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Abstract 

The quasistatic component (QSC) of ultrasonic wave propagation is one of the nonlinear 

ultrasonic phenomena that results from the interaction between ultrasound and nonlinearities 

in the solid materials. Owing to the low frequency and high sensitivity to microstructural 

changes in materials, the QSC has promising potential for developing cost-effective materials 

testing approaches and damage detection methods. However, most generation features of QSC 

have not been revealed and understood due to the complex propagation characteristics of 

ultrasonic guided waves. This thesis systematically investigates the QSC generation of 

ultrasound propagation in different solid materials and geometries. By theoretical analysis, 

finite element modeling, and experimental studies, the wave type, displacement direction, 

generation efficiency, cumulative effect, temporal shape, and mode conversion of QSC are 

comprehensively investigated. For thin plates, Lamb waves and shear horizontal waves are 

selected as primary waves for the study of QSC generation. For pipe-like structures, 

longitudinal modes and torsional modes are employed in the investigation. The results show 

that the generated QSC pulse wave in different structures by different primary waves 

invariantly possesses the fastest velocity and has mainly in-plane particle displacement. Other 

properties of QSC are also explored and confirmed to be consistent with the theory and 

numerical results. Based on the guidance of the present theoretical, numerical, and 

experimental studies, potential materials characterization and nondestructive testing/evaluation 

techniques and methods have been proposed. The elastic properties and damage state of many 

industrial materials, including advanced composite materials, have been promisingly 

characterized by the measurement and quantification of the nonlinear QSC response. The 

findings of QSC generation can pave the way for more future cost-effective 

nondestructive testing/evaluation and structural health monitoring technologies of ultrasound. 
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Chapter 1: Introduction 

1.1. Nonlinear Ultrasound 

Nonlinear ultrasound is a technique that involves the propagation of ultrasonic waves 

with a finite amplitude through a medium, resulting in nonlinear interactions between 

the propagating waves and the material or defects [1]. Two basic nonlinear effects are 

the acoustic-elastic effect and the harmonic generation [2]. The former is based on the 

dependence of ultrasonic wave velocity on external stress applied to the material. The 

latter typically involves higher harmonic generation, sub-harmonic generation, and 

nonlinear frequency-mixing [1]. In the field of medical imaging, nonlinear ultrasound 

waves play an increasingly important role in diagnostic and therapeutic medicine [3, 4]. 

For instance, microbubble contrast agents, once injected into the bloodstream, induce a 

nonlinear response upon interaction with ultrasound waves. This nonlinearity generates 

vibration frequencies different from the resonating frequency, which can be measured 

and processed to form images of the source of nonlinearity. The principal difference 

between linear and non-linear ultrasonic nondestructive evaluation is that in the latter, 

the propagating wave is assumed to have a finite amplitude and is accompanied by 

numerous effects, whose magnitudes depend on the vibration amplitude [2]. This makes 

the technique sensitive to distributed micro-defects or degradation, and overcomes 

some limitations of linear ultrasonic techniques [5]. Thus, nonlinear ultrasound is a 

powerful tool for nondestructive evaluation and medical imaging, providing unique 

insights into material properties and physiological processes. 

The field of nonlinear ultrasound is a branch of nonlinear acoustics that started in 1755, 

and a short outline of the developments in nonlinear ultrasound from 1960 to 2000 was 

given by Bjørnø [6]. The major theoretical foundations forming the basis for numerical 

studies were available already in 1960 [7]. The early theoretical contributions to the 

nonlinear acoustics, including contributions from Lagrange (1760), Poisson (1808), 
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Stokes (1848), Earnshaw (1860), Riemann (1860), Rankine (1870), Huguenot (1889), 

Rayleigh (1910), Taylor (1910), Fay (1931), Fubini (1935), Burgers’ (1948), Hopf 

(1950) and Cole (1951) can be found in [8]. The developments in nonlinear ultrasound 

during 1960 to 2000 was described as three main roads: 1) development of model 

equations and their solutions, 2) application in biological materials, focused ultrasound 

and parametric arrays, characterization of qualities of materials, 3) explanations to 

observations in industrial applications of high-power ultrasound, cavitation and bubble 

dynamics, sonochemistry, solitons and chaos, sonic booms, and nondestructive testing 

and evaluation [6].  

Except for the topics of second-order acoustic nonlinearity of fluids, focused ultrasonic 

fields, parametric acoustic arrays, and thermoacoustics, the nonlinear ultrasonic waves 

in solids/interfaces and the related applications of nondestructive evaluation and 

structural health monitoring have been developing rapidly in the recent decades. A 

review on the nonlinear acoustic applications for material characterization was 

published by Solodov et al. in 1999 [9]. The review article gave general theoretical 

analysis of the effects of nonlinearity, dissipation, dispersion, and diffraction on intense 

acoustic wave propagation, along with the discussion on the nonlinear acoustic 

applications for solid material evaluation. The elasticity nonlinearity of solid materials 

can originate from asymmetry of lattice structure and dislocation in crystals, disbonds 

and cracks in engineering materials. The article also introduced the popular acoustic 

nonlinear parameters and their determination methods. Three main application fields, 

including biomedical imaging, acoustic microscopy, and nonlinear nondestructive 

evaluation, were presented.  

1.2. Ultrasonic Guided Waves 

Ultrasonic guided waves are a type of ultrasonic wave that can propagate along a 

structure, such as a pipe or a plate, for long distances. They have become critically 
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important in nondestructive testing and structural health monitoring, providing new, 

faster, more sensitive, and more economical ways of inspecting materials and structures 

[10]. The use of ultrasonic guided waves has increased tremendously over the past 

decade due to improved understanding and computational efficiency for complex 

problem-solving. These waves can be used to inspect large areas from a single location, 

making them particularly useful for inspecting structures where access is limited. In the 

field of nondestructive testing, ultrasonic guided waves can detect defects such as 

cracks or corrosion in a material. They can also be used to monitor the health of a 

structure over time, identifying any changes that may indicate a problem. Thus, 

ultrasonic guided waves are a powerful tool in the field of nondestructive testing and 

structural health monitoring, offering unique capabilities for inspecting and monitoring 

materials and structures. 

Ultrasonic guided waves can be grouped into different types in terms of the structures 

of wave guides. For thin plate structures, the Lamb waves and shear horizontal guided 

waves are two major waves. For Lamb waves, the particle motion lies in the plane that 

contains the direction of wave propagation and the direction perpendicular to the plate. 

In 1917, the English mathematician, Horace Lamb, published his classic analysis and 

description of acoustic waves of this wave [10]. Their properties turned out to be quite 

complex. Since the 1990s, the understanding and utilization of Lamb waves has 

advanced greatly, thanks to the rapid increase in the availability of computing power. 

Lamb’s theoretical formulations have found substantial practical application, especially 

in the field of nondestructive testing. For shear horizontal (SH) guided waves, the term 

“horizontal shear” means that the particle vibrations (displacements and velocities) 

caused by any of the SH modes are in a plane that is parallel to the surfaces of the layer. 

For guided waves in pipe-like structures, there are three wave families: 1) torsional 

modes, 2) longitudinal modes, and 3) flexural modes [10]. Torsional modes involve the 

twisting of the structure around its longitudinal axis. In pipes, torsional modes are 
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particularly useful because they are non-dispersive (i.e., their velocity does not depend 

on frequency), which simplifies data interpretation. Longitudinal modes involve the 

compression and dilation of the structure along its length. Flexural modes involve the 

bending of the structure. Flexural modes can be very sensitive to defects on the 

structure’s surface. Additionally, there is Rayleigh surface waves, which propagate 

mainly along the surfaces of solids. Rayleigh waves include both longitudinal and 

transverse motions that decrease exponentially in amplitude as distance from the 

surface increases [10]. There is a phase difference between these component motions. 

The existence of Rayleigh waves was discovered in 1885 by Lord Rayleigh, after whom 

they were named. Besides, circumferential guided waves are guided waves that 

propagate in the circumferential direction of a hollow cylinder, such as a pipe. There 

are two types of circumferential guided waves: circumferential shear horizontal waves 

(CSH-waves) and circumferential Lamb type waves (CLT-waves). They have many 

practical applications, including the detection of corrosion in piping from in-pipe or in-

line inspection vehicles [10].  

1.3. Nonlinear Ultrasonic Guided Waves 

In the past two decades, nonlinear ultrasonic guided waves have become a crucial 

instrument for identifying early-stage damage in structures such as plates, pipes/tubes, 

rods, and rails. The benefits of these waves are a combination of the previously 

mentioned advantages of nonlinear ultrasonics (enhanced sensitivity and the ability to 

detect early damage) and guided waves (features like volumetric coverage, long-

distance propagation, single-sided access, rapid inspection, and the ability to inspect 

unreachable areas) [11]. The use of non-contact techniques like laser excitation and 

laser Doppler vibrometer measurements could yield additional benefits. However, due 

to the complex and dispersive nature of guided waves, they pose several analytical 

challenges that are not encountered with bulk waves. Without a proper understanding 

of their propagation, the chances of successfully conducting an inspection using 
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nonlinear guided waves are extremely low [11]. 

The growing focus on the development of testing methods using nonlinear ultrasonic 

guided waves is primarily due to the theoretical progress in the propagation of nonlinear 

guided waves in solid media. A common acoustic nonlinear response is the production 

of second harmonics, which can be effectively utilized to assess damage or degradation 

in materials and structures [12]. Regarding second harmonic generation of guided 

waves, there are two main research branches: 1) nonlinear acoustic responses generated 

by the material nonlinearity, and 2) nonlinear acoustic phenomena induced by the local 

damages. The former is closely related to the material constitutive model, i.e., the stress-

strain relationship. The latter is based on the effect of local acoustic nonlinearity, e.g., 

the breathing cracks/delamination. In the 1990-2000s, a few significant studies [13-15] 

on the second harmonic generation of guided Lamb waves in thin solid plates were 

published. The two important conditions that are required by the cumulative second 

harmonic generation were determined as: 1) non-zero power flux, and 2) 

synchronism/phase matching. The physics for second harmonic generation in intact thin 

plates is also applicable to that in hollow cylinder structures. It is important to note that 

the cumulative second harmonic wave generation is associated with the material 

nonlinearity of a regional area of the solid. On the other hand, contact acoustic 

nonlinearity (CAN) has been investigated by many researchers [16, 17]. It has been 

found that under favorable conditions – nonlinear effects exhibited by cracks are 

stronger than crack-induced linear phenomena. This is especially useful for local 

microdamage detection where the linear ultrasound is not sensitive to microdamage, 

and traditional nonlinear ultrasonic techniques are not viable due to the intrinsic 

limitations of higher harmonic generation. There are studies focused on the mechanisms 

of CAN and proposed physical models for simulating the CAN effect of ultrasound 

propagation [18, 19]. Apart from the CAN phenomenon, the hysteresis nonlinearity, 

quasi-static pulse generation, sub-harmonic generation, wave mixing, and resonant 

ultrasound spectroscopy are also important nonlinear acoustic phenomena that can 
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occur in guided wave propagations [11, 20, 21]. 

1.4. Ultrasonic Techniques for Materials Characterization 

Nondestructive testing (NDT) techniques are crucial for materials characterization 

without causing any damage to the tested materials. These methods are widely used in 

various industries to ensure the integrity, quality, and reliability of materials [22]. There 

are many common NDT techniques for materials characterization, including ultrasonic 

testing (UT), radiographic testing (RT), magnetic particle testing (MPT), dye penetrant 

testing (PT), eddy current testing (ECT), acoustic emission testing (AET), infrared 

thermography (IRT), and so on. Especially, high-frequency sound waves can usually be 

used to detect internal flaws, measure thickness, and characterize material properties 

with relatively higher efficiency and accuracy [2]. 

For metallic materials, cracks, fatigue, thermal damage, corrosion damage, and plastic 

damages are common. To detect and evaluate these damages, many technologies and 

methods based on ultrasound have been developed. Felice et al. conducted a review of 

bulk wave methods for sizing flaws [23]. They categorized the methods into four types: 

i) amplitude techniques (measuring the amplitude of a signal from the flaw and using 

the amplitude value, and often other knowledge, to infer the flaw size.), ii) temporal 

techniques (the arrival time of one or more signals from the flaw are used to infer its 

size), iii) imaging techniques (signals from the flaw are used to obtain a two-

dimensional or three-dimensional representation of the region of interest and flaw sizes 

are inferred from this representation in various ways), and iv) inversion techniques 

(signals from the flaw are inputted into algorithms which determine the physical 

properties of the flaw from which the signals originated). In general, linear ultrasonic 

methods are used for macro-damages detection and evaluation. Due to the relationship 

between the sizes of wavelength and the flaws, linear ultrasonic features including wave 

reflection/transmission and attenuation are insensitive to smaller flaws of
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subwavelength sizes. For the microdamage characterization, Maier et al. [24] proposed 

the noncontact nonlinear resonance ultrasound spectroscopy (NRUS) method for 

evaluating microscopic damages in small metallic specimens using the nonclassical 

hysteretic nonlinearity parameter. Many other researchers [25-28] have also proposed 

novel techniques for detecting early-stage microdamage in metallic materials based on 

the measurement of nonlinear ultrasonic responses. 

As the popularity of lighter, stiffer, stronger and tougher substances is growing, there 

are increasing publications focused on the NDT of fiber reinforced composite materials. 

For composite materials and structures, the nonlinear ultrasound techniques also play 

an important role. Due to the special damage mechanisms (e.g., delamination, 

debonding, matrix cracks) of composites, the use of the ultrasonic method in composite 

materials can be more complicated than that in metallic materials. Aslam et al. 

investigated the mixed harmonic generation in damaged concrete [29]. Yu et al. used 

the feature guided waves in quasi-isotropic composite bends for damage detection [30]. 

Liao et al. studied the damage monitoring of bolted joints using both the piezoelectric 

impedance and ultrasonic guided waves [31]. Liu et al. proposed a non-elliptical 

probability imaging method for delamination detection of anisotropic composite plates 

using nonlinear ultrasonic guided wave [32]. Li et al. described an experimental 

procedure for improving the detectability of small defects in thick carbon fiber 

composite materials based on the total focusing method (TFM) [33]. A comprehensive 

introduction of physical ultrasonics of composites can be found in [34]. 

1.5. Research Questions & Objectives 

Research in the field of nonlinear ultrasound in solids explores various aspects of 

material characterization, damage detection, and understanding the nonlinear behavior 

of materials under ultrasonic excitation. While specific research questions may evolve 

over time, there are some general areas of interest and popular research questions in the 
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field of nonlinear ultrasound for solids [1, 11]: 

1) Nonlinear Elasticity: i) How can nonlinear ultrasonic techniques be used to

characterize the nonlinear elastic properties of materials? ii) What are the relationships

between microstructural features and nonlinear elastic responses in different materials?

2) Damage Detection: i) How can nonlinear ultrasound be employed for early detection

and characterization of damage, such as fatigue cracks, in solid materials? ii) What

nonlinear features are more or the most sensitive to different types and stages of damage

in materials?

3) Nonlinear Guided Waves: i) How can nonlinear guided waves be utilized for

improving defect detection and characterization in waveguides such as pipes, rods, and

plates? ii) What are the effects of material anisotropy on the propagation and interaction

of nonlinear guided waves?

4) Material Microstructure: i) How does the microstructure of materials influence their

nonlinear response to ultrasonic waves? ii) Can nonlinear ultrasound provides insights

into the evolution of microstructural changes in materials?

5) Nonlinear Imaging Techniques: i) What novel imaging techniques can be developed

using nonlinear ultrasound for improved spatial resolution in material characterization?

ii) How can nonlinear imaging be applied to visualize and quantify heterogeneities

within materials?

6) Nonlinear Acoustic Microscopy: i) How can nonlinear acoustic microscopy be

advanced for high-resolution imaging of sub-surface features in solid materials? ii)

What are the limitations and opportunities for nonlinear acoustic microscopy in various

material types?

7) Thermal Effects: i) How do thermal effects, such as temperature-dependent material

properties, influence the nonlinear behavior of materials under ultrasonic excitation? ii)

Can nonlinear ultrasound be used for nondestructive evaluation of thermal-induced

damage in materials?
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8) Nonlinear Wave Propagation Modeling: i) What advanced numerical models can

accurately simulate the nonlinear wave propagation in solids? ii) How can these models

be validated and improved based on experimental data?

9) Material Characterization in Extreme Environments: i) How can nonlinear

ultrasound be applied for material characterization in extreme conditions, such as high

temperatures, radiation, or aggressive chemical environments? ii) What are the

challenges and opportunities in extending nonlinear ultrasound techniques to harsh

operational environments?

10) Integration with Other NDE Techniques: i) How can nonlinear ultrasound

complement and be integrated with other nondestructive evaluation (NDE) techniques

for comprehensive material assessment? ii) What are the synergies between nonlinear

ultrasound and other emerging technologies in the field of materials characterization?

It is noted that research in nonlinear ultrasound for solids is dynamic and continually 

evolving, driven by advancements in both experimental techniques and theoretical 

understanding. Researchers aim to develop more robust and sensitive methods for 

nondestructive characterization of materials, with potential applications in diverse 

industries ranging from aerospace and manufacturing to civil engineering and 

healthcare. Here in the thesis, investigation is primarily focused on the quasistatic 

component (QSC) generation of ultrasonic waves. Currently, the QSC generation 

regarding elastic waves has not yet fully understood. As one of the nonlinear acoustic 

responses of ultrasound in solids, the QSC can have particular features and be beneficial 

for practical applications. The investigation aims to explore the QSC generation from 

both the theoretical, numerical, and experimental perspectives. Detailed objectives of 

the thesis are:  

1. To systematically explore the generation characteristics, wave mode/type, and

propagation features of QSC in solid structures with material nonlinearities.

2. To relate the QSC generation with material characterization and take advantages of
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QSC generation for developing new NDT techniques. 

3. To assess microdamage in metallic, polymer, and fiber reinforced composite

materials using the QSC generation and validate its reliability and sensitivity.

The thesis is structured as follows: Chapter 2 provides a critical review on the 

previously published studies of QSC generation. Chapter 3 reports the numerical study 

of QSC generation by both Lamb waves and shear horizontal waves in isotropic 

metallic thin plates. Chapter 4 presents the numerical study of QSC generation in 

anisotropic composite thin plates. Chapter 5 provides both the numerical and 

experimental studies on the QSC generation in three-dimensional anisotropic 

composites plates with finite sizes. Chapter 6 is a study on the QSC generation of 

guided waves in isotropic metallic pipe-like structures. Chapter 7 presents a study on 

the QSC generation of guided waves in anisotropic composite pipe-like structures. 

Chapter 8 provides the summary of the findings and future research recommendations. 
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Chapter 2: Literature Review 

2.1. Generation Mechanism & Significance of QSC 

The QSC of ultrasonic waves in solid materials can be generated due to the nonlinearity 

of the material constitutive equations, i.e., the nonlinear stress-strain relation. Thus, the 

QSC can be regarded as one of those nonlinear ultrasonic responses induced by such 

material nonlinearity. In contrast to linear characteristics of ultrasound in solid materials, 

these nonlinear ultrasonic responses generated by the interaction of ultrasound with the 

solid materials can be of rather small magnitude. Linear features such as wave velocity 

and wave attenuation (damping) can be generally related to the linear wave motion 

equation, while those nonlinear features are mostly associated with the nonlinear parts 

of the wave equation.  

From the point of physical theory, the solution of a longitudinal wave equation 

considering the higher order elasticity of the material can generally have the static 

component (DC wave signal), the fundamental wave, the second harmonic wave, the 

third order harmonic wave, and so forth. Depending on the symmetrical characteristic 

of the stress-strain curve, the even order harmonic waves (e.g., second harmonic, fourth 

order harmonic) can be cancelled out sometimes. Besides, the higher the order of the 

elasticity we include in the wave equation, the more accurate the solution of wave field 

can be. However, from the perspective of practical measurement, only the static 

component, the second harmonic wave, and the third order harmonic wave are 

significant enough that modern instruments are capable of measuring the effective 

nonlinear signals of relatively larger magnitudes. It should be noted that, in experiments, 

we typically excite tone-burst ultrasonic waves into the specimens. Therefore, the wave 

field solution for plane longitudinal wave equation will be different from the actual 

wave field in experiments. In that case, the term QSC is used for representing the static 

strain/component caused by the tone-burst acoustic radiation, which is at near-zero 



16

frequency in frequency domain after Fourier transform. 

It should be noted that some recent studies have reported that the QSC of ultrasound 

propagation in solids with local microcracks can occur as well. Due to the breathing 

effect of such microcracks, the local stress-strain of the materials is nonlinear, leading 

to the generation of QSC and higher harmonics.  

However, by comparing the three nonlinear components induced by the propagation of 

one mono-frequency ultrasound in weekly nonlinear solid (i.e., QSC, the second 

harmonic wave, and the third harmonic wave), we can further understand their 

advantages and drawbacks respectively, regarding the potential value for industrial 

applications. As is widely known, the higher the frequency of ultrasound, the greater 

the energy of the ultrasonic beam will possess, if the time duration is the same. However, 

with shorter wavelength for high frequency wave, the wave attenuation in damping 

materials is also greater than that of the low-frequency one. Thus, the QSC has greater 

value for nonlinear ultrasonic applications in damping materials such as composites and 

porous materials. The signal-to-noise ratio of QSC will be higher compared to the 

correspondingly generated second and third harmonics.  

However, this may not be true if we consider the abilities of available instruments at 

the moment. For PZTs/transducers, they are cost-effective for measuring the vibrational 

signals of certain frequency ranges. This leads to the fact that we may not be able to 

measure the QSC with the expected high signal-to-noise ratio, as it is of rather low 

frequency. Laser vibrometer can be promisingly used for measuring the QSC, but the 

cost will be much higher than using PZTs. Above all, the QSC is still worth deep and 

systematic investigation based on its already known unique acoustic features. As we 

understand it more, we can push the scientific boundary of nonlinear acoustics even 

further and create more powerful and comprehensive methods and tools applicable in 

many engineering fields. 
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2.2. Research History of QSC 

The existence of QSC was first theoretically predicted by Cantrell in [1]. Besides, there 

is a follow-up paper [2] discussing the features of QSC, especially the shape of QSC. 

Based on the predictions by Yost et al., the quasistatic displacement pulse produced by 

a longitudinal plane wave propagation through a semi-infinite elastic solid with 

quadratic nonlinearity must be of right-triangular shape. Yost et al. also conducted 

measurements to validate their analytical predictions in the crystallographic direction 

of single crystal silicon and isotropic vitreous silica [2]. Besides, the slope of the 

quasistatic displacement pulse was measured by Cantrell et al. and was used for 

calculation of the nonlinearity parameter of crystalline silicon in all three 

crystallographic symmetry directions [3]. Although the calculation of nonlinearity 

parameter by the measurement of QSC slope is in line with the known value, their 

experiments did not directly validate the shape of the QSC as right triangular with a 

sharp leading edge and a uniformly decreasing slope until the end of the pulse.  

Later, more analytical, numerical, and experimental evidence emerged that presents 

different results compared to those of Cantrell. Jacob et al. implemented direct 

measurement on the QSC displacement using an optical interferometer in fused silica 

and aluminum alloy samples, and found that the QSC produced by a longitudinal 

acoustic wave has a flat-top shape [4]. Also, they found the amplitude of QSC is 

independent of the pulse duration, but dependent on the QSC propagation distance. 

Later in 2007, Rénier et al. also reported that the radiated QSC amplitude by ultrasonic 

tone burst in water is proportional to the wave propagation distance [5]. Narasimha et 

al. studied the QSC pulse in Al7175-T7351 alloy using a piezoelectric receiver, and 

confirmed the flat-top shape of QSC and the irrelevance of the QSC amplitude with the 

duration of the tone burst [6]. Later, there were rebuttals [7-9] around the features of 

QSC generation by ultrasonic longitudinal waves generated by piezoelectric 

transducers. In 2011 and 2012, Qu et al. also published their research on the topic of 

QSC generation [10, 11]. They obtained an analytical solution for the propagation of 
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tone burst in elastic solids with quadratic nonlinearity. They found that the cumulative 

pulse amplitude is proportional to the wave propagation length and is independent of 

the tone burst duration. They also analyzed the effects of boundary conditions on the 

QSC generation and noted the difficulty of evaluating the acoustic nonlinearity 

parameter using QSC generation. However, Cantrell et al. had another argument [12] 

in terms of the violation of law of energy conservation as the response to the above new 

findings. 

In 2013, the controversial issue of quasistatic pulse generation by longitudinal 

ultrasonic waves in weakly nonlinear solids was basically settled following the study 

by Nagy et al. that presents rigorous analytical analysis and robust numerical 

simulations [13]. It is again confirmed that the time-domain shape of the quasistatic 

pulse generated by a longitudinal plane wave is not a right-angle triangle. Besides, the 

amplitude of QSC pulse is proportional to the wave propagation distance. The shape of 

QSC pulse is closely related to the boundary conditions that how the primary tone burst 

wave is excited and received. Besides, the finite size effect was also investigated, and 

it was found that the QSC pulse suffers large divergence loss than the correspondingly 

generated second harmonic waves. 

