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Abstract

Varney et al. studied Australian hospital ICUs using queueing theory. The mod-
elling of the ICU occupancy gave inaccurate predictions when using standard
queueing models. This was due to a dependence between the arrival and service
processes, discovered through the use of semi-experiments.

In this thesis, we aim to develop methods to detect, classify and quantify
dependence between the arrival and service processes in single-server queues. This
involves constructing several queueing models with such dependence and then
applying a suite of semi-experiments to differentiate between dependence types.
To improve efficiency and gain a deeper understanding of how semi-experiments
detect dependence, we construct queueing models to represent semi-experiment
queues. A majority of all the queueing models are approached using quasi-birth-
and-death (QBD) processes and the associated machinery.

We compare how different semi-experiments behave when applied to
queues with different types of dependence. Using this we can classify the types of
dependence in queueing data in order to propose appropriate models.



Chapter 1

Introduction

Queues have a wide variety of applications to our modern lives from traffic flow,
to hospital management, to computer systems. A basic queue consists of ‘cus-
tomers’ or ‘jobs’ arriving, potentially waiting for some time, receiving service from
a server, and finally departing from the system. Being able to accurately model
these queues is important for improving the performance and predicting require-
ments in increased infrastructure to accommodate expected changes in demands.
In 2017, Varney et al. [1] investigated intensive care units (ICUs) in Australian
and New Zealand hospitals. These can be modelled as queues since patients arrive
to the ICU, they are considered to be receiving ‘service’ while in the ICU, and are
eventually discharged (there is no waiting in this case as all patients are admitted
immediately in the ICU by our definition of the queueing system of interest). How-
ever, sometimes current ICU patients can be discharged due to demand from more
acute arriving patients, which is called ‘demand-driven-discharge’. This suggests
a correlation structure between the arrival process and the length-of-stay/ service
process of the queue. Such a correlation would break the assumption of indepen-
dence between the arrival process and service process required for the standard
modelling of ICUs as queues.

Varney et al. [1] encountered this issue when applying the standard
method for stochastic ICU modelling based on queueing theory. Hence, they con-
structed a method of detecting whether such a dependence is present in queueing
data like the ICU data. This was using ‘semi-experiments’, which can be applied
to data to break the connection between the arrival and service times. If the queue
behaviour (such as length, time customers spend waiting etc.) changes after this
connection is broken, this indicates there must have been a dependence between
the arrivals and services that affected the queue behaviour. Varney et al. [1]
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showed that this type of dependence structure existed in many of the Australian
ICUs. This was true even when accounting for other possible causes such as differ-
entiating between elective and emergency patients, the weekday and time-of-day
of a patient’s arrival, the diagnosis type of the patient (for example cardiovascular,
respiratory, gastrointestinal, neurological, trauma), and the number of patients in
the ICU. Including these in the model reduced the effect of the semi-experiment
on the queueing data, indicating that some of the dependence between the arrival
process and service process can be explained by these factors, but these were not
sufficient to explain all of the dependence. When this dependence in not accounted
for in the modelling of a queue, the predictions can be wildly inaccurate, as was
observed by Varney et al.

The research performed by Varney et al. suggests that systems such as
ICUs which are commonly modelled by queues can have unexplained dependence
structures between the arrival and service processes. This motivates research into
queues with such dependence. In this thesis, we seek to understand the nature
of different forms this dependence can take and use the methodology of semi-
experiments to provide insight in order to detect, quantify and classify the types
of dependence between arrival and service processes in queueing data. Thus this
understanding and methods for identifying dependence can be applied to propose
more appropriate and accurate queueing models for queueing data with dependence
than the standard queueing models which assume independence between the arrival
and service processes.

Before summarising the details of this thesis, we introduce some impor-
tant terminology. Our queueing data consists of inter-arrival times, which are
the times between successive arrivals of customers to the queue, and service times
which are the times that each customer takes to complete their service once it
has begun. The arrival rates and service rates are the rates at which arrivals and
services occur. For example, if the arrival rate is A\, then we expect on average that
there will be A arrivals per unit time. The stationary queue-length distribution is
the probabilities of the queue having each possible queue length in the long-term.

The thesis is structured as follows. Chapter 2 introduces fundamen-
tals of queueing theory including manipulating data, performance measures and
simulation methods. We also introduce basic Markov chains as useful stochastic
processes for modelling queues. This leads to more complex Markov chains called
quasi-birth-and-death processes (QBDs), which can be used to model a much larger
range of complex queues. We introduce theory to be able to evaluate the stationary
queue-length distribution, perform simulations and apply truncation and augmen-
tation methods for QBDs. Then, we explain the concepts of semi-experiments



and how they can be applied to queues and the two mains types that will be
used: s-perm and a-perm semi-experiments. We also introduce methods for com-
paring distributions which are needed to draw conclusions from semi-experiments.
Finally, we include a review of the relevant literature on queues with dependence.

Chapter 7?7 provides some useful preliminary features of the queues that
we explore. This includes defining a labelling system to easily refer to the large
number of related queueing models that will be considered. We also note and
explain an interesting feature: the stationary probability that the queue is empty
is identical for a queue and the queues formed by semi-experiments applied to it,
despite the disruption of the semi-experiments.

Chapter 3 constructs several queues which have simple forms of depen-
dence between the arrival and service processes, including a system where the
inter-arrival and service times are correlated pairs of random variables, depen-
dence between the arrival and service rates, customers belonging to classes with
different arrival and service rates, and auto-dependence in the arrival and service
streams. We simulate each of these models and apply empirical a-perm and s-perm
semi-experiments to investigate the effect of dependence on the queue-length dis-
tributions. Then we construct queueing models to describe the queues resulting
from semi-experiments and to analytically calculate the stationary queue-length
distributions to avoid lengthy simulations and permutations.

This approach of constructing queueing models with dependence, apply-
ing semi-experiments, and then using queueing models to calculate the stationary
queue-length distributions for both the original and semi-experiment queues is
extended for more complex models in Chapters 4, 5, 6, and 7. These models pro-
vide a better understanding of how the semi-experiments disrupt the dependence
and hence a better understanding of the role the dependence plays in the original
queue, particularly in the queue-length distribution.

Chapter 4 introduces the first model with queue-length dependence, where
the service rate depends on the queue length at the time when service begins. We
use QBDs to model the original queue and the s-perm semi-experiment applied to
this queue, utilising analysis of the embedded Markov chain at epochs when ser-
vice begins. Then we compare the stationary queue-length distributions to explore
how the semi-experiment can detect and quantify dependence. Finally, we demon-
strate that this modelling approach is significantly more efficient for comparing the
queue-length distribution than a simulation method, especially for more complex
models.
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Chapter 5 similarly introduces a queue-length-dependent model, where
the arrival rate depends on the queue-length at the start of the inter-arrival period.
Again, we use a QBD model to find the stationary queue-length distribution for
this queue. We then use the embedded Markov chain at arrival times to construct
a QBD model for the s-perm semi-experiment. However, this approach does not
successfully capture the behaviour of the empirical s-perm semi-experiments. This
is due to a dependence structure within the arrival times, and not just the arrival
rates, that is retained after the semi-experiment is applied. We devise a new mod-
elling approach using an ‘underlying’ queue to recreate the dependence structure in
the arrival times. This is incorporated into a more complex QBD which accurately
models the s-perm semi-experiment. We then can perform comparisons between
the original and s-perm semi-experiment stationary queue-length distributions to
investigate the dependence and how semi-experiments detect it.

Chapter 6 considers the two queue-length-dependent models from Chap-
ters 4 and 5 and applies the a-perm semi-experiments to them. We construct
similar QBD models to the s-perm semi-experiment models above.

Chapter 7 combines the two models with both arrival and service rates
dependent on the queue length. We perform a lengthy analysis of the embedded
Markov chains at arrival and start-of-service epochs, which we use in combining
the techniques of the previous chapters to construct QBD models for both the
a-perm and s-perm semi-experiments.

Chapter 8 introduces restricted semi-experiments. These are s-perm and
a-perm semi-experiments whose permutations are restricted to some externally-
defined customer classes, the queue length at the starts of service periods, or the
queue length at the starts of inter-arrival periods. We introduce algorithms to
perform these restricted permutations and then apply them to all the queueing
models with dependence we have already introduced, comparing the queue-length
distributions of original, standard semi-experiment and restricted semi-experiment
queues.

Finally, Chapter 9 summarises the results from the previous chapters
by describing how various types of semi-experiments can be used to differentiate
between the different types of dependence in the queueing models.

In this thesis, we construct various queueing models with dependence
between the arrival and service process, provide models for a variety of semi-
experiments applied to these queues, and compare the queueing behaviour. This
provides insight into ways to detect and identify types of dependence in queues



and leads towards proposing appropriate models that accurately capture this de-
pendence.



Chapter 2

Background

2.1 Queues

The following introduction to queueing theory closely follows the work of Shortle
et al. [2].

Individuals in a queue will be referred to as ‘customers’ or ‘jobs’. A
customer’s path through a basic queue consists of

e Arriving and joining the queue,

e Waiting in the queue until a server is available to provide service (possibly
not waiting if a server is already idle),

e Receiving a service for an amount of time from a server,

e Departing from the queue.

Queues and waiting are a consequence of the natural variation inherent
in service processes. Investments in infrastructure and staff can reduce waiting
times and queue length, but at the cost of reduced average efficiency. This means
that it is worth understanding in depth the relevant tradeoffs. To address these
tradeoffs, queueing theory often tries to answer questions such as ‘How long will
a customer wait in the queue?’ and ‘How many people will be in the queue?’ and
‘How long are the servers idle?’. Therefore, three performance measures commonly
of interest in the system are
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e The waiting time of customers (either the time waiting before being served,
or the time in the whole system),

e The number of customers at one time (either in the queue before service or
in the system),

e The idle time of servers (either individual servers or the whole system).

Since most queues have stochastic elements these quantities are random
variables and so this discussion is all based on probability theory.

2.1.1 Characterising Queues

Queues are defined using several informative characteristics, which are often ab-
breviated using Kendall’s notation (see Section 2.1.2). These important charac-
teristics include

The arrival pattern of customers,

The service pattern of customers,

e The number of servers,

The system capacity,

The queueing discipline.

Arrival Pattern The arrival pattern of customers is usually stochastic and de-
scribes a process by which customers arrive. We often assume it is a renewal
process and so write about it in terms of the probability distribution of inter-
arrival times; the time between successive customers’ arrivals. A common arrival
pattern is the Poisson process (Section 2.2.3). It is also important to know if jobs
can arrive simultaneously in batches, and if so then we need to know the proba-
bility distribution for the size of each batch. It is often assumed that the arrival
process is a stationary process, independent of time. It may also be possible to
have impatient customers who can decide not to enter the queue if it is too long
(balk), or to leave while waiting (renege), or to switch between parallel waiting
lines (jockey).
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Service Pattern The service times of customers are also usually stochastic,
requiring a probability distribution to describe the sequence of service times. The
system may allow a single job to be worked on by multiple servers at once (such
as a computer with parallel processing). The service times may depend on the
number of jobs in the system. They may also depend on time, though are often
assumed to be stationary.

Number of Servers In the case of multiple servers, there may be cases where
distinct queues feed to distinct servers. However, we generally assume a single
queue and servers act independently of each other. If there are infinite servers,
then every job will begin service upon entry to the system.

System Capacity Some systems may have a physical limitation on how many
customers can wait, so that no more customers may enter until space is available
but are instead lost to the system.

Queueing Discipline The queueing discipline describes the manner in which
customers are selected for service. Most commonly this is first come, first served
(FCES), but there are other possibilities. The system could be last come, first
served (LCFS) or random service selection (RSS) in which jobs in the queue are
randomly selected for the next service. There may also be processor sharing (PS)
in which all jobs are served simultaneously, but individual jobs are processed slower
when there are more jobs. Such a discipline can be found in computer systems.
The system may use a priority scheme in which there is some preference for par-
ticular customers, such as admitting more critical patients first in an emergency
department. Such a scheme can be preemptive, in which a lower priority cus-
tomer’s service is interrupted to be resumed later, or nonpreemptive, in which the
current service is completed before taking the next highest priority customer.

Note: In this thesis, all queues under consideration have a single server, an
infinite system capacity and operate under the FCFS queueing discipline.
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2.1.2 Kendall’s Notation

A shorthand for describing queueing processes with the characteristics above is a
notation developed mostly by Kendall [3]. The notation is as follows

A/B/X]Y/Z,

where

e A denotes the inter-arrival time distribution,

e B denotes the service time distribution,

X is the number of parallel servers,

Y is the system capacity, and

Z is the queueing discipline.

Some standard symbols are used for each of these characteristics, some
of which are given in Table 2.1.

Characteristic =~ Symbol  Description

M Exponential
D Deterministic
B Erlang type k (k=1,2,...
Aand B Hy, Mixture of k eiponentials )
PH Phase type
MAP Markov Arrival Process
MMAP  Marked Markov Arrival Process
G General
X 1,2,...,00
Y 1,2,...,00
FCFS First come, first served
LCFS Last come, first served
7 RSS Random selection for service

PR Priority
GD General discipline

Table 2.1: Common symbols used for the queueing notation A/B/X/Y/Z.
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For example, M/PH/2/co/FCFS indicates a queueing system with a
Poisson arrival process (see Section 2.2.3), phase-type distributed service times,
2 parallel servers, no maximum imposed on the number of customers allowed in
the system, and jobs in the system are served in the order in which they arrive.
Commonly, the assumption is that there is no restriction on capacity and that
the queueing discipline is FCFS, so these descriptions may be omitted so that
M /PH/2 describes the same queueing system.

While most are self-explanatory, some of the symbols in Table 2.1 need
further comment. The symbol M is used for the exponential distribution to avoid
confusion with the Erlang distribution by using an E. The M stands for Marko-
vian or memoryless, indicating the process has the memoryless property of the
exponential distribution. The symbol G represents a general distribution upon
which no distinct assumptions are made. Sometimes G is used to indicate that
the sequence of times from the general distribution are independent of each other.

2.1.3 Queueing Data Representation

In observing queues, we require a method of recording the important and relevant
information. Depending on the system, this can be time-oriented recording in
which the state of the system is observed at consistent time intervals, or event-
oriented recording in which the state of the system is observed after every event,
along with the time of the event. In this thesis, we will be using event-oriented
data recording.

There are two main forms of representing queueing data that will be used.
The first is the time-queue form, which has a vector of time epochs of when the
queue length changes, ¢, and a vector of the queue lengths immediately after those
epochs, g. This form is focussed on the length of the queue. Note that here, and in
the rest of the thesis, the queue length is defined to be the number of jobs waiting in
the queue and in service. The second is the arrival-service form, which has a vector
of arrival times for each job in the queue, a, and a vector of their corresponding
length of service times, s. This form is focussed on the individual customers. The
time-queue form is necessary for finding the stationary queue-length distribution,
while the arrival-service form is essential for performing semi-experiments (see
Section 2.3.4). We assume that the service discipline is FCFS and that each job
that enters the queue during the time horizon under observation completes its
service and departs the queue during the same time horizon. That is, each job has
an arrival and departure event in the data. Then, both forms contain the same
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information and we can transform between them.

Assume that over the time horizon T there are N events, so the vectors
t and g have length N, and assume that there are M = N/2 jobs (assuming every
arrival also has a departure) so the vectors a and s have length M.

Note that we explicitly show this procedure for single-server and infinite-
server queues. The procedure for other finite-server queues is an intuitive combi-
nation of the two.

From time-queue form to arrival-service form The following steps are used
to obtain the vectors a and s from t and q for a single-server or infinite-server
queue.

e If g > 1, then the queue is initially longer than 1, and there are arrivals
that have not been observed. Append these additional arrivals at the start
of the queue, occurring at time 0. That is, ¢ now becomes [0,0, ..., 0, ] and
q now becomes [1,2,...,¢1 — 1,q].

e Let e; be the event type that occurred at epoch i, for i = 1,2,..., N. Let

e; = 1 represent an arrival, and e; = —1 represent a departure. Then e; = 1
(since we assume the first event must be an arrival) and for i = 2,..., N,
1 N T
€; = .
-1, g <g-.

N
Let M = > Z{e; = 1} be the total number of arrivals to the queue, where
=1

7 is an indicator function.
e Let f; be the customer’s identifier of the ith event. If f; > 0, then the
1th event is the arrival of the f;th job. If f; < 0, then the ¢th event is the

departure of the (— f;)th job. These differ for single-server and infinite-server
cases.

— Single-Server: Fori=1,2,... N,
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— Infinite-Server: If the identity of each job was recorded, then the
labelling is obvious. If the identity of each job has not been provided,
then we cannot get an exact recovery of the system and use the following

approximation. For arrivals, e; = 1, then f; = > Z{e, = 1}. For
k=1

departures, we randomly allocate their identity from those available. If
e; = —1, then let X be a vector of f; (j < ¢) that have appeared exactly
once so far (those that have arrived but not departed). Then randomly
sample = from X and let f; = x.

e For j =1,2,..., M, the arrival time of the jth job is
a; = t;, where ¢ is such that f; = 7,
and the departure time of the jth job is

d; =t;, where 7 is such that — f; = 7.

Now we wish to obtain the vector of length of service times, s, for each
job. In the case of a single-server queue,

e There are two types of service in a single-server queue; the arrival is to either
an idle server or to a busy server. Let b; = 1 if the server is busy when the
jth arrival occurs, and b; = 0 if the server is idle when the jth arrival occurs.
Then, for j =1,2,..., M,

b 1, if ¢; > 2, where t; = a;,
T 0, if ¢; = 1, where t; = a;.

e Let s; be the service time of the jth job. If the server is idle when a customer
arrives, then they can begin service immediately, so their departure time is
simply their arrival time plus their service time. If the server is busy when
a customer arrives, then they must wait until the customer ahead of them
has departed before beginning service. Hence, their departure time is the
previous customer’s departure time plus their service time. That is, for

i=1,2,.... M,
dj — aj, if bj :O,
Sj: .
d]' —djfl, if bj =1.
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In the case of an infinite-server queue, there is always an idle server
available when a customer arrives, hence all service times are simply given by

8]' :dj—aj,

for j=1,2,..., M.

From arrival-service form to time-queue form The following steps are used
to obtain the vectors t and q from a and s for a single-server or infinite-server
queue.

e Let d; be the departure time of the jth job. This differs for single-server and
infinite-server queues.

— Single-Server: Let b; = 1 if the server is busy when the j arrival
occurs, and b; = 0 if the server is idle when the jth arrival occurs. Let
by = 0 since we assume the first event is an arrival to an empty queue.
For j=1,2,..., M,

d. — aj—i—sj, lfb]:(),
! dj_l + Sj, if bj =1.

and

0, if Qj41 > dj,
bj+1 = .
1, if aj+1 < dj

— Infinite-Server: For j =1,2,..., M,

dj = CLj‘FSj.

o Lett= 3} and let e = [_11] where 1 is a vector of ones of length M. Sort

the vector t from smallest to largest, and sort the vector e according to the
sorting of . Then t is a chronological vector of the event times and e is a
vector indicating each of these events as an arrival (1) or departure (-1).

e Let N=2M. Then ¢; =1 and fori =2,..., N,
G = qi—1 + €,
or i
qi:Zei, fore=1,2,...,N.
k=1
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Example To illustrate the above processes, consider a single-server queue which
begins empty at time 0, then has three arrivals (aq, as,as) and three departures
(dy,ds,d3) over the time horizon T'. This queueing data example is displayed in
Figure 2.1.

Queue length

A

2 +

U # # T - 1 4" Time
0 ai az di do as ds T

I % I s

S1 S92 S3

Figure 2.1: An example of queueing data, with 3 jobs arriving an departing over
the time horizon, T

First, suppose we know the vectors t and q for this queue,

:[a17 ag, d17 d27 as, d3]
1,2,1,0,1,0].

t
q
So N = 6. Note that we can include the initial condition that the queue is

empty at time 0 in these vectors, but it is not important for the purposes of this
demonstration.

Then we can find the vectors e and f,

e=[1,1,-1,-1,1,-1]
f=[1,2,-1,-2,3-3].

Then we can find the arrival time vector and deaprture time vector,

a :[tl,tg,t5] = [a17a2,a3],
d :[tg,t4,t6] = [d1,d2yd3}7

as desired where M = 3.
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Then we can construct the vector b,
b=10,1,0],
and the service time vector,

s = [d1 —ay,dy —dy,ds — a3] = [81,82783]-

Now, assume that we know the vectors a and s,

a :[alv ag, a3]

S :[51782783]',
where M = 3.

Then we can simultaneously find the vectors b and d,

b =[0, 1, 0],
d :[a1 + S1,a1 + 81 + S9, Q3 + 83] = [dl, dQ, dg], from diagram.

Then, the sorted vectors t and e will be,

t :[al, ag, dy, ds, as, d3]7
e=[1,1,-1,—1,1,-1].

Then N =6 and
q=1[1,2,1,0,1,0].

2.1.4 Performance Measures of Queues

The aim in most investigations of queueing systems is to obtain the main perfor-
mance measures of the system. These can include the number of the customers in
the queue (including those in service), the utilisation of the server/s, the waiting
time of customers in the queue, the idle time or busy time of a server.

The main focus for this investigation will be on the queue-length distri-
bution. That is, the number of customers in the system at any time.

Let Q(t) be the queue length at time ¢ > 0. That is,

Q(t) = q;, where t; <t < t;.
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Let {m; : j > 0} be the stationary queue length distribution. Then,
7y = lim P(Q(1) = ).
for j=0,1,2,....

For a single realisation of a queue over a finite time horizon, 7; is esti-
mated by the proportion of time spent with a queue length of j.

Often, performance measures of queues are of interest when the queue is
in a steady-state. That is, some equilibrium in which the average behaviour of the
system can be observed. For this to occur we need the queue to be stable so that it
does not continuously grow larger and never reach an equilibrium. Intuitively, this
occurs when the average arrival rate is less than the average service rate, A < fi, as
on average, customers are being served more quickly than they are arriving and so
the queue length will not grow without limit. The more precise requirements are
detailed in Sections 2.2.4, 2.2.5 and 2.3, in which queues are considered as Markov
chains.

2.1.5 Simulating Queues

We can simulate a queueing system using discrete event simulation (DES). This
method keeps track of events that change the state of the system and the times
when these events occur. In the case of queues, the usual events that occur are
arrivals, which increase the queue length by 1, and departures which decrease the
queue length by 1.

The following is for a single-server queue.

Let F be a list of events yet to happen in the queue. The elements of
are ordered pairs (¢,e) where t is the time the event occurs and e is the type of
event (1 for arrival and —1 for departure). The queue begins with an arrival at
time 0, so initialise £ = {(0,1)}.

For each step,
e Set the current time ¢ and current event e to the first pair on the list F.

e If the current event is an arrival, e = 1,

— Add 1 to the queue length
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— Generate a new arrival. Let t' = t + a where a is sampled from the
inter-arrival time distribution. Add a new arrival event (¢',1) to £

— If the current arrival was to an empty queue, generate a new departure.
Let ¢ = t + s where s is sampled from the service time distribution.
Add a departure event (¢, —1) to E.

e [f the current event is a departure, e = —1,

— Subtract 1 from the queue length

— If the queue is not empty after the current departure, generate a new
departure. Let ' = t + s where s is sampled from the service time
distribution. Add a new departure event (t',—1) to E.

e Remove the first pair (¢,e) from the list E.

e Sort F into ascending order according to the first index of each pair so events
are arranged chronologically.

These steps are repeated until some stopping criteria is met. This is
usually when the current time reaches some maximum time limit, or when the
number of jobs passed through the queue reaches some desired limit.

The simulation process is quite similar for an infinite-server queue. In
this case, each arrival generates the next arrival and also a departure, since in this
case, the service for each job begins immediately upon arrival. The departures do
not generate any new events.

2.2 Stochastic Processes

This section will also follow the work of Shortle, Thompson, Gross and Harris [2].

This section is an overview of important concepts for stochastic processes
that will be used. This includes the exponential distribution, the Poisson process
and Markov chains (discrete-time and continuous-time). This is to lead towards
developing an understanding of quasi-birth-and-death processes (QBDs) which are
a class of continuous-time Markov chains (CTMC) and essential to this investiga-
tion of queues with dependence.
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2.2.1 Exponential Distributions

The exponential distribution is often used in queueing to model the time until a
particular event occurs, such as the time until the next arrival or the time until
a service is completed. It is also closely related to the Poisson process which is
also widely used in queues and is fundamental to the theory of continuous-time
Markov chains.

T is defined to be an exponential random variable if it is a continuous
random variable with probability density function (PDF),

ft)y=xe  t>0,
where \ > 0 is a constant.

The cumulative density function (CDF) for an exponential random vari-
able is given by
Ft)y=P(T <t)=1—e".

The expectation is E(T') = 1 and the variance Var(T) = 5.

The parameter \ represents a rate of events per time. For example, if T’
is an exponential random variable for the time until the next arrival in a queue,
then we expect there to be A\ events per unit time, or on average the time until

the next arrival is %

An important feature of the exponential distribution is the memoryless

property,
P(T>t+s|T>s)=P(T >t), s,t > 0.

This can be proven as follows,

P(T >t+s,T > s)
P(T > s)
P(T >t+s)
P(T > s)
o= Mt+s)

PT>t+s|T>s)=

6—)\5
:e—)\t

=P(T > t).
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Note that the exponential distribution is the only continuous probability
density function with the memoryless property.

Another useful feature of the exponential distribution in simulating queues
is given below. Consider n independent exponential random variables, T, 75, ..., T,
with respective rates Ay, Ao, ..., A\,. Let T'=min{Ty,...,T,}.

Then T is exponentially distributed with rate Ay 4+ --- + \,. Also
Ai

M AN
where the event {T' = T;} is independent of 7.

P(T =T, =

2.2.2 Hyperexponential Distribution

The hyperexponential distribution is a continuous probability distribution and is
a mixture of exponential distributions.

Let Yi,....,Y, be exponentially distributed random variables with re-
spective rate parameters Ay, \g, ..., A, and probability density functions fy,(z) for
1=1,2,...,n.

Let the random variable X have the following probability density function
fx(@) =" f(@)pi,
i=1

where p; is the probability that X will take on the form of the exponential distri-
bution with rate A\;. Then X has a hyperexponential distribution.

The mean of this distribution is
. Di
i=1 "

and the variance is

Var(X) = (i %>2+iipipj (Al . %)2

i=1 " i=1 j=1
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2.2.3 Poisson Distribution and Poisson Process

Poisson Distribution A discrete random variable X is said to have a Poisson
distribution with parameter A > 0 if the probability mass function of X is given
by

Aree=A
P(X =k)= T

for k=0,1,2,....

The mean and variance are given by E(X) = Var(X) = A.

Poisson Process The Poisson Process is commonly used for modelling arrivals
to queues. Intuitively, it describes events that occur randomly in time.

A counting process is a stochastic process where N(t) takes non-negative
integer values and is non-decreasing in time.

A Poisson process with rate A > 0 is a counting process, N(t), with the
following properties:

e N(0)=0
e The probability of 1 event occurring between times ¢ and ¢+ At is AAt+o(At)

e The probability of 2 or more events occurring between times t and ¢ + At is

o(At)

e The number of events in non-overlapping time intervals are statistically in-
dependent.

The notation o(At) denotes a quantity that becomes negligible when
compared to At as At — 0. That is,

lim o(A)

At—0 At =0

If N(t) is a Poisson process with rate A > 0, then the number of events
occurring by time ¢ is a Poisson random variable with mean At. That is,

P(N(t)=n)= e_)‘t%.



2.2. Stochastic Processes 21

Another important feature of the Poisson process is that the times be-
tween successive events are independent and exponentially distributed with rate

A

2.2.4 Discrete-Time Markov Chains

Consider a model in which the system transitions among a discrete set of states
through time. Figure 2.2 shows an example of such a system with 4 states. If
the system is in state 1 then it can transition to state 0 or state 3, for example.
For queues, the states usually represent the number of customers in the system,
so they are the non-negative integers.

e

Figure 2.2: Simple example of a Markov Chain.

For a discrete-time Markov chain (DTMC), the transitions occur at dis-
crete time points. Let X, be the state of the system at time n wheren =0,1,2,....
X, takes values from the state space S, where S is countable. In Figure 2.2 the
state space is given by S = {0, 1,2, 3}.

The fundamental assumption of a Markov chain is the Markov property,
for all n € N and iy, ...,in, 7 €9,

PXpm1=j|Xo=10, X1 =11,...,Xpn=1,) = P(Xp1 =7 | Xpn = 1n)-

That is, if the present state of the system is known, then the next state is inde-
pendent of all the past states.

The probabilities P(X,11 = j | X,, = i) are the single-step transition
probabilities. It is often assumed that these are independent of n, in which case
the Markov chain is called time-homogeneous and the transition probabilities are
written as

Py = P(Xos1=j | Xu=1i), i,j€S.
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These p;; make up the elements of the transition matrix P. Clearly P is
a non-negative matrix and its rows sum to 1 since the transition probabilities out
of any state ¢ must sum to 1. That is, for each ¢,

JjeS

Such a matrix is called a stochastic matriz.

Chapman-Kolmogorov Equations

The probability of being in state j exactly m steps after being in state i is the
m-step transition probability,

pz(-;”):P(Xner:ﬂXn:i), Vi,j€S,m >0,

independent of n.

Let P be the matrix of these probabilities. It can be shown that
P = P™  We can use this to find the probability of being in any state j at
time m, which we define as 7r](-m) = P(X,, = j). It follows from the law of total
probability that
7Tj(m) = Z’/T,Emil)pij, Vj € S,m 2 1,
ies
which can be written in matrix form as

(™ = W(m_l)P, VYm > 1

Applying this rule recursively,

where 7 denotes the initial state distribution.

Long-Run Behaviour

We now define several properties

e State j is accessible from state i (i — j) if there exists an n > 0 such that
pz(;l) > (. Note that a state j is always accessible from itself through a 0-step

transition, pgg) = 1.
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e Two states i and j communicate with each other (i & j) if i is accessible

from 7 and j is accessible from .

e The states of a Markov chain can be partitioned into mutually exclusive
subsets called communicating class. All states within a class communicate
with each other and no states communicate outside the class.

e A Markov chain is #rreducible if all the states form a single communicating
class. Otherwise it is reducible.

e The period of state j is the greatest common divisor of positive integers m
such that pgg-l) > 0. A state with period 1 is called aperiodic. Periodicity is
a class property.

o Let f;;) be the probability that the chain starting in state j returns to state
j for the first time in n transitions. The probability of ever returning to state

J, starting in state j is
_ (n)
fii=>_ 17
n=1

The state j is recurrent if f;; = 1 and transient if f;; < 1.

e If state j is recurrent then

o

mj; =D _nf,;

n=1

is the mean recurrence time. If m;; < oo, then state j is positive recurrent.
If m;; = oo then j is null recurrent.

e [t can be shown that positive recurrence, null recurrence and transience are
class properties and hold for every state within the same communicating
class.

For each 5 € S, consider

(n)

m; = lim p;;”.

n—oo
If this limit exists, is independent of 4, and > m; = 1 then {m;};>¢ is called a
jes
limiting distribution.
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To find 7; we can solve a linear system of equations. If |S| < oo, then
for all j € S,

m; = lim p;;

This involves switching a sum and a limit and needs to be more carefully
justified when there is an infinite number of states.

In matrix form this is written as w = 7w P, which leads to the stationary
interpretation of 7. Any solution to this system of equations along with the
normalising condition » . gm; = 1 is called a stationary distribution. So, if a
Markov chain has a limiting distribution, then it also the stationary distribution.

An irreducible and positive recurrent discrete-time Markov chain has a
unique solution to the stationary equations

w=mP, 5 T =1,
jes

namely, 7; = 1/m;;. Furthermore, if the chain is aperiodic, the limiting probability
distribution exists and is equal to the stationary distribution.

Ergodicity

One other related concept is the idea of ergodicity which relates to whether the
‘measures’ of a stochastic process, X (), from a single infinitely long sample path,
Xo(t), can be determined or well approximated. We state that X (¢) is ergodic
if time averages equal ensemble averages. Note that here the discussion is for a
continuous time parameter ¢, but it is analogous in discrete time.

A time average is obtained from one sample path of the process. Over
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an infinitely long time horizon, the time average is

Jim 7 / ()
for some measurable feature of the sample path, f(-).

An ensemble average is obtained from multiple realisations at a fixed
point in time. With an infinite number of realisations, X;, the ensemble average is

E[f(X(t))] = lim — Zf

n—oo M

We assume that the ensemble averages converge as ¢ — oco. Thus a
process is ergodic (with respect to the feature f) if

lim —/f Xo(t))dt = lim E[f(X(2))] < oo.

T—oo T t—o0

An irreducible Markov chain has a stationary distribution if and only if
it is ergodic.

2.2.5 Continuous-Time Markov Chains

A (time-homogeneous) continuous-time Markov chain (CTMC) is a stochastic pro-
cess {X(t),t > 0} with a countable state space, S, such that:

e Each time the process enters state ¢ € S, it remains in that state for an
exponentially distributed period of time with rate v; (independent of the
past).

e When the process departs state i € S, it goes to state j # i,57 € S with
probability p;; (independent of the past).

