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Bifurcations and dynamics in inertial focusing of particles in curved rectangular
ducts *

Rahil N. Valanif, Brendan Hardingi, and Yvonne M. Stokes'

Abstract. Particles suspended in fluid flow through a curved duct focus to stable equilibrium positions in the
duct cross-section due to the balance of two dominant forces: (i) inertial lift force - arising from the
inertia of the fluid, and (ii) secondary drag force - resulting from cross-sectional vortices induced
by the curvature of the duct. Such particle focusing is exploited in various medical and industrial
technologies aimed at separating particles by size. Using the theoretical model developed by Harding
et al. [11], we numerically investigate the dynamics of neutrally buoyant particles in fluid flow through
curved ducts with rectangular cross-sections at low flow rates. We explore the rich bifurcations that
take place in the particle equilibria as a function of three system parameters - particle size, duct
bend radius and aspect ratio of the cross-section. We also explore the transient dynamics of particles
as they focus to their equilibria by delineating the effects of these three parameters, as well as the
initial location of the particle inside the cross-section, on the focusing dynamics.

Key words. inertial particle focusing, inertial migration, inertial microfluidics, inertial lift force, bifurcations

AMS subject classifications. 74F10, 92C50, 37N10, 37N25

1. Introduction. Motion of particles suspended in a fluid flow is governed by the hydrody-
namic interactions between the particles and the surrounding fluid. In the very low Reynolds
number regime where no inertia is present, the reversibility of Stokes-flow confines the particle
motion to streamlines of the background flow. For increasing Reynolds number, the inertia
of the fluid can no longer be neglected and the hydrodynamic forces from the fluid can cause
particles to migrate across streamlines. This phenomenon is known as inertial migration and
the corresponding hydrodynamic force component that facilitates particle migration across
streamlines is known as the inertial lift force. Inertial migration was first demonstrated in the
classical experiment of Segré and Silberberg [27] where particles suspended in flow through a
straight circular pipe were observed to focus to an annular region with radius approximately
0.6 times that of the pipe. This focusing of particles arising from inertial migration has led
to a whole new class of microfluidic technologies known as inertial microfluidics. Inertial mi-
crofluidics has found many applications in medical and industrial settings such as isolation of
circulating tumor cells (CTCs) [16, 30, 33], separation of particles and cells [17, 18, 35, 38],
bacteria separation [5], cell cycle synchronization [19], flow cytometry [2], water filtration [28],
detection of malaria pathogen [36], extraction of blood plasma [24] and identification of small-
scale pollutants in environmental samples [31]. Recent developments in inertial microfluidics
are highlighted in several review articles [20, 25, 29, 40]. Current advances in inertial microflu-
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2 R. VALANI, B. HARDING, AND Y. STOKES

idics are mainly driven by experimental trial-and-error where different designs of microfluidic
devices can be assembled and tested within a few days. However, the ability to predict and
optimize inertial focusing behaviors for different applications based on first principles is still
work in progress [20, 29].

Bifurcations take place in the particle focusing positions with variations in the system
parameters such as particle size, duct geometry and flow Reynolds number. For example, it
has been shown in both numerical simulations [3] and experiments [23] that, in a straight
channel with a square cross-section, the particle focusing positions change as a function of the
Reynolds number of the fluid flow. Typically, one needs to resort to full numerical simulations
to simulate the particle dynamics and its focusing behavior at relatively high Reynolds number
(in the laminar flow regime). Although these simulations give accurate results which can be
compared with experiments, they offer little insight into our understanding of the fundamental
aspects of inertial migration physics. Therefore, there have been several theoretical investi-
gations that use analytical asymptotic methods, which are valid in the low Reynolds number
regime, to gain a systematic understanding of the particle focusing phenomenon. Analytical
asymptotic methods have been used to rationalize inertial particle migration in straight 2D
channels [1, 12, 26] as well as straight 3D channels with a circular cross-section [21, 22]. In
the case of straight 3D non-circular ducts, a purely analytical treatment becomes difficult and
a combination of asymptotics and numerical simulations have been used. For example, Hood
et al. [13, 14, 15] considered inertial migration of neutrally buoyant spherical particles in flow
through straight ducts with rectangular cross-sections by using a combination of perturbation
theory and numerical simulations.

Typical experimental microfluidic devices aimed at particle separation by size employ
circular and spiral duct geometries. Hence, a systematic understanding of the particle focusing
behaviour in curved geometries is crucial to optimize the design of these experimental devices.
Harding et al. [11] extended the work of Hood et al. [13, 15] and considered inertial migration
of neutrally buoyant spherical particles at low flow rates in curved ducts with rectangular and
trapezoidal cross-sections. In curved duct geometries, in addition to the inertial lift force,
a secondary drag force acts on the particle due to the secondary vortices induced in the
cross-section by the curvature of the duct. Harding et al. [11] showed that for curved ducts,
rectangular cross-sections with aspect ratio (width/height) greater than one and a trapezoidal
cross-section had a better ability to separate particles based on their sizes. Moreover, the
curvature of the duct plays an important role in determining the particle focusing locations.
Ha et al. [8] developed a reduced order model, the Zero Lift Fit (ZeLF) model, by fitting curves
to the inertial lift force and the secondary drag force calculated from the theoretical model
of Harding et al. [11]. The curve fitting was done such that it preserves the core topology of
the two driving force fields. Using this simplified model, they investigated various dynamical
behaviors of small particles and the bifurcations in the particle equilibria for flow through
a curved duct with a square cross-section. Although these studies rationalize the particle
focusing behavior within particular rectangular and trapezoidal channels as a function of the
bend radius of the curved duct, an understanding of the bifurcations in particle equilibria and
the particle focusing dynamics as a function of the other system parameters is lacking.

In this paper, we extend the work of Harding et al. [11] and Ha et al. [8] by performing a
systematic investigation of the bifurcations in particle equilibria for neutrally buoyant spherical
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BIFURCATIONS AND DYNAMICS IN PARTICLE FOCUSING 3
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Figure 1. Schematic of the theoretical setup. A particle of radius a with center located at xp, = x(0p,7p, 2p)
is suspended in a fluid flow through a curved duct of radius R having a rectangular cross-section of width W and
height H. The enlarged view of the cross-section illustrates the local cross-sectional (r,z) co-ordinate system,
and the secondary flow (gray closed curves) induced by the curvature of the duct. The edge labeled “inner wall”
is the side closer to the center of curvature while the edge labeled “outer wall” is the side further away from the
center of curvature.

particles in curved ducts having rectangular cross-sections. We also explore the transient
dynamics of particles as they focus to their respective equilibria by investigating the effect of
various system parameters on the focusing dynamics. The paper is organized as follows. In
section 2 we outline the Leading Order Force Model of Harding et al. [11] that has been used
for our analysis. In section 3 we explore the bifurcations in particle equilibria as a function of
three system parameters: duct bend radius, particle size and aspect ratio of the rectangular
duct cross-section. In section 4 we delineate the effects of the above three system parameters,
as well as the initial location of the particle within the duct cross-section, on the focusing
dynamics of the particles. We conclude in section 5.

2. Theoretical Setup. As shown in Figure 1, consider a particle of radius a suspended
in a fluid flow through a curved duct of constant radius R with a uniform cross-sectional
rectangular shape of aspect ratio AR = W/H, where W is the width and H is the height of
the rectangle. The horizontal and vertical co-ordinates within the rectangular cross-section
are denoted by r and z with the origin at the center of the rectangle, and the domain is
—W/2 <r <W/2, —H/2 < z < H/2. These cross-sectional co-ordinates are related to the
global co-ordinates of the three-dimensional curved duct as follows:

x(0,r,z) = (R+1)cos(0)i+ (R+ r)sin(d)j+ z k.

