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Abstract

The rapidly increasing use of graphene-based nanomaterials in nanotechnol-
ogy has led to considerable research interest in many disciplines, including
applied mathematics, solid-state physics, and material engineering. One of
the main contributions of applied mathematics in this regard is the appli-
cation of mathematical models that improve our understanding of the for-
mation and geometry of these intricate nanomaterials. In this thesis, we
develop a collection of mathematical models that together provide detailed
and convincing explanations for several graphene nanostructures. The calcu-
lus of variations is employed to construct and analyse these models, and the
Lennard-Jones potential is used to model the van der Waals interaction en-
ergy. While the modelling process involves a number of physical parameters,
nondimensionalisation is employed to reduce the number of these parameters
and produce simplified problems with the minimum number of arbitrary ma-
terial constants. The first model is developed to investigate the behaviour of
a rippled graphene sheet located on a substrate. By considering the length of
the substrate, three distinct cases for this configuration are identified. The
transitional case assumes that both the graphene sheet length and substrate
length are constrained. The substrate constrained case assumes that only the
substrate has a constrained length. Finally, the graphene constrained case as-

sumes that only the length of the graphene sheet is constrained. These cases

XV
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are employed to demonstrate a continuous relationship between the total en-
ergy per unit length and the substrate length. The substrate constrained
case is also used to examine the ripple formation in a flat graphene sheet
laying on a shrinking substrate. The next model pertains to the conforma-
tion of multi-layer graphene folds. The conformation is analysed under three
progressively more accurate approximations for the total line curvature, and
a comparison to experimental measurements is made. With some modifica-
tions, this model is then extended to predict the effective bending rigidity of
multi-layer graphene. The analysis predicts that for less than seven layers the
bending rigidity of multi-layer graphene approximately follows a quadratic
relationship with the number of layers. The final model is specialised for
the collapsed graphene wrinkle, the most intricate and complicated struc-
ture considered in this thesis. Using this model, we account for two potential
conformations for collapsed wrinkles. The stability of these conformations
along with a self-adhered wrinkle is analysed through an energy comparison
of the wrinkle both before and after collapse. We report numerical values
for both the length when each conformation becomes stable, and the criti-
cal height of self-adhered wrinkles. In summary, the major contribution of
this work is the use of applied mathematics to develop idealised variational
models for a number of graphitic nanomaterial configurations. The models
developed here enhance our knowledge of the geometry of these structures
and may be utilised for modelling more complicated structures constructed
from graphene and other two-dimensional materials. In particular, the novel
formulae developed in this work, such as those derived for modelling the
surface—volume interaction energy and the total squared curvature, broaden

the scope of applied mathematical modelling in nanoscience.
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Chapter 1

Introduction

1.1 Background

Applied mathematics provides powerful tools that may be used to describe
and explain real-world problems in many fields such as medicine, engineer-
ing, and science. Applied mathematical modelling generally comprises four
main stages. The first stage involves determining the scientific problem and
all related factors. The next stage is to construct the model by describ-
ing the scientific problem with a mathematical formulation. Thereafter, the
mathematical analysis is applied to find the solution of the mathematical for-
mulation using appropriate mathematical techniques. The final stage entails
validating the proposed model. One possible technique to validate solutions
is the comparison with other published experiments or measurable environ-
mental phenomena. In recent decades, applied mathematical modelling also
plays a significant role in the research active field of nanotechnology.
Nanotechnology is a field that comprises the intersection of several disci-
plines, such as physics, chemistry, material science, engineering, and math-

ematics, to investigate and explain phenomena of nano-scaled materials.
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Nano-scaled materials, commonly termed "nanomaterials”, have structures
in the order of nanometres in scale, where one nanometre is one billionth
(107%) of a meter. Mathematical modelling is an important component of
studying nanomaterials and may be applied to advance knowledge in many
ways. Mathematical modelling of nanomaterials may be employed to explain
experimental results, improve the efficiency of experimental design, predict
new behaviours, and discover hidden properties. In this thesis, we develop
mathematical models for various configurations of graphene, one of the lead-

ing nanomaterials.

1.2 Graphene properties and applications

With reference to Fig. 1.1, graphene may be defined as a two-dimensional
(2D) sheet of carbon atoms which are bonded to each other in a locally pla-
nar hexagonal array. This 2D structure endows graphene with superior elec-
tronic [9], mechanical [10], and thermal properties [11, 12]. These properties
mean that graphene is one of the most promising materials for constructing
nanoelectromechanical systems [13, 14]. Graphene is also hypothesised to
be a biocompatible material since its bending stiffness is comparable with
that of the lipid bilayers of biological cells [15]. In the field of biomedicine,
graphene has many potential applications, including drug transport systems,
sensors, tissue engineering, and biological agents [16]. The many applications
of graphene also include, but are not limited to, water treatment [17], gas
separation [18], nitrogen reduction reaction [19], and metal-ion batteries [20].
Furthermore, other graphitic nanostructures, such as fullerenes and carbon
nanotubes, attract widespread interest due to their unique properties, which

make them fundamental components in nanoelectronic devices such as field
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Figure 1.1: The structure of a graphene sheet.

effect transistors [21] and capacitors [22].

Graphene may be considered an important building material for other
carbon nanostructures since many carbon allotropes are structurally based
on the planar graphene sheet [1]. With regard to Fig. 1.2, a fullerene can be
considered to be a graphene sheet wrapped up into a ball [23], and a single-
walled carbon nanotube is essentially a graphene sheet rolled up as a tube
[24]. While multi-layer graphene is composed of stacked single-layer sheets of
graphene, multi-walled carbon nanotubes then may be considered to be rolled
up multi-layer graphene sheets. Additionally, novel carbon nanostructures
have been designed by reconfiguring graphene in ways that result in these
new structures having desirous properties [20]. For example, popgraphene
is a reconfigured graphene that is a beneficial anode material in lithium-ion
batteries with fast charge and discharge rates [25]. The bending rigidity of
graphene is shown to directly impact its properties [26], and consequently,

it is a key factor in the construction of novel carbon nanostructures and
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Figure 1.2: Graphene-based nanomaterials [1].

investigating their properties.

The bending rigidity of single-layer graphene has been theoretically anal-
ysed in depth. Density functional theory calculations are employed to evalu-
ate the bending rigidity of a single-layer graphene to be 1.44eV [15]. Other
theoretical approaches, including empirical potential methods [27, 28] and ab
initio calculations [29, 30], are also employed to estimate the bending rigidity
of single-layer graphene. These theoretical studies suggest that the bending
rigidity of single-layer graphene lies in the range from 0.83eV to 1.61eV, and
these estimates are analysed in detail by Wei et al. [15]. The experimental
study undertaken by Nicklow et al. [31], reports that the bending rigidity
of single-layer graphene is 1.2eV. This experimental measurement fits the
theoretically reported range very well. Table 1.1 presents some values for the

bending rigidity v of single-layer graphene sheet that have been reported in
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the literature. However, while the bending rigidity of single-layer graphene
is relatively well characterised, further investigation is needed to investigate
the bending rigidity of multi-layer graphene since there is still considerable

uncertainty with regards to this property.

1.3 Graphene synthesis methods

Various methods are used to synthesise graphene, which can be classified into
two broad approaches as illustrated by Fig. 1.3. The first approach relies on
breaking down graphene precursors into few layers of graphene, this is known
as the top—down approach. Graphite (a stack of graphene layers) is one such
graphene precursor, and several methods exfoliate graphite into graphene
by chemical, mechanical or thermal manipulations. For instance, the inter-
calation of chemical species between graphite layers is used to weaken the
interlayer van der Waals (vdW) interactions and increase the distance be-
tween layers [35]. The second approach is known as bottom—up and relies

on building a block of carbon molecules to produce graphene. The meth-

Table 1.1: The bending rigidity v of single-layer graphene sheet.

Reference v (eV) method

[27] 0.83  empirical potential

[32] 1.02  empirical potential

[33] 1.17  empirical potential

[31] 1.20  experiments

[15] 1.44  density functional theory

[34] 1.61  density functional tight-binding model
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Figure 1.3: Schematic showing the top—down and bottom—up approaches of

graphene synthesis.

ods that follow the bottom—up approach include chemical vapour deposition
(CVD), which can be used to produce graphene with controllable thickness
and quality.

The CVD bottom—up approach is a commonly used method to synthesise
graphene with a large surface area and high quality. In this method, graphene
is grown on a substrate in a carbon-rich environment based on depositing
gaseous reactants onto the substrate. The CVD process takes several steps,
which are detailed in [36]. One step involves cooling the reactant in a neutral
environment. Although some progress has been made to control the growth
of graphene during the cooling step, some topological deformations in the
graphene structure have been observed [37, 38]. These deformations may
form as a result of the natural roughness of the substrate [39], and differential
thermal expansion of the substrate and the graphene [40]. Representative

plots for the observed deformations are given in Fig. 1.4.
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The deformations of CVD-produced graphene may be categorised as rip-
ples and wrinkles based on their aspect ratio, physical dimensions, and topol-
ogy [41]. The low aspect ratio deformations with a maximum height of 1 nm
are termed by ripples [42]. After the ripple reaches its maximum height, the
edges of the ripple are found to approach each other forming an arch-shaped
wrinkle. Then, due to the vdW interactions, the two edges self-adhere at
the equilibrium distance of a graphene bilayer forming a high aspect ratio
deformation which we term in this work a self-adhered wrinkle [38]. The
self-adhered wrinkle remains standing until the critical height is reached, at
which point it folds towards the surface and forms a structure that we term
the collapsed wrinkle [38]. The presence of such deformations alters the prop-
erties of the graphene, such as electrical mobility [38], thermal conductivity

[43, 44], and strain sensitivity [45].

1.4 Graphene configurations

Non-planar structures of graphene possess many unique and useful proper-
ties, compared to planar graphene. This widens the range of applications
that could exploit these properties. Experimental studies find that the elec-
tronic properties of graphene can be altered by the range and height of the
ripple [46, 47]. Gui et al. [48] use first-principles calculations to predict the
electronic properties of a rippled graphene sheet where a band gap opening
is observed in the rippled graphene. They evaluate a direct band gap of
0.93 eV which indicates rippled graphene may be a highly tunable semicon-
ductor. Furthermore, wrinkled graphene is shown to be a beneficial material
in the fabrication of graphene nanoribbons and flexible electronic sensors

[49, 45].
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(a) (b)

Jausie

(c) (d)

I

Figure 1.4: Observed configurations in CVD-produced graphene:

(a) ripples, (b) arch-shaped wrinkles, (c) self-adhered wrinkles, and (d) collapsed

wrinkles.

Another important type of graphene configuration is the closed-edge graphene
structure, or simply the folded graphene. Some techniques, such as applying
a mechanical force, have been used to fold 2D materials into specific struc-
tures in order to achieve desirable properties. Although graphene is known
in one sense as the strongest known material [10], it may also be folded
and unfolded repeatedly via the tip of an atomic force microscope [50, 51].

Graphene folding is involved in the process of constructing graphene origami,
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a programmable nanoscale building block [52, 53, 54, 55].

Understanding the formation of these and related structures and control-
ling their morphologies plays a significant role in tuning the properties of
graphene-based structures. Such structures of graphene are likely to be im-
portant components with potential applications in many areas of nanotech-
nology. Many theoretical studies have proposed mathematical models for
non-planar structures of graphene. In the next section, we trace the history

of modelling graphitic nanostructures.

1.5 Modelling graphene configurations

The behaviour of graphene configurations is principally governed by two en-
ergies, the bending elastic energy and the vdW energy. Based on these energy
components, several mathematical models have been proposed for graphene
configurations. In many cases, the mathematical model is presented with a
comparison to molecular dynamics (MD) simulations or experiments to vali-
date the proposed model. One configuration that has received significant at-
tention is that of folded graphene; however, similar models are also applicable
to other configurations such as ripples and wrinkles. The main approaches
that have been used to model folded graphene include small-deformation,

finite-deformation, and variational models.

In order to clearly introduce each approach, it is necessary to provide
some data for folded graphene. As shown in Fig. 1.5, most studies assume
a translational symmetry in the fold direction and a reflective symmetry
about the x—axis, which simplify the modelling. Experimental and theoretical
studies show that the conformation of folded graphene is determined by the

bending energy and the vdW interaction strength in the flat region. If the
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<

Figure 1.5: Schematic showing the geometry of folded single-layer graphene.

vdW energy in the flat region exceeds the bending energy in the curved region
then the fold would be energetically stable, and if not then the configuration
is unstable. Therefore, the stability of the fold depends on (among other
factors) the length of the graphene sheet. Next, a brief overview of each
approach is presented along with the assumptions that have been made in

each case.

1.5.1 Small-deformation approach

Cranford et al. [56] study the folding behaviour of single- and multi-layers
graphene by developing a small-deformation model along with an atomistic
simulation. They employ molecular dynamics to obtain values for a set of
parameters including the equilibrium distance between two graphene sheets
20gs, and the vdW interaction energy €g,. The Tersoff potential is used to ac-

count for carbon-carbon interactions, with the Lennard-Jones (LJ) potential
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used for the interactions between graphene sheets.

With the help of the reflective symmetry, the total length of the folded
graphene is Liot = 2 (Lpena + Lfiat), Where Lpena and Lg, represent the arc
length of the bended and flat regions, respectively. They assume that the
folding configuration is due to a balance between the elastic bending energy
E., and the vdW energy E,. The total energy of the system is then the sum
of these energies, namely Ei,, = E, + FE.

These authors assume that graphene can be approximated as a beam
composed of an elastic isotropic material with the presence of local small
deformations. If y(x) represents the deflection of the beam at the point z,
then the deformed beam angle or the slope is

1=
With the presumption of the small slope 6, the square of the slope is assumed
to be equal to zero which yields
() -
dz '

As a consequence, they define the elastic bending energy as

E. = 27/ y”2 dx,
Lyend

where primes denote derivatives with respect to x, and v denotes the bending
rigidity of the graphene sheet. The bending rigidity ~ is calculated based on
energy minimisation of the system using conjugate gradient methods. The

vdW energy is calculated to be
Ev = €gg 2Lﬂat‘

The Euler—Bernoulli beam theory is then applied to derive the total en-

ergy of the system as

2ym?

Etot - + 2Lbend - VLtot-

bend
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The energy is therefore minimised to find the critical bended length 2Lyenqg
as

Lyena = l .

€gg
Along with the small-deformation model, they also employ an atomistic sim-

ulation in the analysis by developing a coarse-grained model where pseudo-
atoms are used to represent groups of atoms. Although the coarse-grained
model confirms the relationship between the bending rigidity v and the
bended length Lye.q obtained from the small-deformation model, the pre-

dicted folding profiles are not presented in this study.

1.5.2 Finite-deformation approach

Meng et al. [2] study the self-folding of single-layer graphene using finite-
deformation beam theory and molecular MD simulations. Due to the reflec-
tive symmetry, only the top-half is analysed. Similar to the small-deformation
model, the total length is Liot = 2 (Lpena + Lgat), and the total energy is
FEiot = E. + E,. These authors argue that the small-deformation model can-
not accurately predict the shape of the folded graphene. The elastic energy
is modelled by the small-deformation model as a beam with the presumption
of small slopes. The finite-deformation model, however, accounts for large
slopes.

Graphene is modelled with a finite-deformation approach as a beam with
bending rigidity . They give the equilibrium equations of the beam by

dm dVv dé dN dé
ds V=0 as Vs 0 ds Vds 0 (1.1)
where M is the bending moment, V' is the shear force and N is the normal
force within the beam. Using the Euler-Bernoulli beam theory, the bending

moment is written as M = ~k, where k = df/ds is the curvature. Using the
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expression for M, the shear force V' is eliminated from (1.1) and the number

of equations is reduced to the pair of equations

AN | d (o) o _ 12
ds  'das\ds/)ds ’
do d? /de

An expression for the normal force N is then derived by integrating (1.2)

with respect to s which gives

where Ny is a constant of integration. Then the expression for N is substi-
tuted into (1.3) to yield an equation that only depends on x = df/ds . The
bending energy can then be calculated using the expression for k.

A comparison between the predicted folding profiles obtained from the
small-deformation model, finite-deformation model and MD simulations is
made by Meng et al. [2] in Fig. 1.6(a). The finite-deformation model and MD
simulations simulations are in good agreement when predicting the folding
profile, while the small-deformation model predicts a folding profile with a
sharp discontinuous point. This is a consequence of the different approximate
expressions of the slope used in each model. The finite-deformation model
uses the approximate expression of the slope as sinf = dy/ds, while the
small-deformation model uses § = dy/dz instead. As shown in Fig. 1.6(b),
they examined the shape under different folding directions ranging from a
direction with chiral angle 0° (armchair) to a direction with chiral angle
30° (zigzag). Their analysis also reveals that the folding direction does not
strongly impact the profile of the fold. Finite-deformation beam theory,
combined with MD simulations, is also used to study the self-folding of multi-

layer graphene [57].
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Figure 1.6: Comparisons in the predicted folding profiles between: (a) small-
and finite-deformation models against MD simulations, and (b) different folding
directions. Republished with the permission of IOP Publishing Ltd, from Ref. [2];

permission conveyed through Copyright Clearance Center Inc.

1.5.3 Variational approach

The folding behaviour of a single-layer graphene sheet is also investigated
by Cox et al. [3] utilising the calculus of variations. They only analyse the
top-half curve denoted by C'. The curve C'is further divided into three parts
according to the sign of the curvature. The bended region is composed of C'y
and Cs which correspond to the parts with negative and positive curvature,
respectively. The flat region with zero curvature is designated C'3. The total
energy of the system F,;, = E.+FE,, is derived from variational considerations
as a functional of the conformation profile y(z) and its derivatives. They
assume that the conformation is determined by minimising the elastic energy

and maximising the vdW interaction energy.

The elastic energy is considered to be proportional to the square of the
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curvature, and modelled as

Ee:’y/HQdS,
C

where k represents the line curvature and is given by

/"

Y

ey

Thus, E, vanishes at the parallel regions (3’ = 0) where the vdW is considered
to be the dominant energy. The vdW energy is modelled as

E, = —egg/ u(z)ds,
c

where u(x) is a Heaviside unit step function. By imposing an isoperimetric
constraint on the total arc length, the total energy FE\.; is reduced to ac-
count for the elastic curve with an unknown endpoint. Variational calculus
is then employed to derive and solve the Euler—Lagrange equation and derive
an explicit expression for the curvature x which involves the term y’. The
substitution ¢’ = tan#f is then used to derive parametric solutions for the
folding conformation.

The analytical solution involving elliptic integrals is presented as a func-
tion of . Then different values for the bending rigidity v are adopted from
the range 0.8-1.6eV. The predicted folding conformations show good agree-
ment with experimental images taken by high-resolution transmission elec-
tron microscopy [58], as shown in Fig. 1.7. This approach is then extended
to model the intercalation of a single-walled carbon nanotube situated in
a fold of graphene sheet [59]. The variational model is largely equivalent
to the approach used by Lu and Chou [60], to investigate the geometrical

characteristics of self-folded carbon nanotubes.
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Figure 1.7: Folding conformations obtained from the variational approach
(coloured solid lines, each for a different value of ) are compared to experimen-
tal results (red dotted lines). Reproduced from Ref. [3] with permission from the
Royal Society of Chemistry.

1.5.4 Quasi-analytical approach

The quasi-analytical approach has been applied to graphene self-adhered
and collapsed wrinkles. A 90 degree anticlockwise rotation of the top-half of
the self-adhered wrinkle shown in Fig. 1.4(c) produces an equivalent shape
to that given by Fig. 1.5. Therefore, this approach can still be compared
to the above-mentioned approaches. The quasi-analytical approach is first
employed by Zhu et al. [38] where the bended region of the self-adhered
wrinkle is approximated by two pairs of circular arcs. Each half is composed

of a concave arc followed by a convex arc.
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Figure 1.8: The geometry of a self-adhered wrinkle. Reprinted from Ref. [4],
with the permission of AIP Publishing.

The approach has been subsequently extended by Zhang et al. [4] with two
different modifications for deriving the length and the energy of the folded
wrinkles. Transition lines are introduced between any concave and convex
arcs, and the effects of the metallic substrate are ignored. We now give
some details on modelling the self-adhered wrinkle using the quasi-analytical
approach. The geometry of the self-adhered wrinkle considered by Zhang
et al. [4] is shown in Fig. 1.8. The top-curved regions are approximated by
the arcs of radii Ry and R, with angles #; and #,. Furthermore, a linear
transition 7 is incorporated to accommodate the transition between the two
adjacent arcs. The length of the vertical lines is denoted by A, while the
bottom-curved regions are approximated by arcs of a radius R; with an

angle /2.
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In their study, each arc is assumed to be circular with a fixed radius along
the arc. Since the curvature is the inverse of the radius, the total energy of
the wrinkle FEi. is then estimated by

Biot = o (Rib + 2R—911 + %) — ),
where the first term represents the elastic energy F, and the second term
represents the vdW energy. They also calculate the excess length Ly, which
is the length the wrinkle without the fixed length interacting with the sub-

strate. The excess length is given by
™
Loy =2 <§Rb +0,Ry +02Ry + 1+ >\> .

They adopt a fixed value for the excess length L., and then minimise the
total energy Ei. with respect to the parameters Ry, Ry, 61, Rs, 05, 1, and A.
Besides the self-adhered and collapsed wrinkles, they also study the behaviour
of multiple-folded collapsed wrinkles.

1.5.5 Other approaches

The approaches mentioned above consider perfect graphene with uniform
thickness distribution. However, the geometry variation with additive-layer
segments, or material impurity with residual contaminants, may lead to im-
perfect graphene. The main difference in the modelling is to account for the
elastic energy of the impure region for the imperfect graphene, but this elas-
tic energy vanishes in the perfect graphene. Li et al. [61] employ small- and
finite-deformation beam theory with geometry assumptions to investigate the
non-uniform effect on the global-buckling behaviour and local-folding phe-
nomenon. An extension was further developed by Li et al. [5] utilising a finite-

deformation varying—section beam model to model non-uniform self-folding
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Figure 1.9: Folding conformations of perfect and imperfect graphene. Reprinted

from Ref. [5], with permission from Elsevier.

of impure graphene. While perfect graphene yields a unique folded config-
uration, there might be different geometries for folded imperfect graphene,
depending on the length of the impure region. As shown in Fig. 1.9, the
folding conformation of a perfect sheet of graphene is given at the top, then
several folding conformations are given for imperfect graphene, varying the
length of the impure region. It is clear that the increase of the imperfection
region flatten the folding conformation of graphene, leading to an approxi-

mate flat stack of graphene.

Besides mathematical modelling, experimental studies have also investi-
gated the morphologies of graphene. Chen et al. [7], apply atomic force mi-
croscopy to study the folding behaviour of supported multi-layer graphene.
They report experimental measurements of the hump height, that is the

height from the point where the folding edge becomes flat to the maximum
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height obtained. Based on these measurements, they calculate the bending
rigidity of multi-layer graphene using continuum mechanics theories. An-
other experiment for graphene wrinkles is reported by Wang et al. [6], where
unexpected profiles of graphene wrinkles on copper (Cu) substrate are ob-
served. The widths of those wrinkles are in the range of tens of nanometres,
whereas the heights are in the range of a few nanometres. As they reported,
the presence of interlayer molecules between the graphene and the copper
substrate is the main mechanism that enlarges both width and height of
graphene wrinkles.

In this work, we aim to develop a cogent collection of mathematical mod-
els to enable detailed explanations for different graphene structures. While
most of the approaches mentioned earlier are compared to simulations, the
variational approach is especially promising due to the agreement with exper-
iments rather than simulations. The models developed in this work are based
on the variational approach, and detailed information about the calculus of

variations are provided in the next chapter.

1.6 Thesis structure

This thesis entitled “New Variational Models for Graphene-based Nanoma-

terials” comprises seven chapters as follows:

e The first chapter outlines the importance of graphene, its properties,
and applications. Graphene synthesis methods are also discussed to ex-
plain the formation of non-planar structures of graphene. This chapter
is wrapped up by giving some historic approaches of modelling graphene

configurations detailed in Section 1.5.

e The second chapter presents the mathematical methodology used in
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this work. The theoretical approach is described first in Section 2.1,
which includes the use of calculus of variations and other mathematical
techniques. The modelling approach is then described in Section 2.2,
including the use of LJ potential to model the vdW interaction energy

and the modelling approach for the dominant energies.

e The third chapter develops the first variational model to study the be-
haviour of a rippled graphene sheet. Three different configurations of
a rippled graphene sheet located on a flat substrate are examined. We
derive a general formulation for these configurations which leads to the
discovery of a smooth transition between them. The model unifies all
three cases in Section 3.6 to demonstrate a continuous relationship be-
tween the total energy per unit length and the substrate length. Finally,
a comparison is made with earlier published results from molecular dy-
namics simulations and the model shows excellent agreement in so far

as predicting the profiles of graphene ripples.

e The fourth chapter proposes a novel mathematical model for a fold of
supported multi-layer graphene sheets. Taylor series approximations
are used to derive a general expression for the total squared curvature.
Then, we investigate the effects of three degenerate approximations on
the folding conformation of multi-layer graphene. In Section 4.6, the
results from the model are compared to experimental measurements
of multi-layer graphene folds from the literature. The model shows
improved agreement with the experimental measurements as we include
more terms in the Taylor series approximations of the total squared

curvature.

e In the fifth chapter, we exploit the model developed in the fourth chap-
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ter to model a fold of unsupported multi-layer graphene sheets. A sim-
plified solution for the fold of unsupported multi-layer graphene sheets
is also proposed. These solutions are then used to predict the effective
bending rigidity of multi-layer graphene. For less than seven layers, the
model shows an approximate quadratic relationship between the effec-
tive bending rigidity and the number of layers, and this relationship
is confirmed by a log-log plot in Section 5.5. This prediction supports

some theoretical and experimental studies reported in the literature.

e The sixth chapter presents a variational model to investigate the be-
haviour of collapsed graphene wrinkles. Two potential conformations
of collapsed wrinkle are taken into account and the required length for
each conformation to be favoured is determined. We also predict the
critical height of self-adhered wrinkles by comparing the energy cost
of self-adhered wrinkles to that of collapsed wrinkles. In Section 6.5,
numerical data is presented for the heights, lengths, and energies of
these wrinkles at the stable conformation. These results are consistent

with the experimental and theoretical studies in the literature.

e The seventh chapter contains a summary, concluding remarks, and pos-

sible future works. Following this are an appendix and bibliography.

