THE UNIVERSITY

o ADELAIDE

Nonlinear Mechanics of
Hyperelastic Structures

by

Hossein Bakhshi Khaniki

In fulfilment of the requirements for the degree of

Doctor of Philosophy
January 2023

School of Mechanical Engineering

The University of Adelaide

Australia






Contents

Declaration

Acknowledgements

Abstract

1

Introduction

1.1 Overview . . . . . . . o

1.2 Aims and objectives . . . . . ...

1.3 Thesisoutline . . . . . . . . ... oo

1.4 List of publications included as part of the thesis . . . ... ... ..

1.5 Additional publications relevant to the thesis but not forming part of it
References . . . . . . . . . .

Literature Review

2.1 Hyperelastic structures: a review on the mechanics and biomechanics
Abstract . . . . . ..
2.1.1 Introduction . . . . . . . .. ..o
2.1.2  Hyperelasticity of biological tissues . . . . . ... .. ... ..
2.1.3 Mechanics of hyperelastic structures. . . . . . . .. ... ...
2.1.4  Summary and conclusions . . . . .. ...
References . . . . . . . . . .

2.2 A review on the nonlinear dynamics of hyperelastic structures .
Abstract . . . . ...
2.2.1 Imtroduction . . . . . .. ..o
2.2.2  Some constitutive hyperelastic models for isotropic materials .
2.2.3 Nonlinear dynamics of hyperelastic beams . . . . . .. .. ..
2.2.4  Nonlinear dynamics of hyperelastic plates and shells . . . . . .
2.2.5 Nonlinear dynamics of hyperelastic membranes and balloons .
2.2.6 Summary and conclusions . . . . . ... ...
References . . . . . . . . . .

Axially travelling hyperelastic beams

Abstract . . . . . ..
3.1 Introduction . . . . . . . . . . .. ...
3.2 Experimental testing and constitutive hyperelastic fitting . . . . . . .
3.3 Axially moving hyperelastic beam formulation . . . . ... ... ...
3.4 Solution procedure . . . . . . ... ..

il

vil

ix

6

10
13
14
15
29
36
38
43
46
47
51
60
63
68
70
73



v

Contents

3.5 Results and discussions . . . . . . . .. ... L 97
3.6 Summary and conclusions . . . . . ... ... L. 105
Appendix A . . . .. 108
Appendix B . . . . . .. 109
References . . . . . . . . ..o 110
Porous-hyperelastic beams 111
Abstract . . . . . .. 114
4.1 Introduction . . . . . . . . ... 115
4.2 Experimental characterisation of the porous-hyperelastic material . . 117
4.3 Porous-hyperelastic beam formulation via the Mooney-Rivlin model . 121
4.4 Solution procedure . . . . . .. ..o 122
4.5 Results and discussions . . . . . . .. ..o 124
4.6 Summary and conclusions . . . . ... ... L. 144
Appendix A . . . . . 146
Appendix B . . . . . .. 147
Appendix C . . . . . . . L 150
References . . . . . . . . . .. 155
Hyperelastic sandwich beams 157
Abstract . . . . . .. 160
5.1 Imtroduction . . . . . . . ... 161
5.2 Layered hyperelastic shear deformable beam formulation . . . . . .. 162
5.3 Solution procedure . . . . . . ... ... 169
5.4 Results and discussion for linear and nonlinear analyses . . . . . . . . 174
5.5 Summary and conclusions . . . . .. ... oL L 187
Appendix A . . . . . 201
References . . . . . . . . . . . 204
Visco-hyper-elastic arches 207
Abstract . . . . . .. 210
6.1 Introduction . . . . . . . .. ... 211
6.2 Bending of hyper-elastic thick arch formulation . . . .. .. .. ... 212
6.3 Dynamics of visco-hyper-elastic thick arch formulation . . . .. . .. 214
6.4 Solution procedure for hyper-elastic bending analysis . . . . . . . .. 216
6.5 Solution procedure for visco-hyper-elastic vibrations . . . . . . . . .. 221
6.6 Results and discussions for bending and vibration . . . . .. .. ... 225
6.7 Summary and conclusions . . . . ... ..o 242
Appendix A . . . . . L 243
Appendix B . . . . .o 244
Appendix C . . . . . . .. 247
References . . . . . . . . . L 251
Hyperelastic plates with modal interactions 255
Abstract . . . . . .. 257
7.1 Introduction . . . . . . . . .. ... 258
7.2 Mooney-Rivlin thin soft plate formulation and solution procedure . . 259
7.3 Experimental setup and testing procedure . . . ... ... ... ... 276



Contents v

7.4 Results and discussion . . . . . . . .. ... 279
7.5 Summary and conclusions . . . . . ... ... L. 285
Appendix A . . . L 290
References . . . . . . . . . .. 298

8 Doubly-curved hyperelastic shells 301
Abstract . . . . . .. 303

8.1 Introduction . . . . . . . . . . ... 304

8.2 Hyperelastic doubly-curved shell-structure formulation . . . . .. .. 306
8.3 Solution procedure . . . . . . ... ... 311
8.4 Results and discussion . . . . . . .. ... L 315
8.5 Summary and conclusions . . . . . . ... ... L 324
Appendix A . . . . . 328
Appendix B . . . . . .. 333
References . . . . . . . . . . . 337

9 Conclusions, summary, recommendations and future work 339
9.1 Conclusions and summary . . . . . . . .. .. ... 339
9.2 Future work and recommendations . . . . ... ... ... ... ... 342

References . . . . . . . . 343






Declaration

I, Hossein Bakhshi Khaniki, certify that this work contains no material which has
been accepted for the award of any other degree or diploma in my name, in any
university or other tertiary institution and, to the best of my knowledge and belief,
contains no material previously published or written by another person, except where
due reference has been made in the text. In addition, I certify that no part of this
work will, in the future, be used in a submission in my name, for any other degree or
diploma in any university or other tertiary institution without the prior approval of
the University of Adelaide and where applicable, any partner institution responsible
for the joint-award of this degree.

I acknowledge that copyright of published works contained within this thesis
resides with the copyright holder(s) of those works.

I also give permission for the digital version of my thesis to be made available on
the web, via the University’s digital research repository, the Library Search and also
through web search engines, unless permission has been granted by the University
to restrict access for a period of time.

This work employed the supercomputing resources provided by the Phoenix HPC
service at the University of Adelaide. The HDR scholarship support through The
University of Adelaide and Faculty of Engineering, Computer & Mathematical Sci-
ences, the University of Adelaide, is also acknowledged.

Hossein, Bakhshi Khaniki

Monday 9" January, 2023

vil






Acknowledgements

I would like to sincerely thank my supervisors, Dr Mergen Ghayesh and Dr Rey
Chin for their continuous guidance and kind support throughout this project. Dr
Mergen’s precious support gave me an excellent research environment to focus on
my work. His technical support through this journey upgraded the outcome of this
research in all aspects. Dr Rey provided invaluable feedback on my works throughout
this thesis. This project would have not been accomplished without the valuable
support of my supervisors.

I would also like to acknowledge the precious support of Prof Marco Amabili
during this project. His kind guidance has helped me in understanding the funda-
mentals of hyperelasticity and modelling soft structures. The precious support of
my co-authors Prof Li-Qun Chen and Dr Shahid Hussain in the chapters of this
thesis is greatly appreciated.

This project includes many experimental tests which would have not been pos-
sible without the continuous guidance and support of the staff of the Mechanical
Workshop, Chapman Laboratory, Prototyping Laboratory—3D, and Acoustics & Vi-
bration Laboratory of the University of Adelaide helping in design, fabrication and
test procedures especially Thomas Stanef, Jon Ayoub, Hayden Westell, Scott Letton,
and Pascal Symons.

Most importantly, I sincerely thank my parents Prof Gholamreza Bakhshi Khaniki
and Mrs Zahra Behnam. I am greatly indebted to my parents who always wanted
the best for me; everything I am is because of you. Thank you for all that you have
done for me. The endless love and emotional support I received during this chal-
lenging project was indescribable. This thesis is lovingly and respectfully dedicated
to them, although nothing can compensate for their love and support.

I have spent a significant time on this project which was not possible without the
support of my friends. Thank you all for being there and never leaving me alone.
I also appreciate the support I have received from The University of Adelaide and
my colleagues.

1X






Abstract

Soft flexible structures have been an important part of many operating systems used
by humans in their daily routines. These structures are more likely to undergo large
strains and deformation when facing different types of loads, and return to their
initial shape when the load is removed. Most structures show a linear stress-strain
behaviour only when the strain deformation is significantly small. However, to have
a proper analysis of structures facing large strains, it is important to have better
and more accurate modelling of their stress-strain behaviour. Rubbers, elastomers,
silicones and polymeric-based structures are capable of undergoing large deforma-
tions, which mostly show a nonlinear elastic behaviour. Hyperelastic structures are
labelled as structures made of non-linear elastic materials that can be modelled fol-
lowing a proper strain energy density function model. The significant capabilities of
soft structures, such as infinite degrees of freedom, smooth motion, and safe human-
machine interactions, make them ideal for soft robotics, biomechanics, automotive
applications, and wearable devices.

In view of the recognition of the capabilities of nonlinear elastic structures, most
studies in this field are directed towards their application purposes (e.g., applications
of non-linear elastic structures for developing soft robots, wearable devices, packag-
ing, etc.). However, the need to comprehend their mechanical behaviour in order
to have a better understanding of the structure’s response and, hence, develop op-
timised designs for hyperelastic structures, has only recently been fully understood.
Therefore, this thesis intends to present a comprehensive study of the nonlinear
mechanics of different isotropic hyperelastic structures under different conditions,
mainly focusing on their nonlinear dynamics behaviour. This thesis is organised us-
ing published papers in prestigious peer-reviewed international journals as outcomes
of the research.

Paper 1: A detailed review of the static deformation of hyperelastic structures
is presented in this paper, focusing on biological tissues and polymeric structures.
The main objective of this review paper is to show the application of different
hyperelastic strain energy density models for modelling the bending and buckling
behaviour of nonlinear elastic structures. For biological structures, a wide range
of tissues including brain, artery, cartilage, liver, skeletal muscle, ligament, skin,
tongue, heel pad and adipose tissue are discussed and for polymeric structures,
beam, column, tube, plate shell and membrane hyperelastic structures are analysed.

Paper 2: The most well-known hyperelastic strain energy density models for
analysing soft isotropic structures are reviewed in this paper and the applications of
these constitutive laws for modelling the nonlinear dynamics of different hyperelas-
tic structures are discussed using the available literature, up to 2022. Neo-Hookean,

x1



xii Abstract

Mooney-Rivlin, Ogden, Eight-chain, Polynomial, Gent and Blatz-Ko hyperelastic
strain energy density models are discussed, and the sensitivity of the hyperelastic
coefficients for changing the stress-stretch behaviour is analysed. Different studies
undertaken on the nonlinear dynamics of hyperelastic beams, plates, shells, mem-
branes and balloons are discussed. Meanwhile, the strength of each hyperelastic
strain energy density model for accurately modelling the nonlinear dynamics of
such structures is analysed.

Paper 3: Hyperelastic belts provide smooth motion in the performance of belt-
operating systems and avoid the propagation of sudden impacts. Since belt-operating
systems are one of the main applications of hyperelastic structures, this paper anal-
ysed the nonlinear dynamic behaviour of axially-moving, incompressible, isotropic
hyperelastic belts. Using the ASTM D638 standard, the nonlinear elastic behaviour
of the structure is studied and Yeoh’s strain energy density model is used to effec-
tively model the experimental results. A coupled equation of motion is presented for
modelling axially-moving hyperelastic belts, and analysing the effect of both hypere-
lastic coefficients and axial velocity on changing the mode shapes, linear frequencies
and the nonlinear dynamic behaviour of the structure.

Paper 4: Porosity and voids are often seen during the fabrication process of
soft structures (such as in the injection moulding or 3d-printing processes) or are
sometimes added to decrease the overall weight and optimise performance. This
paper developed a modified strain energy density model using the Mooney-Rivlin
law, which enables consideration of porosity effects. A set of experimental analyses
on soft samples with different porosities and infill rates are performed and a modified
strain energy model is presented. Using the given model, the nonlinear dynamics of
hyperelastic porous beams with uniform and nonuniform porosities is studied and
the effects of having different porosity types on the nonlinear vibration behaviour
of the structure are discussed.

Paper 5: In many applications, such as packaging, hyperelastic structures are
used as a layered (sandwich) structure. This paper investigated the nonlinear dy-
namics of layered isotropic structures using different shear deformation theories. The
importance of proper modelling, layering, and material sorting is analysed compre-
hensively and the effect of the thickness ratio between layers is investigated.

Paper 6: Some soft structures show significant viscoelastic behaviour together
with hyperelasticity. In order to model these soft structures appropriately, this
paper investigated the statics and dynamics of hyperelastic and visco-hyperelastic
shallow arches. The internal resonance phenomena due to the arch curvature were
also investigated in this work, alongside a discussion of the effect of viscoelasticity
in damping and changing the rich nonlinear vibration behaviour of the structure.

Paper 7: As hyperelastic structures are used in different sensing applications,
this study investigated the mass-sensing behaviour of hyperelastic isotropic plates
using both experimental testing and theoretical modelling. The effect of having
a concentrated attached mass on changing the nonlinear dynamics of hyperelastic
plates was discussed and the internal resonance phenomena due to the geometrical
properties of the plate and external attached masses were discussed.

Paper 8: Curved hyperelastic shell structures, including cylindrical, parabolic,
and doubly-curved shells are modelled and investigated in this paper as incompress-
ible structures. A comprehensive general model is developed, and the bending,
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vibration and internal resonance behaviour of the structure is analysed. The effect
of the shell curvatures in causing internal resonance and changing the nonlinear
oscillation behaviour of the structure is discussed in detail.

Through the above papers, this thesis investigated the mechanics of hyperelastic
structures in a range of well-known applications. With experimental tests supporting
the theoretical models, a detailed understanding of the statics and dynamics of such
structures has been obtained, which is an important step towards understanding
their performance and optimising their use.






Chapter 1

Introduction

1.1 Overview

Given the constant need to improve mechanical structures for different industrial
applications, researchers have developed new structures according to the require-
ments of their research fields. Soft structures have been the focus of much research
interest over the past few years due to their superiority in many applications. These
structures are more likely to undergo large strains and deformation when facing dif-
ferent types of loads, and providing infinite degrees of freedom, smooth motion, and
safe human-machine interactions. Hyperelastic models have been used to model
the mechanical behaviour of such structures. For instance, rubber structures are
frequently modelled using incompressible isotropic hyperelastic laws [1-3].

The necessity for effectively modelling the non-linear mechanical behaviour of
hyperelastic structures can be clearly seen when the applications of such structures
are evaluated. Hyperelastic structures are used in various sectors and applications;
some of the most well-known applications of hyperelastic structures are energy har-
vesting systems, biological tissue modelling, prostheses and implants, soft and indus-
trial robots, the packaging industry, belt operating systems, the sport and footwear
industry, the automotive industry, surgical and medical supplies, toy and game
manufacturing, wearable and smart technologies, the coating and covering industry,
vibration and shock absorbers, and the construction industry (Figure 1.1).

