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SUMMARY

Concavity-like geometric properties are derived for the solutions
of various classes of boundary value problem. The derivations of these
results are all obtained by transforming a basic convexity maximum

principle which is an improved version of one published by N. Korevaar.

In order to present the results in a coherent manner, the concept
of a-concavity is introduced. When o is a positive real number, a
non-negative function is said to be a-concave when its oth power, u%,
is concave. This "scale of concavity-like properties" is then extended
in a natural way to all extended real numbers o in [-w,+=]. The larger
the number o is, the stronger the property. If a function 1is not
a-concave, then an a-convexity function can be constructed to measure
how far the function deviates from a-concavity. The a-convexity
function is equal to zero if the function is a-concave, and positive
otherwise. In terms of these concepts, then, the basic convexity
maximum principle states essentially that if a function u on a bounded
convex domain in RN for some n > 2 is such that the negative of its
Laplacian, -au, is (-1)-concave, then the 1l-convexity function for u
cannot attain a positive maximum in the interior of the domain.
Korevaar derived the same result from the assumption that -au is

1-concave, and herein lies the improvement.

Next, the basic resu]t is transformed in order to obtain a maximum

Fe o-Convexity Hfunction
principle for —e—eoreavity for 0 < o < 1. But in order to use these
maximum principles, it is necessary to combine them with some knowledge
of the behaviour of a function near the boundary of its domain. If it

can be shown that a positive maximum of the o-convexity function cannot

occur at the boundary, then there is nowhere else for the maximum to be



attained. From this results a proof of a-concavity.

This method is applied to three kinds of boundary value problem on
bounded convex domains. In the first, -au is equal to a function of the
domain variable x in RP. In the second, -au is equal to a function
only of the dependent variable u itself. And in the third, the equation
Au = exa(u) is considered with infinite boundary data - that is,

Liouville's problem.

In the first case, it is found that if -au is g-concave for some
g » 1, then u is (B/(1+2g))-concave (if u equals zero on the boundary ).
In the second, it is shown that if -au = uY, and u equals zero on the
boundary of the domain, then u is (%(1-y))—concave, for 0 <y < 1.
Thirdly, it is shown that the solution of Liouville's problem in R? §s
convex. The sharpness of the result for the first boundary value
problem is shown by an example, and various other examples place limits

on the possibie extension of other results.

Finally, some calculations on specific functions give concrete

meaning to the concepts dealt with in the analysis of general problems.
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1. INTRODUCTION

This thesis presents some new results concerning the "a-concavity"
of solutions to boundary value problems. The introduction explains what
a-concavity 1is, briefly summarises the relevant literature, and

outlines the contents of the thesis.

Nearly all of the progress 1in establishing concavity-like
properties of solutions to boundary value problems has occurred
since 1970. These various properties may be readily compared with each
other when expressed in terms of a concavity scale used by Brascamp and
Lieb ([1], p.373). A simplification of that scale will be used in this
thesis. It provides a clear way of presenting results as well as an
effective analytical tool: Let o be an extended real number. A
non-negative function u on a convex subset Q of any Euclidean space
IR" will be said to be a-concave for o = 4= when u is constant, for
0 < a < + when u® is concave, for a = 0 when log u is concave, for
- { o < 0 when u® is convex, and %or a = -= when the upper level sets
of u, {xeq; u(x) >t}, are convex for all real constants t. (Here,
1og u, and u® for -» < o < 0, are taken to mean - and +» respectively
when u = 0, and the usual extended definitions of convexity and
concavity are then applied to the extended real valued functions that

result.)

a-concavity is monotonic with respect to « in the sense that for
any extended numbers o and g such that o > g, if u is a-concave then u
is p-concave. (This and other properties of a-concavity will be
demonstrated in the next section.) Thus any function u which is at
Teast (-=)-concave is associated with a unique maximum number, a(u)

say, such that u is g-concave for all g less than o = a(u), and in fact



Section 1

u is then q-concave for this value of a. It seems that not many
physical boundary value problems have solutions that are actually
concave (that is, l-concave), whereas the number of problems known to
have a-concave solutions for o less than 1 has grown impressively in

the last decade.

In the literature, a O-concave function is usually referred to as
"log concave", and a (-)-concave function is often said to be
"quasi-concave". Here, functions which are o-concave for positive

a will be broadly referred to as "power concave".

The first o-concavity result of which the author is aware is that
of Gabriel ([3]), who showed that the Green's function for the
Laplacian on a bounded convex domain (that is, non-empty open set) in
R? is (-=)-concave. In 1971, Makar-Limanov ([9]) demonstrated, using
inequalities peculiar to R?, the (-w)-concavity of the solution of
Au+l = 0 subject to zero Dirichlet’ data on the boundary of a bounded
convex domain in RZ. In fact, it is clear from the proof that u is
%—concave. In 1976, Brascamp and Lieb ([1]) used the closure of the
0-concave functions wunder convolution to show that the semigroups
corresponding to a <class of parabolic equations preserve the
O-concavity of the initial data, from which it is easily deduced that

the fundamental solution of au+au = 0 on a bounded convex domain in

IR" for n » 2 is O-concave.

In 1977, Lewis ([8]) demonstrated (-«)-concavity for the potential
function of a convex ring in R". That 1is, given two bounded convex
domains in RN such that the closure of one is included in the other,
if u denotes the function which is harmonic in the ring between their

two boundaries, equal to 1 on the inner boundary and inside it, and
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equal to 0 on the outer boundary, then u is (-=)-concave. The method

used somewhat resembled a maximum principle.

In the early 1980s, Korevaar ([6,7]) and Caffarelli and Spruck
([2]) used a maximum principle to prove 0O-concavity and l-concavity for
solutions of a rather general class of boundary value problems of the
type ajj(Vu)ujjtb(x,u,vu) = 0 subject to some sort of boundary
condition on a bounded convex domain in R" for n > 2. Korevaar applied
this to capillary surfaces to demonstrate l-convexity of the solution
(that is, 1l-concavity for the negative of the solution), and Caffarelli
and Spruck demonstrated the existence of a (-=)-concave solution to a
plasma problem: au+(u-k)¥ = 0 subject to zero Dirichlet data on the

boundary of a bounded convex domain in R", where t¥ means (|t|+t)/2.

The present author developed a method based somewhat on that of
Lewis to show that the solution of Poisson's equation, au + f(x) = 0,
subject to zero Dirichlet data on the boundary of a bounded convex
domain in R" for n > 2 is (B/(1+23))-concave if f is a non-negative
g-concave function for some g > 1 ([5], see appendix). In the Timit as
B » = this gives the generalisation of the Makar-Limanov result to R".
Shortly before writing this thesis, however, the author discovered an
improvement (Theorem 1 of this thesis) to Korevaar's convexity maximum
principle ([6] Theorem 1.2, or [7], Theorem 1.3). This permitted both a
simplification of the derivation of the Poisson's equation result and a
greater applicability to non-linear problems than could be obtained
with the method used in [5]. The difference between Korevaar's
principle and the improved principle lies essentially in the fact that
whereas he requires the l-concavity of the function b with respect to
the Jjoint variable (x,u), the improved principle requires only

(-1)-concavity. (It should be pointed out that Korevaar's concepts are

9



Section 1

upside-down relative to the author's, and that for the sake of
uniformity the 1liberty has been taken of <calling his concavity

principle a convexity principle, with similar changes for his other

definitions.)

The results of the present work are derived almost entirely from
Theorem 1 (section 3), which is a rather abstract convexity maximum
principle. By means of a simple transformation, this becomes an
a-convexity maximum principle for 0 < q <1, stated in Theorem 2
(section 4). This is equivalent to Korevaar's principle for o = 0, and
significantly better for 0 < o < 1, because for such o his principle
leads to no result at all. It appears that the unimproved principle
only gives results for o = 0 or 1, which are precisely the cases used

by Korevaar.