This manuscript is for review purposes only.
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4 R. VALANI, B. HARDING, AND Y. STOKES

Here 6 is the angular co-ordinate around the curved duct. The location of the particle’s center
is given by x, = x(6p,7p, 2p). We now provide an outline of the theoretical model developed
by Harding et al. [11] which has been used for the results presented in this paper.

2.1. Leading Order Force model. Harding et al. [11] developed a general model for the
forces that govern the motion of a neutrally buoyant spherical particle in flow through a curved
duct at sufficiently small flow rates. In the absence of the particle, the incompressible steady
fluid flow in a curved duct driven by a steady pressure gradient is referred to as Dean flow [6, 7]
and has been studied extensively for ducts with a rectangular cross-section [10, 37, 39]. The
pressure gradient drives an axial flow in the curved duct which results in the development of
a secondary flow in the cross-section consisting of counter-rotating vortex pairs (typically one
pair) due to the centrifugal force on fluid parcels as they flow around the bend. The presence
of a particle disturbs this background Dean flow and the resulting dimensionless equations for
the cross-sectional disturbance pressure ¢ and the disturbance fluid velocity v in a constant
rate rotating frame (moving with the particle) are given by

(2.1) —Vg+V*v=Re,(v+ua—-0(e,;xx))-Vv+v-Va+0O(e,xVv)) onxcF,
V-v=0 on x € F,
v=0 on x € JD,
v=—u+0(e;, xx)+Q, x (x—xp,) onxedF\ID.

Here, u is the background fluid flow velocity in the absence of the particle, £2,, is the particle
spin and e, is the unit vector in the vertical z direction, all in a reference frame which is
rotating about the z axis at a constant rate © := 06,/0t. Moreover, D denotes the interior
of the duct, 0D denotes the boundaries of the duct, F := {x € D : |x — x,| > 1} is the
dimensionless fluid domain in the presence of the particle and 0F \ 0D = {x : |x — x,| = 1}
is the surface of the particle. The particle Reynolds number is, Re, = Re(a/l)?, where
Re = pU,,l/ i is the channel Reynolds number, and p is the density of the particle/fluid, u is
the fluid dynamic viscosity, I = min{W, H} is the characteristic length scale associated with
the duct cross-section and U, is a characteristic velocity of the background fluid flow. The
variables have been non-dimensionalized using the following scales: the particle radius a for
x, 1/Up, for time ¢, Uy,a/l for the velocities v and u, Uy, /! for the particle spin €, and the
angular velocity ©, and uU,, /!l for the disturbance pressure q. The dimensionless force (scaled
by pU2a*/I1?) and torque (scaled by pU2a®/I?) acting on the particle in the rotating frame
are given by

4
(2.2) F=——62 (er X (ex X xp)) +/ u-VadV
3 Ix—xp|<1
1
+ = (—n) - (—¢gI + Vv + VvT)ds,
Rep Jix—xp|=1
8T _ _
(2.3) T=— 1—5@ (e. x €2p) +/ (x —xp) x (w-Vu)dV
[x—xp|<1

1

Re (x =%p) X ((—m) - (I + Vv + Vv"))dS.
Cp Jix—xp|=1
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BIFURCATIONS AND DYNAMICS IN PARTICLE FOCUSING 5

Assuming a small particle Reynolds number and performing a perturbation expansion' of the
disturbance flow in powers of this small particle Reynolds number we get

v =vg+ Repvi + O(Re%),
g = qo + Repq1 + O(Re2).

Substituting into (2.1) gives us a zeroth order system for qo, vy and a first order system for
q1,v1. The zeroth order system captures all the non-zero boundary conditions and the first
order system captures the most significant inertial contribution to the complete equations.
Substituting the perturbation expansions in (2.2) and (2.3) gives

F =Re,'F_1 + Fo + O(Rey),
T = Re;lT_l + To + O(Rep).

In order to understand separately how the axial and secondary flow components affect the
particle motion, the variables are separated into the axial component (denoted by subscript
‘a’) and the secondary component (denoted by subscript ‘s’). This, after some algebra and
approximations (see Harding et al. [11]) results in the following equation for the cross-sectional

force on the particle:
F; = (e - (Re;lF,Ls +Fop)) e + (e (ReglF,Ls +Fp))e..

Using this force and a low flow rate limit?, we can construct a first order model for the
trajectory of the particle. This gives,

dry R Fsr  dz

and % = Ya

FSZ
fry —R 2 = =
dt  Rja+m,

a e a e,

where 1, is the axial component of the background fluid flow, F,, = Fs-e, and F; ., = F,-e,
are the radial and the vertical components of the cross-sectional force, respectively, with
corresponding drag coefficients C) and C, that vary with the particle’s position in the cross-
section.

Numerical implementation of this model involves using a Finite Element Method to com-
pute the forces acting on the particle. We refer the reader to Harding et al. [11] for additional
details on the numerical method. Once the forces are pre-computed at numerous points in
the cross-section and for numerous system parameter values, an interpolant of C,, C,, Fj.,,
F, . is constructed and the particle dynamics are then simulated using the MATLAB solvers
ode45 and odelbs.

To find the equilibrium positions of the particle, i.e. the fixed points of the particle flow
field within the cross-section, we find locations (r*, z*) where Fs, = F ; = 0. The stability of
the equilibrium points is determined by calculating the eigenvalues A of the following Jacobian

' A regular perturbation expansion is sufficient for low Reynolds number as noted by Cox and Brenner [4].
2A good approximation to the background fluid flow is obtained when Re? < 20R/l [9, 11] which is a
reasonable approximation for at least Re ~ O(10).

This manuscript is for review purposes only.



6 R. VALANI, B. HARDING, AND Y. STOKES

matrix:

_ |0F;,/0r OF;,/0z

T=1oF,.jor oF,.j0-]"

Here the derivatives are evaluated at the fixed point (r*,2*). The nature of the eigenvalues
determine the type of particle equilibrium.

For the results presented in this paper, we use the following non-dimensional scales for the
system variables: dimensionless bend radius R = 2R /H, dimensionless particle size a = 2a/H,
dimensionless time £ = U,,t/H and cross-sectional co-ordinates 7 = 2r/H and ? = 2z/H.

We also note that the perturbation expansion for particle Reynolds number used in the
presented model is assumed to be valid only when Re, = Re a%/4 < 1. In the results presented
in this paper, we consider particle radii in the range a € [0.05,0.30] which would strictly put
a constraint of Re <« 1600 for the smallest particle and Re <« 400/9 for the largest particle
in the range. However we note that the results presented in this work may still be reasonable
for higher Reynolds numbers.

3. Bifurcations in particle focusing equilibria. In this section, we explore the bifurcations
taking place in the equilibrium positions of the particle (i.e. where the net cross-sectional force
on the particle is zero, Fs, = F, , = 0) as a function of the system parameters. We do this
by considering three different cross-sections: square (AR = 1), 2 x 1 rectangular (AR = 2)
and 1 x 2 rectangular (AR = 1/2), and investigate the bifurcations in particle equilibria as
a function of the dimensionless particle size @ and the dimensionless bend radius R. We also
explore the variations in the stable equilibria of the particle inside high aspect ratio ducts
for different particle sizes over a range of bend radii that are typically encountered in inertial
microfluidics experiments.

3.1. Bifurcations in a square cross-section. We start by exploring the bifurcations taking
place in the equilibrium positions of a particle in a curved duct with a square cross-section.
Figure 2 shows the cross-sectional locations as well as the real and imaginary parts of the
eigenvalues for the particle equilibra as a function of the duct bend radius R for three repre-
sentative particle sizes: a = 0.05, 0.15 and 0.30.

For all three particle sizes, we observe several equilibria in the cross-section that change in
both location and classification as the duct bend radius is varied. In general, for relatively large
bend radii, where inertial lift forces dominate secondary drag forces, we observe stable and
unstable nodes. For relatively small bend radii, where secondary drag forces dominate inertial
lift forces, we see the emergence of stable or unstable spirals. Saddle points are observed for
both large and small bend radii.