Each chapter is followed by a nomenclature section listing the symbols used
in that chapter. We note that some symbols appear with different definitions
from one chapter to another; and thus, a nomenclature table is provided at

the end of each chapter for the reader’s convenience.
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1.7 Nomenclature

Symbol Description

2054 the graphene—graphene equilibrium distance

€op the graphene-graphene vdW interaction strength
Lot the total arc length of the conformation

Liend the length of the bended regions of the conformation
Lgat the length of the flat regions of the conformation
Eiot the total energy of the conformation

E. the graphene elastic energy

E, the vdW interaction energy

y(x) the deflection of the beam or folding profile at the point x
Iy the derivative of [J with respect to x

0 the deformed beam angle or the slope

y the bending rigidity of graphene

M the bending moment within the beam

V the shear force within the beam

N the normal force within the beam

Ny a constant of integration

K the line curvature

S the arc length of a curve

u(z) a Heaviside unit step function

0;/R; the angle/radius of the circular arc i

n the transition line between any adjacent circular arcs

the length of the vertical layers in self-adhered wrinkles

23
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Mathematical methodology

2.1 Theoretical approach

2.1.1 Line curvature representations

This work focuses on modelling configurations of graphene based on interac-
tions with other nanostructured materials. These configurations are poten-
tially curved, so it is necessary to introduce the mathematical definition of
line curvature. Curvature is simply a measure of how much a curve bends.
Formally, the curvature of a plane-curve x may be defined as the rate of
change in the tangent unit vector with respect to the arc length, namely

_w
~ds’

K (2.1)

where s is the arc length, and 6 is the angle made by the tangent vector
with the horizontal axis. This rate of change is a measure of the degree of
bending of the curve, and so any straight line has zero curvature since the
tangent angle € does not change. Furthermore, the inverse of the curvature
k gives the radius of the curvature R, that is R = 1/k. Throughout this

work, the curvature is denoted by k, which can be expressed using different

25
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formulas depending on how the curve is parametrised. Next, we present some
illustrative representations for x that we use in this work.

Case 1. We begin with the most general case for a plane-curve where the
curve C' is parametrised by an arbitrary variable . Then the position vector

of any point on C' may be written as
r(t) = 2()i+y()j, ta<t<th,

where z(t) and y(t) are continuously differentiable functions on [t,, ). The

arc length of the curve C' is then calculated by

s(t) = /;b V(dz/dt)2 + (dy/dt)2dt.

Thus, we may utilise the fundamental theorem of calculus and write

ds = /@2 + g2 dt (2.2)

where dots denote derivatives with respect to t. Similarly, at any point on
the curve C, the tangent vector 1(#) makes the angle 6(¢) with the horizontal

axis. The tangent vector to the curve C' at r(t) may also be written as
v(t) = @(t)i+y(t)J,
and the equivalent expression in polar coordinates is written as
7(t) = ||t(¢)|| (cos O(t) i+ sinb(t)]) .

From these expressions of the tangent vector r(t), we obtain

dy _ y(t) _ sin 6(t)
dz  #(t) cosO(t)

= tan0(t).

Upon differentiating both sides with respect to ¢, we derive

d (9t)\  @ii—iy 5, do
E(%) = = sec” (1) e
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We now make the substitution

. 2 .9 .9
+y
20(4) = tan20(t) + 1= (2) +1=12
sec” O(t) = tan” 0(t) + ol s .
to derive
o aj—iy
e (2:3)

We now substitute (2.2)—(2.3) into (2.1) to derive the curvature k at any

point (x(t),y(t)) as

) de dedt TY—2TyY 1 TY—2TY (2.4)

K = — = = = _- . .
ds dtds 2 + 32 NEEST (&2 + 2)%/?

Case 2. 1f the curve C' is parametrised by z, then the position vector of

points on C' may be written as
r(2) = 2i+y(@)), wa <z <
The arc length of the curve C' is then calculated by

s(x) = /mb V(1 + (dy/dz)2dz .

Thus, by the fundamental theorem of calculus we may write

ds =1+ y?de,

where primes denote derivatives with respect to x. Following the same steps

as in Case 1, the curvature x at any point (z,y(z)) may defined as

!

_ Yy
(1+y2)"

Note that this formula is a direct consequence of substituting ¢ = x in the

general formula (2.4) since # =1, and y = ¢/'.
Case 3. If the curve C' is parametrised by arc length s, then the position

vector of any point on C' may be written as
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dx
Figure 2.1: Representation of a curve parametrised by s.

In this case, the parameter s has the following property

2 2
d_SL’ + % — 1’
ds ds

which ensures that the parameter s measures the arc length along the curve.

With reference to Fig. 2.1, we apply Pythagoras’s theorem to obtain
ds = 1/ (dz)* + (dy)*.

Following the same reasoning as in Case 1, the curvature x at any point

(x(s),y(s)) may defined as

ded?y d?zdy
w(s) = xdy  drdy

ds ds? ds? ds

2.1.2 Variational calculus

Minimisation principles are commonly used in applied mathematics and the-

oretical physics. The calculus of variations is a technique that has been used
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in formulating mathematical models across a large number of physical fields,
particularly in the field of mechanics including solid—, fluid—, and quantum—
mechanics. Variational calculus also can be utilised to formulate optimisation
problems for geometrical configurations such as minimal surfaces, geodesics,
and optics. In the terminology of variational calculus, the solution to such an
optimisation problem is described by a boundary value problem that is gov-

erned by differential equation(s) known as the Euler-Lagrange equation(s).

In mathematics, functions map inputs (independent variables) to outputs
(dependent variables). However, the functional J is a mapping from a set
of functions U (forming a vector space) to the real numbers R. Hence, a
functional is a function where the independent variables include functions
from an appropriate vector space. The norm vector space (U, || - ||) comprises
a set of functions U defined on fixed domain and range, with an associated
norm || - ||, which assigns a non-negative number to every function in U. In
the calculus of variations, the functional is generally defined with a definite
integral that allows us to account for a set of functions and find a particular

member from this set that maximises or minimises the functional.

Consider a functional J : U — R defined on the norm vector space
(U,]| - |I) and assume that S C U. Then the functional J is said to have a
local maximum in S at y € S if there is an € > 0 for which J(g) — J(y) <0,
for all y € S such that | g —y| < e. If y is a local maximum in S for —J,
then y is a local minimum in S for J. With reference to Fig. 2.2, the varied
functions ¢ € S are assumed to be in an e—neighbourhood of the function
y € S, and therefore it can be written as § = y + en, where n € U. Next,
we consider some variational problems and give the necessary conditions for
a functional J to have an extremum. The reader is referred to Brunt [62] for

detailed derivations of these conditions.
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Figure 2.2: Representation of a variational problem with fixed boundary condi-

tions.

The fundamental variational problem

In the simplest case, we consider the set U = C?[z,,xp], which contains
functions with continuous second derivatives on the interval [x,,zy]. Now,

consider a functional J : U — R of the form

= [ " Pz, y(e), o (2)) de, (2.5)

with the integrand F', and suppose that J has an extremum for y € S, where

S = {y € Oz[xaaxb] : y(xa> = Ya, and y(xb) = yb} (26>

Then, there is an € > 0 for which J[g] — J[y] < 0, for all § € S such that
| —y|l < e. Recall that the varied function § can be written as g(z) =
y(x) 4+ en(z), and since § € S, the function 1 must vanish at the endpoints,

namely 1 € ‘H such that

H ={n € C*[x,, xp) : n(xa) = n(zp) = 0}. (2.7)
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Next, we define the first variation of J as

.1 -
o1yl = tim (131~ 1) 2.9
whereupon we apply Taylor’s theorem to rewrite F'(x,7,7’) as
F(z,5,§) = F(z,y+eny +en)
= F(z,y,9) +e[Fyn+ Fyn] + O(e?), (2.9)

where subscripts denote partial derivatives. Hence, on substituting (2.9) into

(2.8), we find that the first variation of J is

Th
dJ{y. n] =/ [Fyn+ Fyn]de. (2.10)

The condition that J[y] has an extremum in S requires that 6.J[y,n] = 0, or

Th
6J[y,n| = / [Fyn+ Fyn]dz = 0.

We now perform integration by parts on the previous equation to eliminate

the 1’ term, which yields

x e d
6‘][3/777] = [Fy’ n]xz + / |:Fy77 - aFy/ 7”]:| dz = 0.
We note that since n € H, and from the definition of H (2.7), the function n

must vanish at the end points. Thus, we may use the boundary conditions

on 7n to derive

Ty d
8Jy,n] = / n [Fy - @Fy/} dz = 0. (2.11)

Now, since 7 is an arbitrary function, it can be concluded that its coefficient
in (2.11) must vanish over the interval [z,, x|, and this leads to a second—

order differential equation

d
—F,—F, =0,

do Y
known as the Euler-Lagrange equation, which is a necessary condition for

J[y] to have an extremum for a given function y(z).
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Variational problems with higher derivatives

We note that many problems in solid mechanics are described by functionals
whose integrands depend on higher—order derivatives. Thus, the vector space
U must be restricted to account for the higher—order derivatives. For the
problems considered in this work, we only need to deal with functionals
whose integrands depend on second-order derivatives. Thus, we extend the
previous example by considering the vector space U = C4[x,, 71|, the set of
functions with continuous fourth derivatives. We assume that the functional

J : U — R of the form

= [ " Fla,y(e), v @),y (2)) de (2.12)

has an extremum in S at y € S, where in this case

S ={y € Cza, wp] : Y(22) = Va, ¥'(7a) = ¥l, y(x1) = vp, and y'(z1,) = 31 }.

Following the same reasoning as in the previous section, we derive a necessary
condition for J[y] to have an extremum for a given function y(z). In this
case, the varied functions ¢ are a family of continuously twice—differentiable

functions, and written as
y(x) = y(z) +en(z),
which, in order to satisfy that y € .S, we must have n € H such that
H = {n € C*za, zp] : n(za) = nlxp) = 1'(2a) = 1/(2p) =0}, (2.13)

Considering the definition of 6.J[y,n] given by (2.8), we now apply Taylor’s

theorem to rewrite F'(z, 9,9 ,7") as

F(z,9,9,7") = F(z,y+en,y +en',y" +en’)

=F(z,y,y,y") +e[Fyn+ Fyn + Fp ')+ O(2).
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Therefore, the first variation for the functional J is then derived as

Th
5J[?J777]:/ [Fyn—i-Fy/T]'-i—Fyun”]dx,

and the condition that J[y| has an extremum in S requires that 6.J[y,n] = 0.
In this case the integrand of §.J[y,n] does not only involve the 7" term, but
also involves the n” term. Thus we must integrate by parts twice to eliminate
these terms, and doing so gives

Th

, d
5J[y777] = {77 Fy” -1 <£Fy” - Fy')}

Th d d2 o
i / ! [F vt d_F] de=0

which after using the boundary conditions from the definition of H (2.13)
becomes
@, d 42
3]y, n] = /xa n {Fy — aFy/ + @Fyu] dz =0. (2.14)
Hence, we conclude that coefficient of n(z) in (2.14) must vanish over the

interval [z,, 2], leading to the condition

d d?
Fy - @Fy/ —'— @Fy// == O, (215)

which is known as the Euler—Poisson equation, a necessary condition for J[y]
to have an extremum for a given function y(x).

We now consider some special cases for the integrand F' and obtain the
corresponding simplified Euler—Poisson equations which are generally called
first integrals.

Case 1. If the integrand F' does not explicitly depend on y, then we have

a functional of the form
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With reference to the Euler—Poisson equation (2.15), we note that for this
case Fy, = 0. Therefore, upon integrating (2.15) with respect to z, we obtain
the first integral

d

Fy— < Fy =P, (2.16)

where P is a constant.
Case 2. If the integrand F' does not explicitly depend on z, then we have

a functional of the form

Th
= [Py,
We note that the definition of the total derivative for an integrand of the
form F(z,y,y',y") is given by

d
@F = Fx —|— y, Fy —|— y// Fy/ —f- y”/ Fy//. (217)

When the integrand F' has no explicit dependence on x, namely F(y, vy, y"),
then F, = 0. Thus, equation (2.17) may be rearranged to give

d
y/ Fy — EF — y// Fy/ — y,// Fy//, (218)

Furthermore, an equivalent expression for the term y’ F, may be written by

multiplying the Euler-Poisson equation (2.15) by ¢ and then solving for y' F,

to obtain
d d?
y F, = ?/aFy’ - y,@Fy”' (2.19)
Equating (2.18) and (2.19) yields
d d? d
v Py = 5By = - F +y" Fy +y" Fpr =0, (2.20)

We now give some expressions which are used to simplify the previous equa-

tion. These expressions are
/F ! d F /" F
(y y’)_y£ y Ty Ly,

d
(y// Fy”) — y//@Fy” _|_ y/// Fy”.
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Using these expressions, equation (2.20) may be rearranged to derive

d , 2 d d d
oW E) —y 5l + (W Fy) =y Fp = F =0 (221)

Note that by the preduct rule

d/,d a2 d
i) =y R, .
dr (y d ) Vel TV

so that equation (2.21) becomes

d d d d d
— (W FE,)) — — "—F. — (" FE,» ——F=0
dx(y v) da:(ydavy)+dx(y ) dx ’

or equivalently,

d |, d
—_— F /——F 1" —|— I/E " — F = O
dx {y( v dx y) ¥ oy ]

Integrating the above equation with respect to x leads to another first integral

of the Euler—Poisson equation
/ d "
Yy (Fy/ — @Fy//> —+ Yy Fy// — F = H, (222)

where H is a constant.

Variational problems with free boundary conditions

Up to this point, we have assumed that the extremal y(z) satisfies the bound-
ary conditions y(z,) = ¥a, and y(z,) = yp. However, a variational problem
may be complicated when the value of y(x) is not prescribed at one or both
endpoints as illustrated in Fig. 2.3. In these cases, the difference between
y(x) and the varied g(x) = y(x) +en(x), as well as their derivatives need not
vanish at the endpoint where the condition is missing. Consequently, we are
unable to use the assumptions from the definition of #, given by (2.13), to

derive an unconstrained Euler—Poisson equation. A more careful derivation
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Figure 2.3: Representation of a variational problem with natural boundary con-

ditions on y.

is required to determine the missing conditions, which are termed natural
boundary conditions.

We consider the functional J of the form (2.12), and assume that .J has an
extremum in U = C*[z,,xp] at y. In this problem, no boundary conditions
are imposed on the extremal y. Similarly, the varied functions § € U are

then written as
y(z) = y(z) + en(x),

and accordingly, n is not required to vanish at the endpoints, that is n € U.

We now follow the same steps as in the previous problem and proceed to

Th

, d
§Jy,n| = [n Fyr—n (aFy" - Fyﬂ

Th d d2 -
—+ /{Ea n |:Fy — aFy/ —|— @Fy//] d[[‘ = 0

This equation must be satisfied for all n € U, including the functions n that
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also satisfy the conditions (2.13). Therefore, the previous problem may be

considered as a degenerate case which has led to a condition given by

d d?
Fy — aFy/ —|— @Fyﬁ - 0

However, since we account for all of n € U, this condition is augmented by

d o
()

which, if assuming all endpoints are independent, leads to the following four

d d

which are known as the natural boundary conditions. We comment that if

conditions

F//

Y

=0,

=0, Fy

Ta

Ta Th

the boundary conditions are prescribed at one endpoint, then the natural
boundary conditions at that endpoint are not needed. For example, if the

extremal y(x) € S where

S={y € Cza,xp] 1 y(za) = va, and y'(za) =y},

then the natural boundary conditions at x, are not needed, but those at xy,

are still used.

Variational problems with variable endpoints

In the previous section, we considered variational problems where the bound-
ary conditions for the y—coordinates are not prescribed. We now consider
more general variational problems where both the endpoints of the z— and
y—coordinates are determined as part of the solution. Representative plots
for a variational problem with free endpoints are shown in Fig. 2.4.

We consider the functional J : U — R of the form

= [ " Faay(e). @), (2)) de
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Figure 2.4: Representation of a variational problem with natural boundary con-

ditions on both x and y.

and assume that J has an extremum in U = C*[z,, 1] at y. For both the
independent and the dependent variables, we introduce the varied functions

2 and g such that
T=x+¢ey, and y=y+en.
Recall that the definition of the first variation of J is given by

oy =ty (17 T ). (2.23)

In this problem, the integration limit for the functional J[g] may be variable,

that is

Ty Thrt+EXD
T[] = / Fla,g,d, ") dr = / P(a,§,7,7") d

a+€Xa

Then we consider the term J[g] — J[y], which can be written as

Th+EXD Th
I = Tl = / Fle,§,7, ") de — / Fla,y,yy") d,

a+€Xa
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or, equivalently, can be split into three integrals as
Jgl = Jyl =L + I, — I,
with
Tp
L= [ (F@5.d.7) ~ Flo.y.y)ds.

Th+eXb
IZ - / F(x7g7g/7g//) dl’,

Th

Ta+EXDb
L= [ P ) do.

Taylor’s theorem is applied on the first integral as before to deduce that

, d e d d2
]1 =& { |:T] Fy// -0 (aFyu — Fy/>:| +/ n |:Fy — aFy/ + @Fyu} dl’} s

Ta

and since ¢ is small, the second and third integrals are then respectively

reduced to

]2 = €XbF($, Y, y/7 y//>‘1b’ and [3 = €X3F<I', Y, yIJ y//)

Ta'

Hence, on substitution of these quantities into (2.23), the first variation of J

may be written as

’ d b Zb d d2
5J[y7 7]] = |:77 Fy” -7 (@Fy// - Fy/):| + / n |:Fy — aFy/ + @Fy// dx

Ta

+ o F (@, y.9, 9], — xaF (9.9 9")], - (2.24)

Furthermore, the variation at the endpoint (z,,y.) must satisfy the compat-

ibility condition, that is

Ya = y(ja> = y(xa + 5Xa) + 577(3321 + 5Xa> = Ya + ENa,

and Taylor’s theorem may also be applied to obtain

Y(Ta) = y(za + exa) + en(@a + eXa) = Y(Ta) + exa ¥ () + en(za).
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The two previous expressions may be equated to write n(x,) as

77(%) = na - Xa y/<xa>‘

Similar steps are then taken to obtain

We now use these expressions for the endpoints of  and 1’ in (2.24) to derive

Th

d d
0J = { |:Fy/ — aFyu] 5y —+ Fynéy/ + |:F — y/ (Fy/ — aFyn) + y//Fy//:| 556}

b d d? '
+/;a |:Fy_%Fy'+wa”:|5ydxﬂ
where
0x(w:) = xir  Oy(w) =m, Oy (w) = ni.
while i represents a or b. Considering the Hamiltonian formulation of me-

chanics, an even more concise formula may be written for the variation of J.

First, the canonical coordinate transformations are made such that

d
P = Fy/ — a Fy//’ Q = _F|y//7 (225)

where P and () denote the coordinates in the phase space. Then the Hamil-
tonian function corresponding to the functional J is written in terms of P

and @ as
H(P,Q)=Py +Qy" —F. (2.26)

Finally, the definitions of P, ), and H are used to write the simplified

expression of 9.J as

d d?
%Fy/ —I— —Fy// 5y d%, (227)

o
(SJ:[P(Sy—l—Q(Sy’_H(Sx]x:—I—/% [Fy— 702
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where the second order Euler—Poisson equation with variable boundary is

given by

d d?
Fy— o= Fy+ 55 By =0,

and the natural boundary condition
[P oy +Qdy — Hox|;” = 0.

We recall from our discussion on first integrals that when the integrand F
has no explicit dependence on y, then P is a conserved quantity as shown
by (2.16). Similarly, H is a conserved quantity if the integrand F' does not
depend on x, as shown by (2.22).

Variational problems with two dependent variables

To this point, we have considered only a functional of the form

= [ " Py @),y (2)) do

where the integrand F' depends on a single dependent variable, y(z) and its
derivatives. The work is now extended to account for variational problems
that depend on one independent variable and two dependent variables. We

consider a functional J of the form

J[z,y] =/tbF(tw(?ﬁ%y(t)yf'ﬂ(t)yy(t)@’(t),@(t))dt, (2.28)

whose extremal is given in a parametric form (x(t), y(t)) that depends on the

independent variable ¢ and satisfies the prescribed boundary conditions

(ty) = T, I(ta) = Ta,  Y(ta) = Ya, Y(ta) = Ya,

o(ty) = oy, (ty) = Tp,  Y(tb) = Yo, Y(tb) = Vb.
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We now introduce a pair of varied functions each corresponding to one

dependent variable, namely

B(t) = x(t) +ex(t), yt) = y(t) +en(t),

where y and 7 are arbitrary functions that vanish at the endpoints, that is

X(ta) = n(ta) = X(ta> = ﬁ(ta) = X(tb> = n(tb) = X(tb> = h(tb) =0. (2'29>

The definition of the first variation of the functional J with two dependent

variables is then given by

e—0 €

otz ool =ty (18,31 = Sl

Taylor’s theorem is now employed as before to obtain

+e [xe X X E 0 Fy - 0Ey + nFy] +O(%).
Thus, the first variation for the functional J is derived as
138
ta

and a necessary condition for J to have an extremum at (x(t), y(t)) requires
that 0J[z,y, x,n] = 0, for each dependent variable. For the first dependent

variable z, the condition is reduced to

tp
/ [XF, + XFs + 3| dt = 0,
ta

and we integrate by parts twice as before while applying the boundary con-

ditions (2.29) to derive

d d2
F,— —F;+

—_F;=0.
et ae
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Similar derivations are also used for the second dependent variable y, which
yield
d d?

Fy— = Fy+ 35F=0.

Therefore, we may conclude that the Euler—Poisson equation of a functional

J with two dependent variables x and y is given by the pair of equations

d 4 d a2
Foe SF+ S F—0, and F,—<F,+-—F,—0. 2.30
@t e and Iy =gt qpti (2.30)

It is worth noting that the generalisation of the theory to the case of n depen-
dent variables extends the Euler—Poisson equation to a series of differential
equations each corresponding to a single dependent variable.

Also, we consider the case when the functional (2.28) involves natural
boundary conditions or variable endpoints. It has been shown that the Euler—
Poisson equation is given a pair of equations due to the presence of two
dependent variables x and y. Similarly, the canonical coordinates given by
(2.25) are now redefined as

d

P,=Fy— —F;, Q,=F;, 2.31
d

and the corresponding Hamiltonian function is then given by

H(Pyy,Quy) =P+ Pyy+ Qu 3+ Qyi— F. (2.33)

Then we may write the equivalent standard equation for the variation of J

as

8.J = [Py 6z + P, 6y + Qu 0i + Q, 6 — H 1]

tp d d2 d d2
+/ta KF dF+dt2 )6m+( EF 1 )6y}d

(2.34)
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where the second order Euler—Poisson equation with variable boundary is
given by
d d? d d?

Fx——Fx—i— szo, and Fy——F'

— —F; =0.
dt de? dt it de2™? 0

with the natural boundary condition
[P, 0 + P, 0y + Qu 62 + Qy 0y — H 6t]," = 0.

It follows that if the integrand F' has no explicit dependence on ¢, x, or ¥, then
the corresponding quantity H, P, or P, is a constant conserved quantity and

a first integral of the Euler—Poisson equation.

2.1.3 Elliptic integrals

Elliptic integrals and functions have several direct applications in mathe-
matical physics. Many physical and geometrical problems are described by
nonlinear differential equations such as those given by (2.15)—(2.30), whose
solutions may be expressed by elliptic integrals. In particular, determining
the equilibrium configurations of some elastic problems can be solved ex-
plicitly in terms of elliptic integrals. The use of elliptic integrals to tackle
problems in elasticity goes back at least as far as Stern [63]. Considering the
main focus of this work is determining graphene configurations based on the
elasticity of graphene and other factors, a brief overview of the characteristics
of elliptic integrals is now presented.