In section 5, the maximum principles of the previous two sections
are applied to boundary value problems. That is, they are combined with
assumptions on the behaviour of the solution near the boundary to give
an assertion of o-concavity for some a. Theorem 3 applies Theorem 1
directly; Theorem 4 applies Theorem 2 in the case 0 < a <1; and
Theorem 5 applies Theorem 2 in the case o = 0, which is not original,
as indicated above. Theorem 5 is thus given partly for completeness, to
demonstrate what the consequences of the method are, but partly also
because the analysis of boundary behaviour in this case rests quite
heavily on Lemma 6, a proof of which appears in [7] and [2], -but—is—

t oWeas Alian deswvalle 4o previde heve o weve detonled
i incomplete—in—the latter—H—was-
Kowelloadeind
: i bier—bheee#eﬁer—%e—pF@%%de—an_@xp4¢eiwqpPeeﬁ, with a view

to facilitating its possible generalisation in the future and providing

a more secure basis for Lemma 11, which also depends on it.

10
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Section 6 applies the abstract results of section 5 to various
classes of boundary value problem by making the calculations necessary
for each specific case. Since the approach presented in this thesis was
discovered by the author only shortly before its writing, the results
in this section are by no means exhaustive. The approach has only just
begun to be applied, and the near future should see some success with
other kinds of boundary value problems. Theorem 7 shows how the
author's result in [5] can be derived by better means, using Lemma 8 to
extend the result to non-smooth force functions. Theorem 9 spells out
the requirements for an equation of the type au+h(u) = 0, and shows
that the special case au+kuY = 0, with zero Dirichlet data on the
boundary, for 0 <y < 1 and k > 0, implies that u is (%(1—Y))-concave.
This bridges the gap between the Makar-Limanov type of result for
autk = 0 (y = 0 and u is %-concave), and the Brascamp and Lieb type of
result for Au+ku = 0 (y =1 and u is O0-concave). Theorem 10 1is the
result for o = 0 analogous to Theorem 9. It was obtained by Korevaar,

and is given here merely for completeness.

The solution of Liouville's problem, which satisfies au = exp(u)
in a bounded domain in R? and u » += at the boundary, 1is shown to be
convex when the domain is convex by Lemma 11 and Theorem 12. The
conjecture that -u would be (-«)-concave under these circumstances was
communicated to the author by G. Keady, and a quick application of
Theorem 1 showed that it would in fact be 1l-concave. When the concavity
number of the "“force" function for -u is calculated, it turns out to be
equal to 0, exactly half way between 1, which is required by Korevaar's
principle, and -1, which the improved principle requires. This result
has the consequence that under appropriate conditions, the path of a

simple point vortex, under the influence only of an otherwise

11
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irrotational velocity field in a convex set, encloses a convex set.

The seemingly random set of results in section 6 is due to the
recent origin of the method used, and the author is sure that there are
many more applications to be found to, for instance, capillary
surfaces, minimal surfaces, surfaces of constant mean curvature,
parabolic equations, plasma-type problems, Green's functions, potential
functions (and generalised potential functions) on convex discs, and

elasto-plastic deformations of cylinders.

Section 7 demonstrates the sharpness of many of the earlier
results. Theorem 14 shows that the number g/(1+28) appearing in
Theorem 7 is sharp. Theorem 8 shows that O0-concavity 1is the best
possible for the equation au+au = 0. Theorem 16 shows that Theorem 7
can not be extended down to g = 0. Finally, Theorem 18 says that if a
domain has a flat portion, then the solution to au+l = 0 cannot be

concave.

Section 8 contains explicit calculations of a(u) for the solution
of Au+4 = 0 with zero Dirichlet data on an equilateral triangle, and
for the Green's function for A on a sphere in R", with pole at the

centre of the sphere.

The appendix contains an article by the author which will not be
published for some time. The research reported therein was undertaken
for the present Ph.D. candidature, and although the methods used are
superseded in many ways by those of the main body of the thesis, they
are of interest in that they give added insight into the mechanisms
whereby the "force" function, f = -Au, and the boundary data combine to

produce an a-concave solution.

12



2. DEFINITIONS AND PRELIMINARY RESULTS

Let n > 2. A subset @ of R will be called a domain when it is
open and non-empty. When @ is a domain and k is a non-negative integer
or +o, C(a), C(Q), ck(q) and Ck('ﬁ) will denote respectively the set
of continuous functions on ©, the set of continuous functions on Q,
the set of functions in C(Q) whose derivatives of order less than or
equal to k are continuous, and the set of functions in C(Q) whose
derivatives in @ of order less than or equal to k have continuous

extensions to Q.

If o is a bounded convex domain in R"M and u: @ » IR is a bounded

function, then the convexity function ¢ for u on @ is defined on

Txax[0,1] by:

c(y>z,2) = (1-2)u(y) + au(z) - u((l-a)y+az)

for y,ze @, re[0,1].

Write T = sup{c(y,z,A); (¥,z,A)e @x0x[0,1]}. ¢ is a real number
since ¢ is bounded. Also, ¢ >0 (which follows, for instance, by
putting A = 0), and ¢ =0 if and only if u is concave in Q. The
convexity maximum principle referred to in the title of this thesis is

a maximum principie for c.

A useful extension of the idea of the convexity of the reciprocal
of a function, from positive functions to general real functions, is as
follows: If S is a convex set, then b: S + IR will be said to be

harmonic concave when, for all (y,z,A)e SxSx[0,1],

b((1-2)y + az) > b(y)b(z)((1-2)b(z) + ab(y))~! if (1-a)b(z)+xb(y) > 0
and b{(1-A)y + az) > 0 if b(y) = b(z) = 0.

It is readily seen that a positive function b is harmonic concave if
and only if 1/b is convex (that is, b is (-1)-concave). But it is also

13



Section 2

true that any concave function, whether it is non-negative or not, is

harmonic concave, since if b is concave and (1-A)b(z)+xb(y) > 0 then

b((1-a)y+xz) - b(y)b(2)((1-A)b(z)+rb(y))™?
(1-2)b(y)+ab(z) - by)b(z)((1-2)b(z)+rb(y))~?
A(1-1) (b (y)-b(z))2((1-2)b(z)+ab(y))~?

> 0.

v

The inequality for b(y) = b(z) = 0 is clearly satisfied by any concave
function b. Harmonic concavity is used in preference to (-1)-concavity
in Theorem 1 to allow the convexity maximum principle which is central
to this thesis to be stated in the fullest possible generality,

although this extra generality will not be used here.

A definition of a-concavity has been given in the introduction,
but since the concept is so fundamental to this thesis, it s
appropriate to summarise here some of its basic properties. They are
given only brief justification since they are mostly elementary, and of
value principally for general orientation and for some calculations
concerning the counterexamples. Property 4 is probably the most useful
for applications, since equation (2.1) provides a simple way of

checking whether a function is a-concave.

PROPERTY 1: Let @ be a convex set in RN for some n > 1. A function u
on 9 is o-concave if and only if for all y and z in @ and Ae[0,1],
u(x) > g (a,u(y),u(z)), where x = (1-1)y + Az, and 9olrss,t) is defined

for »e[0,1] and s, t > 0 by:

14



Section 2

r max(s,t) for o = +w
((1-2)s9% + At a for 0 < o < +
9,(x,s,t) = i s1-AtA for o =0
st((1-2)t=% + as~®)Y/ o for —w < o < O
\ min(s,t) for o = -

where 0% is taken to mean 0. This equivalent definition for
a-concavity, and the fact that g (x,s,t) is monotone increasing with
respect to o, are discussed by Brascamp and Lieb ([1], p.373), with
minor differences due to the slightly restricted form of definition
used here. Similarly it 1is straightforward to show that for each
re (0,1) and s, t >0, g, (xr,s,t)e C([-»,+=])NCP(R) with respect to
the usual two-point compactification topology on [-e,+=] (but not
analytic when only one of s and t is equal to =zero, since

9,(1,0,t) = A1/9t for o > 0, and equals zero for o < 0).

PROPERTY 2: If o and B are extended real numbers such that o > g and u
is a-concave, then u is Bg-concave. This monotonicity property of

a-concavity follows from the monotonicity of g, with respect to a.