For a small particle, a = 0.05, and large bend radius (R = 10°), we find nine particle
equilibria inside the square cross-section. Four stable nodes (green) near the center of the
four edges of the square, four saddle points (yellow) near the corners of the square and an
unstable node (red) near the center of the square (see Figure 2(a)). A slow manifold is formed
along a closed curve that connects all the stable nodes and saddle points. The slow manifold
emerges due to a large disparity in magnitude of the two eigenvalues for each of the stable nodes
and the saddle points. For each of these equilibria, the eigenvalue in a direction tangential
to the slow manifold is much smaller than the eigenvalue in a normal direction, resulting in

This manuscript is for review purposes only.
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Figure 2. Bifurcations in particle equilibria in a square cross-section as a function of the bend radius R for
particle sizes (a) a =0.05, (b) @ =0.15 and (c) @ = 0.30. The radial 7 and vertical Z location of the equilibria
as well as the real Re(\) and imaginary Im()\) parts of the eigenvalues of the corresponding equilibria are plotted
as a function of the bend radius R; note that R decreases from left to right. The panels below these bifurcation
plots show the location of equilibria in the square cross-section as filled circles. The size of the circle corresponds
to particle size and the color of the circles denotes the type of equilibria: unstable node in red, stable node in
green, saddle point in yellow, unstable spiral in purple and a stable spiral in cyan. For panel (a) the cross-
sectional images correspond to (left to right) R = 10,6000, 4000, 1600, 1370, 1000, for panel (b) they correspond
to R = 10°,1000, 500, 100, 80, 50, and for panel (c) they correspond to R = 10°, 1000, 300, 200, 100, 50. The gray
curves in each of these images indicate the typical trajectories of particles within the cross-section while the
dashed square shows locations of the center of the particle for which it will hit the walls of the duct.
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8 R. VALANI, B. HARDING, AND Y. STOKES

slow migration along this manifold. As the bend radius is decreased progressively, a number
of bifurcations take place. Firstly, saddle-node bifurcations take place around R ~ 6000
where the stable nodes near the center of the top and bottom walls of the square collide and
annihilate with the saddle points located near the inner wall (the side closer to the center
of curvature). Immediately below this bend radius, a critical slowing down of the particle
motion is observed in the vicinity of the bifurcation location along the slow manifold. Further
decreasing the bend radius to R ~ 3000 results in the stable node located near the outer wall
undergoing a subcritical pitchfork bifurcation with the two saddle points located above and
below. The three equilibria merge into a single saddle point. As the bend radius is further
reduced to R ~ 1600, the unstable node near the center of the duct migrates towards the stable
node located near the inner wall. As the two points get closer, the unstable node undergoes a
supercritical pitchfork bifurcation near R ~ 1370, turning into a saddle point and producing
two additional unstable nodes, one on each side in the vertical direction. These two unstable
nodes change into unstable spirals (purple) with further decrease in bend radius, while the
newly formed saddle point merges with the stable node in another saddle-node bifurcation.
The unstable spirals develop an encompassing limit cycle around themselves. As the bend
radius is reduced to very small values (R < 1000), the unstable spirals with their limit cycles
migrate towards the center of the upper and lower halves of the cross-section, while the saddle
point slowly migrates towards the outer wall.

We note that the different bifurcations observed here are a result of the change in con-
tribution of the secondary drag force relative to the inertial lift force acting on the particle
as the bend radius is varied, rather than due to a qualitative change in the background fluid
flow. This is supported by the observation of similar bifurcations by Ha et al. [8] for a small
particle in a square cross-section using their simplified ZeLF model. Using that model, bifurca-
tions that are almost identical to Figure 2(a) were observed on varying a single dimensionless
parameter defined as the ratio of secondary drag force to inertial lift force.

For an intermediate sized particle of @ = 0.15 in a square cross-section, we find similar
bifurcations to that of a small particle except at small bend radii. As shown in Figure 2(b),
at relatively small bend radii (near R~ 90), it appears that an unstable and a stable node
near the inner wall merge directly and produce two unstable spirals, one on each side in the
vertical direction. However, performing numerical simulations with finer resolution near this
bifurcation, it appears that the stable node near the inner wall first undergoes a supercritical
pitchfork bifurcation, producing a saddle point and two stable nodes on either side of the
saddle point in the vertical direction. The newly formed saddle point then merges with the
unstable node in a saddle-node bifurcation, while the stable nodes immediately transition to
stable spirals. This is shown in the inset of Figure 2(b), first plot, where the saddle-node
bifurcation is clearly visible, while the accurate resolution of the transition from stable nodes
to stable spirals, which happens over a very narrow region of bend radii, is beyond the scope
of the present work. The stable spirals further undergo a subcritical Hopf bifurcation and
turn into unstable spirals with an encompassing limit cycle for a narrow range of bend radii
(55 < R < 85) before turning back into stable spirals via a supercritical Hopf bifurcation at
small bend radii (R < 55).

For a large particle of size a = 0.30 in a square cross-section, we find a qualitative change
in the particle equilibria as shown in Figure 2(c). At large bend radii (R = 10°), we now find

This manuscript is for review purposes only.
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Figure 3. Bifurcations in particle equilibria in a 2 X 1 rectangular cross-section as a function of the bend
radius R for particle sizes (a) @ = 0.05 and (b) @ = 0.15. The radial ¥ and vertical % location of the various
equilibria as well as the real and imaginary parts of the eigenvalues of the corresponding equilibria are shown
as a function of R; note that R decreases from left to right. The panels below these bifurcation plots show the
location of equilibria in the 2 x 1 rectangular cross-section as filled circles. The size of the circle corresponds to
particle size and the color of the circles denotes the type of equilibria: unstable node in red, stable node in green,
saddle point in yellow and a stable spiral in cyan. For panel (a) the cross-sectional images correspond to (left to
right) R = 10°, 7000, 3200, 3000, 1000, 100, while for panel (b) they correspond to R = 10°,400, 210, 150, 90, 50.
The gray curves in each of these images indicate the typical trajectories of particles within the cross-section
while the dashed square shows locations of the center of the particle for which it will hit the walls of the duct.

that the stable nodes and the saddle-points switch their stability compared to the previously
described smaller particles at the same bend radius. We note that this change in stability is a
result of cross-over of zero-level set curves for horizontal and vertical components of the inertial
lift force on the bigger particle, rather than due to any qualitative changes in the fluid flow.
As the bend radius is progressively decreased, the saddle points near the center of top and
bottom walls move towards the stable nodes located near the outer wall and undergo saddle-
node bifurcations around R ~ 300. Further reduction in the bend radius to R ~ 50 results in
the pair of stable nodes near the inner wall undergoing a subcritical pitchfork bifurcation with
the saddle point near the center of the inner wall, leaving behind a stable node. As the bend
radius is further decreased beyond the practical range typically encountered in experimental
setups (R < 40, not shown in Figure 2(c)), this stable node undergoes a supercritical pitchfork
bifurcation and turns into a saddle point along with two stable nodes, each located either side
vertically. The saddle point merges with the unstable node in a saddle-node bifurcation while
the stable nodes turn into stable spirals.

This manuscript is for review purposes only.
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10 R. VALANI, B. HARDING, AND Y. STOKES

3.2. Bifurcations in a 2 x 1 rectangular cross-section. Figure 3 shows the bifurcations
in particle equilibria in a 2 x 1 rectangular cross-section as a function of the bend radius R
for two representative particle sizes, @ = 0.05 and a = 0.15.

