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Abstract

Soft flexible structures have been an important part of many operating systems used
by humans in their daily routines. These structures are more likely to undergo large
strains and deformation when facing different types of loads, and return to their
initial shape when the load is removed. Most structures show a linear stress-strain
behaviour only when the strain deformation is significantly small. However, to have
a proper analysis of structures facing large strains, it is important to have better
and more accurate modelling of their stress-strain behaviour. Rubbers, elastomers,
silicones and polymeric-based structures are capable of undergoing large deforma-
tions, which mostly show a nonlinear elastic behaviour. Hyperelastic structures are
labelled as structures made of non-linear elastic materials that can be modelled fol-
lowing a proper strain energy density function model. The significant capabilities of
soft structures, such as infinite degrees of freedom, smooth motion, and safe human-
machine interactions, make them ideal for soft robotics, biomechanics, automotive
applications, and wearable devices.

In view of the recognition of the capabilities of nonlinear elastic structures, most
studies in this field are directed towards their application purposes (e.g., applications
of non-linear elastic structures for developing soft robots, wearable devices, packag-
ing, etc.). However, the need to comprehend their mechanical behaviour in order
to have a better understanding of the structure’s response and, hence, develop op-
timised designs for hyperelastic structures, has only recently been fully understood.
Therefore, this thesis intends to present a comprehensive study of the nonlinear
mechanics of different isotropic hyperelastic structures under different conditions,
mainly focusing on their nonlinear dynamics behaviour. This thesis is organised us-
ing published papers in prestigious peer-reviewed international journals as outcomes
of the research.

Paper 1: A detailed review of the static deformation of hyperelastic structures
is presented in this paper, focusing on biological tissues and polymeric structures.
The main objective of this review paper is to show the application of different
hyperelastic strain energy density models for modelling the bending and buckling
behaviour of nonlinear elastic structures. For biological structures, a wide range
of tissues including brain, artery, cartilage, liver, skeletal muscle, ligament, skin,
tongue, heel pad and adipose tissue are discussed and for polymeric structures,
beam, column, tube, plate shell and membrane hyperelastic structures are analysed.

Paper 2: The most well-known hyperelastic strain energy density models for
analysing soft isotropic structures are reviewed in this paper and the applications of
these constitutive laws for modelling the nonlinear dynamics of different hyperelas-
tic structures are discussed using the available literature, up to 2022. Neo-Hookean,

xi



xii Abstract

Mooney-Rivlin, Ogden, Eight-chain, Polynomial, Gent and Blatz-Ko hyperelastic
strain energy density models are discussed, and the sensitivity of the hyperelastic
coefficients for changing the stress-stretch behaviour is analysed. Different studies
undertaken on the nonlinear dynamics of hyperelastic beams, plates, shells, mem-
branes and balloons are discussed. Meanwhile, the strength of each hyperelastic
strain energy density model for accurately modelling the nonlinear dynamics of
such structures is analysed.

Paper 3: Hyperelastic belts provide smooth motion in the performance of belt-
operating systems and avoid the propagation of sudden impacts. Since belt-operating
systems are one of the main applications of hyperelastic structures, this paper anal-
ysed the nonlinear dynamic behaviour of axially-moving, incompressible, isotropic
hyperelastic belts. Using the ASTM D638 standard, the nonlinear elastic behaviour
of the structure is studied and Yeoh’s strain energy density model is used to effec-
tively model the experimental results. A coupled equation of motion is presented for
modelling axially-moving hyperelastic belts, and analysing the effect of both hypere-
lastic coefficients and axial velocity on changing the mode shapes, linear frequencies
and the nonlinear dynamic behaviour of the structure.

Paper 4: Porosity and voids are often seen during the fabrication process of
soft structures (such as in the injection moulding or 3d-printing processes) or are
sometimes added to decrease the overall weight and optimise performance. This
paper developed a modified strain energy density model using the Mooney-Rivlin
law, which enables consideration of porosity effects. A set of experimental analyses
on soft samples with different porosities and infill rates are performed and a modified
strain energy model is presented. Using the given model, the nonlinear dynamics of
hyperelastic porous beams with uniform and nonuniform porosities is studied and
the effects of having different porosity types on the nonlinear vibration behaviour
of the structure are discussed.

Paper 5: In many applications, such as packaging, hyperelastic structures are
used as a layered (sandwich) structure. This paper investigated the nonlinear dy-
namics of layered isotropic structures using different shear deformation theories. The
importance of proper modelling, layering, and material sorting is analysed compre-
hensively and the effect of the thickness ratio between layers is investigated.

Paper 6: Some soft structures show significant viscoelastic behaviour together
with hyperelasticity. In order to model these soft structures appropriately, this
paper investigated the statics and dynamics of hyperelastic and visco-hyperelastic
shallow arches. The internal resonance phenomena due to the arch curvature were
also investigated in this work, alongside a discussion of the effect of viscoelasticity
in damping and changing the rich nonlinear vibration behaviour of the structure.

Paper 7: As hyperelastic structures are used in different sensing applications,
this study investigated the mass-sensing behaviour of hyperelastic isotropic plates
using both experimental testing and theoretical modelling. The effect of having
a concentrated attached mass on changing the nonlinear dynamics of hyperelastic
plates was discussed and the internal resonance phenomena due to the geometrical
properties of the plate and external attached masses were discussed.

Paper 8: Curved hyperelastic shell structures, including cylindrical, parabolic,
and doubly-curved shells are modelled and investigated in this paper as incompress-
ible structures. A comprehensive general model is developed, and the bending,
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vibration and internal resonance behaviour of the structure is analysed. The effect
of the shell curvatures in causing internal resonance and changing the nonlinear
oscillation behaviour of the structure is discussed in detail.

Through the above papers, this thesis investigated the mechanics of hyperelastic
structures in a range of well-known applications. With experimental tests supporting
the theoretical models, a detailed understanding of the statics and dynamics of such
structures has been obtained, which is an important step towards understanding
their performance and optimising their use.





Chapter 1

Introduction

1.1 Overview

Given the constant need to improve mechanical structures for different industrial
applications, researchers have developed new structures according to the require-
ments of their research fields. Soft structures have been the focus of much research
interest over the past few years due to their superiority in many applications. These
structures are more likely to undergo large strains and deformation when facing dif-
ferent types of loads, and providing infinite degrees of freedom, smooth motion, and
safe human-machine interactions. Hyperelastic models have been used to model
the mechanical behaviour of such structures. For instance, rubber structures are
frequently modelled using incompressible isotropic hyperelastic laws [1-3].

The necessity for effectively modelling the non-linear mechanical behaviour of
hyperelastic structures can be clearly seen when the applications of such structures
are evaluated. Hyperelastic structures are used in various sectors and applications;
some of the most well-known applications of hyperelastic structures are energy har-
vesting systems, biological tissue modelling, prostheses and implants, soft and indus-
trial robots, the packaging industry, belt operating systems, the sport and footwear
industry, the automotive industry, surgical and medical supplies, toy and game
manufacturing, wearable and smart technologies, the coating and covering industry,
vibration and shock absorbers, and the construction industry (Figure 1.1).

Vibration-based hyperelastic energy harvesting is a novel topic in the energy har-
vesting industry, which can be used for supplying energy for wireless sensor networks
[4]. Hyperelastic structures are used in this industry for different purposes, such as
tuning the resonant frequency of the harvester with the ambient vibration frequen-
cies of the environment [4]. They have also recently been used as dielectric elastomer
energy harvesters, providing lower stiffness and higher dielectric permittivity [5].

Human body organs show a rich hyperelastic and viscoelastic behaviour, for
which, depending on the biological tissue, the behaviour can be different [6-8]. The
proper modelling of biological tissues has helped scientists with surgery simulations,
medical diagnoses and health care [9-11]. Furthermore, knowing the mechanical
properties and hyperelastic behaviour of human body organs has improved the de-
sign of prostheses and implants [12-15].

1
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Figure 1.1: Some applications of hyperelastic structures.
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Using hyperelastic structures in devices provides infinite degrees of freedom,
which is highly beneficial in many applications, such as invasive surgeries in which
accessing the target requires a smooth motion in different parts [16-18]. In addition,
hyperelastic structures are used in many soft robots for different purposes to provide
a significant smooth motion [19-21]. For instance, the infinite degree of freedom
provides comfort and strength to patients with muscular dystrophy during physical
activities [22, 23].

Since hyperelastic structures are significantly softer than solid structures, they
have been used to provide safe physical interactions with humans, used for technolo-
gies such as industrial robots, automobiles and toys [24-26]. Another good use of the
soft behaviour of hyperelastic structures can be found in sportswear and wearable
devices for sensing temperature, glucose, pressure, gas, pulse rate, hydration, and
motion [27-29].

Finally, hyperelastic structures provide good resistance against different types
of sudden loads and vibrations. This important capability makes these structures
great candidates for many diverse applications, such as in food packaging [30-33],
coating [34, 35], and vibration/shock absorbers [36-38].

1.2 Aims and objectives

By evaluating the range of applications (above), it can be seen that hyperelastic
structures are an important part of human life. To be able to use hyperelastic struc-
tures efficiently in different industries, it is important to first have a comprehensive
understanding of their mechanical behaviour.

The main aim of this thesis is to develop accurate models of different isotropic
incompressible hyperelastic structures in different mechanical conditions. The de-
veloped models and analyses create a detailed state of the art study of the nonlinear
dynamics and mechanics of hyperelastic structures (including beams, plates and
shells). The results in this thesis are applicable to many applications of hyperelastic
structures. The listed objectives of this thesis are:

1. To investigate the linear and nonlinear dynamics of axially-travelling incom-
pressible isotropic hyperelastic belts.

2. To understand the influence of porosity on the nonlinear dynamics of hypere-
lastic structures.

3. To analyse the effect of layering and material sorting on the nonlinear mechan-
ics and dynamics of hyperelastic structures.

4. To combine the effects of viscoelasticity and hyperelasticity on modelling the
non- linear dynamics and internal resonance behaviour of soft arches that are
slightly curved.

5. To comprehend the mass-sensing behaviour and the internal resonance be-
haviour of hyperelastic plate structures.
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6. To build an understanding of the influence of curvature on the mechanics and
dynamics of various hyperelastic curved shell structures.

1.3 Thesis outline

Apart from Chapters 1 and 9, this thesis is organised using already-published/accepted
papers in high-quality prestigious journals, along with some that are currently under
review. The first chapter presents a brief overview of hyperelastic structures, their
applications, and the importance of (and motivation for) studying their mechanical
behaviour.

A comprehensive, detailed review of the applications of hyperelasticity in mod-
elling the mechanics and dynamics of hyperelastic structures, focusing on the bend-
ing, buck- ling and vibration behaviour of such structures as biological tissues and
polymeric structures, is presented in Chapter 2. Chapters 3-8 present critical re-
views of the discussed cases, emphasising their significance and novelty for numerous
well-known applications.

A continuum-mechanics-based model of axially-travelling hyperelastic belts is
presented in Chapter 3, followed by a comprehensive linear and nonlinear analy-
sis of the importance of modelling the large deformations and strains in dynamic
conditions accurately.

Chapter 4 presents a modified strain energy model for considering the effect of
porosity on the nonlinear stress-strain behaviour of hyperelastic structures, followed
by a general model of the nonlinear dynamics of hyperelastic porous beam struc-
tures. A detailed analysis of the effect of the presence of voids and porosity on the
mechanical behaviour of the structure is also presented in this chapter.

Sandwiched hyperelastic structures made of different hyperelastic materials are
analysed in Chapter 5 using different shear modelling approaches, followed by a
detailed discussion of the effects of layering and material sorting.

A combination of viscoelasticity and hyperelasticity in modelling visco-hyperelastic
structures is employed in Chapter 6 for soft structures, followed by an analysis of the
internal resonance behaviour of hyperelastic structures with and without viscoelastic
effects.

Mass-sensing analysis in hyperelastic plate structures is presented in Chapter 7
in the framework of nonlinear forced vibrations. The internal resonance phenomena
due to geometric aspect ratio and attached mass are also analysed.

The nonlinear statics and dynamics of various curved hyperelastic shell structures
including cylindrical, hyperbolic, and parabolic shells are investigated in Chapter 8,
followed by internal resonance analysis due to the curvature term in the structure.

Chapter 9 presents a conclusion of the findings of the thesis, followed by potential
future work.
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Chapter 2

Literature Review

This chapter is based on the following published review articles to represent a com-
prehensive state-of-the-art review on both statics and dynamics of hyperelastic struc-
tures:

• Khaniki, H.B., Ghayesh, M.H., Chin, R. & Amabili, M., (2023). Hyperelastic
structures: a review on the mechanics and biomechanics. International Journal of
Nonlinear Mechanics, 148, 104275. DOI: 10.1016/j.ijnonlinmec.2022.104275

• Khaniki, H.B., Ghayesh, M.H., Chin, R. & Amabili, M., (2022). A review
on the nonlinear dynamics of hyperelastic structures. Nonlinear Dynamics, 110,
963–994. DOI: 10.1007/s11071-022-07700-3.
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2.1 Hyperelastic structures: a review

on the mechanics and biomechanics

Overview

This section of Chapter 2 introduces the statics of soft structures, focusing on their
hyperelastic behaviour in a detailed analysis. Previous studies on soft structures
are classified into two main types: soft biological tissues and polymeric structures.
The application of hyperelastic strain energy density laws for appropriately mod-
elling body organs is presented, and the strength of each model for the biological
tissue type is discussed. Furthermore, the static behaviour of polymeric structures
is presented in three subsections, based on the structure type. This literature re-
view is published and available online as: Khaniki, H.B., Ghayesh, M.H., Chin, R.
& Amabili, M., (2023). Hyperelastic structures: a review on the mechanics and
biomechanics. International Journal of Nonlinear Mechanics, 148, 104275.
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A B S T R A C T

Soft structures are capable of undergoing reversible large strains and deformations when facing different types
of loadings. Due to the limitations of linear elastic models, researchers have developed and employed different
nonlinear elastic models capable of accurately modelling large deformations and strains. These models are
significantly different in formulation and application. As hyperelastic strain energy density models provide
researchers with a good fit for the mechanical behaviour of biological tissues, research studies on using these
constitutive models together with different continuum-mechanics-based formulations have reached notable
outcomes. With the improvements in biomechanical devices, in-vivo and in-vitro studies have increased
significantly in the past few years which emphasises the importance of reviewing the latest works in this
field. Besides, since soft structures are used for different mechanical and biomechanical applications such as
prosthetics, soft robots, packaging, and wearing devices, the application of a proper hyperelastic strain energy
density law in modelling the structure is of high importance. Therefore, in this review, a detailed classified
analysis of the mechanics of hyperelastic structures is presented by focusing on the application of different
hyperelastic strain energy density models. Previous studies on biological soft parts of the body (brain, artery,
cartilage, liver, skeletal muscle, ligament, skin, tongue, heel pad and adipose tissue) are presented in detail
and the hyperelastic strain energy models used for each biological tissue is discussed. Besides, the mechanics
(deformation, buckling, inflation, etc.) of polymeric structures in different mechanical conditions is presented
using previous studies in this field and the strength of hyperelastic strain energy density models in analysing
their mechanics is presented.
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1. Introduction

Linear elastic assumptions have many limits for modellings of the
mechanics of different structures including having a linear elastic con-
stitutive equation valid for small strains. However, in real-world appli-
cations, structures might face loadings which lead to large strains where
the linear elastic constitutive assumptions become invalid. Besides, in
some structures (such as biological tissues), the linear region of the
constitutive model is significantly small showing a nonlinear elastic
behaviour.

Accordingly, there have been many hyperelastic strain energy den-
sity models developed by researchers to accurately take into account
the nonlinear elasticity and large strain deformations [1]. Some of the
well-known and conventional hyperelastic strain energy density models
are named neo-Hookean, Mooney–Rivlin, Ogden, Polynomial, Arruda–
Boyce, Yeoh, and Gent. These hyperelastic models have been discussed
in detail in a previous review paper on the nonlinear dynamics of soft
structures [2]. Hyperelastic strain energy density models for analysing
anisotropic materials were also studied and discussed in a review paper
presented by Chagnon et al. [3] as well as in books [4,5]. These
constitutive models are used by many researchers to understand the
mechanics and biomechanics of different structures which have been
discussed in this review paper.

Hyperelastic strain energy density models have been employed
by researchers for modelling the mechanical behaviour of different
biological tissues. Accurately modelling the mechanics of biological
tissues have many advantages and helps scientists in different biomed-
ical applications. For instance, hyperelastic models of white and grey
matter in the brain have directly helped in brain surgery [6], trauma
analysis [7] and injury simulation [8]. A proper hyperelastic model of
breast tissues has made a significant help in breast cancer diagnosis and
differentiating healthy and unhealthy breast tissues [9–11].

Another important topic of hyperelastic modelling in the biome-
chanics of biological tissues is predicting plaque rupture in human
arteries which has been analysed lately by many researchers [12–14].
Besides, to have a proper understanding of osteoarthritis, researchers
have examined the load–displacement behaviour of both healthy and
osteoarthritic articular cartilages [15]. Acetabular dysplasia or hip
dysplasia have also been modelled by hyperelastic strain energy density
models to appropriately understand the biomechanics of healthy and
unhealthy acetabulum [16]. The mentioned studies are only a few
examples of how important is to develop an accurate hyperelastic
model of biological tissues for different applications.

Moreover, since soft structures are more likely to undergo large
strains in different mechanical conditions, the linear stress–strain re-
gion model is not accurate for modelling the behaviour in larger strains
and deformations. To overcome this limit, hyperelastic strain energy
models have also been used for modelling the mechanics of soft struc-
tures. Soft structures have been used widely in different applications in
which most of the applications are achieving more attention in the last
few years.

Hyperelasticity definition in mechanics of structure has an im-
portant application in prostheses and artificial substitutes for various
human tissues. Accurately modelling the mechanics of human tissues
and finding an appropriate artificial substitute with the same me-
chanical behaviour has a significant effect in designing conventional
prostheses with the best fit to the behaviour of the real tissue. This
importance has been examined by many researchers for different artifi-
cial substitutes including lower-limb prosthetics [17], aortic heart valve

prosthesis [18], lumbar intervertebral disc prosthesis [19], vascular
prosthesis [20–22], and prosthetic finger joint implants [23].

Bio-inspired soft robots are a class of robots which show a nonlinear
elastic behaviour in their performance due to large strains in their
motions. These structures have been used widely in different industrial
sectors. Some of the well-known developed bio-inspired soft robots
are octopus-like robots (Octobots) [24–27], inchworm and caterpillar
soft robots [28–32], gecko-inspired robots [33–35] and batoid-fish-
shaped robots [36–38] which are used for grasping, crawling, lifting
and locomotion purposes (Fig. 1).

Since soft robots provide infinite degrees of freedom with a con-
tinuous smooth motion due to their hyperelastic behaviour, they have
been used in biomedical applications such as wearable robots, drug
delivery and surgical tools. For instance, elastomer-based structures
have been used in minimally invasive cardiac surgeries [39–42], en-
doscopy [43,44], optical biopsy [45], catheterization [46] and drug
delivery [47] providing a smooth motion with the least damage to
the surrounding tissues. Detailed analysis of the application of soft
structures in minimally invasive surgeries can be found in Ref. [48].

Besides, wearable robots have been improved by using hyperelastic
materials to obtain a conventional motion in their mechanical be-
haviour for different purposes. Stroke patients with gait impairment
can use soft wearable robots for at-home rehabilitation and physical
therapy [49,50]. Patients suffering from muscular dystrophy can use
wearable soft gloves for exercising and grasping assistance [51] and
soft exosuits for motion assistance on arms [52], ankles [53] and other
parts of the human body [54]. Detailed analysis on the application of
wearable soft robots in human assistance can be found in Ref. [54].
Fig. 2 presents some key applications of biomedical soft robots made
of hyperelastic materials [51,55–59].

There have been many comprehensive, valuable review studies on
the applications of nonlinear-elastic structures for soft robotics and
biomedical applications [57,61–77] which have been listed in Table 1,
based on the study type. It can be seen that the topic has attracted
significant attention in the last few years. Despite many analyses on
the mechanics and biomechanics of hyperelastic structures, a com-
prehensive review of the application of hyperelastic strain energy
density models for studying such structures is missing. Therefore, this
study mainly focuses on employing different hyperelastic strain en-
ergy density models for appropriately modelling biological tissues and
polymeric structures following research studies up to 2022. Previous
studies on the mechanics and biomechanics of hyperelastic structures
are presented in this review by dividing the studies based on the
biological tissues and structures. In Section 2, the application of hyper-
elastic continuum models to the biomechanics of the body tissues and
the capability of the theoretical models in simulating their behaviour
are discussed. A comprehensive case study is provided by considering
the tissue types; included are brain, artery, cartilage, liver, skeletal
muscle, ligament, skin, tongue, heel pad and adipose tissue analyses.
The mechanics of hyperelastic structures is discussed in Section 3
for different types of structures. The strength of different hyperelastic
constitutive models in properly modelling the static behaviour of hy-
perelastic structures in different mechanical conditions is investigated
using the previous works in this field. Lastly, a detailed analysis and
discussion on the current state of the research and outcomes of research
works in this field are presented in Section 4.

2. Hyperelasticity of biological tissues

Different biological tissues, such as skin, muscle, and fat, often
undergo large deformations and strains while subject to different types
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Fig. 1. Some bio-inspired soft robots made of hyperelastic materials: (a) inchworm-inspired robot [28] (Permission obtained from Elsevier), (b) octopus-inspired robot [24]
(Permission obtained from Elsevier), (c) gecko-inspired adhesive robot [33] (Permission obtained from Elsevier), and (d) fish-inspired robot [38] (Permission obtained from
Springer Nature).

of loadings with a nonlinear stress–strain behaviour, which classifies
them as hyperelastic structures. Researchers have employed different
hyperelastic constitutive laws to model the mechanical responses of
such structures. In this section, the mechanical analysis is divided
according to the type of the biological tissue. It is noteworthy that for
modelling and analysing biological tissues, viscoelasticity plays an im-
portant role as well that must be considered along with hyperelasticity;
for more details, interested readers are referred to [4,78–81]. Besides,
a detailed study on the nonlinear mechanics of biological materials can
be found in Ref. [5].

2.1. Hyperelastic models of the brain tissue

Human brain, as the most important part of the body, has been
investigated by researchers over the past years, focusing on its mechan-
ical behaviour under loads. Lately, the importance of having a proper
model of the brain for surgery [6], trauma analysis [7] and injury sim-
ulation [8] have been emphasised. To have a better understanding of
the mechanical behaviour of the brain, Moran et al. [7] experimentally
tested different regions of the brain (white matter, grey matter, and
corona radiata) under tension, shear and compression forces, and used
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Fig. 2. Some key applications of biomedical soft robots made of hyperelastic materials: (a) minimally invasive surgery application [55,56] (Permission obtained from Springer
Nature) (This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/
licenses/by/4.0/)), (b) prosthetic application [58] (Permission obtained from PLOS), (c) sleeve supports for heart function [60] (Permission obtained from Springer Nature), and
(d) wearable soft robots for rehabilitation [51] (Permission obtained from Elsevier).

the hyperelastic models to compare with the experimental observations.
Hyperfoam [82], Ogden [83] and polynomial [84] models were used
and the optimised coefficients for each model were presented.

Concentrating on brain elastography, Kaster et al. [6] studied the
mechanical characteristics of white and grey matter in brain tissue to
differentiate them based on their mechanical properties. Ogden, Poly-

nomial, Yeoh and Arruda–Boyce hyperelasticity strain energy models
were examined and the coefficients for each hyperelastic model, for
both white and grey matter were presented. It was concluded that
the most suitable method for modelling the hyperelastic behaviour of
such structures is the Yeoh model. Fig. 3 demonstrates the stress–strain
behaviour of different parts of the brain under compression loadings,
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Table 1
Review studies on the soft robotic and biomedical applications of hyperelastic structures.

Study Year Main application Reviewed topics

Ng et al. [61] 2021 Motions in soft
robots

Locomotion in soft robots including terrestrial locomotion, aquatic
locomotion, and aerial locomotion are reviewed.

Xiong et al. [62] 2021 Soft robotics Wearable robots and human–robot interface and interaction
are reviewed.

El-Atab et al. [63] 2020 Soft robotics Actuating systems for different soft robots are reviewed.

Yap et al. [64] 2020 Manufacturing soft
robots

Polymer 3D printing techniques and materials used for soft robotic
fabrication are reviewed

Ashuri et al. [65] 2020 Biomedical soft
robots

Soft robots with biomedical applications such as artificial muscles,
muscle alternatives, prosthetic devices, catheters, stents and surgical
instruments are reviewed.

Kumar and Syed
[66]

2020 Additive
manufacturing in
biomedical
applications

The fabrication of biomedical components using the selective laser
sintering technique is reviewed with hyperelastic behaviour.

Majidi [67] 2019 Materials in soft
robotics

Various materials used in soft robotics are reviewed including
elastomers, polymer composites, fluids and gels.

Victor et al. [68] 2019 PDMS for
biomedical
applications

The application of polydimethylsiloxane for aneurysm repair and its
biocompatibility is reviewed.

Wang et al. [69] 2018 Sensing technologies
in soft robotics

Sensing technologies for soft robots are reviewed including resistive
and piezoresistive sensors, capacitive sensors, optical sensors,
magnetic sensors, and inductive sensors.

Chu and Patterson
[70]

2018 Rehabilitative soft
robots

Soft robotic devices for hand rehabilitation are reviewed.

Wallin et al. [71] 2018 3D printed soft
robots

Polymers in soft robotics and 3D printing technologies for
manufacturing soft robots are reviewed.

Cianchetti et al.
[57]

2018 Biomedical
application of soft
robots

Soft robots in surgery, diagnosis and drug delivery, wearable and
assistive devices, prostheses, and artificial organs are reviewed.

Lee et al. [72] 2017 Soft robotics Different applications of soft robots are reviewed including
human–machine interface and interaction,
locomotion and exploration, manipulation, medical and surgical
applications, rehabilitation and wearable robots.

Polygerinos et al.
[73]

2017 Human–Robot
Interaction

Fluid-driven intrinsically soft devices are reviewed.

Miao et al. [74] 2017 4D printing of
hyperelastic
materials

4D printing of polymeric materials for biomedical applications
including smart drug or cell delivery, microsurgery devices, and in
vivo actuation for biosensing

Rus and Tolley [75] 2015 Soft robotics Design, manufacturing and actuation systems in soft robots are
reviewed.

Kim et al. [76] 2013 Bioinspired soft
robots

Different bio-inspired soft robot studies are reviewed including
worm-like robots, caterpillar-like robots, and octopus-like robots.

Cho et al. [77] 2009
robots

Processes for manufacturing soft robots including shape deposition
manufacturing, nano imprint, laser imaging, micro injection
moulding, embed moulding, and multi-nozzle deposition systems
are reviewed.

up to 50% strain, via hyperfoam, Ogden and polynomial strain energy
density modelling [7].

Since most of the studies on brain matters have presented the hyper-
elastic coefficients based on a single loading mode, Budday et al. [85]
examined different hyperelastic models to find a proper model for
characterising the mechanical behaviour of brain tissue under different
types of loadings. The strain energy was modelled via five different,
well-known hyperelasticity models (neo-Hookean [86], Ogden [87,88],
Gent [89], Mooney–Rivlin [90,91] and Demiray [92]). It was claimed
that the one-term Ogden hyperelasticity model provides an accurate
model for brain tissue facing different loading combinations.

After showing the success of the Ogden hyperelastic constitutive
law for modelling brain tissues [85], researchers employed this model
for analysing the brain’s mechanical behaviour. Hauseux et al. [93]
quantified the uncertainty of brain tissue via the Holzapfel and Ogden
hyperelastic models [94] to follow the mechanical deformation of
the brain. Voyiadjis and Samadi-Dooki [95] examined the influence
of having nonslip boundary conditions while modelling the human

brain. The Ogden strain energy function was utilised in order to model
the hyperelastic behaviour of human brain tissue. By comparing with
experimental results, it was shown that mechanical behaviour could be
accurately modelled with Ogden hyperelasticity under uniaxial loading.
Yousefsani et al. [96] used the one-term Ogden model and embedded
an element technique when studying the brain’s white matter tissue.
The results indicated accurate modelling of the axonal responses, with
applications in tumour growth analysis. Labus and Puttlitz [97] studied
the mechanical behaviour of the brain’s white matter facing biaxial
tensile loading. A modified anisotropic model of Ogden strain energy,
presented by Velardi et al. [98], was employed to model the hypere-
lasticity deformation response. It was shown that having both biaxial
and uniaxial loading test models could improve the structural model.
Fig. 4 shows the preparation of the brain samples and the experimental
setup. Budday et al. [99] made the first attempt to identify the relation
between the mechanics and microstructure of human brain tissue by
presenting a microstructurally developed constitutive model. It was
shown that the cell count has a negative effect on stiffness while myelin
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content has a positive effect. A detailed review on modelling and testing
human brain tissue, its challenges and important characteristics were
presented by Budday et al. [100].

2.2. Hyperelastic models of the artery tissue

Another important use of hyperelastic constitutive laws is in mod-
elling the biomechanics of arterial layers. The importance and applica-
tion of proper models of the arteries for different purposes can be found
in the review studies [101–104].

Since arteries consist of three different layers, intima, media and
adventitia, Holzapfel et al. [104] presented a new orthotropic constitu-
tive model for specifically analysing arterial wall mechanics. The model
requires a total of six material parameters (three for each mechanically
relevant layer) for properly modelling the axial extension, torsion and
inflation. It was shown that this model is capable to fit the experimental
data and takes into account the arterial microstructure. The nonlinear
stress–stretch behaviour of the layers of arteries (intima, adventitia,
and media) have been obtained by Holzapfel et al. [105], for both
circumferential and axial directions.

The fibre dispersion and orientation in arterial layers are key ele-
ments in defining the nonlinear behaviour of human arteries. Gasser
et al. [106] presented a detailed comprehensive study on the proper
modelling of arterial layers in the framework of hyperelastic continuum
modelling. By using a modified neo-Hookean strain energy density
model with an exponential term to describe the response of collagen
fibres, both axial and circular stretches of the thin-walled tube model
were obtained and discussed. This study introduced the orientation
dispersion of collagen fibres; however, the dispersion was rotation-
ally symmetric. Accordingly, the model was extended into a double
dispersion model for representing different in-plane and out-of-plane
dispersion of fibre orientation in arteries (nonsymmetric dispersion)
by Holzapfel et al. [107] using bivariate von Mises distribution. It
was shown that the model was capable of fitting uniaxial testing
results of collagen-reinforced arteries with high accuracy. Since arterial
layers have a significant collagen fibre dispersion in in-plane directions,
the nonsymmetric model shows better accuracy in modelling human
arteries. A more detailed discussion on the collagen-fibres dispersion
in arteries and other soft biological tissues can be found in a review
paper presented by Holzapfel et al. [103].

In studying the nonlinear mechanics of soft fibrous tissues, a pos-
sible source of inaccuracy and computational cost is in properly mod-
elling the contribution of compressed fibres in the total strain energy
density. To overcome this, Li et al. [108] presented a discrete fibre
dispersion model to exclude the fibres under compression loadings from
the modelling of soft fibrous solids. In their modelling, they discretised
the unit into a finite number of elementary areas. For each element, the
fibre density and direction were defined and summed up over all the el-
ements. The fibre strain energy model was presented and used for shear,
tension and non-homogeneous uniaxial extension problems showing
good accuracy. Breslavsky et al. [109] presented the first model of
the compressed collagen fibres exclusion using the double-dispersion
model. A novel technique of versatile fibre exclusion to the constitutive
model was presented by having different fibre dispersion in both in-
plane and out-of-plane. A significant reduction in the computational
cost was seen by having in-plane fibre exclusion for modelling the
uniaxial tensile test. Besides, it was shown that depending on the fibre
orientation and distribution, the thickness of the strips in the uniaxial
tensile test might increase.

Sassani et al. [110] experimentally examined the material charac-
teristics of abdominal aortic aneurysms’ layers. Fifteen patients were
tested and different microstructure-motivated models were used to
fit the experimental testings. It was shown that the four-fibre family
model presented in Ref. [111] has the most accuracy in modelling the
mechanical behaviour of the samples. Besides, it was shown that the
collagen arrangement is mainly in the axial direction giving a higher

Fig. 3. Nonlinear stress–strain response of brain parts under compression loading and
curve fitting using the (a) Ogden energy model, (b) hyperfoam energy model and (c)
polynomial energy model [7].
Source: Permission obtained from Elsevier

stiffness to axial strips compared to the circumferential ones. Fig. 5
shows the orientation angles of collagen fibres in the intima, media
and adventitia layers and the stretch stress behaviour for the axial and
circumferential strips.
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Fig. 4. Testing samples from (a) the corona radiata, (b) the corpus callosum, and (c) the experimental setup for biaxial testing and (d) biaxial samples. [97].
Source: Permission obtained from Elsevier.

Fig. 5. The orientation angles of collagen fibres in the intima, media and adventitia layers and the stretch stress behaviour for the axial and circumferential strips [110].
Source: Permission obtained from Elsevier.
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Fig. 6. Capability of the (a) GST and (b) AI models for fitting the experimental
results [107] of the human non-atherosclerotic abdominal aorta in both axial and
circumferential directions [112].
Source: Permission obtained from Elsevier.

Arterial walls contain randomly dispersed collagen fibres which
makes it important to accurately model their large deformation be-
haviour. Holzapfel and Ogden [112,114] compared two well-known
models of fibre-reinforced materials namely generalised structure ten-
sor (GST) [115] and angular integration (AI) [116] methods showing
that both models are virtually identical for different cases. Besides, it

was emphasised that for the case of using finite element methods, the
GST model requires less computational time. Fig. 6 shows the capability
of the GST and AI models for fitting the experimental results [107]
of the human non-atherosclerotic abdominal aorta in both axial and
circumferential directions.

The age factor in changing the nonlinear behaviour of arteries
has a key role which cannot be ignored. This importance has been
addressed by researchers in studying human arteries. For instance,
Amabili et al. [113] examined the visco-hyperelastic behaviour of
descending thoracic aortas layers by experimentally testing twelve
individual samples of beating heart donors. Axial and circumferential
strips were cut from the aorta (Fig. 7) and a uniaxial tensile test and
a dynamic test were performed to characterise their properties. This
was the first study on the viscoelastic behaviour of aortas by indi-
vidually analysing each layer. The Gasser–Ogden–Holzapfel material
model was used to model the hyperelastic behaviour of each layer.
It was concluded that donor age has a direct effect on increasing the
stiffness in both circumferential and axial directions. The effect of
age on the nonlinear mechanics of arteries was analysed by Jadidi
et al. [118] using both theoretical analyses (constitutive modelling)
and experiments (biaxial testing). It was shown that the thoracic aorta
shows stiffer behaviour with age. Other studies on age dependency can
be found in Refs. [119,120].

In another study, a combination of Fung-type (exponential) [121]
and neo-Hookean strain energy density models was used by Holzapfel
[117] which proposed a new approach for determining arterial wall
material characteristics from uniaxial tests. Fig. 8 shows the histological
images of circumferential strips of intima, adventitia and media layers
indicating that collagen fibres are wavily distributed in the adventitia
layer while are almost linearly distributed in intima; it was shown
that the presented model is capable of modelling the characteristics of
arterial walls (Fig. 9).

An advanced hyperelastic model of aortic tissue based on mi-
crostructural characterisation was developed by Amabili et al. [122].
Second-harmonic generation images were used to illustrate the hetero-
geneity of the structure for each layer (Fig. 10) and the in-plane and

Fig. 7. (a) Donor’s aorta, (b) axial strips of the layers, and (c) the stress–strain results for the circumferential and axial strips of each layer [113].
Source: Permission obtained from Elsevier.
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Fig. 8. Histological images of intima, adventitia and media layers [117].
Source: Permission obtained from Elsevier.

Fig. 9. Comparison of the uniaxial experimental testing on the artery layers with the ones obtained using the model presented in [117].
Source: Permission obtained from Elsevier.

out-of-plane fibre distributions were obtained experimentally and fitted
theoretically. Results show that a single family of dispersed collagen
fibres is suitable to model the collagen in each aortic layer. Lateral
interactions and cross-link of collagen fibres were taken into account by
introducing a second family of fibres which is orthogonal to the main

one. It was shown that this advanced model is capable of accurately
predict the stress–strain result of uniaxial testing of the intima, media
and adventitia layers of human aortas (Fig. 11).

To have an appropriate mechanical design of aortic prostheses,
Breslavsky and Amabili [123] modelled arteries using a shell
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Fig. 10. Second harmonic generation image of an in-plane section of the (a) adventitia (b) intima and (c) media layers with the in-plane and out-of-plane fibre distribution [122].
Source: Permission obtained from Elsevier.

deformation model with 8 kinematic parameters. The artery was mod-
elled as a three-layer orthotropic incompressible material in the frame-
work of the Gasser–Ogden–Holzapfel model [124]. Since the cur-
rent aortic prostheses are stiffer leading to overloading the heart’s
work [125] and oscillations [126], this study was a step forward in ac-
curately modelling arteries as the commercial finite element programs
do not take into account the thickness deformation.

The effect of the contraction of the vascular smooth muscle in
arteries increases the wall stiffness. Franchini et al. [127] introduced
the first anisotropic hyperelastic model to take into account the vascu-
lar smooth muscle activation in both longitudinal and circumferential
directions. Their model is capable of fitting with great accuracy exper-
imental results on tensile tests of human aortic strips in passive and
active conditions (i.e. with vasoactive agents).
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Fig. 11. Stress–strain result of uniaxial testing of the adventitia, intima and media layers with the fitted advanced hyperelastic model given by Amabili et al. [122].
Source: Permission obtained from Elsevier.

2.3. Hyperelastic models of the cartilage and ligament tissues

Cartilages located at the end of long bones of both humans and
animals also have a non-linear elastic behaviour when confronting
mechanical loadings. Since the weight of the body has a direct effect
on these parts, it is important to study the mechanical responses under
different conditions. Since articular cartilages repair slowly (due to
not having an active blood supply), it is important to have a bet-
ter understanding of their mechanical properties and differentiate the
healthy cartilage from the injured ones (injuries such as osteoarthritis,
costochondritis, herniation, achondroplasia and malignant [128–130]).

To this end, Lee et al. [131] studied the mechanical characteristics
of articular cartilages in the framework of hyperelasticity. Equine ar-
ticular cartilages were sampled from horses of different ages, weights,
sexes and breeds, and the hyperelasticity of the cartilage was modelled
via Ogden’s strain energy density model. It was found that variables
such as age, weight, sex and breed do not play a significant role in
varying the hyperelastic mechanical behaviour of such structures.

Since articular cartilages show different collagen arrangements
through the thickness (Fig. 12), Federico et al. [132,133] extended the

works on articular cartilage by presenting an analytical approach for
modelling the presence of collagen fibres in the framework of nonlinear
elasticity. The advantage of this model was that it could analyse the
structure with any type of fibre arrangement.

Deneweth et al. [134] focused on simulating the strain behaviour
of humans’ articular cartilage. Three different eight-chain hyperelas-
tic models were investigated [135–138] to simulate the mechanical
behaviour appropriately. It was claimed that the eight-chain trans-
versely isotropic network with freely jointed chains [138] had an
excellent fit for the experimental testing data. Results of the nonlinear
stress–strain behaviour of articular cartilage under pressure obtained
by experimental testing and the theoretical model fitting are presented
in Fig. 13.

To have a proper understanding of osteoarthritis, Brown et al. [15]
examined the load–displacement behaviour of both healthy and os-
teoarthritic articular cartilages. Various hyperelastic strain laws were
examined to find the best fit indicating that the Yeoh and Mooney–
Rivlin models present the best fit for both healthy and osteoarthritic
articular cartilages.

Ligaments, which operate as hyperelastic tissue for bone connection,
have been investigated using theoretical hyperelastic theories. Huang
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Fig. 12. Collagen arrangement of articular cartilage in-depth direction [132].
Source: Permission obtained from Elsevier.

Fig. 13. Nonlinear stress–strain behaviour of articular cartilage under compressive
force with fitted hyperelastic models [134].
Source: Permission obtained from Elsevier.

et al. [139] examined the mechanical characterisation of the periodon-
tal ligament, which is the connection between the alveolar bone and
the tooth. Hyperelasticity was modelled using an exponential model
for strain energy density provided in [140]. It was shown that the
simulated model and experimental results are in close agreement and
the mechanical model was verified. Fig. 14 shows the experimental
setup and the stress–strain behaviour of the periodontal ligament.

Human spine ligaments (Fig. 15(a)) have been analysed by Jiang
et al. [141] in the framework of hyperelasticity and viscoelasticity.
The neo-Hookean strain energy density model was used to model the
substance matrix and a polynomial function for the collagen fibre.
It was shown that the model was capable of fitting the stress–strain

behaviour of human spine ligaments. Besides, it was shown that for
low strain rates, the visco-hyperelastic modellings give similar results
as the hyperelastic model (Fig. 15(b)).

2.4. Hyperelastic models of the liver tissue

Liver, as the main body part filtering the blood, has also attracted
the attention of researchers for accurate modelling. Since the mechan-
ical behaviour of an unhealthy liver can change significantly due to
diseases such as Hepatitis, Cirrhosis, and fatty liver [142,143], mod-
elling their mechanical characteristics using a hyperelastic model can
improve our understanding of the liver tissues.

Focusing on liver surgery simulation, Marchesseau et al. [144]
modelled the mechanical hyperelastic behaviour of livers. The liver
was modelled via the Arruda–Boyce hyperelastic strain energy model
and porosity. It was shown that the multiplicative Jacobian energy de-
composition method is capable of modelling the strains of the structure
with coarse meshing. Madireddy et al. [145] examined the mechanical
deformation of bovine liver tissue using experimental observations
and hyperelastic laws. Ogden, exponential and Mooney–Rivlin strain
energy density models were utilised to track the hyperelasticity of
the structure. It was indicated that the two and three-term Ogden
models provide good fits, qualitatively. Li et al. [146] studied the
mechanical characteristics of sectioned liver samples under loading.
Both viscoelasticity and hyperelasticity effects were considered for
theoretical modelling using Ogden, neo-Hookean and Mooney–Rivlin
strain energy density models, alongside Maxwell, Kelvin–Voigt and
combination viscoelasticity models giving an accurate model of the
nonlinear stress–strain behaviour of the liver. Estermann et al. [147]
examined the hyperelastic and viscoelastic behaviour of bovine and
porcine livers by performing uniaxial testing on samples (Fig. 16).
By fitting the results with different hyperelastic strain energy density
models, it was shown that the most and least accuracy were seen for
the Yeoh and neo-Hookean models, respectively (Fig. 17).

2.5. Hyperelastic models of the skeletal muscle tissue

Skeletal muscles, which play an important role in body motions, also
indicate hyperelastic behaviour while undergoing mechanical loadings.
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Fig. 14. The (a) experimental setup and (b) load–displacement curve for the periodontal ligament and the hyperelastic fitted model [139].
Source: Permission obtained from Elsevier.

Understanding the mechanical behaviour of skeletal muscles can help
researchers in analysing sports injuries.

Focusing on body injury simulations, Lu et al. [148] investigated
the behaviour of skeletal muscles by using experimental data from
the rabbit tibialis anterior muscle and the neo–Hookean strain energy
density model for theoretical analysis. It was claimed that the model
was capable of simulating different strain rates and could be useful in
simulating human body injuries in car accidents and sports injuries.
Jalal and Zidi [149] examined the mechanical behaviour of skeletal
muscles at −80 ◦C under cryopreservation conditions. The first-order
Ogden’s model, in conjunction with the second-order Maxwell’s model,
was utilised to model the tissue under uniaxial testing. It was shown
that both the tension and the compression behaviour of the tissue varies
considerably under cryopreserved conditions. Fig. 18 shows the stress–
stretch fit of the tissue samples in cross fibre direction using the first
order Ogden’s model and experimental data.

An in vitro study on bovine skeletal muscles was performed by
Hashemi et al. [150] to determine the passive skeletal muscle’s be-
haviour. Using a genetic algorithm optimisation method, Helmholtz
free energy function, and a three-dimensional hyperelastic model [151],
the theoretical model of the stress–stretch behaviour of the skeletal
muscle was obtained. It was shown that the skeletal muscle shows a toe
region, linear elastic region and a nonlinear region before the rupture
point. It was also mentioned that the linear region is mostly very small

which emphasises the necessity of having a nonlinear elastic model of
the skeletal muscle.

2.6. Hyperelastic models of the skin tissue

Skin is the largest organ of the human body facing different me-
chanical conditions. It is important to understand its behaviour to
avoid any damage such as through contact with microneedles, micro-
projection arrays, micro-indenters and micro-particles as analysed by
Meliga et al. [152]. Experimental testings have shown that human
skin acts as an incompressible anisotropic material [3,153–155] which
requires accurate modelling.

For uniaxial loading, Shergold et al. [156] examined the high and
low strain rates of the skin. Pigskin was used for experimental analysis
and the one-term Ogden hyperelastic model was used to model the
mechanical behaviour theoretically. It was shown that the one-term
Ogden strain density function was capable of modelling both the axial
tensile and the compression behaviour of skin undergoing uniaxial
loading.

Concentrating on humans’ skin, Groves et al. [157] studied the
mechanical characteristics of human skin via the exponential model of
hyperelastic strain energy presented by Weiss et al. [158]. Compared
with murine skin, it was shown that human skin can respond differently
while facing low loads.
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Fig. 15. (a) Sagittal section of spinal ligaments and (b) stress–stretch curve of the uniaxial test on the spine ligaments [141].
Source: Permission obtained from Elsevier.

In vivo experimental measurements and hyperelastic modelling of
human skin with a keloid scar (Fig. 19a) have been investigated by
Sutula et al. [159] and Chambert et al. [160]. The neo-Hookean strain
energy density model was used to model the skin and keloid. It was
shown that the given model was capable of accurately modelling the
force–displacement of the keloid skin (Fig. 19b).

2.7. Hyperelastic models of the calcaneal and heel pad tissue

Heel pads hold the pressure of the human body’s weight, which
places it at risk of mechanical trauma. To accurately model the hy-
perelastic behaviour of heel pad tissues (Fig. 20a), Natali et al. [161]
studied the visco-hyperelastic behaviour of human heel pads using both
in vitro and in vivo testings. A constitutive model was presented using
the Helmholtz free energy function and the hyperelastic model was pre-
sented as a combination of exponential and polynomial formulations.
It was shown that the model was capable of tracking the stress–stretch
behaviour of the heel pad tissue with different strain rates (Fig. 20b).
For sub-calcaneal under compression, Isvilanonda et al. [162] utilised

first and second-order Ogden hyperelastic strain energy density models
to track the stress–strain behaviour. Coefficients for both types of
modelling were presented for accuracy.

To understand the risk of mechanical trauma and overloading,
Behforootan et al. [163] examined the mechanical behaviour of the
heel pad under compression loading. Three different strain energy
hyperelastic models (the neo-Hookean, first-order Mooney–Rivlin and
first-order Ogden models) were used and it was claimed that the first-
order Ogden method is capable of modelling the heel pad accurately,
and that changing the stress–strain behaviour could affect the loading
distribution through the heel pad which could cause trauma.

2.8. Hyperelastic models of the tongue tissue

The tongue has a valuable role in the digestive system, tasting
food and cleaning the mouth which can confront different loads. The
mechanics of tongue and properly simulating the muscles has become
an important topic for speech production studies [164–167].

Examining hyperelasticity behaviour, Yousefi et al. [168] con-
sidered the mechanical properties of the tongue by experimentally
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Fig. 16. Liver of (a) bovine and (b) porcine, and (c) the experimental setup for analysing the uniaxial hyperelastic behaviour of the samples [147].
Source: Permission obtained from Elsevier.

Fig. 17. Stress–strain modelling of liver samples using different hyperelastic
samples [147].
Source: Permission obtained from Elsevier.

analysing bovine tongue tissue facing a uniaxial loading test (Fig. 21a),
and theoretically modelling via the visco-hyperelastic model presented
in [169]. It was indicated that for large deformations, the proposed
finite element model (FEM) is capable of modelling the experimental
data. Fig. 21(b) shows the stress–stretch behaviour of superior longi-
tudinal muscle of bovine tongue with different fibre directions with a
fitted hyperelastic model.

Gérard et al. [170] examined the non-linear elasticity of human
tongues. An experimental uniaxial compression testing was performed
(Fig. 22(a)) on a tongue of a cadaver 74-year-old woman and the hyper-
elastic behaviour was modelled theoretically by assuming the tongue
incompressible using a Yeoh’s strain energy density model. It was
shown that the model is capable of modelling the force–displacement
behaviour of different parts of the tongue (Fig. 22(b)).

Fig. 18. The stress–stretch fit of the tissue samples in cross fibre direction using the
first order Ogden’s model and experimental data [149].
Source: Permission obtained from Elsevier.
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Fig. 19. (a) Keloid and in vitro experimental setup, and (b) load–displacement curve for the keloid and the hyperelastic fitted model [159].
Source: Permission obtained from Elsevier.

Ou et al. [171] examined the mechanical properties of tongues for
reaching a better understanding of obstructive sleep apnoea–hypopnoea
syndrome (OSAHS). The Mooney–Rivlin hyperelastic law together with
the generalised Maxwell model was employed for fitting the stress–
strain behaviour of different regions of tongues. They have shown that
the stress–strain behaviour of samples from the apex, body and the root
of tongue in longitudinal and transverse directions have good fit with
the obtained results from the developed hyperelastic model.

2.9. Hyperelastic models of the adipose tissue

Adipose tissues can be found under the skin, in organs and breast
tissue. They show non-linear elastic behaviour while being under load.
Omidi et al. [172] presented a comprehensive study of decellularised
adipose tissue of different parts (breast, abdomen, pericardial, omen-
tum and thymic tissues) (Fig. 23) using various hyperelastic strain

energy models. For each decellularised adipose sample, hyperelastic
coefficient terms were found using Ogden, Arruda–Boyce, Yeoh and the
polynomial model by comparing the results with experimental data.

Sun et al. [173] examined human adipose tissues under different
types of shear and compression loadings. It was claimed that the
adipose tissues show an isotropic behaviour under high strain rates
and large deformations and their mechanical characteristics can be
modelled using a quasilinear viscoelasticity model together with the
Ogden strain energy density model (Fig. 24).

Breast tissue contains 90 percent adipose tissue [174,175] which
properly modelling the mechanical properties of this tissue can sig-
nificantly help in understanding the stress distribution in breast for
industrial purposes (such as sports bra designing [176,177]) and med-
ical treatment (diagnosis and surgery [178,179]). Breast tissue also
shows a nonlinear viscoelastic behaviour which has been modelled and
examined by researchers in the framework of hyperelasticity.
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Fig. 20. (a) Histological image of human heel pad for different sections, and (b) the stress–stretch behaviour of human heel pad for different strain rates with a fitted hyperelastic
model [161].
Source: Permission obtained from Elsevier.

For differentiating healthy and cancer breast tissues, O’Hagan and
Samani [180] tested the hyperelastic behaviour of forty-four breast
tissue samples (ex vivo) and used different hyperelastic strain energy
models to fit the experimental results. It was shown that the Ogden,
Yeoh and polynomial hyperelastic laws show the best fit for modelling
breast tissues. Besides, it was emphasised that the cancer breast tissues
have considerably different hyperelastic coefficients. In another study
by Dempsey et al. [11], the hyperelastic properties of seventy-two
healthy breast samples were tested fitted with hyperelastic laws of
Polynomial, Ogden, Yeoh, and Veronda–Westmann [140]. It was shown
that the nonlinear force–displacement behaviour of the adipose and
fibro-glandular is insignificantly different and can be modelled in a
mixed model (Fig. 25).

3. Mechanics of hyperelastic structures

Another important matter in hyperelasticity analysis is properly
modelling the mechanical behaviour of soft structures. Since hypere-
lastic structures are used for industrial needs such as packaging [181–
184], belt operating systems [185,186], and soft robotics [187–190],
accurately modelling their mechanics have been a challenging task for
researchers. In this review, the mechanics of soft structures is presented
in two subsections for beam-type structures (beams, columns, tubes and
arches) and plate-type structures (plates, shells and membranes).

3.1. Hyperelastic beams, columns, tubes and rings

Beam-type hyperelastic structures are used for different applications
which makes it important to comprehend their mechanical behaviour.
For this part of the review, the mechanics of beam-type hyperelastic
structures are divided into two subsections providing the static defor-
mation and buckling analysis. A fundamental study on modelling the
elastic deformation of structures can be found in Ref. [83] .

3.1.1. Nonlinear static deformation analysis
For the case of static analysis, Irschik and Gerstmayr [191,192]

presented a continuum mechanical model of the hyperelastic Reissner
model of shear deformable beams, and analysed bending and axial
deformations. The constitutive stress–strain relationship was assumed,
as presented in Ref. [193] for isotropic hyperelastic beams. Since the
model included the notation of strain and stress, it was claimed that
the model was more comprehensive than the Reissner model [194],
and therefore applicable for modelling of such structures.

Circular cylindrical hyperelastic blocks have been studied by Sheikhi
et al. [195] using the Mooney–Rivlin, neo-Hookean, Arruda–Boyce,
and polynomial hyperelastic laws. It was shown that the theoretical
modelling of the structure using the left Cauchy–Green tensor definition
has a close agreement with those obtained from FE software.

Hyperelastic beam structures strengthened with longitudinal fibres
have been investigated by Bacciocchi and Tarantino [196] by consid-
ering the anticlastic effect. The structure was modelled as a transverse
isotropic beam following the proposed models in Refs. [197,198]. It
was claimed that the developed model has good accuracy in modelling
many structural systems with application in soft robotics. They [199]
also analysed the bending behaviour of laminated hyperelastic beams
using the compressible Mooney–Rivlin law.

Jiang and Yu [200] extended the variational asymptotic beam
model for hyperelastic beams and different cases were discussed to
validate the theory. It was claimed that the model was suitable to
be used as an accurate tool for testing experiments. Lanzoni and
Tarantino [201,202] presented the anticlastic bending behaviour of
beams in the framework of hyperelasticity. The Mooney–Rivlin strain
energy density was used to model hyperelastic behaviour. Martins
et al. [203] examined the uniaxial tensile behaviour of silicone rubbers
and the accuracy of hyperelastic models in simulating the experimental
results. It was found from all seven of the hyperelastic strain energy
models that the best correlation was observed in the Ogden, Yeoh,
and Martins models. Moreover, it was indicated that since biological
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Fig. 21. (a) Bovine tongue with the uniaxial experimental setup, and (b) stress–stretch curve of the superior longitudinal muscle of bovine tongue with different fibre directions
with a fitted hyperelastic model [168].
Source: Permission obtained from Elsevier.

tissues are not as homogeneous as elastomers, the hyperelastic models
are more capable of modelling the rubbery structures.

For the case of having both hyperelasticity and viscoelasticity in
modelling the beam structures, Shojaeifard et al. [204] examined
the bending behaviour of soft beam structures. The visco-hyperelastic
constitutive model was taken from Ref. [205]. Cantilever hyperelastic
beams subjected to an extremely large bending deformation were
studied by Falope et al. [206]. The theoretical model developed in
Ref. [201] was employed and the effect of the slenderness ratio and
the compactness index on the static behaviour of the structure was
analysed.

As the displacements and strains are considerably higher in such
structures, consideration of the shear effect when modelling hyperelas-
tic structures has been a source of debate for researchers. He et al. [207]
considered the thickness stretching effect for shape deformation analy-
sis of hyperelastic beams. Considering the plane-strain Euler–Bernoulli
beam model, in conjunction with a neo-Hookean strain energy density

model, an analytical solution for pure bending and uniform tension was
presented. It was elucidated that for simply-supported beams under
large loading, the membrane model is applicable and the stretching
deformation is dominant. Zhu et al. [208] discussed the displacement
field equations and models. It was emphasised that the small-strain
assumption in classic beam theory and the first-order asymptotic ex-
pansions presented in Refs. [209,210] are not capable of modelling
hyperelastic behaviour in beams since the shear strain effect is ne-
glected. Furthermore, it was discussed that although the coupled series
expansions presented in Ref. [211] could be applied for hyperelasticity,
the equation and calculations will be too long. Hence, a new leading
order model for finite deformations was introduced [208] in which the
Poisson’s ratio effect was added directly to the displacement equations.
The nonlinear time-dependent motion of hyperelastic beams has been
controlled by Mylapilli and Udwadia [212] using a constrain motion
theory.
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Fig. 22. (a) Uniaxial compression experimental setup on human tongues, and (b) the force–displacement behaviour of different parts of the tongue with a fitted hyperelastic
model [170].
Source: Permission obtained from Elsevier.

Hyperelastic and linear-elastic circular rings have been examined by
Breslavsky et al. [213] as a benchmark for FE codes. The hyperelastic-
ity was modelled using the incompressible neo-Hookean hyperelastic
strain energy density model and the results were compared with those
obtained from FE software. It was shown that ANSYS and ABAQUS
provide accurate results for the nonlinear elastic material model of
the neo-Hookean model (Fig. 26) but the linear elastic model for
large strains is not accurate. Wang et al. [214] studied the radial
and axial nonlinear motions of cylindrical tubes by using an isotropic
compressible neo-Hookean model and travelling wave transformations.

Other investigations into hyperelastic beam-type structures for different
conditions can be found in Refs. [215–224], discussing the importance
of modelling the bending behaviour of hyperelastic beam structures
accurately.

3.1.2. Nonlinear buckling analysis
The importance of understanding the buckling behaviour of hyper-

elastic beam-type soft structures has drawn a lot of attention. Since hy-
perelastic structures undergo large strains and deformations, buckling
is an important phenomenon which must be analysed. For this reason,
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Fig. 23. (a) Histological and SEM images from decellularised (a) breast, (b) thymic remnant, (c) pericardial depot, (d) omentum, and (e) subcutaneous abdominal region adipose
tissues [172].
Source: Permission obtained from Elsevier.

Liu [225] studied the axial and transverse buckling of hyperelastic
rubber tubes. Continuum mechanics definitions and the hyperelastic
strain energy function were utilised to model the buckling behaviour. It
was shown that the transaction between axial and transverse buckling
occurs when the inner to outer radii ratio is 0.6716.

Slesarenko and Rudykh [226] analysed the appearance of instabil-
ities in fibre-reinforced composites using neo-Hookean strain-energy
function and Bloch–Floquet analysis. It was shown that depending on
the fibre’s volume fraction and based matrix properties, the unit cell
can undergo macroscopic or microscopic instabilities. Fig. 27 shows
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Fig. 24. Compression and shear analysis of adipose tissues with a visco-hyperelastic fit [173].
Source: Permission obtained from Elsevier.

Fig. 25. The nonlinear force–displacement behaviour of the adipose, fibro-glandular and mixed breast tissue with hyperelastic model fits [11].
Source: Permission obtained from Elsevier.

Fig. 26. Comparison of the displacement-pressure behaviour of hyperelastic rings subjected to (a) radial pressure, and (b) displacement-dependent pressure using the nee-Hookean
material model and FE software [213].
Source: Permission obtained from Elsevier.

the buckling modes for different fibre volume fractions [226]. Arora
et al. [227] improved the instability and buckling behaviour of hyper-
elastic layered composites by having inhomogeneous interphases.

Flores et al. [228] modelled the post-buckling behaviour of carbon
nanotubes (CNTs) via hyperelasticity. The nonlinear elasticity was mod-
elled using the first-term Ogden strain density model by considering the
CNT as an incompressible structure. It was found that the main defor-

mation and post-buckling responses of single-walled CNT structures are
properly modelled with a hyperelastic Ogden model.

Soft wide columns with hyperelastic behaviour have been inves-
tigated by Chen and Jin [229,230] for analysing the snapping-back
instability. Experimental testing and neo-Hookean continuum mechan-
ics have been carried out to model the buckling response. It was
claimed that due to the hysteresis behaviour of such structures in
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Fig. 27. Buckling modes of fibre reinforced columns with fibre volume fractions from
left to right 0.02, 0.01, 0.005, and 0.001 [226].
Source: Permission obtained from Elsevier.

Fig. 28. Force–deformation behaviours of a column under compression loading [229].
Source: Permission obtained from Elsevier.

force–displacement plots, such structures could be useful elements in
energy harvesters. The force–deformation behaviour of the structure
can be seen in Fig. 28. Attard and Hunt [231] investigated the buckling
behaviour of shear deformable hyperelastic columns. A neo-Hookean
strain energy density model was employed to model the hyperelasticity
behaviour, while the transverse shear effect was modelled via the
Timoshenko beam theory. As opposed to previous studies, they [231]
claimed that the shear buckling mode does not exist for prismatic
isotropic columns. Attard and Kim [232,233] also investigated the lat-
eral buckling of prismatic and sandwich soft beams claiming that most
prismatic straight isotropic beams’ lateral behaviours are unaffected by
shear deformation.

3.2. Hyperelastic plates, shells and membranes

Plate-type hyperelastic structures including soft plates, shells and
membranes have been examined by many researchers in both static
deformation analysis and buckling/wrinkling analysis. In this section,
a detailed discussion of available studies in this field is given in
two subsections of nonlinear static deformation analysis and nonlinear
buckling analysis.

3.2.1. Nonlinear static deformation analysis
For hyperelastic structures facing rigid body loading, Pamplona

et al. [234] analysed the static vertical displacement of a circular
membrane under the external load of a rigid body. Experimental test-
ing, numerical modelling and analytical analysis were performed to
study the problem. It was found that the incompressible neo-Hookean
hyperelastic strain energy model provided a good approximation of
the actual model. Selvadurai [235] examined the indentation of a
circular rubber membrane acting upon an external rigid spherical in
the framework of hyperelasticity. It was shown that the hyperelastic
models, named Blatz-Ko and Mooney–Rivlin, have the most correlation
with the actual experimental test results.

