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SUMMARY

This thesis is in two parts

In PARjI ONE, insensitivity in stochastic processes is studied.

Chapter 1 contains a review of the literature and introduces the terminology

and ideas involved

In Chapter 2 we summarise the results of previous authors that are required

in Chapters 3 and 4.

Insensitivity in processes with age dependent routing is studied in Chapter

3. Conditions are found for classes of age dependent processes to have the same

equilibrium distribution. These conditions are related to the property of partial

balance in systems which "average" the age dependent routing probabilities. The

analysis is then applied to networks of queue, semi-Markov processes and interrup-

tion processes. Average residence times and systems with age dependent speeds

are also examined.

In Chapter 4 we consider insensitivity in generalised semi-Markov processes

which do not necessarily possess instantaneous attention. An alternative proof

is given of a theorem of Taylor (1987), and results on the relationship between

generalised balance and insensiiivity ale extended to such processes.

In PART T\¡/O of this thesis, closed, two node, priority queueing networks

are examined.

Chapter 5 contains a review of the literature on priority queueing systems

In Chapter 6, we study closed, two node networks with a variety of priority

disciplines. When both queues use pre-emptive priority results of Morris (1981)
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are extended to the case of state dependent service rates. The equilibrium distri-

bution is also found for networks with one pre-emptive a¡rd one nonpre-emptive

queue and the solution compared to an approximation used by Morris (1981). An

insensitivity result is derived for pre-emptive networks with priorities reversed.

Chapter 7 contains conclusions and some ideas for further reseanch.
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PAHI ONE

INSENSITIVITY IN STOCHASTIC PROCESSES



CHAPTER 1 : INTRODUCTION

Many stochastic processes have features that do not depend upon the

of the governing distributions. For example, the probability of emptiness in the

G lG lL queue depends only on the means of the arrival and service time distributions.

Characteristics like this allow information on a general system to be gained from the

more readily analysed purely Markov process. In this part of the thesis, we seek

criteria under which the equilibrium distribution of the processes under examination

are insensitive, that is, depend on the lifetime distributions only through their means.

Erlang (1917), looked at a simple nodel of a telephone exchange, the famous

M lG I I{ Erlang loss system, and showed that the equilibrium distribution for the

number of busy servers is the same when either negative exponential or deterministic

distributions with the same mean are used. Later, it was shown that the same result

also holds with Erlang distributed service times, and hence it was postulated that

this was true for arbitrary distributions with the same mean.

Fortet (1950) proved this postulate but did noi shorv the uniqueness of the solu-

tion obtained. This was performed by Sevast'yanov (1957), with the assumption that

the successive service times are independent, an assumption later removed by l(önig

and Matthes (1963). Takacs (1969) looked at the problem in terms of the number

of busy servers a customer sees upon arrival and found simila¡ results. The results

of Takacs were extended to state dependent selvice and arrival rates by Brumelle

(1e7s).

A related process, the Engset systern, was shown by Cohen (1957) to be insensi-

tive while l(önig (1965) also shor,ved insensitivity but allowed successive service times

to be generated by a stationary point process.

The evolution of insensitivity theory gained impetus with the introduction of the

Generalised Semi-Markov Process (GSIVIP) by Nlatthes (1962). A GSMP is defined

on a set of states r € Í). Associated with each state r € f,) are active elements from
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the set ,5: ,S* U ^9'where ^9* ñ S' : ó and l,S*l is frnite. If s € ^9* then the lifetime

of s is generaliy distributed whereas if s € S' it is negative exponentially distributed.

It is assumed that no two elements of ,S* are activated or die simultaneously and the

residual lifetimes of the remaining active elements of ,S* remain unchanged upon the

death of s € ,S* . \Mith probabilit V p(x ,s , o' ) the process moves from state o to state

ø' upon the death of element s € ,S.

Matthes showed that a GSMP is insensitive if and only if a particular set of par-

tial balance equations (his set of equations Z) arc satisfied. That is, the equilibrium

distribution depends only on the means of the lifetirne distributions for elements in

,S* when, in the purely Markov process, th.e flor,v into a state clue to the creation of

s € ,S* is equal to the flow out of that state clue to the death of s.

This was a major step in insensitivity theory as many physical processes can be

modelled within the GSMP framework. Hence, insensitivity criteria became available

for processes such as the Erlang loss system and the Engset systern.

Extensions to this work, which inclucle allorving successive lifetimes to be gener-

ated by stationary point processes, wele done by l(önig and Matthes (1963), I(önig

(1965) and König, Matthes and Nawrotzhi (1967).

König and Jansen (197a) widened th.e scope of GSMPs by having the active

lifetimes worked off at state dependent speeds, allowing processes with temporary

interruptions to be modelled. In analysing such systems they assumed what they term

the e1 property. This property (later called instantaneous attention by Schassberger

(1977)) simply means that any genelally distributed lifetime must be worked on

with positive speed as soon as it is cleated. Under this assumption, I(önig and

Jansen (7974) demonstrated that a GSMP is insensitive if and only if a certain set

of partial balance equations hold for the associated purely Markov process. These

partial balance equations have the same interpretation as in Matthes' (1962) work

and differ only through the introduction of the speeds. Jansen, I{önig and Nawrotzki
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(1979) and Franken, Arndt, König and Schmidt (1982) extended this work to the

case where lifetimes are generated by stationary point processes.

König and Jansen (197a) pointed out that processes not possessing instantaneous

attention may, by the addiiion of suitable extra states, be converted to a process that

does have this property and hence perrnit the utilisation of their analysis. Taylor

(i987) adopted a direct approach to this problem which is discussed later in more

detail.

The original proofs of the above results are quite complex and require a knorvl-

edge of stationary point processes. Schassberger (1977, 1978a, 1978b) produced sim-

plified proofs of the results of Matthes (1962) and l(önig and Jansen (197a) by em-

ploying the method of phases and using a weak corvergence argument to show that

the results hold for general distributions. Whitt (19S0) gave a rigorous justification

for the use of this technique to model general distributions in GSMPs.

König and Jansen (197a) and Schassberger (197Sb) also shorved that the supple-

mented equiiibrium density (using residual lifetime) breaks down into a product of

two terms, one for the discrete part of the state arrd one for the continuous part, the

latter factorising into terms for each active element of ,9* in the state. That is, the

process behaves as if the discrete and continuous parts of the state are independent.

Henderson (fOASa) introduced the property of generalised balance. A GSMP

(having instantaneous attention) possesses this property if in any state the rate at

which each active element dies in forward time is equal to the rate at rvhich it dies in

reverse time. It was shown by Henderson that GSMPs with speeds are insensitive if

and only if they have generalised balance. Moreover, Henderson showed that this is

true if and only if the equilibrium density using residual supplementary variables is

the same as that using spent supplementary valiables. He derived further necessary

and sufficient conditions for insensitivity which relate the forward time process to the
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reverse time process. These results are extended in Chapter 4 to allow for processes

not having instantaneous attention.

A new structure for the examination of insensitivity was developed by \Mhittle

(1985). Using this structure, \Mhittle provided a new and simpler proof of the insen-

sitivity if and only if partial balance result. Taylor (1987) noted that it is impliciily

assumed that the process under consideration possesses instantaneous attention and

that active elements with generally distributed lifetimes may not die and be imme-

diately recreated. Subsequently, Taylor (i987) reproved Whittle's results without

these assumptions. Schassberger (1986) pointed out that there exists an equivalence

between Whittle's structure and GSMPs. Further results on insensitivity may be

found in Whittle (i986).

Henderson and Taylor (1937) considered a modified forrn of a GSMP with speeds

by allowing generally distributed lifetimes to be terminated by a negative exponen-

tially distributed interruption. The general lifeiime then dies and the process moves

to some new state dependent upon the manner in which ihe lifetime died, that is,

naturally or due to an interruption. They derived necessary and suffi.cient conditions

for the insensitivity of such systems which are related to the partial ì:alance equations

for an associated Markov process. The routing probabilities of this Markov process

are the average routing probabilities of the interruption process. Such processes are

special cases of the processes with age depenclent routing to be considered in Chapter

3.

As mentioned previouslg Taylor (1987) tooli a clirect approach to the analysis of

processes that do not have instantaneous attention. He found necessary and sufficient

conditions for insensitivity in processes with one generally clistributed lifetime and

sufficient conditions for processes with many general elements. These conditions have

an interesting interpretation. Whereas previous results had found a balance exists

between the birth and death of generally distributed elements, Taylor showed that
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the important property is a balance between the first time an element of ^9* is worked

on with positive speed and the death of this element. The supplemented equilibrium

density using spent lifetimes is also given. In Chapter 4 we give an alternative analysis

of such processes which highlights the physical, rather than mathematical, reasons

behind Taylor's result.

Much work has been done, using a variety of techniques, in the area of insensi-

tivity in queueing networks. Jackson (1957) showed that the equilibrium distribution

for an open queueing network with Poisson arrivals and negative exponential ser-

vice times could be broken up into a producb over the nodes of the network, each

term in the product corresponding to the equilibrium distribution of that node when

considered in isolation with a modifi.ed arrival rate. The proof of this result was per-

formed by showing that the proposed solution satisfi.ed the global balance equations.

A similar result for closed networks was shown by Gordon and Newelt (1967).

The first of the insensitivity results in queueing netrvorks was produced by Bas-

kett, Chandy, Muntz and Palacios (1975). They considered open, closed and mixed

networks of queues with multiple customer types arriving in Poisson streams. The

nodes are permitted to be of four types, narnely,

(1) " single server queue operating under a last come, first served, pre-emptive re-

sume discipline,

(2) an infinite server queue,

(3) " processor sharing queue, in which a single server devotes an equal amount of

service to each customer at the queue,

(a) " single server operating under a first come first served discipline.

For nodes of types (1), (2) and (3) the service tirnes are allowed to be dependent

on the type of customer, but must have rational Laplace transforms. For nodes of

type (4), all customers must have a negative exponentially disiributed service time

with the same mean.
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The condition that the service time distributions have rational Laplace trans-

forms allows a Coxian description of the progress of the customer at those nodes.

By describing the state of the system by the number of customers of each type at

each queue, together with the possible stages of service, Baskett, et aI, showed that

the equilibrium distribution is given by a product over the nodes of the network.

Using an appropriate summation, it r,r'as shown that the marginal distribution for

the number of customers of each type at each queue again tal<es on a product form,

and this distribution depends on the service times only through their means.

These results were proved by shorving that the proposed product form satisfies a

certain set of iocal balance equations which ecluate the rate of flow into a state by a

customer entering a particular stage of service with the'rate of flow out of that state

due to a customer leaving that stage of service. \Mhen appropriately summed, these

local balance equations give the global J:alance equations.

Kelty (1976) looked at networiis of queues from an entirely new perspective. He

firstly considered general queueing networlis rvith negative exponential service times.

By proposing an equilibrium distribution of product form and a set of reversed time

transition rates, I(elly showed that the ecluations

r(C)q(C, D) : r(D)q'(D,C)

and

Dqç,D):\u'Q,D)
DD

were satisfred, where n-(.) is the proposed equilibrium distribution and q(C,D) (re-

spectively q'(C, D)) is the forward (respectively reversed) time transition for moving

from state C to state D. Satisfying these equations shows that the "guessed" equi-

librium distribution and transition rates are, in fact, correct.

Kelly also introduced the concept of symmetric queues. The queue is said to

be symmetric if, for every n ) 0, the proportion of the service facility's total effort,
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.,¡(lrn), devoted to the customer in position I, I : 1, . . . , n, 'ñ/hen r¿ customers are

present, is equal to the probability., 6(I,rz), that an arrival finding n - L customers

present moves into position /. Kelly shor,ved that if, at symmetric queues, the service

times come from finite mixtures of Erlang distributious, the equilibrium distril¡ution

depends only upon the mean service times, not the shape of the distribution. His

conjecture that the same results hold for general selvice time distributions was proved

by Barbour (1976). By appropriately defi.ning the parameters of the system, the

networks of Baskett , et al, fit into the above structure.

Chandy, Howard and Towsley (1977) shorved similar results by using continuous

supplementary variables for the remaining service requirement of each customer. It

should be noted that the conditions uncler which tireir theorem is proved are some-

what restrictive as they require that the queues of closed networks be locally balanced

when considered in isolation with Poisson arrivals. In Chapter 6, Section 4, an exam-

ple is given of a closed network that appears to have such a product form solution,

yet whose nodes are not necessarily locally l¡alanced in isolation.

A queue is said to be quasi-reaersióle (I(elly (t979)) if its state x(t) at time f is

a stationary Markov process with the property that x(ús) is independent of

(1) arrival times of type c customers subsecluent to time ts,

(2) departure times of type c customers prior to time t6.

All of the networks described above are made up solely of quasi-reversible queues.

Kelty (1979) showed that such systems have a product form equilibrium distribution

which, at symmetric queues, depends only on the mean of the service time distribu-

tions. He also showed that a queue is cluasi-reversible if and only if the total service

effort devoted to type j customers at queue i, rvhen n customers are present, takes

on the form /¿(n(i) - "u¡)ldl(n(i)), 
where n(i) is a vector of the number of each

customer type at queue i and n(i) - e¡r' is the state with one less type j customer

present.



Chandy and Martin (1983) extended the definition of symmetric queues by ul-

lowing 7 and 6 to be functions of the state of the entire network; queue i is then said to

be symmetric if 6¿(/, n) : .li(l,n), where n is the state of the network. They showed

that a more general product form.of solution exists for all routing probabilities and

arrival rates if and only if the queueing discipline is balanced and either

(1) the service times of all customers at a queue are negative exponentially dis-

tributed with the same mean' or

(2) the queue is sYmmetric.

The balanced condition implies that the total service effort of queue i devoted

to type j customers takes on the form /(n - e¿¡)l$þt') for all i and j where /(.) is an

arbitrary, non-negative function ancì n- eij is the state lvith one less type j customer

in queue i than in state n (c.f. I(elly (1979))'

Noetzel (1g7g) also looked at networks of queues but considered customers in

arrival ord.er, rather than inserting them in positions other than the end of the queue'

It was shown that the product form holds for disciplines of the Last Batch Processor

Sharing type. There does, however, exist an ecluivalence betlveen the structure of

Noetzel and the symmetric queues of I(elly. Other lvolk on insensitivity and product

form has been performed by Hordijh and van Dijk (1981, 1983a, 19S3b)'

All of the work on GSMPs described earlier assumes that the number of generally

distributed elements is finite. As a result, closed networks can be modelled as GSMPs

but open networks cannot. In a GSMP each element that is alive must have its own,

unique label, with newly created elements randomly selecting one of the unused labels.

To completely d,escribe an open netrvork, a countably infinite number of labels are

required and hence random selection becomes impossible.

Barbour (1982) tackled this problem by showing that an open network may be

realised as the limit of a suitable secluence of closed net'w'orks in such a way that the

insensitivity properties of the closecl networlç are transferred to the open network'
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The comment is made, however, that it is probably easier to treat open networks as

a class of problems in their own right.

In an attempt to deal with this shortcoming, Schassberger (1986) showed that

it is possible to construct a GSMP with relabelling, in which, upon the death of an

eiement with a generally d.istributed lifeiime, all elements with the same distribution

may be relabelled. This then permits the modelling of open networks.

There are a number of examples of fi,nite queueing systems which are insensitive

but may not be described as GSMPs nor fall within the networks of queues framework

described above, as the governing lifetirnes are not necessarily independent (in fact,

they may be constrained to be iclentical). Such processes do not fall within the

structure to be considered in this thesis but further information may be found in

Jacobi (1965), Chaiken and Ignall (1972), Wolff and \Mrightson (1976), Jansen (1980)

and Henderson (1983b).

In Chapter 2 we present the basic notation and structures to be used in Chapters

3 and 4, together with a statement of some results of previous authors.

In Chapter 3 we shall extend the notion of GSMPs with speeds to allow routing

probabilities which, upon the death of a generally distributed element, are dependent

on the amount of service that has been received by that element. This then allorvs a

more comprehensive extension of Semi-Markov Processes, in which the new state is

chosen as a function of the time spent in the previous state.

The standard supplemented global balance equations are modified to include

both the spent and residual lifetimes of each generaily distributed element. In this

,vvay, correlations between the spent and residual equilibrium distributions of insen-

sitive processes follow quite naturally. The theory is then applied to networks of

queues, interruption processes and Semi-Markov Processes.

Finally, we look at average residence times in GSMPs and consider the extension

of the above to processes with age dependent speeds.

9



In Chapter 4, processes not possessing instantaneous attention are examined

and an alternative proof is given of a theorem of Taylor (1987). We then proceed to

extend theorems of Henderson (1983a) to such processes.
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CHAPTER 2 : NOTATION AND PRELIMINARY RESULTS

2.1 fntroduction

In this chapter we introduce the basic notation to be used in this part of the thesis

and review the main results on insensitivity in Generalised Serni-Ma¡kov Processes

that will be employed. This shall be done in tr,vo parts. The fi.rst part, Section

2.2, considers continuous time stochastic processes with one generally distributed

lifetime. This will enable us to easily introduce the concept of age dependent routing

in Chapter 3 and will provide the structure for the processes to be examined in

Chapter 4. The second part, Section 2.3, exterrds the class of processes to include

those with many generally distributed lifetirnes.

2.2 Insensitivity in processes with orlg general lifetime

Consider an irreducible, stationary process P on a set f), and let A be a finite

subset of O with ,4. its complement. Incorporated in each state c € f,) are active

elements from the set .S : ^9'U {t},t ø ^9r, rvhich decay at rate c(s,ø), s € .9. If

s € ^9', the lifetime of s has a negative exponential distribution with mean l;1. tt

x € A then it also has associated with it the element f, whose lifetime is generally

disiributed with differentiable distribution function G(.), mean ¡-r-1, density function

g(.) and hazard function h(.). \Mhen an active element s € ,9 dies, the process moves

to state ¿'€ Í-) with probabiiiiy qt(x,,s,x'). For notational ease, partition A into

disjoint subsets A1 (states in A 'rvhere the generalised lifetir¡e is being worked off

with positive speed, that is, c(t,æ) > 0) and As (states in A where the generaiised

Iifetime is not being worked off, that is, c(1, r) : 0)'

Deffnitio n 2.L : The system P is insensitive if the equilibrium distribution for

time spent in each state is dependent on the general distribution only through its

mean
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Let r, denote the probability of being in state ø when G(y) : 1 - exp(-¡rg),

that is, when P is a purely Markov process.

The global balance equations for this purely Markov process are

irr t À"c(s,"):I t zr",À"c(s,*')p(r',,s,r)

(2.1)

(2.2)

s €,9, J'ìø

s€S'n¡

¡çise Stnt'

+ Ð n,, r"(t,x')p(n',t,x)
x, €.At

Vr € 4,,

7ft p,c(t,x)* t À"c(s,ø) : t t rn,\sc(s¡x')2t(x',s,x,)
s €.5'ñø

+

ø'€O s€,9'ns'

+
r'€At
Ð n,,r"(t,r')p(í ,t,r), Vs € Ar

and

7fr t À"c(s, ") 
: I t zr",À"c(s, *')p(*', s,0)

(2.3)
+ D n,,r"(t,ll')p(r' ,t,,r), Vt €. Ao

s'€At

Definitiot:r 2.2: The process P has the property of instantaneous attention if

ú is worked off with positive speed as soon as it is cleated, that is P(x,s,Í') : 0 for

x €Ã,,d e Ao,s € S'andp(r,t,*')- 0 for r Q At,t' € As.

Definition 2.3: P is said to be partially balanced with respect to f if, for each

r € f), the flux of creating f in state ø is eclual to the flux at which f dies in state u.

Appropriate partial balance ecluations may be written as

(2.4) Ð n,, ¡,rc(t,x')p(í,t,r)+ t t zr",À"c(s, *')p(*',s,r) : 0 Vx € Ao

xt€At ¡ çjs€Stnxt

and

r,¡-r,c(t,") : D rr' pc(ti n')2t(n',t,x)

(2.5)
t I r,,À"c(s,*')p(*', s,t)

Yx e. AtCAÍl

ø'€O s€S'nc'

at ¿js€.Stìr'

T2



The terms in equation Q.\ are obviously non-negative and hence may only

hold when p(n,t,r') : 0 for each ø e. A1,i € Ao ar,d p(a,s,n') - 0 for each

re ArxteAs ands€,9'Oø.

