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SUMMARY .

The Dyson-Schwinger equations can be solved non-
perturbatively for the electron propagator in the asymptotic
region to give a finite value for the mass renormalisation.
Similarly it is hoped that a non-perturbative solution of
the vertex function and the photon propagator will produce
a fully finite theory of Quantum Electrodynamics. In this
report the solution found by Green, Cartier and Broyles!
for the vertex function in the ladder approximation is used
to determine the asymptotic behaviour of the Mgller

scattering amplitude.

To do this, I begin by presenting in some detail
Green's non-perturbative treatment? of the electron propagator
and the corresponding mass renormalisation. These methods
form an important part of the second chapter, where I have
applied them to deriving without perturbation theory the
Dyson-Schwinger equations for the Compton and Mdller
scattering amplitudes; by making an approximation based on
appropriate generalised Ward identities these become closed

equations.

In chapter three Green's solution for the vertex function
is presented along with the method by which it can be applied
to Mdller scattering; it is found that in the ladder
approximation the equation derived for the Mgller scattering
amplitude reduces to the same equation as Green solved.

Then the equations are iterated once to find the boundary

conditions which apply to the general solution and hence
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reflect the differences between the vertex function and

Mgller scattering.

These boundary conditions are found, in the interests
of brevity, only for one particular polarisation state of
the incident beam, but it is not anticipated that a much
different result would be obtained for a general polarisation

state.

" Finally it is shown how this solution supports the
hypothesis of asymptotic freedom whereas the perturbation
solution certainly does not, and some remarks are made
concerning the implications of Green's work on the vacuum

polarisation integral.
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CHAPTER O

INTRODUCTION.

Since it was first realised that without renormalis-
ation the perturbation expansion gave infinite contributions
to such quantities as the electron and photon self-energy
in Quantum Electrodynamics, and that the series itself was
divergent in many instances?®, attempts have been made to
solve the various Dyson-Schwinger equations without the use
of perturbaﬁion theory, anticipating that a better solution
would produce finite (and just as accurate) answers before

renormalisation.

The difficulty in doing this exactly arises in the
nature of the Dyson-Schwinger equations : they form an
infinite hierarchy in which each equation refers to an
equation higher up than itself and thus finding the solution
of a given equation involves terminating, by means of an

approximation, its connection with the higher equations.

The earliest attempts in this direction* involved
assuming some of the results of perturbation theory and thus
could not strictly be called non-perturbative methods.
Nonetheless they did produce a finite theory, and thus

provided hope for more exact solutions.

In recent years these hopes have been fulfilled, at
least partially, both along the same lines as above® and in

more fundamental directions, {.,e., without any use of the



perturbation solution.

These later efforts can be divided conveniently into
two groups : those that deal with the electron propagator
and thus with mass renormalisation, and those which consider
vacuum polarisation, the vertex function and the photon

propagator.

Of the latter, a common conclusion was that reached
originally by Gell-Mann and Low®, piz, that QED may be
finite provided the bare electron mass vanishes and the fine
structure constant a-is determined as a root of f(x), where
f(x)x/2m is the coefficient of the sum of logarithmicall}

divergent integrals in the vacuum polarisation, in terms of

the coupling constant x.

Since then, refinements have from time to time been
made on the original result. Thus Baker and Johnson’
obtained a different function which they showed to have the
same root as Gell-Mann and Low's condition; they later
proved® that the root was unaltered by discarding contrib-
utions to the vacuum polarisation by closed electron loops.
A similar result was also derived by Yock® and the eigen-
value function f was determined approximately by Blahal!?
and Adler!!. The latest addition to this catalogue has been
the solution proposed by Green, Cartier and Broyles! for the
vertex function in the asymptotic region - they succeeded
in solving an equation which reduces in an appropriate

approximation to Yock's equationt!?,

Perhaps more conclusive have been the solutions suggested
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for the electron p?opagator. Here the work of Johnson,
Willey and Baker has been the most important - they found
in 1964 by using a Bethe-Salpeter type equation for the
vertex that in the asymptotic region the unrenormalised
solution to the electron propagator had finite self-mass
provided the_bare mass was zero'3; furthermore thay have
shown!* that their solution is consistent with assigning

the physical mass m to the self-mass correction ém and that
the usual divergent result obtained from perturbation theory

is a direct consequence of the failure of the perturbation

solution in the asymptotic region.

Other solutions, showing similar asymptotic properties,

5 and Delbourgo!®, while

‘were obtained by Biswas and Vidhani'!
more recently Green, Cartier and Broyles? published the
first solution dealing also with values of the electron

momentum comparable to the mass.

I have begun this thesis with a presentation of their
solution for two reasons : firstly it demonstrates
explicitly the success of non-perturbative methods in
obtaining a finite result for the electron self-energy -
or if renormalisation is used , in obtaining a renormalisation
constant close to 1 - and secondly I have used the same
méthods later on to develop non-perturbative equations

for Compton and Mgller scattering.



CHAPTER 1

NON-PERTURBATIVE QUANTUM ELECTRODYNAMICS.

According to Dirac's equation, an electron of physical mass
m and charge ep is represented by a spinor field wg(x) where
r takes the values 1 to 4. When the electron interacts with
an electromagnetic field Ag(x), its own field satisfies

the equations

: APy P _ P
(iv - e,y Ak)w = my
and
“P(_siv - AaP _ =P
Pr(-iv epY AA) = my
where
= axH
au 9/3x
and
P = ¢p+Y° is the Dirac conjugate of yP.

Here, as throughout this thesis, products of field
variables are to be interpreted in accordance with the

time-ordering convention appropriate to their statistics.

The Dirac matrices yu satisfy the usual anticommutation
relations,
[VRY)

(Mt = g

where g%% = -g!! = -g22 = -¢g?% = 1 are the non-vanishing



components of the Lorentz metric, and the electromagnetic

field is given by

A

Ap = 7P P
au e Y Yuw

v2AP - a9
! A p

where 6 is a gauge parameter undetermined by Maxwell's

equations.
When self-interactions of the two fields are taken

into account, it is well known!7? that the electron may

equivalently be represented by the field -

corresponding to bare mass my and charge e, provided the

electromagnetic field be taken as

These unrenormalised fields consequently satisfy the

equations

(iV - ey A )0 = m v

LAY = M
P(-1V - ey™A) = m T (1.1)
LAY SO .
and
2 H _ -1_7
VA, - GBAB Au = ey ‘zly,v (1.2)

while the requirement of Heisenberg's principle is that,
when > is the vacuum state and U(x)> the state

representing the electron, the equal time anti-commutation



relations

{v(x),v(x")} {(V(x),P(x")} = 0

{v(x),0(x")} Y08 (x-x")/z (1.3)

and the equal time commutation relations

[:A}\(x),Au(x'):l = [A)\’O(x),Au,o(x')] = 0
EAx(x),Au’o(x')j = —ig}\ud(>_<->_<')/y (1.4)
be satisfied (here of course A>\’0 = 80AA ete.).

Non-perturbative methods will take explicitly into
account the self-interactions of the bare fields, and I

will represent by the diagram

(1.5)

the sum of all Feynman diagrams with two external electron

lines, thus

Jrfvxll ~ + : ;ff:}F{va >  mas (1.6)

4

in the usual Feynman notation. In other words, the blob is



a sort-of veil covering all those processes which occur

between the external lines, in this case two electrons.

The contribution to the S-matrix element by (1.5)

is thereforel?®

S(x-x") = <p(x)V(x")> (1.7)
which of course is actually a Dirac matrix with components

s (x-x) = <u_(x)P (x> .

]

The other renormalised Feynman diagrams required in

this section are

(1) the photon line

corresponding to the propagator

Dxu(x-x') s <AA(X)Au(X')> (1.8)

and (2) the vertex function §

and its corresponding function
Sx(x-x',x'-x") = <w(x)AA(x')®(x")> (1.9)
which is also a Dirac matrix.

It is my aim in this chapter to present part of



Creen's solution? to the equation satisfied by (1.7); thus
the sum of the Feynman diagrams (1.6) will have been

evaluated and (1.5) can be written

S(x-x") = z7'S (x-x") | (1.10)

N
e e e 4

or

where the propagator on the left-hand side corresponds to
the bare mass my and the Feynman propagator on the right

2

has the physical electron mass m.