Vibration-based hyperelastic energy harvesting is a novel topic in the energy har-
vesting industry, which can be used for supplying energy for wireless sensor networks
[4]. Hyperelastic structures are used in this industry for different purposes, such as
tuning the resonant frequency of the harvester with the ambient vibration frequen-
cies of the environment [4]. They have also recently been used as dielectric elastomer
energy harvesters, providing lower stiffness and higher dielectric permittivity [5].

Human body organs show a rich hyperelastic and viscoelastic behaviour, for
which, depending on the biological tissue, the behaviour can be different [6-8]. The
proper modelling of biological tissues has helped scientists with surgery simulations,
medical diagnoses and health care [9-11]. Furthermore, knowing the mechanical
properties and hyperelastic behaviour of human body organs has improved the de-
sign of prostheses and implants [12-15].
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— —» 1. Energy harvesting systems

I— —»{ 2. Biological tissue modelling

|— —>| 3. Prostheses and implants

Applications of Hyperelastic Structures

|— —» 4. Soft and industrial robots

|_ —»| 5. Packaging industry

I_ —» | 6. Belt operating systems

— ——— —»| 7. Sport and footwear industry

|— —»| 8. Automotive industry

|— —>| 9. Surgical and medical supplies

I_ = 10. Toy and game manufacturing

|_ —»| 11. Wearable and smart technologies

— —» | 12. Coating and covering industry

|— —»| 13. Vibration and shock absorbers

|- —— | 14. Construction industry

Figure 1.1: Some applications of hyperelastic structures.
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Using hyperelastic structures in devices provides infinite degrees of freedom,
which is highly beneficial in many applications, such as invasive surgeries in which
accessing the target requires a smooth motion in different parts [16-18]. In addition,
hyperelastic structures are used in many soft robots for different purposes to provide
a significant smooth motion [19-21]. For instance, the infinite degree of freedom
provides comfort and strength to patients with muscular dystrophy during physical
activities [22, 23].

Since hyperelastic structures are significantly softer than solid structures, they
have been used to provide safe physical interactions with humans, used for technolo-
gies such as industrial robots, automobiles and toys [24-26]. Another good use of the
soft behaviour of hyperelastic structures can be found in sportswear and wearable
devices for sensing temperature, glucose, pressure, gas, pulse rate, hydration, and
motion [27-29].

Finally, hyperelastic structures provide good resistance against different types
of sudden loads and vibrations. This important capability makes these structures
great candidates for many diverse applications, such as in food packaging [30-33],
coating [34, 35|, and vibration/shock absorbers [36-38].

1.2 Aims and objectives

By evaluating the range of applications (above), it can be seen that hyperelastic
structures are an important part of human life. To be able to use hyperelastic struc-
tures efficiently in different industries, it is important to first have a comprehensive
understanding of their mechanical behaviour.

The main aim of this thesis is to develop accurate models of different isotropic
incompressible hyperelastic structures in different mechanical conditions. The de-
veloped models and analyses create a detailed state of the art study of the nonlinear
dynamics and mechanics of hyperelastic structures (including beams, plates and
shells). The results in this thesis are applicable to many applications of hyperelastic
structures. The listed objectives of this thesis are:

1. To investigate the linear and nonlinear dynamics of axially-travelling incom-
pressible isotropic hyperelastic belts.

2. To understand the influence of porosity on the nonlinear dynamics of hypere-
lastic structures.

3. To analyse the effect of layering and material sorting on the nonlinear mechan-
ics and dynamics of hyperelastic structures.

4. To combine the effects of viscoelasticity and hyperelasticity on modelling the
non- linear dynamics and internal resonance behaviour of soft arches that are
slightly curved.

5. To comprehend the mass-sensing behaviour and the internal resonance be-
haviour of hyperelastic plate structures.
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6. To build an understanding of the influence of curvature on the mechanics and
dynamics of various hyperelastic curved shell structures.

1.3 Thesis outline

Apart from Chapters 1 and 9, this thesis is organised using already-published /accepted
papers in high-quality prestigious journals, along with some that are currently under
review. The first chapter presents a brief overview of hyperelastic structures, their
applications, and the importance of (and motivation for) studying their mechanical
behaviour.

A comprehensive, detailed review of the applications of hyperelasticity in mod-
elling the mechanics and dynamics of hyperelastic structures, focusing on the bend-
ing, buck- ling and vibration behaviour of such structures as biological tissues and
polymeric structures, is presented in Chapter 2. Chapters 3-8 present critical re-
views of the discussed cases, emphasising their significance and novelty for numerous
well-known applications.

A continuum-mechanics-based model of axially-travelling hyperelastic belts is
presented in Chapter 3, followed by a comprehensive linear and nonlinear analy-
sis of the importance of modelling the large deformations and strains in dynamic
conditions accurately.

Chapter 4 presents a modified strain energy model for considering the effect of
porosity on the nonlinear stress-strain behaviour of hyperelastic structures, followed
by a general model of the nonlinear dynamics of hyperelastic porous beam struc-
tures. A detailed analysis of the effect of the presence of voids and porosity on the
mechanical behaviour of the structure is also presented in this chapter.

Sandwiched hyperelastic structures made of different hyperelastic materials are
analysed in Chapter 5 using different shear modelling approaches, followed by a
detailed discussion of the effects of layering and material sorting.

A combination of viscoelasticity and hyperelasticity in modelling visco-hyperelastic
structures is employed in Chapter 6 for soft structures, followed by an analysis of the
internal resonance behaviour of hyperelastic structures with and without viscoelastic
effects.

Mass-sensing analysis in hyperelastic plate structures is presented in Chapter 7
in the framework of nonlinear forced vibrations. The internal resonance phenomena
due to geometric aspect ratio and attached mass are also analysed.

The nonlinear statics and dynamics of various curved hyperelastic shell structures
including cylindrical, hyperbolic, and parabolic shells are investigated in Chapter 8,
followed by internal resonance analysis due to the curvature term in the structure.

Chapter 9 presents a conclusion of the findings of the thesis, followed by potential
future work.
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Chapter 2

Literature Review

This chapter is based on the following published review articles to represent a com-
prehensive state-of-the-art review on both statics and dynamics of hyperelastic struc-
tures:

e Khaniki, H.B., Ghayesh, M.H., Chin, R. & Amabili, M., (2023). Hyperelastic
structures: a review on the mechanics and biomechanics. International Journal of
Nonlinear Mechanics, 148, 104275. DOI: 10.1016/j.ijnonlinmec.2022.104275

e Khaniki, H.B., Ghayesh, M.H., Chin, R. & Amabili, M., (2022). A review
on the nonlinear dynamics of hyperelastic structures. Nonlinear Dynamics, 110,
963-994. DOI: 10.1007/s11071-022-07700-3.
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2.1 Hyperelastic structures: a review
on the mechanics and biomechanics

Overview

This section of Chapter 2 introduces the statics of soft structures, focusing on their
hyperelastic behaviour in a detailed analysis. Previous studies on soft structures
are classified into two main types: soft biological tissues and polymeric structures.
The application of hyperelastic strain energy density laws for appropriately mod-
elling body organs is presented, and the strength of each model for the biological
tissue type is discussed. Furthermore, the static behaviour of polymeric structures
is presented in three subsections, based on the structure type. This literature re-
view is published and available online as: Khaniki, H.B., Ghayesh, M.H., Chin, R.
& Amabili, M., (2023). Hyperelastic structures: a review on the mechanics and
biomechanics. International Journal of Nonlinear Mechanics, 148, 104275.
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Chapter 2. Literature Review

1. Introduction

Linear elastic assumptions have many limits for modellings of the
mechanics of different structures including having a linear elastic con-
stitutive equation valid for small strains. However, in real-world appli-
cations, structures might face loadings which lead to large strains where
the linear elastic constitutive assumptions become invalid. Besides, in
some structures (such as biological tissues), the linear region of the
constitutive model is significantly small showing a nonlinear elastic
behaviour.

Accordingly, there have been many hyperelastic strain energy den-
sity models developed by researchers to accurately take into account
the nonlinear elasticity and large strain deformations [1]. Some of the
well-known and conventional hyperelastic strain energy density models
are named neo-Hookean, Mooney-Rivlin, Ogden, Polynomial, Arruda—
Boyce, Yeoh, and Gent. These hyperelastic models have been discussed
in detail in a previous review paper on the nonlinear dynamics of soft
structures [2]. Hyperelastic strain energy density models for analysing
anisotropic materials were also studied and discussed in a review paper
presented by Chagnon et al. [3] as well as in books [4,5]. These
constitutive models are used by many researchers to understand the
mechanics and biomechanics of different structures which have been
discussed in this review paper.

Hyperelastic strain energy density models have been employed
by researchers for modelling the mechanical behaviour of different
biological tissues. Accurately modelling the mechanics of biological
tissues have many advantages and helps scientists in different biomed-
ical applications. For instance, hyperelastic models of white and grey
matter in the brain have directly helped in brain surgery [6], trauma
analysis [7] and injury simulation [8]. A proper hyperelastic model of
breast tissues has made a significant help in breast cancer diagnosis and
differentiating healthy and unhealthy breast tissues [9-11].

Another important topic of hyperelastic modelling in the biome-
chanics of biological tissues is predicting plaque rupture in human
arteries which has been analysed lately by many researchers [12-14].
Besides, to have a proper understanding of osteoarthritis, researchers
have examined the load-displacement behaviour of both healthy and
osteoarthritic articular cartilages [15]. Acetabular dysplasia or hip
dysplasia have also been modelled by hyperelastic strain energy density
models to appropriately understand the biomechanics of healthy and
unhealthy acetabulum [16]. The mentioned studies are only a few
examples of how important is to develop an accurate hyperelastic
model of biological tissues for different applications.

Moreover, since soft structures are more likely to undergo large
strains in different mechanical conditions, the linear stress—strain re-
gion model is not accurate for modelling the behaviour in larger strains
and deformations. To overcome this limit, hyperelastic strain energy
models have also been used for modelling the mechanics of soft struc-
tures. Soft structures have been used widely in different applications in
which most of the applications are achieving more attention in the last
few years.

Hyperelasticity definition in mechanics of structure has an im-
portant application in prostheses and artificial substitutes for various
human tissues. Accurately modelling the mechanics of human tissues
and finding an appropriate artificial substitute with the same me-
chanical behaviour has a significant effect in designing conventional
prostheses with the best fit to the behaviour of the real tissue. This
importance has been examined by many researchers for different artifi-
cial substitutes including lower-limb prosthetics [17], aortic heart valve

prosthesis [18], lumbar intervertebral disc prosthesis [19], vascular
prosthesis [20-22], and prosthetic finger joint implants [23].

Bio-inspired soft robots are a class of robots which show a nonlinear
elastic behaviour in their performance due to large strains in their
motions. These structures have been used widely in different industrial
sectors. Some of the well-known developed bio-inspired soft robots
are octopus-like robots (Octobots) [24-27], inchworm and caterpillar
soft robots [28-32], gecko-inspired robots [33-35] and batoid-fish-
shaped robots [36-38] which are used for grasping, crawling, lifting
and locomotion purposes (Fig. 1).

Since soft robots provide infinite degrees of freedom with a con-
tinuous smooth motion due to their hyperelastic behaviour, they have
been used in biomedical applications such as wearable robots, drug
delivery and surgical tools. For instance, elastomer-based structures
have been used in minimally invasive cardiac surgeries [39-42], en-
doscopy [43,44], optical biopsy [45], catheterization [46] and drug
delivery [47] providing a smooth motion with the least damage to
the surrounding tissues. Detailed analysis of the application of soft
structures in minimally invasive surgeries can be found in Ref. [48].

Besides, wearable robots have been improved by using hyperelastic
materials to obtain a conventional motion in their mechanical be-
haviour for different purposes. Stroke patients with gait impairment
can use soft wearable robots for at-home rehabilitation and physical
therapy [49,50]. Patients suffering from muscular dystrophy can use
wearable soft gloves for exercising and grasping assistance [51] and
soft exosuits for motion assistance on arms [52], ankles [53] and other
parts of the human body [54]. Detailed analysis on the application of
wearable soft robots in human assistance can be found in Ref. [54].
Fig. 2 presents some key applications of biomedical soft robots made
of hyperelastic materials [51,55-59].

There have been many comprehensive, valuable review studies on
the applications of nonlinear-elastic structures for soft robotics and
biomedical applications [57,61-77] which have been listed in Table 1,
based on the study type. It can be seen that the topic has attracted
significant attention in the last few years. Despite many analyses on
the mechanics and biomechanics of hyperelastic structures, a com-
prehensive review of the application of hyperelastic strain energy
density models for studying such structures is missing. Therefore, this
study mainly focuses on employing different hyperelastic strain en-
ergy density models for appropriately modelling biological tissues and
polymeric structures following research studies up to 2022. Previous
studies on the mechanics and biomechanics of hyperelastic structures
are presented in this review by dividing the studies based on the
biological tissues and structures. In Section 2, the application of hyper-
elastic continuum models to the biomechanics of the body tissues and
the capability of the theoretical models in simulating their behaviour
are discussed. A comprehensive case study is provided by considering
the tissue types; included are brain, artery, cartilage, liver, skeletal
muscle, ligament, skin, tongue, heel pad and adipose tissue analyses.
The mechanics of hyperelastic structures is discussed in Section 3
for different types of structures. The strength of different hyperelastic
constitutive models in properly modelling the static behaviour of hy-
perelastic structures in different mechanical conditions is investigated
using the previous works in this field. Lastly, a detailed analysis and
discussion on the current state of the research and outcomes of research
works in this field are presented in Section 4.

2. Hyperelasticity of biological tissues

Different biological tissues, such as skin, muscle, and fat, often
undergo large deformations and strains while subject to different types
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Fig. 1. Some bio-inspired soft robots made of hyperelastic materials: (a) inchworm-inspired robot [28] (Permission obtained from Elsevier), (b) octopus-inspired robot [24]
(Permission obtained from Elsevier), (c) gecko-inspired adhesive robot [33] (Permission obtained from Elsevier), and (d) fish-inspired robot [38] (Permission obtained from

Springer Nature).

of loadings with a nonlinear stress—strain behaviour, which classifies
them as hyperelastic structures. Researchers have employed different
hyperelastic constitutive laws to model the mechanical responses of
such structures. In this section, the mechanical analysis is divided
according to the type of the biological tissue. It is noteworthy that for
modelling and analysing biological tissues, viscoelasticity plays an im-
portant role as well that must be considered along with hyperelasticity;
for more details, interested readers are referred to [4,78-81]. Besides,
a detailed study on the nonlinear mechanics of biological materials can
be found in Ref. [5].

2.1. Hyperelastic models of the brain tissue

Human brain, as the most important part of the body, has been
investigated by researchers over the past years, focusing on its mechan-
ical behaviour under loads. Lately, the importance of having a proper
model of the brain for surgery [6], trauma analysis [7] and injury sim-
ulation [8] have been emphasised. To have a better understanding of
the mechanical behaviour of the brain, Moran et al. [7] experimentally
tested different regions of the brain (white matter, grey matter, and
corona radiata) under tension, shear and compression forces, and used
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Fig. 2. Some key applications of biomedical soft robots made of hyperelastic materials: (a) minimally invasive surgery application [55,56] (Permission obtained from Springer
Nature) (This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/
licenses/by/4.0/)), (b) prosthetic application [58] (Permission obtained from PLOS), (c) sleeve supports for heart function [60] (Permission obtained from Springer Nature), and

(d) wearable soft robots for rehabilitation [51] (Permission obtained from Elsevier).

the hyperelastic models to compare with the experimental observations.
Hyperfoam [82], Ogden [83] and polynomial [84] models were used
and the optimised coefficients for each model were presented.
Concentrating on brain elastography, Kaster et al. [6] studied the
mechanical characteristics of white and grey matter in brain tissue to
differentiate them based on their mechanical properties. Ogden, Poly-

nomial, Yeoh and Arruda-Boyce hyperelasticity strain energy models
were examined and the coefficients for each hyperelastic model, for
both white and grey matter were presented. It was concluded that
the most suitable method for modelling the hyperelastic behaviour of
such structures is the Yeoh model. Fig. 3 demonstrates the stress—strain
behaviour of different parts of the brain under compression loadings,
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Table 1

Review studies on the soft robotic and biomedical applications of hyperelastic structures.

