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ABSTRACT

Hamiltonian Effective Field Theory (HEFT) is a non-perturbative extension of effective
field theory which provides a bridge between the infinite-volume scattering data of ex-
periment, and finite-volume energy spectra from lattice QCD. By discretising a Hamilto-
nian which has been constrained to experimental scattering data, solving the eigenvalue
equation for the Hamiltonian provides a finite-volume energy spectrum, which may be
compared with lattice QCD eigenstates. In addition, eigenvectors of the Hamiltonian pro-
vide insight into the structure of these eigenstates. This matrix Hamiltonian has been
made finite by finite-range regularisation, and by considering the range of regularisation
parameters which allow the Hamiltonian to describe experimental scattering data, insight
is gained into the degree of model-dependence in the infinite-volume and finite-volume
quantities. This formalism is extended for the first time to systems with multiple quark-
model like baryon states. By considering the effect of a second bare basis state on both the
infinite-volume poles, and finite-volume energy spectrum, we gain a unique intuition into
the relationship between these two regimes. Finally, we apply the multiple bare-baryon
formalism to the odd-parity nucleon sector. We find that the interpretation of the two
odd-parity nucleons as three-quark cores dressed by 7V, n/N, and K A two-particle states
is consistent with both the experimental scattering data, and lattice QCD results at three
lattice volumes. We also introduce a novel HEFT simulation of lattice QCD correlation
functions, allowing for a determination of the two-particle scattering-state contamination
in lattice QCD eigenstates.
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INTRODUCTION

Quantum Chromodynamics

In our modern understanding of the universe, almost all observable phenomena may be
described by four fundamental interactions. The first of these, gravity, is described by
general relativity, and yet to be successfully formulated in a quantum system. The re-
maining three interactions, electromagnetism, the weak force, and the strong force, are
well-described by quantum field theories, collectively referred to as the Standard Model.

Of the three fundamental interactions which may be described by quantum field the-
ories, the modern understanding of the strong interaction, known as Quantum Chromo-
dynamics (QCD), is perhaps the most mysterious. QCD is a non-abelian gauge theory
[, 2], described by the symmetry group SU(3), where the conserved quantities for the
theory are referred to as colour charge, along with the complimentary anticolour charges.
The three coloured charges are labelled red, green, and blue, along with the correspond-
ing anticolour charges, antired, antigreen, and antiblue (commonly illustrated with cyan,
magenta, and yellow respectively). Interactions between coloured particles are mediated
by the eight gauge bosons collectively known as the gluon. As gluons carry both a colour
and an anticolour, there are eight possible combinations which do not result in a colourless
(white) state.

In the Standard Model, coloured fermions are known as quarks, of which there are six
flavours, and carry a single colour charge. Similarly, antiquarks carry a single anticolour.
The six flavours of quark are summarised in Table[I.T] and are divided into the three “up-
type” quarks, with electric charge +2/3, and the three “down-type” quarks, with charge
—1/3.

Importantly, at low energy we do not observe free quarks and gluons, only colourless
combinations of quarks, antiquarks, and gluons. This property is called colour confine-
ment, the source of which is a long-standing mystery in QCD. Recent years however have
seen considerable progress in understanding this phenomena [4, 5]. The colourless com-
posite states which we observe due to colour confinement are primarily formed from a
combination of quarks and gluons, known as hadrons, and have an integer electric charge.
Hadronic matter forms the majority of visible matter in the universe, and is catagorised
into one of two types of composite particles.

Mesons are formed from an equal number of (valence) quarks and antiquarks, result-
ing in an integer spin. The lightest mesons, with a mass of approximately 140 MeV, are
the charged pions, 7+ and 7~, and the neutral pion, 7°. In terms of their quark compo-
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2 Introduction

Table 1.1: The six quark flavours, along with their electric charges. The MS masses of
the three light quarks are quoted at a x = 2 GeV renormalisation scale. The ¢ and b quark
MS masses are reported at the running mass with ;; = 7, and p = 7, respectively. The ¢
quark mass is extracted from ¢ cross-section measurements [3]].

Flavour Symbol Mass (MeV) Electric Charge (e)

Up u 2.16 273
Down d 4.67 -1/3
Strange S 934 -1/3
Charm c 1270 +2/3
Bottom b 4180 -1/3
Top ¢ 172700 21
sition, these three pions may be written as 7+ = ud, 7~ = du, and 7° = \/% (vt — dd).

While the pions are the lightest hadronic state, they are unstable, with charged pions only
having a lifetime of only ~ 2.6 x 10~® seconds [3]. Despite this, they are particularly
important in the interactions between hadronic states. This interaction is known as the
strong nuclear force, and is typically mediated by pion exchange.

Hadronic states may also form spin-1/2 states, denoted baryons, and are composed
of an odd number of quarks and antiquarks. Typically, baryons are composed of three
quarks (gqqq) or three antiquarks (ggq), though exotic quark compositions such as gqqqg
are also permitted. The lightest baryon states are the proton (uud) and neutron (udd).

At high energy, quarks and gluons interact weakly. This is a property of QCD known
as asymptotic freedom [6], and it is only at this energy scale that one is able to analyse
QCD perturbatively. At lower energies, where quarks and gluons are confined to hadronic
states, this coupling becomes the order of one. As a result, all orders of diagram contribute
to a scattering amplitude, and in the study of low-lying hadronic states we therefore re-
quire non-perturbative techniques. To motivate the use of non-perturbative techniques in
the study of baryon states in particular, we must first consider how baryons are structured
within the quark model.

Baryon Resonances

In this dissertation, we will focus on hadrons which are composed of the three lightest
quarks: the up, down, and strange quarks. As the up and down quarks have similar
constituent quark masses, they form a good approximation of the SU(2) symmetry group.
The conserved quantity for this symmetry is isospin (1), and utilising this approximation
allows us to represent protons and neutrons as the / = 1/2 states of the nucleon (/V),
distinguished by isospin projections I3 = +1/2. Similarly for mesons, the three pions
may be considered as three isospin states of the general pion (7), which has total isospin
I = 1. Much like angular momentum, which is also a representation of SU(2), the number
of isospin states for a total isospin [ is given by 27 + 1.
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More generally, we may construct the set of ground-state spin-1/2 baryons by consid-
ering combinations of u, d, and s quarks. In addition to isospin, particles are labelled by
their strangeness, given by S' = nz —n,, where n, and nz count the number of strange and
antistrange quarks in the baryon. To construct a physical baryon, we require a total baryon
number of one, and an integer charge. There are eight ground-state baryons which satisfy
this condition: the p™ and n°, which have strangeness 0, the 3T, X%, X7, and A°, which
have strangeness —1, and the =Y and =, which have strangeness —2. Under isospin
symmetry, these may be simply referred to as the IV, >, A, and = baryons. Similarly,
through a consideration of the spin-3/2 baryons, we obtain the baryon decuplet, which
under isospin symmetry consists of the A, 3*, =*, and €2 baryons. These multiplets are
naturally obtained by considering the three light quarks as forming an approximate SU(3)
flavour symmetry, forming the basis of Gell-Mann’s “Eightfold Way” [7].

In a scattering experiment, such as pion-nucleon scattering, a commonly measured
quantity is the cross-section o, measured in units of barns (100 fm?). The cross-section
measures the probability of a collision occurring, and may be qualitatively expressed in
terms of the differential cross-section as

do  # particles scattered/sec/unit solid angle/target particle

aQ # particles incident/sec/unit area ' (1.D
In a scattering experiment where the cross-section is measured, it is common to observe
“peaks” in the cross-section at certain centre-of-mass energies £. These peaks are referred
to as “resonances”’, where the mass of the resonance is typically considered to be the E
which corresponds with the peak. In addition, resonances are considered to have a width
(I'), corresponding to the full-width half-maximum of the cross-sectional peak. This is of
particular interest, as the lifetime (7) of the resonant state is given by 7 = //T".

In a simple pion-nucleon scattering experiment, we may better understand these res-
onances by performing partial-wave analysis, where the scattering amplitude is decom-
posed into a series of partial-waves, representing the relative angular momentum between
the pion and the nucleon. For angular momentum [, this takes the form

e(k) gin ¢,

f(k,0) = (21 + 1) P(cos ) 3 :

l

(1.2)

where P;(cos ) are the Legendre polynomials, and d;(k) is the phase shift at momentum
k. This scattering amplitude may be related back to the cross-section by the Optical

Theorem [2],

o (k) = 4% Tm f(k, 0). (13)

Given this partial-wave decomposition, we may consider the cross-section for specific
angular momentum, providing insight into the quantum numbers of the resonances in
the scattering process. Following the convention from atomic spectroscopy, partial-wave
states are named the S, P, D, F, and G-waves for [ = 0, 1, 2, 3, 4, where the alphabet is
followed for higher angular momenta. As an example, the lowest lying resonance in P-
wave pion-nucleon scattering has a mass of 1.232 GeV, and is identified as the A baryon.
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As a result, it is commonly referred to as both the A baryon, and as the A resonance
depending on the context.

Due to the wealth of 7V scattering data, along with other scattering processes, con-
sidering only the N and A channels there are well over 50 recorded resonances [3]]. While
many of these resonances are able to be described by the quark model, the reality is far
more complicated. Considering the low-lying N resonances alone, we have the surprising
result of the first positive-parity excitation of the nucleon lying below the first negative-
parity excitation, contrary to simple quark model predictions [8, 9]. Along with issues
in quark model predictions, whether particular resonances even correspond with quark
model states is in question, such as for the A*(1405), which lies near the K N threshold,
and contains two nearby poles [10, [11]]. As such, it is clear that the quark model alone
cannot describe the diverse baryon spectrum. In particular, given the non-perturbative
nature of QCD at low-energy, we will consider how we can gain insight into the structure
of baryons through finite-volume physics.

Lattice QCD

Lattice QCD [12, 13]] is a first principles, non-perturbative approach to QCD. While the
details of conducting a lattice QCD study are beyond the scope of this dissertation, we
will proceed with a brief overview of the relevant physics. In lattice QCD, space-time is
discretised into a grid of space-time points, separated by a lattice spacing a. Considering
a lattice with n spatial sites, and n; temporal sites, the spatial extent of the lattice is given
by L = na, and the temporal extent is given by L; = n;a. This therefore results in a
four-dimensional volume V' = L? L,. Typically, a lattice is constrained to have periodic
boundary conditions, although antiperiodic and twisted boundary conditions may also be
taken. In the periodic case, the lattice may be visualised as a four-dimensional torus.

As lattice QCD is formulated using the path integral approach, we may define the
generating function for a field v as

2= [ Do e (isiu) (1.4)

where in QCD, the action is given by S[¢)] = [ d*z Lqcp(; z). We may therefore calcu-
late the expectation value for an observable O as

©)= 5 [ DUOW] e iS) (1.5

Considering this expression, we observe that the generating function Z almost has the
form of a partition function, as typically defined in statistical mechanics. The key dif-
ference is the presence of the imaginary unit in the exponential. By performing a Wick
rotation [14], where ¢ — 7, we rotate the system into Euclidean space, with Euclidean
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time 7. As a result, the generating function takes the form of a partition function,

2= [ Do ew(-su). (1.6)

allowing for the formulation of lattice QCD. As a result of this Wick rotation and the finite
volume, the asymptotic states utilised in scattering theory are unachievable, and therefore
scattering as typically considered cannot be performed.

Despite this, lattice QCD has proven successful in many aspects of fundamental re-
search. In the context of baryon spectroscopy, one can construct baryons in lattice QCD
by constructing operators x;(x,t) with quantum numbers corresponding to the baryons
of interest. By acting on the QCD vacuum, given by [(2), a correlation matrix may be
constructed of the form

Gij(p.t) = > _ e P (Q] xi(z, ) X3(0,0) |©2) . (1.7)

The energy of the finite-volume eigenstates may be extracted through established gener-
alised eigenvalue equation techniques. In order to compare these finite-volume energy
eigenstates to experiment however, a formalism relating lattice QCD and the continuum
is required.

1.3.1 Liischer’s Method

In order to relate the discretised, Euclidean-time quantities from lattice QCD to exper-
imental scattering results, Liischer’s method [15-17] was formulated. This formalism
provides a relationship between the finite-volume energy eigenstates from lattice QCD to
scattering observables such as the phase shift. Consider a simple case of low-energy 7N
scattering, where only one scattering channel is open. Given a finite-volume energy eigen-
values of energy E;, one could solve for the corresponding back-to-back 7N momentum
k; from E; = \/k? + m2 + \/k? + m%, giving

2
I B e R
Ty AE? 2

(1.8)

Converting this momentum to the dimensionless ¢; = k;L/2m, where L is the lattice
extent, Liischer’s method provides a relationship to phase shifts

5(q:) ( 2 g ) 1.9)
;) =Jjm+atan | ———~ | . .
@) =7 Zoo(L, ) (

The integer j allows for multiple phase shifts at a given momentum, allowing for the
periodicity of the arctangent function. Here, we have also defined the generalised Zeta
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function,

1 1
Zoo(s,¢%) = S 1.10
00( q ) \/E nezza (n2 _ qz) ( )
As this form of the generalised Zeta function possesses divergences, we instead utilise a
regularised form [18], given by

L 8.91383282 + 16.53231596 ¢ + Z q—4
\/E qz . . q o ni (n2 _ q2)

(1.11)
Given the regularised Zeta function, we can therefore solve for the phase shifts corre-
sponding with a finite-volume energy eigenstate of energy F.

While this process is relatively straightforward, the generalised case with multiple
scattering channels [19-235]], and three-body systems [26-28] is considerably more com-
plicated. In particular, they require a parametrisation of the scattering observables, to ac-
count for the additional observables corresponding with a particular finite-volume eigen-
state, at a particular lattice size L.

As an alternative, this dissertation will consider Hamiltonian Effective Field Theory
(HEFT) as a formalism for relating finite-volume eigenstates to infinite-volume scatter-
ing observables. Indeed it has been demonstrated [18, 29] that Liischer’s formalism is
embedded within HEFT, up to exponentially suppressed corrections. In addition to this
relationship, HEFT provides additional information in the eigenvectors of the Hamilto-
nian, providing key insights into the structure of baryon resonances.

Outline

200(92) =

In Chapter 2] we commence this dissertation with a review of the Hamiltonian Effective
Field Theory (HEFT) formalism, with a particular emphasis on the full coupled-channel,
multiple bare state extraction of the scattering observables. In Sec.[2.4.6] we also intro-
duce a novel formalism for the single bare state HEFT simulation of lattice QCD correla-
tion functions, and how these can be utilised to find two-particle scattering state contami-
nations.

In Chapter [3) we conduct an overview of how finite-range regularisation manifests in
HEFT, using the A(1232) as a case study. Our aim in this chapter is to investigate how
the regularisation scheme affects model-dependent quantities in particular, such as the
eigenvectors of the Hamiltonian. By considering the effects of the regulator, we probe
the extent into which one can gain insight into the structure of a baryon through a HEFT
analysis, in a vast range of regularisation parameters, and multiple regulators. This chap-
ter initially considers the single-channel case, where the Hamiltonian is fully constrained
by wN scattering data in the energy range considered. This allows us to consider the
fullest range of regulator parameters possible, and view the effects of varying this degree
of regularisation on both infinite-volume and finite-volume quantities. In the second half
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of this chapter, we consider the more complicated two-channel case, where the lack of 7A
scattering data prevents the Hamiltonian from being fully constrained. We investigate the
degree to which this manifests in both infinite-volume and finite-volume quantities, and
view how we may take guidance from lattice QCD results to constrain the Hamiltonian,
reducing the degree of model-dependence.

Chapter [ provides the first investigation into the use of two bare-baryon basis states in
HEFT, in a toy model extension of the low-energy A(1232) system. By considering this
low-energy system, we are able to gain intuition into how the introduction of a second
bare basis state affects the position of the original A(1232) pole, without considering
complex coupled-channel effects. In addition, by comparing the pole movements to how
the finite-volume energy spectrum is affected, we are able to gain unique insights into the
relationship between poles in the 7-matrix, and the finite-volume spectrum.

Building on the confidence gained in Chapter |3|as to the ability of HEFT to describe
a physical system independent of regularisation scheme, as well as the unique insight
gained in Chapter [ into the effects of introducing a second bare basis state, in Chapter 3]
we conduct an analysis of the two low-lying odd-parity nucleon resonances using two bare
basis states. By constraining the Hamiltonian to experimental scattering data, we are able
to obtain pole positions for each of the two nucleon states in agreement with established
results. In addition, we compare finite-volume HEFT to lattice QCD results at three lattice
volumes. By associating lattice QCD eigenstates with HEFT energy eigenstates, we are
able to gain insight into the structure of these eigenstates through eigenvector analysis. We
also introduce an extension of the contamination function formalism for a system with two
bare basis states, allowing for a novel simulation of both two-particle and single-particle
contaminations in lattice QCD eigenstates.

Finally, Chapter [6] summarises the results presented in this dissertation.






HAMILTONIAN EFFECTIVE FIELD
THEORY

Hamiltonian Effective Field Theory (HEFT) [8-10, [18, 29-35] is a non-perturbative ex-
tension of effective field theory, providing a bridge between infinite-volume scattering
theory and the finite-volume of lattice QCD. By parametrising the interactions between
bare basis states and coupled two-particle channels, one can constrain a Hamiltonian to
experimental scattering data. Formulating the Hamiltonian in a finite volume, energy
eigenvalues for the system can be found, which can be used to make a connection with
lattice QCD quantities. This relationship between infinite-volume scattering quantities
and finite-volume lattice QCD quantities is guaranteed at low-energies by Liischer’s for-
malism. By isolating the pole term within the eigenvalue equation for the Hamiltonian,
one obtains an expression equivalent to Liischer’s formula, up to exponentially suppressed
terms in m. L [18]. In addition, eigenvectors of the Hamiltonian provide insight into the
structure and composition of these eigenstates.

This chapter will describe the details of the HEFT approach, beginning with the mo-
tivation for the formalism from finite-range regularisation in conventional perturbation
theory. Following that, we will build the Hamiltonian in an infinite-volume, providing
a mechanism for constraining the Hamiltonian using scattering observables. This con-
strained Hamiltonian will then be considered in a finite-volume, and extended to unphys-
ical pion masses, allowing for comparison with lattice QCD.

Finite-Range Regularisation in Perturbation Theory

Finite-range regularisation (FRR) is a regularisation scheme which introduces a finite-
range regulator, u(k, A), a function which removes higher-momentum contributions at
a rate governed by the regulator parameter A. In principle, the regulator can be any
form factor which equals one at & = 0, and negates higher-momentum contributions, the
simplest example being a step function which equals one for £ < A, and zero for £ > A.
Phenomenologically however, the regulator can be considered representative of the size of
the interaction considered. As an example, for a dipole form factor, a regulator parameter
of A ~ 0.8 GeV can be considered as an interaction with a range of ~ 1 fm, or the size
of a light baryon. As such, this dissertation will focus on smooth, phenomenologically
motivated regulator forms which represent the source of the interaction.

9
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A N A A A A A A

Figure 2.1: Self-energy contributions to the A mass, giving rise to the terms ¥,y (m2, A),
Yra(m2, A), and Xa(mZ, A) in Eq. (2.1).

While within the power-counting regime (PCR) the choice of regulator form is unim-
portant [36-38]], the regulator form is particularly important as one moves beyond the
PCR. In Ref. [36]], comparison was made between FRR and the more common technique
of dimensional regularisation in xPT. There it was found that while within the power-
counting regime (m, ~ mP™*), FRR was able to achieve equivalent reproductions of the
nucleon mass, for all regulator forms considered and at all pion masses [36]. Beyond this
region, the expansion of FRR is regulator-dependent, and therefore the regulator takes
on the role of modelling the chiral expansion, allowing one to extend the range of utility
[36H38]. The resummation of higher-order terms in this expansion ensures that as one
moves to higher pion masses outside the PCR, contributions from higher-order loop inter-
grals smoothly approach zero. In particular, FRR allows for a preservation of the leading
nonanalytic terms from chiral perturbation theory, as the coefficients of these terms are
independent of the regulator parameter A.

As a demonstration, and motivation for the residual series expansion of the A baryon
as considered in Chapter consider the quark-mass expansion (m, o< m2 [39]) of the A
baryon in xPT, which takes the form [40]]

2

A A2 A4
N =ay +aymi+a;m;+ -

+ Son(m2, A) + Sea(m2, A) 4+ Sia(m2, A). .1)

ma(m

The leading order terms in this expansion are referred to as the residual series expan-
sion, and contain model-dependent coefficients . Also present are the self-energy terms
Y n(my, A), which describe the interactions between the A baryon and N two-particle
states, YA (m,, A), which describes the same but for mA states, and 3;a (m,, A), de-
scribing the contribution from the tadpole diagram. These three self-energy contributions
are represented diagrammatically in Fig. 2.1l Additionally, these self-energy quantities
are regulated by the regulator u(k, A), at a rate governed by the regulator parameter A.

This finite-range regulator generates a resummation of the ultraviolet terms in Eq. (2.1)),
in a form dependent on both the choice of regulator form, and regulator parameter, which
is also manifest in the A-dependent coefficients a’*. Within the power-counting regime,
the A-dependent portions of the self-energies are absorbed into the coefficients a’*, giving
a model-independent expansion up to terms suppressed by powers of m., /A. Outside of
the PCR, this resummation provides a model for higher-order terms.
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Utilising the heavy-baryon approximation for ease of presentation, and a dipole form
factor for the regulator, these self-energies may be analytically evaluated to

m4

zﬂm;m:@M+@A@+MMﬁ+@juww (2.2a)
m4 TTL4

San(m2,A) = bY A3+ Y Am2 + xan 5—]\2 log m + by T’f 4o (2.2b)

Yia(m?,A) = b A2 m2 + ¢y xea m2 logmy + by mt + -+ - (2.2¢)

where M is the mass-splitting between the A baryon and the nucleon at the chiral limit
(m; = 0), and xra, Xxn and x:a are model-independent coefficients [38]. The value c
appears within the contribution from the tadpole diagram as it originates from the term
in the chiral Lagrangian proportional to the quark mass (where m, ~ m2), and ¢, m2 is
responsible for the quark-mass expansion at leading order, as is described in the following
text.