It will be shown that, under the conditions and
approximations of Green's solution, z has a value very close
to 1 and that m can be taken as the experimental value for
the electron mass - thus a treatment of mass renormalisation
will have been given.which doesn't involve subtracting
infinite quantities; rather it appears that the infinities
are due to separating term by term the sum on the right-hand

side of (1.6), which taken as a whole does converge.



1.1 THE ELECTRON PROPAGATOR EQUATION AND THE

GENERALISED WARD IDENTITIES.

The field equations (1.1) can be applied to the
electron propagator S(x-x’) to give its Dyson-Schwinger

equation®’19,

Since the operator Y(x)y(x”’) is discontinuous, by

virtue of the time-ordering convention, at X, = xé , then

its time derivative involves the derivative of a step

function, {,e., it involves a delta function. Thus
y°305(x-x’) = <Y030w(x)@(x')>
+ Y°6(xo—x;)< 1im (V) P(x’) = (-D(x")v(x))
x%>+x 0’
= <Y°80w(x)$(X')> + 8§(x-x")/z
and so

195 (x-x*) = <{m ¥(x) + ey A, ()V(x)}T(x")>

+ i8(x-x")/z

mbS(x-x') + eYASA(O,x—x')-riG(x—x')/z ;

As mentioned in the introduction, the first requirement
of the non-perturbative theory is that the bare mass

vanishes - thus all the electron mass comes from its self-
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interactions. Under this condition, the Dyson-Schwinger

equation for the electron propagator is
ivs(x-x7) = enyA(O,x-x') + i8(x-x")/z

or by defining the Fourier transforms

1s(p) = [S(x)elP Xdx
15,(p,q) = ffSA(x,—x')ei(p'x-q'x Ydbxd¥x’ (1.11)
ete. |,

then the equation in momentum space is

A
pS(p) = T%%Tﬁfsk(q,p)d“q + z ! (1.12)
where
RS T
Bo= Py

0f course (1.12) does no more than re-express S(p)
in terms of a further unknown, the vertex function Sx(q,p).
However the remaining field equations (1.2) are sufficient
to link up the two functions S and SA’ and by means of an

approximation to yield an equation for S(p).

To see this, it is necessary to express SA(q,p) in
terms of its 'irreducible' part Fl(q,p) : diagrammatically

it is clear that
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where the term

A

contains no single (irreducible) photon or electron lines,

Thus the corresponding functions are given by

2

s,(q,p) = ieDAu(p-q)S(q)FU(Q,P)S(p) . (1.13)
From the definition (1.8) it is easily shown that
BVDAu(x—x ) = <3vAA(x)Au(x )>

and so
2 ¢V V| s
y[V 67y - 89,9 Dvu(x—x )
= ze<w(x)YAw(X)Au(x )> o+ igxué(x-x )
or

A

y(1-68)7V23 D-ﬁ(x-x') = 18, 6(x-x") (1.1%)

A

using the conservyation of charge.

Moreover it follows from (1.9) that

y[V"-ﬁ"u . ea"au 5, (X "=x,x=x ")

= ze<w(x')®(x)YAdKX)@(X")
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and so
y(l-S)VZBASA(x'—x,x-x")

= e8(x=-x”)S(x’-x) - ed(x’-x)S(x-x") . (1.15)

In terms of the Fourier transforms (1.11), equation

(1.14) becomes

y(l-e)(p-q)z(pk-qA)Dxu(p—q) = 4, - Py (1.16)

while (1.15) is
y(1-8) (p-a)*(p*-a™)s (a,p) = 1ie{S(p) - S(a)}.

By substituting (1.13) and making use of (l1.16), there

results
(quﬂpu)ru(q,p) = S 1(q) - ST 1(p) . (1.17)

This is the first generalised Ward identity", derived
here without recourse to perturbation theory. This clearly

establishes a link between S. and S in (1.12); it will

A

be shown below how an approximate equation for S can

thereby be formed.



13

1.2 AN APPROXIMATE SOLUTION FOR S(P).

By substituting (1.13) into the propagator equation

(1.12), it results that

pS(p) = {1 + Z(p)S(p)}/z (1.18)
where
A
o) = i52%u[D, (h-a)S(a)T*(a,p)d* (1.19)

represents the self-energy contributions to S(p);

Z(p) corresponds to the renormalised diagram

so that (1.18) may be written

bearing in mind that the single line

LN
/7

represents the Feynman propagator 1/p.

From (1.18) it follows that

S Y(p) = zp - IZ(p) . (1.20)

Two approximations are used to solve this equation.

Firstly, the photon propagator is taken. to have its lowest
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order form :

_ _ _ 2 2
Dlu(k) = {gku (1 e)kkku/k }/k (1.21)
and secondly the vertex function Fu(q,p) is replaced in the
integrand of (1.19) by its value at the pole of Dku(p—q),
i.e,

r*(q,p) > '"(q,q) . . (1.22)

Both of these approximations have the advantage that
they become exact as the electron momentum p2 becomes large,
and conseqqently the solution obtained should be exact in
the aéymptotic limit; however a numerical solution of (1.20)
suggests? that the approximation is good over a large part
of the domain.

2921 that the solution to (1.20) exists

It can be shown
only if the gauge parameter 6 = 0, {.e. in the Landau-

Maxwell gauge.

Thus with these approximations

_ ) ie2z(( 2 _ (B-d) (p*-aM)__ F,(q)
S"Mp) = zp + Ti;jTI[Y T (p-q)7 + ie ](p..qf‘Z + 1€ "
where from (1.17)
FAMq) = s(q)T™(q,q)
= S(q)=2>-5"1(q) . (1.23)
99

- finally an equation has been obtained explicitly for S(p).
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This can be written

ST i(p) = zp + %%é[vklx(p) - J(p)
where
) A 4
A i [(F7(q)d*q
I%(p) = 4n‘f(p—q)‘+i€
and
. A Ay :
i ((B-d)(p"-q" )
Ap) = 4N‘J{(p—q)‘+ie}"k(q)duq

A A
_ _1g i [(p"-q™)F,(q) ,u 1, TA
= —zv4nzf(p_q)z+ike d*q + zy,I7(p)

where here Vv = yHa/ap".

A A
] 2p = B A[ 1 ]
Since v H)—Z = 29 —(W

then
2 A 1 27 A
v23(p) = -V9,I (p) + 2v,V°1 (p) (1.24)
and
2¢™1 1 2}\ - A
v2sTl(p) = EZ{zYAV I%(p) + V3,I (p)}
1 A
= EZ{TYAF (p) + G(p)} (1.25)
where
& 2 A B A
vG(p) = V23,I%(p) = 3,F"(p)
A A
and
e = e?/umw .

This equation can be solved by using the Lorentz

invariance of S(p) to write

ST1(p) = o(p?)g - p(p?)
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whence from (1.23)

for

and

Fk(p) = 2A¢px + ZBpx + CYA
A = (po’ - op’)/D

B = (p200” - pp’)/D

C = (0?2 + po)/D

D = O-2p2 - DZ =

Then by comparing coefficients of the various Dirac

matrices on both sides of (1.25), the following equations

are obtained :

and

where

and

»” ’, , _ }\a

xp” + 2p7 + (xT1) = g
xo” + 30 = Ag + at’

’, _ Aa'
T = STow (1.26)
x = p?
A = 3ez/4
a = p/O

means d/dx.

In fact the solution to these equations is not

especially important for the work which follows; however

two features of the solution are particularly relevant.
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Firstly, the solutions for ¢ and p are both finite,
hence the integral in (1.20) converges. Thus because of the
1/p2 dependence in IZ(p), for large values of p? it is clear
that Z(p) = 0; this gives the so-called asymptotic freedom
for an electron - thiﬁ will be discussed further in

chapter four.

Secondly, it was mentioned in the introduction to
this chépter that the object of a renormalised theory is to
describe equivalently the processes of self-interaction by
including a self-mass and self-charge term in the theory

and then ignoring the self-interactions.