Study Year Main application Reviewed topics
Ng et al. [61] 2021 Motions in soft Locomotion in soft robots including terrestrial locomotion, aquatic
robots locomotion, and aerial locomotion are reviewed.
Xiong et al. [62] 2021 Soft robotics Wearable robots and human-robot interface and interaction
are reviewed.
El-Atab et al. [63] 2020 Soft robotics Actuating systems for different soft robots are reviewed.
Yap et al. [64] 2020 Manufacturing soft Polymer 3D printing techniques and materials used for soft robotic
robots fabrication are reviewed
Ashuri et al. [65] 2020 Biomedical soft Soft robots with biomedical applications such as artificial muscles,
robots muscle alternatives, prosthetic devices, catheters, stents and surgical
instruments are reviewed.
Kumar and Syed 2020 Additive The fabrication of biomedical components using the selective laser
[66] manufacturing in sintering technique is reviewed with hyperelastic behaviour.
biomedical
applications
Majidi [67] 2019 Materials in soft Various materials used in soft robotics are reviewed including
robotics elastomers, polymer composites, fluids and gels.
Victor et al. [68] 2019 PDMS for The application of polydimethylsiloxane for aneurysm repair and its
biomedical biocompatibility is reviewed.
applications
Wang et al. [69] 2018 Sensing technologies Sensing technologies for soft robots are reviewed including resistive
in soft robotics and piezoresistive sensors, capacitive sensors, optical sensors,
magnetic sensors, and inductive sensors.
Chu and Patterson 2018 Rehabilitative soft Soft robotic devices for hand rehabilitation are reviewed.
[70] robots
Wallin et al. [71] 2018 3D printed soft Polymers in soft robotics and 3D printing technologies for
robots manufacturing soft robots are reviewed.
Cianchetti et al. 2018 Biomedical Soft robots in surgery, diagnosis and drug delivery, wearable and
[57] application of soft assistive devices, prostheses, and artificial organs are reviewed.
robots
Lee et al. [72] 2017 Soft robotics Different applications of soft robots are reviewed including
human-machine interface and interaction,
locomotion and exploration, manipulation, medical and surgical
applications, rehabilitation and wearable robots.
Polygerinos et al. 2017 Human-Robot Fluid-driven intrinsically soft devices are reviewed.
[73] Interaction
Miao et al. [74] 2017 4D printing of 4D printing of polymeric materials for biomedical applications
hyperelastic including smart drug or cell delivery, microsurgery devices, and in
materials vivo actuation for biosensing
Rus and Tolley [75] 2015 Soft robotics Design, manufacturing and actuation systems in soft robots are
reviewed.
Kim et al. [76] 2013 Bioinspired soft Different bio-inspired soft robot studies are reviewed including
robots worm-like robots, caterpillar-like robots, and octopus-like robots.
Cho et al. [77] 2009 Manufacturingsoft Processes for manufacturing soft robots including shape deposition
robots manufacturing, nano imprint, laser imaging, micro injection

moulding, embed moulding, and multi-nozzle deposition systems
are reviewed.

up to 50% strain, via hyperfoam, Ogden and polynomial strain energy
density modelling [7].

Since most of the studies on brain matters have presented the hyper-
elastic coefficients based on a single loading mode, Budday et al. [85]
examined different hyperelastic models to find a proper model for
characterising the mechanical behaviour of brain tissue under different
types of loadings. The strain energy was modelled via five different,
well-known hyperelasticity models (neo-Hookean [86], Ogden [87,88],
Gent [89], Mooney-Rivlin [90,91] and Demiray [92]). It was claimed
that the one-term Ogden hyperelasticity model provides an accurate
model for brain tissue facing different loading combinations.

After showing the success of the Ogden hyperelastic constitutive
law for modelling brain tissues [85], researchers employed this model
for analysing the brain’s mechanical behaviour. Hauseux et al. [93]
quantified the uncertainty of brain tissue via the Holzapfel and Ogden
hyperelastic models [94] to follow the mechanical deformation of
the brain. Voyiadjis and Samadi-Dooki [95] examined the influence
of having nonslip boundary conditions while modelling the human

brain. The Ogden strain energy function was utilised in order to model
the hyperelastic behaviour of human brain tissue. By comparing with
experimental results, it was shown that mechanical behaviour could be
accurately modelled with Ogden hyperelasticity under uniaxial loading.
Yousefsani et al. [96] used the one-term Ogden model and embedded
an element technique when studying the brain’s white matter tissue.
The results indicated accurate modelling of the axonal responses, with
applications in tumour growth analysis. Labus and Puttlitz [97] studied
the mechanical behaviour of the brain’s white matter facing biaxial
tensile loading. A modified anisotropic model of Ogden strain energy,
presented by Velardi et al. [98], was employed to model the hypere-
lasticity deformation response. It was shown that having both biaxial
and uniaxial loading test models could improve the structural model.
Fig. 4 shows the preparation of the brain samples and the experimental
setup. Budday et al. [99] made the first attempt to identify the relation
between the mechanics and microstructure of human brain tissue by
presenting a microstructurally developed constitutive model. It was
shown that the cell count has a negative effect on stiffness while myelin
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content has a positive effect. A detailed review on modelling and testing
human brain tissue, its challenges and important characteristics were
presented by Budday et al. [100].

2.2. Hyperelastic models of the artery tissue

Another important use of hyperelastic constitutive laws is in mod-
elling the biomechanics of arterial layers. The importance and applica-
tion of proper models of the arteries for different purposes can be found
in the review studies [101-104].

Since arteries consist of three different layers, intima, media and
adventitia, Holzapfel et al. [104] presented a new orthotropic constitu-
tive model for specifically analysing arterial wall mechanics. The model
requires a total of six material parameters (three for each mechanically
relevant layer) for properly modelling the axial extension, torsion and
inflation. It was shown that this model is capable to fit the experimental
data and takes into account the arterial microstructure. The nonlinear
stress—stretch behaviour of the layers of arteries (intima, adventitia,
and media) have been obtained by Holzapfel et al. [105], for both
circumferential and axial directions.

The fibre dispersion and orientation in arterial layers are key ele-
ments in defining the nonlinear behaviour of human arteries. Gasser
et al. [106] presented a detailed comprehensive study on the proper
modelling of arterial layers in the framework of hyperelastic continuum
modelling. By using a modified neo-Hookean strain energy density
model with an exponential term to describe the response of collagen
fibres, both axial and circular stretches of the thin-walled tube model
were obtained and discussed. This study introduced the orientation
dispersion of collagen fibres; however, the dispersion was rotation-
ally symmetric. Accordingly, the model was extended into a double
dispersion model for representing different in-plane and out-of-plane
dispersion of fibre orientation in arteries (nonsymmetric dispersion)
by Holzapfel et al. [107] using bivariate von Mises distribution. It
was shown that the model was capable of fitting uniaxial testing
results of collagen-reinforced arteries with high accuracy. Since arterial
layers have a significant collagen fibre dispersion in in-plane directions,
the nonsymmetric model shows better accuracy in modelling human
arteries. A more detailed discussion on the collagen-fibres dispersion
in arteries and other soft biological tissues can be found in a review
paper presented by Holzapfel et al. [103].

In studying the nonlinear mechanics of soft fibrous tissues, a pos-
sible source of inaccuracy and computational cost is in properly mod-
elling the contribution of compressed fibres in the total strain energy
density. To overcome this, Li et al. [108] presented a discrete fibre
dispersion model to exclude the fibres under compression loadings from
the modelling of soft fibrous solids. In their modelling, they discretised
the unit into a finite number of elementary areas. For each element, the
fibre density and direction were defined and summed up over all the el-
ements. The fibre strain energy model was presented and used for shear,
tension and non-homogeneous uniaxial extension problems showing
good accuracy. Breslavsky et al. [109] presented the first model of
the compressed collagen fibres exclusion using the double-dispersion
model. A novel technique of versatile fibre exclusion to the constitutive
model was presented by having different fibre dispersion in both in-
plane and out-of-plane. A significant reduction in the computational
cost was seen by having in-plane fibre exclusion for modelling the
uniaxial tensile test. Besides, it was shown that depending on the fibre
orientation and distribution, the thickness of the strips in the uniaxial
tensile test might increase.

Sassani et al. [110] experimentally examined the material charac-
teristics of abdominal aortic aneurysms’ layers. Fifteen patients were
tested and different microstructure-motivated models were used to
fit the experimental testings. It was shown that the four-fibre family
model presented in Ref. [111] has the most accuracy in modelling the
mechanical behaviour of the samples. Besides, it was shown that the
collagen arrangement is mainly in the axial direction giving a higher
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stiffness to axial strips compared to the circumferential ones. Fig. 5
shows the orientation angles of collagen fibres in the intima, media
and adventitia layers and the stretch stress behaviour for the axial and
circumferential strips.
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Fig. 4. Testing samples from (a) the corona radiata, (b) the corpus callosum, and (c) the experimental setup for biaxial testing and (d) biaxial samples. [97].
Source: Permission obtained from Elsevier.
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Arterial walls contain randomly dispersed collagen fibres which
makes it important to accurately model their large deformation be-
haviour. Holzapfel and Ogden [112,114] compared two well-known
models of fibre-reinforced materials namely generalised structure ten-
sor (GST) [115] and angular integration (AI) [116] methods showing
that both models are virtually identical for different cases. Besides, it

(a)

Chapter 2. Literature Review

was emphasised that for the case of using finite element methods, the
GST model requires less computational time. Fig. 6 shows the capability
of the GST and Al models for fitting the experimental results [107]
of the human non-atherosclerotic abdominal aorta in both axial and
circumferential directions.

The age factor in changing the nonlinear behaviour of arteries
has a key role which cannot be ignored. This importance has been
addressed by researchers in studying human arteries. For instance,
Amabili et al. [113] examined the visco-hyperelastic behaviour of
descending thoracic aortas layers by experimentally testing twelve
individual samples of beating heart donors. Axial and circumferential
strips were cut from the aorta (Fig. 7) and a uniaxial tensile test and
a dynamic test were performed to characterise their properties. This
was the first study on the viscoelastic behaviour of aortas by indi-
vidually analysing each layer. The Gasser—-Ogden-Holzapfel material
model was used to model the hyperelastic behaviour of each layer.
It was concluded that donor age has a direct effect on increasing the
stiffness in both circumferential and axial directions. The effect of
age on the nonlinear mechanics of arteries was analysed by Jadidi
et al. [118] using both theoretical analyses (constitutive modelling)
and experiments (biaxial testing). It was shown that the thoracic aorta
shows stiffer behaviour with age. Other studies on age dependency can
be found in Refs. [119,120].

In another study, a combination of Fung-type (exponential) [121]
and neo-Hookean strain energy density models was used by Holzapfel
[117] which proposed a new approach for determining arterial wall
material characteristics from uniaxial tests. Fig. 8 shows the histological
images of circumferential strips of intima, adventitia and media layers
indicating that collagen fibres are wavily distributed in the adventitia
layer while are almost linearly distributed in intima; it was shown
that the presented model is capable of modelling the characteristics of
arterial walls (Fig. 9).

An advanced hyperelastic model of aortic tissue based on mi-
crostructural characterisation was developed by Amabili et al. [122].
Second-harmonic generation images were used to illustrate the hetero-
geneity of the structure for each layer (Fig. 10) and the in-plane and
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Fig. 7. (a) Donor’s aorta, (b) axial strips of the layers, and (c) the stress—strain results for the circumferential and axial strips of each layer [113].

Source: Permission obtained from Elsevier.
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out-of-plane fibre distributions were obtained experimentally and fitted
theoretically. Results show that a single family of dispersed collagen
fibres is suitable to model the collagen in each aortic layer. Lateral
interactions and cross-link of collagen fibres were taken into account by
introducing a second family of fibres which is orthogonal to the main

one. It was shown that this advanced model is capable of accurately
predict the stress—strain result of uniaxial testing of the intima, media
and adventitia layers of human aortas (Fig. 11).

To have an appropriate mechanical design of aortic prostheses,
Breslavsky and Amabili [123] modelled arteries using a shell
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deformation model with 8 kinematic parameters. The artery was mod- The effect of the contraction of the vascular smooth muscle in
elled as a three-layer orthotropic incompressible material in the frame- arteries increases the wall stiffness. Franchini et al. [127] introduced
work of the Gasser-Ogden-Holzapfel model [124]. Since the cur- the first anisotropic hyperelastic model to take into account the vascu-
rent aortic prostheses are stiffer leading to overloading the heart’s lar smooth muscle activation in both longitudinal and circumferential
work [125] and oscillations [126], this study was a step forward in ac- directions. Their model is capable of fitting with great accuracy exper-
curately modelling arteries as the commercial finite element programs imental results on tensile tests of human aortic strips in passive and

do not take into account the thickness deformation. active conditions (i.e. with vasoactive agents).
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2.3. Hyperelastic models of the cartilage and ligament tissues

Cartilages located at the end of long bones of both humans and
animals also have a non-linear elastic behaviour when confronting
mechanical loadings. Since the weight of the body has a direct effect
on these parts, it is important to study the mechanical responses under
different conditions. Since articular cartilages repair slowly (due to
not having an active blood supply), it is important to have a bet-
ter understanding of their mechanical properties and differentiate the
healthy cartilage from the injured ones (injuries such as osteoarthritis,
costochondritis, herniation, achondroplasia and malignant [128-130]).

To this end, Lee et al. [131] studied the mechanical characteristics
of articular cartilages in the framework of hyperelasticity. Equine ar-
ticular cartilages were sampled from horses of different ages, weights,
sexes and breeds, and the hyperelasticity of the cartilage was modelled
via Ogden’s strain energy density model. It was found that variables
such as age, weight, sex and breed do not play a significant role in
varying the hyperelastic mechanical behaviour of such structures.

Since articular cartilages show different collagen arrangements
through the thickness (Fig. 12), Federico et al. [132,133] extended the

works on articular cartilage by presenting an analytical approach for
modelling the presence of collagen fibres in the framework of nonlinear
elasticity. The advantage of this model was that it could analyse the
structure with any type of fibre arrangement.

Deneweth et al. [134] focused on simulating the strain behaviour
of humans’ articular cartilage. Three different eight-chain hyperelas-
tic models were investigated [135-138] to simulate the mechanical
behaviour appropriately. It was claimed that the eight-chain trans-
versely isotropic network with freely jointed chains [138] had an
excellent fit for the experimental testing data. Results of the nonlinear
stress-strain behaviour of articular cartilage under pressure obtained
by experimental testing and the theoretical model fitting are presented
in Fig. 13.