That is, the process P can only be partially balanced if it possesses instantaneous

attention. Most authors have assumed this property in their work. In order to keep

the process complexity to a minimum, we shall do likewise in Chapter 3. Taylor

(19S7), however, examines systems not necessarily possessing instantaneous attention

and finds necessary and sufficient conditious for the insensiiivity of such processes.

This will be discussed in more detail in Chapter 4.

Note also that if equation (2.5) holds, then

(2.6) t À"c(s, r) : t t r,,\"c(s,r')p(*' ,,s,t), Væ € At.7fr

s€.5'ñø rt€A seStìrt

This is shown by subtracting equation (2.5) from ecluation (2.2).

König and Jansen (1974) proved the following theolern.

Theorern 2.1

Let P be a process possessing instantaneous attention. Then P is insensitive if

and only if the partial balance relations (2.5) and (2.6) hold.

Proof : See König and Jansen (197a). I

2.3 Processes with rrrally generally distributed lifetirnes

In this section we consider processes rvith many generally disiributed lifetimes.

The following notation is essentiatty that of Henderson (1983a). Let P be an

irreducible, stationary stochastic process on a set of states r € 0. Let ^9 be a set

of elements such that ^9 
: ,9' U ,S*, with ^9' and .9* disjoint sets and l^9.1 finite.

Incorporated in each state c € f) are active elements from the set S which decay at

rate c(s, r), s € ^9. If s € S', the lifetime of s has a negative exponential distribution

13



with mean À;1. If s € ^9*, the lifetime of s has a differentiable distribution function

G"(.) with mean pr;l, density function g"(.) and hazard function /r"(.). It will be

assumecl that when the process moves from r to r' upon the death of s that no two

active elements from .S* are activated or die simultaneously and the residual lifetimes

of the remaining elements from r fl,5* remain unchanged. \Mhen an active element

s € ^9 dies, the process moves to state r'€ f,) with probability p(ï,s,r'). Defrne

lr(") : {*' lz'n.9* : c ll S. - {"}},

r\"",(t) : {u'lr'n,9* - {t'} ::xl1S. - {t}}, " # t',

U"(") : {*' lø'n .S* : (ø fì ^9.) U {"}},

0(x) : {*'lr' fì ^9* 
: ø l-ì ^9*}.

These have the following interpretations.

f ,(") is the set of states that have the same active general lifetimes as ø except

that s has been removed.

À"",(r) is the set of states that have the same active general lifetimes as r except

that the s lifetime has been replaced by the s' lifetime.

U"(") is the set of states with the s lifetime added to those of r.

d(r) is the set of states with the same active general lifetimes as r.

Definition 2.4: The system P is insensitive if ihe equilibrium distribution for

time spent in each state is dependent on arbitrary G"(.) only through p' for every

s e ^9*.

Definition 2.5: The system P has the property of instantaneous attention if,

for each s € ,S*, s is worked off with positive speed as soon as it is created.

For the case when ^9* contains more than one element, we shall make the as-

sumption that the processes to be examined possess instantaneous attention.

Lel r, denote the probability of being in state æ when G'(V) - 1-exp(-p'g)

for all s € ,5*, that is, when P is a purely Marliov process'
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The global balance equations for tþis purely Marliov process a,re

t p'"c(s,x) I t À"c(s, r7(t

7fr t l"c(s,r): t

s €.5't-ìæ

c'€1, (c) s' eS' f1t'

t t ir t' lt st c(s' , r')p(r' , s' , r)
s' €.S'-Í r'€^, 

", 
(r)

t À"c(s, ,')p(r', s,r)

€.5+ nø

t D r,t ¡-r"c(s,,*')p(r', s,0)
x' €0(x) s€Si t-ìc

t I Ð rs, ps'c(s' ,r')p(x' ,s' ,t)
(2.7)

s€St n¿ s'€S'-¿ r'€.r\"rr (ø)

+ t t t r,'),"'ç(3',a')P(t'',s',x)
s€^9* nr ø' €1,(z) s' eS' ñr't

+ I rrx, t À"c(s, *')p(*',s,r)
r, ê0(r) sestnrt

+ t t n,t ¡-r"c(s,*')P(*', s, r).
s€S'-ø x'€U"(x)

As in Section 2.2, we say that P is partially balanced if the flux of creating

s € S* in state r is equal to the flux at wirich s dies in state z, for all z € f)'

For each s € ,S* lì z, appropriate partial balance equations may be written as

rr¡.t "c(s,r) 
: t rr, ¡1,"c(sr*')P(*',s,0)

r'€0(x)

t t 7r,t),",c(s',í)p(æ',s',0)

+

(2.8) +

+

and

(2.e)

îf rt

s€S't-tø xt€.0þ) s€S,nøl

+ t t rr' psc(s,,r')p(r', s,t).
s€S'-ø xteU"(r)

Let P" be the matrix of routing probabiliiies p(r,s, r') for each s € .9*.

Theorem 2.2 (I(önig and Jansen (1974))

The process P is insensitive if and only if ecluations (2.8) and (2.9) hold.

Proof : See König and Jansen (1974). I
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A number of results exist which relate the equilibrium distribution using spent

lifetime to that using residual lifetime. Let zrf(y) (respectively "f(V)) denote the

equilibrium density for P being in state ø e 0 with vector of spent (respectively

residual) lifetimes y, for s € ,9*.

Theorem 2.3

The following statements are equivalent.

(1) P is insensitive.

(z) "f (v) - "*$) for all ¿ € f,).

(s) "f(v) 
: rø il"€s.ñtps(l - G"(y")), where {n,,, € o} is the equilibrium dis-

tribution of the purely Markov process.

Proof : See Henderson (1983a). I

16



CHAPTER 3 : PROCESSES \MITH AGE DEPENDENT ROUTING

3.I- Introduction

Many systems have the characteristic that tlr.ey are insensitive, that is, the equi-

librium distribution is dependent upon a set of governing distributions only through

their means. As discussed in Chapter 1, numerous authors have found necessary and

sufficient conditions for insensitivity of Geueralised Serni-Markov Processes (GSMPs)

and networlçs of queues. Most of those authors have shown that GSMPs with instan-

taneous attention are insensitive if and only if they exhibit the property of partial

balance, as defined in Chapter 2. Henderson (1983a) found alternative necessary and

sufficient conditions for insensitivity by examining the processes in reverse time.

Ati of these schemes involved the assurnption that the probabilities p(r,s,ø')

for moving from a state ø to some other state r' through the death of lifetime s are

independent of the length of the lifetimes.

Henderson and. Taylor (1987) ancl Taylor (i987) macle the first forays into relax-

ing tlris assumption by studying a class of interruptioz processes in which generally

distributed lifetimes may be interrr.rptecl by events which occur in Poisson streams.

The routing probabilities are dependent on the nature of the death (that is, "natural"

or interrupted) and hence,are clependent on the age of the lifetime.

In this chapter their investigation is exterrded to the consideration of processes

where the routing probabilities, Lrpon the deatlr. of a generally distributed lifetime,

are functions of the age of the lifetime. It is shown that tire equilibrium distribution

in insensitive processes without age dependent routing is the same as that of some

age dependent processes. As a resulb, the theory of insensitivity is not only gener-

alised, but wide classes of processes are found for which the supplemented equilibrium

distribution has a simple and elegant form.

To illustrate the ideas introducecl in this chapter, we deal firstly with processes

having only one generally distributed lifetirne, and then ûr.ove to processes with many

generally distributed elements.

17



In Section 3.2, necessary ancl sufficient conditions are derived for classes of pro-

cesses with one generally distributed lifetime and age dependent routing to have the

same equilibrium distribution. In Section 3.3 the analysis is extended to processes

with many generally distributed lifetimes while networks of clueues, with exampies,

are studied in Section 3.4. Applicaiions of the theory to interruption processes and

Markov renewal processes are examined in Sections 3.5 and 3.6, and Section 3.7 pro-

vides some insight as to why the techuiclues used in this chapter actually work. In

Section 3.8 a theorern of Barbour and Schassberger (19S1) is extended to include

age dependent processes rvhile Section 3.9 considers the extension to age dependent

speeds.

8.2 Age dependent routing in processes with one general lifetime

Let P be the process with one genelally distributed lifetime defined in Section

2.2 and assume that it has instantaneous attention.

In the description of P it is assumecl that all of the routing probabilities are

constant. lVe shall norv relax this assumption and allorv some of these to be functions

of y. In particular,Iet 2t(r,t,d,!J) be the routing probability of moving from state

x to r' through the death of f at age U, and define P(y) to be the matrix of these

routing probabilities for all y > 0. We rvill call the process with these age dependent

probabilities P.

Let y be a supplementary variable for the spent service time of the generally

distributed lifetirne. lVe clenote the probability density that the process P is in

states z and (*,A) by ", and z'r(y) respectively.

The global supplemented balance equations of the process P ate

(3.1)

î, t À"c(s,"):I t î",\,c(s,,*')p(*',s,0)
s€,S'ñø d eÃses'ìÌ'

l,*+ t tr,,(y)tt(y)c(t,r')p(t' .,t,x,y)dy Vx € A,
rt€.At

18



(3.2)

n"(u) t À"c(s,'l* 
lufrl¡,fu) 

* **,rr)] "{t,"¡
s€5'ñ¿

: t t tr,,(E)),"c(s,x')p(x',s,0)
t'€A sêStn'il

Yr € 41,

(B 3) ¡,(y) t À,c(s, ") 
: Ð t ru,(y)À""( s,æ')p(x' ,s,r) Vx € Ao

and

s€S'l-tø t'êA seStnxt

ru(o)c(t, ") 
: Ð t î,, À"c(s,*')p(r',s,r)

¡çjsQStñx

l,*+ t tr,'(y)lt(y)c(t,rt)p(*' ,t,x,y)dy Yx e At.
(3.4)

r'€At

For a given P pto""rr choose P : [i P(y)dG(y) and hence construct ar]. asso-

ciated P process with routing rnatrix ?. LabeI this process the A@) process, which

for the sake of simplicity will be callecl the Q process. Note that the irreducibility of

Q follows from P being irreducible.

It may well appear that the ecluilibrium distribution of Q and P a¡e identical as

one is simply the "average" of the other. If true, this would be of great benefit as the

Q process is obviously easier to analyse than P. Hor,vever, the equiiibrium distribution

of age dependent systems is not necessarily the same as that of the associated average

process and hence it is interesting to fincl conditions under which both distributions

are the same. A simple exarnple is given to illustrate that differences occur.

Example 3.1

Consider the system illustratecl in Figr.rre 3.1. Let f) : {1,2,,3,4}, A: {7,2}

and A : {3,4}. Suppose that the length of tirne spent in A is negative exponentially

distributed, mean 0.25. If the eler¡rent t dies in state 1 the process moves to state

3. On the other hancl, if t dies in state 2, after spending a period of time y in A,

the process moves to state 3 rvith proba,bility exp(-7y), (Z > 0), and state 4 with
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A

Figure 3.1. State transition diagram for process described in Example 3.1



probability 1- exp(-7y). The process spends a negative exponentially distributed

period of time, with unit mean, in state 3 (respectively 4) and then moves to state 1

(respectively 3). While in state 1 an internal transition may occur (at unit rate) and

the process moves to state 2.

The balance equations for this process are

d

ø"t(r) 
* 52r1(y) :9,

d
*"r(v) * 4tr2(y) : rt(U),
d,a

zr1(0) : zrt

I,*114: atr2(y)(7 - exp( -7e))dy

These equations have solutiorr

"t(u): Br exp(-59) + .81
^ 5',

"z(y): Br(exp(-au) - exp(-5y)) =>
B1

tt tt 

-' 20'

rg: Bt,

and

and

11 1 1_lrq,:4Bt 
Lø- 4+1+s*rl ,

where .B1 is a normalising constant.

The routing probabilities for the associated Q process are

r-4p(2,3): / 4exp(-zg')exp(-4y)fu- 

-
, Jo ¡-\ tr/- L\ ¿/ " 4l.Y

and

p(2,4)-1- p(2,,3):fr
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The balance equations of Q are

d
77f1
du

(y) + 5n1(y) :6,

(y)+ an2(y):¡rt(u),

7h (0) : 7¡3

d
--lf z
dy

and

7f4 : 412(y)dy

The solution to this systenr of ecluations is

",,(u) - Bzexp(-by) =+
Bz1\: T,

"r@): Bz(exp(-ay) - exp(-5y)) =+ 12
Bz

20

rs: 82,,

and

14: B'- ' 
1

-" 5(4 + ^t),

where B2 is a normalising constant.

The two distributions are identical if. Br: Bz. Elementary algebraic manipula-

tion shows that this only occurs when ? : 0 or J : oo, both cases corresponding to

fi.xed routing probabiiities. Hence the distribution of the age dependent process and

the associ ated Q process are not gener-aliy the same. tr

Õ-insensitivity and the equilibriurn distribution

Assume henceforth that z-, refers to the equilibrium distribution of the Q process

whenever this disiribution exists.

Let Õ be any set of pairs (P(.)' G(.)) with the properties

(1) 'ff P@)dG(y) : P for fixed 2.

2t

l,*
.Y
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(2) The mean of G(.) it p-t for fixecl ¿r-1.

(3) (P,G(.)) e Õ for all distribution functions G(.) satisfving (2)'

Deff¡itio¡ 3.1 : The process F ir Õ-insensitive if for alt (P(.), c(.)) e Õ, the

equilibrium distribution is invaria,nt.

Theorem S.l-

The follorving statements are ecluivalent

(") F is Õ-insensitive.

(b) The associated Q process is insensitive.

(c) The equilibrium distribution of P is

(3.5)

(3.6)

7fr

""@) 
: r,p(I - G(y)), Vr € A.

1) Vlc4-A,

Proof : \Me show (a)+(b)+(c)+(a).

(a)+(b) : If P is Õ-insensitive the particular choice P(A) : P for all y > 0

produces a P process iclentical to its associated Q process. Wiih this choice the

paft (P,G(.)) is in Õ for any CJ(.) with rnean ¡;-1 and, since P is Õ-insensitive, the

equilibrium distribution is the sarne for each G(.). Hence Q is insensitive.

(b)+(c) : If Q is insensitivethen, by Theorem2.1, equations (2.5) and (2'6) are

satisfied. Substituting from ecluations (3.5) and (3.6) into equation (3.1) gives, for
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reA,

7(r t )"c(s, ") 
: t t zr",Àsc(s, *')p(r', s, 0)

s€5'ñø ¿çjsEStnt'

+

tt€At l,*t T^t LL (t - c(y)) h(y)c(t,, *' )p(*', t, r, y)dy

t r,' p,(7 - G(aÐn(y)"(t,*')p(*' ,t,,æ,y)dy
t'eA

oo

: t t zrø,Àsc(s, ,')p(*', s,r)

(3.7) ¡ çi s:s'îtzl

+ D n,,, [* c(t.,u')p(n' ,t,x,y)dG(y)
s,€,At J o

: t t r",\"c(s,*')p(r',s,0)
¿ çjs€Stìrt

+ D n,, ¡rc(t, r')p(r',t, r).
xt€At

This is equation (2.1).

Substituting equation (3.6) into ecluation (3.2) gives, for a e At,

(3.8)

r,p(I - C(u)) t À,c(s, a)+ lh(y)r"p.(7 - C(v)) - r,ps(a)lc(t,x)
s€,S'nc

t t r,, ¡t(7 - G(y))À" c(s,r')p(x' ,s,t)
rt e.A sQ.Stnxt

Using h(a)Q-G(y)) : s(y) and clividing both sicles by p,(t-G(s¡)) gives equation

(2.6).

Substituting into ecluation (3.3) zind dividing both sides bV p(1 - G(y)) gives

(2.3)forx€Ao.

Finally, substituting into equation (3.4) gives

r,y,c(tr") : I I zr,,À"c(s, x')p(a',s,r)
,r çjs€Stìt:

+
(3.e)

: I t zr",À"c(s, x')p(r',s,æ)
¡ çi s€Strtlc

+ D n,,¡tc(t,x')¡t(n' ,t,x) Vx e Ay,
x'€.At
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rvhich is equation (2.5). Hence equations (3.5) and (3.6) give the equilibrium distri-

bution of P.

(c)+(a) ' F h.r equilibrium density given by equations (3.5) and (3.6) with

{T,,r € f,l} the equilibrium distribution of the associated Q process. The {2r,, r e fl}

depends upon G(.) only through its rnean and the routing probabilities of Q, that

is, through p and Ii p@¿G(a). I(eeping this value constant keeps {r,,x € f¿}

constant and restricts consideration of the general distributions to the set Õ. Hence

P ir O-insensitive. I

Exarnple 3.2

Consider a process lvith one gerrcrally distributed lifetime and age dependent

routing probabilities taking the form

for 0 < U 1tt
forll 1y1t2

pn(r,-+rx') for fr.-1 1y 3t"
Pnlr(x,s,xt) f.or Y ) tn.

The average routing probabilities ale

p(t.,s,*'): G,(it)tr(t,s,e,') + (G"(tr) - G"(tt))nr6,s,r') *...

+ (1 - G"(t"))p.+r(o, s, æ').

For fixed pt(rr srrt),i : 7,,... rr2 f 1, p(n,srø') can be ltept at a constant value

by selecting G,(.) from the set

Pt
Pz

)
)

rs

s

¿-

T

(

(

p( vTsr )

{H(.)lH(¿r) : ar ,H(tr) - cr2,t...,H(t,,): cn, â,ûd t (l - ø(y)) du : p-t}
Jo

wlrere a¿rfor i -- Lr. . . ,ft, ancl p are frxecl values. This process then has an equilibrium

distribution in the form of equations (3.5) and (3.6) for such distribution functions

if equations (2.5) and (2.6) hold for the associated Q process. tr
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B.B Age dependent processes with many generally distributed lifetirnes

In the previous section rve illustrated the concept of Õ-insensitivity in processes

with only one generally distributed lifetime. We now extend that analysis to processes

with many generally distributed lifetimes and introduce some new results concerning

the equilibrium densities of insensitive systems.

Let P be the process described in Section 2.3'

We now create the process P by nodifying P so as to allow age dependent routing

probabilities. For each s € S*, let p(x,s,rt,!J") l¡e the probability of moving from

state r to r' through the death of s when its age was !/s and denote the probability

density tirat F is in state r rvith vector of spent lifetimes y and residual lifetimes z,

for elements in r lì S* by trr(y,z). Using the notation introduced in Section 2.3, the

supplementeci global balance equations of P nay be written as : For each s € ø lì,S*,

(3.10)
n r(y ,0 r, z, z 

")c(s, 
u)

: t î,,(y,r) t À",c(s', ,')p(*',s',x)g"(2")
ø'Cl" (c) st eS'(1xl

+

+

stest-t c,É''ltu"t(o) l,-'T
î r, (y r'!/ s, ¡ z t0", )c(s', *' )p(*', s', r, y 

", 
)d'y ", 

g 
"(z ")

rte.0(r) l,*
and

(3.1 1)

s€.S+ nr
t c(s, r) (a _ a\

\Ay" A"" )
,r,(y,z) +r,(y,z) t À,c(s,ø)

t î r, (V, y 
", 

z, 0 r)c(s, r' )p(n', s', t, a ")dy " 
g 

"(z ")

sCS'nz

s€,9'-¡ x'€.U"(x) l,*tt T *, (V, y 
", 

2,0 
")c(s, 

r' )p(r', s, x,, y 
")dg "

t tr",(y,z) t À"c(s, *')p(*',s,r),+
x'€0(x) s€S'ñ¿f

where (y,0r,2,2") is a vector of lifetirnes with the aclditional lifetime s € ,S* having

just been created and given resiclual iifeiime z, and (y, y, ,2,0r) is a vector of lifetimes
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with, the aclditional lifetime s € ,S* about to die, having received an amourlt of service

Us.

Define P"(ù to be the matrix of age dependent routing probabilities p(ø, s,d ,U)

for all y > 0 and s € ,S*.