For the smaller particle of @ = 0.05, as shown in Figure 3(a), around R ~ 7000 we
first observe a subcritical pitchfork bifurcation where the stable node located near the outer
wall merges with the saddle points located above and below, leaving behind a single saddle
point. As the bend radius is decreased to R ~ 3000, the stable nodes at the center of the
top and bottom walls undergo saddle-node bifurcations with the saddle points near the inner
wall. We note that although these two bifurcations are similar to what was observed for the
same size particle in a square cross-section, the order of bifurcations are reversed. Further
decreasing the bend radius slightly to R &~ 2950, it appears that the unstable node at the
center drifts towards the inner wall and collides with the stable node giving out two stable
spirals. However, similar to what was observed in the inset of Figure 2(b), it appears that the
stable node first undergoes a subcritical pitchfork bifurcation producing two stable nodes in
the vertical direction with a saddle point in between. The saddle point then merges with the
unstable node while the two stable nodes change into stable spirals. This is depicted in the
inset of Figure 3(a), first plot. At small bend radii (R < 2800), the two stable spirals migrate
towards the center of the duct while the saddle point drifts towards the outer wall of the duct.
We note that similar bifurcations have been observed by Valani et al. [32] for a small particle
in a 2 x 1 rectangular cross-section using their simplified ZeLF model.

For the larger particle of @ = 0.15, we find qualitatively different kinds of bifurcations
compared to the smaller particle. Initially, at very large bend radii (]:2 = 10°), we find that
there are only five fixed points: an unstable node at the center, two stable nodes each near
the center of top and bottom walls, and two saddle points each near the center of the inner
and outer walls. As the bend radius is progressively decreased to R = 200, the unstable node
migrates towards the inner wall and undergoes a saddle-node bifurcation with the saddle point
near the center of the inner wall. The two stable nodes first migrate towards the inner wall
and change into stable spirals at R &~ 100. At small bend radius (R < 100), the two stable
spirals then migrate back towards the center of the upper and lower halves of the duct while
the saddle point near the outer wall all along drifts closer to the outer wall the duct.

3.3. Bifurcations in a 1 x 2 rectangular cross-section. Figure 4 shows the bifurcations
in particle equilibria in a 1 x 2 rectangular duct as a function of the bend radius R for two
representative particle sizes, a = 0.05 and a = 0.15.

For the smaller particle of @ = 0.05, similar to a square-cross section, we first observe
saddle-node bifurcations between the two stable nodes at the top and bottom and the saddle
points located near the inner wall, at relatively large bend radius of R ~ 60000. As the
bend radius is decreased, unlike the square cross-section, the stable node near the outer wall
undergoes a supercritical pitchfork bifurcation at R =~ 7500, turning into a saddle point and
releasing two additional stable nodes. These newly formed stable nodes undergo a saddle-
node bifurcations with saddle points located near the outer wall at R ~ 7000. As the bend
radius is further decreased, the unstable node at the center migrates towards the inner wall
and undergoes a supercritical pitchfork bifurcation near R = 3500 where it turns into a saddle
point and releases two unstable nodes vertically. The saddle point then goes on to merge with
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Figure 4. Bifurcations in particle equilibria in a 1 X 2 rectangular cross-section as a function of the bend
radius R for particle sizes (a) @ = 0.05 and (b) @ = 0.15. The radial 7 and vertical % location of the various
equilibria as well as the real and imaginary parts of the eigenvalues of the corresponding equilibria are shown
as a function of R; note that R decreases from left to right. The panels below these bifurcation plots show the
location of equilibria in the 1 X 2 rectangular cross-section as filled circles. The size of the circle correspond
to particle size and the color of the circles denote the type of equilibria: unstable node in red, stable node
in green, saddle point in yellow and an unstable spiral in purple. For panel (a) the cross-sectional images
correspond to (left to right) R = 10°,70000, 7500, 7000, 2500, 2000, 100, while for panel (b), they correspond to
R = 10°, 2000, 500, 180, 140, 120, 50. The gray curves in each of these images indicate the typical trajectories of
particles within the cross-section while the dashed square shows locations of the center of the particle for which
it will hit the walls of the duct. The black curve for unstable spirals represents the limit cycle.

the stable node near the inner wall in a saddle-node bifurcation at R ~ 1500 while the two
new unstable nodes turn into unstable spirals and develop encompassing limit cycles. Thus,
at small bend radius (R < 1000), we have three fixed points: a pair of unstable spirals with
limit cycles surrounding them and a saddle point near the outer wall. We note that similar
bifurcations have been observed by Valani et al. [32] for a small particle in a 1 x 2 rectangular

This manuscript is for review purposes only.



318
319
320
321
322
323
324
325
326
327
328

329

330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350

(@4
=

w
U xS W N

W W

..
(@)

3

w

0]

w
Gt Ot Ot ot ot Ot Ot Ot

(8]
Ne)

360
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cross-section using their simplified ZeLF model.

For a larger particle of a = 0.15, similar to a 2 x 1 rectangular cross-section, we observe
only five fixed points at very large bend radius (R = 10°): an unstable node at the center, two
stable nodes, each near the center of inner and outer walls, and two saddle points, each near
the center of top and bottom walls. With decreasing bend radius, the two saddle points near
the top and bottom walls migrate towards the outer wall and undergo a subcritical pitchfork
bifurcation with the stable node near the outer wall at R ~ 400. This results in the three fixed
points merging into a single saddle point. The unstable node migrates towards the inner wall
and undergoes a supercritical pitchfork bifurcation at R ~ 180 where it turns into a saddle
point and releases two unstable nodes. The saddle then goes on to merge with the stable node
near the inner wall in a saddle-node bifurcation at R & 120, while the two unstable nodes
turn into unstable spirals and develop encompassing limit cycles.

3.4. Parameter space exploration of stable equilibria for particle separation. To un-
derstand the effect of the aspect ratio of the rectangular cross-sectional geometry on particle
focusing, we plot the positions of stable equilibria for different aspect ratios and particle sizes
as a function of the dimensionless bend radius R, as shown in Figure 5. Here the radial loca-
tion 7 of the stable focusing positions for different sized particles is shown in the parameter
space spanned by the aspect ratio and bend radius over a practical range of bend radii that
are typically realized in experiments.

It is clear from Figure 5 that, assuming negligible particle-particle interactions, wider
rectangular ducts with a larger aspect ratio are better at separation of various particle sizes
compared to the smaller aspect ratio rectangular ducts. Moreover, for most of the range of
bend radius shown (R < 500), the different size particles only have a single stable focusing
point in the 7 co-ordinate, except for the 3 x 2 cross-section. For all aspect ratios, we particu-
larly find a good separation between the three smallest particle sizes of @ = 0.05, 0.10 and 0.15
over a broad range of bend radius. These three smallest particles also separate well from any
one of the three largest particle sizes. The third largest particle, a = 0.20, separates well at
a large aspect ratio of AR = 6, while we don’t see a clear separation between the two largest
particles for any aspect ratio. Hence, although we observe that it is difficult to get a good
separation between all different particle sizes, we can get a good separation between two or
three different particle sizes using a duct with aspect ratio of AR = 2 or higher. In typical ex-
periments of inertial microfluidics aimed at isolating tumor cells, the larger CTCs (15— 20 ym
in diameter) are needed to be separated from the relatively smaller WBCs (10 — 15 ym in
diameter) and RBCs (3 — 8 um in diameter) [34]. Hence, for example, if the channel geometry
is chosen such that H = 100 pm then we have, a = 0.03 — 0.08 for RBCs, a = 0.10 — 0.15
WBCs and @ = 0.15 — 0.20 for CTCs. Hence one may be able to separate the three parti-
cles based on the locations of their stable equilibria, and the analysis presented in this paper
might be useful in designing inertial microfluidic devices to separate such particles. However,
we note that the results presented in this subsection assume that the particles have focused to
their respective stable equilibria. In practical experimental setups, the particles have a finite
time to focus and if this time is not enough for particles to reasonably focus to their stable
equilibria, it becomes important to understand the particle dynamics. This is explored in the
next section.
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R

