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Abstract

The stochastic fluid-fluid model (SFFM) is a Markov process {(X,,Y,, ,),t > 0}, where
{@,,t > 0} is a continuous-time Markov chain, the first fluid, {X,,# > 0}, is a classical sto-
chastic fluid process driven by {¢,, > 0}, and the second fluid, {Y,,¢ > 0}, is driven by
the pair {(X,, ¢,), t > 0}. Operator-analytic expressions for the stationary distribution of the
SFFM, in terms of the infinitesimal generator of the process {(X,, ,),t > 0}, are known.
However, these operator-analytic expressions do not lend themselves to direct computation.
In this paper the discontinuous Galerkin (DG) method is used to construct approximations
to these operators, in the form of finite dimensional matrices, to enable computation. The
DG approximations are used to construct approximations to the stationary distribution of
the SFFM, and results are verified by simulation. The numerics demonstrate that the DG
scheme can have a superior rate of convergence compared to other methods.

Keywords Stochastic fluid-fluid processes - Stationary distribution - Discontinuous
Galerkin method

1 Introduction

An unbounded stochastic fluid process {(X[, ®,),1 2 0}is a Markov process where the phase
{®,} is a continuous-time Markov chain on a finite state space S, and the fluid {X } varies
linearly at rate ¢, . A subset of Markov additive processes, stochastic fluids have been well-
analysed in the past two decades. There have been recent generalisations of stochastic fluid
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processes to a higher dimension: Miyazawa and Zwart (2012) analysed discrete-time mul-
tidimensional Markov additive processes, and Bean and O’Reilly (2014) studied the so-
called stochastic fluid-fluid model. The latter is the focus of this paper.

An unbounded stochastic fluid-fluid model (SFFM) is a Markov process
{()?,, )A’,, @,),t > 0}, where the phase {¢,} is a continuous-time Markov chain on a finite
state space S; {)?[} is the first fluid, which varies linearly at rate Co,

t
Xt:=X0+/c(p ds;
) @

and f’[ is the second fluid, which varies at rate r, ()A(,):

A~

t
Y, =Y+ / rp (X)) ds.
0

Regulated boundaries may also be included for both fluids. To distinguish between
unbounded and bounded processes, we use the notations )?, and ?t to denote unbounded
processes, and X, and Y, to denote fluid levels with a regulated lower boundary at 0.

As classic fluid processes, {(}A(,, @,),t >0}, or bounded analogues, are used exten-
sively in many areas, such as insurance and environmental modelling, it is clear that sto-
chastic fluid-fluid models have an even wider range of applicability.

An example of application for an SFFM is the modelling of growth and bleaching of
coral reefs, as described in (Bean and O’Reilly 2014). In this process, we can model the
density of symbiotic zooxanthellae at time ¢ by X,, with the positive rates ¢; correspond-
ing to the growth of the zooxanthellae, the negative rates to the bleaching. The density, X,
determines the net rate at which the coral stores the lipids produced by the zooxanthellae.
The amount of stored lipids is modelled by Y,, and the coral dies when the stored lipids run
out, thatis, Y, = 0.

Some specifications of stochastic fluid-fluid models have already been analysed; Bean
and O’Reilly (2013) and the to-date unpublished work of Bean et al. (Matrix-Analytic Meth-
ods for the analysis of Stochastic Fluid-Fluid Models, 2020) study cases where {X,} and
{Y,} are independent, given {¢,}, and Latouche et al. (2013) and O’Reilly and Scheinhardt
(2017) study cases where {Y,} depends on whether {X,} is above, or below, some specific
threshold. Here, we derive approximations to the theoretical operators in (Bean and O’Reilly
2014), which covers a much wider class of models than the specific ones already studied,
therefore this work applies to a much larger class of models.

While the analyses in (Bean and O’Reilly 2014; Miyazawa and Zwart 2012) are mark-
edly different, both papers drew inspiration from Neuts’ matrix-analytic approach (Neuts
1981; Latouche and Ramaswami 1999) to obtain the limiting behaviour of these processes,
working with operators on function spaces instead of matrices. Thus, their closed-form
expressions for the limiting distributions ([Theorem 2] Bean and O’Reilly (2014), [Theo-
rem 4.1] Miyazawa and Zwart (2012)) are given in terms of operators acting on measures,
which are not immediately amenable to numerical computations for real-life applications.
Only in the simplest cases can the solutions to these operator equations be readily evaluated
and, beyond the simplest cases, approximations are needed. One way to numerically handle
operators on function spaces is to construct approximations of the operators. To this end,
there exist numerical procedures such as finite difference, finite volume, finite element and
discontinuous Galerkin (DG) methods (Cockburn 1999; Hesthaven and Warburton 2007).
In the context of approximating fluid queues, Bean and O’Reilly (2013) derive an approxi-
mation to the process {(X,, ¢,})} which is a continuous-time Markov chain (specifically, a
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quasi-birth-and-death process). It turns out that the finite-volume method with an upwind
flux, the DG method with a single (constant) basis function in each cell and an upwind
flux, and the Markov chain approximation of Bean and O’Reilly (2013) are all equivalent.

In our application to SFFMs, the operators we wish to approximate are acting on a func-
tion space of probability densities and therefore our approximation method must respect
certain properties of probability densities, such as conservation of probability. This is the
case in the DG method (Cockburn 1999).

In this paper, the DG method is used to approximate the operators appearing in (Bean
and O’Reilly 2014), and ultimately, the joint stationary distribution of an SFFM. We
numerically illustrate the effectiveness of the methodology using an on-off bandwidth-
sharing system of two processors (Latouche et al. 2013). In this example, inputs into the
processors, {X,} and {Y,}, are turned on and off by a Markov chain, {¢,}; the combined
output capacity is fixed and allocated according to the workload of the first, high-priority,
processor {X,}. Latouche et al. (2013) evaluate the marginal limiting distribution of the
first processor {X, }, and provides bounds for the marginal limiting distribution of the work-
load of the second processor {Y,}. We verify our DG approximations by comparing them
against Monte Carlo simulations, against analytical results obtained, and against our intui-
tive understanding of the system dynamics. In all considered cases, we find the approxima-
tions to be accurate. Further, the numerics also demonstrate a superior rate of convergence
over the method of Bean and O’Reilly (2013) whereby the first fluid is approximated by a
continuous-time Markov chain.

The paper is organised as follows. In Sect. 2, we give relevant background to present the
joint stationary distribution of a stochastic fluid-fluid model. We construct, in Sect. 3, a dis-
continuous Galerkin scheme to approximate the infinitesimal generator of a stochastic fluid
process. Sect. 4 uses this approximation to the infinitesimal generator to construct approxi-
mations of the first-return operator, and stationary distribution, of an SFFM. Numerical
experiments are reported in Sect. 5. In Appendix 1 we provide a proof that our DG approx-
imations conserve probability. Lastly, since the paper is notationally heavy, we apply the
DG method to a small toy example in Appendix 2.

2 Preliminaries

Consider a stochastic fluid-fluid model {(X,, Y,, ¢,),t > 0}. We assume that X,, ¥, € [0, o0)
and that there is a regulated boundary at level O for both buffers:

d

E[X, :=max{0,¢;} ifX,=0and g, =i,
Eth’ :=max{0,r;(x)} ifY,=0,X,=xand @, =1,

for ie S={I1,..,Ng}. Let T be the irreducible generator for the finite-state Markov
chain {@,}. We denote by C := diag(c;);cs the diagonal fluid-rate matrix for {X,}, and
R(x) := diag(r;(x)),cs the diagonal fluid-rate matrix of functions for {¥,}.

Remark 2.1 For future reference we require some notation regarding the elements of the
model introduced above. We use the notation u = (u;,),cy, to denote a row-vector, u,
defined by its elements, u,,, indexed by & € H, where H is some countable index set. Simi-
larly, u = (u,,),,cy, is a row-vector defined by a collection of row-vectors u;,. The notation
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u,, = (uy),ey refers to the vector containing the subset of elements corresponding to
'H,, € 'H. When the index set is empty, the resulting vector u,, is a vector of dimension 0.
In cases when the elements have two indices, we order the elements of the vector according
to the first index, then the second; i.c. u = ) gegnen = () geq)nen- Here we use the
convention that for a vector u = (u),c,, where the elements « do not depend on the index &

and H is some index set, then we repeat u h-times; i.e. u = (u),ey = (1, ..., u). The nota-
. . . . h— times
tion U = [uy,],eq nen 1s used to denote a matrix defined by its elements, or sub-blocks, u,,.

Let S_={ieS|¢;<0},S,={ieS|¢;>0}, 5, ={ieS|c;=0},Sy={ieS|
¢; <0}, Sy ={i € S|¢; 2 0}. Define matrices C,, := diag(c,)es , m € {+,—,0,V,A},
and define the sub-matrices of transition rates 7, = [ﬂy]ies,,,,jes,,’ m,n € {+,—,0,V,A}.

For the remainder of this section, we summarise the findings of (Bean and O’Reilly
2014) on the joint stationary distribution of {(X,,Y,, ¢,),t > 0}. For each Markovian
state i € S, we partition the state space of X,, [0, ), according to the rates of change
r;(+) for the second fluid {Y,}: [0, 00) : = ]—T UF U ]_-io, where

]—T ={ueF:rw>0}, F7 ={ueF: ru <0} }-io ={ueF: ru) =0}
()
For all i € S, the functions r,(-) are assumed to be sufficiently well-behaved that f;",
m € {+,—,0}, is a finite union of intervals and isolated points.
We assume that the process {(X,, Y,, @,),t > 0} is positive recurrent, in order to guar-
antee the existence of the joint stationary density. Define stationary operators

_ .0 ,
Ti()(A) = Jim o P[X €AY <ypr=i], y>0, 2)
ﬁl(A) = zlilg [FD[Xt (S .A, Y, =0, Y, = i, 3)

where A C [0, ).

Then let 7i(y) = (7;());es be a vector containing the joint stationary density operators
and p = (p,),es @ vector containing the joint stationary mass operators. _

The determination of 7 (y) involves two important matrices of operators, B and . The
operator B is the infinitesimal generator of the process {(X,, ,)}. The operator v is such
that vy (A) is the conditional probability of {Y,} returning to level zero and doing so
when X, € A, given that the initial distribution is .

2.1 Matrix B of Operators

Since {(X,, @,),t > 0} is a Markov process, the evolution of probability can be described
by a semigroup. Let M(S X R, ) be the set of integrable complex-valued Borel measures
on the Borel o-algebra B, . For p € M(SXR,), we can write g = (4;);cs- The meas-
ures  p;(-) represent an initial distribution, () =PX, € -, @, =1i). Let
{(V(®)} 50, VO : M(EXR,) » M(SXR,) be the semigroup describinT the evolution

of probability for {(X,,@,),t > 0} structured as a matrix of operators, \_/(t)] = \_/ij(t)
ij

where,
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HV(1)(A) = / du;(OPX, € Ao, =j | Xy =x, 05 = ).
x€[0,00)

Intuitively, the operator V(1) maps an initial measure u on (X, @,) to the measure
PX, e A =)= uj(t)(A) The matrix of operators B: [[EB ilijes is the infinitesimal
generator of the semigroup {V(#)} defined by

B= dt\/(t) I

with domain the set of measures for which this limit exists. Specifically, the domain of B is
the set of measures, u = (i,);cs, for which each y; admits an absolutely continuous density
on (0, o0), and can have a point mass at 0 if i € Sy; call this set of measures M,,. That is,
the measures y;, i € S, with (i;);c5 € M, are absolutely continuous on (0, c0) and may
have point masses at 0 if i € Sy. The measure y; cannot have a point mass at 0 if i ¢ Sy. In
the sequel we write v;(x), x > 0, as the density of y; and g, as the point mass of ; at x =0
(if such a point mass exists).