As in section 3.2, for a given P process choose P" : Ii p"@)aG 
"@) 

and hence

construct an associated P process rvith routing matrices P". Label this P process the

A@) process, wirich, again for the sahe of simplicity, will be called the Q process.

Assume henceforth that n-, refers to the ecluilibriurn distribution of the Q process

whenever this distribution exists.

Define, for each s € .s*, Õ" to be any set of pairs (?"(.), G'(.)) with the properties

(1) /o- P"(y)dG"(a) : P" for fixed 2".

(2) The mean of G"(.) it lr" t for fixecl ¡;, 1.

(3) (2", G,(.)) € (Þ, for all clistribution flnctions G,(.) satisfying (2).

Definitio:n 3.2: The process P ir Õ-itt.ensitive if for all (2"(.),G"(.)) € Õ",

s € S*, the equilibrium distribution is invariaut.

Theorern 3.2

The following statements are ecluivalent

(") P is Q-insensitive.

(b) The associated Q process is insensitive.

(c) The equilibrium density of P is

(3.12) î"(y,z): n' tl 1t"9"(a" * z,)
s€S'ñ¡

Proof : We show (a)+(b)+(c)+(a)

(a)=+(b) : If P is (Þ-insensitive the particular choice P"(y) : P" for aII y > 0 and

s € ,5* produces u, F p.o""ss identical to its associated Q process. \Mith this choice

the pair (2", G" (.)) is in Õ, for any G"(.) with mean ¡r;1. Hence Q is insensitive'
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(b)=+(c) t If Q is insensitive then Theorem 2.2 implies that equations (2.8) and

(2.g) are satisfied. substituting equation (3.12) into equation (3.10) we get

r,c(s,æ)p,"g,(2") ll ps,gs,(u",* 2,,)
s'€.Sr ne; - {s }

: t irr, II !-¿,9,(!), + z,) t À",c(s', *')p(*' ,,s',r)g"(2,)
ø, €t" (z) r€s* nf' 

"t 
ç$t ñr'

t t ,r(x, II þ,e,(u, + zr)
s'€S+-¿ x'€lt"ot(x) rÇ^S*nr'-{s'}

+

(3.13)

l,* lf, s, ll s,(U", )c(s', x' )p(n', st, t, y 
", ) 

dU 
", 

g 
"(" ")

II [',r,(!J, + z,)t
xt€.0(r) r€S*nr,_{s}

/P 
oo

J, LL, g,(u,)c(s, x' )p(x', s, r, ll s)dy 
" 

g 
"(" ")'

Cancelling gs(zr)ils,€s.n¡- {s}lrs,9s,(!J"' } z"t) from both sides and recalling that

Ii p@',,s,,r,g")clG"(y") : p(r',,s,r) gives equation (2.S), which holds as Q is insen-

sitive

Substituting into ecluation (3.11) gives

(3.14)

irt lI F,g,(a,lz,) t À"c(s,ø)
r€.9r nr s€S'fì¡

+ 1( a'

'ff iltt il lrs'9s'(Y,' ! z"')
s,€S+nrr-{s}

þ rg "(v òc(s, x' )p(n', s, æ, y 
")dy "I,*

s€^9f -ø rt êU"(x)

+ t 7Ít'
x'€0(x)

Cancelling fls,es*nu ¡t",g",(!1", I2",) from both sides gives equation (2.9)' which also

holcls due to the insensitivity of Q. Hence equation (3.12) is the equiiibrium density

(c)+(a) : F h., equilibrium clensity given by equation (3.12) with {zr",c € fl}

the equilibrium distribution of the associated Q process. The {7(",t € 0} depends

upon {G"(.),s e ^9*} only through the ilreans of these distributions and the routing

fl Fs'9s'(u"' I ""') t À"c(s, *')P(*',5,r)'
sr€S.n¿ s€S'nø'

of F.
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probabilities of Q, that is, through ¡-ls and Ii p"@)¿G"(a) for all s € ,S*. I(eeping

these values constant lieeps {Tr,r € f)} constant and restricts consideration of the

general d.istributions to the sets (Þ" for all s € S*. Hence F is O-insensitive. I

Discussion of Theorem S.2

It is important to realise that Õ-insensitivity requires the standard insensitivity

of l{önig and Jansen (197a) to be a special case. That is, when the routing proba-

bilities are independent of the age of the dying iifetime, the distributions G"(.), for

each s € S*, may be varied arbitrarily (provided the rrean is fixed) without affecting

the equilibrium distribution.

In general, holvever, Q-insensitivity is not of tiris form because, for a given age

dependent routing matrix P"(.), G"(.) nay not be chosen arbitrariiy. Consider a par-

ticular process P with routing probabilities 2"(.) (not constant) and lifetime distri-

butions G"(.) specified for each s € ,S*. An associated Q process may be constructed

for this system in the previously described fashion. Suppose now that ner,v lifetime

distributions are chosen (wiih the same means as before). The routing probabilities

of the Q process associated rvith this system are not necessarily the same as those

of the original Q process and hence the equilibrium distributions may differ. So

for Õ-insensitivity we are looking at a restricted set of distribution functions associ-

ated with particuiar age dependent routing probabiliiies; rve are r¿ot looking at all

distribution functions u'ith the same mean.

A consequence of Theorem 3.2 is that given an insensitive process, P, any age

dependent process which has P as its associated Q process will have the same sup-

plemented equilibriurn distribution. We can therefore find many age dependent pro-

cesses whose physicai behaviour are quite different yet retain the same equilibrium

distribution because they have the sarne mean routing probabilities. On the other

hand, a system with age depenclent features could be found to have a solution of the

form (3.12) by checking the associatecl Q process for insensitivity. This procedure
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is used in Section 3.4 to find the eqttilibrium distribution for classes of networks of

queues with age dependent routing.

Note also that a further consequence of Theorem 3.2 is that P i. Õ-itt.ensitive if

and only if ihe partial balance equations (2.8) and (2.9) of the associated Q process

are satisfied.

Corollary 3.3

Let âr(y,z) be the probability that P is in state r € f) and that, for s € ^9*f-lr,

the spent (respectively residual) lifeiime of s is greater than y" (respective\y 
"").

If P is Õ-insensitive then

(3.15) ñ(y,z) : r, II þs lrl*""(1 - G"(u" ))'Iu"
s €5* nr

Proof : By definition,

(3.16)

Substituting for *'"(u,v) gives

î,(y,,2): t.
(3.17)

- 
ll r

- 
tt r

fr,(y,r): 7-"(u,v)dvdu.l"
co oo

l"

oo oo

t, 7ft |l P"o"(u" ¡ ")
dvda

s€5'n¿

|l u" [* 6 - G"(u" * z"))du"
s€.5* n¡ J U"

il ," [* (1 - G"(u" ))rlu,,
s€,S+ n¿ J y"lzo

as required. ¡

Remember that insensitivity in the usual sense is a special case of Õ-insensitivity

and therefore the above result also holds for all insensitive processes. By putting z

equal to the zero-vector, the integratecl version of the product form given in Theorem

2.3 is derived.
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Corollary 3.4

Let zrf(y) (respectivety æf(V)) clenote the equilibrium density for F being in

state ø € f) with vector of spent (respectively residual) lifetimes y, for s e ,S*. If F

is Q-insensitive then

(3.18) ¡l$): ¡rs,(y): r, ll þ"(7 - G"(y,)).

(3.1e)

Proof : By definition,

s€S'nø

l,*-etIt;ly ) : 7r"(y, v )cLv.

l,*t n,, (!J,0)c(t, *' )p(*',t, x, y)dy,

Substituting for rr(V,v) and integrating gives the desired form "f 
î"(V). Using the

symmetry of 7-"(y, z) completes the proof. I

Note that this is a generalised form of the result given in Theorem 2.3. We are

now saying that a product form ecluilibrium density exists not only for the process

with fixed routing probabilities, but also for the age dependent process.

Theorem 3.5

If a process P has the property that

(3.20) "f 0): "f(y),

then P is Q-insensitive.

Proof : It sufÊces to consider the case where there is only one element, f say,

in ,9*. Without loss of generality \et rr!(y):æs"(y) : n"(A). Using the notation

of Section 3.2, the supplemented global balance equations employing both spent and

residual lifetimes may be written as

î, I À"c(s,"):t t ñ-",),c(s,*')p(*',s,r)
s€S'n¡ ¡t ¿i sQ.Stnrl

(3.21)
Vr e A,,+

rt€At
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(3.23)

n,(a,") t À"c(s, r) : D t tr,,(U,z)À"c(s, n')p(x' ,s,r), Yt € Ao

s€S, ñø at ç/ sÇStf1t:t

and

tr,(0,2)c(t,") : I t zr,,À"c(s, *')p(*',s,r)g(z)

(3.24)
4 çjs€-Stñx

(3.22)

î,(a,ò t )"c(s,o)*
s€.S'nø

+ t

(3.25)

/ a a\
\u- *) ,r,(y , z)c(t, u)

: t t tc,,(A,z)l"c(s, x')p(r',s,,x), Vo € .A1,

x'€.4 s€StÍ1t:t

l,* î,,(1t,O)c(t, *')p(r' ,t,x,y)dyg(z),, Vt € At
rt€At

Integrating equation (3.22) with respecl to y (wiih an appropriate change of

notation) gives

æl@) t À"c(s,ø)-ru(o, ù,(t,", - **f@)c(t,r)s€S'ñ¡

: t t nlr'(y)),"c(s,r')p(x', s, r), Yr e. At
st çl sQStìxt'

fr*t,çy¡"çt,*¡

Sirnilarly, integrating with respect to z gives

"s"@) t )"c(s, x)+tç,(y,0)c(t, z) +
(3.26) s€^S'n¿

t t trs",(yþ,"c(s,x')p(t',s,r), Vr €. At.
rteA seS'(1tt

The terrn n 
"(A,0) 

is the density that the lifetime has been alive for time gr and is about

to d.ie. However, this is equal to nf(y)/z(y). Conversely, 1,(0,g) is the equilibrium

density that the lifetime has just been created and given residual lifetime y. This

may alternatively be expressed as 
"*(O)g(y).

Using these observations, together r,vith relationship (3.20) and subtracting equa-

tion (3.25) from equaiion (3.26) yielcls

(s.27) ,*r,@) : -n,(o)s(v) - ¡,@)h(ù.
au
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Equation (9.27) has solution given by r'(v) : zr"(0)(1 - G(aD, and hence T,(y) :

n,p(L - C(V)). This implies that P is Õ-insensitive. Note also that equations (3.23)

and (3.2a) are also satisfied by ihis solution. I

Together, Corollary 3.4 and Theorern 3.5 provide an extension of Theorem 2.3

to processes with age dependent routing. The ideas developed in this section no'w

give an approach for the analysis of systems with age dependent routing, namely by

first considering the insensitivity of the associated Q process. This approach will be

exploited in Sections 3.4, 3.5 and 3.6'

3.4 Networks of queues with age dependent routiug

Consider a networlç cornprisirrg of a set of labelled queues Af : {7,2,,...,N},

with customers labelled by type frorn the set T : {L,2,..-rT}.

The state of the networli can be represented by a vector c which gives the type

of customer in each positiorr of each queue. Let n(irf) be the number of type t

'customers in queue i. Deflne ¡ : (rz(i), i :7,,...,N), where n(i): DLt n(i,t), to

be the "macrostate" giving the total nurnber- of customers at each node, irrespective

of type and e; to be an ly'-vector rvith a orre in the irä position and zeroes elservhere.

Assume that service facility i rvorhs at a rate p¡(n) : /(n-e¿)lÓ(¡) for arbitrary

/(.) and a proportion 7¡(/, n) of this effort is cledicated to the customer in position I

when the macrostate is n.

Customers of type ú arrive at clueue i from outside the network in a Poisson

stream of rate À(i,t). If, after the arrival of a customer to queue i the macrostate is

n, the customer moves into position / with probability ó¿(/, n). Note that

"(i) "(i)(3.2s) Ð'rn(t,n) : ! 6¿(/, n) : 1'

l=1 l:1

When a custorner leaves position / in queue i the customers in positions f +

1,...,n(i) movetopositions /,... ,"(i)- 1respectively. similarly,whenacustomer
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moves into position / the customers in positions /, . . . ,"(i) - L move into positions

/ * 1, .. . ,,n(i).

Definition 3.3 : Queue i is symmetric if and only if y¿(l,n) : 5n1¿, n) for all

/, rr.

Let the set of symmetric queues be I C Af .

If i € I lhen type f customers at queue i have service time drawn from the

general distributio.t G¿r(.) rvith mean I/I(i,t). If i € N - I, the service time is

negative exponentially distributed with nean I[(i).

A type t customer, on leaving c¡.reue i, for i e N - I, changes to a type s

customer and moves to queue j with probability p(i,t; j,") or leaves the network

rvith probability r(i,t). When i e I and the customer has received an amount

of service y, the corresponding routing probabilities are given by p(i,t,Uii,s) and

r(i, t,,g) respectively.

Theoreur 3.6

A network of the type descril¡ecl al¡ove has equilibrium clistribution

(3.2e) zr(c) : cd(') ll fl fy(i, t) ]uI (i;1 n(;'t)

] l-T,'r,- 
,t)M(k,r)l'{*'rr] ,

lor j eT
forj€N-I,

T

f=1 ieM-î

where y(i,t) satisfi.es

NT
(3.30) a\,t): À('i, ú) + t lu],')./(j, s;i,t), í e Af ,t e. T,

i:I s=1

and, for i e Al' and s, t e T,

(3.3i) q(i, s; i,t) : 
{{,{,,i\,tn','r1" 

,'t)dG ¡ "(v)

with C a normalising constant.

Proof : The queueing networli described above is an age dependent process as

defined in Section 3.3. The associated Q process is also a queueing network but with
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routing probabilities given by equation (3.31). Chandy and Ma¡tin (1983) shorved

that these types of queueing networks have equilibrium distribution given by equation

(3.29) and are therefore insensitive. By Theorem 3.2 the associated Q process and

the P process therefore have the saltle eqttilibrium distribution. I

Remarks

(1) Using Theorem 3.2 the supplemented ecluilibrium distribution can be derived

from equation (3.29) by including an additional product of terms of the form

(7 - Gn(a))lM(i,t) for each custorner at a symmetric queue.

(2) The routing plobabilities p(i, t,Ui j,s) are functions of the service requirements

and not tire time spent being served. Although the service requirement and time

spent being served appear to be identical, the former is the amount of service

requested which, unlike the latter, does not take into account the work rate of

the service facility.

For e4ample, consider a single server clueue ernploying a Last Come First Served

discipline and suppose that an arriving customer demands y'units of service.

This is worked off at unit rate urrtil either the service is completed or another

customer arrives at tire queue. If the latter occurs) the new customer moves

directly into service and hence the peliod of time spent at the queue by the frrst

customer is greater than their service ,-ecluirement. The routing probabilities for

this customer are functions of g, not of the time spent at the queue.

(3) Theorem 3.6 may also be proved by setiing up the supplemented balance equa-

tions for the queueing netrvor'li described and substituting the supplemented

product form described in (1), although this is obviously much more labori-

ous. The problem of applying results based upon a GSMP framework to open

networks has been considerecl by Barbour (19S2) and Scirassberger (1986), as

discussed in greater detail in Chapier 1. The underlying structure of the process

descril¡ed in Section 3.3 is the same as that used in Schassberger's paper (only
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the routing probabilities talie on a different nature) and thus his analysis also

applies here. There is no difficully dealing with finite systems and hence the

analysis may be applied without modification for closed networks.

Example 3.3

Let us consider any network of the liind considered by Chandy and Martin

(1933), that is, a collection of quasi-rever-sible nodes and a constant routing matrix.

In many real situations travel time between nodes plays an important role in the

behaviour of the queueing net.rvor-h. A simple way.to model this feature is for each

customer to visit an infi.nite server queue after a service completion. It is reasonable

to assume that the period spent travelling will influence the customer's future route

through the network. For example, customers who encounter unforeseen delays in

travelling between venues rnay alter their planned schedule. Fortunately, an infi'nite

server queue is symmetric and therefole the routing probabilities from these queues

may be made functions of the travel tirne without losing the simplicity of a product

form solution. tr

Example 3.4

In some situations, if too much time is spent in service at one node of the

network, the customer may feei that tirey do not have enough time to complete a

series of tasks. As a restlt, the custorner may shorterr their route by abandoning

some of their planned future destinations.

Consider a service netr,vork consisting of trvo infinite server queues. Customers

from outside the networli arrive at queue i in Poisson streams with parameter À¿, (i :

1,2), and their service time is clistributed G¿(.) with mean ¡r¡1. Those completing

service at queue 1 move to queue 2 if their service time was less than or equal to

I4l, otherwise tirey leave the netrvork. Custorners completing service at queue 2

immediately depart the networlç.
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Let n¡ denote the number of custourers in queue i, y lhe time taken to complete

service at queue 1 and ,r(nt,n2) the plobability of being in state (nr,n"). The age

dependent routirrg plobability p\z(y) of going from queue 1 to 2 is

Pn(u): { 0

nl

T(nt,nr): D lI

ifs<W
otherwise.

1

Let p12: ff or"(y)rJGr(y): G{14/). By Theorern 3.6, the equilibrium distribution

is given by
) n2I Ptz\t * \z

i tt,
I

I?, 11i=I j:t

for all

Gr(.) € {G(.)lG(W): p12 and' G(.) has mean Prt },

where pp is now considered fixed and D is a normalising constant tr

Example 3.5

Bunday ancl Scraton (1980) found the supplemented equilibrium distribution for

a machine interference problem with Ä repairers. Their model can be interpreted

as a closed queueing network consisting of. luI machines cycling between a ' lG læ

queue and a .lMlR queue. Bunday and Scraton's model may be generalised not

only by incorporating different types of nachines which are repaired at different

depots but also by ailowing the nature of the servicing to be dependent upon the

length of time the machine has lteen operational. For example, whereas routine

breakdowns are attencled, to by the regular repairers, a machine which has operated

for a long time without malfunction is sent elservhere for a general overhaul. While a

network comprising more than the trvo clueues stipulated above is required for both

generalisations the product form ecluilibrium distribution is stili retained-

Suppose there are n(f) machines of type t, (t:1,.'.,?) and ? repair and ?

overhaul centres (labellect 1,...,?). If a type t machine works for time I'tr¡¿ it is

immediately sent to overhaul centre t. On the other hand, if the machine brealis
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,down after working for time y < IUt it is sent to repair centre Ú as a type 1 repair

with probability p¿(y) and a type 2 repair rvith probability L - p{v). upon being

repaired, the type 1 repairs are sent for overhaul while type 2 repairs are sent back

to work. Typically, we may imagine tirat p¿(y) is an increasing function in 3t, as the

longer the machine works the more liiiely it is that it will need to be overhauled.

Machines of type f worli for a generally distributed period of time Gr(.) with

mean p, 1, while repair (respectively overhaul) times are negative exponentially dis-

tributed with mean À;1 (respectively Zr-1). There are J¡ (respectively /(¡) repair

(respectively overhaul) people at repair (respectively overhaul) centre Í where a frrst

come first served discipline operates.

Denote by nocle 0 the .lG loo queue which moclels the machines that are currently

working and by i¿ the number of machines of type ú at that node' Let jp be the

number of type k (k :1, 2) repairs at service centre ú and nzr the number of machines

at overhaul centre l. The state of the system may then be described by the vector

n: {ir, jrr, jzr,mllt: L,,..'',7},

that is, n gives the number of machines in each part of the network. The equilibrium

distribution is given by

zr(n) : "ü (t),, (i)^ (i),* *h(t)*, ffi,
for feasible states tt, where, for t : 7r... rT.,

Utt: Ptvort

.lJzt: (G{VV:) - pt)uot,

Ast: ltu * (I - Gt(Wt))yor,

with ys¿ ) 0 arbitr ary) pt : Ï{' p{fictG¡(y), D u normalising constant and

¡'(i, fr) : jt
k!