However, the above studies are all associated with the longitudinal waves, either 

theoretical longitudinal plane wave, or experimental longitudinal tone burst wave. In 

2018, Wan et al. first published their numerical studies on the QSC generation from 

guided wave propagation in thin isotropic aluminum plate [14]. They extracted the QSC 

time signals using the empirical mode decomposition method and confirmed that the 

QSC generation by Lamb waves in thin metallic plate with quadratic elastic 

nonlinearity is intrinsically cumulative regardless of the well-known synchronism and 

none-zero power flux conditions that are required by cumulative second harmonic 

generation of Lamb waves. In the same year, Sun et al. also investigated the QSC 

generation of Lamb waves in isotropic metallic plates, by both theoretical study, 

simulation and experiments. However, the results are less convincing regarding the 
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investigation details [15]. In 2020, Deng proposed an experimental method for 

measuring the QSC in solids using piezoelectric transducers [16]. Soon later, Sun et al. 

investigated the local plastic damage evaluation using the QSC of Lamb waves [17]. 

They used PZTs for excitation and receiving of the waves and showed the effectiveness 

of the method in plastic damage evaluation in Al-6061 specimens. Besides, Sun et al. 

conducted a numerical study for QSC generation by bulk waves in solid with randomly 

distributed micro-cracks [18]. It was found that the QSC can also be generated by 

simulated CAN effect. 

However, none of the above-mentioned studies has shown a systematic study on the 

QSC generation by guided waves in common solid waveguides. The thesis aims to 

cover the study of QSC generation of different guided wave propagations in different 

solid structures and materials. For guided waves in thin plate-like structures, Lamb 

waves and shear horizontal waves are selected as primary waves for the investigation 

of QSC pulse generation. For guided waves in pipe-like structures, the longitudinal 

guided waves and torsional guide waves are selected as primary waves for the 

investigation of QSC pulse generation. Additionally, both the isotropic metallic 

materials and the anisotropic fiber reinforced composite materials are selected as the 

waveguides for studying the QSC generation. By analytical, numerical, and 

experimental studies, the QSC pulse, as one of the nonlinear ultrasonic responses in 

solids with weak material nonlinearity, is systematically investigated. The wave mode 

(wave structure), cumulative effective of generation, generation efficiency, and 

temporal shape of the nonlinear QSC signal are analyzed and discussed. Consequently, 

feasibility studies of the potential NDT applications based on the measurement of QSC 

generation are also conducted and discussed. 
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Chapter 3: Static Component Generation and Measurement of 

Nonlinear Guided Waves with Group Velocity Mismatch 

3.1. Introduction, Significance, and Commentary 

Although the QSC generation in solids by longitudinal plane wave has been theoretically 

investigated before, rare reports can be found on the QSC generation of guided waves in solids. 

This study explores the QSC generation by both Lamb waves and shear horizontal guided 

waves in isotropic metallic materials. By use of finite element simulation method, the 

generation characteristics of QSC by guided wavs have been revealed. The cumulative effect 

of QSC generation in isotropic thin plates has been confirmed. The study provides intuitive 

prospectives for the further study of QSC generation and development of practical applications. 

3.2. Publication 

This section is presented as published research paper by Chang Jiang, Weibin Li, Mingxi Deng, 

and Ching-Ti Ng (2021) Static component generation and measurement of nonlinear guided 

waves with group velocity mismatch, JASA Express Letters 1:055601.  
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Abstract: This study focuses on static component generation (SCG) and its measurement wherein a group velocity mismatch
(GVM) exists between the primary guided wave and the generated static component (SC). The SCGs by primary S0, A0, and
SH0 waves are investigated. It is confirmed that the SCs are S0 mode. The GVM causes the temporal waveforms of the SCs to
tend to increase in width with propagation distance. A feasible method is proposed accordingly for measurement of SCG with
GVM using only lead zirconic titanate based transducers, wherein the SCs generated by two counter-propagating primary
waves are modulated and superposed on each other. VC 2021 Author(s). All article content, except where otherwise noted, is licensed
under a Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Nonlinear ultrasonic responses generated from wave interaction with material nonlinearity have been widely investigated
for micro-damage detection and materials characterization in recent years (Kundu, 2018). Among different types of non-
linear responses, the generation of an acoustic radiation induced static component (SC, also referred to as quasi-static dis-
placement pulse) was reported to depend on the material nonlinearity parameter (Cantrell, 1984). Later, it was confirmed
that the SC generated by a primary longitudinal tone burst wave possesses a flat-top time-domain shape with its peak
amplitude proportional to the propagation distance (Jacob et al., 2006; Nagy et al., 2013).

Regarding the propagation of guided waves, the static component generation (SCG) by primary Lamb waves
propagating in plates with weak quadratic nonlinearity was recently reported to possess certain unique properties (Wan
et al., 2018; Sun et al., 2018). First, it was demonstrated that the generated SC (also referred to as quasi-static displacement
pulse) from a primary Lamb wave propagating in a plate with quadratic nonlinearity shares the characteristic of S0 mode.
The SC is polarized in the primary wave propagation direction with only in-plane displacement. Second, it was shown
that, whether the phase velocity of the primary Lamb wave matches with that of the SC or not, the energy of the SC
increases with the propagation distance of the primary wave. That means a cumulative SCG by primary Lamb waves does
not need to satisfy the synchronism condition as required by second harmonic generation (SHG). Given these features,
using SCG by Lamb waves is attractive for early materials testing and evaluation due to flexible mode selection and low
attenuation in measurements.

However, little literature is available on the SCG by primary shear horizontal guided waves. In regard to the
propagation of a primary shear horizontal guided wave in a plate with quadratic nonlinearity, properties including mode
and temporal waveform of the potentially produced SC have yet to be revealed. It is known that, for guided wave based
ultrasonic testing and structure health monitoring, choosing the primary wave mode and the fundamental frequency usu-
ally requires careful consideration (Mitra and Gopalakrishnan, 2016). Optimized mode and frequency of guided waves are
always desired in order to enhance the signal-to-noise ratio in practical applications. In the case where non-low-frequency
S0 mode is chosen, it is expected that a group velocity mismatch (GVM) existing between the primary guided wave and
the produced SC can impact the time-domain shape of the SC. Assuming the SC pulse was separated from the primary
guided wave after traveling a certain distance due to the GVM, the measure of SC pulse by lead zirconic titanate based
transducers (PZTs) can be troublesome. Setting optical measurement methods aside, existing experimental studies concern-
ing the measure of SCG by PZTs employ either a bulk wave (Narasimha et al., 2007; Deng, 2020) or a low-frequency S0
Lamb wave (Sun et al., 2020) as the primary wave, of which the group velocity is matched with the SC. In those cases, the
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measured primary wave that is coupled with the SC pulse exhibits an asymmetry in time domain. That makes the extrac-
tion of SC pulse possible. However, regarding the SCG by primary guided waves with GVM, a lack of effective measure-
ment methods based on PZTs can restrict the applications of SCG.

This study is twofold: one aim is to investigate the SCG by both primary Lamb and shear horizontal guide
waves, and another aim is to provide a feasible method for measuring SCG by guided waves with GVM based on PZTs.
The outline of this paper is as follows. In Sec. 2, basic characteristics of the generated SC from primary S0, A0, and SH0
modes are checked. The effect of GVM on the time-domain waveform of the produced SC is revealed and discussed. In
Sec. 3, a wave modulation and superposition method is proposed. The effectiveness of the method is verified by a numeri-
cal simulation, wherein two counter-propagating primary shear horizontal waves are modulated and superposed to gener-
ate a measurable alternating current (ac) displacement signal related to the SCG.

2. SCG by guided waves with GVM

2.1 Numerical investigations

The following numerical simulations are implemented by COMSOL Multiphysics software (V5.5). The material is alumi-
num with a built-in Murnaghan hyper-elastic model applied. The S0 and A0 Lamb waves are simulated using a two-
dimensional (2D) plane strain model as shown in Fig. 1(a). The length of the plate is 1.6m for the S0 wave simulation
and 0.4m for the A0 wave simulation. A displacement-prescribed boundary condition is applied to the left end, and a
fixed constraint is applied to the right end. The excitation directions of S0 and A0 modes are in the x- and y-direction,
respectively. For simulating the SH0 wave, a simplified three-dimensional (3D) model is used to reduce the computational
cost. As shown in Fig. 1(b), the length of the model is 0.4m. One layer of elements is contained in the width direction.
Periodical continuity boundary conditions are assigned to the front and back surfaces to simulate the plane strain condi-
tion. The excitation direction of the SH0 mode is along the y-direction. For these three simulations, the thickness of the
model is 1mm. The excitation signal is a Hanning windowed 10-cycle sinusoidal tone burst, of which the maximum
amplitude is 100 nm. The frequency is f¼ 1 MHz. The maximum mesh size is k=20, where k is the wavelength of the cor-
responding primary guided wave. The time step of the transient solver is set as 1=20f to ensure the accuracy of the simu-
lation. Domain point probes are set on the top surface of the plate at different locations to extract the displacement com-
ponent signals in different directions. For the case of the 2D finite-element method (FEM) model, U1 and U2 denote the
displacement components in the x- and y-direction, respectively. Similarly, U1, U2, and U3 denote the displacement com-
ponents in the x-, y-, and z-direction, respectively, for the 3D FEM model.

2.2 Results and discussion

In the S0 wave excitation case, the displacement components in the x- (U1) and y-directions (U2) are extracted and proc-
essed by a 200 kHz low-pass filter. It is found that the quasi-static pulse extracted in the x-direction (�U1) is about 2 orders
of magnitude larger than that extracted in the y-direction (�U2). The �U1 has a uniform displacement profile along the
thickness direction of the plate. Also, the group velocities of the primary wave and the generated SC are about 5200 and
5342m/s, respectively, according to the time signals obtained at different locations shown in Figs. 2(a) and 2(b). This con-
firms that the generated SC from a 1MHz primary S0 wave is zero-frequency S0 mode. Since the difference in group
velocity is small (about 3%), the amplitude of the SC first increases with the propagation distance as shown in Fig. 2(a).
However, it stops increasing after the primary S0 wave further lags behind the generated SC at a propagation distance lon-
ger than 500mm. As shown in Fig. 2(b), while the power flux to SCG continues, the waveform of the quasi-static pulse is
approximately a trapezoid with increasing width. In the A0 wave excitation case, SCG occurs in a similar way except that
the cumulative effect is mostly evidenced by an increasing width of the SC due to a larger difference (about 42%) in group

Fig. 1. (a) 2D FEM model for investigation of SCGs by 1MHz primary S0 and A0 waves; (b) 3D FEM model for investigation of SCG by
1MHz primary SH0 wave.
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velocity. As shown in Fig. 2(c), the group velocities of the primary A0 wave and the SC are verified to be about 3017 and
5327m/s, respectively. It is confirmed that the produced SC from the 1MHz primary A0 wave is zero-frequency S0 mode.

As to the SH0 wave excitation case, Fig. 2(d) presents the time-domain displacement signals extracted in the x-
direction (U1) at different locations without being processed by a low-pass filter. It is found that the SC generated from a
1MHz primary SH0 wave is also zero-frequency S0 mode. The group velocities of the primary SH0 wave and the SC are
verified to be about 3043 and 5303m/s, respectively. Thus far, it is further confirmed that the SC generated from all pri-
mary guided wave modes in plates with quadratic nonlinearity is S0 mode.

For nonlinear guided wave applications based on SCG, employing a primary low-frequency S0 mode makes the
measurement of the generated SC by PZTs convenient. The SC is closely coupled with the primary wave, resulting in a
weak asymmetry in the time-domain signal received by the PZT. However, similar to the A0 and SH0 wave excitation
cases, a significant GVM existing between the primary wave and the generated SC can cause the temporal waveform of
the SC to increase in width soon after it travels a relatively short distance (about 35mm). This raises the concern that,
while the primary guided wave gradually gets separated from the generated SC due to GVM, the independently propagat-
ing SC is difficult to capture by PZTs.

3. Wave modulation and superposition method

3.1 Basic description and numerical investigation

A scheme proposed to measure SCG using PZTs with GVM is as follows. First, two intermittent signals F1ðtÞ and F2ðtÞ
are used as inputs. As illustrated in Fig. 3(a), the two signals are modulated with specific features. During the excitation

Fig. 2. Temporal waveforms of the SCs generated from different primary modes propagating at increasing distances: (a) the primary S0 mode
propagating within 0.5m, (b) the primary S0 mode propagating beyond 0.5m, (c) the primary A0 mode propagating within 0.2m, (d) the pri-
mary SH0 mode propagating within 0.2m.
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period (Ds1), the frequency and the cycle number of the sinusoidal tone burst are denoted as fin and n, respectively. For
simplicity, the length of the rest period (Ds2) is assumed to be the same as the excitation period (Ds1 ¼ Ds2 ¼ Ds). The
number of tone bursts in an input signal is denoted as N . Second, the two intermittent pulse signals are employed to gen-
erate two counter-propagating primary guided waves from two sides of a plate. Two SCs with opposite displacement polar-
ities are expected to be produced due to wave interaction with weak material nonlinearity. As illustrated in Fig. 3(b), for
one of the two intermittent primary waves, as an excitation period starts, a newly generated SC is induced and superposed
on the old ones. Consequently, the shape of the two SCs will be steps-like. It should be noted that the maximum ampli-
tude of a propagating SC is limited by its propagation distance. Herein, this limitation is neglected for simplicity.
Assuming the measurement location is at the center of the two excitation positions, a time delay tdelay ¼ Ds is supposed to
be applied to one of the input signals to achieve the objective of this method. Finally, the interference of the two steps-like
SCs will produce a low-frequency displacement signal with a small direct current (dc) component, which can be measured
by PZTs. The main frequency of the measured signal is denoted as fout . Through basic analysis, it can be confirmed that
fin ¼ 2n � fout , while fout ¼ 1=2Ds and fin ¼ n=Ds.

Specifically, fin¼ 10MHz, n¼ 10, and N¼ 10 are used in a numerical investigation to verify the feasibility of the
method. Figure 4(a) shows the FEM model. The frequency of the received displacement signal at the center location of the
plate (fout) is supposed to be 0.5MHz based on the above analysis.

3.2 Results and discussion

The propagating primary shear horizontal wave excited from the left end of the plate is extracted in the y-direction as
shown in Fig. 4(b). Since the two newly generated SCs are polarized in the x-direction, they can be readily extracted with-
out signal filtering. As shown in Fig. 4(c), the displacement signal extracted at the center of the plate (red line) is a low-
frequency signal with approximately stabilized maximum amplitude. Its frequency is 0.5MHz, confirmed by fast Fourier
transform. This result is in agreement with the prediction described in Sec. 3.1. For comparison, when only one modulated
primary wave is excited, the signal extracted in the x-direction at the same location (blue line) contains a strong time-
varying dc component. While the ac component resulting from the primary wave modulation is essential for measure-
ments by PZTs, such a dc component, the magnitude of which irregularly changes with time, can exert a negative effect
on the piezoelectric process. However, the superposition process of the two SCs, as another important part of the proposed
method, can lead to a relatively stable and balanced vibration of the medium at the measuring point. This increases the
signal-to-noise ratio and finally advantages the measure of SCG with GVM using only PZTs.

In addition, since PZTs are always of certain sizes in practical applications, signals measured along lines of dif-
ferent lengths at the center of the plate [dotted line shown in Fig. 4(a)] are averaged and presented in Fig. 4(d). As shown
in the figure, the maximum amplitude of the averaged signal tends to decrease when increasing the line length. This sug-
gests that smaller PZT is more sensitive for SCG measurement using the proposed method.

It is known that, due to different polarization directions, the generated SC can be more readily extracted from
primary SH waves than from primary Lamb waves. However, in the proposed method, the GVM makes a large contribu-
tion to the separation of the primary wave and the generated SC. Owing to a relatively small group velocity, the 10MHz
primary SH waves start to be received at about t¼ 35 ls at x¼ 0.1 m. Therefore, through adjusting the fin, n, and N
parameters as described in Sec. 3.1, a total separation of the SCG-related nonlinear wave component from its primary
waves can be achieved. Consequently, should primary Lamb waves with significant GVM (like A0 mode) be employed,
such separation can be achieved similarly. Also, since high-frequency primary guided waves usually suffer significant

Fig. 3. Temporal waveform illustrations: (a) the designed intermittent signals for primary wave excitations and (b) the modulated and super-
posed SCs received at the center of the plate.
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attenuation, the SCG-related signal at a much lower frequency (fout) can be promisingly measured with sufficient signal-
to-noise ratio.

The above numerical simulations are based on the plane strain assumption, which neglects the divergence loss of
SCG as discussed for longitudinal waves by Nagy et al. (2013). However, through optimizing the distance between the two
excitation locations and relevant parameters (fin, n, N , etc.), the practicability and cost-effectiveness of the proposed
method can still be achieved for future applications.

4. Conclusion

In this study, the SCGs by both primary Lamb and shear horizontal guided waves in plates with quadratic nonlinearity
have been reported. It has been found that the generated SC from a primary SH0 guided wave is S0 mode. Combining
with the cases where S0 and A0 modes were employed as primary wave modes, it has been further confirmed that the SCs
generated from guided waves in plates are all S0 mode. The effect of GVM existing between the primary guided wave and
the corresponding generated SC has been revealed. The GVM causes the SC to increase in width rather than amplitude
after the power flux from the primary guided wave to the SC reaches a certain level.

A GVM is one of the main factors that restrict the application of SCG by guided waves based on PZTs.
Currently, although there are many guided wave modes in plates, only low-frequency S0 mode has been employed as the
primary guided wave mode for practical nonlinear ultrasonic testing based on SCG. This study has proposed a feasible
method to facilitate the measurement of SCG by PZTs under the condition of GVM. With the primary wave modulated
by a low-frequency switch-signal, the generated SC of relatively large width is then modulated into a displacement signal
with periodic vibration. By superposing two SCs individually generated from two modulated counter-propagating primary
guided waves, a stabilized ac vibration displacement signal can then be measured by PZTs at a designable location.
Consequently, the SCGs by primary wave modes with GVM can be exploited for nonlinear ultrasonic applications using
this cost-effective method.

Fig. 4. (a) FEM model of the proposed method. (b) The modulated primary SH waves extracted in the y-direction. (c) The modulated SCs
extracted in the x-direction with and without the superposition process. (d) Averaged time-domain signals measured on lines of different
lengths set at the center of the plate in the x-direction.
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Chapter 4: Quasistatic Pulse Generation of Ultrasonic Guided 

Waves Propagation in Composites 

4.1. Introduction, Significance, and Commentary 

To further explore the QSC generation in anisotropic materials, this study employs the finite 

element method and conducted systematic numerical simulations on the QSC generation by 

guided wave in fiber reinforced composite thin plates. Intuitive perspectives of the generation, 

propagation, and mode conversion of the nonlinear QSC pulse wave in the composites are 

obtained. Different analyzing and signal processing methods are adopted for confirming the 

features of QSC. The results provide important guidance for developing future material 

characterization applications and microdamage evaluation applications in anisotropic materials. 

4.2. Publication 
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A B S T R A C T

In this paper, the generation of quasistatic pulses (QSPs) of guided waves propagation in fiber 
reinforced plastic (FRP) thin plates is investigated. Numerical perspective of the generation, 
propagation, and mode conversion of QSPs of GWs in the composites are obtained. It is indicated 
that the displacement direction and generation efficiency of QSPs depend on the wave propa
gation direction, the coefficients of the strain energy function, and the primary GW field. Group 
velocity, wave structure, and wavenumber domain analyses show that the generated QSPs are 
either S0 mode, or partly coupled S0 and SH0 modes with only in-plane displacements with 
different direction, regardless of the excitation of primary waves. For GWs propagation in prin
cipal material directions, comparative studies show that the generation efficiency of QSPs are 
depended on both the mode types and primary GW propagation direction. With the consider
ations of both cumulative effect and the divergence effect, comparative study of generation ef
ficiency of QSP and second harmonics shows that, although the divergence loss is not negligible, 
appropriate excitation of primary GW can achieve a higher efficiency of cumulative QSP gener
ation than that of the phase matched second harmonics.   

1. Introduction

Fiber reinforced polymer (FRP) composites have been widely employed due to their high strength to weight ratio and attractive
stiffness properties [1,2]. The inspection and evaluation of FRP materials are imperative for ensuring the safety of high-value infra
structure and assets. Among many nondestructive evaluations (NDE) and structural health monitoring (SHM) techniques, 
cost-effective inspection methods based on ultrasonic waves have been widely studied and applied for decades [3–5]. In particular, 
nonlinear guided wave (GW) techniques can be used to characterize microstructural changes of material and identify micro-damages. 
Studies on the higher harmonics generation and GW mixing of different GWs in various materials were conducted and a wide range of 
relevant applications were developed in recent years [6–8]. 

However, there are challenges for using higher harmonics and mixed-frequency combinational harmonics in solids with weak 
nonlinearity. The well-known synchronism and nonzero power flux conditions are required for generating cumulative harmonics to 
ensure they are strong enough to be exploited [9–14]. The synchronism condition limits the mode pair selection, especially for 
composite structures and materials wherein the dispersion features of GWs can be fairly complex and intractable for the development 
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of GW based NDE and SHM techniques. The relative strong anisotropic characteristics and high level of attenuation of wave propa
gation in FRP materials usually lead to low signal-to-noise ratio (SNR) of these nonlinear GW techniques. 

Due to the relatively low attenuation of QSP at quite low frequency (QSP’s carrier wave frequency is zero), the use of QSP has a 
potential for NDE and SHM of highly attenuative composite structures. This research focuses on the QSP generation of ultrasonic GWs 
propagation in FRP thin plates. The acoustic radiation induced QSP was first explored by Thurston and Shapiro [15], then studied by 
Cantrell et al. [16–22]. Theoretical, numerical and experimental investigations on the bulk wave related QSP generation in isotropic 
solids were carried out in the literature [23–25]. Also, the QSP generation by primary GWs modes in metallic thin plates were 
numerically and experimentally studied by Wan et al. [26], Sun et al. [27], and Jiang et al. [28]. It was found that the generated static 
component is zero-frequency fundamental symmetric mode, and is cumulative regardless of the synchronism condition. However, for 
anisotropic FRP materials, rare literature on the QSP generation by either bulk waves or GWs can be found. The complex dispersion 
characteristics of GWs and the anisotropy of materials complicate the QSP generation. Since the QSP generation is intrinsically 
associated with the elastic nonlinearity of materials, the detection with high SNR is worth investigation for developing nonlinear NDE 
techniques, especially considering its low attenuation feature in composite materials. 

In this paper, numerical perspectives on QSP generation of different types of GWs propagating in different directions in an 
anisotropic composite plate are obtained and discussed. The mode, temporal waveform, and propagation characteristics of QSPs are 
analysed and given. Theoretical analysis on the QSP generation by GWs propagation in transversely isotropic plates is first provided. 
By finite element (FE) simulation, intuitive time domain QSP signals are obtained, and the generation efficiency of QSP are compared. 
Additionally, the divergence loss of QSP induced by finite-size excitation is studied and compared with the second harmonic gener
ation. Important factors such as the group velocity mismatch, the selection and excitation of primary GWs, and the propagation di
rection of primary GWs are analysed regarding the generation efficiency of QSPs in composite plates. The results obtained in this study 
provide physical insight and guidance for choosing appropriate mode pairs that benefit the measurability of QSP in composite plates. 
The fundamental understanding of the QSP generation in FRP materials is essential for development of QSP based NDE and SHM 
techniques in composite structures. 

2. Theoretical fundamentals 

2.1. QSP generation in unidirectional FRP plates 

The reference configuration for analysing the QSP generation by ultrasonic GW propagation is defined in Fig. 1. The wave is 
assumed to propagate along the x axis. The fiber direction is denoted by a unit vector a = [cosθ, sinθ, 0]. The displacement vector of the 
wave field is u = [u1,u2,u3], and the displacement gradient tensor is H = ∇u. To model the nonlinear elastic response of the unidi
rectional FRP thin plate, we consider a hyperelastic material model for the transversely isotropic (TI) material, which expresses the 
strain energy function as a function of the Lagrange strain tensor E as follows [29]: 

W = W
(
trE, trE2, trE3, a ⋅ Ea, a ⋅ E2a

)
= WL + WNL,

WL = α1(trE)2
+ α2(trE)(a ⋅ Ea) + α3

(
trE2)+ α4(a ⋅ Ea)2

+ α5
(
a ⋅ E2a

)
,

WNL = β1(trE)3
+ β2(trE)

(
trE2)+ β3(trE)(a ⋅ Ea)2

+β4(trE)
(
a ⋅ E2a

)
+ β5(trE)2

(a ⋅ Ea) + β6
(
trE2)(a ⋅ Ea)

+β7
(
trE3)+ β8(a ⋅ Ea)3

+ β9(a ⋅ Ea)
(
a ⋅ E2a

)
+ O

(
E4).

(1) 

Based on the constitutive relation in terms of the second Piola-Kirchhoff stress (S) and the Lagrange strain (E) 

S(E) =
∂(WL + WNL)

∂E
, (2)  

the linear coefficients αi (i = 1, 2, …, 5) and the nonlinear coefficients βi (i = 1, 2, …, 9) can be determined by inverting 

Fig. 1. Coordinate system and wave propagation scheme in FRP thin plates. (Color online).  