Here, one observes both nonanalytic terms, and terms polynomial in m2. Inserting
these self-energy expansions into Eq. (2.1, we are able to gather terms by powers of m
and define the constants c¢;,

co = ap + b5 A* + b)Y A? (2.3a)

co = ahy + b5 A+ by A+ b A%, (2.3b)
A b8 0

C4:a4+x+x+b4- (2.3C)

Through the definitions of these constants, it can be seen that the model-dependence
of the expansion may be absorbed into the free coefficients a?, and therefore the coef-
ficients ¢; are made model-independent within the power-counting regime. Given these
definitions, the A-mass expansion is therefore of the form

2 2 3 4
ma(m;) = co + camz + Xaa M + c4m;

+ (?}r\g + ¢ XtA) mfr logm, +---. (2.4)

It is clear that the values of the coefficients are determined from the choice of reg-
ulator parameter A. In practice, a regulator parameter of order 1 GeV is able to both
remove necessary short-distance contributions, and phenomenologically represents the
size of source of the pion cloud. As the coefficients of the residual series describe the
short-distance physics, they may be thought of as an expansion describing the dressing
of a “bare” baryon, a concept which will heavily feature in this thesis. This intuition
into the role of the regulator is particularly useful for HEFT. An appropriate choice of A
allows for the higher-order coefficients in the expansion to be minimised. As such, the
first few terms of the residual series expansion are able to provide a basis for comparison
with lattice QCD results at unphysical pion masses. This will be considerably explored in
Chapter 3] where the influence of the choice of A is explicitly explored.
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Hamiltonian Formalism

In the rest frame, where the centre-of-mass momentum is zero, the Hamiltonian for a
system of particles can be deconstructed into the sum of two Hamiltonians,

H = Hy+ Hy. (2.5)

The first, denoted the free Hamiltonian and labelled H, consists of two types of states.
The first type of state is a non-interacting two-particle state with back-to-back momentum
k, which may be labelled |a(k)), consisting of particles cy and ag. These represent the
meson and baryon constituents of meson-baryon scattering, though this formalism also
applies for meson-meson scattering. However, as this thesis focuses on pion-nucleon
scattering, we will label these particles as mesons and baryons for clarity. The energy
associated with such a state is defined as

Wa(k) = Way (k) + wag (—k) = \/k2 + My + \/k’2 + May , (2.6)

where m,,, and m,,, are the physical masses of particles ay and ap respectively. Along
with two-particle states, this formalism also allows for the presence of single-particle bare
basis states in the Hamiltonian, labelled | By), with unphysical masses mgg. These bare
states may be thought of as quark model-like states, or those generated in lattice QCD
from two or three-quark interpolating field operators. In the notation of Ref. [41], these
may be described as states in P-space. For a Hamiltonian with n. two-particle states and

ny, bare states, H, therefore takes the form

Hy= S B ) (Bl + Y [ K la(h)) walk) (a(k)] @)

The interaction Hamiltonian H; describes two types of interactions. Interactions be-
tween two-particle states |a(k)) and | 5(k’)) are parameterised by a momentum-dependent,
potential labelled V,3(k, k’), and governed by an energy-independent coupling strength
va3. Typically the potential is chosen such that v,z is dimensionless. An example of
this interaction for two m/N' two-particle states is given by the middle vertex of the right-

most diagram in Fig. This interaction is denoted by v, and given a normalisation of
(B(K")|a(k)) = dap d(k — k') is

v = &k | &K |a(k)) Vas(k, k') (B(K)| . (2.8)
>/ :

Similarly, the interactions between a scattering state |a(k)) and a bare state |B,) are
parameterised by a momentum-dependent potential labelled G2 (k), and are governed



2.2 Hamiltonian Formalism 13

m(—k)

~

Ay Nk A Ay N(k) N(K) A,

Figure 2.2: Example dressing of a bare A state. These include an interaction between a
bare A baryon and a NV scattering state, as described by Eq. (2.9) (left), and an interac-
tion between two 71V scattering states, as described by Eq. (2.8) (right).

by a coupling strength gZ°. This interaction is labelled g, given by

0= S0 [t {13 G20 000+ o) G209 (B} @9

«

The k-dependence of this type of interaction is typically chosen such that it reproduces
established results from chiral perturbation theory (xPT). An example for this interaction
is illustrated in the left-most diagram of Fig. where a bare A state is dressed by an
interaction with a m/NV two-particle state. The full interaction Hamiltonian is therefore
given by

Hi=g+wv. (2.10)

2.2.1 Finite-Range Regularisation in HEFT

As can be seen in Sec. the Hamiltonian is described by integrals over all momentum
space, giving rise to ultraviolet divergences. To move to a finite Hilbert space, a regular-
isation scheme is required, and by choice of finite-range regularisation, we may make a
connection between YEFT and the description of the bare baryon from Sec. [2.1

To best phenomenologically represent the source of the interactions, we will primarily
consider smooth regulators, such as a dipole regulator of the form

1
u(k,A) = ———, (2.11)
(1+ %)
and a Gaussian regulator of the form
k2
u(k, A) = exp (_ﬁ) ) (2.12)

We utilise these finite-range regulators in the potentials which parametrise the interactions
g and v from Sec.[2.2] removing ultraviolet divergences and giving the interactions a finite
range. As such, future references to G20(k) will implicitly include a factor of u(k, A),
while future references to V,,5(k, k') will implicitly include a factor of u(k, A)u(k’, A). In
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general, A may not necessarily be the same for each interaction. In this case, the regulator
parameter for a the potential G2°(k) will be labelled A2, while the regulator parameters
for the incoming and outgoing scattering channels of v,s(k, k') will be labelled A, ,, and
Ay .

As previously described in Sec. 2.1} in xEFT the functional form of the regulator is
irrelevant within the power-counting regime (PCR), while outside of the PCR, the regula-
tor provides a model for the large quark mass description. Within HEFT, an investigation
into the effects of both the choice of form factor and regulator parameters A are presented
in Chapter

2.2.2 | Renormalisation of the Coupling

In determining the strength of the potential terms g and v as described in Sec. the
summation of self-energy terms at all orders in the process of solving the scattering equa-
tions for the system renormalises the coupling strengths, moving away from SU(3) flavour
couplings as would be considered in xPT. Consider a system with a single bare basis state,
dressed by loop-integral contributions from scattering states with self-energy ¥(F). From
Ref. [42]], the full propagator A(E) takes the form

1
 E—mp, - %(E)

A(FE) (2.13)
The self-energies > (F) are taken such that A(FE) contains a pole associated with the
resonance of interest, or rather such that there is some complex energy m with a negative
imaginary component such that m = mp, — X(m). As we are interested in studying the
properties of resonances, we consider only self-energy diagrams which have a dominant
contribution to the region about the resonance, and as such the propagator may be written
as

M} , (2.14)

Expanding about £/ = m, we have
AE) = (B —m)d1 - s(m) - ZE)
E—-m]’
= (E—m){1-Y'(m)} - }(E), (2.15)
where Y'(m) is the first derivative of ¥(FE) evaluated for £ = m, and we define the

term XR(E) such that it contains all higher-order contributions to the self-energy, with
YR(m) = 0. Based on this expression, we define the renormalised self-energy

N(E)={1-%'(m)} " ©R(E). (2.16)
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Rewriting the propagator in terms of the renormalised self-energy,

{1 =-¥(m)}
A(B) = ———— 5E (2.17)

reveals a propagator with a similar form as that of Eq. (2.13), though now in terms of
the pole position m rather than the unphysical bare mass mp,. Here we see that both
the propagator A(FE) and the self-energy diagrams have been renormalised by a factor
of {1 —-% (m)}*l. As this factor is constant for a given regulator, it may be absorbed
into the interaction coupling constants within the self-energy contributions, and thus the
coupling is considered to have been renormalised in the vicinity of the resonance.

Infinite-Volume Scattering

In order to constrain the Hamiltonian, there are several sources of information. The scale
of the finite-range regulator has considerable impact on both the masses of the bare basis
states, and the strengths of the interactions g and v, through the renormalisation process
as defined in Sec.[2.2.2] The regulator parameters A can be considered phenomenological
representations of the size of these bare states. One method for constraining the Hamilto-
nian is to calculate scattering observables such as cross sections, phase shifts, and inelas-
ticities. In particular, these quantities may be calculated for each partial wave, allowing
one to study particular resonances which are only produced in certain partial wave inter-
actions. These may then be compared to scattering data available from hadron-hadron
scattering experiments, giving the Hamiltonian a strong grounding in experimental data.

2.3.1 Coupled-Channel Scattering

For each partial wave, the scattering observables are readily obtained from the 7'-matrix,
which may be solved from the coupled-channel scattering equations, which are a reduced
form of the Bethe-Salpeter equations. As this thesis considers only meson-baryon scatter-
ing, for clarity we will consider only meson-baryon scattering states, where for a scatter-
ing state |a(k)), the constituent particles are labelled «y and ap representing the meson
and baryon respectively, with masses m,,, and m,,,, and energies wy,, (k) = \/k? + May,
and wy, (k) = \/k? + ma,. In general, this formalism is largely unchanged for meson-
meson scattering, though scattering such as 7 scattering would be considerably simpli-
fied, as the energy of such as state would simply be w,(k) = 24/k? + m2. For interac-
tions between two-particle states |«(k)) and |3(k’)), we choose only separable potentials
Vs (k, k') to describe the strength of this interaction. The simplest form of a separable
potential is one in which the incoming and outgoing momentum are separable, and may
be written in the form

VOéﬁ(kv kl) = Vap fa(k) fﬁ(k/> ) (2.18)
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for some phenomenologically motivated form factor f(k), and coupling constant v,3. The
concept of a separable potential may be generalised to what we define as an n ¢-separable
potential, a potential which may be written in matrix form (with no sum over « and f3) as

Vaﬁ(kv k/) = fg(k) {)ocﬁ fﬁ(k,) )

ver vy FA(K)
= (fik) - fa"(R) | : Lo : . (2.19)
vzg’l e vzg’nf fgf(k/) )

where f, (k) is a length n vector of functions f. (k) for channel c, and 0,5 is an ny X ny
matrix containing coupling strengths vfjﬁ. As an example, consider the potential derived
from the Weinberg-Tomozawa term [43],

wOéM<k) + Wy (k/)
\/2wam(k) \/ZWﬁm(k/)

with finite-range regulator u(k). This potential has the matrix form

Vap(k, k') = vap u(k) u(k'), (2.20)

. oy (K) u(k')

n o ((@am () ulk) u(k) Vap 2w, (k')

Vas(k, k') = <\/2w(,M<k> \/zwaMw)) (Ua 5 0 ) Vawh | (2.21)
v/ 2wgy, (K)

clearly indicating that in this notation, may be considered a 2-separable potential.

With this definition of an ns-separable potential, consider a system of n; bare basis
states, and n,. two-particle basis states, with Hamiltonian as defined in Sec. The set
of coupled-channel scattering equations for this system takes the form

f/@'Y<k7 q; E) T’Yﬂ(qa k/; E)
E—w, +ie

Top(k, k' E) = Vog(k, k' B) + Z/dq 7 , (2.22)
il

where v sums over the n. meson-baryon scattering channels considered. Here, we have
also defined the coupled-channel potential, which includes both contributions from bare-
scattering state interactions and background interactions. This takes the form

+ Vap(k, k'), (2.23)

a7y = 3 OB G )

0
Bo E— m%g

where the sum over B considers all n;, bare states. This potential is represented diagram-
matically in Fig.

In general, the scattering equations as defined in Eq. cannot be solved analyt-
ically, however we may proceed by first considering only the 7-matrix associated with
interactions between two-particle scattering states, and then adding on contributions from
explicit poles associated with each bare state. This is done by first setting all couplings
g5 to zero, effectively removing the contributions from bare basis states. The remaining
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______

_________________

Figure 2.3: Diagrammatic representation of the coupled-channel potential Vaﬁ(k, k' E).
The red and green vertices correspond with the interactions G20 (k) and Ggo(k’ ), while
the blue vertex corresponds with V,,5(k, k).

T'-matrix is denoted the background ¢-matrix, ¢,z (k,k'; E), and may be found as solutions
of

Var (K, q) tr5(q, K E)
tap(k, ks B) = Vog(k, k') il WEASE 2.24
a(k, k' E) = Vag( +Z/ o (2.24)

Here, we emphasise the use of the original two-particle potential V,z5(k, k'), rather than
the coupled-channel potential f/ag(k:, k'; E). As we are considering only n; separable
potentials V,5(k, k'), the background ¢-matrix is also separable in momentum [44]], and
may therefore be written as

g(E) - FH()

tas(k, K E) = (fo(k) - fa'(F)) : : : :
LE(E) - DE(E)) \f5 ().

— tog(k, ks E) = fo (k) lag(E) fa(K) . (2.25)

We may substitute both this separable form of the ¢-matrix and the separable form of the
potential from Eq. (2.19) into Eq. (2.24)), giving

Fa(k) tap(E) f5(K') = fa (k) Tag F5(K')
_|_Z/dqq2 fo (k) Vay £5(q) fyT(Q)Ew(E) fa(k")

E—w,+ie

, (2.26)

Pre-multiplying by f,(k)~", and post-multiplying by f3(k)~" (where fo (k)= fo (k) =
1), this expression simplifies to

2 Doy F(@) £1(q) 5(E)
tag(E) = Tup + Z / Fw i (2.27)




18 Hamiltonian Effective Field Theory

Rewriting in index notation, where Greek indices specify the n. scattering channels, and
Latin indices specify the n; elements of function-space,

t95(E) = v+ ) Z / 2]]; - Jr(litw(E) (2.28)

v mmn=1
= vl + > Z vim M (E) I (E) . (2.29)
v mun=1
Defining the integrals ’
MéJ(E) —/d qq % (2.30)

and rewriting in matrix form in channel-space, solving for #(E) gives

i (2.31)

t(E) = (1 — Y M”(E))
Here, M (E) is an n. x n. diagonal matrix, where the diagonal entries are given by
M (E) for each channel . Having found this matrix expression for i”/(E), the full
background ¢-matrix may therefore be re-constructed as

tap(k, K's E) = fL(k)E2,(E) f5(K),
= fo (k) tas(E) f5(K) . (2.32)

It is worth noting that for a system with no bare basis states, such as a system where one is
considering only purely dynamically-generated resonances, this expression is in fact the
full 7-matrix, giving

Tos(k, ks E) = tos(k, k' E) . (2.33)

For a system containing one or more bare basis states, the full 7-matrix can be con-
structed by adding the contributions from said bare states,

Tos(k, K E) = tog(k, k', E) + T35 (k, k' E) . (2.34)

Inserting the forms of the full 7-matrix from Eq. (2.22)) and background ¢-matrix from
Eq. (2.24), we may solve for T25°(k, k'; E) as

A
T (kK E) = > GE(ki E) Ap, 5y (E) G5° (K E). (2.35)

Bo,B},

The process for deriving this expression is given in Appendix

Here we have defined two new expressions associated with the bare basis states. For a
system with only interactions between bare states and scattering states, and no background
interactions, we simply have G2 (k; E) = GP0(k), independent of the on-shell energy F.
In the more general case, G20 (k; E) is a modified potential describing how the bare states
are dressed by the background interactions, denoted as the “dressed potential” in this text,
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and found as solutions of the integral equation

Vor (K, q) GP(q; E)
Bo Bo '7
GP (k; E) = GE +§ / F o i (2.36)

However, this dressed potential is defined such that

Vas(k, k) G5° (K E)  tas(k, k' B) GE* (K)

= ) 2.37
E —ws(k) + ie E —ws(k) + ie (237)
Substituting this property into Eq. (2.36), we have
tary(k, q; E) G0 (q)

Bo(k; E) = GBo(k / (k¢ B) ). 2.38
Ga'( )+ Z E—w,(q)+ e (2.38)

Using the separable nature of the background ¢-matrix,

fila) G (a)

Po(k; B) = GB (K / 10 T 2.39
Ga'( +ZZ E wy(q) + i (2.39)

This can be further simplified by defining the integral

, [ila) GT*(q)
0 (E) = /dqq Bl i’ (2.40)

and therefore the dressed potential is given by

G (k; E) = GE (k) + Z Z [i(k) tar(E) g5 -, 5y (E) - (2.41)

Similarly, we have that for G2o' (k; E),

E—wy(k)+ic —  E—wu(k)+ic '
Following a similar process, we find that G50 (k; E) = G5 (k: E).

Within Eq. (2.34), to calculate the bare state contribution to the 7-matrix, we require
the matrix of dressed bare states,

1
Ay, (E) = [530,35 (E —mp,) — Xp,.5,(E) — X, pr (E)} : (2.43)

For a single bare state, this takes the form of a simple propagator, as in Sec. For
a system with multiple bare basis states, this matrix describes the complex interplay be-
tween bare basis states interacting through intermediary scattering state loops. Within
this matrix, X, Bé(E) describes the self-energy associated with loop integrals generated
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purely from the interaction between a bare state and a scattering state, governed by the
interaction strength G20 (k). This self-energy is given by

()
S () - > ) Gy , 2.44
Bo.B)(E) ; 7,80, Z/ E Wy q) + ic (249

This integral, along with MY (E) from Eq. (2.30) and gy, 5,(F) from Eq. (2.40)
contain a pole at £ — w, (¢q) + ie = 0. As such, to evaluate these integrals, we may extract
the contributions from the pole using Sokhotski’s formula [45]. Given some function
f(z), which is continuous over the range [a, b], with some z € [a, b], Sokhotski’s formula

is given by
' f(z) b fl@)
/ dm—,:P/ dx ——— — iz f(xo) . (2.45)
o T —xo+1€ a T — Xo

Here, the notation P [ is used to denote that a Cauchy principle value integral should be
taken, which is defined such that given a singularity at z,

b To—€ b
7?/ PO LG . U FARAC)) +/ gz 1) 1 . (2.46)
a T — Xy e=0t | Ja T — X zo+e T — X

These integrals may then be evaluated using standard numerical techniques, such as the
Gaussian quadrature method.

The second category of self-energy is the background self-energy X} Bo, B!, (E). Simi-
larly, this self-energy describes the self-energy corrections to the bare state masses due to
background interactions. This depends on the background ¢-matrix, and takes the form

BO B’ Z Z gfa B, (E (E) 950,5736 (E). (2.47)

a,B 1,5=1

The derivation of this expression may be found in Appendix [A] Given these self-energy
contributions, the matrix of dressed bare states can be constructed. This matrix describes
how the bare states are dressed by loop integrals, and higher-order interactions between
different bare states. Having found this matrix, we are able to calculate the positions of
any poles in the 7-matrix, or extract scattering observables as described in Sec. [2.3.3

2.3.2 Poles in the T-Matrix

As the T-matrix can be separated into two parts, given by Eq. (2.34), poles may be found
in each component. To do so, we search for the complex energy Fipq. of the on-shell
channel « (e.g. & = wN for pion-Nucleon scattering), which takes the form

Epole = \/k:g¢7pole + m2 + \/koz pole (248)
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where we may solve for momentum £, po1e associated with the pole,

2 2 2 2 2
k2 _ EP()le (maB maM) _ Mg, + My,

a.pole 42 2

pole

(2.49)

Given this complex momentum, any poles associated with dynamically-generated res-
onances will be found such that

taa(’%z,polea ka,pole; E'pole)_1 =0. (250)
With ¢, as defined in Eq. (2.3 1)), this is equivalent to finding energies which satisfy
1 — 07 M7(Epe) =0. (2.51)

Considering the component of the 7-matrix associated with the bare state, given by
the second term of Eq. (2.34)), the positions of any poles are found as solutions of

det [Ap, 5y (Epote) '] = 0. (2.52)

For a system with a single bare state, this simplifies to finding zeroes in the denominator
of the propagator, or rather complex energies which satisfy

AB()(Epole)_l - Epole —mp, — EB()(-Epole) - ZIBO (Epole) =0. (253)

2.3.3 Scattering Observables

Given both A, p; (E) from Eq. , and the modified potential G2 (k; E) from Eq. ,
we are now able to calculate the full 7-matrix as defined in Eq. (2.34). Using the T-
matrix, we can calculate a variety of scattering observables, beginning with the scattering
cross-section. The cross-section o,5(FE) describes the cross-section associated with a
transition from channel « to channel /5 at some energy F, and is given by

Am ko,
- E2 kﬁ wO‘M (kaon) waB (kaon) wOéM (kaon) WOJB (kaon) |T04/B<k0fon7 kﬁon; E) |2 .
K (2.54)
Here, we have defined the on-shell momentum £, ,, which for on-shell energy E is the

real solution of £ = wq,,(ka,,) + Wag (kae, ) and therefore

0ap(E)

2 _ E_2 + (miB — miM) _ mgéB + miM (2 55)
con 4 4E? 2 ' '

Other scattering observables such as the phase shifts and inelasticities associated with
the scattering process may be calculated from the unitary S-matrix. Given the density of

states in channel o, w w
N E — aM(kaon) aB(kaoﬂ) ka
P ( ) E on

(2.56)
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the S-matrix is parameterised in terms of the 7-matrix as

Sag(E) = (Sag — 27 pa(E) Taﬂ(ka(m; kﬁon; E) pg(E) . (257)

Considering the on-shell channel ay,, which for this thesis will be either S-wave or P-
wave pion-nucleon scattering, we label the phase shift associated with the transition from
the on-shell channel to some channel /5 as dg(E), and the inelasticity associated with this
scattering process as 7(FE). These quantities are related to the S-matrix by the simple
relation

Samp(E) =n(E) exp{2i0s(E)} . (2.58)

Solving for these two scattering quantities, we therefore have that

. 1 Im Sa(mg(E)
%E) =5 ata“{Re samE)} ’

N(E) = |Saus(E)| - (2.59)

By comparing these scattering observables with those extracted from experimental scat-
tering data, we are able to constrain the free parameters in the Hamiltonian.

Finite-Volume Hamiltonian

In lattice QCD, space-time is discretised to a four-dimensional lattice of points, with vol-
ume V = L3 x L,, where L is the spatial extent of the lattice, and L, is the temporal
extent. Additionally, the boundary conditions for this lattice are typically taken to be
periodic. Considering the Hamiltonian as constructed in Sec. [2.2] we may make a con-
nection to lattice QCD results by formulating the Hamiltonian in a finite-volume L? with
periodic boundary conditions.

241 Two-Particle Quantisation Condition

For such a system, in the centre-of-mass frame the momenta of the two particles are
discretised according to

2m 3
k, = 7 n = (ng,nyn,) €Z°. (2.60)
In S-wave scattering, n is permitted to run over all integer values. However we require
at least one unit of momentum to construct higher partial wave states, and in those cases

n = 0is forbidden. In this frame, the energy of the two-particle system with back-to-back
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Table 2.1: Degeneracy of momentum states in each type of shell. The degeneracy is
obtained by considering the number of ways the entries can be permuted across the three
dimensions, and allowing two signs for each momentum component. These momentum
states are defined by integers a, b, ¢ € N\{0}, where a # b # c.

Shell Degeneracy
(0,0,0) | 1

(a,0,0) | 6

(a,a,0) | 12

(a,a,a) | 8

(a,b,0) | 24

(a,a,b) | 24

(a,b,c) | 48

momentum k,, will therefore be

E = way, (kpn) + wWay (—kn) = /K2 + m2  + o\ kE+m? . (2.61)

With this momentum discretisation, integrals in the Hamiltonian such as those in Eq. (2.8))
are similarly discretised, and therefore are transformed according to

3
47r/dk: K = /d% — Z (2%) . (2.62)

nezs
In a system with an exact rotational symmetry, integrals are often simplified by con-
sidering the degenerate momenta k = |k|. In a finite-volume with discretised momentum
we may make a similar simplification, where we consider degenerate momentum states

2
K, — %\/ﬁ , (2.63)

with n = n2 + nz + n?. In the finite volume of the lattice, we must consider the energy
spectrum in representations of the cubic group Op,, and include the possible effects of
angular momentum mixing. An extension of HEFT to include these partial wave mixing
effects, including an isospin-2 77 scattering example is presented in Ref. [31]. Fortu-
nately, [ = 0 and [ = 1 scattering potentials map on to single cubic group irreps with
0" = Af, and 1~ = T (as seen in Eq. (3.10) in Ref. [31]), and therefore we are able to
proceed without these additional complications.

In the notation of Ref. [26], the momentum states of Eq. exist on “shells”,
analogous to the spheres of constant momenta in a system with spherical symmetry. There
are seven types of shells, as shown in Table [2.1} and these shells may be considered as
representations of the octahedral symmetry group Oy, as described in Ref. [31]. Using
these shell definitions we are able to calculate the total degeneracy of a momentum state
k., which we label C5(n). This function describes the number of possible combinations of
n?, n; and n? which combine to produce n. For values of n such asn = 1 and n = 2, only
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one type of shell (n = (1,0,0) and n = (1,1,0)) is able to construct each momentum
state, and therefore C3(n) is equal to the degeneracy of each shell, giving C5(1) = 6 and
(C3(2) = 12. For values such as n = 9 however, the momentum state may be constructed
by either the n = (2,2,1) or n = (3,0,0) shells, and therefore the degeneracy is given
by C5(9) = 30. States such as n = 7 are forbidden, as there is no combination of three
squared integers which produce the shell, and therefore C5(7) = 0. Using the function
Cs(n), we may reduce the three-dimensional sums over all n. € Z3 to single-dimensional

sums, giving \ ,
2 = (2
5 (f”) S (%) Caln). (2.64)

nezs n=0
We re-emphasise that this sum over n only begins at n = 0 for S-wave scattering. In
higher partial waves, we only consider sums from n = 1.

