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Abstract

The objective of this thesis is to present various parametric models for the

analysis of permutations.

Chapter 1 is a summary of the models presented in the literature for the anal-

ysis of data which consists of the r! frequencies corresponding to the rankings of

r items by a group of individuals. The main models covered are those of Plackett

[SZ] and the transportation theory work of Daganzo [7] and McFadden [27].

In Chapter 2 we look closely at Plackett's series of models and show that we

can represent them in the framework of the so called order statistics models, that

is models which involve the use of underlying variables such as those discussed

in Chapter 1. Chapter 3 contains a simplistic analysis of variance approach for

specifying dependence in the ranking probabilities. An algorithm for fitting the

model using iterative least squares is presented.

In Chapter 4 we look at the normal distribution as a basis for these models.

Some consideration is given to specification and identification problems which

arise and an example is discussed from a paper by Horowitz et al. [20]. A useful

extension of Henery's [f7] Taylor series approximation is also given and is used

to generate approximate parameter estimates using the least squares procedure

derived in Chapter 3.

In Chapter 5 we derive the choice probabilities for a number of logistic models,

in particular those for which it is possible to write down explicit expressions.

Some work on multivariate logistic distributions is also covered in this chapter. In

Chapter 6 we look at some data sets with the intention of demonstrating some

of the numerical properties of the models previously considered. Comparisons

between the different models are also made.
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Chapter 1

Introduction and Review

1.1 Outline of Problern

The main focus of this thesis is the specifi.cation of mathematical models for the

parametric analysis of permutation data. In general this data consists of a set

of r! frequencies corresponding to the rankings of r objects, made according to

the individual preferences of a group of n. people. The field of market research

is one area where problems of this type arise. The intent of this thesis is to

investigate models which allow association in the way individuals perceive the

value or attraction of various subsets of the r items.

The approach taken involves the fitting of parametric models and therefore it is

usually the case lhal n is much larger than r!. I will concentrate on the application

to 3 and 4 objects being ranked, although in most cases the procedures are, in

theory at least, easily applied to larger values of r. From a practical point of view

this is not a great restriction, especially in such experimental areas as consumer

preference studies, where the ability of a subject to differentiate between, and give

a ranking of, more than 4 objects may be regarded as being doubtful.
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I will in general use the following notation. Lef ijk. . . / denote a permutation of

lr2r... r with probability p¡it ...t and corresponding frequency of occurrence f¿¡¡...¿

in a sample of size ¿. Partial sums are defined by

Pí: D pr¡r...,
i,k,,..,1

where the sum is taken over all permutations of Lr2r...,r excluding i, fi being

defined similarly.

L.2 Background rnaterial

The literature on the analysis of permutations is reasonably small. For the case

r : 3 in earlier years there were two main models suggested. Bradley and Terry[2]

suggested the model

P;i*: (nt+n¡¡nr)(tr¡+r¡\

where zr¡ is a measure of the individual merit of object i. This model was a direct

extension of their paired comparisons model which we shall consider in more depth

shortly.

Pendergrass and Bradley[3O] considered the model

m..,: n?r¡
r?tÆ n?(n¡ * nr) + r|(n; * no) -f rz¡(tr¿ * n¡)

This model arises by considering a ranking of 3 as being made up of three pairwise

comparisons.

In the recent literature there have been several discussions on the analysis of

permutations. Plackett[32] discussed the problem of specifying models for permu-
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tations and proposed a hierarchical system of models which contain the Bradley-

Terry model as the first stage. The associated estimation theory and an example

of voting patterns in Local Government Council elections in England and Wales

due to Upton and Brook[+O] and Brook and Upton[S] are also discussed. This

series of models will be considered in more detail in Chapter 2.

In an attempt to produce a model with fewer parameters, Schulman[37] consid-

ers a model based on the definition of a modal permutation. By counting inversions

from the modal permutation, he introduces a model with 2 parameters, p- the

probability of the modal permutation and p the factor controlling the decline in

probability as we move away from the mode.

Henery[l7] considers Plackett's first order model and discusses the common

features of permutation models at a general level. His discussion centres on the

concept of a natural ordering amongst the permutations, akin to Schulmann's

modal permutation. He also gives a Taylor series expansion for p¿¡¡..,¿ for the

independent normal variates model which we shall look at in more detail later.

Henery[l8] also considers the approximate calculation of place probabilities in the

independent normal statistics model and the calculation of permutation probabili-

ties from independent gamma variables If O]. tn a similar vein, Pettitt[31] calculates

an approximation to the rank order probability in the independent normal case.

There are two other bodies of theory which have developed largely indepen-

dently, although somewhat similarly, which also provide useful background mate-

rial. These are the theory of paired comparisons and disaggregate demand mod-
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elling. While it is true that both of these pieces of theory are centered mainly on

individuals making a single choice rather than a ranking, it is clear that models

used in these situations are suitable for extension to the permutation problem.

Let us firstly briefly consider the development of paired comparison theory.

As the name suggests this work deals mainly with the situation where a choice is

made from two objects presented to a subject, such ar¡ consumer goods. A variety

of other situations including the results of tennis matches have also been analysed

using these methods. A comprehensive review of this theory is given by Bradley[4]

and an accompanying bibliography compiled by Davidson and Farquhar[l3].

The models considered by Thurstone[So] and Mosteller[28] and Bradley and

Terry[2] form the basis for a great deal of the literature on this subject. The usual

hypothesis is that an individual makes a random but unobservable evaluation X¡

of object or treatment i. The probability that treatment i is preferred to treatment

j is given by

Pii : Pr(X¡ > X¡) : Pr(Y¿¡ - X; -X¡ > 0)

Thurstone and Mosteller assume that the distribution function of X¿ and there-

fore also of Y¡ is normal. Thurstone assumed that the X¡'s were independent with

mean p,; and variance ø2. Mosteller showed that the same probabilities arose when

the independence condition was replaced by an assumption that the variables were

equally correlated, i.e. corr(X¿,X¡) : p.

The Bradley-Terry model has a simpler computational form, because unlike

the normal model, the choice probabilities can be written down explicitly. The
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probabilities have the form

pii:, o' 
,

(n¿ + n¡)

where zr¿ is a measure of preference for object i. Bradley[3] noted that this model

arises if we assume that the distribution of the differences X¡ is logistic with

location parameter logzr¡ - log r¡, aîd thus the comparison of the two models is

similar to the one made between the logit and probit models in biological assay.

Davidson[l2] pointed out that if the X¡'s were independently distributed with the

extreme value distribution

F(r,O):exp(-e-þ-|)) -oo (o(@, -oo <d < oo

then Y¡¡ - X; - X¡ has the logistic distribution with location parameter 0¿ - 0¡

and this, as rve have seen, results in the Bradley-Terry model. There has been a

great deal written on extensions to this model, for example to allow for ties and

order effects. The reader is directed to Bradley[4] for a further discussion of these.

The other major area of work that is useful as preparation is the theory of

disaggregate demand modelling, most commonly used in mathematical economics.

The main application of this work is the situation in which a subject is confronted

with a choice from r alternatives. To each alternative is assigned a random utility

[/¡, which summarises the attraction or worth of alternative i to the decision maker.

The utility is often written as

u;:Vle¿

where V : V (tù, the deterministic element of utility, is usually a linear function

of a vector of covariates and e¡ is the random component. It is more convenient
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to talk about [4 as a random variable with mean I/¿ and a given error structure.

The two most useful models in this area, not surprisingly, are analogous to those

of the paired comparisons model.

If the variables U¿ are assumed independent and distributed with the extreme

value distribution given earlier with location parameter V¡, then the selection prob-

ability of alternative i is given by

This model is commonly referred to as the multinomial logit model. A non-

constructive proof of the existence of such a model was given by Block and

Marshacklf]; . simpler constructive proof was given in Luce and Suppes[23], at-

t¡ibuted to Holman and Marley. McFadden[ZS] showed that under very mild con-

ditions the extreme value distribution is unique in giving the multinomial logit

model. A survey of developments in this field is given by McFadden[26]. Yellot[4l]

and Luce[24] arc also useful review articles in this area. In the main development

recentlg McFadden[27] has introduced a family of generalised extreme value dis-

tributions which permit limited departures from the assumption of independence.

We shall consider these distributions at a later stage.

The other natural choice for the distribution function is the normal distribu-

tion. The basic multinomial probit model is obtained when the X¡'s are indepen-

dent N(%,1) variables. The extension to the situation in which the X¡'s have a

general covariance matrix X is discussed by Daganzof7]. Conceptually this is a very

favourable model. It allows a method for specifying the structure of dependencies
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between pairs of alternatives and it allows for different variances to be attached to

the different alternatives. There are computational difficulties with the evaluation

of the choice probabilities, but recently developed numerical techniques go some

way in solving this problem. We shall consider this model in greater detail at a

later stage.

1.3 Summary

This thesis is aimed at presenting various models for the analysis of permutations.

In Chapter 2 we look closely at Plackett's series of models and show that we can

represent them in the framework of the so called order statistics models, that is

models which involve the use of underlying variables such as those just discussed.

Chapter 3 contains a simplistic analysis of variance approach for specifying de-

pendence in the ranking probabilities. In Chapter 4 we look at the normal theory

and study some interesting features of the specification of these models. A useful

extension of Henery's[17] Taylor series approximation is also given.

In Chapter 5 we look at the logistic models, in particular those for which it is

possible to write down explicit expressions for the choice probabilities. In Chapter

6 we look at some data sets with the intention of demonstrating some of the models

previously considered, and for making comparisons between them.
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Chapter 2

An Interpretation of Plackettts
Model

2.L Introduction

Material from this chapter has been published in Dansie[9].

We saw in the review of previous work that the paper of Plackett[32] contains

one of the most recent system of models for the analysis of permutations. In this

chapter we begin by giving a brief summary of the models. We will then show

how we can interpret this system from an underlying variable viewpoint, and so

place it in the class of models which includes the logit and probit models already

introduced. The chapter concludes with consideration of the practical questions

relating to the application of these models as an introduction to chapter 3.

2.2 The Plackett Systern

2.2.L Review

This system is designed as a hierarchical set of models for the analysis of permuta-

tions. Parameters are added in stages, the final stage gives the saturated model of
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rt! - L independent parameters. Parameters in stage ¿ are used only when certain

relationships are satisfied amongst the parameters of stage i * 1

For stage 1 define

rc :logp, ),":log(p"fp,) a: L,2,...,r - L

The relation Ào : 0 for o,: 1,2,. ..,r - 1 gives the uniform probability model, i.e.

p; : Llr for i : Ir2r... ,r.

For the second stage of the model put

s : max(1 ,2r.. ., r excluding i),

and define

À¡¿ : ,^' (P;¡P'\
, : log 

\r*r) 
b : 1,2,...,r excluding z, s

A model which uses only first order parameters is obtained when )¡¿ : 0 i.e. when

P*f p¿": Polp".

This process is continued in a similar $'ay until the saturated model of stage

r - L. It is clear that the system is hierarchical, since parameters of stage i only

appear when all of the parameters of stage i + 1 are set to zero. The cumulative

number of parameters used at stage i is r(r - 1) ... (r - i + 1) - 1, where we see

that the parameter rc is determined by the values of )o and the requirement that

Dp¡ : L. For r : 3 then, the first stage contains 2 parameters and the second

stage is the saturated model of 5 parameters. For r : 4 the three stages contain

3,11 and 23 parameters respectively.
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The zero order model obtained when all of the parameters {.\"}, {Àro} etc. are

zero is the uniform probability model. The first order model is equivalent to the

Bradley-Terry model mentioned in chapter 1. For example consider the case of

r : 4. Having set the second and third order parameters equal to zero it is fairly

easy to show that the expression for ptzst using a first order model is

PtPzPsP¿
Ptzs+: (1 - pt) (r - p,, - pz)(t - Pt - Pz - Ps)

which \Me can recognize as the Bradley-Terry model if we rewrite it as

PtPzPs

(pr+ps+p4)(pt+pn)

The basis for this model is that object 1 is chosen first with probability p1. Object

2 is then chosen from the remaining three objects with probability prl@r+ps+pù

and finally object 3 is chosen ahead of object 4 with probability psl(ps*p¿).

To give an example of the structure of a second order model Plackett gives

PtzPzsPtzst: 

-

lPzs -l Pz+)

We can, if we wish, easily write this expression in terms of the original parameters

{}"}' {À¡¡}.

The interpretation of these models is reasonably clear. The first order model al-

locates different preferences to the individual objects being ranked, this preference

is unaltered by any other choices already made. The second order model allows

association between pairs of objects to determine the probability of the selection

of a particular permutation. Higher order models clearly allow fo¡ association

between larger groups of objects.
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2.2.2 Some preliminary results

We will show that we can construct Plackett's series of models using a system

of underlying variables. Suppose that X1,...,X, are independently distributed

exponential random variables with parameters a1, ... ¡dr. The density function is

of the form

ddexp(-ddrd) s¡)0 d¡)0

with distribution function

Fx,(r;): | - exp(-a¡ø¡)

To simplify the construction we first give the following four results.

Result I Put Y : X(r) the first order statistic amongst the set of r inde-

pendent random variables {Xd}. Then Y - exp(a) where d,: dr I ...1 a,.

Proof Fv(y): Pr(Y < y)

-1-Pr(r>y)

-1-Pt(XtlA,...,X,tA)
: f - (t-F*,(y))...(1 - Fx,(a))

:f-exp(-Do,¿v)

I ìt

Result 2 Pr(Xt 1Xz < ... <
d=l ó=l i=t

The proof of this result is notationally tedious but logically simple in the general

11



case. As an example for r :3 we see:

Pr(Xr 1Xz < Xr)
Ir* I,: Ë Û-a¡e(-D 

o";) drsd'rzd'nt

* I"* e-dt¡t l,* "-r,*ou)n, 
dszd,nt

/- "-{"'* 
o,r+o,a)nr f,,fi1

II a¡

as(az a or)
fl a¡

as(as *o,r)(or+ o,2+o¿L\
33i
II",lII(D on-¡)
d=l d=l ,'=1

Result 3

Proof

Pr(X, < X¡ Vi ti): #
Proof Pr()Ç < X¡ vi + i): Io

ode-ddr II(r - F,,(n)\ d,r
i+i

fo* 
or"-"'' fI.-"n" d,,

lo* or.-Di=r'. fls
d.¿

-'¡=ro¡

Result 4 Let Fr be asubset of {2,...,r} with /c ) 2 elements andsuppose

that ø €Fr. The events defined by

A(Xt < X; i:2,. ..,r) B(X" < X¡ VJ, i € Ft, i * ")

are independent. The result is easily extended to two or more disjoint subsets of

{2,..., r} with at least two elements in each

Pr(A) : ffi by Result 3.

Pr(B) :tPr( X"qX;*)

t2



where the sum is taken over all permutations fixing ø as the first element and per-

muting the remaining elements i2r.. .in of. Fr. Let d, : dzr... ,d, be a permutation

of.2,...,r in which the element ø appears before any element of F1. It is clear

that Pr(B) is the sum of all such permutation probabilities, which by result 2 is

The joint probability of events A and B is the sum of the probabilities of all

permutations with 1 as the first element and ø occurring before any other of the

elements of F1. Let d,¡r. . . ,d, be one such permutation where dt : L. By result 2

we have

Pr(B) : 
? m=

Pr(Xa, . Xaz< ... <

The only term in the denominator involving d.dt a1 is the term i : r and so

extracting this term ure can factorise this as

The result follows by summing the bracketed term over all such permutations; lve

see that Pr(A n B) : Pr(A)Pr(B) and therefore conclude that the two events are

independent.

2.2.9 The Underlyìng Variable Equivalence

We use the following notation. Let i¡z...i" be a permutation of t,2,...r. De-

fine r! random variables X¿ri"...¿,. These variables are independently exponentially

distributed with parameters ddrdz...d,, where the density function is of the form
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d4e-di'. We use a¡ instead of Lf a¿ because it can be directly related to p¡ the

probability that f is placed first.

Adopting notation analogous to that of Plackett we put

o,ít: D o,i.z...i,
izr..,,i,

where the sum is taken over all permutations of 1,. . . , r excluding the element i1.

Similarly

otíiz: D o,í,¡2,..¿,

ig,,,,,i,

For uniqueness we define
I

Do¡:1
d=1

In order to note the general equivalence with Plackett and to show the nature of

his set of models, consider the construction of the ith stage, for 1 S i < r. Define

the random variables X¿iz...ii derived from the original variables as follows:

x i ri r...i ¡ : r, or...f|*r rr r...r,{x, 1i 2.'.i ¡ h1h2'.. k, - ¡)'

Since this minimisation is over disjoint sets of the original variables, the X¡r¡r...¡¡

are independent of each other and, by result 1, are distributed as exp(a¡r¡r...¿¡).

The probability of the permutation ij2... i, is defined via the order statistics of

the jth stage X's whose suffixes occur as consecutive runs of length j in iiz . . . i,

as follows. The first j positions ptpz . . . pi a,re chosen by selecting the first order

statistic from the j stage X's:

X o,r,..., ¡ : r,fr|-Ai 
X¿',;L...¡'¡'

L4



Subsequent positions are filled by a procedure which is conditional on the preceed-

ing positions having been fixed. Thus if the first /c positions are filled by ptp, . . .Px

we choose p*+t by

tAPk-i+2,..Pkpk+r - XPr-i+r"'Pri'r'mln
i\#n*2.. n*

For instance when r :4 and j : 2 there are 4P2 : L2 independent variables

of type X¿r¿". The permutation 1234 is chosen if. Xtz is the smallest of these 12

variables and also Xzs is smaller than Xz¿.

Using results 1-4 the probability of any permutation is easily evaluated if it is

realised that the filling of subsequent positions in the permutation uses disjoint

sets of the ¡ stage X's and hence gives independent events.

