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Abstract

The classical dynamical structure of cosmological models in which the matter
content of the universe consists of a scalar field with arbitrary non-negative
potential is analyzed in detail. Emphasis is placed on the global features
of solutions including the existence of an initial space-time singularity and
particle horizons.

A natural class of potentials is defined which includes as an elementary
subset all non-negative polynomial potentials. For the special case where
the space-time metric is of Bianchi type [ it is shown that almost all so-
lutions of these models possess initial space-time singularities and particle
horizons. Close to the singularity the dynamics is essentially independent of
the form of the potential and the space of solutions may be identified with
that of the exactly integrable model for which potential is identically zero.
Furthermore, it is shown that there exist at least two solutions for which no
particle horizons exist. These special solutions are 1sotropic and are expo-
nential attractors in solution space. They are associated with the existence
of inflationary behavior in the system, which they completely characterize.

These results, which are consistent with earlier work done for particular
potentials, demonstrate the robustness of scalar field cosmological models
and help to clarify the significance of the large number of horizon free and
singularity free exact solutions.

Implications to more general space-times are considered making use of
a form of long wavelength approximation to the Einstein Field Equations
and an attempt is made to construct a general asymptotic solution. This is
shown to be valid for general spatially homogeneous space-times subject to
a generic condition on the spatial curvature.

In addition, an interesting class of exponential potentials which do not lall
into the above mentioned class are investigated and their behavior compared
with that above. These solutions possess an oscillatory behavior near an
initial space-time singularity which seems to be associated with the mability
of the scalar field to negotiate the walls of extremely steep potentials.
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Chapter 1

Scalar Field Cosmologies

1.1 Introduction

This thesis concerns itselt with the properties of scalar ficld cosmological
models. By a scalar field cosmological model we shall mean, more precisely,
any theory determined by variation of the action

Slgu: 8] = [ do/=g(R+ L,) (1.1)

where R is the Ricci scalar, g is the determinate of the metric ¢,, and L, 1s
the covariant form of the classical scalar field Lagrangian;

Ly=19"0,60,0 +V(9). (1.2)

V' is an arbitrary non-negative potential. (Note that we shall always work
with units ¢ = S#G = 1 and adopt the metric signature (— 4+ ++).)

Any cosmological solution (g,,.®) on a space-time manifold 1/ for which
the functional derivative of the action (1.1) vanishes will be called a scalar
field cosmology.

The choice of potential V' represents the only freedom in the specifica-
tion of the theory so V may be understood as characterizing the model.
Frequently studied examples include the massless scalar field (V(4) = 0),
the massive scalar field (V(¢) = 1m?¢%) and the Higgs Field (V(o) =
A(Xé* — A)?). Theories such as these arise naturally in particle physics
and have attracted interest in cosmology, primarily. as a mechanism lor the
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inflationary universe scenario. ( The role of scalar fields in inflation will be
discussed in Section 1.5.)

Cosmologies generated by (1.1) are often referred to as minimally coupled
scalar field cosmologies indicating that (1.1) is, essentially, the simpiest action
that could be chosen to model the interaction of a scalar field with gravity.

There do, however, exist physically interesting theories which include
a non-minimal coupling between the scalar field and gravity. One could
therefore consider the more general action

Slgwsd = [ d'eV/gS(O)R+ La) (1.3)

where f is a smooth function of ¢. However, it can be shown that any theory
for which f(#) # 0 for all ¢ may be obtained by a conformal transformation
g ~ A(¢)*g of the metric and a smooth transformation ¢ — &(o) of the
scalar fleld from some unique minimally coupled model V. Examples of such
transformations appear in the literature for a number of theories including
conventional Brans-Dicke type theories {2, 1, 3], Brans-Dicke theory with
torsion 4] and scalar field theories with non-negative non-minimal coupling
term |£]¢% R [5]. Since the field equations obtained fromn {1.1) are generally
much simpler than those of (1.3), the analysis of these solutions is a natural
starting point when considering more general scalar-tensor theories. In par-
ticular, the causal structure of solutions of (1.1} will correspond to those of
(1.3) so the results obtained below concerning the existence of particle hori-
zons will be applicable to a far greater class of models than those determined
by (1.1).

Even models for which f(&) vanishes on a countable set of points such
as the conformally coupled scalar field [T] and its generalization discussed
by Madsen [6] { f(¢) = 1 — £¢* with £ a constant) can be shown to be
locally conformally equivalent to (1.1) for some V (see [3] for the special
case { = 1/6). Thus the local behavior of solutions for these theories is
completely determined by the solutions generated by (1.1). For the theory
discussed by Madsen, at least, it is possible to obtain global solutions by
stitching together solutions on the domains f > 0 and f < 0 obtained via a
conformal transformation [9].

Eftective scalar field theories generated by an action of the form {1.1) also
arise naturally in the context of a number of alternative theories of gravity
including higher order gravity theories {10, 11] and dimensionally reduced
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Kaluza Klein theories [12, 13]. For example. it was shown by Barrow and
Cotsakis [11], generalising an earlier result by Whitt [10], that any higher
order gravity theory with action of the form

Slgw] = [ dev/=5 () (1.4)

where f(R) is an analytic function, may be derived from an effecive the-
ory with action (1.1) via a conformal transformation of the metric related
implicitely to the effective scalar field.

Higher order modifications to general relativity, of which (1.4) and (1.3)
provide examples, are likely to become important at high energies. Scalar
field cosmologies may therefore provide a fundamental insight into the behayv-
ior of gravity and its interactions with matter at very high energies. The fact
that they provide a mechanism for generating inflation in the early universe
provides evidence of this.

In accordance with this view, scalar field cosmologies should be a natural
choice of matter field for studving the global structures of space-time such
as singularities and particle horizons. It is therefore of interest that certain
conditions on the stress energy tensor which are essential for the proof of
the famous singularity theorems of Hawking and Ellis [15] are not obeyed by
scalar fields.

The exploration of the global properties of scalar field cosmologies, par-
ticularly the past asymptotic behavior, is the primary concern of this thesis.

The asymptotic behavior of scalar field cosmologies has received relatively
little attention in the literature. This may be partly due to the view amongst
cosmologists that close to an initial singularity general relativity is no longer
valid and a quantum description of gravity is appropriate. However. in the
absence of a satisfactory quantum theory the classical description which has
been so useful in understanding inflation seems a good starting point. Clas-
sical behavior invariably provides important insights into a quantum svstem
and the quantum theories which have generally been most successful are
those for which the classical dynamics are well understood.

Furthermore, the relevant time scales for inflationarv cosmology are gen-
erally several orders of magnitude greater than the Plank time, which is the
natural time scale in quantum gravity. From the point of view of inflation
the (full blown) quantum era can probably be treated as being. for all inten-
sive purposes, at the initial singularity. The singularity structure of classical



scalar field cosmologies may therefore be helpful in understanding certain
aspects of pre-inflationary physics, particularly the outstanding problem of
initial conditions [22]. In fact, we shall see examples where an initial singu-
larity does not even exist so the quantum era may never be reached,

In any case, the discussion below shall be entirely classical. [t is hoped
that it provides some insight into general relativistic dynamics and the evo-
lution of our universe.

As a final comment before proceeding I note that a natural (and perhaps
more realistic} generalization of (1.1) would be to consider a system of V
coupled scalar fields or a complex scalar field. This has ot been done hecause
it would make some technical details of the analysis rather more complicated
without, in my opinion, significantly altering the essential features of the
theory, at least with regard to asymptotic behavior. For the same reason
[ have not included a perfect fluid term in the Lagrangian which might be
included in a more realistic theory to model the interaction ol the scalar [ield
with more conventional matter.

1.2 The Field Equations

Let us now proceed with the task of developing the theory of scalar field
cosmologies generated by (1.1). Variation of the action with respecr te g,.,

vields the Einstein Field Equations (EFE);
G =T (15)
where (4, is the Einstein Tensor
Gu = Ry — 3Rou, (1.6]
and T, is the stress-energy tensor for a scalar field
Ty = 0u0dd — gLy (1.7)
[f we take the trace of (1.5) we find;
T=Tt=-R (1.8)
The EFE may thus be expressed in alternative form

Ruv = Tu — Ty, (1.9)



Variation of the action with respect to ¢ yields the additional field equation
gV Vup = V'(4) (1.10)

where V, is the covariant derivative operator {Levi Civita connection). The
prime, here and throughout this thesis, denotes differentiation with respect to
@. Note that equation (1.10) can alternatively be derived from the contracted
Bianchi Identities which imply that V, 7% = 0.

1.3 Hydrodynamics of the Scalar Field

1.3.1 The Stress Energy Tensor

Consider a unit timelike vector field {/* representing a family of observers in
M (or a frame of reference). We can decompose the gradient vector o =
9" d,é 1nto components tangential and orthogonal to I so that we have

of = qf /" L N (L!1)
where
a=-o"l,
and
N, % =0. (1.12)

The stress-energy tensor may now be written

Tw = UL, +2aN,U, + VN, — Loga
= (Ct2 + Eg)[‘r“[/:y + 2ai\:(#£*rp] - L:r.) "'P'I-L” + -\_,u -\‘;u l L. 1‘3:’

where the curved parentheses around the tensor indices denote symmetrisa-
tion (square brackets will indicate anti-symmetrisation) and

ho = UU, + g4 (1.14)

is the usual projection tensor onto the local orthogonal subspace of (7% and
satisfies

huu[-y = JEMU{»’V“ == 0- (113]
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The energy density as measured by an observer with 4-velocity {/* is just

p = T,U"U"
o + L, (1.16)

At this point we shall impose an additional constraint on the stress energy
tensor. We shall require, on heuristic grounds, that the energy density as
measured by any observer is always non-negative. We therefore impose the
condition;

T, U*UY 20 for all timelike vectors {/*. (1.17)

The above inequality is a form of the Weak Energy Condition [15]. It must
be stressed that not all solutions of the EFE satisfy the Weak Energy Con-
dition and so its imposition requires some justification. As stated above, the
primary motivation is a heuristic aversion to negative energy solutions but we
shall see below that the class of solutions selected by the Weak Energy Con-
dition is a very natural one and has interesting and appealing cosmological
features.

Let us consider a space-time point p where the energy density is zero.

Then (1.16) and (1.2) imply that
%‘p#q‘)p + I/’((p) = “02

at p. Thus ¢#¢, <0 with equality occurring only if V() = a® = 0 (recalling
that V' > 0). However, if a® = 0, ¢* must either be space-like, thereby
violating our previous assertion, or vanish identically. [t follows that & is
timelike (or identically zero) at all points p for which the energv density
vanishes in some frame /¥,

[f, alternatively, the energy density is greater than zero in all frames
then a theorem due to Synge [14] asserts that there exists a unit timelike
eigenvector Uy of T at p. That is;

TEUY = AU

Contracting (1.13) with I/ and raising the index we see that N, must vanish
in this frame. This implies that at p

¢ = alt (1.18)



where the condition that Uy must be of unit length gives o = £/ —¢,¢%.

The Weak Energy Condition thus implies that ¢* is everywhere timelike
(Note that the converse is also true. If ¢* is everywhere timelike then the
Weak Energy Condition follows from (1.16)). Since ¢ is smooth on M it
follows that the contours of ¢ will provide a space-like foliation of M if there
exist no open regions with ¢, identically zero (ie ¢ constant). Such regions
may only occur for values of ¢ for which V'(¢) = 0.

An example is provided for the massive scalar field (V = Im?¢*) by
setting ¢ = 0 everywhere on M. The evolution equation (1.10) is satisfied
and the gravitational field obeys the vacuum Einstein Equations £R,, = 0.

A solution such as this for which ¢, vanishes identically on M will be
termed a trivial scalar field cosmology. Such solutions seem neither inter-
esting nor particularly physical and in general we expect the set of scalar
field cosmologies for which ¢ is constant on any open set to constitute a
vanishingly small subset of all possible solutions. We will therefore assume
henceforth that ¢, vanishes on at most a set of measure zero in M. The
contours of ¢ are thus space-like hypersurtaces which foliate space-time and
the timelike vector field U may be uniquely defined everywhere on A as
the future directed unit normal to the hypersurfaces of constant @. It may
be evaluated from (1.18) at all points where ¢, is not identically zero.

Returning to the stress-energy tensor we see that U’z defines the invariant
decomposition

TIW = (—¢P¢p + ‘C'fD')U'Eu[/'EU - ['d)hELw
= (=30,0° + V(0))UgulU, + (—20,0" = V(o)) hgw (1.19)

where it is understood that hg,, is the projection operator onto the hyper-
surface orthogonal to Ug. (1.19) should be recognized as the stress-energy
tensor of a perfect fluid flowing along the integral curves of U2, with energy
density p and pressure p (as measured by an observer co-moving with the
fluid) given by

P = _%ép¢p+v(@)
= —1¢,0" — V(). (1.20)

In general, it is not possible to write down an equation of state p = flp) for
the fluid but the special case V = 0 provides an important exception to this
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rule. In this case the scalar field behaves like a perfect fuid with equation of
state p = p. The scalar fleld with V identicaily zero will be referred to below
as the massless scalar field.

Notice that when V(¢) becomes large compared to ¢*¢,, the pressure
becomes large and negative. Such pressures are usually ruled out for classical
fluids due to the fact that they have never been observed in nature. This
is expressed precisely by the following condition on the stress encrgy tensor.
the so called Strong Energy Condition [15];

(Tuw = 379, )U*UY 2 0 for all timelike vectors [/* {1.21)
which for a perfect fluid reduces to
pg+3p=0. (1,22}

Thus, the strong energy condition is equivalent to the staiement that no neg-
ative pressure may have magnitude greater than 1/3 ol the energy density,
This particular value is chosen for convenience rather than any [undamen-
tal reason since the part in brackets on the lelt hand side of {1.21) may be
equated with the Ricci Tensor via the EFE. The Strong Energy Condition
thus becomes a condition on the gravitational field which may he loosely 111-
terpreted via the Raychaudhuri equation {16] as saying that the gravitational
force ts attractive. Substituting (1.20) into(1.22] we see that lor a scalar field
the Strong Energy Condition becomes

— ¢, - V(d) 2 0. (1.23)

The Strong Energy Condition seems less fundamental than the \Weak Energy
Condition and there 1s no a priert reason why we would expect the above
inequality to hold in general for scalar fields. As we shall see. violatiown of the
Strong Energy Condition at some time during their evolution appears to be
a generic property of scalar field cosmologies and is, in fact, precisely what
makes them interesting as models of the early universe.

1.3.2 Kinematics of the Fluid

We conclude this section with a brief discussion of the kinematic properties
of the fluid 4-velocity {/z. These may be obtained in a standacd wayv from



the purely spatial relativistic strain tensor;
SE,uu = UEp-,a %‘u (L{Iu (121)

(where the semi-colon is just the usual shorthand notation for covariant dlif-
ferentiation) and the acceleration vector;

Ug = Ug,u” (1.25)

it

1 - - .
Using the fact that Uf = £(—0¢,06")"2¢* we may express Sp,, in terms of
the scalar field and its derivatives [6]. We find

SEuy = a—l¢u:v = a—s(dvép:v + Gudon)d’ + a—smﬂ.‘aﬁi’péaonov- (1.26)

1 . . 3 .
Where o = +(—¢,0°)2. From inspection of (1.26), remembering that ¢, is
exact, we see that Sg,, is symunetric. Thus the fluid is irrotational. ie
L = SE = 0. (1.27)
This result is not unexpected since {'g Is hypersurface orthogonal, A full list
of the kinematic quantities associated with Sg,, may be found in [6].
Evaluating the acceleration vector explicitly we find

‘- -3 i - s 5 1
Up = o “o'\og‘\ —aYo?o oy,0". (1.28)
(Clearly this will be non-zero in general implying that the worldiines of the
fluid are typically not geodesics and may in fact be guite complicated curves.

1.4 The Synchronous Coordinate System.

We now turn to the task of reformulating the EFE as a set of dvnamical
evolution equations. This involves choosing a global 3+1 splitting of space-
time, ie; a family of space-time hypersurfaces on M and [amilv of timelike
curves along which physical fields on the hypersurfaces evolve. One ohvious
way to proceed would be to take the integral curves of ['f as the coordinate
curves for a global cosmological time coordinate ¢ so that 6 = o(t) and
each hypersurface of constant ¢ represents the instantaneons 3-space. Such
a procedure can always be carried out and has a clear physical interpretation
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since an observer co-moving with the fluid will be at rest, although, since
the time-coordinate curves are not geodesics the coordinate ¢ will not be the
proper time in the rest frame of the observer. An advantage of working with
such coordinates is that all but the zero'® component of ¢* vanishes, however
the gravitational and scalar field degrees of freedom become tangled up in
the lapse function N?(t,z) = —ggo in a rather complicated way. Also, we
shall frequently be interested in studying the behavior of families of timelike
geodesics and such curves may look quite complicated in coordinates defined
within this framework.

1.4.1 Construction of the Synchronous System

It turns out to be more convenient to work with a time coordinate whose
coordinate curves are timelike geodesics. Such a 341 splitting of space-time
may be constructed as follows. Let Lo be a space-like hypersurtace in M
and let U* be its unit normal. Then at each point p € S, ['* is tangent to
a unique rotation free timelike geodesic v,. Iy therefore generates a unique
rotation free geodesic congruence I'; where the affine parameter ¢ is chosen
so that v,(0) = p for all p € ¥4 and the tangent vector to the congruence at
each point, U'#, satisfies

Url, = 1. (1.29)

We now make the following assumption: There exists such a hypersurface
for which T'; is smooth and onto. ie U* is a smooth vector field on M.

The congruence Ty may be represented by the smooth map [': R x &y —
M, T(t,po) = (1) 1.

The map I' defines a smooth family of space-like hypersurfaces ©, on A/
according to ¥, = ['(t,55). We may therefore view ¢ as a function on M
with contours ;. Clearly t = 0 on I, and we shall frequently refer to £y as
the initial hypersurface.

Any family of geodesics G € I'; may be represented as the restriction of
[’ to some subset B x £o(G) of R x £ where S¢(G) C To. We can endow I,
with a topology by defining its open sets to be all collections of trajectories
G for which Zo(G) is an open subset of ©,. In particular, since Xy is a

fIn general the map 7Yp, may not be defined for all t € R so the domain of T will
actually be some set D C R x ©3. When we write the image of some set Py C ¥, under
[ as [(R, Py) it can be read as I'((R x Py) N D)

11



3-D Reimmanian manifold, for any v € I'; there exists a neighbourhood &G
such that ¥(G) is homeomorphic to some subset D C R®. Define M(G) =
['(R, Zo(G)) then there is a natural coordinate system on M (G) for which ¢
is the time coordinate and its coordinate curves are the family of geodesics
I';. The homeomorphism 4(G) — D defines a coordinate system (z') on
¥,(G). Let X, be the tangent vector fields to the respective 2* then X; span
the tangent space of £o(G) and

[Xian] =0

for all 2,7 = 1,2,3. The bold face notation for vectors has been introduced
here for convenience and we shall frequently interchange between bold face
and index notation below.

We may now obtain a coordinate system on M ((G) by Lie transporting
X, along the congruence I';. That is, we define the vector fields X; on P to
be the solutions of the differential equations;

£uX; = [U,Xi] = 0. (1.30)

(This is equivalent to extending the z'-coordinate curves onto M(G) by defin-
ing z*(I'(¢, po)) = *(po) for py € Lo(G)). It follows immediately that

£ulXi, X =[U, (X, X;]] = 0

by the Jacobi Identity and (1.30). Thus the .X; commute evervwhere on
M(G) and we may define the coordinate system (t,.‘) on M (G) with
d d
U= — Xl' = —. (1.:
ot dat (1.31)

Clearly the space-like tangent vectors X; are everywhere tangent to the hy-
persurfaces ¥;. Furthermore, U is normal to £,. In order to see this frst
recall that, by construction, U is normal to the initial hypersurface ©y. Con-
tracting U with X; and differentiating with respect to time we find;

D a ‘el
U X! = UpoU X2 + U, X0, U7 (1.32)

The first term on the right hand side vanishes immediately by the geodesic
equation. In order to see that the second term also vanishes observe that by

(1.30)
LuXt=UrXE, — XPU =0. (1.33)
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Thus, (1.32) becomes

U, X! = UpU;’ZrXf

dt
= %(UDUP)WX?
= {. (1.34)

Since X; span the tangent space on Zq{G) and U is normal to X, it follows
that U is normal to the surfaces &; everywhere. Note that this is true globally
since it holds for coordinates generated by all coordinate patches on Zy.

In such a coordinate system the metric tensor takes on a particularly
simple form since,

Joo = g’uu(j#UU = -]
goi = Gu,U*X) =10

We may thus write the metric tensor as
g = —dt? + g;;(t, z)dz'de?. {1.35)

Note that, for expediency, we abbreviate the spatial coordinates (z!, 2%, &%)
to just . A coordinate system for which the metric takes the form {1.35) is
termed a synchronous coordinate system since only for such coordinates is
it possible to physically synchronize clocks [171. [t must be emphasized thal
although the synchronous coordinate system is itself a local construction the
congruence ['; and foliation {¥,} are global.

1.4.2 The Field Equations

The space-time metric (1.35) induces the Reimannian metric h = g + d¢?
on each hypersurface ¥, with components g;;{#,z) in the local coordinate
frame.! The evolution of g;; with time depends on the kinematic properties
of the congruence I';. These are characterized by the geodesic equation and
the relativistic strain tensor

Ky = Upgh” 1,

"Henceforth, roman indices ij k... will denote geometrical objects on the 3-D hyper-
surfaces L;. Indices are raised and lowered via contraction with gi; and its inverse g*/.
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which is equivalent to the 3-tensor K;; = U;; on ¥;. Kj; is a geometric
property of ¥; as an imbedding in M and is called the extrinsic curvature
or second fundamental form of ¥;. Evaluating K;; explicitly using (1.35) we
find

[X’ij = F?J = %g“ (136)

Decomposing K;; into its trace and trace-free parts gives
. - .
[X,‘j =0+ §gij[& (1.31)

where 0! = 0 and K = U’;i. oi; and ' may be interpreted as the shear and
expansion, respectively, of [';. Taking the trace of (1.36) we find;

- 7 - ’L') Do
K=1g¢"g; = - (1.38)
where v = \/det(g;;) is the volume element on ¥;. We thus see explicitly that

K may be interpreted as the rate of expansion of the universe. A is very
important since || goes to infinity iff a number of nearby geodesics are con-
verging to a point and intersecting [15]. Since ['; is smooth {by assumption)
the geodesics may not intersect anywhere on . It follows that if A goes
to infinity at a finite time ¢ along a geodesic +(¢) € I, then ~ is incomplete
and a space-time singularity exists. Such a singularity corresponds to our
intuitive idea of a singularity being the result of gravitational collapsc.
Writing the EFE in the coordinate frame using the metric (1.35) they
become~
R} = K+ K;SY=T)-iT
0o __ -k k __ 70 o
R = K- K =T, (1.39)
- T
R = OR 4 -
7w at(

J
where Kj; has been identified with the time derivative of y;; via (1.36) and
(YR is the 3 dimensional Ricci tensor on the hypersurfaces ¥.;. Decomposing

wK}) = Ti - 18T

2 270

"When labeling systems of equations we shall adopt the following convention: The
number adjacent to the equations represents the system as a whole. Individual equations
are referred to alphabetically from top o bottom. For example, the Ry and R? equations
in (1.39) are referred to as (1.39a) and (1.39b) respectively.
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K; into its trace and trace free parts, and using the scalar field stress energ
tensor (1.7), the equations become

K+o’+1K = - +V(¢)
aflj—%K,.‘ = —¢¢i (1.10)
6+ K8 = —Koj— (3K* — V(9))6} + ¢'¢; - B;

where 02 = oo} > 0. The subscript “|” denotes covariant differentiation
with respect to the metric g;; on ;. The evolution equation for the scalar
field (1.10) may be written

b=—Kb—V'(¢)+ g oy (1.41)

The last term on the right hand side of (1.41) may be interpreted as the spa-
tial divergence of the 3-vector ¢* on X;. The equations (1.40) and (1.41) pro-
vide a complete set of evolution equations for the quantities (y;;.S. K. 0}, 0)
on I;. Equations (1.36), (1.40a), the trace free part of (1.40c¢). and (1.41)
provide evolution equations for g¢;;, K, a} and (p respectively, while equation
(1.40b) plays the role of a constraint equation on each of the hypersurfaces
E;. Taking the trace of (1.40c) yields a further dynamical equation for A":

K =-K*"+3V(¢)+4'¢: - R (1.42)

Thus K is over determined and must satisfy an additional constraint equation
which may be obtained by substituting (1.42) into (1.40a) to eliminate K.

K*=V(8) + 30" + 16" + 166 - {7'R. (143)

Ry

1.5 Dynamics of Scalar Field Cosmologies:
Inflation ?

Most of the recent research into the dynamics of scalar field cosmologies
has been carried out in the context of the inflationary universe scenario
(18, 19, 20]. Scalar fields, by naturally violating the Strong Energy Con-
dition, seem to provide a mechanism whereby a cosmology with arbitrary
initial conditions may undergo a period of exponential expansion (inflation)
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accompanied by rapid isotropisation, thereby (according to the advocates of
inflation) explaining the current observed isotropy and homogeneity of the
universe. Inflationary cosmologies vary widely in their details but models
where inflation arises as an essentially classical phenomena arising via the
dynamical evolution of a scalar field cosmology might collectively be termed
Chaotic Inflation. This scenario was first proposed by Linde [21].

1.5.1 Constant Potential Models.

We can most easily see how inflation arises in scalar field cosmologies by
considering the simple case where the potential is just a constant V' = Vj
where V5 > 0. The argument which we give below has been adapted from the
Cosmological No-Hair theorems for the closely related problem of the asymp-
totic stability of de Sitter space in cosmologies with a positive cosmological
constant [23, 24, 25, 26, 27].

It is well known that large positive curvature can lead to gravitational
collapse before any inflationary type behavior occurs [27] so to proceed ana-
lytically it is necessary to place some bound on the amount of positive cur-
vature allowed. Jensen and Stein-Schabes [24] imposed the condition that
)R < 0 for all ¢. It has been shown by Wald [23] that this is true glob-
ally for all spatially homogeneous cosmologies except Bianchi Type IX. For
general inhomogeneous space-times, however, it is not obvious whether it is
reasonable to expect an initially negative curvature to remain so for all time
and this condition seems overly restrictive. It shall be sufficient to impose
the somewhat weaker constraint

BR <o + 2. (1.44)

Thus, while we allow the curvature to become positive at some time, we

insist that any positive curvature is always dominated by the shear and/or

scalar field energy density. However, we shall not require that this be true

everywhere on M, only along some neighbourhood G of a geodesic + € [;.
It follows immediately from (1.43) that

K?>3V,. (1.45)

Thus, an initially expanding universe can never recollapse and, recalling
(1.38), the volume element must satisfy

v(t,x) > vo(z)eVho! (1.146)

16



If the neighbourhood Py = Y5((7) has some small physical volume g this will
rapidly expand so that P, = I'(t, Py) has volume A(t) > Age 3ot We now
show that K2 rapidly approaches its lower bound 3V, Let A = K* =3V > 0.
Differentiating A with respect to time and using (1.40a) gives

A = 2KK
= 2K(—-1A - ¢ -0?) (1.47)
< —ZKA. (1.43)

Integrating the above inequality, remembering (1.38), gives
0< A < Ag(z)vF. (1.49)

We therefore see that the exponential expansion of v causes A to rapidly
approach zero. Furthermore, since A decays monotonically A must also
decay exponentially to zero. It then follows from (1.47) and (1.43) that o,
q;), #'¢; and 'R must also exponentially decay to zero. The neighbourhood
P, € T, asymptotically approaches de Sitter space. To see this explicitly note
that (1.36) and (1.37) imply that, asymptotically

§i; = 2/3Vogi; + O(e™) (1.50)
where v is a positive constant. This yields, upon integration
gij{t, @) = Gij()edVERU—1) L O(e™) (1.51)

where §;; is the reimannian metricon P, and ¢ > ty. If ) is chosen sufficiently
large then g;; will be approximately flat and isotropic so that we may choose
normal coordinates for which §i;(x) = 6;; + €;;(ty;z) on P, where ¢;; — 0
as t7 — oo. Thus (1.51) asymptotically becomes the usual de Sitter line
element. The volume of this de Sitter region exponentially expands resulting
in an arbitrarily large region of flat, homogeneous space-time. Except for
small perturbations, the behavior of this space-time does not depend on
initial conditions but is determined only by the value 15.

1.5.2 The Positive Curvature Case

The generality or otherwise of the above argument rests on the reasonable-
ness of the condition (1.44) which ultimately relies on any positive curvature
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decaying faster than o? or #*. We can see the effect of positive curvature
more clearly if we consider the special case of Bianchi type IX space-time for
which ® R > 0 everywhere. It can be shown [23] that

GIR < —BT_ (1.52)
V3
where B is a positive constant dependent on the structure constants of the
3D isometry group. If K is initially positive, consider all Bianchi type IX
solutions with B sufficiently small that it satisfies

B
Vo > — (1.53)

2v§

where vg is the initial volume. Then V5 — %(3)1% is initially greater than
0 and, according to (1.52), will remain so as long as v is increasing with
time. But according to (1.43), A (and hence ¢) can only become negative
if Vo — %(B)R < 0 which by (1.52) and (1.53) can only happen it v becomes
smaller than its initial value. Thus v will expand forever and )R must
asymptotically approach 0. More precisely let

B
2up(z)3
on some neighbourhood Py € ¥ of the initial hypersurface. Then

Vo — 1R > ¢

2

for all ¢ > 0. It follows from (1.43) that
v(t,z) > volx)e¥ . (1.55)

Observe that the inequality (1.48) is independent of the sign of R. [t therefore
follows from (1.52), (1.54), (1.53) (1.43) and (1.43) that

—3(Vo — €)e™VBe < A < Age5V3e, (1.56)

Thus space-time exponentially approaches the same de Sitter state as . We
see that inflationary behavior can occur in the presence of positive curvature,
however, this curvature may inhibit the rate of isotropisation.

If the initial condition (1.33) is not satisfied then it is possible that space-
time may recollapse before ever coming close to a de Sitter state.

Observe that the larger the potential V; the more dominant its infuence
and the larger the positive curvature allowed before recollapse may occur.
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1.5.3 Inflation in More General Models

Notice that as space-time approaches de Sitter space, above, the energy den-
sity and pressure of the scalar field approach Vg and ~V4 respectively. The
fluid thus asymptotically satisfies the equation of state p = —p, clearly vio-
lating the Strong Energy Condition. The rapid expansion of space-time may
be understood physically as the result of a large negative pressure causing a
repulsive gravitational interaction.

For an arbitrary positive potential the equation of state p = —p will
hold approximately whenever ¢* << V(¢). Given the above resulis it is
reasonable to expect some kind of de Sitter tvpe expansion to occur under
these conditions. In particular, if V' was small, V' will vary very slowly, and
space-time might be expected to behave, at any given time, as though V'
were effectively constant and rapidly approach the solution A™ = 3V (o(1)).
This is the so called slow roll approximation underlving the original chaotic
inflation scenario [21, 34, 24]. Although it seems physically plausible it is
far from straitforward to demonstrate rigorously that such behavior actually
occurs.

Unlike the constant potential case where de Sitter space (which corre-
sponds to A¥ = 3V5) Is an exact solution, the solution A% = 3V (g(£)) will
not, in general, be an exact solution of the EFE. This means that the infla-
tionary behavior, if it occurs at all, must be more complicated than simple
de Sitter expansion. To see this let A = RA™ —3V{0] as before and assume
again that (1.41) holds so that A is a non-negative function. Differentiating
explicitly and using (1.40a) we have

A< -IRA - 3V(8)s. (1.57)

The constraint equation (1.43) implies that A2 > 3/24% so when A\ is large
compared to V'], A will rapidly decrease as it does when the poteutial is
constant. However, when A becomes small so that A ~ V/(8) it is nol at all
obvious that it will continue to decay to 0. Clearly. more information on the
evolution of ¢ is required.

In order to proceed any further analvtically we must make simplilying
assumptions. Assume that the energy world lines of the scalar feld are
geodesics. In this case we may set /% = ['% and the spatial derivatives
of ¢ vanish. We call such a field a homogeneous scalar field. For spatially
homogeneous space-times, which are the most often studied in cosimology,
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this condition can be shown to be always true exactly. If we wish also to
consider inhomogeneous space-times then the condition that ¢ be homoge-
neous places severe restrictions on the spatial derivatives of the metric via
(1.40b). However, if the inhomogeneities in ¢ are small compared to kinetic
terms it may be a valid approximation to ignore the spatial gradient terms
#'¢; and ¢f1- in the dynamical equations and the following analysis may be
interpreted accordingly. The effect of large inhomogeneities of the scalar field
on inflationary dynamics remains an outstanding problem in cosmology [22].
The dynamical equation for the scalar field becomes, tor a homogeneous

scalar field ) .
¢+ N =-V'() (1.538)

Define the non-negative function

O =h?*~3V(o) -gcjﬂ. (1.59)

Differentiating (1.39) and using (1.10a) and (1.38) gives

0 = —iKO 1Ko (1.60)
< %R0 (1.61)

which upon integration yields
0<0<0O,05. (1.62)

Define V; = inf V 0 0([0,]) to be the smallest value attained by ¥ in the time
interval {0, ¢] then (1.46) may be generalized to

u(t,z) > volr)eV>Ve, (1.63)

As long as V; remains large rapid expansion of v will occur teading to the
exponential decay of © and, by (1.60) and (1.43), subsequent exponential
suppression of o2 and ®R. If V has a non-zero global minimum, V5 > 0,
then rapid isotropisation and flattening of space-time will occur. Indeed it
can easily be shown that space-time will eventually tend towards de Sitter
space as the scalar field eventually settles into a vacuum state.

