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Abstract

Multi-agent systems (MAS), as they are more effective to perform complex tasks in

real-world applications, have been extensively studied in the past ten years. The

consensus control problem has emerged as the foundation of MAS, as its theoretical

framework is widely applied to achieve cooperative behaviour within a networked

system. A distributed consensus control algorithm aims to synchronize all states of

agents to a common state by exchanging information with its neighbouring agents in

a distributed manner. Whilst the distributed consensus control algorithms have been

promising, how to achieve consensus subject to various constraints has not been fully

investigated, especially for a class of nonlinear MAS.

The primary aim of this thesis is to analyse and design novel consensus control schemes

for both linear and nonlinear MAS in the presence of communication, state and input

constraints. For the consensus control problem of linear MAS under communication

constraints, event-triggered control and integral sliding mode control methods are ap-

plied to synthesize a leaderless consensus controller for linear discrete-time MAS. The

adaptive backstepping technique is also integrated with the event-triggered control

method to derive an effective leaderless consensus control algorithm for nonlinear

continuous-time MAS. Furthermore, a novel state transformation function is employed

to solve constant and time-varying state constraint problems, so that the adaptive back-

stepping technique is feasible to formulate a leader-follower consensus control scheme

for nonlinear MAS. Moreover, a new quadratic programming (QP) based safe consen-

sus controller is developed to achieve consensus while ensuring safety by considering

input constraints for linear MAS.

The main contributions of the thesis are threefold. First, the distributed consensus

is achieved under communication constraints for linear and nonlinear MAS, respec-

tively. Second, in the presence of state constraints, the proposed leader-follower con-

sensus control protocol guarantees the desired tracking performance for nonlinear

MAS. Third, a safe consensus is guaranteed with input constraints embedded in the

QP problem for linear MAS. Numerical and practical systems are simulated to verify

the proposed control algorithms that reach consensus while considering various con-

straints.
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Chapter 1

Introduction

1.1 Background

In this section, we present the subject of multi-agent system (MAS), introduce the clas-

sification of MAS, and present distributed consensus control problem in MAS.

1.1.1 Multi-agent Systems

In artificial intelligence research, agent-based systems technology is the mainstream

of computer science. An agent is a sophisticated computer program that acts au-

tonomously upon its environment to achieve design objectives (Wooldridge 2009). Fig-

ure 1.1 displays the features of an autonomous agent. MAS is a team of multiple in-

telligent agents that cooperatively accomplish complex tasks while each agent acts to-

wards its own goal in a shared network. In comparison with the abilities of a single

agent, MAS has a number of advantages, for instance, robustness, maintainability, re-

sponsiveness and flexibility. Hence, a wide variety of applications in MAS range from

civilian to military, for example, drone light shows, autonomous vehicles in farming

and environmental monitoring and control (Mammarella et al. 2021), distributed smart

grids and spacecraft formation flying (Ren and Beard 2004). Due to its advantages

and broad applications, MAS has emerged as a promising research topic in automatic

control in recent decades (Ren and Beard 2008, Shi and Yan 2021).

Generally, MAS is classified into centralized and distributed MAS by control architec-

ture (Lunze 2019). Specifically, in the centralized approach, all agents Pi (i = 1, . . . , N)

are connected to a single central controller C which makes decisions for all agents as

shown in Figure 1.2. A large majority of small-size systems adopt this direct approach

because of its low cost and slow delays. With the increase in the complexity of tasks,

the centralized method is incapable to be applied to autonomous applications. Unlike
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1.1.1 Multi-agent Systems

Figure 1.1. Features of an autonomous agent, adopted from (Wooldridge 2009).

P1 P2 PN

C

Figure 1.2. Control structure of a centralized MAS.

P1 P2 PN

C

P1 P2 PN

C2C1 CN

Communication network

Figure 1.3. Control structure of a distributed MAS.
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Chapter 1 Introduction

the centralized one, the distributed MAS is composed of multiple local controllers Ci

and a shared communication network as shown in Figure 1.3, thus, a single agent of

failure would not risk the whole system. It also has better adaptability and scalability

for large-scale systems. Therefore, the distributed MAS can complete more complex

tasks autonomously and cooperatively, and it is more effective and reliable than the

centralized one.

x
1 

-

' 
' 
,, ' ' '

'' 

' x
2 

- -
✓ 

''
'' 

/ 

Figure 1.4. Distributed power generation technology is achieved by a distributed consensus

control algorithm.Once Upon a Time... (2016)

• What would it take to fly one order of magnitude more?

3

Figure 1.5. Forty-nine crazyflies flying in a 4-layer rotating formation, adopted from (Preiss

et al. 2017).
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1.2 Literature Review

In the distributed MAS, the consensus control problem has emerged as the founda-

tion of MAS, as its basic theoretical framework is widely applied to achieve coopera-

tive behaviour within a networked system. A distributed consensus control algorithm

aims to synchronize all states of agents to a common state by exchanging informa-

tion with its neighbouring agents in a distributed manner (Cao et al. 2012). Figure 1.4

indicates a group of five networked generators works cooperatively to meet a com-

mon demand d (Kia et al. 2019). Another reason for attracting researchers is its variety

of practical applications, for instance, rendezvous of mobile multi-vehicles (Ren and

Beard 2008), UAVs formation control (Dong et al. 2016) and cooperative robotic manip-

ulators (Li et al. 2013). Figure 1.5 displays a large nano-quadcopter swarm platform that

is based on distributed consensus-based formation control protocol (Preiss et al. 2017).

1.2 Literature Review

In this thesis, we have considered distributed consensus control protocols for both

linear and nonlinear MAS under different constraints.

For linear MAS, a new type of consensus algorithm named scaled consensus is con-

sidered (Roy 2015). The scaled consensus differs from the standard consensus in that

the scaled consensus aims to guarantee states of all agents reach assigned ratios in-

stead of a common value. In many practical applications, the states of agents are re-

quired to reach predefined ratios, such as water distributed systems, task allocation

and web-page-ranking algorithms. Consequently, the scaled consensus can generalize

the standard consensus algorithms corresponding to select appropriate scales, namely,

bipartite consensus and cluster consensus (Chen et al. 2019).

Emerging evidence reveals that the scaled consensus problem has generated raised

interest in distributed cooperative control, in particular, a necessary and sufficient con-

dition was established to explore the scaled consensus problems considering time-

varying scales and switching networks (Meng and Jia 2016). In the work (Xing and

Deng 2018), the continuous-time scaled consensus problem is investigated subject to

time-varying communication delay. A sliding mode-based scaled consensus control

scheme has been proposed to study the H∞ performance of linear MAS with unknown

yet bounded external disturbance (Zhao et al. 2017). An alternative scaled consensus

algorithm has been presented by employing an integral Lyapunov function to obtain a
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Chapter 1 Introduction

necessary and sufficient condition for single-integrator agents with output saturation

(Wang 2017). Thus, the scaled consensus control problem is worth investigating and it

has not been discovered fully under some specific constraints.

Since inherent nonlinearities exist in all systems in practice, the nonlinear MAS is

also investigated in this work. A substantial amount of research has been done on

consensus control for nonlinear MAS. For example, the authors presented a smooth

distributed adaptive controller to resolve the high-order nonlinear leader-following

consensus problem considering unknown parameters and uncertain external distur-

bances (Huang et al. 2017). An adaptive command filtered strategy based on adap-

tive backstepping was employed to ensure the leader-following consensus tracking

errors are semi-globally bounded (Shen and Shi 2015). The output leader-following

consensus tracking is asymptotically achieved depending upon locally available in-

teractions and involving mismatched unknown parameters and external disturbances

(Wang et al. 2017c). A similar distributed adaptive consensus control algorithm with

a new Nussbaum-type function was exploited to tackle unknown control directions

problems for nonlinear MAS (Huang et al. 2018a). The problems of unknown control

directions and backlash-like hysteresis for nonlinear MAS under undirected commu-

nication topology were addressed by the adaptive neural networks control method

(Chen et al. 2016). Therefore, the development of distributed consensus control schemes

for nonlinear MAS is more complicated than the linear ones, and the investigation of

nonlinear MAS with some practical issues has not been studied widely, which moti-

vates us to further explore the nonlinear MAS.

The distributed consensus controller design with some specific constraints can bring

more challenges for the discovery of both linear and nonlinear MAS. How to identify

the challenges and propose appropriate solutions for MAS are presented in the follow-

ing section.

1.3 Challenges of Distributed Consensus Control Design

The communication, state and input constraints are the main constraints we have con-

sidered, and how to explore the related challenges and properly address the consensus

problem drives us to develop effective consensus controllers under such constraints.
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1.3 Challenges of Distributed Consensus Control Design

Most consensus control algorithms are developed based on a common assumption that

the information from one agent towards its neighbours is transmitted continuously

and control signals update frequently or at periodic sampling instants. Continuous in-

formation exchange between agents and frequent controller updating increase commu-

nication effort and energy usage, which may cause unnecessary communication and

computing resource consumption. Event-triggered communication mechanism has

been developed as an effective method to reduce communication among agents and

controller updates frequency considerably during event intervals as well as maintain

the desired system performance. In MAS, events are asynchronously generated since

distinct event-triggered conditions are embedded in the corresponding subsystems

(Dimarogonas et al. 2011), which makes theoretical analysis of nonlinear MAS more

complicated. The linear leader-following and leaderless consensus problems with ex-

ternal disturbances are investigated by a distributed event-based consensus controller

(Xing et al. 2016). The adaptive backstepping-based fuzzy event-triggered control al-

gorithm is developed to resolve the consensus tracking problem (Li et al. 2018), which

reaches the consensus and saves the computation resources. A distributed consensus

controller based on a fixed threshold event-triggered strategy is constructed to deal

with the difficulty of intermittent actuator faults for nonlinear MAS (Wang et al. 2020d).

Accordingly, frequently control signal updating escalates the level of difficulty in theo-

retical analysis and limits the outcomes of the event-triggered consensus control prob-

lem for nonlinear MAS.

Output constraint problems are frequently encountered in practical applications due to

safety requirements, specific environments and system performances (He et al. 2020).

For example, inspection drones operating within a tunnel and robot manipulators

within a restricted operating zone, etc. Typically, state transformation (Ni and Shi

2021a, Niu et al. 2017a, Zheng and Li 2018, Zhao and Song 2020) and barrier Lyapunov

function (BLF) (Tee et al. 2009) approaches are used to resolve the output constraint

problem. The logarithm-type state transformation function is widely applied to trans-

form the constrained state into an unconstrained one. For instance, both constant sym-

metric and asymmetric cases were analysed for nonlinear output-constrained systems

(Niu et al. 2017a), yet the lower restricted boundary is assumed to be negative, and the

upper boundary is strictly positive. The time-varying asymmetric case was considered

with both positive lower and upper boundaries (Zheng and Li 2018). Moreover, a new
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nonlinear state-dependent transformation function with positive boundaries was pro-

posed for time-varying asymmetric constraints (Zhao and Song 2020). However, the

above transformation functions cannot eliminate the limitation of the boundaries and

solve both constrained and unconstrained cases simultaneously. Furthermore, the BLF

method requires complex formulations in controller design (Qu et al. 2018), especially

for the time-varying asymmetric case. Therefore, a more general solution to the out-

put constraint problem is desired to remove the limitations of the state transformation

function and simplify the analysis of the BLF approach for nonlinear MAS.

Obstacle avoidance problem is generally converted into equivalent input constraints

that are mainly enforced by optimization-based trajectory planning algorithms (Patel

and Goulart 2011, Blackmore et al. 2011, Ferraguti et al. 2020, Rosolia et al. 2016, Zeng et al.

2021). It is considered impossible to be ignored when the consensus control theory

is turned into practice (Zhang et al. 2010, Dai et al. 2017, Mylvaganam et al. 2017,

Yan et al. 2018). Recently, control barrier function (CBF) is proposed as an important

tool to solve constrained-based control problems and is associated with control Lya-

punov function to form a QP-based framework with a larger feasibility set (Taylor and

Ames 2020, Wang et al. 2017a, Kolathaya and Ames 2018). Due to its flexible control de-

sign framework and desired real-time optimization performance in safety-critical con-

trol areas, CBF has been recognized as a hot research topic (Zeng et al. 2021, Xiao and

Belta 2019, Choi et al. 2021). For example, input constraints decoded from physical con-

straints are formed as a CBF to combine with a backstepping controller (Hsu et al. 2015).

Furthermore, a CBF has been constructed based on the avoidable set that is converted

into input constraints (Chen et al. 2018). Input constraints under high levels of model

uncertainty for nonlinear dynamical robotic systems have been addressed by the CBF

technique (Nguyen and Sreenath 2021). Although CBF is a promising technique to

solve constrained-based control problems, constrained consensus control of MAS with

CBF has not been studied yet. More importantly, both the inter-robot collision and

static obstacles are necessary to be considered for MAS to ensure that MAS can safely

complete complex tasks. Therefore, how to design the synthesis of an optimization-

based safe consensus controller, how to transform obstacle avoidance problems into

input constraints with a CBF and how to build a multi-robot platform to test the safe

consensus controller motivate us to investigate the constrained consensus control of

MAS.
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1.4 Statement of Contributions

The following section has presented the contributions to overcoming the challenges of

developing consensus control schemes under communication, output and input con-

straints for linear and nonlinear MAS, respectively.

1.4 Statement of Contributions

In Chapter 2, the scaled consensus problem for linear discrete-time MAS is investigated

via an event-triggered sliding mode control (SMC) approach subject to unknown exter-

nal bounded disturbance and time-varying state delay. A new event-triggered integral

sliding surface function is introduced to handle the external disturbances. Then, a dis-

tributed event-triggered control method is integrated with SMC to address the energy-

constrained issue in the scaled consensus problem. Subsequently, a sufficient condition

is established to ensure a predefined H∞ performance can be achieved for the underly-

ing system. Furthermore, an event-triggered SMC protocol is developed to guarantee

the state trajectories of all agents approach the dictated scales in the discrete-time MAS.

A numerical example is given to demonstrate the effectiveness of the proposed design

techniques.

Chapter 3 aims to investigate the problem of event-triggered adaptive leaderless con-

sensus control for a class of nonlinear MAS with unknown backlash-like hysteresis.

Combining adaptive backstepping and event-triggered control techniques, a distributed

event-triggered adaptive leaderless consensus controller is designed to compensate for

the effects of unknown backlash-like hysteresis and reduce the update frequency of

control signals. By the proposed method, we can obtain the desired consensus track-

ing, ensure the boundedness of all the signals, and exclude the Zeno behaviour from

the underlying systems. An example of four robotic manipulators is given to show the

effectiveness of the new control design scheme.

Chapter 4 addresses the problem of leader-follower consensus fault-tolerant control for

a class of nonlinear MAS with output constraints. Specifically, a new nonlinear state

transformation function is proposed to deal with the asymmetric constraint on out-

put. Moreover, by integrating backstepping and radial basis function neural networks

(RBFNN) approaches, an adaptive consensus control framework is developed with a

single parameter estimator, which mitigates the computation of the control algorithm

in comparison with a conventional adaptive approximation-based control technique.
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Then, an adaptive compensation method is proposed to eliminate the effect of actuator

failure. Under the proposed control scheme, all the closed-loop signals of the sys-

tems are bounded and the consensus tracking error converges to an adjustable small

neighbourhood of zero. To evaluate the developed control algorithm, a group of four

networked two-stage chemical reactors is used to illustrate the effectiveness of the the-

oretic results obtained.

In Chapter 5, we design an adaptive leader-follower consensus controller for a class of

nonlinear MAS in the presence of time-varying asymmetric output constraints and un-

known control directions. A new state transformation approach is introduced for each

agent to transform the output into an equivalent unconstrained state. An adaptive neu-

ral network-based backstepping control method and a Nussbaum function approach

are integrated to design the leader-follower consensus controller that compensates for

the unknown control directions and guarantees that the consensus tracking error con-

verges to a small compact set. Examples are given to demonstrate the effectiveness of

the proposed new design techniques.

Chapter 6 presents a novel framework of safe consensus control by synthesizing the

linear–quadratic regulator (LQR) and CBF techniques. The nominal LQR consensus

controller is designed by applying a distributed LQR leader-follower consensus control

scheme. Furthermore, a special distributed CBF named zeroing barrier function (ZBF)

is defined by the constraint in terms of the control input signal, which is introduced to

guarantee that the agents can avoid both inter-robot collision and static obstacles. The

synthesis of an optimization-based safe consensus controller is tested on a lab-scale

multi-robot system in an obstructed environment.
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Chapter 2

Event-triggered Consensus
Control for Linear

Multi-agent Systems

2.1 Introduction

Recently, MAS have been widely studied and applied due to their salient features in-

cluding large scales of autonomous agents, distributed control actions, shared commu-

nication networks and scalability of system architecture. In comparison with the ability

of a single agent, MAS have potential applications in various fields, for example, indus-

trial manufacturing, transportation, security surveillance and novel cloud computing.

The main objective of MAS is to accomplish complex tasks cooperatively with a group

of intelligent agents interacting with their neighbouring agents (Cao et al. 2012, Shi and

Yan 2021).

As the core component of MAS, distributed cooperative control has been extensively

examined concentrating on consensus problem. Consensus problem is treated as the

most fundamental and predominant problem in distributed cooperative control. The

aim of addressing consensus problem is to develop a distributed consensus algorithm

in order to ensure all states of agents approach a common value. In many practical

applications, the states of agents are required to reach predefined ratios, such as water

distributed systems, task allocation and web-page-ranking algorithms. Author in the

work (Roy 2015) introduced a novel notion of scaled consensus. The scaled consen-

sus differs from the standard consensus in that the scaled consensus aims to guarantee
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states of all agents to approach assigned ratios instead of a common value. Conse-

quently, the scaled consensus can generalize the standard consensus algorithms cor-

responding to select appropriate scales, namely, bipartite consensus and cluster con-

sensus (Chen et al. 2019). Emerging evidence reveals that the scaled consensus prob-

lem has generated raised interest in distributed cooperative control, in particular, a

necessary and sufficient condition was established (Meng and Jia 2016) to explore the

scaled consensus problems considering time-varying scales and switching networks.

The continuous-time scaled consensus problem is investigated subject to time-varying

communication delay for MAS (Xing and Deng 2018). A sliding mode based scaled

consensus control scheme has been proposed to study H∞ performance of linear MAS

with unknown yet bounded external disturbance (Zhao et al. 2017).

Sliding mode control (SMC) is an effective robust approach to reduce the adverse im-

pact of model uncertainties and unknown external disturbances in control system,

and it has been widely considered by combining with other control techniques due

to its inherent robustness in numerous theoretical and practical engineering systems

(Shtessel et al. 2014). To illustrate, an adaptive SMC strategy was employed to study

switched complex network systems (Li and Chen 2019). A synthesis approach of dy-

namic event-triggered control and sliding mode observer was proposed to derive sta-

bility conditions for time-delayed T-S fuzzy system (Liu et al. 2019). It is proven that

an asynchronous approach (Fang et al. 2021) is implemented to guarantee the stability

and improve dissipative performance of nonlinear Markov jump systems. Moreover,

a self-triggering-based sliding-mode control algorithm was implemented to analyse

stability problem of linear system in the presence of external disturbance (Behera and

Bandyopadhyay 2015). The authors (Wang et al. 2016b) combined terminal SMC and

disturbance observer-based control into a novel combined approach to study finite-

time consensus problem for higher-order MAS. However, by our knowledge, little ef-

fort has been made to investigate the scaled consensus by SMC method, not to mention

event-triggered SMC approach.

Moreover, event-triggered control is a reliable and valid technique for resolving energy-

constrained issue in control system. Due to the event-triggered condition implemented,

control signals only updates once the measurement error exceeds a predefined thresh-

old, which could significantly lower the high-frequency updates of control signals.

Since a unified framework of distributed event-triggered control for MAS was pro-

posed (Dimarogonas et al. 2011), on the basis of this method, abundant event-triggered
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control strategies have been proposed in MAS. Event-triggered consensus problem

was investigated in the presence of model uncertainties and external disturbances for

MAS (Liu and Jia 2019). Therefore, the event-triggered SMC method is worth being

developed to study discrete-time scaled consensus problem in MAS.

Motivated by the preceding literature in addressing scaled consensus problem in MAS,

we study the discrete-time scaled consensus problem subject to time-varying state de-

lay and external disturbance by integrating the SMC approach with an event-triggered

scheme. A new sliding surface function is designed to drive the state trajectories to

reach a predesigned sliding surface. Besides, for implementing the event-triggered

control mechanism, Zeno behavior analysis is inevitable because infinite events are

triggered in a finite time interval, therefore, in this work, it is unnecessary to be con-

sidered since the triggering instants are generated in a discrete manner. Furthermore,

a synthesis SMC controller with the event-triggered control technique is developed to

force the trajectories onto the predefined sliding surface. Finally, a sufficient condition

is obtained to guarantee the robust scaled consensus with a predefined H∞ perfor-

mance adopting linear matrix inequalities (LMIs)-based method.

This chapter is outlined as follows. Some preliminaries on communication topology

and MAS dynamics are introduced in Section 2.2. In Section 2.3, a synthetical event-

triggered SMC protocol for discrete-time MAS is devised to analyse the stability of

scaled consensus problem. In Section 2.4, a simulation example is presented to demon-

strate the effectiveness of the proposed new design technique, and Section 2.5 con-

cludes this chapter.

2.2 Problem Formulation and Preliminaries

2.2.1 Basics of Algebraic Graph Theory

Graphs are denoted as G = {V , E ,A} to represent information exchange among a

cluster of N agents (Godsil and Royle 2013). A graph G is composed of a finite node set

V = {1, 2, ..., N} and a set of edges E , where E ⊆ V × V represents edges of the graph.

A graph with directed or undirected edges names directed or undirected graph, which

indicates the allowed information flow between agents.

Page 13



2.2.2 Multi-agent System Dynamics

For an undirected graph, the weighted adjacency matrix A of the graph {V , E ,A} is

defined such that A = [aij] ∈ RN×N, if (i, j) ∈ E , the edge weight aij = 1, otherwise,

aij = 0. For an undirected graph, aij = aji. Denote D ≜ diag(deg1, ..., degN)i=1,2,...,N,

where degin
i = ∑N

j=1 aij expresses the in-degree of agent i. Consequently, Laplacian

matrix L of graph G is a symmetric positive semi-definite matrix if and only if graph

G is connected, where L = D −A = [lij] ∈ RN×N, lii = ∑N
j=1,i ̸=j wij, and lij = −wij

for i ̸= j. Furthermore, zero is a special eigenvalue of the Laplacian matrix L and

λi(L) denotes the eigenvalue of ith agent in the communication topology of G, where

i ∈ {1, 2, · · · , N} ≜ N . The graph applied in this chapter is undirected.

For a directed graph, the edges E indicate a one-way communication between agent j

and i, which can be expressed by (j, i) ∈ E . The Laplacian matrix L is a key element

of the directed graph. It is defined as L = D −A, where A = [aij] denotes adjacency

matrix with aii = 0, when (j, i) ∈ E , aij = 1, otherwise, aij = 0. For the diagonal

degree matrix D = [dij] ∈ RN×N is the in-degree matrix and its entries are defined as

dii = ∑N
j=1 aij and dij = 0 with i ̸= j. The desired trajectory of a leader agent is defined

as yr, and the diagonal matrix B related to the leader is defined as B = diag[bi, . . . , bN],

where bi = 1 if agent i is able to access the leader, otherwise, bi = 0. In the remaining

chapters of this thesis, directed graphs with a leader are considered for leader-follower

MAS.

2.2.2 Multi-agent System Dynamics

Consider the following discrete-time MAS for N agents with time-varying state delay

and external disturbance. The dynamics of the ith agent is described by:

xi(k + 1) = Axi(k) + Adxi(k − d(k)) + Bui(k) + Dwi(k) (2.1)

where xi(k) ∈ Rn and ui(k) ∈ Rm are the system state and control input, wi(k) ∈ Rp

is the external disturbance input belonging to L2
[
0, ∞

)
, and i ∈ N . A ∈ Rn×n, Ad ∈

Rn×n, B ∈ Rn×m, D ∈ Rn×p are constant matrices with proper dimensions. The time-

varying state delay is d(k) ∈ [0, τM] with an upper bound of d(k) specified as τM,

and the initial condition is defined as xi(k) = ϕ(k), where ϕ(k) is a given function on

[−τM, 0], and for all k ∈ [−τM, 0].
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Definition 2.1. (Roy 2015): The scaled consensus of MAS (2.1) is said to achieve or

reach by the group of N agents to (α1, α2, · · · , αN), if

lim
k→∞

[xi(k)
αi

−
xj(k)

αj

]
= 0

for all i, j ∈ N and for any initial conditions xi(0) ∈ Rn, where scalars α1, α2, · · · , αN are

non-zero constants and indicate the scales of states x1(t), x2(t), · · · , xN(t). Moreover, a

transformation between αi and αj is defined as αij =
αi
αj

, which shows agent i and agent

j could maintain the same scale αij.

Define a controlled output function zi(k) for agent i in MAS (2.1)

zi(k) = xi(k)−
1
N

N

∑
j=1

αijxj(k) (2.2)

Note that zi(k) = 0, if and only if 1
αi

xi(k) = 1
αj

xj(k) holds for all i, j ∈ N , which implies

that the scaled consensus is reached by the group of N agents.

Denote z(k) = [zT
1 (k) zT

2 (k) . . . zT
N(k)]

T ∈ Rn×N, then, (2.2) can be rewritten in a

matrix form as

z(k) = (αLcα−1 ⊗ In)x(k) (2.3)

where the symmetric matrix Lc =
[
lcij

]
∈ RN×N is specified as

lcij =


N−1

N , i = j

− 1
N , i ̸= j,

which satisfies Lc1N = 0. Therefore, the controlled output function z(k) can be em-

ployed to analyse the scaled consensus performance.

