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Abstract

This study is concerned with filters that are robust to uncertainties in either the signal
models or the noise statistics. The thesis begins with some extensions to an interpolation
approach to solving a continuous-time, linear, stationary H- filtering problem. The
generalisations include specified noise variances, coloured observation noise, frequency
weighted estimation error and the discrete-time case. The well known continuous-time,
game-theoretic results are then presented and a comparison is drawn with the inteqpolation
approach. A refinement for the accommodation of additive and multiplicative model
uncertainty is proposed and it is shown that the robust H- solution is sufficient for the
original uncertain filtering problem. The arguments used in the development of the
continuous-time, game-theoretic H- filter are applied to specialise the discrete-time control
results to filtering. It turns out that the game-theoretic H- filter possesses the structure of
the Kalman filter and the gain calculation is the same, the only difference arises in the
quadratic term of the Riccati equation. Although all the theory may be known, the same

is not true of the cost benefits. To this end, the Kalman and H- solutions for output
estimation and equalisation problems a.re compared. Both known and uncertain signal
models are considered. Nonlinear filtering is introduced subsequently where nonlinear
observers are designed using false algebraic Riccati equations. This technique trades off
optimality for error stability and some demodulation examples are presented to
demonstrate an advantage compared to the extended Kalman filter (EKF). This work
culminates in the development of a robust EKF, where the truncation of the Taylor series

terms is motivated as a model uncertainty problem. The extension to nonlinear direct
feedthrough functions is also described. Finally, the results of simulation studies are

presented to illustrate benefits when the problems are sufficiently nonlinear.
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Chapter 1

Introduction

This thesis is a study of robust frlters. The problem is motivated in Section 1. I where it is
argued that erroneous problem assumptions occur quite naturally and that robust filters are

desirable. Some preliminary notation is defined in Section 1.2, the treatment is brief and

the readers are referred to texts such as [DV, F, GL] for a full account. Robust filters are

introduced in Section 1.3 and subsequently a historical perspective of robust filter theory
is set out in Section 1.4. An overview of the contributions are listed in Section 1.5.

L.L Motivation - a perceived need for robustness.

The notion of robustness is certainly not new. In hardware design it is a good practice to
ensure that a circuit can tolerate specified varations in the supply voltages. In the design

of software it is prudent to accommodate unlikely input conditions. Similarly it is desirable

that filters have some robustness to errors in the underlying assumptions.

The very nature of engineering is to proceed with some simplifying assumptions and deliver
a cost beneht. Clearly the errors introduced by the assumptions represent a cost. More
often than not, there are errors present in the filtering problem assumptions. Errors can

arise by approximation, ignorance or out of economic considerations. For example,
nonlinear systems are frequently approximated by linear systems. The dynamics of the

applications at hand may not be well understood. There may be many phenomena at play,
which are lumped together via stochastic models bearing little or no resemblence to the
physics of the underþing processes. The price of real time implementation may constrain
one to using simplified models.

Most traditional solutions to signal processing problems are based on minimum variance
methods. For example, in classical approaches to filtering, it is assumed that the models

are exact and that the exogenous signals are white processes. These assumptions are



Introduction

implicit in the formulation of signal processing toolboxes within design packages such as

Matlab@, Matrix-f , Xmath@ and, Entropic@. A concern is that there may be a tendency
for engineers to routinely enter in the parameters of the problem and place too much trust
in the conventional design. Arguably it is important to ask "What happens if the signal
models are in error and the noises are not white ?" It is this question that has motivated
the work described herein. It turns out that when the inputs are white, the variances are

known and the models are exact then it is difficult to "improve" on the minimum variance
techniques. The term "improve" refers to exhibiting some robustness at the expense of
increased error variance. However the performance of classical methods can degrade

severely when uncertainties are present, whereas robust designs can sometimes yield
performance benefits. Arguably, it can be advantageous for design engineers have some

familiarity with the robust toolboxes that are emerging in the marketplace.

The scope is obviously limitless. Every signal processing solution relying on linear
gaussian assumptions is a potential candidate for robustness. The possible filtering
applications would no doubt include estimation, demodulation and identification. Robust
designs promise to accommodate both uncertainties in the exogenous inputs and uncer-
tainties in the signal models. There are countless permutations of modelling errors and

non-ideal signals that could be considered. Consequently the range of interest addressed

here is narrowed down considerably.

The objectives of this study include

. Focus on the communications applications of output estimation and equalisation.

. Explain how robust methods may be applied to both continuous-time and discrete-time
filtering problems.

. Investigate the consequences of modelling errors when there is either implicit or
explicit robustness built in the design to accommodate the uncertainties.

. Even though robust designs promise to accommodate uncertainties in the inputs,
undertake performance comparisons with the Kalman filter when inputs are in fact
Gaussian.

. Explore the application of robust techniques to the nonlinear filtering problems of
demodulating frequency or phase modulated signals.

. Identify the cost benefits of robust designs.

1.2 Preliminarynotation.

1.2.1 Continuous-timesystems.

Linear systems. This study is mostly concerned with finite dimensional, linear, time-in-
variant systems. Continuous-time systems may be represented in state space form as

2



Introduction

x(t¡ = A(t)x(t) + B(t)w(t)
y(t) = c(t)x(t) + D(t)w(t). (1.1)

The A(r), B(t),C(t) and D(t) are time varying matrices of dimensions n x n, n x /, p x n and
p x / respectively. The n vector x(r) denotes the system state, the I vector w(f) the system

input, and the p vector y(r) the system output at time t. For convenience (1.1) is often

abbreviated * [ä3;[3] 
rhe system (1.1) may also be denoted as a linear map

G : w +Gwdefined as (Gw)(r) = I sQ - r)w(l)dr,.'0

Innerproduct. Consider two continuous, integrable, complex functions of time f, denoted

by u(t)and v(r), then <u,v> = fuQ)Hv(r)dt 
defines the inner product 15,p.246;R, p. 781,

where u(t)H denotes the Hermitian conjugate of u(t).

Norms. The 2-norm of u(t), denoted by llullz, equals the non-negative square root of
1u,u) 15,p.244; R, p. 761. The set of all vectors def,rned above having a finite 2-norm is

known as the Lebesgue space Lz [R, p. 78]. The p-norm of u(t)is llzlþ =( WA>f arf ,

L < p < oo, the corresponding normed space is called the Lebesgue space Lp [DV, p.l2].

Adjoint systems. I'et F : X +Ybe a linear operator between two Hilbert spaces X and Y.

Then É : Y+X, the adjoint of E is the unique linear operator such that for all weX and

yeY, <y,Fw>= </y,r> ILAKG, p.270;IG, p. lO42]. In terms of the system (1.1), the

adjoint GH may be described by the system

À (Ð = -trlt¡1,çt¡ + crlt¡yçt¡
f(r) = -nrçt¡xçt¡ + nrç¡yçt¡, 02)

a proof is given in [LAKG, p.27o]. The system (1.2) is ofren writer * |--{(tl ctfO-l
LLçrr wrrttttrt "" L-ut(t) o'ç>l

For example, the adjoints of systems are used in the calculating the spectra of linear
time-invariant systems. While adjoints pertain to operators or systems, Hermitians are less

general - they apply to matrices. For convenience the notation É is used to denote the

adjoint of F when F is an operator and, denote the Hermitian of Fwhen Fis a transfer
function matrix (defined below).

Transfer function matrices. Consider a causal, linear time-invariant system having an

impulse response denoted by S(r) [K, p.23]. The output of system having an inpulse
response g(f) and having an input vector w(r), is given by the well known convolution

r
integral y(t) = I ogþ)w(t-t)û [K, p. 24]. The Laplace transform of ge L1, denoted by

G(s), is known as the transfer function of the system, which is defined for Re{s} > 0 and s

3
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is the Laplace transform variable defined in [K, p. 251. If the state-space parameters of
(1.1) are time-invariant, the transfer function matrix is defined and is given by

G(s) = c(sI-A)-rB + D, (1.3)

a derivation is presented in [K, p. 68]. The transfer function of the adjoint system is defined

by Gä(s) = Gr(-s) which yields

Gã1s¡= Brl-sl- Ar¡-rcr + Dr. (1.4)

The Hardy space H-, is defined as the set of all complex-valued functions G(s) which are

bounded and analytic in the open right half plane. The least such bound is called the
H--norm of G(s), denoted by llGll-. Equivalently

llGll- = *Ko lG(s)l = j!fr tctrrrr)t (1.s)

The right-hand-side of (1.5) follows via the so-called maximum-modulus principle [D}
The induced L2 norm is defined as

llGll = sup ^llGw.ll2 (1'6)
w+O llyyll2

and may be interpreted as the maximum of the ratio of the output signal energy to the input
signal energy. The induced norm is defined equivalently as llGll = ,i,i,Lrllâwllz[DV, p. 20].

The induced norm fromLz ) Lz of the time-invariant linear map is

llGll= r.,u* lâflrll =ttGll-, 
G'7)

o€R

where â0,¡) ¿"notes the Fourier transform of the impulse response g(Ð [DV, Thm. 7, p.
25; F, Thm. 2, p. 131. Thus the induced norm of the (time-invariant) linear map is
equivalent to the maximum modulus of the system transfer function.

1.2.2 Discrete-timesystems.

The discrete-time counterpart to (1.1) is

xk+t=Akxk* B*ut
!*= C*x** D*utc.

4

(1.8)

Consider two sequences of complex number t u = {ur, u2, ..., u,} andu = {rr, v2, ..., vr} with

all u¡,v¡€,C. Let aH denote the complex-conjugate transpose of ø, then 1u,v)=iufuo
k=l

defines the inner product [S, p. 245; R, p. 77]. Once again, the 2-norm of z, denoted by
lløllz is the non-negative square root of 1u,ü) and the set of all sequences having a finite
2-norm is known as the Lebesgue space /2. The p-norm of ø is defined as
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space

llull, = where | < p < o", the corresponding normed space is called the Lebesgue

The adjoint of the system (1.8) is

ì"*= Al-tÌ"r-t - il-ù*-t
f¿-r= -BT-tt"çt*DT-ù*-t, (1'9)

A discrete-time analogy to the continuous-time proof of [LAKG, p.270] may be used to
verify that (1.9) is the adjoint of (1.8). In the case of time-invariant systems, the output is

related to the input via a convolution summation [O, pp. 180-181]; the z-transform of the

impulse response g(t) is known is the transfer function matrix and is denoted by G(z). If
the state-space parameters of (1.8) are time-invariant, then the transfer function matrix is

defined and is given by

G(z) = C(¿- A¡-tn + n. (1.10)

The transfer function matrix of the adjoint system is defined by

c'(z) = G'({t) which yields

cu(z)=Gr({l)=Br(z-tl-Ar¡-tC+Dr. (1.11)

L.3 What is a robust filter ?

The Kalman filter calculates minimum variance state estimates, given noisy measurements

of a linear system and is the optimum estimator over all possible linear ones [AM, p. 108].

A Kalman filter relies implicitly on the assumptions that the noises are gaussian, having
known statistics, the (linear) signal model is known and the initial conditions are known.
When these assumptions are erroneous, the Kalman filter performance can degrade and a

filter is said to be robust if it offers a comparative performance improvement (such as a

reduction in the maximum of the magnitude of the error spectrum). For example, a filter
that exhibits desirable properties when a modelling error is present, is robust with respect

to model uncertainty. The cost is that the robust design may not perform as well as the
Kalman filter when no uncertainties are present.

The two methods of designing robust filters underconsideration arise viathe so-called fake
algebraic Riccati equation (ARE) and from H- control. The fake ARE technique is
comparatively simpler and is introduced first.

1.3.1 The fake ARE technique.

Consider the filtering problem where it is required to estimate the output of a known
time-invariant, SISO plant from noisy observations. Referring to the model (1.1), assume

1l
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that w(t) is a white Gaussian noise process of known covariance Q and the observations

may be modelled as z(/) = y(t) + u(r), where v(r) is a white Gaussian noise process of known
covariance R. For simplicity assume also that B = 1 and D =0. The solution is the well
known Kalman-Bucy filter [4M2, Sec. 7.3] and has the structure depicted in Figure 1.1

where the time-varying filter gain is calculated as

K(t¡ =F @Cn-t Q.tz)

and F (r) arises via the Riccati differential equation (RDE)

F çt¡ = ¿P Ø +F e)A' -F @Cn-'cF Q) + e. (1.13)

z(t)

6

+ v(t)
+

Fig. 1.1 . The structure of the optimal continuous-time filter.

Now consider the filter design problem when there is some uncertainty associated with
process noise power. A solution that was conceived for problems possessing an unknown

Q is the fake ARE technique IPPGB,BTP,PBG,BGW,BG]. The key idea is to masquerade
the RDE (1.13) as a fictitious or fake ARE by solving

O=AP+Ptr -PCftCF+Q, (1.14)

requiring the choice of a Q> 0. The gain is calculated in the usual way via (I.12) and the
filter possesses the structure of Figure 1.1. If the patr (C,,Ð is completely observable then
the resulting error system is asymptotically stable [PPGB, Thm. 1].

Inthecaseofdiscrete-time,considerB*=IandD¡=0in(1.8). TheKalmanfilterhasthe
structure depicted in Figure 1.2 where the gain is calculated from

Kt = AF*d(CF|C + n)-t (1.15)

andÉ*arises recursively via the Riccati difference equation (also denoted as a RDE)

Fo*r= AF*Ar - ¿,ÞnCQFoC + R)-tCF*Ar + Q. (1.16)

An uncertainty in the process noise power may similarly be accommodated by proceeding

with some 8>O via a false ARE

P=AlAr-tr_Cçcr_C+n¡acr¡r'*g Q.t7)
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and calculating the gain from (1.15). It turns out [BTP] that the resultant filter can offer
some robustness to observation noise at the cost of convergence rate. Consider the case

in which the Q is known. Denoting P¿ as the estimation error variance exhibited by the

fake ARE filter and F* as the (optimal) error variance resulting from the Kalman filter, then

Pt > Ft. Thus any robustness offered by the fake ARE technique is achieved at the cost of
increased MSE.

+
k

Fig. 1.2. The structure of the optimal discrete-time filter

The application of the fake ARE technique to linear filtering problems (in which the Q is
known) is reported in [BTP]. The fake ARE method may be applied to more general

problems where optimality is traded off for enor stability. In Chapter 6 it is shown how
the fake ARE technique may be exploited in the design of nonlinear observers for the

demodulation of frequency or phase modulated signals. Compared to the conventional
EKF solution [SM, pp.439-440], the claimed advantages of the fake ARE approach include
some robustness to amplitude uncertainty and to initial conditions.

L.3.2 H"" optimisation.

Although the subject of H- optimisation is deeply entrenched in mathematics and has been

the subject of considerable research, the H- filter is not dissimilar to the Kalman filter.
The continuous-time H- filter for the previously mentioned problem has the structure
depicted in Figure 1 with the gain calculated via (1.I2), the only difference is in the
quadratic term of the RDE, viz.

Þ 1t¡ =¡pçt) + p(ùAr - pG)GrR-lc -¡2crqeç¡ + g. (1.ls)

Here the y is a scalar to be minimised whilst ensuring that P(r) > 0. In particular if y= oo

then it follows that P(r) =F Q), that is the H- filter reverts to the Kalman filter. The

discrete-time H- filter has the structure depicted in Figure I .2,the gain calculated via ( 1 . 15)

and the RDE is

7

ykz

pk*,= Apr,Ar - ^r[-::]l"LTrrÍ' ;'rþ1ol r_r ctp*Ar + Q (1 le)

and it is shown in Chapter 4 that P*=F* aty - "". The optimal y needs to be determined

iteratively by successively decreasing candidate values and testing that the solution to the
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RDE is positive definite. (If y is too small so that the RDE solution is not positive, then

the resulting filter will be unstable.)

So the fake ARE and H- designs offer some robustness with respect to input uncertainties,

bychoosinEa P*2F*inanappropriateway. Thefirstapproachissomewhat adhoc,there
is no guidance as to how the Q in fake ARE may be chosen and how this affects the filter
performance. The design method is iterative, candidate hlters need to be assessed from
error spectra when the plant is time-invariant, otherwise error statistics need to be gathered

from trials. In H- design, one proceeds more formally and the theoretical aspects are well
understood. The H- objective is equivalent to minimising the induced norm of a linear

map from the inputs to the error. If the 2-norm of the inputs is normalised to unity, from
(1.6) it is seen that the H- filter seeks to minimise the energy of the error. This compares

with the Kalman filter which minimises the variance or power of the effor. When the
problem is time-invariant, an intuitively pleasing interpretation of the H- optimality
criterion follows; from (1.7) it is seen that the peak of the error spectrum is minimised.
The capacity to minimise the maximum of the error spectrum is attained at the expense of
MSE since P*2F*. In practice, I may be used as a parameter to control the trade-off
between MSE and peak error.
'When uncertainties exist in the plant models, a common approach U, GAI is to design with
an increased measurement noise variance and then look at the residuals in order to evaluate

filter performance. Such procedures tend to rely heavily on heuristics. It is contended that
the problem is more tractable in a H- framework. The problem possessing a model
uncertainty is tackled similarly by considering an extra ficticious input in lieu of the

uncertainty. However it is found that H- designs are rather conservative and it can be

advantageous to consider less pessimistic (fictitious) inputs.

Now that robust filters have been introduced, it is fitting to review to evolution of the

theoretical developments that have made it all possible.

1.4 A historical perspective.

The development of the fake ARE technique began with [PPGB,PBG], where the stability
properties of a Kalman filter were connected with the solution of an ARE. The f,rrst

application is detailed in [BTP] where covariance setting is described as "the approach of
explicitly adding state noise to the signal model leads to positive definite estimation error
covariances and hence stabilising gains." The subject of fake AREs is discussed in detail
within the texts [BGW, BG].

The H- approach has evolved in order to accommodate problems where model uncertain-
ties exist and the inputs were not necessarily stochastic. In linear H- filtering, the objective
is to minimise the H- norm of an error transfer function. The problem is quite general,

I
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indeed filtering is the dual to control and the origin of H- filtering is entrenched in the

robust control literature. For example, H- filtering can be cast in a generalised regulator
framework or in a model matching setting. Classical approaches to solving H- optimisa-
tion problems are based on Nevanlinna-Pick interpolation lZFl, see the books by
Vidyasagar where f,rltering is addressed explicitly tvl and by Francis where model
matching and tracking problems are discussed [F]. However interpolation approaches are

problematic, as they rely on the cancellation of polynomial factors, which is numerically
intractable. This obstacle was overcome by Petersen who obtained the solution to the
H- optimisation problem via an ARE equation [P]. Subsequently Doyle et al. statedthe
filter for the continuous time output estimation problem in terms of the solution of an ARE
[DGKF], and, a great deal of work has been published since. Iglesias et al.have derived
some analogous discrete-time results, namely a minimum entropy controller, where some

conditions are imposed on the plant [IG] and for the more general case, where the solution
is stated in terms of two dual Riccati difference equations and a coupling condition [IMG].
Stoorvogel details an alternate minimum entropy solution for the discrete-time measure-
ment feedback problem in terms of two different RDEs [St]. Khargonekar and Nagpal
have reported on the conditions for the existence of solutions for continuous-time filtering
and smoothing problems [KN,NK]. Most H- optimisation problems can be cast in the

form of the four block problem, a characterisation of all solutions for the continuous-time
case was worked out by Glover et al. IGLDKSI. Limebeer et aI. rediscovered the

connection between optimal H- control and differential game theory, where the optimal
strategy arises as a saddle point condition due to the worst case inputs [LAKG]. Green

and Limebeer have summarised the game theoretic derivations for the continuous-time
H- controller and filter [GL]. The game theoretic derivations for the the discrete-time

controller were formulated by Limebeer, Green and Walker in [LGW] and by also by Basar
and Bernhard [BB]. Other approaches have evolved independently, Grimble solved a

stationary discrete-time frltering problem using a polynomial systems approach [GE].
Shaked et al. used spectral factorisation approaches for solving stationary filtering
problems [Sh,Sh2,YS]. A continuous-time H- filter has been obtained by solving a model
matching problem [Hu].

The theory is all standard now, however surprisingly little is understood of the costbenefits.
Indeed Stoorvogel laments that "we still need to make the step from basic understanding
to design (how to apply all this nice theory in practice)" [St].

L.5 Contributions to the field of robust signal processing.

This study is neither theoretical, nor is it applications oriented; it is somewhere in between.

For practical filtering applications it is not unconìmon to find (say) 20th order models in
use. In stark contrast, here the approach is to investigate the application of robust filtering

9
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for scalar examples and, where possible, an analysis is attempted so that something may
be inferred about higher order problems. Inevitably, the conclusions that result tend to be
anecdotal rather than precise. The work outlined herein is tendered as a contribution,
however many open questions remain. Briefly, the contributions include:

. The development of a discrete-time analogy to the solution of a linear, stationary H-
filtering problem of [Sh2] and the observation of some benefits.

. Refining a method for designing filters that are robust with respect to model uncertainty
and are guaranteed to solve the H- filtering problems possessing the modelling effor.

. The use of the arguments in [GL] to simplify the results of [LGW] forthe discrete-time,
game-theoretic H- filter.

. The identification of performance trends for continuous-time and discrete-time
problems of H- output estimation and equalisation.

. The application of the fake ARE technique in the design of nonlinea¡ observers for
signal demodulation.

. Combining the discrete-time H- filter with the linearisation akin to the extended

Kalman filter (EKF) resulting in a filter which, with the aid of examples, is
demonstrated to exhibit some robustness to linearisation errors.

Developing an EKF for an adjoint system which is used in the construction of an

extended Kalman smoother.

a

Some extensions to an interpolation solution due to [Sh2] for the continuous-time,linear,
stationary filtering problem, have been reported in [EW] and are detailed in Chapter 2.

This approach uses spectral factorisation and vector interpolation [Sh3]. The H- filter
formulation is generalised to include non-unity noise powers, frequency weighted error
spectra and an analogous formulation is set out for the discrete-time case. The results of
simulations are presented to illustrate that the H- filter can be advantageous compared to
the Wiener filter for the problems of linear filtering and linear pre-equalisation.

The thirdchapterdescribes the continuous-time game-theoretic H-frlteringresults of [GL].
It is noted that the filter can be scaled to exhibit all-pass error and a comparison is drawn
with the interpolation solution of [Sh2]. A method of accommodating additive and
multiplicative model uncertainty is proposed, which guarantees that the solution satisfies
the original H- problem containing the model error.

Chapter 4 is concerned with the discrete-time game-theoretic H- filter. The application of
the bilinear transform to a strictly proper continuoustime plant usually yields plant
possessing a non-zero direct feedthrough term. Consequently the Kalman filter results a¡e

reviewed for plants having a feedthrough. It is confirmed that the Kalman filter reverts to
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the Wiener filter in the stationary case. Despite the fact that H- filters have been addressed

either explicitly or inadvertantly in the literature, yet another formulation is described and
presented in [EV/2]. The approach of [GL] is followed to specialise the H- control results

ILGWI to filtering in terms of the solution of a game theoretic RDE. It possesses precisely
the structure of the Kalman filter and so is applicable to nonstationary problems. The
formulation reduces to that of [BB] when the plants are strictly proper. The H- predictor
and filter have the structure of the so called a priori and a posteriori fiIterc that arise via a
spectral factorisation approach [YS].

The performance aspects of H- filters are discussed in Chapter 5 and in [EV/2]. Scalar

continuous-time and discrete-time output estimation examples are presented in order to
demonstrate what happens at various signal to noise ratios (SNRs). In the case of channel
equalisation, the conventional minimum MSE solution is a Wiener formulation [KP] which
is limited to stationary problems. Here equalisers are obtained via the solution of the
so-called general regulator problem [GL]. Performance comparisons of Kalman and H-
equalisers are undertaken when the channel model is known and is either minimum phase,

non-minimum phase or uncertain.

Non-linear filtering is introduced in Chapter 6, where the problem of demodulating
frequency and phase modulated signals is addressed. An observer structure possessing a

linear transition matrix and non-linear gain terms is derived so that the fake ARE technique
may be used to advantage. This results in an adaptive phaseJocked loop with an amplitude
dependent gain that is different to the EKF. A stability analysis is carried out and the results
of simulation studies are presented to demonstrate some benefits compared to the extended
Kalman frlter (EKF). This work is reported in [EW3,EV/4].

This study culminates in the development of the so-called extended H- filter [EV/4, EW5],
where the discrete{ime H- filter derived in Chapter 4 is combined with the linearisation
akin to the EKF and applied to the demodulation problems of Chapter 6. The details are

set out in Chapter 7. Briefly, the approach is to treat the truncated terms of the Taylor
series expansion as a model uncertainty problem. Compared to the EKF, the performance
benefit of the extended H- filter is most significant when the problem is profoundly
non-linear. This arises because in highly non-linear problems, the linearisation tends to
be unsuccessful and so an allowance for the truncated terms can be beneficial. The
extended H- filter tends to be beneficial at high SNR. A technique which can sometimes

offer a benefit at low SNR, is the extended Kalman smoother, which is detailed in an

appendix.

The conclusion begins by highlighting the recent achievements. The status quo is then
summarised. Namely, the problems where robust filtering is advantageous a.re listed and
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the work that supports the claims are cited. Finally some unsolved problems, namely
noncausal filtering and nonlinear smoothing, are remarked upon.
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Chapter 2

A frequency domain approach to H"" fTltering

This chapter addresses the solution of stationary filtering problems. It could well be argued

that this subject is uninteresting, since the game-theoretic approaches used herein have far
wider application, namely non-stationary (and stationary) problems. Consequentþ the
theoretical aspects are relegated to the appendices, the emphasis here is on application and
performance issues.

The contributions of this chapter are :

. Some generalisations to an interpolation solution for the continuous-time, linear,
stationary, H- filtering problem. In particular the approach of [Sh2] is generalised to
include specified noise covariances, coloured observation noise and frequency
weighted estimation effor.

. The formulation of a discrete-time analogy to the H- filter of [Sh2].

. Establishing some benefits in output estimation and equalisation applications.

The problem is defined in Section 2.2. The Wiener and H- solutions are stated in Sections

2.3 and 2.4 respectively. Some remarks concerning the choice of frequency weighting are

made in Section 2.5. Finally, the application and performance of the H- filter to output
estimation and equalisation is introduced in Section 2.6.

2.1 Background.

Thepioneering contributions to the solution ofH- optimizationproblems no doubtincludes
the work of Zames and Francis lZF,FZl where the Nevanlinna-Pick algorithm is used to
solve the interpolation problem ofdesigning an inner function that cancels non-causal plant
zeros. An extensive survey of the developments that have led to and followed on from
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lZF,FZl is given in [Dor]. A problem confronting newcomers to H- filtering is that the

majority of the contributions cited in [Dor] tend to focus almost entirely on theoretical
developments. Amongst the first papers that explicitly address H- filtering and show how
the theory may be applied in examples are [GE] and [Sh]. Grimble uses an approach due

to [Ku] and casts the discrete-time stationary filtering problem in terms of coprime
polynomial matrices and the solution of coupled diophantine equations [GE]. Coloured
noise and frequency weighting are built into the problem formulation, and it is illustrated
that the maximum magnitude of the error spectra exhibited by the H- filter is less than or
equal to that of the Kalman filter. Shaked [Sh] uses a vector extension of the scalar

Pick-Nevanlinna interpolation [Ki] to derive a closed-form, state-space formulation of an

inner matrix [Sh]. The vector interpolation is then used in the solution of a continuous-
time, stationary, f,rltering problem [Sh2]. An example is then used to compare the
interpolation solution with dual to the optimal controller of [DGKF].

Here, the approach of [Sh2] is generalised to include specified noise covariances, coloured
observation noise and frequency weighted estimation error. An analogous formulation for
the discrete-time case is then described. Two key applications are discussed: state

estimation in the presence of coloured noise and, equalisation. It is argued that an ad hoc
procedure can be employed to appropriately choose the frequency weighting function. Both
continuous-time and discrete-time examples are described and, finally, the results of
simulations are reconciled with the H- optimality criterion.

2.2 Problemdefinition.

Consider the continuous-time filtering problem shown in Figure 2.1 where Gr(s), Gz(s),

N(s) and W(s) are the transfer function matrices of linear-time invariant systems. The
objective is to design the optimal, linear, causal filter Ë(s) that estimates the output of
G1(s) from the output of Gz(s) corrupted by coloured noise, to minimize the error z(t), in
an optimum way. The plants Gr(s), Gz(s) and l4z(s) are assumed to stable, I(s) is also

assumed to be minimum phase.

v

w +

z

Fig.2.l. The filtering problem.

+
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Many filtering problems of interest can be cast into the conf,rguration of Figure 2.I, in
which Gz is the actual plant under consideration and G1 specifies the quantity to be

estimated. When Gt = Gz, the objective is to estimate the ouþut of the plant, this is known
as output estimation. A state estimation problem is where G1 specifies all the states, (rather

than a linear combination of the states) of Gz. When Gt = I, the objective is to estimate

the input to the plant, this problem is commonly referred to as equalisation, because the

task is to equalise or to undo the effect of the plant.

In this chapter, the attention is conhned exclusively to stationary problems. The notation
of [Sh4,YS] is adopted, where transfer function matrices rather than operators are used

throughout. The approach is to construct the error transfer function matrix and then seek

to minimise the maximum of the error power spectrum matrix.

It is assumed that w(r)e il and v(r)e Rp are zero mean, uncorrelated white noise processes

with covariance matric es E{wQ)wr(ùl = Q ô(r- t) , n{vQ)vr(r)} = nô(r-t). The covariances

may be factored into the plant transfer function matrices by defining GrGtQh,
Gz= GzQh and Ñ= NRV'. The estimation error of Figure2.l can be written as

z= Ro,v * Rr*w, (2,I)

where R.=WHÑ and &, =W(HGz- õr) are the transfer function matrices from v(r) to
z(t), and from w(r) to z(t) respectively. For convenience, the inputs to the problem are

jointly denoted as d(t)= 
[;13] 

so that the error power spectral density matrix may be

denoted as

Rrdt= R,,ß!,+ R*t' Q'2)

By expanding out (2.2) and completing the square, it can be found that

R,Md = w(HL - GrGf t-')( ' r{ - n-l GzGl) }y'7 + Õr , Q.3)

where A is a stable, minimum phase spectral factor of the observations power spectral

density matrix

ÂÂn = ñffi + GrGl, Q'4)

Âä is the adjoint or Hermitian of A, and

Qt=WG(t+GÑHlrtGùGltfI. (2.s)

It is seen from (2.3) that RrÑ¿ has two components. The first component includes the

filter and therefore can be minimised according to a chosen optimality criterion, whereas

(2.5) is constant and represents a lower bound for R¿É¿.

18
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An insight to the problem solutions can be gleaned by contemplating the negligible noise

and high noise cases. Consider W = l, Gzis a minimum phase, single-input-single-output

(SISO) plant and suppose thatd, = 0. Then Rr¿= (H - I)Gzow for the output estimation

problem, hence the solution H= I minimises Rr¿Rlt. Thus, the filter for the noiseless

output estimation problem approaches a short circuit. Also, R.¿ - (HGz- 1)o, for the

noiseless equalisation problem and the solution H = 6.r minimises Rrffi. Now suppose

instead, that d, >> o2* so that Rd = Hc,u. Clearly for high noise problems the solution

H = 0 (that is, an open circuit) minimises R¿Ë0. These short circuit, exact inverse and

open circuit solutions are indeed an oversimplification. Obviously in practical applications
the noises are not negligible and the filter is somewhere between a short circuit and an open

circuit.

2.3 The Wiener filter.
The Wiener filter minimises the cost function

,,+l:n,¡fl¿1s¡ ds, Q'6)

which, in the case of SISO plants, is equivalent to minimising the area under a plot of the

magnitude of the error spectrum. Numerous versions appear in the literature, see

[AM,Pa,Sh,Sh2,SM] for example. In Appendix A, it is shown that the result follows
immediately from a completion of squares argument, and the various formulations are in
fact equivalent. For the problem of Figure 2.l,the Wiener filter is

Ê= wl {Gr?lt-\*n-t, (2.7)

where the causal part, denoted by { .}*, ir calculated differently for continuous-time and

discrete-time cases (see Appendix A).

