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Minor amendments to the Thesis

The following amendments should be read in conjunction with this thesis

lAl Points of clarification

It is assumed that all machine parameters are expressed in per unit system
in which synchronous speed is unity. Thus inductance and its associated
inductive reactance have the same value. lt follows also that the torque of
electromagnetic origin has the same value as the internal electrical power
developed under study-stay conditions.

The data for the multi-mass generator model used on page 38 was taken
from the paper by Bowler, Ewart and Concordia (Reference 11).

Comparing the graphs on pages 84 and 93, it is evident that the increase in
transformer resistance that was introduced in the series-capacitor case
(page 93) has drastically damped some of the higher-frequency oscillations
in torque response of the shaft. lt is also notable that the level of high-
frequency oscillations excited by a single-phase fault for a capacitor of 0.21
per unit (page 107) is greater than for any other type of fault with the this
capacitor value, probably due to a higher 100 Hz component in the
electrical phenomena.

[Bl Errata

A2

A3

A1

B1

82

B3

B4

B5

page 37: replace " I Ru " with I R, in Equation Ø.2-6);

page 37: replace 
lVlsin 

õ with 
lVlcos 

ö in equation (4.2-7);

page 82: replace Or = õ with os = õ in Equation (5.4-7);

page 84: the labels Tr and Tz on the two graphs should be interchanged &

page 114: in the coefficient of yo , remove the term (x-xo).
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ABSTRACT

ln this thesis the main aim is to isolate the features of the mathematical model
of the power station generator that are critical for the accurate simulation of
specific operational conditions. The analysis is based on a real-time three-
phase model of the synchronous generator, augmented by mathematical
implementations of automatic voltage control and a generator transformer (in a
DyS connection).

Three-phase model variables are retained in order to obtain the model
response to unbalanced as well as balanced system disturbances and to
enable machine designers to track the transient operational conditions
associated with specific machine regions.

The studies start with a base model which makes a number of common
simplifying assumptions. A range of balanced and unbalanced close-up faults
is applied to establish base-case system responses. Successive
enhancements such as variable speed contribution to induced e.m.fs,
magnetic saturation of flux paths and multiple-mass mechanical shaft
representation are then added to test their effect over the complete
disturbance range.

The results indicate the features of the machine model which are critical in
providing an accurate response for specific purposes, and those which can be
confidently ignored in the interests of computing efficiency.
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1 INTRODUCTION

ln the area of electrical engineering very often we use mathematical modeling of
synchronous generators with the aim of predicting their impact on the electrical
power system. The level of detail of such modeling depends on the particular
purpose of the study, and whether steady state or dynamic information is required.
Almost always it is the impact of the generators on power system performance
which is the primary concern of the study, and the form of the generator model is
normally optimized to produce acceptable electro-mechanical behavior in a
computationally efficient form. ln the case of dynamic modeling we usually study
the effect on the system stability using well-established synchronous machine
model.

ln this thesis the emphasis of the model is rather different. We will study the
impact of a variety of system disturbances on the internal behavior of the
synchronous machine and investigate the level of detail needed in the machine
model to reproduce acÆurately the physical phenomena. Thus, as well as the long-
term electromechanical behavior of the generator, represented by variations in

rotor angle õ, which is the normal region of interest in power system stability
analysis, we will also be seeking the response of variables such as
electromagnetic. torque and field current, with frequencies of interest up to tens of
Hertz.

ln this thesis the main aim is to use analytical methods of examining the
performance of the synchronous machine in response to a variety of feasible
network disturbances. ln practical power systems the great majority of
disturbances give rise to unbalanced three'phase conditions, and the form of the
model to be developed will be directed towards these conditions. The thesis will
initially describe well-known three-phase and d/q representations of a synchronous
generator dynamic model, and then propose an integrated generator/transformer
model which will be subjected to a number of disturbances, and to which a number
of model enhancements will be applied to test their effect on performance. In this
way, a user of the models will be provided with guidelines which will assist in
balancing the contradictory demands of model accuracy and computational
efficiency.
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2. MODELING OF THE SYNCHRONOUS MACHINE

The essential features of a three phase synchronous machine are given by figure
(2.0-1):

Atìs of
plrosc b

ôf
plmsa a

Atîs øl
ftras¿ c

Figure (2.0-1)

The stator conta¡ns three distributed windings a, b and c, one in each phase. They
are presented by the correspond¡ng labeled concentrated coils where the
magnetic €xes of the phase winding coincide with the coil axes. The dc field
winding fd is situated on the rotor. The rotor's damper bars are not shown in this
diagram.

It is noted that this is a salient pole machine. A salient pole rotor has two axes of
symmetry, the polar or DIRECT axis d and the interpolar or QUADRATURE axis
q. lt is obvious that the magnetic flux paths have different permeances in the two
axes. The d- and q- axes revolve with the rotor, while the magnetic axes of the
three stator phases remain fixed. 0 is the angle from the axis of phase a to the d-
axis at the instant time t. The corresponding angle from the phase b axis to the
d-axis is 0-120 ", while the corresponding angle from the phase c axis to the
d-axis is 0+120". As the rotor turns 0 varies with time. With a constant rotor
angular velocity r.o,0 is given by expression (2.0-1):

0 = t¡+t (2.0-1)

All the circuits a, b, c and fd have their own resistances and their own self and
mutual reactances with respect to every other circuit. lt is important to emphasize

Roie¡
dfnît
utJ

Flald
vindng
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that the self and mutual reactiances associated with the stator circuit are functions
of rotor position, varying periodically as the rotor revolves. Voltage-current
relations are given by expression (2.0-2):

. drPy=¡*¡*
dt

=r*t+pg' (2.0-2)

(2.o-2e)

where

is the applied voltage,
is the winding current,
is the winding resistance,
is the flux linkages with winding &

is the differential o d
Perator ¡ i

lf this equation is applied to each winding from the figure (2.O-1) we can write:

til" = Xaa ia + )G¡ i¡ +)G" i" +x"¡6 i¡6 (2.O-2a)

til¡ = X¡a ia + þ5 i5 +¡¡" i" +Xoro iro e.0-2b)

V" = x"" i" + )G¡ i¡ +)Gc i" +x"¡6 i¡6 Q.0-2c)

Wto = Xroa ia + Xrou i¡ +Xto" i" +4¿ i¡6 e.O-2d)

or in matr¡x form

v
¡

r
rl,

p

Xæ )Gb )GC )Gfd

Xba )$b Xbc Xt'rd

Xca Xcb Xcc Xcfd

Xr¿a Xrdb Xt¿c Xrd

ln these equation all reactiances except xro are functions of e and thus time-
varying. lt is desirable to exam¡ne the nature of these reactances. The nature of
the reactance terms in equations (2.0-2a) to (2.0-2e) can be determined from
inspection of the mach¡ne geometry in Figure (2.0-1). As the stator has a
cylindrical bore, the self-reactance of the field winding fd will not depend on rotor
position.
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The stator-to-rotor mutual inductiances will vary periodically with 0. Between phase
a and the field winding the mutual-reactance will reach its own maximum xaro ât
0=0", zero at0=90", a negative maximum - Xaro ât0=180", zero again atQ=27O".
Accordingly with space mmf and flux distribution assumed co-sinusoidal:

Xafa=Xaro COS 0 (2.0-3)

with similar expressions for phases b and c except that 0 is replaced by 0-120'
and 0+120". We will ignore higher order terms in 0 in this analysis, effectively
assuming a co-sinusoidal distribution of fluxes in the air gap. So we can write:

The self-inductance of any stator phase will always be positive, but there will be a
second harmonic variation because of the different air-gap geometries in the d-
and q-axes as the rotor body rotates relative to the stator winding axis (see Ref.
No.1). So we can write:

X¡ro=Xoro cos(0-120")

XcrdÐGn cos(O+120')

Xaa=Xaao*)Gaz COS 20

X65=X""s*¡¡"az CoS(20 + 1 20")

Xcc=Xaao+)Qaz cOS(20 -1 2O")

Xab=Xba=Xaoo+Xaaz cos (20 -1 20')

X5ç=X6¡=X¿uO+)haZ COS æ

Xac= )ba=)bb0*Xaa2 COS(20 +12O")

(2.0-3a)

(2.0-3b)

(2.0-4)

(2.0-4a)

