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Abstract

This thesis considers several questions in the field of matrix-analytic methods. These
methods have been used extensively in applied probability to analyse a wide variety of
problems. However, there still appears to be scope for further development both in the
range of models that can be analysed, and in the type of analysis which can be employed.

The level dependent quasi-birth-and-death process (LDQBD) is an example of a
matrix-analytic model. The LDQBD is a generalisation of the level independent quasi-
birth-and-death process (QBD). QBDs are used frequently as a modelling tool when
applying matrix-analytic methods but the LDQBD is used rather infrequently. In this
thesis we develop theoretical results for LDQBDs as well as a number of algorithms that
can be used to analyse LDQBDs. We model a number of systems using LDQBDs and
provide numerical results.

The level independent M/G/1-type process and the level independent GI/M/1-type
process are two other matrix-analytic models. Both of these models can be thought of as
extensions of the QBD. Ramaswami developed a duality relationship for these two models.
We give a new interpretation of Ramaswami’s duality result and use this interpretation
to develop an alternative duality relationship. We also present a duality result for level
dependent M/G/1-type and GI/M/1-type processes which are generalisations of the level
independent processes.

The thesis also considers quasi-stationary distributions for QBDs. We present an
expression for the quasi-stationary distribution as well as algorithms for its numerical

computation.
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Chapter 1

Introduction

Matrix-analytic methods form a subset of the field of algorithmic probability which in
turn is a subset of the field of applied probability. Applied probability involves the
modelling and analysis of stochastic systems. When we analyse a stochastic system we
seek to gain an understanding of how the system behaves under various parameter values.
To do this we usually attempt to obtain performance measures for the system. Frequently
we say that we have obtained a “solution” for the system if we have obtained some form
of expression (either implicit or explicit) for the performance measure we are interested
in.

We define algorithmic probability as a methodology in which in both the modelling
and analysis of the system, a primary aim of the probabilist is to obtain a solution of
a form that leads naturally to an efficient algorithmic implementation. Matrix-analytic
methods are an approach to algorithmic probability which involve the development of
models with an underlying matrix structure. When we analyse these models using matrix-
analytic methods, we aim to obtain algorithmically tractable solutions by exploiting the
detailed matrix structure of the models. Matrix-analytic techniques have been used to
analyse problems in areas such as queueing theory, manufacturing processes, inventory
systems and telecommunications systems. Although matrix-analytic theory is at an ad-
vanced stage of its development, it is still developing al a rapid pace.

The seminal work in matrix-analytic methods was done by Evans [22] and Wallace
[94]. They considered quasi-birth-and-death processes (hereby abbreviated to QBDs)
which are a matrix extension of standard birth-death processes. In a QBD the state

space is divided into subsets known as levels. I'rom any level, the process can move up to
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the level immediately above the current level, down to the level immediately below the
current level or to another state in the current level. An important feature of the QBD is
that there is a homogeneous structure over the levels. That is, the behaviour of the process
is essentially the same regardless of which level the process happens to be in. Both Evans
and Wallace showed that the stationary distribution for a QBD can be expressed in the
matrix-geometric form z, = x,_ R,k > 1 where x; gives the stationary probabilities
for the states in level k. They also proposed methods for numerically computing the
stationary distribution.

Neuts [68] extended the results of Evans and Wallace to the class of GI/M/1-type
processes which are a matrix extension of the classical GI/M/1 queueing models. The
state space for these models is also divided into levels and there is a homogeneous struc-
ture over these levels. The QBD is a special case of the GI/M/1-type process. Neuts
focussed strongly on developing efficient numerical algorithms for the analysis of these
processes. He also provided a probabilistic interpretation for the matrix-geometric form
[71]. The book by Neuts [72] gives an extensive introduction to matrix-analytic methods
and it has been a source of motivation for much research. In a later book, [73], Neuts
considered M/G/1-type processes which are a matrix extension of the classical M/G/1
queueing models. The QBD can also be viewed as a special case of the M/G/1-type
process.

Recently the models described above have been extended to the case where they have
an inhomogeneous structure. That is, the behaviour of the process is dependent upon
the particular level that the process is in. We refer to such processes as level dependent
GI/M/1-type processes and level dependent M/G/1-type processes. A special case of
both of these level dependent models is the level dependent QBD (hereby abbreviated
to LDQBD). Ramaswami [80] gave a detailed presentation of the theory for these level
dependent processes.

In this thesis we consider several areas of matrix-analytic theory. We begin in
Chapter 2 with a detailed presentation of the general theory of LDQBDs. We use the
work of Ramaswami [80] as a basis for our presentation. When analysing LDQBDs it
is useful to determine the matrices Ry and Gi. In Chapter 3 we present closed form
expressions for these matrices and develop algorithms for numerically computing them.

We give detailed probabilistic interpretations of our algorithms.
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By evaluating the matrices Ry, k > 0 for a LDQBD it is possible to compute its
stationary distribution. In Chapter 4 we develop a general approach for computing the
stationary distribution for a LDQBD and we also consider situations where the general
approach can be simplified. In Chapter 5 we model a wide variety of systems as LDQBDs
and we implement the algorithms developed in Chapter 4 to obtain some numerical
results.

In Chapter 6 we consider level dependent GI/M/1-type and M/G/I-type processes.
In this section we present a number of theoretical results and in particular, a number
of duality type results. Ramaswami [79] developed a duality result for (level independ-
ent) GI/M/1-type and M/G/1-type processes and Asmussen and Ramaswami [7] gave
a probabilistic interpretation of this duality result. By considering level dependent pro-
cesses we develop an alternative dual process to Ramaswami’s dual. Our duality result
can be given a probabilistic interpretation in terms of the time reverse process and we
relate this interpretation to that given by Asmussen and Ramaswami.

In Chapter 7 we consider quasi-stationary and limiting-conditional distributions for
QBDs. To compute the quasi-stationary distribution for a QBD one needs to evaluate the
decay parameter o and a matrix R(—a). Algorithms for computing both these quantities
are presented. We give a discussion of the numerical implementation of these algorithms.

At the end of the thesis we present our conclusions and give some suggestions for

further research.



Chapter 2

Level Dependent
Quasi-Birth-and-Death Processes

2.1 Introduction

In this chapter we present the elementary theory for level dependent quasi-birth-and-
death processes (hereby abbreviated to LDQBDs). Our presentation is based on that
given in Ramaswami [80]. Ramaswami follows the trend started by Neuts (see [72]) of
avoiding the use of the Perron-Frobenius theory of non negative matrices in favour of using
probabilistic arguments. Ramaswami’s presentation differs from previous presentations
by its use of the theory of terminating renewal processes. The beauty of Ramaswami’s
presentation is that it starts by considering the stationary probabilities and derives these
directly by appealing to results for terminating renewal processes. This is in contrast to
traditional approaches that begin by considering taboo first passage probabilities and the
non linear matrix equations that they satisfy.

We begin this chapter by defining LDQBDs. We then present some results from
the theory of terminating renewal processes that will be needed in the sequel. Next
we consider the form of the stationary probabilities and we show how this leads to the
consideration of certain first passage times. We then show that these passage times satisfy
a set of non linear matrix equations. Following this we introduce a set of first passage
probabilities that are useful when analysing LDQBDs. At the end of the chapter we

present conditions under which a LDQBD is recurrent and transient.
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2.2 Level dependent quasi-birth-and-death processes

2.2.1 Discrete time LDQBDs

Consider a discrete time two-dimensional Markov chain X(n) on the state space § =

{(k,7): k>0,1 <3< M(k)} with transition matrix of the block partitioned form

where Agk),k = 1, A(lk),k = U, Agk),/c > 0 are matrices of order M(k) x M(k — 1),
M(k) x M(k), and M (k) x M(k+ 1) respectively. A Markov chain with this structure is
referred to as a level dependent quasi-birth-and-death process (LDQBD).

In the state (k, 7), k is referred to as the level of the state and j is referred to as the
phase of the state. We refer to the set of states {(k,7) : 1 < j < M(k)} as level k and
we denote this set by k. From the structure of P we see that from level k, the process
can either move up to level k + 1, down to level £ — 1 or stay in level k. The matrices
A(()k), A(lk) and A(zk) respectively give the probabilities for these transitions. Due to this

property we say that X(n) is skip free on the levels.

2.2.2 Continuous time LDQBDs

The continuous time analogue of a discrete time LDQBD can be defined as follows. A
continuous time LDQBD is a continuous time two-dimensional Markov process X (t) on

the state space S = {(k,j) : k > 0,1 < j < M(k)} with g-matrix of the block partitioned



Chapter 2. Level Dependent Quasi-Birth-and-Death Processes 6

form

0 0
?® o o o

1
il il L

= & @& g g . (2.2.2)

where ng),k z 1, Q(lk),k > 0, Q(()k),k‘ > 0 are matrices of order M(k) x M(k — 1),
M(k) x M(k), and M(k) x M(k + 1) respectively. The definitions and comments made

above about discrete time LDQBDs all carry over to continuous time.

2.2.3 Assumptions

For LDQBDs in both discrete and continuous time we will assume that the process is
irreducible and aperiodic on a subset of & of the form {(k,7): 0 <k < K,1 < j < M(k)}
for some value K such that 0 < K < oo. The case where K is finite allows us to consider
a LDQBD on a finite state space. To avoid unnecessary complications we also assume
that M (k) is finite for all £ > 0. However, we note that most of the results we present can
be extended to the case where M (k) is infinite. For more details we refer to Ramaswami
and Taylor [84] and Ramaswami [S0].

In the case of a discrete time LDQBD, we assume that P is stochastic unless otherwise
stated. For continuous time LDQBDs we assume that @ is stable and conservative. That

is, —qi; < +oo Vi and }";c5qi;; = 0 Vi,

2.2.4 Level independent quasi-birth-and-death processes

The special case of a discrete time LDQBD where M(k) = M,k > 0, Agk) = Ao,k >0,
A(xk) = A,k > 1, and Agk) = A,k > 1 is called a discrete time level independent
quasi-birth-and-death process. A continuous time level independent quasi-birth-and-

death process is defined in a similar way. We will hereby refer to such processes by
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the abbreviation QBD. We will see throughout the chapter that many of the results for
LDQBDs simplify greatly for the case of a QBD.
Evans [22] was the first to consider processes with a QBD structure. He showed that

the stationary distribution & = (¢, x,,...) satisfies the relationship
e, =xR* k>0 (22.3)

where R is a non negative solution to a matrix-quadratic equation. Wallace [94] also
derived the relationship (2.2.3). Both Wallace and Evans suggested algorithmic methods
for calculating the matrix R. In particular, Wallace developed computer routines for
doing this. It is also of interest to mention that Wallace is responsible for the name
quasi-birth-and-death process. Neuts [68] showed that the relationship (2.2.3) also holds
for GI/M/1-type processes which are an extension of QBDs. He also gave a probabilistic

interpretation of the matrix R (see [71]).

2.2.5 LDQBDs that are level independent above a certain level

Another special case of a discrete time LDQBD is the case where for some value of K,
Aék) = Ag, A(lk) = Ay, and A(Qk) = A,, Vk > K. In this case we have a discrete time
LDQBD that is level independent for levels K and above. Similar processes exist in

continuous time.

2.3 Some theory for terminating renewal processes

In this section we present some results from renewal theory and in particular results
for terminating renewal processes. We refer to Feller [25] and Karlin and Taylor [38] as
references on renewal theory.

In renewal processes we consider independently identically distributed random vari-
ables Ty, T5, ... with common distribution function L(.). If we stipulate that L(0) = 0,
the random variables T; are positive. The random variables T; are known as the inter-
event times. Define Sy to be a non negative random variable and define the random
variables S,, n > 1 by S, = So+ 1, + 15 + ...+ T,,. The variables 5, are known as the
renewal epochs and the sequence {5,,n > 0} is called the renewal process. The renewal

process is said to be pure if Sy = 0 and delayed otherwise.
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Define U(t) to be the expected number of renewal epochs in the interval [0,¢] with
the origin counting as a renewal epoch. It is convenient to think of U as generating a
measure on [0,00) where an interval I = (a,b] has measure U{l} = U(b) — U(a). The
renewal process is said to be terminating if L(co) < 1 in which case the expected number

1
of renewals before termination is given by U(oo) = l——l—/(_) A standard result for
— L(oo

terminating renewal processes (see [25, chapter 11]) states that if z(z) has a limit as

z — 0o and z(z) = 0 Va < 0 then

/t z(t — y)U{dy} — z(o0)U(o0) = I%(i.—?i—o—) as t = oo. (2:3:1)

When considering discrete time LDQBDs we will consider renewal processes where

L(.) is a discrete distribution with span equal to one. In this case equation (2.3.1) becomes

S z(t—y)U{(y — 1,y]} = z(c0)U(c0) = I_——Z(;(()—io) as t - oo.  (2.3.2)

y=0

2.4 The stationary probabilities

In this section we consider the form of the stationary probabilities for LDQBDs. We will

use the following notation;

Py ;j(A) = Probability of the event A given that the process

starts in the state (k,J),

Pij(A) = Probability that the event A occurs and the process
does not visit level m in the intermediate steps,

given that the process starts in the state (k, 7).

We make the following definitions for both discrete and continuous time LDQBDs.
Let P (£, k;n) be a M(¢) x M(k) matrix whose (i, 7)th element is Pp;[X(n) = (k,7)] and
let , P(£ k;n) be a M(() x M(k) matrix whose (1, 7)th element is . Pei[X(n) = (k,J)]
The (7, 7)th element of P(£,k;n) gives the probability that, starting in the state (£,2 ),
the process is in state (k,j) at time n. The (z,7)th element of  P(€ k;n) gives the
probability that, starting in the state (¢,i), the process is in state (k, ) at time n and has

not visited level m in between. Let z(k, j) = limpseo Pei[X(n) = (K, 7)]. It is known from
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the theory of Markov chains that z(k, j) exists and by irreducibility is independent of the
initial state (#,7). The quantities 2(k,j) are known as the stationary probabilities of the
Markov chain. We define the vector &, by x, = (z(k,1),2(k,2),... ,z(k,M(k))),k > 0

and we put & = (g, x;,...).

2.4.1 Discrete time LDQBDs

We obtain an expression for [P(0, k;n)];; as follows. Starting in (0,2), for the process
to be in (k,7) at time n, it must visit level £ — 1 one or more times in between. It is
clear that no matter how many visits are made to level k£ — 1 before reaching (£, 7), the
process must make a final visit to level & — 1 at some time 7 such that 0 <7 < n. That
is, there is a time 0 < 7 < n such that the process is in level £ — 1 at time 7 and in the
period (7,n], the process does not visit level £ — 1 again. By conditioning on this time

T, we can write

[P0, kin)]y = Mil) HX:I PO,k —1;n—71 — l)],h[A(k 1)]lw[k_1P(k,k;T)],,j.
e (2.4.1)
The following theorem is adapted from Theorem 3.1 in Ramaswami [80].
Theorem 2.4.1 For a discrete time LDQBD that is irreducible and aperiodic,
2 = Cp_1 Rk k> (2.4.2)

where [Ry_1];; is the expected total number of visits to the state (k,7), before returning

to level k — 1, given the chain starts in the state (k — 1,1).

Proof: Taking limits as n — oo of both sides of equation (2.4.1) gives

M (k=1) M(k) n-1
= > 2l Al /“, lim > [P0,k = Lin =7 = D[y Pk, k; 7))
T:O

=1 pe=1
(2.4.3)

where taking the limit inside the first two sums is justified because the sums are finite.
Now [,_, P(k,k;7)].; gives the expected number of renewals in the interval (r—1,7] for
the delayed renewal process consisting of visits to the state (k,j), avoiding level k — 1,
given the process started in the state (k,r). This is because the number of renewals

in (7 — 1,7] is either one with probability [,_,P(k,k;7)].; or zero. Since the chain is
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irreducible, this renewal process is terminating and hence we can apply equation (2.3.2)
to give
1(k—1) M (k) 0
Z Z (k= 1L, R)[AS VN S [ Pk, ks 7)) (2.4.4)
h=1 w=1 T=0
where 3722 ,[,_, P(k,k;7)],; is the expected number of visits to the state (k,j) before
the process reaches level £ — 1 for the first time, given the process starts in the state

(k,v).

Writing equation (2.4.4) in matrix form

z, = 2e 1 AS VY Pk, K 7) (2.4.5)
F=0
and defining Ry_; by
R = AYVY  _ Pkk;T) k>, (2.4.6)

ensures that [Ri_1];; has the necessary interpretation and @y = @x_; Ry_; as required.
O

For the special case of a QBD, Theorem 2.4.1 reduces to the following.
Corollary 2.4.1 For a discrete time QBD that is irreducible and aperiodic,
T =xp_y R k21 (2.4.7)

where for all k > 1, [R];; is the expected total number of visits to the state (k,j), before

returning to level k — 1, given the chain starts in the state (k — 1,1).

An interesting question to consider is when will the matrices Ry defined in The-
orem 2.4.1 be finite? In the case of a QBD, Neuts [72, Lemma 1.2.1] used Theorem 3
in Chung [14] to show that if the QBD is positive recurrent then the matrix R is finite.
Neuts’ primary interest was in positive recurrent processes and hence he did not consider
the finiteness of R for transient or null recurrent QBDs. As it happens, Theorem 3 in
[14] does not require that the QBD be positive recurrent. Hence the theorem can be used
to prove that R is also finite when the QBD is transient or null recurrent. FFurthermore,
the same Theorem 3 can be used to prove that the matrices Ry are finite for both recur-
rent and transient LDQBDs. An alternative proof that Ry is finite for all LDQBDs was
provided by Ramaswami and Taylor [84]. They showed that finiteness follows by a direct
application of Corollary 1 of Lemma 5.4 in Seneta [89]. Hence we can state the following

theorem.
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Theorem 2.4.2 For a discrete time irreducible and aperiodic LDQBD the matrices
{Ry),k > 0} are finite.

2.4.2 Continuous time LDQBDs

Analogous results to those obtained for discrete time LDQBDs can be obtained for con-
tinuous time LDQBDs. The derivations are similar to those used in discrete time.

The continuous time analogue of equation (2.4.1) is

M (k=1) M (k
POk = % 3 [ POk = 1t lal@ ule s P8, 7

(2.4.8)

The following is the continuous time analogue of Theorem 2.4.1.
Theorem 2.4.3 For a stable continuous time LDQBD that s irreducible and aperiodic,
Tp = Cck__le_,l k Z 1 (249)

where [Ry_1]:; is the expected sojourn time in the state (k, ), in units of the mean sojourn
time in the state (k — 1,1), before returning to level k — 1, given the chain starts in the

state (k —1,1).

Proof: Taking limits as { — oo of both sides of equation (2.4.8) gives

M(k 1) M (k ’
=SS i [ 1Pk — 15— )l POk kL dr
h=1 wv=1 S A

(2.4.10)

where taking the limit inside the first two sums is justified because the sums are finite.
Now [,_,P(k, k;7)].; d7 gives the expected number of renewals in the interval (7, 7+ d7]
for the delayed renewal process consisting of visits to the state (k, 7), avoiding level k —1,
given the process started in state (k,r). Since the chain is irreducible, this renewal
process is terminating and hence we can apply equation (2.3.1) to give
M (k=1) M(k) o
slkj)= S0 % alk—LAQY /;Uk_l[P(k,k; o dr. (2.4.11)
h=1 v=1 L
Again [720[,._, Pk, k;7)],; d7 is the expected total sojourn time in the state (k, j) before

the process reaches level k—1 for the first time, given the process starts in the state (k,v).
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If we write equation (2.4.11) in the matrix form

o ;ck._ng"‘“”/ o Pk ke 7)dr (2.4.12)
=0
then defining Ri_; by
Riper =gy / k1 Pk, k;T)dr k=1, (2.4.13)

gives us the result provided [Ry_,]i; has the required interpretation.
[Ry_1]ij can be written as

M (k)
1

Rty = (@™ e [ [uoy Pk Ri )l dr (2.4.14)

=

M (k) (k 1)]

e

= 1 ]ll

o0

Q) [ ey Pl Ri )]s dr. (24.15)

=0

QY i
(@]

1 i
started in state (k—1,7) and (—[Q(lkﬂl)],-,-) 15 1 P(k, k;7)]ej dT is the expected sojourn

Now is the probability that the process first moves into state (k,¢) given it
time in the state (k,J), in units of the mean sojourn time in state (k — 1,1), before the
process reaches level k — 1 for the first time, given the process starts in the state (k,?).
Hence we see that [Ri_1];; has the required interpretation. O

For the special case of a QBD, Theorem 2.4.3 reduces to the following.

Corollary 2.4.2 For a stable continuous time LDQBD that is irreducible and aperiodic,

e =z R k>1 (2.4.16)
where for all k > 1, [R];; is the expected sojourn time in the state (k,7), in units of the
mean sojourn time in the state (k — 1,1), before returning to level k — 1, given the chain
starts in the state (k —1,1).

We now show that the matrices R, deflined in Theorem 2.4.3 are finite. To do this
we consider the jump chain. The jump chain is a discrete time LDQBD obtained from
the continuous time LDQBD by observing it only at time points where there is a change
of state. The jump chain is governed by the matrices

AP = o7, (2.4.17)
AY = et 41, (2.4.18)

AP = o'l (2.4.19)
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where &, = —diag([Q(lk)]i,-). The jump chain is a very useful tool when analysing con-
tinuous time processes. It enables us to derive results for continuous time processes from
corresponding results for discrete time processes. This is useful since it is often much
easier to analyse discrete time processes since they generally have a clearer physical in-
terpretation. We will use the jump chain frequently throughout this thesis.

Let {R], k > 0} be the family of Ry matrices for the jump chain. From the probab-
ilistic interpretations of the matrices Ry for discrete and continuous time processes we

have the relationship

R, = O,R/O7., k>0 (2.4.20)

or equivalently

J1. 1okt -1
[Rk]ij -~ [Rk]u( [Ql ]JJ) k 2 0. (2.4'21)

(—[Q@M)i)-!

To see this, note that (—| ng)]j]»)‘l is the mean sojourn time in the state (k+1,7) per
visit to (k + 1,7) and (~[Q(lk)],l,~)“1 is the mean sojourn time in the state (k,7) per visit
to (k,7). Recall that the (7, j)th element of R} is the expected number of visits by the
jump chain to the state (k + 1,7), before returning to level k, given the process started
in state (k,i). Multiplying [R]]i; by (—] gkﬂ)]“)“l gives the expected total sojourn
time by the continuous time process in the state (k + 1, j) before returning to level £,
given the process started in state (k,7). Dividing [R}:],‘]'('—[ng+l)]]‘]‘)—l by (—[Q{¥]:)!
converts the above into units of the mean sojourn time in state (k,7). This gives us that
the right hand side of equation (2.4.21) is equal to the expected sojourn time in the state
(k4 1,7), in units of the mean sojourn time in the state (k,1), before returning to level

k, given the chain starts in the state (k,7). We now have the following theorem.

Theorem 2.4.4 For a stable continuous time LDQBD that is irreducible and aperiodic,

the matrices { R,k > 0} are finite.

Proof: The result follows directly from equation (2.4.20) and Theorem 2.4.2. O
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2.5 The matrices {Ry, k > 0}

In the previous section we saw that the matrices {Ry,k > 0} arise naturally when
considering the stationary probabilities. In this section we provide further results relating
to these matrices.

Firstly we present the following lemma which appears in a more general setting in

Ramaswami [80].
Lemma 2.5.1 1. For a discrete time LDQBD

AFVS Pl k+£7) = Re R Riges k> 1,020 (25.1)
=0

2. For a continuous time LDQBD

ng—l) & k_lp(k,k “+ 8;6)(11, =R, R, .. .Rk+(’._1 k> 1, £>0.

t=0
(2.5.2)

Proof: Firstly consider the discrete time result. For ¢ = 0 the result follows from
equation (2.4.6). The result for general ¢ can be shown using induction. Assume the
result holds for some £. By using similar conditioning arguments to those used to derive

equation (2.4.1) we can write

AF IS Pk k+ €4 1;7)
=0

oo T—1
=AF NS S Pk k6T —n— DAY P+ L+ 1,k + £+ 1;n).

T7=0n=0

Swapping the order of the summations gives

AFIS Pk k4 €+ 1;7)

=0
= AFTIS S, Pk E+ 6)AFY Pk 4+ L+ 1L,k + £+ 15n)
n=0 r=0
= APTIS Pk + 6T ANO S Pk €+ 1k + 4 1)
=0 n=0

=Ry g .. . BrpearByye

where the last equality results from the inductive assumption and equation (2.4.6). The
proof of the continuous time result is done in a similar fashion. O
The following theorem gives equations satisfied by the matrices { Ry, k > 0} in discrete

and continuous time.
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Theorem 2.5.1 1. For a discrete time LDQBD the matrices { Ry, k > 0} satisfy the

equations

R, = AP + R AV L BB AV k>0 (2.

oo
ot
2
Nyl

2. For a continuous time LDQBD the matrices { Rg, k > 0} satisfy the equations
0= QY + RiQ"" + Ry R QYY) k20 (2.5.4)
Proof: From equation (2.4.6) we have for a discrete time LDQBD

T=0

= 5+AOZth+lk+lr+U
7=0

AP + Al Pk + 1,k 4+ 1;7)AY
k

=0

=Y

+ Pk +1,k+2;7 )k“v

= AP + RAMY + Ry Ry AT
where the last equality follows from Lemma 2.5.1.
In order to prove the result in continuous time we note that if u is the time that the
process makes its final visit to level k + 1 before time 7, then by conditioning on u we

can write

P(k + 1,k + 1;7) = @74 | WP+ Lk 2u)Q 0 gy,
u=0

(2.5.5)

The result is obtained by multiplying both sides of (2.5.5) by Qf)k), integrating from 7

equals zero to infinity and applying the results in Lemma 2.5.1. O

2.6 The matrices {Uy, k > 1}

In the previous section we showed that the matrices { Ry, k > 0} satisfy equations (2.5.3)
and (2.5.4) in discrete and continuous time respectively. However, these equations may
not necessarily have a unique solution. In this section we consider which particular
solutions to equations (2.5.3) and (2.5.4) are equal to the matrices Ry. In order to do

this we introduce the family of matrices {Uy, k > 1}.
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2.6.1 Discrete time LDQBDs
Define the matrices {U, k > 1} by
U= AP + R Al k> 1. (2.6.1)

Suppose the LDQBD starts in level £ and we observe the process only at time points
when it is in level &, before it visits level £ — 1 for the first time. If we call this partially
observed process C, then Uy is the transition matrix for Cy. This is easily derived by
conditioning on the time of the last visit to level k + 1 before the process returns to
level k. Note that the processes Cy, k > 1 are transient processes because the LDQBD is

irreducible. The following lemma gives an expression for R, in terms of Uy.
Lemma 2.6.1 The matrices Ry are related to the matrices Uy, by
A (k=1) U = 5 5
Ry 1= Ag (I -Uy,) = s (2.6.2)

Proof: For the case of a QBD, equation (2.6.2) becomes R = Ag(I —U)~! and this has

been proved by Latouche [55]. From equation (2.4.6) we have
ENCEIES .
Ry = Ay ' D gy Plk Ry r)
=0

where 3220 [, P(k, k; 7)]i; is the expected number of visits to the state (k,j), before
the process reaches level k—1 for the first time, given the process starts in the state (k,1).
In terms of the process Cy, Y-72,[,_, P(k, k; 7)];; gives the expected number of visits by
C to the state (k, ), before absorption occurs, given C}. starts in the state (k,2). From
Theorems 3.2.1 and 3.2.6 in Kemeny and Snell [41], since the LDQBD is irreducible, we
have that 352 o[, P(k,k;7)]ij = [(I — Uy)7']i; and hence the result follows. O]

The following theorem is a special case of Theorem 3.4 in Ramaswami [80].

Theorem 2.6.1 The families of matrices { Ry, k > 0} and {Uy, k > 1} are the minimal
non negative solutions to the equations (2.6.1) and (2.6.2).
Proof: Define the sequences Uy(n),n > 0 and Ry(n),n > 0 as follows;

UL0) = AP, (2.6.3)
Ri(n) = ASNT = Uy(n))™! n>0, (2.6.4)

Uin) = AP + Ri(n — DAY a1 (2.6.5)
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Using induction it can be shown that the (7, 7)th element of Ui(n) and Ry(n) have the
following interpretations. The (z,7)th element of U(n) gives the probability that the
next visit to level £ is through phase j given that the process started in state (k,7) and
the process has not visited level £ — 1 or any of the states above level k + n in between.
The (7,7)th element of Ry(n) gives the expected number of visits to (k + 1,7) before
returning to level k, given that the process started in state (k,7) and the process has
not visited any of the states above level k + 1 4+ n in between. Given this interpretation
of Uk(n) and Ri(n), it is clear that Uyg(n) — Uy and Ri(n) = Ry as n — oco. Now
suppose that U} and Ry are non negative solutions of the equations (2.6.1) and (2.6.2).
Again using induction it can be shown that U, > Uj(n) and R, > Ry (n) for all n > 0.
Taking the limit as n — oo we have U, > U, and R; > Ry. These last inequalities
imply that Uy and Ry must be the minimal non negative solutions to equations (2.6.1)
and (2.6.2). O

The following corollary states which particular solutions to equations (2.5.3) are equal

to the matrices Rj,.

Corollary 2.6.1 The family of matrices {Ry,k > 0} is the minimal non negative solu-
tion to the equations (2.5.3).

Proof: Define the sequence Ry(n),n > 0 as follows;

Ry(0) = A, (2.6.6)

Il
>

gk) o Rk(n)A(lkH) g Rk(n)RkH(v‘L)Ang) 2 0. (26.7)

It can be shown via induction that Ri(n) is monotonically increasing and Ry(n) < Ry, Vn.
Hence via the dominated convergence theorem, Ry(n) — R} where R} satisfies equation
(2.5.3) and is called the minimal non negative solution to the equation. For n > 0 define

Up(n) by
Ui(n) = AP + R(m) AT n>o0. (2.6.8)

It can be shown via induction that Ry(n) > Ry(n) and Uk(n) > Ur(n) ¥n > 0 where
Ry (n) and Ujg(n) are defined by equations (2.6.3)-(2.6.5). Taking limits as n — oo
of Rp(n) > Ri(n) gives R > Ry. Since R} is the minimal non negative solution to

equation (2.5.3), we also have R} < Ry which gives R}, = Ry. |
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2.6.2 Continuous time LDQBDs

Here we define the matrices {U,k > 1} by
U =QW + R.QMY k>1. (2.6.9)

Defining the partially observed processes C), as we did in discrete time, it can be shown
that Uy is the q-matrix for Ci. The following lemma is the continuous time analogue of

Lemma 2.6.1. Note that Latouche [55] proved the result for the case of a QBD.

Lemma 2.6.2 The matrices Ry are related to the matrices Uy by
e (k'—l) -1 3 o 0
Ry 1 =Qy "(-Uy) kz1, (2.6.10)

Proof: From equation (2.4.13) we have
o e]

Ry, = Q(()k_l)/ w1 Pk, k;T)dr {2.6.11)

where [,_,P(k,k;7)];; can be interpreted as the probability that the process Cj is in

phase j at time 7, given that C} started in phase 7. From Markov process theory, this is

equal to [eV#7);;. Hence we have
R, = ng””/ Vs dr (2.6.12)
=0
= Q¥ (-Uy™ (2.6.13)
where the last equality follows from results in Graham [31]. O

The following theorem and corollary give the continuous time analogues of The-
orem 2.6.1 and Corollary 2.6.1. The proofs follow the same lines as those of Theorem 2.6.1

and Corollary 2.6.1. The details are omitted.

Theorem 2.6.2 The families of matrices { Ry, k > 0} and {Uy, k > 1} are the minimal

non negative solutions to the equations (2.6.9) and (2.6.10).

Corollary 2.6.2 The family of matrices { R,k > 0} is the minimal non negative solu-

tion to the equations (2.5.4).
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2.7 The matrices {G, k > 1}

In this section we introduce a third family of matrices, { G,k > 1} that arise when study-
ing LDQBDs. The matrices Gy, are defined as follows for both discrete and continuous
time LDQBDs. The (4, 7)th element of the matrix G is the probability that, starting in
the state (k,1), the process eventually reaches level k — 1 and does so through the state
(k — 1,7). We prove that the matrices G are the minimal non negative solutions to a
family of non linear matrix equations and show how the matrices G, are related to the

matrices U, and Ry.

2.7.1 Discrete time LDQBDs

The following theorem gives the relationship between the matrices Gy and Uyy.

Theorem 2.7.1 The families of matrices {Gy,k > 1} and {Uy,k > 1} satisfy the

following equations;

G, = (I-Uy'AP, (2.7.1)

Uy = AP 4 AVGE.. (2.7.2)

Proof: Latouche [55] proved the results for the case of a QBD. We generalise Latouche’s
I g

methods to the case of a LDQBD.

Uis the

In the proof of Lemma 2.6.1 we showed that the (z, 7)th element of (I — U )~
expected number of visits to the state (k, ), before the process reaches level k£ — 1 for the
first time, given the process starts in state (k,z). Given this result and the probabilistic
interpretation of Gy, equation (2.7.1) follows from Theorem 3.3.7 in Kemeny and Snell
[41].

In Section 2.6.1 we showed that [U}];; is the probability that the next visit to level &
is through phase j, given that the process started in state (k,¢) and the process has not
visited level k — 1 in between. Hence equation (2.7.2) follows directly by conditioning on
the state of the process after the first step. O

The following theorem gives the relationship between the matrices Gy and Ry.
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Theorem 2.7.2 The families of matrices {Gy,k > 1} and {Ri,k > 0} satisfy the
following equations;

@ = (I =a% o g Al (2.7.3)

R, = APr— AP Al g oyt (2.7.4)

Proof: Equation (2.7.3) follows by substituting equation (2.6.1) into (2.7.1) and equation

(2.7.4) follows by substituting equation (2.7.2) into (2.6.2). O

The following theorem shows that the matrices {Gy, k > 1} satisfy a family of non

linear matrix equations.
Theorem 2.7.3 The matrices {Gy,k > 1} satisfy the equations

G =AP + ARG 3 AGLG: k21 (2

oo
-~
I
S

Proof: The result can be proved directly by conditioning on the state after the first step

or algebraically as follows. Substituting equation (2.7.2) into equation (2.7.1) gives
G, = (I - A — AP Gy )t AP (2.7.6)

which upon pre-multiplying both sides by I — A(lk‘) - A(()k)GHl and re-arranging gives
(2.7.5). O
The following theorem and corollary can be proved using the same methods as those

used in the proofs of Theorem 2.6.1 and Corollary 2.6.1. We omit the details.

Theorem 2.7.4 The families of matrices {Gy, k > 1} and {Uy, k > 1} are the minimal

non negative solutions to the equations (2.7.1) and (2.7.2).

Corollary 2.7.1 The family of matrices {Gy,k > 1} is the minimal non negative solu-

tion to the equations (2.7.5).

2.7.2 Continuous time LDQBDs
We now present the continuous time analogues of the results presented in the previous
section. The following theorem gives the relationship between the matrices G and Uy,

Note that Latouche [55] proved the result for the case of a QBD.
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Theorem 2.7.5 The families of matrices {Gi,k > 1} and {Ux,k > 1} satisfy the
following equations;
G, = (-U)™'QY, (

Ur = QY+ QG (

o

)
8)

~I

il §

o

s

ce

Proof: In order for the process to make a first passage from level £ to level k£ — 1, it
must make a number of return visits to level & (possibly zero), avoiding level k — 1, and

then make a direct transition from level & to level & — 1. Hence we have

Gy = (/fo o Pk k; T)dr> Q. (2.7.9)
We saw in the proof of Lemma 2.6.2 that |, P(k,k;7) = ¢Y* 5o we have
& = (/_U eU“dT> Q¥ (2.7.10)
= (=U)~'QW. (2.7.11)
Equation (2.7.8) follows from the probabilistic interpretations of Uy, and GY. 0J

The following theorem gives the relationship between the matrices G and Ry.
Theorem 2.7.6 The families of matrices {Gr,k > 1} and {Ry,k > 0} salisfy the
following equations;

k k41)\—1 Ak S
G = (-Q" - Ry QY (2.7.12)
k k+1 k1 . 5
R, = QY- — Qi Gyp) ™ (2.7.13)
Proof: Equation (2.7.12) follows by substituting equation (2.6.9) into (2.7.7) and equa-
tion (2.7.13) follows by substituting equation (2.7.8) into (2.6.10). O
Theorem 2.7.7 The matrices {Gy, k > 1} salisfy the equations

0=0Q" + QG + QG Gy k21 (2.7.14)

o4
{

Proof: Substituting equation(2.7.8) into equation (2.7.7) gives

K Wy sl pulk . y

Gy = (-QY = @G ) Q" (2.7.15)

which upon pre-multiplying both sides by —Q(lk) - QEJA‘)GATH and re-arranging gives
(2.7:14)s O

The following theorem and corollary can be proved using the same methods as those

used in the proofs of Theorem 2.6.1 and Corollary 2.6.1.
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Theorem 2.7.8 The families of matrices {Gy,k > 1} and {U},k > 1} are the minimal

non negative solutions to the equations (2.7.7) and (2.7.8).

Corollary 2.7.2 The family of matrices {Gy,k > 1} is the minimal non negative solu-

tion to the equations (2.7.14).

2.8 FErgodicity conditions

In this section we consider conditions under which LDQBDs are recurrent, (positive or
null) and transient. The following theorem gives a necessary and sufficient condition for

a LDQBD to be recurrent.

Theorem 2.8.1 An irreducible and aperiodic LDQBD (either discrete or continuous
time) is recurrent if and only if the Markov chain (process) governed by the transition

matriz (generator matriz) AV 4 RoAgl) (QSO) + ROle)) is positive recurrent.

Proof: Since the proofs for discrete and continuous time are similar we consider only
the discrete time case. If we start the Markov chain in level 0 and observe it only at
time points when it is in level 0, then the transition probability matrix for this partially
observed process is A(IO) + ROAgl). This partially observed process is an irreducible
Markov chain on a finite state space so if it is positive recurrent then AEO) -+ ROAgl) 1s
stochastic. Using equations (2.6.2) and (2.7.1) we can show that RoAgl) = A(()O)G, and

so since A(lo) + ROA(ZI) is stochastic, we have

(AY + RyAM)e = e
= (A" + AG))e =€

= Ago)Gle = A(()O)e

and hence G is stochastic. Now given the probabilistic interpretation of Gy, since the
LDQBD is irreducible, G, must be stochastic for all £ > 1 and hence the LDQBD must
be recurrent.

Now suppose the LDQBD is recurrent. This implies that G is stochastic and hence
A(lo) + RoAgl) = A(lo) + AE)O)GI is stochastic. Therefore since the chain with transition
matrix A(lo) + RoAgl) is an irreducible Markov chain on a finite state space, the chain

must be positive recurrent. B
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We now give conditions for a recurrent LDQBD to be positive recurrent.

Theorem 2.8.2 An irreducible, aperiodic and recurrent LDQBD (either discrete or con-
tinuous time) is positive recurrent if and only if
ZRO---Rne<oo. (2.8.1)
n=0
Proof: We provide the proof for discrete time processes only. Firstly suppose that
S o Ro--R,e < co. From Theorem 2.8.1 the chain with transition matrix A(IO) 4
ROAg]) is positive recurrent. Let y, be the stationary probability vector for this chain.

oo k—1

If we define &,k > 0 by o = [l + yoz H Rie] 'y, and & = @ Ry, k > 1
then x, k > 0 satisfy the global bala,x‘lcek:e(ilgu:ei)ti()115 for the LDQBD and sum to one.
Furthermore, since y, > 0, &x > 0 Yk > 0. Therefore the LDQBD is positive recurrent
since we have shown that the stationary probabilities are positive.

