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Abstract

The classical dynamical structure of cosmological models in rvhich the mattel
content of the universe consists of a scalar field with arbitraly non-negative
potentiaÌ is analyzed in detail. Emphasis is placed on the global 1èatures

of solutions including the existence of an initial space-time singularity and

particle horizons.
A natural class of potentials is defined which includes as an elementar'¡'

subset all non-negative polynomial potentials. For the special case rvhere

the space-time metlic is of Bianchi type I it is shorvn that ahnost all so-

lutions of these models possess initial space-time singulalities anc[ parl;icle

horizons. Close to the singularity the dynamics is essentiall¡'inclepenclent of

the form of the potential and the space of solutions may be iclentifiecl lvith
that of the exactly integrable model for rvhich potential is iclenticall-v zero.

Furthermore, it is shown that there exist at least tl'o solutions t'or rvhich no

particle horizons exist. These special solutions are isotlopic ancl are e-\po-

nential attractors in solution space. The¡r are associatecl rvith the existence
of inflationary behavior in the svstem, lvhich they completel¡, ch¿r-,acterize.

These results, which ar^e consistent lvith eallier u'orh clone fbl particular
potentials. demonstrate bhe robustness of scalar' fielcl cosmological notlels
and heip to clarif¡r the significance of the lalge nuntl¡er of horizon 1ì'ee ancl

singularity liee exact solutions.
Implications to more general space-times ale consiclelecl rnaliinq r-ise ol

a form. of iong rvaveiength approxination to the Einstein Field Ec¡uations
and an attempt is made to constluct a general asvmptolic solution. This is
sho,,vn to be valid for general spatiall¡r homogeneous space-tirnes subject to
a generic condition on the spatial curvabure.

In addition, an interesting class of exponential pol,entials rvhich clo not laìl
into the above mentioned cÌass are investigatecl and theil beiraviol r:oLnparerl
with that above. These solutions possess an oscillator,\, þsþ¿viol near an
initial space-time singularity which seerns to be associ¿r,tecl rçith the inabilitv
of the scalar field to negotiate the lvalls of extremeh'steep potentials.
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Kahtza Klein theories [12, 13]. For example. it was shorvn by Barlow ancl

Cotsakis [11], generalising an earlier result b¡' lVhitt [10], that any higher
order gravity theory with action of the form

Slg,,l= faox¡1¡çn¡ (l.r)t¿Pv ) 
.l

where /(r?) is an analytic finction, may be delivecl tì'om an effecive the-

ory with action (1.1) via a confo¡mal translbrmation of the metlic lelabecl

implicitely to the effective scalar field.
Higher orcier modifications to general lelativity, of n'hich (1.+) ancl (1.3)

provide examples, are likely to become impoltanb at high energies. Scalal
field cosmologies may therefore provide a findarnental insight into tire behav-
ior of gravity and its interactions u'ith matter a[ verv high enelgies. The fact
that they provide a mechanism for generating inflation in [he earlv r-rnivelse

pr',rvides evidence of this.
In accordance with this vierv, scalar field cosmologies shoulcl be a natural

choice of matter field for stud¡.ing the global stluctur-es of space-tirnc. such

as singr.rlarilies and particle holizons. it is thelel'ore of intelest that certain
conditions on the stress energy tensor which ale essential fbr the proof of
the famous singulalitv theorems of Hawking ancl Ellis [iö] are not obeyecl b1'

scalar fieids.
The exploration of the global properties of scalar' fielcl cosmologies. par'-

ticularly the past asymptotic behavior, is the primar-v concenl of this thesis.
The asymptotic behavior of scalar fielcl cosmologies h¿rs receivecl relativel-v

little attention in the literalure. This mav be partl-\' clue to the vierv zrrnongsI
cosmologists that close to an initial singularit¡'genererl lelativitv is no lonser'
valid and a quantum description of gravitv is appropriate. I-lou.er.eL'. in the
ai¡sence of a satisfactor.v- quantum theoly the classic¿rl description rvhich has
l--,een so useful in underst,anding inflation seems a goocl starting point. Clas-
sical behavior invariably provides important insights into a cluantum svslerr
and the quantum bheories which have generally been urost successflÌ al'e
those for which the classical d¡rnamics are r,vell understoocl.

Furthermore, the relevant time scales for inflationar\/ cosmology ar.e gen-
erally several orders of magnitucle greater than the Planlt time, u,hich is the
natural time scale in quantum gravity. From the point of vieu, of inflation
the (full blown) quantum era can probably be tieateci as being. for all inten-
sive purposes, at the initial singularìt1,. The singular.i[r, srmctlrre of classir:al
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where the condition that Ufi must be of unit iength gives a : t -óoó,
The Weak Energy Condition thus implies that /p is everyrvhere t imelike

(Note that the converse is also true. If pt' 1r everyrvhere timelike then the

Weak Energy Condition follows iïom (1 16)). Since @ is smooth on ù1 it
follows that the contours of / will provide a space-like I'oiiation of M if there

exist no open regions with /, iclentically zerc (ie / constant). Such legions

may only occur for values of / fbr which V'(,þ):0.
An example is provided for the massive scaiar field (lz : !nt'2rb2) 1>r'

setting ó : 0 everywhere on M. The evolution ecluation (1.10) is satìsfiecl

a,nd the gravitational field obeys the vacuum Einstein Ecluations Ru, :0.
,\ solution such as this for- rvhich /* vanishes icientically on l,/ rvill be

termed a triuial scalar field cosmology. Sr-rch solutions seem neither inter-
esting nor particularly physical and in general we expect the set of scalar

field cosmologies for lvhich p is constant on r¿¿y open set to constitu[e a

vanishingly small subset of all possible soltrtions. \\¡e n'ill theref'ore assur]le

henceforth T,hat $, vanishes on at most a set of rreasure zelo in -ì1. The
contours of ó are thus space-like h1'persur-faces rvhich t'oliate space-tine lrrcl
the tinrelike vector freld tJfi ma-v- be unicluel¡' definecl evervrvhere on rl1 as

the future directed unit normal to the h¡rpersulfaces of constant ó. It ma¡'
be er.aluated from (1.18) at all points r'vhere d, is not identicalh' zero.

Returning to the stLess-energv tensor we see that Lifi defines the invalialrt
decomposition

T*, : (-óró' + La)LiEp[;8, - l)ohE*
: e+óoö, ¡ii(rb))Lrsr[,rs, + (- jooop - I,-(o))hs,, (1.t9)

,,vlrere it is understood that hs* is the projection operat,or onto the hvper-
strrface orthogonal Lo UË. (1.19) shoulcl be recognized as ihe stless-eners\'
t,ensot of a perfect fluid flor,ving along the integlal curves of t'f , u'i[h energr.
ciensity p and pressure p (as measured b;, an observer co-moving rvith the
fluid) given by

ó,,óP + v(@)

qprbq - V(o) ( l.?0 )

In general, it is not possible to rvrite clorvn an equation of state p: Í(p) for-
the fluid but the special case V : 0 provicles an impolt¿rnt exception to rhìs

IP - -;p: -t
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3-D Reimmanian manifold, for any 1 e I t there exists a neighbourhood G

such that to(G) is homeomorph.ic to some subset D C R3. Define M(G):
l(rB, t0(G)) then there is a natural coordinate system on ùI(G) 1'or which /
is the time coordinate and its coordinate curves are the tämily of geodesics

fr. The homeomorphism Io(G) '- D defines a coordinate system (ri) on

X,(G). Let X¿ be the tangent vector fields to the respective ¿' then X¡ span

the tangent space of Is(G) and

[x¿, X¡] : g

for all i, j :1,2,3. The bold face notation for vectors has been introclucecl

here for convenience and we shail frequently interchange betrveen bolcl face

and index notation belolv.

lVe may now obtain a coordinate system on rl,I(G) b5' Lie transpoltiug
X; along the congruence f¿. That is, rve define the vector' fielcls X; oLr P to
be the solutions of the differential equations;

f vX¡: [U, X;] : 0. (i.30)

(This is equivalent to extending the zt-coorclina[e culves onto J1(G) b¡, clefin-

ing z'(f(ú,po)) : r'(po) f'or p6 € X.(G)). It follorvs immecliatel;'thzrt

/u[Xo, X¡] : [U, [Xo, Xr]] : O

by the Jacobi Identity and (1.30). Thus the X¿ conrmute ever''"'rvilele on
M(G) and we may define the coorclinate systenr (f..r') on ,V(G) rvii;h

u=g xo:$. (r.:Jl)
Ot dx'

Clearly the space-like tangent vectors X; are everyrvhere tangeut to the h¡,-
persurfaces I¿. Furthermore, tJ is normal to X1. In orcler to see bhis fit'st
recall that, by construction, IJ is normaì. to the initial h¡rpersurface !6. Co¡-
tracting u with X¿ and differentiating rvith respect to time rve find;

D,nr-r, 
Tt

dtur.\í 
: up;ou'" xl + upxl"Li. (1.32)

The first term on the right hand side vanishes immecliabely by the geoclesic
equation. In order to see that the second lerm also vanishes observe that bv
(1.30)

"tuxÏ : uu xl.o - xlL,1; : O. (1.33)
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which is equivalent to the 3-tensor Ii¿¡ - U;;j on X¿. 1Ç, is a geometric

property of Ð¿ as an imbedding in M and is called the e:ttrinsic curaature

ot second fundamental form of X¿. Evaluating 1í;¡ explicitly using (1.35) rve

find

Iiot ( 1.36)

Decomposing I{;¡ into its trace and trace-tree parts gives

Ii¿j o;¡ +!st¡t( (1.;17)

where oi : 0 and 1f - (J'ii. aij ànd Ã ma}, be interpret,ecl as the shear ancl

expansion, respectively, of f¿. Taking bhe trace of (1.36) rve find;

I( : lgii g¡j = Y (t.3S )-U

lvheLe u : det(g;;) is the volume element on !¿. \\ie tirus see explicitl¡,'that
K may be lnte rpreted as the rate of expansion of the universe. If is i'err
important since llil goes to infinit¡r iff a number of nearbS. geoclesics al'e coll-
verging to a point and intersecting [15]. Since f¿ is smooth (lt5' assurnption)
the geodesics ma¡r not intersect anyrvhere on l'1. It tbllol s that if h goes

to infinity at a finite time ú along a geodesic 1\t) € [', then 1 is incornplete
and a space-time singularity exists. Such a sinqulali[r. con'espon(ls to our'

intuitive idea of a singularity being the result of gravitational collapsc.
lVriting the EFE in the cooldinate fì'ame using the metlic (1.35) the¡'

become*

iii,+ Iiijsii: Too - jZ

Ii;, : fT :

k

n0¡¿o :
nOrLi :

Ri:
K Kß k

Å'li -
ri ( r.3e )

(3) Rj
rÒr__

' uÒt
(uIi;) :T; -trb:T

where,IÇ¡ has been identified with the time deri',..ative oly¡, r'ia (1.36) ancl
(3) Rii is the 3 dimensional Ricci tensoL on the hypersurtäces !¿. Decomposing

'lVhen labeling systems of equations rve shall adopt the follorving convenrio¡: 'Ihe
number adjacenc to the equations represents the systern as a lvirole. In<.liviclual etluations
a¡e referred to alphabetically from top to bottom. For example. rhe R)l arr,l l?! erluabions
in (1.39) are referred ro as (1.39a) and (l.Bgb) respectivel¡..
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accompanied by rapid isotropisation, thereby (accolcling to the advocates of
inflation) explaining the current observed isotropy and hornogeneity of the
universe. Inflationary cosmologies vary wicleìy in their details but models

where inflation arises as an essentially classical phenomena arising via the
dynamical evolution of a scalar field cosmology might collectively be termecl

Chaotic Inflation. This scenario was first proposed by Linde [21].