In the example of r:4 $'e see that the probability of the permutation 1234 is

given by

P(1234): P[{Xt, . X;i Vii + 12} and {Xr, < Xzn\l

: dlz x a2sf (a2s I azt)

This expression is identical to the one given by Plackett's model.

It is interesting to note that the sequence of random variables used in the

decision process does not form a set of ordered variables; although it is true that

Xrro"...o¡ is the smallest of the i stage X's it is not true in general that

Xo"o"...ri*, 1 Xpupo...p¡*, 1 -.. 1 Xp,_.+r...p,

since these variables are chosen independently of each other.
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2.3 Practical considerations

We have seen that the exponential distribution is the central part of the order

statistic interpretation of Plackett's model. As an error distribution in this situa-

tion the exponential distribution is not as intuitively as plausible as the normal or

the extreme value distributions. In addition we note that Result 3 is the basis of

the multinomial logit model presented in the theory of disaggregate demand. We

can in fact show that there is a very simple relationship between the exponential

and multinomial logit models.

Looking at the defi,nition of the probability of a permutation in the exponential

case e.g.

Ptz...¡:Pr(Xr 1Xz<"'

we see that if / is a monotonic increasing function then we can write

prz...¡: Pr(d(Xr) < ó(Xr) < "' <

and likewise if / is a monotonïc decreasing function then

PLz...r : P(d(Xt) , 6(Xz) > "' >

It is a well known result (see for example Johnson and Kotz[Zf]) that if X -exp(a)

and Y - - log X then Y has an extreme value distribution with location param-

eter log o. Thus the exponential and extreme value distributions lie in a class

of distributions which generate the same probability models for the analysis of

permutations.
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The main practical problem with the Plackett system as pointed out by

Schulmann[a7], is that the number of parameters used rises quite quickly with

the number of stages. The system lacks a little flexibility because of it's hierar-

chical nature. It is not possible to mix parameters of different stages, nor is it

possible to have, for example, second order association limited to a subset of the

items being ranked. For r : 3 the first stage has 2 parameters and the second stage

is the saturated model; there is no in-between stage of association. For r : 4 the

fi.rst stage has 3 parameters, the second stage has a total of 11 parameters, which

is quite large considering that we are dealing with 23 independent frequencies.

Our main objective then is to provide a flexible series of models in which there

is greater freedom to eliminate non-significant parameters, thus providing fairly

simple models with a limited number of parameters. The next chapter considers a

simple analysis of variance type approach and the subsequent chapters investigate

the order statistics approach.
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Chapter 3

An Alternative Approach to the
Analysis of Permutations

3.1 Introduction

Material from this chapter has been published in Tallis and Dansie[a8].

As I pointed out at the conclusion of the previous chapter, the two main prac-

tical problems with the implementation of the Plackett series of models are the

inflexibility within a stage and the rapid addition of parameters in higher order

stages.

The model that we put forward in this chapter as an alternative is analogous

to the standard design models used in analysis of variance. It is a relatively simple

model intended mainly for use as an exploratory technique, rather than as a defini-

tive model of the process under study. Unlike other models, parameters in this

model can be estimated using standard analytic maximum likelihood techniques

without recourse to numerical maximisation of the likelihood function.
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3.2 The Model

We shall use notation similar to that of Plackett[32]. Consider fi,rst the case of

r:3. We write the model as

p¡in:LU+|+0,, i+i

For identifiability of the parameters we impose the constraints

þ¡¡-f 0¡*:o i+k+i i:L,2,3

o¡t.a.2*as:0

We have used 9 parameters in the specification and a system with a total of 4

constraints which gives us the required number of independent parameters for the

saturated model. For clarity we can write the probabilities as

Ptzs: å+?lþn Prsz:
pzts: t+i-fþzt pzsr:

Psrz : *++*þil Pszt :

*\-9n

subject only to the constraint that

otl dz * as:0

The interpretation of the two types of parameters is reasonably clear. The param-

eters {a;, i : L,2,3} are related to the probability that object i is ranked first.

The second order parameters {É.¡} represent the association between the rankings

of elements i and j.
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Two submodels of the saturated model are worthy of note. When we have

0i¡ : O Vi + i' i : l,2,3 we see that

In terms of the data this model says that preference for a given ordering is deter-

mined by the preference for the first object i in the ordering and that any further

preference is equally distributed between the orderings jk and kj. In addition if

dd : 0 we have the uniform probability model viz.

1
P;in: 6

The generalisation of the model to r ) 3 objects is straightforward. We put

1 d¿
P¿in: Pito¡ : ø+ T

1 d¿
P¿itc...tmn:r! +É+ + + ... + 6¡ix...¿,o

The system of constraints is

D6r¡r-.r,o: ... : Dx¡r: D þr¡ :Ð a¡ : o
ftù k ,

The specifi.cation consists of r -f r(r - 1) + r(r - t)(" - 2) +... * r! parameters

and 1*rf ...]-r(r - 1) ...3 constraints which gives r!-1 independent parameters

as required. The reason for including the factorial terms in the model is that it

simplifi.es the estimation procedure.

In the analysis of permutation data, especially in relation to such areas as

consumer preference studies, $/e may be interested in other aspects of the data

apart from the ordering effects presented in the model. Take for example the
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parameters Be and 821. These parameters convey an idea of the way in which

elements 1 and 2 ane ordered together in the data, i.e the association between the

rankings of objects 1 and 2. In many circumstances ïve may be interested in the

hypothesis þn : 821, that is we are looking at the preference for objects L and 2

as a subgroup rather than at the ordering within this subgroup.

Consider an artifi.cial example. Three brands of bread are tasted by a large

number of people and their preferences are recorded. Brands 1 and 2 are brown

breads, brand 3 is white. We may be interested in detecting preferences for each

individual brand, for example the preference for brand 1 over brand 2. Alterna-

tively we might look for a preference for brown bread over white bread. We may

find for example that of those people who prefer brown bread, regardless of which

brand they select first they will have a common tendency to place the remain-

ing brown bread as their second choice. This would indicate a preference for the

group of brown breads as opposed to the white bread and would be conveniently

summarised by putting 0t : þzt in the model.

3.3 fnference

The main simplicity of the model is that maximum likelihood estimates of the

parameters are analytically obtainable from the usual estimates of the probabilities

piitc...t. Consider the case r:3 and the saturated model. In this situation we have

the same number of parameters as independent multinomial probabilities. The

maximum likelihood estimate of p;i* is f¡¡¡f n. We can write each parameter as a
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function of a set of the probabilities and by the invariance property of maximum

likelihood estimation the required estimates are calculated by substituting fi¡xf n

fot p¿¡¡ in the appropriate expressions, e.g.

d,¿: p¿-t þr¡ : (nr¡-n;x)12 k+j+í'
â¡ : U,lù-li- fr¡ : {(lulù-U,rl"Dlz

It is quite clear that !\re can also estimate the variance matrix of our estimates,

from the known variance matrix of a multinomial variable. This calculation is a

special case of the procedure to be explained in more detail shortly. Following

Plackett we can construct a table of. 22, the square of the parameter estimates

divided by their respective estimated variances. This table is useful in suggesting

which parameters may be omitted from the saturated model. By setting a subset

of the parameters to zero, such as all of the highest order terms, in such a way

as to obtain a model which has the same number of independent probabilities as

independent parameters, it is clear that the estimates of the remaining parameters

are unchanged. We can proceed very simply in finding a model which gives good

accord with the data and which will give some basic understanding of the process

by which the data has been generated.

As we have mentïoned, a part of the modelling process may involve looking

for certain grouped preferences, either suggested a priori or by the analysis of the

data. As an example consider the model with r : 3 and þtz : þzt : þ r pil : O'

This gives the six probabilities as
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ptzs: [+!+9 pßz : t++-B
Pzts: l+7+0 Pzst : ä+l-B
Pstz : å+?:Ps2

'We now have a situation of 4 independent probabilities and 3 independent pa-

rameters. Denote by Y(r!xl) the vector of relative frequencies {f¡¡¡...,f n). We

can write the general model as E(Y):P(0) where P(r!xl) : (Pl(d)'...'P''(A))

subject to the constraint DY -- 1; Var(Y): V where I/ is the variance matrix of

a multinomial variable. Parameter estimates can be obtained by the principle of

least squares viz

minimiseg(d) : (Y - P(0))'Vc (Y - P(A))

where I/s indicates a generalised inverse of. V. IVe can in fact show that the

least squares approach is equivalent to the method of maximum likelihood in the

following way. Put

À-1 - diag(Pr1l2( 0),..., pll'P)\ d :,1-11

where I represents a vector of l's of length r!. We can then represent I/, the

multinomial variance matrix as

v:L-t(I_óó,)L-,

It is known then that

À2 : diae(ptt(a))

is a generalised inverse of V since
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V }L2V

-_ l, '(r - óö' - öô' + óó'óö')L-t
Y

because ó'ó :l'P : 1. Since minimisation of 9(A) is independent of the choice

of. Vs we can write

Q(o) : (Y - P(r))'Ä2(Y - P(r))

Assuming À2 known we can find the least squares equations by finding the partial

derivatives of I with respect to 0¡. This gives

and since

DP¡: t +
i

then the least squares equations a e

t
i

ÐY¡

Yi aPiQ)
P¡(o) ðo¿

-0.

Writing this in the form

ah@¡(o) ) :Q
t ð0¡

we see that these are simply the ordinary maximum likelihood equations based on

the likelihood function

t(o):\r,1e¡"Yt
t

'We can write P(A) : X0 where X is the appropriate design matrix; standard

theory gives the least squares solution as

0: (X'le X)øYtYoY
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It can be shown that this solution is asymptotically equivalent to minimising Q(d)

by assuming that Ä-1 is not known. Since Vs is a function of d the least squares

solution must be obtained by iteration. A suitable calculating procedure may be

developed in the following way.

Write the model in the form

Y : "y t Xþ + e Y(r!xl), 7k*L), X(r!xq), rank(X) : g

E(e) : g, Var(e) : Var(Y) : V.

Let If'Y : I specify the constraints amongst the components of Y,1 is such that

H'1 : l. If is nxk and of rank lc. In the model presented in this chapter the

constraint is clearly that DYi:!: I. In thiscase ff is avector of l's (of rank

1) and 1: 116. We note that

H'1 :]-'Ll6:1:r

Pú Z : Y -.y. Partition Z as (ZlZt)' where Zt is (r! - /c)xl. Similarly

partition X and Iz so that Xr is (r!- k)xq and Iz11[(r!- fr)x(r!- /c)] is the variance

matrix of Zt. Since

H'z : H'Y-H'1 : o

it is clear that there are k constraints amongst the components of. Z. For conve-

nience write the last /c components of Z in terms of the first r¿ - ft. Thus there

exists -K of rank n - lc such that

Z: KZt and V : KVnKt
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We also note that

E(Z): Xþ : KX$

We can now rewrite

9(P) : (Y- 1 - xP)'v'(Y - 1 - xP)

: (2, - XLp)' K'Vo K(2, - Xtþ)

We can also show lhat KtVsK : Vtlt This follows by noting that the matrix

Vlt'XtlXVrKt)o Rçyrrl' i, id"*potent and of rank n - k and is therefore equal to

I,n-¡. This implies that

K,VCK K,(KVrrK'¡o 6
vu'

'We can therefore write

9(þ) : (2, - xrþ)'vi'(h - xß)

from which it follows that

þ : (x,LJLrLxr)-rx,rv¡t z,

Estimates may be obtained by the process of iterative least squares although

using the relative frequencies to consistently estimate V11 the solution obtained on

the first cycle is usually of suffi.cient accuracy.

3.4 Exarnple calculations

As a very simple example to demonstrate the calculations involved, consider the

following set of data extracted from a vehicle testing trial. The full set of data
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involves the rankings of 8 test vehicles by a group of 800 people. I am grateful to

the Melbourne office of Data Sciences Pty. Ltd. for this data set and theïr general

assistance.

The data used here refers to the preferences expressed for the first three cars.

Unfortunately I do not have much background knowledge of the vehicles, apart

from the information that cars 1 and 3 are new experimental models and car 2 is

a currently available make. The observed frequencies of the 6 permutations are

given in the first row of Table 3.1. We see for example that L35 of the 800 people

selected car 1 frrst, and then chose car 2 ahead of car 3. To fit the saturated model

Table 3.1: Rankings of three cars

Order L23 L32 2L3 23L 3L2 32L Total

Observed Frequency
Expected Frequency (A)
Expected Frequency (B)

135
135

r37.4

98 L52
98 145.5

99.8 148.1

139
145.5
148.1

L26
138

133.3

150 800
138 800

133.3 800

we calculate

^ 233
D1 :-

800 Pz
29L

800
Ps

276
800

and using â¿ : þ¡ - Ll} we have

ût: -O.O42 dz : 0.030 ûs: O.OL2

We can calculate the estimates of the interaction parameters in the following way:

i,, :(* - #) /, : (#) þ :oo2s
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Similarly we have

irr:0.008 îrr: -0.015

To calculate the variance of these estimates we have for example:

Similarly Var(d2) - 0.00029 and Var(d3) - 0.00028. For the interaction parame-

ters we have for example:

var(cî1) : var(fr) - ft(l-fr) : 0.00026
800

vaúîtz)

N i(
: l(

ú,r(L - ft )

800
Pìs( 1 - pîg)

#tt - 135/8oo)/Boo I-' 8oo
(1 -e8/8oo)/800.%g)

+
800

98

: 0.000090

Similarly Var(p2) - 0.000114 and Var(Bs1) - 0.000108.

An analysis of the saturated model as previously outlined in this chapter is

given in Table 3.2. We have included as in this table for convenience, it must be

understood that since at I o¿z * as : 0 there are only 2 degrees of freedom for

these three parameters.

It is reasonable to deduce from Table 3.2 that the parameterc B21and p31 are

non significant. The expected frequencies of the model obtained by leaving these

parameters out are shown in Table 3.1 (labelled A), the estimates of the remaining

parameters are unchanged. This model gives a X2 value of.2,67 on 2 degrees of

freedom.
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Table 3.2: Analysis of the Saturated Model

Parameter Estimate 22

Ay

A2

dg

0n
þzt
þst

-o.o42
0.030
0.012
0.023
0.008
-0.015

6.86
3.20
0.48
5.92
0.58
2.O9

As an example of the least squares calculating procedure, consider the model

obtained by deleting the parameter os. Taking into consideration the constraints

between the parameters the model can be written as

For the iterative procedure we have the following:

Ptzs

Pzts : Pzst

Ptsz!+a¡lz*þn

Xt-

lz - þ,,

!
b

å+ot
:f,-ayf2 pstz: pszt:

d,.1

þtz
p:

L12
L12
Ll2
Ll2

0

0

1

1

0
0

0
0

Zt:
136 1

800 6

800

1

800
135

0
0!

6

P

4267
4267
4267
8871

0

4267
4267
4267

4267
9346

0
800
126

du : åå3
t26

We can calculate Vlr' :800(Þ-t + 1f'/f6) as

9007 4267 4267
LO797 4267

8477
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We calculate the initial estimate of B as

îl : (x'rviL xr)-L x'rv¡' z, : I -: :::: I--r'rr -r \ 0.02g6 )

By calculating P : 116+XB andthen recalculating I/f1 we can iterate to find the

least squares solutions which are d1 : -0.0369 arrd f12: 0.0235. We can see that

the initial estimates are quite close to the final ones, in fact only one iteration was

required to produce convergence to 4 decimal places. The expected frequencies

obtained are shown in Table 3.1 (labelled B), and the corresponding ¡ç2 value

is 3.22 on 3 degrees of freedom. The interpretation of this model is reasonably

simple. There is a decrease equal to the magnitude of a1 in the probability that a

person will choose car 1 first in preference to car 3, and a co¡responding increase

in the probability of selecting car 2. We note that this indicates a preference for

the current make. Of the people who indicate a preference for car 1 first, there

is a preference, measured by the parameter þn, fot choosing car 2 over car 3 for

the second position. When either car 2 or 3 is chosen first there is no preference

between the remaining choices for the second position.
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Chapter 4

Normal Order Statistics as
Permutation Models

4.L Introduction

Material from this chapter has been published in Dansie[lO] and Dansie[ll].

In considering distributions which allow us to model association between ob-

jects via correlated random variables, that is the so called order statistic models,

the normal family is an obvious choice. The advantage of being able to choose a

general correlation structure amongst pairs of variables seemingly gives us a rea-

sonable deal of flexibility in modelling. The main disadvantage, as with many tech-

niques based on the normal distribution, is that models are usually algebraically

intractable and hence a fair degree of numerical work is involved. It is clear from

the type of integrals we have already seen in specifying models for permutations

that this is the case here.
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4.2 The Norrnal Model Specification

4.2.L Specification problems

We will begin by discussing the case r : 3 objects being ranked, for the simplicity

of this situation enables the model specification and its associated problems to be

clearly seen. The generalisation to r : 4 and beyond is reasonably straightforward.

As we have seen before in both the paired comparisons work and the disaggre-

gate demand theory, the basis for our modelling is the use of underlying variables

XrrXz,Xs. Values for these variables are unobserved, we model the probability of

a permutation ijlc as

P;¡*: Pr(X' > X¡ > Xe)

\Me regard X¡ as a random utility or perceived attraction for object i to a subject,

and we postulate that the subject will select a ranking by maximising the perceived

attraction for the 3 objects. In the case of the normal distribution we could

equivalently write

pi¡*: pr(Xj < X; < &)

since this is simply taking a linear transformation of the original variables and

we thus remain within the normal family. The main difference would be the sign

of the means, we would be interpreting Xi as a negative attraction or dislike for

the object being ranked, in which case the subject is minimising dislike to form a

ranking.