Now suppose the LDQBD is positive recurrent. This implies that 3772, @re = 1 which
implies &g Y rep H?;& Rye = | since ¢ = 2, Ry, k > 1. Hence (2.8.1) must hold. O

For the case of a QBD we have the following corollaries to Theorems 2.8.1 and 2.8.2.

The proofs are obvious.

Corollary 2.8.1 An irreducible and aperiodic QBD (either discrete or continuous time)
is recurrent if and only if the Markov chain (process) governed by the transition matriz

(generator matrix) A(IU) +RA, (QP + RQ,) is positive recurrent.

Corollary 2.8.2 An irreducible, aperiodic and recurrent QBD (either discrete or con-

tinuous time) is positive recurrent if and only if (I — R)™" exists and has finite row

sums.

Combining the results of Theorems 2.8.1 and 2.8.2 we can state that an irreducible
and aperiodic LDQBD is positive recurrent if and only if the Markov chain (process)
ith transition matrix (generator matrix) A + RoAY) (Q1 + RoQL) is positive
with transition matrix (generator matrix) A}’ + 2 1+ RoQ57) is positive
recurrent and condition (2.8.1) holds. We note that Ramaswami [80, Theorem 3.7] gave
this result whereas we have separated his result into two parts.
We now make some comments on Theorems 2.8.1 and 2.8.2. The Markov chain with
wjj o . 0 1 v . . . .
transition matrix A(, s H{)A.g) has a finite state space, and it is irreducible, so the

only way it isn’t positive recurrent is if A(l“) * RUA.(ZI) is strictly substochastic. Hence
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from Theorem 2.8.1, if we can compute Ry then we can determine if the LDQBD is
recurrent. Similarly, a continuous time process is transient if and only if Q(lo) + ROQ,(ZU 1s
strictly non-conservative. Of course we can only find Ry and check that A(IO) + ROA(21) is
stochastic to within some degree of accuracy. Hence any efforts to verify these conditions
numerically must be applied with due care. It is clearly not possible to verify condition
(2.8.1) numerically so other methods are needed to prove positive recurrence.

[t seems that it is not possible to develop easily verifiable conditions for a LDQBD
to be positive recurrent. This means that each problem must be analysed separately.
However, for most problems, methods can be derived to show whether or not the process
is positive recurrent. In the case of a discrete time QBD, Neuts [72] derived conditions
under which the QBD is positive recurrent. We give this result in the following theorem

together with the corresponding result for continuous time QBDs.

Theorem 2.8.3 1. Consider a discrete time QQBD where A = Ao+ Ay + A, is irre-
ducible and stochastic. Let w be such that mA = and we = 1. Then
(a) if mApe < wAqe then the LDQBD is positive recurrent,
(b) if mApe = wA,e then the LDQBD is null recurrent,
(c) if wAge > wAye then the LDQBD is transient.
2. Consider a continuous time QBD where Q = Q, + Q, + Q, is an irreducible g-
matriz. Let w be such that TrQ =0 and me = 1. Then
(a) if TQue < wQ,e then the LDQBD is posilive recurrent,
(b) if T1Q,e = wQ,e then the LDQBD is null recurrent,
(c) if mTQue > wQ,e then the LDQBD is transient.
Proof: We refer to Neuts [72, Chapter 1] for the proof of part I. To prove part 2 we
consider the jump chain which we introduced in Section 2.4.2. The jump chain is a discrete

time QBD governed by the matrices A(IU) = @JlQ(lU) + I, A, =®7'Q,+ 8, 1i=0,1,2
where &, = —diag([Q(lo)]i,-), & = —diag([Q,]:;) and &;; is the Kronecker delta. Now since
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'n‘Q = 0, we have that
TP A

=m(Q,+Q, +2+Q,)

= ﬂ'Q + 7w d
=md.
Hence if we set ®# = w®/(wdPe) then 7 satisfies TA = 7 and we = 1. Using part !

and this expression for w we can show that the jump chain is positive recurrent, null
recurrent or transient as wQue < wQ,e, 7Que = wQ,e or Qe > wQ,e. Now the
proof is complete if we can show that positive recurrence, null recurrence or transience
for the jump chain implies positive recurrence, null recurrence or transience respectively
of the continuous time process. Proposition 3.2 in Anderson [5] states that if the jump
chain is transient, then the continuous time process is also transient. Now suppose that
m = (Mg, m,,...) is an invariant measure for the jump chain. A standard result from
Markov chain theory gives us that m = (me®;',m, @', m,®~",...) is an invariant
measure for the continuous time process. If we let [ be the maximum row sum of &'
then if the jump chain is positive recurrent we have

Z m;e < 00

1=0

o0
= > m;He < oo

t=0

o0
= Z'r’nl-q)_le < 00
i=0

since @ 'e < He. Hence we have that 572, m;e < oo and therefore the continuous time
process is also positive recurrent. Similarly, if the jump chain is null recurrent then the
continuous time process will be null recurrent. This completes the proof. )

It is easy to adapt Theorem 2.8.3 to the case of a LDQBD that is eventually level

independent. We hence have the following theorem.

Theorem 2.8.4 1. Consider a discrele time LDQBD where Agk) = Ay, A(lk) = Ay,
and A.(Zk) = A, V>N and A = Ay + A, + Ay is irveducible and stochastic. Let

7 be such thatl mA = m and we = 1. Then
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(a) if wApe < wAse then the LDQBD is positive recurrent,
(b) if wApe = wAze then the LDQBD is null recurrent,
(¢) if mAge > wAze then the LDQBD is transient.

2. Consider a continuous time QQBD where Qék) = Qo Q(lk) = i}y, ond ng) = s,
Yk > K and Q = Q, + Q, + Q, is an irreducible g-matriz. Let w be such that
WQ =0 and we =1, Then

(a) if TQue < wQ,e then the LDQBD is positive recurrent,
(b) if m1Q.e = wQ,e then the LDQBD s null recurrent,

(c) if TQ e > wQ,e then the LDQBD is transient.



Chapter 3

Calculating the matrices G and R,

3.1 Introduction

In this chapter we present algorithms for numerically computing the matrices Gy and Ry.
These algorithms will be used in Chapter 4 when we develop algorithms for computing
the stationary distribution of a LDQBD. The algorithm for computing R was presented
in Bright and Taylor [12] but it is given in greater detail here.

We begin the chapter by presenting closed form expressions for G and Rj. In the
case of discrete time processes the expressions we give are taken from Ramaswami and
Taylor [84]. We derive expressions for continuous time processes by considering the jump
chain which we introduced in Section 2.4.2.

Having derived explicit expressions for G and R, we show how these expressions
can be used to compute the matrices numerically. Since the expressions for both G and
Ry are in terms of an infinite sum, we provide appropriate methods for truncating these
sums. The terms in both the infinite sums are defined by recursive relationships and we
discuss an efficient way of implementing these relationships.

Since the algorithms we present are for LDQBDs, it would seem that they are also
suitable for QBDs. However, the extra structure possessed by QBDs means that there are
more eflicient methods available for their analysis. In the case of a QBD, Latouche and
Ramaswami [56] have developed very efficient methods for evaluating G and R and we
give a summary of these in Sections 3.5 and 3.6. We also note that an algorithm developed
by Bini and Meini [10] can be used to compute G and R. This algorithm is similar in

structure to Latouche and Ramaswami’s algorithm yet it has the added feature that it

27
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can also be applied to the more general M/G/1-type process. We conclude the chapter
with some discussion on the algorithms presented. In particular, we give probabilistic

interpretations of the algorithms.

3.2 An expression for the matrix G

In this section we derive closed form expressions for the matrices G in discrete and
continuous time. The results we present for discrete time processes are taken from

Ramaswami and Taylor [84].

3.2.1 Discrete time LDQBDs

In order to derive closed form expressions for the matrices {Gy,k > 1} we define two

log &
additional families of matrices, namely {U§, k > 1,0 < ¢ < {l()g J} and {D!k>1,0<

og 2

log k . :
¢ < L = ()J }. To define these matrices we first define the following stopping time.
og 2

Definition 3.2.1 (k) =inf{n > 0: X(n) € k}.
In the following definition P(A) represents the probability of event A.

Definition 3.2.2 The matriz U, has dimensions M(k) x M(k + 2°) and is defined for
log k
k>1and 0 <t < {05 J by

log 2

[Uf] . =P (v(k + 2% < 7(k = 2%) and X(v(k +2%)) = (k + o, 3} | X(0) = (k.])

iy

and the matriz D}, has dimensions M(k) x M(k — 28 and is defined for k > 1 and

0<t< {log/ﬂJ -
log 2

[Df;]ij = P (y(k — 2%) < y(k + 2°) and X(y(k — 2)) = (k = 2%,j) | X(0) = (k,i)).

(3.2.2)
It is clear from the definitions why the quantities can only be defined for a finite number
of ¢ values. From now on we will write expressions like (3.2.2) in the abbreviated matrix

form

D} = P (y(k — 2°) < 7(k 4 2°) and X(y(k — 2%) | X(0) € k) (3.2.3)
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as in Ramaswami and Taylor [84].

The following theorem appears in [84] as Lemma 2.1. There the authors also give the

result for the case where M(k) = oo.

Theorem 3.2.1 Ui and Di defined above are given by the following recursive equations.

U = (I-AP)14P, (3.2.4)
DY = (I-APM)1al), (3.2.5)
Uit = [I-UD;,, - DiU{_ 2,]” Ui e, (3.2.6)
D' = [I-UiD},, - DiUL 2,]' DLDE .. (3.2.7)

Proof: The expressions for U and DY are easily shown. By using simple probabilistic

arguments it can be shown that
U = (ULDL e + DIUL U + ULUS o0 (3.2.8)

From the definitions of U¢ and DY the matrix U D}, ey +DLU’_,. gives the probabilities
that the process returns to level k after having visited level k +2¢ or k— 2¢ but not having
visited levels k + 2¢%! or k — 2¢t1. Since the process is irreducible, this matrix must be
sub-stochastic and again irreducibility implies the inverse [I — U{D%,,. — DLU% ]~
exists. Hence equation (3.2.8) can be rewritten as equation (3.2.6). A similar argument
can be used to derive equation (3.2.7). ]
The following theorem which appears as Theorem 2.1 in Ramaswami and Taylor [84],
gives an explicit expression for the matrix Gy for a discrete time LDQBD. The theorem is
a generalisation of the corresponding result for a QBD given in Latouche and Ramaswami
[56] .
Theorem 3.2.2 For a discrete time LDQBD the matrices {Gy,k > 1} are explicitly

given by

Gy = Z [H UA 1+>r] k 142¢ ('32())

=0 Li=0
where U$ and D¢ are defined by equations (3.2.4)-(3.2.7).
Proof: We firstly show that

¢
i 2 = P(v(k — 1 4 2% < Al — 1) and X(yk — 1 4251 | X(0) € k)
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and
H Uk-r42 DiE Leath = ])(7(1" — 142 <qy(k — 1) <y(k — 1+ 2°F?)
and X(v(k — 1)) | X(0) € k). (3.2.11)

We do this by induction. Equation (3.2.10) clearly holds for £ = 0. Make the assumption
that it holds for a general £.

P@w—1+2”ﬂ<ﬂk—nmﬁth—l+%“DLﬂ@e@
= P(y(k — 1+ 2%") < y(k — 1) and X(y(k — 1 +2°%1)) | X(0) € k)

P(7(k — 14 2% < q(k — 1) and X(y(k — 1 + 2¢12)) |

y(k — 14 2¢+1) < y(k — 1) and X(k — 1 + 2¢))

[HUk 1+z‘} ( (k—1+2"?) <y(k—1)

and X (y(k — 1+ 24+2)) | X(0) € k — 1 + 2¢+7)

¢
_ i | yrest
. {H Uk—1+2'] UL 1420+1

which is (3.2.10) for the £ + 1 case. Expression (3.2.11) is proved similarly.

Now from the definition of G we can write G, in the form
G, = P(y(k—1)<ooand X(y(k —1))| X(0) € k). (B212)

Hence we need to determine when v(k — 1) is finite, given X(0) € k. Since X(n) is skip
free on the levels we have that, if X(0) € k, then y(k — 1 + 2646 > y(k— 1 + 9] =

2¢—1. This implies that limse y(k — 1 + 2%) = co. We also have that y(k — 1 + 24 «
00 a.s. for all ¢ > 0 because the process is irreducible. Hence we can say that y(k — 1) is

finite if and only if its value is in one of the intervals (y(k — 1 + 20), y(k — 1 4 2¢+1))
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¢ > 0. Hence
Gi=3Y P(rlk =142 <y(k — 1) < 9(k — 1 + 27
£=0
and X (y(k — 1)) | X(0) € k)
oo €—1 ) .
= Z U142 D149

=0i¢=0

by (3.2.11). O

3.2.2 Continuous time LDQBDs

To obtain an expression for G for a continuous time LDQBD we consider the jump
chain. As mentioned in Section 2.4.2, the jump chain is a discrete time LDQBD obtained
from the continuous time LDQBD by observing it only at time points where there is a

change of state. The jump chain is governed by the matrices

AP = o', (3.2.13)

AP = o71QP 41, (3.2.14)

AP = o7l (3.2.15)
where ¢, = —dia,g([ng)]“—), The continuous time version of Theorem 3.2.2 is as follows.

Theorem 3.2.3 For a continuous time LDQBD the matrices {Gy,k > 1} are explicitly

given by

oo [f—1
Gr =), [H Ui-_w} 5 A (3.2.16)

=0 Li=0

where U$, and D%, are defined recursively by

vl = (-@")'ef?, (3.2.17)
D} = (-@y'@lY, (3.2.18)
Uit = [1-ULDL,,. -~ DIUL " UL, (3.2.19)
Bt = (IR0, — DI 5| DIDL .. (3.2.20)

Proof: By the definition of G it is clear that G for a continuous time LDQBD is equal

to Gy for its jump chain. Hence by Theorem 3.2.2 Gy is given by equation (3.2.9) where
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U¢ and D% are defined by equations (3.2.4)-(3.2.7). When the values for A(()k), A(lk) and
A given by equations (3.2.13)-(3.2.15) are substituted, equations (3.2.4)-(3.2.7) reduce

to equations (3.2.17)-(3.2.20). O

3.3 An expression for the matrix R;

In this section we derive closed form expressions for the matrices R, in discrete and
continuous time. Our derivation in discrete time is based on a duality result that will
be presented in Chapter 6. The result in continuous time is obtained by considering the

jump chain.

3.3.1 Discrete time LDQBDs

In order to obtain an explicit expression for Ry, we appeal to a duality result that will be
presented in Chapter 6. The result there is presented for M/G/1-type and GI/M/1-type
processes which can be thought of as extensions of LDQBDs. The results in Chapter 6 are
presented only for continuous time processes although analogous results hold for discrete
time processes. We state the result here for the special case of a discrete time LDQBD.
For more details we refer to Section 6.12 of Chapter 6.

Consider a discrete time LDQBD with transition matrix given by equation (2.2.1)

and invariant measure m. Define Ay = diag(my) and put

A(()k) o A;l(A(ZL-,-H)>IAk+1 k>0, (3.3.1)
A(lk) = (A(lk))lAk k>0, (332 )
AP =AM (A A k2L =8

. . 2 (K) =z(k = (K . . : T
It is easy to show that the matrices A(() ), A(l ) and Ag ) define an irreducible, aperiodic

LDQBD. It can be shown using methods similar to those used in the proof of The-

orem 6.12.1 that, if G is the minimal non negative solution to
= < (k - (k) = [k = — N
Gy = AV 4 AME, L APE Gy (3.3.4)
then Ry is given by

By = ANGL A k> 0. (3.3.5)
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In Chapter 6 we give a probabilistic interpretation of the continuous time analogue of
equation (3.3.5). This interpretation is easily extended to discrete time processes.
In order to be able to construct the matrices Afk),i = 0,1, 2, an invariant measure
m must exist. From Markov chain theory we know that if the LDQBD is recurrent then
an invariant measure exists. Hence the only situation where an invariant measure may
fail to exist is when the LDQBD is transient. Latouche and Taylor [58] showed that
it is always possible to construct a matrix-geometric invariant measure for a transient
QBD. Furthermore, they give a simple method for doing so. They also showed that under
certain conditions it is possible to construct a matrix-product form invariant measure for
transient LDQBDs. If we are not concerned with the form of the invariant measure, it
can be shown by applying Theorem 2 in Harris [36] that an invariant measure exists for
all transient LDQBDs. Theorem 2 of [36] is stated in Chapter 6 as Lemma 6.2.2 and can
be applied by noting that for all states (k, j), the only states (¢,7) for which Py ;) > 0
are the states in levels k — 1,k and k + 1. Since the set of states consisting of the states
in levels k — 1, k and k + 1 is a finite set of states, Theorem 2 of [36] implies that an
invariant measure exists for all transient discrete time irreducible LDQBDs. Hence we
can always construct the matrices Afk), i = 0,1,2 defined by equations (3.3.1)-(3.3.3).
The following theorem presents the same result as that given in Theorem 2.2 of
Ramaswami and Taylor [84]. However, since Ramaswami and Taylor were particularly
interested in QBDs where M (k) = oo Vk > 0, they needed to make the assumption
that an invariant measure exists. Since we have assumed that M(k) < oo Vk > 0, an
invariant measure will always exist. We prove the following theorem using the expression
(3.3.5) whereas Ramaswami and Taylor [84] proved their Theorem 2.2 using a relationship

similar to, but not equivalent to (3.3.5).

Theorem 3.3.1 For a discrete time LDQBD the matrices {Ry,k > 0} are explicitly

given by
B~ Z U, [H T);;‘z,",} (3.3.6)

where ﬁi and 5: are M(k) x M(k 4 2°) and M(k) x M(k — 2*) matrices respectively
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and are defined recursively by the equations

0 = alNT - AL (3.3.7)
D, = APa - A1 (3.3.8)
0" = Ok [1- Ut Dgae - Dl U]+ (339)
By = BBl [1-TlanDrs _5,‘;_2,+,ﬁz_3_2,]“‘. (3.3.10)

Proof: From equation (3.3.5) we have

Rk Alek+lAk+l (3311)
oo [l-—1
= A (Z [H UL+2-J Dk+2‘) AV (3.3.12)
¢=0 L:=0
0 €1 rw
= A 12 Dk+2‘ [H(Uﬂle—-)’} At (3.3.13)
=0 =0
= f=1
= ZAk Dk+"‘) Ak+zl [H Ak+2l .(Uk+zl 1—i ) Ak+2f—l~-
=0
(3.3.14)
so provided we can show
e i,
U, =AY D, 2 A 120, (3.3.15)
and
Dk = Ak (.Uk 20) gy £ 20, (3.3.16)

where Ui and Di are given by equations (3.2.4)-(3.2.7) with Agk ) *) and A,, eplaced
by Aék), Agk) and A(Qk) respectively, then we have the result. This can be shown using

induction. 0

3.3.2 Continuous time LDQBDs

To obtain a closed from expression for the matrix Ry for continuous time LDQBDs we
use the jump chain as we did when deriving an expression for the matrix G in continuous
time. We showed in Chapter 2, Section 2.4.2 that if Ri is the Rj matrix for the jump

chain then

R; = &R, ... (3.3.17)

We now prove the following theorem.
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Theorem 3.3.2 For a continuous time LDQBD the matrices { R,k > 0} are explicitly
given by

—fl—1—1

B=T H Do k>0 (3.3.18)
= e

where ﬁi and Ei are M(k) x M(k 4 2%) and M(k) x M(k — 2*) matrices respectively

and are defined recursively by

=0 k k —
U, = @f-gi, (3.3.19)
=0 k k—1)\ — ]
B = e (3.3.20)
— 41 — —¢ —t —¢ —¢ -1
Uk == UkUk-i-QI [I e U}C+2[+1Dk+3_21 e Dk+21+1 Uk-}—?‘} 9 (3321)
iy e np — o . ~—¢ =il
Dk+l = DDy _y [I —Ui_yerr Dy_ye — Dk—2‘+1Uk—3,2'J : (3.3.22)

Proof: From equations (3.3.17) and (3.3.6) we have

R = &, 2 U, {H Diﬁz,’.} @il (3.3.23)

=0 1=0

where l_]i and Di are given by equations (3.3.7)-(3.3.10) with A(()k), Agk) and Agk) given
by equations (3.2.13)-(3.2.15). Equation (3.3.23) is equivalent to

= 7 e—1-i o
= Z k(pk+2( [H ‘I’Hzl 'DA+2‘ '(I)Hzl i '} (3.3.24)

and hence the proof is completed by using induction to show that

U, = 0,.U.8;), (3.3.25)

and
D, = &, Diat,,. (3.3.26)
0

Theorem 3.3.2 was given in Lemma 1 of Bright and Taylor [12] but there it was
assumed that the LDQBD is positive recurrent. We have shown here that the positive

recurrence condition can be removed.
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3.4 Efficiently computing G and R,

In this section we develop algorithms for numerically computing the matrices Gy and R;..
These algorithms are based on the closed form expressions for G, and Ry that were given
in Sections 3.2 and 3.3. Since these expressions are in terms of infinite sums, in order to
evaluate G, and Ry via these expressions, we must truncate the infinite sums. The other
issue to consider when computing G and Ry via the expressions in Sections 3.2 and 3.3
is how to implement efficiently the recursive relationships defining the matrices U¥, and
D% and 51 and Ei At the beginning of this section we consider how to truncate the
infinite sums and then we consider the question of efficient implementation of the various

recursive relationships.

3.4.1 Truncation rules for G,

Define G(£) to be the sum of the first £+ 1 terms in the infinite sum in (3.2.9) or (3.2.16).
When calculating a numerical value for G we take G = Gr(L) for some appropriately
chosen value of L. That is, we truncate the sum at ¢ = L. A simple way of determining

a value of L is stated in the following truncation rule.

Truncation rule 3.4.1 Take G = G,.(L) where L ts the smallest value of ¢ such that
[G() — Gi(€ — 1)]nax < € for some tolerance ¢ where (M0 1s the mazimum enlry of

the matriz M .

Truncation rule 3.4.1 simply says that we should stop computing extra terms once we
compute a term that is sufficiently small. Note however that the rule does not guarantee
that [Gr(2) — Gx(€ — 1)]pex < € holds V¢ > L which is what we want to hold. In the
case where X (n) is positive recurrent, it is known that G is stochastic which leads to

the following more precise truncation rule.

Truncation rule 3.4.2 If X(n) is positive recurrent, take G = Gy(L) where L is the

smallest value of { such that ||Gr(f)e — e||., < ¢ for some lolerance ¢.

3.4.2 Truncation rules for R,

Define Ri(f) to be the sum of the first ¢ 4+ 1 terms in the infinite sum in (3.3.6) or

(3.3.18). As we did in the case of Gy, when calculating a numerical value for Ry, we take



Chapter 3. Calculating the matrices G, and Ry 37

R, = Ry(L) for some appropriately chosen value of L. A simple way of determining
a value of L is stated in the following truncation rule which is similar to Truncation

rule 3.4.1.

Truncation rule 3.4.3 Take Ry = Ry (L) where L is the smallest value of € such that
[Re(€) — Ri(€ — 1)]max < € for some tolerance c.

Truncation rule 3.4.3 has the same problem as Truncation rule 3.4.1. That is, it does not
guarantee that [Ry(¢) — Ri(¢ — 1)]maz < € holds V£ > L. However, in many situations
it is possible, by considering the structure of the LDQBD, to show that [R.(¢) — Ry (¢ —
1)]maz < € holds V¢ > L when L is chosen via Truncation rule 3.4.3. As was the case
when calculating Gy, it is possible to derive a more precise truncation rule provided the
LDQBD is positive recurrent. This can be done by extending Lemma 1.2.3 of Neuts [72]
to the case of a LDQBD, as we now show.

From equation (2.6.2) we have for a discrete time LDQBD,

R AT = APT U ) tAlY (3.4.1)
= APGp (3.4.2)

where we obtain the last equality from equation (2.7.1). Now in the case of a positive

recurrent LDQBD, G} is stochastic so we have

RAf e = AWe. (3.4.3)
Similarly, for a continuous time LDQBD we can show that

R.QV e = QWe. (3.4.4)
So in the case of a positive recurrent LDQBD we have the following truncation rule.

Truncation rule 3.4.4 Take Ry = Ry(L) where L is the smallest value of ¢ such that
for some tolerance e, ||Rk(€)A(2k+l)e — A((Jk)e”m < ¢ for a discrete time LDQBD or

][Rk(f)ngH)e - ng)eH% < ¢ for a continuous time LDQBD.

3.4.3 Truncation rules for QBDs

Obviously the truncation rules in the previous two sections also apply to QBDs. However,
in the case of a QBD, it is possible to develop an alternative truncation rule for evaluating

R. This truncation rule can be stated as follows.
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Truncation rule 3.4.5 Take R = R(L) where L is the smallest value of ¢ such that
l[aR(¢) — aal|e < € for some tolerance ¢ where « is the spectral radius of R and a is the

corresponding left eigenvector.

In order to apply Truncation rule 3.4.5 we need to calculate both @ and a. We discuss
methods for doing this later in the chapter.

Note that Truncation rule 3.4.5 can in theory be extended to the case of a LDQBD
provided the matrix Ry is square. However, this would not provide a practical means of
evaluating Ry since it seems to be difficult to compute the eigenvalue and corresponding
left eigenvector of Ry, efficiently.

It is interesting to note the similarity between Truncation rules 3.4.5 and 3.4.2. In
Truncation rule 3.4.2 G is stochastic and hence its spectral radius is equal to one and
the corresponding right eigenvector is equal to e. So while in Truncation rule 3.4.5 we
calculate the spectral radius of R and the corresponding left eigenvector, in Trunca-
tion rule 3.4.2 we calculate the known spectral radius of G and the corresponding right

eigenvector.

3.4.4 Algorithms for computing G},

For both discrete and continuous time processes we approximate Gy by

L [#-1

Gi(L) =3 [H UL—1+2'} D2-1+2’ (3.4.5)

=0 Li=0
where Ui. and Di are defined by equations (3.2.4)-(3.2.7) and (3.2.17)-(3.2.20) in discrete
and continuous time respectively. Since the expressions for U}, and DY are the same in
discrete and continuous time except for the definitions of U} and DY it is sufficient to
consider only discrete time processes. When considering continuous time processes we
simply need to calculate U} and DY according to equations (3.2.17)-(3.2.18) rather than
(3.2.4)-(3.2.5). In the rest of this section we will assume that U’ and Di are defined by
equations (3.2.4)-(3.2.7).

An elementary algorithm for computing Gy is as follows.

Algorithm 3.4.1 (Computing Gy)

Fe=(f)
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MNed

G(0) = D}

do
E=0+41
U = U:li_—lwzl~l
B =d
[1=IIxU

Gk(f) = Gk(f . 1) +[IxD
until ( Gi(?) obeys the truncation rule )
L=

G = GilL)

It is clear from equations (3.2.4)-(3.2.7) that the steps that involve the most work in
Algorithm 3.4.1 are those that calculate U and D. Therefore, in order to develop an
efficient algorithm we must develop an efficient way of calculating both these terms. It
can be seen from equations (3.2.4)-(3.2.7) that to calculate Ui:-1+2‘ and Di—1+2f (for
fixed ¢) we must calculate the inverse [I — Ui-_—lwlei_—lw:s.z‘-‘ - Di_—lwlek—lJr?"‘]_l'
In Algorithm 3.4.1 this inverse is calculated in successive iterations of the do loop. At
one iteration it is computed in order to calculate Di__l+21 and in the following iteration
it is computed again in order to calculate Uﬁ-—1+2l- Algorithm 3.4.1 can be altered as

follows to avoid calculating this inverse twice.

Algorithm 3.4.2 (Computing Gy)
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M=1
Gi(0)=D
do
0=10+1
[I=1IxU

U = U£-1+2l; D = Di—1+2l
Gyll) = Gyt — 1) + [T xD

until ( Gi(f) obeys the truncation rule )

Gy, = Gi(L)

Note that in the new algorithm we must update the value of [ before we calculate the
new values of U and D. In Algorithm 3.4.2 we calculate UI{_J_1+2L but do not use it.
However, this only requires additional matrix multiplications because we already have
the necessary inverse from calculating D£—1+2L

Since the matrices U = U{_, 5 and D = Di-—1+2‘ are calculated together, we refer
to this pair of matrices as the UD-pair UD({,k — 1 4+ 2%). To implement the above
algorithm efficiently we must develop an efficient method of computing the necessary
U D-pairs.

At the end of Algorithm 3.4.2 we have calculated the UD-pairs UD(¢,k — 1 + 2¢) for
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¢=0,1,...,L and fixed k. From equations (3.2.4)-(3.2.7) it can be seen that to compute
UD(¢, k —1+ 2% we need to calculate other U D-pairs U D(n, m) for n < £. We consider
a way to compute these quantities so that no U D—pair is computed more than once. This
can be done by storing various U D—pairs. To determine which U D-pairs to calculate and
which to store, it is useful to represent the recursive relationships expressed by equations
(3.2.6) and (3.2.7) by a diagram. Figure 3.4.1 shows that to calculate UD(¢, k — 1 + 2¢),
we need to know the UD-pairs UD(¢ — 1,k — 1 +21), UD(¢ — 1,k — 1 +2.2°1), and
UD(¢ — 1,k — 1 + 3.2°°1). By using Figure 3.4.1 repeatedly, we see that to calculate
’ 2

f‘—l‘ @ ®
k—1 4 9t=1 B=1422-1 k14328

Figure 3.4.1: Recursive relationship between U D—pairs.

UD(2,k+3) we need first to calculate UD(1,k+m) for m = 1,3,5 and UD(0, k+m) for
m =0,1,...,6. Similarly, to calculate U D(3, k+7) we need first to calculate U D(2, k+m)
form = 3,7, 11, UD{1,k + m) for m = 1,3,5,...,13 amd UD(0,k 4+ m) for m =

0,1,2,...,14. These last two statements are represented by Figure 3.4.2. To calculate

k k4+2 ka4 k+ 14

Figure 3.4.2: Dependencies between U D-pairs
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UD(1,k + 1) we need to calculate all the U D—pairs in the triangle in Figure 3.4.2. To
calculate UD(2,k + 3) we neced to calculate all the UD-pairs in the smaller pentagon
in Figure 3.4.2 and to calculate UD(3,k + 7), we need to calculate all the U D—pairs in
the larger pentagon. Figure 3.4.2 can be extended to any arbitrary value of /. From
Figure 3.4.2 we see that if we calculate UD(¢,k — 1 + 2%) for £ = 0,1,2,3 by directly
implementing equations (3.2.6)-(3.2.7) then we will be computing some U D-pairs over
and over again. For example we would calculate the pairs UD(0,k), UD(0,k + 1) and
UD(0,k + 2) once when computing UD(1,k + 1), again when computing UD(2,k + 3)
and a third time when computing UD(3,k + 7). However, it is possible to calculate
U D-pairs in an order that will result in not computing any U D-pair more than once.
The U D-pairs needed for Algorithm 3.4.2 can be calculated (and used) in the following

order.

Algorithm 3.4.3 (Evaluating U D—pairs for Algorithm 3.4.2)
fes )

compute UD(0, k), use it in Algorithm 3.4.2 and store it

do
Jori=10 lo &
forj=k—14+3% to k- 14929282 in steps of size 2
compute UD(1,7) and store it
b=¢+1

compute UD({,k — 1 4 2%), use it in Algorithm 3.4.2 and store it

remove all U D-pairs from storage except the pairs

UD(j, k — 1 + 2% —29), j=0,1,...,¢

until (Algorithm 3.4.2 stops)
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3.4.5 Algorithms for computing R}

One way of computing the matrix Ry is first to compute the matrix Gyy, and then
use either equation (2.7.4) for discrete time processes or equation (2.7.13) for continuous
time processes. However, as mentioned earlier, R; can also be computed by using the
expression (3.3.6) or (3.3.18). In this section we present an algorithm for doing this. The
form of the algorithm is very similar to that given in the previous section for computing
G. This is to be expected since the expressions for R, have a similar form to the
expressions for G.

As was the case for G, when computing R, the same approach can be used for
both discrete and continuous time processes. The only difference is that iji and Bi are
defined by equations (3.3.7)-(3.3.10) in discrete time and by equations (3.3.19)-(3.3.22)
in continuous time.

By considering equation (3.3.6) we can develop the following algorithm for computing

R,.. It is similar to Algorithm 3.4.2 for computing Gy.

Algorithm 3.4.4 (Computing Ry)

=1
R.(0)=U
do
t=0+1
=D xIl

O=0. D=D.
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Ri(0) = R(¢ — 1)+ U x ]
until ( Ri(?) obeys the truncation rule )
L=1§

Ry = Ri(L)

In Algorithm 3.4.4 we calculate ﬁi and 5i+2l+l at the same step. This is because
both quantities involve the same inverse and so it is sensible to compute them together
to avoid calculating the same inverse twice. This can be seen by considering equations
(3.3.7)-(3.3.10). We refer to Ei and Ei-}—?“’l as the UD-pair UD(Z,k). At the end of
Algorithm 3.4.4 we have calculated the ﬁ)—pairs UT)(& k) for ¢ =0,1,...,L and fixed
k. To do this we need to calculate various other U D—pairs ﬁ)(n,m) for n < £. As we
did for the U D-pairs in the case of Gy, we develop a way to compute these quantities
so that m)—pa,irs are not computed more than once. The key to doing this is to store

. - . ! . x FER —¢ —¢
various U D-pairs. To determine which U D-pairs to store note that U, and U e+ are

given by
—¢ — 1t —e-1 —e-1 —e-1 =
Uk = UL Uk+Z[ 1 [I Uk+2 Bl le+3.21_l i Dk+2.2(—lUk+26—l] 9 (-}4())
— —t-1 —t-1 — -1 —0—1 I
Dk+2l+l = Dk+zl+le+31( 1 I Uk+‘22[ 1Dk+32l 1 —Dk+22l 1Uk+2t 1 (-347)

Equations (3.4.6) and (3.4.7) are represented by Figure 3.4.3. From Figure 3.4.3 we
see that to calculate ﬁ)((’,k), we need to know the UD pairs UD(¢ — 1, k), UD(¢ -
1, & +2%=1Y, and TD{#— 1,k + 2951,

t o

(=1 e o o
k k + 9t-1 k4 2.90-1
IYigure 3.4.3: Recursive relationship between U D-pairs.

By appealing to Figure 3.4.3 it can be seen that to calculate 171)(2, k) we need first to
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calculate (777(1, k+m) form =0,2,4 and (jT)(O, k4+m) form =0,1,...,6. Similarly, to
calculate UD(3, k) we need first to calculate (77)(2, k+m) form = 0,4,8, UD(1, k+m) for
m=20,2,4,...,12 and (TD(O, k+m) form =0,1,2,...,14. The last two statements are

represented by Figure 3.4.4. To calculate ITD(l, k) we need to calculate all the U D-pairs

s
2 .

1 g
0 e e o o o o o o

kK k+2 k+4 k+14

Figure 3.4.4: Dependencies between Uf)fpairs

in the second smallest triangle in Figure 3.4.4. To calculate UND(Q, k) we need to calculate
all the U D—-pairs in the smaller pentagon and to calculate U\D(fj, k) we need to calculate
all the m)‘pa,irs in the larger pentagon. It is clear how Figure 3.4.4 can be extended to
any arbitrary value of . Figure 3.4.4 shows that if we calculate UT)([, k) for 8 =10,1,2,3
by directly implementing equations (3.3.7)-(3.3.10) then we will be computing some gD~
pairs over and over again. However, this can be avoided by calculating the U/ D-pairs in
a particular order. The following algorithm outlines the order in which the U D-pairs

should be calculated (and used) in Algorithm 3.4.4.

Algorithm 3.4.5 (Evaluating [/ D—pairs for Algorithm 3.4.4)
£=10
compute (77)(0,/\:), use it in Algorithm 3.4.4 and store it

do
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Jori=0 tol
forj=k+ (2“”’1 = 119 to k 4 2(2H = 1)‘2" in steps of size 2!

compute (/7)(1,]) and store it
{=€+1
compute [77)((’, k), use it in Algorithm 3.4.4 and store it

remove all 177)~paz'7‘s from storage except the pairs

UD(5,k + (297 = 102041}, § =0,1,... ¢

until (Algorithm 3.4.4 stops)

3.5 Expressions for the matrices G and R for QBDs

In the case of a QBD, the expressions for Gy and Rj derived in Sections 3.2 and 3.3
can be simplified by exploiting the homogeneity of the process. When this is done, the
expressions simplify to those expressions given in Latouche and Ramaswami [56].

Consider a discrete time QBD. Due to the homogeneity of QBDs we have that G =

G, Vk > 1. From Theorem 3.2.2 we have

oo [l-1
G =Y [H Ufl] D (3.5.1)
=0 Li=0
where U and D%, are given by
U’ = (I-A))"A, (3.5.2)
D] = [I-=A;)" 4, (3.5.3)
p 4 p p 4 -1 4 p :
U, = [I-Ula DSy — DyiUs] UsenUsae, (3.5.4)
) ) 4 p p =1 4 .
“h = [I-UbaiDiy — DjenUs]” Dieni Die. (3.5.5)

Now it is clear that due to the homogeneity of QBDs, U}, and D{, will be independent
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.
of k. Hence we can set UL = U Vk and then the above equations become

" = =A% (3.5.6)
D = (I-A"'4,, (3.5.7)
7 = [1 U‘D' D“U“]—I(Ug)z, (3.5.8)
& [1 U'D’ 1”)”0"}4(1”)[)2 (3.5.9)

Note that equations (3.5.6)-(3.5.9) are equivalent to equations (16)-(17) in Latouche and
Ramaswami [56]. We can now state the following theorem which appears as Theorem 4.1

in [56].
Theorem 3.5.1 For a discrete time QBD the malriz G is given explicitly by

G-3|Io)o

A ¢

where U and D' are defined recursively for £ > 0 by equations (3.5.6)-(3.5.9).

Latouche and Ramaswami gave a probabilistic proof of Theorem 3.5.1. We used a
generalised version of their proof to prove Theorem 3.2.2.
An expression for G in continuous time can be obtained in a similar way to give the

following theorem which appears as Theorem 7.1 in [56].

Theorem 3.5.2 For a continuous time QBD the matriz G is given explicitly by

G = i[HOUJ (35.11)

p

where

U0° = (-Q)7'Q, (3.5.12)
I = (»—Ql)“’QQ, (3.5.13)

and U° and D° are defined recursively for € > 0 by equations (3.5.8)-(3.5.9).

For completeness we present expressions for R in discrete and continuous time. Their

derivations are obvious. The result for discrete time is presented in Theorem 6.1 of [56].
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Theorem 3.5.3 For a discrete time QBD the matriz R is given explicitly by
2 et (=8 ey
R=3 U [ ][ (3.5.14)
=0 1=0

—¢ —¢ . .
where U and D are defined recursively for £ > 0 by

oy

U = Ao(I-A)", (3.5.15)

D = Ay(F— AT (3.5.16)
ot = @ [1-TD - DT .l (3.5.17)
—{+1

—¢ —~ft ]!
_ (D)Q[I—UD —DU] .
Theorem 3.5.4 For a continuous time (QBD the matrizx R s given explicitly by

et {22) ot
R=> U (][ID (3.5.19)
£=0 §=0

where

U = Q-7 (3.5.20)
= Q.(-0.)", (3.5.21)

—¢ —¢ . :
and U and D are defined recursively for £ > 0 by equations (3.5.17)-(3.5.18).