2.4.2 Finite-Volume Regularisation

In Sec. the finite-range regulator u(k, A) provides a mechanism to smoothly remove
higher-momentum contributions from integrals over all %, preventing ultraviolet diver-
gences. In a finite-volume, by choosing some minimum allowed value for the regulator,
Umin, We may truncate the sum in Eq. (2.64), giving a finite Hamiltonian matrix. Giving
this minimum regulator value, we therefore have a maximum allowed momentum £k, in
the system, given as the solution of u(kpax, A) = Umin. Given this maximum momentum,
we may solve for the size of the Hamiltonian matrix,

2
Nmax = (kmaXL> . (265)

2

In choosing a value for u,;,, we require that the maximum momentum £k, is suf-
ficiently larger than the regulator mass A, such that increasing k., any further does
not alter the solutions of the Hamiltonian. Additionally, as the Hamiltonian has size
(Mmax + Mbare) X (Mmax + Nbare ), W€ require np.x to be minimised to reduce computa-
tional requirements. The effect of varying u.,;, on the eigenvalues of the Hamiltonian
for a single-channel P-wave 7V scattering system as considered in Sec. [3.1]is shown in
Fig. where it was found that a regulator minimum of wu,,;, = 1072 is able to suffi-
ciently balance these two requirements.

24.3 Finite-Volume Interactions

In addition to the discretisation of the momenta of the system, the strength of the inter-
actions between basis states of the Hamiltonian is also affected by the finite volume. To
calculate the magnitude of these finite-volume effects on the potentials, consider a simple
toy system with a single bare basis state |By), and a single two-particle state |«(k)). in
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0° 107! 11:*‘2 1073 10~
Figure 2.4: Dependence of Hamiltonian energy eigenvalues on u.,;, for the single-channel
P-wave mN analysis as presented in Sec. governing the maximum allowed momen-
tum and therefore the size of the finite-volume Hamiltonian matrix.

particular, the only allowed interaction for this system is between the bare state and the
two-particle state (equivalently, v,, = 0), and we label this interaction strength G (k)
in an infinite volume. A scenario such as this is analogous to leading order one-loop
calculations in yPT.

In a finite volume, we label the interaction strength between the bare basis state and
the scattering state G, (k). A matrix Hamiltonian for the system would take the form

mp, éa(lﬁ) aa(k?)
o(k1)  wa(kr) 0

H' =15 0 0 walk)

(2.66)

QD

As this matrix is mostly sparse, we can algebraically solve the eigenvalue equation ‘H fin _ B ]I‘ =
0, giving energy eigenvalues

0 N~ Galka)
E; =mj) Xn:wa ) E (2.67)

By considering the relationship between energy eigenvalues of the finite-volume Hamil-
tonian as defined here, and poles in the infinite-volume S-matrix, we are able to find the
relationship between G, (k) and G (k). For the toy system considered in this section,
due to the absence of any two-particle scattering state interactions the coupled-channel
potential as defined in Eq. (2.23) takes the simplified form

v Galk) Ga(K)

/. JR—
V(k,K;E) = B D (2.68)
0
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Due to this, the T-matrix may be written in the simple separable form
T(k,K';E) = Go(k)t(E) G (k') . (2.69)

Substituting these two equations into Eq. (2.22)), we therefore have that the energy depen-
dent portion of the 7T-matrix is given by

> Gala) -
HE) = |E - “”—/ dg ¢ a . 2.70
( ) |: mBO 0 qq E—Wa(q)+l€ ( )
As shown in Eq. (2.57), the S-matrix is directly proportional to the 7™-matrix, and there-
fore the energy corresponding with a pole will be equal in both cases. Poles in the S-
matrix are therefore solutions of

G2 (q)
E (0) _/ d 2 @ . 271
" Bo 0 74 wal(q) — E +ic @.71)

As described in Sec. [2.4.1] there is a well-defined transformation from an infinite-
volume integral to a finite-volume sum, however this is defined for an integral over all
k € R3. As we have a system spherically symmetric in momentum-space, we make the

transformation 10 B
/ dqq® — / dq ¢* / N 2.72)
47 47
onto Eq. (2.71), giving
@Pq  Gi(q)
7 / o , 2.73
"o 41 welq) — E +ie (2.75)

Moving to a finite-volume, and apply the subsequent finite-volume discretisations as de-
scribed in Sec. with ¢ — k,,, we find the position of any finite-volume poles to be

given by , ,
Cs(n) (2w G2 (ky)
0 _ 3 o
E=mpg, En i ( 7 ) onlhn) —E° (2.74)

Comparing this expression with the expression obtained for the finite-volume Hamilto-
nian eigenvalues from Eq. (2.67), it is clear that the relationship between the finite and
infinite-volume interaction strengths is given by

Cg(?”l)

_ o\ 2
Golky) = ?(%) Golkn) . (2.75)



2.4 Finite-Volume Hamiltonian 27

Returning to the general forms of the interaction strengths, the finite-volume potentials
are therefore given by

) =S () ), 2.76)
3
T o Fins i) = \/ Coln) \/ Colm) (2%) Vo (ko o). @.77)

2.4.4 Finite Hamiltonian Matrix

Given the finite-volume factors for the interaction strengths, we are now able to express
the Hamiltonian as defined in Sec. 2.2] as a finite matrix. Applying the finite-volume
transformations with discretised momenta and inserting the finite-volume potentials, the
components of the finite Hamiltonian are therefore

Mmax

Hy" = Z |Bo) mis, (Bol + 2 X lothkn))walke) (ol (2.78)
7 mfz o (2”) 1B0) GE (k) k)| + la(a)) G (k) (B}

(2.79)
=3y \/ i \/ Colm) (%T) [ (ky)) Vo (k)| (2.80)
nm a,B

where the summations over n and m initialise at either O for an S-wave scattering channel,
or 1 for a higher partial-wave process. The full finite Hamiltonian is therefore given by

H™=H"+g+7. (2.81)

As the Hamiltonian is discretised, with a finite extent, it is convenient to express it
in matrix form. Considering 7, bare basis states, labelled B, to B,,,, and n, two-particle
scattering channels, labelled o, to o, , the free Hamiltonian is a diagonal matrix of the
form

H = diag (mig), . m§) oy (1), o (1), oy (2), - i, (i) ) (2.82)

where k; corresponds with either £ = 0 or k¥ = 27 /L depending on which partial wave
channel «; is scattering in. Considering the finite-volume interaction g, it is convenient to
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express it in a block matrix form. We therefore define the block matrix

Goi(k:)  Goilk) -+ Gar (ki)

_ GB(k) GB:(k) - GB: (K

G(k;) = 1:( ) 2:( ) N ”ﬁ( ) : (2.83)
Gart (k) Gas®(ks) -+ Gant (ki)

Using this definition, g may be written as

gannb é(kl) é(k2) é(k?)) é(kmaX)
G (k)T 0 0 0 0
. G(ky)T 0 0 0 0
9= Gu)r 0 0 0 0 (2.84)
: : : : 0
G(kmax)™ 0 0 0 0

Similarly, we may also represent the interaction v in a block matrix form, defining

‘:/041041 (kiv kj) ‘mem(kia kj) ‘:/Oqanc (kiv kj)

— Vozoz kzak Vaa kmk Vozozn ki; j

V(ki, k) = ? ( i) ? ( i) _ ? C.( i) . (2.85)
Vancal (kl’ kj) Vancaz(ki) k]) e Vancanc (kh k])

Expressing v in terms of these block matrices, we have that

Oannb
‘Z(kla kl) ‘Z(kla k?) ‘Z(k:lv kmax)
U= Vi(ky, k1) Vi(ka, ko) V (kg kmax) | - (2.86)
V(kmaxa kl) V(kmaxa kQ) e ‘_/(kmax» kmax)

Using these matrix representations, the full finite Hamiltonian may therefore be calcu-
lated from Eq. (2.81)). Expressing these components in this form proves to be particularly
helpful for numerically constructing the Hamiltonian. As the Hamiltonian has been con-
structed in a finite matrix form, the allowed energies of the system may be calculated by
solving the eigenvalue equation

|H™ — E;I| =0, (2.87)

giving energy eigenvalues F;. With the exception of a simple system such as the toy
system constructed in Sec. [2.4.3] solving for the eigenvalues of the Hamiltonian matrix
must be done numerically, using a real, symmetric eigenvalue solver such as the syevd
routine found as part of the LAPACK [46] package.
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A unique advantage of the HEFT formalism is the ability to also solve for the eigen-
vectors of the Hamiltonian. These eigenvectors are labelled (B;|£;). This describes the
contribution from each basis state | B;) to the energy eigenstate | E;). By considering these
eigenvectors, one can gain insight into the structure of finite-volume eigenstates, where
the fractional contribution from each basis state to an eigenstate is given by |(B;|E;) |2.

245 Pion Mass Dependence

In order to reduce computational requirements, lattice QCD calculations have typically
been performed at larger-than-physical pion masses. While contemporary calculations
are able to be performed near or even below the physical point, a pion mass interpola-
tion/extrapolation scheme is generally required to compare lattice QCD results with ex-
perimental results. To make connection to spectroscopic lattice QCD calculations using
HEFT, we are able to extend the HEFT formalism to unphysical pion masses.

As the pion mass moves away from the physical point, labelled as .| phys> We need
to proportionally alter the masses of other hadrons. In particular, they should vary by m?,
which is typically taken as proportional the light quark mass (m, ~ m?2). A meson with
mass myy is taken to vary according to

2

my(mz) = my|

2 2
e+ o (m2 = m2[ (2.88)

The rate at which the meson mass varies, labelled oy, is referred to as the mass slope
of the meson in this thesis. As the strange quark mass is held fixed in the lattice QCD
results considered, the mass slopes of the pseudoscalar mesons may be found by simply
considering the light quark content of the meson. As an example, the slope for the kaon
isaxg =0.5GeV~L.

The pion mass dependence for baryons with mass mjp is taken as the first term of the
residual series expansion, giving

mg(m?2) = M|y + OB <m72r - mfr’phys) : (2.89)

To calculate the mass slopes for baryon states, we fit this functional form to ground state
mass calculations from lattice QCD, such as those from Ref. [47]. In practice, this process
correctly finds that baryons with a smaller light quark content have a lower mass slope.

While the pion mass dependence of ground state hadrons is well-understood due to
the wealth of lattice QCD results, it is less clear how the mass of the bare basis states used
in HEFT should vary with the light quark mass. As this thesis focuses on three-quark bare
states however, we postulate them to take a linear dependence on the quark mass, giving

mp,(m?2) = mgg + ag, <m72T - mi}phys> . (2.90)
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Given that bare states correspond with quark-model states, we expect this form to be
a good approximation for the pion mass dependence, given that a majority of the non-
linearity in a physical state’s pion mass extrapolation arises from self-energy interactions.
In order to constrain the mass slopes for the bare states, we calculate the finite-volume
energy spectrum at given pion masses and lattice sizes which correspond with lattice QCD
calculations. We then vary the bare mass slopes such that HEFT eigenstates with large
bare state eigenvector components correspond with lattice QCD eigenstates constructed
from three-quark interpolating fields. This process will be explored further in Chapter [3|
and Chapter [5]

While in principle one could also vary couplings which govern interaction strengths
with pion mass, in HEFT the couplings are taken to be fixed as found at the physical point,
following the convention of xYPT where the couplings are fixed to their determination
at the chiral limit. Given the mass slopes of all hadrons and bare basis states, we are
able to extrapolate to unphysical pion masses and make connection with a wide range of
lattice QCD results. In particular, by considering the eigenvector composition of HEFT
eigenstates corresponding with lattice QCD eigenstates, we are able to make predictions
about the structure of the lattice QCD states.

2.4.6 Correlation Functions

In this section we introduce a novel HEFT formalism for estimating scattering-state con-
taminations in lattice QCD correlation functions constructed with standard three-quark
operators. The analysis draws on the extensive information available in the finite-volume
eigenvectors of the Hamiltonian.

We commence with the consideration of a single bare basis state. Given a three-quark
operator x(x,t) with quantum numbers corresponding to a baryonic state of interest, the
correlation function [48, 49] is given by

Gy(t,p) =) e P (] x(2,t) X(0,0) ) ,

Gy (t) = Z Q) x| B |? e P (2.91)

where a complete set of energy eigenstates I = > . | E;) (E;| has been introduced, |(2) is
the nontrivial QCD vacuum, and zero momentum has been taken.

In Ref. [50]], Bir and coworkers provided a xPT estimate of the coupling between a
smeared nucleon interpolating field and a non-interacting pion-nucleon basis state as

3 1 EN — my -3
— ~ 10 2.92
16 (fx L)* Ex L ( Ey ) ’ 252

where £ and F are on-shell pion and nucleon energies. The numerical estimate is based
on a 3 fm lattice and the lowest nontrivial momentum contribution where the coupling is
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largest. Here the 1/L? dependence of the coupling is manifest as the non-interacting
two-particle momentum state is spread uniformly throughout the lattice volume.

Noting the small magnitude of the overlap between the local interpolating field and
the two-particle basis states, one concludes that the state excited by the local interpolating
field is the only local state in the Hamiltonian basis, the bare-baryon basis state. As such,
we associate the three-quark nucleon interpolating field Y acting on the nontrivial QCD
vacuum, |Q2), with the bare basis state of HEFT, via x(0) |2) = |By). Inserting this into

Eq. (2.91) gives

Gy, (1) Z [(BolE;)[* (2.93)

Drawing on the eigenvector components (By|E;), and eigenenergies F; of HEFT, we
can simulate the scattering-state contaminations in lattice QCD correlation functions. We
define the “contamination function” Cp, () for the bare basis state | By) as

Cp, (1) Z\ (Bo|E;)|? e Bit | (2.94)

1#Bo

GBO

where the sum over all ¢ # By is considering all energy eigenstates, barring the eigen-
state with the largest contribution from the bare state. We label this eigenstate |E'pg,).
If this eigenstate is the ground state, for sufficiently large Euclidean time evolution the
contamination function will tend to zero, where all excited states have exponentially de-
cayed through the Euclidean time evolution. If |Ep,) is not the ground state, we expect
a minimum in the contamination function at some Euclidean time, where the state has
the least scattering-state contamination, before becoming completely dominated by the
lowest-lying scattering state.

This construction of the correlation function and resultant contamination function is
relatively straightforward for a system with a single bare basis state. The generalisation
to two bare basis states is presented in Chapter [5] in the context of the two low-lying
odd-parity nucleon resonances.






REGULARISATION IN HEFT

The content of this chapter is based upon the publication: Curtis D. Abell, Derek B.
Leinweber, Anthony W. Thomas, and Jia-Jun Wu. Regularization in nonperturbative ex-
tensions of effective field theory. Phys. Rev. D,106(3):034506, 2022[34]].

In chiral perturbation theory (xPT), it has been shown that within the power-counting
regime (PCR) the chiral expansion of quantities of interest is independent of choice of reg-
ularisation scheme. Finite-range regularisation (FRR) is one such choice, where a smooth
momentum regulator u(k, A) is introduced to loop integrals, suppressing large momen-
tum contributions, and thereby removing ultraviolet divergences. Within the PCR, the
choice of regulator form factor, and regulator parameter A is irrelevant. However, outside
of the PCR the regulator serves as a model, introducing A-dependent terms. This process
is described in more detail in Sec. [2.1] In a non-perturbative extension of effective field
theory, such as Hamiltonian Effective Field Theory (HEFT), the process of finite-range
regularisation has a significant impact. As described in Sec.[2.2.2] the dimensionless cou-
pling strengths are renormalised in some A-dependent manner to describe experimental
data, and the mass of the bare basis state has a strong dependence on the regulator param-
eter. In line with the approach taken in xPT [51]], we hold these couplings fixed as the
pion mass is varied, instead varying the masses of the two-particle state hadrons and any
bare state masses to describe physics away from the physical point.

While these quantities are A-dependent and therefore model dependent, as they are
constrained by experimental scattering data it is expected that the observables should
be model-independent. In practice however, to what degree this model-independence
manifests in the Hamiltonian is unclear, and therefore in this section we will focus on
exploring the effects of a varying regulator in both infinite and finite volume physics. In
particular, the relationship between the regulator and the bare basis state will be explored,
investigating the role of the regulator in describing the resonance as being dynamically
generated, versus generated by a three-quark core dressed by meson-baryon interactions.

To study the effects of regularisation in HEFT, the P-wave A(1232) resonance with
quantum numbers spin—% and isospin—% will be taken as a case study. This resonance
is particularly suitable for an exploratory study, as it lies near the pion-nucleon thresh-
old, and therefore is largely independent of contributions from three-particle 77 /N and
hyperon states.

In this chapter, we will begin by considering the effects of our choice of regulator
parameter for a simple system with a single bare state and one 7w /N scattering state. This
will allow for a consideration of the effects of regularisation on both infinite-volume and
finite-volume physics, without any complicated dynamics above the A threshold. In

33
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addition, the effects of the choice of regulator itself will be considered. Following this, we
will consider a more complex system, with an additional A scattering channel. This will
provide insight into how the coupled-channel formalism responds to a varying regulator
parameter, and how we can use lattice QCD to find a preferred regulator parameter. We
will also consider how this formalism compares to contemporary lattice QCD results,
without any additional changes to the constraints of the Hamiltonian.

Single Channel Analysis

In order to study the effects of our choice of regulator form, and regulator parameter, a
simple system is best considered first in order to gain intuition into the behaviour of the
system under changes in the regulator. As such, we will first consider a system with one
bare state, labelled |A,), with mass Hy |Ag) = ma, |Ag). This bare state will then be
dressed by a single scattering channel labelled |7 (k)N (—k)). Due to the symmetries of
the system however, we can consider this channel more simply as |7 N (k)). The energy
of this state is given by Hy |7 N (k)) = w,n(k) |7 N(k)), where

wan (k) = k2 +m2 + /K2 +mi . (3.1

The interaction between the bare state and a /N scattering channel of momentum £
is taken as the yPT-motivated form

A
oy (k) = 2 Ky ). (32)
m

Here, the coupling strength g5 is made dimensionless by the pion mass at the physical
point, u(k, A) is the regulator of a form to be specified, 1/4/w, (k) is a kinematic factor,
where w, (k) = /k? 4+ m2, and the potential is proportional to a single power of & to
represent the P-wave nature of the interaction.

Considering interactions between two scattering channels with back-to-back momenta
k and £, this interaction is parameterised by the potential

/
UrNnN k k

Vinan(k, k') = (mgrhyS)Q wr (k) we (k")

w(k, A)u(k', A) . (3.3)

In the notation of Sec. it can be seen that this potential is separable in the incoming
and outgoing momentum, and can be written in the form

k
wr (k)

In general, these two types of interactions can have different ranges, and therefore
different regulator parameters. To simplify the analysis, and allow for a better building of

Vonmn (b B) = 2NN e S(k) fon (), with  fen(k) =

(m™?

u(k,A). (3.4
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intuition into the role of the regulator, A will be held equal for both GfN and V n.n. As
a result, for a particular choice of A, this system has three free parameters: the bare mass
ma,, and coupling strengths ng and v,y n. In order to constrain these parameters for a
given A, we will consider experimental P-wave pion-nucleon scattering data.

3.1.1 Fitting Experimental Data

To initially verify the ability of this system to describe experimental data, we begin by
considering a dipole regulator,

o
(1+5)

where a regulator parameter of A = 0.8 GeV, associated with the induced pseudoscalar
form factor of the nucleon[52]], will be used. To make connection with pion-nucleon
scattering data, we construct the scattering equations as formulated in Sec. [2.3] for this
system. As we are working within a single-channel framework, rather than a coupled-
channel framework, the coupled-channel scattering equations in Eq. (2.22)) becomes

(k) = (3.5)

>, VWNWNU{: q; E) Tﬂ'Nﬂ'N(q kj/‘ E)
Tenan(k,k':E) =V n.n(k K E +/d 2 = ———~ (3.6
NN ( ) NN ( ) a4 E — wnn(q) + ic (3.6)
where the modified potential Vinsn is given by
B A k A k!
Vﬂ'NTK‘N(k7 kl? E) = GﬂN( ) GWN( ) + VTI'NTI’N<k7 k/) . (37)
E— ma,

Solving for this 7-matrix with the techniques outlined in Sec. we decompose the
T-matrix into a background component, given by ¢,n.n, and a bare state component,
given by t2_y. The background portion of the T-matrix is considerably simplified from
the general description in Sec. [2.3] giving

V7rN7rN(k7 kl)

tﬂ' s ka/’E = ’
N N( ) (1 — UrNaN MTI’N(E))

(3.8)

where M, n(F) is an integral defined below. Additionally, the component of the 7-matrix
associated with the bare state is given by t2y_ v = G2y (k; E) A(E) G2y (K'; E), where
the dressed potential is given by

Unr NN wa(k)

A A
gTrN(k> - GWN(k> + 1 — UrNnN MWN(E

) gf,wN,A(E> s (3.9
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and the propagator is of the form

1

A = i TS (B) S (B)

(3.10)

with I (F) given by Eq. (2.47). Within this formulation, there are three integrals to be
calculated numerically,

_ 2 f7TN<Q)2
MWN(E)—/dqq R (3.11a)
_ 2 Jan(q) Gon(q)
grana(E) = / dqq F—win(q) i’ (3.11b)
Gov(g)?
_ 2 7N
ZWN(E)—/dqq o (@) T (3.11c)

As all three of these integrands contain a pole for £ — w,n(q) 4 ie = 0, we are able to use
Sokhotski’s formula to rewrite them in terms of a principle value integral as described in
Eq. (2.45)), Taking Eq. (3.11a) as an example, the integral may therefore be rewritten as

fﬂN(Q)z
E— wﬂN(Q)

in / dqq® Fon (@) 0(E — won(g)) (3.12)

M.n(E) :77/dqq2

Given the on-shell momentum k,,, which is the solution of F = w,(kon) + wn (kon), the
delta function may be simplified using the property that

1

IE —wrn(q)) = (@)

d(kon — q) , (3.13)

where w! \/(q) represents the first derivative of w,x(q) with respect to g. As such, this
integral may be evaluated as

3 2
P/ 2 Efw](\; N(q) - kon fﬂ%(kon) (,uﬂ(kon) WN(kon) . (314)

A similar process may be used to also simplify the integrals g;.na(E) and 3, y(E).
In general, these principle value integrals may be evaluated numerically using standard
Gaussian quadrature techniques, such as that offered by the gawc function in QUAD-
PACK [53]]. Given these integrals, the T-matrix may therefore be calculated as

TT"NTFN(k7k/;E) - tﬂ'Nﬂ'N(k k E) + tﬂNﬂN(k’ kjvE) : (315)



3.1 Single Channel Analysis 37

Table 3.1: Single-channel fit parameters constrained to the WI08 solution of the P33 m/NV
scattering data [54)} 55]], where a dipole regulator with A = 0.8 GeV was used.

Parameter Fit Value
ma,/ GeV 1.3589
ng 0.1762
UrN,zxN -0.0286
A/ GeV 0.8000
d.of 13

X2 236.81
Xz/d.o.f. 18.22

Evaluating the 7T-matrix at the on-shell momentum k,,, we may solve for the S-matrix
using the density of states as defined in Eq. (2.56), giving

kon
ST{'NT('N(E) =1=2m F ww(kon) WN(kon) T7rN7rN<k:0n’ kon; E) . (316)

From the S-matrix, the phase shift is therefore

1 (ImSWNWN(E)) .

E)=-
drn(E) atan ReSovon (E)

5 (3.17)

By comparing this phase shift to experimental data, we are able to constrain the three
free parameters in the Hamiltonian. Considering an energy range of &/ = m, + my to the
7 threshold at approximately £ = 1.35 GeV, we vary the bare mass ma,,, and the cou-
pling strengths g2 and v, vy, and compare to Ps3 pion-nucleon scattering data available
from Refs. [54] and [55], specifically the WIO8 solution. In order to fit this data, a variety
of minimisation methods were considered, though it was found that Powell’s derivative-
free optimisation method [56]] was best performing. As each function evaluation requires
several numerical integrals at each energy value, a single function evaluation is relatively
expensive. Therefore, a derivative-free method which doesn’t need to calculate the Jaco-
bian requires significantly less computational time.

