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Chapter 1

Introduction

Between 2014 and 2016, West Africa experienced a devastating outbreak of
the Ebola Virus Disease (EVD) that resulted in over 11,000 deaths across
Guinea, Liberia and Sierra Leone [I]. The 2014-2016 outbreak was the most
deadly EVD outbreak in history, and the rapid spread resulted in a world-
wide humanitarian effort to help the affected countries. One line of defence
against the outbreak was the development of an effective vaccine.

On 29" September 2014, the World Health Organisation (WHO) con-
vened in Geneva to discuss two potential vaccines to the EVD [15]. It was
concluded that after the vaccine passed early safety trials, the vaccine effec-
tiveness would be tested in a full scale trial in Guinea with nearly 12,000
participants. The vaccine was administered in a ring formation where con-
tacts of infected individuals or those at risk of infection were vaccinated [13].
This trial showed the vaccine was effective and the outbreak ended soon af-
ter. It is unclear whether the vaccine ended the outbreak or an increase in
awareness of the disease and how it spread led to its control. The vaccine
trial was implemented late into the outbreak and this highlighted a need for
expedited trials and hence a framework for quickly finding an optimal vaccine
trial design.

This scenario formed the motivation of this research; creating models for

1



2 Chapter 1. Introduction

a novel disease to investigate methods for finding an adaptive trial design
that is optimal. However, mid-way through this research project, another
fatal disease broke out, although this time globally, the SARS-CoV-2 2019
virus. This virus spread, ravaging the world population and, in some cases,
effectively shut down whole countries’ economies. As such, there has been a
lot of interest in finding effective vaccines and trialling them on the general
population. Like with the EVD outbreak, there was much discussion about
expedited trials on the general population. These would have the goals of
both learning about the vaccine efficacy itself and slowing and eventually

stopping the spread of the disease.

The COVID-19 global pandemic in 2020 had disastrous effects globally,
causing a massive loss of life and completely shutting down economies. How-
ever, its timing was fortuitous with regards to this research project. We
decided to improve on many assumptions made in the previous work based
on the EVD outbreak, including increasing the complexity of the disease
model to more closely match a COVID model [26]. However, by increas-
ing the complexity of the disease model considered, we quickly discovered
computing issues. We found that the exact methods of estimating model pa-
rameters was many orders of magnitudes too slow to get a meaningful result
and this led to the development of a new method. We adapted an existing
method to get a nearly 10,000 times improvement in computation speed for

this specific problem.

As mentioned above, the EVD outbreak highlighted a need to expedite
vaccine trials, where the vaccine can be tested on the infected population
while slowing and eventually ending the spread of the disease. So we con-
structed adaptive vaccine trials, where the trial begins with all participants
in the control group and members of the population are vaccinated gradually.
As we learn about the vaccine efficacy, we adjust the number of participants

vaccinated each day accordingly. We first considered a simple model, where



individuals start as susceptible to the disease, then upon infection become
infectious (able to spread the disease). Once infected, individuals remain
infectious for a time with known mean. They then either recover from the
disease or die. Since we were labelling individuals as belonging to the con-
trol or vaccinated group in the model, this led to a two-arm model, where
one arm tracked the control group and the other arm tracked the vaccinated
group. In order for the design to learn about the vaccine, we recorded all the
information (the status of every compartment and the time and nature of
each transition) from the model over a day and then updated the knowledge
in the form of the posterior distribution of the vaccine effectiveness. Based
on this posterior distribution we used four design parameters to decide the
number of individuals to vaccinate. The first design parameter is the number
of individuals initially vaccinated at the onset of the trial. The second is the
number of individuals vaccinated if the vaccine is deemed beneficial. The
third and fourth are a cutoff which the vaccine efficacy must exceed to be
considered beneficial, and a threshold for the probability that the efficacy
exceeds this cutoff. A vaccine is deemed beneficial if the probability that the
vaccines effectiveness is less than the cutoff, exceeds this threshold; where
the probability is estimated from the posterior distribution. Note that in
this model, we have assumed the vaccine is multiplicative on the infection
rate and that it can range from 0 to 2. Where 0 corresponds to a 100%
effective vaccine and 2 corresponds to a vaccine that doubles the rate of in-
fection for vaccinated individuals. Although, we would normally assume that
vaccines at the trial phase would be at worst harmless, this would lead the
optimisation to conclude any vaccine is acceptable. We ultimately want to
compare the efficacy of two vaccines so we must consider harmful vaccines in

order to find the optimal solution.

In an attempt to ensure computational feasibility, we made many assump-

tions about the model, some of which are not overly realistic or practical.
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To improve the model, we pivoted to a COVID-19 based model with model
parameters informed by data and that modelled how the disease progresses
through individuals more accurately. One of the most significant changes was
the assumption about the vaccine effect; we assumed the vaccine ranges from
0 to 1. This change assumes the vaccine is not dangerous to the individual
and is at most ineffective, which aligns better with the safety precautions
that would be taken. However, this modification meant that there was no
disadvantage to vaccinating every individual from the onset, and to account
for this we decided to model two competing vaccines simultaneously. These
designs would be useful in the earlier stages of the outbreak where there are
two safe candidate vaccines however their efficacy is unknown. This further
increased the complexity of the model and hence slowed down the compu-
tation even more. Another crucial assumption we changed is that we only
observe partial data from the outbreak, and this led to the need for faster
computation methods. We found that a common method for estimating the
likelihood function for partially-observed data was intractably slow for such
a complex model in the context of optimal experimental design. As such, we
took the principles from another method of estimation and through further
approximations we were able to obtain a roughly 1000 times increase in speed

for a minimal reduction in precision.

We have explored optimal experimental design for vaccine trials and de-
veloped a framework and understanding on a simple model in Chapter [3]
In Chapter [4| we looked into methods of likelihood estimation for partially-
observed data, and developed a new method that is orders of magnitude
faster for a minor sacrifice in accuracy. Chapter [o|is a culmination of these
two chapters where we apply the new likelihood method on a more sophis-
ticated model. In this chapter we are interested in comparing two vaccines
simultaneously, where we administer the vaccine to two groups simultane-

ously and compare their outcome. This simultaneous comparison allows for



a design that administers more of the optimal vaccine which will decrease
the negative impact of the virus. The outcome of such a trial will be finding
the more effective of the two vaccines as well as an accurate estimate of the
vaccines efficacy, while simultaneously reducing the impact of the virus on

the population.






Chapter 2

Background

2.1 Continuous-Time Markov chains

A continuous-time Markov chain (CTMC) defined on a countable state space
S, is a time-dependent stochastic process, { X (t)}+>0, that obeys the Markov
property. The Markov property is defined as

P(X(t+s)=7X(s)=1,{X(u):0<u<s})=PX(t+s)=j|X(s) =1),

for all s,t,u € [0,00) and 4,5,k € S.

Note that although we have defined a CTMC on a countable state space,
this thesis will focus on finite state space CTMCs.

A CTMC, {X(t)}i>0, is time-homogeneous if,

P(X(t+s) = j|X(s) = 1),
is independent of s for all s,t € [0,00) and i,j € S. That is, if
P(X(t+s) = j|X(s) = i) = P(X(t) = j|X(0) = i),

for all s,¢ € [0,00) and 4,5 € S.
Let p;;(t) = P(X(t) = j|X(0) = i), for s,t € [0,00) and 4,j € S, be

the transition (probability) function for the transition from state i to state

7



8 Chapter 2. Background

j. That is, p;;(t) is the probability of the process being in state j at time
t, given it started in state i at time 0. The transition function P(t) is an
S| x |S| matrix, whose (i, 7)™ entry is p;;(¢), for s,t € [0,00) and 4,5 € S.

We can combine time-homogeneity and the Markov property to obtain

the Chapman-Kolmogorov equations.

Theorem 2.1.1 (Chapman-Kolmogrov). For all s,t € [0,00),

pij(t+5) = pix(t)pi;(s)-

keS
When dealing with CTMCs, we are are unable to observe the transition
function, so we observe the generator matrix, denoted (). This generator
matrix contains the information about the rates of transitioning between

states as the process evolves. The elements of () are defined as follows,

PX(t+5) = j|X(s) = 1) = P(X(s) = j|X(s) = )

¢; = lim
/ t—0+

t
o PX(t+s) = jIX(s) = 1)
t—0t t

P(X(t+s) =i|X(s) = i) — P(X(s) = i| X (s) = 1)

¢ = lim
t—0+ t
P(X =X =17)—1
L P(XG4s) =iX() =) -1
t—0t t

Note the quantities ¢; < 0 and ¢;; > 0 for all ¢,7 € S. The entries g¢;;
1 # j, represent the rate of transition of the process from state ¢ to state j.
Similarly, the diagonal entries ¢;; represent the total rate of leaving state 7.

The generator matrix (), on a state space S, is a matrix @ = [gi;]i jes

satisfying the following conditions:
1. —00<q; <0, foralle eS;
2. ¢;; >0, for all 7 # j; and

3. Zqij <0, forallieS.

jes
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Note the inequality in the third condition becomes an equality if the
CTMC is conservative.

A CTMC has exponential holding times. That is to say that for every
state the CTMC visits, it stays in that state for a time sampled from an

exponential distribution with rate given by ¢; = —q;;
P(X(s) =1,s €[0,t]|X(0) =i) = e '@

Given the holding time has expired, then the distribution of where the process
transitions to, is as follows,
4ij

P(transitions to state j # i|transitions out of state i) =
4

Similarly, we know that the probability that the process transitions from

state i to state 7, in a time interval of length h, is

where o(h) is a function of h such that limj,_g @ =0.
The Chapman-Kolmogorov equations are required for deriving the follow-

ing equations,

O _ P (2.1)
O _ p) 2.2

known as the Kolmogorov forward and backward differential equations, re-
spectively. These equations give a relationship between the generator matrix
and the transition function P(t). Note that the backwards equation always
holds, however the forward equation holds if the state space is finite. All the

CTMC s in this thesis have a finite state space, so we will assume it always

hold. We can solve Equations (2.1) and (2.2)) to get,

P(t) = €9,

Note that this is a matrix exponential.
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2.1.1 Simulating Continuous-Time Markov Chains

One of the common methods for simulating a realisation of a CTMC is, the

stochastic simulation algorithm (SSA) [II]. This algorithm is outlined in
Algorithm [2.1]

Algorithm 2.1 Stochastic Simulation Algorithm
Input: Initial state X (0), parameters 8, T

1: Initialise ¢

2: while t < T do

3. Calculate the transition rates ¢[j] = g;;, for all j from the current state
¢ of the chain.

4:  Sample the time of the next transition t' ~ Exp(—g;;).

5. Increment t =t +t'.

6: For k € S, sample a transition from the jump chain, having transition
dik

probabilities p; ,, = —
7. Update the state, X, ocfjnthe Markov Chain by transitioning from state
i to state k.
8: end while
Output: The time of each transition and the state of the Markov Chain

after these transitions.

2.2 Epidemiological Models

We follow [14] for an overview of fundamental epidemiological models. In
order to track the course of a disease through a population, we could track
individuals as they progress through a series of compartments, where each
compartment characterises important aspects of the disease. These models
are referred to as compartmental models.

Compartmental models were first introduced by Kermack and McKendrick
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[T7] as deterministic models. In these models, the number of individuals in
any given compartment is the solution to a set of ordinary differential equa-
tions (ODE). The individuals are classified into one of these compartments at
any time throughout the duration of the epidemic. Some examples of these

compartments are:

e S: where an individual is Susceptible to infection.

e [J: where an individual is Fzposed to the infection (infected but not

infectious).

e [: where an individual is Infectious (able to infect susceptible individ-

uals).

R: where an individual has Recovered from being infectious (has im-

munity to the infection).

The choice of which compartments to include in the model will depend on
both the characteristics of the disease, and what information we wish to glean
from studying the outbreak. Consider the common cold, named rhinovirus.
Transmission of a single strain can be modelled as an SIR model, see Section
2.2.2] as infectious individuals develop immunity to that strain upon recovery.
However, there are many strains and the virus is continuously mutating, so
immunity to one strain does not necessarily imply immunity to other strains.
So, instead we might classify the common cold as an SIS, see Section [2.2.1}
where upon recovery from the infection they are then susceptible to another
strain of rhinovirus.

The work in this thesis is primarily concerned with CTMC representa-
tions of epidemic models; a special class of stochastic epidemic models (such
as those considered by Barlett [3] and Kendall [16], for example). However,

in Chapter 4| we utilise the deterministic representation of epidemic models,
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which leads to faster estimation of the likelihood function. As the determin-
istic model can be used as an approximation of the mean of all realisations
of the same CTMC model (this is shown to be true when the population is
asymptotically large in Section , this can be used for a computationally
fast method for approximate inference. Although the approximation is not
true unless the population is asymptotically large, for the purpose of this
project (where many impractical and sometimes unrealistic assumptions are

made) it will suffice for demonstrating the methods.

2.2.1 Deterministic Models

In its simplest form, a deterministic epidemic model is a system of ODEs
where each ODE describes the number of individuals in the population at
given time, t. Since differential equations are continuous in both time and
state, we think of these as modelling the proportion of the population in each
compartment.

Throughout this thesis, we will be using models similar to the ones dis-
cussed in this chapter and unless otherwise mentioned we will be making the

following fundamental modelling assumptions, as follows:

e The population is of a fixed size, that is to say there is no migration in

or out of the population and similarly no births, nor deaths.

e The population is homogeneous, i.e., every individual is treated the
same in terms of how they interact with the disease. In particular, every
individual has the same probability of contracting the disease from an
infected individual and they have the same level of infectiousness and

are infectious on average for the same time.

e The population mixes homogeneously, where each individual has the
same rate of interacting with another individual and hence the same

probability of interacting with an infectious individual.
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An Example: The SIS model

A Susceptible-Infectious-Susceptible (SIS) model could be used to model a
disease such as some sexually-transmitted infections, where there is no period
of immunity and the individual immediately returns to being susceptible
to the virus upon recovery. The deterministic epidemiological models are
intuitive as they are simply the difference between the flux into and out of
each compartment. Let ¢ represent the time variable in the ODE and s(t) be
the proportion of the population that are susceptible at time ¢ and let ()
represent the proportion of the population that are infectious at time ¢. Let
B be the transmission parameter (the rate at which a susceptible individual
becomes infectious when they interact with an infectious individual) and %

be the average infectious period. Then the system of ODEs is,

d

d—‘; = —Bis + i
gy

d_z = Bis — vi.

Since this is a very simple model an exact solution can be calculated.
However in models used throughout this thesis, it is not possible to find
exact solutions. Instead we rely on using numerical differential equation

solvers.

2.2.2 Stochastic Models

The fundamental difference between deterministic and stochastic epidemic
models is that the deterministic model does not capture the randomness
that is accounted for in stochastic models. This is particularly significant
at the beginning of the outbreak as a deterministic model does not capture
the probability of the disease fading out before it takes off in the population.

Note that while a deterministic approach models the proportion of the popu-
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lation in each compartment and hence is continuous, a CTMC model counts
individuals in each compartment and as such has a discrete state space. Both

models are continuous in time.

An example: SIR model

Note that the SIS model used an an example for deterministic models also
has an analogous CTMC model, but to avoid repetition and provide a wider
array of examples, we use a slightly different example here.

The Susceptible-Infectious-Recovered (SIR) model is representative of a
disease with immediate infectiousness upon infection and with complete and
permanent immunity upon recovery. An SIR model would be appropriate
for modelling diseases that result in effectively life-long immunity after in-
fection, such as measles, mumps or rubella. The homogeneous population
of individuals is divided into three compartments defined by the infection
status of each individual: Susceptible (S), Infectious (I), or Recovered (R).