PROPERTY 3: If ae R or o = +», and a function u is g-concave for all
B < a, then u is a-concave. This continuity property of a-concavity
follows from the continuity of g, with respect to o. Hence for every
(-»)-concave function there is a (unique) o€ [-=,+o] such that u is
g-concave for all B <« a and not B-concave for B > a. This o will be

denoted by a{u) and termed the concavity number of u. In the light of

this definition, all results on concavity-like properties of solutions
of boundary value problems may be regarded as estimates of the

concavity number of the solution.

15



Section 2

PROPERTY 4: A positive C2 function on a convex domain 9 is o-concave

for ae (-o,+=) if and only if
(2.1) u(x)ugg(x) + (a-l)ue(x)2 <0

for all xeq and e6eS, where S = {¢e R"; |¢| = 1} is the set of
"directions" in R", and ug(x) and ugg(x) denote the first and second
derivatives of u with respect to x in the direction 6 - namely,
6jou/3x; and eiejazu/axian. (The summation convention will apply to

all roman subscripts unless the context indicates otherwise.)

To prove (2.1) requires 1ittle more than the observations that a
v Voo
c? functionxin a convex domain is convex if and only if g S

everywhere non-negative for all @, and that

(Ua)ee N au“'z(uuee + (a—l)uez) for o #0

and (1og u)gg = U™%(uugg - Ug?).

PROPERTY 5: It follows from property 4 that if u 1is a positive

C% function on a convex domain Q, and ae (-»,+=), then u is o-concave

if and only if

-2

(2.2) a <1 - supfu(x)ugg(x)ug(x)™; xe 2, 6€S and ug(x) # 0}.

In fact, this is also true for a = +~, since the set in (2.2) is empty
if and only if u is constant, in which case the supremum of the set
is —», and the right hand side equals +~. Hence for any (-«)-concave

positive C2 function,

(2.3) a(u) =1 - sup{u(x)uee(x)ue(x)'z; xeQ, 8€S and ug(x) #0}.

This provides an effective means of calculating a(u) (for examples, see

Section 8), and exposes the essential simplicity of the definition of

16
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a-concavity.

PROPERTY 6: For any o > 1, the set of a-concave functions on a convex
set @ is a convex cone. That is, for o > 1, the a-concave functions are
closed under addition and positive scalar multiplication. This follows

from a well known extension of Minkowski's inequality which states that

if one defines

m
Ixlp = (1 x;P) /P for xe RM,
i=1

then [(1-2)x; + ax,lp > (-2 lx [, + alx, [,

for all pe (0,17, re [0,1] and X5 xze'mm. From this, putting m = 2,

x; = (f(y),qly)) and x, = (f(z),9(z)), one obtains

(1-2) (F(y)P+a(y)P) /P + A(f(z)P+g(z)P)1/P

(1-1) Hxlllp ] )\“X;z”p

A

[(1-2)x + szﬂp
(((1-N)F(y)+aF(2))P + ((1-2)g(y)+ag(z))P) /P
< (F((1-2)y + az)P + g((1-a)y + az)P)L/P

whenever f and g are non-negative concave functions. But this
inequality means precisely that (fP + gp)l/p is concave. Writing
p =o"! for ae [1,») and replacing fP and gP with f and g respectively
then shows that f + g is a-concave whenever f and g are o-concave.

Property 6 readily follows.

PROPERTY 7: If o and ge [0,+=], f is a-concave, and g is pg-concave,
then the pointwise product f.g is y-concave, where ye [0,+=] satisfies
vl = o1+ g"!, with the understanding that 07! = 4= and (+«)"! = 0.
The result is obvious when o or g is infinite, and clear when o and

g are both =zero. In the other cases a+gBe (0,+»), and by defining

17
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A = of (a+B) one sees that it will be sufficient to show that fl~A.g? is
concave whenever f and g are concave and Ae [0,1]. But fl-A.gX is the
pointwise limit of ({1-A)fP + agP)1/P as p » O*, these being concave
functions by property 6. Hence fl-A.g* is concave and property 7

follows.

PROPERTY 8: For any o, if f is a pointwise l1imit of a sequence of
non-negative a-concave functions, then f is a-concave. This follows

from property 1 and the continuity of g (a,s,t) with respect to s
and t.

18



3. AN IMPROVED CONVEXITY MAXIMUM PRINCIPLE

This section states and proves a convexity maximum principle which
differs 1little in appearance from one proved by Korevaar ([6],
Theorem 1.2). The improvement 1lies entirely in assumption (ii), which
specifies harmonic concavity rather than concavity. The results of this

thesis are, however, the direct consequences of this improvement.

THEOREM 1: Assumptions:
n» 2, and @ 1is a bounded convex domain in Rr".
u: 9 > IR, ue CZ(Q).

For xe @, u satisfies the equation

aij(Du(x))uij(x) + b(x,u(x),Du(x)) = 0,

where for all pe RN, (aij(P)) is a real symmetric positive
semi-definite matrix, and the summation convention for repeated
indices is observed.
(i) For all xe @ and pe R, b(x,*,p) is strictly decreasing.
(i1) For a1l pe R", b(+,-,p) : © x IR » IR is harmonic concave.
Assertion:

If ©> 0, then € is not attained in axax[0,1].

PROOF: c¢ is the convexity function defined in the previous section.
Suppose 1its supremum, ¢, is positive, and that T is attained at
(y,z,2) e xax[0,1] - that is, c(y,z,r) = ¢ at some such (A,y,z). Then
clearly y # z and xe (0,1). Let D = (Dy’Dz’DA) denote the gradient on
axax(0,1), where Dy = (a/ayl,...a/ayn) and so forth, and write D? for
the corresponding Hessian. Then Dc(y,z,A) = 0, and DZ%(y,z,) is

negative semi-definite. Thus, writing x = (1-A)y + Az, we obtain

19



section 3
0 = ch = (1-A)Du(y) - (1-a)Du(x),

so that Du(y) = Du(x). Similarly, Du(z) = Du(x), and hence (aj;) has

the same value, A say, at each of x,y and z. Define the (2n+1)x(2n+1)

matrix B by:
s2A stA 0
B = [stA t2A 0
0 0 0
h —

for s,te R. Then B is positive semi-definite because A is, and so
Tr(BDZc) é—ﬁ-ﬁaﬁﬁﬁ%} < 0. That is:

(3.1) as? + 2gst + yt% < 0

where o = Tr(ADyzc), B = Tr(ADyD,c) and v = Tr(AD,2%c). For w = x, Yy

and z, put Qy = ajjuij(w). Then

a= (1-0)0y - (1-2)%0
B = '>\(1—>\)QX
and y = A0, - A%Qy.

The non-positivity of the quadratic form in (3.1) implies that o <0,

vy < 0 and 32

ay < 0. That is:

(3.2) O > (1-2)71Qy
(3.3) Q > A71Q,

and 0 > x2(1-2)20,2 - ((1-2)%, - (1-2)Qy) (x%0y - 2Q;)
A(1-2) ((1-2)QxQ; + 2QxQy - QyQy),

Since A(1-A) > 0, this can be written as:

(3.4) Q((1-2)Q; + 2Qy) < QyQ;.

20



section 3
If (1-2)Q, + AQy > 0, then by (3.2),
Qx((l‘)\)QZ + >\Qy) » Q_yQZ + X(l—x)'}Qyz,

which, taken together with (3.4), implies that Qy = 0. Similarly,

Q; = 0. This allows us to conclude that either (1-3)Q, + Ay < 0 or
Qy = Q; = 0. In the former case, (3.4) gives
(3.5) Qq > QyQz ((1-2)Q; + AQy)71,

whereas when Q =Q, =0, (3.2) (or (3.3)) gives Qg >0. But

Qy = -b(w,u(w),Du(w)) for w = x, y and z. So

Qy = -b(x,u(x),Du(x))
< =b((1-A)y + Az, (1-a)u(y) + au(z),Du(x))
(by (i), as u(x) < (1-Muly) + w(z))
QyQz((1-3)Qz + aQy)~1 1f (1-2)Q, + aQy < O
<{0 ifQ =Q =0 (by (ii)).
This 1inequality contradicts (3.5). So ¢ cannot be attajined in

ax9x[0,1], and the theorem is verified. O
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4. A MAXIMUM PRINCIPLE FOR POWER CONVEXITY AND LOG CONVEXITY

Theorem 1 specifies conditions under which a convexity maximum
principle may be obtained for a function u. Theorem 2 gives the
corresponding conditions for a convexity maximum principle for u® and
for log u - 1in other words, an o-convexity maximum principle for

a€[0,1]. This will be used later in proving a-concavity results.