The phase shifts predicted by HEFT can be compared to the scattering data by a simple
x? test. Given the choice of a dipole regulator with A = 0.8 GeV, the resultant best fit
parameters are presented in Table 3.1} Additionally, the phase shift produced by this set
of fit parameters is illustrated in Fig. A x? of 236.81 was found for this fit, with a
x?%/d.o.f. of 18.22. While it appears surprising that the x?/d.o.f. is so high, the 7N data
used for fitting was taken from the single-energy WI08 solution, which has a very large
degree of statistical precision. However, there is a degree of systematic uncertainty not
present in the statistical error bars shown in Fig. As such, many authors either do
not report a x2, or assign some relative error instead. As an example, Meissner ef. al.
assign a 3% error to their data, quoting a x?/d.o.f. of 0.77 for a fit range of up to 1.2 GeV.
Similarly, in Ref. [57] a 5% error is assigned providing a x?/d.o.f. of 0.78 when fitting up
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Figure 3.1: P-wave N phase shifts for a system with a bare state, where the solid points
are experimental data obtained from Ref. [54, 55]], the solid line is the fit using HEFT to
the data, and the dashed line represents a phase shift of 90 degrees. The parameter set
producing this curve is provided in Table and results in a y?/d.o.f. of 18.22.

to 1.3 GeV. If we take a similar approach, a x?/d.o.f. of 0.07 is found for an uncertainty
of 3%. An uncertainty of 1% is required to bring the y?/d.o.f. above 1.0, and as such with
this method of comparison this fit may be considered more than comparable. This fit also
has excellent visual agreement with Ref. [58] and Ref. [59]], which do not quote 2.

Considering the parameters in Table [3.1, we find a bare mass of ma, = 1.359 GeV.
For a physical mass given by M = ma, — Xy~ (M), this implies that there is approx-
imately a 130 MeV dressing on the bare basis state to produce the physical A baryon at
M = 1.232 GeV. As can be seen in the phase shifts of Fig. [3.1] the phase shift curve
indeed appears to pass through 90° at approximately 1.23 GeV, where a phase shift of 90°
corresponds with a peak in the cross-section, and therefore a resonance. The coupling g2
may be compared to the value predicted by yEFT. In Ref. [60], and using the notation of
this thesis, the potential G2 (k) is written as

2 k*u(k)?
A 2

k) =xa — 3.18

Gﬂ'N( ) XA T wﬂ(k?) ) ( )
where the coupling constant has the form
32,

= = 3.19

XA 52512 0 (3.19)

This coupling is written in terms of the pion decay constant, f, = 92.4 MeV, and C =
—1.52, derived from SU(3) flavour relations. Evaluating \/2xa /7 with these values,
and normalising by a factor of 1/m, to make the coupling dimensionless, gives a value
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Figure 3.2: T-matrix components for the single bare state system, where the solid points
are the SAID WIO8 solution [54, 55)]. The red and blue solid curves correspond with
the real and imaginary components of the 7-matrix calculating using the parameter set in

Table

of g2y werr ~ 0.148. Therefore the HEFT coupling of 9| yger = 01762 is very
comparable to the YEFT value, with some renormalisation as described in Sec.[2.2.2]

Additionally, we are able to search for a pole in the 7-matrix, found for the complex
energy Fpoe such that

AA(Epole)_1 - Epole —may, — Z7rN(Epole) - ZErN<E’pole) =0. (320)

By searching on the second Riemann sheet, with a complex momentum rotation of k£ —
ke~/3, we find a single pole at a position of Epole = 1.211 — 0.049¢ GeV. Given that
the imaginary component of a pole is related to the width of the resonance, labelled I'a,
according to I'a = —2Im FEp, this implies a resonance width of approximately 100
MeV. Comparing the position of this pole to the PDG value of 1.210(1) — 0.050(1)¢
GeV [3], we observe excellent agreement. This agreement is particularly manifest in
Fig. where a comparison between the 7-matrix as predicted by HEFT and the 7'-
matrix predicted by the WIO8 data is presented.

Given a parameter set which has excellent agreement with both data for the P33 scatter-
ing phase shifts and the PDG pole position, we are able to use the constrained Hamiltonian
to make predictions about the finite-volume behaviour of this system.
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3.1.2 Finite-Volume Energy Spectrum

Given our choice of a dipole form factor for the finite-range regulator, we are able to
solve for the maximum allowed momentum in the system, and therefore the size of the
Hamiltonian matrix.

As discussed in Sec. [2.4.2] we choose some i, such that the computational time
i1s minimised, but the Hamiltonian being large enough such that decreasing wu,y;, further
does not alter the eigenvalues of the Hamiltonian. Solving for the maximum momentum
this corresponds to for the dipole form factor from Eq. (3.5), we find

e = A u 2 — 1. (3.21)

For u,i, = 0.01, and a regulator parameter of 0.8 GeV, this therefore corresponds with a
maximum momentum of k., = 2.4 GeV.

Given this maximum allowed momentum for this system, the free Hamiltonian is
written as

H(f]in - dlag (ona wwN(k1)7 wTrN(kQ)a ) wwN<kmax)) . (322)

Modifying the potentials in Eq. (3.2) and Eq. (3.3) to include the finite-volume factors,
the interaction Hamiltonian has the matrix form

0 ~ Gan(k) ~ Gan(ke) o GRy(Kina)
gﬁN(k1> ‘_/WNWN(k17 kl) ZTK‘Nﬂ'N(k17 k2) e ZTI’Nﬂ'N(k17 kmax)
Hlﬁn = GﬁN(k2> VWNWN(k27 kl) VﬂNﬂN(k27 k2) e Vﬂ'Nﬂ'N(k27 kmax)
éﬁNUﬂnax) VﬂNﬂ'N(kmaxv kl) VﬂNﬂN(kmaxa k2) e VWNWN(kmaxa kmax)

(3.23)
Therefore the full Hamiltonian may be constructed as Hfi* = Hfn + Hfin,

With the finite Hamiltonian constructed, we obtain the energy eigenvalues by solving
the eigenvalue equation | — F ]I‘ = 0. It is worth noting that in the simplest case,
where v, n.n = 0, this eigenvalue equation can be written in a simple form, giving eigen-
values as solutions of

N Gay(kn)’
E; = -y = 24
P ma, ; WWN(kn) — Ez (3 )

Taking the infinite volume limit, where L, n,,,, — 00, and associating the energy £ with
the physical, renormalised mass ma, this eigenvalue equation recovers the expression for
the one-loop correction to the A mass from yEFT,

_ gon : ku(k)?
ma =mpa, — (—) /dk’ wﬂ(k) [ (325)

My ma — wyn (k) + ie]

In order to investigate the effects of the lattice size L on the system, which is manifest
in the momentum discretisation k,, = 27n/L, we can solve the eigenvalue equation for a
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Figure 3.3: Dependence of the energy eigenvalues of the Hamiltonian on the (spatial)
lattice size. The solid lines represent the energy eigenvalues following from the parameter
set in Table The (blue) horizontal dot-dashed line is the bare mass and the (blue)
curved dashed lines are the non-interacting 7N basis states at k = 27 /L, 2v/2n /L, . ..
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Figure 3.4: Dependence of the eigenvector components for the low-lying energy-
eigenstates on the lattice size L. The solid (red) line corresponds with the contribution
from the bare basis state, while the dashed lines are the eigenvector components for 7NV
scattering states. The purple dashed line labelled 7N (k>4) sums all contributions from
higher momentum scattering states.

range of L. Typical baryon spectroscopy studies in lattice QCD require a lattice size of
L ~ 2 fm or higher, and as such the finite-volume energy spectrum from L = 2 fm to
L = 8 fm is illustrated in Fig. Here, it can be seen how the interactions between the
bare basis state, and the two-particle states result in a significant shift away from the non-
interacting energies. Initially, for L ~ 2 fm, this shift is of the order several hundred MeV.
As the lattice size increases, and the density of states also increases, this shift significantly
decreases to around 10-20 MeV.

To gain better insight into the structure of these eigenstates, we are able to also calcu-
late the eigenvectors (B;|E;), where |B;) are the basis states of the system. Considering
the first four states, the eigenvector composition as a function of the lattice size L are
illustrated in Fig. [3.4] Here, it can be seen that over the range of lattice sizes considered,
the majority of the contribution from the bare basis state (coloured red) is concentrated
in the first four eigenstates. For L ~ 2 fm, the majority of the bare state contribution is
concentrated in the ground state. As the lattice size increases however, this contribution
is spread out among the nearby states, and the eigenstate with the largest bare state com-
ponent begins to move to a higher energy in the spectrum. The 7/V scattering states have
a similar behaviour, where a majority of the eigenvector components corresponding with
them is concentrated on a single eigenstate initially, before spreading throughout nearby
eigenstates for large L.
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Figure 3.5: Lattice volume dependence of the energy eigenvalues of the Hamiltonian
with parameters given in Table[3.1] The solid (red), short-dashed (blue) and long-dashed
(green) highlights on the eigenvalues correspond to the states with the largest, second-
largest and third-largest contribution from the bare basis state |A) respectively.

As we associate the eigenstate with the largest bare basis state component with a
state constructed from three-quark interpolating fields in lattice QCD, it is convenient to
illustrate the states in the energy spectrum with the highest bare state contribution. This
can be seen in Fig. where the eigenstates with first, second, and third largest bare state
component in their eigenvectors have been highlighted. These have been labelled as first,
second, and third most probable states, as they are the most probable states to be observed
in lattice QCD studies using three-quark operators. It can be seen in this illustration
that the energy eigenvalue with largest bare state contribution is concentrated around the
physical mass of the A, at 1.232 GeV. Interestingly, in the finite-volume spectrum the
bare basis state eigenvector components are also spread over eigenstates within a range of
approximately 100 MeV, which corresponds with the width of the A resonance.

In order to make a connection with available lattice QCD data for the A, we are re-
quired to extrapolate the finite-volume energy spectrum to unphysical pion, and therefore
hadron masses. To do so we take the mass of the nucleon to vary in m? according to

My (m2) = m s + (mfr - mzyphys) , (3.26)

where the mass slope for the nucleon is ay = 1.435 GeV~!. This value was found by
fitting the functional form of Eq. to lattice QCD calculations of the ground state nu-
cleon mass at various pion masses. To calculate the mass slope of the bare basis state, we
consider lattice QCD calculations for the ground state A, such as those from Ref. [47]. By
calculating the finite-volume energy spectrum at the pion masses corresponding with the
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Figure 3.6: Pion mass dependence of the finite-volume HEFT eigenvalues at L = 2.99
fm for the parameter set given in Table The solid black curves illustrate the finite-
volume energy levels predicted by HEFT from fits to experimental phase shifts. These
lines are dressed by solid (red), short-dashed (blue) and long-dashed (green) highlights
indicating states with the largest, second-largest and third-largest contribution from the
bare basis state | Ag) respectively. Lattice QCD results for lowest-lying A masses, denoted
by the (black) points, are from the PACS-CS collaboration [47]. As these lattice results
follow from local three-quark operators, they are expected to lie on a solid (red) energy
eigenstate. The vertical dashed (black) line illustrates the physical pion mass, while the
thin (blue) dashed lines denote the bare mass and scattering basis states.

lattice QCD data, we are able to vary the bare mass slope such that the HEFT eigenvalue
dominated by bare state contributions corresponds with the lattice QCD masses.

Taking the mass of the bare state, given by ma, to vary with pion mass as the simple
residual series expansion

A, () = Mgl gye + @y (m2 = m2[ ) (3.27)

where ma, | shys 18 the mass of the bare state at the physical point, we find a bare mass
slope of ap, = 0.771 GeV ! is best able to describe the lattice QCD data obtained from
Ref. [47]. The finite-volume energy spectrum for this mass slope is illustrated in Fig.
In this figure, which uses the same method of colouring eigenstates to indicate the bare
basis state composition, we see that for all pion masses the largest component of the bare
basis state is contained in the ground state. Using this simple bass mass expansion, we
do observe some difficulty in describing the state at the third-lightest pion mass however.
At larger pion masses, the first and second excited states are predominantly composed of
m N scattering states, with little contribution from the bare basis state.
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Figure 3.7: Dependence of the parameters used to constrain the Hamiltonian on the reg-
ulator parameter A. The left plot displays the A-dependence of the bare mass, while the
right plot considers the A-dependence of the two coupling strengths.

3.1.3 Dipole Regulator Dependence

As Liischer’s method is embedded in Hamiltonian Effective Field Theory, it is expected
that any parameter set which is able to describe the experimental data should produce an
equivalent finite-volume energy spectrum at the physical point. It is less clear how chang-
ing the regulator parameter, and finding a new parameter set to describe the experimental
data would manifest in the eigenvalues outside of the fit region. Different parameter sets
may also affect the eigenvectors of the Hamiltonian, which are not physical observables,
as well as the extrapolation of energy eigenvalues to unphysical pion masses.

To do so, we consider fitting the experimental data with A from 0.6 to 8.0 GeV, con-
tinuing to use a dipole form factor. A = 8.0 GeV was chosen as the upper bound, as
this is the smallest value of A required to get a good description of the experimental data
without a bare basis state, as will be explored in the following text. It is found that the full
range of A considered is able to describe the experimental data up to £ = 1.35 GeV, and
the dependence of the bare mass, and two coupling strengths are presented in Fig.
Here, it can be seen that as A increases up to approximately 2 GeV, the bare mass is also
increasing. As A increases, the self-energy also increases, as more short-distance physics
is included. Therefore to formulate the physical A mass, the bare mass is required to
increase proportionally. Above A ~ 3 GeV, we find that self-energy terms are becom-
ing increasingly dominated by interactions between scattering states, where the 7-matrix
has a larger contribution from the coupling strength v, y,y compared to from g=y. As
such, for A = 8.0 GeV, we find that a bare basis state is no longer required to produce a
resonance corresponding with the A(1232).

Removing the bare A, and constructing a Hamiltonian with only 7w /V scattering states

leaves only a single free parameter, v, y,y. By solving the scattering equations for this
system using a dipole regulator with A = 8.0 GeV, we find that it is possible to describe
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Figure 3.8: P-wave mN phase shifts and 7-matrix components for a system with no bare
state, where the solid points are experimental data obtained from Ref. [54}55]]. The solid
lines are the fit using HEFT to the data, and the dashed line represents a phase shift of 90
degrees. The parameter set producing these curves is given by Fit IV of Table with
A = 8.0 GeV.

the experimental data in the region of the A resonance. This results in a coupling strength
of vyyzn = —0.0029. Considering a larger value of A found no substantial increase in
the ability to describe the experimental data. A comparison of the phase shift and 7-
matrix from HEFT with the experimental data is presented in Fig.[3.8] As can be seen,
while this system is able to produce a resonance in the correct region, it struggles to
reproduce the scattering properties for higher energies. By searching for a pole in the
T-matrix, as described in Eq. (2.50)) for a system with no bare states, a pole was found for
Epore = 1.205 —0.0457 GeV. While this is a worse description of the pole compared to the
system containing a bare state, it is still close to the PDG value of 1.210(1) — 0.050(1):
GeV.

As both systems are capable of describing the experimental data in the resonance
region, it is desirable to see how this manifests in a finite-volume, and more generally
how the regulator parameter affects finite-volume quantities.

By constructing the Hamiltonian for this system in a finite volume for each parameter
set, we are able to solve the eigenvalue equation to test the model-independence of the
energy eigenvalues. The results of this are shown in Fig. [3.9 Here it can be seen that
all energy eigenvalues which lie within the fit region of £ < 1.35 GeV are indepen-
dent of the regulator parameter A. Within this region, the fit parameters are described by
experimental data, and therefore by the Liischer mechanism embedded in HEFT all fit pa-
rameters should produce the same finite-volume energy spectrum. Above E ~ 1.35 GeV,
the Hamiltonian is not constrained to experimental data, and the regulator has taken on
the role of a model for the higher energy eigenstates. Despite the A-dependence observed
in the higher energy eigenvalues of Fig.[3.9] when considering a small A region of 0.6
GeV to 1.0 GeV where a typical study would focus there is little variance observed in the
energy eigenvalues.
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Figure 3.9: Dependence of the lowest lying eigenvalues of the finite-volume Hamiltonian
on the regulator parameter A for two different lattice sizes, where A is varying from 0.6
to 8.0 GeV. The solid (black) lines are the eigenvalues, the horizontal dashed (blue) lines
are N basis states, and the curved dot-dashed (blue) line is the mass of the bare A\, . The
Hamiltonian was constrained to experimental data with £ < 1350 MeV.

While the eigenvalues are A-independent within the region constrained by experiment,
it is less clear how the eigenvectors behave as A is varied. Significant A-dependence
in the eigenvectors can have impact on the interpretation of the structure of states of
interest, and in particular may affect the position of the eigenstate dominated by bare state
contributions. For an L. = 3 fm volume, the dependence of the Hamiltonian eigenvectors
are illustrated in Fig. @} Here, it can be seen that as A increases, the concentration of
the bare basis state in the ground level drops rapidly. Instead, the majority of the bare state
contribution moves to the first excited state. As the bare state eigenvector component in
the ground state decreases, it instead becomes a mix of higher scattering states, implying
that the ground state is perhaps representing a dynamically generated A for the case of
very large A.

Similar behaviour is observed for larger lattice sizes, where the eigenstates within the
vicinity of the renormalised A mass gain strong contributions from many higher scattering
states for large A. This can be seen in Fig. [3.11] where the eigenvectors for the first four
energy eigenvalues are displayed. Here, it becomes clear that as A increases, and as the
coupling g2y reduces proportionally, the majority of the contribution from the bare A
becomes concentrated in the nearest eigenstate. At this point, the second excited state has
effectively become a non-interacting bare basis state, further indicating the A has become
dynamically generated by a very short-range interaction.

It appears that the full range of A considered, both with and without a bare basis
state, is able to provide a description of the A resonance in both infinite-volume and
finite-volume formulations. One strength of HEFT however, is the ability to extend the
formalism beyond the physical point, and compare with lattice QCD. This has the ability
to provide additional insight into the A-dependence of these states, and possibly give
direction into which picture best represents the A resonance.
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Figure 3.10: Dependence of the energy-eigenstate basis-state structure on the regulator
parameter A, where A is varying from 0.6 to 8.0 GeV, for a lattice size of L = 2.99
fm. The two lowest-lying eigenstates are shown, to best illustrate the behaviour of the
eigenvector component for the bare basis state.
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Figure 3.11: Dependence of the energy-eigenstate basis-state structure on the regulator
parameter A , where A is varying from 0.6 to 8.0 GeV, for a lattice size of L = 5.00 fm.
The first four eigenstates are illustrated.
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Table 3.2: Single-channel fit parameters constrained to the WI08 solution of the P33 m/NV
scattering data [54} [55]]. Fits I-III contain a single-particle basis state |A,), while Fit IV
does not.

With |A0> No |A0>
Parameter Fitl FitII Fit 111 Fit IV
ma,/ GeV 1.311 1.497 1.470 :
92y 0.2210 0.0818 0.0101 -
UrN,zN -0.0205 -0.0238 -0.0090 -0.0029
A/ GeV 0.6000 1.6000 4.0000 8.0000
d.o.f. 13 13 13 15
x> 75.86 230.85 194.68 24373.42
x?/d.o.f. 5.84 17.76 14.98 1624.90
an,/ GeV™! 0.855 0.566 0.516 -
g2/ GeV™! 1.264 0.655 0.370 -
anga/ GeV™? -1.061 -0.231 0.375 -
Pole / GeV 1.210 — 0.050; 1.210 — 0.049i 1.209 — 0.049; 1.205 — 0.045i

As described in Sec. we are able to fit the bare mass slope for a given pa-
rameter set to lattice QCD data at a variety of pion masses. In order to investigate the
A-dependence at unphysical pion masses, we will consider four sets of fit parameters,
each with a different A. These four sets of fit parameters are presented in Table [3.2] and
labelled Fit I through to Fit IV, where Fit IV does not contain a bare basis state. As can be
seen in this table, the bare mass slope, given by aa,, has a general trend of decreasing as
the regulator parameter increases. As for A = 8.0 GeV, a bare state is no longer required
to describe the experimental data, where the parameters for this system are presented in
Fit IV.

The finite-volume energy spectra as a function of the pion mass, and utilising these
bare mass slopes, are presented in Fig. Here, it can be seen that for a regulator pa-
rameter of 0.6 GeV, the smallest considered, there is minimal curvature in the ground state
eigenvalue, due to the small bare mass. As a result, it is difficult to describe all of the lat-
tice QCD data, which exhibits a clear non-linear behaviour for small pion masses. While
a regulator parameter in the range of 1.6 GeV and above is able to give a good description
of the lattice QCD data, we find that at A = 4.0 GeV the first excited state becomes the
state dominated by bare basis state contributions, and as a result is not consistent with
the lightest lattice QCD mass. For the system with no bare state, and A = 8.0 GeV, the
Hamiltonian is completely unable to describe the data at any but the lightest point. Here,
the strength of this approach is demonstrated, where without considering lattice QCD data
in addition to experimental data, we would be unable to definitively judge the appropri-
ateness of each system. This conclusion of being unable to describe the properties of the
A without a bare mass is also in agreement with Ref. [61]].
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Figure 3.12: Pion mass dependence of the finite-volume HEFT eigenvalues at L = 2.99
fm for increasing values of the regulator parameter A . No bare basis state is present for
A = 8.0 GeV. All other A values have a bare state mass expansion given by Eq. (3.27).
The parameters for these fits are given by their corresponding entries in Table [3.2] The
solid black curves illustrate the finite-volume energy levels predicted by HEFT from fits
to experimental phase shifts. These lines are dressed by solid (red), short-dashed (blue)
and long-dashed (green) highlights indicating states with the largest, second-largest and
third-largest contribution from the bare basis state |A() respectively. Lattice QCD re-
sults for lowest-lying A masses, denoted by the (black) points, are from the PACS-CS
collaboration [47]]. The vertical dashed (black) line illustrates the physical pion mass.
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Figure 3.13: Pion mass dependence of the lowest-lying finite-volume HEFT eigenvalue
at L = 2.99 fm using a dipole regulator, where the data points are the PACS-CS data.
Several parameter sets corresponding with each value of A are overlapped, each with a
corresponding bare mass expansion fit to the PACS-CS data. The bare state mass expan-
sion for each value of A is constrained to Eq. (3.27).

While the A = 1.6 GeV system is able to describe the lattice QCD data, we find that
the experimental data has a lower x? for smaller regulator parameters. In addition, we
observe more A-dependence in the first excited state, and the second excited state varies
in position by as much as 100 MeV as A increases.

In order to better observe this A-dependence, Fig.[3.13|superimposes the finite-volume
eigenvalues for a variety of A. Here, it can be clearly seen how all sets of fit parameters
are constrained at the physical point, where the ground state eigenvalue is completely
model-independent. As the pion mass increases, we quickly observe a spread of energy
eigenvalues in the ground state. The first and second eigenstates have an even larger
degree of A-dependence. As an attempt to remove this A-dependence, we propose adding
an additional term to the residual series expansion of the bare mass, giving

2 2 2 4 4
Mg (2) = Mg 302 (2 = 2l ) s (md = i) B28)

This also introduces an additional mass slope parameter. In order to differentiate the slope
parameters for the O(m?) expansion, we label the two mass slopes as aa, 2 and a, 4 for
the m2 and m! terms respectively. This additional degree of freedom may allow for a
better description of the lattice QCD data, and remove A-dependence.