Consider an integral of the form

/R (t, \/W> dt, (2.35)

where R is a rational function, and 7' is a polynomial. If T is a linear
or a quadratic polynomial, then the integral (2.35) may be evaluated us-

ing standard integration techniques which yield explicit solutions in terms
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of trigonometric, exponential or logarithmic functions. If 7" is a polynomial
of higher degree, then evaluating the integral (2.35) is mathematically in-
tractable. However, when T' is a polynomial of the third or fourth degree,
the integral (2.35) may be rewritten in terms of one of the following three

fundamental integrals

[(1=#) (1— k)] e,

\o\,\

—12%) /(1 -] at,

II(r,m, k)

L+me?) " [(1=8) (1= #20)] Y ar,

which are referred to as incomplete elliptic integrals of the first, second, and
third kind, respectively. The parameter 7 is called the amplitude, which
ranges between 0 and 1. The parameter k is called the elliptic modulus,
which generally takes values 0 < k < 1 in many physical problems. The
parameter m, appearing in II(7,m, k), is called the characteristic, which is
a real number that takes values —oo < m < oo. These elliptic integrals are
written above in Jacobi’s notation, but they can be converted to Legendre’s

notation using the substitution ¢ = sin 6, which yields
¢ ) —-1/2
F(¢p,k) :/ (1 —k*sin®6)" '"dé, (2.36)
0
¢ 2 .. 9 1/2
E(¢,k) :/ (1—k*sin®g) '~ d6, (2.37)
0
¢ -1 —1/2
(¢, m, k) = / (1+msin®0) (1 —k*sin®6) '~ db,
0

where the amplitude in this notation is ¢ € (0,7/2). Legendre’s notation of
the elliptic integrals of the first kind F(¢, k), and the second kind E(¢, k),
is extensively used in this work, and thus it is important to mention some

special cases where the amplitude ¢ lies beyond the above-mentioned range.
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Case 1. If ¢ = 0, then trivially we have
F(0,k)=0, E0,k)=0.

Case 2. If ¢ = m/2, these integrals are then called complete elliptic
integrals of the first and second kind, and are denoted by

K(k) = F(r/2,k) = /0 v (1 —k*sin20)/*dg, (2.38)

E(k) = E(n/2,k) = /Om (1—k*sin26)"?df. (2.39)

Case 3. If ¢ < 0, then we may exploit the fact that the incomplete
elliptic functions of the first and second kind are odd functions of ¢ and use

the following relationships
Case 4. If the amplitude ¢ exceeds 7/2, then the integral can be written

in terms of complete elliptic integrals plus incomplete elliptic integrals, using

the following formulae,
F(nm+ ¢,k) =2nK(k) £ F(¢,k), E(nm+¢,k)=2nE(k)+ E(¢,k).

where n is an integer.

When the elliptic modulus £ = 0 or k£ = 1, the integrals are simply eval-
uated using standard integration techniques. Detailed information about
elliptic integrals and their relationships with other special functions such
as hypergeometric functions are covered in detail in Ref. [64, 65, 66, 67].
Finally, we comment that symbolic computational programs, such as MAT-
LAB, Maple, and Mathematica, often subtly differ in dealing with elliptic
integrals. Each software package uses different conventions for the argu-
ments of the elliptic integrals ¢ and k. Table 2.1 summarises the different
representations of the elliptic integrals in each package, where the MATLAB

representation is used throughout this work.
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2.1.4 Cardano’s method

In this subsection, we introduce a useful method for solving a cubic equation
known as Cardano’s method. This method is named after Gerolamo Cardano,
a 16" century Italian mathematician whose book contains the solution to the

cubic equation [68]. Suppose we wish to solve an equation of the form
as ts + as t2 +CL1t+CLO = O, (241)

where t is an arbitrary variable and a; € R are constant for ¢ = 0,...,3, and
az # 0. We now follow Cardano’s method to find the roots of (2.41). First,
we eliminate the square term by using the substitution ¢ = w — (as/3a3)

which reduces (2.41) to
w? +pw+q=0, (2.42)
where

3aza; — a3 2a3 —9azasa;  ag
p="5—2, q= 3 —.
3aj (3&3) as

(2.43)
We now substitute w = wy + wq into (2.42) which leads to
Wi +wi + (w1 +ws) Bwiwy +p) +¢q=0.

Table 2.1: Elliptic integrals representations used in different symbolic computa-

tional programs.

Expression MATLAB Maple Mathematica

(2.36) ellipticF (¢, k?

(2.37) ellipticE(¢, k?) EllipticE(sin ¢, k) EllipticE[¢
(2.38) ellipticK (k%) EllipticK (k) EllipticK[%?]
(2.39) ellipticE(k?) EllipticE(k) EllipticE[£?]

) EllipticF(sin ¢, k) EllipticF[¢, k?]
, k?]
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If we let 3wy wy + p = 0, we may obtain the following system of equations
3
wf —l—wg = —q, wi’wg’ = - <£> .

The above system of equations presents the sum and the product of w? and

ws which means there is a quadratic equation of the form
3
0+ qw— (—) —0, (2.44)

whose roots are w} and w; given by

s_ 4. J¢ v s a_ @ PP
i R T 1 tor

We note that there are three cubic roots of w; and ws. The type of these
roots depends now on the sign of the discriminant D = —27¢% — 4p3. If
D > 0, then the roots are complex. If D = 0, then the roots are real with a
multiplicity root. If D < 0, then the roots are distinct, with one being real
and the other two being complex conjugates. Recall that the solutions of

(2.42) we seek are of the form w = wy + wsy. These solutions must also satisfy

our assumption w; we = —p/3, and therefore the solutions are either written
as
w=w - 2 or w=wy— 2
! 3 w1 ’ 2 3 %)

For instance, if we express our solutions in terms of w; where the discriminant

D < 0, then the three solutions of (2.42) are written in the form

w=wm s
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for each cubic root of wy, which are in this case

1/3

2 3
wy = LY . : (2.45)

2 4 27

- ~1/3
—1+¢\/§>
=TT T ’

w

+

NS
M
\]

N[
+

w

+
3

IS
_l’_
NS

2

- ~11/3
—1—¢\/§> /
w=|——] |- .

2.2 Modelling approach

2.2.1 Lennard-Jones potential

As discussed in Section 1.3, the vdW interactions between graphene layers or
between graphene layers and the substrate play a significant role in the for-
mation of graphene ripples, folds, and wrinkles. The vdW interaction arises
from a combination of the attractive and the repulsive forces between two
atoms or molecules. The non-bonded interaction energy may be calculated
directly using a discrete atom—atom formulation by adding the interaction

energy between each atom pair, namely

V, = Z Z D (o), (2.46)

where ®(p;;) denotes the potential function for each atom pair i and j sep-
arated by a distance g;;. When calculating interaction energy for molecules
with large number of atoms, this discrete approach is often not convenient
due to its computational cost. An alternative approach is to employ a contin-
uum approximation that assumes a uniform distribution of the atoms over an
identical surface representing the lattice. In the continuum approximation,

the summation is replaced by integrals over the surface area of the lattice,
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Su, Sy. Thus, equation (2.46) may be rewritten as

VC:DuDv/ / ®(0)dS, dS, , (2.47)
Su v Sy

where D, and D, represent the mean surface density of atoms on the molecule
u, and the molecule v, respectively, while o denotes the distance between the
two typical surface elements dS, and dS, on each molecule. We comment
that the vdW interaction has been modelled with a number of empirical
potential functions, including the LJ potential and Morse potential [69, 70].
In this work, the 6-12 LJ potential is used to model the vdW interaction.
For the interaction energy between a pair of non-bonded atoms separated by

a distance p, the 6-12 LJ potential is given by two equivalent expressions

- () ()] 5

where ¢ and o are known as the LJ potential parameters, which are empir-
ically determined, while A = 4£0°, and B = 4£0'? are positive constants
of the attraction and repulsion, respectively. Fig. 2.5 shows how the LJ
potential is characterised by the parameters £ and o. The values of these
parameters, where they exist in the literature, usually correspond to interac-
tions between identical chemical species. For interactions between different
chemical species u and v, values for these parameters may be calculated using
the empirical mixing rules,

guv =V gugva Ouy = T ;— i . (248)

The continuum approximation and the 6-12 LJ potential have been em-
ployed by Baowan et al. [71, Ch. 3], to derive analytical expressions for

the vdW interaction energy between different molecules or nanostructures.
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Distance p

Interaction energy (eV)
Q

Figure 2.5: The LJ potential illustrating the energy well-depth £, and the vdW

diameter o.

Their modelling approach represents the interacting molecules by standard
geometrical shapes, such as points, lines, planes, or even blocks, under the as-
sumption of constant atomic density. Throughout this thesis, we follow their
methods, and accordingly, the graphene—graphene and graphene—substrate
vdW interaction energies are modelled as plane—plane and plane-volume in-

teractions, respectively as represented by Fig. 2.6.

Graphene—Graphene interactions

As a part of modelling graphene configurations in this work, we need to
account for the interactions between graphene sheets, which can be described
as the interaction between two planes. An analytical formula for this kind
of interaction has been derived employing the LJ potential along with the
continuum approximation [71]. In this work, the formula is exploited to

model the interaction energy between a pair of graphene sheets separated by
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(a) (b)

Figure 2.6: The interaction of: (a) two planes at a distance ¢, and (b) plane

with volume of a height hy at a distance @.

a distance ¢ as

(2.49)

T A B
€gg(0) = Dg {_ =5 —gg} )

24 510
where D, denotes the surface density of carbon atoms on a sheet of graphene,
while Ay, and B, are the graphene-graphene attractive and repulsive con-

stants, respectively.

Graphene—Substrate interactions

Another type of interaction that needs to be taken into account in the mod-
elling is the interaction between a plane and a volume. Such interactions are
invoked in this work when modelling configurations of supported graphene.
We now derive an analytical expression for the interaction energy between
a graphene sheet and a three-dimensional substrate. After some rearrange-
ment of (2.49), we find that the interaction energy between two planes, P;

and Py, is
i WAP1772 7TB731732
2(104 5(1010

6771772(90) = DP1D732 (25())
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To involve the whole volume of the substrate in accounting for the interaction
energy, we may proceed with a further integration on (2.50) to derive an

expression for the interaction between a plane P and a volume V as

> T Apy Bpy ]
€ = DpD / {— + dhy ,
() pLy ; 20+ hv)4 5 (0 + hy)lo y

where the plane density Dp is replaced by the volume density D,,. Therefore,

the interaction energy between a graphene sheet and a three-dimensional

substrate separated by ¢, is modelled as

TAgs ﬂBgs} (2.51)

6gs(¢) - DgDs [_ 6@3 45()59
where Dy denotes the volume density of the chemical species of the sub-
strate, while Ay and Bgs denote the graphene-substrate attractive and re-

pulsive constants, respectively. In this case, the parameters Ay and B, are

determined using the empirical mixing rules given by (2.48).

2.2.2 Dominant energies

As discussed earlier, there are several approaches for modelling the configura-
tions of graphene such as small-deformation theory [56] , finite-deformation
theory [2], and the variational approach [3]. This thesis utilise the vari-
ational approach to model different configurations of graphene dominated
by the elastic energy and the vdW energy. Therefore, we adopt the same
considerations here to model these dominant energies. The variational ap-
proach assumes that any graphene configuration results from a competition
between two dominant energies, which are the vdW interaction energy E\,
and the elastic bending energy F,. A translational symmetry in the graphene
structure is also assumed, which facilitates the modelling by considering 2D

problems. Consequently, constants for the strength of the vdW interaction
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energy are considered as energy per unit length rather than energy per unit
area. The total energy of the system is then written as the sum of E, and

E., namely

Etot = EV + Eea (252>

where these energies are expressed by line integrals, and the details about
how they are modelled throughout this work are given in the remainder of

this subsection.

Van der Waals interaction energy

The vdW interaction energy is assumed to be the dominant energy when-
ever the graphene sheet becomes parallel to another graphene sheet or to the
substrate when it is supported. In this work, we disregard the vdW inter-
action energy in the graphene bended region as an approximation that we
make in the modelling. Precisely, if we model a configuration represented by
a curve C' that comprises parallel regions C), and bended regions Cj. The

vdW interaction energy is then modelled as

By = —e /C u(z) ds, (2.53)

where € denotes the vdW interaction energy per unit length, and u(z) is a
Heaviside unit step function, given by

1, in C,,
ulz) = !

0, in Cb.
The graphene-graphene vdW interaction energy €4, and the graphene-substrate
vdW interaction energy e, are modelled using the LJ potential described in

the previous subsection.
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Elastic bending energy

The elastic bending energy is assumed to be proportional to the square of
the curvature. We note that the curvature vanishes in the parallel regions
of the curve €', and hence the elastic bending energy only originates in the
bended regions of C'. Thus, we model the elastic energy F, mathematically
with
E, = 7/ k* ds, (2.54)
c

where ~ is the bending rigidity of graphene, s is the arc length, and & is the

curvature of C' given by

0, in Cp,

1+ y2)3/2 in Gy,

where primes denote derivatives with respect to . We note that the curva-
ture k may take forms as shown earlier in Section 2.1.1. Recall from Table 1.1
that the bending rigidity of single-layer graphene ranges from 0.83-1.61eV
[15]. Whenever confusion can be avoided, we adopt a linear sample from that
range for - in the analysis, namely v = {0.8,1.0,1.2,1.4,1.6} eV, for com-
parison purposes. In the next chapter, we utilise the calculus of variations,
described in Section 2.1.2, to construct a variational model for a rippled

graphene sheet.
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2.3 Nomenclature

Symbol  Description

O the derivative of [ with respect to t

O the derivative of [ with respect to x

0 the angle made by the tangent vector with the horizontal axis
K the line curvature

S the arc length of a curve

R the radius of the curvature

r(t) the position vector of points on a curve parametrised by ¢

L, Oy endpoints of the interval for the variable [
J a functional mapping a set of functions to real numbers

U, S, H sets of functions defined on a particular vector space

a e-neighbourhood variation of the function [J

7, X arbitrary differentiable functions

) the variation of a functional or variable

F the integrand part of a functional

Fn the partial derivative of F' with respect to the variable [
P.Q the canonical coordinate transformations

H(P,Q) the Hamiltonian function

R/T rational /polynomial functions

F/K the incomplete/complete elliptic integrals of the first kind
E/l the elliptic integrals of the second/third kind

o/k the amplitude/elliptic modulus of elliptic integrals

w a substitution used to write an equation as a cubic equation
D the discriminant of a cubic equation

Vayse discrete/continuous formulation for the interaction energy
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Dp
®(0i)
0ij

/o
A/B
P,V, hy
€eg ()
Agg /Beg

€gs(P)
AgS/Bgs

Cp/ Ch

the mean surface or volume density of atoms on the molecule [J
the LJ potential function for two unbounded atoms

the distance between two unbounded atoms ¢ and j

the energy well depth/vdW diameter

positive constants of the attraction/repulsion

plane, volume, height of volume

the graphene-graphene vdW interaction strength at a distance ¢
positive constants of the graphene—graphene attraction/repulsion
the graphene-substrate vdW interaction strength at a distance ¢
positive constants of the graphene—substrate attraction/repulsion
the total energy of the conformation

the graphene elastic energy

the vdW interaction energy

a Heaviside unit step function

the vdW interaction strength per unit length

the parallel/bended regions of the curve C'

the bending rigidity of graphene
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Chapter 3

Single—layer graphene ripples

3.1 Introduction

Graphene is ideally thought of as a flat sheet composed of carbon atoms.
However, out—of-plane deformations have been observed in CVD-produced
graphene, as discussed in Section 1.3. One commonly observed out—of-plane
deformation is the ripple, a bump with low-aspect ratio, so that the graphene
sheet is close to but not perfectly flat. Ripples are observed in both supported
graphene on a substrate [39], and suspended graphene [72]. These ripples
often occur at the edges of the graphene or close to defect sites. The pattern
of ripples in graphene may be affected by a variety of environmental factors,
including temperature, substrate material, and the size of the graphene sheet.

Suspended graphene remains flat with no ripples when the temperature
is close to absolute zero, but ripples begin to appear as the temperature in-
creases [73]. When graphene is grown on a substrate by CVD, the amplitude
of the ripples depends on the substrate properties, such as roughness and
interfacial vdW interactions [39]. It has also been observed that the overall

size of the graphene sheet has a significant impact on the amplitude of rip-

29
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ples, with the ripple amplitude increasing proportionally with the size of the

sheet [74].

Experimental studies of rippled graphene find that the electronic prop-
erties of graphene can be affected by the width and height of the ripples
[46, 47]. While flat graphene with a zero-gap in Fermi energies is a very
good conductor, ripples introduce a band gap to the graphene, thus making
a variable semiconductor. Gui et al. [48] report that the band gap increases
proportionally with ripple amplitude, which is the maximum distance be-
tween the graphene sheet and the substrate. They evaluate a direct band
gap at 0.93 eV, meaning that rippled graphene is a good semiconductor. Rip-
ples also alter the elasticity of the graphene, which suggests rippled graphene

as a beneficial material for elastic bio-sensing applications [75].

An important mechanical property of solid matter is Young’s modulus
which measures the ability of a material to resist elastic deformations under
lengthwise tension or compression. While planar graphene has a Young’s
modulus of 1 TPa [10], the presence of ripples or wrinkles in graphene de-
creases Young’s modulus of graphene [76, 77]. However, it has been reported
that Young’s modulus increases when ripples are suppressed with a strain
[78]; consequently, modifying the structure of graphene requires more force.
Although ripples lead to both negative and positive effects, understanding
the mechanism of ripple formation can help control their morphologies, and

hence, the material properties of the rippled graphene.

In this chapter, we develop a mathematical model for a rippled graphene
sheet utilising the calculus of variations. In the following section, a general
model of a single graphene ripple on a substrate is formulated. In Sec-
tion 3.3 the model is non-dimensionalised and the calculus of variations is

employed assuming a fixed length (isoperimetric) constraint of both the rip-
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pled graphene sheet and the substrate. In Section 3.4 we relax the isoperi-
metric constraint on the sheet length, but maintain a fixed substrate length.
The substrate length is varied in Section 3.5 and an isoperimetric constraint
is applied to only the sheet length. The solutions and associated numerical
details are provided with each case. The main results and the relationships
between the three cases considered here are described in Section 3.6. Discus-

sion and some concluding remarks are made in Section 3.7.

3.2 Model formulation

We now propose a general formulation to determine the conformation of
a rippled sheet of graphene on a substrate. The geometry of the rippled
graphene sheet is shown in Fig. 3.1. We assume a translational symmetry in
the z—direction, which reduces the problem to that of finding a curve in two
dimensions. Also, the assumed reflective symmetry about the y—axis allows
us to consider only solutions in the right half plane. The solution curve is
divided into three sections. The first section C' is the curve from the point
(0, hyip) to the point (zg,yo) where the line curvature is strictly negative.
The second section C5 is from (g, yo) to (21, dgs) Where the line curvature is
strictly positive. The third section Cj is the horizontal line from (1, dys) to
(22, dgs) where the line curvature is zero. The concatenation of these sections
is denoted by C' = C; 4+ Cy + (5. In the preceding position vectors, we use
hip to denote the ripple height, and 6, to denote the separation distance
between the substrate and the flat section of the graphene sheet.

The conformation of a rippled graphene sheet supported on a substrate
is modelled by considering two dominant energies. These energies originate

from the elastic bending deformation of the graphene sheet and the vdW
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Figure 3.1: Schematic showing the geometry of a rippled graphene sheet.
interactions between graphene and the substrate. The elastic energy FE, is

Eezv//fds,
c

where v is the bending rigidity of graphene, s is the arc length, and « is the

modelled with

line curvature of y = y(z) which is given by

;
T+

where dots denote differentiation with respect to x. For the purpose of com-
parison, a linear sample of values for v is adopted in the analysis, namely
v=40.8,1.0,1.2,1.4,1.6} eV. We model the vdW interaction energy between

the graphene and the substrate as

E, = —egs/ u(r — 1) ds,
c

where €, denotes the graphene-substrate vdW interaction energy per unit

length, and u(x — x;) is the Heaviside unit step function.
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As discussed in Section 2.2.2, the model in this study assumes that the
elastic energy dominates in the bended regions, denoted by C; and Cs, while
the vdW interaction dominates in the parallel region, denoted by C5. We
comment that the curvature, and therefore the elastic energy, vanishes in Cj.
However, discarding the vdW interaction in C; and Cs is an approximation
made in the modelling. Therefore, the total energy per unit length may be
expressed by

By — B+ By — / K2 ds — eg (23 — 1) (3.1)
C1+C2

subject to the boundary conditions

2(0) =0, y(0) = huip, 9(0) =0, y(r1) =g, @lz1) =0,  (32)

where h,i, is an input into the model to be prescribed, but the value of
21 is not prescribed and a natural boundary condition on x. This model
is now applied to consider three cases for a rippled graphene sheet located
on a substrate, taking into account the location of the ripple edge on the
substrate. As illustrated by Fig. 3.2, the transitional case addresses the case
when the ripple edge and the substrate coincide, the substrate constrained
case applies when the ripple edge overhangs the substrate, and the graphene
constrained case accounts for the case when the ripple edge does not extend
to the substrate.

As mentioned in Section 1.3, the substrate properties, such as rough-
ness and vdW interaction strength, play an important role in the formation
of graphene ripples during the CVD process. This has led to considerable
interest in the study of graphene-metal interfaces. A study based on den-
sity functional theory is reported by Giovannetti et al. [79], which classifies
metal(111) surfaces into two groups. The first group comprises those metals

known to bind weakly on graphene such as Cu(111), while the second group
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(a) (b)

Graphene Graphene

Substrate Substrate

Graphene

Substrate

Figure 3.2: Schematic showing the geometries of: (a) the transitional case, (b)

the substrate constrained case, and (c) the graphene constrained case.

comprises those metals known to bind strongly such as Ni(111). Therefore,
the Cu(111) and Ni(111) substrates are adopted into this model for analysis
and comparison purposes. Moreover, a particular value of h,i, prescribed for
each case of a rippled graphene sheet supported on a different substrate, and
the reason for adopting these particular values is explained in Section 3.4.
The prescribed ripple height, h.,, and empirical values for the separation
distance between graphene and the substrate, o4, and the vdW energy of

graphene-substrate interactions per unit length, €4, corresponding to each
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substrate are presented in Table 3.1.

3.3 The transitional case

3.3.1 Analytical solutions

The calculus of variations is now applied to determine the conformation of
a rippled graphene sheet and derive a solution for which the functional (3.1)

is minimised. We impose an isoperimetric constraint on the total arc length

/ ds = Lt0t7
C

where Ly is the total arc length of the curve C'. Moreover, it is assumed

of C', given by

that xs is fixed, but z; varies (to be determined from a natural boundary

condition). Therefore, the new functional we wish to minimise is of the form

Etot = / (*}/I{Q + /\) ds + ()\ - Egs) (:L‘Q - ml) ) (33)
C1+C2

subject to the boundary conditions (3.2), where \ is a Lagrange multiplier
corresponding to the isoperimetric constraint. We nondimensionalise (3.3)
by defining X = z/a and Y = y/a where « is a scaling factor, and therefore

J =Y"/a and y = Y, where primes denote derivatives with respect to

Table 3.1: Empirical values for dgs and €gs, with the prescribed ripple height hyip,

for each case of a rippled graphene sheet on a substrate.

Substrate  du (A) ey (€VA2) Ay (A)

Cu(111)  3.25[80] 0.02481[81]  8.00,
Ni(111)  2.10[82] 0.09133[81] 6.7y
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the nondimensional X coordinate. The substitution of the nondimensional
variables into (3.3) yields

X1 Y//2
Emt:/ [7—+>\(1+Y’2)1/2
0

¥(1+Y/2)5/2 ()édX+Oé()\—€gs) (XQ—X1>

Furthermore, the fixed energy at X5 is subtracted, and both sides are divided

by cegs. Thus, we derive the nondimensionalised energy functional as

R X1 Y//2 A
Etor = / ! s T — (1 +Y/2)1/2
0 6gsOé2 (1 + Y’2> / €gs

dX + (1 — N egs) X,

(3.4)

where Etot may be written in terms of Ei. as
Etot = Etot/aegs + (1 - )‘/egs) X2‘

For simplicity, we let o = \/7/€gs and p = \/eg in (3.4) so that

X1
Etot = /
0

which represents a variational problem containing second-order derivatives

Yl/2
(1 + Y’2)5/2

1/2

+u(14+Y?)"7 ] dX + (1 — p)Xy, (3.5)

with a natural boundary condition that applies at X = Xj.
To simplify the following calculations, F' is used to denote the integrand
of (3.5), that is

YIIQ

1/2
(1 + Y’2)5/2 )

FY'\Y") = +u(l+Y7?) (3.6)

As summarised in Section 2.1.2, extremals of a functional of this kind are

given by the Euler—Poisson equation

A-Lr s R, g (3.7)
YT Y T T ‘

where F' is assumed to have continuous partial derivatives of the third order

with respect to all of its arguments. Since equation (3.6) does not depend on
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Y explicitly, then on integrating (3.7) with respect to X, we obtain the first
integral
d

FY/ - ﬁFY” = /87 (38)

where [ is a constant. Furthermore, the integrand has no explicit dependence
on X; this provides an additional first integral

d
F/——F 17 YI F //Y”—F:H
<Y X Y) + I'y )

from which we may replace the terms in the parentheses by the constant [

from the first integral (3.8) to write the Hamiltonian energy function H as
BY' + FynY" — F = H, (3.9)

where H is also a constant. Due to the presence of a natural boundary
condition, we also consider the first variation of Etot, which is equivalent to
that given by (2.27) except that the present problem contains an additional
term. Taking the variation of the additional term into account, the standard

equation for the first variation of Etot is given by

0By = [POY +Q06Y' — H 0X]y_x,

x d d?
Fr — —Fy+ ——Fyr | 0YdX + (1 — X|x=
# [ (B g e ) OV X+ (1= X o,

where

d
P =Fy — ﬁFy//, Q=Fyr, and H(P,Q)=PY'+QY" - F.