The model makes the same assumptions as mentioned above. A diagram

of the three compartments and the transitions between them are in Figure

2.1
@ infection @ recovery @

Figure 2.1: Compartmental diagram for an SIR model.

Let S(t) and I(t) represent the number of susceptible and infectious in-
dividuals in the population at time t. Let N be the fixed total population
size. Then R(t) = N — S(t) — I(t) is the number of recovered individuals.
The CTMC, {S(t), I(t) }+>0, models the SIR process with state space,

S=1{(8,1)|S,] €eN,0<S+1<N},
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where N is the set of non-negative integers. The transition rates from the

state (S,I), are given in Table [2.1| below.

Table 2.1: SIR compartmental model transition rates, where [ is the trans-

mission parameter, and % is the average infectious period.

Event ‘ Transition ‘ Rate
Infection | (S, 1) — (S —1,I+1) %
Recovery | (S,I) — (S, I —1) NI

Note in Tablethe rate of infection is % This is because the probabil-

ity of a susceptible individual coming into contact with an infected individual

S

~7 if there are S infected people in the population and N people in the

is
population, as we exclude the susceptible person who is making the contact.
It is important to note this is not consistent with deterministic models, but

that is because they are equivalent to the mean of a CTMC model if the
population is large enough (Section [2.2.3), where + ~ 5.

SEIR model

The Susceptible-Exposed-Infectious-Recovered (SEIR) model is an extension
to the SIR model above, where we have added an Ezposed (E) compartment
that represents individuals that have contracted the disease but are not yet
infectious. The inclusion of the Exposed state allows the model to include
an incubation period (time from infection to infectiousness).

Let S(t), E(t) and I(t) represent the number of susceptible, exposed and
infectious individuals in the population at time ¢, and R(t) = N — S(t) —
E(t) — I(t), the recovered individuals. The CTMC, {S(t), E(t), I(t)}i>o0,
models the SEIR process with state space,
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S={(S,E,1|S,EIeN0<S+E+1I<N}.

The transition rates from the state (S,E,I), are given in Table below.

Table 2.2: SEIR compartmental model transition rates, where (3 is the trans-
mission parameter, (% is the average incubation period, and % is the average

infectious period.

Event Transition Rate
Exposure | (S, E,I) = (S —1,E+1,I) | 2%
Infection | (S, E,I) — (S,E—1,1+1) | oFE
Recovery | (S, E,I) — (S, E, I —1) ~I

2.2.3 Large-Population Approximation

As already discussed, we know intuitively that the mean of the stochastic
models is asymptotically given by the deterministic models as the number
of individuals in the population tends towards oo. However in Chapter {4| we
require the variance of these stochastic models. We take the work of Pol-
lett et al. [24] that furthered work by Kurtz [20] on the single-dimensional
deterministic approximation. They show that the mean and variance of a
density-dependent stochastic model is given by a system of differential equa-
tions on a single-dimensional problem and mention that it can be easily
extended to a multi-dimensional model. We follow [27] for the extension to

multi-dimensional models.

Definition 2.2.1 (Population process). {X (¢)}+>0 is a population process
if:
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1. Each state x partitions a finite population of IV individuals into a finite

number of compartments.
2. The only positive transition rates g ,+¢, are ones for which £ is either

*e;, or e; — e,

where e;, is the unit vector with 1 as its i*" element.

The CTMC models considered in this thesis track each individual in the
population and as such may be thought of as a population process. Thus, the
elements of the state space of the CTMC denote the number of individuals
in each compartment, and the possible transitions of the CTMC reflect the
event that an individual arrives/departs from compartment i (+e;), or an
individual transitions from compartment j to compartment i (e; — €;).

Most CTMC models used in epidemiology are population processes in
which the compartments reflect an individual’s stages of infection and the
transitions of the model represent events such as an individual becoming
infectious or an individual recovering.

The definition of density dependence refers to the family of CTMCs
{X®(t)}+>0, v > 0, which takes values in S®), the set of all possible states
of the process X ). This is a way of constructing a relationship between
the CTMC, {X(t)}+>0 and a particular scaling parameter v > 0; v usually
represents some measure of the size of the system, for epidemic models we

will take v to be the known population size N.

Definition 2.2.2 (Density Dependence). Suppose {X®)(¢)};50, ¥ > 0, has
a corresponding family of continuous functions f®)(x,£), for & in E with

E CR¥ and K € Z,, such that

) N (Y
Q?fy—i—é = Vf( ) (;a£> )
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for all y in S®) and £ # 0; in which case, the stochastic process { X ) (t)}i>0
is density dependent. Define the vector

FO (@) =) L") (a,0).

The family of CTMCs is said to be asymptotically density dependent if there

exists a function F'(x) such that

lim F)(x) = F(x).

V=00

In other words, a density dependent CTMC is one whose transition rates
depend on the current state y only through the density y/v. It can be
shown that the stochastic process X *)(t)/v, for t > 0, as v — 0o, converges
uniformly in probability (over finite time intervals) to a unique deterministic

trajectory (¢, xo) with time derivative F'(x) and x, in E.

Theorem 2.2.1. Suppose that F(X) is Lipschitz continuous on E, then if

we have that for finite t,
X(”)(O)

” —x(t, o)

>5>:O, 0<s<t

lim P (sup
V—r00 5§t
for all e > 0, and for every trajectory x(-, &) satisfying

z(0,xy) = x

x(s,xy) € F, 0<s<t
9,

gm(s, xy) = F(x(s,x0)).

This shows that the time derivative of the unique deterministic trajectory
is given by F(x(s,x)), which aligns with the intuitive description given in
Section[2.2.1] This approximation describes the average behaviour of the cor-
responding density-dependent stochastic model, but provides no indication

of the variability, so we look to the diffusion limit.
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Theorem 2.2.2 (Diffusion Limit). Suppose that F(x) is bounded and Lips-
chitz continuous on E. Suppose also that the family of continuous functions
G"(x), where v > 0 and x is in E, is a K x K matriz, where dim(X®(t)) =

K, with elements
@) =t

Here, {; denotes the i™ entry of the vector ¢, which converges uniformly to

G(x), where G(x) is bounded and uniformly continuous on E. Then provided,

i v (5 i’y ~m) ==

for xg in E. The family of Markov processes ZV)(t), fort > 0, defined by

X (s)

Z9(s) = o (

—:I:(s,a:o)>, 0<s<t,

converges weakly in D[0,t] (the space of right-continuous, left-hand limited
function on [0,1]) to a diffusion process, Z(t), with initial value Z(0) = z

and with characteristic function, ¥ = U(s, @) which satisfies
9 10(s,0)) = = 3" 0,54(x(5, )00 +Ze (s, 20))] - [0)s, 0)].
gst TN T T £ 06 Jaxk "5,

The theorem then stipulates that a /v scaling of the difference X ®)(t) /v—
x(s, @) converges weakly in D0, ¢] to the diffusion process Z(t) as v — oc.
The following is taken verbatim from [27], which provides an explicit
expression for the variance of this Gaussian diffusion and fully describes its
characteristics.
In particular, if one denotes VF(x) as the matriz of first partial
derivatives of F'(x), that is [0F;/0x;|, and denotes B(t) = VF (x(s, xo)),
then E[Z(t)] = M(t)z, where M(t) is the unique solution to dM(t)/dt =
B(t)M(t), with initial value M (0) = I. Similarly, the covariance ma-
triz cov(Z(t)) = X(t) is the unique solution to,
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with g = 0.

Equation provides us with a system of differential equations,
whose unique solution is the covariance matrix for the multi-dimensional
diffusion process.

This will be utilised in Chapter [4]

Our epidemiological models are density dependent

The large-population approximation theory is only applicable if the CTMC
is density dependent. All epidemic models used in this thesis are simply
extensions of an SEIR model, by including more compartments that function
similarly to those in the base model. We will focus on showing that each
transition in the SEIR model is density dependent and hence including more
compartments that function similarly will still result in a density-dependent
model. To show that a model is density dependent, we must be able to
write the transition rates satisfying Definition . In the SEIR model
there are two types of transition rates, the first is the rate of exposure which
is a constant multiplied by the mass action term, the second is a constant
multiplied by the number of individuals in a compartment, for instance a
recovery. First, we will consider an SEIR model with fixed population size

N, where the exposure rate is given by,

BSI

4(S,E,1,R)—(S—1,E+1,I,R) = ﬁ,
where @ = (S, F, I, R) describes the number of individuals in each com-
partment. Note that we can describe this transition as @ + £, where £ =

(—=1,1,0,0). If we take the fixed population size to be the scaling parameter

v and let s = S/N and i = I /N, we can write this transition in the following
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form,

N
N -1

lezie =N Bsi.

However since this theory only holds for asymptotically density-dependent
models, at the limit as N — oo, the ratio N/(N — 1) converges to 1, so this
specific transition can be written in the form outlined in Definition ([2.2.2)).
The other transition we need to consider is the rate of infection, this rate is

expressed as,

q(S,E,I,R)—(S,E—-1,I+1,R) — ok,

For this transition, £ = (0,—1,1,0), and by letting e = E/N, we get the
following,

Qz,z+e = Ne.

This once again satisfies the condition for density dependence. In this model
there is one last transition, the recovery, however it has the exact same
structure as the infection discussed above, so it will satisfy the condition.
Thus the SEIR model is indeed density dependent as all the transitions in
the model satisfy the conditions for Definition (2.2.2). In this thesis every
model we use will be extensions on this model, where the transition rates have
the same structure as the ones discussed above. Therefore we know that all
models used in this thesis are density dependent and hence we can use the

result in Equation to estimate the variance of our stochastic models.

2.3 Bayesian Inference

There are two main frameworks for statistical inference, frequentist and
Bayesian. The frequentist approach considers the parameters as fixed but
unknown. The Bayesian framework assumes the parameters are random vari-
ables. Further, the Bayesian approach assumes the prior knowledge about

the parameters is described by a prior distribution, and also assumes that the
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prior information can be combined with the data by assuming the parameter
to be a realisation from the prior distribution. Here we provide some theory
relating to both frameworks, however the research in this thesis is focused
strongly on Bayesian inference.

In both the frequentist and Bayesian frameworks, a key function is the
likelihood function. Following Casella and Berger [0], we provide the defini-

tion of the likelihood function. Let @ be a vector of length p of parameters

(01,09,...,0,).

Definition 2.3.1. Let f(x|@) denote the joint probability density function
(pdf) or probability mass function (pmf) of the sample X = (X1, Xs,..., X,,),
conditioned on the parameters 6. Then, given that X = x is observed, the

function of @ defined by
L(O|x) = f(x|6),

is called the likelihood function.

This likelihood function describes the probability that @ is the value of
the parameter that produced the observed data a.

2.3.1 Fundamentals

In Bayesian statistics we aim to make inference about the parameters, using
information from two sources. We use the initial belief about the parameter
values, which is represented in the prior distribution, and then obtain data
from experimentation, which gives information about the parameters in the
form of the likelihood function. Bayesian statistics provides a method for
combining these two sources of information, to update the belief about the
parameters, which is called the posterior distribution. We follow Gelman et

al. [10] for the following definitions and theorems.
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Theorem 2.3.1. (Bayes’ Rule). Let X and Y be continuous random vari-
ables with corresponding pdfs fx(-) and fy(-). Then

o fx (@) fyix (y|z)
fxy (zly) = IO (2.4)

In Equation (2.4), let Y be the random variable representing the data,
hence y is the observed data. Similarly, let X be the random variable repre-
senting the parameters, 8. This gives the following definition of the posterior

distribution.

Definition 2.3.2. The posterior distribution is given by,

_ [(6)f(yl6)

x f(0)f(yl6). (2.5)

In Definition f(0) represents the prior information about the pa-
rameters, 6. Similarly, f(y|@) represents the likelihood of the parameters 6,
given the data, y.

The posterior distribution, f(@|y), represents the belief about the distri-
bution of parameters, @, by updating the belief from the prior distribution
using the new information from the observed data, y. We usually refer to the
proportional expression (Equation 1' as the posterior distribution, since
evaluating the normalising constant, f(y) = [, f 0 f(y|@)de, is often impos-
sible or computationally infeasible. In the followmg we cover computational

methods for sampling from the un-normalised posterior distribution.

2.3.2 Computational Methods

Direct evaluation of the posterior distribution is often not possible for com-
plex processes, hence we require computational techniques. Here, we dis-

cuss a fundamental method for estimating the posterior distribution, the



24 Chapter 2. Background

Metropolis-Hastings algorithm. This method is an example of Markov chain
Monte Carlo (MCMC), that samples from a target function, proportional to
the posterior density (i.e., f(0)f(y|@)). We discuss the theory and imple-

mentation of this method.

Metropolis-Hastings Algorithm

The Metropolis algorithm was outlined by Nicholas Metropolis in [21]; Wil-
fred Hastings took this principal and extended it in [12], to create the Metropolis-
Hastings algorithm. The Metropolis-Hastings algorithm allows us to sample
from a target density (known up to normalisation), by generating a discrete-
time Markov chain (referred to as the Metropolis-Hastings chain) with sta-
tionary distribution equal to the target distribution. At each step we pro-
pose a new state ‘near’ the previous state, from the proposal density ¢(x,y)
which is the probability of proposing y given the current state a, then decide
whether to accept this proposed state based on an acceptance probability.
In our case the target distribution is the posterior distribution so we can use
the un-normalised posterior distribution given in Equation . Note that
the algorithm will always yield a sample from the target distribution, pro-
vided the initial sample is from the domain of the target distribution. The
Metropolis-Hastings algorithm is given in Algorithm [2.2]

The Metropolis-Hastings chain is guaranteed to reach the stationary dis-
tribution, however this may take a number of iterations. These early samples
are not necessarily from the stationary distribution, so they are discarded and
we refer to them as burn-in samples. The number of burn-in samples is one
of many choices that need to be made when tuning the Metropolis-Hastings
algorithm.

The Metropolis-Hastings algorithm can be proven to always converge to
the target distribution, regardless of choice of proposal density. Hence, the

proposal density does not affect the stationary distribution of the Metropolis-
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Algorithm 2.2 Metropolis-Hastings Algorithm
Input: Proposal density q(-,-), parameters @, number of samples N,

burn-in samples m.

1: Randomly sample, from the prior, an initial sample ()
2: fori=1:(N+m) do
3. Generate 8* ~ ¢(6%,001)

. —m f(6*)f(2|6")q(6"~1).0")
4:  Calculate a = min {1, f(e(ifl))f(:vw(igl))qw*,0(1'*1))}

5. Generate u ~ U(0,1)

6: if u < o then

T: Set 1) = 6*

8 else

9 Set 90 = @t—1)

10: end if

11: end for

12: Discard first m burn-in samples {8, ... (™)1

Output: Sampled set of parameters {0+ . . gWN+m1

Hastings chain, as long as it meets some basic criteria such as it admits the
resulting Markov chain is reversible. However, choosing a suitable proposal
density is still important as it affects the speed of convergence and mixing of
the chain. Generally, the algorithm performs best when the proposal density
matches the shape of the target density. If the proposal density is symmetric,

the ratio in the acceptance probability can be simplified to,

f(07)f(x|6") }
f(OE) f(x|6C1) |

as q(0*,007V) = ¢(00~Y @*). This is the simpler acceptance probability

a= min{l,

outlined by Metropolis [21].
A simple way to think about the choice of proposal density is to consider
the variance of the distribution centred on the current value in the chain.