Utilising this new pion mass extrapolation for the bare state, we perform a similar fit-
ting procedure as before, where the bare mass slopes are varied such that the ground state
is able to describe the lattice QCD data. The new mass slopes are presented in Table [3.2]
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Figure 3.14: Pion mass dependence of the lowest-lying finite-volume HEFT eigenvalue
at L = 2.99 fm using a dipole regulator, where the data points are the PACS-CS data. The
left plot displays the eigenstate with largest bare basis state eigenvector component in red,
with the dashed blue and long-dashed green lines having the second and third largest bare
state component respectively. For the right plot, several parameter sets corresponding
with each value of A are overlapped, each with a corresponding bare mass expansion fit
to the PACS-CS data. The bare mass expansion is taken to O(mZ), with a form given by

Eq. (525).

where it can be seen that a significant deviation from a linear form is found. The pion
mass dependence of the finite-volume energy spectra are illustrated in Fig. 3.14] where
both a single spectrum using a A = 0.8 GeV regulator parameter, and a superimposition
of several A values are presented. As can be seen in the energy spectrum of the A = (.8
GeV system, we observe a significant improvement in the ability to describe the lattice
QCD data compared to Fig. Considering many values of A, we also observe a sig-
nificant reduction in A-dependence for the ground state, where all parameter sets are now
able to describe the lattice QCD data equally well. The excited states of the system see
little to no impact from the additional bare mass term, likely due to their composition
primarily consisting of two-particle basis states.

As this system now has no preference for a particular value of A in the pion mass
extrapolation, we are free to use other criteria for a choice of A. In the description of the
scattering data, a smaller A of order 1 GeV seems to be preferred according to the y? test.
As such, a choice of A = 0.8 GeV seems particularly reasonable, as this also corresponds
with a typical value chosen in other models, such as the cloudy bag model [41}62].

314 Gaussian Regulator Dependence

While we have investigated the effects of varying the regulator parameter A in the previous
section, this was only for a dipole regulator. To further extend this, we consider a similar
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Table 3.3: Single-channel fit parameters constrained to the WI08 solution of the P33 m/NV
scattering data [54,55] for a Guassian regulator.

Parameter Fit Value
ma,/ GeV 1.3851
ng 0.1406
UrN,zxN -0.0307
A/ GeV 0.8000
d.of 13

X2 24474
Xz/d.o.f. 18.83

study for a Gaussian regulator of the form

2
u(k, A) = exp (—%) . (3.29)

The range of regulator parameters considered for the dipole form factor was roughly based
on a phenomenological lower-bound of around 0.8 GeV, and an upper-bound of 8 GeV,
motivated by the ability to describe the experimental data without a bare state for A = 8.0
GeV. It is less obvious what range of parameters should be considered for the Gaussian
regulator, and therefore we will briefly consider the relationship between the Gaussian and
dipole regulator parameters. To do so, consider finding the dipole and Gaussian regulator
parameters Ap and Ag respectively, such that the integrals over all momentum for each
form factor are equal, giving

00 L2 -2 00 L2
dk |1+ —) = / dk exp (——) . (3.30)
[ra(ig) =) v

These integrals may be evaluated algebraically, revealing the relationship

Ag ﬁAD.

=5 (3.31)

As \/7/2 = 0.9, it is reasonable to consider a similar range of regulator parameters for
the Gaussian regulator.

Initially considering A = 0.8 GeV, as in Sec. we are able to obtain set of fit
parameters with a comparable y?/d.o.f. of 18.83, where the parameter set is given in
Table The associated 7N phase shifts, and 7'-matrix values for this regulator form is
given in Fig.

Similarly to the dipole form factor, a Gaussian regulator is able to provide a descrip-
tion of the experimental data for a large range of A values, though it appears to have a
greater difficulty fitting the data for large A. As an example, for A = 4.0 GeV, a parameter
set with x?/d.o.f. = 39.16 was found, approximately three times higher than the A = 4.0
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Figure 3.15: P-wave 7N phase shifts and 7'-matrix components for a system with a single
bare state and a Gaussian regulator, where the data points are experimental data obtained
from Ref. [54,55]. The solid lines are the fit using HEFT to the data, and the dashed line
represents a phase shift of 90 degrees. The parameter set producing these curves is given
by Fit IV of Table[3.3]

GeV fit for a dipole. Interestingly however, a Gaussian regulator is unable to produce a
resonance without a bare basis state at all until values of A ~ 12 GeV. In order to generate
a resonance at the correct mass however, A ~ 16 GeV is required. As such, this section
will consider the range of A = 0.6 to A = 4.0 GeV, a range in which the Hamiltonian is
able to provide a good description of the scattering data.

In a finite-volume, we may take a similar procedure to the dipole case where the
dependence of the finite-volume eigenvalues on A is presented. Solving the eigenvalue
equation for the Hamiltonian with each A value at both L = 2.99 fm and L = 5.00 fm, this
dependence is illustrated in Fig. Here, we observe a similar level of A-independence
as in the dipole case for eigenvalues below the experimental data threshold of 1.35 GeV.
Additionally, the model-dependence of the higher eigenvalues has a similar behaviour,
though the Gaussian system is considered over a small range of A values.

Finally, by extending the formalism to unphysical pion masses, we are able to both
compare the finite-volume spectrum with lattice QCD data, and investigate the model-
dependence of the eigenvalues at unphysical pion masses. Taking the O(m?) bare mass
extrapolation as defined in Eq. (3.28)), the results are presented in Fig. We observe a
similar level of model-independence in the ground state energy for the Gaussian regulator,
as we do for the dipole. Considering the excited states however, there appears to be a
larger degree of model-dependence, where the second excited state varies by as much
as 150 MeV between the regulator values considered, in comparison to the 100 MeV
difference in the dipole case.

As both the dipole and Gaussian regulators have a similar level of model-independence
in the fit range, and the dipole form factor appears to have marginally better performance
both outside of the fit range, and at unphysical pion masses, the remainder of this analysis
will focus on a dipole regulator.
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Figure 3.16: Dependence of the lowest lying eigenvalues of the finite-volume Hamiltonian
on A for a Gaussian regulator at L = 2.99 fm and L. = 5.00 fm. The solid (black) lines
are the eigenvalues, the horizontal dashed (blue) lines are the 7wV scattering basis states,
and the curved dot-dashed (blue) line is the mass of the bare /Ay. The Hamiltonian was
constrained to experimental data with £ < 1350 MeV.
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Figure 3.17: Pion mass dependence of the lowest-lying finite-volume HEFT eigenvalue
at L = 2.99 fm using a Gaussian regulator, where the data points are the PACS-CS
data. Five parameter sets corresponding to each value of A are overlapped, each with a
corresponding O(m) bare mass expansion fit to the PACS-CS data.
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Two Channel Analysis

While the effects of both the regulator form factor, and regulator parameter A have been
considered for a wide range of systems, this is only for the simplest possible system,
with a single scattering channel. In order to better understand these effects in a more
broadly applicable case, as well as attempt to widen the range of scattering data which is
used to constrain the Hamiltonian, we will consider the effects of adding a P-wave 7A
scattering channel to the Hamiltonian, and how regulator dependence may manifest in a
more complex system.

3.2.1 Fitting Experimental Data

With the addition of a wA scattering channel, we are also able to significantly extend
the range of scattering data which the Hamiltonian can describe. As such, this analysis
will consider scattering data up £/ = 1.65 GeV. While this energy range does include
contributions from the next positive parity A excitation, the A(1600), the study of this
resonance is not the focus of this analysis. Above this energy range, there is an increasing
contribution from F'-wave mA scattering states, and as such in the interest of maintaining
a limited degree of complexity in this study, we limit the energy range such that F'-wave
mA contributions are negligible.

The introduction of a second channel also introduces an additional three free coupling
strengths to be constrained. These are the coupling between a mA scattering state and
the bare basis state, given by gﬁA, and the interaction strengths between scattering states.
These are given by v a-a and v;nra, Which describe the 7A — 7A and 7TA — 7N
transitions respectively. The interactions associated with the 7A channel are taken to
have the same form as for the 7N channel, as described in Sec. Allowing o and 3 to
represent these two scattering channels, the interaction between the bare basis state and a
two-particle state generalises to

g5k

m™s S (k)

Go(k) = u(k, A), (3.32)

while the interaction between two scattering states generalises to

Vap k k'
(777/£)rhys)2 wr (k) wr (k')

Vas(k, k) = u(k, A)u(k, A). (3.33)

Finally, the energy of a wA state with back-to-back momentum £ is given by

wra(k) = VK2 +m2 + /K2 4+ m3 (3.34)

where m is the renormalised A mass of 1.232 GeV.
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In order to constrain this extended set of parameters, we define the scattering equations
for this system, giving

Vaw(ku q, E) TWﬁ(Qa kJ) E)

3.35
E—w,+ic ’ ( )

Tos(k, ks E) = Vag(k, k', E) + Z/dq e
Y

where «, 3, and y represent the 7/N and wA scattering states. As the Hamiltonian now
contains two scattering channels, we are unable to use many of the simplifications de-
scribed in Sec. and instead rely on the full process of solving for the 7-matrix
as described in Sec. Therefore the T-matrix may be decomposed into a contribu-
tion purely from background interactions, and a contribution from the bare state, giving
Top(k,k's E) = tog(k, ks E) + t55(k, ks E). In solving for the components of the 7
matrix, the process is largely the same as the single channel case. The key difference is
in the calculation of the integrals required. Consider M, (E) as defined in Eq. (2.30). In
calculating the contribution due to the 7A channel, this integral is given by

fWA((DQ
E — WWA((]) + e’

Mzn(E) = / dg ¢* (3.36)
where f.a(g) has the form given in Eq. . In the single-channel case, this integral
must be solved using a principle-value integral. When including the 7A channel, while
wra(q) is below the TA threshold of E = m, + max this integral contains no singularity,
and as such may be directly calculated by standard numerical techniques without the
need of a principle value integral. The integrals g¢.a a,(£) and 3,4 a,(E) also have
this behaviour. Considering this, the process to obtain the 7-matrix and therefore the
S-matrix is as performed for the single-channel system.

With the addition of a second scattering channel, and therefore a matrix representation
of the S-matrix, we parameterise the S-matrix by both phase shifts and an inelasticity, 7,
both of which are used to constrain the Hamiltonian. Therefore given the S-matrix, we
obtain these scattering observables as

. 1 ImSﬂNﬂN(E)
I.n(E) = 5 atan{Re S (B)

N(E) = |Srnen(E)] . (3.37)

While in principle the 7A phase shifts may also be extracted from the S-matrix, in the
absence of mA scattering data these will be model-dependent.

By comparing the phase shifts and inelasticity as found in HEFT with experimental
data up to a centre-of-mass energy of &/ = 1.65 GeV, we are able to constrain the free
parameters of the Hamiltonian for regulator parameters in the range A = 0.8 to A = 1.2
GeV. The scattering data used for comparison is the WIO8 solution for single-energy Pss
pion-nucleon scattering, available from Refs. [54] and [S3]]. As in the single-channel case,
Powell’s method [56] was used to minimise a y? calculated between the HEFT scattering
observables and experimental data. This was performed using 33 data points, and given



58

Regularisation in HEFT

Table 3.4: Two-channel fit parameters constrained to the WIO8 solution of the P33 w7 /N

scattering data [54. 55]], for two values of the regulator parameter A.

Parameter FitV Fit VI

ma,/ GeV 1.384 1.441

95y 0.1286 0.1041

g2 0.1324 0.0171

VaN.aN -0.0103 -0.0233

VrN A -0.0811 -0.0220
VrArA -0.0015 -0.0645

A/ GeV 0.8000 1.2000

d.o.f. 27 27

Y2 304.29 377.67

x?/ d.o.f. 11.27 13.99

o/ GeV™! 0.893 0.636

ay/ GeV™? -0.481 -0.089

Pole 1/ GeV 1.210 — 0.049;  1.211 — 0.049;
Pole 2 / GeV 1.434 —0.207;  1.449 — 0.053i

six free parameters, results in 27 degrees of freedom. The parameter sets for these fits are
presented in Table where comparable x?/d.o.f.s to the single-channel system were
found.

It is notable that the range of regulator parameters at which we are able to describe the
scattering data is considerably smaller than in the single channel case. As A is increased
beyond 1.2 GeV, it becomes increasingly difficult to describe the inelasticity above the
wA threshold. This difficult manifests to some degree in the A = 1.2 GeV case, where
for & ~ 1.6 GeV, the HEFT inelasticity is trending away from the experimental inelas-
ticity. This trend becomes more drastic for higher values of A, and therefore we limit
our consideration to A = 1.2 GeV. This is illustrated in Fig. where the phase shift,
inelasticity, and 7T'-matrix for each of the two fits is shown.

By performing a complex momentum rotation k& — ke~""/3, we are able to find two
poles in the T-matrix for each of the parameter sets, both of which are provided in Ta-
ble [3.4] For both parameter sets, the first pole corresponds with the physical A, and is
comparable with the PDG pole position of 1.210(1) — 0.050(1)i GeV. The position of the
second pole however seems to have a degree of model-dependence, and both the real and
imaginary components vary with A. As the PDG quotes a pole position for the A(1600) at
1.510(50) — 0.135(35)7 GeV, it is possible that this second pole does correspond with the
A(1600), and the presence of this pole without a second bare state may indicate that the
A(1600) is dynamically generated. The introduction of additional 77 N dynamics, in the
form of an F-wave A channel, or a P-wave mN*(1440) channel may be able to improve
the position of the second pole. This however is outside the scope of this analysis, and
will be left for future study.
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Figure 3.18: P-wave 7N phase shifts and 7'-matrix components for a two-channel system
with a single bare state and a dipole regulator, where the data points are experimental data
obtained from Refs. [54] and [55]. The left plots have a regulator parameter of 0.8 GeV,
while the right plots have a regulator parameter of 1.2 GeV. The solid lines are the fit using
HEFT to the data, the vertical dashed lines represent the wA threshold, and the horizontal
dashed line corresponds with a phase shift of 90 degrees. The parameter sets producing
these curves are given by Fit IV and Fit V of Table @
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Figure 3.19: Dependence of the energy eigenvalues of the Hamiltonian on the (spatial)
lattice size. The solid lines represent the energy eigenvalues following from Fit I of Ta-
ble 3.1} The (blue) horizontal dot-dashed line is the bare mass. /N scattering states are
indicated by dashed orange lines, while long-dashed purple lines are mA scattering states.

3.2.2 Finite-Volume Energy Spectrum

Moving to a finite volume, adding a second channel to the matrix Hamiltonian manifests
as a additional row and column in the matrix for each allowed momentum. The non-
interacting Hamiltonian therefore has the form

H(f]in = dlag (ona wwN(k1)7 wﬂ'A(kl)a w7TN<k2)7 wﬂ'A(k2)7 ey wﬁA(kmaX>> . (338)

Similarly, the interaction Hamiltonian for this two-channel system has the matrix form

_ 0 _ Gan(k) _ GRalk) _ Gan(ky) o Goa(kn)
GAy(k)  Vawewlbik)  Vessw(e k) Vawas(er, ko) Vo (K o)
Goalk)  Vanzalki, k) Veara(ki k) Vavea(ki k) o Vaaza(kr Fax)
Hlﬁl’l == G?N(k2) Vv NWN(k27 kl) Vﬂ'Aﬂ'N(k27 kl) |4 Nﬂ'N(k27 k?) V (k27 max)
g?N(km’Lx) ‘Z‘IrNﬂ'N(kjmaxv kl) YﬂAﬂN(kmam kl) YﬂNﬂ'N(kmam k2) e Yﬂ'Aﬂ'N(kma)U kmax)
G?A(kma.x) VwNwA(kma.m k’l) VWAWA(kmax, k,’l) VWNWA(kmaX7 kz) e VWAWA(klllaX7 kmax)
(3.39)

The full finite Hamiltonian is therefore given as H* = Hfi» + fffin,

By solving the eigenvalue equation for the finite Hamiltonian at a variety of lattice
sizes L, we are able to generate the finite-volume energy spectrum for this system. This is
illustrated in Fig.[3.T9] Ascan be seen, below the 7A threshold, the spectrum is equivalent
to the single-channel energy spectrum from Fig.[3.3] Above this threshold, avoided level



3.2 Two Channel Analysis 61

crossings have become significantly more dramatic, as a result of mixing between 7wV
and A scattering states.

In order to understand how the addition of a wA state affects the composition of
these eigenstates, we consider the eigenvector composition of the first six eigenvalues in
Fig. @} Here, the contributions from all 7N are summed into a single curve, where the
curve labelled 7V for eigenvector | E;) is given by >, (N (k;)|E;). The curve labelled
wA is calculated similarly. As can be seen, the majority of the contributions from 7wA
states only apply to the second excited state and higher. This is to be expected, as these
eigenstates were well-described by the single-channel system without a 7A channel. As
the density of states increases with L, the number of states below the 7A threshold is
large at L = 8 fm. As a result, the majority of the 7A contributions are focused in the
higher excited states, where as an example the seventh excited state is has a 98% contri-
bution from the |[7A(k;)) state. For large lattice sizes, the bare basis state component is
spread throughout many nearby states, and no one state contains a large majority of the
contributions from the bare state.

In order to better view where the states with largest contribution from the bare state
lie, in Fig. [3.21] the finite-volume energy spectrum is shown, with the state containing the
largest |Ag) component highlighted in red. Despite the large spread of the bare state con-
tributions, the state with the largest bare state eigenvector component is still concentrated
around the renormalised mass of the A.

As in the single-channel case, we may also extend this formalism to unphysical pion
masses, allowing us to compare with lattice QCD results. Here, we take the pion mass
extrapolation for the physical A in the non-interacting |rA) two-particle basis state to be
of the same form as for the nucleon, giving

ma(m2) = mal . +aa (mfr - mﬁ]phys) . (3.40)

The mass slope aa is found by fitting this functional form to A masses at various pion
masses as provided by PACS-CS [47], and fixing the A mass at the physical point to
1.232 GeV, giving aax = 1.080 GeV~!. As the mass of the bare basis state is affected by
interactions with the 7A channel, it is likely that the bare mass slope is similarly affected,
and therefore we will refit the bare mass slopes, with the method for doing so as described
in Sec. The bare mass slopes for this system with a 0.8 GeV regulator parameter are
given in Table[3.4]

The resultant finite-volume energy spectrum for a varying pion mass with L = 3 fm is
illustrated in Fig. where a comparison of the energy eigenvalues with the basis states
is found in the left-most plot, while the spectrum with highlighted contributions from the
bare basis state is presented in the right-most plot. Here, we see little variation from the
single-channel spectrum, where the ground state contains the largest contribution from
the bare basis state, and corresponds with the lattice QCD results for all pion masses.
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Figure 3.20: Dependence of the eigenvector components for the low-lying energy-
eigenstates on the lattice size L. The solid (red) line corresponds with the contribution
from the bare basis state. The dashed orange line represents a sum of all 7V scattering

state eigenvector components, while the long-dashed purple line is the sum of all 7A
scattering state contributions.
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Figure 3.21: Lattice volume dependence of the energy eigenvalues of the Hamiltonian
with parameters given by Fit V of Table @ The solid (red), short-dashed (blue) and
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Figure 3.22: Pion mass dependence of the finite-volume HEFT eigenvalues at L = 2.99
fm for Fit V given in Table[3.1] The left plot illustrates the shift of the energy eigenvalues
from the non-interacting basis states. The right plot is dressed by solid (red), short-dashed
(blue) and long-dashed (green) highlights indicating states with the largest, second-largest
and third-largest contribution from the bare basis state |A() respectively. Lattice QCD
results for lowest-lying A masses, denoted by the (black) points, are from the PACS-CS
collaboration [47]]. The vertical dashed (black) line illustrates the physical pion mass.
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Figure 3.23: Dependence of the lowest lying eigenvalues of the finite-volume Hamiltonian
on the regulator parameter A for two different lattice sizes, where A is varying from 0.6
to 1.2 GeV. The solid (black) lines are the eigenvalues, the horizontal dashed orange and
violet lines are wA and A basis states, and the curved dot-dashed (blue) line is the mass
of the bare Ay. The Hamiltonian was constrained to experimental data with £ < 1650
MeV.

3.2.3 Dipole Regulator Dependence

As in the single-channel analysis, we may consider the dependence of the system on the
regulator parameter, though we consider a small range of A values for the two-channel
analysis. As the single-channel analysis indicated that the system is best represented by a
phenomenologically motivated value in the vicinity of A = 0.8 GeV, this is not an issue
however.

By solving the eigenvalue equation for a range of A values between 0.6 and 1.2
GeV, the resultant energy eigenvalues are presented in Fig. As can be seen, the
two-channel system has considerably more difficulty maintaining model-independence in
within the fit regime of £ < 1.65 GeV. At both lattice sizes, there appears to be some
A-dependence in eigenvalues above 1.5 GeV. In addition, the bare mass as a function of
A is considerably less smooth than the single-channel system, which manifests in a small
A-dependence around A = 0.7 GeV for the 3 fm lattice. This model-dependence is at-
tributed to the lack of wA scattering data. As the Hamiltonian is constrained by scattering
data, a lack of phase shifts associated with 7A scattering results in a Hamiltonian which
is not fully constrained, and therefore some model-dependence manifests. This becomes
more clear by considering the A-dependence of the eigenvectors for the L = 2 fm system,
as shown in Fig. Considering the eigenvector composition of the ground state, we
see that the eigenvector component corresponding with 7 /V scattering states has a smooth
regulator parameter dependence, and the feature associated with the A-dependence of the
ground state near A = 0.7 GeV is not present. This feature is however present in the
contributions from 7wA scattering states, and from the bare state, the mass of which is also
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Figure 3.24: Dependence of the energy-eigenstate basis-state structure on the regulator
parameter A, where A is varying from 0.6 to 1.2 GeV, for a lattice size of L = 2.99
fm. The two lowest-lying eigenstates are shown, to best illustrate the behaviour of the
eigenvector component for the bare basis state.

dependent on A interactions. As such it appears that the model-dependence is arising
from the inability to fully constrain 7A interactions due to the lack of phase shift data.

In principle, this model-dependence may be able to be removed, or minimised by
comparing the finite-volume energy eigenvalues from HEFT with lattice QCD. By solving
the eigenvalue equation for the Hamiltonian for five values of A, and taking a lattice size
of L = 2.99 fm, the finite-volume energy spectrum as a function of pion mass is presented
in Fig. For each parameter set, the bare mass slopes have been fit to the PACS-CS
data. As can be seen, for this range of A there is very little model-dependence in both
the ground state, and first excited state, both of which are below the fit threshold of 1.65
GeV. The majority of the model-dependence appears to arise in the second excited state.
As such, future high-quality lattice QCD studies which include the excited states of the
spectrum may be able to be used to constrain the finite-volume spectrum, preferentially
choosing a particular A. Only by considering both experimental and lattice QCD data,
will one be able to uniquely constrain a Hamiltonian, and therefore find the unique set of
eigenvectors which describe the composition of these eigenstates.