1.5.1 Constant Potential Models.

We can most easily see horv inflation arises in scalar' fielcl cosmologies bi'
considering the simple case rvhere bhe potential is just a constant \r : \'o

where Vo ) 0. The argument ',vhich rve give belorv has been aclapted from the
Cosmological No-Hair theolems fol the closelir relatecl pL'oblc'm of the asymp-
totic stability of de Sitter space in cosmologies lvith a positive cosmological
constant 123. 24, 25, 26, 27).

It is well known that large positive curvature can leatl to gravitational
collapse before any inflationaÌy t¡rpe behavior occurs 12,] so to ploceecl ana-

lytically it is necessary to place some bouncl on the ¿unount of ¡rosi[ive cur-
vature allorved. Jensen and Stein-Scirabes [24] imposcrl tlrc- concLition that
(3)Ä < 0 f'ol all ú. It has been shorvn b¡' Wald [23] thar rlris is tlue glob-
ally t'or all spatially ho'mogeneoÌLs cosrnologies except Biun,r'lti '[ype 1-{. For'

general inhomogeneous space-times, horvever, it is not obviorLs u'hether it is
reasonable to expect an initiall¡r negative curvatnLe to r-enain so t'or all time
and this condition seems overly restr-ictive. It sl.rall be sufficient to impose
the somelvhat weaker constraint

(3)A < o, + öt. (1.+r)

Thus. while we allow the curvature to become posilive at sonre tiine, u.e

insist that any positive curvature is alwa;rs dominatetl ltv t,hc. sheal ancl/or
scalar field energy clensitir. However, we shall not recßrile that [his be true
everyrvhere on 'VI, onl¡z along some neighboLrrhooc.l G of ¿r geoclesic -r € fr.

It follows immediately from (1.+3) that

Ii2 > 3U. (1._15)

Thus. an initially expanding universe can never recolla,pse ancl. recalling
(1.38), the volume element must satisfy

u(t. r) ) u,r(.,)eÆ¿ í t. t6)
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decaying faster than o2 ot ó2. We can see the effect of posiiive curvature

more clearly if we consider the special case of Bianchi type IX space-time for

which (3)Æ > 0 everywhere. It can be shown [23] that

þ)R< 4 (1.52)
u3

where .B is a positive constant dependent on the stlucture constants of the

3D isometry gloup. If 1{ is initially positive, consider all Bianchi tvpe IX
solutions with ,B sufficiently small that it satisfies

u", 4 (1 53)
2rd

where us is the initial volume. Then Vo - ï"'R is initiall¡- gleatet than

0 and, according to (1.52), will remain so as long as u is increasing u,ith

time. But according to (1.43), 1í2 (ancl hence u) can onlv l>ecome negative

if % - å(''R ( 0 which by (1.ö2) ancl (1.53) can onl.v- happen if u l¡ecoruc's

smaller than its initial value. Thus u rvill expand fole','er ancl (3).R nrust

asymptobically apploach 0. \{ore plecisely let

v, - ;!¡ >, (I ö1)

on sorne neighbourhood Po € Io of the initial h¡'persru'face. Then

I'¡-|(')A>'
for ali ¿ > 0. It follows from (1.{3) that

u(ú, z) > u,r(r)eÆ'. t1.õ¡)

Observe that the inequalit¡, (1.+S) is independent o[ the sign of 1?. It tirerelbre
follows from (1.52), (1.õ4), (1,5õ) (i.+3) and (1.1S) rhar

-3(Võ -e)e-Jæt <^ <À¡e-å/s.,. (1.56)

Thus space-time exponentially apploaches the same de Sirtel state as \,!'e
see that inflationary behavior can occur in the presence ol positir.e cuLvature,
however. this curvature mav inhibit ¡he rate of isotropisation.

If the initial condition (1.õ3) is nob satisfled tiren it is possible thert space-
time may recollapse before ever coming close to a de Sitter state.

Observe bhat the larger the potential Vo the mole clominant its infìuence
and the larger the positive curvature allorveci bei'o'e recollap-*e rn¿ry occ'r.
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similar behavior is plausible for more general models but that it is difficult
to demonstrate unequivicaly that inflation arises naturaily from a general

inhomogeneous set of initial conditions.
It is probable that this question can only be resolved fllly by detailed

numerical analysis of specific models. One model which has been studiecl

extensively is the massive scaiar field. ie, V(,rù: !nlS2. We shall briefly
review below some of the major results.

L.5.4 The Massive Scalar Field

Belinski et al 128) carried out an elegant global analysis of massive scalar

field cosmologies with Friedmann-Robinson-lValker (FRIV) space-tirne and

demonstrated that inflation occurred in the overrvhelming majority oÏ flat
and open FR\V solutions even for large initial values of @. For close.d space

they found there existed a class of solutions rvhich recollapse bef'ore ø is able

to decay sufficiently for inflation to occur, thereìry confirming the abilit¡'
of positive curvature to prevent inflation. Similar results rvele obt¿inecl b-v

[29, 30] using different techniques. These authors rvent further and attenpbecl
to compare the number of inflating verses non-inflating solutions in closed

FRW space-times by constructing an invariant measure in solution space.

Their results were ambiguous horvever, since both classes of solutions wele
founcl t,o have infinite measure.

Several authors have investigated the generality of inflation for rnassive
scalar field solutions in spatially homogeneous anisotropic space-time [22.
31, 32, 33]. Their results have shown that the presence of anisotropy does
not prevent inflation and in fact actually helps it since a large shear term
can offset the effect of a large positive curvature ter-m [22]. If one specifres
spatially homogeneous data on some initial h¡rpersr-rrface then inflation alrvavs
occurs provided ps is greater than order unity and the initial culvatu¡e, if
positive, is dominaied by ihe other terms on bhe right hand side of (1.,13).

Initial efforts to investigate the effects of inhornogeneity confined attention
to small perturbations about hornogeneous solutions [3,t, 35]. There results
indicated, not surprisingly, that inflation rvas stabie under such pertr:rba-
tions' Recently, a num.ber of authors have undertaken detailed numerical
investigations into the effect of large initial inhomogeneities [36. BT. 33, jg,
40,41]. They conclude that while inflation can withstancl a lair clegree of
inhomogeneity, a certain amount of average homogeneity on the part of the
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hypersurface, arguing that a non-zero / term would rapidly decay anyway.

The only initiat scalar field configuration which is then consistent with (1.17)

is $ : const. Obviously no problem with initial anisotropy exists here. In
general, for arbitrary initial conditions, the weak energy condition wìll bound

gradients of the scalar fieid, possibly enough to prohibit solutions in which
anisotropy prevents inflation. In the absence of detailed numerical simu-

labions taking into account the Weak Energy Condition this issue remains

unresolved.

1.5.5 Structural Stability and Inflationary Dynamics

For the case of the constant potential we saw that the dynamìcs of inflation
were completely characterized by a unique de Sitter solution. For more gen-

eral potentials, however, our arguments provided vely little information as

to the nature and details of inflationaly d¡'namics. A possible problem rvith
the generalìty of inflationary behavior in scalar fielcl cosmologies h¿rs been

raised by Ellis et. al [a2]. This concerns the issue of structural stabilit"v [43].
They have argued that small changes in the functional I'orm of Ir'(o) coulcl

lead to discontinuous changes in the qualitative behaviol of solutions. rnost
particularly with respect to inflationary behavior. Care must theretbre be

exercised in extrapolating the results for the constanl potentiai, or incleecl

the massive scalar field, to more general potentials.
The general results obtained in the tbllowing chapters provicle a strong

indication that scalar field cosmoiogies are actuall¡r cluite structurally rol>ust.

The topological structure of solution space, at least fol simple space-[imes.
seems ro depend only on a ferv basic structural properties of the potential
such as number of local maxima and minima. In particular, rve shall see that
inflation arises as a natural consequence of the existence of an exact, expancl-
ing, (particle) horizon free, Robinson-Walker soiution which is an abtractor in
the full solution space of (1.10-1.41). This solution cha¡acterizes exactly the
dynamics of the inflationary epoch in direct analogy to the way that de-sitter
space characterizes the dynamics of inflation for constant potential rnoclels.
We demonst¡ate the existence of such a solution for a verv general class of
potentials. Not surprisingly, the key facto¡ in determining its existence is the
behavior of the ratio V'f V. Furthermore. small changes to the tïrnctionai
form of V'lV seem to result in small changes in the inflationary solution.

In the next section we shall begin ou¡ investigation of the global plopelties

?-r









Thus we have constructed a model for which the singularity tree met¡ic

,3
I : -dú2 * e-i I(¿"')'

i=1

is an exact solution. This model might be considered unph-v-sical due to

the fact that the potential becomes negative when lE - "l . 1f, (althor-rgh

note that the energy density never becomes negative). However. considel the

potential V : F(ó) where there exists a positive number .\ < å for rvhich

,F > 
^ 

for all $ and F(ó) : ifø -.)' - å for l/ - cl> l. The above metlic
is an exact solution for large / and, iirthermore, 1í2 > 3¡\ so if space-time is

initially expanding it cannot recollapse to a singularit-u-. The moclei V : F(ó)
must therefore possess at least one singularity 1ïee expancling solution.

Although the potential V = F((þ) seems rathel contlived note that f'ol

Iarge þ we have f = !,Þ2. It thereibre becomes. approximateLr,, a massive

scalar field with unit mass.

In any case, the next example provides a singuÌarit1' ft-ee solution u,here

the potential is ph¡'sically interesting.
choose 

¡1 : le-¿ + -\,

where À is some positive constant. This corresponcls to a singularit¡' flee
expanding space-time lvibh metric scale factor

(1.i3)

Using analysis identical to that above rve obtain the solutiori

¡!:!)¿-! ¡c.

Setting the integration constant c eclual to 0 rve obtain the potr:ntial

v(ó) : *d* + i(,\ - |)0, + 3.r=

(1.71)

(r.75)

The special case ¿\ : 0 corresponcls to the singularitr' frec solution previ-
ously obtained by Nlaclsen [49]. ùIore interesting horveveL. is rhe case.\ ) |
since the potential then is smooth and non-negative lor ¿rll valrres of o. I1
particular, when A : I the potential becomes

l'(,o): j(],0' - t¡'

ø(i) :"*p(l't-å"-')

2S





/\I I (r'so)
\/

ar co these solrrtions

to
nt als of the tbrm

The solutions

have also been found by Scudellaro and Stornaiolo f51] these solutions also

display horizon free behavior similar to that of the potential (1.i9).
The above examples demonstrate that scalar fielcl cosmologies dispia¡, a

wide range of behaviors and indeed it is possible to cook up a cosrnologogical

solution with virtually any features rve desire. Given this rich calalogue ol
behavior it might seem unlikely that anv gener¿ìl st¿rtenents can be macle

concerning their asymptotic behavior.
Caution must be exercised, however, rvhen dlarving conclusions basecl on

exact solutions.
Consider the porver law solutions of (1.i9). above. t'ol example. The pa-

tametets À and A determine c unic¡uel¡r so th¿rt. 1'ol a given model. these

solutions ,-lo not lepresent [he general solution but tather trvo specific so-

Iutior'ts. In order to ascertain whether these solutions clispla¡'' thc' tl,pical
qualitative features of the generai solution requires fulther u'orli. Tlre gen-
eral behavior of FRW scalar field cosmologies rr'ith exponeril ial ¡rotentials has

been looked at by Burd and Barrorv [a8] and by' Flallirvelt [t3] Lrsing c¡rali-
tative techniques. It turns out that the horizon lree power [¿rrv solutions ¿ì.re

attractc.rrs and tvpical trajectories approach them asvmptolicnll,v'as I ->,¡c.
Conversely, as solutions evolve l¡acliwards in tir¡re the¡, r'apidlv cliver.ge fi.om
the power iaw solutions. Thus, although the porver larv solutions provicle
examples of horizon free cosmologies they do not indic¿be that holizon fi'ee
behavior is typical of cosmologies rvith exponential behavior.