To use the operators {V(t)} and B to analyse the fluid-fluid model, Bean and O’Reilly
(2014) explicitly track W}Erlnln(xf’ (&Qyme (f;”, i) fori € S, m € {+,—,0} by partitioning the
operators V(¢) and B into \/l‘.]. and [EBI_.]. ,fori,j €S, m,n € {+,—,0}, where

ﬁti]—'lmvl’ (t)(A) = / dﬁilf:_n(x)lp(xt (S A N .F;.”, (pt =] | XO =X, (po = l),

x€[0,00)

and ;. is the restriction of 4, to E. Similarly, for @Zm, i,j€ES, myne€ {+,—,0}.

We claim that numerical schemes are needed to approximate the analytic operator
equations introduced in Bean and O’Reilly (2014). The DG scheme we choose to use
here works by first partitioning the state space of the fluid level, {X,}, into a collection of
intervals, D, = [x;, x;,] then, on each interval, the operator B is projected onto a basis
of polynomials. So, to help elucidate the connection between the operators {V(t)}, B and
their DG approximation counterparts, we take a slightly different approach to partitioning
these operators than that taken in Bean and O’Reilly (2014). Rather than partition accord-
ing to the sets .7-';", i eS8, me {+,—,0}, we use the same partition as that in the construc-
tion of the DG scheme. By doing so, we can directly correspond elements of the parti-
tioned operators to their approximation counterparts. Since the partition used to construct
the DG scheme is finer, then we can always reconstruct the partition in terms of the sets
F'.ieS, me {+,-,0}.

Let us first partition the space [0,00) into Dy = {0}, and non-trivial intervals
Dy =[x, %411\ {0}, with x; =0, x;, <X, Kk =1,2,.... The symbol V is used to refer to
sets and quantities which are relevant to boundary at x = 0. For y € M (S X R, ) we write

(,u )ieske(v.12..)» Where uk( = p(- nDk) k=V,1,2,.... We also have densities,
k(x) x > 0, associated with each measure, ;4 Fori,j € S, k, f € {V,1,2,... } define the
operators

HV()(A) 1= / dufOPX, € AND,, 0, =j | Xy =x, 00 = i),

xeDy

and the matrices of operators V¥ (f) := [\/lff(l)] s k,Z € {V,1,2,... }and write
ije
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VYY) VYV @) VY@
V(@) V() V()

VIO =1 vy vaigy vere

Now define B = %\/(z) 0 as the infinitesimal generator of {V(¢)}, resulting in the
1=
tridiagonal matrix of operators

BY-V(r) BY:1(¢)
B'V(r) B'(1) B2(r)

B = B2(1) B22(5) . |

where the blocks B* := [Bf}f (t)] o k., € {V,1,2,...}. The tridiagonal structure

ije
arises since, for |k — | > 2 (where we take V = 0 if it appears in the differences) it is
impossible for {X,} to move from D, to D, in an infinitesimal amount of time.

Remark 2.2 We use a blackboard bold font with an overline above the character (e.g. B
and V(#)) to represent theoretical operators derived in (Bean and O’Reilly 2014) which
are constructed using the partition in Eq. (1). The operators denoted with an overline play
a minor role in the introductory sections of this paper, but do not appear again. We use a
blackboard font sans overline (e.g. V(¢) and B) to represent the same operators but which
are constructed with the finer partition defined by D,, k =V, 1,2, .... We use the letters
i,j € S to represent states of the phase process, letters m, n, € {+, —, 0} to refer to the par-
tition in terms of the sets in Eq. (1), and the letters &k, € {V, 1,2, ...} to refer to the finer
partition into sets { D, },. With a slight abuse of notation, whenever we use the dummy var-
iables k, Z without qualification we imply &,7 € {V, 1,2, ... }, the dummy variables m,n
without qualification imply m,n € {+,—,0} and the dummy variables i,j without quali-
fication imply i,j € S. E.g. [Bf;f means Bg.f, i,j€S,k,¢ €{V,1,2,...} and B}" means
IBZ."‘, i,jeS,mne{+,—,0}

By an appropriate choice of the intervals {D,}, k € {V,1,2,...,}, the partition
used in (Bean and O’Reilly 2014) can be recovered. Intuitively, we must ensure that
each of the boundaries of F,i € S, m € {+,—,0}, align with a boundary of a cell
Dy =[x, %4411\ {0}. Then, each set 7", i € S, m € {+,—,0}, can be written as a union
of cells, D, k =V, 1,2,..., sans a collection of points which have measure zero for all
measures in M, and this collection of points is inconsequential for the purposes of the
approximations presented here.

Formally, to recover the partition used in (Bean and O’Reilly 2014) we choose the inter-
vals Dy such that (D, n F") € (I(D,),0} for all i € S, m € {+,—,0}, k€ {V,1,2,...},
for all measures / € M,,. That is, we choose D, such that it is contained (up to sets of meas-
ure 0 with respect to measures in M,,) within ]-—i’" for some m € {+,—,0}and alli € S. We
assume such a partition for the rest of the paper. For i€ S, me {+,—,0}, let
IC:” ={ke{V,12,...} | I(Dyn .ﬁ"’) = (D), l € Mg}, sothat |J D, and .7-'1’” are equal

kek"
up to a set of /-measure 0 for all / € M. Define K" = |J K", m € {‘+, -, 0}
ieS
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To recover the partition defined by (1) we bundle together the elements of V(¢) which
correspond to .7-"1’” and .7-"j”. That is, for m,n € {+,—,0}, define \/g’”(r) as the matrix of
operators

VI (f) = [v’ff (r)] :
Y Y keK! ¢ ek

Then, for i,j € 8, m.n € (+,=,0}, we can write V" (1) = 10 V" (01,3, where 1
and 1, are row-vectors of 1’s of length [K"| and |ICI’7|, respectively, and T denotes the
transpose. The same construction can be achieved with B.

Let St={i€S|rx>0,VxeD) S ={ie€S|rx)=0,VxeD} & =
{(ieS|rx)<0,VxeD,} and S ={i€S|rx) #0,Vxe€D,} for ke{V,1,...}. For
later reference, we need the following constructions. Fork, 7 € {V, 1,2, ...}

BY — [[Es’if ] ,
¥ lijes “)
fori,jes
B. = [ka]
Y kee(v.i2,...) )
and for m,n € {+, —,0}
B [[[EW ] ] , 6
Y liesyjes; | rexem sex ©
BY = [[Bff] ] fork € (V. 1,2,...}, %
U liesyjes; | jexen
B = [B’,ﬁf] for £ € {V,1,2,...].
[ Y liesyjes: | rexm or { I ®

We persist with the partition D,, k € V, 1,2, ... throughout this paper, as this is consist-
ent with the partition used in the DG method, and note that for all the operators defined
with this partition, the partitioning used in (Bean and O’Reilly 2014) can always be recov-
ered by the above construction.

We can write yl’.‘ [Bf.‘f (A) in kernel form as / dyl].‘(x)[Bf.‘if(x, dy). It is known that

Y XED,yeA ’
k . .
Viy)T;; dy, i #],
kpkk . k¢ mkk _ i
p; By (dy) = /XeDk dp; OBy (x, dy) = { )T, dy—c,vd%vf(y)dy, i=j,

on the interior of D, (Karandikar and Kulkarni 1995). Intuitively, v k(y) ; dy represents the
instantaneous rate of transition from phase i to j in the 1nﬁmte31mal mterval dy, k(y)
represents no such transition occurring, and —c; —v"(y) dy represents the drift across the

interval dy when the phase is i.
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Translating the results of Bean and O’Reilly (2014) to use the partition {D, } we may
state that, for alli,j € S,k € {1,2,... },

Kk _ k k k
H; B (D) = / - V0T dx = v (G ) Ve 50,2y + €V ()T ¢ <0,z
x€Dy

where 1is the indicator function. Intuitively, the first term represents the instantaneous rate
of the stochastic transitions of the phase process {¢,}, the second term represents the flux
out of the right-hand edge of D, which occurs when ¢; > 0 only, and the last term repre-
sents the flux out of the left-hand edge of D, which occurs when ¢; < 0 only.

The results of Bean and O’Reilly (2014) also imply that,

HEBEH (D)) = e (o, ) 1m0y for alli € S k€ {1,2,...],
UEBE (D) = =k ()1 <o), for alli € S, k€ {2,3,..).

Intuitively, the first equation represents the flux from D, to D,,, across the shared
boundary at x,,, which occurs when ¢; > 0 only. The second expression represents the flux
from D, to D,_, across the shared boundary at x; which occurs when c; < 0 only.

Bean and O’Reilly (2014) also state that, at the boundary x = 0, for states i € S with
¢; < 0 such that a point mass at 0 is possible, we have
u'ByY =l {ONT;,

l
w B = ) ({ONTy j €S, ¢; <0,
w' By = 1y ({ONTy, j € S, ;> 0,
u'BY = —cpl(07),j €S, ¢; <0,

where 0% is the right limit at 0. Otherwise u*BY =0, for |k—£| > 2, i,j € Sor |k - 7|
=1,ije€Si+) where we take V = 0 if it appears in the differences, capturing the facts
that the process {X,} is continuous and that drift across boundaries occurs only when {¢, }
remains in the same phase.

Note that we have not presented B in its full detail here and refer the reader to (Bean and
O’Reilly 2014) for the details. The main goal here is to show how B is used to construct
the stationary distribution of the SFFM and to illustrate the link between the operator B and
the DG approximation of the same object. As we shall see later, these expressions closely
resemble the DG approximations to the same quantities.

2.2 MatrixD(s) of Operators

Let b(¥) := /Ot |rq,w(Xz)| dz be the total unregulated amount of fluid that has flowed into or

out of the second buffer {Y,} during [0, 7], and let w(y) := inf{z > 0 : b(¢) = y} be the first
time this accumulated in-out amount hits level y. Note that at the stopping time w(y) it must
be that (Xwiy)’ Puiyy) € (F',0) for some i € S and m € {+,—}, i.e. m # 0. We define the
operators U (y, 5) : My(D, N F") = My(D, N F), fork € KfuK;,ze ICJ+ UK, and

i€S,jeS, by
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H U 0, 5)(A) 1= / dpf OE [N @) =i Xoyy € AND,} | @9 = i.Xg = x].

x€D;

Then, construct the matrix of operators

e T ke
U, s) 1= [[UU o, s)]’ESJES]kfeICWIC

The matrix of operators D(s) is the infinitesimal generator of the semigroup {U(y, $)},5¢
defined by

d
D) = U0,

whenever this limit exists.