C. Jiang et al.                                                                                                                                                                                                           



Journal of Sound and Vibration 524 (2022) 116764

3

Cijkl =
∂2WL

∂Eij∂Ekl
,

Cijklmn =
∂3WNL

∂Eij∂Ekl∂Emn
,

(3)  

where Cijkl and Cijklmn are the second order and third order elastic stiffness tensor, respectively. The first Piola-Kirchhoff stress tensor P 
is related to S by 

P(H) = (I+H)S(H), (4)  

where I is the identity tensor. Thus, the displacement equation of motion and the boundary condition for the traction-free plate is 
expressed as 

ρ ∂2u
∂t2 − ∇ ⋅ PL(H) = ∇ ⋅ PNL(H),

P(H) ⋅ nz = 0,
(5)  

where ρ is the mass density, and nz is a unit vector along the z axis. Using a second order perturbation method, the whole GW field can 
be decomposed as u = u(1) + u(2), and the primary GW is expressed as u(1) = u(1)(z)exp[j(kx − ωt)]. The equation of motion is then 
decomposed into 

ρ ∂2u(1)

∂t2 − ∇ ⋅ PL(∇u(1)) = 0,

ρ ∂2u(2)

∂t2 − ∇ ⋅ PL(∇u(2)) = F(2),

(6)  

where F(2) = F[u(1)(z)] = ∇ • PNL(∇u(1)) represents the second-order bulk driving force term. Also, there exists the second-order 
traction stress tensor P(2) = P[u(1)(z)] on the top and bottom surfaces of the plate. According to the modal analysis approach for 
GW excitation, F(2) and P(2) can be regarded as the bulk source and surface source for generation of secondary GWs. 

Specifically, we only consider the zero-frequency component in the secondary wave field other than the double-frequency har
monic, which is associated with the zero-frequency component of F(2) and P(2) (denoted byf(0ω) and p(0ω)). For finite-duration exci
tation of a primary GW, the function of the finite-duration f(0ω) and p(0ω) at each position that the primary GW propagates through, is to 
generate a series of finite-duration zero-frequency components. Finally, the QSP received by the probe can be regarded as the sum
mation of these zero-frequency components in space [30]. 

2.2. Generation efficiency of QSP 

Since the QSP generation is directly associated with the f(0ω)[u(1)(z)] and p(0ω)[u(1)(z)], the generation efficiency is deducted as 
dependent on the field distribution u(1)(z)of the primary GW (determined by the dispersion relation with the driving frequency ω and 
phase velocity cω

p ), as well as the coefficient B(θ) (a function of the fiber direction θand the elastic coefficients αi and βi). Consequently, 
when the excitation frequency ω and amplitude A of the primary wave are given, a primary GW mode propagation with different fiber 
directions is expected to generate the QSP with different efficiencies. Also, different primary GW modes propagation with the same 
fiber direction could generate the QSP with different efficiencies. 

For a primary low-frequency S0 mode propagating along principal material directions, the field distribution is analogous to that of 
the one-dimensional longitudinal plane wave, in which case the coefficient B(θ) is calculated as 

B(0∘) =
− 6α1 − 6α2 − 6α3 − 6α4 − 6α5 − 6β1 − 3β2 − 6β3 − 4β4 − 6β5 −

11
2

β6 − 6β7 − 6β8 − 6β9

(2α1 + 2α2 + 2α3 + 2α4 + 2α5)
2 ,

B(90∘) =
− 6α1 − 6α3 − 6β1 − 3β2 − 6β7

(2α1 + 2α3)
2 .

(7) 

Here, the displacement direction of the generated QSP is determined by the sign (positivity or negativity) of the coefficient B(θ), 
and the generation efficiency of QSP is represented by |B(θ)|. For other GW modes and propagations along the non-principal material 
directions, the particle motions are quite complex, and the expression of B(θ) cannot be readily obtained. 

Table 1 
Coefficients of the strain energy function WL. (Unit: GPa).  

α1 α2 α3 α4 α5 

2.25 1.7 4.65 48.8 2.1  

C. Jiang et al.
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Table 2 
Coefficients of the strain energy function WNL. (Unit: GPa).  

β1 β2 β3 β4 β5 β6 β7 β8 β9 

-9.65 -15.55 -10.20 -35.70 61.45 -18.95 -10.47 163.63 42.10  

Fig. 2. Schematic of the 3D FE model. (Color online).  

Fig. 3. Dispersion curves of GWs in the 1mm-thickness unidirectional FRP plate propagating along θ = 0◦ direction: (a) phase velocity, (b) group 
velocity; and along θ = 90◦ direction: (c) phase velocity, (d) group velocity. (Color online). 
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3. Numerical studies

3.1. Composite materials with quadratic nonlinearity

For the following FE simulations, the density of the unidirectional FRP plate is 1700 kg/m3. The linear coefficients αi (i = 1, 2, …, 5) 
are listed in Table. 1. Following Zhao et al. [29], the nonlinear coefficients βi (i = 1, 2, …, 9) in Eq. (1) are listed in Table. 2. 

Fig. 4. Displacement signals extracted and processed for observing the primary GWs (upper parts) and the corresponding QSPs (lower parts). 
Propagations along θ = 0◦ direction: (a) primary S0, (b) primary A0, (c) primary SH0; and propagations along θ = 90◦ direction: (d) primary S0, (e) 
primary A0, (f) primary SH0. (Color online). 

C. Jiang et al.
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Consequently, the coefficient B(θ) in Eq. (7) are calculated as B(0◦) = − 0.10 and B(90◦) = 0.66. 
For GWs propagation in FRP plates, the wave propagation direction might be different from the principal material directions. 

Therefore, by separately defining local material coordinate systems for each TI layer of the whole laminate, the wave propagation 
problems are simulated and analysed using a uniform global (X, Y, Z) coordinate system, wherein the wave propagation direction is 
chosen invariably along the X direction (see Fig. 2). 

3.2. Finite element model 

To study the QSP generation in FRP thin plates, a 3D FE model is used. The plate geometry, boundary conditions and the global (X, 
Y, Z) coordinate system are shown in Fig. 2. The angle between the fiber direction and the wave propagation direction is denoted as θ. 
The dimensions of the model are adjusted due to different wavelengths of different primary GW modes in the comparative studies. In 
general, the length of the model in X direction is chosen long enough so that the interference of the boundary reflected waves are 
prevented within the expected wave propagation time. The model is discretized with quadratic solid elements, of which the maximum 
size is determined by Δe = λ/20, where λ is the wavelength of the primary wave. The width of the model in Y direction is chosen as Δe. 
The periodic continuity boundary condition assigned to the lateral faces of the plate enables modeling wave propagation under a 
generalized plane strain condition. 

The primary GW excitation is achieved by prescribing the load on the front face of the model. The load is a Hann windowed 
displacement signal, which is expressed by 

F(t) = U/2 ⋅ sin(2πft) ⋅ [1 − cos(2πft /N)], 0 ≤ t ≤ N/f (8)  

where U denotes the maximum displacement amplitude (100 nm), f denotes the frequency (0.5 MHz), N is the cycle number (10) of the 
tone burst. The time step of the transient solver is Δτ = 1/20f. For signal analysis and interpretation, the coordinates of the receiving 
probes are denoted as x, y and z. The displacement signals extracted in the X, Y and Z direction are represented by U1, U2 and U3. 

For θ = 0◦ and θ = 90◦ of a unidirectional 1.0 mm-thickness FRP plate, Fig. 3 shows the dispersion curves. Primary S0, SH0 and A0 
waves at frequency 0.5 MHz are chosen for the comparative study of the QSP generation. 

4. Results & discussion 

The primary GWs are verified first by calculating their group velocities and comparing with the theoretical values. For θ = 0◦, Fig. 4 
(a)–(c) show the displacement signals extracted and processed for observing the propagating primary S0, A0, and SH0 (upper parts), 
respectively. The group velocity of the primary S0, A0, and SH0 waves are calculated as 8254 m/s, 1842 m/s, and 1845 m/s, 
respectively. For θ = 90◦, Fig. 4(d)–(f) show the primary S0, A0, and SH0 (upper parts), respectively. The group velocities of the 
primary GWs are 2625 m/s, 1632 m/s, and 1830 m/s for S0, A0, and SH0 modes at 0.5 MHz, respectively. These results have good 
agreement with the dispersion curves, and validate the FE models. 

4.1. Mode and waveform of QSP 

First, the mode of the QSP is investigated based on group velocity, wave structure, and wavenumber domain analyses. The QSP 
signals generated by GWs propagation are obtained by extracting and processing the displacement signal U1, which are plotted in the 
lower parts in Fig. 4. Since the primary S0 and A0 have displacements in the X directions as well, the corresponding U1 are filtered 
using a 200 kHz low-pass filter, and are denoted by Uf

1. For θ = 0◦, the calculated group velocities of the initial parts of the QSPs from 

Fig. 5. QSP signals generated by primary GWs propagating along θ = 40◦: (a) primary S0, (b) primary A0. (Color online).  
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primary S0, A0, and SH0 are about 8271 m/s, 8270 m/s, and 8270 m/s, respectively. This value of group velocity consists with that of 
S0 mode at zero frequency, which indicates that the QSP generated from different GW modes are S0 mode. We note from Fig. 4 that the 
last parts of the QSP signals have the same group velocities with the corresponding primary GWs. This is because the QSP generation is 
directly associated with the propagation of the primary GW tone burst. For θ = 90◦, the group velocities of the generated QSPs from the 
three different GW modes are about 2700 m/s, which is also identical to that of the zero-frequency S0 mode. 

For primary GWs propagating along non-principal material directions, Fig. 5(a) and (b) show the cases where θ = 40◦ and the QSPs 
are generated by primary S0 and A0 modes, respectively. The pure primary S0 and A0 modes which both have three non-zero 
displacement components in the X, Y, and Z direction are excited according to their wave structures. By combining the phase 
inversion method [31] and digital low-pass filtering, as shown in Fig. 5, there are two QSPs, of which the group velocities are about 
6400 m/s and 2160 m/s. By referring to the dispersion curves, we confirm that the fast one is S0 mode at zero frequency and the slow 
one is SH0 mode at zero frequency. Further, Fig. 6(a) and (b) shows the wave structures of the two QSPs, respectively. It is observed 
that the QSPs both have relatively large in-plane displacements and zero out-of-plane displacements. The in-plane displacements are 
uniform along the thickness direction. Moreover, Fig. 7(a) shows the wavenumber domain of the primary S0 tone burst, and Fig. 7(b) 
shows the wavenumber domain of the simultaneously generated QSPs. While the primary S0 is counteracted, the nonlinear QSP signals 
become dominant, and their modes are verified as S0 and SH0. This simultaneous generation of two QSPs is quite different from that in 
isotropic materials. In isotropic thin plates, the generated QSP is always a single S0 mode. 

Second, the waveform of QSP is analyzed. From Fig. 4, we observe that the displacement direction of the QSP depends on the fiber 
direction. For θ = 0◦, the QSPs generated from different GW modes are of different displacement, i.e., the direction of displacement is 
different from that of primary GW propagation. While for θ = 90◦, the displacement direction of QSP is the same as the GW propagation 
direction. This result consists with the theoretical analysis of QSP generation in Section 2.2. As the wave field of primary low-frequency 

Fig. 6. Wave structures of the QSP signals extracted by probes at locations of different depths z: (a) the fast QSP of S0 mode, and (b) the slow QSP of 
SH0 mode. (Color online). 

Fig. 7. Wavenumber-frequency domain analyses: (a) the primary S0 at frequency 0.5 MHz, (b) the QSPs of mode S0 and SH0. (Color online).  
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S0 mode is similar to that of a longitudinal plane wave, the sign of coefficient B(0◦) is negative, and B(90◦) is positive. As a result, the 
displacement of QSP by the primary S0 is in the different direction of GW propagation for θ=0◦, and in the same direction with GW 
propagation for θ = 90◦. This phenomenon is also unique comparing with QSP generation in metallic plates. The displacement di
rection of QSPs by all GWs in isotropic metallic plate are the same with the propagation direction [26,28]. 

In addition, the temporal waveform of QSP generated by a primary GW tone burst is affected by the group velocity mismatch. For 
primary GW whose group velocity matches with that of QSP, the waveform of QSP exhibits an envelope-like shape of the primary GW 
tone burst (Fig. 4(a) and (d)). The cumulative effect of QSP is evidenced by the increase of the amplitude verse the propagation 
distance. For other mode pairs with group velocity mismatch, the cumulative effect is also reflected by the increase of the pulse width. 
This result is similar to the case where the QSPs are generated from GWs propagating in isotropic metallic plates [26,28]. However, 
since isotropic plates have a constant acoustic nonlinear parameter β, the generated QSP from all GW modes are always a single mode 
of S0 at zero frequency. By contrast, there are two QSPs generated in the FPR plate when the propagation is not along the principal 
material direction. It is found that a primary GW tone burst propagating along the non-principal material direction can generate two 
different modes (S0 and SH0) of QSPs with the in-plane displacements in both the wave propagation direction and the shear horizontal 
direction as shown in Fig. 6. Moreover, due to the elastic anisotropy of the plate material, the two QSPs with different displacements in 
the propagation direction cannot be decoupled with each other, regardless of the propagation distance as shown in Fig. 5. This 
phenomenon of QSP generation is unique for anisotropic FRP plates. The coexistence and coupling of two QSPs of different modes can 
result in a polarity reversal and multiple jitters of the QSP signals, which can potentially benefit the measurement by piezoelectric 
sensors. 

Fig. 8. Efficiency comparison of QSP generation by primary GW excitations along (a) X direction, (b) Y direction, (c) Z direction, (d) propagation in 
principal material directions. (Color online). 
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4.2. Generation efficiency of QSP 

Although the cumulative effect of QSP generation is regardless of the phase matching condition as required by the second harmonic 
generation, influences of the group velocity mismatch, the selection and excitation of primary GWs, and the propagation direction of 
primary GWs on the generation efficiency of QSPs in composite plates is worth investigation for optimization of GW mode pair choice 
and wave propagation direction in practical applications. Higher efficiency of QSP generation can lead to larger amplitude of the QSP 
measured at the same location, which improves the measurability and SNR of the QSP signal. Especially, when there is a significant 
group velocity mismatch between the primary GW and the QSP, the cumulative increase of the pulse width is vulnerable to random 
noises, and the increase of temporal amplitude is more meaningful. 

First, we compare the generation efficiency of the two QSPs by the two primary S0 GWs at 0.5 MHz with θ = 0◦ and θ = 90◦. As 
shown in Fig. 3(b) and (d), the group velocities of these two primary S0 waves at 0.5 MHz both approximately matches with that of the 
generated QSPs at zero frequency. However, as shown in Fig. 4(a) and (d), the amplitudes of the two QSPs measured at x = 0.2 m are −
4.25 × 10− 10m and 30.21 × 10− 10m for θ = 0◦ and θ = 90◦, respectively. The latter is about seven times larger than the former. This 
result approximately agrees with the theoretical prediction in Eq. (7). The calculated |B(90◦)| is about seven times larger than |B(0◦)| 
regarding the longitudinal wave propagation. Thus, with the low-frequency S0 GW tone burst excitation of the same amplitude, 
duration, and the approximate group velocity matching condition, the selection of θ = 90◦ can contribute to greater generation ef
ficiency of QSP, which benefits practical measurement of the nonlinear signal. 

Second, we compare the generation efficiency of the two QSPs by the primary A0 and SH0 GWs with θ = 0◦. As shown in Fig. 3(a) 
and (b), the group velocities of these two primary GWs are identical. The particle vibration directions are both perpendicular to the 
fiber direction. The phase velocity of SH0 is a little larger than that of A0 at 0.5 MHz. Consequently, the amplitude of the QSP generated 
by SH0 is little smaller than that by A0. As shown in Fig. 4(b) and (c), the QSPs by SH0 and A0 have a maximum amplitude of − 0.65 ×
10− 10m and − 1.00 × 10− 10m, respectively. Thus, with the frequency, amplitude, duration, propagation direction, and the degree of 
group velocity mismatch of the primary GWs being the same, the generation efficiency of QSP is smaller for primary SH0 excitation 
than for A0 excitation. However, for θ = 90◦, although the phase velocity of primary SH0 is larger than that of A0 at 0.5 MHz, the 
generation efficiency of QSP by SH0 is a little larger than that by A0. This is confirmed by calculating the integrated amplitude of the 
QSPs in time domain. The reason can be that, for θ = 90◦, the particle vibration is along the fiber direction for SH0, while perpendicular 
to the fiber direction for A0. 

Third, the generation efficiency of QSP by different primary GW modes propagating in directions ranging from 0◦to 90◦are 
investigated. Since there are two QSPs of mode S0 and SH0 when the primary GWs propagate along non-principal material directions, 
and the two QSPs have in-plane displacement in both X and Y directions, the generation efficiency of the QSP is then calculated by 

EQSP =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( ∫ ⃒

⃒UQSP
1

⃒
⃒
)2

+
( ∫ ⃒

⃒UQSP
2

⃒
⃒
)2

√

x
. (9) 

As shown in Fig. 8(a)–(c), the generation efficiency of QSP by primary GW excitation along the X direction becomes largest when 
the fiber direction is θ = 90◦. When the primary GW excitation is along Y and Z directions, the corresponding fiber directions for the 
largest generation efficiency of QSP are about θ = 30◦ and θ = 45◦, respectively. In particular, Fig. 8(d) shows the comparison for 
primary S0, SH0, and A0 GWs when the propagations are along principal material directions. The generation efficiency of QSP is 
largest for A0 and smallest for S0 when θ = 0◦, while the result of θ = 90◦ is the very opposite. Considering the complex features of GWs 
propagation in non-principal directions, the S0 mode with fiber direction θ = 90◦ is an optimized choice for the largest generation 
efficiency of QSP in practical applications. 

Fig. 9. (a) FE model for finite-size excitation source of primary S0 GW, (b) cumulative effects of QSP and second harmonic generated by plane S0 
GW. (Color online). 
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4.3. Influence of excitation condition on QSP generation 

Another import factor that can significantly affect the SNR of QSP in practical application is the divergence loss caused by the finite 
excitation size of primary GWs. Nagy et al. [21] investigated the finite-size effect on the QSP produced by a longitudinal wave in an 
isotropic solid. One of their main conclusions is that the divergence of the QSP wave is not negligible, even when the divergences of the 
fundamental and second harmonic are both negligible. Here, we simultaneously consider the QSP generation and second harmonic 
generation in a [0/90/0/90]s laminated FRP plate, and compare their cumulative effects. Fig. 9(a) shows the FE model. The di
mensions are d = 1.36mm, W = 50mm, and L= 300mm. The primary S0 mode at 0.4 MHz with wavelength λ = 15.33mm is chosen, of 
which the second harmonic generation is under an approximate phase matching condition. The theoretical maximum cumulative 
distance of second harmonic is ΔΛ = 0.146m. As a reference, Fig. 9(b) shows the comparison of cumulative effects of these two 
nonlinear signals generated by plane wave excitation. 

As shown in Fig. 10(a), when Wexci = 10mm, the magnitude of the generated QSP is overall smaller than that of the second 
harmonic within a propagation distance of 0.15 m. This is very opposite to the case shown in Fig. 9(b) which is obtained under the 
plane wave excitation. Further, when Wexci = 15mm, the divergence loss of QSP is less and its magnitude at x = 45 mm becomes the 
same as that of the second harmonic. Moreover, the magnitude of QSP keeps increasing with the excitation size Wexci and is overall 
greater than that of the second harmonic when Wexci = 25mm. The divergence loss can be due to the poor directivity pattern of the 
QSP. When Wexci/λis small, the main lobe of the directivity pattern of the QSP is wide, and the wave energy of QSP diminishes quicker 
than the second harmonic wave. However, the result shown in Fig. 10(d) indicates that, with relatively large-size excitation of primary 
waves, the measure of QSP can still be a feasible tool to characterize the change of relative material nonlinearity rendering higher SNR 
than second harmonic generation, especially when considering the fact that higher harmonics suffer much attenuation in practical 
applications. 

5. Conclusion 

The QSP generation of GWs in anisotropic FRP thin plates was investigated in this paper. Theoretical analysis on QSP generation of 
GW propagation in transversely isotropic thin plates was firstly conducted to show the factors that affected the displacement direction 
and generation efficiency of QSP. By FE simulations, the mode of the QSP generated by different primary GWs was confirmed as S0 or 
partly coupled S0 and SH0 modes with only in-plane displacement. The displacement direction of QSP was found to be related with the 
sign of the coefficient function B(θ). Further, for given excitation amplitude and frequency of the primary GW, the generation 

Fig. 10. Cumulative effects of the QSP and second harmonic of primary S0 GW using finite-size excitations: (a) Wexci = 10mm, (b)Wexci = 15mm, (c) 
Wexci = 20mm, (d)Wexci = 25mm. (Colour online) 
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efficiency of QSP varies with the GW propagation direction, as well as the primary mode type. Additionally, considering both the 
cumulative and divergence effects, obtained results clearly indicate that, a higher efficiency of cumulative QSP generation than that of 
a phase matched second harmonic can be achieved with appropriate excitation size of primary GWs. The results obtained in this study 
provide physical insight and guidance for choosing GW mode and transmitting/receiving condition that benefits the measurability of 
QSP in composite plates. 
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Chapter 5: Assessment of Damage in Composites Using Static 

Component Generation of Ultrasonic Guided Waves 

5.1. Introduction, Significance, and Commentary 

This chapter presents the study of QSC generation in composite thin plates with finite sizes. As 

indicated by previous studies, the generated QSC pulse signal has a near zero-frequency carrier 

wave and can suffer little acoustic attenuation in materials. However, the divergence loss of the 

nonlinear QSC wave is not neglectable, as the directivity of QSC wave is poorer than higher 

harmonic waves. By numerical simulation, the QSC wave by finite-size excitation of primary 

Lamb waves is investigated. The observed features of QSC in simulations are then compared 

with the results of following experiments. The study validates the measurability of QSC by 

transducers and the feasibility of microdamage detection and evaluation in composite thin 

plates, showing promising potential for NDT applications of other anisotropic materials. 
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Abstract
Static component (SC) generation of guided waves (GWs), which combines the high sensitivity
of acoustic nonlinearity to micro-damage and low attenuative effect, has great potential for
damage assessment in large composite structures. The present work explores the use of SC
generation of GWs for assessing damages in carbon fiber reinforced polymer (CFRP) composite
laminates. The features including mode, waveform, and cumulative effect of the generated SC
in composites are numerically investigated by three-dimensional finite element modeling and
simulation. A dynamic displacement measurement method based on piezoelectric transducers is
accordingly proposed and experimentally verified. The cumulative SC pulse generated from
primary GW tone-burst with a finite duration, is observed and verified numerically and
experimentally. It is found that the magnitude of the generated SC pulse is linearly proportional
to the quadratic material nonlinearity. Experimental results demonstrate that the generated SC
pulse of GW under group velocity matching condition, is an effective means to assess the
hygrothermal damage and low-velocity impact damage in CFRP composite plates. The
performed experimental examination validates the feasibility of the proposed approach for
damage assessment in CFRP composites.

Keywords: guided wave, static component, material nonlinearity, composites,
damage assessment

(Some figures may appear in colour only in the online journal)

1. Introduction

Fiber reinforced composite materials and structures are being
widely applied in many fields due to the improved proper-
ties such as light weight, high strength and modulus, and
corrosion resistance in comparison with metallic materials
[1, 2]. However, the damage mechanism and failure ana-
lysis of fiber reinforced composites are generally complex.

∗
Authors to whom any correspondence should be addressed.

High/low velocity impact, thermal/mechanical fatigue, and
hygrothermal aging, are several main damage inducing factors
for composite laminates [3, 4]. Damage evolution and accu-
mulation from matrix microcracking and degradation to fiber
breakage and delamination, can lead to severe reductions in
strength and integrity of the composites, and eventually result
in catastrophic failure of materials and structures in unpredict-
able manners [5, 6]. For major equipment and key facilities
in civil, aerospace, national defense, and other industries, it
is imperative to develop nondestructive testing and evaluation
(NDT&E) methods for monitoring and evaluating structural
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micro-changes of the composites at the early stage of damage
evolution.

There has been increasing interest in studying the cost
effective and time efficient techniques for NDT&E of compos-
ites based on the ultrasonic waves. In particular, the character-
ization of composites using ultrasonic guided waves (GWs)
has gained significant attention in the past decades [7, 8]. The
use of GWs has proven to be an effective and efficient means
for inspecting composite laminates [9]. The measure of amp-
litude of the scattered GW signals, as well as the GW velocity,
can usually provide indices of the macro-damages in the com-
posites. On the other hand, the detection ofmicro-damages and
degradation in composites using nonlinear ultrasonic GW has
been reported in recent years. Nonlinear ultrasonic techniques
take advantage of the nonlinear effects produced from the
interaction between finite amplitude waves and the small-scale
defects in materials [10]. In contrast to conventional linear
ultrasonic testing approaches, these nonlinear GW techniques
provide higher sensitivity to defects of smaller size than the
wavelength of the fundamental GW. Second harmonic gen-
eration of propagating GWs due to the classical nonlinearity
and contact acoustic nonlinearity inmaterials was reported and
used for damage detection in composites [11, 12]. However,
most previous investigations focused on the higher harmonic
generation of primary GWs propagation in the damaged speci-
mens. The strong anisotropy and high attenuation in fiber rein-
forced layered composites significantly reduce the magnitude
of the generated higher harmonics of primary GW propaga-
tion and meanwhile make the corresponding wave propaga-
tion become complicated. It is quite challenging to assess the
damage in highly attenuative composites by the measure of
second harmonics with a double fundamental frequency of the
primary GWs. In addition, it is difficult to isolate the mater-
ial nonlinearity from the instrument induced nonlinearity by
the measure of second harmonics generated. The GW mixing
technique has shown the potential to locate micro-defects such
as degradation in plate and pipe-like structures with the instru-
mental nonlinearity eliminated [13–15]. However, for mater-
ials with classical nonlinearity that arises from the nonlin-
ear strain energy term, the synchronism and non-zero power
flux conditions of GW mode pairs are required for gener-
ating cumulative mixed-frequency harmonics [15, 16]. This
greatly limits the choice of the GWmode pairs. Sub-harmonic
[17, 18] and nonlinear resonance [19, 20] are other known
nonlinear acoustic phenomena. Nevertheless, the generation
of sub-harmonic only results from micro-damages of specific
size and form, and the nonlinear resonance methods generally
relates to the point-to-point inspection using bulk waves.