The natural boundary condition, which applies when the X-coordinate at
the end point X = X is not prescribed, requires H = (1 — u). Therefore,
by combining (3.8) and (3.9), we obtain

BY’ + Fy//Y” — F = (1 — u).
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After the substitution of (3.6), we may derive

o Y’//Q _ (1 _ :U') _ ﬂY’/

a+vey M Ty

1/2
1—pu)—BY’

k== u+—( 2 152 ,
(1—}-Y’2)/

which gives the nondimensional curvature & in terms of the first derivative

or equivalently

of Y. In order to obtain the parametric solutions, we make the substitution

of Y’ = tan 6, which yields
f=4[u+ (1—p)cosd — Bsin6]'/?.
The above expression may be written as follows
=4 {u+ (1 — p)sect [costp cos — costp sin O] }/?

where the new parameter 1 is defined such that

B

1—p

This leads to the succinct formula

and siny =

cos Y =

=+ (1 — p)secyy cos(y + 0)]2. (3.10)

Upon using the fact that
dé dé

k =cost) — =sinf —,

dX dY

two first order differential equations are derived, namely

ax N cos
@ - O

[,U, + (1 M) sec¢COS(¢ + )] (3 11)
dY _ j: SiIl(g '

A0 T (1 ) sechcos(v + )]
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To facilitate further integration, we change the parametric variable of our
equations from 6 to ¢ such that 6 = 2¢ — 1; thus, equation (3.11) takes the

following forms

dX _ . 2 (cos 1 cos 2¢ + sin 1 sin 2¢)

do _(,u+(1—u)sec¢)—2(1—,u)sec¢sin2gz5)l/2_ ’ (3.12)
dy _ . 2 (cos 1) sin 2¢ — sin ) cos 2¢)

de _(,u+(1—u)sec1p—2(1—,u)secz/JsiHZng)l/g_ ’

and so general solutions are obtained by integrating (3.12). This yields
<X@):an4F%w(Eij—BF@JM—ﬁmw(L—W$ﬁ¢fpy

'Y@)ZCQ¢A[gn¢u%@ky—BF@@@)+C%¢41—k%mﬁ¢f”y
with the parameters
2p+ (1—p)sccy)'? o p
(I—p)secyp 7 pr+ (1= p)secep’
k::( 2(1 — p) sect )1/2
it (—psecy)
where F (¢, k) and E(¢, k) represent incomplete elliptic integrals of the first

A:

and second kind, respectively, with elliptic modulus k, and ¢, co being arbi-
trary constants of integration.
We now define two functions which play a significant role in determining

our parametric solutions, namely
g1(p) = A (1 — k?*sin? ¢)1/2,
92(¢) = A[(E(¢, k) — E(¢o, k) — B(F(¢,k) — F(do, k))] .

The line curvature changes sign at ¢y = sin~*(1/k) corresponding to (Xo, Yp)

(3.13)

which is the boundary point between the two curves C; and C5, which has

coordinates

Xo = [sin v g1(¢/2) — cos ¢ ga(¥/2)],

. (3.14)
Yo = 1 fsin ) go(/2) + cos ¥ 1 (6/2).
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Moreover, the solutions are shown to have a rotational symmetry about this
critical point (Xo,Yy) where ¢ varies over the range [1)/2,¢o]. Thus, the
nondimensional parametric solutions of C; and C5 may be written in terms

of Xy and Yy as

X01/02(¢) = XO + [COS¢Q2(¢) - Sinz/zgl(qﬁ)} )
Yo, /0, (0) = Yo % [sine) ga() + cos 1 g1(9)] -

Now, using the boundary condition Y, (¢/2) = 4/, we may obtain

5gs - hrip

2 [sin v g2(10/2) 4 cos v g1 (¢ /2)] .

Hence, the second equation in (3.14) may be written as

o hrip + 5gs

Y
0 2x

which introduces the Y component of the critical point as the midpoint of the
ripple amplitude and the flat section of the graphene sheet. It is also noted

that x+ = aX and y = aY, so multiplying these solutions by the scaling
factor a = \/7y/€gs recovers the dimensional solutions.

3.3.2 Numerical results

We are left with two parameters to determine, namely ¢ and p. Their values

are found by solving the following system of equations numerically

Yeu(6/2) = 6, and / ds = Ly,
C

where g4 takes a specific empirically determined value for each substrate as
given in Table 3.1, and L is the assumed fixed arc length of C. After finding
the unknowns ¢ and p, the solution is fully determined and representative

plots are shown in Fig. 3.3.
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Figure 3.3: Rippled graphene sheet located on: (a) Cu(111) substrate and (b)
Ni(111) substrate for various values of 7, in the transitional case. The substrate

surface is set to be at the horizontal axis.

At this point, we can obtain an expression for the total half arc length of
the ripple L., by integrating ds over the curve C; + Cs,

um=¢W;{/mm+u—unmwmu¢+m*ﬂw

)

—/%m+a—unwwwww+m*”w}

01
Again, using the substitution 8 = 2¢ — 1) we deduce that

2 %o . —1/2 v/ . ~1/2 }
Lyip = =1/ 7/ €qs 1 — k%sin? d¢ — 1 — k%sin® do |,
P v/ € [/w ( sin” ¢) ) ( sin” ¢) )

/2 %0

where p = \/p+ (1 — p)sectp. Hence, the total half arc length of the ripple
is given by

Lin = 2 /ew[Plon. k) = F(w/2.)] (3.15)

The elastic energy may also be calculated by integrating the square of the

line curvature over the total length of C'; + C5, as follows
o %/2

E. = Qp\/ngs{/w (1 — K sin?¢)"* dg —

(1—k2sin2¢)1/2d¢],
/2 )
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and therefore, the elastic energy is

Ee = 4p\/7€gs [E(¢o, k) — E(/2, k)] .

Hence, the total energy per unit length for this model is

Erot = 4p\/Teg |E(¢0, k) — E(10/2, k)] — egs (12 — 11) . (3.16)

Numerical values for the z—component of the critical point (zo,yo) and the
total half arc length of the ripple L,;, are presented in Table 3.2, for a range
of values of the bending rigidity . The vdW interaction e, takes a specific

empirically derived value for each substrate as given in Table 3.1.

3.4 The substrate constrained case

3.4.1 Analytical solutions

The particular case, shown in Fig. 3.2(b), is now considered, which involves

removing the assumed isoperimetric constraint on the total arc length of

Table 3.2: The z—component of the critical point and the ripple half arc length

L., for various bending rigidities +, in the transitional case.

v (eV) Cu(111) substrate Ni(111) substrate

vo(A)  Lip(A)  20(A)  Lup (A)

0.8 8.42 30.86 4.36 16.17
1.0 9.80 32.29 5.10 16.92
1.2 10.84 33.52 5.65 17.57
1.4 11.71 34.61 6.11 18.14
1.6 12.45 35.99 6.50 18.65
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C to allow graphene to overhang the substrate. Therefore, we discard the
variation of xo and substitute A = 0, and o = \/7/€gs into (3.4) to obtain

the functional that we wish to minimise, that is

N X1 72
Etot - A m dX + Xl- (317)

This expression is identical to (3.5) with g = 0, and so, by the same reasoning

as in Section 3.3, we obtain
N 1/2
R(0) = +[sect) cos(vp +6)] /7.

Using the substitution 8 = 2¢ — 1, we utilise the solutions from Section 3.3,

but redefine some of our parameters so that we now have
A=2(sect))”*, B=0, k=2

The line curvature #(¢) changes sign at the point (X, Yy) corresponding to
¢o. We may deduce that ¢g = 7/4, by solving k(¢g) = 0, for ¢¢. The point
(X0, Yo) has similar coordinates to that in (3.14), and taking the redefined

parameters into account, these coordinates are
Xo = [sine) g1(¢/2) — cos v g2(/2)],
hri .
Yo = ap — [sine) g2(¢0/2) + cosyp g1 (1/2)] .

Similarly, with the rotational symmetry of the solutions about the point

(Xo,Y0), and the variation of ¢ over [1)/2,7/4], the curves C; and Cy can

still be written as
XC1/CQ(¢) = XU + [Cosw92(¢> - Sinwgl(¢)] )
YC1/C’2<¢) = Yb + [Sln@/’gz(ﬁb) + COS’QDgl(Qb)] :

Using the same derivation as in Section 3.3, the Y—component of the critical
point in this case may be written as

o hrip + 5gs

Y
0 2¢
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As before, multiplying the solutions above by the scaling factor o = /7y/é€gs

recovers the dimensional solutions for the curves C; and Cs.

3.4.2 Numerical results

In this particular case, there is only one parameter to be determined, namely
1. The value of v is determined numerically using the boundary condition
Yo, (1/2) = 6g. After computing ¢, the solution is fully determined and
representative plots are shown in Fig. 3.4. We comment here that the side
of the ripple for v = 0.8 in the neighbourhood of the critical point becomes
vertical when the ripple amplitude Ay, ~ 8.0y for the Cu(111) substrate,
and hyip A 6.7 0gs for the Ni(111) substrate while d,5 takes a specific empirical
value for each substrate as presented in Table 3.1. Increasing the ripple
height causes the graphene sheet to start bending over itself, which is the
transition point from the rippled state to the wrinkled state. Furthermore,
higher bending rigidities require higher ripple amplitudes for the side of the
ripple to become vertical. However, we adopt a particular value of h,, for
each substrate material in all plots to enable comparison between various
values of the bending rigidity ~.

The total half arc length of the ripple L., and the total energy FEi. for
this case can be calculated from (3.15) and (3.16), respectively, with the new
parameters u = 0 and ¢y = 7/4. Thus, the total half arc length of the ripple
is given by

4 7
Lrip :; '7/€gs |:F(7T/47 k) - F(¢/2’k> )

and the total energy per unit length is given by

Bror = 4p/Tegs [B(m /4, k) — B(6/2, k)] — gy (2 — 21).

Numerical values for the z—component of the critical point (zg,yo) and the
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Figure 3.4: Rippled graphene sheet located on: (a) Cu(111) substrate and (b)
Ni(111) substrate for various values of 7, in the substrate constrained case. The

substrate surface is set to be at the horizontal axis.

total half arc length of the ripple are shown in Table 3.3, for a range of values
for the bending rigidity 7. Again the vdW interaction strength ez takes a

specific empirically derived value for each substrate as given in Table 3.1.

Table 3.3: The z—component of the critical point and the ripple half arc length

L.ip for various bending rigidities «y, in the substrate constrained case.

v(eV) Cu(111) substrate Ni(111) substrate

v0(A)  Lip(A)  20(A)  Lup (A)

0.8 6.79 29.81 3.49 15.63
1.0 8.44 31.13 4.37 16.32
1.2 9.65 32.34 5.02 16.95
1.4 10.63 33.43 5.53 17.52
1.6 11.45 34.44 2.97 18.04
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3.5 The graphene constrained case

3.5.1 Analytical solutions

We now consider a second particular case being the graphene constrained
case, as shown in Fig. 3.2(c). In addition to the assumed isoperimetric con-
straint on the total arc length of C| the variations of x5 are also taken into
account in this case. We assume that x, varies proportionally with x, that

is

xg—ajlthOt—/ ds:Ltot—/ 1+ da.
C14C> C1+Co

In terms of the nondimensional variables, this relationship yields

Xy — X1 = Loy Jov — / (1+ 1/’2)1/2 dx. (3.18)
C1+Co

Repeating the same nondimensionalisation steps taken in Section 3.3, the

total energy per unit length for this case is

Etot = /
C14Co

which after using the relationship in (3.18) is reduced to

Etot = /
C1+C2

We now divide both sides by e, and set ov = /7 /€gs. Further, the aim is

v Y//Q

S+t - )\ 1 Y/2 1/2
o (1 +Y/2)5/2 + CY( + )

dX + Oé()\ — Egs>(X2 — X1)7

v Yl/2 1/2

2
am—’—Egsa (1+Y/) dX—I—Oé(A—GgS) (L/Q{)

to determine the shape of Y = Y (X) which minimises FEio, and here )\ has
no impact on the solution, so A = ¢, is chosen to simplify the calculation.

The final form of the energy functional to be minimised is

Etot = /
C1+C>

Y//2 1/2

W + (1 + Y’2) dX, (3.19)
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subject to the boundary conditions provided in Section 3.2. Comparing (3.19)
and (3.5), we find that ¢ = 1. In a similar way as in the previous two cases,

the use of calculus of variations then yields
7(0) = +£[1 — Bsing]"?. (3.20)

Similarly, by comparing (3.20) with the equivalent expression for the transi-
tional case (3.10), we note that (3.20) is a special case where ¢ = 7/2 and
acts in place of the term (1 — p)secy) = m as u approaches 1.
Therefore, we use the substitution § = 2¢ — 7/2 in (3.20) and consequently
redefine the parameters A, B, and k in (3.13) for this case such that

_2p _ (28 \"”
A—T, B—m, and ]{f—(—) .

The critical point (X, Yp) represents the point of the rotational symmetry
which again corresponds to ¢y = sin~*(1/k), and the coordinates of this point

are given by

hri
Xo = 91(77/4)7 Yo = ap - 92(7T/4)-

Similarly, the solutions on the curves C) and Cy where ¢ € [¢g, /4] are

Xeven(0) = XoF 91(0),  Yeu c,(0) = Yo £ g2(0).

The boundary condition Y, (7m/4) = dgs/cv, is again used to rewrite the Y-
component of the critical point as

o hrip + 5gs

Y
0 2¢

The dimensional solutions for the curves C; and Cy may be obtained by

scaling these solutions by o = /7/égs.
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Figure 3.5: Rippled graphene sheet located on: (a) Cu(111) substrate and (b)
Ni(111) substrate for various values of -, in the graphene constrained case. The

substrate surface is set to be at the horizontal axis.

3.5.2 Numerical results

In this case, we are left with only one parameter to determine, namely f.
The value of g is determined numerically using the boundary condition
Yoo (m/4) = dgs. After finding 3, the solution is fully determined and rep-
resentative plots are shown in Fig. 3.5. The total half arc length of the ripple
Ly, for this case can be evaluated from (3.15) with ¢ = 7/2 and p = /1 + 0

to give

Lan = 21/ [Fon. k) = Pla/4.0)]

Similarly, the total energy per unit length E\. for this case is obtained from

(3.16), which yields

Eiot = 4p\/Vegs | E(¢0, k) — E(m/4, k)| — €gs (w2 — 21)..

Numerical values for the z—component of the critical point (zg,yo) and the

total half arc length of the ripple L.;, are presented in Table 3.4 for a range
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of values of the bending rigidity 7. As before, the vdW interaction ez takes

a specific empirically derived value for each substrate as given in Table 3.1.

3.6 Results

We firstly comment that this model is largely governed by the characteristic
parameter i, which is the ratio of the Lagrange multiplier A, to the graphene—
substrate vdW interaction coefficient €,5. The model is generally represented
by the transitional case, but two degenerate cases are also considered ac-
cording to the characteristic parameter p. In the absence of an isoperimetric
constraint on the graphene sheet, we have the substrate constrained case con-
sidered where p1 = 0. Where an isoperimetric constraint is imposed on the
graphene sheet, along with the presumption A = ¢, we have the graphene
constrained case considered where p = 1. Fig. 3.6 shows a smooth transition
between the three considered cases in this model depending on the value of

the characteristic parameter p and a bending rigidity v = 1.6 eV.

Table 3.4: The z—component of the critical point and the ripple half arc length

L., for various bending rigidities «y, in the graphene constrained case.

v(eV) Cu(111) substrate Ni(111) substrate

v0(A)  Lip(A)  20(A)  Lup (A)

0.80  10.47 32.76 2.47 17.18
1.00  11.43 34.00 2.97 17.83
1.20 12.24 35.11 6.39 18.41
1.40  12.95 36.11 6.77 18.93
1.60  13.59 37.02 7.10 19.41
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For the purpose of comparison, a fixed total length L, = 700 A is as-
sumed for the rippled graphene sheet on a flat substrate. The goal here is to
obtain a relationship between the variation of the substrate half length L,
and the total energy per unit length for the rippled graphene F.;. We incor-
porate all three cases so that the substrate constrained case is applied when
Lgu, < 9, the transitional case is applied when Lg,, = 2, and the graphene
constrained case is applied when Ly, > x5. The point x5 represents the loca-
tion where the graphene edge ends, and can be independently calculated for
each case using xy = 1 + Liot — Lyip. For example, we use 55 to denote the
location where the graphene edge ends in the substrate constrained case. We
comment that x5 < x9, where xy, corresponds to the graphene constrained
case, while z9; can be found in the range [xa5, Z94] depending on the value we

prescribe L., in the transitional case.

Fig. 3.7 presents a continuous relationship between varying the substrate
half length and the total energy per unit length utilising the three cases.
The substrate constrained case is formulated to describe the regime where
Lgy, < Tos, provided that, as Lg,, gets closer to o, the total energy per
unit length FE\ decreases due to the vdW interactions that occur when
L1, increases. The graphene constrained case can be adapted to address the
regime when Lg,, > @24, and in this case the total energy per unit length Ei
remains constant since there are no more interactions that are involved for
this section. Finally, the transitional case is used to evaluate the total energy
per unit length Fi,; when Lg,, =~ x5. Multiple values for xo; were chosen from
the interval [z, 29,4] to fill the gap between the substrate constrained case
and the graphene constrained case where x9; denotes the location of the

graphene edge in the transitional case.

A graphene sheet of a total half length L., = 700 A remains flat when it is
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Figure 3.6: Various conformations for the right-half of a graphene ripple using
the substrate constrained case (u = 0), the transitional case (1 = 0.25,0.50,0.75),

and the graphene constrained case (p = 1).
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Figure 3.7: The relationship between varying the substrate length of: (a) Cu(111)
substrate, (b) Ni(111) substrate and the total energy per unit length.
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Figure 3.8: The relationship between reducing the substrate length of: (a)
Cu(111) substrate, (b) Ni(111) substrate and the ripple amplitude.

placed on a flat substrate of the same half length. The substrate constrained
case can be adapted to investigate the impact of reducing the substrate length
on the conformation of the graphene sheet. Fig. 3.8 shows that ripples form
in this scenario, and that there is an increase in the ripple amplitude as the
substrate length decreases. Graphene of lower bending rigidity reaches the
ripple height for which the side of the ripple becomes vertical at a relatively
longer substrate than graphene with a higher bending rigidity. The substrate
length at which the side of the ripple becomes vertical corresponds to the

left endpoint of each curve in Fig. 3.8.

The impact of reducing the substrate length on the total energy per unit
length is presented in Fig. 3.9. The elastic energy vanishes when the graphene
sheet is flat; and consequently, reduces (3.1) to Eio = —€gs (v2 — 1) . Thus,
the total energy per unit length for a flat graphene sheet of a total half length
Loy = 700 A is approximately —17.2eV A~! when it is placed on copper, and
—63.5eV A1 in the case of a nickel substrate. It increases when the substrate

length decreases, as expected due to reduced vdW interactions between the
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Figure 3.9: The relationship between reducing the substrate length of: (a)
Cu(111) substrate, (b) Ni(111) substrate and the total energy per unit length.

graphene sheet and the substrate, as well as the elastic energy stored in the
ripple. The points marked with circles represent (Lgubg; Etot(Lsub,)) Where
L1, denotes the substrate half length when the gradient of the total energy
per unit length curve approaches —eg.

Starting from a flat graphene sheet lying on a shrinking substrate, the
system might form a ripple or remain flat and begin to overhang the sub-
strate. The ripple formation pathway follows the transitional case and the
flat pathway follows the substrate constrained case. In an ideal setting, rip-
ples would not form because the energy required to follow the first pathway
exceeds the energy lost in following the second. However, we comment that
many experimental situations include confounding effects such as impurities
and defects in the graphene structure, which are not accounted for in this

model.

Recently, morphologies of graphene wrinkles on a copper substrate were
experimentally investigated by Wang et al. [6]. They observed unexpected

profiles of wrinkles with widths in the range of tens of nanometres, and
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heights in the range of a few nanometres. Their theoretical methods and MD
simulations agree that the expected maximum width of wrinkles is less than
2.7nm, which is significantly smaller than those experimentally observed. As
they reported, the presence of interlayer molecules between the graphene and
the copper substrate is the main mechanism that enlarges both the width
and height of the wrinkled graphene. Since interlayer molecules are not taken
into account in this study, the model developed here is comparable with
their MD simulations without interlayer molecules. Their MD simulation
model, as reprinted in Fig. 3.10(a)-(b), is a stack of two rectangular materials,
upper cyan graphene and lower red copper which is best modelled by the
transitional case in our model. Therefore, the conformations of rippled (or
wrinkled) graphene on a copper substrate, obtained by the transitional case,
with bending rigidity v = 1.2 eV and different heights are adopted to compare
with the results of MD simulations of graphene wrinkles obtained by Wang
et al. [6], as shown in Fig. 3.10(c). Despite the fact that the present model
uses the value of 2.481eVnm~2 for the vdW energy of graphene—Cu(111)
interactions per unit length, but their model used the value of 4.494 eV nm~2,
both results are in excellent agreement in predicting the profiles of graphene
ripples (or wrinkles). Finally, we comment that the value of the graphene—
Cu(111) vdW interactions energy indicates how strongly graphene binds to
Cu(111); and hence, their value means that graphene binds to Cu(111) more
strongly compared to our value. Therefore, the use of their value in our
model would affect the predicted profiles, leading to thinner ripples with
slightly lower heights.
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Figure 3.10: MD simulation models and results of graphene wrinkles reprinted
(or adapted) from Ref. [6] licensed under a Creative Commons Attribution 4.0
International License. (a)-(b) The MD simulation model, performed by Wang
et al. [6], is presented here in order to adopt the appropriate case among those
developed in this model for comparison purposes. (c) The profiles of graphene
ripples or wrinkles obtained by the present model (cyan lines) superimposed upon

the results of MD simulation.

3.7 Conclusion

In this chapter, we utilise the calculus of variations to develop a mathematical
model for a rippled graphene sheet that is located on a flat metal substrate. A
translational symmetry is assumed along the ripple, which reduces the prob-
lem to a 2D problem. Furthermore, the reflective symmetry of the ripple
about the y—axis allows consideration of solutions in the upper-right quad-
rant only. Variational calculus is employed to minimise the elastic energy
arising from the curvature squared and to maximise the vdW interaction

energy between the flat section of the graphene and the metal substrate.

We account for the length of the substrate by considering three distinct

cases for a rippled graphene sheet on a substrate. The transitional case
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addresses the case in which the edges of the rippled graphene sheet and the
substrate coincide. The substrate constrained case occurs when the edge of
the graphene sheet overhangs the substrate edge. The graphene constrained
case applies to a rippled graphene sheet for which the edge of the sheet
does not extend to the substrate edge. Analytical solutions are derived for
the three cases and a smooth transition between the three cases is precisely
determined.

We assume a fixed half length of the graphene sheet, and consider all
three cases to obtain a continuous relationship between the total energy per
unit length of the graphene and the length of the substrate as shown in
Fig. 3.7. The substrate constrained case is used to illustrate the effect of
reducing the substrate length on the ripple height and the total energy of
the graphene, as shown in Fig. 3.8 and Fig. 3.9. Using the transitional case,
the model developed here is shown to agree with the results of earlier MD
simulations of graphene ripples (or wrinkles) on a Cu(111) substrate. Finally,
we comment that this model is specialised for graphene ripples, but there
are other graphene configurations that may form when ripples reach their
maximum heights including graphene arch-shaped and self-adhered wrinkles,
as discussed in Section 1.3. These graphene wrinkles have previously been
considered by Cox et al. [87] in a mathematical model utilising a similar

variational approach.
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3.8 Nomenclature

Symbol Description

O derivatives of [1 with respect to the dimensional z
O derivatives of [] with respect to the nondimensional X
C the right half part of the ripple

C1/Cy  the negative/positive curvature regions of the curve C'
Cs the zero curvature region of the curve C'

(z0,%0) the point where curvature changes sign

Paip the height or amplitude of the ripple

g5 the graphene—substrate equilibrium distance

E. the graphene elastic energy

K the line curvature

S the arc length of a curve

vy the bending rigidity of graphene

E, the vdW interaction energy

u(z) a Heaviside unit step function

€gs the graphene—substrate vdW interaction energy per unit length
Eiot the total energy

Lot the total arc length of C| or total half arc length of the graphene sheet
A a Lagrange multiplier

Q@ a scaling factor

1 a parameter depending on €y and A

] the nondimensional expression of [

F the integrand part of a functional

Fr the partial derivative of F' with respect to the variable [J

6] a constant of integration
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the Hamiltonian energy function

the variation of a functional or variable

a parameter depending on u and

functions from which the solution curves are constructed
parameters used for simplification purposes

a parameter involving ¢ and p

the nondimensional parametric solution for the curve Cj
the dimensional parametric solution for the curve C}

the total half arc length of the ripple

the substrate half length

the substrate half length when the energy close to —¢,q




Chapter 4

Multi-layer graphene folds on a

substrate

4.1 Introduction

Section 1.5 discusses three approaches that have been used for modelling the
fold of single-layer graphene, namely the small-deformation model, the finite-
deformation model, and the variational model. Aside from the variational
model, these approaches have previously been extended to model the fold of
multi-layer graphene [56, 57]. This chapter extends the variational approach
to model the folding conformation of multi-layer graphene supported by a
substrate. We validate the proposed model with a comparison to experimen-
tally observed folding profiles of supported multi-layer graphene. Then in
the following chapter, the model is modified to study the folding behaviour
of unsupported multi-layer graphene and investigate the effective bending
rigidity.