Recalling the constructions in Egs. (4)-(8) and using Lemma 4 of (Bean and
O’Reilly 2014) gives the following expression for D(s).
Lemma2.1 Fory >0,s € CwithRe(s) > 0,i,j € S, ke K} UK, ¢ € IC;r UK,

Djff (5) = [R*(B" — s1 + B(s1 - B*)"'B")];,

where | is the identity operator, and R* := dlag(lR )ics is a diagonal matrix of operators

IR{" given by

HREA) 1= / 1 duf(x), keKfuk;.

eAnD, Ti x)

Also, construct the matrices of operators

kek™.¢ eIC"

2.3 Matrix (s) of Operators

We denote byy(s) the matrix of operators with the same dimensions as D*~, record-
ing the Laplace-Stieltjes transforms of the time for {Y,} to return, for the first
time, to the initial level of zero as introduced in (Bean and O’Reilly 2014) but
constructed with respect to the finer partition {D,}. Define the stopping time
0(y) :=1inf{r > 0 : Y, =y} to be the first time {Y,} hits level y, then each component
i.‘].f(s) t My(Dy) = My(Dy).ije€S ke Kl and 7 € K-, is given by

i VE (s)(A) == / . duf (2)E [@739(0)1 {©o0) = J» Xo@)y € ANDy} | Xo =2,y =0,0 = t] .
x€Dy

Bean and O’Reilly [Theorem 1] Bean and O’Reilly (2014) give the following result which
characterises  (s).
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Theorem 2.1 For Re (s) > 0, (s) satisfies the equation:
DT (s) + W(s)D" T (s)¥(s) + DT (s)¥(s) + ¥(s)D~(s) = 0.

Furthermore, if s is real then \y (s) is the minimal nonnegative solution.

2.4 Stationary Distribution

Let ¢ := ¢ (0). We define 0, :=inf{r > 0,_, : Y, =0}, for n > 2, to be the sequence of
hitting times to level 0 of Y,, with 6, := 6(0). Consider a discrete-time Markov process
{(Xp,pp),n>1}, and for i€ S, ke, define the measures {’.‘ as follows

L

€ (A) := lim P[Xy, € ANDy, s, =i] By (Bean and O’Reilly 2014), the vector
of measures € := (&} )iesk‘ reic- satisfies the following set of equations

-1

|:{ 0:| _ B—— B B—+

¥ =g, )
[BO_ [BOO [BO+

> Y e =t o)

kek— €S,

We reproduce Theorem 2 of (Bean and O’Reilly 2014) below, which gives the joint sta-
tionary distribution of {(X,, Y,, ®,)}. Recall that the joint stationary density operator m (y)
= (;(y));es for {(X,, Y,, @,)} and the joint stationary mass operator p = (p;);cs are defined
by (2) and (3), respectively. We can partition m as follows

1) = [rt) ) W)
= {(mf(y))iesg',kelc+ (mf(y))iesk_,kelc* (mf(y))iesg,kem]’

where

w7 (y)(A) = mi(y) (AN Dy).

Similarly, we can write
_ k k
pP= [[D po] = [(pi)iesk‘,kelc‘ (pi)ieé‘k),kelc”] >
where [pf.‘(.A) =p,(AND,.

Theorem 2.2 The density w"(y), for m € {+,—,0} and y > 0, and the probability mass p™,
Jor m € {—,0}, satisfy the following set of equations:
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mO(y):[w(y) m_(y)} EZ (7[800)—1’ an

o ] <[ ]| o [l ]| 5| 0
-1

o= 0] ==t o] |- io— iooo : (13)

/yo JFMdy+ Y Y pE") = (14)

m€{+ —,0} i€S me{—,0} i€S

where K 1= D**(0)+yD(0) and z is a normalising constant.

At this point we reiterate that Eqs. (11)-(14) are operator equations and are only ame-
nable to numerical evaluation in the simplest of cases. Sources of this intractability come
from, for example, the need to find the inverse operator (—B%)~! and the need to find the
solution, (s), of the operator equation in Theorem 2.1. There is also the complexity of the
partition of the operators defined by the sets f:” ,i €S8, me {+,—,0} to consider. There-
fore, there is the need for approximation schemes such as the DG scheme we introduce next.

3 Discontinuous Galerkin Approximation of a Stochastic Fluid Model:
Approximating B

Discontinuous Galerkin (DG) methods can be used to approximate the solutions to sys-
tems of partial differential equations (PDEs). For a more thorough description of these
methods see (Hesthaven and Warburton 2007). The domain of approximation is partitioned
into intervals, referred to individually as cells and collectively as a mesh. On each cell, we
have a finite element approximation, which constructs a finite-dimensional smooth Sobolev
space using piecewise-polynomial basis functions, and then projects the partial differential
equations onto this space. This projection leads to a new system of equations, referred to as
the weak form of the original system of PDEs. Next, we must approximate the flux opera-
tor which moves probability from one cell to another, in a manner similar to the underly-
ing principle of a finite-volume approximation. This method conserves probability, and can
handle discontinuities, such as jumps and point masses. Here we construct the DG approxi-
mation to the matrix of operators B which we use later to construct a DG approximation to
D(s) then y(s), and ultimately the stationary distribution of an SFFM.

3.1 The Partial Differential Equation

We start by introducing the PDE from which we will extract the approximation to the gen-
erator B.
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Let f;(x, 7) be the joint density of {(X,, ¢,) }:
filx, 1) = [X<x(pt:i], x>0,ieS,
ox
which satisfies the system of partial differential equations

f,(x n= Y fe0T, —ci%fi(x,t), x>0,i€S

JjeS

subject to suitable boundary conditions (Bean and O’Reilly 2014). In matrix form,
9 fx, 1y = fou 0T = Lf(x, nC (15)
3 ff ) ) 5 0.

where f(x,1) = (fi(x, t))ie - This system of PDEs is closely related to the generator B. For
A C (0, 00), and assuming u(r) admits a density,

HOA) = / S, 1) dx.
xeA
That is, f;(x, f) is the density of y;(#). Then u(z) satisfies the operator differential equation
d 7}
E”(t)( dx) = p(OB(dx) = f(x,HT dx — af(x, nCdx,

on the interior of the space [0, o0). Thus, by approximating the operator on the right-hand
side of Eq. (15) we can approximate the infinitesimal operator B. The DG method does
exactly this, by approximating the operator with a matrix.

3.2 Cells, Test Functions, and Weak Formulation

To begin with, consider an unbounded first fluid level {)A(,,tz 0}, )A(, € (—0,00). We
will eventually truncate this space so that we have a finite dimensional approximation;
however, this requires a discussion on boundary conditions which we save for later. Let
Dy =[x, X441, kK € Z partition the domain (—o0, 00). We call the D, cells.

On each cell D, we choose N, linearly independent functions {(,bk} * ., compactly sup-
ported on D, (i.e. d)"(x) 0 for x & D,) to form a basis for the space Wk, in which we for-
mulate the appr0x1mat10n Here, as is standard in DG methods (Hesthaven and Warburton
2007), we take {d)k} - to be the space of polynomials of degree N, — 1. It is convenient
in this work to take {¢k} *as a basis of Lagrange interpolating polynomials defined by
the Gauss-Lobatto quadrature points, since our approximations inherit nice properties from
this (Hesthaven and Warburton 2007). However, the constructions presented here are gen-
eral, and any basis can be used. For the sake of illustration, the reader may think of {q’)’r‘ }]rvil
as the Lagrange polynomials. On each cell D, we approximate

Ni

feen b n =) d (k)

r=1
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where a ,(t) are yet-to-be-determined time-dependent coefficients. We refer to ”: as the

local approx1mat10n on Dy, while the global approximation is given by Y. u on the whole
kez
domain. The whole approximation space is & W,.

kez
Let N, := {l, ,Nk}, k € Z.For k € Z, define local row-vectors
') = (FW)en,, @) =@, ®),er. i €S

Note that we will always use the letter r to index the basis function within each cell.

The DG method proceeds by considering the weak-formulation of the PDE, which
is constructed from the strong-form of the PDE, Eq. (15). In general, to construct the
weak-form we need a set of test functions, say W. Now, take the strong form of the PDE,
multiply it by some test function y(x) € W, integrate with respect to x, and apply inte-
gration by parts to the derivative with respect to x, to get

/XGR 2 fiox Dw ) dv = /xeR 3 fe DT, w(x) dx + /XGRJ;(X, ey (3) dn

ieS

— i Dew ()=,

(16)

for j € S. It is common to choose W such that y(—o0) = w(o0) = 0, in which case the last
term on the right is zero. Requiring (16) to hold for every y € W gives the weak-formula-
tion of the PDE. For a sufficiently rich set of test functions W the weak and strong forms of
the PDE are equivalent. Solutions to (16) are known as weak solutions and generalise the
concept of a solution of the PDE. For example, this may allow discontinuities with respect
to x in the solution — something which is ill-defined for the strong form.

For the purpose of DG, we take the set of test functions to be W = W¥, the same

kez
as the set of basis functions of our solution space. Proceeding as described above, the
weak formulation is

/ —f(x D dr= | Y A nTdke) dx + / J;(x,ocjd%qa’:(x)dx
xED;\ x€D;

x€Dy jeS

— [fix D kT,

since q‘)’; is compactly supported on Dy, for all j € S, r € N}, k € Z. Now, note that any
function g(x) can be decomposed as g(x) = g% (x) + g*(x) where g% € W and g* € W+,
and W' is the orthogonal complement of W. Since g’ is orthogonal to W,

gl(x)qﬁf(x)dx =0 for r € N, k € Z. Also, note that id)’;(x) € W. Using this, we can
X
write

[ L(renpion)soma= [ T (Fwn )T ein
xeD,\

XGDL ies
d
' /xevk (J;W(x’ 0+ f))cjacﬁf(x) dx
- LDl

which is equivalent to
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/ D W, 1) e = / Zﬂund®M+/.ﬂm%i¢mm
xeDy or’ x€D; ieS x€Dy dx
k X=Xt
- [fj“(xv t)Cj¢r(x)]x:XZ ]'
17)
Now, f (x,1) € W so, on D,, it can be expressed as ak(t)dJk(x)T which we now sub-
stitute 1nto (17) and repeat this for all test functions d)k(x) r=1,..,N,, to get the follow-
ing system of equations,

d
/xepk GO W= [ 3 d0F W T s
d 18
+ /X o, af(t)(l)k(x)chaq;k(x)dx (18)

—lf P Wl kez

3.3 Mass, Stiffness, and Flux
For k € Z, define local mass and stiffness matrices M, and G, by

M, = T wdr, G, := EN d%¢"(x) dx.

x€D;, X€D;.

We can write (18) as

_a KM, = Y afOM,T; + ik ()G, — ¢[f(x, D' T (19)

=

It remains to approximate the flux, fi(x,?) at the cell edges x;, k € Z, so that we may
evaluate the terms [ f (x, t)qbk(x)] :ﬁi*, r=1,..,N,, k € Z. This is the key for DG — it joins
the local approximations on each cell D,, into a global approximation on the whole domain
of approximation. The flux is the instantaneous rate (with respect to time) at which density
moves across the boundaries x,;, k € Z. There are different choices for the flux, and we refer
the reader to (Cockburn 1999; Hesthaven and Warburton 2007), and references therein, for
some discussion of the topic. Here, we choose the upwind scheme, which, as we shall see,
closely resembles the flux terms from the generator B. The approximate flux, also known as

the numerical flux, is given by
];.*(x, 1) = sign(c;) gli%‘!* u;(x — ec;, 1),
at each x = x;, k € Z. Intuitively, the upwind flux takes the value of the density immedi-

ately on the upwind side of each x;.
Denote by x~ and x* the left and right limits at x, respectively. Assume first ¢; > 0, then
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RERas!