To have a proper understanding of osteoarthritis, Brown et al. [15]
examined the load-displacement behaviour of both healthy and os-
teoarthritic articular cartilages. Various hyperelastic strain laws were
examined to find the best fit indicating that the Yeoh and Mooney-
Rivlin models present the best fit for both healthy and osteoarthritic
articular cartilages.

Ligaments, which operate as hyperelastic tissue for bone connection,
have been investigated using theoretical hyperelastic theories. Huang
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Fig. 12. Collagen arrangement of articular cartilage in-depth direction [132].

behaviour of human spine ligaments. Besides, it was shown that for
low strain rates, the visco-hyperelastic modellings give similar results
as the hyperelastic model (Fig. 15(b)).

2.4. Hyperelastic models of the liver tissue

Liver, as the main body part filtering the blood, has also attracted
the attention of researchers for accurate modelling. Since the mechan-
ical behaviour of an unhealthy liver can change significantly due to
diseases such as Hepatitis, Cirrhosis, and fatty liver [142,143], mod-
elling their mechanical characteristics using a hyperelastic model can
improve our understanding of the liver tissues.

Focusing on liver surgery simulation, Marchesseau et al. [144]
modelled the mechanical hyperelastic behaviour of livers. The liver
was modelled via the Arruda-Boyce hyperelastic strain energy model
and porosity. It was shown that the multiplicative Jacobian energy de-
composition method is capable of modelling the strains of the structure
with coarse meshing. Madireddy et al. [145] examined the mechanical
deformation of bovine liver tissue using experimental observations
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Fig. 13. Nonlinear stress—strain behaviour of articular cartilage under compressive
force with fitted hyperelastic models [134].
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et al. [139] examined the mechanical characterisation of the periodon-
tal ligament, which is the connection between the alveolar bone and
the tooth. Hyperelasticity was modelled using an exponential model
for strain energy density provided in [140]. It was shown that the
simulated model and experimental results are in close agreement and
the mechanical model was verified. Fig. 14 shows the experimental
setup and the stress-strain behaviour of the periodontal ligament.
Human spine ligaments (Fig. 15(a)) have been analysed by Jiang
et al. [141] in the framework of hyperelasticity and viscoelasticity.
The neo-Hookean strain energy density model was used to model the
substance matrix and a polynomial function for the collagen fibre.
It was shown that the model was capable of fitting the stress—strain

and hyperelastic laws. Ogden, exponential and Mooney-Rivlin strain
energy density models were utilised to track the hyperelasticity of
the structure. It was indicated that the two and three-term Ogden
models provide good fits, qualitatively. Li et al. [146] studied the
mechanical characteristics of sectioned liver samples under loading.
Both viscoelasticity and hyperelasticity effects were considered for
theoretical modelling using Ogden, neo-Hookean and Mooney-Rivlin
strain energy density models, alongside Maxwell, Kelvin-Voigt and
combination viscoelasticity models giving an accurate model of the
nonlinear stress—strain behaviour of the liver. Estermann et al. [147]
examined the hyperelastic and viscoelastic behaviour of bovine and
porcine livers by performing uniaxial testing on samples (Fig. 16).
By fitting the results with different hyperelastic strain energy density
models, it was shown that the most and least accuracy were seen for
the Yeoh and neo-Hookean models, respectively (Fig. 17).

2.5. Hyperelastic models of the skeletal muscle tissue

Skeletal muscles, which play an important role in body motions, also
indicate hyperelastic behaviour while undergoing mechanical loadings.
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Understanding the mechanical behaviour of skeletal muscles can help
researchers in analysing sports injuries.

Focusing on body injury simulations, Lu et al. [148] investigated
the behaviour of skeletal muscles by using experimental data from
the rabbit tibialis anterior muscle and the neo-Hookean strain energy
density model for theoretical analysis. It was claimed that the model
was capable of simulating different strain rates and could be useful in
simulating human body injuries in car accidents and sports injuries.
Jalal and Zidi [149] examined the mechanical behaviour of skeletal
muscles at —80 °C under cryopreservation conditions. The first-order
Ogden’s model, in conjunction with the second-order Maxwell’s model,
was utilised to model the tissue under uniaxial testing. It was shown
that both the tension and the compression behaviour of the tissue varies
considerably under cryopreserved conditions. Fig. 18 shows the stress—
stretch fit of the tissue samples in cross fibre direction using the first
order Ogden’s model and experimental data.

An in vitro study on bovine skeletal muscles was performed by
Hashemi et al. [150] to determine the passive skeletal muscle’s be-
haviour. Using a genetic algorithm optimisation method, Helmholtz
free energy function, and a three-dimensional hyperelastic model [151],
the theoretical model of the stress—stretch behaviour of the skeletal
muscle was obtained. It was shown that the skeletal muscle shows a toe
region, linear elastic region and a nonlinear region before the rupture
point. It was also mentioned that the linear region is mostly very small

which emphasises the necessity of having a nonlinear elastic model of
the skeletal muscle.

2.6. Hyperelastic models of the skin tissue

Skin is the largest organ of the human body facing different me-
chanical conditions. It is important to understand its behaviour to
avoid any damage such as through contact with microneedles, micro-
projection arrays, micro-indenters and micro-particles as analysed by
Meliga et al. [152]. Experimental testings have shown that human
skin acts as an incompressible anisotropic material [3,153-155] which
requires accurate modelling.

For uniaxial loading, Shergold et al. [156] examined the high and
low strain rates of the skin. Pigskin was used for experimental analysis
and the one-term Ogden hyperelastic model was used to model the
mechanical behaviour theoretically. It was shown that the one-term
Ogden strain density function was capable of modelling both the axial
tensile and the compression behaviour of skin undergoing uniaxial
loading.

Concentrating on humans’ skin, Groves et al. [157] studied the
mechanical characteristics of human skin via the exponential model of
hyperelastic strain energy presented by Weiss et al. [158]. Compared
with murine skin, it was shown that human skin can respond differently
while facing low loads.
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In vivo experimental measurements and hyperelastic modelling of
human skin with a keloid scar (Fig. 19a) have been investigated by
Sutula et al. [159] and Chambert et al. [160]. The neo-Hookean strain
energy density model was used to model the skin and keloid. It was
shown that the given model was capable of accurately modelling the
force-displacement of the keloid skin (Fig. 19b).

2.7. Hyperelastic models of the calcaneal and heel pad tissue

Heel pads hold the pressure of the human body’s weight, which
places it at risk of mechanical trauma. To accurately model the hy-
perelastic behaviour of heel pad tissues (Fig. 20a), Natali et al. [161]
studied the visco-hyperelastic behaviour of human heel pads using both
in vitro and in vivo testings. A constitutive model was presented using
the Helmholtz free energy function and the hyperelastic model was pre-
sented as a combination of exponential and polynomial formulations.
It was shown that the model was capable of tracking the stress—stretch
behaviour of the heel pad tissue with different strain rates (Fig. 20b).
For sub-calcaneal under compression, Isvilanonda et al. [162] utilised

first and second-order Ogden hyperelastic strain energy density models
to track the stress—strain behaviour. Coefficients for both types of
modelling were presented for accuracy.

To understand the risk of mechanical trauma and overloading,
Behforootan et al. [163] examined the mechanical behaviour of the
heel pad under compression loading. Three different strain energy
hyperelastic models (the neo-Hookean, first-order Mooney-Rivlin and
first-order Ogden models) were used and it was claimed that the first-
order Ogden method is capable of modelling the heel pad accurately,
and that changing the stress—strain behaviour could affect the loading
distribution through the heel pad which could cause trauma.

2.8. Hyperelastic models of the tongue tissue

The tongue has a valuable role in the digestive system, tasting
food and cleaning the mouth which can confront different loads. The
mechanics of tongue and properly simulating the muscles has become
an important topic for speech production studies [164-167].

Examining hyperelasticity behaviour, Yousefi et al. [168] con-
sidered the mechanical properties of the tongue by experimentally
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Fig. 16. Liver of (a) bovine and (b) porcine, and (c) the experimental setup for analysing the uniaxial hyperelastic behaviour of the samples [147].

Source: Permission obtained from Elsevier.
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analysing bovine tongue tissue facing a uniaxial loading test (Fig. 21a),
and theoretically modelling via the visco-hyperelastic model presented
in [169]. It was indicated that for large deformations, the proposed
finite element model (FEM) is capable of modelling the experimental
data. Fig. 21(b) shows the stress-stretch behaviour of superior longi-
tudinal muscle of bovine tongue with different fibre directions with a
fitted hyperelastic model.

Gérard et al. [170] examined the non-linear elasticity of human
tongues. An experimental uniaxial compression testing was performed
(Fig. 22(a)) on a tongue of a cadaver 74-year-old woman and the hyper-
elastic behaviour was modelled theoretically by assuming the tongue
incompressible using a Yeoh’s strain energy density model. It was
shown that the model is capable of modelling the force-displacement
behaviour of different parts of the tongue (Fig. 22(b)).
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Fig. 18. The stress-stretch fit of the tissue samples in cross fibre direction using the
first order Ogden’s model and experimental data [149].
Source: Permission obtained from Elsevier.
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Ou et al. [171] examined the mechanical properties of tongues for
reaching a better understanding of obstructive sleep apnoea-hypopnoea
syndrome (OSAHS). The Mooney-Rivlin hyperelastic law together with
the generalised Maxwell model was employed for fitting the stress—
strain behaviour of different regions of tongues. They have shown that
the stress—strain behaviour of samples from the apex, body and the root
of tongue in longitudinal and transverse directions have good fit with
the obtained results from the developed hyperelastic model.

2.9. Hyperelastic models of the adipose tissue

Adipose tissues can be found under the skin, in organs and breast
tissue. They show non-linear elastic behaviour while being under load.
Omidi et al. [172] presented a comprehensive study of decellularised
adipose tissue of different parts (breast, abdomen, pericardial, omen-
tum and thymic tissues) (Fig. 23) using various hyperelastic strain

energy models. For each decellularised adipose sample, hyperelastic
coefficient terms were found using Ogden, Arruda-Boyce, Yeoh and the
polynomial model by comparing the results with experimental data.

Sun et al. [173] examined human adipose tissues under different
types of shear and compression loadings. It was claimed that the
adipose tissues show an isotropic behaviour under high strain rates
and large deformations and their mechanical characteristics can be
modelled using a quasilinear viscoelasticity model together with the
Ogden strain energy density model (Fig. 24).

Breast tissue contains 90 percent adipose tissue [174,175] which
properly modelling the mechanical properties of this tissue can sig-
nificantly help in understanding the stress distribution in breast for
industrial purposes (such as sports bra designing [176,177]) and med-
ical treatment (diagnosis and surgery [178,179]). Breast tissue also
shows a nonlinear viscoelastic behaviour which has been modelled and
examined by researchers in the framework of hyperelasticity.
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For differentiating healthy and cancer breast tissues, O’Hagan and
Samani [180] tested the hyperelastic behaviour of forty-four breast
tissue samples (ex vivo) and used different hyperelastic strain energy
models to fit the experimental results. It was shown that the Ogden,
Yeoh and polynomial hyperelastic laws show the best fit for modelling
breast tissues. Besides, it was emphasised that the cancer breast tissues
have considerably different hyperelastic coefficients. In another study
by Dempsey et al. [11], the hyperelastic properties of seventy-two
healthy breast samples were tested fitted with hyperelastic laws of
Polynomial, Ogden, Yeoh, and Veronda-Westmann [140]. It was shown
that the nonlinear force-displacement behaviour of the adipose and
fibro-glandular is insignificantly different and can be modelled in a
mixed model (Fig. 25).

3. Mechanics of hyperelastic structures

Another important matter in hyperelasticity analysis is properly
modelling the mechanical behaviour of soft structures. Since hypere-
lastic structures are used for industrial needs such as packaging [181-
184], belt operating systems [185,186], and soft robotics [187-190],
accurately modelling their mechanics have been a challenging task for
researchers. In this review, the mechanics of soft structures is presented
in two subsections for beam-type structures (beams, columns, tubes and
arches) and plate-type structures (plates, shells and membranes).

3.1. Hyperelastic beams, columns, tubes and rings

Beam-type hyperelastic structures are used for different applications
which makes it important to comprehend their mechanical behaviour.
For this part of the review, the mechanics of beam-type hyperelastic
structures are divided into two subsections providing the static defor-
mation and buckling analysis. A fundamental study on modelling the
elastic deformation of structures can be found in Ref. [83] .

3.1.1. Nonlinear static deformation analysis

For the case of static analysis, Irschik and Gerstmayr [191,192]
presented a continuum mechanical model of the hyperelastic Reissner
model of shear deformable beams, and analysed bending and axial
deformations. The constitutive stress—strain relationship was assumed,
as presented in Ref. [193] for isotropic hyperelastic beams. Since the
model included the notation of strain and stress, it was claimed that
the model was more comprehensive than the Reissner model [194],
and therefore applicable for modelling of such structures.

Circular cylindrical hyperelastic blocks have been studied by Sheikhi
et al. [195] using the Mooney-Rivlin, neo-Hookean, Arruda-Boyce,
and polynomial hyperelastic laws. It was shown that the theoretical
modelling of the structure using the left Cauchy-Green tensor definition
has a close agreement with those obtained from FE software.

Hyperelastic beam structures strengthened with longitudinal fibres
have been investigated by Bacciocchi and Tarantino [196] by consid-
ering the anticlastic effect. The structure was modelled as a transverse
isotropic beam following the proposed models in Refs. [197,198]. It
was claimed that the developed model has good accuracy in modelling
many structural systems with application in soft robotics. They [199]
also analysed the bending behaviour of laminated hyperelastic beams
using the compressible Mooney—Rivlin law.

Jiang and Yu [200] extended the variational asymptotic beam
model for hyperelastic beams and different cases were discussed to
validate the theory. It was claimed that the model was suitable to
be used as an accurate tool for testing experiments. Lanzoni and
Tarantino [201,202] presented the anticlastic bending behaviour of
beams in the framework of hyperelasticity. The Mooney-Rivlin strain
energy density was used to model hyperelastic behaviour. Martins
et al. [203] examined the uniaxial tensile behaviour of silicone rubbers
and the accuracy of hyperelastic models in simulating the experimental
results. It was found from all seven of the hyperelastic strain energy
models that the best correlation was observed in the Ogden, Yeoh,
and Martins models. Moreover, it was indicated that since biological
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Fig. 21. (a) Bovine tongue with the uniaxial experimental setup, and (b) stress-stretch curve of the superior longitudinal muscle of bovine tongue with different fibre directions

with a fitted hyperelastic model [168].
Source: Permission obtained from Elsevier.

tissues are not as homogeneous as elastomers, the hyperelastic models
are more capable of modelling the rubbery structures.

For the case of having both hyperelasticity and viscoelasticity in
modelling the beam structures, Shojaeifard et al. [204] examined
the bending behaviour of soft beam structures. The visco-hyperelastic
constitutive model was taken from Ref. [205]. Cantilever hyperelastic
beams subjected to an extremely large bending deformation were
studied by Falope et al. [206]. The theoretical model developed in
Ref. [201] was employed and the effect of the slenderness ratio and
the compactness index on the static behaviour of the structure was
analysed.