For a C? function b: R"xIR > R, let by and byt denote the first
and second partial derivatives of b(x,t) with respect to t, and for
6eS = {6e RNy |o|=1) write bg and bgg to denote the quantities
8j9b/ax4 and eiejazb/axiaxj respectively - that 1is, the first and
second partial derivatives of b(x,t) with respect to x 1in the

direction 8. (The summation convention will not apply to the subscripts

t and 6.)

THEOREM 2: Assumptions:
n> 2, and @ is a bounded convex domain in RM.
u: 2 » IR, ue Cz(Q), u > 0.

For xe ©, u satisfies
au(x) + b(x,u(x)) =0,

where b: ax(0,») + (0,«) is a €% function, and b(x,t) > 0 for
all xeqgand t > 0.
ae [0,1].
Conditions (i) to (vi) hold for all t > O:

(i) (1-a)b - tby > 0 (or to=lp(x,t) is strictly decreasing with
respect to t).

(i1) (1-20)(1-3a)b + (5a-1)tby + tZbyt < 0. (That is, for « =0,

etb(x,e't
(1-2a)/a

) is concave with respect to t, and for ae (0,1],
x’

t b(t‘l/“) js concave with respect to t.)

A

Conditions (iii) to (vi) hold for all ge S:
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(ii4) bee <0
(iv) Ko 0
(v) K, >0
; 2
(vi) K1 > 0 or KK,b - K, <> 0

where K0

(1-a)b. ((1-3a)bg?-(1-2a)bbgg)
+ t(1-a) (3bbybgg-2bybg?-2bbgby )

+ t%(bbybgg-2bt Zbgg-2bytbg2+4bybgby o-bby o%)

=
il

ab. ((1-3a)bg?-(1-2a)bbgg)
+ t((1+a)bbybgg-2abbghy g-(1-a)bybg?)

2 2, 2 2
+ t(bbybgg-bytbg bt “bgg+2bybgby g-bby g°)

and K, = (1-3a)((1-2a)bbgg-(1-3a)bg?)

+ t((5a-1)bibgg+2(1-3a)bgbtg)

+ t%(bygbgg-be?)

Assertion:
c(ysz,2) = (1-2)v(y) + av(z) - v((1-a)y+xrz) does not attain a
positive maximum in @xox[0,1], where v = o lu® when oe (0,17,
and v = Tog(u) when o« = 0.

REMARK: The equivalence of the parenEhesised conditions in assumption

(ii) to the accompanying inequality £3¥+ an immediate consequence of

following calculations:

32 /312 (t(l'za)/“b(x,t'l/“))

= o2t (174 % (1.24) (1-3a)b(x,7) + (Sa-1) b (x,7) + 12 (x, 7)),
where © = t~1/a for o # 0, and

22/3t? (etb(x,e ) = ef(b(x,7) - b (x,7) + 12 (x,7)),

where 1 = e’t.

PROOF: Theorem 1 will be applied to v. It will show that c¢ can not
attain a positive maximum in @Qxax[0,1] under some conditions on
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g = -Av. The proof of Theorem 2 consists in expressing these conditions

in terms of b = -Au.

Write t = u(x) and s = v(x), and define the function g so that
u=gov. That s, define g(s) = (os)}/®when e (0,11, and
g(s) = exp(s) when o = 0. Then Au = g'Av + g"|w|2, where g' and g"
denote the first and second derivatives of g, so that for xe Q,

AV = (g')'l(-b—g“|v|2). Hence
Av(x) + B(x,v(x),Dv(x)) = 0,

where g(x,s,p) = g'(s)"1b(x,g(s)) + g"(s)g'(s)'1|p|2. For g as defined,

g = t®1b + (1-a)t~®p?, and so
- -1 -2ap2
Bg = by - (1-a)t™'b - af(l-a)t P,

where B¢, Bsg» Bg and Bgg Will denote derivatives of g(x,s,p) analogous

to those defined above for b(x,t,p) with respect to t and .

It follows from (i), and the assumption that a€([0,1], that
Bs < 0, so that condition (i) of Theorem 1 is satisfied with v and g in
place of u and b. Alternatively, the condition that g be decreasing
with respect to s may be met by requiring merely that tolp(x,t) be
decreasing with respect to t. The only condition of Theorem 1 remaining
to be proved now is (ii) - that is, the harmonic concavity of g jointly

with respect to the variables xe @ and s > O.

For each peR", g(*,,p): 9x(0,=) » (0,=) dis a positive
€2 function. So g is harmonic concave if and only if 1/g is convex. But
a twice differentiable function on an open convex subset of RM! is
convex if and only if its second partial derivatives are non-negative

in all directions, ¢ say, in RM1. When ¢ is expressed as (u8,v),
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where se R, and y and v are suitable real numbers, the condition

(1/B)¢¢ > 0 for all ¢ is seen to be equivalent to the following set of

simultaneous inequalities:

(4.1) (1/8)ss > O
(4.2) / (1/8)gg » O for all o
(4.3) (1/8)ss(1/8)gg - (1/8)gg% » O for all s,

where the subscripts s and 6 denote partial differentations as defined

above.

Now (l/s)ss = 8'3(2852-6855) is non-negative if and only if
2852-8855 is non-negative. Treating (4.2) and (4.3) similarly, we
replace (4.1),(4.2) and (4.3) with the following equivalent set of

inequalities:

(4.4) 28, 2-BBgg > 0
(4.5) 2842-BBgg »'0 for all o
(4.6) (2852-8855)(2392-8899)—(23539—5356)2 > 0 for all s.

To calculate and use the derivatives Bg, Bg, Bgs> Bgg and Bgg, it

is convenient to write g(x,s,p) = F(x,s) + G(s)pz, where

F(x,s) = (os) @179 (x,q(s)) = te-lb(x,t)
and G(s) = (1-a)(os)~! = (1-a)t~2.

Despite strenuous efforts, the author has been unable to simplify the
calculations for conditions (4.4),(4.5) and (4.6) beyond what has been

achieved in the following:

g = F + Gp?

Bg = Fs + Gsp2
2
Bss= Fgs + GgsP
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By = Fg

Boo= Foe
Bse= Fse
dt/ds = tl-®
Fo=t"1%

Fe = t71(-(1-a)b+tby)

Feg= t717%((1-a)b-(1-a)tby+t by )
Fg = t™1*ab,

go= t7H g

Fe= t1(-(1-a)bg+tbyg)

G = (l-a)t™@

Gg = -a(l-a)t™2®

It may be noted at this point that if the transformation g had
been used with Korevaar's convexity maximum principle as a starting
point, then B, < 0 would have been required, which in turn would have
required Ggg < 0 and therefore o = 0 or 1, which are in fact precisely

the values of o used by Korevaar in applications. But now, back to

work .
285%-Bss = Fs?-FFgg + p*(4FGs-Fbgs-Fss6) + p'(265%-Ghgs)
2642-66g = 202(1-a) 274 = (l-a)t~®.2a2(1-q)t ™3¢
=0
2F2-FFgg = 2t72(~(1-a)b+tby)? - t-1%ab,.t-10((1-a)b-(1-a)tby+t Zosy )

t72((1-a) (1-20)b? - 3(1-a)tbby + tZ(2by2-bbyt))

-t=2b. ((1-2a) (1-30)b+(5a-1)tby+tZbys) + 2t72((1-2a)b-tby)?
0 by (ii)

v
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AF Ge-FGgo-FoeG = 4t71(-(1-a)b+tby ). (-a(l-a)t ~2%)
- tTap, (262(1-0)t73®)
- 7170 (1-a)b-(1-a)tby+t2byy ). (1-a)t ™
= -(1-a)t™1720((1-20) (1-3a)b+(5a-1)tbi +t 2by ¢ )
>0 by (i1).
Thus 28¢2-BBgs > 0.
2892-BBgg = 2F2-FFgg + (-GFge)p?
2Fg2-FFgq = £2%72(2bg2-bbgy)
>0 by (iii).