2.4 An optimal discrete-time H." fîlter.

The H- objective is to minimi." å:o* lRzdR|d(i@)L The solution for the H- filter is clearly

not unique since an error transfer function can be multiplied by any of an infinite number
of different inner functions and not affect the spectral maximum. In [GE,Sh2] the approach

is to seek an all-pass error, that is

Rr¿R!¿= nl I, (2.S)

whereyis a scalar to be minimised. In the case of SISO plants, this objective is equivalent

to finding a minimum y so that the magnitude of the error spectrum of RøÉ¿is flat and

equal to /.
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An optimal H- filter for the continuous-time filtering problem with the simplif,rcations
N=W=1 and Q=R=1is detailedin tsh4l. AH- filterforthe more general problem
of Figure 2.1 is of the form

H=Ê + w-l{GtvzuÃul rt, Q9)

where Â2 is a stable, minimum-phase spectral factor and U is an inner matrix which may
be found using the continuous-time, vector interpolation method of [Sh3]. The role of the
inner function and the interpolation results are discussed in Appendix B. Briefly, U is

required to cancel the poles of A-H, or equivalently the zeros of 
^ä. 

Altematively from
(2.9), the H- filter may be thought of as a sum of a Kalman filter and a transfer function

which ensures that the noncausal part of 11Â - GtGlt-'is cancelled.

V/hen the plants have discrete-time representations, the H- filter is also given by (2.9)

except that a discrete-time inner needs to found. The use of the bilinear transform together
with the results of [Sh3] in the solution of the discrete-time interpolation problem is

described in Appendix B.

2.5 Choosing the weighting function.

The use of weighting functions allows the magnitude of the spectrum of either a so-called
" sensitivity function " lZFl or an error transfer function [GE] to be minimised in a particular
part of the frequency band. The weighting function may well be specified by the

application at hand. From (2.9) it is seen that the inverse of the weighting function is a
factor of the H- filter and therefore the performance benefits of frequency weighting (if
any) must be reconciled with the expense of a higher order filter. In this section, it is
assumed that the inverse of the weighting function is proper and stable but otherwise may
be chosen freely to yield a performance benefit.

The idea behind a frequency weighted H- design is to reduce the magnitude of the error
spectrum (say) in the vicinity of the plant bandwidth at the expense of increased error
elsewhere in the frequency band. From (2.8), the frequency weighted error spectrum for
a H- filter is designed tobe f I and, from (2.3), itfollows that the actual error spectrum is

^fW'Wt . That is to say, frequency weighting allows the shape of the error spectrum to
be chosen a priori.

Consider the problem of filtering a band-pass signal in white noise and applying a range

of candidate weighting functions. Attempts to weight the estimation error out to progres-

sively higher frequencies will be at the expense of an increased t'. Eventually the error
within the signal bandwidth will exceed that for the unity weighted case. Conversely,
shifting the error weighting to progressively lower frequencies will be at the expense of
increased inband error. It is claimed here that W can be chosen tn an ød hoc manner by
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seeking to satisff some optimality criterion appropriate to the application. In the examples

that follow, a search is conducted for a weighting function that is optimum in the sense of
minimising (2.6) over the bandwidth of the plant.

2.6 Performance.

This section begins with a discussion of a continuous-time ouþut estimation example. The
approach in [GE] is followed, where an indication of performance follows by comparing

the V/iener and H- error spectra. Subsequently, the results of simulation studies for
discrete-time equalisation problems are presented, where an energy ratio and the bit error
rate (BER) serve as performance indicators.

Example 2.1. Signal demodulation is an output estimation problem where the objective
is to extract a message from a noisy radio frequency (RF) signal. For a linear modulation
scheme such as AM double sideband suppressed canier (AM-DSB/SC), a nonstationary
Kalman filter can serve as an optimum demodulator [Sn,SM]. A suboptimum demodulator
may be realised by mixing the modulated signal with a phase-locked local oscillator and

filtering the result. It is assumed that the double frequency product term will not pass

through the low-pass filter. An arbitrary numerical example was selected to comply with
a state space canonical form for AM-DSB/SC [Sn], which resulted in the plant

Gz(s) = (3s2+ 12s+ 2l)t(s+ lXs+ 2)(s+ 3)l-1. (2.10)

For o? = I , &= 1, coloured observation noise N(s) = (s+3Xsr6)-r, and unweighted error

(W = l), a solution to the H- problem was found atf = 0.304. The solution procedure is

detailed in Appendix B. The magnitudes of the H- and Wiener filters and the error spectra

are shown in Figure 2.2 and 2.3 respectively. It is seen that the Wiener filter has a low-
pass response, whereas the spectrum of the H- filter is rather flat. (In fact it turns out that

if the SNR is increased sufficiently, the resulting H- filter possesses negligible dynamics,
that is, it becomes ado nothingfilter or a short circuit.) Figure 2.2 shows that the H- filter
minimises the peak error, the error spectrum is all-pass with a magnitude equal to f. The
Wiener filter is designed to minimise the cost function (2.6) which is the average error
power or MSE. It is well known from theory (see Chapters 3 and 4) that compared to the

Wiener filter, the H- filter exhibits an increase in MSE. This can be observed from the

area under the magnitude of the error spectrum in Figure 2.3, which is infinite for the
(all-pass) H- error spectrum. For this example it is seen that an improvement within the

plant bandwidth is accompanied by a larger degradation at high frequencies. V/hile the
'Wiener filter has greater susceptability to peak error within the signal bandwidth, it does

minimise the MSE and therefore can be better on average. The H- filter, by virtue of
having a flatter response, is less able to reject any high frequency interference.
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Example 2.2. An additional performance benefit can arise via the use of an appropriate
weighting function. In the case of a first order low-pass function

ll¿r(s) = b(s+ a)la(s+ b)l-t, (2.11)

the task is to search for a suitable constants a > b> 0. It turns out for Example 2.1 that good

choices are b = 3.34, q = 6.16. This was obtained by alternately perturbing the pole and

the zero of l4z1(s), recalculating the H- filter via the solution procedure of Appendix B,
numerically integrating the resulting error spectra (within the 3 dB bandwidth of the plant)

and searching for a minimum. A H- design arises at^l =0.768, so compa.red to the unity
weighted case it is apparent that the penalty is an increase in peak error. The filter
magnitudes and error spectra that result are shown in Figures 2.4 and 2.5 respectively. It
can be seen that the use of the low-pass frequency weighting enables the magnitude of the

low frequency error to be reduced even further by trading off the high frequency effor.

foo ioo

I Et
E

'lot 1oo rot
Frequency rad/ôæ

'I O' lot 1oo lot io'
Fr€quoncy Ed/8æ

Fig. 2.3 Error specfra for Example 2.1 .Fig.2.2 Filter magnitudes for Example 2.1.

The first order weighting function (2.11) may not be entirely satisfactory, since it is evident
from Figures 2.4 and2.5 that the frequency weighted H- filter is rather sensitive to high
frequency noise. This can be alleviated by choosing instead a weighting function possess-

ing an additional high frequency zero, such as

wz(s) = b(s+ ø)(s+1oa¡¡loa21s+b¡1-1, (2.12)

so that the filter magnitude has a high frequency roll-off. The filter magnitudes and error
spectra that result from b = 3.34, a = 6.76 in (2.12) are also shown in Figures 2.4 and2.5
respectively. Once again it can be seen that the reduction in the peak of the error spectrum
magnitude is accomplished at the expense of MSE.

A disadvantage of frequency weighting is that the order of the problem is increased, which
exacerbates design difficulties. The calculation of the optimal H- filter (2.9) requires

spectral factorisations to determine the Â, Az and the cancellation of polynomial factors

common to U(s) and Â-ä(s). It has been found that spectral factorisation and coÍtmon
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factor cancellation tend to be more error prone as the order of the problem increases (see

Appendix B). The overhead in calculating the U(s) increases dramatically with higher

order problems because a symbolic matrix inversion is required (see Appendix B).
Furthermore, the pursuit of polynomial weighting function that is somehow optimal,
requires large number of candidates to be tested, which can become computionally
expensive.
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Fig.2.4 Filter magnitudes for Example22. Fig.2.5 Error specha for Example 2.2.

Example 2.3. A commonly encountered filtering problem arises when the spectrum of
the communications channel is low-pass and the cutoff frequency occurs within the signal
bandwidth. The objective is to design H to mitigate the low-pass filtering of the signal by
the channel. This equalisation problem can be modelled by choosing Gz= CGI where

Gr and C are the transfer functions of the signal and channel models respectively.

Consider the low-pass signal model and channel models

G{a)= - 2.33(z+ 1)(z- 0.333)-1, C(z)= (1.42- 0.2)(z- 0.62)-1, (2.11)

which are the bilinear transforms of Gr(s) = -7(s+l)-r and C(s) = (s+1.5)(s+0.5)-t respec-

tively. Denoting the output of CGt as y, from simulations it has been observed that

o2,= lresults in ol = 17.3. Itis desired to compare the performance of the unity weighted

filters for high noise (ol= 77.3, ie.0 db SNR) and low noise (fr= 0.773, ie.2O dB SNR)

cases. It turns out that the H- solutions arise with \? = 13.ø and^/ = 0.57 at 0 dB and20
dB SNR respectively.

Since the H- filter is designed to minimise the worst case bound of the ratio

\tz*12

"i2lw*12 
+ oi2\lvÄ2

n n

lel l=l

^1,
(2.12)
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it is expected that the observed energy ratio is bounded AV ^f . Simulations were conducted
and the histograms of the energy ratios calculated for a 1000 realisations of 1000 data points
each, are shown in Figures 2.6 and 2.7 .It is seen that in both cases the energy ratios are

distributed well below /, indicating that the H- design is rather conservative. For example
at20 dB SNR, the maximum observed energy ratio is 0.32, whereas H- filter is designed

for a worst case energy ratio of f =O.51. It is conjectured that either the worst case

realisations may occur rarely or they may occur for quite different combinations of input
sequences, since H- design makes no assumptions about probability distributions. Figure
2.7 illusftates that the H- solution is extremely conservative. At 0 dB SNR, the maximum

energy ratio of 6.7 exhibited by the H- solution is less than nf = 13.6 but is greater than

5.03 which was observed for the V/iener design.
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Fig.2.6 Error histogram at 20 dB SNR,
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Fig.2.7 Error histogram at 0 dB SNR.

For this example it is seen at20 dB SNR, on average the error of H- filter is about 2.5 dB
less than the corresponding Wiener filter. When the SNR is decreased to 0 dB SNR, the
'Wiener equaliser is seen to be preferable. Evidently from this example, as the SNR is
reduced, a design that provides robustness to worst case inputs can be too conservative.
Thus if an equalisation problem is dominated by measurement noise and the (noise)
statistics are known exactly, then it is best to proceed with a Wiener design.

Example 2.4. The application of discrete-time equalisation with binary data can be
demonstrated via the configuration of Figure 2.8. The data wt is an identically inde-
pendently distributed (iid) binary sequence which is distorted by the channel. The effect
of a low-pass channel on binary data is to smear the state transitions which is known as

intersymbol interference (ISD. Here an equaliser serves to mitigate the channel distortion,
which is followed by a limiter that quantises the equaliser output to [+ 11.

20 dB SNR
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O dB SNF

H2 H@
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Fig. 2.8 The ISI problem.

Consider the low-pass channel model

C(z)=0.214(z+l)(z+0.111)t(z+0.333)(z+{.1223)l-t, (2.13)

then from simulations it was observed thatd,= I results in$=0.198. The Wiener and

H- equalisers were designed for 10 dB SNR (o3 = 0.0198) and 0 dB SNR (o3 = 0.198).
The histograms of the bit error rate (BER) were calculated for 1000 realisations of 1000

data points each, these are shown Figures 2.9 and 2.10. At 10 dB SNR it is seen that the

mean BER of the H- equaliser is about 1.5 dB less than that exhibited by the V/iener
equaliser, whereas at 0 dB SNR they perform similarly.
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Fig.2.9 BER at 10 dB SNR. Fig.2.lO BER atO dB SNR.

It has been illustrated that H- designs can sometimes be advantageous, provided that the

SNR is sufficiently high. When the SNR is reduced so that the problem becomes dominated
by gaussian white noise, then it has been observed that the'Wiener filter performs better.

Performance trends are investigated in detail within Chapter 5.

2.7 Conclusions.

This chapter has introduced the filtering problems of output estimation and equalisation,
and described some generalisations to a frequency domain solution. The frequency domain
approach has two major disadvantages. Firstly, the problems are restricted to being
stationary. Secondly, the method of solution suffers from computational difficulties. Both
of these limitations are overcome by the game theoretic solutions which are the subject of
subsequent chapters.
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However in the stationary case, the H- optimality criterion does have an intuitively pleasing

interpretation, namely minimising the peak of the error spectrum magnitude. Furthermore,
the solution of stationary problems is interesting because performance appraisals follow
quite naturally from error spectra.

A few examples and the results of simulations studies have been presented to demonstrate

that H- frltering can beneficial. In particular it has been observed that,

. In an output estimation problem, if the SNR is sufficiently high the H- filter approaches

a short circuit.

From the plots of the error spectrum magnitude, it can be seen that a reduction in the
peak of the error spectrum is attained at the cost of an increase in MSE.

The benefits (and costs) are most profound when there is an interest in certain parts of
the spectrum, such as output estimation when the measurement noise is coloured,
equalisation problems and where frequency weighting is applied.

From the histograms of the energy ratios, it is apparent that H- designs are extremely

conservative at high SNR. Therefore it may be beneficial to proceed with a ]) ]min
and thus trade-off peak error for MSE.

If in an equalisation problem, the signal model and the noise statistics are known, then

a H- solution can be advantageous provided that the SNR is sufficiently high (see

Examples 2.3 and2.4). However when the problem is dominated by white measure-

ment noise (see Examples 2.3 and 2.4 at 0 dB SNR), the robust equaliser can be too
conservative, and it is preferable to proceed with a Wiener equaliser.

a

a
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Chapter 3

A continuous-time, game-theoretic H"" fïlter

In order to differentiate between interpolation solutions to H- optimisation problems and

those that arise by solving Riccati equations, the qualifier game-theoretic is used here; this
also emphasises that the H- solution is designed for the worst case inputs. The game-

theoretic H- filter has far wider application than the interpolation methods discussed in
Chapter 1 for the reasons that follow.

. The solution is applicable to both non-stationary and stationary problems.

. Solving Riccati equations can avoid the numerical problems associated with spectral

factorisation and the cancellation of common factors in polynomial fractions.

. the filter representation formula is a parameterisation of all linear filters meeting the

H- bound, whereas in the interpolation method of Chapter 2, the error spectrum is

specified (to be all-pass) a priori.
. In particular, the filter representation formula includes the minimum entropy solution

which exhibits a reduced MSE compared to an all-pass error solution.

Although the continuous-time, game-theoretic results have been reported extensively, it
appears that the H- filter is still not widely known and the cost benefits are not well
understood. The contributions of this chapter include a comparison of minimum entropy
and all-pass solutions and aproposal for aprocedure that accommodates model uncertainty.
The minimum entropy and all-pass solutions are stated in Section 3.2 and their merits are

discussed in Section 3.3. The accommodation of model uncertainties is introduced in
Section 3.4.
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3.1 Background.

Arguably, IDGKFI is the first account of a continuous-time H- filter requiring the solution
of an ARE. In the development of the Kalman-Bucy filter [AM], the solution of an output
estimation problem can be formulated by considering the dual of a regulator problem.
Similarly the H- filter can be found by exploiting a duality relationship with perfect

information H- control.

z d

Fig. 3.1. A linear fractional transformation.

The basic block diagram used in [DGKF] is known as a linear fractional transformation
(LF I) and is shown in Figure 3.1. The LFT represents a means of standardising a wide
variety of feedback problems. The various plant models are combined into a single

partitioned matrixP(s) =lT::i'r:lrrand f(s) is a controller or filter to be found and this is

known as the four block problem [GLDKS]. The LFT of the partitioned matrix P and the

matrix Il is defined as F(P,K¡ = Pn * PzH(I - PrrlÐ-tPzr [MG,LG] and from Figure 3.1

it is seen that z(s) = F(P,IOd(s). In H- optimisation, the objective is to design a suitable
f(s) which minimises llF'(P,K)ll-.

In [DGKF] the plant is assumed to be time-invariant and the representation formula for the
H- filter is based on the solution of an ARE. In the time-varying case, a Riccati differential
equation is required and a derivation of the formulas appears in [LAKG]. The results of
ILAKG] are also reported in [LS], they have since formed the basis of a course [Gr] and

abook tGLl.

An interesting by-product of the work in [LAKG] is the connection between the H- filtering
problem and game theory. The H- optimisation problem is a zero-sum, leader-follower,
dynamic game where the u-player (the filter designer) seeks to minimise the energy in
z(t) and the d-player (nature) maliciously tries to maximise it. The optimum filter satisfies

a saddle point condition which arises as a function of the worst case inputs. A discussion
of the dynamic game aspects of H- control are detailed in [BB]. The theory is all known,
the objective here is to provide concise statements of the results of [LAKG,GT] and to show
how filtering problems may be explicitly solved.

It is assumed that P(s) has a time-varying, state-space realisation given by

n

nlm
A BnBn
Ct Dn Dn
Czt Dzt Dzz

P(s) " o

uv
P

q
t).

(3.1)
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The formulation (3.1) is known as a generalised regulator problem [Gr]. Often the
simplificationsDll= 0, Dzz= 0 are assumed [LAKG,GT]. An approach to tackle problems

in which Dn*O and Dzzt 0 is set out in [GLDKS]. For example, consider the general

filtering problem of Figure 3.2 in which the plants Gz, Gt: R+R have state space

realisations denoted by

are A=[t i], Bn=

Az
Cz

0
0

Bzf , [e' ¡'l
õl *u 

L¿; ãlrespectivelv. Then the components of (3.1)

tt:Zl, u,r=[3], c11= [0 -ct], c21=lc2 0f, D11= [0 0],

Dn= I, D21= lou 0l and Dzz= 0. The objective is to design a filter denoted by the operator

H, that estimates {nìr}= Hþ} and yields llzll2 <^f @}llwtt' + o;2lMl2)

v
w v u

+

z

Fig.3.2. The general filtering problem.

3.2 
^ 

statement of solutions.

The attention is confined to problems which can be written as

nlm

If both Dp aîd Dzt ãra identity matrices, the plant is invertible and the controller or filter
does not require the solution of an ARE and, this is known as a problem of the first kind
[LAKG, Gr]. A so-called problem of the secondkind lLAKG,Grl arises if either Dnot
Dzr is an identity matrix. If Dzr 1, a control ARE needs to be solved. In filtering problems,
typically Dn= I and an observation ARE needs to be solved. A problem of the third kind
[LAKG,GT] is defined as one where neitherDrz nor Dzt is an identity matrix, in which case

the solution of two AREs is required.

u v

Fig. 3.3. The H- filter.

In filtering problems where Dn= I and Dn = U 01, the solution is not unique. It actually

has the structure of Figure 3.3, in which ¡tU is a causal, contractive, free operator. The
H- filter is defined below.

(3.2)

Vr
H
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Suppose that

nlm

[î]' = îlz:','i,'^' if'[;] "'
(3.3)

isgivenwith Dn= U 0l,thenafilterexistssuchthatll&rll-<Tif andonlyiftheARE

(A- BtDLczùP + P(A- BnDTtczù' - p(drcn - "t zdßn)p

+BtDrtDtBTt=þ, (3'4)

with P(0) = 0 has a positive definite solution on [0,T] and, the set of all filters with the
property llRz¿ll- < T is parametrized by ILAKG, Thm.3.2,p.275]

Ct
Czt

0 '(3.5)

v(t) -- (Ur)(t), (3.6)

in which ¡lU is a causal, contractive operator. Causality is discussed in Appendix A.
An operator U is contractive if ll Ull- < I [LG, p.296].

TheDr is any matrix such that ¡Ort DTir is nonsingular and Dt îDrt DLI' = tI 011

hereDl=l9l.t*[GLDKS,LAKG,GT]foradiscussionoforthogonalextensions. Itturns
Lll

out that setting the free operator, U, in (3.6) tozero (the ultimate contraction) is an optimum
choice because it minimises the entropy for Rr¿ [LS, Thm. 3.9,p21]. The result is known
as a minimum entropy filter and it is the filter which minimises the 2-norm of Rr¿from the

set of filters that minimises the oo-norm of Rr¿ lSt, p.2291.

Suppose for example, that the plants are strictly proper with Gz : lår'r],"' : lå å] -U
the noise covariances are unity. Then one may proceed with 811=[0 B], C1=-CL
Czt= Cz and BtDTt= 0. Since there is no path from the filter output to the plant, Btr\.
Although in Figure 3.2 the error is defined as z = u - G'tw, often it is more conventional
to consider insteadZ=Gtw-u. Therefore, the negative of the state of (3.5) may be

assumed. Thus the minimum entropy (U = 0) H- filter is

[î], 
: f- 

P;Tc"flr[î1,

The formulation (3.6) is also discussed in [Gr,LS]. Instead of minimising the entropy, it
is possible to construct a H- filter that yields an all-pass effor.

- Bnct BnDTtczt- P6Gn -BIDL- p6 ltpdt
I

I 0

(3.7)
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Suppose that the plant in (3.2) is time-invariant, then scaling the input and output of U by
yand choosing U= fl ensures that R¿É¿= fL ttris is shown in Appendix C.

The all-pass error version of (3.6) is given by

(3.8)

The virtue of attaining an all-pass effor is the subject of a subsequent section. In
applications the noise variances are not likely to be unity and the plant may possess a direct

feedthrough rerm. Defining R= Ioi- and, Q= IoI, Gt:[å fi] and Gz '=lt,t;), rhen a

standard correlated noise argument (see Appendix D) may be used to obtain

where

K = (P6 + B2ZDT)R-I, (3.10)

is the filter gain and the RDE is

þ= (A- Bzeo|n-tcz)p+ p(A- BzeDTR-tcr)'- p(dn-tcr-T-dcùp

+ Bz(Q- DrQ'hR-t Q'ryÐBT. (3.1 1 )

Compared to the Kalman filter [SM], clearly the H- filter has the same structure (3.8) and

the gain calculation (3.9) is the same. The only difference arises in the quadratic term the
RDE (3,10). Since the RDE (3.11) reverts to the Kalman RDE at T= -, obviously the
H- filter (3.9) reverts to the Kalman filter at y= -.
3.3 Some properties.

3.3.1. Increased error covariance upper bound.

Consider the output estimation problem where the plant model and noise statistics are

known. It is shown here that if the initial RDE solution is set equal to (or greater than) the
initial state error covariance, then the state error covariance is bounded above by the RDE
solution.

For a linear filter of the form (3.9), it is easily shown that the state estimation error may be
written as å = (A - KC)e *w - Kv (see Appendix G or [AM, p. 1S9]). Then the error
covariance I(r) = n{e@er@lis defined by (see [V, Prop. 14, p. 533])

i= (A- Kq>+ >(A- KC)' + Q+ KRI{. Q.I2)

lî],, 
: f- '*::-;|,Pdcz rd+r'rd)r,r[;]r,r

(3.e)
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Let >(t) denote the estimation error variance for the H- filter where the gain is given by

K= PCR-r in which

þ= Ap + pAr - efçnr -y't)cp + BeBr. (3.13)

Subtracting (3.12) from (3.13) yields

þ-f,= Ø-Kc)r(p - Ð) + (p - >XA - Kq'- (p ->)crR-tc(p -z)+ q, (3.14)

where

q=zdnc:+pfncp+yanfcr. (3.15)

Clearly q>0 from (3.15). From the monotonicity properties of Riccati differential
equations [BG, Th. 10.11], if P(Ð > >(/) for some f, then P(t)> I(r) for all subsequent

times. Thus, provided that RDE is initialised appropriately, then the state error covariance
is bounded above by the Riccati equation solution. Since the Kalman error covariance,

denoted Ay F ç¡,is the optimal eruor covariance, then by definition >(Ð > FtO. It follows

that P(t) > >(Ð ,-F Q). Hence the price of robustness is an increase in the upper bound of
the state error covariance.

3.3.2. Monotonicity.

Consider the known nt*, 
þ 

: tå'r])known 
noise statistics, output estimation problem

and suppose that a Ti > 0 has been found so that the H- RDE (3.13) has a positive definite

solution. Then for ayj>yi, asyj2 +0, the solution of the H- RDE monotonically
approaches the solution of the Kalman RDE. This can be seen by writing (3.13) as

þr AP¡+ Pþ|r - PicrR-rCPi+ Q¡. (3.16)

in which Q¡= BQBT+y/p¡Crcp¡> 0. It follows that ]¡)y;=) Ø<Qi and from the
monotonicity results of RDEs [BG, Th. 10.11], if P¡(t)3PiG) for some /, then
P¡(t) <P¡(t) for all subsequenil.

3.4 The equivalence of interpolation and game-theoretic solutions.

The purpose of this section is to briefly draw a comparison between the interpolation and
game-theoretic approaches to solving stationary filtering problems.

The process of arriving at the optimal yis remarkably similar because performing a spectral
factorisation is equivalent to solving an ARE. In the task of partitioning the roots of a
polynomial into those having positive and negative real parts, if yis less than the optimum
value, apair will be located on the imaginary axis. In the case of affempting to partition
the eigenvalues of the Hamiltonian (associated with the ARE) into those having positive
and negative real parts, if yis too small, a pair will be similarly located on the imaginary
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axis. With both procedures, after having iteratively determined the minimum possible 1,
in order to avoid numerical problems it is often necessary to increase yslightly.

The interpolation solution of [Sh] is designed to have an all-pass error, whereas in the
game-theoretic approach, it is usual to to assume a minimum entropy solution which results
in a low-pass error. Two examples are presented to demonstrate that a minimum entropy
filter is, in fact, preferable.

Example 3.1. Consider the stationary filtering problem of [Sh] where the plants are

Gz= -50[(s+ 1)(s+ 2)(s+ 3)]-r, G1= 25(s2+ 2s+ 7)[(s+ lXs+ 2Xsr 3)]-1 and d, = I, ê*= I.
Atl= 9.375,the interpolation solution (2.9) andthe game-theoretic all-pass emor solution
(3.9) yield identically

rræ - T(s+ 1.648)(s+3.554) (3.11)n = (s+ 4l'¿-2l2Aj) '

The minimum entropy filter (3.6) is

rræ -{3.7e5(s+ 1.648)(s+3.554) (3.18)n = (s+33e5)(s+4.1/212.4Ð '

The minimum entropy filter has the same response at dc but has a reduced magnitude at

high frequencies. The error spectra that result for the minimum entropy and all-pass error
filters are shown in Figure 3.4. The minimum entropy filter is seen to exhibit the same

peak error (since y is unchanged) and the same performance over the bandwidth of the
plant. The high frequency pole occurs well beyond the plant dynamics, so the minimum
entropy filter has less sensitivity to high frequency noise.
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Fig. 3.4. Filter and error spectra for Example 3.1 Fig. 3.5. Equaliser and error spectra for Example 3.2

Example 3.2. It is not at all surprising that a (low-pass) minimum entropy solution is
advantageous in a low pass filtering problem. Now the task of equalising a band-pass

channel is examined where it is, perhaps, less obvious how the minimum entropy solution

H@ (minimum entropy)
'r q2

H@ (all?as oror)
OoooOOOoooooo

H@ (m¡nimum ontropy)

G2

^oOo

H@ (m¡nimum enùopy)

H@ (all+as €rcr) H@ (allfås otror)

H@ (minimum onbopy)
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would perform. Continuous-time equalisation is discussed in Chapter 5. Consider the

channelGz = 100(s+0.1)(s+10)-2,togetherwithGr = 500(s+500¡-1, o? = lando3, = 1. The

equaliser and error spectra are shown in Figure 3.5. The equaliser is required to invert the

channel and needs to assume a high magnitude at high frequencies. It can be seen from
Figure 3.4 that the minimum entropy equaliser actually constructs a better inverse within
the channel bandwidth. For this example the peak error occurs at dc, since the all-pass

error solution maintains that error over the entire band, it exhibits greater mean square effor
(the area under the error spectrum). Once again it can be seen that the roll off exhibited
by the minimum entropy solution occurs sufficiently beyond the plant dynamics. The only
possible advantage offered by the all-pass error solution is that the shape of the error
spectrumis knownapriori. However as no applications are known where this is beneficial,
it is concluded here that there is no virtue in all-pass error designs.

3.5 Model uncertainty.

The H- filters of Section 3.3 rcly implicitly on the assumption that the plant models are

known. The contribution of this section is to outline a procedure that enables some model
uncertainty to be accommodated.

Early methods of compensating for model errors in a Hz framework are reported in [J,GA].
V/hen model uncertainties exist, a common approach is to consider an alternate problem
having additional measurement noise in lieu of the uncertainties. Such procedures tend to
be ad hoc and rely on heuristics. There is no guidance on how much noise to add and

whether the ensuing filter will even be satisfactory. More recently, uncertainties have been
parametrized as additive perturbations to the plant state space parameters; in
[GC,WHLHJ,XS], the parametric uncertainties are translated into tuning parameters within
an extra term of a Riccati equation.

Filtering problems containing model uncertainties are accommodated quite naturally in a
H- framework. There is a rationale for scaling the noises and the robust filter is guaranteed

to meet a worst case performance bound. Typically [FdSX,MHB], structured uncertainties
are considered which leads to a higher dimension state vector. For example an uncertain
plant could be modelled by

i= (A+ Aùx + (B + Bt)w, ! = Cx. (3.19)

This requires the uncertainty to be well characterised. Rather than parametrise the

uncertainty, a more general approach [Gr] is to assume that the uncertainty is unstructured

but has a known H--norm bound. Here it is argued that the two approaches are equivalent.

For example the model uncertainty may be additive as represented in Figure 3.6. In
addition, if estimates are available for the dynamics of Â, this then leads to a frequency
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leads precisely

z d

v u

Fig. 3.6. Additive model uncertainty. Fig. 3.7. Model uncertainty problem.

The approach adopted here follows on from M. Green's suggestion [Gr2] that a sufficient
solution to a problem possessing an uncertainty A can be obtained by solving the H-
problem depicted in Figure 3.7. The scaled uncertainty Â is defined such that

ll Ã ll- < ¡1. The input and output of the uncertainty are deemed to be exogenous. Suppose

that the auxiliary H- problem has been solved, then a yhas been found such that

¡z¡2 + ¡s¡2 < ^f ¡at( + llrll2)

<^f 6aÊ +y-'lsl'¡

=¡z¡z <nfWl,

The second inequality arises from the assumption ll Ã ll3 ( ft, ,o thatllrllz < y-2lbll2. Thus
modelling error may be accommodated by regarding the inputs and outputs of the
uncertainties as inputs and outputs to an auxiliary H- problem. Formal solutions for
problems having additive or multiplicative uncertainty are defined below.

Lemma 3.1. (Additive model uncertainty) Consider the filtering problem of Figure
3.8. Suppose that the actual plant comprises Gz! L^where Gz is the nominal plant and
L,is an additive model uncertainty having a H*normboundedby õ, that ¿s llÂll- < õ. Then

(i) The solution of the auxiliary H* problem of Figure 3.9 where c,l = yô, is a sfficient
solution to the original problem of Figure 3.8. In particular, it is guaranteed that the

induced norm of the map from the inputs through to the error will be bounded by y.

(ii) The solution to the scaled auxiliary H- problem of Figure 3.10, in which

æ =^lÚ- 1)-1, ls sfficientfor the solution of the original problem.

weighted uncertainty problem. In particular, the assumption A :Þ?
to the plant structure (3.19).

Proof. (i) Since llÂll- = ô then llrll2 < ô2llsll2. Let y'= c, r anddenote d =

the H- minimization problem of Figure 3.9, ayis required to satisfy

llsll2+ llzl12 < ^fçlalP+ttlll2¡
= ^f galP+ t?llrll'¡

[;] "t 
sorving

P

K
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< fgatP+r?ô1trttt¡ (3.20)

= ^fildr2+ c?^lúllsll2)

1

SubstitutinEC,= * into (3.2})yields llzll2 < ^lWt'.

(ii) From Figure 3.9 it can be recognised that s = r.y and therefore llrll2 < ô2llwll2. By solving
the H- minimization problem of Figure 3.10, a yis required to satisfy

llzll2 < f çu, ll' + llw' ll2 + lly' ll2 )

= ^f çlvll2+Ç¡*¡2¡ j*ll,lt'¡ Q'21)

vfô
Expanding out (3.21) yields llzll2 < ^lWtl'. V

i
¡'

v-lcr
v

uvw
s

f
+ v

Fig. 3.8. Uncertain filtering problem. Fig. 3.9. Auxiliary frltering problem.

The first part of læmma 3.1 is a direct application of M. Green's suggestion [Gr2]. In the
auxiliary problem of Figure 3.8 there is a second ouþut which is a little cumbersome. The
second part of Lemma 3.1 shows how scaling may be applied to convert the two output
problem into a one output problem. Hence an additive uncertainty can be accommodated
by simply scaling the process noise and adding observation noise to an auxiliary problem
which does not have any model uncertainty.

w' v

"'J

Fig. 3.10. Scaled filtering problem.