To proceed, the following assumptions and lemmas are introduced:

Assumption 2.1. In MAS (2.1), undirected and connected graph G is imposed to model the

communication topology.

Assumption 2.2. The unknown external disturbances are bounded, which represents that

there exits a positive constant scalar ω, so that ∥wi(k)∥ ≤ ω, holds for any k ≥ 0 and i ∈ N .

Lemma 2.1. (Schur’s Complement)

For symmetric matrix F =

[
F11 F12

F21 F22

]
, and F11 ∈ Rm×m, F22 ∈ R(n−m)×(n−m), the

following statements are equivalent:
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(1) F11 − F12F−1
22 FT

12 < 0, F22 < 0;

(2) F22 − FT
12F−1

11 F12 < 0, F11 < 0;

(3) F < 0.

2.3 Event-triggered Sliding Mode Control Framework

2.3.1 Discrete-time Integral Sliding Surface Design

The sliding mode surface function for agent i is designed as follows:si(k) = Mxi(k)− Mxi(0) + bi(k)

bi(k) = bi(k − 1)− σi(k − 1)
(2.4)

where σi(k − 1) is given as

σi(k − 1) =(MA − M)xi(k − 1) + MAdxi(k − d(k − 1)− 1)

+ MBK
N

∑
j=1

aij

(
αijxj(k − 1)− xi(k − 1)

)
bi(0) = 0, M ∈ Rm×n, and the protocol gain matrix K ∈ Rm×n is to be designed later.

Consider the SMC theory, the trajectories of system state xi(k) are steered towards the

predefined sliding surface, hence, the ideal sliding surface for the discrete-time MAS

satisfies

∆si(k) = si(k + 1)− si(k) = 0 (2.5)

Then, we obtain

si(k + 1) = Mxi(k + 1)− Mxi(0) + bi(k)− σi(k) (2.6)

where σi(k) is given as

σi(k) =(MA − M)xi(k) + MAdxi(k − d(k))

+ MBK
N

∑
j=1

aij

(
αijxj(k)− xi(k)

)
Therefore, we have

∆si(k) = MBui(k)− MBK
N

∑
j=1

aij

(
αijxj(k)− xi(k)

)
+ MDwi(k) = 0 (2.7)
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Without loss of generality, M is selected such that MB = I, therefore,the equivalent

SMC law is given by

ueqi(k) = K
N

∑
j=1

aij

(
αijxj(k)− xi(k)

)
− MDwi(k) (2.8)

2.3.2 Design of Event-triggered Communication Scheme

In this work, the MAS dynamics (2.1) with event-triggered control is proposed as:

xi(k + 1) = Axi(k) + Adxi(k − d(k)) + Bui(ki
l) + Dwi(k) (2.9)

for k ∈
[
ki

l, ki
l+1

)
, where ki

l represents the triggering instants for agent i, and ki
l+1 stands

for the next triggering instants. The key idea of event-triggered control is to analyse

when agent i should interact with its neighbours, then, the following calculation of

next triggering instants with event-triggered condition is proposed as

ki
l+1 = inf{k > ki

l | fi(k) > 0} (2.10)

where fi(k) = eT
i (k)Ψei(k)− εxT

i (k)Ψxi(k) with the transmission error ei(k) = xi(ki
l)−

xi(k), the threshold parameter ε ∈ [0, 1), and Ψ is an undetermined positive-definite

weighting matrix. Therefore, from (2.10), we can easily conclude that there is no event

triggered for all k ∈
[
ki

l, ki
l+1

)
, thus, we can obtain

eT
i (k)Ψei(k) ≤ εxT

i (k)Ψxi(k) (2.11)

Therefore, the derived equivalent sliding mode controller considering the event-triggered

control strategy can be rewritten as

ueqi(k) = K
N

∑
j=1

aij

(
αijxj(k

j
l′)− xi(ki

l)
)
− MDwi(k) (2.12)

for k ∈
[
ki

l, ki
l+1

)
, where xj(k

j
l′) represent the latest transmitted states from its neigh-

bouring agent j, and kj
l′ ≜ arg minl′

{
k − kj

l′ | k ≥ kj
l′ , l′ ∈ N

}
.

Substituting the equivalent SMC law (2.12) to (2.9), then the sliding mode dynamics

can be derived as

xi(k + 1) = Axi(k) + Adxi(k − d(k)) + BK
N

∑
j=1

aij

(
αijxj(k

j
l′)− xi(ki

l)
)
+ D̃wi(k) (2.13)
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where D̃ = (In − BM)D.

The above sliding mode dynamics (2.13) with the controlled output function (2.2) is

formulated in a compact form

x(k + 1) = (IN ⊗ A − αLα−1 ⊗ BK)x(k)− (αLα−1 ⊗ BK)e(k)

+ (IN ⊗ Ad)x(k − d(k)) + (IN ⊗ D̃)w(k)

z(k) = (αLcα−1 ⊗ In)x(k)

(2.14)

Define the following model transformations x̃(k) = (α−1 ⊗ In)x(k), ẽ(k) = (α−1 ⊗
In)e(k), z̃(k) = (α−1 ⊗ In)z(k), w̃(k) = (α−1 ⊗ Ip)w(k).

Then from the above transformation, we can obtain

x̃(k + 1) = (IN ⊗ A − L ⊗ BK)x̃(k)− (L ⊗ BK)ẽ(k)

+ (IN ⊗ Ad)x̃(k − d(k)) + (IN ⊗ D̃)w̃(k)

z̃(k) = (Lc ⊗ In)x̃(k)

(2.15)

Denote x(k) = x̃(k)− 1N ⊗ (
N
∑

j=1
xj(k)) = (Lc ⊗ In)x̃(k), similarly, e(k) = (Lc ⊗ In)ẽ(k),

note that Lc1N = 0N and L1N = 0N. Then we can obtain

x(k + 1) = (Lc ⊗ A − LcL ⊗ BK)x(k)− (LcL ⊗ BK)ẽ(k)

+ (Lc ⊗ Ad)x(k − d(k)) + (Lc ⊗ D̃)w̃(k)

z̃(k) = (Lc ⊗ In)x(k)

(2.16)

By considering Assumption 1, an orthogonal matrix U = [U1, U2] ∈ RN×N with U2 =
1N√

N
exists for further analysis, we can obtain

UT LcU = UTU − 1
N

UT1N1T
NU =

[
IN−1 0N−1

∗ 0

]
= Lc

Since L ∈ RN×N is the Laplacian matrix of undirected communication topology, then

UTLU =

[
L1 0N−1

∗ 0

]
= L

where L1 ∈ R(N−1)×(N−1) is a positive-definite matrix with nonzero eigenvalues.

Define the following orthogonal transformation, inspired by (Liu and Jia 2012, Liu and

Jia 2019):
x̂(k) = (UT ⊗ In)x(k) = col{x̂1(k), x̂2(k)}

ê(k) = (UT ⊗ In)ẽ(k) = col{ê1(k), ê2(k)}

ŵ(k) = (UT ⊗ In)w̃(k) = col{ŵ1(k), ŵ2(k)}

ẑ(k) = (UT ⊗ In)z̃(k) = col{ẑ1(k), ẑ2(k)}
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Thus, we have

x̂(k + 1) = (Lc ⊗ A − LcL⊗ BK)x̂(k)− (LcL⊗ BK)ê(k)

+ Lc ⊗ Ad)x̂(k − d(k)) + (Lc ⊗ D̃)ŵ(k)

ẑ(k) = (Lc ⊗ In)x̂(k)

(2.17)

Note that the last rows of matrices Lc and L are both 0N, by implementing the above

orthogonal transformation, the order of (2.17) can be reduced as the following system

x̂1(k + 1) = (IN−1 ⊗ A − L1 ⊗ BK)x̂1(k)− (L1 ⊗ BK)ê1(k)

+ (IN−1 ⊗ Ad)x̂1(k − d(k)) + (IN−1 ⊗ D̃)ŵ1(k)

ẑ1(k) = x̂1(k)

(2.18)

2.3.3 Scaled Consensus Performance Analysis

Based on the above event-triggered SMC analysis, the following theorem is derived

for analysing the scaled consensus performance with a predetermined H∞ disturbance

attenuation index γ.

Theorem 2.1. For the reduced-order system (2.18), given positive scalars γ > 0, 0 ≤ ε < 1,

and τM > 0, there exist positive-definite matrices P̃ > 0, Q̃ > 0, R̃ > 0, Z̃ > 0, and Φ̃ > 0

such that the following series linear matrix inequalities (LMIs)

Φ̃ ≜



Υ̃11 Z̃ 0 0 0 P̃ P̃AT − λiFTBT P̃AT − λiFTBT − P̃

⋆ Υ̃22 Z̃ 0 0 0 P̃AT
d P̃AT

d

⋆ ⋆ Υ̃33 0 0 0 0 0

⋆ ⋆ ⋆ Υ̃44 0 0 λiFTBT λiFTBT

⋆ ⋆ ⋆ ⋆ −γ2 I 0 D̃T D̃T

⋆ ⋆ ⋆ ⋆ ⋆ −I 0 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ −P̃ 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ τ−2
M (Z̃ − 2P̃)


< 0

(2.19)

hold for i = 1 and i = N − 1.

where

P̃ = P−1, FT = P̃KT, D̃ = D − BMD
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Q̃ = P̃QP̃, R̃ = P̃RP̃, Z̃ = P̃ZP̃, Ψ̃ = P̃ΨP̃,

Υ̃11 ≜ −P̃ + Q̃ + R̃ − Z̃ + εΨ̃,

Υ̃22 ≜ −Q̃ − 2Z̃, Υ̃33 ≜ −Z̃ − R̃, Υ̃44 ≜ −Ψ̃,

Therefore, the reduced-order MAS (2.18) can achieve asymptotically stabilisation with a pre-

determined H∞ performance.

Proof. Firstly, the asymptotically stability condition for the reduced-order MAS in (18)

with ŵ1(k) = 0 is investigated. Take the following Lyapunov-Krasovskii functions:

V(k) = V1(k) + V2(k) + V3(k) + V4(k) (2.20)

where
V1(k) ≜ x̂1T(k)P x̂1(k)

V2(k) ≜
k−1

∑
s=k−d(k)

x̂1T(s)Qx̂1(s)

V3(k) ≜
k−1

∑
s=k−τM

x̂1T(s)Rx̂1(s)

V4(k) ≜ τM

−1

∑
s=−τM

k−1

∑
q=k+s

ηT(q)Zη(q)

η(q) ≜ x̂1(q + 1)− x̂1(q)

where

P = IN−1 ⊗ P > 0, Q = IN−1 ⊗ Q > 0

R = IN−1 ⊗ R > 0, Z = IN−1 ⊗ Z > 0

are positive-definite matrices to be determined later.

Thus, the increment of V(k) can be computed as

△V(k) = △V1(k) +△V2(k) +△V3(k) +△V4(k)

where
△V1(k) = x̂1T(k + 1)P x̂1(k + 1)− x̂1T(k)P x̂1(k)

△V2(k) = x̂1T(k)Qx̂1(k)− x̂1T(k − d(k))Qx̂1(k − d(k))

△V3(k) = x̂1T(k)Rx̂1(k)− x̂1T(k − τM)Rx̂1(k − τM)

△V4(k) = τ2
MηT(k)Zη(k)− τM

k−1

∑
s=k−τM

ηT(s)Zη(s)
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For estimating the second term of △V4(k), we obtain

−τM

k−1

∑
s=k−τM

ηT(s)Zη(s) = −τM

k−d(k)−1

∑
s=k−τM

ηT(s)Zη(s)− τM

k−1

∑
s=k−d(k)

ηT(s)Zη(s) (2.21)

According to Jensen’s inequality, for the first term in (2.21), we can derive

− τM

k−d(k)−1

∑
s=k−τM

ηT(s)Zη(s) ≤ −(τM − d(k))
k−d(k)−1

∑
s=k−τM

ηT(s)Zη(s)

=

[
k−d(k)−1

∑
s=k−τM

ηT(s)

]
Z
[

k−d(k)−1

∑
s=k−τM

η(s)

]
≤
[

k−d(k)−1

∑
s=k−τM

η(s)

]T

Z
[

k−d(k)−1

∑
s=k−τM

η(s)

] (2.22)

Similarly, for the second term in (2.21), we can calculate

− τM

k−1

∑
s=k−d(k)

ηT(s)Zη(s) ≤ −d(k)
k−1

∑
s=k−d(k)

ηT(s)Zη(s)

=

[
k−1

∑
s=k−d(k)

ηT(s)

]
Z
[

k−1

∑
s=k−d(k)

η(s)

]
≤
[

k−1

∑
s=k−d(k)

η(s)

]T

Z
[

k−1

∑
s=k−d(k)

η(s)

] (2.23)

Consider the event-triggered conditions in (2.10), for any k ∈ [kl, kl+1), it satisfies that

E(k) = εx̂1T(k)Ψx̂1(k)− ê1T(k)Ψê1(k) ≥ 0 (2.24)

Then,

△V(k) ≤ △V(k) + E(k) = ξT(k)Φ1ξ(k) (2.25)

where

ξ(k) ≜ [x̂1T(k) x̂1T(k − d(k)) x̂1T(k − τM) ê1T(k)]T

Φ1 ≜



Υ11 Z 0 0 ÂT − B̂T ÂT − B̂T − I

⋆ Υ22 Z 0 ÂT
d ÂT

d

⋆ ⋆ Υ33 0 0 0

⋆ ⋆ ⋆ Υ44 B̂T B̂T

⋆ ⋆ ⋆ ⋆ −P−1 0

⋆ ⋆ ⋆ ⋆ ⋆ τ−2
M Z−1


Â = IN−1 ⊗ A, Âd = IN−1 ⊗ Ad, B̂ = L1 ⊗ BK,

FT = P−1KT, Υ11 ≜ −P +Q+R−Z + ε(IN−1 ⊗ Ψ),

Υ22 ≜ −Q− 2Z , Υ33 ≜ −Z −R, Υ44 ≜ −IN−1 ⊗ Ψ
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2.3.3 Scaled Consensus Performance Analysis

Since L1 ∈ R(N−1)×(N−1) is a positive-definite matrix, an orthogonal matrix T exists

with TT L1T ≜ diag{˘1, ˘2, . . . , ˘N−1}, where λi are the eigenvalues of L1. Then pre-

multiplying and post-multiplying the matrix Φ2 with T̃T = diag{I8 ⊗ (TT ⊗ I)} and T̃,

therefore, matrix Φ1 can be rewritten with a series of matrices as follows

Φ2 ≜



Υ11 Z 0 0 AT − λiKTBT AT − λiKTBT − I

⋆ Υ22 Z 0 AT
d AT

d

⋆ ⋆ Υ33 0 0 0

⋆ ⋆ ⋆ Υ44 λiKTBT λiKTBT

⋆ ⋆ ⋆ ⋆ 0 0

⋆ ⋆ ⋆ ⋆ −P−1 0

⋆ ⋆ ⋆ ⋆ ⋆ τ−2
M Z−1


Υ11 ≜ −P + Q + R − Z + εΨ, Υ22 ≜ −Q − 2Z,

Υ33 ≜ −Z − R, Υ44 ≜ −Ψ

Moreover, notice that

0 ≤ (P − Z)Z−1(P − Z) = PZ−1P − P − P + Z

which implies

−PZ−1P ≤ Z − 2P

Then, we have

Φ3 ≜



Υ11 Z 0 0 ATP − λiKTBTP ATP − λiKTBTP − P

⋆ Υ22 Z 0 AT
d P AT

d P

⋆ ⋆ Υ33 0 0 0

⋆ ⋆ ⋆ Υ44 λiKTBTP λiKTBTP

⋆ ⋆ ⋆ ⋆ 0 0

⋆ ⋆ ⋆ ⋆ −P 0

⋆ ⋆ ⋆ ⋆ ⋆ τ−2
M (Z − 2P)


Therefore,

Φ2 ≤ Φ3

It follows from Theorem 1 that Φ̃ < 0 in (2.19) can guarantee Φ3 < 0 by applying

Schur’s complement lemma, which implies that △V(k) < 0. Therefore, the reduced-

order MAS in (2.18) with ŵ1(k) = 0 is asymptotically stable.
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Secondly, considering the ŵ1(k) ̸= 0 scenario under zero initial condition, the reduced-

order MAS in (2.18) holds for all non-zero ŵ1(k) ∈ L2
[
0, ∞

)
with guaranteed H∞

performance that ∥∥∥ẑ1(k)
∥∥∥

2
< γ

∥∥∥ŵ1(k)
∥∥∥

2

Then, establishing the following index for all k ∈ [kl, kl+1):

F (k) ≜ ξT(k)Φξ(k) + ẑ1T(k)ẑ1(k)− γ2ŵ1T(k)ŵ1(k) (2.26)

By implementing the same stability analysis method as above, we can achieve

F (k) ≤ ζT(k)Φ4ζ(k)

where ζ(k) ≜ [x̂1T(k) x̂1T(k − d(k)) x̂1T(k − τM) ê1T(k) ŵ1T(k)]T

Φ4 ≜



Υ11 Z 0 0 0 I ATP − λiKTBTP ATP − λiKTBTP − P

⋆ Υ22 Z 0 0 0 AT
d P AT

d P

⋆ ⋆ Υ33 0 0 0 0 0

⋆ ⋆ ⋆ Υ44 0 0 λiKTBTP λiKTBTP

⋆ ⋆ ⋆ ⋆ −γ2 I 0 D̃T D̃T

⋆ ⋆ ⋆ ⋆ ⋆ −I 0 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ −P 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ τ−2
M (Z − 2P)


with

D̃ = D − BMD

By applying Schur’s complement lemma, Φ4 < 0 guarantees Φ3 < 0, then we can

guarantee

△V(k) + ẑ1T(k)ẑ1(k)− γ2ŵ1T(k)ŵ1(k) < 0 (2.27)

In order to derive a stabilising equivalent controller gain K, let P̃ ≜ P−1, FT ≜ P̃KT, Q̃ ≜

P̃QP̃, R̃ ≜ P̃RP̃, Z̃ ≜ P̃ZP̃, Ψ̃ = P̃ΨP̃, Υ̃11 ≜ −P̃ + Q̃ + R̃ − Z̃ + εΨ̃, Υ̃22 ≜

−Q̃ − 2Z̃, Υ̃33 ≜ −Z̃ − R̃, Υ̃44 ≜ −Ψ̃, then pre-multiplying and post-multiplying

Φ4 by a diagonal matrix diag(I4 ⊗ P−1, I, I, P−1, P−1) and diag(I4 ⊗ P−1, I, I, P−1, P−1),

respectively. Therefore, Φ4 is equivalent to Φ̃.

Finally,

Φ4 ≤ Φ̃ < 0
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2.3.4 Sliding Mode Control Protocol Synthesis

Note that for the series LMIs in Φ̃, we only investigate the smallest λ1 and largest

λN−1 eigenvalues of L1 associated with LMIs in Φ̃ because of the convex property of

LMIs. From the above proof, we can conclude that the reduced-order MAS (2.18) is

asymptotically stable. Furthermore, the reduced-order MAS is equivalent to the MAS

(2.1). To sum up, the MAS in (2.1) can achieve the scaled consensus with a prescribed

H∞ performance level γ. Therefore, the proof is completed.

Remark 2.1. Note that by Theorem 1, the linear matrix inequalities in (2.19) with the smallest

λ1 and largest λN−1 eigenvalues of L1 can be solved by existing techniques, which convey the

H∞ scaled consensus problem subject to unknown external bounded disturbance and time-

varying state delay in system (2.1) is theoretically feasible. The next step is to design an event-

triggered sliding mode controller so that the state trajectories of system (2.1) can be maintained

on a predefined sliding surface.

2.3.4 Sliding Mode Control Protocol Synthesis

In this section, the integral sliding mode controller is designed and the sliding mode

stability analysis is manifested for the scaled consensus problem.

Specifically, the design of integral sliding mode controller contains an equivalent con-

trol law and a nonlinear switching control law to tolerate disturbances or system un-

certainties, accordingly, the overall sliding mode controller is designed as follows

Theorem 2.2. For the MAS described in (2.1) along with the sliding surface function designed

in (2.4), the event-triggered sliding mode controller in (2.28) is proposed, then state trajectories

will be steered to arrive the predefined sliding manifold in finite time.

ui(k) = K
N

∑
j=1

aij

(
αijxj(k

j
l′)− xi(ki

l)
)
− Ωsi(k)− ρi · sat (si(k)) (2.28)

where ρi = ω ∥MD∥ and for all k ∈
[
ki

l, ki
l+1

)
, sat(·) is a saturation function expressed by

sat (si(k)) =

si(k)/φ, ∥si(k)∥ ≤ φ

sign(si(k)), ∥si(k)∥ > φ.

Furthermore, the sliding mode surface function attached event-triggered scheme is derived assi(k) = Mxi(ki
l)− Mxi(0) + bi(ki

l)

bi(ki
l) = bi(ki

l−1)− σi(ki
l−1)

(2.29)
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where σi(ki
l−1) is given as

σi(ki
l−1) = (MA− M)xi(ki

l−1)+ MAdxi(ki
l−1 − d(k))+ MBK

N

∑
j=1

aij

(
αijxj(ki

l−1)− xi(ki
l−1)

)
and ki

l−1 is the last event-triggering time instant.

Proof. The following Lyapunov function is selected:

Vi(k) =
1
2

sT
i (k)si(k)

From the derived sliding mode surface function in (2.29), we have

∆si(k) = si(k + 1)− si(k)

= ui(k) + MDwi(k)− K
N

∑
j=1

aij

(
αijxj(k)− xi(k)

)
= MDwi(k)− Ωsi(k)− ρi · sat (si(k))

Then, deducing the increment of Vi(k) and considering the event-triggered SMC law

in (2.28) and ∆si(k), we obtain

∆Vi(k) = Vi(k + 1)− Vi(k)

= sT
i (k)∆si(k) +

1
2

∆sT
i (k)∆si(k)

= sT
i (k)[MDwi(k)− ρi · sat (si(k))]− sT

i (k)Ωsi(k) +
1
2

∆sT
i (k)∆si(k)

≤ −sT
i (k)Ωsi(k) +

1
2

∆sT
i (k)∆si(k) +

∥∥∥sT
i (k)

∥∥∥ ∥MD∥ ∥wi(k)∥ − sT
i (k)ρi · sat (si(k))

≤ −sT
i (k)Ωsi(k) +

1
2

∆sT
i (k)∆si(k) +

∥∥∥sT
i (k)

∥∥∥ ρi − sT
i (k)ρi · sat (si(k))

According to the saturation function sat (si(k)), we derive that if ∥si(k)∥ ≤ φ, with the

designed controller (2.28), we obtain

∆Vi(k) ≤− sT
i (k)Ωsi(k) +

1
2

∆sT
i (k)∆si(k) + ρi

(
∥si(k)∥ − ∥si(k)∥2 /φ

)
≤− sT

i (k)Ωsi(k) +
1
2

∆sT
i (k)∆si(k)

If ∥si(k)∥ > φ, with the designed controller (28), we obtain

∆Vi(k) ≤ −sT
i (k)Ωsi(k) +

1
2

∆sT
i (k)∆si(k)
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Therefore, Ω is a positive-definite matrix to be designed appropriately, which can guar-

antee that ∆Vi(k) < 0.

Then, the sliding surface function can be limited within a bounded manifold with an

equilibrium point. Finally, the state trajectories of the MAS in (2.1) can be maintained

on the sliding surface with the event-triggered sliding mode controller in (2.28). The

proof is completed.

Remark 2.2. The proposed event-triggered SMC algorithm with a new sliding mode surface

can steer the state trajectories to the desired equilibrium point and chattering reduction as

well as easily extend to address matched and mismatched disturbances. In order to verify the

efficiency of proposed approach, an illustrative example is provided in the following section.

2.4 Simulation Results

The effectiveness of this proposed event-triggered sliding mode method in this chap-

ter is verified by the following two-stage chemical reactors with delayed streams, see

(Li et al. 2020). A group of 6 two-stage chemical reactors consisting of MAS (2.1) is

modelled as follows:

ẋi =

[
− 1

θ1
− k1

1−R2
V1

0 − 1
θ2
− k2

]
xi +

[
0 0
R1
V2

R2
V2

]
xi(t − d(t)) +

[
0
F2
V2

]
ui +

[
δ1

δ2

]
wi(t) (2.30)

where xi = [xi1, xi2]
T is the state, xi1 and xi2 are compositions, ui is the control input,

d(t) is the bounded unknown time-varying delay, θm indicate reactor residence times,

Rm represent recycle flow rates, km are reaction constants, Fm mean the feed rates, Vm

are reactor volumes and δm denote the amplitudes of the external disturbances wi(t)

with i = 1, · · · , 6 and m = 1, 2.

To perform our design, we select θ1 = 10, θ2 = 4, k1 = 19, k2 = 17, R1 = 0.5 R2 = 0.3,

V1 = 0.1, V2 = 0.5, Fi = 0.6, δ1 = 0.5, δ2 = 0.9, and apply the first-order Taylor

expansion with the sampling period T = 0.1s, thus, the model of (2.30) is discretised

as

xi(k+ 1) =

[
−0.91 0.65

0 −0.73

]
xi(k)+

[
0 0

0.1 0.06

]
xi(k− d(k))+

[
0

0.12

]
ui(k)+

[
0.05

0.09

]
wi(k)

(2.31)
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where d(k) = | sin(k)| is the time-varying state delay with upper bound τM = 1, and

the external disturbances are defined as wi1(t) = | sin(k)| and wi2(t) = | cos(k)|, re-

spectively.

