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Abstract

Flow control is a primary focus in most industrial and energy applications, for example, for

skin friction drag reduction, enhancing heat transfer rate and aerodynamic noise reduction.

As such, there has been an increasing demand for flow control strategies that aim to

achieve these goals. This thesis presents numerical studies of the performance of two

particular passive control approaches (i) large-eddy break up devices and (ii) miniature

vortex generators in zero pressure gradient turbulent boundary layers through well-resolved

numerical simulations. The numerical code is based on an efficient spectral integration

method to solve the Navier–Stokes equations for the incompressible boundary layer flows.

Flow geometry is implemented through an immerse boundary method. Simulations have

been performed and detailed flow fields obtained to reveal many flow features that would

otherwise be costly and difficult to capture in experiments. The instantaneous and mean

flow behaviours of the turbulent boundary layers modified by these passive control methods

are discussed, with the intention of providing a better physical understanding of these

passive control strategies. In this thesis, several flow analysis approaches and theoretical

studies based on the turbulent boundary layer equations have been conducted with the aim

to provide new physical insights into the analysis methods of flow structures on a drag

reduced flat plate turbulent boundary layer.
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Chapter 1

Introduction

1.1 Background and objectives

The study of controlling wall-bounded flows is of great interest in engineering practice.

Energy consumption can be reduced by drag reduction using different flow control methods,

thereby improving the energy efficiency and reducing the costs. Flows in most of the

engineering applications are turbulent, such as flows over the surface of an aircraft wing,

cargo ship or pipelines. Research on flow control in wall-bounded flows was only possible

through experimental investigations in the early 1980s, using passive approaches such

as riblets, outer-layer devices and polymer additives [14]. Advances in computational

power and turbulence modelling have prompted the full-scale and large-eddy numerical

simulations of flow control studies over the past few decades. Flow control methods have

been studied by both active and passive means [145, 129, 70, 46]. Flow control research

has been focused on specifically targeting the coherent structures in wall-bounded flows

[46]. From studies aiming to suppress the structures associated with near-wall cycle to

the recent evidence that indicates the increasing near-wall modulation of the energetic

large-scale motions in the outer region of the boundary layer, large-scale control studies

have been targeting large-eddy control.

The aim of this work is to perform numerical simulations to investigate small- and

large-scale passive controls in a spatially developing zero pressure gradient turbulent

boundary layer (ZPG TBL). In particular, we focus on two types of passive approaches
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1.1 Background and objectives

amongst the available flow control techniques, which have attracted considerable interest

due to their simplicity and ease of manufacturing: (i) large-eddy-break-up (LEBU) devices

and (ii) miniature vortex generators (MVGs).

The first objective is to evaluate the performance of LEBU devices in TBLs. The LEBU

device consists of single or multiple thin flat plates that are aligned along the flow direction

and are positioned at different wall-normal distances from the wall, typically at a height

scaled with the outer unit 𝛿 (boundary layer thickness), from 0.1𝛿 to 0.8𝛿 [173, 31, 5].

The existing studies in the literature have not provided information on the underlying

mechanism for the local skin friction reduction that can be sustainable for downstream

distances up to O(100𝛿) along the boundary layer. There is, therefore, a need to perform

studies using numerical simulations, to further explore the drag reduction mechanism and

the influences of the LEBU devices on the turbulent flow structures. In this study, we

applied three approaches to elucidate the skin friction drag reduction mechanism of the

LEBU device: (a) the Fukagata–Iwamoto–Kasagi (FIK) identity proposed by Fukagata

et al. [66] where the skin friction coefficient is decomposed into four dynamic effects (see

§2.2.2), which enables a quantitative discussion on the drag reduction contributions; (b)

quadrant analysis of Reynolds shear stress exploited by Wallace et al. [213] where the

Reynolds shear stress is classified by the sign of the product of the velocity fluctuations.

As the hairpin vortices are closely related to the second and fourth quadrants [3], this

enables a discussion of the influences of LEBU devices on the boundary layer structures

and (c) spectral analysis provides a better understanding of the energy contribution of

large-scale/small-scale (wavelengths) eddies to the streamwise velocity fluctuations as well

as to the Reynolds shear stress [49].

The second objective is to examine the feasibility of using large-scale vortices to control

TBLs and to reduce skin friction drag. The large-scale vortices will be imposed through the

MVG. The MVG consists of pairs of winglets or rectangular blades arranged in spanwise

oriented arrays positioned at the wall of a boundary layer. The performance of MVGs

has been examined in laminar boundary layers for transition delay and flow separation.

The MVGs have also been examined experimentally and numerically in laminar boundary

layers, and have demonstrated substantial levels of drag reduction [189, 176]. This work
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1.1 Background and objectives

aims to investigate the performance of MVGs in a TBL: (i) to reduce skin friction at a

solid surface, (ii) to disrupt or interfere with the coherent structures that have been found

to populate at high Reynolds numbers TBLs (see review in §2.1) and (iii) to find the

appropriate scaling of the MVG-induced flow features in TBLs. The present study aims to

extend previous experimental investigations to a moderate Reynolds number TBL using

well-resolved numerical simulations.

The thesis is organised as follows: Chapter 2 provides reviews on active and passive

flow control studies, LEBU devices and MVGs. The aim is to provide an introduction for

the earlier flow control studies that have most relevance to the current investigation. In

Chapter 2 we also review relevant literature about smooth-wall ZPG TBL and coherent

structures in turbulent wall-bounded flows, and review some of the relevant literature about

the flow analysis we used in the papers. Chapter 3 provides the numerical procedures of

our numerical simulations, including the large-eddy simulations and the flow geometry

modelling. In Chapter 4 we summarise the papers. The conclusion of the thesis will be

given in Chapter 5.
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Chapter 2

Literature Review

2.1 Turbulent flows

2.1.1 Smooth wall-bounded flow - ZPG TBL

Incompressible flow Navier-stokes equations

The fundamental equations that describe the incompressible Newtonian fluids are the

incompressible continuity equation and Navier–Stokes equations:

𝜕𝑢𝑖

𝜕𝑥𝑖
= 0, (2.1)

𝜕𝑢𝑖

𝜕𝑡
+𝑢𝑘

𝜕𝑢𝑖

𝜕𝑥𝑘
= −1

𝜌

𝜕𝑝

𝜕𝑥𝑖
+ 𝜈Δ𝑢𝑖, (2.2)

which indicate the conservation of mass and momentum for fluids. To better characterise the

turbulent flow, the flow velocity (and pressure) can be decomposed into a mean motion and

a fluctuating motion following the Reynolds decomposition [199, 165]. The instantaneous

flow velocity (and pressure) components can be decomposed into time-averaged and

fluctuating components:

𝑢𝑖 (𝒙, 𝑡) = 𝑢𝑖 (𝒙) +𝑢′𝑖 (𝒙, 𝑡), (2.3)

where the Cartesian coordinates in the streamwise, wall-normal and spanwise coordinates,

in the remainder of the thesis, are denoted as 𝑥𝑖 or 𝒙 = (𝑥, 𝑦, 𝑧). 𝑢𝑖 or 𝒖 = (𝑢, 𝑣,𝑤) are the
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2.1 Turbulent flows

mean velocities (where ·̄ denotes time averaging) and their fluctuations are denoted as 𝑢′
𝑖

or

𝒖′ = (𝑢′, 𝑣′,𝑤′) (where ′ denotes the fluctuation). The governing equations for the mean

flow are the Reynolds-averaged Navier–Stokes equations (RANS):

𝜕𝑢𝑖

𝜕𝑥
= 0, (2.4)

and

𝑢𝑘
𝜕𝑢𝑖

𝜕𝑥𝑘
= −1

𝜌

𝜕𝑝

𝜕𝑥𝑖
+ 𝜈Δ𝑢𝑖 −

𝜕𝑢′
𝑖
𝑢′
𝑘

𝜕𝑥𝑘
, (2.5)

where 𝑢′
𝑖
𝑢′
𝑘

are the Reynolds stresses due to the shear forces of the turbulent fluctuations

on the mean flow. The RANS are of interest for most practical applications, and are the

foundational aspects with important implications for flow control analysis.

Momentum integral equations

In some practical applications the integral quantities are of interest, for example, to obtain

an approximate method to determine the wall shear stress. For steady and two-dimensional

turbulent boundary layers, the RANS can be reduced to the boundary layer equations in

the form of
𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦

= 0, (2.6)

and

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣 𝜕𝑢
𝜕𝑦

=𝑈∞
𝑑𝑈∞
𝑑𝑥

+ 𝜈 𝜕
2𝑢

𝜕𝑦2 −
𝜕𝑢′𝑣′

𝜕𝑦
− 𝜕

𝜕𝑥

(
𝑢′𝑢′− 𝑣′𝑣′

)
. (2.7)

Integrates (2.6) and (2.7) with respect to 𝑦 and gives

𝜏𝑤 (𝑥)
𝜌

=

∫ ∞

0
𝑈∞

𝑑𝑈∞
𝑑𝑥

𝑑𝑦+
∫ ∞

0
𝑈∞

𝜕𝑢

𝜕𝑥
𝑑𝑦−

∫ ∞

0
2𝑢
𝜕𝑢

𝜕𝑥
𝑑𝑦−

∫ ∞

0

𝜕

𝜕𝑥

(
𝑢′𝑢′−𝑣′𝑣′

)
𝑑𝑦. (2.8)

Rearranging gives the von Kármán integral equation:

𝜏𝑤 (𝑥)
𝜌

=
𝑑

𝑑𝑥
(𝜃𝑈2

∞) +
𝑑𝑈∞
𝑑𝑥

(𝛿∗𝑈∞) −
𝑑

𝑑𝑥

∫ ∞

0

(
𝑢′𝑢′− 𝑣′𝑣′

)
𝑑𝑦, (2.9)
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2.1 Turbulent flows

where 𝜃 and 𝛿∗ are the mean momentum thickness and mean displacement thickness,

respectively,

𝛿∗(𝑥) =
∫ ∞

0
1− 𝑢

𝑈∞
𝑑𝑦, (2.10)

𝜃 (𝑥) =
∫ ∞

0

𝑢

𝑈∞

(
1− 𝑢

𝑈∞

)
𝑑𝑦. (2.11)

A useful result of the von Kármán integral equation is that it is a simplified boundary layer

equation and an ordinary differential equation that provides a connection between the wall

shear stress, momentum thickness and displacement thickness.

Logarithmic overlap law

A fundamental concept in boundary layer theory is the consideration of two types of scaling

[210, 140], which provide a view that the flow can be divided into two flow regions; an

inner scaling applied close to the wall and an outer scaling applied further away from the

wall. The inner scaling suggests that the viscous effect is important close to the wall, and

the outer scaling suggests that the viscous effect can be neglected and the flow becomes

independent of the near-wall dynamics with an increasing Reynolds number. Considering

that the total shear stress from the mean flow equation can be written as

𝜏(𝑥) = 𝜏𝜈 + 𝜏𝑡 = 𝜌𝜈
𝜕𝑢

𝜕𝑦
− 𝜌𝑢′𝑣′, (2.12)

where 𝜏𝜈 is the mean viscous shear stress and 𝜏𝑡 = −𝜌𝑢′𝑣′ is the Reynolds shear stress. The

dimensional analysis gives the mean velocity distribution at the viscous wall layer as

𝑢+ = 𝑓 (𝑦+), (2.13)

commonly referred to as the law of the wall. Considering the flow region further away

from the wall, the viscous effect is less important and we assumed that the largest possible

flow features will be in the order of the boundary layer thickness. Independently, at the
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2.1 Turbulent flows

outer layer, the mean velocity has the form:

𝑢+ = 𝐹 (𝑦/𝛿, 𝑅𝑒𝜏), (2.14)

where 𝛿 is the boundary layer thickness, 𝜂 = 𝑦/𝛿, and 𝑅𝑒𝜏 = 𝛿+ is the Reynolds number

based on the friction velocity. The total shear stress (2.12) is normalised by the inner scales

as
𝜏(𝑥)
𝜌𝑢2

𝜏

=
𝜕𝑢+

𝜕𝑦+
+ 𝜏+𝑡 , (2.15)

where 𝑢𝜏 is the friction velocity and the superscript + denotes non-dimensionalisation by

𝑢𝜏 and kinematic viscosity 𝜈. The total shear stress can also be normalised by the outer

scale 𝛿 as
𝜏(𝑥)
𝜌𝑢2

𝜏

=
𝜕𝑢+

𝜕𝜂

1
𝑅𝑒𝜏

+ 𝜏+𝑡 . (2.16)

At a sufficiently high Reynolds number, the overlap region exists. It is required that both

the (2.15) and (2.16) boundary conditions hold at this region, such that

lim
𝑦+→∞

𝜕𝑢+

𝜕𝑦+
= lim
𝜂→0

𝜕𝑢+

𝜕𝜂

1
𝑅𝑒𝜏

, (2.17)

and therefore,

lim
𝑦+→∞

𝑦+
𝜕𝑢+

𝜕𝑦+
= lim
𝜂→0

𝜕𝑢+

𝜕𝜂
𝜂 = const. =

1
𝜅
, (2.18)

where 𝜅 is the von Kármán constant [210]. For ZPG TBL, (2.18) can be rewritten as

lim
𝑦→0

𝜕𝑢

𝜕𝑦
=
𝑢𝜏

𝜅𝑦
. (2.19)

Integration with respect to 𝑦 gives

𝑢̄+(𝑦+) = 1
𝜅

ln
(
𝑦+

)
+𝐶, (2.20)

the so-called logarithmic overlap law. The overlap law describes how the universal law

of the wall behaves for 𝑦+ →∞ [140], and is of fundamental importance in the study of

7



2.1 Turbulent flows

scaling laws and logarithmic layer in high Reynolds number turbulent wall-bounded flows

[138].

Transport of turbulent-kinetic-energy

Apart from these mean flow characterisations, the Reynolds stress (tensor) transport

equations describe the physical processes of turbulent fluctuations [170, 165, 182]. A

particularly useful form of the tensor equation is the turbulent kinetic energy (Reynolds

normal stresses) transport, derived from the Navier–Stokes equations, given by

𝐷𝑘

𝐷𝑡
(𝒙) = 𝑃𝑘 +𝑇𝑘 +𝐷𝑘 +Π𝑘 − 𝜀𝑘 , (2.21)

where 𝐷𝑘/𝐷𝑡 = 𝜕𝑘/𝜕𝑡 + 𝑢̄ 𝑗𝜕𝑘/𝜕𝑥 𝑗 is the mean flow material derivative of 𝑘 and 𝑘 = 1
2𝑢

′
𝑖
𝑢′
𝑖

is the turbulent kinetic energy. All the terms on the right-hand side of (2.21) are

Turbulence production 𝑃𝑘 (𝒙) = −𝑢′
𝑖
𝑢′
𝑗

𝜕 𝑢𝑖

𝜕𝑥 𝑗
;

Turbulent diffusion 𝑇𝑘 (𝒙) = −1
2
𝜕𝑢′

𝑖
𝑢′
𝑖
𝑢′
𝑗

𝜕𝑥 𝑗
;

Viscous diffusion 𝐷𝑘 (𝒙) = 𝜈
𝜕2𝑘

𝜕𝑥2
𝑗

;

Pressure diffusion Π𝑘 (𝒙) = −𝑢′
𝑖

𝜕𝑝′

𝜕𝑥𝑖
;

Dissipation 𝜀𝑘 (𝒙) = −𝜈
𝜕𝑢′

𝑖

𝜕𝑥 𝑗

𝜕𝑢′
𝑖

𝜕𝑥 𝑗
.

(2.22)

The left-hand side of (2.21) represents the time dependence and advection due to the mean

flow motion. The first term on the right-hand side is the rate of production of turbulent

kinetic energy from the mean motion (𝑃𝑘). The following three terms on the right-hand

side represent the diffusion of kinetic energy due to the turbulence (𝑇𝑘 ), viscosity (𝐷𝑘 ) and

pressure gradient Π𝑘 , respectively. The last term on the right-hand side is the dissipation

of turbulent kinetic energy by viscosity (𝜀𝑘). In the context of flow control studies, the
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2.1 Turbulent flows

peak kinetic energy production at the viscous buffer layer and the balance between the

production and dissipation at the overlap layer are of interest [34, 35]. Choi et al. [35]

studied the opposite control of near-wall streamwise vortices to achieve a friction-drag

reduction in the channel flow. They computed the production and dissipation of TKE in

manipulated (v, w-control) channel flows. They found that both production and dissipation

were weakened and shifted away from the wall to the location where 𝑢′𝑟𝑚𝑠 is the maximum

as a result of the increased thickness of the viscous-sublayer. Choi et al. [34] used DNS

to study TBL over riblets, which interfere with the flow in the buffer layer to reduce

skin friction. Choi et al. [34] computed the production rate 𝑃𝑘 and concluded that the

term −𝑢′𝑣′𝜕𝑢̄/𝜕𝑦 is the main contribution to the total production, which is related to

the positive Reynolds-shear-stress-producing-events (ejection 𝑄2 and sweep 𝑄4 of the

quadrants analysis, as discussed in §2.1.2). A link between the skin friction drag reduction

and the global balance of turbulent kinetic energy transport has been demonstrated in

previous studies [197, 67, 87, 94]. Sumitani and Kasagi [197] computed Reynolds stresses

and TKE transport equations to investigate the effects of uniform wall injection and suction

on the turbulent transports in a channel flow. They found that injection enhances each term

in the TKE equation, while suction suppresses it. Fukagata and Kasagi [67] computed a

weighted Reynolds shear stresses budget in a pipe flow with feedback control to investigate

the skin friction contribution from the FIK decomposition proposed by Fukagata et al. [66].

They concluded that the drag reduction is due to the significant decrease in the pressure-

strain term in the near-wall region. In addition to the above-mentioned numerical studies,

experiments studied by Hou et al. [87] on drag reduction resulting from polymer injection

in TBL have shown that, in one of their test cases, as the polymer injection concentration

increases, the drag reduction also increases. This is associated with a shifted outward

production rate from the wall and decreased peak value. Jelly et al. [94] computed the

TKE budget for their superhydrophobic surface study, and the production term was further

decomposed into primary and secondary production, in which the terms −𝑢′𝑣′𝜕𝑢̄/𝜕𝑦 and

−𝑢′𝑤′𝜕𝑤̄/𝜕𝑧 are the most dominant terms. In paper 2, we investigated the effect of LEBU

on the distribution of turbulent kinetic energy. The weakened turbulent kinetic energy

transport was shown to be associated with the maximum skin friction drag reduction.
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2.1 Turbulent flows

Beside this, a more useful tool for understanding the multi-length scales structures and

their interaction of wall-bounded turbulence that makes use of the Reynolds stress (tensor)

transport equations is studied in paper 1 and is reviewed in the following section (§2.2.3).

2.1.2 Coherent structures of wall-bounded turbulent flows

The structural representation of turbulent wall-bounded flows (ZPG TBL, channel and

pipe flows) has been intensively studied over several decades [192]. The terminology

"coherent structures" is used to refer to the spatial and temporal coherences of these

organised motions [24, 169, 3, 192]. A general classification of the coherent structures is

based on their kinematic properties, such as their relative positions and length scales. The

coherent structures were shown to be multi-scale of characteristic length scales ranging

from O(𝜈/𝑢𝜏) relevant to the near-wall structures to O(𝛿) for large-scale structures away

from the wall.

