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SUMMARY
This thesis is in two parts.
In PART ONE, insensitivity in stochastic processes is studied.

Chapter 1 contains a review of the literature and introduces the terminology

and ideas involved.

In Chapter 2 we summarise the results of previous authors that are required

in Chapters 3 and 4.

Insensitivity in processes with age dependent routing is studied in Chapter
3. Conditions are found for classes of age dependent processes to have the same
equilibrium distribution. These conditions are related to the property of partial
balance in systems which “average” the age dependent routing probabilities. The
analysis is then applied to networks of queue, semi-Markov processes and interrup-
tion processes. Average residence times and systems with age dependent speeds

are also examined.

In Chapter 4 we consider insensitivity in generalised semi-Markov processes
which do not necessarily possess instantaneous attention. An alternative proof
is given of a theorem of Taylor (1987), and results on the relationship between

generalised balance and insensitivity are extended to such processes.

In PART TWO of this thesis, closed, two node, priority queueing networks

are examined.
Chapter 5 contains a review of the literature on priority queueing systems.

In Chapter 6, we study closed, two node networks with a variety of priority

disciplines. When both queues use pre-emptive priority, results of Morris (1981)

v



are extended to the case of state dependent service rates. The equilibrium distri-
bution is also found for networks with one pre-emptive and one nonpre-emptive
queue and the solution compared to an approximation used by Morris (1981). An

insensitivity result is derived for pre-emptive networks with priorities reversed.

Chapter 7 contains conclusions and some ideas for further research.
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PART ONE

INSENSITIVITY IN STOCHASTIC PROCESSES



CHAPTER 1 : INTRODUCTION ({

Many stochastic processes have features that do not depend upon the shapes
of the governing distributions. For example, the probability of emptiness in the
G /G /1 queue depends only on the means of the arrival and service time distributions.
Characteristics like this allow information on a general system to be gained from the
more readily analysed purely Markov process. In this part of the thesis, we seek
criteria under which the equilibrium distribution of the processes under examination
are insensitive, that is, depend on the lifetime distributions only through their means.

Erlang (1917), looked at a simple model of a telephone exchange, the famous
M/G/K Erlang loss system, and showed that the equilibrium distribution for the
number of busy servers is the same when either negative exponential or deterministic
distributions with the same mean are used. Later, it was shown that the same result
also holds with Erlang distributed service times, and hence it was postulated that
this was true for arbitrary distributions with the same mean.

Fortet (1950) proved this postulate but did not show the uniqueness of the solu-
tion obtained. This was performed by Sevast’yanov (1957), with the assumption that
the successive service times are independent, an assumption later removed by Konig
and Matthes (1963). Takacs (1969) looked at the problem in terms of the number
of busy servers a customer sees upon arrival and found similar results. The results
of Takacs were extended to state dependent service and arrival rates by Brumelle
(1978).

A related process, the Engset system, was shown by Cohen (1957) to be insensi-
tive while Konig (1965) also showed insensitivity but allowed successive service times
to be generated by a stationary point process.

The evolution of insensitivity theory gained impetus with the introduction of the
Generalised Semi-Markov Process (GSMP) by Matthes (1962). A GSMP is defined

on a set of states z € §). Associated with each state x € ) are active elements from
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the set S = S* U S’ where S* NS’ = ¢ and |S*| is finite. If s € S* then the lifetime
of s is generally distributed whereas if s € S’ it is negative exponentially distributed.
It is assumed that no two elements of S* are activated or die simultaneously and the
residual lifetimes of the remaining active elements of S* remain unchanged upon the
death of s € §*. With probability p(z,s,z') the process moves from state = to state
z' upon the death of element s € S.

Matthes showed that a GSMP is insensitive if and only if a particular set of par-
tial balance equations (his set of equations Z) are satisfied. That is, the equilibrium
distribution depends only on the means of the lifetime distributions for elements in
S* when, in the purely Markov process, the flow into a state due to the creation of
s € S* is equal to the flow out of that state due to the death of s. |

This was a major step in insensitivity theory as many physical processes can be
modelled within the GSMP framework. Hence, insensitivity criteria became available
for processes such as the Erlang loss system and the Engset system.

Extensions to this work, which include allowing successive lifetimes to be gener-
ated by stationary point processes, were done by Koénig and Matthes (1963), Konig
(1965) and Koénig, Matthes and Nawrotzki (1967).

Konig and Jansen (1974) widened the scope of GSMPs by having the active
lifetimes worked off at state dependent speeds, allowing processes with temporary
interruptions to be modelled. In analysing such systems they assumed what they term
the e; property. This property (later called instantaneous attention by Schassberger
(1977)) simply means that any generally distributed lifetime must be worked on
with positive speed as soon as it is created. Under this assumption, Konig and
Jansen (1974) demonstrated that a GSMP is insensitive if and only if a certain set
of partial balance equations hold for the associated purely Markov process. These
partial balance equations have the same interpretation as in Matthes’ (1962) work

and differ only through the introduction of the speeds. Jansen, Konig and Nawrotzki
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(1979) and Franken, Arndt, Konig and Schmidt (1982) extended this work to the
case where lifetimes are generated by stationary point processes.

Kénig and Jansen (1974) pointed out that processes not possessing instantaneous
attention may, by the addition of suitable extra states, be converted to a process that
does have this property and hence permit the utilisation of their analysis. Taylor
(1987) adopted a direct approach to this problem which is discussed later in more
detail.

The original proofs of the above results are quite complex and require a knowl-
edge of stationary point processes. Schassberger (1977, 1978a, 1978b) produced sim-
plified proofs of the results of Matthes (1962) and Kénig and Jansen (1974) by em-
ploying the method of phases and using a weak convergence argument to show that
the results hold for general distributions. Whitt (1980) gave a rigorous justification
for the use of this technique to model general distributions in GSMPs.

Konig and Jansen (1974) and Schassberger (1978b) also showed that the supple-
mented equilibrium density (using residual lifetime) breaks down in’;o a product of
two terms, one for the discrete part of the state and one for the continuous part, the
latter factorising into terms for each active element of S* in the state. That is, the
process behaves as if the discrete and continuous parts of the state are independent.

Henderson (1983a) introduced the property of generalised balance. A GSMP
(having instantaneous attention) possesses this property if in any state the rate at
which each active element dies in forward time is equal to the rate at which it dies in
reverse time. It was shown by Henderson that GSMPs with speeds are insensitive if
and only if they have generalised balance. Moreover, Henderson showed that this is
true if and only if the equilibrium density using residual supplementary variables is
the same as that using spent supplementary variables. He derived further necessary

and sufficient conditions for insensitivity which relate the forward time process to the
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reverse time process. These results are extended in Chapter 4 to allow for processes
not having instantaneous attention.

A new structure for the examination of insensitivity was developed by Whittle
(1985). Using this structure, Whittle provided a new and simpler proof of the insen-
sitivity if and only if partial balance result. Taylor (1987) noted that it is implicitly
assumed that the process under consideration possesses instantaneous attention and
that active elements with generally distributed lifetimes may not die and be imme-
diately recreated. Subsequently, Taylor (1987) reproved Whittle’s results without
these assumptions. Schassberger (1986) pointed out that there exists an equivalence
between Whittle’s structure and GSMPs. Further results on insensitivity may be
found in Whittle (1986).

Henderson and Taylor (1987) considered a modified form of a GSMP with speeds
by allowing generally distributed lifetimes to be terminated by a negative exponen-
tially distributed interruption. The general lifetime then dies and the process moves
to some new state dependent upon the manner in which the lifetime died, that is,
naturally or due to an interruption. They derived necessary and sufficient conditions
for the insensitivity of such systems which are related to the partial balance equations
for an associated Markov process. The routing probabilities of this Markov process
are the average routing probabilities of the interruption process. Such processes are
special cases of the processes with age de.pendent routing to be considered in Chapter
3.

As mentioned previously, Taylor (1987) took a direct approach to the analysis of
processes that do not have instantaneous attention. He found necessary and sufficient
conditions for insensitivity in processes with one generally distributed lifetime and
sufficient conditions for processes with many general elements. These conditions have
an interesting interpretation. Whereas previous results had found a balance exists

between the birth and death of generally distributed elements, Taylor showed that
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the important property is a balance between the first time an element of S* is worked
on with positive speed and the death of this element. The supplemented equilibrium
density using spent lifetimes is also given. In Chapter 4 we give an alternative analysis
of such processes which highlights the physical, rather than mathematical, reasons
behind Taylor’s result.

Much work has been done, using a variety of techniques, in the area of insensi-
tivity in queueing networks. Jackson (1957) showed that the equilibrium distribution
for an open queueing network with Poisson arrivals and negative exponential ser-
vice times could be broken up into a product over the nodes of the network, each
term in the product corresponding to the equilibrium distribution of that node when
considered in isolation with a modified arrival rate. The proof of this result was per-
formed by showing that the proposed solution satisfied the global balance equations.
A similar result for closed networks was shown by Gordon and Newell (1967).

The first of the insensitivity results in queueing networks was produced by Bas-
kett, Chandy, Muntz and Palacios (1975). They considered open, closed and mixed
networks of queues with multiple customer types arriving in Poisson streams. The
nodes are permitted to be of four types, namely,

(1) a single server queue operating under a last come, first served, pre-emptive re-
sume discipline,

(2) an infinite server queue,

(3) a processor sharing queue, in which a single server devotes an equal amount of
service to each customer at the queue,

(4) a single server operating under a first come first served discipline.

For nodes of types (1), (2) and (3) the service times are allowed to be dependent
on the type of customer, but must have rational Laplace transforms. For nodes of
type (4), all customers must have a negative exponentially distributed service time

with the same mean.



The condition that the service time distributions have rational Laplace trans-
forms allows a Coxian description of the progress of the customer at those nodes.
By describing the state of the system by the number of customers of each type at
each queue, together with the possible stages of service, Baskett, et al, showed that
the -equilibrium distribution is given by a product over the nodes of the network.
Using an appropriate summation, it was shown that the marginal distribution for
the number of customers of each type at each queue again takes on a product form,
and this distribution depends on the service times only through their means.

These results were proved by showing that the proposed product form satisfies a
certain set of local balance equations which equate the rate of flow into a state by a
customer entering a particular stage of service with the rate of flow out of that state
due to a customer leaving that stage of service. When appropriately summed, these
local balance equations give the global balance equations.

Kelly (1976) looked at networks of queues from an entirely new perspective. He
firstly considgred general queueing networks with negative exponential service times.
By proposing an equilibrium distribution of product form and a set of reversed time

transition rates, Kelly showed that the equations
m(C)q(C, D) = =(D)q'(D,C)

and
> 4¢(C,D) =) ¢'(C,D)
D D

were satisfied, where 7(-) is the proposed equilibrium distribution and ¢(C, D) (re-
spectively ¢'(C, D)) is the forward (respectively reversed) time transition for moving
from state C to state D. Satisfying these equations shows that the “guessed” equi-
librium distribution and transition rates are, in fact, correct.

Kelly also introduced the concept of symmetric queues. The queue is said to

be symmetric if, for every n > 0, the proportion of the service facility’s total effort,
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v(l,n), devoted to the customer in position /, | = 1,...,n, when n customers are
present, is equal to the probability, 6(/,n), that an arrival finding n — 1 customers
present moves into position [. Kelly showed that if, at symmetric queues, the service
’ times come from finite mixtures of Erlang distributions, the equilibrium distribution
depends only upon the mean service times, not the shape of the distribution. His
conjecture that the same results hold for general service time distributions was proved
by Barbour (1976). By appropriately defining the parameters of the system, the
networks of Baskett, et al, fit into the above structure.

Chandy, Howard and Towsley (1977) showed similar results by using continuous
supplementary variables for the remaining service requirement of each customer. It
should be noted that the conditions under which their theorem is proved are some-
what restrictive as they require that the queues of closed networks be locally balanced
when considered in isolation with Poisson arrivals. In Chapter 6, Section 4, an exam-
ple is given of a closed network that appears to have such a product form solution,
yet whose nodes are not necessarily locally balanced in isolation.

A queue is said to be quasi-reversible (Kelly (1979)) if its state x(¢) at time ¢ is
a stationary Markov process with the property that x(t¢) is independent of
(1) arrival times of type ¢ customers subsequent to time 2o,

(2) departure times of type ¢ customers prior to time %o.

All of the networks described above are made up solely of quasi-reversible queues.
Kelly (1979) showed that such systems have a product form equilibrium distribution
which, at symmetric queues, depends only on the mean of the service time distribu-
tions. He also showed that a queue is quasi-reversible if and only if the total service
effort devoted to type j customers at queue ¢, when n customers are present, takes
on the form ¢;(n(z) — e;;)/#i(n(¢)), where n(z) is a vector of the number of each
customer type at queue 7 and n(z) — e;; is the state with one less type j customer

present.



Chandy and Martin (1983) extended the definition of symmetric queues by al-
lowing v and § to be functions of the state of the entire network; queue i is then said to
be symmetric if §;(1,n) = vi(I,n), where n is the state of the network. They showed
that a more general product form of solution exists for all routing probabilities and
arrival rates if and only if the queueing discipline is balanced and either
(1) the service times of all customers at a queue are negative exponentially dis-

tributed with the same mean, or
(2) the queue is symmetric.

The balanced condition implies that the total service effort of queue 7 devoted
to type j customers takes on the form é(n— e;j)/$(n) for all i and j where #(.) is an
arbitrary, non-negative function and n—e;; is the state with one less type j customer
in queue 7 than in state n (c.f. Kelly (1979)).

Noetzel (1979) also looked at networks of queues but considered customers in
arrival order, rather than inserting them in positions other than the end of the queue.
It was shown that the product form holds for disciplines of the Last Batch Processor
Sharing type. There does, however, exist an equivalence between the structure of
Noetzel and the symmetric queues of Kelly. Other work on insensitivity and product
form has been performed by Hordijk and van Dijk (1981, 1983a, 1983b).

All of the work on GSMPs described earlier assumes that the number of generally
distributed elements is finite. As a result, closed networks can be modelled as GSMPs
but open networks cannot. In a GSMP each element that is alive must have its own,
unique label, with newly created elements randomly selecting one of the unused labels.
To completely describe an open network, a countably infinite number of labels are
required and hence random selection becomes impossible.

Barbour (1982) tackled this problem by showing that an open network may be
realised as the limit of a suitable sequence of closed networks in such a way that the

insensitivity properties of the closed network are transferred to the open network.
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The comment is made, however, that it is probably easier to treat open networks as
a class of problems in their own right.

In an attempt to deal with this shortcoming, Schassberger (1986) showed that
it is possible to construct a GSMP with relabelling, in which, upon the death of an
element with a generally distributed lifetime, all elements with the same diétribution
may be relabelled. This then permits the modelling of open networks.

There are a number of examples of finite queueing systems which are insensitive
but may not be described as GSMPs nor fall within the networks of queues framework
described above, as the governing lifetimes are not necessarily independent (in fact,
they may be constrained to be identical). Such processes do not fall within the
structure to be considered in this thesis but further information may be found in
Jacobi (1965), Chaiken and Ignall (1972), Wolif and Wrightson (1976), Jansen (1980)
and Henderson (1983b).

In Chapter 2 we present the basic notation and structures to be used in Chapters
3 and 4, together with a statement of some results of previous authors.

In Chapter 3 we shall extend the notion of GSMPs with speeds to allow routing
probabilities which, upon the death of a generally distributed element, are dependent
on the amount of service that has been received by that element. This then allows a
more comprehensive extension of Semi-Markov Processes, in which the new state is
chosen as a function of the time spent in the previous state.

The standard supplemented global balance equations are modified to include
both the spent and residual lifetimes of each generally distributed element. In this
way, correlations between the spent and residual equilibrium distributions of insen-
sitive processes follow quite naturally. The theory is then applied to networks of
queues, interruption processes and Semi-Markov Processes.

Finally, we look at average residence times in GSMPs and consider the extension

of the above to processes with age dependent speeds.

9



In Chapter 4, processes not possessing instantaneous attention are examined
and an alternative proof is given of a theorem of Taylor (1987). We then proceed to

extend theorems of Henderson (1983a) to such processes.
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CHAPTER 2 : NOTATION AND PRELIMINARY RESULTS

2.1 Introduction

In this chapter we introduce the basic notation to be used in this part of the thesis
and review the main results on insensitivity in Generalised Semi-Markov Processes
that will be employed. This shall be done in two parts. The first part, Section
2.2, considers continuous time stochastic processes with one generally distributed
lifetime. This will enable us to easily introduce the concept of age dependent routing
in Chapter 3 and will provide the structure for the processes to be examined in
Chapter 4. The second part, Section 2.3, extends the class of processes to include

those with many generally distributed lifetimes.

2.2 Insensitivity in processes with one general lifetime

Consider an irreducible, stationary process P on a set 2, and let A be a finite
subset of £ with A its complement. Incorporated in each state = € §) are active
elements from the set S = S' U {t},t ¢ S', which decay at rate c(s,z), s € S. If
s € §', the lifetime of s has a negative exponential distribution with mean ANLIE
z € A then it also has associated with it the element t, whose lifetime is generally
distributed with differentiable distribution function G(.), mean p~!, density function
¢(.) and hazard function h(.). When an active element s € S dies, the process moves
to state z' € Q with probability p(z,s,2'). For notational ease, partition A into
disjoint subsets A; (states in A where the generalised lifetime is being worked oft
with positive speed, that is, ¢(t,z) > 0) and Ao (states in A where the generalised
lifetime is not being worked off, that 1s, ¢(¢,z) = 0).

Definition 2.1 : The system P is insensitive if the equilibrium distribution for

time spent in each state is dependent on the general distribution only through its

meall.
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Let 7, denote the probability of being in state  when G(y) = 1 — exp(—py),
that is, when P is a purely Markov process.

The global balance equations for this purely Markov process are

Ty Z )\sc(s,w)=z Z ma hec(s,z')p(a’, s, )
s€ES' Nz ' €A €S N’ .

(2.1) Vz € A,

+ Z mo pic(t, ' )p(a’, 1, )

z' €A,

ns | pe(t,z) + Z Asc(s, ) =Z Z me Asc(s, ' )p(a’, s, )

(22) SES'Nz '€ s€S' Nz’
+ Z g pe(t, 2 )p(a’,t, ), Vz € A
z'€A,
and

Tz Z /\sc(s,m)=z Z mar Asc(s, 2" )p(a’, s, x)

seS'Nx z'€Q s€S' Nz’

U Z Wf'ﬂc(t’w,)p(mlat’w)’ Vz € Ao.
z' €A

(2.3)

Definition 2.2 : The process P has the property of instantaneous attention if
t is worked off with positive speed as soon as it is created, that is p(z,s,z') = 0 for
g€ Az € Ag,s €S and p(z,t,2') =0 for z € Ay,2' € Ay.

Definition 2.3 : P is said to be partially balanced with respect to t if, for each
z € Q, the flux of creating ¢ in state 2 is equal to the flux at which ¢ dies in state z.

Appropriate partial balance equations may be written as

(2.4) Z mope(t, ' )p(a', t, z) + Z Z T dsc(s, 2 )p(z’,s,2) =0 Vz € Ap

/€A1 z'€ASES' Nz’
and
mepc(t,z) = Z morpuc(t, 2’ )p(a', t, x)
z'€A,
+ Z Z mehsc(s,z')p(2’, s, )
z' €A s€S' Nz’
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The terms in equation (2.4) are obviously non-negative and hence may only
hold when p(z,t,z') = 0 for each z € A;,z' € Ao and p(z,s,z') = 0 for each
z€ A,z € Ayand s € S'Nx.

