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A SYSTEM OF CONFOUNDING FOR FACTORS WITH MORE
THAN TWO ALTERNATIVES, GIVING COMPLETELY
ORTHOGONAL CUBES AND HIGHER POWERS™*

* See Author's Note, Paper 189.

1. INTRODUCTION

In 1942 I called attention to the connexion between the theory of Abelian groups and the relations
recognizable in the choice of interactions for confounding, or of treatment-combinations for use
in the same block, when it is required to subdivide a complete replication into blocks without loss
of information save on unimportant interactions.

The theory was developed in terms of factors having only two alternatives. This is, of course,
the case of the greatest importance in practice, though factors with three alternatives also must
frequently be used. The basic position developed so far is as follows:

(i) If there is no partial confounding, the interactions confounded, one less in number than the
blocks, form with the identity a subgroup.

(ii) Any operator transforming one treatment to another treatment in the same block is ortho-
gonal to the entire subgroup confounded, and these operators constitute the entire subgroup
orthogonal to it. This is called the intrablock subgroup. It supplies the contents of the block
containing the  control’, and, by multiplication, that containing any chosen treatment. The form
of confounding adopted is often most concisely specified by means of the intrablock subgroup,
or of its generators.

On the basis of these ideas it was possible to demonstrate the remarkable proposition that:
Using blocks of 2r plots, it is possible to test all combinations of so many as (27— 1) Jactors, in such
a way that all interactions confounded (2¢-1-—1 in number) shall involve not less than three
factors each.

(iii) Methods of confounding using fewer factors than the maximum possible may be found
by eliminating unwanted factors. In the intrablock subgroup the symbol of any factor to be
eliminated is simply deleted from any combination in which it occurs. In the subgroup con-
founded the whole combination containing any such symbol is deleted. Practical applications
have been illustrated in the third edition of the Design of Experiments.

In my previous paper it was pointed out that, since, for example, blocks of eight would suffice
for seven factors of two alternatives each, it follows that blocks of 27 must suffice for seven factors
of three alternatives each. Indeed, several different arrangements suggested themselves. In the
present note it will appear that blocks of 27 are large enough to accommodate a selection of treat-
ment combinations out of 313, without confounding any interaction of less than three factors.
I have not, however, listed the various arrangements using 5-12 factors obtainable by deletion.

2. FACTORS WITH p ALTERNATIVES, WHERE p IS A PRIME
To arrange the combinations of (p*—D(p—1)

factors, each of p alternatives, p being a prime number, in blocks of p™ units each, establish

498 snnals of Eugemice, 12: 283-290, (1945).



284 A SYSTEM OF CONFOUNDING

arbitrarily a 1: 1 correspondence hetween the factors, or the letters representing them, each with
one subgroup of order p of a group of order p", and with a particular element of that subgroup.
E.g. taking p = 3, n = 3, we may use 13 factors 4, ..., M related as follows:

Table 1. Association of thirteen factors with independent elements of on Abelian group
4 «a ¢ aff E vy o ay? I py K afy M afy?
B p D ap? Foay H py J afy L afy

Let S be any element, of the group and X any element to be considered in relation to 5. The
sum of the products of the powers of &, 8,7, ... in the expressions in Greek letters of S and X, on
dividing by p, leaves a remainder i equal to 0, 1,2, ..., or (p— 1). The combination of Latin letters
involving each X to the corresponding power i shall be chosen as the intrablock interaction
(or treatment in the control block) corresponding with S.

(i) The combination corresponding with the product of the Greek representations of & and
8’ is the interaction of the combinations corresponding with & and 8’. For the index of any letter
X, in relation to the product §§’, will, if obtained as explained above, differ by zero or by a
multiple of p from the sum of the indicesin relation to S and §’; and this is sufficient to demonstrate
the proposition.

(i1) The combinations chosen by this method form a subgroup of Latin letters, isomorphic
with the entire group formed of Greek letters. This shall be used as the intrablock subgroup.

(iii) If « is the power of X in any interaction of Latin letters orthogonal to the combination
corresponding with S, then Z(iu) is zero or a multiple of p.

(iv) If S, is the element of which the Greek representation is «, then for any Latin letter X,
the power 7 is the power to which « is raised in the representation of X. Hence the power of .
in the Greek product of the interaction in which X is raised to the power of « is Z(iu), and the
necessary and sufficient condition that the selection is orthogonal to 8, is that this Greek product
dogs not involve «a.