3.6 Computing G and R for QBDs

It is clear that the algorithms presented so far for computing G and Ry for LDQBDs also
apply to QBDs. However, the simpler analytic expressions for G and R in the QBD case
mean that we can develop much more efficient algorithms. If the algorithms for LDQBDs
are used for a QBD they treat the process as if it is a LDQBD. That is, they completely
disregard the homogeneity of the process which leads to the unnecessary storage of many
matrices. Hence the algorithms presented in the previous sections are not appropriate
for QBDs. In this section we give a detailed presentation of algorithms developed by
Latouche and Ramaswami [56] for computing the matrices G and R for QBDs. Clearly
these algorithms should also be used when analysing LDQBDs that are level independent
above a certain level. Bini and Meini [10] have also developed an algorithm that can be

used to compute G and R for QBDs. The structure of their algorithm is similar to the



Chapter 3. Calculating the matrices G, and R, 49

algorithm of Latouche and Ramaswami. However, it has the additional feature that it
can be used in the analysis of M/G/1-type processes. We give a brief description of their

algorithm at the end of this section.

3.6.1 Computing G
The following algorithm for evaluating G for a QBD was presented in Figure 2 of [56].

Algorithm 3.6.1 (Computing G)

=1
G(0) = D
do
(=041
[I=1IxU

o P
G(t) =Gl — 1)+ I xD

until ( G(£) obeys the truncation rule )
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The above algorithm is more efficient than Algorithm 3.4.2 because it is much easier to
compute the quantities U and D and it does not require the storage of many matrices

as does Algorithm 3.4.2.

3.6.2 Computing R

The form of equations (3.5.14) and (3.5.19) suggest the following algorithm for computing
the matrix R for a QBD.

Algorithm 3.6.2 (Computing R)

¢=0
U=0U,D=D
M=1
R(0)=U
do

(=10+1

[1=D x]]

U =1, b I

R({)=R({ - 1)+ U x[]

until ( R(?) obeys the truncation rule )

b = ¥

R=R(L)
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To apply Truncation rule 3.4.5 in Algorithm 3.6.2 we need to know both a and a
which, as mentioned in Section 3.4.3 are the spectral radius of R and the corresponding
left eigenvector. We now outline a simple method given in Neuts [72] for calculating these
quantities in discrete time.

For 0 < z < 1, let x(z) be the maximal eigenvalue of
A*(l) = A0+ZA1+22A2. (?61)

First consider finding the maximum eigenvalue, o of R. Neuts [72, Lemma 1.3.2] showed
that o is the smallest positive solution to the equation z = x(z) for 0 < =z < 1. If the
QBD is not positive recurrent then z = 1 is the only solution to this equation. If the
QBD is positive recurrent, this equation has a second solution as well as the solution
z = 1. For positive recurrent QBDs it can also be shown that x'(1—) > 1 and hence
it is easy to show that if zp is such that x(zo) > zo then o > zp and if zp is such that
X(z0) < zo then a < zp. Hence a can be found using a bisection search. Using arguments
similar to those used in the proof of Lemma 1.3.2 of Neuts [72], it can be shown that a
is the left eigenvector of A*(a) corresponding to the eigenvalue «. Hence it is a simple
matter to find a once « is known.

To find « and a for a continuous time QBD, we consider the uniformised chain. A
continuous time Markov process with g-matrix @ is uniform if ¢ = sup; —¢;; < oo and
then its uniformised chain is defined to be the discrete time Markov chain with transition
probability matrix equal to %Q + I for r > ¢. Continuous time QBDs are uniform due
to their homogeneity. The uniformised chain for a continuous time QBD has Ay = 1Q,,
Ay = %Ql + I and A, = }QQ Now o and a for a continuous time QBD can be found
using similar methods to those used above for discrete time processes. If we define Q(z)
for0<z<1hby

QR™(z) =Qy+2Q, + 22Qy,
then Q(z) has positive off diagonal elements and negative diagonal elements. For such
matrices there exists analogues of the Perron-IFrobenius results for non negative matrices.
For more details see Theorem 2.6 in Seneta [89]. Using Theorem 2.6 from [89] we can

define v(z) to be the maximal eieenvalue (that is, the eigenvalue with maximum real
X g )

part) of Q™(z).
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Now A™(z) for the uniformised chain is given by

) 1 1 I
A™(z) = ;Qo = 3(7”Q1 + I)+ Zz;Qz
1
= —-Q"(z)+ =1
7,
and hence we have the relationship
l St € v
x(z) = ;x(z) + z. (3.4.2)

It can be shown that the R matrix for the uniformised chain is equal to the R matrix
for the continuous time QBD. Hence from the results for discrete time QBDs we have
that « is the smallest positive solution to z = x(z) for 0 < z < 1. From equation (3.6.2)
this is equivalent to finding the smallest positive solution to ¥(z) =0 for 0 < z < 1. As
before, o can be found by using a bisection search. If zy is such that ¥(zo) > 0 then
a > zg and if zp is such that y(zp) < 0 then a < z5. It can be shown that a is the left
eigenvector of Q™(«) corresponding to the eigenvalue o. Hence once we know «, we can

easily compute a.

3.6.3 LDQBDs that are level independent above a certain level

For a LDQBD that is level independent for level K and above, we have G, = G Vk > K
and Ry = RVE > K. To compute G and R we can use Algorithms 3.6.1 and 3.6.2 re-
spectively. To compute G, 1 <k < I and Ry, 0 < k < K we may use Algorithm 3.4.2

and Algorithm 3.4.4 but these algorithms do not exploit the level independent structure

for levels K and above. I'rom equations (2.6.2) and (2.6.1) we have for a discrete time
QBD that

Ry_, = Al — U,\) (3.6.3)

= AP - AP _ R alFth- (3.6.4)

= AP A~ RAS)! (3.6.5)

which suggests that a way to determine Ry _; would be to first compute R (using Al-
gorithm 3.6.2) and then to compute Ry, using equation (3.6.5). Since equations (2.6.2)

and (2.6.1) say that for any 0 <k < K\,

Ry = ATV - A - R AT (3.6.6)
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a possible method of finding R;,0 < k& < K for a discrete time QBD is to compute R
using Algorithm 3.6.2 and then use equation (3.6.6) to compute Ry _;, Rr_o,... , Ry.

Equations (2.7.1) and (2.7.2) state that for a discrete time QBD, for any 1 < k < K",
Gp=(I - Agk) in Aék)GkH)_lAgk)- (3.6.7)

Hence a possible method for finding Gy,1 < k < K for a discrete time QBD
is to compute G using Algorithm 3.6.1 and then to use equation (3.6.7) to compute

Gl\’—l, G]\’—za s 7Gl'

The above arguments can be summarised by the following algorithms.

Algorithm 3.6.3 (Computing {R;,0 <k < K'})
Compute Ry using Algorithm 3.6.2

fork =K —1 downto 0
Ry= AT — AP - R, Al

Algorithm 3.6.4 (Computing {Gy,1 <k < K})
Compute Gy using Algorithm 3.6.1

for k=K —1 downto 0
Gy = (I - A — APG.) 1 A

Similar arguments to those used above can be applied to continuous time QBDs. We

omit the details.

3.6.4 An alternative algorithm

Recently Bini and Meini [10] developed an algorithm based on FEFT-techniques that
can be used to find the matrix G' for a QBD. Their algorithm also holds for the more
general M/G/1-type process which we will consider in Chapter 6. In the special case of
a QBD, the algorithm of Bini and Meini is similar in both its structure and efficiency

to the algorithm of Latouche and Ramaswami. We do not give a presentation of Bini
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and Meini’s algorithm since to appreciate its structure fully we should present it in the
M/G/1-type context. We note that although in the QBD case its efficiency is similar to
the algorithm of Latouche and Ramaswami, in the case of a M/G/1-type process it is

the most efficient algorithm available.

3.7 Analysis of the algorithms

In this section we discuss certain aspects of the algorithms presented in this chapter.
Algorithms 3.6.1 and 3.6.2 have been discussed in detail by Latouche and Ramaswami
[56]. We give a discussion of the more general Algorithms 3.4.2 and 3.4.4. In particular,
we provide physical interpretations of these algorithms for both discrete and continuous
time LDQBDs. We obtain these interpretations by generalising the interpretations of

Latouche and Ramaswami’s algorithms.

3.7.1 Algorithms for computing G

When Algorithm 3.4.2 stops, we have calculated the UD-pairs UD(¢,k — 1 + 2¢) for
¢ =0,1,...,L and fixed k. If these U D—pairs are computed according to Algorithm 3.4.3
then it can be shown that a total of 4.2 — L — 3 inverses must be calculated. If the
U D-pairs were calculated by directly implementing the recursive equations (3.2.6) and
(3.2.7) then a total of approximately (3/8).5" inverses must be calculated. Note that
with Algorithm 3.4.3, although we have significantly reduced the number of inverses that
we need to calculate, the total number of inverses still increases exponentially with L.
However, for many practical examples only a small value of L is needed. This can be seen
by appealing to the physical interpretations of the explicit expressions for G. We firstly
consider the physical interpretation for discrete time LDQBDs and then we consider

continuous time LDQBDs.

Discrete time LDQBDs

We showed in the proof of Theorem 3.2.2 that |[]Z] Ul_i 2| Dj_i4qe gives the probab-

ility that the process visits level & — 1 after it visits level & — 1 + 2¢ and before it visits
level k — 14 21 given the process starts in level & at time ¢ = 0. That is, this collects

the probability mass of all sample paths that go at least as high as level k — 1 + 2¢ but
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no higher than level k — 1 4 21, before their first return to level k — 1. Therefore, when
we truncate the infinite sum (3.2.9) at £ = L, we only consider sample paths that remain
below level k — 1 + 2Lt Provided L is large enough, these sample paths will contain the
bulk of the probability mass and the remaining sample paths will have very low prob-
ability masses and we can therefore ignore them. Obviously it is possible to construct
processes for which a very large value of L is needed. However, even for relatively small
L (say five or six), we consider paths which move up 64 or 128 levels before returning.
For many physical processes this accounts for most of the probability mass. Hence for
most processes only a moderate value of L will be required and therefore the number of

inverses that we need to compute will not be too large.

Continuous time LDQBDs

We saw in the proof of Theorem 3.2.3 that the matrix G, for a continuous time LDQBD is
equal to the matrix G, for its jump chain. Hence we can say that {Hf;(l) 2-1+2'}Di~—1+2‘
has the same physical interpretation as it did in the discrete time case. All the comments

for discrete time processes made above carry over to continuous time processes.

3.7.2 Algorithms for computing R,

Algorithm 3.4.4 has a similar interpretation to Algorithm 3.4.2. When Algorithm 3.4.4
stops, we have calculated the ﬁ)—-—pairs (713({, k) for £ =0,1,...,L and fixed k. If these
U D-pairs are computed according to Algorithm 3.4.5 then a total of 4.2 — [ — 3 inverses
must be calculated whereas if they are calculated by directly implementing the recursive
equations (3.3.9) and (3.3.10) then a total of approximately (3/8).5% inverses must be
calculated. Hence it is important that the (,’/VDfpa.irs be computed in an efficient manner.

We now give a physical interpretation of equations (3.3.6) and (3.3.18).

Discrete time LDQBDs

In order to give a probabilistic interpretation of equation (3.3.6) we give an alternative

expression for Ry. To do this we define §(k) = inf{n > 0: X(n) € k} and we let I(-) be



Chapter 3. Calculating the matrices G, and R; 56

an indicator function. From equation (2.4.6) we have that

R, =AY S Pk + 1,k +1;7) (3.7.1)
=0
=APS EM(X(r)ek4+1)| X(0)ek+1,X(s)¢ k0<s< 7]
T=0
(3.7.2)
(k)
=APE S I(X(r)ek+1)| X(0) ek +1]. (3.7.3)
F=0
Using this notation, it can be shown that
eid N CRCERS ]
U, =APE Y I(X(r)ek+2Y|X(0)ek+1],
L T=8(k)NS(k+2¢) ] )
(3.7.4)
oS [S(k)AS(k—20t1) 1
D, =APE Y I(X(r)ek—2Y|X(0)ek—1],
| r=6(k)AS(k—2¢) ]
(3.7.5)

and after some manipulation, it can be shown that the ¢th term of the sum in equation
(3.3.6) has the interpretation

S(k)AS(k42¢+1)
AW E S I(X(r)ek+1)| X(0)ek+1]. (3.7.6)
725(1\‘.)/\5(1»“}-2[)

That is, the th term only considers sample paths that have gone at least as high as level
k + 2° but have not reached level k + 2¢%!. Note the similarity between these sample
paths and those included in the fth term of the infinite sum expression for Gj.. As we
mentioned when interpreting the expressions for Gy, for most practical processes only
a moderate value of L is required to include the sample paths that contain most of the

probability mass.

Continuous time LDQBDs
Using similar arguments to those used for discrete time processes we can write Ry as
5(k)

R, = Q"E [/{ I[(X(t)ek+ 1)dt| X(0) e k+1]. (3.7.7)

=0
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To obtain a physical interpretation of equation (3.3.18) we consider the jump chain.

In the proof of Theorem 3.3.2 we showed that

sl =

U,=®U,8;!, (3.7.8)
and

—~¢ "

D, =&,D,®;!,, (3.7.9)

where Ui and Di relate to the jump chain and are given by equations (3.3.7)-(3.3.10)
with A(()k), AE") and Af(zk) given by equations (3.2.13)-(3.2.15).
If we denote the jump chain by X7(¢) then from equations (3.7.4) and (3.7.8) and

since @kA(()k) = Q(()k), we have that

il . S(k)AS(k+2¢+1)
U,=QYE S IX'(r) ek 424 | XT(0) €k + 1| @5}, (3.7.10)
T:J(k)/\t&(l\?-{—?')

Now the expectation in equation (3.7.10) calculates the expected number of visits to level
k + 2¢ by the jump chain, before the jump chain reaches level k or level k + 2%, given
the jump chain starts in level £ + 1. Hence the product E['](D/:izl in equation (3.7.10)
gives the “expected number of visits by the jump chain to level k& + 2¢ (subject to the
restrictions described above), multiplied by the expected time spent in level & + 2¢ per
visit.” Clearly this is equivalent to observing the continuous time process and calculating
the expected sojourn time spent in level k 4 2¢. Therefore we can write

[ pS(k)AS(k+20FT)

U. = QWE / I(X(1) €k +28dt| X(0) e k+1|. (3.7.11)

t=6(k)AS(k+2¢) ]

Similarly we can show that

—¢ %) [ 8(k)AS(k—2¢+1) t :
D, = Q(z E / H((\’(t) €k — 2%)dt | X(0) ek —1]. 3.9.12)
L t=8(k)NS(k=2¢) ‘

Equation (3.3.17) states that Ry = @kRi(I),:il where R',i is the R, matrix for the
jump chain. Hence by using equation (3.7.6), we can show that the fth term of (3.3.18)

has the interpretation

k S(K)AS(k+20+1) |
'

=5(k)AS(k+20)
Hence the fth term of (3.3.18) also considers only sample paths that have gone at least

as high as level & + 2 but have not reached level k + Pl



Chapter 3. Calculating the matrices G, and R; 58

3.7.3 Storage

Storage is also an issue when using Algorithms 3.4.2 and 3.4.4. The various U D—pairs
and (jf)—pairs needed for these algorithms are evaluated using Algorithms 3.4.3 and 3.4.5
respectively. Both these algorithms require the storage of a large number of matrices.
We will show that Algorithm 3.4.3 can be modified so as to reduce the storage space
required. The discussion we will give can be easily adapted to Algorithm 3.4.5.
Consider the do loop of Algorithm 3.4.3 for £ = 1. From the previous iteration of the
loop we will have the U D-pairs UD(0,k + 2) and UD(1,k + 1) in storage. In the loop

we proceed in the following order.

1. Compute and store UD(0,k 4 3), UD(0,k + 4), UD(0,k +5). UD(0,k + 6),

o

Compute and store UD(1,k + 3), UD(1,k + 5).
3. Compute and store UD(2,k + 3).
4. Remove all UD-pairs except UD(0,k +6), UD(1,k +5), UD(2,k + 3).

Note that after step 1 we have UD(0,k+7¢) ¢ =2,... ,6 and UD(1,k + 1) in storage.
After step 2 we have added UD(1,k +3) and UD(1,k +5) to the storage space. It is not
necessary to have all these U D-pairs in storage at the same time. To see this, note that

steps 1 to 4 can be performed as follows.

1. Compute and store UD(0,k + 3), UD(0,k + 4).

Do

Use UD(0,k + ¢) ¢ = 2,3,4 to compute UD(1,k + 3).

3. Remove UD(0,k + 2), UD(0, k + 3) from storage and keep UD(0,k + 4).
4. Compute and store UD(0,k + 5), UD(0,k + 6).

5. Use UD(0,k +¢) ¢ =4,5,6 to compute UD(1,k + 5).

6. Remove UD(0,k +4), UD(0,k + 5) from storage and keep UD(0,k + 6).
7. Use UD(1,k + €) € = 1,3,5 to compute UD(2, k + 3).

8. Remove UD(1,k+1), UD(1,k+3 from storage and keep U D(0, k+6), UD(1,k+5),
UD(2,k + 3).
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By following the second sequence of eight steps we will always have less U D—pairs in
storage than we would if we were to follow the first sequence of four steps. By extending
the above argument to larger values of ¢, the storage space required by Algorithm 3.4.3
can be reduced significantly.

Obviously even by implementing the algorithms so as to minimise the amount of
storage required, 1t is still possible for some processes to require an excessive amount
of storage. Hence the algorithms we have presented may not be applicable to some
processes. However, they are amenable to a large range of problems. In Chapter 4
we will discuss how we can use the algorithms as part of a procedure for calculating
the stationary distribution of LDQBDs, and in Chapter 5 we apply this procedure to a

variety of examples.



Chapter 4

Calculating the stationary

distribution for LDQBDs

4.1 Introduction

In this chapter we present algorithms for computing the stationary distribution for a
LDQBD. The majority of what we present here has appeared in two previous works by
the author (see Bright and Taylor, [12] and [13]). However, we give a more detailed
presentation here.

In Chapter 5 we will apply the algorithms presented in this chapter to a variety of
problems. Since the examples we consider there are continuous time processes, we present
the results in this chapter for continuous time processes. All the results we present have
analogues in discrete time and we state these, without proofs, at the end of the chapter.

QBDs have been used to model systems such as queues in a random environment,
high speed communication systems, database systems and multiprogramming systems.
Nelson [66] computed the stationary distribution for a parallel processing system and
used it to show that the number of jobs concurrently in execution grows linearly with the
load of the system. Latouche [54] modelled a multiprogramming-multiprocessor computer
system as a QBD and provided an algorithmic technique for computing the stationary
probabilities. Zukerman [98] modelled a hybrid switching system as a QBD and used the
stationary distribution to compute the average delay in the system. Neuts [69, 67], and
Zukerman and Kirton [99] also modelled systems as QBDs and computed the stationary

probabilities. Since LDQBDs are a generalisation of level independent processes, they

60
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enable us to model a wider class of problems. For example, the PH/M/1 queue (i.e
the single server queue with a phase-type arrival process) can be analysed using a QBD
whereas the PH/M/oo queue can be analysed using a LDQBD. Similarly, LDQBDs
enable us to model infinite server queues in a random environment rather than just
single server queues. Various types of retrial queues can be modelled as LDQBDs as can
a number of bivariate queueing models. LDQBDs also enable us to model more complex

5 we will discuss in

communication systems and multiprogramming systems. In Chapter
more detail the variety of problems that can be modelled by LDQBDs.

The stationary distributions of QBDs have been dealt with widely in the literature.
Evans [22] and Wallace [94] were the first to show that the stationary distribution for
a QBD has the so called matrix-geometric form @, = x,_1R. They also proposed
various methods for computing numerical values of the stationary distribution. Neuts
[68] showed that the stationary distribution for GI/M/1-type processes also has the
matrix-geometric form and he gave a probabilistic interpretation of the matrix R, [71].
Following Neuts’ work, many contributions have been made to the literature. Recently
Latouche and Ramaswami [56] developed a logarithmic reduction algorithm that can
be used to calculate the stationary distribution. The computational complexity of this
algorithm is significantly less than that for previously existing algorithms. An algorithm
developed by Bini and Meini [10] which is also applicable to the more general M/G/1-
type process can also be used to compute the stationary distribution for a QBD. The
computational complexity and structure of this algorithm is similar to the algorithm of
Latouche and Ramaswami.

The special case where the LDQBD has a finite state space has also received significant
attention in the literature. This occurs when for some K, Q(()K) = 0 and Q(()k) = Q(lk) =

gk) = 0Vk > K + 1. Hajek [34] initially considered QBDs on a finite state space
and recently Naoumov [65] developed an algorithm that appears to be the most efficient
currently available. Gaver, Jacobs and Latouche [29] developed a general method for
LDQBDs on a finite state space and Ye and Li [97] have developed a computationally
efficient algorithm for the case where the generator is piecewise level independent. In
the level dependent case on an infinite state space, as far as we know, the problem of
calculating the stationary distribution has not been addressed. The algorithms we present,

for LDQBDs are based on the algorithms presented in Chapter 3 for computing the
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matrices Ry;. As mentioned in Chapter 3, the algorithms presented there are extensions
of Latouche and Ramaswami’s logarithmic reduction algorithm.

We begin the chapter by giving an explicit expression for the stationary distribution
of a continuous time LDQBD. Following this we propose a general method for computing
the stationary distribution for continuous time processes and we then consider a number
of special cases where a more sophisticated approach may be adopted. At the end of the

chapter we give a statement of the corresponding results for discrete time processes.

4.2 The stationary distribution of a continuous time
LDQBD

In Chapter 2 we showed that the stationary distribution @ = (&g, @;,...) for a positive
recurrent continuous time LDQBD has the form @y = @,_; Ry_,,k > 1. For the rest of
the chapter we will assume that X(t) is positive recurrent. In Chapter 3 we discussed
how to calculate the matrices Ry but we have not yet discussed how to find the vector
xo. The following theorem states how to find @ for a positive recurrent continuous time

LDQBD and gives a closed form expression for the stationary distribution @,k > 0.

Theorem 4.2.1 [f X(t) is a continuous time positive recurrent LDQBD then ils sta-

tionary distribution x is given by

k-1
x), :il)()HRg k>0 (4.2.1)
=0
where the matrices Ry, are defined in Chapter 2 and xq is a positive solution to
930(Q§0) + ROQ'(zl)) =10 (4.2.2)

such that

oo

o] k—1
To ) l Rg] e=1. (4.2.3)
0

k=0 Li=
Proof: Equation (4.2.1) follows directly from equation (2.4.9). Ior a continuous time

LDQBD we know from the global balance equations that @y and @, satisfy

|
.’U()Q(lu) + iLlQ(z Ve 10



Chapter 4. Calculating the stationary distribution for LDQBDs 63

which upon substituting @, = xRy becomes
2o(Q\" + RQY) = 0. (4.2.4)

Theorem 2.8.1 guarantees that equation (4.2.4) has a positive solution such that (4.2.3)
holds. Equation (4.2.3) guarantees that 2> xe = 1 so &, must be the stationary
distribution. 0

We can only calculate the infinite sum in (4.2.3) if we know {R;,k > 0}. This is
rarely the case since the R, matrices can usually be found only numerically. Hence
we must calculate a truncated sum. If we define [zx(K™)];, 0 < &k < K™ to be the
stationary probability that X (¢) is in the state (k, ) conditional on X (¢) being in the set
{(k, )]0 <k < K*,1 <3< M(k)} then it is clear that @x(K™), 0 < k < K* is given by

zi(K*) = zo( K™ H R, 0<k<K~ (4.2.5)

where xo( L) satisfies (4.2.2) and

K* Th=1

K1Y, [H Rg] g= 1, (4.2.6)
k=0 L¢=0

Note that @ (/™) is not the invariant measure of a truncated process, rather it is the

invariant measure of X(t) for level k, normalised over the states in and below level K™.

We discuss this in more detail in Section 4.3.

It is obvious that V A* > 0, (/™) is an upper bound for @;. So we have

xr < xp( k) VR >0 (4.2.7)
and
o = lim @ K”) Vk >0 (4.2.8)
K*—o00

where the inequality and the limit hold elementwise. Provided we take K™ large enough,
we hope to have @ (K™*) = x;. The question of finding a sufficiently large value of K™

will be considered in Section 4.4.

4.3 Calculating x;(K") for a given value of K*

Assume K* is given. The following theorem gives a starting point for considering this

situation.
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Theorem 4.3.1 The vector (K™) = (xo(K™*), & (K™),... ,xx(K*)) where x(K™) is
given by (4.2.5) is the stationary distribution for the irreducible Markov process on the

state space {(k,7): 0 <k < K™, 1 <3 < M(k)} with g-matrizc Q(LK™) given by

QP Qp
ol - o
Q(K™) = (4.3.1)

K*-1) (F2=1) (K*—1
Q" Q' %)

where U i« is given by equation (2.6.9).

Hence ©(K™) is the unique solution to the system of equations

2(A*)O(K*)=0 (4.3.2)
subject to

K*

Y & B*je = 1. {4.3.3)

k=0

Proof: The process with q-matrix Q(/A™) has an interpretation as the original LDQBD
on the infinite state space observed only at time points where it is in levels less than or
equal to K'*. To see this recall from Chapter 2 that, U g+ is the q-matrix for the original
LDQBD observed only at time points where it is in level 1'™*, before it visits level K™ — 1
for the first time.

From Markov chain theory we have that the unique solution to equation (4.3.2) subject
to (4.3.3) is the stationary distribution for the Markov process with g-matrix Q(h™). The
proof is completed by using equation (2.5.4) to verify that @y (™) given by (4.2.5) satisfies
equation (4.3.2). 0J

It is clear that Q(N'™) has negative diagonal elements and non negative off diagonal
elements. Furthermore, Q(A™*) is an irreducible matrix. To show that Q(K™) is a q-

matrix, we need to show that Q(h™*)e = 0. This is clearly the case provided (Qg\ i
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Ugk+«)e = 0. Now provided the LDQBD is positive recurrent we have that Gy« e = e

so from equation (2.7.8) we have

Q) + Uge (4.3.4)
= (@Y7 + @ 4+ Q@ Ggep1)e (4.3.5)
=0. (4.3.6)

From equation (2.6.9) we see that to calculate Uk« we need to know Ry.. Hence if
we calculate Ry« using Algorithm 3.4.4 then from Theorem 4.3.1 we can calculate (™)
by solving (4.3.2) subject to (4.3.3). There are a number of numerical methods available
to do this. The Gauss-Seidel scheme is an often used iterative approach.

In Bright and Taylor [12], [13] the authors computed (/™) by computing {R;,0 <
k < K* — 1} and then using equation (4.2.5). This method is equivalent to the method
proposed by Gaver, Jacobs and Latouche in [29]. The algorithm presented there is es-
sentially an implementation of block Gaussian elimination (or block LU decomposition).
Gaver, Jacobs and Latouche also gave a probabilistic interpretation of their algorithm.

In the case where Q(K™) has the form

(0) (0)
1 0

Q,(1) Q(1) Q1)
Qy(1) Q,(1) Q1)
Q(L™) = (4.3.7)

Q,(N) Q,(N) Q(N)

(K*) (K*)
Qy Q)
the g-matrix Q(A™™) is piecewise level independent. That is, the levels 1,2,..., A" — 1

can be divided into N groups of levels such that the behaviour of the process is level
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independent within each of these groups. In this case the folding algorithm of Ye and Li
[97] exploits the piecewise level independence of Q(K™). Their algorithm in the piecewise
level independent case is more efficient than that of Gaver, Jacobs and Latouche [29]. In
the case where the transition rates ka),i =0, 1,2 change at every level k, the algorithms
of Ye and Li and Gaver, Jacobs and Latouche are equivalent.

There are a number of additional methods for solving £ Q(K™) = O for the case where

Q(K™) has the form

R gf
1
QY @ Q,

Q(K™) = . (4.3.8)

Q) Qi
Here the matrix Q(K™) essentially represents a QBD on a finite state space with some
level dependence at the boundaries. Hajek [34] initially considered g-matrices of the
form (4.3.8) and showed that x(K™) can be written as the linear combination of two
matrix-geometric terms. Recently Naoumov [65] refined Hajek’s expression for (™).
To compute the matrix-geometric terms in Naoumov’s expression for &( A™*) requires the
solution of two matrix quadratic equations. A possible way of doing this is to use the
algorithms of Latouche and Ramaswami [56] or Bini and Meini [10]. However, Naoumov
has developed an alternative algorithm for doing this. Although his algorithm is similar
in structure to both the algorithm of Latouche and Ramaswami and that of Bini and
Meini, his algorithm is slightly more efficient.

In the rest of this chapter we will compute @, (LK) as we did in [12] and [13]. That
is, we will compute {R;,0 < k < K™ — 1} and then use equation (4.2.5). Note however
that we do not claim that this is the most efficient method. Indeed, although this
method is numerically stable for a wide range of parameter values, in some cases it is
subject to underflow and overflow errors. In such cases alternative methods may be more

appropriate.
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In the case where K™ is sufficiently large, ( A'*) is an approximation to the stationary

distribution for the LDQBD with g-matrix (2.2.2). This is because

K" k-1 oo [k=1
[H Rg} ey [H Rg} e (4.3.9)
k=0 Le=o
and so xo(K*) calculated via (4.2.5) is approximately the same as xo calculated via
(4.2.1).

An alternative method for computing the stationary distribution for a LDQBD is
to truncate the LDQBD to a finite state space. Neuts and Rao [74] used this method
to compute the stationary distribution for a multiserver retrial queue. They also pro-
posed another more efficient method for approximating the stationary distribution for
the particular class of model they considered. We now describe how to apply the trunca-
tion method and the differences between it and our approach. Until now the truncation
method has been the only available method of analysis.

Given a LDQBD with g-matrix (2.2.2), an approximation @ to the true stationary

distribution & can be obtained by solving the equation
$Q =0 (4.3.10)
subject to &e = 1 where Q has the form
Q" Qf
1 1 1
QY @ Qy

Q= (4.3.11)

- (K
with Q(l ) given by

2 (R) v N oy iy
@, =47+ @ (4.3.12)
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or

s (R) & E 5
Q. = Q™ + diag(Q\Me). (4.3.13)

The value of K in the above must be chosen so that the amount of probability mass
that is lost due to truncation is minimal. In the first truncation method where Qﬁm is
given by equation (4.3.12), the transition rate from phase ¢ in level K to phase j in level
I + 1 in the LDQBD on the infinite state space, is redirected to phase j in level A. In
the second truncation method where Q(lm is given by equation (4.3.13), the transition
rate from phase 7 in level K to phase j in level K +1 in the LDQBD on the infinite state
space, 1s set to zero.

Both the truncation methods are significantly different to the process with g-matrix
Q(LK™) given by (4.3.1). The process truncated according to (4.3.12) assumes that as
soon as the original LDQBD reaches level K™ + 1, it immediately returns to level '™,
without changing phases. The process truncated according to (4.3.13) assumes that the
original LDQBD never reaches the set {(k,j) : k > K*,1 <3 < M(k)}. In contrast, the
process with ¢q-matrix Q(A™) given by (4.3.1) is a process on a finite state space, but it
includes all relevant information about the original LDQBD on the infinite state space.

To calculate @ (K*),0 < k < K™ using equation (4.2.5) we need to know Ry, 0 <
k < K* —1. We saw in Chapter 3 that we can compute these matrices by using Al-
gorithm 3.4.4. However, to calculate {R;,0 < k& < K™ — 1}, it is not necessary to use
Algorithm 3.4.4 repeatedly. From equations (2.6.10) and (2.6.9) we have

R, = Q{)k)(*UkJrl)_l (4.3.14)

= g o - (4.3.15)

So a possible method for calculating {R;,0 < & < K™ — 1} is to use Algorithm 3.4.4
to calculate Ry+_; and then use equation (4.3.15) to calculate Ry«_y, Ry+_3, ..., Ry. In

order for the recursion (4.3.15) to be stable we require that the inverses contain non

negative elements. The following theorem states that this is indeed the case.

Theorem 4.3.2 For continuous time LDQBDs the matriz (=Uy)~" has non negative

elements.

Proof: In the proof of Lemma 2.6.2 we showed that [(=Uy)™'];; is the expected total

sojourn time in state (k,j) before the process reaches level k — 1 for the first time, given
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the process starts in the state (k,7). Hence (—=U})~! has non negative elements. U
An algorithm for calculating {xx(K*), 0 < k < K*} for a given value of K™ is as

follows.

Algorithm 4.3.1 (Calculating xx(A™),0 < k < K™ given K'™)
Calculate Ryc-_y using Algorithm 3.4.4
Recursively calculate Rp«_o, Ryc«_3, ..., Ry

Solve o( K*)(Q® + RoQi)) =0

subject to xo(K*)e =1

for k=1 to K* do
a:k([(*) = a:k_l(]\"*)Rk_l

Normalise xo( K*), &1 (K*), ..., xp(K™)

subject to Y°F _y @ (K*)e = 1

4.4 Choosing a value for K*

When calculating {zp(K*), 0 < k < K*} we want to find a level K such that the
stationary probability of being in a state above level K* is approximately zero. In some
special cases it is possible to calculate K™ a priori. In this section we firstly discuss a

general method for calculating '™ and then we look at some special cases.

4.4.1 A general method

If X(¢) is positive recurrent then @x(A™),k > 0 is an upper bound for the stationary
distribution. By choosing K™ very large, @ ( k) will hopefully give a close approximation
to the stationary distribution. However, as A™ increases, so does the computational effort
required to calculate a, (™). To see this, recall from Theorem 4.3.1 that xp (™) is the
stationary distribution for the Markov process on the finite state space {(k,7):0 <k <

K*,1 < j < M(k)} with g-matrix given by equation (4.3.1). Hence, as K™ increases, the
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finite state space increases in size and hence does the computational effort required to
compute x,( ™). Therefore it is desirable to determine a value of K™ that is sufficiently
large to obtain a close approximation but not too large so as to require an excessive
amount of computation.

A simple approach to finding a value of K™ consists of trying various values of K™
until we obtain one that is satisfactory. It is certainly possible to do better for some
LDQBDs and we will consider such cases in later sections. However, for most processes

of physical interest, the following algorithm will halt at a suitable value of K.

Algorithm 4.4.1 (A general method for calculating x.(K™),0 <k < K'™™)
Set K7y, equal to an initial guess for K~
Calculate . (K7,),0 < k < K, using Algorithm 4.3.1

do
Choose K, such that K, > K,
for k=0 to K}, do
Tp( W) = (K a)
fO’I' k - [\';ld + 1 to [\/;:ew dO

w}\,( I"7:ew) = ml\»_l ( [\,:;.C'UJ )Rl\-_l

7%

Normalise ®o( K}, ), 21 (K2,,)s .y 2 (K7,,)

new

subject to S _pxn(K*)e =1

u'nt'll ( max ([I a:/\'(l\’v,:cu;) Bl (Ek(]\’:],[) H”L!!l’) < (>

k:0<k<KY,

The stopping criterion in Algorithm 4.4.1 states that if the changes in the values of
the vectors &, (A*),0 < k < N7, are sufficiently small, then the current value of K™ is

sufficient. We hope that by choosing A in this fashion that we will find a value of K™
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such that &, ~ 0 V& > K™. It is certainly possible to construct LDQBDs for which this
is not the case. However, for most LDQBDs that arise in practice, the method will work.

We note that the matrices ng), Q(lk) and Q(zk) must be expressible in some parametric
form. Indeed this is necessary if a process is to be analysed using a computer. It would be
very difficult, if not impossible, even to input into a computer the parameters of a process
involving a large number of unrelated ka) matrices. By considering the parametric
form of the matrices ka), it should be possible to tell if the value of K™ found by
Algorithm 4.4.1 is accurate. For the above reasons, careful consideration must be given

to the structure of the LDQBD when using this method to find A™.

4.4.2 LDQBDs on a finite state space
If we put Q™) = 0 and ng) = Q(lk) = Q(()k) =0VEk > K +1 then X(¢) is irreducible
on the state space {(k,j): 0 <k < N,1 <j < M(k)} so we have a LDQBD on a finite
state space. Therefore if @ = (xo,...,2x) is the stationary distribution of X(¢) then
z, = xx(K), 0 <k < K. That is, we have K* = K.

From Algorithm 4.3.1, our first step in finding @4,0 < k < K is to find Ry _;. From
the physical interpretation of Ry, it is clear that Rx = 0 and hence from equation
(4.3.15) we have that Rx_; = QE)A—_I)(—QEK))‘I. An algorithm for computing @ ( /™)

is as follows.

Algorithm 4.4.2 (Finite state space)
- W)=
Rg1 =@ (- Bt
Recursively calculate Ry _o, Ry _5, ..., Ry

Solve :UU(Q(IU) + RUQ.(ZI)) =

subject to xge = 1.

fork=1te K do

Ty = B Ry
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Normalise ©g, @1, ..., T, such that Zi:o Tae=1

In the case of a finite state space, our algorithm is equivalent to the continuous time
algorithm presented by Gaver, Jacobs and Latouche [29]. Gaver, Jacobs and Latouche
considered the matrices Cy, 0 < k < K defined by Cx = Q(IK) and C, = Q(lk) +
ng)(~C'k+1)_1ng+l),I\’ —1 >k > 0. They show that the stationary distribution is

given by
=
zr =20 [[ QP (~Cen)™!  0<k<K (4.4.1)
where x is the solution to
&aClo =10 (4.4.2)
such that

woz HQO —Co) Me=1. (4.4.3)
k=0 L=

It can be shown that the matrix Cy is equal to the matrix Uy, 0 < k < K. To see this

recall that

U= QY + R@Q\. (4.4.4)

Since Ry = 0, we have that
Ux = Q) (4.4.5)
= Cg. (4.4.6)

Now assume that Cj = U holds for arbitrary 0 < k < I and consider Cy._;.

Cin = QF Y+ "(-Ch) Q! (4.4.7)
= @ e -l (4.4.8)
= QY+ R QY (4.4.9)
= U (4.4.10)

where the second last equality follows from equation (2.6.10).
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Given this expression for Cy, we have that

QY (~Crp)™ (4.4.11)
= QP (~Ups)™ (4.4.12)
= Hy (4.4.13)

from equation (4.3.15). So equations (4.4.1) and (4.4.2) reduce to equations (4.2.5) and
(4.2.2) and hence the two approaches are equivalent.

Gaver, Jacobs and Latouche showed that Qg)k)(_ék_*.])_l is the counterpart to Neut’s
rate matrix R for an infinite level independent QBD. Hence their solution is in some
way related to Neut’s matrix-geometric solutions. A consequence of our approach is
that it shows directly that the case of a finite state space LDQBD fits directly into the

matrix-analytic structure of infinite LDQBDs.