Returning to our original definition of perceived attraction, suppose that the

variable X : (Xr, Xz,Xs)' has a general trivariate normal distribution with mean
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vector p, aîd variance matrix V, i.e. E(Xd) : þí¡ Var(X') - Ví' and cov(Xi ,X¡) :

V¡¡. We can easily show that

P;¡x : Pr(21 1 z¡it 22 < z¡n)

where Zt: Xi - X¡rZz: Xx - X¡ have a standard (zero means, unit variances)

bivariate normal distribution with correlation

V¡ *V¡r-V¡*-
+ vf - zv¡)( - 2V¡*

and

l.t¿ - lt¡zii:
(v,, rvl -zu¡)

There are two problems with this specification for the normal model, the first

of which is an identification problem. It is clear that one of the mean parameters

is redundant, since we could translate the distribution by adding a constant c to

each variable without altering the probabilities. We therefore impose a constraint

amongst the means, it is useful for interpretation to set one of the means to zero. It

is convenient to choose to set ps : O. It is also clear that the same change of scale

on each variable leaves the probabilities invariant, we could therefore set one of

the variances to 1. There is however a deeper problem with the choice of variance

parameters in the model which is highlighted by the following two examples.

Consider two seemingly different specifications. In model A set Vi : OVi,i i +

j and V!:1, so that the model consists of the four parameters {¡z'r, lri,Vf,V}).

For Model B set Vr' : Lri : Lr2r3 andVzs: 0 giving also a four parameter model

viz. {p4, þzrVtzrlzl3}. Using these two models on a set of data we notice that the

D.)ùr)
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fltted values are identical. There are many other examples of this problem. In a

similar way we find that the maximum number of unique parameters is 4 and thus

it is, in general, impossible to fit a saturated model for the case r : 3 since there

are five independent frequencies.

The second type of problem can also arise in a variety of ways. In the model

specifi.cation it is implicit that I/ should be positive definite, since it is a variance

matrix. This requirement, of course, places constraints on the parameters of the

matrix. It is reasonably simple to construct a series of values for these parameters

which give perfectly valid probabilities, in the sense that they sum to 1 and are

non-negative, and yet the variance matrix formed is not positive definite. As an

example consider the specification of model B. If we set Vp : -3l2rVts :0 then

the derived probabilities using arbitrary values for the mean parameters are valid.

With unit variances tr(2 is a correlation for which a value of -312 is non-sensical.

The resolution of these two problems lies in the realisation that constructing

a model on the r-dimensional distribution of {Xr, Xzr"' ,Xr} results in a redun-

dant specification in the general case. It is also true that this specification is not

identical to a model constructed on the differences. In our case define

Yt: Xt - Xs Yz: Xz - Xs

For the model on the differences put Y : (YtrYz)'. Suppose that Y has a bi-

variate normal distribution with mean d and variance matrix E, where E(Y¡):d¡,

Var(y¡) : o? and Cov(Yr,Yz): o12. We can write all of the six probabilities in
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terms of Y1 and Yz e.E.

Ptzs : Pr(X1 )Xz>Xt) : Pr(fr-Yz)0,y2>0)

No conflict arises between the two methods of specification in the case of inde-

pendence and equal variances in the three dimensional model. The only parameters

involved then are the means and it is fairly clear that the models are interchange-

able. However in the case of a general variance matrix tr/ in the three dimensional

model, the two specifications are not identifiable, that is to say that there does

not exist a unique 1-1 relationship between them.

It is firstly clear that one of the variance parameters of the distribution of Y

is redundant, for example we can write the above expression for p123 as

Ptzs : Pt((Yt -Yr)lo > o,Y2fo > o)

We can thus, without loss of generality, set ol: 1. We will refer to the model with

Var(Y2):1 as the standardised or scaled model. This model is achieved simply

by dividing the original variables by \Ær(yrt. We are then left with a four

parameter model viz. {0y02,o!,op). We shall investigate the interpretation of

these parameters later in the chapter. Let us firstly consider the two specification

problems mentioned previously.

We can write down the equivalence relations between the parameters of the two

and three dimensional models. We see that in terms of the original parameters

of the three dimensional model i.e. mean vector ¡t, and variance matrix tr¡ the
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¡ v"2 - 2v.- 
""]Yri":î":" )l

By considering the bivariate specifications of the relevant models we can clarify

the two problems mentioned previously. In model A we had set Vn,Vß,Vzs: O

and lzr2 : 1. We were therefore left with the four parameters {¡z'r, trlzrVt2 rllr3} The

equivalent bivariate specification for this model is

(í; )-',[( ii),( 
t+vr'z ,i"r)]

which we can rescale to give the standardised bivariate model:

bivariate model is

(i; )-*[(',;',
(r + vi) I (t + v22) Ll í + v22)

1

L +v22

L +v22 )l
For model B with Vr' : L, i : !r2'3, and V2s: 0, the standardised bivariate

specification arrived at in the same way is

(í; )-*[(,1,ß) ,('-v.* (1 -7",+n'''')]

The two models are clearly equivalent. It is a simple matter to write down the

relationships between the parameters of Models A and B as

\Þ rt -L-vr' rr -vr'-vlp,¡:J,- p,!¡ i:Lr2 Vtr:-# Vß:#
Vl + vr' 

vtz: 
L +W Y13 - Ñ

It is also useful to have the relationship between the trivariate specification of

Model B using the correlation parameters and the standardised bivariate specifi-

cation with 4 parameters ïy,|2ro?ron. These relationships are

0¡ : p;¡fi o? : L-Vß oLz _-L*Vtz-V*
2
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It is clear from looking at the standard bivariate specification of model B that

the requirement of a positive definite variance matrix in the bivariate case gives

d.ifferent constraints on the values of the variance parameters from the original

specifi.cation. As an example consider the problem raised earlier when for model

BwehavetheclearlyinvalidmodelVrz:-312'Vts:0'Theequivalentbivariate

specification is

(r )-.-[( î,1,ß) ,(' -i")]
This variance matrix is positive definite and so provides a valid bivariate model.

The practical implication of these observations is that we should use the bivari-

ate form of specification for r : 3 and in general the r - 1 dimensional specification

for the case of r objects being ranked. The interpretation of parameters and the

symmetry of the r dimensional model however make it an attractive and easily in-

terpreted form to use. In most cases in practice, the problem of seemingly invalid

parameter values does not arise because the values which occul for the correlations

in the r dimensional model are usually fairly close to zero. It is then likely that

the r dimensional model is valid and hence no problem exists. It is easy enough

to find the equivalent r - 1 dimensional model if, on occasion, the need arises-

The problems posed by the parameterisation however can be slightly more seri-

ous. The example considered showed that two seemingly different four parameter

models were equivalent. In general we have noted that we have two mean and two

variance parameters to use in our modelling. The choice of which two variance

parameters to use is not an arbitrary one; we in fact run a risk of introducing a

.) ¡'l
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redundant parameter if we do not have regard for the bivariate specification. To

illustrate this point consider the following example from a paper of Horowitz et

al.[20]

4.2.2 An example of a Redundant Specification

The aim of the paper of Horowilz el aI. [ZO] is to investigate the use of an approx-

imation due to Clark[6] for calculating probabilities using a multinomial probit

model. Adopting, for this section only, the notation of the paper of Horowitz

et al. we write the utility of alternative j expressed as a function of an attribute

vector X¡ as

u¡ :X'ro ¡ e¡

We regard If , the vector of utilities, as a trivariate normal random variable with

mean vector V, which has components Vi:X'i|.

The method used to investigate the accuracy of the approximation was to

firstly select a parametrisation for the model. Two independent sets of experiments

were conducted. The particular model of interest is the one used in the Berkeley

experiments, we shall refer to it as Model A . The particular details of the model

are a mean structure given as

Vt-- h*ïsat Vz: 0zi ïsq I/s :0

and the covariance matrix denoted by o,a, given as

Lon
orz 1

00

0
0OA:
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One hundred values for the explanatory variables ø1 w€re chosen randomly. Using

known values for the parameters, a set of choices were simulated and then an

estimatïon procedure based on the Clark approximation was implemented. The

experiments were repeated with different values chosen for the parameters. These

values were selected to represent a wide range of possible situations likely to be

encountered in practice. The analysis of the experiment consisted of a comparison

of the actual values used and the estimated values given by the approximation.

The problem with the specification of model A is that it contains a redundant

parameter. Horowitz et al. note that there are only two non-redundant variance

parameters available for modelling, but as lve observed previously the choice of

these parameters in the three dimensional model is not an arbitrary one. To see

clearly the nature of the redundancy consider two submodels of Model A that have

the same mean structure but covariance matrices o¡ a¡'d os respectively, given by

OC:

The estimation problem that arises is that these three models are equivalent. To

see this consider the equivalent standardised bivariate variance matrices formed

from the three models. These matrices are

0
0

ogs

lr o
lo 1

lo o

I t otz ol
os:lop 1 0l

lo o lJ

ModelA
1 otolosg

r+øss
1

ModelB
1 Llov-2

1

ModelC
I -%L?-l*ossll 1

Each model has the same bivariate parameter in it and therefore is equivalent to

the other two. Considering model A as Horowitz et al. have, $'e see that one of

the two parameters in the variance matrix is redundant. This causes a problem in
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the estimation procedure because any pair of estimates of (oprols) that produces

the same value of the bivariate covariance parameter

are valid estimates for the two parameters. This of course makes comparison of

the estimated values with the true values very difficult.

As an example consider one of the set of values, labelled 15(B), listed in the re-

sults of the experiments. Table 4.1 contains the original values given by Horowitz et

al. A comparison of the actual values used for the parameters and those estimated

Table 4.1: Comparison of redundant and scaled parameter values

h 0z 0s orz oss p

ORIGINAL ACTUAL
ESTIMATED

ESTIMATED

-5.00
-4.O7
-0.98
-0.79

5.00
4.45
0.98
0.87

10.00
9.27
1.96
1.80

-0.8
1.00

25.00
25.40

*
*

* * 1.oo

from the generated data shows a peculiar value for the correlation parameter o12.

Having generated data with a value of -0.8 for this correlation we notice that the

estimated value is given as 1.0. I believe that the redundant parameterisation has

had a significant effect on this comparison. To illustrate this we can scale both

the initial and estimated values to their non-redundant bivariate equivalents. The

relevant scalings are

0": 0i

1*oss Ll2
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The scaled values obtained by these transformations, that is the values of the

means and correlation of the equivalent standardised bivariate model are given in

table 4.1. On first inspection it appears that the comparison of these parameter

values would suggest that the approximation was reasonable in this case. A deeper

analysis is required to draw this conclusion however, since it is known that the

performance of the Clark approximation is affected by the normalisation chosen.

It is not possible to easily separate out the effects of the redundancy and the

a-posterior scaling.

4.2.3 General model specification

One of the desirable aspects of the normal distribution which makes it attractive

for the modelling of permutation probabilities is the notion that we can have corre-

lations between variables, which in addition can have unequal variances. Äs we saw

in the introduction the users of the multinomial probit model certainly had this in

mind. The generalised extreme value distributions introduced by McFadden[27],

which we shall consider in detail in the next chapter, do not allow this unequal

variance in their main form and hence are seen as being inflexible in this sense.

Horowitz et al.[20] for example, is one of many sources which draw attention to

this claimed advantage of the normal model.

We have seen in the equivalence of the two models A and B in the first section

of this chapter, that for the case r : 3 all of our models can be written with a

parametrisation of the variance matrix which uses either two variance parameters

or two correlation parameters. The example of the redundant specifi.cation of
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the previous section would suggest that if models are to be specified in the three

dimensional form then redundancies are most easily avoided if we do not attempt

to use both variance and correlation parameters, but rather restrict our usage to

one or the other.

In the case of r : 4 there are not enough variance parameters in the four

dimensional model for us to express any model using just variance parameters.

However it is still the case that we can generate any model if we restrict our set

of parameters just to the set of correlation parameters. To see this define

Yt: Xt- X+ Yz: Xz- X+ Ys: Xs- Xt

Using notation analogous to the that originally introduced we can see that the

joint distribution of Y : (Yt,YrrYs)' is

l/ ¡rt \ ( vr'+vt -2v14 vn*vt -vtn-vz+ vrs n vt -vrn-%. \l
N l l þz L I vr' *vn2 -2v2a vzs*vt -vrn-vst l l

L\r'/ \ vr'*vn2-2vsa )J
where we have assumed that the mean of X¿ is 0. It is once again clear that we

can standardise the scale of one of the variates without altering the probabilities

and so without loss of generality divide the variates by the standard deviation

of Ys. We are thus left with five parameters in this variance matrix and three

mean parameters, a total of 8 parameters in all. This should be compared to the

11 parameters required for the second stage of the Plackett system and thus it

it reasonable to regard these normal models as being of second order. We are

considerably short of the 23 parameters required for the saturated model but in

practice this is of little concern.
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By inspection of the previous expression for the standardised variance matrix

two points become apparent. It is not possible to generate any full 5 parameter

variance mod.el using only the four variance parameters {I/r2,V}rVs2rVn2}, since

there are simply not enough parameters. It is also clear that any model could be

written in terms of any five of the six parameters {VtzrVnrVr+rV2srV2arVsa}- It

is simplest to set Vs+ :0 leaving the other five parameters to be our modelling

set. SettingV¿2 : L i :1,...,4 we see that the reduced trivariate specification

(allowing for scaling Var(%) : 1) is

( f ) - '- | åit#) (' 
-vv W #F 

)l

Each of the five terms in the variance matrix which are not equal to one contain

a unique member of the set of five parameters mentioned previously and therefore

this set does indeed generate any model we require. To illustrate how we can

deduce equivalent specifications between different four variate models, consider

for example a model with parameters {¡¿T, plzrpL,Vr',Vr'). The equivalent scaled

trivariate specifi.cation is given by

v",

v",

v",

+
+

1

+1 )(
Comparing this with the previous expression we see that we can deduce the

equivalent model using the five correlation parameters given by

\Æ
L lVsz

Itri:
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L - V2a:
2

L -Vva-

Vtz : Vu Vß : Vu - Vzt Vzs: O

It is clear that the original specifi.cation of the normal model in terms of the

variance of the original variables can easily be respecified in terms of a set of

correlation parameters. The form of the four variate variance matrix using two

parameters d: V1a and þ --Vz¿ would be

The same model expressed in the trivariate form would have variance matrix given

í)

a- B
0
1

La
1

î)

by
'l 6

26

where,y: (1 +Vr2)l$+V:) and ó :LlFf 7r').

As a result of this small example we can see that models in general will be

much simpler to build and interpret in the fully dimensional case. We have seen

that for r : 4 !\¡e can avoid redundancies by selecting only from the correlation

parameters which we shall see in the next section have a natural interpretation

of association. For general r this is also the case. The r - 1 variate specification

of the model of r objects contains r(r - L)12 - 1 independent variance matrix

parameters. The r dimensional model has r(r - L)12 covariance parameters and

by the same construction used for the previous case it is clear that we can state
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any model using all but one of these parameters. It is also clear that we will

avoid any redundancies by following this rule. This is the suggested method for

constructing such models.

We shall now turn our attention to the extension of Henery's[l7] Taylor series

approximation to these probabilities

4.3 Taylor series approximation

The aim of this section is to develop the fi.rst order Taylor series approximation

to p¿ix, extending the result of Henery[l7]. The resultant expression is a useful

approximation model in it's own right, and it also serves as a good approximation

to the computationally more difficult normal model. As we suggested at the end

of the previous section, the r variate distribution is more convenient for modelling

purposes. This is also the case with the argument to follow and so we will develop

the approximation for the r dimensional model.

Henery[l7] obtained a Taylor series expansion f.or p¡¡¡ in the case of inde-

pendence as follows. Suppose that X1, Xzr...rX, are independent normal ran-

dom variables with mearì.s þt¡þz¡...¡¡trr. Denote by P(n) the probability that

Xt ) Xz ) ... ) X,. We can write P(zr) as

p(tr) : Il^rt", - þ,) l,* ó{r,-, - tr,-t) I": ó@, - u)dnr...dn,

where Sþ) is the standard normal density function. The terms required in the

Taylor series for P(n) are the evaluation of P(zr) and its first derivatives at l.¿t -

lrz:... r lrr:o- P(zr) evaluated al ¡.r¿:o, i: Lr...rr is clearly 1/r!' A
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typical derivative is

W : I:ó@') ' I,:.,'¡Ó(r¡) I,i 't''-') I,: 
Óþt)d'rt "'dr'

This expression is equal to ï¿,rf rl where 0¡,,. is the expected value of the ith order

statistic in a random sample of r N(0,1) random variables arranged in decreasing

order. For small values of ¡z¡ Henery obtains the approximation:

p(n):i.'+
Note that this summary is slightly different to the derivation given by Henery

since he defined the permutation probability using the smallest order statistic as

the one chosen first so that

P(tr):Pr(Xi <x;<"'

We have previously noted the equivalence of these two approaches in the Normal

case.

As an example of the non-independent case consider r : 3. For small val-

ues of r, expressions are available for such constants as 0¿,, (see JoneslZZl and

Godwin[f4]). Consulting these tables gives us îL.s:31@\Æ): a,ïzß: 0 and

0Bß : _,Î.,,s : -ø We can thus write an approximation for p:¡¿s in the independence

case as

przs:!*%-aþs6'6 6

In the general case for r : 3 suppose that X : (Xu Xz, Xs)' has a trivariate

Normal distribution with unit variances. We can express the probability density
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function in the following useful form (see for example Johnson and Kotz[2l]).

where

( s g

î(rr,n2,ns) : (Zr)-slz 6-112 exp { -0-t t t A¡¡(r¿ - t r\(*¡ - p¡)
( d=1 j=d

: L - vr?" - vr?, - v,?, i 2v6v¡svp

: (L - V,?ò 12 Azz: (1 - vl) 12 Ass -- (t - v,?r) lz

: VtzVzs - Vn An : VnVzs - Vß

: VnVß - Vzs

6

At

Atz

Azs

Consider the probability Przs:

ptzs:Pr(xr ) xz > xr) : I: I": I: f (r',rr,rs)d'nfi,r2d,rs

where for our purposes we set p3 and Vzs:O leaving the four parameter model that

we require. As suggested by Henery[l7] we find the Taylor series in the parameters

þ: (pr,þzrVrzrtrlra)'as far as the linear terms. We requireP¡¡¿s evaluated al B:9,

which as in Henery is clearly 1/3!. In addition we must evaluate the following at

þ:o:

1 and

We will begin by showing that the first of these derivatives gives the same

expression as given by Henery[fZ] i.e.

oPns 0¡'s i : Ir2ott

opn"
ôp,

opt 
"6Vri

32J2

With l(rt,æ2,îs) written in the above form consider the example of the case i : 1.