Pressure loading on hyperelastic structures with several applications
in biomechanics [236] has been studied over the past few years.
For air pressure loading, Pamplona et al. [237] examined the finite
deformations in hyperelastic cylindrical membranes acting upon air
pressure inside the structure. Three different constitutive laws were
utilised for modelling the hyperelastic behaviour and the coefficients
for neo-Hookean, Ogden and Mooney–Rivlin models were obtained via
the experimental testing results. Similarly, for fluid pressure loading,
the static deformation of hyperelastic circular membranes has been
examined by Selvadurai and Shi [236]. By comparing these with the
experimental tests, it was shown that Mooney–Rivlin, neo-Hookean,
Ogden and Yeoh strain energy density models are capable of modelling
the hyperelasticity of the rubber membrane.

Furthermore, Patil and DasGupta [238] studied the effect of initial
pressure and pre-stretch on the static deformation of circular hyperelas-
tic membranes. Hyperelasticity had been modelled using the Mooney–
Rivlin strain energy density model and solved via the Runge–Kutta
method. It was shown that the combination of the base model has
a significant effect on the softening and hardening behaviour of the
structure. Other studies on hyperelastic membranes and plates can be
found in Refs. [239–246], which discuss the importance of modelling
the static deformation via a hyperelastic strain energy density model.

The problem of inflation of balloons and membranes for high
stretches using different hyperelastic theories is a unique problem of
hyperelastic structures which have been examined by researchers in
the past few years. Mangan and Destrade [247] studied the inflation of
rubber balloons both experimentally and theoretically. The nonlinear
elasticity of the spherical balloon was modelled following the Gent-
Gent and 3-parameter Mooney hyperelastic models; it was concluded
that the Gent-Gent hyperelastic model shows the most accuracy in
modelling the inflation of rubber balloons (Fig. 29). Kumar and Das-
Gupta [248] investigated the mechanical response of inflated spherical
membranes in contact with an external object. An isotropic hyperelastic
Mooney–Rivlin model was employed to model the structure and the
contact was assumed to be frictionless and non-slippery; it was shown
that for the same contact angle, the frictionless model has a higher
pressure compared to the non-slip case. Balloon inflation for high
stretches using different hyperelastic theories can be seen in Fig. 30.

3.2.2. Nonlinear buckling analysis
Wrinkling and buckling behaviour of hyperelastic plate and shell

structures have been investigated by several researchers. Zhang et al.
[249] examined the buckling and post-buckling behaviour of hypere-
lastic plates. A simply-supported plate model and one edge clamped
model were used to study post-buckling behaviour. A perturbation
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Fig. 29. Pressure–stretch diagram for the inflation of a spherical balloon using
Gent-Gent and Mooney hyperelastic models fitted with the experimental data [247].
Source: Permission obtained from Elsevier.

technique of the multiple-scale method was used to solve the model.
It was shown that the boundary model has a significant effect on
the order of post-buckling response. Diaby et al. [250] analysed the
prestressed hyperelastic membranes to understand the buckling and
wrinkling behaviour of such structures. The constitutive model was
defined using the Saint-Venant Kirchhoff strain energy model. Different
cases of inflated torus, pinched hemisphere, shear-loaded membrane,
and square airbag were modelled and discussed. It was claimed that
the model was capable of predicting the critical values of wrinkling in
different cases correctly.

Finite element methods have been employed by Xu et al. [251] to
model and study instabilities in hyperelastic thin films using both linear
and nonlinear approaches. It was shown that depending on the ratio
between the thin film and substrate stiffnesses, the bifurcation curves
obtained from the linear elastic model and the neo-Hookean model can
differ significantly (Fig. 31).

The limit-point and inflation-jump instabilities have been examined
by Anssari-Benam et al. [252] using a new generalised neo-Hookean
model for inflation of cylindrical and spherical rubbers. The model
was compared to the Gent strain energy model and it was claimed
that the results were improved using the new generalised neo-Hookean
model and the limit-point and inflation jump instabilities were captured
accurately by fitting to the experimental results (Fig. 32). Nayyar
et al. [253] examined the wrinkling phenomena in uniaxially stretched
rectangular hyperelastic sheets. It was concluded that the wrinkling
phenomena can be suppressed by an optimal design in width-to-length
and thickness terms or by having stretches larger than the critical strain
of the structure.

Buckling in soft structures is not always a failure and in some
cases, it can be seen as a protective mechanism. For instance, Hejazi
et al. [254] examined inflation and appearance of a bugle in hyper-
elastic tubes both theoretically (using Ogden’s strain energy density
model) and experimentally. It was shown that for isotropic hyperelastic
tubes, the build-up stress due to inflation can be reduced by buckling
in the structure (Fig. 33(a)) and can be seen as a protective fail-safe
mechanism (Fig. 33(b)).

Fig. 30. Differences between the neo-Hookean and Mooney–Rivlin models for (a)
pressure and (b) axial stress in balloon inflation for high stretches and (c) schematic
view of the balloon [239].
Source: Permission obtained from Elsevier.

Inflated and pressurised hyperelastic spherical structures have also
been examined in the past few years. Jiusheng [255] investigated
the stability of internally pressurised spherical shells using the neo-
Hookean strain energy density model. it was shown that increasing
the thickness of the shell leads to higher critical pressure (Fig. 34)
and passing this pressure, the shell becomes highly aspherical and
unstable. Rodríguez-Martínez et al. [256] investigated the stability of
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Fig. 31. The linear elastic and hyperelastic modelling of bifurcation curves of equi-biaxially compressed soft films on a rubberlike compliant substrate with a stiffness ratio of
30 [251].
Source: Permission obtained from Elsevier.

Fig. 32. Comparison of the new generalised neo-Hookean model and Gent model in fitting experimental pressure–stretch curve [252] (This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/)).

inflated spherical hyperelastic membranes using six different strain
energy density models. It was shown that the Yeoh and three-term
Ogden model show a stable branch first followed by an unstable branch
and another stable branch while the two-term Ogden model shows a
consistent stable behaviour with the variation of the circumferential
stretch (Fig. 35).

4. Summary and conclusions

This review paper focused on clarifying the importance of having
an accurate model of hyperelastic structures in two main subjects of
mechanics and biomechanics. A detailed introduction was provided
to show the importance of this research topic followed by a compre-
hensive discussion on literature using over 250 research works until
2022.

One of the essential applications for hyperelastic theoretical mod-
elling is in biomechanical studies. Since almost all the human body or-
gans demonstrate hyperelastic behaviour, the importance of accurately

modelling and simulating the organs’ behaviours becomes important in
different medical analyses, especially for failure prediction, surgery and
identifying healthy from unhealthy (tumour, cancer etc.) parts. In this
review, the hyperelastic biomechanics of organs were divided into sub-
sections by organ type. The application of different hyperelastic strain
energy models and their capability of modelling the soft mechanical
behaviour of the body parts was discussed in detail. By reviewing the
literature, it was shown that each organ has its significant hyperelastic
behaviour, and that the suitable hyperelastic strain energy density
model can vary between organs. Most studies on the hyperelastic
biomechanics of organs were focused on in vitro tests. The importance
of having accuracy in modelling organs was considerably higher when
the living organism was studied fresh and the errors in the systems
could increase by having in vivo examinations alone [257]. Besides, the
accurate developed models in research works in this field emphasise
the capability of improving the quality of prosthesis following the
hyperelastic characteristics of real human biological tissues.

Since soft structures have been used in many applications includ-
ing packaging, belt operating systems, and soft robotics, a detailed
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Fig. 33. The (a) tension-radial stretch graph for inflated hyperelastic tube membrane showing bulge initiation, rupture and buckling phenomena and (b) buckling-rupture failing
map of the studied inflated balloon showing safety in buckling region [254].
Source: Permission obtained from Royal Society.

Fig. 34. Critical pressure value of inflated shells with different thicknesses [255].
Source: Permission obtained from Elsevier.

review on the mechanics of hyperelastic structures was presented in
this study. By looking at the previous studies in this field, it can be
seen that different types of hyperelastic structures were analysed by

Fig. 35. Pressure–stretch (circumferential stretch) curve of inflated spherical mem-
branes for Yeoh, two-parameter and three-parameter Ogden strain energy density
models [256].
Source: Permission obtained from Elsevier.

researchers for both static and stability analyses. Based on the struc-
ture type, hyperelastic strain energy density models were employed in
which most of the studies used the neo-Hookean strain energy density
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model as it provides a simple definition of nonlinear elasticity. Since
modelling hyperelastic structures requires considering both material
and geometrical nonlinearities, theoretical models of such structures
require considerably more time for solving compared to linear elastic
structures. Most of the studies on the mechanics and biomechanics
of hyperelastic structures were presented in the last few years and
there is still a significant gap in comprehending their mechanical
behaviour in different applications which demonstrates the importance,
and demands the necessity of more research studies on this topic.
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2.2 A review on the nonlinear dynamics

of hyperelastic structures

Overview

This section of Chapter 2 presents a comprehensive literature review of the nonlinear
dynamics of hyperelastic structures. Previous studies of hyperelastic structures are
classified based on the timeline, showing significant growth and the importance of
undertaking this review. A brief explanation of some well-known isotropic hypere-
lastic strain energy formulations is given, showing the sensitivity of each model in
predicting hyperelastic behaviour. A detailed analysis of the nonlinear dynamics of
polymeric structures is presented afterwards, showing the current state of research
in this field. This literature review is published and available online as: Khaniki,
H.B., Ghayesh, M.H., Chin, R. & Amabili, M., (2022). A review on the nonlinear
dynamics of hyperelastic structures. Nonlinear Dynamics, 110, 963–994.
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Abstract This paper presents a critical review of the

nonlinear dynamics of hyperelastic structures. Hyper-

elastic structures often undergo large strains when

subjected to external time-dependent forces. Hypere-

lasticity requires specific constitutive laws to describe

the mechanical properties of different materials, which

are characterised by a nonlinear relationship between

stress and strain. Due to recent recognition of the high

potential of hyperelastic structures in soft robots and

other applications, and the capability of hyperelastic-

ity to model soft biological tissues, the number of

studies on hyperelastic structures and materials has

grown significantly. Thus, a comprehensive explana-

tion of hyperelastic constitutive laws is presented, and

different techniques of continuum mechanics, which

are suitable to model these materials, are discussed in

this literature review. Furthermore, the sensitivity of

each hyperelastic strain energy density function to

coefficient variation is shown for some well-known

hyperelastic models. Alongside this, the application of

hyperelasticity to model the nonlinear dynamics of

polymeric structures (e.g., beams, plates, shells,

membranes and balloons) is discussed in detail with

the assistance of previous studies in this field. The

advantages and disadvantages of hyperelastic models

are discussed in detail. This present review can

stimulate the development of more accurate and

reliable models.

Keywords Nonlinear dynamics � Hyperelasticity �
Hyperelastic beams � Hyperelastic plates �
Hyperelastic shells � Nonlinear elasticity

1 Introduction

Hyperelastic structures often undergo large strains

when subjected to external forces. The stress–strain

relation in such structures is highly complicated,

making the linear stress–strain relationship and linear

elastic models invalid for simulating their mechanical

behaviour. The hyperelastic behaviour can be seen in

different soft structures such as rubbers, foams and

human body organs. Along with understanding the

characteristics of such structures, having accurate

modelling of hyperelastic structures could also
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provide us with further potential applications in

different fields.

1.1 Necessity for this review

By analysing the available database in Scopus on

hyperelasticity, the significance of the dialogue

between scientists and researchers on this topic was

obtained. Figure 1a demonstrates the number of

published works on hyperelasticity from 1990 to

2020. It can be seen that, during this period, the

number of published papers on this subject has

increased noticeably, reaching more than 1100

research studies published in 2020 alone.

Moreover, analysing the mechanical behaviours

(bending, buckling and vibration) of hyperelastic

structures (e.g. beams, plates, shells and membranes)

shows the same incremental trend indicated in Fig. 1b;

from which it can be seen that many studies on

hyperelasticity are focused on the mechanics of such

structures. The phenomenal growth of studies on this

subject clarifies the importance of having a systematic

literature review to summarise the achievements to

date on this topic.

1.2 Applications of hyperelastic structures

In general, soft structures present hyperelastic beha-

viours while confronting different conditions. One of

the main applications of hyperelastic structures is soft

robotics [1–3]; since soft structures can provide

higher-order degrees of freedom, movement in robotic

(a)

(b)

Fig. 1 Tables for the

number of documents from

1990 to 2020 on

(a) hyperelasticity and

(b) hyperelastic beams,

plates and shells
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parts could potentially become more smooth than

when using rigid and/or firm structures.

Robotic rehabilitation systems for stroke patients

can be significantly improved by using soft robotic as

they can provide a smooth motion with a safer

operation [4]. For instance, soft robotic gloves are

capable of helping patients with muscular dystrophy,

amyotrophic lateral sclerosis or post-stroke hand

function assistance [5–8]. In the work presented by

Polygerinos et al. [4], a soft robotic glove is presented

to study the hand and fingers’ joint motion. In their

model, the different mechanical behaviours of bend-

ing, twisting and extensions of soft beam-shaped

structures were obtained.

Developing soft structures to explore unknown

environments is another important application of

hyperelastic structures as it can tolerate different types

of loadings and impacts. In a study done by Antol et al.

[9], it is shown that expensive wheel rovers can be

replaced with tumbleweed rovers for Mars explo-

ration. In another study, Trivedi et al. [10] used

hyperelastic tubes for soft robotic modelling of Oct-

Arm.

Besides, soft robots made of hyperelastic materials

have been used for sensing and monitoring environ-

ments. For example, a dragonfly-inspired soft robot

(DraBot) has been fabricated for measuring the

contaminants (such as the presence of oil), pH, and

temperature of water surfaces [11–13].

The application of hyperelastic structures in soft

robotics has reached a turning point with the capability

of 3D printing and the utilisation of soft actuators

[14–16]. Hyperelastic structures also have other types

of applications, of which some of the main ones are

wearable devices [17], stretchable electronics [17],

biomedical engineering [17], and energy harvesters

[18, 19].

Figure 2 presents a simple robot that is capable of

crawling using twisted and coiled actuators [20]. This

simple model has been fabricated using hyperelastic

beams, and the smooth motion of the robot was

obtained by bending. Figure 3 also presents some

useful examples of soft structures as actuators in soft

robotics, which can be used for grabbing, twisting,

motion, lifting and other purposes [15].

Another application of soft structures can be found

in belt operating systems. Belt conveyor systems are

mainly used for power transmission from the driving

pulley to the driver one in different engineering fields

[21–23].

Layered hyperelastic structures have been used for

packaging, especially food industry, as a soft safe

layer is required for inside and a stiffer layer for

outside. The proper design and material usage are of

high importance as the packaging is around 15% of the

total variable costs [24, 25]. Waste management and

environmentally friendly (biodegradable) packaging

[26–28] are also important topics making the discus-

sion of using proper hyperelastic materials for pack-

aging an ongoing novel research topic.

Since human body organs show nonlinear elastic

behaviour, researchers have worked on fabricating

prosthetics with similar hyperelastic behaviour. Using

hyperelastic structures for firstly modelling the human

body organs and secondly accurately designing

Fig. 2 Schematic view of a crawling robot using soft structures

[20]. (Permission obtained from Elsevier)
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Fig. 3 Actuators made of soft structures with different

purposes: a contractor; b bender; c grabber; d twister [15].

(This article is an open access article distributed under the terms

and conditions of the Creative Commons Attribution (CC BY)

license (https://creativecommons.org/licenses/by/4.0/).)
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prosthetics have been a novel topic for researchers to

invest [29–32].

1.3 Contribution of this paper to the field

The importance of modelling hyperelastic structures

accurately has been discussed in the previous subsec-

tions. It is shown that there has been a considerable

number of researches on hyperelasticity with promis-

ing, growing trends over the past few years. The

demonstration of the high application potential of

these structures in the early years of their development

and their future in engineering design

[14, 15, 20, 33, 34] emphasises the necessity of

having a systematic literature review through the need

for categorisation, discussion and explanation of the

achievements to date. Accordingly, this review

intends to clarify the achievements and goals of this

research field by analysing diverse critical hyperelas-

tic studies in the framework of nonlinear dynamics.

1.4 Structure of this review paper

To present a comprehensive investigation on hyper-

elastic structures, this review is structured in the

following order: as shown in the flowchart of Fig. 4, in

Sect. 1, a brief introduction to hyperelastic structures

is given, indicating the importance of understanding

the hyperelastic mechanical behaviour, emphasizing

the application’s potential and the future of hypere-

lastic structures, and lastly, demonstrating the contri-

bution of this review to this field. In Sect. 2, some

well-known constitutive hyperelastic models for

isotropic soft materials are discussed in detail by

presenting the fundamental continuum mechanics

formulation and definitions related to hyperelastic

behaviour. Some of the well-known techniques and

models in continuum mechanics are then provided,

followed by the sensitivity of the model in tracking

hyperelastic behaviour. In Sect. 3, the application of

the given and other hyperelastic continuum models on

obtaining the nonlinear dynamics of hyperelastic

beam structures is discussed. Section 4 concentrates

on analysing hyperelastic plate and shell structures in

Hyperelas�c
Structures

1. Introduc�on

2. Some cons�tu�ve hyperelas�c 
models for isotropic materials

1.1. Necessity for this review 1.2. Applica�ons of hyperelas�c structures

1.3. Contribu�on of this paper to the field 1.4. Structure of this review paper

2.1. Fundamental 
con�nuum defini�ons

2.2. The neo-
Hookean model

2.3. The Mooney-
Rivlin model

2.4. The Ogden 
model

2.5. The Eight-Chain 
model

2.6. The Polynomial 
model

2.7. The Gent 
model

2.8. The Blatz-Ko 
model

3. Nonlinear dynamics of hyperelas�c beams

6. Summary and conclusions

4. Nonlinear dynamics of hyperelas�c plates and shells

5. Nonlinear dynamics of hyperelas�c membranes and balloons

Fig. 4 Flowchart of the structure of this review
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the framework of nonlinear dynamics. Different plate

and shell theories together with hyperelastic constitu-

tive models are discussed for accurately modelling the

nonlinear dynamics of soft plate and shell structures.

Section 5 presents a detailed explanation on hypere-

lastic models and nonlinear dynamics of soft mem-

branes and balloons using different continuum

mechanics models. Lastly, in Sect. 6, a comprehen-

sive summary of the analysis performed through this

paper is provided, and the achievements and possible

potential for improving the modelling of such struc-

tures are presented.

2 Some constitutive hyperelastic models

for isotropic materials

2.1 Fundamental continuum definitions

In order to define the mechanical characteristics of

hyperelastic structures, there are key continuum

mechanics definitions that must be presented. In

general, the deformation gradient (F) is defined as

[35]:

Fij ¼ dij þ
oui

oxj
;

J ¼ det Fð Þ;

8
<

:
ð1Þ

with J is the determinant of the deformation gradient, d
is the Kronecker delta and ui is the displacement field,

which could be rewritten in the principal directions of

the structures as [36]:

F ¼
k1 0 0

0 k2 0

0 0 k3

2

4

3

5 ! Fij ¼ dijki; ð2Þ

where ki indicates the principal stretch through the

principal direction i, defined as

ki ¼
Li

L0
i

; ð3Þ

with Li and Li.
0 are the deformed and undeformed

lengths of the structure through the i direction,

respectively. Another important definition in describ-

ing hyperelastic structures is the left Cauchy–Green

strain tensor (B) which is [36]

B ¼ F � FT ! Bij ¼ FikFjk ð4Þ

For conventional definitions, the left Cauchy–

Green strain tensor’s invariants are defined as [37]:

I1 ¼
Tr Bð Þ

J
2
3

¼ Bii

J
2
3

;

I2 ¼
1

2
I21 �

BijBji

J
4
3

� �

;

I3 ¼ J2;

ð5Þ

where I1, I2 and I3 are the first, second and third strain

invariants for compressible structures, respectively;

for incompressible analysis, the first and second

invariants will be simplified by having J = 1 and the

third invariant will be equal to 1 (interested readers are

referred to Refs. [38–40] for more information

regarding compressible and incompressible materi-

als). The Green–Lagrange strain–displacement can be

written regarding the deformation gradient as:

E ¼ 1

2
FT F � I
� �

! Eij ¼
1

2
FpiFpj � dij

� �
: ð6Þ

In the case of having principal stretches, invariants

of the left Cauchy–Green strain tensor are:

I1 ¼
k21 þ k22 þ k23

k1k2k3
� �2

3

;

I2 ¼
k21k

2
2 þ k21k

2
3 þ k22k

2
3

k1k2k3
� �4

3

;

I3 ¼ k1k2k3
� �2

:

ð7Þ

As for the hyperelasticity definition, a structure is

hyperelastic if specific strain energy exists which is

differentiable from the deformation gradient. In other

words, to have a fully elastic behaviour, it is assumed

that the strain energy density is directly dependent on

the deformation gradient tensor. In another definition,

it has been shown that a hyperelastic structure is

isotropic if and only if the strain energy term can be

rewritten via the three invariants of the left Cauchy–

Green strain tensor [41].

According to Richter theorem [41, 42], the consti-

tutive equation of an isotropic solid hyperelastic can

be written as:

T ¼ b0I þ b1B þ b2B
2; ð8Þ

if and only if the coefficients are defined following a

specific relationship defined in the literature. It has

been shown that [42], by having an isothermic process,
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changes in –T0dS (in which T0 is the absolute

temperature and S is the entropy) to become equal to

the variation of the Helmholtz free energy. In case of

isothermic process, coefficients in Eq. (8) are

expressed by Eq. (9) as

b0 ¼
oW

oI1
þ I1

oW

oI2
þ I2

oW

oI3
;

b1 ¼ � oW

oI2
� I1

oW

oI3
;

b2 ¼
oW

oI3
:

ð9Þ

For a simple definition, by having the principal

direction stretches, the normal stresses (ri) can be

defined as [43]:

ri ¼
oW

oki
; i ¼ 1; 2; 3 ð10Þ

after which, due to the definition of hyperelastic strain

energy (W) being a function of its invariants, Eq. (10)

can be rewritten as:

oW

oki
¼ oW

oI3

oI3
oki

þ oW

oI2

oI2
oki

þ oW

oI1

oI1
oki

; i ¼ 1; 2; 3

ð11Þ

which for incompressible structures, the third term

(derivation with respect to I3) will be neglected.

Different types of formulation and modelling for

hyperelastic strain energy density have been presented

in order to predict the nonlinear behaviour accurately.

In further subsections, these isotropic models are

presented and the formulation procedure for reaching

the stress–strain equation is given. These models are

used by many researchers to study the nonlinear

dynamics of hyperelastic structures which is discussed

in further sections.

2.2 The neo-Hookean model

This strain energy density expression is one of the

straightforward models of a hyperelastic material in

which we only consider the first and third invariant

terms as

WNH ¼
Xn

i¼0

Ci I1 � 3
� �i þ D1 J � 1ð Þ2; ð12Þ

where WNH is the strain energy density of this model,

Ci are the coefficients of the first invariant parameter

and D1 is the compressibility factor, both of which

must be obtained experimentally. For n = 1 (one-term

neo-Hookean model), the axial stress (runi) is written

as [43]:

runi ¼ C1

4 1þ mð Þ
3

k� 5þ2mð Þ=3
1 k2þ2m

1 � 1
� �

þ 2D1 1� 2mð Þk�2m
1 J � 1ð Þ;

ð13Þ

where v is the Poisson’s ratio. By assuming an

incompressible structure, Eq. (13) is simplified as:

runi ¼ 2C1 k� k�2
� �

; ð14Þ

and for equibiaxial (rbi) stress and pure shear (rs)

stress, by using the same definition given in Eq. (12),

the stress resultants become

rbi ¼ 2C1 k� k�5
� �

; ð15Þ

rs ¼ 2C1 k� k�3
� �

; ð16Þ

which coincides with those used in ref [44].

2.3 The Mooney–Rivlin model

One of the popular formulations and models used for

predicting the hyperelastic behaviour of structures is

the Mooney–Rivlin model [45], which is an extended

form of the neo-Hookean model, considering the

second invariant term. In the basic form, Mooney

defined the strain energy density as a two-parameter

model defined as:

WM ¼ C1 I1 � 3
� �

þ C2 I2 � 3
� �

þ D1 J � 1ð Þ2;
ð17Þ

where WM is the strain energy density of the two-

parameter Mooney model and Ci and D1 are the

coefficients that must be found via the experimental

observations (such as the work done by Falope et al.

[46] where the coefficients were calibrated using

genetic algorithm), which can vary from one soft

structure to another. Rivlin [47, 48] extended this

equation by writing it in a general form as a

polynomial series of the first and second invariant

terms:

WMR ¼
Xn

i¼0

Xm

j¼0

Cij I1 � 3
� �i

I2 � 3
� � j

þ D1 J � 1ð Þ2;

ð18Þ
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where WMR is the strain energy density of the

Mooney–Rivlin model, of which some of the well-

known models and special cases of this polynomial

series are the Biderman model [49], Klosner model

[50] and Haines–Wilson model [51]. It has been

mentioned already that this model has been widely

used for analysing rubbers with less than 200%

deformation [52].

For the two-parameter Mooney–Rivlin model

under axial load, by having k2 = k3 = k�m
1 , Brown

et al. [43] obtained the axial stress as:

runi ¼
4 1þ mð Þ

3
k� 5þ2mð Þ=3
1 k2þ2m

1 � 1
� �

C1 þ C2k
�2 1þmð Þ=3
1

� �

þ 2D1 1� 2mð Þk�2m
1 J � 1ð Þ;

ð19Þ

from which, by assuming an incompressible structure,

Eq. (19) becomes

runi ¼ 2C1 k� k�2
� �

þ 2C2 1� k�3
� �

; ð20Þ

and for equibiaxial and pure shear stresses, by using

the same definition given in Eq. (18), the stress

resultants are:

rbi ¼ 2C1 k� k�5
� �

þ 2C2 k3 � k�3
� �

; ð21Þ

rs ¼ 2C1 þ 2C2ð Þ k� k�3
� �

; ð22Þ

which coincides with those used in ref [44]. To have a

better understanding of the Mooney–Rivlin model, the

effect of the coefficients C1 and C2 on the uniaxial

stress is presented in Fig. 5 for axial strain up to 100%.

It can be seen that the stress–strain behaviour is

completely nonlinear and the curve model is highly

sensitive to the two-parameter Mooney–Rivlin coef-

ficients. By having [37] C1 = 0.39 MPa and

C2 = 0.015 MPa, in Fig. 5a, the first coefficient term

is varied as [0.5C1–1.5C1], while in Fig. 5b the second

coefficient is varied as [0.5C2–5.5C2]. Since the

formulation of a neo-Hookean model is somewhat

similar to the Mooney–Rivlin hyperelastic model (by

neglecting the second invariant term), the influence of

varying the hyperelastic coefficient C1 in one-term

neo-Hookean models will be very similar to the one

presented in Fig. 5a.

2.4 The Ogden model

Ogden [53, 54] proposed a series of models of strain

energy density as a direct function of principal

stretches

WOg ¼
Xn

i¼1

2li

a2i
kai

1 þ kai

2 þ kai

3 � 3
� �

þ
Xn

i¼1

Di J � 1ð Þ2i ð23Þ

where WOg is the strain energy density of the Ogden

model and li, Di and ai are the constant properties that

must be found using experimental testing. This model

is well capable of simulating the typical hardening of

rubber materials, which is not included in both neo-

(a) (b)

Fig. 5 Uniaxial stress sensitivity to the two-parameter Mooney–Rivlin coefficients: a C1; b C2
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Hookean and Mooney–Rivlin models. Brown et al.

[43] have shown the uniaxial stress for this model to

be:

runi ¼
Xn

i¼1

2li

ai

kai�1 � 2mk�aim�1
� �

þ 2 1� 2mk�2m� �Xn

i¼1

iDi J � 1ð Þ2i�1 ð24Þ

which can be rewritten for incompressible structures

as

runi ¼
Xn

i¼1

2li

a2i
kai�1 � k�

ai
2
�1

� �
: ð25Þ

Similarly, the equibiaxial and pure shear stresses

are:

rbi ¼
Xn

i¼1

2li

a2i
kai�1 � k�2ai�1
� �

; ð26Þ

rs ¼
Xn

i¼1

2li

a2i
kai�1 � k�ai�1
� �

: ð27Þ

In order to elaborate the impact of each coefficient

term on the stress–strain behaviour of Ogden hyper-

elastic models, uniaxial loading of a three-parameter

Ogden model is considered with coefficients and

power terms as [37], where l1 = 0.62 MPa,

l2 = 0.00118 MPa, l3 = 0.00981 MPa, a1 = 1.3,

a2 = 5 and a3 = - 2. Figures 6a–f indicate the strong

effect of varying three-parameter Ogden model coef-

ficients and power terms by [0.5 l1–1.5 l1], [0.5a1–
1.5a1], [0.5l2–50.5l2], [0.5 a2–15.5a2], [0.5l3–5.5l3]
and [0.5a3–15.5a3], respectively. It can be seen that

each parameter has its own effect on the axial stress

magnitude through which, by properly accounting for

these terms, the hyperelastic behaviour of rubbery

structures can be obtained.

2.5 The eight-chain (Arruda–Boyce) model

Arruda and Boyce [55] proposed the eight-chain

model in which the strain energy is described as a

function of a polynomial series of the first invariant as

WAB ¼
Xn

i¼1

Ci Ii
1 � 3i

� �
þ
Xn

i¼1

Di J � 1ð Þ2i; ð28Þ

where WAB is the strain energy density of the Arruda–

Boyce model, for which, under uniaxial loading, the

stress-stretch equation will become [43]

runi ¼
4 1þ mð Þ

3

Xn

i¼1

iCi Ii�1
1

� �
k� 5þ2mð Þ=3 k2þ2m � 1

� �

þ 2 1� 2mð Þ
Xn

i¼1

iDi J � 1ð Þ2i�1k�2m;

ð29Þ

which for incompressible structures it is simplified as

runi ¼ 2
Xn

i¼1

iCi Ii�1
1

� �
k� k�2
� �

; ð30Þ

with equibiaxial and pure shear stresses as

rbi ¼ 2
Xn

i¼1

iCi Ii�1
1

� �
k � k�5
� �

; ð31Þ

rs ¼ 2
Xn

i¼1

iCi Ii�1
1

� �
k � k�3
� �

: ð32Þ

For analysing the coefficient sensitivity of this

model, a five-parameter Arruda–Boyce model is

considered by having [56] C1 = l/2, C2 = l/20,
C3 = 11l/1050, C4 = 19l/7000, C5 = 519l/673750
where l is the rubbery shear modulus assumed to be

0.4 MPa. The influence of each coefficient on the

uniaxial stress variation can be seen in Fig. 7a–f by

varying [0.5l–1.5l], [0.5C1–1.5C1], [0.5C2–2C2],

[0.5C3–2.5C3], [0.5C4–5C4], and [0.5C5–5C5], respec-

tively. Here, all the coefficients have a considerable

effect on the uniaxial stress term.

2.6 The polynomial model

The strain energy in the polynomial rubber model is

defined as [57]

WPo ¼
Xn

iþj¼1

Cij I1 � 3
� �i

I2 � 3
� � j þ

Xn

i¼1

Di J � 1ð Þ2i;

ð33Þ

where WPo is the strain energy density of polynomial

model, which can also be written as [43]
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(a) (b)

(c) (d)

(e) (f)
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WPo ¼
Xn

i¼0

Xn�i

j¼1�i

Cij I1 � 3
� �i

I2 � 3
� � j

þ
Xn

i¼1

Di J � 1ð Þ2i; ð34Þ

leading to an axial stress–stretch relationship as [43]

runi ¼
4 1þ mð Þ

3
k� 5þ2mð Þ=3 k2þ2m � 1

� �

Pn

i¼0

Pn�i

j¼1�i

iCij I1 � 3
� �i�1

I2 � 3
� � j

þk� 2þ2mð Þ=3 P
n

i¼0

Pn�i

j¼1�i

jCij I1 � 3
� �i

I2 � 3
� �j�1

2

6
6
6
4

3

7
7
7
5

þ 2 1� 2mð Þ
Xn

i¼1

iDi J � 1ð Þ2i�1k�2m;

ð35Þ

which, for incompressible structures using Eq. (33), is

rewritten as

runi ¼ 2
Xn

i¼0

Xn�i

j¼1�i

iCij I1 � 3
� �i�1

I2 � 3
� � j

k � k�2
� �

þ2
Xn

i¼0

Xn�i

j¼1�i

jCij I1 � 3
� �i

I2 � 3
� �j�1

1 � k�3
� �

;

ð36Þ

and for equibiaxial and pure shear stresses as

rbi ¼ 2
Xn

i¼0

Xn�i

j¼1�i

iCij I1 � 3
� �i�1

I2 � 3
� � j

k� k5
� �

þ2
Xn

i¼0

Xn�i

j¼1�i

jCij I1 � 3
� �i

I2 � 3
� �j�1

k3 � k�3
� �

;

ð37Þ

rs ¼ 2 k � k�3
� �

Xn

i¼0

Xn�i

j¼1�i

iCij I1 � 3
� �i�1

I2 � 3
� � j

þ
Xn

i¼0

Xn�i

j¼1�i

jCij I1 � 3
� �i

I2 � 3
� �j�1

2

6
6
6
6
6
4

3

7
7
7
7
7
5

: ð38Þ

Similar to the previous subsections, by assuming

the coefficients to be C10 = 1.44 MPa,

C01 = 0.463 MPa, C11 = - 0.029 MPa,

C20 = - 0.151 MPa, and C02 = - 0.0042 MPa,

Fig. 8a–f present the influence of varying the coeffi-

cients of the five-parameter polynomial model on the

axial stress for strains up to 100%. Coefficients are

assumed to vary as [0.5C10–1.5C10], [0.5C01–1.5C01],

[0.5C11–1.5C11], [0.5C20–1.5C20] and [0.5C20–3C02],

respectively.

2.7 The Gent model

Gent [57, 58] proposed a simple model of hyperelas-

ticity using the first invariant parameter:

WG ¼ � l
2

Jm ln 1þ 3� I1
Jm

� �

; ð39Þ

where WG is the strain energy density of the Gent

model and Jm is the limiting stretch parameter [59],

which for biological tissues is around (0.4–2.3)

[60–63] and for plastic structures is in orders of 100

[57, 58]. By increasing the maximum permitted value

Jm to infinity, the Gent model will be changed to the

neo-Hookean incompressible model. The uniaxial,

biaxial and pure shear stresses for this model will be

runi ¼ lJm k� 1

k2

� �

1þ 3� I1
Jm

� ��1

; ð40Þ

rbi ¼ 2lJm k� 1

k5

� �

1þ 3� I1
Jm

� ��1

; ð41Þ

rs ¼ lJm k� 1

k3

� �

1þ 3� I1
Jm

� ��1

; ð42Þ

of which Eq. (40) coincides with the uniaxial stress

model presented by Ronald [64]. Figure 9a shows

the sensitivity of the axial stress parameter to

variations of l for Jm = 5 and Fig. 9b shows the

sensitivity of the axial stress parameter to variations

of Jm for l = 0.4 MPa. Although the main model

presented by Gent is only dependent on the first

invariant, modified versions of this model, designed

to incorporate the compressibility and other invari-

ant terms, have been extended by several researchers

[65–68].

bFig. 6 Uniaxial stress sensitivity to the three-parameter Ogden
coefficients and power terms: a l1; b a1; c l2; d a2; e l3; f a3
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(a) (b)

(c) (d)

(e) (f)

Fig. 7 Uniaxial stress sensitivity to the five-parameter Arruda–Boyce (eight-chain) model coefficients: a l; b C1; c C2; d C3; e C4; f C5
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(a) (b)

(c) (d)

(e)

Fig. 8 Uniaxial stress sensitivity to the five-parameter polynomial model coefficients: a C10; b C01; c C11; d C20; e C02
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2.8 The Blatz–Ko model

For the proposed model by Blatz and Ko [69], which is

used to characterise foam rubbery structures, the strain

energy density is written as [43]:

WBK ¼ l
2

I1
I2
þ 2

ffiffiffiffi
I3

p
� �

; ð43Þ

where WBK is the Blatz–Ko model of the strain energy

density and for the incompressible structures, for axial

loading, equibiaxial and pure shear stresses the stress–

stretch relationship is, respectively, obtained as:

runi ¼
l

2kþ k�2
k� k�2
� �

þ
k2 þ 2k�1
� �

2kþ k�2
� � 1� k�3

� �
" #

; ð44Þ

rbi ¼
l

2kþ k�2
k� k�5
� �

þ
k2 þ 2k�1
� �

2kþ k�2
� � k3 � k�3

� �
" #

; ð45Þ

rs ¼
l

2kþ k�2
k� k�3
� �

1þ
k2 þ 2k�1
� �

2kþ k�2
� �

" #

: ð46Þ

Figure 10 presents the influence of varying the

Blatz–Ko coefficient on the nonlinear stress–strain

behaviour of uniaxial loaded structures. There are

many other models presented by researchers to model

the hyperelastic behaviour of such structures [41],

such as the Rivlin–Saunders model [41], the Mur-

naghan model [70], the Ciarlet model [71], the

Valanis–Landel model [72], the Hill model [73] and

the Attard model [74].

The given models are mainly used for isotropic

hyperelastic materials; however, some structures

(especially biological tissues) show a more compli-

cated behaviour which requires orthotropic and

anisotropic modelling in their hyperelastic constitu-

tive models. These models are developed mainly for a

specific type of hyperelastic materials. A more

detailed explanation on orthotropic and anisotropic

modelling can be found in refs [75–80] and [81–90],

respectively.

An important topic in hyperelasticity analysis is

properly modelling the nonlinear dynamics of differ-

ent soft structures. Since hyperelastic structures have

been used lately in many different industrial needs

(a) (b)

Fig. 9 Uniaxial stress sensitivity to the Gent model coefficients: a l; b Jm

Fig. 10 Uniaxial stress sensitivity to the Blatz–Ko model

coefficient
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such as soft robotics [91–94], understanding their

nonlinear time-dependant behaviour in different

mechanical conditions is of high importance. Studies

in this field can be classified based on the structure

type and the mechanical analysis. In this review, the

nonlinear dynamics of hyperelastic structures is pre-

sented in three sections for beams, plates/shells and

membranes/balloons.

3 Nonlinear dynamics of hyperelastic beams

One-dimensional structures, including beams, tubes

and columns, as the critical part of many mechanical

structures, undergo different types of dynamic loads.

Since rubber-like beams undergo large strains and

deformations, classical linear material models cannot

define the nonlinear dynamics accurately; therefore,

an accurate hyperelastic model of the structure should

be derived and examined. In this section, the nonlinear

dynamics of hyperelastic beams is reviewed using

literature for different mechanical conditions. Since

this review is focused on the nonlinear dynamics,

interested readers on the statics of hyperelastic beam

structures are referred to [17, 95–100].

For hyperelastic beams laying on a foundation, a

mathematical formulation was presented by Forsat

[101] to examine the nonlinear free vibration beha-

viour of silicone rubbers and natural rubbers. A

higher-order shear deformation beam theory together

with four different nonlinear elasticity models was

utilised for modelling the soft beam. The structure was

assumed to be sitting on a Pasternak–Winkler

medium. Equations of motion were solved and

Fig. 11 The nonlinear frequencies of hyperelastic tube models using Yeoh and Mooney–Rivlin strain energy density models for

a pinned–pinned and b clamped–clamped boundary conditions [106]. (Permission obtained from Springer Nature)

Fig. 12 Variation of the

a first and b second natural

frequencies of neo-Hookean

axially moving beams with

respect to the velocity

parameter for different

geometrical parameters

[109]. (Permission obtained

from ELSEVIER)
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obtained using Galerkin’s scheme and Hamilton’s

principle (which have been used by researchers for

studying elastic structures [102–105]), respectively; it

was claimed that the shear strain effects were

neglected in the Yeoh strain energy. In another study,

Mirjavadi et al. [106] used the Euler–Bernoulli beam

assumptions showing that for hyperelastic tube mod-

els, by increasing the amplitude of vibration, since the

effect of nonlinear terms in the structure modelling

increases and due to different stress invariant consid-

erations, the difference between the Yeoh and two-

parameter Mooney–Rivlin results increased. Fig-

ure 11 shows the nonlinear frequencies of hyperelastic

tube models using Yeoh and Mooney–Rivlin strain

energy density models. In both of these studies, the

material was assumed to be incompressible; however,

the incompressibility condition, which leads to strains

in thickness directions, was neglected.

Since belt operating systems are one of the well-

known applications of hyperelastic structures

[107, 108], researchers focused on the nonlinear

dynamics of axially moving hyperelastic beams to

understand their mechanical behaviour in such condi-

tions. Wang et al. [109] used a finite deformation

leading-order model (presented in [110, 111]) to

investigate the nonlinear oscillations of axially trav-

elling soft beams. Using the Hamilton’s principle and

neo-Hookean strain energy density model, the equa-

tions of motion were obtained. It was claimed that the

natural frequencies of the Euler–Bernoulli beam

model are lower than the ones obtained for this model.

The variation of the natural frequencies with respect to

the axial velocity parameter for this model is shown in

Fig. 12. In another study by Wang et al. [112], they

analysed accelerated longitudinal motion in soft

beams using multiple scale perturbation methods and

Galerkin’s scheme. The time traces for the axial and

transverse vibrations of this model are shown in

Fig. 13. Khaniki et al. [113] investigated the nonlinear

forced oscillation of axially moving hyperelastic belts

by employing the Yeoh’s strain energy. Different

nonlinear elastic models were examined to find the

best fit with the experimental testing of hyperelastic

properties. The influence of the longitudinal speed on

the natural frequencies, mode shapes and nonlinear

frequency response was investigated showing a

significant effect in changing the mechanical beha-

viour (Figs. 14 and 15).

For the case of having both thermal and hyperelas-

ticity effects, a wave propagation method was

employed byMirparizi and Fotuhi [114] to understand

the nonlinear dynamics of thermo-hyperelastic one-

dimensional structures. Hyperelasticity was modelled

using a Mooney–Rivlin strain energy density model. It

was elucidated that the maximum amplitude of

oscillation in the structure is significantly higher than

for elastic ones. Figure 16 shows the stress wave

propagation with respect to time showing a large

difference between the hyperelastic and linear elastic

models response.

Since hyperelastic structures are mostly made by

moulding and 3D printing, the presence of voids and

porosity is highly possible. To understand the effect of

having porosities in the nonlinear dynamics of hyper-

elastic structures, Khaniki et al. [115] studied the

characteristics of hyperelastic samples experimentally

with different porosities (the infill rate). A general

constitutive model for hyperelastic-porous was pre-

sented via the Mooney–Rivlin hyperelastic strain

energy model, showing that the porosity has a

nonlinear effect in varying the hyperelastic constitu-

tive model (Fig. 17). For the derived model, they

modelled the nonlinear vibrations of porous

Fig. 13 The time traces for the a axial and b transverse

vibrations of axially accelerated neo-Hookean beams [112].

(Permission obtained from ELSEVIER)
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hyperelastic beams under externally time-dependent

forces, showing that increasing the porosity in the

structure has a significant effect in changing the

stiffness softening behaviour of the structure to a

combination of hardening and softening behaviour

(Fig. 18).

Layered hyperelastic structures have many appli-

cations in packaging industry (especially food pack-

aging) [116–119], which makes it important to

comprehend the behaviour of layered hyperelastic

structures made of different materials. For this reason,

Khaniki et al. [120] examined five different shear

deformable beam theories together with the Mooney–

Rivlin strain energy model for analysing the nonlinear

dynamics of sandwich soft beams. It was shown that

considering the shear effect, layering and material

positioning can highly affect the nonlinear resonance

behaviour of the thick sandwich soft beam. Figure 19

shows the effect of material ordering in changing the

nonlinear dynamic behaviour of higher-order shear

deformable three-layered beam structures.

Longitudinal vibrations of neo-Hookean beams

have been examined by Wang and Zhu [121, 122] in

its subcritical buckling regime and under different

axial loads. Using a linear bifurcation analysis, the

critical buckling loads were obtained showing a high

sensitivity of material and geometrical properties.

Using the pseudo-arc-length method, the nonlinear

frequency response of the system was calculated.

Figure 20 shows the axial frequency response of the

neo-Hookean beam model for different material and

geometrical properties.

In recent years, hyperelasticity has been employed

for modelling the static and dynamic responses of

Fig. 14 The natural frequency and mode shapes of axially moving hyperelastic beams versus the speed parameter a first and b second

modes of vibration [113]. (Permission obtained from ELSEVIER)
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nano-/micromaterials [123–126], which have crucial

importance in new technologies. For instance, micro-

scale beam structures made by hyperelastic materials

have been studied by Alibakhshi et al. [127] using the

Euler–Bernoulli beam theory, modified couple stress

theory (which have been used previously for studying

small-scale elastic structures [128–132]), and Gent

strain energy density model. It was shown that the

force–amplitude response of the structure is highly

sensitive to the stiffness parameter of Gent model

(Fig. 21). Studies on the nonlinear dynamics of

hyperelastic beams are summarised in Table 1.

4 Nonlinear dynamics of hyperelastic plates

and shells

Both shells and plates are an important element in

structural design, and the extensive usage of rubbery

structures makes it necessary to comprehend the

nonlinear dynamics of the hyperelastic plate and shell

structures. For this reason, this section focuses on the

investigations undertaken to comprehend the nonlin-

ear dynamics of such structures.

For isotropic hyperelastic plate structures, a com-

bination of the nonlinear von Kármán plate theory and

the neo-Hookean strain energy density model was

used by Breslavsky et al. [133] for examining the large

amplitude vibrations of thin rectangular hyperelastic

plates. The equations of motion were presented with

quadratic and cubic nonlinear terms by considering

both material and geometrical nonlinearities; it was

shown that for small strains, the material nonlinearity

terms have a weak effect, while this effect increases

significantly by having larger strains. Figure 22 shows

the amplitude response and backbone curves of the

Fig. 15 The transverse amplitude–frequency response of

axially moving hyperelastic beams with different velocities

a first, b second, and c third coordinates [113]. (Permission

obtained from ELSEVIER)

Fig. 16 Stress wave propagation in hyperelastic and elastic

structures [114]. (Permission obtained from ELSEVIER)
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Fig. 17 Experimental

results for stress–strain

behaviours of porous

hyperelastic structures with

different infill rates (a)
[115]. (Permission obtained

from ELSEVIER)

Fig. 18 Influence of the

infill rate (porosity) in

varying the nonlinear

frequency response of

porous hyperelastic beams

a first and b third dynamic

coordinates. [115].

(Permission obtained from

ELSEVIER)
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first mode of vibration with two peaks associated with

the 2:1 in-plane resonance. Amabili et al. [134]

investigated the vibration behaviour of hyperelastic

plates. A two-parameter incompressible Mooney–

Rivlin model was used to describe the nonlinearity

of the structure using Novozhilov nonlinear shell

theory to model the deformations. The governing

equations were obtained using Hamilton’s principle; it

was shown that the experimental results are in good

agreement with the proposed dynamic model.

The nonlinear dynamics of cylindrical shell struc-

tures have been examined lately by many researchers.

Zhang et al. [135] modelled the nonlinear vibrations of

thin-walled hyperelastic cylindrical shells using Don-

nell’s nonlinear shallow shell theory. Using the

Fig. 19 The effect of hyperelastic material layering on the

nonlinear dynamics Mooney–Rivlin shear deformable beams

for the a axial, b rotational and c transverse motions [120]. (This

article is an open access article distributed under the terms and

conditions of the Creative Commons Attribution (CC BY)

license (https://creativecommons.org/licenses/by/4.0/).)

Fig. 20 The axial nonlinear frequency response of the neo-

Hookean beam model for different amaterial and b geometrical

properties [121]. (Permission obtained from ELSEVIER)

Fig. 21 The force–amplitude response of micro-hyperelastic

beam for different Gent coefficients[127]. (Permission obtained

from MDPI)

123

2.2. A review on the nonlinear dynamics of hyperelastic structures 65



Lagrange equation together with the Mooney–Rivlin

strain energy density model, the equations of motion

were obtained. It was shown that radius-to-thickness

ratio has a significant effect in changing the radial

vibration behaviour. Figure 23 shows the Poincare

section and bifurcation diagram of the hyperelastic

cylindrical shell for different excitation forces. Xu

et al. [136, 137] examined the nonlinear dynamics of

Table 1 Studies on the nonlinear dynamics of hyperelastic beams

Study Year Hyperelastic strain

energy density model

Formulation methods/Experiments Solution

methods

Analysis

Forsat [101] 2019 Neo-Hookean, Ishihara,

Mooney–Rivlin, and

Yeoh models

Higher-order shear deformation

theory,

Hamilton’s principle

Galerkin’s

scheme,

Extended

Hamiltonian

method

Nonlinear free

vibrations of

hyperelastic beams

Mirjavadi

et al.

[106]

2019 Neo-Hookean, Ishihara,

Mooney–Rivlin, and

Yeoh models

Euler–Bernoulli beam theory,

Hamilton’s principle

Galerkin’s

scheme,

Extended

Hamiltonian

method

Nonlinear free

vibrations of

hyperelastic tubes

Wang et al.

[109, 112]

2018,

2019

Neo-Hookean model The leading order model for finite

deformation,

Hamilton’s principle

Multi-scale

perturbation

techniques

Galerkin’s

method

Nonlinear vibrations of

axially moving

hyperelastic beams

Khaniki

et al.

[113]

2020 Arruda–Boyce (Eight-

Chain), neo-Hookean,

Gent, and Yeoh

models

Experimental analysis,

Euler–Bernoulli beam theory,

Hamilton’s principle,

von Kármán theory

Galerkin’s

scheme,

Dynamic

equilibrium

technique

Nonlinear forced

vibrations of axially

moving hyperelastic

beams

Mirparizi

and

Fotuhi

[114]

2020 Mooney-Rivlin strain

energy model

Helmholtz’s free energy function Direct

iteration

method

Wave propagation in

thermo-hyperelastic

beams

Khaniki

et al.

[115]

2021 Mooney-Rivlin model Experimental analysis,

Euler–Bernoulli beam theory,

Hamilton’s principle,

von Kármán theory

Galerkin’s

scheme,

Dynamic

equilibrium

technique

Nonlinear forced

vibration of porous-

hyperelastic beams

Khaniki

et al.

[120]

2022 Mooney-Rivlin strain

energy model

Euler–Bernoulli, Timoshenko, third-

order, trigonometric and exponential

beam theories, von Kármán theory,

Hamilton’s principle

Galerkin’s

scheme,

Dynamic

equilibrium

technique

Nonlinear forced

vibration of

sandwich thick

hyperelastic beams

Wang and

Zhu

[121, 122]

2021,

2021

Neo-Hookean model Euler–Bernoulli beam theory,1

Hamilton’s principle

Harmonic

balance

method,

Galerkin’s

scheme

Nonlinear vibrations of

axially loaded

hyperelastic beams

Alibakhshi

et al.

[127]

2021 Gent model Euler–Bernoulli beam theory,

Hamilton’s principle,

modified couple stress theory,

von Kármán theory

Multiple

Scales

Method

Nonlinear vibrations of

small-scale

hyperelastic beams
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Fig. 22 Amplitude–

frequency response and

backbone curves of the first

mode of vibration of a

rectangular hyperelastic

plate with two peaks

associated with the 2:1 in-

plane resonance [133].

(Permission obtained from

ELSEVIER)

Fig. 23 a Bifurcation diagram and b Poincaré sections of a thin-walled Mooney–Rivlin cylindrical shell for different excitation forces

[135]. (Permission obtained from Springer Nature)
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thin and thick hyperelastic cylindrical shells subjected

to a time-dependant thermal load. It was shown that

the single-mode model of such structures gives

inaccurate results and the diameter-to-length ratio

has a significant influence in the internal resonance

phenomena. Figure 24 shows the nonlinear response

of the cylindrical shell with different temperature

loads for the axisymmetric and asymmetric modes.

Breslavsky et al. [44, 138] investigated the free and

forced nonlinear responses of circular cylindrical

hyperelastic shells and square hyperelastic plates in

the framework of large deformations. Hyperelasticity

was modelled using the neo-Hookean model in

conjunction with the Fung model, while the shell

was assumed to be made of arterial bio-tissues. It was

shown that the single-mode response is weak; how-

ever, the resonant response considering both compan-

ion and driven modes, was found with nonlinear

complicated dynamics.

In the case of analysing electrostrictive–hyperelas-

tic structures, Tripathi and Bajaj [139, 140] studied the

internal resonances due to transverse vibration when

designing hyperelastic and electrostrictive–hyperelas-

tic plates. The Mooney–Rivlin and neo-Hookean

hyperelastic strain energy models were investigated,

while the plate was modelled using Kirchhoff plate

theory. These showed that for nearly incompressible

structures, the level of nonlinearity in the strain energy

model of neo-Hookean is insufficient to lead to 1:2

internal resonances. A visco-hyperelastic model was

presented by Zhao et al. [141] for modelling the

chaotic motion of spherical shells. Other studies on the

dynamic behaviour of hyperelastic plates and shells

can be found in refs [142–148], emphasising the

importance of considering hyperelasticity in studying

the dynamic response of such structures. Studies on

the nonlinear dynamics of hyperelastic plates and

shells are summarised in Table 2.

5 Nonlinear dynamics of hyperelastic membranes

and balloons

Comprehending the nonlinear dynamics of hyperelas-

tic membranes and balloons has been a challenging

task for researchers in the past few years. For circular

membranes, Goncalves et al. [149, 150] studied the

nonlinear vibration behaviour of isotropic homoge-

neous circular hyperelastic membranes stretched

radially. Hyperelasticity was modelled using the

neo-Hookean strain energy density model, and the

motion equations were derived via Hamilton’s prin-

ciple. Natural frequencies were obtained analytically

and compared with finite element modelling. It was

revealed that all the hyperelastic models, namely the

Arruda–Boyce model, Ogden model, Yeoh model and

Mooney–Rivlin model, present similar nonlinear fre-

quency–amplitude responses, qualitatively. The influ-

ence of the pre-stretch ratio on the nonlinear

Fig. 24 The nonlinear response of the cylindrical shell with different temperature loads for the (a) axisymmetric and (b) asymmetric

modes [136]. (Permission obtained from WSPC)
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amplitude–frequency response of the circular hyper-

elastic membrane can be seen in Fig. 25.

The nonlinear breathing motion of hyperelastic

spherical membranes has been examined by Soares

et al. [151] using an incompressible isotropic

Mooney–Rivlin strain energy density model. It was

shown that the linear viscous damping term has a

significant effect in changing the nonlinear resonance

behaviour of the spherical membranes (Fig. 26).

Since it was shown by Mangan and Destrade [152]

that the hyperelastic Gent–Gent model shows a good

accuracy in modelling the nonlinear elasticity of

inflated balloons, Alibakhshi and Heidari [59] used

this model for studying the chaotic motion of dielectric

elastomer balloons; it was shown that the chaotic

motion of the dielectric elastomer balloons could be

suppressed by the presence of the second invariant

term in the Gent–Gent model (Fig. 27). Ilssar and Gat

[153] examined the fluid–structure interaction of

liquid-filled balloons using the incompressible

Mooney–Rivlin strain energy density model. By

verifying the model with results obtained from the

finite element scheme, it was shown that the simplified

presented model was capable of studying the static and

dynamic behaviour of such structures. Other studies

on the dynamic behaviour of hyperelastic membranes

and balloons can be found in refs [19, 154–156].

Studies on the nonlinear dynamics of hyperelastic

balloons and membranes are summarised in Table 3.

6 Summary and conclusions

Over the past few decades, accurately modelling the

hyperelastic behaviour of polymeric structures has

been a challenging task in terms of the complexity in

both material and structural nonlinearities. Dozens of

constitutive hyperelastic models have been presented

by researchers for different materials, which some of

the most practical and well-known isotropic models

are presented and formulated, and the characteristics

of each model are discussed. In terms of the case

studies, each of these models has advantages and

disadvantages in terms of accurate and inaccurate

modelling for material nonlinearity and computational

time cost.

Hyperelastic structures, such as rubbers and elas-

tomers, have been analysed in different shapes and

mechanical conditions. Most studies into these types

of structures have been published over the past few

years, since their applications are only now becoming

understood. Recently, novel outcomes from rubbery

Fig. 25 Amplitude–frequency responses of hyperelastic circu-

lar membranes for different pre-stretch ratios [149]. (Permission

obtained from ELSEVIER)

Fig. 26 The nonlinear resonance response of hyperelastic

spherical membranes for different linear damping parameters

[151]. (Permission obtained from Springer Nature)
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structures in soft robotics have moved forward such

study significantly, notably in terms of achieving

smooth deformations and higher the degrees of

freedom. The high potential for the application of

soft-based structures helped researchers to realise the

importance of modelling the dynamic behaviour of

hyperelasticity accurately. To demonstrate the

achievements and investigations made into hyperelas-

tic structures, a comprehensive review was presented

for different structures types (beams, plates, shells,

membranes and balloons) in the frameworks of

nonlinear dynamics. It was shown that there has been

progress in simulating the hyperelastic dynamic

response using various continuum mechanic tech-

niques in conjunction with hyperelastic strain energy

density models. Since the theoretical modelling of

such structures could require highly complex and long

theoretical models, many studies in this field are based

on simplified models ignoring the higher terms of

displacement and strain. Furthermore, since soft

Fig. 27 Variation of the motion from a chaotic motion to b quasiperiodic vibration by increasing the second invariant parameter of the

Gent–Gent model in the dielectric elastomer balloons [59]. (Permission obtained from ELSEVIER)
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structures largely deform when subjected to external

loads, the importance of using appropriate nonlinear

large-deformation modelling is undeniable.

In summary, by analysing more than 150 research

works related to this field from basic analysis to

specified simulations, it can be seen that although

there have been several studies on each subject of

hyperelastic structure behaviour, the field is under-

researched and requires further investigations to

model and analyse hyperelastic structures.
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Table 3 Studies on the nonlinear dynamics of hyperelastic membranes/balloons

Study Year Hyperelastic strain energy

density model

Formulation methods/

Experiments

Solution

methods

Analysis

Goncalves

et al. [149]

2009 Neo-Hookean, Mooney–Rivlin,

Yeoh, Arruda–Boyce, and

Ogden models

Lagrange function,

Halmilton’s principle

Galerkin

method,

Reduced order

models,

Floquet theory

Nonlinear dynamics of

hyperelastic circular

membranes

Soares and

Goncalves

[150]

2012 Neo-Hookean model Lagrange function Shooting

method,

Galerkin

method

Instability and nonlinear

oscillation of hyperelastic

circular membranes

Soares et al.

[151]

2020 Neo-Hookean and Mooney–

Rivlin models

Lagrange function Continuation

techniques,

Floquet theory

Nonlinear dynamics of

hyperelastic spherical shells

Alibakhshi

and Heidari

[59]

2020 Gent-Gent model Euler–Lagrange energy

method

Time

integration-

based solver

Chaotic motion of

hyperelastic balloons

Ilssar and

Gat [153]

2020 Mooney–Rivlin model Reduced order model Finite-element

simulations,

semi-analytical

model

Deflation and inflation of

fluid filled hyperelastic

balloons

Dong et al.

[19]

2016 Yeoh model Generic lumped

parameter model,

Experimental

analysis

Finite element

software,

analytical

solutions

Nonlinear dynamics of

hyperelastic membrane

energy harvesters

Verron et al.

[154]

1999 Mooney–Rivlin model Conservation of

momentum equation

sixth-order

Runge–Kutta

method

Nonlinear inflation behaviour

of spherical hyperelastic

membranes

Li et al.

[155]

2018 Gent model Principle of virtual

work

Theory of dielectric

elastomers

Analytical

solution

Nonlinear vibrations of

dielectric hyperelastic

membranes

Chaudhuri

and

DasGupta

[156]

2014 Mooney–Rivlin model Perturbation dynamics

Lagrange function

Iterative Ritz

method

Wrinkling in inflated circular

hyperelastic membranes
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Chapter 3

Axially travelling hyperelastic
beams

Overview

After showing the importance of understanding the mechanics of hyperelastic struc-
tures in Chapter 2, this chapter and the next five chapters focus on the mechanics
of hyperplastic structures in some of the most common applications and mechanical
conditions. One of the well-known applications of polymeric structures is in belt-
operating systems (such as power transmission systems, roll-to-roll systems and
conveyors). This chapter aims to understand the linear and nonlinear mechanical
behaviour of isotropic incompressible hyperelastic belts in axially-travelling condi-
tions. Experimental tests are undertaken to obtain the nonlinear elastic behaviour,
and different hyperelastic theories are explored to find the best fit. By finding
the proper hyperelastic strain energy density model for the case, the mechanics of
axially-travelling hyperelastic belts are presented under a harmonic external load.
This research study is published and available online as: Khaniki, H. B., Ghayesh,
M. H., Chin, R., & Chen, L. Q. (2022). Experimental characteristics and coupled
nonlinear forced vibrations of axially travelling hyperelastic beams. Thin-Walled
Structures, 170, 108526. DOI: 10.1016/j.tws.2021.108526
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A B S T R A C T

Comprehensively investigated in this paper is the coupled nonlinear dynamics of hyperelastic beams. Experi-
mental testing is performed to accurately model the hyperelasticity using different hyperelastic energy density
models. Samples were fabricated using 3D printing technique for flexible thermoplastic polyurethane filaments
following the ASTM D638 guidance and tested using a tensile testing machine. For a proper hyperelastic
energy density model, coupled nonlinear equations of motion are obtained via the von Kármán geometrical
nonlinearity and Hamilton’s principle. Free natural vibration response of the gyroscopic system is analysed
using a generalised modal decomposition method and the influence of different parameters such as the
hyperelastic stiffness term and the axial velocity on the natural frequencies is investigated. Complex mode
shapes are obtained and the influence of axial velocity on altering the real and imaginary parts is discussed.
Furthermore, a comprehensive analysis on the coupled nonlinear dynamics of the system is presented using a
combination of Galerkin’s scheme and a dynamic equilibrium technique. The frequency response to different
design parameters such as axial speed, axial tension, harmonic external load, hyperelastic parameters and
geometrical imperfection is discussed in detail. It is shown that the system shows a wide range of rich nonlinear
dynamics including hardening depending on the characteristics of the system.