A distribution with large variance will propose values far from the current
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value, but may result in a small acceptance probability, thus rejecting many
proposed parameters. This can also induce autocorrelation as the chain may
remain in each state for many steps until a proposal is accepted. A small
variance leads to proposed values that are closer to the current value, and
thus likely to have a larger acceptance probability; however, the chain will
take much longer to fully explore the state space. A smaller variance may
also induce autocorrelation as the proposed values are closely located to the
previous values. This induced autocorrelation will cause us to underestimate
the variance in the sample mean. If there is significant autocorrelation in the
chain, then the effective sample size (ESS) of the final sample will be smaller
than the actual number of samples.

If the samples from the Metropolis Hastings chain were completely inde-
pendent, then the effective sample size would be the same as the number of
samples. However as the dependence in the sample increases, the estimate
becomes less accurate and so more samples are required. We use ESS as
a measure of the equivalent number of independent samples, compared the
number of dependent samples. That is, as the dependence in the sample in-
creases, the ESS decreases. The ESS of a sample from an MCMC algorithm
defined by [§] is defined as,

N
ESS = :
1+237004(0)
where, pi(0) is the autocorrelation at lag k of {8 ..., 8™}, Note that the

autocorrelation of the Metropolis-Hastings chain must be calculated at each

lag before the ESS can be calculated.

2.4 Particle Filter

The likelihood function is a common component in all the computation meth-

ods used for evaluating the posterior distribution that are considered in this
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thesis. In many cases evaluation of the likelihood function is not straight-
forward and a number of different methods, each with advantages and dis-
advantages, can be applied. In Chapter 4] we will explore estimating the
posterior distribution for parameters from partially-observed data of an out-
break. In this thesis we consider partially-observed data to be the observed
number of particular events in a day. For instance, an SIR model might have
partially-observed data as the number of recoveries that have occurred in a
day.

Calculating the likelihood function for partially-observed data in an exact
way is nearly impossible from a computational perspective, however it is quick
and easy to simulate these outbreaks. This is where particle filters are very
useful. In its simplest form, a particle filter will simulate a realisation from
the stochastic process and see how ‘well’ it matches the observed data. If
a particle matches the data over some time period (we will work in days)
well, then that particle will have a large weight and will likely survive into
the next generation. However, particles that do not match the data well,
have a small weight, and are unlikely to survive. We then sample the next
generation of particles from this weighted distribution to continue forward
to the next day. We are able to use these weights after every day to estimate
the likelihood of the observed data. Algorithm [2.3]outlines this particle filter
method, from [9].

2.4.1 Bootstrap Particle Filter

The bootstrap particle filter is the simplest form of a particle filter, where
each successful particle is equally weighted. In the bootstrap particle filter,
propagating a particle forward a day (step 6), is done by using a stochastic
simulation algorithm similar to Algorithm [2.1] Then, from this propagation,
we count the number of the event type being observed, namely z;. For an SIR

model, z; could be the number of infections over a day, for example. Then
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Algorithm 2.3 Particle Filter Algorithm
Input: Number of particles, N, initial state, z7, num-

ber of days in the outbreak, T, observed data for each day,
Y.
1: Initialise N particles, X

2: Initialise weights, w with w; =

z|= z|=

3: Initialise log-likelihood, ¢ = In (
4: fort=1:T do
5. forn=1:N do

)

6: Propagate particle n forwards a day

7 Calculate the weight, w,,, of particle n

8: end for

9:  Update log-likelihood, £ < ¢ + In(+ SV w;)

10:  Normalise the weights, w < w/ SN | w;

11:  Sample (with replacement) N particles with weights w
12: end for

Output: log-likelihood ¢

the weight of this particle (step 7) is simply 1 if this matches the observed

data and 0 otherwise;

1 if 2t = Y
Wy, =
0 otherwise.

The bootstrap particle filter will produce an unbiased estimate of the
likelihood function of the data. However as the model grows in complexity,
the probability of simulating a specific trajectory that agrees with the data
becomes less likely. To remedy this, we can increase the number of particles
used in the filter, but this will quickly become computationally intractable.

As such, we will use an importance sampling particle filter that uses the
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principles of importance sampling to significantly decrease the variance in

the estimate of the likelihood.

2.4.2 Importance Sampling

Importance sampling is a variance reduction technique, and has applications
when estimating rare event probabilities [I§]. The standard setting is the

estimation of a quantity,

(= E0(X0)) = [ ha)f(@)da.
where h is a real-valued function and f is the probability density. Let g

be another probability density such that hf is dominated by g¢; that is,
g(x) =0= h(zx)f(x) =0. Using the density g, we can represent ¢ as

Ez/h(m)Mg(m)dm.

9(x)
This estimator is called the importance sampling estimator and ¢ is called

the importance sampling density. The ratio of densities,

_ =)
w(x) = ()’

is called the likelihood ratio.

Fundamentally, importance sampling takes a distribution and changes the
shape of this distribution according to g(x). We then take a sample from
this modified distribution and, using the weights, convert this sample back
to a sample from the original distribution. An application of this is to assist
with sampling from the tails of distributions (rare events), and in the context
of our problem, rare outcomes for a realisation.

We will follow [5] for an outline of importance sampling particle filters.

2.4.3 Importance Sampling Particle Filter

An importance sampling particle filter follows the same principle of the boot-

strap particle filter, however the method of propagating forward the particle
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and calculating the weights is different. Here we utilise importance sampling
to ensure that every particle always matches the observed data over a day ex-
actly and as such, will need fewer particles when the observed events become
infrequent. For an importance sampling particle filter, we take Algorithm

and modify the propagation in step 6 by Algorithm [2.4]

We will explain the algorithm by following a simple example of an SIR
model and we only observe infections in the population (i.e. S — I) at daily
intervals. Then the data we have will be {2, z1, ..., zr}, where we have T'+1
days of observations. Say we are interested in the propagation step at time t,
then we know the initial state, X (0) and observed events z;. Initially, we will
take a sample of size z; from a standard uniform distribution and sort them
{ug,uq,...,u,}. These are the times that the observed events will happen

in the simulation.

Now we continue to simulate the outbreak following the SSA , but
once the simulation moves past time ug, we disregard that suggested transi-
tion and instead force the system to make the observed transition, S — I.
This is repeated until all observed events have been forced. It is important
to note that we can ensure there are exactly z; observed events on day t
by making the rate of the observed event (in the SSA) equal to 0, so the

transition occurs only when forced.

In Algorithm [2.4] we refer to the system needing to be consistent. This can
be an issue for complex models that have long chains of events. To observe
this, consider an SEIR model, where the observed transition is £ — I which
is at end of a chain of events S — F — I. Once again, let the observed data
on day t be z;. We sample from the standard uniform distribution the times
of these events, {ug,uy,...,u,}. For a system to be consistent, we need
to be able to force the observed event at the sampled time. For example,
consider a day that starts in state (S, E,I,R) = (N — 1,0,1,0), and we

need to force an event at time ug. This is not a consistent state because the
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compartment E has 0 individuals which means we are unable to force the
observed transition. To fix this we have to force an interim transition, that
exposes an individual so that the exposed individual can then be infected at
time ug. The time, T, of this interim forced event is sample from a truncated

exponential distribution,
P(T=t|t<up\) =X e (1- e_MO)_l :

where A is the rate of leaving the current state in the CTMC. The truncated
exponential distribution ensures that the interim forced event occurs before
the observed forced event at time wug. This is then repeated until all observed
forced events have occurred.

Within Algorithm [2.4] we mention modified rates of the system, which
are used in the calculation of importance sampling weights. It is important
to modify these rates because this can ensure the system does not reach an
impossible state. As discussed, the rate of the observed event is always zero.
Another issue is that the simulation within the particle filter cannot end
before all observed events have happened. Thus we also modify the rates so
that there are enough infected individuals in the population until all observed
events have occurred. As the complexity of the model increases, the number
of modifications required increases and the chains of interim forced events
get longer. We will discuss in detail an implementation of the importance

sampling particle filter on a sophisticated model with many such cases in

Chapter []

2.5 Optimal Experimental Design

Experiments are important tools for learning about the world. However,
even under controlled conditions, experiments are not exempt from random
variation. As such, an efficient design of experiments is crucial for accurately

understanding the process of interest.



32 Chapter 2. Background

Optimal experimental design is a branch of statistics that aims to deter-
mine the experimental design that maximises an experiments utility. Utility
can be defined specifically for the problem at hand, but is fundamentally an
integral over the unknown parameters in the trial. A design is a set of pa-
rameters that affect how the experiment will be run, so changing the design,
will change the outcome of the experiment. These designs are drawn from
a multidimensional space (dependent on the number of parameters in the
design), that will be restricted in each dimension by the physical restrictions
of the experiment. This space from which designs are drawn is called the
design space and is specific to each experiment. The design that results in

the maximum utility is referred to as the optimal experimental design.

2.5.1 Bayesian Optimal Experimental Design

Bayesian optimal experimental design, much like Bayesian inference, is con-
cerned with the posterior distribution. The purpose of experimental design is
to determine the optimal design when the sample has not yet been observed.
In Bayesian experimental design, the optimal design is one that affects the
posterior distribution in such a way that it optimises the utility. The utility
is a measure calculated from the results of the experiment, usually from the
posterior distribution. An example of this is the Kullback-Leibler Divergence
(KLD) [19], which is a measure of how different the posterior distribution is
compared to the prior distribution. This is just one example of a utility that
is measure of how much the design learned about model parameters.
Traditional utilities that measure how well the design facilitates learning
about the model were not the focus of this project. For the vaccine trials in
this thesis, we are more interested in the clinical outcomes of the trials. As
such, we will develop our own utilities that are calculated from the amount
of negative impact that the disease had on the population. We discuss these

utilities in detail in Chapters [3] and [4]
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Induced Natural Selection Heuristic

A method for exploring the design space in higher dimensions is outlined by
Price et al. [25], where they propose the Induced Natural Selection Heuristic
(INSH). The INSH algorithm is outlined in Algorithm [2.5

In Algorithm 2.5 the perturbation function can either be continuous or
discrete, or a combination of the two. This function takes a current de-
sign and moves it slightly around the design space, centered at the current
design; similar to the principal of the proposal distribution in the Metropolis-
Hastings algorithm. This is where the exploration occurs in the method, and
the variance of this function needs to be tuned appropriately. Price et al.
suggest some different acceptance criteria; for example, taking the set of de-
signs that have a utility greater than some percentage of the current optimal
utility or taking the best r designs.

If the variance of the perturbation function is too small, the algorithm
is likely to get ‘stuck’ in a local minimum and hence not properly explore
the design space. Similarly, if the variance is too large, the perturbed design
may be too far from the current optimal, resulting in inefficient convergence
to the local minimum.

For our purposes, we will be using the acceptance criteria where we take
the best r designs in the current set and then perturb each of them m times.
Consider fixing the number of designs, |D| = r xm. If r is small, then at each
generation we save fewer designs, which will cause the algorithm to converge
quickly to a local minimum, but explore the design space less extensively.
Whereas if r is large, then at each generation we save more designs, which
will cause the algorithm to converge more slowly and hence explore the space
more thoroughly. Like most optimisation routines, the parameters in this
model must be tuned appropriately. The choice of perturbation function
must also be tuned to achieve the most efficient convergence to the optimal

design.
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Algorithm 2.4 Importance Sampling Particle Filter propagation algorithm

10:
11:

12:
13:

14:

Input: Number of particles, N; initial state, xq; observed data for day,

. Initialise: set the initial condition, X (0); generate times of the y observed

events, of observed event type, from a uniform random variable over
interval [0, 1]. Sort these times and add them to the stack, v, set e, (the
next event type on the stack), ¢, (the next time on the stack) and set
t=20.
Set the initial importance weight w = In(y!)
while [¢| >0 do
Calculate the rates of the original process at the current state a;(X (¢)),
1=1,..., M, given the current state and oy = Zf‘il a;.
Check the consistency of the system given the next forced event e,. If
inconsistent, then force an event to fix in the interval [¢,¢,]. Assuming
this event is of type ¢, generate,
s ~ TruncExp(ay, 0,t, —t).
Update weight by w <= w — In(ar) + ;s + In (1 — exp(—as(t, — t))).
Push t + s and event type [ onto the stack and update e, and t,.
Calculate the rates of the modified process, b;(X (t),e,), i =1,..., M,
which depend on the current state and the next forced event. Calculate
total rate, 5y = Zf\il b;.
Propose a time to the next event ¢’ ~ Exp(5y).
if t +t < t, then
Choose an event index, j € {1,..., M} with probability P(j =1i) =
f)’—é and update X (¢) by event j and ¢t « ¢ + .
Update weight by w < w + In (Z—j) — (g — Bo)t'.
else
Implement the next forced event at time t,,. Update X (¢) by event
en, t < t, and
update weight by w < w + In(a., ) — (ag — Bo)(t, — t).
end if
end while
w = exp(w)

Output: Weight of the particle over this day, w.
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Algorithm 2.5 INSH Algorithm
Input: An initial set of designs D (usually a coarse grid of design

points in the design space). Number of generations W, pertubation func-
tion f(d|d'), an acceptance criteria, number of perturbations on accepted

designs.

1: forw=1:W do

2. ford € D do

3: Sample parameters 6 ~ p(@), and simulate y* from the model.

4: Evaluate utility u(d").

5. end for

6:  Set D’ to be the designs that satisfy the acceptance criteria, and the
current optimal design d*.

7. Sample m designs from f(d|d'), for each d" € D'. Set D to be the
newly sampled designs.

8: end for

Output: Set of designs d, and corresponding approximate utilities u(d)

(and hence, the optimal design d* = argmax,., u(d)).







Chapter 3

Optimising Vaccine Trial for a

Novel Fatal Pathogen

3.1 Introduction

Vaccines are very powerful and can be used to control or even eradicate
a disease. However, when a new vaccine is proposed it must be tested,
in a vaccine trial. Typically, after development of the vaccine, these trials
are performed in three stages in strictly controlled environments. A brief

summary of these stages has been outlined below:
e Phase 1 - A small group of trial participants receive the trial vaccine.

e Phase 2 - The clinical study is expanded and the vaccine is given to
people with characteristics that are similar to those of whom the vaccine

is intended.

e Phase 3 - The vaccine is given to thousands of people and is further

tested for safety and efficacy [7].

The first two phases are predominantly for testing the safety of the vaccine

and the final phase is for learning about the efficacy. However, in an emer-

37
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gency, this method is very time-consuming. In the 2014-16 Ebola epidemic,
the World Health Organisation (WHO) declared a world-wide emergency
and declared that Phase 3 of the vaccine trials were to be performed on the
general population in an at-risk community [15].

In this chapter, we will take this concept, simplify and consider designs
that maximise certain objectives. In particular, we want to learn about the
efficacy of the vaccine under trial, while simultaneously trying to minimise
the number of deaths in the population. To achieve this, we require an epi-
demic model that tracks the deaths in the population as well as the other
compartments related to the transmission. We modify a standard SIR epi-
demic model described in Section [2.2.2] to contain a death compartment,
where infected individuals die with a certain probability, or recover with the

complementary probability.

3.1.1 SIRD Model

The state transitions and the associated rates for the SIRD model are given
in Table Here, 3 is the effective transmission rate, % is the average
infectious period, and p is the probability of an infected individual dying.
We seek to test how vaccines affect the disease, so we need to separately
track the individuals that have been vaccinated from those in the control
group. This gives rise to the need for a model with parallel ‘arms’, one for

each group.