(v) Any interaction orthogonal to all the combinations corresponding with S,, 8, ... is such
that the product of the Greek representations of its terms reduces to the identity. Such inter-
actions are orthogonal to the entire intrablock subgroup and constitute the subgroup confounded.

(vi) The subgroup confounded contains interactions of not less than three factors, for no one
element or product of two elements belonging to different cycles can reduce to the identity.

Applying this process to the problem of dividing 3! different treatments in blocks of 27, so
that the 31— 1 interactions confounded all involve at least three factors, we construct the fol-
lowing table, based on the arbitrary correspondences set out above:

Representative
Factor element of Corresponding element of intrablock subgroup
Greek group

A'BCI'DECF QUHO IO K2 LM = ACDFGJK*LM
ACBICID2ECFOQOH 1 B LM = BO D H IT K LM
A°BCODEIF\GRHUA VK LM = EFG*H [P KLM?*

&ty
R ™R

Trom these three elements the intrablock subgroup may be generated without reference to the
arbitrary correspondence established with the Greek group. The thirteen cycles are set out in full
in §3 (Table 3).
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Any interaction confounded, such as ABC?, is orthogonal to these three, and therefore to the
whole subgroup generated from them. There are §(26. 24) confounded interactions of three factors;

that is, 104 interactions in 52 cycles.
Similarly, with blocks of 49, we may use 8 factors with 7 alternatives each, setting up the

correspondence
A4 a B g C ap D ap? E ap Foap ¢ aps H aps
Then the element of the intrablock subgroup corresponding with o will be
ACDEFGH,
and that corresponding with § will be
BCD*E*F*G5H®

from which the intrablock subgroup, consisting of the identity and eight cycles of 6, may be
generated. Interactions of three factors which are confounded, such as ABCS®, number
4(48.42) = 336, in 56 cycles. Inall, 78— 1 = 117,648 interactions are confounded in 19,608 cycles.

3. THE ORTHOGONAL CUBE OF 3

The system of confounding for 13 factors, each of three levels, in blocks of 27 is equivalent to the
solution of the problem of an orthogonal cube of side 3 in 10 alphabets. If the first coordinate of
the position of a point in this cube takes the values 0, 1 and 2, according to the power of 4 in any
element of the intrablock subgroup, the second co-ordinate being likewise determined by the
power of B, and the third by that of E, the power of any one of the remaining 10 letters specifies
the values, 0, 1 or 2, of 10 distinct entries corresponding to each point of the cube. These are set
out in three squares, representing successive layers, as follows:

Table 2

o 000 IIriIxil 2222 o o0oIxI2 1120 2201 0021 I 102 2210
o 00 00 I 00 2 I 21 1 2 2 I 20 2112 210 21zt
o0 2 I 2 II o 2 20 2 2 I O oI

[o] X 2 2 [o] I 1 2 (o]
I 200 2011 oI 22 1 212 202090 0OI OI 1221 200 2 oI ICOC
IIiI I I 2 I1ro 202 200 201 © 20 o 21 o 2 2
12 o o 21 20 I1 o 2 (o108 § 2 2 I ©
I 2 Qo o] I 2 2 o I
2100 0211 1022 2 I 2 2 20 1001 2121 0 2 0 2 I O01IC¢C
222 220 221 o110 oIl oI 2 I 01 I O 2 I 00
2 X I 2 [+ 3 e) o 2 20 I1 10 o1 2 2
2 o X 1 2 (<] (o] 1 2

Corresponding with rows and columns of a Latin or Graeco-Latin square, the cube consists of
plane strata of 9 points each, which may be referred to as rows, columns and layers respectively,
for the sake of expressing its properties in language analogous to that used for the squares. In
every one of the 10 sites, each number occurs thrice in every row, column or layer, and thrice with
each possible number at each of the remaining 9 sites.

In other words we may say that each of 13 principles of classification is made to divide 27
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objects into 3 sets of 9, in each of which all the classes of every other principle of classification are
equally represented.

1t should be noted that sets of three objects alike in any two respects are alike also in two other
characters, but differ in the remaining nine.