—GFee = "(1"0.)t-lbee

A\

0 by (iii).
So 2362'8369 > 0.

2
2B5Bg-BBsg = 2FsFg-FFgg + P (2GgFg-GFgq)

2F gFg-FFgg = 2671 (~(1-a)brtby).t7 by - t71¥eb .t~ (- (1-a)bgrthby g)
= £727%(~(1-a)bbg+2tbibg-tbby o)
265Fg-GFgg = -2a(l-a)t™2%t™ 1 abg — (1-a)t™®.t71(-(1-a)bgttby o)

(1-a)t ™19 (1'30‘)be'tbte) .

Hence (2852-BBgs)(28¢2-BBgg)-(28B9-BBsg)” = q, + q;p” + q,p", where:

q, = (2Fg2-FFgg) (2Fg2-FFgg) - (2FFg-FFgg)?

q, = (2Fg2-FFsq)(-GFgg) + (4FgBg-FGgg-Fss6)(2Fg2~FFgq)
- 2(2FFg-FFgq) (265F g-GF g )

q, = (4Fg6g-Flgs-FssG) (-6Fgg) - (265Fg-GFgq)?

Now dy + q1p2 + quL+ >0 for all p if and only if

4, » 0, q, > 0 and either q, > 0 or 4q,9,-9,% > 0.

t72((1-a) (1-20)b2-3(1-a)tbby +t 2(2by 2-bbyt ) ) .t 727 2%(2b s 2-bb o )

O
o
]

_t—l++2a(_(1_a)bb e+2tbtbe'tbbt6) ’

bt'“+2aK0 >0 by (iv).
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q, = ~(1-0)t"1729( (1-24) (1-3a)b+(5a-1)tby +t2byy ). (- (1-a)t " b gg)
~(1-a)2£72720( (1-3a)bg-tby o) 2
= (I-q)zt'z"z“K2 >0 by (v).

q, = t72((1-a)(1-20)b* - 3(1-a)tbby + t2(2by 2-bby)) . (-(1-a)t " 'bgg)

-(l-a)t'l'zo"((l-Za)(1-3a)b + (5a-1)‘tbt + tzbtt).t'2+2a(2b62-bbee)

-2t72%0(-(1-a)bbg+2tbybg-tbby o). (1-a)t 17 *((1-3a)bg-tby g)

2(1-a)t 3K .
Hence 4q,q,-q,” = 4bt'"+2GK0,(1_a)2t-2-2aK2 } 4(1-a)2t’§K12
= 467 5(1-0) 2(K K p-K, %)
Thus by (vi), either q, >0 or 4q,0,-9,2 > 0, so that (4.6) fis

satisfied. This completes the proof of Theorem 2. O

28



5. POWER CONCAVITY AND LOG CONCAVITY THEOREMS

In this section, the maximum principles of the previous two
sections are combined with boundary data to obtain proofs of

a-concavity.

THEOREM 3: Assumptions:
n>2, and © is a bounded convex domain in RI.
(i) ueC(Q).

(1) u(z)-uly) < Vin sup t7H(u(y+t(z-y))-u(y)) for all ye 32 and
zeQ such thattE;,z] (the straight line segment joining y to z)
is not a subset of 3qQ.

The restriction of u to Q satisfies all of the assumptions of
Theorem 1.

Assertion:

U is concave.

PROOF: By (i), ¢ is continuous on the compact set xqx[0,1], and so ¢
must be attained at some (y,z,A)e ax0x[0,1]. Suppose ¢ > 0. Then by
Theorem 1, (y,z,x)¢ oxax[0,1]. But c(y,z,A) = 0 when A =0 or 1. The

remaining possibility is that (y,z,A) is in aax@x(0,1) (or @x3aax(0,1)).
Suppose ye 3R, ze @ and ae (0,1). If [y,z] is a subset of 3Q then
c(y,z,x) = 0. Otherwise, by (ii), there exists te (0,)) such that

u((1-t)y + tz) > (1-t)u(y) + tu(z).

Write y' = (1-t)y + tz and p= (x-t)/(l-t), so that (1-p)y' + uz
= (1-A)y + Az. Then

cly'szou) = (I-pn)u(y') + wu(z) - u((l-p)y' + uz)
(1-p) (1-t)uly) + ((1-w)t + wu(z) - u((1-p)y" + wz)

(1-2)uly) + w(z) - u((1-a)y + az)

A\

c(y,z,1).
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So ¢ does not attain its maximum at this choice of (y,z,A). The
result is the same if (y,z)e ©x39. Since all choices of (y,z,A) lead to

contradictions, we conclude that ¢ = 0. That is, u is concave in Q. [J]

THEOREM 4: Assumptions:
n>2, and  is a bounded convex domain in RPN,
ae (0,17,
ue C(RQ), and Ulag = 0.
u(z) < 1im gyp t=1/a u(y+t(z-y)) for all ye 3Q and ze Q.
The rest:;ftion of u to Q satisfies all of the conditions of
Theorem 2 for a«€ (0,1].

Assertion:

u® is concave in Q.

PROOF: This theorem follows immediately from Theorems 2 and 3 by
defining v = u® and applying Theorem 3 to v, since v thus defined

satisfies the assumptions of Theorem 1, and t=ly = (g2 O

Cf"ﬁduL)Ok
THEOREM 5: Assumptions:

n>» 2, and @ is a bounded convex domain in RN,
a9 is C% and @ is wuniformly convex (that is, the principal

curvatures of the boundary are bounded below by a positive
constant).
ue C2(%), and ul 5o = 0.
uylgq > 0, where v denotes the interior normal of 3q.
The restriction of u to @ satisfies the assumptions of Theorem 2
for a = 0.

Assertion:

log u is concave in Q.
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PROOF: The case o = 0 is much harder than oe (0,1] because the
unboundedness of 1log u forces us to use 1limit arguments near the

boundary of Q. Suppose log u is not concave in @, and define
(5.1) c(ysz,2) = (I-2)vly) + av(z) - v((1-A)y+xz)

for (y,z,x)e @xx[0,1], and ¢ = sup ¢, where v = log u. Then ce (0,=].

So there exists a sequence of points (yi,zi,xi) such that

lim c(yj,zj5Aj) = ¢, and (choosing a subsequence if necessary)

'i—>oo

vim (¥3,23,%3) = (y,z,2) for some (y,z,2) e xax[0,1]. Theorem 2 implies

i

that (y,z) ¢ ax@. If yeaq, ze@, and 1 > 0, then lim c(yisZi,2y) = -o
7 >0

which is impossible. So (y,z,)) € aaxax(0,1]. Similarly,

(y,z,A) ¢ @xaax[0,1). The only possibilities remaining to be excluded
are that (y,z,x)e 3axax{0} (which dis similar to ax3ax{l}), or
(y,z) e aaxdn. In the latter case, clearly y =z, as Q is uniformly
convex. The following lemma (equivalent to results by Korevaar [7], and
Caffarelli and Spruck [2]) removés these two remaining possibilities.
As explained in the introduction, Theorem 5 and Lemma 6 are presented
here principally for completeness, and are not original. We write
d(y,z) for the euclidean distance between y and z, and d(x) for the

distance from x to 3Q.