Moreover, the graph G models the communication topology of MAS (2.31) with 6 two-

stage chemical reactors, which is illustrated in Fig. 2.1. The corresponding Laplacian

matrix L is

L =



2 −1 0 0 0 −1

−1 2 −1 0 0 0

0 −1 2 −1 0 0

0 0 −1 2 −1 0

0 0 0 −1 2 −1

−1 0 0 0 −1 2



1 2 3

456

Figure 2.1. Communication topology of multi-agent system.
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Figure 2.2. State errors of scaled consensus of 6 agents with event-triggered scheme.
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(a) Trajectories of zi1, i = 1, 2, . . . , 6.
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(b) Trajectories of zi2, i = 1, 2, . . . , 6.

Figure 2.3. Controlled output trajectories.

Figure 2.4. Event-based release instants ki
l of agents.

The designed controller output function zi(k) is described as

zi(k) = xi(k)−
1
6

6

∑
j=1

αijxj(k) (2.32)

In this case, the state trajectories of zi(k) under the event-triggered sliding mode scheme

are depicted in Fig. 2.3. For the scaled consensus problem in MAS (2.31), the scaled

scalars are selected as αi = {0.5, 0.8, 0.4, 0.3, 0.6, 0.9}. The initial conditions of each

agent are randomly selected within [−1, 1]. The threshold parameter of event-triggered

condition is given as ε = 0.8. Then, by solving the corresponding LMIs in(2.19), and

considering the above given parameters, the controller gain matrix is computed as
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Figure 2.5. State errors of scaled consensus with 6 agents without event-triggered scheme.
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(a) Trajectories of zi1, i = 1, 2, . . . , 6.
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(b) Trajectories of zi2, i = 1, 2, . . . , 6.

Figure 2.6. Controlled output trajectories without event-triggered scheme.

K =
[
−0.3525 0.1705

]
and the minimal H∞ disturbance attenuation index is γ = 0.17.

Consequently, Figs 2.2-2.4 can be obtained by deploying the event-triggered sliding

mode controller in (2.28). Fig. 2.2 indicates the state errors of the six agents which

demonstrates the reachability of scaled consensus of MAS, and Fig. 2.4 shows the

event-based release instants for each agent. Comparison with Figs. 2.5 and 2.6 shows

the later reaches the scaled consensus with faster convergence speed. However, from

Figs 2.2-2.4, transmitted states are significantly degraded from the desired scaled con-

sensus performance. Therefore, the simulation results conclude that the closed-loop

MAS presented in this work is robust stable and the discrete-time scaled consensus
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problem in the presence of the state time-varying delay and external bounded distur-

bance is solvable.

2.5 Chapter Summary

In this chapter, we have studied the discrete-time scaled consensus problem subject to

the time-varying state delay and bounded external disturbance in MAS. The integral

SMC method is employed to handle the external disturbance and improve the robust-

ness of MAS. Then, a feasible solution to the limited energy issue in the scaled con-

sensus problem is introduced, which is the event-triggered control scheme. Under the

proposed event-triggered SMC strategy, the discrete-time scaled consensus problem

is converted into a stability analysis problem of a reduced-order MAS. Sufficient con-

ditions are presented for the system to guarantee that a minimised H∞ performance

index is satisfied. A practical example is presented to show the effectiveness of the

developed new design method in term of the event-triggered SMC. Future research

direction includes considering this framework with an online optimization problem

rather than solving LMIs offline, which can achieve an online optimal solution and

does not require the entire input in advance.
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Chapter 3

Event-triggered Consensus
Control for Nonlinear
Multi-agent Systems

3.1 Introduction

A distributed consensus controller aims to steer the state of all agents to approach a

common goal by only requiring local interactions among the adjacent agents. Due

to the introduction of a distributed controller and local information exchange, each

subsystem lacks information on the system parameters and external disturbances. For

this reason, the consensus problem involving parametric uncertainties and unknown

external disturbances are typically challenging to study.

Hysteresis nonlinearities are incorporated in many physical devices, materials and sys-

tems, such as electrical relays, memory metal, mechanical actuators. The ubiquitous

effects of hysteresis nonlinearities often degrade the performance of control systems

and it can be mathematically complicated to investigate. There are two different meth-

ods to deal with the impact of unknown hysteresis. The first technique is to cancel the

hysteresis impacts in controller design by constructing an inverse model of hystere-

sis (Rakotondrabe 2010, Zhou et al. 2012). Another method is to model the hysteresis

by a differential equation, then treat the hysteresis effects as a bounded disturbance

(Chen et al. 2013a). Although the ubiquitous influences of hysteresis phenomenon

present in uncertain nonlinear systems, the results of consensus control with unknown

hysteresis are still very limited in nonlinear MAS. Therefore, leaderless consensus con-

trol problem with unknown backlash-like hysteresis is worth investigating.
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Adaptive backstepping control (Krstic et al. 1995, Zhou and Wen 2008) is a promising

technique to design distributed controller and handle parametric uncertainties for un-

certain nonlinear MAS, see e.g. (Wang et al. 2020c). The authors (Huang et al. 2017)

presented a smooth distributed adaptive controller to resolve the high-order nonlin-

ear leader-following consensus problem considering unknown parameters and un-

certain external disturbances. Adaptive command filtered strategy based on adap-

tive backstepping (Shen and Shi 2015) was employed to ensure the leader-following

consensus tracking errors are semi-globally bounded. The output leader-following

consensus tracking is asymptotically achieved depending upon locally available in-

teractions and involving mismatched unknown parameters and external disturbances

(Wang et al. 2017c). A similar distributed adaptive consensus control algorithm with

a new Nussbaum-type function (Huang et al. 2018a) was exploited to tackle unknown

control directions problem for nonlinear MAS. The problems of unknown control di-

rections and backlash-like hysteresis for nonlinear MAS under undirected communica-

tion topology were addressed by adaptive neural networks control method (Chen et al.

2016).

Noted that the above consensus control algorithms are all developed based on a com-

mon assumption that the information from one agent towards its neighbours is trans-

mitted continuously and control signals update frequently or at periodic sampling

instants. Continuous information exchange between agents and frequent controller

updating increase communication effort and energy usage, which may cause unnec-

essary communication and computing resources consumption. Event-triggered com-

munication mechanism has been developed as an effective method to reduce commu-

nication among agents and controller updates frequency considerably during event

intervals as well as maintain a desired system performance. In MAS, events are asyn-

chronously generated since distinct event-triggered conditions are embedded in the

corresponding subsystems (Dimarogonas et al. 2011), which makes theoretical anal-

ysis of nonlinear MAS more complicated. The linear leader-following and leaderless

consensus problems with external disturbances are investigated by a distributed event-

based consensus controller (Xing et al. 2016). The adaptive backstepping based fuzzy

event-triggered control algorithm is developed to resolve the consensus tracking prob-

lem, which reaches the consensus and saves the computation resources (Li et al. 2018).

A distributed consensus controller based on a fixed threshold event-triggered strategy

is constructed to deal with the difficulty of intermittent actuator faults for nonlinear
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MAS (Wang et al. 2020d). Accordingly, frequently control signals updating and un-

known backlash nonlinearity escalate the level of difficulty in theoretical analysis and

limit the outcomes of event-triggered leaderless consensus control problem for nonlin-

ear MAS.

Motivated by the above observation, we explore the event-triggered leaderless consen-

sus tracking problem with unknown backlash-like hysteresis for MAS. Most consen-

sus schemes require the global information of a predetermined leader or exosystem,

which decreases the degree of autonomy in MAS. On the contrary, leaderless con-

sensus can be reached without a predefined global exosystem. Moreover, an auxil-

iary system represented by local information interactions is introduced to overcome

the barrier brought by the asymmetric semi-definite positive Laplacian matrix. Like-

wise, an event-triggered strategy based on a dynamic threshold is proposed to achieve

considerable reduction of controller update. The designed event-triggered adaptive

leaderless consensus control protocol is applicable to improve the leaderless consen-

sus tracking performance of the nonlinear MAS by compensating for impact of the

unknown backlash-like hysteresis. Moreover, the controller can ensure the leaderless

consensus tracking error asymptotically converges to zero. An example is given to

show the effectiveness of the new control design method.

The reminder of the chapter is as follows. Section 3.2 presents problem formula-

tion and preliminaries. Event-triggered adaptive leaderless consensus controller is de-

signed in Section 3.3. In Section 3.4, the tracking performance of leaderless consensus

control is evaluated. A group of four robotic manipulators is used in Section 3.5 to

verify the new control scheme and Section 3.6 summarises this study.

3.2 Problem Formulation

A set of N nonlinear agents are modelled as

ẋi,q = xi,q+1 + φi,q(x̄i,q)
Tθi

ẋi,n = biui(ω) + φi,n(xi)
Tθi + di(t)

yi = xi,1

(3.1)

where x̄i,q = (xi,1, . . . , xi,q), for i = 1, . . . , N and q = 1, . . . , n − 1. The function φi,j is

known nonlinear function for j = 1, . . . , n, and yet θi ∈ Rqi represents a column vector
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Figure 3.1. Backlash-like hysteresis curve for each agent..

of unknown parameters. xi = [xi,1, . . . , xi,n]
T ∈ Rn are system states. ui, yi ∈ R are the

inputs and system outputs.

The control gain bi is a vector of non-zero constants, di(t) denotes the unknown time-

varying bounded disturbances, and ui(ω) indicates the backlash-like hysteresis type of

nonlinearity impacts on actuators. The dynamics of backlash-like hysteresis is defined

by

dui

dt
= ai

∣∣∣∣dωi

dt

∣∣∣∣ (ciωi − ui) + Hi
dωi

dt
(3.2)

where Hi, ai and ci are constants, ci represents the gradient of the lines and the ci > Hi

holds. According to the results (Su et al. 2000), the solution of (3.2) can be obtained as

ui(t) =ciωi(t) + gi(ω)

gi(ω) = [ui(0)− ciωi(0)] e−ai(ωi−ωi(0))sgn(ω̇i)

+ e−aiωisgn(ω̇i)
∫ ωi

ωi(0)
[Hi − ci] eaiξ(sgn(ω̇i))dξ

(3.3)

The solution implies that backlash-like hysteresis type of nonlinearities can be mod-

elled by (3.2) as illustrated in Figure 3.1. The parameters are given as a1 = a2 = 1, c1 =

3.2, c2 = 4.5, H1 = 0.35 and H2 = 0.6, the input signals are set as ω1(t) = 6.4 sin(2.4t)

and ω2(t) = 3.5 sin(1.5t), and the initial condition ui(0) = 0. From Figure 3.1, gi(ω) is

bounded but the bound is unknown.
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Next, we substitute the structure of solution (3.3) for the control input ui(ω), the un-

certain nonlinear MAS (3.1) are restructured as

ẋi,q = xi,q+1 + φi,q(x̄i,q)
Tθi, q = 1, . . . , n − 1

ẋi,n = βiωi(t) + φi,n(xi)
Tθi + bigi(ω) + di(t)

yi = xi,1

(3.4)

where βi = bici and ci > 0 for i = 1, . . . , N.

Our objective in this chapter is to design distributed event-triggered adaptive leaderless con-

sensus control such that all the signals from system (2.1) are bounded, while guaranteeing the

consensus tracking errors asymptotically tend to zero.

To develop our main results in the next section, we introduce the following assump-

tions:

Assumption 3.1. (Ren et al. 2007) The directed communication graph G is strongly con-

nected, which implies that the Laplacian matrix L consists of a zero eigenvalue and the remain-

ing eigenvalues locating in the open right half-plane.

Assumption 3.2. The unknown time-varying disturbance di(t) is bounded by Di, where Di

is an unknown constant satisfying |di(t)| ≤ Di.

Assumption 3.3. The sign of parameter bi is known and bi ̸= 0.

Lemma 3.1. (Ren et al. 2009) The hyperbolic tangent function tanh(·) with a given positive

function η(t) > 0 and λ ∈ R satisfies the following inequality:

0 ≤ |λ| − λ tanh(
λ

η(t)
) ≤ κε (3.5)

where κ represents a positive constant satisfying κ = e−(κ+1), which obtains κ = 0.2785.

Remark 3.1. Leader-following consensus algorithms are designed (Shi and Shen 2017, Huang et al.

2018b), specifically, the desired trajectories are described by leaders or exosystems which bring

additional assumption that the leader knowledge and its n-th order derivatives are accessible

to all subsystems. Second, the establishment of leaders could lower the degree of autonomy in

numerous practical applications. Conversely, the leaderless consensus control is an alternative

to avoid adding exosystems and decreasing the degree of autonomy.

Remark 3.2. Unlike assumptions on nonlinear functions under the Lipschitz-like or global

Lipschitz conditions (Zheng et al. 2019, Niu et al. 2017b), the nonlinear functions φi,j(xi)
Tθi

constructed in (3.1) help eliminate the assumptions, which ensures that system model (3.1)

can represent the majority of practical applications.
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3.3 Event-triggered Controller Design

An adaptive backstepping approach is implemented to construct the event-triggered

adaptive leaderless consensus controller. To start, we introduce the following auxiliary

system

żi =−
N

∑
j=1

ai,j(yi − yj), i = 1, . . . , N (3.6)

Let the leaderless consensus tracking error variables ei,1 and ei,q be

ei,1 =xi,1 − zi

ei,q =xi,q − αi,q−1, q = 2, . . . , n
(3.7)

where αi,q−1, i = 1, . . . , N are virtual control laws and zi represents the auxiliary system

states. The adaptive backstepping control design procedure consists of n steps.

Step 1: From (3.7), the derivative of the leaderless consensus tracking error ei,1 is de-

rived as

ėi,1 =ei,2 + αi,1 + φT
i,1θi − żi (3.8)

Then, selecting the virtual controller αi,1 as follows:

αi,1 = −k1ei,1 − φT
i,1θ̂i + żi (3.9)

where k1 is a positive prescribed parameter, θ̂i denotes the parameter estimation of θi

for the ith agent. Substituting (3.6) and (3.7) into (3.8), we obtain

ėi,1 =ei,2 − k1ei,1 + φT
i,1θ̃i (3.10)

The Lyapunov function is selected as

V1 =
1
2

N

∑
i=1

e2
i,1 +

1
2

N

∑
i=1

θ̃T
i Γ−1

i θ̃i (3.11)

where θ̃i = θi − θ̂i, Γi is a positive definite matrix. Then, the resulting V̇1 is

V̇1 =
N

∑
i=1

ei,1ėi,1 −
N

∑
i=1

θ̃T
i Γ−1

i
˙̂θi

=−
N

∑
i=1

k1e2
i,1 +

N

∑
i=1

ei,1ei,2 +
N

∑
i=1

θ̃T
i Γ−1

i

(
Γiτi,1 − ˙̂θi

) (3.12)
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We select the adaptive law for ˙̂θi as

˙̂θi = Γiτi,1, τi,1 = ei,1φi,1 (3.13)

where τi,1 is the first tuning function.

Step 2: We derive the second error variable as

ei,2 = xi,2 − αi,1 (3.14)

so the ei,2 dynamics can be derived

ėi,2 =ẋi,2 − α̇i,1

=ei,3 + αi,2 +

(
φi,2 −

∂αi,1

∂xi,1
φi,1

)T
θi −

∂αi,1

∂xi,1
xi,2

− ∂αi,1

∂θ̂i

˙̂θi −
N

∑
j=1

aij
∂αi,1

∂xj,1

(
xj,2 + φT

j,1θj

) (3.15)

Thus, the virtual controller αi,2 is given by

αi,2 =− ei,1 − k2ei,2 −
(

φi,2 −
∂αi,1

∂xi,1
φi,1

)T
θ̂i +

∂αi,1

∂xi,1
xi,2

+
N

∑
j=1

aij
∂αi,1

∂xj,1

(
xj,2 + φT

j,1θ̂ij

)
+

∂αi,1

∂θ̂i
Γiτi,2

(3.16)

where k2 is a positive design constant, and the second tuning function τi,2 is deter-

mined as

τi,2 = τi,1 +

(
φi,2 −

∂αi,1

∂xi,1
φi,1

)
ei,2 (3.17)

Substituting the virtual controller αi,2 into (3.15), the ei,2 dynamics can be derived as

ėi,2 =− ei,1 − k2ei,2 + ei,3 +

(
φT

i,2 −
∂αi,1

∂xi,1
φT

i,1

)
θ̃i

−
N

∑
j=1

aij
∂αi,1

∂xj,1
φT

j,1θ̃i,j +
∂αi,1

∂θ̂i

(
Γiτi,2 − ˙̂θi

) (3.18)

Constructing the Lyapunov function as:

V2 = V1 +
1
2

N

∑
i=1

e2
i,2 +

1
2

N

∑
i=1

N

∑
j=1

aijθ̃
T
i,jΓ

−1
ij θ̃ij (3.19)
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Its derivative is

V̇2 =V̇1 +
N

∑
i=1

ei,2ėi,2 −
N

∑
i=1

N

∑
j=1

aijθ̃
T
i,jΓ

−1
i,j

˙̂θi,j

=− k1

N

∑
i=1

e2
i,1 − k2

N

∑
i=1

e2
i,2 +

N

∑
i=1

ei,2ei,3

+
N

∑
i=1

ei,2
∂αi,1

∂θ̂i

(
Γiτi,2 − ˙̂θi

)
+

N

∑
i=1

θ̃T
i Γ−1

i

(
Γiτi,2 − ˙̂θi

)
+

N

∑
i=1

N

∑
j=1

aijθ̃
T
i,jΓ

−1
i,j

(
Γi,jτij,1 − ˙̂θi,j

)
(3.20)

where the θ̂i,j = θj − θ̂ij is the estimate of θj. The parameter θ̂i,j is introduced to indicate

the dynamics of i-th agent’s neighbour, agent j when aij = 1. Then, ˙̂θi,j and τij,1 are

stated as
˙̂θi,j = Γi,jτij,1, τij,1 = −∂αi,1

∂xj,1
φj,1ei,2, if aij = 1 (3.21)

Step p (3 ≤ p ≤ n − 1) : The i-th leaderless consensus tracking error ei,p is derived as

ei,p =xi,p − αi,p−1 (3.22)

Then, the derivative of ei,p is obtained as

ėi,p =ei,p+1 + αi,p + θT
i

(
φi,p −

p−1

∑
m=1

∂αi,p−1

∂xi,m
φi,m

)
−

p−1

∑
m=1

∂αi,p−1

∂xi,m
xi,m+1 −

∂αi,p−1

∂θ̂i

˙̂θi

− θT
j

(
N

∑
j=1

aij

p−1

∑
m=1

∂αi,p−1

∂xj,m
φj,m+1

)
−

N

∑
j=1

aij

p−1

∑
m=1

∂αi,p−1

∂xj,m
xj,m −

N

∑
j=1

aij
∂αi,p−1

∂θ̂i,j

˙̂θi,j

(3.23)

Then, the virtual controller αi,p is formed as

αi,p =− ei,p−1 − kpei,p

+
p−1

∑
m=1

∂αi,p−1

∂xi,m
xi,m+1 − θ̂T

i

(
φi,p −

p−1

∑
m=1

∂αi,p−1

∂xi,m
φi,m

)
+

∂αi,p−1

∂θ̂i
Γiτi,p

+

(
p−1

∑
m=2

∂αi,m−1

∂θ̂i
ei,m

)
Γi

(
φi,p −

p−1

∑
m=1

∂αi,p−1

∂xi,m
φi,m

)

+
N

∑
j=1

aij

[
p−1

∑
m=1

∂αi,p−1

∂xj,m
xj,m+1 +

(
p−1

∑
m=1

∂αi,p−1

∂xj,m
φj,m

)T

θ̂i,j +
∂αi,p−1

∂θ̂i,j
Γijτij,p−1

−
(

p−1

∑
m=3

∂αi,m−1

∂θ̂i,j
ei,m

)
Γij

(
p−1

∑
m=1

∂αi,p−1

∂xj,m
φj,m

)]
(3.24)

Page 38



Chapter 3 Event-triggered Consensus Control for Nonlinear Multi-agent Systems

where kp is a positive design parameter, τi,p and τij,p−1 are the tuning functions defined

as

τi,p = τi,p−1 +

(
φi,p −

p−1

∑
m=1

∂αi,p−1

∂xi,m
φi,m

)
ei,p, τij,p−1 = τij,p−2 −

(
p−1

∑
m=1

∂αi,p−1

∂xj,m
φj,m

)
ei,p

(3.25)

The Lyapunov function Vp is introduced as

Vp = Vp−1 +
1
2

N

∑
i=1

e2
i,p (3.26)

Then, its derivative is obtained as

V̇p =
N

∑
i=1

[
−

p

∑
m=1

(
kme2

i,m

)
+ ei,pei,p+1 + θ̃T

i Γ−1
i

(
Γiτi,p − ˙̂θi

)
+

(
p

∑
m=2

∂αi,m−1

∂θ̂i
ei,m

)(
Γiτi,p − ˙̂θi

)
+

N

∑
j=1

aijθ̃
T
i,jΓ

−1
i,j

(
Γi,jτij,p−1 − ˙̂θi,j

)
+

N

∑
j=1

aij

p

∑
m=3

(
ei,m

∂αi,m−1

∂θ̂i,j

)(
Γi,jτij,p−1 − ˙̂θi,j

) ]
(3.27)

where the parameter update laws for ˙̂θi and ˙̂θi,j are designed as

˙̂θi = Γiτi,p, ˙̂θi,j = Γi,jτij,p−1 (3.28)

Step n: In the final step n, the event-triggered leaderless consensus controller is at

our disposal. Inspired by the idea (Yu et al. 2018, Xing et al. 2018), the event-triggered

mechanism is implemented to obtain a time-varying threshold, while aiming to reduce

unnecessary controller updates in the leaderless consensus control. Additionally, flex-

ible time intervals can be generated based on the time-varying threshold. Therefore,

the event-triggered strategy is designed as

wi(t) = vi(ti
k), for all t ∈ [ti

k, ti
k+1)

ti
k+1 = inf

{
t > ti

k | fi (εi(t), wi(t), t) ≥ 0
} (3.29)

where vi(t) is the event-triggered controller to be planned, ti
k, k ∈ Z+ are the con-

troller update instants. The controller signals vi(ti
k) remain the same during the period
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[ti
k, ti

k+1). When the next event instant ti
k+1 is triggered, the updated controller signals

vi(ti
k+1) will be employed to MAS. The event-triggered condition fi for each agent i

is designed as fi (εi(t), wi(t), t) = |εi(t)| − δi|wi(t)| − µie−αt, the measurement error

is prescribed as εi(t) = vi(t) − wi(t), 0 < δi < 1, µi > 0 and α > 0 are all design

parameters.