Near-wall cycle

In the near-wall region, coherent structures can be visualised as horseshoe or hairpin

vortices [200, 206, 158, 81] which often attached to the wall, as well as in the form of quasi-

streamwise vortices and streamwise elongated low- and high-speed streaks [109, 95, 114] of

order O(𝜈/𝑢𝜏), which govern the near-wall dynamics. The streaks are found to have a mean

spanwise width of Δ𝑧+ ≃ 100 and mean streamwise length of Δ𝑥+ ≃ 1000 [114, 155]. The

low-speed streaks lift up from the wall by bursting, and account for most of the Reynolds

shear stress generation and play an important role in the production of turbulent kinetic

energy [43, 106, 80, 185]. The low-speed streaks, or ejection events, are subsequently

followed by relatively larger-scale and faster-moving high-speed streaks or so-called

the sweep events that occur closer to the wall [43]. It has been shown that the near-

wall turbulence generation is a self-sustaining cycle composed of three different stages

[106, 211, 155]. The quasi-streamwise vortices lift up and create streaks, which is followed

by streak instability, and in turn, form new vortices by streamwise vorticity [106]. The
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2.1 Turbulent flows

self-sustained cycle requires no interaction with the outer region, and was shown to be

independent of the outer-layer conditions [97, 155].

Quadrant analysis of Reynolds shear stress

Wallace et al. [213] extended the work by Corino and Brodkey [43] of near-wall events.

The near-wall events can be further classified by the quadrant analysis of Reynolds shear

stress [128, 212], which can be expressed as

𝑄1 = {𝑢′𝑣′ |𝑢′ > 0, 𝑣′ > 0}, 𝑄2 = {𝑢′𝑣′ |𝑢′ < 0, 𝑣′ > 0},

𝑄3 = {𝑢′𝑣′ |𝑢′ < 0, 𝑣′ < 0}, 𝑄4 = {𝑢′𝑣′ |𝑢′ > 0, 𝑣′ < 0}, (2.23)

where 𝑢′𝑣′ =
∑4
𝑛=1𝑄𝑛, and 𝑄𝑛 denotes the 𝑛th quadrant of Reynolds shear stress. An

ejection event is related to the 𝑄2 motion, defined as 𝑢′ < 0 and 𝑣′ > 0, where 𝑢′, 𝑣′ are the

velocity fluctuations in the streamwise and wall-normal direction (2.3), and a sweep event

is related to the 𝑄4 motion where 𝑢′ > 0, 𝑣′ < 0. The quadrant analysis of Reynolds shear

stress provides a quantitative evaluation of the ejection and sweep events that observed

in the work of Corino and Brodkey [43], which are related to the 𝑄2 and 𝑄4 motions and

are the major fractional contributions to the Reynolds shear stress [109, 147, 128]. The

other two quadrants are the 𝑄1 and 𝑄3 motions defined as 𝑢′ > 0 and 𝑣′ > 0 and 𝑢′ < 0 and

𝑣′ < 0, and are referred to the outward and inward interactions [212]. Quadrant analysis

has gained interest in ejection and sweep type events as fundamental elements of turbulent

wall-bounded flows and have generated many ideas for flow research based on the quadrant

classification of the momentum, heat and vorticity covariances. For example, Nagano and

Tagawa [151] employed the idea of quadrant classification to study wall-normal heat flux,

based on velocity and temperature fluctuations. Ong and Wallace [154] performed the joint

probability density analysis of the vorticity convariances and revealed the role of vorticity

fluctuation plays in enstrophy transport equations. There have been many reviews related

to the role of ejection and sweep events in fully turbulent wall-bounded flows. Willmarth

and Lu [215] extended the quadrant analysis method by focusing on intense Reynolds

11
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shear stress events.

|𝑢′𝑣′| ≥ 𝐻𝑚 | (𝑢′𝑣′)mean |, (2.24)

where 𝐻𝑚 is the hyperbolic-hole filtering size [215, 128] and (𝑢′𝑣′)mean is the mean value

of 𝑢′𝑣′ for a given distance from the wall. Lozano-Durán et al. [126] further generalised

this for three-dimensional turbulent channel flows.

|𝑢′𝑣′(𝑦, 𝑧) | > 𝐻𝑟 |𝑢′rms𝑣
′
rms(𝑦) |, (2.25)

where 𝐻𝑟 = 1.75 is carefully selected based on the percolation analysis [126]. They

identified two types of structures, which they called wall-detached and wall-attached

quadrant events. It was shown that the wall-attached structures are responsible for most

of the mean Reynolds shear stress and are important in the momentum transfer process.

Extensions of this work by Lozano-Durán and Jiménez [127] studied the temporal evolution

of three-dimensional structures of Reynolds shear stress in turbulent channel flows and

showed that during the lifetimes of these structures, the ejections are generated by shear

stress near the wall and rise to their mean wall-normal distance by vertical advection

velocity (+𝑢𝜏) before disappearing, whilst sweeps are produced away from the wall and

move towards the wall quickly with −𝑢𝜏, assembling into side-by-side sweep-ejection pairs

[126]. Fiscaletti et al. [61] considered the intense quadrant events in turbulent boundary

layers using the criterion based on Willmarth and Lu [215], demonstrating some noticeable

differences in the intense quadrant events between turbulent boundary layers and channel

flows. Overall, quadrant analysis of Reynolds shear stress is a fundamental tool in turbulent

flow research. For a comprehensive review of quadrant analysis, the reader is referred to

Wallace [212].

Hairpin vortices and the attached eddy model

In turbulent boundary layers there exist vortices commonly observed in the forms of

horseshoe or hairpin vortices, which were believed to be the fundamental elements for

turbulence production and momentum transport between the inner and outer regions [169].

There has been a long debate about whether or not these hairpin-like vortices exist. Head
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and Bandyopadhyay [81] conducted flow visualisation studies of the ZPG TBL up to

𝑅𝑒𝜃 < 17500. They showed that at approximately 𝑅𝑒𝜃 ≃ 10000, the TBL was densely

populated by flow features in the form of vortex loops, horseshoes or hairpins that elongated

approximately at a characteristic angle of 45 degrees to the wall. The experimental studies

of hairpin vortices were conducted while the measurement techniques were at relatively

early stages of development [e.g. 60, 79, 2]. More recently, further supportive evidence

of the hairpins and packets was drawn from experimental studies showing observations

of hairpin packets through a newly-developed measurement tool called particle image

velocimetry [4, 37, 72, 98] and from direct numerical simulation [216]. There is also a

considerable body of evidence that suggested the 𝑄2 and 𝑄4 motions form the essential

part of the hairpin vortices [4, 3], which through the nonlinear auto-generation mechanism

forms new hairpins and packets [223, 98]. A packet consists of groups of streamwise-

aligned hairpin vortices around a low-momentum region. Some studies using direct

numerical simulation suggested that hairpins do not persist in fully turbulent boundary

layer flows due to transition effects [95, 179]. Motoori and Goto [148] proposed that this

controversial conclusion might be attributed to the mean shear stretching exerted among

vortices. A recent study conducted by Dong et al. [54] in homogeneous shear turbulence

suggested that the characteristic flow structure associated with forward and backward

kinetic energy transfer is a vortex shaped as an inverted hairpin followed by an upright

hairpin. Overall, there have been different models for the study of the flow structures

and their generation mechanisms at the near-wall region and to the buffer and logarithmic

regions. The importance of hairpin-like structures was also shown in a major model of

wall-bounded turbulence based on the Townsend’s attached eddy hypothesis [206], known

as the attached eddy model [158–160, 137], which models the turbulent flow as hierarchies

of geometrically self-similar eddies. Marusic [136] showed that the inclusion of packets

of hairpin vortices into the attached eddy model improved the prediction of the velocity

correlations and structure angles based on the model compared with the experimental

results, suggesting that these spatially coherent packets are statistically important for the

modelling of the logarithmic region.
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Large-scale motions and inner-outer interactions

The observation of large-scale flow structures can be dated back over the past several

decades [206, 77, 114, 115, 150, 19, 24, 169]. The study of Kim and Adrian [112] is one

of the widely-recognised works regarding large-scale flow structures. The large-scale

motions (LSMs) and very-large-scale motions (VLSMs) that scale with the local boundary

layer thickness, channel half-height, or the pipe radius (O(𝛿)) that reside in the logarithmic

and outer regions [112, 50, 9, 204, 91], carry considerable amounts of the mean Reynolds

shear stress and turbulent kinetic energy [78, 12]. The LSMs were shown to be associated

with the formation of bulges due to the alignment of multiple hairpin structures that form

the packets [192]. In high Reynolds number flows, the VLSMs are found to be very long

with meandering features, consisting of alternating confined regions of low-streamwise-

momentum and high-momentum fluids. These very-large-scale features were shown to have

a streamwise length of O(10𝑅) where 𝑅 is the pipe radius [112, 78, 12]. Similarly, these

very-large-scale features were shown to have very long-meandering characteristics and

length of order of O(10𝛿) in high Reynolds number turbulent boundary layers [91, 92, 146],

where they are called superstructures. The VLSMs, or superstructures were shown to play a

crucial role in turbulence production and contribution to the Reynolds shear stress. Further

observations based on spectral analysis indicate that the footprints of superstructures extend

to the wall as the low wavenumber energy shift in the streamwise velocity energy spectra.

Additionally, there has been reported evidence of the inner-outer turbulence interactions

in the literature [e.g. 15, 90, 1, 88, 164, 202, 71, 92, 139]. There are many ways to study

the inner-outer interactions: for example, from a mathematical point of view, the scale-

energy balance [e.g. 47, 83, 84, 134, 39, 40, 7] and the spectral Reynolds stress equation

[143, 33, 119, 104] are time-dependent, nonlinear partial differential equations based on

Navier-Strokes equations. The scale-energy balance considers the balance of the so-called

second-order structure function:

⟨𝛿𝑢′2⟩ = ⟨𝛿𝑢′𝑖𝛿𝑢′𝑖⟩, (2.26)
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which is referred to as "scale-energy" and the velocity fluctuation differences 𝛿𝑢′
𝑖
= 𝑢′

𝑖
(𝒙1) −

𝑢′
𝑖
(𝒙2), where the mid-point position vector is 𝒙𝒔 = (𝒙1 + 𝒙2)/2 and the separation vector

𝒓𝒔 = 𝒙1 − 𝒙2. The balance of the scale energy is the generalised Kolmogorov equation

[84, 134], which, in general, can be recast into a six-dimensional space (𝑟1, 𝑟2, 𝑟3, 𝑥1, 𝑥2, 𝑥3).

The reduced form of this equation is based on the four-dimensional space, or scale-energy

"hyper-flux", which is studied in some notable turbulent channel flow studies, e.g. Marati

et al. [134], Camarri et al. [21] and Cimarelli et al. [40]. These studies showed evidence of

energy transfer from small scales to large scales (i.e. inverse energy transfer). A recent

study by Alves-Portela et al. [7] has extended the analysis of the Kolmogorov equation

for the turbulent planar wake of a square prism, as proposed by Thiesset et al. [201].

Another approach to study the inner-outer interaction is the Fourier-mode decomposition

(sometimes simply referred to as the scale decomposition or mode decomposition), which

requires the Fourier transform of the velocity fluctuation signal

𝑢′𝑖 (𝜏,𝐷) =
∫ ∞

−∞
U𝑖 (𝜁)𝑒𝑖𝜏𝜁 𝑑𝜁, (2.27)

U𝑖 (𝜁, 𝐷) =
∫ 𝐷

0
𝑢′𝑖 (𝜏)𝑒−𝑖𝜏𝜁 𝑑𝜏, (2.28)

where U𝑖 is the Fourier transform of 𝑢′
𝑖

and 𝜁 is the wavenumber. 𝜏 is the displacement

for the total distance (or total time) 𝐷 → ∞. An fast approximation of the one-sided

wavenumber co-spectrum is

𝐸𝑖 𝑗 (𝜁) = 2Re
[

lim
𝐷→∞

1
𝐷

Exp
[
U𝑖 (𝜁, 𝐷)U∗

𝑗 (𝜁, 𝐷)
] ]
, 𝜁 > 0, (2.29)

where U∗
𝑗
(𝜁, 𝐷) is the complex conjugate of U𝑗 (𝜁, 𝐷). Exp[·] is the expected value

operation and Re[·] is the real part of the cross wavenumber spectral density function

[16]. In practice, the total distance (or total time) D will be finite and the expected value is

taken over a finite number of realisations [e.g. 78, 55] (i.e. ensemble averaging over all

realisations [16]). The scale decomposition using spectral filters has been widely utilised for

characterising large- and small-scale motions and their interactions. Hutchins and Marusic

[92] used a spectral filter to capture the large-scale contribution to the streamwise velocity
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fluctuation and revealed the large-scale modulation on the near-wall scales. A follow-up

study by Mathis et al. [139] extended the work of Hutchins and Marusic [92] to study the

modulation in more detail. They used the Hilbert transform of the decomposed small-scale

fluctuation, where the modulation effects were analysed to be the large-scale envelope

obtained by Hilbert transformation of the small-scale fluctuation, and they revealed a

correlation between the near-wall cycle and the large-scale motions associated with the

logarithmic region. Ganapathisubramani et al. [71] investigated the temporal modulation

of the large-scale structures on the smaller scales using a time-scale decomposition and

revealed the strong wall-normal dependence of the frequency modulation. An extended

concept of the mode decomposition investigates the spectral analysis of the Reynolds

stress transport equation, which considers the transport of spectral energy densities in

the wavenumber space. In a two-dimensional case for streamwise-spanwise wavenumber

space (𝑘𝑥 , 𝑘𝑧), the spectrum can be written as

⟨𝑢′𝑖𝑢′𝑗 ⟩ =
∬

𝑘𝑥 ,𝑘𝑧

𝐸𝑖 𝑗 ,2𝐷 (𝑘𝑥 , 𝑘𝑧)𝑑𝑘𝑥𝑑𝑘𝑧, 𝑘𝑥 > 0, 𝑘𝑧 > 0, (2.30)

and the relationship between two-dimensional and one-dimensional spectra as

𝐸𝑖 𝑗 (𝑘𝑧) =
∫
𝑘𝑧

𝐸𝑖 𝑗 ,2𝐷 (𝑘𝑥 , 𝑘𝑧)𝑑𝑘𝑥 . (2.31)

Early attempts were made by Lumley [130], Bolotnov et al. [18] and Domaradzki et al. [53].

More recently, Mizuno [143] studied the spectral energy budget equation based on a Fourier

transform of the turbulent kinetic energy transport equation. However, when considering

the nonlinear turbulent transport term, it is important to consider the triad interactions

between different Fourier modes (scales), which cannot be expressed in terms of a Fourier

velocity spectrum. For example, it can be recast in the form of triadic wave interactions

[33] or numerically approximated by a wavenumber differentiation [104, 103]. Lee and

Moser [119] examined the large- and small-scale contributions to the turbulent kinetic

energy transport equation based on a spectral filter. They examined the streamwise scale

decomposition of turbulent kinetic energy production and provided statistical evidence of

the interactions between the near-wall and outer turbulence as the large-scale modulation
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of the near-wall turbulence. Kawata and Alfredsson [104] proposed an inter-scale transport

equation (see §2.2.3), and using the Fourier mode decomposition on the Reynolds stress

transport equations for plane Couette flow, they reported the small-scale dependence of

Reynolds shear stress for large-scale structures. Although the spectral equations can be

obtained using a number of different approaches [119, 33, 104] and have taken on a number

of different forms, the evidence of inverse energy transfer from small scales to large scales

is presented.

2.2 Fundamental flow analysis

In this section we review some flow analysis approaches presented in the literature. More

thorough derivations can be found in the Appendix section for the readers’ information.

2.2.1 Governing equations

The governing equations are the incompressible Navier–Stokes equations:

𝜕𝑢𝑖

𝜕𝑡
+𝑢𝑘

𝜕𝑢𝑖

𝜕𝑥𝑘
= −1

𝜌

𝜕𝑝

𝜕𝑥𝑖
+ 𝜈Δ𝑢𝑖 . (2.32)

As defined previously in (2.3), the instantaneous velocity (and pressure) components can

be decomposed into time-averaged and fluctuating components

𝑢𝑖 (𝒙, 𝑡) = 𝑢𝑖 (𝒙) +𝑢′𝑖 (𝒙, 𝑡). (2.33)

Alternatively, the instantaneous velocity (and pressure) components can be decomposed

into a slightly general form, which includes (2.33) as a special case [41, 153, 42]

𝑢𝑖 (𝒙, 𝑡) = 𝑢𝑖 (𝒙) +𝑢′𝑖 (𝒙, 𝑡) = ⟨𝑢𝑖⟩(𝑥, 𝑦)︸     ︷︷     ︸
𝑈𝑖 (𝑥, 𝑦)

+𝑢′𝑖 (𝒙, 𝑡) + 𝑢̃𝑖 (𝒙)︸            ︷︷            ︸
𝑢′′𝑖 (𝒙, 𝑡)

, (2.34)

when spanwise heterogeneity is not negligible and is sometimes called triple decomposition

[29]. The ⟨·⟩ denotes the global mean in the spanwise direction and in time. In the triple
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decomposition (2.34), 𝑢′′
𝑖

denote the total fluctuations, 𝑢′
𝑖

are the turbulent fluctuations

and 𝑢̃𝑖 are the coherent fluctuations due to spanwise inhomogeneity. The incompressible

Navier–Stokes equations relate all extensive properties of a flow system and contain all the

kinematic information on the system, e.g. the Reynolds stress and turbulent kinetic energy

transports. Different flow analyses can be directly derived based on the incompressible

Navier–Stokes equations and the decomposition schemes (2.33) and (2.34).

2.2.2 Fukagata–Iwamoto–Kasagi identity

The skin friction generation in ZPG TBLs, channel and pipe flows associated with turbulent

coherent structures has been investigated through different approaches. The total skin

friction coefficient is defined as 𝐶 𝑓 = 𝜏𝑤/(𝜌𝑈2
∞/2) where 𝜏𝑤 , 𝜌 and𝑈∞ are the mean wall

shear stress, fluid density and free-stream velocity. Different skin friction decomposition

methods have been proposed for the investigations of mean skin friction contributions

in wall-bounded turbulent flows. They are based on the mean momentum, mean kinetic

energy and vorticity transports [66, 167, 220].

The Fukagata–Iwamoto–Kasagi (FIK) identity relates the skin friction coefficient to

dynamic effects that contribute to the mean wall-shear stress for plane flows, based on the

basic equations for the mean momentum transport of turbulent flows (i.e. RANS). The FIK

identity explicitly relates the Reynolds shear stress and other mean effects on the generation

of mean skin friction [66]. The FIK identity has been widely used to provide a quantitative

discussion of the skin friction generation mechanism in incompressible flow control studies

of wall-bounded flows. Fukagata and Kasagi [68] studied the sub-optimal control law

in drag-reduced pipe flows. They showed that the direct opposite control of near-wall

Reynolds shear stress could achieve a drag reduction of approximately 11%, based on the

analysis of the FIK identity. Stroh et al. [195] studied the opposite wall-normal velocity

imposed on the near-wall region in TBL in comparison with fully-developed channel.

Using FIK identity, they found that the spatial development effect contributes to the drag

reduction in TBL, as, compared with the fully-developed channel, the skin friction is solely

governed by the Reynolds shear stress. Hou et al. [87] studied skin friction decomposition
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using an extended analysis of the polymer stress balance in polymer drag-reduced flows.