LEMMA 6: Assumptions:
n > 2, and 2 is a bounded convex domain in R".
on 1is Cz, and Q is uniformly convex.
u:@ » R, ulgq =0, and ujgy > O.
ue C%(%).
Uylag > 0.

f:(0,0) > IR is a C2 function satisfying (i) to (v):
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(i) f* >0
(1) Mimf' (t) = =
t+0+
(iii) f* <0
(iv) Timf(t)/f'(t) = 0
t+ot

(v) lim f'(t)/f"(t) = O.
t+0F

ve C%(Q) is defined by v = f o u.
Assertions:
If ¢ is defined in terms of v by equation (5.1), then

(i) for all ¢ > 0, there exists § > 0 such that
(d(z) > e, d(y) < 6 and A < 8) => c(y,z,2) <0
(ii) for some & > 0O,
(d(y), d(z), d(y,z) < 8) => c{y,z,r) < 0.

PROOF: To prove assertion (ii), we define the derivatives of u in the
direction 8& S by Ug = BjUj, Ugg = B87065U4] and so forth, and commence
by showing that for x in a neighbourhood of 3R, vge(x) <0 for
all o close enough to the tangent plane of the level curve of v passing
through x. Then it is shown that for x 1in a neighbourhood of 3,
Vgg(x) < 0 for all other directions 8, and assertion (ii) readily

follows, since v is then concave in a neighbourhood of 3Q.

Consider the metric space ©@xS with the metric induced by B%zh

and define
T = {(x,8) e @xS; xe 3@ and 6-v(x)=0}.

Then T is a compact subset of QxS, as 239 is compact and v is

continuous on 3Q.
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Because uy|gq > 0 and Du is continuous on @, there is a § > 0
such that for y satisfying d(y,s0) < &, |Du(y)| is bounded below by a
positive constant, so that v may be extended to such y as a continuous

function by writing v(y) = Du(y)/|Du(y)|. For &e (0,50), define
G(s) = {(y,¢)eaxS; d(y,aR) < & and ¢ev(y) < 8}.

Then G(8) is an open neighbourhood in QxS of T.

By the compactness of T and the continuity of v, for each § there

is a &, > 0 such that whenever d(y,3) < §;, there exists xe 3a for

1
which d(v(y),v(x)) < 6. Consequently, for (y,¢)e G(min(sl,a)) there
exists (x,8)e T such that
d(9,8) < ¢=v(x) + d{v(y),v(x))
< 28,
and therefore d((y,¢),T) < ¥5.8. Thus every neighbourhood in ©xS of T

contains a set of the form G(s) for some § > O.

For xe 30, and 6€ S such that g-v(x) = 0 (that is, such that @ is
a tangential vector at x), write kg(x) for the curvature of 32 at x in
the direction 6. Then an often-made calculation shows that
Ugg(x) = -kg(x)u,(x). From the uniform convexity of 50 and the fact
that uylayg > 0 and uye C(s2,R"), it follows that ugg(x) < 0 for all
x€d3Q and 6eS such that e.v(x) = 0. That is, ugg(x) is negative on T.
But the function on @xS which maps (y,4) to u¢¢(y) is continuous (as

ue C*(2)). So for some § > O, Uge(y) is negative for (y,¢) in G(8).

In @, vij = f'(u)ujy + " (u)ujuy, so that
(5.2) Vag = T'(u)ugg + f"(u)uez.

It then follows from the properties (i) and (iii) of f, that v¢¢(y) <0
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for (y,4) e G(6).

Next consider G'(8), defined by:
G'(8) = {(y,¢)e®xS; d(y,a0) < & and ¢ev(y) > & }.

It follows from (5.2) and property (v) of f that for some & > O, v¢¢(y)

is negative for (y,¢) 1in G'(8), because Uge is bounded, and
u¢(y) = |Du(y)|4+v(y) is bounded below on G'(6) by a positive constant.
The results for G(6§) and G'(68) taken together imply that v¢¢(y) < 0 for
y in some neighbourhood in @ of 8%, from which assertion (ii) readily
follows (by halving & and noting that then v is concave at all points

of the line segment joining y to z).

\Mc)ln wvels \r\c'l" WwWeCes san
To prove assertion (i), (the-n@cas&+%y—@$—4méen—aﬁﬁeaP&—%a—h ve-

(sinie ) wes assumed constant jwtleir convexity waxtmuwin

~heenovertosked in [2]hand is met by a different method in [7])( we let

y and z be points in Q and note that

c(y>z,0) = (L-a)(v(y)-v(y+a(z-y))) - awv((1-2)y+xz) + av(z).

By the mean value theorem there exists te (0,A) such that

v(y)-v(y+a(z-y)) = -a(z-y)-Dv(y+t(z-y)).

The proof of assertion (ii) shows that for small enough d(y,39) and i,
v is concave (and hence Dv is monotonic) along the line segment joining

y to y+a(z-y). So

(z-y)Dv(y+r(z-y)) < (z-y)-Dv(y+t(z-y)).
Hence: v(y)-v(y+x(z-y)) < -A(z-y)-Dv(y+r(z-y))
= -x ' (uly+r(z-y))) (z-y)+Du(y+xr(z-y)).
In view of the positivity of u, on 3@, for any e > 0, there exists

a § > 0 such that (z-y)-Du(y+a(z-y)) is bounded below by a positive

34
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constant, u say, on the set of (y,z,A) such that d(y,3q) < 8, A < § and

d(z,32) > e. Then putting x = (1-A)y+rz, we have:

c(y>z,n) < =a( FH{u(x))( (-2)uf(u(x)) /' (u(x)) ) + v(z) ),

from which assertion (i) can be deduced by applying assumptions (iv)
and then (i1). O

Continuing with the proof of Theorem 5, we note that f(u)=log(u)
satisfies the conditions of Lemma 6, and so eliminates the remaining

possibilities for the 1imit point (y,z,A). So log u is concave. d

It should be remarked here that f defined by f(t) = t® for a > 0
satisfies assumptions (i) to (v) of Lemma 6, thereby providing an

alternative way of dealing with boundary behaviour for Theorem 4.
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6. APPLICATIONS TO BOUNDARY VALUE PROBLEMS

The general concavity theorems of the previous section are applied
in this section to particular boundary value problems by making some
simple calculations. Theorem 7 was proved by the present author in [5]
by a method different to that given here, but the technique used there
leads to weaker generalisations to non-linear problems and involves
harder calculations. Theorem 7 was earlier proved for n =2 and
constant f by Makar-Limanov ([9]). Lemma 8 enables the result of
Theorem 7 to be extended from C? g-concave functions f to general
g-concave functions. Theorem 9 gives conditions which will imply
a-concavity when b(u) = -au is independent of the variable xe RM.

Theorem 12 applies Theorem 1 and Lemma 6 to Liouville's problem.

THEOREM 7: Assumptions:

n>2, and @ is a bounded convex domain in RM.

u: 9 > R, ueC(ﬁ)nCz(Q),u|Mz= 0.
ae[%’%)'
For xe @, u satisfies

(6.1) m(x) + f(x) =0,

where f: @ =+ IR is a positive g-concave function for

B = a/(1-2a). (Hence o = g/(1+28) and g > 1).

Assertions:
(i) u is a-concave in Q.
(ii) If f is a positive constant in @, then vu is concave. (That is,

if f is (+»)-concave, then u is %-concave.)

REMARK 1: The boundary value problem in Theorem 7 has a solution for
all f; since by Jensen's inequality, if fB is concave then f is

concave, and f is therefore bounded and Tocally Lipschitz continuous
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in @, so that by Schauder theory ([4] Thm. 6.13, p.101) a C? solution u

exists which satisfies the boundary condition.

REMARK 2: Any non-negative function f on @ which is g-concave for some
B » 1 is either identically zero in Q or else positive at all points

of Q.

PROOF: Assertion (ii) follows readily from (i), since if f 1is a
positive constant then f 1is g-concave for all g >1, and so by
part (i), u 1is a-concave for all o< %. Then by property 3 of
a-concavity, u is %—concave.
(1

To prove assertion jiiT: we first suppose f to be a C? function.

Then to apply Theorem 4 we only need to show that b defined by
wm

b(x,t) = f(\) satisfies assumptions (i) to (vi) of Theorem 2. and the

last assumption of Theorem 4.