Therefore, as stated in the definition of fi (t, εi(t)), we introduce two continuous time-

varying parameters λi
1(t) and λi

2(t) which satisfy |λi
1(t)| ≤ 1 and |λi

2(t)| ≤ 1, during

the time interval [ti
k, ti

k+1), we derive vi(t) =
(
1 + λi

1(t)σi
)

wi(t) + λi
2(t)µi which is

identical to the following equation

wi(t) =
vi(t)

1 + λi
1(t)σi

− λi
2(t)µi

1 + λi
1(t)σi

(3.30)

Based on (3.4), (3.7) and (3.30), we derive the ei,n dynamics as follows

ėi,n =βiwi(t) + φi,n(xi)
Tθi + bigi(ω) + di(t)− α̇i,n−1

=
βivi(t)

1 + λi
1(t)σi

+ ξi(t) + φi,n(xi)
Tθi + di(t)−

∂αi,n−1

∂θ̂i

˙̂θi −
N

∑
j=1

aij
∂αi,n−1

∂θ̂i,j

˙̂θi,j

−
N

∑
j=1

aij

n−1

∑
m=1

(
∂αi,n−1

∂xj,m

(
xj,m+1 + φT

j,mθj

))
−

n−1

∑
m=1

(
∂αi,n−1

∂xi,m

(
xi,m+1 + φT

i,mθi

))
(3.31)

where ξi(t) is described as

ξi(t) = bigi(ω)− βiλ
i
2(t)µi

1 + λi
1(t)σi

(3.32)

From the definition of backlash-like hysteresis and event-triggered condition, we know

that ξi(t) is bounded. For this reason, we define pi = ψi supt≥0 |ξi(t)|, p̂i is an estimate

of pi with p̃i = p̂i − pi and ψi = 1/|βi|. Thus, we obtain

ξi(t)ei,n ≤ |βi|pi|ei,n|

= |βi||ei,n| p̂i − |βi||ei,n| p̃i

(3.33)

Then, applying Lemma 1 to |βi||ei,n| p̂i with a positive function ηi(t), it yields

ξi(t)ei,n ≤ |βi|
(

ei,n p̂i tanh
(

ei,n p̂i

ηi(t)

)
+ κηi(t)

)
− |βi||ei,n| p̃i (3.34)
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We consider the Lyapunov function by introducing

Vn = Vn−1 +
1
2

N

∑
i=1

(
e2

i,n +
1
ρi

D̃2
i +

|βi|
γi

ψ̃2
i +

|βi|
ζi

p̃2
i

)
(3.35)

where ρi, γi and ζi are positive parameters to be given, D̂i is an estimate of Di with

D̂i = Di − D̃i and ψ̂i is an estimate of ψi with ψ̃i = ψ̂i − ψi. Substituting (3.31), (3.34)

and (3.35) into the time derivative of Vn yields

V̇n =V̇n−1 +
N

∑
i=1

(
ei,n ėi,n −

1
ρi

D̃i
˙̂Di +

|βi|
γi

ψ̃i
˙̂ψi +

|βi|
ζi

p̃i ˙̂pi

)

=
N

∑
i=1

[
−

n−1

∑
m=1

kme2
i,m + ei,n−1ei,n + θ̃T

i Γ−1
i

(
Γiτi,n−1 − ˙̂θi

)
+

(
n−1

∑
m=2

∂αi,m−1

∂θ̂i
ei,m

)(
Γiτi,n−1 − ˙̂θi

)
+

N

∑
j=1

aijθ̃
T
i,jΓ

−1
i,j

(
Γi,jτij,n−2 − ˙̂θi,j

)
+

N

∑
j=1

aij

n−1

∑
m=3

(
ei,m

∂αi,m−1

∂θ̂i,j

)(
Γi,jτij,n−2 − ˙̂θi,j

)
+

βivi(t)ei,n

1 + λi
1(t)σi

+ ξi(t)ei,n

+ φi,n(xi)
Tθiei,n + ei,ndi(t)− ei,nα̇i,n−1 −

1
ρi

D̃i
˙̂Di +

|βi|
γi

ψ̃i
˙̂ψi +

|βi|
ζi

p̃i ˙̂pi

]

=
N

∑
i=1

[
−

n

∑
m=1

kme2
i,m + θ̃T

i Γ−1
i

(
Γiτi,n − ˙̂θi

)
+

(
n

∑
m=2

∂αi,m−1

∂θ̂i
ei,m

)(
Γiτi,n − ˙̂θi

)
+

N

∑
j=1

aijθ̃
T
i,jΓ

−1
i,j

(
Γi,jτij,n−1 − ˙̂θi,j

)
+

N

∑
j=1

aij

(
n

∑
m=3

∂αi,m−1

∂θ̂i,j
ei,m

)(
Γi,jτij,n−1 − ˙̂θi,j

)
+

βivi(t)ei,n

1 + λi
1(t)σi

+ ξi(t)ei,n + φi,n(xi)
Tθiei,n + ei,ndi(t)− ei,nαi,n −

1
ρi

D̃i
˙̂Di

+
|βi|
γi

ψ̃i
˙̂ψi +

|βi|
ζi

p̃i ˙̂pi

]
(3.36)
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where the virtual controller αi,n is given as

αi,n =− ei,n−1 − knei,n +
n−1

∑
m=1

∂αi,n−1

∂xi,m
xi,m+1 − θ̂T

i

(
φi,n −

n−1

∑
m=1

∂αi,n−1

∂xi,m
φi,m

)
+

∂αi,n−1

∂θ̂i
Γiτi,n

+

(
n−1

∑
m=2

∂αi,m−1

∂θ̂i
ei,m

)
Γi

(
φi,n −

n−1

∑
m=1

∂αi,n−1

∂xi,m
φi,m

)

+
N

∑
j=1

aij

[
n−1

∑
m=1

∂αi,n−1

∂xj,m
xj,m+1 +

(
n−1

∑
m=1

∂αi,n−1

∂xj,m
φj,m

)T

θ̂i,j +
∂αi,n−1

∂θ̂i,j
Γijτij,n−1

−
(

n−1

∑
m=3

∂αi,m−1

∂θ̂i,j
ei,m

)
Γij

(
n−1

∑
m=1

∂αi,n−1

∂xj,m
φj,m

)]
(3.37)

The actual event-triggered controller vi(t) is designed as

vi(t) =− sign(bi)(1 + σi)

[
ᾱi,nψ̂i tanh

(
ei,nᾱi,nψ̂i

ηi(t)

)
+ p̂i tanh

(
ei,n p̂i

ηi(t)

)]

ᾱi,n =D̂i tanh
(

ei,n

ηi(t)

)
− αi,n

(3.38)

The local parameter adaptive laws are

˙̂θi = Γiτi,n, ˙̂θi,j = Γi,jτij,n−1, ˙̂ψi = γiei,nᾱi,n

˙̂Di = ρiei,n tanh
(

ei,n

ηi(t)

)
, ˙̂pi = ζi|ei,n|

(3.39)

where the tuning functions τi,n and τij,n−1 are defined as

τi,n = τi,n−1 +

(
φi,n −

n−1

∑
m=1

∂αi,n−1

∂xi,m
φi,m

)
ei,n, τij,n−1 = τij,n−2 −

(
n−1

∑
m=1

∂αi,n−1

∂xj,m
φj,m

)
ei,n

3.4 Stability Analysis

In this section, the boundedness of all the signals in the closed-loop system and the

leaderless consensus tracking performance are evaluated.

Theorem 3.1. For the closed-loop system of (3.1) with the controller (3.38) and the parameter

update law (3.39), all the signals are globally bounded and the leaderless consensus can be

asymptotically achieved.
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Proof. Considering event-triggered controller vi(t), Lemma 1 and 1 + λi
1(t)σi ≤ 1 + σi,

the following term in (3.36) yields

βivi(t)ei,n

1 + λi
1(t)σi

≤− |βi|ei,nᾱi,nψ̂i tanh
(

ei,nᾱi,nψ̂i

ηi(t)

)
− |βi|ei,n p̂i tanh

(
ei,n p̂i

ηi(t)

)
≤− |βi|ψ̂iei,nᾱi,n + κηi(t)|βi| − |βi|ei,n p̂i tanh

(
ei,n p̂i

ηi(t)

)
=− ei,nᾱi,n − |βi|ψ̃iei,nᾱi,n + κηi(t)|βi| − |βi|ei,n p̂i tanh

(
ei,n p̂i

ηi(t)

) (3.40)

Substituting (3.38), (3.39) and (3.40) into (3.36), it yields

V̇n ≤
N

∑
i=1

[
−

n

∑
m=1

kme2
i,m + θ̃T

i Γ−1
i

(
Γiτi,n − ˙̂θi

)
+

(
n

∑
m=2

∂αi,m−1

∂θ̂i
ei,m

)(
Γiτi,n − ˙̂θi

)
+

N

∑
j=1

aijθ̃
T
i,jΓ

−1
i,j

(
Γi,jτij,n−1 − ˙̂θi,j

)
+

N

∑
j=1

aij

(
n

∑
m=3

∂αi,m−1

∂θ̂i,j
ei,m

)(
Γi,jτij,n−1 − ˙̂θi,j

)
− ei,nᾱi,n − |βi|ψ̃iei,nᾱi,n + 2κηi(t)|βi| − |βi||ei,n| p̃i + ei,ndi(t)− ei,nαi,n

− 1
ρi

D̃i
˙̂Di +

|βi|
γi

ψ̃i
˙̂ψi +

|βi|
ζi

p̃i ˙̂pi

]

≤
N

∑
i=1

[
−

n

∑
m=1

kme2
i,m + θ̃T

i Γ−1
i

(
Γiτi,n − ˙̂θi

)
+

(
n

∑
m=2

∂αi,m−1

∂θ̂i
ei,m

)(
Γiτi,n − ˙̂θi

)
+

N

∑
j=1

aijθ̃
T
i,jΓ

−1
i,j

(
Γi,jτij,n−1 − ˙̂θi,j

)
+

N

∑
j=1

aij

(
n

∑
m=3

∂αi,m−1

∂θ̂i,j
ei,m

)(
Γi,jτij,n−1 − ˙̂θi,j

)
+

|βi|
γi

ψ̃i

(
˙̂ψi − γiei,nᾱi,n

)
+

1
ρi

D̃i

(
ρiei,n tanh

(
ei,n

ηi(t)

)
− ˙̂Di

)
+

|βi|
ζi

p̃i
( ˙̂pi − ζi|ei,n|

)
+ κηi(t)(Di + 2|βi|)

]

≤−
N

∑
i=1

n

∑
m=1

kme2
i,m +

N

∑
i=1

κηi(t) (Di + 2|βi|)

(3.41)

Integrating both sides of (3.41) over [t0, t], and we obtain

Vn(t) ≤Vn(0)−
∫ t

t0

N

∑
i=1

n

∑
m=1

kme2
i,mds +

∫ t

t0

N

∑
i=1

κ (Di + 2|βi|) ηi(s)ds

≤Vn(0) + κ (Di + 2|βi|) η̄i

(3.42)
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We can conclude that the signals of ei,n, θ̂i, θ̂i,j, ψ̂i, D̂i and p̂i are bounded because of the

definition of Vn. The virtual control laws αi,n and event-triggered controller vi are also

bounded from (3.37) and (3.38). Overall, the boundedness of all signals is established.

Applying Barbalat Lemma, we can achieve limt→∞ ei,m(t) = 0 for i = 1, . . . , N and

m = 1, . . . , n.

Then by defining z = [z1, . . . , zN]
T, e1 = [e1,1, e2,1 . . . , eN,1]

T and x1 = [x1,1, x2,1 . . . , xN,1]
T,

and deriving the differential equation of z, we have

ż = −Lx1 = −L(z + e1) (3.43)

To analyse the above equation, we define a positive definite matrix P and treat P and

P−1 as the right and left eigenvectors of L, respectively, as stated in Assumption 1,

we can obtain L = PJP−1 where J = diag(0, J1) is the Jordan canonical form of L
and −J1 ∈ R(N−1)×(N−1) is a Hurwitz matrix. By defining χ = P−1z in which χ =

[χ1, . . . , χN]
T, the derivative of z can be transformed as

χ̇ = −Jχ − JP−1e1 (3.44)

We derive χ1 = −pTx1(0), where pT is the first row of P−1 and χ̇1 = 0 implies the first

row of J are zero. According to Theorem 4.6 (Khalil 2002) with Hurwitz matrix −J1

and bounded signal e1, the vector [χ2, . . . , χN] is bounded and the following equation

with a positive definite matrix T is attained as

QJ1 + JT
1 Q = −T (3.45)

Therefore, applying the Hurwitz linear system stability analysis (Khalil 2002), we ob-

tain that [χ2, . . . , χN] can converge to zero. Since the first column of P is 1N, we obtain

lim
t→∞

x1 = 1N pTx1(0) (3.46)

which means that z converges to zero, and it is equivalent to the output of each sub-

system asymptotically achieve leaderless consensus, then we have

lim
t→∞

yi − yj = 0 (3.47)
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Next, we aim to avert the infinite number of controller updates occurs in a finite time

period, which implies that there exists a t∗ > 0 satisfying ti
k+1 − ti

k ≥ t∗ for any k ∈ Z+

and εi(t) = vi(t)− wi(t) for all t ∈ [ti
k, ti

k+1)

d
dt
|εi| =

d
dt
(εi · εi)

1
2 = sign(εi)ε̇i ≤ |v̇i| (3.48)

It is seen from (3.38) that the actual event-triggered controller vi(t) is differentiable and

the function of v̇i consists of bounded signals. Then, inequality |v̇i| ≤ v̄i holds, where

v̄ represents a positive constant. From the event-triggered condition, we derive that

εi(ti
k) = 0 and limt→ti

k+1
εi(t) = µie−αt. Consequently, the lower bound of the triggered

interval t∗ ≥ µie−αt/v̄i > 0. This completes the proof.
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Figure 3.2. Block diagram of the event-triggered adaptive leaderless consensus control

framework.

For clarity, Figure 3.2 displays the block diagram of the proposed control framework.
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Remark 3.3. The consensus tracking control problem has been addressed (Shen and Shi 2015,

Shi and Shen 2015, Zhang and Lewis 2012), which conclude that the leader-following consen-

sus tracking errors converge to a small region which means semi-globally uniformly bounded.

In contrast, our proposed control scheme shows that the leaderless consensus tracking and a

considerable reduction in controller update can be both satisfied.

3.5 Simulation Results

To evaluate the performance of controller (3.38) designed in this chapter, a group of

four second-order robotic manipulators is considered. The four manipulators are com-

pletely coupled, which is modelled by a directed graph displayed in Figure 3.3. The

dynamics of each manipulator is modelled as

ẋi,1 = xi,2

ẋi,2 =
1

Mi
ui(ωi)−

mi

2Mi
lig sin(xi,1) + di(t)

yi = xi,1, i = 1, . . . , 4

(3.49)

where Mi is the moment of inertia, xi,1 represents the angular position, xi,2 is the angu-

lar velocity, mi describes the mass of the manipulator link, g = 9.8m/s2 is the gravity

acceleration and the length of the robotic manipulator is li. The term di(t) denotes the

bounded external disturbance, ωi is the input torque, ui(ω) indicates that the backlash-

like nonlinearity impacts on the robotic manipulator and yi represents the output sig-

nal.

1 2

3

 

 

 

 

4

Figure 3.3. Directed communication topology among robotic manipulators.

The manipulator system parameters are given as

Page 46



Chapter 3 Event-triggered Consensus Control for Nonlinear Multi-agent Systems

M1 = 1.1Nm, m1 = 0.5kg, l1 = 0.85m

M2 = 0.9Nm, m2 = 0.6kg, l2 = 0.80m

M3 = 0.8Nm, m3 = 0.4kg, l3 = 0.90m

M4 = 1.0Nm, m4 = 0.6kg, l4 = 0.75m
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(a) States of xi1
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(b) States of xi2

Figure 3.4. Evolution of states xi under controller ui.

The backlash-like hysteresis nonlinearities are modelled as

dui

dt
= ai

∣∣∣∣dωi

dt

∣∣∣∣ (ciωi − ui) + Hi
dωi

dt
(3.50)

where the backlash-like hysteresis parameters ai, ci and Hi are selected as

ai = [2, 2.2, 2.4, 2.5]T, ci = [0.5, 0.6, 0.4, 0.7]T, Hi = [1, 1, 0.9, 0.8]T.

All the initial states of the robotic manipulators and the design parameters are pre-

scribed as

x1(0) = [−0.1, 0.3]T, x2(0) = [0.2, 0.5]T, x3(0) = [−0.4, −0.6]T, x4(0) = [0.5, 0.5]T

k1 = k2 = 0.5, ρi = 0.1, γi = ζi = Γi = 1, µi = α = 1, εi = 0.5, ηi(t) = 0.2e−0.01t.

The bounded external disturbance is taken as di(t) = cos(t)xi,2(t). Figures 3.4 shows

the states of all the robotic manipulators, which indicates the leaderless consensus is

reached asymptotically with the designed controller (3.38). The adaptive parameter

states of θ̂i, ψ̂i, D̂i and p̂i are shown in Figures 3.5 and 3.6, which confirm that the

adaptive parameters are bounded and maintain constant as the leaderless consensus

Page 47



3.5 Simulation Results
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Figure 3.5. Adaptive laws of θ̂i and ψ̂i.
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Figure 3.6. Adaptive laws of D̂i and p̂i.

is achieved. The control signals ui for all agents are plotted in Figure 3.7. The trigger-

ing events of each agent are presented in Figure 3.8, which reveals that the controller

updates are considerably reduced compared with the periodic sampling on designed

controller. The results demonstrate that by implementing the proposed event-triggered

adaptive controller, the leaderless consensus is achieved asymptotically under the im-

pact of backlash-like hysteresis.
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Figure 3.7. Control signals ui of the agents.

Figure 3.8. The triggering events of each agent.
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3.6 Chapter Summary

3.6 Chapter Summary

In this chapter, the problem of control has been studied for nonlinear MAS with un-

known backlash-like hysteresis. We have proposed an event-triggered adaptive lead-

erless consensus controller to compensate for the impacts of unknown backlash-like

hysteresis and reduce the unnecessary update of control signals. By applying the new

control scheme, all the state trajectories from the nonlinear MAS are guaranteed to be

globally bounded and the leaderless consensus tracking has been achieved asymptot-

ically. Furthermore, a considerable reduction of the unnecessary update of controller

has been attained. Simulation results have verified the effectiveness of the proposed

design technique.
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Chapter 4

Constrained Consensus
Control with Actuator

Faults

4.1 Introduction

Some practical issues remain to be challenging to maintain the desired system perfor-

mance, such as communication network faults, sensor and actuator failures and state

constraints, to name a few. In practice, actuator faults are often encountered, par-

ticularly for multiple networked actuators in MAS, as faulty actuators cause drastic

oscillations in subsystem behaviours, instability or even system failures.

Some fault-tolerant control approaches have been developed to prevent MAS from ac-

tuator failures, which can be divided into passive and active strategies. A passive fault-

tolerant controller based on distributed estimation algorithm (Deng et al. 2020) was

deployed to tackle the actuator outage and loss-of-effectiveness faults for linear MAS.

Similarly, the same fault model was considered with a passive adaptive event-triggered

fault-tolerant consensus controller to compensate the actuator faults (Ye et al. 2019).

The passive methods require a fixed controller which guarantees robustness for a class

of presumed faults. On the contrary, active fault-tolerant control schemes are devel-

oped based on the estimated fault information provided by individual fault isolation or

detection module. An active distributed fault compensation controller was proposed

to solve discrete-time heterogeneous MAS formation problem with a fault estimator

unit (Yan et al. 2019). Nevertheless, none of these fault-tolerant control protocols is

applicable to nonlinear MAS. A second-order nonlinear MAS with integral quadratic

constrained uncertainties was studied to develop an active fault-tolerant consensus

controller (Jin et al. 2018). An active fault-tolerant consensus controller with a fault
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detection module was applied to address a first-order nonlinear MAS satisfying Lips-

chitz continuity condition (Li and Wang 2020). Therefore, how to design an effective

fault-tolerant controller for a more general nonlinear MAS subject to frequent actuator

failure is one of our motivations.

Many practical applications require system states to be restricted in a certain range

such that the system states cannot violate critical constraints. In detail, enforcing con-

straints on the output of a system state ensures that the output cannot exceed a safe

bound, thus, the safe behaviour can be improved by considering the output constraint

problem.

Barrier Lyapunov functions (BLF) (Tee et al. 2009) and state transformation approaches

(Zhao and Song 2019) are widely used to deal with the output constraint problem.

The output constraint problem of heterogeneous MAS was addressed by a γ-type BLF

(Shen and Xu 2018), which has been defined as a general form of BLF compared with

the conventional types of logarithmic or tangent BLF (Zhang et al. 2018b). However,

the BLF approach to the output constraint problem has some limitations. First, the

controller design with an asymmetric BLF is complicated. Second, since the preset

constraints are related to the system tracking error instead of the system state, initial

value selection of the constraints is a relatively conservative condition. Compared with

the BLF method, a log-type nonlinear state transformation function was introduced to

map the constrained consensus tracking error rather than the constrained state (Ni and

Shi 2021a), thus it cannot directly transform the constrained output into a constraint-

free state. Despite this state transformation technique can simplify the controller de-

sign procedure, it cannot avert the limitations of the BLF method and solve constrained

and unconstrained cases uniformly, which drives us to investigate the constraint prob-

lem for nonlinear MAS.

In this work, motivated by the limitations outlined in actuator fault and output con-

straint problems for nonlinear MAS, we propose a distributed fault-tolerant consen-

sus control scheme for nonlinear MAS under output constraint by synthesizing the

adaptive backstepping and neural network methods. More specifically, we introduce a

new state transformation function for each agent to directly map the constrained out-

put into a constraint-free one, which averts the limitations of the BLF method and is

able to cope with constrained and unconstrained cases uniformly. The proposed state

transformation strategy greatly differs from the BLF method (Shen and Xu 2018) and

(Zhang et al. 2018b) in design and analysis process. Since the conventional adaptive
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approximation based control techniques require one adaptive law at each design step,

a single parameter estimator is introduced to mitigate the computation of controller.

Furthermore, compared with (Deng et al. 2020) and (Ye et al. 2019), a more general

fault model is used to represent four operating modes of actuator for each agent. The

adaptive compensation technique is applied to tackle the actuator fault problem for

nonlinear MAS, which is unlike the fault-tolerant approaches (Deng et al. 2020, Ye et al.

2019, Yan et al. 2019, Jin et al. 2018). Consequently, an effective fault-tolerant consen-

sus control framework is proposed to improve the consensus control performance and

reliability of the nonlinear MAS.

The rest of the chapter is structured into five sections. Section 4.2 covers preliminar-

ies and problem formulation. In Section 4.3, the adaptive leader-follower consensus

control scheme is developed and the stability is analysed. A group of four networked

two-stage chemical reactors is modelled in Section 4.4 to prove the validity of the de-

signed control scheme and Section 4.5 concludes this chapter.

4.2 Problem Formulation and Preliminaries

4.2.1 Problem Formulation

Suppose that MAS consists of N followers and one leader. The nonlinear dynamics of

i-th follower is modelled in strict-feedback form:

ẋi,k = xi,k+1 + fi,k(x̄i,k), k = 1, . . . , n − 1

ẋi,n = giuF
i + fi,n(x̄i,n)

yi = xi,1, for i = 1, . . . , N

(4.1)

subject to the output constraint:

xi,1 ∈ Cxi,1 := {xi,1 ∈ R : −kai,1 < xi,1 < kbi,1} (4.2)

where xi,m ∈ R with m = 1, . . . , n, uF
i ∈ R, yi ∈ R are the system state, the control

input and the output, respectively. fi,m(x̄i,m) is unknown smooth nonlinear function

with x̄i,m = [xi,1, xi,2, · · · , xi,m]
T ∈ Rm, gi is an unknown bounded control coefficient

function. kai,1 and kbi,1 are predefined constants to ensure the output in a constrained

set Cxi,1 .
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Table 4.1. Cases of actuator faults.

Actuator fault of the ith agent ρi(t) hi(t)

Loss of effectiveness 0 < ρi(t) < 1 0

Actuator bias fault 1 hi(t) ̸= 0

Loss of effectiveness with bias 0 < ρi(t) < 1 hi(t) ̸= 0

To formulate the actuator fault problem, we apply a general actuator fault model (Li

and Wang 2020) for each follower subsystem as follows

uF
i = ρi(t)ωi + hi(t) (4.3)

where the unknown continuous functions ρi(t) and hi(t) indicate the severity of loss of

effectiveness actuator fault and the biased fault severity for the i-th agent, respectively.

uF
i is the actual output of unhealthy actuator and ωi is the control input to be designed.

Three cases of actuator faults are summarized in Table 4.1.

Our aim in this study is to develop an adaptive consensus controller subject to actuator

faults and output constraints for (4.1) such that:

• The output of each agent yi(t) can closely follow a desired trajectory yr(t), accord-

ingly, its consensus tracking error reaches to an adjustable small neighborhood of

zero and all signals in the closed-loop MAS are bounded;

• The output asymmetric constraint is enforced within the constrained set Cxi,1 and

the impact of actuator failure is compensated by the proposed controller.

The following lemma and assumptions are needed to achieve the above control objec-

tive.

Assumption 4.1. The communication topology is modelled by a directed graph which contains

a spanning tree with bi = 1 for the root agent i.

Assumption 4.2. The desired leader yr(t) ∈ R and its kth derivative are continuous and

bounded. Its trajectory enforces the same constraint in the constrained set Cxi,1 , satisfying

yr(t) ∈ R := {−kai,1 < yr(t) < kbi,1}.

Assumption 4.3. (Liu and Tong 2016) Consider the control gain function gi(·) with a given

sign, there exist two unknown constants ḡi and g
i

that yield: 0 < g
i
≤ |gi(·)| < ḡi.
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Remark 4.1. Since the trajectory of the leader is related to the output and the consensus track-

ing error aims to converge to a small region, its trajectory should be within the same set Cxi,1 . In

order to ensure the controllability for system (4.1), Assumption 4.3 indicates that the control

gain function gi(·) is bounded away from zero. Furthermore, such assumption has been widely

applied in the framework of adaptive control design (Krstic et al. 1995, Zhao et al. 2020).

Lemma 4.1 ((Huang et al. 2020)). For any z ∈ R and η > 0, the following inequality holds:

0 ≤ z − z2√
z2 + η2

≤ η

4.2.2 Radial Basis Function Neural Networks (RBFNN)

The RBFNN technique is commonly employed to approximate unknown smooth func-

tions due to its effective approximation performance. Any unknown smooth function

f (Z) : Rl → R can be approximated over a compact set ΩZ ⊂ Rl as follows:

f (Z) = WTφ(Z) + σ, ∀Z ∈ ΩZ

where Z ∈ ΩZ ⊂ Rl is a input vector, W ∈ Rq denotes an optimal weight vector, q ≥ 1

represents the neuron node number of RBFNN, φ(Z) = [φ1(Z), · · · , φq(Z)]T ∈ Rq

is a known activation function vector and σ ∈ R is the approximation error. A gen-

eral type of Gaussian function is selected as the entry of φ(Z) such that φi(Z) =

exp[−(Z − ci)
T(Z − ci)/w2

i ], i = 1, . . . , q, where ci and wi are the center and width

of the Gaussian function, respectively. Moreover, the smooth functions can be approx-

imated to arbitrary accuracy and the compact set ΩZ ⊂ Rl can be selected as large as

desired by adding large enough neuron nodes q. Furthermore, the stability analysis

based on RBFNN control is in a semi-global manner, which means that the proposed

controller ensures that all signals in the closed-loop system are bounded.

4.3 Main Results

4.3.1 Nonlinear State Transformation Function

In order to enforce the asymmetric constant constraint on the output of i-th agent, a

new nonlinear state transformation function is constructed as follows:

χi,1 =
kai,1 xi,1 + k̄ai,1

2
(
kai,1 + xi,1

) + kbi,1 xi,1 − k̄bi,1

2
(

kbi,1 − xi,1

) (4.4)
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with initial condition of xi,1(0) ∈ Cxi,1 , where k̄ai,1 and k̄bi,1 are constants satisfying the

following conditions:

k2
ai,1

> k̄ai,1 , k2
bi,1

> k̄bi,1
(4.5)

From the state transformation function (4.4), state χi,1 tends to infinity as xi,1 ap-

-5 -4 -3 -2 -1 0 1 2 3 4 5

-40

-30

-20

-10

0

10

20

30

40

Asymmetric constraints

Figure 4.1. Asymmetric constraint case of function χi,1 on state xi,1.

proaches to the boundaries of Cxi,1 , which implies that the boundedness of χi,1 is main-

tained as xi,1 stays in the constrained set Cxi,1 . Accordingly, the output constraint en-

forcement problem for nonlinear MAS converts to the proof of boundedness for χi,1.