They revealed the important role of the polymer stresses in contributing to the skin friction

in the drag-reducing region in uniform polymer-injected channels and inhomogeneous

TBLs. Kametani and Fukagata [100] studied the uniform blowing and suction in drag-

reduced ZPG TBL and concluded that the mean convection is the decisive factor in the skin

friction variation. Türk et al. [208] studied the dynamic contributions of friction drag over

superhydrophobic surfaces in channel flows by considering the change in bulk velocity in

terms of the average slip wall velocity and Reynolds shear stress. Experimental studies

also developed concepts based on the FIK identity, such as the drag-reducing flow with

surfactant additives [221] and developed a new experimental fit (1− 𝑦/𝛿) to the total shear

stress profile in ZPG TBL [86]. For steady and two-dimensional TBL, the RANS in the

streamwise direction can be reduced to

0 =
𝜕

𝜕𝑦

[
𝑢′𝑣′− 1

𝑅𝑒𝛿

𝜕𝑢̄

𝜕𝑦
+ 𝑢̄𝑣̄

]
+ 𝐼𝑥 , (2.35)

where 𝐼𝑥 denotes the spatial development term and is given by

𝐼𝑥 (𝒙) =
𝜕𝑝

𝜕𝑥
+ 𝜕𝑢̄𝑢̄
𝜕𝑥

− 1
𝑅𝑒𝛿

𝜕2𝑢̄

𝜕𝑥2 +
𝜕𝑢′𝑢′

𝜕𝑥
. (2.36)

By a triple integration of the RANS, the FIK identity is given by (Appendix A)

𝑐 𝑓 (𝑥) =
4(1− 𝛿𝑑)
𝑅𝑒𝛿︸     ︷︷     ︸
DT

+ 4
𝑈2
∞

∫ 1

0
(1− 𝑦/𝛿) (−𝑢̄𝑣̄) 𝑑 (𝑦/𝛿)︸                                   ︷︷                                   ︸

MC

+ 4
𝑈2
∞

∫ 1

0
(1− 𝑦/𝛿) (−𝑢′𝑣′) 𝑑 (𝑦/𝛿)︸                                    ︷︷                                    ︸

RS

− 2
𝑈2
∞

∫ 1

0
𝛿(1− 𝑦/𝛿)2 𝐼𝑥 𝑑 (𝑦/𝛿)︸                                 ︷︷                                 ︸

SD

, (2.37)

where 𝛿𝑑 =
∫ 1

0 (1−𝑢/𝑈∞) 𝑑 (𝑦/𝛿) is the dimensionless displacement thickness and other

terms in the FIK identity are non-dimensionalised with 𝛿 and free-stream velocity𝑈∞. The

four terms on the right side of (2.37) represent the net contribution to skin friction due to the

laminar effect of the evolving boundary layer thickness (DT); the mean convection (MC)
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as the mean effect of the motion-bearing mean streamwise velocity being advected by the

mean wall-normal velocity; the turbulent contribution from the weighted Reynolds shear

stress (RS) and the contribution from the spatial-derivatives of the streamwise velocity

component (SD). It is also noteworthy that the RS evaluates the contribution from Reynolds

shear stress with a weight function (1− 𝑦/𝛿) that decreases linearly with increasing 𝑦,

assigns more importance to the Reynolds shear stress in the region closer to the wall,

and less importance to the region located further away from the wall. Recent studies

have demonstrated the importance of the large-scale coherent structures in turbulent skin

friction generation [49, 48, 55]. In paper 2, the FIK identity was used to investigate

the universal skin friction behaviour of turbulent boundary layers modified by large-

eddy-break-up devices. For flow control studies, the turbulent skin friction generation

was examined in the framework of quadrant analysis of Reynolds shear stress [110, 28],

because the literature hints that the mechanism responsible for generating skin friction can

be linked to the existence of coherent structures that compose ejection and sweep events

[95, 185, 4, 3, 126, 127]. In paper 3, the LEBU flows and the FIK identity were further

explored based on the spectral analysis, to investigate the energy contribution of the large-

and small-scale turbulence on the skin friction drag, following similar approaches by Deck

et al. [49] and Duan et al. [55]. A scale decomposition based on the quadrant analysis of

Reynolds shear stress was proposed, where the influence on skin friction drag of large- and

small-scale sweep and ejection events was examined.

2.2.3 Fourier mode decomposition of Reynolds stresses transport

Spectral analysis is commonly employed to study wall-bounded turbulence. A recent

development is the investigation of large- and small-scale interactions based on Reynolds

stress transport and spectral decomposition [143, 104, 33, 119] due to the growing body

of evidence that large-scale interference by the structures away from the wall occurs in

the smaller-scale structures at the near-wall region [91, 92, 139]. An analytical approach

for the investigation of large-scale and small-scale Reynolds stresses transports and their

interactions was demonstrated by Kawata and Alfredsson [104] for plane Couette flow.
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2.2 Fundamental flow analysis

A scale decomposition based on the spanwise Fourier mode and a cut-off length scale

𝜆𝑧 = 2𝜋/𝑘𝑧 can be used to separate the total velocity fluctuations (i.e. denoted by " in

(2.34)) into large-scale (𝑢′′
𝑖
,L) and small-scale components (𝑢′′

𝑖
,S) as

𝑢′′𝑖 (𝒙, 𝑡) = 𝑢′′𝑖
,L(𝑘𝑧,𝒙, 𝑡) +𝑢′′𝑖

,S(𝑘𝑧,𝒙, 𝑡). (2.38)

For steady and incompressible flow ZPG TBL, the large-scale Reynolds stress transport

equations are given by

𝐷
〈
𝑢′′
𝑖
,L𝑢′′

𝑗
,L〉

𝐷𝑡
(𝑘𝑧, 𝑥, 𝑦) = 𝑃L

𝑖 𝑗 +𝐷
𝑡,L
𝑖 𝑗

+𝜙L
𝑖 𝑗 +𝐷

𝜈,L
𝑖 𝑗

− 𝜖L
𝑖 𝑗 −𝑇𝑟𝑖 𝑗 , (2.39)

and the small-scale transport equations are obtained in a similar manner

𝐷
〈
𝑢′′
𝑖
,S𝑢′′

𝑗
,S〉

𝐷𝑡
(𝑘𝑧, 𝑥, 𝑦) = 𝑃S

𝑖 𝑗 +𝐷
𝑡,S
𝑖 𝑗

+𝜙S
𝑖 𝑗 +𝐷

𝜈,S
𝑖 𝑗

− 𝜖S
𝑖 𝑗 +𝑇𝑟𝑖 𝑗 . (2.40)

This result was first given by Kawata and Alfredsson [104]. We provide a derivation of the

equations in appendix B. The terms in the large-scale equations (2.39) are

𝑃L
𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) = −

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L〉 𝜕𝑈𝑖
𝜕𝑥𝑘

−
〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L〉 𝜕𝑈 𝑗

𝜕𝑥𝑘
,

𝜙L
𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) = −1

𝜌

[ 〈
𝑢′′𝑗

,L 𝜕𝑝
′′,L

𝜕𝑥𝑖

〉
+
〈
𝑢′′𝑖

,L 𝜕𝑝
′′,L

𝜕𝑥 𝑗

〉 ]
,

𝐷
𝜈,L
𝑖 𝑗

(𝑘𝑧, 𝑥, 𝑦) = 𝜈
𝜕2

𝜕𝑥2
𝑘

〈
𝑢′′𝑖

,L
𝑢′′𝑗

,L〉
, 𝜖L

𝑖 𝑗 = 2𝜈

〈
𝜕𝑢′′

𝑗
,L

𝜕𝑥𝑘

𝜕𝑢′′
𝑖
,L

𝜕𝑥𝑘

〉
,

𝐷
𝑡,L
𝑖 𝑗
(𝑘𝑧, 𝑥, 𝑦) = − 𝜕

𝜕𝑥𝑘

[〈
𝑢′′𝑖

,L
𝑢′′𝑗

,L
𝑢′′𝑘

,L〉 + 〈
𝑢′′𝑖

,L
𝑢′′𝑗

,L
𝑢′′𝑘

,S〉 + 〈
𝑢′′𝑖

,S
𝑢′′𝑗

,L
𝑢′′𝑘

,S〉 + 〈
𝑢′′𝑖

,L
𝑢′′𝑗

,S
𝑢′′𝑘

,S〉]
,

𝑇𝑟𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) =
〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉
+
〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L
𝜕𝑢′′

𝑗
,S

𝜕𝑥𝑘

〉
−

〈
𝑢′′𝑖

,S
𝑢′′𝑘

,S
𝜕𝑢′′

𝑗
,L

𝜕𝑥𝑘

〉
−

〈
𝑢′′𝑗

,S
𝑢′′𝑘

,S 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉
,

(2.41)

where, on the right-hand side of equations (2.39), are the large-scale production, turbu-

lent transport, pressure transport, viscous transport, dissipation and the inter-scale flux

[104]. All the terms in the small-scale equations (2.40) are obtained by interchanging the
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2.2 Fundamental flow analysis

superscripts L and S in (2.41). Note that 𝑇𝑟𝑖 𝑗 in (2.39) and (2.40) are of opposite signs and

therefore represent the local transfer between the large-scale
〈
𝑢′′
𝑖
,L𝑢′′

𝑗
,L〉 and small-scale〈

𝑢′′
𝑖
,S𝑢′′

𝑗
,S〉 at the cut-off wavelength 𝜆𝑧 (or wavenumber 𝑘𝑧). The large-scale Reynolds

stresses
〈
𝑢′′
𝑖
,L𝑢′′

𝑖
,L〉 satisfy

〈
𝑢′′𝑖

,L
𝑢′′𝑗

,L〉(𝑘𝑧, 𝑦) = ∫ 𝑘𝑧

0
𝐸𝑖 𝑗 (𝐾, 𝑦)𝑑𝐾, ∀𝑘𝑧, (2.42)

where 𝐸𝑖 𝑗 is the Reynolds stress tensor spectra. The spectral analysis of the Reynolds stress

transport can be performed by differentiating (2.39) with respect to the cut-off wavenumber

𝑘𝑧,
𝐷𝐸𝑖 𝑗

𝐷𝑡
(𝑘𝑧, 𝑥, 𝑦) = 𝑝𝑟𝑖 𝑗 + 𝑑𝑡𝑖 𝑗 +𝜙𝑖 𝑗 + 𝑑𝜈𝑖 𝑗 − 𝜀𝑖 𝑗 + 𝑡𝑟𝑖 𝑗 , ∀𝑘𝑧 . (2.43)

The terms in (2.43) are

𝑝𝑟𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) = −
[
𝐸 𝑗 𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
+𝐸𝑖𝑘

𝜕𝑈 𝑗

𝜕𝑥𝑘

]
, Φ𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) = −1

𝜌

𝜕

𝜕𝑘𝑧
𝜙L
𝑖 𝑗 ,

𝑑𝜈𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) = 𝜈
𝜕2𝐸𝑖 𝑗

𝜕𝑥2
𝑘

, 𝜀𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) =
𝜕

𝜕𝑘𝑧
𝜖L
𝑖 𝑗 ,

𝑑𝑡𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) =
𝜕

𝜕𝑘𝑧
𝐷
𝑡,L
𝑖 𝑗
, 𝑡𝑟𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) = − 𝜕

𝜕𝑘𝑧
𝑇𝑟𝑖 𝑗 .

(2.44)

which can be interpreted as the spectral decomposition of the terms in the Reynolds stress

transport equation. The approach was studied in a DNS dataset of ZPG TBL in paper 1

[27, p. 1-11]. Furthermore, we explored some ideas based on the spectral decomposed

Reynolds stresses in paper 5 for the MVG flow control studies. In particular, the momentum

transport of a turbulent boundary layer modified by the MVGs is investigated. This is in

terms of the quadrant analysis of Reynolds shear stress. Then, the spanwise Fourier mode

decomposition and triple velocity decomposition were utilised to study the MVG-induced

flow modulation.
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2.2 Fundamental flow analysis

2.2.4 Triple velocity decomposition of Reynolds stress transport

The study of Reynolds stress (tensor) transport is of fundamental importance. Flows over

spatial heterogeneous surfaces are commonly studied using triple velocity decomposition

(2.34), where the total velocity fluctuation is further decomposed into turbulent and coher-

ent fluctuations [41, 153, 42]. Flow that exhibits strong spanwise periodicity can be treated

in a similar fashion, and thus in paper 4 we extend the analysis of kinetic energy transport of

MVG by introducing triple velocity decomposition (2.34) to the steady and incompressible

Navier–Stokes equations. The approach is similar to that of Reynolds and Hussain [168],

where the transport equation for the turbulent kinetic energy is obtained by multiplying the

turbulent velocity fluctuations 𝑢′
𝑗

and taking the time average; by interchanging 𝑖 and 𝑗

and summing up the resultant equation, the transport equation for turbulent kinetic energy

is given by (Appendix C.2)

1
2
𝜕𝑢′

𝑖
𝑢′
𝑖

𝜕𝑡
+𝑈𝑘

2
𝜕𝑢′

𝑖
𝑢′
𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
C′(𝒙)

= −𝑢′
𝑖
𝑢′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘︸      ︷︷      ︸
P′(𝒙)

+ 𝑢̃𝑖
𝜕𝑢′

𝑖
𝑢′
𝑘

𝜕𝑥𝑘︸   ︷︷   ︸
T (𝒙)

−1
𝜌

𝜕𝑝′𝑢′
𝑖

𝜕𝑥𝑖︸     ︷︷     ︸
𝜑′(𝒙)

−1
2
𝜕

𝜕𝑥𝑘

[
𝑢′
𝑖
𝑢′
𝑖
𝑢′
𝑘
+𝑢′

𝑖
𝑢′
𝑖
𝑢̃𝑘 +2𝑢′

𝑖
𝑢̃𝑖𝑢

′
𝑘

]
︸                                        ︷︷                                        ︸

D′(𝒙)

+ 1
2
𝜈Δ𝑢′

𝑖
𝑢′
𝑖︸    ︷︷    ︸

D′
𝜈 (𝒙)

−𝜈
𝜕𝑢′

𝑖

𝜕𝑥𝑘

𝜕𝑢′
𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝜖′(𝒙)

. (2.45)

Similarly, the MVG-induced (i.e. due to secondary motion) kinetic energy transport

equation is obtained as (Appendix C.3)

𝑢̃𝑖𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑈𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘︸                    ︷︷                    ︸
C̃(𝒙)

= −𝑢̃𝑖𝑢̃𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘︸      ︷︷      ︸
P̃ (𝒙)

− 𝑢̃𝑖
𝜕𝑢′

𝑖
𝑢′
𝑘

𝜕𝑥𝑘︸   ︷︷   ︸
T (𝒙)

−1
2
𝜕

𝜕𝑥𝑘
[𝑢̃𝑖𝑢̃𝑖𝑢̃𝑘 ]︸              ︷︷              ︸

D̃(𝒙)

−1
𝜌

[
𝜕𝑃

𝜕𝑥𝑖
· 𝑢̃𝑖 +

𝜕𝑝

𝜕𝑥𝑖
· 𝑢̃𝑖

]
︸                       ︷︷                       ︸

𝜑̃(𝒙)

+𝜈Δ𝑈𝑖 · 𝑢̃𝑖 +
1
2
𝜈Δ(𝑢̃𝑖𝑢̃𝑖)︸                     ︷︷                     ︸

D̃𝜈 (𝒙)

−𝜈 𝜕𝑢̃𝑖
𝜕𝑥𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝜖 (𝒙)

. (2.46)
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We may rewrite (2.45) and (2.46) as

C′ = P′+D′+T +𝜑′+D′
𝜈 − 𝜖′, (2.47)

and

C̃ = P̃ + D̃ −T + 𝜑̃+ D̃𝜈 − 𝜖, (2.48)

where, on the right-hand side of equation (2.47), are the turbulent production, spatial

transport, inter-component transport, pressure transport, viscous diffusion and dissipation.

The terms in the equation (2.48) are the MVG-induced counterparts, which are decomposed

from the turbulent fluctuations (2.47). The inter-component transport T in (2.47) and (2.48)

are of opposite signs and represent a local exchange between turbulent (𝑢′
𝑖
𝑢′
𝑖
) and MVG-

induced (𝑢̃𝑖𝑢̃𝑖) kinetic energy. On the left-hand side of equation (2.48) is the advection

term due to secondary motion. Adding up (2.47) and (2.48) yields the total kinetic energy

transport equation (see also Appendix C.1)

C′′ = P′′+D′′+𝜑′′+D′′
𝜈 − 𝜖′′, (2.49)

where 𝜕 (·)/𝜕𝑡 = 0, and (2.49) collapses to the Reynolds-averaged turbulent kinetic energy

transport equation, i.e. (2.21), when the coherent fluctuations 𝑢̃𝑖 approach zero. In paper

4, the triple decomposition of the kinetic energy transports was analysed. Simulation of

an array of MVGs in a turbulent boundary layer was performed. The numerical study

was motivated by the experimental investigations by Lögdberg et al. [125] and Fransson

and Talamelli [65]. In the present study, the role that the mean flow plays in sustaining

the secondary motions was examined. We also examined the influence of MVG on the

large-scale coherent motions of a turbulent boundary layer using spectral analysis. The

reader is referred to paper 4 for more information.
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2.3 Flow control in turbulent wall-bounded flows

2.3 Flow control in turbulent wall-bounded flows

The aim of this section is to introduce the necessary background in order to provide a

foundation for better understanding of the flow control methods in turbulent wall-bounded

flows. Flow control methods can be categorised into active and passive flow controls with

a particular emphasis on large-eddy break up devices and miniature vortex generators.

Control of turbulence by modifying the turbulent wall-bounded flows to reduce skin

friction drag is of great importance and practical interest [14, 46]. The advancement in

numerical simulations enables the flow control studies based on direct numerical simula-

tion (DNS) and large-eddy simulation (LES), which advance our understanding of drag

reduction mechanisms. Flow control strategies have been explored through active and

passive means. A active flow control requires energy input with the aim of suppressing

turbulence in order to achieve skin friction reductions [70]. For example, via uniform

blowing and suction [156, 100], wall oscillation [99, 166] and opposite control [35, 107].

The passive flow control aims to suppress the formation or interaction of flow structures by

introducing flow modulation effects (e.g. spanwise periodic flow) that propagates from the

controlled flow region to the downstream region, which consists of a passive flow control

arrangement and involves no energy input. It is, therefore, generally simpler to perform,

such as by modifying the wall surfaces [25, 57, 69, 34, 96] or by addition of polymer

solutions to the flows [221, 214].

Active flow controls

Using an active method with an efficient open- or closed-control loop system, it is possible

to achieve significant skin-friction reduction. Examples are opposite control, wall blowing

and suction (uniform or unsteady) and wall oscillation [70]. Choi et al. [35] examined the

effectiveness of controls applied at the wall in reducing friction drag in turbulent channel

flows. The aim was to suppress those quadrant events (ejections and sweeps) that are

associated with the streamwise vortices via an opposite velocity component imposed at the

wall, as shown in figure 2.1. This method resulted in up to 25% drag reduction. The control

method requires sensors to be placed within 𝑦+ = 10 from the wall, which seems to be
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.1: (𝑎) Sensors plane location. (𝑏) The opposite velocity control at the wall [35].

impractical; however, the results revealed that manipulation of the near-wall structure will

lead to a substantial skin-friction drag reduction in wall-bounded flows. Subsequent studies

based on the work of Choi et al. [35] include, for example, a neural network coupled with

uniform blowing and suction [116]; sub-optimal control laws [117]; and near-wall streak

control algorithms [58]. Recently, Kasagi et al. [102] reviewed the use of these feedback

control algorithms, based on micro-electromechanical systems (MEMs) with flow sensors

and actuators (figure 2.2), which attempted to modify the wall-surface shear stress and

pressure fluctuations. For practical purpose, it is necessary to consider the turbulence scale

separation as the Reynolds number increases. It is therefore required that the physical size

and response time scale of the practical control system is comparable with the smallest

scales of turbulent structures (i.e. in the order of 10× viscous units), and it must be ensured

that the requirements can be fulfilled by MEMS devices [102].

