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SUMMARY.

The Dyson-Schwinger equations can be solved non-

perturbatively for the electron propagator in the asymptotic

region to give a finite value for the mass renormalisation.

Similarly it is hoped that a non-perturbative solution of

the vertex function and the photon propagator will produce

a fully finite theory of 0uantum Electrodynamics. ïn this

report the solution found by Green, Cartier and Broylesl

for the vertex function in the ladder approximation is used

to determine the asymptotic behaviour of the MdIler

scattering amplitude.

To do this, I begin by presenting in some detail

Green I s non-perturbative treatment2 of the el-ectron propagator

and the corresponding mass renormalisation. These methods

form an important part of the second chapter, where I have

applied them to deriving without perturbatÍon theory the

Dyson-Schwlnger equations for the Compton and Mdtler

scattering amplitudes; by making an approximation based on

appropriate generalised Ward identities these become cLosed

equations.

In chapter three Greenfs solution for the vertex function

is presented along lvith the method by which it can be applied

to MdIler scattering; it is found that in the ladder

approximation the equation derived for the Mdller scattering

amplitude reduces to the same equation as Green solved.

Then the equations are iterated once to find the boundary

conditions which apply to the general solution and hence
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reflect the differences between the vertex function and

MdtIer scattering.

These boundary conditions are found, in the interests

of brevity, only f or one particutrar .po-larisation state of

the incident beam, but it is not anticipated that a much

different result would be obtained for a general polarisation

state. i

'Finally it is shown how this solution supports the

hypothesis of asymptotic freedom whereas the perturbation

solution celtainly does not, and some remarks are made

concerning the implications of Greenrs work on the vacuum

polarisati on integral .
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CHAPTER O

INTRODUCTION.

Since it was first realised that without renormalÍs=

ation the perturbation expansion gave infinite contributions

to such quantities as the electron and photon self-energy

in Quantum Electrodynamics, and that the series itself was

divergent in many instances3, attempts have been made to

solve the various Dyson-Schwinger equations without the use

of perturbation theory, anticipating that a better solution

would produce finite (and just as accurate) answers before

renormalisation.

The difficulty in doing this exactly arises in the

nature of the Dyson-Schwinger eguations : they form an

infinite hierarchy in which each equation refers to an

equation higher up than itself and thus finding the solution

of a given equation involves terminating, by means of an

approximation, its connection with the higher equations.

The earliest attempts in this direction+ involved

assuming some of the results of perturbation theory and thus

could not strictly be called non-perturbative methods.

Nonetheless they did produce a finite theory, arid thus

provided hope for more exact solutions.

In recent years these hopes have been fulfill-ed, ât

least partially, both along the same Iines as aboves and in

more fundamental directions, i,e, without any use of the
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perturbati on solution .

These Iater efforts can be divided conveniently into

two groups 3 those that deal with the electron propagator

and thus with mass renormal-isationr ðñd those which consider

vacuum polarisation, the vertex function and the photon

propagator.

0f the Iatter, a common conclusion was that reached

originally by GeII-Mann and Low6, uiz, that 0ED may be

finite provided the bare electron mass vanishes and the fine

structure constant s Ís determined as a root of f(x), where

f (x)xl2n is the coefficient of the sum of Iogarithmically

divergent integrals in the vacuum polarisation, in terms of

the coupling constant x.

Since then, refinements have from time to time been

made on the original result. Thus Baker and JohnsonT

obtained a different function which they showed to have the

same root as GeIl-Mann and Lowrs condition; they Iater
proveds that the root was unaltered by discarding contrib-

utions to the vacuum polarisation by closed electron loops.

A similar result was also derived by Yocks and the eigen-

value function f was determined approxÍmately by Blahal0

and AdIer I l. The Iatest addition to this catalogue has been

the solution proposed by Green, Cartier and Broylesl for the

vertex function in the asymptotic region - they succeeded

in solving an equation which reduces in an appropriate

approximation to Yockts equation 12.

Perhaps more conclusive have been the solutions suggested
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for the electron propagator. Here the work of Johnson,

Willey and Baker has been the most important - they found

Ín J-964 by using a Bethe-Salpeter type equation for the

vertex that in the asymptotic region the unrenormalised

solution to the electron propagator had finite self-mass

provided the bare mass was zerotsl furthermore thay have

shownl4 that their solution is consistent with assigning

the physical mass m to the self-mass correction ôm and that

the usual divergent result obtained from perturbation theory

is a direct consequence of the failure of the perturbation

solution in the asymptotic region.

Other solutions, showing similar asyrnptotic properties,

'were obtaíned by Biswas and Vidhani t s and Delbourgo I 6, while

more recently Green, Cartier and BroyIes2 published the

first solution dealing also with values of the electron

momentum comparable to the mass.

I have begun this thesis with a presentation of their

solution for two reasons : firstly tt demonstrates

explicitly the success of non-perturbative methods in

obtaining a finite result for the electron self-energy -

or if renormalisation is used, in obtaining a renormaLisation

constant close to I - and secondly I have used the same

methods later on to develop non-perturbative equations

for Compton and MdIler scattering.



CHAPTER I

NON-PERTURBATIVE QUANTUM ELECTRODYNAMICS.

According to Diracrs equation¡ âñ electron of physical

m and charg" "p is represented by a spirror fietd ,Ult*l

r takes the values I to 4. \¡/hen the electron ínteracts

an electromagnetic field Ap^(x), its own field satisfies

the equations

ma ss

where

wi th

and

where

and

(iv

[,P(-iv

¡n

"ov 
ÀnP^ 

),t,P

g uv

= mllp

"ovÀnl 
) mü,P

Yu au.,V

a ô/âxu
u

,þPty o is the Dirac con jugate of ùP

Herer âs throughout this thesis, products of field

variables are to be interpreted in accordance with the

time-ordering convention approprlate to their statistics.

The DÍrac matrices yU satisfy the usual anticommutation

relations,

{vu,yv}

where goo = -g1r = -g"'= -gtt = I are the non-vanishing
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components of the Lorentz metrÍc, and the electromagnetic

fÍeld is given bY

V2AP
u

where 0 is a gauge parameter undetermÍned by MaxweIIrs

equations.

when self-interactions of the two fields are taken

into.account, it is well knownlT that the electron may

equivalently be represented by the field'

I
2 p

o a 
Àaunl

"o['PyuüP

{r=z tlr

corresponding to bare

electromagnetic' f ield

mass tb and charge e, provided the

be taken as

v 
- ån'rAr,

These unrenormalised fields consequently satisfy the

eguations

À )u(iv eY A
À

À tuü

toü

['( -iv eY A )
À

(r.1)

and

v2A ea
À

auR
u

ey- 1z0v^ü (r.2)
À

while the requirement of Heisenbergrs principle Ís that t

when >

representing the electron, the equal time anti-commutation
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relati ons

{,þ(x),rþ(x')}

{,þ(* ),ü(x')}

{['(x),['(x')] 0

yo6(4-7')lz

and the equal time commutation relations

(1.3)

(1.6)

f Ar(x ) , Au (x') ] fA¡,,o(*),Au,o(*')I 0

(1.4)

be satisfied (here of course A
Àr o

e.le, ) .

Non-perturbative methods wiII take explicitly into

account the self-interactions of the bare fieldsr and I

will represent bY the diagram

(1.5)
x

the sum of atl Feynman diagrams with two external el-ectron

Iines, thus

+

f Ar(x),Au,o(^') I

+

-i9Àu6(I-x') ly

â A.oÀ

x

+ ...

Ín the usual Feynman notation. In other words, the blob is
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a sort-of veil covering aIl

between the external Iines,

those processes which occur

in this case two electrons.

The contribution to the S-matrix element by (1.5)

is therefore r I

S (x-x ') <rþ(x)['(x')>

which of course Ís actually a Dirac matrix with components

(r.7)

(r.8)

S ( x-x ') .ü"(x)'0r(x')>rs

The other renormalised Feynman diagrams required in

this section are

(f ) the photon line
x

corresponding to the ProPagator

À

x

u

D^u (x-x ) <A (x)A (x')>
À u

and (2) the vertex function

X X

and its corresponding function

S
À

t t t t t\(x-x ,x -x ) <ü(x)A (x')ü'(x")>
À

which is also a Dirac matrix.

xÀ

It is my aim in this chapter to present p,art of

(r.r¡
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Greenrs solution2 to the equation satisfied by (L.7);

the sum of the Feynman diagrams (I.6) will have been

evaluated and (1.5) can be written

z -l

or

thus

where the

the bare

has the

propagator

mass tb and

physical electron

the Ieft-hand side

S(x-x') = .-t$F(x-x') (r.r0)

corresponds to

on the right
on

the F eynman

mass m

propagator

It will be shown that, under the conditions and

approximations of Greenrs solution, z has a value very close

to I and that m can be taken as the experimental value for

the electron mass - thus a treatment of mass renormalisation

will have been given which doesnrt involve subtracting

infinite quantities; rather it appears that the infinities

are due to separating term by term the sum on the right-hand

side of (1.6), which taken as a whole does converge.
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I.I THE ELECTRON PROPAGATOR EQUATION AND THE

GENERALISED \VARD IDENTITIES.