:0,...rk
ß

l
j

JI

>fr E]



3.5 Interruption processes

Henderson and Taylor (1987) examined systems which they term interruption

processes. In these processes the generally distributed lifetimes may either die nat-

urally (with hazard function h¡(y) and corresponding distribution function G"r(g))

or be interrupted by events which occur in Poisson streams (with rate o"). The state

changes from ø to ø'with probability q(r,s,z') if the lifetime s dies naturally and

with probability r(2, s, c') if it dies as the result of an interruption. Hence the routing

probabilities may be considered functions of the age of the lifetime and are given by

(3.32) p(t,s,r',u) 8(t,s,,r;') + Eltr, _r(x,s,n'),h,1(y) * a"

In the notation used earlier,

(3.33) lr"(y): lr,¡(A) * 0,,

h"t(y)
Vs € .9*.

(3.34) G,(y)-1-exp[- (å"r(") * a")dul

and

p(r,s,*' ) : [* oþ,s, u',y)cIG 
"(y)Jo

(3.3b) : Q(Î'"'*') lo h"'(u)exp[- 
lo' Ø"'{u) * a')d'u]d'v

* r(r, ,,*') lo a" exp[- 
lon 

Ø"r{u) * a")du]cly

: g(x,s,r')ê"1(*") + r(x,s,"'X1 - ê"r(o")),

where ê"r(o") is the Laplace-Stielijes transforrnof G"r(.) evaluated at ar, that is,

(3.36) ê,(o,) : [* exp(-a"e) r(G"(ù.
Jo

Using Theorem 3.2 we recluire that the mean of G"(.) be fixed, p" 1 say, and that

p(x,s,ø') is fixed for each s € ,S*. The mean is given by

.rco1^,l' : Jo 
(1 - c;"(y))dy : A(t - G"'(*")).(3.37)
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To fix both p(r, s, ø') and p" 1 *" need G"1(a") constant, that is, only one parameter

of G"1(.) needs to be specified to satisfy both conditions.

Then using Theorems 3.2 and 3.5 the equilibrium distribution of the interruption

process rs

(3.38) T"(v) : n, II p"(1 - G,r(v)) exp(-4"v,),
s€S* n¡

if and only if (2.8) and (2.9) liold for the associated Q process. This is one of the

results of Henderson and Taylor (1987).

Henderson and Taylor (1987) shorv that if the process F i" intrrruption rnatched,

and ê"(a") is held constant, then if, for all G,r(.) with ê,r(4") fixed, the equilibrium

distribution is unchanged, then the partial balance ecluations of the associated Q

process hold. The interluption matchecl assumption is not a serious liabiliiy. It

simply means that if there is a set of states such that, when a lifetime s € ,9* dies

naturally in one of these states it is irnrnediately reborn in the set, then the same

must hold true if that lifetime dies clue to arr interruption in that set. In most physical

processes the former does not occur and hence no diffi.culty normally arises.

Our results in this direction are slightly rvealier, as we also assume that the age

dependent process has the sa rle equilibrium distribution as the associated Q process,

and hence that the associated Q process is insensitive.

In the other direction, however, rve have a stronger result, as we show that if Q is

partially balanced then all age deper-r.cient processes (not only interruption processes

with routing probabilities r(r,s,,æ') ancl e(r,s,r') for s € '9.) having Q as their

"average" process will have a procluct form equilibrium density. In addition, their

equilibrium distribution will be the same as that of Q.

Taylor (1987) also loolced at generally distributed interruptions. Using the frame-

work of this section such a generalisation occurs naturally.
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Generally distributed iuterruptions

Suppose now that interruptions occur according to a general distribution, G"2(.)

with hazard function ä"2(.). The age dependent routing probabilities are given by

(3.3e)

p(r,s,r'ra):

(3.40)

We hence obtain

hrt U

h"r(u) + h"z(u)
Vs € ,S*

h"(y): /r"r(y) + h"z(y),

(3.41) G"(v)-1-exp[- (h"t(r) t h"2(u))dul,

p(æ,s,r' ,y)dG"(y)

(3.42)

P(x,s,r'): l,-
: e(t,r,*') [ h",,@)exp[- [o Ø,r(u) + h"2(u)),d4as' Jo Jo

*r(x,r,*') [ h"z(ùexp[- ['Ø"r(r) + h"2(u))d,u]cly'Jo Jo

: g(æ,s,r')Pr[lifetime dies naturaliy] *r(r,s,o')Pr[ifetime interrupted].

So application of Theorem 3.2 requires that

(8.48) ,{- "*ot- lo' Ø"r(.,) + h"2(u))clulda : p,'

and that Pr[lifetime dies naturally] is fixecl. Note that the means of G"1(.) and G"2(.)

do not explicitly appear but that the mean of the minimum of G,1(.) and G"2(.) does.

The supplemented equilibrium distribution of the process is then given by

î,(y): n" II F"(1 - G"t(y"))(1 - G"r(y"))
e€Sr nî

if and oniy if equations (2.8) and (2.9) hold for the associated Q process.

This result can, of course, be extended to the case of having many generally

distributed interruptions.

40



Henderson and Taylor (1987) also introduced the concept of n-parameter insen-

sitiuity. That is, the equilibrium distribution may depend on n parameters of the

governing lifetime distributions. Interruption processes and insensitivity with respect

to the mean (as in Matthes (1962)) both illustrate the concept of single parameter

insensitivity, the forrner showing that the specified parameter need not necessarily

be the mean of the disiribution. The more general structure introduced here malies

it much simpler to give examples of this phenomenon, as illustrated by Example 3.2

which is n * 1-parameter insensitive.

3.6 Markov rerlewal processes

Below we give a brief description of ¿r, Markov renewal process. For more detail,

consult Çinlar (1975), Chapter 10.

Let (X, 
") 

be a Markov renerval process with state space fl and semi-Markov

kernel .I(, that is, -I{ is the family of probabilities

(3.44) I(: u((i,j,t)li,j e r¿,¿ € R+),

where

(3.45) I{(i, i,,t) : PrlXn*l : i,T,+t - Tn 1 tlX" : ¿1

Define

(3.46) I{(i,,i): gå I{(i,i,t),

and K the matrix whose (i, j)'t'elernent is /((i, j). I{(i,i) is the probability that the

process wili move to state j when it leaves state i if no information concerning the

period spent in i is known. As noted by Çinlar, .If is the transition matrix for some

Markov chain with state space f).

The minimal semi-Marliov process z : {ztlt > 0} associated with (x, ?) is

Zt : Xn if. T. < t 1Tn¡1.(3.47)
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This semi-Markov process is an exarlple of the age dependent routing processes

described in Section 3.3.

Associated with each state i € f) is a lifetirae, si say, with distribution function

G¿(ù: Dj.n I((i,, j,y) with mean ¿r¡1. Exactly one lifetirne is active in any state.

We now need to calculate the age dependent routing probabilities p(i, j,y). The

hazard function for G¡(.) is given by

(8.48) h¿(g' fiG{u)t):1-G;(ù'

The hazard function associated lvith moving from state i to state j when the

lifetime has received an amount of service, y, is

(3.4e) t,¿¡(ù: liUrir'rt'

Hence the age dependent routing probabilities are given by

(3.50) P(i,i,ù:w:*tru''i'u)h¿(ù - dyLcikr)

We have now described the serni-lvlarkov process in terms öf a GSMP with age

dependent routing.

We now construct the associated Q process. The Q process has state space f)

and routing probabilities

(3.51)

p(i,i): 
lo*

[*- Jo

p(i, j,y¡dc i(u)

##dG¡(u)
dli(i,, j,y): 

Io*
: lim li(i,i,y)

U+æ

- "(i'i)'
This is expected since p(i, j) is the average probabiliby of moving from i to j.
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As only one lifetime is active in any state, the partial balance equations of the Q

process are precisely the global balance equations and hence Q is insensitive. If u is a

solution Lo u : uI( lhen {n,: u;lt-¿¡,,i e C)} (suitably normalised) is the equilibrium

distribution of Q and (by applicaiion of Theorem 3.2) of the semi-Markov process Z.

This is Theorem 5.22 of Çinlar, (1975). Using Theorem 3.2 the supplemented steady

state distribution of. Z is given by

(3.52) n¡(v,t):riuigi(v +z), i e fl

3.7'Why does the Q process work?

Immediately prior to Example 3.1 we mentioned that the equilibrium distribu-

tion for age dependent processes is not necessarily the same as that of the associated

Q process and used this as the motivation behind our analysis. It is interesting to see

why insensitive Q prôcesses lead to age dependent systems with the same equilibrium

distribution.

Consider the process P definecl in Section 3.2. The supplemented balance equa-

iions (3.1) to (3.a) may be rewritten as

(3.53)

î, t À"c(s,"):I t ã-,,À"c(s,*')p(*',s,r)
s€,9tnc ¡çis€.Stt'ta'

rt€.At l,*+ T " ", @)h(a) dy c(t, x' )þ(x', t, x), Yr eÃ,

(3.54)

¡,@) t À"c(s, rl* 
lnf 

rl¡,(ù * **,rrl c(t, ø)

: t Ð n,,(y)),"c(s,æ')¡t(r', s, /),
rt€A s€Stnrt

s€S'n¡

Vr e 41,

(3.55) ",@) t )"c(s, ") 
: t t tr,,(y)À"c(s,x')p(í ,s,r), Vr € Ao

s€S'nø xteA seStnrt
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and

(3.56)

where

(3.57)

er'"(O)c(t, ") 
: I D F,, \"c(s,x')p(r',,s, x)

"t ç/.-s€.Stñr

+ l,*t ¡"'(y)lr(y)dyc(t,r')p(u',t,x), Væ € At,
tt €.At

These equations obviously have the same solution as equations (3.1) to (3.4),

and are, in fact, the supplemented l¡alance equations for some process with constant

routing probabilities.

Thus, there exists some process with constant routing probabilities which has the

same supplemented, equilibrium clistribution u. F. The problem lies in determining

the exact nature of. þ(x,t,r'). Obviously,if. þ(x,f ,ø') is dependent upon z'r(.) there

is nothing to be gained by writing the balance equations of P in the above form, as

finding þ(r,t,r') would then be just as cliffi.cult as solving the supplemented balance

equations.

The integrand of the nurrerator in expression (3.57) may be interpreted as the

density that the process moves fron state ø, after f has been alive for time y, into

state r'. The numerator may thus be interpreted as the total flow from state ø to

state r', while the numerator is the total flolv out of state ø. We may thus interpret

þ(*,t,r') as the "true" average routing probability from state ¿ to state rt.

Note that in general it is not true that û(*,t,c') is given t V ff p(x.,t,x' ,,y)dG(y).

Example 3.1 revisited

For this example,

p(2,3): .B1 (exp(-4y) - exp(- 1uÐa exp(-1y)dy

.B1 (exp(-4s) - exp(- 6(y\ady

(1_ 1\
\++r 5+-y)20

* p(2,3)'
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As noted earlier, using p(2,3) and p(2,4) as the average routing probabilities does

not give the correct equilibrium distribution. Using û(2r3) and f(2,4) does, however,

give the right answer. tr

So the question arises :

Under what conditons is û(r,t,c') easily found?

Well, if the equilibrium distribution of P takes on the form of equations (3.5)

and (3.6), then substiiuiing into equation (3.57) gives

þ(r,t,r'): .[o- r,p(I - G(aÐn(a)p@,t,xt ,y)dy

(3.58)

/.'" n,p(\ - G(y))h(y)dy

Ji"" p(", t, x' ,y)dG(y)

Ii ¿c(u)

p(r,t,x' ,y)dG(y),

which is the routing probability used in the construction of the Q process. So the

"averaging" procedure ernployed actually gives the colrect form of f(r ,t,r') whenever

the F process has a product folm. soiution.

3.8 Insensitive average residence times in lÞ-iusensitive processes

Consider the processes P and Q as described in Section 3.3 (at this stage saying

nothing about the insensiiivity "f Q) and assume also that they are ergodic. Let

s € S and denoteby v" the avera,ge length of tirne between two successive births of

s and by 7" the average length of time between the birth of s and its death. Also

define î, lo be the probability that P is in state ø.

: 
lo*

Lemma 3.7 (Barbour and Schassberger (1981))

z" and 7s a,re given by

(3.5e) ,": {^ll Í:" tt"r'c(s''))-l
( /¿" ' \Lceo, î'c(s'"))-t

for s € .9'

for s € ,9*
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and

(3.60) ^fs : Us D*,,

,r(U) : þ".ysl1 I u" -'f "

s €Q"

where O" : {cls e z}.

Proof : See Barbour and Schassberger (1981). r

Remark : The use of age dependent routing has no effect in the proof of Lemma

3.7 as the only requirements are that F be stationary and ergodic. As pointed out

by Barbour and Schassberger, this lemma says tirat the average requested lifetime

of s is the product of the average actual lifetime and the average rate at which s is

worlied off.

\Me may now extend Theorem 2 of Barbour and Schassberger to processes rvith

age dependent routing probabilities. Let 7"(y) be the expected lifetime of element s

when it requests y units of service, and z"(y) the expected time between the birth of

s when it requests y units of service ancl it's next birth.

Theorerl. S.S

Let F be Õ-insensitive. Then, for each s € ,9*,

(3.61) l"@): lrs'YsLl

and

(3.62)

Proof : The proof basicaily follor,vs that of Barbour and Schassberger and as

such will only be outlined here, with special note being given to the differences.

We create a new process P* frorrr F t y replacing each state ø g f) by two states

(",1) and (r,2). These two states correspond, respectively, to lifetime s requesting

Iess than or greater than y units of selvice when it was last created. We shall denote
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by "r and s2, respectivel¡ the lifetimes corresponding to s in P requesting less than

or greater than g units of service. The lifetime distributions governing these are thus

given by (for " 2 0)

(3.63) G"r("):
1

G 
"(z) lG"(y) z <lJ

Z>TJ
for
for

and

ofÉ are

(3.64)
0 for
(G,(") - G,(uÐl(1 - G,(y)) for

Whenelement s¿,,(i:1,2),iscreated,theagedependentroutingprobabilities

(3.65) p((",i),t,(*',i),2): p(r,t,r',2)þ¿ for ø' € A¿"(r),

(3.66) p((*, j),,"¡,(r',i),2): p(x,s,r',,2)þ¿ for x' e 0(r)

and

(3,67) p((",i),",(*',,i,),2): p(r,s,r',2)þ¿ for o' e l"(r),s € ø lì ^9'

where h : G"(lt) and þz : I- G"(U), with all other routing probabilities and speeds

defined in the natural way.

Let Q* be the Q process associatecl with F*. The routing probabilities for the

Q* process are

.[! n(r,",r',r) d'G 
" 
(z)

ç",{ò: 
{

z1a
z>y

(3.63) p((",1), s1, (t', i)) :
ï

þ; for ø, r' € O"

for r € f)r, Í' / Q",i :7

þ¡ fot a,r' € f)"

for r € f)r, "' / Q",i :2,

G "(v)
p(r ,s,r' ,z)tlG "(z)

and

G"(v)

p(xrsrrct,z)iIG"(z)

1 v(3.69) p((*,2),s2j(rt 1i)) : * p(rrsrt',z)ttG"(z)
1- t
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again, with all other average routing probabiiities defined in the obvious way (c.f.

Section 3.3).

Barbour and Schassberger verified that if Q is insensitive then Q* is also insen-

sitive, with equiiibrium distribution given by

(3.70) T(r,i) : þ¡trrprl[¿"¡
þ¡tr "

r€f)"ri:Lr2
æ I Q",i: L,2,

where F*l is the mean of G",(.).

As in Barbour and Schassberger (1981),

''ls¡ : l¿"'Y"lþ'¡
(3.71) ïl ps,'dG"(')

c+Áù '

from (3.63). As y is arbitrary, þs'fsLt can be talien as 7"(U), thus giving equation

(3.61).

Equation (3.62) is derived using precisely tire same arguments as Barbour and

Schassberger (1981). I

Having derived the quantity f"(y), it is then easy to apply the theory to par-

ticular examples, the most obvious of which are the queueing networks of Section

3.4.

By using a GSMP description of a network, 7"(g) would then be interpreted as

the expected time a customer spends at the queue given that they request y units of

service. More importantly, the actual time spent at the queue is directly proportional

to the service requirement.

Barbour and Schassberger (i981) give queueing examples to illustrate the use of

the theory. Further work and examples rnay be found in Jansen (1984).

3.9 A note on the use of age dependent speeds

In this chapter we have only considered the possibility of allowing the routing

probabilities to be functions of the age of the lifetime.
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\Me now modify the process P described in Section 3.3 by also allowing the speed

at which a generally distributed lifetirne is worked off to be a function of the age of

the lifetime. This is useful in modelling processes where servers may call upon extra

facilities if a customer is taking too long to be served.

\Me alter P by replacing c(s, t) by c(s, x,y) for each s € ,S* where y is the amount

of service that s has already received.

The supplemented global balance equations (using spent lifetime) of P then

become

(3.72)

î,(y,0")c(s, r,0) - t n,,(y) t )",c(s', æ')p(x' ,s' ,x)
¡'€lr(ø) s'(S'lìr'

+
st €S' -r xt e lt" ot (x) l,*tÐ î r, (y, y 

", ) 
c(s', ot,, y 

",)h ", 
(E ",)p(*', s', r, y 

", )dy ",

z'Q0(x) l,*
+ t tr r, (v ., U ")l't, " 

(y 
") 

c(t, *', A ")p(r', 
s, a, y r) dy 

"

and

(3.73)

t c(s,x,aò{*"çv) +-"'"1"¡ f t h"(y")c(s,x,rr,) * t À"c(s,ø)
s€s*ñø vYs Ls€s*nz s€-stnr:t t

s€.9'-z r,€.U"(x)

+ I ¡''(Y)

l,* T 
"' 

(y,, A ")h "(V ") 
c(t, *', U ")p(r', 

s, x, y 
") 

dy 
"

t )"c(s, *')p(*', s,0)
x,' Ç0(x.) s€.S'nr'

Define C"(U) to be the diagonal rnatrix of age dependent speeds c(s,r,y) for all

y>0ands€,S*.

Define, for each s € ,9*, O" to be any set of triples (P"(.),C"(.), G"(.)) with the

properties

(1) 
"l"r'" 

C"(y)dG"(y) : C"(0): C" for fixed C,.

(2) 
"fr*'C"(y)P"(y)dG"(y): 

C"P" for'fixed 2".

(3) The mean of G"(.) it /r" t for fixed ¡r" 
1.
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(4) (P", C,, G"(.)) € O, for all distribution functions G"(.) satisfying (3).

The associated Q process is forrned in the same \¡ay as in Section 3.3, but now

with speeds c(s,"): /o'" c(s,n,,a)rlc"(g) for each s € ^9* a¡rd r € Cl.

Definition 3.4 : The process F i. O-insensitive if for all (P"(.), C"(.),G"(.)) e

Or, s € S*, the equilibrium distribution is invariant.

\Me may now give a generalised form of Theorem 3.2 which allows the use of age

dependent speeds.

Theorem S.9

The follorving statements are equivalent

(u) P is O-insensitive.

(b) The associated Q plocess is insensitive.

(c) The equilibrium distribution of P is

(3.74) n,(y) : n" II p"(L - G,(y")).
s€,S+ n4

Proof : The proof is similar to that used in Theorem 3.2 and will therefore not

be given. I

Obviously, Theorem 3.2 may be clerived from Theorem 3.9 simply by choosing

processes with constant speeds. We have chosen to give our results in this fashion

as it removes unnecessary distraction from main ideas behind the result. Also, in

practice it is very rare, when truly age dependent speeds are used, that the average

speed shall be equal to the initial speed and hence these results will not prove as

useful as those presented earlier.
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CHAPTER 4 : INSENSITIVITY IN SYSTEMS \MITH ZEF;O SPEEDS

4.1 Introduction

In Chapter 3 we dealt with systems possessing instantaneous attention and age

dependent routing. In practice, holvever, nany systems allow customers to wait be-

fore being allowed into service. For this reason'we rrow turn our attention to such

processes and, for ease of explanation, restrict th.e analysis to the case of constant

routing probabilities. It should be noted that the results of Chapter 3 may be ex-

tended to the processes to be considered here.

In the literature it has been sh.orvn tirat if partial balance (as defined in Chapter

2) holds then the process under exarnination is insensitive and has instantaneous

attention. However, it is well linorvn that the latter is not a necessary condition for

insensitivity.

