hz to 9 Hz) base 

accelerations in X-direction as out-of-plane excitations within its first torsional mode 

(𝜔 ≅ 𝜔2). Fig. 2 depicts the voltage-frequency and displacement-frequency responses 

from the PZT and laser sensors, respectively. Two peaks are revealed at 10.15 Hz to 12.2 

Hz in both bending and torsion motions, which implies there is an internal resonance 

phenomenon between the torsional and bending modes and resonance energy is 

transferred to the second bending mode. The frequency responses show that the two 

branches are asymmetrical and there exists a quasi-periodic region between the left peak 

and the centre frequency region (Figs. 2 (a) and (b)). The right branch has an upward 
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jump at 11.65 Hz, but the peak of on the left occurs at 10.95 Hz, which is within the quasi-

periodic region.  

     Compared with the bending motion, the torsional motion distinguishes the left branch 

and the quasi-periodic region in the frequency response. It is particularly important to see 

that although the energy transfers between the two coupled modes in the presence of an 

internal resonance phenomenon, there is no obvious jump phenomenon occur between 

the upward and downward harmonic excitations, except a narrow 0.1 Hz bifurcation near 

the left peak. For the system behaviours at the off-resonance regime, the bending motions 

(in Y-Z plane) have an almost zero response while torsion motions (X-Z plane) exhibit a 

non-zero response, which is due to the direction of the base excitation. When the direction 

of excitation is parallel to the torsional motion, the device is prone to oscillate in the X-Z 

plane because of the inertia of the tip mass block and horizontal beam. Figs. 2 (c) and (d) 

depict the harvested voltages from the bending and torsional PZT layers, respectively. 

Based on the level of displacement, the bending motion results in a larger peak voltage, 

which is consistent with the measured results from the laser sensors. The peak-to-peak 

voltages  𝑉𝑝−𝑝 of bending and torsion motions are up to 9.15 V and 6.52 V, respectively. 

It can be seen that the output voltage from the torsional motion is resemble to the bending 

motion. Although the torsional PZT is bonded in perpendicular to the beam length, it still 

generates charges in the fibre perpendicular direction. Hence, the output voltages in Figs. 

2 (c) and (d) consist of both bending and torsional motions.  

(a)                                                                       (b) 
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(c)                                                                       (d) 

 

Figure. 2. The proposed device excited at its first torsion mode under a 0.4 g base 

acceleration. Frequency responses from laser sensors of (a) bending motion and (b) 

torsional motion; output voltages from (c) bending PZT and (d) torsional PZT.  

 

     The steady-state responses of the proposed device under 0.4 g in-plane (Y-axis) base 

excitations within its second bending mode are shown in Fig. 3. The experimental results 

present a large amplitude double-jump phenomenon, and the two branches are bent into 

opposite directions from the centre frequency. The overall resonance regime is from 21.1 

Hz to 23.3 Hz. The results shown in Figs. 2 and 3 demonstrate that, the dynamic responses 

provide key evidence that the device exhibits a two-to-one internal resonance between its 

first torsional and second bending modes. Between the coupled two modes, excitation 

frequency at lower mode can trigger large-amplitude oscillations at higher modes, and 

vice versa. With piezoelectric transducers in both bending and torsional directions, the 

power density of the device is greatly enhanced. As shown in Fig. 3 (a), the bending 

motion undergoes an upward jump at 22.8 Hz and a downward jump at 21.65 Hz, ending 

at 23.25 Hz and 21.1 Hz, respectively. The downward response displays asymmetric 

branches that suggests the left branch has a much higher peak than the right one in 

downward sweep case, and the bandwidths due to bifurcation, are slightly broader than 

for the upward case (0.55 Hz vs 0.45 Hz). The frequency responses of the bending motion 

shown in Fig. 3 (b) depict a more symmetric resonance region in terms of bandwidth and 

amplitude. The peak-to-peak voltages from bending (Fig. 3 (c)) and torsional (Fig. 3 (d)) 

PZTs are 6.63 V and 4.69 V respectively.  
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(a)                                                                       (b) 

 

(c)                                                                       (d) 

 

Figure. 3. The proposed device excited at its second bending mode under a 0.4 g base 

acceleration. Frequency responses from laser sensors of (a) bending motion and (b) 

torsional motion; output voltages from (c) bending PZT and (d) torsional PZT. 