Since the orthogonal cube of 3 affords 13 ways of dividing 27 objects into 3 groups of 9 each in
such a way that every two objects fall 4 times into the same class, it provides at once a solution of
the problem in incomplete blocks of arranging 27 varieties in blocks of 9, using 13 replications
and 39 blocks.

Table 3. Intrablock subgroup for blocks of 27, the identity with 13 cycles of 2

ACDFGJIK*LM
BCD*HIJKI*M
ABC*FGHIJ*M?
ABD*FGHAKL?
EFGHI*JKLM?
ACDEF*HI?J*L?
ACDE*G*H*IKM?*
BCD*EFG*H?J*K*
BCDE*F*GI*LM?
ABC*EF*H*KLM
A*BDEGH*JL*M*
ABD?EFJKM?
ABC PG KAL?

Table 4. 40 treatments in 40 blocks of 13

N
~
~

Cb e h ¢ o or ruuwov v Cc e j mppr rwuwz 2z
b e h 2 npgqg st way z c e j mn o ¢ s t w vz Yy
b e h ¢ np ¢ st wWa y 2z ¢c e g mn o g st u v xy
Ca e f gmnaor s &t Cc f 2 k pps & v vz 2
a e f g o p g uwv weazxy z c f 1+ k no g r t v wy 2
a e f g o plg WV way 2z c f ik n o gt uwy z
Cabc dnno o pp g ¢ Cec g hil ppt t uuwyy
a b c dr s ¢ uwvwezy?z c gkl noqgr 8 v wayz
a b c d vt woe way z ¢c g Bl no qgir s v wazx z
Ca h j knonuowwwaor o a b c de fghii1j kl m
a h j k op g v &t vy 2 Cde kl qgqqgr vaoaxyy
a h g k o p g r s v v ¥y z d e k1l no ps t uv we
Ca i1l mnnovvyyz 2 d e k1l no p &t W w2z
a 2 1l mo p ¢ r s t wwa Cdf h mq g s & u oz 2
a ¢« I mo p g v &t u wex d f hmnopre¢ v way
CcCb f gl oo s & wwyy d f h mn o pr it v wey
b f 70 np gt Wwv z 2 Cdg i j gqgt t v v wuw
b f 70 wp g rt uvaz d gt j no pr & uaxy z
b g k mo ot t x 2z 2 d g ¢ § no pr s uxy
b g k mmn p g r & uvwy

b g kEmn p ¢ s wWov wy

The sets of 3 also, into which the 27 objects are divided by a double classification, supply a
solution of the problem of testing 27 varieties in 13 replications in 117 blocks of 3 each, since sets
of 4 principles of classification, any pair of which make the same subdivision into 9 threes, can be
chosen in 13 ways. These sets of 4 correspond 1 to 1 with the 13 primary principles of classification,
the relation being that between any element of the Abelian group to which the factors corresprnd
and the cycles of the subgroup orthogonal to that element; thus, to the single principle of classi-
fication 4 there corresponds the set of four cycles, BEHI, with B there corresponds AEFQ,
and so on.
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In addition to these two solutions, there are two more randomized block solutions to be derived
from the orthogonal cube. If we designate the elements of the intrablock subgroup set out above

Table 5. 40 treatments in 130 blocks of 4

Cann Cb o o Cc pp Cdqgqg Ce r v Cf s § c gt t
a o p ¢ b n p q ¢c n o ¢ dmn o p e n s t f o wy g o x z
a o p g b npqg ¢ n o g d n o p e ns t f o wy g o z 2
@ r & t b r v v ¢ r w=z dr z y e o uwv f n ot t g nr &
@ ¢ 8t b r uwow ¢ r wz d r a2y e o we f nr ¢ g n v s
a u wz b s w y c s v 2 d 8 u 2 e p wz f p v =z g » u y
a wwe b & wy ¢ & vz ds uz e p w2 f pvoa g puy
a v y 2 bt 2 2z c t wy dt v w e g 2y f ¢ u =z g ¢ v w
@ v Yy =z btz 2 ¢ ¥ uy d v v w e g x y f g w2z g qg v w
b e h 1 a e f g d e kI c e j m ab ¢ d b g k. m b f j 1