Studies of fluid injection and suction normal to a wall surface to suppress near-wall

turbulence, such as by uniform blowing and suction (UB/US) using a spanwise localized

slot (figure 2.3) in channels or spatially developing boundary layers, have also been investi-

gated [e.g. 156, 111, 108, 100]. The work by Kametani and Fukagata [100] considered the

contributions of skin-friction reduction in a turbulent boundary layer using a skin-friction

decomposition proposed by Fukagata et al. [66] (as discussed in §2.2.2), which has pro-

vided a new point of view on the drag-decreasing mechanism by UB/US. Jung et al. [99]

studied the high-frequency spanwise wall oscillation (where the wall moves in phase with

a spanwise velocity (figure 2.4), which is a sinusoidal function of time (periodic) with a
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.2: Examples of the micro-hot-film sensors and wall deformation actuators [171,
102].

Figure 2.3: Schematic diagram of the computational domain by UB/US in Park and Choi
[156] where W denotes the slot width.

no-slip condition applied to the streamwise direction and no-penetration applied to the wall

normal direction). The spanwise oscillatory cross-flow or oscillatory channel wall results

in weaker turbulence intensities and Reynolds shear stress [99] and leads to a sustained

drag reduction of 10−40%.

In addition to the aforementioned studies of active flow controls, Schoppa and Hussain

[184] proposed a control strategy that aims to suppress vortex formation and hence skin
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.4: Schematic diagram of the wall boundary condition [99, 203].

Figure 2.5: Schematic diagram of counter-rotating vortices in the spanwise section of a
TBL. The box denotes the wall jet control region [184].

friction reduction using a spanwise row of counter-rotating streamwise vortices (figure 2.5).

They reported a 20% sustained drag reduction when counter-rotating streamwise vortices

were introduced to the flow; however, the drag reduction was argued to be a transient

effect [22]. In a subsequent study [23], they investigated this control method using two

sets of DNS with different Reynolds numbers (𝑅𝑒𝜏 = 360 and 550) and found that the

large-scale vortices are able to efficiently provide drag reduction only at low Reynolds

numbers (𝑅𝑒𝜏 = 360). The method seems to fail at the higher Reynolds numbers. In a

subsequent study by Yao et al. [219], it was argued that the lack of drag reduction at higher

Reynolds numbers conducted in Canton et al. [23] was due to the ineffective design of the

large-scale control swirls.

Passive flow controls

Early experimental studies were mainly focused on riblets, polymer additives and outer-

layer devices [14]. In the last three decades, various passive control studies involved
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2.3 Flow control in turbulent wall-bounded flows

different types of methods, both experimentally and numerically, such as riblets [34, 96],

superhydrophobic surfaces [135, 208, 94], compliant walls [25, 57, 69], wall deformations

[152, 203], polymers or surfactant additives [221, 214] and large-eddy-break-up devices

[193, 31]. From a practical viewpoint, surface modifications such as riblets, superhydropho-

bic surfaces, and compliant walls and wall deformations, might be the simplest way to

achieve a skin-friction drag reduction. Choi et al. [34] studied flows over riblets using DNS

(figure 2.6). The exposed surface to downwash motion associated with quasi-streamwise

vortices was limited and the resultant drag reduction was approximately 6%. A super-

hydrophobic surface (SHS) consists of a thin-film hydrophobic coating with roughness

pattern, where gas bubbles are trapped within the cavities of the coating, which provides a

local free shear gas-liquid interface. Türk et al. [208] performed DNS in which the SHS

(coating and gas-liquid interface) were modelled as alternating the no-slip and free-slip

boundary conditions, proposed by Philip [163]. They proposed a prediction model that can

estimate the gain from a SHS flow at high Reynolds numbers. A SHS study conducted

by Jelly et al. [94] investigated in detail the transport of turbulent kinetic energy over

the SHS texture. The TKE production, associated with the Reynolds shear stress, was

significantly reduced over SHS in their study. Superhydrophobic surfaces may lead to a

drag reduction of up to 75%, but in general the efficiency is limited and highly depends

on the practical environment, such as high pressures and high shear rates [157]. Surface

modifications can be made by compliant walls in which the wall surface acts like a tuned

mass damper where momentum is transferred between compliant walls and fluids (figure

2.7), with the aim of delaying transition and suppressing the Reynolds shear stress at the

near-wall region. However, the drag reduction by compliant surfaces in fully-developed

flows remains uncertain. For example, Fukagata et al. [69] studied DNS channel flows over

anisotropic compliant surface at the very low bulk velocity Reynolds number 𝑅𝑒𝑏 = 3300.

They reported the skin friction was reduced by 8%; however, when the same parameters

were applied to a larger domain, the compliant surfaces failed to achieve any skin friction

reduction due to excessively large wall-normal velocity fluctuations [69].

Travelling-wave-like wall deformations have been demonstrated to re-laminarize the

flow, which initiate a skin friction reduction, and the Reynolds shear stress are suppressed,
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.6: Riblet pattern for the DNS channel flow from Choi et al. [34].

Figure 2.7: (𝑎, 𝑏) Karmer’s coating (left) and a simplified isotropic compliant wall model
(right) [57]. (𝑐, 𝑑) Grosskreutz’s compliant wall (left) and an anisotropic compliant wall
model (right) [25, 69].

downstream of the wave-like wall. For examples, see studies of streamwise wall deforma-

tion by Nakanishi et al. [152] and spanwise wall deformation by Tomiyama and Fukagata

[203] (figures 2.8 and 2.9).

Research on the use of flow additives to achieve net drag reductions was originated

by Toms [205] (also known as the "Toms effect"), as he found that the flow rate through

a pipe increases if the concentration of polymer injected into a solvent increases. There
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.8: An example of streamwise wall deformation [152].

Figure 2.9: An example of spanwise wall deformation [203].

have been a large number of experimental and numerical studies on polymer additives, [e.g.

209, 51, 52, 214], which showed that substances directly interact with flows and dampen

the quasi-streamwise vortices (known as polymer stress in Min et al. [141], as shown in

figure 2.10). In addition to polymers additives, Yu et al. [221] utilised surfactant additives

in order to obtain an insight into the mechanism of the Toms’ effect phenomena.

Another category of passive control consists of thin plates or air-foils that are mounted

in the outer part of a turbulent boundary layer [193, 31, 110], so-called outer-layer devices

or large-eddy-break-up devices with the aim to disrupt the large coherent structures, which

have attracted the interest of the engineering community [46]. The LEBUs were shown

to be able to change the turbulent structure and intermittency, as well as to reduce skin

friction drag. More recently, the miniature vortex generator is a similar candidate that
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.10: Schematic representation of the polymers’ drag-reduction mechanism [141].

consists of pairs of winglets or rectangular blades, mounted on the wall and arranged in

a spanwise oriented array, which show a very efficient drag reduction rate up to 65% in

laminar boundary layers [189]. Because the works in this thesis are based on the LEBU

device and MVG and there have been a great number of investigations into these two topics,

in the following section, we review a collection of important studies that are particularly

relevant to the present work.

Large-eddy break up devices

Attempts to achieve viscous drag reduction in turbulent boundary layers by altering the

outer-layer large-scale flow structures have a long history [5, 46]. The early works on

LEBU devices date back to the 1970s by Yajnik and Acharya [217], Corke et al. [44], Corke

et al. [45], Anders et al. [9] and Hefner et al. [82]. The comprehensive studies conducted

by Corke et al. [44] and Corke et al. [45] demonstrated that the net drag reductions can

measure up to 15−20%. However, later studies showed that no net drag reduction can be

achieved [172, 173, 133].

Sahlin et al. [173] studied the performance of airfoil-shaped LEBU devices in turbulent

boundary layers over a range of chord length Reynolds numbers from 76000 to 260000.

The total drag of the test plate and the device drag of the LEBUs were obtained indepen-
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2.3 Flow control in turbulent wall-bounded flows

dently by several force gauges mounted at different locations of the towing tank. They

focused on various parameters that may influence the performance of the LEBU devices.

They reported a number of different configurations and results based on angles of attack

from −2◦ to 1◦ and wall-normal locations from 0.4𝛿 to 0.9𝛿, where 𝛿 is the boundary layer

thickness, for single and tandem configurations. The maximum skin friction reduction was

found to be 5%. However, no net drag reduction can be observed. They also demonstrated

that a larger skin friction reduction will result in a higher device drag, so each nearly

cancels the other out. Anders [8] assessed the performance of airfoil-shaped LEBU devices

in a turbulent boundary layer developed on an axisymmetric body, and compared their drag

reduction performance in relatively low and high Reynolds numbers. The chord length

based Reynolds number ranges from 32000 to 320000 and the momentum thickness

based Reynolds number 𝑅𝑒𝜃 ranges from 2500 to 18000. Of all the Reynolds numbers

considered, the LEBU devices increased the total drag by 1−5%. However, they found

that the device drag reduction mechanism seems to be associated with increasing Reynolds

numbers. They thus suggested that this is due to the separation of scales at high Reynolds

numbers. Lynn et al. [133] conducted a series of wind tunnel experiments to compare

conventional thin blade and airfoil shaped LEBU devices (figure 2.11). Two drag balance

plates were used separately to measure the skin friction drag on the flat plate and the LEBU

device drag. They found that both thin blade and wire type LEBU devices increase the

overall drag and they concluded that no net drag reduction was achievable. To explain

the magnitudes and shapes of the observed skin-friction distributions in earlier studies of

outer-layer devices, Savill and Mumford [177] conducted a series of flow visualisation

experiments evaluating the impact of device height, length, thickness and separation be-

tween devices (for tandem arrangements) on the drag reduction performance of the LEBU

devices (figure 2.12). They suggested that the principal mechanism for drag reduction is

related to a sequence of active and interactive events between the wake vortices generated

from the manipulators and the near-wall structure in the boundary layer.

Although the possibility of reducing viscous skin friction drag by LEBU devices in

practical applications seems to be unlikely given the negative results that are presented

in the earlier studies, there is growing interest in LEBU devices due to the possibility of
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.11: Schematic of the testing section of the LEBU device conducted by Lynn et al.
[133]. 𝑠 is the streamwise spacing between manipulators. 𝑥0 is the streamwise location
of the trailing edge of the first manipulator. 𝑑 is the boundary layer thickness. 𝑇 is the
angle of attack. 𝑐 is the chord length. ℎ is the height above the test plate. 𝑡 is the device
thickness. 𝑒 is the distance between the centre and the leading edge.

Figure 2.12: Flow visualisation of the downstream of the boundary layer manipulated by
the single-plate device [177].

performing direct numerical and well-resolved large-eddy simulations of LEBU flows,

where more detailed information about the flow is available. Recent studies have attempted

to understand the underlying skin friction drag reduction mechanism based on advanced

flow analysis techniques that were unavailable in the past [193, 31, 32], and which have
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2.3 Flow control in turbulent wall-bounded flows

motivated the present study. Spalart et al. [193] investigated the effect of LEBUs on the

levels of wall pressure fluctuation suppression of DNS of a TBL. They found that the

LEBU can be used to reduce the intensities of pressure fluctuations by up to 30%, thereby

regulating the induced noise. Chin et al. [31] performed LES to study the influence on flow

structures of LEBU devices mounted in a ZPG TBL up to 𝑅𝑒𝜃 = 4300. Using spectral anal-

ysis of the velocity fluctuations, they provided evidence of the direct interactions between

large-scale motions and the LEBU. In a subsequent study, Chin et al. [32] showed that

the LEBU device is capable of attenuating the fluctuations of the turbulent/non-turbulent

interface and thereby delaying the growth of the turbulent boundary layer. Kim et al. [110]

performed DNS TBL to investigate the effect that LEBU have on the contribution of skin

friction by Reynolds shear stress and by velocity-vorticity correlations. They found that the

skin friction reduction can be interpreted as the effect of the advective vorticity transport

and vortex stretching, which accounts for 80% of the skin friction reduction.

Miniature vortex generators

Passive flow control using a device-induced vortex is not new and has been studied

intensively for many decades. In early studies, particular attention was paid to the flow

separation control by using passive-type vortex generators [e.g. 198, 124, 123, 38] (i.e.

without an energy input). The vane-type passive vortex generators (VGs) are conventional

devices in a wide variety of shapes, sizes and types of arrangement, for controlling flow

with height ℎ of the order of the boundary layer thickness (𝛿) [123]. Generally speaking,

ℎ/𝛿 ∼ 1 is referred to as conventional VGs, and ℎ/𝛿 ≤ 0.5 is referred to as low-profile

VGs with the blade height just a fraction of the conventional VGs. Figure 2.13 shows

examples of counter-rotating and co-rotating vane-type low-profile VGs, as well as the

Wheeler’s doublet and wishbone VGs from an investigation by Lin [122] which refers

to them as "micro-VGs" with ratio ℎ/𝛿 ∼ 0.2. These devices are arranged in rows of

pairs of small plates or airfoils, with an incidence angle with respect to the incoming flow

direction, to generate pairs of counter-rotating or co-rotating streamwise trailing vortices.

These types of VGs have been widely used for delaying boundary layer separation or to

enhance aircraft wing performance [123, 76]. In addition to the standard vane-type VGs,
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Figure 2.13: (𝑎, 𝑏) Conventional vane-type VGs and (𝑐, 𝑑) Wheeler’s wishbone and
doublet VGs. Device parameters are: ℎ is the blade height, 𝑒 is the blade length, 𝑇 is the
angle of attack and 𝑧 is the spanwise separation [123].

various VGs consisting of counter-rotating triangular vanes, single triangular vanes and

forwards and backwards wedges (see figure 2.14) were investigated in terms of vortex

characteristics, such as the device-induced vortex strength (i.e. circulation) and its decay

rate, both experimentally and numerically [10, 11]. Early studies that investigated a single

low-profile vane-type VG placed within a turbulent boundary layer over a flat plate were

conducted by Allan et al. [6] and Yao et al. [218]. However, the numerical studies were

based on simplified turbulence and VG models. Lin [123] concluded in his review that

there was a need to improve the numerical methods as well as the turbulence modelling in

order to improve the VGs’ simulations.

A VG-induced vortex-path model was proposed by Lögdberg et al. [125]. Their inves-

tigations were into the development of streamwise vortices introduced into the boundary

layer by vortex generators, including the actual vortex propagation and vortex strength

decay. Figure 2.15 shows the flow visualisation of the instantaneous (top) and averaged
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.14: Geometry of low-profile VGs [123]. (𝑎, 𝑐) Forwards and backwards wedges
(ramp-like shape). (𝑏, 𝑐) Counter-rotating vane and single vanes (triangular shape). Device
sizes are scaled with the blade height ℎ.

(bottom) flow patterns in which the light intensity indicates the paths of the vortex centres at

the downstream locations of the VGs. Figure 2.16 shows the vortex centre paths projected

on the spanwise-wall-normal plane moving downstream of a single VG pair (top) and an

array of VG (bottom). The figure clearly reveals the influence of the vortex path due to the

neighbouring vortex pair. By using a potential flow model, they proposed a vortex-path

model predicting the streamwise evolution of longitudinal vortices downstream of the

vortex generators.

As mentioned above, the original idea of VG was to delay or avoid flow separation

in zero and adverse pressure gradient flows. Fransson et al. [64] investigated the use of

cylindrical roughness elementsto generate streamwise vortices. The streamwise vortices

develop into longitudinal streaks with the aim of suppressing the growth of Tollmien-

Schlichting (TS) waves, which delay transition from laminar to turbulent flows and result

in lower skin friction drag. Unfortunately, it was found that these surface elements might

suffer from strong near-wake instability, which limits the element’s ability to create stable,

high amplitude, sinusoidal streaks [63–65]. The goal of the miniature vortex generator was
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.15: Instantaneous snapshots of the VG configurations conducted in Lögdberg
et al. [125]. (𝑎) A single pair of VG and (𝑏) Multiple pairs of VG spaced in the spanwise
direction. (𝑐) and (𝑑) are the corresponding averaged flow patterns. Dashed lines indicate
the position of the maximum positive mean wall-normal velocity component [125]. 𝑥0 is
the streamwise position of the VG and ℎ is the blade height. 𝐷 is the spanwise spacing
between two pairs of VG

to replace the cylindrical roughness elements with the aim of generating high amplitude,

stable streaks without initiating a near-wake instability [65, 189]. Fransson and Talamelli

[65] explored the possibility of MVG generating stable streamwise streaks that stabilise

TS waves for transition delay. They reported that the maximum amplitude of stable streaks

was about 30% of the free-stream velocity, which is approximately a doubling of the value

of that generated by circular roughness elements [64]. The modulation effect was sustained

up to 700ℎ downstream of the MVGs (where ℎ is the blade height). A comprehensive

parametric study of MVGs (triangular-bladed) optimisation was performed by Shahinfar

et al. [187]. By using different MVG configurations, they optimised the streaks’ scaling

and improved the streak amplitude definition, by taking into consideration the spanwise

periodicity of streaks. A DNS study by Siconolfi et al. [191] analysed the flow instabilities

introduced by MVGs. An inadequate design of MVGs may amplify the TS waves and lead

to faster transitions, which might be one of the drawbacks of MVGs [175].
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.16: Streamwise evolution of the vortex centre plotted in a wall-normal–spanwise
plane normal to the flow direction [125]. The vortex centre was tracked based on maximum
absolute streamwise vorticity. ⋄, □ and ◦ denote three type of VGs with blade heights of
6mm, 10mm and 18mm, respectively [125]. (𝑎) A single pair of VG and (𝑏) Multiple
pairs of VG spaced in the spanwise direction. Here ℎ is the blade height and 𝐷 is the
spanwise spacing between two pairs of VG

The MVGs are small-scale with respect to the classical vortex generators, and from

various studies mentioned previously it is known that the MVGs are applicable for laminar

flows over flat plates to generate prolonged and organised streamwise-oriented streaks,

which are able to stabilise the local flow disturbances and delay laminar flow transition

[65, 188, 191], and potentially achieve a lower skin friction drag [189, 176]. Typically,

the winglet and rectangular shaped MVGs were investigated. Figure 2.17 shows the

experimental set-up of triangular-bladed MVG (left) applied on a flat plate from Shahinfar

et al. [188] and (right) the rectangular-bladed MVG employed in Sattarzadeh et al. [176].

The rectangular-bladed MVG results in a higher streak amplitude compared with the same

setup using triangular-bladed MVG [65, 187].

So far the majority of MVG studies in the literature have been focused on laminar or

transitional boundary layer flows, and from various studies it is clear that the MVG is able

to impose large-scale vortical motions and generate long high- and low-speed streaks into
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2.3 Flow control in turbulent wall-bounded flows

Figure 2.17: Examples of MVG geometry. (𝑎) Triangular-bladed MVGs used in Shahinfar
et al. [188]. Here, ℎ is the blade height, 𝐿 is the blade length, 𝑑 is the spanwise separation
between two blades, Λ is the spanwise spacing between two MVG pairs and 𝑥𝑀𝑉𝐺 is the
distance from the leading edge where the MVGs were located. (𝑏) Rectangular-bladed
MVGs used in Sattarzadeh et al. [176]. Here, 𝜃 is the angle of attack. 𝑥𝑇𝑆 is the location
where the Tollmien-Schlichting wave is generated. 𝑥1𝑠𝑡

𝑀𝑉𝐺
denotes the location for the first

MVG array and 𝑥2𝑛𝑑
𝑀𝑉𝐺

denotes the location for the second MVG array.

the turbulent boundary layer by similar mechanisms. A challenge in controlling turbulent

boundary layers is the existence of the different scales of naturally-occurring coherent

structures in the different regions of the flow. When the Reynolds numbers increase, the

very-large-scale features that consist of alternating low-speed and high-speed fluids appear

and reside in the logarithmic region. They are known to modulate the near-wall structures

and contribute to the mean Reynolds shear stress and skin friction drag. An aim here is

therefore to investigate how the MVG-induced streaks evolve in a turbulent boundary layer
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2.4 Background of the immerse boundary method

and how these streaks disturb the turbulent coherent structures in the near-wall and outer

regions.