The field equations (t.l) can be applied to the

electron propagator S(x-x') to give its Dyson-Schwinger

equationlsrle.

Since the operator rþ(x )il,(" ') is discontinuous, by

virtue of the time-ordering convention, ôt *o = xi, then

its time derivative involves the derivative of a step

function, i,z. it involves a delta function. Thus

.yoaoü(x)[,(x')>yoaos(x-x'¡

+ yoô (x -x')(
o o

lim
++x0 0, ü(x)[,(x') (-[,(x')rl(x))

X

+ i6(x-x')lz

m S(x-x') + .yÀs^(orx -x') + iô(x-x')/z
b

+ ô(x-x') /z

first requirement

o ü(x)[,(x')>a<Y
o

and so

iVS ( x-x') <{m rf(x) + eyÀA^(x)rþ(x))ü(x')>
b

As mentioned in the Íntroduction,

of the non-perturbative theory is that

vanishes - thus alI the electron mass

the

the bare mass

comes from its self-
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propagator

IO

the Dyson-Schwinger

is
interactions. Under this

equation for the electron

À (0rx-x') + iô(x-x')/ziVS(x-x') eY
À

or by defíning the Fourier transforms

s

is(p) /s(x)"iP'Xdhx

a#frÀ(Q,p)daq

ÍSÀ( p, Q ) //sr( x r -x') "i 
(P'x-q ' X') 

d axd 4x'

ls(n)

To see this, it is necessary

of its rirreducible' part fÀ

clear that

(r.rr)

(1.12)

e-i.e.

tften the equation in momentum space is

+zr

where

Of course (I.12) does no more than re-express S(p)

in terms of a further unknown, the vertex function S^(O'R).

However the remainÍng field equations (I.2) are sufficient

to link up the two functions S and SÀr and by means of an

approximation to yield an equation for S(p).

to express Sl(q,p) in

u
P' Yu'ú

terms

it is

(q,p) diagrammatically
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À

À

u

photon or

are given

electron Iines.

by

+ru

p q

where the term

contain s

Thus the

no single (irreducible)

corresponding functÍons

S^(t,R) íeD^u( p-q )s(q )ru (q, p )s (p )

From the definition (I.8) it is easily shown that

Àu
(x-x') .ôuA^(x)Au(x')>

+ r'g ô(x-x')

(1 .13 )

(1.14)

ADv

and so

or

v v2ôv
À

oaÀavlrru(x-x')

tò
u

using the conseryation of charge.

Moreover it follows from (1.9) tnat

ze<-'ü(x )y¡ù( x )Au (x' ) >

y(r-o)v2aÀDlu(x-x')

Àu

ô(x-x')

Àea a s (x'-x rx-x")
Àu uv v2ô À

zelrþ(x')['(x )y¡ rÞ(x ) iXx" )



and so

y(r-o)v2aÀs^{*

= "ô 
(r-* "

T2

eô (x'-x )S (x-x" ) (1.r5)

,aa\-xrx-x )

)S(x'-x)

In terms of the Fourier transforms (1.11), equation

(1.14) becomes

À À )oy(r-e)(p-q)2(p q
Àu

(p-q) q p
u

while (1.15) is

y (t-e,) (p -q) 2(p À-q 
^rt^(q, p ) ie{s(p) s(q)].

By substituting (I.13) and making use of (1.16), there

results

u
(1.16)

(r.r7)
u u

This is the first generalised Ward identityu, derived

here without recoùrse to perturbation theory. This clearly

establishes a link between S¡, and S in (I.tZ); it will

be shown below how an approximate equation for S can

thereby be formed.

(q p )lu(q,p) s- I (q ) s-1(p)
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I.2 AN APPROXIMATE SOLUTION FOR S(P).

By substitutíng (I.f3) into the propagator equation

it results that(1.12),

ls(p)

where

r(p)

bearing in

represents

r(p)s(p)Ì/z{r +

to solve this

taken. to have

(r.18)

(1.19)

(r.20)

eq uati on .

its Iowest

f 
o 

^u 

( p -q ) s ( q ) ru ( q , p ) d 
qq

represents the self-energy contributions to S(p);

X(p) corresponds to the renormalised dÍagram

so that (1.18) may be written

+

mind that the single line

the Feynman propagator I/ú.

From (1.18) it follows that

s-t(p) zfi r(p)

Two

Firstly,

approximations are used

the photon propagator is



order form

and secondly

integrand of

DÀu(k)

the vertex function lu(qrp)
(1.19) by its value at the

I4

(1.21 )

is replaced in the

pole of

-{g},u (r-0)k k ll<2 j ll<z
À u

oru(p-Q),

+

Both of these approximations have the advantage

they become exact as the electron momentum p2 becomes

and consequ,ently the solution obtained should be exact

the asymptotic limit; however a numerÍcal solution of

suggests2 that the approximation Ís good over a large

of the domain.

L.2.

ru(q,p)

s-r(p)

where from (I.I7)

À (q)

lu(q,q) (l .22)

that

large,

in

(r.20)

pa rt

It can be shown2¡2r that

only if the gauge Parameter I =

MaxweII gauge.

Thus with these approximations

the

0,

to

the

solution

i. e. in

(f .20) exists

Lan dau -

À ÀM-d) (p q ) duq
(q )T +aêÌ(p-q)' + iezf, +

s(q)r À
F (q,q)

stclafrs-1(q) (r .23)

finally an equation has been obtained explicitJ-y for S(p).



This can be written

s-r(p)

wh ere
ÀI (p) w

and

J(p)

I
2

2fl.#[v^rÀrnr-r(e)J

(p À À )r-Cp-q )'+i
À

ày (P)

15

(1.24)

(1.25)

I

vfi, ÀI
ugq

+

where here V = \ltðlapu.

À À

Sin ce

Àv2¡(p) -Vâ I (p)
À

v2s-1(p)

ez{ ty
À

vc(p) v2a I À (p)
À

e2l4r

2è

(p) + c(p)Ì

À (p )

À

then

and

wh ere

and

+ Èv^vztÀ(p )

F

ez{tyÀv'r^(o) + vaÀr^(o)}

À

â 
¡,F

¿-

This equation can be solved by using the Lorentz

ínvariance of S(p) to write

s-1(p) ob2 )ú p(p')



whence from (L.23,

À (p) À T À
2Aúp + 2Bp + Cy

I6

of the various Dirac

following equations

F

for

and

p2o'p2

A

B

c

D

= (po'

= (p, oo'

= (o'ú +

op') lD

- pp')lD

po) lo

Then þV comparing

both sides of

coef fi ci en ts
(L.25) , thematrices on

are obtaÍned

tta2xp+¿p + (xt)'

xo" + 3o'

and

(L.26')

where

3ezl4

9lo
and means d/dx.

In fact the solution to these equations is not

especially important for the work which followsi however

two features of the solution are particularly relevant.

Ào
Õ

+aT

T

X

À

a

p2
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Firstly, the solutions for ø and p are both finite,

hence the integral in (I.20) converges. Thus because of the

tlp2 dependence in f(p), for Iarge values of p2 it is clear

that X(p) + 0; this gives the so-called asymptotic freedom

for an electron - this will be discussed further in

chapter f our._

SecondIy, it was mentioned in the introduction to

this chapter that the object of a renormalised.theory is to

describe equivalently the processes of self-interaction by

including a self-mass and self-charge term in the theory

and then ignoring the self-interactions.

Thus when m is the physical

boundary conditions for equations

mass of the electron, the

(l.Ze) are that

s-1(p) = ú -m

when

and

2
mp2

r(P) + 0

that is to

p2 + -coas

say

p(m2)

o(m2 )

o
@

o

mo(m2 )

I

zand

where lim o(x )
X+ -co

@

Unfortunately choosÍng

is no unit of pU, hence these

(r .27 )

the bare mass zero means there

equations do not determine m.
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expansion in

Iess than I )

t8

equations (L.26) are approximately solved by

powers of À (which turns out to be very much

then to second order the function o satisfies

x
x2o

^'l 
xf (x ) dx +x2 a6

(r.28)
o

wh ere

f(x)
X

dx
xzTF) log(l-x)+x

Thus o

or t

I

^'l 
xf (x ) dx

o
O=æ

Z= +x2 (r2 I 3

in other words to the order of accuracy obtained z can

be taken as 1.