Figure 5. Stable particle focusing position in the radial ¥ direction as a function of the bend radius R for
different aspect ratio rectangular ducts: (a) 1.5 x 1 (AR = 1.5), (b) 2 x 1 (AR = 2), (¢) 3 x 1 (AR = 3),
(d) 4 x1 (AR = 4) and (e) 6 x 1 (AR = 6). The different colored curves represent different particles sizes:
a = 0.05 in blue, a = 0.10 in orange, a = 0.15 in pink, a = 0.20 in mint green, a = 0.25 in brown and a = 0.30
in maroon. The width of the curves correspond to the diameter 2a of the particle. Note that the range of the
vertical axis differs in each case and does not capture the full duct width.
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Figure 6. Focusing dynamics as a function of the bend radii. Dynamics of 500 non-interacting particles
(transparent pink circles) of size a = 0.15 that are initiated randomly in the 2 X 1 rectangular cross-section.
Snapshots of the particles along with their equilibria are shown for bend radii (a) R = 600 and (b) R = 60 for
three angular positions of the duct: 0 = 0° (left panels), 0 = 180° (middle panels) and 0 = 360° (right panels).
For the larger bend radius duct, these angular locations correspond to an average transit time of t = 0, 395 and
776 (averaged over 500 particles), while for the smaller bend radius, these correspond to an average transit time
of t =0, 40 and 78. The filled circles denote the type of equilibria: unstable node in red, stable node in green,
saddle point in yellow and a stable spiral in cyan.

4. Dynamics of focusing to equilibrium points. While designing experimental microflu-
idic devices based on the principles of inertial particle focusing, in addition to knowing the
location of particle equilibria and their bifurcations, it is also important to understand the
dynamics of focusing to these equilibria. For example, in microfluidic devices with circular or
spiral duct geometries, the dynamics will provide valuable information about the time scale
of focusing to the equilibria which can then be used to calculate the required number of turns
of the curved duct for particles to focus to their stable equilibria. Moreover, small particles at
relatively small bend radii in low aspect ratio rectangular ducts, focus onto limit cycles and
hence inertial focusing to a fixed location in the cross-section is not realized for such particles.
Therefore, an understanding of the particle dynamics is crucial to optimally designing the
inertial microfluidic devices for particle separation. In this section, we highlight some aspects
of the particle dynamics and investigate how the focusing dynamics vary as a function of the
system parameters.

4.1. Focusing dynamics with bend radius variations. We start by exploring the effect of
bend radius on the focusing dynamics. Figure 6 shows the evolution of 500 initially randomly
distributed non-interacting particles of the same size at two different representative bend radii,
one large and one small. For the larger bend radius, we observe that the particles quickly
‘snap’ onto a slow manifold and then slowly migrate towards the stable nodes. For the smaller
bend radii, we observe that the particles quickly focus to the stable spirals. Comparing the
evolution of the particle dynamics for one turn of the duct reveals that at large bend radius,
most of the particles focus to their stable equilibria by the end of the turn, however, for the
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Figure 7. Focusing dynamics as a function of particle size in a square cross-section at a large bend radius
of R = 10°. Particle dynamics for two different sized particles, @ = 0.05 (blue) and a = 0.15 (pink), that were
initiated at similar location in the cross-section of the duct. Snapshots of the particles are shown at angular
locations (a) 6 = 0°, (b) 0.36°, (c) 0.72°, (d) 1.8°, (e) 9°, and (f) 18°.

smaller bend radius, particles have not focused. Since the characteristic axial particle velocity
is similar at both large and small bend radius, the particles in the larger bend radius duct
take longer to complete one full turn and they are able to focus completely in this longer time.
To get complete focusing of particles at smaller bend radii ducts, one would typically require
multiple turns. However, we note that for a smaller bend radius duct, the effect of secondary
flow further enhances focusing, so the total distance (and time) can be less than that of a
larger bend radius duct. Hence, while designing circular, helical or spiral microfluidic devices,
one may need to optimize between the required number of turns (better at large bend radii)
and the time taken to focus (better at small bend radii).

4.2. Focusing dynamics with particle size variations. Figure 7 shows the focusing dy-
namics of two different sized particles, a = 0.05 and a = 0.15, in a square cross-section at a
relatively large bend radius. By starting the two different sized particles at similar initial lo-
cations, we observe that the bigger particle migrates to the slow manifold at a shorter angular
distance compared to the smaller particle. Once both the particles are constrained onto the
slow manifold, we again observe that the bigger particle is able to focus at the final stable
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Figure 8. Focusing dynamics as a function of particle size in a 2 X 1 rectangular cross-section at a moderate
bend radius of R = 400. Particle dynamics for two different sized particles, @ = 0.05 (blue) and @ = 0.15 (pink),
that were initiated at similar location in the cross-section of the duct. Snapshots of the particles are shown at
angular locations (a) @ = 0°, (b) 14.4°, (c) 57.6°, (d) 360°, (e) 720°, and (f) 1440°.

equilibrium position using a shorter angular distance compared to the smaller particle. Hence,
although we do not see a large variation in the focusing dynamics of these two different size
particles which have similar equilibria and started with similar initial conditions, the focusing
of the larger particle requires a smaller angular distance of the duct compared to a smaller
particle.

Comparing the dynamics of the same two particle sizes in a 2 X 1 rectangular cross-section
at a moderate bend radius we also find a similar behavior (see Figure 8). These two different
sized particles, that initially start at similar locations, focus to stable spirals. The larger
particle reaches the stable spiral by traveling a shorter angular distance compared to the
smaller particle.

4.3. Focusing dynamics with aspect ratio variations. Figure 9 shows the focusing dy-
namics of 500 initially randomly located non-interacting particles of size @ = 0.15 in a rect-
angular cross-sections with aspect ratios 2 x 1, 4 x 1 and 6 x 1. We observe that the lower
aspect ratio 2 x 1 cross-section is able to focus most of the particles using a smaller angular
distance compared to the two larger aspect ratio cross-sections. As shown in Figure 9, most
of the particles focus to their stable equilibria in two turns in a 2 x 1 cross-section while the
4 x 1 and 6 x 1 cross-sections are unable to give complete focusing of particles in the same two
turns. Two effects contribute to this: (i) for larger aspect ratios, the particles have a longer
cross-sectional distance to travel along the slow manifold to reach their equilibria, and (ii)
the horizontal component of the inertial lift force diminishes near the center at larger aspect
ratios which further slows down the dynamics of particles along the slow manifold. Thus,
while designing inertial microfluidic devices, one may need to optimize between the quality of
particle separation (better at high aspect ratio) and the number of turns required or the time
taken to fully focus (better at low aspect ratio).
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Figure 9. Focusing dynamics as a function of aspect ratio. Snapshots of particle locations for randomly
initiated 500 non-interacting particles of size a = 0.15 (transparent pink circles) along with their equilibria are
shown at a dimensionless bend radius of R = 250 for aspect ratios (a)-(c) 2 x 1, (d)-(f) 4x 1 and (g)-(i) 6 x 1.
Snapshots are shown at angular positions: (a),(d),(g) 0 = 0°, (b),(e),(h) 360° and (c),(f),(i) 720°. The filled
circles denote the type of equilibria: unstable node in red, stable node in green and a saddle point in yellow.