Assumptions In order to construct this model, we make several assump-
tions. Firstly, we assume that the vaccine only affects the susceptibility of
the vaccinated population (by the multiplicative parameter, ¢). Secondly,
we assume that vaccinated and non-vaccinated individuals who are infec-
tious have the same infectivity, 5, and that they remain infectious for the

same (average) length of time, % Finally, we assume that the probability
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of death, p is the same for both vaccinated and non-vaccinated individuals.
All of these assumptions do not necessarily reflect the biology of vaccina-
tion accurately, as along with susceptibility, vaccines also the affect length
of infection, transmissibility, severity of symptoms and probability of death.
These assumptions are made to simplify the model and allow focus on the
affect on susceptibility so that we can optimise the vaccine trials based on

the parameter q.

Table 3.1: The events, state transitions, and rates in an SIRD model, where

1

[ is the effective transmission rate, 5 is the average infectious period, and p

is the probability of an infected individual dying.

Event Transition Rate
. BIS
Infection | (S,I,R,D) = (S—1,1+1,R,D) | %75

Recovery | (S,I,R,D) = (S, I —1,R+1,D) | (1 —p)vI
Death (S,I,R,D) — (S, I—1,R,D+1) | pyI

3.1.2 SIRD Model with Two Arms

The SIRD model discussed in Section B.1.1] can be extended to have two
arms, representing the vaccinated and unvaccinated sub-populations. Each
arm consists of the SIRD compartments in parallel. The purpose of this
structure is to record the movement of individuals from the unvaccinated to
the vaccinated arm, via vaccination. All the individuals in the trial are from
the same population, however we separate them into two sub-populations by
placing them in one of the two parallel arms. These arms have their own
separate compartments allowing us to keep track of the number of infections
and deaths in each arm. Since the subjects are in the same population,
there is however cross-infection between the two arms as there is a potential

force of infection from both infectious compartments. See Figure |3.1| which
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Table 3.2: The state transitions in an SIRD model with two arms, where /3
1
v
probability of an infected individual dying, and ¢ is the effect of the vaccine.

is the effective transmission rate, = is the average infectious period, p is the

Event Transition Rate
Infection of control (Se, I.) = (S, —1,1.+ 1) %
Recovery of control (I,R.) > (I.—1L,R.+1) | (1—-p)vl
Death of control (I,D.) — (I.—1,D.+1) | pyl.
Infection of vaccinated | (Sy,I,) = (S, — 1,1, + 1) W
Recovery of vaccianted | (I,, R,) — (I, — 1, R, + 1) | (1 —p)vI,
Death of vaccinated (I,,Dy) = (I, —1,D, + 1) | pyI,

is a depiction of the transition diagram for this model, and Table for
the transition rates. Note that for simplicity, we only explicitly write the
states that change for each transition. The compartments with a subscript
¢ contain individuals in the control arm (unvaccinated), and the subscript v

corresponds to individuals that have been vaccinated.

For simplicity, we have chosen the vaccine effect to be a multiplicative
effect on the susceptibility to infection of the vaccinated individuals. That
is, the vaccine only changes the rate at which vaccinated individuals become
infected, and there are no further effects once the individual becomes infected.
This effect is labelled ¢ in the vaccinated arm of the model. So, if ¢ is less
than 1, the vaccine decreases the rate of a vaccinated susceptible individual
becoming infected. If ¢ is greater than 1, the vaccine has an adverse effect by
increasing this rate. The dashed line (transition) between the two Susceptible
compartments corresponds to the vaccination scheme that is implemented,
where decisions are based on the current knowledge about the parameter

g. This decision about vaccination is the focus of our experimental design,
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Figure 3.1: Transition diagram for the SIRD model with two arms, where /3
is the effective transmission rate, % is the average infectious period, p is the
probability of an infected individual dying, and ¢ is the effect of the vaccine

on effective transmission.
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which we seek to optimise by learning about the vaccine and decreasing the

number of deaths. The design elements we consider are discussed in Section

B.1.4

3.1.3 Likelihood Estimation

We are interested in comparing adaptive designs, where design decisions are
made at the end of each day and are based on the posterior distribution
for the vaccination efficacy, q. At the end of a given day, the posterior
distribution for ¢ is calculated, and the resulting actions are made at the
same time. This requires the calculation of the posterior distribution based

on the data collected, at the end of each day.

The focus of this chapter is to apply optimal experimental design to a
scenario which is simplified compared to reality. We assume that we have
full knowledge about the transmission dynamics of the disease and hence
we only need to estimate the vaccine efficacy, ¢, resulting in more efficient
computation. We further assume that every transition and the times of each
transition are observed. This assumption allows us to calculate the likelihood
exactly and efficiently. Relaxing this assumption will drastically increase the

computational complexity and is considered in Chapters [4] and [5

Let {X(t)}+>0 be the continuous-time Markov chain that describes the
evolution of the disease. Let the random variable T; be the epoch of the
i'h transition in the Markov chain, and let the random variable S; be the
state after this transition. For simplicity, we set Ty = 0, and let Sg be the
initial state of the Markov chain. This model has 8 individual compartments
and so the state of the Markov chain is the vector describing the number of
individuals in each compartment, s; = (S, I, R, D., Sy, I,, Ry, D,). Note
we can remove one compartment from the model since the population is a

fixed size, N.
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The observed data is the set of tuples,

Yn = {(ti,si)

z:ln}

up to and including the n'* transition.

Recall the unnormalised posterior distribution is calculated as follows,

flaly) o< f(q)f(ylq),

where f(q) is the prior distribution for ¢, which is discussed briefly in Section
B.1.5 and f(yl|q) is the likelihood of the data y, given the parameter ¢. In
order to calculate the likelihood, we utilise the fact that Markov chains have
exponential holding times and that the transition rates of the compartmental
models are determined by the number of individuals in each compartment,

i.e., the state of the process.

Assume at some arbitrary time ¢, that the n events represented by vy, =

{(ti, 8i)

as,

1=1,... ,n} have occurred. Then the likelihood can be expressed

n

flyal) = [T /(T80 = (k.30

=1

(Ti-1,8i—1) = (i1, 3i—1)>P<(TOa So) = (0, SO))?

where f((T;,S;)|(T;—1, Si—1)) is the conditional density of the transition into
s; occurring at time ¢;, given the process transitioned into the state s;_; at

time ¢;_;. We have,
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(T 8) = (ts0) | (Tt Si) = (tirsi))
PXt+h_SZ, {X() Zfliti,

X(tio1) = Sifl)

— lim ( .
(

h—0+
P X(tz + h) = S; X(tz_l) = 8;_1, {X(U) =8i1: ;1 fu< t2}>
et h

X P({X(u) =8;_1: ti_
X(t) = si_ 1)

X(tic1) = Si—l)
P(X(t +h) = s
= lim

h—0t h

P({X(u) — 81t

X(ti-1) = 31‘—1),

by the Markov property, and where X (¢;) = liTHtl_ X (7).

From Section the first term can be expressed as,

C P(XtHh =s{Xt) =s0) g htolh)
lim = lim .
h—0+ h h—0+ h

Similarly, the second term can be simplified to,

P({X(u) =81t

X<ti—1) = Si—l) = e_qsi—l(ti_ti—l)‘

Therefore, the likelihood component is given by

f((TuSi) = (s, 8;) ’ (Ti-1,Si-1) = (ti—lasi—1)>

_ —qs;_q (ti—ti—1)
_qsi—173i6 S :

Recall from Section , that gs, , ; is the transition rate from state s;_; to

state j, and ¢s, , = — D s, -
J#8i-1
In the above calculation, we have ignored that at the end of every day, we
make decisions about vaccinating individuals, dictated by the trial design.
This is important as once these individuals have been vaccinated, there is a

resulting change in the transition rates for subsequent events. This changes
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our likelihood calculation when events span over a day. If this happens we
need to multiply the probability that no more transitions happen until the
end of the previous day, by the probability that the next transition happens
on the current day (using modified transmission rates).

Recall the i*" event occurs at time ¢;, and the previous event occurs at
time ¢;_;. Now assume the end of the day is at time ¢’ such that t;_; <t < t;
and that a vaccination occurs at time ¢, moving the chain to state £. Note
that in this scenario, it is not possible to transition from state s;,_; to state
s; in one transition, and that the movement from state s;_; to state £ is the
result of the vaccination regime. This changes the density slightly from the

previous result to be

1180 = (80 | (Tir, Si1) = (tior,s601)
P(X(tl- Y h) =, (X)) =0: ' <u<t;)
= lim
h—0+ h

X P<X<t/) = Si—1, {X(U) =8,1: tim1<u< t/}

X(t) =)

X(h*l) = Sifl)
=q g e 0timt) s o= siy (F—tion)

— qf s_e_qﬁ(ti_t/)_qsi_l (t/_ti—l) X
191

3.1.4 Design Parameters

As mentioned in Section [3.1.2] we are interested in the optimal design that
both learns about the vaccine efficacy while minimising the number of deaths
over the whole outbreak. We consider designs that adapt to the learned
knowledge about vaccine efficacy. To put it simply, if we believe the efficacy
is less than 1, we should vaccinate many people and if we believe it is greater
than 1, we should not vaccinate; but we must ascertain such a belief with
some level of certainty.

We first need a rule for deciding if a vaccine is beneficial. This rule would
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take the posterior distribution for vaccine efficacy (¢) and return a measure
of our confidence that the true g-value is less than 1. We chose to consider
calculating the mass under the posterior distribution less than a cutoff, c.
That is to say, the vaccine is deemed beneficial if P(¢ < ¢ | y) > «; where
c is a cutoff point for the vaccine efficacy and « is considered a threshold
probability. Thus, at the end of each day, we calculate the posterior of ¢, then
calculate the probability that ¢ is less than ¢ and compare this probability
to a to decide to how many people to vaccinate.

In this model, there are 5 key design parameters:

e v - the initial number of individuals vaccinated at the onset of the trial;

e vy - the number of individuals vaccinated at the end of a day, given we

believe the vaccine is beneficial, i.e., if P(¢ <c¢ | y) > «;

e ¢ - the threshold that we require o of the mass in the posterior distri-

bution for ¢, to be less than, to deem the vaccine as beneficial; and,

e « - the amount of mass in the posterior distribution we require less

than a threshold ¢ to deem the vaccine beneficial.

We represent a design as the tuple, (v, vy, ¢, @).

3.1.5 Prior Knowledge

In Bayesian inference, we require the prior distribution of the parameters we
are estimating in order to calculate the posterior distribution. However, if
prior knowledge is very limited, one can use an ‘uninformative’ prior. In this
problem, we seek to estimate the vaccine efficacy ¢, which we have artificially
restricted to be between 0 and 2. As such, we use prior distributions that
are restricted to a domain of [0, 2]. In this case, a simple uninformative prior

distribution is a uniform distribution, U(0, 2).
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3.2 Optimal Design Criteria (Utility)

To define optimal design, we require an experimental design criterion, often
referred to as a utility function. That is, a metric we can calculate for each

design and use to compare designs to decide which is optimal.

3.2.1 Expected Number of Deaths

First, we are interested in investigating how the vaccine efficacy, ¢, affects
the total number of deaths over the outbreak. To do this, we ran a set of
simulations with two extreme designs, d; = (N,0,¢,a) and dy = (0,0, ¢, @).
The design d; has all individuals vaccinated at the onset, and design dy has no
individuals vaccinated at any point in the epidemic, and is hence equivalent
to a standard SIRD outbreak. Figure illustrates the expected number of
deaths against different values of ¢, under these two designs. The key result
we can draw from Figure is that the relationship between the expected
number of deaths and ¢ is monotonic, as expected, but the values themselves
are not necessarily intuitive for design ds. Since design d; has no individuals
vaccinated during the trial, there is no dependence on vaccine efficacy, ¢;

hence the horizontal line.

3.2.2 Oracle Design

We define the ‘oracle’ design to be the optimal design to reduce the expected
number of deaths, given that the vaccine efficacy, ¢, is known exactly. If
we know that ¢ < 1, then the vaccine is beneficial, and the optimal design
would be to vaccinate all individuals at the onset. Similarly, if we know that
q > 1, then the vaccine is detrimental and the optimal design would be to
never vaccinate. As such, the oracle design corresponds to the orange curve

for ¢ <1 and the blue curve for ¢ > 1, in Figure [3.2]
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Figure 3.2: The expected number of deaths in an SIRD model against vaccine
efficacy, ¢, under the two extreme designs, d; and dy where N = 1000. The
model parameters are, 8 = 0.3, % =5 and p = 0.3. A smoothing spline has
been fit across the 30 equispaced points over the domain for each design (d;

in blue and d, in orange).

Since the oracle design is acting according to exact knowledge of the effi-
cacy, it is the ideal outcome (with respect to minimising the expected number
of deaths). Since we are estimating the vaccine efficacy as the outbreak pro-
gresses, the best design is one that most closely matches the oracle design.
The measure of this difference between the oracle design and a given design

under investigation, d, is given by

ud) = [~ (Pila) = Dol@)) f(a)dn (3.1)

where Dy(q) is the expected number of deaths under design d for vaccine
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efficacy, q; Do(q) is the expected number of deaths under the oracle design
for vaccine efficacy, ¢; and f(q) is the prior density for q. Note the quantity
in the integral will always be positive as no design will minimise deaths as
well as the oracle. The quantity u(d) can be thought of as the expected
additional number of deaths under design d, compared to the oracle design.
This is defined to be the utility function. this novel utility function is easily
interpretable by epidemiologists, unlike some other utility functions such as

the Kullback-Liebler divergence. The optimal design is then defined to be,

d* = argmin u(d).
d

In this model, we are considering Bayesian optimal experimental design.
Hence, we make decisions based on the posterior distribution which requires
the use of a prior distribution. We also need to sample values of the param-
eters for designs to test, which we call this the sampling distribution. The
support of the sampling distribution must be contained in the support of the
prior distribution and typically they are chosen to be the same.

The prior distribution appears in two places: the calculation of the pos-
terior distribution, and the evaluation of the utility function. Note that in
the utility function (Equation , we integrate the difference in the expected
number of deaths with respect to the prior distribution This is to ensure we
find the design that matches the oracle design most closely where there is a
high proportion of mass in the sampling distribution.

The choice of the prior affects the calculation of the posterior distribution
which in turn dictates how we vaccinate individuals. The posterior distribu-
tion combines the information from the prior distribution and the data; if we
have little data, the prior has a significant effect on the posterior distribu-
tion. If we have many data points, the likelihood will dominate the prior. As
such, the choice of prior distribution is significant in the early stages of an

outbreak; however, as the outbreak progresses, the prior information tends
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to be overpowered. Thus over an entire outbreak, the choice of prior dis-
tribution is unlikely to have a significant effect on the outcome. However,
as the prior is used in the evaluation of the utility function, it does have a
significant effect on the utility for each design.

We will use a uniform prior over the domain of the parameter q.

3.3 Results

We implemented the INSH algorithm [25], as discussed in Section and
outlined in Algorithm for 10 generations with 100 initial designs. At the
end of each generation we kept the 20 designs that performed best (including
the current overall optimal design) and perturbed each of these designs 5
times. The perturbation kernel was a mixture of discrete-truncated uniform
distributions (for design parameters v and v;) and normal distributions (for

design parameters ¢ and «):

o) =) 4 U,(—50, 50);
ol = o) 1 U,(-30, 30);
) = %) 4 N(0,0.1);
o™ = o) 4 N(0,0.07).