(l-a)b - thy = (1-a)f(x) is positive because o < 1 and f(x) > 0,
so that (i) is satisfied. (ii) is clearly satisfied whenever ae [%,%],
since b does not depend on t. (iii) holds because f is concave. (iv),
(v) and (vi) require only that (1-3a)bg? - (1-2a)bbgg be non-negative.

But the g-concavity of f implies (see property 4) that

0> ffgg + (g-l)fe2

E -(1-2a)'l((1—3a)f92 . (1-20)ffee):

since -1 = -(1-3a)/(1-2a). Hence the conditions of Theorem 2 are

satisfied for all ae [%,% . For Theorem 4 we must show:

Tim sup t'l/“u(y+t(z-y)) > u(z) for all ye 30 and ze Q.
t>0t
But as was shown in [5] (Lemma 2.2) by means of a sub-barrier argument,

if f is bounded below by a positive constant then for such y and z,
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there exists k > 0 such that u(y+t(z-y)) » kt? for all small enough
t > 0. Thus

t- M ay(y+t(z-y)) » kt-(1-2a) /0,

which becomes arbitrarily large for small t > O when ae [%,%}, and the
conditions of Theorem 4 are all satisfied. So u is o-concave for any f
bounded below by a positive constant. But property 6 in section 2 shows
that if f is altered by the addition of a positive constant, f is still
g-concave, and the solution corresponding to this altered f, and the
same boundary data, converges to u as the added constant tends to zero.
So u 1is g-concave even when f is not bounded below by a positive
constant. In conclusion, then, u is a-concave if f is a c2 g-concave

function.

In the general case where f is not assumed to be C2, f must be
approximated by c? functions. The following Temma establishes the

existence of the appropriate approximations.

LEMMA 8: Assumptions:
n>1, and @ is a bounded convex domain in RN,
f: @+ IR, f >0, 8> 0, and f is B-concave in Q.
Assertions:

(i) There exists a sequence (f;) of non-negative g-concave functions
in ¢(R)nC?%(2), and a number k > 0, such that f5-f + 0
uniformly on relatively compact open subsets of @, and fj(x) <k
for all xe @ and all 1.

(1) For such a sequence (f;), 1if u; denotes the solution in

C(2)nC2() (which exists and is unique) of the problem
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Aus; + f5 =0 1in @

and U = 0 on 239
then uj-u » 0 uniformly in Q.,\,o\nwe, w 18 Ake solwtion sf (“"')

PROOF: If this lemma holds for g = 1, then the result for other values
of g follows by substituting fB for f, since the mapping z + zB is
uniformly continuous on intervals [0,a] for all a > 0. So suppose
B = 1. Then the concavity of f implies that for all y in Q there exists
an affine function my ! R" » IR whose graph is an upper supporting
hyperplane for the graph of f at (y,f(y))e R"'L, my is not unique in
general, but given any choice of Ty at each ye @, f satisfies:
f(x) = inf wy(x) for xe Q.
yeQ
Define a sequence (g5) by
gi(x) = inf m5(x) for xe R,
j<i
where (mj) is the sequence of affine functions corresponding to any
sequence (y;) in @ such that {y;} is dense in @. Then define the

sequence (fj) by:

fi =65 * g4 - 1'?21’(451 * gi),

where ¢ is any non-negative function in CZ(IR”) with support in

[xe RM"; |x| < 1} and integral equal to 1, and ¢; is defined in terms

of ¢ by ¢i(x) = i"¢(ix) for xe R". The convolution of any concave

function with a non-negative function with compact support is concave.

So each f; (restricted to @) is a non-negative concave function

in Cz(sz). Since gj-f » 0 uniformly on relatively compact open subsets
oun

of @, a standard argument regarding mollifiers shows that fj-g; + 0
A
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SHritarty, @re assertion (i) follows when it is noted the sequence (fj)

is uniformly bounded in Q.

To prove part (ii), it is useful to note that the solution b of
Ab+k = 0 on @ with zero Dirichlet data is uniformly continuous on @ and
majorises all functions u; defined in assertion (ii), and the same is
true of u. Hence for all ¢ > 0, there is a relatively compact open
subset Q. of @ such that for all i, |uj-u| < e/2 on o~@.. But by
part (i), |A(uj-u)| » O uniformly on @., and so for large enough i,
(using the barrier b to estimate the supremum of |uj-u| on @_ in terms
of the supremum of [a(uj-u)| on QE,)‘ui—u|< 5/2;-?315 completes the

proof of part (ii). O

The proof of Theorem 7 may now be completed by approximating the
function f by the sequence (fj) of Lemma 8 and using the result
obtained above for C? g-concave functions to assert that each uj is

a-concave, so that by property 8, u is a-concave. 0

The following theorem, dealing as it does with non-linear
problems, naturally raises questions of existence, uniqueness and
regularity. These are not addressed here, although the case
h(t) = tY for 0 <y < 1 can be shown to have a non-trivial solution by
variational methods. Thus this theorem may be regarded as providing
a;ipriori estimate of the concavity number.

THEOREM 9: Assumptions:
n>2, and o is a bounded convex domain in R".
2 satisfies an interior sphere condition.

u: ®+ IR, ue C(T|)nC3(n), =0, ul, > 0.

ul 5q
ae (0,1).

For xe @, u satisfies

40



Section 6
au(x) + h(u(x)) = 0,

where h: (0,*) + (0,») is a C? function such that (i) and (i)
hold for all t > O:
(i) t“'lh(t) is  strictly decreasing with respect to t,

(or (1-a)h-thy > 0)

(i1) t(l_za)/“h(t'l/“) is  concave  with  respect to t,
(or (1-20)(1-3a)h + (Sa-1)thy + t%h¢t < 0)

Assertions:

u is a-concave in Q.
In particular, if h(t) = ktY for some k > 0 and ye (0,1), then u

is (%(l-y))-concave.

PROOF: A1l of the conditions of Theorem 2 are met. So Theorem 4 can be
applied if the boundary condition,
u(z) < 1im sup t=1/a y(y+t(z-y)) for all ye 30 and ze @,
tsot
is satisfied. But the Hopf maximum principle easily guarantees that the

right hand side is infinite when a€ (0,1).

It remains to show that the function h(t) = ktY has the required
properties. Substituting y = 1-2a gives:
ta'lh(t) = t~%, which is decreasing, and

t(l-za)/ah(t-l/a) = 1, which is a concave function. O

REMARK: The style of maximum principle presented in the appendix to
this thesis may be used to obtain Theorem 9 in a restricted form. It
leads to the result for h(t) = ktY, for instance, but with the
condition that ae [%,% (that is, ye (0,3]). In fact, its application

is always limited in this way to ae [%,%). This is the reason for which
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the author has preferred to adopt the methods presented here.

THEOREM 10: Assumptions:
n> 2, and Q@ is a bounded convex domain in R".
39 is C? and 9 is uniformly convex.(See Lemma 6.)
— 2 —
u: @ » IR, ue C(Q), ulan = 0, ul9 > 0.
Uylgq > O.

For xe @, u satisfies
au(x) + h(u(x)) =0,

where h: (0,o) + (0,=) is a C? function such that eth(e~t) is
concave and strictly increasing with respect to t for all te R.
Assertion:

u is 0O-concave in Q.

PROOF: Theorem 10 is a straightforward consequence of Theorem 5. (Both
Theorem 10 and Theorem 5 are equivalent to results obtained by

Korevaar, and are thus only given here for completeness.) J

Lemma 11 and Theorem 12 deal with Liouville's problem. In Rz, the
solution to this problem is, under appropriate conditions, the velocity
potential for the path of a free vortex under the influence of an
otherwise irrotational flow in a simply connected domain ([10]). When
the domain is convex, Theorem 12 implies that a free vortex moves in a
convex path (that is, a path which bounds a convex set), and that there
is a unique interior point at which a free vortex will remain

stationary.

LEMMA 11: Assumptions:

n > 2, and © is a bounded convex domain in R".
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30 is €% and @ is uniformly convex.
u: 2 » R, u|aQ = 0, u|Q > 0.

ue C3(R).