In general, exact soiLrtions of scalar field rnodc.ls do not r'¡:plesenb genelal
solutions and are therefore limited in the infornration the1, provide on the
dynamics of the theory. Horvever. bhere do exist some particularl¡,' sirrple
cases where equations (1.67) can be integrated exactl,v- to olrtain a general
solutiorr. Consider, tbr example, the speciai case rvhere p : tr above. \\,'e
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These solutions accurately model the clynamics of the cosmology during the

inflationary period, essentially independently of initial conditions.
Belinskii and his co-workers also obtained phase portraits for the quartic

self interaction (I/ : 
^ón) 

and Higgs potential with similar resuits.

The phase plane structure of the massive scalar field reveals, again, holv

a model can possess solutions with interesting global features which do not

reflect the behavior of the majority of solutions. Such solutions are certainly
interesting but it would seem unlikely, without imposing very special bound-
ary conditions, that they are realized in nature. In fact, if ive assume that
all initial conditions are equally likely to occur then the inflationary seper-

atrices have probability zero of. occurrence. lVe should therefore be careful
to distinguish between features of the model which are genelic (have finite
probability) and those that are not.

If 1þe(t) is a solution of a dynamical system intersecting the point p, we

shall say that a property of ,þ, is generic if there exists a neighboulhoocl
N(p) of p such that all trajectories whose orbits intersect N(p) also possess

that property. FurthermoÌe, we shall say that a property of. tit, is ttl'ntost
always true if the union of the orbits of trajectolies on which it is tLntlue has

Lebesgue measure zero in phase space.

Besides being non-generic in the above sense, the holizon free solutions
found by the Russian group (as typified by the massive scalar'field) ancl the
inflating power law solutions of the exponential potential have an impoltanb
lèature in common. Both are exponentially attracting solutions rvhich char'-
acterize the dynamics of the inflationary phase of the system. It rvould seem,
therefore, that a close relationship exists between inflation and the giobal
behavior of solutions.

I am aware of no examples in the literature r,vhere a horizon tree or singu-
larit,u- free solution (for flat FRW space-time) has been demonstratecl to be
generic" if such solutions do exist for certain classes of models holvever, then
they could iead to interesting and novel cosmologies.

This issue has implications to all theories which are conformall¡r equiva-
lent to scalar field theories since the causal st¡ucture of space-time is invariant
under conformal transformations. If a horizon lree solution of the vacuum -82
gravity theory (as has been t'ound by Frenkel and Brecher [53]) rvere gener.ic,
for example, it would imply the existence of a corresponcling generic ¡orizon
free scalar field cosmology. The potential V for such effectir,'e theories may
be highly non-t¡ivial and need not even be expressible in anal¡ztic t'o¡n [11J.
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Figure 2..1: Behavior of the flow in the neighbourhood of degener-ate equilibria
of (2.5). :V/s and,V1" denote the stable and center manifolds respectively. At
most 2 solutions are past asymptotic to the equilibrium set.

We have now considered all possible cases and have shorvn that any con-

nected equilibrium set can contain the a-limit sets of at most trvo solutions.
It follows that a countable number of trajectories have a-limit sets in the
interior of the (r,V) plane. Thus, ,'+ !/'is unbouncled on almost all orbits.
tr

The significance of Theorem 2.1 to the behavior of the gravitational field
is illustrated by the following corollary.

Corollary 2.2 If the potential V is unbounded as g -r *:c, th,en Ii(t)
diuerges monotonically on almost all solution curves of (t. L).

Proof:

The result follows trivially from Theorem 1, equatiou 2.lc and equa-
tion 2.3.tr
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In terms of these new coordinates, E. can be re-expresseci as

X.: {(r,a,z): r ) 0,0 < z < /(.-t)}. (2.45)

The physical trajectories of (2.44) on I. are those that satisty the constraint
equation

u2 + 3x2vçz) :1' (2'16)

Let 0. : {(a,y,z) e Ð, i a2 t3r2V(z) - 1}. Then f). is the intersection
of Ð. with the physical phase space Q. It is a 2D invaliant manifold of

12.+4) imbedded in X.. Restricted to 0. the system (2.14) reduces to the 2D

dynamical system

dy,,
i: -(Y+#\'rvþ))(\ -Y')
,1 "E : l?|?)u (2.1i)

on the bound, open projection Ql : {0 < t < fG-t), -1 < y < l} of Q.

onto -R2. For convenience I will drop the asterix and simpl), refèr' to this set

as f).. Equation Q.aTa) is obtained by substituting the constlaint ec¡ration
(2.46) into the second term on the right hand side of (2.aab). The .¡ariable .u

can no\ry be treated as a function on CI. defined by eclLration (2.a6). Ecluahion

Q.aaa) gives the directional derivativeof e along the florv generated b1'(2.47).
From the definition of z, (2.43), it is clear ihat the line z :0 (rvhich lies

outside of Q.) represents the infinity of p. Thus, by Theotem 2.3, almost all
solutions must come arbitrarily close to either this set or its countelpart at

ö: -*.
In order to study this behavior it is desirable to complete Q. ancl extenci

(2.47) onto the bound_ary. If. V e ti and we have been careiïrl in our choice
of f then VVy and f' will be well definecl ancl C|2 aL .z : 0. It t'ollorvs
immediately from inspection that (2.a7) is everyrvhere Cz on the closure of
0., Q.: {0 < 

" 
< fG-t),-1 < y < 1}.

For convenience later, it will be useful bo summarize here some of the
properties of. þVv and f'

vvv(0)-/,(0) :0.
f'Q)<0forallz)0

Tr,:ffv=o

(2.18)

(2.{e)

(2.õ0)

õ4
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ð e2
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e
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àÇ)rl

Figure 2.6: Schematic representation of the compact set Q. showing fixed
points and the sense of orbits on the boundary.

v

In order to find the solution of (2.a7) on âCI.3 and Dfl.a it is necessary to
solve the differential equation

dz

#:*7(,)ß (2.br)

Recalling that z = f (ó) this is just the equarion

dó 
- *^llT:-vi

which yields

o : tfr{+' + ó) (2.54)

where ó : ó(0) is a positive constant. Thus

, : r (ß,a* ')) (2 5ö)

The flow is directed towards the v-axis on ôf,l.a and arva¡i from the y-axis on
âO63 as shown in Fig. 2.6.
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Let us concentrate on the source p- since it is a generic cy-limit set of
the system. The past asymptotic behavior of solutions close to p- will be

approximated by the exact solution on the center manifold according to The-
orem 4.8. Thus for ¡ sufficiently large and negative we may r,vrite

u : -7*o(e1") z: I (ßra-')) *oþ1") (2.5i)

For some positive constant 7. Note that evaluating the inverse /--t(:) in
the above expression and using the mean value theorem and the expressions

(2.41) we find that, to first order, / is indeed approximated by (2.54).

Let us now express the asymptotic solution (2.5i) fully in terms of the
original variables. As y - -1, equation (2.44a) becomes

dr
* 

: r(1 * o(e,')¡. (2.õ8)

Integrating gives the first order expression

L-LOC (?.5e)

By (2.15)

' : {":!'*,, (2 60)

which implies that ú -+ ú¿ as r ---+ -oo. Substituting (2.60) into (2.59) ancl
using (2.43) gives

I{ : (t - tn)-r. (2.61)

Note that Ii -'+ oo as t -r ú¿, thus the source p- cloes indeed co¡.espond to
an initial space-time singularity. Substituting (2.60) and (2.61) into (2.5?)
(recalling the definition of y) we find

o : -rÇrtnft -to) ó : -tfrtt - t)-, (2.62)vo c

where c : e,oeõ is a positive constant.
The asymptotic solution (2.61), (2.62) is the exact solution of the svstem

(2.1) when 7 is identically zero; ie the massless scalar frelcl. Thus there exists

T
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where óo: f-t (á6) is the initial value of /.
Define the function

C(.; Ó) : t(Ó,Y(w; $\etßa

then c is, by definition, the limit of C. Taking the derivative of this expression
with respect to $ and making use of (2.44a,b) we have

( 2.83)

Also, from (2.46) we may obtain an explicit expression f.or C

'JeoC(.; ó)': i, ^ 
(t - y(rr; ó)'). (2.S1)

v \a)

It is imrnediately apparent lrom this expression that c is a continuous since
the orbits y(w;ö) are uniforml¡z continuous in,ur. Evaluating (2.84) at ó0 we
have

c(*;óo),:ffir2w-w2).

Thus C(rll, go) is strictly increasing with .¿u.

Consider two points pt,pz € I(á0,ó1) lvith u2 ) u,'1. For convenience rve

denote the graphs y and C along the respective orbits lty yr,C1 and y2,C'2.
Taking the derivative of the difference C2(þ) - Cr(o) using (2.83) rve obrain

h\ffi) :'l!"^')-Y.^(a')) >o (2s5)

where we have used the fact that lz - lJt ) 0. Integrating trom ps lo oo rve
obiain

,n ("@r)C_,(óù\ , o.
\.(r,)Cr(øo) ) '

from which it follows that

dc ll
dó -- t'l ,@ 

+ C1)

c(uz)
c( ¿or )













the theorem. tr

lVe can make a a considerably stronger statement about the attlacting
nature of the center manifold Co if we concede some generality in oul choice

of potential. Firstly we make some definitions. Define cþ¡ to be the smallest
value of / for which 0 <VVv(ó) < J, for all ó > ,þt.Define the coorclinate

transformation z : f (ó) on the domain [d¡, oo) with /(/¡) : zr ancl let .Q¡

be the set f,). : e-r : ót. 0¡ is well defined since Wv is rvell definecl and

non-zero on this domain.
We shall interpret f)¡ as the region of (positive ó) phase space t'or rvhich

I/ is flat enough for a physically interesting infl.ationary phase to occur. The
following theorem makes this precise.

Theorem 2.LL Assume thatV satisfies the conditions ofTheorem "1.10 antl,
in addition, Wy is rno'notonic increasing on Q¡. Tlte'n the Jollowing is true.

i) Cs bisects Qt with g(r)t < I for all z 1:¡.
ii) For all ini,tial points (yo, ¿o) €. Qt the're erists a ¡tositiue constLntt j 1 I,

depending only on !ls, such that (2.93) holds with rV; : Q¡ (ie as long as z(r) < z.

[n particular if y! < ! then ^t > 3.

Proof:

Assume thú 
dY: ) 0. Since g(r) 30 on some neighbourhoocl :\(p¡¡)

tLz
any neighbourhood N(po) c rvr(po) must contain some value of ; for wìrich
do

E a 0. It follows from inspection of (2.89) that such a point must also have

s + #Wv ) 0. Now,

Lr * hvvu) : - %PG + ftw-, ) + h+
If we set g + húv : 0 then the first term on the right hancl sicle va¡isires
whilst the second term on the right hand side is clearly non-negative. It fol-
lows that if g+ hVV, ) 0 for some z = zothen it must remain non-negative
for all z ) zs. Since such a es exists on all sufficiently small neighbo¡rhoocls
of the origin we have

g+h\Vv )0 forall:(:¡, (2.96)
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tozero there exists a (locally) unique solution, 1oo, which violates the strong

energy condition as long as Wy < J2 and which is an exponential attractor
for a generic class of solutions. 1- is the natural countelpart of de Sitter
space which is an attractor in the vacuum Einstein equations with positive
cosmological constant (or scalar field models with constant potential).

Inflation may therefore be understood as a manifestation of the existence

of such a solution. In particuiar, a model may be said to exhibit inflationary
behavior if and only if it possesses an attracting solution 1(ú) rvhich violates
the Strong Energy Condition on the domain for rvhich it is attractive. For

any given solution the inflationaly phase of evolution may be defined as the
period during which it is approximated (to within some designated error)
by such a solution. It is significant that during this period the dynamics of
the solution may be modeled by 1, effectively inclependently of the inibial
conditions.