As the displacements and strains are considerably higher in such
structures, consideration of the shear effect when modelling hyperelas-
tic structures has been a source of debate for researchers. He et al. [207]
considered the thickness stretching effect for shape deformation analy-
sis of hyperelastic beams. Considering the plane-strain Euler-Bernoulli
beam model, in conjunction with a neo-Hookean strain energy density

model, an analytical solution for pure bending and uniform tension was
presented. It was elucidated that for simply-supported beams under
large loading, the membrane model is applicable and the stretching
deformation is dominant. Zhu et al. [208] discussed the displacement
field equations and models. It was emphasised that the small-strain
assumption in classic beam theory and the first-order asymptotic ex-
pansions presented in Refs. [209,210] are not capable of modelling
hyperelastic behaviour in beams since the shear strain effect is ne-
glected. Furthermore, it was discussed that although the coupled series
expansions presented in Ref. [211] could be applied for hyperelasticity,
the equation and calculations will be too long. Hence, a new leading
order model for finite deformations was introduced [208] in which the
Poisson’s ratio effect was added directly to the displacement equations.
The nonlinear time-dependent motion of hyperelastic beams has been
controlled by Mylapilli and Udwadia [212] using a constrain motion
theory.
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Fig. 22. (a) Uniaxial compression experimental setup on human tongues, and (b) the force-displacement behaviour of different parts of the tongue with a fitted hyperelastic

model [170].
Source: Permission obtained from Elsevier.

Hyperelastic and linear-elastic circular rings have been examined by
Breslavsky et al. [213] as a benchmark for FE codes. The hyperelastic-
ity was modelled using the incompressible neo-Hookean hyperelastic
strain energy density model and the results were compared with those
obtained from FE software. It was shown that ANSYS and ABAQUS
provide accurate results for the nonlinear elastic material model of
the neo-Hookean model (Fig. 26) but the linear elastic model for
large strains is not accurate. Wang et al. [214] studied the radial
and axial nonlinear motions of cylindrical tubes by using an isotropic
compressible neo-Hookean model and travelling wave transformations.

Other investigations into hyperelastic beam-type structures for different
conditions can be found in Refs. [215-224], discussing the importance
of modelling the bending behaviour of hyperelastic beam structures
accurately.

3.1.2. Nonlinear buckling analysis

The importance of understanding the buckling behaviour of hyper-
elastic beam-type soft structures has drawn a lot of attention. Since hy-
perelastic structures undergo large strains and deformations, buckling
is an important phenomenon which must be analysed. For this reason,
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Fig. 23. (a) Histological and SEM images from decellularised (a) breast, (b) thymic remnant, (c) pericardial depot, (d) omentum, and (e) subcutaneous abdominal region adipose

tissues [172].
Source: Permission obtained from Elsevier.

Liu [225] studied the axial and transverse buckling of hyperelastic
rubber tubes. Continuum mechanics definitions and the hyperelastic
strain energy function were utilised to model the buckling behaviour. It
was shown that the transaction between axial and transverse buckling
occurs when the inner to outer radii ratio is 0.6716.

Slesarenko and Rudykh [226] analysed the appearance of instabil-
ities in fibre-reinforced composites using neo-Hookean strain-energy
function and Bloch-Floquet analysis. It was shown that depending on
the fibre’s volume fraction and based matrix properties, the unit cell
can undergo macroscopic or microscopic instabilities. Fig. 27 shows
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the buckling modes for different fibre volume fractions [226]. Arora
et al. [227] improved the instability and buckling behaviour of hyper-
elastic layered composites by having inhomogeneous interphases.
Flores et al. [228] modelled the post-buckling behaviour of carbon
nanotubes (CNTs) via hyperelasticity. The nonlinear elasticity was mod-
elled using the first-term Ogden strain density model by considering the
CNT as an incompressible structure. It was found that the main defor-

mation and post-buckling responses of single-walled CNT structures are
properly modelled with a hyperelastic Ogden model.

Soft wide columns with hyperelastic behaviour have been inves-
tigated by Chen and Jin [229,230] for analysing the snapping-back
instability. Experimental testing and neo-Hookean continuum mechan-
ics have been carried out to model the buckling response. It was
claimed that due to the hysteresis behaviour of such structures in



34

ax

Juowov)dsip 5

min

Fig. 27. Buckling modes of fibre reinforced columns with fibre volume fractions from
left to right 0.02, 0.01, 0.005, and 0.001 [226].
Source: Permission obtained from Elsevier.

1.4r

—Loading
1+t —Unloading

Fl(wby)

06}

0.2}

Fig. 28. Force—deformation behaviours of a column under compression loading [229].
Source: Permission obtained from Elsevier.

force-displacement plots, such structures could be useful elements in
energy harvesters. The force-deformation behaviour of the structure
can be seen in Fig. 28. Attard and Hunt [231] investigated the buckling
behaviour of shear deformable hyperelastic columns. A neo-Hookean
strain energy density model was employed to model the hyperelasticity
behaviour, while the transverse shear effect was modelled via the
Timoshenko beam theory. As opposed to previous studies, they [231]
claimed that the shear buckling mode does not exist for prismatic
isotropic columns. Attard and Kim [232,233] also investigated the lat-
eral buckling of prismatic and sandwich soft beams claiming that most
prismatic straight isotropic beams’ lateral behaviours are unaffected by
shear deformation.

Chapter 2. Literature Review

3.2. Hyperelastic plates, shells and membranes

Plate-type hyperelastic structures including soft plates, shells and
membranes have been examined by many researchers in both static
deformation analysis and buckling/wrinkling analysis. In this section,
a detailed discussion of available studies in this field is given in
two subsections of nonlinear static deformation analysis and nonlinear
buckling analysis.

3.2.1. Nonlinear static deformation analysis

For hyperelastic structures facing rigid body loading, Pamplona
et al. [234] analysed the static vertical displacement of a circular
membrane under the external load of a rigid body. Experimental test-
ing, numerical modelling and analytical analysis were performed to
study the problem. It was found that the incompressible neo-Hookean
hyperelastic strain energy model provided a good approximation of
the actual model. Selvadurai [235] examined the indentation of a
circular rubber membrane acting upon an external rigid spherical in
the framework of hyperelasticity. It was shown that the hyperelastic
models, named Blatz-Ko and Mooney-Rivlin, have the most correlation
with the actual experimental test results.

Pressure loading on hyperelastic structures with several applications
in biomechanics [236] has been studied over the past few years.
For air pressure loading, Pamplona et al. [237] examined the finite
deformations in hyperelastic cylindrical membranes acting upon air
pressure inside the structure. Three different constitutive laws were
utilised for modelling the hyperelastic behaviour and the coefficients
for neo-Hookean, Ogden and Mooney-Rivlin models were obtained via
the experimental testing results. Similarly, for fluid pressure loading,
the static deformation of hyperelastic circular membranes has been
examined by Selvadurai and Shi [236]. By comparing these with the
experimental tests, it was shown that Mooney-Rivlin, neo-Hookean,
Ogden and Yeoh strain energy density models are capable of modelling
the hyperelasticity of the rubber membrane.

Furthermore, Patil and DasGupta [238] studied the effect of initial
pressure and pre-stretch on the static deformation of circular hyperelas-
tic membranes. Hyperelasticity had been modelled using the Mooney-
Rivlin strain energy density model and solved via the Runge—Kutta
method. It was shown that the combination of the base model has
a significant effect on the softening and hardening behaviour of the
structure. Other studies on hyperelastic membranes and plates can be
found in Refs. [239-246], which discuss the importance of modelling
the static deformation via a hyperelastic strain energy density model.

The problem of inflation of balloons and membranes for high
stretches using different hyperelastic theories is a unique problem of
hyperelastic structures which have been examined by researchers in
the past few years. Mangan and Destrade [247] studied the inflation of
rubber balloons both experimentally and theoretically. The nonlinear
elasticity of the spherical balloon was modelled following the Gent-
Gent and 3-parameter Mooney hyperelastic models; it was concluded
that the Gent-Gent hyperelastic model shows the most accuracy in
modelling the inflation of rubber balloons (Fig. 29). Kumar and Das-
Gupta [248] investigated the mechanical response of inflated spherical
membranes in contact with an external object. An isotropic hyperelastic
Mooney-Rivlin model was employed to model the structure and the
contact was assumed to be frictionless and non-slippery; it was shown
that for the same contact angle, the frictionless model has a higher
pressure compared to the non-slip case. Balloon inflation for high
stretches using different hyperelastic theories can be seen in Fig. 30.

3.2.2. Nonlinear buckling analysis

Wrinkling and buckling behaviour of hyperelastic plate and shell
structures have been investigated by several researchers. Zhang et al.
[249] examined the buckling and post-buckling behaviour of hypere-
lastic plates. A simply-supported plate model and one edge clamped
model were used to study post-buckling behaviour. A perturbation
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Fig. 29. Pressure-stretch diagram for the inflation of a spherical balloon using
Gent-Gent and Mooney hyperelastic models fitted with the experimental data [247].
Source: Permission obtained from Elsevier.

technique of the multiple-scale method was used to solve the model.
It was shown that the boundary model has a significant effect on
the order of post-buckling response. Diaby et al. [250] analysed the
prestressed hyperelastic membranes to understand the buckling and
wrinkling behaviour of such structures. The constitutive model was
defined using the Saint-Venant Kirchhoff strain energy model. Different
cases of inflated torus, pinched hemisphere, shear-loaded membrane,
and square airbag were modelled and discussed. It was claimed that
the model was capable of predicting the critical values of wrinkling in
different cases correctly.

Finite element methods have been employed by Xu et al. [251] to
model and study instabilities in hyperelastic thin films using both linear
and nonlinear approaches. It was shown that depending on the ratio
between the thin film and substrate stiffnesses, the bifurcation curves
obtained from the linear elastic model and the neo-Hookean model can
differ significantly (Fig. 31).

The limit-point and inflation-jump instabilities have been examined
by Anssari-Benam et al. [252] using a new generalised neo-Hookean
model for inflation of cylindrical and spherical rubbers. The model
was compared to the Gent strain energy model and it was claimed
that the results were improved using the new generalised neo-Hookean
model and the limit-point and inflation jump instabilities were captured
accurately by fitting to the experimental results (Fig. 32). Nayyar
et al. [253] examined the wrinkling phenomena in uniaxially stretched
rectangular hyperelastic sheets. It was concluded that the wrinkling
phenomena can be suppressed by an optimal design in width-to-length
and thickness terms or by having stretches larger than the critical strain
of the structure.

Buckling in soft structures is not always a failure and in some
cases, it can be seen as a protective mechanism. For instance, Hejazi
et al. [254] examined inflation and appearance of a bugle in hyper-
elastic tubes both theoretically (using Ogden’s strain energy density
model) and experimentally. It was shown that for isotropic hyperelastic
tubes, the build-up stress due to inflation can be reduced by buckling
in the structure (Fig. 33(a)) and can be seen as a protective fail-safe
mechanism (Fig. 33(b)).
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Inflated and pressurised hyperelastic spherical structures have also
been examined in the past few years. Jiusheng [255] investigated
the stability of internally pressurised spherical shells using the neo-
Hookean strain energy density model. it was shown that increasing
the thickness of the shell leads to higher critical pressure (Fig. 34)
and passing this pressure, the shell becomes highly aspherical and
unstable. Rodriguez-Martinez et al. [256] investigated the stability of
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inflated spherical hyperelastic membranes using six different strain
energy density models. It was shown that the Yeoh and three-term
Ogden model show a stable branch first followed by an unstable branch
and another stable branch while the two-term Ogden model shows a
consistent stable behaviour with the variation of the circumferential
stretch (Fig. 35).

4. Summary and conclusions

This review paper focused on clarifying the importance of having
an accurate model of hyperelastic structures in two main subjects of
mechanics and biomechanics. A detailed introduction was provided
to show the importance of this research topic followed by a compre-
hensive discussion on literature using over 250 research works until
2022.

One of the essential applications for hyperelastic theoretical mod-
elling is in biomechanical studies. Since almost all the human body or-
gans demonstrate hyperelastic behaviour, the importance of accurately

modelling and simulating the organs’ behaviours becomes important in
different medical analyses, especially for failure prediction, surgery and
identifying healthy from unhealthy (tumour, cancer etc.) parts. In this
review, the hyperelastic biomechanics of organs were divided into sub-
sections by organ type. The application of different hyperelastic strain
energy models and their capability of modelling the soft mechanical
behaviour of the body parts was discussed in detail. By reviewing the
literature, it was shown that each organ has its significant hyperelastic
behaviour, and that the suitable hyperelastic strain energy density
model can vary between organs. Most studies on the hyperelastic
biomechanics of organs were focused on in vitro tests. The importance
of having accuracy in modelling organs was considerably higher when
the living organism was studied fresh and the errors in the systems
could increase by having in vivo examinations alone [257]. Besides, the
accurate developed models in research works in this field emphasise
the capability of improving the quality of prosthesis following the
hyperelastic characteristics of real human biological tissues.

Since soft structures have been used in many applications includ-
ing packaging, belt operating systems, and soft robotics, a detailed
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review on the mechanics of hyperelastic structures was presented in
this study. By looking at the previous studies in this field, it can be
seen that different types of hyperelastic structures were analysed by
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Fig. 35. Pressure-stretch (circumferential stretch) curve of inflated spherical mem-
branes for Yeoh, two-parameter and three-parameter Ogden strain energy density
models [256].

Source: Permission obtained from Elsevier.

researchers for both static and stability analyses. Based on the struc-
ture type, hyperelastic strain energy density models were employed in
which most of the studies used the neo-Hookean strain energy density



38

model as it provides a simple definition of nonlinear elasticity. Since
modelling hyperelastic structures requires considering both material
and geometrical nonlinearities, theoretical models of such structures
require considerably more time for solving compared to linear elastic
structures. Most of the studies on the mechanics and biomechanics
of hyperelastic structures were presented in the last few years and
there is still a significant gap in comprehending their mechanical
behaviour in different applications which demonstrates the importance,
and demands the necessity of more research studies on this topic.
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2.2 A review on the nonlinear dynamics
of hyperelastic structures

Overview

This section of Chapter 2 presents a comprehensive literature review of the nonlinear
dynamics of hyperelastic structures. Previous studies of hyperelastic structures are
classified based on the timeline, showing significant growth and the importance of
undertaking this review. A brief explanation of some well-known isotropic hypere-
lastic strain energy formulations is given, showing the sensitivity of each model in
predicting hyperelastic behaviour. A detailed analysis of the nonlinear dynamics of
polymeric structures is presented afterwards, showing the current state of research
in this field. This literature review is published and available online as: Khaniki,
H.B., Ghayesh, M.H., Chin, R. & Amabili, M., (2022). A review on the nonlinear
dynamics of hyperelastic structures. Nonlinear Dynamics, 110, 963-994.
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Abstract This paper presents a critical review of the
nonlinear dynamics of hyperelastic structures. Hyper-
elastic structures often undergo large strains when
subjected to external time-dependent forces. Hypere-
lasticity requires specific constitutive laws to describe
the mechanical properties of different materials, which
are characterised by a nonlinear relationship between
stress and strain. Due to recent recognition of the high
potential of hyperelastic structures in soft robots and
other applications, and the capability of hyperelastic-
ity to model soft biological tissues, the number of
studies on hyperelastic structures and materials has
grown significantly. Thus, a comprehensive explana-
tion of hyperelastic constitutive laws is presented, and
different techniques of continuum mechanics, which
are suitable to model these materials, are discussed in
this literature review. Furthermore, the sensitivity of
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each hyperelastic strain energy density function to
coefficient variation is shown for some well-known
hyperelastic models. Alongside this, the application of
hyperelasticity to model the nonlinear dynamics of
polymeric structures (e.g., beams, plates, shells,
membranes and balloons) is discussed in detail with
the assistance of previous studies in this field. The
advantages and disadvantages of hyperelastic models
are discussed in detail. This present review can
stimulate the development of more accurate and
reliable models.