1. Introduction

Axially moving structures play an important role in many mechan-
ical systems with applications in multiple engineering disciplines [1].
In these systems, an element of the system has an axial motion which
the dynamic behaviour of the whole system and the critical designing
parameters relies on the accuracy of modelling and understanding the
mechanical behaviour of the moving element [2–9].

1.1. Applications

Hyperelastic axially moving beams have a wide range of applica-
tions in different mechanical systems such as conveyors, belt operating
power transmission systems, treadmills, technical textile manufacturing
process, roll-to-roll systems, flexible electronics and nanotechnology
and continuously variable transmissions (CVTs) [1,10]. Since the mov-
ing element in such structures is soft and undergo large strains, mod-
elling it using linear elastic theories can lead to high errors. Therefore,
to have a proper designing of mechanical systems with an axially
moving hyperelastic element, it is necessary to use a proper modelling
for the hyperelasticity. Fig. 1 shows a schematic of a belt operating

∗ Corresponding authors.
E-mail addresses: hossein.bakhshikhaniki@adelaide.edu (H.B. Khaniki), mergen.ghayesh@adelaide.edu.au (M.H. Ghayesh), rey.chin@adelaide.edu.au

(R. Chin), lqchen@shu.edu.cn (L.-Q. Chen).

mechanical system which the moving element is modelled as an axially
moving hyperelastic beam.

Another important application of hyperelastic structures can be
found in soft robotics which smooth motion and higher degrees of free-
dom are required [11–15]. Axially moving hyperelastic arms and robots
have been studied previously showing great possible applications in
future. To optimise the designing and performance of soft robots, it is
crucial to comprehend the physics behind the mechanical behaviour of
these robots.

1.2. Brief review on axially moving beam structures

Axially moving linear elastic beam structures have been investi-
gated in the past few decades by many researchers [16–19]. For beam
structures, Wickert [20] examined the nonlinear vibration behaviour
of axially moving simply-supported elastic beams using the Euler–
Bernoulli beam theory and a second-order perturbation solution. Chen
and Yang [21] investigated the viscoelastic behaviour of axially moving
simply-supported beams using a method of multiple scales, showing
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Fig. 1. (a) Schematic of a belt operating power transmission system and (b) the geometrical properties of the axially moving element of the system.

that increasing the viscosity coefficient decreases the damped frequen-
cies. Pellicano and Vestroni [22] studied the bifurcations and nonlin-
ear dynamics of axially moving simply-supported elastic beams. The
Galerkin method and a complex adaptive step-size Runge–Kutta scheme
were used to discretise the equations of motion; it was shown that in
the supercritical speed range, only the first bifurcated position is stable.
Öz et al. [23] studied time-dependent velocity of axially travelling
Euler–Bernoulli simply-supported elastic beams using a scale method;
it was shown that by increasing the speed, the natural frequency
terms decrease which leads to divergence instability. Sub/super-critical
nonlinear dynamics of axially moving simply-supported elastic beams
have been investigated by Ghayesh et al. [24] using a pseudo-arclength

continuation method; it was shown that the system shows energy
transition from the first to the second mode.

For cantilever elastic beams, Chang et al. [25] examined the dy-
namics of axially moving elastic beams. The Rayleigh beam theory
and Runge–Kutta algorithm were used to obtain and solve the problem
showing that the unstable regions of the system are close to the linear
combination of natural frequencies.

Axially moving elastic beams immersed in a fluid have been studied
by researchers. Lin and Qiao [26] investigated the mechanical response
of axially moving simply-supported elastic beams surrounded in a fluid.
A differential quadrature method (DQM) was used to solve the problem
showing that as the moving speed of the beam increases, the divergence
in the first mode occurs.
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Fig. 2. Flowchart of this paper.

Fig. 3. (a) CAD drawing of dumbbell samples and (b) fabricated dumbbell samples.

The rotation has been combined with the axial motion and studied
by Yuh and Young [27]. They investigated the dynamic behaviour of
axially moving beams both experimentally and theoretically; it was
shown that the approximated dynamic model was capable of tracking
the experimental data on time-deflections of the tip.

Internal resonances for elastic beams have been examined by many
researchers. In one study, Huang et al. [28] examined three-to-one
internal resonances of axially moving elastic beams. The incremen-
tal harmonic balance (IHB) method together with the Floquet the-
ory and Hsu’s method was employed to solve the problem showing
that hardening-spring nonlinear characteristics were obtained for the
problem.

Influence of having intermediate spring support on the mechanical
response of axially moving hyperelastic beams have been investigated
by Ghayesh et al. [29]. Hamilton’s principle was used to reach the
equation of motion and was solved through the pseudo-arclength con-
tinuation technique and variable step size Runge–Kutta method; it was

shown that the position of the spring support has a rich effect in varying
the stiffness hardening behaviour of the system.

For more information about axially moving elastic structures, in-
terested readers are referred to the comprehensive review on axially
moving beams by Pham and Hong [1] in 2020 and controlling systems
for axially moving beams by Hong and Pham [30] in 2019.

1.3. Necessity for this investigation

In mechanical systems with a moving element, the axially moving
component do not necessarily follow linear elastic constitutive models and
encounters large strains while undergoing loadings which makes the
analysis complicated and out of the linear elasticity regime [31]. To
have an accurate model of the moving element, hyperelastic constitu-
tive models should be used. Previously, axially travelling hyperelastic
compressible beams have been modelled using the neo-Hookean strain
energy density model and were solved using a variable step-size Runge–
Kutta method and a multiple scales method [32,33]. These studies were
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the first steps in investigating the nonlinear mechanics of hyperelastic
axially moving structures.

In this study, it is shown experimentally that the neo-Hookean
model is not the best strain energy density model for simulating the
hyperelasticity of some hyperelastic structures such as 3D printed
thermoplastic polyurethane; this importance was previously discussed
for silicone rubber samples in [34] by mentioning ‘‘neo-Hookean model
showed the worst performance, unable to capture the nonlinearity of the
mechanical properties’’. Therefore, by showing the importance of having
a proper modelling of hyperelasticity, different strain energy models are
examined in this paper using experimental analysis data and a proper
strain energy density model is chosen for further investigations on the
dynamic response of the system.

1.4. Contribution of this paper to the field

So far, there have been limited investigations on the nonlinear
dynamic response of hyperelastic axially moving beams. This paper has
the novelties of:

(i) The experimental testing results for the mechanical characteris-
tics of flexible thermoplastic polyurethane samples are presented
for the first time in the framework of hyperelasticity.

(ii) Different hyperelastic strain energy density models are analysed
and the best fit for flexible thermoplastic polyurethane samples
is presented.

(iii) Coupled nonlinear equations of motion of axially moving hyper-
elastic beams are presented for the first time in the framework
of Yeoh’s hyperelastic strain energy density model.

(iv) Geometrical imperfection is added to the coupled dynamic for-
mulation of hyperelastic beams for the first time.

(v) Natural frequencies and complex mode shapes for the given
axially moving thermoplastic polyurethane moving beam are
presented.

(vi) A dynamic equilibrium technique is provided to solve the cou-
pled highly nonlinear equations of motion.

(vii) Influence of design and operating parameters (hyperelastic strain
energy density terms, velocity, axial tension and geometrical im-
perfection) on the nonlinear dynamics of the system is presented.

(viii) The importance of correctly modelling the structure using hyper-
elastic strain energy density models and considering the coupled
motion is investigated.

1.5. Structure of this paper

In order to present a comprehensive study in this field, this paper
is structured as follow (Fig. 2). In Section 1, after clarifying the
applications of the current study, a brief literature review on axially
moving soft beam models is presented and the necessity for hypere-
lastic modelling of axially moving beam structures is given and the
contribution of this paper to the field is clarified. In Section 2, a set
of experimental testing is performed following standards and some of
the well-known hyperelastic constitutive models suitable for the current
problem are analysed and the coefficients for each hyperelastic strain
energy density models for the experimental testing results are obtained.
In Section 3, nonlinear dynamics of axially moving hyperelastic beams
are formulated by considering both axial and transverse motions using
a proper model of strain energy density obtained from Section 2. In
Section 4, the solution procedure for solving the coupled equations
of motion is presented for both linear and nonlinear analysis of the
system and in Section 5, a detailed explanation and discussion on
the mechanical response of the system is presented and influence of
different parameters on the linear and nonlinear mechanical response
of the system is investigated. Finally, in Section 6, a summary of the
achievement of this paper is presented with listed conclusions obtained
in this study.

2. Experimental testing and constitutive hyperelastic fitting

In this section, some of the well-known hyperelastic constitutive
models are examined and their capability for modelling the mechanical
behaviour of soft structures is analysed by fitting the model with
experimental results. Since 3D printed structures are widely being used
for many purposes, in this section, samples are fabricated using this
procedure to describe the mechanical characteristics of the sample
structures.

2.1. Experimental testing

There are different standards available for analysing the mechan-
ical behaviour of hyperelastic structures. ASTM D638 is one of the
well-known standards used by many researchers to obtain the tensile
behaviour of soft structures. Accordingly, in this study, dumbbell sam-
ples have been fabricated using 3D printing for flexible thermoplastic
polyurethane filaments [35] with 100% infill following the ASTM D638
standard (Fig. 3). The samples were tested using an INSTRON testing
machine with the speed of 500 mm/min (Fig. 4). Testing is repeated
five times and the force–displacement and stress–strain behaviour are
obtained as shown in Fig. 5.

It can be seen that the samples show high nonlinear behaviour in
their force–deformation response and the linear elasticity constitutive
models are invalid for analysing these structures. By having the stress–
strain behaviour of the soft structure, different strain energy density
models are investigated in the following subsections to determine a
proper model with hyperelastic coefficients.

2.2. The neo-Hookean model

The neo-Hookean model is one of the simplest expressions of hy-
perelastic strain density model in which the influence of the second
invariant term on the strain energy density is neglected as [36]

𝑊𝑁𝐻 = 𝐶1

(
𝐼1 − 3

)
+𝐷1 (𝐽 − 1)2 , (1)

where 𝑊𝑁𝐻 is the strain energy density of the neo-Hookean model,
𝐶1 is the coefficient of the first invariant parameter and 𝐷1 is the
coefficient for compressibility. By using curve fitting techniques, the
closest model of the neo-Hookean energy density model for predicting
the stress–strain behaviour is shown in Fig. 6 with 𝐶1 = 1.549 MPa
which can be seen that has a significant error

2.3. The Arruda–Boyce (Eight-Chain) model

In Arruda and Boyce [37] model, the strain energy density is a
function of the first invariant as a polynomial series

𝑊𝐴𝐵 =
𝑛∑
𝑖=1

𝐶𝑖
(
𝐼 𝑖1 − 3𝑖

)
+

𝑛∑
𝑖=1

𝐷𝑖 (𝐽 − 1)2𝑖 , (2)

where 𝑊𝐴𝐵 is the strain energy density of the Arruda–Boyce model.
For a two-parameter Arruda–Boyce model, the results for curve fitting
is shown in Fig. 7 with the coefficients as 𝐶1 = 2.412 MPa and 𝐶2
= −40.605 kPa.

2.4. The Gent model

For the Gent [38,39] model, the hyperelastic strain energy density
is written using the natural logarithm as

𝑊𝐺 = −
𝐶1𝐶2
2

ln
(
1 +

3 − 𝐼1
𝐶1

)
, (3)

where 𝑊𝐺 is the strain energy density of Gent model and 𝐶1 is a maxi-
mum permitted value in the order of 100 for plastic structures [38,39]
and with lower magnitudes (0.4 – 2.3) for biological tissues [40–43].
For the current problem, the fitting gives the result of 𝐶1 = −9.938, 𝐶2
= −0.4981 MPa for the coefficients as shown in Fig. 8.
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Fig. 4. Tensile testing the 3D printed thermoplastic polyurethane dumbbell samples (a) before, and (b) after application of a tensile load.

Fig. 5. Experimental testing results of soft dumbbell samples (a) force–displacement and (b) stress–strain.

2.5. The Yeoh model

Yeoh’s hyperelastic model presents the strain energy density of the
structure as

𝑊𝑌 = 𝐶1
(
𝐼1 − 3

)
+ 𝐶2

(
𝐼1 − 3

)2 + 𝐶3
(
𝐼1 − 3

)3 , (4)

where 𝑊𝑌 is the strain energy density of Yeoh’s model and 𝐶𝑖 are the
hyperelastic coefficients which for the given experimental test results,
the coefficients are obtained as 𝐶1 = 2.631 MPa 𝐶2 = −0.1404 MPa and

𝐶3 = 5016 Pa (Fig. 9). Table 1 shows the strain energy hyperelastic
coefficients for best fitting with the experimental testing results.

3. Axially moving hyperelastic beam formulation including non-
linearity, coupling and geometrical imperfection

For thin hyperelastic beams, by assuming the slope of the initial rise
of the curved support is small compared to unity, and considering the
von Kármán nonlinearity, displacements and strains are written using
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Fig. 6. Stress–strain modelling using neo-Hookean hyperelastic strain energy density model.

Fig. 7. Stress–strain modelling using Arruda–Boyce (eight-chain) hyperelastic strain energy density model.

Table 1
Strain energy density coefficients for different hyperelastic models.

Strain energy density model 𝐶1 𝐶2 𝐶3

Neo-Hookean 1.549e+06 – –
Arruda–Boyce 2.412e+06 −4.605e+04 –
Gent −9.938 −4.981e+05 –
Yeoh 2.631e6 −1.404e5 5016

hollow beam model as [44]

⎧⎪⎪⎨⎪⎪⎩

𝑢 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑢 (𝑥, 𝑡) − 𝑧 𝜕𝑤 (𝑥, 𝑡)
𝜕𝑥

,

𝑣 (𝑥, 𝑦, 𝑧, 𝑡) = 0,

𝑤 (𝑥, 𝑦, 𝑧, 𝑡) = 𝑤 (𝑥, 𝑡) −𝑤0 (𝑥) ,

(5)

𝜀𝑥 = 𝜕𝑢
𝜕𝑥

− 𝑧 𝜕
2𝑤
𝜕𝑥2

+ 1
2

( 𝜕𝑤
𝜕𝑥

)2
− 𝜕𝑤
𝜕𝑥

𝑑𝑤0
𝑑𝑥

, 𝜀𝑦 ≠ 0, 𝜀𝑧 ≠ 0, (6)

where u, v and w are the displacements in x, y and z directions (shown
in Fig. 1b), 𝑤0 is the geometrical imperfection and 𝜀𝑖 is the strain in i
direction. The deformation gradient (F ) is defined as [45]

⎧⎪⎨⎪⎩

𝐹𝑖𝑗 = 𝛿𝑖𝑗 +
𝜕𝑢𝑖
𝜕𝑥𝑗

,

𝐽 = det (𝐹 ) ,
(7)

where J is the determinant of F and 𝛿 is the Kronecker delta. The left
Cauchy–Green strain tensor (B) can be written as

𝑩 = 𝑭 ∙ 𝑭 𝑇 → 𝐵𝑖𝑗 = 𝐹𝑖𝑘𝐹𝑗𝑘, (8)

with the left Cauchy–Green strain tensor invariants (𝐼1, 𝐼2 and 𝐼3) as

𝐼1 = 𝐵𝑖𝑖 = 𝑡𝑟 (𝐵) = 𝜆21 + 𝜆
2
2 + 𝜆

2
3,

𝐼2 =
1
2
(
𝐼21 − 𝐵𝑖𝑗𝐵𝑗𝑖

)
= 1

2
(
𝐼21 − 𝑡𝑟

(
𝐵2)) = 𝜆21𝜆

2
2 + 𝜆

2
1𝜆

2
3 + 𝜆

2
2𝜆

2
3,

𝐼3 = 𝐽 2 = det (𝐵) = 𝜆21𝜆
2
2𝜆

2
3,

(9)
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Fig. 8. Stress–strain modelling using Gent hyperelastic strain energy density model.

Fig. 9. Stress–strain modelling using Yeoh hyperelastic strain energy density model.

where 𝜆i is the stretch of the structure in i direction. It is known that
for incompressible structures, J and accordingly 𝐼3 will be equal to 1.
The strain tensor (E) of any structure could be defined as

𝐸 = 1
2
(𝐹𝐹 − 𝐼) ; 𝐸𝑖𝑗 =

1
2
(
𝐹𝑖𝑘𝐹𝑗𝑘 − 𝛿𝑖𝑗

)
, (10)

and the relation between the left Cauchy–Green deformation tensor and
the strain tensor is written as

[𝐶] = 2 [𝐸] + [𝐼] . (11)

The invariants of the left Cauchy–Green deformation tensor for
hollow beams are rewritten as
𝐼1 = (1 + 𝜀𝑥𝑥)2 +

2(
1 + 𝜀𝑥𝑥

) ,

𝐼2 = 2
(
1 + 𝜀𝑥𝑥

)
+ 1

(1 + 𝜀𝑥𝑥)2
,

𝐼3 = 1 (if incompressible).

(12)

It can be seen that the second invariant term shows the same
format of the first invariant in hollow beam models which makes

the strain energy density models depended on first invariant term
sufficient for modelling the structure. Since Yeoh’s hyperelasticity model
has shown a perfect fit for modelling the strain energy of the structure,
the three-term model is used for further formulation.

Using the defined strain energy density model, the potential energy
(U) can be written for axially loaded hyperelastic beams as

𝑈 = ∫
𝐿

0 ∫𝐴

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝐶1

[
(1 + 𝜀𝑥𝑥)2 +

2(
1 + 𝜀𝑥𝑥

) − 3

]

+𝐶2

[
(1 + 𝜀𝑥𝑥)2 +

2(
1 + 𝜀𝑥𝑥

) − 3

]2

+𝐶3

[
(1 + 𝜀𝑥𝑥)2 +

2(
1 + 𝜀𝑥𝑥

) − 3

]3

+ 𝑃𝜀𝑥

⎫
⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

𝑑𝐴𝑑𝑥, (13)

where P is the axial tension force and A is the cross-section of the beam.
For the case of axially moving hyperelastic beams, the kinetic energy
(T ) is written as
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Fig. 10. Linear frequency–velocity response of the thermoplastic polyurethane axially
moving hyperelastic beam model for different hyperelastic coefficient 𝐶1(a) first natural
frequency and (b) second natural frequency.

𝑇 = 1
2
𝜌𝐴∫

𝐿

0

{[ 𝜕𝑢
𝜕𝑡

+ 𝑉𝑏
(
1 + 𝜕𝑢

𝜕𝑥

)]2
+
(
𝜕𝑤
𝜕𝑡

+ 𝑉𝑏
𝜕𝑤
𝜕𝑥

+ 𝑉𝑏
𝑑𝑤0
𝑑𝑥

)2
}
𝑑𝑥,

(14)

where 𝑉𝑏 is the velocity of the axially moving beam. Besides, by
having an external harmonic excitation force, the external work (𝑊𝐹 )
is written as

𝑊𝐹 = ∫
𝐿

0
𝐹𝑤 cos (𝜔𝑡)𝑤𝑑𝑥. (15)

By substituting Eqs. (13)–(15) into Hamilton’s principle, the coupled
equations of motion are formulated as

𝛿 (𝑢) ∶ 𝜌𝐴
[
𝜕2𝑢
𝜕𝑡2

+ 2𝑉𝑏
𝜕2𝑢
𝜕𝑥𝜕𝑡

+ 𝑉 2
𝑏
𝜕2𝑢
𝜕𝑥2

+
𝑑𝑉𝑏
𝑑𝑡

(
1 + 𝜕𝑢

𝜕𝑥

)]

−6𝐶1
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐴
( 𝜕𝑢
𝜕𝑥

)
+ 1

2
𝐴
( 𝜕𝑤
𝜕𝑥

)2
− 𝐴

( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)

−𝐴
( 𝜕𝑢
𝜕𝑥

)2
+ 2𝐴

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)
− 𝐴

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2

−𝐴
( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)2
+ 𝐴

( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)
− 1

4
𝐴
( 𝜕𝑤
𝜕𝑥

)4

−𝐼𝑛2
(
𝜕2𝑤
𝜕𝑥2

)2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−36𝐶2
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
4
𝐴
( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)
+ 3

4
𝐴
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)4

+3
2
𝐴
( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)2

−𝐴
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)3
− 3𝐴

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)

+3
2
𝐴
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)2

+3𝐴
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)2
− 3𝐴

( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)

×
(
𝑑𝑤0
𝑑𝑥

)
+
( 𝜕𝑢
𝜕𝑥

)3

+3
2
𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2
− 3𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

+3𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2
+ 𝑂(6)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−162𝐶3
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝐴
( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)5
+ 5A

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)4

−10A
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)3

+10A
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)2

−5A
( 𝜕𝑢
𝜕𝑥

)4 ( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)
+ A

( 𝜕𝑢
𝜕𝑥

)5

+10𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2
− 10𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)3

×
(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)3

+30𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)2

−30𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

−5𝐼𝑛4
( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)4 (𝑑𝑤0
𝑑𝑥

)
+ 5𝐼𝑛4

( 𝜕𝑢
𝜕𝑥

)

×
(
𝜕2𝑤
𝜕𝑥2

)4
+ 𝑂(6)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0,

(16)

𝛿 (𝑤) ∶ 𝜌𝐴

⎡
⎢⎢⎢⎢⎣

(
𝜕2𝑤
𝜕𝑡2

)
+ 2𝑉𝑏

(
𝜕2𝑤
𝜕𝑥𝜕𝑡

)
+ 𝑉𝑏𝑡

( 𝜕𝑤
𝜕𝑥

)
+ 𝑉𝑏𝑡

(
𝑑𝑤0
𝑑𝑥

)

+𝑉 2
𝑏

(
𝜕2𝑤
𝜕𝑥2

)
+ 𝑉 2

𝑏

(
𝑑2𝑤0
𝑑𝑥2

)
⎤
⎥⎥⎥⎥⎦

+6𝐶1
𝜕2

𝜕𝑥2

⎡
⎢⎢⎢⎢⎣

𝐼𝑛2

(
𝜕2𝑤
𝜕𝑥2

)
− 2𝐼𝑛2

( 𝜕𝑢
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)

−𝐼𝑛2
( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)
+ 2𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)
⎤
⎥⎥⎥⎥⎦

−6𝐶1
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐴
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)
+ 1

2
𝐴
( 𝜕𝑤
𝜕𝑥

)3
− 𝐴

( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)

−𝐴
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)
+ 2𝐴

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)

−𝐴
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)3

−𝐴
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)2
+ 𝐴

( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)

−1
4
𝐴
( 𝜕𝑤
𝜕𝑥

)5
− 𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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+6𝐶1
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝐴
( 𝜕𝑢
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)
+ 1

2
𝐴
( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)
− 𝐴

( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)2

−𝐴
( 𝜕𝑢
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)
+ 2𝐴

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)2

−𝐴
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)
− 𝐴

( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)3

+𝐴
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)

2 − 1
4
𝐴
( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)
− 𝐼𝑛2

(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+36𝐶2
𝜕2

𝜕𝑥2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)
+ 3

4
𝐼𝑛2

(
𝜕2𝑤
𝜕𝑥2

)( 𝜕𝑤
𝜕𝑥

)4

−3𝐼𝑛2
(
𝜕2𝑤
𝜕𝑥2

)( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)

+3𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)
+ 3𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)2

×
(
𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)2

−6𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)
+ 𝐼𝑛4

(
𝜕2𝑤
𝜕𝑥2

)3
+ 𝑂(6)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−36𝐶2
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
2
𝐴
( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)2
− 𝐴

( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)3

−3𝐴
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)

+3
2
𝐴
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)3
+ 3𝐴

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)2

−3𝐴
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)
+ 𝐴

( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕𝑤
𝜕𝑥

)

+3
2
𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2

−3𝐼𝑛2
( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)
+ 𝑂(6)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+36𝐶2
𝜕
𝜕𝑥

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
4
𝐴
( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)2
+ 3

4
𝐴
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)

+3
2
𝐴
( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)3

−𝐴
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)4
− 3𝐴

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)2

+3
2
𝐴
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)

+3𝐴
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)3
− 3𝐴

( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)2

+𝐴
( 𝜕𝑢
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)

+3
2
𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)
− 3𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)

×
(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)2

+3𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)
+ 𝑂(6)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(17)

+162𝐶3
𝜕2

𝜕𝑥2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)4 ( 𝜕2𝑤
𝜕𝑥2

)
+ 5𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)4 ( 𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)4

−20𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)

−20𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)3

+30𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)2

+10𝐼𝑛4
( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)3 (𝑑𝑤0
𝑑𝑥

)

+10𝐼𝑛4
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)3
− 20𝐼𝑛4

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)3

×
(
𝑑𝑤0
𝑑𝑥

)
+ 𝐼𝑛6

(
𝜕2𝑤
𝜕𝑥2

)5
+ 𝑂(6)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+162𝐶3
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝐴
( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)6
+ 5A

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)5

−10A
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)4

+10A
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)3
− 5A

( 𝜕𝑢
𝜕𝑥

)4

×
( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)2
+ A

( 𝜕𝑢
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)

+10𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)
− 10𝐼𝑛2

( 𝜕𝑤
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2

×
(
𝑑𝑤0
𝑑𝑥

)4

+30𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)3

−30𝐼𝑛2
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)2

−5𝐼𝑛4
( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)4 (𝑑𝑤0
𝑑𝑥

)2
+ 5𝐼𝑛4

( 𝜕𝑢
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)4

×
(
𝑑𝑤0
𝑑𝑥

)
+ 𝑂(6)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−𝐹𝑤 cos (𝜔𝑡) − 𝑃
(
𝜕2𝑤
𝜕𝑥2

)
= 0.

The terms related to coefficient 𝐶1 in Eqs. (14) and (15) are the
elastic terms and the terms related to coefficients 𝐶2 and 𝐶3 are the
hyperelastic terms of the equation. It can be seen that considering
the geometrical imperfection in the system increases the coupling
axial-transverse motion terms significantly.

4. Solution procedure

Since the scale of parameters are different, nondimensional terms
are defined as

𝑥∗ = 𝑥
𝐿
, 𝑤∗ = 𝑤

𝐿
, 𝑤0

∗ =
𝑤0
𝐿
, 𝐶1

∗ =
𝐶1𝐴
𝑃

, 𝐶2
∗ =

𝐶2
𝐶1
, 𝐶3

∗ =
𝐶3
𝐶1
,

𝐹𝑤
∗ =

𝐹𝑤𝐿
𝑃

,

𝛺 = 𝜔

√
𝜌𝐴𝐿2

𝑃
, 𝑉𝑏

∗ = 𝑉𝑏

√
𝜌𝐴
𝑃
, 𝛾2 =

√
𝐼𝑛1
𝐴𝐿2 , 𝛾4 =

√
𝐼𝑛2
𝐴𝐿4 ,

𝛾6 =
√

𝐼𝑛3
𝐴𝐿6 , 𝑡∗ = 𝑡

√
𝑃

𝜌𝐴𝐿2 ,

(18)
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and the equations of motions are rewritten in a nondimensional form
as
𝜕2𝑢
𝜕𝑡2

+ 2𝑉𝑏
𝜕2𝑢
𝜕𝑥𝜕𝑡

+ 𝑉 2
𝑏
𝜕2𝑢
𝜕𝑥2

+
𝑑𝑉𝑏
𝑑𝑡

(
1 + 𝜕𝑢

𝜕𝑥

)

−6𝐶1
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 𝜕𝑢
𝜕𝑥

)
+ 1

2

( 𝜕𝑤
𝜕𝑥

)2
−
( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)
−
( 𝜕𝑢
𝜕𝑥

)2

+2
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)

−
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2
−
( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)2
+
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)

−1
4

( 𝜕𝑤
𝜕𝑥

)4
− 𝛾22

(
𝜕2𝑤
𝜕𝑥2

)2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−36𝐶1𝐶2
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
4

( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)
+ 3

4
𝑢𝑥

( 𝜕𝑤
𝜕𝑥

)4
+ 3

2

( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)2

−
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)3
− 3𝑢𝑥

( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)

+3
2

( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)2

+3𝑢𝑥
( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)2
− 3𝑢2𝑥

( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)
+
( 𝜕𝑢
𝜕𝑥

)3

+3
2
𝛾22

( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2
− 3𝛾22

( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

+3𝛾22 𝑢𝑥
(
𝜕2𝑤
𝜕𝑥2

)2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−162𝐶1𝐶3
𝜕
𝜕𝑥

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−
( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)5
+ 5𝑢𝑥

( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)4

−5𝛾24
( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)4 (𝑑𝑤0
𝑑𝑥

)

−10𝑢2𝑥
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)3
+ 10𝑢3𝑥

( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)2

−5𝑢4𝑥
( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)
+
( 𝜕𝑢
𝜕𝑥

)5

+10𝛾22
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2

−10𝛾22
( 𝜕𝑤
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)3

+5𝛾24
( 𝜕𝑢
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)4

+30𝛾22
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)2

−30𝛾22
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 0

(19)

𝛿 (𝑤) ∶
(
𝜕2𝑤
𝜕𝑡2

)
+ 2𝑉𝑏

(
𝜕2𝑤
𝜕𝑥𝜕𝑡

)
+ 𝑉𝑏𝑡

( 𝜕𝑤
𝜕𝑥

)
+ 𝑉𝑏𝑡

(
𝑑𝑤0
𝑑𝑥

)

+𝑉 2
𝑏

(
𝜕2𝑤
𝜕𝑥2

)
+ 𝑉 2

𝑏

(
𝑑2𝑤0
𝑑𝑥2

)

+6𝐶1
𝜕2

𝜕𝑥2

⎡⎢⎢⎢⎢⎢⎣

𝛾22

(
𝜕2𝑤
𝜕𝑥2

)
− 2𝛾22

( 𝜕𝑢
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)
− 𝛾22

( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)

+2𝛾22
( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)

⎤⎥⎥⎥⎥⎥⎦

−6𝐶1
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)
+ 1

2

( 𝜕𝑤
𝜕𝑥

)3
−
( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)

−
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)
+ 2

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)
−
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)3

−
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)2
+
( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)
− 1

4

( 𝜕𝑤
𝜕𝑥

)5

−𝛾22
( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+6𝐶1
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

( 𝜕𝑢
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)
+ 1

2

( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)
−
( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)2

−
( 𝜕𝑢
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)
+ 2

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)2

−
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)
−
( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)3

+
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)2
− 1

4

( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)

−𝛾22

(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+36𝐶1𝐶2
𝜕2

𝜕𝑥2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3𝛾22
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)
+ 3

4
𝛾22

(
𝜕2𝑤
𝜕𝑥2

)( 𝜕𝑤
𝜕𝑥

)4

+𝛾24

(
𝜕2𝑤
𝜕𝑥2

)3

−3𝛾22

(
𝜕2𝑤
𝜕𝑥2

)( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)

+3𝛾22
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)

+3𝛾22
( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)2

−6𝛾22 𝑢𝑥
( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−36𝐶1𝐶2
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
2

( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)2
−
( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)3

−3
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)
+ 3

2

( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)3

+3
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)2
− 3

( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)

+
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕𝑤
𝜕𝑥

)
+ 3

2
𝛾22

( 𝜕𝑤
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2

−3𝛾22
( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+36𝐶1𝐶2
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
4

( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)2
+ 3

4

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)

+3
2

( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)3

−
( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)4
− 3𝑢𝑥

( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)2

+3
2

( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)

+3𝑢𝑥
( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)3
− 3

( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)2

+
( 𝜕𝑢
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)
+ 3

2
𝛾22

( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

−3𝛾22
( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)2

+3𝛾22
( 𝜕𝑢
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(20)
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+162𝐶1𝐶3
𝜕2

𝜕𝑥2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5𝛾22 𝑢
4
𝑥

(
𝜕2𝑤
𝜕𝑥2

)
+ 5𝛾22

( 𝜕𝑤
𝜕𝑥

)4 ( 𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)4

−20𝛾22
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)

−20𝛾22
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)3

+30𝛾22
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)(
𝑑𝑤0
𝑑𝑥

)2

+10𝛾24
( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)3 (𝑑𝑤0
𝑑𝑥

)

+10𝛾24
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)3
− 20𝛾24

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)3

(
𝑑𝑤0
𝑑𝑥

)
+ 𝛾26

(
𝜕2𝑤
𝜕𝑥2

)5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+162𝐶1𝐶3
𝜕
𝜕𝑥

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−
( 𝜕𝑤
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)6
+ 5

( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)4 (𝑑𝑤0
𝑑𝑥

)5

−10
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)3 (𝑑𝑤0
𝑑𝑥

)4

+10
( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕𝑤
𝜕𝑥

)2 (𝑑𝑤0
𝑑𝑥

)3
− 5

( 𝜕𝑢
𝜕𝑥

)4 ( 𝜕𝑤
𝜕𝑥

)(
𝑑𝑤0
𝑑𝑥

)2

+
( 𝜕𝑢
𝜕𝑥

)5 (𝑑𝑤0
𝑑𝑥

)
+ 10𝛾22

( 𝜕𝑢
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)

−10𝛾22
( 𝜕𝑤
𝜕𝑥

)3 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)4

+30𝛾22
( 𝜕𝑢
𝜕𝑥

)( 𝜕𝑤
𝜕𝑥

)2 ( 𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)3

−30𝛾22
( 𝜕𝑢
𝜕𝑥

)2 ( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)2 (𝑑𝑤0
𝑑𝑥

)2

−5𝛾24
( 𝜕𝑤
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)4 (𝑑𝑤0
𝑑𝑥

)2

+5𝛾24
( 𝜕𝑢
𝜕𝑥

)(
𝜕2𝑤
𝜕𝑥2

)4 (𝑑𝑤0
𝑑𝑥

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−𝐹𝑤 cos (𝛺𝑡) −

(
𝜕2𝑤
𝜕𝑥2

)
= 0.

where ‘*’ symbol is neglected for the sake of brevity. It can be seen
that by neglecting the terms with coefficients 𝐶2 and 𝐶3, the equations
of motion for elastic axially moving beam will be obtained which is
similar to those presented in the literature [20,22,23,46,47].

4.1. Linear vibration solution

Non-dimensional equations of motion can be linearised for perfect
beam models by only considering transverse vibration model as

𝑤𝑡𝑡 + 2𝑉𝑏𝑤𝑥𝑡 + 𝑉𝑏𝑡𝑤𝑥 +
(
𝑉 2
𝑏 − 1

)
𝑤𝑥𝑥 + 6𝐶1𝛾

2
2𝑤𝑥𝑥𝑥𝑥 = 0, (21)

which by assuming harmonic motion [48]

𝑤 (𝑥, 𝑡) = 𝜙𝑛 (𝑥) 𝑒𝑖𝜔𝑛𝑡 + 𝜙𝑛 (𝑥) 𝑒−𝑖𝜔𝑛𝑡, (22)

the linearised equation is rewritten for a constant speed as

− 𝜔2
𝑛𝜙𝑛 (𝑥) + 2𝑖𝑉𝑏𝜔𝑛

𝑑𝜙𝑛 (𝑥)
𝑑𝑥

+
(
𝑉 2
𝑏 − 1

) 𝑑2𝜙𝑛 (𝑥)
𝑑𝑥2

+ 6𝐶1𝛾
2
2
𝑑4𝜙𝑛 (𝑥)
𝑑𝑥4

= 0. (23)

The general form of the solution for Eq. (23) can be written as [46]

𝜙𝑛 (𝑥) = 𝐴1𝑛
(
𝑒𝑖𝜃1𝑛𝑥 + 𝐴2𝑛𝑒

𝑖𝜃2𝑛𝑥 + 𝐴3𝑛𝑒
𝑖𝜃3𝑛𝑥 + 𝐴4𝑛𝑒

𝑖𝜃4𝑛𝑥
)
, (24)

and by substituting Eq. (24) into Eq. (23), one can reach to

6𝐶1𝛾
2
2𝜃

4
𝑖𝑛 −

(
𝑉 2
𝑏 − 1

)
𝜃2𝑖𝑛 − 2𝑉𝑏𝜔𝑛𝜃𝑖𝑛 − 𝜔2

𝑛 = 0, (25)

where 𝜃 is obtained as a function of 𝜔𝑛.For a simply-supported hyper-
elastic beam model, the mode shapes and the natural frequency terms
are obtained using [49]

⎡
⎢⎢⎢⎢⎢⎢⎣

1 1 1 1

𝜃21𝑛 𝜃22𝑛 𝜃23𝑛 𝜃24𝑛

𝑒𝑖𝜃1𝑛 𝑒𝑖𝜃2𝑛 𝑒𝑖𝜃3𝑛 𝑒𝑖𝜃4𝑛

𝜃21𝑛𝑒
𝑖𝜃1𝑛 𝜃22𝑛𝑒

𝑖𝜃2𝑛 𝜃23𝑛𝑒
𝑖𝜃3𝑛 𝜃24𝑛𝑒

𝑖𝜃4𝑛

⎤⎥⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

𝐴1𝑛

𝐴1𝑛𝐴3𝑛

𝐴1𝑛𝐴2𝑛

𝐴1𝑛𝐴4𝑛

⎫
⎪⎪⎪⎬⎪⎪⎪⎭

= 0, (26)

which the determinant of the equation must be zero to have a nontrivial
solution.

4.2. Nonlinear vibration solution

By considering coupled motion and employing the Galerkin’s
scheme, and by assuming the first N modes of transverse and M modes
of axial vibration as

𝑢 (𝑥, 𝑡) =
𝑀∑
𝑗=1

𝜙𝑗 (𝑥) 𝑟𝑗 (𝑡) , (27)

𝑤 (𝑥, 𝑡) =
𝑁∑
𝑖=1

𝜓𝑖 (𝑥) 𝑞𝑖 (𝑡) , (28)

the governing coupled equations of motion are discretised as

𝑀1 𝑟̈ + 𝐶1 𝑟̇ +𝐾𝐿
11𝑟 +𝐾

𝐿
12𝑞 +𝐾

𝑁𝐿
11 𝑟2 +𝐾𝑁𝐿

12 𝑟𝑞 +𝐾𝑁𝐿
13 𝑞2 +𝐾𝑁𝐿

14 𝑟3

+𝐾𝑁𝐿
15 𝑟2𝑞 +𝐾𝑁𝐿

16 𝑟𝑞2 +𝐾𝑁𝐿
17 𝑞3 +𝐾𝑁𝐿

18 𝑟2𝑞2 +𝐾𝑁𝐿
19 𝑟𝑞3 +𝐾𝑁𝐿

110 𝑞
4

+𝐾𝑁𝐿
111 𝑟

5 +𝐾𝑁𝐿
112 𝑟

4𝑞 +𝐾𝑁𝐿
113 𝑟

3𝑞2 +𝐾𝑁𝐿
114 𝑟

2𝑞3 +𝐾𝑁𝐿
115 𝑟𝑞

4 +𝐾𝑁𝐿
116 𝑞

5 = 0,

(29)

𝑀2𝑞 + 𝐶2𝑞̇ +𝐾𝐿
21𝑟 +𝐾

𝐿
22𝑞 +𝐾

𝐿
20 +𝐾

𝑁𝐿
21 𝑟2 +𝐾𝑁𝐿

22 𝑟𝑞 +𝐾𝑁𝐿
23 𝑞2 +𝐾𝑁𝐿

24 𝑟3

+𝐾𝑁𝐿
25 𝑟2𝑞 +𝐾𝑁𝐿

26 𝑟𝑞2 +𝐾𝑁𝐿
27 𝑞3 +𝐾𝑁𝐿

28 𝑟3𝑞 +𝐾𝑁𝐿
29 𝑟2𝑞2

+𝐾𝑁𝐿
210 𝑟𝑞

3 +𝐾𝑁𝐿
211 𝑞

4

+𝐾𝑁𝐿
212 𝑟

5 +𝐾𝑁𝐿
213 𝑟

4𝑞 +𝐾𝑁𝐿
214 𝑟

3𝑞2 +𝐾𝑁𝐿
215 𝑟

2𝑞3 +𝐾𝑁𝐿
216 𝑟𝑞

4 +𝐾𝑁𝐿
217 𝑞

5 = 𝐹 .

(30)
where

𝑀1 (𝑙, 𝑖) = ∫ 𝜙𝑙𝜙𝑖𝑑𝑥, (31)

𝐶1 (𝑙, 𝑖) = 2𝑉𝑏 ∫ 𝜙𝑙

(
𝑑𝜙𝑖
𝑑𝑥

)
𝑑𝑥, (32)

𝐾𝐿
11 (𝑙, 𝑖) =

(
𝑉 2
𝑏 − 6𝐶1

)
∫ 𝜙𝑙

(
𝑑2𝜙𝑖
𝑑𝑥2

)
𝑑𝑥, (33)

𝐾𝐿
12 (𝑙, 𝑖) = 6𝐶1 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (34)

𝐾𝑁𝐿
11 (𝑙, 𝑖, 𝑗) = 6𝐶1 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)]
𝑑𝑥, (35)

𝐾𝑁𝐿
12 (𝑙, 𝑖, 𝑗) = −12𝐶1 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)

×
(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (36)

𝐾𝑁𝐿
13 (𝑙, 𝑖, 𝑗) = −3𝐶1 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)]
𝑑𝑥

+6𝐶1 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

+6𝐶1𝛾
2
2 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑2𝜓𝑖
𝑑𝑥2

)(
𝑑2𝜓𝑗
𝑑𝑥2

)]
𝑑𝑥,

(37)
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𝐾𝑁𝐿
14 (𝑙, 𝑖, 𝑗, 𝑘) = −36𝐶1𝐶2

× ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)]
𝑑𝑥, (38)

𝐾𝑁𝐿
15 (𝑙, 𝑖, 𝑗, 𝑘) = 108𝐶1𝐶2

× ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (39)

𝐾𝑁𝐿
16 (𝑙, 𝑖, 𝑗, 𝑘) = 6𝐶1 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)

×
(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)]

−108𝐶1𝐶2 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)

×
(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

−108𝛾22𝐶1𝐶2 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)]
𝑑𝑥,

(40)

𝐾𝑁𝐿
17 (𝑙, 𝑖, 𝑗, 𝑘) = −6𝐶1 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)

×
(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

+36𝐶1𝐶2 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

+108𝛾22𝐶1𝐶2 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)

×
(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(41)

𝐾𝑁𝐿
18 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚) = −54𝐶1𝐶2 ∫ 𝜙𝑙

𝑑
𝑑𝑥

×
[(

𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)]
𝑑𝑥, (42)

𝐾𝑁𝐿
19 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚) = −108𝐶1𝐶2 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)

×
(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (43)

𝐾𝑁𝐿
110 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚) = 3

2
𝐶1 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)

×
(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)]
𝑑𝑥

−54𝐶1𝐶2 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

−54𝛾22𝐶1𝐶2 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)

×
(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑2𝜓𝑚
𝑑𝑥2

)]
𝑑𝑥,

(44)

𝐾𝑁𝐿
111 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = −162𝐶1𝐶3 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)

×
(
𝑑𝜙𝑘
𝑑𝑥

)(
𝑑𝜙𝑚
𝑑𝑥

)(
𝑑𝜙𝑛
𝑑𝑥

)]
𝑑𝑥, (45)

𝐾𝑁𝐿
112 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = 810𝐶1𝐶3 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)

×
(
𝑑𝜙𝑘
𝑑𝑥

)(
𝑑𝜙𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (46)

𝐾𝑁𝐿
113 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = −1620𝐶1𝐶3 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)

×
(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

−1620𝛾22𝐶1𝐶3 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)]
𝑑𝑥,

(47)

𝐾𝑁𝐿
114 = 1620𝐶1𝐶3 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

+4860𝛾22𝐶1𝐶3 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(48)

𝐾𝑁𝐿
115 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = −27𝐶1𝐶2 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)

×
(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)]
𝑑𝑥

−810𝐶1𝐶3 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)4
]
𝑑𝑥

−4860𝛾22𝐶1𝐶3 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

−810𝛾24𝐶1𝐶3 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)]
𝑑𝑥,

(49)

𝐾𝑁𝐿
116 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = 27𝐶1𝐶2 ∫ 𝜙𝑙

𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)

×
(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

+162𝐶1𝐶3 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)5
]
𝑑𝑥

+1620𝛾22𝐶1𝐶3 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

+810𝛾24𝐶1𝐶3 ∫ 𝜙𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(50)
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𝑀2 (𝑙, 𝑖) = ∫ 𝜓𝑙𝜓𝑖𝑑𝑥, (51)

𝐶2 (𝑙, 𝑖) = 2𝑉𝑏 ∫ 𝜓𝑙

(
𝑑𝜓𝑖
𝑑𝑥

)
𝑑𝑥, (52)

𝐾𝐿
21 (𝑙, 𝑖) = 6𝐶1 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (53)

𝐾𝐿
22 (𝑙, 𝑖) =

(
𝑉 2
𝑏 − 1

)
∫ 𝜓𝑙

(
𝑑2𝜓𝑖
𝑑𝑥2

)
𝑑𝑥

+6𝐶1𝛾
2
2 ∫ 𝜓𝑙

(
𝑑4𝜓𝑖
𝑑𝑥4

)
𝑑𝑥

−6𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥,

(54)

𝐾𝐿
20 = 𝑉 2

𝑏 ∫ 𝜓𝑙

(
𝑑2𝜓0
𝑑𝑥2

)
𝑑𝑥, (55)

𝐾𝑁𝐿
21 (𝑙, 𝑖, 𝑗) = −6𝐶1 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (56)

𝐾𝑁𝐿
22 (𝑙, 𝑖, 𝑗) = −12𝛾22𝐶1 ∫ 𝜓𝑙

𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)]
𝑑𝑥

−6𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)]
𝑑𝑥

+12𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥,

(57)

𝐾𝑁𝐿
23 (𝑙, 𝑖, 𝑗) = 12𝛾22𝐶1 ∫ 𝜓𝑙

𝑑2

𝑑𝑥2

×

[(
𝑑𝜓𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

+9𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

−6𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

−6𝛾22𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑2𝜓𝑖
𝑑𝑥2

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(58)

𝐾𝑁𝐿
24 (𝑙, 𝑖, 𝑗, 𝑘) = 36𝐶1𝐶2 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(59)

𝐾𝑁𝐿
25 (𝑙, 𝑖, 𝑗, 𝑘) = 6𝐶1 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)]
𝑑𝑥

+108𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑2𝜓𝑘
𝑑𝑥2

)]
𝑑𝑥

−108𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥,

(60)

𝐾𝑁𝐿
26 (𝑙, 𝑖, 𝑗, 𝑘) = −18𝐶1 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

−216𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

+108𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

+108𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(61)

𝐾𝑁𝐿
27 (𝑙, 𝑖, 𝑗, 𝑘) = −6𝛾22𝐶1 ∫ 𝜓𝑙

𝜕2

𝜕𝑥2

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑2𝜓𝑘
𝑑𝑥2

)]
𝑑𝑥

−3𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)]
𝑑𝑥

+12𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

+6𝛾22𝐶1 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)]
𝑑𝑥

+108𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

+36𝛾24𝐶1𝐶2 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑2𝜓𝑖
𝑑𝑥2

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)]
𝑑𝑥

−36𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)4
]
𝑑𝑥

−108𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥,

(62)

𝐾𝑁𝐿
28 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚) = −36𝐶1𝐶2

× ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)]
𝑑𝑥, (63)

𝐾𝑁𝐿
29 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚) = 162𝐶1𝐶2 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)

×
(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (64)

𝐾𝑁𝐿
210 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚) = 6𝐶1 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)]
𝑑𝑥

+108𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑2𝜓𝑚
𝑑𝑥2

)]
𝑑𝑥

−162𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)

×
(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥,

(65)

𝐾𝑁𝐿
211 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚) = −15

2
𝐶1 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)

×
(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

−108𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

+90𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

+162𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)

×
(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(66)

𝐾𝑁𝐿
212 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = 162𝐶1𝐶3 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)
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×
(
𝑑𝜙𝑘
𝑑𝑥

)(
𝑑𝜙𝑚
𝑑𝑥

)(
𝑑𝜙𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥, (67)

𝐾𝑁𝐿
213 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = 810𝛾22𝐶1𝐶3 ∫ 𝜓𝑙

𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)

×
(
𝑑𝜙𝑚
𝑑𝑥

)(
𝑑2𝜓𝑛
𝑑𝑥2

)]
𝑑𝑥

−810𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)

×
(
𝑑𝜙𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥,

(68)

𝐾𝑁𝐿
214 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = −3240𝛾22𝐶1𝐶3 ∫ 𝜓𝑙

𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

+1620𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

+1620𝛾22𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜙𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(69)

𝐾𝑁𝐿
215 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = −54𝐶1𝐶2 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)

×
(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)]
𝑑𝑥

+4860𝛾22𝐶1𝐶3 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

+1620𝛾24𝐶1𝐶3 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑2𝜓𝑚
𝑑𝑥2

)

×
(
𝑑2𝜓𝑛
𝑑𝑥2

)]
𝑑𝑥

−1620𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)4
]
𝑑𝑥

−4860𝛾22𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜙𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥,

(70)

𝐾𝑁𝐿
216 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = 132𝐶1𝐶2 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

−3240𝛾22𝐶1𝐶3 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

−3240𝛾22𝐶1𝐶3 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑2𝜓𝑘
𝑑𝑥2

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

+810𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)5
]
𝑑𝑥

+4860𝛾22𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)3
]
𝑑𝑥

+810𝛾24𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜙𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥,

(71)

𝐾𝑁𝐿
217 (𝑙, 𝑖, 𝑗, 𝑘, 𝑚, 𝑛) = 3

2
𝐶1 ∫ 𝜓𝑙

𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)]
𝑑𝑥

+27𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑2𝜓𝑛
𝑑𝑥2

)]
𝑑𝑥

−81𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑𝜓𝑚
𝑑𝑥

)

×
(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥

−54𝛾22𝐶1𝐶2 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)]
𝑑𝑥

+810𝛾22𝐶1𝐶3 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)4
]
𝑑𝑥

+1620𝛾24𝐶1𝐶3 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑2𝜓𝑘
𝑑𝑥2

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)]
𝑑𝑥

+162𝛾26𝐶1𝐶3 ∫ 𝜓𝑙
𝑑2

𝑑𝑥2

[(
𝑑2𝜓𝑖
𝑑𝑥2

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)

×
(
𝑑2𝜓𝑚
𝑑𝑥2

)(
𝑑2𝜓𝑛
𝑑𝑥2

)]
𝑑𝑥

−162𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)

×
(
𝑑𝜓𝑚
𝑑𝑥

)(
𝑑𝜓𝑛
𝑑𝑥

)(
𝑑𝜓0
𝑑𝑥

)6
]
𝑑𝑥

−1620𝛾22𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(𝑑𝜓𝑗
𝑑𝑥

)(
𝑑𝜓𝑘
𝑑𝑥

)(
𝑑2𝜓𝑚
𝑑𝑥2

)

×
(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)4
]
𝑑𝑥

−810𝛾24𝐶1𝐶3 ∫ 𝜓𝑙
𝑑
𝑑𝑥

[(
𝑑𝜓𝑖
𝑑𝑥

)(
𝑑2𝜓𝑗
𝑑𝑥2

)(
𝑑2𝜓𝑘
𝑑𝑥2

)(
𝑑2𝜓𝑚
𝑑𝑥2

)

×
(
𝑑2𝜓𝑛
𝑑𝑥2

)(
𝑑𝜓0
𝑑𝑥

)2
]
𝑑𝑥,

(72)

which can be rewritten in a matrix form as Eq. (73) is as given in Box I
where
{
𝑝1, 𝑝2,… , 𝑝𝑀+𝑁

}
=
{
𝑟1, 𝑟2,… , 𝑟𝑁 , 𝑞1, 𝑞2,… , 𝑞𝑀

}
. (74)
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⎡⎢⎢⎢⎢⎢⎢⎣

𝜇11 𝑧𝑒𝑟𝑜𝑠

𝜇22

⋱

𝑧𝑒𝑟𝑜𝑠 𝜇(𝑀+𝑁)(𝑀+𝑁)

⎤⎥⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

𝑝̈1

𝑝̈2

⋮

𝑝̈(𝑀+𝑁)

⎫⎪⎪⎪⎬⎪⎪⎪⎭

+

⎡⎢⎢⎢⎢⎢⎢⎣

𝜍11 𝜍12 ⋯ 𝜍1(𝑀+𝑁)

𝜍21 𝜍22 ⋮

⋮ ⋱

𝜍(𝑀+𝑁)1 ⋯ 𝜍(𝑀+𝑁)(𝑀+𝑁)

⎤⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑝̇1

𝑝̇2

⋮

𝑝̇(𝑀+𝑁)

⎫⎪⎪⎪⎬⎪⎪⎪⎭

+

⎡⎢⎢⎢⎢⎢⎢⎣

𝜅𝐿11 𝜅𝐿12 ⋯ 𝜅𝐿1(𝑀+𝑁)

𝜅𝐿21 𝜅𝐿22 ⋮

⋮ ⋱

𝜅𝐿(𝑀+𝑁)1 ⋯ 𝜅𝐿(𝑀+𝑁)(𝑀+𝑁)

⎤⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑝1

𝑝2

⋮

𝑝(𝑀+𝑁)

⎫⎪⎪⎪⎬⎪⎪⎪⎭

+

⎡⎢⎢⎢⎢⎢⎢⎣

𝜅𝑁𝐿11
(
𝑝1, 𝑝2,… , 𝑝(𝑀+𝑁)

)
𝜅𝑁𝐿12

(
𝑝1, 𝑝2,… , 𝑝(𝑀+𝑁)

)
⋯ 𝜅𝑁𝐿1(𝑀+𝑁)

(
𝑝1, 𝑝2,… , 𝑝(𝑀+𝑁)

)

𝜅𝑁𝐿21
(
𝑝1, 𝑝2,… , 𝑝(𝑀+𝑁)

)
𝜅𝑁𝐿22

(
𝑝1, 𝑝2,… , 𝑝(𝑀+𝑁)

)
⋮

⋮ ⋱

𝜅𝑁𝐿(𝑀+𝑁)1
(
𝑝1, 𝑝2,… , 𝑝(𝑀+𝑁)

)
⋯ 𝜅𝑁𝐿(𝑀+𝑁)(𝑀+𝑁)

(
𝑝1, 𝑝2,… , 𝑝(𝑀+𝑁)

)

⎤⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑝1

𝑝2

⋮

𝑝(𝑀+𝑁)

⎫⎪⎪⎪⎬⎪⎪⎪⎭

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑓1

𝑓2

⋮

𝑓𝑁

⎫⎪⎪⎪⎬⎪⎪⎪⎭

cos (𝛺𝑡) .

(73)

Box I.

Fig. 11. First mode shapes of the thermoplastic polyurethane axially moving hyperelastic beam model for different velocities (a) real, and (b) imaginary parts.

Using the given assumptions and employing a dynamic equilib-

rium technique, the dynamic equilibrium coefficients are written in an

exponential series as

𝑝𝑚 =
(𝑀+𝑁)∑

𝑛=−(𝑀+𝑁)
𝐴𝑚𝑛𝑒

𝑖𝑛𝜔𝑡, (75)
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Fig. 12. Second mode shapes of the thermoplastic polyurethane axially moving hyperelastic beam model for different velocities (a) real, and (b) imaginary parts.

and the dynamic complex equilibrium equations is obtained as
{

−𝜔2 [𝑀𝑇
]
+ 𝑖𝜔

[
𝐶𝑇

]
+
[
𝐾𝐿
𝑇
]
+

[
𝐾𝑁𝐿
𝑇

( (𝑀+𝑁)∑
𝑛=−(𝑀+𝑁)

𝐴𝑚𝑛𝑒
𝑖𝑛𝜔𝑡

)]}

×

{ (𝑀+𝑁)∑
𝑛=−(𝑀+𝑁)

𝐴𝑚𝑛𝑒
𝑖𝑛𝜔𝑡

}
= {𝑓} cos (𝛺𝑡) , (76)

which by solving the dynamic equilibrium equations, the nonlinear
dynamic response of the system is obtained.

5. Results and discussions

In the previous sections, the coupled nonlinear dynamics of axially
travelling hyperelastic beams is formulated and solved. In this section,
the dynamic response of the system in a coupled regime is analysed and
discussed in two subsections of linear and nonlinear analysis.

In order to analyse the mechanical behaviour of the system, the
following properties are assumed as L = 200 mm, ℎ = 10 mm, 𝑏 = 20
mm; 𝜌 = 1000 kg/m3, 𝑃0 = 50 N, 𝑉𝑏0 = 1 m∕s, together with hyperelastic
coefficients for Yeoh’s strain energy density model as 𝐶1 = 2.631e6 Pa
𝐶2 = −1.404e5 Pa and 𝐶3 = 5016 Pa for the thermoplastic polyurethane
experimental testing model and as 𝐶1 = 0.24162e6 Pa, 𝐶2 = 0.19977e6
Pa, 𝐶3 = −0.00541e6 Pa for silicone rubber [34] acted upon an external
harmonic load as 𝐹0 = 0.01 N.

5.1. Linear analysis

For the given properties, in the following subsections, the influence
of different parameters on the linear frequency response of the system
is discussed.

5.1.1. Influence of the axial velocity and 𝐶1 parameter
For the first step, by using the defined properties, the velocity

and 𝐶1 hyperelasticity strain energy density terms are varied and the

variation of the first two frequency parameters are calculated and
shown in Fig. 10 for thermoplastic polyurethane model; it can be seen
that the linear natural frequency terms decrease by increasing the axial
velocity and decreasing term 𝐶1.

Besides, the first two mode shapes for the axially moving hyperelas-
tic beam model with velocity as 𝑉𝑏 = [𝑉𝑏, 15𝑉𝑏0] are shown in Figs. 11
and 12, respectively for the 3D printed thermoplastic polyurethane
model; it can be seen that the mode shapes contain real and imaginary
parts and varying the velocity changes the mode shapes significantly
with more influence on the imaginary part.

5.1.2. Influence of the geometrical properties
To show the influence of the geometrical properties on the linear

frequency vibration response of the system, the velocity and 𝛾 are
varied together as 0.5𝛾0 ≤ 𝛾 ≤ 2𝛾0 and 0.5𝑉𝑏0 ≤ 𝑉𝑏 ≤ 10𝑉𝑏0. Results
are shown in Fig. 13(a) and (b) for first and second natural frequency
terms of thermoplastic polyurethane beam, respectively; it can be seen
that the fundamental natural frequency term shows more sensitivity to
variation of the axial velocity for all the 𝛾 terms compare to the second
mode of vibration.

5.2. Nonlinear analysis

In this section, the nonlinear dynamic response of axially moving
hyperelastic beams is investigated. Since hyperelastic structures show
nonlinear mechanical properties and this importance is combined with
large strains due to soft behaviour, nonlinear analysis of the system
plays an important role in understanding their mechanical behaviour
in different conditions. To this end, at the first stage of this section,
the current methodology and solution procedure is verified. The im-
portance of considering coupling motion and the influence of different
parameters on the nonlinear response are discussed afterwards.
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Fig. 13. Geometrical properties effect on the natural frequencies of the thermoplastic
polyurethane axially moving hyperelastic beam model for different velocities (a) first
natural frequency, and (b) second natural frequency.

5.2.1. Verification and convergence
In order to verify the current methodology, two-different

approaches are provided; first, the coefficients are chosen in a way to
convert the equations from hyperelasticity to elasticity by neglecting
the hyperelasticity terms as (𝐶2 = 𝐶3 = 0). Accordingly, by neglecting
the coupled motion (𝑀 = 0) and only considering the transverse
motion, properties are rewritten for internal resonance as 𝜔20 = 3𝜔10.
By considering the first two series coordinate terms and first two
Galerkin’ parameters (𝑁 = 2), the amplitude–frequency response of
the system is obtained as shown in Appendix A; it can be seen that
the results are in a great agreement with Ref. [47] which shows the
accuracy of the current methodology.

Besides, the convergence of the current methodology is analysed by
increasing the total number of modes. To this end, the axially moving
hyperelastic beam is modelled following the given properties at the
beginning of this section for silicone-rubber and 𝐹 = 0.1 𝐹0, and
the total number of modes is varied as shown in Appendix B for the
first three dynamic equilibrium coordinates; it can be seen that by
increasing the number of modes from six to fourteen, convergence is
obtained after considering ten modes which this number of modes will
be used in this study.

5.2.2. Comparison of coupling motion and single motion response
Axially moving elastic beam models have mainly been modelled

previously using single motion analysis. In this study, the formulation
and solution procedure is presented for coupled axial and transverse
motions of hyperelastic beam model. The importance of considering
couple motion is examined by showing the amplitude–frequency re-
sponse of single and couple motion analysis in Fig. 14 for perfect and
Fig. 15 for imperfect silicone-rubber with imperfection as 𝐴0 = 0.02;
it can be seen that the stiffness hardening behaviour is overestimated

Fig. 14. Comparison between single motion and coupled motion nonlinear frequency
response of perfect silicone rubber axially moving hyperelastic beam model (a) first
coordinate, (b) second coordinate and (c) third coordinate.

for the all the coordinates of imperfect beam model and the first and
third coordinates of perfect beam model when only transverse motion
is considered, and the internal resonances are not seen.