4.4. Focusing dynamics with variations in initial particle location inside the cross-
section. In addition to the bend radius, particle size and aspect ratio, the initial location
of the particle inside the cross-section also influences the focusing dynamics for particles.
Figure 10(a)-(c) show filled contour plots of the number of turns needed to focus a particle
of size a = 0.05 to an equilibrium position based on its initial cross-sectional location in a
square cross-section at different bend radii. For large bend radius, we observe that focusing
happens quickest for particles along a horizontal band and a vertical band connecting the two
stable equilibria, while the focusing takes longer if the particles start along the diagonal lines
joining the saddle points. At intermediate bend radius, where we only have two stable nodes,
we find that the cross-sectional region is divided into three different time scales. Particles
starting near the inner wall of the duct focus quickly in about half a turn to the stable node
near the inner wall whereas particles starting near the outer wall of the duct take around two
turns to focus to the stable node located near the outer wall. This can be attributed to the
presence of the two saddle points which slow down the focusing to the stable node along the
slow manifold near the outer wall. Particles starting in the middle region of the duct can take
as long as three and a half turns to focus. This is because particles starting in this region first
quickly migrate onto the slow manifold, and then slowly migrate along the slow manifold to
the stable node near the inner wall. Hence, we see a disparity in the number of turns taken to
focus based on the initial location of the particle inside the duct. This is further enhanced at
smaller bend radius as shown in Figure 10(c) where, in the vicinity of the stable equilibrium
point near the inner wall, the particle can focus in about one turn while particles starting
near the saddle point near the outer wall may take up to sixteen turns to focus. We note that
a contour plot similar to Figure 10(c) was also obtained by Ha et al. [8] using their simplified
ZeLF model where they plotted the axial distance and the time required for a small particle
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Figure 10. Focusing dynamics as a function of the initial particle position within the cross-section. Filled
contour map showing the number of turns, No = 0p/27, required for the particle to focus to an equilibrium
position based on its initial location within the cross-section. Particles of size & = 0.05 in a square cross-section
at bend radii (a) R = 50000, (b) R = 5600 and (¢c) R = 3000. Particles of size @ = 0.15 in a square cross-
section at bend radii (d) R = 50000, (¢) R =700 and (f) R = 200. Particles of size @ = 0.15 in a rectangular
2% 1 cross-section at bend radii (g) R = 50000, (h) R = 300 and (i) R = 150. The filled circles denote the type
of equilibria: unstable node in red, stable node in green and a saddle point in yellow.

to focus in a square cross-section.

For a larger particle of size a = 0.15 in a square cross-section at large bend radius (see
Figure 10(d)) we observe similar focusing as for a smaller particle in Figure 10(a), where
focusing happens quicker for particles along the lines joining the unstable nodes to stable
nodes as compared to the lines joining the unstable nodes to saddle points. At intermediate
bend radius where the equilibria in Figure 10(e) are similar to those in Figure 10(b), we find
a qualitative change in the focusing contours. Here, as opposed to Figure 10(b), we find that
particles starting inside the triangular region near the outer wall of the duct require more
turns to focus than those starting in the middle region of the cross-section. At smaller bend
radius, we again find similar focusing behavior between the two particle sizes where focusing
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is significantly slower for initial conditions near a saddle point.

To understand the effect of the cross-section, we generated a similar plot for a larger
particle of size a = 0.15 in a rectangular 2 x 1 cross-section. Here at large bend radius, we see
qualitatively similar focusing contours as the square cross-section for the same particle size.
For an intermediate bend radius shown in Figure 10(h), we find that focusing is quicker along
a curved band joining the unstable node and the two stable nodes. Once the unstable node
and the saddle point near the inner wall vanish in a saddle-node bifurcation at small bend
radius, the curved band of rapid focusing splits into two as shown in Figure 10(i).

Hence, we see that the initial location of a particle can have a significant impact on the
number of turns required to achieve focusing as the migration slows down in the vicinity of
saddle points as well as along the slow manifold.

5. Conclusions. We have investigated the bifurcations in particle equilibria for particles
suspended in flow through curved ducts with rectangular cross-sections. We observed a rich
variety of bifurcations, such as saddle-node, pitchfork and Hopf bifurcations, that take place in
particle equilibria as a function of the bend radius and particle size for square, 2 x 1 rectangular
and 1 x 2 rectangular cross-sections. At large bend radius, we observed stable nodes, unstable
nodes and saddle points across all particle sizes and aspect ratios. The disparity in magnitudes
of the eigenvalues of these fixed points at large bend radius results in the emergence of a slow
manifold. At small bend radius, we observed unstable spirals with limit cycles for particles in
a 1 x 2 rectangular cross-section and a small particle in a square cross-section, while for all
the other particle sizes and aspect ratios considered in this work, we observed stable spirals.
Investigating the variations in the stable particle equilibria locations as a function of the bend
radius for different particle sizes and aspect ratios showed a good separation between the
smaller particle sizes. The best separation was achieved for wider rectangular ducts across a
broad range of bend radius. This is consistent with typical experiments.

We also explored the effects of bend radius, particle size, aspect ratio and the initial
particle location within the cross-section, on the particle focusing dynamics. We observed
that although particles focus more quickly to their equilibria at smaller bend radius compared
to larger bend radius, one requires more turns for particles to completely focus at smaller bend
radius. Comparisons of two different particle sizes initiated at similar locations with similar
equilibria revealed that larger particles can focus using a slightly smaller angular distance
of a curved duct compared to the smaller particle. Simulating the particle dynamics with
different aspect ratios showed that low aspect ratio rectangular ducts can focus using less
turns compared to high aspect ratio ducts. Lastly, we observed the number of turns required
for particles to focus to their equilibria can be significantly influenced by their starting location
inside the cross-section. All these preliminary observations of the dynamics of particle focusing
can be extended and studied in more detail which will be useful in comprehensive designing
of inertial microfluidic devices.

The work presented in this paper provides useful insights into the influence of different
system parameters on both (i) the stable focusing locations attained by the particles at long
times, and (ii) the transient particle dynamics before reaching equilibrium, for constant curva-
ture ducts. Depending on the application being considered and the experimental constraints,
one may need to optimize between different system parameters to obtain effective particle
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separation. For example, if the number of turns of the duct required for particle focusing is to
be minimized, then one might use a duct with large bend radius. Alternatively, if the length
of the duct (and the time) required for particle focusing is to be minimized then one might
use a duct with smaller bend radius and multiple turns. In situations where more than one
turn of the curved duct is required for effective particle separation, a constant curvature duct
is not practical and, typically, spiral channels are used to avoid self-intersection of the duct.
This suggests an extension of our work to investigate the dynamics of inertial focusing in
spiral ducts where the bend radius, and hence the locations of the particle equilibria, change
with angle. A slowly changing bend radius would presumably result in particles following
the corresponding stable equilibria as they move, but it would be interesting to investigate
the non-equilibrium dynamics when the bend radius crosses a bifurcation or changes swiftly
compared to the time it takes for the particle to focus. We plan to investigate this further in a
future work. Moreover, it would be interesting to extend the present work to non-rectangular
cross-sections. For example, trapezoidal cross-sections are known to be more effective at par-
ticle focusing and hence it would be valuable to systematically understand the equilibrium
focusing points and the various bifurcations that take place in such geometries.

Different system parameters such as channel and cross-section geometry, flow rate and
particle size are likely to result in different particle focusing locations, but our current under-
standing of inertial focusing does not provide us with an intuition to predict particle focusing
in arbitrary settings. Currently, the innovations in inertial microfluidics are primarily explored
more efficiently using experiments. We hope that the numerical results presented in this paper
motivate further development of analytical and numerical tools that can be efficiently used to
decouple various physical effects and facilitate a rapid exploration of a large parameter space.

Acknowledgments. This research is supported under Australian Research Council’s Dis-
covery Projects funding scheme (project number DP160102021 and DP200100834). The re-
sults were computed using supercomputing resources provided by the Phoenix HPC service at
the University of Adelaide and the Raapoi HPC service at Victoria University of Wellington.

REFERENCES

[1] E. S. AsmoLov, The inertial lift on a spherical particle in a plane poiseuille flow at large chan-
nel reynolds number, Journal of Fluid Mechanics, 381 (1999), p. 63-87, https://doi.org/10.1017/
S0022112098003474.

[2] A. A. S. BHAGAT, S. S. KUNTAEGOWDANAHALLI, N. KavaL, C. J. SELISKAR, AND I. PAPAUTSKY,
Inertial microfiuidics for sheath-less high-throughput flow cytometry, Biomedical Microdevices, 12
(2010), pp. 187-195, https://doi.org/10.1007/s10544-009-9374-9.