I[f V has greatest lower bound 0, however, the occurrence of inflationary
type behavior will be dependent on V' remaining large for a sufficient period
of time for isotropisation to occur.

20



Let us examine this situation more closely. Suppose the potential initially
has value V,, and at some later time ¢; this has decreased to Vo/2. Then

v(ts) > voel

b s
where N = f V3Vdt. We would say that the cosmology has exhibited

inflationary tgfpe behavior if N were a large number. Assume that V'(4) is
small compared to V(@) on the time interval [0,¢;] so that [V'| < oV where
a << 1. Further assume that the Strong Energy Condition is violated at
t=0,ie 2 < Vo

It follows from (1.38) that

d

Z(V(9) - %) = 26" +3V'(9)o.

Using the fact that {V'| < @V and K2 > 3V we find that if ¢* < V:

d 7 2

—(V(6) - 6%) > (2V3 —3a)VE > 0.

Thus if the Strong Energy Condition is violated initially it must be violated
everywhere on [0, ¢;} and indeed V' — o* will continue to increase as long as

o < 1. Since V = V'4 it follows from the definition of NV that

V3 %
a Sy

V3In2
= = >> 1.

N Voldv

Although this inequality is crude it demonstrates that, for a sufficiently flat
potential, violation of the Strong Energy Condition will result in N being
a large number (at least for the homogeneous scalar field). I stress that it
is the ratio V’//V that is crucial in determining whether a model exhibits
inflation, not the absolute value of V",

We have illustrated the basic mechanism of inflationary dynamics in scalar
field cosmologies. We have demonstrated that scalar field cosmologies with
constant potentials rapidly approach de Sitter space as long as the spatial
curvature does not become too large and positive. We have also seen that
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similar behavior is plausible for more general models but that it is difficult
to demonstrate unequivicaly that inflation arises naturally from a general
inhomogeneous set of initial conditions.

It is probable that this question can only be resolved fully by detailed
numerical analysis of specific models. One model which has been studied
extensively is the massive scalar field. ie, V(¢) = %7712¢2. We shall briefly
review below some of the major results.

1.5.4 The Massive Scalar Field

Belinski et al [28] carried out an elegant global analysis of massive scalar
field cosmologies with Friedmann-Robinson-Walker (FRW) space-time and
demonstrated that inflation occurred in the overwhelming majority of flat
and open FRW solutions even for large initial values of ¢. For closed space
they found there existed a class of solutions which recollapse before ¢ is able
to decay sufficiently for inflation to occur, thereby confirming the ability
of positive curvature to prevent inflation. Similar results were obtained by
[29, 30] using different techniques. These authors went further and attempted
to compare the number of inflating verses non-inflating solutions in closed
FRW space-times by constructing an invariant measure in solution space.
Their results were ambiguous however, since both classes of solutions were
found to have infinite measure.

Several authors have investigated the generality of inflation for massive
scalar field solutions in spatially homogeneous anisotropic space-time [22,
31, 32, 33]. Their results have shown that the presence of anisotropy does
not prevent inflation and in fact actually helps it since a large shear term
can offset the effect of a large positive curvature term [22]. If one specifies
spatially homogeneous data on some initial hypersurface then inflation always
occurs provided ¢q is greater than order unity and the initial curvature, it
positive, is dominated by the other terms on the right hand side of (1.43).

Initial efforts to investigate the effects of inhomogeneity confined attention
to small perturbations about homogeneous solutions [34, 35]. There results
indicated, not surprisingly, that inflation was stable under such perturba-
tions. Recently, a number of authors have undertaken detailed numerical
investigations into the effect of large initial inhomogeneities [36, 37, 38, 39,
10, 41]. They conclude that while inflation can withstand a fair degree of
inhomogeneity, a certain amount of average homogeneity on the part of the
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scalar field is required. In particular, it seems that the average initial value
of the scalar fleld must be large over a radius of several horizon lengths in
order for inflation to occur (it is assumed in standard inflationary scenarios
that prior to inflation the radius of the particle horizon is of the order of K~
as one would expect from standard model cosmology {16]).

This is a serious concern for the chaotic inflation program which tradition-
ally assumes that the scalar field is essentially random in the pre-inflationary
era [21]. Since the sign of the scalar field is arbitrary we would expect its
average value to be close to zero over regions much greater than the size of
the horizon [20]. It is therefore not clear whether inflation is the final answer
in explaining the large scale homogeneity of the universe or whether it simply
provides a mechanism for fine tuning correlations that already existed and
must be explained by other means, as suggested by Goldwirth [39]. Since
the very purpose for which inflation was originally proposed was to explain
correlations in the universe over regions greater than the apparent size of the
particle horizon [18, 21] it would be ironic if this were indeed the case.

The resolution of this problem requires careful consideration of which ini-
tial conditions can reasonably be expected prior to inflation. The traditional
approach to this question is to appeal to quantum gravity for the initial
conditions (21, 22|, but, at present, no consensus as to how the universe
might emerge from the quantum era exists and it has been pointed out by
Goldwirth and Piran [22] that two different but plausible arguments lead to
the opposite conclusions on this issue. It is, perhaps, premature to appeal
to a non-existent quantum gravity theory without first ohtaining a proper
understanding of the global structure of the classical solution space.

A careful investigation of the global behavior of solutions, in the follow-
ing chapters, indicates that there exists a quite natural class of solutions
whose scalar field satisfies the required degree of homogeneity. The apparent
smoothness of the initial scalar field may be interpreted as a natural conse-
quence of the spatial gradients being dominated by the kinetic terms as the
initial singularity is approached rather than as a manifestation of correlations
in the field over distances greater than the horizon.

Indeed, it is possible that this may be an inevitable consequence of the
Weak Energy Condition (1.17). The authors who found that anisotropy
in the scalar fleld prevented inflation (36, 38, 39] all used initial conditions
which violated the Weak Energy Condition! In order to simplify the problem
of calculating consistent initial data these authors chose @ = 0 on the initial
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hypersurface, arguing that a non-zero ¢ term would rapidly decay anyway.
The only initial scalar field configuration which is then consistent with (1.17)
is ¢ = const. Obviously no problem with initial anisotropy exists here. In
general, for arbitrary initial conditions, the weak energy condition will bound
gradients of the scalar field, possibly enough to prohibit solutions in which
anisotropy prevents inflation. In the absence of detailed numerical simu-
lations taking into account the Weak Energy Condition this issue remains

unresolved.

1.5.5 Structural Stability and Inflationary Dynamics

For the case of the constant potential we saw that the dynamics of inflation
were completely characterized by a unique de Sitter solution. For more gen-
eral potentials, however, our arguments provided very little information as
to the nature and details of inflationary dynamics. A possible problem with
the generality of inflationary behavior in scalar field cosmologies has been
raised by Ellis et. al [42]. This concerns the issue of structural stability [43].
They have argued that small changes in the functional form of V' (®) could
lead to discontinuous changes in the qualitative behavior of solutions, most
particularly with respect to inflationary behavior. Care must therefore be
exercised in extrapolating the results for the constant potential, or indeed
the massive scalar field, to more general potentials.

The general results obtained in the following chapters provide a strong
indication that scalar field cosmologies are actually quite structurally robust.
The topological structure of solution space, at least for simple space-times,
seems to depend only on a few basic structural properties of the potential
such as number of local maxima and minima. In particular, we shall see that
inflation arises as a natural consequence of the existence of an exact, expand-
ing, (particle) horizon free, Robinson-Walker solution which is an attractor in
the full solution space of (1.40-1.41). This solution characterizes exactly the
dynamics of the inflationary epoch in direct analogy to the way that de-Sitter
space characterizes the dynamics of inflation for constant potential models.
We demonstrate the existence of such a solution for a very general class of
potentials. Not surprisingly, the key factor in determining its existence is the
behavior of the ratio V'/V. Furthermore, small changes to the functional
form of V'/V seem to result in small changes in the inflationary solution.

In the next section we shall begin our investigation of the global properties
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of scalar field cosmologies by examining some simple exact solutions.

1.6 Global Behavior of Exact Solutions

It was mentioned at the end of the last section that an understanding of
the global structure of classical scalar field cosmologies may help to resolve
some important questions concerning the generality of inflation. This in
itself would be sufficient motivation for their study, however the asymptotic
behavior of scalar field cosmologies at early times is of considerable interest
in its own right.

A major motivation for this research was to investigate whether it was
possible that scalar field cosmological models, or models conformally related
to these models, might give rise to space-times with novel global features.

Since scalar flelds violate the Strong Energy Condition the standard sin-
gularity theorems [15), which have been widely interpreted as demonstrating
that singularities are inevitable for cosmologies with “well behaved” matter,
do not apply. [t therefore cannot be assumed a priori that an initial sin-
gularity will exist in a scalar field cosmology, and this issue requires careful
consideration.

A related question is the existence of particle horizons. Standard model
cosmologies typically possess particle horizons. It follows that widely sepa-
rated parts of the observable universe can not have had any causal contact
since the big bang. This seems at odds with the observed isotropy and homo-
geneity of the universe. The inflationary universe scenario attempts to solve
this problem by blowing the particle horizons out to very large distances.
However, as we have seen it is not entirely clear whether it is able to achieve
this without itself appealing to a certain amount of initial homogeneity. It
would be interesting to know whether realistic cosmologies exist which are
totally free of particle horizons.

Horizon free exact solutions with conventional matter do exist. most no-
tably the mixmaster solutions obtained by Misner [44]. These are horizon
free Bianchi Type IX perfect fluid solutions. However, detailed calculations
have revealed that the class of such solutions for which mixing is sufficient
to remove horizons has measure zero [45].

Similarly, it has recently been shown by Woszczyna and Hellar [46] that
the set of horizon free FRW perfect fluid cosmologies which obey the Strong
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Energy Condition has measure zero.

As with the singularity theorems this result cannot be applied to scalar
field cosmologies and generic horizon free solutions may not be ruled out
without further investigation.

The Strong Energy Condition is a sufficient but not a necessary condition
for the existence of singularities so its violation by scalar field cosmologies
does not automatically mean that singularity free solutions exist. We shall
now demonstrate, with the aid of simple exact solutions. that singularity
free and horizon free scalar field cosmologies exist in abundance. The con-
ventional definition of a space-time singularity in terms of geodesic incom-
pleteness [15] is used throughout.

We shall consider the simple case of spatially flat FRW space-time. In
this case the metric may be written

(dz')*. (1.64)

i

3
g = —dt* + a(t)*
=
In terms of this metric the spatial curvature ) R and shear teusor aij are, of
course, equal to zero and the expansion is a function of time related to « by

1(:3?. (1.63)

4

The constraint equations (1.40b) vield immediately
0d; = 0. (1.66)

Since the surfaces of constant o are evervwhere space-like this equation im-
plies that ¢; = 0, ie. ¢ is a function of time only. Using (1.10a), (1.43) and

(1.538) we obtain the system of ordinary differential equations

6 = —K¢—V'(4)

: iy

K = —§A’2—oz+V(¢‘>) (1.67)
R? = 3V(¢)+§{53.

These equations completely determine the evolution of o and A given initial
values of @, ¢ and K subject to the constraint (1.67c). The metric scale
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factor a(t) is then determined, up to a constant, by integration of (1.65).
Eliminating V from (1.67b) using (1.67c) we obtain the useful expression

K =-2p" (1.68)
Substituting this into (1.67¢)
3V(g) = K+ K. (1.69)

Let us imagine that K(#) is a known function of time. Equations (1.63)
and (1.69) allow us to immediately write down ¢(t) and V{o(#)) as explicit
functions of time. ¢() may then, in principle, be integrated to obtain ¢(t). If
#(t) is 1 — 1 then it may be inverted to obtain an expression for the potential
V(¢). Thus, for any smooth monotonic decreasing function of time K(t),
there always exists a potential V(¢) for which, at least locallv, A'(¢) is the
expansion for an exact Robinson-Walker space-time.

Let us begin with the simplest possible example. Choose A" = —f. This
space-time 1s non-singular since A’ is smooth and finite for all ¢. In fact,
integration of (1.63) reveals that a(#) is given by the Gaussian

a(t)=e%. (1.70)

From (1.68) and (1.69) we have

—
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and
3V =1t*-1.

Integrating the first expression we have

p=\2t+c (L.71)

where c is an arbitrary constant. Inverting this gives the potential

V(g)= 46—t - =

o | —
.
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Thus we have constructed a model for which the singularity free metric

2 3 .
g=—di’+e’ 7 > (da')?

=1
is an exact solution. This model might be considered unphysical due to

the fact that the potential becomes negative when |¢ — ¢| < \/g (although
note that the energy density never becomes negative). However. consider the
potential V = F(¢) where there exists a positive number A < g for which
F > Afor all ¢ and F(8) = 1(¢—c)? — % for |¢ — c| > 1. The above metric
is an exact solution for large ¢ and, furthermore, K* > 3A so if space-time is
initially expanding it cannot recollapse to a singularity. The model V = F(¢)
must therefore possess at least one singularity free expanding solution.

Although the potential V = F(¢) seems rather contrived note that for
large ¢ we have F' ~ %@'2. It therefore becomes, approximately, a massive
scalar field with unit mass.

In any case, the next example provides a singularity free solution where
the potential is physically interesting.

Choose

K =27t 4\,

where A is some positive constant. This corresponds to a singularity free
expanding space-time with metric scale factor

a(t) = exp (%A - %e") ; (L.73)
Using analysis identical to that above we obtain the solution
é =277 +c. (L.74)
Setting the integration constant ¢ equal to 0 we obtain the potential
V(g) = Zo' + (A - 5)o* + 2\% (1.75)

The special case A = 0 corresponds to the singularity free solution previ-
ously obtained by Madsen [49]. More interesting however, is the case \ > 1
since the potential then is smooth and non-negative for all values of 0. In
particular, when A = i the potential becomes



which is a special case of a real Higgs type ficld. As is well known, potentials
of this form arise naturally in theories with broken symmetries. They are also
important in serne inflationary scenarios such as “new inflation” [19, 22, and
“dynamical relaxation” [50]. It is thus clear that singularity free solutions
can indeed exist in sumnple and familiar models.

The two examples above possess neither singularities nor particle hori-
zons. Examples may also be found which have initial singularities but are
horizon free. Consider a space-time which expands according to the power
law

a(t) = ¢ (1.76)

where p i1s a positive constant. A singularity clearly exists at { = 0. The
condition for the existence of particle horizons is p < 1 [16]. therefore for
larger values of p space-time is horizon free. The expansion is easilv computed
to be

K =3pt7!

from which we obtain, using {1.63)
¢ = £\/2pln(ct) (L.7T)

where ¢ is a positive constant. The potential which vields these solutions is

found using (1.69)
2}
?(—) ol. (L.73)
2

We may thus construct a model which exhibits any power law behavior we
desire. Solutions with p > 1 are the well known power law inflation cosmolo-
gies [47]. Exponential potentials such as these occur naturaily in a number
of cosmological contexts [48] particularly when one considers models con-
formally related to scalar-tensor theories. For example. Brans Dicke theory
with a positive cosmological constant is conformally equivalent to a scalar
field cosmology with an exponential potential [L]. Let us consider such a
model with potential

V(e) = (3p® — p)c? exp

V= Ae*, (1.79)
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The solutions

A
(I.(” . -ﬂf’f cp = :L"Z;\_l (lnt + :E;lll (m)) (180)

are exact solutions for this model. The necessary condition for these solutions

to be horizon free is that 0 < A < V2.
Exact solutions for more complicated exponential potentials of the form

V(6) = Ae* + Be™

have also been found by Scudellaro and Stornaiolo [51] these solutions also
display horizon free behavior similar to that of the potential (1.79).

The above examples demonstrate that scalar field cosmologies display a
wide range of behaviors and indeed it is possible to cook up a cosmologogical
solution with virtually any features we desire. Given this rich catalogue of
behavior it might seem unlikely that any general statements can be made
concerning their asymptotic behavior.

Caution must be exercised, however, when drawing conclusions based on
exact solutions.

Consider the power law solutions of (1.79). above, for example. The pa-
rameters A and A determine ¢ uniquely so that, for a given model, these
solutions do not represent the general solution but rather two specific so-
lutions. In order to ascertain whether these solutions display the tvpical
qualitative features of the general solution requires further work. The gen-
eral behavior of FRW scalar field cosmologies with exponential potentials has
been looked at by Burd and Barrow [48] and by Halliwell [13] using quali-
tative techniques. It turns out that the horizon free power law solutions are
attractors and typical trajectories approach them asymptotically as t — .
Conversely, as solutions evolve backwards in time they rapidly diverge from
the power law solutions. Thus, although the power law solutions provide
examples of horizon free cosmologies they do not indicate that horizon free
behavior is typical of cosmologies with exponential behavior.

In general, exact solutions of scalar field models do not represent general
solutions and are therefore limited in the information they provide on the
dynamics of the theory. However, there do exist some particularly simple
cases where equations (1.67) can be integrated exactly to obtain a general
solution. Consider, for example, the special case where p = + above. We
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then have V{#} = 0 independently of the constant of integration c¢. The two
l-parameter families of solutions

a(t) = ¢3 6=y/2ln(ct) (1.81)

provide the general solution for a massless scalar fleld with flat Robinson-
Walker metric. This solution will turn out to play a particularly important
role in the analysis that follows in Chapter 2. It possesses an initial space-
time singularity at { = 0 and particle horizons exist for all observers co-
moving with the energy worldlines of the scalar field (ie stationary observers).
This is not surprising as a massless scalar field is indistinguishable from a
perfect fluid with equation of state p = p and consequently may not violate
the Strong Energy Condition.

The only other example of an exact general solution that I am aware of
is that of the constant potential model V(g) = I4. The general solution is

L ,E/L,
R sinh(at]'lt'

where a = /3V; and ¢ may be any indefinite integral. It is significant that
these solutions also have particle horizons and singularities and, in fact. may
be approximated to first order by the general solution (1.31) close to the
singularity.

If we are to understand the global dynamics of more general models and
account for the apparently infinite variety of solutions, a more systematic
approach than that provided by the study of exact solutions is required. In
the next chapter we shall turn to the theory of dynamical systems in order
to achieve this.

a® = sinh(at) ol
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Chapter 2

Scalar Fields In Spatially Flat
and Isotropic Space-time.

2.1 Introduction

We have already seen that a diverse range of behavior is exhibited by scalar
field cosmologies, even when attention is restricted to the relatively simple
case of spatially flat FRW space-time. Our first task shall therefore be to
systematically investigate the general asymptotic properties of scalar field
cosmologies in flat FRW space-time, so as to gain a greater understanding of
the origin and nature of this diversity. We shall approach the problem from
the dynamical systems point of view. A summary of relevant mathematical
results and notation is provided in appendix A.

The dynamical systems approach to FRW scalar field cosmologies has
been employed previously to investigate inflation in a number of specific
models. It has already been mentioned in the last section Halliwell [13] and
Burd and Barrow [48] independently applied dynamical systems techniques
to demonstrate that power law inflation was an attractor in the solution
space of FRW models with exponential potential.

Of particular interest is the work of a Russian group headed by Belinskii
[28] who carried out a genuine global analysis of FRW massive scalar field
cosmologies. By using equation (1.67¢) in order to write A as a function of o
and ¢ they were able to express (1.67) as a plane autonomous system in the
variables (z,y) = (6/V6,9/(m+/6)) with time parameter y = m¢. Taking
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advantage of the quadratic form of the potential they managed to study the
global properties of the flow by mapping the (z,y) plane onto the interior
of the unit disc using the Poincaré compactification procedure [52]. They
found that there exist exactly two non-trivial singularity and horizon free
solutions which obey the asymptotic equation of state p = —p (ie p/p — —1
as t - —o0). These solutions are initially inflating and continue to inflate
until ¢ ~ 1 at which time the scalar field begins to relax into a vacuum state
and space-time approaches Minkowski Space. Belinskii et al called these
solutions the inflationary seperatrices.

All other non-trivial solutions obey the asymptotic equation of state p = p
(ie p/p — 1 as t — 0) and are approximated by the solution (1.81) in the
vicinity of the singularity.

Furthermore, typical trajectories rapidly approach the inflationary seper-
atrices and remain close during the inflationary periods of evolution, after
which they also decay to the Minkowski vacuum solution. A phase plane

Figure 2.1: Phase plane plot showing orbits for massive scalar field cosmology
obtained by Belinskii et a/; a) using natural coordinates (z,y), and; b) with
infinity mapped to the unit circle using the Poincaré transformation.

plot showing the structure of the flow is given in Fig. 2.la. A better pic-
ture of the global structure of solution space is obtained from the flow on
the compactified phase space, Fig. 2.1b. Observe that almost every solution
has its origin in one of the two non-physical points K, K. The inflation-
ary seperatrices are the solutions originating from the saddle points Si, 3.
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These solutions accurately model the dynamics of the cosmology during the
inflationary period, essentially independently of initial conditions.

Belinskii and his co-workers also obtained phase portraits for the quartic
self interaction (V' = A\¢*) and Higgs potential with similar results.

The phase plane structure of the massive scalar field reveals, again, how
a model can possess solutions with interesting global features which do not
reflect the behavior of the majority of solutions. Such solutions are certainly
interesting but it would seem unlikely, without imposing very special bound-
ary conditions, that they are realized in nature. In fact, if we assume that
all initial conditions are equally likely to occur then the inflationary seper-
atrices have probability zero of occurrence. We should therefore be careful
to distinguish between features of the model which are generic (have finite
probability) and those that are not.

If 4,(t) is a solution of a dynamical system intersecting the point p, we
shall say that a property of v, is generic if there exists a neighbourhood
N(p) of p such that all trajectories whose orbits intersect N(p) also possess
that property. Furthermore, we shall say that a property of v, is almost
always true if the union of the orbits of trajectories on which it is untrue has
Lebesgue measure zero in phase space.

Besides being non-generic in the above sense, the horizon free solutions
found by the Russian group (as typified by the massive scalar field) and the
inflating power law solutions of the exponential potential have an important
feature in common. Both are exponentially attracting solutions which char-
acterize the dynamics of the inflationary phase of the system. It would seem,
therefore, that a close relationship exists between inflation and the global
behavior of solutions.

I am aware of no examples in the literature where a horizon free or singu-
larity free solution (for flat FRW space-time) has been demonstrated to be
generic. If such solutions do exist for certain classes of models however, then
they could lead to interesting and novel cosmologies.

This issue has implications to all theories which are conformally equiva-
lent to scalar field theories since the causal structure of space-time is invariant
under conformal transformations. If a horizon free solution of the vacuum R?
gravity theory (as has been found by Frenkel and Brecher [53]) were generic,
for example, it would imply the existence of a corresponding generic horizon
free scalar field cosmology. The potential V for such effective theories may
be highly non-trivial and need not even be expressible in analytic form [11]

IE
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For this reason, it is desirable that any attempt to investigate whether it
is possible to construct models with generic horizon free or singularity free
solutions (or to rule them out) should make as few assumptions about the
specific analytic form of the potential as possible, and concentrate instead
on its qualitative features.

We begin below by proving some general results on the dynamics of the

scalar field.

2.2 Preliminary Results.

The basic equations governing the system, (1.67), may be expressed as a
dynamical system in the variables (K, ¢, #) as follows:

) .
E = ¢
d . ,
_d% = —K¢-V'(¢) (2.1)
dK 172 32 4 vr/a
I —3K° = 0" +V(9)
subject to the constraint
K*=3V(¢)+ 53«,52. (2.2)

The constraint equation actually makes (2.1c) redundant since A" can be
expressed as a function of ¢ and ¢. We shall refrain from making such a
coordinate choice at this stage, however. Later on we shall choose certain
pairs of variables as coordinates for particular applications.

Note that for non-negative potentials the sign of K does not change on
solutions of (2.1). In order to see this put & = 0 in (2.1) then V(4), ¢
and K must also vanish. Since V' is non-negative, it follows in turn that
V' and therefore ¢ are also zero. K = 0 thus represents a unique steady
state solution and no non-trivial solution can pass through it. Since we are
interested in expanding universes in this discussion we will restrict attention
to solutions where K is positive. The physical expanding solutions of (2.1)
may be represented as trajectories in the 2-dimensional phase space

Q={(K,0): K >0,K>=3V(¢)+2¢*} C R
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A singularity occurs when K — oo in a finite proper time. Eliminating V'
from (2.1b) using (2.1c) gives

K = _gq's? <0. (2.3)

Thus K is a monotonic non-increasing function of t and is strictly decreasing
everywhere except where é = 0. This suggests that K is likely to approach
infinity asymptotically in the past. Whether or not this actually happens or
whether it occurs within a finite time interval will depend on the behavior
of . We now prove a theorem concerning the asymptotic behavior of the
scalar field.

Theorem 2.1 Assume that V is C" withr > 3. Let p = (]{o,éo,(ﬁq) be a
point in Q and let O~ (p) be the past orbit of p under (2.1). Assume ¢g # 0.
Then ¢* + ¢? is almost always unbounded on O~ (p).

Proof:
Firstly, we may identify Q with R? as follows. Let

T = o, y=¢. (2.4)

Substituting = and y into (2.1) and eliminating K gives the 2-dimensional
autonomous system of differential equations

B

yo= V@) - (3V(e) + 1)’y

-

—~
o
(1}

SN—’

(2.5) defines a C™~! vector field on R?. K may be written as a smooth
function of the phase space variables,

K(z,y) = g(y2 +2V(z))

I

Np—

(2.6)

Explicit differentiation of (2.6) and substitution of (2.3) gives the directional
derivative of K along the flow.



Let p € R? be some point for which O~(p) is contained in a compact set
U C R? (ie ¢* + ¢ is bounded on O~(p)). Then according to (2.6) and (2.7)
K is a bounded monotonic function of time on O~ (p) and must therefore
approach a limit as £ — —oo. This implies that K tends to zero and hence,

tl&r_nooy = 0. (2.8)
By Theorem A.l there exists an invariant set a(p) C U which is the a-
limit set of p. Furthermore, (2.8) implies that y = 0 on a(p). Inspection of
(2.5) reveals that the only possible invariant sets lying on the line y = 0 are
equilibrium points (zo, 0) satisfying V'(zq) = 0.

In order to prove the theorem we need only investigate the stability of
equilibrium points of (2.5). Furthermore, it is only necessary to consider
equilibrium points for which V(zs) = V5 > 0. The reason for this is as
follows: Assume a(p) = (zo,0) where V5 = 0. Then by (2.6), K(a(p)) = 0.
It follows from (2.7) and the non-negativity of K that A = 0 for all ¢ and
hence, that V and ¢ are also zero for all t. Thus %,(t) corresponds to a trivial
scalar field cosmology and can be neglected.

Let p = (%o, Yo), be an equilibrium point of (2.5) satisfying

The equilibrium points are steady state solutions and correspond to maxi-
mally symmetric solutions of Einstein’s equations. In this case, with V5 > 0,
p represents a vacuum de Sitter solution with scale factor

a(t) = e\/zt.

We can classify the equilibrium points by computing the eigenvalues of the
matrix of derivatives of the vector field (2.1) at p (see appendix). We find

0 1
Jp = ( —V”(Jf()) _\/m) (210)

The eigenvalues of J, are:

A=

DN

(—\/ﬁfgi V3o — 4V"(1'0)) (2.11)
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The sign of the eigenvalues depends on whether V" (z) is positive, negative
or zero. We consider each of these possibilities separately below.
i) V"(zq) < 0O:

This case corresponds to zg being a local maximumof V. Equation ( 2.11)
implies that the eigenvalues of J, are non-zero and of opposite sign. Thus p is
a saddle and exactly two trajectories will be past asymptotic to p (Fig 2.2). It
is interesting that these solutions correspond physically to unstable de-Sitter
solutions, similar to those discussed by Barrow [54]. They asymptotically
approach de Sitter space in the past and possess neither singularities or
particle horizons.

Figure 2.2: A local maximum of V will result in an unstable equilibrium at
(z9,0). M, and M, indicate local stable and unstable manifolds respectively.
Exactly two solutions lie on the unstable manifold.

i) V"(zq) > 0:

This case occurs when o is a local minimum of V. Since V"(z,) and
V(o) are positive, the eigenvalues of J, are positive definite and p is clearly
a stable sink. No trajectories will be past asymptotic to p in this case (Fig.2).

i) V"(zo) = 0:

This case is slightly more subtle than the previous two cases. It could
correspond to a degenerate maximum or minimum of V or it could mean that
o lies in a region where V is constant. In the latter case p will not be an
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Figure 2.3: A local minimum of V will result in a stable equilibrium at (o, 0).
Such a point corresponds physically to a stable vacuum de-Sitter solution.

isolated equilibrium point but will be a point in a 1-dimensional equilibrium
set.

The eigenvalues of J, are 0 and —/3V; with corresponding eigenvectors
pointing along the z-axis and the line y = 2o — z respectively. By the
Center Manifold Theorem (Theorem A.3) there exists a 1-dimensional stable
manifold tangent to the line y = zo — z at p and a l-dimensional center
manifold tangent to the z-axis at p. It follows from Theorem A.7 (note
Remark 2) that the center manifold is locally attracting and any solutions
past asymptotic to p must lie on the center manifold itself.

Since the center manifold is 1-dimensional there is a maximum of two
such solutions for each degenerate equilibrium point p( Fig. 2.4).

If p is an isolated equilibrium point then p may be a saddle (Fig. 2.4a)
or a source (Fig. 2.4b).

If p lies on the the interior of an equilibrium set F then there is a neigh-
bourhood of p for which the invariant set F is itself a center manifold. There-
fore each point of the center manifold is an equilibrium point and no solutions
on the center manifold will approach p asymptotically in the past other than
the trivial solution lying on p itself. If p lies on the boundary of E then
clearly there may be at most one solution past asymptotic to p (Fig. 2.4c).
Therefore, any one dimensional equilibrium set £ may contain the a-limit of
at most two trajectories.
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Figure 2.4: Behavior of the flow in the neighbourhood of degenerate equilibria
of (2.5). Ms and M, denote the stable and center manifolds respectively. At
most 2 solutions are past asymptotic to the equilibrium set.

We have now considered all possible cases and have shown that any con-
nected equilibrium set can contain the a-limit sets of at most two solutions.
It follows that a countable number of trajectories have a-limit sets in the
interior of the (z,y) plane. Thus, 2% + y? is unbounded on almost all orbits.
a

The significance of Theorem 2.1 to the behavior of the gravitational field
is illustrated by the following corollary.

Corollary 2.2 If the potential V is unbounded as ¢ — £20, then K(t)
diverges monotonically on almost all solution curves of (2.1).

Proof:

The result follows trivially from Theorem 1, equation 2.lc and equa-
tion 2.3.0
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Theorem 2.1 has the physical interpretation that the energy density of
the scalar field almost always diverges as we follow the solution back in time.
This does not necessarily imply that the scalar field itself diverges. By way of
illustration, suppose we have ¢(t) = ¢ then the energy density of the scalar
field diverges as t — 0 but the scalar field itself actually goes to zero. The
next theorem asserts that such solutions do not exist, ie if ¢% + ¢ goes to
infinity then ¢ must also go to infinity.

Theorem 2.3 Assume V is C3. Let p = (o, (f'Jo,Ko) be a point in 2 and let
O~ (p) be the past orbit of p under (2.1). If ¢* + ¢* is unbounded on O~ (p)
then ¢* is unbounded on O~ (p).

Proof:

If K is bounded on O~(p) then by (2.2), ¢ must also be bounded. It
follows immediately that if ¢2+ q'ﬁz is unbounded, ¢? must be unbounded and
the theorem is proved.

Assume that K is unbounded on O~ (p). Then there exists ¢; € (0, oc]
such that

Jim K (,(1))7 = 0 (2.12)
where ,(t) is the unique solution of (2.1) passing through p.

Since K~! is monotonic increasing with time, we can replace X and (15

with the new set of coordinates

1 X ,
= — = o D) ¢
T 7 Yy T (2.13)

and introduce a new time coordinate
r=Ilnv(t)+ 7 (2.14)

where v = a® is the spatial volume element and 7, is some constant. 7 is
well defined since v is strictly increasing. Furthermore, v goes to zero, if and
only if K goes to infinity [16] so (2.14) implies that A’ — oo as 7 — —oo.
Differentiating (2.14) we find (recalling that X = ©/v)

i _ K d o
B =g (2.15)
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In terms of these new coordinates the dynamical equations for the system

become

dz .

=

d 4 !

2= oy V) 4 (2.16)
d¢

& = Ve

subject to the constraint
y? 4322V (¢) = L. (2.17)

The unphysical set © = {(z,y,¢): ¢ = 0,y* < 1} represents the infinity of
K. By (2.12), ¥, must approach ¥ as 7 — —co. I is an invariant manifold
of (2.16) and, on X, (2.16) defines the plane autonomous system

dy

= = v+
dé ) ¥ <
The line y = 0 is an equilibrium set of (2.13). Elsewhere we can divide
(2.18a) by (2.18b) to obtain
dy 2
- F(1-y%)

which can be integrated exactly to obtain the set of unphysical of orbits

Fqbo = {(y,gb)db:%ln(i;;)-f‘@o, 0<y2<l}
Iy = {(y,¢):y==£1} (2.19)

on ¥ where ¢o is a constant parameter. For each ¢ € (—oc, o¢) there exists
an equilibrium point Py, = (0, ¢o) and a pair orbits, s, which approach ¢
as y — 0. Fig. 2.5 sketches some typical orbits on X, the arrows represent
the direction of the flow on the corresponding orbit.

Let us now assume that ¢ is bounded and demonstrate a contradiction.
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Since ¢ is bounded, the physical orbit O~(p) is contained in a compact
region of phase space and it follows from theorem A.1 that %, must approach
some union of orbits in a bounded subset of ¥ as 7 — —oo. From inspection
of (2.19) it is clear that ', and 'y are unbounded and therefore ¥,(7) must
asymptotically approach some equilibrium point Py, on the ¢-axis (This is
intuitively obvious from Fig 2.5).