A CTMC is similar to a DTMC in that it transitions between states
with different probabilities, but the time spent in each state is now an exponential
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random variable in continuous time. The DTMC defined by the transition matrix
of the p;; probabilities is called the embedded discrete-time Markov chain.

In continuous time, for s,z > 0 and ¢, 5 € S, the Markov property can be
stated as

PX(t+s)=j | X({t) =i, X(u),0<u<t)=P(X(t+s)=7j]|X(t)=1).

A CTMC has the Markov property because the remaining time spent in a partic-
ular state does not depend on how long the process has already been in that state
due to the memoryless property of the exponential distribution, and the next state
transition is independent of the past, given the present.

A CTMC can be parameterised by {v;} and {p;;}. An alternate param-
eterisation is by {¢;;} where ¢;; = v;p;; for i # j. The quantity v; is the transition
rate out of state ¢, so over a long time interval, v; is approximately the number of
transitions out of state 7 divided by the cumulative time spent in 7. So, ¢;; can be
interpreted as the transition rate from state ¢ to j. We can also determine v; and
pij from g, ¢

ij
DI )

U i

The matrix

—Vo dqo1 Go2 qo3
B dio —U1 G2 13
Q= G20 Qo1 —U2 (@23

is called the infinitesimal generator matrix. By construction, the rows sum to zero
with the diagonal elements defined as ¢; = —v; = — > i Qij-

Chapman-Kolmogorov Equations

For a DTMC, we can determine the m-step transition probabilities via the Chapman-
Kolmogorov equations, (™ = 70 P™  For a continuous-time process, we charac-
terise the probability that the system is in a particular state at time ¢ via a system
of differential equations, known as the Kolmogorov differential equations.

Let p;(t) be the probability that the system is in state i at time ¢, let p(t)
be the vector of these probabilities and let p’(t) be the vector of its derivatives.
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Then

We can obtain a direct expression for p(t) by solving the system of dif-
ferential equations,

p(t) = p(0)e?,

where the exponential of a matrix is defined using the Taylor expansion

n!

I

N~ (@)

where Q° is defined to be the identity matrix.

Long-Run Behaviour

The same concepts for long-run behaviour can be applied to the continuous-time
case. The limiting probabilities for a CTMC are defined as

= tliglop(t)'

If the embedded DTMC is irreducible and positive recurrent, then there
is a unique solution to the stationary equations,

0=m0Q, Z m; = 1.
j€S
Furthermore, if the mean holding times in all states are bounded (v; > 0 for
all i), the chain has a limiting probability distribution equal to the stationary
distribution.

Embedded DTMCs

The most natural embedded DTMC for a CTMC is one that simply provides the
probabilities for the next state the chain will jump to. However, there are other
embedded DTMCs which can be relevant. For example, in a queue the system
can be observed when a customer enters the queue so that X; would be the queue
length when the first customer arrives and X, would be the queue length when
the second customer arrives and so on. This is the DTMC embedded at epochs of
arrivals.
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Simulating CTMCs

In order to simulate a CTMC, we use a version of the so-called Gillespie algorithm
[4].

For each iteration of the algorithm, two random variables need to be
generated: the time of the next event, and the state of the process after the next
event.

The time until transitioning out of state ¢ is exponentially distributed
with rate g;;. Note that at any time the process is in state ¢ the time until leaving
the state is still exponentially distributed due to the memoryless property.

Given that the process is leaving state i, the probability that it transitions
to state j is given by %, independent of the holding time in state .

So, given the m x m rate matrix @ (for a finite state space), the initial
state of the process, i, and the maximum time for the simulation to run, 7', the
process can be simulated by the Stochastic Simulation Algorithm 1. At its comple-
tion, the output should be the time of every transition and the state immediately

after each transition.

Algorithm 1: The Stochastic Simulation Algorithm for simulating a basic

CTMC.

Set, current time ¢ := 0 and initial state i € S

while t < T do
Sample time until next event ¢’ ~ Exp(q;;)
Set new time ¢ := ¢ + t/
Create PMF P = [%,...,%,O,%,...,%
Sample 7 € {1,2,...,i—1,i+1,...,m} from P
Set new state i := j
Store ¢ and 7

end while

Birth-and-Death Processes

A birth-and-death process is a CTMC that is often used to describe queueing
scenarios. It consists of a set of states S = {0,1,2,...} denoting the ‘population’
of the system. State transitions can only jump up or down one state. In state
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n > 0 the time until the next arrival or ‘birth’ is exponentially distributed with
rate A, and the state transition is n — n + 1. In state n > 1 the time until the
next departure or ‘death’ is exponentially distributed with rate p, and the state
transition is n — n — 1. Figure 2.3 shows such a rate-transition diagram.

Ao At A2 A3 A
Ho 2 3 Hq s
Figure 2.3: Rate-transition diagram for a birth-and-death process

The infinitesimal generator matrix of such a process is

[— o Ao 0 0 |
pr —(M o+ ) A
Q=10 2 —(A2 + p2) A
0 0 13 — (A3 4 p3)

Example: M/M/1 Queue

Consider a simple M/M/1 queue as an example of a CTMC. The M stands for
‘Markovian’ or ‘memoryless’. The arrival process is a Poisson process with arrival
rate A\, which means the inter-arrival times are exponentially distributed with rate
A. The service times are exponentially distributed with rate u. Let X (¢) denote
the number of customers in the queue at time ¢ > 0, and the state space of X ()
is S =1{0,1,2,3,...}. Then the state X (¢) can only increase by 1 with rate A or
decrease by 1 with rate p. The infinitesimal generator matrix is given by

A 0 0
o —=(A+p) A 0
Q=1 0 " A

—(A+p)
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Then to calculate the stationary queue-length distribution,

Q=0

—A A 0 0
po —(A+p) A 0
(7'('0,71'1,7'['2,...) 0 A :(0,070,>

It —(A+p)

So for the first column,

A
—)\7T0+/L7Tl =0 = m = —mg.
1

For the second column,
Mg — (A + p)m 4+ pmy =0 = my = 27r1,
on substituting my = p/Am.
Continuing, the following pattern emerges for i > 1

A

T, = —Ti—1-

Applying this recursively,

o= (0) == ()
Ty = —TMi—1= | — | Ti—2=" = 1| — | To-
H H H

Now, we need to apply the normalisation,
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Therefore, the stationary queue-length distribution for the M /M /1 queue

with A < p is given by
T = (1—é) (é> , fori>0.
H H

2.3 Quasi-Birth-and-Death Processes

Quasi birth-and-death processes (QBDs) will be key to introducing and exploring
dependence between inter-arrival times and service times in a queueing model.
They are an extension of the birth-and-death process in Section 2.2.5 which al-
lows the modelling of more complex queues. The following is an introduction to
homogeneous QBDs, and follows closely the work of Latouche and Ramaswami

5].

2.3.1 Level-Independent QBDs
Discrete-Time QBD

Consider a discrete-time Markov chain {X;,¢ € N} on the two-dimensional state
space S = {(n,7) : n > 0,1 < i < m}. The space can be partitioned as S =
Un>ol(n), where £(n) = {(n,1),(n,2),...,(n,m)} is known as level n. We refer to
the index 7 as the phase within each level. The number of phases in each level, m,
may be either finite or infinite.

Such a Markov chain is a Quasi-Birth-and-Death process (QBD) if the
one-step transitions are restricted to the states in the same level, the level above,
or the level below. That is, a transition from (n,7) to (n’,4") is possible only if
n'=mn,n+1orn—1;if n =0 then it is possible only if n" =n or n + 1.

For a homogeneous QBD, the transition probabilities are assumed to be
level-independent. That is, for n,n’ > 1, the probability of transition from (n, 1) to
(n',7") may depend on i,i',n’ — n, but not on the values of n and n’ individually.
Therefore, the transition matrix is block-tridiagonal with the form
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where A_, Ag, A, and B, are non-negative square matrices of order m. Since this
is the transition matrix of a discrete-time Markov chain, the row sums of P are
equal to 1. That is,
(BO + A+)1 — 1,
(A7+A0+A+)1: ]_,

where 1 is the m x 1 column vector of ones.

Continuous-Time QBD

A homogeneous continuous-time QBD is a continuous-time Markov chain { X (¢), ¢ €
R*} on the same state space S = U,>of(n) with infinitesimal generator of the form

By, A, 0 0
A_ Ay AL 0
O=10 A A A
0 0 A_ A

where the matrices A, and A_ are non-negative, and the matrices Ay and By have
non-negative off-diagonal elements and strictly negative diagonals. They are all
square matrices of order m and the row sums of () are 0. Hence,

(BO + A+)1 -
(A_ + AO + A+)1

0,
0,

where 0 is the m x 1 column vector of zeros.

In this research we shall focus mostly on continuous-time QBDs.
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Important Quantities: R, U,G.

First, let us define the matrix N such that N;;, for 1 <4¢,5 < m, is the expected
total sojourn time in the state (n, j), starting from the state (n, ), before the first
visit to any of the states in ¢(n — 1). Note that N is independent of n > 1 since
the QBD is assumed to be level-independent.

Let 7 be the first epoch of visit to £(n — 1). That is,

r=inf{t >0: X(t) € {(n—1)}.

Formally, we define the matrix N as follows

o0

Ny = / {en-1)y Pij(u)du,
0

where (y(,—1)}FP;;(t) is the taboo transition function, with i, j € ¢(n),
(1) Pslt) = POX(8) = (n,),7 > ¢ | X(0) = (n, ).

That is, yn-1)}Fi;(t) is the probability that the process is in state (n,j) at time
t, starting in (n,4) before visiting any of the states in ¢(n — 1).

Now, we can define

which is such that, for any n > 0, R;;, for 1 < 4,5 < m, is the expected rate of
earning sojourn time in (n + 1,7) per unit of local time in ¢(n), given that the
process started in (n, 7). Here local time is the amount of time spent in a particular
level.

Next, assume that the process begins in X (0) € ¢(n). Then, we define
the matrix G such that G;;, for 1 <, 5 < m, is the probability of first hitting level
n — 1 and doing so in state (n — 1, ) in finite time, given that the process started
in state (n,i). Formally,

Gij = P(1 <00, X(1) = (n—1,j7) | X(0) = (n,7)).

We also get
G=NA_.
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Now, consider the censored Markov process, starting in X (0) € ¢(n),
restricted to ¢(n) until the first visit to ¢(n — 1). That is, the censored process is
the Markov process with the same rates, but is observed only for states in ¢(n) and
the time of the excursions above level n are excised. Then we define the matrix U
as the infinitesimal generator of this censored process. We can write U as

U — A0+A+G7

and note that N = (=U)~%.
The three matrices R, U, G are related by the set of equations

R = A+(_U)_17
G=(-U)"A,
U:Ao—i—RA, :A0+A+G

A simple algebraic rearrangement of these equations gives that R, U, G
must satisfy the following equations:
0=A, + RA, + R*A_,
U=Ay+ A (-U)A_,
0=A_+A,G+ A, G%

The Stationary Distribution

Assume that the QBD is positive recurrent. Therefore, the process returns to
£(0) in finite time with probability 1. Let 7 be the stationary probability vector,
which we partition by levels of the QBD into subvectors 7, (n > 0), where m,, =
(Tn1, o2, - - s Tpm). Note that > _ m,1 = 1. Then we can calculate these
subvectors using the following equations:

m, = woR" forn >0,
where R is the matrix defined in Equation (2.1).

To solve this system of equations, we need to satisfy the following bound-
ary condition. We need to find 7y, which is the unique solution to

71'0(B(] + A+G) == 0,
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subject to normalisation,
mo(l — R)™'1 = 1.

Note that the existence of the stationary distribution above is dependent
on the QBD being positive recurrent. So we need to determine whether a QBD is
positive recurrent.

Consider an irreducible continuous-time QBD, where the number of phases,
m, is finite and the matrix A = A_ + Ay + A, is irreducible. Then, the QBD is
positive recurrent if and only if

aA 1> aA.l,

where a is the unique solution of the system A = 0, @l = 1. The QBD is null
recurrent if ®A_1 = aA ;1 and transient if *A_1 < a A, 1.

The vector « is the stationary distribution of being in each phase as the
level becomes infinitely larger, n — oo. That is, ignoring boundary effects at level
0. Then the condition for positive recurrence is that the probability of transitioning
to lower levels is greater than transitioning to higher levels on average. That is,
there is an average drift to level 0.

In the case that the number of phases is infinite, m = oo, we can find
conditions for the QBD to be positive recurrent, though it is more involved (see
[5]). However, in this work we need to practically implement these QBDs in code
and hence require finite phase spaces. Therefore, those with infinite phase spaces
are truncated appropriately (see Section 2.3.3) and hence the QBDs for which the
stationary distributions are calculated have finite state spaces.

The Stationary Distribution Algorithms

In order to calculate the stationary distribution for a positive recurrent, irreducible,
continuous-time QBD, we need to calculate one of the matrices R, U or G, since
any one of these can be used to find the other two. We generally choose to find
G, since G is stochastic when the QBD is positive recurrent, so we know that we
must have G1 = 1. We can then compute R as

R=A (-4 — A+G)71>

and hence compute 7, = woR", for all n.
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We also need to evaluate g using the boundary condition. This can be
found numerically by solving the system v(By + A, G) = 0, normalised by v1 =1
and then my = [v(I — R)~'1] tw.

In order to find G, consider the sequences {U(k),k > 1} and {G(k),k >
1} defined as

U(1) =A,
G(k) =(=U(k))"'A_,
Uk +1) =4y + A, G(k).

These sequences are monotonically increasing and converge to the matri-
ces U and G, respectively.

Note that if the QBD is recurrent, G is stochastic, and hence (G—G,)1 =
(1 — G,1). Since G > G(k) for all k, a suitable exit condition for a small € is
|1 — Gl < e This leads us to state this formally as in Algorithm 2.

Algorithm 2: The Linear Progression Algorithm [5]. The stopping cri-
terion is chosen under the assumption that the QBD is recurrent.
G = (—AO)_IA_
while ||1 — G.1|| > e do
U. = Ao + A+G.
Ge:=(-U,)1A_
end while

Another, more efficient approach is the Logarithmic Reduction Algo-
rithm, shown in Algorithm 3.
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Algorithm 3: The Logarithmic Reduction Algorithm [5]. A quadratically
convergent algorithm for evaluating GG, which is more efficient than the
Linear Progresssion Algorithm.

H® = (—Ao)ilA_’_

L* = (—Ao)ilA_
Ge:=1L"
T:=H*

while ||1 — G,.1|| > e do
U* = H*L* + L*H*
He* = (_Uo)fl(Ho)Q
L* = (~U*) "L (L*)?

G =G, TL®
T:=TH*
end while

Finally, we can numerically solve for the stationary distribution of a level-
independent QBD using Algorithm 4.

Algorithm 4: An algorithm to numerically solve for the stationary dis-
tribution of a level-independent QBD.

Find G using Algorithm 3

Calculate R = A, (—Ag— A, G)™!

Solve the system: v(By+ A;G) =0, vl=1

Calculate mo = [v(I — R)™'1] v

For n > 1, calculate w, = wgR"

Kronecker Product

It is often convenient to use a Kronecker product of matrices to define the model
matrices for QBDs. Let A be an m x n matrix and B be a p x ¢ matrix. Then the
Kronecker product of A and B is given by

allB e alnB
A® B = : :
amB - apmnB
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2.3.2 Level-Dependent QBDs

So far the discussion has concerned level-independent QBDs, whose transition rates
do not depend on the current level n. A level-dependent continuous-time QBD
(LDQBD), X(t) with state space S, has a generator matrix of the form

AL A0 g
0

Q=] 0 A® AP AP
3 3
0 0 A9 4Y

The state space is still two dimensional and partitioned into levels, and transitions
are only allowed between adjacent levels, but transition rates from the state (n, j)
may depend on n. Different levels may even have different numbers of phases, so
while blocks on the diagonal are square matrices, the matrices on the secondary
diagonals may be rectangular.

Stationary Distribution

When the LDQBD, X (t), is irreducible and positive recurrent it has a stationary
distribution. The limiting probability vector 7 satisfies

Th — anlR(n) = Ty H R(m), (22)
m=1

for n > 1, where the matrix R"™ records the expected time spent in the states in
the level n between two visits to the level n — 1, measured in units of local time
at level n — 1.

Note that in the level-independent case R = R™. There are also ana-
logues to the matrices U and G in the level-dependent case. Define the sequences
{G™ :n > 1} and {U™ : n > 1}, where G™ records the first passage probabili-
ties from ¢(n) to £(n — 1) and U™ is the infinitesimal generator for the censored
process, at £(n), under the taboo of levels £(0),...,¢(n —1).

As in the homogeneous case, these matrices are related by the following
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equations

GO =(—U™)=1A™,

RO A ),
U™ =4y + AP GO,
U™ =AY + ROH+D AT,

By simple rearrangement of the equations above, the matrices also satisfy
the equations
0 =A" + AJG™ + AP GG,

0 :AE:L_I) + R(n)Aén) + R(n)R(n+1)A(_n+1)’
U(n) :A(()n) + AE:L)(_U(TLJFI))—lA(_n—&-l)’
forn > 1.

For the stationary distribution to exist, X (¢) is required to be positive
recurrent. This is true if and only if there exists a strictly positive solution of the
system

m = mo (45" + APGD)) (2.3)

normalised by

WoiHR(k)l =1.

n=0 k=1

If the number of phases at each level is finite, then X (¢) is recurrent if
and only if GM) is stochastic.

Note that the system (2.3) is equivalent to

Stationary Distribution Algorithm

Bright and Taylor [6] presented an algorithm for calculating the stationary dis-
tribution of LDQBDs, by creating an extension of the logarithmic reduction al-
gorithm developed by Latouche and Ramaswami [5] for level-independent QBDs.
They presented a method for evaluating the stationary distribution for a truncated
process, where the level does not exceed some given upper limit, K. They also pro-
vided a method for selecting an appropriate value of K such that the equilibrium
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probability of being in or above level K is approximately 0. Presented below is
the basic equations behind the algorithm and the algorithm for when K is known

Chapter 2. Background

is given in Algorithm 5.

Assume that the phase space of X (t) is finite and that the state space is
given by {(k,j) : k > 0,1 < j < M}. That is the block matrices A@,Ag’“) and
A" are of order My, X My, My x My and My X Mj,_1, respectively.

Define (7w);, 0 < k < K to be the stationary probability that the
LDQBD, X(t), is in the state (k,j) conditional on being in the set {(i,7) : 0 <

i < K,1<j<M,}. From Equation (2.2), it is clear that

k—1
T = wfR(k_l) = 71'5( H R™)
m=0

where 7} satisfies

and

7wl = 7wl (A(()O) + R(I)A(_l))> :

Note that wis the invariant measure for level k& normalised over states

in and below K and that

uys S ﬂ-l}ju
m = lim 7).
K—oo

Algorithm 5 calculates 7,0 < k < K for a given K.

Algorithm 5: The algorithm to calculate the stationary distribution

{7 0 <k < K} of a LDQBD.

Calculate R*~! (See Algorithm 6).
for k=K —-2tok=0do )
Calculate R%®) = A(f) (—AfT — R™DA_(k+2))
end for
Solve ¢ <A(()O) + R(O)A(_l)) = 0 such that wff1 =1
for k=1to k= K do
my = R
Normalise 7f*, 7f, ..., @ such that anzo k1 =1
end for
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Note that in Algorithm 6, the UD-pair UD(¥, k) calculates the quantities
U} and D!

k+26+1:

Algorithm 6: The algorithm to calculate R(X—1),
k=K-1
(=0
Compute UD(0, k) and store (See Algorithm 7)
U=Uand D =D)_,

m=r

R®(0) =U

repeat
[MI=Dx1I

for i =0toi=/(do
for j = k+ (2571 — 1)20 to j = k + 2(2°7"1 — 1)2! in steps of size 2! do
Compute UD(i, j) and store
end for
end for
(=0+1
Compute UD(¢, k)
U=U;and D = D£+2€+1
R® () =RW({ —-1)+U x 11
Remove all UD-pairs from storage except
UD(j,k+ (279 —1)27*Y), 5 =0,1,...,¢
until (RED(0) — RED(0 — 1)) 00 < €
L=/
R® = RM®(L)

Algorithm 7: The algorithm to calculate UD-pairs UD(/, k). Note that
this uses the UD-pairs stored up to the point when this algorithm is called
in Algorithm 6.
if / =0 then .
U = AP (—af+Y)

—1
D,2+2 _ A(_k+2) (_Aék+1)>

else .
¢ _ pré—177e—1 7 VA -1 -1 -
Uk - Uk Uk,-+2€—1 (I Uk+2ka+3-2f—1 Dk+21Z Uk+2f—1>
-1
¢ _ -1 -1 -1 =1 pre—1
Dk+2€+1 - Dk+2“1Dk+3-2€—1 (I - Uk+2€Dk+3-2€—l - Dk+2€Uk+2f—1)

end if
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2.3.3 Truncating and Augmenting Infinite Blocks

Although the mathematical theory for calculating these stationary distributions
for QBDs is proven, we require an algorithmic approach to actually solve for
them. These computations require a finite phase space. If the block matrices
By, A_, Ag, A, have infinitely many rows and columns, then they need to be trun-
cated. However, a simple truncation will result in the rows sums of () not summing
to 0, and hence the QBD will be not be positive recurrent and the stationary dis-
tribution will not exist. Therefore, the matrices must also be augmented. There is
theory on how to augment the matrices in order to guarantee convergence of the
stationary distribution in the limit, as described in [7].

In this thesis, we are more concerned with accurate approximations of
the stationary distribution than limiting arguments. Hence, we choose physically
meaningful truncations. These truncations are usually of two types. In one, we
restrict the number of events between two other events to an upper bound. For
example, the number of arrivals between two departures. Since there is a fixed
time period for these events to occur in, a large number becomes more rare. The
other type is to restrict the queue length of an underlying queue to an upper
bound. Since the queues are defined to be positive recurrent, large queue lengths
are rare. In both of these cases, at the upper bound the events that would violate
this bound are suspended. In the first example, we simply do not allow any more
arrivals until after the next departure. The negative sums of rates in the diagonal
elements of () are thus augmented so that the rows sum to 0.

2.3.4 Simulating QBDs

To simulate a QBD, we can use a version of the Stochastic Simulation in Algorithm
1, since it is simply a CTMC with a rate matrix Q).

2.4 Semi-experiments

The main aim of this thesis is to investigate dependence between the arrival pro-
cess and service times in queues. This is motivated by Varney et al. [1] who
found a dependence present between the arrival process and length-of-stay times
(equivalent to service times in infinite-server queues) in intensive care units (ICUs)
in hospitals. This dependence was shown to cause problems when modelling the
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ICUs using standard queueing theory which assumes independence between these
aspects. This dependence was detected and investigated through the use of semi-
experiments.

Erramilli [8] first described blockwise-shuffling as a method to investigate
long-range dependence in packet traffic data. A sequence of inter-arrival times
is divided into blocks with m packets. First an ‘external shuffle’ is performed
where the order of the blocks is shuffled and the sequence within each block is
preserved. This essentially preserves the short-range dependence and eliminates
the long-range dependence. Separately, an ‘internal shuffie’ is performed where the
sequence within each block is randomised but the order of the blocks is unchanged.
This removes the short-range dependence but preserves the long-range dependence.
The delay times for these shuffled processes are compared with the original to
learn about the importance and role of long-range dependence and short-range
dependence separately on the process.

The term semi-experiment was coined in Hohn [9] as an extension to
this block-wise shuffling idea. It describes a method of modifying a single dataset
to virtually investigate ‘what if’ scenarios to determine the cause of statistical
properties in the data. Ridoux et al. [10] described a typical semi-experiment as
replacing a single specific aspect of the data with a neutral model substitute. Then
some statistics before and after the manipulation are compared to draw conclusions
about the role played by the removed structure.

Varney et al. [1] used this idea of semi-experiments to detect dependence
between the arrival process and service times in queueing data of ICUs. The goal
of these semi-experiments was to break the connection or dependence between the
arrival stream and service stream. So, the arrival stream was kept exactly the
same while the service times were randomly permuted. In this case, the aspect of
the data being replaced is the specific connection between a job’s arrival time and
service time, replaced by a randomised permutation. The statistics compared are
the occupancy (queue-length) distributions for these queues. Therefore, any dif-
ference between the occupancy distributions indicated that there must have been
a dependence between the arrivals and services. Further, the semi-experiments
were performed while taking careful consideration of classes of patients by re-
stricting the permutations. For example, the service times of patients who arrived
to the ICU for emergency reasons were permuted amongst like patients, and the
same for those who arrived after elective surgeries. These restrictions allow the
semi-experiment to detect only the dependence structure between the arrivals and
services, not those within the arrival and service streams.
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As with Varney et al. [1], our goal is to break the dependence between
the arrival stream and service times using semi-experiments, though in our case
the queues are single-server. In order to gain the most information about the
dependence, we consider the types of semi-experiments possible for general queues.
The quantities we could consider permuting are

Arrival times/ inter-arrival (IA) times,

Departure times/ inter-departure (ID) times,

Service times,

Length-of-stay (LOS) times,

while keeping all other data the same.

Some of these are impossible since they violate features of a FCF'S single-
server queue. That is, only one customer is served at a time, all customers are
served and depart in the order of their arrivals, and a customer’s departure occurs
after their arrival.

For example, if the arrival stream is maintained, then permuting inter-
departure times can result in a customer’s departure occurring before their arrival.
Permuting length-of-stay times can result in departures occurring out of order.
However, permuting service times works well. These examples are shown in Figure
2.4.

After exploration, there are two main styles of semi-experiments that can
be used for single-server queues. The permuted services times semi-experiment (s-
perm semi-experiment) is one in which the arrival stream in retained and the
service times are randomly permuted. The permuted inter-arrival times semi-
experiment (a-perm semi-experiment) is one in which the stream of service times
is retained and the inter-arrival times are randomly permuted.

As done by Varney et al. [1], the statistics used to compare the data
before and after permutation will be the queue-length distributions. When these
semi-experiments are applied to queueing data, a significant change in the queue-
length distribution indicates dependence between the arrival process and service
times. The amount of difference is an indicator of the strength of dependence
and also the type of dependence as the s-perm and a-perm semi-experiments will
perform differently depending on the form of dependence, which is seen later.
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Figure 2.4: Sample path of a queue with examples of different

types of semi-
experiments.
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Restricted Semi-Experiments Varney et al. [1] was careful to permute length-
of-stay times within intuitive patient classes that could reasonably be assumed to
have the same distribution of service times. For example, whether a patient was
in the ICU for emergency or elective reasons, the time of day and week a patient
arrives, the types of ailments a patient has.

In this thesis, we use restricted semi-experiments to further investigate
and diagnose forms of dependence in queues. In this case, we restrict the permu-
tations to within externally defined customer classes (where appropriate), as was
done by Varney et al. [1]. We also restrict the permutations according to the
queue-length distribution at specific epochs. For example, we restrict the permu-
tation of service times to within those with the same queue length at the start
of service, or we restrict the permutation of inter-arrival times to those with the
same queue length at arrival. See Chapter 8 for further details.

2.4.1 Comparing Distributions

In order to draw conclusions from the semi-experiments, we need to quantify the
difference between the original queue-length distribution and the semi-experiment
queue-length distribution, for example. It is also important to compare distri-
butions in constructing models and testing whether they accurately model the
simulated queues. While we can visually compare histograms, as well as means,
standard deviations and other important statistics, one method to test whether two
samples are from the same underlying distribution is the two-sample Kolmogorov-
Smirnov test.

Two-Sample Kolmogorov-Smirnov Test

The Kolmogorov-Smirnov test (KS test) is a non-parametric test of the equality
of one-dimensional probability distributions. It can be used to compare a sample
with a reference distribution by quantifying the distance between the empirical
distribution function of the sample and the cumulative distribution function (CDF)
of the reference distribution [11].

The two-sample KS test compares two samples and tests whether they
are from the same underlying probability distribution, by quantifying the distance
between the empirical distribution functions.
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Assume we have two samples of ordered observations Xi, X», ..., X,, and
Y1,Ys, ..., Y, of size n and m, respectively. Let F} and F; be the underlying CDF's
of the first and second samples, and let F} ,, and F;,, be the empirical distribution
functions of the two samples, defined by

1 & 1 &
Frn(@) = =3 Tiooa)(X), and  Fon(a) = — 3 Tion(Y),
i=1 i=1
where Z_ 4(X;) is the indicator function which is equal to 1 if X; < x and 0
otherwise.

The null hypothesis for this test is that the two underlying distributions
are the same and the alternative hypothesis is that they differ. That is,

HolFl(fE):FQ(iU), Vo € R.

The test statistic for the two-sample KS test is

Dy, = sup |Fi () — Fo ()]

To test the null hypothesis, we need to compare the test statistic D,, ,,
against critical values, which are functions of the confidence level o and the sample
sizes n and m. For large samples, the null hypothesis is rejected at confidence level
a if

Dy > c(a@) n+m’
nm
where
1 «
-G
c(a) S5

One of the strengths of the two-sample KS test is that no assumptions
are made about the forms of the underlying distributions F; and F5, and the
distribution of the test statistic is independent of these [11]. The test is less
powerful than a test that directly compares the means if you just want to compare
the means, however it has the advantage that it is sensitive to all departures from
F1 = Fg.

Note that this tests whether there is sufficient evidence to reject the hy-
pothesis that the two samples come from same distribution. If the null hypothesis
is accepted, it does not specify what the common distribution that the two samples
come from is.
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In this thesis, we will often be seeking analytic queue-length distributions
which can only be evaluated numerically. We want to compare these to empirical
queue-length distributions of queue simulations using the KS test. Note that the
empirical queue-length is a sequence with autocorrelation and so we need to make
sure we use the effective sample size in the calculations since the KS test assumes
independent samples. When the KS test is implemented in this thesis, samples of
equivalent effective sample size are taken from the queue-length distributions and
the null hypothesis is accepted or rejected at the 5% confidence level.

2.5 Literature Review

In classical queueing systems, it is often assumed that the arrival process and
service time distribution are independent of each other. However, there have been
many queueing systems in which dependence between the arrivals and services of
queues has been induced.

Correlated Inter-arrival and Service Times

Queues in which the inter-arrival time and service times are explicitly correlated
obviously have such a dependence. Some early work in this area was by Conolly
[12] and Conolly and Hadidi [13], in which they investigated a queue where the
service time of a customer was proportional to the inter-arrival time between the
customer and their predecessor. They found, first numerically and then analyti-
cally, that this correlation resulted in a drastic reduction in the mean and variance
of the waiting time distribution, when compared to the standard M /M /1 queue.
This model was then extended by Cidon et al. [14] in two ways. First, by adding
an independent, generally distributed, non-negative random variable to the service
time; and second by allowing the proportionality constant to be itself a random
variable. This was in the context of a communication system, in which an ex-
ample of correlation can arise from packet-switch networks where variable length
packets can be sent from one node to another, and the finite speed of links can
result in large inter-arrival times for large packets. The final model captures the
ON-OFF behaviour of communication links in packet networks, and the Laplace-
Stieltjes Transform (LST) and moments of the waiting time distribution were
found. Hwang [15] extended the model from Cidon by allowing the proportional-
ity constant to be equal to 1, and a more general ON-OFF process. Cidon [16] also
used a similar model, but with subsequent inter-arrival times correlated with the
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service times, rather than the prior inter-arrival times. Here, three models were
explored. The first and simplest assumed a deterministic proportional dependency
with additive inter-arrival random delay. The second considered a random propor-
tional dependency and the third combined both by having a random proportional
dependency, and an additive inter-arrival random delay. For each of these, the
LST of the waiting time for a customer in the system is found, and numerical
results are compared to an equivalent system (GI/M /1) without dependence, the
latter exhibits much larger means and variances for waiting times.

The following work used various bivariate exponential distributions (BEDs),
which are joint distribution of two random variables, with exponential marginal
distributions. This requirement on the marginal distributions did not uniquely
define the joint distribution, and it has been proven that infinitely many exist [17].
Mitchell and Paulson [18] studied an M/M/1 queue with a customer’s service
time and the inter-arrival time between the customer and their predecessor being
correlated random variables with a bivariate exponential distribution. Through
simulation, they found that a positive correlation reduces the mean and variance
of the total waiting time, and that this reduction was statistically significant. This
model was also explored by Conolly and Choo [19], who found a method to exactly
calculate the statistics of the waiting time distribution without the use of cumber-
some Taylor expansions or LST inversions. Extending this, Langaris [20] found
for this model closed-form expressions for the LST of the joint probability density
function (PDF) of the server busy period, and also the PDF of the number of
customers served in the busy period. Kim and Kim [21] used an almost identical
model and found that the waiting time, conditioned on the waiting time being
positive, is exponentially distributed. Chao [22] used a similar bivariate exponen-
tial (Marshall-Olkin) distribution, but with the service time correlated with the
subsequent inter-arrival time. It was found that the waiting time of this model is
monotonically decreasing in dependency in increasing convex ordering sense. This
result was generalised by Miiller [23] for arbitrary joint distributions (as long as
other customers are still independent) of service times and subsequent inter-arrival
times. Langaris [24] also considered a model with infinitely many servers, with the
inter-arrival time and following service time correlated. A bivariate distribution
with exponential marginals is used. For this model, Langaris obtained the LST of
the steady-state queue-length, as well as a closed-form expression for steady-state
queue-length probabilities and moments.
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State-Dependence

One way to induce dependence between the arrival process and service times is by
having the arrival and/or service rates depend on the queue length process (which
depends on both the arrival and service processes). This type of dependence is a
large focus of this thesis.