The folding conformation of multi-layer graphene sheets may be substan-

tially influenced by various factors including (among others) the number of

89
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layers and the vdW interaction energy. Lopez-Bezanilla et al. [58] outline sev-
eral differences in the folding profiles, depending on the number of graphene
layers. Therefore, we take these differences into account by calculating the
total curvature for a number of lines, each denoting an individual graphene
layer. We comment that earlier models have neglected some curvature ef-
fects for reasons of simplification. Consequently, their related model of a
folded single-layer graphene is generalised through multiplying the bending
rigidity by the number of layers [57]. In this chapter, we derive analytical ex-
pressions for the total curvature for different numbers of layers using Taylor
series expansions. Thereafter, we examine the folding conformation under
three different approximations for the total curvature through a comparison

with experimental measurements.

In addition to the considerations of the previous paragraph, the vdW in-
teractions between neighbouring graphene sheets, and between each graphene
sheet and the substrate when they are supported, are expected to affect the
folding mechanics of multi-layer graphene sheets. The effects of vdW inter-
actions have not previously been incorporated into a mathematical model,
partly due to limited experimental studies reported in the literature. When
modelling the fold of unsupported multi-layer graphene, Meng et al. [57] ap-
proximate the strength of vdW interaction between N layers of graphene
as 1.125 of that between two graphene layers. However, the LJ potential is
employed in this work to model the strengths of the vdW interaction energy
for different numbers of layers independently. Furthermore, we account for

the change in the equilibrium distances as the number of layers change.

In this chapter, we propose a mathematical model for the fold of multi-
layer graphene located on a substrate. In the following section, the general

mathematical model is formulated and the total squared curvatures is approx-
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imated using a Taylor series expansion. In Section 4.3, the model is nondi-
mensionalised and variational calculus methods are applied to derive three
expressions for the line curvature, each under a different approximation. Fol-
lowing this, the general parametric solution is presented in Section 4.4. Then
in Section 4.5, specific substrate materials are prescribed, and values for the
vdW interaction energy between the substrate and graphene are obtained.
In Section 4.6, our results are presented, illustrated by figures and numerical
tables, and a comparison is made with theoretical and experimental studies.

A brief summary is given in the final section of this chapter.

4.2 Model formulation

We now propose a general formulation to model the folding conformation
of multi-layer graphene sheets supported on a substrate. The model is con-
structed based upon the mid-line of a multi-layer graphene stack. The mid-
line coincides with a physical graphene layer when the total number of layers
is odd (N = 2n+1), or represents a notional layer when the total number of
layers is even (N = 2n) for some positive integer n. As an example, Fig. 4.1
shows the geometry of a folded 3-layer graphene stack located on a substrate.
Furthermore, a 2D problem is considered sufficient due to the assumed trans-
lational symmetry in the direction of the fold. The solid curve in Fig. 4.1
represents the mid-line of the fold which consists of a curved region of length
Lyq and an upper flat region of length Ly, = x5 — 5.

The mid-line is also partitioned into three parts according to the sign
of the line curvature and line gradient. The first part is denoted by C}
which connects the point (g, yo) to the point (z1,y;) with a strictly negative

curvature. The second part, Cy, connects the point (z1,7;) to the point
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Substrate

Figure 4.1: Schematic showing the geometry of folded 3-layer graphene sheets

supported on a substrate.

(x2,y2) where the line curvature here is strictly positive. The horizontal
straight line C5 from the point (z2, y2) to the point (z3, y3) has zero curvature.
Also we use C' to denote the concatenation of these three curves ', Cs, and
Cs.

The radius of curvature of the mid-line is denoted by Ry, = |1/Kp|, with

km denotes the associated line curvature given by

ded?y d%zdy

Fin(s) = dsds? ds?ds’
where the mid-line curve is parametrised using the natural parameter s. We
assume that the layers maintain an equal distance 204, from one another,
taking into account the decrease in g, as the number of layers increases
(values of d4, are calculated in Section 4.5 for different values of V). Hence,

the radius of curvature of the j* outer/inner curve is given by

Rj,o/i = Rm + I/(Sgg,
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where j € {1,...,n}, while v = 2j when N is odd, and v = 2j — 1 when
N is even. Consequently, the corresponding j*® outer/inner line curvature is

given by
Ko |

1 4 Vg |Km|
We comment that throughout this chapter, g, is used to denote the half

Rjoft =

spacing distance between any two closest graphene layers, and d4 is used to
denote the spacing distance from the substrate to the first (closest) graphene
layer.

The dominant energies here are the same as those considered when mod-
elling the fold of a single-layer graphene sheet, namely the elastic bending
energy and the vdW interaction energy [3]. Moreover, we model the elastic
energy F, by integrating the sum of the squared curvature of each graphene
layer over the total length of the curve C' multiplied by its bending rigid-
ity. In this study, all graphene layers are assumed to have the same bending

rigidity. Thus, the elastic energy may be expressed as

Ee:/’yfifot ds,
C

where 7 is the bending rigidity of the multi-layer graphene stack, s is the arc

length, and k2, is the total squared curvatures given by

Z ("{JQ'J + “?,o) + K2, where N =2n+ 1, is odd,
"i'?ot = jil (41)

2 2 _ :
E (f-%i + /-@jp) , where N = 2n, is even.

j=1
Generally, for each pair of inner and outer curves a distance vy, away from
the mid-line, their squared curvatures may be combined to simplify (4.1).

Thus, we may write

2 2 262 [1 + (V0uehim)?
K+ k2= ;m 5+ ;m S = n[1+( ggQ)Q},(zL.z)
(1= vlgg [Am|)” (14 vdgg |Kml) [1— (Vigghim)”]
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and using the Taylor series expansion for the term [1 — (V0ggkm)?] 2 in (4.2),
we deduce

K:+ K2~ 2K2 +6 uzézgﬁm + 10 1/454g Ko (4.3)

for small vdg4km,. Hence, equation (4.1) may be expressed in terms of iy,

the line curvature of the mid-line, as

Kooy ° Nk +6a 8k, + 108,50, (4.4)
where
= 2 1 (2n+1
Z(Zj)Qz nintl)@n ), where N odd,
a={ 7! ’
RS 4n? — 1
Z(Qj— 1)? = %, where N even,
j=1
and
a 1) (2n + 1) (3n? —1
Z(Qj)4: 8n(n+1)( n+15) (3n* + 3n )7 where N odd,
b=< 7"
= 2n + 1) (24n® — 12n% — 14n + 7
Z(Qj—1)4:n( n+ 1) (24n IE n nt ), where N even.
j=1

For either odd or even N, we deduce that

N (N? -1
az%, and b=

N (N? —1) (3N2 — 7)
30 ‘

Therefore, we rewrite (4.4) as

(4.5)

m?

Kooy = NEZ + N (N? = 1) 8265 + N (N? = 1) (N? = 7/3) 0,55,

gg "m

which yields the basis for an approximation of the total squared curvatures
Kot

The vdW interaction energy between graphene and the substrate is mod-
elled using a Heaviside unit step function u(xz). The vdW interaction is

disregarded in the folded region as an assumption of the modelling, but it is
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assumed that it makes the dominant contribution to the energy in the flat

region. Thus, the vdW interaction energy is modelled as

Evz—e/u(x—@)ds,
c

where € is a positive constant that denotes the vdW interaction energy per
unit length, and u(z) is a Heaviside unit step function. Noting that only C4
and Cy contribute to the elastic energy where y = 0 and ds = dx in Cj, the

total energy per unit length is then expressed as

Eior = Ee + Ey = / 'V’f%ot ds — € (73 — 7). (4.6)
C1+C2

Furthermore, an isoperimetric constraint is applied on the total arc length of

the curve C, that is given by

/ ds = Liot = Lfold + Lfiat = / ds + (23 — x2) .
C C14Co

Under this length constraint, a Lagrange multiplier \ is introduced into the

total energy functional (4.6) which becomes

Eio = / (Vhior + A) ds + (A — €) (23 — 22)
C1+C2

— / (VR +A) ds+ (A —¢€) (Ltot — / ds)
C14+C2 C1+C2

= / (’y/ffot + e) ds + (A — €) Lot (4.7)
C1+Co

In the above expression, the Lagrange multiplier A\ plays no role in deter-
mining the mid-line that minimises the functional E.. So, the substitution
A = e is made in (4.7); and hence, the functional to be minimised is now of
the form

52
Eit = / (vﬁfot + e) ds, (4.8)
0

subject to the boundary conditions, at s =0 :

r=0, y=1v, dx/ds=-1, dy/ds=0,
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and at the endpoint s = sy :
rT=2x9, Y=1, dzx/ds=1, dy/ds =0,

where s, the arc length at the point (xg,ys) while yg = Ogs + (N — 1) g,
Yo = Ogs + (BN — 1) 0y, and the value of x5 is to be determined from a

natural boundary condition.

4.3 Variational calculus

Before considering the variation of the functional (4.8), we first nondimen-
sionalise it by introducing a scaling factor a (to be determined later in this
section) such that z = aX and y = @Y. In terms of the new variables,
and ds are now given by Kk, = Rn/a and ds = a dS, respectively. Making
use of the new variables X and Y, the nondimensionalised energy functional

is given by

G g
By = 2t — / (Zaz,+1)ds, (4.9)
0

€
where Sy is the nondimensional arc length at the point (X5, Y3). Throughout
this chapter, F' is used to denote the integrand in (4.9), that is

F(R2,) = g/%fot 1. (4.10)

The functional (4.9) is a variational problem containing second-order
derivatives with two dependent variables X and Y, and one independent
variable S. Following the same derivation as in Section 2.1.2, a necessary
condition for the functional (4.9) to have an extremal is given by the pair of

Euler—Poisson equations

d d2 d d2
— —F, Fe=0 Fy — —F.
ds X—% YT gs

Fx Xt g iy

Fy =0, (4.11)
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where dots denote differentiation with respect to the nondimensional arc
length S. The integrand F' is a function of /%m(X,X,Y,Y) and has no
explicit dependence on X or Y. Thus, on integrating the pair of equations

(4.11) with respect to S, we obtain first integrals given by

d d

Fy — dS = fBx, FY_dS = Py, (4.12)

where Sy and [y are the integration constants. Since F has no explicit

dependence on S, this provides another first integral given by

X(FX di* )+Y(Fy d(; )+XFX+YF - F=*H,

which may be simplified by substituting Sx and Sy from (4.12) as
Bx X +ByY +XFy +YFy — F=H, (4.13)

where H is a constant. With the presence of a natural boundary condition
at X,, we also consider the standard equation for the first variation of Ei

given by

5By = [ﬁX5X+By5Y+F 5X + Fy oY — Hés}s O

52 dFy,  d°Fy dF,  d°Fp
+/0 KFX—F+ d52)5X (Fy—ﬁ—i—dy)é}/]ds,

which is equivalent to the expression derived in Section 2.1.2 and given by
(2.34). Since the endpoint of the z—coordinate X, is not prescribed, the
length S5 is also not prescribed. Therefore, we require both fx = 0 and
H =0, due to the natural boundary condition. Thus, equation (4.13) is now
reduced to

XFy +YFy —F=—byY. (4.14)

In the next three subsections, we prescribe three different quantities for the

integrand F based on various approximations of &2, and then apply (4.14)
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to derive the corresponding expression for i, for each approximation. Then,
we derive parametric solutions for each approximation based on the obtained
expression for ky,, and the comparison between these solutions will be made

in Section 4.6.

4.3.1 The one-term approximation

In this subsection, the simplest approximation of xZ, is considered by in-

cluding only the first term of (4.5) into the model. That is

2 _ 2
Kiot = INK

Under this approximation, the function F in (4.10) is now given by

N~
eqr?

FX, V. X V)= (XY—XY) 41,

which after substituting the scaling factor a by /Nv/e becomes
F(X,V,X,V) = (XY - XY) ) (4.15)

Upon the substitutions of Fy, Fy, and F from (4.15) into (4.14), we may
derive

(v - ;'n'ff — 1BV, (4.16)

whereupon we make the change of variables such that

d do\ d ds 1/2
= () 2 h = (X? 4y 4.1
s <ds) ag Ve g = (XEHYH) (4.17)
and where primes denote derivatives with respect to 6, a tangential angle
to the curve measured from the positive direction of the x—axis. Therefore,

equation (4.16) may be rewritten as

(X/Y/l o X”Y/)2 . ﬂyY’

(X’2+Y’2)3 B (X’2+Y’2)1/2.
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We now make the substitutions

cos 6 , sinf

) Fn(0)

(4.18)

which lead to an expression relating to the nondimensional curvature given
by

m(0) = £ (1 — By sin6)"/2. (4.19)
We comment that this expression is identical to (3.20), except that a slightly

different derivation is used here and the definition of the scaling factor « in

this chapter involves N+ rather than +.

4.3.2 The two-term approximation

In this subsection, an additional term from the Taylor series for 2, is taken
into account with both the first and second terms of (4.5) now included in

the model. That is

Ko, = Nko + N (N? — 1) 62,5,

gg ‘m-*

This expression converges to the one-term approximation for dgekm << 1.
Following the same steps as in Section 4.3.1, we substitute a = \/N~/e and

rewrite the function F in (4.10) as

F(X,Y,X,Y):(XY—XY) +M<XY—XY> ¥,

Furthermore, we employ (4.14) to derive the following expression

(XY—XY) + 3 (XY—XY) —1- BV,



100 Chapter 4. Multi-layer graphene folds on a substrate

We now make the change of variables as in (4.17) to obtain

X'vy" — X"y’ 2 X'y" — X"y'! 4 v’
( 3) +3p ( 6> =1- BY—W (4.21)
(X/Q + Y/2) (X/2 + Y/Q) (X/2 + Y/Q)

which may be rearranged to give

R20) 1 1 [1_ ByY! 1

o B0pE ap | (xRoyd) R 2

] . (4.22)

Solving (4.22) for real valued solutions of &,,(#) leads to the nondimensional

curvature of the mid-line, that is

1 ByY’ 1 2 1 .
wnl0) =+ 75 (1 (X2 gy i 12u> b
and by making the substitutions (4.18), we deduce that
1 1\ 1]
Rm(0) =+ e (1 — By sinf + m) - @] . (4.23)

We mention that the expression (4.23) is obtained after rearranging the fourth
degree expression (4.21) and completing square in terms of 42 () while ne-

glecting the solution with a negative sign to avoid complex roots.

4.3.3 The three-term approximation

In this subsection, we consider an additional third term in 2, with all of

the explicit terms of (4.5) now included in the model. That is

Koy = Nig, + N (N? = 1) 62,50 + N (N? — 1) (N? = 7/3) 05,55

gg 'm

As before, we note that this expression approaches the two-term and one-
term approximations for gk, < 1. Again, the same expression for o is

used, and the function F' in (4.10) is now given by

6

F(X,Y,X,Y):(XY—XY) +M<XY—XY> +p<XY—XY> +1,
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where 1 is given by (4.20), and

p= <%>2 (N?—1) (N*—17/3).

After the substitution of the new integrand F' into (4.14), we may derive the

following equation
(XY _ XY) + 3 (XY - XY) +5p (XY - XY) — 1BV

Making use of the same change of variables as in the last two subsections we

derive

ByY’
(X’2 + y/2)1/2‘

It is now necessary to solve (4.24) for real valued solutions of #.,(#) in order

R2(0) +3u it (0) +5pR5 (0) =1 —

(4.24)

to obtain the relative expression for the line curvature of the mid-line. To
simplify the algebra, we use the substitution w = %2 (6) + p/(5p), which,

after some rearrangement, reduces (4.24) to

w? +pw+q=0, (4.25)
with
Tk R ek S N PR O 0
EE TG T (XY

We now apply Cardano’s method, as explained in Section 2.1.4, to solve
the cubic equation (4.25). It may be shown numerically that the discriminant
D = —27¢* — 4p?, is always negative. Hence, there are three distinct roots:
two that are complex conjugates, and a third that is the only real root. The

real root may be expressed as

5 3 1/3
q p q p
w(®) = z+ﬁ‘4 ~3
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Thus, using the substitution &2 (6) = w(6) — p/(5p) we deduce that the line

m

curvature Ry, 1S

. Z v q\ vffe. 7 d\ " u
An0) = £ ( z+2—7‘§> ‘5( zw—?‘ﬁ) Thp|
(4.26)
where p, u, and p are parameters as defined earlier in this section, but using
the substitutions (4.18), ¢ here is a function of 6 given by

2% —5p 1

q(0) = p P 5

(1 — By sin#).

4.4 Parametric solution

After determining the expression for the curvature of the mid-line &, (6)
relating to three approximations of 2, the two differential equations given
in (4.18) are now used to derive parametric solutions of the folded region
of the curve C'. Analytical solutions, for the one-term approximation, and
numerical solutions, for the two-term and three-term approximations, are

presented in the next two subsections.

4.4.1 The one-term approximation

The expression of line curvature i, (f) given by (4.19), has been used in
Section 3.5 to obtain an analytical solution for the conformation of a rippled
graphene sheet. That solution is written in terms of the key functions g;(¢)

and g2(¢) after using the substitution § = 2¢ — 1, as given by (3.13). In this
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section, a similar analytical solution is proposed for the folding conformation
of a supported multi-layer graphene stack, which also can be written in terms
of g1(¢) and g2(¢) by substituting ¢» = 7/2. For consistency and future use,

these functions are redefined such that

— A 1—k2 . 92 1/2
gl(¢) ( S ¢) 9 (427)
92(¢) = A[E(¢, k) — BF(¢, k)],
with the parameters
20480 _( 20y )1/2
A= By , B_1+By, k= 1 5, . (4.28)

For (1, the part of the solution with negative curvature, the curve ranges
between the starting point (X, Yy) at € = 6y and the point of zero curvature
(X1,Y7) at 0 = 6,. We note that 8y = —n which implies ¢y = —7/4, and the
value of ¢; = sin™'(1/k) is determined by solving Ay (¢;) = 0 for ¢;. The

solution for (' is then given by

Xey(¢) = gi(—7/4) — 91(9),
Yo, (0) = Yo — g2(—7/4) + g2(9),
where Yy = yo/a and ¢ € [—7/4, ¢1].
For (5, the part of the solution with positive curvature, we require a
continuous curve in the transition from Cy to Cy at the point (X3, Y;) where
km changes sign. To satisfy this constraint, the same derivation as for the

curve (] is repeated, but the opposite signs of g;(¢) and g2(¢) are used. The

solution for this part is given by
Xey(9) = g1(=7/4) + 91(0),
Y0, (9) = Yo — ga(=7/4) — g2(d) + 292(¢1),

where ¢ € [¢1, 7/4].



104 Chapter 4. Multi-layer graphene folds on a substrate

4.4.2 The two-term and three-term approximations

Due to the complexity of the expressions of &y, (#) given by (4.23)—(4.26),
parametric solutions for the two-term and the three-term approximations
are expressed in integral forms and then evaluated numerically. The line
curvature Ay, (0) changes sign at the point (X3,Y;) which corresponds to
0 = 6;. Thus, we may deduce that 6; = sin"'(1/8y) for each approximation
by solving &, (f1) = 0, for 6; in (4.23)-(4.26). For Cy, the part of the
solution with negative curvature, we have § € [—m, 6;] and by taking into
consideration the boundary conditions at the starting point 6, = —m, we
deduce that
0 7] 0 .
Xe, (0) = /_W Z?g) 40, Yo, (0) =Yy — /_W ::zg) dé.

For Cs, the part of the solution with positive curvature, we again require

continuity at the point (Xi,Y7) where &y, changes sign. To satisfy this con-
straint, the same steps as for the curve C] are followed, but the opposite sign

of Ry (0) is chosen. The solution for this part is given by

01 i
Xe,(0) = Xo, (61) + / fos? a0,
6 Fm(0)
0 g
Yo, (0) = Yo (6) — / sinb g,
0 Fm(0)

where 6 € [0, 6].
Furthermore, the solution of the j*® outer/inner curve may be obtained

using

_ VOgg Y’
Xiul6) = X0 225 (L)

Vo, X’
Y},i/0(0> = Y(e) + agg (\/W) ’

where X () and Y () represent the parametric solutions of the mid-line, dgq

is the half spacing distance between adjacent layers, and v is defined earlier
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in Section 4.2. Multiplying these solutions by the scaling factor a = \/W
recovers the dimensional solutions for the folded curve of C'. To this point,
the model behaviour is governed by the material parameters of the graphene
and supporting substrate. These are the bending rigidity of the graphene,
which we assume is fixed, and the vdW interaction of the graphene and the

substrate, which we calculate in the following section.

4.5 Substrate parameters

The existing experimental data reported in the literature on folding multi-
layer graphene sheets on SiOy [7], provides a good opportunity to validate
the accuracy of these approximations. This substrate material has been
widely used in the fabrication of graphene-based electrical devices [83]. Based
on these considerations, this model is specialised to determine the folding
behaviour of multi-layer graphene sheets supported on a SiO, substrate.

The LJ potential, described in Section 2.2.1, is now employed to model
the vdW interaction strength e. Recall that from (2.49), the interaction
between two graphene layers at a distance ¢ is modelled as

T A 7B

where D, denotes the surface density of carbon atoms on a sheet of graphene,
while Ay, and B, are the graphene-graphene attractive and repulsive con-
stants, respectively. From (2.51), the interaction energy between a graphene
sheet and a three-dimensional substrate separated by ¢ is modelled as

_WAgS TBgs
65° | 459 )

%@:%m(

where Dy denotes the volume density of the chemical element of the substrate,

while Ay and By denote the graphene-substrate attractive and repulsive
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constants, respectively. Since the SiO5 substrate is prescribed in this section,
we must account for the graphene—silicon and graphene—oxygen interactions.

Therefore, we model €,4(p) as

€es(P) = €gsi() + €g0(P)

T Agsi  TBgsi Ao  TBso
ID Di o g g D o g g
[S( 6¢3+45¢9)+ O( 65 a5 )|

with Agsi/eo and Besizgo being the graphene-silicon/graphene-oxygen attrac-

tive and repulsive constants, respectively.

Since in this chapter we model the fold of multi-layer graphene sheets
supported on a substrate, we take into account all graphene—graphene and
graphene—substrate interactions to model € as a linear combination of three
energy components. With reference to Fig. 4.1, we consider three regions for

the interaction energy to approximate € as

€ = €aNgs — €Ngs — €ENg,

where €yngs denotes the interaction energy between 2N graphene layers and
the substrate in the flat region, ey, denotes the interaction energy between
N graphene layers and the substrate in the folded region near the substrate,
and ey, denotes the interaction energy between NN graphene layers in the
folded region away from the substrate. The interaction energy between N

graphene layers €y, is calculated by

N-1

eng(0) = Y (N = ) egs(i0), (4.29)

j=1
from which we take into account the change in the graphene-graphene equi-
librium distance as the number of layers changes. The value for the equilib-
rium separation distance g, is determined for different numbers of layers N,
independently. As illustrated by Fig. 4.2, the value of d4, is prescribed such

that (4.29) takes a minimum value, that is [deng/dyp] 0.

©=20gg
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=
2L

2

E‘o 20gg Distance ¢ [A]
= 3

5]

=]

2

B3

2

g

E

eng(20gg)

Figure 4.2: The LJ potential showing the interaction energy between N graphene

layers eng ().

The interaction energy between N graphene layers and the substrate €xgs

is calculated by

=

-1

eNgs(()b) = €Ng(25gg) + Egs((ﬁ -+ 2.]5gg) (430)
7=1

In a similar way, we account for the change in the graphene—substrate equi-
librium distance as the number of layers changes. The values of 04 are de-
termined for different numbers of layers N such that (4.30) takes a minimum
value, that is [deNgs/dgb}¢:5gs =

The LJ parameters for the graphene-substrate interaction, Ay = 4§gsags
and By = 460,72, are determined by the empirical mixing rules, which are
given by &g = \/&& and oy = (0 + 05)/2, and their values are taken from
Ref. [84]. In this study, D, = 0.3812 A2 is used to denote the surface density
of carbon atoms on a sheet of graphene, while Dg; = 0.02654 A=3 and D¢ =

0.05308 A=3 are used to denote the volume densities of silicon and oxygen
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atoms in the SiO, substrate, respectively. Table 4.1 summarises the obtained
values for dyq, dgs, and e for different numbers of graphene layers folded on
a Si0Oy substrate. Substitution of the parameter values from Table 4.1 into
our solutions presented in Section 4.4, leaves only one parameter still to be
determined, namely By. The value of 8y may be calculated such that the
endpoint y¢, (6 = 0) satisfies the boundary condition y; = dgs + (3N — 1)gg,

making it possible to fully determine our solution.