I(önig and Jansen (197a) called this the e1 property (the term instantaneous

attention being coined by Schassberger (1977)) and rnention that processes not pos-

sessing this may, by the addition of suitable extra states, be converted to processes

that do. Schassberger (1978b) and Whitile (1985) also assume instantaneous atten-

tion in their works on insensitivity.

Taylor (1987), on the other hand, adopted a direct approach to this problem

and derived necessary and suffi,cient conditions for such systems to be insensitive.

Previous results for systens possessing instantaneous attention arise as special cases.

Taylor attaclted the problem by setting up suppletnented global balance equations

using spent lifetimes and finding the equilibrium distribution. In Sectiorr 4.2 we shall

instead consider the residuai lifeiime supplemented global balance equations and, by

incorporating the ideas of both Taylor- and I(önig and Jansen, derive the equilibrium

distribution with residual supplernentary variables ancl hence provide an alternative

proof of Taylor's main result oD processes rvith zero speeds.
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As discussed in Chapter 1, and reexamined in Section 2.3, Henderson (1983a)

found that for systems possessing instantaneous attention a necessary and suffi.cient

condition for the insensitivity of the process is that the residual and spent supple-

mentary variable equilibrium distribution be the same. For systems without instan-

taneous attention this does not hold but a similar relationship is found.

4.2 Systems without instantaneous attention

We shall employ the process P descril¡ed in Section 2.2. In the following, state

changes which involve the death of ih.e generally distributed lifetime, f, shall be

referred Lo as erternøl transitions, while all other state changes will be called internal

transitions.

It shall prove convenient to adopt the matrix notation of Taylor (1987) for the

analysis of this system.

We define the following matrices.

lQ t¡1"' :
-Ðll: Ðs€s'no ),c(s, x)P(t',s, f)

Ds€s,n" À"c(s, x)p(æ,s, n' )

ifz:x'€A

if x I r' and x,æ' €. A,

[QV¿7,,, : t À"c(s, æ)p(*,s,a;'), r €. A and r' ç A;,(i :0,1),
s€.9'n¿

lQlrl",' :

lQlv),,, : c(t,*)p(r.,t,x'), r e At and r' € ã,

lQ?nl"*' : c(t,,x)7t(x,t,r'), x e At and r' ç At,(i : 0,1),

-Ðæ Ds€s,n¡ À"c(s, x)p(r,s, f) if r:r'eA1

Ðs€s,n¿ )rc(s, r)p(r,, s, r' ) if. r I ø' and rrr' e At,

lc),,' : c(t,x) for¿:x'€At
0 fot r + ¿' and xrx' e A1,
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lQorf,,, - t )"c(s, æ)p(*,s, r'), x € Ao and r' ç At',
s€^9'nø

- I -Dl'.: Ds€s'nc À"c(s, x)p(x,s, f) if o : il e Ao

[8oo]"' : {
I Dr.",.r' )"c(s, r)p(t,s,x') if' x I r' and trd € Ao'

We partition the vector fI, the equilibrium distribution for the system with all

lifetimes negative exponentially distributed, into (fI7,flr,flo) according to the sets

A, At and As.

The global balance equations (2.1), (2.2) and (2.3) for the purely Markov process

may be written as

(4.1)

(4.2)

and

(4.3)

(4.4)

il¡Q 
"" 

* f\FQtÃ : o,

flt[Ql, + pQh - L'C]* rloSor irITQvr:0

floQoo * flr lQ'ro + p.A?rl * fI;Ç70 : 0.

The partial balance equations (2.a) to (2.6) may be written as

floQoo-¡fllQ{o:6,

fltÇ{r*floQor-0,(4.5)

(4.6) * fIfl-¿,oÍ\pQ?o 0

and

(4.7) Íh plQl - Cl + rrõQv, : 0.

As noted in Section 2.2, the partial balance equation (4.6) can only be satisfied

for processes possessing instantaneous attention. Theorem 2.1 may now be rewritten
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as: If P possesses instantaneous atteniion, then it is insensitive if and only if equations

(4.4), (a.5) and (a.7) hold.

For ø € A, denote by z'" and fI @) the probability of being in states c and (r,A)

respectively, where y is the residual lifetime of f . The supplemented global balance

equations, using residual lifetime, are

îr t :À,c(s,r)t I î"'\,c(s,*')P(*',s,ï)

(4.S) 
s€s'ìx ¡ çis€s'ìt

+ Ð *!,(o)c(t, x')p(x' ,t,x), Yx eÃ,
t'e.At

d_
- or"*A>c(t,r) + ":@) I À"c(s, r)

eStnr

: t t î,,À"c(s, *')p(r' , s, 
")g@)(4'e) 

i'-i'' ; n!,(v)),"c(s, x')1t(x', s,')
rt eA ses'nJ¿'

+ I of,tol c(t,,|)p(x' ,t,r) va € At
zt€.At

and,for n€As,

¡*@) I )"c(s,¿:): )ì î',, t )"c(s, *)p(*',s,x)s(a)
s€S'no e,teÃ s€.9'nã'

+ Ð *|,(o)c(t, *)p(*',t,*)s(y)(4.10)

(4.11)

(4.12)

tt€Al

+ t t tr!,(y)c(s,*')p(*',s,u).
r'eA seStnt'

By defining TTI(y), (i : 0,1) as the vector of probability clensities for being in

states of A¿,(i : 0,1) with residual sojourn time y, equations (a.8) to (4.10) may be

written in matrix form as

-F¡TIfl¡¡+ IIi"(O)Orz : 0,

- h=i rr)c :nf (,) 80, + E.l (v)ol, + Ef Io )Q?, g @) + nvQv,s @)
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and

(4.13) trÍ(o)Qoo + E.l(r)o .ro +fvQ-oot(ù+ nf(o)q' g(v) : o.

Theorem 4.l (Taylor (1987))

A necessary and suffi.cient condition for the process P to be insensitive is that

(4.t4) flrSr :0,

where Qr: Q"t - 8{o(Qoo)-tQot.

Remarks

(1) Note that in the case of instantaneous attention, equation (4.74) may be derived

by Gauss-Jordan reduction on ecluations (4.4) and (a.5).

(2) Taylor proved Theorem 4.1 directly via the use of the supplemented global bal-

ance equations based upon spent lifetime. Here we provide an alternative proof

using an extended state space (as proposed by l(önig and Jansen (197a)) and

residual lifetime as the supplementary variable.

(3) As a consequence of equation (a.14) it is also true that

where

ez : Ltc - pe?, + pe rze*ez, * pe?oeii Qo,
(4.16)

- pQaQ-*QzoQliQo'.

This may be shown as follorvs : Noting Lhat Q ooand Qes a e non-conservative q-

matrices (Taylor (1987)), it then follows that they are invertible (by application

of the Perron-Fröbenius Theorern). Hence equations (4.1) and (4.3) may be

rearranged to read

(4.15)

(4.17)

-fltQz :0,

fIT: -ntpQr¡Q*
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and

(4.18)

Substituting these expressions into equation (4.2), and using equation (4.14),

gives equation (4.15).

Both 8r and -Q2 arc conservative q-matrices (Taylor (1987)). Q1 can be inter-

preted as being the q-matrix of the process P restricted to states in L1 where

only internal transitions are allowed. lVhen an internal transition moves the

process to a state in ,4.6, time is "suspended" until the process moves back into

At. Similarly, -Qz is the q-matrix of the process P restricted to states in A1

but now only allowing external tr-ansitions (th.at is, transitions which involve the

death and subsequent rebirth of the generally distributed lifetime). As a conse-

quence, flr is an invariant measure for both of these subprocesses of P. This

shall be discussed in more detail later in this Chapter.

Proof : Try a solution to the residual supplenlented global balance equations

of the form

(4.1e) fI7: fI7,

fro : - [fr,[g{o + pQ?o] *frflao] a;J.

ITitrl:rlrp(l -G(y))(4.20)

and

(4.2r) nftrl - -IIr QIroQlo'pQ - c(y)) * lrlo +rrÇIoQ*-]g(s),

where n : (fIA, flt, flo) is the equiliì:riurn distribution of the process P.

Substituting, from relations (4.19) to (a.21) into equation (4.11) gives equation

(4.1).
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Substituting into equation (4.12) gives

rl.pg(y)C : - tTrQIro 8*t Qot p(7 - C(y)) * [fro * frr a'rrA;rt]g(ùQot
(4.22)

* fr1¿r(1 - C(ù)A'rt *r\pQ?rs@) +ilzQzrg@).

Using equation (4.14), we have

(4.23) IJtl-QltoQ*t 8o' + QIttlp(t - c(y)) : 0

and, by also utilising equation (4.2),

(4.24) ln'[0], + pQl - pcl * rlo 8or * n¡Q¡r]g(y) : o

Hence equation (4.12) is satisfied by the proposed solution.

Substituting into the left haud side of equation (4.13) gives

-TIrQIroQiotQoop(7 - C(ù) * [IIo +r\QIoQ#]Qoog(y)
(4.26)

*u'Q{.p(t - c(v)) -tlJfl-,+os(s) + rhpQ?os@).

Simplifying, we obtain

(4.26) lfloQoo * rlrtQ{o + t'A?; +frflzolg{.:y)

which is equai to zero by equation (a.3).

Hence equations (4.19), (4.20) and (a.21) give the equilibrium distribution of

P. Integrating gives the insensitivity of the process, thus showing the suffi.ciency of

equation (4.14).

For the necessity of ecluation (4.1a) we utilise the results of l(önig and Jansen

(1974) by converting the process P to a systern I/ which exhibits instantaneous

attention. This idea has been put forward by König and Jansen but not explicitly

used.

The process P may be represerrted diagrammatically as in Figure 4.1. To create

V we add extra states to those of P ancl appropriately define the parameters of the
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new process (y is represented diagrammatically as in Figure 4.2). This is done in

the following fashion.

States of V :

(1) For each state in ã (respectively A1) of P th.ere exists a one to one correspon-

dence with states in ãy (respectively Atv) of V.

(2) For states in As of P there is a one to two correspondence with states in A2y U

Asy in V, distinguished by whether or not ú has been worked off with positive

speed. That is, if I/ is in state x € Azv (corresponding io state to e ,4s) then

this means that P is in state tu, but the generally distributed lifetime has not

yet been worked on with positive speed. On the other hand, if V is in state

æ e Aov (corresponding to state tu 6 Ao) then this means that P is in state u;

and the generally distributed lifetime has been worked on with positive speed.

\Me denote by Ov the states of V and note that it is possible that some of these

states are transient.

Lifetimes of V :

The set ^9 
of lifetimes of V is the same as the set of lifetimes of P . H. r € {2y - A2y

corresponds to state t¿ € f,) then z has precisely the same lifeiimes associated 'rvith

it as the state tr has in the P process. For r € Azv, correspondingto t, in As, the

same lifetimes are active except for the element ú, which is not considered to have

been created.

Speed,s o,nil routing probabilities of V :

Denote by the subscript V the speeds and routing probabilities of the V process.

If. x,rt € Ov correspond to to,t¿' € f) respectively, we define

cv(s,u) : c(s,ur) Vø € C)v,s € ^9 n Í,

pv(x,s,r') - p(ut,s,w') Vx e Ãy,r' eÃv U Av U Azv,s e S'fì z,

pv(n,s,ø') : p(w,,s,w') Yrrr' € Atv U Aov,s € .9'lì r,
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Figure 4.1. Schematic representation of the process P with the
appropriate transition matrices marked.
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Figure 4.2. Schematic representation of the process V with the
appropriate transition matrices marked.



pv(x,s,r') - p(tu,s,w') Vt € Azv,at €. A1y U Azv,s € S' fì z,

pv(r,t,*') - p(w,t,wt) Væ € Atv,*' eÃv U Atv lJ Azv

All other routing probabilities are zero.

So for systems with instantaneous attention pv(æ,s,c') - 0 for n € Ãv l)

Atv,rt € Azv. Thus the states of. Azv are transient and play no part in the

equilibrium analysis.

By defining flf (y), (i : 0,1) as the vector of probabiiity densities for being

in states of. A¿y,(i : 0, 1) with residual sojourn time y, the residual supplemented

balance equations of. V are

(4.27) \¡Q¡¡+ tlf (o)8rz : o

(4.28) LzQoo + rlf(o)Q{, +_'¡Qzo : o

(4.2e)

- ftÉ ø)c :uf (s)80, + nf (v) 8{, + nf (o )a?,s @ t LzQ o,s (ù + u¡Qv,o @)

(4.30) Ilf(y)Qoo + rlf(y)Qlo : o

Lemma 4.2

P is insensitive if and only if V is insensitive.

Proof : Remembering that there exists a one to one correspondence between

the states of Z U Ai and the states of Ãv l) Atv , and that the periods spent in these

states is identical in the two processes, rve must then have fI, : II1 and fI7: fIã.

Similarly, the period spent in states of. A6 is made up of the periods spent in the

corresponding states of. Asy U Azv and hence flo : h +nz.
Therefore, if V is insensitive the ecluilibrium distribution of tr/ depends on G(.)

only through its mean and hence P is insensitive.
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(4.32)

On the other hand, if P is insensitive then (fI1, ffo,FZ) depends upon G(.) only

through its mean and. hence fI, ancl II7 are invariant. Integrating equation (4'30)

for y going from 0 to infi.nity gives that & ir also invariant. As Lz : Ro - flo, the

insensitivifi of V follows. I

Let II : (n¡Ûr,flo, fI2) l>e the equilibrium distribution of V when all life-

times are negative exponentially distributed-

The global balance equations of V with purely negative exponential lifetimes

may now be written as

(4.31) IIZ07¿* fIrFOrT:0,

frrQoo +r\pQ?o + rI7Q7o : o,

(4.33) II aI
11 + p,QlL - pcl * rIzQo, * rlo8o, * fI7Qv, : 0,

(4.34) IIoSoo+u1q{o:9.

The complementary process V now has instantaneous attention, hence using

Theorem 2.!, V is insensitive only if fI satisfies the partial balance equations. That

lsr

(4.35) floQoo t fI1Q{s :0,

(4.36) IItQ{r*Ûo8or:0

1

and

(4.37) n, plQ?, - cl + IJrfl¡, * ÎrzQot : o
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As noted in Section 2.2, equation (4.37) holds immediately if equations (4.35) *d

(4.36) are satisfied.

Gauss-Jordan reduction on equations (4.35) and (a.35) gives (4.14), completing

the proof of the theorem. I

4.3 Extending geueralised balance to systems with zero speeds

In this section we explore the relationship between the residual and spent lifetime

probability densities and the insensitivity of the processes under consideration. Pa¡t

of this reiationship stems from the proper:ty of generalised balance introduced by

Henderson (1983a). We shali extend a theorem of Henderson on insensitivity in

processes with instantaneous attentiorr to systems without this feature.

\Me again deal with processes with one generally distributed lifetime and employ

the same processes P and V as in Section 4.2'

The following.definitions are from Henderson (1983a). Let

1. Zn("): (r(u),Vn(u)) where o(tr,) is the state of the process at time u and

An(u) is the residual sojourn time in A'

2. Zs("): (z(u),Vs(u)) where c(u) is the state of the process at time u and

ys(u) is the spent sojourn time in A.

3. The process P has the proper|y of. generaliseil balance if and only if

(4.38)
J5 *tt - Prlzp(u+ a) : (r, y - c(t,a)L)lzp(u) : (",y)ll

: lirn
A+0-

1

A lt - PrlZs(" - A) : (¿, a - c(t,,r)L)lZs(u) : (",v)ll

and

a - c(t,n)L)lzp(u) : (", y)ll

A) : (r,a - c(t,r)t)lZs(u) : (", y)ll

This property equates the rates at which lifetimes are dying in forward and

reversed time. As noted by Henderson, processes consisting only of negative expo-

nentially distributed elements will automatically possess generalised balance as the
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above equations then reduce to the global balance equations of the process. Note also

that no change has been made to the definition of generalised balance even though

the assumption of instantaneous attention has been dropped.

Henderson defrned the above cluantities for processes with many generally dis-

tributed lifetimes, but we shall only consider the case with one generally distributed

element.

We employ the natural notation that superscript .R (respectively ^S) refers to the

state description using residual (respectively spent) sojourn times.

Theorem 4.S (Henderson (1983a))

The following conditions are equivalent in a GSMP:

(a) The process is insensitive with respect to the generally distributed lifetime ú.

(¡) nf (y) : ni(v) *"a nf(y) : nl(v).

(c) Generalised balance is satisfied.

Proof : See Hendèrson (1983a). I

This theorem states that the ecluilibrium density using residual lifetime is exactly

the same as the density rvhen spent lifetime is employed if the process being considered

is insensitive and has instantaneous attention.

This relationship does not hold, however, when the process does not possess

instantaneous attention, but tve can prove a similar theorem.

Theorem 4.4

The following conditions are equivalent.

(a) The process is insensitive rvith respect to the distribution of nominal sojourn

time in A.

-Et -q(u) ni"(y) : ni(y).

(c) Generalised balance is satisfred.
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Proof : As in Henderson (1983a) we shorv (a)<+(b) and (a)e(c).

The supplementary global balance equations (with spent lifetime) are

(4.40)

(4.4t)

(4.42)

(4.45)

Tií(y)o{, +fr'f(v)001 : lh(v)ritvl + 
frn',çv¡1c,

-" -<'ni(y)Qoo + ïii(v)ofo : o,

fæ 
-c -q -qI tË(y)h(u)daQí' + nõ(o)80' : tli(0)c

Jo

II7Q7¡ +

l,*
_Þ
n;"(0) : _e

IIi(y)h(y)dy.

-D -C -Cnå"(y) - r;(y) + ni(o)g(s).

fæ-c

J" ni@)n@)dtlQtÃ:0,

and

(4.43) nñ-o, t

I,*(4.44) -cIIí(O)Qoo -tÍITQVL * -cni(y)r,(y)daQlo -- 0

Note that

Equation (4.45) arises by looliing at the probability density, using either the

residual or spent supplementary valiable, of the lifetime ú being about to die.

(b)+(a). If (b) holds, then

(4.46)

Equation (4.46) holds because the proì:ability density that the process rs rn some

state r in Ao with residual service tirne y is nrade up of two components, the fust

being that the process has moved into state u and the generally distributed lifetime

has been worked on whiie the second is the case where it has been created but not

yet worked upon. The clensity of the former is given UV nf(y) (by apptication of

63



Theorem 2,3 to the V process) while the latter is given bV nzg@), .t g(y) is the

density that the lifetime lasts for time y. This quantity, however, is n-l(O)n(r).

Using equation (4.45),,ancl without loss of generality denoting Iif (g) u"a nf ly)

by flt (y), the spent supplemented global balance equations, (4.40) b @.a\ may be

rewritten as

(4.47)
fooilzQn+ 

J,
IIr(y)h(E) duQtÃ: 0,

(4.4s) TT,(y)Q{, + fr'f(y)001 : [h(y)rl,(y) + *f.r@)]c,aa

(4.4e) uf(r)qoo + Í,(v)Olo : o,

(4.50) -fr¡Qzr+ nrlo¡q'"t + nílo)80, : u,1o¡c

and

(4.51) nf (o)Ooo ¡\Qvs* flr(o)Qfl : o'

The residual supplemented l¡alance equations, (4.11) to (4.13), may be written

in the form

(4.52) ÍaQ oo+ rll(0)Qr7 : 0,

(4.53) -ftn'@)c :ITf (r)80, * rI, (ùQIr+ nr(0)8 ?rg@) +nflvp@)

and

(4-64) uf (r)8oo + rlr(v)Q t 
o +Íflns@) + R1(0)ø ?og@) : 0'

Rearranging equation (a.a9) and substituting into (4.48) gives

fr(v)er: [ä(y)rrr(y) + ftnr@)]c
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Let

Adding g(v)x(4.50) to equation (a.53) and rearranging gives

*=,rort + f,(0)c (t@) : trf(o)g(rl - nf tvllQo, - tr,(v)8{,

(4.56) : --nf (r) eo, -Í+irr)el'

-n'(v)8'.

Comparing equations (a.55) and (4.56) we ol¡tain

(4.57) -h=,rr) - Í,(o)g(v) : fr=,(y) + ñ,(s)r,(v),

which has solution

(4.58) tr,(v):rlr(o)(1 -c(aD.