We can express this derivative as

0l@t )n2rr,s) t¡-\-sl2c-rl2 ^---¡"-,-, ãT

tr : (zt)-s | 2 6-r I 2 exp(6-' r) tr.
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where
93

T - -Dt Ar¡(rt- u)(n¡ - pi)
d=1 j=j

and

AT
at, 

: 2A11(æ¡ - PL) * Atz(nz - pz)f "413(ø3 - tts\

Evaluating this expression at B-O, we see that ó : ].rAt: Azz: Ass: ll2 and

A;i : o Ví,+ i.This gives

which we recognise as the product of ø1 and the th¡ee independent standard normal

densities ó("¡). We can therefore write

opt 
"

W : (zr)-stzø1 exp (-iøl + "i + "i¡)

l,* ot"ù I,i "'rOt)d,rfi,n2d,ns

(ar¡-s r z 

lr','exp 
(6-1 ?) W- exp (ó- 1 rlLro' n Ll

(zn ; s r z 
o - L t 2 exp (6- L 

" lw - ;t - r 
r9*]

: I:6@s)ôPt

This is equivalent to the expression given by Henery(1981) and is therefore equal

to 01,sf 6 where, as before, dr,s is the expected value of the first order statistic in

a sample of size three from a standard normal distribution. It is also clear, by

analogy, that

oqt 
" 

oz,s

oP' 3!

For the second type of derivative using 7rz as an example, we see that

0l (rr, rz, rs)
0Vn
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Now
a 6_LT)

0Vn

Since

Since 6 : 1 when þ : Owe have

and hence

f s g

lii A,¡(,,- F;)@¡ - pi)t-o-'#\
li=r ¡=i

+6-1 
äÐ,rry^

(rr-pt)(r¡-p¡)

a6

un-: -2Vn l2V2sVg

which when evaluated al B : O is 0, the first term in this expression is 0. In

addition, all of the partial derivatives of ,4,¡¡ with respect toVp when evaluated

at B: O are also 0 except for

ïAtz _ raw--r

: fr[fiz

i.e. the product of r1n2 and the three independent normal densities. We thus have

W: (2t)-snn1û2exp (-*ol+ ni+ ni))

w : I : I ": I: 
np2$(n1) s(n2) þ(rs) d'a¡d'r2d'ns

This expression is equal lo ïp,sf 6 where 0rz,s is the expected value of the product

of the first two order statistics in an independent sample of size three from the

standard normal distribution. By symmetry we can see that at B - 0 we have

ðpn" 0ß*
ðvæ 3!
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For small values of the parameters þttllztVnrVß \Me can write approximately

Vtzfltzrs

6

The values of these constants are available from the tables mentioned previously.

In general fot p¡¡¡ the coefficient of p4is 0;,'sf6 where i'is the position in the

permutation occupied by object 1. The coefficient of Vp is á¿,¡,'s where i' and jt arc

the positions occupied by objects 1 and 2 respectively in the ranking. For example

Pzts:t.+.+*ry.ry
As a consequence of these results we can approximate the vector of probabilities

p as a linear function of the parameters Brviz.

e:å+xP p(6x1) x(6xa) Bþxt)

In its own right this expression represents a model for permutation proba-

bilities. The two main advantages of this model are its simplicity and ease of

interpretation. In addition, its parameter estimates are very easy to calculate, by

the adaptation given below of the iterative least squares method, as outlined in

chapter 3. Following the notation of that chapter denote by Y the (6 x 1) vector

of relative frequencies. Our model is

E(Y) : Ll6 + XP, V(Y) : Y

where V is the variance matrix of a set of multinomial probabilities and I denotes

the unit vector of length 6. We have one constraint, l'Y : 1 and so we have
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1 : l-16. Construct Z :Y - 1 and partition Z as (Zl,Z'r)' where Zl is (S x t).

Similarly partition X and tr/ so that Xr is (S x a) and V11 is (S x S). The least

squares estimates are given bY

îl : (x'rv¡r x r¡-L x'rvr1L zr.

Estimates are obtained by iterative least squares, although using the relative fre-

quencies as consistent estimates in tr/rr, the solution on the first cycle is often of

sufficient accuracy. The variance matrix of the estimates is given by (XiVttlxt)-t.

It is a simple matter to fit the 4 parameter model and, using the variance matrix,

eliminate non significant parameters. As we shall see in the practical example to

follow, this approximation is a good one, in particular of course for small values of

the parameters. It is a useful technique for obtaining very good initial estimates,

for use in the fitting of the normal probabilities model. A suggested procedure is to

find a minimal model using the Taylor series approximation, and then to calculate

the estimates of the normal model by numerical maximisation of the likelihood

function using, for example, search algorithms such as the method outlined by

O'Neill[29]. The calculation of the normal probabilities requires the evaluation of

atr r - 1 dimensional multivariate integral. For the most common uses of these

models, viz r : 3 or 4 this is a well established technique. (See for example

Daley[S]). For more recent work and methods suitable for higher dimensions the

reader is referred to Schervish[SS],[ao] and Russell et al.[33].
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4.4 Interpretation of the model

4.4.1 Ther-3case

Making use of the Taylor series approximation let us briefly consider the inter-

pretation of the parameters of the three dimensional model. Table 4.2 contains

the coeffi.cient matrix X from the Taylor series expansion p : Llø + XP. The

Table 4.22 Patarneter coefficients in the r :3 Taylor series approximation

Pørameter
Permutation þt ltz t2 13

L23
t32
2L3
23L
3L2
32t

a0
a-a
0a
-aa
0-a
-a0

b -2b
-2b b
bb
-2b b
bb
b -2b

o: (a6)-' 6: (+r1f3)-L

interpretation of the mean parameter p¡ is clear, it is a measure of the attraction

for object i, relative to a zero attraction for object 3. For example, if tt, > 0 then

there is a preference for object 1 over object 3, and thus permutations beginning

with 1, i.e. L23,132 have a higher probability than those ending with 1. The other

two parameters, V12 arrd tr/1s, reflect patterns of association in the rankings of pairs

of objects. It is clear lhat Vtz is a measure of the association in the perception of

the value of objects 1 and 2, since in those permutations where objects 1 and 2 are

together, its coefficient is positive, and for those where 1 and 2 are apart, namely
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132 and 231, the coefficient is negative . If. Vn ) 0 therefore, there is an increase in

the probability of those permutations which have 1 and 2 together, i.e. a positive

association between the rankings of objects 1 and 2. The parameter tr/rs has a

similar interpretation in terms of objects 1 and 3; if tr/rs ) 0 there is a positive

association between the ranking of 1 and 3. Clearly the value of a probability will

depend on the relative magnitude of the individual parameters.

In order to see the expansion of these probabilities in terms of the parameters

of the standardised bivariate model we make use of the relationships given for the

parameters of the two models. These relationships are

0¿: p¡lÕ oÏ: | -Vß
LlVn-Vs

otz
2

The values chosen to calculate the Taylor expansion around i... t , : V¡¡ : 0 are of

course the values for the zero means independence model. Using the given relations

these values correspond in the bivariate case to 0¡ : Oro? : Lrorz : tf Z. If we

put d : (0u0z,o? - L,otz - Ll2)' we deduce from the given equivalence relations

that we can write ,þ as a linear function of the original vector of parameters p. We

write Ó: Aþ where ,4, is given bY

0 0

0

-1
-Ll2

.A is clearly non-singular and hence invertible. It is clear that from the original

expansion p:Ll6+XP we canwrite p:Ll6+X.Ó where X*: X.4-1. This

construction can be derived from considerations of the bivariate model alone, but

the symmetry of the trivariate specification produces a simple derivation which
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can be easily generalised. The coefficient matrix X* is given in Table 4.3. From

Table 4.3: CoefÊ,cient matrix in bivariate Taylor series approximations

Parømeter
Permutation

L32
2L3
23L
3r2
32L

tÆa
0

-tÆa
0

-{z'a

-4b
2b
-4b
2b
2b

-tfza b

{za -zb
tfza b
-tfza -2b
0b

ø: (4uft)-t 6: (+rtf})-L

this table the interpretation of the parameters of the bivariate model follows fairly

simply. Relative to a zero attraction for object 3, the parameters dr and d2 measure

the preference fo¡ objects 1 and 2 respectively. It is clear lhat o! is a measure of

the association between objects 2 arrd 3, since in those permutations that have

objects 2 and 3 together the coefficient of (ol) is positive and negative otherwise.

If o2, > 1 therefore, there is an increase in the probability of those rankings which

have objects 2 and 3 adjacent. The parameter o12 has a similar interpretation

in terms of objects 1 and 2. If. oe > Llz there is a positive association between

objects L and 2.

There are a few submodels of the bivariate model that should be noted at this

stage. The bivariate model with o? : L and ø12 : Ll2 of course corresponds to

the independence model. To this basic model in the trivariate system we can add
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a single correlation parameter in 3 different ways. There are three corresponding

models in the bivariate specification. An obvious model is to set orz: Lf 2leavif¡rg

o! as the third parameter. This corresponds to a trivariate model with the pa-

rameter vzs. Alternatively we can set ol : 1 leaving the parameter o12 free, this

corresponds to the trivariate model with the parametet Vp, The corresponding

model to the trivariate model with parameter Vrs is constructed by putting ol : 6

anð. op : 612. If we look at Table 4.3 we will see that the coeffi.cient of delta

in the expansion would be the coefficient of (øl - 1) plus a half of the coefficient

of (op - Ll2). Performing this calculation it is clear that ó is a measure of the

association between objects 1 and 3 with 6 > 1 representing a negative association

because of the way we have defi,nedYt andY2.

4.4.2 The r:4 model

The expansion of probabilities in the case r ) 3 proceeds by direct analogy. For

r : 4 the matrix X in the expansion p : Ll24 + XP is given in Table 4.4

We can find the expansion in terms of the trivariate difference distribution in

a similar way to the method employed previously. The relationships between the

two sets of parameters are

0; : klø i: L,2,3

o?-L -Vu

oZ-\ -Vz¿

oe - LfZ : (Vrr-Vu-Vra)12
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Table 4.4: Pararneter coefficients in Taylor series approximations to the permuta-
tion probabilities for r :4

Parømeter
Permutøtion þt þz þs Vtz Vß Vu Vzs Vz+

-dd
d-d
-dc
dc
c-d
cd
de
ed
ce
cd
ec
dc
dc
ec
cd
c-d
ed
d-d
cd
ce
dc
-dc
de
-dd

-babd-dc
-aabedc
-ba-adc-d
-aa-becd
b-ba-dcd
b-aadc-d
-bba-ddc

ab-bcde
a.b-aced
a.-bbdce
a-abecd
a-b-adec
a-a-bedc
ba-bc-dd
be--acd-d

-a-ba,ced
b-b-a-ddc
b -a, -b d -d c

-bb-a-dcd
-ab-bdce
-b-abc-dd
-a-bbcde

L234
L243
t342
L342
L423
L432
2L34
2t43
23L4
234L
24t3
243t
3L24
3t42
32L4
324L
34L2
342L
4t23
4L32
42L3
423L
43L2
432t

-aba,dec
-b-aacd-d

)l
l2L5 2L5 .,Ll-- -l- --ârcsrnl -l5 4n 6212 '3

l2L5 615 .,Ll-- - --âtcsrnl -
L5 41 52rz '3

-\fra

b- )

24

24
\Æ

t
- 

i-,

24r
\Æ
24r

c
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oß-lf2 : (ytr-vtn)12

o2s-lfL : (vr"-vro)12

Put / : (0u02,0s,o?-L,o?-L,otz-Lf2,oß-Llz,oza-Llz)'. We can write

ó: Aþ where ,4, is given by

Ll\Æooo 00
00
00
-L0
00

-tlz o

-Ll2 o
0Ll

tl\no

As before \Me can write p : Ll6+X*/ where X* : X A-L. We have seen previously

an example of the construction of equivalent difference models by making use of

the equivalence relations.

4.5 Exarnple calculations

To illustrate the calculations involved, and to compare the approximate and exact

models consider the data used in the example of chapter 3. For convenience the

observed frequencies of the 6 permutations are given in the first row of Table 4.5.

In order to apply the least squares procedure to fit the approximate model we use

0.1410
0.1410
0.0000

-0.1410
0.0000

0.0000

-0.1410
0.1410
0.1410

-0.1410

0

0
0
0

I
0
0

0.0459

-0.0919
0.0459

-0.0919
0.0459

-0.0919
0.0459
0.0459
0.0459
0.0459

0
0
0
0

0
0

0

0
0
0
0
0
0

rl

2

0

0

0
0
0
0

l2
0

1

21

\Æ
0
0
0
0
0

0

0

0
0

-1
-Ll2

0
L12

þt

Xt:

As before we have

.7_
zJl 

-
1

;)

136
800

L26
800

P

800
156

0
0

p: þtz
Vtz
Vß

0

0
800
t26

/u : åå3
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Table 4.5: Rankings of three cars

Order t23 132 2L3 23I sLZ 32L Total

Observed Frequency
Expected Frequency (A)
Expected Frequency (E)

135
141.0
138.4

98
100.9
101.8

L52
158.1
159.8

139
L35.2
134.1

L26
123.8
L23.5

150
141.0
L42.4

800

800
800

and we can calculate I!11 : gOO(Þ-t + tI' f f6) as

We calculate the initial estimate of B as

þ : (x,rv¡rxr¡-tx'rvr1, zr. =

9007 4267
LO797

0.0036 0.5472
0.0035

4267
4267
8477

4267
4267
4267
8871

4267
4267
4267
4267

9346

-0.067
o.115
0.186

-0.032

By calculating P : I l6+XB andthen recalculating tr/fl and iterating we find that

in this case the values given above are correct to 4 decimal places. The expected

frequencies obtained from this model are almost exactly the same as the observed

frequencies, indicating a model which fits very well indeed. The correlation matrix

calculated for these 4 estimates is:

0.0808
0.0046
0.0104

0.0585
0.0703
0.5192
0.0116

An analysis of the full model is given in Table 4.6.

It is reasonable to deduce from Table 4.6 that the parameters ¡21 and I/1s are non

signifi.cant. The estimates of the remaining parameters are calculated by altering
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Table 4.6: .A.nalysis of Full Model

Parameter Estimate Zz

þt
ltz
Vn
Vn

-0.067
0.115
0.186
-0.032

t.23
3.74
3.31
0.09

the design matrix Xr in the appropriate way, that is by removing the first and last

columns. The estimates obtained are û: o.L52 anð'fiz: 0.208. The expected

frequencies of this model are shown in Table 4.5 (labelled A). The corresponding

X2 value is 1.30 on 3 degrees of freedom. The correlation matrix obtained for the

two estimates is

0.0025 -0.0590
0.0076

The corresponding Zz statistics are 9.31 and 5.72 respectively, indicating no further

reduction in the model is appropriate.

The interpretation of this model is reasonably straightforward. The positive

value of p2 indicates again the preference for the current make of car. The positive

value of. Vp indicates an association in the rankings of cars 1 and 2.

Using numerical maximisation of the likelihood function as explained previ-

ously, we can calculate the estimates of the exact normal model. For the 4 param-

eter model the estimates obtained are

û : -0.061 Ø : 0.109 ñ:0.191 t": -0.033
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We note the good agreement between these estimates and those obtained from

the approximation. The estimates obtained by setting þt : 0 and Vs :0 are

îà :0.143 and Íõ : 0.2O7. The expected frequencies corresponding to this

model are given in Table 4.5 (labelled E). The ¡2 value is 1.25 on 3 d.f. Again we

note the very close agreement with the approximate model.

For purposes of comparison with the logistic models of chapter 5, we can find

the standardised bivariate model using relationships given earlier in this chapter

! --

as:

(í; )-N[( 3:îs? ),('*o T:sså)]
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Chapter 5

Alternative Distributions

5.1 Introduction

The normal model presented in chapter 4 is clearly a very flexible model for the

analysis of permutations. It has the limitation of being a second order model,

but this is not too great a restriction in the practical application of these types

of models. The very general range of permissible values for the correlation matrix

certainly is a feature of this model. When alternative distributions to the normal

are sought, they are usually found to be quite restrictive in this area. The multi-

nomial logit model based on the logistic distribution, mentioned in the review of

transportation models, is an example of this.

The reason for searching for alternative distributions to base our model upon is

also quite clear. The evaluation of normal probabilities is a time consuming task.

For problems with large amounts of data and particularly cases involving covariate

studies, the calculating effort can be prohibitive. The basis for this chapter of work

is to investigate alternative distributions which provide explicit expressions for the

permutation probabilities. The cost associated with this benefit is invariably the
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problem of restrictive correlation structures mentioned previously.

As is historically the case, $'e are particularly interested in distributions which

are 'like' the normal distribution. The logistic is one such distribution that has

been used extensively for this purpose, for example the probit and logit methods of

biological assay. We saw in chapter one that the Bradley-Terry model arises from

an assumption of logistically distributed differences. It was also shown that we

could equivalently assume independent extreme value distributions for the original

variables and arrive at the same expressions for the choice probabilities. It is also

a consequence of the material presented in chapter two that the exponential model

is linked to the extreme value distribution by a monotonic transformation and so

is a model of some interest with regards to generalisation.

We have as a result three immediate choices for extension from the case of inde-

pendent random variables to a model based on dependent variables. We will firstly

consider a generalised logistic distribution due to Satherwaite and Hutchinson[34].