Keywords Nonlinear dynamics - Hyperelasticity -
Hyperelastic beams - Hyperelastic plates -
Hyperelastic shells - Nonlinear elasticity

1 Introduction

Hyperelastic structures often undergo large strains
when subjected to external forces. The stress—strain
relation in such structures is highly complicated,
making the linear stress—strain relationship and linear
elastic models invalid for simulating their mechanical
behaviour. The hyperelastic behaviour can be seen in
different soft structures such as rubbers, foams and
human body organs. Along with understanding the
characteristics of such structures, having accurate
modelling of hyperelastic structures could also
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provide us with further potential applications in
different fields.

1.1 Necessity for this review

By analysing the available database in Scopus on
hyperelasticity, the significance of the dialogue
between scientists and researchers on this topic was
obtained. Figure la demonstrates the number of
published works on hyperelasticity from 1990 to
2020. It can be seen that, during this period, the
number of published papers on this subject has
increased noticeably, reaching more than 1100
research studies published in 2020 alone.

Moreover, analysing the mechanical behaviours
(bending, buckling and vibration) of hyperelastic

structures (e.g. beams, plates, shells and membranes)
shows the same incremental trend indicated in Fig. 1b;
from which it can be seen that many studies on
hyperelasticity are focused on the mechanics of such
structures. The phenomenal growth of studies on this
subject clarifies the importance of having a systematic
literature review to summarise the achievements to
date on this topic.

1.2 Applications of hyperelastic structures

In general, soft structures present hyperelastic beha-
viours while confronting different conditions. One of
the main applications of hyperelastic structures is soft
robotics [1-3]; since soft structures can provide
higher-order degrees of freedom, movement in robotic

Number of Scopus indexed documents on Hyperelasticity

Number of Scopus indexed documents on Hyperelastic Structures
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parts could potentially become more smooth than
when using rigid and/or firm structures.

Robotic rehabilitation systems for stroke patients
can be significantly improved by using soft robotic as
they can provide a smooth motion with a safer
operation [4]. For instance, soft robotic gloves are
capable of helping patients with muscular dystrophy,
amyotrophic lateral sclerosis or post-stroke hand
function assistance [5-8]. In the work presented by
Polygerinos et al. [4], a soft robotic glove is presented
to study the hand and fingers’ joint motion. In their
model, the different mechanical behaviours of bend-
ing, twisting and extensions of soft beam-shaped
structures were obtained.

Developing soft structures to explore unknown
environments is another important application of
hyperelastic structures as it can tolerate different types
of loadings and impacts. In a study done by Antol et al.
[9], it is shown that expensive wheel rovers can be
replaced with tumbleweed rovers for Mars explo-
ration. In another study, Trivedi et al. [10] used
hyperelastic tubes for soft robotic modelling of Oct-
Arm.

Besides, soft robots made of hyperelastic materials
have been used for sensing and monitoring environ-
ments. For example, a dragonfly-inspired soft robot
(DraBot) has been fabricated for measuring the
contaminants (such as the presence of oil), pH, and
temperature of water surfaces [11-13].

The application of hyperelastic structures in soft
robotics has reached a turning point with the capability
of 3D printing and the utilisation of soft actuators
[14-16]. Hyperelastic structures also have other types
of applications, of which some of the main ones are
wearable devices [17], stretchable electronics [17],
biomedical engineering [17], and energy harvesters
[18, 19].

Figure 2 presents a simple robot that is capable of
crawling using twisted and coiled actuators [20]. This
simple model has been fabricated using hyperelastic
beams, and the smooth motion of the robot was
obtained by bending. Figure 3 also presents some
useful examples of soft structures as actuators in soft
robotics, which can be used for grabbing, twisting,
motion, lifting and other purposes [15].

Another application of soft structures can be found
in belt operating systems. Belt conveyor systems are
mainly used for power transmission from the driving
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lem Silicone

Hot melt glue

Relaxed Contracted Relaxed

Fig.2 Schematic view of a crawling robot using soft structures
[20]. (Permission obtained from Elsevier)

pulley to the driver one in different engineering fields
[21-23].

Layered hyperelastic structures have been used for
packaging, especially food industry, as a soft safe
layer is required for inside and a stiffer layer for
outside. The proper design and material usage are of
high importance as the packaging is around 15% of the
total variable costs [24, 25]. Waste management and
environmentally friendly (biodegradable) packaging
[26-28] are also important topics making the discus-
sion of using proper hyperelastic materials for pack-
aging an ongoing novel research topic.

Since human body organs show nonlinear elastic
behaviour, researchers have worked on fabricating
prosthetics with similar hyperelastic behaviour. Using
hyperelastic structures for firstly modelling the human
body organs and secondly accurately designing
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Fig. 3 Actuators made of soft structures with different and conditions of the Creative Commons Attribution (CC BY)
purposes: a contractor; b bender; ¢ grabber; d twister [15]. license (https://creativecommons.org/licenses/by/4.0/).)
(This article is an open access article distributed under the terms

‘@ Springer



50

prosthetics have been a novel topic for researchers to
invest [29-32].

1.3 Contribution of this paper to the field

The importance of modelling hyperelastic structures
accurately has been discussed in the previous subsec-
tions. It is shown that there has been a considerable
number of researches on hyperelasticity with promis-
ing, growing trends over the past few years. The
demonstration of the high application potential of
these structures in the early years of their development
and their future in  engineering  design
[14, 15, 20, 33, 34] emphasises the necessity of
having a systematic literature review through the need
for categorisation, discussion and explanation of the
achievements to date. Accordingly, this review
intends to clarify the achievements and goals of this
research field by analysing diverse critical hyperelas-
tic studies in the framework of nonlinear dynamics.

Chapter 2. Literature Review

1.4 Structure of this review paper

To present a comprehensive investigation on hyper-
elastic structures, this review is structured in the
following order: as shown in the flowchart of Fig. 4, in
Sect. 1, a brief introduction to hyperelastic structures
is given, indicating the importance of understanding
the hyperelastic mechanical behaviour, emphasizing
the application’s potential and the future of hypere-
lastic structures, and lastly, demonstrating the contri-
bution of this review to this field. In Sect. 2, some
well-known constitutive hyperelastic models for
isotropic soft materials are discussed in detail by
presenting the fundamental continuum mechanics
formulation and definitions related to hyperelastic
behaviour. Some of the well-known techniques and
models in continuum mechanics are then provided,
followed by the sensitivity of the model in tracking
hyperelastic behaviour. In Sect. 3, the application of
the given and other hyperelastic continuum models on
obtaining the nonlinear dynamics of hyperelastic
beam structures is discussed. Section 4 concentrates
on analysing hyperelastic plate and shell structures in

1.1. Necessity for this review ‘ ’ 1.2. Applications of hyperelastic structures ‘

1. Introduction

1.3. Contribution of this paper to the field ‘ ’ 1.4. Structure of this review paper ‘

2. Some constitutive hyperelastic
models for isotropic materials

Hyperelastic
Structures

2.2. The neo-
Hookean model

2.1. Fundamental
continuum definitions

2.3. The Mooney- 2.4. The Ogden
model

Rivlin model

2.5. The Eight-Chain 2.6. The Polynomial
model model

2.7. The Gent 2.8. The Blatz-Ko
model model

3. Nonlinear dynamics of hyperelastic beams

4. Nonlinear dynamics of hyperelastic plates and shells

5. Nonlinear dynamics of hyperelastic membranes and balloons

[

| 6. Summary and conclusions

Fig. 4 Flowchart of the structure of this review
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the framework of nonlinear dynamics. Different plate
and shell theories together with hyperelastic constitu-
tive models are discussed for accurately modelling the
nonlinear dynamics of soft plate and shell structures.
Section 5 presents a detailed explanation on hypere-
lastic models and nonlinear dynamics of soft mem-
branes and balloons using different continuum
mechanics models. Lastly, in Sect. 6, a comprehen-
sive summary of the analysis performed through this
paper is provided, and the achievements and possible
potential for improving the modelling of such struc-
tures are presented.

2 Some constitutive hyperelastic models
for isotropic materials

2.1 Fundamental continuum definitions

In order to define the mechanical characteristics of
hyperelastic structures, there are key continuum
mechanics definitions that must be presented. In
general, the deformation gradient (F) is defined as
[35]:
al/t,'
J = det(F),

(1)

with J is the determinant of the deformation gradient, &
is the Kronecker delta and u; is the displacement field,
which could be rewritten in the principal directions of
the structures as [36]:

At 0 0
F=10 4 0 —  Fyj = 0/, (2)
0 0 A3

where /; indicates the principal stretch through the
principal direction i, defined as

L

;Li:L_f)a

(3)
with L; and L.° are the deformed and undeformed
lengths of the structure through the i direction,
respectively. Another important definition in describ-
ing hyperelastic structures is the left Cauchy—Green
strain tensor (B) which is [36]

B=F-F' — Bj=F;Fy (4)

‘@ Springer

For conventional definitions, the left Cauchy—
Green strain tensor’s invariants are defined as [37]:

TI"(B) B,‘,‘
11: ) :—27
J3 J3
1(, ByB; (5)
I = (p_2ib
2 2(1 J% >7
13:‘17

where I, I, and /5 are the first, second and third strain
invariants for compressible structures, respectively;
for incompressible analysis, the first and second
invariants will be simplified by having J = 1 and the
third invariant will be equal to 1 (interested readers are
referred to Refs. [38-40] for more information
regarding compressible and incompressible materi-
als). The Green—Lagrange strain—displacement can be
written regarding the deformation gradient as:

E= % (F'F—1) — E; = % (FpiFp — 9y). (6)

In the case of having principal stretches, invariants
of the left Cauchy—Green strain tensor are:

At

I -
(h17a/s)’
b:ﬁg+ﬁﬁ+ﬁﬁ (7)
(h17225)°

I = (a2s)".

As for the hyperelasticity definition, a structure is
hyperelastic if specific strain energy exists which is
differentiable from the deformation gradient. In other
words, to have a fully elastic behaviour, it is assumed
that the strain energy density is directly dependent on
the deformation gradient tensor. In another definition,
it has been shown that a hyperelastic structure is
isotropic if and only if the strain energy term can be
rewritten via the three invariants of the left Cauchy—
Green strain tensor [41].

According to Richter theorem [41, 42], the consti-
tutive equation of an isotropic solid hyperelastic can
be written as:

T = ol + BB + B, B, (8)

if and only if the coefficients are defined following a
specific relationship defined in the literature. It has
been shown that [42], by having an isothermic process,
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changes in -TpdS (in which T, is the absolute
temperature and S is the entropy) to become equal to
the variation of the Helmholtz free energy. In case of
isothermic process, coefficients in Eq. (8) are
expressed by Eq. (9) as

ow ow ow

Bo :@711—'_1167]2—'_1267]3’
ow ow
ﬂl 612 16137 ( )
ow
ﬂZ _6_13

For a simple definition, by having the principal
direction stretches, the normal stresses (o;) can be
defined as [43]:

i=1,2,3 (10)

after which, due to the definition of hyperelastic strain
energy (W) being a function of its invariants, Eq. (10)
can be rewritten as:

oW oW al;

awar, | owan
dl; 0L 0l

ower, | owar,
ol 04;

I, 04’

i=1,2,3
(11)

which for incompressible structures, the third term
(derivation with respect to I3) will be neglected.
Different types of formulation and modelling for
hyperelastic strain energy density have been presented
in order to predict the nonlinear behaviour accurately.
In further subsections, these isotropic models are
presented and the formulation procedure for reaching
the stress—strain equation is given. These models are
used by many researchers to study the nonlinear
dynamics of hyperelastic structures which is discussed
in further sections.

2.2 The neo-Hookean model

This strain energy density expression is one of the
straightforward models of a hyperelastic material in
which we only consider the first and third invariant
terms as

Wi =3 G(Ii —3)' + Di(J — 1), (12)
i=0

where Wyy is the strain energy density of this model,
C; are the coefficients of the first invariant parameter
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and D; is the compressibility factor, both of which
must be obtained experimentally. For n = 1 (one-term
neo-Hookean model), the axial stress (o,,,;) 1S Written
as [43]:

4(1 _ ,
oumi = Cy %ﬂq (54+2v)/3 (/«L%+2v _ 1) (13)

+2D;(1 =207 (J = 1),

where v is the Poisson’s ratio. By assuming an
incompressible structure, Eq. (13) is simplified as:

Guni = 2C1 (2 — 177), (14)

and for equibiaxial (o,;) stress and pure shear (oy)
stress, by using the same definition given in Eq. (12),
the stress resultants become

Opi :2C1 (/1—;»_5) 5 (15)

g, =2C (A —27), (16)

which coincides with those used in ref [44].
2.3 The Mooney—Rivlin model

One of the popular formulations and models used for
predicting the hyperelastic behaviour of structures is
the Mooney—Rivlin model [45], which is an extended
form of the neo-Hookean model, considering the
second invariant term. In the basic form, Mooney
defined the strain energy density as a two-parameter
model defined as:

Wi = Ci (I = 3) + G (I — 3) + Di(J — 1),
(17)

where W), is the strain energy density of the two-
parameter Mooney model and C; and D, are the
coefficients that must be found via the experimental
observations (such as the work done by Falope et al.
[46] where the coefficients were calibrated using
genetic algorithm), which can vary from one soft
structure to another. Rivlin [47, 48] extended this
equation by writing it in a general form as a
polynomial series of the first and second invariant
terms:

e =331 - 3) (B —3) + Dy — 17,

i=0 j=0
(18)
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where W,k is the strain energy density of the
Mooney—Rivlin model, of which some of the well-
known models and special cases of this polynomial
series are the Biderman model [49], Klosner model
[50] and Haines—Wilson model [51]. It has been
mentioned already that this model has been widely
used for analysing rubbers with less than 200%
deformation [52].

For the two-parameter Mooney—Rivlin model
under axial load, by having 1, = 43 = 4;"’, Brown
et al. [43] obtained the axial stress as:

4(1 _(542v , (14
O = ( 3+v) ph (5+2v)/3 (}%m . 1) (C1 + G 2(1+ )/3)

+2D,(1 = 2v) 72 (J = 1),
(19)

from which, by assuming an incompressible structure,
Eq. (19) becomes

Guni = 2C1 (2 — 27%) +2C,(1 = 2177), (20)

and for equibiaxial and pure shear stresses, by using
the same definition given in Eq. (18), the stress
resultants are:

Opi :2C1(;L—i_5) +2C2(/13 _}“_3) ) (21)

gy = (2C) +2GC,) (4 —177), (22)

which coincides with those used in ref [44]. To have a
better understanding of the Mooney—Rivlin model, the
effect of the coefficients C; and C, on the uniaxial

(a)

Two-parameter Mooney-Rivlin Model - C 1 effect

€ 0 2 Cc

stress is presented in Fig. 5 for axial strain up to 100%.
It can be seen that the stress—strain behaviour is
completely nonlinear and the curve model is highly
sensitive to the two-parameter Mooney—Rivlin coef-
ficients. By having [37] C;=0.39 MPa and
C, = 0.015 MPa, in Fig. 5a, the first coefficient term
is varied as [0.5C,—1.5C,], while in Fig. 5b the second
coefficient is varied as [0.5C>,-5.5C,]. Since the
formulation of a neo-Hookean model is somewhat
similar to the Mooney—Rivlin hyperelastic model (by
neglecting the second invariant term), the influence of
varying the hyperelastic coefficient C; in one-term
neo-Hookean models will be very similar to the one
presented in Fig. Sa.