(2.0-4b)

(2.0-5)

(2.0-5a)

(2.0-5b)

The mutual-reactance between stator phases will also exhibit a second-harmonic
variation with 0 because of the rotor shape but the dc component x"¡o will be
negative because the angle between the magnetic cores of those phases is
greater then 90" (see Ref. No.1). So we can wr¡te:

lf we substitute all values from (2.0-3) to (2.0-5c) into the matrix from (2.0-2e), it is
obvious that the flux linkages with the windings are changing in time as functions
of the angle 0 .
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2.1 Transformation to Direct- and Quadrature-axis Variables

The general idea underlying the transformation is to resolve the mmfs provided
by the three stator phases into two axes (d,q) rotating with the rotor. This well
known procedure is justified in a number of texts (See: Ref. No. 1,2) and the
essentialfeatures are summarised below. Now i¿, io and io ârê given by:

ao=% [i"cosO+ iocos(O-12}") + i.cos(O+120")] (2.1-1a)

io= 2/s [-i"sinO - irsin(O-12o") - i"sin(O+120') ]

ao= /s I i" + io+ i"¡

(2.1-1b)

(2.1-1c)

(2.1-2a)

(2.1-3)

(2.1-3a)

(2.1-3b)

(2.1-3c)

(2.1-2)

ln these equations the zero sequence component is is included to allow for any
residual unbalance in the original phase currents. lf we wish to calculate the
values of ia, i¡ and i" then the following matrix will gave us the answer on that:

or in matrix form:

la

lb

lc

Voltage-current expressions in d- and q- €xes are:

Vrd = fr¿ i¡6 + pV16

Vd = fa i6 + ptP6 +t¡{rq

vq=f"io+pVo-trlVo

Vo = t'a ie + pVs
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When the machine speed o is constant the differational equations from (2.1-3) to
(2.1-3c) are linear with constant coefficients. This model is very widely used in

dynamic studies of power systems. lt has major advantage of time-invariant
reactances, and so allows the use of longer time-steps in solution and hence more
efficient use of computer time.

However, the model variables representing stator quantities are no longer direct
analogues of physical variables, and unbalanced operation (representing the vast
majority of power system fault conditions) is not easyily accommodated.

Thus in this work the full three-phase stator representation is retained, with the
physical response of the machine individual windings directly traceable from the
computer results.
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2.2Th¡ee phase model of the synchronous generator

The form of representation of the synchronous generator chosen for this work
three-phase môdel that would be thê best described as a real-time model of 6th

order. ln this case synchronous generator is represented through 6 coupled
electro-magnetic circuits and those are:

1- winding of the phase a on the stator,
2- winding of the phase b on the stator,
3- winding of the phase c on the stator,
4- field winding on the rotor,
5- damper winding of the direct-axis amortisseur &
6- damper winding of the quadrature-axis amortisseur

( 5 & 6 are situated on the rotor);

This assumes that the effects of damping of rotor oscillations can be represented
by two equivalent concentrated rotor windings, one on the direct and one on the
qûadrature axis, denoted by r¿ ârìd 1q subscr¡pts in the analysis which follows.

By the figure (2.2-1') it has been given electro-magnetic description of those
relations:



êtt¿ =0

errq =0

Xr* diJdt

Xrc¿ dirJdt

Xr¿ dirJdt

Xrorq di1/dt

xrç diJdt

Xiqü dird/dt

Xrqr¿ dirJdt

xrq diry'dt

fi¿ k¿

Xrd. diJdt

Xr¿¡ diJdt

xrd" diJdt

Xtd difrr/dt

Xr¡r¿ dirJdt

Xrurq dirq/dt

Ir¿ ir¿
X1d¡ diJdt Xro diJdt

r1o i'o Xrl" diJdt xrb diÞ/dt

r" i" X- d¡Jdt X* d¡Jdt Kß ditó/dt

&¡diJdt K'! ditd/dt Krq diry'dt

la l¡ Xb" d¡Jdt Xb" diJdt )Gld di"/dt

)G¡ diJdt Xòn Krq diry'dt

ê¿

êu

êc

êro

r. i" )G. diJdt Xæ diJdt )Lrd dird/dt

)Gb di/dt Xdb d¡'u/dt )Grq diry'dt

Figure 2.2-1

@
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The matrix form of the electro-magnetic flux equations has been represented by
expression (2.2-1):

tVsl=[&] '[isl (2.2-1)

where: I tlrs I ... is vector of the electromagnetic fluxes of the generator;

t xs ] ... is the matrix of the generato/s reactances;

[ ¡s I ... is vector of the generato/s cunents;

or it could be written:

Itfr"¡"]= -[x"¡"] x Ii"¡"]+ [x"¡.,J t Ii''] (2.2-1a)

ltp,l=-ltx"¡",¡t'[i"o"l*% lrl '[i,] (2.2-1b)

where:

I tl'"¡" ] =

where: Va

Itl'"¡"1

lV'I

I x.¡" I

I x"¡", ]

is vector of the flux linkages with the stator;

.. is vector of the flux linkages with the rotor;

.. is the matrix of the reactance for the stator;

. is the matrix of the mutual-reactiance between rotor
and stator;

Ix' ] ... is the matrix of the reactance fur the rotor;

I i"¡" ] ... is vector of the stator's currents;

I i,I ... is vector of the roto/s cunents;

Vector I V"¡" ] is described by equation (2.2-2):

(2.2-2)

tP¡

... is the total flux linkage of the phase a;

... is the totalflux linkage of the phase b;

... is the totalflux linkage of the phase c;v"
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Vector I til' ] is described by equation (2.2-3):

IV'l= (2.2-3)

Vto ... is the total flux linkage of the field winding;

tlrro ... is the total flux linkage of the direct-axis amortisseur;

tlrrq ... is the total flux linkage of the quadrature-axis amortisseur;

Ii"¡.lis described by equation (2.2-4):

9r¿
t# r¿

t# tq

where

Vector

where:

Vector

where:

I i' ] =

(2.2-4)

(2.2-5)

Ii"¡"]=

¡" ... is the current of the phase a;

iu ... is the current of the phase b;

¡" ... is the current of the phase c;

I i, ] is described by equation (2.2-5):

hd

ir¿

irq

Iro

ir¿

irq

... is the current of the field current;

... is the current of the direct-axis amort¡sseur;

... is the current of the quadrature-axis amortisseur;
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Matrix [xa¡c] is described by equation (2.2-6)

Ix"u"]=

Xbb = Xaao t xaa2cos(æ+!n¡

Xcc = Xaao + xaazcos(æ--ln)

Xab = Xba = Xabo + xaazcos(æ-fn¡

Xac = Xca = Xabo + l,taazcOS(æ+-ln¡

Xbc = Xcb = Xauo + Xaaz COS (æ)

Xæ

Xba

Xca

Xæ

Xbc

Xcc

Xab

Xbb

Xcb

(2.2-6)

(2.2-6b)

where: Xaa , Xbb & &" ... are self-reactiances of the each phase (on the stator);

Xab = Xba, Xac = Xca & X6" = Xc¡ ... are mutual-reactances between any
two phases (on the stator);

Expressions for xaa , X¡¡ & x"" are given by equations from (2.2-6a) to (2.2-6c):

Xaa=Xaao +)ÇazCOS(æ) (2.2-6a)

(2.2-6c)

where: Xaag ... is a constantcomponentof the self-reactance of a w¡nd¡ng;

Xaa2 .. is an amplltude of the second harmonic component of the
reactances;

Expressions for x"¡ = Xba, Xac = &a & x6" = Xc¡ âfê given by equations from (2.2-6d)
to (2.2-6f):

(2.2-6d)

(2.2-6e)

e.2-6r)

. is a constant component of the mutual-reactance between
two windings (and is negative);

,
I

wheret Xabo
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. is an amplitude of the second harmonic component of the
reactances;

Matrix [x.¡",] is described by equalion (2.2'7):

Xaa2

I x"o"r ] =

Xafd

Xbrd

Xcfd

Xald

X¡r¿

Xcld

Xalq

Xutq

Xclq

(2.2-7)

(2.2-7a)

(2.2-7b)

(2.2-7c)

(2.2-7d)

(2.2-7e)

(2.2-7f)

(2.2-7s)

where: Xafd , Xbfd & rbro .. are mutual-reactances between each of the
phases and the field (exited winding);