Figure 4.1 shows asymmetric constraint case of function (4.4), i.e., −2 < xi,1 < 3.

Furthermore, if the constraints on output do not exist, i.e., Ki = kai,1 = kbi,1 → ∞, ap-

plying the L’Hôpital rule, we obtain limKi→∞ χi,1 = xi,1, which proves this function can

address constrained and unconstrained cases uniformly.

Remark 4.2. The nonlinear state transformation function for MAS is inspired by (Zhao et al.

2020) and (Zhao et al. 2021). Unlike the log-type nonlinear function (Ni and Shi 2021a) and

the BLF method (Tee et al. 2009), this approach can solve constrained and unconstrained cases

uniformly and transform a constrained output into a constraint-free one, consequently, the

control design and analysis can be simplified significantly. Moreover, this function can readily

be extended to solve the time-varying case of output constraint problem.
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Figure 4.2. The fault-tolerant consensus control diagram for nonlinear MAS.

4.3.2 Fault-tolerant Consensus Controller Design

In this subsection, a fault-tolerant consensus controller is proposed to achieve consen-

sus tracking for nonlinear MAS that is subject to actuator fault. Figure 4.2 displays the

structure of the fault-tolerant consensus control design.

Define the following coordinate transformation:

zi,1 =
N

∑
j=1

aij(χi,1 − χj,1) + bi(χi,1 − γr), i = 1, . . . , N

zi,k = xi,k − αi,k−1, k = 2, . . . , n

(4.6)

where

γr =
kai,1yr + k̄ai,1

2
(
kai,1 + yr

) + kbi,1yr − k̄bi,1

2
(

kbi,1 − yr

)
is a known function, under Assumption 1 and the conditions in (4.5), and αi,k−1 is

virtual control law.

The adaptive backstepping control design procedure is given by the following steps:

Step 1: The derivative of χi,1 is calculated as

χ̇i,1 = ψi,1ẋi,1 (4.7)
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where

ψi,1 =
k2

ai,1
− k̄ai,1

2
(
kai,1 + xi,1

)2 +
k2

bi,1
− k̄bi,1

2
(

kbi,1 − xi,1

)2

is available for the controller design based on the conditions in (4.5).

Taking the derivative of zi,k and considering (4.7), we obtain

żi,1 = (di + bi)χ̇i,1 −
N

∑
j=1

aijχ̇j,1 − biγ̇r

= (di + bi) (ψi,1xi,2 + ψi,1 fi,1)− biγ̇r −
N

∑
j=1

aij
(
ψj,1xj,2 + ψj,1 f j,1

) (4.8)

Since the nonlinear functions fi,1, f j,1 and γ̇r are unavailable for the controller design,

we define a function Fi,1 (Zi,1) that represents the lumped unknown terms, then apply

RBFNN approach, we have

Fi,1 (Zi,1) = WT
i,1φi,1(Zi,1) + σi,1 (4.9)

where Zi,1 = [xi,1, xj,1, yr]T ∈ Ωi,1 ⊂ R3 is the input vector, the approximation error σi,1

satisfies that |σi,1| is bounded and |σi,1| ≤ εi,1 where εi,1 is a positive constant.

Thus, (4.8) becomes

żi,1 = (di + bi)ψi,1xi,2 + Fi,1 (Zi,1)−
N

∑
j=1

aijψj,1xj,2

= (di + bi)ψi,1zi,2 + (di + bi)ψi,1αi,1 + Fi,1 (Zi,1)−
N

∑
j=1

aijψj,1xj,2

Considering the following Lyapunov function Vi,1 as

Vi,1 =
1
2

z2
i,1 +

1
2µi

θ̃2
i (4.10)

Its derivative yields

V̇i,1 = zi,1żi,1 −
1
µi

θ̃i
˙̂θi

= (di + bi)ψi,1zi,1zi,2 + (di + bi)ψi,1zi,1αi,1

+ zi,1Fi,1 (Zi,1)−
N

∑
j=1

aijψj,1xj,2zi,1 −
1
µi

θ̃i
˙̂θi

(4.11)
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Substituting (4.9) into (4.11) and applying Young’s inequality, it yields

zi,1Fi,1 (Zi,1) = zi,1WT
i,1φi,1(Zi,1) + zi,1σi,1

≤ 1
2µ2

i
z2

i,1 ∥Wi,1∥2 φT
i,1(Zi,1)φi,1(Zi,1) +

µ2
i

2
+ zi,1σi,1

≤ 1
2µ2

i
z2

i,1θi φ
T
i,1(Zi,1)φi,1(Zi,1) +

µ2
i

2
+

1
2

z2
i,1 +

ε2
i,1

2

(4.12)

where θi,m =
{
∥Wi,1∥2 , · · · , ∥Wi,m∥2

}
, m = 1, . . . , n, θi = max {θi,1, · · · , θi,n}, and

θ̃i = θi − θ̂i where θ̂i is the estimate of parameter θi, µi is a design parameter.

Only one parameter estimator in RBFNN for θi is designed to mitigate the computa-

tional burden of our proposed control strategy as follows

˙̂θi =
n

∑
k=1

1
2µi

z2
i,k φT

i,k(Zi,k)φi,k(Zi,k)− κi θ̂i (4.13)

Then, designing the virtual control law αi,1 as follows:

αi,1 =
1

(di + bi)ψi,1

(
− 1

2µ2
i

zi,1θ̂i φ
T
i,1(Zi,1)φi,1(Zi,1)− ci,1zi,1 −

1
2

zi,1 +
N

∑
j=1

aijψj,1xj,2

)
(4.14)

Substituting (4.12), (4.13) and (4.14) into (4.11), it becomes

V̇i,1 ≤ −ci,1z2
i,1 + (di + bi)ψi,1zi,1zi,2

−
n

∑
k=2

1
2µi

z2
i,k φT

i,k(Zi,k)φi,k(Zi,k) + βi,1 +
κi

µi
θ̃i θ̂i

(4.15)

where βi,1 = 1
2 µ2

i +
1
2 ε2

i,1 is unknown constant.

Step 2: Considering zi,2 in (4.6) and taking its derivative, we have

żi,2 = xi,3 + fi,2 − α̇i,1

= zi,3 + αi,2 + fi,2 − α̇i,1

(4.16)

Since the nonlinear functions fi,2 and α̇i,1 are unavailable, applying RBFNN approach,

we have Fi,2 (Zi,2) = WT
i,2φi,2(Zi,2) + σi,2, where Zi,2 = [xi,1, xi,2, αi,1]

T ∈ Ωi,2 ⊂ R3 is the

input vector.

Choosing the Lyapunov candidate function Vi,2 = 1
2 z2

i,2 and calculating its derivative,

we obtain

V̇i,2 = zi,2zi,3 + zi,2αi,2 + zi,2Fi,2 (Zi,2) (4.17)
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Then, the virtual control law αi,2 is obtained as

αi,2 = −ci,2zi,2 − (di + bi)ψi,1zi,1 −
1
2

zi,2 −
1

2µ2
i

zi,2θ̂i φ
T
i,2(Zi,2)φi,2(Zi,2) (4.18)

Applying Young’s inequality, we have

zi,2Fi,2 (Zi,2) = zi,2WT
i,2φi,2(Zi,2) + zi,2σi,2

≤ 1
2µ2

i
z2

i,2θi φ
T
i,2(Zi,2)φi,2(Zi,2) +

1
2

µ2
i +

1
2

z2
i,2 +

1
2

ε2
i,2

Substituting (4.18) into (4.17), it yields

V̇i,2 ≤ −(di + bi)ψi,1zi,2zi,1 + zi,2zi,3 − ci,2z2
i,2

− 1
2

z2
i,2 −

1
2µ2

i
z2

i,2θ̂i φ
T
i,2(Zi,2)φi,2(Zi,2) +

1
2

z2
i,2

+
1

2µ2
i

z2
i,2θi φ

T
i,2(Zi,2)φi,2(Zi,2) +

1
2

µ2
i +

1
2

ε2
i,2

≤ −ci,2z2
i,2 − (di + bi)ψi,1zi,1zi,2 + zi,2zi,3

+
1

2µ2
i

z2
i,2θ̃i φ

T
i,2(Zi,2)φi,2(Zi,2) + βi,2

(4.19)

where βi,2 = 1
2 µ2

i +
1
2 ε2

i,2.

Step k: (3 ≤ k ≤ n − 1) Considering zi,k in (4.6) and taking its derivative, we have

żi,k = xi,k+1 + fi,k − α̇i,k−1

= zi,k+1 + αi,k + fi,k − α̇i,k−1

(4.20)

Applying the RBFNN approach for the unknown terms fi,k − α̇i,k−1 in (4.20), we

derive Fi,k (Zi,k) = WT
i,k φi,k(Zi,k) + σi,k, where the input vector is defined as Zi,k =

[xi,1, · · · , xi,k, αi,k−1]
T ∈ Ωi,k ⊂ Rk+1.

Selecting the Lyapunov candidate function Vi,k =
1
2 z2

i,k, then, calculating its derivative,

we have

V̇i,k = zi,kzi,k+1 + zi,kαi,k + zi,kFi,k (Zi,k) (4.21)

Next, the virtual control law αi,k is given by

αi,k = −ci,kzi,k − zi,k−1 −
1
2

zi,k −
1

2µ2
i

zi,k θ̂i φ
T
i,k(Zi,k)φi,k(Zi,k) (4.22)
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Implementing Young’s inequality, we obtain

zi,kFi,k (Zi,k) = zi,kWT
i,k φi,k(Zi,k) + zi,kσi,k

≤ 1
2µ2

i
z2

i,kθi φ
T
i,k(Zi,k)φi,k(Zi,k) +

1
2

µ2
i +

1
2

z2
i,k +

1
2

ε2
i,k

Substituting (4.22) into (4.21), it yields

V̇i,k ≤ −ci,kz2
i,k − zi,kzi,k−1 + zi,kzi,k+1 +

1
2µ2

i
z2

i,k θ̃i φ
T
i,k(Zi,k)φi,k(Zi,k) + βi,k (4.23)

where βi,k =
1
2 µ2

i +
1
2 ε2

i,k.

Step n: Considering zi,n and the actuator fault model in (4.3) and taking its derivative,

we obtain
żi,n = ẋi,n − α̇i,n−1

= giρi(t)ωi + gihi(t) + fi,n − α̇i,n−1

(4.24)

Since the nonlinear functions gihi(t), fi,n and α̇i,n−1 are unavailable for the actual con-

troller design, applying the RBFNN approach and introducing an intermediate control

law vi to compensate the effect of the actuator fault, it yields

żi,n = giρi(t)ωi + Fi,n (Zi,n) + vi − vi (4.25)

where Zi,n = [xi,1, · · · , xi,n, αi,n−1]
T ∈ Ωi,n ⊂ Rn+1 is the input vector.

Then, designing the intermediate control law vi as

vi = ci,nzi,n + zi,n−1 +
1
2

zi,n +
1

2µ2
i

zi,nθ̂i φ
T
i,n(Zi,n)φi,n(Zi,n) (4.26)

Furthermore, according to the actuator fault model, the boundedness of ρi(t) is en-

sured such that 0 < ρ
i
≤ ρi(t). Thus, we have

λi = inf
t≥0

|gi| ρi(t) = g
i,n

ρ
i (4.27)

where λi is an unknown parameter.

Selecting the Lyapunov candidate function Vi,n as

Vi,n =
1
2

z2
i,n +

λi

2τi
ϑ̃2

i (4.28)
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where ϑ̃i = ϑi − ϑ̂i and ϑ̂i is the estimate of parameter ϑi = 1/λi.

Taking its derivative, it yields

V̇i,n = zi,nżi,n −
λi

τi
ϑ̃i

˙̂ϑi

= giρi(t)ωizi,n + zi,nFi,n (Zi,n) + zi,nvi − ci,nz2
i,n

− zi,n−1zi,n −
1

2µ2
i

z2
i,nθ̂i φ

T
i,n(Zi,n)φi,n(Zi,n)−

1
2

z2
i,n −

λi

τi
ϑ̃i

˙̂ϑi

(4.29)

Applying Young’s inequality, we obtain

zi,nFi,n (Zi,n) = zi,nWT
i,n φi,n(Zi,n) + zi,nσi,n

≤ 1
2µ2

i
z2

i,nθi φ
T
i,n(Zi,n)φi,n(Zi,n) +

1
2

z2
i,n + βi,n

where βi,n = 1
2 µ2

i +
1
2 ε2

i,n.

Substituting (4.26) into (4.29), we derive

V̇i,n ≤ giρi(t)ωizi,n + zi,nvi − ci,nz2
i,n

− zi,n−1zi,n +
1

2µ2
i

z2
i,nθ̃i φ

T
i,n(Zi,n)φi,n(Zi,n) + βi,n −

λi

τi
ϑ̃i

˙̂ϑi
(4.30)

The fault-tolerant controller ωi is given by

ωi = −
sgn(gi)zi,nϑ̂2

i v2
i√

z2
i,nϑ̂2

i v2
i + ϵ2

i
(4.31)

where ϵi is a constant.

Substituting controller (4.31) into the term giρi(t)ωizi,n, then according to Lemma 1

and (4.27), we have the following inequality:

giρi(t)ωizi,n = −
giρi(t)sgn(gi)z2

i,nϑ̂2
i v2

i√
z2

i,nϑ̂2
i v2

i + ϵ2
i

≤ −
g

i,n
ρ

i
z2

i,nϑ̂2
i v2

i√
z2

i,nϑ̂2
i v2

i + ϵ2
i

≤ λiϵi − λizi,nϑivi + λizi,nϑ̃ivi

= λiϵi − zi,nvi + λiϑ̃izi,nvi

(4.32)
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The adaptive law for ϑ̂i is developed as follows

˙̂ϑi = τizi,nvi − δiϑ̂i (4.33)

where τi and δi are design constants.

Then, substituting (4.32) and (4.33) into (4.30) yields

V̇i,n ≤ λiϵi − zi,nvi + λiϑ̃izi,nvi + zi,nvi − ci,nz2
i,n

− zi,n−1zi,n +
1

2µ2
i

z2
i,nθ̃i φ

T
i,n(Zi,n)φi,n(Zi,n) + βi,n −

λi

τi
ϑ̃i

˙̂ϑi

≤ −ci,nz2
i,n +

1
2µ2

i
z2

i,nθ̃i φ
T
i,n(Zi,n)φi,n(Zi,n)− zi,n−1zi,n + βi,n + λiϵi +

δiλi

τi
ϑ̃iϑ̂i

(4.34)

Remark 4.3. The fault-tolerant technique in this chapter differs from other methods (Yan et al.

2019, Zhang et al. 2018a). First, no additional fault diagnosis module is introduced. Second,

multiple faults of different types can be considered rather than simply solving for one type of

faults. From (4.32) and (4.33), a robust structure consisting of an adaptive law is implemented

to compensate for the actuator failure without auxiliary dynamic filter.

Remark 4.4. The explicit formula of partial derivative of virtual controller was calculated at

each step, which increases the complexity of the design process (Huang et al. 2020, Sun et al.

2021). However, the integration of adaptive RBFNN and backstepping approaches eliminates

the problem of repeated differentiations of virtual control laws known as “explosion of com-

plexity” in backstepping control. Furthermore, compared with (Yoo 2018, Xiao et al. 2020),

one adaptive law for the unknown parameter of RBFNN is adequate instead of containing an

adaptive law at each step of the backstepping control design, which significantly mitigates the

computation of control design.

4.3.3 Stability Analysis on Closed-loop Systems

In this subsection, the following theorem describes the stability analysis of the closed-

loop MAS under the proposed adaptive laws (4.13), (4.33) and fault-tolerant consen-

sus controller (4.31).

Theorem 4.1. Consider system (4.1) with (4.2) and (4.3) for any initial conditions in the set

Cxi,1 , there exist a desired compact sets Ωi,p with enough neural nodes such that Zi,p ∈ Ωi,p

where i = 1, . . . , N, and p = 1, . . . , n. Let Assumptions 1-3 hold. Then, controller (4.31)
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together with (4.13) and (4.33) will make all the signals in the closed-loop MAS bounded, the

output constraints are enforced and the consensus tracking error converges to an adjustable

small neighborhood of zero.

Proof. Choosing the total Lyapunov function as

V =
N

∑
i=1

(
n

∑
k=1

Vi,k

)
(4.35)

Calculating the derivative of V and substituting (4.15), (4.19), (4.23) and (4.34) into its

derivative, we have

V̇ ≤
N

∑
i=1

(
−

n

∑
k=1

ci,kz2
i,k +

n

∑
k=1

βi,k + λiϵi +
κi

µi
θ̃i θ̂i +

δiλi

τi
ϑ̃iϑ̂i

)
(4.36)

Then, applying Young’s inequality yields

κi

µi
θ̃i θ̂i =

κi

µi

(
θ̃iθi − θ̃2

i

)
≤ κi

2µi

(
θ2

i − θ̃2
i

)
(4.37)

Similarly,
δiλi

τi
ϑ̃iϑ̂i =

δiλi

τi

(
ϑ̃iϑi − ϑ̃2

i

)
≤ δiλi

2τi

(
ϑ2

i − ϑ̃2
i

)
(4.38)

Finally, (4.36) can be rearranged as

V̇ ≤
N

∑
i=1

(
−

n

∑
k=1

ci,kz2
i,k −

κi

2µi
θ̃2

i −
δiλi

2τi
ϑ̃2

i +
n

∑
k=1

βi,k + λiϵi +
κi

2µi
θ2

i +
δiλi

2τi
ϑ2

i

)
(4.39)

implies that

V̇ ≤ −aV + b (4.40)

where a = min{2ci,1, . . . , 2ci,n, κi, δi}, b = ∑N
i=1

(
∑n

k=1 βi,k + λiϵi +
κi

2µi
θ2

i +
δiλi
2τi

ϑ2
i

)
.

From (4.40) and the definitions of Lyapunov functions at each step, we obtain that

for any initial conditions in the constrained set Cxi,1 , all signals zi,n, θi and ϑi of the

closed-loop MAS are bounded. Then, we derive that the signal χi,1 is bounded and

there exist constants kai,1
and kai,1

in (4.5) such that −kai,1 < −kai,1
≤ xi,1 ≤ kai,1

< kbi,1 ,

therefore, the output constraints are enforced.

Furthermore, solving (4.40), we obtain

0 ≤ V(t) <
a
b
+
(

V(0)− a
b

)
e−at (4.41)
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From (4.41), we have

N

∑
i=1

n

∑
k=1

1
2

z2
i,k <

a
b
+
(

V(0)− a
b

)
e−at

<
a
b
+ V(0)e−at

(4.42)

that is,
N

∑
i=1

n

∑
k=1

z2
i,k < 2

a
b
+ 2V(0)e−at (4.43)

which implies that for a given η >
√

2a/b, thus, the consensus tracking error satisfies

|zi,1| < η, where η is the adjustable small residual set which is determined by the

appropriate design parameters a and b. Therefore, the consensus tracking error can

approach to a small set around zero. This completes the proof.

Remark 4.5. From the proof of Theorem 1, it can be seen that the design parameters in MAS

satisfy the following requirements: increasing the parameter ci,n from the virtual control law

at each step, the parameter τi in the adaptive law (4.33) and decreasing µi from the adaptive

law (4.13) result in larger a in (4.41), which narrows the bound of the tracking error. Smaller

values of the parameters κi, δi in the designed two adaptive laws (4.13) and (4.33) can reduce

the value of b.

4.4 Simulation Results

In this section, a group of four two-stage chemical reactors is provided to demonstrate

the viability and effectiveness of the proposed fault-tolerant consensus controller. The

four networked two-stage chemical reactors consisting of MAS (4.1) is modeled as

follows :
ẋi,1 = − 1

Ti,1
xi,1 − Ci,1xi,1 +

1 − Ri,2

vi,1
xi,2 + fi,1

ẋi,2 = − 1
Ti,2

xi,2 − Ci,2xi,2 +
gi

vi,2
uF

i + fi,2

yi = xi,1, for i = 1, . . . , 4

(4.44)

where states xi,1 and xi,2 represent chemical compositions, yi is the output, Ti,1 and Ti,2

are reactor residence times, Ci,1 and Ci,2 indicate reaction constants, vi,1 and vi,2 are

reaction volumes, Ri,2 is the recycle flow rate, gi is the feed rate, uF
i stands for actuator

fault, fi,1 and fi,2 are unknown functions. The networked two-stage chemical reactors

model is borrowed from (Li et al. 2021).
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Figure 4.3. Communication topology of the MAS with a leader.

To demonstrate the communication network between the four chemical reactors, a di-

rected graph is listed in Figure 4.3 with a leader.

In the simulation, the corresponding system parameters are chosen as Ti,1 = Ti,2 = 5,

Ci,1 = 0.3, Ci,2 = 0.2, vi,1 = vi,2 = Ri,2 = gi = 0.5, fi,1 = 0.6 sin xi,1 and fi,2 = xi,1 +

0.1xi,2. The design parameters are given by kai,1 = 2.2, kbi,1 = 2, k̄ai,1 = k̄bi,1 = −0.2,

ci,1 = 16 ci,2 = 11, µi = τi = 1 and κi = δi = ϵi = 0.01. Moreover, the RBFNN contains

41 neural nodes evenly distributed in [−2, 2] with width wi = 0.1, Gaussian function

is selected as the activation function of RBFNN. Furthermore, consider the following

actuator fault case occurs after 5 seconds:

• The loss of effectiveness actuator fault with bias in the 1st reactor with uF
1 =

ρ1(t)ω1 + h1(t), where ρ1(t) = 0.4 sin t + 0.3 and h1(t) = 0.5t.

• The loss of effectiveness actuator fault in the 3nd reactor with uF
3 = ρ3(t)ω3,

where ρ3(t) = 0.3 sin t + 0.3.

Figure 4.4 shows the trajectories of state xi,1 with the asymmetric output constraint and

includes two scenarios of actuator faults that occur in the actuators of distinct reactors.

Figure 4.5 presents state xi,2 of each chemical reactor. Adaptive laws ˙̂θi in (4.13) and
˙̂ϑi in (4.33) are demonstrated in Figure 4.6. Figure 4.7 displays the response of the

proposed fault-tolerant consensus controller ui subject to two cases of actuator faults.

Figure 4.8 shows the evolution of consensus tracking errors zi,1 and zi,2. Therefore,

from the simulation results, the upper and lower bounds of the output constraint are

enforced, the designed fault-tolerant consensus controller guarantees that the output

trajectories can closely follow the leader and the consensus tracking error convergences

to a small region.
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Figure 4.4. Output trajectories with asymmetric constraint and actuator fault.
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Figure 4.5. Trajectories of the states xi,2 under actuator fault.
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Figure 4.6. Adaptive laws under the proposed controller.
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Figure 4.7. Fault-tolerant consensus controller ui.
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Figure 4.8. Consensus tracking errors zi,1 and zi,2.

4.5 Chapter Summary

In this chapter, a fault-tolerant leader-follower consensus control scheme subject to out-

put constraint has been proposed for nonlinear MAS. By integrating adaptive RBFNN

and backstepping control approaches, a single parameter estimator has been designed

with the control scheme. We also introduced a new state transformation technique to

solve the output constraint for each agent. Furthermore, an adaptive compensation

method has been adopted to eliminate the effect of actuator failure.
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Chapter 5

Constrained Consensus
Control with Unknown

Control Directions

5.1 Introduction

Consensus control problem has emerged as the foundation of MAS, as its basic the-

oretical framework is widely applied to achieve cooperative behaviour within a net-

worked system. A consensus control algorithm aims to synchronize all states of agents

to a common state by exchanging information with its neighboring agents in a dis-

tributed manner (Lunze 2019, Cao et al. 2012, Sun et al. 2022b). Another reason for at-

tracting a number of researchers is due to its variety of practical applications (Ren and

Beard 2008), for instance, drone light shows, satellite clusters, vehicle platooning, etc.

Normally, consensus control methods are classified into leaderless and leader-follower

consensus control approaches (Shi and Yan 2021). The objective of leader-follower

consensus control is to drive all following agents to track the predefined trajectory of a

leader.

In recent years, many leader-follower consensus control studies have been conducted

for MAS. A fully distributed leader-follower consensus controller (Li et al. 2014) was

proposed for linear MAS without acquiring the global information of a directed com-

munication graph. Furthermore, a leader-follower consensus controller was designed

with a distributed extended state observer to compensate unknown external distur-

bances for a class of linear MAS (Cao et al. 2015). A distributed consensus control

algorithm was developed for linear MAS subject to a periodic intermittent communi-

cation constraint along with switching directed topologies (Wen et al. 2014). The above
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consensus control protocols are challenging to be employed for nonlinear MAS, even

though they can achieve desired control performance for linear MAS.