Since ¢ is bounded, the potential V' must also be bounded, thus equation
( 2.17) together with equation (2.12) imply that

lim y(r)=£1.

T——00

This 1s a contradiction since it implies that P, cannot possibly be a limit
point of 1,(7). Thus the theorem is proved. O

Figure 2.5: Typical orbits on ¥. The only bounded orbits are the equilibria
P, on the ¢-axis.
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2.3 Conditions on the Potential

2.3.1 Strongly Exponential Dominated Potentials

Theorem 2.3 makes it clear that in order to investigate the generic asymptotic
behavior of the system (2.1) we need only to concentrate on the behavior of
the system close to ¢ = +oo. However, studying the equations in the limit
¢ — oo is not a trivial exercise.

In the next section we shall proceed by mapping infinity to a regular
boundary. In order to ensure that the equations are regular at infinity ad-
ditional smoothness assumptions on V(¢) will be necessary. In general V
diverges as ¢ — oo so it will be necessary to re-express the equations in such
a way that V either does not appear explicitly or is smoothed out by some
function which goes to zero faster than V goes to infinity. In order to achieve
the latter it is necessary to impose a bound on the rate at which V diverges.

Following natural terminology we will say that a potential is exponential
dominated (at infinity) if d)lirn eV (¢) = 0 for all A > 0.

—00

We shall impose a slightly stronger condition:

Definition 2.1 Let V : R — R be a C* non-negative potential. Let there
exist some o > 0 for which V'(¢) # 0 for all § > 0. Define Wy : [¢o, o0) —

R,
V(o)
Wy (o) = :
We will say that V is Strongly Erponential Dominated (SED) at infinity if
d}im Wy (o) = 0. (2.20)

Not surprisingly, all SED functions are exponential dominated.

Theorem 2.4 let V be SED at infinity then, for all A > 0,

lim e~ "V (¢) = 0. (2.21)
P00
proof:
Let A > 0. By (2.20) there exists ¢y > 0 such that for all @ > do.
Viig) A
e < J—
Vig) 2
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which implies that .
0 < V(p) < ce?

where ¢ is some constant. It follows that
0< e *V(g) < ce 7Y
Taking the limit as ¢ — o0 we have the result.O

The converse of the above theorem does not hold. In fact, for oscillating
functions such as sin?(¢) (which is clearly exponential dominated) Wy does
not even have a limit. The condition that ¥’ # 0 1s included in the defimtion
to exclude such functions from our considerations, as well as to simplify
certain later analysis. Note that V is not required to be monotonic, but may
not oscillate perpetually.

Another example of exponential dominated functions which do not satisty
the conditions of Definition 2.1 are functions which decay exponentially fast
to zero.

As it turns out it is easy to show that if a potential V' decays to zero as ¢ —
oo, then any solution for which ¢ is unbounded above must asymptotically
(in the past) approach the equation of state p = p. In order to see this
reintroduce the coordinates defined in the proof of Theorem 2.3 and consider
equation {2.17). Since z = 1/K is bounded in the past and ¥ — 0 as 9 — 0
it is possible to make sup, 4, (y* ~ 1) arbitrarily small by choosing ¢q = ¢(0)
sufficiently large. Furthermore, such a ¢, can be chosen so that y = d—(D- < 0.

dr

In order for ¢ to become less than ¢y to the past of 7y it is necessary for y
to pass through zero which cannot happen since supy,,, (y* — 1) decreases
monotonically as ¢q increases. It follows that & — 20 and, hence, that
y? — 1. This implies that ¢?/V(¢) — o (from (2.2) and the definition of ¥
(2.13)) which may be equivalently expressed as p/p — 1.

Since theses solutions satisfy the Strong Energy Condition they must
possess an initial singularity and physical intuition would suggest that they
are approximated asymptotically by a massless scalar field solution (1.31)
which satisfies the equation of state p = p exactly.

The models whose asymptotic behavior is of primary interest are those
which have the gross shape of a potential well (diverging at 420 and having a
minimum somewhere near ¢ = 0). It is when the potential hecomes large that
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we expect the Strong Energy Condition to be violated. Roughly speaking,
SED potentials contain all differentiable non-negative ftnctions which diverge
(or decay) in a relatively nice way at a slower than exponential rate.

There are a number of reasons why such potentials represent a natural
and interesting class of models. Firstly, in standard field theories it is usual
to consider polynomial potentials and all such potentials, as well as any
potential which is qualitatively similar to a polynomial are S1iD. Secondly.
as has already been alluded to in chapter 1, the behavior of the ratio ¥/
has direct dynamical consequences and, in particular, theve seems to be a
close relationship between the emergence of inflationary behavier and the
ratio V'/V.

Nevertheless, models with exponential (or steeper) potentials are not
without interest. As has already bheen mentioned, they appear naturally
in the context of scalar tensor theorvies and other non-standard theories of
gravity. The dynamics of such models turns out to be quite different [rom
that of SED potentials and will be discussed in C'hapter 3.

2.3.2 Smoothness Conditions

Suppose | were to make a coordinate transformation ¢ = f(¢) where f is
smooth and strictly decreasing for sufficiently large ¢, and lim f(9) = 0 so

P

that # = oc is mapped onto the origin of =, If we define the function
We(z) = Wy(f7(=))

then since f is smooth it follows from the Inverse Function Theorsm that
Wy is continuous and differentiable on the range of f. ¥y can be extended
to the origin of z by defining
Wir(0) = lim Wy (o).

If V' is SED at infinity then (2.20) ensures that Wy is coutinuous al the origin
and Wy(0) = 0. The differentiability of Wy at the ocigin. however, is noi
assured and in general will depend on the choice of f as well as the properties
of V itself. This suggests a useful means of classifying the smoothness of an
SED function at infinity. The idea is that a (unction is SED of class & at
infinity if there exists some smooth transformation v = f(@) for which Wy is
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C* in some neighbourhood of the origin. Furthermore, it is desirable the the
function f be sufficiently well behaved that its first derivative with respect
to ¢ be expressible as a C* function of z.

Before making this definition more precise we take note of the following
convention, which will be assumed henceforth. If we have some coordinate
transformation z = f(¢) which maps a neighbourhood of infinity to a neigh-
bourhood of the origin, then if g is a function of ¢, g is the function of z
whose domain is the range of f plus the origin, which takes the values;

) 9(f7'(z) , >0
g should be thought of as the extension of g onto infinity. With this in mind
we classify the smoothness of an SED potential at infinity according to the
following definition.

Definition 2.2 A C* potential V is class k SED at infinity if it is SED at
infinity and if there exists ¢o > 0 and a coordinate transformation z = f(¢)
which maps the interval [¢g, 00) onto (0, ¢, where € = f(po) and d}im f=0,

with the following additional properties:

1) fis C**1 and strictly decreasing.
it) the functions Wy (2) and f' (2) are C* on the closed interval [0, €].

i) D0y = L) <0

We designate the set of all class k SED at infinity functions & i The third con-
dition in the above definition, that the first derivatives of Wy and f’ vanish
at the origin, has been imposed for reasons that will become clear later. It
does not effect the generality of the definition since if the first derivatives ex-
ist at the origin they can always be made zero by choosing the new coordinate
Z = 22

Table 2.3.2 lists a number of examples of £° potentials together with
convenient coordinate transformations. The ﬁrst entry on the table is an
arbitrary power law potential. In fact it is not difficult to verify that all
non-negative polynomial potentials are £5°.

For our purposes it will be sufficient that we require potentials to be £2.
It is important to note that if Wy is C? it does not necessarily follow that
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Vig) Wy () z=f(d)| Wy (z) | f (2)
|%| ¢", for ¢ > 0 ng~! ¢~z nz? —-3z°
2eM/% for ¢ > 0 Ag~% s Azt -1

Ing, for ¢ > 1 (¢pln @)t (Ing)~? ze” = —ze‘j
$2Ing, for ¢ >1 | 267+ (plng)™t | (Ind)™! | (24 z)e % | —ze™%

Table 2.1: Simple SED potentials. n and A are arbitrary constants.

V € £2. In particular, if the derivatives of Wy are oscillatory then these
oscillations will tend to pile up as = — 0 and may lead to discontinuities
in the derivatives or Wy. The following theorem shows that if Wy is C2,
V will be class 2 SED whenever the second derivative of Wy decays to zero
sufficiently rapidly.

Theorem 2.5 Let V be SED at infinity and let Wy (¢) be C? for sufficiently
large ¢. If there exists € > 0 such that
lim ¢*** Wy (6) =0 (2.22)

p—o0

then V is class 2 SED at infinity.

Proof:

Let z = f(¢). If f is continuous and C® and f’ is strictly negative, the
inverse function theorem implies that Wy and f’ are C'* on the range of f.
Thus, it is sufficient to prove that Wy and f/ are C'? at the origin. It follows
from the definition of f and (2.20) that Wy and f’ are continuous at the
origin. The derivatives at the origin, will thus be equal to the limit of the
derivatives as z — 0 if these limits exist. Thus, by the inverse function
theorem

dWy Wi (6)

p (0) = Jim () (2.23)

and, if this limit exists,
Wy (0) = lim Wie)  Wi(o)f"(o) o
dz? p—co \ f'(0)? fia) (2.24)
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We shall show that for an appropriate choice of f the above limits vanish.
Integrating (2.22) and keeping in mind (2.20), we have;

.,slim 't W (g) = 0. (2.25)
Choose
f=¢"7, n > Maz[e,4]. (2.26)

Then differentiating twice;

8y = 0D

" - 1E £ 4-2+8),
NELF = (1+n) ¢ (2.27)
It follows immediately from (2.27) and (2.26) that
fi(z) = -3 (2.28)
n

which is everywhere C* with vanishing first derivative at the origin, provided
n > ¢, and thus satisfies the conditions of the definition.

" Substituting (2.27) into the right hand side of (2.23) and (2.24) and taking
the limit, making use of (2.22) and (2.25) we have

dWy d*Wy
- = 2
(0= —=(0) =0 (2.29)

which is the required result. O

Theorem 2.5 provides a simple and fairly general criterium for a potential
to be £2 and in fact all of the potentials listed in table 2.3.2 satisfy the
conditions of Theorem 2.5, as well as all non-negative polynomials and other
less “nice” functions such as V(¢) = 26 + sin¢. Note also, that Wy is C?
whenever V is C? for large ¢.

One undesirable feature of theorem 2.5, however, is that by imposing an
upper limit on the magnitude of the W} which is less than O(¢~%) it excludes
SED potentials for which Wy decays to zero very slowly (so that it cannot be

49



bounded by a power law) but which nevertheless are very smooth at infimty.
Consider, for example, the potential

V(g) = ems

which might be thought of as being “nearly” exponential. Taking the deriva-
tive we can obtain;

I 1

T lne  (lng)?

which obviously tends to 0 as ¢ — oo. It is easy to see that there exists no
€ > 0 which can bound the second derivative in the sense of theorem 2.5.
Nevertheless V' € £5° as can easily be shown by verifying directly that the
transformation i

(In q’;)%

satisfies the conditions of Definition 2.2. Although potentials such as the one
above may not appear particularly physical, Definition 2.2 was imposed as
classification of smoothness, not an additional bound on the rate at which
functions diverge. The following theorem provides a condition which does
not bound the rate of divergence of the function (beyond that it be slower
than exponential, of course). For convenience in dealing with limits [ will
make use of the extended real number line [—2c,00] in the statement and

proof of the theorem and use the notation lim g = oo for a diverging function
H—0
g.

Theorem 2.6 Let V be sub exponential at infinity and let Wy (@) be C° for
sufficiently large ¢. Then V is cluss 2 SED at infinity if, for all a > 0, there
exists Lo € [—o0, 2] (which may equal infinity) such that

Wy(¢)

z:

= L,. (2.30)

This theorem places restrictions on “oscillations™ of the third derivative of
Wy. It essentially states that for any «, 3 greater than 0, W{¥({¢) cannot
oscillate between 37 and ¢ as ¢ — oc.

Proof:

As with Theorem 2.5 it will be sufficient to show that the limits as = — 0
of the first two derivatives of Wy and f’ exist and are equal to zero for some

z = f(a).



Putting o equal to zero and integrating (2.30) three times and comparing
with (2.20) vields immediately

¢1im Wy () = qblim Wi(¢) = q}im Wi'(¢)=0. (2.31)
If we put a = 3, {2.30) becomes

Jim PWY () = La (2.32)

It follows from I’Hépital’s rule that

Jim $Wi(6) = ~3Ls
lim gWy(8) = 6Ls.

Integrating the last expression and comparing with (2.20) gives Lz = 0. We
thus have;

=0, n=123. (2.33)

(2.33) implies that L, = @ for all @ < 3. Assume that there exists some
ay > 3 for which L,, = 0 then 'Hépital’s rule implies

lim $*Wi(¢) = 0.

p—o0

It follows from Theorem 2.5 that V' is class 2 SED at infinity and the theorem
is proved. Let us assume the converse: ie, there exists no «y > 3 for which
Lo, = 0. It follows from (2.30) that for all € > 0, L3y, = oo. If we have
€,6 > 0 then (2.30) and (2.33) imply there exists $o > 0 such that for ¢ > ¢g
€
?¢_3.
Which yields upon integration, keeping in mind (2.33), for sufficiently large
b

€ e
¢3+5 < !WV ((p)( <

(2.34)

€

T <) < @i (2.35)
€ " €
s < Wi(g)| < 3 (2.36)
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Choose .
f=Wg.

We immediately have Wy (z) = 22, which is C* at 2 = 0. It remains to
show that f’is C? at the origin. Using the continuity of f’ and the Inverse
Function Theorem gives

df' . f'(9) :
2 0 = Jimm (2:37)
e i £9) _ fU(8P
o= m (8 - Fw) S

Explicitly differentiating f with respect to z gives

J
v tystwe g Lwsiw 2.39
ffo= mridd’ v T Wy Wy (2.39)
-5 1. -2
o= ng W — Wy T W W
1. .3 _1 -1
W W+ W

Substituting these expressions into (2.37) and (2.38) and making use of the
inequalities (2.34-2.36) we find after a tedious but trivial calculation

dfl 3 del

—(0) = —~(0) = 0 (2.40)

as required. O

The purpose Theorems 2.5 and 2.6 was to convince the reader that £} isa
natural and general class of functions which provides a suitable characteriza-
tion of well behaved, slower than exponential potentials. In the next section

we shall investigate the general past asymptotic behavior of these models.
/

As a final note before proceeding, observe that the condition d—f——(O) =0in

dz
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Definition 2.2 may be expressed equivalently (using the chain rule and inverse
function theorem ) as

It follows that 1/f’ is SED and hence by Theorem 2.4 that it is exponential
dominated. This implies in turn that 1/ is also exponential dominated. The
function f must therefore obey the following condition: for all € > 0.

ec® e®

=) o g S &)

2.4 The System Close To ¢ = .

According to Theorems 2.1 and 2.3, |¢| diverges in the past of almost all
solutions of (2.1). Let us now analyze the system in the region of phase
space where ¢ is very large and positive. We shall assume that V € £3.
Define the set ¥, C R3:

e={(K,6,8): K>0,¢>e} (2.42)

where € € R > 0. If € is chosen sufficiently small, the following coordinate
transformation can be made on ¥, (c.f. Theorem 3):

1 .
c=x  y=I%  z=f9) (2.43)

where f(¢) tends to 0 as ¢ — co and satisfies conditions i)-iii) of definition
2.2 with £ = 2.

Reintroducing the time coordinate  defined in Equation (2.14), the equa-
tions on X, become

dz

dr YT

dy =

& = VTR 4y (2.44)

g—j- = ()



In terms of these new coordinates, ¥, can be re-expressed as
e ={(z,y,2):2>0,0<z < fle)}. (2.45)

The physical trajectories of (2.44) on X, are those that satisty the constraint
equation

¥ 432V (2) = L. (2.46)
Let Q. = {(2,9,2) € Ec : y? 4+ 322V(2) = 1}. Then (. is the intersection
of ¥. with the physical phase space . It is a 2D invariant manifold of
(2.44) imbedded in X,. Restricted to {2 the system (2.44) reduces to the 2D

dynamical system

d 7 2
o=+ )y
d , 7
di = Vi (247)

on the bound, open projection 2 = {0 < z < f(e7!), -1 <y < 1} of Q.
onto R?. For convenience [ will drop the asterix and simply refer to this set
as ). Equation (2.47a) is obtained by substituting the constraint equation
(2.46) into the second term on the right hand side of (2.44b). The variable x
can now be treated as a function on {2, defined by equation (2.46). Equation
(2.44a) gives the directional derivative of z along the flow generated by (2.47).

From the definition of z, (2.43), it is clear that the line z = 0 (which lies
outside of ), ) represents the infinity of ¢. Thus, by Theorem 2.3, almost all
solutions must come arbitrarily close to either this set or its counterpart at
¢ = —o0.

In order to study this behavior it is desirable to complete (). and extend
(2.47) onto the boundary. If V' € £ and we have been careful in our choice
of f then Wy and f' will be well defined and C? at z = Q. It follows
immediately from inspection that (2.47) is everywhere C? on the closure of
Qe, Qe ={O SZ Sf(é—l),—-l S?/S 1}

For convenience later, it will be useful to summarize here some of the
properties of Wy and f .

Wy (0) = f(0) = 0. (2.48)
f’(z) < 0Qfor all z > 0. (2.49)
dW, df

sz(O) =_-(0)=0 (2.50)
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The important points to note are that both functions are second order or
higher in z and that f’ is negative on the imterior.
Example: Consider the special case of the power law potential

where A and n are positive constants. Introducing the z coordinate z =
¢~7 and substituting the expressions Wy and f' given in Table 2.3.2 into
equation (2.47) gives the system

dy 3_ " 2 23
= = - - — %1 -
= y+y 7 (1 —u%)
dz 1

= ——2z%. (2.51)

&~

Observe that it is perfectly regular everywhere on Q. (in fact, everywhere on

R?).

Now that it has been established that (2.47) forms a C* dynamical system
on the compact set (2., let us begin to examine the properties of this system.
Fig. 2.6 gives a schematic illustration of (2.

The boundary 0€2, is the union of the unphysical sets 99.,, JQ%;s and
99,4, as well as the physical set 9., on which the physical variables H, ¢
and qb are finite. 38, Q3 and Iy are each invariant manifolds of (2.47).
dQ,, is the only element of the boundary which is transverse to the flow. It
is through this set that physical trajectories enter and leave Q..

In fact, by (2.49) and (2.47b) it can be seen that the sign of % is opposite
to the sign of y. Thus trajectories may enter {2, only on the right half of the
plane and leave only on the left half of the plane.

The solution of (2.47) on 991, can be obtained by substituting z = 0 into
the equations and solving the resultant differential equation

dy

=Yy (2.52)

The direction of the flow is shown on Fig. 2.6. Note that the points (0.0),

(\/g,O) and (—\E,O) are equilibrium points. I will refer to them as pg, py
and p_ respectively and will return to them shortly.
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//’/ _____ ﬂﬁ‘.l)\\\x
Q¢4
Q3 Qe
Q1

Figure 2.6: Schematic representation of the compact set (2. showing fixed
points and the sense of orbits on the boundary.

In order to find the solution of (2.47) on 03 and Q.4 it is necessary to
solve the differential equation

= =+ f(2),/2 (2.53)
Recalling that z = f(¢) this is just the equation
dé
7 =+/k
which yields
b= /(% +9) (2.54)
where ¢ = $(0) is a positive constant. Thus
z =3 (@(a + r)) . (2.55)

The flow is directed towards the y-axis on 8., and away from the y-axis on
0Qc3 as shown in Fig. 2.6.
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2.5 Stability of the Equilibrium Points p,
and p_.

Our next step is to classify the equilibrium points of the system. Inspection
of (2.47), remembering (2.49) , will satisfy the reader that p,, p_ and po are
the only equilibrium points. Let us first consider p, and p_. From (2.47)

we can evaluate the total derivative of the vector field v = (%, ) at ps to

obtain the matrix
20
J(pi) = 00 /"

The eigenvalues of J(py) are 2 and 0. Thus, in a neighbourhooed of ps there
exists a l-dimensional unstable manifold which is tangent to &, = (1,0) at
pi, and a l-dimensional center manifold which is tangent to é. = (0,1) at
j

Clearly, from Fig. 2.6, the unstable manifold is just d{; (or more pre-
cisely, a sufficiently small interval of 0f2.; in a neighbourhood of p; and p_
respectively). 0 is a center manifold of py and 9. is a center manifold
of p_.

All solutions in the neighbourhood of p, or p_ will rapidly approach their
respective center manifolds in the reverse time direction. Consequently, ac-
cording to Theorem A.8 the stability of p; and p_ depends on the asymptotic
behavior of the solutions on 0Q.; and 0.y respectively. Thus, by (2.55), p+
is a saddle (2.7a) and p_ is a source (2.7b).

(2.56)

Z z
.V \.J't
]
pl y = )
+
a) b)

Figure 2.7: The stability of the equilibrium points p, and D e
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Let us concentrate on the source p_ since it is a generic a-limit set of
the system. The past asymptotic behavior of solutions close to p_ will be
approximated by the exact solution on the center manifold according to The-
orem A.8. Thus for 7 sufficiently large and negative we may write

F(VEE-n)+oen) e

y=-14+0(e") z

For some positive constant vy. Note that evaluating the inverse f7!(z) in
the above expression and using the mean value theorem and the expressions
(2.41) we find that, to first order, ¢ is indeed approximated by (2.54).

Let us now express the asymptotic solution (2.57) fully in terms of the
original variables. As y — —1, equation (2.44a) becomes

dz
— =z(1 4+ 0(e™)). 2.38
- = (1 +0(e)) (2.58)
Integrating gives the first order expression
T = zge’. (2.39)

By (2.15)

t = /a;dr

= xoe’ +t; (2.60)

which implies that ¢ — t; as 7 — —co. Substituting (2.60) into (2.59) and
using (2.43) gives

K=(t-t)" (2.61)
Note that K — oo as t — t;, thus the source p_ does indeed correspond to
an initial space-time singularity. Substituting (2.60) and (2.61) into (2.37)
(recalling the definition of y) we find

c

where ¢ = zpe? is a positive constant.
The asymptotic solution (2.61), (2.62) is the exact solution of the system
(2.1) when V is identically zero; ie the massless scalar field. Thus there exists
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a generic class of cosmologies which, in a sufficiently small neighbourhood of
the singularity, behave, approximately, as though the matter content were a

massless scalar field.
In order to make the above statement more precise it is necessary to do

two things. Firstly, we shall obtain an error estimate for equations (2.61)
and (2.62) close to t = #;. Secondly, we shall demonstrate that close to
t = t; there a continuous 1-1 correspondence between massless scalar field
cosmologies and cosmologies of the model V(@) which are past asymptotic
to p_. We shall assume, without loss of generality, that t; = 0.

Theorem 2.7 Let V € £2 be given. There exists a neighbourhood N(p_)
of p- such that for all p € N(p_) the solution ,(7) corresponds to a scalar
field cosmology which may be written, for sufficiently small ¢,

K = t7' 4+ Olev(t))

7 - —\/gln%+0(tev(t)) (2.63)
b = —/T 4 Ol (t)
where
ev(t) = tV(—\/ghl%)
B 2 20 (2.64)
Proof:

Let us proceed by calculating a second order solution for (2.44a). Any
collection of higher order terms which are to be discarded will be denoted by
a generic A. By higher order terms [ mean, more precisely, that the ratio of
A to all undiscarded terms tends to zero as 1 — —oc. We have

de _ -
e | vy (-.65)

wherfe we know that 4> — 1 as 7 — —co and z approaches the first order
solution {2.59). Note also that as an immediate consequence of (2.62), (2.60)
and Theorem 2.4,

lim e*"V(z(r)) = imt*V(g(t)) =0 Vo > 0. (2.66)

T——c0
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From (2.46)

y? = 1—3V(2)2?
= 1 =322V (2)e¥ + h. (2.67)
Thus,
dlnz
dr

Since V and z vary slowly compared to e we expect

=1-322V(2)e®" + h (2.68)

/V(z)ezrdr ~ LV(2)e”.
Let us now verify that this is indeed the case. Consider the indefinite integral
I(r) = / " V(z)erdr

where 7o will later be allowed to go to —co. Integrating by parts gives,

I(r) = iV(2)e¥|] - %/TT eV (z)ydr (2.69)

Consider the second term. Let §(7) = sup .., :|Wy (7')]. then, recalling that
2
yo <L

|I2(7)] = %/T:eZTV(z)WV (z)ydr
< 8(m)lI(r)]
< O()(A(m)] + (7))
<« 29 5 (2.71)
1=4(r)"" i

for 7 sufficiently small. Letting 7o go to —oco we have for all 7 sufficiently
negative;

I(r) = %V(z)eh + L(7) (2.72)
where !
1L(7)] < 58(r)V(2)e™ (2.73)



This is the required result since

lim 6(r -—hmsup\/'H/VV (2)| =
A z—0

implying that for 7 sufficiently negative, the ratio of I; to I can be made

arbitrarily small.
We may now integrate (2.68), using (2.73) and (2.66) to oblain,

z = zoexp(r — 323V (2)e*") + A
= zole” — 223V (2)e¥) + h (2.74)
Integrating again to obtain a second order expression for ¢, remembering that

t; =0 we get )
t =zo(e” — szgV(2)e’) + h

where the second term on the left hand side has been estimated in precisely
the same way as I(7) above. This expression may be inverted, to second
order, to give

V(z

&y

)t -
zoe =1t 4+ + h. (2.75)

o

substituting this into (2.74) we have
z(t) =t — V(2)t* + h.

Using the definition of z, and making use of the binomial expansion we obtain
for K
K =t + V(¢)t + h. (2.76)

where V has been replaced with V in the above expression. In order to obtain
an error estimate for ¢, recall that

which, using (2.67), becomes

—f(l—-x eV (9)) + h.
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Integrating, and replacing 7 with proper time t;
t o in e
o(t) = —\/2 (ln - — iV(Qﬁjtz) + k. (2.77)
¢

Also,

¢ = \/gffy

= — 2+ Vo)) (1 - J2berV(8) +

- _\/g(t—l#% (¢)t)—'—h. (2.78)

Clearly, the second term on the right hand side of (2.77) tends to 0 as £ — 0.
This ailows us to Taylor expand V' about ¢ = —\/glni to obtain,

V(g(t)) = v(—\/gmz)mv' (— %ln—t-) Vel +h  (279)

C
¢ , N
. v(—\/gln;) (1+wa (-\/glnz)v(@w%h

where b is a constant. Substituting this equation into (2.76) and (2.77) com-
pletes the proof. O

Thus we have obtained the required error estimates for our asymptotic
solution. Equations (2.63) and (2.107) indicate that for ¢ sufficiently small,
equations (2.61) and (2.62) provide an excellent approximation of the physical
system since whilst the physical variables diverge the error terms rapidly
decay to zero.

Theorem 2.8 Let V € £2 be given. For each ¢ > 0 there erists a unigue
cosmology satisfying (2.63). Furthermore, the higher order terms are contin-
uous functions of ¢ and t.

Proof:

Proving uniqueness is non-trivial. Firstly, recall that for each solution
past asymptotic to p_ there exists

¢ = zge® (2.80)
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where zo and ¢ are as defined in (2.59) and (2.537). More precisely we may

define i
g = lim e "z(7) ¢ = TEI_nOD (‘r + \/’g:cp(‘r)) . (2.81)

T——00
Each of these constants depend on the point p at which we take 7 = 0 but
for a given solution ¥,(r) a translation 7 ++ 7 + 7o (which moves p along its
orbit ) leaves ¢ invariant. This reflects the fact that each orbit corresponds
to only one physical cosmology.

In order to see this more clearly we make use of the fact that ¢ diverges
and is strictly decreasing with 7 close to p_. It follows that we may represent
any orbit as a graph (4, y(#). Substituting (2.81) into (2.80) and remember-
ing that x is a function of state we have:

c = lim eV32(4,y(9)). (2.82)

Thus ¢ depends only on the graph y(¢) (i.e. the orbit) and is independent of
the initial point p.
Let &g, 6, be small non-negative numbers and consider the surface

S(60,61) = {(y,2) € A 0< ~1+y < 61,2 = bo.

Clearly ¥(ég, &) is transverse to the flow and, for fixed é;, can be made to
intersect an arbitrarily large proportion of the orbits asymptotic to p_ by
letting 6o — 0.

Our plan of attack shall be as follows. Take £(é5, &) as a smooth surface
of initial conditions in .. We shall demonstrate a continuous 1-1 correspon-
dence between points on X{ég, 1) and values of ¢ (as defined by (2.80)) on
the interval (0, ¢, (ég)) where ¢, — 0 as ég — 0.

This will immediately prove the first part of the theorem and the second
part of the theorem (continuity) follows trivially from the continuity of the
flow and the coordinate transformations (2.14), (2.43).

Let w = y + 1 then w may be used to label points on (8, 8,) and we
may view Iy, ¢ and ¢ as functions of w on the domain 0 < w < §;. We firstly
demonstrate that c is continuous and 1-1.

For each p = (—1 4+ w, 6) € Z(bo, &), the orbit O~ (p) intersecting p may
be represented by a graph y(w; $). Since no orbits may intersect we see that
if we > un then

y(w2, 8) — y(wy, ¢) > 0 for all ¢ > ¢
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where ¢o = f~1(6p) is the initial value of ¢.
Define the function

C(w; ) = 2(¢,y(w; §))e VT

then c is, by definition, the limit of C'. Taking the derivative of this expression
with respect to ¢ and making use of (2.44a,b) we have

dC 3 :
% = E(y +1)C (2.83)

Also, from (2.46) we may obtain an explicit expression for C'
(Ve
V(e)

It is immediately apparent from this expression that ¢ is a continuous since
the orbits y(w; #) are uniformly continuous in w. Evaluating (2.84) at ¢ we
have

C(w; ¢)* = (1 —y(w; ¢)%). (2.84)

c ¢ = e\/§¢0 )
w; = - — (2w — w*).
Thus C(w, ¢o) is strictly increasing with w.

Consider two points py,ps € E(8g,81) with wy > wy. For convenience we
denote the graphs y and C' along the respective orbits by i1, Cy and ya, Cs.
Taking the derivative of the difference Cy(¢) ~ Co() using (2.83) we obtain

2 3
d%’ (ln %) = \/g(yz(é) —1(d)) >0 (2.85)

where we have used the fact that y, —y; > 0. Integrating from ¢ to oo we
obtain
¢(w1)C2( o)

from which it follows that

c(w,) S Cal @)

A1)~ Ciloe) =
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since C(w; o) is strictly increasing. Thus c is strictly increasing with w and
hence 1-1.

It remains to show that c is onto.

Note firstly that ¢o — oo as § — 0. Thus, by the definition of c as the

limit of C we have for §; sufficiently small;

c(w)? = C(w; ) +h
e\/§¢o 5 q) N () 56)
= —2w —-w")+ 4, 2.8
3V(¢0)(
where @o(8g) — o0 as dg — 0. Note also that ¢ vanishes identically at w = 0.
The range of ¢ on the domain (0, &) is therefore (0, cm (00, 61)) where

etbo

(26,)7.
V(o

cm (b0, 61) =

:

Since V is SED this expression goes to infinity as ¢o — oc. This proves the
result.O

Theorem 2.8 implies that V' is truly dynamically insignificant in the neigh-
bourhood of the singularity p_ in that the family of solutions which asymp-
totically approach p_ are completely characterized by the solution space of
the massless scalar field cosmological model.

2.6 Existence of Inflating Solutions.

Let us now turn our attention to the remaining equilibrium point py. This
will lead us to a brief digression into inflationary dynamics. Evaluating the
derivative of the vector field at this point gives

-1 0
s = (50 )
The eigenvalues are -1 and 0. This implies that there locally exists a 1-
dimensional center manifold Co through po, which is tangent to the z-axis

at po, and a 1-dimensional stable manifold tangent to (and indeed a subset
of) 8Qc,. It follows immediately from Theorem A.7 that any solutions past

(2.87)

65



asymptotic to pp must lie on the center manifold; ie the unique solution I
lying on Cj itself is the only solution which may approach pg in the past.
On Cy we may write y as a function of z. Let y = g(z) where

o0) = L) =0

ie ¢ is at least second order in z (see appendix). Then I, must satisfy
&y _dyds

dr  dzdr

Using (2.47b),

dy g _‘/-
2 -
@ng'm. (2.88)

Equating with (2.47a) yields

f Z9F(2) = —(L = g)g + 5 We(2)). (2.89)

Since g and f' are both second order in z, there exists a neighbourhood V,(0)
of the origin for which |%§‘ and | f’| are less than 1. since ¢> < 1 on Cp (2.89)
implies that on N{(0)

9+ ZWv(2)] < /2lgl. (2.90)

Note also that since V is SED at infinity, Wi-(z) must be either strictly
positive or strictly negative on Cy (except at the origin).

Consider first the case Wy (z) < 0. This will be true when the potential V/
is decreasing at infinity towards some non-negative limit. By (2.90), Wy ( ) <

0 implies that g(z) > 0. It then follows from equation (2.47b) that [— <0

on Cy. Thus po is a sink as shown in Fig. 2.8a. In this scenario no solutions
are past asymptotic to p,.

Consider now the case Wy (z) > 0. This is, perhaps, the more interesting
scenario since it includes all SED. unbounded potentials. By (2.90), Wy (z) >
0 implies that g(z) < 0. It then follows from equation (2.47b) that Z— >0

on Co. Thus I, is past asymptotic to py and pg is a saddle, Fig. _.bl)

66



a) b)

Figure 2.8: po is a sink when Wy < 0 (a) and a saddle when Wy >0 (b).
In the latter case there exists a unique solution asymptotic in the past to po.