3.24 Comparison with Contemporary Lattice QCD Results

With both algorithmic advances and increasing computational power, lattice QCD studies
of the A in the centre-of-mass frame are becoming increasingly accessible. These studies
include the presence of momentum-projected five-quark interpolating fields, analogous to
the two-particle scattering states from HEFT, and therefore should serve as an excellent
source of comparison for HEFT. In particular, we are able to test the ability of the bare
state’s pion mass extrapolation to describe lattice QCD results on alternative sets of con-
figurations and lattice sizes to PACS-CS. To do so, we consider the recent lattice QCD
results from the CLS consortium [[63H65]].
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Figure 3.25: Pion mass dependence of the three lowest-lying finite-volume HEFT eigen-
values at L = 2.99 fm using a dipole regulator, where the data points are the PACS-CS
data. Parameter sets corresponding with each value of A are overlaid, each with a corre-
sponding bare mass expansion fit to the PACS-CS data. The four top-left curves corre-
spond with the third eigenvalue for each A value. The bare mass expansion is taken to
O(md).
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Figure 3.26: Comparison between the energy eigenvalues calculated in HEFT constrained
by scattering data and the PACS-CS results for the quark-mass dependence (solid black
lines) and lattice QCD data from the CLS consortium (data points) for ensembles D200
(left) [63.164]], and N401 (right) [65]. The dashed blue lines denote non-interacting basis
states, while the dot-dashed blue line is the mass of the bare basis state.
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The first ensemble, labelled D200, has a pion mass of m, = 0.2 GeV and a lattice
extent of L = 4.16 fm, and reports three low-lying states. Using the parameter set as-
sociated with the A = 0.8 GeV regulator parameter, HEFT predicts energy eigenvalues
corresponding with each lattice QCD state within one standard deviation. In particular,
this is using the pion mass extrapolation for the bare mass as constrained by the PACS-CS
data, demonstrating the applicability of the residual series expansion to other ensembles.
Considering the eigenvector composition of each of these three energy eigenvalues, the
ground state is dominated by contributions from the bare basis state. Meanwhile, the first
excited state is composed primarily of contributions from the |7 N (k;)) scattering state,
which corresponds with the lattice QCD results, where this state couples strongly with the
momentum-projected /N interpolating fields. The parameter set associated with A = 1.2
GeV was also compared to the lattice QCD states. As the three lowest-lying eigenstates
are A-independent at this lattice size and pion mass however, this lattice QCD data is
unable to further constrain the Hamiltonian.

Additionally, the CLS consortium also reports a single low-lying state in the ensemble
labelled N401, with a pion mass of m, = 0.28 GeV and a lattice size of L = 3.7 fm.
HEFT also produces an energy eigenvalue consistent with this lattice QCD state, with an
eigenvector dominated by the bare basis state component. While the lattice QCD data
from these ensembles are unable to further constrain the Hamiltonian, they do serve as a
demonstration for the ability of the bare state to be constrained by one set of lattice QCD
data, and be able to describe other ensembles without additional fitting.

Conclusion

In this chapter, we have examined the role of finite-range regularisation in Hamiltonian
Effective Field Theory, in the context of the single-channel and two-channel A(1232)
systems.

In the case of a single NV scattering channel, we are able to use a range of regulator
parameters from A = 0.6 to 8.0 GeV, for both dipole and Gaussian regulators, to find
a Hamiltonian which is able to fully describe the P33 w/N scattering data up to the 7A
threshold. This provided a robust demonstration of the model-independence of observ-
ables in HEFT, and of how the model-dependence of the eigenvectors of the finite-volume
Hamiltonian manifests. Additionally, we were able to demonstrate how only by extending
the analysis to unphysical pion masses, and comparing with results from lattice QCD, are
we able to show that the A(1232) is not able to be represented by a purely dynamically
generated interpretation.

By considering a second scattering channel in the form of a P-wave 7A channel, we
found that the scattering data is best described by phenomenologically motivated regulator
parameter values associated with the induced pseudoscalar form factor of the nucleon.
Due to the lack of mA scattering data to fully constrain the Hamiltonian, the regulator
provides a model for the calculation of HEFT quantities above the 7 A threshold. We show
that by comparing the finite-volume Hamiltonian predictions with lattice QCD results, we
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will be able to better constrain the Hamiltonian in the future with the addition of precision
excited state lattice QCD results.

Future work investigating the positive-parity A spectrum, as well as the nucleon spec-
trum will require not only new, high-quality lattice QCD data, but also a Hamiltonian
containing multiple bare basis states to represent the multitude of resonances in these
spectra. As a result, we turn our attention to the investigation of the effects of introducing
a second bare basis state to this system in Chapter 4]



MULTIPLE BARE STATE DYNAMICS

The content of this chapter served as the source of the publication: Curtis D. Abell, Derek
B. Leinweber, Anthony W. Thomas, and Jia-Jun Wu. Effects of multiple single-particle
basis states in scattering systems. arXiv:2305.18790[66].

In seeking to find a physical interpretation of the results of lattice QCD, we associate
a bare state with a lattice QCD eigenstate which has been excited by a three-quark in-
terpolating field. A particularly important feature of HEFT is the ability to extract the
finite-volume eigenvectors of the Hamiltonian, which then provide insight into the struc-
ture of energy eigenstates on the lattice and the system as a whole.

Previous studies of baryon resonances utilising HEFT have been limited to Hamilto-
nians containing only a single bare basis state, and considering only a single resonance
in the infinite-volume observables. This has seen considerable success in studies of the
A(1232) [29] 34], the Roper N*(1440) [8, O], the A*(1405) [10], and the N*(1535) [30].
On the other hand, the spectrum of baryon resonances is considerably more complicated
than a single resonance in each partial wave channel, and future studies will require a
multiple bare basis state formalism to fully explore the breadth of baryon structure.

In order to investigate the effects of a second bare basis state in both infinite-volume
and finite-volume systems, we will consider a simple (toy model”) extension of the
A(1232) system considered in Chapter [3| By limiting the investigation to the extension
of a well-studied system, we aim to gain intuition into the behaviour of the position of
poles associated with these bare states in infinite volume, as well as the potential changes
in the finite-volume energy spectrum.

In this Chapter, we will consider how the addition of a second bare basis state affects
both the infinite-volume and finite-volume properties of the system. In Sec.4.T] we begin
with a brief outline of the Hamiltonian used in this chapter. Following that, in Sec. 4.2]
we consider how the presence of a second bare state introduces an additional pole in the
infinite-volume formalism, and how the original pole position is affected. Finally, Sec.
considers how the finite-volume energy spectrum changes as the coupling strength to the
second bare state is increased. By considering these two situations, we are able to better
understand how both finite-volume and infinite-volume systems are affected by a second
bare basis state, and develop a unique intuition into the relationship between infinite-
volume poles and finite-volume energy eigenstates.

69
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Hamiltonian Framework

In Chapter |3] we begun by constructing a Hamiltonian with a single bare state, coupled
to a single P-wave N scattering channel. In order to concentrate on the effects of intro-
ducing a second bare basis state to the Hamiltonian, without complicated coupled-channel
effects, we will utilise an extension of this Hamiltonian, which utilises a dipole regulator.
The parameters of this Hamiltonian are given in Table[3.1]

In order to distinguish between the two bare basis states, we re-label the bare mass
from the single bare state analysis as ma,, and introduce a second bare basis state with
mass ma,. As a result, we may express the free Hamiltonian for this system as

Hy =3 |A) ma, (A + Z/d3/€ (k) wa (k) (k)| . @.1)

Similarly, the interaction Hamiltonian has the form

H= 35 [ @k {180 68k talb)] + la) G2 ) (0]}
+ &Ek | EPE a(k)) Vag(k, k) (B(K)] . (4.2)
X[ f e

The strength of the interaction G’fﬁv(k:) is governed by a dimensionless coupling con-
stant, gffv. Varying the strength of this interaction will be a particular focus of this chapter.
We also set the regulator parameter governing the range of this interaction to be equal to
that of Gﬁ]{,(k), giving Afﬁf = 0.8 GeV. As in the single bare state case, this potential is
given by

A,
. k
G2 (k) = JnN_ u(k), 43

where u(k) is the dipole form factor, and mP"™* the physical pion mass. As the two-to-two
background interaction is independent of the bare states, it has the identical form

/
V7rN7rN<k7 k/) = NN i i

()" e (8) conlR) uk) ulk) (44)

Two Bare States in Infinite Volume

As we are utilising an extension of the Hamiltonian from Sec. we do not require
any additional extraction of the observables, as the Hamiltonian is already constrained at
the point where gfﬁ, = 0. Of particular interest in this section however, is the how the
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addition of a second bare basis state affects the position of the original pole, and how a
second pole manifests.

In order to extract the pole information, we consider the formalism in Sec. [2.3.2}
where bare basis states manifest poles in the matrix propagator A(F). In the two bare
state case, this matrix takes the form

4.5)

A(E)_l _ (E —ma, — EA1A1 (E) _EA2A (E> )

—Ya,0,(E) E—mp, —Ep,n,(E))
where Y, A, represents the sum of all self-energy terms involved in the transition from
A; — Aj. In the single bare state case, we are able to find the pole position by searching
for complex energy E such that £ — ma, — 3,4, (F) = 0. As the propagator for a two
bare state system is expressed as an inverse of a 2 X 2 matrix, we find that the poles in this
propagator manifest for complex energies F; such that det { A(E;)~'} = 0. In the case
where g% = 0, this matrix reduces to

E—ma, — Za,n,(E) 0 ) _ (4.6)

A(E)™ = ( . £ ma,

Calculating the determinant of this matrix, we obtain a pole at the original single bare
state position, E,q. = 1.211 — 0.0497 GeV, and a second pole at &/ = mp,. As this
does not provide any insightful information, we are interested in the case where gfﬁv # 0.
By smoothly turning on the coupling gfﬁ,, while holding all other parameters fixed, we
are able to observe how the system is affected, and in particular how the position of the
poles is affected. While this process does move away from the physical description of
the A(1232) and we no longer have a good description of the scattering data, this instead
allows us analyse exactly how the system is affected through the introduction of a second
bare state.

In doing, so we consider two situations. In the first, we introduce a second bare state
with a larger bare mass. This is likely to be the most common situation, where now we
attempt to introduce bare basis states to represent excited states with a possible three-
quark core. In the second situation, we introduce a second bare basis state with a mass
lower than the first bare state. This may prove useful for studies of systems such as the
Roper resonance, where a previous HEFT study found that a bare mass of 2.0 GeV was
required to describe the finite-volume energy spectrum [9]. It is possible that this analysis
may be improved by the addition of a lower mass bare basis state representing the bare
nucleon.

4.2.1 Large Second Bare Mass

Considering this first system, we introduce a second bare state with a mass ma, = 1.6
GeV. Initially, the presence of this bare state with no coupling simply introduces a pole
in the 7T-matrix on the real axis, at 1.6 GeV. As the coupling gfﬁ, is turned on, this non-
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Figure 4.1: Variation of the 7T-matrix poles as the coupling, gfﬁ,, of a second bare ba-
sis state to IV scattering states is increased. The thin (blue) points represent the pole
positions in the complex place for small gfﬁ,, moving to thicker (red) points for a larger
coupling. Here, the mass of the second bare basis state, Ao, is 1.6 GeV, relative to A; at
1.359 GeV.

interacting bound state gains a negative imaginary component, becoming a resonance as it
decays to 7N. This process is demonstrated in Fig. 4.1 where we are smoothly increasing
gfﬁ, up to a value of 1.0, showing the movement of the new pole we have introduced, as
well as the movement of the original pole representing the physical A(1232).

While initially located near the position of the physical A baryon, as gfﬁ, increases
the original pole rapidly tends to the real axis, while the second pole initially develops a
larger imaginary component. In the regime where gf]{, and gf]@ are of similar order, the
two poles are both distinct and have reasonable widths. Interestingly, the turning point in
the position of the second pole occurs when g% = g=2. As the coupling of the second
bare state begins moving to a value larger than that of the first, both poles tend towards
the real axis.

Once the coupling of the second bare state has become approximately double that of
the first, we find that the initial pole drops to a mass below the 7N threshold, becoming a
bound state. As this occurs, the pole corresponding to the second bare state also continues
its trajectory towards the real axis. Unlike the first pole however, as the second coupling
increases, this pole only approaches the real axis, never becoming a bound state. As the
imaginary component of this pole approaches zero, the real component approaches the
mass of the first bare state, at 1.359 GeV. This intriguing result hints at an exchange in the
composition of the physical states. For small coupling, A, is associated with the second
pole, but at large coupling it is associated with the first pole, leaving the second pole to be
governed by A;.
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Figure 4.2: Variation of the 7T-matrix poles as the coupling, gfﬁ,, of a second bare state
to N scattering states is increased. The thin (blue) points represent the pole positions
in the complex place for small gﬁﬁ,, moving to thicker (red) points for a larger coupling.
Here, the mass of the second bare basis state, Ao, is 1.2 GeV, relative to A\ at 1.359 GeV.

For studies involving multiple bare states, this pole movement implies that couplings
between each bare state and scattering states, such as gf]{, and gfﬁ,, should be of similar
order to avoid the generation of unphysical poles and bound states. It is only in this
regime that the widths of each resonance correspond with typical particle widths observed
in physical resonances. In this final state, where gfﬁ, is an order of magnitude larger than
gf]i,, the system is completely dominated by |A,), and our system is unable to give a good
description of resonance physics.

4.2.2 Small Second Bare Mass

As a second scenario we consider the addition of a second bare state with a mass lower
than the original ma, = 1.359 GeV. In particular, we choose this mass to be ma, = 1.2
GeV, as this lies approximately half way between the first bare mass and the 7 /V threshold,
giving the clearest demonstration of novel behaviour. While the introduction of a second
bare state at ma, = 1.6 GeV caused the original pole to move towards a bound state
below the 7V threshold, introducing a second bare state with a mass less than the first has
the opposite effect, as seen in Fig. In this system, the initial behaviour is the same as
the previous case, where we have a pole at the physical A(1232) position, and a second
pole bound at ma, = 1.2 GeV. As gfj(’, increases in the same manner as Sec.
where all other couplings are held fixed, the second pole initially behaves in the same
manner, moving away from the real axis as it decays to 7/N. The turning point occurs at
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g5l = g52. From here, however, it is the new second pole which continues to the 7N
threshold, before becoming bound below this threshold. The initial pole, which starts at
the position of the physical A(1232), instead tends towards the real axis, at the position
of the original bare state at ma, = 1.359 GeV.

For large coupling of A, to the 7N scattering states, the system consists of a bound
state below the 7 /N threshold, and a long-lived state at the position of the original bare
mass While the large-coupling behaviour of the two poles is the same regardless of the
second bare state’s mass, the path taken is reversed for the two situations considered.
This highlights the complexity of a system with multiple bare states, and the difficulty
in identifying the origin of poles emerging from the interactions between multiple bare
states.

While initially we have a pole which is identified as the physical A(1232) baryon,
the introduction of a second bare state introduces a degree of ambiguity as to the origin
and composition of the resultant poles, depending on the mass of the second bare state.
In order to gain a better understanding of the structure of these poles, as well as the
behaviour of the system as the second bare state is introduced, we now turn our attention
to finite-volume physics.

Two Bare States in a Finite Volume

Considering finite-volume physics allows one to gain additional insight into the behaviour
and composition of the scattering states, through analysis of the Hamiltonian eigenvalues
and eigenvectors respectively. Using the same systems as in Sec. [4.2] we consider how
the finite-volume spectrum is affected by the introduction of a second bare state. Initially,
with the second bare state turned off, the finite-volume energy spectrum is equivalent to
the single-channel analysis in Sec.(3.1.2] as well as with finite-volume energies calculated
from Liischer’s method. For this study, we choose to concentrate on a lattice extent of L =
3 fm, giving a sufficient density of states to demonstrate the behaviour of the spectrum.

With the addition of a second bare basis state, the discretisation of the free Hamil-
tonian from Eq. and the interaction Hamiltonian from Eq. results in a simple
addition of a row and column to the finite-volume Hamiltonian matrix. As a result the
free Hamiltonian has the finite form

H" = diag (ma,, ma,, wrn(k1), wen(ka), -+, Wy (Kmax)) - 4.7
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Figure 4.3: Dependence of the L = 3 fm finite-volume Hamiltonian energy eigenvalues
on the coupling of the second bare basis state to 7N scattering states, labelled g=%. Here,
the mass of the second bare basis state, A, is 1.6 GeV, relative to A\ at 1.359 GeV.

Similarly, the finite matrix form of the interaction Hamiltonian is written as

0 0 G (k) Gt (k)

0 0 Gox( Goii(

Hﬁn _ gg&(k‘l) g%ﬁz(kl) ‘:/ﬂ'Nﬂ'N kly kl) ‘Zﬂ'Nﬂ‘N(klﬂ k?)
! Gen(he)  GR(ke)  V Vanan(

G?]{[(kmax> G?K[(kmax) VWNWN(kmaX) kl) VT('Nﬂ'N(kmaX) k2)

(4.8)

Using standard eigenvalue equation numerical methods for the full Hamiltonian H™" =
HE™ + Hfn we are able to obtain the energy eigenvalues, labelled E;. Additionally, we
obtain the eigenvectors, which we label (B;|E;). This represents the contribution from
each basis state | B;), to an energy eigenstate |E;).

As in Sec. we consider the two situations of a larger second bare mass, and a
lighter second bare mass. By comparing the results of these finite-volume spectra to the
infinite-volume poles, we are able to develop a unique intuition into the relationships
between these two representations of the system.

4.3.1 Large Second Bare Mass

With the addition of a second bare basis state with mass ma, = 1.6 GeV, the finite-
volume spectrum shown in Fig. {.3] displays similar behaviour to the poles in Fig. 1]
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Figure 4.4: Dependence of the finite-volume energy-eigenstate basis state structure on
the coupling 22, for L = 3 fm, where ma, = 1.6 GeV. The label |(B;|E;)|* denotes
the contribution from each basis state | B;) to the energy eigenvalues |E;) from Fig.

Eigenvector components from higher momentum scattering states are summed in 7N (k >
3).

Here, the third eigenvalue is initially identified at the position of the second bare mass,
with no shift away from the non-interacting energy level. As the coupling gfﬁ, is in-
creased, this eigenvalue shifts away from the non-interacting bare state at 1.6 GeV, before
encountering an avoided level crossing with the second eigenvalue. This movement trend
then continues on with the second eigenvalue, approaching the value of the lower-lying
bare mass at 1.359 GeV. Also similar to the pole movement in Fig. the lowest-lying
energy eigenvalue shifts from a state near the position of the physical A(1232), to a bound
state with energy less than the 7N threshold, at m, + my ~ 1.08 GeV.

An advantage of HEFT is the ability to extract the eigenvectors of the Hamiltonian,
and gain insight into the contribution from basis states towards each eigenstate. The
dependence of the state composition on gfﬁ, is shown in Fig. Here we observe that,
as the coupling to the second bare state increases, the interpretation of each eigenstate
changes. Initially, the ground state is dominated by contributions from the first bare state,
while the second bare state contributions dominate the third eigenstate located at the mass
of the second bare state. As the coupling increases however, the state dominated by the
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Figure 4.5: Dependence of the L = 3 fm finite-volume Hamiltonian energy eigenvalues
on the coupling of the second bare basis state to 7N scattering states, labelled g=%. Here,
the mass of the second bare basis state, A,, is 1.6 GeV, relative to AA; at 1.359 GeV. Red
and blue highlighting represents the states with largest eigenvector components from the
first and second bare basis states respectively. Basis states are styled as in Fig.

second bare state quickly moves to lower energy, moving to the ground state for a coupling
of gfﬁ, ~ 0.4. It is only in the regime where gf]{, = gfﬁ, that contributions from each bare
state are spread through the tower of excited states. At all coupling strengths we are able
to distinctly identify a state in which the majority of contribution from a bare state is
present. Such a state is one which we expect to observe in the spectrum of lattice QCD

generated by three-quark interpolating fields.

In order to better observe this distribution of contributions from each bare state, in
Fig.[4.5|we display the spectrum from Fig. 4.3|with additional information from the eigen-
vectors plotted, where the states with the first and second largest contributions from each
bare state have been highlighted. Using this scheme, it becomes clear how the position
of the eigenstate dominated by each bare basis state moves as a function of gfﬁ,. In par-
ticular, we are able to gain additional insight that is not obvious in the infinite-volume
analysis.

While the behaviour of the eigenvalues matches the behaviour of the poles in Sec.|4.2.1]
the behaviour of the eigenvectors tells a new story. At small coupling, A, is associated
with the third energy eigenstate. However we see that it is the ground state which pos-
sesses the majority of |Ay) at large coupling. Thus A, generates the lower lying pole
at large coupling. The exchange in the bare-state roles is made possible as A; becomes
associated with the second energy eigenstate. At approximately gf]{, = gfﬁ,, the identities
of the three energy eigenstates are shuffled.
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Figure 4.6: Dependence of the L = 3 fm finite-volume Hamiltonian energy eigenvalues
on the coupling of the second bare basis state to 7N scattering states, labelled g~2. Here,
the mass of the second bare basis state, A,, is 1.2 GeV, relative to AA; at 1.359 GeV. Red
and blue highlighting represents the states with largest eigenvector components from the
first and second bare basis states respectively. Basis states are styled as in Fig.

4.3.2 Small Second Bare Mass

By constructing a finite-volume Hamiltonian that includes a second bare mass with ma, =
1.2 GeV, lying below ma, = 1.359 GeV, we are able to investigate whether the behaviour
of the finite-volume eigenstates corresponds with the behaviour of the poles associated
with each bare state as seen in Sec. [#.2.2] The resultant finite-volume energy spectrum as
a function of the coupling of the 1.2 GeV bare state to w/V scattering states is illustrated
in Fig. In addition, the eigenstates with largest eigenvector components from each of
the two bare states are highlighted in red and blue. The eigenvector composition of the
four lowest-lying eigenstates as a function of gfﬁ, are given in Fig.

Considering the energy spectrum, we observe a similar behaviour to that correspond-
ing to the pole movement discussed in Sec.[4.2.2] The state which initially describes the
physical A, represented by a pole at 1.210 — 0.050¢ GeV in an infinite volume, and by
a solid red line in the finite-volume spectrum, moves from its initial position to the posi-
tion of the first bare mass, at 1.359 GeV. As this happens, the state becomes increasingly
dominated by the contribution from the first bare state. At a coupling of g52 = 1, 97% of
the eigenvector component for the first bare state resides in this eigenstate.

As this occurs, the ground state, which initially is the uncoupled light bare state, begins
to mix with contributions from both 7/V scattering states and the original bare state. This
rapidly reduces the value of the energy eigenvalue, corresponding with the movement of
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Figure 4.7: Dependence of the finite-volume energy-eigenstate basis state structure on
the coupling ¢22, for L = 3 fm, where ma, = 1.2 GeV. The label |(B;|E;)|* denotes
the contribution from each basis state | B;) to the energy eigenvalues |E;) from Fig.
Eigenvector components from higher momentum scattering states are summed in 7N (k >

3).



80 Multiple Bare State Dynamics

the pole in an infinite-volume, where it rapidly drops below the 7N threshold, becoming a
bound state. Considering the eigenvector composition of this state however, this reducing
energy appears to be due to an increasing contribution in higher-momentum 7 /V scattering
states.

Interestingly, the turning point observed in the pole movement, at gf]{, = gfﬁ,, is
also observed in the eigenvectors for the two lowest-lying eigenstates for similarly sized
values of gfﬁ,, further demonstrating the similar behaviour of the movement of poles in
an infinite volume with the eigenvector composition of eigenstates in a finite volume.

m Conclusion

In Chapter @ we have introduced a second bare baryon basis state to the single-channel
system from Chapter[3] By calculating the positions of poles in the S-matrix, we observed
how the original pole positions are affected by the introduction of a second bare state, and
found that large couplings result in the generation of unphysical bound states.

By investigating how the eigenvectors of the finite-volume Hamiltonian vary accord-
ing to the introduction of a second bare state, we found that their behaviour follows that
of the poles, providing unique insight into the relationship between finite-volume and
infinite-volume physics.

Given the intuition this chapter has provided into the role of a second bare basis state
in HEFT, we are well-equipped to consider a physical system which is of interest in con-
temporary physics. An excellent candidate system is that of the two low-lying odd-parity
nucleon resonances, found in S3; 7wV scattering. Using the understanding developed in
this study, we will consider this new system in Chapter [5



ODD-PARITY NUCLEON RESONANCES

The content of this chapter served as the source of the publication: Curtis D. Abell, Derek
B. Leinweber, Zhan-Wei Liu, Anthony W. Thomas, and Jia-Jun Wu. Low-lying odd-parity
nucleon resonances as quark-model like states. arXiv:2306.00337[67].