Lemma 3.2. (Multiplicative model uncertainty). Consider a H-filtering problem in
which the actual plant comprises Gz X LGzwhere Gz is the nominal plant and L is a model
uncertainty and the H*-norm of LGz is bounded by õ, that is llAGzll- < õ. Then
(i) The solution of an auxiliary H-minimisation problem possessing an extra input scaled
by cr=yõ, is a sfficient solution to problem possessing the uncertainty.
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(ii) The solution to a scaled auxiliary H* minimisation problem, where the process noise

is scaled by t = t- yallCzll?*, is sfficient for the solution of the problem possessing the

uncertainty.

Proof. (i) Sameas forLemma3.l(Ð.
(ii)Defrne r'=crt,w'=crwandrecognisethats = Gzw. Bysolvingtheabovementioned

scaled auxiliary H- minimization problem, a yis required to satisfy

llzll2 < f çllrtt' + llw' ll2+ lly' ll2)

= "fçrrllz+ -IGzx?* P+ ltrttz¡
To

(3.22)
2

T

Expanding out (3.21) yields llzll2 < ^fUaÊ. V

Remark 3.L. Regarding filters that are designed to offer some robustness to model
uncertainty, clearly it is important not to overestimate ô otherwise the design observation
noise power will be overly pessimistic. In addition, the designs arising via use of Lemma
3.1 and 3.2 are rather conservative, since the solution arises only out of sufficient
conditions. Therefore it is prudent to explore the merits of filters that arise for a range of
ô < ll^ll- and y> Trnin, although robustness may not be guaranteed.

Some numerical examples are presented in Chapter 5. Here abrief outline is given on how
general problems may be solved. Suppose that the plants are SISO and an additive

uncertaintyexistswithGr :[äi], Gz=Gota,Go :[å:"rlandllÂll-=ô. rhenafilter

that offers some robustness to the model uncertainty can be found by solving the auxiliary
problem of Figure 3.8 which may be represented by

)c2

)c1

r
v
w
u

(3.23)

where o, = Tõ, o*= +. If the inputs are gaussian, the o? and &, correspond to the
{Y'- 1 r

process variances, otherwise they may be interpreted as weights. In the case that the inputs
are uncorrelated gaussian processes, then (3.23) may be simplified by proceeding with

æ = d + c? inlieu of r. If an estimate is available for the dynamics of the uncertainty such

". 
O :låîIl, rn"n this leads to a coloured noise problem, viz
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(3.24)

The H- filter may be obtained by constructing the RDE (3.3) for the augmented blocks of
(3.19) and calculating the gain in the usual way. Here A =diaglAo,At,Ad,f,

I o oro-o,l
C11 =[0-Cr0], C2FlCsOC¡1, B¡=l 0 0Brõ,1. fne f,rlter is given by (3.9) where

L'oo' o o l
X= PdpS is the gain and P arises from the RDE (3.4).

Some examples are presented in Chapter 5.

Remark 3.2. The methods set out here for accommodating model uncertainty are

conservative. One possible reformulation (in Lemma 3.4) is to introduce a new input pr
instead of r, resulti ng in c,2 = p-'^lÚ , which allows a reduction in conservativeness of the
design by appropriate choice of p > 0. While unstructured uncertainties are simpler to
describe, the incorporation of plant structure, is expected in general, to result in a less

conservative design. For example in an uncertain channel equalisation problem (of Section
5.4.5), the use of a structured uncertainty is crucial to the success of the design.

3.6 Conclusions.

The known results for the continuous-time H- filter have been stated. The method of
solution for H- problems is the same as for Hz problems. Namely the problem can to be
formulated in a general regulator framework and a Riccati equation is then required to be
solved. The gain calculation and filter structure remains unchanged. The only difference
is that the quadratic term of the Riccati equation is a function of a scalar y, the minimum
value of which needs to be determined iteratively.

In the case of time-invariant plants, the value of l corresponds to the peak of the error
power spectral density. Since the H- filter is designed to minimise the peak error for the
worst case input conditions, it is rather conservative. It may be advantageous to pay less

attention to the worse case peak error design by choosing y greater than the minimum
possible value. In the limit, if there is no interest in peak error whatsoever, aty = "o, the
H- f,rlter reverts to the Kalman filter.

It has been shown that the estimation error variance for the H- filter is greater than or equal

to the optimal Kalman filter error variance. Thus the cost of minimising the maximum
magnitude of the error spectrum is an increase in MSE.

s

X0

Xl
)cL

r
v
w
u

Ao 0 0
0 At 0
0 0At
0-Ct0
Co0Ct
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The choice of fl for the free operator in the open loop formulation of the H- filter (3.5),
(3.6) has been found to yield all-pass eror.

It has been illustrated, via an example, that the interpolation approach and the all-pass
game-theoretic solution can yield the same filter. Compared to an all-pass error solution,
the minimum entropy solution can be advantageous for two reasons.

. The minimum entropy filter is that which minimises mean square error from the set

which satisfies the H- optimality criterion [St, p. 229]. Consequently the minimum
entropy solution is strictly proper and exhibits reduced error beyond the plant
bandwidth.

. If the peak error occurs at dc, (see Example 3 .2 wherc a band-pass channel is equalised
at high SNR,) then the minimum entropy design may exhibit reduced error within the
plant bandwidth.

H- filters can be designed to provide some robustness to modelling enors. This may be
done by converting the problem possessing the modelling uncertainty into an auxiliary
problem which has an additional input in lieu of the uncertainty. Design methods have
been outlined for problems having either additive or multiplicative model uncertainties.
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Chapter 4

A discrete-tih€, game-theoretic H"" fÏlter

The H- filter is simply the solution to the dual of the control problem of the second kind
[LAKG]. The controller for problems of the third kind [LAKG] requires the solution of
two RDEs and the discrete-time game-theoretic results are reported in [LGV/]. A deriva-
tion that is couched in terms of J-lossless coprime factorizations, which applies to both
continuous-time and discrete-time systems, is detailed in [Gr]. The contribution of this
chapter is the specialisation of ILGWI to filtering. On first inspection the H- filter may
seem enigmatic because it possesses a direct feedthrough term even when the plant does

not, but in fact the Kalman filter does likewise. It is shown subsequently that the H- filter
reverts trivially to the Kalman filter when T = -. The formulation derived here is the basis

of the extended H- filter discussed in Chapter 7.

The derivation of the game-theoretic discrete-time H- filter discussed here follows the

continuous-time case [LAKG,Gr2] and is presented in Section 4.2. Some properties of
H- filters and predictors are stated in Section 4.3.

4.1 Motivation.

It is seen in Chapter 3 that the continuous-time H- filter is intimately related to the
Kalman-Bucy filter - the only difference is that the quadratic term of the RDE is more
complicated. The same is true for the discrete-time case and this has motivated the
reformulation of the solutions in [LGW,Gr].

Arguably most signals that occur in nature are bandlimited and so it is quite reasonable

that most texts conf,tne their attention to plants that are strictly proper. However the
application of the bilinear transform to a strictly proper continuous{ime plant generally
leads to a discrete-time model that possesses a direct feedthrough term. In some applica-
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tions such as equalisation, there is arequirement to accommodate direct feedthroughs. This
chapter addresses the problem where the two plants depicted in Figure 3 .2 may be different
and possess non-zero direct feedthrough terms. The exogenous inputs yr arid w¡, àta
assumed to be uncorrelated, zero mean, gaussian processes with known covariances

n{v*vl}= R and n{w*wT} - Q. For convenience of notation, the inputs are referred to jointly

The plants are assumed to have state space representations denoted by

and Gr tltrttrl (If Gr and Gzhave different dynamics one may proceed

similarly by defining A= diag lAt, Azl, C1= [0 Cr] and Q2= lCzO).)

The problem may be cast in a general regulator framework, that is

nl*o*,1 l; 4,, îl ['ol
,l ,o I llcrr Dn Dnl l¿ I (4.r)
,lyo) L0 Dzt o )ol"ol

A review of the Kalman solution is provided in Appendix D. The Kalman predictor is

lî""1 ul t - k c, k1 lîur-,1
¡"u,,)-l ct olofrr.l' Ø'2)

where the output prediction is tt%-t = Crîw-uin which lyo-, is the minimum variance estimate

of x¿ given the data þo-t, !0., yk-3, ... ). not convenience of notation, the k-dependence is

not shown, except where confusion may arise. The one-step-ahead predictor gain is given
by

k¡,=(AF¡c2+ nzeoT)Õlt, (4.3)

where Ö,¡= C2F¡$+ DzQDT+R and Þr satisfies the RDE

Fo*r= AF*A, - i<,þrií + B2QBT. @.4)

The true Kalman filter that estimates ð,yr(denoted by wy) may be written as

?:A
z A_

Ct- (4.s)

in which

D¡,= (cf ¡d + DQDT¡ÕIt. Ø.6)

(Alternatively, one can obtain a single recursion for î,yoby combining (D.S) and (D.16)
using the approach of [AM, p. 116].) Denoting the prediction error as ]¿ - Crî,ro-,allows
(4.2) and (4.5) to be expressed equivalently as
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l.t
Af(
Ct0
CtDl=[

Xk+t/t

llVçt
Iltlt

t= 
[;i 

ti)=ut^ur+e p*c,

(4.7)

(4.10)

It will be shown subsequently that the game-theoretic H- filter has precisely the forms of
(4.2) and @.1).

4.2 An evolution of the H." fllter.

The discrete-time game-theoretic H- filter can be derived following the arguments for the

continuous-time case [LAKG,GT]. The objective is to design a filter, denoted by the
operator H, that produces the sequence {z} = Hþ} which is an estimate of Gr{w} so that the

effor sequence, denotedby z*, satisfies

llzll2 <^foa2lldl2, (4.s)

for any input sequence d*and any filter output sequence u*. In [LAKG,Gr2] it is recognised
that solving a full information problem is connected with playing a leader-follower
difference game in which the u-player (the controller designer) seeks to minimise the
energy in z* and the d-player (nature) maliciously seeks to maximise it. It turns out that
the optimal strategy arises as a saddle point condition between the worst case input
sequence d* an¿the best case control sequence ui, and

llzll2 - ^fwl' = llu - u*ll' - ^fw - tll2. (4.9)

The solution to problems of the third kind [LGW,Gr] can be simplified for filtering. The
details are presented in Appendix E. Firstly the saddle point conditions are stated for the
so-calledp erfect informationproblem where it is assumed that the inputs and the states are

available. Then a state observer is developed (assuming that Dzt = 1) and combined with
the perfect information control law as if the state reconstruction were perfect. The solution
to the dual problem where Dn= l is found via a standard inverse adjoint argument of
[Gr2,IG].

consider the rouowing derinitions: B= [B' 0], 
"=lï)',f,D=13::3], 

,,,= 
ltd å] *.

The main result is stated below without proof.

Suppose for every sequence dt,therc exists a,S¿> 0 and. a M*such that M*SlrMl > 0 for all
fr, where

U =B JmDr+ AP¡,CT, (4.11)



A discrete-time game-theoretic H-filter 45

* =lYr:',Tl *'n that's = wr q^rir,
(4.r2)

L= ILt t¿l = tutW-r6],, (4.13)

in which P¿ satisifies the RDE

P k*t = AP *Ar - uSr ¡'f +B l,^n (4.r4)

and Po = 0. Then the open loop filter

I A - Bnct¡ Bnwnwl| czr Ltwiczt Bztwtwut - Ltw;l T(r¿- Bnwnll [+"",-l
I ctt-wttwtlczt -wuwll rwn | | r- ¡t+'ts¡
I ywr,'c, ywil o lI '- l

z

satisifies (4.9).

The minimumentropy solution is optimum [LS,St] andinfiltering problems thereis usually
no path from the output to the state. Hence with U =0 andBy2- 0, (4.15) becomes

lî",of , | ¿, - Ltwzttczr - Ltwùt1 lî*"1
f* )= fc,,- wnwzltczt -wrrwzrt)ol * I (4'16)

From [LGW, (2.41), p. 39a] it follows that W may be obtained from ,S via

Wn\úz=y'1SrS6tST- Sr;, Wztút= Ss, Wt= SzErWzt= SzWl{, Ø.ll)

anditiseasytoveriry (4.r7)satisfies (4.r2). rheresultlå ".1 
'=1r9, 

_fi",fLeadsro
l- o -T.wrT IQvf¡-t=lvøi t-vøTw,rw,T)' (4'18)

provided the inverses exist. Substituting B= [0 Bre'n 0], õ= 
[Ét] 

ma

^_ [ o -Drek 1l ,_.^ ,Á 1^\-.:^,r^ " _l crpcT+ oteoT-fl -cp6- DreDT]o=li" ;,'.õ" ôl i*" (4' 10) vierds t = 
L 
---.; d-;;òri c,pd* n,a|o!"1*"n)

Then from (4.I3), (4.I7) the predictor gain may be written as

K*= LtWl]= (BzQDT+ AP¡$)S3I= (BzQDT+ Ap*d)(CzPtd+ orQoT+ n¡t. (4.19)

The filter gain is

D*= - wnwl| = - SzSl = (Cf ¡$+ DeDÐe2po6 + DzeDT+ R)-1. (4.20)

Since it is more conventional to define the error as - z*= G'twtc- u¡, the negative of the

state in (4.16) is assumed, hence a simplified minimum entropy H- filter is

lîr.rf, , | ¿, - KCz rc1 lîur-,1

LA)=Lt,-DCz ".1-L*.1 Ø.2r)
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p*+t= Ap*Ar- or[- ]lr":q- tt -co*6 T',-., czlprr+ BzeBz. (4.22)'" ïd )l -crro6 crpo6+n) L

Using the arguments of Appendix E, the H- (one-step-ahead) predictor may similarly be
defined by

Clearly the H- filter (4.2I) has the same structure as the Kalman filter of (4.5). The
predictor gain and feedthrough term calculations are the same, only the RDEs are different.
This is perhaps more apparent when the plants are strictly proper in which case (4.14)

becomes

(4.23)

To establish that the H- filter reverts to Hz filter at T= *, it needs to be shown that (4.14)

reverts to(4.4)whenT=-. Thequadraticterm in(4.4)is-LILÏ=-LrIl+^fnli. Since

- hLT is the quadratic term in the Hz RDE, it remains to be shown that ^lI"ú vanishes

âtn¡=oo. Clearly 7r= lEnr+ApC')l -r-^-""-' 
I

¡, *iii,',,*-,î)from 
(4' 13) and (4'18)' It is easilv seen

that ^ft41Å is the sum of terms having the common factor (Sz^EtSI- S1)-rwhere

5, = çpfl+ OTQDT- t'I. Fro- the standard inverse result for Banach algebras [GG] that

if llÁll < I, then / + A is invertable and ll(1+ A)-1ll < (1 - llÁll)-t, so the result follows.

4.3 Some properties.

In this section it is noted that:

. The H- filter's robustness is attained at the expense of an increased upper bound for
the state error covariance;

. As {' - 0, the solution to the H- RDE monotonically approaches the solution to the

Kalman RDE;

. Filters outperform predictors; and,

. The choice U = y ' (or any other scalar) does not result in all-pass effor.

4.3.1 fncreased error covariance upper bound.

Consider the output estimation problem in which the plant model and noise statistics are

known. Once again, if the initial RDE solution is set equal (or greater than) the initial state

error covariance, it is shown that the state error covariance is bounded above by the RDE
solution.

t*vt
W*tl= f -i:'z fl.[î']
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For a linear filter of the form (4.21), it is easily shown that the state estimation error may
be written as

€k+t = (A - K*Cz)e** Bwx* K*v*, (4.24)

(see Appendix G). Assuming that the l* , w* and v¿ are independent and have zero mean,

then the estimation error covariance Xr for E{eæI} is defined by

I&+r = (A - K¡Cz)Z*(A - K*Cùr + B2QBT + KIRI€ - B2QDTÖ- KIDIQBT. Ø.25)

The H- RDE (3.5) may be written as

Pk+t = APkAr - K¡(czP*Ar + ozQBT) + BQBT + ^f Uú Ø'26)

and subtracting (4.25) from (4.26) yields

Pn*t -Dk*t = (A - KkCù(Pt -Dn)(A - K*Cz)r + tttú. (4.21)

It follows by induction that the first term of P¿1t -Dwt is non-negative and provided that

tUfi) 0, then P**t2Ir+r. Thus, if the RDE is initialised appropriately, then the state

error covariance is bounded above by the Riccati equation solution. Since the Kalman

error covariance, denoted by Fr is the optimal estimation erïor variance, then by definition
2t,2ãt. It follows that P¡,2Ð*2Fr.

Thus the cost of H- design is an increase in mean square enor (MSE). However even if
peak error is of prime concern, providing it is deemed to be an infrequent occurrence, it
may be benefrcial to proceed with a T>T-in and realise some improvement in MSE
performance.

4.3.2 Montonicity.

Consider again a known plant, known noise statistics, output estimation problem. Suppose

that a y,>0 has been found so that PliL=APli)¡r -K*(Cfl!,q'+ozQBÐ+Ql! has a

positive def,rnite solution, where Q(Ð = BQBT + f n\)fn\))t > 0. It follows that T, ) T¡ =)
Qt) < )lP and from the monotonicity properties of RDEs [BGW], if Pt) < pf! for some k,

then PfJ) < pf) for all subsequent k. Thus as yf + 0, Pt) monotonically approaches the

solution of the Kalman RDE.

4.3.3 Predictors.

Suppose that G1= Gzarc strictly proper SISO plants and a solution to the H- RDE has been

found such that S ) 0, then
(i) The Hz filter exhibits less MSE than the H2 predictor; and,

(ii) The H- filter exhibits less MSE than the H- predictor.
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The first result is well known result and is immediate from the (2,2)block of (D.5), that is

F rr F,n-,- F,yr-d(c zF vo-,6* fi¡-r C zF uo-,.

The (2,2) partition of the H-version of (D.5) may similarly be found to be

(4.28)

By assumption Pyo-r2O and

lows.

C2Pvk-t6-f -CzP,yo-,6,
-CzP,yo-r6. CzPvo-rd+R

p,ytr p,y._,_,*,l5llr:t;i',,J r-:::är",l 
", 

_Qpv,_, (4 2s)

]= 
O, so the second result fol-

Also, it is clear from (4.28) and(4.29) that the improvement in MSE offered by the filter
increases as d is reduced.

4.3.4 All-pass error.

In the case of continuous-time stationary plants it was shown that open loop H- filter can

be scaled to yield all-pass error and this led to the finding thatU - fr ensures that the error
exhibited by the closed loop f,rlter is all-pass. The same strategy was attempted in the
discrete-time case and did not prove fruitful. In particular it is claimed that:

(i) The open loop system of (4.15) is all-pass; and,

(ii) a scalar for U cannot be found which ensures that the same is true for the closed loop
system of (a.16).

A proof is set out in Appendix F.

4.4 Conclusions.

The results of [LGV/] have been used to derive a H- filter for the problem where the plants
may be different and possess a nonzero direct feedthrough term. However the formulation
is believed to be known. For example in the case of equal plants that do not possess a
feedthrough term, the RDE (4.22) is the same as [BB, (6.25b), p. 160].

It has been shown that the H- filter has the same structure as the Kalman filter. The gain
calculation is the same, the only difference arises in the quadratic term of the RDE.
Similarly, the H- predictor has the same structure as the Kalman predictor.

As in the continuous-time case, it has been demonstrated that the discrete-time H- RDE
reverts to the Kalman RDE when T= -, and the H- state estimation error covariance is
greater than or equal to the Kalman state estimation error covariance.
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It has been found that the so-called open loop filter (4.15) can be scaled to yield all-pass

error but a scalar cannot be found for the free operator so that the closed loop filter is
all-pass.
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Chapter 5

Performance

In the general filtering problem of Figure 3.2,the two plants are different and may be

time-varying. This chapter addresses the two simplest permutations: when either the plants
are the same and stationary or when one of them is an identity. Four problems are

considered

. continuous-timeoutputestimation,

. discrete-timeoutputestimation,

. continuous-timeequalisation,and

. discrete-timeequalisation.

Although it is well known that the H- filter minimises the peak of the error spectrum, it
may not be clear when this is of any consequence. The contribution of this chapter is to
provide an answer to "when is H- filtering advantageous ?" The approach taken is to look
at scalar examples so that something may be infened about higher order problems. Some

of the discrete-time aspects of this chapter have been summarised in [EW].

5.1 Continuous-time outputestimation.

The objective of this section is to contribute to an understanding of when continuous-time
H- filters can be advantageous and how an advantage may arise. It is shown that the

reduction in the peak of the error spectrum is only apparent when the SNR is sufficiently
high and the cost is an increase in MSE. A stationary, scalar problem is discussed, where
the value of y can be determined a priori and some numerical examples are presented to
demonstrate what happens at various SNRs.
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Regarding the continuous-time, stationary, output estimation problem, when the inputs are

gaussian, the noise statistics and the plant model are known, the following behaviour has

been observed.

. The magnitude of the spectrum of the Kalman error component due to the process noise
is always greater than that due to the observation noise.

. 'When the SNR is sufficiently high, the magnitude of the spectrum of the H- error
component due to the observation noise is greater than that due to the process noise.

. The magnitude of the H- error spectrum is noticably less than that of the Kalman error
spectrum, provided that the SNR is sufficiently high.

An attempt has been made to establish sufficient conditions for "when the SNR is
sufficiently high", see Appendix G. Unfortunately the high SNR conditions of Appendix
G are difficult to interpret and therefore some scalar examples are examined instead.

It can be argued (see Appendix G) that for SISO output estimation problems, the error
components may be expressed as

R."(s)=-6u1{s), (5.1)

&,(s)=-o,(r(s)- l)G(s). (5.2)

If the SNR is sufficiently high such that the spectrum of R- is insignificant compared to
the spectrum of R.u, then &¿ may be minimised by the choice of H = 1, in which case

Rr¿Rk= fi and therefore a convenient a priori choice for y is T = cu. Thus at very high
SNR, the optimum H- solution is a "do nothing filter". This is illustrated by the examples

that follow.

Example 5.1. Consider the scalar low-pass plant c(s-a)-t , o <0, in which case the ARE
(G.8) is the quadratic -êp2@f-T1+2ap + d,=0, having the solution

-a* L,
tt:-v t ). _) J-,- c-oi\ou'-T -)

(s.3)

where6=@.ForÂ>0itisrequiredthatf>dtr+o2ê,,aol)-,
which ensures that the denominator of (5.3) is positive. The choice Â = 0 yields the

minimump = - fi,a-ratwhich the optimal yis given by ^f=o3(1+ o'ê"r-oî)-r. This lis
,,

clearly less than the a priori choice of Appendix G. The filter gain is lr=Y which

becomes large when &r> t. fne error spectrum is given by

Ht ¡ ,'(o'*+Êo?)
rzdrzd\s) = 1t-o*r¡¡ç-t-o*rg' (5'4)
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Since p >Þ (see Appendix G), then k>E and it is seen from (5.4) that the poles of the
H- error spectrum occur at higher frequencies compared to those of the Kalman error
spectrum. Therefore it is expected that the H- filter will exhibit greater error at high
frequencies. Thus, the H- filter is

h(s) =
226*c
t

6va
(

22
6wc

2
6vct

)-"
(s.s)s-a+

2

when ] b."o-"s large, the pole of the H- filter occurs at higher frequencies. The high
ov

SNR H- filter (5.5) does nothing at dc because h(O) = 1. Since F > p, the Kalman filter
may be thought of as the filter (5.3) designed with a æ. &*. It follows from (5.5) in
whichø <O,thatñ(O) < ¿(0) = 1. From (5.Dr*f*(s) = [ft(s)-l]'g'G)d,,whichis acutely

sensitive rc a ñ(0) < 1, so the high SNR observation (see Appendix G) that
V*VI"rV*Vfi is not surprising.

Example 5.2. The error spectra for the low-pass plant 50(s+1)-tat ê,,,= 1 and
o'l= {tOO,tO,l} are calculated via (5.4) and shown in Figure 5.1. It can be seen that the
H- filter exhibits less peak error at the cost of higher out of band error. In addition it is
evident that the reduction in peak error increases with higher SNR.

1o'io'

io'

lot

'r oo

G
E

!E
E

1o'10 roo 10"rot
Froquorcy, Hz

fo'
Frequsrcy, Hz

Fig. 5.1. Error spectra for Example 5.2. Fig.5.2. Error specfa for Example 5.3

Example 5.3. Suppose that the scalar plant is given by S(s) = cb(s-a)-l+ d, then from
(3.10) it can be shown that a rcal p requires that ysatisifies

( , , (o-bdro;')'\t'f >"li*Y#?*l . (s.6)' -" [o3- ø'(d,-to;\)'
rf a- bdcof > o and o'z*-to? > o, then

p = -b2(d,-êo;2)(o-bdcoi2)-1. (5.7)

O=1, R=t0

Q=l' R=t

Q=1, R=l 00 -H@H2
R=t, G=1000

_Fb
H2

R=1, 0=100
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The H- filters for the band-pass plant (s+0.1)(s+ 1)-1 at d,=1, ofl={t000,100,10} are

calculated via (5.7) and the error spectra are shown in Figure 5.2. Once again, at higher
SNR, the H- filter becomes progressively flatter (a do nothing f,rlter,) and exhibits less peak
error than the Kalman filter at dc. Here the difference between the H- and Kalman error

spectra diminishes with increasing oT, because of the presence of the plant feedthrough
term within R',.

5.2 Discrete-time output estimation.

The objective is this section is to contribute to an understanding of when discrete-time
H- filters can be advantageous and how a benefit may arise. The treatment follows the

continuous-time counterpart. The general scala¡ problem is examined and a numerical
example is described to compare the performance of Kalman and H- predictors and hlters.
Examples are also presented to demonstrate that the H- filter can be beneficial when the
plant is either high-pass, unstable or uncertain.

Regarding the discrete-time, stationary, output estimation problem, when the noises are

zero mean, white gaussian processes and the covariances are known, it has been observed
that

. In the case of known, stable,low-pass plants, (a) the spectrum of the Kalmanprediction
error component driven by w is always greater than the spectrum of the component
driven by v, (b) when the SNR is sufficiently high, the spectrum of the H- prediction
error component driven by v is greater than the spectrum of the component driven by
w, (c) any advantage offered by the H- predictor is not very significant and occurs at

high SNR, and (d) the same is true of filters.

. In the case of known, stable, high-pass plants, the reduction in peak error offered by
the H- filter can be more significant compared to the Kalman filter.

. When the plant is known but unstable, the reduction in peak error offered by the H-
filter can be more significant compared to the Kalman filter.

. When the plant is uncertain, then the H- filter designed to accommodate the uncertainty
may reduce the worst case error, at the cost of an increased lower error bound.

These observations are illustrated via some examples.

5.2.2 Known, low-pass plants.

Example 5.4. Consider the scalar, low-pass plant g(z) =cb(z-a)-r, -1 ( a<0. From

(4. 1 8), the quadratic term of (G.34) is LIL\ = Lúî - ^f bIA wnere L1 = y' op[r'{r! -o



54

¡a=¡zap¡c cll ;w; -l in *tic hw=
LWziwtwó l It has been argued

0

(in Appendix G) that at high SNR it is reasonable to make the choice of y = o". It is easily

verified that this yields LILT=0, which results in

p = b2o2*(l- a.,)-t. (5.8)

The H- filter is then given by

2-2ac f) ac
22 ,b,

cb

e

l-a2

l-a2
11cbE+"

I-a

h(z) = z- a+ (s.e)2.2cl)
e+

2

where ,=\. Clearly lim å(0) = 1, that is at high SNR the H- filter possesses negligible
Ow e-+0

dynamics and is a do nothing filter. Since F < p, the Kalman filter may be thought of a
design with a & < &in (5.8) and (5.9). Conversely the H- filter may be thought of as a

Kalman filter design that is pessimistic about the observation noise. So when $ O."o*",
ow

small, both filters approach a short circuit. If the peak of the error spectrum magnitude is
theonlycriterionofinterest, thenh(z) = l wouldbetheidealhighSNRfilter. TheKalman
filter is concerned with the MSE and therefore needs to be low-pass. Similarly the
minimum entropy H- filter is cognisant of the MSE and is also low-pass. It can be seen

from(5.9)thata4,.d" results infik)<h(z)= 1. Thespectrumof theerrorisgivenby

rzdtdk) = h2(òo?, + lh(z)-tl2s'k)o?" (5.10)

from (G.30) and (G.31). If h(z) is sufficiently close to 1, then clearly (5.10) is dominated

by h'k)d, ; conversely, if ñ(e) is sufficiently less than 1, then it can be deduced that

V,ñã = lñk)-tl's'(z)o|, (see Appendix G).

An illustration is provided by the following numerical example.

Example 5.5. The Kalman and H- error spectra for the plant 0.4(z- 0.6)-t atT,- 0.5, with
&*- l, o?= 0.001 and ol= 100 are shown in Figure 5.3. It can be seen that ãt &u=0.001
both the Kalman predictor and filter exhibit comparatively flat error. The filter error is
dominated by R.u and is over 2O dB less than the predictor error which is dominated by

ñ*. This is a consequence of the predictor being strictly proper whereas the filter possesses

a unity feedthrough term and negligible dynamics. The Kalman filter at

o7= 0.001is 0.994 + .O0372(z-.O037Ð-r. Comparing Figure 5.3 (a) and (b) it is seen that
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the H- error spectra are seemingly indistinguishable from the Kalman error spectra. The

same error components dominate and it turns out that peak effors exhibited by the Kalman

predictor and filter are negligibly worse than the H- predictor and filter. At o? = 0.001 the

H- filter (at n¡= o") is 0.996 + .00239(z-.O023Ð-r, hence at dc it follows that the H- filter
is better than the Kalman filter at doing nothing. The consequence of p > Þ is that H- filter
has its dynamics placed at higher frequencies with a marginal reduction in peak error at

dc. FromFigure5.3(c)and(d)itisseenthattheworsecaseerroroccurs ato!,=100and
is dominated by the R- component. At low SNR the feedthrough term becomes small and

the filter transfer functions approaches that of the predictors. Once again, it is not possible
to discern any improvement in peak error due to H- from the Figures alone. However,

noting that the Kalman filter is given by 0.00252(z-0.599)-1 and the H- filter (at y= 1¡ ¡t
0.0O372(24.598)-r, then it can be deduced that the magnitude of the H- filter is closer to
1 at dc.

100
(a) H2 @ R=0.001, Q=1

100
(b) Hinf @ R=0.001, Q=1
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Fig. 5.3. Error specha for Example 5.5

It is not at all surprising that the filter exhibits less peak error than the predictor. The
predictor ignores the current data point in the determination of the current estimate whereas

the filter includes it. Therefore the filter rather than the predictor should be implemented
whenever the performance is an issue.

Similar observations pertain to the case when the low-pass plant possesses a direct
feedthrough term. The error components that were observed to dominate in Example 5.5
also happen to dominate within the bandwidth of the (proper, low-pass) plant. Beyond the
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plant bandwidth, some intersection of the error spectra typically occurs, but for low-pass
plants this happens at low amplitudes and is therefore inconsequential.

5.2.3 Stable, known, high-pass plants.
'When the plant is high-pass, the reduction in peak error offered by the H- filter can be
more significant compared to the Kalman filter. The goal of attaining a high-pass filter
response directly opposes the requirement to minimise the MSE. Thus it is hardly
surprising that the trade-off between peak error and MSE can be significant when the plant
is high-pass. At low SNR, the reduction in peak error by the H- filter compared to the

Kalman filter is most apparent. This claim is illustrated by the following example.

Example 5.6. The error spectra resulting for the high-pass plant 4.975(z{.6X2+0.99)-t
at Tç0.5,o2*= 1ando3= l00areshowninFigure5.4. Fromthetransferfunctionof the

H- filter,0.969 -0.0295(z$.025T-t aty= 10, it follows that the magnitude is close to
unity at high frequencies (z=0) and consequently R.¿ is dominated by the R., component.
This contrasts with the transfer function of the Kalman filter namely
0.488 -O.286(24.43)-',whereupon R- is not insignificant atz=O, as is shown in Figure
5.4. This example demonstrates the high cost of using peak error as the only a performance
criterion. A I.7 dB reduction in high frequency peak error is achieved at the expense of a
10 dB increase error at dc and about double the MSE.

Next it is demonstrated that the H- filter for known inputs can also be advantageous when
the plant is unstable and known.