For nonlinear MAS, a substantial amount of research has been done on consen-

sus control (Rezaee and Abdollahi 2020, Chen et al. 2020, Huang et al. 2020, Shi

and Yu 2021, Fu et al. 2022). The unknown control directions (UCD) problem is of

paramount importance in practical control systems. Recently, significant results have

been published to tackle this problem by applying various Nussbaum functions and

making different assumptions on unknown control gain for nonlinear MAS. The so-

lution to the UCD problem for MAS was first developed by proposing a new type of

Nussbaum function, and all control gains were assumed to be unknown constants with

the same sign (Chen et al. 2013b). An alternative Nussbaum function with a condition

inequality (Xie et al. 2018) was proposed to handle both unknown actuator failures and

non-identical control directions simultaneously. Despite the above studies that have

concentrated on UCD for MAS, few attempts are practicable to solve the UCD prob-

lem with less restrictive assumption on control gain matrix for multiple-input multiple-

output (MIMO) nonlinear MAS.

Output constraint problems are frequently encountered in practical applications due

to safety requirements, specific environment and system performances (He et al. 2020).

For example, inspection drones operating within a tunnel and robot manipulators

within a restricted operating zone, etc. Typically, state transformation (Ni and

Shi 2021a, Niu et al. 2017a, Zheng and Li 2018, Sun et al. 2022a) and barrier Lyapunov

function (BLF) (Tee et al. 2009) approaches are used to resolve the output constraint

problem. The logarithm-type state transformation function is widely applied to trans-

form the constrained state into an unconstrained one. For instance, both constant sym-

metric and asymmetric cases were analysed for nonlinear output-constrained systems

(Niu et al. 2017a), yet the lower restricted boundary is assumed to be negative, and the

upper boundary is strictly positive. The time-varying asymmetric case was considered

(Zheng and Li 2018) with both positive lower and upper boundaries. Moreover, a new

nonlinear state-dependent transformation function with positive boundaries was pro-

posed (Zhao and Song 2020) for time-varying asymmetric constraints. However, the

above transformation functions cannot eliminate the limitation of the boundaries and

solve both constrained and unconstrained cases simultaneously. Furthermore, the BLF

method requires complex formulations in controller design (Qu et al. 2018), especially
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for the time-varying asymmetric case. Therefore, a more general solution to the out-

put constraint problem is desired to remove the limitations of the state transformation

function and simplify the analysis of the BLF approach for nonlinear MAS.

More importantly, not many studies have been conducted on output constraints by

state transformation technique for nonlinear MAS. Consequently, the UCD coexisting

with the output constraint problem for leader-follower consensus control in nonlinear

MAS is worth investigating. Motivated by the challenges and shortcomings in the

controller design of nonlinear MAS, the primary contributions of this study can be

summarized as follows:

• A new state transformation function is derived and implemented to trans-

form a time-varying asymmetric constrained output into an equivalent un-

constrained state. Compared with the state transformation functions (Ni and

Shi 2021a, Niu et al. 2017a, Zheng and Li 2018, Zhao and Song 2020), the proposed

function can not only deal with both time-varying symmetric and asymmetric

cases but also remove the implicit conditions on boundaries. Furthermore, un-

like the BLF methods (Qu et al. 2018) and (Wang et al. 2020b), the consensus con-

trol analysis and design are significantly simplified. In particular, the proposed

function can address constrained and unconstrained cases uniformly.

• Two cases of UCD problems are analysed by introducing less restrictive assump-

tions to the control gain matrix. Two corresponding simulations are also carried

out to verify the feasibility.

• A new framework of adaptive consensus controller is proposed to resolve the

problems of output constraints and UCD for MIMO nonlinear MAS. Specifically,

a general nonlinear MAS system model is considered which differs from the para-

metric strict-feedback model (Wang et al. 2020a). A sliding mode integral filter is

also presented to estimate the derivative of virtual control law instead of calculat-

ing it tediously, which can circumvent the explosion of the complexity problem

in backstepping control.

The remainder of this chapter is structured as follows. Section 5.2 presents problem

formulation and preliminaries. In Section 5.3, the adaptive leader-follower consensus
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controller is designed and the stability analysis is evaluated. Two examples are simu-

lated in Section 5.4 to prove the validity of the proposed control scheme and Section

5.5 summarises this article.

5.2 Problem Formulation

We consider a group of N p-order nonlinear strict-feedback systems modelled as:

ẋi,m = gi,m(x̄i,m)xi,m+1 + fi,m(x̄i,m) + di,m(t),

ẋi,p = gi,p(x̄i,p)ui + fi,p(x̄i,p) + di,p(t)

yi = xi,1

(5.1)

where i = 1, . . . , N, m = 1, . . . , p − 1, x̄i,m = [xT
i,1, xT

i,2, · · · , xT
i,m]

T; xi,q ∈ Rn with q =

1, . . . , m, x̄i,p = [xT
i,1, xT

i,2, · · · , xT
i,p]

T ∈ Rnp is the system state, ui ∈ Rn is the control in-

put and yi ∈ Rn denotes the output. The functions gi,m(x̄i,m) ∈ Rn×n and fi,q(x̄i,q) ∈ Rn

are unknown smooth nonlinear functions, the control gain matrix gi,p(x̄i,p) ∈ Rn×l

(l ≥ n) denotes a partially unknown smooth function. The time-varying function

di,q(t) ∈ Rn represents bounded external disturbance for q = 1, . . . , p. The state xi,1k

represents each element of the system output xi,1 = [xi,11, xi,12, · · · , xi,1n]
T ∈ Rn and

each entry of output state of ith agent is restricted to an open set Cxi,1k defined as fol-

lows:

xi,1k ∈ Cxi,1k := {−kai,1k(t) < xi,1k < kbi,1k
(t)}. (5.2)

where xi,1k ∈ R, kai,1k(t) and kbi,1k
(t) are time-varying asymmetric constraint functions

on system output for k = 1, . . . , n.

Remark 5.1. Strict-feedback systems are dominated by the form of nonlinear functions

gi,m(x̄i,m) and fi,m(x̄i,m) in the ẋi,m equation that are only related to state x̄i,m =

[xi,1, xi,2, · · · , xi,m]
T. They are also known as lower-triangular systems (Krstic et al. 1995).

Furthermore, the control gain matrix gi,p(x̄i,p) ∈ Rn×n is an asymmetric square matrix, which

has a less restrictive assumption than the diagonal case.

Our aim in this chapter is to design an adaptive leader-follower consensus scheme for

system (5.1) such that

• All subsystem outputs are driven to approach a desired trajectory yr(t) without

violating the predefined output boundaries (5.2).
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• The leader-follower consensus tracking errors are guaranteed to move toward to

an arbitrarily small neighborhood of zero under UCD in a finite time.

The following assumptions are needed for the development of our main results.

Assumption 5.1. (Zhang et al. 2012) The communication topology G is modelled by a directed

graph that contains a spanning tree with a leader as the root.

Remark 5.2. From Assumption 5.1, we have rank(L̄) = N and the Laplacian matrix L̄ is

defined as L̄ =

[
0 01×N

−b L+ B

]
where b = [b1, · · · , bN]

T, bi indicates the connectivity between

the leader and followers, bi = 1 if ith agent is able to access a leader; otherwise, bi = 0. Then,

rank(L+ B) = N, thus, L+ B is an invertible matrix.

Assumption 5.2. The unknown control coefficient gi,m(x̄i,m) ∈ Rn×n is a square matrix

yet unnecessary to be symmetric, and its sign is unknown. Moreover, the norm of ma-

trices gi,m(x̄i,m) and gi,p(x̄i,p) are assumed to be bounded as ∥gi,m(x̄i,m)∥2 ≤ ḡi,m and∥∥gi,p(x̄i,p)
∥∥2 ≤ ḡi,p, respectively.

Remark 5.3. Notice that Assumption 5.2 ensures system (5.1) is controllable. The majority

of practical systems such as Euler-Lagrange systems and MAS (Zhao et al. 2018, Sachan and

Padhi 2019) satisfy this assumption.

Assumption 5.3. The output constraint functions kai,1k(t) and kbi,1k
(t) and their l-th (l =

0, · · · , p) derivatives are bounded and continuous.

Assumption 5.4. (Zhao et al. 2021) The dynamics of a leader yr(t) =

[yr1(t), yr2(t), · · · , yrn(t)]T ∈ Ω ⊂ Rn and its l-th derivative are continuous and bounded. It

also satisfies the following conditions, yrn(t) ∈ Cyrn := {−kai,1k(t) < −kayrn(t) ≤ yrn(t) ≤
kbyrn(t) < kbi,1k

(t)}, where kayrn(t) and kbyrn(t) are time-varying functions.

Assumption 5.5. (Zhao et al. 2021) For any time-varying functions kai,1k(t) and kbi,1k
(t),

there exist functions kayrn(t) and kbyrn(t), positive constants ε l (l = 1, · · · , 5) satisfying the

following inequalities kai,1k(t) + kbi,1k
(t) ≥ ε1, k2

ai,1k
(t) − k̄ai,1k ≥ ε2, k2

bi,1k
(t) − k̄bi,1k

≥ ε3,

kai,1k(t)− kayrn(t) ≥ ε4, kbi,1k
(t)− kbyrn(t) ≥ ε5, where k̄ai,1k and k̄bi,1k

are design constants.

Remark 5.4. The boundaries of output constraint functions can be constructed under As-

sumptions 5.4. Assumptions 5.5 ensures that the time-varying asymmetric output constraint

functions are computable for each agent.
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Definition 5.1. (Ge et al. 2004) A continuous function N (ζ) is defined as a Nussbaum-type

function satisfying the following properties

lim
s→+∞

sup
1
s

∫ s

0
N (ζ)dζ = +∞

lim
s→+∞

inf
1
s

∫ s

0
N (ζ)dζ = −∞

There exist various types of Nussbaum functions that are commonly applied to address the

UCD problem such as eζ2
cos (ζπ/2), ζ2 sin ζ, ζ2 cos ζ, etc.

Before ending this section, we recall the following results that are needed to derive the

main results in sequel.

Lemma 5.1. (Xu and Ioannou 2003) There exists a symmetric matrix Ψi ∈ Rn×n, such

that |γi(xi)| ≥ λmin and zT(xi)Ψiz(xi) = γi(xi) ∥z(xi)∥2 holds, where γi(xi) :=

zT
e (xi)Ψize(xi), ze := z/∥z∥ is a unit vector and λmin represents the smallest singular value

of the matrix (Ψi + ΨT
i )/2.

Lemma 5.2. (Ge et al. 2004) Consider smooth functions ζ(t) and V(t) > 0 for all t ∈ [0, tg).

If the following inequality holds,

V(t) ≤ c1 + e−c2t
∫ t

0
(G(s)N (ζ) + 1) ζ̇ec2sds

where c1 and c2 are positive constants, N (ζ) is a Nussbaum function and G(s) is a time-

varying unknown parameter, then, V(t), ζ(t) and
∫ t

0 G(s)N (ζ)ζ̇ec2sds are bounded for all

t ∈ [0, tg).

RBFNN are commonly employed to approximate unknown smooth functions due to

their effective approximation performance and simple design process. An unknown

continuous function f (Z) : Rl → Rn is defined on a compact set, i.e., f (Z) ∈ Ω, which

can be approximated by RBFNN as follows:

f (Z) = WT φ(Z) + σ

where Z ∈ Ω ⊂ Rl is a input vector, W ∈ Rr×n denotes an optimal weight matrix, r

represents the neuron nodes of RBFNN, φ(Z) = [φ1(Z), · · · , φr(Z)]T ∈ Rr is a known

radial basis function vector and σ ∈ Rn is an approximation error vector.

A general type of Gaussian function is selected as the entry of φ(Z) such that φi(Z) =

exp[−(Z − ci)
T(Z − ci)/w2

i ], i = 1, . . . , r, where ci and wi are the center and width of
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the Gaussian function, respectively. Moreover, considering the properties of RBFNN,

the norm of RBFNN approximation error vector σ can be adjusted to a small arbitrary

value by adding large enough neuron nodes.

Remark 5.5. RBFNN approximation is only applicable within a compact set Ω. Consequently,

the stability analysis of the closed-loop system can be performed as long as the system states stay

within the compact set. i.e., xi,m ∈ Ω ⊂ Rn, ∀t ≥ 0, where the set Ω can be selected as large

as desired.

5.3 Main Results

This section is devoted to designing a leader-follower consensus controller with the

problems of output constraints and UCD. Fig. 5.1 depicts the nonlinear MAS control

diagram of the proposed adaptive leader-follower consensus control.

The control block diagram consists of five parts including leader signal yr, state trans-

formation block, controller block, i-th follower model and communication network.

Specifically, the communication network is responsible for transmitting state informa-

tion about the adjacent agents of i-th follower and the leader signal. The state transfor-

mation block aims to convert the constrained output to an unconstrained one, which is

described in subsection A. Moreover, the actual controller ui adopts the adaptive recur-

sive design methodology, which comprises a number of steps. The detailed controller

design procedure is shown in subsection B.

5.3.1 Time-varying Asymmetric Output Constraints

To prevent the output constraint violation from occurring for ith agent, we use a new

state transformation method to solve this issue in nonlinear MAS as follows:

χi,1k =
kai,1k(t)xi,1k + k̄ai,1k

2
(
kai,1k(t) + xi,1k

) +
kbi,1k

(t)xi,1k − k̄bi,1k

2
(

kbi,1k
(t)− xi,1k

) (5.3)

where k̄ai,1k and k̄bi,1k
are constants for ith agent satisfying the conditions in Assumption

5.5.

From (5.3) the unconstrained output state χi,1k tends to infinity as xi,1k reaches the

limits of Cxi,1k , i.e., given the initial state xi,1k(0) ∈ Cxi,1k for ith agent, χi,1k → ∞ if
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Figure 5.1. Block diagram of the proposed adaptive leader-follower consensus control sys-

tem.

and only if xi,1k → −kai,1k(t) or xi,1k → kbi,1k
(t). Accordingly, the problem of output

constraint for ith agent can be reformulated to the determination of the boundedness

of unconstrained output state χi,1k.

Then, the derivative of χi,1k is derived as

χ̇i,1k = ψi,1k ẋi,1k + ωi,1k (5.4)

where parameters ψi,1k and ωi,1k are defined as,

ψi,1k =
k2

ai,1k
(t)− k̄ai,1k

2
(
kai,1k(t) + xi,1k

)2 +
k2

bi,1k
(t)− k̄bi,1k

2
(

kbi,1k
(t)− xi,1k

)2

ωi,1k =

(
x2

i,1k − k̄ai,1k

)
k̇ai,1k

2
(
kai,1k(t) + xi,1k

)2 −

(
x2

i,1k − k̄bi,1k

)
k̇bi,1k

2
(

kbi,1k
(t)− xi,1k

)2

In order to facilitate the design of adaptive leader-follower consensus controller, then

(5.4) can be rewritten as a matrix form

χ̇i,1 = ψi,1ẋi,1 + ωi,1 (5.5)

where
χi,1 = [χi,11, χi,12, · · · , χi,1k]

T ∈ Rn,

ωi,1 = [ωi,11, ωi,12, · · · , ωi,1k]
T ∈ Rn,

ψi,1 = diag[ψi,11, ψi,12, · · · , ψi,1k] ∈ Rn×n.
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Figure 5.2. State transformation function χi,1k at distinct time points.
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Figure 5.3. Two cases of state transformation function χi,1k.
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Remark 5.6. The time-varying asymmetric state transformation function (5.3) is a new type

of state transformation approach inspired by (Zhao et al. 2021, Sun et al. 2021) to address

output constraint problem. Fig. 5.2 shows a state transformation function χi,1k at different

time points with time-varying boundaries kai,1k = 0.5 sin (t) + 1.5, kbi,1k
= 0.4 sin (t) + 1

and k̄ai,1k = k̄bi,1k
− 0.3. Fig. 5.3 indicates that the time-varying boundaries are not only

both positive but also both negative, which is unlike the limitations on constraint boundaries

(Zheng and Li 2018, Cao et al. 2019). Furthermore, it differs from the classical BLF methods

(Wang et al. 2020b, Ni and Shi 2021b) in that the new approach relaxes the selection of initial

conditions and significantly simplifies design procedure because of the design procedure depends

on the unconstrained state χi,1 rather than the constrained tracking error. Likewise, if the

output is not constrained in a specific range, i.e., Ki = kai,1k = kbi,1k
→ ∞, applying the

L’Hôpital rule, we obtain limKi→∞ χi,1k = x1k, which guarantees that this function can address

constrained and unconstrained cases uniformly.

5.3.2 Distributed Adaptive Leader-follower Consensus Controller De-

sign

In this section, we will provide a systematic adaptive leader-follower consensus con-

trol design procedure for MIMO nonlinear MAS under output constraints and UCD.

Adaptive neural network and backstepping control techniques are integrated to con-

struct the leader-follower consensus controller.

Step 1: Introduce the following leader-follower consensus tracking error zi,1 and error

variable zi,2

zi,1 =
N

∑
j=1

aij(χi,1 − χj,1) + bi(χi,1 − ηr), i = 1, . . . , N

zi,2 = xi,2 − αi,1

(5.6)

where αi,1 is a virtual control law to be designed later. The parameter ηr implies that

the trajectory of the leader yr(t) is within the predefined constraint, consequently, each

entry of ηr is defined within the constrained set Cyrn ⊂ Cxi,1k as follows:

ηrn =
kai,1k(t)yrn + k̄ai,1k

2
(
kai,1k(t) + yrn

) +
kbi,1k

(t)yrn − k̄bi,1k

2
(

kbi,1k
(t)− yrn

) (5.7)

with
yr(t) = [yr1(t), yr2(t), · · · , yrn(t)]T ∈ Rn

ηr(t) = [ηr1(t), ηr2(t), · · · , ηrn(t)]T ∈ Rn.
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Then, the dynamics of zi,1 is calculated as

żi,1 = (di + bi)χ̇i,1 −
N

∑
j=1

aijχ̇j,1 − biη̇r

= (di + bi) (ψi,1gi,1xi,2 + ψi,1 fi,1 + ψi,1di,1 + ωi,1)−
N

∑
j=1

aijχ̇j,1 − biη̇r

= hi (ψi,1gi,1xi,2 + ψi,1di,1 + Φi,1(Zi,1))

(5.8)

where hi = di + bi and Φi,1(Zi,1) = ψi,1 fi,1 + ωi,1 −
(

∑N
j=1 aijχ̇j,1 + biη̇r

)
/hi. Since the

function Φi,1(Zi,1) is not available for the closed-loop MAS, the RBFNN is used to ap-

proximate the unknown function Φi,1(Zi,1). It can be seen that the unknown function

is a smooth function of inputs xi,1, ωi,1 and ηr, and Zi,1 = [xT
i,1, ωT

i,1ηT
r ]

T ∈ Ω ⊂ R3n.

Thus, we have

Φi,1 (Zi,1) = WT
i,1φi,1(Zi,1) + σi,1 (5.9)

The unknown approximation error vector σi,1 satisfies that ∥σi,1∥ is bounded with

∥σi,1∥ ≤ σ̄i,1, and σ̄i,1 is a positive constant. In order to simplify the control design

process and reduce the computational complexity of RBFNN, we define θi,1 = ∥Wi,1∥2

as an intermediate variable of optimal weight matrix Wi,1, θ̃i,1 = θi,1 − θ̂i,1 and θ̂i,1 is the

estimate of parameter θi,1.

Considering the following Lyapunov function candidate

Vi,1 =
1

2hi
zT

i,1zi,1 +
1

2λi,1
θ̃2

i,1 (5.10)

where λi,1 is a positive constant.

Taking the derivative of the Lyapunov function Vi,1 and consider the RBFNN approxi-

mation in (5.9), it yields

V̇i,1 =
1
hi

zT
i,1żi,1 −

1
λi,1

θ̃i,1
˙̂θi,1

= zT
i,1 (ψi,1gi,1xi,2 + ψi,1di,1(t)) + zT

i,1Φi,1(Zi,1)−
1

λi,1
θ̃i,1

˙̂θi,1

= zT
i,1 (ψi,1gi,1zi,2 + ψi,1gi,1αi,1 + ψi,1di,1(t))

+ zT
i,1

(
WT

i,1φi,1(Zi,1) + σi,1

)
− 1

λi,1
θ̃i,1

˙̂θi,1

(5.11)
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By applying Young’s inequality, we have

zT
i,1ψi,1di,1(t) ≤

1
2
∥zi,1∥2 ∥ψi,1∥2 +

1
2

d̄2
i,1

zT
i,1WT

i,1φi,1(Zi,1) ≤
1
2
∥zi,1∥2 θi,1 ∥φi,1(Zi,1)∥2 +

1
2

zT
i,1σi,1 ≤ 1

2
∥zi,1∥2 +

1
2

σ̄2
i,1

(5.12)

where the positive constant d̄i,1 is the upper bound of the external disturbance matrix

di,1(t) such that ∥di,1(t)∥ ≤ d̄i,1.

The virtual control law αi,1 and the adaptation law of the parameter θi,1 are designed

as

αi,1 = N (ζi,1)vi,1zi,1

vi,1 = κi,1 +
1
2
∥ψi,1∥2 +

1
2
+

1
2

θ̂i,1 ∥φi,1(Zi,1)∥2

ζ̇i,1 = vi,1 ∥zi,1∥2

˙̂θi,1 =
λi,1

2
∥zi,1∥2 ∥φi,1(Zi,1)∥2 − µi,1θ̂i,1

(5.13)

where κi,1 and µi,1 are designed positive constants.

From the term zT
i,1ψi,1gi,1αi,1 and the definitions of ψi,1 and gi,1, we obtain that the ma-

trix ψi,1gi,1 are unnecessarily symmetric. Since any real matrix can be expressed as the

sum of a symmetric matrix and a skew symmetric matrix, the matrix ψi,1gi,1 can be

decomposed as ψi,1gi,1 = Gi,1 + Gi,2, where Gi,1 = (ψi,1gi,1 + gT
i,1ψi,1)/2 is a symmet-

ric matrix and Gi,2 = (ψi,1gi,1 − gT
i,1ψi,1)/2 is a skew symmetric matrix, respectively.

According to Lemma 5.1 and the properties of skew symmetric matrix, we have

zT
i,1ψi,1gi,1zi,1 = zT

i,1(ψi,1gi,1 + gT
i,1ψi,1)zi,1/2

= γ1(xi) ∥zi,1∥2
(5.14)

Then, substituting the virtual control law αi,1 into the term zT
i,1ψi,1gi,1αi,1, we derive

zT
i,1ψi,1gi,1αi,1 = γ1(t)N (ζi,1)ζ̇i,1 (5.15)
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Substituting (5.12), (5.13) and (5.15) into (5.11), we can obtain

V̇i,1 ≤ zT
i,1ψi,1gi,1zi,2 + [γ1(t)N (ζi,1) + 1] ζ̇i,1 − ζ̇i,1 +

1
2
∥zi,1∥2 ∥ψi,1∥2 +

1
2

d̄2
i,1

+
1
2
∥zi,1∥2 θi,1 ∥φi,1(Zi,1)∥2 +

1
2
+

1
2
∥zi,1∥2 +

1
2

σ̄2
i,1 −

1
λi,1

θ̃i,1
˙̂θi,1

≤ −κi,1 ∥zi,1∥2 + zT
i,1ψi,1gi,1z2 + [γ1(t)N (ζi,1) + 1] ζ̇i,1

+
µi,1

λi,1
θ̃i,1θ̂i,1 +

1
2
+

1
2

d̄2
i,1 +

1
2

σ̄2
i,1

Considering the following inequality

µi,1

λi,1
θ̃i,1θ̂1 =

µi,1

λi,1

(
θ̃i,1θi,1 − θ̃2

i,1

)
≤ µi,1

2λ1
θ2

i,1 −
µi,1

2λi,1
θ̃2

i,1

we have

V̇i,1 ≤− κi,1 ∥zi,1∥2 + zT
i,1ψi,1gi,1zi,2 + [γ1(t)N (ζi,1) + 1] ζ̇i,1 −

bi,1

2λi,1
θ̃2

i,1 + Ci,1

where Ci,1 = 1
2 +

µi,1
2λi,1

θ2
i,1 +

1
2 d̄2

i,1 +
1
2 σ̄2

i,1.