4.4.3 LDQBDs that are level independent above a certain level

Neuts [72] considered LDQBDs that are level independent above a certain level. The
approach there also uses xp = :cK(RK)k‘K to find @4, & > K which is what we obtain

from equation (4.2.1). To find x;, 0 < k& < K for a continuous time process, Neuts solved

2, Q) +2,Q" = o, (4.4.14)
QW + 2@ +2:.,QY = 0 0<i<K-—2,  (44.15)
2 1QF ™ + 2k QY + 2 R QN = 0, (4.4.16)
I\E_:la:ie+a:,\r-(l~R1\v-)“le = 1, (4.4.17)
=0

That is, Neuts solved the global balance equations for the process. This does not highlight
the matrix-analytic structure of @, for k < K. A nice property of our method is that it
shows that @, has a matrix-analytic form for all 0 < k < K.

In this particular case, it is possible to determine if X (¢) is positive recurrent and to
determine the stationary distribution exactly. As mentioned in Chapter 2, Section 2.8,

X (t) is positive recurrent if and only if #Qpe < wQ,e where Q = Qo+ Q,+Q,and 7
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is the solution to wQ = 0 such that we = 1. If X (t) is positive recurrent then

oo [k—1
xo > [H RgJ e (4.4.18)

k=0 L¢é=0
K k-1 K
= &g [Z [I R+ ] Ru(f — Ri) e (4.4.19)
k=0 ¢=0 =0
< o0 (4.4.20)

and the stationary distribution can be calculated exactly using equation (4.2.1). This is
one of the few cases where this is possible. A similar argument can be applied in discrete
time. Since X(t) is a level independent QBD for levels K and above, we should calculate

Ry via Algorithm 3.6.2. An algorithm for this case is given below.

Algorithm 4.4.3
Calculate Ry via Algorithm 3.6.2
Recursively calculate Ry _y, Rk _2, ..., R

Solve 2o(Q\” + RoQ%) = 0
subject to xg [Z,{_‘;O 1 R +11E, (I - Rl\»)“l] e=1

Calculate xy, k > 0 according to equation (4.2.1)

4.4.4 Choosing K* by constructing a dominating process
In this section we consider LDQBDs for which the following condition holds.
Condition 1 : V k,7 37 such that [Ql(zk)];’j > 0.

If Condition 1 holds, then at any phase at any level, X({) moves down to a phase in
the level below according to some positive rate. Note that this class of processes is a
non-trivial class. For example, infinite server queues and some bivariate queueing models
we will consider in Chapter 5 have this property when modelled as LDQBDs.

In choosing a value for A" we want

00

Y. lp<i (4.4.21)

k=K*+1
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where ¢, = x;e i1s the marginal stationary probability of being in level k. Suppose we
consider a birth-death process Y(¢) on the state space {0,1,2,...} with transition rates

G(k,7) and stationary distribution €. If we can construct Y (¢) such that

then a possible method of choosing K™ is to take K™ to be the smallest value of K such

that
5, b<e (4.4.23)
k=K +1
If we take
@(kvk‘+’l):=[(28ﬁe]qu k>0 (4.4.24)

where [v]nin and [V] ., are the minimum and maximum entries of the vector v respect-
ively, then provided the stationary distribution £ exists, we expect that (4.4.22) will
hold since intuitively Y (¢) will have more probability mass in its tail than the original
LDQBD. Since Y (t) is a birth-death process, if the stationary distribution exists, we have

%) [e%9) k=1 ¢ -
3 d= 3 /?OHMI—) (4.4.26)

p=KL pefgl  den O+ 1,7)
A sufficient condition for the stationary distribution to exist is q(7,7 + 1)/q(j +1,7) <
a < 1Vj>J for some J since then the terms in the infinite sum will be bounded above
by a geometric series. In this case we have
0 o =B 2 27w i Fm g g
£ & - tous § e g

k=K*+1 k=N*+2 j=0

oo

€+ ¢ Z e il

k=NKN*+2

: 6(1 ia)'

IA

So in this case we have an upper bound on 3277 -, € and the smaller « is, the smaller

the bound will be. Intuitively we expect that

i: € <

k=NK+1

C

| —
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so we can say xi(K™) is approximately equal to the stationary distribution of being in
level k. In other cases more detailed analysis of X(¢) may be necessary to determine if
this choice of K™ is sufficiently large for @,(K™) to approximate x;. At the very least,
(™) can always be interpreted as an upper bound for the stationary distribution.

(k)

As mentioned previously, the matrices Q;

./ must be expressible in some paramet-
ric form. If this parametric form is simple, it may be possible to obtain an analyt-
ical expression for 3°72, ., ¢i and it is then straightforward to find a value for A™.

When we don’t have an analytical expression for ¢, we can still compute the quant-

ity {€x(K),0 <k < K} given by

PRy =B [[ 2L jarek, (4.4.27)
where #5(K) is found using Zf:o ((K) = 1. It is clear that for any K > 0, we have
Zk(k) >0, V0<k<K and ik(oo) = {;.. We can then choose K™ to be the smallest
value of K such that €~1\'-(1\") < €.

The reasoning behind this choice of K™* is as follows. Firstly, if €x.(K*) < ¢ then
we expect that £« < € so the stationary probability that X(¢) is in level K™ is small
(according to some tolerance €). We want K™ such that the stationary probability that
X(t) is in level K* 4 1 or above is small. So when we choose K™ in this way, we assume
that if the stationary probability that X(¢) is in level K™ is small then the stationary
probability that X (¢)is in level A" +1 or above is also small. We hope that this will be the
case but there will be situations where this will fail to hold. Hence careful consideration
must be given to the structure of the matrices ka) before we apply this method.

The discussion we have presented so far gives some justification for finding K™ by
constructing the birth-death process Y (¢). However, it is certainly desirable to give a
formal mathematical justification for this choice of K™, It seems that a direct approach
is difficult and hence we choose to consider stochastically dominating processes. In order
to do this we present some results on stochastic orderings and stochastic domination. We

illustrate some of the concepts by considering a birth-death process.

Some theory of stochastic orderings

The key definitions and theorems that we state here are taken from Massey [63]. We also

cite Stoyan [91] and Smeitink [90] as further references on stochastic orderings and their
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applications.
Let < indicate a partial order and < indicate a quasi-order. For a set S, < is a partial

order on S if
(1) s Xs Vs € 5;

(i) s Xt and ¢t < s imply s = ¢;
(ifi) s <t and ¢t < u imply s < u,

and < is a quasi-order on S if

(1) s < s is false Vs € 9;

(i) s <t and ¢ < w imply s < u.

Ross [88] states that given a quasi-order <, a partial order < can be defined by
xZyifandonly ifz <yorz=y. (4.4.28)

Consider the set & = {0,1,2,...} which is the state space for a birth-death process.
We can define a partial order X on § by k <X 7 if k < j. If we define the quasi order < by
k < j if k < j then we can define a partial order < according to (4.4.28) and this partial
order will be equivalent to the partial order defined by k < j if & < 5.

If S is the state space of a stochastic process and is endowed with a partial order,

then for any subset I' of S, define

I'M = {yla < y for some z € I'}.

['is then said to be an increasing setif I' = I'T. For the partial order <on & = {0,1,2,...}
defined by k < j if £ < j, the increasing sets are of the form {k,k+ 1,k +2,...}.
The following definition is equivalent to a definition given in Massey [63]. The defini-

tion is obtained from that of Massey by noting that any monotone function can be written

as a linear combination of indicator functions of increasing sets.

Definition 4.4.1 Let y and y be probability density functions on a partially ordered sel
S. Then y stochastically dominates y (written y <, y) if for all monotone functions
f(.):S—= R

YTyl < D0 f()[Y)a (4.4.29)

nes nes
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Definition 4.4.2 The process X(t) with state space S and density function x(t) stoch-

astically dominates the process X (t) with state space S and density function x(t) if

z(0) <, =(0)

&8

= z(t) <, &(t) Viz0. (4.4.30)

If X’(t) stochastically dominates X (t) then equation (4.4.30) holds Vt = 0 so we can take

the limit as t — oo of both sides of the inequality and obtain

r <,z (4.4.31)

provided the stationary distributions & and & exist.

The following theorem is based on Theorem 5.3 in Massey [63].

Lemma 4.4.1 Let X;(t) and Xy(t) be uniform Markov processes on the state space S
with transition rates qi(1,7) and qa(i,j) respectively (ie for m = 1,2, 35 qm(1,7) is
bounded ¥ j). If < is a partial order on S then Xy(t) stochastically dominates X,(t) if
and only if for all z <y in S and all increasing sets T', the following hold

fzyel, Y alx,2) >3 qly,2) (4.4.32)
z¢ " z¢

and

fe,yd U, Y ale,2) <Y qly, 2). (4.4.33)

zel zel’
Brandt and Last [11] extended Lemma 4.4.1 by removing the requirement that X, () and

X3(t) be uniform. For convenience we state this as a lemma.
Lemma 4.4.2 Lemma 4.4.1 holds for non-uniform X (t) and X,(t).

To illustrate the use of Lemma 4.4.2 we let X (t) and X,(¢) be birth-death processes
on & = {0,1,...}. Defining = by k 2 if k& < j, the increasing sets are of the form
{k,k 41,k +2,...}. By considering conditions (4.4.32) and (4.4.33), it is clear that for

any birth-death process Xi(t), provided we choose qa(k, j) such that

Gk 4+ 1) >k k+1) E2>0 (4.4.34)
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and

gk k= 1) < qu(k,k=1) k=1, (4.4.35)

then X,(t) will stochastically dominate X;(t).

We now return to the question of finding K. Firstly we observe that the marginal
probabilities ¢, for the LDQBD X (¢) can be thought of as the stationary probabilities for
a birth-death process. Call this birth-death process Y(t). One way of showing that the
condition (4.4.22) holds is to show that Y (t) stochastically dominates Y (¢). A possible
way to do this is to use Lemma 4.4.2 but this would require knowing the transition rates
for Y(t). Since we don’t know these transition rates, we instead consider the original
LDQBD X(t). We attempt to construct a LDQBD X(t) that stochastically dominates
X(t) and such that its marginal probabilities are given by f. From the results for
stochastically dominating processes, we can then conclude that (4.4.22) holds.

We note that if we can show that X(t) stochastically dominates X(t) then we are
showing a much stronger result than we actually need. This is because stochastic domin-
ation is essentially a time dependent result whereas the condition (4.4.22) is a stationary
result. However, it is still worthwhile investigating if X(t) does stochastically dominate
X(t).

It is simple to show that the probabilities () are the marginal stationary probabilities

for the LDQBD X (t) with g-matrix defined by

A1) A1) A1)
. Q1 Qo 0

2

g OF g gv .. (1.4.36)

Q!
Il

=8 = (8)
o o @ @
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where

[Qék)e] maxr

~ (k) 4 .
b B PR 5w (] < i< Mk < 1(k 4.4.37

k
= (k)} {Q(z )e]mm

oy, k>1, 1<i<Mk), 1<j<Mk- 1.4.38
(@591, By n=l 1<i<Mk), 1<j<Mk—1), (4.4.38)

QW) =P k20, 1<i,j<M®k), i#j (4.1.39)

In order to determine if X () stochastically dominates X (), we use Lemma4.4.2. In order
to do this we need to define a partial order <. The obvious partial order to consider is

defined by (i,7) <X (k,¢) if i <k, 7 < {. This leads to increasing sets of the form
((k,7) k> B > 7} (4.4.40)

for some k and 7. It is easy to show that for these increasing sets the conditions (4.4.32)
and (4.4.33) in Lemma 4.4.2 do not hold. We therefore need to choose another partial
order. Since the state space for a LDQBD is partitioned into levels, a natural set of

increasing sets to consider are sets of the form
{{k,7): &> k) (4.4.41)

That is, each increasing set consists of all states in and above a certain level k. The fact
that LDQBDs are skip free on the levels should assist us in showing conditions (4.4.32)
and (4.4.33) hold.

In order to define a partial order such that the increasing sets are of the form (4.4.41)
we define the relation < by (z,7) < (k,l) if and only if i < k. It is easy to show that <
is a quasi-order. Define the relation < according to (4.4.28).

Now according to this partial order, the increasing sets are of the form
O ={(k, Nk >15,1<g< MKE}IO{E-1)5el} (4.4.42)

where I C {1,2,...M(i — 1)} is some non-empty set of indices. That is, the increasing
sets contain all the states in levels 1 and above and at least one state in level ¢ — 1. Let
®(1) = UJ; ;5 and define © by

ezowm

i=1
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Thus ®(z) is the set of all increasing sets I' such that (¢,7) e ' V£ > 1,1 < 53 < M(¥),
and (¢ —1,7) € I for at least one 1 < 3 < M(z — 1) and O is the set of all increasing
sets. Note that ®(¢1) N ®(7) = ¢ V 1 # j and that the cardinality of © is infinite but the
cardinality of ®(z) is finite V ¢ > 1.

We now attempt to show that conditions (4.4.32) and (4.4.33) hold with ¢,(z, z) given
by the matrices Q( Q(k and Q2 " for the original LDQBD and ¢,(y, z) given by the
matrices Q(()k), Q(lk) and Q2 of equations (4.4.37)-(4.4.39).

Firstly consider the case where I' € ®(7),1 >l and z =y = (1 — 1,7) € I'. We have

Salz,2)= Y [QF Ve +QE Vel; (4.4.43)

r ls.t
= (i—1.0)¢T

and

Saa)= Y Qe +(Q Vel; (1.4.44)

i (1~t;s,2ft)¢f‘
— Z Q(t ) )E+[Q21 Y ]min (4443)
¢F
< }:(11(-7:,2) (4.4.46)
z¢

and hence condition (4.4.32) holds for this case.

Now consider where I' € ®(z), i > land 2 = (1 — 1,5) € ', y = (1, k) € I'. We have

Sala= Y (@7 e+(Q5 Vel (4.4.47)
2¢Il ls.t
(:—1,0)¢l’

and

Samad= 3 @Yk (4.4.48)
2¢ st
(i—1,0)¢0

< QY €] min- (4.4.49)

So in general (4.4.33) does not hold and hence we cannot show that X (t) stochastically
dominates X (t). We note that X (¢) may still stochastically dominate X (t) but we have
not managed to prove the result via Lemma 4.4.2. Other attempts at proving the res-

ult may be made by defining different partial orderings and appealing to Lemma 4.4.2.
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However, it seems that the partial ordering we defined is the most natural ordering to
consider so we feel that further attempts will be unsuccessful.

Although we have seen that X (¢) does not stochastically dominate X (), the discussion
above shows that X(¢) is close to satisfying the conditions (4.4.32) and (4.4.33). In the
following theorem we define a process which is similar to X (t) defined above and we prove
that it stochastically dominates X (¢).

Theorem 4.4.1 Let X(t) be a continuous time LDQBD which satisfies Condition 1.

Moreover, let X(t) be a continuous time LDQBD on the same state space as X(t) and

with q-matriz of the form given by (4.4.36) where

(@0 = 1Q"s, (4.4.50)
[QS):; = maz {%%ﬂ,[ gk)]ijJ k> 1, (4.4.51)
(@5 =0, (4.4.52)
(@57 = min {% [Q(Qk)]ij] k=2, (4.4.53)
[0; " =@ k20, i#7. (4.4.54)

Then X (t) stochastically dominates X (t).

Proof: We prove the result using Lemma 4.4.2. As we did previously we define the

relation < by (¢,7) < (k,l) if and only if 1 < k and define the relation < according to

(4.4.28).
We have seen that the increasing sets are given by
0= ]Jo@)
=1

where ®(7) = U;®; ; with &, ; defined by (4.4.42).
In order to prove the theorem, we need to show that conditions (4.4.32) and (4.4.33)

hold in Lemma 4.4.2 with ¢;(2,z) given by the matrices Ql(,k'), Q(lk) and ng) for the
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original LDQBD and ¢(y, z) given by the matrices _(()k), Qik) and ng) of equations
(4.4.50)-(4.4.51).
First look at the case z <y € I'. Take I' € ®(¢), i > 1 and x = (v — 1, 7), y = (i, k).

We have
S a2 = Y (@ Ve +[QF el (4.4.55)
z¢D  fs.t
(i-1,0)¢l
and

so it is clear that (4.4.32) holds. Note that with I' € ®(7), 7 > 1, (4.4.32) holds trivially

for all other z <y € I'. Now consider I' € (1) and =z = (0,7), y = (1, k). We have

Talse= X 1" (4.4.58)

i (o:Zjgr

and
Z ¢y, z) = Z [Q(Ql)]ké’ (4.4.59)
=1 (4.4.60)

so (4.4.32) holds. For all other x <y € I' € (1), (4.4.32) holds trivially.
Now consider z = y € I'. For I' € ®(7),7 > 1 the only non-trivial cases of z that we

must consider are z = (4,7) and x = (¢ — 1,7). For @ = (z,7) we have

Salzz) = S @M (4.4.61)
z¢ ls.t
(i—1,0)¢r

and
Sed= Y @M (1.4.62)

< Zq,(;zf,:) (4.4.63)
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from (4.4.53). For ¢ = (1 — 1, j) we have
Yalzz) = Y (@ +[QF Vel (4.4.64)
z2¢Il fs.t
(i-1,0)¢0
and
Yaaly,x) = 3 QT e+ (QFVel; (4.4.65)
2¢[ {s.t
(i-1,0)¢0
< Z q(z, 2) (4.4.66)
z¢l

from (4.4.54) and (4.4.53). For I' € ®(1) we need only consider 2 = (1,7) and x = (0, j).

For z = (1,7) we have

S alz,z)= 3 (@M

2¢D F
and

= (1
Sa2)= Y (@M
z¢I’ Us.t
(0,0)gr

== [
and for z = (0,7) we have

S alz,2)= 3 Q)
2¢ ls.t
(0,0)¢r

and

Z(J'z(yaz): Z [Q(l())]jl.’

z¢l ls.t
(0,0)¢l

= 3 [0
st
(0,0)¢I’

5o (4.4.32) holds in both cases.

(4.4.67)

(4.4.68)

(1.4.69)

(4.4.70)

(4.4.71)

(4.4.72)

The proof that (4.4.33) holds for all + <y € S and all increasing sets I' is similar to

the above. This completes the proof.

tJ

We now make some comments about Theorem 4.4.1. We refer to the process X (t)

defined in Theorem 4.4.1 as the dominating process. Note that the dominating process is
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an irreducible LDQBD on the state space {(k,5): k> 1,1 < j < M(k)}. In general X (t)
has a complex structure and therefore cannot be used to find a value of K*. However, in
the case where for all £ we have

[Q(()kwl)e]vnax

(k) - ,
> 5 . 447
A[(k e l) = [QO ]l] VZ,J, (1173)

and

QY Vel
Mk —1)

<[ Vi, (4.4.74)
the dominating process has the property that its marginal distribution over the levels is
easy to calculate. It is then possible to use methods similar to those we have described
above to calculate a value of K™ using this marginal distribution.

In the situation where (4.4.73) and (4.4.74) hold, the dominating process is similar
in structure to the LDQBD with matrices ng) defined by (4.4.37)-(4.4.39). Although
we have shown that the later LDQBD does not in general stochastically dominate the
original LDQBD, the fact that it is similar to the dominating process suggests that it can
come close to stochastically dominating the original LDQBD. We note that conditions
(4.4.73) and (4.4.74) may not hold even if ng) have relatively simple expressions. For
example, if Qék) = diag(X),Vk > 0 and M(k) = M,Vk > 0 then condition (4.4.73)
becomes Apaz/M > A;i which does not hold at least for ¢ such that A; = A,

When we presented the stochastic domination theory, we mentioned that for any given
birth-death process it is always possible to construct a second birth-death process that
stochastically dominates the first. This result is also true for any given LDQBD. If we

replace equations (4.4.51) and (4.4.53) by

Q] = A (4.4.75)
and
QY] = (4.4.76)
respectively where
25 el [R5 (4.4.77)

AL S man

M+ 1)
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and

[ng_l)e]min

(k)y.. at
M= 1) @2k (4.4.78)

fe < min

then it is clear that the resulting LDQBD will also stochastically dominate X(¢). Fur-
thermore, when they exist, the marginal stationary probabilities will be easy to calculate
for this process. Of course it will often be difficult to choose Ay and s so that conditions
(4.4.77) and (4.4.78) hold and so that the resulting LDQBD is also positive recurrent.
Even if it is possible to do so, the resulting value of K* will generally be much larger
than necessary. Hence this is not a practical way to select a value for K.

We summarise the above discussion as follows. When Condition 1 holds, a suitable
method for computing K™ is to consider the birth-death process Y (¢) with transition rates
given by (4.4.24) and (4.4.25) and provided Y (t) is positive recurrent, we can choose K™
to be the smallest value of A" such that equation (4.4.23) holds. We will illustrate this
method of finding K™ in the next chapter when we consider some numerical examples.

We state the following algorithm for the case when Condition 1 holds.

Algorithm 4.4.4 (Calculating «(£"),0 < k < K* when Condition 1 holds)

Construct the birth-death process with transition rates

gwen by (4.4.24) and (4.4.25)

of ( the birth-death process is positive recurrent )
Set K™ equal to the minimum value of K such that Y32 .y Ox < €
else

choose N* using some other method

Proceed with Algorithm 3.4.4 using the current value of K*

Before concluding this section we note that the arguments we have presented here
also apply to processes for which Condition 1 holds only for states in and above a certain

level . This weaker form of Condition 1 is as follows.

Condition 2 : VA > I and Vi 37 s.0[Q);; > 0.
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The extensions of our arguments to the case where Condition 2 holds are clear. We

omit the details.

4.5 The stationary distribution of a discrete time
LDQBD

As mentioned at the beginning of the chapter all the results presented for continuous
time LDQBDs have discrete time analogues. In this section we state these discrete time
results without proof. Their proofs are similar to those for the continuous time results.

The discrete time equivalent of Theorem 4.2.1 is as follows.

Theorem 4.5.1 [f X (t) is a discrete time positive recurrent LDQBD then its stationary
distribution @ is given by

sl
x, =z [[ Re k>0 (4.5.1)

£=0

where the matrices Ry are defined in Chapter 2 and xq is a positive solution to
zo(A + RoAM) = z (4.5.2)

such that

o0

zo ) lk—ﬂl Rg] e=1l. (4.5.¢
k=0 L¢é=0

(@24
(W)
~—

If we define (zx(K™));, 0 <k < K* by
k-1
zp (W) = 2o K) [ R 0<k< K" (4.5.4)
=0
where xo( ™) satisfies (4.5.2) and

KN* [k-1

eo(K) > | T] Rm] e =1 (4.5.5)
k=0 Lm=0

then x,( /™) has the same interpretation as it did for continuous time processes. Hence

by taking K™ large enough, we hope to have @, (™) = ;.

The discrete time equivalent of Theorem 4.3.1 is as follows.
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Theorem 4.5.2 The vector x(K™) = (xo(K™), 2 (K™),... ,¢x(K")) where i (K™) is

given by (4.5.4) is the stationary distribution for the irreducible Markov chain on the

state space {(k,7):0 <k < K™, 1 < j < M(k)} with transition matriz P(K*) given by

A(10) AE)O)
A(21) Agl) A(()l)

B i = (4.5.6)

where U i+ 1s given by equation (2.6.1).

Hence x(K™) is the unique solution to the system of equations
e K" )PLE™) = & K™) (4.5.7)
subject to
K*
> wy(K™)e = 1. (4.5.8)
k=0
The methods we described for solving @( A*)Q( /™) = 0 for continuous time processes
can all be adapted to the case of discrete time processes. Again, the method we propose

is to compute Ry, ..., Ry+_; and then to use equation (4.5.4).

From equations (2.6.1) and (2.6.2) we have

By = AP~ 0 (4.5.9)

_ A(()A')(I . A(IL-+1) - RkHAr(zH‘z))q. (4.5.10)

Therefore we can calculate Ry, ..., Ry+«_; by using Algorithm 3.4.4 to calculate Ry,
and then using equation (4.5.10) to calculate Rye_g, Ry+_3,..., Ro. As was the case for
continuous time processes, the recursion in equation (4.5.10) is stable since it can be
shown that the inverse contains non negative elements.

Hence the discrete time version of Algorithm 4.3.1 1s as follows.
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Algorithm 4.5.1 (Calculating 2, (K™),0 < k < K™ given K™)
Calculate Rp«_y using Algorithm 3././
Recursively calculate Rye_o, Rie_3, ..., Ry

Solve zo(K*)(A® + RyAM) = &o(K7)

subject to xo(K*)e =1

Jor k=1 to K™ do
a:k([\"‘) = a:;;_,([\'*)Rkﬁl

Normalise zo(K™), & (N7™), ...,z (") s.t. Zfﬁ:u ex(K*)e =1

Note that the only difference between Algorithm 4.5.1 and Algorithm 4.3.1 is that
in the latter we solve :co(l\"*)(QSO) = Role)) = 0 whereas in the former we solve
:co([\’*)(A(lo) + ROAgl)) = @xo(K™*). This is the only change that is needed in order
to apply Algorithms 4.4.1, 4.4.2 and 4.4.3 to the relevant discrete time processes.

The theory of stochastic orderings and stochastic dominance carries over to discrete
time processes. In order to apply the results in Section 4.4.4 to discrete time processes,
it is simply a matter of replacing the transition rates with the corresponding transition
probabilities. So for example, Condition 1 is replaced by Vk,7 37 such that [Al(zk)]ij = 4

With these changes, Algorithm 4.4.4 can be applied to discrete time processes.
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Applications

5.1 Introduction

In this chapter we present a variety of queueing systems that can be modelled as LDQBDs.
We firstly consider a number of retrial queues. We then consider some queues with an
infinite server capacity and finally we consider some bivariate queueing models. We
model all the systems we consider as continuous time LDQBDs. We do this because the
systems we consider are better represented by continuous time processes than discrete
time processes. As we mentioned in Chapter 4, there is only a small difference between
the analysis of continuous time LDQBDs and discrete time LDQBDs. We refer to Alfa [4]
who modelled a discrete MAP/PH/1 retrial vacation queue as a discrete time LDQBD.
Alfa used our algorithms as a basis for his analysis.
We have constructed computer code for the algorithms presented in Chapters 3 and
4 and used this to obtain the numerical results presented in this chapter. In order to
test the accuracy of our computer code we employed several methods. In Section 5.2 we
present an analytical expression obtained by Diamond and Alfa [20] for the matrices Ry
for the M/PH/1 retrial queue. This expression allows us to compute the matrices Ry, by
evaluating only one matrix inverse. We compared the values of R computed from this
expression with the values obtained via Algorithm 3.4.4. As a more general test, we used
our code to compute Ry and Ry, for some value of k& and then computed the matrix
gk) + RkQ(lkH) + R, Ry ng+2) which should equal the zero matrix. We found that if
we took ¢ = 10719 in Algorithm 3.4.4 then the absolute value of the maximum element

of Q(()k) + R;;Q(IHI) + RkRkHng“) was less than 107", In order to test the accuracy

90
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of the vector (™), we calculated ( K*)Q(K™) where Q(K™) is given by (4.3.1). This
should be equal to the zero vector.

We begin this chapter by considering the M/PH/1 retrial queue which has been
analysed by Diamond and Alfa [20]. We use the analytical expressions obtained by
Diamond and Alfa for the R, matrices for this queue to verify our computer code. We
also investigate the change in the value of L in Algorithm 3.4.4 when this algorithm is
used to compute the matrices Ry for different values of k. Following this we consider a
M/M/c retrial queue and we use our algorithms to replicate some performance measures
that have been obtained by other authors. We also investigate the values of L required by
Algorithm 3.4.4 to compute various Ry matrices for this queue. We then show how some
other retrial queues can be modelled using the LDQBD structure but we do not provide
numerical results. Next we consider the M/M/oco queue in a random environment and
the PH/M/oo queue. We compute the marginal stationary probabilities over the levels
for these two queues. At the end of the chapter we consider some bivariate queueing
systems that can be modelled as LDQBDs on an irregular state space. We reproduce
some numerical results obtained by other authors but we see that our algorithms are not

suitable for heavy traflic situations.

5.2 Retrial models

In this section we model a number of retrial queues as LDQBDs and analyse them using
the algorithms presented in Chapter 4. Firstly we give a general definition of a retrial
queue.

Suppose customers arrive to a system according to some arrival process. All customers
in the system are either receiving service or are not receiving service, in which case they
are sald to be in orbit. On arrival to the system a customer either moves directly into
orbit or tries to obtain service. If a customer tries to obtain service and fails, then they
move into orbit. When a customer goes into orbit it waits a period of time and then tries
to obtain service. If the customer is unsuccessful, the customer may keep re-attempting
to obtain service until it is successful, in which case the customer is said to be persistent
or alternatively, the customer may make a certain number of re-attempts and then leave

the system.
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Retrial queues have received a great deal of attention in the literature where they
have been used to model a variety of communications systems. (See for example Yang
and Templeton [96], Falin [24], de Kok [51] and Greenberg [32]). Various techniques such
as generating function approaches and approximation methods have been used to analyse
retrial queues. However, only recently has the matrix-analytic approach been employed.
We note that Alfa [4] has used the algorithms presented here as a basis for analysing
a MAP/PH/1 vacation queue and Diamond and Alfa [20] modelled a M/PH/1 retrial
queue as a LDQBD.

5.2.1 M/PH/1 retrial queue

Diamond and Alfa [20] considered a retrial queue in which customers arrive to a single
server system in a Poisson stream with rate A. If the server is free the customer moves
straight into service and if the server is busy the customer moves into the orbiting pool.
Customers in orbit retry according to a Poisson process with rate § and the service time
distribution for each customer is of phase type with representation (S, a). For more
details on phase type distributions, see Neuts [72, Chapter 2].

Diamond and Alfa modelled this retrial queue as a continuous time LDQBD on the
state space S = {—=1}U{(0,7) : 1 < j < M}U{(k,j): k> 1,0 <j < M}. The queue
is in the state {—1} when there are no customers in orbit and the server is idle. The
index k represents the number of customers in orbit and the index j represents the phase
of service where j = 0 means the server is idle. M is the dimension of the underlying

process of service time distribution. The g-matrix for this process is given by
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where

é—l) S /\ala
¢ =S°
REE- Y §

1y _ o’
2 = )
0
; —(k0+1)) A
=1 " ) k> 1,
S° S — M
0 0
QI = A k>,
0 I
_ 0 kb
G = k> 2,
0 o0

(5.2.8)

where §° is a M x 1 vector such that (S + S°)e = 0 and &' is the transpose of the vector

. Tt is shown in Falin [24] that this queue is positive recurrent provided A(—aS™'e) < 1.

Diamond and Alfa [20] showed that the matrices Ry, k > —1 can be written explicitly
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as

R_, = 'R, (5.2.11)
A A

R, = (—e,R+—ea’R), (5.2.12)
0 0 ‘

0 0
Ry = b X : (5.2.13)
R LI T | 4

G0 Bt mroeee

where R = —A(S — M\ + Jea’)™".
Diamond and Alfa actually showed the more general result that provided the matrices
gk),k > 0 have rank one, then explicit expressions can always be obtained for the
matrices Ry. FFurthermore, the explicit expressions only involve one matrix inverse. We
refer to [20] for more details. We note that it is a simple matter to show that when
Q,(Zk),k > 0 have rank one, explicit expressions can also be obtained for G). Liu and
Zhao [59] also obtained explicit expressions for the matrices G and R for particular cases

of level independent M/G/1-type and GI/M/1-type processes.

Validation of computer programs

Since simple expressions exist for Gy and Ry for this model, it is not necessary to use
any of the algorithms presented in Chapter 4 to evaluate Gy and Rj;. However, the
algorithms in Chapter 4 do of course still apply and the explicit expressions for G, and
R, provide us with a means of validating the computer programs that we have written
for the algorithms. We have done this for a range of parameter values and found that
our programs provide results that agree with the explicit expressions.

Even though the matrices Ry can be found explicitly, in order to compute the sta-
tionary distribution we must still decide where to truncate the process. Diamond and
Alfa [20] do not discuss methods of truncation and it seems that a general trial and error
approach should be adopted.

Rather than generate the stationary distribution or any performance measures for
this model we used Algorithm 3.4.4 to compute Ry, for various values of k and we studied
the value of the truncation parameter L. Recall that L is the value of ¢ at which we
truncate the infinite sum in equation (3.3.18).

We assumed that the service time distribution has the following phase type distribu-
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tion;
0.05841196 £210(1.168239125) + 0.94158804 £10(18.83176088) (5.2.14)

which is the mixture of two ten stage Erlang distributions considered by Ramaswami
and Latouche [81]. Since we have a mixture of two ten stage Erlang distributions, the

resulting phase type distribution has 20 phases. The matrix S is given by

S, O
5 == (5.2.15)
0o S,
where
-1 A 0 0 0 0 0 0 0 0
0 A M 0 0 0 0 0 0 0
0 0 A1\ 0 0 0 0 0 0
0 0 0 —-A1 N 0 0 0 0 0
0 0 0 0 - N 0 0 0 0
Sl = ;
0 0 0 0 0 =X N 0 0 0
(5.2.16)
0 0 0 0 0 0 =X X\ 0 0
0 0 0 0 0 0 0 =X X 0
0 0 0 0 0 0 0 0 =Xy A
0 0 0 0 0 0 0 0 0 =X
and
-y A 0 0 0 0 0 0 0 0
0 —A2  Ag 0 0 0 0 0 0 0
0 0 —Xy Ay 0 0 0 0 0 0
0 0 0 -y Ay 0 0 0 0 0
0 0 0 0 —Xy A 0 0 0 0
S'Z == )
0 0 0 0 0 —do  Ag 0 0 0 ,
(5.2.17)
0 0 0 0 0 0 =Xy X 0 0
0 0 0 0 0 0 0 =X X 0
0 0 0 0 0 0 0 0 X A
0
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with
Ay = 1.168239125, Ay = 18.83176088. (5.2.18)
Sy and o are given by
s° =(o,0,0,0,0,0,0,0,0, A,,0,0,0,0,0,0,0,0,0, A, ), (5.2.19)
and
o= (p,0,0,0,0,0,0,0,0,0,9:,0,0,0,0,0,0,0,0,0) (5.2.20)
where
p1 = 0.05841196, p2 = 0.94158804. (5.2.21)

We note that with this choice of phase distribution, —aS~'e = 1 and hence the queue
is stable provided A < 1. We present some results in Table 5.2.1 for § = 0.25. We see
from Table 5.2.1 that for a fixed value of A, the value of L remains constant as the value
of k increases. We will see later that in other models the value of L can decrease as the

value of k increases.

A E | L A E | L] A E | L
051 1 [ 707 1 (8|09} 1 |9
05|10 | 7|10.7| 10 | 8]09| 10 |9
051100 | 7 0.7 100 |8 | 09]100|9

Table 5.2.1: Value of L when Algorithm 3.4.4 is used to compute Ry, for the M/PH/1

retrial queue with 6 = 0.25 and phase type distribution given by equation (5.2.14).

5.2.2 M/M/c retrial queue

Neuts and Rao [74] considered a queueing system in which customers arrive according
to a Poisson stream, to a system where there are ¢ servers. On arrival, each customer
goes directly into orbit and begins generating requests for service according to a Poisson

process with rate 0. The customers keep generating requests for service until they are
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successful. Let the arrival stream have rate A and suppose the service time for each cus-
tomer is negative exponentially distributed with mean 1/u. This system can be modelled
as a continuous time LDQBD on the state space S = {(k,7) : £ > 0,0 < j < ¢} where k

is the number of customers in orbit and j is the number of busy servers. The matrices

ék), ng), and ng), are given by
P = M, (5.2.22)
—k0 — X
7 —kO —p— X
R = 2 0 — O — ) L (5.2.23)
c —cp— A
0 ko
0 ko
i = : (5.2.24)
0 ko
0

Neuts and Rao analysed this queue by setting Q(lk') = Q(lM), and ng) = gM) Vk>M
where M is essentially chosen by a trial and error approach. Neuts and Rao did not give
an analytical form for the stationary distribution for this system but given the theory in
chapter 4 this is now possible. We note that Falin [23] showed that the queue is stable if
and only if p = A/ cp < 1.

Firstly, note that Conditions 1 and 2 presented in Section 4.4.4 do not hold. We
therefore choose to analyse the process using Algorithm 4.4.1. We made an initial guess
for K* and then we increased K™ until we found a value that was sufficiently large. In
order to determine how much we should increase K'* by at each iteration, we considered
the size of @+ (™). For larger values of &« (™) we made larger increases in the value
of K*. We used our algorithm to replicate some of the results presented by Neuts and
Rao. The performance measures we computed were L;, V; and P, which are the mean
and variance of the number of customers in orbit and the probability that all servers are

busy respectively. We set A = 1 and computed the performance measures for various
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values of ¢, 0 and p. The results are presented in Table 5.2.2 together with the value of

L required in Algorithm 3.4.4.

g P p K dag V; P, L
71005 0.5 | 50 | 21.084 22,436 1 0.049 | 5
71001 05 | 170 | 105.034 | 111.037 | 0.047 | 5
4 05 | 0.9 | 140 | 13.777 | 133.190 | 0.727 | 6
41005 0.9 | 50 | 71.455 | 554.233 | 0.693 | 6
410.01 | 0.9 | 600 | 326.978 | 2418.641 | 0.688 | 7
31 0.1 |0.95]400 | 90.828 | 1653.921 | 0.866 | 8
310.05]0.95 | 500 | 163.922 | 2929.623 | 0.864 | 8

Table 5.2.2: Some performance measures for the M/M/c retrial queue.

The results in Table 5.2.2 agree with the results in Tables 3 and 4 of Neuts and Rao
[74]. We note that the value of L increases as p increases which is what we expect given
the physical interpretation of Algorithm 3.4.4.

We also investigated the value of L required in Algorithm 3.4.4 to compute Ry, for
different values of & but with all parameters kept constant. The results are presented in
Table 5.2.3 for the parameter values ¢ = 7, § = 0.05 and A = 1. From Table 5.2.3 we
see that if we keep all parameter values constant, the value of L decreases as k increases.
These results should be compared with the results in Table 5.2.1 which show that for the

M/PH/1 retrial queue, the value of L remains constant when & increases.

P k| L\ p E | L\ p k| L
0.5 1 61 0.7 1 701091 1 9
05| 10 {6 (07| 10 |6} 09| 10 | 8
0.5|100| 51 0.7]100]| 6 |09]100]|7

Table 5.2.3: Value of L when Algorithm 3.4.4 is used to compute Ry, for the M/M/¢

retrial queue with ¢ =7, 0 = 0.05 and A = 1.

Variations of the M/M/c retrial queue

Neuts and Rao considered three variations of the M /M /c retrial model presented above.

In the first variation customers arriving to the system move immediately into service if
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a customer is available and they move into the pool only if all servers are busy. This

system can be modelled by a continuous time LDQBD on the same state space as we

considered before with

—k0 — A

and ng) is given by (5.2.24).

—kO — o — A A

2u —k0 — 2 — A

A
e —cp— A

—~
(534
(O]
oo
(o>

~

In the second variation after each unsuccessful retrial customers leave the orbiting

pool with probability a. For this LDQBD we have

(k)

1

(k)

2

and ng) is given by (5.2.22).

—kO — A
L —kO —p— A
2p —kO — 210 — X
c
0 k0
0 kO
0 kO
kad)

—cp — kat) — A

In the third variation, as well as retrying at rate 0, customers in orbit renege at rate
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§. For this process we have

k(4§ — &
o i —k(0+68) —p — A ’
(5.2.29)
e —cp— kS — A
kS kO
kS kO
C (5.2.30)
kS kO
k§

and Qg )is given by (5.2.22).
All the variations on the original model can be analysed in a similar way to how we

analysed the original model, although we do not present any numerical results here.