Note that when perturbing the set of designs, we take care to ensure that the
sampled values remained within the limits outlined in Table After 10
generations the best design was found to be, d* = (72,250, 1.24,0.75), with
an expected additional number of deaths, u(d*) = 18.70, that is to say that
our design we expect 18.7 additional deaths more than the oracle design. In
context, this design means that 72 individuals are initially vaccinated, Then
if the estimated posterior distribution has at least 0.75 of the mass below

1.24 at the end of a particular day, 250 more people are vaccinated.
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Table 3.3: Maximum and minimum values for the design parameters.

Parameter | Min | Max

) 0 %

U1 0 N — ]c
c 0 2

Q 0 1

3.3.1 Assessing Convergence to Local Minimum

Now that we have implemented INSH, we will check that it did indeed con-
verge to a local minimum. First we will check that it converged, then we
will check that the convergence was to a local minimum. Figure [3.3| shows
the algorithm converging to a set of designs. Each plot is a projection of
the labelled design parameter onto one dimension. On the vertical-axis we
are plotting the generations of the algorithm. The colour bar indicates the
value of the utility function for each design, where blue is a poor design
and red indicates better designs. It is important to note the range on the

horizontal-axis is different for each plot.

In Figure 3.3, we can see that each parameter does converge to a narrower
set of points. While this convergence happens at different rates for each
parameter, all parameters seem to have converged completely by the 7'

generation.

The INSH algorithm converged to a set of best designs. It is difficult to
know if this set contains the true optimal design, but we can assess whether
it is indeed a local minimiser of the utility function. Figure |3.4] shows a set
of plots assessing the convergence to a local minimum. In this figure for each
plot we held the other design parameters at the optimal design and varied
the parameter under investigation over a coarse grid on its support. We then

evaluated the utility for these designs over the grid and plot the utilities
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Figure 3.3: A plot that shows INSH converging to a set of designs, where
the colourbar indicates the value of the utility function. The generation is
plotted on the vertical-axis reading down the plot and the horizontal-axis is
the value of that design parameter. Note that at each generation the 100
points that were considered by INSH are plotted and we see them converge
to a set of points as the algorithm evolves. Again, the model parameters are,

5:0.3,§=5andp=0.3.

against that dimension of the design space.

In Figure we can see that with regard to all design parameters, ex-
cept the number of daily vaccinations, that we are indeed clearly at a local
minimum. It is interesting to note that the plot for the daily vaccinated
parameter shows that the utility is close to invariant to this parameter given
the value of the other parameters. We can interpret this to mean that the
optimal design waits until enough is known about the vaccine (given by ¢
and «) and then vaccinate every individual as soon as possible. By stopping
time, this means that if the amount of mass under the posterior less than the

cutoff is greater than the threshold, then vaccinate every individual imme-
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diately and end the trial. We can make this connection because even when
we vaccinate 100 individuals each day, then in approximately 9 days (under

this design) every individual would be vaccinated, thus effectively a stopping

time.
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Figure 3.4: In each subplot we kept three design options held at the value
from the current best design and changed the named parameter over the full
range of possible vaccine values. The INSH-best design parameter value has

been included as a red point in each subplot.

After considering these plots to assess convergence, the algorithm seems
to have adequately explored the design space and found a local minimum.
Figure demonstrates that the algorithm has explored the design space
well and converged efficiently to a set of optimal designs. Figure shows

that the optimal design is indeed a local minimum of the design space.
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3.4 Getting the Most Out of the Super-Computer

A significant component of this work was utilising the full potential of the
super-computer we had access to. Since trialling a design takes so many
calculations, we required parallel computing and at times had to approach
this in an unusual way. However to discuss parallelising the computation
on the super-computer, we must first discuss what goes into investigating a

design fully.

For a given design under investigation, we needed to test how that design
performed under a range of potential g-values and then calculate the utility.
As far as testing how a design performs, we would fix a value of ¢ and simulate
the outbreak under that design. While the simulation was happening we
are estimating posterior distributions and vaccinating accordingly. We then
picked a new ¢ value and simulated an outbreak under that design again and
so on. We chose to test the design for 30 different g-values between 0 and 2
(equispaced), we chose 30 because each node on the super-computer has 32
cores. This is reasonably fast, however to achieve a reasonable estimate of
the utility, we had to repeat the 30 simulations under the different values of ¢
many times. Rather than setting a number of iterations, we instead ran the
code for 6 hours and took how many were achieved in that time (this resulted
in around 25,000 repetitions). This was important because if we requested a
certain amount of time for the code to run and it finished earlier, then the

job could be allocated lower priority on the queue.

The optimal experimental design is simply many nested loops of simu-
lating an outbreak, the challenge here is finding which loop to parallelise.
For instance we could have each core trial a design over the 30 values of ¢
or could have 30 cores perform one value of ¢ each. We chose to allocate
a different value of ¢ to each core to reduce the number of files needed to

save information, as writing many files can slow down the processes. We
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noticed however that simulations when ¢ was near 0, ended very early (effec-
tive vaccine) while simulations when ¢ was nearer 2 took significantly longer.
This was an issue because all 30 cores must complete their operations before
they can move on to the next task resulting in idle cores for periods of time.
If we order the values of ¢ under investigation as {qi,qo,--.,¢q30}, then we
noticed that time taken for ¢; and g3y to complete was approximately the
same as the time required for ¢, and ¢o9. We noticed this pattern continued
for nearly all values. As such we tried allocating ¢; and ¢z to the same core
and so on. This did increase our core efficiency, but we experimented further
and found that allocating 6 values of ¢ to each node resulted in the highest
efficiency. To use all 30 cores available we would then allocate 6 values of ¢
to each core resulting in 5 full evaluations once all cores had completed. For
instance core 1 was allocated {q1, s, q11, q16, @21, @26}, core 2 was allocated
{92, 97, 12, @17, @22, @27} and so on. This was advantageous for two main rea-
sons, first was the increased efficiency but the second was that we were able
reduce the number of output operations by a fifth.

Another step in the optimal experimental design that requires considera-
tion is the implementation of INSH. In each generation of INSH we trialled
100 designs and then needed to collate the information from these trials and
then trial another 100 designs. As the super-computer is a competitive re-
source, it can take a lot of time getting to the top of the queue. So we set
dependencies on the jobs we submitted so that once one was completed the

others remained on top of the queue.

3.5 Limitations of the Model

In this chapter we made modelling assumptions that were very naive. First,
for the sake of computation simplicity and efficiency, we assumed the data

was fully observed. This assumption allowed us to calculate the likelihood
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function exactly (using basic Markov chain theory), which is precise, and effi-
cient. However, this assumption is not realistic since in a real outbreak, that
kind of data is impossible to collect and hence represents a poor modelling
assumption.

Another crucial modelling assumption we made was to assume that the
vaccine effect can range between 0 and 2. We made this assumption to
provide a simple illustrative example in which the adaptive design would
learn about the vaccine and make decisions accordingly. If we had assumed
the vaccine affect was between 0 and 1, then the optimal design would be to
vaccinate everyone initially as that can be no worse than do nothing. Our
assumption allowed the experimental design to converge to an optimal design
and ensured we were able to distinguish between different designs. However,
this is an unrealistic assumption as a vaccine that could have detrimental
affects would not be admitted to the general population, as it would fail to
pass the basic clinical trials. Although this may seem impractical it still
achieves the intended purpose of illustrating the methods discussed.

The third modelling assumption we made was to choose a simple model
(SIRD), which has few compartments and does not have exposed periods, or
symptomatic and asymptomatic infectious individuals. We chose a simple
model because this once again decreased computation time and allowed us
to explore the optimal experimental design, without having to work through
slow computing. In relation to the choice of epidemiological model, we also
chose parameters for the model arbitrarily until we had a disease that spread
well but not too quickly such that the design made a difference.

We address and relax all of these assumptions in Chapter [4]



Chapter 4

Computational Efficiency of

Likelihood Estimation

4.1 Introduction

The work in Chapter [3| familiarised us with the context of optimal exper-
imental design in vaccine trials and developed methods that we can build
on. The assumptions made to enable computational efficiency in the preced-
ing example are not realistic in practical situations and so, in the following
chapters, we will be addressing these assumptions. We will be addressing the

three main issues highlighted in Section [3.5]in this chapter.

Fully observed data. In the previous chapter it was assumed that we
can fully observe the data from the outbreak. We made this decision for the
sake of computational efficiency and simplicity. However, it resulted in an
unrealistic problem as fully observing the data is almost impossible. In this
chapter we will remove this modelling assumption by instead using partially-
observed data; that is, we only observe certain types of transitions and we
do not know the exact time of these transitions. We have assumed that we

observe the data to daily precision, meaning at the end of each day we have

57



58 Chapter 4. Computational Efficiency of Likelihood Estimation

a count of the number of observed events that day. We will assume that we
can only observe the transition from an individual being asymptomatic to
showing symptoms (that is, £ — I). This might seem unrealistic, however
as seen with COVID-19, once a positive test comes back the individual being
tested is asked when they first showed symptoms (to a daily precision). Tt
is true that the result from the test might be delayed by some number of
days, and hence the patients response will be delayed, but for the sake of
simplicity, we are assuming there is no delay in the observations. Further,
some individuals become symptomatic and are never tested or reported, but
for simplicity we do not account for these cases. We will go into more detail

about the model we chose to use and the partially-observed data in Section

421

Unrestricted vaccine effect. In Chapter[3| we made the assumption that
the vaccine effect could range between 0 and 2. Since the effect was multi-
plicative on the infection rate, this means the vaccine could be 100% effective
all the way to increasing your chance of infection by a factor of 2. This is
very unrealistic as a vaccine that increases the rate of infection would never
be administered to the population. In reality, before a vaccine is adminis-
tered to the population, it would have to undergo three-stage clinical trials
to assess the safety of the vaccine in a controlled environment. However we
needed to make this assumption to ensure there is a trade-off between vacci-
nating every individual initially and waiting to learn about the parameters.
In a global pandemic, such as the COVID-19 outbreak, these trials might be
expedited [4] to achieve a swift and efficient roll-out of the vaccine. In this

chapter, we assume that the vaccine effect is between 0 and 1.

Simplistic model. In Chapter |3| we chose to use a simple epidemiological
model (the SIRD model, from Section [3.1.1). Not only was this model un-

sophisticated in regards to an actual virus, we also chose model parameters
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arbitrarily to ensure the outbreak spread slowly, yet had a large enough first
wave to allow the design to have an effect. This was acceptable because we
were only interested in building a framework for optimal experimental design
and learning about the process. However we are now interested in finding a
practical method and hence solution to a more practical and realistic prob-
lem. Hence, in this chapter we will use a model that has been used to model
COVID-19, with parameters from real data based upon [22]. We will go into
more detail about this in Section [£.2.1]

4.2 Three-Arm Model with Partially-Observed
Data

As discussed above, the model used here now assumes we can observe only
one transition. Further, the previous previous model to be too simplistic and
unrealistic, so we have taken inspiration from an early model for the COVID-
19 virus from [22]. In this paper, they use an SEIIRH model, where the first

infectious compartment is asymptomatic and the second is symptomatic.

Assumptions The SEIIRH model has similar assumptions to the SIRD
model for simplicity. We continue to assume that all participants (regardless
of vaccination status) have the same infectivity, 5, and the same average
length of infection (asymptomatic and symptomatic), 1/, and 1/v;. We also
assume that all participants have the same probability of death, p. As with
the STRD model, these assumptions do not reflect the biology of vaccinations,
but are made for simplicity and to focus on optimising in regards to the

vaccines’ efficacies in reducing transmissibility, ¢; and gs.
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4.2.1 The SEIIRH Model

In order to construct a more realistic model and take into account the relax-
ing of assumptions described above, we have taken inspiration from an early
model for the COVID-19 virus from [22]. In this paper, they use an SEIIRH
model, where the first infectious compartment is asymptomatic and the sec-
ond is symptomatic. The structure of the SEIIRH model is very similar to
the SIRD model in Section however there is more compartments. Note
that we have included a hospitalised compartment instead of deaths for this
model, because [22] provided estimated hospitalisation rates for COVID-19.
We will go into more detail on the parameter values in Section [5.1.1} Note
that in the SEITRH model, we depict the asymptomatic infectious compart-
ment as I, and the symptomatic infectious compartment as I,. Note here,
that we are assuming the infectious rate is the same between symptomatic
and asymptomatic individuals, this could be modified easily to mimic self-
isolation, that we have seen is effective with the Covid-19 pandemic. See

Table for the transition rates for this model. Here, 3 is the effective
1

transmission rate, - is the average time spent in the exposed compartment,
vi is the average time spent in the asymptomatic infectious compartment, “/i
is the average time spent in the symptomatic infectious compartment and p

is the probability an infectious individual is hospitalised.

4.2.2 SEIIRH Model with Three Arms

Similar to Chapter [3| we will be vaccinating individuals in the population
and hence will need to label them differently, hence the need for a multi-arm
model. However for this chapter, we will be changing the base model to
an SEITRH model as this model is a more realistic choice for the COVID-
19 virus. Similarly we have decided to change the model to be a three-arm

model, where one arm is the control (¢), one arm is the individuals whom had
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Table 4.1: The state transitions of the SEIIRH model, where we have in-

cluded only the relevant states in the transition column.

Event Transition Rate

S,E) = (S—1,E+1) |2Uatl)s
El)—(E-1,1,+1) | oF

I,— 1,1+ 1) | vula
Ii=1,R+1) | (1=p)yls
(Is =1, H+1) | pysls

Exposure

Infection (asymptomatic)

Recovery

(

(£, 1a)
Infection (symptomatic) | (1, Is)

(Ls, )

(

Hospitalisation

vaccine 1 administered (v1), and the last arm is the individuals whom had
vaccine 2 administered (vs). In this scenario we are trialing the two vaccines
simultaneously, to learn about their effectiveness and to minimise the spread
of the disease. This method could be applied to a scenario where there are
two viable vaccines, but it is unclear which is more efficacious. Ideally the
optimal design would be one that waits for some time to see which vaccine
is better and will vaccinate most people with that vaccine. Note that we are
assuming once an individual has received a vaccine, they are ineligible for

the other vaccine.

In this model we have included two vaccine affects: ¢; corresponding to
vaccine 1, and ¢y corresponding to vaccine 2. We have assumed that the
vaccine changes the rate of infection and that it has a multiplicative effect
on the infection rate. See Figure for a diagram of the three-arm SEITRH
model. Note that the three arms are labelled ¢ for control, v; for vaccine
1, and vy for vaccine 2. Similarly note, the subscript on the infectious com-
partments a and s correspond to asymptomatic and symptomatic infectious.
Similarly, we define I; to be the total number of infectious individuals in the

population, both symptomatic and asymptomatic in all arms.
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Figure 4.1: Transition diagram for the SEITRH model with three arms, where
q1 is the effect of vaccine 1 and ¢y is the effect of vaccine 2. Note that I, is

the total number of infected individuals in the population (I, + Is. 4+ Lp1 +
Isvl + I(w2 + Isv2)-
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4.3 Required Calculations for Optimal Ex-

perimental Design

Before we can implement the three-arm SEIIRH model in an optimal ex-
perimental design framework, we must first find a method for calculating
the likelihood function for the partially-observed data. The key requirement
for this method is that it must be computationally efficient, as we need to

perform many calculations to evaluate a design.