2.4 Background of the immerse boundary method

The study of fluid-structure interaction (FSI) problems, which consist of single or multiple

elastic or rigid bodies interacting with fluid flows, is fundamental in many scientific and

engineering applications. From a numerical perspective, depending on whether or not

the Cartesian or cylindrical grid conforms to the geometry, the numerical approaches

can be classified as either body-conforming or non-body-conforming methods [142, 85].

The body-conforming method often makes use of unstructured mesh for complex shapes,

moving bodies, and a new fluid mesh must be regenerated in every time step, which

increases the amount of memory and CPU time used. The non-body-conforming method

is employed when the solid boundary conditions are modelled by modifying the governing

equations, in which case the grid does not necessarily conform to the solid surfaces,

which reduces computational costs. The immersed boundary method (IBM) is one of

the approaches that is commonly employed [162]. In general, the modification takes the

form of a forcing function in the governing equations that reproduces the solid boundary

conditions.

2.5 Continuous forcing method

In general, there are two different ways to evaluate the forcing formulation in the IBM.

Depending on whether or not the forcing function is discretised together with the governing

equations, the force function implementation can be further categorised into the continuous

forcing approach and the discrete forcing approach [142]. Some methods make use of

the continuous forcing approach, for example, to represent an immersed elastic boundary

where the boundary is modelled as a set of mass-less Lagrangian points with elastic

springs connecting them, and the governing equations (e.g. incompressible Navier-Stokes

equations) are solved on the uniform Cartesian grids. The total force applied by the
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2.5 Continuous forcing method

boundaries to the fluid was modelled as a local forcing term introduced in the momentum

equations [162]

𝑓𝑚 (𝒙, 𝑡) =
∑︁
𝑛

𝑭𝑛 (𝑡)𝛿𝑑 ( |𝒙− 𝑿𝑛 (𝑡) |). (2.50)

Note that the Lagrangian boundary point (𝑿𝑛) does not necessarily coincide with the

uniform grids (𝒙), therefore, 𝛿𝑑 is a smooth distribution function reminiscent of the Dirac

delta function. The force 𝑭𝑛 satisfies constitutive law, such as the Hooke’s law, and is the

force from the Lagrangian boundary point 𝑿𝑛 acting on the surrounding fluid [142]. The

location of the 𝑛𝑡ℎ Lagrangian boundary point moves with the local fluid velocity and the

coordinate 𝑿𝑛 representing the 𝑛𝑡ℎ Lagrangian point is governed by

𝜕𝑿𝑛
𝜕𝑡

= 𝒖(𝑿𝑛, 𝑡). (2.51)

This method is generally applied to elastic boundaries (and bodies) and was first demon-

strated for blood flow modelling [161]. As discussed by Iaccarino and Verzicco [93],

elastic boundaries modelling becomes complicated because the boundaries of the domain

are moving and the force responses depend on the local flow conditions. If the boundary

configuration is fixed and known, the calculation of the interaction between the fluid and

the immersed surfaces becomes much simpler. The forcing function that represents a rigid

boundary can be modelled using a feedback scheme [75, 174], which treats the forcing

term as

𝑭(𝒙𝒔,𝑇) = 𝛼
∫ 𝑇

0

(
𝒖(𝒙𝒔, 𝑡) −𝒖𝒔 (𝒙𝒔, 𝑡)

)
𝑑𝑡 + 𝛽

(
𝒖(𝒙𝒔,𝑇) −𝒖𝒔 (𝒙𝒔,𝑇)

)
, (2.52)

by assuming that the grid nodes coincide with the immersed boundary, where 𝒖𝒔 denotes a

predefined velocity of the immersed boundary and 𝒙𝒔 denotes the grid nodes’ locations.

In this expression, 𝛼 and 𝛽 are negative constants that usually require a parametric study

[75]. It was shown that high values of 𝛼 and 𝛽 may lead to stability problems [75]. An

alternative method to treat flows with rigid boundaries is called the penalty method. This

method is based on the Navier-Stokes-Brinkman equations, which have an additional term

42



2.6 Discrete forcing method

in the Navier-Stokes equations [105]:

𝑭(𝒙, 𝑡) = 𝜇

𝐾 (𝒙, 𝑡) 𝒖(𝒙, 𝑡), (2.53)

assuming that the flow occurs in a porous medium, which is characterised by its permeabil-

ity 𝐾 . 𝜇 is the dynamic viscosity. The idea of this method is to model the fluid and solid

regions by controlling the value of permeability, as 𝐾 →∞ for the fluid region (i.e. the

force vanishes 𝐹 ≈ 0) and therefore solve the classical Navier–Stokes equations, and as

𝐾 → 0 for the solid region (i.e. the force suppresses the flow), which is considered as a

particular porous medium with a porosity 𝜙→ 1. A disadvantage of this method is that for

a very small value of permeability 𝐾, the forcing term may increase the stiffness of the

governing equations and thus affects the numerical stability, requiring smaller time steps,

which is not practical for high Reynolds number simulations [142, 93]. In summary, the

continuous forcing approach is useful for flows around bodies with immersed elastic and

rigid boundaries because methods based on this approach are independent of the underlying

spatial discretization, making them simpler to implement into an existing solvers. However,

given that smoothing of the forcing function is needed, this approach prohibits a sharp

representation of the immersed boundary as well as an accurate prediction of the fluid field

near the immersed boundary.

2.6 Discrete forcing method

An alternative approach in IBM is the discrete forcing approach. Mohd-Yusof [144] devel-

oped the direct forcing method, which consists of an imposition of the velocity boundary

conditions on the immersed surface, without requiring the introduction or computation

of any forcing term. Thus, this method does not affect the numerical stability. In their

approach, the force is explicitly defined and the appropriate boundary values are specified

at the immersed surface

𝑭 =
𝒖𝒔 −𝒖𝑛

𝑑𝑡
+ (𝒖 · ∇)𝒖 +∇𝑝− 1

𝑅𝑒
Δ𝒖, (2.54)
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by assuming that the immersed surface coincides with the node and a Dirichlet bound-

ary condition 𝒖 = 𝒖𝒔 is to be applied [144, 142, 93]. 𝒖𝑛 is the 𝑛𝑡ℎ time iteration, the

approximated solution of the discrete-time Navier-Stokes equations:

𝒖𝑛 = 𝒖𝑛−1 + 𝑑𝑡
(
(𝒖 · ∇)𝒖−∇𝑝 + 1

𝑅𝑒
Δ𝒖

)
, (2.55)

where 𝑑𝑡 is the time step. Fadlun et al. [59] further extended the direct forcing method

to a three-dimensional finite difference formulation on a staggered grid. The forcing was

applied at the first Eulerian grid points external to the immersed boundary and the interface

is sharply expressed by velocity reconstruction. The stability of the time integration

remained unchanged with good quantitative agreement with experimental measurements.

Finally, there have been a large number of numerical studies of discrete forcing IBM

conducted over the last two decades; however, these studies are less relevant to this

study and therefore the reader is referred to the provided appropriate sources. Major

extensions of the discrete forcing IBM include Tseng and Ferziger [207], Zhang and Zheng

[222], Balaras [13], Gilmanov et al. [74], Choi et al. [36], among others. Refinements

of the discrete IBM can be found in Lee et al. [118], Li and Wang [120], Muldoon and

Acharya [149], Kang et al. [101], Shinn et al. [190] and Gao et al. [73]. IBM has been

studied extensively. For comprehensive reviews of the literature, the reader is referred

to Peskin [162], Mittal and Iaccarino [142], and recent reviews by Kim and Choi [113]

and Huang and Tian [89]. Overall, in contrast with the continuous forcing approach,

forcing methods based on the discrete forcing approach do not require force smoothing and

therefore enable a better representation of the immersed boundary. The discrete forcing

approach does not restrict the computational time step associated with numerical stability,

which is more practical for high Reynolds number flows compared with the continuous

forcing approach. The disadvantage of the discrete forcing approach is that the force

implementation becomes more difficult and less intuitive, and strongly depends on the

temporal and spatial discretization schemes.
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Chapter 3

Numerical methods

3.1 Large-eddy simulations

The numerical simulations presented in all the papers were performed using the fully spec-

tral code (SIMSON) developed by Chevalier et al. [30] and were 2D parallelised running

on O(103) processors [121]. In papers 2-5, well-resolved (i.e. near wall well-resolved)

large-eddy simulations were performed. Paper 1 was based on a direct numerical simulation

data set. A sub-grid-scale approximate deconvolution model (ADM-RT) was employed to

compute approximations to the unfiltered solutions by a repeated filter operation [181]. The

governing equations are the resolved-scale incompressible continuity and Navier-Stokes

equations:
𝜕𝑢̂𝑖

𝜕𝑥𝑖
= 0. (3.1)

𝜕𝑢̂𝑖

𝜕𝑡
+ 𝑢̂ 𝑗

𝜕𝑢̂𝑖

𝜕𝑥 𝑗
+ 𝜕𝑝
𝜕𝑥𝑖

− 1
𝑅𝑒

𝜕2𝑢̂𝑖
𝜕𝑥 𝑗𝜕𝑥 𝑗

= −𝜒𝐻𝑁 ⊛ 𝑢̂𝑖, (3.2)

Here, 𝑥𝑖 are Cartesian coordinates and 𝑢̂𝑖 are the corresponding velocity components,

i.e. the streamwise, wall-normal and spanwise directions, or simply 𝑥, 𝑦 and 𝑧 with

corresponding velocities 𝑢̂, 𝑣̂ and 𝑤̂. All variables are non-dimensionalised by the free-

stream velocity 𝑈∞, inlet displacement thickness 𝛿∗0 and kinematic viscosity 𝜈 and give

𝑅𝑒𝛿∗0 = 𝑈∞𝛿∗0/𝜈 = 450 (𝑅𝑒𝜃0 = 180). The relaxation term −𝜒𝐻𝑁 ⊛ 𝑢̂𝑖 : 𝜒 is the model

coefficient; 𝐻𝑁 ⊛ 𝑢̂𝑖 is the high-pass, approximately deconvolved quantities where 𝐻𝑁 :=
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(𝐼 −𝐺)𝑁+1 is the high pass filter; 𝐺, 𝑁 and 𝐼 are the low-pass filter, deconvolution order

and identity operator, respectively [detailed descriptions can be found in 194, 181]. This

additional dissipative term damps out fluctuations near the cut-off wavenumber in order

to improve the accuracy of the flow solution. The ADM-RT model has been found to

be accurate and robust in predicting transitional and turbulent incompressible flows with

spectral methods at momentum thickness Reynolds numbers 𝑅𝑒𝜃 up to 4300 [181, 178, 56].

The spatial discretisation in the streamwise and spanwise directions uses a Fourier series

with 3/2 zero-padding for de-aliasing in both directions, and the Chebyshev polynomial is

employed in the wall-normal direction. Periodic boundary conditions are applied in the

streamwise (𝑥) and spanwise (𝑧) directions, while a no-slip condition is applied at the wall,

and a Neumann condition is applied in the free stream (upper boundary). A low-amplitude

volume force trip is applied to the Navier-Stokes equations at the region very close to the

inlet to trigger a rapid transition to turbulent flow. For further details on the simulations of

DNS TBL with different numerical tripping methods, the reader is referred to Schlatter and

Örlü [180]. To retain a periodic boundary condition in the streamwise direction, a fringe

region is employed at the downstream of the flow, close to the end of the computational

domain. In the fringe region, the flow is damped via a volume force until it returns to the

inflow condition [30]. The fringe region technique is similar to that described by Bertolotti

et al. [17]. The domain sizes were selected such that the two-point correlations in the

horizontal directions would essentially be zero at maximum separation (i.e. at least half the

domain size). Time advancement is carried out by a second-order Crank-Nicolson scheme

for the viscous terms and a third-order four-stage Runge-Kutta scheme for the non-linear

terms [30]. An overview of the flow control simulations and parameters is presented in

table 3.1.

3.2 Flow geometry modelling

For the current study, the flow geometries (LEBU device and MVG) are modelled by

introduction of an external volume force field to the Navier-Stokes equations (3.2). The

implementation is based on the immersed boundary layer method proposed by Goldstein
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3.2 Flow geometry modelling

Table 3.1: Flow control cases and simulation parameters: Reynolds numbers based on inlet
displacement thickness, computational domain sizes, spectral collocation points and the
corresponding papers.

Case 𝑅𝑒𝛿∗ =𝑈∞𝛿∗0/𝜈 (𝑥𝐿 × 𝑦𝐿 × 𝑧𝐿)/𝛿∗0 𝑁𝑥 ×𝑁𝑦 ×𝑁𝑧 Paper

DNS 450 10000 × 300 × 360 12800 × 769 × 1024 1
LB01 450 6000 × 200 × 240 6144 × 513 × 512 2 and 3
LB05 450 6000 × 200 × 240 6144 × 513 × 512 2 and 3
LB08 450 6000 × 200 × 240 6144 × 513 × 512 2 and 3
MVG 450 6000 × 200 × 360 6144 × 513 × 768 4 and 5

et al. [75], where the method suppresses the flow velocity field to zero in the solid region

of the flow geometry. The volume force can be written in the general form of

𝑭(𝒙,𝑇) = −𝛼𝜆(𝒙)𝒖(𝒙,𝑇) + 𝛽
∫ 𝑇

0
𝒖(𝒙, 𝑡)𝑑𝑡, (3.3)

where 𝜆 is a non-zero smoothing function in the forcing region; 𝛼 and 𝛽 are constants that

determine the forcing strength; 𝑇 is the time scale of the volume force and 𝒖 is the flow-field

velocities. This method determines the force using direct and integral velocity feedback,

and the force is applied to the Navier-Stokes equations at each time instant. The impact

of sharp volume force at the geometry boundary is reduced by introducing a smoothing

width similar to that used in Chin et al. [31]. The immersed boundary implementation of

the MVG was carefully tested in a laminar (Blasius) boundary layer. Figures 3.1 and 3.2

display the instantaneous snapshots of the flow field past a single pair of MVG, conducted

in a Blasius boundary layer simulation. The implementation of the LEBU device has

been validated in previous studies by Chin et al. [31, 32]. The effectiveness of the volume

force implementation in SIMSON has been demonstrated in many studies. For example,

for modelling spanwise heterogeneous roughness [62, 186, 196], for implementation of

large-scale vortices in channel flows [22, 23] and for modelling of LEBU devices [31]. For

more specific information on the numerical set-up of LEBU devices and miniature vortex

generators, the reader is referred to papers 2 and 4, respectively.
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3.2 Flow geometry modelling

Figure 3.1: Contours of the instantaneous streamwise velocity of laminar boundary layer
pasts MVG in the top view, with decreasing wall-normal distance from (𝑎) − (𝑖), at time
𝑇𝑈∞/𝛿∗ = 1460 (𝛿∗ is the displacement thickness). Here, ℎ is the MVG blade height, 𝑧
and 𝑦 are the spanwise and wall-normal directions, respectively. 𝑥∗ = 𝑥− 𝑥𝑀𝑉𝐺/ℎ is the
normalised streamwise coordinate where 𝑥𝑀𝑉𝐺 is the streamwise location of the MVG.
White rectangles denote the locations of the MVG geometry. In the laminar case, the inlet
Reynolds number based on the displacement thickness and free-stream velocity is set to
𝑅𝑒𝛿∗0 = 450 or 𝑅𝑒𝑥 = (450/1.721)2 = 68369. The MVG pair is introduced at 𝑅𝑒𝛿∗ ≈ 1230
or 𝑅𝑒𝑥 ≈ 510797 (𝑥𝑀𝑉𝐺 = 950𝛿∗0).
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3.2 Flow geometry modelling

0 0.2 0.4 0.6 0.8 1

Figure 3.2: Cross-sectional contours of the instantaneous streamwise velocity in the
front view moving downstream (laminar case). Black lines indicate the spanwise and
wall-normal grid spacings. 𝑥∗/ℎ = 0 is at the centre of the MVG pair.
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Chapter 4

Paper

4.1 Paper 1

Introduction

In this work we extend the concept of scale-by-scale energy budgets to zero pressure

gradient boundary layers, based on an innovative analytical approach. Spectral analysis

based on the spanwise scale decomposition of the Reynolds stress transport equation is

utilised to study a moderate Reynolds number turbulent boundary layer, with data obtained

from a direct numerical simulation. This study aims to provide new insights into the

spanwise scale interactions in a turbulent boundary layer and explore the differences from

plane Couette flows.

Interscale transport mechanisms in turbulent boundary layers

This paper is published as: Chan, C. I., Schlatter, P. and Chin, R. C. (2021). Interscale

transport mechanisms in turbulent boundary layers. Journal of Fluid Mechanics, 921,

A13.
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4.2 Paper 2

4.2 Paper 2

Introduction

To further explore the applicability of large-eddy break up (LEBU) devices. In this work,

we aims to complement the existing literature on the skin friction reduction mechanism of

a LEBU device in a turbulent boundary layer. A skin friction decomposition procedure

is utilised to study different physical mechanisms related to the observed skin friction

reduction, including the effects of laminar flow, mean flow and turbulence upon the

interaction between the flow and a LEBU device mounted at different wall-normal locations.

The presented results demonstrate the universal behaviours of different contributions to the

total skin friction reduction.

The skin-friction coefficient of a turbulent boundary layer modified by

a large-eddy break-up device

This paper is published as: Chan, C. I., Örlü, R., Schlatter, P. and Chin, R. C. (2021). The

skin-friction coefficient of a turbulent boundary layer modified by a large-eddy break-up

device. Physics of Fluids 33, 035153.
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4.3 Paper 3

4.3 Paper 3

Introduction

This paper assesses the contributions of different scales to the skin friction reduction

of a turbulent boundary layer modified by a LEBU device, based on a Fourier mode

decomposition and spectral analysis. Large-scale and small-scale Reynolds shear stress

events are defined based on the quadrant analysis, and their influence on the skin friction

coefficient is explored through an extension of the skin friction decomposition scheme.

Large-scale and small-scale contribution to the skin friction reduction

in a modified turbulent boundary layer by a large-eddy break-up device

This paper is submitted to Physical Review Fluids and accepted on 14 February for

publication.
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4.4 Paper 4

Introduction

Vortex generators (VGs) have been widely used in flow control due to their ability to

delay flow from transition to turbulence and to control flow separation in adverse pressure

gradient boundary layers. In this work, we explore the flow characteristics of miniature

vortex generators (MVGs) in turbulent boundary layers by means of spectral analysis. A

novel triple decomposition approach to kinetic energy transport is used to investigate the

source of the secondary motion.

Investigation of the influence of miniature vortex generators on the

large-scale motions of a turbulent boundary layer

This paper is published as: Chan, C. I. and Chin, R. C. (2022). Investigation of the influence

of miniature vortex generators on the large-scale motions of a turbulent boundary layer.