[3] B. CHUN AND A. J. C. LADD, Inertial migration of neutrally buoyant particles in a square duct:
An investigation of multiple equilibrium positions, Physics of Fluids, 18 (2006), p. 031704, https:
//doi.org/10.1063/1.2176587, https://doi.org/10.1063/1.2176587, https://arxiv.org/abs/https://doi.
org/10.1063,/1.2176587.

[4] R. Cox AND H. BRENNER, The lateral migration of solid particles in Poiseuille flow — I theory, Chemical
Engineering Science, 23 (1968), pp. 147-173, https://doi.org/10.1016,/0009-2509(68)87059-9.

[5] J. Cruz, T. GRAELLS, M. WALLDEN, AND K. HJORT, Inertial focusing with sub-micron resolution for
separation of bacteria, Lab Chip, 19 (2019), pp. 1257-1266, https://doi.org/10.1039/CILCO0080A.

[6] W. R. DEAN, XVI. Note on the motion of fluid in a curved pipe, The London, Edinburgh, and Dublin
Philosophical Magazine and Journal of Science, 4 (1927), pp. 208-223, https://doi.org/10.1080/

This manuscript is for review purposes only.


https://doi.org/10.1017/S0022112098003474
https://doi.org/10.1017/S0022112098003474
https://doi.org/10.1017/S0022112098003474
https://doi.org/10.1007/s10544-009-9374-9
https://doi.org/10.1063/1.2176587
https://doi.org/10.1063/1.2176587
https://doi.org/10.1063/1.2176587
https://doi.org/10.1063/1.2176587
https://arxiv.org/abs/https://doi.org/10.1063/1.2176587
https://arxiv.org/abs/https://doi.org/10.1063/1.2176587
https://arxiv.org/abs/https://doi.org/10.1063/1.2176587
https://doi.org/10.1016/0009-2509(68)87059-9
https://doi.org/10.1039/C9LC00080A
https://doi.org/10.1080/14786440708564324
https://doi.org/10.1080/14786440708564324
https://doi.org/10.1080/14786440708564324

ot Ot Ot ¢

o ©

ot Ut Ut
Tt Ot

ot Ot Ot
ot Ot

Ut Ut C

ot
IR RS SR CNC R

ot Ot Ot Ot Ot Ot Ot Ot Ot
S STt >
=3 o ®

ot Ot Ot Ot Ot Ot Ot Ot Ot Ot Ot ot ot ot ot ot ot ot ot ot ot ot
© © 00 00 00 ® 00 00 00 O 00 00 =1 = ~J ~J ~J ~J =7 =1 3 I
— O © 0 JO Utk WNRF O OO Uk WwWwNn—O

592
593
594

595

BIFURCATIONS AND DYNAMICS IN PARTICLE FOCUSING 21

[7]
8]
[9]
(10]
(11]
(12]
[13]

(14]

(15]

(16]

(17]

(18]

(19]

20]

(21]

(22]

23]

(24]

(25]

[26]
(27]

(28]

14786440708564324.

W. R. DEAN AND J. M. HURST, Note on the motion of fluid in a curved pipe, Mathematika, 6 (1959),
pp- 77-85, https://doi.org/10.1112/S0025579300001947.

K. Ha, B. HARDING, A. L. BERTOZZI, AND Y. M. STOKES, Dynamics of small particle inertial migration
in curved square ducts, SIAM Journal on Applied Dynamical Systems, (accepted).

B. HARDING, A Rayleigh—Ritz method for Navier—Stokes flow through curved ducts, The ANZIAM
Journal, 61 (2019), p. 1-22, https://doi.org/10.1017/S1446181118000287.

B. HARDING AND Y. STOKES, Fluid flow in a spiral microfluidic duct, Physics of Fluids, 30 (2018),
p. 042007, https://doi.org/10.1063/1.5026334.

B. HARDING, Y. M. STOKES, AND A. L. BERTOZZI, Effect of inertial lift on a spherical particle suspended
in flow through a curved duct, Journal of Fluid Mechanics, 875 (2019), p. 1-43, https://doi.org/10.
1017/jfm.2019.323.

B. P. Ho AND L. G. LEAL, Inertial migration of rigid spheres in two-dimensional unidirectional flows,
Journal of Fluid Mechanics, 65 (1974), p. 365-400, https://doi.org/10.1017/50022112074001431.

K. Hoob, Theory of Particle Focusing in Inertial Microfluidic Devices, PhD thesis, UCLA, 2016.

K. Hoob, S. KAHKESHANI, D. D1 CARLO, AND M. ROPER, Direct measurement of particle inertial
migration in rectangular microchannels, Lab Chip, 16 (2016), pp. 2840-2850, https://doi.org/10.
1039/C6LCO00314A.

K. Hoob, S. LEE, AND M. ROPER, Inertial migration of a rigid sphere in three-dimensional poiseuille
flow, Journal of Fluid Mechanics, 765 (2015), p. 452-479, https://doi.org/10.1017/jfm.2014.739.

H. W. Hou, M. E. WARKIANI, B. L. Kroo, Z. R. L1, R. A. Soo, D. S.-W. Tan, W.-T. Lim, J. HAN,
A. A. S. BHAGAT, AND C. T. LM, Isolation and retrieval of circulating tumor cells using centrifugal
forces, Scientific Reports, 3 (2013), p. 1259, https://doi.org/10.1038/srep01259.

S. S. KUNTAEGOWDANAHALLI, A. A. S. BHAGAT, G. KUMAR, AND I. PAPAUTSKY, Inertial microfluidics
for continuous particle separation in spiral microchannels, Lab Chip, 9 (2009), pp. 2973-2980, http:
//dx.doi.org/10.1039/B9I0S2T1A.

M. G. LEE, S. CHOI, AND J.-K. PARK, Inertial separation in a contraction—expansion array microchannel,
Journal of Chromatography A, 1218 (2011), pp. 4138-4143, https://doi.org/10.1016/j.chroma.2010.
11.081.

W. C. LEE, A. A. S. BHAGAT, S. HuaNG, K. J. VAN VLIET, J. HAN, AnD C. T. LM, High-throughput
cell cycle synchronization using inertial forces in spiral microchannels, Lab Chip, 11 (2011), pp. 1359—
1367, https://doi.org/10.1039/COLC00579G.

J. M. MARTEL AND M. TONER, Inertial focusing in microfluidics, Annual Review of Biomedical Engi-
neering, 16 (2014), pp. 371-396, https://doi.org/10.1146/annurev-bioeng-121813-120704.

J.-P. Matas, J. F. MORRIS, AND E. GUAZZELLI, Inertial migration of rigid spherical particles
in poiseuille flow, Journal of Fluid Mechanics, 515 (2004), p. 171-195, https://doi.org/10.1017/
S0022112004000254.

J.-P. Matas, J. F. MORRIS, AND E. GUAZZELL1, Lateral force on a rigid sphere in large-inertia
laminar pipe flow, Journal of Fluid Mechanics, 621 (2009), p. 59-67, https://doi.org/10.1017/
S0022112008004977.

K. Miura, T. ITANO, AND M. SUGIHARA-SEKI, Inertial migration of neutrally buoyant spheres in a
pressure-driven flow through square channels, Journal of Fluid Mechanics, 749 (2014), p. 320-330,
https://doi.org/10.1017/jfm.2014.232.

N. Ni1veEDpITA AND I. PApPAUTSKY, Continuous separation of blood cells in spiral microfluidic devices,
Biomicrofluidics, 7 (2013), p. 054101, https://doi.org/10.1063/1.4819275.

S. RAzAVI BAZAZ, A. MASHHADIAN, A. EHSANI, S. C. SAHA, T. KRUGER, AND M. EBRAHIMI WARKIANI,
Computational inertial microfluidics: a review, Lab Chip, 20 (2020), pp. 1023-1048, https://doi.org/
10.1039/C9LC01022J.