Calculations required to evaluate the Posterior. In Chapter [3| when
evaluating the posterior distribution for the parameters, we found it was most
efficient to calculate the unnormalised posterior over a range of parameter
values and then normalise it. This was feasible as we were only estimating
one parameter; in this model we are estimating both ¢; and g,. We investi-
gated using a Metropolis-Hastings algorithm to estimate this. However, we
discovered we would need approximately 2500 samples to achieve a satisfac-
tory exploration of the space. Since the computational effort to obtain each
sample is very large, 2500 samples is much too large for a computationally
efficient method. Instead, we chose to use a similar method to the previous
chapter, where we will evaluate the unnormalised posterior over a grid of ¢;
and ¢y values and then normalise by numerical integration.

Let n be the precision on the grid of model parameters. For each pair
(q1,q2), we will need to evaluate the likelihood once; then we will need n?
likelihood evaluations per posterior evaluation.

Calculations required to implement a design. To implement a
design, we simulate an outcome (using the SSA outline in Section [2.1.1)
and each week we collect data and evaluate the posterior up to that time.
Based on that posterior we vaccinate the population. Hence for a pair of

true values of (q1,¢2), we need to perform likelihood calculations for each
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week the outbreak lasts. Let ¢ be the number of weeks and hence posterior
calculations that must be performed.

Calculations required to trial a design. In order to fully trial a
design for a pair of true vaccine effects, (¢i,¢2), we need to implement the
design many times and average the outcomes. Let m be the number of times
we implement a design, to then take the average. As m is increased the
precision in the estimate will increase.

Calculations required for utility evaluation. As discussed in Section
2.5] a utility used in optimal experimental design is an integral over the range
of parameter values that are unknown. In the context of this problem, the
unknown parameters are ¢; and ¢o, so for a utility evaluation, we require a
grid of these values to then integrate over. Let N be the precision of this
grid, then we must trial each design N? times. Note that for the evaluation
in Chapter [, we took N = n = 20, although N and n can different.

By putting all of these together we end up needing n? x £ x m x N2
likelihood calculations per design we wish to trial. This number is very large
and grows quickly as we strive for a more precise result. However this total is
simply the number of likelihood evaluations required to evaluate a design. We
then must integrate over the design space; for instance when we implement
the INSH algorithm in Section we evaluated 1000 designs.

This highlights our need for a computationally-efficient method of likeli-
hood evaluation for this model, in the context of optimal experimental de-
sign. In the following sections we will discuss various likelihood methods and

compare their computational speed and their accuracy.

4.4 Exact Likelihood Calculation

It is technically possible to perform exact likelihood calculations on partially-

observed data, however for this problem we have an 18-compartment model
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Markov chain. The partial data significantly increases the computational
complexity as we need to infer all the other transitions that are not ob-
served. This method is computationally intractable for a model with 18
compartments. Instead we must look for a method that estimates the likeli-

hood rather than calculates it exactly.

4.5 Bootstrap Particle Filter

A common method for likelihood-based inference when it is difficult to cal-
culate the likelihood exactly is to use a particle filter, which is advantageous
when the process is fast and easy to simulate. For this model, we can effi-
ciently simulate an outbreak through the SSA. However, the events we are
observing are often very rare, and so for a bootstrap particle filter to be ac-
curate we would need a very large number of particles, which decreases the
efficiency significantly. Instead we can look to use an importance sampling
particle filter, that utilises the principles of importance sampling to assist in

sampling these rare events.

4.6 Importance Sampling Particle Filter

The importance sampling particle filter is a precise method for estimating the
likelihood of partially-observed data; however as mentioned in Section [2.4.3]
as the model complexity increases it becomes more difficult to implement.
In Section we demonstrated how one would theoretically implement an
importance sampling particle filter for an SEIR model. This is relevant to
our SEITRH model as the SEIR model has a chain of infections S — F — [
and the SEIIRH has a chain, S — E — I, — I,. Our model is even more
complex due to having three arms with cross infection between them.

In this section we illustrate an importance sampling particle filter on a
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Figure 4.2: Transition diagram for the SEIIRH model with two arms, where ¢
is effect of the vaccine. Note that I; is the total number of infected individuals

in the population (e + Ise + Loy + Is0)-

two-arm SEITRH model; See Figure[4.2|for a diagram of this model containing
a control group and a single vaccinated group. We chose to illustrate the
method using only a two-arm model because it sufficiently demonstrates the
difficulties of this method and sufficiently tests the computational efficiency.
This also highlights a shortcomings of this method, where it cannot easily be
modified to a different model as we need to account for all the ‘edge’ cases
and the unique sequence of interim forced events (as discussed in Chapter .

See Figure [4.2] for a diagram of this model.
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4.6.1 Simulated Data

We are collecting the observed data to daily precision and every week up-
dating our knowledge for the posterior distribution of the parameters. The
structure of this data is an array, where each column represents the number
of transitions from I, to I, in either arm that happened that day and each
row represents a day. Thus the data will be a 7 x 2 array for each week.
However for the purposes of demonstrating this method, we will be evaluat-
ing the posterior at the end of the outbreak, so the data will be a 2 xT" array,
where the outbreak lasts for 7" days. Note also we will not be implementing
designs yet, as we are simply concerned with the behaviour of the likelihood
method. Instead we will be using the method on a population where a third
of the individuals are in each vaccinated group and that will not change over
the course of the outbreak. Another important note to consider is that to
evaluate the posterior distribution, we will be evaluating the likelihood over a
range of values that the vaccine effect can take ([0,1]) and then normalising.

In the following we will go into detail of how we adapted Algorithm
to this specific model, with close attention paid to edge cases.

Assume we have observed events {y1,vys, ..., yr}, then we will focus on
day t € [0,T1], as we are modifying the propagation step, and the following

process is repeated for each day.

4.6.2 Forced Observed Events

In Algorithm we generate the times of the observed events, assuming we
have observed (yy,y;) events on day t. Then we must force y = yf + y; total
observed events over this day. In Algorithm [2.4] we will sample y random
numbers from a standard uniform distribution and sort them. However we
now need to order these forced events randomly, as the order in which they are

forced will affect the result. Specific to this problem, the observed transition
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in the control group I,. — I, is event Type 3, and the observed transition
in the vaccinated group is I,, — I, is event Type 8. To randomly order the
forced events we sampled, without replacement, from a set that contains y;
Type 3 events and y; Type 8 events with a total of y entries. This sample is
the beginning of the stack ¢, that keeps track of the next events that need
to be forced. Note the stack 1 is the event-type stack and it has entries that

correspond to the elements of the time stack w.

4.6.3 Forced Interim Events

The next step that requires care is when we are checking if the system will
remain consistent for the next forced event e,. Without loss of generality
assume the next forced event is in the control group (event Type 3) and at

time t,,. Then at this point, there are four cases that need to be considered.

Case 1. In this case, there is at least one individual in the I,. compartment.
If this is true, we do not need to force an interim event and instead can force
the observed event at time ¢’, by adding event Type 3 to the top of ¢ and, t’
to the top of w.

Case 2. In this case, there are no individuals in I,., but there is at least
one individual in F,. In this scenario, we need to chain the proceeding events
in order to force this sampled event. This is achieved by forcing the interim
event F. — I,. (event Type 2); recall from Algorithm this requires us to
sample the time, ¢/, of this event from a truncated exponential distribution.
Then we would add event Type 2 to the top of ¢ and ¢’ to the top of w.
This ensures the interim forced event is implemented before the next forced

observed event.
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Case 3. In this case, there are no individuals in I,., and there are no
individuals in E.. The majority of the time this case occurs (see Case 4),
we can simply chain together the two interim forced events; note that the
order in which this happens is important. First, we will sample the time
for the transition S, — E. (event Type 1) from the truncated exponential
distribution, ¢'. We then add event Type 1 to the top of 1) and t’ to the top

of w.

Case 4. There is one caveat to Case 3 that needs to be addressed that
is a result of having two arms that can cross infect. This is a very specific
circumstance when we are in Case 3 in the control group and there is only one
individual in the Exposed compartment in the vaccinated group FE,. This
is an issue because we want to make the transition S. — E., however for
that to happen there must be at least one individual in one of the other four
infectious compartments. In this scenario, we must force the interim event
E, — I, (event Type 7) before we force event Type 1, by adding event Type
7 to the top of 1.

It is important to note here that once the top transition on the stack has
been made (i.e., popped off the stack), we re-evaluate the consistency of the
state. This is how we chain the events together. For instance, say we are
in Case 2, and the top element of the stack is event Type 2. Once that
transition has occurred, we once again check which case we are in, and in
this scenario that would be Case 1. However in the propagation step, random
events are still occurring, it is entirely possible that the random events may
allow us to skip interim forced events. For instance, if we are in Case 4, and
the transition is enforced, then after that transition, by random chance an
individual transitions from S, to E., then we could jump to Case 2, bypassing
Case 3. Thus care must be taken when implementing random events as to

check if this has changed the sequence of events that must be forced.
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Figure 4.3: A decision tree for the interim forced events, where e is the next

forced event to be put on the stack and I, = I, + Iy + L4y + g0

We have discussed these cases for the control group, however since both
groups are identical (except for the vaccine effect) the same principles apply
for the vaccinated group. In Figure [£.3] we have outlined all these cases in a

decision tree.

4.6.4 Modified Rates

Another key component of Algorithm [2.4] is how we modify the rates of
the underlying simulation process to ensure the system remains consistent.
Recall, while propagating the particles forward a day, we have to force the
number of observed events and still allow the process to have random tran-
sitions that follow the same rates as the model. This can lead to issues with
regard to the system’s consistency, for instance if all infected individuals re-
cover before we have forced all the observed events (that have occurred in the
data to date). There are some general rules for adjusting rates for particle
filters. The first is that the rate of the observed event (in this model, event
types 3 and 8) is always 0; this is important because that means the observa-

tions only happen at the forced times. Second, the rate of the next interim
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forced event is always 0; this ensures the propagation step can not make
that transition randomly before forcing it. Finally, if we observed N, total
infections in the data, and if there is a total of only one infectious or exposed
individual in the population then the rate of recovery or hospitalisation in
either compartment is 0. Similarly if K. + [, + Isc + By + 14 + I, = 1, and
the number of already forced events is less than N,, then we set the rates of
recovery and hospitalisation in both compartments to 0. These conditions
are crucial, because otherwise the system can prematurely end the simulated

outbreak and then that particle will not match the data.

4.6.5 Limitations

In Section [4.9, we have performed many likelihood evaluations for a range
of g-values using this method and we have summarised the computational
time and precision of the method. We show that for the two-arm model, this
approximation method is reasonably accurate. However, it is too slow in the
context of optimal experimental design. Note the times we have calculated
are from using the two-arm SEITRH model, which is a simpler and smaller
model compared to the full model that will be used in Chapter [5| However,
the computing time taken for a single likelihood evaluation using a particle
filter on this simpler model is intractable, thus extending the model will only
make this worse. Therefore the two-arm model highlights the need for a

significantly faster approximation method for likelihood estimation.

In the following sections, we will demonstrate two methods that are sig-
nificantly computationally faster than a particle filter, with a minor sacrifice
of precision. We will discuss implementing them on the two-arm model and

compare timing and accuracy of results to the particle filter in Section [4.9
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4.7 Gaussian Diffusion Approximation Method

As can be seen in Section [4.9] using a particle filter to approximate the
likelihood is an accurate method, however it is very slow. In the context of
optimal experimental design, we have a need for a significantly faster method,
at the sacrifice of some precision.

We took the principles of the method outlined in [23], where they discuss
using a density-dependent approximation to the stochastic process. Recall
from Section , that for a large population (N), the density-dependent
stochastic model can be approximated by a deterministic process. This
method is significantly computationally less intensive as we are simply solv-
ing the differential equation outlined in [23] for a range of parameter val-
ues, which can be done efficiently and accurately using differential equation

solvers.

4.7.1 Outline of the Method

Much like with a particle filter we are interested in the likelihood of the
observed data given the parameters, and in this context the only unknown
parameter is the vaccine effect g. Theorem [2.2.1] gives us a form for the
mean outcome of all stochastic realisations for a set of fixed parameter values.
Then the likelihood of each value of ¢ can be calculated by how ‘closely’ the
stochastic realisation matches the deterministic trajectory.

Let’s still assume we only observe the number of transitions from I, to I
for both arms of the model, at the end of each day. These observations can
be represented as {y1, Y2, ..., yr}, where y, is a 2-element vector containing
the counts for the number of transitions in the control and vaccinated com-
partments, respectively. To calculate the likelihood of the data over these T’
days, this method would require us to solve the deterministic trajectory for a

value of the unknown parameter q. This deterministic trajectory is a multi-



4.7. Gaussian Diffusion Approximation Method 73

dimensional ordinary differential equation (ODE) which can be numerically
solved using a solver (e.g., odeint from scipy in python) [28]. We will go
into more detail on how we built the differential equation for this problem in
Section .72

From the solution of the differential equation, we have an approximation
of the mean number of transitions between I, to I, compartments as well as
an approximation of the variances. We will refer to the counts of the number
of transitions in the deterministic solution as the deterministic observations
and denote them as {z{, 2z4,..., 2%}, and the variances that accompany these
observations can be represented as {37, 33 ... 3%}, Note that the solution
to the ODE provides us with the full covariance matrix for every compart-
ment in the model, however we are only interested in the sub-covariance
matrix that corresponds to the two observed transitions. Under this approx-
imation, we have f(y:|q) ~ N(z{,%{), and hence the likelihood of the data

is,

" =log(f(ylg)) = log < 11 rwlo) > > log(f(wila)).

t=1.T j=1T

4.7.2 Implementation

An issue we encountered when implementing this approximation, is trying to
calculate the number of the observed transitions over a day from the solution
of the ODE. Specific to this problem, it is possible to work this out because
we know the flux in and out of each compartment over a day. However in
order to obtain the variance of these numbers, we need an element of the
differential equation to be counting the number of observed transitions. We
know that the rate of transition between the two infected compartments is
Yalae (for the control group), and 7,1, (for the vaccinated group), so we

added two new DEs to the deterministic model, and label these counting



74 Chapter 4. Computational Efficiency of Likelihood Estimation

DEs by C. and C, respectively. These two differential equations count how
many individuals moved between the infected compartments. However these
will become a cumulative count after a day has progressed, which is not what
we want.

To fix this we solved the ODE forward a day, took the state at the end of
the day and then leaving the 12 states from the original model unchanged,
we reset C, and C, to be 0. This results in those compartments counting
the number that transitioned in the day, rather than cumulatively over some
period of days. We save the counts in these components at the end of the
day before setting them back to 0. The result of this was a solution to
the deterministic model that also counted the number of transitions we are
interested in.

Another consideration that needs to be made is when including the vari-
ance in the deterministic model, where all variances and covariances that
correspond to C. and C), need to also be set to 0. The original model con-
sisted of 12 compartments, and we added two more for counting, so the
covariance matrix will have 196 (14%) compartments, and we must also set
the 52 elements that are the 13th and 14th rows and columns of the matrix
to 0; resetting the values similarly to the mean components. This is because
when we set C,. and C, to 0, we are setting them to constants which have

zero variance; then we can calculate the variance of the count over the day.

4.7.3 Limitations and Advantages

We have summarised the results in Section[4.9] where we see that this method
is also computationally intractable in the context of optimal experimental
design. In order to obtain the variances of the observations, we must calculate
the covariance matrix for all components in the ODE; this results in a 210-
dimensional ODE. An ODE of this size is still computationally intensive and

unfortunately we were unable to find a way around this issue.
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Another limitation of this method is that the stochastic process (observed
data) is only one realisation of what could happen for given model parame-
ters. These trajectories can vary significantly, which can be a problem if by
natural variation the observed data matches a deterministic trajectory, gen-
erated from different parameter values, more closely. This is unfortunately
unavoidable in this method, however we can minimise the effect by averaging

over more simulations in the experimental design stages.