5.2.4 Unstable, known, low-pass plants.

Example 5.7. For the unstable, low-pass plant 0.335(z+{.99)(7-L667)-r, at high SNR
the reduction in peak error by the H- filter is negligible compared to the Kalman filter and

so the spectra are not shown. At low SNR (4 = 0.5, cI= l, o3 = 100), the improvement
is more significant as shown in Figure 5.5. From the f,rgure it is seen that for the Hz case,

the spectrum of Rr and hence the filter, is demonstrably low-pass. This contrasts with the

H- solution which does not attempt a stable approximation to the unstable plant but instead

minimises R.n via a do nothing filter, namely (z+1.25x t0-8Xz+ 1 . 87* 1 0-t)-t at y - 1 0. The
magnitude of the R, component for the H- filter is not shown in Figure 5.5 because it is
much less than that of the Kalman filter. The advantage of the H- filter becomes more
profound when either the SNR is reduced further or the instability is more severe such as

a double pole for example. From Figure 5.5 once again it is seen that the reduction in peak
error is attained at the cost of an increase in MSE.
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Fig. 5.4. Error spectra for Example 5.6. Fig. 5.5 Error spectra for Example 5.7.

5.2.4 Uncertain, low-pass plants.
'When the plant uncertainty is not too great, then the H- filter designed to accommodate

the uncertainty may reduce the worst case error, at the cost of an increased lower error
bound. An illustration is provided via the example that follows. In the case that the inputs
are uncoffelated gaussian processes it is possible to simplify the implementation of Lemma
3.1 (and Lemma 3.2) so that the design observation noise variance is

õ? = o?, + f*, (5.11)

whereas the design process noise variance in Lemma 3.1 may be written as

o',=t&. (s'tz)

^r- r

Example 5.8 Suppose that &*= I, o? = 1, the plant is nominally Go=0.2(z+.99)(z-.6)a
and there is an uncertainty of * Â = + 0.5G,. This problem may be solved via either an

unparametrized additive or a multiplicative uncertainty approach. Since for this example

llGoll-= 1, identical scaling occurs in the solution of both additive and multiplicative
uncertainty problems. Proceeding with õrr, = 0.5, T*in = 1.01, the worst case peak error
magnitude of about 0.74 occurs when the actual plant is Gz+ 0.5G2. Since Lemmas 3.1

and3.2 yield a conservative design, it is prudent to explore the performance resulting for
various y) ]min and ô 1õno^. It turns out that a reduced worst case peak error magnitude

of about 0.69 can be achieved with ô = 0 in (5.43), yielding 0.54(z+.25)(z-.41)-r for the

H- filter atf = 1.92. The Kalman filter for this example is 0.15(z+.23X2-.48)-1. The error
spectra that result with the H- filter when the actual plant is varied from 0.5G2 through to
l.SGz, and also with the Kalman filter at the two extremes, are shown in Figure 5.6. In
this example when the actual plant is l.SGz, the H- filter exhibits about 1.9 dB reduction
in peak error magnitude, at the cost of about 3.4 dB increase in peak error magnitude when
the actual plant is 0.5G2.
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Fig. 5.6. Error spectra for Example 5.8

It is clear from Figure 5.6, that some robustness to model uncertainty is obtained at the
expense of an increased lower error bound. Now consider the possibility of G2 varying
randomly within the stated uncertainty bounds. Although the Kalman hlter would exhibit
around double the peak error, it may well perform better some of the time. One such
application is the extended H- filter described in Chapter 7.

5.3 Continuous-time equalisation.

This section begins by defining the problem and describes how to masquerade equalisation
as output estimation. It is observed from a second order example that the H- solution does

slightly better than Kalman for minimum phase channels and significantly better in the
case of non-minimum phase channels. It is also demonstrated that if the channel is poorly
modelled, further advantage may be realised by allowing for some plant uncertainty.

5.3.1 Problem Definition.

In a typical equalisation problem a signal is known to have been distorted by a communica-
tions channel and the task is to undo the effect of the channel. A solution is to filter the
received signal with an equaliser which is an approximation to the inverse of the channel.
Referring to Figure 3.2, suppose that Gr I and Gz is a channel model. Assume momen-
tarily that the problem is completely free of measurement noise. In this case the error

spectrum is R-R#, = (HGz- I)OGyI{-f, which is clearly minimised by the solution

H = Git ,provided th atGzisminimum-phase. In applications where the measurement noise

is finite consequently the equaliser is likely to be a trade-off between the channel inverse
and a filter. The objective of this section is to shed some light on the behaviour of the
Kalman and H- filters as solutions to this simple equalisation problem.

1ot

0
60
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In the abovementioned equalisation problem it is desired to specify Gt= Io*. Although
direct feedthrough terms may be accommodated via (3.9) and (3.10), here the attention is
confined to the simpler case of strictly proper, SISO plants. In this case R- = Hcv is the
error component due to the observation noise, R*=(HGz- 1)o, is the error due to the
process noise, which may be interpreted as the error in inverting the channel. Here

equalisation is masqueraded as an output estimation problemby using GF e (s+ e)-1 where
e is chosen to be suitably large. This raises the question, how large does e need to be ? If
e is sufficiently small, the problem will revert to output estimation. Clearly e needs to be
large enough so that there is no interaction between the dynamics of G1 and Gz, say at least
an order of magnitude greater than the largest pole or zero of Gz.

Regarding the continuous-time equalisation problem, when the noise convariances are

known, the channel model is stable and the observation noise is sufficiently low, it has

been observed that:

. In the case of known, minimum phase channels, compared to the Kalman equaliser the
H- equaliser exhibits only a marginal reduction in the peak of the error spectrum
magnitude.

. 'When the channel is known and non-minimum phase, the reduction in the peak of the
error spectrum magnitude offered by the H- equaliser can be more significant.

' 'When the channel is known to be minimum phase, the performance of the equaliser
tends to be sensitive to model uncertainty. Consequently an equaliser designed to be
robust to modelling effors may offer only a marginal advantage.

' 'When the channel is known to be non-minimum phase and is uncertain, then the H-
equaliser is inherently tolerant of modelling effors. Consequently there may not be
any need to explicitly design a robust equaliser.

The notation of Section G.1 is used here, in particular, tilded variables denote those specific
to Kalman solutions.

5.3.2 Known, minimum-phase channels.

Suppose that the channel is band-pass and has one or more low frequency, minimum phase

zeros. It has been observed from studying various numerical examples that the Kalman
solution to the equaliser problem behaves quite differently at low observation noise than
for high noise. In particular, the observation noise limits how well the equaliser inverts
the channel.

The same behaviour has been observed of H- equalisers. Paradoxically at low observation
noise, the peak error is dominated by Rr. This arises because at high SNR, the equaliser

can be quite successful at inverting the channel. At low observation noise when fr is large,
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the resulting equaliser is a very low magnitude, low-pass filter, with the result that the

maximum of lR.nRål is much lower than the maximum of lRr,{*|. These claims are

illustrated via an example that follows.

Example 5.9. Consider the equaliser problem in which Ç2= (b,st boXs+ a¡¿ is mini-
mum-phase with Gr= e(s+ e)-l where bo)O, bÞbo, a)b&11,e >> 0. An solution can be
found by writing the problem as an augmented system (3.1) in which

^J- 
?"-( 31 ,'{li} ,,=[:] ,,=[ä]

I o o -'l
The equaliser is given by H = C(s-A+KCz)-rK where the gain is K= pdn-t and P is the
solution of the ARE (3.3). Alternatively, consider the transfer function form, obtained via
Cramer's rule as 11= ek¡(s* a¡2 ¡1s2+ Bs+ cp)(s+ e)l-l where ¡þ.lft1,k2,k3l1is the gain and

þ= kzbo + kþt * 2a, cp= a2+ ktbo * Zakzbo - o'k br. Factorising the denominator yields

¡¡= s*3(s+ ò2 ÍG+ Þ- îXs+ nXs+ e)l-l, (5.13)

where z\= þ-lÊarp. When d is sufficiently small then it turns out that p is very large

resulting in r¡= bobtt so that the zero of G2 is cancelled. The Kalman and H- equalisers
have been observed to be quite similar, the only difference being that the H- equaliser
attains a marginal reduction in the peak of the error spectrum magnitude. This is
demonstrated by the following numerical example.

Example 5.10. Consider the equaliser problem in which Gz= 100(s+0.1)(s+10)-2and

æ 500, d= 100, oþ 0.01, resulting in

p_ 47600(s+10)2 enrt ,_ 54200(s+IO)2
(s+500)(s+10000)(s+.101) (s+500)(s+11400)(s+.0962)

at\- 0.995. The error spectra are shown in Figure 5.7. From Figure 5.7 (a) and (b) it
can be seen that at low frequencies I R*RXI > I R*Rhl and so the equalisers attempt to
invert the channel. The two equalisers are seemingly indiscernable as is evidenced in Figure
2(a). The difference is more apparent by comparing the R- in Figure 5.7 (b) where it is
seen that the magnitude of (F1G2- 1) is much smaller at dc. Thus compared to the Kalman

equaliser, at dc it can be observed thatlR*Ñ*lis considerably reduced,,lR*É)is slightly
increased so that their sum lRr¿R\¿\, is only slighty reduced and there is just a marginal
benefit.

Example 5.11. If the noise variance is increased to ol= 10, the Kalman and H- solutions
a.re
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O_ 612(s+IO)2 ¡ntt u _ 799(s+10)2
(s+500Xs+317)(s+.33) -^^* (s+500)(s+413)(s+.a16)

at p 9.535. It is apparent that they no longer attempt to cancel the low frequency zero of
Gz but instead behave as filters. It turns out that since the equalisers are not greatly
different, the error spectra are quite similar.

Example 5.12. If o3 is sufficiently small so that the equalisers do attempt to invert the

channel, then it has been observed that the H- equaliser can be slightly more advantageous

when the channel has a higher gain. In respect of Example 5.10, consider increasing the
multiplicity of the pole by one and increasing the dc gain by 10, so that the channel model

is given by G2= 10000(s+ 0.1)(s+ l0)-3. A H- equaliser design was found aty=3.tgl
and the error spectra that result are shown in Figure 5.8. It can be seen that lR*rË*lis less

than lñ.r,Rhl over the channel bandwidth, in other words the H- equaliser constructs a

better inverse because it is less concerned with minimising the MSE.

10"ioo10 'to'

1o'

1oo

-
G
È

=

E
E
=g

E

ì
E¡
É

e
É

fot
Frequorcy, Hz

ro'

'r ot

roo

E
E

'r o'
1oo Frgqu€rcy, Hz

1oo

1oo
t
NE

lo 't0 1o't 1ot rot 1o'" 1ot to'
Fr€quoncy, Hz Fr€quercy, Hz

Fig. 5.8. Error spectra for Example 5.12.
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Fig. 5.7. Error spectra for Example 5.10.

5.3.3 Known, non-minimum phase channels.

Suppose that a channel model possesses a causal low frequency zero and that d is
sufficiently low so that the equaliser attempts to invert the channel (as in Example 5.10).

Consider the model obtained by reflecting the causal zerc about the imaginary axis. The
exact inverse of non-minimum phase model is unstable, which is obviously inadmissable.
Thus the task is to construct some stable approximation to the channel inverse in a way
that satisfies the desired optimality criterion. It has been demonstrated previously (in
Example 5.7) that the H- filter is better (in a peak error sense) than the Kalman filter, when
the underlying model is unstable. Here for unstable equalisation problems, it has been
observed that the Kalman solution is approximately the same as for the minimum phase

case, whereas the H- solution is a low magnitude,low-pass filter.
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Example 5.13. Consider replacing the low frequency causal zero in the model of Example

5.10 by a noncausal zero so that Gz= 100(s -0.1)(s+10)-2. The eror spectra that result for
the Kalman and H- equalisers aty- 10 are shown in Figure 5.9. It is seen that that at dc

the H- equaliser is better than the Kalman equaliser for both components of the error. The
Kalman solution is the same as for the minimum phase case (to within five significant

figures) which does not result in the cancellation of the non-causal factor, hence R"rRy*

becomes quite large. In contrast, the H- solution does not attempt to invert the channel,

instead the roots of the quadratic in the denominator of (5.13) are both large, yielding a

low magnitude, low-pass filter. This is apparent from Figure 5.9 where it is seen that the
response of the H- equaliser is unlike that of Figure 5.1 . A non-minimum phase channel
cannot be inverted by a stable filter, hence not much can be done about minimising
Rrrú. In this case, the H- solution minimises R*úvia a low magnitude, low-pass filter.
In other words, the Kalman equaliser attempts a channel inversion which doesn't work,
whereas the H- equaliser minimises the error instead. It can be seen from Figure 5.9 that
the H- equaliser attains a peak error reduction of about 3 dB at the cost of around a 3 dB
increase in MSE. The advantage of a H- solution lessens with decreasing SNR because the

Kalman error is dominated by R- which reduces with lower observation noise variance.
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Fig. 5.9. Error spectra for Example 5.13. Fig. 5.10. Enor specha for Example 5.14.

5.3.4 Uncertain, minimum phase channels.

If the channel is minimum phase and the nominal channel model differs from the exact
channel then the equalisers may perform poorly. The model uncertainty may be routinely
accommodated using the approach outlined Section 3.4. For instance the channel may be
modelled asGz=GotÂ, where Go andÂ denote the nominal model and an additive
uncertainty respectively. Then a sufficient solution to the uncertain equalisation problem
arises via the scalings of (5.43) and (5.44). Clearly it is desirable to minimise uncertainty,
otherwise the design will be overly conservative and perform poorly. Equaliser perfor-
mance can be acutely sensitive to observation noise (including any allowance for modelling
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errors), since the noise will be amplified whenever the equaliser has a high magnitude. In
the case of low observation noise, uncertain, minimum phase equalisation problems, it is
argued that the inclusion of model uncertainty may not always be tractable.

In general, there may be room to accommodate model uncertainty in a particular part of
the frequency band, if the equaliser magnitude happens to be at a minimum at that part of
the band. For example if R.n- (HG"- 1)o, is already small, then R."- (HGz- 1)o, may

still be tolerably small. As the observation noise is increased, the equaliser will asymptoti-
cally approach a low magnitude, low-pass filter. Therefore a design with an increased

ov may be more robust to errors in Go. However the difficulty with low observation noise,

band-pass, minimum phase problems, is that the equaliser magnitudes tend to have local
maxima occurring at both low and high frequencies; this is certainly apparent from Figures
5.7 and 5.8. Thus there is no inherent robustness to modelling errors. In addition, since

the magnitudes are high, the equalisers are sensitive to observation noise.

A convenient approach is to plot the error spectra that result for the robust equaliser at the

two extremes, namely Gz= Go+ A and Gz= Go- Â. Although the worst case error may

well occur at intermediate rather than extremes of the uncertainty, this approach has been

found to be satisfactory for low order problems. For band-pass, minimum phase channels,

if a two sided uncertainty exists, (ie. Gz= Go! A,) then often it is difficult to improve on

the choice of ô = 0. For example, a slight increase in ou may result in an slight decrease

in lIll, although this may be favourable if the channel is underestimated (ie. Gr G"- L) it
is likely to lead to an increase in error if the channel is overestimated (ie. Gr G"+ L .)

Sometimes it may be worthwhile to investigate the merits of solving the modified one-sided
uncertainty problem in which Go'= Go- Â in where L'=2L..

Example 5.14. Assume that in the problem of Example 5.10 there is a high pass

modelling uncertainty given by À = (s+ 1)(s+ 100)-1. The error spectra that result for the

non-robust design (ô=0,y-0.9952), a robust design with some arbitrary tuning
(ô=0.0001, T= 1.0001),thesufficientdesign(ô= 1,y= 10.0001)andKalmanareshown
in Figure 5.10. For the two sided uncertainty it can be seen that the high frequency peak

error is the same for the non-robust H- and Kalman equalisers. At high frequencies, the

magnitude of the Kalman equaliser is slightly greater than that of H- equaliser and it is
observed that the Kalman equaliser is better if G2= Go- L, whereas the H- equaliser is
betterifG2=Go+L,.Thesufficientdesignatô=llAll-=lyieldsapeakerrorofgT.g5
(which is guaranteed to be less than t'= 100.002) is obviously too conservative to be useful
here. If minimum peak error is the only criterion then clearly ô = 0 is the best choice.
However at the expense of an additional 0.02 dB high frequency peak error, at

õ = 0.0001 the mid-band error can be reduced by over 20 dB.
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It turns out that, the magnitude of the non-robust H- equaliser is slightly greater than Go.

Also the magnitude of the equaliser increases as the design noise variance is increased.

Therefore for a particular small increase in design noise variance, in some parts of the
frequency band, the equaliser may become a closer approximation to the inverse of Go.

For the example considered here, it so happens that this occurs at ô = 0.0001, so that R*
becomes negligible and the error is entirely due to R.u. Then in the presence of a high
frequency model uncertainty, it is seen from Figure 5.11 that the use of ô=0.0001
continues to be advantageous.

5.3.5 Uncertain, non-minimum phase channels.

If the channel is non-minimum phase and there is some uncertainty associated with the

model, then the performance of the Kalman equaliser can degrade severely, whereas the

H- equaliser may not be affected at all. Recall that the Kalman equaliser performs poorly
even if the non-minimum phase model is known exactly because the non-causal factor
cannot be cancelled. The H- solution performs better because it does not try to invert the

channel. Instead the error is minimised via a filter having a very low magnitude in the

region of the non-causal plantzerc.
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Fig. 5. 1 1. Error spectra for Example 5. 13 with channel uncertainty.

In the case of uncertain, non-minimum phase equalisation problems, it is contended that
the accommodation of model uncertainty is often superfluous because the H- solution is
inherently robust to modelling effors. This arises because the magnitude of the equaliser
is very low in the vicinity of the non-causal plant zero, hence H(G"+ Â) may remain low,
even for quite large uncertainties. Referring to Example 5.13, suppose that there exists a
multiplicative channel uncertainty of 40 dB. The error spectra that result for the nominal
channel and for 10000 times the nominal channel are shown in Figure 5.11. When the
exact channel is Gz = 10000Go, the peak of the H- error spectrum increases by only 1.3
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Consider a stationary, scalar channel having a state space realization S(s) 3

equalisation problem may be stated as

Õ5

dB, whereas an increase of 74 dB is exhibited by the Kalman equaliser. Although the

non-minimum phase channel H- equaliser generally has some inherent robustness, model

uncertainty may nevertheless be explicitly accommodated. This is illustrated for the

discrete-time case in Section 5.4.5.

5.4 Discrete-time equalisation

The objective of this section is to shed some light onto the performance benefits of
stationary, discrete-time H- equalisers. The section begins by setting out the solution to a

scalar problem where ycan be found by solving a quadratic. Scalar, known, low-pass and

high-pass channels are examined first, so that some understanding may be gained of
band-pass problems which are discussed subsequently. In respect of any channel uncer-
tainties, the H- equaliser possesses some robustness whenever its magnitude is relatively
small. This happens if either the channel is non-minimum phase or the channel is minimum
phase and the SNR is sufficiently low. This inherent robustness has already been men-
tioned in the context of continuous-time, non-minimum phase equalisation. Here it is
shown how frequency weighted model uncertainty can provide an advantage in the case

of poorly identified channel models.

5.4.L. Scalar case.

An equaliser for the discrete-time problem can be found by writing the problem in the
regulator framework of (4.1) and solving the Riccati equation (4.14). The H- design arises

by (iteratively) determining a minimum y which ensures that the solution of (4.14) is
positive definite. The Kalman equaliser arises by simply taking y= - in (4.14). It appears

that this equaliser is not well known, for example the minimum MSE equaliser of [KP,
(2.43)l is a'Wiener formulation. It is likely that the Kalman equaliser would have wider
application since it applies also to non-stationary problems.

then the

xk+t

zk

l*

fi:l'l'-fi'l[îl

)ck

Vk

W*

Uk

The resulting equaliser is denoted by

(s.14)

(s.1s)

bdo2*+ t lo'-
wnere x= " . ]U; and d=-;-+ r I ln wrucn p is the solution of the ARE

o;+ o;ø'+ c-p oi+ o;ø'+ c'p
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p=a2p_I?+^tß+ur&*.

The quadratic terms of (5.a9) are 11=ffi and,12=

(s.1s)

(bdê,+ acp)wg
wztwt2

where fr,, ,,rf
l'r, o I 0

The notation of Section 5.2 is used here, so that the Kalman predictor and filter gains are

denoted by E and ã respectively. The ARE for the Kalman solution is simply (5.14) at

T= -, namely

F=orÞ_ f?¿o'z,::ec¡rl+b2d". (s.16)

O;+ 6wd-+ c-p

Since t7>O,itfollowsimmediatelyfrom(5.16)and(5.17) thatp>þ. Theequaliser(5.15)
may be written as a transfer function:

hk\= -cdk- td=dz+(-cdk-da). (5.17)
z- a+ kc z- a+ kc

Sincep >Þ ,itcan be deduced thatã> d andã> k ,when d, is sufficiently large and ol is
sufficiently small. Hence -a+Ec<-a+þ and it can be argued from (5.17) that

,,JF",A lñ@\l> "ì$,iln@\1. This observation is demonstrated in the examples that
follow.

Example 5.15. Consider the scalar channel gQ) = d(z-l)(z-a)-1, where -l < a < 0. This

may be written as g(z) = d+ bc(z-a)-r with d= ad+ bc. Itwill be shown that the Kalman

equaliser, ñçz¡ =ã- cãEçz-aúù-t =ãQ-a)(z-aúc)-t,inverts the channel at high SNR

and approaches an open circuit at low SNR. Here high SNR may be def,rned by d + 0

and e = d,oÎ + 0. The solution to (5.16) is given by

++1 (s.18)p= zêol
from which liml=9. It follows that Iim E=bd-t andlim ã=d-r which results in

e -+ 0 Þ=0, e-+0 þ{, e-+0

limñ k)Sk) = L Thus at high SNR it is seen that the equaliser inverts the channel. Now
1{, e-+0

tow SNR may be defined by or'+ 0 and e 1 + 0. It is argued that the quadratic term

within (5.16) vanishes at low SNR, in which case_, lim_p = b2o2*(l-at)-t. It follows that
e -+0, o" -+0
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¡zl {tbd+ {tac(I-a2)-2lK)ø-iån-,'f=6
(s.1e)

and

(s.20)
lãf ø*":.u-"' t-' = J ¡' r l'r( r rr- ar)-r'

Clearly lim irlO¡ = 0, that is, at low SNR the equaliser approaches an open circuit.
v.+'dç-i¡-',r'-.0

5.4.2. Known, low-pass channels.

Example 5.16. Consider the minimum-phase channel g(z)=0.2(z+0.99X2-0.6)-1,
which corresponds to the bilinear transform of g(s)= 0.0125(r+ 796)(s+ 1) at F, =2. The
equaliser and error spectra for ol= 0.0 I and &r= 0. I at y = 0.3 1 85 are shown in Figure 5. 1 6.

It can be seen that the peak error occurs at high frequency. The H- equaliser reduces this
by about 1 dB, at the cost of increasing the low frequency error by about 10 dB. This is a

consequence of lñl> lhl,with the difference reducing at higher frequencies as can be seen

in Figure 5.15. At dc, the error is dominated by R- and since lñl>lhl,then I >ñS> hg

and it follows thatlã' ñl,l <lR*úl. At high frequencies, both effor components become

significant. Atz- -I,lã*ml=lR*Rfl"land since lñl>lhlthen ñ-ñfl| > R.,R# with the

result that lã.r¿Rl¿l> lR¿Éal. When o? is decreased sufficiently ("g. d= 0.0001 or less,)
the equalisers invert the channel equally well and become indistinguishable. Conversely

when o3 is increased sufficiently (eg. ol= 10 or more,) then the difference in error
petformance also diminishes. This arises because both equalisers become low magnitude

filters when ol is hrge, with the result that R- becomes increasingly dominant and

Rz¿Rr¿=R*{*=&=^f.

Example 5.17. The zero in G(s) of Example 5.16 is reflected about the imaginary axis

yielding the non-minimum phase channel G(z)=0.2(r* 1.0101)(z-0.6)-1. The error
spectra for the H- equaliser (at 1= 0.3177) and Kalman equaliser are presented in Figure
5.17. It is seen that the high frequency performance is largely unaffectedby the substitution
of a non-causal, low frequency zero. However the Kalman equaliser exhibits a greater

increase in dc error because it attempts to cancel a noncausal zero with a causal pole. The

H- equaliser is better at minimisi îE R*, since lñ I > lhl and I >> ñ S > hS. fi d, is increased

sufficiently ("g.d,= 100 or more,) the error due to the observation noise becomes more
significant than the error in inverting the non-causal zero. Consequently the performance
is similar to the minimum phase case.
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Fig. 5.16. Spectra for Example 5.16. Fig. 5.17, Spectra for Example 5.17

Examples 5.16 and 5.17 demonstrate that a H- design can be too conservative and can

result in a severe performance degradation. In Figures 5.16 and 5.I1,itis seen that a small
reduction in the peak of the error spectrum is accomplished by severely compromising low
frequency performance.

5.4.3. Known, high-pass channels.

Example 5.18. Consider the bilinear transform of the minimum phase channel

G(s) = 80(s+1)(s+7gq-r at F,- 2, yielding G(z) = (24.6)12(z+.99)l-t. The equaliser and

error spectra are shown in Figure 5.18. At high frequencies, the error is dominated by the

lR*úlcomponent, whereupon it can be deduced thatlfr.*ff*l <lRr*É,lfrom lñ I > lål and

l>fi7>hg. At dc, the contribution of the lR*tl components and the observation

lÈr,ffil>lR*úlfollows fromlñl>lhl. Once again it is seen that the reduction in the peak
of the error spectrum occurs at the expense of greater mean square error. The performance
at low and high observation noise mirrors that of the low-pass minimum phase case. If the

observation noise is sufficiently low (eg. o3 = 0.001 or less,) the two equalisers become

indiscernable as they invert the channel equally well. The H- equaliser offers a marginally
reduced peak error at the expense of marginally greater high frequency error. If the

measurement noise is sufficiently high 1eg. o3 = I or more,) then it is observed that

lRr¿Rr¿l = lR*{*l = d" = ^f .

Example 5.19. Consider the non-minimum phase channel G(z) = (0.62-I)I2k+.99)l-1.
Compared to Example 2 where the channel was just non-minimum phase, here the zero is
placed well outside of the unit circle and the channel is harder to invert. The equaliser and

error spectra (at o3=0.01 &*-O.l) are shown in Figure 5.19. Not surprisingly,

,Å(!",ùlEl @'¡t > ,,Jþ,"!H(d')l and the H- solution exhibits reduced peak error at dc

because the contribution due to R.n is smaller. It can be seen that the advantage of H- is

H@

H2
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more apparent because the channel is profoundly non-minimum phase. 'When the SNR is

increased (eg. olo,= 0.0001) , at dc the H- equaliser offers about 1.5 dB less error compared

to the Kalman equaliser. An explanation of the comparatively poor perfoÍnance of the

Kalman equaliser is the same as that of the continuous-time channel equaliser problem

(Section 5.3.3). The solutions a.re Ê= I.77(z+0.99)(z-.585)-1 and

I1=0.000856(z+0.99)k4.000425)-t at ^l=O.3163. Thus the Kalman equaliser is an

inverse for the minimum phase case whereas the H- solution does not attempt to invert the

channel but instead minimizes &, via a low magnitude equaliser. When the observation

noise power is sufficiently high (eg. ol= 100), both equalisers behave as filters and exhibit

similar performance. For this example lRr¿Rl¿l is observed to be flat and due to lR*I{*|,
with lR-Rfl"1 = &,= f .
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Fig. 5.18. Spectra for Example 5.18. Fig. 5.19. Spectra for Example 5.19.

For the above examples, it is observed that R.¿ is dominated by R- and so T = or. If the

noise is white and the model is exact, then it may be difficult to justify the cost incurred
by H-. Although the H- equaliser does yield lower peak error, the design is very
conservative since the peak effor occurs out of band and may not be worth the cost, Instead

it may be worthwhile to increase y slightly and obtain an effor performance somewhere

between the H- and Wiener cases. However, if the disturbance is coloured (say for example

that the spectra is similar to the equaliser spectra), then the H- equaliser may offer a slight
benefit, by virtue of the slightly lower gain. If the plant is non-minimum phase it is
observed that the maximum of the Kalman equaliser spectrum is signif,rcantly greater than

that of the H- equaliser. Hence it is contended that the H- equaliser is more robust to
modelling errors.

This section has begun with a cursory examination of scalar examples because the solution
to the discrete-time ARE and hence the equaliser transfer function can be written down ø

priori. It is argued that an awareness of what happens in scalar problems can lead to a

H2
HcD
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better understanding of equaliser behaviour for second order, band-pass examples. The
observations for the above scalar examples a¡e summarised, before moving on to second

order problems.

If the channel is low-pass, minimum phase, the exogenous inputs are white and the SNR
is sufficiently high then the Kalman equaliser is better most of the time. The H- error

spectrum does have a reduced maximum, but this occurs well beyond the channel

bandwidth. When the observation noise power is very small, then the two H- equalisers

become indistinguisable and invert the channel equally well. When the observation noise
power is very large, then the two equalisers yield approximately equal, flat error spectra.

Simila¡ trends occur if the channel is high-pass and minimum phase: at low observation
noise, the equalisers are approximately equal and at high observation noise, although the

equalisers are different, the error spectra are about the same. When the channel is
non-minimum phase the H- equaliser is advantageous, provided the observation noise is
sufficienty low. In the case of high observation noise, the error performance is comparable
to the minimum phase case.

5.4.4 Known, band-pass channels.

It turns out that for second order band-pass channels, the behaviour of equalisers is
analogous to that of scalar problems. This is illustrated by two examples.

Example 5.20. Consider the bilinear transform (at F,- 2) of the minimum phase plant

G(s)= 0.0625(s+.1026)(s+156)(s+1)-2, namely G(z)= 1.64O5(z$.95X2-.95) (24.6)a. It
turns out that when the SNR is very high (eg. d=.01, oþ tOOl the two equalisers are

approximately equal. When the observation noise is increased (such as fr= 10), although
the H- equaliser exhibits about I dB less peak error at z = I, the midband error is about l0
dB worse than that of the Kalman solution. This is shown in Figure 5.20. At very low
SNRs (eg. ol= 10000 or more), it is observed that I tt .,JH",,Ì|FI@\l>> ,Å(k,*¡n@'¡[
in which case the error becomes dominated by R- and lR*{*l = o2*= ^f .

Example 5.21. In the case of the non-minimum phase, band-pass channel model of
G(s) = -1.559(z+1 .0526)(24.95)(z{.6)-t, it is found that the minimisation of the peak of
the error spectrum is achieved at even greater expense. At very high SNR (such as

d,= .Ol, oþ tOO) it so happens that about 1 dB reduction in high frequency peak error is

realised at the cost of about 2T dB increase in error at dc. The Kalman and H- error spectra

for fr= 10 are shown in Figure 5.20. It can be seen that the H- equaliser trades off MSE
for the peak of the error spectrum magnitude. When the observation noise power is very

high (eg. d= 10000 or more,) the equalisers have been observed to behave as filters and

the ensuing error spectra are approximately the same as for the high observation noise,

minimum phase channel case.
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Clearly if the channel models are known exactly and the observation noise is white, then
the minimum MSE solution is the better choice. However, if either the channel is minimum
phase and the observation noise very high, or if the channel is non-minimum phase then

,Å(!"."lil ¿')l >> ,,Jft,41fl(¿')l,whereupon the H- equaliser is expected to be more robust

to small modelling eûors. Furthermore, it is expected that some capacity would exist to
explicitly accommodate model uncertainty. This demonstrated in the next section.
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Fig. 5.20. Error spectra for Examples 5.20 and 5.21. Fig. 5.21. Poorly identified model parameters

5.4.5 Uncertain, band-pass channels.

The objective of this section is to examine the merits of a robust equaliser that is designed

to compensate for an effoneous channel model obtained via some identification procedure.

In an approach due to Mayne [S], the Kalman filter may be used to identify the unknown
parameters . This method is outlined briefly below. A second order model may be written
in terms of the ARMA parameters, that is

yk= - atyk-r- az!*-z* bow** btw*-t* b2w¡a* v¡. (5.21)

Definingo -l-a1 -a2 bo h bzf and(Þ*=ly*-t ltc-z w* w*-t wt-zfthen(5.21)maybe
written equivalently

!*= g Ql + v*. 6.22)

A Kalman filter may be used to produce estimates of @ from the observations )ft, viz.

ôr*r= 6r+ Kítr- oilôÐ, 6.23)

where Kr = I/Þ¿f,)[t, Or = ¡pilXrÕ¿ + R, and

I¿*r - 1,(1- Kr+r(ÞÐ>o+ Q. 6.24)

This method is convenient to implement because the size of the state vector is a minimum.
One disadvantage is that the roots of the denominator of the estimated transfer function
are not guaranteed to be inside the unit circle. Consider the task of estimating the ARMA

H2 @ min phEro G

H@ @ mln phaso O

H2 O rcn-mln phase G

H@ @ rcn-mln phae€ G
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parameters for the minimum phase plant of Example 5.19. Typical tracks that result for

the ARMA coefficients in the case of 03 = 0.001, &,= I, Ì'"=0.9999, O = 0.000011and

R = 0.001 are shown in Figure 5.21.