When ultrasonic wave propagates through an elastic solid
with material nonlinearity, acoustic radiation induced static
displacement component will be generated [21–24]. Similar as
higher harmonics, such acoustic radiation induced static com-
ponent (SC) is related directly to the material nonlinearity. As
one of the acoustic nonlinear responses of ultrasonic waves
propagation in solid media, the SC generation of GWs was
reported in recently years, which can promisingly be exploited
for NDT&E of fiber reinforced composites circumventing the
aforementioned limitations. Wan et al and Sun et al found

that the acoustic radiation induced SC is physically a sec-
ondary wave whose carrier frequency is zero, of which the
cumulative effect does not require the phase-matching con-
dition [25, 26]. Jiang et al further found that the synchron-
ism condition as is necessary for generating the cumulative
secondary GWs is intrinsically satisfied for the SC generated
from any propagating GW mode at any frequency in isotropic
plates [27]. Regarding damage inspection, Sun et al numer-
ically investigated the SC of longitudinal wave induced by
micro-cracks using a bilinear stiffness model [26]. Experi-
mental studies were conducted on the detection of early plastic
damage and partially closed crack in aluminum plate using
the SC generation of Lamb waves [28, 29]. However, previous
numerical studies have mostly focused on the SC generation
under plane strain condition using two-dimensional models.
The duration and shape of the primary GW tone-burst in prac-
tical application is expected to influence the temporal wave-
form of the generated SC pulse. Besides, insufficient atten-
tion has been paid to the SC generation in composites and
the related damage detection. Due to the rather high attenu-
ation in composites, the feasibility of using SC generation of
high-frequency GWs for NDT&E of composites has yet to be
verified.

The present study aims to investigate the SC generation of
GWs in carbon fiber reinforced polymer (CFRP) composite
laminates, as well as to propose a dynamic detection method
for damage assessment in composite plates employing the SC
generation. Features of the SC pulse generated by GW tone-
burst with a finite duration are numerically investigated using a
three-dimensional model. The dynamic detection method and
the phase reversal method are used for experimental verifica-
tion of the cumulative SC pulse generated by high-frequency
GWmode pair under group velocitymatching condition. Feas-
ibility study of damage assessments in composites using the
proposed method is accordingly carried out. The rest of this
paper is organized as follows: section 2 introduces the theor-
etical considerations on the SC generation of GW propagating
in anisotropicmaterials. Section 3 presents the implementation
of three-dimensional finite element (FE)modeling and simula-
tion of the generated SC pulse in the CFRP composite layered
plate. Experimental studies are presented in section 4, wherein
hygrothermal damage and low-velocity impact damage are
successively considered for damage assessment in CFRP com-
posites using the generated SC pulse of high-frequency GW.
The effectiveness of the proposed method is analyzed and dis-
cussed, and then the paper ends with a conclusion.

2. Theoretical considerations

2.1. SC generation of guided waves in composites

First, we consider the GW propagation in a single anisotropic
plate with weak quadratic nonlinearity. Figure 1 shows the
coordinate system x1 x2 x3 established for the plate model,
as well as the material coordinate system x1 ′ ′ ′x2 ′ ′ ′x3 ′ ′ ′

under which the second- and third-order elastic constants
(Cijkl and Cijklmn) of the anisotropic material are defined.
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Figure 1. The anisotropic plate and the coordinate systems.

The orientation angles between the two coordinate sys-
tems are denoted as α1, α2 and α3. For a GW propagat-
ing along the Ox1 axis, its formal solution can be expressed
as uiexp [j(kx1 + akx3 −ωt)] (i= 1,2,3). The six roots of a
(denoted by a(s), s= 1, . . . ,6) can be obtained from the Chris-
toffel equation for plane wave propagation in anisotropic
solids [30]. For each a(s), the corresponding eigen solution(
u(s)1 ,u(s)2 ,u(s)3

)
can also be determined. Further, the general

solution of wave motion in terms of a linear combination of
the six eigen solution is expressed as

Ui =
6∑

s=1

Asu
(s)
i exp

[
j
(
kx1 + a(s)kx3 −ωt

)]
, i= 1,2,3, (1)

whereUi (i= 1,2,3) is the displacement component along the
Ox1, Ox2 and Ox3 axis, respectively, and As (s= 1, . . . ,6) are
the arbitrary constants to be determined. Assuming the GW
propagation is present, As/A1 can be determined by substitut-
ing the driving frequency ω and the corresponding phase velo-
city into the equations of the mechanical boundary conditions
that requires the stress components of Ui to be zero at x3 = 0
and x3 = d. Due to the elastic anisotropy of the plate, the Lamb
wave and shear horizontal GW modes are generally coupled.

Considering two primary GWs U(a)
i and U(b)

i excited sim-
ultaneously at x1 = 0 and the stress-free boundary condition,
the secondary wave field focusing on the cross-interaction of
these two primary GWs can be obtained via the normal modal
analysis [15, 16], expressed as

U(ωa±ωb)
i =

∑
n

an (x1)U
(ωa±ωb)
i(n) (x3)exp [−j(ωa±ωb) t]

+ c.c., (i= 1,2,3) (2)

whereU(ωa±ωb)
i(n) (x3) is the field function of the nth GW at sum-

or difference-frequency. The corresponding expansion coeffi-
cient an (x1) can formally be given by [30]

an (x1) =

(
FV
n +FS

n

)
4Pnn

sin [(ka± kb− kn)x1/2]
(ka± kb− kn)/2

, (3)

whereFV
n andF

S
n are the power flux through the volume and the

surfaces of the anisotropic solid plate, respectively, and Pnn is

the average power flux per unit width along the Ox2 axis [15].
The synchronism condition (k± = ka± kb at ω± = ωa±ωb)
and the non-power flux condition (FV +FS ̸= 0) is necessary
for the generation of the mixed-frequency harmonics with
cumulative effect. In the specific case where two primary
waves propagate in the same direction and satisfy the con-
dition of ωa → ωb or ω− → 0, the second order difference
frequency component is of our interest. The equation (3) for
difference frequency ω− → 0 components can be expressed
as

an (x1) =

(
FV
n +FS

n

)
4Pnn

x1. (4)

The SC at zero frequency can be considered as the special case
of difference frequency component (ω− → 0), or the com-
ponent due to the self-interaction of a monochromatic GW
at frequency ω. Based on equation (4), it can be found that
the synchronism condition is inherently satisfied for the SC
generation of GWs.

For GWs propagation in CFRP, if the ultrasonic GWs
propagate along the principal material direction of CFRP, the
Lambwave and shear horizontal GWmodes can be decoupled.
Only the S0 mode at zero frequency satisfies the non-zero
power flux condition. Hence, the SC generated by GWs is the
S0 mode at zero frequency. In the case of that GWs propagate
along the non-principal material direction of CFRP, the dis-
placement components cannot be decoupled with each other.
It will generate multi-type modes at zero frequency (namely
SCs). This is the unique feature of the SC generation of GWs
in anisotropic composites such as CFRP [24]. Hence, for com-
posite plates, the set of orientation angles (α1, α2, α3) can be
optimized for cumulatively generating the SC (the S0 mode at
zero frequency), of which its magnitude is directly associated
with the material nonlinearity.

Since ultrasonic GW tone-burst with a finite duration is
excited in most experimental and practical cases, the tone-
burst signals with different group velocities will separate from
each other with the increase of GW propagation distance. The
SC pulse generated by GW tone-burst can have a cumulat-
ive effect in amplitude with propagation distance only under
the condition that its group velocity exactly or approximately
equals that of primary GW [24, 25, 27]. Cumulative effect
of SC generation is critical for the experiment and practical
applications. Identification of this condition for mode selec-
tion is critical for the development of experimental testing and
practical applications based on the SC generation of GWs.

2.2. Principle of dynamic measurement of SC pulse

It has been confirmed that, when the group velocity of a
primarywave tone-burst matches with that of the generated SC
pulse, the SC pulse will exhibit an envelope-like shape that has
almost the same duration as the primary wave [24–27]. In gen-
eral, the envelope shape of a primarywave is largely dependent
on the modulation window applied to the RF tone-burst. Since
the main lobe of the frequency spectrum of the Hanning win-
dow is wider than that of the rectangular windowwith the same
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Figure 2. Amplitude-frequency curves of several Hanning window
time-domain signals with different duration τSC and the same
magnitude, as well as a schematic amplitude-frequency curve (black
solid curve) of a low-frequency receiving transducer.

duration, and the former has a better side lobe suppression,
the Hanning window is adopted to modulate the primary wave
tone-burst in the proposed method. A low-frequency piezo-
electric transducer can be used to directly detect the generated
SC pulse that co-propagates with the primary wave. To that
end, themain lobe frequency range of the low-frequency trans-
ducer is required to adequately overlap with that of the gener-
ated SC pulse. When the center frequencies of the transmit-
ting (fTx) and the receiving (fRx) transducers are given, one can
adjust the cycle number (nH) of the relatively high-frequency
RF tone-burst to achieve the dynamic detection of the SC
pulse. Deng firstly proposed the method for detecting the SC
pulse generated by longitudinal wave tone-burst [31]. This
paper adapted the method for experimental observation of SC
pulse generated by ultrasonic GWs in composites.

Figure 2 illustrates the amplitude-frequency response
curves of several Hanning window time-domain signals with
the same peaks but different durations. The Hanning win-
dow signal can well represent the generated SC pulse that
co-propagates with the primary wave tone-burst. The corres-
ponding frequency range of the SC pulse can be customized
by adjusting its time-domain duration. Specifically, frequency
range of the SC pulse will decrease with the increase of time
duration (τsc) and vice versa. When the main lobe frequency
range of the SC pulse is matched with that of a given receiving
transducer (i.e. τH ≈ 1/fRx or nH ≈ fH/fRx), the SC pulse can
be detected with the highest sensitivity by the low-frequency
transducer [32]. Specifically, the spectrum response to the SC
pulse using the low-frequency receiving transducer can be
expressed as

Γ
(SC)
Rx =

fB1ˆ

fB2

ASC (τsc, f) ·ARx ( f)df, (5)

where the integration interval [fB1, fB2] is the bandwidth of
the amplitude-frequency curve [ARx ( f)] of the given low-
frequency receiving transducer Rx, and ASC (τsc, f) is the
amplitude-frequency curve of the generated SC pulse. Since
τH is equal to τSC when the SC pulse is generated under the
group velocity matching condition, a maximized magnitude
of response Γ(SC)

Rx can be obtained by optimizing the duration
τH of the primary GW tone-burst.

3. Finite element modeling and simulation

3.1. Finite element model of composite laminate

To verify the proposed method, numerical studies are first con-
ducted by employing a three-dimensional FE model as shown
in figure 3. Here we consider a CFRP composite plate with a
[0/90/0/90]s lay-up configuration. The thickness of the 8-layer
composite laminate is d = 1.36 mm. The mass density is
1700 kg ·m−3. To model GW propagation in this composite
laminate with weak material nonlinearity, hyperelastic mater-
ial model is adopted. In general, the strain energy function of
an anisotropic plate incorporating the nonlinear elastic terms
are expressed by

Ws =
1
2!
CijklEijEkl+

1
3
CijklmnEijEklEmn+O

(
E4

)
, (6)

where Cijkl and Cijklmn are the second order elastic constants
(SOECs) and third order elastic constants (TOECs), respect-
ively. A single layer of the composite laminate can be con-
sidered as a transversely isotropic (TI) material. There are
only five independent SOECs and nine independent TOECs
[32, 33], which are shown in tables 1 and 2, respectively. For
simplicity, the constants are represented using the Voigt nota-
tion. The mass density of the TI material is 1700 kgm−3. By
separately defining local material coordinate systems for each
layer of the composite laminate and input these material prop-
erties, the wave propagation problem can be simulated and
analyzed using a uniform (X, Y, Z) coordinate system wherein
the wave propagation direction is chosen along the X direction
(i.e. 0◦ direction of the material).

The model is discretized with quadratic solid elements, of
which the maximum size is determined by∆e= λ/20, where
λ is the wavelength of the primary wave. The width of the
model in Y direction is chosen as ∆e. To save computational
resources and calculation time, and in the meanwhile ensure
the numerical accuracy, the S0 mode at a relatively low fre-
quency of f 1 = 0.5 MHz is chosen as the primary GW for the
numerical verification. As shown in the dispersion curves of
GWs propagation in this composite laminate, the phase velo-
city and group velocity of the S0 mode at 0.5 MHz propagat-
ing along 0◦ direction are 6040 ms−1 and 5800ms−1, respect-
ively. The wavelength is λ1 = 12 mm. As shown in figure 3,
the displacement load of a Hanning windowed eight-cycle sine
tone-burst with maximum amplitude of 100 nm is applied
to a rectangular area (Wexci = 30mm) of the front face, and
the other end is a fixed support. The length of the plate is
L = 0.4 m. The width of the plate is W = 50 mm. To reduce
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Table 1. Second order elastic constants of the transversely isotropic
material (unit: GPa).

C11 C12 C22 C23 C55

119 6.2 13.8 4.5 5.7

Table 2. Third order elastic constants of the transversely isotropic
material (unit: GPa).

C111 C112 C155 C222 C223 C122 C123 C255 C266

1000 65 −47 −214 −89 −4 65 −33.4 −49.1

Figure 3. Finite element model of a [0/90/0/90]s composite plate.

the interference of boundary reflected waves, low reflection
boundary conditions are assigned to the remaining lateral sur-
faces. Here, two linear elastic domains are defined at the left
and right sides for addressing the incompatibility of the hyper-
elastic domain with the low reflection boundary conditions
[34]. Domain point probes for receiving the GW signal are set
at the center of the top surface of the plate. The displacement
signals extracted in the X, Y and Z directions are represen-
ted by U1, U2 and U3. Appropriate time step of the transient
solver (∆t) and the maximum element size (Imax.) are adopted
following∆t< 1/20f1 and Imax < λ1/20.

3.2. Guided wave signal analysis

The mode of the primary GW at 0.5 MHz is verified first.
By comparing the time-domain GW signals received at dif-
ferent locations, the group velocity of the primary wave is
calculated to be 6000 ms−1. Due to a small relative error
(3.4%) of the group velocity comparing to the theoretical
value (cS0g = 5800ms−1), it is convinced that the propagating
primary GW is the expected S0 mode. The durations of these
Hanning windowed eight-cycle tone-burst GW signals are
τH = 16µs. Figure 4(a) shows the displacements of primary
signal received at X = 200 mm in X, Y and Z directions (rep-
resented by U1, U2, U3), respectively. For the observation of
the generated SC pulse, the phase-reversal approach [35] is
employed to counteract the primary wave, and a low-pass fil-
ter with the cutoff frequency of 500 kHz is used to elimin-
ate the higher harmonic components generated. As shown in

figure 4(b), it only remains the components of SC pulse gener-
ated by the primary wave propagation in the composite plate.
The generated SC pulse displays large in-plane displacement
in the X direction (i.e. wave propagation direction). Besides,
it is found that the SC pulse signal has a temporal wave-
form of about one-cycle envelope rather than half-cycle one
as demonstrated previously for longitudinal wave propagation
and GW propagation under plane strain condition using two-
dimensional models [25]. It should be noted that, in practical
test, due to finite-size excitation in the relative large sample,
the primary GW has a curved wavefront, and the generated SC
pulse signal is supposed to be different from that generated in
two-dimensional models.

Figure 5(a) shows the time-domain signals of the gen-
erated SC pulse received at different locations using the
phase-reversal method. The group velocity of the SC pulse is
calculated as around 6186 ms−1. This confirms that the gener-
ated SC pulse has the nature of the S0 mode at zero frequency.
It is found that the magnitude of the generated SC pulse has
a cumulative effect versus propagation distance as shown in
figure 5(a). This finding is consistent with the theoretical pre-
diction.

Figure 5(b) shows the received time-domain signals of the
SC pulse generated by primary GW tone-burst with differ-
ent durations. When we change the duration of the excitation
signal of primary GW tone-burst τH from 8µs to 32µs, the
time-domain duration of the generated SC pulse τSC increases
accordingly. This validates that the frequency range of the gen-
erated SC pulse can be adjusted to adequately overlap with that
of the receiving transducer for a high efficiency of detection of
the generated SC pulse.

It is known that, in the specimen with microdamage or
degradation, the SOECs almost keep unchanged, while the
TOECs can change significantly [36]. In this investigation, the
accumulation of material degradation in the sample is repres-
ented by the scale coefficient η of TOECs constants. The amp-
litude of the SC pulse increases linearly with the scaling coef-
ficient η, as shown in figures 6(a) and (b). Thus, it is further
confirmed that the obtained SC pulse signal is linearly propor-
tional to the material nonlinearity. Also, the proposed method
for detecting the SC pulse generated by GW and material non-
linearity can be applied in early damage evaluation of com-
posite materials.

4. Experimental investigation

4.1. Specimens

The CFRP composite laminates used in this study are commer-
cially provided by Wuxi Zhishang New Material Technology
Co., Ltd, China. The composite plates comprise T300 fibers
and YZR-03 epoxy, of which the main properties are listed in
tables 3 and 4, respectively. For a unidirectional CFRP plate,
the elastic stiffness matrix components obtained by referen-
cing the GB/T 1477 standard are shown in table 5. The pur-
chased pristine composite laminates have a [0/90/0/90]s lay-
up configuration with a thickness of 1.36 mm and a density of
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Figure 4. (a) Time-domain displacement signals received at X = 200 mm in different directions, and (b) SC pulse signals using
phase-reversal method.

Figure 5. Time-domain signals of the SC pulse: (a) received at different locations, and (b) generated by primary GW tone-burst with
different durations.

Figure 6. The SC pulse signals received in the given composite with different scaling coefficient η of the material nonlinearity using
phase-reversal method: (a) the time-domain signals detected, and (b) the corresponding amplitude-frequency curves.

1700 kg ·m−3. Properties of the intact cross-ply laminate are
listed in table 6.

In this study, two forms of damage of the composite are
considered: (a) hygrothermal damage and (b) low-velocity
impact damage. Figures 7(a) and (b) show the experimental
setups, respectively. For artificial accelerated hygrothermal
damage, two composite laminate specimens #A1 and #A2
with the dimension of 500 mm × 500 mm are in turn put
into the water tank for different processing times, and then
removed from the water and cool down to room temperature

for the following ultrasonic measurement. The water is heated
through a cyclic heating process by a temperature-controlled
heater with the water temperature ranges from 55 ◦C to 95 ◦C.
After each measurement, the specimens are again put into the
water for an increased cumulative processing time. For speci-
mens #A1 and #A2, the cumulative processing times between
each ultrasonicmeasurement are from 3 h to 24 hwith intervals
of 3 h. For low-velocity impact damage, composite specimens
#B1, #B2, and #B3 with the dimension of 300 mm× 300 mm
are impacted by an impact test machine using the free-fall

6
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Table 3. Properties of the fiber T300.

Item Specification Test standard

Tensile modulus 240 GPa ISO 10618
Tensile strength 4500 MPa ISO 10618
Density 1790 kg m−3 ISO 10119
Elongation 1.8% ISO 10618

Table 4. Properties of the epoxy resin YZR-03.

Item Specification Test standard

Vitrification transition
temperature

125 ◦C–135 ◦C GB/T19466.2

Tensile strength 80 MPa GB/T2567-2008
Bending strength 115 MPa GB/T2567-2008
Bending modulus 4.28 GPa GB/T2567-2008

Table 5. Stiffness matrix components of the unidirectional
composite plate (unit: GPa).

C11 C12 C13 C22 C23 C33 C44 C55 C66

119 6.2 6.2 13.8 4.5 13.8 4.65 5.7 5.7

Table 6. Properties of the laminate.

Ply thickness
Lay-up

configuration Density Thickness

0.17 mm [0/90/0/90]s 1700 kg·m−3 1.36 mm

drop method conforming to the ASTM D7136 standard. Dif-
ferent impact energies of 4.0 J, 8.0 J and 12.0 J for these three
specimens are calculated by the gravitational potential energy
equation in terms of the weight and the elevation of the impact-
ing head.

4.2. Ultrasonic measurements

To select the appropriate primary GWmode of which its group
velocity matches with the generated SC pulse (whose carrier
is the S0 mode at zero frequency), the phase and group velo-
city dispersion curves of the CFRP laminate are calculated
using the stiffnessmatrix components shown in table 5. TheA9
mode at frequency 9.5 MHz is selected as the primary Lamb
wave mode. As presented in figure 8, The group velocity of the
A9 mode is about 6025 m s−1, which approximately matches
with that of the S0 mode at zero frequency (6150 m s−1).
Under this group velocity matching condition, as is analyzed
in sections 2 and 3, the magnitude of the generated SC pulse is
linearly proportional to the material nonlinearity and the GW
propagation distance. Consequently, the detection of the gen-
erated SC using the mode pair A9-s0 can be a feasible tool for
damage assessment of composite plates.

Figure 9 shows the experimental setup of the ultrasonic
measurements and the corresponding schematic diagram.
The computer-controlled ultrasonic transmitter-receiver sys-
tem (RITEC 5000 SNAP System) is used to generate RF
tone-burst voltages for excitation of the high-frequency wedge

transducer Tx, and to receive and process the ultrasonic sig-
nals detected by the wedge transducer Rx. The digital oscil-
loscope (Model DPO3032, Tektronix Inc.) is used to record
the measured ultrasonic signals. To suppress the transient
behavior of the RF amplified voltages from the output of
the SNAP system, a high-power load (Model RL-50) and
a high-power adjustable attenuator (Model RA-31) is suc-
cessively used. A high-pass filter (Model RHP-5) with the
cutoff frequency of 5 MHz is used to ensure that there is
no low-frequency signal applied on the wedge transducer
Tx, of which the center frequency is around 10 MHz. The
wedge transducers both consist of plexiglasses and longit-
udinal wave transducers. The effective area of the trans-
ducers is 13 mm ×25 mm. The oblique angle θ = 18.3◦

for the wedges of transmitting and receiving transducer is
calculated according to the Snell’s law c(L−Wedge)

p /sinθ =

c(A9−CFRP)
p /sin 90◦, where the longitudinal wave velocity in

the plexiglass is around c(L−Wedge)
p = 2700ms−1 and the phase

velocity of the primary A9 mode in the CFRP plate is around
c(A9−CFRP)
p = 8580ms−1. First, we examine the propagation of
the expected A9 mode at the frequency f1 = 9.5MHz using a
wedge transducer Rx(H) with a center frequency of 10 MHz.
The detected GW signal of low voltage passes through a
preamplifier toward the receiver of the SNAP System without
using a low-pass filter. Subsequently, a wedge transducer Rx(L)

with a relatively low center frequency of 0.5 MHz is used to
replace the Rx(H) for directly detecting the SC pulse generated
from the primary A9 mode. To ensure that the primary GW
signal is not included in the received signal, a low-pass filter
(Model RLP-3) with the cutoff frequency of around 3 MHz is
applied on the detected signal of the wedge transducer Rx(L)

before it passes into the preamplifier. For the ultrasonic meas-
urements, the power level of the RF amplifier is 100, and the
delay of the generated Hanning windowed tone-burst is 2µs.
The attenuation of the adjustable attenuator is 4 dB. The total
receiving gain of the SNAP System is 70 dB. For the compos-
ite specimens, the same measurement is repeated three times.
The results are presented and discussed in section 5.

5. Results and discussion

5.1. Validation of the dynamic measurement method

We first examine the propagation of the primary GW of the
A9 mode at 9.5 MHz in the intact composite plate. Figure 10
shows the received signal of the wedge transducer Rx(H) with
a center frequency of around 10 MHz. The spatial separation
of the transmitter and the receiver is L = 100 mm. Due to
the high frequency of the primary GW and the great material-
related ultrasonic attenuation in the cross-ply CFRP lamin-
ate, the wedge transducer Rx(H) cannot detect the primary
A9 mode with sufficient signal-to-noise ratio (SNR). On the
other hand, the low-frequency wedge transducer Rx(L) with a
center frequency of around 0.5 MHz can directly detect the
SC pulse generated from the propagation of the primary GW
tone-burst in combination with the use of the low-pass fil-
ter. Figure 11 shows the measured amplitude-frequency curve
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Figure 7. Experimental setups for introducing micro damages to the composite laminates: (a) hygrothermal damage, and (b) low-velocity
impact damage.

Figure 8. Dispersion curves of GWs propagating in the [0/90/0/90]s CFRP laminate along 0◦ direction: (a) phase and (b) group velocities.

Figure 9. (a) Experimental setup of the ultrasonic measurement and (b) the corresponding schematic diagram.

of the receiving transducer Rx(L) using the pulse-echo tech-
nique, through which it is found that the center frequency of
the wedge transducer Rx(L) is 515 kHz.