5.2.3 M/PH/1 retrial queue with Markov modulated Poisson

process retrials

In the following two sections we show how to model two more retrial queues, although
again we do not present any numerical results. Diamond and Alpha [20] proposed that
the M/PH/1 retrial queue with a Markov modulated Poisson process retrial process could
be analysed via matrix-analytic techniques. We show in this section that such a system
can be modelled as a LDQBD and analysed via the algorithms in Chapter 4.

Consider a queue in which customers arrive to the system according to a Poisson
stream with rate A and the service time for each customer is of phase type with rep-
resentation (S, a). Arriving customers move into service if the server is free and if
it is busy they go into orbit. We assume that the rate at which orbiting custom-
ers retry depends on the state of a separate Markov process Y (t) on a state space
{1,..., N} with generator Q. When Y (1) is in state £, orbiting customers are assumed
to retry at a rate #,. This queue can be modelled as a LDQBD on the state space
(-1} U{(0,7): 1 <7< M}U{(k,j,0): k>1,0<35< M, 1 << N} where k repres-
ents the number of customers in orbit, j represents the phase of service and ¢ represents

the phase of the Markov modulated Poisson process. The state {—1} represents the state
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where there are no customers in orbit and the server is free. The states (0, j) represent
those states of the system where there are no customers in orbit and the server is busy.
The g-matrix for the LDQBD has the same form as that given in equation (5.2.1) and

the matrices Ek) are given by

Qi = -, (5.2.31)
5 = e, (5.2.32)
Q) = s°, (5.2.33)
Q" =8~ ¥, (5.2.34)

h= (0 /\Im) ' (5.2.35)
0 kEA(8) ® o
& = = k>1, (5.2.36)
0
) — M., — kA A @1,
Q7 = < (©) : k>1, (5.2.37)
SO®In (Q"“/\In)®Im+S®IH
; 0 0
= k>1, (5.2.38)
0 M,
A(8) = diag(0,,. .. ,ON) (5.2.39)

where @ is the Kronecker product. (See Neuts [72, page 53] for a definition.)
[t can be shown that this queue is positive recurrent if \(—aS™'e) < 1 which is the
same condition as required for the M/PH/1 retrial queue. Again we adopted a trial and

error approach to find a value of N for this process. The qualitative behaviour of this
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queue is similar to that of the M/PH/1 retrial queue which is to be expected.

5.2.4 PH/PH/1 retrial queue

The PH/PH/1 retrial queue can also be modelled as a LDQBD. Here we give a brief
description of this queue.

Suppose customers arrive to a single server queue according to a phase type distri-
bution with representation (T, ). Customers move directly into service if the server
is free and they go into orbit if the server is busy. The service time of each customer
is of phase type with representation (S, 3) and customers in orbit retry according to a
Poisson process with rate §. This queue can be modelled as a LDQBD on the state space
{—1,8 : 1 <4< NIU{{0,4,0):1 << M1 <L N}U{(k,3,0): k2 1,0€4 <
M,1 < ¢ < N} where ¢ represents the phase of the arrival process, j represents the phase
of the service process, and k represents the number in orbit. The states (—1,¢) represent
those states of the system when there are no customers in orbit and the server is free
and the states (0, 7, ¢) represent those states of the system where there are no customers
in orbit and the server is busy. The g-matrix for the LDQBD has the same form as that

. ; ; . k ;
given in equation (5.2.1) and the matrices Qf ) are given by

i =7, (5.2.40)
Q=T af, (5.2.41)
Q5" =80 g I, (5.2.42)
QV=I1,.0T+Sal, (5.2.43)
QE)U) = (0 I.&T?. a) 5 (5.2.44)
LIS 0 S (5.2.45)
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] T — k01, ™ - a® 8
Q" = o k> 1, (5.2.46)
S°®I, SI,+I1,3T

, 0 0
Q(()k) e k=1, (5.2.47)
0 I,,RT° «
: 0 kIB®I,
ng) - k>2. (5.2.48)
0 0

We note that there are NM phases at each level. This clearly places a restriction on
the values of V and M that we can consider. This dimensionality problem frequently
arises when adopting the matrix-analytic approach. Recently Latouche and Ramaswami
[57] showed how a PH/PH/1 queue can be modelled as a QBD with N + M phases at
each level where N and M are the dimensions of the phase type processes. This of course
means that a much wider range of values for N and M can be considered. A possible
area for further research is to attempt to extend the modelling techniques of Latouche

and Ramaswami to the case of a PH/PH/1 retrial queue.

5.3 M/M/co queue in a random environment

In this section we consider an M/M/oo queue in a random environment. This is an
infinite server queue whose arrival rate and service rate are determined by the state of a
M-state irreducible Markov process E(t). If E(t) is in state j and there are k customers
in the queue then the arrival and service rates for the queue are A; and kpy; respectively.
If £(t) changes from state j to state ¢, the arrival and service rates change to Ay and kg,
instantaneously.

Neuts [72, page 274] gave a brief discussion of the M/M/oo queue in a random envir-
onment. He suggested that methods similar to those employed in Neuts and Ramaswami
[82] could be used to find the moments of the queue lengths for the various states of [J(¢).
Neuts did not give an analytical expression for the stationary distribution but he ob-

served that a numerical approximation for the stationary distribution could be obtained
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by solving a truncated version of the global balance equations.

The M/M/oo queue in a random environment can be modelled as a LDQBD on the
state space {(k,7): k> 0,1 < j < M} where the state (k, ) represents k customers in
the queue and E(t) being in state y. M is the number of possible states for £(t). Hence
the stationary distribution has the simple analytic form given by equation (4.2.1). If E(t)
has g-matrix Q and we set A = (\y,... yAm), and g = (p1,... ,punm) then the matrices

§). Q" and QY are given by

¥ = D) k>0, (5.3.1)
QY =Q-D\+kp) k>0, (5.3.2)
G = Dby k>1, (5.3.3)

where D(v) is a diagonal matrix with diagonal elements equal to the elements of the
vector v.

As mentioned in Chapter 4, in order to compute the stationary distribution we must
determine a value for K*. Condition 1 holds for this LDQBD provided p; > 0 Vz, in
which case we can apply Algorithm 4.4.4. As suggested in Algorithm 4.4.4 we consider

the birth-death process Y(t) on the non negative integers with transition rates

gk, k+ 1) = [Almaz k>0, (5.3.4)

It is clear that Y(¢) is positive recurrent. If we set A* = [A|maw, #° = [f]min and

a* = M /p* then Y (t) has stationary distribution

We choose K'* to be the minimum value of K such that
et -
Y f<a (5.3.7)
k=RKN+1
for some tolerance e. Readers experienced in computational probability will be familiar
with this type of computation. However, for completeness we give a brief description of

how this can be done.
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Firstly observe that equation (5.3.7) is equivalent to

so we want the smallest value of K such that (5.3.8) holds. We cannot use (5.3.6) to
compute }:L":O /) directly since numerical difficulties arise if we attempt to compute e™*’
for large values of a*. To overcome these difficulties, we observe that provided a > 1, the
distribution {#, k > 0} has its maximum value at m = |a*] and decreases monotonically
either side of m. Hence K™ can be found as follows. Firstly consider sets of the form
{m—L <k <m+ L} for 0 < L <m and calculate a normalised invariant measure over
the set. Since we are dealing with a finite state space, this is easy to do and in particular

a*

it does not require us to calculate e Furthermore, if we have the invariant measure
for the set of states {m — L < k < m+ L}, then it does not require much additional effort
to compute the invariant measure for the set of states {m — L —1 <k <m+ L + L}.

The normalised invariant measures for the set {m — L < k < m + L} will be greater
than the stationary probabilities ¢;. Hence if we can find an 0 < L < m such that the
normalised invariant measure is sufficiently small for the state m 4+ L then we can take
K* =m + L. The justification for doing this is that if the normalised invariant measure
is small then, ,,4, is small. Since ¢ is decreasing for all k > m + L, we can also say that
the probability of being in the set {k: k > m + L 4 1} is small. That is, the condition
(5.3.7) is likely to hold.

If we cannot find an L such that the above conditions hold, then we consider sets
of the form {0,1,...,2m 4 L} for L > 0. Again we calculate a normalised invariant
measure over these sets for increasing values of L. We set K'* = 2m + L for the smallest
value of L such that the normalised invariant measure is sufficiently small for the state
2m + L.

In Chapter 4, Section 4.4.4 we showed that provided Condition 1 holds, it is possible
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to construct a LDQBD that stochastically dominates the original LDQBD. If we put

(@5 = 1@, (5.3.9)
[Q]55 = [Almaas (5.3.10)
Q%) = o, (5.3.11)
= k ~ 1 min )

W@M=L—7#i—, (5.3.12)
Q)5 = (@), (5.3.13)

then the resulting LDQBD X (¢) on the state space {(k,7) : k > 1,1 < 57 < M} stochastic-
ally dominates the original LDQBD. Now the marginal stationary probabilities £f over

the levels for X(t) are given by

(]W[A]mar/[l‘]min)k—l

o) k> 1 (5.3.14)

B =D

where D is a normalising constant.
Hence a possible way to choose K™ is to set it equal to the smallest value of K such
that
o0
3 K<e (5.3.19)
k=I+1
However it is clear that this will provide a much larger value for K* than the previous
method. We will see that this is indeed the case when we consider a numerical example.
The first two numerical examples we present are taken from Bright and Taylor [12].

Consider the case where Q is given by
b= ‘ (5.3.16)

and g and A are given by = (2,1) and XA = (40,5). Since p; > 0,7 = 1,2 Condition 1
holds and we can use Algorithm 4.4.4. In order to compute K we chose the smallest

value of K such that (5.3.8) is satisfied with ¢ = 107'°. We found a value of 88 for K.
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It is clear that this LDQBD is positive recurrent so we used Truncation rule 3.4.4 with
e = 107'% to compute Ry+_;. In Table 5.3.1 we give the marginal probabilities ¢, of
being in level k. In order to see if the value K™ = 88 was sufficiently large, we computed
the stationary distribution with K™ = 138. We found that the absolute value of the

differences of the two results was less than 107! in all cases.

k U k ly
0 | 2.43033 x 107° | 18 | 4.36024 x 102
L | 212737 = 107 19 | 3.34418 & 10~

2 [9.61911 x 107* | 20 | 2.47627 x 102
3 | 299837 x 1073 | 21 | 1.77270 x 102
4 | 725313 = 102 | 92 | 1.22830 % 102
5 | 1.45280 x 1072 | 23 | 8.24654 x 103
6 | 2.50976 x 1072 | 24 | 5.36972 x 1073
7 | 3.84463 x 1072 | 25 | 3.39415 x 1073
8 | 5.32737 x 1072 | 26 | 2.08432 x 1073
9 | 6.77654 x 1072 | 27 | 1.24447 x 103

10 | 8.00201 x 1072 | 28 | 7.22940 x 10~*
11 | 8.84792 x 1072 | 29 | 4.08889 x 10~*
12 9.22315 x 1072 | 30 | 2.25306 x 10~*
13 | 9.11978 x 102 | 31 | 1L.21022 x 10~
14 | 8.57099 x 10~2 | 32 | 6.34068 x 10~°
15 | 7.70106 x 1072 | 33 | 3.24203 x 107°
16 | 6.62927 x 10~2 | 34 | 1.61860 x 10~°
17 | 5.48054 % 1079 | »34 & 10°5

Table 5.3.1: The marginal probabilities ¢, for the M/M/oco queue in a random environ-

ment with @ given by (5.3.16), p = (2,1) and X = (40,5).

As we mentioned previously, the LDQBD with transition rates given by (5.3.9)-
(5.3.13) stochastically dominates the original LDQBD. We calculated a value of K™ by
considering the marginal stationary probabilities over the levels for this dominating pro-
cess and we found that A™ = 180. As expected, this is a much larger value than the

value of 83 that we obtained previously. As we mentioned in Chapter 4, this method is
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not an efficient way to calculate K™.

We now alter the above example by changing g to p = (2,0). This corresponds to
a situation where the server goes on a vacation or shuts down whenever E(t) is in state
two. In this situation Condition 1 fails to hold so we need to use another method to
determine a value of A™™. In order to make an initial guess for K™ we used the results for
the previous example. Since we have set p, = 0, we expect that we will require a value
of K* at least as high as in the previous example. For this reason we guessed an initial
value of K" = 100 which is slightly higher than the value of K™ for the previous example.
We also set ¢ = 107'% and we found that our initial guess proved to be a sufficiently large
choice. The marginal probabilities £, of being in level k are presented in Table 5.3.2. For
this example we haven’t proved that the process is actually positive recurrent although
the infinite server capacity in phase one certainly suggests that it will be. The numerical
results in Table 5.3.2 also indicate positive recurrence.

The following example is similar to an example presented in Neuts [72]. Neuts mod-
elled the M/M/1 queue in a random environment as a QBD. In a numerical example

Neuts considered the random environment specified by

-1 1 0 0 0 0 0 0
0 -1 1 0 0 0 0 0
0 0 ] 1 0 0 0 0
0 0 6 —1 1 0 0 0
Q= , (5.3.17)
0 0 0 0 =1 1 0 0
0 0 0 0 0 -1 1 0
0 0 0 0 0 0 -1 1
1 0 0 0 0 0 0 -1
with
= (6.25,6.25,6.25,6.25, 6.25, 6.25, 6.25, 6.25), (5.3.18)
and
X={21,5.5:8; 1, 1,1, 1) (5.3.19)

Here the process F(t) moves sequentially through each of the environments and the mean

sojourn time in each environment is one. A salient feature of the vectors g and X is that
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k 0y k 0y
0toh < 108 30 | 4.07063 x 1072
6 1.54870 x 1075 | 31 | 3.34230 x 10~2
7 1499438 x 107° | 32 | 2.67954 x 10~?
8 141353 % 10~% | 83 | 2.10015 % 10-°
9 |356726 x 10| 34 | 1.61113 = 19~2
10 | 8.12863 x 107* | 35 | 1.21114 x 10~2
11 | 1.68958 x 1072 | 36 | 8.93141 x 1073
12 | 3.23061 x 1073 | 37 | 6.46767 x 10~3
13 [ 5.72303 x 1073 | 38 | 4.60375 x 1073
14 | 9.45034 x 1073 | 39 | 3.22418 x 1073
15 | 1.46231 x 1072 | 40 | 2.22364 x 1073
16 | 213018 x 1072 | 41 | 1.51153 x 1073
17 | 293325 x 1072 | 42 | 1.01352 x 10~
18 | 3.83202 x 1072 | 43 | 6.70883 x 10~*
19 | 4.76513 x 102 | 44 | 4.38713 x 10~*
20 | 5.65699 x 1072 | 45 | 2.83620 x 10~*
21 6.42890 x 1072 | 46 | 1.81386 x 10~
22 | 7.01145 x 1072 | 47 | 1.14829 x 10~*
23 | 7.35521 x 1072 | 48 | 7.20016 x 1075
24 | 7.43740 x 1072 | 49 | 4.47413 x 1075
25 | 7.26348 x 1072 | 50 | 2.75666 x 1075
26 | 6.86384 x 1072 | 51 | 1.68492 x 10~
27 | 6.28697 x10~2 | 52 | 1.02210 x 19—
28 | 5.59082 x 1072 | > 53 < 103
29 | 4.83435 x 1072

Table 5.3.2: The marginal probabilities ;. for the M/M/oco queue in a random environ-

ment with Q given by (5.3.16), p = (2,0) and XA = (40,5).
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for phase one the arrival rate greatly exceeds the service rate and hence there will be a
buildup of customers in that phase. Of course this buildup will be less significant in the
infinite server case.

We consider the M/M /oo queue in a random environment with @ and p given by

(5.3.17) and (5.3.18) respectively and we set

A = (210, 50,50, 50, 10, 10, 10, 10). (5.3.20)

Since every element of p is positive, Condition 1 holds for this process and we can
therefore use the method described above to determine a value for K. We found a value
of 77 for K*. Using this value of K™, we computed the marginal probabilities ¢, of being

in level k. The results are presented in Table 5.3.3.

ke fk k '{/k
3.19390 x 10~

0 | 5.83838 x 107! 13
.

1 |2.27254 x 10~ | 14 7.54001 x 1077
9.23815 x 102 | 15 1.66385 x 10~7
4.50569 x 1072 | 16 | 3.44647 x 10~®
2.50998 x 1072 | 17 | 6.72620 x 10~°

1.24090 x 10~?
2.17058 = 10~='°
3.60933 x 10~
5.71951 x 107"

1.40063 x 1072 | 18
7.13977 x 1073 | 19
7 | 3.23404 x 1073 | 20
8 | 1.30266 x 1073 | 21
8.65613 x 1013
125570 = 107
1.74089 x 10~4

< 1o~

9 1 4.70512 = 10~ | 22
10 | 1.53806 x 10~* | 23
11 | 4.58865 x 10=° | 24
12 | 1.25860 x 10~°

Table 5.3.3: The marginal probabilities ¢, for the M/M/co queue in a random environ-

ment with @ given by (5.3.17),  given by (5.3.18) and X given by (5.3.20).

We considered two performance measures, both of which are conditional on the phase.
Table 5.3.4 gives the mean conditional queue lengths and the probability of the queue

being empty.
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Phase Mean Plempty]
1 3.64832 x 107! | 1.04784 x 1072

2 1.36528 x 107! | 4.63677 x 1072
3 1.05038 x 10~ | 5.44649 x 102
4 1.00695 x 107! | 5.58998 x 10~2
5 | 3.11303 x 1072 | 9.84669 x 102

6 2.15352 x 1072 | 1.05321 x 10!
7 2.02118 x 1072 | 1.06346 x 10!
8 2.00292 x 1072 | 1.06494 x 107!

Table 5.3.4: The mean conditional queue lengths and the conditional probability of the
queue being empty for the M/M/oco queue in a random environment with @ given by

(5.3.17), p given by (5.3.18) and A given by (5.3.20).

5.4 PH/M/oco queue

The PH/M/oco queue is an infinite server queue with a Markovian service time distribution
and a phase type interarrival time distribution. This queue can be modelled as a LDQBD
on the state space {(k,7) : K > 0,1 < 57 < M} where the state (k,j) represents k
customers being present and the interarrival time process being in phase 7. M is the
dimension of the phase type distribution.

We considered the phase type distribution specified by equation (5.2.14). If we let

each customer be served at rate g then the matrices Qék), Q(lk) and ng) are given by

QP = 8°. o, (5.4.1)
: S, O

Q(lk) = 01 " — kul, (5.4.2)
2

ng) = kul (5.4.3)

where Sg, a, S, and S, are given by equations (5.2.19), (5.2.20), (5.2.16) and (5.2.17)
respectively.

Condition 1 holds for this process so we used Algorithm 4.4.4 to compute the sta-
tionary distribution. With g = 0.5 we found A™ = 84. The marginal probabilities ¢ are

presented in Table 5.4.1.
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k fk k fk
0| 2.94726 x 107" | 10 4.00557 x 10—°
1| 1.68517 = 10~ | 11 4.09573 x 10~

2| 1.57537 x 10~* | 12 | 3.30731 x 10-7
3|1.55108 x10°" | 13 | 2.12801 x 108
411.19684 x 1071 | 14 | 1.10142 x 10~°
5] 6.70135 x 1072 | 15 | 4.61353 x 10~1!
6| 2.71629 x 1072 | 16 | 1.57479 x 1012
71 8.09367 x 1072 | 17 | 4.40641 x 10~4
8| 1.80460 x 1073 | > 17 < 10~

9 | 3.06062 x 10~

=)

Table 5.4.1: The marginal probabilities ¢, for the PH/M/oco queue with phase type

distribution given by equation (5.2.14) and u = 0.5.

We also investigated the change in the value of L in Algorithm 3.4.4 when computing
Ry, for different values of k. The results are presented in Table 5.4.2 for x = 0.5 and in

Table 5.4.3 for p = 0.1. For u = 0.1 we obtained a value of 280 for K*.

k L
0-10 4
11-36 3

37-84(= K*) | 2

Table 5.4.2: Value of L when Algorithm 3.4.4 is used to compute Ry, for the PH/M/oo

queue with phase type distribution given by equation (5.2.14) and p = 0.5.

Irom the results in Table 5.4.2 we see that the value of L decreases as k increases. We
saw in Chapter 4 that to calculate Ry requires the calculation of 4.2 — I, — 3 inverses.
So for example, to compute Ry requires the calculation of approximately 4.2 = 64
inverses and to compute Rp. = Rgy requires approximately 4.22 = 16 inverses. We
observe similar result in Table 5.4.3 for ¢ = 0.1. This observation suggests that if we
wish to calculate say Ry, it may be more efficient to use Algorithm 3.4.4 to compute
Ry, for some k2 > k1 and then to use the recursive relationship (4.3.15) to obtain Ry,.

For example, suppose we required L = 7 to calculate Ry, for some value ky. This



Chapter 5. Applications 113

k L

0-9 7
10-29 6
30-66 5
67-189 4
190-280(=K") | 3

Table 5.4.3: Value of L when Algorithm 3.4.4 is used to compute Ry for the PH/M/oco

queue with phase type distribution given by equation (5.2.14) and u = 0.1.

requires approximately 4.2 = 512 inverses. Now suppose in order to calculate Ry 440,
we required only L = 4. This requires approximately 4.2 = 64 inverses. If we use the
recursion (4.3.15) to calculate Ry, we need to calculate a further 40 inverses giving a,
total of 104 inverses. The second method is clearly more efficient.

We saw in Table 5.2.1 for the M/PH/1 retrial queue that the value of L remains
constant for increasing k. For the M/M/c retrial queue the value of L decreased as k
increased, see Table 5.2.3, but the decrease was not as pronounced as for the PH/M /oo
queue. These results can be explained by considering the forms of the matrices ng).
For the PH/M/oo queue, Q(zk) = kupl and the matrices ng') and Q(()k) are essentially
independent of k. Hence, at any phase at level &, the process moves down to level k& — 1
at a rate kp. Therefore as & increases, the down rates at every phase increase and hence
if the process starts in level k, sample paths that reach levels much higher than level &
are less likely. For the M/M/¢ retrial queue, the process moves down to level k —1 at rate
kO from every phase at level & except phase ¢. The fact that the transition rate for phase
¢ in level k to level k — 1 is zero results in a less pronounced decrease in L as k increases
than for the PH/M/oco queue. For the M/PH/1 retrial queue, ng) is given by (5.2.10)
which depends upon k. Again the matrices Q(lk‘) and ng) are essentially independent of
k. From the form of (5.2.10) we see that the process moves down from level & to level
k — 1 according to a positive rate only if the process is in phase zero. Hence even if k
increases, if the process starts in level &, long sample paths are still likely since although
the down rate for phase zero increases, the down rates are still zero over the remaining
phases.

[t is clear that if we increase the traffic intensity then a larger value of K™ will be
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required. An interesting question to consider is will the number of iterations required
to compute R+ also increase? That is, will the value of L increase? We present some

results in Table 5.4.4.

w | K| L
0.5 | 84 |2
0.3 | 119 | 2
0.1 | 280 | 2
0.01 | 2153 | 2

Table 5.4.4: Values of K™ and the number of iterations required to calculate Ry for the

PH/M/oco queue with phase type distribution given by equation (5.2.14).

From Table 5.4.4 we see that as p decreases (which corresponds to an increase in
the traffic intensity), although there is a steady increase in K™, the value of L remains
constant at a value of two. Hence the same effort is required to compute Ry and the
only increased computational effort results from the fact that the state space {(k,7) :
0<k< K%, 1<j< M} increases in size.

The phase type arrival process is a special case of a more general class of arrival
process, namely the Markovian arrival process (MAP). Lucantoni, Meier-Hellstein and
Neuts [61] introduced the MAP as a generalisation of the phase type renewal process and
the Markov modulated Poisson process. An attractive feature of the MAP is that it can
be used to model arrival processes where there is correlation between interarrival times.
[t is a simple matter to model the MAP /M /oo queue as a LDQBD. Before we show how
this can be done, we give a brief description of the MAP.

A MAP can be viewed as a Markov process (N(t),J(t)) on the state space {(n,J) :

n>0,1 <j <M} with g-matrix given by

Dy, D, 0 0
0 Dy, D, O

0 = (5.4.4)
0 0 By Py o

where Dy and Dy are M x M matrices. D, has positive elements, Dy has positive off-

diagonal elements and negative diagonal elements and (Dy+ D) )e = 0. N(!) represents
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the number of arrivals in (0,¢) and J(¢) represents the auxiliary state or phase of the
MAP.

An alternative way to think of the MAP is as follows. The matrix D = Dy + D,
is the g-matrix for a M-state Markov process. In this Markov process, some transitions
correspond to arrival epochs for the MAP and some do not. The rate [D,];; is the rate
at which transitions occur from state ¢ to state j with an arrival. The rate [Dy];; is the
rate at which transitions occur from state 7 to state j without an arrival.

Lucantoni [60] generalised the MAP to the batch Markovian arrival process (BMAP)
by allowing batch arrivals. Lucantoni observed that the BMAP is equivalent to Neuts’
versatile arrival process (N-process) which was developed in [70]. Neuts developed his
process using a matrix structure and showed that it could be viewed as a natural gener-
alisation of the Poisson process. Since the N-process appeared before the BMAP, many
results were obtained using it. However, the BMAP has a simpler notation than the
N-process and hence we prefer to use the BMAP.

The MAP/M/oco queue can be modelled as a LDQBD on the state space {(k,7) : k >
0,1 < j < M} where k is the number of customers in the queue and j is the phase of the

MAP. The matrices Q(()k), 5"") and Q(zk) are given by

0¥ = D, (5.4.5)
QW = Dy — kul, (5.4.6)
ng) = i1, (5.4.7)

We have analysed some MAP/M/oo queues using the algorithms presented in
Chapter 4 and we observed similar behaviour to that for the PH/M/oo queue. The

detailed results are not presented here.

5.5 Some bivariate queueing models

In this section we consider some two dimensional queueing models that can be modelled
either as QBDs or LDQBDs. By modelling these systems as LDQBDs we obtain an exact
analytical expression for the stationary distribution. In certain cases, the algorithms

presented in Chapter 4 can then be used to obtain numerical values for the stationary

distribution.
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5.5.1 The symmetric shortest queue problem

Consider a system consisting of two single server queues where the service time at both
queues is the same and is exponentially distributed. Further, suppose that customers
arrive to this system according to a Poisson stream and they join the shorter of the two
queues. If both queues have the same length then a customer joins each queue with
probability 0.5. This system is called the symmetric shortest queue system.

The symmetric shortest queue problem was first considered by Haight [33] and has
since received a great deal of attention in the literature. Kingman [47] showed that if the
arrival rate is A and each server serves at rate i then the stationary distribution exists if
A/p < 2. Kingman also derived an expression for the generating function of the stationary
probabilities using complex function methods. Flatto and McKean [27] analysed this
problem using a generating function approach and Cohen and Boxma [15] have analysed
the problem in terms of Reimann-Hilbert boundary value problems. Recently, Adan,
Wessels and Zijm [1] showed that the stationary distribution can be expressed as an
infinite linear combination of product forms. They also gave relationships for the product
forms and for the co-efficients in the linear combination. Their method did not involve
generating function arguments and furthermore, their results lead to an efficient numerical
algorithm.

As well as the approaches described above, there has also been a number of numer-
ical approaches to modelling the symmetric shortest queue system. Rao and Posner [86]
and Gertsbakh [30] showed that by truncating one of the state variables, it is possible
to model this problem using a matrix-geometric approach. Halfin [35] used linear pro-
gramming techniques to derive upper and lower bounds on the stationary probabilities
and Knessl, Matkowsky, Schuss and Tier [50] derived asymptotic expressions for the
stationary probabilities.

In the next section we show how the symmetric shortest queue problem can be ap-
proximately modelled as a QBD. The results we present are taken from Rao and Posner

[86]. We then show how to model this system as a LDQBD.
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5.5.2 The shortest queue problem modelled as a QBD

The shortest queue problem can be modelled as a continuous time Markov process on the
state space {(k,7) : k£ > 0,5 > 0} where k represents the number of customers in queue
one and j represents the number of customers in queue two. Now suppose we modify
the shortest queue system by assuming that queue two can have at most M customers
in it. If customers arrive when queue two has M customers present then they move into
queue one regardless of how many customers are in queue one. If we choose M large
enough then it is clear that this modified system will be a close approximation to the
original shortest queue system. Rao and Posner [86] showed that the modified shortest
queue system can be modelled as a LDQBD that is eventually level independent. The
state space of this LDQBD is given by & = {(k,7): £ > 0,1 < j < M} and the g-matrix
has the form

AP AP

A, At al!

Q= i (5.5.1)
A, AP A,
A, A A

where all the matrices have dimension M + 1 x M + 1. We refer to [86] for expressions
for these matrices.

The value of M can be chosen by considering a M/M/1 queue with arrival rate A
and service rate p. If the stationary distribution for the single server queue is given by
m(k) then we can choose M to be the smallest value of m such that 722 . 7(k) < ¢
for some tolerance ¢. Once a value is chosen for M, the system can be analysed using

Algorithm 3.6.2.

5.5.3 The symmetric shortest queue problem modelled as a
LDQBD
In this section we present an alternative way of modelling the symmetric shortest queue

system. As mentioned in the previous section, the shortest queue problem can be mod-

elled as a continuous time Markov process on the state space S = {(ny,ny) :ny > 0,0y 2
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0} where n; represents the number of customers in queue one and n, represents the num-
ber of customers in queue two. Now partition S into levels & > 0 such that level k is
the set of states in S such that n; + ny = k. It is clear that S is equivalent to the set
S ={(k,j) : k20,0 <j <k} where k is the total number of customers in the system
and j is the total number in queue one. By partitioning the state space in this fashion,
the only possible transitions out of state (k,j) are to state (k + 1,5) (representing an
arrival to queue two), to state (k+1,7+41) (representing an arrival to queue one), to state
(k —1,7) (representing a departure from queue two), or to (k — 1,5 — 1) (representing
a departure from queue two). Given this structure, it is clear that the shortest queue
problem can be modelled as a LDQBD on the state space S where the matrices Q(()k),
Q(lk) and Q(Qk) have dimensions k+ 1 x k+ 2, k+ 1 x k+ 1 and k + 1 x k respectively.

ék) and ng) and are given by

0 A
A
A
oW - k odd, (5.5.2)
A
A
A0
0 A
A
Qék): A2 N2 k even, (5.5.3)
A
A0
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/¢

fop

7

and ng) has zeros on the off diagonal and its diagonal elements are negative and such
that (@Y + Q¥ + @{)e = 0.

We note that for all the LDQBDs we have considered so far, there has been a constant
number of phases at each level. However, the present process has k + 1 phases at level k.
Another notable feature of this LDQBD is that the & dependency of the matrices Q(()k),
Q(lk) and Q(zk) arises solely through their dimensions. That is, the individual elements of
the matrices are independent of k.

As mentioned earlier, Kingman [47] derived an expression for the generating function
of the stationary distribution for this system and Adan, Wessels and Zijm [1] expressed
the stationary distribution as an infinite linear combination of product forms. Since
we have modelled the symmetric shortest queue system as a LDQBD, the stationary
distribution has the analytical form given by equation (4.2.1). This is a much simpler
expression than that given in [1] and it also has a clear probabilistic interpretation.

To compute the stationary distribution for this LDQBD we note that Condition 1
holds. We therefore consider the birth-death process Y (t) on the non negative integers

with transition rates

Gl k+1)=Xx k>0, (5.5.5)

glkyk=1)=pu k2 1. (5.5.6)

The stationary distribution €. for Y'(¢) only exists if A < u. However, the symmetric
shortest queue system has a stationary distribution provided A < 2u. Therefore consid-
ering Y (t) will only provide us with a method for selecting K™ when \ < i, that is when
the traflic intensity is low. We adopt a trial and error approach for finding K™ for the
case A > [.

When analysing this LDQBD, a potential problem arises due to the increasing number

—

of phases at each level. Since there are & + 1 phases at cach level, the matrix U, has
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dimensions k + 1 x k + 2¢ + 1 and hence increases in size as both & and ¢ increase.
This contrasts with all previous LDQBDs we have analysed, where ﬁi had the same
dimension for all k and ¢. Since ﬁi increases in size with & and ¢, the storage required
and the computational effort required to compute 52 can become excessive. For example,
suppose K* = 200 and a value of L =7 is needed in Algorithm 3.4.4 to compute Rypo.
We hence need to compute the U D-pair UD(7,200). From equations (3.3.21)-(3.3.22)

—6 —6 —6 —6 |71
we see that to do this we need to compute the inverse of |I — U g3 39, — Dyy5U o4,
which has size 329 x 329. As mentioned in Section 3.7.3, when computing UD(?,‘ZUU), it
is necessary to have in storage certain U D-pairs LTD([’,IC) for ¢ < 7 and various values
of k. Hence a large amount of storage space is required. In practice this means that if
K™ and the value of L required to compute R+ are too large, our algorithms will not
be suitable for analysing this LDQBD. Hence for low values of A/u, our algorithms are
suitable, but as A/u approaches two, our algorithms are essentially limited by the space
restrictions of the computer and the time constraints of the analyst.

We used our algorithms to replicate the results in the first two rows of Table 1 of
Adan, Wessels and Zijm [1]. These two rows correspond to values of A\/u equal to 0.6
and 1. The values in rows three and four of Table 1 of [1] correspond to values of 1 and
1.8 for A/p and we found that the space required for these cases was excessive. We note
that we have not attempted to optimise our computer code to minimise the storage space
required. We discussed briefly in Section 3.7.3 how to reduce the storage required but it
may be possible to improve upon the arguments presented there.

Before concluding our discussion of the symmetric shortest queue system, we briefly
consider the asymmetric shortest queue system. In the asymmetric system server one
serves at rate p; and server two serves at rate gy, It is clear that we can model the asym-
metric shortest queue system as a LDQBD. Furthermore, the same method of analysis
as that described above can be employed. Hence the analysis of the asymmetric system
is no more complex than the analysis of the symmetric system. We note that this is in
contrast to the results of Adan, Wessels and Zijm [2]. There the authors extended their
results in [1] for the symmetric case to the asymmetric case but there is a significant
increase in the complexity of their analysis.

Adan, Wessels and Zijm [3] also considered the case of an asymmetric shortest queue

systemn with threshold jockeying. That is, if the difference between the two queune lengths
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is greater than some value 7', then one customer moves from the longest to the shortest
queue. In this situation the analysis is simpler than in the case where there is no jockeying.
They also show that the asymmetric system with jockeying can be modelled as a LDQBD

that is eventually level independent.

5.5.4 Two parallel queues

Here we consider a system consisting of two M/M/1 queues that behave independently
of one another except when one of them is empty. In this case, the server at the empty
queue goes to help the server at the non empty queue and the service rate changes. A
more detailed description is as follows.

The system consists of two single server queues, queue one and queue two. Customers
arrive to queue one according to a Poisson process with rate A\, and customers arrive to
queue two according to a Poisson process with rate Ay. The two arrival streams are
assumed to be independent of each other. If a customer arrives at either queue and finds
the server is free then it moves straight into service, otherwise it queues up. The server
at queue one serves customers at rate y; and the server at queue two serves customers
at rate p9. If queue one becomes empty, the server at queue one goes to help the server
at queue two and the combined service rate at queue two becomes v,. Similarly, if queue
two becomes empty, the server at queue two goes to help the server at queue one and the
combined service rate at queue one hecomes ~;.

Rao and Posner [85] approximated this system by assuming that queue two can have at
most M customers present. With this assumption, the new system can then be modelled
as a QBD on the state space {(ny,ny) : n; > 0,0 < ny < M} where n; represents the
number in queue one and n, represents the number in queue two.

An alternative approach to that of Rao and Posner is to model this system as a
LDQBD. This leads to an exact expression for the stationary probabilities. The system
can be modelled as a LDQBD on the state space {(k,J) : & > 0,0 < j < k} where k is
the total number of customers in the system and j is the number of customers in queue

m % ki k .
one. The matrices Qg ) and Q(z ! are given by
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Ay Ay
ng) 5 ; {3F.T ]
Aa A
Y2
K1 f2
QY = , (5.5.8)
K1 M2
g

and Q(lk) has zeros on the off diagonals and its diagonal elements are negative and such
that ( (()k) + Q(lk) <+ Q(Qk))e =,

Again we note that the stationary distribution has a simple closed form expression
given by equation (4.2.1). Since Condition 1 holds for this LDQBD we consider the

birth-death process Y (t) with transition rates

gk, k+1) =X+ X\ k>0, (5.5.9)

Glk k= 1) = min(ys, yao g1 +p2) k> L. (5.5.10)

Provided the stationary distribution ¢, exists, we can take A to be the smallest value of
K such that 3272 0, l; < ¢ holds. A problem with this approach is that the stationary
distribution only exists if Ay + Ay < min(y;, 72,01 + p2). An alternative approach to
choosing K™ is as follows. Consider two M/M/1 queues, one with arrival rate A, and
service rate gy and the other with arrival rate A, and service rate u,. If the stationary
distributions for each of these queues are given by m;(k), then we can take A7,1 = 1,2
to be the smallest values of I such that 372, | mi(k) < ¢ for some tolerance ¢. Now
provided v > p,1 = 1,2, each of these M/M/1 queues will perform worse than the
corresponding queues in the parallel system. Hence we can take h* = KT + K.

In Table 5.5.1 we present the values of 2, the stationary probability of being in state
(0,0) and N [24]o, the stationary probability of queue one being empty. The results
in Table 5.5.1 agree with the results given in the first four rows of Table 1 in Rao and
Posner [85].

The last two rows of Table 1 in Rao and Posner correspond to the parameter values

=07 =1L =15 %=070p=1v=4/3 and A; =09, sy = 1, 1 =97,
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Al | A2 | pa | 72 To K~ {;‘o[wk]o
0311.0]1.5]0211.0] 2.010.706| 16 0.787

06 | 1.0 83 0.8 1.0 | 1.5 | 0.527 | 28 0.659
06110} 1.5]105|1.0]5/3]0.359 | 59 0.526
0.6 |10} 15 |06 10 1.5} D203 | 82 0.507

Table 5.5.1: Some performance measures for the system of two parallel queues

Ay = 0.7, o = 1, 72 = 7/5. For these parameter values we found values of 123 and 225
for K. These parameter values required a large amount of storage space and we were
unable to obtain values for g and 3K [€]o in these cases.

Before concluding this section we note that there are many more systems that have a
similar structure to the two systems we have considered here. We refer to van Houtum [37]
and Cohen and Boxma [15] for further examples. Although these systems can be modelled
using the LDQDBD structure, the algorithms we have presented appear to be limited to
the case of low traffic intensities. We note that for the models we have considered, the
matrices ng),i = 0,1,2 have a large number of elements that are zero. Given this
structure, it may be possible to develop algorithms that exploit this fact. We feel that

our algorithms may be useful as a starting point for developing alternative algorithms.



Chapter 6

Duality results for M /G/1-type and
GI/M/1-type processes

6.1 Introduction

In this chapter we consider M/G/1-type and GI/M/l-type Markov processes. Both
these processes are extensions of LDQBDs. Central to their analysis are the matrices
{Gk, k > 1} and {Ry, k > 0} for M/G/1-type and GI/M/l1-type processes respectively.
Our main motivation for considering such processes is the work of Ramaswami [79] and
Asmussen and Ramaswami [7]. Ramaswami [79] showed that given a level independent
M/G/1-type process, one can construct a level independent GI/M/1-type process such
that the matrix G for the M/G/1-type process and the matrix R for the GI/M/1-type
process satisfy a so called duality relationship. The GI/M/1-type process constructed
from the M/G/1-type process is called the dual process. Asmussen and Ramaswami [7]
gave an alternative proof of Ramaswami’s duality results by appealing to time reversal
results.