Example 5.22. Considerthe model Go= (1.42822+.17572-1.28q(¿-.93842+.3926)-t, a

particularly eÍoneous outcome from the above identification method. It has previously
been shown (in Examples 5.8 and 5.14) how problems may be solved when the uncertainty

is unparametrised. If an estimate for the structure of the uncertainty is available, then a

robust design may be found by solving an auxilliary coloured noise problem, as is indicated

in the end of Section 3.4.

The procedure that is advocated for accommodating the structured modelling error, is to

estimate the worst case uncertainty (denoted by A(s), with ô = llAll-) and then explore the

error spectra that result for candidate robust designs at various values of y and ô. Arguably
a H- equaliser is conservative, since a small reduction in the peak of the error spectrum is

attained at the cost of a substantial increase in MSE. Therefore it may be prudent to increase

ybeyond the optimal value. The accommodation of model uncertainty (via Lemma 3.1)

arises out of a suff,rcient condition and it may be beneficial to consider values of ô less than

the H--norm bound of the uncertainty.

In practice, the worst case modelling error may occur for some unknown combination of
the estimated transfer functions of the nominal model and the worst case uncertainty. In
this case it would be advisable to conduct an exhaustive search of combinations of
estimated nominal models and uncertainties in order to ascertain the worst case enor
spectrum. For instance, in Example 5.8 the error spectra were plotted from Go- Lthrough
to G,+ A.
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Suppose that A = (rl).99x24.6)-2 is an additive uncertainty in which case llÂll-= 3.1.

For convenience, assume that the worst case error occurs when the exact model is given

by G", = Go* A. The task is to compare robust equalisers for various choices of y and ô.

t5

0.05 0.1 0.2 0.25 0.3

Éao
tr
Ð

0,15

BER

H nf@Gex

d

ê¡

2
áo
q¡

15

l0

5

0.02 0.04 0.06 0.08 0.1 0.t2 0.14 0.16

BER

15

10

5

00 0.01 0.02 0.03 0.04 0.05
BER

0.06 0.07 0.08 0.09

Fig.5.23. BERs for nominal and exact channels.
l8 dB SNR (top), 21 dB SNR (middle) and24 dB SNR (bottom).

The worst case error spectra for the candidate H- equalisers at d,= I0, oþ 1gg ¡ot
combinations of 1= {tO.S, 10.9} and õ = {0.6, 0.8} are shown in Figure 5.22. Itcan be seen

that the choice of T- 10.9 and ô = 0.8 appears to minimise the MSE and in the vicinity of
the channel bandwidth. It remains to be demonstrated that the H- equaliser is robust. To
this end the results of simulations with binary iid data sequences are presented in Figure
5.23. The simulations of the equalisation of binary data were caried out by inserting a
limiter (a nonlinearity that returns the sign of the input) immediately after the equaliser as

shown in Figure 2.8. It can be seen at 18 dB SNR, that the Kalman equaliser exhibits
marginally less mean bit error rate (BER) than the H- equaliser when the data is generated

by the nominal channel, that is when there is no modelling elror present. However when
the data is generated by the estimate for the exact channel, it is seen that the robust H-
eqnaliser rech¡ces the mean BER. The aclvantage of the H- eqtraliser (when the channel is

poorly modelled) increases with higher SNRs. V/ith o?= 5 (about 2l dB SNR) for
ô = 0.85, from Figure 5.23 the difference in mean BER is seen to be about 1.8 dB. When

the observation noise is decreased further (ê"= 2.5 is decrease dto2.5 (about 24 dB SNR),
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with ô = 0.88, it can be seen from Figure 5.23 thatthe reduction in mean BER is about 4.8

dB.

This simple example demonstrates that (a) if the uncertainties are modelled, they need to
be well characterised, (b) values for the parameters y and ô may be found iteratively and
(c) the cost of robustness is a performance degradation when the uncertainty is not present.

5.5. Conclusions.

The approach taken here is to confine the attention to stationary problems, so that it is
meaningful to refer to transfer functions and power spectra. 'Where possible, scalar
problems have been examined so that something may be inferred about higher order
problems.

The objective of this chapter is to contribute to an understanding of how and when H-
filters offer a performance benefit compared to Kalman filters. It has been observed that
when the problem is easy and the Kalman f,rlter works well, then the H- fîlter does not
generally provide any additional benefit. Often the H- filter offers only a marginal
reduction in the peak of the error spectrum at the cost of a substantial increase in MSE.
However if the problem is difficult and the Kalman filter does not work well, then
sometimes a H- design can provide significant reduction in the peak of the error spectrum.

In respect of SISO, output estimation problems:

. Vy'hen the plant is known and low-pass, at very high SNR the Kalman filter approaches
a short circuit, that is, it does nothing. This is reasonably so, since at very high SNR
a filter is superfluous. The H- filter is better at doing nothing, that is, it is closer to a
short circuit. In other words, the H- filter simply does less and it turns out that this
reduces the peak of the error spectrum at the expense of MSE.

. An intuitive explanation of how the H- filter does less follows by examining the scalar

case and considering the transfer function description I(s) = C(sI - A + KC)-r K. Since

P > F and K = PCr,then KC > k Cand so the poles of the H- filter are further out than

those of the Kalman filter. Alternatively, since P > F , the H- filter may be interpreted

as a Kalman filter that is designed for a worse car" õ3, , d" .

. If the plant is known, low-pass and stable, then compared to the Kalman filter, the
H- filter attains only small reduction in the peak of the error spectrum. This advantage
is more profound when the plant is strictly proper and the SNR is high. It can be seen

tiom the H- ARE that when o? becomes large, then so does t', in which case it can

be deduced that P = F. Thus at very low SNR, the reduction in the peak of the error
spectrum becomes negligible because the H- filter approaches the Kalman filter.
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. If the plant is known and high-pass, then the advantage of a H- design can be more
substantial. The goal of attaining a high-pass filter response directly opposes the
requirement to minimise the MSE. Therefore it is not surprising that the trade-off
between the peak of the error spectrum and the area under the error spectrum is more
profound when the plant is high-pass.

. When the plant is unstable, the comparative advantage of the H- filter can be more
significant. At high SNR, both filters tend to perform similarly whereas at lower SNRs
the H- filter offers an increased reduction in peak error of the error spectrum. In
contrast to the Kalman filter, the H- solution does not attempt a stable approximation
to an unstable plant, rather it just minimises the error via a very low magnitude filter,
approaching an open circuit. That is to say, the H- filteris betterthan the Kalman filter
at doing nothing. Here doing nothing refers to how close a filter approximates an open
circuit which ignores the data.

. 'When the plant model is uncertain, then one may attempt a H- design that is robust to
modelling effors. Although the ensuing filter is guaranteed to satisfy a H- optimality
criterion, the design may be too conservative and the cost too high. When the
uncertainty is small, the robust design may yield an improvement in the peak of the
error spectrum at the expense of an increased lower error bound. However when the
uncertainty is large, it may not be possible to obtain any improvement.

In respect of SISO, input estimation or equalisation problems:

. The observations stated for known, stable, output estimation problems apply also to
equalisation when the plant is known and minimum phase. In particular, a reduction
in the peak of the error spectrum is only noteworthy when o3 is low and can be more
apparent when the plant is high-pass. If the plant is low-pass, a major disadvantage of
H- equaliser is that an inconsequential reduction in the peak of the error spectrum can
be accompanied by a severe degradation in MSE performance.

. 'When the plant is non-minimum phase, there are some similarities with the unstable
output estimation problem. Compared to the Kalman equaliser, the H- equaliser is

observed to exhibit increased reductions in the peak of the error spectrum magnitude

at lower SNRs. tf o? is sufficiently small, the Kalman equaliser for a non-minimum
phase plant tends to be about the same as the minimum phase case, conversely the

H- solution is a low magnitude filter. 'When o3 becomes large then the Kalman
equaliser becomes a very low magnitude filter, approaching an open circuit, and the
H- equaliser is even closer to an open circuit. Actually neither equaliser inverts the
plant, but the H- equaliser minimises the peak of the error spectrum instead.
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. Vy'hen the plant is known to be minimum phase, the accommodation of model
uncertainty may not be tractable. Solutions to minimum phase equalisation problems

are acutely sensitive to modelling errors when d is small. This arises because the

contribution of the error component R*=(HGz- l)o, becomes significant when

H + 6r. Consequently it is necessary to explore the error spectra that result from
candidate robust equalisers in order to ascertain if any benefits prevail when the
modelling errors are present.

. H- equalisers for non-minimum phase plants are inherently tolerant of modelling
errors. Thus when the plant known to be non-minimum phase but the model is not
known exactly, there is often no needto explicitly accommodate any uncertainty. This
inherent robustness is a virtue of the H- equaliser being a low magnitude filter, so that
HGz = 0 and hence Rn, = (HGz- 1)o, = ow¡ êvên when Gz is uncertain. In a particular
example it is argued that H- equaliser is robust to a 30 db uncertainty in the plant
magnitude, whereas the peak of the Kalman equaliser error spectrum increases by about
85 db.

. The results of simulations have been presented to demonstrate the advantage of
frequency weighted model uncertainty when a channel is poorly modelled.

In respect of cost benefits of a H- design in lieuof a Kalman solution:

. If the noise processes are gaussian and the models are known exactly, H-fiIterc per se

are not necessarily advantageous.

. The H- framework allows the designer to use Tas a tuning parameter and degrade the
MSE performance in favour of the peak of the error spectrum.

. Sometimes a H- design can be constructed that may be robust to small modelling errors

. The design effort increases because the optimal choice of y needs to be determined
iteratively. The implementation cost remains unchanged since the order of the solution
remains unchanged.
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Chapter 6

Nonlinear observers using fake ARE techniques

This chapter introduces nonlinear filtering problems and shows how the fake ARE
technique may be applied in the construction of nonlinear observers for the demodulation
of frequency or phase modulated signals.

The contributions of this chapter are the derivation of the nonlinear observer, the use of
the fake ARE technique to choose the gains, the determination of the set of gains that
guarantee local tracking stability (in the case of known amplitude,) the extensions to
multiple signal components and the results of simulations to demonstrate some advantages
in frequency tracking problems. The use of the fake ARE technique for the demodulation
of single tones has been presented in [EWl] and extensions to the multiple signal
component case have been reported in [EV/2].

This chapter is organised in 8 sections. The problem is motivated in Section 6.1. The
nonlinear observer and the application of the fake ARE technique are described in Sections
6.2 and 6.3 respectively. The application to one signal component, multiple nonharmonic
components and multiple harmonic components are described in Sections 6.4,6.5 and 6.6
respectively. Error stability is addressed briefly in Section 6.7. In Section 6.8 the results

of simulations are presented to show performance improvements compared to an extended
Kalman filter (EKF).

6.1 Motivation.

The problem of interest is demodulating a signal that is either frequency or phase

modulated, and having a slowly varying amplitude. Such signals arise in many applications
such as communications, radar and sonar for example. The problem is formulated as a

state estimation problem along similar lines to the methods proposed in [AM]. The
approach here is different to [AM] in one important respect. In [AM], the extended Kalman
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filter is used to produce state estimates. This approach arises by linearising the signal model
about the current state estimate, and using the optimal linear (Kalman) filter to derive the

state estimate at the next time. This attempts to produce a (locally) optimal filter however
it is not, in general, stable. The approach taken in this chapter is to design a nonlinear
observer with the nonlinear gain functions chosen to ensure stability of the locally linear
system. An approximate criterion for optimality is based on the so-called fake algebraic
Riccati techniques due to M. -4. Poubelle, R. R. Bitmead and others [PPGB, BTP, BG'W,
BG].

In linear H- filtering, some robustness to uncertainties in the inputs is accommodated at

the expense of an increase in the state estimation error covariance (Lemmas 3.4 and 4.3).
The fake ARE technique was conceived for (linear) problems in which the process noise

covariance is uncertain and any robustness to input uncertainty is similarly attained at the

cost of MSE (see Section 1.3.1). However the fake ARE technique is more general - it
also applies to nonlinear problems, provided that a suitable linearisation can be found.
Furthermore, it is shown subsequently that if the error system can be decomposed into a
combination of a stable, linear-time-invariant system and a nonlinear part, which is bound
within a sector, then stability can be guaranteed. This is demonstrated for the single tone

case. Hence the fake ARE technique may be thought of as a method that trades off
optimality for stability.

6.2 A nonlinear observer.

Consider the following model, comprising a stable, linear state evolution and a nonlinear
output mapping

)ck+t = Axt* Bw*'
y*= c(xt) + vt, (6'1)

where w* and vk afe uncorrelated, zero mean, white, I and p order processes with known
covariances Q and R respectively. A resursive filter is desired which yields estimates of
x¡given measurements yr for each k>0. The filter is required to be unbiased and exhibit
good perfoÍnance in terms of error variance. A nonlinear observer may be constructed
having the form

îou=,4îo+ s*Qt - r,î-r) G.z)

where gr is a nonlinear gain function to be designed. From (6.1) and (6.2), the state

prediction error may be written as

Ít*t='|lr- ro@r)*Bw¡, (6.3)

where i* = xt, - î* and ùc = Jt< - ,*(î*) is the output error. The Taylor series expansion of
the output mapping to terms linear in the state error yields
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c(x¡) = cêù +l+l i*.

Denoting 
"- 

= [on(4-,-l , then from (6.1) and (6.4) the output error is approximatelye 
L dr L_e'

E* = Hrl** v*. (6.5)

The objective here is to design the g¡to be a linear function of í¿ to first order terms. For
certain classes of problems (see Sections 6.4,6.5 and 6.6) this can be achieved by a suitable
choice of a nonlinear D* (see Sections 6.4, 6.5 and 6.6) resulting in the adaptive gains

g*@ù = K*D¡E*, (6.6)

where K¡. is a gain matrix of appropriate dimensions. In view of (6.6), the error system
(6.3) may be written as

i¡aç (A- Kt Cr)i*+ K*D*vt<t Bw*, 6.7)

where

C*= DrH*. (6.8)

If a bounded function of the states, D¡, cànbe found, so that C is a constant matrix and if
the pair [C,A] is completely observable (namely if IC,CA,CA', ...,CA"-'fhas rank n,) then
asymptotic stability can be guaranteed by placing the eigenvalues arbitrarily to ensure
lÀ(A- K*C)I < l. However this condition does not provide guidance on the optimal K¿ .

Therefore an approximate equation is written for the estimation error covariance Pnwhich
yields a Lyapunov form of the ARE. Neglecting the cross terms, the approximate equation
(for any K¿) is

Pk*t = (A - KkCù Pr (A - K*C*)r + Kk D¡RDT IÖ + BQBT. (6.9)

The optimal K¿ which minimises Pr+r is given by

Kt,= Ptil (c*P*il,+ DTRDT)-I, (6.10)

where P¿ is found by solving the Riccati difference equation (RDE)

Pk+t= AP*AT - PtC QrP*d+ DkRDT)-tCoPo+ BQBT. (6.11)

In general, because of the nonlinear impact of the estimates on (6. I I ), the solutions are not
guaranteed to be positive definite and therefore the resulting error system may not be stable.

6.3 Application of the fake ARE technique.

The fake ARE technique originated from the work of Poubelle, Bitmead et aI IPPGBI
which presents connections between RDE solutions and ARE stability results. The
treatment in IPPGB] is rather brief, more constructive discussions are detailed in [BTP]
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where the technique is referred to as covariance setting. The method was christened the

fakeAREin [BGW,BG]. Considerthe signal modelx*r4= Ax** Bw*,yr Cxn+ v¿, inwhich
A has its eigenvalues inside the unit circle, [A,C] is observable. If P = õ1 is chosen to be

any positive definite matrix and the predictor gain is X=APC(CPC +R)-1, then the

matrix (A - KC) has all its eigenvalues strictly inside the unit circle. [BTP,BGV/,BG].

Thus for any positive definite matrix P = ô1, the resultant Kalman f,rlter

î¡45 (A-KQîvo-,+Kyris exponentially asymptotically stable. The first application of the

fake ARE is described in [BTP] where (linear) Kalman filters are designed to have desirable
properties. Specifically, it is noted that ô serves as a design parameter, allowing conver-
gence rate and noise rejection to be traded off against each other. Now that the fake ARE
method has been defined, its application to the nonlinear problem of (6.1) may be set out.
Using the approach of [BG,BGW,BTP], the RDE (6.11) may be masqueraded by the fake
ARE

Ra'he.hanf indin,"".:i"::::;7;i"::::;äiJ?1"'*o^n",",",":l:l
assumed and then the gain may be calculated from (6.10), using I in place of P*.

6.4 One signal component.

Consider a frequency or phase modulated signal which may be modelled by

where ak, (r)k, er € R, the wfJ), ,f), *f) are scalar, zero mean, uncorrelated white noise

processes with covariance Q=diag(oz*n,,d,,',,fi,',). Let yr#)+¡y[2) denote the
(baseband) complex observed signal, which may be written as

yk = ak "i 
qo+ v¡r, (6.14)

where v*= vt)+ j v[2) where the vf]), ,?) *"uncorrelated white noise processes. The model

(6. 13) may be written as (6. 1) in which A = |-å Î 3l Expanding the prediction effor to terms
[or rl

linear in the estimation error yields

(6.13)

*=[îïìfl: s;Î::llrl
The form in (6.14) suggests the choice

(6.1s)
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Dt=

since this resutts in c = 
[å S ?]

t,>',Ie',Ie= R and choosing the gains according to (6.10) yields

Kt=

(6.16)

(6.r7)

(6.18)

(6.1e)

Assuming a symmetric positive definite solution to (6.12)of the form E = lf¡ i'$l witfr
Lo >* >*l

[Col r¿ yruP
K¿=lo dl where K=frê", ffi= tíftW,

lo ril
The nonlinear observer then becomes

xo(x¿ cos ö*yosin ô¿- ä)
2"+ o?

Iry(yo 
"or $o- xr sin $¿¡

ak+l= ak*

@¿+l- o)t*
àrzq+ dà¡t '

Ieþ¿ cos 6o- *osin ôr)^^^9k+l= qft+ ú)ú+
àrue+ tàot

The conventional solution to nonlinear filtering problems is the EKF and a derivation is
alluded to in [AM]. By way of comparison, the EKF for the system (6.13) and (6.14) is

given by [AM, Q.Ð-(2.8)]:

aVt

()Jt/t

9'YrtI
Ak/*-t

(ùt/x-t

Qtr*r

* Lt&u

rt, = F *Ii[( H kF kmi + R)-1,

P,rf P,*-r- L*H*P4¿,

F*t6 AF,ypA' + Q.

It is well known that the steady state EKF approximates a phase-locked loop. For the

system (6.13), a single recursion for the EKF state update isî*yo= ,Aî,to-r* ALÊ,*,in which
the gain AL* is amplitude dependent. Similarly, from (6.17) it is seen that the frequency

and phase gain terms of the nonlinear observer become small when the amplitude becomes

small. It is contended that the nonlinear observer may be interpreted as a phase-locked

loop having a more direct form of automatic gain control.
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6.5 Multiplenonharmoniccomponents.

The problem of estimating signals that contain periodic components arises in many
applications, including fault detection in rotating machinery, radar, sonar and communica-
tion signal processing. It is contended that the occurrence ofpure sinusoids is quite rare,

rather it is the superposition of multiple signal components (some of which may be

harmonically related), that generally arises in practice.

Suppose that measurements of a multitone signal are available. It is assumed that there

exist n tones which are not necessarily harmonically related. An augmented state vector

may be constructed, namely x* = lxfP,x?¡ ,...,rf)l'where )cP =þP,(Ðli),gPlt *d

The c(x¿) in (6.1) is then given by

c(x¡) = [af,)cos qf ) + ...+ ofP"ot qlP af,)sin 9f ) + ...+ of)sin <pf)],

which results in H¡ = lHfP, H? ,..., Iflll where

Hg) = tqø)l - [.o' ôf' o -âf' .in fig'.1rak = 
L a' h'= frinôf' o âf'.or ôf'.1'

This form suggests the choice of D[= lolP,nf),...,ofP]' where

diagnol blocks reduce ø Ci'i)= 
[å 3 Î],

quantities, namely

A = dia8lAA,...Al where A = iå ? 3.l.

lorrl

cos(gi.- </¿) 0 ¿f)sin(<plk- dk)

-*rinr.pi- d¿ o ûyr**oL- rfo>

the off diagonal blocks possess time varying

(6.20)

(6.2r)

(6.22)

(6.24)

DP= (6.23)

A convenient choice for the fake ARE solution is

2= diagl2(t),f'),...,>(n)1 where ¡(j) -

However the linearizationC*=DrHr does not result in perfect decoupling. TVhile the

dÐ= (6.2s)
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which account for coupling between the components. For a single tone, the denominator

of (6.10) is diagonal in which case it is easy to a:rive at expressions for the filter gain. Here

the existence of the nonzero couplings (6.25) prevents the adaptive gain from being easily

written down a priori. Instead (6.10) may be evaluated at each instant in time.

The EKF for the multitone problem is [AM, (2.4) - (2.8)] applied to (6.20), (6.2I) using

(6.22). The elements of the state noise covariance in [AM, (2.8)] are tuning parameters

and one convenient choice is Q= diaglQo),9Q),...,Q@'f where QØ= d.iagl&."',qft",ç2*">1.

6.6 Multiple harmonic components.

If some of the signal components are harmonically related then those frequencies can be

deleted from the state vector and the corresponding entries in the state transition matrix
replaced by the particular multiples of the fundamental. For convenience it is assumed

here that all the tones are harmonically related. The use of the EKF for this problem has

been reported in [AP,PA].

The augmented state vector may be written âs.t¿ = lolP,tt¡¡t),qt),o?), ,p?),...,of),gf)f' und
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1000
0100
0110
0001
0200

o. ool
o.ool
o.ool
o ool
r.ool'...t
o. rol
o.orl

!-
0000
0n00

In this case Hf) through to lff) of (6.22) have the second column deleted and the choice

of (6.23) remains appropriate.

6,7 Error stability.

6.7.1 Single tone.

In this section the objective is to identify the set of gains, K, sufficient for the error system

to be asymptotically stable, where stability is defined as ie lz, t at is, the energy of the

error is bounded. The analysis to follow mirrors that usually applied to the phase-locked

loop stability. The attention is restricted to the case where amplitude is known. Neglecting

the observation noise, the error system is

[m]= [l ?]täl [Ë].''Ç*+w* ,.26)

for constant If , I{. Stability is argued by appealing to passivity theory and making use

of the discrete-time Popov criterion tDVl.
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Theorem 6.2 tDVl Consider the system depicted in Figure 6.1 where êt= u - Gez and

e2=T@ù. Let \(x):R+R belong to the sector [cr,Þ] with O<G<p, that is,

*'.4@) <þ*. Let G be causal, linear-time-invariant and map lz +lz. Assume that
G has a z transþrm Ek) which is bounded on the unit circle. Suppose that for some
q >- O, there is ø ô > 0 such that

ne{ t+ q(L-t\}EfÒ+Vþ> õ,for z=d',0<0<n 6.27)

Il u > O and tf õ - çøÞ¡oo') > 0, then ue I2-e1, eze Iz.

An interpretation of this theorem is that if the linear part is bounded and the maximum
slope of the nonlinear part sadsfies a test condition, then the internal and output signals
will be bounded. The use of Theorem 6.2 requires that the system (6.26) is reformulated
as a combination of a linear part and a nonlinear part:

[0 1 * Wk¡

where G = |-1 .-1-l and {x)= x- sin ¡.Ll l-/fl1 '.\',

Expanding out (6.28) yields

õ&+r = õr - r'¡(Eo - sinÇr) - õol,

þ¿*r = õo + õo - fpt(Qfr - sinQ¿) - õ¿.

Hence the linear part is

õr*r = î¡r- I(Çr,
õr+r=Q¡.+õr-NQo,

(Dk+l

õ¿*t (6.28)

(6.2e)

(6.30)

from which it follows that

(6.31);(-\_ Ifz+I{+Pò\e,' 
z2 + (t{ -2)z+Kt+ I - ¡d'

The maximu* o¡f4=-;* yields þ=1.217. Candidate gains may be assessed by

checking thatik) is stable and then applying the condition(6.27). The resulting gain space

which ensures the stability of (6.26) is shown in Figure 6.2.

Now the solution to (6.26) also can be written as the sum of a "natural part" due to non
zero initial error and the remaining "forced part" due to state noise. (In a linear-time-in-
variant system for example, the "forced part" of the output is the input process convolved
with the impulse response.) Clearly the "forced part" is in /z from the passivity argument.

Since the "natural part" can be written as a product of the initial conditions and some
function of the delta function, clearly the "natural part" is in /2 . Thus the location of the
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(lK', Á4) within the region of Figure 6.2 is sufficient for (6.26) to be asymptotically stable,

independent of initial conditions.

e2 ê', K-OMEGA

Fig. 6.1. Nonlinear error model. Fig. 6.2. Gain space for stable error.

6.7.2 Harmonic tones.
'When multiple harmonic components exist and their amplitudes are known, a suitable state

vector is ¡r - [ o:¡, <pf), ,Q?),..., qf)]t in which case

4o

36

+
K

;
H
I

It is easily shown that

(6.32)

(6.33)
D¡t¡ =

sln
sin

sln

õf)
îp?)

ip|'\

The error system is given by

lt*t = AÏr- K*D*EI, 6.34)

which is indeed similar to (6.26), except that the gain is a (n+l) x n matrix and the

nonlinearity is a n-vector. Therefore it is expected that the discrete-time Popov criterion
may be applied to calculate the gain space which ensures that (6.34) is stable. That is, one

needs to find the range of gain components for which the linear system is stable and then

apply a test condition (arising out of Theorem 6.2).

6.7.3 Continuous-time.

In continuous-time, a single tone signal may be modelled as x (r) = A x(t) + w(t) where

x(t) = la(t), a(t),q(Ð11 we) = [r(t)(Ð, *(')(t),w(3)1r¡1rand^= |-3331 Aformulationforthe
Lor ol

nonlinear observer follows readily from the continuous-time analogy of Section6.2.In the

case of known amplitude and fixed gains the error system is
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[fi,ì]= [?8]t;ll] tË]sinq(r) 
+ w('î) (63s)

In order to determine the set of gains sufficient for (6.31) to be asymptotically stable,

passivity theory may be appealed to. The error system may be formulated as a combination
of a linear part and a nonlinear part shown in the configuration of Figure 6.3. The

continuous-time Popov criterion [DV] may similarly be used here. It turns out that the

linear part is stable for .tr3, K'> 0, theorem of [DV, pp. 186-187] is true for the region

shown in Figure 6.4, inwhich case u, it, eLz = yr,y2 e L?, f .

K - OMEGA

Fig. 6.3 Continuous-time nonlinear error model. Fig. 6.4. Continuous-time gain space for stable error

6.8 Simulations.

6.8.1 Single tone estimation.

For the single tone estimation problem, the variance of either the nonlinear observer or the

EKF frequency estimate can be made arbitrarily small (with a coÍrmensurate increase in
convergence time) by selecting the state covariances to be suitably small. The approach

here is to tune the estimators to give approximately equal transient performance and then

look at their asymptotic behaviour. In the case of zero initial conditions, the two methods

have been observed to exhibit somewhat different transient behaviour. The nonlinear
observer tends to approach the asymptotic value in a mononotonic fashion, the EKF
converges in an oscillatory manner. Furthermore, it appears that the EKF initial phase

estimate is required to be within abottn/q of the actual value, otherwise divergent behaviour
can result. In contrast, the fake ARE method is observed to converge successfully,
irrespective of the initial values. Regarding the problem of estimating aconstant tone with
zero initial conditions, at an SNR of 5 dB, both estimators are found to exhibit about the

same convergence rate and output variance for Io=0.1,I4=0.11,Iq=0.33 and

ê,r O.I, o3= 0.027 , oþ 0.03. Then the variance of the frequency estimates (with known
initial conditions) is examined, for 500 realizations of 1000 data points. In Figure 6.3 the

lower and upper bounds of the output variance are plotted. As the SNR is reduced below
5 dB, the EKF upper bound of the variance is seen to increase more rapidly than that of
the nonlinear observer (NLO). Thus the fake ARE method can have abetter sub+hreshold
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estimation capability and appears to have some robustness with regard to parameter
selection. However the sub-threshold capability occurs at the expense of convergence
rate. This is illustrated in Figure 6.4 where the convergence rates are plotted, namely the

1o limits of the number of data points required until the estimate attains lle of the actual
value. From (6.17) it clear that the gains reduce with increasing noise variance and, from
(6.26), it is seen this results in a decrease in convergence rate.
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6.8.2 Tone estimation during amplitude fade.

A 6 dB cosinusoidal fade is imposed on the amplitude such that the SNR is 10 dB at t=0,
t=500 and 4 dB att=25o. The resulting mean square errors for the constant tone estimation
problem is shown in Figure 6.5. At the extremes both estimators yield similar perfoûnance.
However near the peak of the fade the nonlinear observer is seen to exhibit less error.
Although the gain in both (6.17) and (6.19) includes the current amplitude estimate,

evidently the form of (6.17) is better able to adapt to amplitude variation.

EKF

-4-2024ô81012141ô
sNR (dB)

Fig. 6.3. Output variance for tone estimation.

NLO

-25 00 25 50 75 10.0 12,5 15,0

sNR (dB)

Fig. 6.4. Convergence rate for tone estimation.
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Fig. 6.5. Fade during tone estimation. Fig. 6.6. Fade during frequency tracking.

6.8.3 Frequency tracking during amplitude fade.

In the above threshold, constant amplitude, frequency tracking problem, both methods can

be tuned in an attempt to optimize mean square error and have been observed to give

EKF

NLO



Nonlinear observers using fake ARE techniques 88

approximately equal performance. Therefore the effect of a slow amplitude fade is
examined. A 6 dB fade is imposed on the amplitude while tracking a sinusoidal frequency
message signal given by 0.5+ 0.5cos 0.019t. The resulting mean square error is shown in
Figure 6.6. It can be seen once again, that at the peak of the fade there is some improvement
over the EKF. Arguably the use of the nonlinear observer would be advantageous in the
presence of amplitude uncertainty, due to say modelling error or interference such as

fading. Above threshold (such as t=0, 500,) it is seen that that both methods perform
similarly.

6.8.4 Two harmonic components.

Consider a signal comprising two in-phase, unity amplitude, harmonic components with
n=l and n4 in Section 6.6. With a nominal SNR of 10 dB, the effect of a 20 dB
cosinusoidal amplitude fade is examined, so that at l= 0,500 the SNR is 10 dB and at

È250 the SNR is -10 dB. Both the nonlinear observer and EKF are tuned to have

comparable error variance and mean square error at l0 dB SNR. This is accomplished by

choosing >t''¡= 0.01, >82)= 0.009, t[l'2 )= 0.008, I[]l)= 2E-5 and d2(1'2)- 0.001,

o2r<r'z)= lE-6, ó2 
(r'2)- 2.58-9. The state vectors were initialised with the correct values

and both filters were run for a hundred data points at 10 dB SNR, prior to each fade. The
NLO and EKF fundamental frequency estimates for one typical realisation is shown in
Figure 6.7. It can be seen that compared to the EKF, the NLO estimate does not deviate
as far from the nominal frequency. Furthermore the NLO frequency estimate appears to
exhibit less variation during the peak of the fade. Evidently the NLO has comparatively
less gain near the peak of the fade and is better able to smooth out the noise.
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Fig. 6.7. Frequency hack during amplitude fade. Fig. 6.8. MSE during amplitude fade.

The resulting MSE of the fundamental frequency estimate over 100 realizations, each of
500 points is shown in Figure 6.8. It can be seen that at the peak of the fade, the gain of
the NLO is a minimum with the result that the mean square error is about 3 dB less than

for the EKF. The NLO is seen to be slower to recover from the fade since it exhibits about
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2 dB higher mean square error in the vicinity of e 450. It is possible to obtain some

improvement in MSE by rejecting outliers in the frequency estimates [AP,PA]. However
this was not found to alter the fade recovery problem exhibited by the NLO, arowd2}Vo
of the time. One possible solution is to reinitialise the NLO after afade has been detected.