The second model is based on the generalised extreme value distribution intro-

duced by McFadden[27] and we will conclude by looking at models derived from

a multivariate exponential distribution due to Gumbel[l5].
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5.2 Bivariate logistic distributions

6.2.L The three parameter model

Gumbel[16] introduced a bivariate logistic distribution which had a distribution

function of the form

F(Yr,az):#
A summary of the details of this distribution are given in section 5 of chapter 42 of

Johnson and Kotz[21]. In particular, we note that the correlation between Y1 and

Yz is fixed af LlZ. From the previous chapter we remembe¡ that a correlation of

Lf 2between the difference variables is equivalent to independence of the original

variables XbX2,Xs. We can in fact show that if XtrXz,Xs are independent

extreme value variables with distribution function given by

F(o): exp(-e-") -oo<ø<oo

then the joint distribution function of

Yt: Xt- Xs Yz: Xz- Xs

is the one given by Gumbel's formulation.

In their paper of 1978, Satherwaite and Hutchinson[S+] presented a generali-

sation of Gumbels distribution by raising his expression to an arbitrary power to

give

F(vr,az):# vlo
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The distribution is not unlike the bivariate normal distribution. It is symmetric

about Ut : Az but not about At : -Uz. The density function is

with corresponding density

The marginal distributions are given by

î(at,vz):ffi

E(Y¡) :{(u)+C

Var(Y¡) :+ + ç(z,u)

The moments of the distribution are given by

f ,up: Corr(Yt,Yz):
ç(2,u) *

where

is the digamma function and

ú("):t'(z)lt(z)

oo

ç(",ø): t(miø)-'
m=O

is the generalised Riemann zeta function used here with s : 2i C is Eulers constant

(:0.572...). W" note that the correlation p tends to 1 as z tends to 0, is lf 2 when

u :l and tends to 0 as v tends to oo.

64



From our previous discussion of the bivariate normal distribution we know that

a bivariate model on the differences

Yr: Xt - Xs Yz: Xz - Xs

with equal variances and a correlation parameter p is a model of association in

the rankings of elements 1 and 2. We can calculate probabilities for this three

parameter model in the following way. Assume that (Y1, Yz) have a bivariate

Satherwaite distribution with distribution function

F(vr,vz):ffi
We can for example calculate

Ptzs P(Y1) Y2, Y, > 0)

f.. [#]'ul'==*u,*,

¿-[

/-[

Y¿-(uz-az)

(1 + e-{u'-ot) + e-fu2-uz))v+L f'""==i'*'
y¿-(ur-oz) y¿-(uz-oz)

(L + e-lu,-az))v+L (L + 
"-u, 

(eùr * 4z))v+t
!2=æ

dy,

_eu'[tl
eut * eoz L(t + e-vz({tt + e'r))" J

A2--æ

!z=O

11- (l + e'r'¡' eat I euz

1 1

(L + eu,¡" (1 a e" + e',)"

!z=O

eo'

In a similar way $'e can derive the other probabilities so that we have the following

expressrons:

Ptsz
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1Pzts

Pzst

Pstz

Pszt

1

(L + eo'¡'
eot

1

eur + euz

1

(l + e,,¡" (L + eo' ¡ eo"

1

v

eo'

(eule,r)(1 leÐr¡euz)v

We observe that the model of association between objects 1 and 2 is symmetric

in these elements and so for example having calculated p12s we can obtain the

expression for p21s by interchanging o1 and u2 in pps.

The benefits associated with a model which gives explicit expressions for the

probabilities are reasonably clear. Numerical maximisation of the likelihood func-

tion consumes less time, not only because of the time saved in calculating the indi-

vidual probabilities, but also because it is possible to calculate analytic derivatives

of the likelihood function. This means that rather than using search techniques

to maximise the likelihood function it is possible to write down the analytic form

of the likelihood equations and make use of numerical techniques for solving non-

linear systems of equations. These methods are much faster in general than the

simplex type of searches used up until this point.

As an example consider the likelihood function

t : IIp{j';

and the corresponding loglikelihood function

L:log f,:Dl¡¡*logp¡¡*
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For simplicity reparameterise so that

ItrL: eo' 1tr2: eo'

We have then for example

P;¿s: L -

ôpn"
ôut
ãpt 

"ôuz

opt 
"0v

L+u2)v ut*uz
1

1
U2

To find the derivative of the log likelihood function we require the derivatives

of this expression with respect to u1, u2 arrd z. We can show that these are:

'tirz I t (r_ t
ut*uz Lrt+r, \- (1 +u1 *ur)"

1

v
(1 +ut*uz)"+l

u LLt 1-
(t + u2)t+" (ut * ur)' (t+u1 +u2)"

lIZU

(rr+ur)(1 *ur* ur)'*t
log(1 + u2)

(t + u2)'
u2log(l*ut*uz

ur+uz)(t+u1 +u2)"

We can make use of the symmetry in the argument between objects 1 and 2.

Since p12s and p2¡¡ ate symmetric in ø1 and u2 wê note that

Ptzsa
out

In addition, to simplify calculation, we use the relationship

oprt"
ôut

opr:.s

ouz

opzrc

=u2tuz=Ul

U1.=1r'2 tU2=Ul

u!='dltu2=ul

1
Przs-TPzrc-l-,Ptsz- 1--- (1 + ut)"

opn"
ðu ôv
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which gives

oprt
A",

metry of pßz and p2s1to write

u opns opzß

(t + ø1)t+u 7ur
opl¿" opzt"

out
opnz
A", ôuz ïuz
oPtt log(1 a rrt) _ opns _ ?prts
ôu (1 + ø1)" ôv 0u

The remaining derivatives follow in a similar manner. We make use of the sym-

Ptsz
ðuz

Using the given expression for ps21we have

oPz"t

ðut

oPrst
ðuz

apr",

ôPt",
A",

?¿t=l¿2tüz=ltl

'¿l=ll2tU2=Ul

a

ãu

opszt

ðut
oPsrt
ouz

op"rt

1.12 1

ut*' l-|ur*ur)"

=u2tÎ't2=ul

U¡

u
(t+u1 *ur)

UtLZ1

(rt+"r)(L+ut+u2)v
-u2log(1 +uL+u2\

utluz (t+u1 *ur)

ðu (rt+"r)(1 +uL+uz)v

from which the derivatives of ps12 follow by symmetry as

op"r,
a"t
ðptt, aPszt

outouz

oPtt
a,

opszt
A"

='¿2r'¿2=Ul

l¿l=Uzrv2=lll
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Using these derivatives $re can construct the likelihood equations as

D l¿¡* 0p¡¡t

Pi¡* 0u1

l;¡x 0p¡¡*t Pi¡r 0u2

l¡¡* ðp;¡t

P¿i* 0uD

0

0

0

There a e a number of routines available for solving this system of non-linear

equations, such as the IMSL routine ZSPOW. We can obtain ¡easonable start-

ing values for these routines from the Taylor series approximation and the least

squares fitting procedure. These results will be presented when we consider the 4

parameter model shortly.

The easiest method for interpreting the parameters of the model is to stan-

dardise to unit variances. To achieve this we note

E(Yd) :tþ(u) *c*u¡ i:t,2

var(y¡) :++ ç(z,u\ i:L,2

p: Corc(Yt,Yr): ffi
The standardised model is achieved by the transformation Z; : Y¡f o2 where ø2 is

the standard deviation of Yz. The standardised model values are given by

þi:

02;:t i:Lr2

i: L,2

p: con(Yt,Yr) : 'ç(2;u) -. 
ç(2,u) + +
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,þ(r), the digamma function is a standard IMSL function and a convenient

method for calculating ç(2, rz), the generalised zeta function is given in an appendix

to the paper of Satherwaite and Hutchinson[S+]. An example of the use of this

model is given at the end of the next section.

5.2.2 The four parameter model

By introducing a variance parameter to extend this model to 4 parameters we

arrive at a model which is quite similar to the bivariate normal specification.

The introduction of this additional parameter unfortunately means that we are

no longer able to write explicit expressions for each of the probabilities, but the

numerical work involved is much less than that required for the normal model.

Suppose that the joint distribution of Yr and Yz has distribution function

F(ar,vz):

so that

var(rr,) : "r(++ ç(2,,))
12Var(Y2): u +ç(2,u)

E(Yr):rþ(r)*Ctuz
ç(2,v)

ç(z,u) + Ç

E(Yr):o{tþ(v)IC)+u1

p : Corr(Yr rYr) :

Calculation of the permutation probabilities associated with this model proceeds

in the following way.

Ptzs l"- l#]u,'*==u,o' 
oo,

¡* / y¿-(vror)lo1 y¿-(ur-ur)lo1 \
| , 

-l

lo \"t(f * e-(vr-ur) 1", + e-fur-az))L+v ø1(t + ¿-(ur-u,)lotea2)L+v )
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lo*

I,*

y¿-(urot)lot

11
(L + e,r¡, (1 + eotlot + e,"')"

f- [#]0,".==*,,*,

1

(1 +e-{ut-tr)/ot¡42)v
1

(!+eo'l"r+e'r)" (l + eo,¡'

y¿-(urur)lo,

))t+" du-

dY, +

[=:
1

ø1(t + ¿-(n-'tr)lor | ¿-(uroz

Y¿-(uror)f o1

The first term in this expression requires numerical evaluation, the details of which

we shall consider shortly. Continuing with the expressions for the permutation

probabilities we have:

Ptsz

numerically evaluated in przs.

Pzsr : t_l#]o,:==i *,

1
-'J2 )

L*vO1 L*e- -Al ot1lê-

We note that the last term in this expression is the same as the one to be

Pzts

Pstz

Pszt

ï_

1

(L + e"'1"'¡" -
I apl
ta;l

1

(L+eurl"t+eur)"

dat

y¿-(vr-ot) lo1

I -ul otlê- -U2 Llv

U2=Ur

Y2=-Ø

ï_ o¡(L + e-

l:_lf^]""*==*u,*,
L 

- f ue-(ut-at)lot

FW J-* oy (1 + e-{r,-,ilo, * e-(u,-o,)¡t+,dat

Once again the last term in this expression is the same integral as the one in

the previous expression. As a result of these calculations we need only evaluate
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two integrals numerically i.e. the integrals over the intervals (--,0) and (O'*)

of the integrand:

y¿-(ur-or) lo¡
dyt

o1(1 * ¿-(urrtr)lor f ¿-(ur -oz))r+v

A reasonably simple method of approximating these integrals exist. We firstly

transform the integrand using the substitution " 
: (h - ai lor Consider for

example the second integral. After the substitution this integral becomes

r., ¡", (l I e-" | ¿-(orztul-u))vtt

'We can bound the integrand by the function

ue'
d.z

For positive z this function is a reasonably good approximation for o1 ) 1 For

negative z it is best when o1 is small. These affects are amplifi,ed when v is not

equal to 1.

We can evaluate the integral numerically to an accuracy of less than a given

value e ( ignoring roundoff effects ) by choosing a value k such that

f* ve-'
Jr@d'z<e

Using the function bound we have

We can show that this leads to the equation

fØ ue-z
Jr @d'z1e

1L-gt'
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t,>-"(#. -')
For e : 0.00001 the values of k involved in this approximation range from approx-

imately 10 for v:O.2 to 14 fot u:10. The resultant defrnite integral can easily

be evaluated using any of the standard techniques.

For the other integral i.e.

f-o'|"' ue-u

J-* Í+e@dz
we find k such that

r_ (r+e- tIv

Solving this equation gives

ue-
d,z 1e

Once again using the bounding function we require

1

(t + e-*¡'
1e

Solving this equation gives

k<-ln -1

For e : 0.00001 the values of k involved in this approximation range from approx-

imately -55 for u : O.2 to -1 for v : LO.

Using the standardisation procedure outlined previously we obtain the follow-

ing standard values:

o{tþ(v) + *ut
+ ç(2,u)

1

&(

E(YL):
b

Yar(Y): sl

p: Con(Yt,Yz) :

Var(Y2) :1
ç(2,v)

73

ç(z,u) + Ç



We calculate the series approximation for this model about the values which pro-

duce the uniform probability model. In the original parameterisation these values

w€I€ U1 : uz:0 and u: o!:1. We will continue to üs€ 111 : ¿at ar.du2: ¿az

We can find the Taylor series expansion in the parameters 'y : (urrurrurol)' as

1
p 1+ x(1 - 1)

6

where the matrix X is given by

rle

Lls

Ll36

-5136

Ll36

-5136

I,

ye-u

Ll36 (log2 -tog(t)lt)lz log(a)/a -Ll6

-5136 -tog(2)12 + log(3)/3 o

rle (log2 -tos(t)lt)lz -log(3)/a +Ll6

rle -ros(z)lz + log(3)/3 o

-5136 -log(a)/G -log(1.5)/4-LlL2
Ll36 - lo9(3)/6 log(l.5)/a + LlLz

The first three columns of this matrix are obtained by evaluating expressions

for terms such as 98# 
"r 1 : 1. We found these expressions when considering the

3 parameter model. To calculate the last column we need to evaluate expressions

such as æ We see that this requires us to evaluate

y¿-(ur-ur)/o1

o1(L + e- or+e -!2 l*v
A foo_t

ôot Jo -l)

Differentiating and setting 1 : L we have

* e-u(y - 1 - ze-u)
(L + ze-u)s

dy

We can evaluate this integral by showing that

Io* lo*

ulogu
1,,*L * 2e-v)s

dy
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Using integration by parts Irye can show that this integral is

ulL
d,u

u(u 1- 2)2

which we evaluate as log(3) l+ + 1/6. For the other parts of the integral we obtain

T*

8

36 Io* ¿' : tn

The other terms are calculated in a similar manner.

The interpretation of the parameters is not quite as straightforward as was

the case in the normal model. The main reason for this ïs that the association

parameters y and o1 also appear as part of the mean structure. In general it is

the case lhat u represents association between objects 1 and 2 and d1 represents

association between objects 2 arrd 3. The easiest way of interpreting the model is

to consider the standardised model.

,þ(")+C*uzE(Yz):
+ ç(2,u)

Var(Y1) : sf Var(Y2) : 1

ç(2,v)p: Corc(Yt,Yr):
ç(z,v) + Ç

We recall that a model of association betwee objects I and 2 is obtained by spec-

ifying

Var(Y1) : 1 -+ oL: L cov(Yr, Vr) , L= --+ u < |
2

As a preliminary to the example in Chapter 6, consider a model with association

between objects 1 and 3. In our previous discussion we saw that this model is

given by

Var(Y1) :6 cov(1i, Yù:l
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It is clear that we can achieve this parameterisation by setting

l(2,vo?: 6
ç(2,u) *

O1

2

To estimate the parameter d1 $r€ would need to solve the equation for z using any

one of the standard numerical techniques. We will consider an example involving

this parameterisation in Chapter 6.

5.2.3 Example calculations

As before to illustrate the calculations involved, consider the data used in the

example of Chapter 3. For convenience the observed frequencies of the 6 permu-

tations are given in the first row of Table 5.1. In order to apply the least squares

Table 5.1: Rankings of three cars

Order t23 L32 2L3 231 312 32L Total

Observed Frequency
Expected Frequency

135
143.6

98
108.0

L52
157.1

139
138.0

L26
116.6

150
136.7

800
800

procedure to flt the approximate model we calculate X1, Vt, Zt as demonstrated in

previous examples and calculate an estimate of B :1 - 1 where 1 : (utru2rurol)

as
0.347
0.554

-0.305
-0.014

The corresponding estimates of the original parameters are

ur : 0.30 a2 -- O.44 v : O.7O ør : 0.99

îl : (x'rvut xr'¡-r x'rv¡' zr :
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The expected. frequencies obtained from this model are almost exactly the same

as the observed frequencies, indicating a model which fits very well indeed. The

correlation matrix calculated for these 4 estimates is:

0.0397 0.9429 -0.9408 0.0958

0.0368 -0.9383 -0.0108
0.0198 -0.0645

0.0026

An analysis of the full model is given in Table 5.2

Table 5.2: Analysïs of Full Model

Parameter Estimate Zz

ut-t
uz-t
u-L
ot-L

o.347
0.554
0.186
0.032

3.O2

8.33
4.70
0.07

It is reasonable to deduce from Table 5.2 that the parameter o1 is not signifi--

cantly different from 1. For the sake of comparison we can also set

u!: -c -'þ(')

this has the effect of producing a standardised mean p4 of zero, in line with previous

models.

Using the numerical maximisation routine, we find that the estimates obtained

arc fi: 1.548 and, î, : 0.851. The expected frequencies of the model obtained

using these parameters are shown in Table 5.1. This model gives a X2 value of

3.67 on 3 degrees of freedom.
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We can find the standardised bivariate model using relationships given earlier

in this chapter as:

E(Ilr) :0 E(Yz):0.082 Var(ft) :1 Var(Yz):1

p : Corr(Yt,Yz): 0.560

We note the close agreement between this standardised form and the one given for

the normal distribuiton which was

(í; )-N[( s:Tsi ),('ooo T:sså)]

The interpretation of this model is very similar to that of the normal model.

The positive value of ¡22 indicates again the preference for the current make of car.

The value of. u 1 I as we saw previously indicates a positive association in the

rankings of cars 1 and 2.

5.3 Extreme value distributions

5.3.1 The three parameter model

In an attempt to generalise the multinomial logit model, McFadden[27] introduced

a family of distributions which he called the Generalised Extreme Value distri-

butions (GEV). These are multivariate extreme value distributions which have

marginal distribution functions of the form

F(tr) : exP -("-"t) - oo < ø¡ ( oo

We have already noted that the difference distribution of extreme value variables

is the logistic and so it is possible to express these models in the logistic form.
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Consid.er firstly the three parameter form of the GEV distribution of McFad-

den. The distribution function is given as

F(rr,nz,rs): exp - (r-t""-") -1- (e-(" -')lÍ-p) ¡ ¿-(øz-oz)71t-ol)t-o)

where o < p ( l andtherangeof ø¡ is (-*,oo), i:1,2,3. Anequivalent

formulation and a discussion of this distribution can also be found on page 254

of Johnson and Kotzl2l]. It is known that in this form, X1- X2 has a logistic

distribution, from which it can be deduced that

Corr(Xr, Xz):1- (1 - P)'

We note that this model only incorporates positively dependent variables. This is

quite a restriction in it's application.