This is an important result; not only does it show

the essential finiteness of 0ED, at least as far as the

mass renormalisation is concerned, but it provides a good

explanation of the success of the renormaÌisatÍon

procedure when it is applied to the divergent integrals

appearing in perturbation theory.

Moreover, from

constant o_ by terms

a good approximation

r ) using (r.27 )

(1.28) o never differs from the

of order greater than ¡z and hence to

the electron propagator can be given by

s- 1(p ) a(p2)ú (t.zg)

This result will be useful later in determining the MdlIer

scattering amplitude.



CHAPTER 2

TtvO SCATTERING EOUATIONS.

In what remains of this rePortt

of chapter one to two Problems,

scattering. Although the graPhs

are simÍlar, eoeo

Compton' and

these two processes

I hope to apply

L9

the methods

Mdl I erD ¿2.

for

and

are. comparable first order dÍagrams for each process

respectively, there are essential differences between the

two which require separate treatment.
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in-coming and an out-going

the appropriate amPlitude'

the following renormalised

Compton scattering involves an

electrgn and Photon¡ âfd thus

which might be rePresente.d bY

diagram t

X2 X1

u À

X3 X (2.1)

1S

S (x-xtrXI-X2tXz-Xs) <ù(x )A (xr)A (xz)[,(".)>
Àu À u

- as for the electron propagator and the vertex this is

also a Dirac matrix.

It was seen in chapter one that applyÍng the

equations to the amplitude corresponds to fdrawing

partially the veil coverÍng the interaction area;

equation (1.12) can be represented as

field

backl

thus

+

showing

simp I e

that the first part of the veil consists of the

vertex.

A similar procedure is needed here for the Compton

scattering amPlitude z
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From the field equations (I. I ) , the Dyson-Schwinger

equation is

ivs ( x -x r r X I -X z t X z -X g )
Àu

eyv<rþ(x )Au(x )A^(x r )nu (*, )[,(x ¡ ) >

+ iô(x-xs)olu(Xr-X z) lz .

The Fourier transform of S can be defined by

s (x-xrrXr-X 2¡X2-xs)

Àu

(2.2)

(?.3)

Àu

I

and a similar definition applies for

@le

*"-Ír. (x z-X s)¿upo uqd u"

svÀu
(x-x I : X r- x2 rxz-X srX s-X +)

corresponding to a five-point process rvith diagram

X1 v

Xg X2

IfItru (p rQ rr)e-ip' (x-x r )-iq' (x r-x' )

<ü(x )Au(x t )A¡,(xz )Au (x s )[,(x,, ) >

u

x+

Thus the Fourier transform of (2.2) is

À

x



drsru(Pf'9'Pi) ffi ftu^u(r,P ¡tQtPr)d4r
v

22

)lz
(2 .4)

where, accordi.ng

slu(P¡'9'P1) as

(f) an electron

momentum P¡

+ (2n)4io (t )6(k
Àu I I f

the definitions ( 2. t ) and (2.3) ,

amplitude for

k

to

the

with initial momentum

interacting with

pi and final

(2) a photon of initial momentum k

momentum kf,

an d final
I

and

for S

f rom

pi

Pf'

ki=q-

kr=q-

Thus, diagrammaticallY,

^.r'\ranl\.r\.^rv

Equation (2.+) is made into an approximate equation

by forming another generalised V/ard identity

^u

From (t.Z) it follows that

y(1-o)v2ôvs (" r-X rX-x 2 sx z-x g, x r-x o)vÀu

e{ ô (X-x,+ ) SIU (x r-x z txz-x 3 ¡ x 3-x )

+

Àu

so

ô(xr-x)S
Àu

(x-x2sX2-X3rXg-x,*)]
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or in momentum space

iy ( r-0 ) ( pf-" )'( n|-"u ) suÀu ( r, p¡, e, p1 )

" 
(s¡,u(r,r-k'r-Rr+Rr) - tÀu(pf ,q,nr))

+

'To obtain an

must be decomposed

where here,

reþresented

analogous to (1.17), SuÀu

of its irreducible parts :

(h)4((prf-r^)ô(r-q)Su(q,r) + (Ptu-"u)ô(r+kr-nr):

xs^(pi-kt,pi)). (2.5)

expression

into a sum

v v À

+

À u ú\.^.^/.\./'vaà À v 
^^¡1.r\nn¡rà 

u

u

+ +

À 
^/1n^^^/W>v

as beIow, the renormalised propagators are

by the bare l-ines

and @

u

This means that

defined by

the irreducible part ¡0oT of S-..- can bev^u



SuÀu(r'P¡r9'P1) ( 2n ) ai 
[o^r(r-pf ) su( r, p1 ) ô ("-q )
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(2.6)

(2.7 )

ouu ( pf -. ) sÀ(., pi ) ô ( r+kt-pi )

+ Dur(Pi-a )su(r,R, )ô (nt-nt)

Similarly the irreducible part of S

+

-ie 3oro ( pf -. ) Dlo( kf ) s ( r )¡pot( ", 
p¡, 9, R, )s ( R, ) Dru ( pi )

pi

¿, ¿

Wh en

made again

k f

these substitutions

of (I.16), equation

Àu
rs

+

t

^vP

have been mader âñd use

(2.5) reduces to

pf

k.
]-

tlu(P¡'Q'P1) ( en ) 4io¡,u ( kf ) s ( n, ) ð (nr-n, )

"'DÀ.r( 
kf ) s (pf )¡vP (pf , q, R, )s (n, ) Dou ( ki ) .

( 
"u-ptv ) s ( r )AvÀu ( r, p¡ , Q : pi ) s ( n, )

s( pf )¡Àu (pt,q, R, )5(R, )

- s(r)¡Àu(r,r+k'r-pf*pi)s(r-pf*pi). (2.8)

This is the generalised Ward identity to be used in

formi.ng from (2.+) tne equation for t^r. To see how this

is done, a further reduced amplitude fvÀu is clefined by
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^
vÀu

+

+

L.2o

v

^+
r+

whence from (1.f6) and (2.8)

(rrP¡rQrP1) r lrrPfrQrPl)v^u

rv( r, R, )s ( n, ) a ^', o* Q , pi )

^Àu( 
r r r+kr, r-pf *pi ) s ( r-pf *pi ) f v( r-pf +pi, pi )

v

ÀuÀu
u I

++

Àu

( 
",r-pru)rvÀu 

(r, p¡, Q, p1 ) (Pf'QrPi)

AÀu(rrr+krrr-or+Rr).
(2.9)

Àu

^

Now by subsrituting (z.a) and (2.7) into (2.4),

there results

drs{pf)AÀu(p¡,9,P1) yÀs(q)ru(c,Rr)

yus (pt-ki )r À(nr-kr, 
o, )+

+ €#loo, ( pr-" ) s(r )¡vÀu ( r, p¡, Q : p, ) d ar

and so from (1.I2) and (I.13),



z'La^u, or, Q , p1 )

,^t(q)ru(q,pi) yus( pr-ki )r À{or-k' 
R, )+
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(2.r0)

the same as that

e.. in F
vÀu

' Pf

so by

the

(2.10) is

o^u(pr-r),

+ €r+þpu ( pr-r ) s ( r ) Fvru ( r, pr r Q, p, ) d 4r

where

FvÀu ( r , pf , Q , p1) s(r) [tu^u(r,pr,9,p1)

+ A 
Àu ( r, r+k, r r-pf*pi ) s ( r-pf*0, )fv ( r-pf*p' o, ) 

]

The approximation to be used is then

made (L.2?) for the electron propagator, i

is taken to have its value at the pole of

(z.g ) and (1.I7)

FvÀu(rrrrgrpl) -s(r )#[rÀ' r t,e,pi )srn, I 
] 
s- r (R, )

provided q-r and pi-. are kept constant during

differentiation. Thus under this approximation

an integro-differential equation for, AÀU.
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2.2 THE MøLLER SCATTERING EQUATION.

The second equation with which I am concerned Ís that

for the'amplitude

S(x-xlrX1-X2tXz'xz) <ü(x )rþ(x r )ü(x, )'i'(x a )>

corresponding to Mdlter scatteríng of two electrons.

The essential differences

equation and the one derived in

between the MdIler scattering

52.1 are due to two causes :

(r)

scattering

c omp one n ts

Tt-

the object

Whereas tÀu is a DÍrac matrix, the

amplitude has four spinor affixes i

MdIIer

its

are

Srstu ( x-x 1 r X 1 -.x2 ¡ x z -x g )

., = .Úr(x)rÞr(xr)üt(xz)üu(*r)t

WhÍ1e statements of the form lfsfu(Pf 'g'Pi) are un-

ambiguous, it is necessary to record, when the 4-spinor

S is multiptied by a Dirac matrix, on which of the spinor

affixes that matrix acts. In what follows, I wÍI1 denote b),

VIS f X-X r r X r- x 2 rxz-x s )

with ,components

4

I

and by

T rs tu a=l
tlusastu (x-x 1 rX r-X z sX2'x g )
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U f|ttx-X r r X I - x2 sxz-x s )

the object with comPonents

U r stu

and so on.