That is, the process P can only be partially balanced if it possesses instantaneous
attention. Most authors have assumed this propert‘y in their work. In order to keep
the process complexity to a minimum, we shall do likewise in Chapter 3. Taylor
(1987), however, examines systems not necessarily possessing instantaneous attention
and finds necessary and sufficient conditions for the insensitivity of such processes.
This will be discussed in more detail in Chapter 4.

Note also that if equation (2.5) holds, then

(2.6) Tz Z Asc(s,z) = Z Z mar Aoc(s, 2" )p(z', 5, T), Vz € A;.

sES'Nzx z'€A seS' Nz’

This is shown by subtracting equation (2.5) from equation (2.2).

Konig and Jansen (1974) proved the following theorem.

Theorem 2.1
Let P be a process possessing instantaneous attention. Then P is insensitive if
and only if the partial balance relations (2.5) and (2.6) hold.

Proof : See Konig and Jansen (1974). ]

2.3 Processes with many generally distributed lifetimes

In this section we consider processes with many generally distributed lifetimes.

The following notation is essentially that of Henderson (1983a). Let P be an
irreducible, stationary stochastic process on a set of states © € ). Let S be a set
of elements such that S = S’ U S*, with S’ and S* disjoint sets and |S*| finite.
Incorporated in each state x € §0 are active elements from the set S which decay at

rate c(s,z),s € S. If s € 9, the lifetime of s has a negative exponential distribution
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with mean A;1. If s € S*, the lifetime of s has a differentiable distribution function
Gs(.) with mean p7!, density function gs(.) and hazard function h,(.). It will be
assumed that when the process moves from z to z’' upon the death of s that no two
active elements from S* are activated or die simultaneously and the residual lifetimes
of the remaining elements from z N .S* remain unchanged. When an active element

s € S dies, the process moves to state 2’ €  with probability p(z,s,z'). Define
Ly(z) ={z'|z'nS*=znS* — {s}},
Agor(z) = {2'|z' N S* = {s'} =2n 5" = {s}},s # ¢,
Us(z) = {z'lz' N S* = (2N S*) U {s}},
6(z) = {z'|z' N S* =2 NS*}.

These have the following interpretations.

I's(z) is the set of states that have the same active general lifetimes as = except
that s has been removed.

Assr(z) is the set of states that have the same active general lifetimes as = except
that the s lifetime has been replaced by the §' lifetime.

Us(z) is the set of states with the s lifetime added to those of z.

6(x) is the set of states with the same active general lifetimes as .

Definition 2.4 : The system P is insensitive if the equilibrium distribution for
time spent in each state is dependent on arbitrary G(.) only through u, for every
s € S*.

Definition 2.5 : The system P has the property of instantaneous attention if,
for each s € S*, s is worked off with positive speed as soon as it is created.

For the case when S* contains more than one element, we shall make the as-
sumption that the processes to be examined possess instantaneous attention.

Let 7, denote the probability of being in state  when G,(y) = 1 — exp(—psy)

for all s € 5*, that is, when P is a purely Markov process.
) !

14



The global balance equations for this purely Markov process are

Ty z psc(s,z) + Z Asc(s, z)

IES* Nz seS' Nz

= Z Z T psc(s, 2 )p(a', s, z)

a:’ee(z) sE€ES* Nz

+ Z Z Z Wz'ﬂs’c(sl,xl)p(xlaslam)

(27) SES*Nz s'€S*—z z' €A, ,i(2)

+ Z Z Z Wf'AS'c(S”x’)p(a:,,S'am)

s€S*Nz 2'€l,(z) ' €S' Nz’

+ Z Ty Z Xsc(s, 2" )p(a’, s, z)

z' €0(z) s€S' N’

+ Z Z Wx’HsC(S,x’)p(*’E,,S’m)'

s€S*—z z2’€U,(x)
As in Section 2.2, we say that P is partially balanced if the flux of creating
s € S* in state z is equal to the flux at which s dies in state z, for all z € 2.

For each s € S* N z, appropriate partial balance equations may be written as

Typsc(s,T) = Z mo phsc(s, ' )p(a’, s, )
' €6(x)

(2.8) + > Y medee(s @ (e, 8 x)

'€l (z) s'€S' N’

+ z Z leuslc(sl,ml)p(it’,s',l‘)

$'€S*—z ' €A, ()
and

Ty Z Asc(s,z) = Z Tyt Z Asc(s,z)p(a’, s, z)

s€S' Nz z'€f(z) seES' Nz’

+ Z E Wz’/"‘sc(siml)P(ml7s’$)'

s€ES*—z ' €U, (z)

(2.9)

Let P, be the matrix of routing probabilities p(z, s,z') for each s € S*.

Theorem 2.2 (Konig and Jansen (1974))
The process P is insensitive if and only if equations (2.8) and (2.9) hold.
Proof : See Konig and Jansen (1974). ||
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A number of results exist which relate the equilibrium distribution using spent
lifetime to that using residual lifetime. Let 75(y) (respectively 7%(y)) denote the
equilibrium density for P being in state z € Q with vector of spent (respectively

residual) lifetimes y, for s € S*.

Theorem 2.3
The following statements are equivalent.

(1) P is insensitive.

(2) 73(y) = nR(y) for all 2 € Q.

(3) 3(y) = 7z [l esena ts(1 — Ga(ys)), where {7;,z € Q} is the equilibrium dis-
tribution of the purely Markov process.

Proof : See Henderson (1983a). | |
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CHAPTER 3 : PROCESSES WITH AGE DEPENDENT ROUTING

3.1 Introduction

Many systems have the characteristic that they are insensitive, that is, the equi-
librium distribution is dependent upon a set of governing distributions only through
their means. As discussed in Chz‘tpter 1, numerous authors have found necessary and
sufficient conditions for insensitivity of Generalised Semi-Markov Processes (GSMPs)
and networks of queues. Most of those authors have shown that GSMPs with instan-
taneous attention are insensitive if and only if they exhibit the property of partial
balance, as defined in Chapter 2. Henderson (1983a) found alternative necessary and
sufficient conditions for insensitivity by examining the processes in reverse time.

All of these schemes involved the assumption that the probabilities p(z,s,z')
for moving from a state z to some other state ¢’ through the death of lifetime s are
independent of the length of the lifetimes.

Henderson and Taylor (1987) and Téylor (1987) made the first forays into relax-
ing this assumption by studying a class of interruption processes in which generally
distributed lifetimes may be interrupted by events which occur in Poisson streams.
The routing probabilities are dependent on the nature of the death (that is, “natural”
or interrupted) and hence are dependent on the age of the lifetime.

In this chapter their investigation is extended to the consideration of processes
where the routing probabilities, upon the death of a generally distributed lifetime,
are functions of the age of the lifetime. It is shown that the equilibrium distribution
in insensitive processes without age dependent routing is the same as that of some
age dependent processes. As a result, the theory of insensitivity is not only gener-
alised, but wide classes of processes are found for which the supplemented equilibrium
distribution has a simple and elegant form.

To illustrate the ideas introduced in this chapter, we deal firstly with processes
having only one generally distributed lifetime, and then move to processes with many

generally distributed elements.
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In Section 3.2, necessary and sufficient conditions are derived for classes of pro-
cesses with one generally distributed lifetime and age dependent routing to have the
same equilibrium distribution. In Section 3.3 the analysis is extended to processes
with many generally distributed lifetimes while networks of queues, with examples,
are studied in Section 3.4. Applications of the theory to interruption processes and
Markov renewal processes are examined in Sections 3.5 and 3.6, and Section 3.7 pro-
vides some insight as to why the techniques used in this chapter actually work. In
Section 3.8 a theorem of Barbour and Schassberger (1981) is extended to include
age dependent processes while Section 3.9 considers the extension to age dependent

speeds.

3.2 Age dependent routing in processes with one general lifetime
- Let P be the process with one generally distributed lifetime defined in Section
2.2 and assume that it has instantaneous attention.

In the description of P it is assumed that all of the routing probabilities are
constant. We shall now relax this assumption and allow some of these to be functions
of y. In particular, let p(z,t,2',y) be the routing probability of moving from state
z to z' through the death of ¢ at age y, and define P(y) to be the matrix of these
routing probabilities for all y > 0. We will call the process with these age dependent
probabilities P.

Let y be a supplementary variable for the spent service time of the generally
distributed lifetime. We denote the probability density that the process Pis in
states  and (z,y) by T, and T.(y) respectively.

The global supplemented balance equations of the process P are

(3.1)
Ty Z )\sc(s,x)=z Z TeAsc(s, 2 )p(a’, s, 2)

SES'Nz zlez.BES’ﬂx’

+ 3 / o (Wh()elt, 2o o y)dy Ve e,
0

z' €A,
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) 3 Aclos) [Bm0) + 570)] et
(32) sES' Nz
=Z Z T (Y)Asc(s, 2" )p(z', 5, 2) Vz € Ay,

z'€A seS' Nz’

(3.3) Toly) Y Aac(s,2)= Y > Fu(y)rsec(s, 2 )p(a',s,) Vz € Ag

3€ES'Nz z'eA seS'na’
and
Tz(0)c(t, z) = Z Z Tar Asc(s, 2 )p(a’, s, )
5.4 z,ezses'm;o
+ Z/o Tz (¥)h(y)e(t, 2 )p(a', t, 2, y)dy Vz € A;.
z' €A

For a given P process choose P = fooo P(y)dG(y) and hence construct an asso-
ciated P process with routing matrix P. Label this process the Q(ﬁ) process, which
for the sake of simplicity will be called the @ process. Note that the irreducibility of
Q follows from P being irreducible.

It may well appear that the equilibrium distribution of @ and P are identical as
one is simply the “average” of the other. If true, this would be of great benefit as the
Q process is obviously easier to analyse than P. However, the equilibrium distribution
of age dependent systems is not necessarily the same as that of the associated average
process and hence it is interesting to find conditions under which both distributions

are the same. A simple example is given to illustrate that differences occur.

Example 3.1

Consider the system illustrated in Figure 3.1. Let = {1,2,3,4}, A = {1,2}
and A = {3,4}. Suppose that the length of time spent in A is negative exponentially
distributed, mean 0.25. If the element ¢ dies in state 1 the process moves to state
3. On the other hand, if ¢ dies in state 2, after spending a period of time y in A,

the process moves to state 3 with probability exp(—vy), (v > 0), and state 4 with
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Figure 3.1. State transition diagram for process described in Example 3.1.



probability 1— exp(—7y). The process spends a negative exponentially distributed
period of time, with unit mean, in state 3 (respectively 4) and then moves to state 1
(respectively 3). While in state 1 an internal transition may occur (at unit rate) and
the process moves to state 2.

The balance equations for this process are
—d7r (y) +5m(y) =0
1 =i
a3 1Y 1\Y ’

d
d—ﬂz(y) + 47 (y) = m1(y),
y
71(0) = 73

and
Ty = / 4my(y)(1 — exp(—7y))dy.
0

These equations have solution

- B
m1(y) = Brexp(—5y) = @ = ?1_’

B
m2(y) = Bi(exp(—4y) —exp(—5y)) = m = ;Oi,
T3 = Bl,
and
1 1 1
=4B; |—= -
i 1[20 i1 544’
where Bj is a normalising constant.
The routing probabilities for the associated @ process are
°° 4
2,3) = 4 exp(—vy) exp(—4y)dy = ——
p(2,3) /0 p(—yy)exp(—dy)dy = ==

and

5
2,4)=1-p(2,3) = ——
p(2,4) p(2,3) yrpe
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%wz(y) + 4my(y) = m(y),
™ (0) = T3

and

o= Y
Ty = 4dmq(y)dy ;
1 /0 2()J4+7

The solution to this system of equations is

m1(y) = Boexp(—8y) = m = %,
72(y) = Balexp(—4y) — exp(—5y)) = m =32,
w3 = B,
and
my = By 5(41—7),

where B, is a normalising constant.

The two distributions are identical if B; = B,. Elementary algebraic manipula-
tion shows that this only occurs when v = 0 or v = 00, both cases corresponding to
fixed routing probabilities. Hence the distribution of the age dependent process and

the associated @ process are not generally the same. |

d-insensitivity and the equilibrium distribution

Assume henceforth that 7, refers to the equilibrium distribution of the @ process
whenever this distribution exists.

Let @ be any set of pairs (P(.), G(.)) with the properties
(1) [;° P(y)dG(y) = P for fixed P.



(2) The mean of G(.) is p~* for fixed p~*.
(3) (P,G(.)) € @ for all distribution functions G(.) satisfying (2).

Definition 3.1 : The process P is ®-insensitive if for all (P(.),G(.)) € @, the

equilibrium distribution is invariant.

Theorem 3.1

The following statements are equivalent
(a) P is ®-insensitive.
(b) The associated @) process is insensitive.

(c) The equilibrium distribution of Pis

(35) Ty = Ty, Vz € Za

(3.6) To(y) = T p(1 — G(y)), Vz e A

Proof : We show (a)=(b)=(c)=(a).

(a)=(b) : I P is ®-insensitive the particular choice P(y) = P for all y > 0
produces a P process identical to its associated @) process. With this choice the
pair (P,G(.)) is in @ for any G(.) with mean p~! and, since P is ®-insensitive, the
equilibrium distribution is the same for each G(.). Hence @ is insensitive.

(b)=(c) : If Q is insensitive then, by Theorem 2.1, equations (2.5) and (2.6) are
satisfied. Substituting from equations (3.5) and (3.6) into equation (3.1) gives, for
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z € A,

Ty Z )\sc(s,:v)=z Z T Asc(s, 2" )p(2’, s, x)

sES' Nz z'€EA SES N’
(o]
+ 5 [ men(t = GGt 2 0)dy
z'€A, VY
=2 > mdee(s,a')pl(a',5,2)
€A IES' N’
(37) GASE N ~
+ Z 7r£:,u/ c(t,zp(z',t, z,y)dG(y)
z'€A, 0
=Z Z e Ase(s, 2 )p(a’, s, @)
€A SES N’
+ Z myr puc(t, 2" )p(a’, t, ).
z' €A,

This is equation (2.1).
Substituting equation (3.6) into equation (3.2) gives, for « € A,

(3.8)

(1= G) D, Asc(s,a)+ [h)mep(l — G(y)) — mapg(y)] o(t, @)
s€ES' Nz

= Z Z mo (1 — G(y))Asc(s, 2" )p(a’, s, z).

2/ €A s€S N2
Using h(y)(1-G(y)) = ¢(y) and dividing both sides by u(1—-G(y)) gives equation
(2.6).
Substituting into equation (8.3) and dividing both sides by u(1 — G(y)) gives
(2.3) for z € Ap.

Finally, substituting into equation (3.4) gives

mope(t,r) = S0 ST madae(s, 2 )ple’, 5, 2)

.’L"EK seES' Nx

+ 3 mon [0 GWhwelt ol 2 9)dy
(39) ' €A, 5

:Z Z 7o Asc(s, 2 )p(a’, s, )

o/ €A SES' N

£ 3 mnelt )l be) Ve ey
' €A,
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which is equation (2.5). Hence equations (3.5) and (3.6) give the equilibrium distri-
bution of P.

(c)=>(a) : P has equilibrium density given by equations (3.5) and (3.6) with
{nz,z € Q} the equilibrium distribution of the associated @ process. The {7,z € Q}
depends upon G(.) only through its mean and the routing probabilities of (), that
is, through g and [~ P(y)dG(y). Keeping this value constant keeps {m;,z € Q}
constant and restricts consideration of the general distributions to the set ®. Hence

P is ®-insensitive. | |

Example 3.2
Consider a process with one gencrally distributed lifetime and age dependent

routing probabilities taking the form

pi(,s,2") for0<y<ty
p2(z,3,2") fort; <y <ty

p(z,s,2',y) =

pa(z,s,2') for th_1 <y <ty
prt1(z,8,2") for y > t,.

The average routing probabilities are
p(z,s,2") = Gs(t1)pi(z,3,2") + (Go(t2) — Gu(t1))p2(z,s,2") + ...
+ (1= Gs(tn))pnsi(a, s, 2").

For fixed pi(z,s,z'),i = 1,...,n+ 1, p(z,s,z’) can be kept at a constant value

by selecting G4(.) from the set

{H)IH(t1) = a1, H(t2) = az,..., H(ty) = an, and /000(1 — H(y))dy = p '}

where a;, for i = 1,...,n, and p are fixed values. This process then has an equilibrium
distribution in the form of equations (3.5) and (3.6) for such distribution functions

if equations (2.5) and (2.6) hold for the associated () process. Od
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3.3 Age dependent processes with many generally distributed lifetimes

In the previous section we illustrated the concept of ®-insensitivity in processes
with only one generally distributed lifetime. We now extend that analysis to processes
with many generally distributed lifetimes and introduce some new results concerning
the equilibrium densities of insensitive systems.

Let P be the process described in Section 2.3.

We now create the process P by modifying P so as to allow age dependent routing
probabilities. For each s € S*, let p(z,s,z',y,) be the probability of moving from
state  to z' through the death of s when its age was y, and denote the probability
density that P is in state z with vector of spent lifetimes y and residual lifetimes z,
for elements in z N S* by T,(y,2). Using the notation introduced in Section 2.3, the

supplemented global balance equations of P may be written as : For each s € NS5,

(3.10)
T2 (¥,0s,2, 25)c(s, )

= Z 7o (Y,2) Z Aore(s’, 2" )p(a', s’y 2)gs(2s)

z'€r,(z) s'ES N2’

(o]
+ Z Z / 71:,()/,"1]8,7z,08,)0(3’,x’)p(.’l)l’S’,:E,ysl)dys’gs(zs)
0

$'ES*—z 2’ €A ()

=5 Z /(; fm’()’a Ys, 2y 03)0(37 m’)P(xlasl, z, ys)dysgs(za)
z'€8(z)

and

z c(s, ) <a(?13 - B—Z;> T2(y,2) +T2(y,2) Z Asc(s, )

SES*Nz sES'Nz

(3.11) = > > / Tar (¥, Ys, 2, 0)e(s, 2 )p(a’, 8, 2, Y5 )dYs

SES* —z 2/ €U, (z) V0

-+ Z —fz’(yaz) Z )\sc(s,a:')p(a:',s,:l:),

' €6(z) seS'nz’

where (y,0s,%, 25) is a vector of lifetimes with the additional lifetime s € S* having

just been created and given residual lifetime z, and (y, ys,2,0,) is a vector of lifetimes
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with the additional lifetime s € S* about to die, having received an amount of service
Ys-

Define P,(y) to be the matrix of age dependent routing probabilities p(z,s,x',y)
forally > 0 and s € S*.

As in Section 3.2, for a given P process choose P, = fooo Ps(y)dG,(y) and hence
construct an associated P process with routing matrices P,. Label this P process the
Q(?) process, which, again for the sake of simplicity, will be called the @ process.

Assume henceforth that 7, refers to the equilibrium distribution of the Q process
whenever this distribution exists.

Define, for each s € S*, ®, to be any set of pairs (P,(.), Gs(.)) with the properties
(1) f;~° Ps(y)dGs(y) = Ps for fixed Ps.

(2) The mean of G,(.) is p; ! for fixed p*.
(3) (Ps,Gs(.)) € &, for all distribution functions G,(.) satisfying (2).
Definition 3.2 : The process P is ®-insensitive if for all (Py(.), Gs(.)) € @5,

s € S*, the equilibrium distribution is invariant.