 

     To understand the difference between the dynamic behaviours across the bending and 

torsional motions and to examine the internal-resonance phenomenon further, the time 

trace and frequency spectra diagrams of the two coupled modes are displayed in Fig. 4. 

The peaks of the right branches in both modes are selected for comparison. As shown in 

Figs. 4 (a) – (d), the frequency spectrum shows coexisting responses at 11.5 Hz and 23 

Hz for bending and torsional motions, and there are no contributions for the first bending 

mode 𝜔1 (6.7 Hz). The time trace plots from torsional PZTs in Figs. 4 (b) and (d) show 

the coexistent responses clearly. Thus, we can conclude that the two-to-one internal 

resonance from the experimental results fall between the first torsional and second 

bending modes. It is predicable that the frequency spectrum of the torsional PZTs will 

have lower responses to the first torsional mode, because the selected transducer is a 𝑑31 
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type contractor that will still generate charges in the fibre perpendicular directions. For 

future industrial applications, piezoelectric transducers work for detecting shear 

stress/strain can further enhance the power performance for torsional mode.  

(a)                                                                       (b) 

 

 (c)                                                                       (d) 

 

Figure 4. Time trace and frequency spectra diagrams under 0.4 g base excitations from 

bending (left) and torsional (right) PZTs: (a) and (b) excited at 11.65 Hz, (c) and (d) 

excited at 21 Hz. 

 

     The experimental results presented in Fig. 5 are the voltage phase plane diagrams 

measured at the steady-state responses at left peak, near centre frequency and right peak 

positions for both first torsional and second bending modes. The coexistent responses for 

bending and torsional motions are agreed with the frequency spectrums shown in Fig. 4. 

Although the time series and frequency spectra of the bending PZTs may not obviously 

illustrate if the torsional mode is induced, the phase plane diagrams identify the two 

coexistent responses. Given that there may exist initial geometric nonlinearities in the 

system, the phase plane diagrams depict asymmetric motions. Likewise, the left and right 
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branches in frequency responses (Figs. 2 and 3) are not perfectly symmetric. At the centre 

frequency position of an internal resonance phenomenon, the system generally displays 

the lowest amplitude. Nevertheless, as shown in Fig. 5 (b), the device exhibit large-

amplitude oscillations at 11.15 Hz, which is much higher than the oscillations shown in 

Fig. 5 (e). As the amplitude of the centre frequency position remain as an effective level 

of energy harvesting, the device displays a continually effective bandwidth when the 

excitation is within the first torsional mode. 

 

     (a) At 10.50 Hz                         (b) At 11.15 Hz                        (c) At 11.75 Hz 

 

     (d) At 21.20 Hz                         (e) At 22.45 Hz                        (f) At 23.15 Hz 

 

Figure 5. Phase plane diagrams of the steady-state voltage responses at left peak, centre 

frequency and right peak positions when excited within the first torsional mode region (a) 

– (c) and the second bending mode region (e) – (f). 

     As mentioned above, the quasi-periodic response shown in Fig. 2 implies there are 

unstable dynamic behaviours in the system, and the output voltage from the bonded PZTs 

are even higher than the peak positions of the two branches. To study the instability in 

the system, the time series of the overall region and motion of each frequency interval are 

shown in Figs. 6 (a) and (b), respectively. Eight different quasi-periodic motions are 

revealed in Fig. 6 (b). It should be noted that, with a settling time of 10 seconds for each 

interval, and a small 0.05 Hz frequency increment, the quasi-periodic motions are no 

longer in the transient state. In addition, the amplitudes in the time series (Fig. 6 (a)) for 
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both bending and torsional motions undergo periodic and uniform variations. The results 

suggest that, there is a certain region of quasi-periodic motions existing in the presence 

of this two-to-one internal resonance phenomenon when the base excitation frequency is 

within its first torsional mode, the bandwidth and location of this region remain as the 

same in either up sweep or down sweep.  