(4.5e) rI, : [* nr(r)or-
Jo

Then integrating equation (4.5S) for values of y between 0 and infinity gives that

Er(0) :ftpsubstituting for IIt(y) in ecluations (4.a8) and (4.a9) then gives

(4.60) rrrp(l - c(ù)A',, + ITf (v)Qor : o

(4.61) flrp(l - c(ùAto + uf(y)qoo : o

respectively. Let

(4.62)

Integrating equations (a.60) and (4.61) then produces

and

læ 
-q- rim l tl;(y)dyr-u J,

-qffr;'

(4.63)
_ _q]f\Ql+rl;'8or:o

65



and

which may be rearranged to give (4.14) and hence gives the insensitivity of P.

(a)=+(b). From Theorem 4.1 we have insensitivity if and only if flrQr : 0.

Taylor has shown that the ecluilibrium distribution using spent sojourn time as the

supplementary variable is given by

(4.65)

nítrl:rlrp¿(l -G(v)),

(4.64)

(4.66)

(4.67)

- 
-q]TItQ"o + fI;' Qoo : 0

nlful : -r^rQlto(8oo)-'¡r(r - c(y))

and

(4.68) nífol - rlo *rlre{o(eoo)-'.

Comparing equation (4.66) with equation (4.20) gives (b).

(a)+(c). The insensitivity of the process gives that equations (4.19) to (a.21)

and (a.65) io (a.68) are the residual and spent supplementary variable distributions

respectively. By considering only the states where the generally distributed lifetime

is being worked off with positive speed the proof is now the same as in Henderson

(1e83a).

(c)+(a). For states in A, the instantaneous attention assumption has no bearing

in the derivation of ecluation (3.8) of Henderson (1983a), namely

(4.6e) h=irr+ fr'l(s)¡,(y) : o.
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This has solution

(4.70) ni -Dili"(ox1 - c(v)).(v )

By defining flr : /r- Ef(y) cly, wehave that nityl : fI1¡;(1 - C(y)). Substituting

into equation (4.11) gives

(4.71) fz: -r-\pQÃA*.

Substituting into equation (4.13) and rea,rranging gives

(4.72) rÍcrl - -f\þ [oí,tt - c(v)) - Q,¡Q-/;Q-tos@) + o?,s@)a -1
00

Substituting from expression (4.72) into equation (4.f2) and rearranging gives

(4.73) -rtQzs(y) : rlrQr(t - G(y))'

which only holds for all y > 0 if fI181 - -flr Q, :0. By Theorem 4.1 we then have

that P is insensitive, thus completing tire proof. I

The work on insensitivity with non-instantaneous attention to this point empha-

sizes that a form of partial balance is required not when the generally distributed

lifetime is created, but when it is first worhed on with positive speed. That is, the

flow into a state of. A1 where f is being rvorked on for the first time must, be balanced

by the flow out of that state due to the death of the lifetime. This is illustrated in

the physicai interpretation of Theorem 4.1 and in Theorem 4.4 where we only require

that the spent and residual equilibrium densities be matched on states of. 41.

This is most simply thought of as the superimposing of one process upon an-

other, where the set of states in common have the same equilibrium measure in both

processes. Physically, the process appears to be unable to distinguish whether it has

moved into these states due to the death of the generally distributed lifetime or a

negative exponentially distributed lifetirne.
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\Me are now in a position to extend the interpretation of Theorem 2 of Henderson

(19S3a) (with notation appropriately changed for the current context) to processes

not having instantaneous attention. This is done by restating this theorem in terms

of the process V.

\Me first define the following.

Let p'(n,s, rz) be the transition probabilities for going from state n Io m due to

the death of element s in the reverse time GSMS.

Let qt(n,nz) be the reverse time transition rate from n to m due the death of an

active element in r¿ ñ S'.

Theorem 4.5 (Henderson, Theorern 2, 1983a)

Suppose that the speed, c(s, c), that lifetime s € ,9 is worked on in state u € flv

is the same in both forward and reverse time.

The GSMP V is insensitive rvith respect to the distribution of ú if and only if the

set of balance ectruations (4.74) io (a.76) are valid for all n,)rrl.i,i.If n € AvU Azv

then

t q'(n'm)
¡n€AvUAzv

If. m € Av U Azv,n € Atv then

(4.75) rnc(t,n)pp'(n,t,m) : r* t l"p(nz, s, rz)

s € n¿fì^9'

If m,n e Av U Azv or n-¿)n e Atv U Aoy then

(4.76)
,e€rn ñS' I

For all intents and purposes, the set of states A7y may be considered to be

states where t is not alive, since it is yet to have been wolked on and ãy may not

be entered from this set. Thus, for the process P, we then have that equation (4.75)

rnq'(n,m) -- n^ t )"p(rn, s, n).
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equates the flow out of state n into state rn due to the death of f in reverse time with

the forward time flow of moving out of state rn into state n and working on ú with

positive speed for the first time.

Equation (4.76) then refers to state changes that do not involve the death of t

or its being worked on for the first time with positive speed. These equations will

automatically hold as they are just the statement of the relationship between the

forward and reverse time process (see Theorem 1.12, I(elly (1979)).

The idea of creating an expanded state space, horvever, becomes impractical

when more generally distributed lifeiirnes are included. Very quickly the state space

becomes extremely large as \Me must keep tracl< of all the combinations of lifetimes

which have or have not been worked on with positive speed (for lifetimes not receiv-

ing instantaneous attention). Taylor (19S7) has derived sufficient conditions for the

insensitivity of such processes. These are equivalent to the creation of a process with

instantaneous attention, (that is, a plocess with the expanded state space referred

to above), even though they were derived directiy from tb.e original process.
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PAHT T'WO

cLosED T'WO NODE PRTORTTY QUEUETNG NET'WORKS



CHAPTER 5 : INTRODUCTION

It is common in queueing systems to have a variety of customer types competing

for the available resources of a service facility. This competition may be resolved in

many ways, for example, a First In First Out (FIFO) or Last In First Out (LIFO)

service discipline. In other systems, particular types may be given preference over

others, that is, are given priority over other types of customers. In such systems, if a

customer is in service at the time of arrival of a higher priority customer, the latter may

move directly into service (known as pre-en'Lptiue priority) or wait until the current job

is completed before moving it (nonpre-emptiue priority).

The analytic results availabie on ecluilibrium distributions for queues wiih priori-

ties is reasonably limited, 'with computationally useful results restricted in the main to

systems with Poisson arrivals ancl negative exponential service times. A larger number

of results are available concerning rvaiting time distributions, expected queue lengths

and expected waiting times.

White and Christie (1958) were the frrst to fi.nd the equilibrium distribution for a

single server pre-emptive priority queue with trvo types of customer arriving in Poisson

streams and having negative exponentially distributed service times. The form of

solution is so complex as to not be readily usable for practical purposes. For the same

system, Stephan (1958) derived mole readily computable formulae for the joint queue

Iength distribution as well as frnding rnoments of the waiting time distribution for low

priority customers. Miller (1959) found the queue length distribution and expected

waiting times for systems of the type studied by White and Christie except that a

nonpre-emptive priority queueing discipline was utilised. The complex nature of the

results are an indication of the difÊculty in finding any sort of exact solution for systems

featuring nonpre-emptive priorities (in fact, systems with priorities in general).

In the book "Pliority Queues", Jaiswal (1963) gave an in-depih analysis of many

priority queueing disciplines based upo1r. the completion time approach. This approach
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(introduced by Gaver (1962) and l(eilson (1962)) considers the distribution of time

taken for a low priority customer to complete service once they have started. This

distribution (the completion time distribution) is then used as the service time distri-

bution of the low priority customer in a process where they are the only customer type

and the anaiysis is then similar to that of the ordinary M lCll queue.

Jaiswal considered the system studied by White and Christie (1958) and Stephan

(ig5S) but aliowed the service times of customers to be generally distributed. The

results include joint queue length distributions duling the busy period (in generating

function form) and the busy period distribution. Variations of this system were al.so

analysed, in particular, systems lvhere there are bounds on the numbers of each type

of customer present. Analyses of pre-emptive repeat-different and repeat-identical

disciplines as well as nonpre-emptive schernes were also given.

Utilising supplementary variables for the time until service completion, Henderson

(1969) developed a relatively simple technique for finding the generating function (in

terms of Laplace Transforms) of the joint queue length in many standald priority

queueing models with general service time distributions. Henderson also examined

priority systems of the GlNIlT type, that is, where the interarrival times are generally

distributed. Hokstad (1973) employed Henderson's technique in the analysis of queues

where the priorities were determined by the length of the service time.

The use of generating functions and Laplace Transforms makes life difficult from

a computational viewpoint. As a result, rnuch recent work has focused on techniques

(both exact and approximate) rvhich malie it easier to fi.nd performance measures such

as queue length distributions, utilisations, throughputs, etc.

Brandwajn (1932) used a finite difference approach to find the equilibrium joint

queue }ength distribution for a tr,vo level priority queue, high priority customers hav-

ing pre-emptive priority, with service ancl interarrival times negative exponentially

distributed with state dependent rate for low priority customers. As pointed out by
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Brandwajn, it may be preferable to employ generating functions to find queue cha^r-

acteristics such as mean queue length, but the finite difference approach is probably

more amenable to finding the joint queue length distribution.

It should be noted that all of the work cited àbove deals with single server queues,

that is, queues in which the total service effort is fixed.

Much of the work on netrvorlis of priority queues involves the use of approximation

techniques. These are, in the main, based on the idea of using airtual ser'úers) as first

introcluced by Sevcik (1977) (who used the term "reduced occupancy approximation").

Sevcik looked at -l/ node networlis, with one queue a priority scheduling, single

server quelle with pre-emptive resurrre discipline. Service times are negative exponen-

tiatly distributed with mean þ¿, (u¡), i: \,...,N for high (low) priority customers.

A new network is created by replacing the priority queue by two servers' one dedi-

cated to the high- and the other to the low-priority customers. These servers have

respective mean service rates ¡.lr (since high priority customers receive no interference)

and z1(1 - þt), where p1 is an approximationfor the occupancy of the CPU by high

priority customers. The term 1 - þr is therefore an estimate of the proportion of time

the priority queue is free to serve lorv priority jobs and hence the new service rate is, at

least intuitively, a reasonable estimate of the average service rate seen by low priority

customers. The equilibrium distribution v/as then approximated by the correspond-

ing product form for networks with two types of customer (see Baskett, et aI, (1975),

Chand.y, Howard and Towsley (1977), Chandy and Martin (1983), I(elly (1981)).

The main problem with the reduced occupancy approximation is that the mean.

service rate of the lorv priority priority server is incorrect (shown by Kaufman (1982)).

I(aufman found the correct mean, thus introducing a modified reduced occupancy

approximation, and showed that for various test networks this procedure provides

better approximations for performance measures such as mean response time.
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Schmitt (1983) extended this even further by creating a state dependent reduced

occupancy approximation. Schmitt's technique involved noticing that the balance

equations for the marginal distribution of low priority customers are just the bal-

ance equations for an MlMll queueing system with state dependent service rates.'

The problem is then to find how the service rates are to be modifi,ed for each state.

If these ne'm/ parameters may be found (or at least estimated) then the exact distri-

bution for low priority customers can be obtained. Note, however, that the behaviour

of customers given by such models is an approximation. For example, the departure

process for low priority customers is not a Poisson stream as would be thought using

this approximation. A variation of this technique can also be used to examine systems

with a nonpre-emptive discipline. I(uehn and Schmitt (1985) used this method as the

basis for the approximation of transit delay distributions in priority queueing netrvorks

with arbitrary state independent routing.

Ikehara and Miyazalii (1985), horvever, did not use any state dependent rates

in their approximation. Instead, an asymptotic approximation analysis was used to

determine appropriate service parameters for the system. From these, an iterative

technique was developed to find utilisation factors for the two virtual servers.

As mentioned earlier, analytic lesults for equilibrium distributions of priority

queueing networks are limited and when it comes to distributions for priority net-

works, exact results are restricted to only one paper. Morris (1981) considered the

closed two node network with two types of customer, a single server at each queue

and pre-emptive priority disciplines. Morris found the equilibrium joint queue length

distribution for this system as well as the high and low priority throughputs for each

customer type. An approximation lvas also given for the system with nonpre-emptive

priority discipline at one node.

Morris also considered a variation of the closed tr,vo node queue with priorities in

which the priorities are reversed at the two nodes. That is, the high priority customer
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at one queue becomes the low priority customer at the other queue. The analysis of

this system is very similar to that of an M f M ll l K queue with state dependent arrival

and service rates.

In Chapter 6 we shall examine two systems.

The first system to be considered is shorvn in Figure 6.1, and is analysed in Section

6.1. The process consists of a two node networli with single server, pre-emptive priority

queues at each node. Unlike Morris'rvork, we shall not assume that the service rates

at each queue are constant. This systeln may be used to model a computer system

consisting of a CPU and an input/output (I/O) device, which processes interactive

(high priority) jobs as well as batch (lorv priority) jobs. In practice, a computer system

is required to service jobs coming from people sitting at terminals as well as those

which have been placed on batch queues (usually jobs that take a large amount of

CPU time, that is, have a long mean service time). Since it is more important to

service the requirements of those that are plesent (to minimise their time spent on a

particular chore), their jobs are given higher priority than the batch jobs and hence

the motivation for the system to be analysed.

In Section 6.2 the model is altered by ernploying a nonpre-emptive service dis-

cipline at the left node. The equilibrium distribution is then found. A comparison

between an approximate and the exact solution for this problem is given in Section

6.3.

The second system is shorvn in Figure 6.2, and is analysed in Section 6.4. Here,

the priorities are reversed, that is, the high priority customers at the left node become

low priority customers at the right ancl vice versa. Again, we shall allow the service

rates to be state dependent at each clueue.

Section 6.5 then looks at two node closed networlçs with pre-emptive priority at

the left node and allorvs all disciplines but batch servicing at the right.
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For the cases where negative exponential service times are considered, the standa¡d

approach is to set up the global balance equations for the network and attempt to solve

these. However, for the systems described in Sections 6.L, 6.2 and 6.3, their nature is

exploited to give first order nonhomogerleous ordinary difference equations which may

be solved via standard techniclues, as opposed to the second order ordinary difference

equations which result from calling directly on the global balance equations. It is this

property which allows the extension of the results of Morris (1981) to systems with

state dependent service rates.
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CHAPTER 6 : CLOSED T\MO NODE PRIORITY QUEUEING

NET\MORKS

6.1 Two nodes with pre-emptive priorities at each node

6.I-.1 Network descriPtion

Consider a two node closed network such as that shown in Figure 6.1. There

are .lü high and M low priority customers. \Me describe the state of the system by

(n,*) when there are n high and rn low priority customers at queue 1. Note that

this is a complete description of the state of the system as customers may neither

enter nor leave the network. At node i, (i : 1,2) let the service time distributions be

negative exponential with unit mean, while the service rates ate p4(n,m), (rt(O, rn) and

uz(N,rn)) for high priority customers (respectively low priority customers) at nodes 1

and 2. Since we are dealing with only single server queues, the low priority customers

may oniy enter service when no high priority are present. Thus, the lorv priority service

rates at each queue are, in effect, only dependent on rn. High priority customers take

pre-emptive priority over low priority customers at each node. The system is cyclic,

that is, upon completion of service, customers move immediately to the other queue.

6.7.2 State independent rates

Morris (1981) considered the case F;(n,m) : þi, u¡(n,m) : ui¡ Vn,rn. The

solution is found by setting up the global balance equations for the network and deriving

second order homogeneous recurrence relations. These are then solved to find the

ecluilibrium distribution.

In this section an alternative approach using the Mariiov process result (see l(elly

(1979), page 8) that the flux out of any set ,4 is balanced by the flux into ,4, that is,

(6. 1) t t piq(i,k): D ln*øØ,Ð,
jeA keA" keA" jeA

76



Central Processing Unit

Neg. exp. service time

Pre-emptive priority

I/O device

Neg. exp. service time

Pre-emptive priority

N high priority jobs

M low priority jobs

Figure 6.1. Two node system with pre-emptive priorities at both nodes.



Central Processing Unit

Neg. exp. servic time

Nonpre-emptive priority
N high priority jobs

M low priority jobs

I/O device

Neg. exp. service time

Pre-emptive priority

Figure 6.2. Two node system with nonpre-emptive priority at node 1 and
pre-emptive priority at node 2.



where p¡ is the probability of being in state j , q(j,k) is the rate of moving from state

j to state k and Z ir th" complement of "4. This has the advantage that it allows the

system with state dependent service rates to be solved (Section 6.1.3).

First consider "4: {(i,-),0 < i < tt < ¡/}. This corresponds to cut 1 in Figure

6.3. The balance equation generated by a cut of this type is

(6.2) pnmpz + po,nur(I - ó-o) : Pnttm4t i pon +tut(l - 6,',-m),

where ó¿¡ is the l(ronecker delta. Rearranging gives

(6.3) Pn*rntlrt - Pnmlrz : ,r{pon (1 - ó-o) - Pom+t(l - 6-¡¿)}

This is simply a first order nonhomogeneous recurrence relation in n for pn^, t'he

solution of which is

(6.4) pnrn : A,.(ltzlpù + 4{p0,.(1 - 6,,.0) - Po*+r(1 - 6, v)} l1tt - tt"),

where

(6.5) A^ : pom - vt{p0,.(\ - 6-o) - Po,',1r(1 - 6,.¡ø)} l0t, - pr)

Hence,

pnm:po¡n{(prlt,r) -l a(I - á-oX1 - (ttrlpt))lQtt - ttr)}
(6.6)

- po¡n+tut(l - ó-¡r)(I - (t"rlpt))l0n - pz).

A relationship betweêî psm andPs-11 , rrt:0,..., M -1, is required. This is

obtainedusingcut 2, i.e. A: {(i, i),i:0,..., N,i:0,..',rn} whichgives

(6.7) Po¡n+tut: PN¡nuz,

Substituting for p¡y- from (6.6) gives

po,-{1tz I p)N * a(7- á-oX1 - (p, I pt)*) l1tt - p")}
(6.8) Pom+t : ql uz* z1(1 - (p, I ttt)*)/Qtt - pz)

- PooHoH^,
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Figure 6.3. State transition diagram for two node pre-emptive priority
system.



where

(6.e)

(6.10)

(6.13)

H- 0rrlttt)* + vt(I - á'-oX1 - (t"rlttt)*)l}tt - pz)

nIuz + h(t - (p,It r)*)I0r, - pz)

and

u _ 0""1p)Nrr0 - n luz * u1(t - (p"l pt)N)lQt, - pz)

(6'11)Pn^:pooHoH*'(e)"*2(,-,,r,_6*¡,t)(#_)))

Substituting into (6.6) gives (for rn - 1,. ..,M)

and (for rt : 0)

(6.12)

P..:f(* (+#) .'X=%t)] '

The solution is completed by finding ps¡ from the normalisation equation

NA4

t t Pnn: !'
n:0 rrr:0

This gives

(6.14)

Note that the above equations are discontinuous for p1 : p2 ot H -- t. In these cases

rvr¡e can use.the same argument to sholv that, for appropriately defined t, we replace

(r - "o)l(1 - ") by k.

Note that (6.3) is ecluivalent to equation (6) of Morris (1981) (after substitution

of the equation for p1-), but the approach is simpler. The second cut gives the

relation between the ps* probabilities immediately, as opposed to soiving a second

order recurrence relation.

Unlike the form for p66 given by \zlorris (1981), (6.14) is computationally efficient.

Also, its form suggests a different methocl of cletermining pss. Define DX:oPnm: Pn.
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to be the marginal distribution for the number of high priority customers at node 1.

Making use of the fact that low priority customers do not interfere with those of high

priority, po. is given by the standard solution for a closed two node network with one

customer type, i.e.

-1
(6.15)

(6.16)

Po

Using ÐX,:oplm:ps. and substituting for ps* from (6-8) we have

Po.:Poo + t pooíoí^
N-1

¡tt=O

1f f/o Ð r*Po

Po 1+fio(#)),0

N-1

m=O

which upon rearranging gives (6.14)

6.1.3 State dependent rates

The procedure developed in Section 6.1.2 can now be employed to analyse the

previous model with state dependent service rates.