=l DPFOLZE™ ~ —¢ £ DPEWTZ
=01 Wts DGR O + 6 (s D0
¢t (X, - DB X)) + 0 DD (xy)
—cuA(ka,t)(,b (oep) + cu].‘ HEAN) N EH)
= —¢a (0P i, ) T D)) +cak 'O ) T Py
In matrix form,
—GLfix DYWL= & —¢lf (N Ty
= —¢a (P (i, )" o) + o OP T ) T M0
= ¢} (z)F]’.‘k +cal” l(t)F]].‘ Lk
where, for j€S with ¢;>0, we define Fkk : —¢k(x;+l)T¢k(xk+l), k€ Z and

ij—l’k =) T ). ke z
Now proceed 31m11arly for ¢; < 0 to get the approximation

—clfix, t)¢k<x)]§;:§:“ R —¢ £ Dt Ty
—ad ! P o, DT o) + @ 0 0D T ¢ ()
k+1(t)Fk+lk +Cak(t)Fkk
where, for j€ S with ¢; <0, we define Fk+1k 1= —¢k+1(xz+1)T¢k(xk+1), k€ Z, and
Fkk c= ¢k(x+) ¢k(xk) k ez
The matrices F¥1* Fkk nd F**'* are the local flux matrices. For convenience, we

also define the matrices ka“ =0forc; <0 andij]‘ =0 for¢; >0,k € Z.
To write this out as a global system, deﬁne the row-vectors

a'(t) = @ (O)es,  a(t) = @Oz,

and the block-diagonal matrix

M= INS ® M, ,where Ng = |S]|, ® is the Kronecker product,
and the block-tridiagonal matrix B

— Bhk-1 Phk Phok+1

where, for k € Z,
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T M+, (F*+ Gy T),M, Ty My
- Ty My
%kk — H : s
TNS—LNSM]/:k
TNsle TNS,NS—IMI( TNS,NsMk + CNS(FNS + G
- ¢ e b
Pkt — !
k1
| CNSF N
- kk—1 h
Rkk—1 ClFl
% N =
o k=1
L Ns® Ng

The matrices B are defined by sub-blocks; denote these sub-blocks by %{.‘if :

g [ TiMc+a(FE+ G i=
ij M, i#]J,

sk _ J GFY i=], _
%ij —{0 i celk—1,k+1}.

The global system of equations is

d ~ ~
Ea(t)M =a(B. (20)

3.4 Boundary conditions

To enable computation, this numerical approximation has to take place on a finite inter-
val, which means we must consider a bounded domain and specify boundary conditions.
Recall from Sect. 2 that we wish to impose a regulated boundary at x = 0. To apply the
DG method, we must truncate the state space of the first fluid at some finite interval upper
bound, [0, Z], for some Z < oo, and specify the boundary behaviour at x = Z. Here we con-
sider 7 to be a regulated boundary. Let us denote the doubly-bounded fluid level by )_(t.
Ultimately, we wish to approximate a fluid-fluid queue where the first fluid level, X,, is
bounded below at 0, only. Thus, the first step in the approximation scheme is to approxi-
mate X, by X,. The truncation of X, to X, will result in an artificial point mass at the upper
bound, which we have to address properly. It is important to choose an Z sufficiently large
to control the error induced by the artificial upper bound, however, with larger Z there
comes increased computational burden. We shall further comment on this in Sect. 5, where
we report our numerical experiments.

Let [0, Z] be the domain of the approximation, where Z < oo, and assume there is a regu-
lated boundary for {X,} at x =Z. We partition the space [0,Z] into Dy = {0}, D, = {7},
and K non-trivial intervals, D, =[x, x, 1\ {{0}U{T}}, x, <xppp, k=1,..,K,
x, =0, xg,y =7 and define h; := x;,; — x;. The notation A refers to quantities and sets
which are relevant to the boundary at Z.

For states with ¢; < 0, there is the possibility of point mass accumulating at the bound-
ary at 0. Denote these point masses by gy ,(?) for i € Sy. For states with ¢; > 0 there is
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no possibility of a point mass at 0. Similarly, for ¢; > 0 there is the possibility of a point
mass at Z. Denote these point masses by g, ;(?), for i € S,. For states with ¢; < 0 there is
no possibility of a point mass at Z. Let gy(7) = (gv ;(1);cs, and g5 (1) = (g i(1));cs, and
Fut.0) = (. 0);es,» m € {+,—,0}.

Let us first consider the boundary at X = 0. Bean and O’Reilly (2014) show the follow-
ing boundary conditions describe the evolution of probability/density of a stochastic fluid
model with a regulated boundary at 0;

£40) = 45Oy ~£0.0C, e

qV(t)TV+ :f+(0’ t)C+' (22)

Equation (21) states that point mass moves between phases according to the sub-genera-
tor matrix Tyy, and that the flux of probability density into the point masses is —fy (0, #)Cy.
Substituting the DG approximation for fy(0, 7) into Eq. (21) gives, for j € Sy,

qum— Y 4y (0T —al)g' ()" ;.

ieSy

Equation (22) describes the flux of probability mass to density upon a transition from a
phase in Sy, to a phase in S, . Thus, the flux into the left-hand edge of D, in phase j € S, is,

Z 4y /(DT};. Therefore, we can now evaluate
i€Sy

LD WY = —¢i 1. 09 () + ¢;£(0.0$' (0)
~ = (f7 (1, D9 () + Y 4y (OT;9'(0)

ieSy

= ] OF;" + Y 49, (0T (0),

€Sy

for j€S,. Thus, the DG approximation of the flux into point masses gy ;(#) is
—a; (t)¢ 0)Tc i J € S_, the rate of transition of point mass within gy (?) is Tyy, and the DG

approx1mat10n of the transition of point mass to density is Y, gy ,(7T; ¢1 0),j€S8,.
€Sy
Similarly, for the boundary at X 7 the boundary conditions are

L4500 = 4,0 Tas +15Z.0Cs,

q DTy =—f_(Z,nC_.

Using the same arguments as above,

qA,,m Y 40T +a 0" D" ¢,

ieS,

— [N I ~ alOF K + Y g, (0T;¢* (D,

i€S,

for j € S,. Thus, the DG approximation of the flux into the point mass g, ;(#) is
aX (t)qSK OTec A S, the rate of transition of point mass within g, (¢) is 7 5, and the DG

appr0x1mat10n of the transition of point mass to density is Y} g, ()7, ¢ @, jes..
€S,
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To include this behaviour in the DG generator we truncate the doubly-infinite matrix B
at k = 1 and k = K, then append |Sy | rows and columns to the top and left, and |S, | rows
and columns to the bottom and right. These represent the point masses gy (¢) and g, (?),
respectively. Given the discussion above, the truncated matrix is

[Ty B
%IV %11 %12
%21 5322 5323
%K—I,K—Z %K—I,K—l %K—I,K
%K,K—l %K,K %K,A
%A,K Tya |

where B! := Ty, ® ¢'(0), BV ;= —diag(c; 1, <0))l€$®¢ 7, BAK = T, ® ¢ (D
and BEA 1= dlag(c Ti0)ies ® ¢*(DT, and @ 1s the Kronecker product. Where we have
used the same sub-block notation as we have for B.

After the addition of the boundary conditions, the system of ODEs (20) can now be
written as

L Jgo () aw g50)] = [av0) a) g50] B, (3)

fisy1
~ In, ® M, ~
where M = . Define B = BM~!, with the sub-block
Iy, ® My
- Lis,|
as we used for B.

Regarding our notational convention, the matrices in fraktur fonts (e.g. B) are interme-
diary constructions that are not directly referred to for the rest of the paper (but do appear
again in the appendix). We use regular mathematics fonts to represent

DG approximations to operators, i.e. B is a DG approximation to B and ¥ is an approxi-
mation to.

We prove the following result in Appendix 1.

Corollary 3.1 The approximate generator B conserves probability. That is, for all t > 0,

D aviO+ Y aai 0+ / - u;(x, 1) dx

ieSy IES, ieS
- Y w0+ Y a0+ Y [ w0
ieSy i€S, ies J x€[0.1]

3.5 Putting It All Together

Recall that the ultimate goal for our DG approximation is to approximate the operator B.
We have that B* is an approximation to B¥, k,# € {V, 1,..., K, A}.
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Given we have now truncated the space and added boundaries, let us define M, 7 as
the set of measures, y;, which admit an absolutely continuous density on (0, Z), may have a
point mass at x = 0if i € Sy, and another at x = 7 if i € S,. The set M, 7 is the domain of
the operator B truncated to the interval [0, Z] with regulated boundaries at x =0 and x = 7.
Also, redefine IC;" ={ke{V,1,.,K,A} | (D, ﬂfim) =1I(D,)} for ie S,m € {+,—,0}
foralll € M, 7.

Approximations B’”" U, and B™ to BZ"’ sz and B™, i,j € S, m,n € {+,—,0}, are
constructed from the block—matrlces ka i,je S, k., € {V,1,...,K, A}, as

mn __ k&
Bl.'i - [Bij ] m n’
keki'. ek
— kt
B, = [Bl.j ] ,
kLE(V,1,... KA}

B™ = [[Bj;f] | ] ,m,n € {+,—,0}.
i€S;' jES, kek™ £ek”

i,j€S, mne€ {+,—,0},

i,jE€S,

4 Application to an SFFM

Given our approximation B to the generator B we now follow the recipe from (Bean and
O’Reilly 2014), replacing the actual generator B with its approximation B, to construct
approximations, & and p, to the stationary operators,; and p.

It may be convenient to think of our approximations in terms of approximations of ker-
nels. Recall that the operators in (Bean and O’Reilly 2014) can be thought of in terms of
kernels. That is, for some function g = (g;(x)),cs, We can write

uBg' = / dp(OBY (x, dy)g; ),
kZe(V.1,...K.A} ijeS )

where BY (x, dy) is the kernel of the operator B

Let a¥(f) := qy(?) and a®(¢) := q (1), and deﬁne basis functions (/)V(x) d)lv(x) = 6(x)
and d) ) = d)A(x) =6(x — Z) where 6 is the Dirac delta function, Ny =N, =1, and
Ny = N, = {1}. Also define MV =I5, and MA = I, and row-vectors

P(x) = (¢* ievi,.kap @)= (a,- (DMie(vi,..kap L ES.

To pose the approximation B in kernel form let a;¢p(x) T € W, i € S be the initial den-
sity of the process, and (IJ(x)bl.T € W, i € S be a test function. Observe that, from our DG
construction earlier and the definition of M,

> / a,0(0) " ) dxi ' Byp() T p()b;dy = Y a,B;Mb;.
ijesJxyel0 7] ijes
Thus, we can think of

M 'B;p(») T dy,

as an approximation to the kernel B;(x, dy). This concept can be extended to all the approx-
imations of operators considered in th1s work.
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4.1 Approximating the OperatorR

Recall the operator R* from Lemma 2.1. Essentially, the operator R¥ takes an initial meas-
ure g* and multiplies each element by 1/]r;(x)| on cells D, where r,(x) # 0. In the context of
DG the initial distribution is given by aiqb(x)T eW,ieS. Thus, fork e {V,1,..,K,A}

such that r;(x) # 0 on D, we have
kpkN T

a; " (x)
kpke NT ok _ i

av = T

Decompose the right-hand side into a component which lies in W and another orthogo-
nal to W:

ai¢' ()"
|0

where pf¢*(x)T € W, gt € W*. Now, multiply by test functions {d)’;(x)}lrvi] and integrate
over [0, Z]:

k T 4k
ot / LA ACI B ot / ) T @) dx + / gHPk(x) dx
x€[0,7] x€[0,7]

[r;(x)] xe[0T]

=pl ‘" + g ).