Xa1d,Xb1d&x"la .. are mutual-reactances between each of the
phases and the direct-axis amort¡sseur
winding;

Xa1q,Xb1q&¡Grq are mutual-reactiances between each of the
phases and the quadrature-axis amortisseur
winding;

ExpfeSSionS for Xard, Xbfd, )Gtc, Xar¿ , Xbld , Xcld Xalq , *oro & Xç1q âfê given by
equations Írom (2.2-7a) to (2.2-7i):

Xafd = )qd cOS(æ)

Xbrd = x.aa cos(20 -?"1

2
XcË = >Go cos(20*ãtl

Xald = x.ac COS(20)

2
Xbld = x.ao cos(20-ã"1

2
Xcld = xao cos(29*ãt)

Xale=-xaqCOS(æ)

xbrq=-xaqcos(2t -3t, (2.2-7h)
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Xclq=-)hqcos(æ.3t,

where: Xao & Xae . . are amplitudes of the mutual-reactances between
winding;

IX"¡., ]t ... ¡s the transpose matrix of the matrix Ix.0", ];

Matrix [xfl is described by equation (2.2-8):

(2.2-7.\

(2.2-8)Ix']=
Xrd

Xrdfd

xr#

Xrdid

Xld

Xtqto

Xratq

Xtatq

Xtq

where Xr¿ ... is the reactance of the field (excited) winding;

Xr¿ ... is the reactance of the direct-axis amortisseur winding;

x1q .. is the reactance of the quadrature-axis amortisseur
winding;

Expressions for x¡616 = Xldü, xft1q = Xrqru & Xrdlq = Xrqro ... are given by equations
from(2.2-8a) to (2.2-89):

Xto = Xrdru Q.2-8a)

X1r¿ = Xldlc e.2-8b)

Xrrq = Xrqrq Q.2-8c)

X11d = X1dÍc = Xtoto = Xao e'2'8d)

ln the equat¡on (2.2-8d) it was assumed that the mutual-reactance between all pairs

of coils on the direct axis had the same magnitude.

Xrdlq=Xlqro=0 Q.2'8e)

Xldrq=Xrqr¿=O e'2-8f)

where Xrr¿ ... is the self-react¡ance of the direct-axis amortisseur winding;

is the self-reactiance of the quadrature-axis amortisseur
winding;

xilq .



14

It is assumed that all quantities are expressed in per unit with the exception of
angle 0 that has been given in radians. lt is necessary to emphasise the list of
constants and their calculations needed for the mathematical modeling of the
synchronous generator although some of them will be changed to real time
functions in some of the later modifications. At this stage they all represent what is
called the BASE MODEL of the synchronous machine. List of constants contains:

frc

ftt¿
f 11q

Xaa0

Xab0

Xaa2

X¡6

Xrto
xllq

xao & )Gq

... is working res¡stance of the field (excited) winding;

... is working resistance of the direct-axis amortisseur winding;

... is working resistance of the quadrature-axis amortisseur winding;

... is constant component of the self-reactance of a winding;

... is constant eomponent of the mutual-reactance between two windings;

... is an amplitude of the second harmonic component of the reactances;

... is an amplitude of the reactance of the field (excited) winding;
is an amplitude of the reactance of the direct-axis amortisseur winding;
is an amplitude of the reactance of the quadrature-axis amortisseur
winding;

... are constants of reactances between windings;
the angular velocity of the rotor;(¡)

X¿

Xdc

Xdcc

xq
Xqcc

Xs

X¡

1¿

t¿0"

t¿oo

tqo""

f

For the calculation of the constants the following list of generator entry data is
required:

.. is the direct axis synchronous reactancÆ;

.. is the direct axis transient reactance;

.. is the direct ax¡s subtransient reactance;

.. is the quadrature axis synchronous reactance;

.. is the quadrature axis subtrans¡ent reactance;

.. is the zero seqence reactance;

.. is the leakage reactance of the stator;

.. is the working resistance of the phase winding;

.. is the transient time constant of the direct-axis with open armature
terminal;

.. is the subtransient time constant of the direct-axis with open armature
terminal;

.. is the subtransient time constant of the quadrature-axis with open

armature terminal;
.. is the system frequency in hertz (Hz);

Calculations of constants is finally given by equations from (2.2-9) lo (2.2-24)

t = 4* arctg (1) = g.t 41592 (2.2-e)

ul=2nf (2.2-10)

Xad=XO-Xl (2.2-11)

X¿q=Xq-X¡ (2.2-12)
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X¿c-X
* (2.2-131Xror Xa¿

)fu - X¿c

XtO=XaO-XtOl (2.2-14)

(xo" - xr)*(X0." - xl )
Xldl = (2.2-1s)

(rt" - rt". )

X11¿=)G¿+Xtol

(&-x)*(xq""-xr)

(2.2-16)

Xtqt (2.2-17)
(t - &*)

X11q=)Gq+Xtqt (2.2-18)

(2.2-1e\
(r) * t¡0"

(x¿" - xr)*(x¿"" - xr )
t11d - (2.2-20)

û)*t¿0."

x11q

rltq =
trt * tqocc

xaa2= 213 * (x¿ - t)

(2.2-21)

(2.2-22)

Xabo = - ((16.(x¿+xq)) -í3 * xo) (2.2-23)

Xaao=Yo-2*)qbo (2.2-24)

The equation that describes instantaneous rotor position 0 giveh in radians is

expressed as:

0=r¡*t+g (2.2-25)

... is measured between the axis of the stator phase a (rad);

... is the angular velocity of the rotor (rad/s);

Xt¿

fro

e
u,

where
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... is time (s);

... is the ofüet of position at FOs (rad);

The final form of the electromagnetic flux linkages, given generically in equation
(2.2-1), can now be evaluated as:

t
e



V"

V¡
tfl"

Vr¿

tilr¿

Vrq

- (x""0 t ytaa2cos (2O)) - (rcuo ixaa2cos (2O -2n13))

- (¡coo * )Ga2 cos (2O - nrl3)) - (Xaao + y,æ2cos (2O + 2nl3))

- (raoo + xæ2cos (2O + 2nl3)) - (x"uo t )Ga2CoS (2O))

- (2 I 3)* (x"a cos(O)) - (2 I 3)*()Gd cos(O -2¡13))
- (2 I 3) * (xad cos(O)) - (21 3) * (x"a cos(O - 2nl3))

(21 3). (x"q sin(O)) (21 3) * (¡aq sin(O -2n13))

- (x"uo * Y,aa2cos (2O + 2nl 3))

-(rcoo +xæ2cos(2O))

- (x*o + )Ga2 cos (2O - 2nl3))

- (21 3) * (x"o cos(O + 2nl3))

- (2 I 3)* (rca cos(O + 2n l3))

- (2 I 3) * (x"o cos(@ + 2nl3))

(21 3) * (xad cos(O))

(2/3).(rc0 cos (O - 2n I 3)'¡

(2/3).(x"a cos (O - 2n I 3))

(21 3)* xta

(21 3)* t*a

0

(21 3). ()Gd cos(O))

(2/3).(x"a cos (O -2n13))
(2/3).(x"o cos (O - 2n I 3))

(21 3)* r-a
(21 3)* xtu

0

-(213)*(x"q sin(O))

- (2/3)i(x"r sin (O - nrl 3))

- (2/3).(x"q sin (O + 2nl3))

0

0

(213)* xtrq

* (2.2-26)

la

iu

i"

ir
ir¿

irq

I
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This version of the generator model is basically that of Subramaniam and Malik
(ref. 3) and Rafian and Laughton (ref. 4) with scaling factors (such as 213) for the
per unit system here included explicitly rather than implied by the adapting the input
data from standard generator parameters.

ln addition to the existing generator model it is desirable to introduce equation of
relative change of the angular velocity with respect to synchronous speed:

r¡'=dõ/dt=ur-krs

where: u)'

ö/dt

u)

U)s

... is relative change of the angular velocity;

... is derivative of rotor angle with respect to time;

... is instantaneous angular velocity of the rotor;

... is synchronous speed [rad/sl;

(2.2-27)

e.2-2e)

and equation of motion is given by:

dtr¡'/dt = O, -Te)l2h

where dt¡'/dt ... is derivative of relative change of angular frequency with
time, or simply rotor acceleration;

h ... is the inertia constant;

Tm ... is the mechanicaltorque on the shaft [per unit];

T, = P, /(1+ ur') (2.2-29)

T" ...is a calculated value of the electrical torque of the
synchronous generator lper unitl;

T" = f(i", i¡, i., tpt, tU¡, tp¡t) e'2-3O)

Pm ... is mechanical power on the shaft of the synchronous
generator delivered by the turbine;

For the definition of the flux linkagês tpr, tül, Wlr see chapter 3.1;
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3. TESTING

3.1 Test system

The test system is not confined to the generator model alone. To analyse transients in
a practical system context it will be necessary to extend the existing generator model
in such a way that it will include block generator-transformer and an automatic voltage
regulator (AVR). The first step in this is to mathematically describe generator-
transformer block. The system is shown in Figure (3.f -f ) where:

... is the terminal voltage of the phase a of the generator stator;

...is the terminal voltage of the phase b of the generator stator;

... is the terminal voltage of the phase c of the generator stator;

...is a cunent of the phase a;

...is a current of the phase b;

...is a cunent of the phase c;

Xã, Xmc i"'

X1t, Xmc
X21, X¡ç i¡'

Xã, Xmc
i.'