Theorem 2.9 Let V € £]. At most one solution is past asymptotic to po.

If Wy () > 0 for ¢ sufficiently large, then there exists exactly one solution
asymptotic in the past to po. This solution, I, corresponds to a horizon free
cosmology.

Proof:

The above discussion has established the existence of I, and the fact
that it is past asymptotic to pg. The uniqueness of I, (and of Cy) is a trivial
consequence of Theorem A.7 (see Remark 2) since a given choice of I, must
lie on all center manifolds of pp. It remains to show that it 1s horizon free. Let
proper time ¢ tend to {; as 7 — —oc. Particle horizons exist for co-moving
observers at time ¢ if and only if the definite integral

t] ;
()= | ~at (2.91)

exists [16]. Changing time parameterization and making use of (2.14) and
(2.15), remembering that v = a® we have

S
!(t):c/ e zdr. (2.92)

-0

Now, since Io(7) — p, as 7 — —oc it follows that y — 0. Hence forall 6 > 0
there exists 7y such that y* < § for all 7 < 7. Equation (2.18a) therefore
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implies that for = sufficiently negative

dz
E < dx.

Thus, if 7 <™y
z < roe’t.

Thus - 1
I(t) > %(U-+‘/' e~ (3807 4,

Clearly the integrand diverges as T — —oco for all § < 3 so we have the result.
O

Theorem 2.9 is implies that non-trivial horizon free solutions exist for
all models characterized by unbounded &% potentials. This, to some extent,
explains the ease with which we may cook up exact norizon free solutions
by a judicious choice of potential. Whether or not I, is singularity free will
depend on the behavior of the graph g(z) which, essentially, depends on the
function Wy (¢).

Observe from the proof of Theorem 2.9 that a necessarv and sufficient
condition for any solution to be horizon free is that y? < % in the neigh-
bourhood of the past boundary of space-time. This condition corresponds
precisely to violation of the Strong Energy Condition as can be verified by
writing {1.23) in terms of z,y and : and eliminating ¢ and z via the con-
straint equation (2.46). In fact as y — 0 the equation of state approaches
p=-p

Violation of the Strong Energy Condition has been used by Barrow as
a definition of inflation [54]. Applying this to the present case. we may say
that I, is inflating for all ¢ sufficiently large that g(z)* < 3. (This is true in
general, for both positive and negative Wy ).

The importance of [, lies in the fact that Cy is an exponential atiractor
in phase space for sufficiently large ¢. I therefore approximates the general
inflationary dynamics of the system. For systems with Wy < 0 this follows
immediately from Theorem A.8 in the appendix, the resulting inflationary
dynamics is perpetual (ie it lasts forever) and is closely related to the power
law inflation exhibited by exponential potentials. For potentials such as
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7!, which decay to zero, this is rather counter intuitive since the matter
approaches the asymptotic equation of state p = —p as V(¢) — 0.
When Wy > 0, po 1s unstable and we must be more precise.
Define the function
8(y,2) =y —g(2).
8(p) = 0 if and only if p € Cj so é gives a measure of the distance of a point
in . from Cj.

Theorem 2.10 Let V' € £2 with Wy(9) > 0 for ¢ sufficiently large. Let
(y(7),2(7)) be a solution of (2.47) with (y(0),2(0)) = (yo,20) and denote
8(z0,Y0) by bo. For all 0 < v < 1 there exists a neighbourhood N, of py such
that for all (yo,20) € Ny;

6(1) < boe™" for all T € I(yo, 20), (2.93)
where
I(yo,z0) = {r < 0: (y(n),2(n)) € Ny for all 0> n >7};

te solutions in N, exponentially decay onto h(z) as long as they remain in
N

v

Proof:
By explicit differentiation we have

é‘_ dy dgdz
dr dr dzdr

d dg -
= 23PN+ g) (2.94)

where I have used (2.47b) and the fact that y = 6 + g. Substituting (2.47b)
and (2.89) into the above expression we find, after a little rearrangement

ds ; 49 ¢
7 = (1439 + FW g() - I ()8

+(39(2) + 71§va (2))6* + 6°. (2.95)

Since g, f' and Wy are all second order in z it is clear that for any0 < v <1
it is possible to choose z and § sufficiently small that (2.93) holds. This proves
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the theorem. O

We can make a a considerably stronger statement about the attracting
nature of the center manifold Cy if we concede some generality in our choice
of potential. Firstly we make some definitions. Define ¢; to be the smallest
value of ¢ for which 0 < Wy (4) < V2 for all ¢ > ¢;. Define the coordinate
transformation z = f(¢) on the domain [¢7, 00) with f(¢r) = 2 and let
be the set . : ¢! = ¢;. Oy is well defined since Wy is well defined and
non-zero on this domain.

We shall interpret {; as the region of (positive ¢) phase space for which
V is flat enough for a physically interesting inflationary phase to occur. The
following theorem makes this precise.

Theorem 2.11 Assume that V' satisfies the conditions of Theorem 2.10 and,
in addition, Wy is monotonic increasing on Q. Then the following is true.

i) Cy bisects Qp with g(2)? < % for all z < zp.

it) For all initial points (yo, z0) € Qs there exists a positive constunt v < |,
depending only on yo, such that (2.93) holds with N, = Qp (ie as long as z(7) < 2
In particular if y2 < L then v > z

Proof:

%
Assume that i

> 0. Since g(z) £ 0 on some neighbourhood V;(pg)

dz
any neighbourhood N(pg) C Ny(po) must contain some value of z for which
d : .
—‘(i < 0. It follows from inspection of (2.89) that such a point must also have

~

g+ I/I—EDVV > 0. Now,

d 1 11/ _ ‘/§(1 _gZ) 1 117 1 (H’VV
E(g + Wy ) = —W(Q +7zZWr )+ B

If we set g + %PVV = 0 then the first term on the right hand side vanishes
whilst the second term on the right hand side is clearly non-negative. It fol-
lows that if g+ 7131/171/ > 0 for some 2 = zq then it must remain non-negative
for all z > 2. Since such a zg exists on all sufficiently small neighbourhoods
of the origin we have

g+ =Wy >0 forall z < =, (2.96)
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provided that g exists for all z < z;. This in turn implies, from (2.89), that

%'- and g are negative functions on the domain of A. Since g # 0 (2.89) also
z

implies that ‘g is finite as long as Wy remains bounded. It is therefore
2 :
possible to extend the domain of ¢ to include all z < z;. Since g < 0 and
Wy < 0 it follows immediately from (2.96) and the definition of z; that
g® < 3 for z < z; thereby proving the first part of the theorem.
Using (2.89) we may rewrite (2.94) as

E = [l ge) + 25 4 7
dr
fe g® _
+(2g9 + ( fzy ) + 6)g(=)y + \/-1—-6-1va (z))] 8
= a(y,=2)d (2.97)

From (2.96), the condition that —-715 < g < 0 and the observation that |§] < 1
it 1s easily seen that

a(y,z) < =l +g(2)* +29(z)6 + 6% = ~1 +y* < 0.

[nspection of (2.47a) reveals that close to y* = 1, [y| is monotonic decreasing
provided Wy (z) < V6. Therefore, on Q. for each initial value yo there
exists some positive constant v such that a(y,z) < =1 + y* < —~. It follows
immediately from (2.97) that

6(r) < doe™ .

It remains to be shown is that y > 2 for yf < L Set y? < 1 then clearly

a(y,z) < 2. We need to show that 32 < 3 is sufficient to guarantee that
y(m)? < 1. It is clear from inspection of (2.47a) that this is true for y > 0.

For y < 0 it will be true if y + :}G-Wv 1s always negative at y = —% te if -

Wy < /2. Since this is true on §2; by definition, the theorem is proved. O

‘Theorem 2.11 allows us to uncover the dynamical structure underlying
mflation in models for which the potential is not constant. It asserts that for
models, such as the massive scalar field, where V'/V decreases monotonically
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to zero there exists a (locally) unique solution, Io,, which violates the strong
energy condition as long as Wy < V2 and which is an exponential attractor
for a generic class of solutions. I is the natural counterpart of de Sitter
space which is an attractor in the vacuum Einstein equations with positive
cosmological constant (or scalar field models with constant potential).

Inflation may therefore be understood as a manifestation of the existence
of such a solution. In particular, a model may be said to exhibit inflationary
behavior if and only if it possesses an attracting solution I(¢) which violates
the Strong Energy Condition on the domain for which it is attractive. For
any given solution the inflationary phase of evolution may be defined as the
period during which it is approximated (to within some designated error)
by such a solution. It is significant that during this period the dynamics of
the solution may be modeled by I, effectively independently of the initial
conditions.

The fact that I, exists under such general conditions clearly demonstrates
that inflationary behavior is a generic feature of scalar field cosmologies.

Unlike de Sitter space it is not possible in general to obtain an exact an-
alytic expression for /. Furthermore, it can not be guaranteed that 7., will
violate the Strong Energy Condition for all time and consequently Theorem
2.10 is a much weaker form of no-hair theorem than those proven for positive
cosmological constants.

For arbitrary initial conditions in ; a solution mayv not have sufficient

ta%me to decay onto Cy before exiting Qj, particularly when y < 0 so that
z dz

o > 0. However, — is at least of order z2. This means that z grows very
- )
slowly compared to the rate of decay which is exponential. For any y,, it is

always possible to choose a z,, sufficiently small that for all 2o < z,,, y2 < y2
the solution approaches arbitrarily close to Cy before exiting ;. This ensures
that an open set of solutions will undergo inflation.

2.7 Example: Inflation With a Power Law
Potential.

The following example illustrates some of the ideas above.

~3
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Let us return to the special case

V(g) = ;¢"

Then the solutions obey equation (2.51). From Table 2.3.2 we see that 27 =
V/2/n so Q corresponds to the region of phase space satisfying ¢ > n/v2.
We wish to find an approximate solution for y = A(z). Put

y = g(z) = az* + 0(2%), (2.98)
then differentiating with respect to 7 and using (2.51b) gives

dy 7
2= —a?\/2:8 4 O(=7). (2.99)

Equating (2.99) with (2.51a) and using (2.98):
(a + i) 22+ 0(2%) = 0.
V6

Thus a = "%' Repeating the procedure for higher orders we soon find

9(z) = 7

We can obtain an approximation to [(7) and thereby solve the inflationary
dynamics of the model by substituting (2.100) into (2.51b) with y = g(z) to
obtain the approximate differential equation

224 0(z7). (2.100)

dz _n g
dr 6
Upon integration this yields
2(r) = ——2 (2.101)
(1 - 2nzir)e

where (2o, ~(20)) is any point on Co. The approximate solution for y is just

nzl

V(1 — Znzdr)s’
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We can go further and write I, in terms of the proper time. Rearranging

(2.46) we have X

2 _ 1— 2
S 7O
which, to leading order in z, reduces to
I L
TR

where we have used the fact that V(z) = A/nz™?". Using (2.101) and the
definition of 7 we may integrate z to obtain a first order expression for ¢ as
a function of 7.

Jn—drr 2, 4.\1-F . .
p = ] ax (1= 3nzT) n # 4 (2.102)
—czIn(l — dazor) n=4

V3 3
= —,—'_— C2 = e

Observe that for 0 < n < 4, ¢t —» —o0 as T — —oo whereas for n > 4,
t — 0 as 7 — —oo. Thus I represents a singularity free cosmology if and
only if 0 < n < 4. For larger values of n it has a singularity but no particle
horizon. It is now a straitforward matter to obtain approximate expressions

for ¢(t), ¢(t) and K(t). For n # 4 we have

¢y

-

o0 = (£)7

n

HY = 3: (ff)r (2.103)
00 i = -7 ()7

Similar expressions can be found for n = 4.

In the special case n = 2 the power law potential may be interpreted as
a massive scalar field of mass m? = A and the solution (2.103) in the above
example becomes

b= _\/gmt b= _\/gm R = —m? (2.104)
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which agrees with the approximation to the inflationary seperatrix of the
massive scalar field originally found by Belinski et al [28]. Furthermore, it we
put m = 1 then the asymptotic solution (2.104) is precisely the the exact sin-
gularity free solution to the quadratic potential {1.72} { which approximates
a massive scalar field when ¢ is large) introduced in chapter 1 as an example
of a singularity free scalar field cosmology. Similarly, it is easy to demonstrate
that the asymptotic solution for n = 4 with A = 3/16 corresponds exactly to
the singularity free solutions for the quartic potentials (1.75) discussed in the
same section. We are thus able to account for these solutions as inflationary
seperatrices in models closely related to but slightly more complicated than
#? and #* power law potentials. The lower order corrections to the potentials
allow I, to be exactly integrated. These solutions are guarantieed by Theo-
rem 2.10 to be exponential attractors within their respective models and are
therefore of considerable interest as models of inflation, but not, apparently,
for their past asymptotic properties. In the next section we complete the
proof that all singularity and horizon free solutions of SED potentials are
doomed to this same fate.

2.8 Existence and Nature of a Space-Time
Singularity

Based on the analysis of the previous sections we are now able to construct
a phase portrait of the system (2.47) on Q.: Fig. 2.9 and 2.10 for the cases
Wy (z) > 0 and Wy(z) < 0 respectively. These phase portraits provide an
accurate summary of the qualitative behavior and in particular the topolog-
tcal structure of the system near ¢ = oc. In order to complete the analysis
of the global system it is, of course, necessary to also look at the hehavior
near ¢ = —oc. This can be done easily by observing that the equations (2.1)
are invariant under the transformation

(6,9) — —(6,9) Vi— U (2.105)

where U(¢) = V(—¢). Thus, for a particular potential V', the behavior of
solutions of {2.1) near ¢ = —oc is equivalent (except of course for the sign of
®) to the behavior of the system near ¢ = oo with the alternative potential {/.
Provided that U/ is in £2, the proceeding analysis on €, can be applied (for
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Figure 2.9: Schematic representation of the flow on Q. for Wy > 0.

a suitable choice of ¢€). The correct solution can subsequently be obtained by
making the transformation (@, @) — —($, d). In what follows, I will refer
to a potential V' as class £ SED at +oo if V and U are both class & sub
exponential at infinity and I shall denote the set of all such potentials £*.

The following theorem concerns the existence and nature of a space-time
singularity for solutions of the general system (2.1). It is the main result of
this chapter.

Theorem 2.12 Let V be a £* potential, then almost all solutions of (2.1)
possess an 1nitial singularity at some finite proper time which may always
be chosen ast = 0. Furthermore, there exists a continuous [-1 correspon-
dence between these solutions and the solutions of the massless scalar field
as follows: For each ¢ > 0 there exists exactly two solutions of (2.1) (one for
each choice of sign below) which, sufficiently close to the singularity, may be
written

K = t7'+0(eE(t))
b i\/gln-tc-JrO(te;—ﬁ(t)) (2.106)

b = /U4 0(eE(t))

I

where

(1) = tV(+/ZIn é)
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Figure 2.10: Schematic representation of the flow on {2, tor Wy < 0.

— 0 as t—0. (2.107)

The class of solutions thereby generated constitute almost all solutions of

(2.1).
Proof:

Note first that the two disjoint subsets of the asymptotic solutions (2.106)
are mapped onto one another under the transformation (¢, ¢) — —(¢.¢). It
follows from Theorems 2.7 and 2.8 that the theorem will be true if almost
all solutions are past asymptotic to p_ or its counterpart at ¢ = —oo, which
may be constructed via the transformation (2.105) since V € £2.

Let p = (Ko, ¢o, ¢0) be a point in Q and let ¥, : R — Q be the unique
solution of (2.1) passing through p, with p = ,(0). Let O~ (p) be the past
orbit mapped out by ¥,. By Theorem 2.3, |#| is unbounded on almost all
orbits. Assume that O~ (p) is not exceptional in this respect, then ¢ either
approaches +oo or it approaches —co (or both), to the past of p.

Assume ¢ approaches +oco. Then the intersection of O~ (p) with Q. is
non-empty for all € > 0. Since V € £? there exists a ¢o > 0 on which the
conditions of Definition 2.2 hold. Choose ¢ < ¢3! and select the coordinate
system (2.43) (with appropriate choice of f) on (.. Furthermore, ¢ may be
chosen sufficiently small that the center manifold Cy bisects €2, as in Fig. 2.9
and 2.9. The function Wy (z) is either positive definite or negative definite
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on .. Let us consider these two cases separately.
i) Wy > 0:

Firstly, note that Cp lies to the left of the z-axis. Let p; € O~ (p) N Q..
From Fig. 2.9 it can immediately be seen that if p; lies to the left of the
center manifold Co, ¥, 1s past asymptotic to p_.

Assume that 1, 1s not past asymptotic to p_, then it is clear from Fig. 2.9
that O~ (p) N Qe must lie entirely to the right of Co. Furthermore, O~ (p)N Q.
is the union of a discreet set of line segments, O; C O~ (p), as shown in Fig.
2.11. Associated with each O; are two points p;,¢; € 9Q,, and times ¢; < s;

Figure 2.11:

such that ,(t;) = p; and ¥,(s;) = ¢;. p: and ¢; represent points where the
trajectory enters and leaves Q. respectively. By continuity. ¢ is bounded on
each individual O;, thus {O;} must be an infinite sequence. Introduce the
time ordering

>t > . Sty >t > ... (2.108)

Then as 7 — co, O; must asymptotically approach the line segment
O =CoNQ + 90, +0Q.,

where 9Q is the segment of 9Q,; to the right of the z-axis (See Fig. 2.11).
That O is the limit set of {O;} can be seen from the following argument.
Consider some i > 1 then by (2.46)

z(pi)? = (1 —y}) (2.109)
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where ¢ is a constant, independent of ¢, and y; is just the y coordinate of p;.
Since z is a monotonic increasing function of time, bounded below by 0, it
follows from (2.109) and (2.108) that {y;} is a bounded monotonic sequence

and that
lim y; = 1. (2.110)

—0
Thus p; asymptotically approaches 9§.4. [t foilows from continuity, that O
is the limit of {0;}. We can now see immediately that

lim ¢; = ¢, (2.111)

where ¢, is the intersection of Cy with the boundary, 9Q.,. Substituting the
above limits into (2.46) we find
lim z{p;) =0

and
lim z(gi} = z(qc) > 0.

Thus no limit exists for z on O;. But this is a contradiction since z is
bounded and monotonic. Therefore, we have shown that 1,(t) is past asymp-
totic to p_ as required by the theorem.

i) Wy < 0:

Choose ¢ sufficiently small so that p lies outside of {2,. Then, there exists
some t; < 0 for which ¥,(t;) € Q.. Since trajectories may only exit Q. to the
left of the z-axis and this subset of Q. is past invariant (since j—:% > 0 along
the line y = 0) it is clear from Fig. 2.10 that v,(¢} must be past asymptotic

at the singular point p_ in accordance with the theorem.

We have shown that the theorem holds for orbits on which ¢ is unbounded
above. If ¢ is indeed bounded above then by assumption it must be un-
bounded below. [f we make the transformation ¢’ = —¢, the proceeding
argument holds for the system (K, ', #') and the theorem is proved. O

It is remarkable, given the apparent diversity displayed by exact solutions,
that the asymptotic behavior of FRW scalar field cosmologies s, to such
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a large degree, independent of the form of the potential. We have seen
that horizon free and singularity free solutions are abundant in scalar fieid
cosmologies In the sense that they always exist in a large and natural class of
cosmologies and rare in the sense that in any given model they are not generic.
The general picture that has emerged conforms very closely to the original
results of Belinski et @l [28] for the massive scalar field. If one is to construct
generic horizon free solutions then clearly they must arise either in models
with very steep potentials or in more compiicated space-time structures.

It 1s possible to generalize Theorem 2.12 somewhat by relaxing the con-
dition that Wy — 0 as ¢ — oo to the weaker condition that Wy — A. where
A is a constant such that A < /6. This includes a large class of exponen-
tial potentials and, in fact, contains all exponential potentials which exhibit
power law inflation. This added degree of generality has been excluded from
the above considerations since its inclusion would have made the discussion
considerably more lengthy. The analysis however is essentially the same as
for SED potentials. We shall see explicitly that this is true for very simple
exponential potentials in the next chapter.

As a final note, it is worth commenting that much of the power of the
dynamical systems approach lies in the ease with which more complex cos-
mological models may be incorporated into the system. The coupling of
the scalar field to a perfect fluid with fixed equation of state p = +p (with
0 < v < 2), for example, is a relatively straitforward matter. One finds that
the situation is essentially the same as that found above. with the scalar field
dominating the asymptotic energy density. Similarly, the coupling of several
scalar fields ¢; does not seem to significantly alter the above conclusions.
although, the phase space structure of a multi-component scalar field cos-
mology is significantly more complicated and has not been anaivzed in detail
by the author.



Chapter 3

An Exponentially Steep
Potential Well

3.1 Introduction

Although SED potentials clearly represent a natural and general class of
models they are by no means the only potentials which are of interest phys-
ically. I have mentioned a number of times that scalar-tensor theories and
higher order theories of gravity often give rise to effective scalar field cos-
mologies with exponential type potentials. In fact, since we have no direct
experimental evidence of physical fields at energy densities comparable with
those of the early universe we really have no idea at all what form physical
potentials might take for large values of ¢ (assuming the system can actually
be modeled by a quasi-linear action (1.1)).

It is therefore natural to ask whether singularity free or horizon free cos-
mologies can arise for potentials which are not SED. In particular, we might
expect that a very steep potential well could inhibit the divergence of the
scalar field, thereby slowing down the gravitational expansion and resulting
in singularity or particle horizon avoidance.

[ claimed (without proof) at the end of the last chapter that it was pos-
sible to extend Theorem 2.12 to include exponential potentials for which
limg—to < V6. It is easily demonstrated that it is impossible to go any
further than that: Substituting the asymptotic expressions (2.106) into the
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constraint equation (2.2) one obtains

where, as usual, » indicates terms of higher order. In order for this expression
to be consistent one requires

t
] 2 2 - =
%1_1}315 1% (:I:\/;ln c> 00.

i.e.

VRl () —
¢£Iglooe V(é) =0.

In other words, for the massive scalar field to be a consistent asymptotic
approximation of a scalar field model the potential must diverge slower than
e~ VoIl Exponential potentials therefore seem to accommodate a kind of
transition between SED type behavior and some other qualitative regime.

In this chapter we examine the behavior of very steep potentials by means
of an interesting example.

3.2 The Model and Dynamical Equations.

As in the previous chapter we shall confine attention to spatially flat FRW
space-time. The simplest example of a potential which is neither SED at
infinity or negative infinity is an exponential well of the form.

V(6) = ae'® + be .

where a,b, A and p are positive constants. For simplicity I will confine atten-
tion to the case where a = b =1 and A = y so that

V(g) = M + e, (3.1)

By increasing A we shall be able to investigate how the qualitative behavior
of the system changes as the potential well becomes increasingly steep. The
analysis for the more general potential is similar and the conclusions are
essentially the same. Firstly, we introduce the coordinates (2.13) and the
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usual coordinate time 7 (2.14). The field equations with the potential {3.1)
are, using (2.16),

dx
dr
dy
dr
d¢
dr

= yzx

= —y—3az’(e/®* ~ g~ VEat) 1 4B (3.2)

=V

where a = 7)‘5. The constraint equation becomes

y? + 3a2(eV5e8 4 eVE9y = |, (3.3)
Let us now define the variables
p=3e Vit ¢=y (3.4)
then the constraint equation may be written
Phg=1- pzew@cxas_ (3.5)

Substituting (3.4) and (3.5) into (3.2) we obtain

d
EE = —apq+pg°
T
4 ¢ +ag® —¢— o+ 2ap’ (3.6)
dr

These equations constitute a 2-dimensional dynamical system on the p-g
plane. The physical phase space {2 may be represented, according to (3.5),
by the imbedding @ = {{p,q) : p* + ¢* < 1,p > 0}. In other words, all
physical trajectories lie on the intericr of the unit disc to the right of the
g axis. The unphysical boundary €1 is a closed curve consisting of the
union of the smooth arc 3% = {(p,q) : p* + ¢* = 1,p > 0} and the line
segment 003 = {(p,q) : p = 0,|¢] < 1}. The asymimetric appearance of
0% is a consequence of the positive exponential term in the definition of the
coordinate p and is not a physical property of the system itself. In fact it
should be pointed out that 00; maps onto dQ; under the transformation
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(&, ¢) — —(¢, <p) O corresponds to the infinity of the expansion /. In
order to see this define the function

H(p,q) =p°(1 - p* = ¢%) (3.7)

Clearly H is strictly positive everywhere on { and vanishes identically on
0. From (3.5) and (3.4) we see that

H= p“‘ez\/éa"5 = 9z*, (3.8)

Thus 99 is just the set of all points for which @ = 0 which is by definition
the infinity of K. Evaluating the directional derivative of H along the flow

using (3.6) we find

which is non-negative everywhere on the interior of 2 . In fact the derivative
of H with respect to 7 is strictly positive everywhere on the interior of

except where ¢ = 0. Observe also that — = 0 on JQ? indicating that the

boundary is an invariant manifold (tangégt to the flow). No physical tra-
jectories can therefore cross 99 into the unphysical domain beyond. Since
() is compact all trajectories must possess an a-limit set which is invariant
under the flow. Since H is monotonic, any limit point must have l—ll—i—j— = 0.
Therefore, all limit sets must be subsets of either d) or the line ¢ = (().I From
(3.6) the only invariant subset of ¢ = 0 is the equilibrium point p; = (:% 0)'.
However this point is a local maximum of H as is easily verified by evaluat-
ing its gradient. Since H is monotonic increasing, no solutions can be past
asymptotic to py other than the steady state solution on p; itself. It follows
that the a-limit sets of all other solutions lie on the boundary 9.

By the time reverse of the above argument it is clear that all solutions,
with the exception of those unphysical solutions lying on 9Q are future
asymptotic to p,.

The future asymptotic set p; represents a vacuum de Sitter space-time
with constant expansion K = /6 and ¢ identically zero. This is consistent
with what we would expect for a scalar field cosmology with non-zero vacuum
energy.

"In order to avoid confusion points on the {p.q) plane will be labeled in hold print.
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To summarize, it has been established that (almost) all solutions originate
near 90 and subsequently evolve towards the global attractor py (which
represents de Sitter space) as ¢ — oo. Let us now examine the behavior of

the system on and near Jf) in more detail.

3.3 The Behavior Close to 0f).

There are a maximum 4 equilibrium points of (3.6) lying on 9. These are
(+/(1 —a?),a), (0,1), (0,—-1) and (0, —c), which I shall label py, p4+, p- and
p2 respectively. Observe that p; and p; only exist as distinct equilibrium
points on 0QY when o < 1. For values of o greater than or equal to one, py
are the only equilibrium points. In order to investigate the behavior close
to p+ equations (15) and (16) can be linearized about these points. The
linearized system is:

& 10
j—i = 2(l+a)¢Fl) (3.11)

The solution to the linear system is
p = poellF7 g = 1 F bpe2(1E)7 (3.12)

where py and §y are positive constants.

3.3.1 The Flow For o < 1.

When a < 1 both exponential terms have positive coefficients indicating that
P+ are sources of the linear system and therefore, by the Hartman-Grobman
Theorem (A.3), of the non-linear system also. Since the unphysical solutions
on 0 move away from psx towards p; and p, (in the forwards time sense)
these points each must possess local stable manifolds, which are subsets of
09Q. However all physical solutions asymptotically approach p4 in the future.
P1 and p; must therefore be saddles (see appendix). This can be seen more
clearly from inspection of the geometry of the flow as illustrated in Fig. 3.1.

( An alternative way to verify that p; and p, are saddles is by linearizing (3.6)
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Figure 3.1: Sketch of { showing all possibie equilibrium points. direction
of the flow on the boundary, and some typical trajectories. Trajectories on
the boundary are future asymptotic to p; and p2 but all trajectories on the
interior approach pq.

about these points but this exercise shall be left to the reader who remains
unconvinced). With the exception of the 2 solutions past asymptotic to py
and p; respectively, and the steady state solution lying on pg. all physical
trajectories must asymptotically approach either py or p- as 7 — —0 as
indicated in Fig. 3.1.

Using the fact that 1 — ¢° decays exponentially to zero as 7 — —oc we
may integrate (3.9) to obtain a first order expression for H:

i = ng‘”

and hence
T = rge".

Using (2.13) we obtain a first order expression for #:
t = zge’.
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Observe that ¢ — 0 as ¥ — —cc indicating that py correspond to space-time
singularities. Using the definitions of z and ¢ we thus obtain the asymptotic
solution for K and ¢ in the neighbourhood of ¢ = 0:

K:% g&:i\/:— (3.13)

2t
b= i\/;lnz. (3.14)

This is, of course, the general solution for the massless scalar field. We thus
conclude that when a < 1, ie A < /B, the potential V is not dynamically
significant near the singularity. This is precisely the behavior we would
have expected from the simple calculation in section 1 for potentials that
go to infinity slower than exp(v/66). In fact, the topological structure of
the solution space seems to be identical to that for a SED potential well
with non-zero vacuum energy. All s solutions emerge from the sources pi
except for the seperatrices [, or I, which we define as the unique solutions
past asymptotic to the saddles p; and p; respectively. By analogy with with
the SED case we may infer that these solutions characterize the inflation in
the system. (It can be easily verified that the behavior close to p; and p»
1s approximated by the power law solutions derived in chapter 1. However
this behavior is only inflationary when a® < } since this condition ensures
that the square of the ¢ coordinates of py and p. are less than 3 which is
necessary and sufficient for violation of the Strong Energy Condition.)

and upon integration of ¢

3.3.2 The Flow For oo > 1

Let us now consider what happens when o > 1. As we demonstrated at
the beginning of this chapter, the potential in this case becomes too steep
for the solution with V' = 0 to be consistent as an asymptotic solution. In
more physical terms, the gravitational expansion is unable to dominate the
scalar field self interaction in the initial expansion phase of the universe. For
expediency, we shall assume in what follows that o > 1. The special case
a = 1 differs in the details of analysis, but the qualitative features of the
solutions turn out to be essentially the same.
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The only equilibrium points possessed by the system when o > 1 are py,
p- and the sink ps, . Inspection of (3.12) reveals that pL become hyperbolic
saddles in this regime.

The only solution past asymptotic to p_ is the unphysical trajectory v
which emerges from p_ at 7 = —oo and proceeds anticlockwise along 9,
(the unit circle), reaching p; at 7 = co. Similarly, the only solution which
originates at p4 is the unphysical trajectory 42 which emerges from py at
T = —oo and proceeds along 9, (the g-axis), approaching p, asymptotically
as T — 0o0. The union of vy, 72 is a closed heteroclinic cycle v, on J€2 which
forms a limit cycle for trajectories on the interior of Q. That is, as n — —c0
a typical trajectory will approach 9, spiraling clockwise (in the reverse
time sense) an infinite number of times. The solution will asymptotically
approach the non-physical solutions v; and v, but unlike these will always
avoid the equilibrium points p; and p- and will continue to spiral around
00 ad infinitum. Fig 3.2.

Figure 3.2: Sketch of Q2 for o > 1 showing the solutions on the boundary and
a typical solution on the interior. The points py are saddles and therefore
unstable, but solutions must approach the boundary so the union of solutions
on 0f2 forms a limit cycle.
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In order to interpret these results recall firstly that, from (3.7) and (3.9),
H monotonically decreases to 0 as 7 — —oo and hence the expansion K
diverges monotonically to infinity. The asymptotic periodic behavior of the
trajectories must therefore represent oscillations of the scalar field ¢. Inspec-
tion of (3.5) indicates that ¢ = —oo on the semi-circle 9€2;. It follows from
symmetry that ¢ = oo on 0;. As the gravitational expansion diverges to
infinity ( and correspondingly the scale parameter a tends to 0) the scalar
field oscillates about ¢ = 0 with the amplitude of oscillation increasing for
each successive cycle, asymptotically diverging to infinity.

No asymptotic equation of state is satisfled by the scalar field. In the
“corners” of {2, close to the points ps, the equation of state is approximately
p = p since ¢* ~ 2K? which implies, via (2.2) that ¢* >> V(¢). This
corresponds to the period where the scalar field is close to the bottom of the
potential well.

Close to the g-axis, on the other hand, the equation of state is approxi-
mately p = —p since é ~ 0 whilst V(¢) > 2. This corresponds to the scalar
field reaching the top of its roll before accelerating down the potential well
again. The asymptotic behavior of the space-time may therefore be char-
acterized by an infinite sequence of “stiff” phases, punctuated by de Sitter
phases. During the de Sitter phase the matter violates the Strong Energy
Condition.

3.4 The Existence of a Singularity and Par-
ticle Horizon

Since an infinite number of physical cycles of the scalar field occur for the
case a > 1, it might reasonably be expected that an infinite interval of proper
time must also elapse since the oscillations of the scalar field could be used
as a natural physical clock which would measure an infinite time interval to
the past of any space-time point. If this were the case then the space-time
would be non-singular for all physical solutions. It turns out however, that
the oscillations pile up on each other and a space-time singularity is indeed
reached after a finite time interval.

In order to show this we must estimate the proper time that elapses to
the past of some arbitrary initial point pg, on the trajectory ¥p,(7). Since
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all trajectories are asymptotically tangent to the boundary 99 it will be
sufficient to restrict attention to initial points lying in the set Lo = {(p, ¢) :
gq=1—¢, 0 <p< e} where € > 0 may be chosen arbitrarily small.

Before proving that space-time singularities and particle horizons exist
for all solutions it will be convenient to prove the following lemma;

Lemma 3.1 For all 0 < n < 1 there exist positive numbers € and p,, such
that if zo = (po,1 — €) 1s in 8o and po < pm then

H(p, (7)) < Hoe'™ (3.15)
to the past of po, where ¥y, (7) is the unique trajectory of (3.6) passing through
Po U)Zth ’l/)po(O) = po.