6.8.5 Non-harmonic Components.

Consider the problem of estimating two in-phase, unity amplitude tones with constant

angular frequencies of r¡(1)- 1 and trp)= I.2. By way of an example, the nominal SNR is

set to 10 dB and a 15 dB cosinusoidal fade is imposed. V/ith the choices 2t'2)=0.02,

åf't,=0.006, >Í,1''l=0.01, >ff)=58-5, o2"(t'z¡-0.001, ofr<r'z¡-lE-6, o2r(r'zt-2.58-9,
both estimators where found to exhibit similar performance in the absence of a fade. The
average of the mean square error of the two frequency estimates, calculated over 100

realizations, is shown in Figure 6.9. Once again it is seen that the NLO exhibits dramati-
cally less error during the fade but performs comparatively poorly immediately afterwards.

U
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Fig. 6.9. Two tone estimation during a fade.

6.9 Conclusions.

The chapter has introduced the problems of frequency and phase demodulation. Typically
the amplitudes, frequencies and phases evolve from linear models, but the in-phase and
quadrature observations are nonlinear, requiring the application of nonlinear filters. The
conventional solution to the frequency or phase demodulation problem is the EKF. When
more than one signal component is present, the resultant filters are akin to a number of
coupled phaseJocked loops, each simultaneously tracking the frequencies and phases of
the individual signal components. The contribution of this chapter is the application of the

fake ARE technique in the development of a nonlinear observer and the performance
comparisons with the EKF.

The nonlinear observer developed herein is novel in the following respects:

. The manner by which the amplitude estimates adjust the estimator gain term which
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differs somewhat from the usual EKF approach. An interpretation from (6.18) is that
the nonlinear observer possesses some form of automatic gain control.

. In the single tone known amplitude case, the gain space which yields an asymptotically
stable error system has been identified (see Figure 6.2).

. In the known amplitude, multiple harmonic case, in view of the error system (6.34) it
is contended that similar procedure applies for the calculation of the gain space which
ensures error stability.

It is claimed that compared to the EKF, the nonlinear observer exhibits the following
advantages

. Improved robustness to initial conditions.

. Sub-threshold tracking capability (see Figure 6.3), albeit at the expense of convergence

rate.

. Improved robustness to amplitude uncertainty (see Figures 6.5 to 6.9).

A disadvantage of the nonlinear observer is that it adapts poorly immediately after a fade.
A few possible remedies are mentioned here, but further investigations have not yet been

carried out. One possible solution is to reinitialise the error covariance after a fade has

been detected. Alternatively the stable gain space could be precalculated which could be
used to censure the gains. For convenience block diagonal solutions have been assumed
for the fake ARE. It is expected that performance improvements may be realised if
off-diagonal terms were included to account for coupling between the signal components.

REFERENCES

tAM] Anderson, B. D. O. and J. B. Moore, Optimal Filtering, Prentice Hall,
Englewood Cliffs, NJ, 1979.

Anderson, B. D. O. and P. P. Parker, "Frequency Tracking of Periodic Signals
in Noise", Aust. Symp. Signal Processing and Applications, Adelaide
Australia, pp. 263-267, 1989.

Bitmead, R. R. and M. Gevers, Riccati difference and differential equations:
convergence, monotonicity and stability, in: S. Bittanti, A. J. Laub, J. C.
Willems, Eds.,The Riccati Equation, Springer Verlag, ch. 10.8.1, 1991.

Bitmead, R. R., M. Gevers and V. Wertz,Adaptive optimal control, Prentice
Hall, Sydney, pp. 86-87, 1990.

Bitmead, R. R., A.-C. Tsoi and P. J. Parker, "Kalman Filtering Approach to
Short Time Fourier Analysis", IEEE Trans. Acoustics, Speech and Signal
Processing,v.34, no. 6, pp.I493-I501, 1986.

tAP]

tBG]

IBGV/l

lBrPl



Nonlinear observers using fake ARE 9t

tDV]

tEV/11

lEw2l

tPA]

IPBGI

tsl

C. A. Desoer and M. Vidyasagar, Feedback Systems : Input - Output Proper-
ties, Academic Press, N.Y., 1975.

Einicke, G. A. and L.B. White, "Estimation of Frequency and Phase Modu-
lated Signals Using Fake Algebraic Riccati Techniques", Proc. 3rd ISSPA,
Gold Coast, Australia, voI.2, pp. 339-343, 1992.

Einicke, G. A. and L. B. White, "A class of nonlinear filters for periodic
signals", IEEE Int. Symp. CAS, Chicago, IL, vol. 1, pp. 144-147,May 1993.

Parker, P. P. and B.D.O. Anderson, "Frequency Tracking of Nonsinsoidal
Periodic Signals in Noise", Signal Processing, Vol. 20, pp. I27 -152, 1990.

Poubelle, M. -4., R. R. Bitmead, M. Gevers, "Fake Algebraic Riccati Tech-
niques and Stability", IEEE Trans. Automatic Contr., vol. 33, pp. 379-381,
1988.

Snyder, D. L., The State-Variable Approach to Continuous Estimation with
Applications to Analog Communications Theory, Cambridge, MA., MIT
Press, 1969.



Chapter 7

The extended H"" fïlter

This chapter describes a new approach to make the extended Kalman filter (EKF) robust
to linearisation errors. The problem is motivated in Section 7.1 and the EKF is described
in Section 7.2. The robust EKF, dubbed the extended H-filter, is introduced in Section
7.3 and the results of simulation studies are presented in Section7.4. A continuous-time
formulation is proposed in Section 7.5. An extension to plants possessing nonzero direct
feedthrough terms is detailed in Section 7.6.

7.L Motivation.

The use of the EKF is heavily entrenched in nonlinear signal processing applications. V/ell
known applications include navigation and system identification, see [HA,CCC] for
example. Despite the fact that the EKF has been in use for decades, some understanding
of its tracking performance has only reported recently [LB]. The EKF works well when
the measurement noise is negligible and the underlying (known) signal model is almost
linear. Otherwise the EKF is suboptimal [AM]. There are two sources of error:

. imperfect linearisation, which is compounded by

. measurement noise.

The EKF depends upon the solution of a RDE having the form

2**r AtDnAT- l¿oÅ(Cr>*d+ n¡rc*>u+l+ B:QBT, Q.l)

where Ab B*, C* æe state estimate dependent. It has been shown in Chapter 6 that,

compared to the EKF, the fake ARE technique can be advantageous when the nonlinearity
is confined to the output mapping and the SNR is low. The fake ARE technique can offer
error stability by masquerading (7.1) as a fake ARE in which the elements of Q are regarded
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as tuning parameters. It is argued in [LB] that the elements of Q in (7.1) may also be tuned:

if Q is too small than this can lead to filter divergence, whereas if Q satisfies some sufficient
conditions, then the errors of the EKF remain bounded.

The technique described in this chapter does have some connections to [LB], namely there

is (amongst other things) a tampering of the Q and the worst case performance is bounded
provided that some sufficient conditions are satisfied. The solution described here is
motivated by recognising that imperfect linearisation is a modelling error problem, which
may be accommodated via the use of H- techniques.

The EKF is derived via a linearisation procedure which is presented in [AM]. Briefly, the

nonlinear model describing the measurements is successively linearised about each current
state estimate and the (linear) Kalman filter is then applied to produce the next state

estimate. Suboptimal behaviour can arise when there are large deviations of the estimated
state trajectory from the nominal trajectory. In this case, the nonlinear signal model is less

accurately approximated by the Taylor series expansion about the conditional mean and

the higher order terms become more signif,rcant. However in the EKF, the higher order
terms are ignored. Instead of neglecting the higher order terms of the Taylor series

expansions, they may be regarded as model uncertainties which are functions of the state

estimation error and the exogenous inputs and are assumed to have bounded H- norm.

This approach naturally leads to a minimax estimation problem which can be treated using
standard H- methods of chapters 3 and 4. The chosen norm bounds cannot in general be

precomputed, so are regarded as "tuning" parameters for the resulting filter. The choice
of zero as the norm bound results in the standard EKF.

A conventional approach that attempts to mitigate against linearisation effors isthe second

order E¡<F' [SM,G]. This filter arises by retaining second order terms of the Taylor series

expansions of the plant parameters about the conditional mean. Another approach is the

iteratedfilter where the EKF recursions are iterated at each observation until it is deemed

that better estimates have been obtained [SM,Ja,G]. Both of these methods increase the

computational overhead, whereas the procedure outlined herein does not.

An approach which seeks to improve low SNR EKF performance via smoothing is set out
in Appendix H. Briefly, the smoother arises by combining estimates from a forward and

adjoint EKF. Although it is possible to frame the problem of Appendix H in a H-
framework, at this stage, applications where this may be advantageous are not known.

The use of H- techiques to solve nonlinear problems is certainly not novel, see [V,J,GT]
for example. The work described in l"his ohapl"er has been published in [EW,EW2] an<lis

claimed to be the first account of making an EKF robust to linearisation errors via the use

of the linear H- methods.
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7.2 The extended Kalman filter.
Consider an output estimation problem (where Gr Gz in Figure 3.2) and suppose that
plants are nonlinear and the observations may be modelled by

xk+t=a*(xò+b¡(x¡)w¡,
yk= ck(xk) + vk, Q'2)

where x¿ e RN, w¿ e RM, Z¿,y¿ € RP, a, b, and c are sufficiently smooth functions of
appropriate dimension; wkandvkarcuncorrelated, zero mean, white noise processes having
covariances p and R respectively. The objective is to arrive at a causal filter that produces
approximate conditional mean estimates of x¿ given measurements of a¡. The nonlinear
functions a, b and c can be expanded in Taylor series about the filtered and predicted
estimates îur and îur-, u"

a*(xt ) = a *ên) + D aÁ1,y0)(n- îù + Ll(x*- îuo),

br,(x¡,¡=búî,vò+ Lz(x*-îrr), Q'3)
c*(xÐ= cr(àuo-) + Dck(ît/k-t)(xrî,yr-,) + L3(x¡-îtyo-),

where D denotes the derivative. Here, A,¡, i= 1,2,3 are assumed to be continuous operators
from lz+Iz with induced norms bounded by õ¡ respectively. The A¡ represent the higher
order terms of the Taylor series expansions which have not been explicitly included in the
formulation of the EKF. Denoting the filter state error xk-îvuby l,,trandthe predictor state

enor xk-1ro-, by iuo-,and substituting (7.3) into (7.2) gives (at time k)

n+t= Atã** B*w** ptc* L¡(l,y) + Lz(iuòw* ,

!* = Cüt + yft + qt * &(i,yr-r), (7 .4)

where At = Da*(îuo), B*= b*(îuò, C*= Dc*(îuo-,), the known inputs are pk= a*(î,yr)- Arî,yo

and q¡= roê,ro-)- Col,rr-r. The EKF arises by determining the Kalman filter for the
linearised problem (7.4) with the higher order terms (namely the A,) set to zero. The
linearised problem is depicted in Figure 7.1.

v
k

+
wr

+

z k

Fig.7.l. The linearised filtering problem.

The resulting equations in predictor-corrector form are as follows. The corrector part is
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îro = îro-, + L¡,(y ¡- c ¡(x y¡-1)),

L¡ = \r¡-1C ¡(Cfuo-,C *1 Ro)-t,

2yr=2q-1- Lti|Ðro-r.
(7.s)

The predictor part is

î*''= oo(îuo)'

L+a¡r= /o16.T, + BQ*BT. Q '6)

These iterations need to be suitably initialised at k = 0.

7.3 An evolution of the extended H"" fTlter.

The EKF arises by applying the Kalman filter for deterministic inputs to the linearised
signal model (7.4). Ir order to proceed similarly with a H- design, the filter structure for
deterministic inputs is required, this is established via a linearity argument.

Proposition 7.1 Consi.der the linear signal model and observation with deterministic
inputs pk and q*

x' k+r = Akx' ¡ t B ¡w¡ * p¡¿,

y'¡= Ckx'k* v¡t e*. Q'7)

Suppose that there exists a linear filter coruesponding to (7.7) where the gain K¡ is
determined in some optimal way and the update for the state estimate is given by

1'o*, = Aâl*+ pr* K,(J't,- Câ'*-qt). (7.8)

Thenfrom identical initial conditions, the state errors arisingfrom (7.7) and (7.8) are the

same asfor the case when pr qro.
Proof. From (1.7) and (7.8) the state error is

V*= lr-î'o= Arít + B*w*- Aoî'o- K*(Cø'** v*- Câ'*),

which is the same as is obtained whenp6 er0. V

Thus if a signal model has deterministic inputspr andq¡,inthe state and observation updates
respectively, then the H- filter has the same structure as the corresponding Kalman filter.

Now the nonlinear output estimation problem of Section 7.2 may be addressed. Denote

the inputs by d--l[;;] *" objective is to design a filter that produces a state estimate 1¡

from the noisy obiervìtion s yr c*(x*) t v¿ such that the state error ir =îo --ry( satisifies

tti*tt2 3^l@:,Îllwill2 + of|v¡|2¡, (1.9)



for all uncertainties 41, Àz and A3 satisfying their respective norm bounds. The approach

here is to accommodate the uncertainties via the two part procedure described in Section
3.4. Firstly, the inputs and outputs of the uncertainties may be regarded as inputs and

outputs to an auxiliary H- problem. Secondly, the multiple output problem may be

converted into a single output problem by appropriately scaling the inputs. Consider the
auxiliary problem defined by

)ck+t= Aw** B¡w¡¿* p¡*s*,
L*=î*- x*,

y*= C*x** v** q** t*, (7'10)

where B¡s¡= Lt(i,yo) + Lz(iyòw* and t¡= &(i,yò are additional inputs satisfying

llsill2 < þ?lli'yoll2 +þfllw*\''2, (7.r1)

llt*ll2 < E?llÍ,yrll2 < õ?Ii,yr-,Ï2. (7.r2)

A sufficient solution to this auxiliary problem arises by scaling the inputs as shown in
Figure7.2.

vr

P¡
v'*
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+

w +
k

c -1

Fig. .2. A scaled auxiliary filtering problem.

Lemma 7.2. The solution of the scaled auxiliary H- optimisation problem shown in
Figure 7.2, where vt is scaled by

c?= r-^fp?-fa? e.t3)
andwtis scaledby

4, = ,?Q+ þ3)-t, (t 'r4)

is sfficient for the solution of the auxiliary H- optimisation problem (7.10) which
possesses the additional inputs B¡rs¡ and t¡.

Proof. If the H- problem (7.10) has been solved then a t has been found such that

wi
cj

2xw
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llÍ¿J123^f çllrolt'+lls¿l12+llt*llz+llvtll2)
< ^f\*oll'+ þ?llioll'+ þ7llw*ll'+ ô3tErll2+ llv*ll2)

+ e - ^fþ? - ^la'!¡tã*tt' < ffO + þZ)lwol2+ rvrr2)

+ Iirii'2 < ^f fr#w*12+ #lv*12) V.

The resulting extended H- filter arises by applying the discrete-time H- filter (of Section
4.2) to the problem (7.10) and may be written in predictor-corrector form as follows. The
corrector part is

î* = 1*-, + L*0* - c,ê,yut)),

î*ro= oê'Y),

L* = 2,*-rfl(c*L,yo-ril + R)-1,

2v¡= Ð¡¡- 1- *^l- #ll' "- t r#_-_, J' #:äl - r] 
-' 
.'- c *t2 n-,

The predictor part is

î*u,- oo(îw),

ù*yo= Ak>r/*ql + B*e*Ei[. Q '16)

Proposition 7.3. When the state eruor is negligibly small and the process noise power is

small, then at T= -, the extended H-filter reverts to the EKF.

Proof. The approximations in the EKF are reasonable when the state error is small (so

that L,(iuo) = 0 and Lz(í,yo-,,) = 0) and the process noise power is small (so that
Lz(ív)wr = 0). Thus for the linearised signal model, with pr = þ2= ô¡ = 0 in (7 .12,7 .13),

the extended H- filter (7 .14,7. 15) is simply the linear H- filter which reverts to the Kalman
filter at T = -. V

Remark The above scaling arises out of a sufficient rather than a necessary condition.
The design may be too conservative and it is prudent to explore the merits of using values
for pr, Êz and ô3 less than the norm bounds on the respective model uncertainties. The use

of the optimal T can also be too conservative - too much emphasis may be placed in
accommodating the worst case input conditions at the cost of MSE. It can be advantageous

to choose a y greater than optimal and realise a compromise between MSE and H- error
performance.

7.4 Extensions to nonlinear plant feedthroughs.

Suppose that the observations may be modelled by

xk+t = ak(xk) I b ¡(x¡)w ¡,
yk= ck(xk) + d¡(x¡)w¡+ v¡, Q '17)

(7.1s)
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where d*(xù is a nonlinear direct feedthrough function which may be expanded in a Taylor
series about the predicted estimate as

d.*(x*¡=d*ê,vo-)+ ù(x*-î,ro-). (7.18)

Substitutin E Q .3) and (7. I 8) into (7. 17) yields the linearised system

)ck+t = Aø*+ B¡w¡* p¡s+ N(iù + Lz(i'yùwt,

y*= Ctx*r D*w*+ vk+ q*+ Lt(iuo-) * N(í,yo-)wt, Q .l9)

where Dt = d*(îvo-,). The EKF coresponding to (7.17) arises by determining the Kalman
filter for (7 .19) with the A¡ set to zero. The predictor step comes about by substituting for
p¡and q¡into (D.24) which gives

î*,ro= aêù + B*QÐTR*t(g*- rk(î,/)\, (7.20)

where R¿= R¿+ D*Q*DT. It is easily shown [AM, (5. l2),p.117] that the approximate error
covariance prediction is given by

2n4= (An- B *Q*D on[t C ù>n(Ar- B t Q*D on[t C ù' + B *(Q r- n *Q*n;l Qrnbdl. Q .21)

The corrector step is unchangedviz.

^ ^ ,t L*(J*- cçtvò),*rï-!-rrr,- 
L*il1,vo-,. (7 '22)

The filter output similarly follows from (D.25), ie.

u*= c(îuò + DkQÐTR;t(yo- r*(îuù. Q.23)

An extended H- filter for the problem of (7.17) may be constructed by approximating
(7.19) by an auxiliary problem defined by

xk+t = AÐcn* B¡w¡* p¡6t s*,

zn=în- x*,

!*= C*n<* D*w*+ vk+ q** t*, Q '24)

where f¿ is an additional input satisfying

llt,,ll2 < þ?lli,yoll2 + þTllwrll2. (7.25)

Lemma 7.4. The solution of a scaled auxiliary H- optimisation problem in which v* is

scaled by

å, = r- ^f P?- fB?, Q .26)

and w* is scaled by

c?* = c?Q+ B7+ Þ7)4, (7 .27)
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is sfficient for the solution of the auxiliary H- optimisation problem (7.24) which
possesses the additional inputs s¡ and v¡.

Proof. Same as proof for Lemma 7 .2 using (7 .25) instead of (7 .12).

Thus one possible way of accommodating nonlinear direct feedthrough functions is to
apply the scalings of (7.26) and (7 .27) in which Þt, Fr, Fr, Þo and y are tuning parameters

that need to be found.

7.5 Signal demodulation examples.

The purpose of this section is to show how the extended H- filter may be applied and to
illustrate that benefits can arise when the problems are sufficiently nonlinear.

Example 7.1. The EKF is commonly applied to demodulate frequency modulated (FM)
signals tSMl. For this application the signal is usually modelled such that the signal
nonlinearity is present only in the output mapping. Here the pure integrator within the
signal models of Chapter 6 is replaced with a saturating nonlinearity in an endeavour to

better approximate some practical systems. The FM model is given by (7.25). rWhen d,
is small, the model output is an FM signal. Alternatively when o3, is sufficiently large,

the model output resembles a phase shift keyed (PSK) signal.

G)¿+r - [L(tJ¡l w¡,
g¿+r = arctan (Àgr + ror),

yfl) = cos <p¿ + vf,), (7 '28)

yf2) = sin <pr,+ v?).

The objective is to estimate the frequency message o¿, from the noisy in-phase and

quadrature observations yf,) and y?. Aconventional EKF solution arises via (7 .5,7 .6) in

which the choice x¿= 9t
(Dr

1,

A*= (Àg¿+ ro¿)2+ 1 (Àgr+ co¿)2+ I
0 tr

y i e r d s ooôù =l*""M" 0,,, 
c ¡(î¡¡ =[ :,""',fj S],

an¿, crê*)= [;:'lfii 3]. rni, EKF attempts a tull state

reconstruction. In contrast with the extended H- filter (EH-F), particular states can be

specified to satisfy the optimality criterion (7.9). Here it is appropriate to define the

augmenred brocks u= 
lB ,å, B], .= 

[.*?r} 
u= 

l,"rL ,"S" ål
in which .,= 

l_0, 
_or] The

RDE (4.14) may be written in predictor-corrector form as

Z,yn Z,yr-r- >oto-rd S -re >,yo-r,

D+yo- lo2r¿T +E lBr (7.2e)
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and, the filter gain is calculated as KrÐyr-rdSil, where S: is the (2,2) pafütion of

s =D JDr+e >on-din which t"=lô,f ,r)
Simulations were conducted with p = 0.9, À = 0.99 and d, = 0.0032. For o, < 0. 1, where
the state behaviour is quite linear, the tuning of the extended H- filter (EH-F) parameters

was not found to result in a performance benefit compared to the EKF. In this case the use

of the fake ARE has previously been found to be advantageous. However when ú,=1,
the state behaviour is substantially nonlinear, then the EH-F may offer some robustness to
linearisation errors which can plague the EKF. A robust design was implemented using
pr=0.03,B2=5.3andô:=0.001. Itwasfoundthaty=I.42issufficientforI,¿of(7.16)
to be always positive definite. A histogram of the mean square error in the frequency
estimate is shown in Figure 7.3. Although both filters were observed to yield frequency
outliers, those of the EKF, while infrequent, are seen to be more severe. For 1000

realisations of 1000 data points each, the EKF is observed to produces outliers which are

up to 8.1 dB worse than the EH-F. Thus the H- design provides some robustness to
outliers, there is a price however - from Figure 7 .3 it is seen that the EKF is better on

average. Here the MSE exhibited by the EH-F is 0.2 dB worse than the EKF.

à:

o=1. F4.0032
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'l.5 2 25
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!
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12 't4 o.5 35 4 ,t5

Fig. 7.3. Error histogram for Example 7.1. Fiç.7.4. Error histogram for Exanple 7.2.

Example 7.2. The SNR is increased from 25 dB to 30 dB and a robust design was

implementedusingÊr =0.1,þz=4.5,ô¡ =0.001andy- 1.38. Ahistogramof thefrequen-
cy estimation effors is shown in Figure '1.3 and it appears that the robust design is more
advantageous at higher SNRs. Compared to the EKF, the EHJ is observed to exhibit a

reduction in worst case error and MSE of 1.1 dB and 0.5 dB respectively.

Example 7.3. As the problem becomes more nonlinear, there is a commensurate increase

in linearisation errors. This is demonstrated by the choice of &,-100, of=0.001,
whereupon the output of the model (7 .28) resembles a phase shift keyed (PSK) signal. The

error histograms coffesponding ø fi =0.001, pr = 0.19, pz = 5 and'r¡= 8.5 are shown in

EH@F

EKF

I
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Figure 7.4. It can be seen that while both filters suffer from increased

the worst case effors for the EH-F can be constrained by a suitable choice of
parameters. Here the EH-F is seen to exhibit an improvement of 5 dB and 6.4 dB in MSE
and peak effor respectively.

Evidently when the EKF works reasonably well, the robust design offers only a slight
improvement in MSE (as in Example 7.2) or a slight degradation (as in Example 7.1).
However when the problem is more nonlinear (as in ExampleT .3) so that the linearisation
is less successful, then there is a greater opportunity to realise an advantage with the
EH-F.

Example 7.4. If the nonlinearity operates only on frequency, ie.

(DÈ+t= po)¿*v¿,

Qt+t = V{pr+ 2k/narctan}vrù*+w*, Q'29)

then the model output can resemble a frequency shift keyed (FSK) signal. It is claimed
that a robust demodulator based on (7 .29) can sometimes provide a performance improve-
ment compared to a conventional FSK demodulator based on the model

(Ð¿+l= p(D¿tV¿,

Qft+t = vrpt+ @tctw*. (7'30)

Suppose that the rrl¿ data is an i.i.d. binary sequence and that a limiter exists to quantise the

output of the demodulator as depicted in Figure 2.8. For the case of o?=0.32,
ro = {t 0.3}, it was found that the choice O = [fo', Tl]"nrur". that an EKF based on (7.30)

attains close to the minimum possible MSE. Similarly a EH-F based on (7 .29) is defined

by Q=
], Br = 0.04, þr= I, ô¡ = 0.001, k = 0.8 and y= ¡.95. The results of0.5 0.01

0.01 0.1

simulations are shown in Figure 7.6 and it is seen that the EH-F reduces the mean BER
by about 0.15 dB and the peak BER by 0.14 dB.
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Fig. 7.5. Error histogram for Example 7.3. Fi9.7.6. Error histogram for Example 7.4.
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Example 7.5. In respect of high SNR, linear equalisation problems (see Sections 5.3 and

5.4), the Kalman solution inverts the channel when the channel zeros are causal, whereas

it is not successful when the zeros are non-causal. In Example 5.20 it is shown that if a
channel has a high frequency, non-causal zero, then compared to the Kalman equaliser,
the H- equaliser can exhibit a reduction in the magnitude of the error spectrum at high

frequencies. Consider the channel model G(z) = l4(z+ 1.29)(z-.95)(z+.6)-2 which pos-

sesses a low frequency, non-causal zero. This model may be written in state-space as

I t.z -.zef l-rlxt*t=f r oï-*Lol'-' (i.3t)
yk = ll2.I -22.Ilx* + l4w¡.

The error spectra that result for the H- and Kalman equaliser for ol= I, &*- 100 and

T = 10.1 are shown in Figure 7 .1 . It can be seen that the H- equaliser offers a comparative

reduction in the dc error spectrum magnitude.

É
!
ë

01234567
Frequorcy, Eds/sæ T64 5

25 30 35
porsarplô nom orcr, dB

40

Fig.7.7 Error spectra for equalising (7.31). Fig. 7.8 Error histogram forExample 7.5.

Now consider instead a nonlinear channel having the state space realisation

I t.z -.2e1 l-rl
"*'=L r oI**Lol'-' (1.32)

yk= ll2.l -22.11ra+ 14 arctan ([0 1]x¿) wr.

Actually (7.32) is obtained by multiplying the feedthrough term within (7.31) by a

nonlinear function of the state. The problem of equalisin g (7 .32) is more difficult than for
(7.3|)because the Dt = d.t(î,yo-) of (7.20), (7.21) and (7.23) depends on the state estimate

which can be effor prone when the channel is non-minimum phase. The results of
simulations with T= 10.1, p:= 0 and B+ = .008 are shown in Figure 7.8. It turns out that

for a 1000 realisations of 1000 data points each, the MSE exhibited by the H- equaliser is

about 6 dB less than that of the Kalman equaliser. For this malicious example at least, the

extended H- filter is advantageous for two reasons. Firstly, the linear H- equaliser is

comparatively better for non-minimum phase equalisation (see Figure 7.7). Secondly, it

H@

H2
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has extra parameters (namely y, p3 and Þ¿) which may be tuned to optimise the performance.

7.6 Conclusions.

The EKF arises by successively linearising a nonlinear model about each current state

estimate and then applying the Kalman filter to obtain the next state estimate. It has been

demonstratedthatwhenthe underlying model is particularly nonlinear, theEKF can exhibit
both a high MSE and severe peak errors, for example see Figure 7.3. The contribution of
this Chapter is to propose a new method to make the EKF robust to linearisation errors.

In summary, the robust EKF came to fruition by:

. Formulating a signal model that accounted for the truncated higher order (Taylor series)

terms.

. Motivating the pursuit of a robust EKF as a model uncertainty task, by posing an H-
auxiliary problem possessing additional inputs in lieu of the uncertainties.

. Arriving at input scalings that are sufficient for the solution of the H- auxiliary problem.

. Using the discrete-time H- filter developed in Chapter 4 and a linearity argument to

obtain a so-called extended H- filter in predictor-corrector form.

. Specifying a particular state (about which the linearisation is performed) which is
required to satisfy the H- optimality criterion (7.9).

. Accommodating nonlinear feedthrough functions via the application of the Kalman
and H- filters to a linearised plant.

. Presenting some examples that demonstrate a performance benefit.

The success (or otherwise) of the robust EKF depends on how closely the assumed mixed
norrn uncertainty bounds the residuals. It has been observed that when the state equation
is linear then the EKF and robust design can yield similar performance. Conversely, when
the problem is sufficiently nonlinear the so-called extended H- filter may offer a perfor-
mance benefit.

Signal demodulation examples have been described and it has been shown how to set up

the problem in a robust framework. It turns out for the examples considered here, when

the state is nonlinear and the observation noise is power is small, then the robust EKF may
reduce both the peak error and the mean square error. It has also been demonstrated that
thc pcrformancc of a conventional FSK demodulator can be improved via the inclusion of
a saturating nonlinearity in the signal model.

The extended H- filter possesses additional tuning parameters which need to be determined

by trial and error. These parameters may be used to control the trade-off between peak
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error and mean square error and the scaling of the inputs in order to accommodate

linearisation errors. Since the H- filter has the same structure as the Kalman filter, it is not
surprising that the extended H- filter has the precisely the structure of the EKF. Unlike
conventional measures to mitigate linearisation errors, such as the iterated EKF or the

second order EKF, here the computational overheads are not affected since the order of
the problem remains unchanged.
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Chapter I

Summary

This chapter begins by summarising what has been tackled, touches on what else could be

done and concludes by recapitulating the performance benefits of robust filters.

8.1 Achievements.

The first contribution [EW] is the derivation of a discrete-time formulation for the
interpolation solution of [S] . Previously in [GE], the benefits of a H- approach was argued

exclusively by observing a reduction in the peak of the error spectrum. Here advantages

have also been demonstrated via performance criteria such as the input to effor energy ratio
and bit error rate. The results of simulation studies have been presented. The use of
frequency weighted error has been illustrated in a continuous-time, output estimation
problem. The use of the discrete-time H- solution has shown to be advantageous in a high
SNR, linear, channel equalisation problem.

Initially it was desired to similarly derive the discrete-time version of the game theoretic
H- filter of [LS], however the results had already been worked out in a control context

tLGWl. Thus, a discrete-time H- filter was obtained by simplifying the results of [LGW]
and has been shown to have precisely the structure of the Kalman filter. Some performance
trends have been observed by examining the error spectra that result for various scalar
problems. In particular, the problems of output estimation and equalisation have been

addressed in both continuous-time and discrete-time contexts. A performance comparison
of H- and Kalman filters has been summarised in [EW2].

Robust solutions to nonlinear filtering problems were first investigated via the application
of a false ARE technique. The construction of nonlinear observers for the demodulation
of single tone and multitone signals is detailed in [EW3,EW4].
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It was recognised that the linearisation effors which occur in an EKF is a modelling error
problem which can be handled quite naturally in a H- framework. The extended H- filter
was borne out of the step-wise linearisation akin to the EKF combined with a H- filter
designed to be robust with respect to the errors introduced by truncating the Taylor series

expansions beyond the linear term. Conventional measures to overcome linearisation
errors such as the secondorder EKF orthe iteratedEKF [G,SM] increase the computational
cost but here the order of the solution remains the same. The extended H- filter does

possess extra tuning parameters which need to be determined by trial and error. The results

of simulations demonstrate an advantage in demodulation applications and have been
reported in [EW5,EW6].

PROBLEM ADVANTAGE ILLUSTRATION
Filtering stable, known, low-pass plant. Small at high SNR, negligible at low SNR. Examples 5.2,5.3,5.5.

Filtering stable, known, high-pass pla¡t. Greater at high SNR, negligible at low SNR. Example 5.6.

Filtering known, unstable plant. Negligible at high SNR, moderate at low SNR. Example 5.7

Filtering uncertain, stable, low-pass plant. Can be moderate at high SNR, negligible at low SNR. Example 5.8.

Equalising known, minimum phase, low-pass plant. Marginal at high SNR, negligible at low SNR. Examples 5.10, 5.11,
5.r2,5.16.

Equalising known, non-minimum phase, low-pass
plant.

Small at high SNR, negligible at low SNR. Example 5.13,5.17

Equalising known, minimum phase and non-minimum
phase, high-pass plant.

Small at high SNR, negligible at low SNR. Example 5.18,5.19,

Equalising uncertain, minimum phase plant. Small. Only asmall margin may exist to accommodate
uncertainties.

Example 5.14.

Equalising uncertain, non-minimum phase plant. Inherently robust to modelling errors. Section 5.3.5

Equalising known, minimum phase, band-pass plant. Negligible at high SNR, small but costly at low SNR. Example 5.20.