One of the first works to explore such a queue was by Harris [25] in
which the service rate was a stochastic process dependent on the queue length
at the time when service began. The queueing behaviour was analysed using
the embedded Markov chain at epochs of starts of services. Shanthikumar [26]
considered an M/G/1 queue where the service rate can take two values depending
on whether the queue behind is empty or not, and obtained the Laplace transform
of the steady-state waiting time distribution. Courtis and Georges [27] considered
a single-server queue where the arrival rates depend on the current queue length of
the system and the service times depend on the queue length at the epochs when
services begin. Gupta and Rao [28] also used this model, constructing recursive
equations to calculate the stationary queue-length distribution at arbitrary times,
as well as arrival and departure epochs. Abouee-Mehrizi and Baron [29] proposed
a queueing system where the arrival rate depends on the current queue length,
and the service rates can be modified at both arrival and departure epochs. This
queue is analysed using embedded Markov chains and shows that the system is
equivalent to a Markovian birth-and-death process.

Other Models

A different model used by Boxma and Perry [30] considers a correlated queue with
dependence between service times and subsequent inter-arrival times as a model to
explore a fluid production/inventory model with a two-state random environment.
In this model, if the service time is less than a threshold, the following interarrival
time is exponentially distributed, otherwise it is equal to the threshold. After
establishing the link between the two models, Boxma and Perry presented an
analysis of the workload and waiting time process of the queueing system.

Borst et al. [31] analysed a variant of the M /G /1 queue with dependence
between service times and previous inter-arrival times. The paper proposed a batch
arrival of customers which is considered a ‘super-customer’ with a longer service
time. Hence the number of customers arriving and the number of service requests
are positively correlated with the batch arrival times. For both individuals and
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batches of customers, Borst et al. found the LST of the sojourn time, waiting time
and queue length distributions, which are then compared to an M/G/1 queue
without dependence.

Regterschot and De Smit [32] considered an M/G/1 queue with Markov
modulated arrivals and service times, where both the arrival rates and service
rates depend on an underlying Markov chain. Simiarly, Adan and Kulkani [33]
considered a single-server queue in which the inter-arrival times and service times
have a bivariate distribution that depends on an underlying Markov chain that
jumps at arrival epochs. This creates a MAP/PH/1 model. Here, the LST of
the waiting time and queue length distributions were derived, and used to obtain
recursive equations to calculate the moments.

Iyer and Manjunath [34] explored a generalised M AP/G/1 queue where
the joint density of inter-arrival and service times are described by a mixture
of bivariate densities; in particular mixtures of two exponential densities, and a
mixture of exponential and deterministic densities. The analysis for this model is
focussed on finding the LST of the waiting time distribution.

Badila et al. [35] studied a generalisation of the general single-server
queue G/G/1 by allowing dependence between service times and subsequent inter-
arrival times. The distributions used for analysis are multivariate matrix exponen-
tial distributions, which by definition have rational LST. The steady-state wait-
ing time distribution is obtained explicitly, and used to show that the classical
relation between waiting time and workload distributions holds true when the in-
dependence assumption of the queue is relaxed. This model is directly furthered
by Panda et al. [36] to include batch arrivals. By assuming rational LSTs, they
derived closed-form expressions for the distributions of actual and approximate
virtual waiting times for a single-arrival queue, idle periods and inter-departure
times. They also derived an approximate queue-length distribution at arbitrary
time epochs, and thus stationary distributions for actual and virtual waiting times
for first and arbitrary customers in a batch.

Buchholz and Kriege [37] consider a model where the inter-arrival times
are correlated, and also service times are correlated with inter-arrival times. It is
shown that such a model can be interpreted as an MMAP[K|/PH[K]/1 queue.
Unlike most other papers, instead of focusing on analysis of waiting times or queue
length, the main focus here is to present algorithms to fit parameters relating to
the arrival process, the service process, and the cross-correlation, given data con-
taining the trace of corresponding inter-arrival and service times in a process. Two
methods are presented; one is based on matching joint moments of the distribu-
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tions, the other is an expectation maximisation (EM) algorithm.

Overall, the work done in the area of queues with dependence between the
arrival process and service times is largely concerned with proposing a model and
then analysing the model using various methods to find queue-length distributions,
waiting time distributions, and other similar measures of queueing behaviour. In
this thesis, the goal is to explore how different models of such dependence in queues
effects the behaviour (specifically the queue-length distribution) and methods we
could use to identify appropriate models of dependent queues for queueing data.

2.6 Some Specific Queueing Model Preliminaries

In the following chapters, we construct and explore several queueing models with
dependence between the arrival process and service times. These examples allow
the exploration of different types of dependence. The three broad types of de-
pendence are pairwise dependence in which the inter-arrival time and service time
of each customer are correlated, auto-dependence in which there is dependence
within the arrival or service streams, but not between them, and queues in which
the arrival and service rates are dependent on the queue length.

We can perform s-perm and a-perm semi-experiments on simulations of
these models to show there is indeed dependence. To increase computational
efficiency of calculating the queue-length distribution of these semi-experiment
queues, we can model them as QBD queueing models. This also provides a greater
insight into how the semi-experiments disrupt different types of dependence struc-
tures. By utilising these models for different types of semi-experiments on the
constructed models, we can find a method to identify and diagnose different types
of dependence in queues.

The following notes will be relevant to all of the remaining chapters.

2.6.1 Characterising The Queues In This Thesis

As shown in Section 2.1.1, there are several features generally needed to define a
queue, namely

e The arrival pattern of customers,
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e The service pattern of customers,
e The number of servers,
e The system capacity,

e The queueing discipline.

For the following sections, assume that the system has an infinite capacity
so that no arriving customers are turned away from joining the queue. Also assume
that the queueing discipline is a standard first in, first out (FIFO) system in which
customers form a single queue and commence service in the order they arrived to
the queue, upon completion of which they depart from the system. All queues are
single-server queues.

The arrival pattern and service pattern is specified for each individual
queue.

2.6.2 Labelling Queues In This Thesis

As there are many similar queues, we introduce a labelling system. Each queue
will be labelled as (XY, Z) where

e X is the broad dependence type. Such as P for pairwise dependence queues,
A for auto-dependence queues, and Q)L for queue-length-dependent queues.

e Y is the more specific dependence types. Such as A for dependence in arrival
process, S for dependence in the service times, or AS for dependence in both.
It is also used for types of pairwise dependence such as proportional service
times, P, and bivariate exponentially distributed inter-arrival and service
times, BED.

e 7 is the queue. Such as O for the original queue, sSFE for the s-perm semi-
experiment queue, and aSFE for the a-perm semi-experiment.

See Appendix A for a table of all labels used within this thesis.
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2.6.3 Probability of an Empty Queue

It can be seen that for all the models, the queue-length distributions for the original
queue, the s-perm semi-experiment, and the a-perm semi-experiment for all the
models appear to have the same probability of the stationary queue length being 0.
That is, mp is the same for a queue and its semi-experiments. This phenomenon is
related to a well-known property in queueing theory that holds for G/G/1 queues.
The following explanation follows the work of [2].

We introduce some notation that is summarised in Table 2.2. Let A be
the average arrival rate. Let S be the random length of service for a customer,
and i = 1/E[S] be the average service rate. We denote the traffic intensity of the
queue as p =

TiI>

To denote the length of the queue, let N be the random number of cus-
tomers in the (stationary) queue including those in service, and let N, be the
random number of customers in the (stationary) queue but not yet in service. Let
T, = P(N =n), forn = 0,1,2,..., be the stationary probability distribution of
the number of customers in the system. Let W be the random waiting time of a
customer before they leave the whole system, and let W, be the waiting time of
the customer in the queue before they begin service.

N, N, Number of customers in the system/ queue

W, W, Waiting time of a customer in the system/ queue
S Service time of a customer

A Average arrival rate

i Average service rate

p=NT Traffic intensity

7, = P(N =n) The stationary probability distribution of N

Table 2.2: Summary of notation.

According to Little’s Law,
E(N) = AE(W)
and

E(N,) = AE(W,).

It is also clear that the waiting time of a customer in the system is the
waiting time of the customer in the queue plus the time they spend in service
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before departing. Hence,

W =W, +8.
Taking the expectation of this, we obtain

1
E(W) = E(W,) + -
i
Using these equations,
E(N) =AE(W)
- 1
(g )
- A
=\E(W,) + ﬁ
=E(N,) + p.
We also note that,
E(N) = Zmrn = Zmrn,
n=0 n=1
and for a single-server queue,
E(N,) =) (n—Dmm =) (n—1)m,.
n=2 n=1

Therefore, substituting these into 2.6.3 gives,

= Zmrn — i(n — ),
n=1 n=1
n=1
=1- 70-

So we can conclude that for a single-server queue,

T =1—p.
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For each of the our queueing models, the value of 7y is the same for the
original, s-perm semi-experiment, and a-perm semi-experiment since the average
arrival rate and average service rate are both retained through the permutation,
giving the same value for p in each case.



Chapter 3

Simple Dependence Models

In this chapter, we present and investigate some simple forms of dependence be-
tween the arrival process and service times in queues. These models show how
both s-perm and a-perm semi-experiments can affect queues with such depen-
dence. These simpler models also provide a framework to introduce the methods
for developing queueing models for the semi-experiment queues, namely construct-
ing queueing models to analytically find and compare the stationary queue-length
distributions of semi-experiment queues. This is expanded on for the queue-length-
dependent queueing models in Chapters 4, 5, 6 and 7. In Chapter 9, we will use
the simpler models presented here to compare to more complex queue-length-
dependent models in order to develop methods to distinguish and classify various
types of dependence.

3.1 Pairwise Inter-arrival and Service Time De-
pendence

In this section we will explore queueing models in which each customer’s inter-
arrival time and service time are a pair of correlated random variables. Note that
the dependence here is between the times, and not the rates.

Let A,, and S,, be the arrival time and service time of the mth customer,
respectively. Let T,, = A,, — A,,_1 be the inter-arrival period between the mth
and (m — 1)th customers arrivals.

57
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3.1.1 Proportional Service Times

Consider a single server queue where the inter-arrival times are independent and
exponentially distributed with 7, ~ Exp()\) and so the arrival process is a Poisson
process with arrival rate A\. Then the service time for each customer is proportional
to their inter-arrival time, S,, = vT,,, for some v > 0. This is the same model as
presented by Conolly [12].

This queue is labelled as (P, P, O), where the first P represent a pairwise
dependence, the second P represents the proportional service times, and the O
represents the original (non-semi-experiment) queue.

Note that for the stationary queue-length distribution to exist for this
model, we need the queue to be stable. Hence, the average arrival rate must be

less than the average service rate, A < ji. In this case, the arrival rate is constant
SON =\

Note that E[T},] = 1/)\. Hence,

E[S] =E[vT,]
=vE[T,,]
=v/\.

Therefore, the average service rate is g = A/v.

So, this queue is stable when A < A/v or 0 < v < 1.

Empirical Semi-Experiments

Now that we have a queueing model with dependence between the arrival process
and service times, we can apply s-perm and a-perm semi-experiments to demon-
strate this dependence. To do this, the original queue is simulated by sampling
exponentially distributed inter-arrival times, and then calculating the service times
by multiplying by v.

Figure 3.1 shows the queue length distribution for a single simulation
of the original queue, a single s-perm semi-experiment and a single a-perm semi-
experiment. Using the KS test at the 5% level as described in Section 2.4.1, we
conclude that the original queue has a different queue-length distribution to the



3.1. Pairwise Inter-arrival and Service Time Dependence 59

semi-experiments. Note that this difference indicates that there is dependence
between the arrival process and service times, as expected. Further, a KS test
also indicates that the two semi-experiment queue-length distributions are from
the same distribution.

Original s-perm a-perm
Mean: 1.92 Mean: 4.06 Mean: 3.88
SD: 1.67 SD: 4.57 SD:4.18
> 0.2
E
[3y)
8
s 0.1
O -
0 10 20 0 10 20 0 10 20
Queue Length Queue Length Queue Length

Figure 3.1: The empirical queue-length distributions for a single simulation of the
(P, P, O) original process (blue), a single s-perm semi-experiment of the simulation
(purple), and a single a-perm semi-experiment of the simulation (orange). Here the
parameters are A = 2 and v = 0.8 and the simulation is run for 80,000 customers.
Note that all plots have the same y-axis.

Semi-Experiment Model

In order to perform semi-experiments we require data with service times and inter-
arrival times for each customer, so that they can be permuted. However, to ob-
tain accurate results for the original queue we need long simulations and for the
semi-experiments we need many permutations for each simulation. This is time
consuming. Therefore we seek to develop a queueing model to represent the semi-
experiment process itself, from which we can analytically evaluate the stationary
queue-length distribution of the semi-experiment without the need for simulated
data. This modelling also allows us to better understand how the semi-experiments
affect the queues.

First consider the s-perm semi-experiment in which the service times are
permuted and the arrival process is retained. This permutation breaks the connec-
tion between the inter-arrival time and the service time of each customer. There
is no additional dependence within the arrival process that is retained since the
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inter-arrival times are simply a sequence of independent exponentially distributed
times with rate A. Hence, the arrival process for this semi-experiment is the same
as the original; a Poisson process with arrival rate A\. The service times can be
modelled as independent and exponentially distributed random variables with rate
A/v, since they no longer depend on the inter-arrival times.

This proposed semi-experiment model is simply an M/M/1 queue with
arrival rate A and service rate \/v.

Now consider the a-perm semi-experiment in which the sequence of ser-
vice times is retained and the inter-arrival times are permuted. This permutation
again breaks the connection between the inter-arrival time and service time of
each customer in a similar way to the s-perm semi-experiment. This leads to a
semi-experiment queueing model with independent exponentially distributed inter-
arrival times with rate A\ and independent exponentially distributed service times
with rate A/v. Hence, this is an identical model to the s-perm semi-experiment
M /M /1 model. This is further supported by Figure 3.1 in which the two empirical
semi-experiment queues have the same queue-length distribution.

This s-perm/a-perm semi-experiment queue is labelled as (P, P, SE).

The stationary queue-length distribution for this semi-experiment queue
can be analytically evaluated. Let m; be the stationary probability that the queue
length is ¢ in the semi-experiment queue. Then, for ¢ > 0,

(-2 (3

=(1 - )(v)’

as shown in Section 2.2.5.

Figure 3.2 shows this stationary queue-length distribution compared to
the empirical queue-length distribution of the semi-experiments found in Figure
3.1. The KS test concludes that there is no strong evidence of difference between
the distributions, indicating this model of the semi-experiment accurately captures
the behaviour of the empirical semi-experiments (in regards to the queue-length
distribution). Note that we are very cautious in comparing the empirical semi-
experiment and model semi-experiment here, because in more complex models
later on, it is not so obvious.



3.1. Pairwise Inter-arrival and Service Time Dependence 61
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Figure 3.2: The stationary queue-length distribution for the (P, P, SE) model
(blue) and the empirical queue-length distribution for an s-perm/a-perm semi-
experiment on a single simulation of the original (P, P, O) queue with 80,000 cus-
tomers. The parameters are A = 2 and v = 0.8.

An important point to note is that the analytic semi-experiment model
does not perfectly replicate the empirical semi-experiment. For example, all em-
pirical semi-experiments applied to this model would have the property

Z&'ZWZTi

i>1 i>1

with probability 1. However, since the M /M /1 model has independently generated
arrival and service streams and would not have this property. There are various
other differences that do not materially affect the queue-length distribution. The
differences stem from the fact that empirical semi-experiments reuse the same data
from a realisation of the original queue, while the model uses distributions to draw
data from.

So, this model is only approximate. All the other semi-experiment models
in this thesis will similarly be approximate. This (P, P,O) is the most extreme
and direct form of dependence that we will consider, and we have shown that this
does not have a significant effect on the queue-length distributions, which is the
main feature of concern. As we will see, the same is true for all the other models.
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3.1.2 BED Inter-arrival and Service Times

As described in Section 2.5, there are many models using bivariate exponential
distributions (BEDs) to describe the relationship between inter-arrival times and
service times of customers in queues. These models are a more sophisticated ver-
sion of the (P, P,O) model above. They have correlated pairs of random variables
with exponential marginals instead of directly proportional times.

For this model, assume that (T,,,S,,) are pairs of correlated random
variables and that they have a Wicksell-Kibble bivariate exponential distribution
as described by [38]. That is, the joint probability density function is given by

f(t,s) = (1= p)Awexp(=At — ps)To[2(pAuts)'/?],
where

o) - 37 2

is the zero-order modified Bessel function of the first kind and 0 < p < 1 is the
correlation coefficient between T,,, and S,,.

The marginal distributions for 7,, and S,, are exponential such that

T ~ Exp(/\(l - P)), and Sy, ~ E:Ep(u(l - ,0))

This queue is labelled as (P, BED, O).

Empirical Semi-Experiments

Now consider simulating this queue. To do this we need to sample pairs of cor-
related random variables, (T,,,S,,), from the probability density function f(t, s).
This is done using a simple Metropolis-Hastings algorithm, as described below in
Algorithm 8.

Then the arrival stream for the simulation is given by

A1 :Tl
An=4,_1+T,, form=23,....

We can perform an s-perm semi-experiment which permutes the service
times and retains the arrival stream, and an a-perm semi-experiment which per-
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Figure 3.3: The empirical queue-length distributions of a single permutation of the
original (P, BED,O) queue, a single s-perm semi-experiment of the simulation,
and a single a-perm semi-experiment of the simulation. The parameters are \ =
2.5,u=3and p=0.9.

mutes inter-arrival times and retains the service stream. The queue-length dis-
tributions for these are shown in Figure 3.3. Note that the semi-experiment dis-
tributions are different from the original queue-length distribution, demonstrating
dependence exists between the arrival stream and service times. Also note that
the two semi-experiment distributions appear very similar and we conclude from
the KS test that they belong to the same distribution.

Metropolis-Hastings Algorithm

Let = (t,s), where t is the inter-arrival time before a customer’s arrival and s is

their service time. The target distribution we wish to sample from is f(x). We need

a transition kernel, Q(y | &) to propose a new point y given the current point x.

For simplicity, we choose a bivariate normal distribution, so that y | € ~ N(x, o),

where 3 = [001 UO] is chosen to give ‘good’ samples. Let N be the desired sample
2

size.

Note that since the normal distribution is symmetric, the acceptance

probability can be simplified to A = min <1, %) since Q(z | y) = Q(y | ).
There are methods for choosing appropriate transition kernels and values of o.
Often there is also a removal of ‘burn-in’ since it may take a number of iterations

for the algorithm to find the accurate samples starting from the initial point ([39]).
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Algorithm 8: Basic Metropolis-Hastings Algorithm for sampling from a
target distribution.

Initialise x;
fort=1,2,...,N do
Sample y from Q(y | ). y is the proposed value for x;.

1. L@)Q(]y)
@) Qyle:)
With probability A accept the proposed value and set x;,1 = y. Otherwise,

set iy = @y
end for

Compute A = min ( ) This is the acceptance probability.

The Metropolis-Hastings algorithm also produces correlated samples, rather than
independent bivariate samples. Hence, we use ‘thinning’, where we discard all but
every kth sample to reduce the impact of the correlation.

Semi-Experiment Models

Now consider a model for the s-perm semi-experiment. The permutation of service
times breaks the connection of the correlated pairs of random variables. There is
no retained dependence in the order of the arrivals. Hence, the interarrival times
are all simply independent exponentially distributed random variables with rate
(1 — p)A\. Similarly, the permuted service times are independent exponentially
distributed random variables with rate (1 — p)pu.

Therefore, this semi-experiment queue is simply an M /M /1 queue where
the Poisson arrival process has rate (1 — p)\ and the exponential service times
have rate (1 — p)p.

Now consider the a-perm semi-experiment queue. The permutation of
the inter-arrival times breaks the connection of the correlated pairs of random
variables in exactly the same way. Hence, this queue is identical to the s-perm
semi-experiment.

This M/M/1 queue will be called the semi-experiment queue from here
on and be labelled as (P, BED, SE).

Since this is just a simple M/M/1 queue, the stationary queue-length
distribution for this can easily be evaluated. Let m; be the stationary probability
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that the queue length is ¢. Then, it can be shown that for ¢ > 0,
A Y
(-9
n) \p

3.1.3 Pairwise Arrival and Service Rate Dependence

Unlike the previous models which have correlated inter-arrival and service times,
from this point on we will largely focus on dependence through the arrival and
service rates. This leads to modelling using Markov chains (and QBDs). This
model will demonstrate such a dependence.

Consider K classes of customer, where the class is determined by some
external random factor. Then, if the mth customer is of class k € {1,2,..., K},
then the inter-arrival time T, ~ Exp(Ax) and service time S, ~ Exp(pu). Assume
that the probability of an arriving customer having class k is given by 7}, where

K
Zk:1 T = L

This queue is labelled as (P, C, O), where P represents the pairwise de-
pendence between inter-arrival and service rates, C' represents that the dependence
is through customer classes, and O indicates this is the original queue.

Empirical Semi-Experiments

Now, as before, we can perform empirical s-perm and a-perm semi-experiments.
To simulate this queue, we generate a sequence of M customers and their classes
according to the distribution {7 : 1 < k < K}. Then we generate the exponen-
tially distributed inter-arrival times and service times of each customer, according
to their class.

Figure 3.4 shows the empirical queue-length distributions for the origi-
nal queues and the s-perm and a-perm semi-experiments. Using the KS test, we
conclude again that the two semi-experiments have the same queue-length distri-
bution, and it is different to the original queue. Note that the difference between
the original and semi-experiment queue is less obvious than the previous models.
This is because the dependence is through the rate (or the mean) of inter-arrival
times and service times, rather than the exact realisations themselves.
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Original s-perm a-perm
Mean: 3.57 Mean: 3.97 Mean: 3.95
SD: 4.46 SD: 4.8 SD: 4.7

Probability

0 10 20 0 10 20 0 10 20
Queue Length Queue Length Queue Length

Figure 3.4: The empirical queue-length distributions for a single simulation of
the original (P,C,O) queue (blue), a single s-perm semi-experiment of the sim-
ulation (purple), and a single a-perm semi-experiment of the simulation (or-
ange). The parameters are K = 4, A = [1,4,8,13],p = [1.4,4.2,8.1,13.1] and
7" =1[0.3,0.3,0.2,0.2].

Semi-Experiment Model

As with the previous models, the s-perm and a-perm semi-experiments have the
same model here. This is because once a permutation is performed, the arrival
stream and service stream become independent of each other since the connection
through the particular customer is broken. It only is significant that the con-
nection between the customer’s arrival time and service time is severed and not
which stream is permuted. Hence, the inter-arrival times are simply a mixture
of exponentially distributed times with rates \;,1 < k < K, with the proportion
according to mj. Similarly, after the permutation, the service times are a mixture
of exponentially distributed times with rates p, 1 < k < K, with the proportion
according to 7.

Hence, the inter-arrival times and service times each have a hyperexpo-
nential distribution with mixture {7} : 1 < k < K} and rates {\; : 1 < k < K}
and {uy : 1 < k < K}, respectively.

This semi-experiment model is labelled as (P, C, SE).

This queue can be represented as a continuous-time Markov chain (CTMC),
{X(t): t > 0}. Let X(¢) be a triplet (n,4,j). n is the length of the queue at time
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t, ¢ is an indicator that the next customer will arrive with rate \;, and j is an
indicator that the next customer to be served will have a service rate of p;. Then,
the state space for this process is S = {(n,i,j) : n > 0,1 < 4,5 < K}. The
transition rates are given in Table 3.1. An arrival event occurs with rate \; and
then n increases by 1 and the next arrival rate ), is chosen with probability ;. A
service is completed with rate y; (if the queue is not empty), and then n decreases
by 1 and the next service rate is j,, chosen with probability 7;',.

Note that n only increases or decreases by 1 in a single transition. Hence,
this can be represented as a QBD, where n is the level and (3, j) is the phase. The
phase space here has size K2.

From | To Rate | For
(n,2,7) | (n+1,6,5) | Ny | (n,4,5) €S
(n,i,7) | (n—1,9,m) | pmk, | n>1

Table 3.1: Transition rates for the (P, C, SE) QBD model.

Now we can construct the K? x K? model matrices A, , Ay, A_, By for
the QBD model. First we order the phases as follows (1,1),(1,2),(1,3),...,
(1,K),(2,1),...(K,K).

A, contains the rates in which n — n + 1. So,

A
A
AL = :2 [ﬂ‘ Ty e ﬂ}}]@IK.

Ak

A_ contains the rates in which n — n — 1. So,

Now consider the matrix Ay. It is a K? x K? matrix with diagonal
elements equal to the negative sum of all the rates out of each phase and all other
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elements are 0. Consider phase (i,j). The sum of all the rates out of this phase is
K K
LTS S
k=1 k=1
K K
=N > A >
k=1 k=1

Therefore, the diagonal element in A, corresponding to phase (i,7) is
—(Xi £ 15).

Then,
K .
Ay = — Z WO(Z) ® (MZk + diag(pq, po, - - -, i)
=1

where Wo(i) is a K x K matrix of zeros with a 1 in the (7, 7)th position.

Finally, By is similar to Ay but for when n = 0. Hence there are no
departures. So the diagonal elements on By are —\; when the first phase index is
i

Then,

K
By ==Y W’ & \Nx.

i=1

Therefore, the transition matrix for this (P, C, SE) semi-experiment queue
is given by
(B, A, 0 0 O
A Ay Ay 0 O
Q=10 A A A, O
0 0 A Ay, A,

Now we have a QBD model for this semi-experiment queue, the stationary
queue-length distribution can be easily evaluated using Algorithm 4.
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3.2 Auto-Dependence Queues

The next few models here demonstrate an important feature of using semi-experiments
to detect dependence between the arrival process and service times. Depending on
the permutation type, the semi-experiment can detect dependence that is solely
within the arrival stream or service stream of a queue. Such dependence shall be
referred to as auto-dependence. This is complementary to the cross-dependence
that is strictly between the arrival and service streams seen in the previous few
models. It is possible to have both auto-dependence and cross-dependence in the
arrival and service streams, as will be explored in Chapters 4, 5, 6 and 7. If it is
suspected that the dependence in a queue is solely due to auto-dependence, using
time series methods would be appropriate to analyse the queue. We consider them
here because it is important to be aware that auto-dependence can be detected by
semi-experiments when investigating forms of dependence in a particular queue.

3.2.1 Auto-Dependence in the Arrival Stream

Consider the following queueing model with auto-dependence in the arrival stream.
For this example, the arrival rate of a customer depends on the previous customer’s
arrival rate through a DTMC, Y;,t > 0.

Assume that there are K possible arrival rates, Ay, 1 < k < K. The
probability of a customer having an arrival rate of A\x, given the previous customer
had an arrival rate of \; is given by p;r.. The service times are independent and
exponentially distributed with constant rate u. So, py = P(T,, ~ Exp(\y) |
Tin—1 ~ Exp(\;)). Let P be the transition matrix containing the probabilities pj,
so that P = [pix].

This queue is labelled as (A, A, O) where the first A represents an auto-
dependence model, and the second A shows that the dependence is within the
arrival stream.

This model can be represented as a QBD. Let X(¢) be a Markov chain
representing this queue. The state for this process is X (t) = (n, i) with state space
S ={(n,i) :n>0,1<i< K}. Let the level, n, be the current length of the
queue and let the phase, 7, indicate that the next arrival will occur with rate A;.

Table 3.2 shows the transition rates for this process.
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From | To Rate | For
(n,i) | (n+1,7) | \ipij | (n,3) €S
(n,i) | (n—1,0) | p n>1

Table 3.2: Transition rates for the (A, A, O) process.

Then the model matrices for this QBD can be constructed as follows,

Ay =diag(M, Ag, ..., k) X P,
A =uTg,

Ao =diag(q1, q2; - - -, ),

By = — diag(Ai, Aay ..., AKk),

where ¢; = —(\; + ).

Empirical Semi-Experiments

Now we can simulate this queue and perform empirical semi-experiments. This
queue is simulated as described in Section 2.1.5. Figure 3.5 compares the queue-
length distribution for these. Using the KS test, we conclude that the original and
s-perm semi-experiment queues have the same queue-length distribution and that
the a-perm semi-experiment queue-length distribution is different. This difference
is explored below in the construction of the semi-experiment models.
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Figure 3.5: The empirical queue-length distributions of a single simulation of the
original (A, A,O) queue (blue) run for 20,000 time steps, a single s-perm semi-
experiment of the simulation (purple), and a single a-perm semi-experiment of
the simulation (orange). The parameters are K = 2,y = 2, A\ = [0.95,1.95] and
P =0.98,0.02;0.02,0.98|.

Semi-Experiment Models

As observed in Figure 3.5, the s-perm and original queues have the same queue-
length distribution. This is logical since the auto-dependence in this model is
within the arrival stream so permuting service times does not disrupt the depen-
dence. The service times are independent and identically exponentially distributed
random variables. When these are permuted they are still independent and expo-
nentially distributed random variables. Hence, this permutation creates a queue
which is simply another realisation of the original queue. So a model for the s-perm
semi-experiment is simply the original model (A, A, O).

Now consider the a-perm semi-experiment. When the inter-arrival times
are permuted the auto-dependence is disrupted. The inter-arrival times for this
semi-experiment model will be a mixture of exponential distributions with rates Ay
with 1 < k < K. The mixture of this distribution is equivalent to the proportion
of each rate )\, appearing in the original queue.

Let 7* be the stationary distribution of Y; which can be evaluated as
shown in Section 2.2.4. It gives the overall probability of observing the arrival rate
indicator equal to each k € {1,2,..., K}.
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Therefore, the arrival process for this queue is a hyperexponential dis-
tribution with rates Ay, 1 < k < K and mixture w*. The service times are
independent and exponentially distributed with constant rate pu.

This queue is labelled as (A, A, aSE).

This queue can be represented as a QBD. Let X (¢) be the Markov chain
for this queue. The state for this process is (n,) with state space Sx = {(n,1) :
n > 0,1 <i< K}, where the level, n, is the current queue length and the phase i
indicates that the next customer will arrive with rate ;.

Table 3.3 shows the transition rates for this process.

From | To Rate | For
(n,3) | (n+1,7) | Mim; | (n,i) € Sx

Table 3.3: Transition rates for the (A, A, aSE) process.

The model matrices for this semi-experiment model are the same as those
for the original model, except that

A
A

A= [t m i,
Ak

3.2.2 Auto-dependence in the Service Stream

Now consider a model in which the auto-dependence is in the service stream. This
model will be very similar to the previous model with auto-dependence in the
arrival stream so the explanations here will be brief.

Consider a queue in which the arrival process is a Poisson process with
constant rate A\. The service times are exponentially distributed with rates uy,
1 < k < K. The probability that a service has a rate of u; given the previous
service had a rate of y; is given by py. That is, pi, = P(S; ~ Exp(Ag) | Sm—1 ~
Exp(\;)). Let P be the matrix containing these probabilities.

This queue is labelled as (A4, S, O).
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This queue can be modelled as a QBD. Let the state be (n,) where n is
the current queue length and ¢ indicates that the next service will have a rate of
;. The state space is S = {(n,i) :n > 0,1 <i < K}.

Table 3.4 shows the transition rates for this process.

From | To Rate | For
(n,i) | (n+1,4) | A (n,i) € S
(n,3) | (n—1,7) | paps; | n>1

Table 3.4: Transition rates for the (A, S, O) process.

The model matrices for the process are

A+ :AIK,
A :diag<:u17:u27‘ - 7:uK) X P7

AO :diag(qDQZa cee 7qK)7
BO = - A-‘rv

where ¢; = —(A + ;).

Empirical Semi-Experiments

Now we can simulate this queue and perform empirical semi-experiments. This
queue is also simulated as described in Section 2.1.5. Figure 3.6 compares the
queue-length distribution for these. Using the KS test, we conclude that the orig-
inal and a-perm semi-experiment queues have the same queue-length distribution
and that the s-perm semi-experiment queue-length distribution is different.

Semi-Experiment Models

As expected, Figure 3.6 shows that the a-perm semi-experiment produces the same
queue-length distribution as the original queue. This is because permuting the
inter-arrival times simply produces another sequence of independent and exponen-
tially distributed times with rate A and does not disrupt the dependence structure
in the service stream. Hence the a-perm semi-experiment is another realisation of
the original queue and can be modelled by the original queue.
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Figure 3.6: The empirical queue-length distributions of a single simulation of the
original (A,S,0) queue (blue) run for 20,000 time steps, a single s-perm semi-
experiment of the simulation (purple), and a single a-perm semi-experiment of
the simulation(orange). The parameters are K = 2, A = 2, u = [2,5] and P =
[0.98,0.02;0.02,0.98].

From | To Rate | For
() [(n+1L3) [ A | (i) €S
(n,i) | (n—1,9) | pur | n>1

Table 3.5: Transition rates for th e(A, S, 1, sSFE) process.

Now consider a model for the s-perm semi-experiment. The arrival pro-
cess for this is a Poisson process with constant arrival rate X\. The service times have
a hyperexponential distributions with rates py, 1 < k < K and mixture {7y }. {7}
is the stationary distribution of the DTMC, Y, with state space S =1,2,..., K
and transition probability matrix P.