Similarly, another limitation of using deterministic models is that they
tend to over-estimate the true mean. This is because the deterministic so-
lution will not account for the probability of the disease fading out early (if
Ry > 1). This is a limitation of this method, because when the observed
data is from an outbreak that faded out, we would not be able to make
reasonable estimations of the likelihood. However, in the context of optimal
vaccine trials, if a realisation of the outbreak ends early, one could say that
the endeavour to slow down the disease and reduce deaths was successful and

precise evaluation of the vaccine efficacy is not as important.

This is particularly true in Section [5.3, where the utility used does not
involve the posterior estimates of the parameters. As such if the disease
fades-out, the utility is not adversely affected by poor estimation and if it
were to happen in a real-world scenario, we could estimate the likelihood

using a slower and more precise method, for example a particle filter.

Overall, this method has the potential to be reasonable for approximating
the likelihood, but it takes too long to solve the required system of differen-
tial equations. We did circumvent this by solving the system of differential
equations for a range of parameter values and saving the covariance matrix
and means over time. This sped up the process, but it will not be feasible
when we implement the method in an experimental design framework. At
the end of a week, a certain number of people are vaccinated, changing the

initial state for the differential equation, making the saved information use-
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less. So, we constructed a computationally-efficient method where we reduce

the dimension of the ODE in Section [4.8]

4.8 Poisson Approximation Method

Taking the principles from the above method, we modify it simply to increase
the computational efficiency, with an expected loss in precision. Previously,
we were solving a 210-dimensional ODE and now seek to lower the number
of dimensions while still calculating the likelihood in a similar manner.

Broadly, the modification involves using the mean trajectory from the
system of differential equations, and assuming that the realisation from the
stochastic model fits that of a Poisson distribution. Thos is elaborated further
in Section [4.8.1] This is a significantly faster method as it requires us to solve
only a 14-dimensional ODE.

4.8.1 Outline of the Method

The actual method is nearly identical to the previous one discussed; we solve
the differential equation (now just the mean components), and estimate the
likelihood of the data given the assumption that the data follows a Poisson
distribution. We observed that if the rates of a Markov chain is held constant,
then over a short period of time, the number of arrivals is Poisson distributed
with mean given by the corresponding rate. This will allow us to approximate
the Gaussian error structure with a Poisson distribution, where we only need
to know the mean. In this problem, of course the state of the Markov chain
is not held constant, however over the time frame of a day (the precision of
our observed data) it typically does not change drastically.

Given the solution to the system of differential equations is the mean tra-
jectory of all stochastic realisations (for a set of model parameters) asymp-

totically, then we can simply calculate the probability at time ¢ of observing
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y; infections, given the mean number of infections is z{ under a Poisson
distribution. However, another assumption must be made: that the counts
of the number of infections in both groups are independent. Given this as-
sumption we can simply multiply the two probabilities at each time ¢. Let
f(yilg) ~ Poi(z{.) and f(y;|q) ~ Poi(z{,), be from independent Poisson
distributions. Then the likelihood of the observed data is,

(0= log(f(yila)) = Y log(f(yila)) + D log(f(y;la))-

j=1T j=1T j=1T

4.8.2 Limitations and Advantages

Similar to the method outlined in Section [£.7 this method has the same
limitations as far as the precision, but likely to be less precise. However, this
method required us to assume that over a day, the state is approximately con-
stant, which allows the use of a Poisson distribution for the error structure.
With the population size being sufficiently large the Poisson assumption is
reasonable, however care must be made to acknowledge that using a Pois-
son error structure is a further approximation on an already approximate
method. Having said that, this method is significantly quicker than either of
the two previous methods that we have explored and in the context of the
optimal experimental design in Chapter [5] this is crucial. See Section [4.9] for
the analysis of this method.

Both the Gaussian method outlined in Section [4.7, and this one have a
significant advantage over the particle filter, in that they are easily adaptable
to a specific problem. In the case of the particle filter we had to manually han-
dle all of the forced and interim forced events as well as modifying the rates
for the edge cases. As the complexity of the model increases, this becomes
a very tedious and difficult task. However when we look at approximating

the likelihood using the solution to a system of differential equations, pro-
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vided we change the system of differential equations correctly, the methods
are easily modified to any model. A major advantage of this method is its
performance with regard to both the reasonable precision and importantly

the significant improvement in computational efficiency, as presented in [£.9,

4.9 Results

In the previous sections in this chapter, we have explored three methods in
detail for approximating the likelihood of the observed data given the model
parameters. Each method stepped further away from statistical precision,
due to requiring more assumptions and approximations. However it was
discussed that this sacrifice in precision was made up for in the gain in
computational efficiency. In this section we will discuss the accuracy and
speed of these three methods in comparison to each other.

In the following results, we took a true value of ¢ (we chose to test the
results on five different g-values: 0.1, 0.3, 0.5, 0.7 and 0.9) and generated data
from the two-arm SEIIRH model using the SSA. We took the observed data
(number of transitions from asymptomatic to symptomatic in both groups in
each day) over the whole outbreak and evaluated the posterior distribution.
Note that to evaluate the posterior distribution we evaluated the likelihood
at 30 ¢g-values equi-spaced from 0 to 1, and then normalised these 30 points
to get a normalised posterior distribution. We then find the mazimum a
posteriori (MAP) that is a measure of the single-value summary of central
location for the posterior distribution. Note that in the particle filter we
need to set the number of particles used as a parameter. We chose to use 500
particles as we decided this led to an acceptably smooth and precise posterior
distribution.

In Figure [4.4] we have included a set of side-by-side boxplots of the es-
timated MAPs (from 2500 samples) for each method and over a range of
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g-values the data was generated using. We included this plot to demonstrate
the median and variance in the estimates of the MAPs. Note, we have in-
cluded horizontal red lines that correspond to the true values of ¢ that were
used in the generation of the data to assist in assessing the results. We can
observe from Figure [£.4] that all methods seem to underestimate the true
value, however this is probably unavoidable and is not a result of the par-
ticular method. It is worth noting that for large values of ¢, the particle
filter performs much better at achieving an unbaissed estimate for ¢, we are
not entirely sure why this is, but possibly when ¢ is small, the outbreaks
end quickly and insufficient data is collected. We can also observe that the
median MAPs of the Gaussian and Poisson methods are identical for each
value of q. However, the Poisson method has a slightly larger variance in the
estimate than the Gaussian method. All three methods seem to be appropri-
ate in estimating the MAP of the unknown parameter, however the particle

filter is, as we expected, the most precise.

The precision of the Poisson method is negatively impacted by the ap-
proximations and assumptions we made. However, we made this sacrifice for
the sake of computation efficiency. Table displays the mean MAP esti-
mate and time for each method, over the range of the values of ¢. From this
table we can see that the particle filter took approximately 6000 seconds per
posterior evaluation, while the Gaussian method took approximately 25000
seconds per posterior evaluation. Both of these are too slow, especially when
applied to a more sophisticated model and when the posterior requires more
likelihood evaluations. We can also see that the Poisson method took approx-
imately 2.5 seconds per posterior evaluation, which is a significant improve-

ment in computational speed for an apparently minor sacrifice in precision.
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Figure 4.4: Side-by-side boxplots of the MAP estimates of the unknown
model parameter q. The data was generated with ¢ values, 0.1, 0.3, 0.5, 0.7
and 0.9. We have included the three methods under investigation and the

red horizontal lines represent the true value of q.

4.10 Summary

In this chapter we have introduced a three-arm SEIIRH model and discussed
partially-observed data and methods of estimating the likelihood. We re-
duced the complexity of the model to a two arm model which simplifies the
process of exploring three likelihood estimation methods in detail. We inves-
tigated the performance of these three methods with respect to the accuracy
in MAP estimation and computation time. We showed that the Poisson mod-
ification to the method outlined by [23], showed significant improvements in
the computation speed for a minor sacrifice in MAP estimation accuracy. It
should be noted that we demonstrated the method on a simplified model,

because the Particle filter and Gaussian method become too computation-
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Table 4.2: The average MAP estimates from the three methods investigated
of the model parameter q. The ¢ value column is the value of ¢ the data was
generated from and the averages are from 2500 unique datasets. The time is

the time taken for the full posterior evaluation and is in seconds.

Particle Filter Gaussian Poisson
g-value  MAP Time (s) MAP Time (s) MAP Time (s)
0.1 0.057 5605 0.086 25482  0.092 2.45
0.3 0.265 6027 0.277 25323  0.285 2.36
0.5 0.476 6405 0.467 25447  0.473 2.32
0.7 0.684 6507 0.659 24037  0.660 2.17
0.9 0.894 6405 0.836 22781  0.832 2.05

ally demanding on the full model. This would be further emphasised when
implemented in an optimisation routine. The results above are sufficient to
justify using the modified Poisson method on the three-arm SEITRH model.
As such in Chapter [5] we will explore using this method for optimal experi-

mental design on a three-arm SEITRH model with competing vaccines.






Chapter 5

Optimising Vaccine Trial for

Competing Vaccines

5.1 Introduction

This chapter is the culmination of the previous two chapters; we will take
the optimal experimental design principles we developed in Chapter [3| and
apply them to a more realistic problem using the fast likelihood evaluation
method developed in Chapter[d] As discussed in Section[4.1] the assumptions
made in Chapter 3] limited the practical application of the model, but had
the benefit of reducing the complexity and computational requirement. By
making these assumptions we were able to develop understanding of how
optimal experimental design might be applied to adaptive vaccine trials. In
this chapter we will be performing similar optimal experimental design, and
will modify these assumptions resulting in a more practical model. These
modified assumptions include having partially-observed data, that is we can
only observe some of the transitions in the compartmental model, which led

us to develop a fast likelihood approximation method outlined in Chapter [4]
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Table 5.1: The model parameters used in this chapter for the SEIIRH model,
with values based on a COVID-19 model in [22].

Parameter | Value
I6] 0.4

o 0.3125
" 0.5

Yo 0.130

D 0.0515

5.1.1 The Model

In Section we developed and discussed a three-arm SEIIRH model with
partially-observed data that addresses many of the unrealistic modelling as-
sumptions made in Chapter [3 We chose this SEIIRH model since previous
works ([22]) suggested this model may be appropriate for COVID-19, and
provided estimated parameters for this model. See Table for a table of
parameters used for modelling COVID-19.

In Table , B is the effective infection rate parameter of the virus, 1/o
is the average time spent in the exposed compartment, 1/, is the average
time an individual spends in the asymptomatic infectious compartment, and
1/79 is the average time spent in the symptomatic infectious compartment.
Finally, p is the probability an individual is hospitalised, given they have
been infected with the virus.

Note that the [ value estimated from the paper was significantly larger
than quoted above, however the original value resulted in outbreaks that
spread through the population so quickly that there wasn’t time for the
adaptive designs to have an affect. We artificially lowered the [ value to

slow down the initial wave of infections, and we can justify this by assuming
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individuals wore face masks and socially distanced, for example. This will
also lead to many extensions in the model with regards to isolation and lock
down jurisdictions that will be discussed in Section [6.1

Recall that the model in Section 4.2 assumed partially-observed data.
Specifically this means we are observing the number of individuals that tran-
sition from asymptomatic infectious to symptomatic infectious over a day.
At the end of each day, we have a count for this number in the control group,
and the groups corresponding to the two vaccines under trial.

Recall the vaccine effect is a multiplicative effect, ¢, on the infection
rate that corresponds to the vaccine administered to the individuals. From
Chapter [3| we changed the vaccine effect to be restricted to be between 0 and
1 (100% effective to completely ineffective, respectively). For this chapter
we change this assumption to move towards a more realistic vaccine effect.
However, as discussed in Section [£.2] this lead to the development of the
three-arm model. This model allows us to compare two vaccines (¢, and ¢2)
simultaneously and the adaptive design will inevitably decide which vaccine
is better (or potentially they are approximately equally beneficial) and ideally

end up vaccinating a majority of the individuals with the superior vaccine.

5.1.2 Design parameters

The design component of this model will be similar in nature to that of
Chapter |3 however since we have two vaccinated groups now the way we
determine how to administer the vaccines is different. We will be performing
analysis of the data every week and then vaccinating accordingly again at the
end of a week, this will be discussed in more detail in Section [5.2} We made
this change because it is unlikely to practically be able to make decisions
based on daily data.

Since we are comparing two vaccines, we have to estimate the joint pos-

terior for the vaccine effect (¢; and ¢2) of both vaccines. From this joint
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posterior distribution we are able to extract the marginal distributions and
hence the maximum a posteriori (MAP) estimate of the individual vaccine
effects. Note that this is equivalent to considering the bivariate MAP as
the two distributions are independent. Any decisions made during the ex-
periment about which vaccine we believe is superior is made based on the
MAP estimates. At the end of each week, we will estimate the joint posterior

distribution of ¢; and ¢ and hence MAP estimates, and then administer a

proportion of the weekly vaccinations based on a ratio, r = ql‘ﬁqQ, where we
administer r x 100% of the weekly vaccines into group 2 and (1 —r) x 100%
of the weekly vaccines into group 1. This ratio is reasonable, however this
ratio does not contain any design parameters and hence we cannot explore

designs that modify this.

In the scenario when the two vaccine effects are very similar, the ratio will
allocate approximately half the individuals into each vaccinated group. We
introduced a design parameter w; this parameter modifies the ratio so that
the proportion of individuals allocated to the better vaccine proportionally
is larger. This parameter modifies the ratio by raising each element to it,

a7
q7 +q5

T = . We will restrict w so that it can range between 0.2 and 5. To
demonstrate how w affects this ratio, let’s assume without loss of generality
that ¢; < ¢o. Then if w = 1, then we have the ratio r from earlier. If w > 1,
then the proportion allocated to group 1 is larger than if w = 1. Similarly
if w > 1 the proportion is more sensitive to the difference between ¢; and
¢2 and hence will be more subtle in the allocation to the vaccine groups.
The purpose of this parameter is to allow the optimisation routine to explore

how sensitive the ratio should be to the difference in the two vaccine efficacy

values.

As discussed in Chapter [ computational speed is a major issue for a
model of this complexity and the partially-observed data modelling assump-

tions we have made. As such we require a small design space so that we can
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find an optimal design in reasonable time. We have decided on three design

parameters as follows:

e vy - The number of individuals vaccinated initially in each vaccinated

group.

e v; - The number of vaccines to be administered at the end of each week

(these vaccines are shared between the two vaccines).

e w - Power we raise the MAP estimates in the ratio, r, to.

Note that we can think of w as a substitute for the two parameters ¢ and

« from Chapter [3]

5.2 Likelihood

In Chapter |4 we explored different likelihood methods for partially-observed
data, and compared these methods with respect to both computational speed
and accuracy. We developed a method for estimating the likelihood that is
acceptably efficient and precise. In the previous chapter, we implemented
this method on a two-arm SEITRH model and data from a full outbreak.
However when considering a design, we need to estimate the posterior each
week and then make decisions based on that. This leads us to potential issues

and considerations that need to be addressed.