The other moments of the distribution follow from the properties of the marginal

distribution

F ("r) : eXP - (e-('r-';)¡

For i : Lr2r3 we therefore have

E(X¡) : a¿ * C Var(X,) -- +

where C is Eulers constant. We can show that the distribution of

Yt: Xt- Xs Yz: Xz- Xs

has the following form:

1

1 * (e-(v'-ot)/(t-P) i e-@z-ez
F(yt,,az):
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where

The density function has the form

0t: Ur - Us 0z: Uz - Us

e-u're-uLd-, lpd-, + (Z - p d-ol
l(u,vz): (t ¡ ¿r-o 1-p)

where

yi L-p i:lr2

and

d,: e-!', * e-uL

From the properties of the functiotr fip, n > O we can deduce that the density

function is only positive for 0 ( p < L in the following way.

We compare the graphs of. d,-L and d-p. For p ( 0 we see that for d' ( 1 we

have d-p { 1 and d,-L ca,n be made arbitrarily large. We can therefore choose a

value of d such that

pd-t +(2-P)d-e <o

and hence the density is negative.

For p ) 1 we note that the term d-o lÍ - p) is negative. The term in the

square brackets is positive for 1 ( p S 2 in which case the density is negative. For

p>2andd>lwehave

d-P < d-r + pd,-r + (Z - p¡¿-n > zd-P > O

and therefore the density is negative.
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We can deduce the moments of this distribution from those of the extreme

value distribution

T2E(Yò:0i Var(Y¡) :T i:L,2

fr - -\2Corr(Yr,Vz):t-'' ,'t

Since 0 < p ( 1 the possible correlation range for the difference distribution is

(:-lZ,L). This means that unlike the normal distribution, there is no extension of

the correlation structure from the use of the difference distribution.

We can find the permutation probabilities for this model in the following way.

Przs : Pt(Yt )Yz,Yr>o)

f - la-Fl t'=-: l" lølu,=u, a

)2+1

(lyz-ez)
l-pe

lo*

pfuz-e z)
ê r-P

e-
dyz

[ 1 l-_l "{+ ]
11 ¡ ¿-(u"-e,) )o fø(r + þe#y-n¡l

eo, 
"l4o-o

oo

0

l+ eo" L+ øL-P

where

!t- -!LA: er-P + er-e

In a similar way we can calculate the following probabilities:

1 1
Ptsz :

Pzts

L+eo"

eo'

L + øL-P
0t

et-p a F

L+eo' L+øL-P
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Pzts

Pstz

11
ø-ñ

9-
êr-P

ø(t + ar-n¡
þ-

ê r-P
Pszt

We note that we can use the fact the the distribution is symmetrical in y and y2

so that for example we can write down p21s from the expression given for p123 by

interchanging dr and 02.

The Taylor series approximation can be easily calculated following arguments

presented previously. We write

p:11 *xt
t)

where 1 :(h,|z,p)' and the matrix X is

We note the similarity between this matrix and the one obtained from the normal

distribution. The interpretation of the parameters of the model is also clear. d1

a¡1ð,02 represent the preference for objects 1 and 2 relative to a zero preference for

object 3. p is a measurement of association in the rankings of objects 1 and 2.

ø(1 + øL-P\

4 1 ln2
36369
4 -6 -21n2
36369
1 4 ln2
36369

-5 4 -21¡2
36369
1 -5 ln2
36369

-6 1 ln2
ã6 56 5-
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6.3.2 The four parameter model

To achieve a four parameter model in the r : 3 case we can generalise the distri-

bution function in an obvious way to

F(rr,tz,rs): exp - {((r-'t, + "-"L)t-nn 
* (e-"\" + "-'L)t-")}

þli l-Ptz

where we set ug : 0 to satisfy the constraint on the means.

Extending the distribution in this way has one major disadvantage. The 3 pa-

rameter model of the previous section can not be generated from this distribution

by setting prs : 0. We note that the marginal distribution obtained by setting

pts :0 is not symmetric in y1 and Az, wê observe this lack of symmetry in the

probabilities and Taylor series expansion to follow. Despite these shortcomings

the four parameter distribution is of some use in practice, since it does give ex-

plicit expressions for the probabilities and ìs a reasonably straightforward model

to interpret.

The joint distribution of Xr and )Ç, i: L,2 is given by

F(rt,n;) :"*n 
{- ((r-,"-", lÍ-p,'¡) ¡ ¿-(';-tu)/(1-PrJ))l-rri * ,-,"-",)}

We note that the marginal distributions are extreme value, in the case of Xr the

distribution function is given by

f(Xt) - exP (-"-(x'-'1-rn2))

and so we have

E(X1) : at *ln2 E(Xz) : u2 E(Xr) : o
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i: LrZr3

As before we can find the joint distribution of the differences

Yt: Xt- Xs Yz: Xz- Xs

as

| + e-fu,-ur)/(1-P") -Prs
F(Yt,az):

Var(X,) :+

(e- -Ul _P *e- t-p'2*(r+e- Ar-ar 1-prs

where

O1p;¿1L, 0(P13(1

Looking at the marginal distributions lve see firstly that for Y2 we have the stan-

dard logistic distribution

from which we note that

t.F(ar):7¡;6

(t + e-"lo-n)

E(Yz) : u2 Var(%) -- +
The marginal distribution of Yr takes the form

F(v'):
1 + e-(v,-,')/(r-prs)) 

-?"

¿-(vrar) + (1 + ¿-(n-ur)lÍ-rra))

This distribution has some interesting features. Put

p:pts Z:Yt-at

so that we have the standard form

-Prg

-p

e-z*(L+e-"1Í-ù¡Foþ) :
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It is convenient to write Foþ) in the equivalent form

1
Foþ) :

L * e-,l[-n) ¡ ¿-, (1 + e-zl$-e¡'y

Consider firstly the limiting distribution as p + l' Fot z ( 0 we see that the term

(r + e-'ltt-rl¡

increases without bound as p -+ 1 so that

lira r],(z) : o
P+r

z 1O

For z: 0 we have

4(0)
1

2+2p

which has a limit of Lf 4 as p + L so that

I$F,Ø:I z:o

For z ) 0 we see that the term

(t + "-'ltt-ol¡

tends to 1 as p --+ L so that

lirnL-(À: 1 zlo
tjl Fv Lle-z

The limit of this term as z + O from aboveis Lf Z,we therefore have an interesting

example of a limiting distribution which is discontinuous from both the left and

right at 0.
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The second point of interest involves the correlation of the original pair of

variables X;,Xs. Since we have

Yt: Xt - Xs

we can write

Var(Y1) : Trt- corr(X1, Xr))

Putting

Zt: Yt - ut

so that

E(Zù:l¡'2

we have

corr(xr,xr) : r - fitnt z'\ -(ln2)'?)

where the distrïbution function of the variable Z is glven as before by

L + e-'lÍ-P)

e-ol(L+e-"1Í-n)¡

-p

Fr(') : p

I have been unable to evaluate either E(Z'), or equivalently corr(X1, Xs), analyti-

cally. We can however calculate E(Z') numerically in the following way using the

following known result obtained by integration by parts:

E(z') - -2 ll*"rrt") d,z t, 
Io- 

z(L - Foþ\) dz

We can express the first of these integrals as

ï_
z(L+e-o 'p

(r + e-')
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To approximate this integral with error ( e we need to choose k s.t.

-2(L - o), I:*
z(l+e-"

(t + e-") + e-F-ù,

As an approximation for z 1O \Me can show that

-p
d,z 1e

z(L+e-u tffi:zeP"
(t + e-") -n ¡ 

"-(t-n)z

-2(L - p)' t_ ze" d,z 1e

so that we find k s.t.

l.e.

so that we require k s.t.

-p

(k-1)-È-'- e
te 

Í-p)'

Given a value of e we can easily solve this equation for /c and hence evaluate the

integral by any of the standard techniques.

For z ) 0 we require k s.t.

lr* zrlt - Fr(")) d,z 1 e

we can show that

L - Fr(z)
c-t* L+e-'/(r-P) -P c-'/Q-P)

This gives the following equation for /c

c-z* l+e-nl(r-P)

e-" * e-rlÍ-p)

Io- "-" ¡ ¿-"lÍ-nl d,z 1e

z[tr+L)"-r.#(-.+)] ..
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Once again we could solve this equation by standard means. We note that the

first term in the bracket, i.e. (k* 1)e-h, is the dominant term and for 0 S p < 0.99

using lc : L5 gives an error (ignoring roundoff) less than 10-6.

A graph of the relationship between the calculated correlation and p is shown.

'We can calculate

|!1corr(xt' 
xt)

by compaùng Fr(z) with the standard logistic distribution

F(")
1

L+e-"

For z ( 0 we can show that

Fr(r) . rnzlí-n)

so that the first term in the integral for E(Z') is less than

ï_ -2""n"1$-p)d,z -
2( 21

p2

p

which tends to 0 as p ---+ L

For z )0wecanwrite

, 
Io*

z(L - Fr(z)) dz : , 
Io* 

z(r - Foþ) + F(z) - F(z)) d,z

: , 
Io* 

z(I - rþ)) d,z I2 
fo* "@(") - Foþ)) dz

The first term in this expression is known from the standard logistic distribution

to be r'16. The second term is positive since

F,-Foþ):+*e-"t!t-ù ro
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In addition víe can also show that

F,- Fr(z) <e-"10-P)

so that

2 [- z@(z) - Foþ)) d,z 12 [* ,e-"1$-ù d,z :2(L - p)'- Jo '-\- \ / v\ ,, Jo

which tends to 0 as p + l.

We can therefore conclude that

_2

Iryn(z'):'+

Using previously stated relations we deduce that

lirqcorr(Xr, Xr) :,. ffi : o.646o4

The range of correlation is quite limited in comparison with the normal distri-

bution, but for practical purposes the model is of some use since we find that the

correlations involved are often reasonably small.

'We can calculate the permutation probabilities corresponding to this model by

standard integrals to be

eu, ¿t2f (L-pe) o-orz
Ptzs

Ptsz

Pzts

Pzst

Pstz

euz I eus

eo"

o!;o" + oli"'
"usf 

(L-p¡s) ,-nrt
euz * e's o!;or, + ol;or"

"ot 
¡ 

"u/(L-prs)o-Pra 
eotl(L-ptùarlr, + ¿t1f (r-pp)o-nrc

eo, + allp'"

"%f 
(L-pß) t-nß

o,l;0" + d,l;""
dtsf (t-pß),-rß

eu'+ allpr" o,l;0" + ol;"'
eotl(L-pp)arlr, + ët1f (t-pß)r-nß

"u ¡ "arl(L-no)o;Ptz _
eu, + allp,,
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Pszt ""rlÍ-prù 
ailr, ¿t2f (L-pp) o-rn

eo, + allp" ol;0" + ol;o'"

where

a!2: eu'lí-pn) ¡ ,'tzlÍ-nn) als: eo'l(r-pß) ¡ ¿wl(r-nrc)

It is useful to find the Taylor series approximation for these probabilities. From

expressions given previously we note that the standardized model is

E(Y') : \ß( ur + ln(2))
E(Yr) : tfgVz

7t

Var(Yr) : l-corr(Xr,Xs) Var(Y2) : r

corr(Yr, Yz) : corr(X1, X2) - corr(xl, xa) + 1

2

The values of the parameters .y : (rr,orrprrrprs) which correspond to the inde-

pendence or uniform probability model are

.yo : (_ ln(2),0,0,0)

We can show that the Taylor series expansion of the permutation probabilities of

the form

1
1 + X(1 -'yo)p

6
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the-natrifff-is [ra$'t 5 cr n',]\(\-f X re cls )¿'tl"*s ì

å 3t -(zln(z) - 1.5In(s))/s

å # (ln(z) -1.5In(s))/o

# å ln(z)le

* | (tn(z) -1.5ln(a)/e

# # -5 tn(2)/86 + ln(3)/8

# aä tn(2)136 +tr'(.a)12+

(ln(z) - 1.5In(s))/o

-(z ln(z) - 1.5 h(a))/o

-5rn(2) l3o + h(a)/s

rrL(z) ls6 + rn(s) lz+

ln(2)/e

(ln(z) - 1.5In(s))/o

We have the familiar interpretation of pn and p1s as parameters of association in

the rankings of the pairs (1,2) and (1,3).

5.3.3 Example calculations

As before to illustrate the calculations involved, consider the data used in the

example of Chapter 3. For convenience the observed frequencies of the 6 permu-

tations are given in the first row of Table 5.3. In order to apply the least squares

Table 5.3: Rankings of three cars

Order t23 L32 2L3 23L 3L2 32L Total

Observed Frequency
Expected Frequency (A)

135
L36.2
140.9

98
LO4.4

101.8

L52
159.4
157.3

139
133.7
133.9

L26
120.0
Lzt.O

150
146.3
145.1

800

800
800Expected Frequency (B)

procedure to fit the approximate four parameter model we calculate X1, V11, 21 as

demonstrated in previous examples and calculate an estimate of. B :'Y - "Yo where
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1 - 1o: (r, + ln(2) tuz¡PL2tPrs) as

The correlation matrix calculated for these 4 estimates is:

0.0046 0.5601 -0.0259 0.L372
0.0047 -o.L477 0.2075

0.0067 0.344L
0.0075

An analysis of the full model is given in Table 5.4. It is reasonable to deduce from

Table 5.4: Analysis of Full Model

Parameter Estimate Zz

ur * ln(2)
U2

Ptz

Prs

-0.066
o.124
o.L72
0.013

0.95
3.3

4.38
0.02

Table 5.4 that lve can omit the parameters o1 * ln(2) and p13' using the numerical

maximisation routine, we find that the estimates obtained for the remaining pa-

rameters arc û : O.L47 and ñ: 0.163. The expected frequencies of the model

obtained using these parameters are shown in Table 5.3 (labelled A). This model

gives a ¡2 value of 1.35 on 3 degrees of freedom.

We can find the standardised bivariate model using relationships given earlier

in this chapter as:

E(Yì:s E(Yr):0.081
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p : Corr(Yr ,Yr) :0.606

Again we note the close agreement between this standardised form and the ones

given previously for the normal and satherwaite distributions.

If we fi.t a similar model using instead the expressions from the 3 parameter

model we obtain the following estimates: @' : 0'161 andfi: 0'116' The expected

frequencies of the model obtained using these parameters are shown in Table 5.3

(labelled B). This model gives a X2 value of 1.13 on 3 degrees of freedom. 'We note

the agreement between the two models, it is usually the case that there is little

difference. The standardised bivariate model using relationships given earlier in

this chapter for the three parameter model is:

ø(f1):s E(Yr):0'089 Var(Y1):r Var(Y2) :r

p : Corc(YtrYr\ :0.610

6.9.4 The r : 4 extreme value model

The generalisation of the extreme value distribution to r : 4 is clear. We can

construct an appropriate distribution function by multiplying together functions

of the form
/ -(x¡-u¡t -lf-'¡l\ 

l-P¡¡

exn - (e '-n;i * e '-o', 
)

for as many of the pairs (1,2), (1,3), (1,4), (2,3), (Z,a) as we wish. Unfortunately

the permutation probabilities cannot generally be expressed in closed form. We

can however make good use of the exponential form of the distribution function

to achieve a significant simplification in the numerical work involved.
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As an example consider a model which has a single association parameter in it.

We will discuss the calculation of the permutation probabilities and illustrate the

numerical simplifi.cations that are possible. The use of the model will be illustrated

in the r : 4 example of chapter 6. Consider the following distribution function.

F(rr,fz¡ts¡nt) :exp - ((,-* + "-æ.¡t-rrz a ¿-(øs-us) a e-("'-"'))

For this model we have

E(X,) : u¿ I C Var(X,) :+ corr(Xr, Xz):1 - (1 - pn\z

This function is symmetric within the subgroups of indices (t,Z) and (a,4). This

means that having calculated for example pnil we can use this symmetry to cal-

culate ptz+s¡ p21sa a;îd pzt¿s. Divide lhe 24 permutations accordingly into 4 groups

of 6.

Group
23

L234 L243 2143 2L34
L324 L423 24\3 23L4
L342 L432 2431 234L
34L2 43L2 432L 342L
3L42 4132 423L 3241
3L24 4L23 42L3 32L4

It is clear that when we have an algorithm for calculating the probabilities from

within any one of these groups we can calculate the other probabilities by symme-

try. We can show that to evaluate the integrals in the first group for example we

need only evaluate 1 integral numerically. We can evaluate these probabilities as

1 4

Ptzs+ Ë f: I: I: t(,,,n,,ns,n4) d'n1d,n2d'xad'ns

eu' euz I 
(t-pn) (eu I Í-nn) ¡ ¿oz I 

(L-nr')¡-no

(eor I í-nn) | ¿azl (L-nrr))L-pr, * eos * eat+eus êot
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We notice that some of the probabilities can be evaluated exactly. The essential

feature of the calculation which makes this possible is that when we write the

limits of integration for the variables ør and n2 the first occuring pair of limits

have to be elements of the set (-oo, oo, s1, ø2). In the case just presented the first

occurïng set of limits for this pair of variables was (ø2, oo) and so we were able to

evaluate the integral. As another example we have

Ë L: L: f:Í(*,,Í2,,rs¡na) d'n2d'r1d'nad'ns

"us "ta 
¿t1f (L-p1g)

Ps+tz

bu(otz + eun)(an + ¿us I eat)

where

where

eos*or I!*"-t' f_ "-""exp - 
(e-u, a) d,y2d,yy

g(nsrr+) - ¿-('a-os) ¡ ¿-('n-un) a (r-(" -'s)lT-pn) ¡ ¿-(,,roz)l$-p'ù)t 
p"

We can transform this integral by using the substitution

Yt: X+- Xs Yz: Xs

to give
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where

We can show that

Ptstz

Psttz

Pstz¿

a: eas ¡ 
"-(u'-'n) 

¡
ur -(4.-,\er-ptz { ¿ \r-nn'

l-pr¿

We can show that this gives the following integral which we denote by

P(rt, u2 ¡ us ¡ on) : ea?+oa
¡O ¿-!t

J-* nroo'

We can evaluate this integral numerically in the following way. Find /c s.t.

t,k o-Ul
eastu¿ J_*? da, < ,

e-Ut e!,

ú2 -4

so that we require k s.t.