êa

ê¡

êc

l¿

i¡

¡c

¡,

X1t, Xmc

l¡

Figure 3.1-1
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is a cunent of the primary winding of the transformer connected
between generator phases a and b;

is a cunent of the primary winding of the transformer connected
between generator phases b and c;

...is a cunent of the primary winding of the transformer connected
betreen generator phases c and a;

i"'

i¡'

i"'

Xtr

..is a cunent of the phase a of the secondary side of the transformer;

.. is a cunent of the phase b of the secondary side of the transformer;

.. is a cunent of the phase c of the secondary side of the transformer;

. is a self-reactance of the primary side of the transformer and is
the same for all three phases;

. is a self-reactance of the secondary side of the transformer and
is the same for all three phases;

is a mutual-reactance between primary and secondary windings
and it is the same for all three phases;

It is important to emphasise that the transformer consists of three single phase
transformers that are on the primary side connected in A connection, while their
secondar¡es are connected in star forming DyS transformer. This type of connection is
widely used because if any of single phase transformers fail in it's function it is

cheaper to replace it then in a case of three-phase transformer with common magnetic
core and in a same time this is the simplest case of a three phase transformer
because mutual reactances between phases are treated as zero.

l1

lz

l3

Xe

Xmc
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From the Figure (3.1-2) it is possible to analyze three separate loops:

Loop l:
Xt2, Xmc i"'la

va

Ir

Loop ll

Loop lll:

io

Xt1 , Xmc

Xt1, Xmc

Xti, Xmc

Xt2, Xmc

Xt2, Xmc

i¡'

i"'

V6

iz

lç

Vç

is

Figure 3.1-2
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lf we return to Figure 3.1-1 we could write according to Kirchoffs current law that:

i"+ig-ir=o (3.1-1)

i¡ + ir -iz= 0 (3.1-2)

i"+iz-is=o (3.1-3)

From this express¡ons follow:

i" = ir - is (3.1-1a)

i¡ = iz - ir (3.1-2b)

i" = is - iz (3.1-3c)

To extend the existing generator model by adding the three-phase transformer to its
stator the expression (2.2-1) needs to be expressed as:

Itt¡.ì [ x, ,c-tl _ lrl (3.1-4)
L*,1 

=L*-, xJ Lr,t

where: [Wnl

Itl"]
transformer;

trcl

lxtl

Ixs"]

.. is vector of the electromagnetic flux linkages of the generator;

is vector of the electromagnetic flux linkages of the

.. is matrix of the generator reactances;

.. is matrix of the transformer reactances;

Ixtc]

.. is matrix of the mutual reactances between generator and
transformer (observe from the generator side) ;

.. is matrix of the mutual reactances between transformer and
generator (observe from the transformer side) ;

IVol, Ixn] and I io ] are fully defined in Chapter (2.2\.lf the equations from (3.1-1a) to
(3.1-2c) are substituted in (2.2-26) then the following set of equations describes the
electro-magnetic fluxes of the generator:

Wa = Xrr ia + Xrz i¡ + Xts ic + Xt¿ ha + Xts ito + Xto itq =

= (x¡ -x'tz)i,t + (xrz-xrg)iz + (xrg-xrr)is + xt¿h¿ + Xts ito + xto itq (3.1-5)
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til¡ = Xzr ia + \z i¡ + Xzs ic + Xzc iru + Xzs iro + Xzo irq =

= (þt-xn)i,t + (xn-xzs)iz+ (xzg- xzr)is + xzirc + Xzs iro + xzo irq (3.1-6)

tpc = Xgr i" + Xgz i¡ + Xsg ic + Xs¿ ito + )ks it¿ + Xs6 itq =

= (Xrr->bz)ir + (Xaz-)ks)iz + (X¡s->kr)is +)Q¿ho + )Qs ita +Xro irq (3.1-7)

tlro = )Qr ia+ )Qz i¡ + X¿s i"+ h¿ ir¿ + X¿s i16 + Xa6 iaq =

= (k.t->Az\it + Q<¿z-\s)iz + (x¿e- ><¿r)is + x¿¿h¿ + X¿s ir¿ + x¿e irq (3.1-8)

tpro = )Gr i" + )Gz i¡ + X53 i" + &¿ h¿ + X¡s iro + ¡Go irq =

= (xsr - >Gz)ir + (xsz- X¡s)iz + (lçsg- >Gr)is + )$¿h¿ + )$s iro + lgo irq (3.1-9)

tlrlq = Xor ia + X62 i6 + )Gs ic + >re¿ ho + )bs iro + 16o irq =

= (>Gr - ysz)ir + (¡<oz- ¡<os)ie + (&g- >Gr)ie + )G¿iro + )6s iro + ¡Go irq (3.1-10)

It is obvious that the currenti,t, iz and is are noth¡ng else than transformer's currenß
of the primary side. Now to describe the transformer model it is necessary to observe
each loop of the Figure (3.1-2). For transformer pr¡mary s¡de we can write the
following set of equations:

tPr =-3X11 i1 + J3 rr"i"' (3.1-11)

tfrz = -3 \,tiz+ J3 rr" io' @-1-12)

tfls = -3 X¡ i3 + Jã ,çn" i"' (3.1-13)

(where the factors 3 and J3 ar¡se from the Â connection of the primary winding and
the per un¡t system used ¡n the study);

For transformer secondary side we can write the following set of equations:

Vr'= xgi"' -

'P2' = ><eiø' -

w3'= Xtz i"'-

Where:

16 ,çn" i.'

$ *^.i,
€ *r" i.

(3.1-14)

(3.1-15)

(3.1-16)

r#1',tP2'& (Ps' ... are the electro-magnetic flux linkages of the secondary
side of the transformer;

ia', ib' & i"' ... are currents of the secondary side of the transformer;
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lf loop I in Figure (3.1-2) is observed it could be written:

rfr" - rlr¡ - {rr = 9rl Q.1-17)

Same follows for loop ll & loop lll:

W¡ - tlr" - t#z = tlrll (3.1-18)

{r" - V" - $Jg = tlrl¡ (3.1-19)

The flux linkages 9rr, (Pu & tPrrr defined by equations (3.1-17), (3.1-18) and (3.1-19)
together w¡th secondary flux linkages from expressions (3.1-14) to (3.1-16) will be the
pr¡nc¡ple var¡ables defi ning the generator-transformer assembly.
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3.2 Automatic Voltage Regulator (AVR)

A basic automatic voltage regulator (AVR) model is included in the test system to
provide realistic variations in field current in response to specific system faults.
Variations in field current are major contributors to electromagnetic torque variations
which impact on the electromechanical performance of the generator. Figure (3.2-1)
shows the general arrangement of the AVR modeled:

Vfdmax

3 phase
input
voltage

dW"
V¿= --- -l¿f¿

0t

dtP¡
V¡= - -lbfa

dt

dW"vc= 
;¡ 

-lcra

where V¿

Vt

-+
+

.. is stator terminal voltage of the phase a;