a 1 I m a h j k d g ¢ J ¢ f i k ¢c g h 1 d f h m

Ch uw Ci1 v v Cj ww Ckaoxao Cl yy OCmz 2

h n wa 4 ny z j o s ¥y k ot 2z I o s w mo t x

h n w x T vy 2 5 o § y k ot =z I o & w m o ¢

h o r o 4 or o j p o & kg r y I g r z m p r w

h o r v T o u § opr oz kE g vy I ¢ r & mp rw

h pt vy i p s x i on uwx En uww I nov 2 mn vy

h prt/ v ¢+ p & = i nu 2 konuw I o novoz m n’ vy

h ¢ 8 z T gt w jJ ¢t v k ps v I pt u m ¢ s u

E g s 2 1 ¢ ¢ w j gt v E p & v I ptV v mq ¢ u

Table 6. Incomplete blocks of 11-13 replications, existing or possibly existing

7 v b k A

11 23 23 1x 5

1x 45 99 5 X

I 45 55 9 2

1x 56 56 II I

11 100 110 10 1 o.s.}9
Iz 111 11X IX I .0.8.
12 19 57 4 2

12 22 33 8 4

12 25 100 3 1

12 33 4 9 3

12 37 34 4 I

12 61 122 6 I

12 67 67 12 2

12 121 132 11 1 08,
2 133 133 iz I 0s.
13 27 117 3 1 o0.C.
13 27 39 9 4 oc.
13 27 27 13 6

13 40 130 4 1 oc
13 40 52 10 3

13 40 40 13 4 o.c.
13 53 53 13 3

13 66 143 6 I

13 66 78 i1 2

i3 79 79 3 2

13 144 156 12 I o.s.}?
13 157 157 13 1 o8}

(Table 3) by the letters n to z, and their squares by the letters n’ to 2’, the identity being represented
by C, while the 13 first letters of the alphabet stand for the 13 principles of classification in accord-
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ance with which these 27 have been subdivided, we may associate each group of 9 with the four
letters of the subgroup orthogonal to the principle of classification from which it was derived, thus
making 39 blocks of 13 letters each, which with a fortieth block consisting of the first 13 letters of
the alphabet themselves, involves each of the letters 13 times and every pair 4 times in association,
thus providing 40 treatments in 40 blocks of 13 with 13 replications.

Equally, each set of 3 obtained by & double subdivision may be associated with the symbol for
the principle of classification orthogonal to the two already used, to make 117 blocks of 4 with
which are associated 13 more blocks of 4, representing the cycles of the subgroups orthogonal to
each classification used. In this case, 40 treatments are subdivided in 130 blocks of 4in 13 replica-
tions such that every 2 treatments occur once in the same block. Table 6 shows these 4 solutions
derivable from the orthogonal cube of 3 in a list of the possible incomplete block solutions with
11-13 replications. The two pairs of solutions related to orthogonal squares of sides 10 to 12 have
been included as fulfilling the arithmetical condition, although presumably no combinatorial
solutions exist for them.

4. FACTORS HAVING A NUMBER OF LEVELS WHICH IS A POWER OF A PRIME

In § 2 it was shown that, using factors having any prime number p of different levels, blocks of
p® units will suffice for use with

(r"=1)l(p-1)
different factors, without any interaction of less than three factors being confounded.

This proposition may be extended with full generality to factors having a number of variants,
p", which is a power of a prime. Using the fact that a field of p" symbols can be constructed un-
ambiguously subject to arithmetical operations, we shall show that blocks of p™ plots suffice
for use with

(P*=Dl(p"~1)
factors, each at p” levels.

Let Ay, A, ..., A, be s field variables each taking p" values, then out of p* combinations one and
only one has all values zero. Let

s
Za;h;
i=1

be any linear function of the variables A, such that not all the coefficients a are zero. Then the
number of sets of coefficients which may possibly be chosen is p™— 1.

8 8
Since, however, uzlaj A= '2106" Ag
. j= j=

where a; = ua;, it appears that each possible linear function is related by simple multiplication
with p”— 1 others, of which one is zero; or, in other words, belongs to a set of p"—1 non-zero
functions.

There are, therefore, (p™ —1)j(p"— 1) different sets, and these are associated as indices with an
equal number of letters, or, otherwise stated, each is used to specify the level of application of an
equal number of experimental factors, in the p™ — 1 different treatment combinations occurring
in the same block with the control.
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To show that such an intrablock subgroup will confound no interaction of tess than three factors;

consider that if
Aia Bip .
specify any interaction, this interaction will he confounded if, and only if
S{i 2aA} =0,
where § stands for summation over all letters, for all combinations of A. This will be true when,
and only when,
S(i a;) =0, foralljfrom1tos.
If 7 could be zero for all letters save two, take them to be 4 and 3; then for these two letters
bj = ua;, forallj,

or, b and a would belong to the same sct, contrary to the construction. Henoce no interaction of

less than three factors has been confounded.