A singie server utilising a pre-emptive priority discipline operates at node i, (i :

1,2). The service time distribution is negative exponential with unit mean and the

service rates are p;(n,m) (respectively v1(0,m) andu2(N,rn)) for high (low) priority

customers when the state is (n,, rn) (respectively (0, -) and (lü, raz)).

Theorem 6.1

The networlc described above has equilibrium clistribution {pnrn,n : 0, . . . .' N,rn :
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0,. .. , M) given by

(6.17)
tn-l

po*:noo f[ rr1¡¡ rn:r,...,tu|,
j:0

n-7

ffi+ /r(0,-x1 - 6,.s)G(n,rn)il n :1r. .. , N,Pnm: Poo i:0

- I{(rn)u1(O,* + lX1 - 6*¡'t)G(n,m)

where

(6.18) Ii(m) --

and

(6.1e) G(n,m) -1+Di:lryti:1ffi ,

Fr(n'm) )

with sums over descending ranges taken to be zero, products over descending ranges

taken to be unity and ps6 is a normalising constant.

Proof : Consider the flux equations produced by cuts of type 1. This gives

(6.20)

Pn*Pz(n,rn) + Po,nut (0' rn)(1 - ó-o)

: pnirrnþr(n + 7,n't) I po¡n+tut(O, ttt + lX1 - 6^u)

for n :0,...,N. Rearranging gives

pn*Lrn :{pn^pz(n,,m) * pon ut(0,-X1 - ó-o)
(6.21)

- po¡n+tut(O, ttt + lX1 - 6^¡ø)\ I t-tt(n 1- \,*).

Sofor n:1r...,N,

(6.22) Pnnt:Po¡nlU X*+ + 'zl(0'nz)(l - 6-0)G('?'-)]

- pom+tut(O, ræ + 1X1 - 6*¡ø)G(n,m).

Using utl 2,,

Porn+rvt(O, * + 1) : p¡¡ rru2(N,m).

m-L

il
j:0

ri(j)

(6.23)
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Substituting from (6.22) gives

(6.24)

(6.25)

:poo ll r(U),
j=o

remembering that 6mM :0 for all rn in the required range. Substituting (6.24) into

(6.22) completes the proof and pss can be found using the normalisation equation. I

Remark : As pointed out in Morr-is (1981), the system with transition rates

independent of state can be generalised to the case where, upon completion of service

at one queue, the customer moves with probability p;¡ to the other queue, with i the

present queue and I the type of customer. The same can be done in this, more general,

process, by replacin1 þ¿(n,nz) by þ¡(n,m)p¡n,n and v¿(n,*) by v;(n,m)p;2,,-, simply

by realising that as the service times are negative exponentially distributed, such a

change is just a modification to the service rate.

Rates independent of the number of low priority customers

In the case where p,;(n,rn) and u¿(n,m) are independent of. m, (for notational

convenience r¡/e suppress nz in the foliowing), we obtain pn. : ÐX=opnrn fromequation

(6.22), the marginal distribution of high priority customers, andfind that it agrees with

the result for an ordinary two node closed network, i.e.

Pom+t:Pom

:ps,.I((m)
rn

with products over descending ranges talien to be unity.

Noting that.Il: I((nu) is indepenclent of mf.or rn :\,...,M, usingthetechnique
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of Section 6.!.2, DX-opo,n : ps. and substitutin gfor psn from (6.24) we have

po.:poo + t p¡sI((0)I{*
M_L

(6.26)

Rearranging gives

0

n[¿t n:tr...rI{
I(ttt n:Kr...,N,

lfl=

0

Po

Po

(6.27)

State dependent service rates may l¡e useful in analysing systems where extra

facilities may be called upon when demand for service is high.

Examples : (1) A system with -lú processors (each with service rate pr) dedicated

to high priority jobs and a single pr-ocessor for low priority jobs at queue 1 and only a

single server at queue 2 would have service rates

Fr(n''m) : nPrt

Fz(n'm): ¡12'

a(}'m): ur)

vz(N,nt) - u2.

(2) A modified version of Example (1) with .Il ( .ll processors for high priority

jobs at queue 1 would have service rates

Ft(n,rn) :

Fz(n,m): ¡-t2,,

vy(O,nt): ur¡

uz(N,m): rz.
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(3) In a similar fashion, systems with multiple servers at both facilities for high

priority jobs may be handled by simply rnodifying the high priority service rate.

The throughputs of high and low priority customers (see Schmitt (1983)) , T¡¡ ar'd

7¿ respectively, at the left node may be computed from

NM
(6.28) Tn- tt Ft(n,m)pn,,

n=7 tn=O

and

(6.2e) Tt
Mt

rn=1

u1(0,m)ps,.,-.

The mean delays may be computed using Little's formula

(6.30) L: \W

where .L is the mean queue length, À the mean arrival rate and lA lhe mearl waiiing

time.

\ /ith appropriate modifrcation ,ffe can use this technique to find the equilibrium

distribution for a system with more than two priority classes and state dependent

service rates.

The systems described above can be analysed using the quasi birth and death

structure of Gaver, Jacobs and Latouche (1984). However, the use of closed form

solutions is much more efficient, cornputationally, than the matrix techniques that

they use and hence should be preferred for such processes.

6.2 Two nodes with non-pre-ernptive priority at the left node

The previous modei may be modified such that the priority at queue 1 is non

pre-emptive, i.e. the arrival of a high priority customer does not affect the customer

in service. The state is defi.ned as (rz, m,,S) when there a;re n high and rn low priority

customers and there is a type ,9 (S : L or H) customer in service at the left node.
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For notational convenience we shall denote the empty state (n : rn :0) bV (0,0, ¿).

Let the service time distributions be negative exponential with parameters ¡r¡ and z;

for high and low priority customers respectively at queue i, (i :1,2).

A method for determining the equilibrium distribution for the above system is

now given. For notational ease, define

a: þzl þt,

b: pzljtz*ut),

(6.31) ": (t', + v1)f tlr,

d: vzl(q * uz),

": ttzl(rt * uz),

N-r N -2
-fiv : (p, + "ù"Ð oi - ¡r2.D "n - ulbN-red + u2H(N)

and 
i:o i=o

(632) H(,):+Ð(f)'('- (ffi)"-')
H(") may be simplified by expanding the sum. This gives

(6.33)

H(n): ltz I ut ff))()

)r
)r

)

)

( )

n-\ f¿ -z

)
ltz

llt

( Dllt 0

* vt)Qr,

: 0rz * ut)

: jtz ¡'r)

: jtz ¡ rt)

- (r)"1

, - (tr)"

Ltz I ut

þt

ltz I ut

Ft '-(+)

)"

(

n-7t
i:0

1

(ltt - I-tz

ltt - ltz

Uc1p

ltt - ltz

)

n

)

(+)"

1t - (r*,)"

(r)"

n

)
ltt- l-tz-ut

p(

tr2+vt
ILL

)l
'- (ff)"

rù

)Ulz*

ltt-l-tz-ut
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Theorern 6.2

For the network described above, the equilibrium distribution may be found from

(6.34) poLL: nooZ ,,

-)

(6.35)

and for m:3r... ,M - 1,

PozL : ffi';i,i':;il: . ulbN -7 ¿

-po,n-zLur"DIit oi - rtbN-t"D}-rt d*-'por" I po*-ttl¡,t
(6.36) pomL : H(¡rXpt ¡rr) -¡I(N -L)tt,!ulbN-r¿

-po¡ut-ztur"Ð[ît u,i - uzbN-'"DYrt ¿M-i-rOo't * powt-tt f ¡,t(6,37) pout -- ã(NXpt ¡ rr)- rr(¡r - r)t'" * p,2bN-r

n

(6.38) pnmL :

(6.3e)

(6.40)

PO^L¡ r¿ : 0,...,¡f -|rm :1, M

PN¡nL:

This gives all of the probabiliiies r,vhen a low prioriiy customer is in service. The

relationships for a high priority customer being in service are given by

(6.41)

n-1

(ffi).-'(#r) å (n)*-'oon'' rn:r' 'M-r'

pN M L :"; (# 
^) 

"-' (#;)E ç*)*-'' oon,

+ F, ( ,, \*-' ,onor.u1 \l-tz -l vt /

ltz I ut
PnmH : Po¡nL

Itt T ltz

ltt - pon +trH(n), m:7,... rM - Lrn : I,
i:0
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(6.42)

(6.43) pnMH : poML

PnoH : PooL
ltz

ltt'
- potzH(n), n:1,..., N

n

and

l'¿z I ut

ltt )(
'- (i:)" n:tr...,N,

where poo¿ is a normalising constant.

Proof : Consider the global baiance equations for states with low priority cus-

tomers in service. Then

(6.44) pn*n(l.rz¡rr):pn-tm.Lp2 n:L,...,¡tr -7,m - 1,. ..,M,

which has solution

(6.45) pnrnL: ( ' p,'' 
)'oo,"r, n:0,...,¡r -!,,m- 1,. ..,M.

\ltz t ut /

This is equation (6.38). AIso,

(6.46) pNt r,(u1 i uz) : pN -ttLptz

and

(6.47) pNrnt(u1 * uz) : pN-TmLltz * p¡tp-17u2, rn :2,...,M - L.

Solving for p¡¡n 7 and repeated substitution of equations (6.ab) and (6.47) gives

þz

7-EzItt

PomL

N-1

P¡,lt¡'.

PNwL : N-rrnL + -+PNm-tLut*uzutluz
ltz

(6.48)

utluz
u2

+ utluz I 4-,. -7rn-r L + +^ *-ztfLut-fvz uttuz I
N-1 rn-2I

i:0
Pom-iL

( )
U2

+ ut*uz

m-l
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Substituting for qNLL from equation (6.46) and piy-1,r,.l from equation (6.45) gives

(6.4e)

pNmL : ( ffi)'-' (*),_i. (#*,,)*-o ron", rn : !, - - ., M - L,
\/¡z +

which is equation (6.39).

We find p¡¡¡4¡ from

(6.50) pN M Lur : pN -7M Lttz * pW ttt -tLuz.

This gives

pN M L :"; (# 
^)'-' 

(*)E çn)* 
-n-, 

oon"

(6.51)
N-1

ltz

l¿z t ut POML¡
)

which is equation (6.40). This gives all states with low priority customers rn servrce

in terms of the pomL,, TrL : !,...,M. Now consider the flux into and out of. A:

{(i,*,H),i:1,...,n} U i(0, nz,L)},nr:7,...,M - 1. Then,

(6.52) PnrnH llz I po,nt (t-tz ¡ rr): t Pim+tLut * pn+t,nn ltt, n:7...N-1.
n

i:0

Rearranging and substituting for p¡,r¡tL,i : 0, n

and repeated substitution for p,,,,r¡t gives

(6.53) utpnttm. : pnm*rLrzr(t r+ut)po,-L-(t "+^l lr - (n)".t] pom+tL

Pn*lrntI :Po¡nL +:Ðe)o*,,*,(ft)"
(6.54)

(6.55)

_ po,n+rr+Þ, (, _ (*)"-'.') (ft)'
To find pt¡nH use the global balance equation centred on (0,m,L)

Po*t(Pz ¡ ,r) : PtnH l-rt * Po^+tt ut
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Substituting for ptn H in (6.55) gives

(6.56)

PnrnH : PomL

(6.60)

(6.62)

Also

n-1

ff)t - po*+t¡,H(n),, m--1,...,M -7,n - 1,...,N,
i:0

'n

ÍL

PnoH : PooL
l-tz

þt - pott H(n),

thus deriving equation (6.41). Now let A: {(i,0, ä), i :1,. .. ,,n} U {(0'0' ¿)}. Then

(6.57) PnoHlrz:PntroH[rr +I P¡rur, tu:!, ,N-1
i:0

which on substituting for p¡17 from equation (6.45) and repeatedly substituting for

equation (6.57) gives

(658) pno.- :proH(Ð r',"ffã (' - (*)"-') (ft)'

To find pro¡r we use the global balance equation centred on (0,0,L),

(6.5e) PooLPz:PtoHþt*Pottut

Substituting for p1s¡¡ from equation (6.59) into ecluation (6.58) gives

which is equation (6.42).

Now use A: {(i,M,H),i:1,...,,n} U {(0, M,L)}. This gives,

(6.61) PntrMHllT: PnMHl.tz* potutt(pr+ rt), Tt':I.,...,N - 1,

which is a first order nonhomogeneous recurrence relation with solution

pnM H : p,M H(f)'-' * pou ¡. (+) Ze)'

Pomn(¡r,2 ¡ ,t) : PLI,IH l-Ll(6.63)
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substituting for ptua from equation (6.63) into equation (6.62) gives

(6.64) Tr:7r...rN,

which is equation (6.a3). So all of the probabilities of states with a high priority

customer in service are in terms of the PomL probabilities.

A relationship is required bet'ween lhe ps*1 probabilities. This is obtained from

the global balance equations centred on (-lü, m,H), rn:0r... rM - 1. For rr':0¡

(6.65) Pwon(h * uz): PN-IoH ltz * PNtrut'

Substituting for these three terms from ecluations (6.39), (6.41) and (6.42), gives

P*MH:^ML(+) (+g)

0,, +,; 
Q*, ff)* - oo,"H(Ð)

:r,(roo"(Ð P'ttH(N- t))

*",(ffi)'-'(h),-"
(6.66)

Rearranging, \ ¡e obtain

o* (tt, * uz) - pzoN-r
(6.67) PotL: noozVç1¡y@¡ - ¡r(N - r),, I vlbN-7¿)

thus establishing (6.34).

Using the global balance equation centred on (-l/, m,H),for m - 1,. .',M -7,

(6.68) px,na(u2 + i/l) : pN-rm7ltz * P¡¡*+tt ut * PNm-t7uz.

For n¿ : 1, substituting for each term from equations (6.39), (6.41) and (6.42)
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and rearranging gives

(6.6e)

Rearranging gives,

(
N

* uzpooL
ltz

ltt - pot H(N)

(i,, +,ù (0,," (T): trl' - 0o,,"(Ð)

:,, (30," (+:)Þ. rrl 
o 

- oo,,H(' -'))

* ., (ffi),_, (*) nç*)"_, 0.,,

)

(6.70) -pooLuzcrN * potl,f ¡,t
PozL: H(¡{Xpt -t uz) - rr(N - r)t', + ,, bN -L e'

which is equation (6.35).

For rn - 3,. ..,M - 1, substituting from equations (6.39) and (6.41) into equation

(6.68) and rearranging gives

(6.71)
-N--Pom-zLvzc L;-o ' oi - ulbN-reÐL;t d^-nponr * po,,-trf ¡¡

PornL: H(NXpr -l uz) - Ir(¡ü - t)t', + uúN-1e

which is equation (6.36), while for nz : luI we obtain

(6.72) poML: -N--poM-zLuzc L;-o
t oi - u2bN-LeDY;' ¿M-i-.toorn * po¡,t-tzf w

ã(¡rXpt ¡ ,t) - fI(N - I)pz l- t'z óN-1

which is equation (6.37). Setting pooL : 1 we are able find the relative values of all

the probabilities. Normalising then gives the equilibrium distribution. t

We have not derived a closed forrn expression for the equilibrium distribution

because of the excessive complexity of such a solution. The above form, however, is

amenable to computation, aspects of wirich are discussed in Section 6.3.

These results may be generalised to the cases where service rates are state depen-

dent or customers may recommence service. Exactly the same method is employed,
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but note that the degree of complexity increases as in the case with pre-emptive prior-

ities. Hence it may be more economical in this case to use an approximation method

to obtain performance measures of th.e system.

The throughputs may be computed according to

(6.73)

PnrnH

NMra-p'tI
n=l m:O
NM

Tt' - "tDl' Pn*t'
¿:0 rn:1

Again, the mean delays may be computed using Little's result (6.30).

6.3 Cornparison with an approxirnate solution

Morris (1981) proposed an approximate solution to the system considered in Sec-

tion 6.2. This approximate solution involves denial of service to low priority customers

at queue 2 when n : N and a low priority customer rvvas in service at queue 1, not-

ing that this would underestimate low priority throughput and overestimate the high

priority throughput. Based on the worli in Section 6.2, numerical results indicate that

this is not always the case even though this seems plausible intuitively. Apart from a

small range of values for u1(in particular,, u1< 1) the relative error of the approximate

method for low priority throughput is very smali. Thus the basis of Morris' approxi-

mate technique (namely, the probability is small that N high priority customers and

one low priority customer can be served at queue 2 in less time than it takes to serve

one low pliority customer at queue 1) appears well justified. Comparison of utilisa-

tions given by both metirods support this viewpoint. Figures 6.5, 6.6 and 6.7 give

comparisons of some exact throughputs with the approximate model.

An interesting feature to note is that in some cases it is possible to significantly

increase the low priority throughput by decreasing the service rate of low priority

customers. This may be useful in some design problems where changes may be made
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to alter the service rate of low priority customers. In Figure 6.8 a plot is given of low

prioritythroughputasafunctionof bothpl and ulfor LL2:uz:1. Notethatinthis

plot the low priority throughput is, except for ul small, maximised rleaî p.r : ¡t2 :7.

For ¡-r1 K. ltz¡ high priority customers are bottlenecked at queue 1, thereby lowering

the throughput of low priority customers. A similar effect is observed at queue 2 if

ttz K ¡r1. The exception for ul small is because high priority customers are unable to

interrupt a low priority customer in service at the queue 1.

It shouid be noted, however, that while the throughput may be increased by

lowering the service rate, this leads to a drastic increase in the mean queue lengths of

both types of customer at the queue 1. Table 6.1 gives a comparison of low priority

throughputs and mean queue lengths for some typical parameters. This indicates that

in certain circumstances throughput is not a very good parameter for describing system

behaviour. Similarly, rïrean queue lengths are not always good indicators because they

do not give any indication of the degree of variability of queue lengih.

Morris introduced the approximate solution in an effort to lower the degree of

complexity of the nonpre-emptive system. However, testing has shown little difference

in the amount of CPU time required for the approximate and exact methods (using a

VAX 11/780 computer). Table 6.2 gives a comparison of CPU time requirements for

a variety of different parameters. Examination of Table 6.2 also reveals that the CPU

time requirement of the approximate solution is strongly dependent on the number of

low priority customers.

On the other hand, for the case of state dependent service rates it would seem

that use of an approximation is well justified. However, the complexity in obtaining

the exact solution would hardly appear worthwhile in view of the simplicity of Morris'

approach.
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0.1116
0.2230
0.8532
3.683

L.647
2.094
3.820
6.016

1.0

0.5
0.25
0.10

Mean queue lengthThroughput (x100)U1

Table 6.1 Low priority throughput and mean queue length,

Ft:2t [11 : u2: t-

0.01
0.06

0.02
0.07
0.03
0.L2
0.06
0.19

0.01

0.04
0.02
0.06
0.06
0.10
0.22
0.25

(D'Ð)
(5,20)
(10,5)
(10,20)
(20,5)
(20,20)
(40,5)
(40,20)

ApproximationExact method
CPU time useil seco nds(N,M)

Table 6.2 CPU time usages of exact and approximate solutions

6.4 Two nodes with priorities reversed at each node

Consider a closed two node network with pre-emptive priorities reversed at the

two nodes, that is, type 1 customers are of high priority at queue 1 and low priority at

queue two. Let the state of the system be (n, rn) when there a;re n type 1 customers

and m lype 2 customers at queue 1. Upon cornpletion of service a customer moves

immediately to the other queue. There are N type 1 arrd M type 2 customers. The

state transition diagram is given in Figure 6.9.

Morris (1931) considered the case where all service times were distributed negative

exponentially with parameters ¡l¡ and u¿ fot high and low priority customers respec-

tively at queue i, (i,:1,2), and the service rates were independent of the state of the

system (wiihout loss of generality, unit rate). Morris observed that the only recurrent

states of this process are (0, m), m - C,. ..,M, and (rz, NI), n - 0,...,N, and that
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the ecluilibrium distribution is given by

(6.74) Pnm

where C is a normalising constant.

In equilibrium, the f,ow of customers around the network has an interesting fea-

ture. Suppose the system is in state (N,M), that is, all customers are at queue 1.

A type 1 customer is then in service and upon completing service moves to queue 2.