Thus when m is the physical mass of the electron, the

boundary conditions for equations (1.26) are that

ST(p) = P -m

when

and
Z(p) + 0 as p? > -

- that is to say

p(m2) = mo(m?)
o(m?2) = 1
and o, = Z
where o = 1lim o(x) (1.27)
X+ =00

Unfortunately choosing the bare mass zero means there

is no unit of pu, hence these equations do not determine m.
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However when equations (1.26) are approximately solved by
expansion in powers of A (which turns out to be very much

less than 1) then to second order the function o satisfies

X
x2c = A2f xf(x)dx + x%0_ (1.28)
o
where o
F(x) = - =z —(log(1-x)+x
B xZ(1-x) g ‘ *
1
Thus o - o, = A%f xf(x)dx
0
or 1 -z = 32%3(n%2/3 - 1) using (1.27)

- in other words to the order of accuracy obtained z can

be taken as 1.

This is an important result; not only does it show
the essential finiteness of QED, at least as far as the
mass renormalisation is concerned, but it provides a good
explanation of the success of the renormalisation
procedure when it is applied to the divergent integrals

appearing in perturbation theory.

Moreover, from (1.28) o never differs from the
constant o_ by terms of order greater than A% and hence to

a good approximation the electron propagator can be given by

$T1(p) = p - a(p?) . (1.29)

This result will be useful later in determining the Mgller

scattering amplitude.
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CHAPTER 2

TWO SCATTERING EQUATIONS.

In what remains of this report, I hope to apply the methods
of chapter one to two problems, viz, Compton and Mdller

scattering. Although the graphs for these two processes

&
N\

are similar, e.g.

R
P

v

and

are comparable first order diagrams for each process
respectively, there are essential differences between the

two which require separate treatment.
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2.1 THE COMPTON SCATTERING EQUATION.

Compton scattering involves an in-coming and an out-going
electron and photon, and thus the appropriate amplitude,

which might be represented by the following renormalised

diagram,
X2 X2
U A
is
SAU(X-Xl,Xl-Xz,Xz-Xa) = <¢(X)AA(X1)AU(XZ)®(X3)>

- as for the electron propagator and the vertex this is

also a Dirac matrix.

It was seen in chapter one that applying the field
equations to the amplitude corresponds to "drawing back'
partially the veil covering the interaction area; thus

equation (1.12) can be represented as

= > + *

showing that the first part of the veil consists of the

simple vertex.

A similar procedure is needed here for the Compton

scattering amplitude
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From the field equations (1.1), the Dyson-Schwinger

equation 1is

iVSXu(x-xl,xl-xz,xz—xs) =

ey <V(x)A (x)A, (x 1A (x2)T(x3)>

+ ié(x—xa)DAu(xl-xz)/Z . (2.2)
The Fourier transform of SAU can be defined by

SAU(X“XI,XI'XZ’XZ'Xa) =

Zi ff[sk (p,q’r)e—ip.(X—X1)—iq-(xl"x2)
(2m) H

xe—lr'(xz—xa)d“pd“qd"r (2.3)
and a similar definition applies for

S U(X—Xl,xl-xz,Xz-xa,xa-xu)

VA

= <w(x)Av(x1)AA(X2)AU(X3)$(X4)>

corresponding to a five-point process with diagram

X1 \Y)
X3 X2
U A
Xy X

Thus the Fourier transform of (2.2) is
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AV
ey -
¢fs)\u(pf’q’pi) = W[vau(r’pf’q’pi)d"r

L.
+ (2m) lDAu(ki)d(ki"kf)/z
(2.4)
where, according to the definitions (2.1) and (2.3),

Sku(pf’q’pi) is the amplitude for

(1) an electron with initial momentum pi and final

momentum p. interacting with

(2) a photon of initial momentum ki and final

m9mentum kf,

and

kizq-pi

kf = q - Pg-

Thus, diagrammatically,

ANNSNNNN
= +
> %, 3

Equation (2.4) is made into an approximate equation
for SKU by forming another generalised Ward identity
from Svku'

From (1.2) it follows that

y(l—G)VzavSv (X {=X,X=XpyXpy=Xg,Xg=Xy)

Au
= e{G(X—XQ)SAU(X1—X2,X2-X3,X3—X)

- 6(X1-X)SAU(X—X2,XZ—Xg,Xg—Xq)}
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or in momentum space
1y(1-8) (pp-1)2(pg-r)S 3 (r,perda,p;)
= e(SAu(r,r—kf,r—pf+pi) - Sku(pf’q’pi))

+ (2n)“((pfA-rA)G(r—q)Su(q,r) + (Pfu-ru)é(r+kf—piy

xS, (p;-kesps)) o (2.5)

- To obtain an expression analogous to (1.17), SVKH

must be decomposed into a sum of its irreducible parts
v \Y A
h\::!IiiI![:/? : 1§§E§b + a//Jgésii\ix
u A [V VaVaVaVaVveV, BN VIR VaVaVa VaVa VoV T
n
+ !
A AN NN SY

where here, as below, the renormalised propagators are

represented by the bare lines

and  a~AA~N~ANANAANS

Y

This means that the irreducible part APOT of SVKU can be

defined by
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vau(r,pf,q,pi) = (Zﬂ)“i va(r-pf)su(r,pi)d(r-q)

+ Dvu(pf-r)SA(r,pi)d(r+kf—pi)

+ Dux(pi—q)Sv(r,pi)ﬁ(pi-pf)

-ie3Dvp(pf—r)DAo(kf)S(r)AOOT(r,pf,q,pi)S(pi)DTu(pi)-
(2.6)

Similarly the irreducible part of SXU is

Py Pe
; /
) AANAANNANS ’ §§§§§;
k. "k Jrﬁ * e

Sy (Pesaspy) = (2m) %D, (ke)S(pe)d(pe-p;)

a2 vp
(2.7)
When these substitutions have been made, and use

made again of (1.16), equation (2.5) reduces to

VA ]
(r,-pe,)S(r)A" M(r,pe,q,p;)S(p;)
_ Au
= S(pf)A (pf,q,pi)S(pi)

A
- S(r)A u(r,r+kf.,r—pf+pi)S(r-pf+pi). (2.8)

This is the generalised Ward identity to be used in

forming from (2.4) the equation for SAu' To see how this

VAU

is done, a further reduced amplitude T is defined by
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AVM(p r VA,

sPesdsP;) »PesdsP;)
+ TV(r )S( )Aku( )
,pf Pe pf’qypi

A \Y
+ A u(r,r+kf,r-pf+pi)S(r-pf+pi)F (r—pf+pi,pi)

lee,

v
v v '
u A
& >\ = H )\ + +
u A
v
At : r+

whence from (1.16) and (2.8)

"

VA A
(r )T M (r,pe,q,p;) A" (pesqspy)

v Pry
A _
- A u(r,r+kf,r-pf.+pi).
(2.9)
Now by substituting (2.6) and (2.7) into (2.4),

there results
A A
BeSpe)d M (peyaspy) = ¥'S()T (a,py)

A
+ YuS(pf-ki)F (pe-k;spy)

ie2yP VA
+ T?F%j Dpv(pf—r)S(r)A u(r,pf,q,pi)d“r

and so from (1.12) and (1.13),
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Z'lAku(pf,q,pi)

A
= y*s()r¥(a,p;) + YMS(pp-k T (pe-ky,py)

iezip \)}\“ :

where

A
FVA”(r,pf,q,pi) = s(o)|{rV™(r,pcra,p;)

A v
+ A IJ(r,r+kf,r—pf+pi)S(r-pf+pi)F (r-pf+pi,pi) .

']

The approximation to be used is then the same as that
made (1.22) for the electron propagator, {.e. in Fvlu’ Pe
is taken to have its value at the pole of Dxu(pf-r), so by

(2.9) and (1.17)
0 A -
FP M (r,r,q,p,) = -S(r)ge= (8™ r,a,p,)8(py ) ST (py)

provided gq-r and p;-r are kept constant during the

differentiation. Thus under this approximation (2.10) is

an integro-differential equation for Alu.
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2.2 THE M@LLER SCATTERING EQUATION.

The second equation with which I am concerned is that

for the: amplitude
S(X=X1,X1-XzsX2-%X3) = <U(x)P(x1)V(x2)(x4)>
corresponding to Mdller scattering of two electrons.

The essential differences between the Mgller scattering
equation and the one derived in §2.1 are due to two causes :

]

(1) Whereas S)\u is a Dirac matrix, the Mdller
scattering amplitude has four spinor affixes ; 1its

components are

S X=X14X1-X2,X2=-X '
rstu( 1o 1. 2982 3)

= <wr(x)ws(x1)&t(xz)mu(xs)> .