Step 2: Consider the error variable zi,2 = xi,2 − αi,1, then, its derivative is expressed as

follows:

żi,2 = ẋi,2 − α̇i,1

= gi,2xi,3 + fi,2 + di,2(t)− α̇i,1

Define the following Lyapunov function candidate

Vi,2 = Vi,1 +
1
2

zT
i,2zi,2 +

1
2λi,2

θ̃2
i,2 (5.16)

Its derivative yields

V̇i,2 = V̇i,1 + zT
i,2żi,2 −

1
λi,2

θ̃i,2
˙̂θi,2

= V̇i,1 + zT
i,2 (gi,1ψi,1zi,1 + gi,2xi,3 + fi,2)

+ zT
i,2 (di,2(t)− α̇i,1 − gi,1ψi,1zi,1)−

1
λi,2

θ̃i,2
˙̂θi,2

(5.17)

Since Φi,2(Zi,2) = gi,1ψi,1zi,1 + fi,2 is unknown for the closed-loop MAS, the RBFNN is

used to approximate Φi,2(Zi,2). It can be seen that the unknown function is a smooth
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function of inputs ψi,1, xi,1 and xi,2, and Zi,2 = [ψT
i,1, ηT

r , xT
i,1, xT

i,2]
T ∈ Ω ⊂ R4nN. Thus,

applying the RBFNN to approximate Φi,2 (Zi,2), then (5.17) yields

V̇i,2 = V̇i,1 + zT
i,2gi,2zi,3 + zT

i,2gi,2αi,2 + zT
i,2di,2(t)

+ zT
i,2

(
WT

i,2φi,2(Zi,2) + σi,2

)
− zT

i,2gi,1ψi,1zi,1 − zT
i,2α̇i,1 −

1
λi,2

θ̃i,2
˙̂θi,2

(5.18)

By applying Young’s inequality, we have

zT
i,2di,2(t) ≤

1
2
∥zi,2∥2 +

1
2

d̄2
i,2

zT
i,2WT

i,2φi,2(Zi,2) ≤
1
2
∥zi,2∥2 θi,2 ∥φi,2(Zi,2)∥2 +

1
2

zT
i,2σi,2 ≤ 1

2
∥zi,2∥2 +

1
2

σ̄2
i,2

To avoid recomputing the derivative of the virtual control law αi,1 in the following

steps and reduce the computational burden for RBFNN, we can estimate α̇i,1 by apply-

ing the SMC filter (Chen et al. 2017), then, we obtain

ξ̇i,1 = −ξi,1 − αi,1

ρi,1
− ki,1

ξi,1 − αi,1

∥ξi,1 − αi,1∥+ βi,1

ξ̇i,2 = −ξi,2 − ξ̇i,1

ρi,2
− ki,2

ξi,2 − ξ̇i,1∥∥ξi,2 − ξ̇i,1
∥∥+ βi,2

(5.19)

where ρi,l, ki,l and βi,l are all positive design parameters with l = 1, 2. The parameter

ξi,1 is the filtered value of a known function αi,. The parameter ξi,2 is the filtered value

of ξ̇i,1 that is the approximated value of unknown function α̇i,1, which can avoid the

problem of ‘explosion of complexity’ in adaptive backstepping design procedure and

reduce the computational burden of adaptive neural networks control. Furthermore,

the filter error ϵi,2 of the parameter ξi,2 is defined as ϵi,2 = ξi,2 − α̇i,1 and it is bounded

with ∥ϵi,2∥ ≤ ϵ̄i,2.

Applying Young’s inequality again for the term −zT
i,2α̇i,1, we have

−zT
i,2ξi,2 ≤ 1

2
∥zi,2∥2 ∥ξi,2∥2 +

1
2

zT
i,2ϵi,2 ≤ 1

2
∥zi,2∥2 +

1
2

ϵ̄2
i,2
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The virtual control law αi,2 and the adaptation law of the parameter θi,2 are designed

as
αi,2 = N (ζi,2)vi,2zi,2

vi,2 = κi,2 +
3
2
+

1
2

θ̂i,2 ∥φ2(Zi,2)∥2 +
1
2
∥ξi,2∥2

ζ̇i,2 = vi,2 ∥zi,2∥2

˙̂θi,2 =
λi,2

2
∥zi,2∥2 ∥φi,2(Zi,2)∥2 − µi,2θ̂i,2

Applying Lemma 5.1 and substituting the designed virtual control law αi,2 into the

term zT
i,2gi,2αi,2, we obtain

zT
i,2gi,2αi,2 = γ2(t)N (ζi,2)ζ̇i,2

According to Young’s inequality, one has
µi,2

λi,2
θ̃i,2θ̂i,2 =

µi,2

λi,2

(
θ̃i,2θi,2 − θ̃2

i,2

)
≤ µi,2

2λi,2
θ2

2 −
µi,2

2λi,2
θ̃2

i,2

Then, (5.18) can be reformed as follows:

V̇i,2 ≤ V̇i,1 − zT
i,2gi,1ψi,1zi,1 − κi,2 ∥zi,2∥2 + zT

i,2gi,2zi,3

+ [γ2(t)N (ζi,2) + 1] ζ̇i,2 −
µi,2

2λi,2
θ̃2

i,2 + Ci,2

where Ci,2 = 1 + µi,2
2λi,2

θ2
i,2 +

1
2 d̄2

i,2 +
1
2 σ̄2

i,2 +
1
2 ϵ̄2

i,2.

Step m (3 ≤ m ≤ p − 1) : Introduce the error variable zi,m = xi,m − αi,m−1, then, its

derivative is

żi,m = gi,mxi,m+1 + fi,m + di,m(t)− α̇i,m−1

Consider the following Lyapunov function candidate

Vi,m = Vi,m−1 +
1
2

zT
i,mzi,m +

1
2λi,m

θ̃2
i,m (5.20)

Taking the derivative of the Lyapunov function Vi,m, yields

V̇i,m = V̇i,m−1 + zT
i,mżi,m − 1

λi,m
θ̃i,m

˙̂θi,m

= V̇i,m−1 + zT
i,m (gi,m−1zi,m−1 + gi,mxi,m+1 + fi,m)

+ zT
i,m (di,m(t)− α̇i,m−1 − gi,m−1zi,m−1)−

1
λi,m

θ̃i,m
˙̂θi,m

(5.21)
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Since Φi,m(Zi,m) = gi,m−1zi,m−1 + fi,m is unknown for the closed-loop MAS, the RBFNN

is used to approximate Φi,m(Zi,m). The unknown function is a smooth function of

inputs xi,1, · · · , xi,m, and Zi,m = [xT
i,1, · · · , xT

i,m]
T ∈ Ω ⊂ RmnN. Thus, using the RBFNN

to approximate the Φi,m (Zi,m), then (5.21) yields

V̇i,m = V̇i,m−1 + zT
i,m (gi,mzi,m+1 + gi,mαi,m + di,m(t))

+ zT
i,m

(
WT

i,m φi,m(Zi,m) + σi,m − gi,m−1zi,m−1

)
− zT

i,mα̇i,m−1 −
1

λi,m
θ̃i,m

˙̂θi,m

By applying Young’s inequality, we have

zT
i,mdi,m(t) ≤

1
2
∥zi,m∥2 +

1
2

d̄2
i,m

zT
i,mWT

i,m φi,m(Zi,m) ≤
1
2
∥zi,m∥2 θi,m ∥φi,m(Zi,m)∥2 +

1
2

zT
i,mσi,m ≤ 1

2
∥zi,m∥2 +

1
2

σ̄2
i,m

In this step, applying the SMC filter again to avoid repeating the derivative of the

virtual control law αm−1, we obtain

ξ̇i,m−1 = −ξi,m−1 − αi,m−1

ρi,m−1
− ki,m−1 (ξi,m−1 − αi,m−1)

∥ξi,m−1 − αi,m−1∥+ βi,m−1

ξ̇i,m = −ξi,m − ξ̇i,m−1

ρi,m
− ki,m

ξi,m − ξ̇i,m−1∥∥ξi,m − ξ̇i,m−1
∥∥+ βi,m

where α̇i,m−1 = ξi,m − ϵi,m.

By applying Young’s inequality again to the term −zT
i,mα̇i,m−1, we have

−zT
i,mξi,m ≤ 1

2
∥zi,m∥2 ∥ξi,m∥2 +

1
2

zT
i,mϵi,m ≤ 1

2
∥zi,m∥2 +

1
2

ϵ̄2
i,m

The virtual control law αi,m and the adaptation law of the parameter θi,m are designed

as
αi,m = N (ζi,m)vi,mzi,m

vi,m = κi,m +
3
2
+

1
2

θ̂i,m ∥φi,m(Zi,m)∥2 +
1
2
∥ξi,m∥2

ζ̇i,m = vi,m ∥zi,m∥2

˙̂θi,m =
λi,m

2
∥zi,m∥2 ∥φi,m(Zi,m)∥2 − µi,mθ̂i,m
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By applying Lemma 5.1 and substituting the designed virtual control law αi,m into the

term zT
i,mgi,mαi,m, we obtain

zT
i,mgi,mαi,m = γi,m(t)N (ζi,m)ζ̇i,m

According to Young’s inequality, one has

µi,m

λi,m
θ̃i,mθ̂i,m =

µi,m

λi,m

(
θ̃i,mθi,m − θ̃2

i,m

)
≤ µi,m

2λi,m
θ2

i,m − µi,m

2λi,m
θ̃2

i,m

Then, (5.22) can be organised as follows:

V̇i,m ≤ V̇i,m−1 − zT
i,mgi,m−1zi,m−1 − κi,m ∥zi,m∥2

+ zT
i,mgi,mzi,m+1 + [γm(t)N (ζi,m) + 1] ζ̇i,m − µi,m

2λi,m
θ̃2

i,m + Ci,m

where Ci,m = 1 + µi,m
2λi,m

θ2
i,m + 1

2 d̄2
i,m + 1

2 σ̄2
i,m + 1

2 ϵ̄2
i,m.

Step p: Introduce the error variable zi,p = xi,p − αi,p−1, then, its derivative is

żi,p = ẋi,p − α̇i,p−1

= gi,pu + fi,p + di,p(t)− α̇i,p−1

Consider the following Lyapunov function candidate

Vi,p = Vi,p−1 +
1
2

zT
i,pzi,p +

1
2λi,p

θ̃2
i,p (5.22)

Taking the derivative of the Lyapunov function Vi,m, yields

V̇i,p = V̇i,p−1 + zT
i,p
(

gi,p−1zi,p−1 + gi,pu + fi,p
)

+ zT
i,p
(
di,p(t)− α̇i,p−1 − gi,p−1zi,p−1

)
− 1

λi,p
θ̃i,p

˙̂θi,p
(5.23)

Since Φi,p(Zi,p) = gi,p−1zi,p−1 + fi,p is unknown for the closed-loop MAS, the RBFNN is

used to approximate Φi,p(Zi,p). The unknown function is a smooth function of inputs

xi,1, · · · , xp, and Zi,p = [xT
i,1, · · · , xT

i,p]
T ∈ Ω ⊂ RpnN. Thus, applying the RBFNN to

approximate the Φi,p
(
Zi,p
)
, then (5.23) yields

V̇i,p = V̇i,p−1 − zT
i,pgi,p−1zi,p−1 + zT

i,pgi,pui

+ zT
i,p

(
WT

i,p φi,p(Zi,p) + σi,p + di,p(t)
)
− zT

i,pα̇i,p−1 −
1

λi,p
θ̃i,p

˙̂θi,p
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By applying Young’s inequality, we have

zT
i,pdi,p(t) ≤

1
2

∥∥zi,p
∥∥2

+
1
2

d̄2
i,p

zT
i,pWT

i,p φi,p(Zi,p) ≤
1
2

∥∥zi,p
∥∥2

θi,p
∥∥φi,p(Zi,p)

∥∥2
+

1
2

zT
i,pσi,p ≤ 1

2

∥∥zi,p
∥∥2

+
1
2

σ̄2
i,p

At the final step, term α̇i,m−1 can be estimated as

ξ̇i,p−1 = −
ξi,p−1 − αi,p−1

ρi,p−1
−

ki,p−1
(
ξi,p−1 − αi,p−1

)∥∥ξi,p−1 − αi,p−1
∥∥+ βi,p−1

ξ̇i,p = −
ξi,p − ξ̇i,p−1

ρi,p
− ki,p

ξi,p − ξ̇i,p−1∥∥ξi,p − ξ̇i,p−1
∥∥+ βi,p

where α̇i,p−1 = ξi,p − ϵi,p.

Applying Young’s inequality again for the term −zT
i,pα̇i,p−1, we have

−zT
i,pξi,p ≤ 1

2

∥∥zi,p
∥∥2 ∥∥ξi,p

∥∥2
+

1
2

zT
i,pϵi,p ≤ 1

2

∥∥zi,p
∥∥2

+
1
2

ϵ̄2
i,p

Since the control gain matrix gi,p(x̄i,p) ∈ Rn×l with l ≥ n is given, we consider two

cases for actual controller design at the final step.

Adaptive Control for Square Systems (l = n)

First we consider the case that gi,p(x̄i,p) ∈ Rn×n is a square matrix and the following

assumption is needed.

Assumption 5.6. The unknown control gain matrix gi,p(x̄i,p) ∈ Rn×n is a square matrix yet

unnecessarily symmetric, and its sign is unknown.

Thus, the actual control law ui and the adaptation law of the parameter θi,p are de-

signed as
ui = N (ζi,p)vi,pzi,p

vi,p = κi,p +
3
2
+

1
2

θ̂i,p
∥∥φi,p(Zi,p)

∥∥2
+

1
2

∥∥ξi,p
∥∥2

ζ̇i,p = vi,p
∥∥zi,p

∥∥2

˙̂θi,p =
λi,p

2

∥∥zi,p
∥∥2 ∥∥φi,p(Zp)

∥∥2 − µi,pθ̂i,p

(5.24)
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Moreover, according to Lemma 5.1 and Assumption 5.6, then, substituting the de-

signed control law ui into the term zT
i,pgi,pui, we obtain

zT
i,pgi,pui = γp,1(t)N (ζi,p)ζ̇i,p

According to Young’s inequality, we have

µi,p

λi,p
θ̃i,pθ̂i,p =

µi,p

λi,p

(
θ̃i,pθi,p − θ̃2

i,p

)
≤

µi,p

2λi,p
θ2

i,p −
µi,p

2λi,p
θ̃2

i,p

Then, (5.22) can be rearranged as follows:

V̇i,p ≤ V̇i,p−1 − zT
i,pgi,p−1zi,p−1 − κi,p

∥∥zi,p
∥∥2

+
[
γp,1(t)N (ζi,p) + 1

]
ζ̇i,p −

µi,p

2λi,p
θ̃2

i,p + Ci,p

where Ci,p = 1 +
µi,p

2λi,p
θ2

i,p +
1
2 d̄2

i,p +
1
2 σ̄2

i,p +
1
2 ϵ̄2

i,p.

For the stability analysis, we choose the overall Lyapunov function V as

V =
N

∑
i=1

(
Vi,p−1 +

1
2

zT
i,pzi,p +

1
2λi,p

θ̃2
i,p

)
(5.25)

Differentiating (5.25) and substituting (5.10), (5.16) (5.20) and (5.22) into it, we have

V̇ ≤
N

∑
i=1

[
−

p

∑
k=1

(
κi,k ∥zi,k∥2 +

µi,k

2λi,k
θ̃2

i,k

)
+

p

∑
k=1

(
γp,1(t)N (ζi,p) + 1

)
ζ̇i,p

+
1
2

p

∑
k=1

(
σ̄2

i,k + d̄2
i,k +

µi,k

λi,k
θ2

i,k

)
+

1
2

p

∑
k=2

(
ϵ̄2

i,k + ξ̄2
i,k

)
+ p − 1

2

]

≤
N

∑
i=1

[
−ϱi,1Vi,p +

p

∑
k=1

(
γp,1(t)N (ζi,p) + 1

)
ζ̇i,p

]
+ C

(5.26)

where ϱi,1 = min
(
2κi,1, . . . , 2κi,p, µi,1, . . . , µi,p

)
and C =

∑N
i=1

[
1
2 ∑

p
k=1

(
σ̄2

i,k + d̄2
i,k +

bi,k
λi,k

θ2
i,k

)
+ 1

2 ∑
p
k=2

(
ϵ̄2

i,k + ξ̄2
i,k

)
+ p − 1

2

]
.

Adaptive Control for Nonsquare Systems (l > n)

After completing the square case, we now consider the case that gi,p(x̄i,p) ∈ Rn×l is a

nonsquare matrix and the following assumption is needed.

Page 89



5.3.2 Distributed Adaptive Leader-follower Consensus Controller Design

Assumption 5.7. (Song et al. 2017) The unknown control gain matrix gi,p(x̄i,p) ∈ Rn×l is a

partially unknown nonsquare matrix and can be decomposed as

gi,p(·) = gi,p1(·)gi,p2(·) (5.27)

where gi,p1(·) ∈ Rn×l is a known matrix with full row rank and gi,p2(·) ∈ Rl×l is an unknown

and unnecessarily symmetric matrix.

Then, the actual control law ui and the adaptation law of the parameter θi,p are de-

signed as

ui = N (ζi,p)
gT

i,p1∥∥gi,p1
∥∥vi,pzi,p

vi,p = Ki,p +
3
2
+

1
2

θ̂i,p
∥∥φi,p(Zi,p)

∥∥2
+

1
2

∥∥ξi,p
∥∥2

ζ̇i,p = vi,p
∥∥zi,p

∥∥2

˙̂θi,p =
λi,p

2

∥∥zi,p
∥∥2 ∥∥φi,p(Zp)

∥∥2 − µi,pθ̂i,p

(5.28)

According to Lemma 5.1 and Assumption 5.7, then, decomposing matrix gi,p2(·) into a

symmetric matrix and a skew symmetric matrix, we have

zT
i,pgi,p1

(
gT

i,p2 + gi,p2

)
gT

i,p1zi,p

2
∥∥gi,p1

∥∥ = γp,2(t)
∥∥zi,p

∥∥2 (5.29)

Substituting the designed control law ui into the term zT
i,pgi,pui and considering (5.29),

we derive

zT
i,pgi,pui = γp,2(t)N (ζi,p)ζ̇i,p

Similarly, the derivative of the total Lyapunov function yields

V̇i,p ≤ −ϱi,2Vi,p +
p

∑
k=1

(
γp,2(t)N (ζi,p) + 1

)
ζ̇i,p + Ci (5.30)

where ϱi,2 = min
(
2κi,1, . . . , 2κi,p−1, 2Ki,p, µi,1, . . . , µi,p

)
and Ci =

1
2 ∑

p
k=1

(
σ̄2

i,k + d̄2
i,k +

bi,k
λi,k

θ2
i,k

)
+ 1

2 ∑
p
k=2

(
ϵ̄2

i,k + ξ̄2
i,k

)
+ p − 1

2 . Based on the systemic

adaptive neural network backstepping control design method, the main results is

presented in the following theorems.
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5.3.3 Stability Analysis

In this section, the boundedness of all the signals and the leader-follower consensus

tracking performance are analysed in the following two theorems for case 1 and case

2, respectively.

Theorem 5.1. Consider system (5.1) satisfying Assumptions 5.1-5.6 with output constraints

(5.2) for any initial conditions xi,1k(0) ∈ Cxi,1k . Then, all the signals in closed-loop system

(5.1) with the controller and adaptive law (5.24) are bounded, and the consensus tracking

errors are guaranteed to move toward to an arbitrarily small neighborhood of zero. Moreover,

the output constraints property (5.2) will remain.

Proof. Multiplying both sides of inequality (5.26) by eϱt, then, integrating it over [0, t],

it yields

V(t) ≤
(

V(0)− C
ϱ

)
e−ϱt +

C
ϱ
+ e−ϱt

∫ t

0

N

∑
i=1

p

∑
k=1

[(
γp,1(s)N (ζi,p) + 1

)
ζ̇i,p
]

eϱsds

where ϱ = min(ϱi,1) > 0 with i = 1, . . . , N.

Then, applying Lemma 5.2, the boundedness of B =

e−ϱt ∫ t
0 ∑N

i=1 ∑
p
k=1

[(
γp,1(s)N (ζi,p) + 1

)
ζ̇i,p
]

eϱsds, V(t) and ζi,p(t) can be confirmed.

Let B̄ be the upper bound of B in [0, ∞), then, we derive the following inequality

1
2
∥z1∥2 ≤ V(t) ≤ e−ϱtV(0) +

C
ϱ
+ B̄

Thus, it yields

∥z1∥ ≤
(

2
(

e−ϱtV(0) +
C
ϱ
+ B̄

)) 1
2

(5.31)

We have the actual consensus tracking error that is defined as ei,1 = ∑N
j=1 aij(xi,1 −

xj,1) + bi(xi,1 − yr). From Remark 5.2, we get e1 = [(L+ B)⊗ In](x1 − IN ⊗ yr). Since

z1 = [(L+B)⊗ In](χ1 − IN ⊗ ηr) is derived from (5.6), we can rewritten z1 = τe1 with

τ = diag[τ1, τ2, · · · , τk] ∈ Rn×n, where

τk =
k2

ai,1k
(t)− k̄ai,1k

2
(
kai,1k(t) + xi,1k

) (
kai,1k(t) + yrk

) + k2
bi,1k

(t)− k̄bi,1k

2
(

kbi,1k
(t)− xi,1k

) (
kai,1k(t)− yrk

)
From the definitions of e1 and z1, we have ∥e1∥ ≤ ∥z1∥ / ∥τ∥. Then, as time in-

creases, all consensus tracking error ∥e1∥ converges to a compact set Φ = {e1| ∥e1∥ ≤
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(
2
(

e−ϱtV(0) + C
ϱ + B̄

)) 1
2 / ∥τ∥}. According to the above analysis and Vi,p, the bound-

edness of zi,p and θi,p is ensured, then, it follows that θ̂i,p ∈ L∞. According to the output

constraints function (5.3) and the leader-follower consensus tracking error zi,1 in (5.6),

the constrained output χi,1 is bounded. Therefore, the output xi,1 is not off the prede-

fined limit if its initial condition is within the open set Cxi,1k , and all the followers can

track the reference leader within an arbitrarily small region Φ. Then, the boundedness

of all the virtual controller αi,k with k = 1, · · · , p is guaranteed. Accordingly, the ac-

tual controller ui is bounded. Consequently, all the signals in the closed-loop MAS are

semi-globally ultimately uniformly bounded. This completes the proof.

Theorem 5.2. Consider system (5.1) satisfying Assumptions 5.1-5.5 and 5.7 with output

constraints (5.2) for any initial conditions xi,1k(0) ∈ Cxi,1k . Then, all the signals in closed-

loop system (5.1) with the controller and adaptive law (5.28) are bounded, and the consensus

tracking errors are guaranteed to move toward to an arbitrarily small neighborhood of zero.

Moreover, the output constraints property (5.2) will remain.

Proof. As the proof is similar to the one in Theorem 1, it is omitted.

Remark 5.7. Both square and nonsqaure cases of the control gain matrix are analysed with

different assumptions that have less restrictive compared to the assumptions (Sachan and

Padhi 2019). Furthermore, compared with (Ni and Shi 2021a) and (Wang et al. 2020a),

a new type of time-varying asymmetric output constraint function for leader-follower con-

sensus of MIMO nonlinear MAS is applied in this chapter. A leaderless consensus con-

troller was constructed with natural logarithm function-based state transformation method

(Wang et al. 2020a) to solve symmetric constant case of output constraints. The same method

was used (Ni and Shi 2021a), the consensus tracking error was required to be restricted in a

constant output constraint, which can reduce the selection range of initial value for each agent.

5.4 Simulation Results

In this section, two cases of nonlinear MAS representing different conditions on control

gain are presented to verify the effectiveness of the designed leader-follower consen-

sus control scheme for system (5.1). The communication topology among agents is

modelled by a directed graph displayed in Fig. 5.4.

Case 1: Square MIMO nonlinear MAS
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Figure 5.4. Communication topology of the MAS with a leader.

We consider the following nonlinear MAS:

ẋi,1 = xi,2

ẋi,2 = gi,1(xi,1, xi,2)ui + fi,1(xi,1, xi,2) + di,1(t)

yi = xi,1, i = 1, . . . , 4

where xi,1 = [xi,11, xi,12]
T and xi,2 = [xi,21, xi,22]

T are the system states, ui is the

control input, gi,1 is a diagonal matrix representing the control coefficient matrix

gi,1 = diag[1 + x2
i,11, 1 + x2

i,12], fi,1 = [xi,11xi,21 + x2
i,21, xi,21xi,22]

T and the external dis-

turbance di,1(t) is given as di,1(t) = [0.2 cos 0.4t, 0.1 sin 0.3t ].

Each agent has the identical output constraint that is given as

xi,1k ∈ Cxi,1k := {−kai,1k(t) < xi,1k < kbi,1k
(t)}. (5.32)

where kai,1k(t) = [0.2 sin(0.2t) + 0.7, −0.2 sin(0.3t) + 0.4]T and kbi,1k
(t) =

[0.2 cos(0.2t) + 1, 0.2 cos(0.2t) + 0.8]T with i = 1, . . . , 4, and n = 1, 2.

In this numerical simulation, the trajectory of a leader is given as yrn = [0.3 +

0.2 sin(0.2t), 0.2 + 0.2 sin(0.4t)]T, the parameters k̄ai,1k and k̄ai,1k in (5.3) are k̄ai,1k =

[−0.2, −0.2]T and k̄ai,1k = [−0.2, −0.2]T, the initial conditions of system states xi,1 and

xi,2 are randomly selected from the range (−0.2, 0.6) which lies in the output con-

straints (5.32) and the initial condition of parameter ζi is chosen as ζi(0) = 3.1π, and

the Nussbaum function is ζ2
i sin ζi. Moreover, the system design parameters are chosen

as κi,1 = κi,2 = 6, λi,1 = λi,2 = 1 and µi,1 = µi,2 = 0.1, the parameters of SMC filter

(5.19) are selected as ρi,1 = ρi,2 = 1, ki,1 = 20, ki,2 = 30, βi,1 = 1 and βi,2 = 10, the

RBFNN WT
i φ(Zi) contains r = 61 neuron nodes that evenly distributed in [−3, 3] with

width wi = 0.1 and its activation function is selected as Gaussian function.
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This simulation results are displayed in Figs. 5.5-5.9 which show all agents can follow

the trajectories of a leader, and each entry of the output xi,1 is restricted within the

time-varying output constraints all the time. Therefore, the proposed leader-follower

consensus controller is effective to address the output constraints and UCD.
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Figure 5.5. Constrained states xi,11 of each agent under controller ui.
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Figure 5.6. Constrained states xi,12 of each agent under controller ui.

Case 2: Nonsquare MIMO nonlinear MAS
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Figure 5.7. Profiles of state xi,2 under controller ui.
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Figure 5.8. Control input ui.
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Figure 5.9. Adaptive parameter ζi,p and gain N (ζi,p).
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Figure 5.10. Constrained states xi,11 of each agent under controller ui.

We consider a nonsquare MIMO nonlinear MAS as follows.