 

(a) 

 

(b) 

 

Figure 6. The time series of quasi-periodic region in bending and torsional motions when 

harmonically excited (up sweep) at the first torsional mode: (a) overall quasi-periodic 

region, (b) the quasi-periodic motions under different excitation frequency from 10.75 Hz 

to 11.1 Hz.  

 

     It is intriguing to investigate the effects of forcing excitation amplitude on the device: 

to demonstrate, if a certain threshold amplitude exists for the internal-resonance 
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phenomenon, bandwidth performance of the proposed device under small excitations, as 

well as the dynamic behaviours of the quasi-periodic motions. Fig. 7 shows the frequency 

responses of the device under different excitation levels. As can be seen, the internal 

resonance phenomenon exists even under a 0.2 g acceleration level. For excitations within 

the first torsional mode (Figs. 7 (a) and (b)), the left branch always has a 0.1 Hz 

bifurcation between the upward and downward harmonic sweep under all three excitation 

levels. The effective bandwidths in the bending motion from the 0.2 g to 0.4 g cases with 

0.5 mm reference level are 1.35 Hz, 1.75 Hz and 2.05 Hz, respectively. With increasing 

levels of base excitation, the bandwidth increments become slightly smaller for the cases 

that excite within the first torsional mode. For the second bending mode, the double-jump 

phenomena were presented in Figs. 7 (c) and (d). The two branches are bent into opposite 

directions from the centre frequency at 22.3 Hz, the left branch in bending motion exhibits 

much higher and broader jumps in the downward sweep, while the torsional motion has 

more symmetrical bifurcations. Unlike the first torsional mode, the bandwidths for the 

0.3 g case are closely similar to the 0.4 g case (2.15 Hz vs 2 Hz). However, under 0.2 g 

base excitations, the bandwidth has a substantial drop to 1.5 Hz. The comparison 

illustrates that, modes coupling occurs in all three cases, the amplitude of vibration still 

depends on the base excitation level, although with a further increased excitation level, 

its impacts on the bandwidth increment become smaller. The quasi-periodic region can 

still be captured at a 0.2 g base excitation, although the bandwidth becomes narrow and 

closer to the centre frequency at 11.15 Hz, the left branch in bending motion (Fig. 7 (a)), 

still has a lower peak amplitude than the quasi-periodic region. In terms of the voltage 

level shown in Fig. 8, the power dissipated in the loading resistor can be obtained by 𝑃 =

𝑉2 𝑅𝐿⁄ . The peak power levels measure from bending and torsional PZTs are up to 0.56 

mW and 0.28 mW, respectively, for excitations within the first torsional mode; the peak 

power levels reduce to 0.29 mW and 0.17 mW for bending and torsional PZTs, 

respectively in second bending mode with relatively lower-amplitude oscillations. 
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(a)                                                              (b) 

 

 (c)                                                              (d) 

 

Figure 7. Displacement-frequency responses of the proposed device under 0.2 g, 0.3 g 

and 0.4 g base excitations. Bending (a) and torsional (b) motions when excited at the first 

torsional mode, Bending (c) and torsional (d) motions when excited at the second 

transverse mode. 

 

(a)                                                              (b) 
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(c)                                                              (d) 

 

Figure 8. Voltage-frequency responses from PZTs of the proposed device under 0.2 g, 

0.3 g and 0.4 g base excitations. Bending (a) and torsional (b) motions when excited at 

the first torsional mode, Bending (c) and torsional (d) motions when excited at the second 

transverse mode. 