Theorem 3.2

The following statements are equivalent
(a) P is ®-insensitive.
(b) The associated @) process is insensitive.
(¢) The equilibrium density of P is

(3.12) Te(¥,2) =m0 || Hegs(ys + 2s)-

SES*Nz

Proof : We show (a)=(b)=(c)=(a).

(a)=>(b) : If P is ®-insensitive the particular choice Ps(y) = P, for all y > 0 and
s € §* produces a P process-identical to its associated @ process. With this choice

the pair (P, G5(.)) is in @, for any G(.) with mean p;'. Hence @ is insensitive.
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(b)=>(c) : If Q is insensitive then Theorem 2.2 implies that equations (2.8) and
(2.9) are satisfied. Substituting equation (3.12) into equation (3.10) we get

recls, Dusgslz) [ pege(ye +20)
s’'eS*nz—{s}

= Z Tg! H prgr(Yr + 2r) Z )\slc(s',w')p(a)',s',m)gs(zs)

z’'€l,(z) reS*nz’ 8'es'ng’

+ z Z Tyt H prgr(yr + 2r)

s'ES*—z a'€EA, (%) reS*nz’ —{¢’
(3.13) ’ e

[o @]
. / g (v )e(s, (e o', o Yy 9(2s)
0

+ Z Tg! H ,Urgr(yr +Zr)

z'€6(z) reS*nz’'—{s}
oo
. / sgs(ys)e(s, 2 )p(a’y s, 2, ys )dysgs(2s)-
0

Cancelling gs(zs)Hs’ES"‘ﬂx—{s} o' gs(Ysr + 2o) from both sides and recalling that
fooo p(z', s, 7,95 )dGs(ys) = p(a',s,z) gives equation (2.8), which holds as @ is insen-
sitive.

Substituting into equation (3.11) gives

(3.14)
Tz H prgr(yr + 2r) Z Asc(s, )
reS*Nz sES' Nz

o0
= > > m ]I /"s'gs’(ys'+zs’)/ psgs(ys)e(s, 2 )p(a’, 8,2, ys ) dys
0 :

SES* —z z'€U,(z) s'eS*nz’—{s}

+ }: Tt H psrgs (Yst + 2s1) E Ase(s, 2 )p(a’, s, T).

' €6(z) s'esS*nNz s€S Nz’

Cancelling [, g geng ta'gs'(Ys' + 25) from both sides gives equation (2.9), which also
holds due to the insensitivity of Q. Hence equation (3.12) is the equilibrium density
of P.

(¢)=(a) : P has equilibrium density given by equation (3.12) with {m,,z € Q}
the equilibrium distribution of the associated @ process. The {rz,z € Q} depends

upon {G,(.),s € S*} only through the means of these distributions and the routing
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probabilities of @, that is, through u, and fooo Ps(y)dGs(y) for all s € S*. Keeping
these values constant keeps {7,z € {1} constant and restricts consideration of the

general distributions to the sets &, for all s € S*. Hence P is ®-insensitive. |

Discussion of Theorem 3.2

It is important to realise that ®-insensitivity requires the standard insensitivity
of Konig and Jansen (1974) to be a special case. That is, when the routing proba-
bilities are independent of the age of the dying lifetime, the distributions G,(.), for
each s € S*, may be varied arbitrarily (provided the mean is fixed) without affecting
the equilibrium distribution.

In general, however, ®-insensitivity is not of this form because, for a given age
dependent routing matrix Ps(.), Gs(.) may not be chosen arbitrarily. Consider a par-
ticular process P with routing probabilities Py(.) (not constant) and lifetime distri-
butions G,(.) specified for each s € S*. An associated @ process may be constructed
for this system in the previously described fashion. Suppose now that new lifetime
distributions are chosen (with the same means as before). The routing probabilities
of the @ process associated with this system are not necessarily the same as those
of the original @ process and hence the equilibrium distributions may differ. So
for ®-insensitivity we are looking at a restricted set of distribution functions associ-
ated with particular age dependent routing probabilities; we are not looking at all
distribution functions with the same mean.

A consequence of Theorem 3.2 is that given an insensitive process, P, any age
dependent process which has P as its associated @ process will have the same sup-
plemented equilibrium distribution. We can therefore find many age dependent pro-
cesses whose physical behaviour are quite different yet retain the same equilibrium
distribution because they have the same mean routing probabilities. On the other
hand, a system with age dependent features could be found to have a solution of the

form (3.12) by checking the associated @) process for insensitivity. This procedure
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is used in Section 3.4 to find the equilibrium distribution for classes of networks of
queues with age dependent routing.

Note also that a further consequence of Theorem 3.2 is that P is ®-insensitive if
and only if the partial balance equations (2.8) and (2.9) of the associated ¢ process

are satisfied.

Corollary 3.3
Let 7;(y,z) be the probability that P is in state ¢ € Q and that, for s € S*N =,

the spent (respectively residual) lifetime of s is greater than y, (respectively z,).

If P is ®-insensitive then

oo

(3.15) Mym)=m [] be / (1 = Gy(us))dus.

SES* Nz ot zs

Proof : By definition,

(3.16) 7 (y,2) = /yoo /:o?z(u,v)dvdu.-

Substituting for 7;(u,v) gives

T (y,2) = /yoo /:o <7T:v I usgs(us+vs)> dvdu

IeES* Nz
(317) = Ty H o / (1 - Gs(us + ZS))dus
SES* Nz Ys
=T H s / (1= Go(us))dus,
s€Stnz vtz
as required. [

Remember that insensitivity in the usual sense is a special case of ®-insensitivity
and therefore the above result also holds for all insensitive processes. By putting z

equal to the zero-vector, the integrated version of the product form given in Theorem

2.3 1s derived.
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Corollary 3.4
Let 73(y) (respectively 72 (y)) denote the equilibrium density for P being in
state z € Q with vector of spent (respectively residual) lifetimes y, for s € S*. If P
is ®-insensitive then
(3.18) TRY)=may)=m || #(1—Gs(vs)).
SES*Nz

Proof : By definition,

(3.19) #5(y) = /0 ol v)dv.

Substituting for 7. (y,v) and integrating gives the desired form of 7.(y). Using the
symmetry of T,(y,z) completes the proof. ||

Note that this is a generalised form of the result given in Theorem 2.3. We are
now saying that a product form equilibrium density exists not only for the process

with fixed routing probabilities, but also for the age dependent process.

Theorem 3.5

If a process P has the property that

(3.20) () =T (¥),

then P is ®-insensitive. |

Proof : It suffices to consider the case where there is only one element, ¢ say,
in $*. Without loss of generality let 72(y) = 7> (y) = %.(y). Using the notation
of Section 3.2, the supplemented global balance equations employing both spent and
residual lifetimes may be written as

Te Z /\sc(s,m)zz Z T dsc(s, ' )p(a’, s, z)

sES' Nz z'eA €S N’

+ Z/o 7o (y,0)c(t, 2 )p(a’, t, 2, 9)dy, Vz € 4,
€A,

(3.21)
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(3.22)
mw2) Y Melsart (5 57 ) Tl delt o)

s€ES'Nz
= Z Z f;,;l(y,Z))\_.,C(S,:El)p(x,,s,:l,‘), Vz € Ala
z'€A s€S'Na! ;
(3.23)
Tz (Y, 2) Z Asc(s,x) = Z Z e (Y, 2)dsc(s, 2 )p(a’,s,2), Vz € A
sES' Nz z'€A s€eS'Na’
and

T2(0,2)c(t,z) = > Y Fwdec(s, 2’ )p(z',s,2)9(2)

z! ez sGS’ Nz

+ 2;4/0 7 (y,0)c(t, 2 )p(a’,t, z,y)dyg(2), Vz € A;.
z' €A,

(3.24)

Integrating equation (3.22) with respect to y (with an appropriate change of

notation) gives

d
—R = G _pr
W) D el ) Fal0,y)e(t,a) = EA (y)elt,2)
(3-25) SGS Nz
:Z Z e (y)Aec(s, 2 )p(a', s,2), Vz € A5

€A seS' na’
Similarly, integrating with respect to z gives
— — d_
Tay) Y Ascls,2)+Ta(y,0)e(t ) + @Wf(y)C(tax)

(3.26) e Sding
=5 3 T heels, ' )pla'ys,2),  Va € Ar.

z'€A €S Nz’
The term 7, (y, 0) is the density that the lifetime has been alive for time y and is about
to die. However, this is equal to 7> (y)h(y). Conversely, T;(0,y) is the equilibrium
density that the lifetime has just been created and given residual lifetime y. This
may alternatively be expressed as 7(0)g(y).
Using these observations, together with relationship (3.20) and subtracting equa-

tion (3.25) from equation (3.26) yields
d _ _ —
(3.27) Q@M(y) = —72(0)g(y) — T=(y)h(y).
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Equation (3.27) has solution given by 7.(y) = T=(0)(1 — G(y)), and hence T (y) =
mzp(1 — G(y)). This implies that P is ®-insensitive. Note also that equations (3.23)
and (3.24) are also satisfied by this solution. |

Together, Corollary 3.4 and Theorem 3.5 provide an extension of Theorem 2.3
to processes with age dependent routing. The ideas developed in this section now
give an approach for the analysis of systems with age dependent routing, namely by
first considering the insensitivity of the associated @ process. This approach will be

exploited in Sections 3.4, 3.5 and 3.6.

3.4 Networks of queues with age dependent routing

Consider a network comprising of a set of labelled queues N = {1,2,...,N},
with customers labelled by type from the set 7 = {1,2,...,T}.

The state of the network can be represented by a vector ¢ which gives the type
of customer in each position of each queue. Let n(i,t) be the number of type ¢
‘customers in queue 7. Define n = (n(:),s = 1,...,N), where n(z) = 2;";1 n(s,t), to
be the “macrostate” giving the total number of customers at each node, irrespective
of type and e; to be an N-vector with a one in the i** position and zeroes elsewhere.

Assume that service facility ¢ works at a rate u;(n) = ¢(n—e;)/¢(n) for arbitrary
¢(.) and a proportion v;(I,n) of this effort is dedicated to the customer in position !
when the macrostate is n.

Customers of type t arrive at queue i from outside the network in a Poisson
stream of rate A(z,t). If, after the arrival of a customer to queue ¢ the macrostate is

n, the customer moves into position [ with probability 6;(,n). Note that
n(1) n(1)

(3.28) S y(lm) =) &(ln) =1
=1 =1

When a customer leaves position [ in queue i the customers in positions [ +

1,...,n(i) move to positions I,...,n(i) — 1 respectively. Similarly, when a customer
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moves into position [ the customers in positions [,...,n(¢) — 1 move into positions
I+1,...,n(2).

Definition 3.3 : Queue 7 is symmetric if and only if v;(I,n) = 6;(/,n) for all
l,n.

Let the set of symmetric queues be Z C N.

If ; € T then type t customers at queue ¢ have service time drawn from the
general distribution Gj;(.) with mean M(:,t). If i € N —Z, the service time is
negative exponentially distributed with mean M (z).

A type t customer, on leaving queue i, for ¢ € M — I, changes to a type s
customer and moves to queue j with probability p(¢,%;7,s) or leaves the network
with probability r(i,t). When 7 € T and the customer has received an amount
of service y, the corresponding routing probabilities are given by p(,t,y;7,s) and

r(z,t,y) respectively.

Theorem 3.6

A network of the type described above has equilibrium distribution

T
3.29) w(e)=Com]]| II [y(z‘,t)M(z')]"W)] [H[y(k,t)M(k,t)]"(’“’” ,

t=1 LieN -T keT

where y(i,t) satisfles

N
(3.30) y(i,t) = M@, 1)+ > >y, 8)q(d,s6,8), €N teT,
j=1s=1
and, for i € N and s,t € 7,
e 5 — fooop(]737y)7')t)dG]s(y) for .7 €l
(3.31) 907, 85,1) = {p(j,s;i,t) forjeN -1T,

with C a normalising constant.
Proof : The queueing network described above is an age dependent process as

defined in Section 3.3. The associated @ process is also a queueing network but with
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routing probabilities given by equation (3.31). Chandy and Martin (1983) showed

that these types of queueing networks have equilibrium distribution given by equation

(3.29) and are therefore insensitive. By Theorem 3.2 the associated Q) process and

the P process therefore have the same equilibrium distribution. ||

(1)

(2)

(3)

Remarks

Using Theorem 3.2 the supplemented equilibrium distribution can be derived
from equation (3.29) by including an additional product of terms of the form
(1 — Guly))/M(i,t) for each customer at a symmetric queue.

The routing probabilities p(i,t,y; j, s) are functions of the service requirements
and not the time spent being served. Although the service requirement and time
spent being served appear to be identical, the former is the amount of service
requested which, unlike the latter, does not take into account the work rate of
the service facility.

For example, consider a single server queue employing a Last Come First Served
discipline and suppose that an arriving customer demands y- units of service.
This is worked off at unit rate until either the service is completed or another
customer arrives at the queue. If the latter occurs, the new customer moves
directly into service and hence the period of time spent at the queue by the first
customer is greater than their service requirement. The routing probabilities for
this customer are functions of y, not of the time spent at the queue.

Theorem 3.6 may also be proved by setting up the supplemented balance equa-
tions for the queueing network described and substituting the supplemented
product form described in (1), although this is obviously much more labori-
ous. The problem of applying results based upon a GSMP framework to open
networks has been considered by Barbour (1982) and Schassberger (1986), as
discussed in greater detail in Chapter 1. The underlying structure of the process

described in Section 3.3 is the same as that used in Schassberger’s paper (only
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the routing probabilities take on a different nature) and thus his analysis also
applies here. There is no difficulty dealing with finite systems and hence the

analysis may be applied without modification for closed networks.

Example 3.3

Let us consider any network of the kind considered by Chandy and Martin
(1983), that is, a collection of quasi-reversible nodes and a constant routing matrix.

In many real situations travel time between nodes plays an important role in the
behaviour of the queueing network. A simple way to model this feature is for each
customer to visit an infinite server queue after a service completion. It is reasonable
to assume that the period spent travelling will influence the customer’s future route
through the network. For example, customers who encounter unforeseen delays in
travelling between venues may alter their planned schedule. Fortunately, an infinite
server queue is symmetric and therefore the routing probabilities from these queues
may be made functions of the travel time without losing the simplicity of a product

form solution. O

Example 3.4

In some situations, if too much time is spent in service at one node of the
network, the customer may feel that they do not have enough time to complete a
series of tasks. As a result, the customer may shorten their route by abandoning
some of their planned future destinations.

Consider a service network consisting of two infinite server queues. Customers
from outside the network arrive at queue ¢ in Poisson streams with parameter A;, (1 =
1,2), and their service time is distributed G;(.) with mean p;t. Those completing
service at queue 1 move to queue 2 if their service time was less than or equal to
W, otherwise they leave the network. Customers completing service at queue 2

immediately depart the network.
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Let n; denote the number of customers in queue 7, y the time taken to complete
service at queue 1 and m(ny,ne) the probability of being in state (n1,n2). The age

dependent routing probability p12(y) of going from queue 1 to 2 is

1 ify<
p12(y):{ 1 y_‘/V

0 otherwise.

Let pia = [y p12(y)dGi(y) = G1(W). By Theorem 3.6, the equilibrium distribution
is given by

A AL+ A
71’(711,712)—DH 1 lez 1 2

Jp2
for all
G1(.) € {G()|G(W) = p12 and G(.) has mean et ),
where pi2 is now considered fixed and D is a normalising constant. O

Example 3.5

Bunday and Scraton (1980) found the supplemented equilibrium distribution for
a machine interference problem with R repairers. Their model can be interpreted
as a closed queueing network consisting of M machines cycling between a - /G [0
queue and a -/M/R queue. Bunday and Scraton’s model may be generalised not
only by incorporating different types of machines which are repaired at different
depots but also by allowing the nature of the servicing to be dependent upon the
length of time the machine has been operational. For example, whereas routine
breakdowns are attended to by the regular repairers, a machine which has operated
for a long time without malfunction is sent elsewhere for a general overhaul. While a
network comprising more than the two queues stipulated above is required for both
generalisations the product form equilibrium distribution is still retained.

Suppose there are n(t) machines of type ¢, (t = 1,...,T) and T repair and T
overhaul centres (labelled 1,...,7T). If a type ¢ machine works for time W; it is

immediately sent to overhaul centre t. On the other hand, if the machine breaks
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down after working for time y < W; it is sent to repair centre ¢ as a type 1 repair
with probability py(y) and a type 2 repair with probability 1 — p¢(y). Upon being
repaired, the type 1 repairs are sent for overhaul while type 2 repairs are sent back
to work. Typically, we may imagine that p,(y) is an increasing function in y, as the
longer the machine works the more likely it is that it will need to be overhauled.
Machines of type t work for a generally distributed period of time G4(.) with
mean p; Y, while repair (respectively overhaul) times are negative exponentially dis-
tributed with mean A\;! (respectively v;'). There are J; (respectively K¢) repair
(respectively overhaul) people at repair (respectively overhaul) centre ¢ where a first
come first served discipline operates.
Denote by node 0 the -/G// oo queue which models the machines that are currently
working and by 4; the number of machines of type ¢ at that node. Let ji¢ be the
number of type k (k = 1,2) repairs at service centre ¢ and m, the number of machines

at overhaul centre t. The state of the system may then be described by the vector
n= {’I:t,jlt,jgt,mdt = 1, - ,T},

that is, n gives the number of machines in each part of the network. The equilibrium

distribution is given by

w-ol1(%) (%) (%) s (5) e
At it!F(jlt'i-jzt,Jt) 0¢; F(mt71<t)’

for feasible states n, where, fort =1,...,T,

Y1t = PtlYot,
Y21 = (Gt(VVt) - Pt)UOta
ya: = y1¢ + (1 — Go(W2))yot,
) . W, ..
with yo¢ > 0 arbitrary, pr = [, ' p«(y)dG:(y), D a normalising constant and

i =0,k
F(J”‘)‘{k!m—k i>k. -
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3.5 Interruption processes

Henderson and Taylor (1987) examined systems which they term interruption
processes. In these processes the generally distributed lifetimes may either die nat-
urally (with hazard function hs1(y) and corresponding distribution function Ga1(y))
or be interrupted by events which occur in Poisson streams (with rate a,). The state
changes from z to z’ with probability ¢(z,s,z') if the lifetime s dies naturally and
with probability r(z, s, z') if it dies as the result of an interruption. Hence the routing

probabilities may be considered functions of the age of the lifetime and are given by

hsl(y) 3
U e TR N N . —_— ! *
(3.32) p(z,s,z',y) = hot(y) + o g(z,s,2') + (o) asr(m,s,m ), VseS™
In the notation used earlier,

(3.33) hs(y) = ha(y) + as,

y
(3.34) Gs(y)=1-— exp[—/ (hs1(u) + as)du]

0
and

p(w,s,w')=/0 p(z,8,2",y)dGs(y)
o0 y
=q(z,s,2’ / he1(y)ex —/ he1(u) + a,)duld

(3.35) q( ) i 1(y) exp| i (ho1(u) + oy )du]dy

o y
+r(z,s, w')/ Qs exp[—/ (hs1(u) + as)duldy
0 0
= g(z,s,2")Ga(as) +r(z,s,2')(1 — Ga(as)),
where ésl(as) is the Laplace-Stieltjes transform of G,1(.) evaluated at a,, that is,

(3.36) Go(a,) = /000 ekl)(—asy)dGs(y).