5.2.3. Influence of the speed
As shown in the linear analysis, the speed of the axially moving

beam plays a dominant role in varying the mechanical behaviour of
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Fig. 15. Comparison between single motion and coupled motion nonlinear frequency
response of imperfect silicone rubber axially moving hyperelastic beam model (a) first
coordinate, (b) second coordinate and (c) third coordinate.

the system. To show the influence of this parameter on the nonlinear
frequency–amplitude response, the previous properties are used and the
velocity is varied as 𝑉𝑏 = [0, 1.0𝑉𝑏0, 2.0𝑉𝑏0, 4.0𝑉𝑏0] by having 𝐹 = 0.1
𝐹0. Fig. 16 indicates the influence of varying the axial velocity for the
first three dynamic equilibrium coordinates; it can be seen that for
the first dynamic equilibrium coordinate, by increasing the velocity,

Fig. 16. Influence of the axial velocity parameter on the frequency response of perfect
silicone rubber axially moving hyperelastic beam model (a) first coordinate, (b) second
coordinate, and (c) third coordinate.

the nonlinear response moves to lower excitation frequencies while
the maximum amplitude decrease. However, the second equilibrium
coordinate shows a different behaviour; it can be seen that increasing
the velocity increases the maximum amplitude of the second dynamic
equilibrium coordinate which indicates more coupling between the first
two modes of vibration by increasing the velocity.
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Fig. 17. Influence of the hyperelastic parameter 𝐶1 on the frequency response of
silicone rubber axially moving hyperelastic beam model (a) first coordinate, (b) second
coordinate, and (c) third coordinate.

5.2.4. Influence of the hyperelasticity terms
Another important term in analysing the mechanical characteristics

of the hyperelastic systems is the strain energy density terms. Therefore,
in this subsection, the influence of varying hyperelastic term 𝐶1 is
discussed. For silicone-Rubber beam model, the hyperelastic strain
term 𝐶1 is varied as 𝐶1 = [0.8𝐶10, 2.0𝐶10, 3.0𝐶10] by having 𝐹 =
0.1𝐹0 and the frequency–amplitude response is analysed as shown

Fig. 18. Influence of the hyperelastic parameter 𝐶1 on the frequency response of
thermoplastic axially moving hyperelastic beam model (a) first coordinate, (b) second
coordinate, and (c) third coordinate.

in Fig. 17. Similarly, for thermoplastic polyurethane, the first three
dynamic equilibrium coordinate response are shown in Fig. 18 for
𝐶1 = [0.8𝐶10, 1.0𝐶10, 1.2𝐶10, 3.0𝐶10]; it can be seen that for the
thermoplastic polyurethane beam model, the maximum amplitude of
the first coordinate does not change significantly while for the silicone-
rubber model, this variation is noticeable. Besides, the contribution
of the second generalised coordinate is less for higher strain energy
density term 𝐶1 for both models.
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Fig. 19. Influence of the hyperelastic parameter 𝐶2 on the frequency response of
silicone rubber axially moving hyperelastic beam model (a) first coordinate, (b) second
coordinate, and (c) third coordinate.

Besides, the strain energy nonlinear term 𝐶2 plays an important
role in varying the nonlinear response of the system. To this end,
𝐶2 is varied as 𝐶2 = [0.0𝐶20, 2.0𝐶20, 3.0𝐶20, 5.0𝐶20] for silicone-
rubber and 𝐶2 = [0.5𝐶20, 2.0𝐶20, 3.0𝐶20, 5.0𝐶20] for thermoplastic
polyurethane beam model; from Figs. 19 and 20 can be seen that the
natural frequency term does not change by varying this parameter
however, it has a rich effect in varying the amplitude-response in higher
amplitudes.

Fig. 20. Influence of the hyperelastic parameter 𝐶2 on the frequency response of
thermoplastic axially moving hyperelastic beam model (a) first coordinate, (b) second
coordinate, and (c) third coordinate.

5.2.5. Influence of the axial tension
Axial tension is required for belt operating systems for properly

transmitting power from one pulley to another. Therefore, in this
subsection, by varying the axial tension force, the nonlinear frequency
response of the axially moving beam is examined for both silicone-
rubber and thermoplastic polyurethane beam models. Figs. 21–23
shows the first three dynamic equilibrium coordinates for thermoplastic
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Fig. 21. Influence of the axial tension on the first dynamic coordinate frequency response of thermoplastic polyurethane axially moving hyperelastic beam model (a) 𝑃 = 5𝑃0, (b)
𝑃 = 3𝑃0, (c) 𝑃 = 𝑃0, and (d) 𝑃 = 0.5𝑃0.

Fig. 22. Influence of the axial tension on the second dynamic coordinate frequency response of thermoplastic polyurethane axially moving hyperelastic beam model (a) 𝑃 = 5𝑃0,
(b) 𝑃 = 3𝑃0, (c) 𝑃 = 𝑃0, and (d) 𝑃 = 0.5𝑃0.
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Fig. 23. Influence of the axial tension on the third dynamic coordinate frequency response of thermoplastic polyurethane axially moving hyperelastic beam model (a) 𝑃 = 5𝑃0,
(b) 𝑃 = 3𝑃0, (c) 𝑃 = 𝑃0, and (d) 𝑃 = 0.5𝑃0.

Fig. 24. Influence of the axial tension on the first dynamic coordinate frequency response of silicone rubber axially moving hyperelastic beam model (a) 𝑃 = 2𝑃0, (b) 𝑃 = 𝑃0, (c)
𝑃 = 0.5𝑃0, and (d) 𝑃 = 0.25𝑃0.
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Fig. 25. Influence of the axial tension on the second dynamic coordinate frequency response of silicone rubber axially moving hyperelastic beam model (a) 𝑃 = 2𝑃0, (b) 𝑃 = 𝑃0,
(c) 𝑃 = 0.5𝑃0, and (d) 𝑃 = 0.25𝑃0.

Fig. 26. Influence of the axial tension on the third dynamic coordinate frequency response of silicone rubber axially moving hyperelastic beam model (a) 𝑃 = 2𝑃0, (b) 𝑃 = 𝑃0, (c)
𝑃 = 0.5𝑃0, and (d) 𝑃 = 0.25𝑃0.

polyurethane beam with P = [0.5𝑃0, 𝑃0, 3𝑃0, 5𝑃0], and Figs. 24–26
shows the first three dynamic equilibrium coordinates for silicone-
rubber beam with P = [0.25𝑃0, 0.5𝑃0, P0, 2𝑃0]. It can be seen that

the system is highly sensitive to the variation of tension force which
combination of softening and hardening behaviour is obtained for the
first generalised coordinates for higher axial tensions.
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Fig. 27. Influence of the geometrical imperfection on the frequency response of
silicone rubber axially moving hyperelastic beam model (a) first coordinate, (b) second
coordinate, and (c) fourth coordinate.

5.2.6. Influence of the geometrical imperfection
Since hyperelastic structures are soft, geometrical imperfection is a

part of their physical characteristics which should be included when
analysing hyperelastic structures. To show this influence, the geomet-
rical imperfection is presented as a scale of the first mode of vibration
with a constant coefficient 𝐴0. By having 𝐴0 = 0.02 and 𝐹 = 0.1𝐹0,
the amplitude–frequency response of the system is calculated as shown
in Figs. 27 and 28 for silicone-rubber and thermoplastic polyurethane,
respectively; it can be seen that the imperfection leads to lower ampli-
tude of vibration in silicone-rubber beam and more complicated rich
nonlinear vibration response for thermoplastic polyurethane beam.

6. Summary and conclusions

In this study, a comprehensive analysis on coupled nonlinear dy-
namics of axially moving hyperelastic beam was presented. At the first
part of this paper, experimental testing was performed on rubbery

Fig. 28. Influence of the geometrical imperfection on the frequency response of
thermoplastic polyurethane axially moving hyperelastic beam model (a) first coordinate,
(b) second coordinate, and (c) fourth coordinate.

structures and the mechanical stress–strain behaviour of the samples
was recorded following the ASTM D638 guidance. Different hyper-
elastic strain energy density models were investigated and the best
fitting between models and experimental data were presented. It was
shown that the neo-Hookean model is incapable of properly modelling
the behaviour of experimental results and Yoeh’s strain energy density
model presents a fair fit.

Accordingly, by having the data from the experimental analysis,
the axially moving hyperelastic beam was formulated using Yeoh’s
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Fig. A.1. Comparison of amplitude–frequency response of an axially moving elastic beam at internal resonance with Ref. [47].

hyperelastic strain energy density model and von Kármán geometrical
nonlinearity considering geometrical imperfection as well. Coupled
equations of motion for the axial and transverse motions were obtained
using Hamilton’s principle and solved for linear and nonlinear anal-
ysis using a generalised decomposition technique, Galerkin’s scheme
and a dynamic equilibrium method. A comprehensive analysis on the
mechanical response of the system due to the variation of different

physical and geometrical properties of the beam was presented. It was
shown that

• Considering higher number of Galerkin modes converges the
nonlinear results and the low number of modes cannot track the
internal resonance phenomena.
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Fig. B.1. Convergence of the amplitude–frequency response of an axially moving silicone rubber beam–first coordinate.

• By comparing single motion and coupling motion between axial
and transverse motions, it was shown that the single motion
model overestimates the hardening behaviour of the beam which
shows the importance of considering the coupled motion. Simi-
larly, the imperfect beam model shows a great difference between
single and coupled motion responses.

• Increasing the velocity of axially moving hyperelastic beams leads
to lower nondimensional natural frequencies and sweeps the
nonlinear frequency amplitude response of the system to the left
side.

• The maximum amplitude of the first generalised vibration de-
creases while the second generalised vibration amplitude in-
creases significantly by increasing the speed which shows more
coupling between modes.

• The system shows high sensitivity to variation of the hyperelastic
parameters which by increasing 𝐶1, the linear natural frequen-
cies increase and the nonlinear amplitude–frequency response
sweeps to right side. However, the second hyperelastic term (𝐶2)

shows no effect in varying the position of the stiffness hardening
phenomena.

• Increasing the hyperelastic parameter 𝐶1 leads to more hardening
response in the system and the turning point moves to higher
excitation frequencies for all the dynamic equilibrium coordinates
and beam models.

• Increasing the hyperelastic parameter 𝐶2 has a significant effect
on the nonlinear vibration response by changing the peak of the
stiffness hardening model to lower excitation frequencies or even
stiffness softening behaviour.

• Both imaginary and real parts of the first two mode shapes are
affected by the variation of the axial speed which the imaginary
part shows higher sensitivity to this variation. These mode shapes
are not symmetric due to the axial travelling speed.

• Linear natural frequencies show high sensitivity to geometrical
designing terms, axial velocity and the hyperelastic parameter 𝐶1.
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Fig. B.2. Convergence of the amplitude–frequency response of an axially moving silicone rubber beam–second coordinate.

• Importance of axial tension on varying the nonlinear frequency
response is discussed in the study showing that increasing the
axial force enriches the nonlinear frequency–amplitude response.

• Geometrical imperfection has a significant effect in increasing the
coupling between modes and considering it in studying the system
can increase the accuracy of the modelling.
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Appendix A

See Fig. A.1.

108 Chapter 3. Axially travelling hyperelastic beams



Fig. B.3. Convergence of the amplitude–frequency response of an axially moving silicone rubber beam–third coordinate.

Appendix B

See Figs. B.1–B.3.
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Chapter 4

Porous-hyperelastic beams

Overview

Since many polymeric structures are fabricated by injection moulding and 3d-printing,
this chapter focuses on comprehension of the mechanics of hyperelastic structures
with the presence of porosities and voids. A set of samples with different porosities is
fabricated and the effect of having different infill rates on the stress-stretch behaviour
is investigated. A modified hyperelastic strain energy density model is provided in
the framework of the Mooney-Rivlin model. The developed model is then used
for modelling incompressible isotropic porous-hyperelastic beam structures. The
porosity is assumed to be uniform or functionally-graded through the length of the
structure. A detailed analysis is presented, showing the effect of porosity on chang-
ing the mechanical behaviour of the hyperelastic structure. This research study is
published and available online as: Khaniki, H. B., Ghayesh, M. H., Chin, R., &
Amabili, M. (2021). Large amplitude vibrations of imperfect porous-hyperelastic
beams via a modified strain energy. Journal of Sound and Vibration, 513, 116416.
DOI: 10.1016/j.jsv.2021.116416
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A B S T R A C T   

In this paper, the porous-hyperelastic properties of soft materials are obtained experimentally and 
a general model for a combination of porosity (of functional type) and hyperelasticity using the 
Mooney-Rivlin strain energy density is obtained. Porous-hyperelastic samples are fabricated using 
thermoplastics with different porosities by varying the infill rate of 3D-printing. Following the 
available standards, the stress-strain behaviour for different samples are obtained and a general 
model for hyperelastic closed-cell porosity is presented. After obtaining model’s characteristics 
from the experimental testings, a general beam formulation is presented for hyperelastic beams 
with functional porosity through the length. Both the axial and transverse motions are considered 
in the model of hyperelastic beams in the framework of the Mooney-Rivlin material model and 
Hamilton’s principle. A geometrical imperfection of the beam is also considered in the formu
lation. The nonlinear forced vibrations of the imperfect porous-hyperelastic beam are studied by 
simultaneously solving the axial and transverse nonlinear coupled equations using a dynamic 
equilibrium technique. It is shown that having a uniform and functional porosity has a significant 
effect in changing the nonlinear frequency response of the system. Geometrical imperfection leads 
to a significant coupling between the axial and transverse coordinates when the porosity varies 
functionally through the length which shows the importance of considering both motions while 
analysing such structures. The results are useful for better understanding the effects of imper
fections in studying the mechanics of soft structures and can be useful in designing soft robotics 
and artificial organs.   

1. Introduction 

Voids and porosities are the commonly known production defects of many available structural components [1–4]. These types of 
imperfection happen during the fabrication process or intentionally added to a component based on the application and requirement of 
the design [5–7]. For soft structures made of thermoplastics, elastomers or silicone-rubbers, the fabrication procedure (e.g. 3D-printing 
and injection moulding [8]) can cause porous/perforated soft structures. 

Since the mechanical properties of porous structures are affected by the porosity type [9] (e.g. closed-cell or open-cell), volume 
fraction and distribution through the structure (e.g. uniformly or functionally), researchers have analysed these effects in different 
mechanical conditions in the framework of linear elasticity. Due to the possibility to vary the porosity through a direction [10,11], 
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functionally porous elastic beams have been examined by many researchers. Chen et al. [12] investigated the static deformation and 
buckling of functionally porous elastic beams for open-cell metal foam beams. Porosity was varied in the thickness direction of the 
beam following symmetrical and unsymmetrical models; it was shown that by increasing the porosity of the structure, the critical 
buckling decreases while the maximum deflection increases. Jena et al. [13] examined beams made of functionally graded materials 
with uniform porosity through the thickness and analysed the linear vibration behaviour; using the Navier’s technique and 
Rayleigh-Ritz method, it was shown that considering the uniform porosity causes lower natural frequencies for power-law functional 
beam models. 

Beams strengthened with fibres also possess different types of porosities between the matrix and fibres. This importance has been 
investigated by Kitipornchai et al. [14] and Chen et al. [15] for graphene strengthened structures; it was shown that the porosity and its 
distribution in the beam structure can significantly change the mechanical behaviour and stiffness of the structures emphasizing on the 
importance of considering this effect for such structures. Akbaş [16] studied the influence of having even and uneven CNT distribution 
models on the forced vibration response of simply-supported beams. The linear elastic structure was assumed with material variation 
through the thickness; it was shown that by choosing a proper material distribution in the structure, the unpleasant effects of having 
porosity can be decreased. 

On the other hand, since soft structures made of plastics, rubbers and elastomers go through large nonlinear strains in their elastic 
region, the conventional linear elastic continuum mechanic models fail to predict their behaviour accurately and a proper hyperelastic 

Fig. 1. Sample preparation for porosity-hyperelasticity testing (a) schematic representation of closed-cell porous dumbbells (b) dimensions 
following standards (c) fabricated porous-hyperelastic samples (d) closed-cell hexagonal porosity in samples. 
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formulation and definition is required. Soft structures without porosity and geometry imperfection have been examined in the past few 
years due to the increasing demand for their application in soft robotics [17,18], surgical tools [19,20], artificial organs and implants 
[21–23]. The nonlinear mechanics of hyperelastic plate [24–26] and shell [27,28] structures have been examined using Ogden and 
neo-Hookean strain energy density models; it was shown that the hyperelastic-model predictions match with the experimental results. 

However, the importance of having voids and porosities in soft structures have not been examined yet. Since most of the soft 
structures are fabricated by moulding and printing, it is important to comprehend the influence of this imperfection on their me
chanical behaviour. Besides, since soft structures undergo large strains while facing different types of loading, the geometrical 
imperfection also plays a key role in accurately defining the initial condition of the beam. 

To reach this understanding, this paper deeply investigates the nonlinear mechanics of imperfect porous-hyperelastic soft beams by 
the means of continuum mechanics and experimental testing which is structured as follows. In Section 2, the porosity and hyperelastic 
properties of thermal polyurethane (TPU) samples made by 3D-printing are investigated using experimental testing and a proper 
porous-hyperelastic model is presented based on the Mooney-Rivlin strain energy density model with porosity dependent coefficients. 
In Section 3, the coupled nonlinear dynamics of porous-hyperelastic beams is presented by considering a geometrical imperfection and 
the possibility of porosity variation through the length of the beam. The coupled highly nonlinear equations of motion are solved in 
Section 4 by employing a dynamic equilibrium technique and Galerkin’s scheme. In Section 5, the nonlinear forced vibration response 
of the structure is presented in detailed subsections and the influence of the uniform/functional porosity, hyperelastic material pa
rameters, geometrical imperfection and the external load on the nonlinear dynamic behaviour is discussed. Section 6 presents the 
conclusion and highlights the outcomes of this study. 

Fig. 2. Tensile test on the fabricated porous-hyperelastic samples using Instron testing machine.  
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2. Experimental characterisation of the porous-hyperelastic material 

Hyperelastic structures show nonlinear behaviour in their stress-strain diagram making the linear classic models inaccurate for 
defining their stiffness properties. In order to obtain the hyperelasticity properties of a soft structure, one should obtain the stress-strain 
behaviour following the related standards for hyperelastic structures. This study follows the ASTM-D638 standard by fabricating 
dumbbell samples using a 3D-printer for thermal polyurethane. Different types of hexagonal infill rates are considered in 
manufacturing the samples indicating closed-cell porosity in the structure (Fig. 1). Each sample is considered to be isotropic, due to a 
uniform distribution of the porosity through the sample. 

For each porosity model (with infill rate varying from 10 to 100%), five thermal polyurethane dumbbell samples are manufactured 
and tested following ASTM-D638 recommendations and using an Instron 1011 testing machine (Fig. 2). The connection between the 
Instron machine and the computer is done using a Compact-DAQ USB chassis (NI cDAQ-9174) which is suitable for portable sensor 
measurement systems (Fig. 2); the data acquisition for force/deformation is done using a 16-Bit 32-Channel DAQ system (NI-9205) 
which is the left slot on the chassis in Fig. 2 and an MTS axial extensometer is connected to the chassis at the right slot (Fig. 2). For each 
infill rate, the experiment is repeated five times with the speed of 50 mm/min and 200 samples per second. After performing the tests, 
the stress-strain behaviour is recorded and the results are presented in Fig. 3 for different infill rates (porosities); it can be seen that 
increasing the infill rate from 10 to 100% (decreasing the porosity rate from 90 to 0%) increases the stiffness, nonlinearly and the most 
sensitivity is seen when the infill rate is high. 

Fig. 3. Average stress-strain behaviour of porous-hyperelastic samples for different infill rates based on the experimental results.  

Table 1 
Porous-hyperelastic and mas density coefficients for experimental samples with different infills with C1

perfect = 2.463e5 Pa, C2
perfect =3.512e6 Pa and 

ρperfect 
= 1152.5 kg/m3.  

Model Infill ρporous/ρperfect C1
porous/ C1

perfect C2
porous/ C2

perfect R-Square 

1 10% 0.5981 0.0180 0.1381 0.9908 
2 20% 0.6269 0.0316 0.1434 0.9894 
3 30% 0.6558 0.0439 0.1452 0.9892 
4 40% 0.6808 0.0589 0.1474 0.989 
5 50% 0.7173 0.0814 0.1558 0.9998 
6 60% 0.7327 0.0989 0.1995 0.9992 
7 70% 0.7654 0.1198 0.2721 0.9973 
8 80% 0.8173 0.1484 0.3833 0.9964 
9 90% 0.8980 0.5416 0.6936 0.9711 
10 100% 1.0000 1.0000 1.0000 0.9999  
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Fig. 4. Fitting the experimental results with the theoretical modelling (a) C1 ratio, (b) C2 ratio and (c) mass density ratio.  
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By having the nonlinear stress-strain behaviour of such structures, the Mooney-Rivlin strain energy density model, which have 
shown good accuracy in modelling isotropic soft materials structure [29], is employed to model the stress-strain behaviour. 

The strain energy density of the Mooney-Rivlin hyperelastic model is a function of the strain tensor invariants as [29] 

WMR = C1(I1 − 3) + C2(I2 − 3) +
κ
2
(J − 1)2

, (1) 

Table 2 
Porous-hyperelastic and mas density coefficients for curve fitting with experimental results.  

i Coefficient ai1 ai2 ai3 ai4 ai5 R-Square 

1 C1
porous/ C1

perfect 8.93625 -14.51887 8.03085 -1.55217 0.10649 0.9892 
2 C2

porous/ C2
perfect 1.85051 -1.05951 -0.03058 0.11153 0.12813 0.9973 

3 ρporous/ρperfect 0.89110 -1.06203 0.34160 0.26299 0.56859 0.9989  

Fig. 5. Porosity variation through the length of the beam for different (a) power-law and (b) sigmoid parameters using the variation formulation 
given in Eq. (10). 
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where C1, C2 and κ are the hyperelastic coefficients that should be identified experimentally and I1, I2 and J are strain invariants. For an 
incompressible material, J = 1 [28]. The stress invariants are written as 

I1 = λ2
1 + λ2

2 + λ2
3, (2)  

I2 = λ2
1λ2

2 + λ2
1λ2

3 + λ2
2λ2

3, (3)  

where λi (with i = 1, 2, and 3) is the stretch of the structure in the ith principal direction. By performing a curve fitting with the 
experimental testing, the Mooney-Rivlin hyperelastic coefficients for each infill is obtained, as shown in Table 1. Fitting is performed 
using the R-square correlation technique which is defined as [30] 

R2 = 1 −
Tss

Rss
, (4)  

where Tss and Rss are the total and residual sum of squares, respectively, defined as 

Tss =
∑

i
wi(yi − fi)

2
, (5)  

Rss =
∑

i
wi(yi − y)2

, y =
1
n

∑n

i=1
yi , (6)  

Fig. 6. Schematic representation of closed-cell porous-hyperelastic beam (with a cut section to show the porosity) (a) geometrical perfect and (b) 
geometrical imperfect. 
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where yi and fi denote the values marked and fitted, respectively; wi is the applied weight for each data (usually assumed as 1) and y is 
the mean marked data; it can be seen that the fitting result shows a great correlation (Table 1). Fitting results are shown in Appendix A 
for the sake of brevity. 

To have a general formulation for porous-hyperelastic structures, the hyperelastic coefficients (C1 and C2) and mass density (ρ) are 
defined as a function of porosity with respect to the material properties when there is no porosity (perfect), each parameter is presented 
as a polynomial function of infill rate as 

Cporous
1 (x)
Cperfect

1
= a11α4(x) + a12α3(x) + a13α2(x) + a14α(x) + a15, (7)  

Cporous
2 (x)
Cperfect

2
= a21α4(x) + a22α3(x) + a23α2(x) + a24α(x) + a25, (8)  

ρporous(x)
ρperfect = a31α4(x) + a32α3(x) + a33α2(x) + a34α(x) + a35, (9)  

where aij indicates the fitting coefficients and C1
perfect, C2

perfect and ρperfect are the Mooney-Rivlin hyperelastic and mass density terms of 
the soft samples without any porosity. By performing a curve fitting (Fig. 4), the coefficients for each parameter are obtained as shown 
in Table 2; it can be seen that the R-square is very close to 1 showing the accuracy of the proposed model for porous-hyperelastic 
coefficients and mass density terms as a function of porosity. 

In this paper, it is assumed that structure’s porosity can vary through the length direction (1 - α(x)); therefore, the infill rate is 
assumed as a function of the longitudinal direction term x following a power-law or sigmoid functions as 

α(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

powerlaw : α1

(x
L

)mp
+ α0 , 0 ≤ x ≤ L,

sigmoid :

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

α0 +
1
2

α1

(
2x
L

)ms

, 0 ≤ x ≤
L
2
,

α0 + α1 −
α1

2

(

2 −
2x
L

)ms

,
L
2
≤ x ≤ L ,

(10)  

where α0 and α1 are the infill rate coefficients (the infill rate at the left and right ends are α0 and (α0+α1), respectively), mp and ms are 
the varying terms for power-law and sigmoid functions, respectively, and L is the length of the beam which is assumed that the porosity 
varies through it. The variation of infill rate for both models are shown in Fig. 5; it can be seen that by having mp = 0, a uniform infill 
rate (α0 + α1) through the length is obtained and by having mp = 1, linear variation model for porosity is presented. Similarly, for the 
sigmoidal model, by having ms = 0 and ms = 1, a uniform infill rate (α0 + 0.5α1) and linear variation through the length are obtained. 

3. Porous-hyperelastic beam formulation via the Mooney-Rivlin model 

For a hollow porous-hyperelastic beam with the thickness of h, length L and width b (Fig. 6a), by considering a geometrical 
imperfection (Fig. 6b) of von Kármán geometric nonlinearity in the strain-displacement relationships and assuming that the slope of 
the initial rise is smaller than unity, the kinetic energy (KE) is written following the displacement field of Euler-Bernoulli beam theory 
as [31] 

KE =
1
2

∫

V
ρ(x)

[(
∂u(x, t)

∂t
− z

∂2w(x, t)
∂x∂t

)2

+

(
∂w(x, t)

∂t

)2
]

dV, (11)  

where u and w are the displacements in x and z directions (x is along the length) and t is time; dV is the elementary volume element of 
the beam. The invariants (I1, I2 and J) for the described beam model, by considering strains in all three directions and assuming the 
same strain in the y and z directions (i.e. orthogonally to the transverse deflection w), are rewritten as 

I1 =

2 +

(

1 + ∂u
∂x − z ∂2w

∂x2 +
1
2

(
∂w
∂x

)2

− ∂w
∂x

dw0
dx

)3

1
2

(
∂w
∂x

)2

− z ∂2w
∂x2 +

∂u
∂x −

∂w
∂x

dw0
dx + 1

, (12)  
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I2 =

1 + 2
(

1 + ∂u
∂x − z ∂2w

∂x2 +
1
2

(
∂w
∂x

)2

− ∂w
∂x

dw0
dx

)3

1 + 2 ∂u
∂x − 2z ∂2w

∂x2 +

(
∂w
∂x

)2

− 2 ∂w
∂x

dw0
dx +

(
∂u
∂x − z ∂2w

∂x2 +
1
2

(
∂w
∂x

)2

− ∂w
∂x

dw0
dx

)2, (13)  

J = 1 → εy = εz =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
⎛

⎝∂u
∂x − z ∂2w

∂x2 +
1
2

(
∂w
∂x

)2

− ∂w
∂x

dw0
dx + 2

[

1 −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + ∂u
∂x − z ∂2w

∂x2 +
1
2

(
∂w
∂x

)2

− ∂w
∂x

dw0
dx

√ ]⎞

⎠

1 + ∂u
∂x − z ∂2w

∂x2 +
1
2

(
∂w
∂x

)2

− ∂w
∂x

dw0
dx

√
√
√
√
√
√
√
√
√
√

(14)  

where w0 is the geometrical imperfection (Fig. 6b). By using the Mooney-Rivlin hyperelastic strain energy density model [29,32], the 
potential energy of the beam can be written as 

PE =

∫L

0

∫

A

[C1(I1 − 3) + C2(I2 − 3)]dAdx

=

∫L

0

∫

A

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

C1

2 +

(

1 +
∂u
∂x

− z
∂2w
∂x2 +

1
2

(
∂w
∂x

)2

−
∂w
∂x

dw0

dx

)3

1
2

(
∂w
∂x

)2

− z
∂2w
∂x2 +

∂u
∂x

−
∂w
∂x

dw0

dx
+ 1

− 3(C1 + C2)

+C2

1 + 2
(

1 +
∂u
∂x
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(15) 

By using Hamilton’s principle, the coupled equations of motion are obtained (given in Appendix B for the sake of brevity). Since the 
scale of parameters in the equations of motion are significantly different, nondimensional terms are defined as 

x∗ =
x
L
, w∗ =

w
h
, w0∗ =

w0

h
, u∗ =

u
h
, F∗ =

FL4
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, ρ∗ =

ρ
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L
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̅̅̅̅̅̅̅̅
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√
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√

,
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, t∗ = t

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
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)
I2

ρ0AL4

√

, Ω = ω

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρ0AL4

(
C1,α=1 + C2,α=1

)
I2

√

,

(16)  

which by using the nondimensional terms, one can rewrite the equations of motion in a nondimensional form which is given in 
Appendix B. It can be seen that the nondimensional equations of motion are highly nonlinear due to hyperelastic nonlinearities, 
porosity variation, geometrical imperfections, large deflection and the coupling between the axial and transverse motions. In order to 
obtain the nonlinear dynamic behaviour of soft porous beams, one has to solve the coupled system of nonlinear equations simulta
neously which is discussed in the next section. 

4. Solution procedure 

By considering coupled motion and by assuming the first 2N modes of vibration (N modes of axial motion and N modes of transverse 
motion) in Galerkin’s scheme as 

u(x, t) = χ1(x)τ1(t) + χ2(x)τ2(t) + χ3(x)τ3(t) + ⋯ + χN(x)τN(t), (17)  

w(x, t) = ξ1(x)ϑ1(t) + ξ2(x)ϑ2(t) + ξ3(x)ϑ3(t) + ⋯ + ξN(x)ϑN(t), (18)  

and the governing coupled equations of motion are discretised and rewritten with coefficients for each term as 
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(20)  

which for the sake of brevity, the coefficients are defined in Appendix C. In this study, the boundary conditions are assumed to be fixed- 
fixed which leads to the spatial functions as [33] 

χp(x) = sin(pπx) (21)  

ξp(x) =
cos
(
μp

)
− cosh

(
μp

)

sin
(
μp
)
− sinh

(
μp
)
[
sinh

(
μpx
)
− sin

(
μpx
)]

+ cosh
(
μpx
)
− cos

(
μpx
)

(22)  

where μp is the pth root of the transcendental equation. The equilibrium coefficients can be rewritten by employing a dynamic 
equilibrium technique as 

τm = Am(− n)e− niωt + ⋯ + Am(− 2)e− 2iωt + Am(− 1)e− iωt + Am0 + Am1eiωt + Am2e2iωt + ⋯ + Amneniωt, (23)  

ϑm = Bm(− n)e− niωt + ⋯ + Bm(− 2)e− 2iωt + Bm(− 1)e− iωt + Bm0 + Bm1eiωt + Bm2e2iωt + ⋯ + Bmneniωt, (24)  

and the dynamic complex equilibrium equation is obtained as 

{
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= {f}cos(Ωt), (25)  

which by solving the dynamic equilibrium equations in Eq. (25), the nonlinear dynamic response of the system is obtained. To solve 
Eq. (25), the frequency term Ω is firstly guessed and inserted into this system of equations for obtaining the dynamic complex equi
librium coefficients (Amn and Bmn). The frequency term is evolved afterwards with a small iteration in the previous frequency term as 

Ωnew = Ωprevious + ΔΩ, (26)  

which for the new frequency term, the dynamic complex equilibrium coefficients are computed again and the process is repeated 
(interested readers are referred to Refs. [34–36]). For linear analysis and obtaining the natural frequencies of the soft structure, the 
nonlinear parts of the equations of motion are neglected and a modal decomposition technique [37] is used. 

5. Results and discussions 

The coupled equations of motion of porous-hyperelastic beams with uniform/functional porosity through the length have been 
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formulated based on the experimental results and solved in the previous sections. In this section, the nonlinear dynamic response of 
such structures is investigated and different case studies are presented. 

5.1. Model validation 

For the sake of verifying the current methodology, a geometrically imperfect elastic beam model with even porosity is modelled 
using the given formulation. To reach this model, the equations of motion are simplified by neglecting the higher order strain terms 
and defining the Young’s modulus of the system equal to the hyperelastic parameter as 

ρAutt − EA
(

∂2u
∂x2 +

∂w
∂x

∂2w
∂x2 −

∂2w
∂x2

dw0

dx
−

∂w
∂x

d2w0

dx2

)

= 0, (27) 

Table 3 
Nondimensional fundamental frequency parameter of a porous elastic beam with different geometrical imperfection.  

A0 /[η(I2/A)0.5] 0.0 0.1 0.2 0.3 0.4 0.5 

Ref. [38] 9.8696 9.8942 9.9678 10.0892 10.2568 10.4683 
Present 9.8696044 9.8942474 9.9678108 10.0892246 10.2568795 10.4682895  

Fig. 7. Transverse amplitude-frequency response of uniformly porous-hyperelastic beams with different infill rates for the (a) first and (b) third 
dynamic coordinates. 

4.5. Results and discussions 125



Fig. 8. Transverse amplitude-frequency response of power-law porous-hyperelastic beams for the (a) first, (b) second and (c) third dynamic 
coordinates. 
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(28)  

which is equal to those obtained by literature [38] and validates the formulation procedure given in this paper. By varying the 
geometrical imperfection term as A0 = [0 0.1 0.2 0.3 0.4 0.5]η(I2/A)0.5 and having even porosity in the structure as [38] 

{
ρ
E

}

= (1 − μ0)

{
ρ0
E0

}

, (29)  

the nondimensional fundamental frequency terms are obtained using the modal decomposition technique [37] after non
dimensionalisation (for μ0 = 0.1) and shown in Table 3 which are in good agreement with the literature. 

5.2. Porosity effect 

Porosity is one of the main defects seen in hyperelastic structures. To understand the influence of porosity in varying the me
chanical behaviour of soft structures, a geometrically perfect beam is considered with the dimensions as L = 0.2 m, b = 0.02 m and h =
0.01 m and the porosity is assumed to be either uniformly constant or varied via a function through the length. A modal damping term 
of ξ = 0.08 is also considered.  

- Uniform porosity 

For the case of having porous soft structure with uniform porosity, the infill rate is assumed to be constant through the length (α(x) 
= α0), which regarding Eqs. (7)–(9), the porous-hyperelastic coefficients and mass density will be independent of x. An external 
nondimensional excitation load of F = 1.5 is applied to the structure and the porosity is assumed by having the infill rate as α = [0.4, 
0.6, 0.8, 1.0]. The frequency responses of the defined porous-hyperelastic beams are shown in Fig. 7(a) and (b) for the transverse 
dynamic coordinates, respectively; it can be seen that the first transverse generalised coordinate of the fully infilled beam model (α 
=1.0) shows stiffness softening behaviour while by decreasing the infill rate (to α =0.8, 0.6 and 0.4), a combination of stiffness 
softening and hardening is obtained. Besides, form Fig. 7(a) and (b), it is seen that decreasing the infill rate (increasing the porosity) 
shifts the resonance towards lower frequencies; this is due to losing stiffness in the structure by increasing the porosity. The dynamic 
coordinates lose amplitude by increasing the infill rate for all the dynamic coordinates while the contribution of the second coordinate 
is negligible (significantly small).  

- Functional porosity 

In many structures, the porosity is not distributed evenly through the structure and can vary because of the fabrication procedure or 
the engineering need for functional porosity. To have a general model of porosity, this study presented the porosity in the form of 
power-law and sigmoid functions as shown in Section 2. The influence of having functional porosity along the length of the current 
beam model is studied in this section for both power-law and sigmoid models.  

- Power-law porosity 

In the case of varying the porosity using a power-law function, the porosity distribution and infill rate vary through the length as 
shown in Fig. 5a. The nonlinear vibration behaviour of a porous-hyperelastic beam with the given geometry in the previous section is 
analysed by increasing the power-law parameter as mp = [0.2, 0.5, 1.0, 2.0, 5.0] in Fig. 8(a–c) for the first three dynamic coordinates of 
transverse motion; it can be seen that decreasing the power-law parameter from 1.0 to 0.2 has a higher effect in changing the nonlinear 
vibration behaviour than increasing it from 1.0 to 5.0; the reason for this significant difference is due to the definition given for power- 
law porosity in Eq. (10) which can be seen that decreasing the power-law parameter from 1.0 to 0.2 has lower porosity in the whole 
structure and as shown in Fig. (3), the structure shows more sensitivity to porosity changes when the overall porosity is low. Besides, 
lowering the power-law parameter shifts the resonance phenomenon to higher frequencies and lowers the maximum amplitude of the 
first transverse coordinate—the axial coordinates are significantly smaller than the transverse ones which for the sake of brevity, are 
not shown here.  

- Sigmoid porosity 

For the case of varying the porosity through the length of the porous-hyperelastic beam using a sigmoid function (Fig. 5b), the 
nonlinear frequency responses for transverse dynamic coordinates are shown in Fig. 9(a–c) for ms = [0.2, 0.5, 1.0, 2.0, 5.0]; as shown, 
increasing the sigmoid parameter causes lower amplitude peak and shifts the resonance to higher frequencies, slightly—this effect is 
considerably lower than the power-law porosity variation model (given in Fig. 8(a–c)). The reason for this difference can be seen by 
comparing sigmoid and power-law porosity variation in Fig. (5); the sigmoid porosity model gives the overall same amount of porosity 

4.5. Results and discussions 127



Fig. 9. Transverse amplitude-frequency response of sigmoid porous-hyperelastic beams for the (a) first, (b) second and (c) third dynamic 
coordinates. 
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in the whole structure by varying the porosity term while this is not the case for power-law porosity model as the overall porosity 
changes significantly by changing the power-law parameter. Similarly, for the axial coordinates, the variation of the amplitude 
response to the sigmoid variation is lower than the power-law model as well which is not shown here for the sake of brevity. 

5.3. Effect of the hyperelastic material parameters 

The strain energy density of the beam is defined based on the Mooney-Rivlin hyperelastic model with stiffness coefficients C1 and 
C2. To show the effects of correctly defining the values of these coefficients, this section will analyse the influence of the Mooney-Rivlin 
coefficients on varying the nonlinear response of both uniformly and functionally porous-hyperelastic beam models.  

– Uniform porosity 

For having a uniformly distributed porosity in the beam (with the infill rate as α = 0.6), the influence of varying the porous- 
hyperelastic parameters is discussed here. The first parameter of the Mooney-Rivlin strain energy density model has a direct effect 
on the first strain invariant (I1) of the beam. By defining the initial nondimensional term as 

C10 =
C1, α=0.6(

C1, α=1.0 + C2, α=1.0
), (30) 

Fig. 10. Influence of the first Mooney-Rivlin hyperelastic coefficient (C1) on the transverse amplitude-frequency response of uniformly porous- 
hyperelastic beams for the (a) first and (b) third dynamic coordinates. 
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where C1,α=0.6 indicates the first parameter of the Mooney-Rivlin strain energy density model for infill rate 0.6, the variation of this 
term is presented by C1 = [1.0, 3.0 and 6.0]C10. By solving the equations of motion for this definition, the nonlinear frequency response 
is shown in Figs. (10) and (11) for the transverse and axial coordinates, respectively. Similarly, by defining the second porous- 
hyperelastic parameter C2 (which directly affects the second strain invariant I2) as 

C20 =
C2, α=0.6

(
C1, α=1.0 + C2, α=1.0

), (31)  

and C2 = [0.9, 1.2, 2.0, 3.0, 4.0, and 5.0]C20, the nonlinear frequency response is shown in Figs. (12) and (13) for the transverse and 
axial coordinates, respectively. For both the axial and transverse coordinates, it is seen that increasing the Mooney-Rivlin hyperelastic 
parameters shifts the amplitude peak to higher frequencies and decreases the maximum amplitude of the generalised axial and 
transverse coordinates; the physical reason behind this change in the amplitude response is that by increasing the hyperelastic co
efficient terms, the material is stiffer and therefore the natural frequencies will be higher. This effect is stronger for the second porous- 
hyperelastic parameter as the magnitude of this term is considerably higher for the material defined for this study case. 

Fig. 11. Influence of the first Mooney-Rivlin hyperelastic coefficient (C1) on the axial amplitude-frequency response of uniformly porous- 
hyperelastic beams for the (a) first and (b) third dynamic coordinates. 
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- Functional porosity 

For having a linear variation of infill rate from α = 0.1 at the left end to α = 1.0 at the right end, the influence of changing the 
porous-hyperelastic parameters on the nonlinear oscillation response is analysed. To this end, the first term of porous-hyperelasticity is 
defined as 

C10(x) =
a11α4(x) + a12α2(x) + a13α3(x) + a14α(x) + a15(

C1, α=1.0 + C2, α=1.0
) , (32)  

with C1(x) = [1.0, 3.0 and 6.0]C10(x). Figs. (14) and (15) show the first three dynamic coordinates of the transverse and axial motions, 
respectively, for variation of the first porous-hyperelastic parameter (C1(x)). Similarly, for the second porous-hyperelastic parameter, 
the initial term is defined as 

C20(x) =
a21α4(x) + a22α2(x) + a23α3(x) + a24α(x) + a25

(
C1, α=1.0 + C2, α=1.0

) , (33)  

with C2(x) = [0.9, 1.2, 2.0, 3.0, 4.0, and 5.0]C20(x). For functional porous-hyperelastic beams, the influence of the second Mooney- 

Fig. 12. Influence of the second Mooney-Rivlin hyperelastic coefficient (C2) on the transverse amplitude-frequency response of uniformly porous- 
hyperelastic beams for the (a) first and (b) third dynamic coordinates. 
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Rivlin coefficient is shown in Figs. (16) and (17) for the transverse and axial motions, respectively; it can be seen that increasing the 
porous-hyperelastic parameters moves the resonance peak to higher frequencies as discussed in the previous section and for the given 
case, the influence of the second porous-hyperelastic parameter is significantly higher. The second dynamic coordinate shows 
contribution in the dynamic response of the functional porous-hyperelastic beam model (which was zero for the uniform porous 
model) and increasing the C2/C20 ratio from 0.9 to 5.0 changes the behaviour of the first two transverse coordinates to nonlinear 
softening behaviour. The reason for different frequency responses in uniform and functionally graded porous models can be seen in the 
equations of motion given in Appendix B; for the uniform porosity model, the hyperelastic terms will not be a function of x which 
means many terms will be neglected and some coupling terms will not be there. For axial dynamic coordinates shown in Fig. (17), it can 
be seen that for lower values of C2, there is a local loss in the amplitude of the first two dynamic coordinates while the third dynamic 
coordinate increases significantly which physically shows the energy transmission from the first two axial coordinates to the third 
coordinate. 

5.4. Effect of geometric imperfection  

- Comparison 

Due to the properties of soft structures, these structures can have a geometrical imperfection which can also be caused by the 

Fig. 13. Influence of the second Mooney-Rivlin hyperelastic coefficient (C2) on the axial amplitude-frequency response of uniformly porous- 
hyperelastic beams for the (a) first and (b) third dynamic coordinates. 
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Fig. 14. Influence of the first Mooney-Rivlin hyperelastic coefficient (C1) on the transverse amplitude-frequency response of functionally porous- 
hyperelastic beams for the (a) first, (b) second and (c) third dynamic coordinates. 
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Fig. 15. Influence of the first Mooney-Rivlin hyperelastic coefficient (C1) on the axial amplitude-frequency response of functionally porous- 
hyperelastic beams for the (a) first, (b) second and (c) third dynamic coordinates. 
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Fig. 16. Influence of the second Mooney-Rivlin hyperelastic coefficient (C2) on the transverse amplitude-frequency response of functionally porous- 
hyperelastic beams for the (a) first, (b) second and (c) third dynamic coordinates. 
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Fig. 17. Influence of the second Mooney-Rivlin hyperelastic coefficient (C2) on the axial amplitude-frequency response of functionally porous- 
hyperelastic beams for the (a) first, (b) second and (c) third dynamic coordinates. 
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fabrication procedure or the working environment. In Appendix B (Eqs. (B.1) and (B.2)), it is shown that the geometrical imperfection 
has a significant effect in adding nonlinear and linear terms to the equations of motion of these structures. To clarify the effects of these 
terms, Figs. (18) and (19) show the first three dynamic coordinates of the transverse and axial motions for mp = 1 and 2 and the 
nondimensional external force as F = 0.75; it can be seen that for both the models, the geometric nonlinearity has a significant effect in 
increasing the amplitude of the axial motion and the coupling between the transverse and axial motions—this demonstrates the 
importance of considering couple motion in analysing geometrical imperfect porous-hyperelastic beams. Besides, the geometrical 

Fig. 18. Comparison of the transverse amplitude-frequency response of geometrically perfect and imperfect powerlaw porous-hyperelastic beams 
for the (a) first, (b) second and (c) third dynamic coordinates with mp = 1.0 and the (d) first, (e) second and (f) third dynamic coordinates with mp 
= 2.0. 
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imperfection moves the frequency response to higher frequencies.  

- Power-law porosity 

For a geometrically imperfect (A0 = 0.1) porous-hyperelastic beam with power-law porosity variation through the length, the first 
three dynamic coordinates of the transverse and axial motions are shown in Figs. (20) and (21) for mp = [0.2, 0.5, 1.0, and 2.0]; this 
shows that increasing the power-law parameter causes higher amplitude for both axial and transverse first coordinates and shifts the 

Fig. 19. Comparison of the axial amplitude-frequency response of geometrically perfect and imperfect powerlaw porous-hyperelastic beams for the 
(a) first, (b) second and (c) third dynamic coordinates with mp = 1.0 and the (d) first, (e) second and (f) third dynamic coordinates with mp = 2.0. 
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Fig. 20. Transverse amplitude-frequency response of geometrically imperfect power-law porous-hyperelastic beams for the (a) first, (b) second and 
(c) third dynamic coordinates. 
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Fig. 21. Axial amplitude-frequency response of geometrically imperfect power-law porous-hyperelastic beams for the (a) first, (b) second and (c) 
third dynamic coordinates. 
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Fig. 22. Transverse amplitude-frequency response of geometrically imperfect sigmoid porous-hyperelastic beams for the (a) first, (b) second and (c) 
third dynamic coordinates. 
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Fig. 23. Axial amplitude-frequency response of geometrically imperfect sigmoid porous-hyperelastic beams for the (a) first, (b) second and (c) third 
dynamic coordinates. 
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resonance to lower frequencies. The reason for this behaviour can be seen in Fig. (5) which by increasing the power-law term, the infill 
rate increases leading to stiffer behaviour in the structure.  

- Sigmoid porosity 

Moreover, for sigmoid porosity variation through the length of the geometrical imperfect beam, the frequency response of the 
porous-hyperelastic beam is shown in Figs. (22) and (23) for the transverse and axial coordinates, respectively by varying the sigmoid 
porosity as ms = [0.2, 0.5, 2.0, and 3.0]. The nonlinear frequency shows less sensitivity to the sigmoid function compare to the power- 
law porosity model for the given porous-hyperelastic beam as it can be seen from Fig. (5). Besides, increasing the sigmoid parameter 
from 0.2 to 3.0 increases the coupling between the first two transverse dynamic coordinates and decreases the effect of the third 
transverse coordinate. Comparing the sigmoid and power-law models, it can be seen that for the given case study, the contribution of 
the second axial generalised coordinate in the sigmoid model is higher than the power-law model and, in some cases, it overtakes the 
first coordinate in magnitude. 

5.5. External force effect 

The external excitation force on the structure plays an important role in varying the nonlinear mechanics of the porous-hyperelastic 
beams. To demonstrate this effect, the nondimensional external load is defined as F0 = 0.25 and the effects on the nonlinear vibration 
response of porous-hyperelastic beams with uniform (α0 = 0.8) and functional (mp = 1) porosity is analysed. Figs. (24) and (25) show 
the amplitude-frequency response of uniform and functionally porous-hyperelastic beams for coupled dynamic coordinates, respec
tively; it can be seen that for the functionally porous model, the axial coordinates are relatively more affected by increasing the force 
compared to the transverse coordinates. For both uniform and functionally porous models, the porous-hyperelastic beam shows a 
stiffness softening behaviour in their first three transverse coordinates while increasing this force leads to a combination of softening/ 
hardening behaviour. For axial dynamic coordinates shown in Fig. (25), it can be seen that there is a local loss in the amplitude of the 

Fig. 24. Influence of the external excitation force on the amplitude-frequency response of uniformly porous-hyperelastic beams for the (a) first and 
(b) third transverse dynamic coordinates and the (c) first and (d) third axial dynamic coordinates. 
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first two dynamic coordinates while the third dynamic coordinate increases significantly which physically shows the energy trans
mission from the first two axial coordinates to the third coordinate. 

6. Summary and conclusion 

The nonlinear dynamics of imperfect porous-hyperelastic beams have been investigated in this paper by a combination of 

Fig. 25. Influence of the external excitation force on the amplitude-frequency response of functionally porous-hyperelastic beams for the (a) first, 
(b) second and (c) third transverse dynamic coordinates and the (d) first, (e) second and (f) third axial dynamic coordinates. 
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experimental characterisation and theoretical analysis. Different dumbbell samples were fabricated using thermal polyurethane 
filament and a 3D-printing machine following the dimensions given in ASTM D638 standard with different hexagonal infill rates. For 
each infill rate, samples are tested and the stress-strain curves are obtained following the standard; it is shown that by increasing the 
porosity (decreasing the infill rate), the stiffness of the samples decreases nonlinearly but the form of the porous-hyperelastic 
behaviour remains. 

Using the experimental results for porous-hyperelasticity and porosity imperfection, a general strain energy density model is 
provided based on the Mooney-Rivlin model with porosity dependent coefficients. By using this nonlinear porous-hyperelastic model, 
soft imperfect beams are formulated by assuming the possibility of porosity variation through the longitudinal direction following a 
power-law or sigmoid function. Besides, the geometrical imperfection and large nonlinear deformations are considered to accurately 
model the deformations of soft components. Coupled transverse-longitudinal equations of motion are derived by employing Hamil
ton’s principle showing higher-order nonlinear terms derived from the nonuniform porosity, hyperelasticity and geometrical 
imperfection. The equations of motion are solved using a dynamic equilibrium technique and a Galerkin’s scheme. From the case 
studies reported in this paper, it is concluded that:  

• The porosity type (uniform or functional through the length) have a significant effect in varying the nonlinear dynamic response 
which by increasing the porosity (decreasing the infill rate parameter), the stiffness softening behaviour turns into a combination of 
softening and hardening behaviour for the first transverse coordinate.  

• The axial coordinate terms show a significant increase in magnitude by considering a small amount of geometrical imperfection. 
This shows the importance of considering both axial and transverse motions when analysing the geometrical imperfect porous- 
hyperelastic beam.  

• For the studied uniformly porous model, decreasing the infill rate (increasing the porosity) moves the resonance peak to lower 
frequencies and increases the maximum amplitude. These effects are more severe for higher infill rates.  

• By comparing the functional porosity models of power-law and sigmoid, it is shown that the frequency response of the structure is 
more sensitive to the power-law model.  

• Increasing the power-law parameter for functional porosity through the length moves the amplitude peak to lower frequencies for 
the studied model and increases the amplitude of the first transverse dynamic coordinate. However, decreasing the sigmoid term in 
the functionally porous model decreases the amplitude of the first transverse dynamic coordinate and increases the amplitude of the 
second coordinate showing a higher coupling between the first and second coordinates.  

• Porous-hyperelastic coefficients of the model, which are defined as a function of porosity in a Mooney-Rivlin based model have 
shown a great influence in changing the mechanical behaviour of the structure. For all the studied cases (uniform and functionally 
porous models), it is shown that increasing either porous-hyperelastic coefficients moves the resonance peak to higher frequencies 
and decreases the amplitude peak of the first transverse dynamic coordinate.  

• By comparing the results obtained for geometrically perfect and imperfect porous-hyperelastic beams, it is seen that the 
geometrically imperfect beam model has a lower maximum amplitude for the first transverse coordinate and significantly higher 
for the axial coordinates. Besides, for the given model, the maximum amplitude moves to higher frequencies by considering the 
geometrical imperfection in the modelling.  

• The applied external force has an important role in changing the stiffness softening behaviour of the model to a combination of 
softening and hardening which happens by increasing the magnitude of the force.  

• Comparing the porous-hyperelastic beam’s nonlinear response to available studies on linear elastic structures; it can be seen that 
conventional elastic structures either show a pure hardening or softening behaviour while for porous-hyperelastic structures, due to 
their material nonlinearity, a combination of softening and hardening behaviour with a rich resonant response is obtained. 
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Appendix A 

Fig. A1 

Fig. A1. Curve fitting results for porous-hyperelastic samples with different infill rates via the Mooney-Rivlin model.  
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Appendix B 

The equations of motion are obtained as 
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(B.1) 

Eqs. (B.1) and (B.2) are nondimensionalised using the new parameters given in Eq. (16) and rewritten as 
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Appendix C 

Coefficients of Eqs. (19) and (20) in Section 4 are defined as 
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KL12li = ηγ2
2
∫1

0

χl(x)
d
dx

{[6C1(x)+ 6C2(x)]ξ
′

0(x)ξ
′

i(x)}dx, (C.3)  

KN11lij = ηγ2
2
∫1

0

χl(x)
d
dx
{
[6C1(x)+ 12C2(x)]χ

′

i(x)χ
′

j(x)
}

dx, (C.4)  

KN12lij = − 2η2γ2
2
∫1

0

χl(x)
d
dx
{
[6C1(x)+ 12C2(x)]χ

′

i(x)ξ
′

j(x)ξ
′

0(x)
}

dx, (C.5)  
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1
2

ηγ2
2
∫1

0

χl(x)
d
dx
{
[6C1(x) + 6C2(x)]ξ

′

i(x)ξ
′

j(x)
}

dx

+η3γ2
2
∫1

0

χl(x)
d
dx
{
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′

0
2
(x)ξ

′

i(x)ξ
′

j(x)
}

dx

+ηγ2
2
∫1

0

χl(x)
d
dx
{
[6C1(x) + 12C2(x)]ξi

′′(x)ξj
′′(x)

}
dx,

(C.6)  
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2
∫1

0

χl(x)
d
dx
{
[8C1(x)+ 20C2(x)]χ

′

i(x)χ
′

j(x)χ
′

k(x)
}

dx, (C.7)  
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2
∫1

0

χl(x)
d
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{
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(

χ ′
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′
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ξ
′

k(x)ξ
′

0(x)

)}

dx, (C.8)  
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d
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2
∫1
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d
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}
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∫1

0
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d
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{
[8C1(x) + 20C2(x)]χ

′

i(x)ξj
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dx,

(C.9)  
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2
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d
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{
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′

0(x)ξ
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′
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′
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dx

+η5γ2
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∫1

0
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d
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{
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′
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3
(x) ξ
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}
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∫1

0
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d
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′′(x)ξk
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(C.10)  
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3
2
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∫1
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{
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(

χ ′

i(x)χ
′

j(x)
ξ
′

k(x)ξ
′

m(x)

)}

dx, (C.11)  
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2
∫1
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χl(x)
d
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{
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(

ξ
′

0(x)χ
′
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′
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′

k(x)ξ
′
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)}

dx, (C.12)  
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KN110lijkm = η3γ2
2

4
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χl(x)
d
dx
{
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′

i(x)ξ
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′

k(x)ξ
′
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−
3
2
η5γ2

2
∫1
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d
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{
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′
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(x)ξ

′
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′
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k(x)ξ
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}
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−
3
2
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0

χl(x)
d
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{
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′

i(x)ξ
′

j(x)ξk
′′(x)ξm

′′(x)
}

dx,

(C.13)  
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3
4
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2
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χl(x)
d
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{
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(
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′

0(x)ξ
′

i(x)ξ
′
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ξ
′

k(x)ξ
′

m(x)ξ
′
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)}

dx, (C.14)  

KN112lijkmno = − η5γ2
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′
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j(x)ξ
′
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ξ
′
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n(x)ξ
′
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)}

dx, (C.15)  
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∫1

0

ξl(x)ρ(x)ξi(x)dx −
1

γ2
2

∫1

0

ξl
d
dx

[ρ(x)ξ′

i(x)]dx, (C.16)  

KL21li = ηγ2
2
∫1

0

ξl(x)
d
dx

{[6C1(x)+ 6C2(x)]ξ
′

0(x)χ
′

i(x)}dx, (C.17)  

KL22li = − η2γ2
2
∫1

0
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d
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′

0
2
(x)ξ

′
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}

dx
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ξl(x)
d2

dx2 {[6C1(x) + 6C2(x)]ξi
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(C.18)  
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2
∫1
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d
dx
{
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′

0(x)χ
′
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′

j(x)
}

dx, (C.19)  
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2
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d
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dx,

(C.20)  
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3
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[6C1(x) + 6C2(x)]ξ

′

0(x)ξ
′

i(x)ξ
′

j(x)
}

dx

− η4γ2
2
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′
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dx, (C.22)  

KN25lijk = +η2γ2
2
∫1

0

ξl(x)
d
dx
{
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(C.24)  

4.6. Summary and conclusions 153



KN27lijk = −
1
2
η2γ2

2
∫1

0

ξl(x)
d
dx
{
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ξl(x)
d
dx

{

[8C1(x)+ 20C2(x)]
(

ξ
′
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dx, (C.27)  
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dx
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dx,

(C.28)  

154 Chapter 4. Porous-hyperelastic beams



KN211lijkm = −
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′
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′
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′
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′
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− 3η4
∫1

0

ξl(x)
d2

dx2

{
[8C1(x) + 20C2(x)] ξ

′

0(x)ξ
′

i(x)ξ
′

j(x)ξ
′

k(x)ξm
′′(x)
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(C.29)  
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dx, (C.30)  
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dx, (C.31)  
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(C.32)  
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3
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′
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′
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dx, (C.33)  
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dx, (C.35)  
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Chapter 5

Hyperelastic sandwich beams

Overview

Layered polymeric structures are widely used in different industries including pack-
aging and layered pipes. This chapter aims to provide a better understanding of how
layering, material sorting and design can affect the mechanical behaviour of layered
hyperelastic structures. Different shear deformation theories are employed and the
coupled axial, rotational and transverse equations of motion of isotropic polymeric
structures are presented in the framework of Hamilton’s principle. A detailed case
study on the nonlinear oscillation behaviour of sandwich hyperelastic beams is pre-
sented showing the effect of using different materials on each layer and changing
the total number of layers. This research study is published and available online
as: Khaniki, H. B., Ghayesh, M. H., Chin, R., & Hussain, S. (2022). Nonlinear
continuum mechanics of thick hyperelastic sandwich beams using various shear de-
formable beam theories. Continuum Mechanics and Thermodynamics, 34, 781-827.
DOI: 10.1007/s00161-022-01090-y
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Abstract In this study, the time-dependentmechanics ofmultilayered thick hyperelastic beams are investigated
for the first time using five different types of shear deformation models for modelling the beam (i.e. the
Euler–Bernoulli, Timoshenko, third-order, trigonometric and exponential shear deformable models), together
with the von Kármán geometrical nonlinearity and Mooney–Rivlin hyperelastic strain energy density. The
laminated hyperelastic beam is assumed to be resting on a nonlinear foundation and undergoing a time-
dependent external force. The coupled highly nonlinear hyperelastic equations of motion are obtained by
considering the longitudinal, transverse and rotation motions and are solved using a dynamic equilibrium
technique. Both the linear and nonlinear time-dependent mechanics of the structure are analysed for clamped–
clamped and pinned–pinned boundaries, and the impact of considering the shear effect using different shear
deformation theories is discussed in detail. The influence of layering, each layer’s thickness, hyperelastic
material positioning andmany other parameters on the nonlinear frequency response is analysed, and it is shown
that the resonance position, maximum amplitude, coupled motion and natural frequencies vary significantly
for various hyperelastic and layer properties. The results of this study should be useful when studying layered
soft structures, such as multilayer plastic packaging and laminated tubes, as well as modelling layered soft
tissues.

Keywords Layered beams · Soft beams · Hyperelastic beams · Nonlinear vibration · Nonlinear dynamics ·
Laminated beams · Multilayered beams · Sandwich beams

1 Introduction

Layering structures is an effective method for optimising their mechanical, physical and electrical properties
for a specific purpose. For instance, in the automotive industry, reducing the weight of the structure and
increasing the stiffness lead to significant environmental benefits (lowering the fuel consumption and increasing
automobile’s performance [1,2]) which is made feasible by fabricating multilayered parts.
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In many engineering applications, structures are fabricated with three layers (e.g. in laminated packaging);
the outer layers are called the skins (upper skin and lower skin) and the middle layer is the core. If the purpose
of the design is to increase the strength against bending loads, the core is usually made of a softer material with
a higher thickness and the outer skins are thinner and stiffer. If the structure is used in an uncertain environment,
the outer skins are made of softer materials to propagate the force throughout the structure and avoid cracks
in a brittle core. In some other engineering structures, researchers gradually change the material properties to
fabricate functionally graded structures which have been studied in Refs. [3–6].

Over the past few years, researchers have analysed different layered elastic (versus hyperelastic in this
paper) structures to understand theirmechanical behaviour under diverse conditions. A brief review of previous
studies in this field is given in this section; however, interested readers seeking a more detailed literature review
are referred to Refs. [7–10].

For bending analysis of layered elastic beams [11,12], researchers have used different beam theories and
analysed layered beam structures. By neglecting the shear effects, Chai and Yap [13] examined the bending
behaviour of layered composite structures using classic beam theory (CBT). By comparing the results with
those of a finite element modelling (FEM), it was shown that the coupling terms between the layers play a
significant role in predicting the mechanical behaviour accurately. Chen et al [14] added the shear influence
to the model using the first-order shear deformable beam theory; it was shown that the bending deformation
of the Timoshenko beam model is higher than the CBT and the difference is higher for any lower thickness-
to-length ratio. Özütok and Madenci [15] used a higher-order shear deformation theory together with FEM
for timed-independent analysis of layered composite beams and verified the results by comparing them with
those available in the literature.