Figure 12 shows the low-frequency signals detected by the
low-frequency transducer Rx(L) in the pristine composite lam-
inate. Here, the phase reversal method [35] is used to fur-
ther confirm that the received low-frequency components are
the nonlinear signals associated with the generated SC pulse

of the primary A9 mode. With the initial phase of the 6-
cycle RF tone-burst voltages applied on the Tx reversed from
0◦ to 180◦, it is observed that the signals received by the low-
frequency wedge transducerRx(L) at L= 100mm are identical.
It can be concluded that the measured signals are the second-
ary nonlinear ones (namely the generated SC pulses). Oth-
erwise, they should have a difference in phase. On the other
hand, since the low-frequency components of the RF voltages

8



Smart Mater. Struct. 31 (2022) 045025 C Jiang et al

Figure 10. Time-domain signal received by the high-frequency
wedge transducer Rx(H) with the spatial separation L = 100 mm.

Figure 11. Amplitude-frequency curve of the receiving wedge
transducer Rx(L).

in the transmitting terminal are eliminated by the high-pass fil-
ter (Model RHP-5) with the cutoff frequency of 5.0 MHz, it is
convinced that the measured signals should be attributed to the
SC (i.e. S0 mode at zero frequency) of the primary A9 mode.
It should be noted that the measured signals of the SC pulse
in experiment (shown in figure 12), are different from those
obtained by numerical simulation (shown in figure 6). The
reason of this difference is attributed to the fact that the exper-
imental SC pulse measured by the receiving wedge transducer
Rx(L) is formally determined by the convolution integral oper-
ation of impulse response function of Rx(L) and the generated
SC pulse. Moreover, it needs to be pointed out that figures 10
and 12 have the same setup of signal amplification gain.

Figure 13(a) shows the low-frequency signals detected by
the wedge transducer Rx(L) with different spatial separations
of the transmitting transducer Tx and the receiving trans-
ducer Rx(L). Based on the corresponding delay of the propagat-
ing wave package, the group velocity of the received low-
frequency GW signal is calculated to be around 6094 ms−1,

Figure 12. Low-frequency signals received by the low-frequency
wedge transducer Rx(L) with excitation signals of 0◦ and 180◦

phases.

which is very close to the theoretical group velocity of the
S0 mode at zero frequency as shown in figure 8(b). The rel-
ative error of the group velocity between the zero-frequency
S0 mode and the received low-frequency signal is about 0.9%.
Thus, we infer that the carrier of the detected ultrasonic time-
domain signal, is the generated SC (i.e. zero-frequency S0
mode) of the primary A9 mode. Figure 13(b) shows the peak-
to-peak voltages of the low-frequency signals received at dif-
ferent locations. In comparison with the primary A9 mode that
is remarkably attenuated within a short propagation distance
in the composite plate, this low-frequency signal can prom-
isingly propagate a relatively long distance in the composite
laminate with satisfactory SNR.

To verify the proposed dynamic detection method
described in section 2.2, the duration of the RF tone-
burst applied on the transmitting transducer is adjusted
from 0.5µs to 4.0µs. Figure 14(a) shows the detected low-
frequency signals in the time domain. Figure 14(b) shows the
peak-to-peak voltages of the low-frequency signals received
by the wedge transducer Rx(L). First, it is observed from
figure 14(a) that the received low-frequency signal has a max-
imum magnitude when the duration of the transmitting RF
tone-burst reaches to τH = 1/fRx = 2µs. As the duration of the
RF tone-burst continues to increase from 2µs to 4µs, the mag-
nitude of the received low-frequency signal decreases. This
phenomenon is in good agreement with the theoretical analysis
and the numerical analysis as demonstrated in sections 2.2
and 3.2, respectively. When the wedge transducer Tx is driven
by the amplified high-frequency (9.5 MHz) RF tone-burst,
the primary GW tone-burst (the A9 mode) is excited into
the composite laminate, and the SC pulse is generated and
propagates with the primary A9 mode with approximately the
same group velocity. When increasing the duration τH of the
primary wave, the duration of the generated SC τSC increases
correspondingly, and the magnitude of response Γ

(SC)
Rx of the

receiving transducer Rx(L) first increases and then decreases.
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Figure 13. Low-frequency signals received by the low-frequency wedge transducer Rx(L) at different locations: (a) time-domain signals and
(b) peak-to-peak voltages.

Figure 14. (a) The generated SC pulses of primary A9 modes with different tone-burst durations, and (b) the corresponding peak-to-peak
voltages.

5.2. Damage assessment

For the composite specimens #A1 and #A2, the evaluation of
the artificially introduced hygrothermal damage is conducted
using the proposed method. The distance between the trans-
mitting wedge transducer Tx and the low frequency receiv-
ing wedge transducer Rx(L) is chosen as L = 100 mm. First,
the tone-burst width of the excitation signal is chosen as
τH = 2µs. Since the center frequency of the receiving trans-
ducer is around 0.5 MHz, the low-frequency signal associated
with the SC generation is supposed to be detected with the
optimized SNR. After three times of measurements, the burst
width of the excitation signal is adjusted to τH = 3µs for the
similar repeated measurements. Figure 15(a) shows the meas-
ured peak-to-peak voltages of the received low-frequency sig-
nals with respect to the processing time of hygrothermal dam-
age. For both the composite specimens #A1 and #A2, it is
observed that the measured amplitudes of the detected low-
frequency signals increase notably from around 120 mV to
around 180 mVwith the cumulative processing time increases
to around 12 h. After that, the measured peak-peak voltages
of the received low-frequency signals maintains a relatively
steady level. Besides, the measured amplitudes of the received
signals concerning the different burst widths of the excita-
tion signals have almost the same trends with respect to the

processing time except for a different SNR. This result sup-
ports the proposed dynamic detection method that the low-
frequency wedge transducer can directly detect the generate
SC pulse when the main lobe of the SC pulse adequately over-
laps with that of the impulse response of Rx in the frequency
domain.

Moreover, we define the time-domain SC pulse and the
impulse response function of the receiving transducer Rx(L) as
h(t) and r(t), respectively. The corresponding time-domain
signal received by the transducer Rx(L) is formally given by
R(t) = h(t) ∗ r(t), where the sign ∗ means the convolution
operation [36]. As the envelop of the detected low-frequency
signal can represent the generated SC pulse, the integration
amplitude Ā(SC) of the upper envelop of the received signal
R(t) is used to quantify the efficiency of the SC pulse gen-
erated by the primary A9 mode. The integration interval is
chosen as 30µs to completely capture the generated SC pulse.
Figure 15(b) shows the measured integration amplitudes Ā(SC)

in the composite specimens #A1 and #A2. Normalization was
performed with respect to the minimum value of the compos-
ite laminate #A1 in pristine status to display only the relative
change. The results are consistent with that of the measured
peak-to-peak voltage as shown in figure 15(a). The efficiency
of the SC generation is directly proportional to the material
nonlinearity. Due to the group velocity matching condition
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Figure 15. (a) The peak-to-peak voltages and (b) integration amplitudes Ā(SC) of the low-frequency signals obtained in measurement of
specimens #A1 and #A2. The spatial separation of the transmitting transducer Tx and the receiving transducer Rx(L) is L = 100 mm.

Figure 16. (a) Normalized integrated amplitude of the SC pulses measured on the low-velocity impacted composite specimens, and
(b) observation of impact induced internal damage by infrared thermography.

of the generated SC pulse and the primary A9 mode, both
the time-domain peak and the integration amplitude of the
received low-frequency signal can be used to evaluate the
hygrothermal damage of the composite laminate. It is noted
that the measured Vpp and the Ā(SC) on the composite spe-
cimens with hygrothermal processing time greater than 12 h
stop increasing and tend to decrease after being processed
more than 18 h. This can be attributed to the mutual restric-
tion of various material internal factors when the compos-
ite laminates are subjected to the artificial accelerated hygro-
thermal loading. The exposure to the moist environment with
an elevated temperature leads to the physicochemical changes
of the composites. The polymer matrix is prone to suffer
from stress corrosion after the moisture penetrates through
the whole laminate [37–40]. Furthermore, plasticization, oxid-
ation, hydrolysis, residual cross-linking, and chain scission,
are the primary effects of chemical degradation of the poly-
mer [6, 37, 41, 42]. The moisture absorption combined with
the cyclic thermal loading can weaken the fiber/matrix inter-
face, reduce the interlaminar strength, and enhance the mater-
ial nonlinearity to a certain degree. As a result, the proposed
method based on the SC generation of ultrasonic GW can be

applied on the assessment of the hygrothermal damage in com-
posite laminates.

For the low-velocity impacted composite specimens,
figure 16(a) shows the variations of the integration amplitude
Ā(SC) of the SC pulse measured by the low-frequency wedge
transducerRx(L) in four specimens under different impact load-
ings. The spatial separation of the transmitting transducer
Tx and the receiving transducer Rx(L) is L = 100 mm. It is
observed that the value of the integration amplitude Ā(SC)

increases with the impact energy regarding the low-velocity
impact testing of the composite specimens #B1, #B2 and #B3.
In this study, all measured Ā(SC) of the SC pulses are normal-
ized by the values of the intact specimen to display only the
relative change. Since the low-velocity and low-energy impact
generally cannot introduce gross detects and serious damage
in the composites, it is expected that invisible internal dam-
ages such as delamination, debonding, and fiber breakage are
induced at the local impacted area. It is known that the con-
tact acoustic nonlinearity by these complex microstructural
interfaces in the impacted laminates can generally result in
a stronger nonlinear response of ultrasonic GW propagation
than the classical material nonlinearity [43, 44]. The existence
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of these micro-damages can notably enhance the efficiency of
the SC generation of the primary GW, and consequently raise
the magnitude of the generated SC pulse signals. Figure 16(b)
shows the infrared thermographic images for observing the
impact induced internal damage of the composite specimens.
The impact damage area of the composite specimen #B3 is
approximately a circle with a diameter of 10 mm. However,
as one of the conventional NDT methods for evaluating dam-
ages of materials, the infrared thermography can barely detect
the low-velocity impact damage in composite laminates with
a relatively high resolution. In contrast, the proposed method
based on the SC generation of the high-frequency GWs can
promisingly detect the low-velocity impact damage rendering
a considerable sensitivity.

Due to the relatively low attenuation of the SC pulse (whose
carrier wave frequency is zero) generated by GW tone-burst,
the use of the SC generation has a greater potential for NDT&E
of highly attenuative composite structures, than the use of the
generation of second harmonics of primary GWs. In addition,
experimental instruments including the piezoelectric transmit-
ter cannot introduce the SC. Consequently, the SC generation
based technique has an advantage to isolate the material non-
linearity from the instrument-induced one.

It also needs to be noted that the SC generation based tech-
nique is generally applicable to test over a region between the
transmitter and receiver rather than a specific location, which
is the same as the second harmonic generation based tech-
nique. However, similar as reported in [45] and [46] for ima-
ging and locating the local damage by the second harmonic
generation based technique, it is expected that damage local-
ization can also be realized by the proposed approach. Espe-
cially, the generation of the SC is only attributed to the acous-
tic radiation induced static displacement components, which
is helpful to quantify the degree of damage in high attenuative
structures.

6. Conclusion

Assessment of damage in CFRP composite laminates using the
SC generation of ultrasonic high-frequency GWs was invest-
igated in this study. The SC generation in the composite
plate was analyzed through FE simulations wherein a three-
dimensional model was used. The proposed dynamic detec-
tion method based on piezoelectric transducers was exper-
imentally validated for detecting the SC generation in the
composite plate. It was found that the generated SC pulse
by primary GW tone-burst exhibits a temporal waveform of
approximate one-cycle pulse, and low-frequency piezoelec-
tric ultrasonic transducers can be used to directly detect the
quasistatic pulse signal associatedwith the SC generation. Fur-
thermore, the cumulative SC signal generated by primary A9
mode at relatively high frequency under group velocity match-
ing condition was found to be sensitive to the early hygro-
thermal damage and low-velocity impact damage in CFRP
composite laminates. It was found that themagnitude of the SC
pulse is linearly proportional to the hygrothermal change and
low-velocity impact energies in CFRP composite plates. The

performed experimental examination validates the feasibility
of the proposed approach for damage assessment in CFRP
composites.
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Chapter 6: Quasistatic Component Generation of Group Velocity 

Mismatched Guided Waves in Tubular Structures for Microdamage 

Localization 

6.1. Introduction, Significance, and Commentary 

To extend the research of QSC by guided waves propagation, this study investigates the QSC 

generation by primary guide waves in pipe-like structures. Due to the geometrical difference, 

the guided wave types in pipe-like waveguides are rather different from those in plates. The 

study contains both the finite element simulation and the experiential study and covers the 

relevant content of QSC generation as much as possible regarding guided waves in isotropic 

cylindrical shells. This study also proposed a microdamage imaging technique that is based on 

the group velocity mismatch condition. The advantages of QSC generation in hollow cylinders 

include that the QSC pulse wave has less divergence loss and always exhibits the fastest pulse 

velocity. Based on the unique features of QSC, the proposed method can have promising 

applications on microdamage detection and localization with high sensitivity and cost-

effectiveness. 

6.2. Publication 

This section is presented as published research paper by Chang Jiang, Weibin Li, Ching-Tai 

Ng, and Mingxi Deng (2024) Quasistatic component generation of group velocity mismatched 

guided waves in tubular structures for microdamage localization, Applied Acoustics 

217:109813. 
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A B S T R A C T

Quasistatic component (QSC) of guided wave (GW) has relatively low attenuation due to low frequency and high 
sensitivity to microdamage. The group velocity matching between primary GW and its QSC or higher harmonics 
usually facilitates the measurement of nonlinear signals due to cumulative effect of amplitude, but it restricts the 
determination of microdamage location. While group velocity mismatch is general for most of the wave mode 
pairs in nonlinear GW testing, this study presents a novel method for identifying the location of early stage 
microdamage using QSC generation of ultrasonic GW propagation in tubular structures under group velocity 
mismatching condition. A three-dimensional finite element (FE) model is developed to provide insights into the 
generation and propagation characteristics of the QSC induced by both global material weak nonlinearity and 
simulated local microdamage in metallic pipes. The FE analysis verifies the L(0,1) mode of the QSC generated 
from propagations of different fundamental wave modes. The generation efficiency and cumulation feature of the 
QSC pulse are obtained and discussed. By exploiting the group velocity mismatching condition, a microdamage 
localization method is proposed based on the L(0,1)-QSC mode pair, which requires one-way excitation of only 
one primary wave. Experiments are conducted using early corrosion aluminum specimens to investigate the QSC 
pulse signals and verify the proposed method. The FE and experimental results demonstrate the fundamental 
properties of QSC generation by GWs in isotropic metallic hollow cylindrical structures. The feasibility of the 
proposed microdamage localization method is validated experimentally for promising industrial applications.   

1. Introduction

Nonlinear ultrasonic techniques, such as vibroacoustic techniques
[1], higher harmonic generation [2], sub-harmonic generation [3], and 
wave mixing [4,5] have been widely investigated in recent years for 
early stage microdamage detection and structural health monitoring. 
Owing to the high sensitivity to the microdamage in structural compo
nents, the nonlinear ultrasonic signals generated by the propagation of 
fundamental waves in materials with nonlinearities (i.e., material elastic 
nonlinearity, contact nonlinearity, hysteretic nonlinearity, etc.) were 
used as promising indices for testing and assessing variable materials in 
a cost-effective and non-destructive manner [6–8]. In particular, 
nonlinear acoustic methods combined with ultrasonic guided wave 
(GW) techniques are attracting great attention. By extending the in
spection area to large structures in one operational procedure, nonlinear 
GW techniques can significantly lower the examining cost in comparison 

with traditional point-to-point approaches [9,10]. 
However, one of the main drawbacks of nonlinear GW techniques is 

that the generated nonlinear waves suffer from great attenuation of 
many sources, and the signal-to-noise ratio (SNR) can be damped to a 
neglectable level after the primary wave propagates a long distance. 
Considering the second harmonic generation and GW mixing tech
niques, for instance, the synchronism and non-zero power flow condi
tions [11,12] are expected to be satisfied, such that the amplitude of 
harmonic wave packet increases continuously to a measurable degree 
during the period of wave-material nonlinearity interaction. Hence, new 
methods taking advantage of nonlinear acoustics merits but avoiding 
these restrictions are of prime importance for practical applications. 

This study mainly focuses on the acoustic radiation-induced quasi
static component (QSC) generated by GW in isotropic metallic hollow 
cylindrical structures. The QSC pulse generation was first theoretically 
studied in isotropic homogenous one-dimensional space by Thurston, 
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Shapiro, and Cantrell [13,14]. Subsequently, Jacob, Narasimha, Nagy, 
and Deng studied the QSC generation in solids by theoretical, numerical, 
and experimental investigations [15–18]. One of the main findings of 
these studies in terms of the QSC in solids is that it possesses an 
envelope-like shape regarding the primary longitudinal tone-burst 
wave. However, for GW in thin plates or pipes, the dispersion feature 
of GWs complexes the analysis of QSC generation. Wan, Sun, Gao, and 
Jiang conducted finite element (FE) simulations and experiments for 
studying the QSC pulse generated from propagations of different modes 
of Lamb waves in thin aluminum plates, layered metallic plates, and 
CFRP laminated plates [19–24]. The QSC generated by Lamb waves was 
confirmed as S0 mode at near zero frequency for isotropic plates. The 
temporal waveform and generation efficiency of QSC were investigated 
and compared with second harmonics. It was found that the QSC gen
eration is cumulative regardless of the synchronism condition as 
required by the cumulative second harmonic generation and GW mix
ing. Besides, the generation efficiency of QSC in composite plates is 
related to the fibre direction, wave mode of primary GW, and the exci
tation condition. 

However, the generation efficiency and propagation characteristics 
(e.g., waveform, mode conversion, and cumulative effect) of QSC in 
tubular structures have yet to be explored and further utilized in prac
tical applications. A significant difference between thin plates and tube- 
like structures is that the wave energy of the QSC generated in pipes has 
less diffusion than that in plates. Due to the low frequency of the QSC 
signal and the closed waveguide section, the nonlinear QSC pulse signal 
can promisingly propagate a longer distance than the higher harmonics. 
Besides, previous studies on QSC generation mainly employ piezoelec
tric transducers as signal receivers [18,20,21,24]. In those cases, the 
QSC signal can only be readily received and extracted when the primary 
GW acts as the carrier wave of QSC (i.e., the primary GW packet prop
agates simultaneously along with the QSC by the same group velocity). 
This is one of the main restrictions that limits the wave mode pairs se
lection and applications of QSC generation. More importantly, although 
the group velocity matching condition leads to the cumulative magni
tude increase of nonlinear signals, it usually disables the microdamage 
localization when exciting only one fundamental GW and exploiting the 
correspondingly generated either QSC pulse or higher harmonics. 

The present work aims at extending our recent investigations of QSC 
generation in thin plates [22–24] to the case of pipe-like structures. 
Importantly, the wave mode, waveform, cumulative feature, and gen
eration efficiency of the QSC generated by different fundamental GW 
modes in pipes are investigated. Furthermore, a novel microdamage 
localization technique is proposed based on the use of QSC generation in 
pipes. The group velocity mismatch between the primary GW and the 
QSC is exploited as the key feature of the proposed method. Comparing 
to conventional techniques, firstly, the proposed damage detection and 
imaging method is based on the measurement of nonlinear ultrasonic 
response generation, which is closely related to the nonlinear elastic 
aspects and micro-structural misalignments of materials [11,12,23,24]. 
This feature makes it possible to detect the early-stage micro-damages in 
materials. On the contrary, traditional methods mostly measure the 
linear ultrasonic transmission, reflection, and scattering to evaluate the 
macro-damages and are insensitive to early-stage micro-damages [25]. 
For instance, Zhang et al. proposed a time-varying damage index based 
on one-dimensional convolutional neural network for detecting dam
ages in plate-like structures [26]. However, the measured signals are 
mostly macro-damage scattered waves, which barely contain nonlinear 
ultrasonic responses induced by micro-damages. Other damage locali
zation techniques involving Bayesian methods [27] are also based on the 
measurement of linear acoustic responses, presenting the similar 
drawback of being insensitive to micro-damages. Secondly, the pro
posed approach in this work takes advantage of the features of long- 
distance propagation and large inspection area of guided waves [25]. 
By contrast, traditional methods usually adopt the point-to-point in
spection style, which is much less cost effective than guided wave 

techniques [28,29]. Besides, the carrier wave of QSC of ultrasonic waves 
has a rather low frequency, which makes the QSC signal suffer from little 
attenuation during the propagation in solids [23,24]. Thus, the mea
surement of QSC generation can usually lead to higher SNR than that of 
higher harmonic generation. 

The paper is structured as follows: in Section 2, the theoretical 
backgrounds of GW propagation and QSC generation in isotropic cy
lindrical structures are introduced. In Section 3, numerical study is 
conducted, and the FE signals are analysed and discussed. The micro
damage localization technique is then developed in Section 4. In Section 
5, an experimental study using a three-dimensional (3D) laser detecting 
system on an aluminum pipe with early corrosion is performed to vali
date the FE results and the proposed technique. Concluding remarks are 
presented in Section 6. 

2. Theoretical considerations 

2.1. Guided wave propagation in hollow cylinders 

For analysis of the propagation of GWs in a hollow cylindrical 
structure, Fig. 1(a) shows the schematic of a hollow cylinder waveguide. 
The cylindrical coordinate system (r, θ, z) is used. For GW propagation 
along the Z axis, the displacement field of a fundamental mode can be 
deposed as u(1) =(u(1)

r ,u(1)
θ ,u(1)

z ). The three particle displacement com
ponents can be expressed by 

u(1)
r = Ur(r)cos(nθ)exp[j(kz − ωt) ],

u(1)
θ = Uθ(r)sin(nθ)exp[j(kz − ωt) ],

u(1)
z = Uz(r)cos(nθ)exp[j(kz − ωt) ],

(1)  

where n = 0, 1, 2, … is the circumferential order. Axis-symmetric modes 
are labelled by n = 0, and n ≥ 1 for the flexural modes. Ur(r), Uθ(r), and 
Uz(r) are displacement amplitudes in terms of Bessel functions [25]. Due 
to the stress-free boundary conditions at the inner and outer surfaces of 
the cylindrical structure σrr = σrz = σrθ = 0, (r = a, b), the solution of 
the wave motion equation indicates that propagating GWs are disper
sive, and are usually classified into three types: longitudinal mode: L(0, 
m), torsional mode: T(0,m), and flexural mode: F(n,m) [25]. 

In practical applications, the longitudinal and torsional modes, as the 
axisymmetric wave modes, are preferable to flexural mode due to ad
vantageous excitability and abilities for convenient signal receiving and 
analysis. Furthermore, the lower order modes of longitudinal and 
torsional GWs are usually adopted in applications owing to less complex 
resultant GW signals when exciting a tone-burst GW of relatively low 
central frequency. For higher order GW modes at higher frequencies, it is 
generally difficult to excite and receive them with acceptable efficiency, 
and the multi-mode feature of GWs can make the signals rather 
complicated. 

2.2. QSC generation in cylindrical shells 

The QSC generation of GWs propagation in isotropic pipe-like 
waveguides has yet to be reported in literature. Based on the previous 
reports of QSC generation in thin plates [22–24], we can assume that, in 
a second order perturbation manner, the material nonlinearity of cy
lindrical structures can induce the second-order bulk driving force and 
surface driving traction due to the propagation of a primary GW, in the 
same way as the Lamb waves propagation in plates. As illustrated in 
Fig. 1(b), accompanying the primary GW propagation in materials with 
weak quadratic nonlinearity, there exists the QSC pulse and higher- 
order harmonic waves, which are generated by second-order bulk 
driving force f (2)(r, θ) within the waveguide and second-order driving 
traction s(2)(r, θ)|r=a,b at the surfaces r = a, b. The f (2) and s(2) emerge 
from the quadratic terms in the nonlinear equation of motion. Hence, 
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the total GW field is u = u(1) + u(2). The Navier’s governing wave 
equation for the traction-free waveguide and the corresponding 
boundary conditions at outer and inner surfaces are 

μ∇2u+(λ + μ)∇∇⋅u = ρü, (2)  

P(H)⋅nr = 0. (3)  

where λ, μ are Lamé constants, ρ is the mass density, P is the first Piola- 
Kirchhoff stress tensor, H is the displacement gradient tensor, and nr is 
the unit vector along the r axis. 

By neglecting the second harmonic wave that usually requires 
satisfying the synchronism and non-zero power flow conditions [12,13] 
to form cumulative generation, the QSC generated by the zero-frequency 
components of f (2) and s(2) in the secondary GW field u(2) is our focus. 
Analogous to QSC generation in plates, the QSC generated in pipes-like 
structures is assumed to have an invariable cumulative effect, since it is 
the temporal superposition of a series of nonlinear wave packets of zero- 
frequency (i.e., DC components). However, the cumulative effect of in 
QSC is supposed to display in two forms: the increase of amplitude when 
its group velocity is matched with that of the primary GW, and the in
crease of temporal width when its group velocity is different from that of 
the primary GW. In practice, tone-burst primary GW is widely adopted, 
and the DC components generated at each Z position during primary GW 
propagation are superposed into one nonlinear pulse signal, namely the 
QSC signal. However, the generation efficiency of QSC by different GWs 
is expected to be different, since the wave energy that flows from pri
mary GWs to the nonlinear signals is affected by many factors, such as 
the mode shape and excitation magnitude of primary GWs. 