Using Theorem 3.2 we require that the mean of G,(.) be fixed, u;! say, and that

p(z,s,z') is fixed for each s € S*. The mean is given by

(3.3 it = [ - Gy = 5= Galan)
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To fix both p(z,s,z') and pu;! we need ésl(as) constant, that is, only one parameter
of G41(.) needs to be specified to satisfy both conditions.
Then using Theorems 3.2 and 3.5 the equilibrium distribution of the interruption

process 1is

(3.38) T (y) = 7z H pa(l — Ga(y)) exp(_asys)a
SES*Nx

if and only if (2.8) and (2.9) hold for the associated @ process. This is one of the
results of Henderson and Taylor (1987).

Henderson and Taylor (1987) show that if the process P is interruption matched
and és(as) is held constant, then if, for all G4;(.) with G’sl(as) fixed, the equilibrium
distribution is unchanged, then the partial balance equations of the associated @
process hold. The interruption matched assumption is not a serious liability. It
simply means that if there is a set of states such that, when a lifetime s € S5* dies
naturally in one of these states it is immediately reborn in the set, then the same
must hold true if that lifetime dies due to an interruption in that set. In most physical
processes the former does not occur and hence no difficulty normally arises.

Our results in this direction are slightly weaker, as we also assume that the age
dependent process has the same equilibrium distribution as the associated ) process,
and hence that the associated @) process is insensitive.

In the other direction, however, we have a stronger result, as we show that if Q) is
partially balanced then all age dependent processes (not only interruption processes
with routing probabilities r(z,s,z') and ¢(z,s,z') for s € S*) having @ as their
“average” process will have a product form equilibrium density. In addition, their
equilibrium distribution will be the same as that of ).

Taylor (1987) also looked at generally distributed interruptions. Using the frame-

work of this section such a generalisation occurs naturally.
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Generally distributed interruptions
Suppose now that interruptions occur according to a general distribution, G.z(.)
with hazard function hs2(.). The age dependent routing probabilities are given by

(3.39)

hs1(y)

hs2(y)
I —
p(iE,S,:L' ay) - hsl(y) + h32(y)

hsl(y) + hs2(y)

q(z,s,2') + r(z,s,z') Vse€ S

We hence obtain

(340) hs(y) S hsl(y) + hs?(y),
(3.41) Gs(y) =1 — exp[— j:(hn(U) + hgea(u))dul,
(3.42)

p(q;,s,a:') = /Ooop(xas5xlay)dG8(y)
= g(e5,2") [ haaCo)espl [ (hau) + hoa(u))uldy
+r(z,s,z') /Ooo hs2(y) exp[— /Oy(hsl(u) + hgo(u))duldy

= ¢(z, s, z')Prlifetime dies naturally] + r(z, s,z") Pr[lifetime interrupted].

So application of Theorem 3.2 requires that

(3.43) /000 exp[— /Oy(hsl(u) + hgo(u))duldy = pyt

and that Pr{lifetime dies naturally] is fixed. Note that the means of G,1(.) and Gsa(.)
do not explicitly appear but that the mean of the minimum of G;(.) and G2(.) does.
The supplemented equilibrium distribution of the process is then given by
—7?:;(3") =Tz H ps(l — Gsl(ys»(l - Gs2(y~9))
s€ES* Nz
if and only if equations (2.8) and (2.9) hold for the associated @) process.
This result can, of course, be extended to the case of having many generally

distributed interruptions.
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Henderson and Taylor (1987) also introduced the concept of n-parameter insen-
sitivity. That is, the equilibrium distribution may depend on n parameters of the
governing lifetime distributions. Interruption processes and insensitivity with respect
to the mean (as in Matthes (1962)) both illustrate the concept of single parameter
insensitivity, the former showing that the specified parameter need not necessarily
be the mean of the distribution. The more general structure introduced here makes
it much simpler to give examples of this phenomenon, as illustrated by Example 3.2

which is n 4+ 1-parameter insensitive.

3.6 Markov renewal processes

Below we give a brief description of a Markov renewal process. For more detail,
consult Cinlar (1975), Chapter 10.

Let (X,T) be a Markov renewal process with state space {! and semi-Markov

kernel I{, that is, K is the family of probabilities

(3.44) K ={K(@,j,t)i,j € Qte R},

where

(3.45) K(@i,j,t) = Pr(Xn41 = 4, Tng1 — Tn < t|Xn =)
Define

(3.46) K(i,j) = lim K(i,5,1),

and K the matrix whose (3, )" element is K (7,7). K (4,7) is the probability that the
process will move to state j when it leaves state ¢ if no information concerning the
period spent in i is known. As noted by Cinlar, I is the transition matrix for some
Markov chain with state space 2.

The minimal semi-Markov process Z = {Z|t > 0} associated with (X, T) is

(3.47) Zy=Xn HTn<t< T
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This semi-Markov process is an example of the age dependent routing processes
described in Section 3.3.

Associated with each state 1 € Q is a lifetime, s; say, with distribution function
Gi(y) = 2 eq K(4,7,y) with mean 17t Exactly one lifetime is active in any state.

We now need to calculate the age dependent routing probabilities p(z, 5,y). The

hazard function for G4(.) is given by

~Giy)
dy

The hazard function associated with moving from state ¢ to state 7 when the

lifetime has received an amount of service, y, is

K (0,5,9)

Hence the age dependent routing probabilities are given by

hiiy) _ ag <0 :v)
hiy)- f—yGi(y)

(3.50) p(i,4,y) =

We have now described the semi-Markov process in terms of a GSMP with age
dependent routing.
We now construct the associated @ process. The @ process has state space )

and routing probabilities

p@n=/ P, 5, )dGi(y)
0
_/WﬁK@Lw
0

7 Gi(y)
[e.o]
= / dK (3,5, y)
0
= lim K(i,7,9)
y—oo

= K(i,j).

dGi(y)
(3.51)

This is expected since p(¢, ) is the average probability of moving from s to j.
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As only one lifetime is active in any state, the partial balance equations of the Q
process are precisely the global balance equations and hence @ is insensitive. If v is a
solution to v = vK then {m; = v;/pi,i € Q} (suitably normalised) is the equilibrium
distribution of @ and (by application of Theorem 3.2) of the semi-Markov process Z.
This is Theorem 5.22 of Qinlar, (1975). Using Theorem 3.2 the supplemented steady

state distribution of Z is given by

(3.52) Ti(y,2) = mipigi(y +2), 1€

3.7 Why does the @ process work?

Immediately prior to Example 3.1 we mentioned that the equilibrium distribu-
tion for age dependent processes is not necessarily the same as that of the associated
@ process and used this as the motivation behind our analysis. It is interesting to see
why insensitive Q) processes lead to age dependent systems with the same equilibrium
distribution.

Counsider the process P defined in Section 3.2. The supplemented balance équa—

tions (3.1) to (3.4) may be rewritten as

(3.53)
T D, Aaels,2) =) D Fwdee(s,2)p(ess,2)
sES'Nz ' €A SES' N’
+ Z/ 7o ()R (y)dyc(t, 2 )p(z', ¢, z), Vz € A,
z' €A, 0
(3.54)
_ . od_
) B el )t [0 0) + 7)ot

= Z Z 7o (y)Asc(s, 2" )p(’, s, 2), Vz € Ay,

z'€A s€S'Na’

(3.55) T.(y) Z Asc(s,z) = Z Z 7o (Y)Asc(s, 2 )p(a’, s, z), Vz € Ag

sES' Nz z'€A €S Nz’
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and

To(0)c(t,z) =Y D Fwree(s,z)p(a’,s,2)

(3.56) 2eAresne
+ Z / o (y)h(y)dyc(t, ' )p(a', t, x), Vz € A,
-'BlEA]_ 0
where
(3.57) s, o'y = Jo TRt ', y)dy

Jo T=(y)h(y)dy

These equations obviously have the same solution as equations (3.1) to (3.4),
and are, in fact, the supplemented balance equations for some process with constant
routing probabilities.

Thus, there exists some process with constant routing probabilities which has the
same supplemented equilibrium distribution as P. The problem lies in determining
the exact nature of p(x,t,z'). Obviously, if (z,t,2") is dependent upon 7;(.) there
is nothing to be gained by writing the balance equations of P in the above form, as
finding p(z,t,z') would then be just as difficult as solving the supplemented balance
equations.

The integrand of the numerator in expression (3.57) may be interpreted as the
density that the process moves from state z, after t has been alive for time y, into
state z'. The numerator may thus be interpreted as the total flow from state z to
state &', while the numerator is the total flow out of state 2. We may thus interpret
p(z,t,2') as the “true” average routing probability from state = to state z'.

Note that in general it is not true that ]3(:0, t,2') is given by fooo p(z,t,2',y)dG(y).

Example 3.1 revisited

For this example,

5(2,3) = Js" Bi(exp(—4y) — exp(—5y))4 exp(—y)dy
’ Iy Bi(exp(—4y) — exp(—5(y))4dy

1 1
=20 —
<4+7 5+7>

# p(2,3).
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As noted earlier, using p(2,3) and p(2,4) as the average routing probabilities does
not give the correct equilibrium distribution. Using p(2,3) and $(2,4) does, however,
give the right answer. O

So the question arises :

Under what conditons is p(z,t,z') easily found?

Well, if the equilibrium distribution of P takes on the form of equations (3.5)

and (3.6), then substituting into equation (3.57) gives

fooo 7"1:/*"(1 - G(y))h(y)p(:v,t, x',y)dy

Sl Jo men(l — G(y))h(y)dy
(3.58) _ Jo ple, b2, y)dG(y)
Jo dG(y)

N / p(z,t,2',y)dG(y),
0

which is the routing probability used in the construction of the @ process. So the
“averaging” procedure employed actually gives the correct form of p(z, ¢, z') whenever

the P process has a product form solution.

3.8 Insensitive average residence times in ®-insensitive processes

Consider the processes P and Q as described in Section 3.3 (at this stage saying
nothing about the insensitivity of @) and assume also that they are ergodic. Let
s € S and denote by v, the average length of time between two successive births of
s and by 7, the average length of time between the birth of s and its death. Also

define 7, to be the probability that P is in state .

Lemma 3.7 (Barbour and Schassberger (1981))

v, and v, are given by

(3.59) yo = 127 (Daea, 7rc(s,2) " forse S
py (ern, Tz C(s, 93))_1 for s € S*
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and

(360) Ys = Vs Z Fz)

z€EQ,

where Q, = {z|s € z}.

Proof : See Barbour and Schassberger (1981). N

Remark : The use of age dependent routing has no effect in the proof of Lemma
3.7 as the only requirements are that P be stationary and ergodic. As pointed out
by Barbour and Schassberger, this lemma says that the average requested lifetime
of s is the product of the average actual lifetime and the average rate at which s is
worked off.

We may now extend Theorem 2 of Barbour and Schassberger to processes with
age dependent routing probabilities. Let v,(y) be the expected lifetime of element s
when it requests y units of service, and v,(y) the expected time between the birth of

s when it requests y units of service and it’s next birth.

Theorem 3.8

Let P be ®-insensitive. Then, for each s € S*,

(3.61) Vs(Y) = HsVsY
and
(3.62) ve(y) = oYY + Vs — Vs-

Proof : The proof basically follows that of Barbour and Schassberger and as
such will only be outlined here, with special note being given to the differences.

We create a new process P" from P by replacing each state z € Q2 by two states
(z,1) and (z,2). These two states correspond, respectively, to lifetime s requesting

less than or greater than y units of service when it was last created. We shall denote
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by s1 and sz, respectively, the lifetimes corresponding to s in P requesting less than
or greater than y units of service. The lifetime distributions governing these are thus

given by (for z > 0)

_ [Gu(2)/Guly) forz <y
(3.63) Gua)={ § sy
and

forz <y
3.64 s _
(364 0o = { (6.(2) - G - Cus) s
When element s;, (¢ = 1,2), is created, the age dependent routing probabilities

of P* are
(3.65) p((z,5),t,(z',4),2) = p(a,t,2',2)B; for ' € A(z),
(3.66) p((z,9),85,(2',1),2) = p(z,s,2',2)B; for z' € b(z)
and
(3.67) p((z,5),s,(z',4),2) = p(z,s,3',2)B; for a' €Ty(z),s €zN S!

where 81 = G,(y) and B2 = 1— G,(y), with all other routing probabilities and speeds
defined in the natural way.
Let Q* be the Q process associated with P". The routing probabilities for the

Q* process are

[ p(z,5,2',2)dG, (2)

B; for z,z' € Q,

(3.68)  p((z,1),s1,(<',1)) = fvp(zfl('yz))dc,u)
= ,G’s(’y) fOI‘.’EEQs,w, ¢Qs’i=1
and

f:e p(z,s,2',2)dG,(z)

; for z,2' € Q,
(3.69)  p((z,2),52,(2',8) ={ pe 1 C:W
fy p(z,s,z ’Z)dGa(Z) , .
1-G,(y) fOI' T E QS,CE ¢ Qs,z = 2’
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again, with all other average routing probabilities defined in the obvious way (c.f.
Section 3.3).

Barbour and Schassberger verified that if @ is insensitive then Q* is also insen-
sitive, with equilibrium distribution given by

| BiTpafpe; T €Q5i=1,2
(3.70) T(z,i) = {,Bif:c z & Qs,1=1,2,

where ;! is the mean of G, (.).
As in Barbour and Schassberger (1981),
Voi = HoYs/ bhs;

(3.71) B IS 1a7s2dGo(2)
Gy 7

from (3.63). As y is arbitrary, p,v,y can be taken as v,(y), thus giving equation
(3.61).

Equation (3.62) is derived using precisely the same arguments as Barbour and
Schassberger (1981). |

Having derived the quantity v(y), it is then easy to apply the theory to par-
ticular examples, the most obvious of which are the queueing networks of Section
3.4.

By using a GSMP description of a network, v5(y) would then be interpreted as
the expected time a customer spends at the queue given that they request y units of
service. More importantly, the actual time spent at the queue is directly proportional
to the service requirement.

Barbour and Schassberger (1981) give queueing examples to illustrate the use of

the theory. Further work and examples may be found in Jansen (1984).

3.9 A note on the use of age dependent speeds
In this chapter we have only considered the possibility of allowing the routing

probabilities to be functions of the age of the lifetime.
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We now modify the process P described in Section 3.3 by also allowing the speed
at which a generally distributed lifetime 1s worked off to be a function of the age of
the lifetime. This is useful in modelling processes where servers may call upon extra
facilities if a customer is taking too long to be served.

We alter P by replacing c(s, z) by ¢(s, z,vy) for each s € S* where y is the amount
of service that s has already received.

The supplemented global balance equations (using spent lifetime) of P then

become
(3.72)
72(y,0s)c(s,2,0) = Z Tz () Z Aoc(s', 2" )p(2', s, z)
z'€l,(z) s'esS' nz’
+ >y / Tor (¥, Yo )e(s', 2", ys Yoo (yor )p(a', 8", 7, yor )dys
s'€ES*—z 2'EA,,i(z) B
+ > / T (¥, Ys ) hs(ys)e(s, 2, ys)p(a', 8, 2,y )dys
z'€o(z) v 0
and
(3.73)
0 _ _
) c(s,m,ys)a—my)m(y)[ S ha(a)els, )+ 3 Aee(s2)
SES*Nz Ys SE€ES* Nz 3€ES' Nz

= Z Z / Tu (¥, Ys Vhs(ys)e(s, 2", ys)p(a’, s, 2, ys )dys

s€S*—z z'€U,(z) B

+ Y T(y) Y, decls,2')p(a’ss,2).

2'€6(z) s€S' Nz’

Define C,4(y) to be the diagonal matrix of age dependent speeds c(s, z,y) for all
y >0 and s € S*.

Define, for each s € S*, ©, to be any set of triples (Ps(.), Cs(.), Gs(.)) with the
properties
(1) f;° Cs(y)dGs(y) = Cs(0) = C, for fixed C,.
(2) J;7 Cs(y)Ps(y)dGs(y) = C,Ps for fixed P.
(3) The mean of G,(.) is u;?! for fixed uj?!.
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(4) (Ps,Cs,Gs(.)) € O, for all distribution functions G,(.) satisfying (3).

The associated @ process is formed in the same way as in Section 3.3, but now
with speeds ¢(s,z) = [;° o(s,2,y)dGs(y) for each s € S* and z € Q.

Definition 3.4 : The process P is O-insensitive if for all (P,(.), Cs(.), Gs(.)) €
Q,, s € S§*, the equilibrium distribution is invariant.

We may now give a generalised form of Theorem 3.2 which allows the use of age

dependent speeds.

Theorem 3.9

The following statements are equivalent
(a) P is O-insensitive.
(b) The associated @ process is insensitive.

(¢) The equilibrium distribution of P is

(3.74) () =7 [] (1= Gslys))-

SES* Nz
Proof : The proof is similar to that used in Theorem 3.2 and will therefore not
be given. |
Obviously, Theorem 3.2 may be derived from Theorem 3.9 simply by choosing
processes with constant speeds. We have chosen to give our results in this fashion
as it removes unnecessary distraction from main ideas behind the result. Also, in
practice it is very rare, when truly age dependent speeds are used, that the average
speed shall be equal to the initial speed and hence these results will not prove as

useful as those presented earlier.
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CHAPTER 4 : INSENSITIVITY IN SYSTEMS WITH ZERO SPEEDS

4.1 Introduction

In Chapter 3 we dealt with systems possessing instantaneous attention and age
dependent routing. In practice, however, many systems allow customers to wait be-
fore being allowed int(-) service. For this reason we now turn our attention to such
processes and, for ease of explanation, restrict the analysis to the case of constant
routing probabilities. It should be noted that the results of Chapter 3 may be ex-
tended to the processes to be considered here.

In the literature it has been shown that if partial balance (as defined in Chapter
2) holds then the process under examination is insensitive and has instantaneous
attention. However, it is well known that the latter is not a necessary condition for
insensitivity.

Konig and Jansen (1974) called this the e; property (the term instantaneous
attention being coined by Schassberger (1977)) and mention that processes not pos-
sessing this may, by the addition of suitable extra states, be converted to processes
that do. Schassberger (1978b) and Whittle (1985) also assume instantaneous atten-
tion in their works on insensitivity.

Taylor (1987), on the other hand, adopted a direct approach to this problem
and derived necessary and sufficient conditions for such systems to be insensitive.
Previous results for systems possessing instantaneous attention arise as special cases.
Taylor attacked the problem by setting up supplemented global balance equations
using spent lifetimes and finding the equilibrium distribution. In Section 4.2 we shall
instead consider the residual lifetime supplemented global balance equations and, by
incorporating the ideas of both Taylor and Kdnig and Jansen, derive the equilibrium
distribution with residual supplementary variables and hence provide an alternative

proof of Taylor’s main result on processes with zero speeds.
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As discussed in Chapter 1, and reexamined in Section 2.3, Henderson (1983a)
found that for systems possessing instantaneous attention a necessary and sufficient
condition for the insensitivity of the process is that the residual and spent supple-
mentary variable eqpilibrium distribution be the same. For systems without instan-

taneous attention this does not hold but a similar relationship is found.

4.2 Systems without instantaneous attention

We shall employ the process P described in Section 2.2. In the following, state
changes which involve the death of the generally distributed lifetime, ¢, shall be
referred to as ezternal transitions, while all other state changes will be called internal

transitions.