.. is stator terminal voltage of the phase b;

v¿inVr vto

Vref

Figure 3.2-1

The generato/s 3-phase terminal voltage is applied to a 3-phase full-wave bridge
rectifier after which the signal enters a first order filter to reduce the phase ripple.
After the filter the signal enters a summ¡ng junction where it is compared to a
reference voltage v¡e¡. The difference between these two voltages is then applied to a
first order transfer function. The output from this stage is then limited by *vro'"* and -
vrdmin , before being scaled to the correct per-unit value for application to the
generator's field winding. The generator terminal phase voltages are obtained from:

(3.2-1)

(3.2-2)

(3.2-1)

First order
filtelc1

3 phase
diode
full-wave
bridge

k
transfer
function
k2l(1+v)

V¡
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Vc

¡a

io

ic

.. is stator terminal vo¡tage of the phase c;

.. is the current of the Phase a;

.. is the current of the Phase b;

.. is the current of the Phase c;

.. is induced emf of the Phase a;

.. is induced emf of the Phase b;

is induced emf of the Phase c;

...is a voltage drop across the working resistance of the phase a;

...is a voltage drop across the working resistance of the phase b;

...is a voltage drop across the working resistance of the phase c;

d\r"
dt

dVu

dt

dtlr"

dt

i" f"

i¡ f"

i. f"

These simple equat¡ons conta¡n the basic principle of.the work of any synchronous

machine wfrere direct appl¡cation of Faraday's Law is obvious. The action of the

rect¡f¡er could be represented by equat¡on (3.24):

vu, vc) - Íìifì(v", vt, Vc
*'rr

(3.3-4)vt=
3

where: flìâX(va, vr, V") ..is the function that chooses the max¡mum

instantaneous value between three stator
terminal voltages;

min(v", vu, Vc) is the function that chooses the m¡nimum

instantaneous value between three stator
terminal voltages;
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After that the equation for the voltage of the filter is given by expression (3.2-5)

dvr 1

- (vt -vt)dt 11

(3.2-5)

is the voltage after the rectifier;

is the voltage after the filter;

is the time constant of the filter;

(3.2-6)

(3.2-7)

is the voltage set by the operator in the power plant for this
particular generator;

... is derivative of the voltage after AVR in time;

... is the time constant of the transfer function;

... is the gain of the transfer function;

... is the voltage after the transfer function block;

where Vt

Vt

T1

Now:

Vdiff = Vret -Vt

dvnvn 1 ..

Ë =;(kzvom-vnvn)

where: vom ... is the difference between vret ârìd vr,

Vref

dvavn

dt

12

kz

vRvR

The scaling block k in Figure (3.2-1) is to convert the AVR (per unit) output voltage,
which is normally expressed in terms of excitation for rated stator voltage on open

circuit, into the appropriate (per unit) value of v16 for the generator model. The scale

factor ¡s !1. As an example of this model in action, the following graphs show the
Xad

model variables for a steady-state condition.
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Since the focus in this work is on short-term transient behavior within the generator

and not the long-term electro-mechanical behavior of the power system, no dynamic
model of the speed governing system is provided and the mechanical power

delivered by the turbine will be assumed constiant over the relatively short simulation
periods.
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3.3 Types of faults

For the given test system in the chapters (3.1) and (3.2) the following set of faults will
be considered

a) 1-phase short circuit;
b) 2-phase short circuit;
c) 2-phase short circuit with ground;
d) 3-phase short circuit with ground;

All will be applied directly to the secondary terminal of the generator transformer, thus
applying severe disturbances to the model. A full description for each of these set of
faults is given in Figure (3.3-1):

phase c Phase c

phase b phase b

phase a la=-lb phase a

ê"=0
i"" = i"

êa*êu

a) 1-phase short circuit b) 2-phase short circuit

phase c phase c

phase b phase b

ia+io=isc phase a phase a

êa=ê¡=0
i"+io+ic=isc êa=êb=êc=0

2

d) 3-phase short circuit
with ground

c) 2-phase short circuit
with ground

Figure (3.3-1)
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4. i,IATHEITIATICAL Iì'IODELING OF THE SYSTEII'I

4.1 Fi rst-order differential equations

The test system proposed in Ghapter 3 can be described by set of simultaneous
first-order differential equations. This approach leads naturally to state-space
analysis for which an extensive body of literature exists (see br example reß 5 and
6). The general mathematical brm of such a system is given by equation (4.1-1):

olxl
dt

= [Al - [x] * [e] 
. lul (4.1-1)

where: txl

lul

lnl

lel

is a vector of N state variables (for a Nth order system);

... is a vector of M external inputs to the system;

... is the N-square system matrix;

... is the NxM input matrix;

ln order to get a time response of this system.. we use step-by-step numerical
integration of this set of equations where for the ¡'n time step it is given expression
(4.1-2):

#= [n]-' * [X]-r * [B], 
. [u], (4.1-2)

The right hand side of the equations are known, the values of the state variables

[Xf at-the last time-step are known, the present values of the external inputs þ]
are known (because the study is done for a specific set of external events) and the
values of the non-linear matrixes [A] and [B] evaluated at the last-known state and
input values are also known.

We thus evatuate the right-hand sides and obtain estimates 
" #, the rate of

change of the state variables. These rates of change, together with the previous

state values are then þd into standard NUMERICAL INTEGRATION ROUTINE (in

this case RUNGE-KUTTA - see rei.7) resulting in estimates of the new state vector

ffi. The whole solution advances by one time step and expression (4.1-2) is re-

coñlputed. This process is repeated, feeding in the sequence of inputs [U] at
appropriate times until the simulation period is completed. A flow chart of the fourth-
order Runge Kutta algorithm used is shown in Figure (4.1-1):
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START

INPUT DATA:

[tu]t=0.*

IXIco"*
[e]t=0"*
Irl
m

^th
L1

L2

k
Vref

is a vector of the electro-magnetic fluxes for the initial moment
(f=Osec);
is a matrix of the reactances for the initial moment (trOsec);
is a matrix of the voltages for the initial moment (t=Osec);
is a matrix of the resist¡ances (that is GONSTANÐ;
is a total time in that the whole system has been observed;
is the time increment in seconds;
is a constiant of inertia;
is the time constant of the AVR filter;
is the time constant of the AVR transþr function;
is a gain of the AVR transfer function;
is the reference voltage set by the operator in the power plant;

n=0

Iile^=fxflen*[v]cn

I e len ...is given for the first step and then calculated for
the particular moment t;

E*f = u¡ [ ê ]cn + [ r] * [ i ]en

L, tr & vt . ... are calculated for the particular moment;

2*h
dvrl_t
dt./

ç¡=hrl * u)¡=n Vdífi = Vrer -(Vt)t=nt#)

Ivt (vl, I
t=nt=n

f,1

a2
t=n -

[kz*vuin-(vnvn)t=n]

n

= [(t'),="-(t")t="]
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no

yes

Figure 4.1-l

The equations in chapters 2 and 3 give rise to the following vectors for the system
model. State vector IX ] is given bY:

I X ]t = [ rl'r, t|,rr, lPl¡, Vr¿, Wt¿, $11q, V1', til2', tP3', (i, õ, v¡, v¡yp ];

while input vector I U ] is given bY :

I U It = [ê", ê¡, êc,vrer, Pm*¡ ],

with varues ot 9l{fl , (#)*, [#)*, (#)=. ..0

ldvavn\

[ËJ* 
we are entering RUNGE-KUTTA method and as a

result there are calculated values of: IV ] t=n*at ,

(l) t=n+At ,

õ tn+at ,

(vr) t=n+¡t &
(vavn) t=n+at,

n=n+at

n >m
2

END



35

4.2 Set up the initial conditions for the synchronous generator

A portion of the phasor diagram for a salient-pole synchronous machine acting as a
generator is given in Figure (4.2-1) (ref. 8):

q-axis

j&l

lîl sin o

R" oA= lVl* lïl n" cos o * lïl& sin o

AB = Clîln" sin o + l|t t cos q

õ =tan-1 , #,

B

ï

i

0

d-axis

Figure (4.2-1)

is the vector of the terminal voltage of the synchronous
generator;

v

qõ

p

where ú
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r

o

Ra

&

.. is the vector of the stator current of the synchronous
generator;

.. is the angle between V andiin radians;

is the working resistiance in each of the 3-phases of the
synchronous generator;

is the q uad rature-axis synch ronous react¡ance;