2.4 The Ogden model

Ogden [53, 54] proposed a series of models of strain
energy density as a direct function of principal
stretches

n 2 .
Woo = > 5L (25 + 75 + 15 = 3)
i=1 71

- iDi(J — 1) (23)
i=1

where W, is the strain energy density of the Ogden
model and yu;, D; and o; are the constant properties that
must be found using experimental testing. This model
is well capable of simulating the typical hardening of
rubber materials, which is not included in both neo-

(b)

Two-parameter Mooney-Rivlin Model - C2 effect
x10°
= 10
=¥
N—
s
=
<) 5
0 .l

€ 0 c

Fig. 5 Uniaxial stress sensitivity to the two-parameter Mooney—Rivlin coefficients: a C1; b C;
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Hookean and Mooney—Rivlin models. Brown et al.
[43] have shown the uniaxial stress for this model to
be:

n

Oyni = Z% (l%‘*l _ zvifoﬂivfl)

i=1 %
n

+2(1=2va7) Y iDy(J - 1) (24)
i=1
which can be rewritten for incompressible structures
as

n

Cuni = Zza—’j (ﬂf"’*l - ;:%*1) . (25)

i=1 71

Similarly, the equibiaxial and pure shear stresses
are:

n

ohi =Y 2—’; (At — ), (26)

-1 %

n

o= 2—’;1 (A

io1 %

— A7) (27)

In order to elaborate the impact of each coefficient
term on the stress—strain behaviour of Ogden hyper-
elastic models, uniaxial loading of a three-parameter
Ogden model is considered with coefficients and

power terms as [37], where u; =0.62 MPa,
1 =0.00118 MPa, u3 =0.00981 MPa, o = 1.3,
o, = 5and a3 = — 2. Figures 6a—f indicate the strong

effect of varying three-parameter Ogden model coef-
ficients and power terms by [0.5 u—1.5 w1, [0.50,—
1.504], [0.515-50.5u5]1, [0.5 ap—15.5015], [0.5u3—5.5u3]
and [0.505—15.503], respectively. It can be seen that
each parameter has its own effect on the axial stress
magnitude through which, by properly accounting for
these terms, the hyperelastic behaviour of rubbery
structures can be obtained.

2.5 The eight-chain (Arruda—Boyce) model
Arruda and Boyce [55] proposed the eight-chain

model in which the strain energy is described as a
function of a polynomial series of the first invariant as

Chapter 2. Literature Review

n n
Wiz = C (1;’ - 31') +3 "D, - 1), (28)
i=1 i=1

where W, is the strain energy density of the Arruda—
Boyce model, for which, under uniaxial loading, the
stress-stretch equation will become [43]

41 4+V) . T o \ 7
Ouni = 3 ;lci (]1 1)2 (5+2v)/3 ()»2+2‘ . 1)

n
+2(1=20) Y DT = 1)
i=1

(29)

which for incompressible structures it is simplified as

Cuni = 2 Z ic(I77) (2 - 272, (30)
i=1

with equibiaxial and pure shear stresses as

Ohi = 22’1: ici (7). = 279), (31)
=1

o, =2 Z ic(I7) (= 27). (32)

For analysing the coefficient sensitivity of this
model, a five-parameter Arruda—Boyce model is
considered by having [56] C; = w2, C, = u/20,
C; = 11/1050, C4 = 19u/7000, Cs = 519u/673750
where u is the rubbery shear modulus assumed to be
0.4 MPa. The influence of each coefficient on the
uniaxial stress variation can be seen in Fig. 7a—f by
varying [0.5p-1.5u], [0.5C-1.5C,], [0.5C>-2C5],
[0.5C5-2.5C3],[0.5C4—5C4], and [0.5C5—5C5], respec-
tively. Here, all the coefficients have a considerable
effect on the uniaxial stress term.

2.6 The polynomial model

The strain energy in the polynomial rubber model is
defined as [57]

n

Weo = > Cy(l =3) (I, =3)" +3_Di7 = 1),
i=1

itj=1

(33)

where Wp, is the strain energy density of polynomial
model, which can also be written as [43]
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«Fig. 6 Uniaxial stress sensitivity to the three-parameter Ogden
coefficients and power terms: a u;; b ay; ¢ up; d o e us; f oz

=303 z

i=0 j=1—i

N iau 1y, (34)

3)'(I, - 3)’

leading to an axial stress—stretch relationship as [43]

Ouni =

4(13“‘ v) FRCEAVE (}h2+2v _ 1)

n n—i

;,:;_,ia,-@—s)' 63

—(242v)/3 E Z .]Cl](

i=0j=

3)'(L-3)"

l(J - 1)21‘71},_2"17

n

+2(1—2v) ) iD

i=1
(35)

which, for incompressible structures using Eq. (33), is
rewritten as

o =23 icy (I - 3) 7 (G - 3) (2 - i)
i=0 j=1—i

23 3G (I =3)' (1 -3) (1 =47,
i=0 j=1—i

and for equibiaxial and pure shear stresses as

—Zi Z lC,j

30 3) (- 2)

i=0 j=
23 Z]cu L -3) (L, -3 (3 =273,
i=0 j=
(37)
ZZ UI _3 ( _3)j
oo=202 -7 T (38)
+ JCi(l =3) (1, -3

=0 j=1—i

Similar to the previous subsections, by assuming
the coefficients to be Cio = 1.44 MPa,
COl = 0.463 MPa, Cll = —0.029 MPa,
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Cryp= — 0.151 MPa, and Cy = — 0.0042 MPa,
Fig. 8a—f present the influence of varying the coeffi-
cients of the five-parameter polynomial model on the
axial stress for strains up to 100%. Coefficients are
assumed to vary as [0.5Co—1.5C1¢], [0.5Cy;—1.5C],
[0.5C;1-1.5C1], [0.5C50—1.5C50] and [0.5C;—3C5],
respectively.

2.7 The Gent model

Gent [57, 58] proposed a simple model of hyperelas-
ticity using the first invariant parameter:

+3J_Il), (39)

m

Wo = —ZJuln <1
where W is the strain energy density of the Gent
model and J,, is the limiting stretch parameter [59],
which for biological tissues is around (0.4-2.3)
[60—63] and for plastic structures is in orders of 100
[57, 58]. By increasing the maximum permitted value
J,, to infinity, the Gent model will be changed to the
neo-Hookean incompressible model. The uniaxial,
biaxial and pure shear stresses for this model will be

_)iz) (1 + 3;ﬂll>_l, (40)
1 3—n\"!
Opi = 2tdm (A - F) (1 + ) , (41)
1 3—n\"
oy = Wy <)b - /13> <1 + i ) , (42)

of which Eq. (40) coincides with the uniaxial stress
model presented by Ronald [64]. Figure 9a shows
the sensitivity of the axial stress parameter to
variations of u for J,, =5 and Fig. 9b shows the
sensitivity of the axial stress parameter to variations
of J, for u= 0.4 MPa. Although the main model
presented by Gent is only dependent on the first
invariant, modified versions of this model, designed
to incorporate the compressibility and other invari-
ant terms, have been extended by several researchers
[65-68].

Ouni = ,qu <j~
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2.8 The Blatz—Ko model

For the proposed model by Blatz and Ko [69], which is
used to characterise foam rubbery structures, the strain
energy density is written as [43]:

1
WBKZE *1'*'2\/;; )
2 \y,

where W is the Blatz—Ko model of the strain energy
density and for the incompressible structures, for axial
loading, equibiaxial and pure shear stresses the stress—
stretch relationship is, respectively, obtained as:

(43)

ey B2
Tt = S+ 12 * )+ (24+17%) (=27 (44)

_ K s (2T
T YIpE ¢ ) (22+772) (=27 (49)

2 —1

u _3 ()» +24 )
=M a1 T e
vl ) | W

Figure 10 presents the influence of varying the
Blatz—Ko coefficient on the nonlinear stress—strain
behaviour of uniaxial loaded structures. There are
many other models presented by researchers to model
the hyperelastic behaviour of such structures [41],
such as the Rivlin—Saunders model [41], the Mur-
naghan model [70], the Ciarlet model [71], the
Valanis—Landel model [72], the Hill model [73] and
the Attard model [74].

@ Springer

Blatz-Ko Model - ;1 effect

x10%

RS

N
3
SOSSASKS:
RSN
R
s

8K %
SRS
STAISRSS
SR

s
5
Q5S>
K505
RS>
SIS
‘:“"‘

S
o
5

uni
5
55

5508

=
S
2

g
S
S
5
X
X

€ 0 2

Fig. 10 Uniaxial stress sensitivity to the Blatz—Ko model
coefficient

The given models are mainly used for isotropic
hyperelastic materials; however, some structures
(especially biological tissues) show a more compli-
cated behaviour which requires orthotropic and
anisotropic modelling in their hyperelastic constitu-
tive models. These models are developed mainly for a
specific type of hyperelastic materials. A more
detailed explanation on orthotropic and anisotropic
modelling can be found in refs [75-80] and [81-90],
respectively.

An important topic in hyperelasticity analysis is
properly modelling the nonlinear dynamics of differ-
ent soft structures. Since hyperelastic structures have
been used lately in many different industrial needs
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such as soft robotics [91-94], understanding their
nonlinear time-dependant behaviour in different
mechanical conditions is of high importance. Studies
in this field can be classified based on the structure
type and the mechanical analysis. In this review, the
nonlinear dynamics of hyperelastic structures is pre-
sented in three sections for beams, plates/shells and
membranes/balloons.

3 Nonlinear dynamics of hyperelastic beams

One-dimensional structures, including beams, tubes
and columns, as the critical part of many mechanical
structures, undergo different types of dynamic loads.
Since rubber-like beams undergo large strains and
deformations, classical linear material models cannot

define the nonlinear dynamics accurately; therefore,
an accurate hyperelastic model of the structure should
be derived and examined. In this section, the nonlinear
dynamics of hyperelastic beams is reviewed using
literature for different mechanical conditions. Since
this review is focused on the nonlinear dynamics,
interested readers on the statics of hyperelastic beam
structures are referred to [17, 95-100].

For hyperelastic beams laying on a foundation, a
mathematical formulation was presented by Forsat
[101] to examine the nonlinear free vibration beha-
viour of silicone rubbers and natural rubbers. A
higher-order shear deformation beam theory together
with four different nonlinear elasticity models was
utilised for modelling the soft beam. The structure was
assumed to be sitting on a Pasternak—Winkler
medium. Equations of motion were solved and
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Fig. 13 The time traces for the a axial and b transverse
vibrations of axially accelerated neo-Hookean beams [112].
(Permission obtained from ELSEVIER)

obtained using Galerkin’s scheme and Hamilton’s
principle (which have been used by researchers for
studying elastic structures [102—105]), respectively; it
was claimed that the shear strain effects were
neglected in the Yeoh strain energy. In another study,
Mirjavadi et al. [106] used the Euler—Bernoulli beam
assumptions showing that for hyperelastic tube mod-
els, by increasing the amplitude of vibration, since the
effect of nonlinear terms in the structure modelling
increases and due to different stress invariant consid-
erations, the difference between the Yeoh and two-
parameter Mooney—Rivlin results increased. Fig-
ure 11 shows the nonlinear frequencies of hyperelastic
tube models using Yeoh and Mooney—Rivlin strain
energy density models. In both of these studies, the
material was assumed to be incompressible; however,
the incompressibility condition, which leads to strains
in thickness directions, was neglected.

Since belt operating systems are one of the well-
known applications of hyperelastic structures
[107, 108], researchers focused on the nonlinear
dynamics of axially moving hyperelastic beams to
understand their mechanical behaviour in such condi-
tions. Wang et al. [109] used a finite deformation

@ Springer

leading-order model (presented in [110, 111]) to
investigate the nonlinear oscillations of axially trav-
elling soft beams. Using the Hamilton’s principle and
neo-Hookean strain energy density model, the equa-
tions of motion were obtained. It was claimed that the
natural frequencies of the Euler—Bernoulli beam
model are lower than the ones obtained for this model.
The variation of the natural frequencies with respect to
the axial velocity parameter for this model is shown in
Fig. 12. In another study by Wang et al. [112], they
analysed accelerated longitudinal motion in soft
beams using multiple scale perturbation methods and
Galerkin’s scheme. The time traces for the axial and
transverse vibrations of this model are shown in
Fig. 13. Khaniki et al. [113] investigated the nonlinear
forced oscillation of axially moving hyperelastic belts
by employing the Yeoh’s strain energy. Different
nonlinear elastic models were examined to find the
best fit with the experimental testing of hyperelastic
properties. The influence of the longitudinal speed on
the natural frequencies, mode shapes and nonlinear
frequency response was investigated showing a
significant effect in changing the mechanical beha-
viour (Figs. 14 and 15).

For the case of having both thermal and hyperelas-
ticity effects, a wave propagation method was
employed by Mirparizi and Fotuhi [114] to understand
the nonlinear dynamics of thermo-hyperelastic one-
dimensional structures. Hyperelasticity was modelled
using a Mooney-Rivlin strain energy density model. It
was elucidated that the maximum amplitude of
oscillation in the structure is significantly higher than
for elastic ones. Figure 16 shows the stress wave
propagation with respect to time showing a large
difference between the hyperelastic and linear elastic
models response.

Since hyperelastic structures are mostly made by
moulding and 3D printing, the presence of voids and
porosity is highly possible. To understand the effect of
having porosities in the nonlinear dynamics of hyper-
elastic structures, Khaniki et al. [115] studied the
characteristics of hyperelastic samples experimentally
with different porosities (the infill rate). A general
constitutive model for hyperelastic-porous was pre-
sented via the Mooney-Rivlin hyperelastic strain
energy model, showing that the porosity has a
nonlinear effect in varying the hyperelastic constitu-
tive model (Fig. 17). For the derived model, they
modelled the nonlinear vibrations of porous
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modes of vibration [113]. (Permission obtained from ELSEVIER)

hyperelastic beams under externally time-dependent
forces, showing that increasing the porosity in the
structure has a significant effect in changing the
stiffness softening behaviour of the structure to a
combination of hardening and softening behaviour
(Fig. 18).

Layered hyperelastic structures have many appli-
cations in packaging industry (especially food pack-
aging) [116-119], which makes it important to
comprehend the behaviour of layered hyperelastic
structures made of different materials. For this reason,
Khaniki et al. [120] examined five different shear
deformable beam theories together with the Mooney—
Rivlin strain energy model for analysing the nonlinear
dynamics of sandwich soft beams. It was shown that
considering the shear effect, layering and material
positioning can highly affect the nonlinear resonance

behaviour of the thick sandwich soft beam. Figure 19
shows the effect of material ordering in changing the
nonlinear dynamic behaviour of higher-order shear
deformable three-layered beam structures.