It shall prove convenient to adopt the matrix notation of Taylor (1987) for the

analysis of this system.

We define the following matrices.

~ T ien Loegna Aecls2)p(e,5,f) =o' €4
[QA_A]I:L" = N
Y sesing Asc(s, z)p(z, 5, 2') if z # ¢’ and z,2' € 4,

[Q—Zi]zz' = z )\SC(s,m)p(m,s,x'), zeAandz' € Ai,(1=0,1),
sES' Nz

[Q7)ear = c(t,z)p(z,t,2'), =€ Ay anda’ € A,

[QE]sar = c(t,2)p(2,t,2"), z € A and 2’ € 4;,(i =0,1),

- Z{fiA Yosesing A8, 2)p(z, 8, f) ifz=2" € 4

[ {1]113’ =
Y sesing Asc(s,2)p(e, 8, 2") if z # 2' and z,2' € 44,
[C] ) = C(t,:r:) forz=2' € Al
e 0 for x # 2' and z,2' € 4;,
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[Qo1]zzr = E Asc(s,2)p(z,s,2'), z € Ag and 2’ € A4,

SES'Nz
~Tiea Taesns boclo,2)ple,5, 1) iz =a' € 4o
[QOO]zz' -
Ysesing Asc(s,T)p(x, 5, 7') if z # 2’ and z,2' € A,.

We partition the vector Il, the equilibrium distribution for the system with all
lifetimes negative exponentially distributed, into (II, Iy, IIy) according to the sets
A, A and Ao.

The global balance equations (2.1), (2.2) and (2.3) for the purely Markov process

may be written as

(4.1) 7077 + huQyz =0,

(4.2) IL[Qf; + #Q11 — kO] + TLoQo1 + TzQ7, =0
and

(4.3) Iy Qoo + II1 Q10 + 1Q1o] + IzQ%, = 0.

The partial balance equations (2.4) to (2.6) may be written as

(4.4) Qoo + 11 Q1 =0,
(4.5) I, QL + T1oQo; =0,
(46) I QF) + T;Q, =0
and

As noted in Section 2.2, the partial balance equation (4.6) can only be satisfied

for processes possessing instantaneous attention. Theorem 2.1 may now be rewritten

53



as: If P possesses instantaneous attention, then it is insensitive if and only if equations
(4.4), (4.5) and (4.7) hold.

For z € A, denote by 7, and T%(y) the probability of being in states z and (z,y)
respectively, where y is the residual lifetime of ¢. The supplemented global balance

equations, using residual lifetime, are

Tz Z =)\sc(s,x)z Z ToAsc(s,z' )p(z', s, z)

(4 8) seSlnz z! GZSES'FM:
i —R ! R A
+ Z Wx,(O)c(t,:L‘ )p(.’L ,t,a:), Vz € A7
z'€A
d —R —R
— =T Welt, 2) +TE@W) D, Aeels,2)
v . SES'Nz
=Y > Tuhels,z)p(z',s,2)9(y)
(“9) SR
+ Z Z ff,(y))\sc(s,a:')p(w',s,a:)
z'€A seS'ne’
+ Y FEO)e(t, 2 (e’ tw) Yz € Ay
z'€A,

and, for z € Ay,

ff(y) Z )\SC(S,JZ)ZZ?F—,;/ Z Asc(s,z)p(a’, s, 2)g(y)

SES' Nz ' EA seS' Nz’

(4.10) + Y wE(0)e(t, w)p(a’ st 2)g(y)

' €A

+ 3 Y 7E@)els,a')p(a’,s,2).

z’€A s€S'Nx!
By defining ﬁ?(y), (7 = 0,1) as the vector of probability densities for being in
states of A;, (i = 0,1) with residual sojourn time y, equations (4.8) to (4.10) may be

written in matrix form as
— —R
(4.11) HQuz + 1L (0)Q1Z =0,

(4.12) —%ﬁ?(y)c' = T2 () Qo1 + Ty (1)Q1 + TT; (0)Q% 9(v) + T Q7 9(v)
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and

413)  T(y)Qoo + M (1)Q + TQ5,9(y) + I (0)Q% () = 0.

Theorem 4.1 (Taylor (1987))

A necessary and sufficient condition for the process P to be insensitive is that
(4.14) 1,0, =0,

where ()1 = ‘1’1 - {O(Qoo)_lQm-

Remarks

(1) Note that in the case of instantaneous attention, equation (4.14) may be derived
by Gauss-Jordan reduction on equations (4.4) and (4.5).

(2) Taylor proved Theorem 4.1 directly via the use of the supplemented global bal-
ance equations based upon spent lifetime. Here we provide an alternative proof
using an extended state space (as proposed by Koénig and Jansen (1974)) and
residual ‘lifetime as the supplementary variable.

(3) As a consequence of equation (4.14) it is also true that
(4.15) -I1,Q. =0,

where

e1s) Q2 =uC — pQY; + pQzQ7597, + HQ10Q00 Qo1
4.16
~ 1Q17Q75 97 Quo Qor-

This may be shown as follows : Noting that Q- and Qoo are non-conservative g-
matrices (Taylor (1987)), it then follows that they are invertible (by application
of the Perron-Frébenius Theorem). Hence equations (4.1) and (4.3) may be

rearranged to read

(4.17) Iy = -ThpQ Q%
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and

(4.18) I, = — [I1,[Q1, + 1QT0) + T7Q%,] Q% -

Substituting these expressions into equation (4.2), and using equation (4.14),
gives equation (4.15).

Both @, and —(@Q3 are conservative q-matrices (Taylor (1987)). @ can be inter-
preted as being the g-matrix of the process P restricted to states in A; where
only internal transitions are allowed. When an internal transition moves the
process to a state in Ag, time is “suspended” until the process moves back into
A;. Similarly, —Q2 is the gq-matrix of the process P restricted to states in A;
but now only allowing external transitions (that is, transitions which involve the
death and subsequent rebirth of the generally distributed lifetime). As a conse-
quence, IT; is an invariant measure for both of these subprocesses of P. This
shall be discussed in more detail later in this Chapter.

Proof : Try a solution to the residual supplemented global balance equations

of the form

(4.19) I = I,
(4.20) I, (y) = Mp(1 - G(y))
and

(4.21) _H—(I)Z(y) = ~1I; Q{OQO_OI#(l - G('!/)) + [TTo + HIQ{OQO_OI]g(y)a

where IT = (II-, IT;, ITp) is the equilibrium distribution of the process P.

Substituting, from relations (4.19) to (4.21) into equation (4.11) gives equation
(4.1).
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Substituting into equation (4.12) gives
s I pg(y)C = — T Q1 Qoo Qo (1 — G()) + (Mo + I Q14 Q50 19(¥)Qua
4.22
+Ihpu(l ~ G(y)Q1x + ipQTig(y) + Mz Q7,9(y)-

Using equation (4.14), we have

(4.23) I [~ Q14 Qo0 Qo1 + Q11]p(1 — G(y)) =0

and, by also utilising equation (4.2),

(4.24) (10, [Q1; + uQE — uC)+ 1oQo1 + Q= 19(y) = 0.

Hence equation (4.12) is satisfied by the proposed solution.

Substituting into the left hand side of equation (4.13) gives

(4.25) —T1; Q10Q5¢ Qoop(l — G(y)) + [Tho + 1 Q14 Qo5 1Quog(y)
4.25 :

+ L Qfou(1 — G(y)) + MyQu09(v) + H1pQioe(y)-
Simplifying, we obtain

(4.26) [TT6Qoo + I11[Q10 + #Q15] + TQ7,]9(v)

which is equal to zero by equation (4.3).

Hence equations (4.19), (4.20) and (4.21) give the equilibrium distribution of
P. Integrating gives the insensitivity of the process, thus showing the sufficiency of
equation (4.14).

For the necessity of equation (4.14) we utilise the results of K6nig and Jansen
(1974) by converting the process P to a system V which exhibits instantaneous
attention. This idea has been put forward by Koénig and Jansen but not explicitly
used.

The process P may be represented diagrammatically as in Figure 4.1. To create

V we add extra states to those of P and appropriately define the parameters of the
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new process (V is represented diagrammatically as in Figure 4.2). This is done in
the following fashion.

States of V :

(1) For each state in A (respectively A;) of P there exists a one to one correspon-
dence with states in Ay (respectively A;v) of V. |
(2) For states in Ag of P there is a one to two correspondence with states in Azy U

Apv in V, distinguished by whether or not ¢t has been worked off with positive

speed. That is, if V' is in state ¢ € Azy (corresponding to state w € Ag) then

this means that P is in state w, but the generally distributed lifetime has not
yet been worked on with positive speed. On the other hand, if V is in state

z € Agy (corresponding to state w € Ag) then this means that P is in state w

and the generally distributed lifetime has been worked on with positive speed.

We denote by Qv the states of V and note that it is possible that some of these
states are transient.

Lifetimes of V' :

The set S of lifetimes of V is the same as the set of lifetimes of P. If z € Qv —Azvy
corresponds to state w € {2 then z has precisely the same lifetimes associated with
it as the state w has in the P process. For z € Azy, corresponding to w in Ay, the
same lifetimes are active except for the element ¢, which is not considered to have
been created.

Speeds and routing probabilities of V :

Denote by the subscript V the speeds and routing probabilities of the V' process.

If z,2' € Qy correspond to w,w’' € {2 respectively, we define
evis,z) =c(s,w) VreQy,seSNe,
pv(z,s,2') = plw,s,w') Vo€ Ay,z' € AyUAivUAzy,s€ S Na,

pv(x,s,:l:') =p(w137w’) Va:,x' € AlV U AOV)S € S, Nz,
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1 E
Qqq* Qpy

Figure 4.1. Schematic representation of the process P with the
appropriate transition matrices marked.



Qog

Figure 4.2. Schematic representation of the process V with the
appropriate transition matrices marked.



pv(z,s,2') = plw,s,w') Vo€ Azy,z' € AizvUAzv,s€ S Nz,
pv(z,t,z") = p(w,t,w') V€ Av,z' € Ay U4y UAzy.

All other routing probabilities are zero.

So for systems with instantaneous attention py(z,s,z') = 0 for z € Ay U
Aiv,z' € Azy. Thus the states of Azy are transient and play no part in the
equilibrium analysis.

By defining IF(y),(i = 0,1) as the vector of probability densities for being
in states of A;v,(: = 0,1) with residual sojourn time y, the residual supplemented

balance equations of V are

(4.27) Q77 + I (0)Q,7 =0
(4.28) I ;Qoo + IF(0)Q7; + MzQ7, =0
(4.29)

—%Hﬁ(y)c = 17 (y)Qor + I (v)Q1; + ITH(0)QT 9(¥) + T2 Qo19(v) + Q7 9(v)

(4.30) I (y)Qoo + I (1)Qf, =0

Lemma 4.2

P is insensitive if and only if V is insensitive.

Proof : Remembering that there exists a one to one correspondence between
the states of AU A; and the states of Ay U A1v, and that the periods spent in these
states is identical in the two processes, we must then have II;, = II; and == ﬁX'
Similarly, the period spent in states of Ay is made up of the periods spent in the
corresponding states of Aoy U Azy and hence I, = 11, +11,.

Therefore, if V' is insensitive the equilibrium distribution of V' depends on G(.)

only through its mean and hence P is insensitive.
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On the other hand, if P is insensitive then (ﬁl,ﬁo,ﬁz) depends upon G(.) only
through its mean and hence II; and Il are invariant. Integrating equation (4.30)
for y going from 0 to infinity gives that Il is also invariant. As Il = II, — I1,, the
insensitivity of V follows. : [

Let II = (12[-;{, fIl,fIO,fI z) be the equilibrium distribution of V when all life-
times are negative exponentially distributed.

The global balance equations of V' with purely negative exponential lifetimes

may now be written as

(4.31) 5Q- + M1pQ,5 =0,

(4.32) I12Qo0 + I uQ% + 115:Q-, =0,

(4.33) TL[Q1, + pQE — uCl+ 11zQo1 + IoQo1 + T5Q%,; =0,
(4.34) Qoo + ILQL, = 0.

The complementary process V now has instantaneous attention, hence using
Theorem 2.1, V is insensitive only if I1 satisfies the partial balance equations. That

is,

(4.35) IT,Qqo + I1;Q7, =0,

(4.36) I1,Q1; +11oQu =0

and

(4.37) 1L p[QF — C1+ 1zQ7, + I17Qo1 = 0.
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As noted in Section 2.2, equation (4.37) holds immediately if equations (4.35) and
(4.36) are satisfied.
Gauss-Jordan reduction on equations (4.35) and (4.35) gives (4.14), completing

the proof of the theorem. | |

4.3 Extending generalised balance to systems with zero speeds

In this section we explore the relationship between the residual and spent lifetime
probability densities and the insensitivity of the processes under consideration. Part
of this relationship stems from the property of generalised balance introduced by
Henderson (1983a). We shall extend a theorem of Henderson on insensitivity in
processes with instantaneous attention to systems without this feature.

We again deal with processes with one generally distributed lifetime and employ
the same processes P and V as in Section 4.2.

The following definitions are from Henderson (1983a). Let

1. Zgr(u) = (z(u),yr(u)) where z(u) is the state of the process at time u and
yr(u) is the residual sojourn time in A.

2. Zs(u) = (z(u),ys(u)) where z(u) is the state of the process at time u and
ys(u) is the spent sojourn time in A.

3. The process P has the property of generalised balance if and only if
.1
Jim {1~ PriZa(u+ ) = (5,9~ ot 2)A)|Zr(w) = (@, )]
(4.38) °7° )
= lim {1 - Pr{Zs(u — &) = (,y — c{t,)A)Z5(w) = (2,v)]

and

lim {1~ Pr{Zr(u+ A) = (2,9 = o(t, 2)A)| Za(w) = (2,9)]

(4.39) 1
= Jim (1~ PriZs(u—8) = (2, — (6, )A)|Zs(w) = (&)}

This property equates the rates at which lifetimes are dying in forward and
reversed time. As noted by Henderson, processes consisting only of negative expo-

nentially distributed elements will automatically possess generalised balance as the
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above equations then reduce to the global balance equations of the process. Note also
that no change has been made to the definition of generalised balance even though
the assumption of instantaneous attention has been dropped.

Henderson defined the above quantities for processes with many generally dis-
tributed lifetimes, but we shall only consider the case with one generally distributed
element.

We employ the natural notation that superscript R (respectively .S ) refers to the

state description using residual (respectively spent) sojourn times.

Theorem 4.3 (Henderson (1983a))
The following conditions are equivalent in a GSMP:
(a) The process is insensitive with respect to the generally distributed lifetime 2.
(b) T (y) = Ty () and Ty (v) = T, (v)-
(c) Generalised balance is satisfied.
Proof : See Henderson (1983a). n
This theorem states that the equilibrium density using residual lifetime is exactly

the same as the density when spent lifetime is employed if the process being considered

is insensitive and has instantaneous attention.

This relationship does not hold, however, when the process does not possess

instantaneous attention, but we can prove a similar theorem.

Theorem 4.4
The following conditions are equivalent.

(a) The process is insensitive with respect to the distribution of nominal sojourn
time in A.

(b) Ty () = T, (v).

(c) Generalised balance is satisfied.



Proof : As in Henderson (1983a) we show (a)<(b) and (a)&(c).

The supplementary global balance equations (with spent lifetime) are

(4.40) Q4+ /0 I, ()h(y)dyQ,x =0,

— _ e d —
(4.41) I ()@ + I, (1)Qo1 = [R(y)TT; (v) + ggnf W)IC,
(4.42) T (1) Qo0 + IT- (1) Q1 = 0,
(4.43) 0, + / T () h(y)dy@F, + T (0)Qor = T2 (0)C
and
(4.44) T, (00w + @z, + | T (0h()dv@f =0.
Note that
(4.45) o= [ Tk

0

Equation (4.45) arises by looking at the probability density, using either the
residual or spent supplementary variable, of the lifetime ¢ being about to die.

(b)=(a). If (b) holds, then
(4.46) 0 (y) = T, (y) + I, (0)g(y)-

Equation (4.46) holds because the probability density that the process is in some
state  in Ay with residual service time y is made up of two components, the first
being that the process has moved into state z and the generally distributed lifetime
has been worked on while the second is the case where it has been created but not

yet worked upon. The density of the former is given by ﬁos (y) (by application of
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Theorem 2.3 to the V process) while the latter is given by fIzg(y), as ¢(y) is the

density that the lifetime lasts for time y. This quantity, however, is ﬁf (0)g(y)-
Using equation (4.45), and without loss of generality denoting ﬁ?(y) and ﬁf(y)

by II;(y), the spent supplemented global balance equations, (4.40) to (4.44) may be

rewritten as

(4.47) T+ | Thhw)dQuz =0

(4.48) T, (4)Qh + T ()@ = hG)T0) + ZTHWIC.
(4.49) ﬁg(y)Qoo +T0L(y)Q1 =0,

(4.50) Q4 + T (0)Q% + T, (0)Qo1 = TLi(0)C
and

(451) 1, (0)Qoo + TxQ, + TH(0)QF = 0.

The residual supplemented balance equations, (4.11) to (4.13), may be written

in the form

(4.52) @z + TH(0)Qu5 =0,

(4.53) —;l%ﬁl(y)c =TI, (¥)Qo1 + L (v)QY; + TL(0)QE g(y) + TIzQ4,9(v)

and

(4.54) T, () Qoo + Th(v) Q%o + TxQ4,9(v) + L (0)QHg(y) = 0.
Rearranging equation (4.49) and substituting into (4.48) gives

(4.55) (1)@ = ) + SO
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Adding g(y)x(4.50) to equation (4.53) and rearranging gives

%ﬁl(wo +TL(0)C(y) = [ 0)9(y) - Ta(1)]Qor — T(y)QL,
(4.56) — T ()Qo — L)@,
= —II; (y)Q1-

Comparing equations (4.55) and (4.56) we obtain

(4.57) —j—yﬁl(w _ T (0)g(y) = %ﬁlcw + T ()h(y),

which has solution

(4.58) i (y) = I (0)(1 — G(v))-
Let
(4.59) I, = /0 ” IT; (y)dy.

Then integrating equation (4.58) for values of y between 0 and infinity gives that

II,(0) = II; . Substituting for II,(y) in equations (4.48) and (4.49) then gives

(4.60) L u(1 — G))QL + I (v)Qo1 =0
and
(4.61) (1 — )@Y + Ty (¥)Qoo = 0.

respectively. Let
(4.62) ﬁ§+ = lirr%)/ ﬁos(y)dy.
Integrating equations (4.60) and (4.61) then produces

= —S
(4.63) QL + 10, Qo1 =0
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and
= —S+
(4.64) 1 Qo + L, Qoo =0

which may be rearranged to give (4.14) and hence gives the insensitivity of P.
(a)=(b). From Theorem 4.1 we have insensitivity if and only if I1,Q; = 0.
Taylor has shown that the equilibrium distribution using spent sojourn time as the

supplementary variable is given by

(4.65) s = I,

(4.66) 0 (y) = (1 — G()),
(4.67) I, (v) = —T1HQ1o(Qoo) " 4(1 — G(y))
and '

(4.68) TT; (0) = TTo + I, Q14(Qoo) ™.

Comparing equation (4.665 with equation (4.20) gives (b).

(a)=>(c). The insensitivity of the process gives that equations (4.19) to (4.21)
and (4.65) to (4.68) are the residual and spent supplementary variable distributions
respectively. By considering only the states where the generally distributed lifetime
is being worked off with positive speed the proof is now the same as in Henderson
(1983a).