4.6 Results

In this section, we first investigate the effects of different approximations
of the total squared curvatures k2, on the folding conformation of multi-
layer graphene located on a SiO, substrate. The values of bending rigidity
v = 1.0eV, and number of layers N = 2 are adopted for this analysis. In
Fig. 4.3, the predicted profile of the folded 2-layer graphene sheets on a
SiO, substrate is presented for each considered approximation of k2. The
analysis reveals significant differences between these approximations in the

hump height of the fold, that is the measured height from the point where

Table 4.1: Numerical values for dgs, dgs, and € obtained using LJ potential.

N 0 (A) 05 (A) €(eV/A?)

1.7155 3.0171  0.03699
1.7111 3.0130  0.03825
0.03871
1.7084 3.0112  0.03893
1.7078 3.0110  0.03905

S Ot s W N
=
~J
=}
Ne)
w
w
=)
—_
—_
~J
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the folding edge becomes flat to the maximum height obtained. Using the
one-term approximation, a hump height of h, = 0.93 A is obtained, which is
significantly smaller than the hump heights of hy, = 5.23, 5.68 A obtained from
the two-term and the three-term approximations, respectively. Since the one-
term approximation is shown not to be consistent with previous experimental
measurements [7], it is not used in further comparisons. However, the one-
term approximation is largely equivalent to the model used by Meng et al.
[57] where the folding conformation of unsupported multi-layer graphene is
modelled. The folding profile of 8-layer graphene is accurately predicted in
Ref. [57], using both the finite-deformation model and molecular dynamics
simulations. The difference in predicting the folding profile may be justified
by the significance of the vdW interaction energy in each model. Since the
model presented here is applied to supported multi-layer graphene, the vdW

interactions between graphene layers and the substrate are more important.

Further, we compare our solutions to experimental measurements of hump
heights. The one-term approximation is not consistent with previous results
reported by Chen et al. [7], while the two-term and three-term approxima-
tions are consistent for 2-3 and 2-5 layers, respectively. A representative
plot for the comparison is shown in Fig. 4.4. As the number of layers N in-
creases, our model predicts the hump height more accurately as more terms
are included in the total squared curvatures approximation xZ,. However,
for N > 6, it appears that even the three-term approximation would be in-
sufficient to accurately predict hump heights. A representative selection of
folding profiles are presented in Fig. 4.5 for different numbers of layers N us-
ing the two-term and three-term approximations. Although we do not take
into consideration any defects in the graphene structure, our model shows

good agreement with the experimental measurements of the hump height re-
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(a) (b)
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Figure 4.3: The predicted folding profiles of 2-layer graphene sheets located
on a SiOg substrate using: (a) the one-term approximation, (b) the two-term

approximation, and (c¢) the three-term approximation.

ported by Chen et al. [7]. They also employ their nonlinear mechanics model
in conjunction with atomic force microscopy to investigate the bending rigid-
ity multi-layer graphene, and a comparison to their results in this regard will

be made in Chapter 5.
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Figure 4.4: Hump heights obtained from the present model using v = 1.0eV
superimposed upon the experimental results, reprinted from [7] with the permission

of AIP Publishing, for comparison purposes.

4.7 Conclusion

In this chapter, a mathematical model is developed to determine the folding
conformation of multi-layer graphene sheets located on a substrate. Due to
the assumed translational symmetry of the fold, a 2D problem is proposed.
The model is nondimensionalised, and the calculus of variations is used to
minimise the energy functional and determine the shape of the fold. Solu-
tions are derived for different approximations of the total squared curvature
k2, based on the mid-line, which is introduced as a notional curve when
the number of layers is even. In analysing our solution, we consider SiO, as
the supporting substrate, and the vdW interaction energy between graphene
layers and the substrate, as well as the equilibrium spacing distances, are

obtained using the LJ potential and presented in Table 4.1. The bound-
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Figure 4.5: The predicted folding profiles of: (a) 3-layer (the two-term approx-
imation), (b) 4-layer (the two-term approximation), (c) 5-layer (the two-term
approximation), and (d) 6-layer (the three-term approximation), graphene sheets

located on a SiOy substrate.



4.7. Conclusion 113

ary condition on y at the end point s, is used to determine the value of
the unknown constant fy that arises after integrating the Euler—Lagrange
equations.

The folding conformation of multi-layer graphene located on a SiO5 sub-
strate is investigated using three different approximations of k2. The one-
term approximation yields a much smaller hump height than the other two
approximations. Furthermore, hump heights obtained from our model are
compared with the experimental data reported by Chen et al. [7] for differ-
ent numbers of graphene layers. Representative plots for predicted folding
profiles and a comparison of hump heights is shown in Fig. 4.3, 4.4, and 4.5.
While this model is applied to supported multi-layer graphene and accounts
for the interaction energy between graphene layers and the substrate; the
two-term and three-term approximations are shown to be consistent with

experimental data for folded graphene with 2-3 and 2-5 layers, respectively.
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4.8 Nomenclature

Symbol Description

O derivatives of [] with respect to S

O derivatives of [J with respect to ¢

N the total number of graphene layers

C the curve from (zg,yo) to (x3,ys)

C1/Cy the negative/positive curvature regions of the curve C'
Cs the zero curvature region of the curve C

(1, y1) the point where curvature changes sign

Lo the arc length of the folded region

Lgat the length of the flat region

204 the graphene—graphene equilibrium distance

Jgs the graphene-substrate equilibrium distance

Ry, Rjo;  the curvature radius of mid-line, outer/inner curve
Km, Kjosi  the line curvature of mid-line, outer/inner curve

S; the arc length at the point (x;,y;)

S; the nondimensional arc length at the point (X;,Y;)
E, the elastic energy

v the bending rigidity of graphene

K2, the total squared curvatures of multiple curves

£ the vdW interaction energy

€ the vdW interaction energy per unit length

u(z) a Heaviside unit step function

Eiot the total energy

Lot the total arc length of C'

O the nondimensional expression of [
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A a Lagrange multiplier

F the integrand part of a functional

In the partial derivative of I’ with respect to the variable [

Bx, By constants of integration

) the variation of a functional or variable

Q@ a scaling factor

[y P parameters used to simplify calculations

0 the angle made by the tangent vector with the horizontal axis

w a substitution used to write an equation as a cubic equation

D the discriminant of a cubic equation

D, q notations used to simplify calculations

g1, 92 functions from which the solution curves are constructed

A, B parameters used for simplification purposes

Xe,/Ye, the nondimensional parametric solution for the curve C;

xe, /Yo, the dimensional parametric solution for the curve C;

€Ng the vdW interaction strength between N graphene layers

€Ngs the vdW interaction strength between N graphene layers and the substrate
€ee () the graphene-graphene vdW interaction strength at a distance ¢
D, the surface density of carbon atoms on a sheet of graphene
€gs(P) the graphene-substrate vdW interaction strength at a distance ¢
Dy the volume density of the chemical element of the substrate

Ay,n/Byn positive constants of the graphene-[J attraction/repulsion
&a01/ O the graphene—[1 energy well depth/vdW diameter
hy, the hump height of the fold
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Chapter 5

The effective bending rigidity

of multi-layer graphene

5.1 Introduction

In Section 1.2, we introduce the idea that the reconfiguration of the planar
graphene sheet notionally leads to novel carbon nanostructures with new
properties. Two examples that illustrate this point are single- and multi-
walled carbon nanotubes, which may be thought of as rolled up single-
and multi-layer graphene, respectively [24]. Thus, the bending rigidity of
graphene is often a key factor in determining the geometry and properties
of novel carbon nanostructures. Theoretical studies have reported that the
bending rigidity of single-layer graphene is in the range of 0.83-1.60eV [15],
which largely agrees with experimental observations that report that a value
of 1.20eV fits the measurement range very well [31]. The bending rigidity of
single-layer graphene is relatively well explored, but there is less understand-
ing of the bending rigidity for multi-layer graphene.

Although the bending rigidity of multi-layer graphene has not been in-
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vestigated in as much depth as single-layer graphene, some theoretical ap-
proaches have been explored. Examining self-folding conformations on a flat
substrate, Chen et al. [7] report that the bending rigidity of 2— to 6-layer
graphene follows a quadratic relationship with its thickness. On the other
hand, Shen and Wu [85] employ continuum theory combined with atomistic
simulations and find that the bending rigidity is linearly proportional to the
number of layers when the number of layers exceeds five. The fold of un-
supported multi-layer graphene has been modelled previously by Meng et al.
[57], where they utilised their earlier model for a folded single-layer graphene.
In that study, the bending rigidity of multi-layer graphene is modelled by
multiplying the bending rigidity of the single-layer graphene by the number
of layers, which represents a linear relationship between the bending rigid-
ity and the number of layers. Experimental measurements of the bending
rigidity of multi-layer graphene are reported by Han et al. [86] for several
different numbers of graphene layers, and they hypothesise a sharp decrease

in the bending rigidity depending on the bending angle.

In this chapter, we propose a novel analytical prediction for the effective
bending rigidity . of multi-layer graphene sheets. A mathematical model
for the folding of supported multi-layer graphene is developed in Chapter 4,
where different approximations for the total curvature have been examined.
In that chapter, we find that the three-term approximation renders results
that are consistent with experimental measurements for up to five layers.
To derive a model for unsupported multi-layer folds, we modify the model
developed in Chapter 4 to produce a novel model for the folding of unsup-
ported multi-layer graphene, employing the three-term approximation. Fol-
lowing this, we compare our solution to a solution derived earlier for folded

single-layer graphene [3]. By treating the bending rigidity of the single-layer
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graphene as a fitting parameter, we define the effective bending rigidity ~eg

as a function of the number of layers V.

The remainder of this chapter is divided into five sections. In the next
section, a general mathematical formulation to model the folding conforma-
tion of graphene is presented. In Section 5.3, parametric solutions for folded
multi-layer graphene are derived, that take into account the curvature of
each graphene layer. Following this, in Section 5.4, reduced solutions for
the mid-line of the fold are determined, considering only the curvature of
the mid-line while treating the bending rigidity as a parameter somewhat
like a fitting parameter. In Section 5.5, we investigate the effective bending
rigidity of multi-layer graphene and compare our results with those reported
in the literature. A summary and some concluding remarks are presented in

Section 5.6.

5.2 Model formulation

In Chapter 4, variational calculus is employed to formulate a continuous
model for the folding conformation of multi-layer graphene sheets supported
on a substrate. In this chapter, similar techniques are employed to model
the folding conformation of unsupported multi-layer graphene sheets and
investigate the effective bending rigidity v.¢. For example, a representative
plot for the geometry of folded 3-layer graphene sheets is shown in Fig. 5.1.
The model is constructed based on the mid-line of a multi-layer graphene
stack, which is the middle graphene layer when the number of layers is odd
(N = 2n+1), or a notional layer when the number of layers is even (N = 2n),
for some integer n. Assuming a translational symmetry in the fold direction,

a 2D problem is considered in this work. Furthermore, the fold is assumed
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Figure 5.1: Schematic showing the geometry of folded unsupported 3-layer

graphene stack.

to possess a reflective symmetry in the z—axis, and therefore we need only
analyse the upper half of the mid-line which is the solid curve in Fig. 5.1.

In addition to the considerations above, the upper half of the mid-line is
divided into three curves according to the sign of the line curvature x,, and
line gradient dy/dx. The first curve is bounded by the points (z,yo) and
(x1,y1) with a strictly negative curvature and is denoted by Cy. The second
curve is bounded by the points (z1,y1) and (xs,ys) with a strictly positive
curvature and is denoted by C5. The flat region is denoted by Cj, from the
point (x2, y2) to the point (z3,ys) and has zero curvature. The concatenation
of all these three curves is denoted by C.

The folding conformation of graphene is determined from the elastic bend-
ing energy of the graphene and the vdW interaction energy between the
graphene layers [3]. The elastic bending energy is assumed to be propor-

tional to the square of the curvature. The curvature vanishes in Cj3; hence,
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the elastic bending energy is only due to the bended regions of the curve C.

Thus, we express the elastic energy F., mathematically as

2
E, = / VR ds
C1+Co

where v is a positive constant denoting the bending rigidity of graphene,
s is the arc length, and k2, is the total squared curvature. Additionally,
the contribution of the vdW interaction energy is approximated such that it
dominates only in the flat region that is the curve C3. Hence, it is modelled
as

Ev = —€ (.Td —Z'Q),

where € is a positive constant that denotes the vdW interaction energy per
unit length between graphene layers. Hence, the total energy for this problem
is given by
Eiw=FE.+ E, = / Yz, ds — € (x5 — 73) . (5.1)
C1+Ca
Furthermore, the graphene is assumed to have a fixed length; therefore,
an isoperimetric constraint is imposed on the total arc length of the curve

C, that is

Lot = / ds = / ds + (z3 — x9), (5.2)
C Ci1+C2

where 2L is the total arc length of the mid-line including the lower half.
These considerations are identical to those considered in Section 4.2, which
lead to a total energy functional that is identical to (4.8). Therefore, the

functional to be minimised for this model is

52
B = / ('y K2+ e) ds, (5.3)
0

where sy is the arc length from the point (xg,yo) to the point (xs,ys). As

shown in Fig. 5.1, the fold of the mid-line is assumed to start at the origin of
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the plane, so that the functional (5.3) is subject to the boundary conditions,
at s =0:

r=0, y=0, dx/ds=0, dy/ds=1,
and at the endpoint s = sy :
T =21y, Y=Nbg, dz/ds=1 dy/ds=0,

where the layers are assumed to maintain an equal distance 2d4, from one
another and the value of x5 is not fixed a prior.

It is anticipated that, as the number of layers N is increased, the vdW
interaction energy e increases, and the spacing distance between adjacent
layers 204, decreases. Therefore, the LJ potential is employed to model values
for 04 and e for different numbers of layers N. With reference to Fig. 5.1,
we model the interaction energy e considering the flat and bended regions,

which we approximate by

€ = €aNg — 2€Ng,

where the first term eyn, accounts for the interaction energy between 2N
graphene layers in the flat region, and the second term 2ey, accounts for
the interaction energy between N graphene layers in two bended regions.
As in Section 4.5, the interaction energy between N graphene layers €y, is

calculated by

=

-1

eng(p) = : (N —J) €ge(G),

where we recall from Section 2.2.1 that the strength of the graphene-graphene
vdW interaction €, at a distance ¢ may be modelled by

A B
cule) = D} (T o).
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The value of 4, is determined such that the equation [dey,/d¢p] 0,

0=2005
is satisfied. Table 5.1 presents the values of d,, and € used in this chapter. In
the following two sections, two calculations for the total squared curvature
k2., based on different assumptions, are described. In Section 5.3, we take
into account the curvature effect of each graphene layer in the calculation
of kZ,. In Section 5.4, the calculation is simplified by considering only the

mid-line curvature. We also present the corresponding parametric solution

for the mid-line in each case.

5.3 Multi-layer solution

In this section, we propose a model of the folding conformation of N graphene
layers stacked one on top of the other. As reported by Wei et al. [15], the
bending rigidity of single-layer graphene is found to be in the range of 0.83—
1.60eV. For the purpose of the analysis here, the bending rigidity of each
graphene layer is prescribed to be v = 1.0eV. In this section, we also account

for the curvature of each graphene layer, and the three-term approximation

Table 5.1: Numerical values for dg., and € obtained using the LJ potential.

N 6, (A) e(eV/A?)

2 17155  0.0361
3 1.7111 0.0378
4 1.7093  0.0384
5 1.7084  0.0387
6 1.7078  0.0389
7 17074  0.0390
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derived in Section 4.2 is adopted here for the total squared curvature k2.

That is

Koy & NEZ 4+ N(N? = 1)82, 6, + N(N? — 1)(N? = 7/3)0,,50,,  (5.4)

gg 'm

where K, denotes the mid-line curvature and is given by
I{m<8) = 'Ty - xyv

and dots here denote differentiation with respect to s. Substituting (5.4) into
(5.3) gives the functional to be minimised subject to the boundary conditions
given in Section 5.2.

Variational calculus and nondimensionalisation methods are employed in

Section 4.3 to minimise this functional. A change of variables is also made

d  [do\ d AS i
@—(@)@, and @—(X +Y) s

such that

where S is the nondimensional arc length and primes denote derivatives with
respect to 6, the angle made by the tangent vector with the horizontal axis.

Then, the expression for the nondimensional curvature &y, (6) is

5 B 1/3 5 3 —1/3
N q p q p q p q 1%
A(0) =+ g, _ 49y _pPrje » 4 _ar
o (6) ( 17 2) 3( 1 a7 2) 5p

Eéég 2 eégg ’ 2 2
b= (N—,Y) (V1) p= (m) (N? — 1)(N? —7/3),
_ op— 32 242 — 5p 1
o (Bp? (5p)*  Bp

where [y is an arbitrary constant arising from a first integral of the Euler—

and q(6) = p (1= By sinf),

Lagrange equation.
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Taking into account the boundary conditions, the mid-line is represented
by a parametric solution arrived at by integrating the following pair of dif-
ferential equations
cost ,  sinf
Fm(0)’ C Am(0)

Note that (Xi,Y7) is the boundary point between the curve C; with the

X' =

negative curvature and the curve (5 with the positive curvature. This point
has zero curvature and corresponds to 6 = 6;. By solving &, (61) = 0, we
may obtain 6; = sin~'(1/8y).

For the curve Cy, we have 6 € [—7/2,6,] and the parametric solution is

0 0 0 .
Xe, () = / 59 G, Ve (0) = — / sinb g
—m/2 I{m(e) —7/2 /fm(e)

For the curve Cy, our solution must be continuous at the point (X7, Y;) where

km changes sign, so that to satisfy this condition we adopt different signs of

Rm(0) than those used for Cy. Hence, the parametric solution for the curve

Cs is given by

0

COSé ~

Xe,(0) = Xo,(00) — [ <2 ad.
61 "{m(e)
0 o h

YCZ(H):YCI(91)+/ sinb g,
61 ’imw)

where 6 € [0, 6,].
Parametric solutions for the j® outer/inner curve may be determined

using the equations

V0, Y’
X'ioe :XQ:I: gg( >,
Jv/() () \/W

Vo X'
Yiife() =Y (0) F — (W) ;

where X (0) and Y () represent the parametric solution of the mid-line, and

v =2j when N is odd, or v = 2j — 1 when N is even, for j € {1,...,n}. As
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in Section 4.4.2, multiplying these nondimensional solutions by the scaling
factor ay, = \/W recovers the dimensional solutions for the folded curve
of C'. The unknown parameter By is determined using the boundary condi-
tion y, = Ndge, and hence our solution for the mid-line of the fold is fully

determined.

5.4 Single-layer solution

In this section, a reduced model that can be used to obtain the conformation
of the mid-line of the fold is developed. Here, only the curvature of the

mid-line is considered; thus, the total squared curvature 2, reduces to
e N2
oy = Fi = (T3] = 39)° (5.5)

Substituting (5.5) into the total energy functional (5.3) gives the functional
to be minimised subject to the boundary conditions given in Section 5.2. A
solution to this style of problem has been previously derived by Cox et al. [3]
to model the fold of a single-layer graphene sheet. With two modifications,
their solution is exploited here to generate a simplified solutions for the fold
of the mid-line of multi-layer graphene. First, the parameter v is treated here
as a fitting parameter rather than a material property. Second, the endpoints
must satisfy the boundary conditions of the functional (5.3).

The substitution § = 2¢ — 7w /2, can be used to obtain a solution that can
be described by the two functions g;(¢) and g2(¢) given by (4.27). However,

the parameters in (4.28) are defined so that

G2t ) o k:( 20 )/
as + [

B as+ f’
where § is an arbitrary constant of integration, and ag = €/7, as defined in

[3]. For C, the curve with negative curvature, the parametric solution is
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given by

ze, (¢) = 91(0) — g1(9), Yo, (@) = ga(9),

where ¢ € [0,¢1], and ¢; = sin"'(1/k) corresponds to the point of zero
curvature (z1,y;). For Cy, the curve with positive curvature, the parametric

solution is given by

oy (@) = g1(0) + g1(0),  ye, (@) = 292(d1) — 92(9),

where ¢ € [¢1, 7/4]. We comment that these solutions are dimensional. The
parameter J may be determined by solving ye,(7/4) = Ndg numerically;

hence, our solution for the mid-line is fully determined.

5.5 Results

In this section, the effective bending rigidity ~.g of multi-layer graphene is
investigated by examining the folding conformation of the mid-line of the
graphene stack. We employ the multi-layer solution from Section 5.3 and
the single-layer solution form Section 5.4 in the analysis. Recall that the
single-layer solution has been previously derived by Cox et al. [3] for the
fold of single-layer graphene, but we modify their solution in Section 5.4 to
produce a simplified solution for the fold of multi-layer graphene. Fig. 5.2
illustrates our approach of reporting the effective bending rigidity 7eg of 2—
layer graphene. Asin Fig. 5.2(a), the predicted folding profile of the mid-line,
obtained from the solutions presented in Section 5.3, is compared to several
curves, obtained from the solution presented in Section 5.4, with a range of
values for the parameter . The area between each curve and the mid-line
(A) is calculated as shown in Fig. 5.2(b), and the value of v is prescribed

such that this area is minimised (A = A,,;,). Representative plots for the
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predicted folding profiles of multi-layer graphene with v = 1.0eV, and the
predicted folding profile of single-layer graphene with v = 7.4 are shown in
Fig. 5.2(c) and Fig. 5.3 where the numerical data is included in Table 5.2. We
comment that as the number of layers N increases, the minimum area A,
also increases; hence, it can be concluded that the approach employed here
is only suitable for predicting ~v.¢ when the number of layers N is relatively
few (our results suggest that N < 6). This approach becomes increasingly
inapplicable for larger N due to significant differences between the multi-layer
solution and the single-layer solution in predicting the folding conformation.

It is worth noting that these values of 7.5 are reported according to
the folding conformations obtained from the multi-layer solution where v =
1.0eV is used for the bending rigidity of each layer in the graphene stack.
It is also noted that the effective bending rigidity for multi-layer graphene
follows an approximate quadratic relationship with the number of layers N;
hence, the effective bending rigidity may be expressed in terms of v and N

as

Vet A YN, (5.6)

where this relationship is also confirmed by a log—log plot as shown in
Fig. 5.4(a). Although the curve shows that an exponent slightly less than 2
might be even better, we find an exponent of 2 is a good integer approxima-
tion. It is evident from Fig. 5.4(b) that the values obtained from this model
for the effective bending rigidity of 2—- to 6-layer graphene are slightly higher
than the existing results reported by Chen et al. [7]. However, the results
of this study confirm and capture their idea of the approximate quadratic
relationship very well. Furthermore, the obtained values of v.¢ for 2-layer,
3-layer, 5-layer, and 7-layer graphene are in line with the experimental re-

sults reported by Han et al. [86], which are 2.6-5.8eV, 3.7-12.2eV, 26.0eV,
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and 12.0-53.0eV, respectively.

In contrast to the assumed linear relationship [57], this model shows that
simply using the single-layer solution, with the bending rigidity being multi-
plied by the number of layers, does not lead to an accurate folding conforma-
tion of multi-layer graphene. These obtained values of .4 are based on the
choice of v = 1.0eV for the multi-layer solution; any lower (or higher) value
of y, within the physically meaningful range of 0.83-1.60eV [15], would lead
to better (or worse) agreement with the experimental results [7]. However,
the aim of this work is to develop an analytical approach for estimating the
effective bending rigidity of multi-layer graphene. Table 5.3 summarises the
obtained (or assumed) relationships between the bending rigidity of multi-
layer graphene and the number of layers NN, as reported in the literature.
While there is some disagreement with regards to the relationship between
the bending rigidity and the number of layers, we mention that other re-
searchers report that the bending rigidity exhibits an approximately linear

proportionality to the number of layers when N > 6 [85].

Table 5.2: Numerical values for A, and e for different numbers of layers N.

N Apim (A%) g (eV)

2 2.97 4.21
3 6.55 8.88
4 10.25 14.93
) 13.89 22.59
6 17.30 32.03
7 21.45 43.58
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Figure 5.2: Representation of the steps taken to determine ~.g of 2-layer
graphene. (a) A series of curves (cyan), generated by the single-layer solution
with a range of values for v, are compared to the mid-line of the predicted fold-
ing profile of 2-layer graphene obtained from the multi-layer solution (black). (b)
The area between the mid-line and these curves is plotted as a function of 7. (c)
The predicted folding profile of 2-layer graphene with a comparison between the
mid-line and the curve given by the single-layer solution with v = ~.g, where the

area A, is shaded in yellow.



5.5. Results 131

Multi-layer solution
Single-layer solution |

0 10 20 30 40 0 10 20 30 40

Multi-layer solution Multi-layer solution
20+ Single-layer solution Single-layer solution
10+

5 0 L
=3
-10 -
-20 -
-10 0 10 20 30 40 50 -10 0 10 20 30 40 50

40 0 10 20 30 40 0
x (A)
Figure 5.3: The predicted folding profile of: (a) 3-layer (b) 4-layer (c) 5-layer (d)
6-layer, (e) 7-layer, graphene obtained from the multi-layer solution (black) with
a comparison between the mid-line and the curve (cyan) given by the single-layer

solution with v = ~.g, where the area between these curves is shaded in yellow.
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Figure 5.4: (a) The relationship between log(yeg) and log(N). The blue dots
correspond to the values presented in Table 5.2 which confirm the approximate
relationship given in (5.6), represented by the red line. (b) The values of the
effective bending rigidity obtained by the present model (blue dots) are compared

to earlier results (represented by red), retrieved from Ref. [7].