Ramaswami presented his results in the more general context of Markov renewal
processes but his results can of course, be specialised to the corresponding continuous
time Markov processes. We will consider only continuous time Markov processes in this
chapter but analogous results exist for discrete time processes.

We show that Ramaswami’s dual process can be interpreted as the time reverse of a
process similar in structure to the M/G/1-type process. In order to do this we give a

detailed discussion of the time reverse of a Markov process with respect to an invariant

124



Chapter 6. Duality results for M/G/1-type and GI/M/1-type processes 125

measure m. When considering invariant measures for continuous time Markov processes
one needs to consider the issue of regularity. Hence we give a discussion of regularity and
provide conditions for regularity of M/G/1-type and GI/M/l-type processes.

By interpreting Ramaswami’s dual process in the manner described above we con-
struct an alternative dual process to Ramaswami’s dual for level independent processes.

At the end of the chapter we construct via time reversal methods the most sensible
dual process for level dependent M/G/1-type and GI/M/1-type processes.

The rest of this chapter is set out as follows. Firstly we present some background
theory for continuous time Markov processes. We give definitions of regularity, invariant
measures and the time reverse of a Markov process with respect to an invariant measure.
We also provide probabilistic interpretations of invariant measures and the time reverse
process. Following this we define Markov processes of M/G/1-type and GI/M/1-type
and give some background results for such processes. We then define the time reverse of
a M/G/1-type and GI/M/1-type process. We use the time reverse processes to consider
situations under which the level and phase variables for M/G/1-type and GI/M/1-type
processes are independent. In Section 6.8 we give a presentation of Ramaswami’s dual
process and we then consider the probabilistic interpretation of the dual process. Finally
we present an alternative to Ramaswami’s dual process and we define a dual process for

level dependent M/G/1-type and GI/M/1-type processes.

6.2 Some theory for continuous time Markov pro-

cesses

The results we present in this section are taken from a variety of sources. In particular,
we refer to results from Kelly [40] and Pollett and Taylor [78].

In the following we consider a continuous time Markov process X(t) on a state space S
with g-matrix given by Q = (q(7,7), 1,7 € §). We assume that Q is stable, conservative
and irreducible. Kelly [40] presented results for processes that may fail to be regular but
we will restrict our attention to regular processes. Reuter [87] showed that if @ is stable

and conservative then Q is regular if and only if the equation

Qe = awx (6.2.1)
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has no bounded, non-trivial solution for some (and then for all) o > 0.

If X(¢) fails to be regular then, with probability greater then zero, the sample paths
for X (t) stop after a finite time T'. This time is referred to as the explosion time or the
first exit time. Furthermore, in the interval of time [0,7'], the process X(¢) will have
made infinitely many transitions. Hence an irregular Markov process can be interpreted
intuitively as able to start in an initial state, evolve through an infinite number of states
and then stop, all within a finite time. Kelly [39] suggested that when the process stops,
we can think of the process as having “run out of instructions.”

Establishing that a process is regular via Reuter’s condition is not usually easy to do.
For various types of Markov processes with special structures there exist other necessary
and sufficient conditions or sufficient conditions for regularity. Feller [25] showed that a
pure birth process on the positive integers with transition rates g(¢,741),7 > 1 is regular
if and only if

%0

; Bt D) = oo, (6.2.2)
Dobrusin [21] and Reuter [87] gave straightforward necessary and sufficient conditions
for determining if birth-death processes are regular. For more general Markov processes,
other methods are needed to prove regularity. A sufficient condition for a general Markov
process to be regular is that —g(z,7) be bounded above for all :. This condition is easy
to apply but for many regular processes this condition fails to hold. For example, this
condition cannot be used to show that an M/M/oo queue is regular. Another sufficient
condition for regularity is that the jump chain be recurrent. This condition can be used
to show that an M/M/co queue is regular but in general it is not particularly easy to
apply in practice.

Pollett and Taylor [78] used results of Yan and Chen [95] to derive a sufficient condition
for the regularity of processes whose state space can be divided into levels and whose
transition rates between these levels have a particular structure. Corollary 2 in (78] can

be stated as follows.

Lemma 6.2.1 Consider a Markov process on a state space S and let So,Sy,... be a
partition of S with Sy non-empty. If the transition rales between states @,y € S are such

that
k1

glz,y) >0, ze€S,=>yelJS (6.2.3)

1=0
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and
sup —q(z,z) < oo, k>0 (6.2.4)
»’L‘Gsk
then the process is reqular if the pure-birth process with rates
q(i,i+1)=sup > q(z,y) k=1 (6.2.5)
TESK yeSy 41

is regular.

If we refer to the subsets Sy as levels, the condition (6.2.3) implies that the process can
move to any lower levels but only to the level immediately above the present level. In fact
it is skip-free to the right in the sense we used in Section 2.2.1. Condition (6.2.4) states
that the total transition rate out of states must be bounded for each level. We will use
this lemma in the sequel to derive a sufficient condition for regularity of a GI/M/1-type
process.

We now move to the definition of an invariant measure. Let P(t) be the transition
probability matrix for X (t). That is, P(t) = (P;;(t),1,5 € S) where P;(t) = P(X(¢) =
JIX(0) = 1), Vt > 0. We now define the concept of an invariant measure for P(t) and

also an invariant measure for a conservative generator matrix Q.
Definition 6.2.1 A vector m = (my, k € S) of positive numbers salisfying
mP(l)=m Yt >0 (6.2.6)
s an invariant measure for P(t).
Definition 6.2.2 A vector m = (my, k € S) of positive numbers satisfying
mQ@Q =0 (6.2.7)
s an mvariant measure for Q.

To find an invariant measure for Q we simply need to find a positive vector m that
satisfies equation (6.2.7). The question that we are interested in is when is an invariant
measure for @Q also an invariant measure for P(t)?

Kendall and Reuter [42] showed that if X (¢) is recurrent, then (6.2.7) has a solution

that is unique up to constant multiples. Furthermore, this solution is known to be
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invariant for P(t). If the solution can be chosen such that me = 1 then X(¢) is positive
recurrent. If the solution is such that me = oo then X(¢) is null recurrent. In the
positive recurrent case, m can be interpreted as the stationary distribution and the ratio

my

— can be interpreted as the limit as ¢ tends to infinity of the ratio of the time spent in
m;

. . . v s . . A .oomy
state ¢ to time spent in state j in an interval of time [0,t]. The ratio S has the same

g
interpretation in the null recurrent case.
If X(t) is transient then a non-trivial solution to (6.2.7) may not exist. If such a
solution does exist, and Q is regular, then m will be such that me = co. It can be
shown that when X (¢) is transient, (6.2.7) has a non-trivial solution if and only if the
jump chain has an invariant measure for its transition probability matrix P’(n). Note
that when X(t) is transient, the jump chain will also be transient. The following lemma
which appears as a corollary to Theorem 2 in Harris [36] gives a sufficient condition for

a discrete time transient Markov chain to have an invariant measure for P”(n).

Lemma 6.2.2 If P7(i, ) are the single step transition probabilities for a transient, irre-
ducible Markov chain and P’ (n) is the transition probability matriz, then the chain has
an tnvariant measure for PJ(n) provided that for all 1, PY(k,i) = 0 except for a finite

set of values of k.

Hence when X(t) is transient, by considering the jump chain and appealing to
Lemma 6.2.2, we can determine if there exists an invariant measure for Q. To determine
if this vector is also invariant for P(t), we can use the following theorem which is adapted

from the theorem in Section 3 of Kelly [40].

Lemma 6.2.3 Suppose m is an invariant measure for Q and define
Q" = (Q"(i,5), 1,7 € 8) by

TRETONE 7 L
q"(i,5) = —a(jyi)- (6.2.8)

Then m is an invariant measure for P(t) if and only if the Markov process with g-matrix

Q" is regular.

Derman [19] gave an interpretation of an invariant measure m for P({) for a transient
process. The interpretation also holds for recurrent processes and is as follows. Suppose

at time t = 0 we place N, particles in each state k € S where Ny are independent random



Chapter 6. Duality results for M/G/1-type and GI/M/Ptype Processes 199
s 12

ariables following a Poisson distribution with mean m.. From t;
variables f g a é k- From time ¢ = onwards, let

the particles move independently from state to state, each moving accord;
ccording to a Mark
arkov

process with g-matrix Q. If we denote the number of particles ip state k € S at t;
' al time

t > 0 by Ni(t) then Ni(t) has a Poisson distribution with mean mi and Ni(t), ke S
(), &

are independent random variables.

We now define the time-reverse of X (¢) with respect to an invariant measure m,

Definition 6.2.3 If m is an invariant measure for P(t) then the time-reverse of X (1)
with respect to m is the the Markov process XT(t) on the state space S with g-matriz

given by Q" = (¢%(1,7), 1,j € S) where q7(i,7) is given by equation (6.2.8).

lote that, by Lemma 6.2.3, since m is an invariant measure for R
Note that, by : \ n invariant measure for P(t), O ik be
regular and hence by Reuter [37] there is a unique Markov process with q-matrix Q"
The process X*(t) is therefore uniquely defined by Definition 6.9.:

L,

As mentioned previously, when X(¢) is positive recurrent and m is chosen such that
me = 1, m gives the stationary distribution for X (¢). In this case m is also the stationary
distribution for X*(¢) and X*(¢) is called the reversed process of X(t). For more details
on the reversed process we refer to Kelly [39]. Although the reversed process only exists
when X (t) is positive recurrent, the time-reverse of X(¢) can exist when X(t) is not
positive recurrent.

We state the following result that was observed by Kelly [40].

Lemma 6.2.4 Ifm is an invariant measure for P(t) then it is also an invariant measure

for Pn(t).

Lemma 6.2.4 can be interpreted in terms of the particle system as follows. Suppose
X(t), t = 0starts at time ¢ = 0 with Ny particles in state k € S where N, are independent
Poisson random variables with mean my. Further, suppose we let the process run until
a time 7 with particles moving independently, each according to a Markov process with
g-matrix Q. Similarly, suppose that we start the process X®(t) at time ¢t = 0 with N,
particles in state k € § where Ny are independent Poisson random variables with mean
my. Lemma 6.2.4 states that the distribution of particles at any time ¢t > 0 in the process
X(t —t), t 2 01is the same as the distribution of particles at time ¢ > 0 in the process

XT(t).
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6.3 M/G/1-type processes

A continuous time Markov process Xjs(t) on a state space S = {(k,j) : k > 0,1 <
J < M(k)} is called a level dependent M/G/1-type process if its q-matrix has the block

partitioned form

Qu=| 0 Aa® 4D 4D .. (6.3.1)

where Agk), k > 1 are M(k) x M(k — 1) matrices and Agk), ¢>1, k>0 are M(k) x
M(k + ¢ — 1) matrices. In the case where M (k) = M Vk > 0 and Q, has the form

A(10) A(zo) Ago) AE,O)
Ay A A, A
Qnm = 0 Ay Ay Ay - |, (6.3.2)

0 0 Ao Al

where A,, ¢ > 0 and A(L,U), ¢ > 1 are M x M matrices, Xps(t) is called a level independent
M/G/1-type process. For the M/G/1-type processes we consider, we assume that Q,,
is stable and conservative.

For a general level dependent M/G/1-type process it does not seem possible to obtain

a simple test for regularity. Hence the method used to prove regularity will depend upon
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the particular structure of the process under consideration. However, in the case of a
level independent M/G/1-type process it is clear that due to the homogeneity of the
process, —q((k,7),(k,7)),1 < j < M is independent of k for all & > 1. Hence there are
only 2M possible values for —q((k,7),(k,J)), M possible values for the states in levels
one and above and M for the states in level zero. Therefore, since we have assumed
that the process is stable, —q((k,7),(k,J)) must be bounded above and hence all level
independent M/G/1-type processes are regular. For simplicity we will only consider
regular level dependent M/G/1-type processes for the rest of this chapter.

We now present some results for M/G/1-type processes. Neuts [73] dealt extensively
with level independent M/G/1-type processes. More recently, Ramaswami [80] presented
results for level dependent M/G/1-type processes. Note that a level dependent M/G/1-
type process can be thought of as an extension of the LDQBD. We therefore adopt the
notation we used for LDQBDs. In the state (k, 7), k is referred to as the level of the state
and 7 is referred to as the phase of the state. I'rom the structure of Q,,, we see that
from level k, the process can either move down to level k — 1, stay at level k& or move up
to any level k + ¢, £ > 1. Due to this property we say that Xps(t) is skip free to the left.

Recall that for a LDQBD, the (7, 7)th element of the matrix Gy, k > 1 is defined to
be the probability that, starting in the state (k,¢), the process eventually reaches level
k — 1 and does so through the state (k —1,7). In the case of a M/G/1-type process
we make the same definition for G. Ramaswami [80] has shown using methods similar
to those used in Chapter 2 that the matrices {Gy,k > 1} are the minimal non negative
solutions to the equations

0=AY +5S AW GG k=1 (6.3.3)

¢=0
In [80] it is also shown that if Xp/(t) is positive recurrent then the stationary distri-

bution @ = (xy,®,,...) satisfies the recursion

k=1 -1
— (Z 2¢B(!, A:)) (—B(k,k)) (6.3.1)
(=0

where
40
14 ¢ Y s T .4
B(t,ky= AN, +S AL, G . G (6.3.5)
J=0
As was the case for LDQBDs, it seems that there does not exist any simple test for

positive recurrence of a level dependent M/G/1-type process. However, Neuts [73] has
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derived conditions for a level independent M/G/1-type process to be positive recurrent.
Neuts actually considered discrete time M/G/1-type chains but the following results for
continuous time processes can be proved using methods similar to those used in the proof

of Theorem 2.8.3.

Theorem 6.3.1 Consider a continuous time level independent M/G/1-type process
where A = Y32, Ay ts an irreducible, aperiodic g-matriz. Let ™ be such that mA = 0

and we = 1 and define B = Y72, Ave. Then
1. if B < 0 then the M/G/1-type process is positive recurrent,
2. if wfB =0 then the M/G/1-type process is null recurrent,
3. if wB > 0 then the M/G/1-type process is transient.

It is also possible to characterise the ergodic nature of a level independent M/G/1-
type process by considering the spectral radius of the matrix G. We state the following

theorem which can be derived from results in Neuts [73].

Theorem 6.3.2 Consider a continuous time level independent M/G/1-type process
where A = Y020 Ay is an irreducible, aperiodic g-matriz. If G is the minimal non

negative solution to equation (6.3.3) then

1. the M/G/1-type process is recurrent if and only if the spectral radius of G is equal
to I,

2. the M/G/1-type process is transient if and only if the spectral radius of G is less
than 1.
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6.4 GI/M/1-type processes

A continuous time Markov process Xg(t) on a state space S = {(k,j) : k> 0,1 <5 <

M(k)} is called a GI/M/1-type process if its q-matrix has the block partitioned form

Dgl) D(ll) Dél) 0
QGI: D:(}Q) Dgz) D(lz) D(()2) (6.4.1)

p? pf by DY

where ng), k > 0 are M(k) x M(k + 1) matrices and Dﬁ,k), £21, k= E8=1 are

M(k) x M(k — ¢+ 1) matrices. In the case where M (k) = M Vk > 0 and Q; has the

form

D D, 0 o
(1)

D2 Dl D() 0

QG1: Dgz) D, D, DO (642)

DY p, Dy Dy

where Dy, ¢ > 0 and Dﬁ,p_l), ¢ > 1 are M x M matrices, Xg/(t) is called a level
independent GI/M/1-type process. For the GI/M/l-type processes we consider, we
assume that Q¢ 1s stable and conservative. From the structure of Qg , we see that from
level k, the process can either move up to level k+ 1, stay at level & or move down to any
level k — ¢, 1 < ¢ < k. Due to this property we say that X¢(t) is skip free to the right.

We now apply Lemma 6.2.1 to obtain a suflicient condition for regularity of a level

dependent GI/M/1-type process. If we let Sk, k > 0 represent all states in level & then
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since Q¢ is skip free to the right, condition (6.2.3) is satisfied. It is clear that condition
(6.2.4) holds so we have that a level independent GI/M/I-type process is regular if the
pure birth process with rates given by
M(k+1)
q(k,k+1)=sup [ng)]ij (6.4.3)

1 j:()

is regular. That is, using the result of Feller [25] and equation (6.2.2), if

o M (k+1) =l
>, |:sup,~ > [ng)]ijj| = 00, (6.4.4)
7=0

k=0

Note that for many practical processes condition (6.4.4) will be easy to verify. In particu-
lar, in the case of a level independent GI/M/1-type process, equation (6.4.4) will always
hold due to the homogeneity of the process and hence all level independent GI/M/1-type
processes will be regular. For simplicity we will only consider regular level dependent
GI/M/1-type processes for the rest of this chapter.

GI/M/1-type processes can also be thought of as an extension of LDQBDs. The
seminal work on level independent GI/M/l-type processes was done by Neuts [72].
Ramaswami [80] extended the theory to the case of level dependent GI/M/1-type pro-
cesses. We now state some of these results but omit the proofs since they follow exactly the
same lines as the proofs of the corresponding results for LDQBDs presented in Chapter 2.

If we define the matrix Ry, & > 0 in the same way that it was defined in Chapter 2
then it is shown in Ramaswami [80] that {Ry,k > 0} are the minimal non negative

solutions to the equations
K = k441 "
0=D{ +5S Ry Rupe DY k20 (6.4.5)
=0

It is also shown in [80] that the stationary distribution @ = (&0, ®1,...) of Xg/(¢) satisfies

the recursion

As was the case for level dependent M/G/1-type processes, it does not seem possible
to obtain easily verifiable conditions for positive recurrence of level dependent GI/M/1
type processes. Neuts [72] derived conditions for positive recurrence of a level independent

GI/M/1-type process. We state these conditions in the following theorem.
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Theorem 6.4.1 Consider a continuous time level independent GI/M//1-type process
where D = 552, D, is an irreducible, aperiodic g-matriz. Let w be such that #D = 0

and we =1 and define B = 3,2, ¢Dve. Then
1. if wB > 0 then the GI/M/1-type process is positive recurrent,
2. if B = 0 then the G1/M/1-type process is null recurrent,
3. if wB < 0 then the GI/M/1-type process is transient.

The following theorem characterises the ergodic nature of a level independent GI/M/1-
type process in terms of the spectral radius of the matrix R. We refer to Neuts [72] for

the proof.

Theorem 6.4.2 Consider a continuous time level independent GI1/M//1-type process
where D = Y52 D, is an irreducible, aperiodic g-matriz. If R is the minimal non

negative solution to equation (6.4.5) then

1. the GI/M/1-type process is positive recurrent if and only if the spectral radius of R

is less than one,

2. the GI/M/I1-type process is null recurrent or transient if and only if the spectral

radius of R is cqual to one.

6.5 The time-reverse of M/G/1-type and GI/M/1-
type processes

In this section we consider the time-reverse of M/G/1-type and GI/M/1-type processes.

6.5.1 Level dependent M/G/1-type and GI/M/1-type pro-

cesses

Consider an irreducible, continuous time level dependent M/G/1-type process Xp(t)
with g-matrix Q,, given by (6.3.1) and transition probability matrix P(t). If X (1)
is recurrent then we know from Section 6.2 that an invariant measure always exists.

To determine if an invariant measure exists when Xp/(¢) is transient we consider the
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jump chain. The jump chain of X (t) is the discrete time Markov chain with transition

probability matrix

A(IO) Afz()) Ago) A9

Pu=| 0 a® A® a0 ... R}
g o A AP
- k - . - " o .
where Ag ¥ @DklAﬁ,k) + 601, ®f = —(lla'g([/\(lk)]ii) and J;; is the Kronecker delta. For

any state (k,j), the only states (£,4) for which P k) 1s potentially greater then zero,
are the states in the levels 0,1,... ,k + 1. These states make up a finite set of states
and hence by Lemma 6.2.2, the jump chain has an invariant measure and therefore the
equation m@Q,,; = 0 has a non negative solution m. Lemma 6.2.3 must be applied to
determine if m is an invariant measure for Pas(t).

If such an invariant measure m exists, then the g-matrix for the time-reverse of X, (t),

XR(t) is given by

R_|p®» p® p pB . (6.5.2)
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where

D = ACYAT AL, k20 (6.5.3)
D = A (Al a, k 20, (6.5.4)
Bl = &plAST Yay  BELISIER (6.5.5)

Ay = diag(my) k20, (6.5.6)

So we see that X3} (t) is a level dependent GI/M/1-type process.

Now consider an irreducible, continuous time level dependent GI/M/1-type process
Xai(t) with g-matrix Qg given by (6.4.1) and transition probability matrix Pgy(t). As
was the case for the level dependent M/G/1-type process, if Xg (t) is recurrent then we
know from Section 6.2 that an invariant measure always exists. When Xg/(t) is transient,
unlike in the case of a level dependent M/G/1-type process, we are unable to show that
mQ;; = 0 has a positive solution. If a positive solution m to this equation does exist,
then Lemma 6.2.3 can be applied to determine if m is an invariant measure for Pgy(t).

If an invariant measure m exists for a level dependent GI/M/1-type process X¢ (1),

then the g-matrix for the time-reverse of Xg(t), X5 (t), is given by

A(,U) A’g()) A:(}o) A..(l())

by
-~J
—~

B=| 0 aA@ aP al® .. (6.5.
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where

AP = ATHDE N A, k21, (6.5.8)
Al = AUB PR k20, 20, (6.5.9)
Ay = diag(my) k>0 (6.5.10)

and we see that this is the q-matrix for a level dependent M/G/1-type process.

6.5.2 Level independent M/G/1-type and GI/M/1-type pro-

cesses

We now consider the time-reverse of level independent M/G/1-type and GI/M/1-type
processes.

Consider an irreducible, continuous time level independent M/G/1-type process
Xm(t) with g-matrix @Q,, given by (6.3.2). As mentioned in the previous section, if
Xwm(t) is recurrent then an invariant measure always exists. We showed in the previous
section that when X)s(t) is transient, the equation m@Q,,; = 0 has a positive solution m.
Lemma 6.2.3 states that m will be an invariant measure for Pps(t) if the process with

g-matrix given by

m(f,m)

(ks (6, m)) = ZE™ (0, m), (k, 7)) (6.5.11)
m(k,7)

is regular. It is easy to show that —q¢®((k, ), (¢, m)) = —q((k, ), (¢, m)). Since we showed
in Section 6.3 that —q((k, 5), (¢,m)) is bounded above, —¢®((k, ), (¢,m)) is also bounded
above and hence from results in Section 6.2 the process with ¢-matrix given by (6.5.11)
is regular. Hence when Xj/(¢) is transient, an invariant measure for Pps(t) always exists
and furthermore, any positive solution to m@Q,, = 0 is an invariant measure for P ys(t).

We can now state that the time-reverse of a level independent M/G/1-type process

with invariant measure equal to m is, in general, a level dependent GI/M/1-type process
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with g-matrix given by

Q% =|DpP D® pP p® ... (6.5.12)

where

D = A7V (Ao) Akt k>0, (6.5.13)
DI = ATV (A) Apeen k>1, 1< U<k, (6.5.14)
DY, = A AY) Y k>0, (6.5.15)

Ay = diag(my) k> 0. (6.5.16)

Now consider an irreducible, continuous time level independent GI/M/1-type process
Xer(t) with g-matrix Qg given by (6.4.2). We stated in the previous section that if
Xgir(t) i1s recurrent then an invariant measure for Pgj(t) always exists. If Xgr(t) is
transient and mQ,; = 0 has a positive solution then Lemma 6.2.3 can be applied to
determine if m is an invariant measure for Pgj(t). Using similar methods to those used
above for level independent M/G/1-type processes, it can be shown via Lemma 6.2.3
that any positive solution to mQ,; = 0 is always an invariant measure for Pg(t).

The time-reverse of a level independent GI/M/1-type process with q-matrix given by

(6.4.2) and invariant measure equal to m is in general a level dependent M/G/1-type
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process with g-matrix given by

o= 0 AP 4P A® .. (6.5.17)
0 o0 AP AP
where
Ad? = AN Dy B k> 1, (6.5.18)
AP = A7Y(DEYYA,L, >, (6.5.19)
A = ATV (DY Aryeon k>1, 021, (6.5.20)
Ay = diag(my,) k2 0. (6.5.21)

An interesting question to pose is when will the time-reverse of a level independent
M/G/1-type or GI/M/1-type process be level independent? In order to derive conditions
under which this holds, we need to consider processes for which the phase and level

variables are independent. We devote the next section to such processes.

6.6 Independence of level and phase

In this section we consider M/G/1-type and GI/M/1-type processes on state spaces
where the number of phases at each level is a constant. That is, S is such that M (k) =

M Yk > 0. This enables us to make the following definitions.
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Definition 6.6.1 An invariant measure m = (mg,m,,...) for a level dependent
M/G/1-type or GI/M/1-type process on the state space S = {(k,7): k> 0,1 < ;< M}

is said to have the phase independent of level property if m has the form

k—1
meOH'l]g k>0 (6.6.1)

=0

where § s a non negative vector independent of k, and ne, ¢ > 0 are positive scalars.

Definition 6.6.2 An invariant measure m = (mg,my,...) for a level independent
M/G/1-type or GI/M/1-type process on the state space S = {(k,7) : k> 0,1 < j < M}

is said to have the phase independent of level property if m has the form
m=6n k>0 (6.6.2)
where 8 is a non negative vector independent of k, and n is a positive scalar.

It is of interest to determine under what conditions an invariant measure for a M/G/1-
type or GI/M/1-type process has the phase independent of level property. In general
this is difficult to do. The following theorem gives necessary and sufficient conditions for
a positive recurrent level dependent GI/M/1-type process to have the phase independent
of level property. The theorem is a generalisation of Theorem 2.1 in Ramaswami and
Taylor [83]. Ramaswami and Taylor modelled a variety of queueing networks as LDQBDs

and derived various known results for queueing networks by applying their Theorem 2.1.

Theorem 6.6.1 Consider a level dependent G1/M/1-type process on a state space S =
{(k,j) : k=20,1 <3< M} with ¢-matriz given by (6.4.1). Then the process is positive
recurrent and the stationary distribution @ has the phase independent of level property if
and only if there exists a non negative vector £ with £e = 1 and positive scalars . such

that,

ER, =mk k0, (6.6.3)
o0 k-1
Yo I me < oo, (6.6.4)
k=0 (=0

and

o0 k—1
5<Z<H ”/v> Dm) =0, (6.6.5)
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in which case

k-1
e = K& ] ne k>0 (6.6.6)
=0

where K is a normalising constant.

Proof: Firstly assume that the process is positive recurrent and @ has the phase inde-
pendent of level property. Hence &, = (me)™'m, where my is given by equation (6.6.1).
We know from the first block of the global balance equations that @ satisfies
- k
> el =0 (6.6.7)
k=0
which upon substituting for @, becomes
oo [k—1 "
9(2([] m) D;J)1> = 0. (6.6.8)
k=0 \{=0
This is equation (6.6.5) with £& = 6. Since y_ 72, xre = 1 it is easy to show that (6.6.4)
holds and hence provided we can show O Ry = 1,0 Vk > 0, we have the required result.

From equation (6.4.6) we have Vk > 0,

Tpp1 = xRy (6.6.9)
k k—1

=5 H(H ng> = 0<H m) R, (6.6.10)
(=0 =0

= Gy, = R, (6.6.11)

and the desired result holds.

Now assume that there exists a non negative vector § with £e = 1 and positive scalars
Nk such that (6.6.3), (6.6.4) and (6.6.5) hold. We know from Markov chain theory that
the process is positive recurrent if we can find a positive solution m such that me < co

to the global balance equations

S D, = @ (6.6.12)
k=0
S mupe DY = 0 >0 (6.6.13)
k=0

By repeatedly applying equation (6.6.3), equation (6.6.5) reduces to

o0 k—
(Z (5 Hl Rv) D‘fﬁx) = 0. (6.6.14)

k=0 =0
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Hence my = £[[;24 Ry satisfies equation (6.6.12) which is the first block of the global
balance equations. By using equations (6.6.3) and (6.4.5) it can be shown that m, =

ET1520 Ry also satisfies the equations (6.6.13). Now we have

:
I
M2

k—1
f H Rge
(=0

k

=
Il
=
|
—

neée

.
I
o

I
[[™]s
= ~
1l
- O

Il
‘MS

,.
Il
[}
o~
I
=]

<

8

where the last inequality results from equation (6.6.4). Hence the process is positive
recurrent and @« is given by @, = K'm, which by applying (6.6.3) is equivalent to
(6.6.6). O

In the case of a level independent GI/M/1-type process, we have the following the-

orem. We omit the proof as it is similar to that of theorem 6.6.1.

Theorem 6.6.2 Consider a level independent G1/M/1-type process with g-malriz given
by (6.4.2). Then the process is positive recurrent and the stationary distribution @ has
the phase independent of level property if and only if there exists a non negative vector €

with £€e* = 1 and a positive scalar n < 1, such that

ER =g, (6.6.15)
and
¢S 7*D¥, =0, (6.6.16)
1\7:0
in which case
.= hn'¢ k>0 (6.6.17)

where I s a normalising constant.

6.7 Level independence of the time reverse process

We now return to the question we posed at the end of Section 6.5.2, namely, when will

the time reverse of a level independent M/G/1-type or GI/M/l-type process be level
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independent? This question is answered for the case of a M/G/1-type process in the

following theorem:.

Theorem 6.7.1 If Xp/(t) is a level independent M/G/1-type process with an invariant
measure m, then X% (t), the time-reverse of Xp(t) with respect to m, is a level independ-
ent GI/M[1-type process if and only if the invariant measure for Xp(t) (and XE(1))

has the phase independent of level property.
Proof: Firstly assume that the invariant measure has the phase independent of level
property. This implies that m; = 8n*. We need to show that the (7, 7)th element of each

of the matrices Dék),lc =0, D(lk), k >0 and Dgi)l,k > 1, 1 <7 < k is independent of k.

We have the following

mk+1]j

Dy =Tl sy
[y
_ n*te);
= 77/;[9]1_ [AO]Jz
_ n[6];
N [0]: [AO]JH
[D(lk)]ij = [mk]j[Al]ji k>0
[mk]i
_ n*[e);
=i 77k[9]i[ l]]l
_[9];
i Tg]_i[Al]Jza
[Dg’i)xlij = [T[;lr];_]glj[Ae+1]ji k2l, lEf<k
A F
- 77k[9]i [AHI]Jt

which are all independent of k.

Now assume that the time-reverse is level independent. We must show for some
constant > 0, that m,; = myn holds for all &£ > 0. From Definition 6.6.2, since my
1s a non negative vector, this is sullicient for showing that m has the phase independent

of level property.
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We have the following

[D(()k+l)]i_] = {D(()k)]” Vi > 1 (6.7.1)

— [k p2); 7.5 . [ﬁzH_I]J-[A L. —

(Mg )i N [m]: 0l A2
[Musa); [l

s [mk+1]j = [mk]i i (6.7.3)

Now equation (6.7.3) holds for all 7 and j and all £ > 1 so applying the equation recurs-

ively gives
[mya]; [

- Vi, 5, Yk > 0. (6.7.4
(my];  [mo)s i

Now since equation (6.7.4) holds for all 4,7, by fixing j and varying i, it is clear that
[mlli

[mo]i
constant. This completes the proof. 0

is independent of 7. Hence we have that [myy]; = K[my]; Yk > 0 where K is a

The following theorem is proved in a similar way to the previous theorem.

Theorem 6.7.2 If X¢(t) is a level independent G1/M/1-type process with an invari-
ant measure m, then X[E,(t), the time-reverse of Xgri(t) with respect to m, is a level
independent M /G [1-type process if and only if the invariant measure for Xgi(t) (and

XE,(t)) has the phase independent of level property.

6.8 Ramaswami’s duality result

In this section we present a special case of a duality result obtained by Ramaswami
[79] for level independent M/G/l-type and GI/M/1-type processes. Ramaswami ac-
tually considered Markov renewal processes of M/G/l-type and GI/M/l-type. Such
processes have the same skip free structure as the Markov processes we are considering
here but the g-matrices are replaced by transition kernels consisting of matrices of dis-
tribution functions. For such processes it is necessary to consider the matrices G(z,s)
and R(z,s) respectively which are matrices of double transforms. Ramaswami’s duality
result gives a relationship between G(z,s) and R(z,s) for two suitably defined Markov

renewal processes of M/G/1-type and GI/M/l-type. We state the result only for the
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Markov processes we are considering. Ramaswami proved his result by using the fact that
G/(z,s) is the unique solution in the class of double transforms to a particular matrix
equation. We give a direct algebraic proof rather than use this result. The same method
of proof will be used to prove results in later sections. The special case of Ramaswami’s
result that we present is equivalent to Corollary 5.1 in Asmussen [6]. Asmussen derived
his result using a probabilistic version of Wiener-Hopf factorisation methods.

The following theorem is based on Theorem 2.1 in Ramaswami [79].

Theorem 6.8.1 Consider a level independent M/G/1-type process with q-matriz given
by (6.3.2). Let A = Y72, Ay and assume that A is irreducible. Further, let a be the
invariant probability vector of A, A = diag(a) and G be the minimal non negative
solution to equation (6.3.3).

If we define D, by

De=ATTAA 0320, (6.8.1)

then the matric D = %32 D, is an irreducible g-matriz and the matriz R for the

GI/M/1-type process with D, given by (6.8.1) is given by
R=A"'G'A. (6.8.2)

Proof: We give an algebraic proof similar to that given in Ramaswami [79]. The matrix

D is given by

D = > D, (6.8.3)
=0
= AT AL (6.8.4)
£=0
= AT'A'A. (6.8.5)

Hence D must be irreducible since A is irreducible. The off diagonal elements of D are

non negative and since

De = A7 'A'Ae (6.8.6)
= A'A'd (6.8.7)
= 0, (6.8.8)

we have that D is a q-matrix.
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From results in Sections 6.3 and 6.4 we have that the matrix R for the GI/M/1-type

process with D, given by (6.8.1) is the minimal non negative solution to

ZR% AJA. (6.8.9)
=0
The matrix G for the M/G/1-type process is the minimal non negative solution to
0=> AG" (6.8.10)
=0
Pre-multiplying (6.8.9) by A, post-multiplying by A™" and taking transposes of both
sides gives
Z AT'R'A) (6.8.11)
=0
Comparing equation (6.8.11) to equation (6.8.10), since G is the minimal non negative

solution to (6.8.10), we have that

AT'RA>G (6.8.12)
which implies

R>A'G'A (6.8.13)

since a is a positive vector.
Pre-multiplying (6.8.10) by A, post-multiplying by A™" and taking transposes of

both sides gives

0=> (AT'G'A)ATIAA. (6.8.14)
=0
Comparing equation (6.8.14) to equation (6.8.9), since R is the minimal non negative

solution to (6.8.9), we have that
A~'G'A > R. (6.8.15)

which together with equation (6.8.13) implies that R = A™'G'A. O
Ramaswami called the GI/M/1-type process constructed in Theorem 6.8.1 the dual
of the M/G/l-type process. We will refer to the relationship (6.8.2) as Ramaswami’s
duality relationship.
Although Ramaswami only defined the dual of a M/G/1-type process, it is clear that
it is also possible to define the dual of a GI/M/1 type process. In order to do this we

state the following theorem which can be proved in the same way as Theorem 6.8.1.
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Theorem 6.8.2 Consider a level independent GI/M/1-type process with g-matriz given
by (6.4.2). Let D = 372, D, and assume that D is irreducible. Further, let d be the
invariant probability vector of D, A = diag(d) and R be the minimal non negative
solution to equation (6.4.5).

If we define A, by
Ay =AD& €20, (6.8.16)

then the matriz A = 3752 Ay is an irreducible g-matriz and the matriz G for the M/G /1~
type process with A, given by (6.8.16) is given by

G=A""RA. (6.8.17)

We will refer to the M/G/1-type process constructed in Theorem 6.8.2 as Ramaswami’s
dual of a GI/M/1-type process.
When considering dual processes it is usual to consider the dual of the dual process.

The dual of a M/G/1 type process is a GI/M/1-type process with D, given by
D,=ATA\A (6.8.18)

with A = diag(a) where a is the unique solution to @A = 0 such that ae = 1. Now the

dual of this GI/M/1-type process is a M/G/1-type process with matrices A, given by
A, = A™Y(DyA (6.8.19)
= A7'(AaTN(A)A)A (6.8.20)

with A = diag(d) where d is the unique solution to dD = 0 subject to de = 1. Now if

we set d = a then A = A and then

dD (6.8.21)
=aA"'A'A (6.8.22)
—e/A'A (6.8.23)
r (6.8.24)
So because dD = 0 has a unique solution such that de = 1, d must be equal to a.

This implies that the dual process of the dual of a M/G/1-type process is the original
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M/G/1-type process. It can be shown in a similar fashion that the dual process of the
dual of a GI/M/1-type process is the original GI/M/1-type process. We now state these

two results as a theorem.

Theorem 6.8.3 The dual process of the dual of a M/G/1-type (GI/M/1-type) process
is the original M/G/1-type (GI/M/1-type) process.

The relationships (6.8.2) and (6.8.17) have a number of applications. For example, if
we derive a result for M/G/1-type (or GI/M/1-type) processes then the corresponding
result for GI/M/1-type (or M/G/1-type) processes can be obtained directly via the
duality relationships. Latouche and Ramaswami [56] derived a closed form expression for
the matrix G' for a QBD and they used the relationship (6.8.2) to derive a closed form
expression for the matrix R. The following theorems follow from equations (6.8.2) and

(6.8.17).

Theorem 6.8.4 1. The matrizx R for the dual of a level independent M/G/1-type
process and the matriz G for the original M/G/1-type process have the same ei-

genvalues.

2. The matriz G for the dual of a level independent GI/M/1-type process and the

matriz R for the original GI/M/-type process have the same eigenvalues.

Proof: Part I follows directly from equation (6.8.2) and 2 follows from equation (6.8.17).
O
The following two theorems describe the relationship between the ergodic character-

istics of M/G/1-type and GI/M/1-type processes and their duals.

Theorem 6.8.5 1. The dual process of a recurrent level independent M/G/1-type
process is either transient or null recurrent.
2. The dual process of a transient level independent M/G/1-type process is positive

recurrent.

Proof: First we prove I. From Theorem 6.3.2, since the M/G/1-type process is recur-

rent, the spectral radius of G is equal to one and hence from Theorem 6.8.4 the spectral
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radius of R for the dual process is equal to one. From Theorem 6.4.2 the dual process
must therefore be transient or null recurrent.

Now consider part 2. If the M/G/1-type process is transient, the spectral radius of
G is less than one and hence the spectral radius of R is less than one which implies that
the dual is positive recurrent. O

The following theorem is proved in the same way as Theorem 6.8.5.

Theorem 6.8.6 1. The dual process of a positive recurrent level independent

GI/M/1-type process is transient.

2. The dual process of a transient or null recurrent level independent GI1/M/1-type

process is recurrent.

6.9 An alternative proof of Ramaswami’s duality res-

ult

Asmussen and Ramaswami (7] gave an alternative proof of Ramaswami’s duality result.
They proved the duality result in its more general Markov renewal process form. The
method of proof was in terms of time reversal of sample paths. In this section we give
a brief outline of their arguments. To avoid unnecessary complications, we present their
results for the case of Markov processes. We will only consider Ramaswami’s dual of a
M/G/1-type process but the discussion can be easily extended to the dual of a GI/M/1-
type process.