=ﬁ/ ‘T P dx = pimy,
x€[0,Z]

ko NT gk

since g;(x)* € W+. Define the matrix M} := / LS ) dx, then a‘M; = p*M,,
) 1r®)
which implies p¥ = a*M;M;!. Thus, we have the approximation

ai¢' ()"

k gk Tk —
GO = T

~ affM]:Mk‘ld)k(x) T

Since a* is arbitrary, we see that we approximate R* by R =M’M; !, and R¥ by
i i i kK k

Rf = diag(R{-()ieSL.
In practice, we implement a Gauss-Lobatto quadrature approximation to compute the
elements of M.

4.2 Approximating the Operator D and the DG Riccati Equation

Recalling Lemma 2.1 and replacing the operators R* and B?”, by their approximations we
have the following approximation to D" (s)

D™ (s) = [R’"(B’”" —sI+B™ (B - sI)_IBO")], m,n € {+,—}.
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Let ¢* ()M, R4 ’MT dy, ijES, k€K, £/ €K, be a finite-dimensional
approximation of the operator kernel q]/jf ($)(x, dy), where W (s) is a matrix of constants for
a given s. Construct an approximation toy(s)(x, dy) by

)

¢TI H(s)p () dy = [[cp"(x)Mk“Pj;f(s)fpf(y) Tay],

ieS)jeS; ] kektrek™

where ¢*(x) = (¢* ®)iest kex+ and §~(y) = (¢k(y)),eg ke~ are row-vectors, 'P(s) is a
matrix of constants for a given s with the same size as ‘D , and M ,me{+,—,0}is a

)legn> s mE {+,—.,0}. Now replace the theo-

retical kernels in Theorem 2.1 by their DG appr0x1mations to get

block diagonal matrix M,, = d1ag<(

¢ OM' DY ()¢~ () T dy

+ [ ¢T@MI)P (@) T @M D) ()¢t )M W(s)p™ () dz, dz, dy

21,2

+ / ¢ OM D ()" (2) T T ()M P()$~ () T dz, dy
+ [ BRI @) T 6 I D080 by dy =0

Multiplying on the left by q§+(x) T and on the right by ¢~ (y), integrating over both x and
v, then post-multiplying by M ~* gives the following matrix Riccati equation

D () + P(s)D Tt (5)P(s) + DT (s)¥(s) + P(s)D~(s) = 0. (24)

Thus, we may find W(s) by solving Eq. (24), using one of the methods in (Bean et al.
2009). Here, we use the Newtons method.

Given the stochastic interpretation of \j(0) we know that p(0)([0, c0)) = 1 for every vec-
tor of measures v such that 1[0, c0)1 = 1, when an SFFM is recurrent. It appears that this

result carries over to the matrix W(0) giving the property that YO0)p~ ()T dy=1.
yel0,7]
However, we have only observed this numerically and have no proof of this property.

Table 1 Notation for the approximation of the stationary operators of an SFFM. The first column contains
the operators which we are approximating, the second column contains indices for which the operators are
defined, the third column defines the notation we use for the coefficients of the approximation, and the last
column defines how the coefficients and basis functions are used to approximate the operators

Exact operator Operator indices Approximation notation Approximations
{f ieS , kek” 1;{? = (5,{})@\4 {f(dx) ~ §f¢k(x)T dx,
pt ies us, Pii= 0 ey, pr(dx) ~ pftn) T dx
ke U K,
me(=,0)
T (y) i€S, zQ) 1= (7, 0ren, T)(dx) & 2k ()PF () T dx

ke {V,1,...,K,A}
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4.3 Putting It All Together: Constructing an Approximation to the Stationary
Distribution

We find an approximation to the stationary distribution by replacing the theoretical opera-
tors in Theorem 2.2 with their approximations. Table 1 defines the notation we use for the
DG approximations to stationary operators.

With the notation in Table 1 define row-vectors

£ 1= (E)ess kEK],
£ 1= (E%er-
P = 0Dy, k€K, me (-0},
P =" e mE (=0},
P =00y
T0) = (@ Degr KE (V1 K, A, m € {+,-,0),

") = @ O)gens  m € {+,-,0},
x(y) := (”m()’))me(+,—.0}'

Proceeding similarly to the derivation of the Riccati Eq. (24), we can argue that the
coefficients £ are the solution to the matrix system

£ 0] <—[§S_ 253])'1 [g&f]wm)=¢,

p " _
/Xem]g T ]dxl =1

Essentially, we replace the theoretical operators in Egs. (9) and (10) with their DG
counterparts.
Similarly, the coefficients p are given by

_ B B°]\"
o =<l o) (-] 3o o |) - ©s)
where z is a normalising constant. The coefficients z(y) are given by

0y — [+ - B 00\ 1
) = [7*0) W) | o [(-B") . (26)

B~ R 0 ]
, (27)

7)) = o~ #) [30:] €9 e (0)] [ o B

D) / / TP T dxdy (28)
y=0 Jxe[0,7]

i€eS ke{V,1,...K,A}
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+ / PiPf 0T dx=1, 29
ieS £e(-,0} ke/C,.’ x€[0,7]

where K := D**(0) + ¥(0)D")(0), and z is a normalising constant.
To assist the reader in understanding these constructions and the notation we provide an
explicitly worked toy-example in Appendix 2.

5 Numerical Experiments

To illustrate the validity of our discontinuous Galerkin approximation, we perform numeri-
cal experiments on a stochastic fluid-fluid model, in a three-pronged approach.

First, we run Monte Carlo simulations, in order to compare the simulated joint density
of {(X,, @,)} evaluated at the time {Y,} first returns to the initial level 0 against that which is
obtained via the return-probability matrix ¥(0). This numerically verifies the accuracy of
our proposed approximation for the operator matrix ¥(0). Second, we evaluate approxima-
tions to the limiting marginal joint density of {(X;, ¢,)} by first approximating the limiting
distribution of {(X,,Y,, ®,)},5¢ and then integrating over Y,. We compare this against the
analytical density. Third, we vary the parameters of the second fluid {¥,} to confirm that the
approximating joint density for {(X,, ¢,)} does not change, while the marginal limiting dis-
tribution for {Y,} does, both of which are consistent with our intuitive understanding of the
chosen example. In all three procedures, we find the approximations to be accurate.

We also analyse different choices for the level of spatial discretisation and the degree
of polynomial basis functions, with respect to the order of convergence in relevant error
terms.

5.1 An On-Off Bandwidth-Sharing Model

The following example is a modification of the example presented in (Latouche et al.
2013) where it was first analysed. The modification of the example is necessary since, in
(Latouche et al. 2013), the model is level dependent; in particular, the rate of change for the
process {X, } at time ¢ depends on whether X, is above, or below, some threshold, x*.

The modified example we consider here is as follows. Consider a stochastic fluid-fluid
{(X,.Y,,@,),t >0}, where {X,} and {Y,} represent the workloads in Buffers 1 and 2 at time
t > 0, respectively, both driven by the phase {¢,}, which is a Markov chain on the state
space S = {11,10,01,00}. Both {X,} and {Y,} have a regulated boundary at 0. Here, the
state 11 indicates inputs to both buffers being on, the state 00 indicates both being oFF, the
state 10 is when only the first input is oN, and the state 01 is when only the second is oN.
The input of Buffer k is switched from on to ofr with rate y,, and from OFF to oN with rate
P, for k = 1,2. Thus, the infinitesimal generator T for ¢, is given by

—(r1 +7) %) 71 0
T = b - +5) 0 71
B 0 =+ B 72

0 B b, =B+ 5)
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The net rates of change for X,, denoted c;, are given by
(€115 €10 Co1> Con) = (4 =0y, 4 = 6,, =0,, =0,),
and the net rates of change for Y,, denoted r;, are as follows
(A, — K, -k, 4—k, —k)ifX, =0,
(11105 ToraToo) =3 (A =05, —0,, 4, —0,, —0,) if X, € (0,x%),
( Ay, 0, Ay, 0) if X, > x*.
For our numerical experiments, we use the parameter choices given in (Latouche et al.

2013):
=11, p =1, A =1248, 6, =16, &=26, (30)

=22, B,=1, 1,=1625 06,=10, x*=1.6. (31)

While the true problem has an unbounded domain [0, o0), the discontinuous Garlekin
method requires the domain of approximation to be a finite interval. Here we choose an
upper bound of Z = 48 and approximate the process on [0, Z ] with regulated boundaries at
0 and Z. The effect of this truncation can be partly quantified by evaluating
xllglo P [X, >T, 0, = i], i € S. We observe that our approximations have an error of at least

this amount.

5.2 Numerical Rxperiment for ¥

Here we construct an approximation to ¥ using our DG methodology and compare
the results to estimates obtained from Monte Carlo simulation which we treat as the
ground truth. We choose the initial distribution of {(X,,Y,,,)} to be a point mass at
Xy =15,Y,=0, ¢, =01) and zero elsewhere. Given the initial distribution and the

Phase 00 Phase 10
* * 003} * *
095
oy E3 2 *
8 090 8
8" - g002r
=% + [} ¥
£ 085 2
3 * + DG Nk=1 S om x + DG:NKk=1
goso * DG Nk=2 13 * DG:N k=2
O — Simulation O — Simulation
-
075 000+ 4
00 05 10 15 20 00 05 10 15 20

Fig.1 Approximations to the cumulative probabilities [FD[XH(O) < X Pyoy = i], i € {00,10} and
x, =0,04,0.8,...,2, obtained by Monte Carlo (red bars), DG with one basis function on each cell (black
crosses) and DG with two basis functions on each cell (blue stars). For the Monte Carlo estimate we
plot the 95% confidence interval. The cumulative probabilities, [P’[Xo(o) < X Pp) = i] are constant for
i € {00, 10} and x;, > 1.6, and are zero for ¢ € {11,01}, as it is impossible for 6(0) to occur whilst the pro-
cess is in these phases; hence, we do not show them here
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model parameters defined above, we simulate 10° sample paths until the first return
time 6(0) and record (Xp(), @g))- We then use the samples to estimate the probabilities
IP’[XE(O) < X Po0) = i], x, =0,04,0.8,...,48, i € S by finding the proportion of samples
that lie in these sets. To account for Monte Carlo error we use the bootstrap (10* times) to
estimate the 95% confidence interval for these estimates. In Fig. 1 the lower and upper red
horizontal bars at each point represent these confidence intervals.

We then use the DG methodology with a constant cell width of 2, = 0.4, k =1, ..., 120,
and N, =1 or N, =2 basis functions on each cell to estimate the same probabilities.
Results are plotted in Fig. 1.

As shown in Fig. 1, the piecewise-constant DG approximation with one basis function
on each cell provides a reasonable approximation, while the piecewise-linear DG approxi-
mation with two basis functions on each cell gives an approximation which is almost indis-
tinguishable from the Monte Carlo estimate.

5.3 The Marginal Stationary Distribution of X

Since Buffer 1, {X,}, is conditionally independent of Buffer 2, {Y,}, given {¢,}, we can use
results from the existing literature on stochastic fluid flows (da Silva Soares 2005) to obtain
the marginal limiting density y (x) = (y;(x));es of { X, }:

L) = ai[nm PIX, <x,0,=il, i€ {l1,10,01,00}.
)X 1—00

On the other hand, using the methodology of Sect. 3, we can approximate the joint sta-
tionary operators

ROW s S lim PIX, € A Y, < v, = i,
y 1=
P dx» lim P[X, € A.Y, = 0,9, =],

fori € {11,10,01,00}. Then, we marginalise over y to approximate the marginal stationary
distribution y(x)

/ r,(y)x)dy + p;,(x) = yi(x).
YE[0,00)

Let two vectors y! and y? denote respectively the piecewise-constant and piecewise-
linear DG approximations of y. We use a mesh with a constant cell width &, = 0.4 for the
DG approximation. Figure 2 presents the analytical densities y;(x), i € {11, 10,01,00}, the
piecewise-constant DG approximation, and the piecewise-linear DG approximation.