(2)

exchanges

4

"I=rtlut.utu 
(X-X r, * r:* 2 tx2-x s ),

The amplitude must be anti-symmetric under

of both pairs of electrons, thus

S.rtuj*-* I rX l-X 2 ¡X z-x s ) -s (x-xlrXt-XgrXs-Xe)rsut

and so on. To take advantage of this, two equations will

be developed : one for the full amplitude S and another

for a sort-of reduced amplitude from which the original

may be derived by anti-symmetrising. It is lvorth noting

that it is sufficient to anti-symmetrise with respect to

only'one pair of electrons - either the in-coming or the

out-going - since then the amplitude is automatically

anti-symmetric under exchanges within the other pair.

Proceeding similarlY to

Schwinger equation for MdIler

the work in 92.I, the Dyson-

scattering is

iVaS (x-x I r X 1 -X z tXz -x g )
À<rþ(x)A ( x )rþ ( " t )il, 

( x, ),J, (* . )tuYu
À

+ (xr-xg)Ì

which is to say

iz'r{ô(x-xs)s b (xr-xz) ô(x-xz)S b
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øÎsfpr,9,pí) eY
Tñ

+ (h) a iz- Lsb ( pz ) { o (p r-p í) ô(pz-pí)Ì (2.1r)

S^(r,pr,Qrpí) is the Fourier transform of the five-

function

ì-Jt^( r, P r , Q, P í ) u ar

wh ere

point

s^(x-x I' x'-*=".;;. 

;;;;;; î,ì,,.2 )ü(x s ),¡(x q )>

corresponding to the diagram

X1 À

X3 X

X2X4

and S(ptrQ,pí) is the Fourier transform of

S(x-x ¡. x L-Xzs xz-x s ) and consequently corresponds to the

scattering of electrons with momenta Pí, pi into two

electrons with momenta Pr and Pzt provided 9z = 9-Pr and

and p; = q-Pí.

The appropriate generalised Ward identity is found

to be

Ày(1-e)v2a S (x 1-x r X-X 2 ¡x 2-X 3 rX s-x + )
À

-6 (x-x r )S(x-x 2 tx 2-X 3 rx s-x +)

-ô (x -x z)S(x r-X rX-x 3 rx s-x,* )

+ô (x-x a )S(x I -Xz ¡x z-Xrx-x q )

+ô (x-x +)S(x r -X z ¡x z-x erx s-x )

e
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so that in the momenturn representation t

Íy(r-0) (pr-r) 2 (pì-"^)s^(r, p r,q,pí)

e -s(prrgrpí) 5(r,q,pí)

+

x{ô(pr-pí)

S(rrr+perpí) S (r, r+pz r r-p r+p í ) (2.12)+

ô(p'-p;)j e2L'(prrqrpí) (2.L3)

Pz

It wilt be useful to express this in terms of the

irreducible amplitudes X' and A'u defined respectÍvely by

S(pr,q,pí) (2n) aisu(pr)sb(pe)

Lo 2-

and

+

S (rrprrQrpí) ( 2n) ai 
[tî,", p r )so(0, )

xi6(pr-pí) ô(pt-pi)\ s"(.lsl{nz,Q-r)

Pr

(pr-.)A'u(r,prrQ,pí)

(2.r4')

Pz l'+

À

x{6(r-pí) ô(r-p;)j

+

or in diagrammatic terms,

ie3D
Àu



ÀÀ

3I

+ exchange'terms+

À

<-a'u

À

u

By substituting these into (2.12) there results

(pt )A'u(r,pr,Qrpí) 't'(prrqrpí) - t t ,\¿ (rrQrPr/

+

-r
u u

+ X'(rrr+pzrpí) X'(rrr+P 2t1-Pi+Pí) (2.r5)+

It was mentioned above that a completely anti-

symmetric amplitude is obtained by anti-syrnmetrising wíth

respect to only one pair of electrons; thus there exists

an amplitude X(pt,QrPí) anti-symmetric under exchanges of

pí and p; such that

- t, ,\¿ (prrQrPr/ s" ( p , ) sb ( p, ) ¡ ( p , , q , p í ) (2.r6)

and an analogous amplitude Au satisfying

A'u(rrprrQrpí) sa ( r ) sb ( pz )¡u (r, p r , Q, p í ) . (2.L7)

By subsriruring (?.r3) , (2.L4) , (Z.l.e ) an d (2.r7)

into (2.LI) tne follovring equation for X(prrQrpí) can be

derived:



z-rt(prrqrpí)

Fu(rrprrQrpí) ¡!(rrprrqrpí)
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(2.r8)

integrand pr + r

the generalised

tlo^u(p r-p í)rf (nr, pí )sa (p í)sb(pí )

,}o¡,u (p, - p ;)tf ( nr, p í)sa (pá I sb ( p í )

f 
o^, ( p , -" ) Fu ( r , p L Q ; p í ) a hr

^â+l-*
oQu

rf {n z ¡e-t)So(a-r)I(r,q, n íl ]

where

+

(pt

sa(r)

r!(r,p r )sa(pr )l(p r,q,e í)]

As before, the approximation in the

makes this a closed equation for X: from

Ward identity (2.L5) it follows that

r ) au(trprrqrpí) r!(r, P r )sa(p r )r (p r,q,p í)
u u

I(pr rgrpi) X(rrr+pzrpí)+

+

and hence that

I(r, r+Pzrr-Pr+pí)

Fu(rrrrerpl) sa(r) râ

u

su(r)t;t{o-.) 
[

S
b (q-.) x(r,qrpí)

x(r,q,pí)
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Before proceeding to the next section I will make one

further simplífication. Equation ( 2. I8 ) retains the

exchange terms due to Fermi statistics - in fact the

corresponding diagram equation is

Pt Pz

+

Pz Pt \

where the blob is a function of

However this equation can be generated by anti-symmetrising

a similar equation which doesnrt assume any exchange

symmetry, ,nu two out-going electron Iines
Pr

and in this equation are therefore common
Pz

factors to each term and may be removed' In

algebraic terms, there exists an amplitude without exchange

symmetry In(prrQrPí) from which I(prrqrpí) can be obtained

by anti-symmetrising , i. z,

\\N

x(pr,QrPí) rn(p r,e,P í)s"(p í)so(oi)

rn( p r,Q, Pí)sa(pílsbtp í )

Defining the comparable quantity

satisfies

z- Lï, (pt,q rpí) tlo^u (p, -p í )rf (nr, oí)

l!(r,pr,q,pí) th en

T
A

A

+ +#: Io^, (p,-r )r!(r, p r,Q, p í)¿ar (2.re)
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where

fltr,r,e,pí)

by virtue again of (2.f5).

+ s;' (o-" l5¡o\ro(r,Q, p í)

- EA(r,q, n í) {5-};to,pz ) }s[1 (n z )

- rA(r,q, n í) i5¡aí;tu(P' ) Ìt;' (o' )]

sa(r) a

ãF í;['ù.2fi. )ro(r,Q,pí)
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2.3 SUMMARY OF RESULTS.

In this chapter non-perturbative methods have been

used to derive equations representing Compton and Md1ler

scattering, qnd thus by extension the Bethe-Salpeter

equation22 has been derived; in fact the results obtained

have done no more than confirm algebraically what would, on

the basis of Feynman diagrams., be expected in any case.

Thus, the Compton scattering equatÍon (2.10) would be drawn,

restoring the external Iinesr as

,V!^./\.^.^^^
+

-)-

+

while the Mdller scattering equation is

+ + exchange terms

\//
+ (?,20)

where in each case the blob is a function of other

renormalised Feynman diagrams. lf each of these diagrams is

expanded in poÌvers of the fine structure constant, then it

is clear that all the topologicaì-ly dÍstinct Feynman graphs



corresponding to the appropriate process are produced.

In the latter equation, the rar stream of particles,

consisting of the initial and final electrons with momentum

pí and pr respectively has clearly been treated differently

to the rbr stream, with the result that in the second order

term on the right of (2.20) therarelectrons pass through

a simple vertex while therbf electrons go across a renorm-

alised vertex. There are two ways in which this situation

can be rectified:

36

(2.20) can be made into a

term into the t blobr . This

a and b but doesnrt remove it.