(¢c)=>(a). For states in 4, the instantaneous attention assumption has no bearing
in the derivation of equation (3.8) of Henderson (1983a), namely
(4.69) ST ) + T (W)hw) = 0.
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This has solution
(4.70) I, (y) = I, (0)(1 - G(y)).

By defining IT; = [~ ﬁf(y)dy, we have that ﬁi{(y) = IT, (1 — G(y)). Substituting

into equation (4.11) gives

(4.71) Iy = -ThpQ, 707

Substituting into equation (4.13) and rearranging gives

(472)  T(y) = -Ts [Qh(1 - GU) - Q7Q55Q509W) + Qfs(v)] Qx

Substituting from expression (4.72) into equation (4.12) and rearranging gives

(4.73) —ﬁleg(y) = ﬁlQl(l — G(v)),

which only holds for all y > 0if TI;Q; = —II;Q, = 0. By Theorem 4.1 we then have
that P is insensitive, thus completing the .proof. |

The work on insensitivity with non-instantaneous attention to this point empha-
sizes that a form of partial balance is required not when the generally distributed
lifetime is created, but when it is first worked on with positive speed. That is, the
flow into a state of A; where t is being worked on for the first time must be balanced
by the flow out of that state due to the death of the lifetime. This is illustrated in
the physical interpretation of Theorem 4.1 and in Theorem 4.4 where we only require
that the spent and residual equilibrium densities be matched on states of A;.

This is most simply thought of as the superimposing of one process upon an-
other, where the set of states in common have the same equilibrium measure in both
processes. Physically, the process appears to be unable to distinguish whether it has
moved into these states due to the death of the generally distributed lifetime or a

negative exponentially distributed lifetime.
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We are now in a position to extend the interpretation of Theorem 2 of Henderson
(1983a) (with notation appropriately changed for the current context) to processes
not having instantaneous attention. This is done by restating this theorem in terms
of the process V.

We first define the following.

Let p'(n,s,m) be the transition probabilities for going from state n to m due to
the death of element s in the reverse time GSMS.

Let ¢’(n,m) be the reverse time transition rate from n to m due the death of an

active element in n N S’.

Theorem 4.5 (Henderson, Theorem 2, 1983a)

Suppose that the speed, ¢(s, z), that lifetime s € S is worked on in state z € Qv
is the same in both forward and reverse time.

The GSMP V is insensitive with respect to the distribution of ¢ if and only if the

set of balance equations (4.74) to (4.76) are valid for all n,m,4,j. f n € Ay UAgy

then
p(m t,n) ,

4. - N, .m).
(4.74) Z As Z p(m i) Z Asp(n,s,m) + _Z ¢'(n,m)
seEnNS’ mEA1v seEnNS’ mEAyUAzy

Ifme Zv UAzv,n € Ajv then
(4.75) mnc(t,n)pp'(n,t,m) = T Z Asp(m, s,n).
semns’

If m,ne Ay UAzy or m,n € Ajy U Agy then
(4.76) g (R,m) = T, Z Asp(m, s,n).
semnNS’ |
For all intents and purposes, the set of states Azy may be considered to be
states where t is not alive, since it is yet to have been worked on and Ay may not

be entered from this set. Thus, for the process P, we then have that equation (4.75)
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equates the flow out of state n into state m due to the death of ¢ in reverse time with
the forward time flow of moving out of state m into state n and working on ¢ with
positive speed for the first time.

Equation (4.76) then refers to state changes that do not involve the death of ¢
or its being worked on for the first time with positive speed. These equations will
automatically hold as they are just the statement of the relationship between the
forward and reverse time process (see Theorem 1.12, Kelly (1979)).

The idea of creating an expanded state space, however, becomes impractical
when more generally distributed lifetimes are included. Very quickly the state space
becomes extremely large as we must keep track of all the combinations of lifetimes
which have or have not been worked on with positive speed (for lifetimes not receiv-
ing instantaneous attention). Taylor (1987) has derived sufficient conditions for the
insensitivity of such processes. These are equivalent to the creation of a process with
instantaneous attention, (that is, a process with the expanded state space referred

to above), even though they were derived directly from the original process.
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PART TWO

CLOSED TWO NODE PRIORITY QUEUEING NETWORKS



CHAPTER 5 : INTRODUCTION

It is common in queueing systems to have a variety of customer types competing
for the available resources of a service facility. This competition may be resolved in
many ways, for example, a First In First Out (FIFO) or Last In First Out (LIFO)
service discipline. In other systems, particular types may be given preference over
others, that is, are given priority over other types of customers. In such systems, if a
customer is in service at the time of arrival of a higher priority customer, the latter may
move directly into service (known as pre-emptive priority) or wait until the current job
is completed before moving in (nonpre-emptive priority).

The analytic results available on equilibrium distributions for queues with priori-
ties is reasonably limited, with computationally useful results restricted in the main to
systems with Poisson arrivals and negative exponential service times. A larger number
of results are available concerning waiting time distributions, expected queue lengths
and expected waiting times.

White and Christie (1958) were the first to find the equilibrium distribution for a
single server pre-emptive priority queue with two types of customer arriving in Poisson
streams and having negative exponentially distributed service times. The form of
solution is so complex as to not be readily usable for practical purposes. For the same
system, Stephan (1958) derived more readily computable formulae for the joint queue
length distribution as well as finding moments of the waiting time distribution for low
priority customers. Miller (1959) found the queue length distribution and expected
waiting times for systems of the type studied by White and Christie except that a
nonpre-emptive priority queueing discipline was utilised. The complex nature of the
results are an indication of the difficulty in finding any sort of exact solution for systems
featuring nonpre-emptive priorities (in fact, systems with priorities in general).

In the book “Priority Queues”, Jaiswal (1968) gave an in-depth analysis of many

priority queueing disciplines based upon the completion time approach. This approach
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(introduced by Gaver (1962) and Keilson (1962)) considers the distribution of time
taken for a low priority customer to complete service once they have started. This
distribution (the completion time distribution) is then used as the service time distri-
bution of the low priority customer in a process where they are the only customer type
and the analysis is then similar to that of the ordinary M/G/1 queue.

Jaiswal considered the system studied by White and Christie (1958) and Stephan
(1958) but allowed the service times of customers to be generally distributed. The
results include joint queue length distributions during the busy period (in generating
function form) and the busy period distribution. Variations of this system were also
analysed, in particular, systems where there are bounds on the numbers of each type
of customer present. Analyses of pre-emptive repeat-different and repeat-identical
disciplines as well as nonpre-emptive schemes were also given.

Utilising supplementary variables for the time until service completion, Henderson
(1969) developed a relatively simple technique for finding the generating function (in
terms of Laplace Transforms) of the joint queue length in mény standard priority
queueing models with general service time distributions. Henderson also examined
priority systems of the G/M/1 type, that is, where the interarrival times are generally
distributed. Hokstad (1978) employed Henderson’s technique in the analysis of queues
where the priorities were determined by the length of the service time.

The use of generating functions and Laplace Transforms makes life difficult from
a computational viewpoint. As a result, much recent work has focused on techniques
(both exact and approximate) which make it easier to find performance measures such
as queue length distributions, utilisations, throughputs, etc.

Brandwajn (1982) used a finite difference approach to find the equilibrium joint
queue length distribution for a two level priority queue, high priority customers hav-
ing pre-emptive priority, with service and interarrival times negative exponentially

distributed with state dependent rate for low priority customers. As pointed out by
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Brandwajn, it may be preferable to employ generating functions to find queue char-
acteristics such as mean queue length, but the finite difference approach is probably
more amenable to finding the joint queue length distribution.

It should be noted that all of the work cited above deals with single server queues,
that is, queues in which the total service effort is fixed.

Much of the work on networks of priority queues involves the use of approximation
techniques. These are, in the main, based on the idea of using virtual servers, as first
introduced by Sevcik (1977) (who used the term “reduced occupancy approximation”).

Sevcik looked at N node networks, with one queue a priority scheduling, single
server queue with pre-emptive resume discipline. Service times are negative exponen-
tially distributed with mean u;, (vi), ¢ = 1,..., N for high (low) priority customers.
A new network is created by replacing the priority queue by two servers, one dedi-
cated to the high- and the other to the low-priority customers. These servers have
respective mean service rates y (since h.igh priority customers receive no interference)
and v1(1 — p1), where p; is an approximation for the occupancy of the CPU by high
priority customers. The term 1 — p; is therefore an estimate of the proportion of time
the priority queue is free to serve low priority jobs and hence the new service rate is, at
least intuitively, a reasonable estimate of the average service rate seen by low priority
customers. The equilibrium distribution was then approximated by the correspond-
ing product form for networks with two types of customer (see Baskett, et al, (1975),
Chandy, Howard and Towsley (1977), Chandy and Martin (1983), Kelly (1981)).

The main problem with the reduced occupancy approximation is that the mean
service rate of the low priority priority server is incorrect (shown by Kaufman (1982)).
Kaufman found the correct mean, thus introducing a modified reduced occupancy
approximation, and showed that for various test networks this procedure provides

better approximations for performance measures such as mean response time.

72



Schmitt (1983) extended this even further by creating a state dependent reduced
occupancy approximation. Schmitt’s technique involved noticing that the balance
equations for the marginal distribution of low priority customers are just the bal-
ance equations for an M/M/1 queueing system with state dependent service rates.-
The problem is then to find how the service rates are to be modified for each state.
If these new parameters may be found (or at least estimated) then the exact distri-
bution for low priority customers can be obtained. Note, however, that the behaviour
of customers given by such models is an approximation. For example, the departure
process for low priority customers is not a Poisson stream as would be thought using
this approximation. A variation of this technique can also be used to examine systems
with a nonpre-emptive discipline. Kuehn and Schmitt (1985) used this method as the
basis for the approximation of transit delay distributions in priority queueing networks
with arbitrary state independent routing,.

Ikehara and Miyazaki (1985), however, did not use any state dependent rates
in their approximation. Instead, an asymptotic approximation analysis was used to
determine appropriate service parameters for the system. From these, an iterative
technique was developed to find utilisation factors for the two virtual servers.

As mentioned earlier, analytic results for equilibrium distributions of priority
queueing networks are limited and when it comes to distributions for priority net-
works, exact results are restricted to only one paper. Morris (1981) considered the
closed two node network with two types of customer, a single server at each queue
and pre-emptive priority disciplines. Morris found the equilibrium joint queue length
distribution for this system as well as the high and low priority throughputs for each
customer type. An approximation was also given for the system with nonpre-emptive
priority discipline at one node.

Morris also considered a variation of the closed two node queue with priorities in

which the priorities are reversed at the two nodes. That is, the high priority customer
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at one queue becomes the low priority customer at the other queue. The analysis of
this system is very similar to that of an M/M/1/K queue with state dependent arrival
and service rates.

In Chapter 6 we shall examine two systems.

The first system to be considered is shown in Figure 6.1-, and is analysed in Section
6.1. The process consists of a two node network with single server, pre-emptive priority
queues at each node. Unlike Morris’ work, we shall not assume that the service rates
at each queue are constant. This system may be used to model a computer system
consisting of a CPU and an input/output (I/O) device, which processes interactive
(high priority) jobs as well as batch (low priority) jobs. In practice, a computer system
is required to service jobs coming from people sitting at terminals as well as those
which have been placed on batch queues (usually jobs that take a large amount of
CPU time, that is, have a long mean service time). Since it is more important to
service the requirements of those that are present (to minimise their time spent on a
particular chore), their jobs are given higher priority than the batch jobs and hence
the motivation for the system to be analysed.

In Section 6.2 the model is altered by employing a nonpre-emptive service dis-
cipline at the left node. The equilibrium distribution is then found. A comparison
between an approximate and the exact solution for this problem is given in Section
6.3.

The second system is shown in Figure 6.2, and is analysed in Section 6.4. Here,
the priorities are reversed, that is, the high priority customers at the left node become
low priority customers at the right and vice versa. Again, we shall allow the service
rates to be state dependent at each queue.

Section 6.5 then looks at two node closed networks with pre-emptive priority at

the left node and allows all disciplines but batch servicing at the right.
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For the cases where negative exponential service times are considered, the standard
approach is to set up the global balance equations for the network and attempt to solve
these. However, for the systems described in Sections 6.1, 6.2 and 6.3, their nature is
exploited to give first order nonhomogeneous ordinary difference equations which may
be solved via standard techniques, as opposed to the second order ordinary difference
equations which result from calling directly on the global balance equations. It is this
property which allows the extension of the results of Morris (1981) to systems with

state dependent service rates.
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CHAPTER 6 : CLOSED TWO NODE PRIORITY QUEUEING
NETWORKS

6.1 Two nodes with pre-emptive priorities at each node

6.1.1 Network description

Consider a two node closed network such as that shown in Figure 6.1. There
are N high and M low priority customers. We describe the state of the system by
(n,m) when there are n high and m low priority customers at queue 1. Note that
this is a complete description of the state of the system as customers may neither
enter nor leave the network. At node ¢, (z = 1,2) let the service time distributions be
negative exponential with unit mean, while the service rates are u;(n,m), (v1(0,m) and
v3(N,m)) for high priority customers (respectively low priority customers) at nodes 1
and 2. Since we are dealing with only single server queues, the low priority customers
may only enter service when no high priority are present. Thus, the low priority service
rates at each queue are, in effect, only dependent on m. High priority customers take
pre-emptive priority over low priority customers at each node. The system is cyclic,

that is, upon completion of service, customers move immediately to the other queue.

6.1.2 State independent rates

Morris (1981) considered the case pi(n,m) = p;, vi(n,m) = v;, Yn,m. The
solution is found by setting up the global balance equations for the network and deriving
second order homogeneous recurrence relations. These are then solved to find the
equilibrium distribution.

In this section an alternative approach using the Markov process result (see Kelly

(1979), page 8) that the flux out of any set A is balanced by the flux into A, that is,

(6.1) Yo > pial k)= > pea(k,d),

jJEA kEA keAe jeA
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Figure 6.1. Two node system with pre-emptive priorities at both nodes.
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Figure 6.2. Two node system with nonpre-emptive priority at node 1 and
pre-emptive priority at node 2.



where p; is the probability of being in state j, q(J, k) is the rate of moving from state
j to state k and A is the complement of A. This has the advantage that it allows the
system with state dependent service rates to be solved (Section 6.1.3).

First consider A = {(,m),0 < ¢ < n < N}. This corresponds to cut 1 in Figure

6.3. The balance equation generated by a cut of this type is

(6.2) Pampz + Pom?1(1 = 6mo) = Patimps + Pom+171(1 — bmm),
where 6;; is the Kronecker delta. Rearranging gives

(6.3) Patimpa — Pambz = V1{Pom(1l = 8mo) = Pom+1(1 — Smnr)}-

This is simply a first order nonhomogeneous recurrence relation in n for ppm, the

solution of which is

(6.4) Pam = Am(p2/p1)" + vi{pom (1 — 6mo) — Pom+1(1 — dmar)}/ (1 — p2),

where
(6.5) Am = pom — v1{pom(1 — 6mo) — Pom+1(1 = &mm)}/ (11 — p2).
Hence,
@0 Pram =Pom{(p2/p1)" + v1(1 = 6mo)(1 — (p2/p1)")/ (1 — p2)}
.6
— pom+11(1 = dmar)(1 — (p2/p1)")/ (1 — p2).
A relationship between po,, and pom+1, m = 0,...,M — 1, is required. This is

obtained using cut 2, i.e. A= {(3,7),1=0,...,N,j=0,...,m} which gives

(6.7) Pom+1¥1 = PNmV2.

Substituting for pym from (6.6) gives

I pom {(p2/p)N + v1(1 = 6mo)(1 = (p2/p1)™)/ (11 — p2)}
i v1/ve +vi(l = (p2/p1)N) /(41 — p2)
= pooHoH™,

(6.8)
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Figure 6.3. State transition diagram for two node pre-emptive priority
system.



where

(/)N + i (1 = 8mo)(1 = (p2/p1)V) /(1 — p2)
(69) B o s+ i = ()™ (s — 1)
and

T v fva+un(l = (p2/p)N)/ (g1 — p2)’

Substituting into (6.6) gives (for m =1,..., M)

n _(k2\n
(6.11)  pum = pooHoH™ ((Z-j) + :—1 (1 — H(1 ~ 8mm) (%é’ﬁr)))

238

and (for m = 0)

U2 " 1/1H0 1'—(% N
6.12 o = B2} _ : .
(6:12) Pno = Poo ((#1> H1 ( 1 L2

The solution is completed by finding poo from the normalisation equation

(6.13) > ) Pam=1.

This gives

wo e[ () ) (5]

Note that the above equations are discontinuous for g3 = pp or H = 1. In these cases

we can use the same argument to show that, for appropriately defined z, we replace
(1 —2%)/(1 —z) by k.

Note that (6.3) is equivalent to equation (6) of Morris (1981) (after substitution
of the equation for p;.), but the approach is simpler. The second cut gives the
relation between the pg,, probabilities immediately, as opposed to solving a second
order recurrence relation.

Unlike the form for pgo given by Morris (1981), (6.14) is computationally efficient.

Also, its form suggests a different method of determining pgq. Define Eﬁf:o Pam = Pn.
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to be the marginal distribution for the number of high priority customers at node 1.
Making use of the fact that low priority customers do not interfere with those of high
priority, po. is given by the standard solution for a closed two node network with one

customer type, 1.e.

B ikt W
(6.15) Po. = (_1?—&) -

1

Using Z%I:o Pom = po. and substituting for pp,, from (6.8) we have
N-1

Po. =DPoo + Z pooHo H™

m=0

(6.16) =Poo (1 + Hy NX—:I Hm)

m=0
1-HM
=Poo <1 + Ho (ﬁ)) ;

which upon rearranging gives (6.14).

6.1.3 State dependent rates

The procedure developed in Section 6.1.2 can now be employed to analyse the
previous model with state dependent service rates.

A single server utilising a pre-emptive priority discipline operates at node z, (i =
1,2). The service time distribution is negative exponential with unit mean and the
service rates are p;(n, m) (respectively v1(0,m) and vo(N,m)) for high (low) priority

customers when the state is (n,m) (respectively (0, m) and (N,m)).

Theorem 6.1
The network described above has equilibrium distribution {ppm,n =0,...,N,m =
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0,...,M} given by
(6.17)

m—1

pom =00 || K(G) m=1,...,M,
j=0

n—1

— 0+ V1(0,m) 1-— 6m0)G n,m)
Pnm = Poo HK(j) i=0 pi(i+1,m) ( ( , n=1,...,N,

. — K(m)n(0,m + 1)(1 = mpr)Gl(n, m)
where

N-— ta(g.m
- Hj:nl !Ii(j(il,trl.] + (Oam)(l — 5mu)G(N,m)
(6.18) K(m) = b1 (0,m+1)
va(N,m) * UI(O: m -+ I)G(N, m)

and
14 ?_——1 i‘_ E?("'—Z:’m!
(6.19) G(n,m) = izt iz oy :

pa(n,m)
with sums over descending ranges taken to be zero, products over descending ranges
taken to be unity and pgo is a normalising constant.
Proof : Consider the flux equations produced by cuts of type 1. This gives
(6.20)
Pampz(n,m) + pomv1(0,m)(1 — 6mo)
= putimpa(n 4+ 1,m) + pomt171(0,m + 1)(1 = bmnr)

forn =0,...,N. Rearranging gives

Prtim ={Pami2(n,m) + pomv1(0,m)(1 — émo)
(6.21)

— pom+1v1(0,m + 1)(1 = bmpr)}/ pa(n + 1,m).
Soforn=1,...,N,
T #2(2"777')

— pom+1v1(0,m + 1)(1 — 6mm )G(n, m).