The piecewise-linear approximation performs well and is almost indistinguishable from
the analytic density, while the piecewise-constant approximation does not perform as well.
The piecewise-constant approximation underestimates the point masses and the density at
lower values of x, and redistributes this mass in the tails.

5.4 Sensitivity to the Dynamics of { Y, }

To further confirm that the discontinuous Galerkin approximation ¥(0) of the operatory(0)
accurately captures the dynamics of {Y,}, we vary the rate at which the input to this buffer
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Fig.2 A plot of the analytic density functions, y;(x), and the approximations to the density functions
;(l,l (x), ;(l.z(x), fori € {11,10,01,00} and x € [0, 5]. The analytic density, y;(x), is the solid red line with red
crosses, ;(i] (x) the solid green lines and )(I.z(x) the solid blue line. The analytic density and DG approxima-
tion with linear basis functions are indistinguishable. The value of the point masses at X = 0 are repre-
sented by the height of the circles of the same colour as the corresponding density and have been jittered so
that they do not lie on top of each other

switches orr (denoted by y,). As we modify this rate, we expect to see a change in the dis-
tribution of probability between

Table 2 The probabilitiesp”
andp*while varyingy,

@ Springer

P’ :=1limP[Y,=0],

1—00

pt =Py, >0|.

n=11, =1 rn=16, =1 rn=22 p=1

p° ~0.0 ~0.138 ~0.275
pt ~1.0 ~0.862 ~0.725
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Fig.3 Approximations to the density functions y,,(x) + y,o(x) (left) and y,, + xq, (right) on x € [0, 8] for
7, = 11 (green with diamonds), y, = 16 (blue with crosses) and y, = 22 (red with plusses). The coloured
circles at x = 0 on the right-hand plot represent the point masses and are coloured according to y, = 11
(green), y, = 16 (blue) and y, = 22 (red)

The net input rates for {X,}, ¢;; = ¢,y and ¢y; = ¢, and the proportion of time that the
phase process spends in the sets ¢, € {11,10} and ¢, € {01, 00} remains unchanged as y,
changes. Also, as y, increases, the phase process spends proportionally more time in states
{10, 00} than in states {11,01}, and thus more time in phases with r;(x) < 0. Hence, as y,
increases, we expect that Y, will spend more time at ¥, = 0, on average, yet the sum of the
densities y;;(x) + y,o(x) and yy; (x) + yy(x) should remain unchanged.

Regarding our approximations, we keep the mesh (h, = 0.4) and basis functions
(N, = 2) fixed, and vary y, and record the probabilities p® and p*, shown in Table 2.
We also plot the densities 7 (x) + x2 (x) and 2, (x) + x5,(x) in Fig. 3. As y, increases,
the amount of probability in p° increases, while the densities y7 (x)+ xj(x) and
)(gl x)+ )(go(x) remain unchanged, as expected.

5.5 Numerical Errors

It has been shown that operators such as B (defined in Sect. 2.1) under a DG approxima-
tion can have an error which converges at the order of O(hi’ *+2) where hy is the discretisa-
tion and N = N, is the number of basis function on each cell (Hesthaven and Warburton
2007). However, this result cannot be easily translated across to the operator ¥. The DG
approximation ¥ is constructed by taking the DG approximation, B, of the operators B,
constructing an approximation, D, to D and then solving the Riccati Eq. (24) with D. We
then use the approximation, W, of \ to derive an approximation for the limiting density .
With such a construction, it is not known how the error propagates through the process of
solving the Riccati equation, and then through further calculations to determine z. Deter-
mining bounds for the approximation errors of ¥ and &, as functions of the discretisation
and basis selection, is a topic for future research.

As a preliminary step in this direction, we empirically investigate how the approxima-
tion error of the marginal limiting density of the fluid {X,} (see Sect. 5.3) changes with
respect to the choice of basis functions and the level of discretisation. Let [0, Z] be the inter-
val on which we approximate the solution, then both the approximations and the analytical
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Fig.4 A log-log plot of errors of approximation for the marginal stationary distribution of {X;,¢,}
for different mesh sizes, 4, and number of basis functions, N,. The error due to truncation at Z = 48 is
~ 5.83 x 107 contributes the majority of the error in the approximations with N, = 3 bases and a cell width
of h = 0.2 and N, = 4 bases and a cell width of 7 = 0.8

solution belong to the space S X ¢ 1([0, Z]), where C™'([0,Z]) is the set of functions with
countably many discontinuities. We compute the error of the approximation as

Z + Z |9a.]

ieS_ ieS,
K
i€S k=

where uf(x), gy, and g, ;, represent the DG approximation to the marginal stationary den-
sity of {(X,, ,)}, and the marginal stationary point masses at 0 and Z, respectively.

A log-log plot of the errors of the approximations versus cell width, & = h,;, are shown
in Fig. 4 for piecewise-constant (N, = 1), piecewise-linear (N, = 2), piecewise-quadratic
(N, = 3) and piecewise-cubic (N, = 4) polynomial bases. As log-mesh size decreases the
log-error of the approximation decreases linearly. For N, = 3 and 2 = 0.2 and for N, =4
and & = 0.8, a significant amount of the errors of the approximations are from other sources
of error such as truncation. Recall that we truncated the problem to the interval [0, Z] with
7 = 48, from which we compute tlil’g} P [X, > 48] ~ 5.83 x 10~ as the error due to trunca-

qv,;— }Eg P[Xt =0,¢, = i]

/ f.‘(x)dx—tlimlP’[X, € Do, =1l

tion. Ignoring the approximations where the truncation error is significant, we use least-
squares to estimate the slopes of the lines for N, = 1, N, = 2 and N, = 3 to be 0.871, 2.90,
and 4.82, respectively.
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Fig.5 Log-errors of approximation for the marginal stationary distribution of {X;, @,} for different mesh
sizes, h, and number of basis functions, N,. The error due to truncation at Z = 48 is & 5.83 X 10~ and con-
tributes the majority of the error in the approximations with N, = 3 bases and a cell width of 7 = 0.2 and
N, = 4 bases and a cell width of & = 0.8

In Fig. 5 we plot log-error against N,, the number of basis functions in each cell.
This shows that log-error decreases linearly as the number of basis functions on
each cell, N, increases. Using least-squares we estimate the slopes of the lines for
h=1.6,0.8, 04, 0.2, 0.1, and 0.05 to be —5.46, —6.07, —=7.97, —8.38, —10.5 and —11.9,
respectively.

To help understand the trade-offs between error, computation time, memory and the
overall size of the computational problem, we report, in Table 3, computation statistics
for the data in Figs. 4-5. The size of the approximation scheme is quantified by the total
number of basis functions required, denoted n,. Computation time and memory require-
ments are approximately the same for a given problem size, n,; however, the error of
the approximation is greatly reduced if a larger number of basis functions is used as
opposed to a smaller cell width. For example, using a piecewise-constant approxima-
tion, Ny = 1, with cell width & = 0.4, then n, = 480 basis functions are required and the
error of this approximation is =~ 0.205. Compare this to the piecewise-cubic approxima-
tion, N, =4, with a cell width of 4~ = 1.6 which also requires n, = 480 basis function,
but achieves an error of ~ 4.44 x 10~8 — an improvement of over 7 orders of magnitude
for approximately the same computation effort as measured by run-time or memory.

The approximation scheme of Bean and O’Reilly (2013) is equivalent to the DG
scheme introduce here when N, = 1. The width of the cell, A, corresponds to the param-
eter ‘Ax’ in Bean and O’Reilly (2013). Further, the finite-volume method with an
upwind flux also results in an equivalent approximation. Thus, examining the first col-
umn of Table 3 we can observe the numerical performance of these related methods.
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Table 3 Computation statistics for DG approximations to the marginal stationary density of {X,, ¢, }. n is
the total number of basis functions required for the approximation. Memory is the total memory (in mega-
bytes) allocated during the construction of the operators B, R, D, ¥, and the approximation to the stationary
density, #. The code was implemented in Julia using scientific libraries and was performed on a 2.3 Ghz
Dual-Core Intel Core i5 processor with 16GB of RAM running macOS Catalina version 10.15.6

h Number of basis functions, N,
1 2 3 4
1.6 error 5.85x 107! 4.58 x 103 1.97 x 107 4.44x 1078
time (sec) 0.0276 0.0871 0.205 0.302
memory (MB) 5.81 14.0 28.4 48.8
g 120 240 360 480
0.8 error 3.61 % 107! 6.79 x 10~ 6.98 x 1077 5.83%107°
time (sec) 0.113 0.315 0.646 L3
memory (MB) 15.6 47.9 103.0 181.0
g 240 480 720 960
04 error 2.05x 107! 930 x 107 246 x 1078 -
time (sec) 0.352 1.22 2.85
memory (MB) 504 179.0 394.0
ng 480 960 1440
0.2 error 1.10x 107! 1.23x 1073 5.83x107° -
time (sec) 1.38 5.62 13.9
memory (MB) 188.0 695.0 1540.0
ny 960 1920 2880
0.1 error 573 %1072 1.58x 107 - -
time (sec) 7.69 31.4
memory (MB) 727.0 2740.0
g 1920 3840
0.05 error 2.92x 1072 2.03x 1077 - -
time (sec) 43.6 230.0
memory (MB) 2860.0 10900.0
1y 3840 7680

Comparing the first column of Table 3 to the first row of Table 3 suggests that the DG
scheme can converge much faster than these other schemes.

Unfortunately, larger scale analysis of the errors of approximation for ¥ is computation-
ally prohibitive since the ground truth must be evaluated via Monte Carlo simulation.

6 Conclusions

We proposed the application of the discontinuous Galerkin method to approximate opera-
tors associated with stochastic fluid-queues and stochastic fluid-fluid models. Analysis of
SFFMs using these operators requires us to partition the operators into regions correspond-
ing to when the second fluid level is increasing, decreasing or constant. The DG method
is a natural candidate to approximate these operators due to the cell-based discretisation.
By correctly utilising the discretisation of the state space, we used the DG method to
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approximate the infinitesimal generator of a stochastic fluid model {(X,, ,)}, ensuring that
the necessary partition can be recovered. Furthermore, DG methods are also appealing as
they can maintain mass conservation, and high-order schemes can be constructed while
maintaining the necessary spatial-discretisation.

Here, we have detailed how one constructs approximations to various operators which
arise in the analysis of stochastic fluid-fluid models. We demonstrated this with an applica-
tion to approximate all the operators needed to construct the joint stationary distribution
of a stochastic fluid-fluid models. The DG method also enabled us to obtain other per-
formance measures of stochastic fluid-fluid models that are also analytically presented by
operators, such as P.

The numerical results showed that DG approximations of the operator ¥, as well as the
stationary distribution of a SFFM, are accurate and effective. We also verified that the opera-
tors and their dynamics were captured accurately. Furthermore, in our example, we observed
that adding more regularity in the basis functions was more effective in reducing the error
of the approximation than decreasing cell width, for approximately the same computational
effort. The numerical illustration also demonstrates that the DG scheme can converge rapidly
compared to other methods.

Future work includes determining theoretical error bounds for approximations of the opera-
tor P, as well as of the stationary distribution. Another interesting topic for future research is
to determine conditions under which the approximation to the stationary distribution is a posi-
tive function. It may also be possible to extend the methods presented here to processes with a
level-dependent first fluid, such as that in (Latouche et al. 2013).