Equalising known, non-minrnimum phase, band-pass
plant.

Small but costly at high SNR. Example 5.21

Equalising minimum phase, band-pass plant mis-
modelled as non-minimum phase.

Can be moderate but costþ at high SNR. Example 5.22.

Table 8.1. Performance summary of H- frlters and equalisers.

8.2 H"" filters and equalisers.

When the Kalman filter works well, it is most difficult to improve on as, after all, it is
"optimum among all linear processors" [AM]. Throughout this thesis, "improvement"
refers to a reduction in the peak of the error spectrum at the expense of an increase in MSE.
It turns out, that for easy problems, the Kalman filter performs well in the abovementioned
peak error sense. Consider the known, stable, minimum phase, low-pass plant filtering
problem: clearly minimising the MSE is not in direct opposition to minimising the peak

error. For this easy problem, it has been demonstrated via examples, that only a small
reduction in peak error can be accomplished at the cost of a substantial increase in MSE.
Conversely, when the goal of attaining a minimum MSE directly opposes that of minimis-
ing the peak error, the trade off provided by a H- design can be more significant.
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Consequently, for more difficult problems such as filtering unstable or high-pass plants
and non-minimum phase equalisation, the reduction in peak error can be more apparent

but once again, at the cost of MSE.

The performance of H- filters and equalisers compared to Kalman filters and equalisers is
summarised in Table 8.1. When the plant model is known exactly, the comparative
advantage of H- filters tends to be quite small and the cost can be high. Consequently, it
is concluded that if everything about the problem is known exactly, there is no intrinsic
value in H- designs. However, if the plant model is uncertain, then a robust H- design can

be advantageous provided that the uncertainty is not too great.

8.3 Robust nonlinear observers designed via the fake ARE.

The fake ARE technique was originally used in the design of linear Kalman filters IBTPI
where the solution for the fake ARE is assumed to be a constant (parameter) times the
identity matrix; this parameter permits convergence rate and noise rejection to be traded
offagainsteachother. Thecontributionof[EV/3,EW4]isthedesignofnonlinearobservers
via an approximate linearisation followed by the use of the fake ARE technique. Here the
components of the assumed fake ARE solution are treated as tuning parameters. The
following advantages are claimed for the nonlinear observer:

. Improved robustness to initial conditions.

. Sub-thresholdtrackingcapability.

. Robustness to amplitude uncertainty.

. Error stability.

The apparent robustness to initial conditions was observed during the course of conducting
simulations. The fake ARE comes about by sacrificing some optimality in exchange for
error stability. A proof for asymptotic error stability has been set out for aknown amplitude
case, which does not rely on any assumptions regarding the initial conditions.

The sub-threshold capability refers to a reduction in the (low SNR) error variance for the
tone tracking problem, as is evidenced in Figure 6.3. The robustness to amplitude
uncertainty is demonstrated by Figures 6.5 to 6.9 where an amplitude fade is imposed
during either tone tracking or frequency tracking.

These performance improvements are incurred at the expense of convergence rate and

MSE. The reduction in convergence rate can be argued by observing that the components

of the gain become small when the signal amplitude becomes small. The increase in MSE
is apparent by comparing the solution of the actual RDE with that of the fake ARE. In
conclusion, the use of the nonlinear observers (proposed herein) may offer a reduction in
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MSE when the amplitude is uncertain at the expense of convergent rate and a higher MSE
when no uncertainty is present.

8.4 The extended H." fïlter.

The use of the linear H- f,rlter can be advantageous when model uncertainties are present,

the so-called extended H- filter arises precisely as one such application. The EKF works

well if the filtering problem is substantially linear, in which case the extended H- filter
does not offer any performance benefits. In fact the EKF reverts to the Kalman filter which
is optimal when the problem is exactly linear. Otherwise, when the problem is highly
nonlinear, the EKF performance tends to degrade severely and the robust design can be

beneficial.

The fake ARE approach for nonlinear observer design has been fruitful at low SNRs, where
the observation noise has tended to dominate the filtering problem. This contrasts with the

extended H- filter, which has been found to be beneficial when the problem is dominated

by linearisation errors. In Examples 7.1 and7.2, it is demonstrated that the use of an

extended H- filter can offer both a reduction in MSE and peak error, if an EKF were used

to demodulate a highly nonlinear FM signal. The performance benefit reduces if the signal
model is more linear such as Example 7.4. These examples demonstrate that when the

EKF does not work well, a robust approach can be better.

8.5 Open Questions.

8.5.1 Noncausal filters.

Regarding non-minimum phase equalisation problems, it has been argued that a H-
equaliser achieves a comparative reduction in the peak of the error spectrum because it is
better at ignoring the data. Although the equalisers do minimise the error, they do not
invert the channel. Clearly a delay needs to be built into the equaliser specification.
Regarding filtering per se, Van Trees [VT] gives an exposition of the advantage of
unrealisable Wiener filters and remarks that a delay of several times the plant's dominant

time-constant will usually result in the minimum possible MSE. In order to exploit the

high throughputs offered by the lastest digital signal processing technology, the data is

invariably pipelined and then processed one block at a time. It is contended that noncausal

filters may be implemented quite naturally (in a block processing context).

V/hile the design of optimum noncausal filters may not be tractable, it is likely that filters
posscssing somc dclay may still bc advantageous. The following avenues may be worth
exploring:
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In [VK] the solution for continuous-time H- controllers is set out for the Pritchard-
Salamon class of problems in which delays may be specified. It may be worthwhile
to produce a derivation and explore the merits of a discrete-time analogy.

In [Ba] a dynamic game is proposed where the two players are endowed with a delay.

The virtues of this approach could be investigated.

Perhaps the simplest approach is to explore the possibility of adding a delay in the same

way that frequency weighting is applied in [LS].

8.5.2 Nonlinearsmoothing.

It has been noted that the EKF performance degrades when the measurement noise power
increases. One possible remedy is the design of a nonlinear smoother. In Appendix H, an

extended Kalman smoother is proposed for problems in which the state evolution is linear
and the output mapping is nonlinear. (A solution for the more general problem remains
outstanding.) However, a simulation study shows that only a small performance improve-
ment is obtained. Another approach is to use an EKF in the usual way and then run an

EKF on the reversed data. The results of the forward filter with a backward predictor may
be combined via the approach of Fraser and Potter [FP]. This approach can be successful

when the data is iid as in Example 7.4. However, an EKF is not expected to perform as

well on the reversed data if the data is actually generated by a stochastic model. Alterna-
tively, the competitive approach of Niedzwiecki et al [NS] may be applied, in which either
a forward estimate, a backward estimate or the linear combination of [FP] is selected by
evaluating a cost function over a sliding window.

8.5.3 p-synthesis.

The accommodation of modelling errors discussed in Chapters 3, 5 and 7 has been via an

unstructured uncertainty approach. The application of structured approaches such as

p-synthesis [Mo] to communications filtering has yet to be investigated.

8.6 Concludingremarks.

Before this work began, although the theoretical aspects of H- filters were largely known,
not a great deal was known about any performance benefits. The work described herein
is an attempt to plug that (knowledge) gap.

Grimble was among the first to demonstrate that H- filters can be advantageous in
applications where particular parts of the frequency spectrum are accorded a weighting

[GE]. Here, it has been found that small benefits (in a peak-error-spectrum sense) can arise
provided that the SNR is sufficiently high. Although it is possible to write down sufficient
conditions for when the "SNR is sufficiently high", they do not lend themselves to
interpretation and the performance analysis tends to be anecdotal. It turns out that the

a

a
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H- filter can be slightly more beneficial when it is required to have a high-pass response

or to be a stable approximation of an unstable plant. More tangible benefits arise when
small modelling effors are accommodated, however considerable effort can be required to
optimise the design. The construction of a solution that is robust with respect to model
uncertainties is not always tractable, for example robust minimum phase equalisation can
be problematic. Conversely, non-minimum phase H- equalisers have been found to be

inherently robust to mismodelling.

The present work has been bought to fruition in the development of the extended H- filter
for which desirable attributes have been established at high SNR. At low SNR, nonlinear
observers designed via the fake ARE technique appears to be promising. Many open
questions remain, for example the design of robust nonlinear smoothers and robust
noncausal filters are unsolved problems.
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Appendix A

The Wiener fïlter

The purpose of this appendix is to define the 'Wiener filter and to demonstrate an

equivalence between the various formulations that appear in the literature. The determina-
tion of the causal parts of transfer functions are also outlined, as this can be required in
some Vy'iener formulations. The'Wiener filter set out herein, is used in the performance
comparisons of Chapter 2.

A.L The continuous-time Wiener filter.
Consider the f,rltering problem of Chapter 2 together with the simplifications N = I, W = I
and Gz- G.t = G, the error power spectral density matrix from (2.3) is

RdÉd- (HL- GGHL-H)(L'I{ - NlGGH¡r Õr, (4.1)

in which Â.AH= GQGH+R. An optimal frlter H, which minimises the square of the error,

follows fromIlÂ= GGHL-H. However this filter is non-causal and unrealisable because it
contains the factor Â-H which possesses poles in the right-hand-plane (RHP). A subop-

timal realisable filter can be obtained by taking the causal part of GGHL-H,namely

It ={ccHt-l*rt. ( .2)

Thus an expression for the Wiener filter can be deduced via a simple completing the squares

argument. This form of the Wiener filter arises as a component of H- filter in [Sh3]. A
formal derivation [Sh] arises via a calculus of variations approach to minimise the cost

function " 
LJi- nrontrlr¡ ds. AWiener-Hopf derivation is detailed in [Pa].'ZTEJJ _j*
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^.2 
The causal part of a continuous-time transfer function.

The causal part of a transfer function may be found by summing any constants plus the
partial fractions having lefrhand-plane (LHP) poles and excluding those having RHP

poles. Consider for some a.> 0, the LHP pole (s + a)-r , which is really (a + j2nfl-r, then

the inverse Fourier transform is u(t)e-"t, where ø(t) is the unit step function. Clearly

u(t)e-"t is zero for r < 0. Now consider the RHP pole (s - a)-r , that is - (a - jznfi-r, the

inverse Fourier transform yields u(- t)eor which is non-zero for r < 0.

A..3 The discrete-time Wiener filter.
For the case of discrete-time plants, the Wiener filter is also given by (4.2), however the
determination of the causal part is different. A derivation appears in [Sh2].

L.4 The causal part of a discrete-time transfer function.

113

n

considertheslsoplantG(z)= c0* G¡,"(z)+ Go*(z)where Gn"(z)=Vrr_"-:-,,|a¡l< l,isthe

sum of partial fractions having inside-unit-circle poles and Go,,(z) =þ*,Jå¡l > 1, is the

sum of partial fractions having outside-unit-circle poles. Previously in continuous-time,
the convention is to define constants to be causal. This is consistent with ensuring that the
non-causal part of the discrete-time plant is zero at / = 0. Therefore in the above example,
the non-causal part is {Cfzl}_ = Gou,p(Z) -Gou,p(O) and the causal part is whatever remains:

{ct.l. = G(z) - {cr.l}_ Some numerical examples are given in [Pa].

4.5 Equivalent discrete-timeformulations.

From the definition AÂH = GQGH + R, it follows that GQGHL-H = [ - R^-rl and taking

the causal part yields {l - nl-J* = À(e) - R^-¡1(0). Therefore the discrete-time Wiener

filter may be written equivalently as

it ={L-R^-t}.^-1 =I-þ$-t =I-RÂ-ã(o)^-t(z). (4.3)

In [Sh2,Pa] it is recognised that 
^-t(0) 

=.t11 Â(z) which results in

îr= I-Rçfkn-l, (4.4)

where {2h =lim À(z). Incidentally the one-step-ahead predictor [Pa] is given by2-->6 
Fr"-'= I-ç''hL-r' (A'5)
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The filter may also written in terms of state space parameters using (1.7) and (1.8). It is
easily shown (see [Sh2,AM] for the case of strictly proper plants) that the factorization of
ÂÀH yield. ¡ = [+ C(zI-A)-rnÇ)b where dl = CPC + DQD' + R, P is the solution of
p = BeBr+ ApAr- KAI{ and K = çAf C + BZD\A:|.
Substituting Â into (4.4) and applying a special case of the matrix inversion lemma,

namely V + C(zI -A¡-1¡ç1-1= I - CkI - (A- Kq)tK, leads to the formulation

Ê= Rdl-rc(zl- A+ rq-tx + r - RÇ¿-1, (46)

where the filter feedthrough is 1 - RO-r = (CPCT + DQD\ç|-r. In fact (4.6) is the Kalman
filter for time-invariant plants possessing a direct feedthrough term. Similarly it is easily
shown that an equivalent representation of (4.5) is

Ê,ro-,- C(zI - l+ KC)-IK, (4.7)

which is also happens to be the transfer function of the Kalman (one-step-ahead) predictor.

4.6 Equivalent continuous-time formulations.

In the continuous-time case it is usual to restrict the problem to strictþ proper plants. Hence

it follows from MH = GQGH + R that 
"S- 

I = Rv' and so another formulation for the

Wiener filter is [Sh]:

Fr=I-{nn"}.¡ t =I-Rv,L-t. (A.8)

A state-space formulation can be found by substituting G = C(sI- A)-rB into MH and

factorizing to obtain A,= R'h + C(sl- A)-typ'/'. Here K = PCR-I and P is the solution of
the ARE O = AP + PAr - KRI{ + BQBT. From (4.7) and the application of the matrix
inversion lemma leads to [SM]:

Ê = cGI- A¡-t KRv'L-r = c(s.I- A + xq-r x, (4.9)

which is recognisable as the transfer function of the Kalman hlter.
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Appendix B

A frequency domair H"" fïlter.

The inclusion of specified noise covariances, coloured noise and frequency weighted error
reported in [EW] is a natural extension of [Sh4] and consequently the discussion herein is
kept brief. The appendix begins with the role of the inner transfer function matrix and

follows the treatment of [Sh4] quite closely. The salient aspects of an interpolation solution

[Sh] are quoted in Section 8.2. Some rema¡ks regarding the optimal value of y are

mentioned in Section 8.2. Section 8.4 outlines the use of the Bilinear transform in the

solution of discrete-time interpolation problems. The appendix concludes with a discus-

sion of some implementation considerations.

8.1 The role of the inner function.

From (2.3) and (2.7) it follows that a filter is desired which satisfies

w(HL-G'GIn-\(ñfl - n-t?z?btf'= ^ft - <pr, (B.1)

The solution is not unique since an inner U, satisffing ULf= I, may be factored into the

right-hand-side of (8.1), that is

^f t- ot = w1tvzuu'Li}ivr' . @.2)

It is seen that the optimal filter follows fro

w (HL-GtGlt\ = WGtLzU (8.3)

and is given by

If =w-l(GtLzu +GtGlt-H)n-1. (8.4)

which is equivalent to (2.8). Thus the filtering problem is an inner design problem and is

also known as an interpolation problem. The role of Uis to ensure that the noncausal part
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of GtLzU + GtGl L-' is zero. Since Gr is assumed to be stable, U is required to cancel the

poles of Gln-'. In tsh4l it is assumed that Gr and Gzhavethe same dynamics. In this

case the poles of GÏ are cancelled by the zeros of Â-H and so the task of U is to cancel the

poles of À-H, or equivalently the zeros of Aä. In order to factor out Â-H from U, it is

necessa.ry to factor out an all-pass quantity Nt-'so that U is all-pass. Thus the inner of
[Sh4] is defined as (J = fltNL-H where ÃÃH= Mä and Ã has its zeros all in the RHP. It
follows from (8.3) that the optimal H- filter arises by solving the so-called interpolation
problem of

w(HL H -GrGÐ=WGtLzUtN, (B.5)

at the zeros of ÀH, where Ur is an inner is required to be found. In the case of SISO plants,

the quantities in (B.5) are polynomial fractions. If (8.5) is evaluated at the zeros of ÂH,

denoted by r,, i=|,...,p, the first term is zero and dividing through by }Iz(sùõ(s¡),
(assuming this is non-zero,) yields the interpolation constraints

-t;t(sùGí(s) = u1(s)Ã"(rù. (8.6)

Assuming that the s¡ are distinct, a solution may be found via the method of [Sh]. In the

event that the s¡ have multiplicities, the interpolation method of [Sh3] may be employed.

8.2 Statement of a continous-time vector interpolation solution.

Using the notation of [Sh], the interpolation contraints are written as Ú = lut ,..., uol and

W=lwt,...,wpf where u¡=ÃHG) and w¡=-^tt(s)GH(s). The continuous-time vector
inteqpolation solution of [Sh3] is defined as a function of an arbitrary inner matrix O such

that@H@=L Thechoiceof O=I yields

u1(s) = lI -e(sF+.Ã )-tul, (B.7)

where e :ú -W,Ã, =Uú-FN,f¡¡= 1sfl+ s¡)-t@lu¡wlwìandF=ifrl.

8.3 Summary of the solution procedure.

From (8.2) it follows that a minimum value fory, denoted by T-in, is required to be found
so that the spectral factorization

tz$l = ^lit'wtw-'€r' - (1+ GUMoR-t¡trtG)-t, (B.8)

yields a stable and minimum phase 42. From (2.3) it follows for SISO plants that a lower

bound for f can be calculated as T- llÕrll-. A convenient upper bound can be found by
calculating the maximum magnitude of V/iener effor spectrum. The y'nio generally needs

to be determined iteratively, one method is start at this upper bound and progressively
bisect the distance to the lower bound. The problem can have a tendency to be ill-condi-
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tioned when y is close to |min. Indeed in [Sh2] it is argued that at ]= ]min, a pole of the

inner tends to infinity. Therefore it is prudent to choose y ) |min and check that (a) a reduced

order solution for U(s) is obtained, (b) the noncausal part of GtLzU + GtGln*H is zero,

and (c) the solution satisfies (2.7).

8.4 Extension to discrete-time.

The formulation of the Wiener filter (2.6) is equally applicable in the discrete-time case

with appropriate definitions of causality. Similarly the H- filter of (2.8) or (8.4) also

applies for discrete-time plants, except that a discrete-time inner needs to found. Denoting

the p zeros of Aä âs z¡, the discrete-time interpolation constraints are

-6t(z')clkù = uúz¡)Nkù. (B.e)

The continuous-time inte¡polation conditions may be obtained via the Bilinear transform
as r¡ = 2k¡ - l)(zi + l)-lat T, = 1. The continuous-time Ur is calculated from (8.7) and the

discrete-time version follows by again applying the Bilinear transform. Finally the optimal
filter (2.6) is calculated using the z-domain definition of the causal part (described in
Appendix A).

8.5 Some implementation considerations.

Some Matlab@ routines were written so that the optimal H- filter can be found when Gr

and Gz are of arbitrary order. The calculation of (sF + ^Ã ¡1 in 1n.Z¡ requires matrices to
be inverted symbolically - the use of Cramers rule (dividing adjoints by determinants) was
found to be satisfactory. Performing spectral factorisations such as (8.8) can be error prone
because the roots of polynomials are calculated with finite precision - it is a good practice
to check that the difference between a spectral factor times its adjoint, and the polynomial
being factorised, is sufficiently small. Cancelling common factors in polynomial fractions,
such as those within (8.4), tends to be problematic - it can be useful to at least compare
the transfer functions evaluated at J = oo and at s = 0. The errors that accumulate as a result
of approximate factorisation and cancellation, appear to increase with the order of the
polynomials; consequently the use of frequency domain methods is only recommended for
low order problems. Indeed in [SM] it is concluded that the "the Kalman algorithm is

computationally superior to the Wiener algorithm" owing to the difficulty with spectral

factorisations, particularly for higher order problems.
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Appendix C

Continuous-time, all-pass scaling

In the frequency domain approaches to H- filtering discussed in Chapter 2, the error

spectrum is designed to be all-pass. This contrasts with the game-theoretic approach

discussed in Chapter 3, where it is usual to to assume a minimum entropy solution, which
results in a low pass error. This appendix shows how the continuous-time, game-theoretic

H- filter can be scaled to yield all-pass error.

This appendix begins with a definition of an all-pass transfer function. A scaling due to

[Gr] is then defined which ensures that the open loop system is pass. Finally a closed loop
formulation is introduced which is shown to exhibits an all-pass effor.

Theorem C.l. (IGLDKSI thm. 4.1(b)). Consid.er the plant , :lt"rI tf D'D = êI and

CP + DBr = 0where P =Pr is the controltability gramian givenbyAP +PAr +BBr =0.
then GGH = ê1.

C.l The open loop error system.

The controller for problems of the second kind (lLAKGl, thm. 3.3), may be scaled by
replacing y = Ur with yl = UTr. This scaling is stated to yield all-pass error in [Gr]. In
the filtering problems, there is usually no path from the controller to the plant and

So82=Q.

Theorem C.2. Consider the time-invariant, filtering problem described by

(c.1)
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Then the set of fiIters such that Rr¿Rl¿=^f is parametrised by

where.=V,f, ,=liland Dzt= [1 o]

(c.2)

v = Ur, (C.3)

in which y tU is a causal, contractive operator and where P is the solution of the ARE

(A- BÐLz2)P + P(A- BÐT{z)r - P(6cz - f'dcùP + BtDtrDtBl = 0, (c'4)

and D:-l[?] - an orthogonal extension to Dzt.

An operator Xis contractive if llxl- < 1. Causality is discussed in Appendix A.

Proof. Observing thatl estimates -x, the effor may be written as e =¡+l and itis easy

to show that R ¿corresponding to (C.2) is given by

[ ¿ 
'l 

- | * n,oï,cr- pdc, -BÐTtDzF p6Dr, -y I pdfl ef

L;l 
= | 7, ,3,, ð ]tT] (cs)

lil
Rz¿where

e

ïv

s

It:Zl Now rheoremFor convenience (C.5) is written as Rz¿

C.1 may be used to argue that (C.5) is all-pass. The controllability gramian pertaining to
(C.5) is

(A- BÐz(Cz)P + P(A- BtDu'Cz)' + BtBt' - BtDzt'DztBt' - BtDzt'C2P - BtDzt'DnBt'
t B1D2lD21Dz{DztB(-tB1D2{D21D21DzlCzP - PCz'DztB( * PC2'D21D2|D21B( (C'6)

+ PCz'DuDzlDuBt' t PC2'D21Dr'CzP +y2PC|C1P = 0

SinceDzrDzt'=fI 0landequating(C.6)to(C.a)yieldsl-Dzt'Dzt= DlDtwhichistrue.
Thus the solution of the ARE (C.4) equals the controllability gramian. By direct substitu-

tion it can be shown that C¿P*D¿B'¿-Q. Since Dpfir=fl, the result follows.

V

The conditions that a¡e sufficient for the open loop system (C.5) to be all-pass will be

required in showing that a closed loop system is all-pass. For convenience R.¿ is written
[e+ a1+ oz Þr Þl

^ | Z: 3 ãl,where 
at=BtDTtczand p1= - BÐLDzt- pdDztetc' Then equating

the solution of (C.4) to controllability gramian yields
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- a,zP- po¿!- P(dcz-T-dct)p+ BtDtrDtBl- PtBl- þzþT= o (c'7)

and Cr¿P + Dr¿Bra= 0 results in

CP + yþT= 0, (C.S)

C2P + õFl= O, (C.9)

the conditions for the open loop system to be all-pass. Now a sufficient condition can be
stated for the closed loop controller to be all-pass.

C.2 The closed loop error system.

Theorem C.3. Thechoiceof U= yt inthefilterof theoremC.2resultsinRr¿É¿= ^lL

Proof. Substitutin g (J = ¡r into (C.5) yields the closed loop system

[¿'l ' [a*o,* uz+ftþzrz Þt+Br61tr-.|
L..l = | c* cz ô JLrl (c'10)

Now using (C.7) the design ARE can be written as

(A+sr+ a2+¡tþ2e2¡P+P(A+cr1*cr2* Ttþrer)'-Ttþrerp-TtPeTþT+ ÊtFI+ÞrÊl=0. (c.11)

From (C.8) and (C.9), the controllability gramian can be shown to be identical to (C.11).

Also C4P+Dr¿fl6O via (C.8) and (C.9). Since D*,DF,=^|I, the result follows.
V
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Appendix D

A review of the Kalman fïlter and predictor

This Appendix reviews the Kalman filter and predictor for the problem of Figure 3.2 where
there are two different plants which may possess a nonzero direct feedthrough term. It is
assumed that the two plants G¡ Gz are linear with state space representations denoted by

It,t',1^dltr3l r"rn"..ively. (If Gr and Gzhave different dynamics one may proceed

similary by defining A: diag lAt, A2f ,C¡ [0 Crì and CrÍCzO].) The vr and wr arc

assumed to be zero mean, stationary, white noise processes with E{vrvl}= R,

n{w*w[] = Q and n{"*il = 0. The objective is to arive at a linear, causal, stable filter H that
estimates the output of Gr from noisy measurements of Gz such that the effor z¿ is optimum
in a minimum variance sense.

The Kalman filter and predictor, for the case of proper plants are set out in Section D.1.
Extensions to problems containing feedthrough terms and deterministic inputs are detailed
in Sections D.2 and D.3 respectively; these formulations are used to generalise the EKF in
Chapter 7.

D.l Strictly proper plants.

The approach of [G; BG'W, Sec. 3.4] is set out here, where an augmented plant model is
contructed so that the Kalman recursions can be applied to obtain the filtered and predicted

estimates. Consider initially the state estimation problem when Gt = Gzt-ltrt;l

["] [e ol ["] f n.,*1

LeL,=l, oILËI. L õ l-' (D.1)
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yt = tcz or-[{]_. *. (D.2)

The x¿ and (r correspond to the current state and a one step delayed state of Gz respectively.

Application of the Kalman predictor recursions tAMl yields

[ûf*=F Bltû]". [5]_0-- 
tcz '-lë1,) @s)

in which

[f]-= t? slli,,f;L[il_*', (D4)

li,, iïl-,= f; sl [;, ii]f; s]- tfþ{f]- . l"*, 
t z\ (D s)

and

dt¡= tcz oull.,,ii\", oril+ no. (D'6)

From now on, the k-dependence is omitted except where it is felt that confusion may arise.

The ( 1, 1 ) partition of (D.5) is P¿+r- AP xAr - Kñ*4+ BzQBT where Clr CzP t 6+ R. The
predictor recursion is

î**= tru-r+ Kt(J*- Crî,yu), (D.7)

in which îuyo is the estimate of xyo-, given the data {!0, !o-r, lr-2. ..} and K*is the one step

ahead predictor gain. The corrector recursion is

xvt= xt/r-t+ D*(yt - Czîn-r). (D.S)

Since t*r-ï,y.-risan estimate of xt given the observations, D¿ is the filter gain (and also

happens to be a feedthrough term). Now suppose that C, Zltrf],** the objective is to

estimate the output of Gr from noisy observations of Gz. The predicted and filtered output

estimates are denoted ãs tt9T-.= Crîn-, and uut = Ctînrespectively. Equivalently

(D.e)

It is seen that compared to the Kalman predictor, the Kalman filter possesses a direct
feedthrough term. Denoting the prediction error as y*- Crîn-r, allows (D.9) to be

expressed as
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(D.10)

D.2 Plants containing feedthroughs.

Extensions to problems where the plants possess a nonzero direct feedthrough term follow
by solving a correlated noise problem. Consider the model with a direct feedthrough:

xk+r=Axk* B2w¡, (D.11)

!*= Czx*tD2w¡*v¡. (D.12)

This is a correlated noise problem since (D.12) may be written equivalently as

y*= Ctfrt*i*, (D.13)

os
srRwhere in which R = R + D27DT and S = eDT [AM, prob. 4.3,

p. 1141. This correlated noise problem can be converted into a problem where the noise

processes are uncorelated by defining

wtFwk- 'SeR--lve, (D'14)

ll-;.1 ---ì f n nl
where -rll:])t;f f,,j=Li ;lin which A= Q- sn-'sr [AM, p. rls ]. substituting

forwrof (D.14) into (D.11) and (D.12) yields

xk+rro= Axvtt Blw*+ nzSR-l(J*- Czxu). (D.15)

Since the best estimate of w* from observations of y¿ is 0, the predicted state may be

estimated by

îu*-,4îro+ nzQoft-t(yr- Clvù (D.16)

and the filtered state estimate may be obtained from (D.8). Substituting (D.8) into (D.16)
and rearranging yields

xrc+yç= Axyç,+ (AP*Cz+ BzS)(CzP6 + n¡{ çy¡- Clvr-,). (D.17)

Thus in the case of direct feedthrough terms, the prediction (D.7) remains valid and the

one-step-ahead predictor gain is given by

l(¡= (AP¡Cz+ BzQDT)ç¿,|, (D.18)

where d2*= ç¡oçT + OIQOT* /l . Since (D.16) provides an estimate of A¡x*r Bzwt,then
a filtered estimate of Cfi** Dtwxcan be obtained from

u,yo= Ctlyo+ DrQDm.-t(yo- Czî*). (D.19)
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Therefore (D.8) also defines the correction when feedthroughs exist. The filter gain is
calculated as

D¡= (cf ¡6 + DQDÐc¿;t. (D.20)

I).3 Deterministicinputs.

Consider the signal model

x¡¡=Ax¡+ Bzwk+ pk, (D.21)

yr= Czx**D2w¡*i¡r* q¡, (D.22)

whereprandq*arcknowninputs. Thensubstitutingforw¡.of (D.14)into(D.21) and(D.22)
results in

)ck+t/k= /|x/k+ Bzwt * p*t nz!nl(y*- Crln- q*). (D.23)

It follows from (D.23) that a prediction recursion for î*yo is

luyr=¿)uo* p** nzQnTn-|(yt- CÅ,yr- qk), Q.24)

where îy* is obtained from (D.S). Similarly it is easily shown the filter output is given by

,,rr= Crî,rr* q*+DrSR-t(y* - Czî,yr- aù. (D.25)
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Appendix B

A derivation of the H"" fïlter

The game theoretic solution to the general discrete-time H- control problem is set out in
[LGW,Gr]. As is the case for continuous-time problems of the third kind where neither of
Dn or D21 is invertable, the design of the controller requires the solution of two RDEs.

Here the results of [LGV/] are simplified for filtering problems where D n = I . In particular,

the arguments of [LAKG,GrZf are used to set out a solution for discrete-time problems of
the second kind. The resulting H- filter requires the solution of just one RDE and has

precisely the structure of the Kalman filter.

8.1 Perfect information control.

In the perfect information control problem it is assumed that the inputs and the states are

available. The plant is assumed to have a time-varying state-space realisation

n ['o*,-l I ; Å', irrll**1
ol ,o l=lc', Dn Dnll¿rl (E.t),lr-J lo I o)rl*)

For convenience of notation the k-dependence is omitted, except where confusion may
arise. The problem may be reformulated in a J-factorization framework [GGLD,GT] by

derining E--Ín,B2t, i=[Î'], u=frl'o,il, tr=l'6 ],)and, r^t=l? _iÀ. rhe

objective is to find a minimum yand a controller to satisfy the cost function

llzll2 -^fWl'=llu- u*ll'-^lW- îtt', @.2)
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for any input sequence dn and any control sequence uk whene di is the worst case input

sequence and ui, is the best case control sequence. The saddle point conditions, namely

the identification of ln and ui are reported in [LGW,Gr].

Theorem E.1. Suppose for every input sequence d*, there exists a S¿> 0 and a M* such

thatú{-SktMk>0for att k, where

s=b'lotb+Érxã, @.3)

ttt=Ûrte +Arxã, @.4)

in which X¡ satisifies the RDE

x*=lJøe + ArX*+tA- l,f S-tu @.5)

andXN=0. Then

['l = wlorl+ Lrxp
Lr-.1 "l*)tur¿n (8.6)

satisifies (8.2) where

-wrJ^tw=S with -r=lyrt-*:r] @'7), wrrrr ,, _lwr, 
0 I

(8.8)

Proof. See [LGV/, Thm. 2.2,p.394]

The saddle point conditions may be written

i*=WtdxtWnu**Lfi*, (E.9)

j*=Wud*+-Wr. (E.10)

Now suppose that imperfect state measurements are available, namely the observations

y*= Czfin* dt. (8.11)

Then the task is to combine the perfect information controller together with an observer
that attempts to reconstruct the state. Since d¿ is not accessible, the observer can only be

driven by u¡andyr. Consider the observer

î**t = Aî*+ Btd** Bnu* . (8.12)

Substitutingfor d¡from (E.11) into (E.9) results in

uo = w¡] 1t¡, - Wnyx - WnCzfi* -Løù (E. I 3)

and similarly (E.10) yields

ürrw-T:-MLand
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xk+t
Uk

j*

j* = Wztyt - WztCzú* + Tax*.