5. SOLUTION USING 64 PLOTS TO A BLOCK, AND 2] FACTORS AT 4 LEVELS EACH

The abstract process of §4 may be illustrated by the problem of the cube of 4 in 18 alphabets;
or, in other words, the subdivision of the 63 comparisons among 64 objects into 21 orthogonal sets
of 3, each being comparisons among 4 lots of 16 into which the whole may be divided.

The rules for addition and multiplication of the four fickl symbols, which will be written
0, 1, p, q, are shown below.

Addition tablo Multiplieation table

The 64 combinations of three field values consist of one in which they are all zero, and 21 sets
of 3 such that one member of each set is a simple multiple of the others. These sets are:

21 sets of coefficrents

A 1 o o H 1 o p 0O 1 1 ¢q
B o 1 o I 1 o0 ¢ P 1 p 1
C o o 1 J 1 1 o Q 1 pp
D o 1 1 K 1 p o R 1 p q
E o 1 p L Yy q o S 1 g x
F o 1 q M 1 1 1 T 1 ¢ p
G 1 o 1 N 1 1 p U 1 q ¢

We now take any one of these and find the sum of the products of the coefficients with each of
the 21 in turn, to find the index of the corresponding letter in the corresponding treatment in the
block containing the ‘control’. Instead of a!, a?, a?, I shall now write a, @', a”. We find thus the
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290 A SYSTEM OF CONFOUNDING

21 treatment combinations, each representing a sct of 3 which, with the control, oceupy a single
block:

(aghigklmnopgrstw) (ab’d’e’f’ghij"k'm'n"0"p’q’r’)
(bdefjk’U"mnop’q'r's"t" ") (ab"d"e"f"ghij 'm'n’0’s"t"u”™)
(ede’f gh’i"mn 0" pg'r’st'u") (abee”f R Uk U'mn/o"p'qs"u)
{bee"f 'gh'v gk’ ln"o"p"rs't) {abe’d"e’g Rk Um/n"opr'tu”)
(be'd"e’ g’ b ygk’ Umn'qr'su’} {abc’d’f g’k Um no’¢'rst”)
(be"d’f g hi’ gkl m 0" pq "t u} (ab’ed”fR"Vj " k'm np"rst’u"y
(acde'f "1 GkIn"o'¢"r't"w’) {ab’c’ef g h'j"k'mo’qrs't"u)
(ac'd’e"fg" W kim0 ') (ab'e"de” g'i"§ k' n'opq’s" tar’)
(ac”d"ef g’ i " gklm 0" p'r"s'u") {ab’cd’eh” ' U'm"opq'r"s’t)
(abdefghik"Up g r"s't'u’) (ab”e’df g k'3 U no"p’q"rsu’)

(ab”c e’ fg i Vmn"p"qrt'y)

These may alternatively be generated from the first three; thus the simple interaction of the
first two gives the tenth as written above; the other interactions of these two give the eleventh
and twelfth.

The completely orthogonal cube of 4 may then be constructed directly by taking the four
phases of any factor, such as 4, to specify position in one direction, B for a second and C'for the
third, and indicating the phase of the 18 following letters by level designations such as 0, 1, 2, 3
in the 18 cells assigned to each of the 64 points of the cube. Such a cube could, of course, be used
to generate four distinet incomplete block solutions, these all having 21 replications.

SumMMARY

The system of confounding a number of factors each of only two alternatives, developed in the
previous paper, is here extended (i) to factors having any prime number of alternatives, and
(i) to the case in which the number of alternatives is any power of a prime.

In the first case the factors may be chosen to correspond with subgroups of order p of an Abelian
group of order p”, equal to the number of plots in cach block. In the second, each factor corre-
sponds with a combination of s values, not all zero, each taking the p” values of the field, this being
the number of levels for each factor. Any selection which is a simple multiple of a second belongs
to the same factor; thus (77— Df(pr— 1) different factors may be used, without confounding any
interaction of less than three factors.
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