For linear vibration analysis of layered elastic beams [16–18], Emam and Nayfeh [19] investigated the free
vibration of layered composites using the Euler–Bernoulli beam theory. The axial motion was considered in the
formulation and was substituted in the transverse equation of motion. Natural frequencies were obtained for
different axial loads and boundary conditions; itwas reported that for the studied six-layer beammodel, the layer
positioning has a significant effect in varying the fundamental frequency for different axial loads. A first-order
shear deformable beam theorywas used byBanerjee and Sobey [20] to examine the free oscillation of laminated
structures under axial loading. A closed-form analytical solution was presented showing accuracy in predicting
the natural frequencies and mode shapes of layered beams. Damanpack and Khalili [21] used higher-order
beam theory to model the longitudinal–transverse coupled motion of layered structures. Hamilton’s principle
was used to reach the equations of motion showing that the natural frequencies obtained from this model agree
with the experimental results presented in Ref. [22].

For nonlinear vibration analysis of elastic beams, Zhang et al. [23] studied the nonlinear forced oscillation
of laminated beams in a humid thermal condition.Only the transversemotionwas considered in the formulation,
and a nonlinear energy sink was added to the model. The equations of motion were solved using a fourth-order
Rung–Kutta (RK4) method and a two-term harmonic balance (HB) scheme. It was shown that the nonlinear
studiedmodel has a hardeningbehaviour and adding anonlinear energy sink can reduce themaximumamplitude
of the transverse vibration significantly. Shen et al. [24] examined the nonlinear free oscillation behaviour of
layered graphene-strengthened beams; Halpin–Tsai model was employed to predict the physical properties of
the combination of thematrix andfibres.Ahigher-order shear deformable theory, togetherwith the von-Kármán
geometrical nonlinearity, was used to model the beam. By employing a two-step perturbation technique, it was
shown that the layering and positioning of fibres has a significant effect in varying the nonlinear frequency
ratio and the natural frequencies. Three-layered and bi-layered shear deformable elastic beams have been
studied by Ghayesh et al. [25]; it was shown that the resonance region change based on the layer sorting and
both hardening and softening behaviour can be observed while considering geometrical imperfections. Other
types of layered structures have also been examined by researchers, and interested authors are referred to Refs.
[26,27] for more information about layered-plate and layered-shell structures focused investigations.

The previously mentioned studies focus on elastic structures that undergo small strains while facing dif-
ferent types of loadings; even the nonlinear ones are based on geometric nonlinearities and small strains. Soft
structures cannot be modelled as a linear elastic material and require more accurate hyperelastic assumptions
and formulations; in other words, a material nonlinearity should be taken into account, as done in this paper.

Multilayered hyperelastic structures have been used widely in many products. For instance, multilayer
plastic packaging is used for packaging different products, such as food packaging which has been a trending
topic over the last few years in waste management, recycling and optimised packaging [28–31]. Furthermore,
human body organs act as hyperelastic components and many parts are made of different layers, such as the
artery, which is made of three hyperelastic layers (intima, media and adventitia) [32].
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Previously, axiallymovinghyperelastic structures andporous-hyperelastic structures havebeen investigated
by Khaniki et al. [33,34]; however, until now, there have been no studies on the time-dependent mechanics
of layered hyperelastic structures. In this study, a comprehensive analysis of the mechanics of multilayered
thick hyperelastic structures is presented for the first time as having different boundary conditions via different
shear theories. Large strain modelling, together with large-amplitude displacements, is modelled using the
Mooney–Rivlin strain energy model (for material nonlinearity) and the von Kármán geometrical nonlinearity.
Different types of shear deformable beam theories (Euler–Bernoulli, Timoshenko, third-order, trigonometric
and exponential shear deformablemodels) are used tomodel the layered structures and the influence of layering,
material positioning and the thickness of the core and skins is discussed in detail.

2 Layered hyperelastic shear deformable beam formulation

For a thick-layered shear deformable beam (Fig. 1), considering the plane motion, the axial and transverse
deformations are written as [35]

u (x, z, t) = χ (z) wx (x, t) − χ (z) φ (x, t) + u (x, t) − zwx (x, t) , (1)

w (x, z, t) = w (x, t) , (2)

where u and w are the axial and transverse displacements in the x and z directions (Fig. 1), respectively,
subscript x indicates derivations with respect to x , φ is the rotation and χ(z) is the higher-order shear function,
which the definition depends on the shear deformable theory used. In this study, five different definitions for
χ(z) are used, which are defined as [36–39]

Case 1 (Euler−Bernoulli beam theory) : χ (z) = 0, (3)

Case 2 (Timoshenko beam theory) : χ (z) = z, (4)

Case 3 (Third−order beam theory) : χ (z) = z

(
1 − 4

3

z2

h2

)
, (5)

Case 4 (Exponential beam theory) : χ (z) = ze−2(z/h)2 , (6)

Case 5 (Trigonometric beam theory) : χ (z) = h

π
sin

(π z

h

)
, (7)

where Case 1 indicates that the shear deformation effect is neglected, following the Euler–Bernoulli beam
assumption (classic beam theory) when the rotary inertia is also neglected; the advantage of using this model
is that the model is simplified by neglecting the rotational degree of freedom by only considering axial and
transverse motions. Case 2 defines a linearly varying shear deformation through the thickness of the beam,
which represents the Timoshenko beam theory. In this model, the transverse normal plates do not necessarily
remain perpendicular (to the mid-surface) after deformation leading to an extra degree of freedom for the
rotary inertia. Case 3 shows the shear deformation using a higher-order model following the third-order shear
deformable beam theory [36,37]. In this model, the transverse shear stress in the Cases 4 and 5 defines the shear
deformation of the beam using an exponential [38] and trigonometric [39] functions, which follow the beam
theories of exponential shear deformable and trigonometric, respectively. For all the five cases, the strains are
written as

εxx (x, y, t) = ux (x, t) − zwxx (x, t) + χ (z) wxx (x, t) − χ (z) φx (x, t) + 1

2
wx

2 (x, t) , (8)

γxz (x, y, t) = 2εxz (x, y, t) = χz (z) wx (x, t) − χz (z) φ (x, t) , (9)

εzz �= 0, (10)

where εxx is the axial strain, γxz is the shear strain and εzz is the transverse strain that is not equal to zero
and should satisfy the incompressibility condition of hyperelastic structures. The deformation gradient (F)
is given in Refs. [33,40] which can be used for defining the left Cauchy–Green strain tensor (C) for planar
motion as

C = FT F =
⎡
⎣ (1 + εxx )

2 + εxz
2 0 εxz (2 + εxx + εzz)

0 1 0
εxz (2 + εxx + εzz) 0 (1 + εzz)

2 + εxz
2

⎤
⎦ , (11)
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Fig. 1 Schematics of three-layered hyperelastic beam with (a) fixed and (b) simply supported boundary conditions and (c) layer
characteristics

where the higher-order strain terms are due to the soft behaviour of hyperelastic materials, which undergo large
strains and cannot be ignored. The strain term εzz can be obtained as a function of εzz and εzz by considering
det(C) = 0 (the incompressibility condition). For linear elastic models, by neglecting the higher-order strain
terms, the Cauchy–Green strain tensor will be [27]
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C = FT F =
⎡
⎣1 + 2εx 0 2εxz

0 1 0
2εxz 0 1 + 2εz

⎤
⎦ , (12)

which is equal to the elastic material strain tensor model. By using the Mooney–Rivlin hyperelastic strain
energy density model [41,42], the variation of the total potential energy of the system is written as

δU =
L∫

0

∫
A

[U1 (x, z) δux (x, t) +U2 (x, z) δwx (x, t)

+U3 (x, z) δwxx (x, t) +U4 (x, z) δφ (x, t) +U5 (x, z) δφx (x, t)] dAdx, (13)

where

U1 (x, z) = 8CT ux (x, t) + 8CT [χ (z) − z]wxx (x, t) + 4CTwx
2 (x, t) − 8CTχ (z) φx (x, t)

− 12CT ux
2 (x, t) − 24CT [χ (z) − z] ux (x, t) wxx (x, t) + 24CTχ (z) ux (x, t) φx (x, t)

− 12CT ux (x, t) wx
2 (x, t) − 12CT [χ (z) − z]2wxx

2 (x, t) + 12CTχ (z) wx
2 (x, t) φx (x, t)

+ 24CTχ (z) [χ (z) − z]wxx (x, t) φx (x, t) − 12CT [χ (z) − z]wx
2 (x, t) wxx (x, t)

− 3CTwx
4 (x, t) − 12CTχ(z)2φx

2 (x, t) − CTχz
2 (z) wx

2 (x, t)

+ 2CTχz
2 (z) wx (x, t) φ (x, t) − CTχz

2 (z) φ2 (x, t) , (14)

U2 (x, z) = 8CT ux (x, t) wx (x, t) + 8CT [χ (z) − z]wx (x, t) wxx (x, t) + 4CTwx
3 (x, t)

− 8CTχ (z) wx (x, t) φx (x, t) − 12CT ux
2 (x, t) wx (x, t)

− 24CT [χ (z) − z] ux (x, t) wx (x, t) wxx (x, t) + 24CTχ (z) ux (x, t) wx (x, t) φx (x, t)

−12CT ux (x, t) wx
3 (x, t) − 12CT [χ (z) − z]2wx (x, t) wxx

2 (x, t)

+ 24CTχ (z) [χ (z) − z]wx (x, t) wxx (x, t) φx (x, t) + 12CTχ (z) wx
3 (x, t) φx (x, t)

− 12CT [χ (z) − z]wx
3 (x, t) wxx (x, t) − 3CTwx

5 (x, t) − 12CTχ(z)2wx (x, t) φx
2 (x, t)

−CTχz
2 (z) wx

3 (x, t) + 2CTχz
2 (z) wx

2 (x, t) φ (x, t) − CTχz
2 (z) wx (x, t) φ2 (x, t)

+ 2CTχz
2 (z) wx (x, t) − 2CTχz

2 (z) φ (x, t) − 2CTχz
2 (z) ux (x, t) wx (x, t)

+ 2CTχz
2 (z) ux (x, t) φ (x, t) − 2CTχz

2 (z) [χ (z) − z]wx (x, t) wxx (x, t)

−CTχz
2 (z) wx

3 (x, t) + 2CTχz
2 (z) χ (z) wx (x, t) φx (x, t)

+ 2CTχz
2 (z) [χ (z) − z]wxx (x, t) φ (x, t) + CTχz

2 (z) wx
2 (x, t) φ (x, t)

− 2CTχz
2 (z) χ (z) φ (x, t) φx (x, t) , (15)

U3 (x, z) = 8CT [χ (z) − z] ux (x, t) + 8CT [χ (z) − z]2wxx (x, t) + 4CT [χ (z) − z]wx
2 (x, t)

− 8CTχ (z) [χ (z) − z]φx (x, t) − 12CT [χ (z) − z] ux
2 (x, t)

− 24CT [χ (z) − z]2ux (x, t) wxx (x, t) + 24CTχ (z) [χ (z) − z] ux (x, t) φx (x, t)

− 12CT [χ (z) − z] ux (x, t) wx
2 (x, t) − 12CT [χ (z) − z]3wxx

2 (x, t)

+ 24CTχ (z) [χ (z) − z]2wxx (x, t) φx (x, t) + 12CTχ (z) [χ (z) − z]wx
2 (x, t) φx (x, t)

− 12CT [χ (z) − z]2wx
2 (x, t) wxx (x, t) − 3CT [χ (z) − z]wx

4 (x, t)

− 12CTχ(z)2 [χ (z) − z]φx
2 (x, t) − CTχz

2 (z) [χ (z) − z]wx
2 (x, t)

+ 2CTχz
2 (z) [χ (z) − z]wx (x, t) φ (x, t) − CTχz

2 (z) [χ (z) − z]φ2 (x, t) , (16)

U4 (x, z) = −2CTχz
2 (z) wx (x, t) + 2CTχz

2 (z) φ (x, t)

+ 2CTχz
2 (z) ux (x, t) wx (x, t) − 2CTχz

2 (z) ux (x, t) φ (x, t)

+ 2CTχz
2 (z) [χ (z) − z]wx (x, t) wxx (x, t) + CTχz

2 (z) wx
3 (x, t)

− 2CTχ (z) χz
2 (z) wx (x, t) φx (x, t) − CTχz

2 (z) wx
2 (x, t) φ (x, t)

− 2CTχz
2 (z) [χ (z) − z]wxx (x, t) φ (x, t)

+ 2CTχ (z) χz
2 (z) φ (x, t) φx (x, t) , (17)
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U5 (x, z) = −8CTχ (z) ux (x, t) − 8CTχ (z) [χ (z) − z]wxx (x, t)

− 4CTχ (z) wx
2 (x, t) + 8CTχ2 (z) φx (x, t) + 12CTχ (z) ux

2 (x, t)

+ 24CTχ (z) [χ (z) − z] ux (x, t) wxx (x, t) − 24CTχ2 (z) ux (x, t) φx (x, t)

+ 12CTχ (z) ux (x, t) wx
2 (x, t) + 12CTχ (z) [χ (z) − z]2wxx

2 (x, t)

− 24CTχ2 (z) [χ (z) − z]wxx (x, t) φx (x, t) − 12CTχ2 (z) wx
2 (x, t) φx (x, t)

+ 12CTχ (z) [χ (z) − z]wx
2 (x, t) wxx (x, t) + 3CTχ (z) wx

4 (x, t)

+ 12CTχ3 (z) φx
2 (x, t) + CTχ (z) χz

2 (z) wx
2 (x, t)

− 2CTχ (z) χz
2 (z) wx (x, t) φ (x, t) + CTχ (z) χz

2 (z) φ2 (x, t) , (18)

for which, by assuming the hyperelastic beam has three layers (Fig. 1) with layers attached perfectly (with no
delamination), the stiffness parameters (Aii , Bii , Dii and Eii ) are defined as

A11 =
∫
A

CT dA =
∫
A1

CT 1dA1 +
∫
A2

CT 2dA2 +
∫
A3

CT 3dA3, (19)

B11 =
∫
A

CTχ (z) dA =
∫
A1

CT 1χ (z) dA1 +
∫
A2

CT 2χ (z) dA2 +
∫
A3

CT 3χ (z) dA3, (20)

B22 =
∫
A

CT [χ (z) − z] dA =
∫
A1

CT 1 [χ (z) − z] dA1 +
∫
A2

CT 2 [χ (z) − z] dA2 +
∫
A3

CT 3

[χ (z) − z] dA3, (21)

D11 =
∫
A

CTχ2 (z)dA =
∫
A1

CT 1χ
2 (z)dA1 +

∫
A2

CT 2χ
2 (z)dA2 +

∫
A3

CT 3χ
2 (z)dA3, (22)

D22 =
∫
A

CT [χ (z) − z]2dA =
∫
A1

CT 1[χ (z) − z]2dA1 +
∫
A2

CT 2[χ (z) − z]2dA2

+
∫
A3

CT 3[χ (z) − z]2dA3, (23)

D33 =
∫
A

CTχ (z) [χ (z) − z]dA =
∫
A1

CT 1χ (z) [χ (z) − z]dA1

+
∫
A2

CT 2χ (z) [χ (z) − z]dA2 +
∫
A3

CT 3χ (z) [χ (z) − z]dA3, (24)

D44 =
∫
A

CTχz
2 (z)dA =

∫
A1

CT 1χz
2 (z)dA1 +

∫
A2

CT 2χz
2 (z)dA2 +

∫
A3

CT 3χz
2 (z)dA3, (25)

E11 =
∫
A

CTχ3 (z) dA =
∫
A1

CT 1χ
3 (z) dA1 +

∫
A2

CT 2χ
3 (z) dA2 +

∫
A3

CT 3χ
3 (z) dA3, (26)

E22 =
∫
A

CTχ2 (z) [χ (z) − z] dA =
∫
A1

CT 1χ
2 (z) [χ (z) − z] dA1

+
∫
A2

CT 2χ
2 (z) [χ (z) − z] dA2 +

∫
A3

CT 3χ
2 (z) [χ (z) − z] dA3, (27)

E33 =
∫
A

CTχ (z) [χ (z) − z]2dA =
∫
A1

CT 1χ (z) [χ (z) − z]2dA1
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+
∫
A2

CT 2χ (z) [χ (z) − z]2dA2 +
∫
A3

CT 3χ (z) [χ (z) − z]2dA3, (28)

E44 =
∫
A

CT [χ (z) − z]3dA =
∫
A1

CT 1[χ (z) − z]3dA1

+
∫
A2

CT 2[χ (z) − z]3dA2 +
∫
A3

CT 3[χ (z) − z]3dA3, (29)

E55 =
∫
A

CTχz
3 (z) dA =

∫
A1

CT 1χz
3 (z) dA1 +

∫
A2

CT 2χz
3 (z) dA2 +

∫
A3

CT 3χz
3 (z) dA3, (30)

E66 =
∫
A

CTχz
2 (z) [χ (z) − z] dA =

∫
A1

CT 1χz
2 (z) [χ (z) − z] dA1

+
∫
A2

CT 2χz
2 (z) [χ (z) − z] dA2 +

∫
A3

CT 3χz
2 (z) [χ (z) − z] dA3, (31)

E77 =
∫
A

CTχ (z) χz
2 (z) dA =

∫
A1

CT 1χ (z)χz
2 (z) dA1 +

∫
A2

CT 2χ (z)χz
2 (z) dA2

+
∫
A3

CT 3χ (z) χz
2 (z) dA3, (32)

which, for the case considering the Timoshenko beam model (χ(z) = z), uses a shear correction factor of
κ = 5/6 [43]. Accordingly, by using Eqs. (19–32), the potential energy of a three-layered hyperelastic beam

(a)

(b)

(c)

pinned-pinned

pinned-pinned

pinned-pinned clamped-clamped

clamped-clamped

clamped-clamped

Fig. 2 Mode shapes of the first (a) transverse, (b) longitudinal and (c) rotation vibration modes with clamped–clamped and
pinned–pinned boundary conditions
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can be rewritten, which is not presented here for the sake of brevity. It should be mentioned that for having
more layers in the laminated hyperelastic beam model, Eqs. (19–32) should be rewritten on the right side,
based on the number of layers. The kinetic energy of the structure is written as

δK E =
L∫

0

∫
A

ρ (z) [ut (x, t) + (χ (z) − z) wxt (x, t) − χ (z) φt (x, t)] δut (x, t) dAdx

+
L∫

0

∫
A

ρ (z) (χ (z) − z) [ut (x, t) + (χ (z) − z) wxt (x, t) − χ (z) φt (x, t)] δwxt (x, t) dAdx

−
L∫

0

∫
A

ρ (z)χ (z) [ut (x, t) + (χ (z) − z) wxt (x, t) − χ (z) φt (x, t)] δφt (x, t) dAdx

+
L∫

0

∫
A

ρ (z)wt (x, t) δwt (x, t) dAdx, (33)

which, by defining the moment of inertia in terms of area (Ii ) for a three-layered hyperelastic thick beam, is
written as

I0 =
∫
A

ρ (z)dA =
∫
A1

ρ1dA1 +
∫
A2

ρ2dA2 +
∫
A3

ρ3dA3, (34)

I1 =
∫
A

ρ (z)χ (z) dA =
∫
A1

ρ1χ (z) dA1 +
∫
A2

ρ2χ (z) dA2 +
∫
A3

ρ3χ (z) dA3, (35)

I2 =
∫
A

ρ (z) [χ (z) − z] dA =
∫
A1

ρ1 [χ (z) − z] dA1 +
∫
A2

ρ2 [χ (z) − z] dA2 +
∫
A3

ρ3 [χ (z) − z] dA3,

(36)

I3 =
∫
A

ρ (z) χ2 (z)dA =
∫
A1

ρ1χ
2 (z)dA1 +

∫
A2

ρ2χ
2 (z)dA2 +

∫
A3

ρ3χ
2 (z)dA3, (37)

I4 =
∫
A

ρ (z)[χ (z) − z]2dA =
∫
A1

ρ1[χ (z) − z]2dA1

+
∫
A2

ρ2[χ (z) − z]2dA2 +
∫
A3

ρ3[χ (z) − z]2dA3, (38)

I5 =
∫
A

ρχ (z) [χ (z) − z]dA =
∫
A1

ρ1χ (z) [χ (z) − z]dA1

+
∫
A2

ρ2χ (z) [χ (z) − z]dA2 +
∫
A3

ρ3χ (z) [χ (z) − z]dA3, (39)

and by substituting Eqs. (34–39) into Eq. (33), one can reach the kinetic energy of layered thick hyperelastic
beams, as

δK E =
L∫

0

− [I0utt (x, t) + I2wxtt (x, t) − I1φt t (x, t)] δu (x, t)

+ [I2uxtt (x, t) + I4wxxtt (x, t) − I5φxtt (x, t)] δw (x, t)

−I0wt t (x, t) δw (x, t) + [I1utt (x, t) + I5wxtt (x, t) − I3φt t (x, t)] δφ (x, t) dx . (40)

5.2. Layered hyperelastic shear deformable beam formulation 167



Moreover, the beam is assumed to be lying on a nonlinear elastic foundation (Fig. 1) and externally actuated
by a periodic load, which gives the external work on the beam as

δUF =
L∫

0

(Flinear (x, t) + Fnonlinear (x, t) + Fshear (x, t)) δwdx + L∫
0
F cos (ωt) δwdx

=
L∫

0

[−KLw (x, t) − KNLw3 (x, t) + KSwxx (x, t) + F cos (ωt)
]
δw, (41)

where KL , KNL and KS are the linear, nonlinear and shear coefficients of the foundation, respectively, and
F is the external force acting periodically with a frequency of ω. Using Hamilton’s principle, the coupled
longitudinal, transverse and rotation equations of motion are obtained as

I0utt (x, t) + I2wxtt (x, t) − I1φt t (x, t) − 8A11uxx (x, t) − 8B22wxxx (x, t) + 8B11φxx (x, t)

+ 12A11
∂

∂x

[
ux

2 (x, t)
] + 24B22

∂

∂x
[ux (x, t) wxx (x, t)] − 24B11

∂

∂x
[ux (x, t) φx (x, t)]

− (4A11 − D44)
∂

∂x

[
wx

2 (x, t)
] + 12D22

∂

∂x

[
wxx

2 (x, t)
] − 2D44

∂

∂x
[wx (x, t) φ (x, t)]

− 24D33
∂

∂x
[wxx (x, t) φx (x, t)] + D44

∂

∂x

[
φ2 (x, t)

] + 12D11
∂

∂x

[
φx

2 (x, t)
]

+ 12A11
∂

∂x

[
ux (x, t) wx

2 (x, t)
] + 12B22

∂

∂x

[
wx

2 (x, t) wxx (x, t)
]

− 12B11
∂

∂x

[
wx

2 (x, t) φx (x, t)
] + 3A11

∂

∂x

[
wx

4 (x, t)
] = 0, (42)

−I2uxtt (x, t) + I0wt t (x, t) − I4wxxtt (x, t) + I5φxtt (x, t) − 8B22uxxx (x, t) − 2D44wxx (x, t)

− 8D22wxxxx (x, t) + KLw (x, t) − KSwxx (x, t) + 2D44φx (x, t) + 8D33φxxx (x, t)

+ 12B22
∂2

∂x2
[
ux

2 (x, t)
] + 24D22

∂2

∂x2
[ux (x, t) wxx (x, t)]

− (8A11 − 2D44)
∂

∂x
[ux (x, t) wx (x, t)] − 24D33

∂2

∂x2
[ux (x, t) φx (x, t)]

− 2D44
∂

∂x
[ux (x, t) φ (x, t)] − (4B22 − E66)

∂2

∂x2
[
wx

2 (x, t)
]

− (8B22 − 2E66)
∂

∂x
[wx (x, t) wxx (x, t)] + 12E44

∂2

∂x2
[
wxx

2 (x, t)
]

− 2E66
∂2

∂x2
[wx (x, t) φ (x, t)] + (8B11 − 2E77)

∂

∂x
[wx (x, t) φx (x, t)]

− 2E66
∂

∂x
[wxx (x, t) φ (x, t)] − 24E33

∂2

∂x2
[wxx (x, t) φx (x, t)]

+ E66
∂2

∂x2
[
φ2 (x, t)

] + 2E77
∂

∂x
[φ (x, t) φx (x, t)] + 12E22

∂2

∂x2
[
φx

2 (x, t)
]

+ 12A11
∂

∂x

[
ux

2 (x, t) wx (x, t)
] + 12B22

∂2

∂x2
[
ux (x, t) wx

2 (x, t)
]

+ 24B22
∂

∂x
[ux (x, t) wx (x, t) wxx (x, t)] − 24B11

∂

∂x
[ux (x, t) wx (x, t) φx (x, t)]

− (4A11 − 2D44)
∂

∂x

[
wx

3 (x, t)
] + KNLw3 (x, t) + 12D22

∂

∂x

[
wx (x, t) wxx

2 (x, t)
]

+ 12D22
∂2

∂x2
[
wx

2 (x, t) wxx (x, t)
] − 12D33

∂2

∂x2
[
wx

2 (x, t) φx (x, t)
]

− 3D44
∂

∂x

[
wx

2 (x, t) φ (x, t)
] − 24D33

∂

∂x
[wx (x, t) wxx (x, t) φx (x, t)]
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+ D44
∂

∂x

[
wx (x, t) φ2 (x, t)

] + 12D11
∂

∂x

[
wx (x, t) φx

2 (x, t)
]

+ 12A11
∂

∂x

[
ux (x, t) wx

3 (x, t)
] + 3B22

∂2

∂x2
[
wx

4 (x, t)
] + 12B22

∂

∂x

[
wx

3 (x, t) wxx (x, t)
]

− 12B11
∂

∂x

[
wx

3 (x, t) φx (x, t)
] + 3A11

∂

∂x

[
wx

5 (x, t)
]

= F cos (ωt) , (43)

−I1utt (x, t) − I5wxtt (x, t) + I3φt t (x, t) + 8B11uxx (x, t) − 2D44wx (x, t) + 8D33wxxx (x, t)

− 8D11φxx (x, t) + 2D44φ (x, t) − 12B11
∂

∂x

[
ux

2 (x, t)
] − 24D33

∂

∂x
[ux (x, t) wxx (x, t)]

+ 2D44ux (x, t) wx (x, t) + 24D11
∂

∂x
[ux (x, t) φx (x, t)] − 2D44ux (x, t) φ (x, t)

+ (4B11 − E77)
∂

∂x

[
wx

2 (x, t)
] − 12E33

∂

∂x

[
wxx

2 (x, t)
] + 2E66wx (x, t) wxx (x, t)

+ 2E77
∂

∂x
[wx (x, t) φ (x, t)] + 24E22

∂

∂x
[wxx (x, t) φx (x, t)] − 2E77wx (x, t) φx (x, t)

− 2E66wxx (x, t) φ (x, t) − 12E11
∂

∂x

[
φx

2 (x, t)
] − E77

∂

∂x

[
φ2 (x, t)

] + 2E77φ (x, t) φx (x, t)

− 12B11
∂

∂x

[
ux (x, t) wx

2 (x, t)
] − 12D33

∂

∂x

[
wx

2 (x, t) wxx (x, t)
] + D44wx

3 (x, t)

+ 12D11
∂

∂x

[
wx

2 (x, t) φx (x, t)
] − D44wx

2 (x, t) φ (x, t) − 3B11
∂

∂x

[
wx

4 (x, t)
] = 0. (44)

It can therefore be seen that the equations of motion are highly nonlinear and coupled, which emphasises the
importance of having the axial motion while analysing the mechanical behaviour of the structure. The linear
coupling sources between the axial and transverse motions are the stiffness terms B11 and B22 and inertia terms
I1 and I2, for which, for a single-layer hyperelastic beam, due to the homogeneity in the thickness direction,
these terms will be equal to zero and the linear coupling terms vanish. In the next section, the equations of
motion are nondimensionalised, discretised and solved.

3 Solution procedure

For the first step of solving the equations of motion, the new nondimensional parameters are defined as

γ ∗ = x

L
, β∗ = w

h
, α∗ = u

h
, φ∗ = φ, A11

∗ = A11

A110
, B11

∗ = B11

A110h
, B22

∗ = B22

A110h
, D44

∗ = D11

A110
,

D11
∗ = D11

A110h2
, D22

∗ = D11

A110h2
, D33

∗ = D11

A110h2
, E11

∗ = E11

A110h3
, E22

∗ = E22

A110h3
,

E33
∗ = E33

A110h3
, E44

∗ = E44

A110h3
, E55

∗ = E55

A110
, E66

∗ = E66

A110h
, E77

∗ = E77

A110h
,

I0
∗ = I0

I00
, I1

∗ = I1
I00h

, I2
∗ = I2

I00h
, I3

∗ = I3
I00h2

, I4
∗ = I4

I00h2
, I5

∗ = I5
I00h2

,

η = h

L
, � = ω

√
I00L3

A110h
, t∗ = t

√
A110h

I00L3 ,

F∗ = F
L2

A11h
, KL

∗ = KL
L2

A11
, KNL

∗ = KNL
h2L2

A11
, KS

∗ = KS
1

A11
, (45)

and by using these terms, the equations of motion are nondimensionalised as

I0ηαt t (γ, t) + I2η
2βγ t t (γ, t) − I1ηφt t (γ, t) − 8A11αγγ (γ, t) − 8B22ηβγγ γ (γ, t) + 8B11φγγ (γ, t)
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+ 12A11η
∂

∂γ

[
αγ

2 (γ, t)
] + 24B22η

2 ∂

∂γ

[
αγ (γ, t) βγ γ (γ, t)

] − 24B11η
∂

∂γ

[
αγ (γ, t) φγ (γ, t)

]

− η (4A11 − D44)
∂

∂γ

[
βγ

2 (γ, t)
] + 12D22η

3 ∂

∂γ

[
βγγ

2 (γ, t)
] − 2D44

∂

∂γ

[
βγ (γ, t) φ (γ, t)

]

− 24D33η
2 ∂

∂γ

[
βγγ (γ, t) φγ (γ, t)

] + D44
1

η

∂

∂γ

[
φ2 (γ, t)

] + 12D11η
∂

∂γ

[
φγ

2 (γ, t)
]

+ 12A11η
2 ∂

∂γ

[
αγ (γ, t) βγ

2 (γ, t)
] + 12B22η

3 ∂

∂γ

[
βγ

2 (γ, t) βγ γ (γ, t)
]

− 12B11η
2 ∂

∂γ

[
βγ

2 (γ, t) φγ (γ, t)
] + 3A11η

3 ∂

∂γ

[
βγ

4 (γ, t)
] = 0, (46)

−I2η
2αγ t t (γ, t) + I0ηβt t (γ, t) − I4η

3βγγ t t (γ, t) + I5η
2φγ t t (γ, t) − 8B22ηαγγ γ (γ, t)

− 2D44βγγ (γ, t) − 8D22η
2βγγ γ γ (γ, t) + KLβ (γ, t) − KSβγγ (γ, t) + 2D44

1

η
φγ (γ, t)

+ 8D33ηφγγ γ (γ, t) + 12B22η
2 ∂2

∂γ 2

[
αγ

2 (γ, t)
] + 24D22η

3 ∂2

∂γ 2

[
αγ (γ, t) βγ γ (γ, t)

]

− η (8A11 − 2D44)
∂

∂γ

[
αγ (γ, t) βγ (γ, t)

] − 24D33η
2 ∂2

∂γ 2

[
αγ (γ, t) φγ (γ, t)

]

− 2D44
∂

∂γ

[
αγ (γ, t) φ (γ, t)

] − η2 (4B22 − E66)
∂2

∂γ 2

[
βγ

2 (γ, t)
]

− η2 (8B22 − 2E66)
∂

∂γ

[
βγ (γ, t) βγ γ (γ, t)

] + 12E44η
4 ∂2

∂γ 2

[
βγγ

2 (γ, t)
]

− 2E66η
∂2

∂γ 2

[
βγ (γ, t) φ (γ, t)

] + η (8B11 − 2E77)
∂

∂γ

[
βγ (γ, t) φγ (γ, t)

]

− 2E66η
∂

∂γ

[
βγγ (γ, t) φ (γ, t)

] − 24E33η
3 ∂2

∂γ 2

[
βγγ (γ, t) φγ (γ, t)

]

+ E66
∂2

∂γ 2

[
φ2 (γ, t)

] + 2E77
∂

∂γ

[
φ (γ, t) φγ (γ, t)

] + 12E22η
2 ∂2

∂γ 2

[
φγ

2 (γ, t)
]

+ 12A11η
2 ∂

∂γ

[
αγ

2 (γ, t) βγ (γ, t)
] + 12B22η

3 ∂2

∂γ 2

[
αγ (γ, t) βγ

2 (γ, t)
]

+ 24B22η
3 ∂

∂γ

[
αγ (γ, t) βγ (γ, t) βγ γ (γ, t)

] − 24B11η
2 ∂

∂γ

[
αγ (γ, t) βγ (γ, t) φγ (γ, t)

]

− η2 (4A11 − 2D44)
∂

∂γ

[
βγ

3 (γ, t)
] + KNLβ3 (γ, t) + 12D22η

4 ∂

∂γ

[
βγ (γ, t) βγ γ

2 (γ, t)
]

+ 12D22η
4 ∂2

∂γ 2

[
βγ

2 (γ, t) βγ γ (γ, t)
] − 12D33η

3 ∂2

∂γ 2

[
βγ

2 (γ, t) φγ (γ, t)
]

− 3D44η
∂

∂γ

[
βγ

2 (γ, t) φ (γ, t)
] − 24D33η

3 ∂

∂γ

[
βγ (γ, t) βγ γ (γ, t) φγ (γ, t)

]

+ D44
∂

∂γ

[
βγ (γ, t) φ2 (γ, t)

] + 12D11η
2 ∂

∂γ

[
βγ (γ, t) φγ

2 (γ, t)
]

+ 12A11η
3 ∂

∂γ

[
αγ (γ, t) βγ

3 (γ, t)
] + 3B22η

4 ∂2

∂γ 2

[
βγ

4 (γ, t)
]

+ 12B22η
4 ∂

∂γ

[
βγ

3 (γ, t) βγ γ (γ, t)
] − 12B11η

3 ∂

∂γ

[
βγ

3 (γ, t) βγ (γ, t)
]

+ 3A11η
4 ∂

∂γ

[
βγ

5 (γ, t)
]

= F cos (�t) , (47)
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−I1ηαt t (γ, t) − I5η
2βγ t t (γ, t) + I3ηφt t (γ, t) + 8B11αγγ (γ, t) − 2D44

1

η
βγ (γ, t) + 8D33ηβγγ γ (γ, t)

− 8D11φγγ (γ, t) + 2D44
1

η2
φ (γ, t) − 12B11η

∂

∂γ

[
αγ

2 (γ, t)
] − 24D33η

2 ∂

∂γ

[
αγ (γ, t) βγ γ (γ, t)

]

+ 2D44αγ (γ, t) βγ (γ, t) + 24D11η
∂

∂γ

[
αγ (γ, t) φγ (γ, t)

] − 2D44
1

η
αγ φ (x, t)

+ (4B11 − E77) η
∂

∂γ

[
βγ

2 (γ, t)
] − 12E33η

3 ∂

∂γ

[
βγγ

2 (γ, t)
] + 2E66ηβγ (γ, t) βγ γ (γ, t)

+ 2E77
∂

∂γ

[
βγ (γ, t) φ (γ, t)

] + 24E22η
2 ∂

∂γ

[
βγγ (γ, t) φγ (γ, t)

] − 2E77βγ (γ, t) φγ (γ, t)

− 2E66βγγ (γ, t) φ (γ, t) − 12E11η
∂

∂γ

[
φγ

2 (γ, t)
] − E77

1

η

∂

∂γ

[
φ2 (γ, t)

] + 2E77
1

η
φ (γ, t) φγ (γ, t)

− 12B11η
2 ∂

∂γ

[
αγ (γ, t) βγ

2 (γ, t)
] − 12D33η

3 ∂

∂γ

[
βγ

2 (γ, t) βγ γ (γ, t)
] + D44ηβγ

3 (γ, t)

+ 12D11η
2 ∂

∂γ

[
βγ

2 (γ, t) φγ (γ, t)
] − D44βγ

2 (γ, t) φ (γ, t) − 3B11η
3 ∂

∂x

[
βγ

4 (γ, t)
] = 0. (48)

For the sake of brevity and ease notation, the superscript * is neglected in the formulation. Using the Galerkin
scheme, each motion component can be written in a series expansion of orthogonal spatial functions as⎧⎨

⎩
α
φ
β

⎫⎬
⎭ =

N∑
n=1

⎧⎨
⎩
Un (γ ) rn (t)
�n (γ ) pn (t)
Wn (γ ) qn (t)

⎫⎬
⎭, (49)

where Un, �n,Wn are the set of trial functions that should satisfy the boundary conditions of longitudinal,
rotation and transverse motions at the middle of the thickness. (Studies on layered structures based on various
thickness assumptions can be found inRefs. [44–50].) For pinned–pinned and fixed–fixed boundary conditions,
these trial functions are written as

Up (γ ) = sin
(
μpγ

)
, (50){

Fixed−Fixed → Wp (γ )=−cos
(
μpγ

)+cosh
(
μpγ

)−ψ
(
μp

) [−sin
(
μpγ

)+sinh
(
μpγ

)]
,

Pinned − Pinned → Wp (γ ) = sin
(
μpγ

)
,

(51)

�p (γ ) =
(

1

μp

)(
∂Wp (γ )

∂x

)
, (52)

where

ψ
(
μp

) = − cos
(
μp

) + cosh
(
μp

)
− sin

(
μp

) + sinh
(
μp

) , (53)

and the equations of motion are rewritten as⎡
⎣M11 M12 M13
M21 M22 M23
M31 M32 M33

⎤
⎦

⎧⎨
⎩
r̈n
p̈n
q̈n

⎫⎬
⎭ +

⎡
⎣ ξ 0 0
0 ξ 0
0 0 ξ

⎤
⎦

⎧⎨
⎩
ṙn
ṗn
q̇n

⎫⎬
⎭

+
⎡
⎣KL11 KL12 KL13
KL21 KL22 KL23
KL31 KL32 KL33

⎤
⎦

⎧⎨
⎩
rn
pn
qn

⎫⎬
⎭ =

⎧⎨
⎩
0
0
Fexternal
n

⎫⎬
⎭ +

⎧⎨
⎩
KN1systemn

KN2systemn

KN3systemn

⎫⎬
⎭ , (54)

where Mi j are the mass tensors of the discretised equations and the components are defined as

M11 (l, i) : ηI0

1∫
0

Ul (γ )Ui (γ ) dγ, (55)
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M12 (l, i) : η2 I2

1∫
0

Ul (γ )W ′
i (γ ) dγ, (56)

M13 (l, i) : −ηI1

1∫
0

Ul (γ )�i (γ ) dγ, (57)

M21 : −η2 I2

1∫
0

Wl (γ )U ′
i (γ ) dγ, (58)

M22 (l, i) : ηI0

1∫
0

Wl (γ )Wi (γ ) dγ − η3 I4

1∫
0

Wl (γ )W ′′
i (γ ) dγ, (59)

M23 (l, i) : η2 I5

1∫
0

Wl (γ )�′
i (γ ) dγ, (60)

M31 : −ηI1

1∫
0

�l (γ )Ui (γ ) dγ, (61)

M32 (l, i) : −η2 I5

1∫
0

�l (γ )W ′
i (γ ) dγ, (62)

M33 (l, i) : ηI3

1∫
0

�l (γ )�i (γ ) dγ, (63)

and KLi j are the linear stiffness tensors, defined as

K L11 (l, i) : −8A11

1∫
0

Ul (γ )U ′′
i (γ ) dγ, (64)

K L12 (l, i) : −8ηB22

1∫
0

Ul (γ )W ′′′
i (γ ) dγ, (65)

K L13 (l, i) : 8B11

1∫
0

Ul (γ )�′′
i (γ ) dγ, (66)

K L21 (l, i) : −8ηB22

1∫
0

Wl (γ )U ′′′
i (γ ) dγ, (67)

K L22 (l, i) : −
1∫

0

Wl (γ )
d

dγ

[
2D44W

′
i (γ )

]
dγ − 8η2D22

1∫
0

Wl (γ )Wi
(4) (γ ) dγ

+KL

1∫
0

Wl (γ )Wi (γ ) dγ − KS

1∫
0

Wl (γ )W ′′
i (γ ) dγ, (68)
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K L23 (l, i) : 21
η
D44

1∫
0

Wl (γ )�′
i (γ ) dγ + 8ηD33

1∫
0

Wl (γ )�′′′
i (γ ) dγ, (69)

K L31 (l, i) : 8B11

1∫
0

�l (γ )U ′′
i (γ ) dγ, (70)

K L32 (l, i) : −2
1

η
D44

1∫
0

�l (γ )W ′
i (γ ) dγ + 8ηD33

1∫
0

�l (γ )W ′′′
i (γ ) dγ, (71)

K L33 (l, i) : −8D11

1∫
0

�l (γ )�′′
i (γ ) dγ + 2

1

η2
D44

1∫
0

�l (γ )�i (γ ) dγ. (72)

KN1, KN2 and KN3 are the nonlinear stiffness terms in the coupled equation where

KN1systemn = KN11r
2 (t) + KN12r (t) p (t) + KN13r (t) q (t)

+KN14 p
2 (t) + KN15 p (t) q (t) + KN16q

2 (t)

+KN17r (t) p2 (t) + KN18 p
3 (t) + KN19 p

2 (t) q (t)

+KN110 p
4 (t) , (73)

KN2systemn = KN21r
2 (t) + KN22r (t) p (t) + KN23r (t) q (t)

+KN24 p
2 (t) + KN25 p (t) q (t) + KN26q

2 (t)

+KN27r
2 (t) p (t) + KN28r (t) p2 (t)

+KN29r (t) p (t) q (t) + KN210 p
3 (t)

+KN211 p
2 (t) q (t) + KN212 p (t) q2 (t)

+KN213r (t) p3 (t) + KN214 p
4 (t) + KN215 p

3 (t) q (t) + KN216 p
5 (t) , (74)

KN3systemn = KN31r
2 (t) + KN32r (t) p (t) + KN33r (t) q (t) + KN34 p

2 (t)

+KN35 p (t) q (t) + KN36q
2 (t) + KN37r (t) p2 (t) + KN38 p

3 (t)

+KN39 p
2 (t) q (t) + KN310 p

4 (t) , (75)

and the coefficients of the nonlinear stiffnesses (KNi j ) are defined in “Appendix A” for the sake of brevity. By
employing a dynamic equilibrium technique, the time-dependent terms of the degrees of freedom are written
in a series expansion of exponential functions as

rm =
N∑

n=−N

Amne
inΩt , (76)

pm =
N∑

n=−N

Bmne
inΩt , (77)

qm =
N∑

n=−N

Cmne
inΩt , (78)

and the general dynamic complex equilibrium equations are written as

{−n2Ω2M3n×3n + inΩC3n×3n + K3n×3n
}
⎧⎨
⎩
rn
pn
qn

⎫⎬
⎭

3n×1

=
⎧⎨
⎩
0
0
Fexternal
n (Ω)

⎫⎬
⎭

3n×1

+
⎧⎨
⎩
KN1systemn (Amn, Bmn,Cmn,Ω)

KN2systemn (Amn, Bmn,Cmn, Ω)

KN3systemn (Amn, Bmn,Cmn,Ω)

⎫⎬
⎭

3n×1

. (79)
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By solving the discretised coupled 3N equations ofmotion presented in Eq. (79) using a continuation technique
[51–53], the nonlinear forced time-dependent mechanical response of the layered hyperelastic structure is
obtained.

4 Results and discussion for linear and nonlinear analyses

The coupled motion of shear deformable layered hyperelastic structures is formulated, discretised and solved
in the previous sections. In this section, the linear and nonlinear mechanics of the system are analysed and
discussed in two main subsections.

4.1 Linear analysis for different shear models

In this subsection, the natural frequencies of the layered hyperelastic structures are analysed and the influence
of layering, shear deformation theory and the foundation is discussed in detail.

4.1.1 Model verification

In the first step, in order to verify the current model for analysing layered beammodels, the natural frequencies
of a three-layered elastic beam structure are obtained for clamped–clamped and pinned–pinned boundaries.
Layering is achieved by having steel as the top layer, aluminium in the middle and silicon carbide at the bottom
(the elastic material properties of the layers can be found in Ref. [54]), with geometry properties at a length
of L = 2.4 m, total thickness of h = 0.03 m (0.01 m for each layer) and width of b = 0.12 m. The first
four transverse natural frequencies and the first axial and rotational natural frequencies are obtained using
the third-order shear deformable beam theory and compared with those obtained by ANSYS Workbench [55]
in Table 1, and the mode shapes are shown in Fig. 2; it can be seen that the current modelling shows great
accuracy in computing the natural frequency terms.

4.1.2 Layer sorting, slenderness ratio and shear model effect

Properly layering the structure can have a significant effect in changing the natural frequencies of a hyperelastic
beam.Tomake this possible, three different softmaterials are assumedwith knownMooney–Rivlin hyperelastic
coefficients, as shown in Table 2. For the first step, by assuming a single-layer homogeneous hyperelastic
beam with the length of 0.2 mm and nondimensional foundation of KL = 1 and KS = 1, the slenderness
ratio (r = L/h) is varied and the fundamental natural frequency is obtained for different shear deformation
theories in Table 3. It can be seen that for the single-layer model, the fundamental natural frequency of all the
five shear models is in good agreement, especially for the vulcanised rubber beam.

By increasing the number of layers to two and three, the fundamental natural frequencies are given in
Tables 4 and 5, respectively. It can be seen that by having more than a single layer, the homogeneity in the
thickness direction is lost, the coupling terms are considerable and, therefore, the difference between different
shear models is slightly more than for the homogeneous single-layer model. Furthermore, it can be seen that
for all the layered models and boundary conditions, by increasing the slenderness ratio (L/h), the shear effect
loses its importance and the results for different shear models become unique.

Table 1 Linear natural frequencies of a three-layered elastic beam with pinned–pinned and fixed–fixed boundary conditions in
hertz

Model BCs Transverse Axial Rotation

Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 1

Present CC 41.0802 113.129 221.209 365.317 1479.540 2957.979
ANSYS CC 41.322 113.53 221.66 364.64 1482.3 2956.6
Present SS 18.2554 72.9090 163.911 290.543 1479.623 2957.468
ANSYS SS 18.994 72.492 163.67 288.55 1470.2 2955.4
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Table 2 Hyperelastic physical properties of soft materials from the literature [56,57]

Material Mooney Rivlin parameters
C1 (Pa) C2 (Pa) ρ (kg/m3)

Silicone 253216 4.709e5 1430
Thermoplastic 2.463e5 3.512e6 1152.5
Vulcanised rubber 0.28e6 0.15e6 950

Table 3 Fundamental natural frequencies of single-layer hyperelastic beams with different slenderness ratios and shear defor-
mation theories

r = L/h BC CBT Timoshenko Third-Order Exponential Trigonometric

Silicone
100 CC 28.1066315 28.1058381 28.0613949 28.0495963 28.0555882

SS 26.8844497 26.8844452 26.8790424 26.8776181 26.8783409
50 CC 20.0984905 20.0909931 19.9747145 19.9433354 19.9592964

SS 19.0364669 19.0364162 19.0211706 19.0171500 19.0191906
20 CC 13.5165344 13.4300982 13.0894529 12.9940148 13.0427443

SS 12.1552464 12.1540216 12.0947328 12.0790562 12.0870142
10 CC 11.0263991 10.6412455 9.97717584 9.78842630 9.88489544

SS 8.87847552 8.86563176 8.70696574 8.66466219 8.68615087
3D-printed thermoplastic
100 CC 31.8001428 31.7963715 31.5600876 31.4958815 31.5285720

SS 30.0096747 30.0096449 29.9784623 29.9702373 29.9744119
50 CC 23.5675273 23.5423896 23.0001642 22.8473804 22.9255139

SS 21.3821135 21.3817796 21.2942338 21.2710974 21.2828424
20 CC 18.2377203 18.0294260 16.6267951 16.2247058 16.4307878

SS 14.2187342 14.2109901 13.8816207 13.7934946 13.8382855
10 CC 18.5914253 17.4967291 14.9614247 14.21118716 14.5966669

SS 11.6305988 11.5580599 10.7552375 10.5334826 10.6465584
Vulcanised rubber
100 CC 34.4280536 34.4274664 34.3947866 34.3861353 34.3905276

SS 32.9775740 32.9775711 32.9736341 32.9725962 32.9731229
50 CC 24.5106362 24.5047782 24.4174210 24.3940465 24.4059248

SS 23.3366630 23.3366304 23.3255149 23.3225840 23.3240715
20 CC 16.1341804 16.0555223 15.7864449 15.7121078 15.7499904

SS 14.8386764 14.8378850 14.7944946 14.7830357 14.7888520
10 CC 12.5987291 12.2434931 11.7111708 11.5615479 11.6378881

SS 10.6887937 10.6803688 10.5628155 10.5316104 10.5474551

4.1.3 Foundation effect

To show the influence of a foundation support on the natural frequencies of layered hyperelastic beams, the
structure is assumed to be three-layered with equal thicknesses, (L/h = 20) and the foundation terms are
varied as KL = [0.0, 1.0, 1.0, 3.0, 4.0, 5.0] and KS = [0.1, 0.2, 0.4, 0.6, 0.8, 1.0]. The fundamental natural
frequencies are shown for both pinned–pinned and clamped–clamped boundary conditions in Tables 6, 7 and
8 for layering as [thermoplastic–silicone–vulcanised rubber], [thermoplastic– vulcanised rubber–silicone] and
[silicone–thermoplastic–vulcanised rubber], respectively, using the third-order shear deformable beammodel.
It can be seen that the layered hyperelastic beam models are more sensitive to variations of the shear term
(Ks) compared with the linear term (KL), and adding the foundation increases the fundamental frequency
parameter significantly.

4.2 Nonlinear analysis

The nonlinear dynamics of layered hyperelastic thick beam structures is investigated in this section for various
layer, shear and material position models.
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Table 4 Fundamental natural frequencies of two-layered hyperelastic beams with different slenderness ratios and shear defor-
mation theories

r = L/h BC CBT Timoshenko Third-Order Exponential Trigonometric

Sorting: Silicone–3D-printed thermoplastic
100 CC 29.7340907 29.7322132 29.6207112 29.5910476 29.6061242

SS 28.3089814 28.3089689 28.2956561 28.2922077 28.2939558
50 CC 21.5192529 21.5058667 21.2413942 21.1685749 21.2057350

SS 20.0807042 20.0805804 20.0432020 20.0335084 20.0384230
20 CC 15.1241626 15.0300170 14.3361165 14.1404376 14.2406520

SS 12.9733813 12.9710949 12.8278107 12.7904730 12.8094120
10 CC 13.3507029 12.9333003 11.5762041 11.1874505 11.3867605

SS 9.82337237 9.80184612 9.42775842 9.32851239 9.37894002
Sorting: 3D-printed thermoplastic–vulcanised rubber
100 CC 32.9025718 32.9007381 32.7954063 32.7675713 32.7817124

SS 31.3673283 31.3673136 31.3551669 31.3520513 31.3536296
50 CC 23.7164675 23.7035445 23.4548446 23.3868036 23.4215140

SS 22.2348245 22.2346909 22.2007027 22.1919742 22.1963967
20 CC 16.3475598 16.2654456 15.6174109 15.4361428 15.528951

SS 14.2969492 14.2950743 14.1652090 14.1317878 14.1487259
10 CC 13.9084386 13.5779696 12.2872118 11.9217392 12.1090495

SS 10.6682708 10.6525061 10.3088192 10.2191370 10.2646474
Sorting: Vulcanised rubber–silicone
100 CC 30.7828884 30.7822099 30.7442483 30.7341990 30.7393013

SS 29.4676038 29.4676004 29.4630306 29.4618281 29.4624383
50 CC 21.9580668 21.9515018 21.8512018 21.8242796 21.8379663

SS 20.8582540 20.8582149 20.8453158 20.8419207 20.8436436
20 CC 14.5905007 14.5104299 14.2102543 14.1267312 14.1693410

SS 13.2865750 13.2856309 13.2353502 13.2220888 13.2288196
10 CC 11.6111038 11.2593795 10.6693876 10.5025821 10.5877820

SS 9.62848313 9.61850920 9.48290029 9.44689586 9.46517866

Table 5 Fundamental natural frequencies of three-layered hyperelastic beams with different slenderness ratios and shear defor-
mation theories

r = L/h BCCBT TimoshenkoThird-OrderExponentialTrigonometric

Sorting: Silicone–3D-printed thermoplastic– vulcanised rubber
100 CC30.9681123 30.9677558 30.928069930.917347030.9228017

SS 29.6263359 29.6263339 29.621526829.620237829.6208931
50 CC22.1334388 22.1300004 22.025772521.997078022.0116995

SS 20.9763997 20.9763776 20.962807620.959166620.9610175
20 CC14.8485713 14.8065505 14.501929714.413492314.4587790

SS 13.3871531 13.3866154 13.333692913.319438813.3266873
10 CC12.0526019211.8570456 11.263377311.084178911.1761513

SS 9.76211837 9.75638969 9.613470659.574479489.59432579
Sorting: 3D-printed thermoplastic–silicone– vulcanised rubber
100 CC31.0792240 31.0771291 30.982227430.957249930.9699350

SS 29.6369342 29.6369169 29.626202829.623464529.6248515
50 CC22.3854567 22.3707232 22.146414722.085406222.1165090

SS 21.0057928 21.0056361 20.975699020.968037020.9719186
20 CC15.3767687 15.2849197 14.699298514.536812414.6199287

SS 13.4959180 13.4938098 13.379814213.350614413.3654096
10 CC12.9909881 12.6319641 11.454960411.128466611.2954731

SS 10.0454782 10.0282134 9.726137059.648189929.68770610
Sorting: 3D-printed thermoplastic–vulcanised rubber–silicone
100 CC31.1189765 31.1164982 31.005446530.976079130.9909968

SS 29.6422094 29.6421922 29.629228929.625888629.6275813
50 CC22.4882142 22.4706799 22.205782022.133457522.1703283

SS 21.0208307 21.0206653 20.984303620.974924020.9796777
20 CC15.6954145 15.5768274 14.870731114.673673314.7744629

SS 13.5560659 13.5532475 13.413931513.377907213.3961688
10 CC13.6707649 13.1694255 11.752981811.358212511.5600729

SS 10.2074657 10.1817722 9.815146439.719439329.76798865
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Table 6 Fundamental natural frequencies of three-layered hyperelastic beams [thermoplastic–silicone–vulcanised rubber] with
different slenderness ratios and shear deformation theories

KS = 0.1 KS = 0.2 KS = 0.4 KS = 0.6 KS = 0.8 KS = 1.0

Pinned–pinned
KL = 0.0 4.44576163 5.97334523 8.21583078 9.96541025 11.4504844 12.7637935
KL = 1.0 5.98912959 7.19623324 9.14356823 10.7431088 12.1333669 13.3798142
KL = 2.0 7.20933731 8.23958051 9.98547942 11.4681894 12.7798116 13.9686945
KL = 3.0 8.25102479 9.16491111 10.7617263 12.1500759 13.3950951 14.5337338
KL = 4.0 9.17519864 10.0050236 11.4856302 12.7956757 13.9833313 15.0776128
KL = 5.0 10.0144457 10.7798607 12.1665379 13.4102305 14.5478016 15.6025444
Fixed–fixed
KL = 0.0 6.06990371 7.46126469 9.61553921 11.3408049 12.8222314 14.1412529
KL = 1.0 7.27559657 8.47125334 10.4188043 12.0294404 13.4351646 14.6992985
KL = 2.0 8.30811966 9.37303420 11.1644234 12.6807332 14.0213286 15.2369188
KL = 3.0 9.22579923 10.1953607 11.8632707 13.3001703 14.5839514 15.7562049
KL = 4.0 10.0601124 10.9561383 12.5231789 13.8920136 15.1256604 16.2589136
KL = 5.0 10.8303428 11.6674130 13.1500116 14.4596519 15.6486275 16.7465377

Table 7 Fundamental natural frequencies of three-layered hyperelastic beams [thermoplastic–vulcanised rubber–silicone] with
different slenderness ratios and shear deformation theories

KS = 0.1 KS = 0.2 KS = 0.4 KS = 0.6 KS = 0.8 KS = 1.0

Pinned–pinned
KL = 0.0 4.56023487 6.05767609 8.27569748 10.0136505 11.4915612 12.7998710
KL = 1.0 6.07392035 7.26582713 9.19695668 10.7874954 12.1718053 13.4139315
KL = 2.0 7.27937245 8.29994197 10.0339844 11.5094268 12.8159938 14.0010860
KL = 3.0 8.31179923 9.21877531 10.8063715 12.1886727 13.4293164 14.5645889
KL = 4.0 9.22944950 10.0539837 11.5271191 12.8320134 14.0158257 15.1070870
KL = 5.0 10.0637695 10.8249409 12.2053789 13.4446043 14.5787582 15.6307676
Fixed–fixed
KL = 0.0 6.46909276 7.78987081 9.87438670 11.5620699 13.0187251 14.3196948
KL = 1.0 7.61113810 8.76148587 10.6577014 12.2378694 13.6224732 14.8707311
KL = 2.0 8.60288588 9.63561855 11.3872584 12.8782530 14.2005746 15.4020647
KL = 3.0 9.49156616 10.4367915 12.0728072 13.4882660 14.7560438 15.9156689
KL = 4.0 10.3038813 11.1807000 12.7214645 14.0718587 15.2913474 16.4132083
KL = 5.0 11.0566755 11.8781081 13.3386134 14.6321926 15.8085341 16.8961020

Table 8 Fundamental natural frequencies of three-layered hyperelastic beams [silicone–thermoplastic–vulcanised rubber] with
different slenderness ratios and shear deformation theories

KS = 0.1 KS = 0.2 KS = 0.4 KS = 0.6 KS = 0.8 KS = 1.0

Pinned–pinned
KL = 0.0 4.31840975 5.87720585 8.14415800 9.90520367 11.3973154 12.7155232
KL = 1.0 5.89504178 7.11648799 9.07910558 10.6871841 12.0831138 13.3336929
KL = 2.0 7.13122503 8.16989914 9.92637922 11.4157236 12.7320257 13.9244461
KL = 3.0 8.18273922 9.10220306 10.7068131 12.1004787 13.3494312 14.4911363
KL = 4.0 9.11372973 9.94750958 11.4341021 12.7485067 13.9395175 15.0364843
KL = 5.0 9.95805785 10.7264062 12.1178187 13.3651509 14.5056189 15.5627340
Fixed–fixed
KL = 0.0 5.76095561 7.19395301 9.38000579 11.1192680 12.6096991 13.9357624
KL = 1.0 7.02042195 8.23721111 10.2021634 11.8210913 13.2327187 14.5019297
KL = 2.0 8.08603946 9.16244126 10.9628357 12.4835201 13.8276959 15.0468088
KL = 3.0 9.02672360 10.0024501 11.6740478 13.1125264 14.3981075 15.5726343
KL = 4.0 9.87823054 10.7771835 12.3443516 13.7127101 14.9467664 16.0812756
KL = 5.0 10.6619479 11.4998415 12.9800861 14.2877041 15.4759861 16.5743147
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4.2.1 Comparison of different shear models

Five different shear deformable beam theories were used in previous sections for modelling and formulation
of the layered hyperelastic beam structure. In this section, the amplitude response of the sandwich structure
for different shear models is examined. Three layers are assumed, and the thickness of the layers is assumed
as h = [h/4, h/2, h/4] with L/h = 10, KL = KNL = 1, Ks = 0.1, with the material sorting as [silicone–
vulcanised rubber–thermoplastic]. In the first step, the influence of considering the shear effect as negligible
(CBT), linear (Timoshenko) or higher order (third order) is examined, and the axial, transverse and rotation
amplitudes are obtained, as shown in Figs. 3, 4 and 5 for clamped–clamped and Figs. 6, 7 and 8 for pinned–
pinned boundary conditions. It can be seen that for both boundary conditions, the Timoshenko beam model
gives the highestmaximumamplitude for the dominant axial, transverse and rotation deformation. Furthermore,
increasing the shear effect from the linearmodel to higher-ordermoves the resonance peak to lower frequencies.

The influence of using different types of higher-order shear deformable theories on the amplitude response
is investigated for the similar three-layered hyperelastic beams with the given properties. Figures 9, 10, 11,
12, 13 and 14 show the axial, transverse and rotation amplitudes of clamped–clamped and pinned–pinned
thick beam models, respectively. The results for the different higher-order shear models are fairly in good
agreement, especially for the pinned–pinned boundary condition. Comparing the amplitude response of the
dominant terms of axial, transverse and rotation motions, it can be seen that the highest amplitude is for the
third-order beam model and the lowest belongs to the exponential beam model.

(a) (b)

(c)

Fig. 3 Influence of considering shear effect on the axial amplitude response of the sandwich hyperelastic clamped–clamped beam
a A21, b A22 and c A23
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(a) (b)

(d)(c)

(e) (f)

Fig. 4 Influence of considering shear effect on the transverse amplitude response of the sandwich hyperelastic clamped–clamped
beam a C11, b C31, c C12, d C32, e C13, and f C33
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(a) (b)

(c) (d)

(e) (f)

Fig. 5 Influence of considering shear effect on the rotation amplitude response of the sandwich hyperelastic clamped–clamped
beam a B11, b B31, c B12, d B32, e B13, and f B33
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(a) (b)

(c)

Fig. 6 Influence of considering shear effect on the axial amplitude response of the sandwich hyperelastic pinned–pinned beam
a A21, b A22 and c A23

4.2.2 Influence of layering

Layering a hyperelastic structure for different purposes can change the dynamic behaviour of the structure
significantly. In Sect. 4.1.1., this influence on the linear vibration response is analysed, and in this section, the
nonlinear vibration response of the structure based on the number of layers is examined. To this end, for a
homogeneous single-layer structure, the dominant amplitude responses are shown in Fig. 15, for thermoplastic,
vulcanised rubber and silicone hyperelastic thick beams using the third-order shear deformable beam theory
model. It can be seen that thermoplastic and silicone show a stiffness hardening effect, while the vulcanised
rubber beam model shows a drop in the amplitude response of the axial motion while increasing the frequency
and continues to go up afterwards.