Properties of B

Recall that the coefficients ai.‘(t) can be used to construct an approximate solution to a dif-

ferential equation at time ¢ as uf(x, H= af(z)qbk(x)T .Forie S, ke {V,1,...K,A}, reN,,

define of (1) :=a},(1) / N ¢ (x)dx, and row-vectors af(t) = (af (1)),ey;,- Motivated by
xX€D;

the fact that we may be interested in approximations of the probabilities

PX(t) € Dy, o(t) = i) rather than the function u;‘ itself, we can pose the problem equiva-
lently in terms of the integrals

P[X(t) € Dy @(t) = i| ~ a(®) " dx=af(nl
X€D;,

Define
ak(1) = (@ ())ics: and a(t) = (@ O))ie(v.1.. k.a):

and matrices

qbf(x)dx) Jke{l,..K},

P, = diag <
reN;

x€D;,
Iy, ® P

pP= .
INIS\ ® Pk

@ Springer



2854 Methodology and Computing in Applied Probability (2022) 24:2823-2864

By choosing the basis { ¢} },ex; xe(1,..x) Such that /xeDk @k (x) dx # 0 for all r, k, then P is
invertible. This is the case for the Lagrange polynomials, but not, for example for the Leg-
endre polynomials. We can (loosely) interpret the new coefficients a .(¢) as representing
the amount of probability captured by the basis function qﬁk(x) in phase i

The differential Eq. (23) can be equivalently expressed as —a(t) = a(1)B, where

L5, L5,
B = P! B P
L, L,
Let
BV =Ty, ® (¢'OM;'P,),
B!V 1= —diag(c, 1, <o)ies ® PT'9'O) "
B =T, ® (¢ DM, Py)
BE 1= diag(c;(50))ies ® P ¢ DT, B
BEE { Tuly, + ;P (F&* + GOM' Py i =, ok 1 K
Tyly, i #J, ’ ’
1 pkk+1
gri+l . {CP Fy Mk+1Pk+1 i=J, fork=1,...K -1,
v ONk l?é]s
—1 k,k—1 4 7—1 L.
23?.‘”‘ = { P F M P Y=L fork=2,... K
ij Oy, i,
B kk kk
BB
B = S i | fork=1,...K,
kk kk
B, B
[ oqkt1 kk+1 ]
" %1,1 %INS
Blrtl = : ,fork=1,...K—1,
%k,k+1 k,k+1
Ng.1 NNs |
kk—1 kk—1
" %1,1 28le
BT =1 : ,fork=2,...K.
kk—1 k,k 1
%Ns,l Ng.Ng
Then
[ TVV EBVI 1
%IV ?BU %12

%21 %22 %23

SBK_I'K_Z %K—I,K—l BK—I,K
%K,Kfl %K,K %K,A
AK
B Tpp |
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Remark 7.1 One may recognise the structure of B as the structure of a quasi-birth-and-death
process (QBD), with levels k = 1, ..., K. This raises the question of whether 8B is indeed a
representation of the generator matrix of a QBD, or QBD-like process. In the case of a con-
stant basis function on each cell, i.e. N, = 1 and qb" ) x 1,k =1,..,K, then B is the genera-
tor of a QBD: it has zero row-sums, negative dlagonal entries, and non-negative off-diagonal
entries, the QBD-phase variable is { @, } and the level is k = V, 1, ..., K, A. In fact, if &, is the
same for every k = 1,..., K, then this is the same QBD discretisation of a stochastic fluid
process analysed by Bean and O’Reilly (2013). However, for higher-degree polynomials 2B is
not necessarily the generator of a QBD process. We conjecture that, using polynomial basis
functions, then N, = 1 and d)’]‘ (x) x 1, k=1,...,K is the only DG approximation which has
an interpretation as a QBD-like process — not even as a QBD-RAP (Bean and Nielsen 2010).

In the following lemma, we use the following properties of the La;range interpolating poly-
1 xeD,
0x¢&D,.

For k € {1,..,K}, let e" be a row-vector of length Nk with a 1 in the nth position and
zeros elsewhere. Property 2 At the cell edges, qb () = €] kand ¢ (X)) = e k 1,.

nomials defined by the Gauss-Lobatto quadrature nodes. Property 1 Z qbk x) = {

Lemma 7.1 If {qﬁ’r‘(x)},e N, are chosen as the Lagrange interpolating polynomials on D,,
ke {1,...,K}, then the matrix B has zero row-sums.

Proof Let 1 and 0 be column vectors of ones and zeros, respectively, with an appropriate
length depending on the context. Using Property 1, observe that

Ny
M1 = (Z PP, (x) dx>

s=1 7 x€D;

T

reN;

N, T
( / EI I NC)) dx)
xeD; s=1

rEM
T
= ( P (x) dx)
x€Dy ren;
=P,
hence Mk‘lPkl = 1. Also
T
Gl = ( ¢ ¢"(x) dx>
x€Dy ren,
T
( / () — Z Ne)) dx)
reN;
T
= k-3 dx>
< *&Dy d)r ® dx reN
=0

s
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where we have again used Property 1.
Consider first ¢; > 0. Let b and d be arbitrary row-vectors of length N, and N, |, respec-
tively. By Property 2, fork=1,...,K — 1,
F' = —¢" () T " (es1)b
= —(e’;\,k) T ej‘vkb
- kT
= by (e})",
Fl].(’k+1d — ¢k(xk+1) T ¢k+l (xk+1)d
— (pk \T k1
= (ey,) e"'d
= dl(eka )T,
Therefore, for ¢; > 0, we claim
_ - —1 k1 g -
Y Tily 1+ Py (& 4 GOM P + ¢, P FE M P =0,
jes

The first sum is zero since T is a generator of a continuous-time Markov chain. This
leaves the other two terms, which, using our previous observations, we get

- - —1 k41 g —
P (¥ + GOM P + ¢, P FE I M)
=, PL (F* + Gl + P P
=P F*1 + ¢,P' G, 1 + ¢, ' FP 1
=P (e )T +0+ P ey

=0.

Pk+11

Similarly, for ¢; < 0, and row-vectors b and d of length N, and N,_,, respectively,
F' = ¢ (0) T ¢ (b
— (kYT k
=(e)) eb
=b, ()T
F' 7l = —¢' ) " ¢ (od
— (kYT k-1
= —(e)) eNk_]d
=—dy_ (D",
Therefore, for ¢; < 0 and k = 2, ..., K, using the same arguments as before we have
D Tyly 1+ ¢,PL (F* + GOM P + ¢, P PP M P
j€s
- - —1 k1~
=0+, P (F* + GOM'P A + ;P ' FY M ! 1
=P (F* + Gl + ¢, P FP 1
= ;P P14+ ¢, P G + o,P FP'
=Pl )T +0+c.P (=€)
=0.
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For the lower boundary,
Tyl +BV'1 = Tyyl + [Ty, ® (¢'(OM;'P,)]
1.Swapping the order of summation and recalling
M;'P1 = 1 then this is equal to Tyy1+ [Ty, ® (¢'(O)M;'P))1]1
=Tyyl+ [Ty, ®e1]1
=Tyyl + [Ty, ® 1|1
=Tyyl+ Ty, 1
=0.
Also, for ¢; < 0,
P70 +cPTF + GOMT P = —,PT @ O)T + . PTNF + G
=—¢,P7'$' O +¢,Py'FM
=—c;Pi e + Py (e
=0.
For the upper boundary,
Taal + B1 = Ty, 1+ [T, ® (@5 @M Py)]
1.Swapping the order of summation and recalling
M;'P,1 =1 then this is equal to Ty, 1 + [Tx_ ® (§* (DM P11
=Ty 1+[Ty_®ey 111
=Taal+ [Ty ®ey 11
=T\ 1+T7,1
=0.
Also, for ¢; > 0,
PO DT + P FFE + GOM Pl = Pl @R + P (FE + Gt
=P DT + P FI1
= CiP1_(1 (eflk) T+ ciPl_(1 (—ejK\,K) T
=0.
Combining all of the above we have shown that the row sums of B are zero.

Corollary 7.1 The DG approximation to the generator B conserves probability. That is, for
allt > 0,

ZWM+Z%m+2/mﬁmmx

ieSy i€S, ieS
- Y w0+ Y a0+ Y [ o
i€Sy iE€S, ies Jx€[0.1]

@ Springer



2858 Methodology and Computing in Applied Probability (2022) 24:2823-2864

Proof Let {I/If(x)}rej\/k’ke{1 ko be a basis for span(Pr(x),r € N,k € {1,...K}),

where {(1§’r‘()c)},e Nke(l...k) are the Lagrange polynomials. Also define ll/,V (x) = 6(x) and
wlA(x) = 6(x — 7) to capture the point masses at the boundaries. Let us use the same vector
notation for the basis y*(x) as we do for ¢*(x). For k € {1,...,K}, since {y*(x)},¢ . and
{¢F@®)},e \; have the same span, then there is a matrix V¥ such that w*(x)T = VEgr(x)T.
Trivially, this also holds for k = V, A.

Let

lsa
fiss v
W= P and V = -
K
fis,i v
fis,i
For a DG approximation, B, constructed from {u/f},eM,ke{V,le,A}, it can be shown

that B is similar to B with similarity matrix, VW, such that B; = VW%UW‘1 V-l ijeSs.
Therefore,

/ By dx=VvWw8,Ww v / V)" dx
x€[0,7]

x€[0,7]
=VWwg8,W'wi
= VW1,

since / ¢(x)T dx = W1. The row sums of B are 0, hence
x€[0,7]

/ 2 By dv=VW Y 8,1 (32)
x€[0.7] jes JjES

= VWO (33)

- 0. (34)

Let Ya,(t), i € S denote the coefficients related to the DG approximation constructed

with the basis {y* }ren ke(v.1....k.a) (to distinguish them from a and a used above). The DE
constructed by the DG method is

d
5 ("0)y@ = Y (Ya®) By ).
d =)
Integrating over x € [0, 7] and summing over j € S we get
d v
—(Ya,)y @) dx = (Vai(0)) Byw (x).
/xe[O,Z] ;s drt x€[0,7] ,;; é !
Exchanging the order of operations gives

d v / = v / B
d jes ( “ )) x€[0,7] v 2 ( @ )) x€[0.7] Z W () (35)

ieS JjES
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where the right-hand side is 0 due to Eq. (32). This holds for all # > 0. The left-hand side of
(35) is the rate of change (with respect to time) of the total mass of the system. Since this
is O for all # > 0, there is no change in the total mass of the system and thus probability is
conserved.

A Toy Example

Here we include a small toy example to show how we construct a DG approximation
and to help clarify the notation.