Consider a Markov process Xp(t) = (La(t), Jar(t)) on the state space {(£,7) : ¢ =

+1,42,...,1 <3 < M} with g-matrix of the form

Al Az Ag A;[
& AQ A1 A2 A3 . .
QR = (6.9.1)
... 0 Ay A A, ...

0 0 Ao Al

where the matrix A = 5,2, A¢ is an irreducible, aperiodic q-matrix. We assume that the

matrix @, is stable and conservative. Because of the structure of the state space, the
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process is referred to as a “doubly infinite” process. Note that the process has the skip-
free to the left property. Hence we refer to this process as a doubly infinite M/G/1-type
process. Due to the homogeneity of the matrix Q,;, there are only M possible values

of —qn((k, ), (k,J)) and hence since Q,, is stable, —qar((k,J), (k, 7)) must be bounded

above. Therefore the process Xjp(t) is regular.
Asmussen and Ramaswami defined a second doubly infinite process,

Xai(t) = (Lai(t), Jer(t)) on the same state space as that above, with q-matrix given by

D, D, 0 0

Qar=| . (6.9.2)

with

D,=A"TAA (>0 (6.9.3)
and

A = diag(a) (6.9.4)
where a is the solution to aA = 0 such that ae = 1. Note that this process has

the skip-free upward property and hence we refer to it as a doubly infinite GI/M/1-
type process. Asmussen and Ramaswami refer to this doubly infinite process as the
“dual” of the original doubly infinite process since it is constructed in a similar fashion
to Ramaswami’s dual of an M/G/l-type process. It is easy to show that this doubly
infinite process is regular.

It is clear that the matrix A is the q-matrix for the partially observed process Jy(t)
and the matrix D is the q-matrix for the partially observed process Jgr(t). Asmussen and
Ramaswami observed that the relationship (6.9.3) implies D = A" AA which implies
that Jgr(¢) is the time reverse of Jy (t) with respect to the invariant measure a. In fact,

since Jpy(t) is positive recurrent, Jgi(t) is the reversed process of Jy(t). Therefore from
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results for reversed processes, we can say that

[ } [)A,go( 0 ~* ]1 =P s =P jn) — [ }],,P()(’Jn(jn - jn—l e AT o ]()) (695)

where P o ! (Jo = j1 = ... = jn) is the probability that Xyr(t) moves sequentially through
the phases jg,J1,- .. ,Jn, given it started in the state (0, jo) and Pm O o T S
Jo) has a similar interpretation. We note that equation (6.9.5) corresponds to equation
(3.2) in Asmussen and Ramaswami [7].

Although Jg/(t) is the time reverse of Jp(t), the matrices G and R relate to the
bivariate processes Xy (t) and Xgs(t). Hence it would be useful if we could extend the
relationship (6.9.5) to the doubly infinite processes.

Asmussen and Ramaswami realised that it is difficult to find a direct relationship
between X () and Xgy(t) since they are both processes on doubly infinite state spaces.
In order to obtain a relationship that could be used to derive Ramaswami’s duality res-
ult, Asmussen and Ramaswami considered the discrete time processes K M >0 and
K& n > 0 which are defined to be the processes of changes in levels at each transition
point for Xpr(t) and Xgs(t) respectively. The processes K M and KS! are such that
K,’l" > —1,n > 0 and [\'f’ < I,n 2 0. That is, these processes reside in singly infin-
ite state spaces. It is this property that enabled Asmussen and Ramaswami to obtain
their relationship (3.6) which they then use to derive Ramaswami’s duality result. It is
straightforward to use equation (3.6) in [7] to derive the following result for the Markov

processes Xp(t) and Xg(t);

[al; POJO((jl, K1) = (j2, K2) = ... = (Gn, I0))

GI y » . e
= [a]j,,[)o ;n((Jn Ly =t n) =} &3 it (Jl» _[\’2) = (]07 _]\1)).
(6.9.6)
So by introducing the processes N and KZ!, Asmussen and Ramaswami derived

the relationship (6.9.6) which is essentially a time reversal result. On the left hand side
of (6.9.6) we consider XM (¢) moving sequentially through the phases jo,j1,...,j, and
making jumps between levels of sizes Ny, Ny, ... , ;. On the right hand side of (6.9.6) we
consider Xgr(t) moving through the phases jn, jn-1,...,Jo and making jumps between
levels of sizes N, Ky_1,..., ;. That is, in moving from Xy/(t) to Xg(t), we reverse
the original order of the phases and we reverse the order and the direction of the jump

sizes between levels.
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6.10 A probabilistic interpretation of Ramaswami’s

duality result

The need to consider the processes KM

""and K7 arises essentially because the doubly
infinite processes Xas(¢) and Xg;(t) are transient. However, in Section 6.2 we have seen
how to construct and interpret time reverses for transient processes. In this section we
show that Xg/(t) is the time reverse of Xy (t) with respect to a particular invariant
measure. This enables us to give a probabilistic interpretation of Ramaswami’s duality
result. In the next section we will use the probabilistic interpretations presented here
to define an alternative dual process. In the rest of the chapter, when we refer to an
invariant measure for a process X(t) with q-matrix @ and transition probability matrix
P(t), we will mean an invariant measure for both @ and P(t).
Suppose m = (... m_;, mg, my,...) is a positive vector satisfying

oo

> m,_ A, =0 v € 4. (6.10.1)

=0
Then from Lemma 6.2.3 m is an invariant measure for X(t) if the Markov process with
g-matrix given by

[me]m
[m);

is regular. Using methods to those we have used earlier, it can be shown that

(Igl((k’j)v (év 7”)) =

qm((¢,m), (k,j)) (6.10.2)

i (K, ), (6,m)) = qui((k, §), (¢, m)) e

and hence ¢&((k,J),(¢,m)) is bounded above since qu((k,7),(¢,m)) is bounded above.
Therefore the process with g-matrix (6.10.2) is regular.

Putting m = (...a,a,a,...) we have

> m, A (6.10.4)

{50

=Y aA; (6.10.5)
=0

=aA (6.10.6)

=0 (6.10.7)

and hence m = (...a,a,a,...) is an invariant measure for the doubly infinite M/G/1-

type process. It is easy to see that the time reverse with respect to this invariant measure,
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of the doubly infinite M/G/1-type process is equal to Xg(t). Hence we have that
Ramaswami’s dual process of the original doubly infinite process is the time reverse of
the original process with respect to the invariant measure m = (...a,a,a,...). This
is a much stronger relationship than the relationship (6.9.6) derived by Asmussen and
Ramaswami.

Now note that for the doubly infinite M/G/1-type process we can still define the
matrix G in the same way as we did for the singly infinite process. G will then be the
minimum non negative solution to equation (6.3.3). Similarly, for the doubly infinite
GI/M/1-type process we can define the matrix R in the same way as we did for the
singly infinite process and R will then be the minimum non negative solution to equation
(6.4.5). Having defined G and R, the same algebraic arguments as those used in the

proof of Theorem 6.8.1 give us that
R=AT'G'A (6.10.8)
or equivalently

a;[R)i; = a;[Gl;i Vi, ] (6.10.9)

By appealing to the particle system interpretation of an invariant measure given in Sec-
tion 6.2 it is possible to give a probabilistic interpretation of equation (6.10.9).

Suppose Xpr(t) starts at time ¢ = 0 with N; particles in phase j (at each level), where
N; are independent Poisson random variables with mean a;, and we let the particles
move between the states according to a Markov process with g-matrix given by (6.9.1).
Similarly, suppose Xq(t) starts at time ¢ = 0 with N; particles in phase j (at each
level), where N; are independent Poisson random variables with mean a;, and we let the
particles move between the states according to a Markov process with q-matrix given by
(6.9.2). From Lemma 6.2.4 we have that for any 7 > 0, the distribution of particles at
time ¢t > 0 in the process Xp/(7 —t) is the same as the distribution of particles at time
t > 0 in the process X¢(t). That is, we can say that the distribution of particles in
the forward time process is the same as the distribution of particles in the time reverse
process.

To assist in obtaining a probabilistic interpretation of equation (6.10.9) we consider

the jump chains Xy, (n) and XZ;(n) of the processes Xp(¢) and Xgr(t) respectively.
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Xi(n) is a discrete time Markov chain with transition probability matrix given by

Py=| - (6.10.10)

where A; = ®'A; + §;1,i > 0 where ® = —diag([A,]i). XZ;(n) is a discrete time

Markov chain with transition probability matrix given by

D, D, 0 0

D, B, By 0
R (6.10.11)

where D; = ®'D; + §;;I,1 > 0 where ® = —diag([D,]ii). It is clear that the particle
interpretation given above also holds for the jump chains. That is, for any 7 > 0, the
distribution of particles at time n > 0 in the process X, (7 — n) is the same as the
distribution of particles at time ¢ > 0 in the process X2, (n).

We define the matrices G’ and R’ for the processes X{ (n) and XZ,(n) in a similar
way to how we defined the matrices G and R for the processes Xj(t) and Xg;(t). From
the probabilistic interpretations of the matrices G’ and G, it is clear that G’ = G. By
applying the same arguments used to prove equation (2.4.20) in Chapter 2 , we can show
that
[®):[R’];;

Rl = (@15

(6.10.12)

Consider the set of all sample paths for Xy, (n) that start in state (k,j) at time zero
and first visit level £ — 1 at time m > 1 and do so tlnough state (K —1,7). Call this set of

sample paths A,,. If we define the set A by A = U A, then from the definition of G’

=

and since G’ = G, we have that the probability mass of the sample paths in the set A

is equal to [G];;. Now consider the set of all sample paths for X7, (n) that start in state
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(k —1,17), are in state (k,7) at time m > 1 and have not visited level & — 1 in between.
Denote this set of sample paths by B,,. If we define the set B by B = D B,, then the
probability mass of the sample paths in the set B is equal to [R’];;. Hen;ne=flrom equation
(6.10.12), we see that to obtain [R];;, we need to multiply the probability mass of the
sample paths in B by [®];;/[®];;.

Observe that each sample path in the set B is the time reverse of a sample path
in the set A. That is, if a sample path in B consists of the sequence of states (k —
1,4), (k1,J1),--- ,(kn,3N), (k, 7) then the sample path consisting of the sequence of states
(k,7), (ENyIN)y -+ (K1, 51), (K — 1,7) is in set A.

Since the distribution of particles in Xj (7 — n) is the same as the distribution of
particles at time n > 0 in the process XZ;(n), it is reasonable to expect that there is
some relationship between [G”];; and [R’];; and hence some relationship between [G];:
and [R];;. Now although the distribution of particles in the process Xy, (t — n) is the
same as the distribution of particles in XZ;(n), the probability mass of the paths in A
will not in general be equal to the probability mass of paths in B. That is, [G’]}; is not
equal to [R’);;. Similarly, for the continuous time processes Xps(t) and Xai(t), [G)); is
not equal to [R];;. However, [G];; and [R];; are related by equation (6.10.9) which can
be interpreted as a set of “flux” equations.

Since a; is the distribution of particles in state (k,7) we can define a;[G];; as the
“downward flux” of particles under the invariant measure in Xy/(t), from state (k, j) to
state (k—1,1) avoiding levels k — 1 and below. Similarly, define a;[R];; to be the “upward
flux” of particles under the invariant measure in Xgr(t), from state (k — 1,7) to state
(k,7) avoiding levels & — 1 and below. Hence equation (6.10.9) can be interpreted as
stating that the upward flux in the time-reverse process is equal to the downward flux in
the forward time process. That is, the downward flux in the original process is balanced

by the upward flux in the dual process.

6.11 An alternative dual process

In the previous section we saw that Ramaswami’s dual of a doubly infinite M/G/1-type
process is the time reverse with respect to a particular invariant measure. This observa-

tion suggests that if we take the time reverse with respect to a different invariant measure
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then we may obtain a different dual process. In this section we derive an alternative dual
process in this fashion.

Consider a doubly infinite level independent M/G/1-type process with q-matrix given
by (6.9.1). We showed in the previous section that a positive vector
m=(...m_;,my,my,...) is an invariant measure for this process if it is a solution to

> m,Ar=0 vEL. (6.11.1)
=0

Let ¢ be the spectral radius of G. From results in Neuts [73] it can be shown that the
matrix Y52 Ae¢’ has spectral radius equal to zero. Hence there exists a positive vector
a such that

« (i Ag(zf) = 0. (6.11.2)

£=0)

k
1 . .
If we put my = « (—(5) , k € Z where o is the solution to (6.11.2) such that ae = 1
then

Zm,,_gAg (6113)
5 v—{

:Za@) A, (6.11.4)

- (é) o (i Ag(,b“) (6.11.5)
=0

= (6.11.6)

k
where the last equality results from equation (6.11.2). Hence m; = « (%ﬁ) , k€ Zis
an invariant measure for the doubly infinite M/G/1-type process. Note that when ¢ = 1,
that is, when the process is recurrent, the above invariant measure is the same as the
invariant measure used in the construction of Ramaswami’s dual. "
The time-reverse with respect to the invariant measure m; = « (l) of the doubly
infinite M/G/1-type process is a doubly infinite GI/M/1-type process with g-matrix of

the same form as (6.9.2) where
D, =¢"TATAA >0 (6.11.7)

with A = diag(a). The discussion in Section 6.10 suggests that the R matrix for the

level independent GI/M/1-type process with matrices D, given by (6.11.7) and the G
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matrix for the original M/G/l-type process may satisfy a duality relationship similar to

equation (6.8.2). In the following theorem we see that such a relationship does hold.

Theorem 6.11.1 Consider a level independent M/G/1-type process with g-matriz given
by (6.3.2). Let A = 3720 A,y and assume that A is irreducible. Further, let ¢ be the
spectral radius of G, which is the minimal non negative solution to equation (6.5.3) and

let o be the solution to

o (i A@") =0 (6.11.8)
(=0

subject to e = 1.

If we define D, by

D,=¢"'ATAA  £2>0, (6.11.9)
where A = diag(a) then the matric D = $.;2, D, is an irreducible ¢-matriz and the

matriz R for the G1/M/1-type process with Dy given by (6.11.9) is given by
1
R=-A"GA. (6.11.10)
¢
Proof: The matrix D is given by

D = A7) ¢7'AaA

=0

SN <Z¢“~‘Ag> A.

(=0
Hence D is irreducible since A is irreducible and D has non negative elements. We have

that

De = A™! 2(])“‘/124&8

=0
= ATVY ¢ Al
=0
1 % ’
= A_l S [CX (Z A/_f(/f)/">j\
(’D (=0

= U

where the last equality follows from equation (6.11.8). Hence D is a q-matrix.
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From results in Sections 6.3 and 6.4 we have that the R matrix for the GI/M/1—type
process with D, given by (6.11.9) is the minimal non negative solution to
0=> R'¢"'AAA. (6.11.11)
=0

The matrix G for the M/G/1-type chain is the minimal non negative solution to
oo
0=> AG" (6.11.12)
£=0

Pre-multiplying (6.11.11) by ¢A, post-multiplying by A~ and taking transposes of
both sides gives
0=> ApA'RA). (6.11.13)
=0
Hence we have that A" R'A is a non negative solution to (6.11.12) and since G is the

minimal non negative solution to (6.11.12), we have that

==
AT RA>G (6.11.14)
which, since o is positive implies that
R> La-iga 3
_J) . (6.11.15)
Now observe that
3 lA‘lG'A fTATIALA = 1A"1 2 A,G* / 5
Z(E’) ) & = g 2 AGH) A (6.11.16)
£=0 €=0
= (6.11.17)

where the last equality follows from equation (6.11.12). Hence we have that %A\lG/A

is a non negative solution to (6.11.11) and hence since R is the minimal non ne

Bat1ve
solution to (6.11.11), we have that
La-'gasr 5 S
b = (6.11.18)
which together with equation (6.11.15) implies that equation (6.11.10) holds. 0

We propose the GI/M/1-type process defined in Theorem 6.11.1 as an alternatiy,,, Jual
process to Ramaswami’s dual. However, note that our alternative dual is only di fopent
: ere

to Ramaswami’s dual when the process is not positive recurrent.
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Theorem 6.8.5 states that the ergodic character of Ramaswami’s dual process of a
M/G/1-type process depends upon the ergodic character of the original process. The
following theorem shows that the ergodic character of our dual process is independent of

the ergodic character of the original process.

Theorem 6.11.2 Our dual process of a level independent M/G/1-type process is either

transient or null recurrent.

Proof: It is clear from equation (6.11.10) that the spectral radius of R is alway equal
to one and hence the result follows from Theorem 6.4.2. d
Now consider a doubly-infinite GI/M/1-type process with q-matrix of the form given
in equation (6.9.2). It is easy to show that a positive vector m = (... m_y, mo, m,,...)
is an invariant measure for this process if it is a solution to
S me,D;=0 veZ (6.11.19)
=0
Suppose 0 is the spectral radius of R and B is the corresponding left eigenvector. By

pre-multiplying equation (6.4.5) by 8 we obtain
B (Z Dc0‘7> =}, (6.11.20)
(=0

Using equation (6.11.20) it follows that my = B0*, k € Z is an invariant measure for
the doubly infinite GI/M/1-type process. Note that when 6 = 1, that is, when the process
1s transient or null recurrent, the above invariant measure is the same as the invariant
measure used in the construction of Ramaswami’s dual. The time-reverse of the doubly
infinite GI/M/1-type process with respect to the invariant measure my = 6%, k € Z is

a doubly infinite M/G/1-type process with ¢-matrix of the same form as (6.9.1) where
A, =0"'AT'D,A {>0 (6.11.21)

where A = diag(B). The following theorem gives a duality relationship between the
G matrix for the M/G/1-type process with matrices A, given by (6.11.21) and the R
matrix for the original level independent GI/M/1-type process. The proof is similar to

that of Theorem 6.11.1.

Theorem 6.11.3 Consider a level independent G1/M/1-type process with q-matriz given
by (6.4.2). Let D = Y72, D, and assume that D is wrreducible. Further, let R be the



Chapter 6. Duality results for M/G/1-type and GI/M/1-type processes 161

minimal non negative solution to equation (6.4.2) and denote the spectral radius of R by
0 and the corresponding left cigenvector by 3.

If we define A, by
Ap = 1A DA {20, (6.11.22)

where A = diag(B) then the matriv A = ;2 Dy is an irreducible g-matriz and the
malriz G for the M/G/1-type process with A, given by (0.11.22) is given by

1
G=ZAT'RA, (6.11.23)

We propose the M/G/1-type process defined in Theorem 6.11.3 as an alternative dual
process to Ramaswami’s dual of a level independent GI/M/1-type process.

Theorem 6.8.6 states that the ergodic nature of Ramaswami’s dual process of a
GI/M/1-type process depends upon the ergodic nature of the original process. We show

in the following theorem that our dual process is always recurrent.

Theorem 6.11.4 Our dual process of a level independent GI/M/1-type process is always

recurrent.

Proof: It is clear from equation (6.11.23) that the spectral radius of G is always equal
to one and hence the result follows from Theorem 6.3.2. 0

We note that our dual of a M/G/1-type process and our dual of a GI/M/I-type
process are both constructed in essentially the same way. In constructing our dual of y
M/G/1-type process we find a which is the left eigenvector of 3772, A, corresponding
to the eigenvalue zero. When constructing our dual of a GI/M/1-type process we find 3
which is the left eigenvector of Y52, D¢0* corresponding to the eigenvalue zero. Equation
(6.11.22) is the same as equation (6.11.9) with D, replaced by A,, ¢ replaced by 0 and

o replaced by 3.
6.12 A dual process for level dependent M/G/1-

type and GI/M/1-type processes

In this section we construct a dual process for level dependent M/G/1-type and GI/M/|
type processes. We do this by considering the time reverse interpretations of the dug)

processes for level independent M/G/1-type and GI/M/l-type processes.
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[t seems that Ramaswami’s dual process for level independent M/G/1-type and
GI/M/1-type processes cannot easily be extended to level dependent processes. The
same statement holds for the alternative dual processes presented in Section 6.11. We
have seen in the preceding two sections that both Ramaswami’s dual process and the
alternative dual processes constructed in Section 6.11 can be constructed in the following
manner. Firstly the (singly infinite) process is extended to a doubly infinite process and
then the time reverse of the doubly infinite process is taken with respect to a certain
invariant measure. For Ramaswami’s dual the time reverse is taken with respect to the
invariant measure m = (...a,a,a,...) and for the dual processes in Section 6.11 the
invariant measures are given by my, = a(1/¢)F, k € Z and my, = B0%, k € Z respectively.
The dual process is then defined to be the M/G/1-type (GI/M/1-type) process with the
matrices A, (D;) equal to the corresponding matrices for the time reverse process.

The discussion above suggests that an alternative dual process could simply be the
time reverse of the singly infinite process. Of course, Theorems 6.7.1 and 6.7.2 tell us
that the time reverse will in general be a level dependent process, and level independent
if and only if the invariant measure has the phase independent of level property. We note
here that when we consider doubly infinite processes, the phase and level variables are
always independent and hence the time reverse is always level independent. Hence, when
constructing dual processes for level independent processes, the reason that we consider
the doubly infinite process is so that when we take the time reverse we will obtain a
level independent dual process. When constructing a dual process for level dependent
processes, in general we don’t expect the dual to be level independent and hence we can
simply take the dual to be the time reverse with respect to an invariant measure.

The following theorem gives a duality relationship relating the G, matrices for a level

dependent M/G/1-type process to the Ry matrices for its time reverse.

Theorem 6.12.1 If Xp/() is a level dependent M/G/1-type process with g-matriz given
by (6.3.1) and invariant measure m = (Mg, My, ... ), then the matrices {Ri,k >0} for

the time-reverse process X1 (1) are given by
il v g
Ry = &g GL+1AA:+1 ((),12.1)

where the matrices {Gy.,k > 1} are the minimal non negative solution to the equations

(6.3.3) and Ay = diag(my).
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Proof:
Recall that the matrices {Gj,k > 1} are the minimal non negative solutions to the
equations
0
0=AP YN AV G ... e k21 (6.12.2)
=0

and the matrices { Ry, & > 0} are the minimal non negative solutions to the equations

o0
0=D0% 43 B... R DFTD
=0

= A7 AT A + 3 Re o R AL (AR Y B k20
=0

(6.12.3)
since the matrices ng) are given by equations (6.5.3)-(6.5.5).

Now if we substitute G, = AEIRL_IAk_,, k > 1 into the right hand side of (6.12.2)

we obtaln

Y + Z A€+1Ak+€Rk+/’ 1- ko1 Akt (6.12.4)
=0
7g Ap [Z Ri_y...Riye- lAk+L’(At’+l) k} Ay (6.12.5)
= A [A;—I-I(A((Jk))lAk +> Ry -'-Rk+e—1AEleA§’i)1Ak} A
=0
(6.12.6)
=D (6.12.7)

where we have used equation (6.12.3) to obtain the final equality. Hence
{A;'R,_;Ak_1,k > 1} is a solution to the equations (6.12.2). Now since {Gy, k > 1}

are the minimal non negative solutions to (6.12.2), we must have

A'R,_ A 2 Gy k>1 (6.12.8)
which, since my, is positive, implies that

R._, >ANG.A,  k>1 (6.12.9)

Now if we substitute Ry = A}’ A1, k20 into the right hand side of (6.12.3)

/
k+1

. . —1 / S Se TS R .
then we can show this equals the zero matrix. Hence {A; Gy Argr, b = 0} is asolution
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to the equations (6.12.3) and since {Ry,k > 0} are the minimal non negative solutions

to (6.12.3), we have that
ACGL B 2R, k20 (6.12.10)
Equations (6.12.9) and (6.12.10) imply that
Ry = AL Gl Bt (6.12.11)

O
[t is possible to interpret the duality relationship (6.12.1) as a set of flux equations in
the same way that we interpreted equation (6.10.8) in Section 6.10.
We note that the discrete time analogue of equation (6.12.1) was stated in Section 3.3
and used to obtain an explicit expression for the matrix Ry.

We can prove the following theorem in the same way as we proved Theorem 6.12.1.

Theorem 6.12.2 If X¢(t) is a level dependent GI/M/I-type process with g-matriz
given by (6.4.1) and invariant measure m = (Mo, M, . .. ), then the matrices {Gy, k > 1}

for the time-reverse process X5, (t) are given by
Gi=A;'R,_ A, (6.12.12)

where the matrices { Ry, k > 0} are the minimal non negative solution to the equations

(6.4.5) and Ay, = diag(my,).



Chapter 7

Quasi-stationary and
limiting-conditional distributions for

continuous time QBDs

7.1 Introduction

In this Chapter we consider quasi-stationary distributions for continuous time QBDs.
Bean, Bright, Latouche, Pearce, Pollett and Taylor [8] considered quasi-stationary dis-
tributions for discrete time QBDs and the results we present here are continuous time
analogues of their results. Before proceeding we give an informal discussion of quasi-
stationary distributions.

Quasi-stationary distributions arise when we consider stochastic processes that con-
sist of a single transient communicating class and one or more absorbing states. When
the time to absorption is long in such processes, it is possible for the process to exhibit
stationary-like behaviour. When this is the case we say that a quasi-stationary distribu-
tion exists. Moreover, it may be the case that the probabilities of the process being in
the transient states, conditional on absorption not having taken place approach a limit,
known as a limiting-conditional distribution. We give more formal definitions of and
discuss the relationship between quasi-stationary and limiting-conditional distributions
in the next section.

Quasi-stationary distributions have been used in the modelling of a wide variety of

physical systems. Dambrine and Moreau [16, 17] and Parsons and Pollett [75] used quasi-

165
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stationary distributions to model the concentration of a catalyst in chemical reactions
where the catalyst can become exhausted. Quasi-stationary distributions have also been
used to model a number of biological phenomena, see for example Klein [49], Pollett [76]
and Day and Possingham [18]. Problems in queueing theory have also been analysed via
quasi-stationary distributions, see Kyprianou [52, 53], and Makimoto [62].

The initial work on quasi-stationary distributions considered processes on a finite
state space. For such processes a quasi-stationary distribution always exists. However,
in the case of an infinite state space, a quasi-stationary distribution may not exist. Farly
work on infinite state space processes was done by Vere-Jones [92, 93] and Kingman [48).
Recently Kesten [43] has made very significant advances in this area.

To determine the quasi-stationary distribution for a process one needs to compute
the decay parameter for the process. In general this is difficult to do. Some processes
for which it is possible are the Galton-Watson branching process, simple birth-and-death
processes and GI/M/1 queues (see Kyprianou [53]). Recently Kijima [45] derived an
algebraic equation for the decay parameter of PH/PH/1 queues. In fact, Kijima’s results
also hold for the more general level independent M/G/1-type and GI/M/1-type pro-
cesses. In [45] Kijima showed that for PH/PH/1 queues the algebraic equations can be
solved by using the Laplace Stieltjes transforms of the inter arrival and service time dis-
tributions. Kijima also gave the form of the quasi-stationary distribution for the special
cases of the M/PH/1 and PH/M/1 queues. Makimoto [62] extended the work of Kijima
by giving an explicit expression for the quasi-stationary distribution of a PH/PH /¢ queue.
Makimoto’s expression was in terms of the solution to a matrix equation but Makimoto
did not discuss methods for solving this equation.

Bean, Bright, Latouche, Pearce, Pollett and Taylor [8] extended the work of Kijima
[45] and Makimoto [62] by considering limiting-conditional distributions for general dis-
crete time QBDs. The class of PH/PH/c queues is included in this class. Bean, Bright,
Latouche, Pearce, Pollett and Taylor used results in Kesten [43] to show under a mild as-
sumption that the limiting-conditional distribution always exists. They gave an explicit
expression for this distribution and developed an efficient computational procedure for
computing the distribution.

Kijima [44] showed that the limiting-conditional distribution of a uniform, continuous

time Markov process is equal to the limiting-conditional distribution of its uniformised
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process. Continuous time QBDs are uniform due to their homogeneity so to obtain the
limiting-conditional distribution we can apply the results of Bean, Bright, Latouche,
Pearce, Pollett and Taylor [8] to the uniformised process. In this chapter we consider the
uniformised process but we state all our results directly in terms of the continuous time
QBD. We also propose physical interpretations in terms of the continuous time QBD. We
mention that it is possible to derive the results via a direct approach, that is not via the
uniformised process. This would involve a similar analysis to that employed in [8].

We begin the chapter by presenting some definitions and results for quasi-stationary
and limiting-conditional distributions for continuous time Markov processes. We then
consider continuous time absorbing QBDs and derive the form of the limiting-conditional
distribution. Finally we give a computational procedure for computing the limiting-

conditional distribution.

7.2 Quasi-stationary and limiting-conditional distri-

butions for continuous time Markov processes

In this section we give some background theory for quasi-stationary and limiting-condi-
tional distributions for continuous time Markov processes. For more details we cite [T;)."S],
[26], [77], [64] and [5].

Consider a continuous time Markov process {X(t),t > 0} on a state space S =
{0,1,...} with g-matrix given by Q = (¢;j,7,J € §). We assume that Q is stable and
conservative, that is, ¢; = —qi; < +oo Vi and }_;c5 ¢i; = 0 V1.

Assume Q has the form

0 o
Q= P (7.2.1)
0
where 0’ is a row vector of zeros and qq is a column vector. It is clear that state (0 ig
an absorbing state. We assume that the set of states C = {1,2,...} is an irreducible
and aperiodic communicating class. Furthermore, we assume that ¢ > 0 for at least
one ¢ € C which implies that there is a positive probability of reaching state 0. Let P(¢)
be the transition probability matrix for X (¢). That is, P(t) = (P;(t),1,7 € §) where
P;(t) = P(X(t) = j|X(0) = ), Yt > 0. We define a quasi-stationary distribution as

follows.
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Definition 7.2.1 Let w = (m,mq,...) be a positive vector such that we = 1 and define
Pi(t),j € §,t >0 by
Pj(t) :Zﬂ’ipl‘j(t). (722)
ieC
7 1s a quasi-stationary distribution on C if Vt > 0,
P;(t)
Liec Fi(t)

Equation (7.2.3) states that if X(¢) starts in C according to the distribution 7, then

= Tj. (72{3)

the probabilities of being in states in C at time ¢, conditional on absorption not having
occurred, do not vary with time.
Closely related to the study of quasi-stationary distributions is the study of -

invariant measures. A (-invariant measure is defined as follows.
Definition 7.2.2 A positive vector m = (my,mq,...) is a f—invariant measure on C
for Q if

mQ = —fm. (7.2.4)
The relationship between quasi-stationary distributions and S-invariant measures is de-

scribed by the following two lemmas. These lemmas are taken from Pollett [77] where

they appear as Proposition 3 and Corollary 1 respectively.

Lemma 7.2.1 If w = (m,m,...) is a quasi-stationary distribution on C then m is a
B—invariant measure on C for Q with

p= Zﬁiqio- il

ieC

-~
Do
(&3
—

Lemma 7.2.2 If © = (m,7ma,...) such that we =1 is a B~invariant measure on C for
Q then provided Y- ;e m;q; < 00, 7 is a quasi-stationary distribution on C and 3 is given

by (7.2.5).
We now define a limiting-conditional distribution.

Definition 7.2.3 A positive vector ® = (my, o, ... ) such that we = 1 is said to be a

limiting-conditional distribution if Vi € C

lim P(X(¢)=j | X(0)=iand X(t) €C)=m; jE€C, (7.2.6)

t— o0

independent of the initial state 1.
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In equation (7.2.6) we condition on X(¢) starting in state 7. This is equivalent to X(t)
starting in C according to the degenerate distribution e; where e; is a vector with one
in the 7th position and zeros elsewhere. Thus a limiting-conditional distribution exists if
the limit lim,,, P(X(t) =7 | X(t) € C, and X(0)) is the same for all degenerate initial
distributions. However, this does not necessarily say that lim,,., P(X(t) = 7| X(t) e
C, and X(0)) is invariant over the set of all possible initial distributions. In general,
even when a limiting-conditional distribution exists, the left hand side of (7.2.6) may
depend on the initial distribution. To see this recall that if X(¢) starts in C according
to a quasi-stationary distribution then the probabilities of being in C will not vary with
time. Hence if the quasi-stationary distribution is not a limiting-conditional distribution
then the process cannot evolve to a limiting-conditional distribution. It is certainly
possible for a process to have many quasi-stationary distributions. In fact Bean, Pollett
and Taylor [9] have shown that a QBD has an uncountably infinite number of quasi-
stationary distributions. However, only one of these quasi-stationary distributions can
also be a limiting-conditional distribution.

Note that from an applications point of view, it is sensible to condition on X(t)
starting in a particular state when we define the limiting-conditional distribution. This
is clear since if we are modelling a physical system, that system must have some fixed
initial state. For example, a biological population has an initial population size and a
queueing system has an initial number of customers in the buffer.

Using Lemma 7.2.2 we can find quasi-stationary distributions by firstly finding /-
invariant measures 7 and then testing if 3¢ m;q; < co. Kesten [43, Theorem 2] gives
conditions under which a quasi-stationary distribution is also the limiting-conditional
distribution. An important parameter in the determination of the limiting-conditional
distribution is the decay parameter of C. Kingman [48] proved the following result which

will be used to define the decay parameter.

Lemma 7.2.3 There exists a number A\ > 0, independent of i and j such that

log Pl" t s
lim E?%() = =) V1,5 € C. (

t—o00

=J
~
=1

Definition 7.2.4 The decay parameter of C is the number X defined in Lemma 7.2.3.

Theorem 2 of Kesten [43] states that if a quasi-stationary distribution is also a



Chapter 7. Quasi-stationary distributions for continuous time QBDs 170

limiting-conditional distribution then g defined by (7.2.5) is equal to the decay para-
meter of C.

Define Nj;(z) for z € R and 7,5 € C by

It can be shown (see for example Seneta [89]) that for z < A, N;;(z) is finite for all i, j € C

and for z > A, N;;(z) is infinite for all 7,j € C. Hence we have that

A =sup{z: N;;(z) is finite}. (7.2.9)

el l

The behaviour of Ny;(z) at 2 = A can be used to classify the set C. If N;;(z) diverges at
z = A then C is said to be A-recurrent (positive or null) and if Ny;(z) converges at = = )
then C is said to be A-transient.

The above results suggest the following method for finding a limiting-conditional
distribution. Firstly we determine the decay parameter A, and then we find a A-invariant
measure 7 on C for Q. If 37;ccmiq; < oo then m is a quasi-stationary distribution.
We can then apply results from Kesten [43] to determine if 7 is a limiting-conditional
distribution.

As mentioned in the previous section, Kijima [44] has shown that the limiting-
conditional distribution for a uniform continuous time Markov process is the same as the
limiting conditional distribution for its uniformised process. A continuous time Markoy
process is uniform if ¢ = sup; ¢; < oo and then its uniformised process is defined to be the
discrete time Markov process with transition probability matrix equal to 1Q + I where

%
r > ¢q. As we mentioned in the introduction, we will obtain our results for continuous

time QBDs by considering the uniformised process.

7.3 Continuous time absorbing QBDs

In this section we present some definitions and results for continuous time a,l)sorl)ing
QBDs. These results will be used when we derive the limiting-conditional distribution
for a continuous time absorbing QBD. In what follows we will refer to a matrix as finjte
if all of its entries are finite.

Let X(t) be a continuous time QBD on the state space S = {0}UC where C = {(k, ;) :
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E>1,1<j < M} and let the ¢-matrix have the block partitioned form

0 o o o 0o

Qe Q, Q, O 0

0 Q'Z Ql QU 0

where Q,, Q, and @Q, are A x Al matrices and e is a M x 1 vector of ones. We assume that
Q is stable and conservative and that C is an irreducible and aperiodic communicating
class. If we let Q = Q, + Q, + Q, then the irreducibility of C and the fact that Q is
conservative imply that Q is an irreducible and conservative q-matrix.

Let v be a solution to VQ = 0. We assume that X(¢) is such that vQu.e < vQ,e.
I'rom Theorem 2.8.3 this is equivalent to assuming that X (¢) would be positive recurrent
if there was a positive rate from state 0 into level 1.

Let N11(3) denote the M x M matrix whose (i, 7)th entry is N ha,)(8) as defined

in (7.2.8) and define

R(B) = QuN11(f).

~J
|8
SN—

We now give a probabilistic interpretation for the matrix R(/3). The interpretation
we give is equivalent to that given in Ramaswami [80]. In the case where 3 = 0, we saw
in Chapter 2 that for all & > 1, the (i, 7)th element of R(0) is the expected time spent in
the state (k,7), in units of the mean sojourn time in state (k — 1,12), before the process
first returns to level k — 1, given the process started in the state (k — 1,2). To interpret

R(f3) for B 5 0, observe that R(/3) can be written as

o

R(3) = Q, / ¢ P(1,1;1)d! (7.3.3)

0
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where we adopt the notation we introduced in Chapter 2. Because of the homogeneity

of Q, we have that (P(1,1;¢) = ,_,P(k,k;t) Vk > 1 and hence we can write

R(f) = QO/O‘ P Pk, ks t)dt. (7.3.4)

Using this expression for R(/3), the (7, 7)th element of R(f) is given by
M

[R5 = (@b [ oy PlR,Rs )i (73,

=1

==J
o
ot
St

o g [E5 [Qglie
= _/t e {Zm(_[Ql]ii)[k—lP(k7k;[’)]/-’j}(“ (7.3.6)

0 ¢

B t
= /() Bt E Qo]z]t “Ql]ii)/r [k_lp(k-,k;'r)]gjd'f'}. (7.3.7)

=0

- [Qo)ie
. =@i)a

t
started in state (k—1,17) and (—[Ql]ii)/ lk—1 P(k, k;7)]edr is the expected sojourn time
0

is the probability that the process first moves into state (k,£) given it

in the state (k,7), in an interval of time [0, ¢], in units of the mean sojourn time in state
(k — 1,1), given the process starts in the state (k,¢) and the process does not visit level
k — 1 in the interval [0,¢]. Hence we can interpret the (i, j)th element of R(f3) as the
Laplace-Stieltjes transform of the expected sojourn time in the state (k, 5), in an interval
of time [0, ], expressed in units of the mean sojourn time in state (k — 1,4), given the
process starts in the state (k — 1,17), the process does not visit level £ — 1 in the interval
[0,t], and we set the time origin as the time at which the process first visits level k.
The following lemma describes when R(f3) is finite.
Lemma 7.3.1 The matriv R(f3) is finite for all B < A and finite for B = X if and only
if the process is A-transient.
Proof: If # < A then by the definition of A, IN11(/3) is finite and hence R(f3) is finite. By
the definition of A-transience, N11(A) is finite if and only if the process is A-transient.
Hence R(A) is finite if and only if the process is A-transient. 0
The following lemma can be shown in a similar way to Theorem 3.6 in Ramaswam;j
[80]. Theorem 3.6 in [30] requires that —f > 0. Using Lemma 7.3.1 it can be seen that
we only require that —3 > — .
Lemma 7.3.2 [f the matriv R(f3) is finite then it is the minimal non negative solution

to the matriz-quadratic equation

— B8 = Qg + 50); + 50 i

~J
()
cC
Nt
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We now define some quantities which will be used in subsequent sections. Define

Q(z) by
Q*(z) = Qo+ zQ, + 2°Q,. (7.3.9)

From Theorem 2.6 in Seneta [89] there exists an eigenvalue x(z) of Q(z) such that y(z)
is real, it has strictly positive left and right eigenvectors associated with it and it is larger
than the real part of any other eigenvalue of Q*(z). Let u(z) and v(z) be the left and

right eigenvectors of Q*(z) corresponding to x(z) and let them be normalized so that
uizle =1 = w(z)v(z) (7.3.10)

[t can be shown using methods similar to those used in the proof of Lemma 1.3.3 in Neuts

[72] that x'(z) is given by

X'(2) = u(2)(Q, + 22Q,)v(z). (T.3:11)

7.4 The form of the limiting-conditional distribution

In this section we derive an expression for the limiting-conditional distribution of a con-
tinuous time QBD. We do this by applying results in Bean, Bright, Latouche, Pearce,
Pollett and Taylor [8] to the uniformised process. Due to their homogeneity, all continu-

ous time QBDs are uniformisable. Ag, A; and Aj for the uniformised QBD are given

by
Ay = %QO, (7.4.1)
Ay = %Q1+I, (7.4.2)
o s %Q,z (7.4.3)

where r is chosen such that » > sup; 3_; ¢;;.