An analysis of the nature of pion-nucleon resonances is a vital component of the quest
to understand the nature of non-perturbative QCD. The low-lying odd-parity nucleon res-
onances, the N*(1535) and N*(1650), are a subject of particular interest, as the N*(1535)
sits above the first positive-parity excitation of the nucleon, the N*(1440) (Roper reso-
nance), contrary to simple quark-model predictions. However there is now evidence for
the Roper resonance as primarily being dynamically generated by strong 7/N and 77 NV re-
scattering, with only a small bare state contribution [8}, 9, 68, 69]. The nature of the odd-
parity nucleons however is less clear. Both interpretations as being dynamically generated
[70L [71], and as being primarily a three-quark state dressed by 7/N and n/N interactions
[30] have been argued.

Lattice QCD offers an alternate source of insight into the nature of these resonances,
providing a first-principles approach to the nuances of hadron spectroscopy. In particular,
a recent lattice QCD study [72] of the odd-parity nucleon states near these resonances
found their magnetic moments resemble constituent-quark-model predictions. As such, a
consideration of the N*(1535) and N*(1650) as single-particle three-quark states dressed
by meson-baryon interactions is now well-motivated.

In this chapter, we will consider the case where the two low-lying odd-parity nucleon
resonances may be represented by two bare basis states in the Hamiltonian formalism,
|N1) and |Ny), with masses my, and my, respectively. These two bare states will be
allowed to couple with S-wave 7N, nN, and KA scattering channels, and therefore we
refer to this Hamiltonian as a two bare state, three channel (2b3c) system.

In Sec. we will begin by constructing the infinite-volume Hamiltonian and solving
the coupled-channel scattering equations, providing the phase shifts and inelasticities for
this system. This will allow us to constrain the free parameters of the Hamiltonian to S1;
scattering data, and predict the positions of poles in the scattering amplitude.

Sec. makes a connection with lattice QCD at L ~ 3 fm, where the pion mass
dependence of the bare basis states is constrained. This allows us to study the structure of
energy eigenstates observed in lattice QCD calculations. By associating the lattice eigen-
states with HEFT energy eigenstates, we are able to analyse their eigenvector composition
and gain insight into their structure.

In Sec.[5.3] predictions are made for the finite-volume energy spectrum at L ~ 2 fm,
using constraints from the L ~ 3 fm analysis. An eigenvector analysis is performed for
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the states to illustrate their composition. An analysis is performed for an L. ~ 4 fm lattice
in Sec.[5.4] where recent lattice QCD results from the CLS consortium [64] are compared
with HEFT. Remarkably, the lattice QCD results are described with excellent precision.

Finally, Sec.[5.5]introduces a novel method for simulating the scattering state contam-
inations in lattice QCD correlation functions constructed with standard three-quark op-
erators. The contamination functions are constructed with both HEFT eigenvectors, and
lattice QCD correlation matrix eigenvectors, with remarkable agreement between them.
We also consider the interplay between contamination due to two-particle scattering-state
contributions and nearby eigenstates with significant single-particle components.

Infinite-Volume Scattering

In order to constrain the free parameters in the Hamiltonian, we consider the S; pion-
nucleon scattering data from the SAID WIO8 solution [54, 55)]. Following the previous
HEFT study of the N*(1535) [30]], we adopt a dipole form factor for our regulator, given

by
E2\ 2
u(k) = (1 + F) , (5.1)

where we allow A to take unique values for each scattering channel. In order to describe
the scattering data, we require parametrisations of the two types of interactions considered

in the Hamiltonian. Motivated from heavy-baryon yxPT, the S-wave interaction between
a bare state | V;) and a scattering state |a(k)) is given by

aNik) = % 0N S (F) u(k), (5.2)

where f, = 92.4 MeV is the pion decay constant, and g2 is the dimensionless coupling
strength for this interaction. Additionally, w,,, (k) = m is the mass-energy of
the meson in channel |«). Considering the two-to-two interaction, between scattering
states |a(k)) and |G(k')), we use the standard S-wave parametrisation

Vag(k, k') = (k) (k') , (5.3)

———= Vag U
A f2 7
where v,3 1s the dimensionless coupling strength between the two scattering channels.
As in Ref. [30], we found considerable difficulty in describing the S-wave scattering data
at low energies. As such, we also modify the regulator for the two-to-two potential to
enhance the interaction strength at low energies. This modified form factor has the form

=y = wa(k) + i
(k) = e (k). (5.4)
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Table 5.1: HEFT fit parameters constrained by the WIOS8 solution [54} 55] for S;; scatter-
ing, up to 1.75 GeV.

Parameter Value Parameter Value
my, / GeV 1.6301 my, / GeV 1.8612
g 0.0898 g 0.2181
g%{, 0.1525 g%f, 0.0009
IR 0.0000 I9A -0.2367
ANy 1 GeV 1.2335 AN 1 GeV 1.4000
AN 1 GeV 1.2642 AN 1 GeV 0.9521
A 1 GeV e A2 1 GeV 0.7283
UrN,mN -0.0655 UnNnN -0.0245
Ur NN 0.0388 UnN,KA 0.0320
UnrN,KA -0.0757 VKA KA 0.1371
Ayxn ! GeV 0.6000 Ay | GeV 0.9036
Ay xcn / GeV 0.6060

Here, For k& ~ 0, this expression results in (k) ~ 2wu(k), enhancing the low-energy
potential. As the momentum of the back-to-back states increases, this expression increas-
ingly tends to the original regulator u (k).

Utilising these potentials, we are able to solve the coupled-channel scattering equa-
tions through the process outlined in Sec.[2.3.1] For a given parameter set, we may solve
for the S-matrix at each on-shell energy E to obtain an S-wave 71N — w N phase shift,
and an inelasticity, which are given by

. 1 Im Sﬂ—Nﬂ—N(E)
57rN(E) = 5 atan <m) s (55)
N(E) = [Sanan(E)| - (5.6)

These may then be compared to the WIO8 scattering data [54) I55]], and using Powell’s
derivative-free optimisation procedure [73]] to minimise the Y2, we are able to constrain
the free parameters in the Hamiltonian. As the N*(1535) lies approximately 100 MeV
below the KA threshold, the coupling gi, was held fixed at zero. With the remaining
coupling strengths, bare state masses, and regulator parameters, there are a total of 21 free
parameters present in this system. The resultant parameter set is presented in Table
The resultant S;; phase shift and inelasticity are illustrated in Fig. along with the
corresponding 7-matrix components. Using this parameter set, we are able to characterise
the Sy, phase shifts in the energy range considered. This fit results in a x? of 604, and
with 78 — 21 = 57 degrees-of-freedom (d.o.f.s), a x*/d.o.f. of 10.6. While this x?/d.o.f.
is large, it can be attributed to missing three-particle 77 /N threshold effects, as can be
seen in the tension in the inelasticity predictions near 1.4 GeV. Difficulties describing the
inelasticities above the N*(1650) region may also be attributed to a sizeable contribution
from w7 N states, or additional hyperon channels such as K. Interestingly, the tension in
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Figure 5.1: Phase shift and inelasticity for the parameters in Table|5.1|are illustrated in the
two upper plots. The solid (blue) lines are the theoretical calculations from HEFT, while
the data points are the SAID WIO8 solution 55]]. The lower plot compares the real

and imaginary 7'-matrix components from HEFT to the SAID data. The dashed vertical
lines denote the n/N and K A thresholds.
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the inelasticity calculation appears to manifest primarily in the imaginary component of
the T-matrix. While this x?/d.o.f. is not directly comparable with similar studies of S},
scattering [70] due to the use of the WIO8 solution versus single-energy values, visually
the fit of Ref. [70] and that presented here produce a similar quality of fit. Alternatively,
quantities such as the positions of poles corresponding with the two odd-parity resonances
may prove to be a better source of comparison.

As described in Sec. [2.3.2] and Sec. .2} for a system with two bare basis states we
represent the propagator by a matrix of dressed states. For the Hamiltonian as described
in this chapter, this matrix has the form

-1 _ E — mjil — iNlNl(E) _ENQN (E)
A(E) N < —ENlNQ(E) E— My, — ZN2N2(E)) : (5.7)

By solving for complex energies FE; such that det { A(E;)~'} = 0, we are able to solve
for the positions of any poles in the 7"-matrix. In the Particle Data Group (PDG) tables
[3]], the poles for the two low-lying odd-parity nucleon resonances are reported as

En+@1535) = 1510 & 10 — (65 4 10)i MeV
En+(1650) = 1655 15 — (67 £ 18)i MeV . (5.8)

With the set of parameters in Table[5.1] and searching in the second Riemann sheet, using
HEFT two poles are found at energies

E; = 1500 — 507 MeV
Ey = 1658 — 5610 MeV (5.9)

in excellent agreement with the PDG pole positions.

By comparing phase shifts and inelasticities calculated in HEFT with those from re-
sources such as SAID, and 7-matrix poles with PDG values, it is clear that an interpre-
tation of the low-lying odd-parity nucleon resonances as quark-model like states is con-
sistent with experiment. By moving to a finite-volume and comparing with results from
lattice QCD however, we are able to gain a larger degree of understanding, and further
test this interpretation.

Finite-Volume HEFT at 3 fm

5.2.1 Pion Mass Dependence

By varying the pion mass m,, and the lattice extent L, one can solve for the eigenvalues
and eigenvectors of the Hamiltonian to obtain the finite-volume energy spectrum, the
results of which can be compared with lattice QCD. As the pion mass is increased, the
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masses of the other hadrons are also increased proportionally, as to match the hadron
masses calculated by PACS-CS [47]. As the pion-mass extrapolations for the bare states
are unknown, we give them a simple expansion of the form

my,(m2) = my, phys T QN (mfT - mi‘phys> : (5.10)
where the mass-slopes «ay, are varied to fit 10 lattice QCD data points at L ~ 3 fm,
and a pion mass varying from 169 to 623 MeV in the Sommer scheme [47]. Additionally,
my;, |phys is mass of each bare basis state at the physical point. It was found that as the bare
mass slope only has an impact at significantly larger than physical pion masses, fitting to
the lattice QCD energies at the lightest pion mass had little effect on the mass slope. As
such, the fitting procedure focused on minimising the distance between the lattice QCD
data at the three heaviest pion masses, and HEFT energy eigenvalues. While there is also
precise data available at L ~ 2 fm which could also be used for the fitting procedure, it
is desirable to confront the spectrum at 2 fm as a prediction from the 3 fm analysis. As
the parameters of the Hamiltonian are constrained by experiment, the key input from the
3 fm analysis is the quark-mass slope of the bare masses, oy, and ay, .
The 3 fm fitting procedure gives mass slopes

an, = 0.944GeV ™!,
an, = 0.611GeV . (5.11)

The differences in the slope parameters are in accord with quark model expectations. The
lower state is dominated by hyperfine attraction in spin-1/2 components of the wave func-
tion. The strength of the hyperfine attraction is inversely proportional to the product of the
constituent quark masses. Thus, as the constituent quark mass increases, the hyperfine at-
traction is lost and the baryon mass increases rapidly. On the other hand, the second state
is dominated by spin-3/2 components contributing to hyperfine repulsion. For the second
state, repulsion is lost as the constituent quark masses increase and thus the baryon mass
rises more slowly.

5.2.2 Finite-Volume Energy Spectrum

We are now able to calculate the full finite-volume energy spectrum for this system. In the
Sommer scheme, the physical volume varies with the quark mass. At the physical point,
the lattice extent is 2.99 fm, corresponding with the lattice size at the lightest lattice QCD
point. As the pion mass is increased, the lattice size is linearly interpolated between each
lattice QCD point, giving a final lattice size of 3.27 fm. The results of this can be seen in
Fig. where the non-interacting basis states have been displayed as dashed lines, and
the interacting energies displayed as solid lines. Here we observe a significant shift from
the non-interacting states, as well as the presence of many avoided level crossings in the
excited states of the spectrum, demonstrating the complexity of the system. The HEFT
spectrum is compared to available lattice QCD results at approximately 3 fm.
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Figure 5.2: Finite-volume energy spectrum for L ~ 3 fm. The vertical dashed line
represents the physical points, while the remaining dashed lines correspond with non-
interacting basis states for each channel. The solid curves are the finite-volume eigenen-
ergies calculated in HEFT. Lattice QCD data from CSSM [68, (72, [74] and the Cyprus
collaboration [73]] is overlaid for comparison.

One of the biggest advantages of HEFT however, is the ability to extract the eigen-
vectors of the Hamiltonian. The eigenvector |(B;|E;)|” denotes the contribution from the
basis state | B;) to the eigenstate | E;), the results of which are shown in Fig. [5.3| for the
first six eigenvalues at L ~ 3 fm. Here it can be seen that initially at the physical point,
it is difficult to interpret a single state as representing one of the odd-parity resonances.
The contributions from the two bare states, denoted by red and blue lines respectively,
are instead distributed over the second through to the sixth eigenstates. However the con-
tributions from the bare states do seem to be concentrated around the masses of the bare
states. At this point, it is only the lowest-lying state which can be definitively interpreted
as a N state.

As one moves away from the physical pion mass, contributions from the two bare
states seem to become increasingly concentrated in the lower-lying eigenstates, and both
the lowest-lying state and next state seem to each contain approximately equal amounts
of each bare state. In other words, the bare states mix to form the energy eigenstates. The
situation is similar to the mixing of the two spin-1/2 negative parity interpolators which
mix to form the lattice eigenstates.

In order to better view how the contributions from the bare states are distributed, we
overlay coloured lines on the energy spectrum in Fig. Here, we display the state
with the largest and second largest contributions from the first bare basis state as solid
and dashed red lines respectively. The contributions from the second bare basis state are
illustrated in the same manner but in blue. The results of this are illustrated in Fig. [5.4]
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Figure 5.3: Pion mass dependence of the basis-state contributions for the six lowest eigen-
states from the 3 fm spectrum shown in Fig. [5.2] Markers on each plot correspond with
the five PACS-CS masses [47]. Contributions for the sum of all momentum states in the
wN,nN, and KA channels are illustrated.
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Figure 5.4: As in Fig. with contributions from bare basis states |/N;) and |N;). The
solid and dashed red lines represent the states with the largest and second largest contri-
butions from the lower bare basis state. Similarly the solid and dashed blue lines repre-
sent the contributions from the second bare basis state. Lattice QCD data from CSSM
[68, 72, 74] and the Cyprus collaboration [73]] is overlaid for comparison.

Utilising this method of identifying states with a large bare-basis state component, it
becomes easier to understand which states are likely to be observed in the CSSM and
Cyprus lattice QCD calculations. Because they used three-quark operators to form the
basis of their correlation matrix, it follows that the states excited in their analysis will
contain a large bare basis state component. Thus we expect each of their lattice QCD
results to be associated with a coloured energy eigenstate from HEFT. The exception to
this is the lowest lying CSSM state at m2 ~ 0.08 GeV?, which was obtained from a
five-quark operator [68)]].

Of particular note, as we move to larger quark masses, the contributions from each
bare state become primarily concentrated in only two eigenstates, which strongly cor-
respond with the states from lattice QCD. This is in agreement with the results from
Ref. [[72], where the magnetic moments of the two resonances become more quark-model
like as the pion mass increases. In addition, the three results from the Cyprus Collab-
oration [75] which were constructed using only three-quark operators, correspond with
eigenstates dominated by contributions from the lower lying bare state.

One concludes that while the low lying states are quark-model like at heavy quark
masses, one cannot make the same conclusion at light quark masses as the three-quark
component of HEFT eigenstates corresponding to lattice QCD eigenstates is of the order
20% — 30%. As a result, one must regard these resonances as a mixture of three-quark,
and rescattering contributions.
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Of particular contemporary interest is the role of strange quarks in these low lying
resonances. Here we can examine the contributions from the KA channel at each HEFT
eigenstate which corresponds with a lattice QCD mass. Here we see that the strange
quark component of these states is at most 10% in the case of the lightest mass for the
state corresponding with the first excited lattice QCD state, but is typically of order 1%
and therefore a relatively small component.

Finite-Volume HEFT at 2 fm

Lattice QCD results are available for lattice sizes of approximately 2 fm from Lang &
Verduci [76], as well as the Hadron Spectrum Collaboration (HSC) [77, [78]. As Lang
& Verduci’s correlation matrix analysis was not large enough to remove excited-state
contaminations from their second and third states, we focus on their lowest-lying state
obtained from a non-local momentum-projected pion-nucleon interpolating field. While
in principle we could use this data for fitting the bare mass slopes, in Chapter 3| it was
found that by calculating the bare mass slopes at only one lattice size, the lattice QCD
data for other sizes was able to be described. As such, we continue to use the bare mass
slopes from Eq. (5.T1) for this L ~ 2 fm calculation, and thus make predictions for the
finite-volume energy eigenvalues at various quark masses.

The HSC collaboration sets their lattice spacing in a scheme where the physical {2~
baryon mass is taken to be independent of the sea-quark mass. As a result, the lattice
spacing varies with quark mass. Here, an identical approach is taken to the 3 fm calcu-
lation in regards to the lattice size. At the physical point, the lattice extent is 1.95 fm,
corresponding with the lattice size at the Lang & Verduci lattice QCD mass. As the pion
mass is increased, the lattice size is linearly interpolated between each lattice QCD point,
giving a final lattice size of 2.12 fm. The hadron masses are also varied as described in
Eq. (5.10). The result for this process is illustrated in Fig. [5.5] where similarly to the
L ~ 3 fm case, significant shifts in the energy eigenvalues from the non-interacting ener-
gies are observed. Comparing to the lattice QCD data from HSC and Lang & Verduci, we
observe that all data points correspond with an energy eigenvalue, with the exception of
a single point from HSC, which sits between the two lowest-lying states we predict. By
investigating the eigenvector composition of these states, we are able to better analyse the
consistency of this data with the two bare state analysis.

Due to the lower density of states, we only consider the eigenvector composition of the
four lowest-lying states in Fig.[5.6] as opposed to the six eigenstates in Sec.[5.2] For the 2
fm spectrum, we observe a similar behaviour in the eigenvectors as in the 3 fm spectrum.
Initially, the lowest-lying state consists almost purely of the 7wV basis state, while the two
bare basis states are concentrated in the higher excited states. As the pion mass increases
however, a significantly larger portion of the bare state eigenvector components become
more concentrated in the lowest-lying state. As such, at larger pion masses we expect
to see lattice QCD states constructed from three-quark operators to correspond with the
lower-lying states in the spectrum.
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Figure 5.5: Finite-volume energy spectrum for L ~ 2 fm. The vertical dashed line repre-
sents the physical point, while the remaining dashed lines correspond with non-interacting
basis states for each channel. Overlaid is lattice QCD results from Lang & Verduci [76]
using momentum-projected meson-baryon operators, and the Hadron Spectrum Collabo-
ration (HSC) [[77, 78] using three-quark operators.

Returning to Fig.[5.5] it is immediately clear that the lowest lying high-precision point
from Lang & Verduci is very well described by HEFT. Because this is a low-lying state in
the spectrum, it is protected by the Liischer relation embedded within the HEFT formal-
ism. Moreover, because the point is calculated at a relatively small value of the pion mass,
it is relatively insensitive to the quark mass interpolation. In short, this confrontation be-
tween lattice QCD and HEFT is also predominantly a confrontation between lattice QCD
and experiment. While this state is composed primarily of the zero momentum 7N basis
state, the other basis state contributions are vital to generating the significant shift in the
eigenstate energy down from the non interacting basis-state energy.

To better compare with lattice QCD, we overlay the contributions from these bare
states onto the energy spectrum, which can be seen in Fig. Considering the data
from HSC, we observe their six points correspond with states consisting primarily of bare
basis states. The lowest-lying points correspond with the lighter bare state, while their
excited states correspond with the eigenstate dominated by the second bare basis state.
This further supports the interpretation of the two odd-parity nucleon resonances as being
quark-model like.

It is impressive that five of the six HSC results sit precisely on the HEFT states dom-
inated by bare basis-state components. It is a testament to the precision of their lattice
QCD analysis and the rigour with which HEFT can link different volumes and quark
masses within a single formalism. The notable exception is the lowest-lying state at the
largest quark mass where a nearby scattering-state provides a scattering-state contamina-
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Figure 5.6: Pion mass dependence of the basis-state contributions for the four lowest
eigenstates from the 2 fm spectrum shown in Fig. [5.5 Markers on each plot correspond
with the single Lang & Verduci mass [[76] and three HSC masses [77, [78]. Contributions
for the sum of all momentum states in the 7N, n/N, and K A channels are illustrated.
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Figure 5.7: Finite-volume energy spectrum for L ~ 2 fm. The solid and dashed red lines
represent the states with the largest and second largest contributions from the lower bare
basis state. Similarly the solid and dashed blue lines represent the contributions from the
second bare basis state. Lattice QCD results from Lang & Verduci [76] and the Hadron
Spectrum Collaboration (HSC) [77, [78]]. are overlaid for comparison.

tion in their correlation-matrix analysis. Of course the authors were completely aware of
this possibility and discussed the importance of future calculations including both three-
quark interpolators and a complete set of non-local momentum-projected multi-hadron
operators. In Sec.[5.5] a novel HEFT formalism is introduced to quantify the extent of
this scattering state contribution.

Finite-Volume HEFT at 4 fm

Recent lattice QCD calculations of m/N scattering process were performed by the CLS
consortium [64], and included momentum-projected two-particle interpolating fields. In
particular, we are interested in the zero-momentum [ = 1/2, Gy,,(0) results from Fig. 4a
of Ref. [64]. These calculations were done for a pion mass of 200 MeV, with a spatial
lattice extent of L = 4.05 fm. By altering the nucleon mass at m, = 200 MeV in the
HEFT formalism to my = 0.959 GeV, to match the non-interacting 7N (k = 0) state in
Fig. 4a of Ref. [64], we are able to compare the eigenenergies from HEFT with the lattice
QCD calculations from the CLS consortium.

Using the fit parameters from Table [5.1] and the bare basis state slopes from Sec.[5.2]
this comparison is illustrated in Fig. [5.8] HEFT predicts a small amount of attraction
in the scattering state energies relative to the non-interacting two-particle 7N basis state
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Figure 5.8: Comparison between the energy eigenvalues calculated in HEFT at a lattice
size of L = 4.05 fm (solid black lines), and the lattice QCD calculations from the CLS
consortium (data points) using the D200 ensemble [64]. Dashed lines indicate the non-
interacting two-particle 7N energies for k = 0 and k£ = 1.

energies for k = 0 and £ = 1. The CLS results are in excellent agreement with these
HEFT predictions, showing effects of a similar magnitude and direction. Considering
the eigenvectors of these two eigenstates from HEFT, the ground state consists of 99.6%
wN (k = 0), resulting in the minimal shift away from the non-interacting state. Similarly,
96% of the first excited state is composed of the 7N(k = 1) state, with a majority of
the remaining contributions coming from the two bare states. As the majority of the
lower mass bare state is concentrated in the fourth excited state, the bare basis states have
a limited impact on the eigenstates considered in this energy range. Nonetheless, it is
useful to see that the HEFT formalism correctly extends to the L = 4.05 fm results from
the CLS consortium, as in the L ~ 2 fm case in Sec.[3.3]

Scattering-State Contaminations

In Sec.[2.4.6] we introduced a novel HEFT formalism for estimating scattering-state con-
taminations in lattice QCD correlation functions constructed with standard three-quark
operators, in a system with a single bare basis state. Recalling from Eq. (2.93), we con-
struct a simulation of the lattice QCD correlation function from HEFT eigenvectors, with
the form

G, (1) =D [(BolEy)* e ™" (5.12)



5.5 Scattering-State Contaminations 95

By removing the contributions from the eigenstate with largest bare basis state eigen-
vector component, as in Eq. (2.94) we also define the two-particle scattering-state con-
tamination function,

C, (t) Z| (Bo|E)|? e Bt (5.13)

GBO 1#Bo

We may extend these definitions to a system with two bare basis states. This time,
states are excited from the vacuum with three-quark operators y; and y». For example, the
odd-parity proton interpolators x; = € (u”® Cy5 d°) y5 u and xo = ¢ (uT* C'd°) u*
are both O(p/F) in a nonrelativistic reduction and mix strongly in a correlation matrix
analysis to isolate the eigenstates. Each of these interpolating fields acting on the QCD
vacuum will create a bare basis state | N7) and | Na),

(@ X1+ 07 Xx2) [©2) = a” [N1) + 5[ Ng) (5.14)

which are mixed in forming the energy eigenstates, |E;). Where previously we had a
single eigenstate with largest bare state contribution, labelled | E', ), in the two bare state
system there will be a corresponding Hamiltonian eigenstate for each bare state. We label
these states |E, ) and | Ey, ), representing the eigenstates with largest contributions from
the bare basis states |N;) and |Ny) respectively. As these eigenstates are a mixture of
each bare state, they will be constructed for different combinations of « and 3, given by
«; and 3;, where j = 1,2 corresponds with N; and NN, respectively. With this in mind,
correlation functions optimised for these two eigenstates are constructed as

Gj<p7 t) - Ze—ip-m <Q| (aj Xl(wat) + 6]' X2(w7t))

x (o x1(0) + 5 x2(0)) 192) . (5.15)

Inserting a complete set of states, setting p = 0, and applying Eq. (5.14),

Gi(t) =Y (o (N1| + B; (Na]) | E;) (Ei

X (O./;k |N1> + 5]* |N2>> G_Eit,
= Z o (N1|E;) + Bj (No| E) [P e Pt (5.16)

We note that o; and /3; can be made real [79], and the eigenvector components (N;|E;)
are real.