By increasing the layers to two by having h1 = h2 = h/2, the dominant longitudinal, transverse and
rotation amplitude responses of the structure are shown for different hyperelastic materials in Fig. 16 for a
combination of different hyperelastic materials which the combination is given asMat = ([mat1-mat2], [mat1-
mat3], [mat2- mat3]) with mat1 = thermoplastic, mat2 = silicone, mat3 = vulcanised rubber. It can be seen
that the highest transverse amplitude belongs to the material combination of [mat2-mat3], while the other two
models have almost the same behaviour.

Finally, by having three layers (h1 = h2 = h3 = h/3) and varying the layers as Mat = ([mat1-mat2-mat3],
[mat2-mat1-mat3], [mat1-mat3-mat2]), the dominant amplitude responses of the longitudinal, transverse and
rotation motions are shown in Fig. 17. It can be seen that the material distribution [mat2- mat1- mat3] has
the lowest maximum axial amplitude and the highest transverse and rotation amplitudes; this shows that for
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(a) (b)

(c) (d)

(e) (f)

Fig. 7 Influence of considering shear effect on the transverse amplitude response of the sandwich hyperelastic pinned–pinned
beam a C11, b C31, c C12, d C32, e C13 and f C33

the other two material models, the coupling between the axial and transverse motion is noticeably higher and
should be considered.

4.2.3 Influence of layer thickness

Changing the thickness of the layers can change the nonlinear vibration response of the structure significantly.
To show this influence, the material distribution is Mat = [mat1-mat2-mat3] and the thickness of layers are
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(a) (b)

(c) (d)

(e) (f)

Fig. 8 Influence of considering shear effect on the rotation amplitude response of the sandwich hyperelastic pinned–pinned beam
a B11, b B31, c B12, d B32, e B13 and f B33
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(a) (b)

(c)

Fig. 9 Influence of different higher-order shear effect models on the axial amplitude response of the sandwich hyperelastic
clamped–clamped beam a A21, b A22, and c A23

h = ([h/4, h/4, h/2], [h/2 h/4, h/4], [h/4, h/2, h/4]). The frequency–amplitude response of the structure
is plotted in Figs. 18, 19 and 20 for axial, transverse and rotation deformations, respectively. It can be seen
that changing the thickness of the layers has a significant effect in varying the nonlinear behaviour of the
system. Besides, the maximum amplitude of all the deformation coordinates moves to higher frequencies for
h = [h/2, h/4, h/4] and the other two models show similar behaviour in dominant amplitude coordinates.

4.2.4 Influence of material positioning

To show the importance of the position of the hyperelastic material in a layered structure, a three-layered beam
is assumed with the thickness of h = [h/4, h/2, h/4] which shows that the middle layer (the core) is thicker
than the outer layers. In this section, by varying the materials in the layers, the nonlinear forced vibration
response of the system is studied. To do this, the position of the material is varied and the dominant amplitude–
frequency responses in axial, transverse and rotation motions of the structure are shown in Figs. 21 and 22 for
pinned–pinned and clamped–clamped conditions, respectively. It can be seen that for both boundary conditions,
the maximum amplitudes sweep to lower frequencies when the material positioning is [mat1-mat2-mat3]; the
clamped–clamped and pinned-pinned beam models show that the dominant rotation coordinate reaches its
highest when the material positioning is [mat1-mat2-mat3].

4.2.5 Influence of layer positioning

Another important goal of this study is to show the influence of layering and positioning the layers in manu-
facturing sandwich hyperelastic structures. To demonstrate this effect, the position of the layers is varied with
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(a) (b)

(c) (d)

(e) (f)

Fig. 10 Influence of different higher-order shear effect models on the transverse amplitude response of the sandwich hyperelastic
clamped–clamped beam a C11, b C31, c C12, d C32, e C13, and f C33
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(a) (b)

(c) (d)

(e) (f)

Fig. 11 Influence of different higher-order shear effect models on the rotation amplitude response of the sandwich hyperelastic
clamped–clamped beam a B11, b B31, c B12, d B32, e B13 and f B33
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(a) (b)

(c)

Fig. 12 Influence of different higher-order shear effect models on the axial amplitude response of the sandwich hyperelastic
pinned–pinned beam a A21, b A22 and c A23

the thickness of h = [h/4, h/2, h/4] and the amplitude–frequency responses of the structures are shown in
Figs. 23, 24 and 25 for clamped–clamped third-order shear deformable hyperelastic thick beams. It can be
seen that the layer positioning has a notable effect in changing the coupling motion of the structure, based on
the requirements of the design.

5 Summary and conclusions

In this study, a detailed layerwise analysis of the time-dependent mechanics of hyperelastic beams structures is
given using five different shear deformation theories. The hyperelasticity wasmodelled following theMooney–
Rivlin hyperelastic strain energy density model, and the beam was assumed to lie on a foundation including
linear, nonlinear and shear layers. Equations of motion were derived using Hamilton’s principle together
with different shear deformable beam theories. Solving the equations of motion using a dynamic equilibrium
technique, it was shown that:

• The classic beam theory predicts the fundamental frequency term of hyperelastic-layered beam models
higher than the studied shear deformable beam models.

• By increasing the length-to-thickness ratio, the influence of the type of boundary conditions decreases.
• Similar to elastic beams, the hyperelastic-layered beam model shows higher sensitivity to shear effects
when the length-to-thickness ratio is lower.

• The higher-order shear deformable beam models (namely third-order, exponential and trigonometric) give
very close results for natural frequency terms, while the nonlinear behaviours are slightly different.
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(a) (b)

(c) (d)

(e) (f)

Fig. 13 Influence of different higher-order shear effect models on the transverse amplitude response of the sandwich hyperelastic
pinned–pinned beam a C11, b)C31, c C12, d C32, e C13 and f C33

• For linear natural frequencies, it was shown that having a foundation can increase the fundamental natural
frequency of hyperelastic-layered beams significantly and this effect is higher for the shear layer compared
with the linear layer.

• For nonlinear forced time-dependent analysis of layered hyperelastic beams, the Timoshenko beam model
gives the highest maximum amplitude for the dominant longitudinal, transverse and rotation deformations,
compared with the other shear deformable models. Similarly, for higher-order shear models, the highest
amplitudes are for the third-order beam model and the lowest one belongs to the exponential beam model.
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(a) (b)

(c) (d)

(e) (f)

Fig. 14 Influence of different higher-order shear effect models on the rotation amplitude response of the sandwich hyperelastic
pinned–pinned beam a B11, b B31, c B12, d B32, e B13 and f B33
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(a)

(b)

(c)

Fig. 15 The amplitude response of the single-layer hyperelastic clamped–clamped beam a A22, b C11, c B11
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(a) 

(b)

(c)

Fig. 16 The amplitude response of the two-layered hyperelastic clamped–clamped beam a A21, b C11, c B11
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(a)

(b)

(c)

Fig. 17 The amplitude response of the three-layered hyperelastic clamped–clamped beam a A21, b C11, c B11
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(a) (b)

(c)

Fig. 18 Influence of the thickness of each layer on the axial amplitude response of the sandwich hyperelastic clamped–clamped
beam a A21, b A22 and c A23
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(a) (b)

(d)(c)

(e) (f)

Fig. 19 Influence of the thickness of each layer on the transverse amplitude response of the sandwich hyperelastic clamped–
clamped beam a C11, b C31, c C12, d C32, e C13 and f C33
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(a) (b)

(c) (d)

(e) (f)

Fig. 20 Influence of the thickness of each layer on the rotation amplitude response of the sandwich hyperelastic clamped–clamped
beam a B11, b B31, c B12, d B32, e B13, and f B33
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(a)

(b)

(c)

Fig. 21 Influence of the material positioning on the amplitude response of the sandwich hyperelastic pinned–pinned beam a A21,
b B11, c C11
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(a)

(b)

(c)

Fig. 22 Influence of the material positioning on the amplitude response of the sandwich hyperelastic clamped–clamped beam a
A21, b C11, c B11
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(a) (b)

(c)

Fig. 23 Influence of the layer positioning on the axial amplitude response of the sandwich hyperelastic clamped–clamped beam
a A21, b A22 and c A23
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(a) (b)

(c) (d)

(e) (f)

Fig. 24 Influence of the layer positioning on the transverse amplitude response of the sandwich hyperelastic clamped–clamped
beam a C11, b C31, c C12, d C32, e C13 and f C33
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(a) (b)

(c) (d)

(e) (f)

Fig. 25 Influence of the layer positioning on the rotation amplitude response of the sandwich hyperelastic clamped–clamped
beam a B11, b B31, c B12, d B32, e B13 and f B33
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• For the two-layered hyperelastic beammodel examined in this study, it is shown that the highest transverse
amplitude belongs to the material combination of silicone and vulcanised rubber. Similarly, for the three-
layeredmodel, thematerial distribution silicone–thermoplastic–vulcanised rubber has the lowestmaximum
axial amplitude and the highest transverse and rotation amplitudes.

• The influence of each layer’s thickness is examined showing that changing the thickness of the layers can
change the nonlinear vibration response of the structure significantly.

• Hyperelastic material sorting has been shown to be a promising designing parameter in changing the
dynamic behaviour of the structure for both linear and nonlinear analysis. For the studied model, both
boundary conditions, the maximum amplitudes sweep to lower frequencies when the material positioning
is [mat1- mat2- mat3].

Overall, since layered hyperelastic structures are replacing single-layer hyperelastic structures in many designs
and applications such as food packaging, bottles, tubes and pipes, it is important to comprehend and predict
the changes in their mechanical behaviour before employing them, especially their coupling motion behaviour.
The results of this study are a step forward in realising the changes in the mechanical response of laminated
hyperelastic beams when different materials and layers are used.
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Appendix A

The nonlinear coefficients are defined as
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Chapter 6

Visco-hyper-elastic arches

Overview

Since most biological tissues and some polymeric structures show a combination of
hyperelastic and viscoelastic behaviour, this chapter presents the nonlinear mechan-
ics of visco-hyperelastic structures. The visco-hyperelasticity is presented using a
combination of the Kelvin-Voigt viscoelastic scheme and Mooney-Rivlin hyperelastic
theory, both of which have shown good accuracy in modelling visco-hyperelasticity
in previous studies. The structure is assumed to have curvatures, and the shear ef-
fects are taken into account. The bending and vibration behaviour are analysed and
the effect of having viscoelasticity on the nonlinear forced vibrations in a three-to-
one internal resonance stage is discussed. This research study is published online as:
Khaniki, H. B., Ghayesh, M. H., Chin, R., & Hussain, S. (2022). Internal resonance
and bending analysis of thick visco-hyper-elastic arches. Continuum Mechanics and
Thermodynamics, 1-44. DOI: 10.1007/s00161-022-01166-9
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Abstract In this study, a comprehensive analysis of visco-hyper-elastic thick soft arches under an external time-
independent as well as time-dependent loads is presented from bending and internal resonance phenomenon
perspectives. Axial, transverse and rotation motions are considered for modelling the thick and soft arch in
the framework of the Mooney–Rivlin and Kelvin–Voigt visco-hyper-elastic schemes and third-order shear
deformable models. The arch is assumed to be incompressible and is modelled using von Kármán geometric
nonlinearity in the strain–displacement relationship. Using a virtual work method, the bending equations
are derived. For the vibration analysis, three, coupled, highly nonlinear equations of motions are obtained
using force-moment balance method. The Newton–Raphson method together with the dynamic equilibrium
technique is used for the bending and vibration analyses. A detailed study on the influence of having visco-
hyper-elasticity and arch curvature in the frequency response of the system is given in detail, and the bending
deformation due to the applied static load is presented. The influence of having thick, soft arches with different
slenderness ratios is shown, and the forced vibration response is discussed. Moreover, internal resonance in the
system is studied showing that the curvature term in the structure can lead to three-to-one internal resonances,
showing a rich nonlinear frequency response. The results of this study are a step forward in studying the
visco-hyper-elastic behaviour of biological structures and soft tissues.

Keywords Internal resonance · Visco-elastic · Visco-hyper-elastic · Arch · Mooney–Rivlin · Kelvin–Voigt ·
Bending · Nonlinear vibration

1 Introduction

Arches are one of the main curved structures used in different engineering applications including civil and
mechanical engineering. In civil engineering, arches have been employed for different construction purposes
such as bridges and subway stations [1,2] as it can carry greater loads compared to straight structures. As an
application in the field of mechanical engineering, arch structures have been used in designing different types
of energy harvesters to optimise the efficiency of the system [3–6]. For instance, in a study presented by Yang
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et al. [7], it was shown that by using arch structures, the total harvested power was 200% times more power
compared to straight structures. As another example, shallow arches have also been used and examined for
microelectromechanical systems (MEMS) [8].

During the last few years, researchers have studied the mechanical behaviour of both flat structures (includ-
ing beams and plates) [9–15] and curved structures (including shells and arches) [16–23] to be able to use
them efficiently for specific purposes. Focusing on arch structures, their behaviour in different engineering
conditions has been examined lately. To name a few, Yang et al. [24] reinforced elastic arch structures using
graphene nanoplatelets and studied the linear vibration behaviour of graphene-reinforced arches. Different
fibre distribution was modelled using Halpin–Tsai micromechanics model and Hamilton’s principle showing
that out-of-plane and in-plane linear frequencies of the elastic arch are highly affected by the fibre distribution
and percentage. For dynamic instability analysis, Zhao et al. [25] studied the influence of having porosity in
modelling graphene-reinforced elastic arches; it was shown that the best dynamic instability resistance can
be seen in the symmetric porosity distribution model. The nonlinear mechanics of elastic shallow arches with
nonuniform cross section made of functionally graded materials (FGMs) have been investigated by Ghayesh
and Farokhi [26]. Coupled axial-transverse equations ofmotionwere obtained usingEuler-Bernoulli theory and
Hamilton’s principle; it was shown that as the arch curvature increases, the maximum amplitude of transverse
vibration decreases. For MEMS structures, Farokhi et al. [27] studied the pull-in phenomena in micro-scale
arch structures. Using a high-dimensional reduced-order Galerkinmodel and generalised Hamilton’s principle,
it was shown that by increasing the curvature of the arch, the DC voltage for pull-in phenomena increases.

The previous studies were mainly focused on linear-elastic structures under small strains. However, soft
materials undergo large strains, which makes the classic linear modelling of the behaviour inaccurate for many
hyper-elastic structures. There has been a significant attention on hyper-elastic structures in the past few years
focusing on the statics [28–31] and dynamics [32–35]. In some recent studies, the anti-clastic bending of
hyper-elastic beams in finite elasticity has been investigated by Lanzoni and Tarantino [36–38]. Khaniki et al.
[39,40] have examined the nonlinear vibration and mechanics of axially moving hyper-elastic structures and
layered hyper-elastic beams. In another study, Khaniki et al. [41] investigated the effect of having porosity
in hyper-elastic structures providing a porous-hyper-elastic strain energy model and modelling the vibration
behaviour of porous soft beams.Adetailed reviewon the nonlinear dynamic behaviour of different hyper-elastic
structures can be found in Ref. [42].

However, since some soft structures show a combination of viscoelasticity and hyper-elasticity, researchers
have developed different models for such structures [43–47]. In a recent study presented by Li et al. [48], a
wide range of visco-hyper-elastic constitutive models were developed. The viscoelasticity was modelled via
Maxwell and Kelvin–Voigt models, and the hyper-elasticity was modelled via neo-Hookean, Mooney–Rivlin,
and Ogden models. It was shown that the proposed models are capable of modelling both hyper-elasticity
and viscoelasticity of the biological structure. Since visco-hyper-elastic structures are widely applicable for
modelling human body organs, soft robots and prosthesis, the visco-hyper-elastic constitutivemodels are useful
for studying and manufacturing accurate mechanical and biomechanical structures in different environments.

Besides, since most of the hyper-elastic structures are significantly softer than linear-elastic structures, it is
very likely to have them bent (like arches and shells) in real-life applications. Accordingly, in this study, visco-
hyper-elastic thick soft shallow arches are examined in the framework of nonlinear bending and vibrations (with
and without internal resonances). Since the soft arch is assumed to be thick, a third-order shear deformable
theory is used and the visco-hyper-elasticity is modelled following Ref. [48] by using Mooney–Rivlin and
Kelvin–Voigt models. The bending behaviour of the soft arch is formulated using the virtual work method and
solved using the Newton–Raphson method. For the vibration analysis, the equations of motion are obtained
using the force-moment balancemethod and solvedusing a dynamic equilibrium technique.The effect of having
curvature in the structure is analysed, and the internal resonance phenomena caused by having this nonlinearity
in the system are discussed. A detailed discussion of the influence of curvature term, the slenderness ratio and
three-to-one internal resonance is given.

2 Bending of hyper-elastic thick arch formulation

For a thick, soft, shallow arch, using a higher-order shear deformation theory, by considering plane motion,
von Kármán’s geometric nonlinearity, and curvature in the thickness direction, the nonlinear static strain terms
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are obtained as
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where u1 and u3 are the displacements of the arch in the x1 and x3 directions (shown in Fig. 1a), u30 is
the curvature of the shallow arch, ε11 and ε33 are the axial strains in the x1 and x3 directions and ε13 is the
shear strain. By considering plane motion and incompressible material, the right Cauchy-Green strain tensor
is written as [49]
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2 + ε213 0 ε11ε13 + 2ε13 + ε33ε13
0 1 0
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which contains nonlinear higher-order strain terms since hyper-elastic structures undergo large strains and
cannot be modelled by considering the linear part alone, as is undertaken for elastic structures.

The principle of virtual work is not only for linear elastic structures and can be applied for hyper-elastic
structures [50]. To this end, by using the Mooney–Rivlin hyper-elastic strain energy density [51,52] and the
principle of virtual work, the variation of the energy term, due to the static applied forces, can be written in
three variation terms for axial (PE1), transverse (PE2) and rotation (PE3) variations as
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where PE1, PE2, PE3 are given in Appendix A for the sake of brevity, with the moment of area coefficients
defined as
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(a)

(b)

Fig. 1 Schematic figure of a visco-hyper-elastic thick shallow arch with simply supported boundary conditions
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Using Eqs. (1–7), three equilibrium equations for the bending analysis are obtained by having homogeneity
in the arch as
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It can be seen that the equilibrium equations are highly nonlinear in hyper-elasticity terms, with a high coupling
between the axial, rotation and transverse motions. The equilibrium equations can be validated by comparing
them to those presented in Ref. [40] by neglecting the curvature terms from these equations and unsymmetrical
and time-dependant terms in the equations of motion of Ref. [40]. By employing the solution procedure given
in Sect. 4, the bending behaviour of soft thick shallow arches will be obtained.

3 Dynamics of visco-hyper-elastic thick arch formulation via force-moment balance method

For the time-dependent analysis and modelling of soft thick shallow arches, using the same assumptions given
in Sect. 2, the nonlinear strain terms are written as
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Fig. 2 Constitutive model of Kelvin–Voigt visco-hyper-elasticity
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For visco-hyper-elastic structures, Li et al. [48] have shown that the visco-hyper Kelvin–Voigt model has
a good accuracy in modelling visco-hyper-elastic structures while using Mooney–Rivlin, neo-Hookean and
Ogden strain energy density models. The visco-hyper-elastic model (Fig. 2) is presented as [48]

σvisco-hyper = σhyperelastic + ξk ε̇, (14)

(Talk about the feasible applicability of the approach) For an element of the thick visco-hyper-elastic arch,
shown in Fig. 2b, Newton’s law is applied for the rotational motion, as well as translational ones by having
[53]

∂N (x1, x3, t)

∂x1
= −ρ I00u1t t − ρ I22u3xtt − ρ I33φt t , (15)

∂Q (x1, x3, t)

∂x1
+ Fexternal (x1, x3, t) = ρ I22u1xtt + ρ I44u3xxtt + ρ I66φxtt − ρ I00u3t t , (16)

∂M (x1, x3, t)

∂x1
− Q (x1, x3, t) = −ρ I33u1t t − ρ I66u3xtt − ρ I99φt t , (17)

where the stress resultants are defined as [54]

N =
∫
A

σvisco-hyper,x1x1dA, (18)

M =
∫
A

x3σvisco-hyper,x1x1dA, (19)

Q =
∫
A

σvisco-hyper,x1x3dA, (20)

and the applied external periodic load with the magnitude of F is given as

Fexternal = F cos (ωt) . (21)

For isotropic visco-hyper-elastic shallow arches, by using force-moment balance method, one can reach
the coupled equations of motions which are shown in Appendix B for the sake of brevity. By neglecting the
viscoelasticity and the arch-related terms, the equations of motion can be validated through Ref. [40]. It can be
seen that all three equations of motion are highly nonlinear in visco-elasticity and hyper-elasticity terms, with
a high coupling between the axial, rotation and transverse motions. By using the solution procedure given in
Sect. 5, the vibration behaviour of soft thick shallow arches will be obtained.
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4 Solution procedure for hyper-elastic bending analysis

By assuming only transverse external load on the system (Fs1 = FS2 = 0 and FS3 = F) and defining
nondimensional terms as

x1
∗ = x1

L
, u1

∗ = u1
h

, u3
∗ = u3

h
, u30

∗ = u30
h

, I00
∗ = I00h2

I44
,

I55
∗ = I55h2

I44
, I66

∗ = I66
I44

, I77
∗ = I77h2

I44
,

I88
∗ = I88h2

I44
, I99

∗ = I99
I44

, η = h

L
, F∗ = FL4

CT I44h
, (22)

the nondimensional equilibrium equations are written as

−8I00
1

η2
u1x1x1 − 8I00

1

η

d

dx1

(
u3x1u30x1

)

+12I00
1

η

d

dx1

(
u21x1

) + 24I00
d

dx1

(
u1x1u3x1u30x1

) − 4I77
1

η

d

dx1

(
u23x1

) + 12I00η
d

dx1

(
u23x1u

2
30x1

)

+12η
d

dx1

(
u23x1x1

) + 24I66
d

dx1

(
u3x1x1φx1

) + 8I55
1

η2

d

dx1

(
u3x1φ

) + 12I99
1

η

d

dx1

(
φ2
x1

) + 4I55
1

η3

d

dx1

(
φ2)

+12I00
d

dx1

(
u1x1u

2
3x1

) + 12I00η
d

dx1

(
u30x1u

3
3x1

) + 3I00η
d

dx1

(
u43x1

) = 0, (23)

−8I00
1

η

d

dx1

(
u1x1u30x1

) − 8I00
d

dx1

(
u3x1u

2
30x1

) + 8u3x1x1x1x1 − 8I55
1

η2
u3x1x1 + 8I66

1

η
φx1x1x1 − 8I55

1

η3
φx1

+12I00
d

dx1

(
u21x1u30x1

) − 8I77
1

η

d

dx1

(
u1x1u3x1

) + 24I00η
d

dx1

(
u1x1u3x1u

2
30x1

) − 24η
d2

dx21

(
u1x1u3x1x1

)

−24I66
d2

dx21

(
u1x1φx1

) + 8I55
1

η2

d

dx1

(
u1x1φ

) − 12I77
d

dx1

(
u23x1u30x1

) + 12I00η
2 d

dx1

(
u23x1u

3
30x1

)

+12η2
d

dx1

(
u23x1x1u30x1

) − 24η2
d2

dx21

(
u3x1u3x1x1u30x1

) + 24I66η
d

dx1

(
u3x1x1φx1u30x1

)

+16I55
1

η

d

dx1

(
u3x1φu30x1

) − 24I66η
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dx21
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u3x1φx1u30x1

) + 12I99
d

dx1

(
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x1u30x1

)

+4I55
1
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d

dx1

(
φ2u30x1

) + 12I00
d
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(
u21x1u3x1
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d

dx1

(
u1x1u

2
3x1u30x1

) − 4I88
d

dx1

(
u33x1

)

+24I00
d

dx1

(
u33x1u

2
30x1

) + 12η2
d

dx1

(
u3x1u

2
3x1x1

) − 12η2
d2

dx21

(
u23x1u3x1x1

)

+24I66η
d

dx1

(
u3x1u3x1x1φx1

) + 12I55
1

η

d

dx1

(
u23x1φ

) − 12I66η
d2

dx21

(
u23x1φx1

)

+12I99
d

dx1

(
u3x1φ

2
x1

) + 4I55
1

η2

d

dx1

(
u3x1φ

2) + 12I00η
d

dx1

(
u1x1u

3
3x1

) + 15I00η
2 d

dx1

(
u30x1u

4
3x1

)

+3I00η
2 d

dx1

(
u53x1

)
= F, (24)

−8I66ηu3x1x1x1 + 8I55
1

η
u3x1 − 8I99φx1x1 + 8I55

1

η2
φ + 24I66η

2 d

dx1

(
u1x1u3x1x1

) − 8I55u1x1u3x1

+24I99η
d

dx1

(
u1x1φx1

) − 8I55
1

η
u1x1φ + 24I66η

3 d

dx1

(
u3x1u3x1x1u30x1

) − 8I55ηu
2
3x1u30x1

+24I99η
2 d

dx1

(
u3x1φx1u30x1

) − 8I55u3x1φu30x1 + 12I66η
3 d

dx1

(
u23x1u3x1x1

) − 4I55ηu
3
3x1

+12I99η
2 d

dx1

(
u23x1φx1

) − 4I55u
2
3x1φ = 0. (25)
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where * is neglected from the parameters for the sake of brevity. By employing a series expansion, the degrees
of freedom are written as

u1 (x1) =
M∑
j=1

� jU j (x1) , (26)

u3 (x1) =
N∑
i=1

ℵiWi (x1) , (27)

φ (x1) =
N∑
i=1

κiψi (x1) , (28)

u30 (x1) = W0 (x1) , (29)

and the equations of motion are discretised as

K L
11� + K L

12ℵ + K NL
11 �2 + K NL

12 �ℵ + K NL
13 ℵ2 + K NL

14 ℵκ

+K NL
15 κ2 + K NL

16 �ℵ2 + K NL
17 ℵ3 + K NL

18 ℵ4 = 0, (30)

K L
21� + K L

22ℵ + K L
22κ + K NL

21 �2 + K NL
22 �ℵ + K NL

23 �κ + K NL
24 ℵ2 + K NL

25 ℵκ + K NL
26 κ2 + K NL

27 �2ℵ
+K NL

28 �ℵ2 + K NL
29 ℵ3 + K NL

210ℵ2κ + K NL
211ℵκ2 + K NL

212 rℵ3 + K NL
213ℵ4 + K NL

214ℵ5 = F, (31)

K L
32ℵ + K L

33κ + K NL
31 �ℵ + K NL

32 �κ + K NL
33 ℵ2 + K NL

34 ℵκ + K NL
35 ℵ3 + K NL

36 ℵ2κ = 0. (32)

The linear stiffness coefficients (K L
i j ) of the bending equilibrium equations are defined as

K L
11 = −8

1

η2
I00

1∫
0

Up (x1)U
′′
i (x1) dx1, (33)

K L
12 = −8

1

η
I00

1∫
0

Up (x1)
d

dx1

(
W ′

i (x1)W
′
0 (x1)

)
dx1, (34)

K L
21 = −8I00

1

η

1∫
0

Wl (x1)
d

dx1

(
U ′
i (x1)W

′
0 (x1)

)
dx1, (35)

K L
22 = −8I00

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′2
0 (x1)

)
dx1 + 8

1∫
0

Wl (x1)W
(4)
i (x1) dx1

−8I55
1

η2

1∫
0

Wl (x1)W
′′
i (x1) dx1, (36)

K L
23 = +8I66

1

η

1∫
0

Wl (x1)ψ
′′′
i (x1) dx1 − 8I55

1

η3

1∫
0

Wl (x1)ψ
′
i (x1) dx1, (37)

K L
32 = −8I66η

1∫
0

ψl (x1)W
′′′
i (x1) dx1 + 8I55

1

η

1∫
0

ψl (x1)W
′
i (x1) dx1, (38)

K L
33 = +8I55

1

η2

1∫
0

ψl (x1)ψi (x1) dx1 − 8I99

1∫
0

ψl (x1)ψ
′′
i (x1) dx1, (39)
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and the nonlinear stiffness coefficients (K NL
i j ) are defined as

K NL
11 = +12

1

η
I00

1∫
0

Up (x1)
d

dx1

(
U ′
i (x1)U

′
j (x1)

)
dx1, (40)

K NL
12 = +24I00

1∫
0

Up (x1)
d

dx1

(
U ′
i (x1)W

′
j (x1)W

′
0 (x1)

)
dx1, (41)

K NL
13 = −4

1

η
I77
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0

Up (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)

)
dx1

+12ηI00
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d

dx1
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i (x1)W
′
j (x1)W
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)
dx1
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0

Up (x1)
d

dx1

(
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i (x1)W
′′
j (x1)

)
dx1, (42)

K NL
14 = +24I66

1∫
0

Up (x1)
d

dx1

(
W ′′

i (x1) ψ ′
j (x1)

)
dx1 + 8

1

η2
I55

1∫
0

Up (x1)
d

dx1

(
W ′

i (x) ψ j (x1)
)
dx1,

(43)

K NL
15 = +12

1

η
I99

1∫
0

Up (x1)
d

dx1

(
ψ ′
i (x1) ψ ′

j (x1)
)
dx1 + 4

1

η3
I55

1∫
0

Up (x1)
d

dx1

(
ψi (x1) ψ j (x1)

)
dx1,

(44)

K NL
16 = +12I00

1∫
0

Up (x1)
d

dx1

(
U ′
i (x1)W

′
j (x1)W

′
k (x1)

)
dx1, (45)

K NL
17 = +12ηI00

1∫
0

Up (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)W

′
k (x1)W

′
0 (x1)

)
dx1, (46)

K NL
18 = +3ηI00

1∫
0

Up (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)W

′
k (x1)W

′
m (x1)

)
dx1, (47)

K NL
21 = +12I00

1∫
0

Wl (x1)
d

dx1

(
U ′
i (x1)U

′
j (x1)W

′
0 (x1)

)
dx1, (48)

K NL
22 = −8I77

1

η

1∫
0

Wl (x1)
d

dx1

(
U ′
i (x1)W

′
j (x1)

)
dx1 − 24η
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dx21
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)
dx1

+24I00η
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Wl (x1)
d
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i (x1)W

′
j (x1)W

′2
0 (x1)

)
dx1, (49)

K NL
23 = −24I66

1∫
0

Wl (x1)
d2

dx21

(
U ′
i (x1) ψ ′

j (x1)
)
dx1+8I55

1

η2

1∫
0

Wl (x1)
d

dx1

(
U ′
i (x1) ψ j (x1)

)
dx1, (50)
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K NL
24 = −12I77

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)W

′
0 (x1)

)
dx1

+12I00η
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Wl (x1)
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)
dx1
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)
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dx21
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)
dx1, (51)

K NL
25 = +24I66η
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Wl (x1)
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j (x1)W
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0 (x1)

)
dx1, (52)

K NL
26 = +12I99

1∫
0

Wl (x1)
d

dx1

(
ψ ′
i (x1) ψ ′

j (x1)W
′
0 (x1)

)
dx1

+4I55
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η2
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Wl (x1)
d

dx1
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0 (x1)

)
dx1, (53)

K NL
27 = +12I00

1∫
0

Wl (x1)
d

dx1

(
U ′
i (x1)U

′
j (x1)W

′
k (x1)

)
dx1, (54)

K NL
28 = +36I00η

1∫
0

Wl (x1)
d

dx1

(
U ′
i (x1)W

′
j (x1)W

′
k (x1)W

′
0 (x1)

)
dx1, (55)

K NL
29 = −4I88

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)W

′
k (x1)

)
dx1

+24I00

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)W

′
k (x1)W

′2
0 (x1)

)
dx1

+12η2
1∫

0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′′
j (x1)W

′′
k (x1)

)
dx1

−12η2
1∫

0

Wl (x1)
d2

dx21

(
W ′

i (x1)W
′
j (x1)W

′′
k (x1)

)
dx1, (56)
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K NL
210 = +24I66η

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′′
j (x1) ψ ′

k (x1)
)
dx1

+12I55
1

η

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1) ψ j (x1)

)
dx1

−12I66η

1∫
0

Wl (x1)
d2

dx21

(
W ′

i (x1)W
′
j (x1) ψ ′

k (x1)
)
dx1, (57)

K NL
211 = +12I99

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1) ψ ′
j (x1) ψ ′

k (x1)
)
dx1

+4I55
1

η2

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1) ψ j (x1) ψk (x1)
)
dx1, (58)

K NL
212 = +12I00η

1∫
0

Wl (x1)
d

dx1

(
U ′
i (x1)W

′
j (x1)W

′
k (x1)W

′
m (x1)

)
dx1, (59)

K NL
213 = +15I00η

2

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)W

′
k (x1)W

′
m (x1)W

′
0 (x1)

)
dx1, (60)

K NL
214 = +3I00η

2

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)W

′
k (x1)W

′
m (x1)W

′
n (x1)

)
dx1, (61)

K NL
31 = −8I55

1∫
0

ψl (x1)U
′
i (x1)W

′
j (x1) dx1 + 24I66η

2

1∫
0

ψl (x1)
d

dx1

(
U ′

j (x1)W
′′
j (x1)

)
dx1, (62)

K NL
32 = +24I99η

1∫
0

ψl (x1)
d

dx1

(
U ′
i (x1) ψ ′

j (x1)
)
dx1 − 8I55

1

η

1∫
0

ψl (x1)U
′
i (x1) ψ j (x1) dx1, (63)

K NL
33 = +24I66η

3

1∫
0

ψl (x1)
d

dx1

(
W ′

i (x1)W
′′
j (x1)W

′
0 (x1)

)
dx1

−8I55η

1∫
0

ψl (x1)W
′
i (x1)W

′
j (x1)W

′
0 (x1) dx1, (64)

K NL
34 = +24I99η

2

1∫
0

ψl (x1)
d

dx1

(
W ′

i (x1) ψ ′
i (x1)W

′
0 (x1)

)
dx1

−8I55

1∫
0

ψl (x1)W
′
i (x1) ψi (x1)W

′
0 (x1) dx1, (65)
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K NL
35 = +12I66η

3

1∫
0

ψl (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1)W

′′
k (x1)

)
dx1

−4I55η

1∫
0

ψl (x1)W
′
i (x1)W

′
j (x1)W

′
k (x1) dx1, (66)

K NL
36 = +12I99η

2

1∫
0

ψl (x1)
d

dx1

(
W ′

i (x1)W
′
j (x1) ψ ′

k (x1)
)
dx1

−4I55

1∫
0

ψl (x1)W
′
i (x1)W

′
j (x1) ψk (x1) dx1. (67)

which by solving the nonlinear polynomial equations of motion using the Newton–Raphson method, the static
bending due to the external static force can be obtained.

5 Solution procedure for visco-hyper-elastic vibrations

Using the given nondimensional terms in Sect. 4 and additional nondimensional terms as


 = ω

√
ρ I00L4

CT I44
, t∗ = t

√
CT I44
ρAL4 , ξk = ξk

CT
∗

√
CT I44
ρAL4 , (68)

the nondimensional equations of motion are written as

u1t t − ξk I00
1

η2
u1x1x1t − ξk I00

1

η

∂

∂x1

(
u30x1u3x1t

) + 2ξk I00
1

η

∂

∂x1

(
u1x1u1x1t

) + 2ξk I00
∂

∂x1

(
u3x1u30x1u1x1t

)

+2ξk I00
∂

∂x1

(
u1x1u30x1u3x1t

) − ξk I77
1

η

∂

∂x1

(
u3x1u3x1t

)

+2ξk I00η
∂

∂x1

(
u3x1u

2
30x1u3x1t

) + 2ξkη
∂

∂x1

(
u3x1x1u3x1x1t

)

+2ξk I66
∂

∂x1

(
φx1u3x1x1t

) + ξk I55
1

η2

∂

∂x1

(
φu3x1t

) + 2ξk I66
∂

∂x1

(
u3x1x1φx1t

) + ξk I55
1

η2

∂

∂x1

(
u3x1φt

)

+2ξk I99
1

η

∂

∂x1

(
φx1φx1t

) + ξk I55
1

η3

∂

∂x1
(φφt ) + ξk I00

∂

∂x1

(
u23x1u1x1t

) + 2ξk I00
∂

∂x1

(
u1x1u3x1u3x1t

)

+3ξk I00η
∂

∂x1

(
u23x1u30x1u3x1t

) + ξk I00η
∂

∂x1

(
u33x1u3x1t

) − 8I00
1

η2
u1x1x1 − 8I00

1

η

∂

∂x1

(
u3x1u30x1

)

+12I00
1

η

∂

∂x1

(
u21x1

) + 24I00
∂

∂x1

(
u1x1u3x1u30x1

) − 4I77
1

η

∂

∂x1

(
u23x1

) + 12I00η
∂

∂x1

(
u23x1u

2
30x1

)

+12η
∂

∂x1

(
u23x1x1

) + 24I66
∂

∂x1

(
u3x1x1φx1

) + 8I55
1

η2

∂

∂x1

(
u3x1φ

)

+12I99
1

η

∂

∂x1

(
φ2
x1

) + 4I55
1

η3

∂

∂x1

(
φ2)

+12I00
∂

∂x1

(
u1x1u

2
3x1

) + 12I00η
∂

∂x1

(
u30x1u

3
3x1

) + 3I00η
∂

∂x1

(
u43x1

) = 0, (69)

I66
I00

η3u3x1t t + I99
I00

η2φt t − ξkηI66u3x1x1x1t + 1

2
ξk I55

1

η
u3x1t − ξk I99φx1x1t

+1

2
ξk I55

1

η2
φt + 2ξk I66η

2 ∂

∂x1

(
u3x1x1u1x1t

)
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−ξk I55u3x1u1x1t + 2ξk I99η
∂

∂x1

(
φx1u1x1t

) − ξk I55
1

η
φu1x1t + 2ξk I66η

2 ∂

∂x1

(
u1x1u3x1x1t

)

+2ξk I66η
3 ∂

∂x1

(
u3x1x1u30x1u3x1t

) − ξk I55ηu3x1u30x1u3x1t

+ξk2I99η
2 ∂

∂x1

(
φx1u30x1u3x1t

) − ξk I55φu30x1u3x1t

+2ξk I99η
∂

∂x1

(
u1x1φx1t

) + 2ξk I99η
2 ∂

∂x1

(
u3x1u30x1φx1t

) + 2ξk I66η
3 ∂

∂x1

(
u3x1u3x1x1u3x1t

)

+ξk I66η
3 ∂

∂x1

(
u23x1u3x1x1t

) + 2ξk I66η
3 ∂

∂x1

(
u3x1u30x1u3x1x1t

)

−ξk I55ηu
2
3x1u3x1t + 2ξk I99η

2 ∂

∂x1

(
u3x1φx1u3x1t

)

−ξk I55u3x1φu3x1t + ξk I99η
2 ∂

∂x1

(
u23x1φx1t

) − 8I66ηu3x1x1x1 + 8I55
1

η
u3x1 − 8I99φx1x1 + 8I55

1

η2
φ

+24I66η
2 ∂

∂x1

(
u1x1u3x1x1

) − 8I55u1x1u3x1 + 24I99η
∂

∂x1

(
u1x1φx1

)

−8I55
1

η
u1x1φ + 24I66η

3 ∂

∂x1

(
u3x1u3x1x1u30x1

)

−8I55ηu
2
3x1u30x1 + 24I99η

2 ∂

∂x1

(
u3x1φx1u30x1

) − 8I55u3x1φu30x1

+12I66η
3 ∂

∂x1

(
u23x1u3x1x1

) − 4I55ηu
3
3x1

+12I99η
2 ∂

∂x1

(
u23x1φx1

) − 4I55u
2
3x1φ = 0. (70)

− 1

I00
η2u3x1x1t t − I66

I00
ηφx1t t + u3t t − ξk I00

1

η

∂

∂x1

(
u30x1u1x1t

)

+ξk u3x1x1x1x1t − ξk I00
∂

∂x1

(
u230x1u3x1t

) − 1

2
ξk I55

1

η2
u3x1x1t

+ξk I66
1

η
φx1x1x1t − 1

2
ξk I55

1

η3
φx1t + 2ξk I00

∂

∂x1

(
u1x1u30x1u1x1t

)

+2ξk I00η
∂

∂x1

(
u3x1u

2
30x1u1x1t

) − ξk I00
1

η

∂

∂x1

(
u3x1u1x1t

)

−2 ξkη
∂2

∂x21

(
u3x1x1u1x1t

) + ξk I55
1

η

∂

∂x1

(
u3x1u1x1t

) − 2ξk I66
∂2

∂x21

(
φx1u1x1t

) + ξk I55
1

η2

∂

∂x1

(
φu1x1t

)

+2ξk I00η
∂

∂x1

(
u1x1u

2
30x1u3x1t

) − 2 ξkη
∂2

∂x21

(
u1x1u3x1x1t

)

−ξk I77
∂

∂x1

(
u3x1u30x1u3x1t

) + 2ξk I00η
2 ∂

∂x1

(
u3x1u

3
30x1u3x1t

)

+2ξkη
2 ∂

∂x1

(
u3x1x1u30x1u3x1x1t

) − ξk I00
∂

∂x1

(
u30x1u3x1u3x1t

)

+ξk I55
∂

∂x1

(
u3x1u30x1u3x1t

) − 2ξkη
2 ∂2

∂x21

(
u3x1x1u30x1u3x1t

)

+2ξk I66η
∂

∂x1

(
φx1u30x1u3x1x1t

) + 2ξk I55
1

η

∂

∂x1

(
φu30x1u3x1t

)

−2ξk I66η
∂2

∂x21

(
φx1u30x1u3x1t

) − 2ξk I66
∂2

∂x21

(
u1x1φx1t

)
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+2ξk I66η
∂

∂x1

(
u3x1x1u30x1φx1t

) + ξk I55
1

η

∂

∂x1

(
u3x1u30x1φt

)

−2ξk I66η
∂2

∂x21

(
u3x1u30x1φx1t

) + 2ξk I99
∂

∂x1

(
φx1u30x1φx1t

)

+ξk I55
1

η2

∂

∂x1

(
φu30x1φt

) + 2ξk I00
∂

∂x1

(
u1x1u3x1u1x1t

)

+3ξk I00η
∂

∂x1

(
u23x1u30x1u1x1t

) + 4ξk I00η
∂

∂x1

(
u1x1u3x1u30x1u3x1t

)

+5ξk I00η
2 ∂

∂x1

(
u23x1u

2
30x1u3x1t

) − ξk I77
∂

∂x1

(
u23x1u3x1t

)

+2ξk η2
∂

∂x1

(
u3x1u3x1x1u3x1x1t

) − 2ξkη
2 ∂2

∂x21

(
u3x1u3x1x1u3x1t

)

−ξkη
2 ∂2

∂x21

(
u23x1u3x1x1t

) − 2ξkη
2 ∂2

∂x21

(
u3x1u30x1u3x1x1t

)

+ξk I55
∂

∂x1

(
u23x1u3x1t

) + 2ξk I66η
∂

∂x1

(
u3x1φx1u3x1x1t

)

+2ξk I55
1

η

∂

∂x1

(
u3x1φu3x1t

) − 2ξk I66η
∂2

∂x21

(
u3x1φx1u3x1t

)

+2 ξk I66η
∂

∂x1

(
u3x1u3x1x1φx1t

) + ξk I55
1

η

∂

∂x1

(
u23x1φt

)

−ξk I66η
∂2

∂x21

(
u23x1φx1t

) + 2ξk I99
∂

∂x1

(
u3x1φx1φx1t

) + ξk I55
1

η2

∂

∂x1

(
u3x1φφt

) + ξk I00η
∂

∂x1
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)

+2ξk I00η
∂

∂x1
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)

+ξk I00η
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∂x1

(
u43x1u3x1t

) − 8I00
1

η

∂

∂x1

(
u1x1u30x1

)

−8I00
∂

∂x1

(
u3x1u

2
30x1

) + 8u3x1x1x1x1 − 8I55
1

η2
u3x1x1 + 8I66

1

η
φx1x1x1

−8I55
1

η3
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∂

∂x1

(
u21x1u30x1

)

−8I77
1

η

∂

∂x1

(
u1x1u3x1

) + 24I00η
∂

∂x1

(
u1x1u3x1u

2
30x1
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∂x21
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) − 24I66
∂2

∂x21

(
u1x1φx1

)

+8I55
1

η2

∂

∂x1

(
u1x1φ

) − 12I77
∂

∂x1

(
u23x1u30x1

) + 12I00η
2 ∂

∂x1

(
u23x1u

3
30x1
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∂

∂x1

(
u23x1x1u30x1

)

−24η2
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∂x21

(
u3x1u3x1x1u30x1

) + 24I66η
∂

∂x1

(
u3x1x1φx1u30x1
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1

η

∂

∂x1

(
u3x1φu30x1

)

−24I66η
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∂x21

(
u3x1φx1u30x1

) + 12I99
∂

∂x1

(
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x1u30x1

) + 4I55
1

η2

∂

∂x1

(
φ2u30x1

) + 12I00
∂

∂x1

(
u21x1u3x1

)
...
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+36I00η
∂

∂x1

(
u1x1u

2
3x1u30x1

) − 4I88
∂

∂x1

(
u33x1

) + 24I00
∂

∂x1

(
u33x1u

2
30x1

) + 12η2
∂

∂x1

(
u3x1u

2
3x1x1

)

−12η2
∂2

∂x21

(
u23x1u3x1x1

) + 24I66η
∂

∂x1

(
u3x1u3x1x1φx1
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1

η

∂

∂x1

(
u23x1φ
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)
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+12I99
∂

∂x1

(
u3x1φ

2
x1

) + 4I55
1

η2

∂

∂x1

(
u3x1φ

2) + 12I00η
∂

∂x1

(
u1x1u

3
3x1

) + 15I00η
2 ∂

∂x1

(
u30x1u

4
3x1

)

+3I00η
2 ∂

∂x1

(
u53x1

)
= F cos (
t) , (71)

For time-dependant analysis, by employing the Galerkin’s procedure, the degrees of freedom are written
as

u1 (x1, t) =
M∑
j=1

Uj (x1)� j (t) , (72)

u3 (x1, t) =
N∑
i=1

Wi (x1)ℵi (t) , (73)

φ (x1, t) =
N∑
i=1

ψi (x1) κi (t) , (74)

and the equations of motion are discretised as

M11�̈ + CL
11�̇ + CL

12ℵ̇ + CNL
11 ��̇ + CNL

12 ℵ�̇ + CNL
13 �ℵ̇ + CNL

14 ℵℵ̇ + CNL
15 κℵ̇ + CNL

16 ℵκ̇ + CNL
17 κκ̇

+CNL
18 ℵ2�̇ + CNL

19 �ℵℵ̇ + CNL
110ℵ2ℵ̇ + CNL

111ℵ3ℵ̇ + K L
11� + K L

12ℵ + K NL
11 �2 + K NL

12 �ℵ + K NL
13 ℵ2

+K NL
14 ℵκ + K NL

15 κ2 + K NL
16 �ℵ2 + K NL

17 ℵ3 + K NL
18 ℵ4 = 0, (75)

M22ℵ̈ + M23κ̈ + CL
21�̇ + CL

22ℵ̇ + CL
23κ̇ + CNL

21 ��̇ + CNL
22 ℵ�̇ + CNL

23 κ�̇ + CNL
24 �ℵ̇ + CNL

25 ℵℵ̇
+CNL

26 κℵ̇ + CNL
27 �κ̇ + CNL

28 ℵκ̇ + CNL
29 κκ̇ + CNL

210�ℵ�̇ + CNL
211ℵ2�̇ + CNL

212�ℵℵ̇ + CNL
213ℵ2ℵ̇

+CNL
214ℵκℵ̇ + CNL

215ℵ2κ̇ + CNL
216ℵκκ̇ + CNL

217ℵ3�̇ + CNL
218�ℵ2ℵ̇ + CNL

219ℵ3ℵ̇ + CNL
220ℵ4ℵ̇ + K L

21�
+K L

22ℵ + K L
22κ + K NL

21 �2 + K NL
22 �ℵ + K NL

23 �κ + K NL
24 ℵ2

+K NL
25 ℵκ + K NL

26 κ2 + K NL
27 �2ℵ + K NL

28 �ℵ2

+K NL
29 ℵ3 + K NL

210ℵ2κ + K NL
211ℵκ2 + K NL

212 rℵ3 + K NL
213ℵ4 + K NL

214ℵ5 = F cos (
t) , (76)

M32ℵ̈ + M33κ̈ + CL
31ℵ̇ + CL

32κ̇ + CNL
31 ℵ�̇ + CNL

32 κ�̇ + CNL
33 �ℵ̇ + CNL

34 ℵℵ̇ + CNL
35 κℵ̇ + CNL

36 �κ̇

+CNL
37 ℵκ̇ + CNL

38 ℵ2ℵ̇ + CNL
39 ℵκℵ̇ + CNL

310ℵ2κ̇ + K L
32ℵ + K L

33κ + K NL
31 �ℵ + K NL

32 �κ + K NL
33 ℵ2

+K NL
34 ℵκ + K NL

35 ℵ3 + K NL
36 ℵ2κ = 0, (77)

with the mass coefficients (Mi j ) as

M11 =
1∫

0

Up (x1)Ui (x1) dx1, (78)

M22 = +
1∫

0

Wl (x1)Wi (x1) dx1 − 1

I00
η2

1∫
0

Wl (x1)W
′′
i (x1) dx1, (79)

M23 = − I66
I00

η

1∫
0

Wl (x1)ψ
′
i (x1) dx1, (80)

M32 = + I66
I00

η3

1∫
0

ψl (x1)W
′
i (x1) dx1, (81)

M33 = + I99
I00

η2

1∫
0

ψl (x1)ψi (x1) dx1, (82)

224 Chapter 6. Visco-hyper-elastic arches



and the linear visco-elastic coefficients (CL
i j ) as

CL
11 : −ξk I00

1

η2

1∫
0

Ul (x1)U
′′
i (x1) dx1, (83)

CL
12 : −ξk I00

1

η

1∫
0

Ul (x1)
d

dx1

(
W ′

i (x1)W
′
0 (x1)

)
dx1, (84)

CL
21 : −ξ I00

1

η

1∫
0

Wl (x1)
d

dx1

(
U ′
i (x1)W

′
0 (x1)

)
dx, (85)

CL
22 : +ξ

1∫
0

Wl (x1)W
(4)
i (x1) dx1 − ξ I00

1∫
0

Wl (x1)
d

dx1

(
W ′

i (x1)W
′2
0 (x1)

)
dx1

−1

2
ξ I55

1

η2

1∫
0

Wl (x1)W
′′
i (x1) dx1, (86)

CL
23 : +ξ I66

1

η

1∫
0

Wl (x1)ψ
′′′
i (x1) dx1 − 1

2
ξ I55

1

η3

1∫
0

Wl (x1)ψ
′
i (x1) dx1, (87)

CL
31 : −ξkηI66

1∫
0

ψl (x1)W
′′′
i (x1) dx1 + 1

2
ξk I55

1

η

1∫
0

ψl (x1)W
′
i (x1) dx1, (88)

CL
32 : −ξk I99

1∫
0

ψl (x1)ψ
′′
i (x1) dx1 + 1

2
ξk I55

1

η2

1∫
0

ψl (x1)ψi (x1) dx1. (89)

The nonlinear damping coefficients (CNL
i j ) are shown in Appendix C for the sake of brevity, and the stiffness

terms are defined in the previous sections. By solving the dynamic equilibrium equations [39,41], the nonlinear
vibration response of the system is obtained.

6 Results and discussions for bending and vibration

In this section, the nonlinear bending and vibration responses of thick visco-hyper-elastic shallow arches are
modelled for different cases of curvature, slenderness ratio and internal resonances. The hyper-elastic properties
are taken from Ref [55] for vulcanised rubbers with the Mooney–Rivlin coefficients as C1 = 0.28e6 Pa and
C2 = 0.15e6 Pa and mass density ρ = 950 kg/m3.

6.1 Bending analysis

Study 1: Force-bending analysis
As the first part of the analysis, the nonlinear static deformation of thick hyper-elastic shallow arches is

analysed following the solution procedure given in Sect. 4 and compared to those obtained using finite element
software. The shallow arch is assumed to have the following geometrical properties: L = 0.3 m, h = 0.03 m,
b = 0.03 m, with a simply supported boundary condition and assumed to undergo a static pressure (which is
varied from−1 to 1 kPa). The maximum transverse deformation is obtained and shown in Table 1 for different
curvatures and external loads. By comparing the current results with those obtained from ANSYS [56], it is
shown that the results are in very good agreement. Besides, it can be seen that by increasing the curvature term,
the maximum deformation of the shallow arch decreases significantly especially for higher external loadings.

6.6. Results and discussions for bending and vibration 225



Table 1 Comparison of the maximum transverse deformation of the shallow arch for different loads

R0=u30/h Maximum transverse deformation (mm)

P0 −1 kPa −500 Pa −200 Pa 200 Pa 500 Pa 1 kPa

0.5 Present 6.1184 3.5272 1.6645 2.0481 5.9868 12.2926
ANSYS 6.4259 3.6742 1.6301 1.9701 6.1897 12.7670

1.0 Present 2.9103 1.5246 0.6643 0.6984 1.7256 3.6963
ANSYS 3.0089 1.5804 0.6533 0.6861 1.7877 3.8807

1.5 Present 1.7133 0.8725 0.3582 0.3607 0.9051 1.8352
ANSYS 1.7517 0.8930 0.3616 0.3678 0.9320 1.9089

Moreover, to understand the static behaviour of the shallow arch under different types of loadings, the
curvature is assumed as following the first mode as W0(x1) = R0W1(x1) where R0 is the nondimensional
curvature term assumed as 0.6. The nondimensional external applied static force (Fbending) is modelled using
a combination of sin functions as

Fbending (x) : f1 sin(πx) + f2 sin(2πx), f1 = 50 (n − 1) , f2 = 25 (n − 1) , (90)

where n is varied from 1 to 70. For the given function, the static force through the length of the arch is shown in
Fig. 3a for different values of n. By solving the nonlinear bending equilibrium equations, the nondimensional
deformations of the hyper-elastic thick arch are shown in Fig. 3b–d. It can be seen that there is a high coupling
between the degrees of freedom; also, the force type and magnitude can change the deformations in the
structure, significantly.

Study 2: Influence of the curvature on the bending behaviour
For the same shallow archwith the given properties in the previous subsection, the influence of the curvature

in resisting deformation in the structure is analysed. To do this, an external static force following Eq. (93) is
given to the structure with f1 and f2 as 1000 and −500, respectively. Figure 4a–c shows the axial, transverse
and rotation deformation of the shallow arch by varying the curvature term as R0 = 0.1, 0.3, 0.5, 0.7, 0.9,
1.0, and 1.5. It can be seen that increasing the shallow arch curvature leads to higher resistance against the
transverse loading. Besides, as shown in Fig. 4a, the coupling between the axial and transverse deformations
increases significantly by increasing the curvature term.

Study 3: Influence of considering the higher-order nonlinear terms
Since incompressible hyper-elastic structures show nonlinearity in their constitutive equation as well as

large deformations, the importance of considering the higher-order nonlinear terms is discussed in this sub-
section. Accordingly, for the same shallow arch in previous sections with the curvature of R0 = 1.5, bending
behaviour is obtained using both linear and nonlinear models when subjected to an external static force fol-
lowing Eq. (93) with f1 and f2 as 10000 and −2500. Figure 5a–c shows the axial, transverse and rotation
deformation of the shallow arch by only considering the linear part of the equilibrium equations as well as
considering the full equations. It can be seen that the linear simplification of the structure leads to underesti-
mated bending deformations for the axial deformation and inaccurate transverse and rotation motions which
indicates the importance of accurately modelling the nonlinear behaviour of the structure.

6.2 Internal resonance and vibration analysis

Study 1: Vibration in the hyper-elasticity framework with internal resonances
Since the curvature of the thick, soft shallow arch can change the linear frequencies of the structure, this

section concentrates on detecting the internal resonance behaviour of the arch due to the curvature. For the
same shallow arch model given in Sect. 6.1, the ratio of the second natural frequency to the fundamental
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(a) (b)

(c) (d)

Fig. 3 Nondimensional static force and nondimensional bending deformation response of the hyper-elastic arch a applied force,
b axial deformation, c transverse deformation and d rotational deformation

natural frequency (ω2/ω1) is shown in Fig. 6 by having different curvature terms. It can be seen that around
R0 = 0.3, the ratio is equal to 3 and the three-to-one internal resonance in the system occurs. Accordingly,
by having R0 = 0.3 (which leads to ω2/ω1 ∼=3), the frequency-amplitude responses of the system are shown
in Figs. 7, 8 and 9 for the dominant vibration coordinates in the axial, transverse and rotational directions. It
can be seen that a high coupling between modes it obtained, and the system shows a rich nonlinear behaviour,
with a combination of hardening, softening and modal interactions.

Study 2: Vibration in the visco-hyper-elasticity framework with internal resonances
Many soft structures show visco-elastic behaviour together with hyper-elasticity (especially biological

tissues). To see the influence of this combination on the nonlinear frequency response of the structure with
an internal resonance, this section analyses the visco-hyper-elasticity behaviour of thick, soft, shallow arches.
Since visco-elasticity is a function ofmany environmental parameters, such as temperature [57], this property of
hyper-elastic structures should be measured for specific working environments. In this study, visco-elasticity is
modelled using the Kelvin–Voigt visco-hyper-elastic model which has been shown that has a good accuracy in
modelling visco-hyper-elastic materials [48]. The influence of the visco-elasticity on the three-to-one internal
resonance of the structure is shown in Figs. 10, 11 and 12 for the axial, transverse and rotational directions by
varying the viscoelastic parameter as ξk = [2e−3, 2e−4, 2e−5]. It can be seen that the visco-hyper-elasticity
has a significant effect in changing the nonlinear frequency response, and increasing this term from 2e−5 to
2e−4 decreases the maximum amplitude. By increasing the viscous term to 2e−3, the complicated nonlinear
internal resonance behaviour will be fully damped.

Study 3: Curvature sensitivity
One of the main concentrations of this paper is on considering the curvature modelling in soft thick

shallow arches. To show the importance and influence of this term on the nonlinear vibration behaviour of the
structure, the shallow arch is assumed to have the following geometrical properties given in Sect. 6.1 with a
simply supported boundary condition and curvature term varied as R0 = [0.0, 0.1, 0.3, 0.5, 0.6, 0.8, 1.0].
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(a)

(b)

(c)

Fig. 4 The nondimensional bending deformation response of the hyper-elastic shallow arch with different curvatures a axial
deformation, b transverse deformation and c rotational deformation

The results for the amplitude-frequency response of the soft arch subjected to an external nondimensional
load of F = 0.5 are shown in Figs. 13, 14 and 15 for the dominant vibration coordinates in the axial, transverse
and rotation directions, respectively. It can be seen that increasing the curvature term from 0 to 1.0 moves
the amplitude responses to higher frequencies. For higher curvature terms, transverse dynamic equilibriums
show a softening effect, while for lower curvature term a combination of hardening and softening behaviour
is obtained. Furthermore, by increasing the curvature term, the maximum amplitude of the first transverse
dynamic equilibrium coordinate decreases significantly.

Study 4: Slenderness ratio sensitivity

Since a third-order shear deformable model has been used, different length-to-thickness models can be
analysed. In this subsection, by assuming the same properties given in Sect. 6.1, the length of the arch is varied
to L = SLh where SL is the slenderness ratio, which is varied as SL = [10, 20, 30, 40, 50]. The results for
varying the length-to-thickness ratio are shown in Figs. 16, 17 and 18 for the axial, transverse and rotation
dynamic equilibrium directions. It can be seen that increasing the slenderness ratio increases the stiffness
hardening behaviour in the transverse coordinates. The first axial and rotation coordinates’ amplitude decreases
by increasing the slenderness ratio rate, which means the coupling between the axial and the transverse motion
decreases and the rotation motion loses its importance.
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(a)

(b)

(c)

Fig. 5 Comparison of the linear and nonlinear models for bending analysis of the hyper-elastic shallow arch with R0 = 1.5 a
axial deformation, b transverse deformation, and c rotational deformation

Fig. 6 The frequency ratio of a soft, thick shallow arch with respect to the curvature term
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(a)

(b)

(c)

Fig. 7 First three axial nonlinear frequency responses of hyper-elastic thick, soft arches at the internal resonance a R11, b R21
and c R12
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(c)

(b)

(a)

Fig. 8 First three transverse nonlinear frequency responses of hyper-elastic thick, soft arches at the internal resonance a ℵ11, bℵ12 and c ℵ21

6.6. Results and discussions for bending and vibration 231



(c)

(b)

(a)

Fig. 9 First three rotation nonlinear frequency responses of hyper-elastic thick, soft arches at the internal resonance a k11, b κ21
and c κ12

232 Chapter 6. Visco-hyper-elastic arches



(c)

(b)

(a)

Fig. 10 First three axial nonlinear frequency responses of visco-hyper-elastic thick, soft arches at the internal resonance a R11,
b R21 and c R12
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(c)

(b)

(a)

Fig. 11 First three transverse nonlinear frequency responses of visco-hyper-elastic thick, soft arches at the internal resonance a
ℵ11, b ℵ12 and c ℵ21
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(c)

(b)

(a)

Fig. 12 First three rotation nonlinear frequency responses of visco-hyper-elastic thick, soft arches at the internal resonance a
k11, b κ21 and c κ12
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(c)

(b)

(a)

Fig. 13 Influence of the curvature term on the first three axial nonlinear frequency responses of thick, soft arches a R11, b R21
and c R12
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(c)

(b)

(a)

Fig. 14 Influence of the curvature term on the first three transverse nonlinear frequency responses of thick, soft arches a ℵ11, bℵ12 and (c) ℵ21

6.6. Results and discussions for bending and vibration 237



(c)

(b)

(a)

Fig. 15 Influence of the curvature term on the first three rotation nonlinear frequency responses of thick, soft arches a k11, b κ21
and c κ12
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(c)

(b)

(a)

Fig. 16 Influence of the slenderness ratio on the first three axial nonlinear frequency responses of thick, soft arches a R11, b
R21 and c R12
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(c)

(b)

(a)

Fig. 17 Influence of the slenderness ratio on the first three transverse nonlinear frequency responses of thick, soft arches a ℵ11,
b ℵ12 and c ℵ21
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(a)

(b)

(c)

Fig. 18 Influence of the slenderness ratio on the first three transverse nonlinear frequency responses of thick, soft arches a κ11,
b κ12 and c κ21
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7 Summary and conclusions

The nonlinear bending and vibration behaviours of simply supported, thick, soft, visco-hyper-elastic shallow
arches are examined in this study. The visco-hyper-elasticity was modelled using an incompressible Mooney–
Rivlin’s hyper-elastic strain energy densitymodel, together withKelvin–Voigt visco-hyper-elasticity. A higher-
order shear deformable model was used to model the axial, transverse and rotation motions. The curvature
term was added to the model using von Kármán geometric nonlinearity, and the incompressibility condition
was satisfied in the strain–displacement definition. The coupled nonlinear equations of motion were obtained
and solved using force-moment balance method and the virtual work method for the vibration and bending
analyses, respectively, showing that:

(i) Increasing the shallow arch curvature leads to higher resistance against the transverse loading in all axial,
transverse and rotation motions of the structure and changed the bending behaviour significantly.