As they are the only customer there, they move directly into service, eventually com-

pleting the cycle and returning to queue 1. Thus, the type 2 customers only get into

service at queue 1 when all the type 1 customers are at queue 2 (that is, when the

process reaches state (0, MÐ. If a type 2 customer then completes service before the

next type L arrival, they move directly into service at queue 2 (as they are now high

priority customers). Hence the system alternates amongst three phases;

(1) Type 1 customers being served at both queues with all type 2 customers at queue

1.

(2) All type 1 customers are at queue 2 while all type 2 customers are at queue 1.

(B) Type 2 customers being served at both queues with all type 1 customers at queue

2.

These phases are given schematically in Figure 6.10. As a result, we may com-

pletely describe the state of the system (in equilibrium) by the total number of cus-

tomers at queue 1. \Me shall adopt ihis convention.

Let the process begin in one of the recurrent states. Looking at Figure 6.10, it

is easy to see that a general queueing discipline may be constructed in which type

2 customers only occupy positions 1,..., M at queue 1 and N * 1,...,M * /Í at

queue 2, with the convention that only the highest priority customers present are

served. Similarly, type 1- customers only occupy positions 1, . ' . , -lü at queue 2 ar'd

M +L,...,M * lü at queue 1.
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Figure 6.9. State transition diagram for two node pre-emptive priority
system with priorities reversed.
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Figure 6.10. Schematic representation of. the possible configurations for
customers in the two node network with reversed priorities.
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Keeping this in mind, we assume that a proportion 7¿(1, k) of the total service

effort of queue i is dedicated to the customer in position I when the k customers are

present. Remember that when the process is in ecluilibrium the high priority customers

at queue i only occupy certain positions. Hence the function 7¿(1, k) implicitly carries

information on the type of customer in position /.

If, after the arrival of a type f customer to queue i the system is in state k,

the customer moves into position / with probability 6¿(l,k). In a fashion similar to

that used above, the subscript f may be dropped as the number of customers present

provides enough information to determine the type of an arriving customer. However,

it will prove convenient later to leave in the subscript.

\Mhen a customer leaves position / in queue i the customers in positions / +

1,...,n(i) move to positions /,.. .,"(i) - 1 respectivel5 where n(i) is the number of

customers at queue i. Similarly, when a customer moves into position / the customers

in positions /,... ,"(i) - l move into positions l+ 1,...,n(i).

Definition : Queue i is syrnmetric with respect to type f customers if

(6.75) 6¡(l,k) : y(I,k) Vl,lc

Note that in Chapter 3, Section 4 the definition of symmetric was independent of

the type of the arriving customer. For example, queue i may behave as a last come-first

served pre-emptive resume queue for high priority customers and as a first come fi'rst

served queue for low priority customers until a high priority customer arrives.

\Me shall consider a general version of the model considered by Morris. If node i

is symmetric (respectively not symnetric) with respect to type t customers then their

service times are generally distributed (respectively negative exponentially distributed)

with unit mean. Pre-emptive priorities are employed, that is, low priority customers

are only served when no high priority customers are present. The service facility at
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queue i works at rate pi(k) and z¿(k) for type 1 and 2 customers respectively when ß

customers are present at queue 1.

Lemma 6.3

For the purely Marliov process, the network described above has equilibrium dis-

tribution given by

ß-1
),¡

a j+t(6.76) 7k:Cil k:0,...rM*N,
j:0

where rk : pnm if k : n + rn and (n, rn) is a recurrent state and

(6.77)

(6.78)

dj: "'(j)t't(j)
j :7,... rMj:M*1,...,,M+N,

Àj:
,t(j)
Pr(j)

j:0r...rM -Ij:M,...,M+¡r-1.

Proof : The detailed balance ecluations fol the process with all service times

negative exponentially distributed are

(6.7e) ltko¿k- zrt-rÀf-r, k:1,..., M + N

where a¡ and l¡-1 are given by equations (6.77) and (6.78) respectively. Equation

(6.76) is the unique solution to the detailed balance equations. I

For the process with generally distributed service times, we shall construct the

network as a Generalised Semi Marliov Process in order to derive an insensitivity result

regarding the equilibrium distribution. The network we are considering does not fall

into the category of networlcs that are examined by Chandy and Martin (1983). 'When

considered in isolation with Poisson arrivals the queues are not symmetric and hence

the analysis of Chandy and Martin may not be utilised.

We employ a construction similar to that used in Barbour and Schassberger (1981).
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Let s1 ,s2,...,s¡a (respectively sM+tr...,sM+N) be labels for lifetimes of type 2

customers (respectively type 1 customers) at queue 1 and let t1, . . . , ÍN (respectively

ú¡¡ar, .-.,t¡¡+¡ø) be labels for lifetimes of type 1 (respectively type 2) at queue 2.

Customers of type i arriving at queue j choose randorrily from the labels available

for their type (they may not select a label already in use). Upon completing service

a customer returns its label to the available pool and moves to the other queue. The

state of the system is defined by the labels in use and by their position in the queue

(that is, the position occupied by ihe customer with that label).

Let /¿ (respectively r¿) denote the label of the customer in position i of queue 1

(respectively queue 2). When k custorners are present at queue 1 a complete description

of state is then given by tire vector c : (/r ,...rlkr? 1r... ,ru+ry-r).

Lemma 6.4

The equilibrium distribution for the purely Markov process is

(6.80)
II

ilï

h-1 À;
j:o a¡ 4r )
-r l;\
:0 a¡¡t )

(M-È)! È! 1

MI M! NI.

(N*M-e)!(ß-M)! r
--t! N! m

fork:0r...rM

fork: M+1,...,M+N,

with products over descending ranges taken to be unity.

Proof : This is most easily proved by considering the possible permutations of

Iabels in use in any state.

Suppose k customers are present at queue 1. Since labels are chosen randomly

from the set avaiiable to the type of an arriving customer, the probability that labels

h,. .. ,I¡ are in use at queue 1 is given by

(Y)-'
(oIr) -1

fork:0,...,,M
fork: NI+7,...,M+N.

For the fi.rst expression, none of the labels sM+r,t...¡sM+N are in use (which occurs

in precisely one way), while k of the labels sl, . . . , sM are employed (which happens
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i" (Y) v/ays. Hence the probability that labels h,...,1¡ a,rein use i. (Y)-1. For the

second expression, all of the labels slr...)sM ate in use (which occurs in precisely

one way), while k - M of the labels sM+r r.. . , sM+N are employed (which happens in

(olr¡ ways. Hence the probability that labels h,..., l¡ are in use it (o]r)-t.

Given that the labels h,. . ., /¡ are in use, the probability that they a^re in the

given permutation is given by

fork:0r...rM
fork: M+\,...,M+N

In the first expression, there are i"r! permutations of the labels. In the second expression,

all of the labels s1,...)sM ate in use and can only occupy positions 1,...,M, while

the rest of the labels must occupy positions M + 7 to k. There are Ml(k - M)! such

permutations.

Thus the probability that labels It,. . ., /¡ are in use and in the given permutation

is given by

f (y)-'# : %y for fr : 0,...,M

\ (*lr)-'#,êMT.: %u for k : M *1,...,M + N.

In a similar fashion when k customers are present at queue 1, (that is, .lf + luf - k

are present at queue 2), the probability that labels rtt...¡rM+N-k are being used is

given by
tMt,-L1\¡,t-tJ fM:Tti :

ß!
Nt IvIl

(, \-1 1 
- G-M\lil GZ+]rÐ: -tñl-

fork:0r...rM
for ,b : 0,. .., M + N.1V

+N-
Therefore, the probability that labels (lt,. . . ,lk,rr,. . .¡rM+N-r) are in use in the

given permutation, conditional upon exactly k customers being present at queue 1, is

( (¡ø-xlt ß! I k :0 ... M) --ffi-ø.ñ.
1ry4$p+ k:M+l...M+N.

To obtain the probability of being in state (1r,.. -,lk,rr¡...,rM+N-t), we then

simply multiply by the probability of having fr customers at queue 1, which is given

by equation (6.76). We have thus derived equation (6.80). t
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Theorern 6.5

The equilibrium distribution for the network described earlier (that is, with gener-

ally distributed service times for type i customers at queue j when queue j is symmetric

with respect to type i) is given by equation (6.76).

Proof : We will use the GSMP construction given above and show that the partial

balance equations (see l(önig and Jansen (197a) or Section 2.3) are satisfred for the

purely Markov process when queue j is symmetric with respect to type i. \Mhen the

partial balance equations are satisfied, general distributions may be used in place of

negative exponential distributions without affecting the equilibrium distribution'

Suppose fr customers are present at queue 1 in state c. For fr - 0,...rM,let

,R(c) be the subset of {ú¡y..1, ... ,tN+u} not in use at queue 2 in state c. For fr :

M l!,...,M *-lú, let rR(c) be the subset of {i1,...,úiv} not in use at queue 2 in state

c. Let c(I,r*, i) d.enote the state formecl from c by the removal of label / from queue

1 and the insertion of label r* e rB(c) into position i of queue 2.

For k 1 M, the flux out of state c due to the death of the label, I¡, in position j

of queue 1 is p(c)71(j,k)or.

The flux of that label being born in position j of queue 1 to create state c is,

M+N-È+1
(6.81) t t p("(t¡,r*,i))"fz(i,¡w+N - kf 1))¡-r6n(i,k)/(M- k+ 1).

r+ €R(c) i=l

Note that

È-1

p(c(I¡,r*,í)): C fI
j:0

(IvI - k k! 1

aj+t Mt. Ml Nt

o¿tc M -k+7

)¡

(6.82)

Àr-r k
: p(c)
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Substituting from expression (6.32), expression (6.81) then becomes

M+N-È+1
p(c)

drc M -k+L t I n(i,M+N-k+1)Àt-r
r'€R(c)

a¡6e(j,k)

Àt-r k

6rz(i,k)
M-k+ti:1

(6.83) : p(c)
k t 1

r'€R(c)

: p(c)a¡6n(j,k),,

where the first equality holds because Ð!n:rnU,i): L and the second equality holds

because there are lc labels in the set rR(c).

So, for lc : 7 . . . M, the partial balance equations hold when

(6.84) p(c)a *tn(j, k) : p(c)a ¡ 6p(j, k)

This is true if 6n(j,lt): fU,k), that is, when queue 1 is symmetric with respect to

type 2 customers. As a consequence, general distributions may then be used for type

2 customers without affecting the equilibrium distrib'ution.

Using a similar procedure at queue 1 for k : Il4 +1,..., M + N shows that general

distributions may be used for type 1 customers at queue 1 when it is symmetric with

respect to type 1, without affecting the equilibrium distribution.

Repeating the analysis for queue 2 shows that the equilibrium distribution is

insensitive to changes in the service time distributions (provided the mean is fixed)

when queue 2 is symmetric with respect to type i.

To find the equilibrium distlibution for the number of customers at each queue,

we simply sum over the appropriate perrnutations of labels of customers at each queue.

This gives expression (6.76). I

Morris noted that this system may be used to model a full-duplex data link rvhich

is used for transmission of messages under a window flow control protocol when there

are two grades of messages.
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6.6 Two node closed networks, pre-eltlptive priority at the

and non-batch servicing at the right

The analysis is now extended to trvo node closed networks whe¡e pre-emptive

priority discipline is used at the left nocle but at the right node the d.iscipline is allowed

to be any state dependent discipline except for batch servicing. All service times

will now be assumed to be negative exponentially distributed. Let the set of states

{(n,*);0 ( n S ¡f } be denoted by the level rn. This allows the system to be considered

as a quasi birth and death process (see Neuts (1981)), whereby transitions with positive

rate cause the level to change by at most one up or down. This is the reason s'e do

not allow more than one customer at a time to complete service.

The service times are negative exponentially distributed with parameters pt4(n,m)

and v¡(n,m) al node i for high ând low priority customers respectively when the state

is (n, ræ). The state transition diagram is given in Figure 6.L1.

It is clear, since the process at each transition may only move from level nz to

one of m-7 (for m > 0), rn and n'¿+1(for rn < M), that the process has a block

tri-diagonal Q-matrix,

AÍ') A[')
At') Al') A[')

(6.85) a
AtM-r) AQvr-7) AtM-l)

At*) A\*)

with submatrices of order (¡f + 1) x (,af * 1), wher" [A[-)]r¡ is the rate of moving from

state (i, m)tostate (j, m*I). ll[*)]n¡:0for il j and' [A[-)]oo :uz(i,m).

llLù)¡ is the rate of moving from state (i,*) to state (i,^ -1). Thus IAL*)lr¡ :

v1(0,m)6¿s6¡o. Hence A\*) ,nuy be rvritten in the forrn A\*) : zr(0, *)P'P, where

þ : (7,0,. . . ,0). In the following rve shall adopt this convention.
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Figure 6.11. State transition diagram for two node network with
pre-emptive priority at queue 1 and non-batch servicing at queue 2.



[ll*\n¡ is the rate of moving from state (i,*) to state (i,*) for i lj, and is the

negative of the total rate of moving out of state (i,rn) when i: i. Thus [Al-)],¡ : O

for j li-L,i or i.+1, [ÁÍ-)]i,i-r: Fr(i,m) ana [a[-)]¿,¡+r: Fz(i,m).

Thus, the global balance equations may be written as

poÁÍo) +pr.4!t): s,

(6.86) p,.-tA|*-t) + p,,Al-) * p,,,+r AL**t) :0,, m: r... M - I

p*-rA|*t-t) * prA\M) :0,

where p'n. : (po^r ptntt . . . r PN,rn).

Systems with the structure of (6.86) have been studied in general by Gavet, et al,

(1984). However, in the system being examined here, the matrices Af,^) ur.of rank one

which allows a closed form of soiution to be found, rather than an iterative solution.

Theorem 6.6

If the service rates in the above system are independent of m, the number of low

priority customers at the left node, then

(i) ,4Ít) - A\Ð: ... : A\M-t) - Ar, sây, /[o) : ,4[t) : ... : AtM-l) - Ao,

AtÐ : Af) :... : At*) :,q, Alo) : At * A2 and, A\*) : At I Ao.

(2) The equilibrium distribution is given by

prn : pm-r(-AoXÁ, i AseB)-l

(6.87) :p6amt 01m1M-\,

p M : ..oRM -L (- lo l\*) -t),

where R: (_Ao)(,4,1 + Aoeþ)-r, e : (1,1,. . . ,l)t and ps is the unique positive

solution to the system

Po(At -l Az'l AseB) : g(6.88)
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and

(6.8e) Po D ^*" 
+ p.oRM-'(-Ao(,4,r a -4s)-1)e : t.

M_L

nt=o

Proof : (1) As the rates are no\Ã¡ independent of the level, it is immediate that

ÁÍt) : A\') :...: A\Iw-r). Similarlyfor /.0 and. Az. No downward transitions are

allowed from level zero, and since this is the only difference between level zero and levels

!,2,. .. ,M-1, adding the row sums of. A2 to the cliagonal elements of. A1girr". A[o). A.

A2 is diagonal, this gives Alo) : At I Az. In a similar fashion, A\') : At * Ao.

(2) This could be proved by application of the results of Gaver, et al (L984), but

we give the outline of a proof which exploits the particular structure of the process.

Cut equations between levels rn and m * 7 yield :

(6.e0) P-Aoe : Pn¡*I"{0)0'

Multiplying on the right by B givês

(6.e1) p*Aoe/: prn*l"t(0)0'þ - p,n¡tA2.

Substituting from expression (6.91) into (6.86b) gives

(6.e2) p¡n-tAo* p*(Ar * AseB) : O

Rearranging gives equation (6.87a) and using induction gives (6.87b) (Ar * .4oeÉ is

non-singular by application of the Perron-Fröbenius Theorem). Rearranging (6.86c)

and substituting from (6.87b) yields (6.87c). The solution is completed by finding

p6. Equations (6.86a), (6.91) u,nd Alo) - A1f A2 give (6.83) and. the normalisation

equation is (6.89). I

A similar result may be shown if the service rates are made dependent upon (n,*).
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Theorern 6.7

For the system described above with state dependent service rates, Ft(n,rn,) and

u¿(n,,m), (i : 1,2), the equilibrium distribution is given by

p,n:prn-r(-Aá--')) Ø\*) + Af,ùeB1-l, nt:L...M -!,
16.931\ / 

PM : PÀr-r(-A@-L) AW)-r),

with po the unique positive solution to

Po(Alo) *A[o)eB¡: s,

(6.e4) Mt 1

nl:0

(6.e5)
n=0 m:7

and

NM

eP"n

Proof : The proof follows along lines similar to those used in Theorem 6.6 and

so is not given here. I

The low priority throughput, Tt , and utilisation, U¿, at the left node are given

by

NM
Tn- t t pn*uy(n,m)

(6.e6) Ut - I Do"-
n=O rn:l

Examples : (1) A simplified model of an interactive computer system with .lú

interactive users (high priority), M batch jobs (low priority) and one CPU would have

rates p1(n rm) : Fr, ¡tz(n,m) : np'2, ur(n',m) : ut6,,o and u2(n,m) : muz' Table

6.3 gives low priority throughputs and utilisations at the left node for this model and

the system described in Section 6.1 where only one low priority server is present at the

right node.
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3.066
0.1579
35.54
0.1580
6.092
3.065
3.066

3.067
0.1580
37.00

0.1580
6.131
3.067
3.067

11
0.5 1

2L
I2
11
11.
11

11
11
11
11
27
1 0.5
72

Low priority throughput (x10-3)
Number of seraers at ri,ght node

1 server 10 servers
Service rates

ltt þz u1 v2

Table 6.3 Low priority throughputs for a system with 5 high and 5 low
priority customers and one server at the left node.

(2) A system with /l < M * -lü servers at the right node, one server and pre-

emptive priority at the left node would have rates

Ft(n'm): Pt'

Irz(n, m) : min(n., I() Pt,

v1(n,m): ur6no,

u2(n,m): min(m,I( - n)u2.
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CHAPTER 7 : CONCLUSION

7.1 Conclusions and suggestions for further research

In part one of this thesis we considered insensitivity in Generalised Semi-Markov

Processes. In Chapter 3 it was shown that age dependent GSMPs have a product form

supplemented equilibrium distribution if and only if a related purely Markov process

satisfies a certain set of partial balance equations. New forms of the supplemented

giobal balance equations were employed which incorporated information on both the

spent and residual lifetimes. In this fashion, new results on insensitivity in GSMPs

were derived.

Using this framework, we showed that the results on insensitivity in queueing

networks may be extended to networks where the routing, from symmteric nodes, is

dependent upon the customers' service requirement. It was also shown that results on

semi-Markov Processes (Çinlar (1975)) and interruption processes (Henderson and

Taylor (1937) and Taylor (1987)) fall out as special cases of the theory developed

here. It would be interesting to see if, for age dependent processes, an insensitivity

implies partial balance result exists (along the lines of Henderson and Taylor (1987)),

but this has not been attempted h.ere. Another possibility would be to consider some

form of anticipating routing. That is, processes where the next service requirement

is chosen in advance, and the routing is made dependent upon this requirement.

We also considered the use of age dependent speeds, in which the speed that a

lifetime is worked on is allowed to depend on the amount of service it has received.

While the assumptions made may be somewhat restrictive in this case, it might be

possible to derive an approximation method, using the results presented here, for

such processes.

In Chapter 4 an alternative and simpler proof of a result of Tayior (f OAZ) on

processes with zero speeds was given. By using an expanded state space to model
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such systems, we then extended the results of Henderson (1983b) on processes with

instantaneous attention.

In part two of this thesis we examined closed, two node priority queueing net-

woiks. When both nodes utilise a pre-emptive priority discipline, results of Morris

(1931) were extended to allow state dependent service rates. 'We then found the

equilibrium distribution for a closed network with one node using a nonpre-emptive

priority discipline. Using results discussed in Chapter 2, the equilibrium distribution

for a network with reversed priorities, under certain conditions, was found to be in-

sensitive. The Chapter was concluded by a general formulation of two node networks

in terms of the quasi-birth and death processes of Gaver ef aI (7984)-

The complexity of the results in Chapter 6 indicate that exact solutions for

networks of queues with priorities will be impractical and hence future work should

be directed towards finding effi.cient approximation techniques.
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