 

4. Conclusions 

     The work attempts to enhance the power and bandwidth performance of a vibration-

based energy harvester by introducing bending-torsion couplings and an internal 

resonance phenomenon on a simple L-shaped beam-mass structure, for the first time. An 

enhanced power density is achieved as both bending and torsional strain changes are 

utilised for strain-voltage conversion; a broader overall bandwidth is obtained in the 

presence of an internal resonance phenomenon. 

     In summary, the paper presents a two-to-one internal-resonance based piezoelectric 

energy harvester with combined three-dimensional bending and torsional modes in an L-

shaped structure. With fine-tuned system parameters, a two-to-one internal resonance 

phenomenon was revealed between the first torsion and second bending modes under 

ambient frequency range. The system with mode coupling exhibited both in-plane and 

out-of-plane motions simultaneously under a single excitation frequency and featured rich 

nonlinear dynamic behaviours such as double-jump and quasi-periodic motions. In the 

presence of the internal-resonance phenomenon, the frequency responses of the coupled 

two modes were bent into opposite directions from centre positions, which yielded 

broader operational bandwidths for both modes. With energy exchanges between the two 

coupled modes, the excitation frequency sources within the lower mode resonance region 

enabled large-amplitude oscillations at the higher coupled mode and vice versa, which 

resulted higher power density than conventional multi-mode/MDOFs devices. In order to 
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optimise the harvested power level to a greater extent and utilise the piezoelectric 

transducers more efficiently, with bending-torsion modes coupling, the torsional strain 

changes due to the out-of-plane motions were also captured by PZTs and converted into 

electrical form. The effects of excitation levels are investigated as a parametric study to 

justify the robustness of the device under small excitation levels. To further enhance the 

power output, fully covered piezoelectric materials (i.e., unimorph or bimorph) that can 

efficiently convert shear strain changes are suggested in practical applications.  
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Chapter 8 

 

Conclusions and Recommendations 
 

8.1 Conclusions 

       In this thesis, theoretical and experimental investigations on enhancing the bandwidth 

performance of vibration-based energy harvesters by employing structural and externally 

induced nonlinearities have been carried out, so as to optimise the overall power level for 

high-efficient energy harvesting. The research efforts in the literature review have 

demonstrated the limitations in linear VEHs; the narrow bandwidth of the resonance can 

only adapt to stationary excitation sources. Therefore, the nature of environmental 

vibration sources brings out the underlying motivation of utilising nonlinearities in VEHs 

– devices should be effectively operational under environmental vibration sources. Yet, 

for existing nonlinear VEHs, in some instances, the functionality of the devices requires 

harsh excitation conditions such as high excitation level and uni-direction. Thus, it is 

essential to justify if such designs are truly promising in broadband energy harvesting, 

and develop effective techniques to further enhance the bandwidth and power 

performance of VEHs when subjected to more realistic excitation sources. The works 

presented in this thesis attempt to address several critical issues in nonlinear VEHs, and 

the key outcomes are as follows. 

       Besides directly excited VEHs, parametrically excited VEHs with the principal 

parametric resonance can serve as an alternative method for energy harvesting. With an 

ultra-low natural frequency (i.e., 1-5 Hz), the primary resonance and parametric 

resonance can be potentially merged together by subjecting externally induced 

nonlinearities to the system. A continuously operational frequency bandwidth can be 
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formed in the presence of hardening frequency responses. The first paper (Chapter 3) 

presents a prototype VEH utilising both resonances that can adapt to multi-directional 

vibration sources. The motion limiter introduced hardening dynamic behaviours to the 

system, which eliminates the off-resonance regime between the two resonances. The 

experimental results are verified by an averaging perturbation method and a finite element 

method and demonstrate 178% improvement compared with linear counterparts.  