While statements of the form ¢fsku(pf’q’pi) are un-

ambiguous, it is necessary to record, when the 4-spinor

S is multiplied by a Dirac matrix, on which of the spinor

affixes that matrix acts. In what follows, I will deﬁote by
T = yQS(x—xl,xl-xz,Xz-Xa)

the object with .components

Trstu

and by
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Uu = YQS(X‘Xl,Xl'Xz,Xz-Xa)
the object with components

4 .
_ A
-Urstu - aZleaSratu(x_xl’xl-x2,x2-x3),

and so on.

(2) The amplitude must be anti-symmetric under

exchanges of both pairs of electrons, thus

S X=X1,X1=X24yX2-X = =5 X=X1,X1=X34X3~
rstuﬂ 15X 29X2 3) rsut( 19X 39X3-X2)

and go on. To take advantage of this, two equations will
be developed : one for the full amplitude S and another
for a sort-of reduced amplitude from which the original
may be derived by anti-symmetrising. It is worth noting
that it is sufficient to anti-symmetrise with respect to
only ‘one pair of electrons - either the in-coming or the
out-going - since then the amplitude is automatically

anti-symmetric under exchanges within the other pair.

Proceeding similarly to the work in §2.1, the Dyson-

Schwinger equation for Mgller scattering is
iVAS(X-X1,X1-X2,X2-X3) = ng<w(x)Al(x)w(xl)m(x2)@(x3)>
c_o-1 b b
+ 1z H{8(x-x3)S (x1-x2) = 8(x-x2)S (x1-x3)}

which is to say
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A
F‘?S(Pl,Qspf) = T%%a)ufsx(r,plquP{)dur
v (21) %2728 (p,) (6(pa-ps) - 8(pa-pi)} (2.11)

where Sx(r,pl,q,pf) is the Fourier transform of the five-

point function

SA(X-X1,X1-X2,X2-X3,X3-Xu)

= <¢(X)Ak(x1)¢(X2)@(X3)®(Xu)>

corresponding to the diagram

X1 A

Xy X2

and S(pi1,q,p1) is the Fourier transform of
S(x-X1,X1-X25X2-X3) and consequently corresponds to the
scattering of electrons with momenta pi, ps into two

electrons with momenta p; and p., provided p, = q-p1 and

The appropriate generalised Ward identity is found
to be

y(l-e)VZBASA(x1—x,x—x2,x2-x3,x3—xq)

= e|-6(x-x1)S(X-Xp,X2=-X3,X3=-Xy)
~8(Xx=X,)S(X1=-X,X=-X3,X3=Xy)
+8(Xx=-X3)S(X1=X2,X0=-XyX=Xy)

+6(x-x4)5(x1-x2,x2—x3,x3-x)]
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so that in the momentum representation,
iy(l-e)(pl-r)z(p}-rx)sx(r,pl,q,p{)
= e[—S(pl,q,pI) - S(r,q,p1)
+ S(r,r+p2,p1) + S(r,r+po,r-p1+p1)f|. (2.12)

It will be useful to express this in terms of the

irreducible amplitudes £’ and A’M defined respectively by

S(p1,q,p2) = (2m)*i5%(p1)sP(p2)
x{8(p1-p1) - S(p1-p2)} - e2x’(p1,q,p1) (2.13)
Loy
ey, Pl P2 .
- ; N
N SN
—> p> P1
%74
and
SA(r,puq,pf) = (ZW)“i[Si(r,pl)Sb(pz)

x{8(p1-pi) - 6(p1-p3)} + S*(r)ST(ps,q-1)

x{8(r-pi) - é(r—pé)}] —ieaDAu(pl-r)A’“(r,pl,q,pf)
(2.14)

or in diagrammatic terms,
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A A
el
® = + + exchange terms

. \g

A A

u
<p’H
+

By substituting these into (2.12) there results
(plu-ru)A'“(r,pl,q,p{) = -2’(pi,q,pi) - £'(r,q,pi)
+ Z°(r,r+pa,p1) + Z'(r,r+p2,r-p2+pi) (2.15)
It was mentioned above that a completely anti-
symmetric amplitude is obtained by anti-symmetrising with
respect to only one pair of electrons; thus there exists

an amplitude Z(pi,q,p1) anti-symmetric under exchanges of

p: and p; such that

2°(p1,q,p{) = S*p)SP(p2)E(pi,a,pi) (2.16)
and an analogous amplitude AM satisfying

A% (r,pu,q,pl) = Se)SP(p)at(r,pr,a,pi).  (2.17)

By substituting (2.13), (2.14), (2.16) and (2.17)
into (2.11) the following equation for X(pi,q,pi) can be

derived
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- , , , , b ’,
2718 (p1ya,01) = YADy (pa-piITh(p2,ps)ST(p{)S (p)
rd ’ Vd b g
- Yngu(pl-pz)Fﬁ(pz,pl)sa(pz)s (p1)
i62 A u , 4
+ (ﬁaq D)\u(pl—r)F (r,pl,q,pl)d r (2.18)
where
FM(r,p1,q,p1) = Sa(r)[A“(r,pl,q,p{)

- E(e,p )7 (p1)E (R, 0,0 ) |

As before, the approximation in the integrand p; > r
makes this a closed equation for ¥ : from the generalised

Ward identity (2.15) it follows that
(p1,-r,) AM(r,p1,q,p1) - Fg(r,pl)sa(pl)Z(pl,q,Pf)
- Fﬁ(pz,q-r)Sb(Q-r)Z(r,q,Pf)
= - Z(pi,9,p1) - Z(r,q,p1) + Z(r,r+p,,p1)
+ Z(r,r+p,,r-p1+p1)

and hence that

, d ) 3 9 ’
F”(r,r,q,pl) = - S (I‘)[Fu' + Z_Bq_u + FF;—T;JZ(r,q,pl)

- sa(r)s;1<q-r)[gTaiyy—sb(q-r)]Z(r,q,pf) :
&
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Before proceeding to the next section I will make one
further simplification. Equation (2.18) retains the
exchange terms due to Fermi statistics - 1in fact the

corresponding diagram equation is

| P1 P2 o
" - L\ - ( s\

where the blob \C\}QQQ§ is a function of S§Q§§Q§ .

However this equation can be generated by anti-symmetrising

a similar equation which doesn't assume any exchange

P1
symmetry; the two out-going electron lines -ff“’éaf’

and *Hhhhhghﬁ in this equation are therefore common
P2
factors to each term and may be removed. In

algebraic terms, there exists an amplitude without exchange

symmetry ZA(pl,q,pf) from which %X(p1,9,pi) can be obtained

by anti-symmetrising, d{.e.
’ ’, a ’, b ,
2(p1,9,p1) = Zp(p1,q,pI)S"(p1)S (p3)
T ( , Sa , b ’
=LA plaq’pz) (pz)S (p1)

Defining the comparable quantity Ak(r,pl,q,p{) then

ZA‘satlsfles

- rd A rd r'd
z 1ZA(pl,q,pl) = YaDAu(Pl'pl)FE(pZypz)

i o )
4 féﬂih IDAU(pl‘r)FR(r’Pl,Qspl)dqr (2.19)
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0

u , _ _ a 9
FA(r,r,q,pl) = ST (r) {aru + 28q

- 9 ’
+ Sbl(q'r)ETET?T:ZA(r’q’pl)

3

apz’;

- 2y(r,a,p D) {55 =5" (p2) 15, (p2)

a3 a -
apias (p1)}Sal(p1)]

- ZA(r’q’p]’.){

by virtue again of (2.15).

9
+ =—,—~}Z,(r,q,p1)
a 2 ]
U Pi, A
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2.3 SUMMARY OF RESULTS.

-

In this chapter non-perturbative methods have been
used to derive equatiohs representing Compton and Mdller
scattering, and thus by extension the Bethe-Salpeter
equation22 has been derived; in fact the results obtained
have done no more than confirm algebraically what would, on
the basis of Feynman diagrams, be expected in any case.
Thus, the Compton scattering equation (2.10) would be drawn,

restoring the external lines, as

WY == el <
" ,r’f
NN
\\\\

while the Mgdller scattering equation is

.
7

= + + exchange terms
"‘/\-

\\\/
£ Q \ (2.20
/<:/> \\ |

where in each case the blob is a function of other

renormalised Feynman diagrams. If each of these diagrams is
expanded in powers of the fine structure constant, then it

is clear that all the topologically distinct Feynman graphs
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corresponding to the appropriate process are produced.