Proof: Integrating (3.9) backwards in time from 7 = 0 to some earlier time
T we obtaln

H(rs) = Hpexp [—4/; q-sz} : (3.16)

Let £y = {(p,q) € @ :p =¢ 1 —¢ < €}. As can be seen from Fig.
3.3, the set ¥; + I encloses a box, QF, of area ~ ¢* in ) around p,.
Another box, 27, can similarly be constructed around p_ by defining the sets
Yo={(pg) €EQ:p=cl+g<e}and T3 ={(p,q) : ¢=—1+¢ 0 < p < ¢}

Let I be the time interval [7f,0], then for a given trajectory yp, we may
write | = [, U I, where I. = {r € [ : ¢p(7) € QF} and [, = {r € I :
Upo (T) € N}, We thus have

0
/q2dT = fquT+/ ¢dr (3.17)
Tf 1’.-, [b

> 1 q*dr. (3.18)

From the definition of I,

| ddr = J a=o(e)ar.

I

Fix n and let m be any number satisfying n < m < 1. Then for ¢ sufficiently
small we have;

0
Qdr >m | dr. (3.19)
T I.
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Figure 3.3: The box Q2F. On each successive cycle in the reverse time di-
rection the trajectory intersects the box for a finite period of time coming
progressively closer to the boundary of (2 (the arrows indicate the direction
of the flow in the forward time sense ).

In order to complete the proof we must show that by choosing pg sufficiently
small, the ratio of f; dr to [; d7 may be made arbitrarily close to 1.
According to (3.6) p evolves according to the equation

dr np = —agd+gq
< l4a (3.20)
since |q| < 1. Therefore if 7 < 7, we have
1n§—1 <(1+a)(n —7), (3.21)
2

where p1 = p(71),p2 = p(r2). The parameter time A7 needed for a point
Po = (po,1 —€) € Zg to flow through QF and reach ¥, must therefore satisfy

! 1 ¢ 99
l+a @ YA (3.22)
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The modulus sign is necessary because we are tracing the trajectory back-
wards in time so At is negative. As pg — 0 , AT — —oco. Thus A7 may be
made arbitrarily large by choosing po sufficiently small.

Since p, is past asymptotic to the limit cycle v;, the intersection of the
past orbit O5 with the lineg=1—¢ (which contains ¥g) must contain an
infinite number of points in addition to pg itself. If p; is any such point then
substituting ¢ = 1 — ¢ into (3.7) and using the monotonicity of A (3.9) we
must have p; < po, where p; and pg are the p-coordinate values of p; and pg
respectively. In other words #p, must intersect Y. again after 1 complete
cycle of 02 and the point of intersection p; must have a p-coordinate value
p1 which is smaller than po. It follows that ¥p, passes through the box QF

on each successive cycle and the time interval A7} to traverse QF on the n'*
cycle obeys the inequality;
1
AT = In|— (3.23)
a+1 Pn
1 €
> In (= (3.24)
o+l Do

Similarly, defining A7 to be the time taken for ¥p, to traverse the box Q-
on the n' cycle we find from (3.21) using an identical argument to that above
that

il €
AT~ > — . 3.9
Iml_a+1m<m) (3.25)

where p, is the p coordinate of the intersection of ¥p, with £3 on the nt* cycle
(by the n** cycle I mean, precisely, one complete circuit from (p, — 1,1 — €) €
Yo to (pn, 1 —€) € Xp). Recalling the definition of H and using the fact that
q* takes the same value on £ and &3 we have for any point on ¥y or I3 that

H? = (26 — €*)p* + O(ep*). Since H is monotonic it follows that for ¢ chosen
sufficiently small , < po. Therefore,
SR 3.26
n|—j. 3.2

Let us now consider the parameter time A7 taken for a point on ¥; to
reach ¥; under (3.6), close to the semi-circular boundary 99Q;. That is , the
time taken to flow backwards in time from the top box QF to the bottom

|Ars| >
o
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Figure 3.4: The parts of the solution flowing between the boxes QF and Q7
approach the restrictions of y; and v, to finite time intervals.

box Q7 (Fig. 3.4). By continuity, A7 approaches the (negative) parame-
ter time interval which the asymptotic solution v, takes to map the point
(e,V/1 —€?) € &y to the point (e, =1 — €?) € ¥,. This interval is finite.
Therefore, the time interval to go from X; to ¥; must approach a finite
(negative) limit. Its modulus must therefore possess a finite upper bound ;.

Let A7l be the time taken for ¥, to go from £; to £, on the n** cycle.
Then we have

Ayl < (3.27)

Similarly, if A72 is the time taken for ¥, to go backwards in time from ¥
to o on the nt* cycle we have

AT < 7 (3.28)

For some finite number 7.

Now, Since 9z, is incident on Xy and hence, initially flows through ar,
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it follows from the inequalities (3.24), (3.26), (3.27) and (3.28) that

[ dr 1 ( € )
e > In|{—
Iy, dr (e +1) Po
where 7. = max(ry, 2). Choose

 ex [__<+_1>}
Do = €exp (’—:——1) :

then we have

Ji, dr
Jar = /chT(l+fIC(lT
m

-7 < ;‘ . dr. (329)

Combining (3.29), (3.19) and (3.16) gives
H(Tf) < Hoe4m-f
which is the required result.O

Recall that we say a scalar field cosmology is non-trivial if there exists
some space-time point for which ¢ is non-zero.

Theorem 3.2 If(g,., ®) is a non-trivial scalar field cosmology with potential
(3.1) and if g, is spatially flat and isotropic, then g,, possesses an initial
space-time singularity.

Proof:
By Lemma 3.1 there exists ¢ and p,, such that all trajectories of (3.6)
incident on Xy with pg < p,, satisfy

H(T) < H062T

for all 7 < 0. It will be sufficient to show that these trajectories reach the
boundary in finite proper time. The proper time taken to rcach the bhoundary
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1s given by

Q
At =/ zdr (3.30)
0
< 3:0/ e/2dr (3.31)

Since this is finite, we have the result.C

Theorem 3.3 If(g,.,d) is a non-trivial scalar field cosmology with potential
(3.1) and if g, is spatially flat and isotropic, then particle horizons exist for
all isotropic observers (observers whose worldlines are tangent to the timelike
Nilling vector field U").

Proof: A particle horizon exists for an isotropic observer at time ¢ if the
integral

8 |
l= [ -di
0 a
exists and is finite. By the definition of r;
a=e3"
and
di
dr g
Therefore,
f=/ e~ 37 rdr.

By Lemma 3.1 there exists € and p,, such that all trajectories of (3.6) incident
on ¥y with py < p,, satisfy

H(7) < Hyes™ (3.33)
for all » < 0. If [ 1s finite at 7 = 0 it will be finite for all . It will thereiore be

sufficient to show that trajectories for which (3.33) holds possess a horizon
at 7 = 0. Using (3.33) we have

D r
I < wof esdr (3.34)

= 6 (3.35)
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Since this is always finite we have the result. T

Note also that as 29 — 0, { must also approach 0 indicating that the
horizon length shrinks to zero as ¢ — 0.

The physical meaning of the Lemma 3.1 becomes clearer when we recall
that 7 = lnv and, by (3.8) and the definition of ¢ A = 94 ™. Lemma 3.1
may thus be interpreted as saying that for all 0 < n < I there exists some

A > 0 such that
K> Av™".

It follows that for all p > 1 there exists vg such that
v(t) > vgt? (3.36)

Thus, in the neighbourhood of the singularity the volume element expands
faster than any power law with power greater than one. In order to avoid a
particle horizon it must expand slower than t2.
What about the case p = 1?7 Consider the function e™*"H. Taking the
derivative of this function with respect to 7. using (2.7)
d

— e TH = —de™H(1 — ¢%)
dr

Thus for r < 0 we have
0
In (e"‘"H) =c+ 4/ (1 —¢")dr

where c is a constant. The integral on the right hand side tends to infinity as
T — —o0 since each solution spends a finitely large amount of 7-time with.
el . . .
say, ¢- < € on each cycle (of which there are an infinite number).
Thus,

lim ™ H = x.

To— — 33

This translates to a corresponding limit for v and ¢, as above:

lim¢~'v = 0. (3.37)

t—0

Comparing this expression with (3.36) we see that » expands slower than ¢
but faster than any power law #* with p > 1. In this respect the behavior
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of the gravitational field near the singularity is quite subtle and unusual
since it can not be adequately modeled by a power law. Note also that it is
clearly not admissible to neglect the dynamical effect of the potential when
considering the gravitational field near the singularity.

3.5 Discussion

This model is interesting because there exist two possible time scales which
seemn natural in a physical sense, the affine parameter time ¢ and the period
of oscillation of the scalar field, characterized by some coordinate 7 say. The
timelike geodesics are incomplete with respect to ¢ but complete with respect
1.

By convention we say that a space-time singularity exists if geodesics are
incomplete with respect to their affine parameter since this describes a sit-
uation where a freely falling observer would reach the edge of space-time in
finite proper time. However, the physical interpretation of ¢ as the proper
time is not really meaningful on a neighbourhood of a boundary point of
space-time since no normal coordinates can be constructed at such a point
(normal coordinates can be constructed at a point arbitrarily close to a sin-
gularity but may never be extended to the singularity itself).

On the other hand, 7 can be interpreted as the natural time scale as-
sociated with the matter content of the universe {including all clocks and
astronauts since scalar matter is the only matter entering mto this model)
and therefore might be a more meaningful measure of tne time taken to reach
the singularity. One could imagine that if more complex (possibly quanturn)
cosmological models could be shown to display a similar oscillatory behavior
for all physical fields then one would be led to an interpretation whereby a
singularity exists but can never be reached in a finite amount of time by any
physical object.

[ believe that the qualitative features displayed by the above model. in-
cluding the oscillatory behavior and existence of a singularity and and par-
ticle horizon, are characteristic of models which have very steep potential
wells. Preliminary investigations of the steeper than exponential potential

V(g) = e**” and the “hard wall” potential V(g) =

— on the domain
9 - A N @2
¢* < A have been carried out by the author revealing no significant depar-
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ture from the qualitative behavior of the exponential potential well [9].

As a final comment, before returning to SED potentials in the next chap-
ter, I note that asymptotic oscillatory behavior of the scalar field in this
mode] is reminiscent of the oscillatory behavior of the components of the
shear tensor displayed by Bianchi type IX perfect fluid cosmologies {and per-
haps generic inhomogeneous vacuum and perfect fluid cosmologies }. This
behavior is associated with the existence of dynamical chaos in the solution
space of these cosmologies [55]. It would, [ believe, be very interesting to in-
vestigate the dynamics of exponential potential well models in Bianchi type
IX space-time.
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Chapter 4

Bianchi Type I Scalar Field
Cosmologies

4.1 Introduction

So far, for simplicity, we have confined attention to spatially isotropic space-
times. FRW space-times provide an excellent model of the present universe
but tend to be unstable in the past and are therefore unlikely to represent
realistic space-time models of the very early universe, particularly if an initial
space-time singularity exists. The reason for this, as we shall see explicitly
below for scalar field cosmologies, is the tendency of the components of the
shear tensor to diverge in the approach to a singularity.

The simplest anisotropic space-time is Bianchi type I (B[). This is de-
fined as a space-time possessing a 3D, abelian, group of isometries whose
orbits are space-like hypersurfaces which foliate space-time. In addition to
providing simple models from which to investigate the effect of shear on the
evolution of the system B[ cosmologies often characterize many of the im-
portant features of more general anisotropic and inhomogeneous cosmologies,
particularly close to the initial singularity ([56, 57, 58])( We shall say more
about this in the next chapter.). Bianchi type I is therefore a more reason-
able space-time model of the early universe than F RW and represents a first
step in a more general analysis.

For general scalar field cosmologies there is, of course, no guarantee that
BT will characterize the dynamical behavior near the singularity or even that
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a singularity will exist. Nevertheless, the results of this chapter and Chapter
5 will lead us to conclude that subject to certain generic conditions typical
solutions of £* models possess many of the asymptotic features of Bianchi
type I cosmologies.

4.2 Preliminary Results

4.2.1 Setting Up an Autonomous System.

It is easy to show (see, for example, [59, 60]) that the existence of a 3D
abelian isometry group with spacelike orbits is equivalent to the existence of
a synchronous coordinate system (¢, ) in which the metric takes the form

g = —dt* + g;;(t)dz'da? {4.1)

where the index : runs from 1 to 3 and the hypersurfaces, &;, of constant

time are the orbits of the 3D isometry group. Clearly each ¥, is a flat, ho-
mogeneous manifold with Reimannian metric g;;{t). Since g;; is independent
of  the Ricci tensor ) R;; on ¥, vanishes. Substituting (4.1) into the field
equations (1.40b-c), {1.41) and ({1.43) we see that BI solutions must satisfy
each of the following equations.

0 = oo (4.2)

G IRE = —Kot— (1K - V(4))6t + o'd, (+3)
6 = ~Ko—V'(¢) + g7 dy; (4.4)

1K = V(6)+io* + 16° + Lo'on. (+.5)

Where the expansion K and shear cr; are functions of time. Since ¢* is non-
spacelike {4.2) implies that ¢ must also be a function of ¢ only. The spatial
gradient terms in (4.4), (4.3) and (4.3) therefore vanish identically.(+.4) may
then be obtained from (4.3) and (4.3) so we see that the EFE for the above
metric are equivalent to the system of equations
o+ 1K = —Koi~ (LK* ~V(9))s!
sKP = V(g)+ 0%+ 36 (4.6)

where K, o} and ¢ are functions of time only.
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Taking the trace of (4.6a) yields

K+ K*=3V(¢). (4.7)
Thus the shear must satisfy
d. ; - i
-(E(a'j) e —]&o'j (48)

which can be integrated immediately (recalling that K = ¥/v) to yield

; Al
Ht) = —%. 4.9
O-J( ) ’U(t) ( )
Where Aj- is a constant, trace-free, 3x3 matrix. Consider some spatial section
Yo corresponding to time t = t5. Since g is flat it is always possible to choose
a cartesian coordinate system on Xg so that g;;(¢0) = 6;;. Recall from (1.37)
and (1.36) _ . '
o) + L8 K = Lg™g, (4.10)
Thus ‘ . .
0ito) + 61K (to) = 16*Gu;(t0) = L4, (to). (4.11)

(4.11) and (4.9) imply that Aj- is a symmetric matrix on ¥o. Thus there
exists a cartesian coordinate system on ¥y in which A% is diagonal (ie with
coordinate curves tangent to the eigenvectors of the matrix 4} in R®). Ex-
tending this coordinate system onto M (4.9) implies that o} will be diagonal
for all time. It then follows from (4.10) and(4.11) that g¢;; is diagonal for all
time. We thus have

gi; = diag(g1, 92, 93)- (4.12)
So that
Ky = %diag(gl,ﬁz,%)

g1j —] diag (—1—’ l7 .l_) X
g1 92 93

It follows from (4.10) and (4.9) that for each g;

and

L2, 2y (4.13)



where the o; are the components of the diagonal trace-free matrix Aj and
must therefore satisfy

3
Y i =0. (4.14)
=1
Integrating (4.13) we obtain
gi(t) = v(t) exp (2a:F (1)) (4.15)
where
ar(t) 1
dt olt)

The metric is thus completely determined by the three numbers o; and the
volume element v(t) (up to a constant which can be removed by a coordinate
transformation). Furthermore, taking the square of (4.9) we have

2

2
(02 —J

(4.16)

%] R

where )
o = ol
=1

We may now take as our state variables the set (K, o, (f), @), then the evolution
of the system will be governed by the set of ordinary differential equations

6 = —K¢-V(g)
E = -3¢ - 327 (4.17)
& = —ok
subject to the constraint
K= 120" 4 36% + 3V (9). (4.18)

Equation (4.17b) is obtained from (4.7) by substitution of the constraint
(4.18) to eliminate V{¢). Equation (4.17c) follows from explicit differentia-
tion of {4.16). Note that when ¢ = 0 these equations are just the equations
for the lat 'RW space-time (2.1). Indeed, flat FRW space-time is a special
case of Bianchi type | space-time, corresponding to a® =0. If o® is non-zero,
then o is a strictly positive function of time. Conversely, if & is non-zero at
some time tg, then o must be non-zero and o is positive for all time.
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4.2.2 Elementary Properties of The Flow

All physical (expanding) solutions of (4.17) lie in the 3D phase space Bl =
{(K,0,6,8) : K > 0,0 > 0,K* — 207 3(,62 3V(¢) = 0} imbedded in
R*. The flat FRW phase space, {1, is the mtersection of B with the ¢ = 0
hypersurface in R!. It can immediately be demonstrated that all singularity
free Bianchi type 1 solutions reside in {2.

Theorem 4.1 Let pp = (Kg,ag,eﬁo, ¢o) € BI and suppose oy > 0. Then
the flow U, generated by ({.17) maps Ko and oo to infinity in a finite time
interval, to the past of pg .

Proof:
The theorem is an immediate consequence of the constraint equation

(4.18). Since all the terms on the right hand side are non-negative we may

write
K*> %Jz.

. 3
vz\/;a.

[ntegrating with respect to time from some time ¢ < 0 to 0, gives

v(0} — v( \/—at
0) + \/gaft.

Since 0o > 0, o must be nonzero. Thus v(t) must pass through zero at
some some finite negative time {t,| < %91. Equation (4.16) then implies
that o(#;) = co. The constraint equation (4.18) subsequently implies that
K(t;) = co. This completes the proof. O

It follows from (4.16) that

which implies that

Corollary 4.2 All equilibrium points of (4.17) on BI lie on the invariant
manifold (). There ezist no periodic orbits or limit cycles of (4 (4.17) on BI.

Proof:

Theorem (4.1) implies that A will be unbounded on any solution for
which @ > 0. Since equilibrium points and limit cycles are, by definition,
solutions which are maximal in a bounded region of phase space, it follows
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that they must lie on the set a = 0; ie 2. We have already demonstrated in
the proof of Theorem 2.1 that no limit cycles exist exist on {2, thus we have
the result. O

4.2.3 The Massless Scalar Field

In the special case V' = 0 it is possible to exactly integrate (4.17). Since this
solution will be important to us later it will prove useful to derive it now.
Setting V' = 0 in (4.17) and rearranging slightly

. .
b=—"9
v
which may be integrated to obtain
b= ? (4.19)

for some constant 3. Substituting (4.19) and (4.16) into the constraint equa-

tion (4.18) we have
0> 3(a? + 3?)

v2 202

and hence, upon integration,

(ST

v=1/2(a? + %)t (4.20)

For a given physical metric the metric components g; are only unique up to
an arbitrary constant coefficient, since a coordinate transformation z‘ — cz'
will not change the form of (4.1). It follows that f , also, is only unique up
to a constant coeflicient. We are therefore free to choose

o+ 57) =1

and we may may introduce the parameter 6 on the domain 0 < § < = such
that a = \/gcos 9,8 = \/gsin f. After integration of (4.19) to obtain ¢ we
obtain the general solution

t
_ _ 2 gl [z L
v=t o'—\/;smHt o-—\/—;cosﬁlnz (4.21)

104



for which _

K=t" 6 =1/2cosht™\. (4.22)
Observe that the special cases # = 0 and § = 7 which give o = 0 generate
the general solution for the massless scalar field in flat FRW space-time
(1.81). The case # = 7 /2 corresponds to the Kasner vacuum solution ([61] ).
The general case with arbitrary # also corresponds to a well known solution
originally obtained by Jacob ([62]). We shall defer discussion of the physical
properties of the above solution until after the next section. Firstly we shall
show, for an arbitrary £% potential V, that (4.21-4.22) approximates the
asymptotic behavior of almost all solutions.

4.3 Behavior of Solutions Near the Singu-
larity.

In this section we shall be interested in the behavior of solutions close to
the initial singularity. The approach that shall be followed is just a naturai
generalization of our analysis for the FRW case. Firstly. since we know that
K and & diverge let us introduce the coordinates

1 30 3 o
= — = /22— Y = +/=— 1.2
2 \/:K e (4:23)
and the time coordinate 7 satisfying
d d
— = [ —, 47
= K— (4.24)
defined as in {(2.14). The dynamical equations (4.17) now become
dx 2, o2
o= = T +5)
ds 3 2
E'- = =5 + S + .S'y
dy
= = vy +yst - V3?V(e) (4.25)
do

d1_=\/§y

The constraint equation becomes
y 4+ 8% + 327V (g) =1 (4.26)
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4.3.1 Solutions For Which |¢| Remains Bounded

It is natural to ask whether ¢ remains bounded in the approach to the sin-
gularity. It turns out that when o # 0 there exist solutions with “vacuum
dominated singularities” where the scalar field (and indeed the energy den-
sity) remains finite. Let us consider these solutions first.

Theorem 4.3 The set of all past orbits of (4.25) on which ¢ is bounded has

measure zero in phase space.

Proof:
Using (4.26), S can be eliminated from (4.25) yielding the 3-dimensional

unconstrained system of equations

dz B

= = z —3z°V(9)

d

L= ~3V(6) - V() (4.27)
dé -

& =V

on the subset of R, BI* = {(z,y,4) : z > 0,y*> < 1)}. BI*is just a
projection of BI onto R3 with the addition of the unphysical boundary set
Y = {(¢,z,y) € BI*: z = 0)}. ¥ is an invariant manifold of (4.27) and
restriction of (4.27) to this set yields the trivial system of equations

dé ;
o = Vi

d

Ez% =0 (4.28)

on Y. Clearly the y-axis is an equilibrium set. On all other trajectories
¢ — Foo as T — —o0.

Let p be an arbitrary point in BI* corresponding to initial conditions of
(4.17) with non-zero shear and assume ¢ is bounded on the past orbit O~ (p)
of p under (4.27). By Theorem 4.1, the trajectory v,(r) passing through p
must approach ¥ asymptotically as 7 — —oo. Since ¢ is bounded, O~ (p)
is contained in a compact subset of BI*. [t follows from (4.28) and the
continuity of the flow that 1, must be past asymptotic to some point py =
(¢0,0,0) on the y-axis (Appendix Theorem A.1 gives a rigorous justification).
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Now consider the total derivative of the vector field (4.27) at po.

| 0
0 2 0

3

the eigenvalues are 1 and 0. There exists 1-dimensional unstable manifold
tangent to the z-axis at pp and a 2D center manifold which is easily seen
to be just ¥. Since po is unstable on the center manifold ¥ it follows from
Theorem A.8 that po is unstable in BI™. In fact it is clear that there exists
exactly 1 solution of (4.27) past asymptotic to pg, namely the unique solu-
tion lying on the unstable manifold. Since pg is an arbitrary point on the
y-axis, it follows that there exists a one parameter family of curves each past
asymptotic to some such point po. The union of these curves will form a 2D
invariant manifold, BIy, intersecting the y-axis of BI*. Since Bl is of lower
dimension than BI it clearly has measure 0 in phase space. O

4.3.2 The System Close to ¢ = >

Now that we have established that |¢| diverges on almost all solutions we
can analyze the behavior near the singularity in much the same way as for
the FRW case. Assume that V € £ and define BI, = {(¢,z,y,z) € BI :
é > €71} C BI. Where ¢ is chosen sufficiently small for Wy to be well de-
fined. The set Q. C Q defined the previous chapter is the intersection of BI,
with the z = 0 hypersurface. We now make the coordinate transformation
(xa Sa Y, ¢) [ (.Z', Sa Y, Z)) where

z = f(9)

and f is a smooth function satisfying the conditions of Definition 2.2. Sub-
stituting (4.26) into (4.25¢) to eliminate z, and taking (S,y, ) as our coor-
dinates on BI, we obtain the 3-dimensional system of equations on BI,;

dS .

= = —5+8 45y (4.30)
dy =

d—T = -—y+y3+y52—%LVV(Z)(I—ZJ2—52) (431)

e
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This set of equations forms a C? dynamical system on the closure of BI,
BI.={(y,S5,2) : 0 <w < f(e71), y? + 2% < 1,z > 0}. This set is illustrated
in Fig. 4.1. The boundary consists of the Robinson-Walker submanifold

...........................................

Figure 4.1: BI..

Q,, the semi-cylindrical mantle dBl.3, defined by the algebraic condition
y? 4+ S§? = 1, and the caps 0BI.;, 0BI., which satisfy the constraints z = 0
and z = f(e7!) respectively.

0BI.; is the only component of the boundary transverse to the flow ¥,
generated by (4.25). As for the FRW case, solutions leave B/, through 0 BI,;
to the left of the y = 0 plane and enter through this set to the right of the
y = 0 plane.

The flow on 2, has already been analyzed in detail in the last chapter and
includes, in particular, the 1-dimensional center manifold Cj intersecting the
origin.

The flow on J0BI.3 may be obtained by substituting the constraint y? +
§% =1 into (4.31) to obtain the trivial set of differential equations

ds

7w L

dy T o
- =0 (4.32)

108



dz .
= = i
The orbits are just the vertical lines on 0Bl (Fig. 4.1). Equation (4.32c)
is equivalent to i
= 2
2=V

which, since y is constant, can be integrated exactly to yield

6=/ 2yi(r - 4) (4.33)
2= f(\/2ui(r - §)). (4.34)

Where —1 < y; < 1. Note that the direction of the flow depends on the sign
of y; and, in particular, z = 0 as 7 — —co iff y; < 0.

The unphysical set dBI,; corresponds to @ = co. The flow on 0BI can
be found by setting z to zero, to obtain the 2D system of equations

s o= 2 Q2

E = —S(l —-y° =25 )

dy _ , 2 2 .
= = —y(l-y? =8, (4.35)

Clearly the semi-circle T = 3Bl N 0B1.3 is an equilibrium set. It includes,

as its endpoints, the equilibrium points py. The only other equilibrium point
on 0B, is the origin pq.

The equations (4.35) become particularly simple in polar coordinates. Let

S =rsind y=rcosb “ (4.36)

then in terms of r and 6 the equations become
dr

— = — i 2
o r(l —r%)
. 0 4.37
dr (4:37)
which can be integrated exactly to yield
r=(1+ce?)"z 0 = 6,. (4.38)

where ¢ and 6, are constants of integration. Thus, solutions on dBI,, are ra-
dial lines, emanating from the the semi-circle T at r — —co and approaching
the origin as 7 — oo.
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4.3.3 Stability of Equilibrium Sets and Identification
of the Generic Source

We now classify the equilibrium points of BI.. In addition to T and po, the
only other equilibrium points in B, lie on dBl.3 along the line y = 0. These
are precisely the equilibrium points which are the past asymptotes of the
2-dimensional set By, discussed above, and will not be considered further.
Let us consider first the origin pp. The matrix of derivatives of (4.31) at po
is given by

0 0 0
Jp) =0 -1 0 (4.39)
0 0 -l

the eigenvalues are 0, -1 and -1 with corresponding eigenvectors é,,, €, and €,
respectively. It follows from the Center Manifold Theorem (A.5) and (4.38)
that 9B, is a 2-dimensional stable manifold and there exists a 1-dimensional
center manifold, which is, of course, the curve Cy lying on {2,. Any solutions
in a sufficiently small neighbourhood of py will exponentially decay onto the
the center manifold Cy. The behavior of solutions on Cy has already been
discussed in the last chapter.

The other equilibrium set is the semi-circle T. Let p; = (sin §;, cos §;,0) €
T, where 68; is an arbitrary angle between 0 and 7. The matrix of derivatives
of (4.31) at p; is

2s1in? 4, 2cosf;sinf; 0
J(pi) = | 2cosb;sinf;  2cos®d; 0 (4.40)
0 0 0

The eigenvalues of this matrix can be computed to be 0 and 1 with eigen-
vectors €, and €y spanning the eigenspace of the zero eigenvalue; and the
eigenvector €, spanning the eigenspace of the eigenvalue 1. &; and é, are
the unit vectors tangent and normal, respectively, to the circle T at p;. It
follows that the half-cylinder 3B is a center manifold of p; and the radial
line from p; to the origin lying on dB1,; is an unstable manifold.

According to Theorem A.8 the (negative) stability of p; in BI. will be
determined by its stability in 9B l3. From equation (4.34) we see that T can
be treated as the union of three qualitatively distinct segments,
Ty={peT:0<0 <3}, T_={peT: <06 <r}and
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To = {p € T: 0 = 3} Points in T, are unstable and no (physical)
trajectories of (4.31) are past asymptotic to these sets. Y_ and To, on the
other hand, are negatively stable.

If N; is a sufficiently small neighbourhood of p; € T_ U T¢ and p € WV,
equation (4.34} and Theorem A.8 imply there exists 4 > 0 such that 1, may

be written

S(r) = sinf 4+ 0O(e")
y(r) = cosf+ O(e) (4.41)

2(r) = f(/2cosf(z - )+ O(e™)

where # here is a constant parameter in some interval of #;. Note that for
any given p € N; the o-limit point a(p) = {sin#, cos #, 0) does not necessarily
correspond to p;, although its distance from p; is bounded by the “radius”
of N;. Furthermore, when 6 = 7 z does not decay to zero. It follows that no
trajectories are actually asymptotic to To.

Thus T~ is the unique generic source of the system and Theorem A .3ii
ensures that each p € T_ is the a-limit of a continuous two dimensional
sheet or orbits tangent to €, and é, at p and projecting into BI.. The union
of these sheets constitutes a continuous foliation on some neighbourhood of
P

4.4 Identification With Massless Scalar Field
Solutions

We may identify each solution close to Y_ with a solution of the massless
scalar field as follows. In a sufficiently small neighbourhood of T_ equation

(4.25b) becomes
dz

s (1l + O(e™)).
We may now integrate (2.15) (remembering that K = l) to obtain the first
order expressions *

t = xpe” (4.42)
and
K=¢t (4.43)



where ¢ has been chosen so that it approaches 0 as 7 — —oco. Substituting
(4.42) into (4.41c) gives the asymptotic solution for ¢

t
$= \/gcos f1n = (4.44)

where # and ¢ = xoe“; are positive constants with % < # < 7. As for the
F RW case c takes the same value for all initial points along a given orbit as is
required for consistency since the origin of the coordinate ¢ is fixed. The first
order solution for ¢ is obtained from (4.23) and the fact that lim;_q .S = sin .
We find,

o= \/gsin gt~ (4.45)
Similarly for é we obtain

¢ = \/gcos gt~ (4.46)
Comparing the asymptotic solution, (4.43-4.46) with the exact solution for

the massless scalar field (4.21-4.22) we see that it does indeed correspond.
The following is a generalization of Theorem 2.7.

Theorem 4.4 Let V € £2 be given. There exists a neighbourhood N of T _
such that each orbit intersecting N in the interior of BI corresponds to a
solution of (4.17) for which K, o, ¢ and ¢ may be written, fort close to zero,

K = t71 4 0(ev(8;1))

o = sinft™' 4+ Oev (1))

¢ = \/gcos 9;1n 4 + O(tev(0:;t)) (4.47)
C

¢ = \/—gcos 0t~1 + O(ev(8;t))
where,

ev(i;t) = tV(—/2cosfilnt)
— 0 as t—0. (4.48)

Proof:
For the most part, the proof the same as that of Theorem 2.7 and is a

straitforward calculation. It will be sufficient to provide an outline. Using
the first order approximation to z together with equation (4.26)we obtain

y 4+ 5% =1 - 322V (6)e? + h (4.49)

112



Substituting (4.49) into (4.25b) allows us to obtain a second order expression
for z and subsequently ¢t and K in identical fashion to the FRW case. We

find, as before

3 ;
Tee =t + K%é-)— + h. (4.50)
and
K=t"1'+V(é)t+h. (4.51)

Now recall that by definition v « e”. It follows from equation (4.16) that
o x e~ and hence, since we know that \/ga/ff —sinf as T — —oa:

o= /Zsinb(t™" — LV (g)t) + h.

Plugging the above expressions back into (4.49) remembering the definition

of 5 we find
y2 = %(:0329 + O(eQTV(qﬁ))

The error bound for y? allows us to immediately obtain an estimate for ¢ and,
upon integration of y with respect to v, an estimate for ¢ and subsequently
for V' performing identical calculations to the FRW case thereby completing
the proof.0

[t now remains to verify that the correspondence between solutions of the
above type and massless scalar field solutions is indeed 1-1, thereby general-
izing Theorem 2.8. This turns out to be significantly more complicated than
for the FRW case.

It shall be conventent to work in cylindrical polar coordinates (r, §) defined
as in (4.36). @ here is a coordinate and should not be confused with the
parameter ¢ used in the asymptotic expressions above.

We shall begin by following the same approach as previously. Define the
initial 2-surface

m%ng{@ﬁ¢y3=%m<1—r<5hg<a<x}

We know from the above discussion that for each #; between r/2 and = there
exists a continuous l-parameter family of orbits for which the equilibrium
point (1,8;,0) is a limit point. This family of orbits will intersect & along a
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unique continuous curve ¥;(dg,61). Furthermore, it is clear that 3; depends
continuously on 6;.

Since 0; appears as an explicit parameter in the asymptotic massless scalar
field solution of a particular orbit it will be sufficient to show that, for each
6;, the remaining parameter c is continuous and 1-1 as a map from %;(6o, 6;)
onto the interval (0, ¢y, (0o, 61)) where ¢, — o0 as ég — 0. (it then follows
that there is a continuous 1-1 correspondence between exact orbits of the
system and the pair (¢, §;) which continuously parameterize the first order
solutions).