(4.2-1)

(4.2-2)

(4.2-3)

From the Figure (4.2-'a) follows the expressions (4.2-1), (4.2-2\ and (4.2-3):

oA = lVl 
. 

lïlR" cos o * lTlx¡ sin o

AB = C lTln" sin q + 
lTlxo for o

õ=tan-r(#)==t¡anr, ,

This procedure establishes the rotor angle õ . From Figure (4.2-1) also bllows:

õ+q+p=i (4.2-4)

where: õ ... is the rotor angle (angle between V and q-axis) in
radians;

... is the phase angle between V and T in radians;

... is the angle between 1 and d-axis in radians;

As q is known for a given load and õ is calculated, the value of B is calculated ftom
(4.2-41and given by expression (4.2-5):

q

p

B=I,2 -ö -q (4.2-5)
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From Figure (4.2-2, now is easy to determine Eo.

q-¿xrs

iTo&

Éo

jlo)G

lq R"

Ïo R"

Ëo = Ú+ TqR"+jTaX6 +¡ïoXo

1o
lËC = lùlsin õ + 

lîl t n" sinB + yv co$)

d-axis

Figure (4.2-2)

As it could be obvious the following set of equations could be written:

Êo = ü+ ïoR"+jT¿)Ç+jTo&

eo = lË'l= lVlsin u . lÌl 
( R" sinF + )G co$)

l¿

where: Eo is the emf induced in the stator on the open circuit test;
Eo =f(lø )

By knowing Es from (4.2-7) and X"6 from (2.2-11) it is simple to determirìê i16s:

. 3- Eo
hdo= , U

(4.2-6)

(4.2-7\

(4.2-8)
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To determine voltiage supplied on the rotor winding er¿o we use Ohm's law:

êrdo = rr¿ 
* irao Ø.2-9)

By knowing P, Q and Vn of the generator it is very easy to determine:

.S
iphase = Jfu Ø'2-1o)

S= (p2 * Q')' (4.2-1oa)

where: ipr,"". ... is the cunent in each stator phase;

P ... is the real poweq

O ... is the reactive Power;

S ... is the apparent power;

V" ... is a terminalvoltage (forA connection);

And the voltage in each of the tansbrmer phases is:

êphase = Jg v" Ø-2-10b)

By using the equivalent circuit in Figure (4.2-3) of the transformer per phase it is
easy to calculate the initial conditions on the secondary side of the fansformer:

Xrr 1e xtz: -: f tl11- rphase

V1 = êphase

12

¡.
Âvr Avz

Xmc
V¡¡

Yz

Figure (4.2-3)
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i1 = ipnase = lphase z (atan((+)+ä) )

v1 =Vphase=V¡"se r(i)

(4.2-11)

(4.2-12)

(4.2-13)

(4.2-14)

(4.2-15)

(4.2-16)

(4.2-17)

(4.2-18)

(4.2-1s)

(4.2-2o)

(4.2-16)

ln each oase, tne I phase shift is caused by delta connecüon on the primary side

ztt= (1t? + xt()% z (atan1Il¡

of transformer.

Âvr= ir Zrt

Xlt=Xt1 -)Çnc

Vm=Vr-ÀVt

.Vmlt = 
3 xrr*

iz=ir-it

Ãvz= izzzt

v2=vm-Lvz

where:

(forA connection)

z^= (1Å2 * 
^,r')n 

Z (atanlY¡¡

Âvr

Z.tt

V¡¡

im

Lvz

zz¡

... is the voltage drop across the zrt on the primary side of the
transformer;

... is the impedance of the primary side of the transformer;

...is the voltage drop caused by magnet¡z¡ng current ¡m;

... is the magnetiz¡ng current;

... is the voltage drop across the zz on the secondary side of
the transformer;

... is the impedance of the secondary side of the transformer;
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Xrr

\tz

Xm

. is the leakage reactance of üte primary side of
the transformer;

is the leakage reactance of the secondary side of
the fansformer;

... is mutua¡-reactance between the primary and secondary
windings;
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5. TEST OF GENERATOR II'IODELS

The sequence of faults described in Section (3.3) will be applied to the test system at
the location shown in Figure (5.1). For the first test runs a basic form of the generator
model will be used, in which a number of simpliffing assumptions are made:

the stator induced emfs assume a const¡ant rotational speed,
there is no saturation of the generato/s magnetic circuits &
the generator/turbine rotors act as a single inertial mass.

This will be refened to as the 'base model' whose performance will be compared in
later runs to that of models with specific enhancement. The data for the base model
are typical for a salient-pole machine in the range 200-300 MW, and are given in
Section (8) [Appendix].

POINT OF FAULT
APPLICAT¡ON

¡

I

t- ----l
I

I

Electrical
Power

System

rotor<+ stator transformer

Figure (5.1)

J
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5.1 Short circuit test performed on the base model

The time period for which the behavior of the synchronous generator has been
observed is 0.5 seconds. Short circuit tests have been applied between 0.1 and 0.3
seconds and then each of them has been removed. The analysis gave us the
following set of graphical results in which the variables plotted are:

3-phase stator cunents (i¿, i6 ,iç),
electromagnetic torque (t"),
air gap flux magnitude (flux),
rotor angle (delta),
field voltage (v) &
field cunent (¡r).
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As the nature of the 3-phase short circuit is such that is known as a 'balanced fault'
the presence of 50Hz oscillations on the graph of L (electrical torque) is what was
expected. The same phenomena reflects on graphs ho = fi(t) (field current as a
function of time) and tl¡ = fz(t) (total air-gap flux as a function of time), while in all
other cases the presence of 100 Hz oscillations during the short-circuit for ts , i¡6 ârìd
V was caused by negative sequence components of the fault currents in these
unbalanced cases. These components convert to double frequency terms for rotor-
based phenomena. These results clearly show the amount of detail given by this form
of the generator model, allowing direct comparison with site measurements.
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5.2 Variable speed model

ln the base model, it was assumed that the rotor speed was constant when computing
induced emfs. ln this section, we investigate the change in response due to an
accurate calculation of the rotor speed at all times. To implement this change it is
necessary to implement the following equation at the very beginning of the Runge-
Kutta loop:

ut=2nf(1+ó) (5.2-1)

where ul is angular frequency [rad/s];

is the supply frequency [1/sec or Hz];

... is deviation in rotor speed;

Í

,Aõ
u)= 

-̂
t

The rotor acceleration is already described in chapter (2.2) with expression (2.2-28).lt
is also important to mention that before we start to calculate matrix of reactances for
each step of Runge-Kutta the following equation (5.2-2) describes the instantaneous
value of the angle O:

@=2rrf*t+õ (5.2-2)

lf we compare this equation with the similar one (2.2-25) it is obvious that the angular
frequency of the rotor is no longer a constant. lnstead of that it becomes the function
of the time. The relative change of the angle õ in time is also been considered:

dõ
(¡, (5.2-3)

dt

The time period in that the behavior of synchronous generator has been observed is

again 0.5 sec as well as the applied short circuit test were observed again between
0.1 and 0.3 seconds. The analysis gave us the following set of graphical results that
had been compared to base model (graphs for the base model have been
represented with dark blue, while graphs for the variable speed model have been
represented with green):
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From the given graphs it is obvious that the difference between the results driven by
base model and with speed variation model is practically indistinguishable, with
insignificant differences in graphs br v¡ and õ (for each separate case of specific kind
of short circuit). The slight difÞrences were observable only after removing the faults.
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5.3 Saturation model

There are two basic cases that will be considered in this chapter:

1- saturation of the synchronous generator in d-axis only &
2- saturation of the synchronous generator in both d- and q-axes;

All previous results were obtained assuming the machine operated in a linear part of
the B-H characteristic. Now our consideration will be directed to observe the
synchronous machine in saturation, using similar methods to those of Harley et al
(ref. 9).
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5.3.1 Saturation of the synchronous generator in d-axis only