In the latter equation, the 'a' stream of particles,
consisting of the initial and final electrons with momentum
p: and p, respectively has clearly been treated differently
to the 'b' stream, with the result that in the second order
term on the right of (2.20) the 'a' electrons pass through
a simple vertex while the 'b' electrons go across a renorm-
alised vertex. There are two ways in which this situation

can be rectified :

(1) The simple vertex in (2.20) can be made into a

full vertex by adding an extra term into the 'blob'. This

disquises the asymmetry between a and b but doesn't remove it.

(2) A symmetric treatment of a and b requires pre-
multiplying (2.11) by ¢2; this corresponds in diagrammatic
terms to 'drawing back the veil' on both the out-going
electron lines and hence produces many more terms underneath
the veil than are necessary (all the required information

is contained in (2.19) ).

Neither of these remedies is particularly elegant;
however in the next chapter I intend to solve, in the
asymptotic region, an approximate version of (2.19) and by

means of this approximation the asymmetry will be removed.
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CHAPTER 3

ASYMPTOTIC SOLUTION TO THE M@LLER SCATTERING EQUATION.

It has recently been shown! by Green et a/, that a
solution to the non-perturbative equations for the vertex
function Fx(pl,pz) can be obtained in the ladder approx-
imation, {.e. when the vertex fuﬁction is taken as the

infinite sum

)w)yg\m

Green's solution proceeds in three steps, viz.

(1) Convert the non-perturbative integro-differential

equation into a second order partial differential equation.

(2) Make the appropriate approximations and thereby
obtain a set of component equations not involving Dirac

matrices.

(3) Reduce the vectors and tensors in step (2) to
scalars and solve these equations; the boundary conditions
are obtained by comparison with the perturbation solution

in the region where the two solutions overlap.

I intend in solving the Mgller scattering equation

to follow an identical plan, though there will necessarily
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be some differences within each step.

The result of the vertex solution most relevant to

this chapter is that in the asymptotic limit pi, p2 >> m2,
2

™ pi,p2) ~ ¥ : (3.1)
<
- an example of the asymptotic freedom mentioned in the
introduction. This result is also consistent with: the
solution for the electron propagator discussed in 8§1.2;
from (1.29)

]

S"Yp) = P - a(p?)

where the function a(p?) rapidly approaches zero as -p2

becomes large. Thus by the Ward identity

r* p,p) » A

in the asymptotic limit, as required.
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3.1 THE LADDER APPROXIMATION.

By following the same procedure as that used in §1.2
it is possible to change equation (2.19) for ZA into a

second order partial differential equation.

Thus by setting

p2 =p - k
pi = p+ L

(2.19) can be written

A
Za(p,k,2) = YaDAu(k—Q)FE(p—k,p—l)
ie? A |
3 T?FTNa Dku(p+k—r)FX(r,p,k,2)d“r (3.3)

where ZA(p,k,R) and Fk(r,p,k,l) mean the same as ZA(pl,q,p{)
and Fx(r,pl,q,pf) respectively provided equations (3.2) are

satisfied.

If the photon propagator is taken to have its lowest

order form (1.21) then (3.3) may be written

A
Talpsk,2) = YaDAU(k—Q)FE(p-k,p-Z)

- € YSIu(p,k,R) - J(p,k,2)
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for integral functions I¥ and 3J.

Furthermore, in the asymptotic region FE can be taken
as YE from (3.1), and thus when vd = yia/apk it follows

from (1.24) that

V25, (p,k,8) = -e|dyiFalp.k,L) + G(p,k,L) (3.4)
where

Fk(pak,k) = FX(p,p,k,JL)
and

vic(p,k,8) = aqu(p,k,z) .

It is hoped to solve this equation in the ladder

approximation, {,e. to compute the sum of diagrams

jQuQunH

Since the diagram equation for this sum is

¥

o A

then the appropriate substitution for FK is

1l

FR(p,k,2) = yEST(p+k)SP (p-k) 2, (p,k,2) (3.6)
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Further justification of this approximation can be found

in ref. 1.

Thus (3.4) together with (3.6) are the asymptotic
equations for Mgller scattering in the ladder approximation.
It will be necessary to make one further change befofe the
component equations can be found : by choosing the pure
imaginary representation of the Dirac matrices, which has
the property that yo, is symmetric whereas 7vyi, Y2 and v,

are anti-symmetric, the matrix y” = y°y® satisfies
Y.Y = Y'Y (yi is the transpose of Yu) -
Now define a new amplitude
Ly = YpIa (3.7)

(note this is quite distinct from the £’ in §2.2).

From (3.4),

VZZA = -e{%YzFA“ + G’}

where
’ , d b
FAU = Ybygs (p+k)S"(p-k)I,
_ ut.a t _ ’
= Y, 'S (p+k)5b(p k)Z,
so that
2¢v 7 _ _ _;Laut ’ ’
VZD, = s{zvuyb Fro+ G } (3.8)
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with
B Sa(p+k)5bt(p-k)ZA (3.9)

>
|

and

Now an arbitrary Dirac matrix T can be decomposed
into scalar, pseudo-scalar, vector, pseudo-vector and tensor

components by defining the anti-symmetric tensors

YAH = %[:YA’YU:J
= }o= A 5yP
quv , 2 YAu’Yv IEKUVDY Y
and
- " r & 5
Yauvp = 2EY}\u\)’Yp:’ - iskuvpY *
Then the components
g = #+trl
gx . %trFYX
9y = %trl"y)\Ll
Iauv  ° %trryxuv
and
1
gluvp “trPYAUVp (3-10)
have the fortunate property that
_ A Al AUV ALVP
I = g+ 9,y oYt Gy * 9uvp?
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This method can be applied to (3.8), which of course

is a rank 4 spinor equation with components

+ (G7) } «

2 ’ _ - 1 u ,
v (ZA) - E{Z(Yu)rv(Y )ws(FA)thu rstu

rstu

If a rank 4 spinor such as (FA)thu is considered as
a Dirac matrix of elements, labelled by v and w, which are
themselves Dirac matrices labelled by t and u, then this

equation can be written in the so-called co-spinor

representation :

vzz/;‘ E -e{%qugy“ + G’} (3.11)

- hence the reason for introducing the Y' matrix in (3.7)

otherwise the second YU in (3.11) would have been y”t.

Now let the components of ZA be the matrices whose

elements are

(Z))

Q
1

tu A’rrtu
(cl)tu - %(Zéyx)rrtu
(Oku)tu - %(ZAYAu)rrtu
(Oluv)tu - %(Znguv)rrtu
and those of FA be
Meu 7~ %(Fg)rrtu
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and similarly for Nyos nlu and nAuv (here I have anticipated

that the pseudo-scalar components of ZA vanish).

Then by using the relation

{Yu,Yv} = 29,
from which
CvaveYod = 207,05 = Yy9,0)
and
. {YA]JV’YQ} = Z(Y)\ug\)p + Yu\)g)\p + YV}\gUp)
it results from (3.11) that
VZO' = -3€n ]
2 — —
v oy, = ZE(HA axe) )
where
A
V2 = 3 ny o
2 AY = \Y _ -
v Glu + ZBAB ouv 2aua Oyy = Enlu
where
24 A B A
V=+a olu = €0 n}\u ’
and finally'
24V D Vv
V<3 OAuv = 2€9d nkuv 2 (3.12)

On the other hand, ZA

so by substituting the approximate form (1.29) of the

and FA are related by (3.9) and

electron propagator, it is easily shown that
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n = (p,o+ p,o, - p1p§oxu)/D

n, = (p+lo - p_0, + p“kou + p”ok + p%pgok v)/D

" (-p Auo p Aou * p—uol i p+oku * p+kcuv
p:u Av pfoxuv’/D

and
My = (p-AuOv * p-uvok N p-vlou K p+kouv
+p .0 +p O - p O + pp o
+U VA +V AU - AUV +A Uvp
p P
+ p+u0vlp + p+vokup)/D (3.13)
where, if a, = a(pi) and a, = a(pz), then
- 2 _ .2 2 _ .2
2B (pl al)(pz az)
P, = Pi1.p2 * 31a:
Pyy = 32P1 t a1P2,
and

Thus equations (3.12) are the required equations to
be solved, together with the substitutions (3.13) on the
right-hand side; as promised, they contain explicitly no

Dirac matrices even though each equation is indeed a
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matrix equation.