This queue is labelled as (A, S, sSE) and it can be modelled by a QBD.
The state for this QBD is (n, i) with state space S = {(n,i) :n > 0,1 <i < K},
where n is the current queue length and ¢ indicates that the next service will have

a rate of ;.
Table 3.5 shows the transition rates for this process.

The model matrices for this process are the same as the original, except
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that

3.2.3 Auto-dependence in Arrival and Service Streams

Now we consider a model with auto-dependence in both the arrival and service
streams, but with no cross-dependence between the streams. The model we will
consider is a combination of the (4, A, O) and (A, S, O) models.

Consider the following queue. The inter-arrival times are exponentially
distributed with rates \p, 1 < k < Ky, chosen by the DTMC on the state space
{1,2,..., K;} with transition probability matrix P4 = [p}]. The service times are
exponentially distributed with rates u,, 1 < ¢ < K, chosen by the DTMC on state
space {1,2,..., Ky} with transition probability matrix P° = [pf;] This queue is
labelled as (A, AS,O).

This queue can be modelled as a QBD. Let the state of the process be
(n,i,7) where n is the current queue length, ¢ indicates that next arrival will occur
with rate \; and j indicates that the next service will occur with rate ;. So the
state space is S = {(n,4,j) :n > 0,1 <i < K;,1 < j < Ky}. Here we think of n
as the level and (i, 7) as the phase, so the phase space has size K; K».

Table 3.6 shows the transition rates for this process.

From To Rate | For
(n,i,7) | (n+1,6,5) | Apfy | (n,i,5) €S

Table 3.6: Transition rates for the (A, AS, O) process.

In order to construct the model matrices the phases are ordered as follows
(1,1),(1,2),(1,3),... (1, K3),(2,1),..., (K, K3).
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Let U = \jpATy,, for 1 <i,f < K;. Then,

UJ(:’I) Uil,Q) o U_(:,Kl)
geh gy )

Al = + + ) +. :diag<)‘17)\27--‘a)\K1)PA®ZK2‘
UiKl’l) UJ(FKl’Z) o US_Kl,Kl)

Let U_ = diag(py, o, - - -, jix,) X P, then

Uu. o --- 0
o U_ --- 0

A= : o . = U- @1k,
0 0 U_

Let
U = —(\Ti, +U-), and V" = -\,
Then,
[U,(1) 0 0
0 U2 ol
AO _ 0( ) _ Z Uéz) Q WO(Z)7
=1
| 0 0 Uy (K
(Vo(1) 0 0
0 Vo2 --- 0 Ko .
m=| P P S wew
: : : : —
| 0 0 Vo(K7)

Empirical Semi-Experiments

Just as before, we perform a simulation of the original (A, AS, O) queue and then
apply s-perm and a-perm semi-experiments and compare their empirical queue-
length distributions, as shown in Figure 3.7. The KS test indicates that all three

distributions are different.
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Figure 3.7: The empirical queue-length distributions of a single simulation of the
original (A, AS,O) queue (blue) run for 20,000 time steps, a single s-perm semi-
experiment of the simulation (purple), and a single a-perm semi-experiment of the
simulation(orange). The parameters are Ky = 3, Ko = 2, A = [1,1.5,2], p = [2, 6]
and P4 =[0.95,0.05,0;0,0.95,0.05;0.05,0,0.95] and P = [0.98,0.02;0.02,0.98].

Semi-Experiment Models

The approach to modelling both the a-perm and s-perm semi-experiment queues
is very similar to the previous two models.

First, consider the s-perm model. When the service times are permuted
the auto-dependence within the service stream is disrupted, and the arrival stream
remains untouched. So the model for this queue will have the exact same arrival
process as the original model. The service times for this model have a hyperexpo-
nential distribution with rates p,, 1 < ¢ < K5 and mixture 7% where 7*° is the
stationary distribution of the DTMC with transition probability matrix P°. This
queue is labelled as (A, AS, sSE) and it can be modelled as a QBD. Let (n,1, j)
be the state of this process where n,i,j are all defined the same as in the original
model and have the same state space. Table 3.7 shows the transition rates for this
model.

From To Rate | For
(n,i,9) | (n+1,4,5) | Npy | (n,i,5) €8
(n,i,5) | (n—1,0,m) | yymss | n>1

Table 3.7: Transition rates for the (A, AS, O) process.
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The model matrices are the same as the original, but with

H1
u2 * * *
123:¢"

Now consider the a-perm semi-experiment. This model has the exact
same service time distribution as the original queue. The inter-arrival times have
a hyperexponential distribution with rates Ay, 1 < k < K, and mixture 7*4 where
7*4 is the stationary distribution of the DTMC with transition probability matrix
PA. This queue is labelled as (A4, AS,aSFE) and it can be modelled as a QBD.
Again, let (n, 1, j) be the state of this process where n,i,j are all defined the same as
in the original model and have the same state space. Table 3.8 shows the transition
rates for this model.

From To Rate | For
(n,i, ) | (n+1,0,5) [ Nmp? | (n,1,5) € S
(n,i,7) | (n=1i,m) | wp3, | n>1

Table 3.8: Transition rates for th e(A, AS,aSE) process.

The model matrices are the same as the original, but with the diagonal
elements of UJ(:’E) = Ny, for 1 <i,¢ < K, and

A1

A
Ap=| 7| [rt 72 - 7p] @Ik,

3.3 Conclusion

In this chapter we have introduced three pairwise dependence models and three
auto-dependence models as examples of simple dependence between the arrival and
service processes of queues. We have constructed queueing models for the s-perm
and a-perm semi-experiments applied to each of these dependent queues to find the
stationary queue-length distributions and compared them to the original queue-
length distributions. Through this we have found that the a-perm and s-perm semi-
experiments have the same effect on the pairwise dependence queues. Further,
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we have shown that the effect of dependence is stronger when the dependence
is through the inter-arrival and service times, compared to dependence through
arrival and service rates. In the auto-dependence queues, only the semi-experiment
that permutes the stream with dependence has a significant effect on the queue-
length distribution. This suggests that semi-experiments can be used to detect
different types of dependence in queueing data. We return to this topic in Chapters
8 and 9 after investigating further forms of dependence in the intervening chapters.

Structure of Results Note that for each section in this chapter the following
formula was followed:

e Defining a queueing model with some form of dependence between the arrival
and service streams,

e Performing s-perm and a-perm semi-experiments and comparing the queue-
length distributions to that of the original queue, and

e Constructing queueing models for the semi-experiment processes in order to
both more fully understand the empirical results, and also analytically /numerically
evaulate the queue-length distribution of the semi-experiments to remove the
need for computationally inefficient simulations and permutations.

This structure allows the reader to first understand the original queue and then
immediately see the results of empirical semi-experiments before more deeply ex-
ploring the semi-experiments through models. It also keeps a focus on the impor-
tance of empirical semi-experiments, which are necessary for queueing data with an
unknown underlying model. However, in subsequent chapters we will simplfy this
formula for efficiency by performing empirical semi-experiments after the model
construction.



Chapter 4

Queue-Length-Dependent Service
Rates

4.1 Original Model

Now we consider a queue-length-dependent queue, which induces dependence be-
tween the arrival process and the service times through a dependence of the service
times on the queue length. It is a single-server queue with service rates dependent
on the length of the queue at the time when the service period begins. We can
formally specify the arrival and service patterns as follows, where the

e Arrival Process is a Poisson process with constant rate A\. That is, the
inter-arrival times are independent and identically distributed from the ex-
ponential distribution with rate \.

e Service Times are exponentially distributed with rate u;, where ¢+ > 1 is
the length of the queue at the time when the service begins.

This process is labelled as the (QL, S, 0) queue. That is, the original
queue with queue-length-dependent service rates and a single server.

Note that this queue is not a general birth-and-death process, since the
service rate depends on a historical state of the system, depending on when the
service started. Hence, the following characterisation of the process is necessary.

80
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This process can be represented as a continuous-time Markov chain (CTMC)
{X(t),t > 0} on the two-dimensional state space S = {(n,i) :n > 1,1 <i <
n} U{(0,1)}. The first coordinate, or level, n represents the current length of the
queue and the second coordinate, or phase, ¢ represents the queue length at the
time when the current service began. That is, the phase is used to inform the ser-
vice rate. The level, n, takes values from the non-negative integers as it is counting
people in the queue. The phase, 7, is greater than or equal to 1, since there must
be at least one person in the queue for a service to begin. Further, ¢ < n as during
a service period the only events are arrivals, so the current queue length n must be
greater than or equal to the queue length at the start of the service, ¢. Note that
when n = 0, we have set ¢ = 1. While this does not fit neatly into the interpre-
tation since there is no ongoing service in an empty queue, it makes the notation
simpler. The choice of 7 = 1 in this case is sensible since if the queue is empty,
the next service will begin as soon as an arrival occurs, starting the service with a
queue length of 1. We can also write S = |J ¢(n) where ¢(n) = {(n,1),...(n,n)}
n>0

is the nth level for n > 1 and ¢(0) = {(0,1)}.

The possible transitions for this process are depicted in the state tran-
sition diagram in Figure 4.1 and detailed in Table 4.1. For an arrival event, the
current queue length increases by 1 with rate A\, and the phase does not change as
an arrival does not affect the current service period. For a departure event leaving
a non-empty queue, the queue length decreases by 1 from (n,i) with rate p; to
(n —1,n —1). The phase changes to n — 1 since when there is a departure a new
service immediately begins with the new current queue length of n — 1.

From To Rate For

(n,1) (n+1,17) A n>1,1<i<n
N (n=1,n=11| pw |n>21<i<n
) (1,1) A

) (0,1) f

Table 4.1: Possible transitions for the (QL, S, O) process.
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Figure 4.1: State transition diagram for the (QL, S, O) process. The arrows rep-
resent possible transitions and are labelled with the corresponding instantaneous

rates.
The generator matrix for the process is then
(0,1) (1,1) (2,1) (2,2) (3,1) (3,2) (3,3) (4,1) (4,2) (4,3) (4,4)

0,1) T -\ A . . . . . . . . .
oy | m a1 X ~ - - ' -
(2,1) . 1 q : pY : : : :
(2,2) p2 : 2 : A : : :
(3,1) . ni q1 . by . .
(3,2) H2 : q2 : : A :

Q= (33 3 : a3 - A
(4,1) : M1 q1 :
(4,2) M2 : q2
(4,3) w3 : q3 :
(4,4) . q4

where the dots represent 0 and g;

pa

—(p; + A), in order to have row sums of zero.

Each of the blocks in this matrix contain rates of transitions between the
levels we defined earlier. Note that the level can only increase by 1 or decrease by
1, and this is shown in the structure in these blocks. Hence, we can represent this
process as a level-dependent QBD as follows,
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00) 1) L2 £3) )

w [ 4 AY _
w | AD AP 4D
0= 02) A® 2P Af) .
3) A% A(()3) A(f)
0(4) . AW Ag”
Here,
[0 - 0 A0 0 0
0O A - 00
A U Oy g
0 - 0 0 -~ 0 A0
[(¢p 0 -~ 0
0 e 0
A(()n): . q.2 . . )
0 - 0 g

for n > 1, where A™ is n x (n—1), AS:L) isn x (n+1), and Aé") is n x n. Also,
ASS) = A and Aéo) = -\

As this queue can be represented in this way, we can use the machinery of
QBDs to numerically evaluate the stationary queue length distribution (See Section
2.3.2). Note that this level-dependent QBD is necessarily positive recurrent if there
exists some N such that for all i > N, p; > A.

4.1.1 Delayed Queue-Length-Dependence

In this queue, the rates of service depend on the queue length at the start of a
customer’s service, that is a ‘past’ queue length. In the queue-length-dependent
queues, the rates of arrival or service will also depend on a ‘past’ queue length.
For example, in Chapter 5 the current arrival rate depends on the queue length
immediately after the previous service. We will now justify this choice However, a
dependence on the current queue length at any time would also induce dependence
between the arrival process and service times. We will now justify the use of these
‘delayed queue-length-dependence’” models.
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Consider a model where the service rate depends on the current queue
length. The service time is then a sum of exponential times with changing rates
as the queue length changes during this service period. This means the service
time is no longer a property of the customer, but of the behaviour of the system.
Since we seek to model the semi-experiment queues, which permutes inter-arrival
or service times, we consider the data in a customer-centric approach. Hence, we
justify using this delayed queue-length-dependence since each inter-arrival time or
service time is an exponentially distributed random variable with a constant rate,
and hence is easier to model in a customer-centric view.

4.2 Semi-Experiment Model

Note that we focus on the s-perm semi-experiment here as the a-perm semi-
experiment model is more complex (see Chapter 6).

We apply an s-perm semi-experiment to this queue, which demonstrates
there is indeed dependence since the queue-length distribution for the original and
semi-experiment are significantly different (see Figure 4.2). This is achieved by
simulating the (QL,S,O) queue, then retaining the exact arrival process while
randomly permuting the service times for each customer.

As shown above, the stationary queue length distribution for the original
queue can be calculated numerically using QBD techniques. So to avoid the need
for lengthy simulations, we again seek to model the semi-experiment process as a
queue in order to evaluate the stationary queue-length distribution.

Note that empirical s-perm semi-experiment keeps the same arrival stream,
so the arrival process for the semi-experiment model is the same as the original
queue; a Poisson process with rate .

In the empirical s-perm semi-experiment, the service times are randomly
permuted, breaking the connection to the queue length. The service times are real-
isations from exponential distributions with rates u;, 7« > 1, hence the service times
for the semi-experiment are a mixture of exponentials with these rates. That is,
the service times in the semi-experiment are realisations from a hyperexponential
distribution. The probability of getting a service time with rate p; is the proba-
bility that a service in the original queue begins with a queue length of 7. Let this
probability be denoted by ;.
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We therefore need to calculate {7; : i > 1}, the stationary queue length
distribution of the discrete-time Markov chain (DTMC) embedded at the epochs
of service commencement. Let @n be the queue length at the time when the nth
service starts in the original (QL, S, O) queue at equilibrium. Then,

The following calculations for 7 are equivalent to those used by Harris
[25].

Note that a service can begin in two ways: either a departure occurs
leaving a non-empty queue in which the next customer can begin service, or an
arrival occurs to an empty queue, commencing a service with a queue length of 1
immediately.

In order to find the queue lengths at the starts of service, we need to
know how many (if any) arrivals occur during a service period. Let k,; be the
probability that m arrivals occur during a service period that began with a queue
length of i, before a departure. So

kmji = P(exactly m arrivals during service period | service rate is j;),

for:>1and m > 0.

We can define k,,; more technically as follows. Let

7 =inf{t > 0: 3k € Z, with X(0) € £(k — 1), X(t) € £(k)}.

Then, for ¢ > 1 and m > 0,

bpi = P(X(7) € (i +m — 1) | X(0) = (i,4)).

To calculate these probabilities, assume 7' is the length of the service
period. Then T' is an exponentially distributed random variable with rate pu;.
Since the arrival pattern for this queue is a Poisson process, the number of arrivals
during the time period 7' is Poisson distributed with parameter A7
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So, integrating over all possible values of T', we get for i« > 1, m > 0,

(0™
ka:/( ) ef)\tluiefuitdt
0

m!
N [
= ’f / tme Mt
m!
0
A" : :
:ﬁ, integrating by parts.
pi)"™

Note that this value also has an intuitive interpretation. The probability

of an arrival before a departure (during this service period) is given by ﬁ So for
m arrivals before departure, the probability is (ﬁ) . Finally the probability

that there is a departure before the next arrival is given by <£:-. Hence,

At+p
- A S
e Atwi) AN

Note that this argument depends on the memoryless proiperty of the
service time distribution.

Let p;; be the probability that a service begins with a queue length of j
in the original queue, given that the previous service began with a queue length
of 7. That is,

These form the one-step transition probabilities for the DTMC embedded at epochs
when services begin in the original (QL, S, O) queue.

If a service period begins with a queue length of ¢, then there may be any
number of arrivals before the service period ends with a departure which allows
a new service to begin. Hence, to start a service with a queue length of j, there
must be j — i+ 1 arrivals before the departure. Since the number of arrivals must
be non-negative, j > i — 1. So, p;; is equivalent to the probability that there are
J — 1+ 1 arrivals during a service period with rate ;.

So for 4, j in the set {(4,7) : 1 >3,j >i—1}U{(3,j) : i =1,2,5 > 2},

R N il
Pij = kj—iv11i = W7
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These are the only non-zero values of p;;, except for p; ; defined below.

Now consider the case when ¢+ = j = 1. There are two ways in which this
can occur. First, a service may begin with a queue length of 1, then a single arrival
occurs followed by a departure. The probability of this is simply k1. Second, a
service begins with a queue length of 1, then a departure occurs before any arrivals
and the queue becomes empty. Once this occurs the only event that can occur is
an arrival, so with probability 1 there will be an arrival which will immediately
commence a service with a queue length of 1. Hence, the probability of this is k.

Therefore,

A H1

P =k ko1 = .
P 11 + Koj1 O+ )2 + Nt

So, the transition matrix for this embedded DTMC is given by
(D11 Di2 Dis Du |
P21 P22 P23 P24

0 P32 D33 Dsa

0 0 Da3 Du

)
I

Then {7 : j > 1} is the stationary distribution for this DTMC. This can
be calculated as shown in Section 2.2.4.

The s-perm semi-experiment queueing model is a single-server queue such
that the:

e Arrival Process is given by a Poisson process with constant rate .

e Service Times have a hyperexponential distribution. This is a mixture
of exponential distributions with rates p; for ¢ > 1. The probability of
getting rate p; is given by 7;, the (long-term) probability of the original
queue beginning a service with queue length of i.

This process is labelled as the (QL, S, sSFE) process. That is, the semi-experiment

queue for the queue-length-dependent service rates process with a single server.

This process can also be represented as a CTMC {Y (¢),t > 0} on the two-
dimensional state space S = {(n,i) : n > 0,7 > 1} where the level, n, represents
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the current length of the queue and the phase, 7, is an indicator for the current
service rate. Since semi-experiments break the connection of service rates to queue
length, the values that the phase ¢ can take do not depend on n, in contrast to the
original model.

The possible transitions for this semi-experiment process are given in
Table 4.2. When there is an arrival, the queue length increases by 1 with rate A,
and the phase remains unchanged as the current service is not yet completed. For
a departure, the queue length decreases by 1 with rate p;, where 7 is the current
phase, and the next service rate is randomly chosen to be j with probability 7;.
This is again a QBD since the level only increases or decreases by 1 for each
transition.

From To Rate
(n,i) | (n+41,4) A
(n,i) | (n—1,75) | pwm; | n>1

Table 4.2: Possible transitions for the (QL, S, sSE) process.

The generator matrix for the (QL, S, sSE) process is given by

"By A, - R
A Ay AL - -
- AL Ay AL
A_ Ay
where
)\ . . ,u,ﬁr\l ,u,li't'\g ,11,15'('\3 q1
LT DA AN RIS AN I D

H3my M3y U3T3 | q3
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and ¢; = —(\ + ;).

Note that these matrices are not finite and need to be truncated in order
to be practically implemented, as shown below.

This level-independent QBD representation of the (QL, S, sSE) process
allows QBD machinery to analytically calculate the stationary queue-length dis-
tribution, 7, without the need for lengthy simulations and many permutations.
Note that this queue is not necessarily positive recurrent even if the original queue
is positive recurrent. Instead, it needs to satisfy the conditions for a positive
recurrent queue as presented in Section 2.3.1.

4.2.1 Truncation and Augmentation

The phase-space for the semi-experiment QBD is infinite in size. In order to
practically implement the model, the matrices A,, A_, Ay and By need to be
truncated and augmented. It is very simple in this case. Let M be an ar-

tificial imposed upper bound of the phase space in the semi-experiment QBD;
S =A{(n,i) :n>0,1<i< M}. Then, the matrices A,, A_, Ay and By are all

M-1

truncated to M x M matrices. We also redefine the probability 7y =1 — > 7,
j=1

so that the probabilities will still sum to 1. This probability 7, can be thought

of as the probability of a service beginning with a queue length of M or larger.

4.3 Results

Now we can compare the empirical s-perm semi-experiments to the model con-
structed above. The stationary queue-length distributions for each, shown in
Figure 4.2, pass the KS test, indicating that they are from the same distribu-
tion. Hence, the model accurately replicates the empirical process in term of the
queue-length distribution. Note that the values for u; here are chosen arbitrarily
to produce the reasonably different distributions to demonstrate that the method
can be applied to a range of queues. We also compare the semi-experiment queue-
length distribution to the original queue’s stationary queue-length distribution in
Figure 4.2. The differences between these, confirmed by the KS test, indicate
a dependence between the arrival process and service times, as expected. The
‘strength’ of this difference can be measured by the KS test statistic and is an
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indication of how significantly the dependence affected the queue length of the
original queue.

Note that the s-perm semi-experiment queue-length distributions appear
very similar to an exponential shape, like that of a standard M /G /1 queue with no
dependence. That is, the s-perm semi-experiment has disrupted the dependence
completely so that the s-perm queue has no dependence between the arrivals and
services. This is supported by the model for the s-perm queues, which is an M/G/1
queue with no dependence.
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Original Empirical s-perm Model s-perm
0.3 Mean: 1.41 Mean: 2.75 Mean: 2.73
SD: 1.49 SD: 3.54 SD: 3.42

Probability
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(a) Service rate of u; = 2i%. The KS statistic between the original and semi-experiment
models is 0.202400.

Original Empirical s-perm Model s-perm
Mean: 4.17 Mean: 6.74 Mean: 6.65
SD: 3.53 SD: 7.7 SD:7.15
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(b) Service rate of u; = log(i + 6.5). The KS statistic between the original and semi-
experiment models is 0.169800.

Original Empirical s-perm Model s-perm
Mean: 3.43 Mean: 10.24 Mean: 10.01
0.15 SD: 2.66 SD: 10.35 SD: 10.75
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o
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(c) Service rate of p; = 1.5, if i <2 and p; = 3.5 if i > 3. The KS statistic between the
original and semi-experiment models is 0.384000.

Figure 4.2: The blue and orange plots show the stationary queue-length distri-
bution of the original (QL, S, O) model and s-perm semi-experiment (QL, S, sSFE)
model, respectively. The purple plots show the empirical queue length distribution
for a single empirical s-perm semi-experiment. That is, a single realisation of the
original queue (run for 20,000 time steps) with a single random permutation of
the service times. Each queue has the arrival rate A = 2.
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4.3.1 Efficiency Comparison

The benefits of using a QBD model instead of simulations is especially evident in
the computational efficiency of calculating the queue-length distribution for both
the original queue and the semi-experiment queue. The following is an example
to illustrate this using A = 2 and u; = 3.

Original Queue First consider the original queue. To have a meaningful com-
parison, the simulation must be run long enough to have an accurate queue length
distribution. To determine an appropriate run time, we take a single long simu-
lation of 10,000 time steps and make regular ‘cuts’ along its run time. Each cut
contains 100 events. Taking the simulation from the beginning to each of these
cuts, we evaluate the queue-length distribution and compare it to the distribution
found using the QBD model via the KS test. The first time cut after which the
KS test is always passed is recorded. Note that since we are using a single long-
run simulation, once we have sufficient data to pass the KS test, adding more data
(which we know is from the same distribution) means that the test will continue to
be passed (except for possibly some small variation at this changeover point). This
process is repeated for 30 simulations and the average of these times is taken to be
the appropriate run time for a simulation to sufficiently capture the queue-length
distribution, 7.

Note that the QBD model’s queue-length distribution is evaluated numer-
ically and so subject to a prescribed level of accuracy. However, we only need to
compare how long the simulation method takes to reach the same level of accuracy
as the QBD method.

The time taken to run a single simulation for T" time steps and also evalu-
ate the queue-length distribution is then compared to the time taken to construct
the QBD matrices and to evaluate the stationary queue-length distribution. This
is repeated several times to establish average timings.

For the example with the parameters A = 2 and p; = 3i. The value for T
was found to be 4670, averaging over 50 simulations with 30,000 time steps. The
average time over 50 evaluations for each method is

e Simulations: 3.9461 seconds,

e QBD Model: 0.0054 seconds.



4.4. Conclusion 93

So the QBD model is over 700 times faster than the simulation method.

Semi-Experiment Queue Now consider the semi-experiment queue. Here we
chose M = 20. The comparison here is between the time taken to run a single
simulation for 7" time steps, permute the service times once and then evaluate the
queue-length distribution; and the time taken to construct the QBD matrices and
evaluate the stationary queue-length distribution.

Using the same parameters as above, the average time over 50 evaluations
for each method is

e Simulations: 4.8466 seconds,

e QBD Model: 0.6860 seconds.

So the QBD method is 7 times faster. Note that for accurate results, a long
simulation and many permutations of each simulation would need to be performed,
making the computational time even larger.

4.4 Conclusion

In this chapter we introduced a queue where the service rates depend on the queue
length at the times when service begins, and constructed a level-dependent QBD
model for this. Then we considered an s-perm semi-experiment applied to this
queue. We found the stationary distribution for the embedded DTMC at the
epochs when service begins to find the distribution of queue-lengths at times when
service begins. This gives the distribution for the service rates without being
conditioned on the queue-length process, which is needed to describe the service
process after the permutation of service times. This was used to construct a QBD
model for the s-perm semi-experiment and allowed a comparison of the stationary
queue-length distributions of the original and semi-experiment queue. Finally, we
showed the significant increase in computational efficiency of using these models
to find the queue-length distributions, compared to simulation methods.



Chapter 5

Queue-Length-Dependent Arrival
Rates

5.1 Original Model

Now consider a single-server queue with arrival rates that are dependent on the
length of the queue at the time when the inter-arrival period begins; that is, the
queue length immediately after the last arrival. This also induces dependence
between the arrival process and service time distribution through a dependence
between the queue length and the inter-arrival times. This model is more formally
defined below.

e Arrival Process has inter-arrival times which are exponentially distributed
with rate A;, where j > 1 is the queue length immediately after the last
arrival.

e Service Times are exponentially distributed with constant rate p.

This process is labelled as the (QL, A, O) process. That is, the original
queue with queue-length-dependent arrival rates and a single server.

As before, we cannot represent this process as a general birth-and-death
process since the queue depends on the state in the past. However, it can be rep-
resented as a continuous-time Markov chain {X (¢),¢ > 0} on the two-dimensional
state space S = {(n,i7) : n > 0,i > 0,n+i > 1}. The level, n, represents the

94
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current length of the queue and the phase, i, represents the number of departures
since the last arrival. That is, n + ¢ is the queue length immediately after the last
arrival, and informs the arrival rate. Hence, n + ¢ > 1 since the queue must be
at least length 1 after an arrival. The level, n, takes values from the non-negative
integers as it is counting people in a queue. The phase, ¢ > 0, since it is possible
to have had any (non-negative) number of departures since the last arrival. Again,
we can also write S = (J ¢(n) where £(n) = {(n,0), (n,1),...} is the nth level for

n>0

n > 1 and €(0) = {(0,1),(0,2),...}.

However, for simplicity in notation, we also include the state (0,0) in
£(0), which can never be entered and define \g = 0.

The possible transitions for this process are depicted in the state tran-
sition diagram in Figures 5.1 and 5.2 and detailed in Table 5.1. For a departure
event, the current queue length decreases by 1 with rate u, and the phase, number
of departures since the last arrival, increases by 1. For an arrival event, the queue
length increases by 1 with rate \,;; and the phase changes to 0 as there are no
departures since this latest arrival. Hence, this Markov chain is also a QBD since
the level can only increase or decrease by 1, and is in fact level-dependent.

From To Rate For
(n,i) | (n+1,0) | Ay (n,i) € S

Table 5.1: Possible transitions for the (QL, A, O) process.
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Figure 5.1: State transition diagram for the (QL, A, O) departure transitions.
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Figure 5.2: State transition diagram for the (QL, A, O) arrival transitions.
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The generator matrix for the process is

Qo) 1) 2) L3) 4

w) [ A(()O) Af) :
a | AY Al AS:) :
Ly |- AP AR AP
@= A9 4B 4® :
o) AW AW
where, for n > 1,
B woo . el _qn b
. . ,LL . . e . qn+1
A(_n) = . . . IL[/ . PR s Aén) — . . qn+2 . e s o ,
woee : : : qn+3
for n > 0,
An
/\n+1
AE:L) = /\n+2 ,
/\n+3
and
. P
R
(0) _
AO - . . _)\2 PR I

with g, = _(:u+ )‘n)an > 1.

Again, this QBD representation allows for the efficient analytic calcula-
tion of the stationary queue-length distribution for the (QL, A, O) process. Note
that this QBD is positive recurrent if there exists some N such that for all i > IV,
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5.1.1 Truncation and Augmentation

The sub-matrices A(()n),ASf),A(,n) have infinite size and so need to be truncated
and augmented in order to be used practically. Let M be an imposed artifical
maximum on the phase space so that the state space becomes = {(n,i) : n >
0,0 <i< M,n+i>1}. That is, M is an imposed upper bound on the number
of departures possible between two arrivals. So all of the model matrices are
truncated to be (M +1) x (M 4 1) (since we can have 0 departures). The matrices
A™ s augmented so that the (M + 1)th row is a row of zeros. We also adjust the
(M + 1)th row of Ay to be (0,0,...,—A,1ar+1). This means when the process is
in phase M, it can have no departures and the next event will be an arrival. This
will not affect the queue behaviour if M is sufficiently large that the probability
of more than M departures occurring between two arrivals is small, since this can
be considered as a Poisson process.

5.2 The First Semi-Experiment Model

Again we only consider the s-perm semi-experiment for this model. The a-perm
semi-experiment model is considered in Chapter 6.

Once again, we seek to model the semi-experiment process to avoid the
lengthy computation times needed for simulating queues and permuting service
times.

The following section attempts to construct a queueing model for the
semi-experiment process for the queue-length-dependent arrival queue, using a
similar method to that used for the queue-length-dependent service queue. We
shall see later that this model is not sufficient and the correct model is presented
in Section 5.4. However, we present it here because it is a natural approach,
particularly given the (QL, S, sSFE) modelling approach, and it can be used to
demonstrate the dependence in this model is more complex than it may seem at
first glance.

Recall that the service times in the original (QL, A, O) queue were in-
dependent and identically distributed exponential random variables with rate pu.
Hence after the permutation the service times are still independent and identically
distributed exponential random variables with rate pu.

The inter-arrival times in the permuted queue are no longer dependent on
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that queue length at the last arrival. However, since the arrival stream is preserved
some dependence structure will also be preserved.

Consider a simple example with a linearly decreasing function for \;. If
the original queue length immediately after an arrival is small, then the arrival rate
would be relatively large and the time until the next arrival would be relatively
short on average. Hence, there is likely to be relatively few departures during this
period, resulting in a similar queue length immediately after the next arrival. If
the original queue length immediately after an arrival is large, then the arrival rate
would be relatively small and the time until the next arrival would be relatively
long. Hence there is likely to be a relatively large number of departures, resulting
in a smaller queue length immediately after the next arrival.

The original (QL,A,O) queue can be considered as an example of a
G/M/1 queue. The analysis for this type of queue commonly involves the use
of the embedded DTMC at points of arrival. We can more precisely explain the
dependence using such a DTMC.

Let A,, be the time of the mth arrival and @m be the queue length
immediately after the mth arrival in the original queue. Suppose that Q,,,—1 =1 >
1 and @,, = j > 1. During the inter-arrival period between the (m — 1)th and
mth arrivals, the only events that can happen are departures. In order to observe
Qm = J, there must have been ¢ — j + 1 departures. The number of possible
departures is 0,1, ...,4, hence 7 must be such that 1 < 7 <4+ 1. Furthermore,
the probability of observing ¢ — 7 + 1 departures depends on the length of the
inter-arrival period, (A,, — A,,—1), which is exponentially distributed with rate
;. Hence, the probability distribution of j depends on ¢ and, through this, the
(m + 1)th arrival rate \; depends on the previous arrival rate \;.

Let p;; be the probability of seeing an arrival rate \; after an arrival
rate \; in the original queue; that is, the probability of having a queue length j
immediately after an arrival, given the queue length was ¢ immediately after the
previous arrival. So,

ﬁij :nli_fgop(@m:j ’ @mfl :i),

where ¢, j are in the set {(,j) : 1 <j <i+1,7 > 1}. So then p;; is equivalent to the
probability of observing ¢ — 7 + 1 departures during an inter-arrival period starting
with a queue length of ¢. If we assume the the length of the inter-arrival period
is T', then T is an exponentially distributed random variable with rate \;. Since
the service times are independent exponentially distributed random variables with
rate u, the number of departures during a time period T has a Poisson distribution
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with rate uT'. Hence, to calculate this probability we integrate over all possible
values of T

First consider the case 2 < 7 <17+ 1,

T (uyt
Dij :/—.(,u ) e M N e Nt
(i—j+1)!