+v1(0,m)(1 = 8mo)G(n, m)

Pnm =Pom

(6.22)

Using cut 2,

(6.23) pom+1v1(0,m + 1) = pymva (N, m).

T

80



Substituting from (6.22) gives

N-1 i
LS ey +n(0,m)(L = 6m0)G(N,m)
Pom+1 =Pom w1 (0.m+1)

va(IN,m) : U]_(O,?n + l)G(N‘.' m)
(6.24) =pom K (m)

=poo [ [ K(5),
j=0

remembering that §,a = 0 for all m in the required range. Substituting (6.24) into

(6.22) completes the proof and pgo can be found using the normalisation equation. g

Remark : As pointed out in Morris (1981), the system with transition rates
independent of state can be generalised to the case where, upon completion of service
at one queue, the customer moves with probability p;; to the other queue, with ¢ the
present queue and j the type of customer. The same can be done in this, more general,
process, by replacing pi(n,m) by pi(n,m)piinm and vi(n, m) by vi(n, m)pianm, simply
by realising that as the service times are negative exponentially distributed, such a

change is just a modification to the service rate.

Rates independent of the number of low priority customers

In the case where pi(n,m) and v;(n,m) are independent of m, (for notational
convenience we suppress m in the following), we obtain p,. = Z%:o Pnm from equation
(6.22), the marginal distribution of high priority customers, and find that it agrees with

the result for an ordinary two node closed network, i.e.

Hﬂ—l w2 (7)

=0 Jty(j+1)
(6.25) P = =
T t2(7)
1 + Ei:l HJ’:U :tl_iw{l;"%:i_j-

with products over descending ranges taken to be unity.
Noting that ' = K(m) is independent of m for m =1,..., M, using the technique
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of Section 6.1.2, Z%:o Pom = Po. and substituting for pos, from (6.24) we have
M-1

Po. =Poo + Z Poo K (0)K™

m=0

m=0

— (1 + K(0) (%E%)) '

M-1
(6.26)  =poo (1 +K(0) Y K’“)

Rearranging gives

-1

(6.27) Poo = (1+K(0) (E%)) 1+§:=‘—1 #2(5)

State dependent service rates may be useful in analysing systems where extra

facilities may be called upon when demand for service is high.
Examples : (1) A system with N processors (each with service rate ;) dedicated

to high priority jobs and a single processor for low priority jobs at queue 1 and only a
single server at queue 2 would have service rates

p(n,m) = np,

pa(n,m) = pa,

11(0,m) = 14,

vo(N,m) = vs.

(2) A modified version of Example (1) with X < N processors for high priority

jobs at queue 1 would have service rates

T U
ul(n,m)—{mtl n=K,... N,

M2(n’m) = H2,
v1(0,m) = vy,

UQ(N,m) = V3.



(3) In a similar fashion, systems with multiple servers at both facilities for high
priority jobs may be handled by simply modifying the high priority service rate.
The throughputs of high and low priority customers (see Schmitt (1983)), Ty and

T, respectively, at the left node may be computed from

N M
(628) Ty = Z Z ,Ul(n, m)an

n=1m=0
and
M
(6.29) Ty = Y v1(0,m)pom.
m=1

The mean delays may be computed using Little’s formula
(6.30) L=)\W

where L is the mean queue length, A the mean arrival rate and W the mean waiting
time.

With appropriate modification we can use this technique to find the equilibrium
distribution for a system with more than two priority classes and state dependent
service rates.

The systems described above can be analysed using the quasi birth and death
structure of Gaver, Jacobs and Latouche (1984). However, the use of closed form
solutions is much more efficient, computationally, than the matrix techniques that

they use and hence should be preferred for such processes.

6.2 Two nodes with non-pre-emptive priority at the left node

The previous model may be modified such that the priority at queue 1 is non
pre-emptive, i.e. the arrival of a high priority customer does not affect the customer
in service. The state is defined as (n,m, S) when there are n high and m low priority

customers and there is a type S (S = L or H) customer in service at the left node.
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For notational convenience we shall denote the empty state (n = m = 0) by (0,0, L).
Let the service time distributions be negative exponential with parameters y; and v;
for high and low priority customers respectively at queue i, ( = 1,2).

A method for determining the equilibrium distribution for the above system is

now given. For notational ease, define

a=p2/p1,

b= py/(p2 + v1),

(6.31) ¢ = (pz +v1)/pa,
d=vy/(v1 +1v2),

e = po/(v1 + 12),
N-1 N-2

v = (p1 +v2)c Z al — pge Z at — bV led + v H(N)

=0 i=0
and

H(n) may be simplified by expanding the sum. This gives
(6.33)

_mm=(M+”>];£ir NETN)S

H1 131 K1 1=0 (
— (&2 " nn— i
! (“1) p2 + 1 2 N o
=(p2+un) | ———| - —
M1 — Mo H1 H2t+v1) 5\
()"
1- (&) _(m+m>( )

P
— +v
sz +34) H1 — M2 H1 H2 + 1 1 — (E_zﬂL)
23
p2\" gt )"
= (p2 +v1) M __(_'“'?__>n 1_( s )
H1 — M2 Ha2 -+ 1 H1— p2 — 11
-(8)"\ () - ()
_ (,Ltz a Vl) 131 _ potry M1
U1 — p2 By — H2 — 11
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Theorem 6.2

For the network described above, the equilibrium distribution may be found from

(6.34) a1 + va) — ppa

Poi1L = PooL H(N)(#l + VZ) _ H(N _ 1))“2 + Vle—le’
B

(6.35) po2L = —poozv2a” + poiLfN
| H(N)(pa +v2) — H(N — 1)pa + 1dV e

and form=3,...,M — 1,

(6 36) PomL = —Pom—2LV2C Zf\_r__—(;l Gi — Vle_le E:,;_ll dm—ipoiL + POm—lLfN
: om H(N)(p1 +v2) — H(N — Dua + vidV-1e )

—PoM—2LV2C Zﬁi}l at — V'z_bN_le Ef‘i;l dM =" 1poir + pom—1LfN
H(N)(p1 +v2) — HN — 1)p2 + pabN 1 ’

(6.37) pomrL =

2
M2 + 11

(6.38) pnmL=( ) pomL, n=0,...,N=1m=1,...,M,

(6.39)

N-1 m m—z
K2 H2 Va2
mL = E i, m=1,...,M -1,
ik <u2+vl) <V1+U2) 1<vl+w> £

i=

Vo P N-1 0o M-1 " M—i—1
ML =" : - '
PN 121 (,u:z +V1> (V1+V2> ; (V1+V2) PoiL

" o N—-1 :
+ — (——'——> PoML.
v1 \M2 + w1

(6.40)

This gives all of the probabilities when a low priority customer is in service. The

relationships for a high priority customer being in service are given by

(6.41)
[ e n—1 [ 1
2 2 A
PamH = PomL o 12(}7) —pom+1zH(n), m=1,...,. M -1,n=1,...,N,
i=0 1
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(6.42) PnOH = PooL (,u_2> —pouirH(n), n=1,...,N

231
and
1 (m2)"
o) (1 (%)
(643) PrnMH = PoML (NQ 1) l_IZZ_ ) n:l,...,N,
K1 #1

where pgor is a normalising constant.
Proof : Consider the global balance equations for states with low priority cus-

tomers in service. Then

(6.44) Pami(p2 + Y1) =Pn—imrpz n=1,....N—-1m=1,..., M,

which has solution

(6.45) pnmL=( it )pOmL, n=0,...,N—-1,m=1,...,M.
H2 + 11

This is equation (6.38). Also,

(6.46) pNiL(v1 +v2) = pN-11Lp2
and
(647) PNmL(Vl + V2) = pPN-1mLl2 + PNm—-1LV2, m=2,...,M — 1.

Solving for pymr and repeated substitution of equations (6.45) and (6.47) gives

Vo

=

DN —1mL -+
V1-|-V21N R+

N-1
= L2 ( 42 ) PomL
v1 +vy \p2 -+ i

| ] [ H2 V2

(648) + vi+uve |1+ Vsz—lm—lL + V1 + V2

K2 S K2 ~ V2 i
:(p2+ul) (Vl'l"Vz) ; (V1+V2> Fom=it

+ Vo m—1
T PN1iL-
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Substituting for py1z from equation (6.46) and py—1,1,7 from equation (6.45) gives
(6.49)

5 N-1 Lo m Ve m—1
. e ; =1,.... M -1
DPNmL (#2 +V1> (Vl +V2> Z (Vl -I-Vg) DoiL, ™M 5 ) y

i=1

which is equation (6.39).

We find pyarr from

(6.50) PNMLV1I = PN—-1MLHM2 + PNM—1LV2.

This gives

N-1 M-1 M~-i—1
o =2 (22)"7 (22) 5 (22) "
- 1

vy \p2 + 1y vntvrve) 4 v + 12 A

=1

i ,Lw N-1

+ —= (-———'—> DOML,
vy \(p2 +11

(6.51)

which is equation (6.40). This gives all states with low priority customers in service

in terms of the pomr, m = 1,...,M. Now consider the flux into and out of A =

{G,m,H),s=1,...,n}U{(0,m,L)},m=1,...,M — 1. Then,

(652) DPnmHHU2 + pOmL(,u2 + Vl) = ZPim+1LV1 +pn+1mH”13 n=1...N-1
i=0

Rearranging and substituting for p;m41r,2 =0,...,n,

(653) H1Pn+1mH = PnmHM2 + (ll2 + 11 )pOmL - (,U2 + Vl)

n+1
1-— (‘—Nl'—> Pom+1L
po + v1 -
and repeated substitution for p,mp gives

Mo + 11 = 2 ' U2 "
Pn+1mH =PomL 1 Z — | +PimH H_l

im0 \H1
(6.54) ) .
Ho + 11 S 1 ( 12 )n—1+1 (#2>1
Pom1t (5 U M2 + 11 w)

To find p1,y use the global balance equation centred on (0,m,L).

(6.55) PomL(pt2 + V1) = PimH M1 + Pom+1LV1-
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Substituting for pymp in (6.55) gives

(6.56)

n—1 i
lg + 111
panZPOmL!-lZ Z(&) _p0m+1LH(n)1 m:l,...,M—l,n=1,...,N,

M1 Hi

=0
thus deriving equation (6.41). Now let A = {(3,0, H),7 =1,...,n}U{(0,0,L)}. Then
(6.57) PnroHM2 = DPn+10HH1 + ZPilLVla n=1,...,N-1,

1=0
which on substituting for p;;7, from equation (6.45) and repeatedly substituting for

equation (6.57) gives

n—1 n—2 n—i 3
Y to + 11 ( U2 > (M2)
6.58 n0H = — - 1— | — - .
( ) PnoH = P10H (/”) Po1L . ; ( 2 + 1 ) n

To find pyoz we use the global balance equation centred on (0,0,L),

(6.59) PooLp2 = P10HM1 + Po1LV1.

Substituting for pjox from equation (6.59) into equation (6.58) gives
p2\"

(6.60) PnoH = PooL <#—1> — po1LH(n),

which is equation (6.42).

Now use A = {(i, M, H),i =1,...,n}U{(0,M, L)}. This gives,
(6.61) PrtiMHP1 = PamHM2 + PomL(p2 +v1), n=1,...,N-1,

which is a first order nonhomogeneous recurrence relation with solution

n—1 n—2 3
2 2+ v
(6.62) PnMH = PIMH <Z_1) + PoML (N? 1) Z (EZ) :

H1 i—o \M1

Also

(6.63) pomr(p2 +v1) = pimufa.
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Substituting for p1arx from equation (6.63) into equation (6.62) gives

n
1- &z)
(6.64) PnMH = POML ietd ; <“1 n=1,...,N,
H1 1-£2
H1

which is equation (6.43). So all of the probabilities of states with a high priority

customer in service are in terms of the pgn, 1 probabilities.

A relationship is required between the pomr probabilities. This is obtained from

the global balance equations centred on (N,m, H), m = 0,...,M — 1. For m =0,

(6.65) pNog(p1 + v2) = PN—10H K2 + PN1LVI.

Substituting for these three terms from equations (6.39), (6.41) and (6.42), gives

(p1 4+ 12) (pOOL ('Z%)N —p01LH(N)>
N-1
(6.66) = (POOL (ﬁ'j‘) - poiLH(N - 1))
pe \V7 f2
MG (W) (Vl +U2>p01L'

Rearranging, we obtain

N-1

a¥(p1 + v2) — poa
6.67 = ’
(6.67) poiL pOOLH(N)(pl +v2) — H(N — D)ug +vibV-1e

thus establishing (6.34).

Using the global balance equation centred on (N,m, H), form=1,...,M —1,
(6.68) pNmH(V2 + p1) = PN-1mHP2 + PNm+1LV1 + PNm—1HV2.

For m = 1, substituting for each term from equations (6.39), (6.41) and (6.42)
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and rearranging gives

N-
+ v
(g1 + v2) (POlL (,uzul 1)

> (2) -mocsn)
=p2 (POIL (“2 e ) 57 02 (Zl) — po2L. H(N — 1))

1=

{2 N-1 . 21
+v i
! (#2+V1> <V1+V2);(V1+V2> boit

N
+ va2pooL (ﬁ%) —P01LH(N)-

[

(6.69)

Rearranging gives,

—poorvaa + porrfN
H(N)(p1 +v2) — H(N — 1)pg + 110V 1€’

(6.70) Po2L =

which is equation (6.35).
For m = 3,..., M —1, substituting from equations (6.39) and (6.41) into equation
(6.68) and rearranging gives

N-1 m—1
—Pom—2LV2€ Y iy @l — v b le YT d™T 'DoiL + Pom— 1LfN

6.71 mL =
(6.71)  Pomr B (V)G +72) — BV = ia ¥ mab¥ e

which is equation (6.36), while for m = M we obtain

M—1
—DPoM— 2vacz,_o at — bV e ST dM T pgin + pom- 1LfN

H(N)(p1 +v2) — H(N — 1)#2 + pabN -1

(6.72) POML =

which is equation (6.37). Setting poor = 1 we are able find the relative values of all
the probabilities. Normalising then gives the equilibrium distribution. ]
We have not derived a closed form expression for the equilibrium distribution
because of the excessive complexity of such a solution. The above form, however, is
amenable to computation, aspects of which are discussed in Section 6.3.
These results may be generalised to the cases where service rates are state depen-

dent or customers may recommence service. Exactly the same method is employed,
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but note that the degree of complexity increases as in the case with pre-emptive prior-
ities. Hence it may be more economical in this case to use an approximation method
to obtain performance measures of the system.

The throughputs may be computed according to

N M
TH = M1 Z PnmH,
n=1m=0
(6.73) i .
Ty =1 Z Z PnmlL
n=0m=1

Again, the mean delays may be computed using Little’s result (6.30).

6.3 Comparison with an approximate solution

Morris (1981) proposed an approximate solution to the system considered in Sec-
tion 6.2. This approximate solution involves denial of service to low priority customers
at queue 2 when n = N and a low priority customer was in service at queue 1, not-
iné‘ that this would underestimate low priority throughput and overestimate the high
priority throughput. Based on the work in Section 6.2, numerical results indicate that
this is not always the case even though this seems plausible intuitively. Apart from a
small range of values for v; (in particular, v; < 1) the relative error of the approximate
method for low priority throughput is very small. Thus the basis of Morris’ approxi-
mate technique (namely, the probability is small that N high priority customers and
one low priority customer can be served at queue 2 in less time than it takes to serve
one low priority customer at queue 1) appears well justified. Comparison of utilisa-
tions given by both methods support this viewpoint. Figures 6.5, 6.6 and 6.7 give
comparisons of some exact throughputs with the approximate model.

An interesting feature to note is that in some cases it is possible to significantly
increase the low priority throughput by decreasing the service rate of low priority

customers. This may be useful in some design problems where changes may be made
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to alter the service rate of low priority customers. In Figure 6.8 a plot is given of low
priority throughput as a function of both y; and vy for pg = v = 1. Note that in this
plot the low priority throughput is, except for v; small, maximised near p; = p2 = 1.
For p; < p2, high priority customers are bottlenecked at queue 1, thereby lowering
the throughput of low priority customers. A similar effect is observed at queue 2 if
o < p1. The exception for vy small is because high priority customers are unable to
interrupt a low priority customer in service at the queue 1.

It should be noted, however, that while the throughput may be increased by
lowering the service rate, this leads to a drastic increase in the mean queue lengths of
both types of customer at the queue 1. Table 6.1 gives a comparison of low priority
throughputs and mean queue lengths for some typical parameters. This indicates that
in certain circumstances throughput is not a very good parameter for describing system
behaviour. Similarly, mean queue lengths are not always good indicators because they
do not give any indication of the degree of variability of queue length.

Morris introduced the approximate solution in an effort to lower the degree of
complexity of the nonpre-emptive system. However, testing has shown little difference
in the amount of CPU time required for the approximate and exact methods (using a
VAX 11/780 computer). Table 6.2 gives a comparison of CPU time requirements for
a variety of different parameters. Examination of Table 6.2 also reveals that the CPU
time requirement of the approximate solution is strongly dependent on the number of
low priority customers.

On the other hand, for the case of state dependent service rates it would seem
that use of an approximation is well justified. However, the complexity in obtaining
the exact solution would hardly appear worthwhile in view of the simplicity of Morris’

approach.
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Figure 6.8. Low priority throughput as a function of v; and p;.



v1 | Throughput (x100) | Mean queue length
1.0 1.647 0.1116
0.5 2.094 : 0.2230
0.25 3.820 0.8532
0.10 6.016 3.683

Table 6.1 Low priority throughput and mean queue length,
p1 =2, =vy=1.

(N,M) CPU time used (seconds)
Exact method | Approximation
(5,5) 0.01 0.01
(5,20) 0.04 0.06
(10,5) 0.02 0.02
(10,20) 0.06 0.07
(20,5) 0.06 0.03
(20,20) 0.10 0.12
(40,5) 0.22 0.06
(40,20) 0.25 0.19

Table 6.2 CPU time usages of exact and approximate solutions.

6.4 Two nodes with priorities reversed at each node

Consider a closed two node network with pre-emptive priorities reversed at the
two nodes, that is, type 1 customers are of high priority at queue 1 and low priority at
queue two. Let the state of the system be (n,m) when there are n type 1 customers
and m type 2 customers at queue 1. Upon completion of service a customer moves
immediately to the other queue. There are N type 1 and M type 2 customers. The
state transition diagram is given in Figure 6.9.

Morris (1981) considered the case where all service times were distributed negative
exponentially with parameters y; and v; for high and low priority customers respec-
tively at queue i, (: = 1,2), and the service rates were independent of the state of the
system (without loss of generality, unit rate). Morris observed that the only recurrent

states of this process are (0,m), m = C,...,M, and (n,M), n =0,...,N, and that
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the equilibrium distribution is given by

c(&)™ n=0m=0,...,M
(6.74) Pam = { C(2)M (&) pn=0,...,Nnm=M
V1 Hi
0 otherwise

where C is a normalising constant.