J. A. SCHONBERG AND E. J. HINCH, Inertial migration of a sphere in poiseuille flow, Journal of Fluid
Mechanics, 203 (1989), p. 517-524, https://doi.org/10.1017/50022112089001564.

G. SEGRE AND A. SILBERBERG, Radial particle displacements in poiseuille flow of suspensions, Nature,
189 (1961), pp. 209-210, https://doi.org/10.1038/189209a0.

J. SEo, M. H. LEAN, AND A. KOLE, Membrane-free microfiltration by asymmetric inertial migration,
Applied Physics Letters, 91 (2007), p. 033901, https://doi.org/10.1063/1.2756272.

This manuscript is for review purposes only.


https://doi.org/10.1080/14786440708564324
https://doi.org/10.1080/14786440708564324
https://doi.org/10.1112/S0025579300001947
https://doi.org/10.1017/S1446181118000287
https://doi.org/10.1063/1.5026334
https://doi.org/10.1017/jfm.2019.323
https://doi.org/10.1017/jfm.2019.323
https://doi.org/10.1017/jfm.2019.323
https://doi.org/10.1017/S0022112074001431
https://doi.org/10.1039/C6LC00314A
https://doi.org/10.1039/C6LC00314A
https://doi.org/10.1039/C6LC00314A
https://doi.org/10.1017/jfm.2014.739
https://doi.org/10.1038/srep01259
http://dx.doi.org/10.1039/B908271A
http://dx.doi.org/10.1039/B908271A
http://dx.doi.org/10.1039/B908271A
https://doi.org/10.1016/j.chroma.2010.11.081
https://doi.org/10.1016/j.chroma.2010.11.081
https://doi.org/10.1016/j.chroma.2010.11.081
https://doi.org/10.1039/C0LC00579G
https://doi.org/10.1146/annurev-bioeng-121813-120704
https://doi.org/10.1017/S0022112004000254
https://doi.org/10.1017/S0022112004000254
https://doi.org/10.1017/S0022112004000254
https://doi.org/10.1017/S0022112008004977
https://doi.org/10.1017/S0022112008004977
https://doi.org/10.1017/S0022112008004977
https://doi.org/10.1017/jfm.2014.232
https://doi.org/10.1063/1.4819275
https://doi.org/10.1039/C9LC01022J
https://doi.org/10.1039/C9LC01022J
https://doi.org/10.1039/C9LC01022J
https://doi.org/10.1017/S0022112089001564
https://doi.org/10.1038/189209a0
https://doi.org/10.1063/1.2756272

596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628

22

R. VALANI, B. HARDING, AND Y. STOKES

29]

30]

(31]

(32]

33]

(34]

35]

(36]

37]

(38]

(39]

(40]

D. STOECKLEIN AND D. D1 CARLO, Nonlinear microfluidics, Analytical Chemistry, 91 (2019), pp. 296
314, https://doi.org/10.1021/acs.analchem.8b05042.

J. Sun, M. L1, C. Liu, Y. ZHANG, D. Liu, W. Liu, G. Hu, AND X. JIANG, Double spiral microchannel
for label-free tumor cell separation and enrichment, Lab Chip, 12 (2012), pp. 3952-3960, https://doi.
org/10.1039/C2LC40679A.

E. TéTH, E. HOLCZER, P. FOLDESY, K. IVAN, AND P. FURJES, Microfluidic particle sorting system for
environmental pollution monitoring applications, Procedia Engineering, 168 (2016), pp. 1462-1465,
https://doi.org/10.1016/j.proeng.2016.11.420.

R. N. VaLANI, B. HARDING, AND Y. M. STOKES, Bifurcations in inertial focusing of a particle suspended
in flow through curved rectangular ducts, 2021, https://arxiv.org/abs/arXiv:2112.04658.

M. E. WARKIANI, G. GuaN, K. B. Luan, W. C. Leg, A. A. S. BHAGAT, P. KANT CHAUDHURI,
D. S.-W. Tan, W. T. Lim, S. C. LEg, P. C. Y. CHEN, C. T. LiMm, AND J. HAN, Slanted spiral
microfluidics for the ultra-fast, label-free isolation of circulating tumor cells, Lab Chip, 14 (2014),
pp. 128-137, https://doi.org/10.1039/C3LC50617G.

M. E. WaARkIANI, B. L. KHoo, L. Wu, A. K. P. TAay, A. A. S. BHAGAT, J. Han, anD C. T. Liv,
Ultra-fast, label-free isolation of circulating tumor cells from blood using spiral microfluidics, Nature
Protocols, 11 (2016), pp. 134-148, https://doi.org/10.1038 /nprot.2016.003.

M. E. WARKIANI, A. K. P. Tay, G. GuUaN, AND J. HAN, Membrane-less microfiltration using inertial
microfluidics, Scientific Reports, 5 (2015), p. 11018, https://doi.org/10.1038/srep11018.

M. E. WARKIANI, A. K. P. Tay, B. L. KHoo, X. XIAOFENG, J. HAN, AND C. T. LiMm, Malaria
detection using inertial microfluidics, Lab Chip, 15 (2015), pp. 1101-1109, https://doi.org/10.1039/
C4LC01058B.

K. H. WINTERS, A bifurcation study of laminar flow in a curved tube of rectangular cross-section, Journal
of Fluid Mechanics, 180 (1987), p. 343-369, https://doi.org/10.1017/50022112087001848.

L. Wu, G. Guan, H. W. Hou, A. A. S. BHAGAT, AND J. HAN, Separation of leukocytes from blood
using spiral channel with trapezoid cross-section, Analytical Chemistry, 84 (2012), pp. 9324-9331,
https://doi.org/10.1021/ac302085y.

K. YamaMoTO, X. Wu, T. HYAKUTAKE, AND S. YANASE, Taylor-Dean flow through a curved duct
of square cross section, Fluid Dynamics Research, 35 (2004), pp. 67-86, https://doi.org/10.1016/].
fluiddyn.2004.04.003.

J. Zuang, S. YAN, D. YuaN, G. Arict, N.-T. NGUYEN, M. EBRAHIMI WARKIANI, AND W. L1, Fun-
damentals and applications of inertial microfluidics: a review, Lab Chip, 16 (2016), pp. 10-34,
https://doi.org/10.1039/C5LC01159K.

This manuscript is for review purposes only.


https://doi.org/10.1021/acs.analchem.8b05042
https://doi.org/10.1039/C2LC40679A
https://doi.org/10.1039/C2LC40679A
https://doi.org/10.1039/C2LC40679A
https://doi.org/10.1016/j.proeng.2016.11.420
https://arxiv.org/abs/arXiv:2112.04658
https://doi.org/10.1039/C3LC50617G
https://doi.org/10.1038/nprot.2016.003
https://doi.org/10.1038/srep11018
https://doi.org/10.1039/C4LC01058B
https://doi.org/10.1039/C4LC01058B
https://doi.org/10.1039/C4LC01058B
https://doi.org/10.1017/S0022112087001848
https://doi.org/10.1021/ac302085y
https://doi.org/10.1016/j.fluiddyn.2004.04.003
https://doi.org/10.1016/j.fluiddyn.2004.04.003
https://doi.org/10.1016/j.fluiddyn.2004.04.003
https://doi.org/10.1039/C5LC01159K

	137128.pdf
	137128.pdf
	Introduction
	Theoretical Setup
	Leading Order Force model

	Bifurcations in particle focusing equilibria
	Bifurcations in a square cross-section
	Bifurcations in a 21 rectangular cross-section
	Bifurcations in a 12 rectangular cross-section
	Parameter space exploration of stable equilibria for particle separation

	Dynamics of focusing to equilibrium points
	Focusing dynamics with bend radius variations
	Focusing dynamics with particle size variations
	Focusing dynamics with aspect ratio variations
	Focusing dynamics with variations in initial particle location inside the cross-section

	Conclusions