PN
:—( ) after integrating by parts ¢ — 7 + 1 times.
M i)

Now consider the case when 7 = 1. This implies that the queue became
empty during the inter-arrival period, which ended with an arrival to this empty
queue. When the queue is empty, there can only be arrival events and no departure
events and hence once ¢ departures have occurred, the probability that the next
event is an arrival is 1. Therefore,

o =P(Q™ =1]Q"Y =1)

—P(i departures before next arrival | Q"1 = i)
__w
(4 X))

The state space for this DTMC is {Q, : m > 1} and the transition
probabilities are {p;; : ¢ > 1,1 < j < i+ 1}. That is, the transition matrix is

pi1 piz2 0 0
ﬁ . D21 P22 P2z O
T |DP31 P32 P33 D4

The proposed s-perm semi-experiment queueing model is a single-server
queue such that the:

e Arrival Process has exponentially distributed inter-arrival times with rates
Aj where j is determined by a sample path of the above DTMC with state
space {Q,, : m > 1} and transition matrix P.

e Service Times are independent and identically exponentially distributed
with rate p.
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Now we can represent the proposed semi-experiment model as a level-
independent QBD, {Y'(¢),t > 0} on the two-dimensional state space S = {(n,1) :
n > 0,7 > 1}. Here, the level n represents the current queue length and the phase
7 is an indicator for the rate of the next arrival. Since there is no connection
between the inter-arrival times and the semi-experiment queue length, the values

the phase can take do not depend on n. The transitions for this process are given
in Table 5.2.

From To Rate
() | (v 1.) | Ay [ n= 0., = 1

Table 5.2: Transitions for the semi-experiment model of the (QL, A, O) original
queue.

The transition matrix for this process is given by

(B, A, -
A Ay AL
LA Ay Ay |
LA A
where
Apit Aiprz 0 0 p 0 0
g — AoPa1 AgP2a Agpas 0 - 4 0 pu O
+ 7 [ AsD31 Asps2 Aspsz Aspss | -~ 10 0 pu ,
—/\1 0 0 a1 0 0
Bo=1| 109 0 - | D=|0 0 ¢ )
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5.2.1 Truncation and Augmentation

Note that these sub-matrices that define the QBD have infinitely many rows and
columns. Hence, we need to truncate and augment them in order to implement
this model. Let M be an enforced artificial maximum on the phase space such
that the state space becomes S = {(n,i) : n > 0,1 < i < M}. The matrices
A, A_, By, Ay are truncated to be M x M and the probabilities are augmented
so that pys s is replaced by para + Paarsa-

5.3 Inter-Arrival Time Dependence Problem

Figure 5.3 shows the queue-length distribution for a single realisation of the origi-
nal queue, with the service times permuted (empirical semi-experiments) and the
stationary queue-length distribution of the above QBD model. The two distribu-
tions are clearly different, which is also confirmed by the KS test. This indicates
that the model presented above is not in fact an accurate representation of the
semi-experiment process for the queue-length-dependent arrival queue.

Model SE Empirical SE
Mean: 3 Mean: 6.7
SD:1.96 SD:7.26
> 0.15
%
o 0.1
[
a
0.05
0 n
0 20 40 0 20 40
Queue Length Queue Length

Figure 5.3: The left plot shows the stationary queue-length distribution of the
proposed QBD semi-experiment model as defined in Section 5.2. The right plot
shows the empirical queue-length distribution of the empirical semi-experiment
run for 20,000 time steps. Here the parameters are y =2 and \; = 6/;.

We want to understand where the model is failing to reproduce the be-
haviour of the empirical semi-experiment.
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Firstly, the marginal distributions of service times and inter-arrival times
produced by the QBD model are the same as those produced by the empirical
semi-experiments. So the issue must be due to some correlation structure in the
arrival process that is not captured in the current model.

One concern is that the reuse of actual (but permuted) service times in the
semi-experiment might carry some unexpected correlation. However, simulating
the queue and then replacing the service times with an independent sample of
exponentially distributed service times with rate pu gives the same results as a
semi-experiment of a separate simulation.

The semi-experiment model assumes that the arrival rates only depend
on the previous arrival rate (in the absence of knowledge of the original queue
lengths at arrival epochs). However, there may be more correlation within the
arrival process, so we consider the autocorrelation function. Let A®) be the kth
arrival rate in a particular realisation of a queue. Let C' be the total number
of arrivals in this realisation. Let A be the sample mean arrival rate and o2 be
the sample variance of the arrival rates. Then for lag k = 0,1,2,..., the sample
autocorrelation is defined to be

Ck
Pk = 0__3\7
where
1 C—k
_ ®) _ Y)(\C+k) _ Y
cp = CZ:(A (A ).

Note that there is always an autocorrelation of 1 at lag 0 since this is the correlation
between the same observation. That is, pg = % = 1.

Simplistically, the sample autocorrelation at lag k describes similarity of
observations as a function of the time lag k& between them. The sample partial
autocorrelation is similar, but it adjusts for the linear effects of A(+1) . \(E+k=1),
That is, the partial autocorrelation is the autocorrelation of a time serles, regressed
on the values of the time series at all shorter lags.

Figure 5.4 shows the sample partial autocorrelations of the arrival rates
in both the model in Section 5.2 and the empirical semi-experiment. There are a
few significant lags for each, with more in the model. The most striking difference
is the partial autocorrelation at lag 1, which is significantly higher for the model
simulation than the empirical semi-experiment. This one-step dependence is ex-
pected from a level-independent QBD. This is another indication that the model
is not accurately capturing the correlation structure of the arrival rates.
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Figure 5.4: The partial autocorrelation functions for arrival rates of a simulation

of the proposed semi-experiment model as in Section 5.2 (left) and the empirical
semi-experiment (right), with y =2 and A\; = 6/, each run for 30,000 time steps.

The issue with the semi-experiment model in Section 5.2 is that there
is a dependence on the actual inter-arrival times, over and above the inter-arrival
rate, which are retained while the service times are permuted. The length of an
inter-arrival time influences how many departures will occur during that period in
the original queue. After permuting service times, the length of each inter-arrival
time is the same and hence, one can expect a similar number of departures in
those periods as was observed in the original queue. In the original queue, the
number of departures in each inter-arrival period exactly informs the queue length
at the next arrival epoch and hence the next arrival rate. Hence, in the empirical
semi-experiment the length of the inter-arrival period somewhat informs the next
arrival rate. In the current semi-experiment model, this feature is not captured.
The model assumes that the next arrival rate only depends on the value of the
previous arrival rate. The true model for the semi-experiment needs to replicate
this type of arrival process with independent service times.
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5.4 The Second Semi-Experiment Model

The idea for the new semi-experiment model is as follows. We create a model
of an underlying queue which is exactly equivalent to the original queue model.
Then, the arrival process from this underlying queue is used as the arrival process
for the semi-experiment queue, and the services for the semi-experiment queue are
independent of the services in the underlying queue.

That is, this is a single-server queue such that the:

e Arrival Process is the same arrival process as the underlying queue which
replicates the original queue (QL, A, O)

e Service Times are independent and identically exponentially distributed
with rate p.

This queue is labelled as (QL, A, sSE).

Let the state for this semi-experiment model be (n, (k,i)) where

e n is the queue length of the semi-experiment queue
e k is the queue length of the underlying original process

e i is the number of departures since the last arrival in the underlying original
process.

The state space is S = {(n, (k,7)) :
{(n, (k1)) : i > 0} and £(n) = {(n, (k,1)) :

S=Uln)=U Umnk).

n>0 n>0 k>0

0,k >0,i > 0}. Let m(n,k) =
0,7 > 0} = |J m(n, k). Hence,

k>0

The possible transitions are given in Table 5.3. The rates here show that
the semi-experiment queue and underlying queue both increase at the same time
with the arrival rate of the underlying queue, the semi-experiment queue decreases
independently with rate u and the underlying queue decreases independently with
rate pu. This process can be represented as a level-independent QBD, where n is
the level and (k, ) is the phase.
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From To Rate For Description
(n,(k,1)) | (n+1,(k+1,0)) | X\exi | (n,(k,7)) € S | Underlying and SE arrival
(n, (k,1)) (n—1, (k7)) I n>1 SE departure
(n, (k7)) | (n,(k—1,i4+1)) | u k>1 Underlying departure

Table 5.3: Possible transitions for the (QL, A, sSE) process.

Note that the phase (k, ) is defined to take doubly infinitely many values,
and hence we again need to truncate and augment the block matrices for the QBD
model.

First consider the QBD representation of the underlying queue with level
k and phase i. The state space for this model is simply Sy = {(k,7) : k > 0,7 >
0}. The rate sub-matrices for this process are identical to those for the original
(QL, A, O0) QBD model in Section 5.1. They are labelled here using U to represent
the underlying process.

The transition matrix for this underlying process (for all n > 0) is given
by

m(n,0) m(n,1) m(n,2) mn,3) mnd)

m(n,0) [ U(go) U_E_O) i
mey | UDuf” o)
Q . m(n,2) : Uiz) Uéz) UJ(rz)
U mns) v®  u® u®
m(n,4) U£4) Ué4)
where, for k> 1,
[~ ] [ i 1
. SV . Ce . qk+1
Uik) fr Ui pry . . . /’l’ . s Uék) — . . Qk+2 . ,

woee ) ) ) dk+3
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and for k£ > 0, ) )
Ak
Ak41
Uik) = A2 7
Akt3
and
X -
-
0
Ué ) = . _)\2 )

with g, = —(p+ M), k> 1.

Now, consider the overall semi-experiment queue. First, consider the
block matrix A, which contains all rates in which the semi-experiment queue
length increases by 1 (n — n + 1). When this occurs, we also see k — k + 1 and
i — 0, as shown in Table 5.3. Therefore, the only non-zero blocks within A, are
those in which k£ — k£ + 1, or the upper diagonal.

Thus, we can construct A, as

m(n+1,0) m(n+1,1) (m(n+1,2) m(n+1,3)

m(n,0) 0 Uio) 0 0
4 D 0 0 U 0
T a2 0 0 0 U

Similarly, we consider the matrix A_, which contains transitions such
that n — n — 1,n > 1. From Table 5.3, when this occurs, the phase (k,i) does
not change and this transition occurs with rate p. Hence, the only non-zero blocks
within A_ is where k — k (the diagonal).

So, we can construct A_,
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Now consider the block matrix Ay, which contains transitions such that
n — n, n > 1. This is the transition such that n - n, k - k—1and 7+ — 7 + 1,
occurring at rate p (from Table 5.3). These rates are contained in the matrices
vk = U_, and put into the lower diagonal of Ay. Also, the diagonal of Ay must
contain the negative sum of all transition rates of each phase. So we define the
diagonal block matrices of Ag as

%(k):Uék)_ SR AR

since Uék) is a diagonal matrix containing the negative sum of transition rates for
the underlying process, and so we just need to subtract an additional p for the
departures of the semi-experiment process.

So, we can construct Ay,

m(n,0) m(n,1) m(n2)
m(n,0) VO(O) 0 0
m(n,1) U_ Vo(l) 0
0= m(n,2) 0 U_ V0(2)

Finally, we need to construct the matrix By which contains the rates
in which n — n when n = 0. This is very similar to Ay as the lower diagonal
still contains the departure rates from the underlying queue contained in u®.
The only difference is that when n = 0, there are no departures from the overall
semi-experiment queue. Hence, the diagonal block matrices of By are simply Uék).

So,
m(0,0) m(0,1) m(0,2)
m(0,0) Uéo) 0 0
m(0,1) U_ Uél) 0

By —
0 m(0,2) 0 U_ Ué2)
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So the overall transition matrix for the (QL, A, sSE) process is

€0) €M) £2) £3)

w) [ By 4, 0 0
wy | Ao Ay AL O
Q= 0 A Ay A,
£(3) 0 0 A_ A

5.4.1 Truncation and Augmentation

Note that the phase (k,7) is defined to take doubly infinitely many values. Hence,
to practically implement this model, we need to appropriately truncate and aug-
ment the phase space to have finite block matrices By, A, , Ay, A_. Let M; and M,
be some large artificial maximum values such that the state space for this process
is truncated to be S = {(n, (k,7)) :n > 0,0 < k < M;,0 < i < My}. This means
that the underlying matrices U_, UJ(rk), Uék) are all of size (M3 + 1) x (M3 + 1) and
the matrices By, Ay, Ay, A_ are all of size (M; + 1)(Ms + 1) x (M + 1)(M2 + 1).
We augment this truncated process by not allowing any arrivals in the underlying
queue or the semi-experiment queue when the underlying queue length, £, is at its
maximum M;. We also do not allow departures in the underlying queue when the
number of underlying departures between two arrivals, ¢, is at its maximum Ms.

Therefore, the truncated and augmented matrices for the underlying pro-

cess are
For 1 < k < M;,
(k—1,0) (k—1,1) (k—1,2) (k—1,3) -  (k—1,My)
(k,0) u
(k,1) : M
(kv2) ° /1/
vP U= w3 :
(k,MQ—l) Iu
(kM2) | 0 |
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For 0 < k < M; — 1,

C(kFL0)  (R+LD) (kH12) e (kH1M2)

(k,0) Ak

(k,1) Aet1

W B2 | Ak
Uy' = (k,3) k43 ’
(kM) | Akt |

and UJ(FMI) is an M, x M, matrix of zeros.

For 1 <k < M; —1,

) (k,0) (k1) (k,2) (k,3) (k,M2—1) (k,M2) }
(k,0) dk
(k,1) Gk
(k,2) : : Q42
v = ) C Qe -
(k7M2_1) . . . . P qk’-i-Mz—l
(k,M2) B . . . e . _)\kJng |
and
B (070) (071) (072) (073) (OvMQ) _
00 | =X -
(0,1) =
© (0,2) . . — s . - .
UO — (073) . _>\3 P . )
(0,M>) | . . . . .. _)\M2 |
and
) (M1,0)  (My,1) (M1,2) (M1,3) (M1,M2—-1) (M;,M>3) )
(M71,0) — K
(M171) _,LL ‘
(M172) : _l’l/
UéMl) _ (My,3) . — 1 7
(Ml,MQ—l) —/J,
(M1,M>) | 0 ]
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with g = — (0 + ), k > 1.

Then, the matrices Ay, A_, Ay and By are given by

n,0,0)
n,0,1)
n,0,2)
n,0,3)

o~ o~ o~ —~

(n,M1,M>)

m(n,0)
m(n,l1)
m(n,2)

Ag =

m(n,M1) i

and

m(n+1,0)
0
0
0

o -

(n—1,0,0)
W

m(n,0)

%(0)
U_

m(0,0)

Uy
U-
0

m(n+1,1)
Ul
0
0

o -

(TL717071)

Ju

m(n,1)

VO(I)
U_

m(0,1)
0
Uy
U_
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m(n+1,2)

(ni 17072)

m(0,2)
0
0
Uy?

m(n+1,3)
0

(nilvozg)

m(n,M;—1)
0
0
0

m(n+1,My)
0
0
0

U—("_lel)

(n—1,M1,M3)

m(n,M)
0
0
0
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The semi-experiment transition matrix is still given by

€0) €M) £2) £3)

wy) [ By A, 0 O 1
wy | A Ay AL O

Q= ) 0 A Ay A,
(3) 0 0 A_ A

5.4.2 Kronecker Product Notation

These matrices can be expressed more concisely by using Kronecker products.

For 0 <k < M; —1, let WJ(rk) be (M; + 1) x (M; + 1) matrices of zeros
with a 1 in the (k+ 1,k +2)th entry. Let WJ(FMl) be an (M; + 1) x (M; + 1) matrix
of zeros.

Then we can write the truncated (M; + 1)(My + 1) x (My +1)(My + 1)
matrix A, as

My
A=Y wleu.
k=0

The truncated A_ is simply p times the (M;+1)(Ma+1) x (M1+1)(My+1)
identity matrix.

For 0 < k < My, let Wék) be (M + 1) x (M; + 1) matrices of zeros with
a 1in the (i + 1,7+ 1)th entry. Let Wi be an (M; + 1) x (M; + 1) matrix of zeros
with 1’s on the lower diagonal.

Then we can write the truncated (M; 4+ 1)(May + 1) x (M + 1)(M2 + 1)
matrix Ay as

My
Ag=WyaU_+> W eV,

k=0
and the truncated (M; 4+ 1)(My+ 1) x (M7 +1)(Ms + 1) matrix By can be written
as

My
By=WyoU-+> W¥ o U,
k=0
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5.5 Results

This new s-perm semi-experiment model accurately captures the features of the
empirical semi-experiment (particularly in queue-length distribution). Figure 5.5
supports this by comparing the original, empirical s-perm and model s-perm queue-
length distributions for different parameters.

Note that the effect of the s-perm semi-experiment on this queue is less
extreme than that on the queue-length-dependent service rates queue in Chapter 4.
Recall that in that chapter, the s-perm semi-experiment was an M /G /1 queue with
no dependence between the arrival and service processes, giving the queue-length
distribution an exponential shape. In this case, the s-perm semi-experiments do
not have such a strong effect, as they still retain a ‘hump’ at lower queue-lengths
and do not have an exponential shape. This is because the dependence is in the
arrival process and so permuting service times does not disrupt the dependence as
completely (since some dependence remained in the queueing data). In the s-perm
model, a dependence structure is present in the arrival process, explaining some
of this retained dependence in the s-perm semi-experiment queue.

These differences in the effect of semi-experiments can be used to identify
the type of dependence in the original queue. This is explored in Chapter 9.
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(a) Arrival rate of \; = 6/i. The KS statistic between the original and semi-experiment
models is 0.370250.
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(b) Arrival rate of \; =6 — ¢ for ¢ < 4 and A\; = 1 for ¢ > 5. The KS statistic between
the original and semi-experiment models is 0.429500.

Original Empirical s-perm Model s-perm
Mean: 2.9 Mean: 5.22 Mean: 4.91
0.15 SD:2.25 SD: 5.41 SD: 4.98
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(c) Service rate of A\; = 3/v/i. The KS statistic between the original and semi-experiment
models is 0.204800.

Figure 5.5: The blue and orange plots show the stationary queue-length distribu-
tion of the original (QL, A, O) model and s-perm semi-experiment (QL, A, sSE)
model, respectively. The purple plots show the empirical queue length distribution
of an empirical s-perm semi-experiment. That is, a single realisation of the original
queue (run for 20,000 time steps) with a single random permutation of the service
times. Each queue has the service rate p = 2.
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5.6 Conclusion

In this chapter we considered a queue-length-dependent queue where the arrival
rates depend on the queue-length immediately after the previous arrival (that is,
at the start of the inter-arrival period). We constructed a level-dependent QBD
model to find the stationary queue-length distribution for this queue. Then we
sought a QBD model for the s-perm semi-experiment applied to this queue by
analysing the DTMC embedded at arrival epochs, using a similar method to that
used in Chapter 4. This was found to not accurately model the semi-experiment
queue due to a dependence on the actual inter-arrival times and not just the arrival
rates. We then proposed a new model for the s-perm semi-experiment using an
innovative method, an ‘underlying’ queue, to create an arrival process equivalent
to the original queue and then adding independent service times. This new QBD
model accurately captured the behaviour of the s-perm semi-experiment applied
to this queue. We then compared the original and semi-experiment stationary
queue-length distributions to observe the dependence behaviour.



Chapter 6

a-perm Semi-Experiments for
Queue-Length-Dependent Rates

Now we consider an alternate semi-experiment in which the service times stream
is preserved and the inter-arrival times are randomly permuted (a-perm semi-
experiment). This semi-experiment will be applied to both the queue-length-
dependent service rates queue, (QL, S, O), and the queue-length-dependent arrival
rates queue, (QL, A, O).

6.1 Queue-Length-Dependent Arrival Rates

For this section, the original queue is the (QL, A, O) queue from Chapter 5. This
is a single-server queue with constant service rates p and queue-length-dependent
arrival rates A\; where j > 1 is the length of the queue immediately after the
previous arrival.

6.1.1 a-perm Semi-Experiment Model

Now we can apply an a-perm semi-experiment to this model in which the service
stream is retained and the inter-arrival times are randomly permuted.

The construction of the QBD model for the a-perm semi-experiment in
this case is very similar to the (QL,S,sSE) QBD model. The a-perm semi-

116
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experiment randomly permutes the inter-arrival times while keeping the same
sequence of service times. Hence, the service times for this model are simply ex-
ponentially distributed with constant rate p. The inter-arrival times no longer de-
pend on the queue length at arrivals. So each inter-arrival time in the inter-arrival
semi-experiment is exponentially distributed and has the rate \; with probabil-
ity given by that of observing an arrival rate \; in the original queue. That is,
the inter-arrival times have a hyperexponential distribution with rate parameters
{A\; : j > 1} and mixture distribution {7; : j > 1}, where 7; is the long-term
probability that the queue length immediately after an arrival is j in the original
queue.

In Section 5.2, the DTMC embedded at epochs immediately after arrivals
was defined to have state space {Q™) : m > 1} and probability transition matrix

P11 piz 0 0
ﬁ _ ]321 ]322 523 0
P31 P32 P33 D34

where o
qu—]—i-l)\i ' .
e for2<j<i+1,
bij = (—/:—Z)\)’ for j=1,i> 1.
pA Ay

Now, {7 : j > 1} is the stationary distribution for this DTMC. This can
be calculated as shown in Section 2.2.4.

Hence, the (QL,S,aSFE) queue is defined as a single-server queue such
that the
e Arrival Process has inter-arrival times with a hyperexponential distribu-
tion with rates \; for j > 1 and mixture distribution given by 7; for j > 1.
e Service Times are exponentially distributed with constant rate u.

We summarise the transition rates for the a-perm semi-experiment model
for queue-length-dependent arrival rates in Table 6.1.
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From To Rate For
(n,i) | (n+1,7) | hm; | (n,i) € 8,1<j<i+1
(nyi) | (n—1,7) | p n>1i>1

Table 6.1: Transition rates for the (QL, A, aSFE) process.

Now we can construct a QBD model for this process. Let {X(¢) : ¢ > 0}
be a Markov chain with state space S = {(n,i) : n > 0,7 > 1}, where n represents
the current queue length and i is an indicator for the rate of the next arrival. Then
the block matrices for the transition matrix are given by

/\1%1 )\1%2 )\1,7:(/3 2 0 0
/\2,7:(:1 /\2,7?2 Ag%g s 0 % 0
0 0 w

A+ - )\3%1 )\37}/2 )\3%3 ’ A= ’
q1 0 0 —)\1 0 0 ]
0 q2 0 0 —)\2 0
AO — 10 O q3 ’ BO - 0 0 —/\3 )

where ¢; = —(A\; + ), > 1.

6.1.2 Truncation and Augmentation

Once again, the matrices A, , A_, Ay, By are infinitely large in size and so need to
be truncated and augmented appropriately. Let M be the imposed upper bound
on the phase space (equivalently, the set of possible arrival rates) such that S =

{(n,i1) :m > 0,1 <i < M}. Then each of the matrices are truncated to M x M
M—1

and we augment {7, : j > 1} sothat 1yy =1— > 7.
i=1

6.1.3 Results

Figure 6.1 shows the original, empirical a-perm and model a-perm queue-length
distributions for different parameters. The a-perm semi-experiments completely
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disrupt the dependence in the arrival process, compared to the s-perm semi-
experiments in Chapter 5. Hence, the a-perm semi-experiment queue-length dis-
tributions have an exponential shape, indicating there is no dependence between
the arrival and service processes.
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Original Empirical a-perm Model a-perm
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(a) Arrival rate of \; = 6/i. The KS statistic between the original semi-experiment
models is 0.448750.
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(b) Arrival rate of \; =6 — ¢ for ¢ < 4 and A\; = 1 for ¢ > 5. The KS statistic between
the original and semi-experiment models is 0.498050.
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(c) Service rate of A\; = 3/v/i. The KS statistic between the original and semi-experiment
models is 0.279850.

Figure 6.1: The blue and orange plots show the stationary queue-length dis-
tribution of the original (QL,A,O) model and the a-perm semi-experiment
(QL, A,aSE) model, respectively. The purple plots show the empirical queue
length distribution of an empirical a-perm semi-experiment. That is, a single re-
alisation of the original queue (run for 20,000 time steps) with a single random
permutation of the inter-arrival times. Each queue has the service rate pu = 2.
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6.2 Queue-Length-Dependent Service Rates

Now consider the original queue to be the (QL,S,O) queue. That is, a single-
server queue with a constant arrival rate, A\, and queue-length-dependent service
rates, p;, where ¢ is the length of the queue at the time when service begins.

6.2.1 a-perm Semi-experiment Model

The construction of this semi-experiment queue and QBD model is very similar to
the (QL, A, sSE) model.

When the inter-arrival times are randomly permuted, they are still inde-
pendent exponentially distributed times with constant rate \.

After the permutation the service rates no longer depend directly on the
queue length at the start of services. However, since the order of service times is
preserved some dependence structure is maintained. For example, if a particular
service time was long (irrespective of the associated service rate), then there is
likely to be relatively more arrivals during that time. Similarly, during a short
service time there is likely to be less arrivals. This affects the queue length at the
next service, which informs the next service rate. Therefore, the whole process
depends on the sequence of actual service times, and not simply the sequence
of service rates. Hence, to model the service times for the inter-arrival semi-
experiment, we need to replicate the original process that produces them.

We propose a model in which we track two queues: the underlying queue
that is almost identical to the original queue, and the a-perm semi-experiment
queue. These two queues have independent arrival processes, which are Poisson
processes with the constant rate \. However, they share the same sequence of
service times, generated by the underlying queue. That is, when a service occurs
in the underlying queue at rate p;, the same service will also occur in the inter-
arrival semi-experiment queue.

Empty Queue Issues

There are a few issues with this model that need to be addressed, and so this
proposed model will be modified.
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If the underlying queue becomes empty, but the semi-experiment queue
was not empty, then it would continue needing to have services, but the underlying
queue could not provide the appropriate sequence of service rates as there would
be no departures. Hence, we require that the underlying queue is never empty.
If a service is completed when the underlying queue has a length of 1, then the
queue skips to the next busy period which occurs after the next arrival. Hence,
the queue length remains at 1. This ensures that it is always possible for the
underlying queue to generate service times for the semi-experiment queue, and
skipping over the underlying queue’s idle periods does not affect the sequence of
service times.

If the semi-experiment queue becomes empty while the underlying queue
is busy, then the underlying queue would continue to have services and departures
while the semi-experiment queue would not. This means that when the semi-
experiment queue becomes busy again, the sequence of service times would be
inaccurate as some may have been missed. Therefore, we require that when the
semi-experiment queue is empty, the underlying queue is ‘paused’. That is, it
remains in the same state and has no events occur during the semi-experiment
queue’s idle period. This means that the semi-experiment queue does not miss any
services in the underlying queue, and this pausing does not change the sequence
of service times.

The underlying queue is only important to the model for generating the
required sequence of service times, and any other behaviour of the queue is irrele-
vant. Therefore, these adjustments do not disrupt its main purpose.

Note that similar adjustments were not needed in the construction of the
(QL, A, sSE) model since the dependence was with the arrival rates which are not
affected by the boundary condition on queue lengths in the way that the service
times are.

So this queue is the a-perm semi-experiment on the queue-length-dependent
service rates model. It is a single-server queue such that the:

e Arrival Process is a Poisson process with constant rate \.

e Service Times are the sequence of service times generated by the modified
underlying queue.

We label this queue as (QL, S, aSE).

Let the state for this model be (n, (k, 1)), where
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e n is the queue length of the a-perm semi-experiment process,
e k is the queue length of the modified underlying original process,

e i is the queue length at the start of the last service in the modified underlying
original process.

Now, the state space for this model is S = {(n, (k,7)) :n >0,k > 1,1 <
i < k}. Let m(n,k) = {(n,k,i) : k > 1,1 <i <k} and ¢(n) = {(n,k,i) : 1 <
E<i}=Jmnk)sothat S= {J l(n) = J U m(n,k). Table 6.2 shows the
k>1 n>0 n>0k>1
possible transitions for this process.

From To Rate For Description
(n, (k1)) (n+1, (k1)) A | (n, (ki) eS SE arrival
(n, (k,1)) (n, (k+1,7)) A | (n,(k0)eS Underlying arrival
(n,(k,3)) | (n—1,(k—1,k—=1)) | w; | n>1k>2 | Underlying and SE departure
(n,1,1) (n—1,1,1) 11 n>1 Underlying and SE departure

Table 6.2: Possible transitions for the (QL, S, aSFE) process.

First consider the modified underlying process which is almost identical
to the process (QL, S, O) except that there is no level 0. It has state space Sy =
{(k,i) : k> 1,1 <i <k} and the transition matrix

m(n,1) mn,2) m(n,3) mn4) mn,5)

m(n,1) [ Uél) U_(:) 1
mn2) | U 0P Ul
Q _ m(n,3) : USS) Uég) Uig) :
v m(n,4) . . U£4) U(g4) U_(~_4)
5 5
For k > 2,
0 -+ 0 g
0 -0 125
UM =10 - 0 pl,
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and for k£ > 1,

ql . . . o .. . —A X X . . ._.
. q2 . . ... . A )\

k . q3 . DR . k A . A

Ug” = w o U=

qk -: : : .o .. .-

where g, = —(A + pg). The matrices Uﬁk), Uo(k), Uik) have sizes k x (k — 1),k x
k,k x (k+ 1), respectively.

We also define U = (1, which is not explicitly used in the non-modified
underlying process, but will be needed to define the semi-experiment process.

Now consider the semi-experiment queue. First, the block matrix A,
contains all the rates in which the semi-experiment queue increases its queue length
by 1 (n — n+1). When this occurs there is no change to the phase (k, ), as shown
in Table 6.2. The transition rate is A, independent of the phase (k, 7). Hence,

A

A+: Y

The block matrix A_ contains all the transition rates such that n — n—1.
When this occurs, the underlying departure also occurs, causing the phase change
(k,i) - (k— 1,k — 1) (Table 6.2). The rates of this phase change i — k — 1 are
contained in the matrices U"). These matrices are placed in the lower diagonal
of A_ to create the transition k — k — 1. Note that when &k = 1 and there is
a departure from the semi-experiment queue, n — n — 1, then the phase change
does not change from (1,1). This transition happens with rate v = 11. Hence,

m(n—1,1) m(n—1,2) m(n—1,3)

m(n,1) Uil) 0 0
2
m(n,2) U™ 0 0
A = mn3) 0 U£3) 0
m(n,4) 0 0 U£4)
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The block matrix Ay contains all the transition rates such that n —
n,n > 1. This includes the underlying arrival phase change (k,i) — (k+1,14), the
transition rates of which are contained within the matrices Uik). These are placed
in the upper diagonal of Ay. The diagonal elements of Ay contain the negative
sum of all the transition rates out of each phase. Let Vo(k) for k > 1 be the k x k
block matrices for the diagonal of Ay. Then,

v = U -z,

since Uék) contains the negative sum of transition rates for the modified underlying
process, and so we need to subtract an additional A from each phase for the arrivals
in the overall semi-experiment process.

So,

m(n,1) m(n2) m(n3) mnd)
mey [ VYU 00
m(n,2) 0 VO(Q) Uf) 0
m(n,3) 0 0 VO(3) Uf’)

Finally, consider the matrix By which contains the transition rates such
that n — n when n = 0. In this case the modified underlying process is ‘paused’
and so there are no transitions for the phase (k,7) and By only contains the negative
transition rates of the arrival transitions in the semi-experiment queue since there
are also no departures in the semi-experiment queue when n = 0. Hence,

B() - —A+.

Then, the overall transition matrix for the (QL, S, aSFE) process is given

by
00)  £1)  L2)  €3)
) | Bp, A, 0 0
y | A Ay AL O
Q= 0 A Ay A,
(3)

0 0 A A
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6.2.2 Truncation and Augmentation

The phase space for this model takes infinitely many values and so the block matri-
ces A, Ay, A_, By are not finite. As with previous models, in order to practically
implement this QBD, these matrices need to be truncated and augmented. Let
M be a large artificial maximum such that the process is truncated to the state
space S = {(n,(k,i)) : n > 0,1 < i < k < M}, representing a truncation of
the underlying queue length to be at most M. Hence, each of the sizes of the

matrices Ay, Ag, A_, By is Zz X Zz or M(M+1)/2x M(M +1)/2. To augment

=1 =
this truncated process, the underlymg queue length k cannot exceed M. Hence, if

k = M there are no arrivals in the underlying process. Therefore, the truncated
and augmented matrices are defined below.

The matrices Ufk) for 1 < k < M are unchanged. For 1 < k£ < M the

matrices Uék) and U, are also unchanged. Since there cannot be arrivals when
k=M,

—H1

. _ILLQ .
UiM) = 0pxp  and U(EM) = - - =3

A, is A times the identity matrix of size M (M +1)/2x M (M +1)/2 and
BO - —A+.

mn—1,1) m(n-12) mnm—-1,3) -~  mn-1,M—-1) m(n—1,M)
m(n,1) [ Uﬁl) 0 0 0 0 1
mm2) | UP 0 0 0 0
L ) 0 A 0 0 0
ST ) 0 0 v 0 0 ’
mnan) |0 0 0 g 0 |
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and
) (n,1) (n,2) (n,3) (n,4) m(n,M—1) m(n,M) )
my [ VY U, 0 0 - 0
m(n.2) o v®» v, o - 0 0
m(n.3) o o V¥ u - 0 0
Ay = . . . . . : .
mmM-ny | O 0 0 0 ... VMU ooy,
mMy | O 0 0 0 - 0 yM

6.2.3 Results

Figure 6.2 shows the original, empirical a-perm and model a-perm queue-length
distributions for different parameters. The a-perm semi-experiment should not
as completely disrupt the dependence as the s-perm semi-experiment since the
dependence is in the service stream. However, it is clear that the a-perm semi-
experiment queue-length distribution has a more exponential shape than the ana-
logue of the (QL, A, sSFE) queue. This is due to the difference in the nature of
queue-length-dependent services and queue-length-dependent arrivals in a queue.
In the (QL, A, O) queue, a customer’s arrival rate depends on the queue-length
at the previous arrival, so it is completely independent of that customer’s ser-
vice time. So permuting the service times in the (QL, A, sSE) does not have a
strong effect on the dependence structure in the arrival process. In the (QL, S, O)
queue, a customer’s service rate depends on the the queue-length when service
begins. However, this queue-length at service is related to the queue-length at
that customer’s arrival due to the nature of the queue-length process. Hence, the
arrival process is related to the length of the queue at the start of each service, and
hence the service rates. So permuting the inter-arrival times in the (QL, S, aSFE)
queue more effectively disrupts the dependence structure in the service process.
This difference between dependence in arrivals and dependence in services is more
thoroughly explored in Section 8.5.1.
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Original Empirical a-perm Model a-perm

Mean: 1.41 Mean: 2.24 Mean: 2.22
SD: 1.49 SD: 2.61 SD: 2.59

Probability

0 5 10 0 5 10 0 5 10
Queue Length Queue Length Queue Length

(a) Service rate of u; = 2i%. The KS statistic between the original and semi-experiment
models is 0.151800.