The starting point for this procedure is the calculation of the total electro-magnetic
flux linkage of the machine for the initial operating condition (this absolute value of
the total electro-magnetic flux linkage was calculated and located relative to the
position of the phase a of the stator of the synchronous generator). By assuming the
B-H characteristic (represented by the OPEN CIRCUIT CHARACTERISTIC of the
synchronous generator) and by knowing the absolute value of the total electro-
magnetic flux linkage, we use a LAGRANGE INTERPOLATION POLYNOMIAL of
the 6-th level to determine the coefficient of saturation k0 for the starting point (see
Appendix for details). ln order to give a valid comparison with the previous
(unsaturated) results, it was decided to set the initial value of X¿61s¿1u¡¿tø¡in this case
to that used in those studies. Hence a new "unsaturated" value must be defined.
Unsaturated value for the Xad(unsarurared¡ rìow will be given by equation (5.3-1):

Xad(unsaturatedl = X"O/l$

where: Xa¿ . is the dataset value used previously;

On entering the RUNGE-KUTTA method for each step of the calculation it will be
neoessary to calculate total electro-magnetic flux linkage before and after that
particular step, as well as the value of x¿61""¡,r¡¿teo¡ thât was given by expression (5.3-

2):

Xad(saturated) = Xadlunsaturateo¡ 
*k (5.3-2)

The value of coefficient of saturation k is assigned from the previously known value
of the total electro-magnetiÕ flux for that particular step. One of the major changes
in this model is calculation of the matrix of reactances for the given system where
Xad, Xfdt, Xfd, X1d, Xaa2, )hbo and x"ao are nO more COnSt¡antS. By reCalCUlating these
values we are implementing the saturation of the synchronous machine in the d-

axis. Expression for xo is given by (5.3-3):

Xd = Xadlsaturated) + xl (5'3-3)

(we assume here that the leakage paths never saturate); By knowing the electro-
magnetic flux for each of the stator windings before and after that particular step we

are able to determine the change of each of these electro-magnetic flux linkages in

time dqtÁt, O*'Á, & dV%t We have already estimated instantaneous stator

vottages v", v¡ ârìd v" and flux linkages V", V¡ and V" (see section 3.2).

Comparison and discussion of given results will follow in section 5.3.3.

(5.3-1)
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5.3.2 Saturation of the synchronous generator in both d- and q-
axes

The case for the direct axis is now extended to the quadrature axis. As well as the
change of the Xad(unsaturared), )qd(saturated) and xd now follows the change of
Xaq(unsaturated), )Gq(saturared¡ and & as well. Equations that describe that change are
given by expressions (5.3-4) to (5.3-6):

Xaq(unsaturated) = X"q/kO

Xaq(saturated) = )Gq(unsaturatø¡ 
*k

Xq=Xaq(satunteo¡+X

(5.3-4)

(5.3-5)

(5.3-6)

The assumption here is that the same saturat¡on factor applies on both axes. This
almost certainly exaggerates the degree of saturation on the q-axis, but will provide
a useful comparative result. List of variable that will recalculate before calculation of
the matrix of reluctiances now conta¡ns )hd, Xaq, Xrdt, Xrd, Xldt, Xi1d, X1qt, Xl1q, xaa2,\bo
and xa"o. The same principle from section (3.3-1) applies for the recalculation of
voltages va, vb and vc.
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5.3.3 Comparison of the results between base model, saturation in
d-axis & saturation in d- and q-axes

ln all four cases there is a noticeable change in the field current i¡6 immediately after
applying the fault. This does not appear to have affected the torque t" significantly,
and so has little effect on the rotor angle õ. The stator currents are not affected at
all, while certain differences of the vr ârê noticeable after removing the faults.

It is clear that the approximation made in assuming equal saturation factors on
each axis is not critical in generator response. From this point on all results
presented by the following set of graphs will be just ones that show differences
between base model, saturation in d-axis only and saturation in both d- and q- axes.

Golor chart - blue represents base model;
- green represents saturation in d-axis only;
- red represents saturation in both d- and q- axes;
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5.4 Multiple rotor masses

There are two basic cases that will be considered in this chapter:

1- multiple rotor masses on the shaft of the synchronous generator &
2- multiple rotor masses on the shaft of the synchronous generator with

capacitor C connected in series with the generator-transformer block,
located between the observed generator-transformer system and electrical
power system to form a SERIES RESONANT CIRCUIT to excite sub-
synchronous resonant freq uencies ;
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5.4.1 Multiple rotor
generator

masses on the shaft of the synchronous i

The variable speed model described in section (5.2) will now be modified by treating
the mechanical system as three lumped inertias connected by a common shaft. To
illustrate such a modification we use Figure (5.a-1):

Figure (5.4-1)

where: Hr ... is inertia of the high-pressure turbine;

Hz ... is inertia of the low-pressure turbine;

Hs ... is inertia of the rotor of the synchronous generator including
the mass of the exciter;

This figure could be simplified to Figure (5.4-2) in which each.of the given masses are

represented by a disks on the same shaft and where the angular displacement
between disks gives the measure of torsional forces that could in extreme conditions
damage the shaft of the synchronous generator.

Tn'FPml2 H't
Tnz=Pnl2 Hz

_TL -f,L

Hr

high-pressure
turbine

Hz

low-pressure
turbine

k'tz

He

rotor of the
synchronous
generator
including
exciter

Hg

\
kzs

dzsd,tz

Figure (5.4-2)
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where: Hr ... is inertia constant of the disk 1;

... is inertia constant of the disk 2;

... is inertia constant of the disk 3;

is the coefficient of the torsional stiffness between low-pressure
and high-pressure turbine;

is the coefficient of the torsional stiffness between high-
pressure turbine and rotor exciter mass;

dp ... is the damping coefficient between low-pressure
and high-pressure turbine;

dzs is the damping coefficient between low-pressure
and rotor-exciter mass;

We will assume that the total torque T, delivered by the steam entering the turbine is

constant, and is distributed equally between the high-pressure and low-pressure
turbines. The model analysis of the shaft assembly could be represented by the

equation (5.4-1) (ref. 10):

Lr^l d'[o ltd( + t Dldto]/dt+ [Klto]= trl (5.4-1)
(r0

where: I H I ... is the diagonal matrix whose elements are the inertia constants
of the disks [p.u.];

rrro ... is the synchronous speed [rad/sec];

¿1OyA( ... is the vector of angular acceleration for each of the shaft
masses [rad/sec'];

t D I ... is the damPing matrix;

dt o l/dt ... is the vector of angular speed for each of shaft r\asses;

t K I ... is the matrix of torsional stiffness;

I O I ... is the vector of angles for each of the shaft masses;

tT I ... is vector of externally applied torques on the disks;

Hz

Hs

k'tz

kzs
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lHl=

ID]= -dzt
0

-d;r 0

dtzrdn -dæ
-dn dsz

-kz 0

ktz+kzs - kzs

- kzs kez

where: d'tz=dz't & dzs=dsz,

where: ktz=kz't & kzs=K32,

Hr o ol Orl lO'l
o ,. ó I' d2[ o yd( = o2tdj- 

", 
l, dt o ydt = d/dt I o, 

I

o o n.l o'l Le'l
lol=

Orl
Orl
Orl

dtz

lKl=
ktz

-kzt
0

T^12

-T.

From the equation (5.4-1) it is easy to develop the following set of equations (5.4-1a)

to (5.4-1c):

2
H.t d2@'tõ( + dtz dÐtldt - dzr d@z/dt + krz Or - k'tz @z

Tr
(5.4-1a)

(r)o 2

LUrd2ùrtd( - drz dOr/dt + (d12+d2g) dOz/dt - dzs dOs/dt - krz Or +
(r)o

+ (k12+k23) Qz- kzsq = +-2 (5.4-1b)

Ln, d?Çl:Æ( - dzg d}ztrdt + dzs dO3/dt - kzs @z+ kzs Os = - T" (5.4-1c)
lDo

T.
(5.4-2)d2@.ttd( = I- dtzdOr/dt + dzt dOzldt - krz @r + krz Oz I+_

From the equations (5.4-1a), (5.4-1b) and (5.4-1c) we could express values for
d2o.rtd(, d2o'rtd( and d2og/dÉ:

û)o

2Ht 2
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d2}ztd( = #[ drz dOr/dt - (d12+{2g) d@z/dt + dzsdO3/dt + krz Or -

- (krz+kzs)Qz+kzsQz +_Tr
2

(5.4-3)

d2oúa( = # ldzs d@2tdt - dzs do3/dt + kzs @2- kzg og - T" I (5.4-4)

From the variable speed model we know:

Os =õ

dOg/dt ... is rotational speed of the generator uJ;

d2}{d( ... is rotor accelerat¡on ol. I ;dt'

Our system now cons¡sts of four new additional stator variables: Or,dOr/dt, Oz &
doz/dt;
From the initial step we can determine gr, Oz, Os, d2Ù.ttd(, d2Ðila( a O2Os/OÉ:

o,, = #* or= #;+ 
!a + ö (s.4-s)

Or= P'+Oc= !'*O (5.4-6)
kn - kzs

gr =õ (5.4-7)

By using system from the equat¡on (5.4-1) we could easily calculate values of dOr/dt,
d92/dt and dOe/dt for the first step of the RUNGE-KUTTA method. For the next
following step we can calculate:

¿2OstA( ... from the equation (5.4-4);

do3/dt = 2t¡Í ¿2OJA(

d2Ùztd( ... from the equation (5.4-3);

d@2ldt = 2t¡Í d2Ùztd(

dz1.ttd( ... from the equation (5.4-2);

dOr/dt = 2trÍ d2Ð'tß(

to determine values of Or, Oz & gs.
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We take as our reference mass the rotor-exciter and to measure the torsional effect
between the masses on the shaft we simply need to determine angles Orz & @zs by
expressions (5.4-8) and (5.4-9):

@.tz= Oz - Or (5.4-8)

@zs= Os - 02 (5.4-9)

The values of the inertias of the three masses were taken from typical generators of
rating approximately 300 MW. The undamped torsional frequencies with these inertias
are approximately 22 and 13.5 Hz. When the test was run on the model itself without
any short-circuit condition on the secondary of the transformer, angles Orz ând Ozg

were constant. This actually confirmed the viability of the model itself. After that the set
of short circuit tests were performed between 0.1 and 0.3 seconds. The effects of
these disturbances will be expressed by shaft torques Tr (between disk l and disk 2)

and T2 (between disk 2 and disk 3) that are directly proportional to angles grz and Ozg.

The following set of graphs show the results:
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From all fault cases, the part of the shaft between rotor and the low-pressure turbine
shows a clear oscillation frequency of approximately 22 Hz, while the other section of
the shaft shows the interaction of the different modes of oscillation.
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5.4.2 Multiple rotor masses on the shaft of the synchronous
generator with series system capacitance

On the existing model described in section (5.4.1) we will implement capacitor C
between the generator-transformer block on one side and electrical power system
on the other. The Figure (5.4-4) best describes that condition.

Dy5

generator transfomer capacitor

Figure (5.4-4)

ln systems involving series capacitance there is always a risk of resonance with the
inductive reactances of lines, transformers and generators. This will normally give

rise to oscillations on system and machine quantities which are damped mainly by
system resistance. ln order to give a realistic amount of damping the transformer
secondary resistance is increased from 0.01 to 0.04 p.u. for these tests only.

ln our case two values of x" have been chosen and thatwere 0.21p.u. and 0.035
p.u.. These values were chosen so as to produce resonant frequencies close to the
torsional frequencies of shaft oscillation. ln the case when the test was run on the
model itself without any short-circuit condition on the secondary side of the
transformer angles Orz and Ozs wêrê constant. This confirmed the viability of the
model itself. After that the set of short circuit test were performed between 0.1 and
0.3 seconds between the secondary side of transformer and capacitor C.

lf the electrical resonances in the power system occur at frequencies less than the
fundamental system frequency (so-called "sub-synchronous resonance") then

special problems may occur. The current components at the resonant frequency
give rise to mmf's rotating in the air gaps of generators at less than synchronous
épeed. Closed current paths on the generator rotor (such as damper windings) act
as induction generators at this frequency and the energy thus injected into the

system may exceed that removed by resistive damping. Under these circumstances
the resonant component will be sustained or even increased.

c
Electrical
Power
System
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lf these components coincide with one of the natural torsional modes of the multi-
mass shaft system, then the potential exists for excessive torsional oscillations of
the shaft masses and consequent fatigue damage to the shaft (ref. 11).

Between the x.1 = 0.21 p.u. and Xcl = 0.035 p.u. the worst possible case is the
balanced fault (three phase short-circuit) with value of x"r = O.21 p.u.. The torques
Tr and Tz (that are proportional to Orz and Ozs) are oscillating in phase with
increasing amplitude such that the shaft of synchronous generator could be easily
damaged, which is very obvious from graph õ = õ(t). lf we compare these results

with these given by x"r = 0.035 p.u., the higher frequency resonance excites a mode
such that the torques Tr and Tz ârê anti-phase which means that Tr and Tz will

oscillate in opposite directions. With this mode, õ is not so seriously affected, and

the oscillations do not increase in amplitude:
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lf we compare these two cases it is obvious that xc = 0.21 p.u. gives us a worse

condition oh tne shaft then xc = 0.035 p.u.. After examining all these cases, it is evident
that the value xc = 0.2'l p.u., giving rise to a resonant frequency of approximately 25 Hz,

is critical in the torsional response of the shaft system, and that the generator model is

capable of tracking this response for both balanced and unbalanced faults.
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6. CONCLUSION

It is important to re-iterate that the focus of these studies has been the short-term
transient response of selected generator models over a relatively short time-scale
immediately bllowing major system disturbances. ln this context the results

described in the previous section lead to the conclusion that the enhancement
associated with the variable speed model and saturation of the machine have not

shown any major impact on the response of the synchronous generator over the

time-scale of the study. Thus the extra computing effort to represent these
phenomena accurately is not justified in this context.

Multiple-mass representation of the mechanical system, however, has a significant
efbct on the mechanical behavior following a major disturbance. The effects are
propagated from oscillations of the rotor body which give rise to electrical
oscillations on most system variables.

Adding multiple rotor masses on the shaft of the synchronous generator is critical in

representing the response of the generator to systems which involve series system

capacitance. The worst possible case is 3-phase or what is known as a balanced

fault. The torques on the shaft are oscillating in phase with increasing amplitude
such that the shaft of the synchronous generator could be easily damaged.

Resonant frequency for the generator in this case is around 22 Hz. This frequency
is critical as well in all other unbalanced faults and it shows critical torsional
response of the shaft system.

The most important fact is that this generator model is capable of detecting such

responses and give designers of the electrical power network valuable information
about undesirable conditions in the network such as series system capacitor
between electrical power system on one and block generator-transformer on the'
other side.

The overall model responses have shown that this 3-phase representation gives a
designer or machine operator information in a form which can be easily compared
with design or operational data, and its use can be justified if detailed transient
information is required.
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8. APPENDIX

8.1 Lagrange'slnterpolation Formula

This method assumes that a non-linear function is described by a series of pairs of
co-ordinates (in our case the open-circuit characteristic of the generator) in a look-

up table.

From the table n+1 values given as

X0, X1, X2, ..., Xn

(x) Yo, Yt,Y2, -'-,Yn

x

And not necessarily equally spaced,
given value is:

(x-xoXx-xr)...(x-x.)Y(x)=ffiYo

the substitute (approximate) function for a

* (x-xoXx-xz)...(x-¡<.) vr +..
(xr - xo)(xr - xz)...(xr - xn)'

...* (x-xoXx-xr).'.(x-x"-r) 
rn

(x' - xo)(x" - xr)...(xo - x" - t)'

lf the number of given values is small (n<6) this formula is very powerful and

convenient approximation model.



8.2 Data for the studies

Generator data:

115

Sysfem conditions:

=1.0
=0.8

=0.2=50 Hz

Computational data:

lntegral step length: step=g.ggg1
Total number of steps: nsteP=5992

Xo

)Qc

X¿cc

&
\cc
Xo

X¡

1a

t¿0.

t¿oo
tqO""

h

=1.313
=0.26
=0.2
=0.8
=0.24
=0.1
=0.143
=0.00254
=6.42
=0.04
=0.07
=5.0

V

p
q
f

AVR data:

'c1 =0.O2
r,2 =0.02
k =50.0
V¡6 ¡¡¿¡ =4.0
Vfd min ='2.O

Transformer data

=0.01
=0.01
=20.1
=20.0
=20.1

Multi-mass model data:

frr
1p

Xtt

Xmc

Xa

k'tz
kzs
hr
hz
hg

d,tz
dzs

=200.0
=250.0
=1.75
=2.O
=1.25
=0.0
=0.0