Longitudinal vibrations of neo-Hookean beams
have been examined by Wang and Zhu [121, 122] in
its subcritical buckling regime and under different
axial loads. Using a linear bifurcation analysis, the
critical buckling loads were obtained showing a high
sensitivity of material and geometrical properties.
Using the pseudo-arc-length method, the nonlinear
frequency response of the system was calculated.
Figure 20 shows the axial frequency response of the
neo-Hookean beam model for different material and
geometrical properties.

In recent years, hyperelasticity has been employed
for modelling the static and dynamic responses of
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nano-/micromaterials [123—-126], which have crucial
importance in new technologies. For instance, micro-
scale beam structures made by hyperelastic materials
have been studied by Alibakhshi et al. [127] using the
Euler—Bernoulli beam theory, modified couple stress
theory (which have been used previously for studying
small-scale elastic structures [128-132]), and Gent
strain energy density model. It was shown that the
force—amplitude response of the structure is highly
sensitive to the stiffness parameter of Gent model
(Fig. 21). Studies on the nonlinear dynamics of
hyperelastic beams are summarised in Table 1.

4 Nonlinear dynamics of hyperelastic plates
and shells

Both shells and plates are an important element in
structural design, and the extensive usage of rubbery
structures makes it necessary to comprehend the
nonlinear dynamics of the hyperelastic plate and shell
structures. For this reason, this section focuses on the
investigations undertaken to comprehend the nonlin-
ear dynamics of such structures.

For isotropic hyperelastic plate structures, a com-
bination of the nonlinear von Karman plate theory and
the neo-Hookean strain energy density model was
used by Breslavsky et al. [133] for examining the large
amplitude vibrations of thin rectangular hyperelastic
plates. The equations of motion were presented with
quadratic and cubic nonlinear terms by considering
both material and geometrical nonlinearities; it was
shown that for small strains, the material nonlinearity
terms have a weak effect, while this effect increases
significantly by having larger strains. Figure 22 shows
the amplitude response and backbone curves of the
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Fig. 17 Experimental
results for stress—strain
behaviours of porous
hyperelastic structures with
different infill rates (o)
[115]. (Permission obtained
from ELSEVIER)

Fig. 18 Influence of the
infill rate (porosity) in
varying the nonlinear
frequency response of
porous hyperelastic beams
a first and b third dynamic
coordinates. [115].
(Permission obtained from
ELSEVIER)
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Fig. 20 The axial nonlinear frequency response of the neo-
Hookean beam model for different a material and b geometrical
properties [121]. (Permission obtained from ELSEVIER)
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Fig. 21 The force—amplitude response of micro-hyperelastic
beam for different Gent coefficients[127]. (Permission obtained
from MDPI)

first mode of vibration with two peaks associated with
the 2:1 in-plane resonance. Amabili et al. [134]
investigated the vibration behaviour of hyperelastic
plates. A two-parameter incompressible Mooney—
Rivlin model was used to describe the nonlinearity
of the structure using Novozhilov nonlinear shell
theory to model the deformations. The governing
equations were obtained using Hamilton’s principle; it
was shown that the experimental results are in good
agreement with the proposed dynamic model.

The nonlinear dynamics of cylindrical shell struc-
tures have been examined lately by many researchers.
Zhang et al. [135] modelled the nonlinear vibrations of
thin-walled hyperelastic cylindrical shells using Don-
nell’s nonlinear shallow shell theory. Using the
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Table 1 Studies on the nonlinear dynamics of hyperelastic beams

Study Year  Hyperelastic strain Formulation methods/Experiments Solution Analysis
energy density model methods
Forsat [101] 2019 Neo-Hookean, Ishihara, Higher-order shear deformation Galerkin’s Nonlinear free
Mooney—Rivlin, and theory, scheme, vibrations of
Yeoh models Hamilton’s principle Extended hyperelastic beams
Hamiltonian
method
Mirjavadi 2019 Neo-Hookean, Ishihara, Euler—Bernoulli beam theory, Galerkin’s Nonlinear free
et al. Mooney—Rivlin, and Hamilton’s principle scheme, vibrations of
[106] Yeoh models Extended hyperelastic tubes
Hamiltonian
method
Wang et al. 2018, Neo-Hookean model The leading order model for finite Multi-scale Nonlinear vibrations of
[109, 112] 2019 deformation, perturbation axially moving
Hamilton’s principle techniques hyperelastic beams
Galerkin’s
method
Khaniki 2020  Arruda-Boyce (Eight-  Experimental analysis, Galerkin’s Nonlinear forced
et al. Chain), neo-Hookean,  gyjer—Bernoulli beam theory, scheme, vibrations of axially
[113] Gent, and Yeoh Hamilton’s principle, Dynamic moving hyperelastic
models equilibrium beams
von Karman theory .
technique
Mirparizi 2020  Mooney-Rivlin strain Helmholtz’s free energy function Direct Wave propagation in
and energy model iteration thermo-hyperelastic
Fotuhi method beams
[114]
Khaniki 2021 Mooney-Rivlin model Experimental analysis, Galerkin’s Nonlinear forced
et al. Euler-Bernoulli beam theory, scheme, vibration of porous-
[115] Hamilton’s principle Dynamic hyperelastic beams
. equilibrium
von Karman theory .
technique
Khaniki 2022  Mooney-Rivlin strain Euler-Bernoulli, Timoshenko, third- Galerkin’s Nonlinear forced
et al. energy model order, trigonometric and exponential scheme, vibration of
[120] beam theories, von Karman theory, Dynamic sandwich thick
Hamilton’s principle equilibrium hyperelastic beams
technique
Wang and 2021, Neo-Hookean model Euler-Bernoulli beam theory, 1 Harmonic Nonlinear vibrations of
Zhu 2021 Hamilton’s principle balance axially loaded
[121, 122] method, hyperelastic beams
Galerkin’s
scheme
Alibakhshi 2021 Gent model Euler-Bernoulli beam theory, Multiple Nonlinear vibrations of
et al. Hamilton’s principle, Scales small-scale
[127] Method hyperelastic beams

modified couple stress theory,

von Karman theory

Lagrange equation together with the Mooney—Rivlin
strain energy density model, the equations of motion
were obtained. It was shown that radius-to-thickness
ratio has a significant effect in changing the radial

vibration behaviour. Figure 23 shows the Poincare
section and bifurcation diagram of the hyperelastic
cylindrical shell for different excitation forces. Xu
et al. [136, 137] examined the nonlinear dynamics of
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Fig. 22 Amplitude— 8
frequency response and

backbone curves of the first

mode of vibration of a

rectangular hyperelastic 6
plate with two peaks
associated with the 2:1 in-
plane resonance [133].
(Permission obtained from
ELSEVIER)
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Fig. 23 a Bifurcation diagram and b Poincaré sections of a thin-walled Mooney—Rivlin cylindrical shell for different excitation forces
[135]. (Permission obtained from Springer Nature)
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Fig. 24 The nonlinear response of the cylindrical shell with different temperature loads for the (a) axisymmetric and (b) asymmetric

modes [136]. (Permission obtained from WSPC)

thin and thick hyperelastic cylindrical shells subjected
to a time-dependant thermal load. It was shown that
the single-mode model of such structures gives
inaccurate results and the diameter-to-length ratio
has a significant influence in the internal resonance
phenomena. Figure 24 shows the nonlinear response
of the cylindrical shell with different temperature
loads for the axisymmetric and asymmetric modes.
Breslavsky et al. [44, 138] investigated the free and
forced nonlinear responses of circular cylindrical
hyperelastic shells and square hyperelastic plates in
the framework of large deformations. Hyperelasticity
was modelled using the neo-Hookean model in
conjunction with the Fung model, while the shell
was assumed to be made of arterial bio-tissues. It was
shown that the single-mode response is weak; how-
ever, the resonant response considering both compan-
ion and driven modes, was found with nonlinear
complicated dynamics.

In the case of analysing electrostrictive—hyperelas-
tic structures, Tripathi and Bajaj [139, 140] studied the
internal resonances due to transverse vibration when
designing hyperelastic and electrostrictive—hyperelas-
tic plates. The Mooney—Rivlin and neo-Hookean
hyperelastic strain energy models were investigated,
while the plate was modelled using Kirchhoff plate
theory. These showed that for nearly incompressible
structures, the level of nonlinearity in the strain energy
model of neo-Hookean is insufficient to lead to 1:2
internal resonances. A visco-hyperelastic model was

presented by Zhao et al. [141] for modelling the
chaotic motion of spherical shells. Other studies on the
dynamic behaviour of hyperelastic plates and shells
can be found in refs [142-148], emphasising the
importance of considering hyperelasticity in studying
the dynamic response of such structures. Studies on
the nonlinear dynamics of hyperelastic plates and
shells are summarised in Table 2.

5 Nonlinear dynamics of hyperelastic membranes
and balloons

Comprehending the nonlinear dynamics of hyperelas-
tic membranes and balloons has been a challenging
task for researchers in the past few years. For circular
membranes, Goncalves et al. [149, 150] studied the
nonlinear vibration behaviour of isotropic homoge-
neous circular hyperelastic membranes stretched
radially. Hyperelasticity was modelled using the
neo-Hookean strain energy density model, and the
motion equations were derived via Hamilton’s prin-
ciple. Natural frequencies were obtained analytically
and compared with finite element modelling. It was
revealed that all the hyperelastic models, namely the
Arruda-Boyce model, Ogden model, Yeoh model and
Mooney—Rivlin model, present similar nonlinear fre-
quency—amplitude responses, qualitatively. The influ-
ence of the pre-stretch ratio on the nonlinear
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Fig. 25 Amplitude—frequency responses of hyperelastic circu-
lar membranes for different pre-stretch ratios [149]. (Permission
obtained from ELSEVIER)

amplitude—frequency response of the circular hyper-
elastic membrane can be seen in Fig. 25.

The nonlinear breathing motion of hyperelastic
spherical membranes has been examined by Soares
et al. [151] wusing an incompressible isotropic
Mooney—Rivlin strain energy density model. It was
shown that the linear viscous damping term has a
significant effect in changing the nonlinear resonance
behaviour of the spherical membranes (Fig. 26).

Since it was shown by Mangan and Destrade [152]
that the hyperelastic Gent—-Gent model shows a good
accuracy in modelling the nonlinear elasticity of
inflated balloons, Alibakhshi and Heidari [59] used
this model for studying the chaotic motion of dielectric
elastomer balloons; it was shown that the chaotic
motion of the dielectric elastomer balloons could be
suppressed by the presence of the second invariant
term in the Gent—Gent model (Fig. 27). Ilssar and Gat
[153] examined the fluid—structure interaction of
liquid-filled balloons wusing the incompressible
Mooney—Rivlin strain energy density model. By
verifying the model with results obtained from the
finite element scheme, it was shown that the simplified
presented model was capable of studying the static and
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Fig. 26 The nonlinear resonance response of hyperelastic
spherical membranes for different linear damping parameters
[151]. (Permission obtained from Springer Nature)

dynamic behaviour of such structures. Other studies
on the dynamic behaviour of hyperelastic membranes
and balloons can be found in refs [19, 154-156].
Studies on the nonlinear dynamics of hyperelastic
balloons and membranes are summarised in Table 3.

6 Summary and conclusions

Over the past few decades, accurately modelling the
hyperelastic behaviour of polymeric structures has
been a challenging task in terms of the complexity in
both material and structural nonlinearities. Dozens of
constitutive hyperelastic models have been presented
by researchers for different materials, which some of
the most practical and well-known isotropic models
are presented and formulated, and the characteristics
of each model are discussed. In terms of the case
studies, each of these models has advantages and
disadvantages in terms of accurate and inaccurate
modelling for material nonlinearity and computational
time cost.

Hyperelastic structures, such as rubbers and elas-
tomers, have been analysed in different shapes and
mechanical conditions. Most studies into these types
of structures have been published over the past few
years, since their applications are only now becoming
understood. Recently, novel outcomes from rubbery
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Fig. 27 Variation of the motion from a chaotic motion to b quasiperiodic vibration by increasing the second invariant parameter of the
Gent—-Gent model in the dielectric elastomer balloons [59]. (Permission obtained from ELSEVIER)

structures in soft robotics have moved forward such
study significantly, notably in terms of achieving
smooth deformations and higher the degrees of
freedom. The high potential for the application of
soft-based structures helped researchers to realise the
importance of modelling the dynamic behaviour of
hyperelasticity accurately. To demonstrate the
achievements and investigations made into hyperelas-
tic structures, a comprehensive review was presented
for different structures types (beams, plates, shells,

@ Springer

membranes and balloons) in the frameworks of
nonlinear dynamics. It was shown that there has been
progress in simulating the hyperelastic dynamic
response using various continuum mechanic tech-
niques in conjunction with hyperelastic strain energy
density models. Since the theoretical modelling of
such structures could require highly complex and long
theoretical models, many studies in this field are based
on simplified models ignoring the higher terms of
displacement and strain. Furthermore, since soft
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Table 3 Studies on the nonlinear dynamics of hyperelastic membranes/balloons

Chapter 2. Literature Review

Study Year Hyperelastic strain energy Formulation methods/  Solution Analysis
density model Experiments methods
Goncalves 2009 Neo-Hookean, Mooney—Rivlin, Lagrange function, Galerkin Nonlinear dynamics of
et al. [149] Yeoh, Arruda-Boyce, and Halmilton’s principle method, hyperelastic circular
Ogden models Reduced order membranes
models,
Floquet theory
Soares and 2012 Neo-Hookean model Lagrange function Shooting Instability and nonlinear
Goncalves method, oscillation of hyperelastic
[150] Galerkin circular membranes
method
Soares et al. 2020 Neo-Hookean and Mooney— Lagrange function Continuation Nonlinear dynamics of
[151] Rivlin models techniques, hyperelastic spherical shells
Floquet theory
Alibakhshi 2020 Gent-Gent model Euler-Lagrange energy Time Chaotic motion of
and Heidari method integration- hyperelastic balloons
[59] based solver
Ilssar and 2020 Mooney—Rivlin model Reduced order model Finite-element Deflation and inflation of
Gat [153] simulations, fluid filled hyperelastic
semi-analytical balloons
model
Dong et al. 2016 Yeoh model Generic lumped Finite element Nonlinear dynamics of
[19] parameter model, software, hyperelastic membrane
Experimental analytical energy harvesters
analysis solutions
Verron et al. 1999 Mooney—Rivlin model Conservation of sixth-order Nonlinear inflation behaviour
[154] momentum equation Runge—Kutta of spherical hyperelastic
method membranes
Li et al. 2018 Gent model Principle of virtual Analytical Nonlinear vibrations of
[155] work solution dielectric hyperelastic
Theory of dielectric membranes
elastomers
Chaudhuri 2014 Mooney-Rivlin model Perturbation dynamics  Iterative Ritz Wrinkling in inflated circular
and Lagrange function method hyperelastic membranes
DasGupta
[156]
structures largely deform when subjected to external Acknowledgements The HDR scholarship support through

loads, the importance of using appropriate nonlinear
large-deformation modelling is undeniable.

In summary, by analysing more than 150 research
works related to this field from basic analysis to
specified simulations, it can be seen that although
there have been several studies on each subject of
hyperelastic structure behaviour, the field is under-
researched and requires further investigations to
model and analyse hyperelastic structures.
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