5.6 Conclusion

This chapter presents a novel analytical approach to predict the effective
bending rigidity of multi-layer graphene. Exploiting our work from Chap-

ter 4, a mathematical model is constructed to predict the folding conforma-

Table 5.3: The relationship between the bending rigidity of multi-layer graphene

and the number of layers V.

Reference N Relationship Method

this study < 6 quadratic variational model
Ref. [7] <6 quadratic nonlinear continuum model
Ref. [85] > 6 linear continuum theory/atomistic simulations

Ref. [57] <8 linear finite-deformation beam theory
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tion of unsupported multi-layer graphene sheets, where the values for the
parameters € and dg, are calculated based on the LJ potential. Then, the
predicted folding profile of multi-layer graphene sheets is compared to sev-
eral curves obtained from the single-layer solution for a range of values of the
bending rigidity.

The effective bending rigidity is determined such that the area bounded
by the mid-line and a curve obtained from the single-layer solution is min-
imised. For N < 7, it is demonstrated that the effective bending rigidity
approximately follows a quadratic relationship in NV, as given by (5.6), which
is confirmed by a log-log plot presented in Fig. 5.4(a). This relationship is
consistent with some earlier work, such as that given by Chen et al. [7], and
the values of the effective bending rigidity obtained here are also in good

agreement with experimental results [86].
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5.7 Nomenclature

Symbol Description

O derivatives of [1 with respect to S

O derivatives of [J with respect to ¢

Veft the effective bending rigidity of multi-layer graphene
N the total number of graphene layers

C the curve from (xg,yo) to (x3,ys)

C1/Cy the negative/positive curvature regions of the curve C
Cs the zero curvature region of the curve C'

(x1,91) the point where curvature changes sign

E, the elastic energy

v the bending rigidity of graphene

K2, the total squared curvatures of multiple curves

S; the arc length at the point (x;,y;)

S; the nondimensional arc length at the point (X;,Y;)
£ the vdW interaction energy

€ the vdW interaction energy per unit length

FEiot the total energy

Lo the total arc length of C'

204, the graphene—graphene equilibrium distance

€Ng the vdW interaction strength between N graphene layers

€ga () the graphene—graphene vdW interaction strength at a distance ¢
D, the surface density of carbon atoms on a sheet of graphene

Ay /Bge  positive constants of the graphene-graphene attraction/repulsion
Km the line curvature of mid-line

0 the angle made by the tangent vector with the horizontal axis
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M, p
P, q

By
XCi/YCi

ICi/yCi
g1, 92
A, B

Qg

Amin

the nondimensional expression of k

parameters used to simplify calculations

notations used to simplify calculations

a constant of integration for the multi-layer solution
the nondimensional parametric solution for the curve C;
a scaling factor for the multi-layer solution

the dimensional parametric solution for the curve Cj
functions from which the solution curves are constructed
parameters used for simplification purposes

a constant of integration for the single-layer solution

a parameter for the single-layer solution

the minimum area between multi-layer curve and single-layer curves




136 Chapter 5. The effective bending rigidity of multi-layer graphene



Chapter 6

Collapsed graphene wrinkles

6.1 Introduction

In Section 1.3, we introduce the various possible deformations in the structure
of CVD-produced graphene, including ripples, arch-shaped wrinkles, self-
adhered wrinkles, and collapsed wrinkles. Following this in Chapter 3, the
behaviour of a rippled graphene sheet is investigated through a variational
model. Another variational model has been constructed by Cox et al. [87]
for both arc-shaped and self-adhered graphene wrinkles. Except for the case
of collapsed wrinkles, each of these deformations has a reflective symmetry
in the geometry which simplifies the modelling processes. In this chapter,
we extend the variational approach to model the conformation of collapsed
wrinkles, which in several ways is the most complicated structure that we
consider in this thesis. A collapsed wrinkle forms when a self-adhered wrinkle
folds over onto the surface after reaching some critical height. Although this
critical height represents the transition point between these two different
graphene configurations, only relatively few studies have reported numerical

values for this transition height.

137



138 Chapter 6. Collapsed graphene wrinkles

The critical height of the self-adhered wrinkle is the height at which the
collapsed wrinkle has lower energy than the self-adhered wrinkle. Zhu et al.
[38], report experimental measurements and make theoretical predictions of
the critical height of the self-adhered wrinkle where SiOy/Si is used as the
supporting substrate. Through their experiments, they find that the critical
height of the self-adhered wrinkle is approximately 6 nm, but they predict
a higher value of 8.4nm based on their theoretical calculations. In another
study, Wang et al. [6], investigate the critical height for wrinkled graphene
on a copper substrate and report an experimental value of 11nm, while
they predict a value of 7.6 nm based on theoretical considerations. Verhagen
et al. [88], present atomic force microscopy images of graphene wrinkles on
Si0,/Si, showing height measurements for their profiles in the range from
9.4 to 10.1 nm. Furthermore, Long et al. [89] report that the critical height
of self-adhered wrinkles on SiO,/Si is experimentally found to be 5nm. In a
theoretical work by Zhang et al. [4], single- and multi-layer collapsed wrinkles
are studied based on a quasi-analytical solution. Ignoring the effects of the

substrate material, they predict a critical height of approximately 6.9 nm.

The conformations of self-adhered and collapsed wrinkles have been pre-
viously modelled using simplified energy formulations under the assumption
the conformation is made up of circular arcs [4, 38]. In this chapter, a con-
tinuous approximation is adopted and a variational model is developed to
firstly, predict morphologies for collapsed wrinkles, and then to calculate
the critical height of the self-adhered wrinkle. We minimise the energy of
the system by employing variational calculus to derive parametric solutions
for these morphologies. This approach has been used by Cox et al. [87] to
derive parametric solutions for two wrinkle configurations, the arch-shaped

wrinkle and the self-adhered wrinkle. In the present chapter, these solutions
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are exploited to determine the critical height of the self-adhered wrinkle by
comparing the energy of the self-adhered wrinkle to that of the collapsed
wrinkle.

This chapter is organised in the following way: in the next section, the
mathematical model is formulated and three independent energy expressions
are derived, each of which represents a specific part of the curve. Following
in Section 6.3, variational calculus methods are applied to minimise each
energy functional and derive parametric solutions for each part of the curve.
We employ these solutions in Section 6.4, where some example substrate
materials are considered, and the LJ potential is applied to account for the
strengths of the graphene-substrate vdW interactions. In Section 6.5 the
results are presented, and a comparison is made with previous theoretical
and experimental studies. A brief summary is provided in the final section

of this chapter.

6.2 Model formulation

The geometry of the self-adhered wrinkle and the collapsed wrinkle are
shown in Fig. 6.1. The solid line represents the approximate excess length of
graphene sheet, the total arc length of the graphene sheet profile compared
to the length of the substrate (less the distance 2x; where there is no direct
graphene—substrate interaction), which is referred to by L. Furthermore,
the graphene-graphene equilibrium distance is denoted by 204, while the
graphene-substrate equilibrium distance is represented by dgs. As the self-
adhered wrinkle has been previously modelled by Cox et al. [87], the focus
of our modelling in this chapter is the conformation of the collapsed wrinkle.

For convenience, transition regions are introduced and the curve of the col-
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(a) (b)
—— Elastic energy —— Elastic energy
——van der Waals energy y ——van der Waals energy

%/

(Zena, 0) (21,0) (@end, 0)

Figure 6.1: Schematic showing the geometry of: (a) self-adhered graphene wrin-

kle, (b) collapsed graphene wrinkle, supported on a substrate.

lapsed wrinkle is divided into three parts, as designated in Fig. 6.1(b). We
avoid using the symbol C} for the collapsed wrinkle so as not to conflict with
the notation used in Ref. [87]. Due to the reflective symmetry, the right-half
of the first part is denoted by C5. The curve Cj is used to represent both
sides of the collapsed wrinkle between the vertical and horizontal lines, while
C} is used for the black curve from the point (x3,404,) to the point (x4, 204).
The conformation of the curve C5 is directly impacted by the strength of the
graphene—substrate vdW interaction. The effects of the graphene—substrate
vdW interaction on the conformation of C'5 and Cy are relatively weak since
the graphene-graphene vdW interaction is the dominating force due to the
relatively more distant graphene—substrate vdW interaction. The effects of
the graphene-substrate vdW interaction on the horizontal red lines are taken
into account in Section 6.4, where we employ the LJ potential to model values

for the strengths of the graphene—substrate vdW interactions.

With the aforementioned considerations in mind, the conformation of

collapsed wrinkles is modelled by minimising the the graphene elastic energy
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and maximising the vdW interaction energy. The graphene elastic energy
E. corresponds to the integral of the total squared curvatures; hence, it is
only considered in the bended regions, but neglected in the regions with zero
curvature (shown in solid red lines in Fig. 6.1(b)). Accordingly, we model E,

by the functional

EQ:W[Q/ /<¢2ds+/ /ifotds—k/ l€2d8:|,
Co Cs Cy

where 7 is a positive constant describing the bending rigidity of the graphene
sheet, x? is the squared line curvature of a single layer, and k2., is the total
squared curvatures of a pair of layers. Throughout this chapter, the line

curvature x is defined by

O-@HE-EE e

where s is the arc length. Furthermore, only the parallel regions are deemed
to be governed by the vdW interaction energy F,. The vdW interaction
energies considered here include graphene-graphene interactions from the
vertical lines throughout the curve Cj, 3 layers of graphene (including the
layer on the horizontal axis) interacting with the substrate between xs and
x3, 2 layers of graphene interacting with the substrate between zs and x4,
and finally graphene—substrate interactions between z; and xe,q. Hence, E,

is modelled by

B == | [ s (2 =) = eunlis — 20— enploa—
C-
- 6g;s(xend - ZL’1),

where €., and €, are positive constants which respectively denote the graphene—
graphene and graphene-substrate vdW interaction energies, and €y,s repre-

sents the strengths of the vdW interaction energy when N layers of graphene
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interact with the substrate, for N = 2,3. Taking the elastic bending energy
E. and the vdW interaction energy FE, together, the total energy FEi, for
the collapsed wrinkle may be written as a sum of three independent energy

components as follows
Etot :Ee+Ev:E2+E3+E47
with

Es

/ 2k ds — €gs(Tend — T1) — €gg(Y2 — Y1),
Cs

Ej3 / (’V"f%ot - Egg) ds — €3g8(x3 — T3),
C’:

E, = / K2 ds — €ggs(T4 — T9).
Cy
Additionally, the total arc length L, may be calculated by
List =2 <L02 + Y2 — y1> + Lo, + Lo, + (563 — 132) + (x4 — 1}2) , (6.2)

where L¢,, Le,, and Le, denote the arc length of the curves Cy, Cs, and Cy,
respectively. In Section 6.3, variational calculus is employed to determine

the extremal curves for E,, F5, and F, independently.

6.3 Variational calculus

6.3.1 Extremal for E,

In this subsection, the aim is to determine a solution curve for C5 which
produces a minimum value for the energy functional F,. For convenience,
the vdW interaction energy at each endpoint is subtracted and the reflective

symmetry of the curve (5 is exploited to reduce the energy functional E5 to

_ Ley
E, = / ny<;2 ds + €51 + €go¥1,
0
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subject to the boundary conditions, at s =0 :
T =104, Yy=1, dz/ds=0, dy/ds=—1,
and at the endpoint s = L, :
r=mx, y=0, dz/ds=1, dy/ds =0,

where the endpoints x; and y; are not prescribed but determined as a part of
the solution. This functional represents a variational problem with two de-
pendent variables and natural boundary conditions, that is largely equivalent
to that considered by Cox et al. [87], as a part of modelling the self-adhered
graphene wrinkle. Therefore, their solution is employed here using the coor-

dinate transformation

ds =1/1+ (dy/dz)*dz.

The obtained parametric solution depends on the following functions

25, () = 20 (sin¢hy)"? [cos s E(¢, k) — sin by (cos 26)'7]
Yo, (@) = 202 (sin wg)l/Q [cos 1)y (cos 20)Y2 + sin 1y E(, k)|,

where E(¢, k) denotes the elliptic integral of the second kind with the asso-
ciated elliptic modulus k = /2, ay = +/ v/ €ge, and

— €gs
y =cos | ——2— | .
NG
Applying the boundary conditions, the curve is presented in parametric form

as

v, (@) = 25, (9) — w5, (Y2/2 = w/4) + Ogg,
Yo (0) = y&, (V2/2) =y, (9),
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where ¢ ranges from (¢9/2 —7/4) to (102/2). The height of the curve Cs,
he, may be calculated by he, = y1 = Yo, (V2/2 — w/4).

The method from Ref. [87] is now followed, and an expression for the arc
length of the curve Cs is given in terms of incomplete elliptic integrals of the

first kind as
LCQ - 20(2 (Sin 1/)2)1/2 [F<w2/27 k) - F(¢2/2 - 7T/47 k)] . (6?))

Similarly, the total elastic energy inherent in Cy is expressed in terms of

incomplete elliptic integrals of the second kind as

Ee, = ﬁ E(s/2,k) — E(s/2— n/A k). (6.4)

6.3.2 Extremal for Fj

In this subsection, the aim is to determine a solution curve for C3 which

produces a minimum value for the energy functional E3 given by

By = / (chot — egg) ds — eggs (25 — 23).
Cs
We note that Ej3 linearly depends on x3, which plays no role in determining

the extremal curve for Ej3; hence, it is assumed that x3 = xo for simplicity.

Therefore, the energy functional to be minimised is now given by

E; = / (VRior — €gg) ds. (6.5)
C3
With reference to (6.2), the functional (6.5) must satisfy the arc length con-

straint

/ ds = Liot — Loy, — (a4 — %2) —2(Ley, +y2 — 1) -
Cs

Incorporating this constraint introduces a Lagrange multiplier A3 into the

functional (6.5) which becomes

Es = / (Wifot e egg) ds.
C3
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The extremal curves for Es5 are determined based on the mid-line, the dotted

line in Fig. 6.1(b), so it is convenient to write the previous expression as

- k3 T o2
Eg_T_/O <)\/<;tot 1) ds, (6.6)

where A = A3 —¢€g, and Ly, denotes the length of the mid-line. The variational

problem (6.6) must satisfy the boundary conditions, at s = 0,
=0, y=1vy, dx/ds=0, dy/ds=1,
and at the endpoint s = L,
T =19, Y=30g, dz/ds=1 dy/ds=0,

where the x—coordinate of the endpoint x5 is not prescribed. It is natural to
assume that the distance y —y; vanishes when the self-adhered wrinkle folds
over. Then for this model to be physically meaningful, we require y, = ¥,
which is determined in Subsection 6.3.1.

The total squared curvature for the curve Cj is denoted by k2, and is the
sum of the squared curvature of the outer layer k2, and the inner layer x2.
Taking the mid-line curvature to be kp,(s) = k(s) as defined by (6.1), the

curvature of the outer and inner layers may be written in terms of x,, as

||

Kofi = ——=—1—-
T b o
We mention that a general expression for the total squared curvature k2, of

folded N-layer graphene has been derived in Section 4.2, and is given by

Koy & NEZ + N(N? = 1)62, 65, + N(N? = 1)(N? — 7/3)0,, k.. (6.7)

gg 'm

Hence, that expression may be exploited in this problem by making the

substitution N = 2, which yields

Foy R 2k + 605 ki + 100,59 .

(6.8)
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Inserting the expression in (6.8) into (6.6) yields the functional to be min-
imised.

The functional Ej is first nondimensionalised by making a change of
variables such that r = a3X and y = «a3Y with a scaling factor az =
\/m. The mid-line’s nondimensional curvature is then written as &, (S) =
XY — XV, with the dot indicating the derivative with respect to the nondi-
mensional arc length S. In terms of the new variables, k,, = &y/a3 and

ds = a3 dS. Thus, the nondimensional energy functional (6.6) becomes

Lm
Es = / (B2, + phg, + piS, +1)dS, (6.9)
0

with the parameters
3042 5AZH:
p=—=2"and p=—2=E.
2y 4y
Following our usual notation, the integrand of the functional (6.9) is denoted

by F', namely
F(Rm) = ko + phig + pio, + 1, (6.10)

which, through the definition of &,,, clearly depends on the first and second
derivatives of the new variables X and Y. Following the same steps as in

Section 4.3, we may use variational calculus to derive
XFy +YFy — F = —3Y, (6.11)

where 13 is a constant of integration. On substitution of (6.10) into (6.11),

we obtain
2 (S) + 3kt (S) 4 5pil (S) =1 — ¢sY.

For convenience, we now make the change of variables dS = (X" + Y’ 2)1/ 26,

with the prime indicating the derivative with respect to #. Thus, we may
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derive

YsY’
(X’2 =+ Y/2)1/2'

Solving this expression for iy, yields the curvature expression for the mid-line,

£2.(0) + 3kt (0) + 5pk8 (0) =1 —

and following the same steps as in Section 4.3.3, we may deduce that

5 - 1/3 - - ~1/3 1/2

A q b q b q p q I
WO = (L) B a) R

Fom (0) ( 1 a7 2) 3( 17 2) 5p

(6.12)
with
5p — 3u? 2u? —5p 1 ,
=————, and q#)=p——m—— — (1 —Y3sinb).
(5p)? @) EORMTAA G

While we propose to model a curve that is structurally similar to the top-half
of folded 2-layer graphene, we mention that the curvature expression (6.12)
has also been employed in Section 5.3 to model the fold of unsupported N—
layer graphene.

Taking the sign of the curvature into account, the mid-line is derived
parametrically by solving the differential equations

X — cos 6 v sin 6

hu®) T A(®)
The part of '3 with negative curvature is given by
0 n 0 .z
0 0 -
Xo-(0) :/ BT 48, Y. (6) :—/ LELANT D
3 —7/2 /’im(e) 3 —7/2 K/m(e)
where 6 € [—7/2,05] and 3 = sin"!(1/13) denotes the point where the

curvature changes sign. The positive curvature part of C3 where 6 € [0, 03]

is given by

.
Xt (0) = X (605) — / 59 49,
’ 05 Fm(0)

0 ]
Yoo (6) = Yo (65) + / sind 5.
[

s b (0)
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The solutions of the mid-line are now exploited to obtain the solutions of the
outer/inner layer as
0 Y’
Xoi()=X0) F 2 | ——
i) =x0) 7 2 ().

0 X'
Y0 =y £ (2 )
i) =y = ()

where X () and Y (6) describe the mid-line. Recall that z = a3X and y =
a3Y, and thus the dimensional solutions may be achieved through scaling
these solutions by az = /27/\. The maximum height of the curve C, he,
corresponds to the maximum height of the outer layer, which occurs in the
negative curvature part of C5 at # = 0. Thus, this height is calculated by
hey = a3 Yo (0) + Ogg.

The arc length of the curve C} is calculated as the sum of the arc length

of the outer and the inner layer, that is

LC3 = LO + Li = / dSO + / dSi . (613)
Cs C3

Since ds = df/k,,, we may write

do
dses = o = (1 £ gg|km]) ds,

with Ky = Am/as and Ry, is given earlier by (6.12). Therefore, equation
(6.13) may be rewritten as
Le, = / (1 + gg|hm]) ds —|—/ (1 — Ogg|bim|) ds = 2/ ds = 2L,
Cs Cs C3

and upon changing the integration variable using the substitution ds =

df/ky,, the arc length of the curve C3 may be calculated as

foy =2 Ue/ ok / o) (6.14)
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The total energy inherent in the curve Cj includes the elastic energy cost of
bending the outer layer F, and the inner layer Ej;, as well as the graphene—
graphene vdW interaction energy along the bended region. Therefore, the

total energy inherent in the curve Cs, E¢, is given by
Ec, = Eo + E; — €gg Ly, (6.15)

where

03 0
Eyj = 7/ ng/i dso = fy/ Koy df =y {/ Koyi(0) df —/ Koyi(0) dQ} :
03 03 77T/2 93

and we recall that
|"fm|

AT TE Oggim|

6.3.3 Extremal for F,

In this subsection, the aim is to determine a solution curve for Cj; which

produces a minimum value for the energy functional Fj4 given by

E, = / v ds — €2gs (T4 — T2). (6.16)
Cy

By the same reasoning as in Subsection 6.3.2, the functional F; must satisfy

the arc length constraint Lg, given by

LE4 = / dS —|— ([L’4 — 5(72) = Ltot — 2L02 — LC3.
Cy

As before, this constraint introduces a Lagrange multiplier A4 into the func-

tional (6.16) which becomes

E4 = / (’}/1{2 + /\4) dS + ()\4 — Eggs) (ZL‘4 — ZEQ).
Cy

Upon using the substitution

x4—x2:LE4—/ ds,
Cy
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we may derive
E, = / (7112 + €2gs) ds + (A\y — €2g5) L, -
Cy

Determining the extremal curve for E, is independent of the Lagrange mul-
tiplier A4, and thus Ay = €245 can be used to simplify our calculations. Then

the functional to be minimised is now of the form

LC’4
Ey= / (’W{2 + EQgs) ds )
0

B, = Ea Z/LC4 < 7 Ii2+1)d8
€2gs 0 €2gs ’

subject to the boundary conditions, at s = 0,

or, equivalently

r =213, Y=4204, dz/ds=1 dy/ds=0,
and at the endpoint s = L¢,,
T =14, Y=20q, dr/ds=-1, dy/ds =0,

where x3 is prescribed in this problem and its value is determined according
to the assumed total arc length of the graphene sheet, but the x—coordinate
of the endpoint x, is not prescribed.

Compared to the equivalent expression (6.7), in Section 6.3.2, the total
squared curvature is simpler here and given by k2, = k%, since N = 1. We
therefore follow the same steps as in Section 6.3.2 and derive an expression

for the nondimensionalised curvature as
£(0) = £ (1 — Yy sin )2, (6.17)

where 14 is a constant of integration. While we propose to model a curve

that is structurally similar to folding supported single-layer graphene, we
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comment that the curvature expression (6.17) has been also used in Sec-
tion 4.3.1 to model the fold of N-layer graphene stack supported by SiO,
substrate. The substitution § = 2¢ — 7/2 is then made, and the parametric
solutions are written in terms of the functions g;(¢) and go(¢), as given by
(4.27). Considering the arbitrary constant 14, the parameters in (4.28) are
now given by
A:Q(H—W I k:(w‘* >1/2.
(N 7 L+, 1+ 4y

We now propose a solution that starts from X3 with ¢ = 7/4, proceeds

clockwise and ends at Xy with ¢ = —x/4. The first part of this solution
has a positive curvature, while the second part has a negative curvature.
These two parts are bounded by a point with zero curvature corresponding
to ¢4 = sin~'(1/k). For the positive curvature portion of Cy, ¢ varies in the

range [ /4, ¢4] and the parametric solution is
Xer(9) = X+ gi1(m/4) — 91(9),
49,
Yer(9) = a_ig + 92(7/4) — g2(9).

For the negative curvature portion of Cy, ¢ varies in the range [—m/4, 4]

and the parametric solution is given by
XC;(¢) = Xz +q1(7/4) + 91(9),

Vo (6) = 22 4 gu(a/4) + 2(6) — 20201)

4

As in Section 6.3.2, scaling the parametric solutions by ay = \/7/€2gs pro-
duces the dimensional solutions for C}. It is noted that the maximum height
of the curve Cy, hg, occurs in the negative curvature part of C)y where
¢ = 7/4, and thus it is given by he, = oy Y- (7/4). The value of ¢4 can be
calculated numerically such that the endpoint condition yo—(—7/4) = 204,

is satisfied.
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The arc length of the curve C} is now calculated as

Le,= [ ds,
Cy

which after the substitution ds = df/k = 2d¢/k becomes

o[ e e
LC“Q[/_M ), f’v(¢)]’ (01%)

where kK = k/ay and £ is given earlier by (6.17). Thus, the arc length of the

curve (Y is represented by elliptic functions of the first kind as
Lo, = day (1+1) 2 F(4, k). (6.19)

The total elastic energy inherent in the curve Cy may be calculated using

EC4:/ k% ds,
Cy

and a similar derivation as that used to calculate the arc length is applied,

which yields
Ec, = 4yai" (14 ¢4)'"* E(¢4, k). (6.20)

The incomplete elliptic functions of the first and second kind are odd func-
tions of ¢ as indicated by the relationship (2.40), and this property has been
used to obtain (6.19)—(6.20). In the following section, specific substrate ma-
terials are adopted into the model and values for es,s and ey are obtained

from the LJ potential.

6.4 Substrate parameters

As mentioned in the Section 3.2, some metal(111) surfaces are shown to bind

weakly on graphene such as Cu(111), while others are shown to bind strongly
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such as Ni(111). Taking this into account, Cu(111) and Ni(111) are consid-
ered as example substrates in our variational model developed in Chapter 2
for graphene ripples. In addition, we mention that another variational model
has been constructed for graphene arch-shaped and self-adhered wrinkles
[87], where the authors have considered Cu(111) and Ni(111) substrates in
their analysis. Continuing in this vein, this model is applied to study the
behaviour of collapsed graphene wrinkles supported by Cu(111) or Ni(111)
substrate. This approach also provides a good opportunity to exploit earlier
work [87] and investigate the critical height of self-adhered wrinkles.