(I) 
ln"

full vertex by

disguises the

simple

adding

asymmetry

vertex in

an ex tra

be tween

(2) A symmetric treatment of a and b requires pre-

multiplying ( 2. Il ) by ú2; this corresponds in diagrammatic

terms to tdrawing back the veilt on both the out-going

electron lines and hence produces many more terms underneath

the veil than are necessary (all the required information

is contained in (2.I9) ).

Neither of these remedies is particularly elegant;

however in the next chapter I intend to solve, in the

asymptotic region, an approxirnate versÍon of (2.L9) and by

means of this approximation the asymmetry wÍ11 be removed.



CHAPTER 3

ASYMPTOTIC SOLUTION TO THE MøLLER SCATTERING EQUATION.

37

e.¿ a¿, that a

for the vertex

Iadder approx-

taken as the

It

solution

funótion

imation,

infinite

has recently been shownt bY Green

to the non-perturbative equations
Àr

L

( p t , p, ) can be obtained in the

2. when the vertex function is

sum

++ + ...

Green I s solution proceeds in three steps t D LZ.

(I ) Convert the

equation into a second

n o n - p e r t u r b a t i v e i n t e g r o - d i f f e r e n t i a I

order partial differential equation.

(2) Make

obtain a set of

matrices.

the appropriate approximations and thereby

component eguations not involving Dirac

(3) Reduce the vectors and tensors in step

scal-ars and solve these equations; the boundary

are obtained by comparÍson with the perturbation

in the region where the two solutions overlap.

(2) to

conditions

solution

I intend in solving the Md1ler scattering equation

to fotlow an identical plan, though there will necessarily



be some differences within each step.

vertex solution most

the asymptoti.c -limit

3d

relevant to

m

(i.r)

The result of the

1nthis chapter is that

À (pr,pr)

ú --a(p2)

where the function a(p2) raPidtY

becomes large. Thus bY the Ward

approaches zero as

identity

p2
2

2

I
2p

ðÀ\T

- an example of the asymptotic freedom mentioned in the

Lntroduction. This result is also consistent with'. the

solution for the electron propagator discussed in 51.2;

f rom (L.29)

s-t(p)

-p2

À
T (p,p) + v

in the asymptotÍc limit, as required.

À



3.I THE LADDER APPROXIMATION.

By foIIowing the same procedure as that

it ís.possible to change equation (2.L9) f or X

second order partial differential equation.

Thus by setting

Pr

p2

Pr

Pz

p+9"

=p+k

=p-k

mean the same as

provided equations
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used in 91.2

A
into a

(3.2)

(3.3)

xn(Pr,9,Pí)

p r"

(Z.tg) can be lvritten

where ro(n,k,L) ano Fl(r,p,k,t')
and fl(r,pr,q,pl) respectively

satísfied.

If the photon propagator is

order form (r.zr) then (l.l) may

ro(n,k,L) - tloru(t-rlrf(n-k,p-.Q,)

. ffiXfo^u (p*k-r )rl(', p, k,.r )d ar

(3 .2) are

taken to have its lowest

be written

ro(n,k,9,)
"]oru 

( r-.q, trf { n -k, p-& )

l.

ltit'(p,k,.Q,) J(p,k,g)



for integral functions Iu and J.

Furthermorer in the asYmPtotic

as yub f rom ( 3.I ) , and thus when Va =

from (I.24) that

reg i on

vla/ap^
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can be taken

follows

rl
it

v'rA(p,k,[) [+r;ti(p,k,.Q,)
+ G(p,k,.q,) (3.4)

+ ...

where

and

Fl(e,k,e") FX(e,p,k,.[)

vac(ptk,L) uurä(p,k,[)

It is hoped to solve this equation in the ladder

approximation, i.e. to compute the sum of diagrams

++

Since the diagram equation for this sum is

then the appropriate substitution for 1S

+

(3.5)

(3.6)

FX

rf(0,k,[) yHsu(p+k¡sb {n-k)rA(p, k,t )



Fur th er

in ref.

4l

justification of this approximation can be found

t.

Thus (3.4) together with (l.e) are the asymptotic

equations for MdlIer scattering in the Iadder approximation.

It will be necessary to make one further change before the

component equations can be found : by choosing the pure

imaginary representation of the Dirac matrices, which has

the property that Yo is symmetric whereas Yr, \z and Yg

are anti-symmetric, the matrix y' = YoYt satisfies

t(y is the transpose of
u

Now define a new amPlitude

x (3.7)
A

(note this is quite distinct from the Z' in 5¿.2).

From (3.+) ,

+ G,i

Yu),t
YYuYuY

vúrn

v'r 
A

zp
A virls"(p+t)sb(p-k)rA

-.r +viriu

wher e

F

so that

+- e{ åvflvftrIv "E'A

.rHttu(p+klsf{n-k)rÁ

G,i (3.8)



with

and

F; su ( p+k ) sbt ( p-k )rÁ
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(3.9)

(3.10)

and

vac' =

Now an arbitrary Dirac matrix f can be decomposed

into scalar, pseudo-scalar, vector, pseudo-vector and tensor

components by defining the anti-symmetric tensors

Ylu å f vr,yu ]

v[t aur;
lì

Y Àuu È{v^u,vu} i e^uroy syp

Y

Then the eomponents

Àuvp ft vÀuv,to ] -ie^uuoy s

q

9¡

9Àu

åtr r

åtrry^

Ètrly^u

I Àu'
and

I Àuup ttrty Àuvp

have the fortunate property that

ttrly Àuv

I

r 9 ÀurY + 9ÀuupYg + g¡Y À
+ g

Àu v
Àu

+ Àuv Àuvp



This method can be aPPlied

is a rank 4 spinor equation rvith
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to (3.8), which of course

components

v2 (L ) + (G')
r stuA rstu

If a rank 4 spinor such as (FÁ)untu is considered as

a Dirac matrÍx of elements, labelled by v and w, which are

themselves Dirac matrices labelled by t and u, then this

equation c.an be written in the so-called co-spinor

representation:

- e{ à (yu ) 

"u 
(yu ) ws 

( FÁ ) v*ru ]

v2E -ei åvrFfvu + G'] (3.11)

y' matrix in (3.7)

A

- hence the reason for

otherwise the second Yu

introducing the

in (3.II) would Uthave been y

Now let the components of ¿A be the matrices urhose

elements are

o å(r )A rrtutu

(o ) È(r[vr)rrru
À tu

(o
Àu tu

(o
Àuv tu

and those of F be

å ( r{vÀuu )rrru

È(¡ Y

à{r;)""ru

A Àu rr tu)

)

A

It,



and símilarly for îÀ, lÀU and lÀUu (here I have antÍcipated

that the pseudo-scalar components of IÁ vanish).

Then by using the relation

2g
uv

fron whích

f Yuu,vo

and

'{TÀuv'YP 2(ylugup + YuugÀp Yulgup )

it results from (3.11) that

V2o -3en

Y2o

r)

a e)
À À

+

_etÀl.l

are related

form (L.29)

shown that

44

(3.r2)

(),9 ) and

the

{Yu,Yu}

l ?Q q
vp Yugup )

u

j

ze(n
À

where

where

v20 ^Àdn ,

a
v

À

V2o +2è ouvÀ
ã

Àu

T eô
Àv2a o

v2ð o.
^vu

Àu 1Àu

and fÍnally'

vzavo -2eôvn^u,Àuv

0n the other hand, f'Å and F;\

so. by substituting the approxl-mate

eleetron propagator, it is easilY

by

of
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I
P* o),+n

(p*Ào - p-oÀ *

P*u ov 
À

P?u o, rp

(p. o
'l-

Àu
PrPzo )lo

nÀ +PÏ rou

pìro¡u + olo^ur)/D

nfuo^uo ) /o

pTplo^uu) /D:

P? rorup

+P*oÀu+P -uoÀ+P-Àou

Àu

+ D o.'+v 
^u

op
Àu

+
a

rlÀu (-p o-Àu
v

P+À uv
o

and

where, if ð1 = u(p') and az

îÀu, (P-Àuov + P-¡ivoÀ + P-vÀou + P*Àouv

p+

++

o.
^uv

+

(3.13)

I
a(p2),

2
th en

D (oí - a2){vi a2)
2

P+ = Pr.Pz t .ttâz

p tp azPt t a rpz uu

and

Ptuu PruPzu 1 PzuPru

Thus equations (3.L2) are the required equations to

be solved, together with the substitutions (3.13) on the

right-hand side; as promised, they contain explicitly no

Dirac matrices even though each equation is indeed a
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matrix equation.

Disregarding this fact, the equations are identical

to the equations for the vertex solved by Green, Cartier

and BroyIes. It is their solution lvhich I intend to present

in the following two sections.



!)

3.2 GENERAL SOLUTION OF THE ASYMPTOTIC EOUATIONS

- FIRST SET.

asyrnptotic region

to zeto and so in

47

the function a(p2) in (I.29)

(3.I3) the substitutÍons
In the

goes rapidly

Ptu, * Ptuv

can be made.