(ii) The linear simplification of the structure leads to underestimated bending deformations for all the axial,
transverse and rotation motions which indicates the importance of accurately modelling the nonlinear
behaviour of the structure.

(iii) The coupling between the axial and transverse bending increases significantly by increasing the curvature
term

(iv) The curvature term can cause internal resonance in the system, leading to high coupling between modes,
for which the system shows a rich nonlinear behaviour with a combination of hardening, softening and
modal interactions.

(v) The visco-hyper-elasticity has a significant effect in changing the nonlinear frequency response with
a three-to-one internal resonance. By increasing the visco-hyper-elastic term to higher numbers, the
complicated nonlinear internal resonance behaviour will be fully damped.

(vi) For higher curvature terms, transverse dynamic equilibriums show a softening behaviour, while for lower
curvature terms, a combination of hardening and softening behaviour is obtained.

(vii) By increasing the curvature term, the maximum amplitude of the first transverse dynamic equilibrium
coordinate decreases significantly.

(viii) Increasing the slenderness ratio increases the stiffness hardening behaviour in the transverse coordinates.
(ix) The dominant axial and rotation coordinates’ amplitude decreases by increasing the slenderness ratio

rate, which means the coupling between the axial and the transverse motion decreases and the rotation
motion loses its importance.
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Appendix A

Variations of potential energy terms
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Appendix B

For homogeneous visco-hyper-elastic shallow arches, due to the homogeneity of the visco-hyper-elastic arch,
some of the inertia terms are equal to zero, simplifying the equations of motion to
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Chapter 7

Hyperelastic plates with modal
interactions

Overview

This chapter concentrates on the nonlinear mechanics of hyperelastic plates. Both
theoretical and experimental analyses are presented here to understand the nonlinear
dynamic response of the structure under different conditions. For the experimental
part, different equipment was used and an external excitation setup was prepared.
The sensitivity of the structure to the existence of attached mass was studied. The
hyperelastic characterisation of the isotropic soft plate was also obtained, using ex-
perimental tests following ASTM standards. Theoretical modelling of the nonlinear
mechanics of hyperelastic plates is also provided to support the experimental results.
Detailed analysis of the nonlinear response of the hyperelastic structure is presented
both experimentally and theoretically. This study is published and available online
as: Khaniki, H. B., Ghayesh, M. H., & Chin, R. (2023). Theory and experiment for
dynamics of hyperelastic plates with modal interactions. International Journal of
Engineering Science, 182, 103769. DOI: 10.1016/j.ijengsci.2022.103769
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A B S T R A C T   

This paper presents a joint experimental and theoretical approach to the dynamics and mass 
sensitivity of hyperelastic plates including cases with modal interactions. For the theoretical 
approach, the plate structure is assumed to undergo large strains and deformations using the 
Mooney-Rivlin hyperelastic strain energy density model and the von-Kármán geometric nonlin
earity, respectively. The plate is modelled using the continuum mechanics definitions and the 
Kirchhoff–Love plate theory. The coupled in-plane and out-of-plane equations of motion are 
obtained using Hamilton’s equation and solved afterwards using a combination of Galerkin’s 
procedure together with a dynamic equilibrium technique. For the experimental analysis, the 
properties of the material are first obtained by performing a set of stress-strain tests on the 
samples following the ASTM D-412 standard, and then from the same rubber material, a plate 
structure is fabricated, and an externally actuated vibration test is performed. The nonlinear 
frequency response of the structure both with and without a concentrated mass is investigated 
and the capability of the structure for mass sensing is discussed. By obtaining the amplitude- 
frequency response of the structure due to the applied external periodic load, using both theo
retical and experimental approaches, it is shown that the given model has good accuracy in 
simulating the nonlinear dynamics of the hyperelastic plate structure under different conditions. 
Furthermore, a set of analyses on the nonlinear forced vibration behaviour of hyperelastic plates 
at different internal resonances, using concentrated mass and the length-to-width ratio is pre
sented. The results of this study are useful in designing systems involving hyperelastic plates, such 
as soft robots and soft functional devices.   

1. Introduction 

Thin-walled structures have been used widely by researchers in different fields of engineering such as mechanical, civil, automotive 
and electrical (Barber & Klarbring, 2003). Over the past few years, linear elastic structures, including porous (Ashok & Manam, 2021; 
Hayat & Khan, 2005; Makinde, 2005), functionally graded (Argatov & Sabina, 2022; Yahia et al., 2015), layered (Kushch & Mogi
levskaya, 2022; Malikan & Eremeyev, 2022), cracked (Darban et al., 2022; Soni et al., 2018; Yang et al., 2010) and reinforced (Douhou 
& Ramtani, 2021; Sur & Kanoria, 2018) structures, have been studied by many researchers in different environments such as thermal 
(Jeyaraj et al., 2008; Wang et al., 2020; Xu et al., 2021) and magnetic (Hu & Wang, 2016; Jalaei et al., 2022; Malikan et al., 2020) 
fields, just to name a few. One of the most common thin-walled structures used in these fields is plate structures. Elastic plate structures 

* Corresponding author. 
E-mail address: mergen.ghayesh@adelaide.edu.au (M.H. Ghayesh).  

Contents lists available at ScienceDirect 

International Journal of Engineering Science 

journal homepage: www.elsevier.com/locate/ijengsci 

https://doi.org/10.1016/j.ijengsci.2022.103769 
Received 5 September 2022; Received in revised form 3 October 2022; Accepted 7 October 2022   

257



have been fabricated and investigated for many engineering applications and studied for bending (Berry et al., 2014; Kaplunov et al., 
2022), buckling (Bloom & Coffin, 2000; Kubiak, 2013) and vibration (Khadem & Rezaee, 2000; Zheng et al., 2022; Zhou & Cheung, 
2000) conditions. 

The elastic definition is mainly used for structures showing a linear stress-strain behaviour in a small strain loading condition. 
However, hyperelastic structures undergo larger strains with a nonlinear elastic behaviour that makes classic linear constitutive models 
inaccurate for modelling and predicting their behaviour. Therefore, researchers have developed more accurate models for studying the 
mechanical behaviour of soft structures, including plate structures. 

Over the past few years, the importance of modelling soft structures accurately, motivated some researchers to analyse hyperelastic 
structures. For beam structures, for example, Khaniki et al. investigated hyperelastic beam structures in different mechanical condi
tions including axially moving hyperelastic beams via Yeoh’s strain energy density model (Khaniki et al., 2022), porous hyperelastic 
beams through the use of the Mooney-Rivlin strain energy density model (Khaniki et al., 2021), and layered sandwich hyperelastic 
beams by employing different shear deformation theories (Khaniki et al., 2022). The peeling behaviour of hyperelastic beams has been 
examined by He et al. (2019) using the Euler beam theory. The bending behaviour of multi-layered hyperelastic beams has been 
studied by Bacciocchi & Tarantino (2021) using the Mooney-Rivlin material model and the Saint Venant-Kirchhoff stored energy 
function. Other studies on the mechanics of hyperelastic beams can be found in Refs. Kocaturk & Akbas (2010), Forsat (2020), Jiang & 
Yu (2016), Chen et al. (2020). 

For hyperelastic plate structures, Ahmetolan & Teymur (2007) studied the nonlinear shear horizontal (SH) waves in hyperelastic 
plate structures. The plate was modelled as an incompressible isotropic structure using the generalised neo-Hookean strain energy 
density model. It was shown that under infinitesimal perturbations, the waves are unstable when the plate material shows softening 
behaviour in shear. Amabili et al. (2016) and Breslavsky et al. (2014) investigated the static deformation and vibrations of hyperelastic 
shells using Novozhilov’s nonlinear shell theory, the Lagrangian approach and experimental testing. It was shown that the model is 
capable of predicting the natural frequencies and the static deformation of the structure. The surface instability and wrinkling in 
hyperelastic compressible plates were investigated by Yang et al. (2020) and Xia et al. (2021) using the neo-Hookean and Gent laws. 

Fig. 1. Schematic of a mass-sensing hyperelastic plate with (a) geometrical properties of the concentrated mass and point load and (b) geometrical 
properties of the hyperelastic plate under a distributed force. 
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Ansari et al. (2021) examined the nonlinear static behaviour of neo-Hookean hyperelastic plates using the minimum total potential 
energy principle. Zhao et al. (2021) and Xu et al. (2020) examined the 2:1 internal resonance behaviour of soft cylindrical shell 
structures using multi-scale analysis and considering thermal effects. Islam et al. (2021) studied the deformations in hyperelastic plates 
strengthened with unidirectional and bidirectional fibres using the Mooney–Rivlin model. Wang et al. (2018) examined the stress-free 
static behaviour of hyperelastic plates using the neo-Hookean strain energy density model and verified the modelling using experi
mental testing. The growth-induced deformation and instability of circular hyperelastic plates have been examined by Li et al. (2022) 
and Mehta et al. (2021), respectively. A detailed review on the dynamic behaviour of hyperelastic structures, including plates, can be 
found in Ref. Khaniki et al. (2022) for interested readers. 

In this study, a Hamiltonian framework for the theoretical dynamics of hyperelastic structures along with experimental verifica
tions are developed and the mass sensitivity of hyperelastic plates and the modal interactions of the structure during different stages 
are presented via developing a nonlinear continuum mechanics formulation and validating it through several sets of experiments. In 
Section 1, a brief introduction to hyperelasticity and a literature review on hyperelastic structures are given. Section 2 presents a 
detailed problem formulation and solution procedure for modelling the nonlinear mechanics of hyperelastic plates with mass 
imperfection using the Kirchhoff–Love plate theory together with the Mooney-Rivlin hyperelastic strain energy density model. Section 
3 explains the experimental preparation and testing performed for obtaining the hyperelastic properties of soft structures and the 
experimental nonlinear forced vibration behaviour of hyperelastic plates. In Section 4, results of the theoretical modelling and 
experimental testing on hyperelastic plates are presented and compared showing good agreement with the model. The sensitivity of the 
structure to the presence of concentrated mass and periodic external load is presented for different cases. Modal interactions and 
internal resonance phenomena in hyperelastic plates using a concentrated mass and length-to-width ratio variation is presented. The 
conclusion of the study is highlighted in Section 5. 

2. Mooney-Rivlin, thin soft plate formulation and solution procedure 

2.1. Hyperelastic plate modelling 

For a thin hyperelastic plate with the geometrical properties shown in Fig. 1, the deformation gradient (F) and the left Cauchy- 
Green deformation tensor (C) are defined as (Bonet & Wood, 1997; Mezzasalma et al., 2022) 

F =

⎡

⎣
1 + εx εxy 0

εxy 1 + εy 0
0 0 1 + εz
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where εx, εx, and εz are the axial strains in the x, y and z directions and εxy is the in-plane shear strains defined for the Kirchhoff–Love 
plate theory as (Reddy, 2003) 

{
εx
εy

}

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂u(x, y)
∂x

− z
∂2w(x, y)

∂x2 +
1
2

(
∂w(x, y)

∂x

)2

∂v(x, y)
∂y

− z
∂2w(x, y)

∂y2 +
1
2

(
∂w(x, y)

∂y

)2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

, εz ∕= 0, (3)  

εxy =
∂u(x, y)

∂y
+

∂v(x, y)
∂x

− 2z
∂2w(x, y)

∂x∂y
+

∂w(x, y)
∂x

∂w(x, y)
∂y

, (4)  

with u, v and w as the displacements in the x, y and z directions, respectively. Using Eqs. (2)–(4), the first two strain invariants (I1 and 
I2) of the left Cauchy-Green strain tensor are written as 
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(6)  

and from the incompressibility condition on the third invariant (I3 = 1) (Xiao et al., 2022), a constrain relationship is obtained as 

εz = − εx − εy + 2εx
2 + 2εy

2 + 2εxεy + 2εxy
2 + 16εx

2εy + 16εxεy
2 − 16εxεxy

2 − 16εyεxy
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The strain energy of the incompressible hyperelastic plate can be modelled using the stain invariants in the framework of the 
hyperelastic Mooney-Rivlin strain energy density model as (Chen & Zhao, 2022; Mooney, 1940) 
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HE = C1[I1(x, y, z) − 3] + C2[I2(x, y, z) − 3], (8)  

where C1 and C2 are the material constants of the Mooney-Rivlin strain energy density model. The variation of the potential energy is 
therefore written as 
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Furthermore, the kinetic energy of the hyperelastic plate and the point mass (Mmass) is written as 
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(10)  

where ρ is the mass density. The plate is assumed to be excited using a point (Fig. 1a) or distributed (Fig. 1b) load (F) with the external 
work (WF) as 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Distributed Load : WF =

∫

A

F(x, y, t)wdA,

Point Load : WF =

∫

A

F(t)δ
(
x − xforce

)
δ
(
y − yforce

)
wdA.

(11) 

Using Hamilton’s equations and going through the mathematical calculations, one can reach the nonlinear coupled equations of 
motion as 
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(12)  
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ρvtt + Mmassδ(x − xmass)δ(y − ymass)vtt − (9C1 + 12C2)uxy − (12C1 + 16C2)vyy − (3C1 + 4C2)vxx
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(13)  
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(14) 

By neglecting Poisson’s effect and deformation in y direction, the equations of motion for hyperelastic beams are obtained which 
matches perfectly with those obtained in Ref. Khaniki et al. (2021) (when the porosity effect is also neglected). 

2.2. Solution procedure 

To solve the coupled nonlinear equations of motion of the hyperelastic plate structure, nondimensional parameters are defined as 

x∗ =
x
a
, xmass
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a
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a
, ymass
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24C1 + 70C2

C2
, A5 =
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(15)  
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Fig. 2. (a) An EPDM rubber plate, (b) fixture to hold the plate tight with 32 M12 bolts, and (c) mounted fixture to the shaking table using accurate 
right-angle mounting adapters and M6 steel bolts. 

264 Chapter 7. Hyperelastic plates with modal interactions



and the equations of motion are nondimensionalised as 
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(16)  

Fig. 3. (a) An LDS permanent magnet V200 Series shaker mounted to the table using a right-angle mounting fixture and connected to the plate using 
a steel stinger, and (b) a B&K 8200 force transducer added to the end of the steel stinger to measure the applied force. 
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(17)  

Fig. 4. (a) A B&K 2635 charge amplifier connected to the force transducer, and (b) a Tektronix AFG3021 function generator and a Playmaster pro 
series 3 power amplifier for generating a sinusoidal excitation with a certain frequency and amplitude. 
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(18) 

Using the Galerkin scheme, the degrees of freedom are written in series functions 

u(x, y, t) =
∑M

i=1

∑M

j=1
Uij(t)ϕi(x)ψj(y) =

∑M

i=1

∑M

j=1
Uij(t)rij(x, y), (19)  

v(x, y, t) =
∑M

i=1

∑M

j=1
Vij(t)ϕi(x)ψj(y) =

∑M

i=1

∑M

j=1
Vij(t)pij(x, y), (20)  

w(x, y, t) =
∑M

i=1

∑M

j=1
Wij(t)Xi(x)Yj(y) =

∑M

i=1

∑M
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Wij(t)qij(x, y), (21) 

Fig. 5. (a) Wenglor laser distance sensor to record the displacement in the rubber plate, and (b) an NI BNC-2111 shielded connector block to collect 
the signals. 
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where for a fully clamped hyperelastic plate model (Ghayesh & Farokhi, 2018) 

ϕi(x) = sin(iπx), (22)  

ψi(y) = sin(iπy), (23)  

Xi(x) = cosh(αix) − cos(αix) −
cosh(αi) − cos(αi)

sinh(αi) − sin(αi)
[sinh(αix) − sin(αix)], (24)  

Yi(y) = cosh(αiy) − cos(αiy) −
cosh(αi) − cos(αi)

sinh(αi) − sin(αi)
[sinh(αiy) − sin(αiy)]. (25) 

Eqs. (19)–(21) can be used to discretise the coupled equations of motion and convert them to a system of nonlinear ordinary 
differential equations as 

M11Ü + KL11U + KL12V + KN11U2 + KN12UV + KN13V2 + KN14W2 + KN15UW2

+KN16VW2 + KN17W4 = 0,
(26)  

M22V̈ + KL21U + KL22V + KN21U2 + KN22UV + KN23V2 + KN24W2 + KN25UW2

+KN26VW2 + KN27W4 = 0,
(27)  

Fig. 6. (a) Dimensions, (b) mould and (c) specimen dumbbell samples for material testing of EPDM rubber following the ASTM D-412 standard.  
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M33Ẅ + KL33W + KN31UW + KN32VW + KN33U2W + KN34UVW + KN35V2W
+KN36W3 + KN37UW3 + KN38VW3 + KN39W5 = fcos(Ωt),

(28)  

with the linear coefficient terms as 
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(35)  

Fig. 7. The stress strain behaviour fitted curve of EPDM rubber following the ASTM D-412 standard with error bars.  
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Fig. 8. The maximum transverse amplitude-frequency response of rubber plate excited with a (a) 2N, (b) 2.5N, and (c) 3N point sinusoidal loads.  
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(36)  

and the higher-order nonlinear coefficients as shown in Appendix A. By simultaneously solving the discretised coupled equations of 

Fig. 9. Mass-sensing experiment setup of the hyperelastic plate with (a) two, (b) four, and (c) six magnets and (d) the weight measurement of each 
magnet using a METTLER PE 200 digital laboratory scale. 
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Fig. 10. The mass-sensing response of the rubber plate with two magnets and a (a) 2N, (b) 2.5N, and (c) 3N point sinusoidal loads.  
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Fig. 11. The mass-sensing response of the rubber plate with four magnets and a (a) 2N, (b) 2.5N, and (c) 3N point sinusoidal loads.  
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(caption on next page) 
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motion Eqs. (26)–((28)) using the dynamic equilibrium technique discussed in Refs. Allgower & Georg (2003, 2012); Lu et al. (2016), 
Mittelmann & Roose (1990), Ortega & Rheinboldt (2000), Polyanin & Zaitsev (2003) and recently in Refs. Khaniki et al. (2022, 2021), 
the nonlinear mass sensing behaviour of hyperelastic plates can be obtained. Due to complexity and coupling in Eqs. (26)–(28) and 
having strong modal interactions, the following modes are used: U11, U12, U21, U22, U13, U31, U23, U32, U33, V11, V12, V21, V22, V13, V31, 
V23, V32, V33, W11, W12, W21, W22, W13, W31, W23, W32, and W33. 

3. Experimental setup and testing procedure of mass-sensing hyperelastic plates 

The experimental analyses performed in this study are explained and discussed here. In the first subsection, the forced vibration- 
test experimental setup for obtaining the frequency response of the hyperelastic plate is explained. In the second subsection, the 
material properties are examined to obtain the Mooney-Rivlin hyperelastic properties of the hyperelastic samples via ASTM D-412 
standard; these properties are required for obtaining the nonlinear mechanics of the hyperelastic plate, theoretically. 

3.1. Vibration test setup 

In order to perform an experimental vibration test on hyperelastic plate structures, an EPDM rubber plate (with the material 
properties discussed in the next section) was cut as shown in Fig. 2a using waterjet cutting. For the given hyperelastic plate, a fixture 
was designed to hold the plate tight with 32 M12 bolts (Fig. 2b) with the effective lengths of 300 mm x 300 mm and thickness of 2 mm. 
The plate was assembled in the fixture and then mounted to the honeycomb optical breadboard of the optical table supported on 
vibration isolation supports using accurate right-angle mounting adapters and M6 steel bolts (Fig. 2c). 

To operate a forced vibration test on the given hyperelastic plate, since the structure is significantly softer than a metal structure 
(discussed in the next section), a shaker with a low range of operating frequency was used. To do this, an LDS (Ling Dynamic Systems) 

Fig. 12. The mass-sensing response of the rubber plate with six magnets and a (a) 2N, (b) 2.5N, and (c) 3N point sinusoidal loads.  

Fig. 13. Natural frequency ratio between ω22 and ω11 for different positions of the concentrated mass.  
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permanent magnet V200 Series shaker with a sine peak force of 17.8 N was used, which was mounted to the table using right-angle 
mounting fixtures and connected to the plate using a steel stinger (Fig. 3a). A B&K (Bruel & Kjaer) 8200 force transducer was added to 
the end of the steel stinger (Fig. 3b) to measure the applied force and convert it to an electrical output signal, which was then sent to a 
B&K 2635 charge amplifier (Fig. 4a). The shaker was vibrated with a sinusoidal excitation signal with a certain frequency and 
amplitude using a Tektronix AFG3021 function generator and a Playmaster pro series 3 power amplifier (Fig. 4b). The displacement of 
the plate was recorded using a Wenglor laser distance sensor (Fig. 5a). The output signals from the signal generator, force transducer 
and laser distance sensors were all entered into an NI (National Instruments) BNC-2111 shielded connector block (Fig. 5b) to be 
recorded in a LabView (Bitter et al., 2017) developed model in the computer. 

To operate the experimental test, for a constant maximum amplitude of periodic sinusoidal force, the excitation frequency was 
varied by small steps (0.05–0.10 Hz). The plate was first vibrated for 600 seconds at a frequency of 10 Hz for the sake of stabilisation in 
the dynamic behaviour and then the frequency sweep was performed. For mass imperfections, a set of rare earth disc magnets are used 
and placed in the mid-point of the hyperelastic plate. The structure was analysed for different maximum amplitude sinusoidal forces 
and mass imperfections. 

3.2. Hyperelastic material properties via ASTM D-412 

In order to analyse the vibration behaviour of hyperelastic plate structures, the material properties of the soft plate should be 
known. An ethylene propylene diene monomer (EPDM) rubber was used for this study and the mechanical properties of the rubber was 
obtained in this section. Following the American Society for Testing and Materials (ASTM) D-412 standard (ASTM, D412, 2006), the 
rubber needs to be cut with the dimensions shown in Fig. 6a; this standard (ASTM D-412) is different to those we used in our previous 
papers (Khaniki et al., 2022, 2021). To do this, a mould is used with the dimensions given in ASTM D-412 (Fig. 6b) and 
dumbbell-shaped specimens are prepared for testing (Fig. 6c). Following the testing procedure given in Refs. Khaniki et al. (2022, 
2021), the stress-stretch behaviour of the material was obtained. 

For this study, the Mooney-Rivlin hyperelastic strain energy density model is used, which is written in a general form as (Mooney, 
1940) 

WM = C1(I1 − 3) + C2(I2 − 3) + D1(J − 1)2
, (37)  

where Ci and D1 are the hyperelastic coefficients to be found for each material via the experimental tests. The given model is accurate 
for modelling structures within a 200% stretch rate (Marckmann & Verron, 2006), which is the range considered for this testing as 

Fig. 14. The maximum in-plane x-direction amplitude-frequency response of the second dynamic coordinates of the hyperelastic plate close to 
three-to-one ω22/ω11 internal resonance (a) U11, (b) U21, (c) U31, (d) U12, (e) U22, (e) U32, (g) U13, (h) U23, and (i) U33. 
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Fig. 15. The maximum in-plane x-direction amplitude-frequency response of the fourth dynamic coordinates of the hyperelastic plate close to three- 
to-one ω22/ω11 internal resonance (a) U11, (b) U21, (c) U31, (d) U12, (e) U22, (e) U32, (g) U13, (h) U23, and (i) U33. 

Fig. 16. The maximum in-plane y-direction amplitude-frequency response of the second dynamic coordinates of the hyperelastic plate close to 
three-to-one ω22/ω11 internal resonance (a) V11, (b) V21, (c) V31, (d) V12, (e) V22, (e) V32, (g) V13, (h) V23, and (i) V33. 
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well. Using the given model, the uniaxial stress-strain relationship can be obtained as (Brown et al., 2009) 

σuni =
4(1 + ν)

3
λ− (5+2ν)/3

1
(
λ2+2ν

1 − 1
)(

C1 + C2λ− 2(1+ν)/3
1

)
+ 2D1(1 − 2ν)λ− 2ν

1 (J − 1), (38)  

and for incompressible materials it is simplified as 

σuni = 2C1
(
λ − λ− 2)+ 2C2

(
1 − λ− 3). (39) 

Using a curve-fitting, the best fit of the Mooney-Rivlin hyperelastic model to the experimental uniaxial testings can be seen in Fig. 7, 
obtained by having C1 = 129350 Pa and C2 = 68400 Pa. From the stress-stretch behaviour of the material, it can be seen that the 
hyperelastic plate shows a nonlinear elastic behaviour and is significantly softer than for example, a metal structure. Therefore, for this 
test, the experimental setup and fixture can be assumed to be a rigid structure (with no deformation). 

4. Results and discussion 

In this section, the results obtained using the experiments and the theories are presented. The mass-sensing behaviour of the 
hyperelastic plate is also analysed and structure’s behaviour at different internal resonances is presented. 

4.1. Experimental validation and mass sensitivity of the structure 

As the first step of this section, the theory developed is verified by comparing the theoretical results with those of experiments. 

4.1.1. Experimental validation for the case without mass 
In the first comparison study, the hyperelastic plate is assumed to be without any attached concentrated mass (i.e. a plain plate). 

Following the experimental procedure given in Section 3, the nonlinear frequency response of the structure is obtained for a point load 
at (45 mm, 130 mm) with different magnitudes (2, 2.5 and 3N). Using the given formulation and methodology in Section 2, the 
Mooney-Rivlin hyperelastic properties used are C1 = 129350 Pa and C2 = 68400 Pa (obtained in Section 3.2) where in-plane 
nondimensional load is 18860 (for natural frequency fitting). A comparison between the experiment and the theory of the 
nonlinear vibration behaviour of the hyperelastic plate is given in Figs. 8(a)–(c) for an applied periodic load with a maximum 
magnitude of 2, 2.5 and 3 N. It can be seen that the nonlinear frequency response of the hyperelastic plate is hardening. Throughout the 
paper, a linear viscous term in room temperature of 4203 N.s/m (24 lbf.s/inch) (Schaefer, 2010)) was used in the theoretical 

Fig. 17. The maximum in-plane y-direction amplitude-frequency response of the fourth dynamic coordinates of the hyperelastic plate close to three- 
to-one ω22/ω11 internal resonance (a) V11, (b) V21, (c) V31, (d) V12, (e) V22, (e) V32, (g) V13, (h) V23, and (i) V33. 
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simulations. Since the plate is hyperelastic, the in-plane motions contribute to the transverse one via modal interactions. 

4.1.2. Mass sensitivity of the structure 
The mass sensitivity of the hyperelastic plate is analysed in this section using both the theory and experiment. Round rare earth 

magnets were used, as concentrated mass, and was added to the mid-point of the plate. The mass is small compared to the hyperelastic 
plate dimensions. The experimental test was operated for different actuation loads with two, four and six magnets (Fig. 9a–c), each 
having a mass of 2.79 gr (Fig. 9d) equal to a nondimensional mass of 0.0127. 

Figs. 10(a)–(c) present the mass-sensing nonlinear behaviour of the hyperelastic plate with two magnets (one on each side of the 
plate). The theoretical result was also performed by having the concentrated mass Mmass = 5.58 gr at the midpoint. The results show 
very good agreement with the experimental ones for different loads. Similarly, Figs. 11 and 12 show the mass-sensing nonlinear 
behaviour of the setup to four and six magnets (half on each side of the hyperelastic plate) versus the theoretical modelling results, 
respectively; the maximum amplitude of vibration moves to lower frequencies by increasing the mass, and the nonlinear hardening 
behaviour increases by increasing the concentrated mass. 

4.2. Nonlinear behaviour at different internal resonances and modal interactions 

After verifying the current methodology for modelling and analysing the nonlinear dynamics of hyperelastic plates with and 
without attached masses, the nonlinear behaviour of the hyperelastic plate with different internal resonances (which even makes the 
modal interactions stronger) is discussed in this section. 

4.2.1. Due to concentrated mass 
In this section, internal resonance phenomena in the hyperelastic plate due to the presence of a concentrated mass at different 

Fig. 18. The maximum transverse amplitude-frequency response of the first and third dynamic coordinates of the hyperelastic plate close to three- 
to-one ω22/ω11 internal resonance (a) (W11)1, (b) (W11)3, (c) (W12)1, (d) (W12)3, (e) (W13)1, and (f) (W13)3. 
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positions are discussed, showing different types of internal resonances. 

4.2.1.1. Case 1: three-to-one ω22/ω11 type of internal resonance. For the first case, by having the same previous properties and the 
geometrical properties as a = 0.3 m, b = 0.6 m, h = 2 mm, a nondimensional mass Mmass = 0.4 is attached to the hyperelastic plate and 
its position is varied in the axial and lateral directions. Fig. 13 shows the ratio between ω22 and ω11 as a function of the position of the 
concentrated mass. It can be seen that for some positions, the frequency ratio between ω32 and ω11 is close to three. 

To study the behaviour of the system at this resonance, the nondimensional position of the concentrated mass is assumed as xm =

0.250 and ym = 0.275 and a distributed sinusoidal nondimensional load of 1.5 is transversely applied to the plate. Figs. 14–20 present 
the first two dominant coordinates of the axial, lateral and transverse coordinates, at a three-to-one ω22/ω11 internal resonance, 
respectively, by considering the nondimensional damping term to be 1.5. The results show a significant modal interaction, since the 
plate is not symmetrical due to the mass positions and a rich nonlinear behaviour in all the axial, lateral and transverse coordinates. 

4.2.1.2. Case 2: three-to-one ω31/ω11 type of internal resonance. For the second case, a nondimensional mass Mmass = 0.3 is used and its 
location on the hyperelastic plate is varied to see the effect on different natural frequencies’ ratios. From Fig. 21, it is seen that for 
different mass positions, the frequency ratio between ω31 and ω11 is close to three. 

In order to obtain the nonlinear dynamic response of the hyperelastic plate at the three-to-one ω31/ω11 internal resonance and 
observe the modal interactions, the position of the concentrated mass is assumed to be xm = 0.225 and ym = 0.250, which gives a 
frequency ratio of ω31/ ω11 ≈ 3. Figs. 22–28 present the first two dominant coordinates of the axial, lateral and transverse coordinates, 
at three-to-one ω31/ω11 internal resonance, respectively, by considering the nondimensional viscous term as 2. The results show a 
significant modal interaction since the plate is not symmetrical due to the mass positions; the rotary inertia is assumed to be negligible. 
Due to having a three-to-one ω31/ω11 internal resonance, the system shows a rich nonlinear behaviour completely different from the 
previous cases for the in-plane coordinates and a dominant hardening behaviour for the transverse motion. 

Fig. 19. The maximum transverse amplitude-frequency response of the first and third dynamic coordinates of the hyperelastic plate close to three- 
to-one ω22/ω11 internal resonance (a) (W21)1, (b) (W21)3, (c) (W22)1, (d) (W22)3, (e) (W23)1, and (f) (W23)3. 
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Fig. 20. The maximum transverse amplitude-frequency response of the first and third dynamic coordinates of the hyperelastic plate close to three- 
to-one ω22/ω11 internal resonance (a) (W31)1, (b) (W31)3, (c) (W32)1, (d) (W32)3, (e) (W33)1, and (f) (W33)3. 

Fig. 21. Natural frequency ratio between ω31 and ω11 for different positions of the concentrated mass.  
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Fig. 22. The maximum in-plane x-direction amplitude-frequency response of the second dynamic coordinates of the hyperelastic plate close to 
three-to-one ω31/ω11 internal resonance (a) U11, (b) U21, (c) U31, (d) U12, (e) U22, (e) U32, (g) U13, (h) U23, and (i) U33. 

Fig. 23. The maximum in-plane x-direction amplitude-frequency response of the fourth dynamic coordinates of the hyperelastic plate close to three- 
to-one ω31/ω11 internal resonance (a) U11, (b) U21, (c) U31, (d) U12, (e) U22, (e) U32, (g) U13, (h) U23, and (i) U33. 
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Fig. 24. The maximum in-plane y-direction amplitude-frequency response of the second dynamic coordinates of the hyperelastic plate close to 
three-to-one ω31/ω11 internal resonance (a) V11, (b) V21, (c) V31, (d) V12, (e) V22, (e) V32, (g) V13, (h) V23, and (i) V33. 

Fig. 25. The maximum in-plane y-direction amplitude-frequency response of the fourth dynamic coordinates of the hyperelastic plate close to three- 
to-one ω31/ω11 internal resonance (a) V11, (b) V21, (c) V31, (d) V12, (e) V22, (e) V32, (g) V13, (h) V23, and (i) V33. 
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4.2.2. Due to geometry 
For this section, the geometrical properties of the structure are varied for a system prone to an internal resonance. To find the 

proper geometries, the length (a) and width (b) are varied as 

a = 0.1 + 0.08a0, (40)  

b = 0.3 + 0.16b0, (41)  

while neglecting the concentrated mass and holding the thickness as h = 2 mm. By varying a0 and b0 from 0 to 9, it can be seen that for 
certain lengths and widths, the hyperelastic plate is prone to three-to-one internal resonance between ω32 and ω11 (Fig. 29). For 
instance, for a0 = 2 and b0 = 8 (equivalent to a = 0.26 m and b = 1.58 m), the frequency ratio ω32/ω11 ≈ 3; even though the system 
approaches a beam structure, the solution generality is retained. For the given dimensions and previously defined properties, the 
nonlinear frequency response of the structure and distributed sinusoidal nondimensional load of 3.9 are shown in Figs. 30–33 for some 
coordinates of the axial, lateral and transverse coordinates, respectively. From the results, it can be seen that the structure shows a rich 
nonlinear behaviour and a coupling and interactions between the axial, lateral and transverse modes in the vibration response, mainly 
following a general hardening behaviour. 

5. Summary and conclusions 

This study presented a detailed investigation on the mass sensitivity and multiple internal resonances and modal interactions of 
hyperelastic plates through experiments and theory. For the theoretical part, the coupled equations of motion were obtained using the 
Mooney-Rivlin strain energy density model, the von-Kármán geometric nonlinearity, the Kirchhoff–Love plate theory and Hamilton’s 

Fig. 26. The maximum transverse amplitude-frequency response of the first and third dynamic coordinates of the hyperelastic plate close to three- 
to-one ω31/ω11 internal resonance (a) (W11)1, (b) (W11)3, (c) (W21)1, (d) (W21)3, (e) (W31)1, and (f) (W31)3. 
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equations. The coupled in-plane and out-of-plane equations of motion were solved using a combination of Galerkin’s scheme and a 
dynamic equilibrium technique. A detailed explanation for modelling these structures by considering higher-order strain terms was 
presented. For the experimental analysis, a hyperelastic plate structure was fabricated and an externally actuated vibration test was 
performed using a set of devices. The nonlinear frequency response of the structure with and without a concentrated mass was 
investigated under various actuating time-dependent loads, and the capability of the structure for mass sensing was discussed. To 
obtain the hyperelastic properties, the rubber was cut to dumbbell samples using a mould fabricated following the ASTM D-412 
standard and, by performing the tensile tests, the Mooney-Rivlin material coefficients were obtained by finding the best fit to the 
experimental results. Theory and experiment, in terms of frequency response curves, were shown to be in very good agreement for both 
mass and plain structures. Both the theoretical and the experimental results show a nonlinear stiffness hardening behaviour in the 
structure involving modal interactions, and as the mass weight and external applied dynamic force increased, the hardening behaviour 
increased accordingly. 

Furthermore, after verifying the current methodology and modelling in predicting the dynamic behaviour and mass sensitivity of 
hyperelastic plates, different internal resonance and modal interactions caused (namely three-to-one ω22/ω11, ω31/ω11, and ω32/ω11) 
were investigated. It was shown that the structure shows a rich nonlinear behaviour that is significantly different for each internal 
resonance, with a coupling between the axial, lateral and transverse modes in the vibration response, mainly following a hardening 
behaviour with complexities in the frequency response plots. Since soft structures are widely used for different soft robots and soft 
functional devices, the results of this study are a step forward in investigating the mechanics of soft structures. 
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Fig. 27. The maximum transverse amplitude-frequency response of the first and third dynamic coordinates of the hyperelastic plate close to three- 
to-one ω31/ω11 internal resonance (a) (W12)1, (b) (W12)3, (c) (W22)1, (d) (W22)3, (e) (W32)1, and (f) (W32)3. 
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Fig. 28. The maximum transverse amplitude-frequency response of the first and third dynamic coordinates of the hyperelastic plate close to three- 
to-one ω31/ω11 internal resonance (a) (W13)1, (b) (W13)3, (c) (W23)1, (d) (W23)3, (e) (W33)1, and (f) (W33)3. 

Fig. 29. Natural frequency ratio between ω32 and ω11 for different lengths and widths.  
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Fig. 30. The maximum in-plane x-direction amplitude-frequency response of the second and fourth dynamic coordinates of the hyperelastic plate 
close to three-to-one ω32/ω11 internal resonance (a) (U21)2, (b) (U21)4, (c) (U23)2, and (d) (U23)4. 

Fig. 31. The maximum in-plane y-direction amplitude-frequency response of the second and fourth dynamic coordinates of the hyperelastic plate 
close to three-to-one ω32/ω11 internal resonance (a) (V12)2, (b) (V12)4, (c) (V32)2, and (d) (V32)4. 
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Fig. 32. The maximum transverse amplitude-frequency response of the first dynamic coordinates of the hyperelastic plate close to three-to-one ω32/ 
ω11 internal resonance (a) W11, (b) W13, (c) W31 and (d) W33. 

Fig. 33. The maximum transverse amplitude-frequency response of the third dynamic coordinates of the hyperelastic plate close to three-to-one 
ω32/ω11 internal resonance (a) W11, (b) W13, (c) W31 and (d) W33. 
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Appendix A 

The higher order nonlinear terms are presented for the axial motion as 
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and for the lateral motion as 
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and for the transverse motion as 
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Chapter 8

Doubly-curved hyperelastic shells

Overview

In many applications, shell structures are fabricated using softer materials. For
instance, soft shells are used in soft robots, where the shell robots are capable of de-
forming, and for exploring complicated environments by providing infinite degrees
of freedom and large deformations. Moreover, many biological tissues (including
bioprosthetic heart valves, inner ears, blood vessels, and bladders) can be analysed
using soft shell models. Therefore, this chapter presents comprehensive static, dy-
namic and internal-resonance analyses on a wide range of curved hyperelastic shell
structures, including cylindrical, spherical, doubly-curved, and hyperbolic hyper-
elastic shallow shells. This study is published and available online as: Khaniki,
H. B. & Ghayesh, M. H. (2023). Highly nonlinear hyperelastic shells: Statics
and dynamics. International Journal of Engineering Science, 183, 103794. DOI:
10.1016/j.ijengsci.2022.103794
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A B S T R A C T   

Investigated in this paper are comprehensive static, dynamic and internal-resonance analyses on a 
wide range of hyperelastic shell structures, including cylindrical, spherical, doubly-curved, and 
hyperbolic hyperelastic shallow shells. Donnell’s nonlinear shell theory and the Mooney-Rivlin 
strain energy density model are used to formulate the hyperelastic shell structure. Coupled 
equations of motion are obtained using Hamilton’s principle with highly nonlinear terms due to 
the curvature in the structure, together with the material nonlinearity and large deformations. 
The coupled equations of motion are converted to a large set of equations using a two- 
dimensional Galerkin technique and are solved by employing the Newton-Raphson approach 
and dynamic equilibrium technique. The strength of the current methodology and model is first 
verified by comparing the static response of the structure with those obtained by using a finite 
element software. After verifying the model, a detailed analysis of the bending behaviour of the 
structure under a time-independent pressure is presented. Moreover, the free and forced vibration 
responses of the shell structure are presented for different cases, showing that the curvature terms 
play a significant role in changing the mechanical response of the hyperelastic shell. Furthermore, 
it is shown that for specific sets of curvatures, internal resonances are present which leads to a 
complicated, rich nonlinear responses. The nonlinear forced vibration response of the hypere
lastic shell is also presented for different shell types and resonances.   

1. Introduction 

Shell structures are among the most useful structures in many industrial applications due to their high stiffness compared with their 
individual weight, thereby providing a good load/pressure resistance. Shells have been fabricated with different curvatures through 
the structure, making cylindrical, spherical, doubly-curved, and hyperbolic shells, each of which has its own unique properties for 
specific applications. For instance, spherical and cylindrical shell structures have been examined and used for energy-absorption 
applications (Kan et al., 2021, Tzou and Zhang, 2016), modelling SARS-CoV-2 virus (Dastjerdi et al., 2022), and studying eye con
ditions (such as Glaucoma (Dastjerdi et al., 2021)). Other well-known applications of a shell structure are liquid/gas storage tanks and 
pressure vessels (Bakalis and Karamanos, 2021, Sedova and Pronina, 2022), which are fabricated so as to distribute stress and load to 
avoid buckling and vibration. 

For most of the given applications, shells are generally fabricated using stiff materials, such as steel or aluminium alloys. However, 
in many applications, shell structures should be fabricated using softer materials for different purposes. For instance, in human- 
machine interactions, shells must be fabricated with soft materials such as airbags (to avoid any injuries). Another application in 
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which soft shells are used is soft robots, where the shell robots are capable of deforming and exploring complicated environments by 
providing infinite degrees of freedom and large deformations (Renda et al., 2018, Yang et al., 2021). Soft shell structures have also 
made their way into many biomechanical applications, of which aortic arch replacement is one of the successful models being used and 
studied by researchers (Paulis et al., 2017, Detter et al., 2019, Kreibich et al., 2018, Berger et al., 2019). Furthermore, many biological 
tissues such as bioprosthetic heart valves, inner ears, blood vessels, and bladders can be modelled and analysed accurately using soft 
shell models (Anani and Rahimi, 2015). 

In order to use different types of shell structures properly in any of the mentioned applications, it is important to have a better 
understanding of the mechanics of shell structures under static and dynamic conditions. Lately, shell theories have been employed in 
different fields of mechanics such as coating (Nguyen et al., 2020) and drilling (Kaplunov et al., 2020). 

For shell structures made of elastic materials, researchers have provided a detailed analysis for different static (Kar et al., 2016, 
Sayyad and Ghugal, 2020, Jiang et al., 2022, Shahmohammadi et al., 2023) and dynamic (Amabili, 2003, Eyvazian et al., 2020, Kar 
and Panda, 2015, Kiarasi et al., 2021) conditions. Just to discuss a few recent works, for static analysis, Karami et al. (Karami et al., 
2022) examined the bending behaviour of anisotropic curved nano-shells using Eringen’s nonlocal theory and higher-order shear 
deformation theory. Malikan et al. (2020) examined the torsional stability of small-scale shells in a magnetic field by using the 
first-order shear deformation shell theory and the nonlocal strain gradient elasticity approach (Lim et al., 2015, Malikan et al., 2020). A 
quasi three-dimensional model of functionally graded (FG) shells was presented by Karami and Janghorban (2020) for analysing the 
buckling and static deformations. 

For dynamic analyses of elastic shell structures, Zheng et al. (Zheng et al., 2022) examined the linear oscillation behaviour of shell 
structures with different boundary conditions. Torus-shaped shells made of FG materials have been modelled and studied by Dastjerdi 
el al. (Dastjerdi et al., 2020) using the first-order shear deformation theory. Using Hamilton’s principle, Xu et al. (Xu et al., 2021, Xu 
et al., 2021) examined the linear forced dynamics of curved nano-shell structures. Detailed analysis and review of the mechanics and 
dynamics of elastic shells can be found in books (Reddy, 2003, Amabili, 2008) and review papers (Amabili and Paidoussis, 2003, 
Alijani and Amabili, 2014). 

Since soft shell structures show nonlinear elastic behaviour and large deformations and strains, these structures show a complicated 
behaviour under time-dependent and -independent loadings, which requires more accurate modelling. As these structures are used in 
important applications (biomechanics, soft-robotics, etc.), researchers have developed appropriate methodologies and formulas for 
modelling soft shell structures. 

For circular cylindrical soft shell structures, Amabili et al. (2019) employed the neo-Hookean hyperelastic strain energy density 
model in the framework of a Lagrangian mechanics to analyse higher-order shear deformable shells with and without perfectly aligned 
collagen fibres, to study biological tissues and isotropic soft materials. It was concluded that the developed model, which considers 
material and geometrical nonlinearity, has good accuracy in modelling the static deformation of circular cylindrical shell structures. In 
another study, Breslavsky et al. (2016) used the same shell theory and analysed the dynamics of circular cylindrical soft shell struc
tures. Zhao et al. (2021) and Xu et al. (2020) analysed the internal resonance phenomena in thin and thick circular cylindrical soft shell 
structures using the Kirchhoff–Love hypothesis and third-order shear deformation theory, respectively, in the framework of the 
multiple scale method. Zhang et al. (2019) analysed the nonlinear free vibrations of circular cylindrical soft shell structures by 
employing the Kirchhoff–Love hypothesis to show that the radius-thickness ratio has a significant effect on changing the vibration 
modes of circular cylindrical soft shell structures. Anani and Rahimi (2016) analysed the stress in spinning circular cylindrical soft shell 
structures by using the power-law strain energy function. 

Isogeometric methods have been used by Takizawa et al. (2019) and Kiendl et al. (2015) to analyse Kirchhoff–Love shells for the 
cases of balloon inflation, pinched cylinders, pressurised cylinders and spherical shells. A finite differences scheme was employed by 
Aranda-Iglesias et al. (2017) to study the oscillations in hyperelastic compressible spherical shells. Zhao et al. (2021) employed Yeoh’s 
strain energy density model for studying spherical incompressible hyperelastic shells under different dynamic conditions. A detailed 
review study on soft shells and other structures can be found in Refs. (Khaniki et al., 2023, Khaniki et al., 2022). 

Previously, the authors have examined the statics and dynamics of different hyperelastic structures including porous-hyperelastic 
beam structures (Khaniki et al., 2021), axially moving hyperelastic beams (Khaniki et al., 2022), sandwich hyperelastic beams 
(Khaniki et al., 2022), and hyperelastic plate structures (Khaniki et al., 2023) using both theoretical and experimental approaches. 

Fig. 1. Schematic of a doubly-curved hyperelastic shell with geometric properties.  

304 Chapter 8. Doubly-curved hyperelastic shells



Fig. 2. Different types of hyperelastic shell panels (a) cylindrical, (b) spherical, (c) doubly-curved, and (d) hyperbolic.  
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However, to the best knowledge of the authors, there has not been a general model for analysing different types of hyperelastic shell 
structures. Accordingly, in this study, different types of hyperelastic shell structures, namely cylindrical, spherical, double-curved, and 
hyperbolic hyperelastic shells are analysed under both static and dynamic conditions. The effects of curvature on changing the static 
deformation, natural frequencies and nonlinear forced vibrations are investigated. Furthermore, internal resonance phenomena, due 
to curvatures in the hyperelastic shell structure, are investigated in detail. Fig. 1 shows a general model of hyperelastic shell structures, 
which can be classified in a range of different shell models, including the ones shown in Fig. 2. 

2. Hyperelastic doubly-curved shell-structure formulation 

Hyperelastic shells with the geometrical properties shown in Fig. 1 can be classified into different types (some shown in Fig. 2), 
which can be formulated in a general form by employing Donnell’s nonlinear shell theory. In this theory, it is assumed that the 
thickness of the shell is considerably lower than the curvature terms (Rx and Ry), leading to (1+z/Rx) ≅ (1+z/Ry) ≅ 1 (Ghayesh and 
Farokhi, 2017). For this case, the normal strain terms (εx and εy) and shear strain term (εxy) are defined using the in-plane and 
out-of-plane displacements (u, v, and w) as (Amabili, 2008, Alijani et al., 2011, Reddy, 2006) 
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and by assuming the hyperelastic shell to be an incompressible structure, the normal strain term in the z-direction will not be zero and 
should be obtained from the incompressibility condition of the shell, as previously obtained in Ref. (Bower, 2009) (and has been used 
in Ref. (Khaniki et al., 2023)). The left Cauchy-Green deformation tensor (C) is (Bonet et al., 2021) 

C =

⎡

⎣
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2
+ εxy

2 εxy
(
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0

εxy
(
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) (
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2 0
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2

⎤

⎦. (4) 

This tensor is used for obtaining the strain invariants of the structure for which, in this study, since the shell is made of soft isotropic 
materials and undergoes large deformations and strains, the higher-order strain terms should not be ignored. In some studies, since 
some of the higher-order terms of strains were ignored in defining the strain invariants, the incompressibility equation is different, 
which can lead to inaccurate modelling of the whole structure. The kinetic energy (KE) of the hyperelastic shell is defined as 

KE =
1
2

ρ
∫

V

(
W2

t + z2W2
xt + z2W2

yt + v2
t + u2

t − 2zutWxt − 2zvtWyt

)
dV. (5) 

Since the shell structure is assumed to be made of soft materials, the nonlinear elastic behaviour of the structure is modelled using 
the Mooney-Rivlin hyperelastic strain energy density model, which has a good accuracy in modelling nonlinear-elastic structures, and 
is employed as (Rivlin, 1949, Mooney, 1940) 

HE = C1[I1(x, y, z) − 3] + C2[I2(x, y, z) − 3], (6)  

where I1 and I2 are the first two strain invariant terms and C1 and C2 are the Mooney-Rivlin coefficients. By assuming the hyperelastic 
shell to be incompressible, the normal strain term in the thickness direction will not be zero (εz ∕= 0) and should be obtained from the 
incompressibility condition I3=0 of the curved shell as 

εz = 16εxεy
(
εx + εy

)
− 16εxy

2( εx + εy
)
+ 2εxεy + 2εx

2 + 2εxy
2 + 2εy

2 − εx − εy. (7) 

Using Hamilton’s principle for a harmonic load of Fcos(ωt), and for the kinetic energy and potential energy (which for the sake of 
brevity is neglected here), the equations of motion are obtained for the out-of-plane ξ3 direction as 
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(
γξ1

γ4
ξ2

)
+ I3158

(
γ4

ξ1
γξ2

)
+ I3159

(
γ3

ξ1
γξ2

2
)

+I3160

(
γξ1

2γ3
ξ2

)
= F∗cos(Ωt),

(8)  

and for the in-plane ξ1 direction as 

8.2. Hyperelastic doubly-curved shell-structure formulation 307



αtt + ℑ11αξ1ξ1 + ℑ12αξ2ξ2 + ℑ13βξ1ξ2
+ ℑ14γξ1

+ ℑ15
(
αξ1

2)+ ℑ16
(
αξ2

2)+ ℑ17
(
αξ1 αξ2

)

+ℑ18
(
αξ1 βξ1

)
+ ℑ19

(
αξ2 βξ2

)
+ ℑ110

(
αξ1 βξ2

)
+ ℑ111

(
αξ2 βξ1

)
+ ℑ112

(
αξ1 γ

)
+ ℑ113

(
αξ2 γ

)

+ℑ114
(
βξ2

2)+ ℑ115
(
βξ1

2)+ ℑ116
(
βξ1

βξ2

)
+ ℑ117

(
βξ2

γ
)
+ ℑ118

(
βξ1

γ
)
+ ℑ119

(
γ2)+ ℑ120

(
γ2

ξ2

)

+ℑ121

(
γξ1ξ1

2
)
+ ℑ122

(
γ2

ξ1

)
+ ℑ123

(
γξ2ξ2

2
)
+ ℑ124

(
γξ1ξ1

γξ1ξ2

)
+ ℑ125

(
γξ1ξ1

γξ2ξ2

)
+ ℑ126

(
γξ1ξ2

2
)

+ℑ127

(
γξ1

γξ2

)
+ ℑ128

(
γξ1ξ2

γξ2ξ2

)
+ ℑ129

(
αξ1 γ2

ξ1

)
+ ℑ130

(
αξ1 γ2

ξ2

)
+ ℑ131

(
αξ2 γξ1

γξ2

)

+ℑ132

(
αξ1 γξ1

γξ2

)
+ ℑ133

(
αξ2 γ2

ξ1

)
+ ℑ134

(
αξ2 γ2

ξ2

)
+ ℑ135

(
βξ2

γ2
ξ2

)
+ ℑ136

(
βξ2

γ2
ξ1

)

+ℑ137

(
βξ1

γξ1
γξ2

)
+ ℑ138

(
βξ1

γ2
ξ1

)
+ ℑ139

(
βξ1

γ2
ξ2

)
+ ℑ140

(
βξ2

γξ1
γξ2

)
+ ℑ141

(
γγ2

ξ1

)

+ℑ142

(
γγ2

ξ2

)
+ ℑ143

(
γγξ1

γξ2

)
+ ℑ144

(
γ4

ξ1

)
+ ℑ145

(
γ4

ξ2

)
+ ℑ146

(
γ2

ξ1
γ2

ξ2

)

+ℑ147

(
γ3

ξ1
γξ2

)
+ ℑ148

(
γξ1

γ3
ξ2

)
= 0,

(9)  

and for the in-plane ξ2 direction as 

βtt + ℑ21αξ1ξ2 + ℑ22βξ2ξ2
+ ℑ23βξ1ξ1

+ ℑ24γξ2
+ ℑ25

(
αξ1

2)+ ℑ26
(
αξ2

2)+ ℑ27
(
αξ1 αξ2

)

+ℑ28
(
αξ1 βξ2

)
+ ℑ29

(
αξ2 βξ1

)
+ ℑ210

(
αξ1 βξ1

)
+ ℑ211

(
αξ2 βξ2

)
+ ℑ212

(
αξ1 γ

)
+ ℑ213

(
αξ2 γ

)

+ℑ214
(
βξ2

2)+ ℑ215
(
βξ1

βξ2

)
+ ℑ216

(
βξ1

2)+ ℑ217
(
βξ1

γ
)
+ ℑ218

(
βξ2

γ
)
+ ℑ219

(
γ2)+ ℑ220

(
γ2

ξ2

)

+ℑ221

(
γ2

ξ1

)
+ ℑ222

(
γξ2ξ2

2
)
+ ℑ223

(
γξ1ξ1

2
)
+ ℑ224

(
γξ1ξ1

γξ2ξ2

)
+ ℑ225

(
γξ1ξ2

2
)
+ ℑ226

(
γξ1

γξ2

)

+ℑ227

(
γξ1ξ1

γξ1ξ2

)
+ ℑ228

(
γξ1ξ2

γξ2ξ2

)
+ ℑ229

(
αξ1 γ2

ξ1

)
+ ℑ230

(
αξ1 γ2

ξ2

)
+ ℑ231

(
αξ2 γξ1

γξ2

)

+ℑ232

(
αξ1 γξ1

γξ2

)
+ ℑ233

(
αξ2 γ2

ξ1

)
+ ℑ234

(
αξ2 γ2

ξ2

)
+ ℑ235

(
βξ2

γ2
ξ2

)
+ ℑ236

(
βξ2

γ2
ξ1

)

+ℑ237

(
βξ1

γξ1
γξ2

)
+ ℑ238

(
βξ1

γ2
ξ1

)
+ ℑ239

(
βξ1

γ2
ξ2

)
+ ℑ240

(
βξ2

γξ1
γξ2

)
+ ℑ241

(
γγ2

ξ2

)

+ℑ242

(
γγ2

ξ1

)
+ ℑ243

(
γγξ1

γξ2

)
+ ℑ244

(
γ4

ξ2

)
+ ℑ245

(
γ4

ξ1

)
+ ℑ246

(
γ2

ξ1
γ2

ξ2

)

+ℑ247

(
γ3

ξ1
γξ2

)
+ ℑ248

(
γξ1

γ3
ξ2

)
= 0,

(10)  

where 

ξ1 =
x
a
, ξ2 =

y
b
, ξ3 =

z
h
, α =

u
h
, β =

v
h
, γ =

w
h
,

χ1 =
C1

C2
, χ2 =

3C1 + 4C2

C2
, χ3 =

18C1 + 35C2

C2
, χ4 =

24C1 + 70C2

C2
, χ5 =

12C1 + 70C2

C2

Rx =
a
Rx
, Ry =

b
Ry
, ηa =

h
a
, ηb =

h
b
, ξ =

a
b
,

F∗ =
Fa2b2

C2h4 , Ω =

̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ0a2b2

C2h2

√

ω, t∗ = t

̅̅̅̅̅̅̅̅̅̅̅̅̅

C2h2

ρ0a2b2

√

= t
h
ab

̅̅̅̅̅̅
C2

ρ0

√

.

(11) 

Table 1 
Comparison of the maximum amplitude of transverse deformation of hyperelastic doubly-curved, hyperbolic and cylindrical shells under different 
static pressures.  

Method Curvature Applied static pressure load (Pa)  
Rx (m) Ry (m) -2000 -1500 -1000 -500 500 1000 1500 2000  

Maximum amplitude of transverse deformation – Doubly-curved shell (mm) 
Formula 2/3 2 6.7096 6.0679 5.1047 2.7190 1.0081 1.6658 2.1722 2.5917 
ANSYS 2/3 2 6.8894 5.9321 5.0518 2.6112 0.98587 1.5489 2.0902 2.5506 
Discrepancy (%) 0.0268 0.0224 0.0104 0.0396 0.0221 0.0702 0.0377 0.0159  

Maximum amplitude of transverse deformation - Hyperbolic shell (mm) 
Formula 2/3 -2 5.7193 5.0937 4.2065 2.5452 1.2142 1.9625 2.5223 2.9782 
ANSYS 2/3 -2 5.7257 5.1641 4.1332 2.5949 1.2176 1.9055 2.4738 3.0257 
Discrepancy (%) 0.0011 0.0138 0.0174 0.0195 0.0028 0.0290 0.0192 0.0159  

Maximum amplitude of transverse deformation - Cylindrical shell (mm) 
Formula ∞ -2 4.5169 3.9653 3.2410 2.1323 1.7874 2.7423 3.4028 3.9191 
ANSYS ∞ -2 4.5524 4.0459 3.2946 2.1403 1.7990 2.7811 3.4793 3.8944 
Discrepancy (%) 0.0079 0.0203 0.0165 0.0038 0.0065 0.0141 0.0225 0.0063  
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and terms ℑij are defined in Appendix A. It can be seen that the curvature terms have a significant effect on increasing the coupling and 
nonlinearity of the equations of motion, which shows the importance of correctly modelling the curvature in the hyperelastic shell 
structure. 

Fig. 3. The maximum magnitude of deformation of a hyperelastic cylindrical shell in millimetres for (a) U, (b) V, and (c) W.  
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The presented equations of motion are a general model of curved hyperelastic structures that can be used for any hyperbolic and 
doubly-curved hyperelastic shells. For specific cases, in order to present a cylindrical hyperelastic shell structure, one of the curvature 
terms (Rx or Ry) should be infinite equivalent to ℜx or ℜy being zero. For a spherical hyperelastic shell structure, the curvature terms 
have the same magnitude Rx = Ry = r or ℜx =ℜy =ℜ. The elliptical model can also be obtained by having Rx/2= Ry = r or 2ℜx =ℜy =

Fig. 4. The maximum magnitude of deformation of a hyperelastic doubly-curved shell in millimetres for (a) U, (b) V, and (c) W.  
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ℜ, respectively. In the next section, a solution procedure for the given nondimensional equations of motion of curved hyperelastic 
structures is presented. 