Journal of Fluid Mechanics, 932, A29.
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4.5 Paper 5

Introduction

This study explores the modulation effects of MVGs in terms of spanwise modulation

of the Reynolds shear stress distributions, which characterise the induced momentum

transport due to the MVGs. Quadrant analysis of Reynolds shear stress and spanwise

Fourier mode decomposition are proposed to study the large-scale and small-scale sweep

and ejection events using well-resolved large-eddy simulation data.

Decomposition of the Reynolds shear stress in a turbulent boundary

layer modified by miniature vortex generators

This paper is submitted to Physical Review Fluids and is currently under review.
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Chapter 5

Summary, conclusions, and outlook

5.1 Summary

The works in this thesis present passive drag reduction controls of turbulent boundary

layers, using large-eddy break-up devices and miniatures vortex generators, which can be

implemented into engineering systems for different applications. Studies were conducted

using well-resolved numerical simulations that reported new findings based on recently

developed approaches that aimed to advance fundamental knowledge of passive controls

of large-eddy break-up (LEBU) devices and miniatures vortex generators (MVGs), as

presented in papers 2 and 4. It has been shown that MVG has promising potential as an

efficient low-profile vortex generator in turbulent boundary layers. Furthermore, the ability

of large-scale counter-rotating vortices to reduce skin friction drag was demonstrated in

Schoppa and Hussain [184], thus the MVG may offer a way to obtain a low-cost skin

friction reduction system. On the other hand, it has been shown that LEBU can stabilise the

turbulent flow at a specific downstream location, with significant skin friction reduction and

lower pressure fluctuations [193]. A particularly promising feature is that they can easily be

placed on the surface of aircraft wings, thereby reducing the local induced noise. Overall,

both passive control methods have their strengths and weaknesses. Another objective was

to develop novel methods to characterise the flow state under the influence of the passive

controls implemented and to provide a compact and instructive way of describing the fluid
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5.2 Conclusions

flow, with a particular emphasis on the quadrant analysis method. Specific conclusions can

be found in papers 3 and 5.

5.2 Conclusions

5.2.1 LEBU

Parametric studies based on three well-resolved (near wall well-resolved) large-eddy

numerical simulations were carried out for turbulent boundary layer flows over LEBU

devices located at three different wall-normal distances from the wall to achieve local skin

friction drag reduction and ultimately to achieve net drag reduction. It has been shown that

the maximum of the local skin friction drag reduction rate depends on the wall-normal

distance where the LEBU device is located. From the parametric studies, the magnitude of

maximum skin friction drag reduction rate was found to be

DRmax = 0.087× (𝑦/𝛿)−0.84 ×100%, (5.1)

where DR = (𝑐 𝑓 ,0 − 𝑐 𝑓 ,𝐿𝐵)/𝑐 𝑓 ,0. A detailed analysis on the skin friction variation was

performed based on a skin friction decomposition procedure to study different physical

mechanisms and identified the main contribution associated with the observed drag reduc-

tion, which was due to Reynolds shear stress deficits and disruption of TKE transport. This

suggested that the occurrence of turbulence reduction of the flow was due to a wake-wall

interaction, as first demonstrated by Savill and Mumford [177]. A remain challenge in

applying LEBU in TBL is that the device drag constitutes a major factor when accounting

the net drag reduction. Nevertheless, as the device thickness can be further decreased, the

device drag in terms of form drag can be considerably reduced.

5.2.2 MVG

We have performed a well-resolved large-eddy simulation for flow over MVG using the

IBM, which is sufficiently flexible and possible to work with different configurations of
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MVGs to examine the effect of this type of flow control device to different fluid motions

of different scales with sufficient accuracy. The simulation clearly shows that the flow

over MVG results in high-momentum and low-momentum patterns which cause a large-

scale spanwise variation. Over the low-momentum region, fluid flow was forced and

transported away from the wall, forming a region of common-flow-up, where a local skin

friction reduction of up to 15% was obtained at the low-momentum region. Over the

high-momentum region, the opposite situation was observed. The flow was forced to move

closer towards the wall, with downward motion formed a region common-flow-down,

which confined the turbulent fluctuations in the vicinity of the wall, resulting in the increase

of skin friction drag at this area. Because it is possible to systemically change the scale

at which the disturbance is introduced to the flow, e.g. by changing the spanwise spacing

between MVGs or their geometry. A goal for the future obviously is to extend this base

case by setting up parametric study cases attempted to optimise the configurations for net

drag reduction purpose or to investigate how the turbulent boundary layer flow responses to

the input at different scales. In addition, it would be interesting to see what happens when

disturbance is put in at different scales at the same instant of time to the flow by combining

MVGs with different sizes (e.g. multi-scale fractal-like structures). A brief summary table

with %DR results for all cases studied is presented below.

Summary of passive control results

Case Max. %DR Main DR mechanism Existing difficulties

LEBU

(LB01,

LB05 and

LB08)

100% ×

0.087(𝑦/𝛿)−0.84

wake-wall interaction Minimising device drag

MVG 15% large-scale PVPs Minimising HSR

5.3 Outlook

In paper 1 we extended the analysis of interscale transport by [104] to consider the turbulent

kinetic energy and Reynolds shear stress cascades following Reynolds decomposition

(2.33), which is valid in smooth wall zero pressure gradient turbulent boundary layers. As
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indicated in (2.34), the Reynolds decomposition can be generalised to fluid flows when

the spanwise variation is heterogeneous. Future work can be carried out by extending

this approach to include, for example, rough-wall flows, such as those demonstrated by

Alves-Portela et al. [7] for two-point scale energy balance [84, 134].

In paper 3 we investigated the performance of miniature vortex generators in zero

pressure gradient turbulent boundary layers. The simulation requires Chebyshev-Fourier

spectral formulation, using global basis functions. Therefore, the MVGs are introduced

using the immerse boundary method with modified boundary conditions, such as those in

[20, 31], which might have otherwise led to the Gibbs phenomenon. Future work will focus

on this implementation aspect. In our study, the MVG model is restricted to rectangular

blades with small thickness. An extension of this work is to take into account the winglet

type MVG, which is difficult to implement using the SIMSON code [30]. These restrictions

should be relaxed in future work; for example, Nek5000 could be a potential candidate for

such a purpose [191].

In paper 5 we presented an analysis to characterise the momentum transport of a

turbulent boundary layer modified by miniature vortex generators, in terms of spanwise

modulation of the Reynolds shear stress distributions. The quadrant analysis method of

triple decomposition of Reynolds shear stress and spanwise Fourier mode decomposition

are utilised, and perhaps several potential extensions of this work can be carried out by

extending this approach to various other decomposition schemes, such as proper orthogonal

decomposition [131, 132] and dynamic mode decomposition [183].
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Appendix A

Fukagata-Iwamoto-Kasagi identity

The FIK identity proposed by Fukagata et al. [66] discusses dynamic effects and their

statistical contributions to the skin friction coefficient, mainly utilised for investigation into

incompressible turbulent wall-bounded flows. A note for the derivation of the FIK identity

in plane channel and plane TBL flows is provided here.

A.1 Two-dimensional turbulent channel flows

Considering the RANS in the streamwise direction for two-dimensional turbulent channel

flows

− 𝜕𝑝
★

𝜕𝑥★
=

𝜕

𝜕𝑦★

[
𝑢′𝑣′

★− 1
𝑅𝑒𝑏

𝜕𝑢̄★

𝜕𝑦★

]
+ 𝐼★𝑥 +

𝜕𝑢̄★

𝜕𝑡★
, (A.1)

where

𝐼★𝑥 =
𝜕𝑢̄★𝑢̄★

𝜕𝑥★
+ 𝜕𝑢̄

★𝑣̄★

𝜕𝑦★
− 1
𝑅𝑒𝑏

𝜕2𝑢̄★

𝜕𝑥★2 , (A.2)

where ★ denotes that a quantity is non-dimensionalised with 𝛿 and twice the bulk mean

velocity 2𝑈𝑏. With assumptions that there is a (i) constant flow rate, (ii) homogeneity in

the spanwise direction, (iii) symmetry with respect to the centre plane, and (iv) no-slip

wall condition ie. 𝑢 |𝑤𝑎𝑙𝑙 = 𝑤 |𝑤𝑎𝑙𝑙 = 0 and (v) 𝑣̄(𝑥,0, 𝑧, 𝑡) = 0. An integration of (A.1) from

the wall to 𝛿 gives∫ 1

0
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∫ 1
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𝜕𝑡★
𝑑𝑦★, (A.3)
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∫ 1
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−𝜕𝑝
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, (A.4)∫ 1
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where

𝑐 𝑓 (𝑥) =
𝜏𝑤

1
2𝜌𝑈𝑏

2 =
8
𝑅𝑒𝑏

𝜕 𝑢̄
2𝑈𝑏

𝜕
𝑦

𝛿

�����
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.

Substitute (A.6) into (A.1)
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1
8
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where
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★
𝑥 −

∫ 1
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𝐼★𝑥 𝑑𝑦

★, (A.9)
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∫ 1

0
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Integrate (A.8) from the wall with respect to 𝑦∫ 𝑦★
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where
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Integrate (A.12) from the wall with respect to y
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Integrate (A.15) from the wall to the boundary layer thickness∫ 1
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(A.17c) is ∫ 1

0

∫ 𝑦★

0

∫ 𝜙

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙𝑑𝑦★

= 𝑦★
∫ 𝑦★

0

∫ 𝜙

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙

�����1
0

−
∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦★,

=

∫ 1

0

∫ 𝜙

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙︸                          ︷︷                          ︸

𝑐1

−
∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦★︸                                ︷︷                                ︸
𝑐2

. (A.18)

(A.18c1) is∫ 1

0

∫ 𝜙

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙 = 𝜙

∫ 𝜙

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾

����1
0
−

∫ 1

0
𝜙𝑆𝐷 (𝑥★, 𝜙) 𝑑𝜙,

=

∫ 1

0
𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★−

∫ 1

0
𝑦★𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★.

(A.18c2) is∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦★

= 𝑦★
2
∫ 𝑦★

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾

�����1
0

−
∫ 1

0
𝑦★

𝜕

𝜕𝑦★
(𝑦★

∫ 𝑦★

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾) 𝑑𝑦★,

=

∫ 1

0
𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★−

∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦★−

∫ 1

0
𝑦★

2
𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★.

Rearrange ∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦★ =

1
2

∫ 1

0
(1− 𝑦★2)𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★.
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Hence, (A.17c) becomes∫ 1

0

∫ 𝑦★

0

∫ 𝜙

0
𝑆𝐷 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙𝑑𝑦★

=

∫ 1

0
𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★−

∫ 1

0
𝑦★𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★−

1
2

∫ 1

0
(1− 𝑦★2)𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★,

=
1
2

∫ 1

0
(1− 𝑦★)2 𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★.

Rearranging (A.17) gives the FIK identity

𝑐 𝑓 (𝑥★) =
12
𝑅𝑒𝑏︸︷︷︸

laminar

−24
∫ 1

0
(1− 𝑦★)𝑢′𝑣′★(𝑥★, 𝑦★) 𝑑𝑦★︸                                    ︷︷                                    ︸
turbulent contribution

−12
∫ 1

0
(1− 𝑦★)2 𝑆𝐷 (𝑥★, 𝑦★) 𝑑𝑦★︸                                   ︷︷                                   ︸
inhomogeneous and

transient contribution

,

(A.19)

where

𝑆𝐷 (𝑥★, 𝑦★) = 𝐼𝑥 +
𝜕𝑝

𝜕𝑥
+ 𝜕𝑢̄

★

𝜕𝑡★
.
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A.2 Two-dimensional turbulent boundary layers

Consider RANS for turbulent boundary layer flows in the streamwise direction

0 =
𝜕

𝜕𝑦★

[
𝑢′𝑣′

★− 1
𝑅𝑒𝛿

𝜕𝑢̄★

𝜕𝑦★
+ 𝑢̄★𝑣̄★

]
+ 𝐼★𝑥 +

𝜕𝑢̄★

𝜕𝑡★
, (A.20)

where

𝐼★𝑥 =
𝜕𝑝★

𝜕𝑥★
+ 𝜕𝑢̄

★𝑢̄★

𝜕𝑥★
− 1
𝑅𝑒𝛿

𝜕2𝑢̄★

𝜕𝑥★2 +
𝜕𝑢′𝑢′

★

𝜕𝑥★
, (A.21)

where ★ denotes that a quantity is non-dimensionalised with 𝛿 and free-stream velocity

𝑈∞. With assumptions that there is a (i) constant free stream velocity, (ii) homogeneity in

the spanwise direction, (iii) 𝜕𝑢̄★

𝜕𝑦★

���
𝑦★=1

≈ 0, (iv) no-slip wall condition ie. 𝑢 |𝑤𝑎𝑙𝑙 = 𝑤 |𝑤𝑎𝑙𝑙 = 0

and (v) 𝑣̄(𝑥,0, 𝑧, 𝑡) = 0. An integration of (A.20) with respect to 𝑦 gives

0 =

∫ 𝑦★

0

𝜕

𝜕𝛾

[
𝑢′𝑣′

★− 1
𝑅𝑒𝛿

𝜕𝑢̄★

𝜕𝛾
+ 𝑢̄★𝑣̄★

]
+ 𝐼★𝑥 +

𝜕𝑢̄★

𝜕𝑡★
𝑑𝛾, (A.22)

0 = 𝑢′𝑣′
★− 1

𝑅𝑒𝛿

𝜕𝑢̄★

𝜕𝑦★
+ 1
𝑅𝑒𝛿

𝜕𝑢̄★

𝜕𝑦★

����
𝑤

+ 𝑢̄★𝑣̄★+
∫ 𝑦★

0
𝐼★𝑥 +

𝜕𝑢̄★

𝜕𝑡★
𝑑𝛾, (A.23)

0 = 𝑢′𝑣′
★− 1

𝑅𝑒𝛿

𝜕𝑢̄★

𝜕𝑦★
+ 𝑢̄★𝑣̄★+ 1

2
𝑐 𝑓 (𝑥) +

∫ 𝑦★

0
𝐼★𝑥 +

𝜕𝑢̄★

𝜕𝑡★
𝑑𝛾, (A.24)

where

𝑐 𝑓 (𝑥) =
𝜏𝑤

1
2𝜌𝑈𝑏

2 =
2
𝑅𝑒𝛿

𝜕 𝑢∗
𝑈∞

𝜕
𝑦∗
𝛿

�����
𝑤

=
2
𝑅𝑒𝛿

𝜕𝑢̄★

𝜕𝑦★

����
𝑤

.

Integrations of (A.24) with respect to y and 𝛿 give

0 =

∫ 1

0

∫ 𝑦★

0
𝑢′𝑣′

★(𝑥★, 𝜙) + 𝑢̄★𝑣̄★(𝑥★, 𝜙) 𝑑𝜙𝑑𝑦★︸                                                  ︷︷                                                  ︸
𝑎

+
∫ 1

0

∫ 𝑦★

0
− 1
𝑅𝑒𝛿

𝜕𝑢̄★

𝜕𝑦★
(𝑥★, 𝜙) 𝑑𝜙𝑑𝑦★︸                                       ︷︷                                       ︸

𝑏

+
∫ 1

0

∫ 𝑦★

0

1
2
𝑐 𝑓 (𝑥) 𝑑𝜙𝑑𝑦★︸                         ︷︷                         ︸
𝑐

+
∫ 1

0

∫ 𝑦★

0

∫ 𝜙

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙𝑑𝑦★︸                                      ︷︷                                      ︸
𝑑

,

(A.25)
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where

𝑆𝑇 (𝑥★, 𝛾) = 𝐼★𝑥 +
𝜕𝑢̄★

𝜕𝑡★
. (A.26)

(A.25a) is∫ 1

0

∫ 𝑦★

0
𝑢′𝑣′

★(𝑥★, 𝜙) + 𝑢̄★𝑣̄★(𝑥★, 𝜙) 𝑑𝜙𝑑𝑦★

= 𝑦★
∫ 𝑦★

0
𝑢′𝑣′

★(𝑥★, 𝜙) + 𝑢̄★𝑣̄★(𝑥★, 𝜙) 𝑑𝜙
�����1
0

−
∫ 1

0
𝑦★

[
𝑢′𝑣′

★+ 𝑢̄★𝑣̄★
]
(𝑥★, 𝑦★) 𝑑𝑦★,

=

∫ 1

0
𝑢′𝑣′

★(𝑥★, 𝜙) + 𝑢̄★𝑣̄★(𝑥★, 𝜙) 𝑑𝜙−
∫ 1

0
𝑦★

[
𝑢′𝑣′

★+ 𝑢̄★𝑣̄★
]
(𝑥★, 𝑦★) 𝑑𝑦★,

=

∫ 1

0
(1− 𝑦★)

[
𝑢′𝑣′

★+ 𝑢̄★𝑣̄★
]
(𝑥★, 𝑦★) 𝑑𝑦★.

(A.25b) is∫ 1

0

∫ 𝑦★

0
− 1
𝑅𝑒𝛿

𝜕𝑢̄★

𝜕𝑦★
(𝑥★, 𝜙) 𝑑𝜙𝑑𝑦★ = 1

𝑅𝑒𝛿

∫ 1

0
𝑢̄★(𝑥★, 𝑦★) 𝑑𝑦★ = 1

𝑅𝑒𝛿
𝛿𝑑 −

1
𝑅𝑒𝛿

.

(A.25c) is ∫ 1

0

∫ 𝑦★

0

1
2
𝑐 𝑓 (𝑥) 𝑑𝜙𝑑𝑦★ =

∫ 1

0

1
2
𝑦★𝑐 𝑓 (𝑥) 𝑑𝑦★ =

1
4
𝑐 𝑓 (𝑥).

(A.25d) is ∫ 1

0

∫ 𝑦★

0

∫ 𝜙

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙𝑑𝑦★

= 𝑦★
∫ 𝑦★

0

∫ 𝜙

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙

�����1
0

−
∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦★,

=

∫ 1

0

∫ 𝜙

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙︸                         ︷︷                         ︸
𝑑1

−
∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦★︸                               ︷︷                               ︸
𝑑2

. (A.27)
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(A.27d1) is∫ 1

0

∫ 𝜙

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙 = 𝜙

∫ 𝜙

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾

����1
0
−

∫ 1

0
𝜙𝑆𝑇 (𝑥★, 𝜙) 𝑑𝜙,

=

∫ 1

0
𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★−

∫ 1

0
𝑦★𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★.

(A.27d2) is∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦★

= 𝑦★
2
∫ 𝑦★

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾

�����1
0

−
∫ 1

0
𝑦★

𝜕

𝜕𝑦★
(𝑦★

∫ 𝑦★

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾) 𝑑𝑦★,

=

∫ 1

0
𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★−

∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝑦−

∫ 1

0
𝑦★

2
𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★.

Rearrange so that∫ 1

0
𝑦★

∫ 𝑦★

0
𝑆𝑇 (𝑥★, 𝜙) 𝑑𝜙𝑑𝑦★ =

1
2

∫ 1

0
(1− 𝑦★2)𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★.