Three-arm model extension. Now that we are estimating the likelihood
for the three-arm model, there are two parameters we need to estimate,
resulting in a joint posterior distribution. As discussed in Section for a
three-arm model, we need to estimate the likelihood of the data over a grid
of parameter values. In this situation, we chose a 20 x 20 grid of g-values as

a trade-off between computational time and precision in the utility estimate.
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Weekly likelihood calculations. Since the posterior is estimated at the
end of every week and we update our estimate each week, we needed to adapt
how the posterior is estimated. First, the ODE is solved forward one week,
which provides the expected trajectory of the week we have observed. Then
we can calculate the log-likelihood contributions from each day over the grid.
These contributions are calculated for each day of the week and we add them
together to obtain a log-likelihood estimate for each pair of ¢ values in the
grid.

Note that the normalised log-likelihood is proportional to the log-posterior
since we chose a standard uniform prior distribution. Also, during a simu-
lation there are two different state spaces we need to manage. The first is
the state space from the stochastic simulation of the outbreak, which we will
refer to as the stochastic state. The second is the state space that arises
from the ODE solution used in the log-likelihood evaluation which we will
refer to as the DE state. After solving the DE forward a week for a pair of
g-values, the state at the end of this week must be saved so that when we
evaluate the posterior the following week; we can solve the DE starting at the
DE state saved from the end of the previous week. This is particularly im-
portant when we begin vaccinating individuals which changes the stochastic

state, and hence we must modify the DE state for consistency.

Weekly vaccinations. In Chapter [3| we chose arbitrary model parameters
that resulted in an outbreak that spread fast. As a result we made decisions
every day. However for this COVID-19 model, the outbreak is slightly slower
and in the interest of realism, we will be vaccinating individuals at the end
of each week. Due to the partially-observed data, we do not know how many
individuals are in each of S., E. or I,. compartments, we only know the
sum of all three. Hence at the end of each week, we must sample without

replacement from the total, which can result in vaccinating a combination
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of Susceptible, Exposed or Infectious Asymptomatic individuals. However
this can lead to inconsistency in the DE state as the DE state can be differ-
ent to the stochastic state. For the log-likelihood evaluation, we only know
how many individuals have been vaccinated (¢; into vaccine group 1 and /o
into vaccine group 2), we do not know how many of each type (i.e., which
compartments). It is important to note that if an Exposed or Infectious
Asymptomatic individual is vaccinated, it has no affect on them and their
transition to infectious symptomatic will be counted in the compartment
they have been moved to. With regard to the DE state, we need to move ¢;
individuals to vaccine group 1 from the control group. To approximate how
many from each compartment moved to each vaccine group we find the pro-
portion of susceptible, exposed and infectious asymptomatic in the control
group, and move individuals according to those proportions. This process
is then repeated for the second vaccinated group, however these two states
may not be always consistent, for instance there may be less than ¢; + {5 in
the control group in the DE state; if this is the case, we vaccinate everyone
available and follow the principle above.

This will result in the DE state corresponding to vaccinating the expected
numbers from each compartment, respecting the number of individuals avail-
able. This is important because the DE is, asymptotically, the expected tra-
jectory of the stochastic model and combined with the expected numbers
vaccinated in each compartment results in the approximate mean outcome

for all stochastic realisations.

5.3 Utility

As discussed in Section [2.5] in optimal experimental design we require a
utility function that can be evaluated on a design that is a measure of its

effectiveness. Recall a utility is in principal an integral over the parameters
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we are estimating and in this problem we want a design that minimises the
expected number of hospitalisations over the outbreak in all groups. As
discussed in Section [4.3] we will trial each design over a 20 x 20 grid of
possible parameter values and then integrate the volume under this surface.
The utility is then the integral under the surface of these grid of points,
which can be evaluated numerically. The density of this grid affects the
precision of the estimated utility. However, as we increase the number of
points in this grid, we drastically increase the computational load, which can

be problematic in this problem.

5.4 Results

We implemented the INSH algorithm [25], as discussed in Section and
outlined in Algorithm [2.5] for 6 generations with 100 initial designs. At the
end of each generation we kept the 20 designs that performed best (including
the current overall optimal design) and perturbed each of these designs 5
times. The perturbation kernel was a mixture of discrete-truncated uniform
distributions (for design parameters v and v;) and normal distributions (for

design parameter w):

o™ = o) 4 17,(—25, 25);
o = o\ 4 Uy(—25,25);
w® = ) £ N(0,0.07).

Note that when perturbing the set of designs, we take care to ensure that
the sampled values remained within the limits outlined in Table After
6 generations the best design was found to be, d* = (299, 363,0.901), with
an expected number of deaths, u(d*) = 2.979, that is to say that under our
design we expect 2.979 individuals to be hospitalised out of the population
of 1000.
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Table 5.2: Maximum and minimum values for the design parameters, where
N is the total population (1000), /.a is the number of individuals in the
asymptomatic control compartment and I.s is the number of individuals in

the symptomatic control compartment.

Parameter | Min | Max

v 0 300
o 0 N — (l.a+ 1.9)
w 0 1

5.4.1 Assessing Convergence to Local Minimum

Now we have implemented INSH, we will check that it did indeed converge
to a local minimum. First we will check that it converged, then we will check
that the convergence was to a local minimum. Figure shows a set of
plots that show the algorithm converging to a set of designs. Each plot is
a projection of the labelled design parameter onto one dimension. On the
vertical-axis we are plotting the generations of the algorithm. The colour
bar indicates the value of the utility function for each design, where blue is
a poor design and red indicates better designs. It is important to note the

range on the horizontal-axis is different for each plot.

In Figure 5.1, we can see that each parameter does converge to a narrower
set of points. While this convergence happens at different rates for each
parameter, all parameters seem to have converged completely by the 6"
generation. Noting that the parameter, v; and w did not converge until very
late in the optimisation routine.

The INSH algorithm converged to a set of best designs. It is difficult to
know if this set contains the true optimal design, but we can assess whether
it is indeed a local minimiser of the utility function. Figure shows a set

of plots assessing the convergence to a local minimum. In this figure for each
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Figure 5.1: Shows INSH converging to a set of designs, where the colourbar
(and size of point) indicates the value of the utility function. The generation
is plotted on the vertical-axis reading down the plot and the horizontal-axis
is the value of that design parameter. Note that at each generation the 100
points that were considered by INSH are plotted and we see them converge

to a set of points as the algorithm evolves.

plot we held the other design parameters at the optimal design and varied
the parameter under investigation over a coarse grid on its support. We then
evaluated the utility for these designs over the grid and plot the utilities

against that dimension of the design space.

In Figure [5.2) we can see that the value of the utility function is rather
insensitive to the value of the parameters. This is in stark contrast to the
equivalent plot in Section |3.3.1] where we observe that all parameters con-
verged to a local minimum. This result can be due to many factors. First is

the model structure and parameters do not allow the design to learn about
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the model and vaccinate accordingly. Second is that our utility is not cal-
culated to a high enough precision, this is most likely in the case of the
parameter w, where we can see the trace plot is very inconsistent. However
this is not likely to be the cause for the other two parameters under investiga-
tion, as the plot follows a clear trend wth some noise. Note that in the initial
vaccinated subplot the plot curves up after 500, this is because this parame-

ter is the number of individuals allocated to each vaccine group. When this

N

value is greater than 3,

we allocated v to vaccine group 1 and then N — v
to vaccine group 2. This is why we see an increase in the utility on the plot
past v = 500 as half the time allocating the majority of the individuals to
vaccine group 1 will not be beneficial.

After considering these plots to assess convergence, the algorithm seems
to have explored the design space, however unfortunately it does not seem
to have achieved satisfactory convergence. Figure demonstrates that the

algorithm explored the design space well, however Figure |5.2 shows that the

optimal design is not very sensitive to the parameter values.

5.5 Getting the Most Out of the Super-Computer

Similar to Chapter [3| computation was a significant focus in this chapter.
Care was taken to ensure we used the super computer resource to its full
potential. Similar to Section there are two main places we can improve
the efficiency on the super computer, the way we parallelise the code over
each node and how we submit jobs to the queue.

Firstly, it is important to note that optimal experimental design is es-
sentially a set of nested loops and as far as computing is concerned, we can
parallelise over any of these loops. Choosing which loop to parallelise over is
a tradeoff between simplicity of data storage and the number of file writing

operations. As such we chose to parallelise on the step where we trial a design
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Figure 5.2: In each subplot we kept two design options held at the value
from the current best design and changed the relevant parameter over the
full range of possible values. The INSH-best design parameter value has been

included as a red point in each subplot.

over a grid to calculate the utility. From Section we know that to test a
design fully, we trial it over pairs of g-values over a grid and then repeat this
many times. We chose to have a node completely test a design over a grid.
This led to easily writing files of information at the end of a full trial, and
importantly if the super-computer crashed or our script ran out of time, we

would still have saved the previous successful simulations.

Similarly, as discussed in Section the super computer is a competitive
resource so a significant bottleneck is getting to the top of the queue and
running code within the allocation. It is important to note that the super

computer we had access to restricted jobs to a maximum of 3 days and each
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account is able to run at most approximately 60 jobs at a time, dependent
on competition from other users. As such we could at most run 60 scripts
for 3 days at any given time; this was an issue because we found that in
order to get a precise estimation of the utility, we needed at least 10 days
of code running full time per design. Thus we ensured to run each design
on 4 different nodes for the full 3 days. In an ideal world, we would be able
to run an unlimited number of scripts at any given time, then we could run
10 nodes per design for a full day and finish a generation in INSH in a day.
However this is not possible so we found a compromise that lead to a final

result.

5.6 Discussion

In this chapter we addressed many of the naive assumptions made in Chap-
ter [3| and developed a new model and modelling framework to manage this.
We implemented these changes and using the likelihood estimation method
refined in Chapter [ the applied the INSH optimisation routine to find an
optimal design. After achieving convergence from the algorithm we investi-
gated whether we had found a local minimum and unfortunately found that
the optimal design is insensitive to most of the parameters in the design. We
also discuss possible causes of this which we suggest would be worth pur-
suing. Another method of identifying what caused this unfortunate result,
would be to run the optimisation routine again from different starting points
to show this result and hence method is robust. However with the computing

resources available, this is infeasible within the time frame of this project.
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Conclusion

2020 has highlighted how significant a threat global pandemics are and will
continue to be, to every individual and organisation worldwide. As such
when an outbreak of a virus similar to COVID-19 inevitably happens again,
we as a society need a way of testing a potential vaccine’s efficacy rapidly.
In this thesis we have studied a concept of an adaptive vaccine trial, where
vaccines are administered to the population according to knowledge that has
been gained from observing the infections. That is to say if we observe that
the vaccine is highly effective, then it will be administered more quickly. This
concept for a trial will allow us to learn about the vaccine’s effectiveness as
well as slow the spread of the disease in that we will be putting vaccines out
into the population.

In Chapter [3]we explored optimal experimental design for vaccine trials in
a Bayesian framework, on two different models of increasing sophistication.
Initially we looked at an STRD model that could be used for a virus that killed
infectious individuals with a fixed probability. We assumed the vaccine effect
could range between complete immunity and making an individual twice as
susceptible to the virus. We also assumed that all the data was observable
with the intention of making the problem more computationally feasible.

To trial the vaccine, the population all started in the control group and at

97
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the end of each day, we collected the data we had observed, estimated the
posterior distribution for the vaccine effect and promptly vaccinated some
number of individuals into the vaccinated group based on this posterior.
The design was a tuple of four numbers that dictated how the vaccine would
be administered based upon the posterior distribution. Once this framework
was developed we implemented the optimisation routine, INSH, see Section
, and found a set of optimal design and the best design the algorithm
had found in 10 generations. To confirm that the optimal design was indeed
in the local minimum, we tested each design parameter was in a trough
(assuming the other parameters were held at the optimal achieved by INSH)
and produced a plot that showed we had successfully found a local minimum.
We found that even though we had made naive assumptions about the model
complexity and data observations, we encountered significant computational
hurdles. This resulted in the use of the high performance computing (HPC)
resource available, and care was taken to ensure we received the most out of

this resource as possible.

Having demonstrated the feasibility of the approach on a simplified model,
we sought to generalise it to a more realistic context. In doing so we developed
the three-arm SEIIRH model with partially-observed data. This model was
based on the COVID-19 outbreak that began half-way through this project,
we used the epidemiological model outlined in [22]. As such we had addressed
the issues of an overly simplistic model as well as model parameters that were
fictitious, and we added the third arm to the model to allow us to compare
two vaccines simultaneously. Trialling two vaccines simultaneously seemed
more practical in that we know both are beneficial, but the model is trying
to find which vaccine is most effective and the optimal design will administer
more vaccines to the better group. Note that we also only observed one
type of transition, from asymptomatic infectious to symptomatic infectious,

which is consistent with COVID-19 testing in that people get tested when
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they show symptoms. We did however assume we know the day that an
individual makes this transition. Changing to observing partially-observed
data had a significant impact on the likelihood estimation method, where
exact calculations are impossible. We also discovered that a common method,
the particle filter, for estimating the likelihood for partially-observed data was
computationally infeasible in this context. As such, we took principles from
a method outlined in [23], and in relaxing some assumptions we were able
to develop a method that showed orders of magnitudes of improvement in
computation time and for minimal sacrifice in accuracy.

In Chapter 5, we took the knowledge and framework we had developed
on the simplified model in Chapter |3| and applied it to the sophisticated
model outlined in Chapter [4] using the fast likelihood estimation method
developed in Chapter [4/ also. At this point, all that had to be done was tune
the optimisation routine and set it running. Although we had access to the
HPC resource and had experience in implementing similar problems, we had
to overcome further challenges to obtain a result in reasonable time. With
the HPC running non-stop (with the exceptions of when it was stopped
for maintenance), it took over two months for the optimisation routine to

converge to a set of optimal designs and hence an optimal solution.

6.1 Future Work

In Chapter 3| we made many modelling assumptions as this was simply an
exploration step, to obtain early insights on the concept and limitations of
optimal experimental design. In Chapters 4 and [5], we address many of these
assumptions, however the model still leaves many further avenues of research
to further this result.

First and foremost, we assumed the model parameters were known and

fixed as estimating them as well as the vaccine efficacy would increase the
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computation burden significantly. However we believe that if the other model
parameters are known, then the optimal design will be cautious in how the
quickly the vaccines are rolled out. This can potentially lead to further work
where the disease dynamics are not known fully and the method may even
estimate the number of compartments in the model.

Second, we assumed the population is homogeneous, however this is ob-
viously not true particularly with the severity of sickness from the virus. For
the COVID-19 model, we assumed each individual had the average hospi-
talisation rate. However it would be interesting to see if the population was
stratified by age and gender to see how the optimal design would change with
the elderly being vaccinated early. This leads further to questions about the
homogenous mixing assumption, where we assume all individuals mix evenly,
which is also not appropriate in that a 20-30 year old would mix with the
population significantly more than the elderly and children. We can further
this by implementing self isolation, so once an individual has shown symp-
toms and received a positive test, their interaction with the population is
significantly lower.

Third, the models considered in this work did not include spatial infor-
mation. It may be interesting to apply a household model to this problem
where the household level can be household, postcodes, cities, states or even
countries. In this we would model transmission within and between the
‘households’, that would allow for more sophisticated designs, that can im-
plement travel bans. This would be similar to how Australia handled new
cases, by blocking certain postcodes from mixing. Of course care would need
to be taken with implementing this with vaccine trials simultaneously.

Finally, we assumed the vaccine affected an individual by modifying their
susceptibility to the disease. However this may not be the case for all diseases,
so we could consider modifying where in the model the vaccine effect is and

how that changes the results with regard to optimal design.



Appendix A

Tandem queue processes

All code used for simulations can be found at my Github repository
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