As with the FRW case we shall parameterize £;(do, 61) with the variable
w = 1 —r. The reason that the proof becomes complicated is the presence
of the angular variable 8. We shall shortly prove a lemma which enables us
to control the # dependence of solution curves. Before doing so it will be
convenient to introduce a new parameterization of the curves. Since ¢ — oo
monotonically (sufficiently close to T_) as 7 — —oo we may represent each
orbit as a unique graph (¢,r(¢),0(¢)). The ¢ dependence of r and 8 is
determined by the equations

dr (1 _ 2 1 Wy (9)
dé (1 T)(0089+ \/f—5r>

d 2
(ia(sind)) = Wv(¢)lr2"

Note that these equations are non-autonomous since ¢ appears explicitly on
the right hand side (thereby eliminating z). For each solution curve belonging
to a particular orbit 7 can be treated as a function of ¢ satisfying

(4.52)

dr 3 =
Indeed, from (4.47), (4.42) and the fact that ¢ = zoe® we have
3 =
/3 ¢+ o+h (4.54)

r= —m
V2 cos b;

In what follows the reader should keep in mind that r — 1 and 0 — 6; as
¢ — oo, independently of the initial point w. Furthermore, the initial value
of ¢, @ = f~1(b0) tends to oo as §y — 0.
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Lemma 4.5 Assume that V € 2. Let w, and wy label two points on
%:(60,81) and let (ri(¢),01(9)) and (r2(¢),02(9)) be the solutions of (4.52)
intersecting these points. For all § > 0 there exists ¢1 > ¢o such that that,

for all ¢ 2 ¢1

| cos 8 — cos 01| < b|re — ry].

Proof:
The proof is divided into three steps. In the first part we show that, for

¢ sufficiently large, | cos 8; — cos 82| < 81(ry,ry; $) where
I(ry,re; 0) = /<i> [re — r1|dg.

In Step 2 we show that it possible to choose an arbitrarily large ¢, for which
I(r1,r2;01) < cos8:/(vV6 — €)|rz(¢1) — r1(¢1)| for arbitrary positive e. In
Step 3 we show that this condition must remain true for all © > ¢, thereby
completing the proof.
Step 1:

Applying (4.52b) to each of the orbits at a particular value of ¢ and
subtracting we find

d (sin9g) _ W (@)(ri =) (4.55)

——ln{ = 2.2
sin 6, r3TT

d¢

Since Wy — 0 as ¢ — oo it is possible, for all € > 0, to choose @; such that
for all ¢ > ¢y,
_d_ I sin 6,
do sin 64
Integrating from ¢ to oo gives
In sin 02
sin 01

which may be expanded in a straitforward manner to yield

< 6'7‘2 h 7'1{

< el(ry, 133 )

|sin 0 — sin 6| < sin0,eI(ry,7y;0)

where ¢ is understood to be arbitrary. Since tan # ~ tan f; for ¢ sufficiently
large, it can be bounded by choosing ¢; sufficiently small. It then follows
that cos @ is Lipschitz in sin# so for all § > 0 we may choose ¢ such that

| cos 03 — cos 81| < 81(ry,mq; ) (4.56)
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This completes Step 1 of the proof.
Step 2:
From (4.49) we have

1 — 72 =323V (¢)e” + h.
Also, from (4.54)
Y
=—=0¢+ h. 4.57
T V2 cos b; ¢+ ( )

therefore,

cos b;

1—r? <aV(¢)exp( V6 qs).

for some positive constant a. Since V(@) is SED it follows that for all € > 0
there exists A > 0 such that

(4.58)

\/5—64))

l—r<Aexp<c059_ ‘

for all ¢ > ¢;. Since |r;—ry| < |ra=1|+]|r; —1| the above inequality provides
the following bound for I(ry, rs; 0):

(4.59)

cos 0;

I(r1,72;6) < Bexp (“6’ %)

for some positive constant B. This implies that there exists some ¢ > ¢,

such that
| cos 6|

I(r1,r9562) < 6= 2€,T2(¢2) = ri(g2)l- (4.60)

In order to see this assume the converse. i.e. assume that

| COS le

V6 — 2¢
for all ¢ > ¢,. By the definition of I this implies

I(ri,ra;9) > [r2(8) — r1(o)].

dl V6 — '25[
do | cos ;!
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for all ¢ > ¢1. This implies there exists some constant C' such that

\/6—5—264))

cos 8;

I>Cexp<

which contradicts (4.59). Therefore (4.60) must hold. Since the inequalities
involving ¢; hold equally well for any ¢ > ¢; we may choose, without loss of
generality, ¢; = ¢,. This completes Step 2 of the proof.

Step 3:
Using (4.52a) we obtain the ¢ dependence of r; — ry:
d (1=r) , Q=] (ry =7 =y +7iry)
] = = - - W
do (r2 = r1) cos 6, i cos 8, v(¢) V6rirs
(ra +11) (14 rira)
= (S -
cos By +W(g) Vorir (rs =)
(1 - 7'2)2

m(COSGQ — COSs 01) (461)
Now, according to (4.56) | cos 6, —cos 6| is bounded by I for sufficiently large
¢. Furthermore, if ¢ is chosen sufficiently small Wy may be made arbitrarily
small whilst 8 and r may be made arbitrarily close to §; and 1 respectively.
Recalling also that on the domain of 8; cos §; # 0 it is clear that it is possible
to choose ¢, sufficiently large that the first term in the square brackets in
(4.61) dominates the second term so that we have the following inequality

for ¢ > ¢1:

%Irg —r > i@: <(\/f_5— 3e)|ry — ri| +
for any € > 0. Note that the first term on the right hand side is negative
whilst the second is positive since cos#; < 0. The number /6 — 3¢ could
equally well been any number greater than 2. The reason for this peculiar
choice shall become clear below.

Let us now consider a ¢, at which (4.60) is satisfied with ¢, = ¢;. At
any such value of ¢ we have

I(Tl,r2;¢1)< cos §;
|7‘2—”'1| \/6-‘25.
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Taking the derivative with respect to ¢, using the definition of I gives

4 I(_HM) oy My d,
d¢< Ir2 = 1] L Iry — 712 qul 2 — 1 (4.63)
V6 — (3 — (V6 —2¢)")e
® L s (4.64)
<0 (4.65)

The second line was obtained using (4.60) and (4.62) evaluated at ¢;. It
follows that (4.60) holds for all ¢ > ¢4, i.e.

| cos ;|

I(ri,7m2;0) < o 26|T'2(@) —r1(8)].

for all ¢ > ¢;. It follows immediately from (4.36) that for all § > 0 we may
choose ¢; such that

| cos 8y — cos by| < 8|ra — 1] (4.66)
for all @ > ¢y > ¢¢ as required. O

Now that we have § under control the completion of the proof that ¢
is 1 — 1 is essentially the same as the FRW case. Firstly, we introduce a
definition of ¢ explicitly as an orbital quantity. Recall that ¢ = z¢e® where

To = TEI—IIOO eTz(r)

and, according to (4.54),

/3

<13= lim 1 — ——

T—=00 V2cosb;

Combining these expressions we may write ¢ as

. V3
c=1 > ——0 . 4.67
él{g rexp ( V2 cos b; q>) (4.67)

Theorem 4.6 For 61,60 sufficiently small ¢ is a continuous 1-1 function of
w. The range of ¢ for fized 6y is (0,cm(b0)) where cm(8o) — 20 as 6o — 0.
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Proof:

We firstly show that ¢ is continuous and 1-1. For each initial point w in
Yi(éo, 61) denote the corresponding trajectory (r(w; ¢), 0(w; ¢)).

Firstly we make the following observation: The union of orbits intersect-
ing (6o, 81) is a continuous 2-surface in BI, which could be parameterized
by ¢ and r since these have non-zero derivative along the orbits (with respect
to the parameter 7, say). Therefore, since distinct orbits may never intersect
it follows that if we < wy so that r(ws; @o) — r(wi; ¢o) > 0 then

ro —ry > 0 for all ¢ > ¢p. (4.68)

where r; and r; are understood as shorthand notation for r(w;;¢) and
r(wz; @) respectively. Define the function

3
C(T, ¢.) = :I,'(T'y ¢) (9P (—.\/%;q_{)_-o)

then from (4.25a,d) the directional derivative of C' along the orbits satisfies

LN 90( - ) (4.69)

d_qz‘J_ & cosf  cosf;

On a particular orbit we can write C explicitly using (4.26):

o (~259)

3V () (1 = r(w; )*) (4.70)

C(w; ¢)* =

Clearly, C' approaches c(w) in the limit as ¢ — oco. The continuity of ¢ is
immediately apparent since the functions C(w;¢) are uniformly continuous
with respect to w.

Denote by C,(¢) and Cy(¢) the restrigtion of C' to the orbits intersecting
wy and w; respectively, where w; > w,. It follows immediately from (4.70)
and (4.68) that Cy(p) < Ci(8) for all ¢ > ¢.

The difference C, — C, evolves according to

d 02 T2 r
R B R
d¢ . Cy 2 \cosf; cosh, (4.71)
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Choose ¢1 > ¢o so that the conditions of Lemma 4.5 hold with § < cos8;/4
and # and r are bounded very close to 1 and #; respectively. Then for all

¢ > ¢ ; - : )
2 T, —"n
%ln <a> = \/g( 2 cos 6, ) =0
Integrating from ¢, to co we have
c(w2)01(¢1)
—_— <1 4.72
() Crlo1) (£72)

which implies

c(wz)  Ca(é1)

< < 1.
c(w1)  Ci(d1)
This proves that cis 1 — 1.
Finally, since ¢9 — o0 as §p — 0 and ¢ = limy_, C, by definition, we

have for small &

N
EXP |~ Cos .'q)
e(w)? 2 C(w; go)? = §V( o ) 20—

Thus on the domain 0 < w < §; ¢ takes values on the range (0, ¢,,) where

exp (- 245 o)

3V (¢o)

tends to co as 69 — 0. This proves the theorem.O

(26, — 67)

(e

Theorem 4.6 allows us to conclude that the pair (§;, ¢) uniquely and con-
tinuously determines the orbits of (4.17) which have the asymptotic behavior
described in Theorem 4.4. Note that this implies that the error terms in
(4.47) are continuous functions of ¢, § and t.

We now investigate further the asymptotic space-time structure of these

solutions.

4.5 Physical Properties of Solutions

4.5.1 Asymptotic Form of the Metric

In order to obtain an asymptotic expression for the space-time metric in the
neighbourhood of the singularity T_ we first use (4.16) to obtain for the
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volume element v;

V3at i
v= ——— + O(t*ey(6; 1)) (4.73)
V2 sin &; (Fev(6:8))
Recalling again that for a given physical metric v is only unique up to a
constant coefficient we are free to choose

\/iat

_—-———-=1
V2sin 6

1e, :
sin’ § = o, (4.74)
We thus have
v=1t-+0(t*ey(8;t)) (4.75)

This corresponds to our choice of gauge in (4.21) and, if the first order solu-
tion were exact, would correspond to choosing a cartesian coordinate system
on the spatial section £, corresponding to # = 1. Furthermore, it allows us to
identify % sin® 8 with the exact parameter of the system o®. The metric is de-
termined by both v(¢) and the three parameters ¢; according to {4.13). Thus
to each (@,c) there corresponds a continuous family of space-time metrics,
determined by «; and satisfying, by (4.15)

g = t3riee 4 Ot ™ ey (6; 1)) (4.76)

where the «; are subject only to the constraints

Zaizo (1?:

=1 i=1 b

w
| b2

sin’ 4. (4.77)

e

Setting ¢y equal to zero gives the general space-time solution of the massless
scalar field. We may summarize the results of this chapter as follows.

Theorem 4.7 Consider a scalar field cosmological model with polential V &
E*. There exists a family of Bianchi Type I cosmologies, constituting almost
all Biancht Type I cosmologies, which have an initial singularity ot t = 0 for
sotne proper time coordinate t. Furthermore, there exists a continuous [-1
correspondence between these solutions and the general BI solution for the
massless scalar field as follows:



For each possible diagonal shear matriz A} = (o, ap, a3) (as defined by
(4.9)) for which o; satisfy the constraints ({.77) with 0 < 8 <=, 0 # 5 and
for each ¢ > 0 there ezists exactly one cosmology of the above class which,
sufficiently close to the singularity, may be written

g = BT L O ey (6;1)
¢ = \/gcosglné-i-(?(tev(@;t)) (4.78)

and, in addition,

K = t7'+O0(ev(8:t))
o = Sinﬁ',‘t—l+0(fv(9;‘;t)) (4.79)

== \/gcos 0t + Olev(0:t))

where

ev(f;t) = tV(\/gcosﬂln %)

gi are the components of the metric defined by ({.1) and ({.12). The higher
order terms depend continuously on a; and c.

Proof:
If a® = 0 the result follows immediately from Theorem 2.12. Assume that

a? > 0; ie that the metric is anisotropic. By Theorem 4.1 all such solutions
possess an initial singularity.

Consider solutions of the system (4.17). With the exception of the solu-
tions lying on the 2-dimensional manifold €, |o| is unbounded on almost all
solutions.

Firstly, consider solutions for which ¢ is unbounded above. I[f all such
solutions are past asymptotic to @ = 2o then thevy must have their source
at the singular equilibrium set T. since this is the only source at @ = oc.
Taking into account Theorem 4.4, Theorem 1.6 and Equation 4.76 this would
be sufficient to prove the theorem for £ < ¢ < 7.

The possibility remains however that ¢ could oscillate rather than di-
verging to oo. This possibility may be discounted as follows: For large ¢ the
function z = 1/K vanishes identically on the union of the unphysical bound-
ary sets 9B and 0BI; (Fig. 4.1). By Theorem 4.1 K diverges and hence
z — 0 as ¢ — 0. Since z is continuous it is possible. for a given solution, to
choose t sufficiently small that its intersection with 9, must be arbitrarily
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close to the aforementioned boundary. By continuity it must approach one
of the trajectories on the boundary (see 4.3.2). Furthermore, in order for
¢ to become arbitrarily large it is necessary that it approaches a boundary
solution for which ¥ < 0. It follows that it must approach an arbitrarily
small neighbourhood of Y_ and is therefore asymptotic to T_, as required.

Now consider the case where ¢ is unbounded below. We make the ob-
servation that, as with the isotropic case, the system of equations (4.17) 1s
invariant under the discrete transformation

(¢a (I’)) o _((}5: é) VU

where we recall that U(¢) = V(—¢). Furthermore, solutions of the massless
scalar field depend on the parameter 8 and reflection through (4,9} = 0
maps the family of solutions for which § < 7 onto the family of solutions
with # > 7 according to 6 — # + 5. Since I/ is class 2 SED at infinity, it
follows that (4.78) gives the general first order behavior for all solutions on

which |él diverges. This proves the theorem. O

4.5.2 Singularity Structure

Let us now investigate some of the consequences of the above result. Close
to the smgularity, the the space-time metric may be approximated by the
metric

3
g = —di? + 3 13+ (dgl), (4.80)
1=1

where a; obey the constraints (4.77). Together with the equation of state
p = p ( also approximately satisfied), this solution, which was first found
by Jacobs [62], shall be referred to as a Jacobs stiff fluid cosmology. For
each stiff fluid solution there corresponds a 1-parameter family of scalar field
solutions with the same asymptotic energy density (and pressure),

p 16’ ~ Eeos? gt

These solutions differ in the constant of integration c. For the massless scalar
field they are physically indistinguishabie (unless we were able to directly
measure ¢) but for the general case their long term behavior might be quite
different as they evolve and V becomes dynamically significant.
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From the constraints (4.77) it follows that
|| < gsin 6.

Furthermore, there must be at least one negative a; and at least one positive
if the sum of all three is to vanish. If § <  then inspection of (4.80) reveals
that each of the g; become zero at the singularity. Thus the space-time must
expand in every direction. If # > % then it is possible for 1 or perhaps even
2 of the g; to diverge resulting in a “cigar” or “pancake” singularity where
space collapses along 1 principle direction while expanding along another.
If one considered a spherical ball of matter (either scalar “fluid” or non-
interacting test particles), comoving with the fluid, then as the singularity
were approached it would be distorted into an ellipse which would become
infinitely long and thin. The volume of the ellipse would, of course, go to
zero at the singularity.

In order to classify the singularity structure of each solution define the
new shear parameters,

ap = 3on+ag)
a. = '\2@(&1"-&’2). (4.81)

Inverting these equations and using the constraint (4.77) we find that

o = 3eg+V3al)
@z = é(a+ - V3a -)
Q3 = —%Ol.'_

The line element now becomes

g= —dt2 + t§(1+a++\/§a_)(dm1)2 + t%(l+cx+—\/§a_)(dx2)2 i t§(1—2a+)(d$3)2.
(4.82)
a4 and a_ are related to 6 by

at + ol =sin’4 (4.83)

Thus each Jacobs stiff fluid solution may be represented as a point on the
interior of the unit disc in (ay,a-) space, (Fig 4.2). To each 6 there corre-
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Figure 4.2: The Kasner Disc. Each point (o, «_) may be identified with a
Jacobs stiff fluid cosmology. The shaded region K* corresponds to metrics
which collapse along all three principle directions.

sponds a ring of Stiff Fluid solutions at a distance sin § from the origin. The
origin itself represents the isotropic case with o = 0. The boundary of the
disc corresponds to the general Bianchi type 1 vacuum sclution, the so-called
Kasner solution. For this reason it shall be referred to as the Kasner ring
(163]). The entire disc will be referred to as the Kasner disc, /{'. Aithough we
have not explicitly proved this it is not difficult to see that the Kasner ring is
the general asymptotic space-time of the vacuum dominated solutions lying
on the 2D invariant manifold Q (c.f. Theorem 4.3) since these solutions
have ¢/K and V/K tending to zero as ¢ tends to zero. These are the only
anisotropic solutions in 87 which do not obey Theorem 4.7. Thus, every
anisotropic space-time solution and almost every isotropic space-time solu-
tion of the (Bianchi Type 1) field equations for £% scalar field cosmologies
may be identified some point in K.

From inspection of the line element we obtain the [ollowing three algebraic
conditions for the collapse of the metric along each of the respective principle

125



directions.
ap +V3a. > -1
op —V3a. > -1 (4.84)

at <%

We may thus divide the Kasner disc into a number of qualitatively distinct
regions (Fig. 4.2). Points occupying the shaded region, K° satisfy all three
inequalities and correspond to “big bang” singularities with collapse in every
direction. The unshaded region satisfies two of the constraints and represent
“cigar” singularities with expansion along one of the principle directions.
The three unshaded sectors, K? are related by cyclic permutations of the
coordinates z; and as such are physically indistinguishable. Points along
the boundaries saturate one or more of the inequalities (4.84) and have one
or two components of the metric which asymptotically approach a constant
non-zero value. It is clear from Fig. 4.2) that such behavior is not generic.

4.6 Summary

In conclusion, we have shown that Bianchi Type I scalar field models with
&? potentials have a well defined asymptotic structure which is largely in-
dependent on the potential. In particular, for a given V, we may identify a
class of “good” cosmologies, containing almost all solutions, which is home-
omorphic to the exactly integrable set of Bianchi type I massless scalar field
cosmologies. Each of these exact cosmologies is a first approximation to a
unique cosmology for the model V in the limit as an initial singularity is
approached. We may therefore identify the space-time singularity of each
solution with the space-time structure of its corresponding exact massless
scalar field solution as characterized by points in the Kasner Disc K.

In the next chapter we discuss the extension of these ideas to more general
space-times.



Chapter 5

Asymptotically Expansion
Dominated Cosmologies.

5.1 Introduction

In this chapter we attempt to put the results of the previous chapters in
a more general context. Although we have obtained interesting results for
Bianchi type I space-times these models are only really of interest in as far as
they provide insight into the behavior of more general solutions of Einstein’s
equations. We should therefore give careful consideration to the degree to
which we may infer results for more general metrics.

The full Einstein equations are extraordinarily complex so in order to
make progress we shall abandon (for now) the rigorous dynamical svstemns
approach and proceed instead along more heuristic lines. We aim to provide
a plausible picture of the asymptotic structure of (a class of ?) generic
solutions.

Our approach shall be based on two “complimentary” observations. Firstly,
we have proven in the previous chapter that almost all Bianch Type [ scalar
field cosmologies possess a space-time singularity and that close to the sin-
gularity they are essentially equivalent to massless scalar field cosmologies.
Secondly, the massless scalar field is equivalent to a perfect fluid with equa-
tion of state p = p and the generic behavior of these cosmologies close to the
initial singularity is very closely related to their Bianchi Type I solutions.

The reason for this is that, for many space-times obeying a linear equa-
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tion of state, the expansion K tends to blow up very rapidly as a singularity
is approached and to dominate the spatial gradients. Thus, quantities such
as ®R/K? and (p + p);/K* tend to approach 0 at the singularity. Pro-
vided these spatial gradient terms decay sufficiently rapidly compared to
other terms in the EFE they will not be dynamically significant close to the
singularity and a first approximation to the metric and matter fields may
be obtained by setting them to zero in the field equations. The solutions
that one obtains from these simplified equations will have identical time-
dependence to Bianchi Type I but are in general inhomogeneous. This is
sometimes called the long wavelength approximation in the modern litera-
ture since the characteristic length scale of inhomogeneities is large compared
to the characteristic scale of temporal evolution K~ [64, 65, 66].

Such an approximation scheme was first employed as a means of classi-
fying singularity structure by Lifshitz an Khalatnikov [56] and, later, made
more formal by Eardly, Liang and Sachs [67, 58] with their concept of a
velocity dominated singularity. However, it has long been known that for
the generic linear equation of state p = (v — 1)p, with 1 < v < 2, veloc-
ity dominated singularities are unstable even within the class of spatially
homogeneous space-times. For this type of matter Bianchi type I solutions
are asymptotic to the Kasner vacuum solutions. However, the Kasner Ring
0K lacks sufficient degrees of freedom to provide unique initial data for the
time evolution of the most general homogeneous solutions. The highest di-
mensional ( Bianchi Type VIII and IX) solutions exhibit chaotic oscillatory
behavior near the singularity which is not velocity dominated since it depends
manifestly on the presence of spatial curvature [37].

This behavior seems to be generic with respect to the full equations and
is now believed to be a template for the general inhomogeneous cosmological
solution near the initial singularity [68, 63]).

For the extreme case v = 2 corresponding to a “stiff” fluid with equation
of state p = p the situation is quite different. In this case the general Bianchi
Type I solution is the general Jacobs stiff fluid solution and this is a source in
the class of spatially homogeneous stiff fluid models (a more precise statement
of this fact may be found in [63]). It has been demonstrated that all but a
set of measure zero spatially homogeneous irrotational stiff fluid cosmologies
are asymptotic in the past to this family of solutions and, therefore, have
velocity dominated singularities [63]. Interestingly, the generic asymptotic
solution does not have the structure of the Kasner disc A but rather the
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subset K® C K corresponding, physically, to gravitational expansion along
all three principle directions. Thus pancake singularities are not a generic
teature of spatially homogeneous stiff fluid cosmologies.

As with more conventional equations of state (y < 2) the general homo-
geneous solution seems to characterize inhomogeneous asymptotic behavior
and typical stiff luid cosmologies are believed to possess velocity dominated
singularities [69, 65].

This has been verified explicitly for a number of exact inhomogeneous stiff
fluid cosmologies including cylindrically symmetric, plane wave and spheri-
cally symmetric solutions [58, 70, 63].

Based on the above considerations it seems that the long wavelength
approximation is also likely to be appropriate for the study of singularity
structure in scalar field cosmologies. We shall therefore consider below the
class of solutions of the EFE for which such an approximation is valid at early
times following an analogous approach to that of Eardly Liang and Sachs.
No claim 1s made that this type of asymptotic behavior 1s exlubited by all
(or atmost all} scalar field cosmologies but it is argued that it is generic and
indeed represents a large and natural class of cosmologies.

In the first part of this chapter we define what we call asymptotically
expansion dominated cosmologies and investigate some of their properties.

5.2 Definitions

Firstly, we need a precise definition of a first order approximation to a cos-
mological solution.

Defining convergence is slightly problematical when dealing with the met-
ric, particularly near a singularity. Some components of the metric may di-
verge while others may tend to zero or be identically zero or diverge at a
different rate. It is therefore overly restrictive to require that each individual
component of the metric should converge. Nevertheless, a minimum require-
ment should be that measurements of length made with either metric agree
to first order. It is also natural to require that the extrinsic curvature of the
surfaces of constant (geodesic) time and the gradient of the scalar field agree
to first order (in some sense).

We shall begin by making a few preliminary definitions.

Assume that M is an expanding space-time so that v(t,z) is strictly
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increasing in time, at least on some time interval ¢ < ¢,,. Consider the
geodesic congruence I';. Let us reparameterize this congruence with the now
familiar parameter

T =lnv(t,z) + 7o(z) (5.1)

along each curve, where 79 is an arbitrary function of z. Call the new congru-
ence I'; to indicate that it is parameterized by 7. Note that we still retain the
proper time ¢ as our coordinate time on M. If G is any collection of geodesics
in I'; then GG sweeps out a subset Mg of M which is the image of (. Call the
intersection of ¥, with Mg, £:(G). Let us further assume that v vanishes in
the past of all geodesics v € G. This will be true if the expansion K has some
positive lower bound to the past of ¢, and is a reasonable assumption for
a physical cosmological solution, excluding the possibility of a cosmological
bounce (which may only occur if the spatial curvature is negative). It follows
from (5.1) that 7 — —oco0 as v — 0 and hence that the congruence G is past
complete with respect to its parameter time.

Recall that h is the restriction of the metric g to the tangent space on
the surfaces of constant time ¥;. Define T(Af[) to be the set of all X € T'(M)
for which h(X, X) = 1; ie, we have for X in T(M), ¢;; X’ X’ = 1.

Call the pair (h,¢) on Mg the induced cosmology with respect to the
foliation {Z;}. Define the set II(M¢) as the set of all differentiable pairs,
consisting of a Riemannian metric and a scalar field on the foliation {Z;(G)}.
If (ﬁ, &) € II(Mg) then there exists a corresponding Lorentz metric g§ =
—dt? 4+ h on Mg. & need not be a solution of the EFE.

We can now give a precise definition to a first approximation of a scalar
field cosmology

Definition 5.1 Let (h,¢) € II(Mg) be defined on the foliation {Z.(G)} of
Mg where G CT';. We say that (h, ¢) € II(Mg) is a past asymptote of (h, §)
if, along each geodesic curve ¥y € G, the following holds as T — —oco:

i) h(X,Y)-h(X,Y) =0 for al X, Y € T(M)
i)
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-———-K';: _ KJ‘ — 0
(KiK?)?
iv)
P* — (Zu 5
(=06 )%
where e
i ~41 4915 Two__ =
]‘j ; -E_ ¢u . gup¢ E

Conditions 1) and ii) provide a physically sensible criterium for (h,¢) to
converge to (h, ) as 7 — —oo. If we choose unit vectors

where X, are the coordinate basis vectors. We see that 1) implies

gi; — gi{_‘ =l (’
(9ii955)?

Ut
W]
S

Conditions iii) and iv) impose slightly weaker convergence conditions on the
extrinsic curvature of the surfaces X, and the normal Ug to the surfaces of
constant @. It is easily verified that these conditions are independent of the
choice of spatial coordinates. iii) can be decomposed in terms of the shear
and expansion to yield the two convergence relations

o o _%iT% g (5.3)
(K% 4+ 0%z (K24 0%z

A couple of comments are in order at this point.

Firstly, it can be verified from Theorem 4.7 that typical BI cosmologies
have a past asymptote (in the sense of Definition 5.1) which is a massless
scalar field cosmology. In fact Theorem 4.7 goes further and insists that
a homeomorphism exists between cosmologies and past asymptotes in this
case.
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Secondly, the first approximation will not unique. In particular, any first
approximation of a first approximation of a scalar field cosmology will also
be a first approximation to that cosmology.

Thirdly, we have required only pointwise convergence of spatial functions
in the above definition so our criteria for one cosmology to approximate an-
other is quite weak. Also, whilst our definition provides for the convergence
of the metric and first fundamental form (which is essentially the first time
derivative of the metric) it says nothing about how smoothly the spatial
derivatives of the metric converge to those of its past asymptote. In par-
ticular, the spatial curvature tensors, which depend on the second spatial
derivatives of the metric, need not correspond. When one attempts to ex-
tend the definition to incorporate some notion of smooth spatial convergence
difficulties are encountered which lead to an unacceptably complicated defi-
nition. Part of the reason for this difficulty is that the surfaces of constant
do not correspond to the surfaces &, of constant time.

We now define an asymptotically expansion dominated cosmology.

Definition 5.2 Consider a scalar field cosmology (g, ¢) on M. [f there exists
a foliation {¥,} = M normal to a geodesic congruence ' and some G C I,

such that

(B)Rz’_ ¢z¢ .
i L= lim —2 = 4
e LK~ r=moo KL K" (5:4)

and there exists a past asymptote (h, ¢) € II(G) of the induced cosmology
(h, ) on Mg which obeys the equations

5+ LKE = —K& - (LK? - V()6

~
|

P

N

¢

L=
w“
Ll

—~—
it
(&1}

A

K = V) +35° + 30
then we say (g, ) is asymptotically expansion dominated on Me.

Observe that (5.5) is essentially just Ry and R: equations of the EFE with
all terms of second order in the spatial gradient set to zero. Thus an asymp-
totically expansion dominated space-time is just one for which, to a first
approximation, the dynamical effect of spatial gradients can be neglected
asymptotically in the past. In the case where all geodesics in G are past
incomplete with respect to proper time ¢ this is closely analogous to the ve-
locity dominated singularity [67]. No spatial constraints have been imposed
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on (B, ¢~>), however, the fact they must be a first approximation to a solu-
tion of the EFE satisfying the R? equation (1.40b) and (5.4) means that the
spatial dependence is implicitly constrained to some degree.

Taking the time derivative of (5.5b) and substituting (5.5) back into the
resulting expression one obtains

é=—Ké—V'(d) (5.6)

The equations (5.5) differ from the Bianchi type [ field equations {4.6) in
that g;; and ¢ are, in general, functions of the spatial coordinates as well as
time. If they are functions of time only then (h,¢) will itself be a (Bianchi
Type [) solution of the £F E but for inhomogeneous space-times we do not
expect this to be true in general.

Consider a particular geodesic v € G. If we specify initial data I{’J", Gijr &

and ¢ at some point v(7o) then (5.3) determines I;'J‘:,é,-j,é and ¢ as func-
tions of time everywhere along the geodesic. Furthermore, the solution
(gij(t),q“i(t)), where ¢ = v°(7), must be a solution of (4.6), i.e. it must
correspond to a Biancht Type I cosmology.

Using the continuity of §;; and & on the initial surface Y, and the results
of the previous chapters it is possible to classify the asymptotic behavior
of asymptotically expansion dominated scalar field cosmologies with SED
potentials.

5.3 Strongly Expansion Dominated Cosmolo-
gies

We know from the work of section 1.6 that there is a great deal of diversity
in solutions of (5.5) and hence in the conceivable types of behavior of asymp-
totically expansion dominated cosmologies. However, much of this diversity
disappears if we insist on the stronger condition that the past asymptote
be a generic solution of (5.5). We call such cosmologies strongly expansion
dominated. By generic we mean that an arbitrarily small perturbation of the
initial conditions will not change the qualitative properties of the solution.
[t is reasonable to suppose that the vast majority of asymptotically ex-
pansion dominated space-times are strongly expansion dominated. In fact,
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if there exists a homeomorphism between a (sufficiently large) class of ex-
act expansion dominated cosmologies and their first approximation, as we
found for Bianchi type I, then almost all solutions must be strongly expan-
sion dominated since any weakly expansion dominated solutions would be
unstable under perturbations of the initial conditions.

5.3.1 Dynamical Insignificance of V(¢).

For models with SED potentials the condition that space-time be strongly ex-
pansion dominated is sufficient to ensure the existence of an initial singularity
and the dynamical insignificance of the potential close to the singularity.

In order to see this assume that V' € £% and (g, ¢) is strongly expan-
sion dominated on Mg. Its induced cosmology (h, ¢) therefore has a past
asymptote (h, #) which is a generic solution of (5.5). Let v € G. The re-
striction of (h, @) to v yields the functions (K (¢), Gi(t), #(t)) which may be
identified with the expansion, shear and scalar field of a unique BT scalar
field cosmology.

Consider the following qualitative conditions which this BJ solution may

or may not satisfy: i)  diverges in the past; ii) The pressure (§ = 1 ¢ —V(4))
diverges to positive infinity.

The class of solutions defined by Theorem 4.7 contains precisely those
B1I solutions which satisfy both i and ii. Call these A-type solutions and
call the remaining B solutions B-type. Since B-type solutions are unstable,
by Theorem 4.7, there always exists an arbitrarily small perturbation of the
initial conditions which will result in an A-type solution.

Let B C G be the largest open set of geodesics such that geodesics -y
whose corresponding B solution is of B-type are dense on B.

Assume that B is non-empty. Then there exists an arbitrarily small,
differentiable, perturbation of the initial conditions on £4(G) which takes all
solutions on B to A-type solutions. This perturbation will clearly change the
qualitative properties of (h, ) in contradiction to the assertion that (h, @) is
generic.

We thus conclude that B is empty and the BI solution associated with
v € G is of type A for almost all ~.

Let us (for now) choose G so that it does not include any “bad”(B-type)
geodesics and choose a coordinate system so that v = (¢,20) and G:;(t, xo)
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is diagonal (this can always be done since for fixed x the equations (5.5) are
identical to the BI field equations ). Clearly, it may be identified directly
with the diagonal BI metric (4.12). We may therefore write

gi;(t,zo) = diag(t - (20)) 57200 4 A (8(20), (z0), 1 — H{0))] (3.7)
o(t,zo) = \/gcos 8(zo) In (¢t — {xp)) + e(z0) + ho{B(x0). c(20), t — t(z0))

where ;(zy) and 8(z) obey the constraints (4.77 ) and each of the constants
c(zy), (z0), @i(zo) and f(zy) are unique. The functions h; and %4 are higher
order terms which tend to 0 as ¢t —# — 0. Note that they are continuous in ¢
and ¢ and differentiable in £ —#. Note also that corresponding approximations
for I\'J’f(t, rp) and q'S(t, xp) can also be written down using (4.79). These agree
with the expressions obtained by taking the time derivative of the first order
terms above.