Disregarding this fact, the equations are identical
to the equations for the vertex solved by Green, Cartier
and Broyles. It is their solution which I intend to present

in the following two sections.
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>

3.2 GENERAL SOLUTION OF THE ASYMPTOTIC EQUATIONS
- FIRST SET.

In the asymptotic region the function a(p?) in (1.29)

goes rapidly to zero and so in (3.13) the substitutions

D + pip2

can be made.

Thus equations (3.12) become

AU
V2 = -3 . - 2 2 .
o e(p1.p20 plpzoxu)/plp2 (3.15)
72g. = 2e(-p1.p20, + p’,0. + pipyo )/pzp2
A A +A7Vv Auv
—ZEBAG (3.16)
where
2 _ A _ H_ oV 2.2
v2e = 97 (-p1.pa0, + p+k b5y = plpzo)\w)/plp2

2 Vv _ A
v S * 29,3 Oy zaua Ov

o Y 2.2
= -el-p_,,0 + P1.P20,  + pY P Oy /PP

+A HV

(3.17)
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and

24V ot v &
V293 Oypv = 29 (p—KuOv +P_ 0yt p_\»\ou P1.P20y

o

o] p
+ p+AOuvp * p+uovxp P

2,2
® o) /PP (3.18)

yielding two -independent sets of equations (3.15), (3.17)
and (3.16), (3.18). The second set will be dealt with

later; I will give here the solution to the first.

" The first step, as discussed in the introduction to
this chapter, is to reduce the tensor Oku to its scalar
components., Since it is an anti-symmetric tensor function

of p; and p, (or equivalently pi and pz) then the only

independent scalars to be formed from it are

S e p13 OMJ
A
S, = pzauoku <
and
A
S3 v plpgo}\u .

Clearly from (3.15)
V2og = 3e(s; - pl-p20)/pip2 . (3.19)

Now under the conditions (3.14)

-

A
PINy, = [(pl-pzp1u - pip,, )0 - Py s3] /pip;

A
pzolu/pg
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- - 2 - A 2
= pluv o/3e (pzuo + pzoku)/p2 from (3.19)

and similarly

A _ 2 ‘ _ A 2
Pany, = pqu o/3e + (pluo plcm)/p1

Thus, since (3.17) implies
v2sHo = €d

u
Al M

it follows that

V2s, = -(p1.9 + #)V%20/3 - e(p,p.9 + 4)0/p2 - eszlpi
= -V%(p,.d + 2)0/3 - g%(pz.a + 2)o0 - eszlpz
and
V2s, = V2(p;.a + 2)a/3 + é%(pl.a + 2)0 - esllpi
where
pP1.9 = pha/ap" ete.

In other words, si and s, satisfy the coupled equations

|

V2(s,+p1.90/3+20/3) -e(s,+p,.30+20) /p?2 (3.20)
2

V2(s,-p2.90/3-20/3) -e(si-p;.00-20)/p? . (3.21)
g

Furthermore,
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pﬁpgnlu, = -0 + pl;pz(pl-pzo-53)/pip:
= -(1 + -ELB'—SP—&VZ)O
and so
Vs, = -ep}pgnxu + 2(p2-351Lp1-352+2$1-252)
or
V2s; - p1.p2V%0/3 = €0 + 2(p2.951+251-p1.952-252)

(3.22)
- equations (3.19) - (3.22) are the equations for the

s

four unknowns g, Ssi1, Sz and sj3.

At this stage it is convenient to change the

independent variables to

1
x = (p2p?)?
1 2
and
1
N 2/.2y2
z = (p1/p2) . (3.23)
If f is a function of pi and pz, then
3Af = 2p1Af1 + 2p2xf2
where
fl = af/api ein
and so

VZf = 4pif11 + 8p1.p2f12 + Ll-pzfzz + 8(f1+f2) .
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In the asymptotic region where k% can be neglg@;ed_yff

comparison with p?,

2p1+P2 = pi + pz (3.24)
so that
V2f = 4pi(f11+f12) + 4p:(f22+f12) + 8(f +f;) .
(3.25)
Define
D, = x3/9x
and
D = (1l-y2)3/3y + yD,
where
y = 2z +2z71) . (3.26)
Clearly
D f = g 2f
. P1 1+ P2 2
and
_ 2ydz of
Df = (l-y )dy ~7 + YD, f

3 =] -
= -(y2-1)%(xzfi-xz 1f,) + y(xzfi+xz f,)
= x(fi+f3)
Thus by (3.25)

V2f = 4(Dx+2)(f1+f2)
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Lle.
xV2f = 4(Dx+l)Df . (3.27)
Similarly in the asymptotic region
pi1.9f = (zD+Dx)f
and
po.of = (z-lD+Dx)f A (3.28)

- It is clear from the form of the equations that the

following are appropriate substitutions

; [x o ,
o = a2 /k
=
i p
= a
s1 = (b+ZC)(k—p2] /kg
. X OL
S, = —(b+Z IC){T(—F-)Z] /k;
a+l
S3 = d[F-ZJ (3.29)
p

where a, b, ¢ and d are functions only of y, and kp is the

momentum of the first order photon in (3.5), {.e. kp = k-%.

By applying equations (3.27) and (3.28), noting that
Dx can be replaced by the eigenvalue o when applied to the
first three equations of (3.29) and by a+l when applied to

the fourth, there results from (3.19)
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4(a+l)Da = 3e(d-ya) (3.30)

whereas (3.20) and (3.21) yield

4(a+1){Db+zDc+c(l-yz)+(zD+1-yz+a+2)Da/3}

= e{zb+c-(D+az+2z)a} (3.31)

and

4(a+1){-Db-z"Dc-c(1l-z 'y)-(z 'D+l-yz '+a+2)Da/3}
& ;{-z-lb—c+(D+az-1+Zz_l)a} (3.32)
respectively. These two equations can be combined to give
4(a+1)(D-y)(c+Da/3) = e{b-(a+2)a} (3.33)
and
4(a+1){Db+c+(a+3)Da/3)} = e(c-Da) . (3.34)
Finally, (3.22) implies that
4(a+2)(D+y)d - ye(d-ya)
= ea + 4(a+2)(b+yc) + 4(yDb+Dc) . (3.35)
With this equation, (3.33) and (3.34) can be used to

eliminate Dc and Db respectively; then from (3.30) it

follows that
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(D+y)d = b+yc (3.36)
provided the condition holds that

4(a+l)(a+2) + € # 0.

Then (3.35) reduces to

L|.(D+y)(c+yb-d) = -{4((1+l)yD/3 + E}a . (3-37)

It is now a question of eliminating all but one of
the variables. This can be done by forming the difference
of (3.31) and (3.32) and then solving by means of (3.30)
and (3.36) for yb+c-d to find

e(yb+c-d) = %?(a+l)2D(D+y)Da + 4(a+1)D(4yD+a+4)a/3

+ €(D+ay+y)a . (3.38)

Applying (3.37) then leaves a fourth order equation

for a, which fortunately factorises to give
{4(D+y)D + €}a” = O (3.39)
where

a’ = {4(a+1)2(D+y)D + (a+l)e(4yD+3) + 3e?/4}a .

(3.40)

The solution of this equation can be found in terms

of the associated Legendre functions. To see this, note
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that these functions satisfy

[(1-y2)d2/dy? - 2yd/dy + v(v+l) - u?/(1-y2)}Q" (y)
S

and hence
(D—ay—vy)(D-ay+vy)qu

[D2 - 2ayD - (a-v) + yz(a-v)(a+v+l)}Qu

Vv

(uz-vz)qu . (3.41)

1

Now suppose
a’(y) = (yz2-1)%.(y) .
Then (3.39) implies that
{DZ + y(1-4q)D +4q2%y? - 2q + €/4}Q1 = 0
which, on comparison with (3.41), has the solution
Q: = const-QH% (3.42)

+(1-¢), provided

where p?