Original Empirical a-perm Model a-perm
Mean: 4.17 Mean: 6.07 Mean: 5.89
SD: 3.53 SD: 6.07 SD: 6.01
> 0.1
5
[ay)
3
& 0.05
0
0 10 20 30 0 10 20 30 0 10 20 30
Queue Length Queue Length Queue Length

(b) Service rate of u; = log(i + 6.5). The KS statistic between the original and semi-
experiment models is 0.124300.

Original Empirical a-perm Model a-perm
Mean: 3.43 Mean: 7.09 Mean: 7.89
0.15 SD: 2.66 SD: 6.64 SD: 7.97
=
3 o
o]
o
% 0.05
0 m,
0 10 20 30 0 10 20 30 0 10 20 30
Queue Length Queue Length Queue Length

(c) Service rate of y; = 1.5, if ¢ <2 and p; = 3.5 if ¢ > 3. The KS statistic between the
original and semi-experiment models is 0.325450.

Figure 6.2: The blue and orange plots show the stationary queue-length dis-
tribution of the original (QL,S,0) model and the a-perm semi-experiment
(QL,S,aSFE) model, respectively. The purple plots show the empirical queue
length distribution of an empirical a-perm semi-experiment. That is, a single re-
alisation of the original queue (run for 20,000 time steps) with a single random
permutation of the inter-arrival times. Each queue has the arrival rate A = 2.
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6.2.4 Conclusion

In this chapter we took the queue-length-dependent service rates model (QL, S, O)
from Chapter 4 and the queue-length-dependent arrival rates model (QL, A, O)
from Chapter 5 and applied the a-perm semi-experiments to them. Since the de-
pendence structure for the (QL, A,O) model is only within the arrival process,
applying the a-perm semi-experiment is very similar to applying the s-perm semi-
experiment to the (QL, S, O) which has a dependence structure only in the service
process. Hence, we constructed a QBD model for the a-perm semi-experiment ap-
plied to the queue-length-dependent arrival rates model by finding the stationary
distribution of the embedded DTMC at arrival epochs to get the unconditional
probability distribution for arrival rates after the inter-arrival times are permuted.
The stationary queue-length distribution for this model was compared to the origi-
nal and shown to have a stronger and more complete disruption of the dependence
compared to the s-perm semi-experiment in Chapter 5. Then we applied the a-
perm semi-experiment to the (QL,S,0). This is modelled very similarly to the
(QL, A, sSE) model by using an underlying queue to replicate the service process
of the original queue in a QBD model and adding an independent arrival process.
There were some extra considerations for this underlying queue. We needed a
continuous stream of available service times when the semi-experiment queue is
non-empty. Hence, we do not allow the underlying queue to be empty, so the ser-
vice process is not paused, and when the semi-experiment queue is empty, we pause
the service process in the underlying queue. We compared the stationary queue-
length distributions of the original and a-perm semi-experiment queues, showing
a different effect than observed in the s-perm semi-experiment.



Chapter 7

Queue-Length-Dependent Arrival
and Service Rates

7.1 Original Model

We now consider a model with both queue-length-dependent arrival rates and
service rates. This is a natural combination of the previous two queue-length-
dependent queueing models. We consider a single-server queue with arrival rates
dependent upon the queue length immediately after the previous arrival, and ser-
vice rates dependent upon the queue length at the start of the service period. More
formally,

e Arrival Process has inter-arrival times which are exponentially distributed
with rate \;«, where ¢* > 1 is the queue length immediately after the previous
arrival (that is, at the start of the current inter-arrival period).

e Service Times are exponentially distributed with constant rate p;, where
j > 11is the queue length at the start of the current service period.

This process is labelled as the (QL, AS, O) queue.

This process can be modelled as a CTMC. Let the state for this process
be (n, (i,7)), where

e 1 is the current queue length

130
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e | is the number of departures since the last arrival. Note that we can use
this to determine arrival rates using ¢* =n + i

e j is the queue length at the start of the current service, when the queue is
busy (n > 1), or it is 1 when the queue is idle (n = 0). This choice has been
made because when the queue is idle, the queue length at the start of the
next service will always be 1.

The state space is given by S = {(n,7,7) :n>0,1<j<n,i >0,n+i >
1}. If n is considered the level and (i, j) is considered the phase, then this process
is a queue-length-dependent QBD. For n > 1, let m(n,i) = {(n,4,j) : 1 < j < n}

and m(0,i) = {(0,7,1)}. Forn > 1, let {(n) = |J m(n, i) and let £(0) = [J m(0, 7).

The transitions for this process are given in Tzlible 7.1. -
From To Rate For
(n,i,7) (n+1,0,5) A [ n>1,12>20,1<j57<n
(0,4,1) (1,0,1) by 1>1
(n,i,7) | (n—1,i+1,n—1)| p; |n>2,i>0,1<j<n
(1,4,1) (0,¢+1,1) P i>0

Table 7.1: Possible transitions for the (QL, AS, O) process.

Below, we detail the construction of the model matrices, A(f), A(()n), A(,n),
for this level-dependent QBD.

For n > 1,9 > 0, let Ufr"’i) be n x (n 4 1) matrices which contain the
transition rates in which n — n + 1 and ¢ — 0. These are sub-matrices of the
matrices AT).

Mpi O 0 -~ 0 0
0 Mgyi O - 0 0
U = 0 0 Agi -+ 0 0




132 Chapter 7. Queue-Length-Dependent Arrival and Service Rates

So for n > 1,
m(n+1,0) m(n+1,1) m(n+1,2)
m(n,0) Uin,O) 0 0
(n,1)
m(n,1) U 0 0
A(n) _ +n d
T ey | UM 0 0 o

(1,0,1) (1,1,1) (1,2,

(0,1,1)) A1 0 0
(0,2,1) Ao 0 0
0

0) _
Ay = (0,3,1) A3 0

Note that the n = 0 case is different because the the state space is slightly different
since we cannot have both n =0 and ¢ = 0.

Now, for n > 2 and i > 0, let U™ be n x (n—1) matrices containing the
ra(t(is in whichn — n—1and ¢ — i+ 1. These form sub-matrices for the matrices
A

0 0 m

0 -0 po

Ui =10 - 0 pg
10 -0

m(n—1,0) m(n—-1,1) m(n-1,2) m(n—1,3)

m(n,0) 0 ™0 0 0
(n,1)
n m(n,1) 0 0 U, 0
A( ) — 0 0 Uin’Q) and

0,1,1) (0,21) (0,3,1)
(1,0,1) H1 0 0

o @G 0 L1 0o .- B
AT = (1,2,1) 0 0 g e | T L.
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Now for n > 1,72 > 0 let Uén’i) be n X n matrices which contain the
negative sums of the transition rates for each row. These sub-matrices form the
matrices AT,

—(Angi + 411) 0 0
n,i 0 _()\n+i + ,UQ) ce 0 ‘
Us ™ ) = . . : . = —AnpiZ—diag(p, pra, - . .
0 0 s — (Mg + )
So for n > 1,

m(n,0)  m(n,1l) m(n,2)
m(n,0) Uén,O) 0 0
m(n,1) 0 Uén’l) 0

m(n,2) 0 0 Uén’Q) and

0,1,1)  (0,2,1) (0,3,1)
(1,0,1) -\ 0 0
(1,1,1) 0 — Ay 0

(0) . P B 4
Ag ~ (121 0 0 X3 - = —diag(A\, Mg, ... ).

So, the generator matrix for this level-dependent QBD is given by

00) 1) L2)  £3)

£(0) [ A(()O) A(f) 0 0 |
ay | AD AP AV o

Q= (2 0o A% A((f) Af)
03 0 0 A¥ A(()g)

7.1.1 Truncation and Augmentation

Note that the phase space for this process is not finite since there is no upper
bound on the values taken by i¢. To practically apply this model, the state space

).
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and model matrices need to be truncated. Let M be an artificial maximum number
of departures between two arrivals. Then the truncated state space becomes S =
{(n,i,7) : m>1,1<j<n0<i<Mn+i>1}U{(0,7,1):1<i< M}.

The matrices A(f) are simply truncated as follows. For n > 1,

m(n+1,0) m(n+1,1) - m(nt+1,M)
mn0) | UEL”’O) 0 e 0 |
m(n,1) Ufr"’l) 0 e 0

A(f) = m(n,2) UJ(rn’z) 0 e 0 and

m(n,M) | UJ(F"’M) 0 e U

(1L,0,1) (LL,1) - (1,M]1)
(0,1,1)) i A 0 cee 0 |
(0,2,1) Ao 0 ce 0

0

ASE) — (0,3,1) A3 0

(0,M,1) AN o - 0

where AS:L) is an n(M + 1) x (n 4+ 1)(M + 1) matrix for n > 1 and ASS) is an
M x (M + 1) matrix.

The matrices Uin’i) are defined only for 0 <7 < M — 1 and when i = M
there are no departures allowed since the maximum number of departures has
already been attained. This means that the rows of A™ where i = M are rows

of zeros. So the truncated and augmented matrices A™ are given as follows. For
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n > 2,
m(n—1,0) m(n—1,1) m(n—1,2)
m(n,0) 0 Uin,O) 0
m(n,1) 0 0 Uiml)
m(n,M—1) 0 0
m(n,M) i 0 0 0
(0,1,1) (0,2,1) (0,3,1) (0,M,1)
(17071) /«Ll 0 O 0
(11171) O ,LLl O 0
A0 _ (1,2,1) 0 0 1 0
(1,M~1,1) 0 0 0 1
wmy | 0 0 0 0

m(n—1,3)
0

0
Ut

135

and

where A™ is an n(M + 1) x (n — 1)(M + 1) matrix for n > 2 and AW is an

(M + 1) x M matrix.

Finally, since there are no departures when ¢ = M, Uén’M) isann xn

matrix defined by

[— )\nJri
0
0

0
- >\n+i
0

0

- )\n—l-z'

o

- /\n+i_
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Then the truncation for the matrices A(()n) is given below. For n > 1,

) m(n,0) m(n,1) m(n,2) m(n,M) )
mmno) | UMY 0 0 -~ 0
m(n,1) o U™ o .. 0
A = ) 0 o U™ ... 0 and
m@ay [ 00 0 ..o UMY
0,1,1) (021) (0,31) -  (0,M,1)
(0,1,1) -\ 0 o --- 0
(0,1,1) 0 - 0 . 0
A(()O) — (02,1 0 0 =X - 0 :
1) | 0 0 0 e =y |

where Agn) is an n(M + 1) x n(M + 1) matrix for n > 1 and A(()O) isan M x M
matrix.

7.1.2 Truncating Queue Length

Now we divert slightly to consider this original model, but where there is an upper
bound on the queue length. This is not required to model the original queue, but
becomes necessary later for the models of the semi-experiment queues. In both the
s-perm and a-perm models, this original queue features as an ‘underlying’ queue
in the phase space (similar to the semi-experiment models in Chapters 5 and 6)
and is required to be truncated. For ease of referring back to the original model,
we perform that truncation here.

Let N be the maximum queue length that this queue can attain. There-
fore, we have 0 < n < N. Further, we know that the queue length at arrival
epochs cannot exceed this maximum, so we also have n + ¢ < N. Combining
this with the already established state space, we get that 0 < ¢ < N — n for
n>1and 1 <i< N for n =0. So the state space for this truncated process is
S={(ni,7):1<n<N,1<;7j<n0<i<N-n}U{(0,,1):1<i<N}
Note this is different to the truncation where we simply imposed an upper limit on
the number of departures between two arrivals, 7, since we now impose an upper
limit on the actual queue length.
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Then, the AS:L) matrices are truncated for 1 <n < N — 1,

m(n+1,0)  m(n+1,1) - m(n+1,N—(n+1))
m(n,0) U_(i_mg) 0 s 0
m(n1) i 0o - 0
A = ) AR 0o - 0 d
+ = m(n, + aln
m(n,N—n) Uin,N—n) 0 0 ]
(1,0,1) (1,1,1) (1,N—1,1)
L) | A1 0o - 0
(0,2,1) Ao 0 e 0
A<+0> = (0,3,1) A3 0 0 7
(0,N,1) AN 0 cee 0

where AE{L) isan n(N —n+1) x (n+ 1)(N —n) matrix for 1 <n < N — 1 and
ASS) is an N x N matrix.

ASFN) = Oy, since there can be no arrivals when the queue length is N.

The matrices A(_n) are truncated for 2 <n < N,

) m(n—1,0) m(n-1,1) m(n-12) m(n-13) - m(n—1,N—(n—1)) )
m(n,0) 0 A 0 0o - 0
m(n,1) 0 0 b 0 - 0
AW = ) 0 0 0 AN 0 and
mN-n) | 0 0 0 o .- UV
(0,1,1) (021) (0,3,1) -  (0,N,1)
(1,0,1) 1 0 0 0
(1,1,1) 0 1 0 0
AW — a2 0 0 m - 0 = I,
(LN-11) | 0 0 0 e p ]

where A™ is an n(N —n+1) x (n—1)(N —n+2) matrix for 2 <n < N and
A% is an N x N matrix.
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Finally, there can be no more departures when ¢+ = N, which can only
occur when n = 0. As there can be no departures when n = 0 in any queue, we
do not need to worry about this condition (unlike the previous truncation).

So, the truncated matrices A(()n) are given below for 1 <n < N — 1,

) m(n,0)  m(n,1) mn,2) m(n,N—n) )
mmo) | UM 0 0o .- 0
m(n,1) o u"™ o .. 0
A = ) 0 o U™ ... 0 and
m(n,N—n) i 0 0 0 s Uén,N—n) ]
(0,1,1) (0,21) (0,31) -  (0,N,1)
(0,1,1) -\ 0 0 0
(0,1,1) 0 — 9 0 e 0
ALY = ©21) 0 0 =X -~ 0 | and
©O.N1) | 0 0 0 - =Xy |
(NJ1,1)  (N,21) (N;3,1) - (N,N,1)
(N,1,1) — iy 0 0 e 0
(N,1,1) 0 — o 0 e 0
A(()N) — (N2 0 0 ST 0 :
(NN | 0 0 0 o —UN

where A(()n) isan n(N —n+1) x n(N —n+ 1) matrix for n > 1 and A(()O) and A(()N)
are N x N matrices.

7.2 Stationary Distributions of Embedded DTMCs

As before, we wish to construct models for the s-perm and a-perm semi-experiments
applied to this original model. The construction of these is similar to those con-
structed for the previous queue-length-dependent models. Hence, we need to cal-
culate the stationary probability distribution for the queue-length at the start of
service, and the stationary probability distribution for the queue-length immedi-
ately after an arrival. That is, we need to evaluate the stationary distributions
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for the DTMC embedded at the starts of services, and for the DTMC embedded
immediately after arrivals.

Note that in all of the following, if 7 > k, we define

[[r@=1

for any function f(i).

Introducing Notation

First, we introduce notation we will be using to find these stationary distributions.

Let )/(\'n be the queue length when the nth service begins (immediately
after a departure in a non-empty queue or immediately after an arrival to an empty
queue) for n > 1. Let T,, be the time when the nth service begins.

Let )N(n be the queue length immediately after the nth arrival for n > 1,
and let 7;, be the time of the nth arrival.

The stationary probability distributions we seek are 7t and 7, where for

j>1, ~
™ = lim P(X, = j),
7; = lim P(X, = 7).

That is 7 is the stationary distribution of the DTMC embedded at the
epochs when service begins and 7 is the stationary distribution of the DTMC
embedded at the epochs immediately after arrivals.

Also, let 37” be the queue length immediately after the most recent arrival
before the nth service starts, and let Y,, be the queue length at the start of the
most recent service before the nth arrival occurs. That is,

n

S Tn < Tm+1
<

=h =<2
[l

IA
~

X : T
n mem n

Note that the definitions of ?n and }7”, are concerned with the arrival
rate and service rate in progress at the time. Hence, when there is an arrival to
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an empty queue in which the arrival and service begin simultaneously,

Y, =X, : T =T,
Y, =X, : T =T

Note that implicit in the definition of Y, is that a service must occur
before the next arrival.

Therefore, when we consider P(?n = (), this is the probability that an
arrival occurs with a queue length of ¢, and that the nth service occurs before the
next arrival. That is,

P(?n =) = P()Zm =/, and dn s.t. fm < fn < Thnt1)-

Also, the probability P(X,, =i | Y, = () is the probability that a service
begins with a queue length of i, given that the most recent arrival has a queue
length of ¢, and that at least one service begins before the next arrival.

There is an analogous argument for Y,,.

Calculating 7,

To calculate the value of 7;, j > 1, we introduce the conditional probabilities p;;,
defined as the probability of having a service begin with a queue length of j given
that the previous service began with a queue length of 7. That is,

Z/)\ij:P(XnJrl:j’Xn:i)'

Note that we assume the queue is time-homogeneous.

Note that if ¢ > 2, then the nth service starts due to the (n — 1)th depar-
ture. Now there may be 0,1,2,... arrivals during this service period. Therefore,
the queue length at the start of the nth service period may be j =i —1,4,94+ 1,7+
2,.... If i =1, then we cannot have j =i — 1, since the queue length at the start
of service must be at least 1 (j > 1), s0 j =1,2,3,.... Hence the set of non-zero
values for p;; is {(¢,7) 9> 2,5 >i—1}U{(1,7) : j > 1}.

Therefore, the global balance equations are
1
%] = Z%z@j7 fOI‘j 2 ]-7
i=1
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subject to

oS
E 7Tj =1.
Jj=1

Calculating 7;

To calculate 7; for 7 > 1, we define p;; to be the conditional probability that
the queue length immediately after an arrival is j given that the queue length
immediately after the previous arrival was ¢. That is,

@j:P(Xn+1:j|)?n:i)'

Note that there may be 0, 1,2, ...,4 departures before the next arrival, so
j=1,2,...i4+1. So the set of non-zero values for p;; is {(z,7) : 1 < j <i+1,i > 1}.

Therefore, the global balance equations are

(o)
%j = %i@j; forj Z 2,
i=j—1
and .
T =) TP,
i=1
subject to
[e.¢]
d F=1
j=1

Calculating p;;

Now we need to calculate the probabilities p;; for {(4,7) : 4 > 2,5 > i—1}U{(1,7) :
j > 1}, where
ﬁij :P(XnJrl =J | Xn:i)-

If j > 2, then p;; is equivalent to the probability that there are exactly
J — 1+ 1 arrivals during a service period with rate u; that ends with a departure.
We will consider the particular case when j = 1 later.
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In order to construct the probabilities p;;, we need to consider the initial
event during the nth service period that begins with a queue length of i. This can
either be a departure with rate p; or an arrival. Assume that )\, is the arrival rate
at the time when the nth service period begins. Then the probability that the first
event in the service period is an arrival is given by

Ae
Ao+ i
and the probability that the first event is a departure is given by

Hi
e+ i

Now, we require the probability that the initial arrival rate is A,. Let
qoi = P(Y, =10 ] X, =1).

That is, gg, is the probability, given that a service begins with a queue length
of 7, that the queue length immediately after the preceding arrival was ¢. These
probabilities will be calculated later.

Now we consider the values that ¢ can take. If i > 2, the service period
must have begun due to a departure. Hence, ¢ > i + 1 since ¢ is the queue length
immediately after the most recent arrival before the departure that left the queue
with length ¢. If 7 = 1, then the service may have begun due to an arrival to an
empty queue, and in this case the initial arrival rate is A\;. Hence when 7 = 1,
¢ > 1. So if we condition on the initial arrival rate being A\, and apply the law of
total probability, then the probability that the first event in the nth service period
is an arrival is

Ao .
S N G orize
A — z=i+1)‘f+”i
q1, fori=1,
\;A’H—Ml |

and the probability that the first event in the nth service period is a departure is

> .
Z b\ Hi é/f\zu for i > 2
J2 ) WTE e tH

' Mi )
, fori=1.
;)\Hrulqm
=

(

Now consider the following cases to construct the probabilities p;;.
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Case: 2 <1< jgort=1,7 > 2 In this case, there must be j —7+1 > 1
arrivals during the nth service period. The probability that the first event is an
arrival is given by FA.

Now the rates of the subsequent j — ¢ arrivals during this service period
are known to be \j11, Aiy2,...,A; because the queue length after the first arrival
must be i + 1. So the probability that there are j — ¢ subsequent arrivals before

the departure is given by
J
05

r=1+1

Since we require exactly 7 — i + 1 arrivals, the service period must end
(a departure must occur) after these arrivals. The probability that a departure is
the next event is given by

K

Ajr1 +
Sofor2<i<jori=1,57>2,
J

by =F < [1 3

r=1+1

>\a: > i
i g1+

Case: 1 > 2,7 =t — 1 In this case there are 0 arrivals during the nth service
period. So the first and only event must be a departure. Therefore,

Pii=FP, i>2

Case: © = 7 = 1 There are two ways we can have j = 1 when the service
period starts with a queue length of ¢ = 1. Either there is one arrival during the
service period and then the next service begins after a departure, leaving a queue
length of 1; or there is a departure immediately and then an arrival to an empty
queue which begins a new service with a queue length of 1. For the first case, the

probability is given by
A H1

F* x .
T N+

Note that for the second case the probability of an arrival when the queue
is empty is 1 and so the probability for the second case is

FP.
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Therefore, using the fact that the first event has to be either an arrival
or a service,

~ M1 D
=F x + F
b LD P !
—FAx M (1 - P
! Ao+ pi !
251 A
=1—1(1- F
( )\2+N1) '
A
=1- ——2—Ff
Ao+ fiy

A = A
=1- .
Ao + fiy ; Ae + Ml%u

So to summarise,

r A 00 A\
1- : : QNE ) fori:j = ]_7
Ao+ fi ;/\g L1 E
S Ao~ ! Az T . .
g1 X X , forz:lijQ’
. ;)\E‘l‘ﬂl ! 3[[2)‘:1:4’,“1 Ais1 +
Pij = 0o '
Z)\M el for j=i—1,i>2,
Pt ¢+ |
- Ao~ ! Az L o
2. aoi < ] x , for2<i<j.
\ (=i+1 Aot i r=i+1 Avt i Ajpr+

Also, the following equations must hold,

> piy=1,  fori>2

j=i—1
o
g D1y =1,
Jj=1

since the next service must begin with some positive queue length.

Calculating p;;

Now we calculate the probabilities p;; for {(7,5) : 1 <j <i+1,i > 1}, where
ﬁz‘j :P()?nJrl =J | )?n :i)~
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The probability p;; is equivalent to the probability of having i — j + 1
departures during an inter-arrival period with arrival rate ;.

Similar to the calculation of the p’s, we need to consider the first event in
the nth inter-arrival period which begins with a queue length of i. This can either
be an arrival with rate \; or a departure. Assume that j, is the service rate at the
time when the nth inter-arrival period begins. Then the probability that the first
event in the inter-arrival period is a departure is given by

He
fe + A
and the probability that the first event is an arrival is given by
A
fhe+ i

Now, we require the probability that the initial service rate is p,. Let
Qi =PY,=10]X,=1).

That is, qy; is the probability, given that an arrival occurs with a queue length
of 7, that the queue length at the start of the preceding service was ¢. These
probabilities will be calculated later.

Now we consider the values that ¢ can take. If i« > 2, then the nth arrival
was to a non-empty queue with length ¢ and hence the current service began before
this arrival occurred, with a queue length of 1 < ¢ < ¢ — 1. If : = 1, then the
nth arrival was to an empty queue and a service began with a queue length of
¢ =1 immediately upon arrival. Therefore, using the law of total probability, the
probability that the first event in the nth inter-arrival period is a departure is
given by

i—1
D A qf|17 for 4 > 27
Gi = z=1 fhe +
251 .
for i =1,
pa+ A

and the probability that the first event in the nth inter-arrival period is an arrival
is given by

s
" Qui, fori > 2,
ah ;/LH—MCM Z

A1

, for i = 1.
p1+ A

Now consider the following cases to construct the probabilities p;;.
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Case: 2 < 3 <+t In this case, there are : — 7 + 1 > 1 departures during the nth
inter-arrival period. The probability that the first event is an arrival is given by

GP.

The service rates for the subsequent i — 5 departures during the nth inter-
arrival period are fi;_1, ft;—2, ..., ft; since the queue length after the initial arrival
is 2 — 1. So the probability that these departures occur is given by

i1
[
oy Mo T A

noting that the product notation reverses the conventional order of writing the
probability of the sequence of events.

Finally, we want ezactly © — j + 1 departures during this inter-arrival
period, so we require that the inter-arrival period ends before the next departure
occurs. This probability is given by

Ai
fi—1+ A
So, for 2 < 5 <1,
i—1
~ x /\z
Pij = GD X H X

’ vy M T N e+ A

Case: ¢+ > 1,7 = ¢+ 1 In this case there are 0 departures during the nth inter-
arrival period. This occurs when the first and only event is an arrival. Therefore,

~ A .
Diit1 =G, 1> 1.

Case: © > 1,7 =1 When j = 1, the nth arrival occurs into an empty queue.
This means that there are ¢ departures during the inter-arrival period and the
queue length reaches 0 before the nth arrival. Once the queue is empty, the only
event that can occur is an arrival. Therefore, once there have been ¢ departures,
the probability that the next event is an arrival, ending the inter-arrival period, is
1. So, for7 > 1,
i—1

Mz
p— M + )\i,

~ D
pip = G X
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and
P11 =Gy
So, to summarise,
r M1 . .
, fori=75=1
H1+ Ay
1 . .
, fori=1,7=2
A -
,u[ -~ l’l’iﬂ . :
Qe X ) fOI'ZZQ,jzl
Dij = ;MZ‘F)V | gﬂz+)\i
i1y
> ——au fori>2j=1i+1
e + A
=1
i—1 e i—1 i A\,
Quii X T x L for2<j<i.
\; W‘i‘)\iqe‘ ply fo +Ai pi1 A ==

The following equation also must hold,

i1
Zﬁijzl, fori > 1,
j=1

since the next arrival must occur with some queue length.

Calculating gy

In this section, we calculate the probabilities gy;, where

Gy =P(Y, = (] X, = i)
—P(Xp=0:Tp <Ty < Tpi1 | X =1).

That is, gy, is the probability, given a service begins with a queue length of 4, that
the queue length immediately after the preceding arrival was /.

If we assume that the nth service begins due to a departure from a non-
empty queue, then there is at least one departure since the most recent arrival.
Hence, we can have ¢ =i+ 1,i+ 2,.... If the nth service begins due to an arrival
into an empty queue, then ¢ = ¢ = 1. Hence, the non-zero values for g,; are given
byl{>i+1,i>1andi=/¢=1.
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To solve for these probabilities, we apply Bayes’ Rule

P(X,=i|Y,=0PY, =1

P(X, =)
P(X,=i|Y,=0PY, =1

-~ Y

Uy

Quji =

>

n

by assuming stationarity.

We consider each of these terms separately. For ease, in part (a) we treat
P(X, =i]|Y, =) and in part (b) we treat P(Y,, = ¢). In part (c) we combine
them.

Part (a) Consider P(X, =i | Y, = £). This is the probability that a service
begins with a queue length of 7, given that the most recent arrival had a queue
length of ¢ and that at least one service begins before the next arrival (this is
implicit in the definition of 17”) This means that the first service occurs with
probability 1, and there needs to be at least £ — ¢ — 1 > 0 additional services
beginning before the next arrival.

Consider 1 <7 < /—1. Since ¢ > 2, all services begin due to a departure
from a non-empty queue. So,

/-1

and R B
PX,=1|Y,=1)=1,

since when ¢ = ¢ = 1 there was an arrival to an empty queue which immediately
begins a service with a queue length of 1.

Part (b) Now, P(Y,, = () is the probability that a arrival occurs with a queue
length of ¢ and that a service begins before the next arrival. So,
P(Y,=1) :P()Z'm =/, and dn s.t. fm < fn < fmﬂ)
=P@n s.t. Ty < Ty < Toi1 | Xon = O)P(X, = 0)
=P(3n s.t. T,<T, < TmH \ X,, = 0)y,
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assuming stationarity.

Now P(3n s.t. T, < T\n < me | X, = ¢) is the probability that at least
one service begins between the mth and (m + 1)th arrivals given that the queue
length at the mth arrival was ¢.

Note that if £ =1 then a service began when the arrival occurred into an
empty queue, so P(In s.t. T, <T,, <Tpy1 | X =1) = 1. So,

P(Yn: 1):7'('1.

For ¢ > 2, we need to condition on the initial service rate at the time of
the mth arrival. So,

P(Y, =)
PEn st. Ty < Ty < Tt | Xow = 07
1

~

=>"P@Enst. Ty < T < Tpir | Xon = 0,Y,, = )PV, = k | X, = O)F,
k=1
-1

= L Q| T
— Ao+

Part (c) Now we can put these parts together.

—, fori=40=1,
T
Zlvéli = /-1 " —1 " %,
T x — = G X =, for1<i<i—1.
95111 o+ A ; Ar + p e T -

Note that the following equations must also hold,

o0

> Gyi=1,  fori>2

{=i+1
S
§ qein :17
(=1

since there must be some arrival rate when a service begins.
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Calculating gy,

Now we calculate the probabilities Gy;, where

Qi =P(Y, = 0| X, =)
=P(Xp =, Thy <Tpp < Tpps1 | X =)

That is, gy, is the probability, given an arrival occurs with a queue length
of i, that the preceding service starts with a queue length of ¢.

Since there must be at least one arrival (the nth arrival) after the mth
service begins with a queue length of £ > 2, then the queue length at the nth arrival
must be ¢ > ¢+ 1. If £ = 1, then the nth arrival was to an empty queue, which
means that a service immediately begins with a queue length of 1, so £ =1 = 1.
Hence, the non-zero values for gy; are given by 1 </ <i—1and {=1i=1.

First, note that if ¢+ = 1, then the arrival occurs into an empty queue,
which starts a service with a queue length of 1. So, the only possibility is that
€:1and21\1|1:1.

When i > 2 and 1 </ <i—1, we apply Bayes’ Rule,

qQrji =

assuming stationarity.

As before, we consider each term separately. Part (a) concerns P(X,, =
i|Y, =1{), part (b) concerns P(Y,, = {), and in part (c) these are combined.

Part (a) Consider P(X, = i | Y, = ¢). This is the probability that there is
an arrival with queue length ¢ given the most recent service began with a queue
length of ¢ and there is at least 1 arrival before the next service. So the probability
that the first arrival occurs is 1. Therefore we need at least £ —7—1 > 0 additional
arrivals before the next service begins, with service rate .
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Sofor1</<i—1,

PX,=i|Y,=0=]] As

)\x_'_,uf

Part (b) Now, P(Y, = ¢) is the probability that a service begins with a queue
length of ¢ and that there is an arrival before the next service. So, for 2 < ¢ <i—1,

P(Y, =1)

=P(X,, = (,and 3s.t. Ty < Tpy < Tis1)
(%mtT‘<T<ﬂMﬂX’_@HX — 1)

= ( i < Ty < Thoia | X, = = {)7y, (assuming stationarity),

2:PGn&tﬁngﬁﬁdmﬂfim:&nF%ﬂ% =k | X, =07,

k=0+1
)

-y A
A+ e |

Note that if ¢ = 1 then the initial arrival rate could also be A, so for

(=1,i>2,
Z Qk|1 1-
k=
Part (c) So we can put these parts together,
'1, for 0 =i=1,
R Gk ><~7 for ¢ =1,1> 2,
Qoji = H)\ + U1 Z/\k—f—/u I ;
i— 1 A
s e~ T .
H XZ Qeje X =, for2<0<i—1.
( 2=(+1 Awtpbe S et e i

Note the following equations must also hold,

> G=1, fori>2
(=1

since there must be some service rate when an arrival occurs.
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7.2.1 Full System of Equations

The following is the full system of equations to be solved in order to evaluate
{m;:j>1}and {7; : j > 1}.

1, for (=i=1,

Az SN Y ! .

R X qrj1 X = for{ =1,1> 2,

Q)i = $_2 /\ac + ; )\k + i
Ak

~

Z)\ qkwxg, f0r2§€§2—1

fori=0¢=1,

as: = -1 —1 _
Qo Ha Hi

~ Ty .
X Qrie X —, for1<i</{—1.