3. Numerical studies

3.1. Dispersion curves & mode shapes

To study the features of QSC in tubular structures, and further 
confirm the feasibility of early-stage damage detection and localization 
using the QSC generation, numerical studies are conducted first. Table 1 
lists the dimensions of the aluminum pipe, along with the density and 

the elastic properties. Accordingly, the phase velocity and group ve
locity dispersion curves of such pipe are calculated by DISPERSE [30] 
and plotted in Fig. 2(a) and 2(b). To compare the generation efficiency 
and cumulative effect of QSC by different primary GWs, GWs of L(0,1), T 
(0,1), and L(0,2) modes at 200 kHz are in turn chosen as the funda
mental modes. The properties of these three mode pairs are summarized 
from the DISPERSE calculations and listed in Table 2. Moreover, the 
mode shapes of these three primary modes, as well as a low-frequency L 
(0,1) mode at 1 kHz (for comparing with QSC by 3D FE analysis), are 
calculated by SAFE method [31] and shown in Fig. 3. It should be noted 
that the calculated results by DISPERSE and SAFE method are compared 
to each other and are verified to be correct. 

3.2. 3D FE model 

The 3D FE wave propagation analysis is achieved in Abaqus/Explicit 
CAE software. GWs of three different modes in an aluminum pipe are 
adopted as primary waves to induce the interaction of the ultrasound 
with the material nonlinearity of the pipe. The material nonlinearity of 
the metallic pipe is carried out by incorporating a user-defined sub
routine of Murnaghan constitutive material model. The 3D FE model is 
illustrated in Fig. 4(a). The primary GWs are introduced into the pipe by 
prescribing Hann windowed sinewave displacements on the left end 
boundaries of the pipe. The cycle numbers of the tone-burst signals are 
10. The primary waves propagate along the Z direction. According to the
mode shapes shown in Fig. 3, for primary L(0,1) mode, the displacement
prescribed on the outer boundary at the left end is identical to that
prescribed on the inner boundary at the left end in the r direction. This is
to excite a pure L(0,1) mode such that other modes are in absence of
complicating the subsequent signal analysis. The maximum displace
ment is 2.8× 10 - 6m. Fig. 4(b) shows the displacement boundary
conditions and several snapshots of the L(0,1) GW propagation in Aba
qus/CAE views. Similarly, for primary T(0,1) mode, only the outer
boundary is prescribed with the displacement in the circumferential θ 
direction. The maximum displacement is 1.0× 10 - 6m. For L(0,2)
mode, the same Hann windowed displacements are prescribed on the
outer and inner boundaries at the left end in the Z direction. The
maximum displacement is 1.3× 10 - 6m. These three excitation condi
tions are parametrically optimized such that the introduced GWs have
the same fundamental amplitudes (1.0 × 10-6m) while propagating in
the pipe, which facilitates the analysis and comparison of the corre
spondingly generated nonlinear signals.

Since the focus of this study is early-stage damage detection using 
QSC, we avoid the macro-damage modelling in terms of thickness 
reduction. During the early stage of general corrosion process in 

Fig. 1. (a) Schematic of hollow cylinder waveguide, (b) illustration of GW components in frequency domain.  

Table 1 
Dimensions and material properties of aluminum pipe.  

Outer 
diameter 

Inner 
diameter 

Density Young’s 
modulus 

Poisson’s 
ratio 

38 mm 35 mm 2700 kg/ 
m3 

70GPa  0.33  
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aluminum, it is the microstructural change (e.g., the nucleation and 
growth of corrosion pits) that dominates [32]. The diameter and depth 
of corrosion pits are usually on the order of microns, and the effect on 
strength is neglectable. This type of microdamage is usually undetect
able for kilohertz-level linear ultrasonic approaches due to their size 
smaller than the wavelength. On the other hand, the modelling of these 
geometric microstructures (e.g., corrosion pits and crevices) is also un
desirable in the time-domain 3D FE analysis of relatively large compu
tational load, as they can readily cause singularities and non- 
convergence in the numerical study [33]. A feasible approach is to 
approximately equate the microdamage to reasonable increases of third- 
order elastic constants (TOECs), as they both lead to evident nonlinear 
ultrasonic responses due to similar mechanisms for fatigue and thermal 
damages in materials [28]. Based on these considerations, we keep the 
Young’s modulus and Poisson’s ratio of the damaged area invariant, and 
scale up the original TOECs (Murnaghan model: l = -2.5 × 1011, m =
-3.3 × 1011, n = -3.5 × 1011, unit: Pa) of the material strain energy
function by different times in the local area. The damage area starts at
Z1, and the width is denoted as d. The central angle of the damaged area
is denoted as α. For signal receiving, point-probes are placed on the
circumferential outer surface of the pipe. The global coordinate of a
point position is denoted by (x, y, z). The received displacement in the X,
Y, and Z directions are denoted by U1, U2, and U3, respectively. Alter
natively, for an intuitive understanding of GW propagation, the
circumferential and radial displacements described in a cylindrical co
ordinate system are denoted by Uθ, Ur and Uz, respectively. To avoid
boundary reflections of GWs, the total length of the 3D model is 4 m. The
whole geometry is meshed with structured hex element of size 4.0 ×

10 - 4m (< λ/20, λ is the wavelength of fundamental wave) for suitable
computational accuracy of all possible secondary GW modes. The time
step of computation is set as 5× 10− 8s. The convergence of the model is
confirmed by the fact that the velocity and amplitude of the fundamental
wave barely change when furthermore decreasing the mesh size and
time step.

3.3. Results & discussion 

Firstly, the generation and propagation characteristics of QSC in 
pipes are obtained and discussed. There are three primary FE cases in 
total: (i) L(0,1)-QSC case, (ii) T(0,1)-QSC case, and (iii) L(0,2)-QSC case. 
In each primary mode pair case, there are two sub-cases: (a) propagation 
in an intact pipe, and (b) propagation in a locally damaged pipe. After 
the mode verifications of the excited fundamental GWs, the wave mode, 
waveform, generation efficiency, and cumulative effect of the corre
spondingly generated QSCs are analysed and discussed. Secondly, a 
parametric study of the local damage is conducted based on variations of 
size, TOECs, and locations. The resultant QSC generations are compared 
and further referred to for proposing the microdamage localization 
technique. 

3.3.1. L(0,1)-QSC case 
For the L(0,1)-QSC excitation case, Fig. 5 shows the received time- 

domain signals by the point-probes set at 0◦at different locations 
(Fig. 5(a): without local damage; Fig. 5(b): with local damage). As 
shown in Fig. 5(a), the primary wave mode L(0,1) (black line, mainly Ur) 
is excited into the aluminum pipe. From the time-of-flight calculation, 
the group velocity of the L(0,1) mode is about 2524 m/s, which accords 
with the dispersion curves in Fig. 2. Due to the global weak material 
nonlinearity, the red lines (Uz) show the nonlinear signals (i.e., QSC and 
second harmonic) obtained by applying the phase-reversal method 
[3,23]. The first quasistatic displacement is confirmed as the QSC pulse 
signal and the calculated group velocity is about 5071 m/s, which is 
consistent with the dispersion curve of L(0,1) mode at zero frequency. 
Since there exists a group velocity mismatch between the primary L(0,1) 
mode and the QSC pulse (L(0,1) mode at nearly zero frequency), the 
cumulative effect of the QSC generation is evidenced by the increase of 
its pulse width after its amplitude increases to a certain degree. This 
cumulative phenomenon of QSC pulse is similar to that of GW propa
gations in plates [22–24]. 

For the local damage case (Fig. 5(b)), the microdamage is created by 
artificially increasing the value of TOECs. The magnification factor for 
the nonlinear elastic coefficients is ξN = 1.5, and the microdamage is 
modelled at: Z1 = 0.3 m, d = 0.05 m, α = 360◦ . Thus, there is a local 
pulse (at about 3× 10− 4s) after the first quasistatic displacement pulse 
(at about 2× 10− 4s). The local damage increases the amplitude of the 
QSC signal to a greater level. This is because the local micro-damage is 
acting as a wave energy transfer station, where the power of primary GW 
transfers into the nonlinear signals. Consequently, due to the group 
velocity mismatch, the newly generated QSC pulse signal is propagating 
faster than the primary L(0,1) mode, and slower than the QSC pulse 
signal induced by the global weak material nonlinearity. Hence, this 

Fig. 2. Dispersion curves of aluminum pipe with outer diameter 38 mm and inner diameter 35 mm, (a) phase velocity, (b) group velocity.  

Table 2 
Theoretical wave mode properties.  

Primary wave L(0,1) T0,1) L(0,2) 

Frequency (kHz) 200 200 200 
Phase velocity (m/s) 1574 3122 5415 
Group velocity (m/s) 2531 3122 5361 
Wavelength (mm) 7.9 15.6 27.1  

C. Jiang et al.
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local pulse occurring at about t = 3 × 10-4s can be a promising index to 
determine the location of the microdamage. 

3.3.2. T(0,1)-QSC Case 
For the T(0,1)-QSC excitation case, Fig. 6 shows the time domain 

signals of the primary T(0,1) mode picked up in the circumferential θ 
direction and the corresponding nonlinear signals received in Z direc
tion. The mode of the primary wave is confirmed by the calculated group 
velocity (around 3135 m/s). The first displacement shift of the nonlinear 
signal indicates the QSC generated from the global material nonline
arity. The calculated group velocity of this first QSC pulse is about 5102 
m/s. These results confirm the modes of the primary wave and the 
nonlinear QSC pulse signal as T(0,1) and L(0,1), respectively. Besides, as 
shown in Fig. 6(a), the cumulative effect of QSC is similar to the case of L 
(0,1)-QSC. The group velocity mismatch leads to an increase in pulse 
width during the primary wave propagation. 

On the other hand, when there is a local microdamage same as that in 
Section 3.3.1, the temporal waveform of the QSC signal is similar to that 
generated from the propagation of L(0,1) mode shown in Fig. 5(b). Since 
the waveform at the ending part of the received signal is usually influ
enced by the excitation conditions [16,23], only three segments of this 
nonlinear signal draw our attention: (i) the QSC generated by global 
weak material nonlinearity, (ii) the QSC generated by the local micro
damage, and (iii) the second harmonic generated by either one of both. 
A difference exists between these two nonlinear signals shown in Fig. 5 
(b) and Fig. 6(b). By keeping the magnitudes of primary GWs of L(0,1)
and T(0,1) identical, we find that the QSC displacement generated by L

(0,1) with the microdamage is larger than the globally generated QSC, 
while this is opposite to the T(0,1)-QSC case. This is mainly because 
generation efficiencies of QSC signals from these two primary GWs with 
different mode shapes are different. Similar characteristic of QSCs in 
thin plate-like structures has been reported [22–24]. Besides, for the L 
(0,1)-QSC case, the retained L(0,2) mode of a quite small magnitude 
during excitation can result in the second harmonic generation of the L 
(0,2) mode as the phase-matching condition is satisfied [12,13]. For the 
T(0,1)-QSC case, only T(0,1) mode is excited into the pipe, and the 
resultant second harmonic is generated mainly due to the local micro
damage without showing an obvious cumulative effect. However, the 
amplitudes of these second harmonics are too small to be exploited, and 
the focus of this study is on the QSC signals. 

3.3.3. L(0,2)-QSC case 
For the L(0,2)-QSC excitation case, the mode of the primary wave is 

validated by the calculated group velocity of around 5341 m/s. Besides, 
it is noted from the dispersion curves in Fig. 2 that the primary L(0,2) at 
200 kHz has almost the same phase velocity and group velocity as that of 
L(0,2) at 400 kHz. As a result, the synchronism and non-zero power flow 
conditions, which are required by the cumulative second harmonic 
generation, are satisfied to a large extent. As shown in Fig. 7, the 
cumulatively generated second harmonic propagates with the primary L 
(0,2) mode. In the meantime, the generated QSC pulse also has a similar 
group velocity to the primary wave, and is confirmed as L(0,1) mode. 
Based on our previous studies [22–24], we infer that the QSC generated 
in pipes gains much more energy from the primary GW propagation than 

Fig. 3. Wave structures of (a) L(0,1), (b) T(0,1), and (c) L(0,2) modes at 200 kHz, (d) wave structure of L(0,1) mode at 1 kHz in the hollow cylinder of outer diameter 
38 mm and inner diameter 35 mm. 
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a phase-match second-order harmonic due to little divergence of GW 
from the closed cross-section of pipes. However, with both phase ve
locity and group velocity matched with each other, this L(0,2)-L(0,2) 
mode pair for second harmonic generation, and L(0,2)-L(0,1) mode 
pair for QSC generation, are both not feasible for microdamage locali
zation. The nonlinear signals generated by the global material nonlin
earity and the local damage is always accompanied by each other, which 
do not provide any location information of the local damage. 

3.3.4. Parametric study of QSC generation 
As we have confirmed that the QSC induced by different GW modes 

in isotropic metallic tubular structures is always L(0,1) mode at near- 
zero frequency, a parametric study is conducted to further analyse the 
generation efficiency of QSC. As shown in Fig. 8(a), the magnitude of 
QSC (denoted by time-domain integration 

∫
Uz) is always linear pro

portional to the square of the amplitude of primary GW. Also, the L(0,2) 
mode can induce the QSC at the largest efficiency in terms of excitation 
amplitude, followed by T(0,1), and L(0,1) the least. Besides, as shown in 
Fig. 8(b), by keeping the amplitude, frequency, and cycle number of 
primary GW identical, the comparative ranking of generation efficiency 
of QSC with respective to propagation distance by these primary modes 
is still L(0,2) > T(0,1) > L(0,1). However, as shown in Fig. 8(c), the QSC 
generation by primary L(0,1) is most sensitive to the increase of 

nonlinear elastic constants, followed by L(0,2), and T(0,1) the least. 
Table 3 summarizes the main features of QSC generation by GW prop
agation in tubular structures. 

To develop the microdamage localization technique, we further 
conducted a parametric study of the QSC generated from primary GW 
modes with local microdamage. By adjusting the magnification factor 
ξN, microdamage area, and microdamage location, the resultant QSC 
signals are analysed and compared. As shown in Fig. 9(a), for a fixed 
microdamage area at Z1 = 0.3m, d = 0.05m, and α = 360◦, the second 
local pulse signal increases with the magnification factor ξN. However, 
as shown in Fig. 9(b), this trend is more obvious for L(0,1) excitation, 
which is consistent with the result shown in Fig. 8(c). It indicates that 
larger nonlinear elastic coefficients of the material can lead to larger 
amplitude of the QSC signal generated by the primary L(0,1) GW. As the 
existence of microdamage in metallic materials can usually be related 
with the nonlinear elastic property [28], this result also indicates that 
the magnitude of a measured QSC signal can be promisingly used for 
quantitatively evaluate the damage degree of a local microdamage. 

Moreover, we keep the Z1 = 0.3m, d = 0.05m, and ξN = 1.5 un
changed, and adjust the α parameter to obtain Fig. 9(c). It is found that, 
as the microdamage area increases in the circumferential direction, the 
amplitude of the QSC increases as well. However, while we keep the 
Z1 = 0.3m, ξN = 1.5, and α = 360◦ unchanged, and adjust the 

Fig. 4. 3D FE model of GW propagation in aluminum pipe with local microdamage: (a) schematic, (b) CAE views of 3D model and snapshots of GW propagation.  
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Fig. 5. Time domain signals of primary L(0,1) GW received in r direction (black lines) and nonlinear signals received in Z direction (red lines): (a) for intact pipe, (b) 
pipe with a local damage. 
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Fig. 6. Time domain signals of primary T(0,1) GW received in θ direction (black lines) and nonlinear signals received in Z direction (red lines): (a) for intact pipe, (b) 
pipe with a local damage. 
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d parameter, the result presented in Fig. 9(d) shows that the magnitude 
of QSC signal increases both in amplitude and in temporal width. The 
increase in amplitude dominates first and stops after the amplitude in
creases to a certain degree. Finally, the increase of QSC magnitude only 
occurs in temporal width. Based on the previous studies of QSC in thin 

plates [22–24], and the QSC generations in intact cylindrical structures 
(see Fig. 5(a) and Fig. 6(a)), it is suggested that this phenomenon is due 
to the group velocity mismatch between the primary L(0,1) GW and the 
correspondingly generated QSC. Thus, an integral of the local QSC pulse 
displacement over a certain time range can be a promising index to 

Fig. 7. Time domain signals of primary L(0,2) GW (black lines) and nonlinear signals (red lines) received in Z direction: (a) for intact pipe, (b) pipe with a 
local damage. 
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evaluate the total damage degree of the local area. Finally, Fig. 9(e) 
shows the different QSC signals by adjusting the Z1 parameter while 
keeping the others unchanged. It is found that the second displacement 

pulse in the QSC signal induced by the local microdamage occurs at 
different times corresponding to the starting position of the micro
damage area. This further indicates that a local microdamage can be 
promisingly localized using the QSC generation of a primary GW under 
the group velocity mismatch condition. 

4. Microdamage localization method 

After confirming the propagation features of the QSC pulse signal in 
isotropic hollow cylindrical structures, a microdamage localization 
technique is proposed as follows. By choosing a suitable mode pair with 
the group velocity mismatch condition, the L(0,1) mode at frequency f is 
adopted as primary GW. As shown in Fig. 10(a), by reasonably over
looking the thickness of the thin-walled cylindrical structure, we unwrap 
its outer surface into a planar area (coloured dark blue) and discretise it 
into a number of grid points. The position of a given local microdamage 
point on the aluminum pipe can be denoted by (z,Rθ), where R denotes 
the outer radius of the pipe-like structure. Thus, the primary wave first 
propagates from z = 0 m to the damage location (z,Rθ). Then, the QSC 
pulse signal is generated from the interaction of microdamage with the 

Fig. 8. Comparisons of QSC generation efficiency in intact pipe: magnitude of QSC with respect to (a) amplitude of primary GW, (b) propagation distance, and (c) 
magnification factor of nonlinear elastic constants. 

Table 3 
Features of QSC by GWs in tubular structures.  

Primary wave mode 
(200 kHz, 10 cycles)  

L(0,1) T0,1) L(0,2) 

Generated QSC mode 
(≈0Hz)   

L(0,1)  L(0,1)  L(0,1) 

Group velocity 
mismatch 

Yes  Yes  No  

QSC generation 
efficiency (unit: a. 
u.) with respect to:      

Primary wave 
amplitude  

0.680  0.901  3.028  

Propagation 
distance  

0.786  1.450  2.449  

Nonlinear 
elasticity  

4.243  1.286  3.353  
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primary wave. Finally, the QSC pulse signal propagates towards the 
receiving probes. The group velocity on the first propagation path is 

denoted by cL(0,1)
g , and is denoted by cSC

g on the second propagation path. 
The excitation signal is expressed by 

SL(0,1)(τ) = A
2

sin(2πf τ)
[

1 − cos
(

2πf τ
N

)]

, τ ∈

[

0,
N
f

]

, (4) 

where A is the maximum displacement, f is the frequency, and N is 
the cycle number of the tone-burst. For the wave-damage interaction at 

(z,Rθ), the theoretical arrival time of the newly generated QSC pulse is 
calculated as 

where R is the outer radius of the pipe, θi denotes the circumferential 
position of a receiving probe i, W is the wave-packet length of the pri
mary mode, M is the total number of probes, and Q denotes the arrival 
time point as shown in Fig. 10(b) and 10(c). Referring to the previous 
studies [22–24] and the temporal signals obtained in Section 3, the 
theoretical QSC signal is then constructed as 

Fig. 9. Parametric study of QSC generation: (a) adjusting only ξN for T(0,1) excitation, (b) adjusting only ξN for L(0,1) excitation, (c) adjusting only α, (d) adjusting 
only d, and (e) adjusting only Z1. 

τQ
i (z,Rθ) =

z
cL(0,1)

g
+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

min2(|Rθ − Rθi|, 2πR − |Rθ − Rθi| ) + (L + W − z)2
√

cSC
g

, i = 1, 2, ... , M, (5)   
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ST
i (τ) =

⃒
⃒SL(0,1)( τ − τQ

i
)
+ jH

[
SL(0,1)( τ − τQ

i
) ] ⃒

⃒, τ ∈

[

0,
L + W
cL(0,1)

g

]

,

(6) 

where H denotes the Hilbert transform, j is the imaginary unit. 
Fig. 10(b) shows the illustration of the theoretical QSC signal by Eq. (6). 
The physics here is that every DC component that constructs the final 
QSC signal by superposition possesses an envelop-like shape regarding 
the primary wave. Subsequently, the intrinsic correlation of the theo
retical damage signal ST

i (τ) and the practical received QSC signal SR
i (t) is 

calculated as 

XRi(δ) =
∫ t2

t1
ST

i (τ)
[
SR

i (τ + δ) − SR0
i (τ + δ)

]
dτ,

t1 =
L + W

cSC
g

+
N
f
, t2 =

L
cL(0,1)

g
,

(7)  

where ST
i is the complex conjugate of ST

i , SR0
i is the measured QSC signal 

by receiving probe i in an intact specimen, and δ is the time shift variable 
of the cross-correlation result. The nonlinear signals SR

i and SR0
i can be 

extracted from the measured data using phase reversal approach and 
low-pass filtering [23]. Finally, the microdamage index at each grid 
point (z,Rθ) is given by 

I(z,Rθ) =
∑M

i=1
XRi(0). (8) 

It should be noted that, in practical applications, the propagating 
primary GW excited by a tone-burst high voltage through the transducer 
usually contains a few other GW modes of relatively smaller magnitudes. 
This is mainly due to the imperfect boundary excitation conditions of the 
primary GW, such as the inconsistent coupling conditions of the trans
ducers attached around the cylindrical specimen. However, based on the 
analysis of QSC generation in Section 3, all GW modes in the isotropic 
hollow cylindrical structures are expected to induce the QSC signals of 

Fig. 9. (continued). 

Fig. 10. Microdamage localization method: (a) illustration of GW propagation path, (b) constructed theoretical signal, (c) illustration of a typical received 
QSC signal. 
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the same L(0,1) mode at near-zero frequency. This characteristic of QSC 
generation facilitates the eventual signal postprocessing. The theoretical 
QSC signal ST

i in Eq. (6) constructed for the calculation of signal corre
lation can then be modified to 

ST
i (τ) =

⃒
⃒PR

i

(
τ + t2 − τQ

i
)
+ jH

[
PR

i

(
τ + t2 − τQ

i
) ] ⃒

⃒, τ ∈

[

0,
L + W
cL(0,1)

g

]

,

(9)  

where PR
i is the received primary GW signal by probe i at location z = L. 

Thus, following Eqs. (7) and (8), the optimized index for localizing and 
evaluating a local microdamage in thin-walled pipe-like structures can 
be obtained. Since the nonlinear signals of SR

i and SR0
i are orders of 

magnitude lower than the primary wave PR
i , and the magnitude of QSC 

signal is mostly linear proportional to the microdamage degree as 
investigated in Section 3, the proposed method based on signal corre
lation can be used for quantitatively assessing the microdamage in 
addition to the localization. 

5. Experiment

5.1. Specimens & micro-corrosion implementation

To verify the effectiveness of the proposed microdamage localization 
method, we conduct experiments in 6061 aluminum pipes. The four pipe 
specimens used in the experiments are of the same outer and inner radii 
as in the FE simulations (a = 17.5mm, b = 19mm). The lengths are 1.5 
m. One pipe was left intact (#0), and the others were artificially
damaged.

The damage implementation process for the specimens involved a 
systematic procedure to induce artificial early-stage corrosion in local 
areas. Firstly, we used the Keller reagent (1HF + 1.5HCl + 2.5HNO3 +

95H2O) on the designed surface areas of the specimens (See Table 4) for 
30 s as preprocessing [34]. There are three corrosion specimens. The 
corrosion of the specimens was carried out in a fume hood with double- 
sided sponge tape applied to the surface of the specimen to form a square 
groove preventing the spreading of the corrosion solution. Then, we 
added concentrated hydrochloric acid to the respective areas of two 
pipes for 30 s (#1), and 60 s (#2) to generate corrosion-related micro- 
defects of different degrees. The same corrosion process by hydrochloric 
acid was applied to pipe #3 for 60 s as well, but the implementation was 
at a different location. 

It should be noted that the induced micro-defects did not form into a 
uniform thickness reduction of the specimen as a complete faceted 
crater. The leaching of the chemical process formed a small primary cell 
between the grain and the grain boundary, and due to the potential 
difference, the grain boundary corroded first. The different degrees of 
corrosion of grain boundaries and grains resulted in the formation of 
small corrosion pits on and near the surface of the specimens, thus 
leading to heterogeneity in the microstructure of the corrosion areas 
[32]. At the end of the etching time, the surface of the specimen was 
washed with water and blown dry, and any residual sponge was 
removed with an organic solvent. 