Consider a process {(X,,Y,,®,)},5o With two phases, ¢, € S= {1,2} and genera-
tor matrix 7. Let Z = 1.8, and partition into two intervals D, = [0, 1] and D, =[1, 1.8],
hence x; =0, x, = 1, x; = 1.8. We choose a basis of Lagrange polynomials of order 1 to
define our approximation space. That is,

p=1-x, i) =x, x €Dy,

2 _ 18—x
hW =3

x—1
B0 =" ¥E€D,

The mesh and basis functions are shown in Fig. 6.
We can verify that the matrices M and G are given by

1/31/6| 0 0 —1/21/2] 0 0
woll/61/3 0 0 o -1/21/2] 0 0

0 0 |4/154/30 | 0 o0 |-1/21/2]

0 0 |4/30 4/15 0 0|-1/21/2

11¢1() ¢3(2)AQ1 () 3()

> X
Ir1 = 0 Dl To = 1 DQ Trs — 1.8

Fig.6 A mesh with nodes x; =0, x, = 1 and x; = 1.8 and cells D, = [0, 1], D, =[1, 1.8]. There are two
basis functions on each cell. Point masses are located at x; = 0 and x; = 1.8
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The matrix P is given by

1/2 0|0 0
p_| 0 1/2/0 0
0 0[2/5 0
00‘02/5

Let ¢, = 1and ¢, = —2. Then the flux matrices are given by

Suppose that r;(x) > 0 on D; = ]-'1+ and ri(x) <0on D, U {1} = F, and further, that
r,(x) <0on{0}UD, =F, andry(x) >0on D, = ]-'2+. Specifically, let

-1 x=0,
o) = { Lrel nw={-2veomn,
’ ’ 1 xe[l1,1.8].

Then, constructing B we get

v Dy D, A
Ty F Ty Fr Ty Fr
qv.1 ai as a;,l a%,z a%,l a%,z a3, a%,z qa.1
[T | 4T —2Tn 0 0 0 0 0 0 0]

0 | Tu-3 3 Tz 0 0 0 0 0 0

0 -1 Tu-1 0 Tio 5 -25 0 0 0

2 T 0 Ty —2 -2 0 0 0 0 0

0 0 ey 6 Tos — 6 0 0 0 0 0

0 0 0 0 0 Ty — 48 L Tio 0 0

0 0 0 0 0 -3 T, -3 0 Tio 1

0 0 0 —4 8 T 0 Too — 2 -3 0

0 0 0 0 0 0 Tn L T—% | 0
L 0 0 0 0 0 0 0 —2T1 4Ty Ty |

We also have sub-matrices
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++
Bll -

+—
By =

+-
By =

4
BZQ -

0
0

Ty
0

-1

Ty
0

1

Ty —3

2

0
T

0 _
, By
Tia
0 _
, Byt
0
5
Ty — 2

0 Tip

2Ty 4Ty

4Ty —2Ty

T 0

—+ _ ++ —-— ++ —— _ -+ _
and  B(|" = 03, B, = 0p0, B, = Opyss B3 = 0pp0, By7 = 0343, B3 = 0555, where

0,5, denotes a n X m matrix of zeros. Furthermore,

T, -3 3 0 0
B - -1 T —1 0 0
0 0 |Tp-3 -3
5 5
U
0T O 0 0 0
B — 0] 0 Tio| 5 —=2510 7
0| -4 8 [Ty 0 0
0] 0 0 0 T51 |0
4Ty, —2T5 0
T 0 0
gt |0 Tn 0 7
0 0 T1o 0
0 0 T2
0 0 2T 4T
Ta2 0 0 0 0 0
2 | Ty —2 -2 0 0 0
p_ |0 6 Ty —6 0 0 0
0 0 0 |mm- -2 lo
0 0 0 -3 Tn—-2%]1
0 0 0 0 0 T
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Since r,(x) and r,(x) are constant on each cell then R and R~ take a particularly sim-
ple form. We have

(110 oo olo]

0[1/2 0 |0 00

ol 0o 1/2]0 olo
7R7:

ol o o |1 oo

ol o o o 1]o0

ol o oo ol

The DG approximations D"™"(s), m,n € {+,—} can now be constructed as

R™B™ — Iy n=m,
mn j—
D™(s) = { R™B™ n#m.

For a given value of s, we construct and solve the matrix Riccati equation,
D () + P(s)D ()P (s) + DT (5)¥(s) + P(s)D~"(s) = 0,

for the matrix W(s) using, for example, Newtons method (Bean et al. 2009). To obtain the
stationary distribution we require ¥(0).

Now, to find &, we solve the linear system in Eqs. (9)-(10). The result is a vector
which we denote,

&= [‘fzv‘ézl,l ég21,2“312,1 12,2‘§1A]’

where !,’ZV is an approximation to lim P [Xg =0,¢, = 2] and flA is an approximation to the

n—oo

artificial point mass lim I]J’[)_(an =1.3, Py, = 1|. For x € D, an approximation to the den-

n—oo

sity of lim P[)_(en € dx, ¥y, = 2], is constructed as éé lti)i(x) + 521 2d)é(x). For x € D, an

n—oo

approximation to the density of lim [P’[)_(g € drx,@y = 1], is constructed as
n—oo n n

£ 50 + &, 2.
Next, given a value of y, we solve the system (25)-(29) to find p = p~ and n(y).
For the point masses we have

p = [sz‘pé,l pé,z‘p%,l p%,z‘plA]’

where 172V is an approximation to lim P [}_( ,=0,Y,=0,9, = 2] and plA is an approximation

to the artificial point mass zllglo [P’T;_Z =18,Y,=0,9, = 1]. For x € D, an approximation
to the density of lim P[X, € dx, ¥, = 0,¢, = 2|, is constructed as p},¢}(x) + p},$1(0).
For x € D,, an approximation to the density of tlirg IP[)_(, € dx,Y, =0,¢9, =1}, is con-
structed as pi BT + pi2¢§(x).

Similarly, for #7(y), we have

() = [ 7 0|7, 0) 7,077, ) 71,0 |7 0)].
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where ﬂv(y) is an approximation to lim [P’[ =0,Y, € dy,p, =2|and nlA(y) 1S an approx-

=00
imation to the artificial point mass lim P (X, = 1.8, Y, € dy, ¢, = 1|. For x € D, an approx-
=00 -
imation to the density of IlimP|X, € dx, Y, € dy,p, =2|, is constructed as
—>o0
;l(y)d)l(x) + ﬂ%z(y)d)é(x) For x€D, an approximation to the density of
lim P[x € dx,Y, € dy, @, = 1] is constructed as z 1(y)q!>2(x)+7z 2(y)¢2(x)

=00

For *(y), we have
w0 = [ 2,00 7,0)|5,0) B,0].

For x € D, an approximation to the joint density of lim P } € dx,Y, € dy,p =1
constructed as 7z1 1(y)d) )+ 2(y)d>2(x) For x € D, an approx1mat10n to the densuy of
lim P[X € dv,Y, € dy, ¢, = 2|is constructed as 75 S () + nzz(y)qﬁz(x)

=00

In summary, fori € S, a global approximation of the joint stationary distribution is

lim [P’[X € dv,Y, € dy, @, =i| Z 7 (MPr () dedy, x€(0,1.8), y >0,
f=eo re(12)ke(12)

lim IP[X € dxY,=0,¢,= z] P dy, xe(0,18),
fmee 12 Vhel(l2)
}1mP[ _()Yedy,(p,=z]z V(y)dy, y>0,
thmP[ —OY—O(p,=l]zp
thm[FD[ —18Y€dy,(pt=l]z7r mdy, y>0,
11m[P’[ —1.8,Y,=0,(pt=t] ~p2.
=00

Acknowledgements The authors acknowledge the financial support of the Australian Research Council
(ARC) through the Discovery Grants DP110101663 and DP180103106. Authors 1-4 also acknowledge the
support of the ARC Centre of Excellence for Mathematical and Statistical Frontiers (ACEMS)

Funding Information Open Access funding enabled and organized by CAUL and its Member Institutions.
Australian Research Council (ARC) Discovery Grants DP110101663 and DP180103106.

Code Availability Code available here: https://github.com/angus-lewis/SFFM.
Declarations

Ethics Approval Not applicable.
Consent to Participate Not applicable.

Consent for Publication All authors consent to the submission of this article to this journal.

Conflicts of Interest None.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons

@ Springer


https://github.com/angus-lewis/SFFM

2864 Methodology and Computing in Applied Probability (2022) 24:2823-2864

licence, and indicate if changes were made. The images or other third party material in this article are
included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the mate-
rial. If material is not included in the article’s Creative Commons licence and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Bean NG, Nielsen BF (2010) Quasi-birth-and-death processes with rational arrival process components.
Stoch Models 26(3):309-334

Bean NG, O’Reilly MM, Taylor PG (2009) Algorithms for the Laplace-Stieltjes transforms of first return
times for stochastic fluid flows. Method Comput Appl Prob 10:381-408

Bean NG, O’Reilly MM (2013) A stochastic two-dimensional fluid model. Stoch Models 29(1):31-63

Bean NG, O’Reilly MM (2013) Spatially-coherent uniformization of a stochastic fluid model to a quasi-
birth-and-death process. Performance Evaluation 70(9):578-592

Bean NG, O’Reilly MM (2014) The stochastic fluid-fluid model: A stochastic fluid model driven by an
uncountable-state process, which is a stochastic fluid itself. Stoch Proc Appl 124:1741-1772

Cockburn B (1999) Discontinous Garlekin methods for convection-dominated problems. In: Barth T,
Deconink H (eds) Higher-Order Methods for Computational Physics, vol 9. Lecture Notes in Compu-
tational Science and Engineering. Springer Verlag, Berlin, pp 69-224

da Silva Soares A (2005) Fluid queues: building upon the analogy with QBD processes. PhD thesis, Univer-
sité Libre de Bruxelles

Hesthaven JS, Warburton T (2007) Nodal discontinuous Galerkin methods: algorithms, analysis, and appli-
cations. Springer Science & Business Media

Karandikar RL, Kulkarni VG (1995) Second-order fluid flow models: Reflected Brownian motion in a ran-
dom environment. Oper Res 43(1):77-88

Latouche G, Nguyen GT, Palmowski Z (2013) Two-dimensional fluid queues with temporary assistance.
In: Latouche G, Ramaswami V, Sethuraman J, Sigman K, Squillante M, Yao D (eds) Matrix-Analytic
Methods in Stochastic Models, Springer Proceedings in Mathematics & Statistics, vol 27, Springer
Science, New York, NY, chap 9, pp 187-207

Latouche G, Ramaswami V (1999) Introduction to matrix analytic methods in stochastic modeling. ASA-
SIAM Series on Statistics and Applied Probability, SIAM, Philadelphia PA

Miyazawa M, Zwart B (2012) Wiener-Hopf factorizations for a multidimensional Markov additive process
and their applications to reflected processes. Stoch Syst 2:67-114

Neuts M (1981) Introduction to Matrix Analytic Methods in Stochastic Modeling. The John Hopkins Uni-
versity Press, Baltimore, MD

O’Reilly MM, Scheinhardt W (2017) Stationary distributions for a class of Markov-modulated tandem fluid
queues. Stoch Models 33(4):524-550

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/

	A Discontinuous Galerkin Method for Approximating the Stationary Distribution of Stochastic Fluid-Fluid Processes
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Matrix  of Operators
	2.2 Matrix  of Operators
	2.3 Matrix (s) of Operators
	2.4 Stationary Distribution

	3 Discontinuous Galerkin Approximation of a Stochastic Fluid Model: Approximating 
	3.1 The Partial Differential Equation
	3.2 Cells, Test Functions, and Weak Formulation
	3.3 Mass, Stiffness, and Flux
	3.4 Boundary conditions
	3.5 Putting It All Together

	4 Application to an SFFM
	4.1 Approximating the Operator 
	4.2 Approximating the Operator  and the DG Riccati Equation
	4.3 Putting It All Together: Constructing an Approximation to the Stationary Distribution

	5 Numerical Experiments
	5.1 An On-Off Bandwidth-Sharing Model
	5.2 Numerical Rxperiment for 
	5.3 The Marginal Stationary Distribution of 
	5.4 Sensitivity to the Dynamics of 
	5.5 Numerical Errors

	6 Conclusions
	Acknowledgements 
	References