+l!*""da':Y''
---+/c(ml at I

\eoe * eot /

In a similar rvay \Me can find the probabilities of the remaining permutations in

group 1.

Ë L: L: Ë îgt,n2,xs,rt) d'ri,xzd'rsd'n¿

eu" eo¿

@- 
P('r,a2,as,u4)

Ë f: f:1,"^" l1r1,12,,,s,n4) d,n1d,n2d'rsd,ra

P(rrrl)2¡uston)-ffi

Ë f: I,'n' 1,""" 
rlrv'r2'ns'14) d'ni'n2d'usd'xa

.""^l .. (,_e',1Í-e,,)btl,,) _ o(rr, u2,as,u4)
øt, a t"t a t'. 1' arz I ett )
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The probabilities in the other groups can be calculated by symmetrical procedures

as explained previously.

The standardised trivariate model is

tfTr, i: L,3 Var(Yd) : L i:1,3lt¡ ,l

corr(Yr,Yz):L-
( | - pn)2

corr(Yr,Yr) : corr(Yz,Yr) :
2

1

2

5.4 Exponential rnodels

5.4.1 Ther:Smodel

The third source of exponential type models is the multivariate exponential distri-

bution. We have seen previously that the common logistic model can be developed

from exponentially distributed variables. Once again the main criteria for the se-

lection of a particular distribution is that it produces closed form expressions for

the permutation probabilities. As an example of such a model we consider the

system of distributions due to Morgenstern, discussed by Gumbel[l5].

The Morgenstern system of bivariate distributions is given in general form by

the distribution function :

F(*,s): F(a)G(y) (1+d(l -r("))(t -c(v))) -1( a ( 1

where the marginal distributions of X and Y ate,F(ø) and G(y) respectively. The

correlation between X and Y is related to the parameter a by

corr(X, Y): i
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X and Y are independent if, and only if, o: 0. Since I o l< 1 the correlation is

restricted to the range (-tl4,Ll4).

For our particular purpose consider the following distribution as a model for

the case r :3.

F(ur,u2,us): f[ r'(ui) [1+ ïn(L - r("t))(r - r(u2)) + 0rr(r - r(ur))(t - r(u3))]
3

d=1

where

f(ur) - 1- e-d¡u¡

Themarginaldistributionsareof standardexponentialform,withmean Lf a¿. The

corresponding density function is

3

f (ur,u2,us): fl /(ur) lt + 0pB1z f 01sB13l
i=1

u¡)0

where

Bri: $-zr(ut))(1 - zF(u¡)) i:2,3

l@r) : o¿ie-djui u; ) o

The constraints on the parameters d12 and d1s can be written down as

-1<0nt0n11 -L10rr-0ß<L

The marginal distributions of (U¡,U¿), i : 2,3 are members of the Morgenstern

family since they take the form

F(ur,u¡): F(u¡)F(u¿) (1 +a(l -r("'))(t -r(u¡))) - 1< o 1L
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The marginal properties of these variables are summarised as

11
E(Ur) :A Var(u'):a

corr(Ur, Uù :+ corr(Ur, Uù :0+

To rewrite this model in the logistic form, consider firstly the transformation

X¿: - l"(tt) i: L,2,3

This transformation is based upon the results mentioned in Chaptet 2, we recall

that the distribution of X¡ will be extreme value. We can write down the density

function of X as

3

/(x) : f[ b(ør) lL + |nBtz * 0ßBß]
d=1

where

h(n;): 
"-(r:-lnai)r-'-(z¡-raa¡) - oo ( ø¡ ( oo

and

Bri : (2¿-"-{"'-1""' - 1) (2¿-"-þi-'t' - r) j :2,3

The marginal distributions arc h(n;) which are extreme value distributions with

parameters

i : tr2r3

where C is Euler's constant.

We can, as before, find the equivalent bivariate specification by considering the

distribution of the variables:

Yt: Xt - Xs

E(xd) :ln(a¡) +c var(X):+

100



j¿i- i

Yz: Xz - Xs

From the above expectations and variances of the variables X¡ we can deduce that

E(Yr) : ln(arlas) var(vr) : + - 20p(rn2)2

E(Yr) : ln(azl.,s) var(Yz) : (
3

We can derive the following standardised density and distribution functions for

the variables

Zi:Y¿-E(Yt)

0n 0u
F(",',):

0n
1 + e-zt lZe-zzL I2"-"t l2e-'"

0ß

L*ze-"tle-"'
20ß

+
20:^s

2 + 2e-ot -l e-", L t 2e-'z t e-", 2l ,-"t I e-u"

lþt,zz) :Ze-zte-zz (L+ze-ut l¿-zz)s

20ß
(2+e-'r+e-",)3

We see that the marginal distributionof Zl is given by

F("') L*20s Orc 20ß
Ll"-rt Li2e-"' 2+"-r'

For the marginal distributionof. 22 we have the standard logistic distribution.

By considering the distribution of yl - Yz we can show that the correlation of

Yr and Yz is

12 f 6 + 0p(ln2)' - 0s(ln2)2

20:r-

20u 40:^s 20ß

@'6-@

p
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The standardised form of the model obtained by scaling the variables so that

Var(Yz) : 1 gives

E(Y¡) : ln a;lo,s)
Var(Yr) - 1- 6d1s(ln 2),

T2

To fi,nd the region in which the density function is non-negative it is convenient to

consider the behaviour of / on the line

0ß: lçïn - oo < /c < oo

To simplify the notation Put

frL: e-"t 12: e-""

and use the following abbreviation:

(øbc)--("+bq*cnz)

We can write

l(rt,nz) :2n1r2g(nvn2) ø1 ) o, nz 2 o

where

s(nt'tz): 6fr¡ I oPh(n1'nz'lc)

h(rr,rr,k): 6fr¡ -t h1(rv,'r) r ¡fu t- khz(q,rz)

422hr(q,rr):@ -læ-lrrzìt.
422hr(rr.,rr):W -læ-{ry

We are interested in the values of. 0p,01s for which g and hence / is positive for

all c1, nz 2 O. Let A be the region in which lz is positive and A' be the region in
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which lz is negative. It is easy to show that both of these regions are non empty.

When h:O weseethat

g(nt,,nz): 
11 + "b 

> o

For g to be positive it is clear that we require

1

and

-1on)^F6: max(l * sr + q)sh(r¡ rr,k)

-1on1\16: gi"(t * ør + r2)3h(r¡ nz, k)
-1

The problem then is essentially one of finding the maximum and minimum values

of the function

r(x1,r2,/c): (r 1t)3/r.(ø1, nz,k):1*rc+ (1 lL)shL(nL,r,z)l k(l 1L)3h2(n1,r,2)

Consider the values of r at its boundaries:

Boundary Value of r
ït¡ frz

0,0 1-3 4

(0,*)

(*'o)

(*,-)

k-314

-3(1+k)/4

(L7-22k) 154

It is easy to see that the maximum value of r at the boundary varies with k in the

following way:

Iç, <L maxvalue of r : t-gkl4

tc> L maxvalue ofr : k-314
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Similarly the minimum value of r at the boundary is

,c <0 minvalueofr : k-314

fr >o minvalue ofr : 4(L+k)14

To investigate the possibility of absolute extremal values existing within the region

of interest we can use the following two easily proven identities:

Result 1

lrr(ryrr) < 0 within the interior of the region (0, -) x (0, oo).

The function is equal to zero only in the limiting case fr2 + oo. An equivalent

result holds for h2(n1,r2) with the 0 value occurring at n1: O,a2 : Q.

Result 2

714+ (1 1 l)shd(n1,n2) ) o n¡,Í2) o, i:1,2

rwe will find the values of /c for which the maximum value of r occurs at the

boundary. For /c ) 1 we require the solution of the equation

r(r1,r,2,k) < k -314 Vu1,n2>. O

This gives

-714- (1 1 1)slz1(ø1, rr) - k(l 1 1)thr(rr,"r) t o Vn1,r2> o

Using result 1 we deduce

-t 4-(L11)3h1 JÚLt fi2

nr,s2)
k> (rrr hz
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l.e

lç > max
- t1,r2f0

-714- (1 11 h1(n1rn2)

1 1 1 )3r¿2(nL¡û2

Numerically we can show that the maximum value of this function is 1.1319. This

maximum occurs ãt fr1 :1.096, rz : o.927. For /c > 1.1319 the absolute ma>rimum

value of r: (f f f)sh(øL,nz,lc) is lc - 3f 4so that in this range of /c we have

r,r"- |l,'r> -1

For /c ( 1 we find by a similar argument that the ma>rimum value at the boundary

(l - 3k l4) is an absolute maximum for k < 0.8835 : Lf L.L3l9. This symmetry is

consistent with the symmetry of the original distribution. For & < 0.8835 we then

have

i,rr- 
10r"> -1

---)

--+

For the region defined by 0.8835 < k < 1.1319 we need to calculate

rn' ,TÊ\-or(q' n2'k)

After a little simplification the equations for the stationary points of r can be

written as

0r 0r
ðnt ïnz

0r

4

22L)4 -0

0nz

2

121)3
2 +k

(1 2 1)3

8 :0
(L z z)4

It doesnt seem possible to solve these equations analytically but we can do so
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numelically. We can flnd the maximum value m' and so we have

-1et>ñ 0.8835<le<1.1319

For the minimum values of r consider fi.rstly the case k > 0. The values of k for

which the absolute minimum occurs at the boundary are given by

r(n1,n2,/c) > -3(1 + k)14 Vryn2) o

With simplification this becomes

714+ (r r r \"hr(rr,oz) + k(714+ (1 1 L)3h2(a¡øz)) I 0 vn1,3.2) o

Using result 2 we see that this is true for all &. We therefore have

1
0L2 4(L + k) 14

/c>0

so that

ltzli,r"<l

For /c ( 0 a similar argument leads to the region defined by

0ß ,c<0

The region formed by these constraints is shown in Figure 5.2. We note that it is

an extension of the original pair of constraints which were

-1 < 0nI0n11 -L30n-0:ß11

The calculation of the permutation probabilities based on this model is straight-

forward. As we saw in Chapter 2, it is convenient when working with the expo-

nential density to define, for example:

PL2s:Pr(Ur <Uz<Us)
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0ß
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.50 .50

0n

-1.50

Fie 5.2 The constrained region of.0¡2,01s within which the logistic density
function is positive
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lVhen we make the transformation X¿ - -lnU¿ we have probabilities calculated

in the usual way i.e.

Ptzs: Pr(X1 ) Xz > Xt)

We have

we can express r(urruzrus\ as a sum of terms which have the general form

"-(øut+buz+cuo)

and using the result that

Ptzs : 
Io* I: Ë l(u"u2'us) d'usd'uzd'ut

I,*Ëfu*"_lou,*bu2+cus\d'ugd'u2d,u1:ffi:h(a,b,c)

we can see that

where

Ptzs: cl1o..2o,s(h(ot,a.2ro,s) * |ngt(o¿ro,zro,s) -10ßg2(a1' 02, as))

It is useful to write this in the form

where

gr(a1,az,o,s):h(atro,z,o.s)-2h(2a1,o,z,o,s)-2lt'(a¡,2a2,o,s)*4h(2ay2a2,o,s)

gz(a1, d2, o.s) : h(or, o¿2, o,s) - 2h(2ay, o¿2, o,s) - 2h(a1, da,zda) + 4h(2ay o'zrzo,s)

PLzs : ffi * 0¡2f1(a1' db o¿s) * lßrz(o,t' o,z) o,B)

Íi(a1rcr2rc,s) : d'1d'2ds(J;(d4ra2ras) i : Lr2
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The first term in this expression is of course the one obtained from the independent

logistic model as discussed in Chapter 1. The association parameters 0vr01s cause

additive perturbations to the independence model, the magnitudes of which are

dependent upon the mean values 1/a¡.

We can obtain expressions for the remaining probabilities by permuting ele-

ments in the expressions for /¿. We note that since the density l(qru2,us) is not

symmetrical in cu1, ot2roe we can not simply permute the elements of the functions

Ç1 and gz. As an example we see that

PzsL: o,vo,.2o,¿(h(orrCIs, dl) I ïea1(orrorras) + 0ßa2(abCI2, as))

where

øt(at,cvz,o,s) : h(or as, a1) - 2h(a2,d4,zd.L) - 2h(2a2,o.s,o,t) i 4h(2az,d.s,zo'r)

az(az,CIs, al) : h(azrds, d1) - 2h(a2,o,¡,zo't) - 2h(a2,2as,av) i 4h(a2,2as,2a1)

The simple form of the probability expressions makes calculation of derivatives

and the Taylor series expansion quite straightforward. As in Chapter 2 it is most

convenient to use the constraint

at-l o¿z * as: 1

for identifi,ability. This means that or. represents the probability of selection of

object i. With this constraint we can find the Taylor series expansion of the

probabilities in terms of the parameters 'y : (or,orr0n,0¡..3) about the values

?o:(1/3,1/e,o,o). The expansion is

1 1+ X(1- ro)p
6
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where the matrix X is given bY

314
rl4
Ll2
-r12
-Ll4
-314

Ll2
-Ll2
314
Ll4
-314
-Ll4

Ll60
-2160
Ll60

-2160
Ll60
tl60

-2160
Ll60
tl60
Ll60
tl60

-2160

6.4.2 Example calculations

As before to illustrate the calculations involved, consider the data used in the

example of Chapter 3. For convenience the observed frequencies of the 6 permu-

tations are given in the first row of Table 5.5. In order to apply the least squares

Table 5.5: Rankings of three cars

Order L23 132 213 23L 3L2 32L Total

Observed Frequency
Expected Frequency

135
(A) t41.5

98
101.8

t52
156.7

139
133.9

L26
120.8

150
145.3

800
800

procedure to fit the approximate four parameter model we calculate Xr,V11r21as

demonstrated in previous examples and calculate an estimate of B :'Y -'lo where

? - "Io : (ar - L13,a2 - lf 3,0pr0s) as

îl : (x'rv¡rxr)-Lx'rv¡t z, :
-0.031

0.037
0.575
0.083

The correlation matrix calculated for these 4 estimates is:

0.0002 -0.4496 -0.0800 -0.1233
0.0002 -0.0533 0.1984

0.0799 0.4993
0.0912
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Table 5.6: Analysis of Full Model

Parameter Estimate Zz

a1- Lf 3

a2-Lf3
0n
0rc

-0.031
0.037
0.575
0.083

6.09
8.85
4.L4
0.08

An analysis of the full model is given in Table 5.6.

It is reasonable to deduce from Table 5.6 that \rye can omit the parameter d13.

In addition we can achieve a model similar to those seen previously for this data by

setting o,L: ds Taking into account the constraint Do¡: l the parameterisation

required is then

(r-o
d2: d'

2

Using the numerical maximisation routine, we find that the estimates obtained

are â:0.370 andñ:0.541. The expected frequencies of the model obtained

using these parameters are shown in Table 5.5 (labelled A). This model gives a ¡2

value of 1.15 on 3 degrees of freedom.

We can find the standardised bivariate model using relationships given earlier

in this section as:

E(Yr) :0 E(Yr):0.08e Var(Y1) :1 Var(Y2) : r

p : Corr(Yr ,Yr) :0.579

Again we note the close agreement between this standardised form and the ones

d!: dg :
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given previously.

It is clear that in this small example that there is little difference in the normal,

Satherwaite logistic, extreme value and exponential models. Figures 5.3(a) and

(b) illustrate the density functions corresponding to these 4 models, standardised

for comparison. These pictures reinforce what we have seen in the example

calculations. The distributions have similar shapes although we notice the obvious

lack of symmetry about Ut : -Az in the logistic case. In chapter 6 we shall consider

another simple example which illustrates some of the problems with the restrictive

ranges of correlation that some of these models suffer from.

5.4.3 Higher order models

Unlike any of the previous models, the generalisation of the exponential mod-

els to higher orders presents no problem in terms of the analytic calculation of

permutation probabilities. We can easily generalise the multivariate exponential

distribution to a form such as

F(ur,... ,un): fl r(ur) 1 + t D 0'¡(t- r("r))(t -.F(u¡))
JÙ

d=1

fl

d=1

n-2 rt

d=1 ¡'-d*1

n-2 n

d-1 i-d+l

It is also clear that we could produce models of higher order which allowed for

groupings of 3 or more objects, rather than just interaction between pairs. Since

the corresponding density function is of the form

l(ur,...,un): fl /("r) 1 + D D 0,¡(t - zF(u;\)(L - zr(u¡))

the probability expressions are once again formed as the summation of simple

exponential integrals of the form previously discussed. We note that the restric-
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113



.94 - .39 - ?8 .83 .39 OA 50

.50 - .94 - .3S 83 28 .e8 .3S 94 .50
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tions on the range of admissible values of the parameters may be quite stringent'

These models do have a leasonable interpretation as apploximations outside of

the allowable correlation range, and can be quite useful for problems in higher

dimensions.

As preliminary work for an example to be considered in the next chapter,

consider the following distribution as a model for r : 4, with a single correlation

parameter.