The strength of vdW interactions e, and the equilibrium distance dg
for a single-layer graphene interacting with each considered substrate mate-
rial have been reported in the literature [81]. However, the LJ potential is
employed in this study to calculate values for the strengths of the vdW inter-
action energy €ng, when NN layers of graphene interact with the substrate,
for N = 2,3. The strengths of the vdW interaction energy €y, is approxi-
mated in this chapter such that each interaction between the top layer and
the other layers below are accounted for along with the interaction between
the top layer and the substrate. For instance, when calculating values for €3,
we account for the interactions between two graphene layers at a distance
204,, two graphene layers at a distance 4d,,, and a graphene layer with the
substrate at a distance dgs + 404,. Therefore, we may write a mathematical

expression for €ygg as

N—-1
€Ngs = €gs (Ogs + (IV — 1)2045) + Z €gg(J20g5),
7j=1

where €4,(¢) and €,4(p) are the graphene-graphene and graphene-substrate
interaction energy at the distances ¢ = 720y, and ¢ = dgs + (N — 1)20,,,

respectively.
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Following the general approach given in Section 2.2.1, the graphene—
graphene interaction energy is a surface—surface interaction, and therefore

it may be modelled by

TAgy  TBge

€gg(p) = D§ ( 251 + 5901(]) : (6.21)

In this chapter, values for Ay, and Bg, are derived such that the parameters

Dy, 0gg, and €g, listed in Table 6.1, satisfy (6.21) and [degy/dep]

p=20gg

However, the graphene—substrate interaction is a surface—volume interaction,

and therefore it may be modelled by

(6.22)

- TAgs  TBgs
6gs(@ = Dy D; ( =+ > ) .

C65% | 45¢9
Similarly, values for Ay and B, are derived such that Ds, d,, and eg4 listed

in Table 6.1, satisfy (6.22) and [degs/d@] = 0. Table 6.1 summarises the

‘Z’:‘sgs
values for the parameters used in this work.

6.5 Results

Starting from the conformation of a self-adhered wrinkle with a gradually
increasing height, the wrinkle may fold over at a certain height, which would
form a collapsed wrinkle. In this study, two potential conformations for the
collapsed wrinkle are considered, which are illustrated in Fig. 6.2. We first
introduce Conformation A, which may form when the vertical layers of the
self-adhered wrinkle are fully converted to a folded bilayer. We also consider
Conformation B, which may form when these vertical layers are converted
to a folded bilayer followed by a flat layers. Conformation A maximises the
elastic energy, while B minimises the vdW energy. Taking into account that

the minimum energy structure is energetically favourable, the energies of
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these conformations are then compared and the length where each confor-
mation becomes energetically favoured is obtained. It has been shown that
the bending rigidity of graphene varies in the range 0.83-1.61eV [15], and
for comparison purposes, linearly spaced values are chosen from this range
for v, namely v = {0.8,1.0,1.2,1.4,1.6} eV.

The total arc length of the collapsed wrinkle is given by
Ltot = 2LC’2 + LC3 —+ LC4 + (Ig — 132) + (I4 — l’g),

where expressions for L¢,, Le,, and Le, are given by (6.3), (6.14), and (6.19),
respectively. The total energy of the collapsed wrinkle is given by

Eiot =2Ec, + Ecy + Ec, — €355(3 — T2) — €9g5(4 — 2),

Table 6.1: Numerical values for the parameters of graphene—graphene interac-
tions and graphene-substrate interactions (based on our calculations unless refer-

enced).

graphene—substrate, (z=s)

Parameters  graphene—graphene, (z=g)

Cu(111) Ni(111)
D, 0.3812 (A~2) 0.085 (A=3)  0.091 (A—3)
Og- (A) 1.670 [90] 3.260 [81]  2.018 [81]
€g. (eV/A2?) 0.0214 [90] 0.0132 [81]  0.0913 [81]
Ag. (eV A%) 19.4456 40.4816 61.7489
B,. (eV A1?) 2.7 x 10* 1.21 x 10> 1.04 x 10*
€2gs (€V/A?) - 0.0238 0.0287
€3g5 (€V/A?) - 0.0243 0.0253




156 Chapter 6. Collapsed graphene wrinkles

(a) (b)

Substrate Substrate

Figure 6.2: Schematic illustrating the structures of two potential conformations
of collapsed wrinkles: (a) Conformation A and (b) Conformation B, with a zero

and a non-zero distance following the folded bilayer, respectively.

where expressions for E¢,, F¢,, and E¢, are given by (6.4), (6.15), and
(6.20), respectively. The only unknown parameters are A and 13 which are

numerically determined such that they satisfy the following equations:

ey (0) = 36,

LC3 - Ltot - 2LCQ - LC4 - ("L'g - :EQ) - (174 - 1'2),

where L, is prescribed. The total arc length L2, and the total energy E2,
of Conformation A are calculated using x, = x3 where the total length is
increased by increasing the curve C3. On the other hand, the total arc length
LB, and the total energy EP, of B are calculated assuming that zo < w3,
where the total length is increased by lengthening the flat section (x3 — x2).

In an ideal setting, the wrinkle would not produce the flat section until
the curve (5 reaches an optimal length. The energies of the two potential
conformations have an equal gradient (equal energy as shown in Fig. 6.4)

at the transition length; hence, the initial length for which Conformation B
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Figure 6.3: Energy gradients as a function of the total arc length Ly of collapsed
wrinkles supported by: (a) Cu(111) substrate, and (b) Ni(111) substrate. The
coloured lines denote the energy gradients for Conformation A and the black line
denotes the energy gradient for B, where the intersection point gives the length

Ly for each value of ~.

produces lower energy Ly may be determined by numerically solving

AEL O ) _ dEBGy) |
stAot()‘? wS) dLE)t(xS) =

In Fig. 6.3, the energy gradient for each conformation is plotted as a func-
tion of the total length L. where the intersection point denotes the starting
length of Conformation B Lg, meaning that the collapse wrinkle starts pro-
ducing the flat region.

We also investigate the critical height of self-adhered wrinkles through an
energy comparison. A mathematical model has previously been developed for
the self-adhered wrinkle [87], and its geometry is also presented in Fig. 6.1(a)
for convenience. The total arc length of the self-adhered wrinkle L, is

derived in Ref. [87] as

Liot =2 [LC1 + LCQ + <y2 - yl)] )
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and the total energy of the self-adhered wrinkle EF , is given by

Etsot =2 (Ecl + EC2> - Ggg(yz - yl)v

where expressions for L, and Eg, are given in Ref. [87]. The value of y; is
determined from a natural boundary condition, but the value of ys is varied
in order to obtain the critical length L. for which the self-adhered wrinkle
reaches the critical height hei;.

Given that the minimum energy structure is energetically favourable, the
comparison made in Fig. 6.4 shows that Conformation A of the collapsed
wrinkle is unachievable since there are always other conformations with lower
energies based on the parameters used in this study. However, it is useful in
determining Lg, the initial length of Conformation B. The highlighted inter-
section point in Fig. 6.4 corresponds to the critical length of the self-adhered
wrinkle before it folds and follows Conformation B. Fig. 6.5 illustrates the
energy profiles for different bending rigidities and clearly indicates the critical
lengths. Once the critical length L, is known, we may use the corresponding

value of y, and utilise the work by Cox et al. [87], to calculate Ay as

harit = Y2 + 2y¢, (=7/4) = y&, (V1/2) — y5, (Y1 /2 — 7 /4),

and the definitions of y and 1, are given in Ref. [87].

Table 6.2 presents numerical values for the heights of collapsed wrinkles
and the critical height h; of self-adhered wrinkles with the corresponding
critical length L. and the critical energy FE.i. The bending rigidity of
graphene v = 1.2 + 0.4€V is used in the analysis for comparison purposes.
We find that self-adhered wrinkles adopt larger heights when supported by
Cu(111) substrate rather than Ni(111) substrate for a fixed value of v from

the given range. Despite the substrate materials used in each study, these
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Figure 6.4: The behaviour of the total energy Fiot as a function of the total arc
length Lo for different wrinkle configurations with bending rigidity v = 1.2eV
supported by Cu(111) substrate. The marked point denotes the critical length

Lit where the self-adhered wrinkle folds and follows Conformation B.

values correlate favourably with earlier experimental and theoretical stud-
ies which are summarised in Table 6.3. The predicted profiles of collapsed
graphene wrinkles supported on Cu(111) and Ni(111) substrate are shown in
Fig. 6.6, with Lo = L as indicated in Fig. 6.5. Also for comparison pur-
poses, the total arc length Loy = 180 A and v = 1.2V are fixed to examine
the effects of each substrate on the conformation of collapsed graphene wrin-
kles, as presented in Fig. 6.7. It is concluded that Ni(111) substrate leads
to lower aspect ratio wrinkles compared to Cu(111) substrate, which may be
justified by the stronger graphene—Ni(111) binding energy as compared with
that of the graphene-Cu(111) substrate.
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Figure 6.5: The behaviour of the total energy FEi, as a function of the total arc
length Lot for self-adhered wrinkles (solid lines) and Conformation B of collapsed
wrinkles (dashed lines) supported by: (a) Cu(111) substrate, and (b) Ni(111)
substrate. The marked points denote the critical lengths L,y where self-adhered

wrinkles fold and follow Conformation B.

6.6 Conclusion

In this chapter, a continuous approach is applied to construct a mathemat-
ical model for collapsed graphene wrinkles induced by folding standing self-
adhered graphene wrinkles. The shape of the wrinkle is divided into three
arcs with transition lines. Based on the elastic and vdW interaction ener-
gies, the total energy of the system is derived as a sum of three independent
energy components. For each energy component, the calculus of variations
is employed to minimise the energy functional and obtain expressions for
the curvatures which are used to derive parametric solutions for each curve.
Both copper and nickel substrates are considered in the analysis, and the LJ

potential is applied to model the strengths of vdW interactions when two or

three graphene layers interact with the substrate.
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Figure 6.6: The conformation of collapsed wrinkles supported on: (a) Cu(111),
and (b) Ni(111) substrate for different bending rigidities with Lot = Lcyit-
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Table 6.2: Numerical values for the heights of collapsed wrinkles (A), and the

critical height of self-adhered wrinkles hepit (A) with the corresponding Lt (A)
and Eei; (eV/A) where the bending rigidity v = 1.2 & 0.4€V.

substrate
Wrinkle property
Cu(111) Ni(111)
Lerit 175 + 32 144 + 28
self-adhered Rerit 79.6 £ 14.7 66.5 + 12.7
Eoit 0.230 £0.024 0.855 +0.123
he, 72+1.2 4.74+0.8
collapsed hey 15.7£2.3 127£1.8
he, 124+ 1.7 11.5+£1.5

Table 6.3: Summary for some values for the critical height hepit and the critical

length L. of self-adhered wrinkles that have been reported in the literature.

Reference hege (A)  Lee (A)  Substrate  Study
Ref. [38] 60 - SiO9/Si Experiment
Ref. [6] 110 - Cu(111)  Experiment
Ref. [88] 101.5 - SiO2/Si Experiment
Ref. [89] 50 — SiO2/Si Experiment
Ref. [38] 84 163 SiOs/Si  Theory
Ref. [6] 76 ~ Cu(111) Theory
Ref. [4] 69 155 Ignored  Theory
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Figure 6.7: The conformation of collapsed wrinkles supported on Cu(111) and
Ni(111) substrate with fixed arc length Lo = 180 A and bending rigidity v =
1.2€V.

Two potential conformations for the collapsed wrinkle are investigated,
along with the self-adhered wrinkle. Through an energy comparison between
these configurations, the length where each configuration becomes energeti-
cally favoured is predicted. For collapsed wrinkles, the analysis of this study
demonstrates that the folded bilayer is always followed by a flat region. For
self-adhered wrinkles, the critical transition height is calculated exploiting
an earlier solution that was derived for self-adhered wrinkles. The calcu-
lated critical heights are consistent with earlier experimental and theoretical

results reported in the literature.
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6.7 Nomenclature

Symbol  Description

O derivatives of [] with respect to S

O derivatives of [J with respect to 6

Lios the approximate total arc length of the wrinkle

204, the graphene-graphene equilibrium distance

Ogs the graphene—substrate equilibrium distance

Cno curves from the geometry of the wrinkles

K the line curvature of a single curve

S; the arc length at the point (x;, y;)

S; the nondimensional arc length at the point (X;,Y;)

E. the elastic energy

v the bending rigidity of graphene

Km, Kosi  the line curvature of the mid-line, outer /inner curve

K2, the total squared curvatures of two curves

£ the vdW interaction energy

€qg the graphene-graphene vdW interaction energy per unit length
€gs the graphene—substrate vdW interaction energy per unit length
€Ngs the vdW interaction strength for N-layer graphene and substrate
FEiot the total energy

Xe¢,/Ye, the nondimensional parametric solution for the curve C;
xc,/ye,  the dimensional parametric solution for the curve C;

En the energy inherent in the curve Cp

Ln the length of the curve Ch

Yo a constant of integration

an a scaling factor
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he,
Ao
F

Fr

[}

Lm,o/i
D, q

g1, 92
A B

)
€Ngs

€gg (@)
Dg

€gs(P)
Dy
AgD/ BgD
Ese/ Ligy
B/ Ly,
Etsot/Liot
hcrit
Ecrit/Lcrit

the height of the curve Cp

a Lagrange multiplier

the integrand part of a functional

the partial derivative of F' with respect to the variable [J

the length of the mid-line, outer/inner layers of Cs

notations used to simplify calculations

functions from which the solution curves are constructed
parameters used for simplification purposes

the vdW interaction of N graphene layers and the substrate

the graphene-graphene vdW interaction strength at a distance ¢
the surface density of carbon atoms on a sheet of graphene

the graphene-substrate vdW interaction strength at a distance ¢
the volume density of the chemical element of the substrate
positive constants of the graphene—[] attraction/repulsion

the total energy /length of collapsed wrinkles (conformation A)
the total energy/length of collapsed wrinkles (conformation B)
the total energy/length of self-adhered wrinkles

the critical height of self-adhered wrinkles

the energy/length of self-adhered wrinkles at Ayt
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Chapter 7

Conclusion

In this thesis, we propose a collection of mathematical models for a number
of related graphene nanostructures. These models are constructed using the
calculus of variations and the shape of the proposed structure is determined
via an energy minimisation approach. To date, this method has been em-
ployed in modelling single-layer graphene folds [3, 59], and wrinkles [87]. In
this thesis, we extend the use of variational calculus in the field of modelling
graphene nanostructures by investigating four main configurations (graphi-

cally represented in Fig. 7.1), namely
1. single-layer graphene ripples,
2. supported multi-layer graphene folds,
3. unsupported multi-layer graphene folds, and
4. collapsed graphene wrinkles.

In each case, the modelling involves multiple physical parameters including
the bending rigidity of graphene, vdW interaction strengths, equilibrium dis-

tances, and Lagrange multipliers relating to isoperimetric constraints. To fa-
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cilitate the modelling, the equations are nondimensionalised to obtain a sim-
plified model involving fewer parameters. Throughout this work, the calculus
of variations is shown to be capable of modelling graphene configurations and
providing results consistent with earlier theoretical and experimental studies.
In the next three sections, the main novel results obtained for each of the
above-mentioned configurations are summarised. The final section outlines

potential directions for future research based on the work done in this thesis.

7.1 Single-layer graphene ripples

In Chapter 3, a variational model is constructed for a rippled graphene sheet
supported by a metal substrate. This model comprises three cases for the
configuration of the ripple that relate to the edge of the graphene sheet and
the length of the substrate. Firstly, the transitional case assumes that the
edge of the sheet and the substrate coincide. Then, the substrate constrained
case accounts for the configuration when the ripple edge overhangs the sub-
strate. Lastly, the graphene constrained case accounts for the configuration
when the edge of the ripple does not extend to the substrate edge. Analyti-
cal solutions are derived for each case and a smooth transition between these
cases is made based on the ratio of the Lagrange multiplier to the strength

of vdW interaction.

In the analysis, two metal substrates are considered for comparison pur-
poses, which are the Cu(111) and Ni(111) substrates. All three cases are
incorporated to demonstrate a continuous relationship between the total en-
ergy per unit length and the substrate length. Additionally, the solution of
the substrate constrained case is adopted to examine a flat graphene sheet

on a shrinking substrate where two main effects have been observed. The
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Figure 7.1: Graphene configurations investigated in this thesis: (a) single-layer

ripples, (b) supported multi-layer folds, (¢) unsupported multi-layer folds, and (d)

collapsed wrinkles.

first of these is a ripple formation that appears with increasing height as
the substrate shrinks. The second effect is that there is an increase in the
total energy due to both the elastic energy that arises when the ripple forms,
and the fact that the vdW interaction energy decreases when the substrate
shrinks. To validate the mathematical model, predicted ripple profiles are

compared to earlier results of molecular dynamical simulations and the com-
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parison shows excellent agreement.

7.2 Multi-layer graphene folds

A fold of multi-layer graphene has been investigated in Chapters 4 and 5. In
Chapter 4, a variational model is developed for folded multi-layer graphene
supported on a substrate. The fold of multi-layer graphene has been pre-
viously modelled using a finite-deformation beam theory with a simplified
model, where the curvature of a single-layer graphene was multiplied by the
number of layers [57]. However, the model developed in this work takes into
account the effects of curvature in each layer, and an expression for the total
squared curvature is derived using a Taylor series expansion. Then, the fold-
ing conformation is examined under three truncations of the Taylor series
for the total squared curvature, namely, the one-term approximation, the
two-term approximation, and the three-term approximation.

To compare and assess these approximations, we exploit the experimental
measurements reported in the literature for the hump height of folded multi-
layer graphene supported on a SiO, substrate. Then, the SiO, substrate is
adopted in the analysis and the LJ potential is employed to model values
for the equilibrium distances and strengths of the vdW interaction. Our
analysis suggests that the three-term approximation is capable of accurately
predicting the folding profile of up to 5-layer graphene sheets, which is in
good agreement with the experimental measurements of the hump height.

After establishing the accuracy of the three-term approximation in Chap-
ter 4, we employ it again in another variational model for folded unsupported
multi-layer graphene in Chapter 5. In this model, a novel analytical approach

is proposed to predict the effective bending rigidity of multi-layer graphene.
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Solutions for folded unsupported single- and multi-layer graphene are pre-
sented. Furthermore, the LJ potential is used to model values for the equi-
librium distances and strengths of the vdW interaction. By changing the
bending rigidity of single-layer graphene, we prescribe the effective bending
rigidity of multi-layer graphene such that the predicted folding profiles ob-
tained from both solutions are in best agreement. The analysis reveals that
the effective bending rigidity of 2— to 6-layer graphene follows an approx-
imate quadratic relationship with the number of layers. This relationship
is confirmed by a log—log plot, and this result is also in line with earlier

theoretical and experimental studies.

7.3 Collapsed graphene wrinkles

In Chapter 6, a variational model is constructed for the most intricate and
complicated graphene configuration investigated in this thesis, the collapsed
graphene wrinkle. Earlier works in the literature have approximated graphene
wrinkles by circular concave and convex arcs with transition lines and mod-
elled this complicated structure using a simplified energy formulation. In
this thesis, the geometry of the wrinkle is partitioned into three continuous
curves. Then, parametric solutions are derived from variational considera-
tions for each curve. The Cu(111) and Ni(111) substrates are adopted in the
analysis of the mathematical model for graphene ripples in Chapter 3. Also,
these substrates have been used by Cox et al. [87] in the analysis of their
models for arch-shaped and self-adhered wrinkles. Consequently, we adopt
these substrates in the analysis of our model for collapsed graphene wrinkles
in Chapter 6. Again, the LJ potential is employed to model values for the
strength of the vdW interactions.
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The analysis in this study takes into account two potential conformations
for the collapsed wrinkle, and through an energy comparison, we predict that
the folded bilayer section is always followed by a flat region. A collapsed
wrinkle forms when a self-adhered wrinkle folds over towards the surface
after achieving the maximum height. We report numerical values for this
critical height through an energy comparison for the wrinkle before and after
it collapses. Taking advantage of earlier theoretical work [87], we compare the
total energy of a self-adhered wrinkle to that of collapsed wrinkle. Values for
that critical height are calculated such that the collapsed wrinkle has lower
total energy than the self-adhered wrinkle. These values are in line with

previous theoretical and experimental results.

7.4 Future research

In this thesis, various configurations of supported graphene sheet(s) on a
substrate are modelled. Hence, a straightforward extension to this work
would be to apply these models to substrates other than those considered
here by fitting the appropriate values of the parameters for the vdW inter-
action strengths and equilibrium distances. While in this thesis we assume
a translational symmetry in the z—direction and then consider 2D problems
throughout, the present models may also be extended by considering a radial
symmetry with a small uniform bend. Specific directions of potential future

research for each considered problem are presented below.

Single-layer graphene ripples

In Chapter 3, it is noted that a ripple forms in flat graphene located on a

shrinking substrate. Thus, a possible avenue of research may be to address
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this phenomenon by taking into account additional physical effects. For
example, the model may be extended to account for the change in the vdW
interaction strength as the substrate length and density change. This would
introduce the parameter denoting the vdW interaction strength as a function
of the independent variable which would undoubtedly complicate solving the

corresponding Euler-Lagrange equation.

Multi-layer graphene folds

In Chapter 4, the Taylor series expansion is truncated to derive three approx-
imations for the total squared curvature of folded multi-layer graphene. It
has been shown that the three-term approximation is capable of accurately
predicting the folding profile of up to 5-layer graphene. Thus, a possible
future work could add extra terms in order to investigate the folding confor-
mation of supported multi-layer graphene with more than 6 layers. However,
simply extending the Taylor series would certainly complicate the derivation
of the corresponding expression for the line curvature. Whereas in this thesis
the total squared curvature is approximated using a Taylor series expansion,
future research studies may look for an alternative approximation, such as
the Padé approximation, which may lead to a more accurate expression while
still maintaining mathematical tractability.

In Chapter 5, the effective bending rigidity of multi-layer graphene is
predicted by comparing its folding profile to that of a single-layer graphene.
While in this thesis we consider geometrically perfect graphene with uniform
thickness distribution, modelling the folding of imperfect graphene differs
from that of perfect graphene by taking into account the elastic energy in
the impure region as discussed in Section 1.5.5. Therefore, a potential future

work may involve applying the model in Chapter 5 to study the folding
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conformations of imperfect graphene and investigating the change in the

effective bending rigidity.

Collapsed graphene wrinkles

In Chapter 5, the conformation of the collapsed graphene wrinkle is mod-
elled. In earlier work, the collapsed graphene wrinkle has been modelled as a
concatenation of circular arcs. In this work, it is modelled as three continu-
ous curves and parametric solutions are derived for each curve independently,
which is an improvement in the modelling. A further improvement may come
from modelling this complicated structure as a single continuous curve. An-
other possible work may consider modelling the multiple-folded graphene
wrinkles.

Finally, the explicit analytical formulae derived in this thesis, such as the
graphene—substrate vdW interaction energy given by (2.51), the analytical
solutions given by (3.13), and the total squared curvature given by (4.5), are
likely beneficial in the modelling of other observed conformations of graphene
nanoribbons such as those shown in Fig. 7.2. In addition, these analytical
formulae are potentially applicable to modelling configurations of other non-
graphitic materials such as boron nitride nanosheet(s). However, the vdW
interactions energy may complicate the modelling process since boron nitride
nanosheet contains both boron and nitrogen atoms while graphene contains

only carbon atoms.
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(a)

Figure 7.2: (a) Frequently and (b) occasionally observed graphene conformations.
Taken from Ref. [8] under a Creative Commons Attribution 4.0 International Li-

cense.
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Appendix A

Analytical derivation of (4.3)

In this appendix, we present the analytical derivation of (4.3) which has

been utilised to derive an expression for the total squared curvature of folded

multi-layer graphene. The total squared curvature of a pair of inner and

outer curves a distance vd,, away from the mid-line is estimated by (4.2),

which is given by

2k2, [1 + (Vigghim)’]
[1 - (Végg’fmff

K2+ K2 = (A.1)

We assume that the term (Végg/ﬁm)z < 1, and expand the denominator of
(A1) about (vdgkmy,)® = 0. We recall that the Taylor series of a function

f(z) about a point = a is given by
Z E= 9 po0 ) = f(a) + (o - a) £/ (a) + LSO
n=0 '

which is known as Maclaurin series when a = 0. For instance, assume that

we wish to expand a function f of the form
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about the point x = 0, where x is small. The nth derivative of the function

f has the form
(n+1)!
(1 o $)n+27

and therefore the Maclaurin series expansion of f is then

£ () =

:ix—(n+1)!

n:

=Y (n+1)a"=1+2x+32" +42° +--- . (A.2)

Repeating the same approach, we may write the following expression
1
[1 - (V(sgg’fm)z}

Consequently, we write (A.1) as

_ 202 2 4g4 4 656 ,.6
5 = L+ 200, ki, + 31 Ogg by, + 41070 gg iy, + -+ . (AL3)

K+ k2 =2k7 (14 V25§gf<afn) (1+ 21/25§g/-@fn + 3V4(5§glir4n + 4V65gglir6n +0)

= 27, (143026, ki + 5u45§gmfn + 700 o + )

= 2K2 Z 2n+1) (V02 k0)"
n=0

In this work we consider the first three terms of the series expansion, the

total squared curvature of these inner and outer curves is approximated by

2 2 9,2 262 4 454 6
K + Ky & 2k, + 00 0y, ki, + 100705,k

and hence the derivation of (4.3) is completed.
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