For 0 < z <1 let y(z) be the maximal eigenvalue of the matrix
A*(2) = Ag + zA, + 22 A, (7.4.4)

and (z) and ©(z) be the corresponding left and right eigenvectors, normalized so that

g
e
w
S
o
[l
—
Il
i
=y
2
S—
S
—_
L
S
~J
(W1
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Equation (1.3.10) in Neuts [72] states that
X'(2) = u(2)( A1 + 22A4,)0(z2). (7.4.6)

By substituting equations (7.4.1)-(7.4.3) into (7.4.4) it is easy to show that

A'(2) = —Q(2) + I (7.4.7)
Hence we have that
X(z) = %x(z) + & (7.4.8)
which gives
"y L 4
X(2) = =x'() +1 (7.4.9)
Furthermore, it can be shown that
u(z) =u(z) and o{z) =%(z). (7.4.10)

These results will be useful in proving the following theorem which gives the limiting-

conditional distribution for a continuous time QBD.
Theorem 7.4.1 The limiting-conditional distribution for X(t) is given by
_ Fe sy o godet j i
nj_z@0+]% a-bR(-aY) j>1 (7.4.11)

where zg s the unique solution in (0,1) to

x(z) = x'(2)z, (7.4.12)
@& = ulze), (7.4.13)
a = u(z20)(Q + 220Q;)v(20), (7.4.14)
b is the unique solution to
b(z3Q;5 + 20(Qy — o) + Q) = —a(220Q, + Q, — af) (7.4.15)
such that be = 0, and
p= e BB a)fF = Riea) s (7.4.16)

(1 — z0)
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Proof: Denote the limiting-conditional distribution for the uniformised process of X (t)
by ;. Irom Theorem 10 in [3] we have that

l - S 1 T y .
75 =—(2b+jz2'a-bR(a)Y)  j> 1 (7.4.17)
C

where Zg is the unique solution in (0,1) to

1
X(z) = a(=)=(Q + 7T +2:Q,)0(2)z, (74.18)
a = u(z), (7.4.19)
& = (ﬁ(fo);(Ql+7‘I+250Q2)6(;~'0))"1, (7.4.20)

b is the unique solution to

B(ESQ“Z + &(Qy(r— —) +Qy) = —a(220Q, + Q, + (r — %)1) (7.4.21)
such that be = 0,

R(a) is the minimal non negative solution to

= %(QMLS(Q1 +rl) + S°Q,) (7.4.22)

and
¢ = ﬁ —bR(a)(I — R(a))'e. (7.4.23)
We know from Kijima [45] that w; = #; so we need to show that right hand side of

equation (7.4.17) can be written in the same form as the right hand side of equation
(7.4.11). We do this by showing that zy = 29, a = a, b = b, R(a) = R —&)and 2= 6.

Zg satisfies (7.4.18) so we have
U . et ,
X(Z0) = u(3u);(Q1 +rI 4 22,Q,)0(Z) 2 (7.4.24)

which upon substituting (7.4.8) and (7.4.10) becomes

1 I ]
;\ﬂ(iu) +2 = ulZ ),—(Q1 + I +22Q,)v( %)z (7.4.25)
= \(5()) = (~())( H":";)QQ)U(:U):U (712‘;)
= x(%) = X'(Z0)Z (7.4.27)

where the last line follows from equation (7.3.11).
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Hence zo is a solution in (0,1) to (7.4.12). Now suppose there exists a z* # Z, such

that z* is in (0,1) and z* satisfies equation (7.4.12). We have that

(=) = = (X)) (7.4.29)
= x(z") = Y(:7)z (7.4.30)

which is equivalent to
W) = u(z*)%(Ql +rd +2:7Q,)0(z")z". (7.4.31)

But this contradicts the fact that (7.4.18) has only the solution z, in (0,1) so the as-
sumption that there exists a z™ # Z such that z* is in (0,1) and z* satisfies equation
(7.4.12) must be false. Hence equation (7.4.12) has the unique solution in (0,1) given by
2o = Zo.

[t follows from equation (7.4.10) that @ = a. Equation (7.4.20) can be rearranged to

give
T
B W (7.4.32)
Substituting this expression for & along with zp = zp and @ = a into (7.4.21), gives us
that b is the unique solution to
b[23Q, + 20(Q, — al) + Q)] = —a[220Q, + Q, — al], (7.4.33)

which implies that b = b. Substituting for & into (7.4.22) and rearranging gives us that

R(@) is the minimal non negative solution to

aS =Q,+ SQ, + 5°Q,, (7.4.34)

which comparing with (7.3.8) implies that R(c‘r) = R(—«). It is clear from the above

that ¢ = ¢ and hence we have the result. 0
Theorem 7.4.2 The limiling-condilional distribulion for X(t) salisfies the relationship

w, =7, R(—a)+ " 'my g2 (7.4.35)
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Proof: Equation (5.10) in Bean, Bright, Latouche, Pearce, Pollett and Taylor [8] states
that

. — AT . T o ;_i 1= > ¢ ~ 30
w; =7 R(a) + 27w j22 (7.4.36)
where 7 is the limiting-conditional distribution for the uniformised process and z, & and

R(&) are as defined in the proof of Theorem 7.4.1. The result follows since we showed in
the proof of Theorem 7.4.1 that 7; = 7, z, = 2y and R(a) = R(—a). 0J
Theorem 7.4.3 The decay parameter of X(t) is given by N = —a where o is given by
equation (7.4.14).

Proof: From the definitions of R(3) and A, we have that A = sup{z : R(z) is finite}.
Consider the uniformised process of X(¢) and for y > 0 define R(y) as the minimal non

negative solution to

S :yGQ(ﬂ-S(%QI +I> +SZ%Q2>. (7.4.37)

It is shown in Bean, Bright, Latouche, Pearce, Pollett and Taylor [8] that R(_y) is finite
if and only if y < & where & is given by (7.4.32). Rearranging (7.4.37) gives

r—ry ; B
< > )S =Q,+SQ, + 5*Q, (7.4.38)

which implies that R(y) = R((ry —7)/y). Setting v = (ry —r)/y gives R(z) = R(r/(r —
z)). Hence we have that R(a) is finite whenever R(r/(r — a)) is finite. That is, if and
only if r/(r — @) < & which from (7.4.32) is equivalent to »/(r — z) < r/(a + ). Now
since y > 0, we have r —2 = r/y > 0, so by choosing » such that o +r > 0, we have that

R(z) is finite whenever

r r

IN

T a—+r
= rla+r) < r(r—2)

>z < —q.
Hence the decay parameter of X(¢) is given by —a. OJ
Theorem 7.4.4 X(t) is A-transient.
Proof: The result follows since A = —a and since we showed in the proof of The-

orem 7.4.3 that R(—«) is finite. O
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7.5 Calculating the limiting-conditional distribution

In this section we discuss how to compute the limiting-conditional distribution. The res-
ults we present here are continuous time versions of the discrete time results in Section 6
of Bean, Bright, Latouche, Pearce, Pollett and Taylor [8]. We note that some numerical
examples were presented in [8] but we do not present any here.

Equation (7.4.11) can be used to compute the limiting-conditional distribution provi-
ded we know zg, a, a, b, R(—a) and c. We will show here how each of these quantities
can be computed.

To find zg, we need to find the unique solution in (0,1) to

x(z) = x'(z)z = 0. (7.5.1)

Since Qg is a non negative matrix and not equal to the zero matrix, X(0) > 0 and
hence x(0) — x’(0).0 > 0. It is easy to show that x(1) = 0. Irom equation (7.4.9) we
have that x'(1) = r(x'(1) — 1). Using results from Lemma 1.3.3 and Theorem 1.3.2 in
Neuts [72], we can show that y’(1) > 1 which implies x'(1) > 0. Hence we have that
x(1) = x(1).1 < 0. Given this and the fact that x(0) — x'(0).0 > 0, since zp is the unique
solution in (0, 1) to (7.5.1), we can find zy by using a bisection search. For a given value
of z, if x(2) — x'(2)z < 0 then 2y < z, and if x(z) — x'(2)z > 0 then zy > 2. Neuts [72,
page 40] mentions a similar technique for solving a related equation.

Finding the left and right eigenvectors of Q™(zo) corresponding to x(z) enables us to
calculate @ and «a.

Note that when we find zg, we can only compute it to within some arbitrary accuracy
and hence we can estimate o only to within some arbitrary accuracy. Since R(/3) is
infinite for B > —a it is essential that our estimate & of a be such that & > « otherwise
R(—&) will be infinite. Some interesting implications follow from the fact that & is not
exactly equal to o and these are currently being investigated.

The vector b is the unique solution to equation (7.4.15) subject to be = 0. To find b
we simply replace the last column of the matrix z3Q, + z0(Q, — oI ) + Q, by the column
vector e and replace the last element of the vector on the right hand side with a zero.
The resulting system of equations has a unique solution that will be equal to the required
vector b.

In order to evaluate R(—a) we present the following theorem which gives an expression
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for R(/3). The theorem is a generalisation of Theorem 3.3.2 in Chapter 3.

Theorem 7.5.1 The matriz R(3) for 3 < X is given by

>3] £—1
R(p) =3 Ci]l Cy (7.5:2)
=0 1=0
where Cf s defined for1=10,2 as
C! = Qi-Q,-B1)7, V3]
O = (PN - Bi8; 00T ki (7.5.4)

Proof: Again we prove the result by considering the uniformised process. We saw in the
proof of Theorem 7.4.3 that R(3) = R(r/(r — 3)) for » > 0. From Theorem 11 in Bean,

Bright, Latouche, Pearce, Pollett and Taylor [8], since 8 < A, we have

(2
(1]

r [o%] “’(Ll"——-i
R(, _ﬁ> ZCSQC&‘ (7.5.5)

a1 ; . .
where C; is defined for + = 0,2 as

-1

= r r

c? = FjE,aL(—r_ﬂ,ql—I) , (7.5.6)
& BT - 60 - BLE b, (7.5.7)

. ’ & P . . . . = p
Upon substituting equations (7.4.1)-(7.4.3) and simplifying, we see that C; = C! for
i = 0,2 and hence the theorem is proved. O
In order to use equation (7.5.2) to compute R(—a), we need to truncate the infinite

sum at some point. The following lemma will be useful in developing a truncation rule.

Lemma 7.5.1 The spectral radius of R(—a) is equal to zg and a is the corresponding

left eigenvector.

Proof: [Mirstly we state that since we have assumed that the matrix @ given by equation
(7.3.1) is irreducible, it can be shown using methods similar to those used in the proof of
Lemma 1.2.4 in Neuts [72] that the spectral radius of R(—a) is positive. The remainder
of the proof is similar to the proof of Lemma 1.3.2 in Neuts [72]. If we let  be the spectral
radius of R(—a), then since 1 is positive, the left eigenvector s of R(—a) corresponding
to n is non negative and not equal to the zero vector. Using equation (7.3.8) it is easy to

show that s is also a left eigenvector of Q™(n) corresponding to the eigenvalue ar). Since s
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is non negative and u(n) is positive, by using methods similar to those in Gantmacher [28,
pages 63-64] it can be shown that s = u(n) and x(n) = an. Now since o = \'(zy), we
have that n satisfies \ () = \'(z0)n and we know from Theorem 7.4.1 that the unique
solution to this equation is zp = 7. Hence the spectral radius of R(—a) is zy and the
corresponding left eigenvector is given by s = u(n) = u(z) = a. O

If we define R(Z)(—a) to be the sum of the first £ 4 1 terms in the sum in equation
(7.5.2), then we can evaluate R(—a) by truncating the infinite sum according to the

following truncation rule.

Truncation rule 7.5.1 Take R(—a) = R(L)(—a) where L is the smallest value of ¢

such that ||aR"(—a) — zpall. < e

o

Note that Truncation rule 7.5.1 is a generalisation of Truncation rule 3.4.5 in Chapter 3.
From numerical experience in calculating R(—«) via equation (7.5.2), we have ol
served that for large values of ¢, the matrix Cj becomes zero to machine accuracy and
5 0 o . .
the matrix C% becomes infinite to machine accuracy. Hence in order to calculate fhe
2 dt,(, the
— e _.l . .
product CHTTiZs €L7%, for large values of /, it is necessary to use some form of expo-
. . . ] o P . ~ 0
nential scaling technique. This can be done by writing C;,1 = 0,2 in the form C; x [p=
% 7 P~ s
where the elements of C; are between one and ten and then the product CfC‘j is given
Al ot ; )
5 (ci+c
by C;C; x 10ts+e),

o

. = p ~¢ —
In the case where 3 = 0, we have that V¢ > 0, C5 = U and C, =D where U"

and
o ) p

D are given by equations (3.5.17)-(3.5.18). Since U can be interpreted in the same way
seaf ; : $ 1 _ : '

as Uy, we have from equation (3.7.11) in Chapter 3, for the case where 3 = 0,

, [ pkAS(ke2ttYy . )

Ct=Q,E / I(X(r) €k +28)dt | X(0) € k + 1 (7.55)
T=8(k)AS(k+2¢) Lo

where 8(k) = inf{¢t > 0 : X(¢t) € k}. Similarly, when 8 = 0 we have from equation
(3.7.12)
Ct = Q,E [/MA‘N(I""‘ZM) I(X(r)e k — 28dt | X(0) € k — 1] . (75 ¢
2T rmsthyasie—2t) : f.5.9)
Given the interpretations (7.5.8) and (7.5.9) it is reasonable to expect that fo; {},0
case 3 # 0, C{ and C% have the interpretations

/S(A<)/\.S(k+2’+')

C!=Q,L { PUXN(r) e k + 28)dt | X(0) € k + 1}

r=8(k)AS(k+20)
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and

S(K)AS(h—20+1)

Ci=Q,E [/ PIX(r) ek —28dt | X(0) e k — 1].

=5(k)AS(k—20)
(7.5.11)
We have attempted to prove the interpretations (7.5.10) and (7.5.11) hold for 3 # 0
but it seems that this is difficult to do. However, given the interpretations hold for
B = 0, it is certainly sensible to conjecture that (7.5.10) and (7.5.11) hold for 3 # 0.
We also conjecture that the (th element of the infinite sum in equation (7.5.2) has the

interpretation

:5(1\'—{-2[)

(k) S(K)AS(k420+1) ,
Qo' E / MI(X(T) €k 4 1)dt | X(0) € k+ 1. S

If we assume that the interpretations (7.5.10)-(7.5.12) hold then we can give the following
interpretation of the expression (7.5.2).

Equation (7.5.12) indicates that the {th element of the sum in equation (7.5.2) con-
siders only sample paths that have reached as high as level k +2¢ but have not reached as
high as level k + 2!, Hence as ¢ tends to infinity, the lengths of the sample paths grow
at an exponential rate. We mentioned in Chapter 3 that because of this structure, the
probabilities of the various sample paths will tend to zero quickly as ¢ tends to infinity.
A direct consequence of this is that when 3 = 0, a small value of L is usually sufficient.

We now consider the size of the truncation parameter L for the case 3 > 0. Equation

(7.3.4) states that

o0
0

R(B) = QO/ A Pl ks)dt k> 1. (7.5.13)
Using methods similar to those used in Section 3.7.2 of Chapter 3 we can write

S(k—1)
R(B) = Q,E U (X (L) € k)dt | X(0) € k| . (7.5.14)

=0

Hence to compute R(f3) we need to consider all sample paths that start in level & and
finish in level & — 1 and don’t visit level & — 1 in between. Since for all g > 0, ¢ — o
as t — o0, it is clear that for 8 > 0, we will need to consider longer sample paths than
we do when # = 0. We have seen in previous chapters how Latouche and Ramaswami
[56] observed that for 4 = 0, only a small value of L is usually needed. A value of L of

: ; ' ; 4 5 B s
the order of 6 to 8 often suffices. However, in the case where 3 > 0, the term ¢’ means
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that we need to consider much longer sample paths and often L is in the range 30 — 50.

Although we do not provide numerical results here, examples for discrete time processes

are provided in Bean, Bright, Latouche, Pearce, Pollett and Taylor [8].

7.6 Quasi-stationary and limiting-conditional distri-
butions for GI/M/1-type processes

In this section we briefly consider quasi-stationary and limiting-conditional distributions
for GI/M/1-type processes. Kijimaand Makimoto [46] obtained an explicit expression for
a quasi-stationary distribution for a discrete time GI/M/1-type process and showed that
under certain conditions this quasi-stationary distribution is also a limiting-conditional
distribution. Continuous time analogues of the results presented by Kijima and Makimoto
can be obtained by considering the uniformised chain. In this section we state these
continuous time analogues without proof. IKijima and Makimoto did not discuss the
computation of the limiting-conditional distribution. At the end of this section we propose
a method for developing an algorithm for computing the limiting-conditional distribution.

In Chapter 6 we defined a continuous time (level independent) GI/M/1-type process.
Here we consider an absorbing GI/M/1-type process. A continuous time Markov process
on the state space S = {0} UC where C = {(k,j) : £ > 1,1 < j < M} is an absorbing

GI/M/1-type process if its ¢-matrix has the block partitioned form

Qe 3, @ @ D
@ie @ G @ By

le)e Q, Q, Q, Q,
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where Q,,¢ > 0, and Qy—”,f > 2 are M x M matrices. We assume that Q is stable
and conservative and that C is an irreducible and aperiodic communicating class. If we
let Q = Y20 Q, then the irreducibility of C and the fact that Q is conservative imply
that Q is an irreducible and conservative ¢-matrix. We note that most of the results we
gave for absorbing QBDs can be extended to absorbing GI/M/1-type processes.

If we define R(3) according to equation (7.3.2) then Lemma 7.3.1 holds and

Lemma 7.3.2 can be extended to the following.

Lemma 7.6.1 If the matriz R(f3) is finite then it is the minimal non negative solution

to the matriz equation

=p8 =3 50, (7.6.2)

(=0
For 0 < z <1 let x(z) be the maximal eigenvalue of the matrix

o0

Q'(z) =) 2'Q, (7.6.3)
=0
and u(z) and v(z) the corresponding left and right eigenvectors, normalized so that
wlz)e = | = u{z)v{z). (7.6.4)
It can be shown using methods similar to those used in the proof of Lemma 1.3.3 in Neuts
[72] that x'(z) is given by
dt

d
x'(z) =nlz) ( Q*(z)|~=7 ) v(z). (7.(5.5)

The following theorem gives the continuous time analogues of the results in Theop-

ems 4.1 and 4.2 of Kijima and Makimoto [46].
Theorem 7.6.1 [fmj,7 > | is given by
el el ; . -
oy = Z(mb +jz 'a=bR(-ay)  j>1 (7.6.6)
where zy s the unique solution in (0,1) to

x(z) = X(2)2, (7.6.7)
a = u(z), (7-(5.8)

(o A — X'/(:’u), (T.(S,{»))
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b is the solution to

d

b[Q*(IIU) - Zu()’I] = —a ,:(JZQ*(:)

g ) = O'I} (7.6.10)

such that be = 0, and
e m——ug = bH(—a)(l - R{—a]) e, (7.6.11)
then 7,7 > 1 is a quasi-stationary distribution for X(1).

Using results in Kesten [43], it can be shown that if for some K, Q, = 0,Vk > i,

then 7; given by (7.6.6) is a limiting-conditional distribution.

7.6.1 Calculating the limiting-conditional distribution

The quantities a, b, @ and zp can be computed using similar methods to those we used
when computing the limiting-conditional distribution for QBDs. However, at present
there appears to be no reliable method for finding R(—«). In this section we suggest a
possible method for developing an algorithm for computing R(—a).

In order to calculate R(—a) for a QBD, we extended the logarithmic reduction a]-

56]. This suggests that a possible approach for

gorithm of Latouche and Ramaswami |
GI/M/1-type processes is to start with an algorithm that can compute the matrix R for
a GI/M/1-type process and then attempt to extend this algorithm to obtain an algorithm
that can compute the matrix R(—«).

As mentioned in Chapter 4, Bini and Meini [10] have developed an algorithm {op
computing the matrix G' for level independent M/G/1-type processes. Given the duality
results we presented in Chapter 6, this algorithm can be used as a basis for computing
the matrix R for GI/M/1-type processes. Hence we conjecture that the algorithm of
Bini and Meini can be used as a basis for developing an algorithm for computing R(%Q,)'

This is a topic for further research.



Chapter 8

Conclusions

In this thesis we have focused on several areas in the field of matrix-analytic methods.
We began by considering LDQBDs, which are a generalisation of QBDs. We showed that
although the LDQBD is a more general model than the QBD, an algorithmic analysis of
these models is still possible. In Chapter 5 we illustrated the use of our algorithms by
considering a variety of queueing models.

In Chapter 6 we considered a duality result that was obtained by Ramaswami [79].
This result gives a relationship between two suitably defined level independent M/G/1-
type and GI/M/1-type processes. We observed that Ramaswami’s dual process can be
interpreted as the time reverse with respect to an invariant measure of a transient process
and we used this interpretation to develop an alternative dual process. We also developed
a dual process for level dependent M/G/1-type and GI/M/1-type processes.

In the last chapter of this thesis we considered quasi-stationary distributions for QBDs.
Quasi-stationary distributions are often used in the analysis of processes that consist of
a single transient communicating class and one or more absorbing states. We gave an
explicit expression for the quasi-stationary distribution of a QBD and described how the
expression can be used to compute the quasi-stationary probabilities numerically. The
algorithmic methods we developed are extensions of the methods used to compute the

stationary probabilities of an irreducible QBD.
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Further work

Before concluding we suggest some possible extensions and applications of the results
presented in this thesis.

The algorithms we provided for computing the stationary distribution of a LDQBD
apply to a wide variety of LDQBDs. However, for certain processes it may be possible to
develop more efficient algorithms by exploiting the particular structure of the process. For
example, for the bivariate queucing models considered in Chapter 5, many of the elements
of the matrices ka),i = 0,1,2 are equal to zero yet our algorithms do not exploit this
fact. In developing alternative algorithms for various processes, our algorithms can be
used as a starting point for gaining insight into the behaviour of the processes under
consideration.

In Chapter 6 we presented duality relationships for M/G/1-type and GI/M/1-type
processes. In Chapter 2 we used our level dependent duality relationship to derive a closed
form expression for Ry from a closed form expression for Gy. In general, if we have y
result for a M/G/1-type process, then the duality relationships enable us to determine
the corresponding result for a GI/M/1-type process and vice versa. We feel that the
alternative dual processes for level independent M/G/1-type and GI/M/1-type processes
and the level dependent dual process should prove to be useful tools for theoretical
investigations of M/G/1-type and GI/M/1-type processes.

Currently the results for quasi-stationary distributions for QBDs are being extended to
the case of LDQBDs. It is suspected that the algorithms used to compute the stationary
distribution for irreducible LDQBDs can be extended to compute the quasi-stationary
distribution for absorbing LDQBDs. Finally we note that quasi-stationary distributiong
have great potential for modelling a wide variety of biological processes and efforts are

currently being made to apply the results presented in Chapter 5 in these areas.



Bibliography

[

2]

3]

[4]

[7)

I. J. B. F. Adan, J. Wessels, and W. H. M. Zijm. Analysis of the symmetric shortest
queue problem. Commun. Statist. - Stochastic Models, 6(4):691-713, 1990.

I. J. B. F. Adan, J. Wessels, and W. H. M. Zijm. Analysis of the asymmetric shortest
queue problem. Queueing Systems, 8:1-58, 1991.

I. J. B. F. Adan, J. Wessels, and W. H. M. Zijm. Analysis of the symmetric shortest
queue problem with threshold jockeying. Commun. Statist. - Stochastic Models,

7(4):615-627, 1991.

A. S. Alfa. A discrete MAP/PH/1 vacation queue with gated time-limited service.
Preprint, Department of mechanical and industrial engineering, University of Man.-

itoba, Winnipeg, Manitoba, Canada, 1994.

W. J. Anderson. Continuous-Time Markov Chains, An Applications-Oriented Ap-

proach. Springer-Verlag, 1991.

S. Asmussen. Aspects of matrix Wiener-Hopf factorisation in applied probability.

Math. Scientist, 14:101-116, 1989.

S. Asmussen and V. Ramaswami. Probabilistic interpretations of some duality resultg
for the matrix paradigms in queueing theory. Commun. Statist. - Stochastic Mode].

6(4):715-733, 1990.

N. G. Bean, L. Bright, G. Latouche, C. . M. Pearce, P. K. Pollett, and P. G. Taylor.
The quasistationary behaviour of quasi-birth-and-death processes. Submitted for

publication, 1994.

187



Bibliography 188

[9]

[10]

[11]

[12]

[13]

N. G. Bean, P. K. Pollett, and P. G. Taylor. The quasistationary distributions of
homogeneous quasi-birth-and-death processes. In Proceedings of the 2nd Australia-

Japan Workshop on Stochastic Models, July 1996.

D. Bini and B. Meini. On the solution of a nonlinear matrix equation arising in

queueing problems. Submitted for publication, 1995.

A. Brandt and G. Last. On the pathwise comparison of jump processes driven by

stochastic intensities. Preprint, Humbolt-Universitat zu Berlin, 1993.

L. Bright and P. G. Taylor. Calculating the equilibrium distribution in level de-
pendent quasi-birth-and-death processes. Commun. Statist. - Stochastic Models,

11(3):497-526, 1995.

L. Bright and P.G. Taylor. Equilibrium distributions for level dependent quasi-
birth-and-death processes. In Proceedings of the first international conference op,

matriz-analytic methods in stochastic models, Flint, Michigan, August 24-25 1995

K. L. Chung. Markov chains with stationary transition probabilities. Springer~\/erla,g

1966.

J. W. Cohen and O. J. Boxma. Boundary value problems in queueing system analyss

North-Holland, Amsterdam, 1983.

S. Dambrine and M. Morecau. Note on the stochastic theory of a self-catalytic chem-

ical reaction, 1. Physica, 106A:559-573, 1981.

5. Dambrine and M. Moreau. Note on the stochastic theory of a self-catalytic cheyy,.

ical reaction, I1. Physica, 106A:574-588, 1981.

J. R. Day and H. P. Possingham. A stochastic metapopulation model with variability,

in patch size and position. Theoretical Population Biology, 48:333-360, 1995.

C. Derman. Some contributions to the theory of denumerable Markov chains. 71q,,.

Amer, Math. Soc., 79:541-555, 1955,

J. & Diamond and A. 5. Alfa. Matrix analytical methods for M/PH/1 retrial queneg

Commun. Statist. - Stochastic Models, 11(3):447-470, 1995.



Bibliography 189

[21] R. L. Dobrusin. Some classes of homogeneous denumerable Markov processes. Teor-

wya Veroyatnostei ¢ I'e Primeneniya, 2:377-380, 1957.

[22] R.V. Evans. Geometric distribution in some two-dimensional queueing systems.

Operations Research, 15:830-846, 1967.

[23] G. Falin. On sufficient conditions for ergodicity of multichannel queueing systems

with repeated calls. J. Appl. Prob., 16:447-448, 1984.
[24] G. Falin. A survey on retrial queues. Queueing systems, 7:127-168, 1990.

[25] W. Feller. An introduction to probability theory and its applications. John Wiley

and Sons, 1966.

[26] D. C. Flaspohler. Quasi-stationary distributions for absorbing continuous-time de-

numerable Markov chains. Ann. Inst. Statist. Math., 26:351-356, 1974.

[27] L. Flatto and H. P. McKean. Two queues in parallel. Comm. Pure Appl. Math,

30:255-263, 1977.
[28] F. R. Gantmacher. The theory of matrices. Chelsea, New York, 1959.

[29] D. P. Gaver, P. A. Jacobs, and G. Latouche. Finite birth-and-death models in

randomly changing environments. Adv. Appl. Prob., 16:715-731, 1984.

[30] 1. Gertsbakh. The shorter queue problem: A numerical study using the matrix-

geometric solution. Lur. J. Oper. Res., 15:374-381, 1984.

[31] A. Graham. Kronecker products and matriv calculus with applications. llis Horwood

Limited, 1981.

[32] B.S. Greenberg. M/G/1 queueing systems with returning customers. J. Appl. Prob.,

26:152-163, 1989.
[33] F. A. Haight. Two queues in parallel. Biometrika, 415:401-410, 1958.

[34] B. Hajek. Birth-death processes on the integers with phases and general boundaries.

J. Appl. Prob., 19:4858-499, 1982,

[35] S. Halfin. The shortest queue problem. J. Appl. Prob., 22:865-878, 1985.



Bibliography 190

[36] T. E. Harris. Transient Markov chains with stationary measures. Proc. Amer. Math.

37]

[38]

[39]

[40]

[41]

[42]

43)

[44]

45

[47]

[48]

Soc., 8:937-942, 1957.

G. J. van Houtum. New Approaches for Multi-Dimensional Queueing Systems. PhD

thesis, Eindhoven University of Technology, 1994.

S. Karlin and M. Taylor. A First Course in Stochastic Processes. Academic press,

2nd edition, 1975.
F. P. Kelly. Reversibility and stochastic networks. Wiley, London, 1979.

F. P. Kelly. Invariant measures and the q-matrix. In J.F.C. Kingman and G.E. .
Reuter (eds.), Probability, statistics and analysis. London Mathematical Society Lec-

ture Notes Series, 79:143-160, 1983,
J. G. Kemeny and J. L. Snell. Finite Markov Chains. Springer-Verlag, 1976.

D. G. Kendall and G. E. H. Reuter. The calculation of the ergodic projection for
Markov chains and processes with a countable infinity of states. Acta Math., 97:103-

144, 1957.

H. Kesten. A ratio limit theorem for (sub) Markov chains on {1,2,... } with bounded

jumps. Adv. Appl. Prob, 17(3):652-691, 1995.

M. Kijima. Some results for uniformisable semi-Markov processes. Austral. J. Stat-

ist., 29:193-207, 1987.

M. Kijima. Quasi-stationary distributions of single-server phase-type queues. Math-

ematics of operations research, 18(2):423-437, 1993.

M. Kijima and N. Makimoto. Quasi-stationary distributions of Markov chains arising
from queueing processes : A survey. Technical Report B-304, Tokyo Institute of

Technology, August 1995.

J. F. C. Kingman. Two similar queues in parallel. Ann. Math. Statist., 32:1314-1323

1961.

J. F. C. Kingman. The exponential decay of Markov transition probabilities. Proc,

London Math. Soc., 13:337-358, 1963.



Bibliography 191

[49]

[50]

[51]

53)

[54]

[55]

[56)

[57]

[58]

[60]

D. R. Klein. The introduction, increase, and crash of reindeer on St. Matthew island.

J. Wildlife Man., 32:351-367, 1968.

C. Knessl, B. J. Matkowsky, Z. Schuss, and C. Tier. Two parallel queues with

dynamic routing. [EEE Trans. Commun., 34:1170-1175, 1986.

A. G. de Kok. Algorithmic methods for single server systems with repeated attempts.

Statistica Neerlandica, 38:23-32, 1984.

E. K. Kyprianou. On the quasi-stationary distribution of the virtual waiting time

in queues with Poisson arrivals. J. Appl. Prob., 8:495-507, 1971.

E. K. Kyprianou. On the quasi-stationary distributions of the GI/M/1 queue. J.
Appl. Preb., 3:117-128, 1972,

G. Latouche. Algorithmic analysis of a multiprogramming-multiprocessor computer

system. J. Assoc. Comp. Mach., 28:662-679, 1981.

G. Latouche. A note on two matrices occurring in the solution of quasi-birth-and-

death processes. Commun. Statist. - Stochastic Models, 3(2):251-257, 1987.

G. Latouche and V. Ramaswami. A logarithmic reduction algorithm for quasi-birth-

and-death processes. J. Appl. Prob., 30:650-674, 1993.

G. Latouche and V. Ramaswami. The PH/PH/1 queue at epochs of queue size

changes. Technical Report 310, Université Libre de Bruxelles, 1995.

G. Latouche and P. G. Taylor. Invariant measures for null-recurrent and transieny
quasi-birth-and-death processes. Preprint, Department of Applied Mathematics, Th,

university of Adelaide, South Australia, Australia, 1996.

D. Liu and Y. Q. Zhao. Determination of explicit solution for a general class of
Markov processes. In Proceedings of the first international conference on matygq,.

analytic methods in stochastic models, Flint, Michigan, August 24-25 1996.

D. M. Lucantoni. New results on the single server queue with a batch Markovia,

arrival process. Commun. Statist. - Stochastic Models, 7:1-46, 1991.



Bibliography 192

[61] D. M. Lucantoni, K. S. Meier-Hellstern, and M. F. Neuts. A single-server queue

[63]

[64)

with server vacations and a class of non-renewal arrival processes. Adv. Appl. Prob.,

22:676-705, 1990.

N. Makimoto. Quasi-stationary distributions in a PH/PH/c queue. Commun. Statist.

- Stochastic Models, 9(2):195-212, 1993.

W. A. Massey. Stochastic orderings for Markov processes on partially ordered spaces.

Mathematics of Operations Research, 12:350-367, 1987.

M. G. Nair and P. K. Pollett. On the relationship between g-invariant measures and
quasi-stationary distributions for continuous-time Markov chains. Adv. Appl. Prob.,

25:82-102, 1993.

V. Naoumov. Matrix-multiplicative approach to quasi-birth-and-death processes
analysis. In Proceedings of the first international conference on matriz-analytic meth-

ods in stochastic models, Flint, Michigan, August 24-25 1995.

R. D. Nelson. A performance evaluation of a general parallel processing model.

Performance Evaluation Review, 18:13-26, 1990.

M. F. Neuts. Further results on the M/M/1 queue with varying rates. Opscarch,
15:158-168, 1978.

M. F. Neuts. Markov chains with applications in queueing theory, which have a
matrix-geometric invariant measure. Adv. Appl. Prob., 10:185-212, 1978.

M. F. Neuts. The M/M/1 queue with randomly varying arrival and service rates.
Opsearch, 15:139-157, 1978.

M. F. Neuts. A versatile Markovian point process. Journal of Applied Probability,

16:764-779, 1979.

M. I'. Neuts. The probabilistic significance of the rate matrix in matrix-geometric

invariant vectors. J. Appl. Prob., 17:291-296, 1980.

M. F. Neuts. Matriz Geometric Solutions in Stochastic Models. Johns Hopkins,

1981.



Bibliography 193

73]

[76]

[77]

[78]

[79]

80]

81

82]

(3]

M. F. Neuts. Structured Stochastic Matrices of M/G/1 Type and their Applications

Marcel Dekker, New York, 1989.

M. F. Neuts and B. M. Rao. Numerical investigation of a multiserver retrial mode]

Queueing Systems, 7:169-190, 1990.

R. W. Parsons and P. I. Pollett. Quasistationary distributions for some auto cata-

lytic reactions. J. of Statist. Phys., 46:249-254, 1987.

P. K. Pollett. On a model for interference between searching insect parasites. J

Austral. Math. Soc. Ser. B, 31:133-150, 1990.

P. K. Pollett. Analytical and computational methods for modelling the long-term
behaviour of evanescent random processes. In Proceedings of the 12th national cop.-

ference of the Australian Society for Operations Rescarch, pages 514-535, 1993,

P. K. Pollett and P. G. Taylor. On the problem of establishing the existence of
stationary distributions for continuous-time Markov chains. Probability in the [,.

gineering and Information Sciences, 7:529-543, 1993.

V. Ramaswami. A duality theorem for the matrix paradigms in queueing theory

Commaun. Statist. - Stochastic Models, 6(1):151-161, 1990.

V. Ramaswami. Matrix analytic methods: A tutorial overview with some extensiong
and new results. In Proceedings of the first international conference on matyiy

analytic methods in stochastic models, Flint, Michigan, August 24-25 1995.

V. Ramaswami and G. Latouche. An experimental evaluation of the matyjy
geometric method for the GI/PH/1 queue. Commun. Statist. - Stochastic Models
s,

5(4):629-667, 1989.

V. Ramaswami and M. I'. Neuts. Some explicit formulas and computational methg
“dl0ds

for infinite-server queues with phase-type arrivals. J. Appl. Prob., 17(2):498 5] 4
5

1930.

2 -~ AEIATA] AT D M [ . / 1 :
V. Ramaswami and P. G. Taylor. An operator-analytic approach to ])rodu(:t,-[})m
OTm

networks. Commun. Statist. - Stochastic Models, 12(1), 1996.



Bibliography 194

[84]

[86]

V. Ramaswami and P. G. Taylor. Some spectral properties of the rate operators in
level-dependent quasi-birth-and-death processes with a countable number of phases.

Commun. Statist - Stochastic Models, 12(1), 1996.

B. M. Rao and M. J. M. Posner. Parallel exponential queues with dependent service

rates. Comput. and Ops. Res., 13(6):681-692, 1986.

B. M. Rao and M. J. M. Posner. Algorithmic and approximation analyses of the

shorter queue model. Naval Research Logistics, 34:381-398, 1987.

G. E. H. Reuter. Denumerable Markov processes and the associated contraction

semi-groups on . Acta Mathematica, 97:1-46, 1957.

K. A. Ross and C. R. B. Wright. Discrete Mathematics. Prentice Hall, 2nd edition,
1988.

E. Seneta. Non-negative matrices and Markov chains. Springer-Verlag, 1981

E. Smeitink. Stochastic Models for Repairable Systems. PhD thesis, Vrije University,
1992.

D. Stoyan. Comparison Methods for Queues and Other Stochastic Models, Wiley
series in probability and mathematical statistics, 1983.

D. Vere-Jones. Geometric ergodicity in denumerable Markov chains. Quart. J ps4¢h.
Ozford, Ser. 2, 13:7-28, 1962.

D. Vere-Jones. Some limit theorems for evanescent processes. Austral. J, Statist.,
11:67-78, 1969.

V. Wallace. The solution of quasi birth and death processes arising from multiple

access compuler systems. PhD thesis, University of Michigan, 1969.

S. J. Yan and M. F. Chen. Multidemensional g-processes. Chinese annals of math-

ematics, 7:90-110, 1986.

I Yang and J. G. C. Templeton. A survey of retrial queues. Qu ey systems,

2:201-233, 1987,



Bibliography 195

[97] J. Yeand S. Li. Folding algorithm: A computational method for finite QBD processes

with level-dependent transitions. [EEE Trans. Commun., 42:625-639, 1994.

[98] M. Zukerman. Applications of matrix-geometric solutions for queueing performance
evaluation of a hybrid switching system. J. Aust. Math. Soc. Ser. B, 31:219-239,
1989.

[99] M. Zukerman and P. Kirton. Applications of matrix-geometric solutions to the
analysis of the bursty data queue in a B-ISDN switching system. In Proceedings of

GLOBECOM ’88, pages 1635-1639, 1988.