The fact thab loo exists under such genelal conclitions cleally clernonstlates
that inflationary behavior is a generic feature of scalal fielcl cosmologies.

ilnlike de Sitter space it is not possible in general to obtain an exact an-
alytic expression for 1"o. Furthermore. it can not be gr-raranbeed that 1"o ivill
violate the Strong Enelgy Condition for all time anci conseqrrently Theorem
2.10 is a much weaker form of no-hair theorem than those proven for positive
cosmological constants.

For arbitrary initial conditions in 0¡ a solution mav not have snfÊcir:nt
time to decay onto Cs before exiting f)¡, particulally rvhen y ( 0 s<-¡ tiraL
dz dz
; > 0. However, I is at least of order -u2. This means that z grolvs verv
dT d,T
slowly compared to the rate of decay rvhich is exponenrial. For any y- it is
aln'ays possible to choose a z- sufLciently small that i'or all ,-s < :^, y'å < y'1,

the solution approaches arbitrarilv close to Ce bel'ole exiting Q¡. This ensuïes
that an open set of solutions will undergo inflation.

2.7 Example: Inflation \Mith a Power Law
Potential.

The following example illustrates some of the icleas above

î2





We can go further and write 1- in terms of the proper time. Rearranging

(2'46) we have 
¿, : + (r - yr)* 

37(z) ' Ú /

which, to leading order in z, reduces to

*: LLr'"
where we have used the fact that V(z) - Àfnz-z". LIsing (2.101) and the

definition of r we may integrate ¿ to obtain a first order expression f'or f as

a function of r.

t:Irr'i.o!!-lnz[r.)t-i nlo 
(2.1.02)'-l-c2ln(1 -lazsr) n:1

li "_t¡"t -'Zvr--\a* - Ð "' - V +À'

Observe that for 0 < n < +, t --+ -oo as r --+ -oo whereas for n, > 4,

/ + 0 as r --+ -oo. Thus 1- represents a singularitSr free cosmology if and
only if 0 < n ( 4. For larger values of n it has a singularit,u* bul no palticie
horizon. It is now a straitt'orlvard matter to obtain approximate expressions
for p(f ), i (t¡ and Ii(t). For n f -l rve have

aØ

1í(¿) (2. r03)

ø(t) (: ,Frrrr)

Similar expressions can be found for n : .1.

In the special case n : 2 the power law potential may be interpreted as

a massive scalar field of mass rn2 : À and the solution (2.103) in the above
example becomes

ó: -rß*t ¿t: -tF"^ [i : -m.2t (2.104)

n
{-n

n-2
{-n
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on f)€. Let us consider these two cases separately.

i)Wy>0:
Firstly, note that fü lies to the left of the z-axis. Let p1 €. O- (p) n fì..

From Fig. 2.9 it can immediately be seen that if p1 lies to the left of the
center manifold Co, rþ, is past asymptotic to p-.

Assume that tþ, is not past asymptotic to p-, then it is clear from Fig. 2.9

that O- (p) n O. must lie entirely to the right of C¡. Furthermore, O- (p) n fì.
is the union of a discreet set of line segments, O¡ C O- (p), u. shorvn in Fig.
2.11. Associated with each O¿ arc two points p;,Q; € åQ.2 and times l; ( s¡

z

o
dc).0

Po AOJ
v

Figure 2.11:

such that ,þr(t;) - p¿ and ,þr(t;) : Q¡. p; and q; represent points where tire
trajectory enters and leaves Q. respectively. By continuitv. ó is bounded on
each individual O;, thus {o;} must be an infinite se(luence. Introduce the
time ordering

t1)t2>.....
Then as i --' æ, O¡ must asymptotically approach the line segrnent

o:coo0.+âftj+äft.n
where âCI! is the segment of ôo.1 to the right of the:-axis (See Fig. 2.11).
That O is the limit set of {O;} can be seen from the follorving argument.
Consider some i ) 1 then by (2.a6)

t(pù2 : cQ - y?) (2.109)

co

o

P+
p-
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constraint equation (2.2) one obtains

í:ï+v(+tf,1"1) +n

where, as usual, å indicates terms of higher order. In ordel for this expression

to be consistent one requires

tjmt2V (+,Enl) : oo.
tro \ v " c/

l.e

lim 
"-'/aløly

(d) : o.
ó**co

In other words, for the massive scalar field to be a consistent asymptotic
approximation of a scalar field model the potential must cliverge slorver than
e-J6lö1. Exponential potentials therefore seem bo accommoclate a kincl of
transition between SED type behavior and some other qualitative regime.

In this chapter we examine the behavior of very steep potentials by means

of an interesting example.

3.2 The Model and Dynamical Equations.
As in the previous chapter we shall confine attention to spatially flat FR\,V
space-time. The simplest example of a potentíal which is neither SBD at
infinity or negative infinity is an exponential well of the forrn.

V('þ) : ae^Ó + be-'Ó '

where a,b,À and ¡; are positive constants. For simplicity I rvill confine atten-
tionto the casewhere a:b = l and À: þ so that

V(ó) : ¿\ö ¡ ¿-\ó. (3.1)

By increasing À we shall be able to investigate how the qualitative behavior
of the system changes as the potential well becomes increasingly steep. The
analysis for the more general potential is similar ancl the conclusions ar.e
essentially the same. Firstly, we introduce the coorclinates (2.1J) ancl the
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The only equilibrium points possessed by the system when a ) 1 ale pa,
p- and the sink poo . Inspection of (3.12) reveals that pa become hypelbolic
saddles in this regime.

The onÌy solution past asymptotic to p- is the unphysical trajectory 71

which emerges from p- at T : -oo and proceeds anticlociiwise along ð01
(the unit circie), reaching p+ at I : oo. Similarly, the only solution which
originates at p+ is the unphysical trajectory 72 lvhich emerges from p,. at
I : -oo and proceeds along âCI2 (the q-axis), approaching p2 aslmptobically
as 7 -r oo. The union of 7r, ^¡2is a closed heteroclinic cycle ^/¡, on d0 which
forms a limit cycle for trajectories on the interior of 0. That is, as 4 -) -co
a typical trajectory will approach âQ. spiraling clockrvise (in the reverse
time sense) an infinite number of times. The solution ivill asymptoticall¡r
approach the non-physical solutions 71 and 72 but unlike these will alwavs
avoid the equilibrium points p..,. and p- and will continue to spiral alound
0Q ad infinitum. Fig 3.2.

q

y2

Figure 3.2: Sketch of Q for a > 1 shorving the solutions on the bounclarrv ancl
a typical solution on the interior. The points p1 are saclclles ancl therefore
unstable, but solutions must approach the bounclary so bhe union of solutions
on ðCI forms a limit cvcle.

p

P_
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all trajectories are asymptotically tangent to the bounclary ðf,) it rvill be

sufficient to restrict attention to initial points lying in the set Ðs: {(p,q) :

8:7- €, 0 ( p< ej where c > 0 may be chosen arbitrarily small.
Before proving that space-time singularities and particle hor^izons exist

for all solutions it will be convenient to prove the following lemma;

Lemma 3.L For all 0 < n 1 1, there exist positiue n'umbers e and p^ suclt

that if ¿o: (p0,1 -.) is in Ðs and ps 1p^ then

H(rþp"(")) < Hoe4n' (3.15)

to the past of ps, where rþ,"(r) 'is the unique trajectory of (3.6) passing throu"gh

ps with úp. (0) : po.

Proof: Integrating (3.9) backwards in time from r : 0 to some earlier time
rÍ we obtain

H(r¡)- ,Yo exp 
l-r 1,",

2
q dr (3.16)

Let 11 : {(p,q) e 0 ip: €, L-q < e}. AscanbeseentromFig.
3.3, the set X1 f Is encloses a box. Ql, of area - e2 in Q aror-rnd p.',..

Another box, O;, can similarly be constructed a¡ound p- b.v defining [he sets
Xz: {(p,q) € CI i p: eliq< e} and Ie: {(p,,Ð t q- -1*e. 0 < p < c}.

Let I be the time interval[r¡,01, then for a given tr-ajector,v- úpo we r]lav
write 1 = I"l)/6 rvhere I" : {r e I : ppo(r) € 0:} and /6 : {i- e I :

,pp,(r) ø A:\. We thus have

t:, q2 dr q2 clr (3. 1i )

(3. 18 )

From the definition of 1.,

l,.n'*, : 1,"0 - o(e))ctr.

Fix n and let m be any number satisfying n I m < I
small we have;

Then for e sufficientlv

I,O,
qzclr > m

T.
dr (3.1e)

qzd, +

q2 d|.

t,,
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The modulus sign is necessary because we are tracing the trajectory back-

wards in time so Ar is negative. At po --a 0 , Ar --- -oo. Thus Ar may be

made arbitrarily large by choosing ps sufficiently small.
Since úpo ir past asymptotic to the limit cycle 7¿, the intersection of the

past orbit O; with the line I : 1- e (which contains Xs) must contain an

infinite number of points in addition to ps itself. If pr is any such point then

substituting q:1- e into (3.7) and using the monotonicity of I/ (3.9) we

must have pt 1 por where p1 and p¡ are bhe p-coordinate values of p1 and ps

respectively. In other words úps must intersect I.s again after 1 complete
cycle of â0 and the point of intersection p1 must have a p-coordinate value

p1 which is smaller than ps. It follows that ry'po passes bhrough the box fll
on each successive cycle and the time interval Àr,+ to tlaverse Ql on the nth

cycle obeys the inequality;

1
ln

ln

;)

;)

lar"*l (3.23 )a+1
1

a-lI (3.2.1)

Similarly, defining Ar,,- to be the time taken for úpo to traverse the box 0-
on the n"ti cycle*"" nnä from (3.21) using an iclenticai argument to that obor"
thatt/\

la'"-l - #'"(;) (325)

where þ' is the p coordinate of the intersection of r/po rvilh 13 on the nth cvcle
(by the nth cycle I mean, precisel¡r, one complete circuit lrom (p, - l, 1- é) €
!o to (p*,I- e) e Ðs). Recalling the definition of F1 ancl using bhe lact that
q2 takes the same value on Ðo and !3 rve have tbr any point on to or 13 that
H2 : (2e-e2)p2 +o(ep+). since l? is monotonic it t'ollows that for e chosen
sufficiently small þn 1 po. Therefore,

t^,"t- +', 1:) (r26)
cy t r \lo7

Let us now consider the parameter time Àr taken for a point on x1 to
reach x2 under (3.6), close to rhe semi-circular bounciary d01. That is , the
time taken to flow backlvards in time from hhe bop box el to the bottom

c)2

























that they must lie on the set a = 0; ie f^1. We have already demonstrated in
the proof of Theorem 2.1 that no limit cycles exist exist on f), thus we have
the result. tr

4.2.3 The Massless Scalar Field

In the special caseV: 0 it is possible to exactly integrate (4.I7). Since this
solution will be important to us later it will prove useful to derive it norv.

Setting V' :0 in (a.17) and rearranging slightly

ó: -Yó
U

which may be integrated to obtain

ó:P-
U

(4.1e)

for some constant É. Substituting (4.19) and (4.16) into the constraint equa-

tion (4.18) we have
.)
D-

u2 2u2

and hence, upon integration,

,: ,fi{o, + p\it. (1.20)

For a given physical metric the metric components gr are only unique up to
an arbitrary constant coefficient, since a coordinate transl'ormation r' =+ cr'
will not change the form of (a.1). It follows thab / . also. is onl¡' unique up
to a constant coefficient. We are therefore free to choose

å(on+ l3')=r

and we may may introduce the parameter d on the domain 0 < 0 ( r such

that a : 1frror0, þ: ffisind. After integration of (+.1g) to obtain þ rve

obtain the general solution

u: t o: 1frsinht-L o - 1frro"Lln! (1.21)

_ 3(o, + 0,)
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4.3.L Solutions For 'Which l/l Remains Bounded

It is natural to ask whether / remains bounded in the approach to the sin-

gularity. It turns out that when o + 0 there exist solutions with "vacuum
dominated singularities" where the scalar field (and indeed the energy den-

sity) remains finite. Let us consider these solutions first.