À

where

D + prpz

P+ + Pt.Pz

p +0+u

v20

V2o-
^u

+2ð a
À

v2o 2e(-pr.pzoÀ +

-2eð 0
À

(-pr.peo + p o
À À

o
uv

Thus equations (3.L2, become

Y2o -3e(pr.pzo p Ìpf o^u ) lv"rvf,

( 3. r4)

(3.15)

(¡.re)

PYrou + n|nlo^uu) tvlvi

pTploruu t tolvi)+
v
+

aÀ

v
2 ð, ôv o^u

pluoru t tviviv
+

p+-e(-p -Àu O + Pr.Pzo Àu

v

À
o
uv

(3.r7)



and

p
p o +

+ À uvp

yielding two -indePendent

and (3.16), (3.18¡. The

Iater; I- rvill give here

-2eâv(p_Àuov + p-uvoÀ + p_vÀv 2 avo^uu o
u Àuv
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Pr.Pzo

(3.r8)+ p?uorup ) /vio)DPo'+u v^p +

sets of equations ( 3. I5 ) , (l.tl)

second set will be dealt with

the solution to the first.

' The first step, as discussed in the introduction to

this chapter, is to reduce the tensor OÀU to its scalar

components., Since it is an anti-symmetric tensor functÍon

of pr and pz (or equivalently pí and pi) then the only

independent scalars to be formed from it are

S1

S2

and

p Iau o¡,u

À^upzd'oÀu

Sg

Àprn

l,u
PtPzo¡u

Clearly from (3.I5)

Y2o = 3e(s3 pr.p ro) lvlvl (3.re)

Now under the conditions ( 3.1.4)

- vlo 
^rloZ

[,o,.p,pru
2p I I p?pi

Àu
p 2p )o p lu Sg



and similarly

l,
Pzll Àu

v2aÈo
Àu

Ít follows that

v2sr

Thus, since (3.17) imPlies

-Pr v2ol3e (p, o
u u

Pz v2o/3e + o
u

(pr
u

eâu lÀu
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from ( 3. r9)

4)olp2
2

eszlp2
2

+ plo¡,u ) lvi

olo^u ) tpl

-(pr.â + 4)V2ol3 e(p2.ô +

-V2(pr.ô + 2)ol3 fr(n,. a es2lp2+ 2)o
2

2

and

v2sz V2(pz.ð + 2)ol) +
o%'{nt.a

+ 2)o ."rlp1

where

Pr.â pla/apu etc,

In other words, s1 and s2 satisfy the coupled equations

v 2 ( s r +p r . ð o l3+2o | 3) -e(s z+pz. ôo+zo) /p2 (3.20)

v2 (s z-pz.aol3-2o13) -e(sr-pr.ôo-zo)lp2
I

Furthermore t

(3.2L)
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l,u
P rP2î¡Ur P r.Pz (P r .PzÇ-s r) lPlP:=-O+

-(r + P TJ'v'l o

and so

v2ss Àu-eprp2rlÀu + 2(p r. ôs r-P r. âs2+2s r- 2t")

or

v2ss pr.p zV2ol) go+

(3.22) are

2(p z. âs 1+2s 1 -P Ì. âsz- 2s r)
(3 - zzl

the equations for the

(3.23)

- equations ( 3.19)

four unknowns or srr S2 and S 3.

At this stage it is convenient to change the

independent variables to

Izx= (p" p')
12

and

where

z=

f1

{vitvit
I
z

àf I ðp2
t

e.t c,

If f is a function of Pi and P , then

2p1^f1 + 2Pzxf,

2

2

â r,f

4p'frt + + 4p'f ,. 2 +

and so

v2f
I

Spt.Pzftz
2

8(fr+fz)



In the asymptotic region where ¡l.2 can be neg

comparison with P2,

?pt-Pz

so that

v2f +p?(f 1 1+f 12 ) 4p'(f 22+f ¡21
2

+ 8(fr+fz)

p2+p2
l2

(3.24],

+

Def Ín e

= 
xâ/ãx

D (r-y2)alay + yD*

v I(z + z'L)

D x

(3.251

(3 .26)

and

where

and

Cl early

Dfx +o?t' p2f z
2

Df (1-y')# af
TZ

-(y'-t)

+ vDf,X

I
2 (xzf t-xZ- tfe ) + y ( xzf ¡*xz- 1f 

z )

x(fr+fz)

Thus by (3.25)

+2)(fr+fz)v2f 4(D x



LrQ

XV2f 4(D
X
+I)Df

Similarly in the asymptotÍc region
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(3 .27 )

(3.28)

form of the equations that the

substitutions:

Pr.âf ( zD+D )t
and

It

f o1-l- owin g

X

Pz. ðf (z-rD+D
X
)r

Ís clear from the

are appropriate

O=a
0xl

r2lp'

(b+2", 
[ËJ 

" ,n",

- (b+z- rc ) [4,J 
"r-;

/ lrz

all

p

S1

S2

S3

where a, b,

momentum of

d
xl
F2lp'

c and d are functions only of yt

the first order photon Ín (3.5),

and k
p

i,2. k

(3.2e)

is the

= k-1,.
p

By applying equations (3.27) and

D" can be replaced by the eigenvalue s

first three equations of (3.29) and by

the fourth, there results from (3.f9)

( 3.28 ) , noting that

when applied to the

o+l when applÍed to



4(a+l)Da 3e ( d-ya )

whereas (3.20) and (3.2L) YieId

4(c+I ) { oU*zDc+c ( I -y z) + (zD+L-yz+o+ 2) Da | 3I

e{zb+c- ( D+ az+22) aI (3.31)

and

4(c+1) {-o¡ -z- rDc-c (L-z- ty) -(z- 1D+t -yz 1+o+2)Da/3}

e{-.- r 6-c+ ( D+qz - L +22- I ) a } (3 .32)

respectively. These two equations can be combined to give

4(o+t ) ( o-y ) (c+Da /3 ) E{b-(o+2)¿} (3.33)

and

4(a+1 ) {on+c+ (a+3 ) Da /3 ) } e(c-Da) ( 3. 34)

Finally, (3.22) implies that

4(a+2) (D+y)d ye(d-ya)
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(3.30)

(3.35)=Ea+ 4(a+2) (b+yc) + 4 ( yDb+Dc )

With this equation, (3.12¡ and (3.34) can be used to

eli minate Dc and Db respectively; then from (3.30) it

fol-lows that



(D+y)d b+y c
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(3.36)

provided the condition holds that

4(o+I)(o+2) + e + 0

Then ( 3. 35 ) reduces to

4(D+y)(c+yb-d) -{+to+I)yDl3 + (3 .37 )

the

of

and

It is now a question of eliminating aIl but one of

variables. This can be done by forming the difference

(¡.¡f) and (3.32) and then solvinq by means of (3.30)

(l.le) for yb+c-d to find

L6e(yb+c-d) e
(s+t)2D(D+y)Da

ela

+ 4(o+1)o(+yD+q,+a)alj

+ e(D+oy+y)a ( 3.38 )

(3 .39)

(3.40)

Applying (3.37) then leaves a fourth order equation

for a, which fortunately factorises to give

{4(D+y)o ela'+

where

The solutÍon of this

of the associated Legendre

0

a {+(o+r)2(D+y)D + (u+l)e(ayD+3) + le2 I 4Ia

equation can be found in terms

functions. To see this, note



that these functÍons satisfY

{(r-vz¡¿z/dv2 2ydldy +

and hence

( D-oy-vy ) ( D-cy*vy )Quu
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v(v+I) uz I (L-Y' ) ÌOuu(v )

0

{o" 2oy D (o-v) + y2(a-v)(a+v+t)]Quu

(v'-u' )0uu

Now suppose

( 3.41 )

a'(y)

Then (l.lg) implies that

lo' y (r-aq )o +4q2y2 2q + ¿lalQt 0

(yr-1)qOr(y)

+

which, on comparison with (3.4I)r has the solution

0r const.Qu (3.42)

wher " vt = à (1 -e ) , provided

q å(a-å)

secondly, the homogeneous solution to (3.40) is found

by setting

a(y) = (y"-r)P0z(y) t

I
2
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then comparison with (3.+f) gives the two independent

s oluti on s

å(a_i+ô) å(t-ô)ar(Y) ( y'-t ) 0 ^ r(Y)

and

wherë

az(y)

ô e I 2(o+l )

(y. _r¡ å ( a- .r+6 )nå ( r-u, 
u_¡ 

(y ) (3.43)

The remaining functions can readily be determined

from (3.30¡, (l.le) and (3.38); this is Ieft until 53.5

when the boundary conditions can be used to fix the various

constants involved.