Equations (5.7) immediately imply that for all strongly expansion domi-
nated cosmologies the pressure and density of the scalar field asyniptotically
obey the stiff equation of state p = p. Furthermore, all geodesics v € &
are past incomplete with respect to proper time: ie there exists an initial
space-time singularnity. Note that I have put the time of the singulanty as
being ¢ = f(zy) rather than ¢+ = 0 since the gauge choice which places the
singularity at ¢ = 0 can not, in general, be made simultaneously cu all v € G.
ie the singularity may occur at different times in different places.

By constructing the above approximation along each + in the congruence
we obtain a unique set of functions ¢{z), a;(z} and #(z) (unique up to a
constant) and an atlas of spatial coordinates corresponding to diagonalization
of the metric at each point. These characterize the asymptotic behavior of
the cosmology and allow us to construct a unique first approximation. (h, cD)
to (h, ¢) which is an exact solution of the system

AT 1 fegi pai LprRci
6+ ;K& = -Ka& - IR
A L2
s = 360+ 30 (5.3)

In order that this solution be a past asymptote in the strict sense we need
to assume a certain amount of regularity in the asymptotic structure. [f the
above functions and atlas are C* then, using common terminology, we say
that (h, #) possesses a C* singularity. We assume below that the singularity
is at least C'!.
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Let (ﬁ, ¢A5) € II(M¢) be the unique pair constructed by retaining the lower
order terms to (h,¢) in (5.7). (in an arbitrary coordinate system it will not
retain its simple form but clearly remains uniquely defined). It is obvious
that (ﬁ, ¢) must obey (5.8). Furthermore, it will clearly be a past asymptote
of the physical cosmology (h, ¢) provided it is a past asymptote to (h, ).
We now verify that this is indeed so.

Let v = (¢,z0) and choose coordinates, as above, such that h and h are
diagonal at zo. It is clear from (5.8) that the convergence conditions i and
ii of Definition 5.1 are satisfied. Furthermore, it is obvious from (4.79) that
condition 1ii is satisfied. There is however, a technical subtlety in demon-
strating condition iv due to the presence of spatial gradients. We need to
show that the gradient of the error term in (5.8b), which retains its form
under a coordinate transformation, is small compared to (&“(13“)% Since 4,
c and  are C'! functions ¢ and h, are differentiable with respect to z and t.
We therefore have

o(t,z) = f ((;ffg;)mqs,o (5.9)

B 2t,;cosf(z 2, -
¢i(t, :1,') = \/;—t(’t—T())) + —\/?Sln 0., (.’L‘) In(t — t(.il:)) + ¢, (:E) + Ry -

From (4.79) we know that h4,0= % —0ast—1% — 0 so the time
derivatives of ¢ and qg agree to first order.

Now, recall that h, depends continuously on ¢ and #. Consider two BI
cosmologies whose 8 differs by an amount Af and whose value of hy at time ¢
differs by Ah. Ast—f — 0, & ﬁ — 0 since hy is continuous in ¢ and vanishes
identically at t — £ = 0. Similarly, if ¢ is varied by a small amount Ac then

2k _, 0. 1t follows, from the continuity of A, that Ay, is either bounded or,

Ohy -, _
%it:-t,i (z) for small ¢t — ¢. But it
has already been established above that the derivative of A4 with respect to
t —t — 0 is bounded. Therefore hg4,; remains bounded as t — £ — 0.

if it diverges, is dominated by the term

Now, the dominant term in the difference @' — asl is,
§Thgy; = (t—D)~3"2p, < O((t — F)72),
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since q; < %sin #. But qg“quﬁn diverges as (¢ — t)™% implying that

~

9i1h¢1i -

im =
t—1—D0 95“96#

This proves that condition iv of Definition 5.1 is satisfied by g.f) and hence
that (ﬁ, q;) is a first approximation of (h, &).

To summarize the above discussion, it has been shown that subject to
certain genericity and regularity conditions the dynamical influence of the
potential on scalar field cosmologies can be neglected {almost everywhere)
sufficiently far in the past, provided the characteristic length of spatial gradi-
ents is sufficiently small compared to the characteristic magnitude of velocity
terms. This is a direct consequence of Theorem 4.7 and provides an appro-
priate context within which we may interpret the significance of that result
to realistic cosmologies. It also highlights the limitations of Theorem 4.7
since if curvature, for example, plays a significant role in the asymptotic past
then it is not really reasonable to expect the potential to be insignificant in
the asymptotic past. Nevertheless these results indicate strongly that the
dynamical influence of the scalar field is not in itself suffictent to avoid a
singularity and must work in concert with large curvature and/or inhomo-
geneity if singularity avoidance is to be achieved. In section 5.4 we shall
look at the dynamical effect of curvature in spatially homogeneous models.
Firstly, we investigate further the general properties of strongly expansion
dominated cosmologies.

5.3.2 Singularity Structure

We now investigate the structure of the singularity in more detail. Firstly,
we obtain the general solution to (5.8). From (5.7) we see that for each z
there exists a coordinate system for which

Gi(t2) = Gult = Ha))irionts
¢§(t,x) = \/gcosﬁ(x)ln(t—{(‘,;))+c(x)

This expression may be made fully covariant on the 3-surface Y G) by identi-
fying diag(a;(z}) with a 3-tensor Bi(z) and é;; with a 3-tensor A;;(z). Using
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the constraints (4.77) and the fact that t* = exp(aInt) we now have
Gii(tw) = Aw(zo)(t — i(2))F exp [2B(z)In(t — (z0))]  (5.10)

é(t,z) = +\/1— Bxz)In[t — i(z)] + c(z) (5.11)

where B? = B;Bf This is a fully covariant expression and holds indepen-
dently of any particular choice of coordinate system on £,(G). It follows that
it holds everywhere on ¥;(G) and is the general solution to (5.8). Differen-
tiating (5.10) with respect to time we find

Kit,z) = (& + Bi(z))(t - Hx))™" = Ci(=)(t - H(=))™" (5.12)
from which it follows that
55(t,z) = Bi(=)(t - {(z))™ (5.13)
and
K(t,z) = (t—1(x))" (5.14)

Note that Aj- is symmetric and positive definite and is thus a Riemannian
metric on the surfaces X;(G) of constant time. Also, B is symmetric and
trace free and must obey the constraint (4.77)

BiB! = %sin*0 < 2 (5.15)

[t is therefore possible to identify the space-time singularity with a three
dimensional manifold Sz with positive definite metric 4;; and extrinsic cur-
vature C;; = A,-ka. Two scalar functions, t(z) and c(z), defined on S5
complete the unique characterization of the asymptotic behavior of the cos-
mology.

A singularity with this structure corresponds to a semi-Kasner like sin-
gularity in the classification scheme of Eardly et al [67]. It is the generic
velocity dominated singularity for an irrotational perfect fluid with equation
of state p = p (although the function ¢(z) does not appear in the description
of the stiff fluid) and is the most general type of singularity known for this
type of matter. It is possible to explicitly calculate the Ricci tensor (3)1%3-
and demonstrate that the first order solution is consistent with the curva-
ture condition in (5.4) [65]. We shall address the consistency of the spatial
gradient condition in a moment.
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For each strongly expansion dominated cosmology the singularity struc-
ture is unique and, when Mg = M, it is natural to ask whether the singularity
structure uniquely determines the space-time as we have shown to be the case
for Bianchi type I. The full resolution of this question is beyond the scope
of the present discussion and must await future resecarch. However, not all
solutions of (5.8) can correspond to first approximations of physical cosmolo-
gies. The absence of spatial gradients in the equations (5.3) mean that the
singularity as we have defined it actually has more degrees of freedom than
solutions of Einstein’s equations so that extra constraints on A;; and B; are
required.

One possible way that this could be achieved is to insist that the first
approximation (ﬁ, ngS) respect the RY equation in the EFE (1.40b). This extra
constraint, together with {5.8), has been used to generate the first order terms
in the long wavelength approximation scheme of Deruelle and Langlois [63].
They have recently demonstrated this to be a valid approximation scheme
for a generic class of stiff fluid cosmologies near the big bang, suggesting that
it is also likely to be valid for scalar fields. There is a certain appeal to such
a scheme since if we specify A;; and B} the constraints (1.40b) and (1.40b)

uniquely determine i which, as shall be shown explicitly below. determines
t,i and c,;. Thus ¢ is determined up to a constant of integration and ¢ up to
a, physically irrelevant, constant. The asymptotic solution in this case has
the same number of degrees of freedom as are needed to specify arbitrary
initial conditions for the exact EFE on a hyvpersurface of constant time T,.

The semi-Kasner like structure of the singularity becomes more manifest
if we define the vector basis e,(z) on I, where for each z e,(z) are the tangent
vectors to the coordinate system in which the metric takes the particularly
simple form (5.7) at z. It follows immediately that

3
b= (t-fr)taltle, ge,. (5.16)
a=1
This expression shall be useful below when we prove the existence of particle
horizons.
Lets now look at the properties of ¢. Differentiation of (5.10b) gives the
timelike and spatial components of the gradient of ¢

g 1 - B%*(z)
d{t = - P
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2 _ tiy1=B*z) _ B, (z)lft - i(z)] '
¢l(t’ .’E) = = (t _ E(:L‘)) + 1— Bz(:z:) + Coi (:E) (518)

If £,; is non-zero the first term on the right hand side of (5.18) will dominate
as t — t. Equation (5.4) implies that ¢'¢;/K? — 0 as t — ¢ and hence, using
(5.14) and Definition 5.1 we obtain a constraint on the function #(z)

Gt t; — 0. (5.19)

This equation immediately implies that the singularity is spacelike. That is,
the normal to the surface t = ¢ is everywhere timelike. Secondly, if we choose
spatial coordinates in the principle directions along the curve (t,zo) where
2o is fixed so that Bi(t,zo) = diag(ai) and Aj(t, o) = &j, then whenever
o > —%,the corresponding metric component ¢; will go to zero and g*
will diverge. This can only be consistent with (5.19) if ¢ (¢, o) vanishes
identically. In particular, if B® < % then space-time expands in all directions
and the gradient of ¢ is zero. We just proved the following theorem.

Theorem 5.1 Let B? < % on some H C Sg. Then the bang time t is
constant on H.

If H = S¢ in the above theorem then we are free to set ¢ = 0 on S and the
general solution (5.10) is simplified considerably

ii(te) = Aw(2)t? exp [2B(z) Int] (5.20)

o(t,z) = /1 — B¥zo)Int + c(z) (5.21)

The results of the next section, where we analyze in some detail the very
important example of spatially homogeneous space-times of class A, suggest
that this is in fact the generic first approximation for strongly expansion
dominated space-times and that solutions for which g¢;; diverges along one
or more principle axes are pathological. Firstly, to conclude this section it
is shown that particle horizons exist for all (sufficiently regular) strongly
expansion dominated cosmologies.

5.3.3 Existence of Particle Horizons

Theorem 5.2 Let V € £% and let (g, ¢) be a strongly expansion dominated
cosmology on M with a C' singularity. If p € M then all past directed non-
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spacelike curves from p intersect the singularity a finite spatial coordinate
distance v from p. Furthermore, if p = (t,x) then r = 0 ast —t(z) — 0.

Proof:
Since a spacelike foliation exists on M it will be sufficient to show that

non-spacelike curves intersect the surface ¢ — {(z) = 0 whenever they become
sufficiently close, i.e. we can choose p arbitrarily close to the singularity.
Furthermore, since the chronological past of p is bounded by its null geodesics
[15] the theorem will follow if it holds for all null geodesics.

Choose the spatial coordinates to take their origin at p so p = (¢o,0).
Consider a past directed null geodesic (t(r), z(r)), parameterized by T with
tangent vector £. Since ¢ is null we thus have

dt

0= 566 =~ () +hiee (5.22)

If to — t(0) is sufficiently small we therefore have, using (5.16),

(%) =3 (¢t = H(xz)) 5@, (1) 4 & (5.23)

a=1

where m, = e,({) are the spatial projections of £ at 2(7) and A indicates
terms of higher order.
Now, |a;] < %sin@ < % Therefore there exists a number § > 0 such that,

for (t — (z)) < 1,

(t — E(2)) 742 > (t — #(x))>"%.

It therefore follows that

- dt\’
T < b(t— ()T = 5.2
I R O ) (5.24)
for some positive constant b.
Recall that j—i = K~! by definition and hence, by (5.14)
t —
E_(t—t%th (5.25)
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which yields, upon integration,
t—t(z) =a(z)e” +h (5.26)

where a(z) is a positive function. Hence,
dt
e a(z)e” + h (5.27)
We thus have a first order relation between the parameter time and proper
time. Substituting (5.26) and (5.27) into (5.24) yields the inequality

3
3 72 < ba(z)e?” (5.28)
a=1

To see that this implies the theorem, let H C R® be our coordinate patch on
¥; and consider the two positive definite metrics

3
m = ) e ®e,
a=1

3
r’ = Z X ® X,
=1
where X; are the coordinate basis vectors. For each x € H continuity and
linearity dictate that there exists a positive constant D(z) such that for all
Y e T,
r’(Y,Y) < Dm(Y,Y).

Taking Y to be the spatial projection of £ on each ¥, it follows that
dr\? 3
<E) < D(z(7)) > 72 < ba(z)D(x)e*” (5.29)
a=1

where r = 3;(z')? is the coordinate radius. Let ba(0)D(0) = 2E? then there
exists a neighbourhood N, C H = {(t,z) : |z] < €} of the spatial origin such
that for z(7) € N.:

dr

2
(E) < B2, (5.30)
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Integrating this inequality from 7o to some earlier time m yields
E IS‘TU 157'1 -
[r(m)] < 5 (e —e ) (5.31)

Choose g sufficiently large and negative so that the right hand side is less
than e irrespective of the value of 7; and let 1 go to —oc. We then have

E ‘
r< ge‘sm <€ (5.32)
Thus r remains finite and tends to zero as 75 — —oo. The coordinate radius
of the chronological past of p is bounded by the above inequality and we have
the result. O

5.4 Example: Bianchi Models of class A

The validity of the procedure followed in the previous sections is largely
dependent on whether it is reasonable to expect the spatial gradients to be
small compared to velocity terms asymptotically in the past.

With respect to inhomogeneities of the scalar field it follows from the
Weak Energy Condition that ¢'¢; < @2, It therefore seems reasonable, al-
though certainly not inevitable, that é* should diverge faster than ¢'¢; and
dominate at early times. Certainly the converse can not occur.

The Ricci Tensor (S)R} is more problematical but some insight into the
effect of curvature can be gained from spatially homogeneous cosmologies.
These models illustrate the effect of spatial curvature and non-trivial spatial
geometry on asymptotic behavior whilst still being mathematically tractable.
The experience of the linear equation of state would suggest that the generic
behavior of spatially homogeneous models provides a good indication of the
generic inhomogeneous behavior. It is hoped, furthermore, that they provide
a good model of scalar field cosmologies whose inhomogeneities are not too
large.

Bianchi cosmologies take on a particularly simple form in scalar field
cosmologies due to the fact that, as has been pointed out by Ellis et af [42],
the surfaces of constant ¢ must coincide with the orbits of the 3D isometry
group (at least in the generic case). The gradient of the scalar field, and hence

143



the energy worldlines of the fluid, are therefore normal to the orbits of the
isometry group. Spatially homogeneous models which satisfy this property
are called Orthogonal Spatially Homogeneous (OSH) models.

The OSH models fall into two Classes; A and B. We shall consider only
those of type A, corresponding to Bianchi types I, II, VI, VIIg, VIII and
IX. In particular these include the highest dimensional OSH models, those
corresponding to Bianchi types VIII and [X. Models of class B, Bianchi types
V, VI, and VII, can be analyzed using similar techniques and conclusions
will be essentially the same.

The approach adopted below owes considerably to that of Wainwright
and Hsu [63] for linear equation of state perfect fluids.

5.4.1 The Equations of Motion.

Since the normal curves to the orbits of the isometry group are geodesics,
we can choose these orbits as our surfaces of constant time ¥;. An imme-
diate consequence of this is that the scalar fields are functions of time only.
Rather than working in coordinate bases it will be convenient to introduce
an orthonormal frame {U, e,} where the index a runs from 1 to 3. The e,
obviously form an orthonormal basis on the hypersurfaces &; with respect
to which the components of the spatial metric h are 8,,. Choose e, so that
it commutes with the Killing vectors £,. Furthermore, models of class A4
are precisely those for which is possible to choose such a basis so that e,
are non-rotating, ie the Fermi derivative efe,,,U” = 0 . In this case the
commutation relations for the frame become

e, Ul = K:(t)e, (5.33)

[ea, 8] = €,n%(t)ey 5.34)

[+

Where K} are the components of the the extrinsic curvature of &; in the
orthonormal basis. These commutator relations are completely standard and
further details can be found in Ellis and MacCallum [71]. We thus have

Ko =0, + -;-I&’(Sab (535)

Note that tensor components in the orthonormal basis will always be labeled
with the characters a,b,c etc. Indices are raised by means of §%. The
symmetric three tensors n,, are related to the structure constants of the
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isometry group and determine the Bianchi type of the model. They also
determine the spatial Ricci tensor according to the equation [71]

C) R,y = 2nEney — nlnigy — Sap(nean®™ — H(nS)?) (5.36)

Tt will be convenient to split the Ricci tensor into its trace and trace free
parts, so we define the trace free curvature,

® Ry = Qus + 3V Rbs (5.37)

Rewriting the R§ and R} equations of the EFE in the orthonormal basis
immediately provides evolution equations

K = —o?—L1K* - ¢+ V(9) (5.38)
Ty = —HKowp— Qab (539)

and the constraint equation
LK = V(g) + Lot + L8+ —1PR, (5.40)
The R? term in the EFE reduces to the algebraic constraint
TpNea = Tallpg (5.41)

in the orthonormal basis. The evolution equations for n,; are obtained from
the Jacobi identities for the commutators of the orthonormal frame which
yield

fiap = —5 K00 + 205, (5.42)

By rotating the basis vectors e, on the initial hypersurface ¥y it i1s possible to
simultaneously diagonalize o, and n,, without violating (5.41). The evolu-
tion equations (5.39) and (5.42) ensure that this diagonalization is preserved
for all time. The system of equations is completed by the evolution equation
for the scalar field which, since the scalar field is homogeneous, is just

b=-Ké—V'(4) (5.43)

Equations (5.38)-(5.43) constitute a 7-dimensional autonomous system of
ordinary differential equations for the variables (K, oy, ngp, . 0). The full
analysis of this system would take a considerable amount of time and effort,
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Rather, we shall be content to look for asymptotically expansion dominated

solutions.
We shall proceed in much the same way as we did for the Bianchi type [

case. Firstly define the dimensionless shear variables

- 3O'a.b = 4.
Sap = 3 e (0.44)

and dimensionless spatial curvature variables

Nab

Ny = —. 9.4
b= (5.43)
Q. and ®)R are quadratic in n, so define
GpR
/3 49ab _ 3
Gab = EF r = -5_11.7 (546)
gas and r are thus functions of N,, given by
r = :N®N, — LN 5.47
3 3lYa
Gab = \/g(glvgfvcb - jv;*r ab + %réab)- (5'48)
As usual we define the dimensionless scalar field gradient
_ 2l _ i (5.49)

¥y= A
Since we are interested in the asymptotic behavior it will be convenient to
write the evolution equations as differential equations with respect to the
geodesic parameter time r. In order for 7 to be well defined it is necessary
that the expansion K be strictly positive. By inspection of {5.40) we see that
a sufficient condition for this to be true is that the function © = o2 -3} R be
strictly positive. This is precisely the function © defined in (1.39) and since
¢; = 0 we therefore know from (1.61) that

0 < -iKe.

[t follows that if ©(fg) > 0 then © > 0 for all ¢ < t5. We are thus free to
restrict our considerations to the region of phase space H~ satisfving

Stir>0. (5.90)
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If we specify an initial state p in H7% then the past orbit O, of p under the
above system of equations will be contained in H*. The past evolution of
the system is thus well defined on H*.

Restricting attention to H* is equivalent to imposing the condition that
o2 > —®)R at some time during the evolution of the universe. It turns out
that this condition is sufficient to guarantee that almost all solutions are
strongly expansion dominated. If this condition is violated then the strong
positive curvature can actually cause a cosmological bounce to occur resulting
in non-singular, even periodic cosmologies. We shall briefly discuss solutions
of this type later.

Let us now continue with our analysis. Qur aim is to eliminate K from
the evolution equations, so it will be convenient to introduce the function

d /1
b, Vo) =— [~ ) =y? + 52+ 1
Ly, Sep, Nao) o (k) y + 5"+ 3 (5.51)
where S? = 575! The above expression was obtained by substituting the
constraint equation (5.40) into (5.38) to eliminate V.

We may now derive evolution equations for S, and N,. Using (5.42),
(5.39) and (5.51) and recalling that % = K~! we find

dSab

- — - 5.52
pa (L —1)Sa — ab (5.52)
dNg c -
-E-T_ = (L - %)l\rab + 2\/%5(5."\[5)5 (5.53)
Choosing the basis which diagonalizes S,; and V,;, we may write
Sa = diag(Sy, Sa, S3) Ny = diag(NVy, Ny, Va) (5.54)
and since S, is trace free, we introduce the shear variables,
Sy = \/%(Su + S22} S.= 715(511 - 52) (5.53)
Note that
§*=8% + 5?7 (5.56)

Writing the evolution equations explicitly in terms of the the new variables
we obtain

dS
= = (LS ~q
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dS-

—(—1;—- e (L—l)S-—q_

le 1 f

— = 3BL-1+25.+ 2V/3S_) N, (5.57)
% = 13L—1425, —2VBS_)N,

d

% = 1(3L-1-48,)N

where ¢, and ¢_ are the free parameters associated with the trace free diag-
onal matrix q,; and are defined according too

9t = \/_“;’:(fhl + q22) g9- = 75(qu — ¢22) (5.58)

Written explicitly in terms of Ny, V; and V3, the functions r, ¢4 and ¢_ are
g+ = %[(Nl — ]V2)2 . 1V3(2N3 - N — IVQ)] (559)

q- = %([Vz — Nl)(N3 — Nl — IVQ) (560)

ro= 3[NZ4 NI+ NZ—2N Ny 4 NpNg— NsV,)] (5.61)

In order to complete the system we require evolution equations for y and ¢.
We shall assume that V' € £2. Since we are interested in the behavior when
@ is large we may assume that Wy (¢) is well defined and that there exists
some coordinate

: = f(9) (5.62)
which obeys the properties required in Definition 2.2. We may now write
d - .
d—f = (=1+L)y-1Wy (2)1—y2—52—7) (5.63)
dz .
— = —yf'(z d.
Z o= F ) (5.64)

This system of equations will be valid on some domain ¢ > @,. Equations
(5.57) and (5.64) provide a complete set of differential equations for the
variables (N1, N2, N3, Sy, S_,y, z). Note that (5.57) hold everywhere on H¥,
whereas (5.64) are well defined only for ¢ > ©g. The expansion K has been
uncoupled from the system and may be treated as a function of the state
variables, determined by

K= : _ (5.65)



and having directional derivative on the solution curves

e 73 (5.66)

dr

Equation (5.65) implies that physical solutions occupy the region of phase
space

P+SE+ ST +r<l (5.67)

5.4.2 The Bianchi Invariant Sets.

At this point, I shall make some comments concerning the relationship be-
tween the above system of equations and the classification of Bianchi. Equa-
tions (5.57) imply that The hypersurfaces N, = 0 are invariant manifolds
for each @ = 1,2,3. It Follows that phase space may be partitioned into
the union of invariant subsets defined by all possible combinations of the
conditions

Ng>0 N, <0 N, =0 (5.68)

for a = 1,2,3. 27 such subsets cover phase space but not all are physically
distinct. The evolution equations are invariant under the discrete transfor-
mations

(N1, Nay N3) = € P(Ny, Ny, V) (S1,5%,53) = P(51.52.53)  (5.69)

where P is any permutation of the three objects and € = +1 for P even and
—1 for P odd. These transformations correspond to all possible permutations
of the spatial basis {e;, e3, e3}. This leaves us with 6 physically distinct possi-
bilities for V,. These are the Bianchi invariant subsets and each corresponds
to a particular Bianchi type as detailed in Table 3.4.2. Each Bianchi invari-
ant subset (except B[)is the union of several disjoint components in phase
space corresponding to the various permutations of the conditions {3.68). For
example the Bianchi type IX invariant set is the union of the disjoint unton
of the sets B¥*IX and B~IX corresponding to N, all positive and all negative
respectively.

When all the components of N, are zero we have the Bianchi type I
cosmologies and indeed it 1s easy to verify that the evolution equations reduce
to (4.31) in this case when one combines (5.57a-b) to obtain an evolution
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Notation Restrictions on the V, d N
BI All zero 4 1
BII One non-zero 5 6
BVI, Two non-zero with opposite sign 6 6
BVII, Two non-zero with the samesign 6 6
BVIII All non-zero differing in sign 7 6
BIX All non-zero with the same sign 7 2

Table 5.1: The Bianchi Invariant sets. d is the dimension of the set in phase
space and NV is the number of disjoint components. These components map
onto each other under the discreet symmetries above

equation for S so that the system is expressed in terms of quantities which
are scalars on the surfaces of constant time X..

The highest dimensional Bianchi Invariant sets are those corresponding to
types VIII and IX. These are the only sets which occupy non-zero volume

in phase space and must thus be considered the generic OSH models.

5.4.3 Geometry of the Flow for z =

Our task now is to identify solutions which are asymptotically expansion
dominated. Since we know that ¢ diverges to the past of such solutions
consider the unphysical invariant hypersurface = = 0 corresponding to ¢ =
co. Call this set 0Hy. Restricted to dHy the system becomes

s,
dr
.
dr
v,
dr
iy
dr
iy
dr
dy
dr

= (L-1)S: — ¢4
= (L-1)5--¢-
= (3L -1+25:2v35)V,

(3L — 1425, — 2V35_)N, (5.70)

L=

= (-1+ L)y
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We shall now briefly analyze the system on GHy. Since JHp has compact
closure all solutions must possess an invariant a-limit set. Counsider the
function P =1 —y? —~ 52 — 5% —r. Then 0 £ P <1 on the closure of .
Taking the time derivative of (5.63) and using (5.66) we find

aP

=
The gradient of P is thus strictly positive except when P = 0 or L = 0.
However, since P is monotonic increasing all a-limit sets must have %? =10.
The only point on dHy where L vanishes is the origin and this point is a
global maximum of P, we have P(0) = 1. Since P can never decrease, no
solutions are past asymptotic to this point except the steady state solution
lying at the origin itself. It follows that all other solutions on JH), asymptot-
ically approach the hypersurface P = 0 as 7 — —oc (in dynamical systems
language P is a Liapunov function).

Furthermore, observe that the variable y satisfies

LP (5.71)

2
A

on 0Hp. By {5.67) 0 € L < 1 on the closure of dH,;. By an identical
argument to that used above for P we see that all a-limit sets must satisty
either or both of the conditions L = 1 or y = 0. However if a limit set satisfies
y = 0 it will be unstable (as a past limit) since if y? is perturbed slightly it
can only increase in the past and may therefore not asymptotically tend to
0. We therefore arrive at the conclusion that with the possible exception of
a set of measure zero, all solutions on the set dHy must asvmptotically (in
the past) approach a limit set lying on the intersection of the hypersurfaces
£ =0and L =1. This is precisely the Bianchi type I hypersurface £y which
we define by the condition

N, =0 4+ 51 +5 =1, (5.72)

We now determine the subset of £y which is the source in OH,. Ey corre-
sponds to the unit sphere on the Bianchi Type I subset of 9 Hp. 1t is therefore
natural to introduce polar coordinates 8, defined on the intervals [0, 7] and
[0.27] respectively. We may then write points on £ as

p(gs LP) = (0,0,0, Gy, -, 058, 0)
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where
oy =sinfcosp a_ = sinfsin . (5.73)

Substituting this into the field equations we find that Fy is an equilibrium
set. Now Ej lies on the boundary of the Bianchi invariant set Bl which we
analyzed in detail in Chapter 4. Inspection reveals that Fy corresponds to
the semi-circular equilibrium set YT (Fig. 4.1). The correspondence between
the 2D sphere Ej and the semi-circle T follows because the ratio S4/S_ is
a constant of motion on B[ so the the two shear variables may be replaced
by the single variable S. Each point p on T corresponds to a ring of points
on Ey at fixed 6 satisfying 5? = o + a? = cos®§. Where 6 is precisely the
angle labeling p in Y.

It follows from Fig. 4.1 and (4.37) that each point p(#, ) possesses a
1-dimensional unstable manifold in 0BIN JH, spanned by the radial “eigen-
vector” e, normal to Ey at p(d,¢). The union of these unstable manifolds
corresponds to all radial lines from the origin to the surface of the unit sphere
and covers 0BI N 0Hy. (Here OB/ is the boundary of BI). Therefore an
arbitrary BI solution is equally likely to be past asymptotic to any point on
FEy. Note that any individual point or 1-dimensional curve on Eg will be a
past asymptote to at most a set of solutions of measure zero in BI.

In order to determine whether a given point p(f, ) is negatively stable
with respect to trajectories which have non-zero N, we we need only consider
the linearization of equations (5.37c-e)close to p(8, ). We find:

dN-
# = ,Blivl
dN. ,
d: = BV, (5.74)
dN.
d_7'3- = [aiVs
where
B = %(l+a++\/§a)
B, = (1+ay —Vie (5.75)
By = I(1-2ay)

Inspection of (5.75) reveals that p(6,¢) is negatively stable with respect to
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perturbations of N, in dHy if the following three conditions are simultane-

ously satisfied

1 -+ xy + \/3-05_. > 0
l4+a,—V3a_. > 0 (5.76)
1-2a, > O

If (4,) does not satisfy all three of the conditions (3.76) then p(#, ) will
be a saddle and can not be considered a generic past asymptote. Strictly
speaking the case where 1 or more of the 3, vanish requires further analysis
to assess stability. However, solutions past asymptotic to these points will
constitute a set of measure zero and need not be considered further (the
rigorous proof of this statement actually follows from Theorem A.8 since Ly
is a Center Manifold ).

Therefore, almost all solutions on the unphysical set d Hy are past asymp-
totic to the subset £, C Fq obeying (5.76). It follows that if any subset of
OH, is a source for the full system (5.37, 5.64) it must also be a subset of
E;. This implies that if there exists a generic family of physical solutions for
which lim,_,_ z = 0 then these solutions must be past asymptotic to £;.

5.4.4 Asymptotic Behavior of Physical Trajectories.

Let us now look more closely at the asymptotic behavior of the system near
E,.

Firstly note that the above results imply that for each p(#,¢) € E, there
exists a four dimensional unstable manifold in G, spanned by the mutually
orthogonal vectors e,, ey, for a = 1,2,3, (ey, are the vectors tangent to the
N, coordinate curves).

Define the set BJIy to be the hypersurface on (the boundary of ) H*
satisfying the conditions (5.72) but with z not necessarily zero; ie dBI; is
the extension of Ej off of the z = 0 hypersurface. Then OBI; is a three
dimensional center manifold for each point on the equilibrium set Ey. This
may be verified either by directly evaluating the eigenvalues of the vector
field at p(#,p) or by identifying @BI; with the center manifold 8B, in
Chapter 4.

Since the unstable manifold is orthogonal to the center manifold, the
union of the center sub-space and unstable sub-space spans R7 at pf, ).
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It follows from the reduction of dimensions principle (Theorem A.8) that
p(ag, a-) will be negatively stable if it is negatively stable for the restriction
of the flow to the center manifold. This will be true if and only if y < 0 at
p(0,9); ieif 7 <0 <.

Take E; to be the subset of E, satisfying this condition then almost
all solutions for which z — 0 asymptotically in the past are past asymp-
totic to some point in E]. Furthermore, from Theorem A.8 there exists a
neighbourhood N of E, and a positive constant vy for which

Sy = ay +0(e™) Sy = a_+0(e™)
y=cosf+O(e™) z= f(\/gcos 0t + 6) + O(e’)  (5.77)
N, =0(e").

where the lowest order terms just represent the exact solution on the center
manifold dB1;. The first order solution for the NV, may be obtained by
substituting (5.77) into (5.57c-e) to obtain

N, = AgePeT (5.78)

The A, are arbitrary constants which depend continuously on the initial
conditions and whose sign is determined by the Bianchi type of the solution.
Noting the symmetry of the system under the transformation ¢ — —¢ we
see that similar conclusions may be drawn for solutions which have ¢ tending
to negative infinity.
We summarize the above results in the following theorem.

Theorem 5.3 Consider a class 4 spatially homogeneous scalar field cos-
mology which satisfies the following properties: The potential V € £*; There
exists a time to for which o*(tg) >C) R(ty); || — 0 as T — —co. Then for
|¢| sufficiently large it may be described by the system (5.57)-(5.64) and the
following is almost always true: There exist constants 8, p, ¢ and A, such
that, for T sufficiently large and negative,

Ny =A™ +h Sy =as+h (5.79)
y=cosf+h ¢=\/gc0597'+h (5.80)
where ax and B, are functions of 8 and ¢ defined by (5.73) and (5.75) re-

spectively. Furthermore, § and p are such that ay satisfy the inequalities
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(5.76) (tmplying that 3, > 0). The h represent any higher order terms and
lim, o A = 0.