Theorem 4.3 The set of all past orbits of (1.25) o'n which þ is bounded has

rneasure zero in phase space.

Proof:
Using (4.26), S can be eliminated from (4.25) yielding the 3-dimensional

unconstrained system of equations

dx : x _ zrrv(þ)

: -Jrzv(ó) - ,'v'(ö)

t;
viv

on the subset of 43, BI* : {(r,a,ó), ,2 0,y'< 1)}. BI* is just a

projection of BI onto -R3 with the addition of the unphysical boundary set

I : {(d, n,A) e BI* : r : 0)}. Ð is an invariant manifold of (4.27) and

restriction of (a.27) to this set yields the trivial s¡rstem of equations

d¡
dy

(4.27)
dr
dó

dr

dö

tt,
dy

dr
:0 (1.28)

on l. Clearly the y-axis is an equilibrium set. On all other trajectories

ó-Læâ,sr+-c¡o.
Let p be an arbitrary point in BI* corresponding to initial conditions of

(4.Ii) with non-zero shear and assume ó is bounded on the pasi orbit O- (p)
of p under (4.27). By Theorem.t.1, the trajectory ,þr(r) passing through p
must approach I asymptotically as ¡ -+ -oo. Since / is bounded. O-(p)
is contained in a compact subset of BI". It follows from (4.28) and the
continuity of the flow that ry'o must be past asymptotic to some point ps -
(@0,0,0) on the y-axis (Appendix Theorem A.1 gives a rigorous justification).
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This set of equations forms a C2 dynamical system on the ciosure of. BI,,
É1,- {(y,S,z):0 <. < f G-t),yt + z2 1L,z > 0).This set is illustrated
in Fig. 4.7. The boundary consists of the Robinson-Walker submanifold

z c)òBI"z e

\ I
ú

ðBI13

v
+

ò81",

Figure 4.I: BI,

f)., the semi-cylindrical mantle ÐB[3, defined b5' the algebraic condition
yt + 52: 1, and the caps ðBId,, ABI,2 which satisfy the constraints z:0
and z - "f(.-t) respectively.

ABI,2 is bhe only component of the boundary transverse to the flow V,
generated by (a.25). As for the FRIV case, solutions leave B.I. through ABI,B
to the left of the y : 0 plane and enter through this seb to the right of the

U : 0 Plane.
The fl.ow on f). has already been analyzed in detail in the last chapter and

includes, in particuiar, the 1-dimensional center manifold C6 intersecting the
origin.

The flow on 0BI,s may be obtained by substituting the constraint y2 *
.Ç2 : 1 into (a.31) to obtain the trivial set of differential equations

dr
dy

(1.32)

.t

dS

dr

0

0
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4.3.3 Stability of Equilibrium Sets and Identification
of the Generic Source

We now classify the equilibriumpointsof. É1,. In addition to T ancl ps, the
only other equilibrium points in BI,lie on ABIå along the line U :0. These

are precisely the equilibrium points which are the past asymptotes of the
2-dimensional set -81¡, discussed above, and will not be considered further.
Let us consider first the origin po. The matrix of derivatives of (4.31) at p6

is given by
00
-1 0

0 -1
r(po): ( I

the eigenvalues are 0, -1 and -1 with corresponding eigenvectors ê-,êo and ê,

respectively. It follows from the Center Nlanifold Theorem (4.5) and (4.38)

that ôB I4 is a 2-dimensional stable manifold and there exists a 1-dimensional
center manifold, which is, of course, the curve Cs lying on f),. Any solutions
in a sufficiently small neighbourhood of pe will exponentially decay onto the
the center manifold Co. The behavior of solutions on fü has already been

cliscussed in the last chapter.
The other equilibrium set is the semi-circle T. Let po : (sin d;, cos d¿,0) €

T, rvhere d; is an arbitrary angle between 0 and a-. The matrix of derivatives
of (a.31) at p; is

(4.3e)

(4.+0)J (po) :
2sin2 0;

2 cos 0¿ sin 0;

0

2 cos á; sin á¿

2 cos2 0¡

0 t)
The eigenvalues of this matrix can be computed to be 0 and 1 lvith eigen-
vectors ê." and êp spanning the eigenspace of the zero eigenvalue; and the
eigenvector ê, spanning the eigenspace of the eigenvalue 1, êB and ê, are
the unit vectors tangent and normal, respectivel¡r, to the circle T at p;. It
follows that the half-cylinder 0BI,s is a center manifold of p; and the radial
line from p¿ to the origin lying on ABI,z is an unstable manifold.
. According to Theorem 4.8 the (negative) stability of p¡ in 81. will be

determined by its stability in 0814. From equation (4.34) we see that T can
be treated as the union of three qualitatively distinct seqments,
T+ : {po e t :0 10;< i}, T- - {po e T, i <0;( n} and
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where I has been chosen so that it approaches 0 as 1 --+ -oo. Substituting
(4.42) into (4.41c) gives the asymptotic solution for /

6 : 1f" co, á ln 1. (4.44)
c

where d and c: froeÓ are positive constants with i < 0 < n. As for the
F RW case c takes the same value for all initial points along a given orbit as is

required for consistency since the orígin of the coordinate ú is fixed. The first
order solution for ø is obtained from (4.23) and the fact that lim¿*s ^9 

: sin á,

we find' 
o : ,[3"inot-r. (4.45)

Similarly for / we obtain

$:1f"ros0t-r. (4.46)

Comparing the asymptotic solution, (4.43-4.16) with the exact solution for
the massless scalar field (a.21-1.22) we see that it does indeed correspond.

The following is a generalization of Theorem 2.7.

Theorem 4.4 Let V e Sl be giaen. There erists a neighbourhood N of T -
such that each orbit intersecting N in the interior of BI corresponds to a

solution "Í 
(4.17) for which Ii,o,þ and þ may be written, fort clo.se to zero,

Ii : fl +O(ey(0;;t))
o : sin á¡l-1 * O(ev(|¿;t))

ó = 1fr"or 0;In! * OQev(L¿;t)) (4.47)
c

ó : 1f"rorl:-r +Oþy(0;t))

where,

ey(0;;t) : tveßcos d¿ ln j)

-) 0 ¿s ú-+ 0. (4.48)

Proof:
For the most part, the proof the same as that of Theorem 2.7 and is a

straitforward calculation. It will be sufficient to provide an outline. Using
the first order approximation to r together with equation (4.26)we obtain

a2 +S' - 1-:h3v(ó)e2'+h (4.+9)

112





unique continuous curve X¿(á0,61). Furthermore, it is clear that X; depends

continuously on á;.

Since d¿ appears as an explicit parameter in the asymptotic massless scalar

field solution of a particular orbit it will be sufficient to show that, for each

d;, the remaining parameter c is continuous and 1-1 as a map from X;(óe, ó1)

onto the interval (0,c^(60,ór)) where c,n + oo as ós -+ 0. (it then follows
that there is a continuous 1-1 correspondence between exact orbits of the
system and the pair (c, d¿) which continuously parameterize the first order
solutions).

As with the FRW case we shall parameterize !¿(ó0,ó1) with the variable
w : L - r. The reason that the proof becomes complicated is the presence

of the angular variable d. We shall shortly prove a lemma which enables us

to control the 0 dependence of solution curves. Before doing so it will be

convenient to introduce a new parameterization of the curves. Since ö - *
monotonically (sufficiently close to T-) as r + -æ we may represent each

orbit as a unique graph (d,r(d),0(ó0. The / dependence of r and á is
determined by the equations

dr ^. / t vv,,,( ó\\
: _(1 _nt)'l_ | '_\r/l

dó \r ''\.ord' ,[6, )
'1 ..,1-r2f 1t"f i" a;; : vvv(ó): + @.52)dQ' r'

Note that these equations are non-autonomous since ó appears explicitly on
the right hand side (thereby eliminating z). For each solution curve belonging
to a particular orbit 'r can be treated as a function of p satisfying

d,r tl
da 

: 
\f -ra-' (4.53)

(4.54)

Indeed, from (4.47), (4.42) and the fact that c: ro€ó we have

,þ+q+lr.

In what follows the reader should keep in mind that r -> 1 and 0 -+ 0; a,s

ó - æ, independently of the initial point u. Furthermore, the initial value
of ,þ,,i¡o: f-l(ôs) tends to oo as áo - 0.
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Taking the derivative with respect to /, using the definition of 1 gives

d ( I(rr.,rz;ó)\ I(ry,r2;ót) d, 
,

\E;¡-/ 
: -L- lr,-rLl'?i$trz-rtr

¿ ' Jo-2,

dó
(4.63)

(4.64)

(4.65)<0

The second line was obtained using (4.60) and (a.62) evaluated at p1. It
follows that (4.60) holds for all Q > ót, i.".

cos d; 
II(r1,12;S) < l"r(r) - 

"(d)lJa -2,
for all ó > ót. It follows immediately from (4.56) that for all ó > 0 rve may
choose /1 such that

I cos á2 - cos d1l < ólr2 - r1l (4.66)

for all Ó > Ó, ) óo as required. ú

Now that we have d under cont¡ol the completion of the proof that c

is 1 - 1 is essentially the same as the FRIV case. Fìrstiy. we introduce a

definition of c explicitly as an orbital quantity. Recall that c : roeÓ where

to : ,I!L e'x(r)

and. according to (4.54),

P:"ligl'-&,
Combining these expressions we may wrrte c as

(1.6i)c - lim rexp
Ó*oo

,þ

Theorem 4.6 For ù,6s sfficiently small c is a conti.nuou.s 1-1 function of
w. The range of c fo'r f,xed fi zs (0,c,"(66)) uhere c-(òì) --+ oo øs ó¡ - Q,

118





Choose ör> öo so that the conditions of Lemma4.5 hold with ó 1cos0¡f 4

and d and r are bounded very close to 1 and d; respectively. Then for all

ó> ó,

fr,"(*).,Æ(*#) .,
Integrating from /1 to oo we have

"(.r)C_,:r(,,ör! a t glz)
c(w1)C{þ1) -

which implies
c(w2) -Cr(ór) -.,c(wt)-C,(dr) -^'

This proves that c is 1 - 1.

Finally, since /s -+ co as ôs --) 0 and c : lirrb* * C, by definition, we

have for small ós

,('*)' - c(*;óo)' :""0Í;,'-Ét') ew - w2)
:jV lAo)

Thus on the domain 0 < u 1fi c takes values on the range (0,.-) where

exp (-Æo"\
.1 = 

' t, ,"o'oi' '"' l2ór - 6ï)
:3V (þo )

tends to oo as 6s -) 0. This proves the theorem.tr

Theorem 4.6 allows us to conclude that the pair (0;,c) uniquely and con-

tinuously determines the orbits of (a.17) which have the asymptotic behavior
described in Theorem 4.4. Note that this implies that the error terms in
(1.47) a¡e continuous functions of c, 0 and t.

lVe now investigate further the asymptotic space-time st¡ucture of these

solutions.

4.5 Physical Properties of Solutions

4.5.L Asymptotic Form of the Metric
In order to obtain an asymptotic expression for the space-time metric in the
neighbourhood of the singularit¡' T- we first use (4.16) ro obtain for the
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From the constraints (4.77) it foliows that

,
l"¿l < isind.

Furthermore, there must be at least one negative a¿ and at least one positive
if the sum of all three is to vanish. If d < f then inspection of (a.80) reveals

that each of the g¿ become zero at the singularity. Thus the space-time must
expand in every direction. If 0 > $ then it is possible for I or perhaps even

2 of the g¿ to diverge resulting in a "cigar" or "pancake" singularity where

space collapses along I principle direction while expanding along another.
If one considered a spherical ball of matter (either scalar "fluid" or non-

interacting test particles), comoving with the fluid, then as the singularity
were approached it would be distorted into an ellipse which rvould become

infinitely long and thin. The volume of the ellipse would, of course, go to
zero at the singularity.