       The second paper (Chapter 4) further studied the parametric resonance and the effects 

of motion limiters. Considering the resonant amplitude growth in parametrically excited 

VEHs and the linear piece-wise restoring force from motion limiter, the bandwidth/power 

performance of such nonlinear interactions can possibly outperform directly excited 

counterpart. Therefore, we proposed a piezoelectric array system with three 

configurations of motion limiter to operate under both direct and parametric excitations. 

With a due-type motion limiter configuration, the results of the parametrically excited 

case indicate a continually operational bandwidth that consists of four parametric 

resonance regions, and the peak power level remains at almost the same position. 

       Another critical issue in parametrically excited VEHs is the initial threshold 

amplitude; the parametric resonance can only be activated under a certain excitation level. 

From the literature review, overcoming the potential barrier between potential wells is 

essential to trigger the large-amplitude intrawell motion in multi-stable VEHs. As the two 

restrictions are primarily dependent on the external excitation level, in the third paper 

(Chapter 5), an external oscillating element and external magnetic coupling effects were 

utilised to address both issues. The fabricated parametrically excited piezoelectric 

bistable VEH exhibits periodic interwell motions from 10-17.3 Hz. With repulsive 

restoring force and an external oscillating source, the device exhibits a broad steady-state 

bandwidth. In addition, bistability and the parametric resonance of the device can be 

revealed in small excitations.  

       Linear multi-mode/MDOF VEHs are capable of multi-directional vibration sources 

and have multiple resonance regimes which can adapt excitations at different ranges, 

though the most considerable reservation is the sacrifice of power density. To remedy this 

issue, in the fourth paper (Chapter 6), an internal-resonance-based VEH aims to achieve 

high-efficient energy harvesting. A two-to-one internal resonance between the first two 

bending modes of a fabricated U-shaped piezoelectric VEH is adopted. The results of this 
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work demonstrate that, the double-jump phenomena broaden the resonance regimes in bi-

direction for the two coupled modes; enhanced power density is achieved in the presence 

of modal interactions; the proposed device is functional under orthogonal excitation 

directions.  

       Strain-voltage conversion in proper piezoelectric transducers can be further improved 

if more strain changes are able to be effectively captured, such as shear deformation. In 

the fifth paper (Chapter 7), we investigated bending and torsional modes of an L-shaped 

piezoelectric VEH with properly arranged piezoelectric layers. Moreover, a two-to-one 

internal resonance is achieved between the first torsional and second bending modes. The 

modal interactions induce mixed bending-torsional motions at one single excitation 

frequency. Consequently, the power level is greatly enhanced with the captured strain 

changes in both bending and shear directions by piezoelectric transducers. As an internal-

resonance-based VEHs, the proposed device also features multi-directional, high-

efficient, and broadband characteristics.  

       Based on presented theoretical models as well as designed prototypes, the broadband 

characteristics for different approaches (without combining additional nonlinearities) 

require certain conditions to be activated. Here, a comparison in Table 1 between selected 

approaches is given to indicate the design criteria under critical excitation conditions 

(level and direction), and also the effective bandwidth. The comparison indicates the 

merits of these approaches have different restrictions/limitations. In order to enhance the 

broadband/overall power performance, hybrid techniques (e.g., combining different 

nonlinearities) are recommended to overcome the existing bottlenecks, such as works 

presented in Chapters 3-7.  