Y fori=j5=1
A
—1—1)\ fori=1,57=2
k) ; i—1 i
14 -~ T . .
_ Z Qe\iXH ; fori>2,7=1
& Ai . -
Z Qeli forv>27=9+1
€:1Nz+>\z'
i—1 i i1 i \
Geji X X , for 2 <j <.
\;,Lte—i-)\i x:j’ux_'_)\i ,uj71+)\7;
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(1 N i A s el
o qe|1s ort=7) =1,
Ao+ fiy = Ao + i1 It
— A - ! Az i » '
. ;)\é-i-,ul ! gx\x—i—ul Ajs1 + i
bij = oo '
ZAHZ qois forj=i—1,i > 2,
S AT ‘
= M T N i o
Z Qe)i X H X , for2<i<y.
\ (=i+1 Ae + i =it Ae+ i Ajrr +

00
Z %iﬁlija fOI'j 2 2
,ﬁj — izg'fl

mipn, forj=1
i=1

Jj+1
Ty = TiDijs fOI'j > 1.

i=1

Subject to the normalisations:
[e.e]
> =1
j=1
o
> @ =1
j=1

7.2.2 Truncated Stationary Distributions of Embedded DTMCs

To actually implement the system of equations above, we need to practically trun-
cate and augment the system appropriately. Let M be the maximum possible
queue length. The main changes to note are that if the queue length is ever M
then there can be no arrivals and the probability of a departure is 1. Also, the
queue length at the start of service must be at most M — 1 since we cannot have a
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departure from a queue-length higher than M to start a service at a queue length

of M.

Note that under this truncation, when the queue length after an arrival
is M, there must be a departure as the next event. Hence, the inter-arrival period
that should begin immediately after this arrival with rate A\;; does not actually
begin until this departure has occurred. Since the process has exponential holding
times which are memoryless, this does not affect the dynamics of the system. Note
that this is very similar to how a standard queue deals with the boundary condition
at 0. That is, when the queue is empty, there can be no departures until an arrival
occurs.

Calculating 7,

We augment the value of 7);_; since we are removing some possible values by
truncating. Hence, we calculate 7),;_; using the normalisation condition instead.

Therefore,

Jj+1
%\l@]’ fOI'lS]SM—Q,

~ i=1

M—-2
1= 7, forj=M-1
j=1

Calculating 7;

Similarly, we augment 7, by using the normalisation condition.

( OO
Z%iﬁib for j =1,
i=1

=0 Fpy, for2<j<M-1,

i=j—1
M-1

1— m; for j =M.
[ =t
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Calculating p;;

The set of 7 and j such that p;; is non-zero is {(7,j) :2<i<M —1,i—1<j <
M-1}U{(L,j):1<j<M-—1}.

The first change is that all the sums over ¢ are truncated to a maximum
of M, the highest possible arrival rate. Further, when j = M — 1, this means the
queue length must have been M and so the departure that starts the service with
a queue length of j = M — 1 occurs with probability 1. So,

( M

A Ao o
L= qep1s forv=75=1,
)\2+/L1;)\€ M1 i
M J
)\Z ~ >\x %31 . .
E qoj1 X X fori=1,2<j7< M —2,
— Ao+ o JHQ)\:;:+N1 Aj1 +
M M—1
AN - Ao , ,
E fori=1,5=M —1,
N — )\e+u1qm lleﬂL,ul J
Dij = M ‘
E e qui forj=1—1,2<i< M -1,
S M T
M j
)\E ~ )\x g . .
E Geji X H X for2<i<j<M-—2,
S At soin e Tl At g
M M—1
DY Ao ‘ .
E ‘ qeji X \ for2<i<M-1,7=M —1.
\(=it1 ¢+ r—it1 x‘i‘uz

Calculating p;;

The set of i and j such that p;; is non-zero is {(i,7) : 1 <i < M —1,1 < j <
i+ 1 U{(M,j):1<j <M}

The main change to carefully consider is that when the queue length is
M there can be no arrivals, only departures. So when the queue reaches a queue
length of M, a departure will occur with probability 1. Also, when this departure
occurs it immediately begins a new service period with a service rate of py,_; and
the inter-arrival period is restarted with an arrival rate of Ay;. Hence, whenever
the arrival rate is Ay, then the service rate at the start of the inter-arrival period
must be pip_ 1.
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(1 .
; fori =7 =1,

f1+ A J

1 . .

; fori=1,5 =2,

#11+)\1 i—1 !

He  ~ M . .

i X , for2<i<M-1,5=1,

;M+)\iqﬁ gﬂx‘l‘)\i ’
i—1

Mx)\, fori=M,7=1,

pij: mzl;ux+z‘

1—1 )\
> ——au for2<i<M-—17j=i+1,

e + Ai
=1
i—1 i—1 A\

pe He L for2<i<i<M -1,
/=1 /,L[—i_ 7 ,U/;E+>\’L ,LLJ 1+)\z
M-1 \
H o X M ) for2<j < M,i= M.
ey Mo+ An o o1+ An
[ 2=

Calculating gy
The set of £ and i such that gy); is non-zero is given by {(¢,7) : 1 <i < M —1,i+1 <
< M}YuU{(1,1)}.

The only change here is that when ¢ = M, there must always be a
departure from the queue length M. Hence, P(Y,, = M) =1 x 7. So,

s
ga fOri:€:1,
T
= K — Mok e
~ T x Quje X —, for1<i<l—1<M -2,
eli = Igrllﬁz-ir)\z ;)\Z+Nk | s
M-—1 %
I =22 for 1 <i< M —1,0=M.
L z=it+1 /le—i_)\M 70
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Calculating gy;

The set of £ and ¢ such that gg; is non-zeros is given by {(¢,i) : 1 <i < M,1 <
(<i—1}uU{(,1)}.

There are a few changes to be made here. Firstly, the sums over k are
truncated at M, the maximum possible index for the arrival rate.

Recall that when the queue length after an arrival is M, there must be
a departure as the next event. Hence, the inter-arrival period that should begin
immediately after this arrival with rate \y; does not actually begin until this
departure has occurred.

Hence, when ¢« = M, the only non-zero probability for Gy is when ¢ =
M — 1, since if the arrival rate is Ay, then this inter-arrival period begins when
there is a departure leaving the queue with a length of M —1. This also immediately
begins a service with a queue length of M — 1.

1, forl =i=1,
i—1 o] ~
)\x )\k ~ st .
X X =, for{=1,2<i<M-—1,
_ 5 e T 40 Zkalq’““ 2
de)i = i— oo ~
| LA M - R |
H XZ Qeje X =, for2<0<i—-1< M -2,
wmigy e TR S AR T i
1, fori=M,{ =M —1.

7.2.3 Verifying the System of Equations

We need to ensure that this system of equations is solvable and produces the
desired distributions {7; : 1 <j <M —1} and {7; : 1 < j < M}.

First, we apply the MATLAB solve function. This proves capable of
solving the system, but as M gets larger, the size of the system increases rapidly
and the solver becomes computationally inefficient. The solver works in reasonable
time for M < 18. Hence, we construct a simple iterative approach to solve the
system for larger values of M more quickly. We begin with a uniform initial
distribution for the unknowns.
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Specifically, let

~ 1 .
Wj:M—l’ for1<j < M-—1,
~ 1

Wj:M, fOI'lS]SM

For each 4, set the non-zero values of g; and gy; to have uniform distri-
butions. That is,

1
Qi =——, for2<i< M, 1<(<i-—1,
|

21\1\1:17

- 1

G =———, for2<i<M—1,i+1<(<M,
M —1

— 1
Qe =77 for1 </ < M.

Then for each step and using the system of equations, we calculate new
values for gy, and gy);, then evaluate new values for p;; and p;;, then evaluate new
values for 7; and 7;. We iterate this process until some convergence criterion
is met. In this case, we simply checked whether the new values were within an
acceptable tolerance of the previous values.

This method converges reasonably quickly to the same solution found by
the MATLAB solver, as shown in Figure 7.1.

To further confirm that both the iterative approach and the MATLAB
solver converge to the correct solution we simulate the original queue, truncated
so that the queue length will never exceed M.

This truncated simulation is similar to the simulation process described
in Section 2.1.5, with some minor changes. When the queue length after an arrival
event is M, then a new arrival is not generated. Instead, if the queue length after
a departure event is M — 1, then a new arrival event is generated. From this
truncated simulation, the empirical distributions of {7; : 1 < j < M — 1} and
{m; :1 < j < M} can be calculated. These converge to the same solution found
by the iterative method to solving the system of equations, as shown in Figure 7.2.
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A ~

x10716

0 500 1000 0 500 1000
lteration lteration

Euclidean Distance to Simulation

Figure 7.1: The Euclidean distance between the each step of the iterative process
and the MATLAB solver solution. The parameters are \; = 5/i, u; = 1+ j and
M = 10.
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(b) The stationary probability distribution, {7; : 1 < j < M}.
Figure 7.2: The embedded DTMC stationary probability distributions, calculated

using the MATLAB solver, truncated simulations (run for 20,000 time steps), and
the iterative method. The parameters are \; = 5/i, p; = 1+ j and M = 10.

7.3 s-perm Semi-Experiment Model

Now we can construct a QBD model for the s-perm semi-experiment applied to this
queue with queue-length-dependent arrival and service rates. This is a combination

of the (QL, S,sSFE) and (QL, A, sSE) QBD models.

As with the (QL, S, sSE), the service times will have a hyperexponential
distribution with rates {y; : j > 1} and mixture distribution {7; : j > 1}.
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The arrival process will be similar to that in the (QL, A, sSE) model.
We include an underlying queue which replicates the original queue. This semi-
experiment queue will share the exact arrival process of the underlying queue
and the underlying queue’s service process is independent of the rest of the semi-
experiment queue.

So this s-perm semi-experiment queue is a single-server queue such that
the:

e Arrival Process is the same arrival stream as generated by the underlying
queue which replicates the original queue.

e Service Times have a hyperexponential distribution with rates {y; : j > 1}
and mixture distribution {7; : j > 1}.

Now we consider the state space of the QBD model for this queue. There
are a number of pieces of information to track. Let the state for this model be
(n,m, k,i,7), where

n is the queue length of the s-perm semi-experiment queue,

m indicates that the current service rate for the s-perm semi-experiment
queue iS fiy,,

k is the queue length of the underlying queue,

7 is the number of departures in the underlying queue since the last arrival,

j is the queue length at the start of the current service in the underlying
queue when the queue is busy (k > 1) and 1 if the queue is idle (k = 0).

The state space for this process is given by S = {(n,m,k,i,j) : n >
Oom>1,k>0,i>0k+:>1,1<j<k}.

The full set of possible transitions for this QBD are given in Table 7.2.
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From To Rate For Description
(n,m, k,1,7) (n+1,m,k+1,0,7) Megi | K >1,7>0 | Underlying and sSE arrival
(n,m,0,4,1) (n+1,m,1,0,1) by i>1 Underlying and sSE arrival
(n,m,k,i,5) | (n,m,k—1,i+1,k—1)| pu; k> 2 Underlying departure
(n,m,1,i,1) (n,m,0,i+ 1,1) L1 Underlying departure
(n,m, k,1,7) (n—1,rk,i,j) T n>1 sSE departure

Table 7.2: Possible transitions for the (QL, AS, 1, sSE) process (full state space).

Note that the sub-phases k, 1,7 all relate to the underlying queue. The
underlying queue only affects the s-perm queue when an arrival occurs and other-
wise operates mdependently Further, the underlying c%ueue rephcates the original
queue. Let U+k), Ut ,Uok) be the same matrices as A A(k ) of the original

queue in Section 7.1. Then Uik ,Uik ,U(()k are the model matmces for the under-
lying process with k as the level and (4, j) as the phase.

Let ¢(k) be the set of all sub-phases i, j when the underlying queue length
is k, such that (n,m, k,i,7) € (n,m,(k)). That is (k) = {(k,i,5) : 1 < j < k,i >
0,k +i > 1}. Note that in this case ¢(k) refers to the states in the underlying
queue which has a queue length of k£ and not the overall semi-experiment queue,
as has been used previously. Then the transitions can be simplified as shown in
Table 7.3. The matrices Uék) contain the negative sums of rates and are not shown
in the table, but are used in the Ay matrix to achieve the correct negative sums of
rates of the overall system.

From To Rate | For Description
(n,m,l(k)) | (n+1,m,l(k+1)) Uik) Underlying and sSE arrival
(n,m, 0(k)) (n,m,0(k —1)) v k>1 Underlying departure
(n,m, l(k)) (n—1,7r0(k)) T | 1 >1 sSE departure

Table 7.3: Possible transitions for the (QL, AS,1,sSE) process (compact state
space).

Now we can construct the model matrices, A,, A_, Ay, By for the s-perm
semi-experiment QBD model.

First, let V, be a matrix containing the transition rates in which n — n+1
for a fixed m — m. When this occurs ¢(k) — ¢(k+1) and these rates are contained
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in the matrices Uj(Lk). Then,

Let L(n,m) = {(n,m,€(k)) : k > 0} be the set of phases when the s-perm
queue length is n and the current s-perm service rate is m.

Then, for n > 0,

L(n+1,1) L(n+1,2) L(n+1,3)

L(n,1 Vy 0 0
L(n,2 0 V+ 0
Ay = L(n,3) 0

0 vV,

Let V_(m’r) contain the transition rates in which n — n—1 and m — r
and let Z™") = L. Then,

wy [ 2™ o 0
(myr) £(1) 0 Z(mm) 0
) 0 o zm™

That is, V) s a diagonal matrix where every diagonal element is fi,,7,.
Then, for n > 1,

L(n—-1,1) L(n—1,2) L(n—1,3)
L(n,1) VA VA S A VA S
) V(272) V(273)
)

V(3,2) V_(3,3)
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Let Vo(m) contain the transition rates in which n — n and m — m for
a fixed m. We also need to ensure that the diagonal of Ay contains the negative
sum of all the rates out of each state. Since Vom) will lie on the diagonal of Ay,
we must have the negative sum of rates in the diagonals of the matrices Vo(m). Let
Zém’k) be a diagonal matrix containing the negative sum of the transition rates
out of the states (n,m, ¢(k)). Then, Zém’k) = Uék) — WL, since Uék) is already a
diagonal matrix containing the negative sum of transition rates for the underlying
process and the only other rate to consider is the s-perm queue service rates, fi,.
Hence,

‘/O(m) —

Then, for n > 1,

The structure of By is very similar except that since n = 0, we cannot
have s-perm queue departures, so the negative sum of rates is simply Uék). So, let

00) K1) 42)
w [UP o o
ay | UW Uél) 0

Vs = 02) o U® UéQ) cee 7

L(0,1) L(0,2) L(0,3)
L(0,1) [ Vs 0 0
L(0,2) 0 Vs 0
0= L(0,3) 0 0 Va
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7.3.1 Truncation and Augmentation

As before, we need to truncate the state space for this model to make it finite
and augment the transition rate matrices appropriately. Let M; be the artificial
maximum queue length for the original queue so that 1 < m < M;. Let M, be the
artificial maximum queue length for the underlying queue, so that 0 < k < M,
and 0 < ¢ < M,. It would generally be suitable to have M; = M since the
underlying queue replicates the original queue, and so an appropriate upper bound
for one would be appropriate for the other. The truncated state space is then
S={(n,m,k,i,j) :n>01<m<M,0<k<M,1<j<k0<i<M,1<
k+i< Mz}.

From Section 7.1.2, and letting N = M, note that

UM is k(Mg — k +1) x (k + 1)(My — k), for k> 1
U is My x M,
UM is k(Mg — k + 1) x (k — 1)(My — k +2), for k > 2
UW is My x M,,
UM is k(My — k + 1) x k(Ms — k + 1), for k > 1
U is My x M.
These matrices are as shown in Section 7.1.2.
So, V4 is now a square matrix with dimension M2+Z]kw:21 k(My—k+1) =

My + §M(M + 1)(M + 2). In the states ¢(M,), there cannot be further arrivals
since M is the maximum queue length for the underlying queue. So,

00)  £(1)  02)  eB3) - 0(My)
w [0 U o o 0 |

(@ o o U o 0
S LA
: oo .0
wr-y | 00 0 0 ... pU8eTY
oM2) | 0 0 0 o .- 0 ]

The structure of A, remains the same, with it being truncated to be a
square matrix of size My (M + M (M +1)(M + 2)).
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VO = 1,7, of size My+ LM (M +1)(M+2). Since 7y = 0, V™M =

0 of the same size.

Then, A_ has the same structure and is truncated to be a square matrix
of size My(Ma + tM(M + 1)(M + 2)).

%(m) is a square matrix of size My + ¢ M (M + 1)(M + 2) and Vj is also
a square matrix of size My + ¢ M(M + 1)(M + 2).

Ap and By are truncated to be square matrices of size My (My+ 3 M (M +
(M +2)).

7.3.2 Results

Figure 7.3 shows the queue-length distributions for the original, empirical s-perm
semi-experiment and model s-perm semi-experiment queues. This, along with a KS
test, indicates that the model accurately captures the behaviour of the empirical
semi-experiment. As with previous models, the semi-experiment queue-length has
a more exponential shape than the original, indicating that some of the dependence
has been accounted for. However, since there is still dependence in the arrival
process that is not disrupted by an s-perm semi-experiment, which causes the
departures away from the exponential shape.
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Figure 7.3: The blue and orange plots show the stationary queue-length distribu-
tion of the original (QL, AS, O) model and s-perm semi-experiment (QL, AS, sSE)
model, respectively. The purple plots show the empirical queue length distribution
of an empirical s-perm semi-experiment. That is, a single realisation of the original
queue (run for 20,000 time steps) with a single random permutation of the service
times. The arrival rate is A; = 5/i and the service rate is y; = j + 1. The KS
statistic between the original and semi-experiment models is 0.227600.

7.4 a-perm Semi-Experiment Model

Now we can construct a QBD model for the a-perm semi-experiment applied to
this model with both arrival rates and service rates dependent on the queue length.
It is basically a combination of the (QL,S,aSFE) and (QL, A, aSE) models and is

in some sense the reverse of the s-perm model above.

The inter-arrival times are permuted, so they are exponentially distributed
with the rates \;, according to the proportions 7; in which they occur in the original
queue. That is, they have a hyperexponential distribution.

We create an underlying queue which replicates the original queue in
order to generate an appropriate sequence of service times. This underlying queue
is modified in exactly the same way as for the (QL, S,aSFE) in Section 6.2.1. That
is, the underlying queue will never become empty (it skips its idle period) and the
underlying queue is ‘paused’ when the a-perm semi-experiment queue is empty.
This ensures a correct sequence of service times is generated.
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This a-perm semi-experiment model (QL,AS,aSE) is a single-server
queue such that the:

e Arrival Process has inter-arrival times with a hyperexponential distribu-
tion with rates {\; : ¢ > 1} and mixture distribution {7, : ¢ > 1}.
e Service Times are the sequence of service times generated by the modified

underlying queue.

Now we can consider the state space of the QBD model of this queue.
Let the state be (n,m, k, 1, j), where

e n is the queue length of the a-perm semi-experiment queue,

e m indicates that the current arrival rate for the a-perm semi-experiment
queue is A\,

k is the queue length of the underlying queue,

¢ is the number of departures in the underlying queue since the last arrival,

j is the queue length at the start of the current service in the underlying
queue.

The state space is given by S = {(n,m,k,4,j) :n>0,m>1k>11<
j < k,i > 0}. As in the previous section, this state space can be compacted by
letting ¢(k) = {(k,i,5) : 1 < j < k,i > 0}.

Let UJ(rk), U% and Uék) be the matrices containing the transition rates
for the modified underlying process. They are almost identical to the matrices
A(f), A(_n), Aén) for the original queue in Section 7.1, except that they do not allow

k = 0. That is, we do not have UJ(FO) and Uéo). Further, UY s not AY from
Section 7.1 since we cannot transition to k& = 0. Instead, this transition represents
a departure in the a-perm queue, and a departure in the underlying queue, where
the idle period is immediately skipped back to the next arrival when £ = 1. Hence,
we should have the transition ¢ — 0 since there has been an arrival. So, define

(1,0,1) (1,1,1) (1,2,1) (1,3,1)

(1,0,1) 1 0 0 0

(1,1,1) I 0 0 0
0

-7 (121 I 0 0
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Then the transitions for this process are given in Table 7.4.

From To Rate For Description
(n,m, 0(k)) (n+ 1,7 0(k)) Am Ty aSE arrival
(n,m, £(k)) (n,m,l(k+ 1)) UJ(rk) n>1 Underlying arrival
(n,m,0(k)) | (n—1,m,l(k—1)) u® | n > 1,k > 2 | Underlying and aSE departure
(n,m, £(1)) (n—1,m,¢(1)) U* n>1 Underlying and aSE departure

Table 7.4: Possible transitions for the (QL,AS,aSFE) process (compact state
space).

Now we can construct the model matrices for this QBD process.

Let Zim’r) = A7 L. Let Vim’r) be matrices containing the tranistion
rates such that n -+ n + 1 and m — r. Then,

£(1) £(2) £(3)

1) Zfrm’r) 0 0

V(m’r) B £(2) 0 Zs_m7r) 0
T T |0 o 2z

That is, Vim’r) is a diagonal matrix where each diagonal element is A,,7,.

Let L(n,m) = {(n,m,€(k)) : k > 1} be the set of phases when the a-perm
queue length is n and the current a-perm arrival rate is m.

Then, for n > 0,
L(n+1,1) L(n+1,2) L(n+1,3)
Ly [ VD 0y 08)

+
L) V+(2,1) V+(2’2) V+(2,3)
= L) Vf”l) sz,z) V—I(—3’3)

Let V_ be a matrix containing all the transition rates such that n —n—1
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and m — m for a fixed m. Then,

ey | U 9) 0 0
«2) | U 9) 0 0
V=uw | 0o U®P o0

o(4) 0 o UW

Note that the rates U'") between ¢(1) and ¢(1) allow there to be a de-
parture in the a-perm semi-experiment queue, while not allowing the underlying
queue to become empty. The transition is back to ¢(1) because after an empty
period, the next service rate will begin when a customer enters the queue with a
queue length of k = 1.

Then, for n > 1,

L(n+1,1) L(n+1,2) L(n+1,3)

L(n,1) V_ 0 0
L(n,2) 0 V_ 0
A= L(n,3) 0 0 V_

Let Zém’k) be a diagonal matrix containing the negative sum of transition
rates out of the states (n,m, £(k)). Then, Z\™" = U¥ — A,,Z. Let V™ contain
the transition rates in which n — n and m — m. Then,

(1) £(2) £(3)
w [ 28D oW 0 0
my ) o z™ u?® o
ST 0 0 Zo(m’3) Uf’)

Then, for n > 1,

L(n+1,1) L(n+1,2) L(n+1,3)

L(n,1) Vo(l) 0 0
(2)
L(n,2) 0 V 0
Ay = ; (3)

L(n,3) 0 0 Vo
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When n = 0, the underlying queue is ‘paused’ so there are no underlying
arrivals or departures. The only events that can occur are the a-perm arrivals. So

By = —diag(Ae).

7.4.1 Truncation and Augmentation

The truncation for this process is very similar to that for the s-perm semi-experiment
queue. Let M; be an artificial maximum for the queue length of the original queue,
so that 1 < m < M;. Let M5 be the artificial maximum queue length for the un-
derlying queue. As before, it would be sensible to have M; = M;. Now the
truncated state space is S = {(n,m,k,4,j) :n >0,1 <m < M;,1 <k < M,,0<
i< My, 1<j <k}

From Section 7.1, by setting N = M, and adjusting for k£ # 0, we have
that
UM s k(My — k+1) x (k+1)(My — k), for k > 1
UM s k(My — k+ 1) x (k — 1)(My — k +2), for k > 2
Uj is MQ X MQ,
UF is k(My — k +1) x k(My — k + 1), for k> 1

These matrices are as shown in Section 7.1.2.

Now, VJEmJ“) = A7, Z with dimension ¢ My(M3 +3M,+2). Also, V_ and
Vo(m) are square matrices of dimension ¢ My(M3 + 3M; + 2).

Then, A, A_, Ay and By are square matrices with dimension %MlMQ(MQQ‘f‘
3M; + 2).

7.4.2 Results

Figure 7.4 shows the queue-length distributions for the original, empirical a-perm
semi-experiment and model a-perm semi-experiment queues. This, along with a KS
test, indicates that the model accurately captures the behaviour of the empirical
semi-experiment. We can see a similar shape to the semi-experiment queue-length
distribution as in the (QL, AS, sSFE) model where the dependence is broken in the
arrival stream, but the dependence in the service stream is still present, resulting
in a shape that is not quite exponential.
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Figure 7.4: The blue and orange plots show the stationary queue-length distribu-
tion of the original (QL, AS, O) model and s-perm semi-experiment (QL, AS, aSFE)
model, respectively. The purple plots show the empirical queue length distribu-
tion of an empirical a-perm semi-experiment. That is, a single realisation of the
original queue (run for 20,000 time steps) with a single random permutation of the
inter-arrival times. The arrival rate is A; = 5/i and the service rate is p; = j + 1.
The KS statistic between the original and semi-experiment models is 0.269500.

7.5 Conclusion

In this chapter we constructed a queue with both queue-length-dependent arrival
and service rates and used a queue-length-dependent QBD model to find the sta-
tionary queue-length distribution. We then considered the embedded DTMCs at
the arrival epochs and the start of service epochs. In order to construct QBD
models for the s-perm and a-perm semi-experiments, we required the stationary
probability distribution of these embedded DTMCs. So we constructed a system
of equations and an iterative method of solution to evaluate these. Then we con-
structed the s-perm and a-perm semi-experiment model, which were largely combi-
nations of the previous semi-experiment models in Chapters 4, 5 and 6. Finally, we
compared the stationary queue-length distributions of the semi-experiment queues
to the original and found that the s-perm and a-perm semi-experiments have dif-
ferent effects.
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Restricted Semi-Experiments

8.1 Introduction

Now we explore restricted semi-experiments. So far, we have seen two types
of semi-experiments, the s-perm, which permutes service times, and the a-perm,
which permutes inter-arrival times. We have already seen that these give different
results depending on the form of dependence in the original queue. Restricted
semi-experiments can provide even more information about the nature of the de-
pendence in the original queueing data.

First we will briefly consider restricting by customer classes. Then we
will focus on queue-length-restricted semi-experiments: restricting a-perm semi-
experiments by the queue-length at the start of inter-arrival periods, and restricting
s-perm semi-experiments by the queue-length at the start of service periods. These
are only two examples of queue-length-restricted semi-experiments. It would be
possible to restrict at any epochs of queue-lengths for either a-perm or s-perm
semi-experiments, but the two we use are the most logical to apply to the queue-
length-dependent queue models we have developed.

Note that the queue-length-restricted semi-experiments actually use sam-
pling with replacement rather than permutation (sampling without replacement),
which is explained below. However, we will still use the terms a-perm and s-perm
to refer to these semi-experiments for consistency and to highlight the similarity
to previous unrestricted semi-experiments.

Note that this sampling with replacement does not cause the restricted

173
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semi-experiments to have the same probability of an empty queue as the original
queue, in contrast to the discussion in Section 2.6.3.

8.2 Class-Restricted SEs

The first and most intuitive way to restrict semi-experiments is to separate cus-
tomers into sensible classes. This was done by Varney et al. [1] where patients
entering the ICU were classified by whether they were there for emergency reasons
or elective surgery, the time of day they were admitted, the type of ailment they
suffered from and more. The reason to classify customers like this is because it
may be reasonable to assume that their behaviour is different as they may require
different lengths of service or may arrive with different rates. Then the restricted
semi-experiment can either permute the service times or inter-arrival times of each
customer within those of the same class. If the class is known with certainty, then
this will return a realisation of the original queue for models like the one with
pairwise rates such as those in Section 3.1 and auto-dependence such as those in
Section 3.2.

So if there is no significant difference between the original and restricted
semi-experiment, then the dependence between the arrivals and services can be
fully explained by the customer classes. Even if there is additional dependence in
the queue, by restricting permutations within the classes, this reduces the depen-
dence that may then require further exploration.

8.3 Performing Queue-Length-Restricted SEs

The goal is to perform queue-length-restricted s-perm and a-perm semi-experiments.
This restriction should be logical from a modelling point of view, such as relating
the queue length to each service time being permuted. It should also be possi-
ble to perform. This restriction should also be able to inform about the nature
of dependence in the models that we have. In particular, we use queue-length-
restricted semi-experiments to identify the dependence present in the (QL, S, O)
and (QL, A, O) queues.

One way we might consider performing these queue-length-restricted semi-
experiments is as follows. We label each customer in the original queue with the
class of the queue length at the start of their service. Then we can permute all
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of the service times within customer classes. However, once this permutation is
performed, the queue length process is changed. Hence, those service times associ-
ated with a particular queue-length at the start of service no longer are attributed
to customers of that class. So the pre-labelling of customer classes before per-
mutation is a problem and we should perform the semi-experiment process and
dynamically select appropriate service times for each customer once we know their
queue length at the start of service in the semi-experiment queue. However, there
may be a different number of customers in each class than in the original queue,
so we cannot perform a permutation (sampling without replacement) as we may
not have sufficient service times.

Therefore a different method is proposed. Consider an s-perm semi-
experiment which is restricted according to the queue-length at the start of service.
The basic steps of the restricted semi-experiment is as follows.

e Take the arrival stream and service stream from the observed queue
e Evaluate the queue-length at the start of service for each customer

e Keep the arrival stream and pool the service times according to their queue-
length at the start of service

e ‘Run’ the semi-experiment queue by having each customer arrive according
to the arrival stream. Then calculate what the queue-length will be at the
start of their service.

e Sample with replacement a service time for that customer from the pool with
the appropriate queue-length at the start of service.

Note that in this case, we sample with replacement instead of permut-
ing because the number of required service times from each pool may be greater
than the number in that pool. With ‘enough’ data, the change to sampling with
replacement instead of permuting should not be a significant weakness. Also note
that the semi-experiment queue may reach queue-lengths at the start of service
that were not attained in the original queue and hence no service times will be
available to sample from. In this case, the service times are sampled from the
nearest queue-length pool. This only occurs when the required queue-length is
larger than the maximum queue-length at the start of service observed in the orig-
inal queue, so the nearest pool is that of the maximum. Note that when these
queue-lengths get large, the amount of data available becomes very small. This
can result in strange and insignificant tail behaviour of distributions. So, let ¢ be
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the cut-off for the acceptable number of data points in each pool, and let Pg+« be
the last pool with at least ¢ data points. All pools after Px« are merged into Pg-.

This method is formally described in Algorithm 9. Let A}, Sy, and Q},
be the arrival time, length of service time and queue-length at the start of service
of the mth customer in the original queue, respectively. Let Ay, Sm, Dyt and
@, be the arrival time, length of service time, departure time, start of service time,
and queue-length at the start of service of the mth customer in the restricted semi-
experiment queue, respectively. Let M be the number of customers that visit the
original and semi-experiment queue during the simulation. It is assumed that the
queues start empty so the first service will start when the first arrival occurs with

a queue length of 1.

A similar method is used for the queue-length-restricted a-perm semi-
experiment which is restricted by the queue-length immediately after the previous
arrival. The general method is

e Take the arrival stream and service stream from a simulated queue
e Evaluate the queue-length immediately after each arrival

e Keep the service stream and pool the inter-arrival times according to queue-
length at the start of the inter-arrival period (the queue length immediately
after the preceding arrival)

e One customer at a time, calculate the queue-length immediately after their
arrival in the semi-experiment queue

e Sample with replacement an inter-arrival time for the next customer from
the pool with the appropriate queue-length at the start of the inter-arrival
period.

This method is formally described in Algorithm 10. Let Let Ay, S?
and @7, be the arrival time, length of service time and queue-length at the start of
service of the mth customer in the original queue, respectively. Let A, Sy, Dy, and
Q. be the arrival time, length of service time, departure time, and queue-length
immediately after arrival of the mth customer in the restricted semi-experiment
queue, respectively. Let T = A* —A* | and T, = A,,— A,,—1 be the inter-arrival
times of the mth customer in the original queue and the semi-experiment queue,
respectively and 77 = A} and T} = A;. Let M be the total number of customers.
It is assumed that the queue starts empty and that the first inter-arrival time has
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an associated queue-length of 1 by definition. Note that we once again merge pools
of size less than c.

Algorithm 9: The algorithm for a queue-length-restricted s-perm semi-
experiment which is restricted at the queue-length at the start of service.

Input: A;L,S;,@j;z form=1,...,M, c
Set A,, =A;, form=1,...,.M
SetK:max{@j‘n:mzl,...,M}
Set Po={S: :Q* =km=1,..., Myfork=1,...,K
Set K*=inf{k=1,2,...,K | |P| < ¢}

K

SetPK*: U Pk

N k=K*
Set Q1 =1 and t = A,
Sample with replacement S; from P;
Set D1 = A1 + 81
form=2,...,M do
if A, > D,,_; then

Set by = Ap,
Set @, =1

Sample with replacement S, from P,
Set D,, = A, + S,

else
Set &, = Dyy1

M A~ ~
Calculate n = > Z{t,, 1 < A; <t}
i=1
SetAQm = Qm—l +n—1

if ), < K* then
Sample with replacement S,, from P,

else
Sample with replacement S, from Pg-
end if
Set Dm = Dmfl + Sm
end if

end for
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Algorithm 10: The algorithm for a queue-length-restricted a-perm semi-
experiment which is restricted at the queue-length at the start of inter-
arrival periods.