In order to classify the singularity structure of each solution define the
new shear parameters,

d-¡

a- : *@, + d2). (4.81)

Inverting these equations and using the constraint (a.i7) we find that

a1 : å("++/1"-)
c,2: å(o*-{J"-)
d3 : -3o*

The line element now becomes

g : - dt2 a ¿ 3 (t+"*+ lzo -) (drt ), ¡ ¿3 Í+" + -./-3"-) (do2 ) 
z ¡ ¡l 0 -z"+ ) 

1dr3) 
2.

(4.82)
cr-u and a- are related to d by

a2* + a2_: sin2 d (1,S3)

Thus each Jacobs stif fluid solution may be represented as a point on the
interior of the unit disc in (a..,.,a-) space, (FiS 4.2). To each 0 there corre-

72+





directions.
a+ * tf3o- >
a¡ - 1f3a- >

a¡ .+
We may thus divide the Kasner disc into a number of qualitatively distinct
regions (Fig. a.2). Points occupying the shaded region, 1lå satisfy all three
inequalities and correspond to "big bang" singularities with collapse in every

direction. The unshaded region satisfies two of the constraints and represent

"cigar" singularities with expansion along one of the principle directions.

The three unshaded sectors, I(f arc related by cyclic permutations of the
coordinates r¡ and as such are physically indistinguishable. Points along

the boundaries saturate one or more of the inequalities (a.8a) and have one

or two components of the metric which asymptotically approach a constant
non-zero value. It is clear from Fig. 4.2) that such behavior is not generic.

4,6 Summary
In conclusion. we have shown that Bianchi Typ" I scalar field models with
t2 potentials have a well defined asymptotic structure which is largely in-
dependent on the potential. In particular, for a given V, we may identify a

class of "good" cosmologies, containing almost all solutions, which is home-
omorphic to the exactly integrable set of Bianchi type I massless scalar field
cosmologies. Each of these exact cosmologies is a first approximation to a

unique cosmology for the model V in the limit as an initial singularity is

approached. We may therefore ìdentify the space-time singularity of each

solution with the space-time structure of its corresponding exact massless

scalar fleld solution as characterized by points in the Kasner Disc 1í.
In the next chapter we discuss the extension of these ideas to more general

space-times.
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tion of state, the expansion ,I( tends to blow up very rapidly as a singuLarity
is approached and to dominate the spatial gradients. Thus, quantities such

as (3)RlI{2 and (p + ù,;lI{2 tend to approach 0 at the singularity. Pro-
vided these spatial gradient terms decay sufficiently rapidly compared to
other terms in the EFE they will not be dynamically significant close to the
singularity and a first approximation to the metric and matter fields may
be obtained by setting them to zero in the field equations. The solutions
that one obtains from these simplified equations will have identical time-
dependence to Bianchi Type I but a¡e in general inhomogeneous. This is

sometimes called the long wavelength approximation in the modern litera-
ture since the characteristic length scale of inhomogeneities is large compared
to the characteristic scale of temporal evolution I{-r [64,65, 66].

Such an approximation scheme was first employed as a means of ciassi-
fying singularity structure by Lifshitz an Khalatnikov [i6] and, later, made
more formal by Eardly, Liang and Sachs [67, 58] with their concept of a
uelocity dominated singularity. Horvever, it has long been known that for
the generic linear equation of state p = (^l - I)p, with 1 1 ^¡ < 2, veloc-
ity dominated singularities are unstable even within the class of spatially
homogeneous space-times. For this type of matter Bianchi type I solutions
are asymptotic to the Kasner vacuum solutions. However, the Kasner Ring
â11 lacks sufficient degrees of freedom to provide unique initial data for the
time evolution of the most general homogeneous solutions. The highest di-
mensional ( Bianchi Typ" VIII and IX) solutions exhibit chaotic oscillatory
behavior near the singularity rvhich is not velocity dominated since it depends
manifestly on bhe presence of spatial curvature [õ7].

This behavior seems to be generic lvith respect to the full equations and
is now believed to be a template for ihe general inhomogeneous cosmologicai
solution near the initial singularity [68, 65]).

For the extreme case 7 : 2 corresponding to a "stiff" fluid with equation
of state p : p the situation is quite different. In this case the general Bianchi
Type I solution is the general Jacobs stiff fluid solution and this is a source in
the class of spatially homogeneous stiff fluid models (a more precise statement
of this fact may be found in 163]), It has been demonstrated that all but a

set of measure zero spatially homogeneous irrotational stiff fluid cosmologies
are asymptotic in the past to this family of solutions and, therefore, have
velocity dominated singularities [63]. Interestingly, the generic asymptotic
solution does not have the structure of the l{asner disc 1( but rather the
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increasing in time, at least on some time interval t < t*. Consider the
geodesic congruence fr. Lei us reparameterize this congruence with the now

familiar parameter

r : lnu(/, r) + rs(z) (5.1)

along each curve, where z¡ is an arbitrary function of z. Call the new congru-
ence l" to indicate that it is parameterized by r. Note that we still retain the
proper timel as our coordinate timeon AI.If G is any collectionof geodesics

in f" then G sweeps out a subset Mc of. M which is the image of G. Call the
intersection of !¿ with fu16, Xr(G). Let us further assume that u vanishes in
the past of all geodesics 1 € G. This will be true if the expansion 1( has some

positive lower bound to the past of ú- and is a reasonable assumption for
a physical cosmological solution, excluding the possibility of a cosmological
bounce (which may only occur if the spalial curvature is negative). It follows
from (5.1) that r -| -oo as u -) 0 and hence that the congruence G is past

complete with respect to its parameter time.

Recall that h is the restriction of the metric g to the tangeni space on

the surfaces of constant time X¿. Define T(M) to be the set of all X € T(M)
for rvhich h(X, X) : 1; ìe, we have for X in T(ÙI), gqXiXt : L

Call the pair (h. p) o" ùIc the induced cosmology rvith respect to the
foliation {l¿}. Define the set ll(,ì,Ic) as the sel of all differentiabie pairs,
consisting of a Riemannian metric and a scalar freld on the tbliation {lr(G)}.
If (h, ó)_€. II(MG) then there exists a corresponding Lorentz metric $ -
-dt2 + h on,V16. $ need not be a solution of the EFE.

lVe can nolv give a precise definition to a first approximation of a scalar
field cosmology

Definition 5.1 Let (h, ó) € lI(.ù_1") be defined on the Joliation {I,(G)} o/
M6 where G C l,. lVe say that (h, ri>) e n(M.) is a past r.tsymptote oj (h,, ó)
if, along each geodesic curue 1 e G, the followi'ng hold,s ¿s ¡ -+ -oo.'

h(X,Y) - h(X,Y) - 0 Jor allX,Y € f!t))
i)
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Secondly, the first approximation will not unique. In particular, any first
approximation of a first approximation of a scalar field cosmology will also

be a first approximation to that cosmology.

Thirdly, we have required only pointwise convergence of spatial functions
in the above definition so our criteria for one cosmology to approximate an-

other is quite weak. Also, whilst our definition provides for the convergence
of the metric and first fundamental form (which is essentially the first time
derivative of the metric) it says nothing about how smoothly the spatial
derivatives of the metric convelge to those of its past asymptote. In par-
ticular, the spatial curvature tensors, which depend on the second spatial
derivatives of the metric, need not correspond. When one attempts to ex-

tend the definition to incorporate some notion of smooth spatial convergence
difÊculties are encountered which lead to an unacceptably compiicated defi-
nition. Part of the reason for this difficuity is that the surfaces of constant r
do not correspond to the surfaces !¿ of constant time.

We now define an asymptotically expansion dominated cosmology.

Definition 5.2 Consider a scalar field cosmology (g, p) on M . If the're erists
a J'oliation {Xr}: M normalto a geodesic congruencel, and some G Cl,
such that

.In. ffi:,IrL ffi:o (b'4)

and there erists a past asymptote (tr, ø) € lI(G) of the ind.uced, cosmology
(h, p) on ùIç which obe'ys the equ,ations

à0, + !kt', : -xa1 - Qx' - I,'(a))ò:

!ii, : v(Ð++ô,+ta'. (5.5)

then we saU (8,þ) is asymptotically expansion dominated on ilIç.

Observe that (5.5) is essentially just ,Rfl and -Rj. equarions of the EFE with
all terms of second order in the spatial gradient set to zero. Thus an asymp-
totically expansion dominated space-time is just one I'or rvhich, to a fi¡st
approximation, the dynamical effect of spatial gradients can be neglected
asymptotically in the past. In the case where all geodesics in G are past
incomplete with respect [o proper time I this is closely analogous to the ve-
locity dominated singularity [67]. No spatial constraints have l¡een imposed
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if there exists a homeomorphism between a (sufficienily large) class of ex-

act expansion dominated cosmologies and their first approximation, as we

found for Bianchi type I, then almost all solutions must be strongly expan-
sion dominated since any weakly expansion dominated solutions would be

unstable under perturbations of the initial conditions.

5.3.1 Dynamical Insignificance of V(ó).

For models with SED potentials the condition that space-time be strongly ex-

pansion dominated is sufficient to ensure the existence of an initial singularity
and the dynamical insignificance of the potential close to the singularity.

In order to see this assume that V e t2 and (g, /) is strongly expan-
sion dominated on Mç. Its induced cosmology (h,/) therefore has a past
asymptote (t1,d) which is a generic soiution of (5.5). Let 1 e G. The re-

striction of (h, ó) t" ^t yields the functions (/í(l), ô'j(t),i(/)) which may be

identified with the expansion, shear and scalar field of a unique B.I scalar
field cosmology.

Consider the following qualitative conditions which this B/ solution may

or may not satisfy: i) / diverges in the past; ii) The pressure (o : îö' -V(óD
diverges to positiue infinity.

The class of solutions defined by Theorem 4.T conbains preciselv those
B,I solutions which satisfy both i and ii. Call these "rt-type solutions and
call the remaining BI solutions 6-type. Since ï-type solutions are unstable,
by Theorem 4.7, there always exists an arbitrarily small perturbation of the
initial conditions which will result in an ,4,-type solution.

Let B C G be the largest o'pen set of geodesics such that geodesics 7
whose corresponding BI solution is of 6-type are dense on B.

Assume that B is non-empty. Then there exists an arbitrarily small,
differentiable, perturbation of the initial conditions on !s(G) which takes all
solutions on.B to A-Lype solutions. This perturbation will clearly change the
qualitative properties of (h, /) in contradiction to rhe assertion that (h,l) is
generic.

We thus conclude that B is empty and the 81 solution associated with
1 e G is of type A fot almo.st all ^¡.

Let us (for now) choose G so that it does not include anv "ba.d"(6-ty-pe)
geodesics and choose a coordinate svstem so that 1: (t,e¡) and Si¡ft,rr)
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Let (h, ó) e \(!tc) be the unique pair constructed by retaining the lower
order terms to (h, /) in (5.7). (in an arbitrary coordinate system it will not
retain^its simple form but clearly remains uniqueiy defined). It is obvious
that (h, /) must obey (5.8). Furthermore, it will clearly be a past asymptote
of the physical cosmology (h, d) provided it is a past asymptote to (h, /).
We now verify that this is indeed so.

Let 1: (t,ro) and choose coordinates, as above, such that h and Ê are

diagonal at øs. It is clear from (5.8) that the convergence conditions i and

ii of Definition 5.1 are satisfied. Furthermore, it is obvious from (a.79) that
condition iii is satisfied. There is however, a technical subtlety in demon-

strating condition iv due to the presence of spatial gradients. We need to
show that the gradient of the error term in (5.8b), which retains its form
under a coordinate transformation, is small compared to ($u6r¡1,. Since d,

c and I are Cr functions i and h,¡ are clifferentiable with respect to r and ú.