 

Table 1. Comparison between selected approaches 

Approaches Excitation level Excitation directions Effective bandwidth/overall 

power level 

Parametrically 

excited VEH 

Exists threshold 

amplitude, requires 

certain acceleration level 

Can obtain multi-

directional excitations if 

the primary 

(fundamental) resonance 

is also considered 

Has multiple solutions under 

harmonic excitations; 

relatively narrow bandwidth 

without other external 

nonlinearities 
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Bistable VEH 

 

The motion types 

depends on the excitation 

level (or the offset 

distance between tip and 

stationary magnets in 

typical designs) 

 

Single direction 

 

Multiple solutions; 

broadband can be achieved 

in periodic interwell 

oscillation 

 

Motion limiter 

 

Can suit different 

acceleration level by 

altering the offset gap 

distance; not suitable for 

random excitations 

 

Single direction 

 

Multiple solutions; mostly 

wide frequency bandwidth 

appeals in FW sweep case; 

trade-off between bandwidth 

and peak power level 

 

Internal 

resonance-

based VEH 

 

The double-jump 

phenomenon can exist 

under small excitations 

 

Depends on the main 

structure, e.g., multi-

directional performance 

can be obtained in U-

shaped or L-shaped 

structures. 

 

Multiple solutions; double-

jump phenomena can lead 

broadband performance; still 

limited compared to multi-

stable approaches. 

 

8.2 Recommendations 

       The works presented in this thesis aim to investigate the influence of 

internal/externally induced nonlinearities on VEHs and perform advanced approaches 

from mechanical and structural perspectives to enhance the effective bandwidth and 

power output performance by utilising theoretical, numerical and experimental 

verifications. For further investigations on nonlinear VEHs, because excitation source is 

the most critical system parameter to evaluate the performance/functionality of VEHs, 

The amplitude, type (if it is stationary, harmonic, or random and distributed in a wide 

frequency spectrum) and direction preliminarily determine what approaches should be 

applied to the devices. Thus, the recommended research directions are as follows.  

- For excitation sources distributed in a range of frequency spectrum, it is difficult 

for multi-stable VEHs to stay at high-energy orbit for periodic interwell 

movement due to the coexisting solutions. A shallower potential barrier can 

indeed lower the requiring excitation level but decrease the maximum reachable 
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amplitude, which results in a reduced peak power level. Therefore, the 

effectiveness of multi-stable VEHs under stochastic/random excitation sources 

deserves further investigation. For example, can the depth of the potential barrier 

be adjustable or auto-tuned under different excitation levels?  

- The motion limiters (piece-wise linear restoring force) can provide a broader 

frequency bandwidth; however, this approach can cause amplitude deductions due 

to energy loss by rapid contact. The materials, locations, and gap distances (the 

distances between contact position and the tip) need further investigation to 

enhance the power level. In addition, a motion limiter itself is capable of 

harvesting energy by equipping with, for example, flexure hinge and multi-layer 

piezoelectric structures.   

- The resonant amplitude of parametrically excited VEHs under external excitations 

rises gradually due to periodic modulation existing in system parameters. 

Compared with the directly excited counterpart, the time series at a single 

frequency illustrates that the parametrically excited case exhibits a much longer 

transient state (or the amplitude of parametric resonance needs a sufficient time 

period to reach the same position as the amplitude of primary resonance). Can 

perturbations (design techniques) perform to shorten the time required and 

increase the flexibility of parametrically excited VEHs in dealing with non-

harmonic excitations?  

- Internal resonance as an inherent nonlinear phenomenon has gained great 

attention in vibration absorbing techniques. However, the investigations of 

borrowing this concept into VEHs, compared with other nonlinear approaches, 

are relatively limited. Further investigations on internal-resonance-based VEHs 

coupling with externally induced nonlinearities should be performed (i.e., 

softening/hardening restoring forces). 

- For internal resonance-base and parametrically excited VEHs, damping effects 

(mechanical/electrical) are crucial, affecting required acceleration levels that 

trigger the phenomena, especially when PZT/MFC layers are fully covered on the 

core elements to maximise the power output. There may be a trade-off between 

power output and the threshold excitation level, which needs more in-depth 

investigation.  

- A proof-of-concept study on an internal-resonance-based VEH is given to explore 

the feasibility of using combined bending-torsion motions. More in-depth 
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investigations are recommended to fulfil the field of nonlinear multi-directional 

and high-efficient VEHs under naturally multi-directional vibration sources.  
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