5.2. Experimental setup & measurement 

The measuring process was performed using the experimental setup 

shown in Fig. 11. The excitation tone-burst signal was generated by a NI 
signal generation module (Model: PXIe-5122), then amplified by a high- 
power amplifier (Model: CIPRIAN HVA-800A). A load resistance 50 Ω 
was used for impedance matching. An oscilloscope was used to observe 
the input signal. Eight rectangular PZTs (Meggitt Ceramics, dimensions: 
5.0 mm × 6.0 mm × 1.0 mm) were attached around the left end outer 
surface using conductive epoxy (Chemtronics CW2400) for the wave 
generation in the pipe. The propagating tone-burst wave in the pipe was 
then measured using a 3D laser Doppler scanning vibrometer (LDV) and 
acquisition system (Model: Polytech PSV-400). The OFV-5000 vibr
ometer controller combined with the DD-900 displacement decoder 
provides a minimum 0.5 pm resolution and maximum ±50 mm 
displacement ranging from 0 Hz to 5 MHz [35]. The measurement area 
was painted with a reflective coating (CRC 18015) for improving the 
magnitude of reflected laser signals. 

The tone-burst signal generated by the NI system is 15-cycle sine 
wave of 200 kHz, and is amplified by the CIPRIAN with 150 V peak-to- 
peak voltage. Afterwards, the amplified high-voltage signal was sent to 
the attached PZT actuators. For generating the expected L(0,1) mode 
wave, the polarized main displacement direction of the PZTs is in the 
thickness direction, as the radian displacement of L(0,1) mode is larger 
than the other direction displacements according to the theoretical wave 
structure shown in Fig. 3(a). For signal receiving, the 3D laser mea
surement system was set up and calibrated. The recorded signals were 
averaged 1500 times to improve the signal-to-noise ratio. The sampling 
frequency of acquisition was set as 2.56 MHz with 390.6 ns sampling 
resolution, and a low-pass filter was applied with an upper limit of 600 
kHz. Each measuring process was repeated three times to determine the 
uncertainty of the experimental results. 

5.3. Results & discussion 

5.3.1. Verification of primary wave mode 
Firstly, the primary L(0,1) mode wave is verified by checking the 

group velocity calculated from time domain signals. As shown in Fig. 12 
(a), the wave packets extracted in the radius r direction (out-of-plane 
displacement) received by the 3D laser acquisition system scanning at 
different locations (Z = 0.55 m, 0.75 m, 0.95 m) are obtained. Due to 
imperfect excitation conditions, multiple wave packets are picked up. It 
is also observed that the first wave packet is slightly dispersive during 
the propagation such that its packet length is increasing while the 
amplitude is decreasing. This is in line with the theoretical dispersion 
curve of L(0,1) mode at 200 kHz (See Fig. 2). Besides, by time–frequency 
domain analysis, Fig. 12(b) shows the Short Time Fourier Transform 
(STFT) results of the three temporal signals. The main frequency of these 
three signals is confirmed as 200 kHz in the power spectrum plots. The 
group velocity of the first wave packet is calculated as about 2510 m/s 
using the time-of-flight method. Due to less than 1 % error compared to 
the theoretical value, the primary L(0,1) mode is confirmed. Moreover, 
there barely exists the faster L(0,2) mode in the received signals, which 
facilitates the following analyses of the nonlinear QSC pulse signals. In 
addition, it is found that the group velocities measured from the four 
pipes are almost identical (relative errors are within 1 %.). This indicates 
that the corrosion zone scarcely has effect on the wave velocity of 
fundamental L(0,1) GW, and such linear ultrasonic characteristic cannot 
detect the early damage. 

5.3.2. Observation of QSC generation 
Secondly, to observe the secondary wave field, the phase-reversal 

method conducted for the FE simulation was also applied in the exper
iments to counteract the primary waves and double the magnitude of the 
nonlinear waves. Specifically, based on the numerical results in Section 
3, the QSC pulse vibration is confirmed to be in-plane displacement 
polarized in the axial Z direction. Thus, we focus on the signal processing 
of axial displacement components obtained by the 3D laser system. 
Typical received time-domain signals in the intact and corrosion pipes 

Table 4 
Corrosion damage processing areas and times in 6061 aluminum pipes.  

Pipe Z1 (m) d (m) α(◦) Processing time (s) 

#0  NA  NA NA 0 
#1  0.3  0.05 180 30 
#2  0.3  0.05 180 60 
#3  0.65  0.05 180 60  
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after applying the phase-reversal processing and low-pass filtering are 
shown in Fig. 13(a). It is found that the nonlinear signals contain both 
the global material nonlinearity-induced QSC and the local corrosion- 
induced QSC. The former is received by the laser system (picking 
point: z = 1.0m) at around 2.0 × 10− 4s for all four pipes. This is in 
accordance with the theoretical prediction. It is noted that the post- 
processed QSC signals induced by the global weak material nonline
arity shows low SNR considering the noisy vibrations at the ending parts 
of the temporal signals. This is because the global QSC signals are not 
cumulative due to group velocity mismatch, and their wave energies are 
not converged on the amplitudes at certain time sections. However, the 
QSC signal induced by a local microdamage can have a large amplitude 
such as that measured in specimens #2 and #3. Besides, since the QSC 
signals always propagate at the largest group velocity and do not suffer 
significant divergence like in plates, this local damage-induced QSC 
pulse can be recognized. 

For the corrosion induced QSC, the local DC vibration at around 
3.2 × 10− 4s is not obvious for pipe #1, which suffered the artificial 
corrosion processing for only 30 s. However, there exists a significant DC 
displacement around 3.2 × 10− 4s and 3.8 × 10− 4s for pipe #2 and pipe 
#3, respectively. This is mainly due to that the 60 s artificial corrosion 
process has resulted in many micro-corrosion pits in the two pipes. 
While the primary L(0,1) GW propagates through the corrosion areas, 
the fundamental GW power partly flows to the QSC pulse signal due to 
all types of nonlinear response to the microstructural changes. 
Furthermore, by time–frequency analysis, Fig. 13(b) shows the power 

spectra of the nonlinear signals in dB scale. The main frequencies of 
these signals are near zero, and the local damages in #1, #2, and #3 lead 
to three power peaks in the spectra. The time-of-flight for local DC 
displacements caused by the three local corrosion damages can be 
extracted and used for centre damage location estimation by a set of 
equations 

cL(0,1)
g ⋅t1 + cSC

g ⋅t2 = L + W,

t1 + t2 = TOF,

Zc = cL(0,1)
g ⋅t1,

(10)  

where TOF denotes the arrival time of the power peak in the time
–frequency spectrum and Zc is the estimated centre location of the local 
damage. 

Moreover, by applying the proposed microdamage localization 
method described in Section 4, the results are shown in Fig. 14. The laser 
measuring points are evenly distributed at 8 locations along the 
circumference of the specimen. The discretising resolution of the pipe 
surface is 1 mm × 1 mm. The resulting graphs are plotted using the same 
axes and colour ranges. For specimen #0, the microdamage index is 
reasonable since no early corrosion damage has been made. For pipe #1, 
the local DC displacement pulse caused by the corrosion damage is not 
obvious such that the localization result is not accurate in terms of both 
the damage size and the centre location of the damage. For pipes #2 and 
#3, the localization results are promising regarding the longitudinal 
resolution in the axial Z direction. It is noted that the proposed method 

Fig. 11. Experimental setup: (a) measurement system diagram, (b) physical pictures of key parts.  
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did not perform an accurate assessment of the damage location in the 
circumferential direction of the pipe. This is because the aluminum 
specimens in this experiment are of relatively small radius, and the path 
length difference of GW propagation by the circumferential receiving 

points at z = 1.0 m is negligible. However, the localization in the z di
rection for thin-walled cylindrical structures of small radius is satisfac
tory, and the proposed method is compatible with structures of large 
radius and length. Also, although the 8 measuring points did not 

Fig. 12. (a) Typical time domain signals of primary waves and (b) corresponding time–frequency domain analysis.  
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Fig. 13. (a) Time domain signals and (b) corresponding time–frequency domain analysis of QSC signals after phase-reversal processing.  
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contribute to the circumferential resolution of the localization result, the 
value of i in the proposed technique still plays an important role in 
enhancing the SNR of the nonlinear signal considering the random 
measurement errors. 

6. Conclusion

In this paper, the QSC generation from the propagation of guided
waves in isotropic metallic hollow cylindrical structures has been 
investigated. The wave mode, waveform, generation efficiency, along 
with the cumulative effect of the generated QSCs by different primary 
guided wave modes, have been numerically studied. The QSC pulse 
signals have been confirmed as zero-frequency L(0,1) mode with an only 
uniform axial displacement, and the group velocity mismatch condition 
has been found as the factor that influences the pulse width increase of 
the QSC signal. Besides, based on the analysis of numerical results, a 
local micro-damage localization method involving only a single one-way 
primary wave propagation has been proposed. The method has been 
validated by experiments using L(0,1)-QSC mode pair with group ve
locity mismatch, 3D laser vibrometer, and early corrosion damaged 
aluminum specimens. The experimental results show there is good 
agreement with the numerical results, and indicate promising applica
tions of the method in early-stage microdamage detection, localization, 
and monitoring for metallic structures. 
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Chapter 7: Numerical and Experimental Investigations on Quasistatic 

Pulse Generation of Ultrasonic Guided Waves in Fiber Reinforced 

Composite Pipes 

7.1. Introduction, Significance, and Commentary 

This study investigates the QSC generation in anisotropic composite pipes. Different primary 

guided waves are employed and the results of QSC generation are compared. By use of semi-

analytical finite element method and time-domain simulation of wave propagation, the QSC 

generation in fiber reinforced composite pipes is studied regarding the mode type, propagation 

feature, and generation efficiency. Moreover, experimental investigation is conducted for 

measuring the nonlinear QSC pulse signals and use it for early-stage thermal fatigue 

microdamage evaluation. The numerical perspectives provide comprehensive understandings 

on the QSC generation in composite pipes, and the experiment showed good agreement with 

the theoretical predictions, paving the way for more future NDT applications based on the 

special nonlinear ultrasonic phenomena of QSC. 

7.2. Publication 

This section is presented as published research paper by Chang Jiang, Weibin Li, Ching-Tai 

Ng, Mingxi Deng (2024) Numerical and experimental investigations on quasistatic pulse 

generation of ultrasonic guided waves in fiber reinforced composite pipes, Journal of Sound 

and Vibration. 
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Numerical and experimental investigations on quasistatic pulse 
generation of ultrasonic guided waves in fiber reinforced 
composite pipes 
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A B S T R A C T

The quasistatic pulse (QSP) generation of ultrasonic guided waves in composite pipes can exhibit 
many features that are useful for early-stage material characterization and structural health 
monitoring.  The intrinsic relationship between the QSP generation and the weak elastic 
nonlinearity of solids is complex. It has yet promised for developing the nonlinear ultrasonic 
guided wave technique that combines its advantages of high sensitivity to microdamage and low 
ultrasonic attenuation in composite materials. This study presents a systematic investigation of 
the QSP generation in fiber reinforced composite pipes. Using a three-dimensional finite element 
simulation with a nonlinear material model, the temporal waveform, mode conversion effect, 
cumulative effect, generation efficiency, and duration effect of QSP generation are revealed. The 
nonlinear QSP signals in laminated composite pipes are confirmed as the fastest wave mode that 
only has axial displacement. The shape of QSP depends on the group velocity difference between 
the QSP and the primary wave. The magnitude of QSP is related to the excitation level, frequency, 
and tone-burst duration of the primary wave. Experiments are conducted using carbon fiber 
reinforced composite pipes and the signals are measured using a laser vibrometer scanning system 
for verifying the QSP generation. The experimental results are consistent with the numerical 
findings. A relative nonlinear acoustic parameter based on the QSP generation is proposed and 
used to evaluate the early-stage thermal fatigue damage in the pipes. The measured nonlinear 
acoustic parameter demonstrates high sensitivity to the damage, indicating considerable potential 
for industrial applications.   

1. Introduction

Due to corrosion resistance, lightweight nature, high strength-to-weight ratio, durability, and design flexibility, fiber reinforced
polymer (FRP) composites have gained significant interest in various industrial applications [1]. Detecting damage in composites is 
crucial for ensuring structural integrity in aerospace, automotive, construction, and other fields [2]. Ultrasonic techniques, specifically 
guided wave (GW) methods [3–5] combined with nonlinear acoustic approaches [6,7], offer advantages such as high sensitivity, deep 
penetration, portability, and real-time imaging. These methods enhance ultrasound’s sensitivity to smaller defects compared to the 
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wavelength, while reducing inspection costs for large structures. In industries like pipelines and storage containers, nonlinear 
ultrasound-based structural health monitoring (SHM) techniques play a more vital role in providing early-stage damage information 
than conventional nondestructive techniques. 

Recent advances in the research and application of nonlinear GW (NGW) mostly involve the measurement of higher harmonic 
generation [7–9]. However, for detecting material nonlinearity-related damages, higher harmonic generation normally requires 
satisfaction of synchronism and non-zero power flux conditions [10,11]. The cumulative effect, by which the magnitude of the higher 
harmonic grows with the propagation distance, benefits the measurement of nonlinear signals. Li et al. [12] used the phase velocity 
and group velocity matched mode pair for evaluating thermal fatigue damage in metallic pipes. Another study [13] on the nonlinear 
response of early damage in the inner layer of a composite metallic tube by circumferential GW also involved strict mode selection for 
achieving cumulative second harmonic generation. However, the appropriate selection of suitable mode pairs usually requires 
advanced knowledge of dispersion features and vibrational characteristics of GWs. Owing to the complex mechanical properties and 
damage mechanisms of FRP composites, the process of wave mode selection requires significant effort. A similar situation is 
encountered when applying GW mixing technique [11,14,15]. Considering the wavelength and mode shape of the GW to be excited, 
the number of available mode pairs for assessing material nonlinearity-related microdamage is often limited. Apart from the complex 
dispersion features of GW and damage mechanism in anisotropic composite pipe-like structures, ultrasound attenuation is also one of 
the key factors in developing a suitable NGW technique. Due to the known exponential attenuation characteristic of ultrasound with 
respect to frequency (especially strong attenuation effect in composites), the advantage of long propagation distance of GWs is still 
limited when using higher harmonic generation. 

An important aspect of nonlinear ultrasound that has not been studied widely is the generation of the quasistatic pulse (QSP) 
response of tone-burst GWs. The study on the quasistatic response of GWs origins from the research on acoustic static strain (i.e., DC 
response) by plane longitudinal waves [16–19]. In the context of classical nonlinear stress-strain relation, the temporal shape of QSP by 
finite-size longitudinal wave has been confirmed as the envelop-like shape of the fundamental wave, which can also be influenced by 
boundary conditions. Due to zero frequency of the carrier wave, the QSP generated from ultrasound propagation is traditionally 
neglected by signal filtering. There has been literature [20,21] reporting the QSP generation of GWs in both isotropic metallic and 
anisotropic composite materials by numerical studies. The mode of QSP generated by different primary GWs in thin plates has been 
verified as S0 mode at near-zero frequency with only in-plane displacement. However, as one of the nonlinear responses, the QSP 
signal usually propagates along the plate with large energy divergence (i.e., the induced QSP has poor directivity due to low fre
quency). This indicates that ultrasound excitations with large amplitude and higher frequency are desired for effective signal-to-noise 
ratio (SNR) of practical QSP applications in plate structures. For hollow cylinders, there exists a scarce amount of documentation 
regarding the QSP generation in pipe structures. In view of the closed cross-sections of tubular waveguides, it is expected that the QSP 
in pipes has much less energy dissipation than that in plates. An additional advantage of QSP generation is the zero frequency of its 
carrier wave that can contribute to neglectable acoustic attenuation and a much longer propagation distance than higher harmonics. 
Furthermore, the QSP as nonlinear signal is typically independent of instrumental nonlinearity and can be detected by either 
low-frequency transducers or laser vibrometers. Previous studies [22,23] on early damage detection in polymer materials with great 
ultrasonic attenuation using QSP generation of bulk waves and Lamb waves has shown the high sensitivity of QSP to microscale 
thermal damage and low velocity impact damage. Thus, the potential of applying QSP generation for the assessment of material 
nonlinearity and local damages in composite pipes is promising. 

The objective of this study is to investigate the generation of QSP in anisotropic FRP composite pipes and further verify the 
applicability of using QSP of GW for assessing material nonlinearity-related damage in FRP composite pipes. A systematic study on the 
QSP generation mechanism and propagation characteristics in composite pipes is conducted. To gain insights into the QSP generation 
in complex FRP pipes, numerical analyses of dispersion characteristics and wave structures of GWs in FRP composite pipes are per
formed first using the semi-analytical finite element (SAFE) method [24,25] with efficient and accurate frequency-domain numerical 
results. Moreover, a three-dimensional (3D) finite element (FE) model is developed considering the material nonlinearity of aniso
tropic materials. The temporal shape, mode conversion effect, cumulative effect, and generation efficiency of QSP by GWs in composite 
pipes are investigated. For regional microscale damage in composite pipes, a simplified material model with microdamage is repre
sented by variations of third-order elastic constants (TOECs) and incorporated in the time-domain 3D FE analysis. The proposed 
microdamage assessment method based on the measure of QSP is then discussed and compared with the experimental results measured 
in thermal fatigue damaged carbon fiber reinforced polymer (CFRP) pipes. 

The paper is structured as follows. Section 2 describes the theoretical generation mechanism of QSP by longitudinal and transverse 
waves in anisotropic materials with weak quadratic material nonlinearity. In Section 3, a CFRP layered pipe is numerically analyzed 
regarding the dispersion and mode shape of GWs using the SAFE method. The time-domain 3D FE model for analyzing NGW prop
agation is also described. Section 4 shows the FE results and discusses the features of QSP in composite pipes. In Section 5, experiments 
are carried out using CFRP pipes, piezoelectric transducer array, and 3D laser vibrometer system. The results are analyzed and 
compared with FE data. Conclusions are drawn in Section 6. 

2. Mechanism of quasistatic pulse generation

In general, FRP materials have polymer as a matrix and fiber as a strengthening substance. They are widely produced by stacking
multiple layers to achieve the desired mechanical properties. A single layer, which consists of unidirectional fiber, can be regarded as 
transversely isotropic material. From a theoretical point of view, the material nonlinearity of such unidirectional FRP material can be 
expressed by the strain energy function that includes the strain terms up to third order as reported in [21,26]: 
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(1) 

Where E is the strain tensor, α1 ∼ α5 are the linear elastic coefficients, β1 ∼ β9 are the nonlinear elastic coefficients, a is the fiber 
direction unit vector. Assuming a Cartesian coordinate system (x1,x2,x3), the primary wave propagates along the x1 direction. The 
second Piola-Kirchhoof stress S is expressed by S = ∂W /∂E, and the first Piola-Kirchhoff stress tensor is expressed by P(H) = (I +

H)S(H), where I is the identity tensor, and H is the displacement gradient tensor. Based on the balance of linear momentum Div(P(H))

= ρü, we can obtain the following results from five independent representative cases:
(i) For longitudinal wave u = (uL

1 ,0, 0) propagating along the fiber direction a = (1, 0, 0), the nonlinear wave equation can be
written as 

ρü1 − A
∂2u1

∂x2
1
= B

∂u1

∂x1

∂2u1

∂x2
1
, (2)  

where 

A = 2α1 + 2α2 + 2α3 + 2α4 + 2α5,

B = 6α1 + 6α2 + 6α3 + 6α4 + 6α5 + 6β1 + 3β2 + 6β3 + 4β4 + 6β5 +
11
2

β6 + 6β7 + 6β8 + 6β9.
(3) 

For |BU2k2x1 /A| ≪ 1 and assuming the linear wave field as uL
1 = Uexp[j(kx − ωt)] (U is the amplitude of primary wave, k is the 

wavenumber, and ω is the angular frequency), by using the perturbation technique, the solution to the Eq. (2) under the consistency 
condition [17] can be written as 

u1 = Usin
[

ω
(

t −
x1

cL

)]

−
BU2ω2ρ

8A2 x1 −
BU2ω2ρ

8A2 x1cos
[

2ω
(

t −
x1

cL

)]

, (4)  

where cL is the longitudinal wave velocity and ρ is the mass density. Here we can find the term − BU2ω2ρx1/8A2 represents the static 
strain caused by material nonlinearity and polarized in the wave propagation x1 direction. It is noted that the coefficient A in Eq. (2) is 
a combination of second order elastic constants, and B indicates a combination of both second order and third order elastic constants. 
In practical applications, tone-burst ultrasound is widely used, and the propagating static strain exhibits a finite temporal width, 
namely QSP. When the material nonlinearity increases, the coefficient B increases, and the generation efficiency of QSP increases 
accordingly. 

(ii) For longitudinal wave u = (uL
1 ,0, 0) propagating perpendicular to the fiber direction a = (0,1, 0) or a = (0,0,1), the equation of

motion keeps the form of Eq. (2), while the coefficients in Eq. (3) are changed to: 

A = 2α1 + 2α3,

B = 6α1 + 6α3 + 6β1 + 3β2 + 6β7.
(5)

Similarly, the QSP can be calculated by the second order perturbation method and expressed as: 

uQSP = −
BU2ω2ρ

8A2 x1. (6) 

(iii) For shear wave u = (0, uL
2 ,0) propagating along the fiber direction a = (1,0,0), the linear part of wave field can be written as

ρüL
2 − A

∂2uL
2

∂x2
1
= 0, (7)  

where A = α3 + α5 /2. For the nonlinear part of the wave field, the nonlinear term of the wave equation exists in the x1 direction and 
can be expressed as 

B
∂uL

2

∂x1

∂2uL
2

∂x2
1
= ρü1, (8)  

where 

B = 2α1 + 2α2 + 2α3 + 2α4 + 2α5 + β2 +
β4

2
+ β6 +

3β7

2
+

β9

2
. (9) 

It should be noted that the nonlinear term can act as the second order bulk driving force, which eventually leads to the generation of 
a static displacement polarized in the wave propagation x1 direction. 

(iv) For shear wave u = (0, uL
2 , 0) propagating perpendicular to the fiber direction a = (0,1,0), the linear part of the wave field

keeps the form of Eq. (7), and the coefficient A remains A = α3 + α5 /2. For the nonlinear part of the wave field, the nonlinear term of 
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the wave equation exists in the x1 direction and keeps the form of Eq. (8), while the coefficient B changes into 

B = 2α1 + 2α3 + β2 +
β4

2
+

3β7

2
. (10) 

(v) For shear wave u = (0, uL
2 , 0) propagating perpendicular to the fiber direction a = (0,0,1), the linear part of wave field keeps the 

form of Eq. (7), while the coefficient A changes into A = α3. For the nonlinear part of the wave field, the nonlinear term of the wave 
equation exists in the x1 direction and keeps the form of Eq. (8), while the coefficient B changes into 

B = 2α1 + 2α3 + β2 +
3β7

2
. (11) 

It should be noted that there are three more cases, in which the combination of shear wave displacement direction and the fiber 
direction, results in the equivalent wave equations as in the case of (iii), (iv), and (v). Table 1 summarizes the above theoretical 
analysis. The significant feature of QSP is that its main displacement direction is always identical to the primary wave propagation 
direction. This feature remains true when it comes to GW propagation in anisotropic composites, as GW can be regarded as the su
perposition of a series of bulk waves. During the primary GW propagation, the QSPs generated by all the bulk wave components 
interfere with each other under the boundary conditions, and eventually form into one nonlinear signal with its displacement polarized 
in the propagation direction of the primary wave. Besides, the magnitude of QSP is partly dependent on the nonlinear elastic constants 
β1 ∼ β9. With the increase of material nonlinearity, the magnitude of QSP increases as well. Moreover, the generation of QSP by 
material nonlinearity is independent of the synchronism condition and non-zero power flux condition as required by the cumulative 
generation of higher harmonics and wave mixing combined harmonics [20]. The inherent cumulative effect of QSP exhibits in the 
increases of amplitude when its group velocity matches the primary tone-burst wave and exhibits in the increases of temporal width 
when its group velocity is different from that of the primary tone-burst wave [20,21]. 

3. Numerical analysis 

3.1. Determination of dispersion & mode shapes using SAFE method 

Without loss of generality, in the subsequent numerical investigations, an analysis is conducted on a 2 mm thick CFRP pipe that 
comprises both circumferential and axial fibers. The inner radius of the composite pipe is 48 mm, and the outer radius is 50 mm. The 
CFRP pipe is constructed by stacking 10 layers of ply, as illustrated in Fig. 1. Due to the anisotropy of such material, the properties of 
GW propagation regarding the dispersion feature and mode shapes are calculated by the SAFE method [25]. The mechanical properties 
of a single unidirectional layer of the CFRP pipe and its mass density are listed in Table 2. The eigenvalue problem in the frequency 
domain is then solved by considering both the analytical expression along the waveguided and the FE discretization imposed on the 
section of the waveguide. Fig. 2 shows the phase velocity and group velocity dispersion curves. Fig. 3 shows the mode shapes (i.e., 
wave structures) of the three lowest order axisymmetric GW modes at 200 kHz propagating in the CFRP pipe. In Fig. 3, the black arrows 
indicate the displacement component in the cross-section plane (XY plane in Fig. 1), and the color maps indicate the displacement 
component in the Z direction (wave propagation direction). As shown in Fig. 3(b), the T(0,1) wave mode has only torsional 
displacement polarized in the XY plane. Comparing Fig. 3(a) and (c), the L(0,2) has greater Z-displacement than the L(0,1) wave mode. 
This characteristic of longitudinal modes is in line with the mode shapes of GWs in isotropic metallic pipes [27]. The GW modal 

Table 1 
QSP generation of ultrasonic waves with different configurations in transversely isotropic materials. The primary wave propagates along x1 direction.  
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analysis of such composite structure provides guidance for effective wave excitation and receiving in the following 3D time domain 
simulation and experiments. 