Secondly, the homogeneous solution to (3.40) is found
by setting

a(y) = (y2-1)PQ,(y) ;



56

then comparison with (3.41) gives the two independent

solutions

aily) (y2-1)Hle-ie®)g2(-0)  \y)
and

asly) = (y2-1)(e-+8)o3(1-6)  (y) ' (3.43)
where

§ =,el/l2(a+l) .

The remaining functions can readily be determined
from (3.30), (3.36) and (3.38); this is left until §3.5
when the boundary conditions can be used to fix the various

constants involved.
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3.3 GENERAL SOLUTION OF THE ASYMPTOTIC EQUATIONS

- SECOND SET.

The second pair of equations (3.16) and (3.18) have
a similar solution, found in this case by considering the

independent scalars

t) = PIOA
A
tz = P20,
and
u = -3pipheVo .

and since the only non-trivial, scalar solutions of
V2f = 0 involve delta-function singularities at p2 = 0,

this is taken to mean

Thus there results from (3.16)

v2t,

2€(t2/p§ = p1.36)

V2t, Ze(tl/pi - p2.936)

V20 = (p1.9ty + po.0ty + t1 + t2 - 2u)/pipz (3.44a)



58

and from (3.18) it follows that

(V2 + 2epi.p2/p?p2)u = —fiz[—pz(p2.3+l)t2
1 2 Plp2 1

-pi(p1.3+1)t1 + pr.pa(p1.0+41)t, + p1.p2(p2.8+l)ti] .
(3.44b)

In terms of the variables x, y and z defined by

(3.23) and (3.26), the following forms can be assumed :

B
m(e+zf) [k_xz]
p

ta

I

R
m(e+z 1) [-kiz]
p

t2

B
5] = mg [k—xz] / x
P

B
u = mh [k—xz]

and

where e, f, g and h are functions only of y and m is the

electron mass included to keep the dimensions correct.

By a similar procedure to the above, it results from

(3.44) that the new variables satisfy the equations

4(B+1)(D-y)f = 2e{e - (D-y)g} (3.45)

De + (B+2)f = §

where

j = (B+1)f + &{f - (B-1)g} (3.46)



59

48(D-y)g = 2{yj + (D-y)f + (B+l)e - h} (3.47)

and

2(B+1)Dh + eyh = e(y2?-1)j . (3.48)

The important difference between this set of equations
and the comparable set (3.33), (3.34), (3.36) and (3.37) is
that in the so-called 'outer' asymptotic region where (p.k)?
is large compared with p?k?, the functions h and j satisfy

the coupled equations (3.48) and

{2(8+1)(D-y) + ey}j = «€h

which have, by the method discussed in §3.2, the two

independent solutions

hi(y)

1l
~
«<

and

ha(y) (y2-1)2(B-2+8)g% = () (3.49)

with similar results for j (in this context § = €/2(B+1) ).

It is sufficient at this stage to note that the solution
of the remaining two equations (3.45) and (3.46) can be |
found from (3.49) by standard techniques; it is clear in
any case that the result will again be a combination of

associated Legendre functions.
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Further discussion of these two solutions will be
made in the final chapter, where it will be shown that
the details of the solution have a bearing on the

convergence of the vacuum polarisation within this model.
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3.4 THE PERTURBATION SOLUTION.

When equation (3.4) for the Mgller scattering

amplitude was formed, the first order term corresponding to

(3.50)
was lost during the differentiation.

Its e}fect on the solution must therefore be recorded
by the boundary conditions applied to (3.4); the method
used here of determining these is to iterate equations
(3.15) - (3.18).using the first order substitution of (3.50),
L. e,

I o= vy

A th ’,
A D (kp)\rb Y (3.51)

a Au
and then to match up this solution in the asymptotic region

with the one obtained in §83.2 - 3.3.

The Landau term k}\ku/k2 in equation (1.21) for the
photon propagator introduces a numerical factor (3/4) into
(3.51); for convenience the factor is taken as 1 so that

the components of ZX are
= —y’/k2
o -y */ b

v 2
oy = Y y)\/kp (3.52a)
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= =y’ Kk 2
Al LARSYAS
and

- iyt 2
v = Y Tk (3.52b)

To remove these remaining Dirac matrices, it is
necessary to define components in a similar manner to (3.10)

of o, oy ete. Thus I set, including the vy’ for convenience

o, = ttry’o
o.x = %try'oyk
Oy, = itry’o,
Orsn = stry o,y

and so on.

Making use of the first order substitutions (3.52)

it then results that the following 16 equations are

satisfied by the components of ZA

(a) V3?0, = 3€p1.p2/kSD
b
2 =5
(b) v Op; = 0
2 _ Vv > v 2
(c) v oku; zaua OAV, + axa Ouv; sp_xu/ka
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() V20, . = 0O
(e) Vzc;A = 0
(f) ,Vzcx;u = =€ %(.-phng}\u + p+lu) - 28>\6u /k;
where

vzeu = 4pu/D
(@) Vioyu = 0
(h) vza”oxuv;p = 0
(1) Vzo;}\M - '3€p-uA/k;D
(1) vzok;uv = 0
(k) V20, 00 - 29,3%, o0 + zaxa“oua;vp

B s[pl-pé(gxpguv-gkvgup) + P9 000,79,,90)
- pgu(gkpgav_glvgap)]/k;D

(2)  V2Y0, .oy = O
(m) Vzo;luv =
(n) V203 00 = —ZEP?pggAuB;uvp/ksD
where gAaB;uvp is the tensor obtained by antisymmetrising
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gXugaprV

with respect to (AaB) and (pvp) .

(o) .Vzoku;vpa - 0
(p)  V23%0, . . = -4E PP (P130, v 00p = PuTavy;pan’ /Pl
+ prz(pzAguvy;paB - pzugKVY;OaB)/pz /k;D
(3.53a-p)

’

I intend here to solve only for the functions o ,
3

o] and © which represent a particular polarisation

%% O AUV
state of the incident beam of electrons (the spinor affixes
corresponding to these particles are t and u, and these are

the affixes which label the components of the matrices

g, Oy ete,). These are given by equations (3.53a-d).

The solutions of the two non-trivial equations in this
set may be found by noting that if‘xg = (x+a)2 and x = p2,

then

VE(xI(x,)) = AF 7 (x,)

G(xa) say
so that

x x
- -1¢a a
xalF(xa) = %xa1£ dxaf dx G(x ) (3.54)
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where 0 and x, are the required bounds of "integration if

X, F(xa) is to be non-singular at the origin.

In the region where perturbation theory is applicable,

the approximation
plpz

is no longer valid; instead the renormalised theory must

be used so that
D = ’(pi-mz)(pi-mz) %
Then the following three results are useful :
Firstly, if
V2py(x) = 1/(x-m?)

then from (3.5%4)

b1(x) = £(1-m?/x)log(l-x/m?) . (3.55)
Secondly,
1
2_2y"1(n2_m2)-1 _ 1 _2)2
(p2-m?) 1 (p2-n?) 7 = 3 f dA/ (x;-n2) (3.56)
-1
where
Xy = (p+Xk)?
and

ui = m?2 - (1-)2?)k?
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Thirdly, if

1
V2¢,(x) = I dA/(xA-ui)
-1
then by (3.54)
1
dr(x) = % I dl(l-uilxl)log(l—xxlui . (3.57)

-1

Hence from (3.53a)

V2o, = 3&:[(p2-m2)'1 + (p2-m2)~1 - 4k?/D|/2k?
HE 1 2 p
- while the last term in this may be integrated with the
help of (3.56), its contribution in the asymptotic region
is negligible so that in that region
£

o, = -(1 - %log(pipz/m“) e VK2 (3.58)

using (3.55) and the first order term given by (3.52).

On the other hand, the first order substitution for

o vanishes, so that to second order

AU

/k2D

2 —-—
v clu; Ep-ku p

1

~ ~ 2
2€(p}\ku - pukx)/ka
where

- p.kk)\/k2 (3.59)
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is the transverse component of Pye

Bearing in mind (3.56),
1

~ - _l" - 2
-1

so that by (3.57)

] 2 _ 2
s 5527 - J dk[uxlog(l xklux)/xk + 1 /XA
1

1]

=op_, 1og(p2/p2)/(p2-p2) (3.60)
“p - 1 2 1 2

when p?2,
1

Finally, the first order substitutions imply from
(3.53b) and (3.53d) that

= 0

GA; 0)\u\);

These are the results I hope to use in determining
exactly the asymptotic behaviour of the four functions

o o o and © .
AR AP AUV
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3.5 JOINING THE TWO SOLUTIONS.