In equilibrium, the flow of customers around the network has an interesting fea-
ture. Suppose the system is in state (N, M), that is, all customers are at queue 1.
A type 1 customer is then in service and upon completing service moves to queue 2.
As they are the only customer there, they move directly into service, eventually com-
pleting the cycle and returning to queue 1. Thus, the type 2 customers only get into
service at queue 1 when all the type 1 customers are at queue 2 (that is, when the
process reaches state (0, M)). If a type 2 customer then completes service before the
next type 1 arrival, they move directly into service at queue 2 (as they are now high
priority customers). Hence the system alternates amongst three phases;

(1) Type 1 customers being served at both queues with all type 2 customers at queue

1.

(2) All type 1 customers are at queue 2 while all type 2 customers are at queue 1.
(3) Type 2 customers being served at both queues with all type 1 customers at queue

2.

These phases are given schematically in Figure 6.10. As a result, we may com-
pletely describe the state of the system (in equilibrium) by the total number of cus-
tomers at queue 1. We shall adopt this convention.

Let the process begin in one of the recurrent states. Looking at Figure 6.10, it
is easy to see that a general queueing discipline may be constructed in which type
2 customers only occupy positions 1,...,M at queue 1 and N +1,...,M + N at
queue 2, with the convention that only the highest priority customers present are
served. Similarly, type 1 customers only occupy positions 1,...,N at queue 2 and

M+1,...,M+ N at queue 1.
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Figure 6.9. State transition diagram for two node pre-emptive priority
system with priorities reversed.
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Figure 6.10. Schematic representation of the possible configurations for
customers in the two node network with reversed priorities.



Keeping this in mind, we assume that a proportion v;(l,k) of the total service
effort of queue i is dedicated to the customer in position / when the k customers are
present. Remember that when the process is in equilibrium the high priority customers
at queue 7 only occupy certain positions. Hence the function v;(l, k) implicitly carries
information on the type of customer in position I.

If, after the arrival of a type ¢ customer to queue i the system is in state k,
the customer moves into position ! with probability 6;:(I, k). In a fashion similar to
that used above, the subscript ¢ may be dropped as the number of customers present
provides enough information to determine the type of an arriving customer. However,
it will prove convenient later to leave in the subscript.

When a customer leaves position [ in queue 7 the customers in positions [ +
1,...,n(1) move to positions [,...,n(i) — 1 respectively, where n() is the number of
customers at queue i. Similarly, when a customer moves into position ! the customers
in positions [,...,n(i) — 1 move into positions [ +1,...,n(%).

Definition : Queue 7 is symmetric with respect to type t customers if

(6.75) S:u(l, k) = yi(L,k) Vi, k.

Note that in Chapter 3, Section 4 the definition of symmetric was independent of
the type of the arriving customer. For example, queue i may behave as a last come-first
served pre-emptive resume queue for high priority customers and as a first come first
served queue for low priority customers until a high priority customer arrives.

We shall consider a general version of the model considered by Morris. If node :
is symmetric (respectively not symmetric) with respect to type ¢ customers then their
service times are generally distributed (respectively negative exponentially distributed)
with unit mean. Pre-emptive priorities are employed, that is, low priority customers

are only served when no high priority customers are present. The service facility at
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queue ¢ works at rate p;(k) and v;(k) for type 1 and 2 customers respectively when k

customers are present at queue 1.

Lemma 6.3 .

For the purely Markov process, the network described above has equilibrium dis-

tribution given by

k—1
)\.
(6.76) m=C|[ == k=0,....,M+N,
= HiH1

where T = pnm if Kk = n 4+ m and (n,m) is a recurrent state and

L Vl(j) j=1,,M
(6.77) a’—{ul(j) j=M+1,...,M+N,

_Jw() 5=0,...,M-1
(6.78) ’—{#z(j) =M. M4+N-1.
Proof : The detailed balance equations for the process with all service times

negative exponentially distributed are
(6.79) TRog = Tp—1 k-1, k=1,...,M 4+ N

where aj and A\;_; are given by equations (6.77) and (6.78) respectively. Equation
(6.76) is the unique solution to the detailed balance equations. |

For the process with generally distributed service times, we shall construct the
network as a Generalised Semi Markov Process in order to derive an insensitivity result
regarding the equilibrium distribution. The network we are considering does not fall
into the category of networks that are examined by Chandy and Martin (1983). When
considered in isolation with Poisson arrivals the queues are not symmetric and hence
the analysis of Chandy and Martin may not be utilised.

We employ a construction similar to that used in Barbour and Schassberger (1981).

96



Let s1,82,...,8m (respectively sary1,...,Sm+n) be labels for lifetimes of type 2
customers (respectively type 1 customers) at queue 1 and let ¢;,...,tn (respectively
tN41,---,tn+0) be labels for lifetimes of type 1 (respectively type 2) at queue 2.

Customers of type ¢ arriving at queue j choose randomily from the labels available
for their type (they may not select a label already in use). Upon completing service
a customer returns its label to the available pool and moves to the other queue. The
state of the system is defined by the labels in use and by their position in the queue
(that is, the position occupied by the customer with that label).

Let I; (respectively r;) denote the label of the customer in position i of queue 1
(respectively queue 2). When k customers are present at queue 1 a complete description

of state is then given by the vector ¢ = (I1,...,lk, "1, .., "M N=k)-

Lemma 6.4

The equilibrium distribution for the purely Markov process is

E—1 X M=E)! k!
C(H 1 l>(M!)]_\l;I_!_# for k=0,...,M

J=0 aj41

(6.80) p(c) =

C (ergg a*+) (N+M_B (kM) L for | — M4 1,...,M + N,
with products over descending ranges taken to be unity.

Proof : This is most easily proved by considering the possible permutations of
labels in use in any state.

Suppose k customers are present at queue 1. Since labels are chosen randomly
from the set available to the type of an arriving customer, the probability that labels
li,...,l are in use at queue 1 is given by

{(1‘,3)‘1 for k=0,...,M
(N, fork=M+1,...,M+N.
For the first expression, none of the labels sps41,...,Sm+n are in use (which occurs

in precisely one way), while k of the labels s1,...,sy are employed (which happens
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in (A,:I) ways. Hence the probability that labels l1,...,I; are in use is (A,:I) -1. For the

second expression, all of the labels s1,...,sp are in use (which occurs in precisely
one way), while k — M of the labels spr41,. .., M+ N are employed (which happens in
(kiVM) ways. Hence the probability that labels Iy,...,I; are in use is (kivM)_l.

Given that the labels li,...,[r are in use, the probability that they are in the

given permutation is given by

5 for k=0,...,M
it fork=M+1,...,M+N.

In the first expression, there are k! permutations of the labels. In the second expression,
all of the labels s1,...,sp are in use and can only occupy positions 1,..., M, while
the rest of the labels must occupy positions M + 1 to k. There are M!(k — M)! such
permutations.

Thus the probability that labels l1, ...,/ are in use and in the given permutation

is given by

-1 1
(ML= (MM!W fork=0,...,M

N 1 _ (N+M-=k)! _
{(k—M) ﬁ(k—lM)z = T NM! : fork=M+1,...,M+N.

In a similar fashion when k customers are present at queue 1, (that is, N+ M —k
are present at queue 2), the probability that labels r1,...,7pm+Nv—r are being used is

given by

M N1 1
(M—k) (Ml_k)! == N{L]\/[! fOI‘k:O,...,M

N -1 _ (k=M)! _
(M+N—k) (M+11V—k)! = { N! for k=0,...,M+N.

Therefore, the probability that labels (I1,...,l,71,...,"M+N—k) are in use in the

given permutation, conditional upon exactly k customers being present at queue 1, is

{ﬁMM_M;,_(_ b=0...M

NFM =) (k—M)! .

(A ML k=M+1...M+N.

To obtain the probability of being in state (I1,...,lk,71,...,"M+N—k), We then

simply multiply by the probability of having k customers at queue 1, which is given

by equation (6.76). We have thus derived equation (6.80). ||
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Theorem 6.5

The equilibrium distribution for the network described earlier (that is, with gener-
ally distributed service times for type ¢ customers at queue j when queue j is symmetric
with respect to type i) is given by equation (6.76).

Proof: We will use the GSMP construction given above and show that the partial
balance equations (see Konig and Jansen (1974) or Section 2.3) are satisfied for the
purely Markov process when queue j is symmetric with respect to type z. When the
partial balance equations are satisfied, general distributions may be used in place of
negative exponential distributions without affecting the equilibrium distribution.

Suppose k customers are present at queue 1 in state c. For k = 0,...,M, let
R(c) be the subset of {tN41,...,tN+Mm} nOt in use at queue 2 in state c¢. For k =
M+1,...,M+ N, let R(c) be the subset of {t1,...,tx} not in use at queue 2 in state
c. Let c(l,7*,7) denote the state formed from ¢ by the removal of label ! from queue
1 and the insertion of label r* € R(c) into position ¢ of queue 2.

For k < M, the flux out of state ¢ due to the death of the label, [;, in position j
of queue 1 is p(c)y1(J, k).

The flux of that label being born in position j of queue 1 to create state c is,

M+N—k+1
68) 3 S plellir i)l M £ N = b+ DA icbia(i, R)/ (M — k1),
™ ER(c) =1
Note that
;g (M =k k1
c(l;,r*,1))=C
(6 82) p( ( J )) I_IO Qg1 M' M' N'
(c) ar M — k—l—l
AN VIR
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Substituting from expression (6.82), expression (6.81) then becomes

M+4N—-k+1

o Mot - 6125,
p(C) )‘kkl i Z Z 72(1,M +N—-k+ I)Ak_ljuu—(—Jk-l—)l
B ™ €R(c) i=1

. p(c)?ﬁk‘suk(i 2 1
r* ER(c)
= p(c)ak612(j, k))

(6.83)

where the first equality holds because Ejzl v2(3,7) = 1 and the second equality holds

because there are k labels in the set R(c).

So, for k = 1...M, the partial balance equations hold when

(6.84) p(c)armz(f, k) = p(c)arbia(y, k).

This is true if 612(J, k) = 11(J, k), that is, when queue 1 is symmetric with respect to
type 2 customers. As a consequence, general distributions may then be used for type
2 customers without affecting the equilibrium distribution.

Using a similar procedure at queue 1 for k = M +1,..., M+ N shows that general
distributions may be used for type 1 customers at queue 1 when it is symmetric with
respect to type 1, without affecting the equilibrium distribution.

Repeating the analysis for queue 2 shows that the equilibrium distribution is
insensitive to changes in the service time distributions (provided the mean is fixed)
when queue 2 is symmetric with respect to type .

To find the equilibrium distribution for the number of customers at each queue,
we simply sum over the appropriate permutations of labels of customers at each queue.
This gives expression (6.76). n

Morris noted that this system may be used to model a full-duplex data link which
is used for transmission of messages under a window flow control protocol when there

are two grades of messages.
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B
6.6 Two node closed networks, pre-emptive priority at the left: node

and non-batch servicing at the right

The analysis is now extended to two node closed networks where pre-emptive
priority discipline is used at the left n‘ode but at the right node the discipline is aliowed
to be any state dependent discipline except for batch servicing. All service times
will now be assumed to be negative exponentially distributed. Let the set of states
{(n,m);0 < n < N} be denoted by the level m. This allows the system to be considered
as a quasi birth and death process (see Neuts (1981)), whereby transitions with positive
rate cause the level to change by at most one up or down. This is the reason we do
not allow more than one customer at a time to complete service.

The service times are negative exponentially distributed with parameters p;(n, m)
and v;(n, m) at node ¢ for high and low priority customers respectively when the state
is (n,m). The state transition diagram is given in Figure 6.11.

It is clear, since the process at each transition may only move from level m to
one of m — 1 (for m > 0), m and m + 1 (for m < M), that the process has a block
tri-diagonal @)-matrix,

u AEO) A0 .

0
Agl) Agl) Agl)
(6.85) Q :

M—1 M-1) M-1
4T Ag(M) Ag(M)
AS APD

with submatrices of order (N + 1) x (N + 1), where [A((,m)],-j is the rate of moving from
state (i,m) to state (j,m + 1). [Agm)],-,- =0 for : # j and [A(()m)]i,- = vy(3,m).

[Agm)]ij is the rate of moving from state (z,m) to state (j,m —1). Thus [Agm)],'j -
v1(0,m)éi06j0. Hence Agm) may be written in the form Agm) = 11(0,m)B'B, where
B =(1,0,...,0). In the following we shall adopt this convention.
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Figure 6.11. State transition diagram for two node network with
pre-emptive priority at queue 1 and non-batch servicing at queue 2.



[Agm)],-j is the rate of moving from state (i,m) to state (j,m) for ¢ # j, and is the
negative of the total rate of moving out of state (¢,m) when ¢ = j. Thus [Agm)],'j =0
for j#i—Liori+l, [A™]ii1 = pa(i,m) and [AT]i 41 = pa(i,m).

Thus, the global balance equations may be written as

poAl” +p, A0 =0,

(6.86) Pm-1 A + pmA™ 4 P ATV = 0, 1...M-1

3
I

pM—1A(()M_1) + PMASM) =0,

where pm = (Pom;Pims -+ > PN,m)-
Systems with the structure of (6.86) have been studied in general by Gaver, et al,
(1984). However, in the system being examined here, the matrices Agm) are of rank one

which allows a closed form of solution to be found, rather than an iterative solution.

Theorem 6.6

If the service rates in the above system are independent of m, the number of low
priority customers at the left node, then
1) AL = 4D = =AM = 4y, say, AP = AP = .= AT = 4,
AP = AP = =AM = 4; AY = 4y + 45 and A = 4; + 4.
(2) The equilibrium distribution is given by
Pm = Pm—1(—40)(41 + 4¢eB) ™"
(6.87) = poR™, 0<m<M-1,
Py = PoRM T (— Ao A{TY),
where R = (—A4)(A1 + Aoef)™ !, e = (1,1,...,1)" and po is the unique positive

solution to the system

(688) po(A1 + Ay + Aoeﬂ) =0
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and

M-1
(6.89) Po >, R™e+poRM ! (—4o(41 + 4o) e =1.

m=0

Proof : (1) As the rates are now independent of the level, it is immediate that
Agl) = A§2) = .= AsM_l). Similarly for Ag and A2. No downward transitions are
allowed from level zero, and since this is the only difference between level zero and levels
1,2,...,M-1, adding the row sums of A; to the diagonal elements of A, gives Ago)_ As
A, is diagonal, this gives A = A; + 4;. In a similar fashion, AL = 4; + 4.

(2) This could be proved by application of the results of Gaver, et al (1984), but
we give the outline of a proof which exploits the particular structure of the process.

Cut equations between levels m and m + 1 yield :

(690) Pone = Pm+1 Vl(O):Bt-

Multiplying on the right by g gives

(6.91) PmAoef = Pm+1¥1(0)8'8 = Pm+142.

Substituting from expression (6.91) into (6.86b) gives

(6.92) Pm—140 + pm(41 + Agef) =0

Rearranging gives equation (6.87a) and using induction gives (6.87b) (A1 + Agef is
non-singular by application of the Perron-Frobenius Theorem). Rearranging (6.86c¢)
and substituting from (6.87b) yields (6.87c). The solution is completed by finding
po- Equations (6.86a), (6.91) and A§°) = A; + Ay give (6.88) and the normalisation
equation is (6.89). |

A similar result may be shown if the service rates are made dependent upon (n,m).
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Theorem 6.7

For the system described above with state dependent service rates, pi(n,m) and

vi(n,m), (i = 1,2), the equilibrium distribution is given by

P = Pt (= AT TNYAM™ 4+ AlMepy !, m=1...M -1,
(6.93)

PM = PM—1(—AE>M_1)A§M)_1),

with po the unique positive solution to
po(4{” + 47 ep) =0,

M
z pme = 1.
m=0

(6.94)

Proof : The proof follows along lines similar to those used in Theorem 6.6 and

so is not given here. m

The low priority throughput, Ty, and utilisation, Uy, at the left node are given
by

N M
(6.95) Ty =Y Pamvi(n,m)

n=0m=1
and
N M
(6.96) UL=)_> pam:
n=0m=1

Examples : (1) A simplified model of an interactive computer system with N
interactive users (high priority), M batch jobs (low priority) and one CPU would have
rates p1(n,m) = p1, po(n,m) = npg, vi(n,m) = v18,0 and vz(n,m) = myy. Table
6.3 gives low priority throughputs and utilisations at the left node for this model and
the system described in Section 6.1 where only one low priority server is present at the

right node.
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Low priority throughput (x1072)
Service rates Number of servers at right node
@y M2 v1 vy | 1server 10 servers
1 1 1 1 3.066 3.067
05 1 1 1 | 0.1579 0.1580
2 1 1 1 35.54 37.00
1 2 1 1 | 0.1580 0.1580
1 1 2 1 6.092 6.131
1 1 1 05| 3.065 3.067
1 1 1 2 3.066 3.067

Table 6.3 Low priority throughputs for a system with 5 high and 5 low
priority customers and one server at the left node.

(2) A system with K < M 4+ N servers at the right node, one server and pre-

emptive priority at the left node would have rates
p1(n,m) = p1,
p2(n,m) = min(n, K)us,
vi(n,m) = v16no,

va(n,m) = min(m, K — n)v,.
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CHAPTER 7 : CONCLUSION

7.1 Conclusions and suggestions for further research

In part one of this thesis we considered insensitivity in Generalised Semi-Markov
Processes. In Chapter 3 it was shown that age dependent GSMPs have a product form
supplemented equilibrium distribution if and only if a related purely Markov process
satisfies a certain set of partial balance equations. New forms of the supplemented
global balance equations were employed which incorporated information on both the
spent and residual lifetimes. In this fashion, new results on insensitivity in GSMPs
were derived.

Using this framework, we showed that the results on insensitivity in queueing
networks may be extended to networks where the routing, from symmteric nodes, is
dependent upon the customers’ service requirement. It was also shown that results on
semi-Markov Processes (Cinlar (1975)) and interruption processes (Henderson and
Taylor (1987) and Taylor (1987)) fall out as special cases of the theory developed
here. It would be interesting to see if, for age dependent processes, an insensitivity
implies partial balance result exists (along the lines of Henderson and Taylor (1987)),
but this has not been attempted here. Another possibility would be to consider some
form of anticipating routing. That is, processes where the next service requirement
is chosen in advance, and the routing is made dependent upon this requirement.

We also considered the use of age dependent speeds, in which the speed that a
lifetime is worked on is allowed to depend on the amount of service it has received.
While the assumptions made may be somewhat restrictive in this case, it might be
possible to derive an approximation method, using the results presented here, for
such processes.

In Chapter 4 an alternative and simpler proof of a result of Taylor (1987) on

processes with zero speeds was given. By using an expanded state space to model
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such systems, we then extended the results of Henderson (1983b) on processes with
instantaneous attention.

In part two of this thesis we examined closed, two node priority queueing net-
works. When both nodes utilise a pre-emptive priority discipline, results of Morris
(1981) were extended to allow state dependent service rates. We then found the
equilibrium distribution for a closed network with one node using a nonpre-emptive
priority discipline. Using results discussed in Chapter 2, the equilibrium distribution
for a network With reversed priorities, under certain conditions, was found to be in-
sensitive. The Chapter was concluded by a general formulation of two node networks
in terms of the quasi-birth and death processes of Gaver et al (1984).

The complexity of the results in Chapter 6 indicate that exact solutions for
networks of queues with priorities will be impractical and hence future work should

be directed towards finding efficient approximation techniques.
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