3.3 GENERAL SOLUTION OF THE ASYMPTOTIC EOUATIONS

- SECOND SET.

The second paÍr of equations (3.16)

a simÍIar solution, found in this case by

independent scalars

57

and (3.18) have

considering the

and

t1

t2

v2tz

p ìor

p lor

It follows from (3.16) that

0

and since the only non-trivial,

V2f = 0 involve delta-function

thÍs is taken to mean

0

Thus there results from (3.I6)

v2tr 2e(t 
" 

I p'
2

pr.ao)

-åplp!ruo^uu

2e(t t / vl p2.ao)

u=

v'a Ào^

t ^o^

scalar solutions

síngularities at

of

p2 - ot

v2a (p r. ât2 + pz.ðtr + tr + tz zu) /vlvi (3.44a)
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and from (3.18) it follows that

?ept.pzlvlvz)u
(
l-p'(Pz. ð+r )tzIr(v2 +

e
p'p"

T2

-ri(pr.ô+l)tr + Pr.Pz(Pr.ô+1 )tz +

In terms of the variables x, Y and z

and (3.26), the following forms can

pr.p z(pz.a+r)tr] .

( 3.44b )

(3.z.3)

defined by

be assumed

tr

tz

and

where e,

e I ectr on

m(e+zl lËl 
u

' p'

m ( e+z- tr ) [-tJ 
t

e

u

f, g and h are functlons only of y and m is the

mass included to keep the dimensions correct.

By a similar procedure to the above, it results from

(1.++) tnat the new variables satisfy the equations

+( ß+I ) ( D-y )f

De + (ß+2)f j

2e{e (o-v)gÌ (3.45)

(3.46)(ß+I)f (ß-r)sÌ
wher e

j + ô{f



aß(D-v)s

2(ß+r)Dh + eyh

{z(ß*r)(D-v)

(y" -r) å(ß-å+ô) I
2

0 -o-å
(v)
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( 3.48 )

(3.49)

z{v t + (D-y)r + (S+1)e n) (3 .47 )

and

which have,

independent

¿(y2 -r ) j

The Ímportant differênce between this set of equations

and the comparable set (3.33), (3.)4), (3.36) and (3.37) is

that in the so-caIIed routert asymptotÍc region where (p.k)2

is large compared with p2k2, the functions h and i satisfy

the coupled, equations (¡.+g) and

+ eh

by the method discussed in 53.2, the two

solutions

evlj

hr(y)

hz(y)

(y2-r )
å(ß-å+6) I

2
0 6-å

(v)

and

with similar results for j (in this context ö e/2( S+l ) ).

It is sufficient at this stage to note that the solution

of the remaining two equations (3.a5) and (1.+A) can be

found from (1.+g) by standard techniques; it is clear in

any case that the result wilI again be a combination of

associated Legendre functions.
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Further discussion of these two solutions will- be

made Ín the final chapter, where it will be shown that

the details of the solution have a bearÍng on the

convergence of the Vacuum polarisation within this modeI.



3.4 THE PERTURBATION SOLUTION.

When equation ( 3.4)

amplitude was formed, the

6l

for the MdIler scatterlng

fÍrst order term corresponding to

(3.50)

was Iost during the differentiation.

Its effect on the solution must therefore be recorded

by the boundary conditions applied to (3.a); the method

used here of determining these is to iterate equations

(3.f5) - (3.I8) using the first order substitution of (3.50),

i. z.

x (3.51)

and then

with the

to match up this solution in the asymptotic region

one obtained in 993.2 - 3.3.

The Landau term kÀku/k2 in equation (1.2I) for the

photon propagator introduces a numerical factor (3/+) into

(3.51 ); for convenience the factor Ís taken as I so that

the components of EÅ are

.( , /krp

A vlDru ( kp )tHtt'

o

-Y'Y 
^lk'p

À
o (3.52a)



Àu

and

oÀuv "( '\ ru, / ki (3 .52b)

To remove these remaining Dirac matricesr it Ís

necessary to defÍne components in a similar manner to (3.10)

of 6, o. ¿tc, Thus I set, including the y' for convenÍence'^

o Ètry'o

o vru /kå
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substitutions ( 3 .52)

I6 equations are

o
;À

o À;u

(a) v2o

(b) V2oÀ;

( c ) v'oÀu;

åtr1 'o\ 
),

åtry'o^

åtry'.oÀyu

3ept.pzlk2D

0

,

o-
^;

and so oft.

Making use of the first order

it then results that the following

satisfÍed by the components of IA:

t

v 2â. âvo
^ uv;a +2à

u
oÀv; -ep_ Xr/k'pD
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( d ) v'avo ruv;

(e) vzo

0

0

4p lo

;À

(f ) v2o

where

À;u
(2,'
[5t -n r. P zg ¡u-L +

+24 a o

P*lu) oJ,o;2a
À

e

(g) v2o tru; v

v2a
u

;Àu

u

0

-3eo ^ lk2D' -u^ p

0

v'ãvo^uu. 
o

0

(h)

(i) vzo

(J ) v2o
À; uv

(k) v2oÀu; vp

e

(g) V2avo

[or.oz(o¡osuv-sÀueup) 
* p

pîu ( g lpeou-eÀvsap I ] lt;o

À¡-rv; po

0

2 ôu ôooÀo, up
0

À u0; vp

0
+À

(q g -g g )
up cJv uv 0p

(m) oror^uu

(n ) v'ox;uvp

0

-z¿pTpEsÀoßiuvp lt<3o

where g Àaß;uvp is the tensor obtained by antisymmetrising
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I Àu9opo ßu

with respect to (Àoß) an¿ (uvP)

Àp;vpa

(p) v2avo Àuv; psß

(o) Y2o

The

set may be

th en

so that

solutions

found by

0

of the

noting

-+.[nYnI(p r¡epvy;poß - P rueÀvy;p agl lp',

+

(3.53u-p)

I intend here to solve only for the functiont o;,

oÀ;, oÀu, and oÀur. which represent a particular polarisation

state of the incident beam of electrons (tne spinor affixes

corresponding to these particles are t and u, and these are

the affixes which Iabel the components of the matrices

o, o^etc,). These are given by equations (3.53a-d).

pYp](pz¡e¡1vy;poß - pzlrsÀvy;poß ) /oi] lo;o

two

that

non-trivial equations Ín this

if' x2 = (x+a)2 and x = p2,

v'z(x]1r(xu)) 4F" (x )a

G(x ) say
a

-l
a

x-1F(x )a a'
x

¡ ua*u/
oo

ud* G(x )a a'äx
X

(3.54)



where 0 and "u
x] F(xa) Ís to
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are the required bounds of-Íntegration if

be non-singular at the origin.

In the regÍon where perturbation theory is applicable'

the approximation

D pzp2
l2

+

is
be

no Ionger valÍd; instead the renormalised theory must

used so that

D (p'-t2)(p1-^')

Then the following three results are useful 3

FÍrstly, Íf

V20r(x)

then from (¡,s+)

ôr(x)

LI(x-n2)

à(r-m2 /x)log(L-xln2)

Secon dIy ,

(nl-m")-L(p'-^2)-r I
2

I

I

(3.55)

(l . se)dÀ/(x^-ul)2

wh ere

x (p+Àk)2

m

À

2ui
and

(1-Àr)k,
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Thirdly, if

I
dÀ/(xÀ-uî)v 2 ör(x)

Hence fr om ( 3. 53a )

I

then by (3.54)

I
ôz(x) I

4 d À( I -v2^l x^) los (1 -x 
^/ut)II

¡ (3 .57 )

v2 +
2

- while the Iast term in this may be integrated with the

help of (3.56), its contribution in the asymptotic region

is negligible so that in that region

o r'Itpî-*2)-L (pt-t')-| 4k2 /o) tzr'o

-(r #ton(nln2 /na)

t

o + ) /k2 (3.58)

hand, the first order substitutÍon for

that to second order

using (3.55) and the first order term given by (3.52).

0n the other

vanishes r sooÀu;

Y2o Àu; = -Ep-Àu/k D

z¿(i
À

2
p

k ñro^u
) /xio

pÀ (3.5e)

where

p
À

p. kk xlk'
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ls the transverse component of PÀ.

BearÌng in mind (3.56),

p dÀ/(x
t

lo uï)-tã^ I
-I

ÀÀ

so that by (3.57)

o-
^u;

Ii

uf;;o-^u_f ar'[uîton(r-x 
^tt'i)/x^ 

+ r

-Àuros(pltr7) t(pl-oi)

lx
À

e
7tF

f

z'P (3.60)
p

when p p m2

o

These

exactly the

Àu; Àuv;

are the results I hoPe to use in

asymptotic behaviour of the four

o and o

2

I
2

2
a

FinaIly, the first order substitutÍons ímpIy from

( 3. 53b ) and ( 3. 53d ) tnat

oruu; 0
À

determining

functions

oÀ; 
'

o
,
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3.5 JOINING THE TIVO SOLUTIONS.