It turns out that the third condition, that |$| — oc, is redundant and the
first two conditions are actually sufficient for the theorem to hold. This is
because it may be shown that if the first two conditions of the theorem hold ¢
almost always diverges. To see this observe that the function + is monotonic
increasing and may vanish only {and identically) on the unphysical part of
the boundary of H. This is the union of the sets ¢ = o, ¢ = —> and P =
0. Thus all solutions must be past asymptotic to this boundary. However
solutions on the set P = 0 correspond to massless scalar field cosmologies
(ie, from the constraint equation P = 0 iff V' = () which, as we know, are
equivalent to perfect fluid solutions with equation of state p = p. These have
been analyzed in detail for OSH models by Wainwright and Hsu [63] who
have proven that for almost all solutions p diverges as 1/t as ¢ — 0 which is
equivalent to saying that ¢ diverges as Int. [t follows from continuity that ¢
diverges for almost all solutions on H.

5.4.5 Structure of The Singularity

It is intuitively obvious that the generic solutions described in Theorem 3.3
are strongly expansion dominated. In order to make this more more explicit
let us first rewrite the asymptotic expression in terms of the proper time ¢
and the familiar quantities A, of. ng, ¢ and ¢. [t follows from (5.66) that
to first order as T — —

K =Kpe " +h

and hence, recalling that
dr %
_— = A
dt
we find
1= I{(] e” +h
where t has been chosen so that it vanishes at the singularity. A straitforward
calculation gives

K=t"'+h op = diag (cat™ + h)  (5.81)

Ny = diag (Byt*1 + ) (5.82)
. Iy

¢ = \/gcosﬂt'l + h p = \/gcosmn(tfc)—r h (5.33)



Where B, = A,/ 1{5 * and o, are the asymptotic dimensionless shear variables
defined by the relations

ar = /21 + o) a- = o(on — ) (5.84)

Note that the higher order terms are all diagonal. We define the first approx-
imation to the cosmology as follows: By substituting the above expressions
into the commutation relations it can be seen that by scaling the basis vectors
just slightly we may define a unique basis {€,} on X, satisfying the following
commutation relations:

14 a,).

(6, U] = (—ii-a—lea

é,,8] = €, B.tPte, 5.85
ab

and such that the components of h in the basis {&,} are
Gab = 5ab + €ap (586)

where ¢, is diagonal and lim;_g€,, = 0. Define h to be the metric on Py
with components g, = 8, in the basis {€,}. Since the basis vector &, is
proportional to the corresponding vector e, it follows that the components
of K} are unaffected by the change of basis. Also, the unphysical space-
time g = —dt? + h is of the same Bianchi type as g. By inspection of the
commutation relations we have

A

K=t 5¢ = diag (a,t™") (5.87)
N, = B,tP-1, (5.88)

Finally, define the first approximation to the scalar field to be

¢ = \/gcoseln(t/c). (5.89)

It follows immediately from (5.86), (5.89) and (5.83) that (h, (2>) obeys con-
ditions i), ii) and iv) of definition (5.1). Condition iii) is slightly more com-
plicated since it is expressed in terms of a coordinate basis on ¥, and will
be obviously invariant only under a change of basis which is stationary; ie

a basis on ¥; which commutes with U. We therefore define the new basis
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p 1 : . . T :
vectors f, = t~{37%2}¢, where there is no summation over the indices a. Then

it is easily verified that )
[f2, U] = 0.

However the components of IA{E and K¢ are unaffected by this change of
basis so it can be immediately verified from (5.87) and (5.81) that iii) holds
and hence (h, $) is a past asymptote to (h,4). It is a simple matter to
verify directly that (h,¢) satisfies (5.8) and hence that (g, ¢) is strongly
asymptotically expansion dominated. Note that in terms of the basis {f,}
the first approximation to the metric takes the more familiar form

Gap = diag(t3*2ee)

The constraints (5.76) ensure that for generic solutions o, < 1/3. Hence,
typical OSH models expand along all 3 principal directions and pancake and
cigar singularities may be understood as pathological behavior arising in
unstable solutions.

In line with the discussion of the last section we may represent the singu-
larity as a 3 surface Syr with Riemannian metric 8,5 and extrinsic curvature
CP = diag(l + «,) in a basis {s,} satisfying the commutation relations

(Sa, 53] = €5, B.s.

Note that Sy may be identified with the hypersurface T, in M with the
metric h. It is also necessary to specify the constant function ¢ on Sy as an
initial condition for the scalar field. The singularity structure is uniquely de-
termined by 6 numbers B,, ay, a_ and ¢. Thus the singularity is isomorphic
to the set B x K® where K? is the subset of the Kasner disc satisfying the
constraints (5.76). Note that the other regions of the Kasner disc also give
rise to OSH cosmologies but such solutions constitute a lower dimensional
set in phase space.

Since cigar and pancake singularities are unstable in homogeneous space-
times it is very difficult to conceive that they could be generic in the larger
class of inhomogeneous cosmologies.



Chapter 6

Discussion

Clearly, a full understanding of the generic asymptotic structure of scalar
field cosmologies is yet to be achieved. However, the results we have ob-
tained throughout this thesis provide every indication that for models with
SED potential the strongly expansion dominated cosmologies represent a
large and important class of solutions. The rigorous results obtained for
Bianchi Type I space-times also hint that for a given potential this class
of solutions may actually be homeomorphic {in some sense) to the set of
massless scalar field cosmologies thereby allowing a regular boundary to be
attached to solution space via a uniquely characterized singularity structure,
as discussed in section 5.3.2.

Important features of these cosmologies include the existence of a space-
like semi-Kasner singularity, particle horizons and an asymptotic equation of
state p = p for the scalar field.

The behavior of the spatially homogeneous models suggests, further, that
the generic solutions have big bang type singularities with space-time expand-
ing along all principle directions. Assuming this to be true then, by Theo-
rem 3.1, the time of the singularity can be set to zero everywhere thereby
defining a unique cosmological time.

The existence of a particle horizon means that for any p € M there exist
regions of space with which the point p has had no causal contact. This
is usually interpreted as implying that the values of physical fields should
be completely uncorrelated over sufficiently large distances. One must be
cautious, however, because the singularity may impose boundary conditions
which break symmetries existing in the field equations themselves. [f we insist
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that the singularity is regular and the scalar field diverges along all timelike
geodesics (ie the singularity has a global semi-Kasner structure) then by
continuity it must diverge to either positive infinity or negative infinity for
all space. The scalar field therefore does not average to zero over a large
number of horizon volumes, as would be expected from the symmetry ot the
field equations themselves (and is usually taken for granted in inflationary
cosmology). Rather, some nonzero average may be expected to persist over
all space as a residue of the choice of sign at the singularity. Recalling
the discussion of section 1.5.4, this is exactly the type of condition which
Goldwirth and Piran [22] found to be necessary for the onset of inflation in
massive scalar fleld cosmologies. This suggests that semi-Kasner singularities
represent a natural boundary for the class of cosmologies which undergo
inflation.

Conversely, one could turn the above observation around and argue that
since semi-Kasner singularities require correlations in the scalar field over
distances greater than the horizon length in order to be globally consistent
they viclate causality and, therefore, can not represent a typical class of so-
lutions. However, the conclusion that the average value of the scalar field
will be large over all space-time does not really depend on the detailed struc-
ture of semi-Kasner singularities but seems to follow from the straitforward
conjecture that; a) there exists a singularity which is spacelike. and; b) the
scalar field diverges along all timelike geodesics.

[ believe that a timelike singularity is an unlikely scenario given the con-
straint imposed by the the Weak Energy Condition. that the surfaces of
constant @ be space-like. Consider, for example, a static space-time with
naked, timelike singularity. By symmetry the surfaces of constant ¢ must be
timelike thereby violating the Weak Energy Condition.

A more plausible possibility is that there could exist regions of space
where the scalar field remains finite at the singularity. Such regions could
form boundaries between open regions where the scalar field diverges to +oc
and —oo respectively. Such a scenario might in principle be accommodated
within the framework of strongly expansion dominated cosmologies since
these do not rule out the possibility of a measure-zero set of spatial points
with B-type asymptotic behavior. However careful mspection of the details
of the possible B-type solutions for which the scalar field remains finite (see
sections 2.2 and 4.3.1) reveals that such a solution must violate the Weak
Energy Condition.
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The reason for this is sketched as follows: Assume é(zq,t) remains finite
for some zg. Then there exists an arbitrarily close point z; for which the
scalar field diverges. Thus, |¢,;(z0,t)| — oo and it can easily be shown that
gidid; > _O(tZ/S). Furthermore, it can also be shown that for the allowed
solutions ¢? < O(t?). Thus the gradient to the scalar field ¢*(zo,t) would
become space-like close to the singularity in violation of the Weak Energy
Condition.

[t is not immediately obvious that B-type solutions for which ¢ diverges,
such as the inflating solutions /. (see section 2.6), can be ruled out in a sim-
tlar manner. This raises the intriguing possibility that, amongst the infinite
number of spatial points in an inhomogeneous universe, non-generic horizon
free and (in some cases) singularity free inflationary attractors could charac-
terize the asymptotic dynamics of a very small number. Even if such a (past)
asymptotically inflating solution existed along just a single timelike geodesic
it could act as a seed causing extremely efficient isotropization and expansion
along nearby geodesics and generating our entire observable universe! I do
not suggest that this scenario is likely however.

[t is not clear to me that the size of the particle horizon is even relevant
to these considerations. The real issue is whether or not a particular class of
cosmologies is a large and natural one within the solution space of the EFE.
This 1s a purely dynamical question. To illustrate the point imagine we have
some cosmology where the volume element v expands, near the singularity,
according to some power law. For such solutions the characteristic proper
horizon length will be of order A'™'. Assume that the energy density is of
comparable or lower order to the expansion so that we have, in particular,
¢* ~ K2 If we insist that the Weak Energy Condition is satisfied we must
therefore have

o'o; < K*.

If [¢j >> 1 for some z then the above bound means that it will remain
large over a characteristic proper length AX >> K~!. Thus by imposing
a simple dynamical condition we find that the characteristic scale of spatial
variation for the scalar field must be larger than the size of the horizon. In
fact the algebraic constraint equation (1.43) implies that this is true whenever
BIR < o + ¢°. I would therefore suggest that very wrinkly solutions for
which & varies rapidly compared to the characteristic size of the particle
horizon can probably be ruled out by the Weak Enersy Condition together

S
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with some kind of bound on the positive curvature (cf no-hair theorems).
This requires no special correlations in the initial data at all. The magical
boundary conditions imposed by semi-Kasner Singularity structure really
have their origins in the detailed dynamical structure of Einstein’s equations.

The picture that seems to have emerged, is of a typical universe origi-
nating at a semi-Kasner like singularity, rapidly approaching an inflationary
attractor and then evolving into some future asymptotic state according to
the details of its potential. In Chapter 2 it was proved that such inflationary
solutions do indeed exist for a wide class of potentials. However, it remains
to to be shown rigorously that they are indeed attractors in the full inhomo-
geneous solutions space (although the arguments of sections 1.5.3 and 1.5.4
strongly suggest that they are, at least on an appropriate domain).

[ have argued that strongly expansion dominated cosmologies are a large
and natural class of solutions. Nevertheless it would be foolhardy to suggest
that strongly expansion dominated cosmologies represent the only generic
class of solutions to the EFE which satisfy the Weak Energy Condition.

In order to obtain expansion dominated Bianchi Type IX solutions. for
example, it was necessary to place a bound on the initial value of the spatial
curvature relative to the shear tensor. The question that immediately arises
is whether there exists solutions for which this condition is never satisfied
(solutions whose orbits are contained in the compliment of Ht). Clearly
such solutions can not be expansion dominated.

The answer to this question is that such solutions do exist and there
exists evidence that in certain cases they mayv be generic. The simplest
Bianchi Type IX space-times are the closed FRW models. These are the
spatially isotropic space-times with positive curvature. A number of solutions
are known fo exist for these metrics which *bounce” before reaching the
singularity thereby avoiding it completely.

Such a class of solutions was found for the massive scalar field by Hawking
[72] and analyzed in detail by Page [73]. These solutions, which are perpet-
ually bouncing but in general aperiodic, turn out to be non-generic and in
fact seem to occupy a fractal set in solutions space [73].

For constant potential models with V' = V}, the field equations can be ex-
pressed as a 2-dimensional autonomous system and the phase plane structure
can easily be analyzed (see for example [74]). One finds that there exists a
generic class of solutions which are past asymptotic to the anti-de Sitter so-
lution a = ¢™V*"" and future asymptotic to the de Sitter solution a = ¢¥3%
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undergoing a single cosmological bounce. This type of behavior seems to be
generic for models which have non-zero global potentials. Simple numerical
experiments carried out by the author for the model V(¢) = %qbz + Vo, for
example, indicate that bouncing cosmologies occur under a wide range of
initial conditions. It is not surprising that these solutions should arise since
the set @ = 0,4 > 0, representing the bounce point of a trajectory, consti-
tutes a continuous line of initial conditions in phase space. In fact, in general
Bianchi type IX phase space, this set is also intersected by a family of orbits
occupying a finite phase space volume, suggesting that bouncing cosmologies
are generic for certain Bianchi type IX models as well.

The difficulty in assessing the physical significance of bouncing cosmolo-
gies lies in comparing the “number” of bouncing solutions to the “number” of
solutions with an initial singularity. In order to do this one needs a physically
meaningful measure on solution space. Such a measure has been proposed
by Gibbons, Hawking and Stewart [30] based on the Liouville measure for
canonical gravity constructed using configuration space variables (a, @). The
naturalness of this measure as a measure on the set of homogeneous universes
really depends on whether the underlying quantum theory is related to this
classical canonical phase space and must be viewed as speculative at best.
Nevertheless, very preliminary results obtained by applying this measure to
bouncing cosmologies suggests that they may have vanishingly small measure
relative to space-times with singularities and, furthermore, that the measure
of bouncing solutions is strongly peaked around solutions whose minimum
scale factor ag (ie the scale factor at the bounce) approaches infinity, there-
fore making them unlikely to represent our universe. I hope to explore this
issue in more detail in the future.

Taking note of the possible existence of bouncing cosmologies, I would
put forward the following conjecture:

Almost all expanding scalar field cosmologies arising from models with
(class 2) SED potentials, which obey the Weak Energy Condition and which
do not undergo a cosmological bounce are strongly expansion dominated.

The above conjecture would be extremely difficult to prove in general and
clearly a good deal more evidence is yet required before it can be considered
secure. Much insight will clearly be gained by looking at special cases of
inhomogeneous metrics such as spherically symmetric and plane symmetric
solutions and attempting to construct counter examples.

By concentrating almost entirely on SED potentials we have really only
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taken the first step in cataloging the full range of asymptotic behavior exhib-
ited by scalar field cosmologies. Much work remains to be done, particularly
since exponential type potentials, which were only briefly discussed above,
represent such an important class of models. The results that we have ob-
tained strongly suggest that, whatever the details of their asymptotic struc-
tures turn out to be, singularities and particle horizons are an inevitable
feature of realistic scalar field cosmologies.
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Appendix A

Dynamical Systems

The purpose of this appendix is to introduce some notation and state a num-
ber of important theorems which shall be useful in our analysis of scalar field
cosmologies. The results can be found in a number of modern texts on dy-
namical systems and the qualitative theory of nonlinear ODEs. In particular,
excellent introductions, including clear discussions of center manifolds and
comprehensive lists of major references, are provided by Guckenheimer and
Holmes [75] and Wiggins [76].

Consider the autonomous system of ordinary differential equations

dzx

wherez € U C R*,t € Rt and f : U — R" is a C" vector valued function of
z. The coordinate indices have been suppressed for ease of notation but it is
understood that f = (fi, fa, .., fn), etc. We say that (A.1) is a C" dynamical
system or vector field on U and call U the phase space * . A (global) solution
or trajectory of (A.l) is a map ¢ : [ C R' — U which satisfies

PO~ ), (A2)

Where I is the largest interval on which ¢ can be defined so that it satisfies
(A.2). The standard uniqueness theorems for ODEs imply that for each

*The term dynamical system is often reserved for the flow generated by (A.1) but for
our purposes this distinction is unimportant.
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x € U there exists a unique solution, ¥,(¢) passing through z satisfying the
initial condition ¥;(0) = 0. Furthermore, these solutions are C" functions of
t and z (77, 78]. The set of all solutions defines a dynamical flow ¥, which
may be interpreted geometrically as a smooth congruence of curves on U.
For each t, ¥, defines a C" map ¥, : U — {/ which transports points in
U along the flow; ie Wy(z) = ,(¢). The dynamical system [A.1) has the
geometric interpretation of a vector field with components f(z) tangent to
the flow at each point z. (A.1) thus provides geometrical information about
the flow even before it is integrated.

Let z € U/ and let ¢, be defined on the interval 7 C R. We define the
orbit of z, O(z), to be the image of / under ¥,; ie O(z) = {y = w;{t}: t € [}.
If fis C! then the existence and uniqueness theorems, and smoothness of
the vector field on U, imply that if O(x) is contained in a compact subset of
U then I = (~oc,00). Another way of saying this is that local solutions can
always be extended unless they blow up to infinity. A proof of this important
elementary property is given in Hirsch and Smale [77].

Similarly, we may define the past orbit of z, O~ (z) (sometimes called the
negative semi-orbit), to be the image of the non-positive elements of [ under
¥p. If O7(x) is contained in a compact set then [ contains (—~c.0); ie w,(#)
exists for all ¢ < 0.

We say that a set V' € U is invariant under the flow if for all © € V' we
have ,(t) € V for all t € R. Similarly we say that 1/ is past invariant if for
all z € V we have ¢,(t) € V for all t € (—00,0].

If an invariant set V' is a C" manifold we call it a C" invariant manifold.
Let V' € U be an m-dimensional C" invariant manifold defined by a set of
constraints

g9i(z) =0, (A.3)

with m < n. Then the system (A.1) restricted to V by (A.3) can be termed
a C" dynamical system on V (note that V need not be a subset of R™).

One particularly important type of invariant set is an equilibrium point
or fixed point of (A.1). This is any point zo € U/ for which flzg) = 0. It
is easily seen to be invariant since the solution z = Tg satisfies (A.1) for all
t e A.

In our analysis, we are mainly interested in the asymptotic behavior of
solutions as ¢ — —oo, (provided they exist that long). A point y € U is said
to be an a-limit point of z if there exists a sequence {#;} with t; — —oo
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such that lim; . ¥:(t;) = y. The set of all a-limit points of a point z is
termed its a-limit set a(z). The following elementary result is fundamental
to asymptotic analysis of dynamical systems.

Theorem A.1 Let z € U and let there exist a compact set V C U such that
O) C V. Then the following is true;

i) a(z) is non-empty.

it) a(z) s a closed.

ii)a(z) is invariant under the flow; ie it is a union of orbits.

w) a(z) is connected.

Proof:

i) Let {t;} be a sequence with ¢; — —oo. Then y; = 9,(t;) € V for all ¢;.
Since V is compact there exists a convergent subsequence of {y;}. The limit
point of this sequence is, by definition, an element of «(z).

ii) We need only show that the compliment of o(p) is open. Let y € a(p)
then it follows from the definition of a-limit points that there must exist a
neighbourhood B(y) that is disjoint from the set of points ¥.(t) : ¢ < t, for
some tg < 0. Thus B(y) lies outside of ¢, and we have the result.

iii) Let y € a(z) and let y; = ¥y(s) for some s € I where [ is the interval
on which 1, is defined. Choose a sequence t; — —oo with ¥,(t;) — y. Then
¥z(t; + 8) is defined, provided we choose ¢ sufficiently large that ¢; + s < 0.
We have ¥, (t; + 8) = Uy ps(z) = U(¥:(¢t;)) which converges to y; as ¢ — oo.
Thus ¢, (s) € a(z) for all s € 1.

Now recall that a(z) C V by definition. It follows that O~ (y) C V and
hence, that [ = (—00,00). This completes the proof that a(z) is invariant.

iv) Suppose a(z) were not connected. Then we can choose 2 disjoint
open sets Vi, V2 such that a(z) = a1(z) U az(z) where a;(z) C V7 and
az(z) C V3. The orbit of z accumulates on points in both o and a3, It
is therefore possible to find an infinite sequence {¢;} with t;, — —oo for
which ¥.(t;) € K =V — V; UV,. By compactness, we can find a convergent
subsequence of {¢;} with limit point y lying outside of V;UV,. Since y € a(z),
by definition, we have a contradiction. O

Theorem A.l essentially means that if a solution ¥,(¢) is confined to a

compact region there exists some invariant set whose solutions approximate
¥,(t) in the limit as ¢ — —oo. Obviously, the analogous result also holds
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for future asymptotic behavior. The following is an immediate corollary of
Theorem A.1.

Corollary A.2 IfV C U is a compact past invariant set then properties i-iv
of TheoremA.l hold for ull z € V.

A number of important results in dynamical systems theory relate to the
behavior of the flow in the neighbourhood of equilibrium points. Suppose
we have a fixed point z so that f{zo) = 0 and assume f is C7 with r > 2.
Close to zo, we may approximate f, to first order, by the linear function
fr = Df(z¢)(z — z0), where Df = [%%—} is the total derivative of f. This
suggests that the behavior of the flow near xp may be approximated by the
solutions to the linear dynamical system

d(x — zq)
dt

which may by integrated exactly to obtain the linearized flow

= D f(zq)(z — o) {A4)

Uh(x — 20) = (& — 2o)eP =) (A.5)

The behavior of the linearized flow is characterized by the eigenvalues and
eigenvectors of the matrix D f{zy). Define the vector spaces £*, £* and E°
as the spans of the eigenvectors whose eigenvalues have positive, negative and
zero real part respectively.(Note that the union of these vector spaces span
R™). We may identify each of these sets with the hyperplanes intersecting
xo whose tangent spaces correspond to the respective eigenspaces. It is then
simple to demonstrate that the hyperplanes E*, E* and E° are invariant
under the linearized flow. We label them the umnstable, stable and center
subspaces of the system respectively. Points on the unstable subspace are
exponentially repelled from zo under the linear flow. Points on the stable
subspace are exponentially attracted to zo. The center subspace contains all
closed orbits of the linear flow.

We say that an equilibrium point is kyperbolic if the matrix D f(x,) pos-
sesses 10 zero or purely imaginary eigenvalues. It turns out that the condition
that the linear flow adequately characterizes the nonlinear flow near .y, is that
it be hyperbolic. We state below two important theorems on the seometry
of hyperbolic equilibrium points. The proofs may be found in Hartman {79].
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Theorem A.3 (Hartman-Grobman Theorem) If zo is a hyperbolic
equilibrium point then there exists a homeomorphism h defined on some
neighbourhood B(zo) of o which takes orbits of U, to orbits of the linearized
flow UL, h preserves the sense of orbits and parameterization by time.

Before stating the second theorem we make a couple of definitions. Let
M?(zo) be a positively invariant manifold defined in a neighbourhood of a
fixed point zo. We say M*(zq) is a local stable manifold of zq if for all
z € M*(zo) we have lim¢_.o ¥;(t) = zo. Similarly, we say that a negatively
invariant set M“(z¢) is a local unstable manifold if for all z € M°*(zo) we
have limy_,_o, (%) = zo.

It is easily verified that the stable and unstable manifolds of the linear
flow WL the hyperplanes E* and E° respectively.

Theorem A.4 (Stable Manifold Theorem) Let f be C™ with r > 2 and
let zo be a hyperbolic equilibrium point of (4.1). Let E° and E* have dimen-
sion k and m respectively (note that k+m =n where U C R™ ). Then there
exist local C™ stable and unstable manifolds, M*(zo) and M*(zo) of dimen-
sion k and m respectively, for the nonlinear flow V.. Furthermore, M*(x)
and M*(zq) are tangent to E° and E“ respectively at the equilibrium point

Zg.

The upshot of Theorems A.3 and A.4 is that it is safe to linearize the system
asymptotically close to hyperbolic equilibrium points. In particular, Theorem
A.3 implies that the stability (or instability) of z¢ is the same for the linear
and nonlinear flow. We now introduce a more precise classification of the
stability of a fixed point.

We say that a fixed point zg is a source if it possesses an n-dimensional
unstable manifold which contains some neighbourhood of z5. A hyperbolic
fixed point is a source iff each of the eigenvalues of D f(zg) have positive real
part.

We say that zg is a sink if it possesses an n-dimensional stable manifold
which contains some neighbourhood of zy3. A hyperbolic fixed point is a sink
if each of the eigenvalues of D f(z9) have negative real part.

We say that z¢ is a saddle if it possesses an m-dimensional stable manifold
M*(zo) and an (n — m)-dimensional unstable manifold M*(zy) with 1 <
m < n and, in addition, there exists a neighbourhood B(zy) such that for all
r € B(xg) — M*(zo) U M*(x0) there exists a T' > 0 such that ¢.(¢) € B(zo)
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for all ¢ ¢ (=T,T). A hyperbolic fixed point is a saddle whenever D f{z¢)
has both positive and negative eigenvalues.

Non-hyperbolic equilibrium peints may or may not fall into one of the
above stability classes. It will be useful to define a weaker notion of stability.
We shall say an equilibrium point i1s negatively stable if for any neighbour-
hood Bf{z) there exists a neighbourhood Bj(zg) C B(zg) such that for all
z € Bi{zp), O (2} C B(zq). Positively stable solutions are defined anal-
ogously. Conversely z¢ is negatively (positively) unstable if there exists a
neighbourhood B(zg)} such that the set of points whose past {future) orbits
are contained in B(zq) has Lebesgue measure zero. An unstable equilibrium
is both positively and negatively unstable. Sources and sinks are examples
of negatively and positively stable points respectively. Saddles are unstable.

When the matrix D f(z) has eigenvalues with zero real part the linearized
flow fails to adequately characterize the asymptotic behavior. Nevertheless,
certain aspects of the linear theory do carry over to the nonlinear case. We
shall state below a number of important theorems which sumnmarize the im-
portant asymptotic features of these systems. The proofs may be found in
(80], also see [81] for a more transparent discussion with partial proofs. We
first define a local center manifold.

If there exists a local invariant manifold for the non-linear flow, tangent to
the center subspace £¢ at the fixed point zq, we call it a local center manifold
of zp and denote it M¢(z,). The following theorem generalizes Theorem A.4
to non-hyperbolic cases and asserts the existence of a center manifold in these
cases.

Theorem A.5 (The Center Manifold Theorem) Let f be (7 with r >
2 and let zo be an equilibrivm point of (A.1). Let E*, E* and E° have
dimension &, m and s respectively. Then there exist local C™ stable, unstable
and center manifolds, M*(zo), M*(xo) and M%(xo) tangent to E*, E* and E°
respectively at zo. Furthermore, M*(zq) and M*(zo) are unique /but M*(zo)
need not be).

The importance of center manifolds, and the reason that the linear approxi-
mation is inadequate for their study, lies in the fact that, whilst the asymp-
totic behavior on M*(xp) and M*(zq) is exponential, the dynamics on the
center manifold is characterized by the nonlinear terms in f and is therefore
much slower than exponential. (in fact a center manifold can be defined as
the set of all points whose trajectories are exponential dominated in both
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forward and backward time [80]). The consequence of this is that, if zq is
positively (or negatively) stable, typical solutions rapidly decay onto (or off
of ) the center manifold, so that the long term behavior of the system is char-
acterized entirely by the behavior on the center manifold which is manifestly
non-linear. We shall make this idea more precise in a theorem below.

We assume below that all non-zero real eigenvalues are positive,
the case for negative eigenvalues follows directly by reversing the sense of
time.

Let the linear subspaces £* and E° (which span R" in this case) have
dimension m and s respectively, with m + s = n. It is convenient to choose
coordinates for which zg lies at the origin and E* and E° are tangent to

respective coordinate axes.
The matrix Df(zo) takes the form

Df(0>=(f)‘g)

where A is an s X s matrix having eigenvalues with zero real parts, B is an
m X m matrix having eigenvalues with positive real part. The dynamical
system (A.1l) takes the form

dz .

= Az + gi(z,y)

d

-ﬁ = Bz 4+ g(z,y), (A.6)

where (z,y) € R* x R™ (ie we identify z and y with points on the center
and unstable subspaces respectively). g1(z,y) and g2(z,y) are C" functions
satisfying

g2(z,y) = O(ll(z, )II*) gi(z,y) = O(l|(=, )II*) (A.T)

Since the center manifold is C7, r > 2, and tangent to E° at the origin it
may be represented locally as a graph;

M) = {(z,y) : y = h(z), h(0) = 0, DA(0) = 0} (A.8)

On the center manifold the system may be reduced to an s dimensional
dynamical system as follows:
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Theorem A.6 (Dynamics on the center manifold.) The dynamics of
(A.6) restricted to the center manifold is, for © sufficiently small, given by
the 5 dimensional dynamical system

dzx
E:Ax%—m(x,ﬁ(ﬁ))- (A.9)
The next theorem tells us that the solutions close to the center manifold are
repelled as t — oo unless they actually lie on the center manifold.

Theorem A.7 There exists a neighbourhood B(0) of the origin such that if
p € B(0) and O*(p) C B(0) then p € M.(0).

Remarks:
1) It is clear that the point p described in Theorem A.T must lie on all

center manifolds of the origin. An immediate consequence of this is the fol-
lowing: If the origin is a positively stable fixed point of the reduced dimension
system A.9 the center manilold must be unique.

2) Taking the time reverse of this theorem implies that, in the case where
B has all negative eigenvalues (rather than all positive ), any solution which
15 past asymptotic to the fixed point at the origin must lie on all center
manifolds.

Another important result on the relationship between the asymptotic
behavior of the reduced dimensional system and the full dynamical system
is the following:

Theorem A.8 (Reduction of Dimensions Principle) i) If the zero so-
lution for the dynamical system (A.9) is negatively stable (negatively unsta-
ble) then the zero solution for the full dynamical system (A.6) is negatively
stable (unstable).

i) In particular, if the zero solution of (4.9) is negatively stable there
exists neighbourhoods U,V C R* x R™ of the origin and a constant v > 0
which depends only on the matriz B such that, for all (u. z9) € U, there exists
@ unigue p = (zo,y0) € V satisfying yo — h(xo) = zo such that the solution
p(t) of (A.6) with 1,(0) = p may be written

2(8) = du(t)+0(e"), (A.10)
y(t) = A1) +0 (), (A.11)
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where ¢(t) is the unique solution of the reduced system (A.9) with ¢(0) = u.
ut) furthermore, the map S : U — V, S{u, z) = (o, yo) defined in 12 is
continuous 1-1 and (for an eppropriate choice of V') onto.

Remarks:

1) The above theorem is an extremely powerful result. It tells us that
whenever the origin is a negatively stable fixed point of (A.9) the past asymp-
totic behavior of the full system (for initial conditions close to the origin) is
completely determined by the dynamical system (A.9). In particular, as the
system evolves backwards in time, each solution approaches a unique solution
on the center manifold exponentially rapidly.

2) Conversely, each solution on the center manifold has a continuous
family of solutions of {A.6) which it approximates asymptotically. In fact it
can be shown that for a given p € M.(0) the set of initial conditions whose
solutions approach w,(t) is actually a C'7 curve in R”™ intersecting M.(0) at
p.

3) An important point to note is that if we consider initial conditions at a
fixed distance zp from the center manifold then (locally) there is a continuous
1-1 map between zg and the initial point u on the center manifold.
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Page 83, the right hand side of equation (3.2c) should be \/gy.
Page 105, line 7, “Jacob” should be replaced with “Jacobs”.
Page 106, equation (4.27b) should read

da 3 .
8% - —\/;sz’(qB) — 322V (4).

Page 107, the missing entry in the middle columun of the top row of the
matrix on the right hand side of equation (4.29) is “0”.

Page 114, lines 8, 10 replace “parameterize” with “parametrize”. Similarly,
it should be “ parametrization” on line 14. Similarly “ reparamelerization”
should be replaced with “reparametrization” on Page 130 line 2.

Page 128, line 14, replace “Lifshitz an Khalatnikov” with “Lifschitz and
Khalatnikov”. On line 15 replace “Eardly” with “Eardley”. This error also
occurs on Page 129 line 15, Page 138 8 line from bottom and on Page
176 reference {67].

Page 138, line 14, there should be a comma following “functions”.
Page 164, 4" line from bottom, replace “Where” with “where”.

Page 174. In Reference [22] replace “ans” with “and”. In references {25]
and [26] “Sikilos” should be “Siklos”. In reference [28] “Kalantikov” should
be “Khalatnikov”.

Page 175, references [39] and [41], replace “Goldsworth” with “Goldworth”.
Page 176, reference {53}, delete “bf”. Also, “26” should be in bold print.



Errata

Page 9, Equation (1.25) should read

U=l mies

Page 17, “reimannian” should be replaced by “Riemannian” in the line
following equation (1.51).

Page 18, The sentence following equation (1.56) should read “Thus space-
time exponentially approaches de Sitter space.”

Page 19, in the last sentence of paragraph 2 “straightforward” is incorrectly
spelt “straitforward”. This error is repeated on Page 74 line 15, Page 80
line 7 from the bottom and Page 160 line 20.

Page 22, line 2, “unequivicaly” should be replaced by “unequivocally”.

Page 28, the last equation on the page should read
1 /3, 2
= — (g2 1) .
vie) 48 (2¢ )

Page 33, lines 9, 13 and the bottom line, “separatrices” is incorrectly spelt
“seperatrices”. This error is repeated on Page 75 lines 1 and 10 and Page
87 line 14.

Page 38, the second sentence should begin “Eliminating V from (2.1c) using
(2.2) gives...”

Page 42, the line above equation (2.19) should read “which can be integrated
exactly to obtain the set of unphysical orbits”. In the line 2 below equation
(2.19) “pair orbits” should be replaced by “pair of orbits”.

Page 45, 7% line from bottom, replace “theses” with “these”.
Page 49, 7** line from the bottom, replace “criterium” with “criterion”.

Page 57, the last sentence of paragraph 3 should read “0Q. is a center
manifold of py and 0Q; is a center manifold of p_".

Page 62, 4'" line above Theorem 2.8, replace “(2.107)” with “(2.64)”.
Page 82, the right hand side of the second equation should read 0 not oco.