Hence, (A.27) becomes∫ 1

0

∫ 𝑦★

0

∫ 𝜙

0
𝑆𝑇 (𝑥★, 𝛾) 𝑑𝛾𝑑𝜙𝑑𝑦★

=

∫ 1

0
𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★−

∫ 1

0
𝑦★𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★−

1
2

∫ 1

0
(1− 𝑦★2)𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★,

=
1
2

∫ 1

0
(1− 𝑦★)2 𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★. (A.28)
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Rearranging (A.25) gives the FIK identity for incompressible two-dimensional TBL

𝑐 𝑓 (𝑥★) =
4(1− 𝛿𝑑)
𝑅𝑒𝛿

(𝑥)︸          ︷︷          ︸
mass flow deficit

+4
∫ 1

0
(1− 𝑦★)

(
−𝑢′𝑣′★(𝑥★, 𝑦★)

)
𝑑𝑦★︸                                        ︷︷                                        ︸

turbulent contribution

+4
∫ 1

0
(1− 𝑦★)

(
− 𝑢̄★𝑣̄★(𝑥★, 𝑦★)

)
𝑑𝑦★︸                                        ︷︷                                        ︸

mean convection

−2
∫ 1

0
(1− 𝑦★)2 𝑆𝑇 (𝑥★, 𝑦★) 𝑑𝑦★︸                                ︷︷                                ︸

spatial development,
mean pressure gradient

and transient contribution

,
(A.29)

where

𝑆𝑇 (𝑥★, 𝑦★) = 𝐼★𝑥 +
𝜕𝑢̄★

𝜕𝑡★
. (A.30)
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Appendix B

Fourier mode decomposition of the

Reynolds stress transport equation

The large- and small-scale Reynolds stress transport equations defined by (2.39) and

(2.40) were proposed by Kawata and Alfredsson [104]. We provide here one of the

derivation. Suppose the velocity fluctuations are decomposed into large-scale and small-

scale components by their spanwise Fourier wavenumber and are given by

𝑢′′𝑖 (𝒙, 𝑡) = 𝑢′′𝑖
,L(𝑘𝑧,𝒙, 𝑡) +𝑢′′𝑖

,S(𝑘𝑧,𝒙, 𝑡), (B.1)

where 𝑘𝑧 denotes the cut-off wavenumber. There is no overlapping wavenumber between

them, therefore their cross-correlation is zero. The large-scale 𝑢′′
𝑖
,L and small-scale 𝑢′′

𝑖
,S

velocities are 〈
𝑢′′𝑖

,L
𝑢′′𝑗

,S〉(𝑘𝑧, 𝑥, 𝑦) = 0, (B.2)〈
𝑢′′𝑖 𝑢

′′
𝑗

〉
(𝑘𝑧, 𝑥, 𝑦) =

〈
𝑢′′𝑖

,L
𝑢′′𝑗

,L〉(𝑘𝑧, 𝑥, 𝑦) + 〈
𝑢′′𝑖

,S
𝑢′′𝑗

,S〉(𝑘𝑧, 𝑥, 𝑦). (B.3)

Considering flow that satisfies the incompressible Navier-Stokes equations:

𝜕

𝜕𝑡
(𝑈𝑖 +𝑢′′𝑖 )︸        ︷︷        ︸

𝑎

+ (𝑈𝑘 +𝑢′′𝑘 )
𝜕

𝜕𝑥𝑘
(𝑈𝑖 +𝑢′′𝑖 )︸                       ︷︷                       ︸

𝑏

= − 1
𝜌

𝜕

𝜕𝑥𝑖
(𝑃+ 𝑝′′)︸           ︷︷           ︸
𝑐

+𝜈Δ(𝑈𝑖 +𝑢′′𝑖 )︸        ︷︷        ︸
𝑑

, (B.4)
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and
𝜕𝑈𝑖

𝜕𝑥𝑖
= 0,

𝜕𝑢′′
𝑖

𝜕𝑥𝑖
= 0. (B.5)

Multiplying (B.4a) by 𝑢′′
𝑗
,L and taking the average, we obtain

〈
𝑢′′𝑗

,L 𝜕

𝜕𝑡

(
𝑈𝑖 +𝑢′′𝑖

)〉
(𝑘𝑧, 𝑥, 𝑦) =

〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖

𝜕𝑡

〉
=

〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,L

𝜕𝑡

〉
+
〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑡

〉
. (B.6)

By interchanging i and j in (B.6) and adding up the two terms, we obtain the temporal term

〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,L

𝜕𝑡

〉
+
〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑡

〉
+
〈
𝑢′′𝑖

,L
𝜕𝑢′′

𝑗
,L

𝜕𝑡

〉
+
〈
𝑢′′𝑖

,L
𝜕𝑢′′

𝑗
,S

𝜕𝑡

〉
=

〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L
𝜕𝑡

〉
+
〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑡

〉
+
〈
𝑢′′𝑖

,L
𝜕𝑢′′

𝑗
,S

𝜕𝑡

〉︸                              ︷︷                              ︸
0

. (B.7)

Multiplying (B.4b) by 𝑢′′
𝑗
,L and taking the average, we obtain

〈
𝑢′′𝑗

,L (
𝑈𝑘 +𝑢′′𝑘

) 𝜕

𝜕𝑥𝑘

(
𝑈𝑖 +𝑢′′𝑖

)〉
(𝑘𝑧, 𝑥, 𝑦)

=
〈
𝑢′′𝑗

,L〉〈
𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘

〉︸              ︷︷              ︸
0

+
〈
𝑈𝑘

〉〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖

𝜕𝑥𝑘

〉
+
〈𝜕𝑈𝑖
𝜕𝑥𝑘

〉〈
𝑢′′𝑗

,L
𝑢′′𝑘

〉
+
〈
𝑢′′𝑗

,L
𝑢′′𝑘
𝜕𝑢′′

𝑖

𝜕𝑥𝑘

〉
.

Hence,

〈
𝑢′′𝑗

,L (
𝑈𝑘 +𝑢′′𝑘

) 𝜕

𝜕𝑥𝑘

(
𝑈𝑖 +𝑢′′𝑖

)〉
(𝑘𝑧, 𝑥, 𝑦) =𝑈𝑘

〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖

𝜕𝑥𝑘

〉︸           ︷︷           ︸
𝑎

+ 𝜕𝑈𝑖
𝜕𝑥𝑘

〈
𝑢′′𝑗

,L
𝑢′′𝑘

〉︸           ︷︷           ︸
𝑏

+
〈
𝑢′′𝑗

,L
𝑢′′𝑘
𝜕𝑢′′

𝑖

𝜕𝑥𝑘

〉︸           ︷︷           ︸
𝑐

.

(B.8)

Using (B.1), the term (B.8a) can be written as

𝑈𝑘
〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖

𝜕𝑥𝑘

〉
(𝑘𝑧, 𝑥, 𝑦) =𝑈𝑘

〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉
+𝑈𝑘

〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉
. (B.9)
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By interchanging i and j in (B.9) and adding up the two terms, we obtain the convection

term

𝑈𝑘
〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉
+𝑈𝑘

〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉
+𝑈𝑘

〈
𝑢′′𝑖

,L
𝜕𝑢′′

𝑗
,L

𝜕𝑥𝑘

〉
+𝑈𝑘

〈
𝑢′′𝑖

,L
𝜕𝑢′′

𝑗
,S

𝜕𝑥𝑘

〉

=𝑈𝑘
〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L

𝜕𝑥𝑘

〉
+𝑈𝑘

〈
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘
+𝑢′′𝑖

,L
𝜕𝑢′′

𝑗
,S

𝜕𝑥𝑘

〉︸                              ︷︷                              ︸
0

. (B.10)

Next, using (B.1), the term (B.8b) can be written as

𝜕𝑈𝑖

𝜕𝑥𝑘

〈
𝑢′′𝑗

,L
𝑢′′𝑘

〉
(𝑘𝑧, 𝑥, 𝑦) =

𝜕𝑈𝑖

𝜕𝑥𝑘

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L〉 + 𝜕𝑈𝑖
𝜕𝑥𝑘

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,S〉︸             ︷︷             ︸
0

=
𝜕𝑈𝑖

𝜕𝑥𝑘

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L〉
. (B.11)

By interchanging i and j in (B.11) and adding up the two terms, we obtain the production

term
𝜕𝑈𝑖

𝜕𝑥𝑘

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L〉(𝑘𝑧, 𝑥, 𝑦) + 𝜕𝑈 𝑗

𝜕𝑥𝑘

〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L〉(𝑘𝑧, 𝑥, 𝑦). (B.12)

Next, using (B.1), the term (B.8c) can be written as

〈
𝑢′′𝑗

,L
𝑢′′𝑘
𝜕𝑢′′

𝑖

𝜕𝑥𝑘

〉
(𝑘𝑧, 𝑥, 𝑦) =

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉︸               ︷︷               ︸
𝑎

+
〈
𝑢′′𝑗

,L
𝑢′′𝑘

,S 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉︸               ︷︷               ︸
𝑏

+
〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉︸               ︷︷               ︸
𝑐

+
〈
𝑢′′𝑗

,L
𝑢′′𝑘

,S 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉︸               ︷︷               ︸
𝑑

. (B.13)

By interchanging i and j in (B.13a) and adding up the two terms, we obtain

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉
+
〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L
𝜕𝑢′′

𝑗
,L

𝜕𝑥𝑘

〉
=

〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L𝑢′′𝑘 ,L
𝜕𝑥𝑘

〉
−

〈
𝑢′′𝑖

,L
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑘
,L

𝜕𝑥𝑘

〉︸               ︷︷               ︸
0

,

=
〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L𝑢′′𝑘 ,L

𝜕𝑥𝑘

〉
(𝑘𝑧, 𝑥, 𝑦). (B.14)
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By interchanging i and j in (B.13b) and adding up the two terms, we obtain

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,S 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉
+
〈
𝑢′′𝑖

,L
𝑢′′𝑘

,S
𝜕𝑢′′

𝑗
,L

𝜕𝑥𝑘

〉
=

〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L𝑢′′𝑘 ,S
𝜕𝑥𝑘

〉
−

〈
𝑢′′𝑖

,L
𝑢′′𝑗

,L 𝜕𝑢
′′
𝑘
,S

𝜕𝑥𝑘

〉︸               ︷︷               ︸
0

,

=
〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L𝑢′′𝑘 ,S

𝜕𝑥𝑘

〉
(𝑘𝑧, 𝑥, 𝑦). (B.15)

By interchanging i and j in (B.13c) and adding up the two terms, we obtain

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉
(𝑘𝑧, 𝑥, 𝑦) +

〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L
𝜕𝑢′′

𝑗
,S

𝜕𝑥𝑘

〉
(𝑘𝑧, 𝑥, 𝑦). (B.16)

By interchanging i and j in (B.13d) and adding up the two terms, we obtain

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,S 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉
+
〈
𝑢′′𝑖

,L
𝑢′′𝑘

,S
𝜕𝑢′′

𝑗
,S

𝜕𝑥𝑘

〉
=

〈𝜕𝑢′′𝑖 ,S𝑢′′𝑗 ,L𝑢′′𝑘 ,S
𝜕𝑥𝑘

〉
−

〈
𝑢′′𝑖

,S
𝑢′′𝑘

,S
𝜕𝑢′′

𝑗
,L

𝜕𝑥𝑘

〉
+
〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,S𝑢′′𝑘 ,S

𝜕𝑥𝑘

〉
−

〈
𝑢′′𝑗

,S
𝑢′′𝑘

,S 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉
. (B.17)

Multiplying (B.4c) by 𝑢′′
𝑗
,L and taking the average, by interchanging i with j and adding up

the two terms, we obtain

−1
𝜌

[ 〈𝜕𝑝′′,L
𝜕𝑥𝑖

𝑢′′𝑗
,L〉 + 〈𝜕𝑝′′,L

𝜕𝑥 𝑗
𝑢′′𝑖

,L〉 ]
(𝑘𝑧, 𝑥, 𝑦). (B.18)

Multiplying (B.4d) by 𝑢′′
𝑗
,L and taking the average, we obtain

𝜈
〈
𝑢′′𝑗

,L
Δ
(
𝑈𝑖 +𝑢′′𝑖

)〉
(𝑘𝑧, 𝑥, 𝑦) = 𝜈

〈
𝑢′′𝑗

,L
Δ𝑢′′𝑖

,L〉 + 𝜈〈𝑢′′𝑗 ,LΔ𝑢′′𝑖 ,S〉. (B.19)

By interchanging i with j in (B.19) and adding up the two terms, we obtain

𝜈
〈
𝑢′′𝑗

,L
Δ𝑢′′𝑖

,L〉 + 𝜈〈𝑢′′𝑖 ,LΔ𝑢′′𝑗 ,L〉︸                                ︷︷                                ︸+𝜈
〈
𝑢′′𝑗

,L
Δ𝑢′′𝑖

,S〉 + 𝜈〈𝑢′′𝑖 ,LΔ𝑢′′𝑗 ,S〉︸                                ︷︷                                ︸
0

= 𝜈
〈
Δ𝑢′′𝑗

,L
𝑢′′𝑖

,L〉(𝑘𝑧, 𝑥, 𝑦) −2𝜈
〈𝜕𝑢′′

𝑖
,L

𝜕𝑥𝑘

𝜕𝑢′′
𝑗
,L

𝜕𝑥𝑘

〉
(𝑘𝑧, 𝑥, 𝑦). (B.20)
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Summarising all the terms, we obtain

〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L
𝜕𝑡

〉︸         ︷︷         ︸
(𝐵.7)

+𝑈𝑘
〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L

𝜕𝑥𝑘

〉︸             ︷︷             ︸
(𝐵.10)

= −𝜕𝑈𝑖
𝜕𝑥𝑘

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L〉− 𝜕𝑈 𝑗

𝜕𝑥𝑘

〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L〉︸                                        ︷︷                                        ︸
(𝐵.12)

−
〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉
−

〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L
𝜕𝑢′′

𝑗
,S

𝜕𝑥𝑘

〉︸                                         ︷︷                                         ︸
(𝐵.16)

−
〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L𝑢′′𝑘 ,L

𝜕𝑥𝑘

〉︸               ︷︷               ︸
(𝐵.14)

−
〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L𝑢′′𝑘 ,S

𝜕𝑥𝑘

〉︸               ︷︷               ︸
(𝐵.15)

−
〈𝜕𝑢′′𝑖 ,S𝑢′′𝑗 ,L𝑢′′𝑘 ,S

𝜕𝑥𝑘

〉
+
〈
𝑢′′𝑖

,S
𝑢′′𝑘

,S
𝜕𝑢′′

𝑗
,L

𝜕𝑥𝑘

〉
−

〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,S𝑢′′𝑘 ,S
𝜕𝑥𝑘

〉
+
〈
𝑢′′𝑗

,S
𝑢′′𝑘

,S 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉︸                                                                                             ︷︷                                                                                             ︸
(𝐵.17)

− 1
𝜌

[ 〈𝜕𝑝′′,L
𝜕𝑥𝑖

𝑢′′𝑗
,L〉 + 〈𝜕𝑝′′,L

𝜕𝑥 𝑗
𝑢′′𝑖

,L〉 ]
︸                                     ︷︷                                     ︸

(𝐵.18)

+𝜈
〈
Δ𝑢′′𝑗

,L
𝑢′′𝑖

,L〉−2𝜈
〈𝜕𝑢′′

𝑖
,L

𝜕𝑥𝑘

𝜕𝑢′′
𝑗
,L

𝜕𝑥𝑘

〉︸                                      ︷︷                                      ︸
(𝐵.20)

.

We may rewrite the terms (B.7) and (B.10) as

𝐷
〈
𝑢′′
𝑖
,L𝑢′′

𝑗
,L〉

𝐷𝑡
(𝑘𝑧, 𝑥, 𝑦). (B.21)

(B.12) is

𝑃𝐿𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) = −𝜕𝑈𝑖
𝜕𝑥𝑘

〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L〉− 𝜕𝑈 𝑗

𝜕𝑥𝑘

〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L〉
. (B.22)

(B.14) to (B.17) are

−
〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L𝑢′′𝑘 ,L

𝜕𝑥𝑘

〉
−

〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,L𝑢′′𝑘 ,S
𝜕𝑥𝑘

〉
−

〈𝜕𝑢′′𝑖 ,S𝑢′′𝑗 ,L𝑢′′𝑘 ,S
𝜕𝑥𝑘

〉
−

〈𝜕𝑢′′𝑖 ,L𝑢′′𝑗 ,S𝑢′′𝑘 ,S
𝜕𝑥𝑘

〉︸                                                                                                ︷︷                                                                                                ︸
𝐷
𝑡,𝐿
𝑖 𝑗

(𝑘𝑧, 𝑥, 𝑦)

, (B.23)

−
〈
𝑢′′𝑗

,L
𝑢′′𝑘

,L 𝜕𝑢
′′
𝑖
,S

𝜕𝑥𝑘

〉
−

〈
𝑢′′𝑖

,L
𝑢′′𝑘

,L
𝜕𝑢′′

𝑗
,S

𝜕𝑥𝑘

〉
+
〈
𝑢′′𝑖

,S
𝑢′′𝑘

,S
𝜕𝑢′′

𝑗
,L

𝜕𝑥𝑘

〉
+
〈
𝑢′′𝑗

,S
𝑢′′𝑘

,S 𝜕𝑢
′′
𝑖
,L

𝜕𝑥𝑘

〉︸                                                                                                ︷︷                                                                                                ︸
−𝑇𝑟𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦)

. (B.24)

(B.18) is

Φ𝐿
𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦) = −1

𝜌

[ 〈𝜕𝑝′′,L
𝜕𝑥𝑖

𝑢′′𝑗
,L〉 + 〈𝜕𝑝′′,L

𝜕𝑥 𝑗
𝑢′′𝑖

,L〉 ]
. (B.25)
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(B.20) is

𝜈
〈
Δ𝑢′′𝑗

,L
𝑢′′𝑖

,L〉︸           ︷︷           ︸
𝐷
𝜈,𝐿
𝑖 𝑗

(𝑘𝑧, 𝑥, 𝑦)

−2𝜈
〈𝜕𝑢′′

𝑖
,L

𝜕𝑥𝑘

𝜕𝑢′′
𝑗
,L

𝜕𝑥𝑘

〉︸               ︷︷               ︸
𝜖 𝐿𝑖 𝑗 (𝑘𝑧, 𝑥, 𝑦)

. (B.26)

Finally, we obtain

𝐷
〈
𝑢′′
𝑖
,L𝑢′′

𝑗
,L〉

𝐷𝑡
(𝑘𝑧, 𝑥, 𝑦) = 𝑃𝐿𝑖 𝑗 +𝐷

𝑡,𝐿
𝑖 𝑗

+Φ𝐿
𝑖 𝑗 +𝐷

𝜈,𝐿
𝑖 𝑗

− 𝜖 𝐿𝑖 𝑗 −𝑇𝑟𝑖 𝑗 (B.27)

The transport equation for small-scale
〈
𝑢′′
𝑖
,S𝑢′′

𝑗
,S〉 can be obtained by using (B.27) and is

given by
𝐷

〈
𝑢′′
𝑖
,S𝑢′′

𝑗
,S〉

𝐷𝑡
=
𝐷

〈
𝑢′′
𝑖
𝑢′′
𝑗

〉
𝐷𝑡

−
𝐷

〈
𝑢′′
𝑖
,L𝑢′′

𝑗
,L〉

𝐷𝑡
. (B.28)
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Appendix C

Triple decomposed Reynolds stress

transport equations

The Reynolds decomposition distinguishes between the mean and fluctuating components:

𝑢𝑖
(
𝒙, 𝑡

)
= 𝑢(𝒙) +𝑢′𝑖 (𝒙, 𝑡), (C.1)

Flows that exhibit periodic states (e.g. a periodic flow on roughness surfaces), the to-

tal velocity fluctuations can be decomposed into a turbulent component and a coherent

component [41, 42, 153]:

𝑢𝑖 (𝒙, 𝑡) =𝑈𝑖 (𝑥, 𝑦) +𝑢′𝑖 (𝒙, 𝑡) + 𝑢̃𝑖 (𝒙), (C.2)