The perturbation solution just obtained is clearly
a divergent sum for large values of pi and pi. It remains
to be seen at what point the power series expansion becomes
invalid and a more accurate solution, such as the non-

perturbative one already described, takes over.

In this section I will join up these two solutions
in the 'inner' asymptotic region, where p? and p? are large
1 2
but close to each other : thus x is large but y and z

’

are both close to 1.

To make the join, note that in §83.2 and 3.3, the
general solution was obtained for the component matrices
O, GA etc. Since the equations they satisfy do not involve

any Dirac matrices, the components o _, 0.3+ Oy, etc, have the
’ ’ ’

same general solution as the corresponding matrix.
According then to (3.29),

% a
o, = a[E]
’ p

which can be written as a power series in q,
o, = aly)(1 + alog(x/k;) +oee )/k; :
b

Clearly this joins very well with (3.58), since in

the inner region k; ~ m?, provided
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-3e/4 + o(e?)

Q
1

[

-368/2
and
aly) = -1 + o(e?) . (3.61)

Fortunately these conditions are consistent : by
letting the constant in (3.42) vanish, the solution (3.43)
for a(y) can be expressed in terms of the hypergeometric
function??® F(a,bj;c;z 2) to show that near y = 1,

-6/22-1—6/2 (3.62)

a;(y) ~ K(y?-1)
where K is a constant. Because of the analytic properties
of F, the second solution doesn't have this desirable

behaviour.

Another independent solution may however be found by
considering the symmetry of the perturbation solution
under exchanges of pi and pz: both the non-zero components
0; and Oku; are unchanged by such transformations and it
is clear that the final solution must have the same property

- however a;(y) is not suitable in this respect since

the Legendre functions have a branch point at y = 1.

Thus an appropriate function aj(y) is defined by
expressing ai(y) in terms of F(a,b;c;z”?) and then replacing
z by z7'; then a(y) must be taken to be the sum of a; and af.

It is clear that af{ must also be a solution of (3.39) because
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of the symmetry in that equation between z and 2 o

It remains to check that with this choice of solution,
the remaining components OA join in the inner region.
s
From (3.30), the dominant term in the function d

corresponding to a is

aty) = 282 42380 (3572, -8/251-85272)
- 2_36/2F(—36/2,—6/2;l-6;zz)]

’

and again near y = 1 this can be approximated by

d(y) = %cr(yz—l)%_(”2

logz .
From (3.61) and (3.62) it follows that K = -1, and
this solution is clearly consistent with the perturbation

expansion
1
s3 = —ox(yz-l)zlogz/Zk;
obtained from (3.60).

The remaining components b+yc and c+yb can be found
from (3.36) and (3.38), and it is easily checked that they
too have the appropriate behaviour near y = 1 to be

consistent with the perturbation solution.
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CHAPTER &4

SOME CONCLUSIONS.

4,1 THE NON-PERTURBATIVE THEORY.

The asymptotic solution found in chapter three is of

particular interest for two reasons :

First}y, it indicates the region where the perturbation
theory is valid and works well; for the polarisation state
I have considered this region is enormous, since a match has
been obtained right into the inner asymptotic region where

both pi and p?2 are much larger than m? but p.k is small.
2

Secondly, although Dyson has shown® not only that the
perturbation series has divergent coefficients but that the
series itself is divergent for large values of the incident
momenta, the solution given here does not have this

property :

As z becomes large, both a; and a] become small, since

for large z

a; ~ (Z_Z-l)—5/22-1—6/2

and

al N (zz-1)"1-8/2,-1-87/2
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and so for large x and z,

- similarly the remaining scalars become small, so

w7 .
and this lends to the theory (according at least to the
solutions considered) the property of asymptotic freedom,
i{,e, for large incident momenta the particles behave as
though the coupling constant were zero. It must be
remembered here that because of the definition (2.13) of
the reduced amplitude, a factor €2 is included in the
functions used - the first order term (3.50) contains

two vertices.

Moreover, the other components of this polarisation
- d
state, viz OA; an Gxuv; have not been found exactly
according to the general solution (3.49) since for these
functions the second order perturbation solution was zero
and therefore they remain small, provided they are

convergent, compared with o, and © Thus this doesn't

; Aus C
affect the issue of asymptotic freedom since all the functions
of (3.49) and the remaining scalars have the desired

asymptotic behaviour.

It was mentioned in chapter one that because the bare
mass is set to zero there is no mass scale incorporated in
the theory. Nonetheless it is known?“ that theories which

exhibit asymptotic freedom define a mass renormalisation



73

group in the manner of Weinberg?3.

Thus in spite of the non-determinism of equation
(1.27) for the electron mass there may be room for its
determination by other methods?®.

This is particularly interesting in the light of
Coleman's and Gross' work?? on asymptotically free theories :
they find that the only asymptotically free theories are
those with non-Abelian gauge groups - the present work
is an apparent contradiction of this. 1In fact of course
they assumed the asymptotic behaviour of Quantum Electro-
dynamics as found by perturbation theory, and this is

clearly an incorrect result.
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4.2 VACUUM POLARISATION AND CHARGE RENORMALISATION.

The aspect of the theory of quantum electrodynamics
not yet covered by this work is that of the other
renormalisation constant, y. In fact Kallén has shown??®
that at least one of the constants y and z must be infinite;
however his proof excludes explicitly the use of the Landau-
Maxwell gauge taken here. The most important result in this
respect of Green's work on the vertex function is his
solution for the second set of asymptotic equations, {.e.

the solution presented in 83.3 :

The remaining functions f and g of that section which

for the vertex function are the scalars associated with

A
= it
C u atrl Yu

can be shown to have the solution

l = - -—
KSf = ll-(yz—l)Z(BHS 2)[b12(S + b,z 5, 5 f d)\F(}\)z)\(S
-1
and
1(g+s-2) 1 _6-1
(B-1)g = &4(y?-1)° fdAF(A)zA
-1

where

K = -1 - 28/§

z = y + Aly2-1)2
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B-1 is the power of x in the solution, and F(X) can

be expressed in terms of Legendre functions.
Clearly the value
§ = ¢f2

obtained in §3.5 results in a solution f which is inversely
proportional to the fine structure constant - it is
difficult to see how this might join with the perturbation
solution; however Green found that while b; and b, were
constants of integration in the outer asymptotic region
(where the solution is valid), they could be taken to have

the form
_(p_k)zﬁzkz

where 5A is the transverse component of px defined in (3.59).

This function is constant where p.k is large but reduces to
-x(y2-1)/4yk?
in the inner asymptotic region.

Thus a consistent match with perturbation theofy

for the vertex function was obtained by setting

so that
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-l + %ED

O
R

_ With this matching condition, the vacuum polarisation

9

integral, which according to Valatin?® and Schwinger?®? is

H _ ie? _5 g2y ! )
Il A(k) T tr (YA 3,7 V)S(p+k)T  (p+k,p-k)
XS(p—k)]d“k (4.1)

becomes convergent :

Defining nuA in terms of Cux ete. by analogy with

(3.13), (4.1) becomes

u _ hie? noo My
1 A(k) = (2n)uf(n NI )d *p
B hie? 2. M g4 /2
= Tamy4 vV n dpice

and since the power of x in nuA is -2-%e, this is convergent
(more detail concerning this can be found in Green's 1982

paper).

Thus it appears that by taking a more accurate form
for the asymptotic behaviour of the vertex function (and
hence of the Mdller scattering amplitude) a convergent
result is found for the vacuum polarisation integral and
the contribution of this term to the charge renormalisation
is therefore finite; it must of course be remembered that
this solution follows from adopting the ladder approximation
and it is not known how this solution takes into account

the eigenvalue condition on the fine structure constant
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mentioned in the introduction. It is possible that when
more terms are included in the sum (3.5) the asymptotic

behaviour of these functions may be significantly altered.
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