3.2. FE modelling of GW propagation 

To verify the wave modal analysis in Section 3.1, time domain modelling and simulation are conducted. The three lowest order of 
axisymmetric GW modes are in turn employed as primary wave for the wave propagation simulation using a 3D FE model developed in 
Abaqus/CAE Explicit. Fig. 4 shows the schematic of the FE model. For tone-burst GW excitation, the left end surface is loaded with a 
user-defined displacement function. The displacement is a Hann windowed sinusoidal wave with its frequency, cycle, and maximum 
amplitude respectively denoted as f, N, and Umax (excitation: f = 200 kHz, N = 10, Umax = 100nm; receiving: θ = 0∘). For ease of signal 
interpretation, a cylindrical coordinate system (r − θ − z) is used with the origin is located at the center of the left end face (i.e., r − θ 
plane) and the z direction is in line with the global X-Y-Z coordinate system. According to the mode shapes shown in Fig. 3, the 
displacement functions for the three primary wave modes are respectively prescribed in r, θ, and z directions as shown in Fig. 4. This is 
to ensure that a relatively pure mode can be introduced into the pipe for each simulation, which facilitates the signal analysis. For 
receiving the signal, several measuring points are set at Z = L surrounding the outer surface of the composite pipe. The geometry is 
meshed with structured hex elements of type C3D8R. Referring to [28], the maximum mesh size of the model is determined by Δm ≤ λ 
/20 (λ is the wavelength of the primary wave). The time step of the transient response study is determined by Δt ≤ 1/20f (f is the 
wavelength of the primary wave). The convergence of the model is confirmed by the fact that the wave velocity and amplitude of the 
primary GW barely change when further decreasing the mesh size and time step. 

Fig. 1. Schematic of CFRP pipe with stacking order [C/A4/C/A3/C] (C: circumferential fiber, A: axial fiber), inner radius r = 48 mm, outer radius R 
= 50 mm. 

Table 2 
Second order stiffness constants (Unit: GPa) and mass density (kg/m3) of a single CFPR layer used in numerical analysis.  

C11 C12 C13 C22 C23 C33 C44 C55 C66 Density 

143.8 6.2 6.2 13.3 6.5 13.3 3.4 5.7 5.7 1560  

Fig. 2. Dispersion curves of GWs: (a) phase velocity, (b) group velocity.  
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To analyze the QSP generation induced by material nonlinearity, the third order elastic stiffness constants of the composite pipe are 
introduced into the simulation using a user-defined subroutine that customized the material constitutive model. Based on Section 2.1, 
the nonlinear elastic coefficients of β1 ∼ β9 are related to the nine independent third order stiffness constants of a single CFRP layer 
[21], which are shown in Table 3. Besides, the regional micro-damage is modelled by scaling up ξN times the third order stiffness 
constants. Given the complexity of the microscale properties inherent in CFRP materials, this method serves as a highly effective 
approximation for detecting the presence of microdamage, as it elicits discernible nonlinear responses. 

As a pre-validation of the 3D time domain model, Fig. 5 shows the typical temporal signals of the primary L(0,1), T(0,1), and L(0,2) 
modes received at Z = 0.25 m, 0.50 m, and 0.75 m. The group velocities of these three primary modes are calculated as 1612.8 m/s, 
1995.6 m/s, and 8011.3 m/s, respectively. These values of group velocity are consistent with the theoretical dispersion curves shown 
in Fig. 2 with less than 5 % errors. Besides, the main displacements of these three modes are polarized in the r, θ and z directions. This is 
also in line with the theoretically predicted mode shapes shown in Fig. 3. 

4. Features of quasistatic pulse in composite pipes

4.1. Mode conversion and cumulative effect

The observation of QSP in the CFRP pipe with quadratic material nonlinearity is achieved using the phase reversal method [29,30], 
as the QSP displacements are nonlinear signals and have similar properties to the even harmonics. Fig. 6 shows the temporal QSP 
signals generated from the propagations of the primary modes of L(0,1), T(0,1), and L(0,2). The primary waves at 200 kHz are pre
sented in Fig. 5. The displacements detected in Z direction of two primary waves of opposite phases are superposed and denoted by Uz

′. 
As shown in Fig. 6(a)–(c), the three generated QSP signals have almost the same pulse velocity c ≈ 8200 m/s of L(0,2) mode. Besides, 
the displacement of QSP is mostly polarized in Z direction. This indicates that different fundamental GWs can generate the QSP of L(0, 
2) mode in the anisotropic CFRP pipes considering the material nonlinearity.

Besides, the effect of group velocity mismatching is also observed in Fig. 6(a) and (b). Due to the difference in velocity between the
primary L(0,1)/T(0,1) mode and the corresponding QSP of L(0,2) mode, the pulse width of QSP starts increasing shortly after its 
amplitude increases to a certain degree. The leading edge of the QSP signal has the velocity of L(0,2) mode, and the ending edge has the 
velocity of the corresponding primary mode. Since the shape of the ending part of the QSP signal is related to the displacement 
excitation condition in the FE simulation [17], we can focus on the leading part of the QSP signal in the following analysis. Specifically, 
when the primary mode is L(0,2) mode, the generated QSP can propagate along with the primary wave and only its amplitude increases 
with propagation distance as shown in Fig. 6(c). This feature of QSP generation on the condition of group velocity matching is 
significantly useful for microdamage detection in a large area, as the cumulative increase of displacement amplitude of QSP can readily 
indicate the level of material nonlinearity of materials. 

Fig. 3. Mode shapes of GWs at 200kHz: (a) L(0,1) mode, (b) T(0,1) mode, (c) L(0,2) mode. Black arrows indicate the displacement component in the 
cross-section plane, and color maps indicate the displacement component in the wave propagation direction; wave structures of (d) L(0,1) mode, (e) 
T(0,1) mode, (f) L(0,2) mode at 200 kHz. 

Fig. 4. Illustrations of FE models for simulation of time domain wave propagation.  

Table 3 
Third order stiffness constants (Unit: GPa) of a single CFPR layer used in numerical analysis [26].  

C111 C112 C155 C222 C223 C122 C123 C255 C266 

1000 65 − 47 − 214 − 89 − 4 65 − 33.4 − 49.1  

C. Jiang et al.
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4.2. Generation efficiency 

Since the wave structures of different primary modes are different, and there are nine independent third order elastic constants in a 
single unidirectional FRP composite layer, the generation efficiency of QSP can vary with the primary modes and many other factors. 
Based on the time-domain accumulation feature of QSP and for consistency of comparison, the integration of QSP amplitude over time 
(|
∫

Uz|) is employed as an index of generation efficiency of QSP by all primary modes. The integration interval is defined as between 
two time points of the QSP with zero displacement amplitudes at the nearest left and right sides of the pulse. As shown in Fig. 7(a), the 
generation efficiency of QSP in terms of the amplitude of primary waves is ranked as: L(0,1)>L(0,2)>T(0,1). Similarly, by keeping the 
amplitude of primary waves at the same level as 100 nm, the generation efficiency of QSP regarding the propagation distance is also 
ranked as: L(0,1)>L(0,2)>T(0,1) (See Fig. 7(b)). However, the interferences between the different effects of the third order elastic 
constants on the QSP generation result in the opposite trend of QSP generation in terms of the scaling coefficient ξN of third order 
elastic constants. As shown in Fig. 7(c), the QSP generation of primary L(0,1) and T(0,1) waves decreases when increasing all the third 
order elastic constants, while the generation efficiency increases for L(0,2) primary wave. This indicates that the effective detection of 
material nonlinearity in FRP composite pipes using QSP generation is greatly dependent on the optimized combination of primary 
wave mode, excitation magnitude, and wave propagation distance. 

4.3. Duration effect on QSP generation 

Another important feature of QSP generation is that the number of cycles of the primary tone-burst GW can influence the absolute 
amplitude of QSP generated by the group velocity-mismatched primary wave. As shown in Fig. 8(a) and (b), while keeping the fre
quency and excitation magnitude of primary waves the same, the absolute amplitude of QSPs by L(0,1) and T(0,1) can increase with 
the number of cycles (i.e., tone-burst duration) of the primary GW. For the case of L(0,2) mode, since the cumulative effect of QSP only 
displays in the amplitude and not in the temporal width for group velocity matching, the increase of duration of primary GW can only 
lead to the increase of wave packet length rather than the amplitude of QSP. Fig. 8(c) shows the comparison of the duration effect on 
QSP generation in pipes across these three primary modes. 

It should be noted that, in the FE simulation, GW propagations of different single primary modes are modeled and analyzed 

Fig. 5. Time domain signals of primary modes: (a) L(0,1), (b) T(0,1), (c) L(0,2). The modes are consistent with the theoretical dispersion curves 
regarding their group velocities. 
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regarding the QSP generation. This facilitates the demonstration of QSP generation and enhances the understanding of the physical 
mechanism. However, in practical applications, multimodal GWs can be readily excited into the pipe-like waveguides due to different 
boundary conditions from the perfect mode shapes of the desired mode. For instance, the excitation of L(0,2) mode using a transducer 
array attached around the pipe inevitably introduces the L(0,1) mode into the pipes. However, based on the above analysis of QSP 
generation, it is indicated that the induced nonlinear QSPs can possess the same fastest group velocity among all the possible 
fundamental GW modes. Hence, in scenarios where multiple primary modes are present, the analysis of QSP primarily concentrates on 
the initial segment of the measured signal, which exhibits polarization in the axial Z direction. 

5. Experiments

5.1. Specimens

The specimens used in the following experiments are commercially purchased CFRP pipes. The pipes comprise 10 unidirectional 
layers with a stacking order of [C/A4/C/A3/C] (C: circumferential fiber, A: axial fiber). The inner radius is 48 mm, the outer radius is 
50 mm, and the length is 1.5 m. The total thickness of the pipes is 2 mm. The mass density of the pipe is 1560 kg/m3. The properties of 
carbon fiber and epoxy resin as separated materials are listed in Tables 4 and 5, respectively. The pipe specimens were produced using 
carbon fiber and epoxy under high temperature and pressure in specialized equipment. For a unidirectional layer of such CFRP ma
terials, the stiffness matrix components are around the values provided by the manufacturer and listed in Table 2. 

For the feasibility study of microdamage assessment using QSP generation, artificial thermal fatigue damage was introduced into 
the CFRP pipes. A heat gun (BOSCH GHG 600–3) was set 30 mm upon the CFRP pipe with the heating temperature set as 300 ◦C . 
Regional thermal fatigue damage was incurred across the entire pipe by moving the heating point at regular intervals of 0.05 m along 
the pipe’s length and rotation of 22.5◦ around its circumference for each specified processing time. The pipe was heated for 30 s at each 
fixed position, and the process was carried on for different times to compare the results of ultrasonic GW tests. Fig. 9 shows a picture of 
the CFPR pipes, heat gun, and illustration of the heating process. In the process of thermal cycling, composite laminates experience 

Fig. 6. Time domain signals of QSP generated by primary waves and processed by phase reversal method: (a) by L(0,1) mode, (b) by T(0,1) mode, 
(c) by L(0,2) mode.

C. Jiang et al.
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thermal stresses. These recurring thermal stresses can lead to damage akin to what is seen under mechanical cyclic loading, including 
micro-scale damages in the forms of transverse matrix cracks, debonding, and delamination within the layers [31,32]. Consequently, 
the heating process degraded the fiber reinforced composites. From the nonlinear ultrasonic point of view, these micro-scale changes 
inside the materials are intrinsically related to the variations of elasticity properties of the materials, which can be characterized by the 
measurement of higher order elastic constants [33]. Thus, the QSP generation of guided waves, as one of the nonlinear ultrasonic 
responses, can also be potentially used for the evaluation of micro-damages in composite materials. 

5.2. Experimental setup 

The ultrasonic excitation and measurements were conducted using the NI signal generator, high-power amplifier, piezoceramic 
transducer, and 3D laser Doppler scanning vibrometer system (LDV, Polytech PSV-400). Fig. 10 shows the schematic diagram and 
pictures of the experiment setup. The Hann windowed tone-burst sinusoidal signal was customized and generated by the NI signal 
generator (PXIe-5122). After being amplified by the high-power amplifier (CIPRIAN HVA-800A), the high-voltage signal was trans
mitted to the shear piezoceramic transducers (Dimensions: 10.0mm×5.0mm×2.0 mm). The transducers were evenly glued upon the 
outer surface of the CFRP pipe at one end using conductive epoxy (Chemtronics CW2400). The vibration mode of the piezoceramic 
actuators is mainly in shear direction (i.e., parallel to the axial direction of the pipes). As a result, the longitudinal L(0,2) mode can be 
introduced into the pipe at the largest efficiency. Ultrasonic GWs were excited into the pipe and propagated towards the other end of 
the pipe. The GWs were eventually picked up by the 3D laser Doppler vibrometer. To enhance the reflectivity of the laser beams, the 
measurement area of the CFRP pipe was painted with a reflective coating (CRC 18015). The recorded signals were averaged 1500 times 
to improve the signal-to-noise ratio. Digital low-pass filters were applied to the received signals by the data acquisition system. The 
same process at each testing location was repeated three times to minimize the measurement errors. 

Fig. 7. Comparison of QSP generations in CFRP pipe: magnitude of QSP with respect to (a) amplitude of primary GW, (b) propagation distance, (c) 
magnification factor of nonlinear elastic constants. 
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5.3. Results & discussions 

5.3.1. Analysis of primary waves 
As discussed in Section 4.1 and shown in Fig. 6(c), the QSP generation exhibits cumulation in amplitude with propagation distance 

when the primary GW has the same group velocity as the induced QSP wave. Therefore, we expect that the L(0,2) mode is excited into 
the pipe by the eight shear piezoceramic transducers. Due to the similarity between the mode shape of L(0,2) mode and the setup of 
actuators, the excitability of L(0,2) mode is optimized. However, the transducer array can still result in the occurrence of multiple GW 
modes. While the primary GWs propagate along the axis of the pipe (Z direction), they also scatter away towards the circumferential 
direction of the pipe. Therefore, the multimodal feature and the interference of GWs from different wave sources lead to the oscillation 
of wave amplitude measured at different locations. 

We first measured the primary waves in intact pipe specimen. As shown in Fig. 11(a), the out-of-plane displacements Ur of the 200 

Fig. 8. Duration effect of primary wave on the amplitude of QSP: time-domain signals of QSPs generated by (a) L(0,1) mode and (b) T(0,1) mode of 
different tone-burst length, (c) comparison of different primary modes. 

Table 4 
Properties of carbon fiber.  

Tensile modulus Tensile strength Elongation Density 

242 GPa 4550 MPa 1.8 % 1790 kg/m3

Table 5 
Properties of epoxy resin.  

Vitrification transition temperature Tensile modulus Tensile strength Bending modulus Bending strength 

125℃~135℃ 3.82GPa 80MPa 4.28GPa 115MPa  

C. Jiang et al.
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kHz primary waves at different axial locations are extracted. The group velocity of the fundamental wave packet is calculated as about 
1610 m/s. Referring to the dispersion curves shown in Fig. 2, it is indicated that the L(0,1) mode is generated into the pipe. Besides, it 
should be noted that the out-of-plane amplitudes of L(0,1) mode measured at different locations do not decrease with the propagation 
distance. This oscillation of amplitude is due to the interference of waves from the transducer array. On the other hand, the axial 
displacements of the primary waves are extracted and shown in Fig. 11(b). The first wave packet has a group velocity of around 8026 
m/s, which is in line with the L(0,2) mode at 200 kHz. There are many other primary wave packets polarized in the axial direction. In 
comparison to Fig. 6(c), which is obtained by exciting pure L(0,2) mode into the pipe, this is the experimental phenomenon that 
multiple GW modes are introduced into the pipe. 

Fig. 9. (a) CFRP specimens, (b) Thermal gun used for heating CFRP specimens, (c) Illustration of heating process.  

Fig. 10. Experimental setup: (a) schematic diagram, (b) physical pictures.  
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5.3.2. Identification of QSP generation 
To extract the QSP signals, the phase reversal method [34] was used. As the QSP is one of the even nonlinear responses of GW 

propagation, it can be amplified by two times when superposing the two received wave fields of opposite excitation phases [17]. In the 
meantime, the offset of two fundamental waves will occur. This method can significantly enhance the signal-to-noise ratio for the QSP 
measurement. Besides, the measured signals were averaged 1500 times and digital filtered. The axial displacements, which are 
generated by primary waves of the opposite phase, are measured at the different locations along the Z direction of the pipe. For a 
specific measurement location, the two axial signals are superposed and low pass filtered. The cut-off frequency of the digital filter is 
set as the main frequency of primary waves. 

Fig. 12 shows the QSP signals measured at different Z locations at θ = 0∘.  Based on the analysis of QSP by FE simulation results in 
Section 4, we infer that the QSP signal is formed by the superposition of many QSP components of different primary GW modes. The 
QSPs generated by all primary waves possess the same largest possible group velocity of GWs in the pipe. Since there exists a series of 
primary wave packets in the axial direction, it can be compared with the circumstance that a primary wave with a long duration is 
excited. As shown in Fig. 8, the duration effect can lead to the amplitude increase of QSP for group velocity-mismatched mode pairs. 
Thus, in the experiment, the constructive interference of QSP components eventually leads to the increase of its amplitude to a certain 
degree. This increase is not only due to the cumulative effect of QSP that is generated under the group velocity matching condition with 
the primary L(0,2) mode, but also due to the duration effect provided by the other multiple relatively slower primary GW modes. The 
group velocity of the resultant QSP signal is calculated as about 8071 m/s, which is consistent with the dispersion curves of L(0,2) 
mode at zero frequency. This verifies the theoretical and FE simulation analyses. It is noted that the QSP signal does not increase with 
the propagation distance in the experiment. This is because the primary wave packets are subject to dispersion, attenuation, and 
interference with each other. Unlike a pure fundamental GW mode that can be simulated in FE modeling, the primary GW signals 
measured at different axial and circumferential locations have different magnitudes in practice. 

To further validate the QSP generation and propose a feasible nonlinear parameter for microdamage detection in composite pipes, 
different excitation levels and frequencies of primary GWs are induced into the pipe. As the out-of-plane displacement signal Ur has 
obviously fewer wave packets than that extracted in the axial in-plane direction, the relation of the absolute magnitude of QSP signals 
|UQSP|maxagainst the square of the out-of-plane displacement U2

r is presented in Fig. 13. It is found that there is a linear relationship 
between the magnitude of QSP signal and the square of primary GW magnitude. Moreover, when increasing the frequency of primary 
waves, the slope of its linear fit increases significantly as well. These results are consistent with the theoretical and numerical studies. 
For a single primary wave mode, the squares of magnitude and frequency of the primary wave are theoretically linear and proportional 
to the generation efficiency of the corresponding nonlinear QSP signal. In the experiment, although the generated primary wave is 
multimodal, the relationship between the extracted QSP amplitude and the primary out-of-plane displacement shows similar effects of 
the excitation magnitude and frequency of the primary wave on the QSP generation. 

5.3.3. Microdamage assessment using QSP 
Based on the analysis in the above section, the relative nonlinear acoustic parameter employing the QSP generation is constructed 

as 

β̃QSP =
|UQSP|max

U2
r

. (12) 

The ultrasonic signals are in turn measured in three CFRP pipes (#1, #2, #3) using the same process. By repeating the heating cycle 
of the pipe for different times, the early-stage thermal fatigue microdamage is generated in the pipes. The measurement point is set as Z 
= 1.0 m and α = 0∘. After acquiring the GW signals, the wave velocities of primary modes are calculated to be nearly the same, which 

Fig. 11. Fundamental waves received in the (a) r direction and in the (b) z direction at different propagation distances.  
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Fig. 12. Low pass filtered QSP signals received at different axial Z locations.  

Fig. 13. Relationship of absolute magnitude of QSP signals against that of primary waves.  

Fig. 14. Measured relative nonlinear acoustic parameter β̃QSP with respect to the total heating time of CFRP pipes.  
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suggests the ineffectiveness of linear ultrasound techniques using wave velocity. On the other hand, the comparison of the proposed 
parameter ̃βQSP of the three CFRP pipes is shown in Fig. 14. The calculated ̃βQSP is found to increase with the total heating time for pipes 
#1 and #2, while a slight decrease occurs for pipe #3 when the heating time is 2 min. This may be due to the inconsistency of the 
microdamage in the specimens. However, the overall trend of the variation of β̃QSP indicates that this proposed nonlinear ultrasonic 
index is sensitive to thermal fatigue damage in CFRP composite pipes. 

It should be noted that, under the current experimental conditions, we cannot yet achieve the perfect excitation of a pure L(0,2) 
mode inside the pipe specimens. For practical microdamage evaluation, the measurement of QSP signals using the identical experi
mental setups for different specimens is required for effectively comparing the variations of material properties. However, the 
generated QSP waves by different primary GW modes propagation in pipe have the same pulse velocity and are always the fastest 
longitudinal mode. Although both the primary wave and the generated QSP wave are influenced by the excitation condition, this 
unique feature of QSP generated by GWs in pipe makes the mode recognition of QSP wave less troublesome. Besides, the energy of 
generated QSP is less dissipated in cylindrical shell than in plate structures, and QSP suffers little the acoustic attenuation in com
posites as well. Thus, this generated QSP signal can be more readily predicted and analyzed than higher harmonic waves in a certain 
degree. 

6. Conclusions

This study presents the numerical and experimental investigations on the quasistatic pulse generation in CFRP composite pipes. The
theoretical background of QSP generation in anisotropic materials has been demonstrated and summarized. Features including the 
temporal waveform, cumulative effect, generation efficiency, and duration effect of the QSP generated by different primary guided 
wave modes have been studied by FE modeling and simulation. Experimental observations of the nonlinear QSP signals measured in 
CFRP pipes have been conducted using piezoceramic transducer array and the 3D laser vibrometer scanning system. The absolute 
amplitude of the QSP signal has been found to be proportional to the excitation magnitude and frequency of the primary wave. The 
relative nonlinear acoustic parameter of the amplitude ratio ̃βQSP has been proposed. The results of ̃βQSP measured in CFRP pipes have 
shown high sensitivity to early-stage thermal fatigue damage in composite pipes compared to linear ultrasonic characteristics. 
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Chapter 8: Conclusions & Prospect 

8.1. Conclusions 

This thesis has presented the systematic study of QSC generation in solids with material 

nonlinearity. Through theoretical analysis, numerical simulation, and experimental 

investigations, the QSC generation of guided waves in plates and pipe-like isotropic and 

anisotropic materials has been explored and discussed. Important findings are summarized 

below: 

1. The QSC pulse wave as one of the nonlinear ultrasonic responses always possesses the

fastest velocity among all the possible guided wave modes in structures.

2. The QSC pulse wave generated by different primary waves always exhibits in-plane

displacement in solid waveguides, either as pure in-plane mode in isotropic materials or

partly in-plane coupled mode in anisotropic composite materials.

3. The displacement direction (positivity or negativity) of QSC pulse is dependent on the

wave propagation direction and the material properties.

4. The QSC generation has intrinsic cumulative effect in magnitude during the primary

guided wave propagation, however, suffers relatively larger divergence loss than higher

harmonics due to poor directivity.

5. The cumulative generation of QSC by guided waves displays in the increase of amplitude

while the pulse velocity matches the group velocity of primary waves. When the pulse

velocity of QSC is different from that of primary wave, the cumulative effect is mainly

shown by the increase of pulse width soon after the amplitude grows a few.

6. The QSC pulse in time domain has either the envelop shape of its corresponding primary

wave when there is a group velocity matching, or a flat-top shape when there is a group

velocity mismatch between the QSC and the fundamental wave.

7. The proposed microdamage evaluation approach in highly acoustic attenuation materials

using the QSC generation is cost-effective and is sensitive to early-stage damages.

8. The QSC pulse generation by guided waves can be utilized for microdamage localization
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when satisfying the velocity mismatch condition and can be utilized for regional 

microdamage evaluation when satisfying the velocity matching condition. 

9. Experimental studies have shown good agreement with the theoretical predictions and

results of finite element simulations. Potential NDT applications for advanced industrial

materials can be promisingly developed based on the QSC phenomenon of ultrasonic

guided waves.

8.2. Prospect 

While the present thesis makes contributions to the field of nonlinear ultrasound, it is essential 

to acknowledge certain limitations: 1) The theoretical framework for directly deriving the 

conclusions is currently incomplete, 2) The numerical simulations adopted the displacement 

boundary conditions for guided wave excitations, while using traction boundary conditions 

may lead to new minor findings, and 3) The experiments validated most of the results of the 

finite element analyses, while full verification requires more advanced ultrasonic sensors and 

measurement equipment. To address the aforementioned limitations and contribute to the 

ongoing discourse in QSC generation by guided waves, future research endeavors could 

explore the following avenues: 

1. Development of a general theoretical framework that can directly indicate all the features

of QSC generation by guided waves.

2. Investigation on the QSC generation of ultrasonic waves in materials with specific stress-

loaded status.

3. Investigation on the QSC generation of feature guided waves in geometries of specific

shapes.

4. Investigation on the modeling of QSC generation by interactions between practical micro-

damages with ultrasound.

5. Development of theoretical framework for mechanism interpretations of QSC generations

in materials with different types of micro-damages.

6. Experimental study on the NDT applications regarding QSC generation based on novel
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signal processing techniques and damage imaging algorithms. 
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