We therefore have

r tî cos álr),þ(t,*) = V;ffi i ha,o (5.e)

1 ,. , Eú,¿ cos d(z) l,Ö;(t,,):V;ffi+-V5sindd,;(z)ln(ú_r@))*c,;(r)th6.;.

From (4.ig) we know that å¿,s:h-rO as t-l * 0 so the time

derivatives of f and ¿ ugt"" to first orcler.

Now, recall that h¿ depends continuously on c and 0. Consider two BI
cosmologies whose d differs by an amount Aá and whose value oT h,6 at time ú

differs by Aå,. As / - 
- -- 0, li -- 0 since å¿ is continuous in d and vanishes

identically at t - t : 0. Similarly, if c is varied by a small amount Àc then

î3 --' 0. It follows, from the continuityof å6 that h6.¡is either bounded or,

if it diverges, is dominated by the ¿"r- ^ 
!'åt: 

l,¿(*) for small I - ú. But it
Ò(t - t) '"

has alreadS' been established above that the derivative of å¿ with respect to
t -l --+ 0 is bounded. Thereforc h6,¡ remains bounded as ú - ú --* 0.

Now, the dominant term ìn the differen"" õn - ,b' i",

gnih^,¡: (t - I)-?-z'' ha,j { o((t - t)-'),
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ó¿(t, r) + - B'(*) B,¿(*)ln[t - (r)] + .,¿ (r) (5.18)+(r- ,)) | - B2(r)

If ú,¿ is non-zero the first term on the right hand side of (5.18) will dominate
as ú ---+ f. Equation (5.a) implies that óióilI{2 '- 0 as ú --+ ú and hence, using

(5.14) and Definition 5.1 we obtain a constraint on the function t(u )

(5.1e)

This equation immediately implies that the singularity is spacelike. That is,

the normal to the surface ú : ú is everywhere timelike. Secondly. if we choose

spatial coordinates in the principle directions along the curve (1, 
"o) 

where

rs is fixed so that Bl(t,xo): diag(a¿) and A'¡(t,"o) : á¿¡, then r,vhenever

a¿ ) -|,th" corresponding metric component g¿¿ will go to zero and gi¿

will diverge. This can only be consistent with (5.19) if l,¡(t,xs) vanishes

identically. In particular, if B' < I then space-time expands in all directions

and the gradient of ú is zero. lVe just proved the following theorem.

Theorem 5.L Let 82 < ! on sorne H C Sc. Then the bang ti'me t is

constant on H.

If H : Sc in the above theorem then we are free to set ú : 0 on .9c and the

general solution (5.10) is simplified considerably

ø;¡(t,*¡ : A;¡þ)t? 
""p lzaf 1"¡tnr] (õ.20)

ö(t, ,) : 1 - B2(xs) lnr f c(r) (5.21 )

The results of the next section, where we analyze in some detail the very
important example of spatially homogeneous space-times of class A, suggest

that this is in fact the generic first approximation for strongly expansion

dominated space-times and that solutions for lvhich g;¡ diverges along one

or more principle axes are pathological. Firstly, to conclude tiris section it
is shown that particle horizons exist for all (sufficiently regular) strongly
expansion dominated cosmologies.

5.3.3 Existence of Particle Horizons

Theorem 5.2 Let V e t2 and let (S, d) be a strongl'y erpansion do'minated
co,smology on M with a Cr singularity. If p e ,V[ then all past directed non-

t,

!'r I ¡í,¡ --+ o

1+0





which yields, upon integration,

t -l(x) : a(x)e" I h

where ø(c) is a positive function. Hence,

dt::_: a(x)e" + h.
d,T

(5.26)

(5.27)

We thus have a first order relation between the parameter time and proper

time. Substituting (5.26) and (5.27) into (5.24) yields the inequality

t

Ð"2 1ba(r)e26" (5.2s)
a=l

To see that this implies the theorem, let H C R3 be our coordinate patch on

Ðt and consider the two positive definite metrics

m:
tr=l

3

j=1

a=l

D""8""
tr- Ix.' ø xo

where X¿ are the coordinate basis vectors. For each x e H continuity and

linearity dictate that there exists a positive constant D(ø) such that for ali
Y eT,:

r2(Y, Y) < Dm(Y, Y).

Taking Y to be the spatial projection of { on each I¿ it follows that

t

dr

dt
< D(n(r))Ð"3 < ba(x)D(*)"'u" (5 2e)

where , : Doþt)2 is bhe coordinate radius. Let óø(0)D(0) : 2.Ð2 then there
exists aneighbourhood N,C H - {(¿,r): løl < e} of thespatial origin such

that for r(r) e N.:
2dr

,tt
< E2 e,26" . (5.30)
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the energy worldlines of the fluid, are therefore normal to the orbits of the
isometry group. Spatially homogeneous models which satisfy this property
are called Orthogonal Spatially Homogeneous (OSH) models.

The OSH models fall into two Classes; A and B. We shall consider only
those of type A, corresponding to Bianchi types I, II, VI6, VIIo, VIiI and

IX. In particular these include the highest dimensional OSH models, those

corresponding to Bianchi types VIII and IX. Nlodels of cÌass B, Bianchi types

V, VI¿ and VIIn can be analyzed using similar techniques and conclusions
will be essentially the same.

The approach adopted below owes considerably to that of Wainwright
and Hsu [63] for linear equation of state perfect fluids.

5.4.L The Equations of Motion.
Since the normal curves to the orbits of the isometry group are geoclesics,

we can choose these orbits as our surfaces of constant time 11. An imme-
diate consequence of this is that the scalar fields are functions of time only.
Rather than working in coordinate bases it lvill be convenient to introduce
an orthonormal fram. {U, eo} where the index ø runs from 1 to 3. The e.
obviously form an orthonormal basis on the hypersurfaces I¿ with respect
to which the components of the spatial metric h are áo6. Choose eo so that
it commutes with the Killing vectors {o. Furthermore, models of class ¡1.

are precisely those for which is possible to choose such a basis so that eo

are non-rotating, ie the Fermi derivative efeor,rU' - 0 , In this case the
commutation relations for the frame become

["", U] = t<!(t)e5 (5.J3)

[eo, e¡] : eirn!(t)e¿ (5.31)

Where lif arc the components of the the extrinsic curvature of I¿ in the
orthonormal basis. These commutator relations are completely standard and
further details can be found in Ellis and ùIacCallum [i1]. W-e thus have

I{"a - oob * lX6"o (5.35)

Note that tensor components in the orthonormal basis will alwavs be labeled
with the characters a,b,c etc. Indices are raised bv means of 6"b. The
s¡rmmetric three tensors 2o6 are reiated to the structure constants of the
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ds_

dr
: (L-I)S_-q_

dN' : !(3L -1 + 2^9+ + 2/5.9-)¡ú (b.52)
dr 3\'" I

dNz : !(sL -1 + 2^g+ - 2^/5s)N,dr 3\'" ¡

+ : +(3¿-1-4.9+)¡/3
dT

where q..,. and q- ate the free parameters associated with the trace free diag-

onal matrix Ço6 and are defined according too

ø+ : tfikt r qzz) ø- : ft,ktt - qzz) (5'58)

Written explicitly in terms of Nl, tVz and l%, the functions r, Ç..,u and q- are

Q+ : ått¡r, - Nr)'- rV3(2À/, - ,\t - Nr)l (5.59)

q- : I@, - rV,XrV3 - N, - Nr) (5.60)

r : åt¡rí + N| +,vrt - z(rvr.ry! + rvrrv3 - Nr/vr)l (5.61)

In order to complete the system we require evolution equations for y and p.

We shall assume that V € t2. Since we are interested in the behavior when
g is large we may assume that lVv(ó) is well defined and that there exists
some coordinate 

, = r@) (b.62)

which obeys the properties required in Definition 2.2. !V-e may now w¡ite

dy

d,r 
: (-1 + L)a - lúVv (z)(r - y2 - S'-') (5,63)

dz

d, : -v T', Q) (5.64)

This system of equations will be valid on some domain ó > ó.. Equations
(5.57) and (5.64) provide a complete set of differential equations for the
variables (¡/t, ¡trr,lf¡, S+, S-,U,:). Note that (ö.ö7) hold everyrvhere on H+,
whereas (5.64) are well defined only forui, > oo. The expansion Ii has been
uncoupled from the system and may be treated as a function of the state
variables, determined by

t.z _ 3V(z)
t\

l-Y2-S?-r

f -i8





Notation Restrictions on the /ú" dN
BI
BII
BVIo
BVIIO
BVIII
BIX

All zero

One non-zero
Two non-zero with opposite sign

Two non-zero with the same sign

Ail non-zero differing in sign

All non-zero with the same sign

41
bCr
66
ob
/r)
72

Table 5.1: The Bianchi Invariant sets. d is the dimension of the set in phase

space and l/ is the number of disjoint components. These components map

onto each other under the discreet symmetries above

equation for ^9 so that the system is expressed in terms of quantities which
are scalars on the surfaces of constant time !r.

The highest dimensional Bianchi Invariant sets are those corresponding to
types VIII and IX. These are the only sets rvhich occup.v non-zero volume
in phase space and must thus be considered the generic OSH models.

5.4.3 Geometry of the Flow for z : 0.

Our task now is to identify solutions which are asymptotically expansion

dominated. Since we know that d diverges to the past of such solutions
consider the unphysical invariant hypersurface z : 0 corresponding to / :
oo. Call this set ô,F/0. Restricted to )Hs the system becomes

dS+

dr
ds_

: (I - 1).9¡ - q..,.

: (L - 1.)S_ - q_

: å(g¿-L+25+2JJs-),v,

: ä(s¿ - 1 + 2s+ - 2/ts-)¡ú,

: å(g¿-1-45+)rv3

: (_r + L)y

dr
dN'
dr
dN,
dr
dNs

dr
dy

( 5. i0)

dr
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It follows from the reduction of dimensions principle (Theorem 4.8) that
p(a+,a-) will be negativeiy stable if it is negatively stable for the restriction
of the flow to the center manifold. This will be true if and oniy if y 1 0 at
p(0,ç); ie if f 10 4 r.

Take E,- to be the subset of. E, satisfying this condition then almost

ali solutions for which z + 0 asymptotically in the past are past asymp-

totic to some point in E"-. Furthermore, from Theorem 4.8 there exists a

neighbourhood N of E, and a positive constant 7 for which

S+:a+tO(e1")

g:cos0+o(e1")

^t 
- O("'").

(5.7i)

S+:o-iO(e1')
t;

' : f(/;."' 0r + ó) * O(e1")

where the lowest order terms just represent the exact solution on the center

manifold ABh The first order solution for the iV, may be obtained by

substituting (5.i7) into (5.57c-e) to obtain

No - Ao¿4"' (5.i8)

The A, are arbitrary consbants which depend continuously on the iniiial
conditions and whose sign is determined by the Bianchi t¡rpe of the solution.

Noting the symmetry of the system under the transformation ó - -ó we

see that similar conclusions may be drawn for solutions r,vhich have p tending
to negative infinity.

We summarize the above results in the following theorem.