3. Solution procedure 

In the previous section, the coupled equations of motion for hyperelastic shell structures were presented, showing highly nonlinear 

Fig. 5. The maximum magnitude of deformation of a hyperelastic hyperbolic shell in millimetres for (a) U, (b) V, and (c) W.  
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terms due to the material nonlinearity, large deformations, and curvature in the shell. The deformation terms α, β, and γ can be 
presented in a discretised form by using a two-dimensional Galerkin technique, for a simply-supported hyperelastic shell model as 
(Ghayesh and Farokhi, 2018) 

α(ξ1, ξ2, t) =
∑M

i=1

∑M

j=1
Uij(t)sin(iπξ1)sin(jπξ2), (12)  

β(ξ1, ξ2, t) =
∑M

l=1

∑M

k=1
Vkl(t)sin(kπξ1)sin(lπξ2), (13)  

γ(ξ1, ξ2, t) =
∑M

n=1

∑M

m=1
Wmn(t)sin(mπξ1)sin(nπξ2), (14) 

Fig. 6. Nondimensional transverse natural frequencies of a doubly-curved hyperelastic shell with respect to curvature parameter (1 /ℜy) for (a) ω11, 
(b) ω22, (c) ω33, (d) ω12 and ω21, (e) ω13 and ω31, and (f) ω32 and ω23. 
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The coupled nonlinear equations of motion of hyperelastic shells can be discretised into a large set of ordinary differential equations 
by using Eqs. (15)-(17)) as 

∑N

l=1

∑N

k=1
M22

ijklẄkl +
∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
31
kl dξ1dξ2Ukl +

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
32
kl dξ1dξ2Vkl

+
∑N

l=1

∑N

k=1
KL33

ijklWkl +
∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
33
kl dξ1dξ2Wkl

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
34
klmndξ1dξ2UklUmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
35
klmndξ1dξ2UklVmn +

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN31

ijklmnUklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
36
klmndξ1dξ2UklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
37
klmndξ1dξ2VklVmn +

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN32

ijklmnVklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
38
klmndξ1dξ2VklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
39
klmndξ1dξ2WklWmn

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN33

ijklmnopUklUmnWop +
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN34

ijklmnopUklVmnWop

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
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klmnopdξ1dξ2UklWmnWop

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN35

ijklmnopVklVmnWop +
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN36

ijklmnopWklWmnWop

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
311
klmnopdξ1dξ2VklWmnWop

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
312
klmnopdξ1dξ2WklWmnWop

+
∑N

r=1

∑N

q=1

∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN37

ijklmnopqrUklWmnWopWqr

+
∑N

r=1

∑N

q=1

∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN38

ijklmnopqrVklWmnWopWqr

+
∑N

r=1

∑N

q=1

∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
313
klmnopqrdξ1dξ2WklWmnWopWqr

+
∑N

t=1

∑N

s=1

∑N

r=1

∑N

q=1

∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN27

ijklmnopqrstWklWmnWopWqrWst

−

∫1

0

∫1

0

F∗sin(πξ1)sin(πξ2)sin(iπξ1)sin(jπξ2)dξ1dξ2cos(Ωt) = 0,

(15)  

for the out-of-plane equation of motion in ξ3 direction and 
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∑N

l=1

∑N

k=1
M11

ijklÜkl +
∑N

l=1

∑N

k=1
KL11

ijklUkl +
∑N

l=1

∑N

k=1
KL12

ijklVkl +
∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
11
kl dξ1dξ2Wkl

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN11

ijklmnUklUmn +
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
12
klmndξ1dξ2UklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN12

ijklmnUklVmn +
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
13
klmndξ1dξ2VklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN13

ijklmnKN13VklVmn +
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN14

ijklmnWklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
14
klmndξ1dξ2WklWmn

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN15

ijklmnopUklWmnWop +
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN16

ijklmnopVklWmnWop

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
15
klmnopdξ1dξ2WklWmnWop

+
∑N

r=1

∑N

q=1

∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN17

ijklmnopqrWklWmnWopWqr = 0,

(16)  

for the in-plane equation of motion in ξ1 direction and 

∑N

l=1

∑N

k=1
M22

ijklV̈kl +
∑N

l=1

∑N

k=1
KL21

ijklUkl +
∑N

l=1

∑N

k=1
KL22

ijklVkl +
∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
21
kl dξ1dξ2Wkl

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN21

ijklmnUklUmn +
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
22
klmndξ1dξ2UklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN22

ijklmnUklVmn +
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
23
klmndξ1dξ2VklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN23

ijklmnVklVmn +
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN24

ijklmnWklWmn

+
∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
24
klmndξ1dξ2WklWmn

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN25

ijklmnopUklWmnWop +
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN26

ijklmnopVklWmnWop

+
∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1

∫1

0

∫1

0

sin(iπξ1)sin(jπξ2)ℵ
25
klmnopdξ1dξ2WklWmnWop

+
∑N

r=1

∑N

q=1

∑N

p=1

∑N

o=1

∑N

n=1

∑N

m=1

∑N

l=1

∑N

k=1
KN27

ijklmnopqrWklWmnWopWqr = 0,

(17)  

for the in-plane equation of motion in ξ2 direction. Terms Mij, KLij, and KNij, denote the mass, liner stiffness and nonlinear stiffness 
parameters, respectively, which are similar to those presented in Ref. (Khaniki et al., 2023) and ℵij denotes the curvature related terms 
which are defined in Appendix B. For the static analysis, the time-dependent terms are ignored from Eqs. (15)-17 and the coupled large 
set of ordinary differential equations (ODEs) are solved using the Newton-Raphson approach (Crisfield, 1979, Pho, 2022). For the 
dynamic analysis case, a dynamic equilibrium technique (Allgower and Georg, 2003, Mittelmann and Roose, 1990, Allgower and 
Georg, 2012) is used. The results for different mechanical analyses and different hyperelastic shell structures are discussed in detail in 
the next section. For this study, the following 27 modes are considered: U11, V11, W11, U12, V12, W12, U21, V21, W21, U22, V22, W22, U13, 
V13, W13, U31, V31, W31, U23, V23, W23, U32, V32, W32, U33, V33, and W33. 
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4. Results and discussions 

A general form of hyperelastic shell structures was formulated and solved in the previous sections, which are applicable to study the 
statics and dynamics of hyperelastic cylindrical, spherical, doubly-curved and hyperbolic shells. In this section, the results are pre
sented in four subsections by presenting a bending analysis in Section 4.1, linear free vibration analysis in Section 4.2, nonlinear forced 
vibration in Section 4.3, and resonance analysis in Section 4.4. 

4.1. Bending analysis 

For the first analysis of this paper, the hyperelastic shell structure is assumed to undergo external time-independent pressures and 
the static deformations of the structure are investigated. First, in order to perform a static analysis on the hyperelastic shell structure, 
the accuracy of the current methodology is analysed by applying different pressure loads on the shell and comparing the results with 

Fig. 7. Nondimensional transverse natural frequencies of a hyperbolic hyperelastic shell with respect to curvature parameter (1 /ℜx) for (a) ω11, (b) 
ω22, (c) ω33, (d) ω12 and ω21, (e) ω13 and ω31, and (f) ω32 and ω23. 
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those obtained by the finite element software ANSYS (ANSYS® MultiphysicsTM 2022). To do this, the geometrical properties of the 
structures are assumed as a = 0.10 m, b = 0.30 m, h = 0.005 m with curvature terms as Rx = 2/3 m and Ry = 2 m for the doubly-curved 
hyperelastic shell model, Rx = 2/3 m and Ry = -2 m for the hyperbolic hyperelastic shell model, and Rx = ∞ and Ry = 2 m for the 
cylinder hyperelastic shell model. Shells are assumed to be fabricated using silicone rubber, with the material properties as C1 =

2.463e5 Pa, C2 = 3.512e6 Pa, and ρ = 1152.5 kg/m3. A distributed external time-independent pressure is applied to the structure with 
the amplitude of P = [-2000 Pa, -1500 Pa, -1000 Pa, -500 Pa, 500 Pa, 1000 Pa, 1500 Pa, 2000 Pa]. The results are obtained and 
tabulated in Table 1 and compared with those obtained using the finite element software, showing very good agreement. 

After verifying the current method for modelling different hyperelastic shell models, the bending behaviour of the structure is 
analysed. The maximum deformation magnitude of the structures in the in-plane directions (|U| and |V|) and out-of-plane direction (| 
W|), under different pressure loads, are presented in Figs. 3–5 for cylindrical, doubly-curved and hyperbolic hyperelastic shells, 
respectively. The results show that the maximum amplitude of the transverse deformation belongs to the doubly-curved model and the 
lowest deformation belongs to the hyperelastic cylindrical shell. In addition, the results for the compression and tension pressure 
loadings are significantly different for hyperbolic and doubly-curved shells, when compared with the cylindrical model for all the U, V 
and W direction deformations. 

4.2. Linear vibration analysis 

For the second analysis of this paper, the influence of the curvature type on the free vibration behaviour of the hyperelastic shell is 
investigated. For a doubly-curved hyperelastic shell with the geometrical properties a = 0.20 m, b = 0.20 m, h = 0.005m, and Rx = 4 m 
with the other curvature term varying as Ry = 1m to 20m, the linear vibration behaviour is analysed. Figs. 6(a)-(f) show the variation of 
the transverse natural frequencies with respect to varying the curvature term ratio (Ry/b). It can be seen that all the nondimensional 
natural frequency parameters decrease exponentially by increasing the curvature ratio parameter. The fundamental natural frequency 
is the most sensitive frequency to variation of the curvature parameter, decreasing around 40% by increasing the curvature parameter 

Fig. 8. The maximum nonlinear frequency response of a doubly-curved hyperelastic shell for the first coordinate parameters of (a) W11, (b) W13, (c) 
W31, and (d) W33. 
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from 5 to 100 and the least change belongs to the ω33 with less than 1% drop in value. 
Similarly, for hyperbolic hyperelastic shells, by having a = 0.20 m, b = 0.20 m, h = 0.005m, and Ry = -4 m, the curvature parameter 

Rx is varied from 0. 667 m to 4 m. The first six transverse natural frequencies of hyperbolic hyperelastic shells are shown in Figs. 7(a)- 
(f) for different curvature ratio parameters (Rx/a). It can be seen that the linear natural frequencies of the hyperelastic hyperbolic shell 
model show similar behaviour to the doubly-curved shell in terms of frequency decrements. 

4.3. Non-linear vibration analysis 

For the case of nonlinear analysis, hyperelastic shell structures are analysed in this section examining different types of curvatures. 

Case 1: Doubly-curved hyperelastic shells 

For the first analysis of this section, doubly-curved hyperelastic shells are analysed by considering the geometrical properties as a =
0.10 m, b = 0.30 m, h = 0.005 m, and the curvature parameters are varied as ℜx =ℜy = 0.10, 0.15, and 0.20. Figs. 8(a)-(d) indicate the 
maximum amplitude response of the hyperelastic doubly-curved shell for the out-of-plane motion with a nondimensional force of 
30.75. A simple viscous term of 0.5 has been used in the numerical calculations throughout this section. The results are shown for the 
dominant coordinates of W11, W13, W31, and W33 by varying the curvature terms; it can be seen that when the curvature terms are large 
Rx = Ry/3 = 1 m (or ℜx = ℜy = 0.10), the first coordinate of the system shows a dominant nonlinear hardening behaviour while, by 
decreasing the curvature to Rx = Ry/3 = 0.667 m (or ℜx = ℜy = 0.15), the dominant nonlinear hardening behaviour turns into a 
combination of hardening and softening behaviour. Decreasing the curvature term again to Rx = Ry/3 = 0.50 m (or ℜx = ℜy = 0.20) 
increases the contribution of the W31 coordinate. It is shown that decreasing the curvature parameters Rx and Ry (or increasing ℜx and 
ℜy) moves the nonlinear frequency response to higher excitation frequencies. Moreover, the importance of considering higher-order 

Fig. 9. The maximum nonlinear frequency response of a doubly-curved hyperelastic shell for the third coordinate parameters of (a) W11, (b) W13, 
(c) W31, and (d) W33. 
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terms is shown in Figs. 9(a)-(d). It can be seen that as the curvature terms ℜx and ℜy increase, the maximum amplitude of the third term 
of W11, W13 and W33 also increase. 

Case 2: Hyperbolic hyperelastic shells 

Similarly, for hyperbolic hyperelastic shells, by considering the geometrical properties to be a = 0.10 m, b = 0.30 m, h = 0.005 m 
and varying the curvature terms (Rx, Ry), the nonlinear forced vibration behaviour of such structures is analysed. Figs. 10 and 11 show 
the first and third coordinate terms of the hyperbolic hyperelastic shells under the same external time-dependent load for curvature 
terms ℜx = − ℜy = 0.10, 0.15, and 0.20. It can be seen from the results that, unlike the doubly-curved model, increasing the curvature 
terms ℜx and ℜy does not change the dominant nonlinear hardening behaviour of the first dominant transverse coordinate of the 
hyperbolic hyperelastic shell model. In both the hyperbolic and doubly-curved models, it is seen that increasing the curvature terms ℜx 
and ℜy increases the contribution of W31 in the vibration response of the system. It is shown that for both the hyperbolic and doubly- 
curved hyperelastic shells, the curvature term does not significantly change the maximum amplitude of vibration of the dominant 
coordinate. 

4.4. Internal resonance analysis 

In the previous sections it has been shown that the curvatures can significantly affect the linear and nonlinear behaviour of 
hyperelastic shells. Since the natural frequencies are varied by having different curvature types, in this section, hyperelastic shell 
structures are analysed for different internal resonances. 

Case 1: Hyperbolic hyperelastic shells 

Fig. 10. The maximum nonlinear frequency response of a hyperbolic hyperelastic shell for the first coordinate parameters of (a) W11, (b) W13, (c) 
W31, and (d) W33. 
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For a hyperelastic hyperbolic shell with the geometrical properties a = 0.20 m, b = 0.20 m, h = 0.005 m, and Ry = -4 m, the 
curvature parameter Rx is varied from 0. 667 m to 4 m and the frequency ratio of higher transverse natural frequencies on the 
fundamental natural frequency is shown in Fig 12. From the natural frequency ratios, it can be seen that when the curvature parameter 
Rx is around 1.25 m (ℜx around 0.16) the system in the vicinity of a three-to-one internal resonance between ω22 and ω11 (ω22/ω11 ≅

3). 
Accordingly, by assuming the hyperelastic hyperbolic shell has curvatures Rx = 1.25 m and Ry = -4 m, the nonlinear forced vi

bration of the shell structure is analysed by considering a nondimensional distributed pressure load of 36.45 and a damping term of 
0.5. The maximum amplitude-frequency response of the hyperbolic hyperelastic shell in the transverse direction is shown in Fig. 13 for 
dominant coordinates (W11, W31, W13, and W33). The results show a rich nonlinear behaviour for the dominant coordinates of W31 and 
W13, while the dominant coordinates of W11 and W33 show a dominant nonlinear hardening behaviour. Similarly, for the in-plane 
motions, the maximum amplitude of vibration is shown in Figs. 14 and 15 for the U and V directions for the first two dominant co
ordinates of U21, U23, V12, and V32. 

Case 2: Doubly-curved hyperelastic shells 

For the case of analysing doubly-curved hyperelastic shells, the geometrical properties are assumed as a = 0.20 m, b = 0.20 m, h =
0.005 m, Rx = 4 m, the curvature parameter Ry is varied from 1 m to 20 m and the frequency ratio of higher transverse natural fre
quencies on the fundamental natural frequency are shown in Fig 16. In order to obtain three-to-one internal resonance phenomena, as 
shown in Fig. 16, two options are available. For the first model, by having Ry = 1.74 m (ℜy = 0.115), the system is prone to a three-to- 
one internal resonance between ω22 and ω11 (ω22/ω11 ≅ 3). For the given doubly-curved hyperelastic shell model, by actuating the 
structure with a nondimensional harmonic distributed load F = 14.57 and damping term of 0.25, the nonlinear forced vibration 
behaviour in the internal resonance is analysed. Figs. 17–19 show the maximum amplitude response of the doubly-curved hyperelastic 
shell at this stage for out-of-plane and in-plane motions. From Fig. 17(a), it can be seen that the structure shows a combination of 

Fig. 11. The maximum nonlinear frequency response of a hyperbolic hyperelastic shell for the third coordinate parameters of (a) W11, (b) W13, (c) 
W31, and (d) W33. 
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Fig. 12. The natural frequency ratio of a hyperbolic hyperelastic shell for different curvature parameters is shown for (a) ω12/ ω11, ω21/ ω11 and 
ω22/ ω11, and for (b) ω13/ ω11, ω31/ ω11, ω23/ ω11, ω32/ ω11 and ω33/ ω11. 
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Fig. 13. The maximum out-of-plane nonlinear frequency response of a hyperbolic hyperelastic shell at an internal resonance for (a) W11, (b) W13, 
(c) W31, and (d) W33. 
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Fig. 14. The maximum in-plane U direction nonlinear frequency response of a hyperbolic hyperelastic shell at an internal resonance for (a) (U21)1, 
(b) (U21)2, (c) (U23)1, and (d) (U23)2. 
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Fig. 15. The maximum in-plane V direction nonlinear frequency response of a hyperbolic hyperelastic shell at an internal resonance for (a) (V12)1, 
(b) (V12)2, (c) (V32)1, and (d) (V32)2. 
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softening and hardening behaviours for the dominant coordinate W11. For W31, W13, and W33; by increasing the excitation frequency 
term, the amplitude increases first and this is followed by a sudden drop before reaching the nondimensional excitation frequency of 35 
(except for panel (a) in Fig. 17). Figs 18(a) and 19 (a) also show a combination of nonlinear softening and hardening behaviours (with 
hardening being dominant) for the dominant coordinates of in-plane motions U21 and V12 and a rich nonlinear behaviour for the rest of 
the coordinates. 

5. Summary and conclusions 

In this paper, a general model for hyperelastic shell structures was presented to study the static deformations, linear vibrations, 
forced nonlinear vibrations and internal resonance phenomena. A combination of Donnell’s nonlinear shell theory, together with the 
Mooney-Rivlin strain energy density model, was used to formulate the hyperelastic shell structure. Using Hamilton’s principle, the 
coupled equations of motion (in-plane and out-of-plane) were derived, which contain a higher order of nonlinear terms due to the 
material nonlinearity, large deformations and curvatures in the hyperelastic shell. By using a dynamic equilibrium technique, New
ton–Raphson method and two-dimensional Galerkin technique, the equations of motion were solved and the accuracy of the model was 
evaluated (using the FEM for bending) showing good accuracy. Different hyperelastic shells, including cylindrical, spherical, doubly- 
curved and hyperbolic shells were examined in this study for different mechanical conditions:  

• For the bending analysis, it was shown that, for the studied cases, the maximum magnitude of the transverse deformation belongs to 
the doubly-curved model and the lowest deformation belongs to the hyperelastic cylindrical shell.  

• For the free vibration analysis, it was shown that all the nondimensional natural frequency parameters decrease exponentially by 
increasing the curvature ratio parameter in the studied models. The fundamental natural frequency is the most sensitive frequency 
to variation of the curvature parameter and the least change belongs to higher modes. 

Fig. 16. The natural frequency ratio of a doubly-curved hyperelastic shell for different curvature parameters shown for (a) ω12/ ω11, ω21/ ω11 and 
ω22/ ω11, and for (b) ω13/ ω11, ω31/ ω11, ω23/ ω11, ω32/ ω11 and ω33/ ω11. 
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Fig. 17. The maximum out-of-plane nonlinear frequency response of a doubly-curved hyperelastic shell at an internal resonance between ω22 and 
ω11 for (a) W11, (b) W13, (c) W31, and (d) W33. 
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Fig. 18. The maximum in-plane U direction nonlinear frequency response of a doubly-curved hyperelastic shell at an internal resonance between 
ω22 and ω11 for (a) (U21)1, (b) (U21)2, (c) (U23)1, and (d) (U23)2. 
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• For the studied doubly-curved hyperelastic shell model, it was shown that when the curvature terms are large (ℜx =ℜy = 0.10), the 
first coordinate of the system shows a dominant nonlinear hardening behaviour while, by decreasing the curvature to Rx = Ry/3 =
0.667 m (or ℜx = ℜy = 0.15), the dominant nonlinear hardening behaviour turns into a combination of hardening and softening 
behaviour.  

• Unlike the doubly-curved model, increasing the curvature terms ℜx and ℜy does not change the dominant nonlinear hardening 
behaviour of the first dominant transverse coordinate of the studied hyperbolic hyperelastic shell model.  

• Curvature terms can cause different types of internal resonances in hyperelastic shells, which leads to a rich nonlinear frequency 
response in the shell structure. 
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Fig. 19. The maximum in-plane V direction nonlinear frequency response of a doubly-curved hyperelastic shell at an internal resonance between 
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Appendix A 

The coefficients of Eqs. (8–10) are defied as 
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ℑ391 = − 2χ4ℜy
1
ξ

∂
∂ξ1

, ℑ392 = − 2χ4ℜx
∂

∂ξ2
, ℑ393 = − 2χ4ℜyξ

∂
∂ξ2

,

ℑ394 = − 12χ1ℜx
1
ξ2, ℑ395 = χ4ℜx, ℑ396 = − χ3ℜx, ℑ397 = χ4ℜy

1
ξ
,

ℑ398 = χ4ℜyξ, ℑ399 = − χ3ℜyξ, ℑ3100 = χ3
(
ℜx +ℜyξ

) ∂
∂ξ1

,

ℑ3101 = +χ3
(
ℜx +ℜyξ

) ∂
∂ξ2

, ℑ3102 = 24χ1ℜyξ2 ∂
∂ξ2

, ℑ3103 = − 2χ4ℜxξ
∂

∂ξ2
,

ℑ3104 = − 2χ4ℜy
∂

∂ξ1
, ℑ3105 = − 2χ4ℜx

1
ξ

∂
∂ξ1

, ℑ3106 = − 12χ1ℜyξ2, ℑ3107 = χ4ℜy,

ℑ3108 = − χ3ℜx
1
ξ
, ℑ3109 = χ4ℜxξ, ℑ3110 = χ4ℜx

1
ξ
, ℑ3111 = − χ3ℜy,

ℑ3112 = χ3

(

ℜx
1
ξ
+ℜy

)
∂

∂ξ2
, ℑ3113 = χ3

(

ℜx
1
ξ
+ℜy

)
∂

∂ξ1
, ℑ3114 = − 2χ4

1
ξ

∂
∂ξ1

,

ℑ3115 = − 2χ4ξ
∂

∂ξ2
, ℑ3116 = χ3

1
ξ

∂
∂ξ1

, ℑ3117 = χ3ξ
∂

∂ξ2
, ℑ3118 = χ3

1
ξ

∂
∂ξ1

,

ℑ3119 = χ3ξ
∂

∂ξ2
, ℑ3120 = χ3ξ

∂
∂ξ1

, ℑ3121 = χ3
1
ξ

∂
∂ξ2

, ℑ3122 = 12χ1ηa
1
ξ2

∂
∂ξ1

,

ℑ3123 = − χ4ηa
∂

∂ξ1
, ℑ3124 = χ3ηa

∂
∂ξ1

, ℑ3125 = − χ4ηa
∂

∂ξ2
, ℑ3126 = − χ4ηbξ

∂
∂ξ2

,

ℑ3127 = χ3ηbξ
∂

∂ξ2
, ℑ3128 = χ3ηa

∂
∂ξ1

, ℑ3129 =
1
2

χ3ηa
∂

∂ξ1
, ℑ3130 =

1
2

χ3ηbξ
∂

∂ξ1
,

ℑ3131 = χ3ηa
∂

∂ξ2
, ℑ3132 =

1
2
χ3ηa

∂
∂ξ2

, ℑ3133 =
1
2
χ3ηbξ

∂
∂ξ2

,

ℑ3134 = 12χ1ηbξ2 ∂
∂ξ2

, ℑ3135 = − χ4ηb
∂

∂ξ2
, ℑ3136 = χ3ηb

∂
∂ξ2

, ℑ3137 = − χ4ηb
∂

∂ξ1
,

ℑ3138 = − χ4ηa
1
ξ

∂
∂ξ1

, ℑ3139 = χ3ηa
1
ξ

∂
∂ξ1

ℑ3140 = χ3ηb
∂

∂ξ2
, ℑ3141 =

1
2

χ3ηb
∂

∂ξ2
,

ℑ3142 =
1
2
χ3ηa

1
ξ

∂
∂ξ2

, ℑ3143 = χ3ηb
∂

∂ξ1
ℑ3144 =

1
2
χ3ηb

∂
∂ξ1

, ℑ3145 =
1
2
χ3ηa

1
ξ

∂
∂ξ1

,

ℑ3146 = 12χ1ℜxηa
1
ξ2

∂
∂ξ1

− χ4ℜyηa
1
ξ

∂
∂ξ1

, ℑ3147 = 12χ1ℜyηbξ2 ∂
∂ξ2

− χ4ℜxηbξ
∂

∂ξ2
,

ℑ3148 = − χ4ℜyηb
∂

∂ξ1
− χ4ℜxηa

∂
∂ξ1

, ℑ3149 = − χ4ℜxηa
∂

∂ξ2
− χ4ℜyηb

∂
∂ξ2

,

ℑ3150 = − 3χ1ℜxηa
1
ξ2 +

1
4
χ4ℜyηa

1
ξ
, ℑ3151 = − 3χ1ℜyηbξ2 +

1
4
χ4ℜxηbξ,

ℑ3152 =
1
4
χ5
(
ℜxηa +ℜyηb

)
, ℑ3153 = χ3

(
ℜxηa + ℜyηb

) ∂
∂ξ1

,

ℑ3154 = χ3
(
ℜxηa + ℜyηb

) ∂
∂ξ2

, ℑ3155 = 3χ1ηa
2 1
ξ2

∂
∂ξ1

, ℑ3156 = 3χ1ηb
2ξ2 ∂

∂ξ2
,

ℑ3157 = −
1
4
χ4ηb

2 ∂
∂ξ1

+
1
2

χ3ηb
2 ∂
∂ξ1

, ℑ3158 = −
1
4
χ4ηa

2 ∂
∂ξ2

+
1
2
χ3ηa

2 ∂
∂ξ2

,

ℑ3159 = −
1
4
χ5ηa

2 ∂
∂ξ1

+
1
2

χ3ηa
2 ∂
∂ξ1

, ℑ3160 = −
1
4
χ5ηb

2 ∂
∂ξ2

+
1
2
χ3ηb

2 ∂
∂ξ2

,
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ℑ11 = − 4χ2
1

ηb
2, ℑ12 = − χ2

1
ηa

2, ℑ13 = − 3χ2
1

ηaηb
, ℑ14 = − 4χ2ℜx

1
ηb

2 − 2χ2ℜy
1

ηaηb
,

ℑ15 = 12χ1
1
ηb

1
ξ

∂
∂ξ1

, ℑ16 =
1
2

χ3
1
ηa

∂
∂ξ1

, ℑ17 = χ3
1
ηa

∂
∂ξ2

, ℑ18 = χ3
1
ηb

∂
∂ξ2

,

ℑ19 = χ3
1
ηa

ξ
∂

∂ξ2
, ℑ110 = − 2χ4

1
ηb

∂
∂ξ1

, ℑ111 = χ3
1
ηb

∂
∂ξ1

,

ℑ112 = 24χ1ℜx
1
ηb

1
ξ

∂
∂ξ1

− 2χ4ℜy
1
ηb

∂
∂ξ1

, ℑ113 = χ3
(
ℜx + ξℜy

) 1
ηa

∂
∂ξ2

,

ℑ114 = − χ4
1
ηa

∂
∂ξ1

, ℑ115 =
1
2
χ3

1
ηb

1
ξ

∂
∂ξ1

, ℑ116 = χ3
1
ηa

∂
∂ξ2

,

ℑ117 = − 2χ4ℜy
1
ηa

∂
∂ξ1

− 2χ4ℜx
1
ηb

∂
∂ξ1

, ℑ118 = χ3

(

ℜx
1
ηb

+ℜy
1
ηa

)
∂

∂ξ2
,

ℑ119 = 12χ1ℜx
2 1
ηb

1
ξ

∂
∂ξ1

− χ4ℜy
2 1
ηa

∂
∂ξ1

− 2χ4ℜxℜy
1
ηb

∂
∂ξ1

,

ℑ120 = − χ2
1
ηa

∂
∂ξ1

, ℑ121 = χ1ηa
1
ξ2

∂
∂ξ1

, ℑ122 = − 2χ2
1
ηb

1
ξ

∂
∂ξ1

,

ℑ123 = −
1
12

χ4ηaξ2 ∂
∂ξ1

, ℑ124 = −
1
6

χ4ηa
∂

∂ξ1
, ℑ125 =

1
6
χ3ηa

∂
∂ξ2

,

ℑ126 =
1
6

χ3ηa
∂

∂ξ1
, ℑ127 = − χ2

1
ηa

∂
∂ξ2

, ℑ128 =
1
6

χ3ηbξ
∂

∂ξ2
,

ℑ129 = 12χ1
1
ξ2

∂
∂ξ1

, ℑ130 = − χ4
∂

∂ξ1
, ℑ131 = χ3

∂
∂ξ1

, ℑ132 = χ3
∂

∂ξ2
,

ℑ133 =
1
2

χ3
∂

∂ξ2
, ℑ134 =

1
2

χ3ξ2 ∂
∂ξ2

, ℑ135 = − χ4ξ
∂

∂ξ1
, ℑ136 = − χ4

1
ξ

∂
∂ξ1

,

ℑ137 = χ3
1
ξ

∂
∂ξ1

, ℑ138 =
1
2
χ3

1
ξ

∂
∂ξ2

, ℑ139 =
1
2

χ3ξ
∂

∂ξ2
, ℑ140 = χ3ξ

∂
∂ξ2

,

ℑ141 = 12χ1ℜx
1
ξ2

∂
∂ξ1

− χ4ℜy
1
ξ

∂
∂ξ1

, ℑ142 = − χ4ℜyξ
∂

∂ξ1
− χ4ℜx

∂
∂ξ1

,

ℑ143 = χ3
(
ℜx + ℜy ξ

) ∂
∂ξ2

, ℑ144 = 3χ1ηa
1
ξ2

∂
∂ξ1

, ℑ145 = −
1
4
χ4ηbξ

∂
∂ξ1

,

ℑ146 = −
1
4

χ5ηa
∂

∂ξ1
, ℑ147 =

1
2
χ3ηa

∂
∂ξ2

, ℑ148 =
1
2
χ3ηbξ

∂
∂ξ2

,
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ℑ21 = − 3χ2
1
ηa

1
ηb
, ℑ22 = − 4χ2

1
ηa

2, ℑ23 = − χ2
1

ηb
2, ℑ24 = − 4χ2ℜy

1
ηa

2 − 2χ2ℜx
1
ηa

1
ηb
,

ℑ25 = − χ4
1
ηb

∂
∂ξ2

, ℑ26 =
1
2
χ3

1
ηa

ξ
∂

∂ξ2
, ℑ27 = χ3

1
ηb

∂
∂ξ1

, ℑ28 = − 2χ4
1
ηa

∂
∂ξ2

,

ℑ29 = χ3
1
ηa

∂
∂ξ2

, ℑ210 = χ3
1
ηb

1
ξ

∂
∂ξ1

, ℑ211 = χ3
1
ηa

∂
∂ξ1

,

ℑ212 = − 2χ4ℜx
1
ηb

∂
∂ξ2

− 2χ4ℜy
1
ηa

∂
∂ξ2

, ℑ213 = χ3

(

ℜx
1
ηb

+ℜy
1
ηa

)
∂

∂ξ1
,

ℑ214 = 12χ1
1
ηa

ξ
∂

∂ξ2
, ℑ215 = χ3

1
ηa

∂
∂ξ1

, ℑ216 =
1
2

χ3
1
ηb

∂
∂ξ2

,

ℑ217 = χ3

(

ℜx
1
ξ

1
ηb

+ℜy
1
ηb

)
∂

∂ξ1
, ℑ218 = 24χ1ℜyξ

1
ηa

∂
∂ξ2

− 2χ4ℜx
1
ηa

∂
∂ξ2

,

ℑ219 = 12χ1ℜy
2 1
ηa

ξ
∂

∂ξ2
− χ4ℜx

2 1
ηb

∂
∂ξ2

− 2χ4ℜxℜy
1
ηa

∂
∂ξ2

,

ℑ220 = − 2χ2
1
ηa

ξ
∂

∂ξ2
, ℑ221 = − χ2

1
ηb

∂
∂ξ2

, ℑ222 = χ1ηbξ2 ∂
∂ξ2

, ℑ223 = −
1

12
χ4ηa

1
ξ

∂
∂ξ2

,

ℑ224 = −
1
6

χ4ηb
∂

∂ξ2
, ℑ225 =

1
6
χ3ηb

∂
∂ξ2

, ℑ226 = − χ2
1
ηb

∂
∂ξ1

, ℑ227 =
1
6
χ3ηa

1
ξ

∂
∂ξ1

,

ℑ228 =
1
6

χ3ηb
∂

∂ξ1
, ℑ229 = − χ4

1
ξ

∂
∂ξ2

, ℑ230 = − χ4ξ
∂

∂ξ2
, ℑ231 = χ3ξ

∂
∂ξ2

,

ℑ232 = χ3
1
ξ

∂
∂ξ1

, ℑ233 =
1
2
χ3

1
ξ

∂
∂ξ1

, ℑ234 =
1
2

χ3ξ
∂

∂ξ1
, ℑ235 = 12χ1ξ2 ∂

∂ξ2
,

ℑ236 = − χ4
∂

∂ξ2
, ℑ237 = χ3

∂
∂ξ2

, ℑ238 =
1
2
χ3

1
ξ2

∂
∂ξ1

, ℑ239 =
1
2
χ3

∂
∂ξ1

,

ℑ240 = χ3
∂

∂ξ1
, ℑ241 = 12χ1ℜyξ2 ∂

∂ξ2
− χ4ℜxξ

∂
∂ξ2

, ℑ242 = − χ4ℜx
1
ξ

∂
∂ξ2

− χ4ℜy
∂

∂ξ2
,

ℑ243 = χ3

(

ℜx
1
ξ
+ℜy

)
∂

∂ξ1
, ℑ244 = 3χ1ηbξ2 ∂

∂ξ2
, ℑ245 = −

1
4
χ4ηa

1
ξ

∂
∂ξ2

,

ℑ246 = −
1
4

χ5ηb
∂

∂ξ2
, ℑ247 =

1
2
χ3ηa

1
ξ

∂
∂ξ1

, ℑ248 =
1
2
χ3ηb

∂
∂ξ1

,
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Appendix B 

The curvature related terms in Eq. (15) are defied as 

ℵ31
kl = 4A2ℜx

kπ
ηb

2 cos(kπξ1)sin(lπξ2) + 2A2ℜy
kπ

ηaηb
cos(kπξ1)sin(lπξ2), (B1)  

ℵ32
kl = 2A2ℜx

lπ
ηaηb

sin(kπξ1)cos(lπξ2) + 4A2ℜy
lπ
ηa

2 sin(kπξ1)cos(lπξ2), (B2)  

ℵ33
kl = 4A2

(

ℜx
2 1
ηb

2 +ℜy
2 1
ηa

2

)

sin(kπξ1)sin(lπξ2) + 4A2ℜxℜy
1

ηaηb
sin(kπξ1)sin(lπξ2), (B3)  

ℵ34
klmn = − 12A1ℜx

1
ξ

kmπ2

ηb
(cos(kπξ1)sin(lπξ2)cos(mπξ1)sin(nπξ2))

−
1
2
A3ℜx

lnπ2

ηa
(sin(kπξ1)cos(lπξ2)sin(mπξ1)cos(nπξ2))

+A4ℜy
kmπ2

ηb
(cos(kπξ1)sin(lπξ2)cos(mπξ1)sin(nπξ2))

+
1
2
A3ℜyξ

lnπ2

ηa
(sin(kπξ1)cos(lπξ2)sin(mπξ1)cos(nπξ2)),

(B4)  

ℵ35
klmn = 2A4

(

ℜx
knπ2

ηb
+ℜy

knπ2

ηa

)

(cos(kπξ1)sin(lπξ2)sin(mπξ1)cos(nπξ2))

− A3

(

ℜx
lmπ2

ηb
+ℜy

lmπ2

ηa

)

(sin(kπξ1)cos(lπξ2)cos(mπξ1)sin(nπξ2)),

(B5)  

ℵ36
klmn = − 24A1ℜx

2kπ
ηb

1
ξ
(cos(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

+2A4ℜy

(

2ℜx
kπ
ηb

+ℜy
kπ
ηa

)

(cos(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2)),

(B6)  

ℵ37
klmn = − 12A1ℜy

lnπ2

ηa
ξ(sin(kπξ1)cos(lπξ2)sin(mπξ1)cos(nπξ2))

−
1
2
A3ℜy

kmπ2

ηb
(cos(kπξ1)sin(lπξ2)cos(mπξ1)sin(nπξ2))

+A4ℜx
lnπ2

ηa
(sin(kπξ1)cos(lπξ2)sin(mπξ1)cos(nπξ2))

−
1
2
A3ℜx

kmπ2

ηb

1
ξ
(cos(kπξ1)sin(lπξ2)cos(mπξ1)sin(nπξ2)),

(B7)  

ℵ38
klmn = − 24A1ℜy

2ξ
lπ
ηa

(sin(kπξ1)cos(lπξ2)sin(mπξ1)sin(nπξ2))

+2A4ℜx

(

ℜx
lπ
ηb

+ 2ℜy
lπ
ηa

)

(sin(kπξ1)cos(lπξ2)sin(mπξ1)sin(nπξ2)),

(B8)  
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ℵ39
klmn =

⎡

⎢
⎢
⎢
⎢
⎣

− 12A1

(

ℜx
31
ξ

1
ηb

+ ℜy
3ξ

1
ηa

)

+3A4ℜxℜy

(

ℜx
1
ηb

+ℜy
1
ηa

)

⎤

⎥
⎥
⎥
⎥
⎦
(sin(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

+

(

− 4A2ℜx
mπ
ηb

1
ξ
− 2A2ℜy

mπ
ηb

)
∂

∂ξ1
(sin(kπξ1)sin(lπξ2)cos(mπξ1)sin(nπξ2))

+

(

− 4A2ℜy
nπ
ηa

ξ − 2A2ℜx
nπ
ηa

)
∂

∂ξ2
(sin(kπξ1)sin(lπξ2)sin(mπξ1)cos(nπξ2))

+

(

2A1ℜxηa
m2π2

ξ2 −
1
6
A4ℜyηa

m2π2

ξ

)
∂2

∂ξ1
2 (sin(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

−
1
6
A4m2π2(ℜxηa + ℜyηb

) ∂2

∂ξ2
2 (sin(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

+

(

2A1ℜyηbξ2 −
1
6

A4ℜxηbξ
)

n2π2 ∂2

∂ξ2
2 (sin(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

−
1
6
A4n2π2(ℜyηb +ℜxηa

) ∂2

∂ξ1
2 (sin(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

−
1
3
A3mnπ2(ℜxηa +ℜyηb

) ∂2

∂ξ1∂ξ2
(sin(kπξ1)sin(lπξ2)cos(mπξ1)cos(nπξ2))

+A2
kmπ2

ηb

(

2ℜx
1
ξ
+ℜy

)

(cos(kπξ1)sin(lπξ2)cos(mπξ1)sin(nπξ2))

+A2
lnπ2

ηa

(
2ℜyξ +ℜx

)
(sin(kπξ1)cos(lπξ2)sin(mπξ1)cos(nπξ2))

+

(

− A1ℜxηa
1
ξ2 +

1
12ξ

A4ℜyηa

)

k2m2π4(sin(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

+

(

− A1ℜyηbξ2 +
ξ

12
A4ℜxηb

)

l2n2π4(sin(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

+
1
6
A4
(
ℜxηa +ℜyηb

)
k2n2π4(sin(kπξ1)sin(lπξ2)sin(mπξ1)sin(nπξ2))

−
1
6
A3
(
ℜxηa +ℜyηb

)
klmnπ4(cos(kπξ1)cos(lπξ2)cos(mπξ1)cos(nπξ2)),

(B9)  

ℵ310
klmnop =

(

24A1ℜx
1
ξ2 − 2A4ℜy

1
ξ

)

koπ2 ∂
∂ξ1

(
cos(kπξ1)sin(lπξ2)sin(mπξ1)

sin(nπξ2)cos(oπξ1)sin(pπξ2)

)

+
(
− 2A4ℜx − 2A4ℜyξ

)
kpπ2 ∂

∂ξ2

(
cos(kπξ1)sin(lπξ2)sin(mπξ1)

sin(nπξ2)sin(oπξ1)cos(pπξ2)

)

− 12A1ℜx
1
ξ2 kmoπ3

(
cos(kπξ1)sin(lπξ2)cos(mπξ1)

sin(nπξ2)cos(oπξ1)sin(pπξ2)

)

+
(
A4ℜx + A4ℜyξ

)
knpπ3

(
cos(kπξ1)sin(lπξ2)sin(mπξ1)

cos(nπξ2)sin(oπξ1)cos(pπξ2)

)

+
(
− A3ℜx − A3ℜyξ

)
lmpπ3

(
sin(kπξ1)cos(lπξ2)cos(mπξ1)

sin(nπξ2)sin(oπξ1)cos(pπξ2)

)

+A4ℜy
1
ξ

kmoπ3

(
cos(kπξ1)sin(lπξ2)cos(mπξ1)

sin(nπξ2)cos(oπξ1)sin(pπξ2)

)

+A3
(
ℜx +ℜyξ

)
lpπ2 ∂

∂ξ1

(
sin(kπξ1)cos(lπξ2)sin(mπξ1)

sin(nπξ2)sin(oπξ1)cos(pπξ2)

)

+A3
(
ℜx +ℜyξ

)
loπ2 ∂

∂ξ2

(
sin(kπξ1)cos(lπξ2)sin(mπξ1)

sin(nπξ2)cos(oπξ1)sin(pπξ2)

)

,

(B10)  
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ℵ311
klmnop =

(
24A1ℜyξ2 − 2A4ℜxξ

)
lpπ2 ∂

∂ξ2

(
sin(kπξ1)cos(lπξ2)sin(mπξ1)

sin(nπξ2)sin(oπξ1)cos(pπξ2)

)

+

(

− 2A4ℜy − 2A4ℜx
1
ξ

)

loπ2 ∂
∂ξ1

(
sin(kπξ1)cos(lπξ2)sin(mπξ1)
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and the curvature related terms in Eq. (16) are defied as 
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Dastjerdi, S., Malikan, M., Akgöz, B., Civalek, Ö., Wiczenbach, T., & Eremeyev, V. A. (2022). On the deformation and frequency analyses of SARS-CoV-2 at nanoscale. 

International Journal of Engineering Science, 170, Article 103604. 
Detter, C., Demal, T. J., Bax, L., Tsilimparis, N., Kölbel, T., Von Kodolitsch, Y., Vettorazzi, E., Reichenspurner, H., & Brickwedel, J. (2019). Simplified frozen elephant 

trunk technique for combined open and endovascular treatment of extensive aortic diseases. European Journal of Cardio-Thoracic Surgery, 56, 738–745. 
Eyvazian, A., Shahsavari, D., & Karami, B. (2020). On the dynamic of graphene reinforced nanocomposite cylindrical shells subjected to a moving harmonic load. 

International Journal of Engineering Science, 154, Article 103339. 
Ghayesh, M. H., & Farokhi, H. (2017). Nonlinear mechanics of doubly curved shallow microshells. International Journal of Engineering Science, 119, 288–304. 
Ghayesh, M. H., & Farokhi, H. (2018). Nonlinear behaviour of electrically actuated microplate-based MEMS resonators. Mechanical Systems and Signal Processing, 109, 

220–234. 
Jiang, Y., Li, L., & Hu, Y. (2022). A compatible multiscale model for nanocomposites incorporating interface effect. International Journal of Engineering Science, 174, 

Article 103657. 

8.5. Summary and conclusions 337



Kan, J., Liao, W., Wang, J., Wang, S., Yan, M., Jiang, Y., & Zhang, Z. (2021). Enhanced piezoelectric wind-induced vibration energy harvester via the interplay 
between cylindrical shell and diamond-shaped baffle. Nano Energy, 89, Article 106466. 

Kaplunov, J., Khajiyeva, L., Martyniuk, M., & Sergaliyev, A. (2020). On the dynamics of drilling. International Journal of Engineering Science, 146, Article 103184. 
Kar, V. R., & Panda, S. K. (2015). Nonlinear flexural vibration of shear deformable functionally graded spherical shell panel. Steel and Composite Structures, 18, 

693–709. 
Kar, V. R., Panda, S. K., & Mahapatra, T. R. (2016). Thermal buckling behaviour of shear deformable functionally graded single/doubly curved shell panel with TD and 

TID properties. Advances in Materials Research, 5, 205. 
Karami, B., & Janghorban, M. (2020). On the mechanics of functionally graded nanoshells. International Journal of Engineering Science, 153, Article 103309. 
Karami, B., Janghorban, M., & Fahham, H. (2022). On the stress analysis of anisotropic curved panels. International Journal of Engineering Science, 172, Article 103625. 
Khaniki, H. B., Ghayesh, M. H., & Chin, R. (2023). Theory and experiment for dynamics of hyperelastic plates with modal interactions. International Journal of 

Engineering Science, 182, Article 103769. 
Khaniki, H. B., Ghayesh, M. H., Chin, R., & Amabili, M. (2021). Large amplitude vibrations of imperfect porous-hyperelastic beams via a modified strain energy. 

Journal of Sound and Vibration, 513, Article 116416. 
Khaniki, H. B., Ghayesh, M. H., Chin, R., & Amabili, M. (2022). A review on the nonlinear dynamics of hyperelastic structures. Nonlinear Dynamics, 110, 963–994. 
Khaniki, H. B., Ghayesh, M. H., Chin, R., & Amabili, M. (2023). Hyperelastic structures: A review on the mechanics and biomechanics. International Journal of Non- 

Linear Mechanics, 148, Article 104275. 
Khaniki, H. B., Ghayesh, M. H., Chin, R., & Chen, L.-Q. (2022). Experimental characteristics and coupled nonlinear forced vibrations of axially travelling hyperelastic 

beams. Thin-Walled Structures, 170, Article 108526. 
Khaniki, H. B., Ghayesh, M. H., Chin, R., & Hussain, S. (2022). Nonlinear continuum mechanics of thick hyperelastic sandwich beams using various shear deformable 

beam theories. Continuum Mechanics and Thermodynamics, 34, 781–827. 
Kiarasi, F., Babaei, M., Mollaei, S., Mohammadi, M., & Asemi, K. (2021). Free vibration analysis of FG porous joined truncated conical-cylindrical shell reinforced by 

graphene platelets. Advances in Nano Research, 11, 361–380. 
Kiendl, J., Hsu, M.-C., Wu, M. C., & Reali, A. (2015). Isogeometric Kirchhoff–Love shell formulations for general hyperelastic materials. Computer Methods in Applied 

Mechanics and Engineering, 291, 280–303. 
Kreibich, M., Berger, T., Morlock, J., Kondov, S., Scheumann, J., Kari, F. A., Rylski, B., Siepe, M., Beyersdorf, F., & Czerny, M. (2018). The frozen elephant trunk 

technique for the treatment of acute complicated Type B aortic dissection. European Journal of Cardio-Thoracic Surgery, 53, 525–530. 
Lim, C., Zhang, G., & Reddy, J. (2015). A higher-order nonlocal elasticity and strain gradient theory and its applications in wave propagation. Journal of the Mechanics 

and Physics of Solids, 78, 298–313. 
Malikan, M., Krasheninnikov, M., & Eremeyev, V. A. (2020). Torsional stability capacity of a nano-composite shell based on a nonlocal strain gradient shell model 

under a three-dimensional magnetic field. International Journal of Engineering Science, 148, Article 103210. 
Malikan, M., Uglov, N. S., & Eremeyev, V. A. (2020). On instabilities and post-buckling of piezomagnetic and flexomagnetic nanostructures. International Journal of 

Engineering Science, 157, Article 103395. 
Mittelmann, H. D., & Roose, D. (1990). Continuation techniques and bifurcation problems. Springer.  
Mooney, M. (1940). A theory of large elastic deformation. Journal of Applied Physics, 11, 582–592. 
Nguyen, T.-K., Pham, D.-C., & Nguyen, V.-L. (2020). Conduction in 2-D and 3-D dimensional spherically-symmetric anisotropic-coating inclusion composites. 

International Journal of Engineering Science, 154, Article 103352. 
Paulis, G. E. R. D., Czerny, M., Rylski, B., Kari, F. A., Kreibich, M., Morlock, J., Scheumann, J., Kondov, S., Südkamp, M., & Siepe, M. (2017). Technical details making 

aortic arch replacement a safe procedure using the Thoraflex™ Hybrid prosthesis. European Journal of Cardio-Thoracic Surgery, 51, i15–i19. 
Pho, K. H. (2022). Improvements of the Newton–Raphson method. Journal of Computational and Applied Mathematics, Article 114106. 
Reddy, J. N. (2003). Mechanics of laminated composite plates and shells: theory and analysis. CRC press.  
Reddy, J. N. (2006). Theory and analysis of elastic plates and shells. CRC press.  
Renda, F., Giorgio-Serchi, F., Boyer, F., Laschi, C., Dias, J., & Seneviratne, L. (2018). A unified multi-soft-body dynamic model for underwater soft robots. The 

International Journal of Robotics Research, 37, 648–666. 
Rivlin, R. (1949). Large elastic deformations of isotropic materials VI. Further results in the theory of torsion, shear and flexure. Philosophical Transactions of the Royal 

Society of London. Series A, Mathematical and Physical Sciences, 242, 173–195. 
Sayyad, A. S., & Ghugal, Y. M. (2020). Stress analysis of laminated composite and sandwich cylindrical shells using a generalized shell theory. Composite Materials and 

Engineering, 2, 103–124. 
Sedova, O., & Pronina, Y. (2022). The thermoelasticity problem for pressure vessels with protective coatings, operating under conditions of mechanochemical 

corrosion. International Journal of Engineering Science, 170, Article 103589. 
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Chapter 9

Conclusions, summary,
recommendations and future work

9.1 Conclusions and summary

A detailed computational and experimental investigation of the nonlinear mechan-
ics of hyperelastic structures was presented in this thesis. Due to the wide range
of potential applications, multiple structures and mechanical conditions have been
discussed to provide a better understanding of the mechanics of hyperelastic struc-
tures. The main focus of this thesis was isotropic incompressible hyperelastic laws,
which provide good accuracy when studying polymeric structures. Each chapter of
this thesis investigated some aspects of the statics and dynamics of soft structures
in a combination of analytical, numerical, and experimental analyses. This chapter
summarises the achievements and conclusions of this thesis as follows:

In Chapter 2, a state-of-the-art review of the statics and dynamics of differ-
ent structures was presented in the framework of hyperelastic laws. By gathering
together the previous work in this field, up to 2022, it was shown that hyperelas-
tic strain energy models are widely used in different industries and applications,
and the number of studies in this field is growing significantly. A major field that
employs hyperelastic theories is biomechanics. Modelling the mechanics of biolog-
ical tissues for surgery simulation, diagnosis and treatment requires an accurate
theoretical approach to track the stress-stretch behaviour under different types of
loads properly. It is noteworthy that most biological tissues should be modelled
as anisotropic/isotropic visco-hyperelastic tissue. This chapter showed the strength
of different strain energy density models for modelling different human body or-
gans accurately, concluding that, based on the tissue type, different strain energy
laws have superiority. Moreover, the bending, buckling and vibration behaviours of
polymeric structures have been reviewed in detail, showing that the field is clearly
under-researched as there are many potential and real-world applications that have
not yet been investigated properly. Some of these gaps have been addressed in
this thesis. The discussions and analyses of Chapter 2 are presented in two sepa-
rate review papers on the statics and dynamics of hyperelastic structures, and are
published in the Journal of Nonlinear Dynamics for dynamic analysis [1] and the
International Journal of Non-Linear Mechanics for statics and biomechanics [2].

In Chapter 3, by considering the applications of axially-moving hyperelastic
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structures in different systems including conveyors, technical textile manufactur-
ing processes, belt-operating power transmission systems, roll-to-roll systems and
many more, the nonlinear dynamic behaviour of axially-travelling hyperelastic belts
was investigated. The structure was assumed to be made of isotropic incompressible
thermoplastic and the hyperelastic characteristics were obtained experimentally by
fabricating and testing samples using ASTM-D638 guidance. Different strain energy
density models (developed using the first strain energy density models) were anal-
ysed to find the most accurate hyperelastic law to model the structure. As Yeoh’s
strain energy density model showed good accuracy in modelling the experimental
results, the axially-moving hyperelastic belt was modelled using this constitutive
law. The coupled equations of motion were obtained using Hamilton’s principle,
showing complicated higher-order nonlinear terms. The convergence of the solution
method was obtained by considering a higher number of Galerkin modes. This study
considered both axial and transverse deformations and the results emphasised that
neglecting the axial motion can significantly affect the accuracy of the modelling.
A set of case studies have been presented for both linear and nonlinear dynamic
analyses. For the linear analysis, the variations of the natural frequencies and mode
shapes were examined showing that the axial velocity term and Yeoh’s coefficients
have a significant effect in changing the natural frequencies and mode shapes. The
nonlinear forced vibration behaviour of the axially travelling belt was also investi-
gated, showing that increasing axial velocity leads to a higher coupling between the
modes in the nonlinear frequency response. Moreover, the effects of Yeoh’s coeffi-
cients, tension, and external force on the nonlinear dynamics of the structure were
analysed and the sensitivity of the structure to these parameters was presented.
The results of this study are useful in designing and using soft belt structures in the
mentioned applications. The outcome of this research is published in the journal of
Thin-Walled Structures [3].

In Chapter 4, the influence of porosity and voids on the dynamic performance of
hyperelastic structures were investigated by developing a modified porous-hyperelastic
model. In the first part of this study, dumbbell samples with different infill rates
were fabricated and the stress-stretch behaviour of each sample was obtained by fol-
lowing the standards. It was shown that porosity in the structure can significantly
affect the stress-stretch behaviour of the hyperelastic sample; this effect is nonlinear
and it is most effective when the overall porosity rate is low. After obtaining the
stress-stretch behaviour for different infill rates, the Mooney-Rivlin strain energy
density model was modified with the coefficients as a function of porosity to add the
porosity effect into the constitutive model. It was shown that the developed model
has good accuracy in tracking the stress-stretch behaviour of hyperelastic samples
with different porosities. Using the developed constitutive model, hyperelastic beam
structures with porosity were modelled. The porosity was assumed to be either uni-
form or varied through the length of the hyperelastic beam following power-law and
sigmoid functions. The non-linear forced oscillation analysis of the structure shows
that the presence of porosity and its variation type through the length can change
the nonlinear response of the structure, which can be used by researchers to tune the
vibration response based on the application. The results of Chapter 4 are published
in the Journal of Sound and Vibration [4].

In Chapter 5, the main focus was on layered hyperelastic structures, as it has
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been shown that these structures are more useful than single-layered hyperplastic
structures in some applications, including laminated tubes and food packaging. The
structure was presented as a general multi-layered thick incompressible hyperelastic
beam. The effect of shear deformation was added to the model by using five different
shear deformation theories. A detailed case study analysis was provided to investi-
gate the effect of layering, layer sorting, material ordering and slenderness ratio of
each layer. The results of this chapter show that the designer has the flexibility to
change the dynamic behaviour of the sandwich structure by varying the discussed
parameters. Furthermore, it has been shown that considering the shear effects in
modelling thick hyperelastic asymmetrical structures has a key role in accuracy
and the higher order shear deformation theories show a close agreement in results.
The results of Chapter 5 are published in the journal of Continuum Mechanics and
Thermodynamics [5].

Chapter 6 concentrated on considering the viscoelasticity effects in modelling the
nonlinear mechanics of hyperelastic structures. An experimentally-proven model of
the visco-hyperelastic behaviour was employed from the literature; this model used a
combination of Mooney-Rivlin and Kelvin-Voigt models. The bending deformation
and nonlinear vibration behaviours of the shallow arch structure were studied by
using a third-order shear deformable theory together with von-Karman geometrical
nonlinearity. The coupled equations of motion show high-order nonlinear damp-
ing and stiffness terms due to the coupling of viscoelasticity and hyperelasticity
terms. The static response of the system shows a significant difference in the lin-
ear modelling results and higher-order model results, emphasising the importance
of modelling the structure accurately. Furthermore, the curvature of the structure
was varied so as to reach an internal resonance and the nonlinear forced oscillation
behaviour was investigated. It was shown that the rich nonlinear frequency response
can be significantly different, depending on the nature and type of the hyperelastic
or visco-hyperelastic structure. It is noteworthy that for structures with dominant
viscoelastic behaviour, this rich nonlinear behaviour can be fully damped. Since
many hyperelastic structures show a combination of hyperelastic and viscoelastic
behaviour (including the materials used for fabricating prostheses and implants),
the results of this study are useful in comprehending the dynamics of such struc-
tures. The results of Chapter 6 are published in the journal of Continuum Mechanics
and Thermodynamics [6].

In Chapter 7, a joint theoretical and experimental approach for studying the
non-linear mechanics of hyperelastic plate structures was presented, focusing on the
mass-sensing behaviour of the structure. An experimental setup was developed to
study the nonlinear forced vibrations of hyperelastic plates with and without an
attached concentrated mass, and the nonlinear frequency responses of the plate
under different external excitation loads were obtained. By following the ASTM D-
412 standard and using a mould, the dumbbell samples were cut and tested to obtain
the hyperelastic coefficients of the isotropic hyperelastic material. After obtaining
the hyperelastic characteristics of the plate’s material, the coupled in-plane and
out-of-plane equations of motion were derived and the nonlinear forced vibration
behaviour was modelled. It was shown that the derived model has good accuracy in
tracking the nonlinear forced vibration behaviour and mass sensing behaviour of the
structure. The internal resonance phenomena due to geometrical ratios and external
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masses were analysed and the structure at different resonances was examined. The
results show that the soft behaviour of hyperelastic structures gives the advantage
of being able to apply them as sensors for sensing attached masses. The results of
Chapter 7 are published in the International Journal of Engineering Science [7].

In Chapter 8, the bending, vibration and internal resonance behaviours of dif-
ferent types of isotropic incompressible shell structures were presented. Cylindrical,
spherical, doubly-curved, and hyperbolic hyperelastic shallow shells were modelled
and solved using Donnell’s nonlinear shell theory, Hamilton’s principle, the two-
dimensional Galerkin technique, and the Mooney-Rivlin strain energy density model.
It was shown that curvature in the structure can change the nonlinear hardening
behaviour to a combination of hardening and softening, which this effect highly de-
pends on the shell type. Internal resonance phenomena were obtained for different
shell types based on the curvatures. The proposed modelling and results of this
study are useful for different applications, including biomechanics and soft robotics,
to understand static and dynamic behaviour under different conditions. The results
of Chapter 8 are published in the International Journal of Engineering Science [8].

The theoretical models developed through this thesis have been verified using
different techniques. Experimental analysis was used to show the accuracy of the
developed model for nonlinear forced vibrations of hyperplastic plates. The equa-
tions of motion were verified by simplifying the problems and comparing them with
those published on linear elastic structures. The solution technique for analysing
the nonlinear forced vibration was verified using previous studies on the nonlinear
oscillation of axially-travelling elastic beams. The bending and deformation analyses
were verified using finite element software for different hyperelastic structures. The
linear natural frequencies were also verified using the literature on sandwich elastic
structures.

As shown in several chapters of this thesis, hyperelastic structures are very likely
to undergo large deformations and strains, which require proper modelling of both
material and geometrical nonlinearities in the structure. Depending on the struc-
ture type, the geometrical properties, imperfections, boundary conditions and other
designing terms, the hyperelastic structure can show a wide range of rich mechanical
responses, which, in turn, shows the necessity for developing an effective, accurate
model of such structures.

9.2 Future work and recommendations

This thesis investigated the mechanical behaviour of different hyperelastic structures
by considering both material and structural nonlinearities. Following the applica-
tions, a wide range of mechanical conditions, theoretical models, experimental setups
and analyses were presented. Different validation techniques were used to show the
strength and accuracy of the developed methodologies. Hyperelastic structures have
shown many potential applications and further persuasion and extensions of the cur-
rent work can be undertaken in different ways. Since this thesis is a fundamental
study on the nonlinear mechanics of hyperelastic structures, there are many po-
tential follow-up research topics for this work, for which some of the recommended
research directions are listed as follows:
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• The volumetric behaviour of the hyperelastic structure is one of the main,
important characteristics of the studied systems. The assumption of incompressibil-
ity is accurate for materials with nearly-incompressible and incompressible manners
such as rubber materials and most polymers [9-11]. However, this assumption can-
not be made for some other hyperelastic structures. For instance, foam can undergo
large volumetric changes and assuming it to be an incompressible material can cause
significant errors. The studies presented in this thesis considered strains in the thick-
ness direction of the structure to fulfil the requirement for having the third strain
invariant equal to one (J = I3 = 1). However, for structures fabricated from com-
pressible isotropic materials, the third strain invariant would not be equal to one
(as shown in Chapter 2 of this thesis). Based on the application of the compress-
ible hyperelastic structure, its mechanical behaviour can be analysed as a further
exploration of this thesis.

• Many materials, such as vulcanised elastomers [12-14], show an ideal hyper-
elastic behaviour. Soft structures, such as elastomers, usually show a combination
of viscoelasticity and hyperelasticity. This thesis mainly challenged the hyperelastic
characteristics of soft structures to comprehend the mechanics of hyperelasticity.
In Chapter 5, the visco-hyperelastic behaviour of soft structures was investigated,
showing a high level of coupling between viscoelasticity and hyperelasticity. The
visco-hyperelastic model employed in this study was proposed by Li et al. [15] in
their experimental and theoretical analysis. There are a large number of visco-
hyperelastic models combining viscosity and hyperelasticity that can be studied
further to discuss the strength of each model for different types of soft structures.

• The application of hyperelastic laws in modelling biological tissues has long
been a topic of debate between researchers. Since these tissues can be modelled as
hyperelastic structures (discussed in Chapter 2), the developed methodologies in this
thesis can be extended for such structures. For instance, a common cause of vision
loss is Glaucoma, which happens when excessive pressure in the eye leads to optic
nerve damage. This can be studied by developing a three-layered hyperelastic spher-
ical model and analysing the pressure effect. This thesis analysed isotropic hypere-
lastic structures; therefore, the hyperelastic characteristics were obtained by using
uniaxial tests alone. However, since biological tissues mostly show an anisotropic be-
haviour, mechanical characteristic analysis would require both uniaxial and biaxial
tests. Therefore, the structural modelling presented in this thesis can be extended
for biomechanical applications.

• Prosthetic and implant structures are some of the most important applications
of hyperelastic structures. A proper design of such structures can optimise the
performance and life cycle in the operating condition. For instance, prosthetic feet
[16, 17] undergo periodic loads with different magnitudes and the necessity of having
a comfortable design, long lasting structure and optimised geometry can be obtained
by expanding the presented works on such structures.
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