The velocity fluctuations can be expressed as:

𝑢𝑖 (𝒙, 𝑡) −𝑈𝑖 (𝑥, 𝑦) = 𝑢′′𝑖 (𝒙, 𝑡)︸  ︷︷  ︸
total

= 𝑢′𝑖 (𝒙, 𝑡)︸  ︷︷  ︸
turbulent

+ 𝑢̃𝑖 (𝒙)︸︷︷︸
coherent

. (C.3)

Considering a flow that satisfies the incompressible Navier-Stokes equations:

𝜕

𝜕𝑡
(𝑈𝑖 +𝑢′′𝑖 )︸        ︷︷        ︸

𝑎

+ (𝑈𝑘 +𝑢′′𝑘 )
𝜕

𝜕𝑥𝑘
(𝑈𝑖 +𝑢′′𝑖 )︸                       ︷︷                       ︸

𝑏

= − 1
𝜌

𝜕

𝜕𝑥𝑖
(𝑃+ 𝑝′′)︸           ︷︷           ︸
𝑐

+𝜈Δ(𝑈𝑖 +𝑢′′𝑖 )︸        ︷︷        ︸
𝑑

, (C.4)
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C.1 Total kinetic energy transport

and
𝜕𝑈𝑖

𝜕𝑥𝑖
= 0,

𝜕𝑢′
𝑖

𝜕𝑥𝑖
= 0,

𝜕𝑢̃𝑖

𝜕𝑥𝑖
= 0. (C.5)

C.1 Total kinetic energy transport

Multiplying (C.4a) by 𝑢′′
𝑗

and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

𝑢′′
𝑗

𝜕

𝜕𝑡

(
𝑈𝑖 +𝑢′′𝑖

)
(𝒙) +𝑢′′

𝑖

𝜕

𝜕𝑡

(
𝑈 𝑗 +𝑢′′𝑗

)
(𝒙) = 𝑢′′

𝑗

𝜕𝑢′′
𝑖

𝜕𝑡
+𝑢′′

𝑖

𝜕𝑢′′
𝑗

𝜕𝑡
=
𝜕𝑢′′

𝑖
𝑢′′
𝑗

𝜕𝑡
. (C.6)

Multiplying (C.4b) by 𝑢′′
𝑗

and taking the time average, we obtain

𝑢′′
𝑗

(
𝑈𝑘 +𝑢′′𝑘

) 𝜕

𝜕𝑥𝑘

(
𝑈𝑖 +𝑢′′𝑖

)
(𝒙) = 𝑢′′

𝑗
𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘
+𝑢′′

𝑗
𝑈𝑘
𝜕𝑢′′

𝑖

𝜕𝑥𝑘
+𝑢′′

𝑗
𝑢′′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
+𝑢′′

𝑗
𝑢′′
𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘
,

= 𝑢̃ 𝑗𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑎

+𝑈𝑘𝑢′′𝑗
𝜕𝑢′′

𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑏

+𝑢′′
𝑗
𝑢′′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑐

+𝑢′′
𝑗
𝑢′′
𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑑

. (C.7)

By interchanging i and j and adding up the two terms, we obtain, respectively,

(𝐶.7𝑎) : 𝑢̃ 𝑗𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑈𝑘

𝜕𝑈 𝑗

𝜕𝑥𝑘
, (𝐶.7𝑏) :𝑈𝑘

𝜕𝑢′′
𝑖
𝑢′′
𝑗

𝜕𝑥𝑘
,

(𝐶.7𝑐) : 𝑢′′
𝑗
𝑢′′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
+𝑢′′

𝑖
𝑢′′
𝑘

𝜕𝑈 𝑗

𝜕𝑥𝑘
, (𝐶.7𝑑) : 𝑢′′

𝑗
𝑢′′
𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘
+𝑢′′

𝑖
𝑢′′
𝑘

𝜕𝑢′′
𝑗

𝜕𝑥𝑘
=
𝜕𝑢′′

𝑖
𝑢′′
𝑗
𝑢′′
𝑘

𝜕𝑥𝑘
. (C.8)

Multiplying (C.4c) by 𝑢′′
𝑗

and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

−1
𝜌

[
𝜕

𝜕𝑥𝑖
(𝑃+ 𝑝′′) ·𝑢′′

𝑗
+ 𝜕

𝜕𝑥 𝑗
(𝑃+ 𝑝′′) ·𝑢′′

𝑖

]
(𝒙)

= −1
𝜌

[
𝜕𝑃

𝜕𝑥𝑖
· 𝑢̃ 𝑗 +

𝜕𝑃

𝜕𝑥 𝑗
· 𝑢̃𝑖

]
− 1
𝜌

[
𝜕𝑝′′

𝜕𝑥𝑖
·𝑢′′

𝑗
+ 𝜕𝑝

′′

𝜕𝑥 𝑗
·𝑢′′
𝑖

]
. (C.9)
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C.2 Turbulent kinetic energy transport

Multiplying (C.4d) by 𝑢′′
𝑗

and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

𝜈Δ
(
𝑈𝑖 +𝑢′′𝑖

)
·𝑢′′

𝑗
(𝒙) + 𝜈Δ

(
𝑈 𝑗 +𝑢′′𝑗

)
·𝑢′′
𝑖
(𝒙) = 𝜈Δ𝑈𝑖 · 𝑢̃ 𝑗 + 𝜈Δ𝑈 𝑗 · 𝑢̃𝑖 + 𝜈Δ𝑢′′𝑖 𝑢′′𝑗 −2𝜈

𝜕𝑢′′
𝑖

𝜕𝑥𝑘

𝜕𝑢′′
𝑗

𝜕𝑥𝑘
.

(C.10)

Finally, the kinetic energy transport for total fluctuation (2.49) is given by (i.e. i=j)

1
2
𝜕𝑢′′

𝑖
𝑢′′
𝑖

𝜕𝑡
(𝒙) + 𝑢̃𝑖𝑈𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
+𝑈𝑘

2
𝜕𝑢′′

𝑖
𝑢′′
𝑖

𝜕𝑥𝑘︸                      ︷︷                      ︸
C′′(𝒙)

= −𝑢′′
𝑖
𝑢′′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘︸       ︷︷       ︸
P′′(𝒙)

−1
2
𝜕

𝜕𝑥𝑘
𝑢′′
𝑖
𝑢′′
𝑖
𝑢′′
𝑘︸             ︷︷             ︸

D′′(𝒙)

−1
𝜌

[
𝜕𝑃

𝜕𝑥𝑖
· 𝑢̃𝑖 +

𝜕𝑝′′

𝜕𝑥𝑖
·𝑢′′
𝑖

]
︸                         ︷︷                         ︸

𝜑′′(𝒙)

+𝜈Δ𝑈𝑖 · 𝑢̃𝑖 +
1
2
𝜈Δ𝑢′′

𝑖
𝑢′′
𝑖︸                    ︷︷                    ︸

D′′
𝜈 (𝒙)

−𝜈
𝜕𝑢′′

𝑖

𝜕𝑥𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘︸      ︷︷      ︸
𝜖′′(𝒙)

. (C.11)

C.2 Turbulent kinetic energy transport

Multiplying (C.4a) by 𝑢′
𝑗

and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

𝑢′
𝑗

𝜕

𝜕𝑡

(
𝑈𝑖 +𝑢′′𝑖

)
(𝒙) +𝑢′

𝑖

𝜕

𝜕𝑡

(
𝑈 𝑗 +𝑢′′𝑗

)
(𝒙) = 𝑢′

𝑗

𝜕𝑢′′
𝑖

𝜕𝑡
+𝑢′

𝑖

𝜕𝑢′′
𝑗

𝜕𝑡
=
𝜕𝑢′

𝑖
𝑢′
𝑗

𝜕𝑡
. (C.12)

Multiplying (C.4b) by 𝑢′
𝑗

and taking the time average.

𝑢′
𝑗

(
𝑈𝑘 +𝑢′′𝑘

) 𝜕

𝜕𝑥𝑘

(
𝑈𝑖 +𝑢′′𝑖

)
(𝒙) = 𝑢′

𝑗
𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘
+𝑢′

𝑗
𝑈𝑘
𝜕𝑢′′

𝑖

𝜕𝑥𝑘
+𝑢′

𝑗
𝑢′′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
+𝑢′

𝑗
𝑢′′
𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘
,

=𝑈𝑘𝑢
′
𝑗

𝜕𝑢′′
𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑎

+𝑢′
𝑗
𝑢′′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑏

+𝑢′
𝑗
𝑢′′
𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑐

. (C.13)
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C.2 Turbulent kinetic energy transport

By interchanging i and j in each term and adding up the two terms, we obtain, respectively,

(𝐶.13𝑎) :𝑈𝑘
𝜕𝑢′

𝑖
𝑢′
𝑗

𝜕𝑥𝑘
, (𝐶.13𝑏) : 𝑢′

𝑗
𝑢′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
+𝑢′

𝑖
𝑢′
𝑘

𝜕𝑈 𝑗

𝜕𝑥𝑘
,

(𝐶.13𝑐) :
𝜕𝑢′

𝑖
𝑢′
𝑗
𝑢′
𝑘

𝜕𝑥𝑘
+

(
𝑢′
𝑖

𝜕𝑢′
𝑗

𝜕𝑥𝑘
+𝑢′

𝑗

𝜕𝑢′
𝑖

𝜕𝑥𝑘

)
· 𝑢̃𝑘 +𝑢′𝑗𝑢′𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘
+𝑢′

𝑖
𝑢′
𝑘

𝜕𝑢̃ 𝑗

𝜕𝑥𝑘
. (C.14)

Multiplying (C.4c) by 𝑢′
𝑗

and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

− 1
𝜌

[
𝜕

𝜕𝑥𝑖

(
𝑃+ 𝑝′′

)
·𝑢′

𝑗
+ 𝜕

𝜕𝑥 𝑗

(
𝑃+ 𝑝′′

)
·𝑢′
𝑖

]
(𝒙) = −1

𝜌

[
𝜕𝑝′

𝜕𝑥𝑖
·𝑢′

𝑗
+ 𝜕𝑝

′

𝜕𝑥 𝑗
·𝑢′
𝑖

]
. (C.15)

Multiplying (C.4d) by 𝑢′
𝑗

and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

𝜈Δ
(
𝑈𝑖 +𝑢′′𝑖

)
·𝑢′

𝑗

(
𝒙
)
+ 𝜈Δ

(
𝑈 𝑗 +𝑢′′𝑗

)
·𝑢′
𝑖
(𝒙) = 𝜈Δ𝑢′

𝑖
𝑢′
𝑗
−2𝜈

𝜕𝑢′
𝑖

𝜕𝑥𝑘

𝜕𝑢′
𝑗

𝜕𝑥𝑘
. (C.16)

Finally, the kinetic energy transport for turbulent fluctuation is given by

1
2
𝜕𝑢′

𝑖
𝑢′
𝑖

𝜕𝑡
+𝑈𝑘

2
𝜕𝑢′

𝑖
𝑢′
𝑖

𝜕𝑥𝑘
= −𝑢′

𝑖
𝑢′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
− 1

2
𝜕

𝜕𝑥𝑘
𝑢′
𝑖
𝑢′
𝑖
𝑢′
𝑘

− 1
2
𝑢̃𝑘
𝜕𝑢′

𝑖
𝑢′
𝑖

𝜕𝑥𝑘
−𝑢′

𝑖
𝑢′
𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘
− 1
𝜌

𝜕𝑝′𝑢′
𝑖

𝜕𝑥𝑖
+ 1

2
𝜈Δ𝑢′

𝑖
𝑢′
𝑖
− 𝜈

𝜕𝑢′
𝑖

𝜕𝑥𝑘

𝜕𝑢′
𝑖

𝜕𝑥𝑘
, (C.17)
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C.3 Coherent kinetic energy transport

after some calculus we obtain [26]:

1
2
𝜕𝑢′

𝑖
𝑢′
𝑖

𝜕𝑡
(𝒙) +𝑈𝑘

2
𝜕𝑢′

𝑖
𝑢′
𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
C′(𝒙)

=−𝑢′
𝑖
𝑢′
𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘︸      ︷︷      ︸
P′(𝒙)

−1
2
𝜕

𝜕𝑥𝑘

[
𝑢′
𝑖
𝑢′
𝑖
𝑢′
𝑘
+𝑢′

𝑖
𝑢′
𝑖
𝑢̃𝑘 +2𝑢′

𝑖
𝑢̃𝑖𝑢

′
𝑘

]
︸                                        ︷︷                                        ︸

D′(𝒙)

+ 𝑢̃𝑖
𝜕𝑢′

𝑘
𝑢′
𝑖

𝜕𝑥𝑘︸   ︷︷   ︸
T (𝒙)

−1
𝜌

𝜕𝑝′𝑢′
𝑖

𝜕𝑥𝑖︸     ︷︷     ︸
𝜑′(𝒙)

+ 1
2
𝜈Δ𝑢′

𝑖
𝑢′
𝑖︸    ︷︷    ︸

D′
𝜈 (𝒙)

−𝜈
𝜕𝑢′

𝑖

𝜕𝑥𝑘

𝜕𝑢′
𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝜖 ′(𝒙)

. (C.18)

C.3 Coherent kinetic energy transport

Multiplying (C.4a) by 𝑢̃ 𝑗 and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

𝑢̃ 𝑗
𝜕

𝜕𝑡

(
𝑈𝑖 +𝑢′′𝑖

)
(𝒙) + 𝑢̃𝑖

𝜕

𝜕𝑡

(
𝑈 𝑗 +𝑢′′𝑗

)
(𝒙) = 0. (C.19)

Multiplying (C.4b) by 𝑢̃ 𝑗 and taking time average we obtain

𝑢̃ 𝑗
(
𝑈𝑘 +𝑢′′𝑘

) 𝜕

𝜕𝑥𝑘

(
𝑈𝑖 +𝑢′′𝑖

)
(𝒙) = 𝑢̃ 𝑗𝑈𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
+ 𝑢̃ 𝑗𝑈𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘
+ 𝑢̃ 𝑗 𝑢′′𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
+ 𝑢̃ 𝑗 𝑢′′𝑘

𝜕𝑢′′
𝑖

𝜕𝑥𝑘
,

= 𝑢̃ 𝑗𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑎

+ 𝑢̃ 𝑗𝑈𝑘
𝜕𝑢̃𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑏

+ 𝑢̃ 𝑗 𝑢̃𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘︸    ︷︷    ︸
𝑐

+ 𝑢̃ 𝑗𝑢′′𝑘
𝜕𝑢′′

𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝑑

. (C.20)

By interchanging i and j in each term and adding up the two terms, we obtain, respectively,

(𝐶.20𝑎) : 𝑢̃ 𝑗𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑈𝑘

𝜕𝑈 𝑗

𝜕𝑥𝑘
, (𝐶.20𝑏) : 𝑢̃ 𝑗𝑈𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑈𝑘

𝜕𝑢̃ 𝑗

𝜕𝑥𝑘
,

(𝐶.20𝑐) : 𝑢̃ 𝑗 𝑢̃𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑢̃𝑘

𝜕𝑈 𝑗

𝜕𝑥𝑘
,

(𝐶.20𝑑) : 𝑢̃ 𝑗𝑢′′𝑘
𝜕𝑢′′

𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑢′′𝑘

𝜕𝑢′′
𝑗

𝜕𝑥𝑘
= 𝑢̃ 𝑗𝑢

′
𝑘

𝜕𝑢′
𝑖

𝜕𝑥𝑘
+ 𝑢̃ 𝑗 𝑢̃𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑢′𝑘

𝜕𝑢′
𝑗

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑢̃𝑘

𝜕𝑢̃ 𝑗

𝜕𝑥𝑘
. (C.21)
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C.3 Coherent kinetic energy transport

Multiplying (C.4c) by 𝑢̃ 𝑗 and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

−1
𝜌

[
𝜕

𝜕𝑥𝑖

(
𝑃+ 𝑝′′

)
· 𝑢̃ 𝑗 +

𝜕

𝜕𝑥 𝑗

(
𝑃+ 𝑝′′

)
· 𝑢̃𝑖

]
(𝒙)

= −1
𝜌

[
𝜕𝑃

𝜕𝑥𝑖
· 𝑢̃ 𝑗 +

𝜕𝑃

𝜕𝑥 𝑗
· 𝑢̃𝑖

]
− 1
𝜌

[
𝜕𝑝

𝜕𝑥𝑖
· 𝑢̃ 𝑗 +

𝜕𝑝

𝜕𝑥 𝑗
· 𝑢̃𝑖

]
. (C.22)

Multiplying (C.4d) by 𝑢̃ 𝑗 and taking the time average, by interchanging i and j and adding

up the two terms, we obtain

𝜈Δ
(
𝑈𝑖 +𝑢′′𝑖

)
· 𝑢̃ 𝑗 (𝒙) + 𝜈Δ

(
𝑈 𝑗 +𝑢′′𝑗

)
· 𝑢̃𝑖 (𝒙) = 𝜈Δ𝑈𝑖 · 𝑢̃ 𝑗 + 𝜈Δ𝑈 𝑗 · 𝑢̃𝑖 + 𝜈Δ𝑢̃𝑖 · 𝑢̃ 𝑗 + 𝜈Δ𝑢̃ 𝑗 · 𝑢̃𝑖 .

(C.23)

The coherent kinetic energy transport for coherent fluctuation is given by

𝑢̃𝑖𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑈𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘
= −𝑢̃𝑖𝑢̃𝑘

𝜕𝑈𝑖

𝜕𝑥𝑘
− 𝑢̃𝑖𝑢′𝑘

𝜕𝑢′
𝑖

𝜕𝑥𝑘
− 𝑢̃𝑖𝑢̃𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘

− 1
𝜌

[
𝜕𝑃

𝜕𝑥𝑖
· 𝑢̃𝑖 +

𝜕𝑝

𝜕𝑥𝑖
· 𝑢̃𝑖

]
+ 𝜈Δ𝑈𝑖 · 𝑢̃𝑖 +

1
2
𝜈Δ𝑢̃𝑖𝑢̃𝑖 − 𝜈

𝜕𝑢̃𝑖

𝜕𝑥𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘
, (C.24)

which we may rewrite as [26]

𝑢̃𝑖𝑈𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘
+ 𝑢̃𝑖𝑈𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘︸                    ︷︷                    ︸
C̃(𝒙)

= −𝑢̃𝑖𝑢̃𝑘
𝜕𝑈𝑖

𝜕𝑥𝑘︸      ︷︷      ︸
P̃ (𝒙)

− 𝑢̃𝑖
𝜕𝑢′

𝑘
𝑢′
𝑖

𝜕𝑥𝑘︸   ︷︷   ︸
T (𝒙)

−1
2
𝜕

𝜕𝑥𝑘
[𝑢̃𝑖𝑢̃𝑖𝑢̃𝑘 ]︸              ︷︷              ︸

D̃(𝒙)

−1
𝜌

[
𝜕𝑃

𝜕𝑥𝑖
· 𝑢̃𝑖 +

𝜕𝑝

𝜕𝑥𝑖
· 𝑢̃𝑖

]
︸                       ︷︷                       ︸

𝜑̃(𝒙)

+𝜈Δ𝑈𝑖 · 𝑢̃𝑖 +
1
2
𝜈Δ𝑢̃𝑖𝑢̃𝑖︸                  ︷︷                  ︸

D̃𝜈 (𝒙)

−𝜈 𝜕𝑢̃𝑖
𝜕𝑥𝑘

𝜕𝑢̃𝑖

𝜕𝑥𝑘︸     ︷︷     ︸
𝜖 (𝒙)

. (C.25)
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