Theorem 5.3 Consider a class .1 spatially homoge'neous scalar þeld cos-

mology which satisfi,es the following properties: The potential V e t2 ; The're

exists a time ts for which o2(to) >(3) A(¿o); l,irl -,1o r¿s r -+ -co . Then for
lþl sufficiently large it may be described by the system (5.57)-(5.61¡) and the

following is almost always true: There eúst constants 0, g, c and Ao such

that, for r sufi,ciently large and negatiue,

/V"-AoeP""¡h S+:a++h (5.i9)

u:cos0+h ó-\ßcoslrIh (5.80)

where d+ o,nd Bo are functions of 0 and g def,ned by (5.73) and (5.75) re-
spectiuely. Furthermore, 0 and ,t are s'uch that a¡ ,su.tisfy the inequalities
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Where B,: A"lK3" and e.a arethe asymptotic dimensionless shear variables
defined by the relations

d+ : ,ß@r* az) d,- - f;(o, - or) (b.84)

Note that the higher order terms are all diagonal. We define the first approx-
imation to the cosmology as follows: By substituting the above expressions

into the commutation relations it can be seen that by scaling the basis vectors
just slightly we may define a unique basis {ê"} on I¿ satisfying the following
commutation relations :

lê", ul : (Ï@u,

[ê,, êu] : elouB¡o'-rè" (5.85)

and such that the components of h in the basis {ê,} are

gob: 6ot * eú (5.86)

where e"6 is diagonal and limr*o eob : 0. Define h to b" the metric on X¿

with components |ob : óo¡ in the basis {ê,}. Since the basis vector êo is
proportional to the corresponding vector eo it follows that the components
of lif are unaffected by the change of basis. Also, the unphysical space-

time $ : -dt2 * h is of the same Bianchi type as g. By inspection of the
commutation relations we have

k:fr
¡f' : Bo¡lj"-t '

Finall¡r, define the first approximation to the scalar field to be

6:1frros0irL(tlc). (b.sg)

It follows immediately from (5.86), (5.89) anci (5.83) that (û, /; ob"yr .oo-
ditions i), ii) and iv) of definition (5.1). Condition iii) is slighbly more com-
plicabed since it is expressed in terms of a coordinate basis on I¿ and will
be obviously invariant only under a change of basis which is stationary; ie
a basis on X¿ which commutes with U. We theret'ore define the nerv basis

àî : ,liag (""t-') (5.87)

(5.88)
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undergoing a single cosmological bounce. This type of behavior seems to be

generic for models which have non-zero global potentials. Simple numerical
experiments carried out by the author for the model V(ó) : ró'+Vs, fot
example, indicate that bouncing cosmologies occur under a wide range of
initial conditions. It is not surprising that these solutions should arise since

the set ä : 0, ä > 0, representing the bounce point of a trajectory, consti-

tutes a continuous line of initial conditions in phase space. In täct, in general

Bianchi type IX phase space, this set is also intersected by a family of orbits

occupying a finite phase space volume, suggesting that bouncing cosmologies

are generic for certain Bianchi type IX models as well.

The difficuity in assessing the physical significance of bouncing cosmolo-

gies lies in comparing the "number" of bouncing solutions to the "number" of

solutions with an initial singularity. In order to do this one needs a physically

meaningful measure on solution space. Such a measure has been proposed

by Gibbons, Hawking and Stervart [30] based on the Liouville measure for

canonical gravity constructed using configuration space variables (4, ó). The

naturalness of this measure as a meâsu¡e on the set of homogeneous universes

reall¡, depends on whether the underlying quantum theory is related to ihis
classical canonical phase space and must be viewed as speculative at best.

Nevertheless, 'uery preliminary results obtained b¡' applying this measure to
bouncing cosmologies suggests that they may have vanishingll'small measure

relative to space-times with singularities and. furthermore. that the measure

of bouncing solutions is strongly peaked around solutions rvhose minimum
scale factor øs (ie the scale factor at the bounce) approaches infinity. there-
fore making them uniikely to represent our universe. I hope to explore this
issue in more detail in the future.

Taking note of the possible existence of bouncing cosmologies, I would
put forward the following conjecture:

Å,lmost all erpanding scalar feld cosrnologies arising Jrom models with
(class 2) SED potentials, which obey the Weak Energy Condition a'nd uhich
do not undergo a cosmological bounce are strongly erpansion dominated.

The above conjecture would be extremely difficult to prove in general and

clearly a good deal more evidence is yet required before it can be considered
secure. Nluch insight will clearly be gained by looking at special cases of
inhomogeneous metrics such as spherically symmetric and plane symmetric
solutions and attempting to const¡uct counter examples.

By concentrating almost entirely on SED potentials rve have reall-v* only
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taken the first step in cataloging the full range of as¡r¡¡p¡etic beha'r,ior exhib-
ited by scalar field cosmologies. Much work remains to be done, particularly
since exponential type potentials, which were only briefly discussed above,
represent such an important class of models. The results that we have ob-
tained strongly suggest that, whatever the details of their asymptotic struc-
tures turn out to be, singularities and particle horizons are an inevitable
feature of realistic scalar field cosmologies.

163



Appendix A

Dyttamical Systems

The purpose of this appendix is to introduce some notation and state a num-

ber of important theorems which shall be useful in our analysis of scalar field
cosmologies. The results can be found in a number of modern texts on dy-

namical systems and the qualitative theory of nonlinear ODEs. In particular,
excellent introductions, including clear discussions of center manilblds and

comprehensive lists of major references, are provided by Guckenheimer and

Hoimes [75] and Wiggins [76].
Consider the autonomous system of ordinary differentiai equations

dx

*:f(r) (A.1)

where r €U C R,t € Rr and /:U - r?" is a C'vector valued fïnction of
z. The coordinate indices have been suppressed for ease of notation but it is
understood that / : (ft, fr,.., fn), etc. lVe say that (4.1) is a C' dynamical
system or vector field on U and call U the phase space - . A (global) solution
or trajectory of (4.1) is a map rþ: I C Âr -' [/ which satisfies

W:r(.,þ(t)), (^A.2)

Where -I is the largest interval on which tþ can be definecl so that it sabisfies

(4.2). The standard uniqueness theorems for ODEs imply that for each

*The term dynamical system is often reserved for the florv generated by (,\.1) but for
our purposes this distinction is unimportant.
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such that lim¿*oo ,Þ,(t¡¡ : O. The set of all a-limit points of a point r is

termed its a-limit set a(ø). The following elementary result is fundamental
to asymptotic anaiysis of dynamical systems.

Theorem A.l Let x € U and let there exist a compact set V C U such that

Oir) C V . Then the following is true;
i) a(n) is non-empty.
ii) a(x) is a closed.

iii)a(r) is inuariant under the flow; ie it is a union of orbits.

iu) a(x) is connected.

Proof:
i) Let {t;} be a sequence with úr --+ -oo. Then A¿ : tþp(t;) Ç. V for alI t¡.

Since I/ is compact there exists a convergent subsequence of {y;}. The limit
point of this sequence is, by definition, an element of a(r).

ii) We need only show that the complimenl of a(p) is open. Let y / "(p)
then it follows from the definition of a-limit points that there must exist a
neighbourhood B(y) that is disjoint from the set of points ,þ,(t) , / < ú" fbr
some ús < 0. Thus -B(y) lies outside of a, and we have ihe result.

iii) Let a €. a(x) and let yr : pu(s) for some s C 1 where 1 is the interval
on which rá, is defined. Choose a sequence t; - -æ rvith /,(ú;) -* y. Then
,1,,U¿ + s) is defined, provided we choose i sufficiently large that ú, * s ( 0.

We have ,þ,(t;+ s) : ü,,+"(r) : ü"(,/'"(¿¿)) rvhich converges to y1 as i---+ oo.

Thus r/r(s) e a(z) for all s € 1.

Now recall that a(r) c I/ by definition. It t'ollorvs that O- (y) C V and
hence, that / : (-,ro, co). This completes the proof that a(r) is invariant.

iv) Suppose a(r) were not connected. Then we can choose 2 disjoint
open sets V, Vz such that a(r) : ar(r) U a2(x) rvhere o1(,r) C Vr and

or(r) C Vz. The orbit of r accumulates on points in both d1 and a2, It
is therefore possible to find an infinite sequence {/¿} with ú; r -co for
which rþ"(t¿) €. I{:V -VUV2. By compactness, we can find a convergent
subsequence of {ú¿} with limit point y iying outside of Vj U %. Since ll e a(r),
by definition, we have a contradiction. n

Theorem 4.1 essentially means that if a solution u,(¿) is confined to a

compact region there exists some invariant set rvhose solutions approximate
,þ,(t) in the limit as I --+ -co. Obviously, the analogous result also holds
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Theorem 4.3 (Hartman-Grobman Theorem) If *o is a hyperbolic

equilibrium point then there erists a homeornorphism h def,ned on son-¿e

neighbourhood B(rs) of rs which takes orbits of ú¡ to orbits of the linearized

fl,ow {t!. h preserues the sense of orbits and parameterization by time.

Before stating the second theorem we make a couple of definitions. Let

M'(ro) be a positively invariant manifold defined in a neighbourhood of a
fixed point zs. We say NI'(rs) is a local stable manifoLd of 16 if for all
r € Ù["(rs) we have lim¿*"o rþ"(t): rs. Similarly. we say that a negatively
invariant set N["(rs) is a local unstable manifold if for ail ¿ € M"(zs) we

have lim¿*-*tÞ,(t) - rs.
It is easily verified that the stable and unstable manifolds of the linear

flow üf the hyperplanes E" and E" respectively.

Theorem A.a (Stable Manifold Theorern) Let f be C' with r ) 2 and

Iet rs be ahyperbolic equilibrium point of (Á.1). Let E" and E" haue di'men-

sionk andrn respectiuely (note that klm:n whereLl C R" ). Tl¿en tl¿ere

eúst local C' stable and unstable manifolds, il["(xs) and ù["(xs) ol dint.en-

sion k and m respectiuely, for the nonlinear fl,ow \út. Furthernl,o're, tV["(xs)
and, fu["(rs) are tangent to E" and E" respectiuely at th,e equilibriu'm point
'rg.

The upshot of Theorems 4.3 and 4.4 is that it is safe to linearize the system

asymptotically close to hyperbolic equilibrium points. In particular, Theorem
4.3 implies that the stability (or instability) of r¡ is the same lbr the linear
and nonlinear flow. We nolv introduce a more precise classification of the
stability of a fixed point.

!V'e say that a fixed point rs is a so'urce if it possesses an n-dimensional
unstable manifold which contains some neighbourhood of ,u¡. A hyperbolic
fixed point is a source iff each of the eigenvalues of D/(rs) have positive real
part.

lVe say that rs is a sizk if it possesses an n-dimensional stable manifold
which contains some neighbourhood of r0. A hyperbolic flxed point is a sink
if each of the eigenvalues of Df (r6) have negative real part.

We say that r¡ is a saddle if it possesses an rn-dimensional stable manifold
ùI'(xs) and an (n - m)-dimensional unstable manifold M"(*o) with 1 (
rr¿ < n and, in addition, there exists a neighbourhood B(ro) such that for all
r e B(xs) - M'(ro) U ù["(xs) there exists a T ) 0 such that'¿',(r) / B(ro)
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forward and backward time [80]). The consequence of this is that, if rs is
positively (or negatively) stable, typical solutions rapidly decay onto (or off
of ) the center manifold, so that the long term behavior of the system is char-

acterized entirely by the behavior on the center manifold which is manifestly
non-linear. We shall make this idea more precise in a theorem below.

'W'e assume below that all non-zero real eigenvalues are positive,
the case for negative eigenvalues follows directly by reversing the sense of

time.
Let the linear subspaces E" and E" (which span l?" in this case) have

dimension rn and s respectively, with rn + s : n. It is convenient to choose

coordinates for which ro lies at the origin and E" and E" are tangent to
respective coordinate axes.

The matrix Df (rs) takes the form

Df (0):

where ¡l is an s x s matrix having eigenvalues with zero real parts, -B is an
'n'¿ x m matrix having eigenvalues with positive real part. The dynamical
system (4.1) takes the form

Ax i 9íx,y¡

Bx r gz@,u), (A.6)

where (*,y) e R" x R^ (ie we identify r and y with points on the center
and unstable subspaces respectively). g{x,y¡ and g2(r,y) are C' functions
satisfying

ez(x,y¡ - O(ll(',y)ll') e{x,y¡: O(ll(",y)ll') (A.7)

Since the center manifold is C', r ) 2, and tangent to E" at the origin it
may be represented locally as a graph;

M"(0) = {(¿, v) : y : h(x), å(0) : 0, rå(0) : 0} (4.8)

On the center manifold the system may be reduced to an s dimensional
dynamical system as follows:

(t s)

dx

dt
da

dt
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