The mixing parameters for each of the two eigenstates, labelled «; and 3;, may be
obtained either through the eigenvectors of correlation matrices from lattice QCD, or
through the Hamiltonian eigenvectors from HEFT. Importantly however, the lattice QCD
correlation matrix eigenvectors must be normalised to O(1), as described in Ref. [74].
In the case of HEFT, the eigenvector components are (O(1) via the standard normalisa-
tion with the sum of the squares of the components equal to one. Given that strength is
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localised within the spectrum, the values are insensitive to the size of the Hamiltonian
matrix.

The scattering-state contamination to each of the eigenstate-optimised correlation
functions of Egs. (5.15]) and (5.16)) is obtained by removing the two energy eigenstates
whose composition is dominated by the bare basis states (which recall are labelled |Ey;, )
and | Ely,)). The idea is that the lattice correlation matrix will be effective in isolating two
states which couple strongly to the three-quark operators, but lacks the additional infor-
mation to isolate the scattering states. While the lattice QCD calculations of Ref. [74]]
isolate states in an 8 X 8 correlation matrix, appropriate orthogonality is evident in the
optimised correlation function for each state, G;(t). For example, the contribution of
|En,) to the optimised correlator G4 (t), governed by ay (N1|En,) + 51 (Na2|En,), is
small. Similarly the contribution of Ey;, to the optimised correlator G5(t), governed by
ag (N1|En,) + B2 (N2|Ey, ), is also small. At most, contributions from |Ey,) and |E,)
to G1(t) and G5(t) respectively are of order 5%, though typically take values closer to
1%.

The optimised contamination functions for these two bare-dominated states are there-
fore written as

Cy(t) = G.l D (o (NI|E) + 55 (No| E;))* e Bt (5.17)

]( ) Z‘#Nl,NQ

Here, the notation of ¢ # N, N, denotes that we avoid summing over the energy eigen-
states labelled | Ey, ) and |Eyy,).

5.5.1 Contamination Function at 3 fm

5.5.1.1| Two Particle Scattering-State Contamination

To determine the degree of scattering-state contamination in the lattice QCD correlation
functions of Eq. (5.16), which have been optimised for the states |Ey,) and |Ey,), we
consider the contamination functions as defined in Eq. (5.17), eliminating the contribution
from the states which are identified as corresponding to the lattice QCD results.

As can be seen in Fig. [5.4] at each lattice QCD mass there is not necessarily only a
single corresponding HEFT eigenstate. Taking the second heaviest mass from Fig. [5.4]
as an example, we see that both the first and second states have approximately equal
contributions from my,. Indeed, there is no single eigenstate corresponding with the
single-particle, three-quark core, but rather both eigenstates may be described as quark-
model like, and corresponding with the lattice QCD state associated with the N*(1535).
For the L ~ 3 fm analysis, this effect can be seen at all but the heaviest lattice QCD
masses. As a result, to remove the bare basis state contributions from the correlation
functions as described in the previous section, we must remove not only the contribution
from the two eigenstates with largest bare basis state eigenvector components, but also the
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contribution from the two eigenstates with second largest bare basis state components. In
the context of Fig.[5.4] we remove the contributions from all highlighted eigenstates from
the correlation functions. This method will allow a proper determination of the level
of two-particle dominated scattering-state contributions, having removed all significant
sources of single-particle contributions.

In calculating these contamination functions, we compare two sources of values for
a; and 3;. From Ref. [74], the eigenvectors of the correlation matrix were calculated in
lattice QCD for an 8 x 8 correlation matrix, with four sets of smearings at both the source
and sink. Here, we consider the 100 sweep smearings from Fig. 11a of Ref. [74], which
dominate the eigenvalue components. Coefficients for oy and . are taken from the 100-
sweep X1 (us) component of the eigenvectors for states 1 and 2 respectively. Similarly, 3;
and [, are taken from the 100-sweep Y2 (ug) component of the eigenvectors for states 1
and 2. We note the important sign change in (3; as one moves from state 1 to 2.

We compare these lattice QCD results for «; and /3; with the corresponding quantities
calculated from the eigenvectors of the Hamiltonian in HEFT. In this case, these mixing
factors are given by

ap = <N1|EN1>7 B = <N2‘EN1>7
ay = (N1|En,) s o= (No| Eny) - (5.18)

The eigenstates |Ey,) and |Ey,) correspond with the states illustrated in Fig. with
solid red and solid blue lines respectively.

In Fig. these two schemes for determining «; and (3; are compared by calculating
contamination functions as defined in Eq. at each PACS-CS pion mass. As de-
scribed above, we remove not only the contribution from the two eigenstates with largest
bare basis state eigenvector component, but also the contribution from the eigenstates with
second largest bare basis state component.

Broadly considering these two-particle contamination functions, we observe two situ-
ations. At lighter pion masses, where the bare-dominated states | Ey, ) and | Fy, ) sit above
the lower-lying eigenstates, we observe a scattering-state contamination which has a min-
imum in the vicinity of 1 —2 fm. At the heavier pion masses, where these bare-dominated
states are found in the lower-lying eigenstates, the contamination tends to zero as time
increases, as all excited states become exponentially suppressed. There is a remarkable
similarity between the contamination functions constructed from the correlation matrix
eigenvectors from lattice QCD, and the Hamiltonian eigenvectors from HEFT.

Considering specific pion masses, at the two largest masses we observe a strong decay
in the contamination, where all scattering state contaminations are at the 5-10% range at
Euclidean times where you’d expect to observe an effective-mass plateau. At the third
heaviest mass, we observe a minimum contamination in the plateau region of 6% for Vi,
which is in line with the prediction from Ref. [72] of approximately 5%. As described in
Ref. [72]], we observe a larger degree of scattering-state contamination in the correlation
function corresponding with /V; for the second lightest mass. For the two lightest masses,
some degree of scattering-state contamination is to be expected, as they fall near the n/N
and K A thresholds.
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Figure 5.9: Contamination functions from Eq. at the five pion masses considered
by the PACS-CS collaboration [47]], with a lattice size L ~ 3 fm, where the pion mass
increases as one moves down the columns. Contributions from the two eigenstates with
largest and second-largest single-particle component have been removed from the corre-
lation functions (all highlighted eigenstates in Fig. @ Values for «; and f3; are taken
from lattice QCD correlation matrix eigenvectors for the two left-most columns, and taken
from HEFT eigenvectors as defined in Eq. (5.18)) for the two right-most columns. The first
and third columns (red lines) correspond with the eigenstates dominated by contributions
from |N7), while the second and fourth columns (blue lines) correspond with the eigen-
states dominated by contributions from | Ny). The relevant eigenstate for each lattice QCD
energy level is labelled by E;.
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5.5.1.2| Single-Particle and Two-Particle Contamination

In the previous section, we analysed the two-particle scattering-state contamination by
removing contributions to the correlation functions from all eigenstates with a significant
single-particle bare basis state eigenvector component. There the two-particle scattering
state contaminations for the three heaviest quark masses considered were found to be
typically small, the order of 10% in the Euclidean time range where masses and form
factors are extracted.

Here we explore a different problem where the bare basis state becomes significantly
associated with more than one energy eigenstate. The extent of this distribution over
eigenstates is directly related to the volume of the lattice which governs the number of
eigenstates within a given energy range, i.e. the density of energy eigenstates. As the
volume increases, the density of eigenstates increases and the bare basis state becomes
spread over several states.

However, lattice QCD aims to isolate a single energy eigenstate. In the absence of two-
particle interpolating fields, this is done via Euclidean time evolution to allow the higher
state to become become exponentially suppressed. At the same time, the uncertainties in
the correlation function grow to the point that the behaviour of the correlator is consistent
with a single propagating state. It is this mass that is reported, but one should remain
concerned that there may be more than one state propagating in the correlator.

Drawing on the information available in the HEFT eigenvectors, we are able to quan-
tify the contamination from both the two-particle scattering states and the distribution of
significant single-particle strength across multiple energy eigenstates. This time only the
two energy eigenstates having the dominant bare basis state components, |N1) and |N3),
are eliminated. In cases where the strength is almost equal, the lower lying state is consid-
ered isolated by the Euclidean time suppression and eliminated from the contamination
function.

Using Eq. the scattering-state contaminations for the three heaviest PACS-CS
masses are illustrated in Fig. Here, the label E; on each contamination function
refers to the eigenstate associated with each lattice QCD energy level. In the case where a
lattice QCD mass sits on an avoided level crossing, where two different eigenstates have
approximately equally large bare basis state eigenvector components, the state with lower
eigenenergy is chosen. Under Euclidean time evolution, excited states in the spectrum
decay more quickly, and thus it is expected that the lower eigenenergy is isolated.

Comparing the contamination functions in Fig. with those in the previous section,
we observe a significantly higher degree of contamination. For the heaviest PACS-CS
mass, we still observe a decaying contamination for large Euclidean time. As a vast major-
ity of the bare basis state eigenvector components are concentrated in the two lowest-lying
finite-volume eigenstates, we do not expect any scattering-state contamination following
Euclidean time evolution. At the second and third heaviest masses however, we observe
a significantly larger level of contamination.
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Figure 5.10: Contamination functions from Eq. at the three heaviest pion masses
considered by PACS-CS [47], with a lattice size L ~ 3 fm. The pion mass increases as
one moves down the columns. Contributions from only the eigenstate with the largest
eigenvector component for each bare basis state have been removed in calculating the
contamination functions (solid highlighted state in Fig. [5.4). Values for «; and j; are
taken from the HEFT eigenvectors as defined in Eq. (5.18). The relevant eigenstate for
each lattice QCD energy state is labelled by F;.
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Consider the positions of the second and third heaviest masses on the finite-volume
spectrum from Fig.[5.4] For the lower-lying lattice QCD mass at the second-heaviest pion
mass, this sits directly on an avoided level crossing in the eigenvector component for /N;.
As a result, whether £ or E, is chosen as the state corresponding with this lattice QCD
mass, and removed from the correlation function, a significant single-particle component
will remain in the correlation function. This effect is seen to a greater degree in the larger
lattice QCD mass at the third heaviest pion mass. This mass sits at an avoided level cross-
ing in |N5), where the eigenvector component for |N5) is significantly spread over four
nearby eigenstates. In the context of Fig.[5.4] both the solid blue and dashed blue lines are
moving between HEFT eigenstates at this position. At this position, the eigenstate with
largest | No) component only contains approximately 15% of the contribution from |Ny).
As such, removing only a single | N,)-dominated eigenstate from the correlation function
will leave a significant degree of single-particle based contamination in the estimate of
the scattering-state contamination. This effect is further exaggerated in the two lightest
masses. Due to the high density of states at this point, the eigenvector components for the
two bare basis states are further spread to nearby energy eigenstates.

In the context of exploratory lattice QCD calculations seeking to identify the nature
of quark-model like states in the spectrum, the level of scattering-state contaminations
illustrated in Fig. is encouraging, in that for five of the six states considered the
correlation functions are dominated by the state of interest at the level of 75% or better
where the signal is extracted. Moreover, Fig. [5.9]illustrates the majority of the contami-
nation comes from a nearby state in the spectrum having the same bare basis state.

On the other hand, it is clear that next generation lattice QCD calculations seeking
quantitative comparison with experimental measurements will need to have a complete
set of two-particle interpolating fields to complement the single-particle three-quark in-
terpolating fields considered in the leading exploratory calculations. Only then can one
couple to the complete set of energy eigenstates illustrated in Figs. and[5.4]and isolate
them in the solution to the generalised eigenvalue equation for the correlation matrix.

5.5.2 Contamination Functions at 2 fm

As for the 3 fm analysis, we can utilise the correlation functions as defined in Sec. [5.5]to
calculate the degree of scattering-state contamination in the correlation functions corre-
sponding with the lattice QCD results. Due to the lower density of states, we explore con-
tamination functions calculated as defined in Eq. (5.17), where only the eigenstate with
largest bare basis state eigenvector component is removed. In particular, we calculate
contamination functions for the six lattice QCD results from the HSC [77, [/8], as these
are calculated using three-quark interpolating fields and correspond with bare-dominated
states. As the eigenvectors from both the lattice QCD correlation matrix and the HEFT
Hamiltonian were found to produce equivalent contamination functions in Sec. [5.5.1] we
utilise the HEFT eigenvectors for this section.
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Figure 5.11: Contamination functions from Eq. at the three pion masses considered
by the HSC [77, (78], with a lattice size L ~ 2 fm. The pion mass increases as one
moves down the columns. Contributions from the eigenstate with the largest eigenvector
component for each bare basis state have been removed from the correlation functions
(solid highlighted states in Fig. [5.4). Values for a; and ; are taken from the HEFT
eigenvectors as defined in Eq. (5.18). The relevant eigenstate for each lattice QCD energy
level is labelled by F;.
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In Fig. [5.11] results for the six contamination functions corresponding to the six lattice
QCD results reported by the HSC are illustrated. These curves can be compared with the
first two rows of Fig.[5.10|reporting results at similar pion masses on a 3 fm lattice.

While the large contamination reported in the top-right plot of Fig. does not
appear, broad improvement is not observed. The second state at the HSC middle mass
and the first state at their heaviest mass both show scattering state contamination at 40%.
As discussed in further detail below, both of these states sit in the midst of avoided level
crossings.

Focusing first on the middle mass, the contributions from the second bare state are
roughly equally spread between two eigenstates, making it difficult to conclusively com-
ment on the eigenstate to which the lattice QCD energy corresponds. As only one of
these states is removed in calculating the contamination function, there is still an eigen-
state containing approximately 40% of the second bare state in the remaining correlation
function.

Interestingly, the (' (t) contamination function for the heaviest pion mass in the lower-
left plot of Fig. is significantly greater than the contamination functions for the two
lighter pion masses. This may provide an explanation for why the lower-energy HSC state
sits at an energy lower than that predicted by HEFT. The HSC correlation function has a
significant contamination from the lower-lying scattering state and the mass obtained in
their analysis likely corresponds to a superposition of these two eigenstate energies.

Conclusion

In this final chapter, we have performed the first HEFT study of a system containing two
bare baryon basis states, in the context of the N*(1535) and N*(1650) resonances. Here
we found that the Hamiltonian for this system is able to provide an excellent description of
infinite-volume physics, consistent with contemporary calculations of the pole positions
for these resonances.

By comparing to recent lattice QCD results, we find that the two odd-parity nucleon
resonances are best described by an interpretation of a three-quark core, with strong con-
tributions from 7N, nN, and KA rescattering. However, the contributions from rescat-
tering processes decrease as the quark mass increases, resulting in a quark-model-like
interpretation in-line with recent lattice QCD calculations of the magnetic moments for
these two resonances.

In addition, we presented a novel method for simulating the contamination to lattice
QCD correlation functions from scattering state contributions. Here we found a remark-
able agreement between HEFT eigenvectors, and overlaps of the interpolating fields used
to excite energy eigenstates in lattice QCD. These simulations also demonstrated the need
for future high-quality lattice QCD studies containing five-quark momentum-projected
meson-baryon interpolating fields, due to the large degree of scattering state contamina-
tion at lighter quark masses.






CONCLUDING REMARKS

In this dissertation, we have demonstrated a unique approach in the determination of
baryon structure. Through a simultaneous consideration of both infinite-volume and
finite-volume physics we are able to gain a descriptions of baryons that are consistent with
both scattering data, and lattice QCD. This combination provides important constraints
that facilitate an unambiguous determination of the structure of baryon resonances.

In Chapter 3] we examined the role of regularisation in baryon structure with the
A(1232) as a case study. By considering a range of regulators and regularisation param-
eters, we demonstrated the degree to which model-dependence manifests in the HEFT
eigenmodes. In the single-channel 7V case, we were able to demonstrate the indepen-
dence of the finite-volume eigenenergies over a very board range of regulator parameter.
While the eigenvalues are insensitive to the regulator, the eigenvectors are dependent on
choice of regulator, and the structure inferred is dependent on the regularisation of the
theory. However, this model-dependence does reveal the interesting result, where for an
unphysically large regulator parameter the A(1232) is able to be dynamically generated.

Upon introducing a second two-particle channel, 7A, the range of regulator parameter
able to describe the experimental data becomes small, limited to phenomenologically-
motivated values associated with the induced pseudoscalar form factor of the nucleon.
The Hamiltonian becomes a model where the shape and extent of the form factors that
regulate the interactions becomes important in describing the data. The outcome is that
the Hamiltonian becomes constrained, though lattice QCD results can be used to further
constrain the Hamiltonian. In particular, future excited state lattice QCD results will be
able to better constrain the regulator parameter best able to describe the A(1232) system.
With enough information, the Hamiltonian and its eigenvectors are determined such that
the structure of the states is revealed. Comparison was also made with two additional sets
of contemporary lattice QCD data, where further agreement between HEFT and lattice
QCD was found.

Following this, Chapter [ focuses on the introduction of a second bare basis state to
a toy A(1232) system. By considering the lowest-energy resonance, we were able to
gain unique insight into the role of a second bare state in both infinite-volume and finite-
volume physics. We considered how the position of poles in the 7T-matrix are affected
by a second bare state in two different cases, where the mass of the second bare basis
state lies either above or below the mass of the first. Examining the effects of a second
bare state on the finite-volume energy spectrum, we were able to gain new insight into the
relationship between infinite-volume poles and finite-volume energy spectra.

Utilising the intuition and understanding obtained in the previous two chapters, in
Chapter 5| we consider the two low-lying odd-parity nucleons. Motivated by recent lattice
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results showing the magnetic moments of lattice QCD states in the vicinity of the two
low-lying odd-parity nucleon resonances agree with quark model predictions, we proceed
to associate a bare basis state with each of the low-lying resonances. The idea is that the
interactions with 7N, n/V, and KA will mix the bare basis states in forming the energy
eigenstates. This HEFT description is consistent with both experimental data, and lattice
QCD results. The consistency was found for lattice QCD results at three lattice volumes,
with eigenvector analysis allowing for key insight into the structure of these eigenstates.
Lattice QCD eigenstates which were excited by three-quark and five-quark operators both
correspond with HEFT eigenstates with the appropriate eigenvector components. As a
result, we conclude that both of the odd-parity nucleon resonances can be interpreted as
three-quark cores dressed by 7NV, n [N, and K A interactions.

To conclude Chapter [5| we presented a novel simulation of scattering state contami-
nations in lattice QCD correlation functions at 2 and 3 fm. These results demonstrate a
need for multi-particle interpolating fields in next-generation simulations, in order to gain
a better understanding of the complexities of the finite-volume spectrum. This becomes
increasingly essential as contemporary lattice QCD studies are performed at or near the
physical point.

Further work in HEFT should build upon these results, with a particular focus on
systems with multiple bare basis states. In the positive-parity nucleon and A spectra,
low-lying resonances appear to be a mixture of three-quark like, and dynamically gen-
erated through interactions between two-particle states. Future studies in these systems
will therefore require the inclusion of two or more bare basis states to fully describe the
spectrum, and lead to a better understanding of baryon structure.



BARE COMPONENT OF THE T-MATRIX

As outlined in Sec.[2.3.1] the T'-matrix may be found as a solution of

/ ¥, ’ va ku ;E T 7k,§E
Tos(k, K'; E) =Va5(k,k;E)+Z/dqq2 d g_zd ”jﬁ TN
~ v

The solution of this equation may be written as
Top(k,k's E) = tog(k, k', E) + T2%(k, K, E) (A.2)

where the background ¢,3(k, k'; ) is found by turning off the contributions from bare
basis states, effectively setting the couplings g2 to zero.

To solve for T3%°(k, k'; E), we rewrite the T-matrix of Eq. (A.1) in a simple matrix
notation, giving

99"

T=V+4—""—
+E—mBO

+ (v + &> OT. (A3)

E—mBO

Here, we have suppressed the function arguments for clarity, and have made the transfor-
mations

Tos(k, ks E) = T,

Vap(k, k') =V,

Gy (k) = G,
A= Q. (A.4)

Similarly, the background ¢-matrix from Eq. (2.24) has the matrix form
t=V+VQt. (A.5)
Due to the Hermicity of these matrices, this results in the identities

1+Qt=(1-QV)™",
1+tQ=01-VQ) ™", (A.6)

which will be applied in the following text.
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Rearranging Eq. (A.3)), we find

GG* GG~
T—VQT—V+E_mBO+E_mBOQT,
— (1_VQ>T:V+E——WLBO(1+QT>7
1 4 GGF
— T=01-VQ) V+(1-VQ) —1+QT1T),
E—mBO
B L GG GG \\ '

As T = t + T, we have therefore found an expression for the bare component of the
T-matrix. This may be rearranged into a more convenient form, giving

T — (G+tQG) G* {(E—mp,) (1-QV) - QGG} ' QQY,
—(G+tQG) G {(E—mp,) Q' =V)-Ga&} " Q"
* -1
= (G+1tQQG) G*{E—mBO —Qﬁ—?} Q*'-v) ot
—(G+tQG) {E—mp, —G* (1-QV)~ QG} fera—Qv)!

= (G+tQG) {E—mp, -G (1+Q1) QG} ' G" (1+Qt),
1 * *
=(G+1tQG) E—mp —G 1100 QC (G +G*Qt) |
1
E—mp —GQG-G QtQG

=(G+tQG) (G 4+ G Q1) . (A.8)

Considering the left-most term of this equation, returning to an integral notation we have

tay(k,q; E) G20 (q)
Bo 2l 2l
G+tQG =G +E / E—w(q) +ie

, (A9)

which is exactly the form of g Bo(k; E) from Eq. ( - Similarly for the right-most term
of Eq , we obtain QBO (k; E'). Finally, converting the terms in the denominator of
Eq. @) to an integral notation gives

o
G QG — Z/ ANC) (A.10)

E wy(q )—l—ze

which is the self-energy g, 5/ (E) from Eq. (2.44). Similarly, given the separable nature
of the background t-matrix, with t,5(q,¢'; E) = fu(q)tas(E) f5(¢'), we also have the
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transformation
GE(q) fula) F3(¢) GBo(¢)
t 2 «@ « N /12 B «
GQ QG%%;/CZQQ E—wa(q)+i5tﬁ<E)/dqq E (g 1 ic
= 9raso(E) tap(E) g1,5.5,(E) (A.11)
a,B

which results in the expression for the background self-energy 25907 B, (E) from Eq. (2.47).
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