Substitutin g for d¡ and u¡ into (E. 12) yields the controller

(E.14)

This controller corresponds to (E.11), that is Dzt= I, whereas in filtering problems Dtr I.
The solution to this dual problem can be found using the arguments of [Gr2,IG], by taking
the inverse adjoint of the controller for the adjoint problem. The map of the controller for
the adjoint problem may be written as

, (8.16)

where

S= WJq^lf = DJ,,,,D, +e p*C, (E.17)

M=BJnÐr+AP*d, (E.ls)

L=lLt l¿l= M(Jq^lf)-t, (E.19)

in which B = tBtt 01, c = 
[3;], 

D =13::åf, t *= [t; _ l,^f^op¡. satisifes rhe RDE

Pk*t=Blnßr +APkAr -MSrI'f . (E.20)

The inverse adjoint of (D.16) is

As in the continuous-time case, i* and j* are scaled by 1, this ensures that the closed loop
system is all-pass (a proof is given in Appendix F). The resulting open loop filter is given

by the map
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Appendix F

Discrete-time, all-pass error scaling

This Appendix reports a negative result, namely that a scalar contractive operator cannot
be found which ensures that the closed loop filter exhibits all-pass eror. Firstly the

required definition of all-pass error system, namely the dual of [IG, Lem.2.7 , p. 1042] is
stated. Next it is shown that the open loop filter (4.15) yields all-pass error and finally the

closed loop case is addressed.

Lemma F.l. Let * :l1r^1ru, (C,A) detectable, suppose that P = Pr satisfies_ 
IC D)

P- APAT+ BBr. (F.1)

Then

RRã= DDr + CPe @.2)

tf

DBr + CPAT = 0. @.3)

Proof. V/riting R= C(zI- A)-tB+ D, expanding out the terms of Rd, substituting for P
and using (F.3) results in (F.2). V

F.l The open loop error system.

Lemma 1.2. The eror system conesponding to the open loopfilter (4.15) is all-pass.

Proof. Defining €k+7= xk+r*î¿*r, then it can be shown that Rz¿is given by
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(F.4)

The second row of condition (F3) for the system (F.4) yields

TWle wlrT+ DzBT- ozoTwlrT+ czPAr- czpdwtlrl) = o. (F.6)

By equating the infinite horizon solution of (4.14) to the controllability gramian (F.1) and

using (8.3) results in

Lç (AP$+ nzQobwl. (F.7)

Substituting (a.18) into (4.13) also yields (F.7) and the result follows. V

In the continuoustime (Appendix C), the conditions yielding an all-pass open loop system

were used to find a scalar value for U. The same strategy is attempted here. For brevity
(F.4) may be written as

Rz¿ (F.8)

where cr,1= - LNilCz,þr -LrWil,eç Cr Wt$lCzand õr= -Wt6letc. Applying the

all-pass condition (F.3) to the system (F.8) results in

ôrBI+ erþT+ô¡Êl+ CP(A+crr)r= 0, G.9)

ô¿Þl+ôsÞI+ c2P(A+crr)r- 0. (F.10)

Equating the infinite horizon solution of (4.14) to the controllability gramian (F.1) for (F.8)

yields

- qPAr- APo,r o,'Po;T+ BzQBT- MStr,f = ÊrÊl+ FzÞT+ þ'rpl. (F'11)

This result will be used in an analysis of the closed loop system.

F.2 The closed loop error system.

Proposition F.3. It is not possible to find a scalar for U which ensures that the system

(F.4) is all-pass.

Proof. By substituting U = k into (F.4) yields the closed loop system

l"r;'l[:,uJ3;" ßll ftrï ßî fg3;] lïl'L',rl
(F.r2)
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By equating the inf,rnite horizon solution of the (4.I4) to the controllability gramian (F.1)
for (F.12) and simplifying via (F.9) and (F.10) results in the following condition for the
scalar

¿2 = (ô+ôl+ õsõl+ czPd)4. (F.13)

For the error system (F.12) to be all-pass, condition (F.3) needs to be met, this leads to

\* xz* T3* x4= 0, (F.14)

where

tr= ôrÞl+ erÞI+ CtPAr+ CrPsl+ ô¡Þ1,

tz= kù(ô¿Êl+ ôrÊh CzpAr+ Czpal),
t¡= /<2ô¡ ô¿ôTÊ l+ ¿'ô, ôrôlp T+ Ê a tc rp dþT- atþT,

rr ÊùõsúÞl+ kôrôlÞãi ra'¡o'pT+ kcp6þT- É40'¡TBI.

Now T1= 0 via (F.9), Tz= 0 via (F.10). Also from (F.13,) it follows that t3= 0 and therefore
(F.14) implies x+=0. Thus the scalar needs to simultaneously satisfy (F.13) and t¿= 0. It
is argued that in general a solution for k cannot be found unless conditions are imposed on
the plant. V
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Appendix G

High SNR Conditions

Consider the stationary output estimation problem in which the signal model is known, the
input noises are zero mean, gaussian white processes with known covariances. It turns out
that compared to the Kalman filter, H- filter exhibits a small reduction in the maximum of
the error spectrum magnitude, provided that the SNR is sufficiently high. The objective
of this appendix is to quantify conditions for when "the SNR is sufficiently high".

The error spectrum has two components, the part due to the process noise and the part due
to the observation noise. The approach taken here is to report which error component is

observed to dominate and then attempt to def,rne sufficient conditions for this to be the

case. Conventionally SNR is defined as either the signal to observation noise ratio or the
ratio of the signal plus noise to noise ratio. Here the reference to SNR is quite loose. Rather,
an attempt is made to identify when certain observations prevail. It is contended that an

examination the error spectra does contribute to an understanding of how and when the
H- filter offers a reduction in the maximum of the magnitude of the error spectrum.

However the ensuing conditions are stated in terms of filter gain or the solution of an ARE,
which do not lend themselves to be easily interpreted.

G.l Continuous-time output Estimation.

G.1.1 Notation.

The stationary plants of Figure 3.2 are assumed to have known state space representations

denoted by Gz- Gr I 
tå ä] The observations may be modelled as

i= Ax+ BQv'w, ! = Cx+ R'hv (G.1)
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where v(t), w(t) are zeÍomean, gaussian, white processes and ø{wt = I, Efwwr } = 1. The
Kalman filter is denoted by

t-t
l+l*[o -kc rll-îl
Ll=t' c'" öll;l' G2)

where the filter gain is given by ft= F C andF arises from the ARE

o = AF+F+'-F c'n-'cF+ BeBr. (c.3)

The output error is denoted as z = Ce, where the state error is defined as e =r - 1. Th.n

from (G.1) and (G.2) the map from O=l:rlto z is given by

[N=f á'-u{" 's"]lil "4)'L',_l

This error system may also be written as z-R.*v +R*w, where Rr,:lo-Ic &!lund
LC OI

R*!7-:'%1 These erïor components may be written equivalently as transfer

functions, namely R*= -C(sI- *k qak Rv' and Rr,r- C(sI- l+k q-rngv'. The error

spectrum is given ay Rraí#R"ff+R'ffi,in which

R*M= cgr-A+ke-tknî{ltre+kq-'c', (G.5)

R,ÃN^- c(sl-A+kq-tnqn'çtt-t+kc)-'c'. (c.6)

The H- filter for known input covariances is denoted by
t-t
bl*[o -;<c ã]tî] '7)L,] L

where the filter gain is given by K= PCandP arises from the ARE

o = AP+ PAr- rC64 - y 24cr+ BeB'. (G.8)

The H- error components are similarly given by (5.9) and (5.10)

R*# c@I-A+Ke-txnt{çtt-t+ re-HC, (G.9)

R*# c(sl-A+KC)lnenr(st-t+ KC)-Hcr. (G.10)

135
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G.1.2 Known plants.

If G(s) is a known, stable plant, a real positive dehnite solution to (G.3) has been found

and 0 >FA'+ AF ,thenit is claimed that

|ñffi0c¡ll2 >tíffiç,rrr)l2 VrrreR. (G.11)

This can be seen by writing the Kalman ARE (G.3) as

BeBr=kni{-F{-eF. (G.rz)

From the above-mentioned condition, and (G.12)it follows thatBQBr > k Pi{ . The claim
(G.11) follows from the sum of (G.5) and (G.6). That is, at high SNR the error component
due to the measurement noise is small and, the Kalman error spectrum is dominated by the

error component due to the process noise.

The converse is true in the case of a H- filter, namely at high SNR, the maximum magnitude

of the error component due to the measurement noise is observed to dominate. Suppose

that G(s) is a stable plant, a yhas been found to ensure P > 0 and the SNR is sufficiently
high such that

y-nfcr + PAr+ AP > o, (G.13)

then

n nfiçcrl¡t'>n*{*çro)12 VrrleR. (G'14)

This can be seen by writing the H- ARE (G.8) may be written as

KRI{ = BQBT+ PAr+ er + ¡2rfcr. (G.15)

From the condition (G.13) and (G.15), KRÃ'r> BQB'. The claim follows from the sum of
(G.9) and (G.10).

The H- filter exhibits a comparative reduction in the peak of the error spectrum magnitude

because the peak magnitude of ñ-ñã,(s) is greater than that of nrRfl(s) and the peak

magnitude of ñ.nñå(s) is greater than that of R-Rä"(s). In particular if
'ißxtfi.,,Rk0ro)t2 > Kn tR.,Rã, (ia)t' (G.16)

and the SNR is sufficiently high such that

'tßn1Þ..,ff"(io)12 > 't3nlR*É*Çt¡,)12, (G.17)

then

'ißnlR.¿H¿0ar)12 > 'tßnlR..¿R!¿(ill.)l'. (G.18)

The claim (G.18) follows from the sum of (G.16) and (G.17).
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It is somewhat more enlightening to consider low-pass plants which may be defined as

follows.

Definition. A transfer function G(s) is low-pass if I o0 > 0 such that lG(7ro)l + 0
monotonically as o + 0, o > o0. Further, it is said to be strictly low-pass if ros = g.

If R¿ andñT¿ are strictly low-pass with

ç-*k qlBeBr(-A+ k q-, (A+K e-tK RI{IA+ K q-' (G.19)

and the SNR is sufficiently high such that

eA& q-tk nî{ et+ k q-, (A+K e-t BeBr(-A+ K c)-', (G.20)

then

ft.,0ff0çtr.)l?'o, WoÉoç<o)2'+. (G.21)

This follows by premultiplying (G.19) by C and postmultiplying by Cryielding

tÉ*Rhçùr?", > R.Rflçc¡t?,a, G.22)

and similary at dc (G.18) is equivalent to

tÞ..ffi0ùt?,^>w*ffifo)t2.,+. G.23)

The claim (G.21) follows from the sum of (G.23) and (G.22).

With the error define dby z= C(x- 1), i, follows fromFigure 3.2thatif the plants are SISO,
the error components may also be expressed as

R.u(s) = <ul{s), (G.24)

R-(s) = <,(I(s) - l)G(s). (G.25)

The high SNR observation (G.14) states that the maximum of lR.,(s)l is greater than the

maximum of lR.,(s)|. Further, suppose that the SNR is very high such that the lR-(s)l is
insignificant compared to lR-(s)|. Clearly lR-(s)l is minimised by the choice of
lI(s)l=1, in which case lRrdRn6\=d. Since the H* filter is designed such that

lRr¿R!¿(s)l < f, then it follows that a convenient a priori choice is y = su. From (G.8) it is

seen that this yields aP > 0, provided thatAP+ PAr<0.

Thus at very high SNR the optimum H- solution is a "do nothing frlter", this is more

apparent in the scalar case (see Examples 5.I,5.2 and 5.3).
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G.2 Discrete-time output estimation.

G.2.1 Notation.

The stationary plants of Figure 3.2 are assumed to have known state space representations

denoted by Gz- Gt! 
lå ;] In the case that D = O,the observations may be modelled as

xk+7 = Ax*+ BQkwt, y¡= Cx*+ Rv'v*, G.26)

where the v¡,, wkarezero mean, gaussian white noise processes and n[rrt = I, Efwwr] = I.
The Kalman predictor is denoted by

lî""1-le-kc kflî'*,1
l"r*,1-l c o_lf rr J' G.27)

where the one-step-ahead predictor gain is given by k=AF C\CF Cr+ R)-1 and F arises

from the ARE

F= AF Ar- tF C<cF C+ n'¡acÞ Ar+ BeBr. (G.28)

The output prediction error is denoted by 4*-FCevr-rwhere €vt-t=xn-î,yr-ris the state

prediction error. Then from (5.31) and (5.32)the map fromd*=[;] to zlr-tis given by

f ,*-,1 ,l*kc -knv' Bo'ilt01| '"'r:r-^ Ì" 'i' "ó ll*l G.2e)
lzvu,) | c ,Lr*)

This error system may also be written às ztil,-t=R..vt +R.*w¡, where R#?-ii' +{")

andñ.r*Zle- 5c t?l.These effor components may be written equivalently as transferL C OI
functions, namely R*= C(zI- *k qak R'/' and Rr,- C(zI- A+k q-rngth. The error

spectrum is given by Rroí#R"ff*fr.m, in which

R,,RX= c@-A+k q-1i< nl{@-t+ k c¡-H cr , (G.30)

RÃN,= c(¿-A+kqtnen'kl-t+kc¡-'c'. (G.31)

The Kalman filter is denoted by

f *.*f ,l,q-kc kllr*-,1
luur )= lc - b c D )L ,o .l' Gsz)

where the filter gain is given by D= CF dfCF Cr+ R)-1. The H- filter for known input
covariances is denoted by
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lîA'lt-u;, uÀl*;:1, 
(c33)

where K= AP CGp ca n¡-l is the predictor gain, D- Cr c'çcr ca n¡t is the filter
gain and P arises from the ARE

p= ApAr- ^+-ïll':irf' ;:äl ̂ l'n' 
qrA'+ nen' G 34)

For convenience (5.34) may be written as

p= ApAr-Lrü+ ^lt"ü+ BeBr, (G.35)

in which L1L[= ¡pç'çCPC'+ R¡-tCfA' and, his defined within Section 4.2.

G.2.2 Known plants.

It is claimed that (i) If G(e) is a stable plant, a real positive definite solution to (G.28) has

been found and O > l,Þ lr - F then

'{--,Atft*ffit¿\ tt > ,,üln,n} tÉffif¿\12 (G.36).

(iÐ If in addition, the SNR is sufficiently high such that ^f Uú* ApAr - P > 0, then

"åï,,"Ì 
w*t@\P, ffi-n,nln*nfi1d'¡12. (G.37)

(iii) If .,üX,,"1 lÉ*ffi@\ 12 > .,$f-n,,,) n*n\@\12 and the SNR is sufficiently high such rhar

"i,F.,n) 
1fr'ffie\l' > oH-n,n\ ln*nl*@') t2, rhen

#.*,¿tñ.,ffi¿e\( > ,ff-**lw¿É¿@')t2. (G.38)

(iv) If Rz¿ andÉ.¿are low-pass with

(t-A+k e-t ngn'1t-t'* k q-, (I-A+{c)-t x nt{ çt-t'+ K e-'
and the SNR is sufficiently high such that

(t-l'+k q-tk nl{çt-e'* k q-, (I-A+fe-t ngn'çt-t'+ K e-' ,

then

lÊ.,¿Rla@\l?,a> tn,¿É¿@\t?,H. (c.39)

Since the structures of the one-step-ahead predictors are the same as the continuous-time
f,rlters, it is not at all surprising that the same observations arise. An understanding of how
and when the H- filterminimises thepeakof the error spectrummagnitude maybe obtained
by observing which error components dominate. It is easy to verify (G.36) through to
(G.39) via the approach of the previous section. The observation (G.39) is included here

to emphasise that in the stationary case, the problem can be investigated a priori.
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The key observation is (G.38), namely at high SNR the H- filter minimises ln*{*çz¡lvia
a do nothing f,rlter. Unfortunately it is not possible to set out the high SNR conditions
without reference to the solution of an ARE, in which case the actual error spectra may
just as well be examined. To this end, some scalar examples are presented in Section 5.2.

G.3 Equalisation.

The discussion pertaining to equalisation problems uses the same notation introduced in
Section G.1. In particular, tilded variables denote those specific to Kalman solutions.

Suppose that the channel is band-pass and has one or more low frequency, minimum phase
zeros. It has been observed from studying various numerical examples that the Kalman
solution to the equaliser problem behaves quite differently at low observation noise than
for high noise. In particular, the observation noise limits how well the equaliser inverts
the channel.

In respect of the equaliser problem, if the observation noise is suff,rciently small so that

,í!fl lí*Rh0or)t2 < ,ï!fl. lÉ,"R#çtùt2, (c.40)

then the Kalman solution attempts to invertthe channel, thatis.É1s¡ = 61(s) andirrespec-

tive of how much oT is increased, the error will be due to both ñzv(r) and ft-(s). Conversely
if the observation noise is sufficiently large so that

,ì!fl tÉÃ#0r¡)12 >> ,ìtfl tÈ*ft5Çø)12, (G.41)

then the Kalman solution behaves like a filter and does not invert the channel, that is

,*KliI Gz(io)l << 1 and irrespective of how much o3 ir in"."used, the peak error will be

dominated by the ñ-(r) component.

The same behaviour has been observed of H- equalisers. Paradoxically at low observation
noise, the peak error is dominated by R.u(s). This arises because at high SNR, the equaliser

can be quite successful at inverting the channel. At low observation noise when o3 is large,

the resulting equaliser is a very low magnitude, low-pass filter, with the result that the

maximum of R-.s(s)l is much lower than the maximum of lR.rRl"(s)l . These claims are

illustrated via the examples in Sections 5.3 and 5.4.



Appendix H

An extended Kalman smoother

The objective of this appendix is to seek improvements in the performance of FM
demodulators. The demodulator that is often implemented in FM receivers is the phase-

locked loop (PLL). A digital PLL is usually tuned for one operating point: typically an

integrated circuit has connections for external components which allow the selection of
the VCO centre frequency and loop filter. It turns out that the extended Kalman filter
(EKF) reverts to the PLL under some simplifying assumptions.

There are two reasons why an EKF design can exhibit performance improvements
compared to the PLL. Firstly, the time-varying EKF (which has an adaptive gain) generally
outperforms the time invariant EKF [AM]. Secondly, while the PLL is conventionally
tuned to one operating point, a priori modelling information (such as the measurement

noise power for example) is easily encorporated into the EKF design.

It is well known that the performance of EKFs degrades with increasing measurement noise
power. This appendix is intended to contribute to an understanding of EKF performance
and, demonstrate that an extended Kalman smoother can be used to provide an improve-
ment. The contents of this appendix is as follows. Section I reviews some smoothing
literature that is relevant to Kalman filters (and potentially EKFs). A proposed formulation
for an extended Kalman smoother is developed in Section 2. The results of some simulation
studies are presented in Section 3.

H.1. A review of some smoothing techniques.

An survey of early smoothing contributions was compiled by Meditch [Me] in which the

citations include the work of Kepler, Gauss, Kolmogorov, Wiener, Kalman, Bucy, Levin-
son, Bode and Shannon. Of particular interest here are smoothers that are potentially
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applicable to the FM demodulation problem, in which a model nonlinearity appears in the

output mapping, viz

xk+7= A¡x¡¡* B¡w¡,

!*= c*(x*)t v*. (1)

V/hile nonlinear, continuous-time smoothing and linear, discrete-time smoothing have

been dealt with extensively, for example see [LPS,L,RTS,Ma,FP,Me,Mo,C,NK], the

subject of nonlinear, discrete-time smoothers appears to have received somewhat scant

attention. Fixed interval and fixed point smoothing solutions for the continuous-time
analogy of (1) have been detailed by [LPS] and [L] respectively. Some key results for
discrete-time, linear, smoothing problems include [RTS,Ma,FP,Mo]. The Rauch-Tung-
Striebel recursions rely on storing filtered estimates and then proceeding in reverse time

[RTS]. Mayne's approach for fixed interval smoothing uses "Kalman's filtering theory to
obtain an estimate using past observations, and optimal control theory to obtain an estimate
using future observations". Mayne's fixed interval smoother formulation uses a linear
combination of the past and future estimates which was presented again by Fraser and
Potter [FP]. A standard formula is used for the optimum combination of two independent
estimates,lr (covariance Ir) andiz (covariance I2), namely

1= (xit+ älx>ilît+ Ðtîù,
x = (Eir + Ð.\-1. Q)

In a subsequent analysis [C] it is shown that the fixed interval smoother of [Ma,FP] can be

derived without assuming that the forward and backward estimation errors are independent.

Moore obtained fixed lag smoothers by augmenting the state transition matrix and applying
the Kalman filter [Mo]; further discussions of fixed point smoothers are detailed in [AM].
A lag I smoother arises by applying the Kalman filter to the model

[¿:l]=P3l
Xk

S¿

(3)
y¡=lC* 0) * v*.

Approaches for nonlinear, discrete-time smoothing are discussed in [G] and [SM]. Gelb
describes a continuous-discrete, linear Kalman filter and defines abackward signal model;
these are used in fixed interval smoothing where a backward estimate (obtained by a

backwards linearisation about each forward estimate), is combined with the forward
estimate [G].

Sage and Melsa acknowledge stability problems with reverse-time solutions and evolve
an adjoint state in their hxed interval smoother [SM]. They minimise a cost function for
a linear, discrete-time, two point boundary value problem and obtain a Hamiltonian (that

Xk

Eo
+
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is, canonical equations relating the forward and adjoint states). In the nonlinear case, they
make use of forward linearisations and forward estimates in a recursion for a smoothed
estimate.

More recently, Nagpal and Khargonekar describe a continuous-time, linear, fixed interval
smoother in a H- framework [NK]. Theodor, Shaked and de Souza tTSdSl have addressed

linear, discrete-time, H- smoothing problems. In particular, a H- formulation for fixed lag
smoother (using the model of [Mo]) is described in [TSdS]. Substituting y= oo into the
fixed interval H- smoother of [TSdS], yields,

îwt=Atît + A*P*C:(C*P*C* R)rOt,- C*în),

{o= 1r+ ckR-tcpk}(A*- B*CR-,co)\o*r+ cnï-t(Jt - crîr), Ø)

in which {r is the adjoint state estimate,l¿ is the forward state estimate and P* is the forward
error covariance. The fixed interval, smoothed estimate is given by Cú[rr+ P,Êo).

It turns out that Mayne's reverse time estimates arise from an adjoint model, even though
this was not explicitly stated in [Ma]. Consider the system x¡ç¡1= Apc¡¡t B¡w¡, y*= Cx*,

then an adjoint system is described by

E*= ALtE**t* i[*ù**t,
rr= BTE*. (5)

V/hen observation noise is present, i".yo- Cx** yr, with n{v*vr*} = Rk, astandard approach

is to whiten the observations, that is to=lil'rt*,-il*rR*]ty**t. Optimal adjoint state

estimates can be obtained by applying the Kalman filter recursions to (5), bearing in mind
that the deterministic input -Cfla1R-¿|yr*r is added to the predicted state, and that the outputs
fr are not available. The corrected estimates are

ëro=Ê*u - rnBtÊ,*', (6)

@'r'0=@To*'-WBT@u*" Q)

where lÇ<+r = @r*t4*18¡4(I + BLt€,wvo*rB**t)-1is the gain, and

Qu*r= ALtÊ*u*, - d*rRí*\Y**t, (8)

@uur=ALt€,øyo*¿$o*r+ C*tR-rC**t, (9)

are the predicted estimates. Actually (6) and (8) are equivalent to (33) of [Ma]; (7) and (9)
are equivalent to (32) of [Ma].
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H.2. The development of an extended Kalman smoother.

A standard solution for the problem (1) is the EKF tAMl, in which the output linearisation
is given by

^ [ðq(x)l (10)t"t=l ðx ),=r*,'

The application of the EKF to an FM demodulation problem is described in Section 3.

In [G] the philosophy is to produce a backward prediction from each forward correction
and combine them via (2). A backwards version of x*+t-Ax*+Bw* is given by

x* = A-r (x**t - Bw*).If the plant is stable (ie. A's eigenvalues are inside the unit circle),

then the backwards plant (having a state transition matrix ofÁ-t¡ is not. For example in a

linearFM model , A=[i Î1*un 0<p< 1,0<î.< 1, clearly thebackwardsplant with

A-r =[- 
Ë,^ , ^9,]i. 

unstable. This approach was also attempted for the FM demodulation

problem. It was found that the backward predictions diverged markedly from the forward

corrected estimates (becauseÁ-l is unstable), with the result that there was no improvement
on the EKF.

In contrast to Gelb's method, in Mayne's approach the adjoint transition matrix is stable.

Therefore an adjoint version of the forward EKF is required. The adjoint state and forward
state estimates may then be combined via the smoothing formula (2). One possible
technique is to retain the linearisations (10) from a forward EKF and then apply the adjoint
Kalman filter (6)-(9), to produce estimates of the adjoint states. However, it turned out for
the FM problem, that the adjoint estimates were too erroneous for the smoother to improve
on a EKF. This method is unsatisfactory because the output mapping in (1) is a nonlinear

function of the state, so swapping the parameters [Ar,Br,Cr] with W|;d,-nll does not
necessarily result in an adjoint system.

A better approach arises by recasting the problem so that the output mapping is decoupled
from the state, that is by definin1l*= C*x** v*and

c*(xn) (11)to= 
*o

The above linearisation allows the direct application of the adjoint Kalman filter (6) - (9)
and the subsequent construction of a smoother. This technique can result in some success

at low SNRs, but the linearisation (11) must be applied caretully. For example in an FM

problem (see Section 3), although T is finite at g= 0, î has a singularity at g= 0,

consequently a different observation, namely 1 - cos e, needs to be considered in lieu of
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cos g. However this solution has been found to be unsatisfactory at high SNRs. The
difficulty is that the approximate linearisation (11) can lead to a poor state reconstruction,
even when the measurement noise is low; any linearisation inaccuracies are then amplified

by the factor R-t in (9).

An evolution for the adjoint state of (1), which can sometimes lead to successful smoother
performance is

Èo= Ail,rÈo*t-lcl]ß**t)lr, (r2)

in which it is convenient to introdu ce c¡t (c¡(x¡)) = xk,provided th at clt (. ) exists and is well
defined. Suppose that there is no measurement noise, then substituting yr+r = c¿+r(xr+r) into

(12) yields l*= ALtEn*t - )ck+1, which dispenses with the need for any linearisation.

An extended Kalman smoother for the problem (l) therefore comprises: evolving adjoint
state estimates via (6), (7), (12), from the observed data, obtaining forward state estimates

via an EKF and, calculating the smoothed estimates using (2).

H.3. An example.

This section begins with a brief examination of a linear filtering problem in order to provide
some insight into a FM demodulation problem. Consider the linear system

)ck+t = Ax¡+ Bw¡, , y¡= Cx¡t v¡, (13)

in which o = [ï l], " = 
[å], 

. = [0 1]. since ¡cr, ArCl= 
[3i] 

is nonsingular provided

p É 0, the system (13) is observable, that is, the states can be recovered from the

observations. Let x¿ = lil where o¿ and <p¿ denote the instantaneous frequency and phase

respectively. The phase update in (13) is given by

qr = Iq¿-r + ôr-r. (14)

Consider the stationary filtering problem for the system ( 13), in the absence of phase errors

and observation noise. Substituting P - 
[¿ 3]*. the Riccati equation forthe Kalman filter

corresponding to ( 13) yieldsp = dA. It follows that the correction in the frequency estimate

is given by

t"o = t'uo-'+ Fr(Qr - $or-')'

in which rp* denotes the zero phase effor measurement. The phase prediction is

ö'vo-, = ì"õuro-, + tùu'¡r-r'

(1s)

(16)
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Subtracting (16) from (14) yields go- ön-, = (ùk-t - (Ðk-t/k-tand substitution into (15) leads

to tauo= þo¿-r. Thus the frequency estimate lags one time step behind the phase estimate

and an appropriate definition for the frequency estimation error is

õ¿= crl¿-r -tuo. G7)

It is possible to compare the error spectra for the optimal causal filter and, for the optimal

noncausal filter, having a transfer function H = (L- RÂ-ã¡Â-1, where ÅÂä = GQGH + n
and G = C(zI - A)-tB.Itis easily confirmed that the noncausal filter provides a reduction
in mean square error. Therefore it is expected that fixed interval smoothing would be of
some benefit.

Now consider instead the nonlinear system

O)k+t = þ@¡*w¡r, (18)

Qr+r = Àgr + prrrr, (19)

yf,t) = "or 
gr + vfJ), (20)

y[2) = sin rg*+ vf), (21)

in which the yf) ana, yf) denote the real and imaginary measurements. From an analysis

of a sampled continuous-time, narrow-band, FM voice problem [W], it was determined
that suitable parameters values are p = O.75 ,?,"= l, P =O.25 and o, =0.4.

r^l
In the case of (2O), (21),the output mapping is c¿ = I ::-t 8*' I and the linearisation for the

l- ^ -r 
e '' 

lstn Qv*t )
forward EKF is Co = I -:1n f'*'t'. In rhis ex¡ le, it turns out rhar rhe EKF is diffrcult to

L cos gyk_, I
improve upon. For example the iterated-EKF Ul, a standard approach for reducing the

effect of linearisation errors, was not found to offer any advantage for this problem. Even
at negative SNRs the EKF was observed to be phase-locked (that is the phase effors were
very small). Indeed, when the problem is locally linear, the EKF reverts to the Kalman
filter, which is the optimum filter from the set of all possible linear filters tAMl.
An extended Kalman smoother was constructed in which the adjoint state prediction is
given by

^ -,^
Ê,vo*, = A'l**Yo*, *

in which theyf) are amplitude limited to ensure that I yf) I < 1. It was found that while this

met with some success, better performance was obtained via

f,*+t
(D¿+r

0
or2(arccos yf,?r + arcsin yfJù (22)

Ê,v*r= A\u,lur+
"{ (23)
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where the state estimates ôo*r, ôo*r, arise from a forward EKF. While the use of o? in (Z¡)
is conservative, it was found that a reduction in the design observation noise results in a
performance degradation.

-t0

-10

-5 0
gNR, d8

10

10 16

Fig. H. 1. Performance using criterion (24).

Simulations were conducted with SNRs in 3 dB steps, from -15 db to 15 dB, for 500

realisations of 500 data points each. The error in the frequency estimate may defined
conventionally as

(24)

A plot of the observed mean square effor per realisation versus SNR is shown in Figure
H. 1 . In this example, it has been observed that the EKF remains phase-locked, even at - 15

dB SNR. Furthermore, when the EKF is phase-locked, the frequency estimate lags one

time step behind the phase estimate. Therefore the criterion QQ does not reflect the actual

EKF performance. The mean square effor per realisation was recalculated according to
(17) and is shown in Figure H.2. From a comparison with Figure H.1, it can be seen for
this example that the use of the criterion (24) leads to a conservative perception of filter
and smoother performance.

-506 gNR, dB

Fig. H.2. Performance using criterion (17).

It can be seen that smoothing can be beneficial at intermediate SNRs but diminishes for
both very low and very high SNRS. At 3 dB SNR, it turns out that the extended Kalman
smoother (EKS) provides a performance improvement of 5 dB compared to the EKF. In

EKF

EKS
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general, a filter has a reduced gain (and a commensurately increasing lag), as the measure-

ment noise is increased. Since the smoother combines the lagging and leading estimates,

a benefit can occur, provided that both estimates are reasonably good. At very low SNR,
the estimates become erroneous (they may well have opposite polarity), in which case

smoothing is not effective. Conversely, at very high SNR, the estimates are already good

and smoothing is superfluous.

An approach which may yield low SNR performance improvements is to combine the

philosophy of gaussian sums [AM] together with the competitive smoothing approach of
[NS]. In particular, it may be useful to evaluate a cost function over a sliding window in
order to select between differently initialised extended Kalman smoothers.

H.4. Conclusions.

A discrete-time, fixed-interval, extended Kalman smoother is described, which reverts to
the Kalman smoother when the model is linear. The smoother arises by combining forward
estimates from the EKF, with the adjoint estimates, via the so-called Fraser-Potter
smoother. Although a backward recursion is proposed for evolving the adjoint states from
the measurements, in practice it is better use forward state estimates as inputs to the adjoint
system.

The results of a simulations study show that the benefits of smoothing are negligible at

both very high and ver low SNRs. However at 3 dB SNR, the extended Kalman smoother
provides a 5 dB reduction in mean square error. Comparisons with actual FM voice data

will be undertaken in ongoing work.

It would appear that the performance of fixed interval smoothers is not as good as the
optimal noncausal filter which arises in Wiener filtering. Therefore the pursuit of a

time-varying formulation for the optimal, noncausal, nonlinear filter will be a subject of
ongoing research.
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