ẋi,1 = xi,2

ẋi,2 = gi,1(xi,1, xi,2)ui + fi,1(xi,1, xi,2) + di,1(t)

yi = xi,1, i = 1, . . . , 4

where xi,1 = [xi,11, xi,12]
T and xi,2 = [xi,21, xi,22]

T are the system states, ui ∈ R3 is the

control input, gi,1 = [2 + 0.2 sin t, 1, 0; 0, 2 + 0.2 sin t, 1] ∈ R2×3 represents the control
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coefficient matrix, fi,1 = [0.2x2
i,11 + 0.2xi,12 + sin xi,21, (exp(xi,22) − 1)/(exp (xi,22) +

1) + cos xi,11]
T and the external disturbance di,1(t) is given as di,1(t) = [1.2 cos t, sin t].
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Figure 5.11. Constrained states xi,12 of each agent under controller ui.
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Figure 5.12. Profiles of state xi,2 under controller ui.

In this simulation, the reference signal yrn is given as yrn = [1.5 sin(t), 1.5 sin(t)]T,

the time-varying output constraint functions of each agent are defined as kai,1k(t) =

[0.2 sin(0.2t) + 2, −0.2 sin(0.3t) + 2]T and kbi,1k
(t) = [0.2 sin(0.t) + 2, 0.2 sin(0.2t) + 2]T

and the parameters k̄ai,1k and k̄ai,1k in (5.3) are selected as k̄ai,1k = k̄ai,1k = [−0.2, −0.2]T.
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Figure 5.13. Control input ui.

The initial conditions of each helicopter states xi,1 and xi,2 are randomly selected from

the range (−1.6, 2) which also lies in the output constraints (5.32), the system parame-

ters are designed as κi,1 = 10, κi,2 = 8, λi,1 = λi,2 = 1 and µi,1 = µi,2 = 0.1. The RBFNN

WT
i φ(Zi) contains r = 121 neuron nodes that evenly distributed in [−6, 6] with width

wi = 0.1. Figs. 5.10 - 5.12 show the leader-follower consensus tracking performance

is achieved. From Fig. 5.10 and 5.11, each agent follows the trajectories of the leader

without violating the time-varying output constraints. Hence, the proposed controller

(5.24) is capable of driving all agents to achieve the leader-follower consensus under

UCD without violating the time-varying output constraints.

5.5 Chapter Summary

In this chapter, the adaptive leader-follower consensus control problem with time-

varying output constraints and UCD has been investigated for MIMO nonlinear MAS.

Both square and nonsquare nonlinear MAS are consider for the UCD problem with

less restrictive condition on control gain. Furthermore, the asymmetric time-varying

output constraints have been considered and the limitations on the boundaries of the

constraints have been removed by using a new state transformation technique. The

proposed systematic leader-follower consensus control method has been developed

for a class of strict-feedback nonlinear MAS. Two different cases modelling control

gain of nonlinear MAS have been simulated to test the designed controller. Further
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work will be conducted for general MAS with full-state constraints so that each state

of an agent can be constrained in a specific range for some safety requirements.
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Chapter 6

Safe Consensus Control of
Collision-free Multi-agent

Systems

6.1 Introduction

MAS emerges as a promising research topic in system and control engineering fields

due to its flexibility, scalability and robustness compared to a single-agent system. Its

research ideas have the potential to improve intelligence and autonomy in practical

applications, for example, lights-out factories and autonomous farms. The consensus

control problem appears as a fundamental problem in MAS and bridges the networked

dynamical systems and graph theory, which has attracted considerable interest from

researchers (Lunze 2019, Huang et al. 2020, Shi and Yan 2021, Sun et al. 2022c). The

consensus control problem can be categorized into leaderless consensus and leader-

follower consensus. The leader-follower consensus control problem aims to drive all

followers to approach the prescribed trajectory of a leader, which is studied in this

chapter.

The obstacle avoidance problem is considered impossible to be ignored when the

leader-follower consensus control theory is turned into practice. As both the inter-

robot collision and static obstacles are necessary to be considered for a multi-robot

system, an obstacle avoidance algorithm is required to ensure that the system is able

to safely complete complex tasks. The obstacle avoidance problem generally is con-

verted into equivalent state or input constraints that are enforced by different methods

(Hoffmann and Tomlin 2008, Zhu and Alonso-Mora 2020, Zhang et al. 2021).

Recently, the control barrier function (CBF) is a popular tool to solve constrained

control problems to achieve safety guarantees via optimization-based controllers
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(Ames et al. 2017). It is widely applied in safety-critical control areas due to its real-

time desired performance and robustness (Choi et al. 2020, Taylor et al. 2020). The core

point of the CBF technique is to impose inequality constraints on the derivative of a

suitable CBF to develop a controller that renders a given stable set. Thus, CBF is able

to address the obstacle avoidance problem for MAS. For instance, the centralized and

decentralized control barrier certificates have been designed to develop an obstacle

avoidance algorithm for swarm behaviour (Borrmann et al. 2015). The same safety bar-

rier certificates have been extended to a heterogeneous multi-robot system for achiev-

ing collision-free behaviour (Wang et al. 2016a). A more conservative collision avoid-

ance strategy has been synthesised with centralized control barrier certificates to form

relaxed safety barrier certificates for a multi-robot system (Wang et al. 2017b). Never-

theless, the constrained consensus control problem with CBF has not been investigated

yet, which motivates us to develop a safe consensus control framework for MAS.

The contribution is twofold. First, this chapter develops a real-time optimization-based

safe consensus controller that allows a LQR-based consensus controller to unify with

safety constraints expressed as a distributed zeroing barrier function (ZBF). Second, the

practical validation of the ZBF-based consensus control framework is built on a multi-

robot platform setup including two mobile robots, a motion capture camera system

and two static obstacles for safe consensus tracking.

The remainder of this chapter is organized as follows. Section 6.2 is problem formula-

tion. A safe leader-follower consensus framework is designed in Section 6.3. Experi-

mental results on a practical multi-robot system are shown in Section 6.4.

6.2 Problem Formulation

Consider M = {i | i = 1, 2, · · · , N} be a group of N identical networked agents, the

dynamics of i-th agent is described as

ẋi(t) = Axi(t) + Bui(t)

yi(t) = Cxi(t)
(6.1)

where xi = [pT
i , vT

i ]
T ∈ R4 represent positions and velocities of agents, ui(t) ∈ R2 are

the acceleration signals and yi(t) is the system output. In real-world applications, there

exists limits on velocity and acceleration, i.e., ∥vi∥∞ ≤ βi and ∥ui∥∞ ≤ αi.
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The dynamics of the leader is given by

ẋr(t) = Axr(t)

yr(t) = Cxr(t)
(6.2)

Definition 6.1. The leader-follower consensus tracking problem is to design a local control

protocol ui for all agents, such that all agents can reach consensus on the state trajectory of the

leader, i.e., lim
t→∞

(xi(t)− xr(t)) = 0, ∀i ∈ M.

Definition 6.2. The MAS in (6.1) is said to be safe if global state x(t) stays in a safe

set C of system (6.1) for all time, i.e., x ∈ C, ∀t ≥ 0, where the global state x(t) =

[x1(t)T, x2(t)T, · · · , xN(t)T]T ∈ R4N and the safe set C is defined in the following section.

The control design objectives of this chapter are twofold and described as follows

1. Distributed leader-follower consensus tracking can be achieved.

2. Safety between moving agents and static obstacles and between agent and its

related neighbour can be guaranteed.

6.3 Safe Consensus Control Framework

In this section, a novel safe consensus control framework is designed by synthesizing

the LQR and CBF techniques. As illustrated in Figure 6.1, the proposed QP-based safe

consensus controller u∗
i includes a nominal LQR-based consensus controller ûi and a

distributed ZBF hij.

6.3.1 Nominal LQR-based Consensus Controller Design

We consider a distributed leader-follower consensus algorithm for each robot as

ui = −cK ∑
j∈N

aij(xi − xj) + bi(xi − xr) (6.3)

with scalar coupling gain c and feedback control design gain matrix K ∈ R2×4 to be

designed.
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Nominal LQR-based 

consensus controller

Distributed zeroing 

barrier function

Agent
QP-based safe 

consensus controller

Figure 6.1. Block diagram of the proposed safe consensus control system.

Since LQR is an optimal regulator that derives the feedback control gain matrix K and

minimizes the performance index J =
∫ ∞

0 (xTQx + uTRu)dt where the design matrices

Q = QT and R = RT are positive definite with appropriate dimensions, P is the unique

positive definite solution of the control algebraic Riccati equation

ATP + PA + Q − PBR−1BTP = 0 (6.4)

In order to develop the nominal LQR consensus controller, the matrix form of the over-

all closed-loop system dynamics can be written by considering (6.1) and (6.3) as

ẋ = Acx + Bc x̄r (6.5)

where the global state x = [xT
1 , xT

2 , · · · , xT
N]

T ∈ R4N, x̄r = 1N ⊗ xr ∈ R4N and matrices

Ac and Bc are defined as

Ac = IN ⊗ A − c(L+ B)⊗ BK,

Bc = c(L+ B)⊗ BK
(6.6)

The following lemma is introduced to determine the feedback control gain matrix K.

Lemma 6.1. (Fax and Murray 2004) Let λi = ai + jbi with i ∈ M be the eigenvalues of

L+B where ai, bi ∈ R and j is the imaginary unit, thus the global consensus error dynamics ė

is asymptotically stable if and only if all the matrices A − cλiBK are Hurwitz, where the global

consensus error dynamics is given as ė = ẋ − ˙̄xr = Ace.

Consider the global system in (6.5) and the proposed consensus controller (6.3), the

feedback control gain matrix K can be derived by solving the Riccati equation from the

following corollary.
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Corollary 6.1. (Zhang et al. 2011) Let design matrices Q = QT ∈ R4×4 and R = RT ∈ R2×2

be positive definite. Design the state feedback control gain K as

K = R−1BTP (6.7)

where P is the unique positive definite solution of the control algebraic Riccati equation

(A − cλiBK)TP + P(A − cλiBK) + Q + (2cai − 1)KTRK = 0 (6.8)

With the MATLAB function lqr(·) to compute the control matrix K to derive the nomi-

nal LQR consensus controller ui, then we can apply the ZBF strategy to ensure that the

proposed control framework guarantees collision-free behaviour in MAS.

6.3.2 Distributed Zeroing Barrier Function for Collision Avoidance

Consider an affine control system

ẋ = f (x) + g(x)u (6.9)

where x ∈ D ∈ Rn and control input u ∈ U ⊂ Rm, f and g are locally Lipschitz

continuous.

Definition 6.3 (Forward invariant set). For any initial condition x0 ∈ D there exists a

maximum interval of existence I(x0) = [0, τ) such that x(t) is the unique solution to (6.9)

on I(x0). A set C is forward invariant if for every initial condition x(0) = x0 ∈ C and every

trajectory x(t) ∈ C for all t ∈ I(x0).

A set C is defined as the superlevel set of a continuously differentiable function h : D ⊂
Rn → R, yielding

C = {x ∈ D ⊂ Rn : h(x) ≥ 0} (6.10)

Thus, system (6.9) is safe with respect to the set C if the set C is forward invariant

(Ames et al. 2019).

Definition 6.4. (Ames et al. 2014) A continuous function κ : (−b, a) → (−∞, ∞) is said to

belong to extended class K function for some a, b > 0 if it is strictly increasing and κ(0) = 0.

Notice that, function κ(t) = tm is one selection of extended class K function for any

positive odd integer m. In this chapter, we choose κ(t) = t3 as the extended class K
function.
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Definition 6.5. (Xu et al. 2015) For the dynamical system (6.9), a continuously differentiable

function h : Rn → R is a ZBF for the safe set C, if there exist an extended class K function κ

and a set D with C ⊆ D ⊆ Rn such that, for all x ∈ D

sup
u∈U

{L f h(x) + Lgh(x)u + κ(h(x)) ≥ 0} (6.11)

where L f and Lg indicate the elements of the Lie derivative formalism dh(x)
dx = ∂h(x)

∂x ẋ =
∂h(x)

∂x ( f (x) + g(x)u) = L f h(x) + Lgh(x)u.

Next, we need to define a proper safety constraint h and the appropriate safe set C,

which guarantees the collision-free behaviour is achieved.

The existing safety constraint for MAS is derived from a classic collision avoidance

algorithm (Ogren and Leonard 2005) by applying the maximum braking force (αi + αj)

until relative velocity ∆v̄ reaches to zero while keeping a safety distance Ds all time,

which mathematically describes as follows

∥∥∆pij
∥∥+ ∫ t0+Tb

t0

∆v̄(t0 + t)dt ≥ Ds , ∀i ̸= j (6.12)

where ∆v̄(t0 + t) = ∆v̄(t0) + (αi + αj)t, which means that

∥∥∆pij
∥∥− (∆v̄)2

2(αi + αj)
≥ Ds , ∀i ̸= j (6.13)

As the safety constraint needs to be enforced when agents are approaching to each

other, i.e., when ∆v̄ ≤ 0, which gives,

−
∆pT

ij∥∥∆pij
∥∥∆vij ≤

√
2(αi + αj)

(∥∥∆pij
∥∥− Ds

)
, ∀i ̸= j (6.14)

Inspired by (Borrmann et al. 2015, Wang et al. 2016a) and the classic collision avoidance

algorithm (Ogren and Leonard 2005), we introduce the following distributed safety

constraint hij as a ZBF

hij(p, v) =
√

2(αi + αj)
(∥∥∆pij

∥∥− Ds
)
+

∆pT
ij∥∥∆pij
∥∥∆vij (6.15)

where Ds is a safety distance, ∆pij = pi − pj and ∆v̄ =
∥∥ ˙∆pij

∥∥ =
∆pT

ij

∥∆pij∥∆vij with

∆vij = vi − vj represent relative position and velocity between two agents, respectively.
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Hence, the safe set C is defined as

Cij = {(pi, vi) ∈ R4| hij(p, v) ≥ 0} ∀i ̸= j, (6.16)

C = ∏
i∈M


⋂

i∈M
i ̸=j

Cij

 , (6.17)

where hij is a ZBF for set Cij and ∏i∈M is the Cartesian product over the states of all

agents.

By selecting the extended class K function κ(h(x)) = γh(x)3 with γ > 0, we have

L f h(x) + Lgh(x)u + γh3(x) ≥ 0 (6.18)

Integrating (6.15) and (6.18), the safety barrier function can be reorganized as

−∆pT
ij∆uij ≤ γh3

ij
∥∥∆pij

∥∥− (∆vT
ij∆pij)

2∥∥∆pij
∥∥2 +

∥∥∆vij
∥∥2

+
(αi + αj)∆vT

ij∆pij√
2(αi + αj)

(∥∥∆pij
∥∥− Ds

) , ∀i ̸= j

(6.19)

The above inequality can be reformulated as a linear constraint in ui and uj, which can

be represented as Aiju ≤ bij, with

Aij = [0, · · · ,−∆pT
ij︸ ︷︷ ︸

agent i

, · · · , ∆pT
ij︸︷︷︸

agent j

, · · · , 0]
(6.20)

and bij is defined as

bij = γh3
ij
∥∥∆pij

∥∥− (∆vT
ij∆pij)

2∥∥∆pij
∥∥2 +

∥∥∆vij
∥∥2

+
(αi + αj)∆vT

ij∆pij√
2(αi + αj)

(∥∥∆pij
∥∥− Ds

) (6.21)

More specifically, the safety barrier function between agent i and agent j is distributed

to each agent as
−∆pT

ijui ≤
αi

αi + αj
bij

∆pT
ijuj ≤

αj

αi + αj
bij

(6.22)

The following corollary proves other obstacles that do not belong to the set M and the

neighbouring agents satisfy the distributed safety constraint hij in (6.15) with agent i.
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Corollary 6.2. (Wang et al. 2017b) Agent i ∈ M only needs to form ZBF with its neighbour

Ni to achieve collision-free behaviour. The neighbour set of agent i is defined as

Ni = {j ∈ M | ||∆pij|| ≤ DNi} (6.23)

where DNi = Ds +
1

2(αi+αmin)

(
3
√

2(αi+αmin)
γ + βi + βmax

)
with αmin = min

j∈M
{αj} and

αmax = max
j∈M

{αj} are the lower and upper bounds of all agents’ acceleration limits, and

βmax = max
j∈M

{β j} is the upper bound of all agents’ velocity limits.

Therefore, each agent i runs its own QP-based LQR consensus controller as follows

u∗
i = arg min

ui∈R2
J(ui) = ∥ui − ûi∥

s.t. Āijui ≤ b̄ij, ∀j ∈ Ni

∥ui∥∞ ≤ αi

(6.24)

where Āij = −∆pT
ij , b̄ij =

αi
αi+αj

bij and ûi is the nominal LQR consensus controller.

Theorem 6.1. Consider a MAS (6.1), if the nominal LQR consensus controller ui in (6.3)

satisfies the distributed safety barrier function hij in (6.15) for all agents with initial conditions

(p(0), v(0)) ∈ C, then the MAS is guaranteed to be safe.

Proof. If the distributed safety barrier function in (6.15) is enforced for all agents, then

the set Cij in (6.16) is forward invariant ∀i ∈ M and j ∈ Ni. According to Corollary 1,

(pi, vi) always stays in Cij even j ̸= Ni. Therefore, set C in (6.17) is forward invariant

and this completes the proof.

6.4 Experimental Results on Multi-robot System

In this section, a multi-robot system is built to verify the effectiveness of the proposed

safe consensus control framework. The system consists of two mobile robots named

Qbot from Quanser, two static obstacles and an OptiTrack motion capture system as

shown in Figure 6.2. The OptiTrack motion capture system uses cameras to detect

reflective markers attached to the object that is tracked, in our case a mobile robot as

shown in Figure 6.3. Each robot perceives its own position and velocity information

from the tracked markers in a global reference frame.
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Figure 6.2. A multi-robot system.

Figure 6.3. A single mobile robot attached with reflective markers.
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Figure 6.4. Tracking trajectories in x-axis.
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Figure 6.5. Tracking trajectories in y-axis.

Page 110



Chapter 6 Safe Consensus Control of Collision-free Multi-agent Systems

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

X Position (m)

-2

-1.5

-1

-0.5

0

0.5

1

1.5

Y
 P

os
iti

on
 (

m
)

Robot 1
Robot 2

Figure 6.6. Safe tracking trajectories of all robots.
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Figure 6.7. The proposed controller keeps the system safe (the ZBF hij of each robot is

positive for all time).
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6.5 Chapter Summary

For this experiment, our control problem is to control two mobile robots to track a de-

sired setpoint while avoiding collision with each other and static obstacles. The initial

conditions of robots are given as x1 = [0.52, 0.95, 0, 0]T and x2 = [−0.40, 1.64, 0, 0]T, the

limits of velocity and acceleration are β1 = β2 = 0.5m/s and α1 = α2 = 1m/s2. The

safety distance Ds = 0.1m, the design parameter γ in (6.18) is given as 0.1.

The nominal LQR-based consensus controller gain K is derived by considering the

following matrices

Q =


0.05 0 0 0

0 0.05 0 0

0 0 1 0

0 0 0 1

 (6.25)

R =

[
1 0

0 1

]
(6.26)

and applying the MATLAB function lqr(·) to obtain

K =

[
0.2236 0 1.2030 0

0 0.2236 0 1.2030

]
. (6.27)

We consider the distributed safe CBF in (6.15) as a ZBF, then, the QP-based controller

in (6.24) is formed by synthesizing LQR and ZBF methods to guarantee safety be-

tween robots and static obstacles. As illustrated in Figures 6.4 and 6.5, the two mobile

robots can track the desired set point and reach a consensus. From Figures 6.6 and 6.7,

we obtain that the mobile robots can avoid colliding with each other while achieving

collision-free behaviour with the two static obstacles.

6.5 Chapter Summary

In this chapter, a new safe consensus control framework has been developed by de-

signing a QP-based consensus controller. The LQR-based consensus controller has

been adopted as a nominal controller and a distributed ZBF has been introduced to

ensure the safety of MAS. Furthermore, a multi-robot system has been built to test the

effectiveness of the safe consensus controller.
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Chapter 7

Conclusions and Future
Work

7.1 Conclusions

This section concludes the thesis by summarizing the main results presented in chap-

ters 2–6.

7.1.1 Summary

Chapter 2 studies the discrete-time scaled consensus problem subject to time-varying

state delay and external disturbance by integrating the SMC approach with an event-

triggered scheme. A new sliding surface function is designed to drive the state tra-

jectories to reach a predesigned sliding surface. Besides, for implementing the event-

triggered control mechanism, Zeno behaviour analysis is inevitable because infinite

events are triggered in a finite time interval, therefore, in this work, it is unnecessary to

be considered since the triggering instants are generated in a discrete manner. Further-

more, a synthesis SMC controller with the event-triggered control technique is devel-

oped to force the trajectories onto the predefined sliding surface. Finally, a sufficient

condition is obtained to guarantee the robust scaled consensus with a predefined H∞

performance adopting the LMIs-based method.

Chapter 3 explores the event-triggered leaderless consensus tracking problem with un-

known backlash-like hysteresis for MAS. Most consensus schemes require the global

information of a predetermined leader or exosystem, which decreases the degree of

autonomy in MAS. On the contrary, leaderless consensus can be reached without a pre-

defined global exosystem. Moreover, an auxiliary system represented by local infor-

mation interactions is introduced to overcome the barrier brought by the asymmetric
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7.1.1 Summary

semi-definite positive Laplacian matrix. Likewise, an event-triggered strategy based

on a dynamic threshold is proposed to achieve a considerable reduction in controller

updates. The designed event-triggered adaptive leaderless consensus control protocol

is applicable to improve the leaderless consensus tracking performance of the non-

linear MAS by compensating for the impact of the unknown backlash-like hysteresis.

Moreover, the controller can ensure the leaderless consensus tracking error asymptot-

ically converges to zero. An example is given to show the effectiveness of the new

control design method.

In chapter 4, we propose a distributed fault-tolerant consensus control scheme for

nonlinear MAS under output constraint by synthesizing the adaptive backstepping

and neural network methods. More specifically, we introduce a new state transforma-

tion function for each agent to directly map the constrained output into a constraint-

free one, which averts the limitations of the BLF method and is able to cope with

constrained and unconstrained cases uniformly. Since the conventional adaptive

approximation-based control techniques require one adaptive law at each design step,

a single parameter estimator is introduced to mitigate the computation of the con-

troller. Furthermore, a more general fault model is used to represent four operating

modes of an actuator for each agent. The adaptive compensation technique is ap-

plied to tackle the actuator fault problem for nonlinear MAS. Consequently, an effec-

tive fault-tolerant consensus control framework is proposed to improve the consensus

control performance and reliability of the nonlinear MAS.

In chapter 5, a new state transformation function is derived and implemented to trans-

form a time-varying asymmetric constrained output into an equivalent unconstrained

state. The proposed function can not only deal with both time-varying symmetric and

asymmetric cases but also remove the implicit conditions on boundaries. Furthermore,

the proposed function can address constrained and unconstrained cases uniformly.

Two cases of UCD problems are analysed by introducing less restrictive assumptions

to the control gain matrix. Two corresponding simulations are also carried out to ver-

ify the feasibility. A new framework of adaptive consensus controller is proposed to

resolve the problems of output constraints and UCD for MIMO nonlinear MAS. Specif-

ically, a sliding mode integral filter is presented to estimate the derivative of virtual

control law instead of calculating it tediously, which can circumvent the explosion of

the complexity problem in backstepping control.
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Chapter 6 develops a real-time optimization-based safe consensus controller that al-

lows a LQR-based consensus controller to unify with safety constraints expressed as

a distributed ZBF. Moreover, the practical validation of the ZBF-based consensus con-

trol framework is built on a multi-robot platform setup including two mobile robots, a

motion capture camera system and two static obstacles for safe consensus tracking.

7.2 Future Work

This thesis only studied distributed consensus control problems with communica-

tion, output and input constraints, there are still some potential future research di-

rections including constrained consensus control for heterogeneous MAS, distributed

optimization and learning-based control for MAS.

7.2.1 Constrained Consensus Control for Heterogeneous Multi-agent

Systems

In this thesis, all agents are assumed to be identical, which is homogeneous MAS. How-

ever, agents with different dynamics form a heterogeneous MAS that is commonly en-

countered in real-world applications. Whether the theoretical results of constrained

consensus control for homogeneous MAS can be extended to heterogeneous MAS is

a problem worth investigating. Furthermore, the development of practical heteroge-

neous MAS including UAV and mobile robots with physical constraints is an interest-

ing research topic.

7.2.2 Distributed Control Barrier Functions for Nonlinear Multi-

agent Systems

In chapter 6, the safe consensus control strategy incorporates obstacle avoidance as an

input constraint named ZBF to be considered while solving the optimal control prob-

lem, which forms a distributed optimization-based scheme. Thus, constraints on state,

output and input can be easily incorporated into this framework. Nevertheless, non-

linear MAS and MAS with uncertainties have not been intensively studied under such

a framework. Moreover, the core idea of this framework is to propose a suitable CBF.
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7.2.3 Learning-based Control for Constrained Multi-agent Systems

How to transform communication constraints into a proper CBF is still an unsolved

problem.

7.2.3 Learning-based Control for Constrained Multi-agent Systems

The constrained MAS performs complex tasks that require long-duration autonomy

in dynamic social environments is the ultimate goal of autonomous MAS. Recently,

learning-based control methods are emerging as potential solutions for autonomous

MAS. It is also a powerful tool to increase the autonomy of MAS. As the changing en-

vironmental conditions and various constraints bring more challenges, learning-based

solving algorithms could be favourable to achieve the desired performance for MAS.
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