Input: A;,S;,é:n form=1,...,M, c

Set Sy, =55 form=1,..., M

Set K:max{@fn:mzl,...,M}

Set P, = {T7% : Q* kbm=1,... M}yfork=1,... K

m—1 —

Set K*=inf{k=1,2,...,K | |P| < ¢}
K
Set PK* = U Pk

_ k=K~

Set Ql =1

Sample with replacement 77 from P,
Set Al = Tl

Set D1 = Al + Sl
form=2,...,M do
if Q,,1 < K* then
Sample with replacement T}, from Pémq
else
Sample with replacement T}, from Py~
end if
Set A,, = Ayt + 1)y,
if A,, > D,,_; then
Set Dy, = A + Sy
Set @, = 1
else
Set Dm = Dm_1 + Sm

M

Calculate n = Y Z{A,,—1 < D; < A,,,}
i=1

Set Qm:mel —n+1

end if
end for

8.4 Queue-Length-Dependent Models

In this section, we apply these queue-length-restricted semi-experiments to the
queue-length-dependent models.
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8.4.1 Queue-Length-Dependent Service Rates

First, consider the original (QL, S, 0) model, with queue-length-dependent ser-
vice rates. We can apply the restricted s-perm and a-perm semi-experiments to
simulations of this model. These queues will be labelled as (QL, S, RsSFE) and
(QL, S, RaSFE), respectively. Figure 8.1 shows the stationary queue-length distri-
butions for the original model, the standard s-perm and a-perm semi-experiment
models, and the empirical queue-length distribution for the simulated restricted
s-perm and a-perm semi-experiments.
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Figure 8.1: The blue plot shows the stationary queue-length distribution for the
(QL,S,0) queue with A = 2 and p; = 2.1 + 0.044%,i > 1. The purple and
orange plots show the stationary queue-length distribution for the (QL, S, sSFE)
and (QL,S,aSFE). The yellow and green plots show the queue-length distribution
for restricted s-perm and a-perm semi-experiments performed on a simulation of
the original queue with 20,000 time steps. Here we chose ¢ = 5.
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Using the KS test, the queue-length distributions for the original queue
and the restricted s-perm semi-experiment queue are statistically indistinguishable.
This is as expected since the original queue’s dependence was entirely through the
queue-length at the start of service. Hence, restricting the permutations to have
the same queue-length at those points produced another simulation of the original
queue.

As explored in Chapter 6, the standard s-perm semi-experiment has a
larger variance than the a-perm semi-experiment since permuting the service times
more completely disrupted the dependence.

The restricted a-perm semi-experiment is very similar to the standard
a-perm semi-experiment. This would be expected as the inter-arrival times are
independent and identically distributed, so permuting with the restriction should
have no significant difference to the standard permutation. However, there are
differences in the tails of the distributions. This can be explained by the limited
data available for larger queue-lengths, and the merging of smaller pools of data,
which change the distribution at these extreme values.

We demonstrate that this is responsible for the differences in the queue-
length distributions of the a-perm and restricted a-perm semi-experiments, as fol-
lows. Since the original model is known, when the restricted semi-experiment has
a queue length greater than K™ at arrival, the inter-arrival times are sampled in-
dependently from an exponential distribution with rate A. This method produces
simulations which pass the KS test and show that the a-perm and restricted a-perm
semi-experiments are from the same distribution, as expected.

Note that this issue does not have such a large effect on the restricted
s-perm semi-experiment. Since the dependence is retained, the queue-length is
kept low and to a similar range as the original queue. Hence, there is a suitable
amount of data for this semi-experiment.

8.4.2 Queue-Length-Dependent Arrival Rates

Now consider the original model (QL, A, O) with queue-length-dependent arrival
rates. We can apply the restricted s-perm and a-perm semi-experiments to this
queue. These will be labelled (QL, A, RsSE) and (QL, A, RaSE), respectively.
These are shown in Figure 8.2.
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Figure 8.2: The blue, purple and orange plots are the stationary queue-length
distributions for the (QL, A, O) queue, the s-perm semi-experiment (QL, A, sSE)
and the a-perm semi-experiment ()L, A, aSE), respectively, with \; = 4/j and
i = 2. The yellow and green plots are the empirical queue-length distributions for
the restricted s-perm and a-perm semi-experiments applied to a simulation of the
original queue with 20,000 time steps. Here we chose ¢ = 5.

The restricted a-perm semi-experiment on this model only samples inter-
arrival times which had the same queue length immediately after the previous ar-
rival. This exactly describes the dependence of this model and hence the restricted
a-perm semi-experiment is simply another realisation of the original model. This
is observed in Figure 8.2 and the KS test for these distributions indicate that they
are not statistically significantly different.

Similar to before, the restricted s-perm semi-experiment appears to be
quite similar to the s-perm semi-experiment, but the variance is quite a bit smaller
and the distributions have differing behaviour in the tails. This is due to similar
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issues as above where there is less data at more extreme queue lengths and hence
we merge these pools. This can be shown by sampling those service times from
queue-lengths with no data from the true distribution, Fxp(u). This creates a
queue that is not significantly different to the standard s-perm semi-experiment,
according to the KS test.

8.4.3 Queue-Length-Dependent Arrival and Service Rates

Now consider the (QL, AS,O) original model where both the arrival rates and
service rates depend on the queue length at the previous arrival and start of service,
respectively. We can apply the queue-length-restricted semi-experiments to this
model, as shown in Figure 8.3. This shows that the queue-length-restricted semi-
experiments are both more similar to the original queue than the standard semi-
experiments. This is expected as the queue-length-restricted semi-experiments
retain some of the dependence structure in the original queue. However, neither
is completely a realisation of the original queue since some of the dependence is
still disrupted. For example, the restricted s-perm semi-experiment accounts for
the dependence structure within the service stream, reducing the variance of the
queue-length distribution. However, the sampling with replacement of the service
times still disrupts the overall dependence in the queue, since it depends on the
queue length which depends on both the arrival and service times.
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Figure 8.3: The blue, purple and orange plots are the stationary queue-length
distributions for the original (QL, AS,O) queue, the s-perm semi-experiment
(QL, AS, sSFE) and the a-perm semi-experiment (QL, AS, aSE), respectively, with
Ai = 5/i and p; = 14 0.8j. The yellow and green plots are the empirical queue-
length distributions for the restricted s-perm and a-perm semi-experiments applied
to a simulation of the original queue with 20,000 time steps. Here we chose ¢ = 5.

8.5 Pairwise Models

8.5.1 Proportional Service Times

Now consider the original model to be (P, P, O) where the service time of each cus-
tomer is proportional to their inter-arrival time. While the queue-length-restricted
semi-experiments do not specifically target the dependence present in this model,
it is interesting to explore the effect. More importantly, we wish to know whether
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the effect is different to the previous models to work towards identifying the differ-
ent types dependence present in queueing data. Figure 8.4 shows the queue-length
distributions for these restricted semi-experiments.
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Figure 8.4: The blue plot shows the stationary queue-length distribution for the
original (P, P,O) queue, where A = 2 and v = 0.8. The purple plot shows the
stationary queue-length distribution for the s-perm and a-perm semi-experiments,
(P, P,SE), which are the same. The orange plot and yellow plot show the em-
pirical stationary queue-length distribution for the restricted s-perm and a-perm
semi-experiments performed on a simulation of the original queue run for 60,000
customers. Here we chose ¢ = 5.

Recall that for this model, the s-perm and a-perm semi-experiments were
the same M/M/1 queue since they both broke the direct dependence between
each customer’s inter-arrival time and service time. Since the dependence in this
model is not directly through queue-length, it would seem logical to assume that
the restricted a-perm and s-perm semi-experiments would be no different to the
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unrestricted versions since they still break the connection between inter-arrival
and service times. The restricted a-perm semi-experiment appears to be quite
similar to the standard semi-experiments. The queue-length distribution has some
differing behaviour in the tail, but this is explained by the lack of data at more
extreme queue-lengths, as seen in the previous models.

However, the restricted s-perm semi-experiment is clearly quite different
to the other semi-experiments and consistently passes the KS test to have the
same queue-length distribution as the original queue. So, consider the differences
between the restricted s-perm and a-perm semi-experiments. For the restricted a-
perm, the inter-arrival times are chosen according to the queue-length immediately
after the previous arrival. This queue-length is determined before the inter-arrival
time (and service time) of the customer is even selected since it depends on all the
inter-arrival times and service times prior to the previous arrival epoch. Hence,
there is no dependence between the queue-length and the following inter-arrival
time in the original queue, which is sampled independently from Fxzp()\).

The restricted s-perm chooses service times according to the queue-length
at the start of service. In the original queue there is a dependence between this
queue-length and the service time. Consider the following:

A particularly long inter-arrival time before mth arrival

!

More departures (on average) before mth arrival

!

Short queue length at mth arrival

!

mth customer’s waiting time until they begin service is short

!

Fewer arrivals (on average) during this waiting time

1
Short queue length at the start of the mth service.

So a particularly long inter-arrival time can lead to a short queue length
at the start of service, and vice versa. Also, if the mth inter-arrival time is long,
then the service time is directly proportional and also particularly long. So a
short queue length at service is associated with long service times, and vice versa.
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Hence, when the restricted s-perm semi-experiment is performed, the service times
selected from the pools will be quite similar to each other. This leads to a strong
similarity to the original queue since the sequence of service times is similar.

These ideas are demonstrated in Figure 8.5 and Figure 8.6. These figures
compare the the inter-arrival and service times grouped by the relevant queue-
lengths to independent exponential samples in the groups of the same size. This
comparison in Figure 8.5 shows that the inter-arrival times are independent of the
queue-length at the prior arrival since the distribution of the inter-arrival times
is not significantly different to the random exponential sample. Figure 8.6 shows
that the service times are dependent on the queue length at the start of service
where smaller queue lengths have larger service times and vice versa, as this plot
is very different to the random exponential samples.

There does seem to be a stronger and more formal relationship where
the queue-length restricted s-perm semi-experiment preserves some queue-length
dependence for a broad range of models. However, we leave this as potential
further work.

oéééééééééé @aﬂ_ bbuht m 1

QL at service Group

Figure 8.5: The left plot shows box-plots of the inter-arrival times in a simulation
of the original queue with A\ = 2 and v = 0.8 and 60,000 customers, grouped by
the queue length at the start of the inter-arrival period. The right plot shows
box-plots of random independent samples from an exponential distribution with
rate A, in groups of the same size as the right plot.
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Figure 8.6: The left plot shows box-plots of the service times in a simulation of
the original queue with A = 2 and v = 0.8 and 60,000 customers, grouped by the
queue length at the start of service. The right plot shows box-plots of random
independent samples from an exponential distribution with rate \/v, in groups of
the same size as the right plot.

8.5.2 BED Inter-arrival and Service Times

Now consider the original model to be (P, BED, O), where the inter-arrival times
and service times have a bivariate exponential distribution. Again, we apply the
queue-length-restricted semi-experiments to this model, shown in Figure 8.7. The
results are very similar to the previous model: the restricted a-perm performed
similarly to the standard semi-experiments with the exception of differing tail
behaviour due to lack of data; and the restricted s-perm appeared as a realisation
of the original queue due to the dependence between the queue length at start of
service and the service times.
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Figure 8.7: The blue plot shows the stationary queue-length distribution for the
original (P, BED,O) queue, where A = 2.5, 4 = 3 and p = 0.9. The purple plot
shows the stationary queue-length distribution for the s-perm and a-perm semi-
experiments, (P, BED, SE), which are the same. The orange plot and yellow plot
show the empirical stationary queue-length distribution for the restricted s-perm
and a-perm semi-experiments performed on a simulation of the original queue run
for 60,000 customers. Here we chose ¢ = 5.

8.5.3 Pairwise Arrival and Service Rates Dependence

The original model here is (P, C,O) where the the arrival rate and service rate
of each customer depends on an external class of the customer. Figure 8.8 shows
the application if the queue-length-restricted semi-experiments are applied to this
original model. The results again are very similar to the previous pairwise models,
however the effect can be seen as slightly weaker since the dependence in this
model is through the rates, rather than the actual times. A high rate does not
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guarantee a small time, though it is more likely. Despite this, the restricted a-
perm semi-experiment appears close to the standard semi-experiments, with the
exception in the tail of the distribution due to a lack of data at higher queue
lengths. The restricted s-perm semi-experiment appears to be a realisation of the
original queue. This is confirmed by KS tests.
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Figure 8.8: The blue plot shows the stationary queue-length distribution for the
original (P,C,O) queue, where A = [1,4,8,12], u = [1.4,4.4,8.1,13] and ©* =
[0.4,0.2,0.1,0.3]. The purple plot shows the stationary queue-length distribution
for the s-perm and a-perm semi-experiments, (P, C, SE), which are the same. The
orange plot and yellow plot show the empirical stationary queue-length distribution
for the restricted s-perm and a-perm semi-experiments performed on a simulation

of the original queue run for 60,000 customers. Here we chose ¢ = 5.
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8.6 Auto-Dependence Models

8.6.1 Auto-dependent Arrival Rates

Now we apply the queue-length-restricted semi-experiments to the (A, A, O) orig-
inal queue with auto-dependent arrival rates. These semi-experiments are shown
in Figure 8.9. The KS test confirms that the queue-length distributions for the
original queue and the restricted s-perm queue are from the same distribution.
This is expected since the dependence is only within the arrival stream and the
service times are all independent and exponentially distributed with rate p. So the
s-perm and restricted s-perm are simply permuting identical and independent sam-
ples. Hence, there is no disruption of the dependence structure and they appear
as realisations of the original queue.

The restricted a-perm semi-experiment is different. The example in Fig-
ure 8.9 shows that the standard a-perm semi-experiment has a much smaller vari-
ance in queue length than the original queue. This is because in this example the

original queue has long periods with a larger arrival rate and long periods with
a smaller arrival rate, since A = [1.2,1.95] and P* = 882 88§ . This leads to
longer queue lengths as seen in the plot of the distribution. The variance for the
restricted a-perm semi-experiment is smaller than the original, but larger than the
standard a-perm. This is due to some dependence between the inter-arrival times
and the queue-length immediately after the previous arrival. Suppose the queue
length at an arrival is particularly large. Then it is likely that the arrival rate
has been large for some time preceding this. In our example, this means that it is
likely to keep the large arrival rate, due to the transition probabilities in P*. More
generally, the queue-length at the previous arrival can provide some information
about the the previous few arrival rates, and P* informs the most likely rate for

the new inter-arrival period. This can be shown analytically as follows.

Let @m be the queue length immediately after the mth arrival and let
A be the rate of the inter-arrival time between the (m — 1)th and mth arrivals.
If A+t and Q,, were independent, then P(A™H) = X\, | Q,, = i) = P(AHD) =
Ar) = 7. However, it can be shown this is not the case.
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where 7, = lim P(Q,, = i) and is calculated below. Note that P(Q,, = i |
m—00

Am=1) =\ @m_l = j) is equivalent to the probability that there are exactly
j — i+ 1 departures during an inter-arrival period with arrival rate \,. This is

LV
] n
given by (H/\n) RS
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Now note that when ¢ = 1, the possible queue lengths at the previous
arrival is j = 1,2,.... Also note that we need to calculate the probability of j
departures during an inter-arrival period that begins with a queue length of j.
This means the queue will be empty and hence the probability that an arrival will

Jj—i+1
occur next is 1. Hence this probability is given by (Fr/\L) :

So,
X X F joikl '
Z_:pne Zz: %i (lﬁ-/\n) u—i-r;\ an? fOI'ngSK,ZZQ
qi,f = K 00 j
Z ezm (Mﬂn) G forl<(<K,i=1.

Now, we need to calculate 7; for ¢ > 1. For i > 2,

7= lim P(Q,, =)
m—00

= lim Y P(Qm=1i|Qn-1=J)PQn1=J)
j=i—1

7, lim P(Qm=1| Qm-1=7)

m—00

@P(@m =1 Q1 = j), since independent of the limit

K
Ty lim P(Qu =] Qu-1 =4, A"V = M)PA™ Y = N | Quot = )

— 00
7 1 k=1
K j—i+1
- 1 M

Note that we can justify swapping the sum and limit since all the values
are non-negative and the sum is clearly finite (< 1).

Using arguments as above, for ¢ = 1,
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So,
0 K j—i+1 A\
. .
[ A (Es) A friz2
T = ]o_o K
; J =1 (Nf)\k> qjk for i = L,
subject to
o0
=1
=1
Original/ s-perm a-perm
Mean: 4.08 Mean: 3.01
SD: 5.65 SD: 3.51
202 202
S )
© ©
g 8
& 0.1 & 0.1
0 0
0 10 20 0 10 20
Queue Length Queue Length
Restricted s-perm Restricted a-perm
Mean: 3.84 Mean: 3.43
SD:5.44 SD: 4.42
202 202
S i)
© ©
5 g
i 0.1 & 0.1
0 0
0 10 20 0 10 20
Queue Length Queue Length

Figure 8.9: The blue plot shows the stationary queue-length distribution for the
original (A, A, O) queue and the a-perm semi-experiment (A, A, aSE) queue, where
A =[1.2,1.95], p =2 and P* = [0.98,0.02;0.02,0.98]. The purple plot shows the
stationary queue-length distribution for the a-perm semi-experiments. The orange
plot and yellow plot show the empirical stationary queue-length distribution for
the restricted s-perm and a-perm semi-experiments performed on a simulation of
the original queue run for 20,000 time steps. Here we chose ¢ = 5.
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Figure 8.10 demonstrates the relationship between the queue length im-
mediately after an arrival and the probability of being in each customer class. In
this example, when the queue length at arrival is low, it is more likely that the
next arriving customer will be from class 1, which has a smaller arrival rate, and
when the queue length is high, it is more likely that the customer has class 2
with a larger arrival rate. This is because, with these parameters, there is a high
probability that customers who arrive at similar times have the same arrival rate
class. So the queue length at arrival can inform us which arrival rate class is most

likely.
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Figure 8.10: This plot shows the probability of being in arrival class 1 (with
A1 = 1.2) in the blue line and arrival class 2 (with Ay = 1.95) in the orange line
as the queue length at the start of inter-arrival periods increases. This is for the
same parameters in Figure 8.9.

8.6.2 Auto-dependent Service Rates

Now we apply the queue-length-restricted semi-experiments to the (A, S, O) origi-
nal queue with auto-dependent service rates. These are shown in Figure 8.11. The
KS test shows that the original, a-perm, and restricted a-perm queues have the
same queue-length distribution. Since the dependence is only within the service
stream, permuting the inter-arrival times does not disrupt the dependence. Hence
the restricted a-perm is the same as the standard a-perm. The restricted s-perm
has a greater variance than the standard s-perm and is more similar to the original
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queue. This is because there is a dependence between the service rates and the
queue length at the start of service. If the queue length is large, then it is more
likely that recent service rates were small and hence this can inform the next likely
service rate. This is an almost identical feature to the one noted for the restricted
a-perm semi-experiments in the auto-dependent arrival rates model.

Original/ a-perm s-perm
Mean: 4.52 Mean: 2.33
0.3 SD: 6.99 0.3 SD: 2.98
z z
202 802
O o]
o o
Q0.1 o 0.1
0 [T O ™
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Queue Length Queue Length
Restricted s-perm Restricted a-perm
Mean: 4.21 Mean: 5.1
0.3 SD: 6.24 0.3 SD:8.18
2 2
202 202
O o]
o o
& 0.1 A 0.1
0 0
0 10 20 30 40 0 10 20 30 40
Queue Length Queue Length

Figure 8.11: The blue plot shows the stationary queue-length distribution for
the original (A, S, O) queue and the s-perm semi-experiment (A, S, sSFE) queue,
where pp = [2,6], A = 2 and P* = [0.98,0.02; 0.02,0.98]. The purple plot shows the
stationary queue-length distribution for the a-perm semi-experiments. The orange
plot and yellow plot show the empirical stationary queue-length distribution for
the restricted s-perm and a-perm semi-experiments performed on a simulation of
the original queue run for 20,000 time steps. Here we chose ¢ = 5.
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8.6.3 Auto-dependent Arrival and Service Rates

Now consider the (A, AS,O) original model with auto-dependent arrival rates
and auto-dependent service rates with no cross-dependence. The queue-length-
restricted semi-experiments for this model are shown in Figure 8.12. The KS test
applied to all of these queue-length distributions indicates that none of them are
from the same distribution. As discussed in Chapter 3, the original, s-perm and
a-perm queues are all different in general. Now consider the restricted s-perm
and a-perm semi-experiments. The restricted s-perm semi-experiment has a larger
variance (in this example) than the standard s-perm and hence looks more like the
original queue. This is due to dependence between the service times and queue-
lengths at the start of services as seen in the restricted s-perm semi-experiment
for the model with auto-dependent service rates. The restricted a-perm semi-
experiment has a greater variance than the a-perm semi-experiment here due to
the analogous dependence between the inter-arrival times and the queue length at
the previous arrival, as seen before. Note that the tail ends of these queue-length
distributions are ‘wobbly’ due to the lack of data at higher queue-lengths, also as
seen before.
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Figure 8.12: The blue plot shows the stationary queue-length distribution for
the original (A, AS,0) queue, where A = [1,1.5,2], p = [1.5,3], and P*4 =
[0.97,0.03,0;0.97,0.03; 0.03,0,0.97] and P** = [0.98,0.02;0.02,0.98]. The purple
plot and orange plot show the stationary queue-length distributions for the a-
perm (A, AS,aSFE) and s-perm (A, AS, sSFE) semi-experiment models. The yellow
and green plot show the empirical stationary queue-length distribution for the
restricted s-perm and a-perm semi-experiments performed on a simulation of the
original queue run for 20,000 time steps. Here we chose ¢ = 5.

8.7 Conclusion

In this chapter we considered different ways to restrict semi-experiments, includ-
ing restricting permutations to customer classes, permuting service times within
customers with the same queue-length at the start of service periods, and per-
muting inter-arrival times within customers with the same queue-length at the
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start of inter-arrival periods. We then provided algorithms for the latter two re-
stricted semi-experiments. These queue-length-restricted semi-experiments were
applied to all the dependence queue models and the queue-length distributions
were compared to the original and standard semi-experiment queues.

We found that applying the appropriate queue-length-restricted semi-
experiment to the queue-length-dependent queues gives a queue-length distribu-
tion like the original queue, as expected since the restricted permutation does
not disrupt the dependence structure. The other queue-length-restricted semi-
experiment was the same as the standard semi-experiment except for some tail
behaviour due to small sample sizes in extreme queue-length values.

When applying the restricted semi-experiments to the pairwise depen-
dence models, we found that the restricted s-perm semi-experiment reproduced
the original queue, while the restricted a-perm semi-experiment was equivalent
to the standard s-perm/a-perm semi-experiment. This was due to dependence
between a customer’s inter-arrival time and the queue-length when they begin
service.

In the auto-dependence models, the restricted s-perm applied to the
(A, A, O) queue is equivalent to the standard s-perm which is equivalent to the
original queue since this does not disrupt the dependence. The restricted a-perm
semi-experiment is different to the standard a-perm since there is a remaining
dependence between the queue-length at the previous arrival and the current ar-
rival rate, which we explained analytically. Very similar results are found for
the (A, S,0) queue. The queue-length-restricted semi-experiments applied to the
(A, AS, O) queue have the same additional dependence between the queue-length
at arrivals and services to arrival and service rates as the previous two models.



Chapter 9

Diagnosing Dependence Types

To summarise the previous chapters, we have constructed models for three broad
types of dependence between the arrival process and service times of queues. These
are:

e Pairwise Dependence, including

— the service times proportional to inter-arrival times (P, P, O),

— the inter-arrival times and service times have a bivariate exponential
distribution (P, BED, O), and
— the customers having classes with related inter-arrival and service rates

(P,C,0,).

e Auto-dependence, where the inter-arrival and service rates depend on a
customer class within the arrival or service stream, including
— auto-dependence within the arrival stream (A, A, O),
— auto-dependence within the service stream (A, S, O), and
— auto-dependence within both the arrival and service stream without

and cross-dependence (A, AS, O).

e Queue-Length-Dependence, where the inter-arrival and service rates de-
pend on the queue length, including

— the service rates depend on the queue length at the start of the service
period (QL, S, 0),
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— the arrival rate depends on the queue length immediately after the
previous arrival (QL, A, O), and

— a combination of the two previous queue-length-dependent models (Q L, AS, O).

The aim is to distinguish between these types of dependence in queueing
data in order to suggest an appropriate model. This is achieved by analysing semi-
experiments of these queues. To summarise the types of semi-experiments we have
considered are

e s-perm where the arrival stream is maintained and the service times are
randomly permuted (sSE),

e a-perm where the service stream is maintained and the inter-arrival times
are randomly permuted (aSE),

e Class restricted s-perm/ a-perm where the service times/ inter-arrival
times are permuted within some known external classes,

e Queue-length-restricted s-perm where the arrival stream is maintained
and the service times are permuted within those customers who had the same
queue length at the start of service (RsSFE), and

e Queue-length-restricted a-perm where the service stream is maintained
and the inter-arrival times are permuted within those customers who had
the same queue length at the start of the inter-arrival period (RaSE).

Assume we have queueing data with suspected dependence between the
arrival process and service times. First, if there are known classes of customers
which are likely to have different arrival and/or service rates, then all semi-
experiments should be performed restricted to these classes. If this restriction
significantly reduces the difference between the semi-experiments and the original
queue, then these classes account for some of the percieved dependence in the naive
semi-experiments. Hence, they should be included in the models. Then, the flow
chart in Figure 9.1 shows an approach to distinguish between the dependence mod-
els we have explored. The flow chart summarises the information already discussed
in previous chapters. The symbols O, sSE,aSFE, RsSE, RaSFE represent the orig-
inal, s-perm, a-perm, queue-length-restricted s-perm and queue-length-restricted
a-perm queues. To interpret the questions posed in the blue boxes, consider the
example ‘sSE = O7’. This questions asks whether the s-perm queue and the
original queue have significantly different queue-length distributions (perhaps ac-
cording to the KS test, or some other measures). If they are significantly different,
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the answer is ‘No’, otherwise the answer is ‘Yes’. The yellow diamonds show the
decisions that can be made from the flow chart, mostly the type of dependence in
the queue.

Potential Pairwise Dependence Note that the ‘Potential Pairwise Dep’ de-
cision represents all queues with a pairwise dependence between the inter-arrival
times and service times, as well as some other possible examples. We have not
explored these other cases here and leave them for further work, but such an exam-
ple could be when a service time depends on the previous two inter-arrival times.
If we assume pairwise dependence, a little more work is required to further dis-
tinguish between the three models considered in Chapter 3 using the correlation
coefficient. First, the simplest model (P, P,O) can easily be identified since all
the service times are equal to some constant multiple of the inter-arrival times for
each customer. This means that the correlation coefficient between inter-arrival
times and service times is always 1. For the (P, BED, O) model, the correlation is
specified by the parameter 0 < p < 1. This means the model has the capacity for a
very high correlation coefficient The (P, C, O) model has the dependence through
the rates/means of the inter-arrival times and service times, rather than the ac-
tual times themselves. This means that the correlation coefficient will generally
be smaller than what is attainable in the (P, BED,O) model, and increases as
the number of classes increases. Therefore, if the correlation coefficient is large,
then the (P, BED,O) model is likely more suitable. If the correlation coefficient
is small, then either model may be suitable. Since a queue with smaller correla-
tion has a weaker dependence and effects from semi-experiments, the difference
between these models is negligible when seeking a useful model.

Other The ‘Other’ decision represents other queues which we may not have
considered here. This also includes the (QL, AS, O) queue. To help identify this
queue, we note that the RaSE and RsSE queues both become much more similar
to the original than the standard s-perm and a-perm semi-experiments.
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Figure 9.1: Flow chart for diagnosing dependence types.
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Conclusion

Due to the many applications of queues in our modern society, it is important to be
able to accurately model various and complex queues. We have seen examples of
queues with unexplained dependence between the arrival and service processes in
the ICUs studied by Varney et al. [1]. Hence, in this thesis we have proposed and
explored several different queueing models with dependence between the arrival
and service processes, and developed methods for detecting, classifying and gain-
ing insight into the various forms that this dependence can take. We used a variety
of semi-experiments to disrupt the dependence structure in these queues and com-
pare them to the original queues to identify the dependence structure and the role
it plays in the queue’s behaviour. In particular, we chose a modelling approach to
applying semi-experiments in order to gain an understanding of how they interact
with dependence structures in queues as well as provide more computationally
efficient methods for calculating the stationary queue-length distributions, com-
pared to simulation methods. This investigation culminated in a proposed method
for exploring and differentiating between different forms of dependence between
arrivals and services in queues, and suggested appropriate models.

In Chapter 3, we proposed some models with simple forms of dependence
and demonstrated how semi-experiments can be modelled and used to detect and
identify this dependence. This was extended in Chapters 4, 5, 6, and 7, where we
proposed more complex queue-length-dependent queues and constructed models
for both the a-perm and s-perm semi-experiments. In Chapter 8, we considered
restricted semi-experiments to further classify the types of dependence. Finally,
Chapter 9 summarised the results of the previous chapters and proposed a flow
chart to use various semi-experiments to differentiate between queueing models
with dependence between the arrival and service processes. So, if a real-world
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queue is found to have dependence between the arrival process and service time
distribution, one could use a range of empirical semi-experiments and compare the
results to this flow chart to narrow down a set of appropriate models to implement
to accurately describe the data.

10.1 Future Work

There are several directions for future work. Firstly, we have restricted all the
queues to be single-server queues, with infinite capacity and a first-come, first-
served service protocol. There are many other types of queueing systems which
we could consider and which can be useful for modelling real-world scenarios. We
could also consider queues with multiple or infinitely many servers or queues with
a finite capacity in which arrivals are lost when the queue length is at its limit. We
could have impatient customers who choose not to enter the queue if it is too long
(balk) or choose to leave while waiting (renege). We could also consider various
queueing disciplines, such as last-come, first-served or random service selection,
or arriving customers are served according to their particular priority. This last
discipline in particular could induce a dependence between the arrival and service
process if the priority scheme is not observed. We could also consider systems with
parallel queues that customers can choose between, or a network of queues.

Secondly, there are other forms of dependence between the arrival and
service processes of queues. To have a more robust method, we need to consider
how we can detect and classify as many forms of dependence as possible. Some
particular models are explored in the literature review in Section 2.5.

These other forms of dependence and various types of queues would lead
to the need for a larger suite of semi-experiments. For example, in infinite-server
queues, it is possible to permute the service times and retain the departure points,
since the customers do not need to be served sequentially.

Another topic of further investigation was alluded to in Chapter 9. This is
that equivalent queue-length distributions can occur even when the semi-experiment
model is distinct from the original model, as we saw when the restricted s-perm
semi-experiment was applied to models with pairwise dependence. While we pro-
vided some explanation for why this may occur, it is not a well-understood phe-
nomenon there is evidence that there is a stronger and more general relationship
that should be investigated further in order to more fully understand how various
semi-experiments behave and how to interpret them in terms of the dependence
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within the queue.

Finally, this method of detection and classification is just one step in the
process of accurately model queueing data. We would ultimately like to develop
a tool that can be used to detect, classify and quantify dependence between the
arrival and service processes in queueing data, including a variety of queueing
systems with different protocols. Then we would be able to propose an appropriate
model for the data and propose methods for fitting the parameters to the data.
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Labels of Queues in This Thesis

In this thesis queues are labelled using (X, Y, Z), where X is the broad dependence
type, Y is the more spcific dependence type, and Z specifies which type of queue.
Table A.1 displays all the possible combinations of X and Y used in the thesis.
Table A.2 displays all the possible values of Z used in this thesis.
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X Y Description
p p Pairwise dependence where service
times are proportional to arrival times
Pairwise dependence where arrival and service
P | BED .. S e
rates have a bivariate exponential distribution
p c Pairwise dependence where arrival and
service rates depend on customer class
A A Auto-dependence where arrival rates
depend on previous arrival rate
A g Auto-dependence where service rates
depend on previous service rate
Auto-dependence where arrival rates depend
A AS on previous arrival rate, and service rates
depend on previous service rate
oL g Queue-length dependence where service rates
depend on queue-length at the start of service
oL A Queue-length dependence where arrival rates
depend on queue-length at start of inter-arrival period
Queue-length dependence where arrival rates
depend on queue-length at start of inter-arrival period,
QL | AS .
and service rates depend on queue-length
at the start of service
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Table A.1: All combinations of the X and Y components in the (X,Y, Z) labels
of queues used in this thesis.

Z Description
O Original queue
SE Semi-experiment queue when
s-perm and a-perm are indentical
sSE s-perm semi-experiment queue
aSE a-perm semi-experiment queue
s-perm semi-experiment queue, restricted to permuting
RsSE within customer classes of the same queue-length
at the start of service
a-perm semi-experiment queue, restricted to permuting
RaSFE within customer classes of the same queue-length
at the start of inter-arrival period

Table A.2: All possibilities of the Z component in the (X, Y, Z) labels of queues
used in this thesis.
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