The perturbation solution just obtained is clearly

a divergent sum for large values of pi and p?. It remains
T2

to be seen at what point the power series expansion becomes

Ínvalid and a more accurate solution, such as the non-

perturbative one already described, takes over.

. In this section I wiII join

in the rinnert asYmPtotic region,

but close each other : thus x

are both close to 1.

up these

wher " p',

is large

two solutions

and p

but y

are large

and z

2

2

To make the join, note that in 553.2 and 3.3, the

general solution was obtained for the component matrices

o1 o^ e.Í.e, Since the equations they satisfy do not involve

any DÍrac matrices, the components oi, oiÀ, oÀ; e-Ì-c, have the

same general solution as the corresponding matrix.

According then to (3.29),

c
o

,

o
,

a(y) X
T2

p
/ ¡z

p

which can be written as a potver series in o t

a(y)(r or os (x /*,1)+ I ) tkï

Clearly this

the inner region k

very rvell with ( 3.58 ¡ , since in

r provided

joins
2-m2
p



and

o -3e14 + o(e2)

-3612

a(y) -1 + o(e2)
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(3.6r)

consistent: by

the solution (3.43)

the hypergeometric

near y I

Fortunately these conditions are

Ietting the constant in (1.+Z) vanish,

for a(y) can be expressed in terms of

functi on2 3 F ( a, b; c ; z'2 ) to show that

-6 /2 -L-6/2 (t. ez)

analytic properties

this desirable

z

where K is a constant. Because of the

of F, the second sol-ution doesntt have

behaviour.

ar(Y) r(y'-t)

Another independent solution may however be found by

considering the symmetry of the perturbation solution

under exchanges of ei and ,'r, both the non-zeto components

o and o._.- are unchanged by such transformations and Ít. 
^u;is clear that the final sol-ution must have the same property

- however ar(y) is not suitable in this respect since

the Legendre functions have a branch point at y = l.

Thus an appropriate function aí(y) is defined by

expressing ar(y) in terms of F(arb;c;z-") and then replacing

z by .-ri then a(y) must be taken to be the sum of ðr and aí.

It is clear that aí must also be a solutíon of (l.lg) because



of the symmetry ih that equation between z and z'L.
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of solution,

region.
It remains to check that with this choice

the remaining components o. i in in the inner
Àu;

From (3.30),

corresponding to a

the dominant term in the function d

ts

d(v) #rr2 -r)à-ô/t.* [
z 3612

F ( -3ô I 2, -6 I 2;1-6 ; z- 2 
)

z -3612F(-3612,-6/2;I-6;22)

and again near Y I this can be approximated bY

d(y)

The remaining components b+yc and c+yb can

from ().36) and (3.38), and it is easily checked

too have the appropriate behaviour near y - I to

consistent with the perturbation solution.

$orv2 -r)à-6 /2ros,

From (l.A) and (3.62) it follows that K = -I' and

this solutÍon is clearly consistent with the perturbation

expan sion

I
2

S3 -ox(y2-r) Iogz /2k2

obtained from ( 3.60) .

be found

that they

be
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CHAPTER 4

SOME CONCLUSIONS.

The asymptotic

partÍcular interest

\

4.I THE NON-PERTURBATIVE THEORY.

i

solution found in chapter three is of

for two reasons:

Firstly, it indÍcates the region where the perturbation

theory is valid and works well; for the polarisatÍon state

I have considered this region is enormous, since a match has

been obtained right into the inner asymptotic region where

both p2 and p2 are much larger than m2 but p.k is small.
L2

Secondly, although Dyson has shown3 not only that the

perturbation series has divergent coefficients but that the

serÍes itself is divergent for large values of the incident

momenta, the solution gÍven here does not have this

property 3

Asz

for large z

becomes 1ar9êr both ô1 and ô1 become smaII, since

-6 l2 -L-6/2â¡ 1s (z-z-r¡ z

and

â1 (z'z- t ¡ -r- 6 /2 z -L-6 /2
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and so for large x and z,

+0

similarly the remaining scalars become smaII, so

o Àu;
+0

and this lends to the theory (according at Ieast to the

solutions considered) the property of asymptotic freedom,

i,¿. for Iarge incident momenta the particles behave as

though the coupling constant were zero. It must be

remembered here that because of the definition (Z.tl) of

the reduced amplitude, a factor e2 is included in the

functions used - the first order term (3.50) contains

two vertices

Moreover, the other components of this polarisation

state, uLz. oÀ; unO oÀUu. have not been found exactly

according to the general solution (1.+g) since for these

functions the second order perturbation solution was zeto

and therefore they remain smaII, provided they are

convergent, compared with o i and oÀU; . Thus this doesnrt

affect the issue of asymptotic freedom since all the functions

of (1.+g ) and the remaining scalars have the desired

asymptotic behaviour.

It was mentioned in chapter one that because the bare

mass is set to zeto there is no mass scale incorporated in

the theory. Nonetheless it is knolvn2 4 that theories lvhich

exhibit asymptotic freedom define a mass renormalisation

,



7)

group in the manner of \Yeinberg 2 s .

Thus Ín spite of the non-determinism of equation

(I.27) for the electron mass there may be room for its

determination by other methods2 6.

This is particularly interesting in the Iiqht of

Colemanrs and Grossr work27 on asymptotically free theories

they find that the only asymptotically free theories are

those with non-AbelÍan gauge groups - the present work

is an apparent contradiction of this. In fact of course

they assumgd the asymptotic behavÍour of Quantum Electro-

dynamics as found by perturbation theory r ôñd this is

clearly an incorrect result.
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4.2 VACUUM POLARISATION AND CHARGE RENORMALISATION.

The aspect of the theory of quantum electrodynamics

not yet covered by this work is that of the other

renormalisation constant, y. In fact rärtén has showñ2 I

that at least one of the constants y and z must be infinite;

however his proof excludes explicitfy the use of the Landau-

Maxwell gauge taken here. The most important result in this

respect of Greenrs work on the vertex function is his

solution for the second set of asymptotic equations, i.¿,

the solution presented in 53.3 :

The remaining functions f

for the vertex function are the

and g of that section which

scalars associated rvith

àt "r 
À"¡

u

can be shown to have the solution

cÀ
u

I
Kôf +(y" -r)å(ß+ô-2) ôbtz +

. -ôDzZ + dÀF(À)z

-ô-t
À

I
-1

-ô
À

and

(ß-r)g +(y2-r )å( ß+ô -2) 
_11olr( 

À)z

K -I 2glö

a^ = Y +

wher e

l(y'-r )
I
2



ß-f is

be expressed

where õÀ is the transverse component of

This function is constant where p.k is

-x(y2-rI l4yk'

in the inner asymPtotic region.
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F(À) can

defined Ín ().59) .

Iarge but reduces to

match with perturbation theory

was obtained by setting

the

IN

power of x in the solution, and

terms of Legendre functions.

Clearly the value

ô ¿l¿

obtained in 53.5 results in a solution f which is inversely

proportional to the fine structure constant - it is

difficult to see how this might join with the perturbation

solution; however Green f ound that while b 1 and b2 lvere

constants o,f integration in the outer asymptotic region

(where the solution is valid), they.could be taken to have

the form

-(p.k)2i2k2

À
p

Thus a consistent

for the vertex function

ß

so that

-1 l^
2¿
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ô -t + åe.

lVith this

integral, which

matching condition, the vacuum polarisation

according to Valatin2s and Schwinger30 is

Iu (k)
À

becomes convergent

Def in,ing

(3.13), (4.1)

il (k)
À

I." [ 
(yÀ ðlv-2v )s(p+k)ru(p+k,p-k)

d4k

À

*s(p-k)

TN

this can

(4.1)

nuÀ in terms of cu

becomes

¿i.c. by analogy with

u
I, nu^ - ,Àuu )d up

and since the Po!ver of x

(more detail concerning

paper ).

Io'nu^d 
aP/2e

un'À is -2-le,
be found

this is convergent

in Greents 1982

Thus it appears that by taking a more accurate form

fOr the asymptotic behaviour of the vertex function (and

hence of the Mdller scattering amplitude) a convergent

result is found for the vacuum polarisation integral and

the contríbution of this term to the charge renormalisation

is therefore finite; it must of course be remembered that

this solution follows from adopting the Iadder approximation

and it is not known how this solution takes into account

the eigenvalue condition on the fine structure constant



men ti on ed

more terms

behavi our

in the introduction. It

are included in the sum

of these functions may be

77

is possible that when

(l.S) tne asymptotic

signif icantly al-tered.
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