4

F(ur,rtrz¡rtrs¡u+) : fI r(",) [r + atr(r - r("t))(t - r(ur))]
d=1

Following a similar argument to that presented previously' lve can show that the

equivalent standardised model has parameters :

E(vr):'ry var(Y¡) :1
Vs

corr(Yr, Vz) --
lÍ2 6 * 0n(ln2

corr(Yr, Yt) : corr(Yz, Yt) :

As an example of the form of the probability expressions we have

P na+ : d4 a.2o,s ot 4 lh (or, d2 ¡ dB to¿) + 0 p (h'(a¡, d'2, o,s, d a)

-2h(2 ay d2 ¡ ds ¡ o,n) - Zh(ay 2 a2, ols,a¿) * 4h(2 o,1, 2 a2, as, aa))l

where

1
h(orro,z¡o,s¡o,¿):

o,t(a¿ * as)(on + or +

2 1
-_-L-2t

1

2
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Chapter 6

Further exanrples

6.I- Introduction

In this chapter we will consider two further applications of the order statistics

models to the analysis of permutations. The two simple data sets are chosen to

illustrate particular aspects of the models.

The first example is some data used by Plackett[32] relating to voting patterns

in local government elections. The example is of interest mainly due to the effect

of a negative correlation that appears in the various models, rather than as a

definitive study on voting patterns in council elections. The data is used in this

sense for illustrative purposes much as it was originally by Plackett[32]'

The second example comes from the car clinic data, kindly provided by Data

Sciences Pty. Ltd., Melbourne. From the 8 cars evaluated four have been selected

to illustrate the application of the r -- 4 models.
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6.2 Council voting data

6.2.L The Normal model

The 1g73 Local Government Electïons in England and Wales were originally stud-

ied by Brook and Upton[S] and Upton and Brook[+O]. The data refers to parties

with 3 candidates in the Tyne-Wear area. The candidates are labelled abc accord-

ing to the order in which they appear on the ballot paper. A particular outcome

in terms of the number of votes received is given by a permutation e.g. cba which

indicates that c receïved most votes and a received least. These outcomes are to-

talled over all parties with three candidates and over all wards in the Tyne-Wear

area, and are given in the first row of Table 6.1. We see that in 232 of. the 948

occasions where a party fielded three candidates the resultant order at the poll was

the same as the order on the ballot pape¡. Plackett fits a fi,rst order logistic model

Table 6.1: Orders of three candidates in elections

Order 123 Lsz 2L3 23L 3L2 32L Total

Obs Frequency
Exp Frequency
Exp Frequency
Exp Frequency
Exp Frequency
Exp Frequency
Exp Frequency

(Logit)
(Approx)
(Norm)
(Sath)
(Extr)

)

232
20L

22t.4
226.6
2L8.2
223.5
225.9

136
L43

L44.6
L36.2
L34.5
133.8
130.0

L74
204

181.3
TgL.2
190.7
186.6
t84.4

151
149

L44.6
L46.6
L4T.L
138.6
L42.t

Lt4
L24

108.0
111.3
113.6
Lt6.7
118.1

L4L
L27

148.1
L46.L
149.9
148.8
L47.5

948
948
948
948
948
948
948

which gives expected frequencies as shown in Table 6.1. This model is basically

an independent variable model. This model gives a value of 11.91 for the standard
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X2 test, on 3 degrees of freedom. We note that the main discrepancies between

the expected and observed frequencies are in the first and third permutations i.e.

123 and 213, indicating that an association parameter may be required to give a

better summary of the d.ata. In some circumstances we may interpret these sorts

of discrepancies as being due to a phenomena known as the 'donkey vote' where

some preferences are allocated to candidates simply according to the position that

they occupy on the ballot paper. In general those candidates placed higher on

the ballot paper have an increased chance of attracting a vote by this method'

we might therefore expect that the mean values for the variables xtxz and xs

would be decreasing. Since another aspect of the 'donkey vote' is to increase the

chance of permutations which follow the 'natural order' of the paper, here 123, we

might also expect to see evidence of association in the rankings such as positive

association between places 1 and 2 or 2 and 3, or negative association between

places 1 and 3.

We begin by frtting the approximate normal model using the least squares

procedure as explained in chapter 4. We define Xr as before and we have

f7_zrl -

232
948

114_1
948 6

6374
6374
6374
6374
L4257

fa: #
_l

6

t0248 6374
L2982

6374
6374
11539

0

0
948fr

We can calculate Vu' -- 948(P-1 * 11'/f6) as

6374
6374
6374
L2325
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We calculate the initial estimate of B as

þ : (x|v,-txr'¡-tx'rv;t zr.:
o.273
o.277
0.018

-0.298

By calculating P : ]-lø+XB and,then recalculating [11 and iterating we find that

in this case the values given above are correct to 3 decimal places. The X2 statistic

obtained for this model is 2.23 on 1 degree of freedom indicating a model which

fits reasonably well. The equivalent test on the exact 4 parameter normal model

gives a very similar result. This test amounts basically to a test of 'normality'for

the data. The correlation matrix calculated for these 4 estimates is:

0.0031 0.5198 0.0816 -0.0260
0.0027 0.1511 0.0993

0.0084 0.4660
0.0093

An analysis of the 4 parameters is given in Table 6.2

Table 6.2: Analysis of Full Model

Parameter Estimate zz

ltt
ltz
Vn
Vß

o.273
o.277
0.018
-0.298

24.29
28.O4

0.04
9.59

It is clear from Table 6.2 that the parameter Vn is non significant. It is also

apparent that we could regard p1 aîd þz as being equal. Making these changes

and, putting p : þt : þz¡\Me can write the approximate model as p : tl6 + xp
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where

){-

a -2b1o ôl
o, ölo öl

-a ôl
-a -2b )

p:

0.0021 -0.0166
o.oo72

wïth
1 L- 1"--w ":ñs

We can extract the 5 x 2 array Xr from this expression and fit the approximate

model as previously. The estimates obtained are ît : o.274 and ñ : -0.307.

The expected frequencies of the model obtained are shown in Table 6.1 (labelled

Approx). This model gives a x2 value of. 2.27 on 3 degrees of freedom. The

correlation matrix obtained for these estimates is

The corresponding 22 stalislics are 35.0 and 13.2 respectively, indicating no further

reduction in the model is appropriate.

The interpretation of this model is reasonably straightforward. The positive

value of ¡z relative to a zero value ror ¡ts indicates preference for the first two

positions on the ballot paper. As we suggested earlier, a negative value of l/rs

indicates a tendency of allocation of preference to the 'natural' ordering 123.

Using numerical maximisation of the likelihood function as explained previ-

ously, we can calculate the estimates of the exact normal model. For the 4 param-

eter model the estimates obtained are

fi : 0.315 Ø : 0.299 t, : -0'043 t" : -0'355
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The estimates obtained by setting þr : Itz - ¡.t ar:Id vrz : 0 are Ê : 0.303 and

t" : -0.g25. The expected frequencies corresponding to this model are given

in Table 6.1 (labelled Norm). The y2 value is 0.80 on 3 d.f. We note the close

agreement with the approximate model.

For purposes of comparison with the logistic models of chapter 5, we can find

the standardised bivariate normal model using relationships given earlier in this

chapter as:

(i; ) - N 
[(',:ä1) ,( "'u i:sså )]

We recall that a model with the assocïation parameter tr/rs is characterised in the

standardised bivariate form by the model o? : L - Vß and op: t-l" 
'

6.2.2 The Logistic models

We recall from our discussion of the Satherwaite bivariate logistic model, that

we obtain a model of association between objects 1 and 3 using the following

parameterisation:

o?,:6 'i. 2'u)^,:{
ç(z,v\*12f6 2

In addition we can obtain the equal first and second means model by setting

t)r : u 1)2 :'ut (ot - t)(tþ(u) + C)

The estimates of the two parameters obtained by doing this are:

ô:0.590 4:LzaO

The expected frequencies corresponding to this model are given in Table 6.1 (la-

belled Sath). The ¡2 value is 3.56 on 3 d.f. The standardised bivariate model
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(written using the variance matrix notation of the normal distribution) is:

/ v' \ [/ o.rss \ ( t.z+o 0.620 \l
\ ", / 

- 
L\ 0.155 /'\ l.ooo /J

The negative correlation causes no problem to the bivariate logistic model. The

range of correlation available in this model parallels that available in the normal

model. This model is very useful as an alternative to the normal distribution in

the r : B case. It gives similar results and is much easier to calculate. In examples

where covariates are involved this could be quite important. It is limited to the

case r : B as generalisation of the distribution to higher dimensions does not seem

to provide a useful model. Interpretation of the parameters in the model is not as

easy as it is for the normal model.

In the case of the extreme value model (using here the 4 parameter version)

we obtain a model of association between objects 1 and 3 using the association

parameter p13 and. setting the parameter p12 : 0. To achieve an equal means

model we notice from the standardised form that we need to set

uL: lr - ln(2)

The estimates of the parameters obtained by doing this are:

Ê : 0.318 ñ: -.2o9

The expected frequencies corresponding to this model are given in Table 6.1 (la-

belled Extr). The ¡2 value is 2.78 on 3 d.f. We notice a problem here. The

distribution from which this model was derived has a condition that 0 ( p13 ( 1

u2: ltr
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which coÌresponds to a model which admits only positive correlation. In this sense

then we have an invalid model since p13 < 0. The model is however valid in the

sense that the probabilities are positive and sum to 1. we obviously cannot in-

terpret it as an order statistic model but it is of some limited use as a model of

association.

We have then the obvious problem of a restricted range of correlation with this

model. If we are a little liberal in our interpretation it does have the advantage

of giving closed form expressions for the 4 parametêr I:3 model, it is perhaps of

some use as an initial guide in the selection of an appropriate model' We will see

the application to the r -- 4 case in the next section'

For the exponential model tve once again obtain a model of association between

objects 1 and 3 using the association parameter 013 and setting the parameter

0n :0. To achieve an equal means model we notice from the standardised form

that we need to set ¿¿1 : d2 : ¡^c. The estimates of the parameters obtained by

doing this are:

Ê:0.368 ñ:-'7L2

The expected frequencies corresponding to this model are given in Table 6.1 (la-

belled Expo). The X2 value is2.O2 on 3 d.f. The standardised bivariate model

(written using the variance matrix notation of the normal distribution) is:

(r ) - [( 3:i3i ),( "o' i:sså )]
We notice once again that this is very similar to the two previous forms. In this

case the negative correlation causes no problem although we are starting to get
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close to the lower boundary of -1 as the smallest allowable value for d1s. The range

of correlation available in this model is restricted compared to what it is in the

normal and Satherwaite models. It does have an advantage over the extreme value

model in that it allows both positive and negative correlation, although the range

avaïlable is not that wide in either direction. In many practical situations however

we do not see very large correlations. The model again has the useful property of

closed form probability expressions. In the higher dimensions it is very versatile to

work with as we have mentioned previously. It is a useful alternative to the normal

distribution except in those circumstances where a wider range of correlation is

required.

6.3 Car clinic exanrple

6.3.1 The Normal model

The following example was kindly provided through the co-operation of Data Sci-

ences Pty. Ltd., Melbourne. As part of a car clinic, 800 people were asked to give

their preference for a set of motor vehicles. The rankings of 4 such vehicles are

given in Table 6.3.

The only information that was supplied with the data about these 4 particular

cars is that car 4 is an experimental model and that cars 1 and 2 can be regarded

as having similar characteristics. Using the iterative least squa es procedure ex-

plained previously, the approximate normal model was fi.tted. The maximum

number of parameters in the normal model is 8. The parameter estimates from
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Table 6.3: Rankings of 4 cars

Expected
Order Observed

frequency model model model model

L234
L243
L324
L342
t423
t432
2L34
2L43
23L4
234L
24r3
243L
3L24
3L42
3214
324L
34L2
342L
4L23
4L32
42t3
423L
43L2
432L

37
36
4l
44
4L
49

26
40
33
33
35
38
38
25

22
t)Ðùù

35.8
35.8
40.5
46.O

40.5
46.0
3L.4
3L.4
32.6
33.6
32.6
33.6
34.L
36.1
30.6
28.2
27.8
23.4
34.t
36.1
30.6
28.2
27.8
23.4

35.6
35.6
40.6
47.O

40.6
47.O

3L.7
3L.7
32.7

33.4
32.7
33.4
33.8
34.8
30.8
28.2
27.2
24.3
33.8
34.8
30.8
28.2
27.2
24.3

32.8
32.8
40.9
46.7
40.9
45.7
31.9
31.9
35.8
32.8
35.8
32.8
34.0
35.4
31.3
27.L
28.4
23.9
34.0
35.4
31.3
27.L
28.4
23.9

33.9
33.9
39.6
45.4
39.6
45.4
32.4
32.4
34.6
32.4
34.6
32.4
34.0
36.3
31.6
28.1
27.8
23.8
34.0
36.3
31.6
28.L
27.8
23.8

31

25
39
23

26
34
30
2L
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both the approximate and exact normal models are given in Table 6.4, along with

the 22 statistics formed from the approximate model calculations for which the

following is the correlation matrix:

-0.099
-0.048
-0.041

0.595
o.497

0.0084

0.0032 o.452
0.0032

0.516
0.493

0.0032

-0.023
0.041
0.010

0.0L30

-o.044
0.004
0.060
0.602

0.0083

0.008
0.004
0.010
0.593
o.494
0.286

0.0084

0.005

-0.005
0.009
0.595
0.316
0.491
0.493

0.0083

Table 6.4: Analysis of Full Model

Parameter Approximation
estimate

model Z"
estimate

þt
þz
Its
Vtz
Vs
Vu
Vzs

Vzt

0.194
0.009
o.o24
-0.230
0.010
-0.052
-0.035
-0.004

0.020
0.025
-o.220
0.016
-0.028
-0.025
0.007

11.71
0.03
0.18
4.08
0.01
0.33
0.15
0.002

The y2 goodness of fit statistics on 15 d.f. are 14.1 and 14.6 respectively.

It is clear from Table 6.4 that a much simpler model can be obtained by setting

all of the parameters but p1 an;d I/12 eeual to zero. For this reduced model, the

least squares estimates are 0.179 and -0.203, compared with the normal estimates

which are 0.186 and -0.206. For the approximate model the correlation matrix for
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these two estimates is

0.0021 -0.003
0.0048

The frequencies for this 2 parameter normal model are given in Table 6.3 (labelled

Normal) and for the 2 parameter approximate model (labelled Approximate). The

X2 goodness of fit statistics on 2L d.f. are 15.04 and 14.79 respectively indicating

a model which fits reasonably well.

The standardised trivariate model is given as:

/Y'\ [/o.rgz\ /r.ooo 0.3e7 o.5oo\l
lv, l-Nllo.ooo l,l 1.ooo o.5oo ll
\ t; / Ll. o.ooo / 

'\ 
1.ooo /l

The interpretation of the model is reasonably straightforward. A value of p1 > 0

relative to Lt, : ltrs: lt+: O indicates a preference for the first car. The negative

value of. Vp indicates a negative association between the first two cars. This is

surprising in the light of the opinion offered with the data which suggested that

they had similar characteristics.

6.3.2 The logistic rnodels

In this sub-section we will use the models derived in sections 5.3 and 5.4 which

dealt with the case of a single association parameter.

In the case of the extreme value model we obtain a model of association between

objects 1 and 2 using the association parameter Prz. We set u2 : t s : u¿ : 0. The

estimates of the parameters are:

û:0.196 Ñ:-0.141
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The expected frequencies corresponding to this model are given in Table 6.3 (la-

belled Extreme). The ¡2 value is 15.0 on 21 d.f.

We once again notice that the negative value of ptz means that our model here

is not a proper order statistics model. We also note that the model is valid in the

sense that the probabilities are positive and sum to 1. The comments made in the

previous section regarding this model are also appropriate here.

In the case of the exponential model we obtain a model of association between

objects 1 and 2 using the association parameter 012. To achieve a model which

has a single mean parameter þ: dt we notice from the standardised form that to

have a2 : o,S: d4 We need to Set

L- ¡t'

The estimates of the two parameters are obtained as:

fr:0.289 ïtz: -.595

The expected frequencies corresponding to this model are given in Table 6.3. The

X2 value is 15.9 on 21 d.f. The standardised bivariate model (written using the

variance matrix notation of the normal distribution) is:

/Y'\ f/o.tog\ /r.ooo 0.413 o.5oo\l
lv, l-llo.ooo l,l l.ooo o.5oo llI\v'l l\o.ooo/ \ 1.ooo/l

We notice that this is very similar to the normal form. In this case the negative

correlation causes no problem. The fact that this model has the useful property

of closed form probability expressions makes it noticeably faster to calculate than

the normal model even in what is a fairly simple situation.

d2: dg - ot4:
3
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6.4 Conclusion

These reasonably simple examples were chosen to illustrate some aspects of the

order statistics model, in particular the interpretation of the parameters and the

method of calculation. The parametric approach to the analysis of permutations

deals quite simply with the dependence between the rankings, which is an ad-

vantage over a standard non-parametric analysis. In situations where we wish to

compare two or more populations, or where covariates are involved, the model

based approach has obvious advantages.

The limitations of this approach centre mainly on the numerical difficulties

associated with the normal model. Although some useful logistic models have been

developed, \Me saví that in common with the multinomial probit model discussed in

Chapter 1, the obvious need is for a generalised logistic distribution which meets

the dual criteria of having a suitably varied correlation structure, but being simple

enough to calculate closed form expressions for the permutation probabilities.
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Errata

Page 19 There are other constraints on the a's and B's, since the probabilities p

satisfy 0 < p I 1. The stated constraints are for the purpose of making the

parameters identifiable, and not aliased.

Page 2O The same comments as above apply to the general model.

Page 58 For additional information, I am including the variance of the estimators

on the diagonal of the correlation matrix. This is a non-standard way of

writing this matrix.

Page 79, line lO its not it's.

Page 83, line I cønnot, all one word

Page 118 a phenomenon not phenomena