Uylaq > O.

For xe @, ¢ satisfies

ap(x) = exp(e(x)),

where ¢ is defined by ¢ = -2Tog(u).

Assertion:

¢ is convex.
PROOF: Let v = -¢. Then v satisfies:
Av + exp(-v) =0 in Q.

After putting b(t) = exp(-t), and noting that b is strictly

decreasing and 1/b = exp(t) is convex, Theorem 1 may be applied to the
equation Av + b(v) = 0 to show that the convexity function for v does
not attain its maximum in @x@x[0,1]. Then Lemma 6 can be applied to u
and v with f(t) = log(t) to show that the convexity function for v is

non-positive in a suitable neighbourhood of the boundary of axQ. Hence

v is concave in @, and so ¢ is convex in Q, as promised. O

THEOREM 12: Assumptions:
Q is a bounded convex domain in RZ,
o€ C2(q).
o(x) + += as d(x,sQ) + 0.

For xe Q, ¢ satisfies
a¢(x) = exp(¢(x)).
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Assertion:

¢ is convex.

REMARK: The existence and uniqueness of a solution to the above

problem are well known ([10]).

PROOF: Let u = exp(-4/2). Suppose first that 30 is an analytic curve
and that @ is uniformly convex. It is known ([10], p.324) that u can be
expressed in terms of any conformal mapping g from @ onto an open unit

disc as follows:

u(z) = klg'(z)| "2 (1-1g(2)1?)

for all zeq, where k = 1//8, and g' denotes the complex derivative
of g. When 3Q is an analytic curve, g has an analytic extension to a
neighbourhood of @, and so |g'| is bounded below by a positive constant
on 9, ge C*(R), and u, can be calculated on 3@. In fact, since [g]| =1
on 32, 1-|g| = |g'|d(z,8q) + O(d(z,an)z) as z + 39, and so, writing
u = k(1+|g])(1-|g])/|g'|, it easily follows that uv|39 = 1/Y2, which is
positive. Thus all of the requirements of Lemma 11 are satisfied, and

SO0 ¢ is convex.

To deal with non-analytic boundaries, @ will now be approximated
externally by a set @' and internally by a set @". It will be shown
that an arbitrary bounded convex domain @ may be covered by a uniformly
convex open set @' such that 23Q' dis an analytic curve, and
d = sup{d(x,Q); xe 32'} is as small as desired. This is straightforward
if 3aQ' is only required to be c2. So suppose Q has been approximated by
a set bounded by such a C% curve. Then it must be shown that this curve
in turn can be approximated by a suitable analytic curve. This will be

done in terms of polar coordinates. Assuming without loss of generality
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that 0Oeq, the c? curve may be represented by a €2 function

r: [0,2¢] » (0,=) such that the curvature,

= (r2e2(r')2oren) (P2 (r1) 22,
is uniformly positive, and the derivatives r(i) satisfy
(6.2) r(1)(0) = r(3)(2x) for i = 0,1 and 2.

The analytic functions on R, restriéted to [0,247] and satisfying
(6.2), are dense in the subspace of C2[0,2x] satisfying (6.2). To show
this, it is sufficient to obtain first an analytic approximation to r
which does not necessarily satisfy the endpoint conditions, and then
satisfy the i = 2 condition by adding a linear function to the second
derivative of the approximation. The modulus of the Tinear function
need not be greater than the C2 norm of the difference between r and
the approximation. This altered approximation may be integrated on
[0,2n] to obtain a function which can similarly be adjusted at the
endpoints by the addition of a Tinear function. When this has been done
to satisfy (6.2) for all i, it is only necessary to finish by noting
that the integral on a bounded interval of a small function is also
small, and that the addition of a linear function to a derivative'does
not affect higher derivatives.

So an analytic function p may be constructed for which « is uniformly
positive, the conditions at 0 and 2% are satisfied, p > r, and |p-r| is
as small as desired. Then p represents an appropriate set @'. On @', a

c2 function ¢' may be defined by

A" = exp(¢') in @'

and ¢'(x) + 4+~ as d(x,a3n') » 0.
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By Lemma 11, ¢' is convex. It may be supposed, by translating Qif
necessary, that Q covers an open disc with centre 0O and radius r > 0.
For x'e Q' write x" = ax', where a = r/(d+r) and d is as defined above.
A simple geometrical argument using separating hyperplanes shows that

x"eqQ, and so Q" defined by
Q" = an' = {ax; xe @'}
is a subset of Q. Define ¢" in Q" by
$" (x) = ¢'(a'1x) - 2log a for xe Q".

Then ¢" satisfies a¢" = a~2a¢' = a~Zexp(¢"+2l0g a) = ¢" in 9", and
$"(x) » +o as d(x,9Q") » 0. A comparison principle for Liouville's
equation_([loj Lemma 2) implies that ¢' < ¢ in @ because ¢' < ¢ on 3Q,
and similarly ¢ < ¢" in @". So in @" we have ¢' < ¢ < ¢". But as d » O,
a + 1, so that ¢"-¢' + 0 pointwise in Q. Hence ¢ is the pointwise 1imit

of the convex functions ¢' and so must also be convex. t

The uniqueness of the stationary points of an isolated vortex in
an otherwise irrotational flow in a bounded convex domain in R? - that
is, points where A¢ = 0 - follows from the convexity and analyticity

of ¢.
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7. COUNTEREXAMPLES TO SOME PLAUSIBLE GENERALISATIONS

This section commences with a proof (Theorem 14) that the number
a = g/(1+28) in Theorem 7 is sharp as is the number o = -; when f is
constant. Lemma 13 is useful for showing that certain functions are not

a-concave.

LEMMA 13: Assumptions:
n>2, and  is a convex domain in RM.
ue C(R), ulyq = 0, and ufg > 0.
o > 0 and u is a-concave in Q.
yean and ze Q. -
Assertion:

lim inf £~/ u(y+t(z-y)) > O.
t->0+

PROOF: For te (0,1), the concavity of u® implies that

u(y+t(z-y)) > (1-t)u(y) + tu(z)

= tu(z),
from which the assertion follows, since t=1/ou = (t~luo)-1, O
Now let n > 2 and xe R", and write x, = x-e, and x' = Xx-Xpep,

where e, = (0,...0,1) is the nth unit vector in the standard basis

for R". Define an infinite open <cone K for ae(0,1) by

K ={xe R"; |x'| < ax,}.

THEOREM 14: Assumptions:
Q is a bounded convex domain in R" and a subset of K.
Oe3Q and e, € Q.
g » 1.

(7.1) ue C(T)nC3(a) satisfies
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au(x) + f(x) = 0 for xeq,

and u(x) = 0 for xe aq,

where f(x) =k x,9 - kzan"2|x'|2 for xeq, q = g1,
k, = 2(n-1) - a®(q+1)(q+2), and k, = q(1-q).
(7.2) a% < (n-1)/(2+q?).
Assertions:
(i) f is non-negative and f is g-concave.
(i1) u is not a-concave when o > g/(1+2g).

(iii) For q = 0, f is (+=)-concave (that is, constant), and u is not

a-concave for o > %.

REMARK: Problem (7.1) has a unique solution, as f is a bounded locally

Lipschitz function in Q.
PROOF: (i) For xeK, [x'|? < a’x,2, and so by (7.2)

f(x) > x,3(2(n-1)-a?(q+1) (q+2)-q(1-q)a?)
> 2(n-1)(1-q) %9/ (2+q?)

> 0.

If g =1 then fB = f = 2(n—1—3a2)xn, which 1is a non-negative concave
function, as required for g = 1. Suppose that qe (0,1). Then fB is
concave if and only if (kz‘lf—)8 is concave. So without 1loss of
generality k1 and k, may be replaced by k = klkz'1 and 1 respectively.

k1 is non-negative for q < 1, and so k is also non-negative. It follows

from property 4 (section 2) that f is g-concave in @ if and only if
qffge + (1-q)fg2 <0 in g,

for all directions 6, since g-1 = q'l(l-q) and g > 0. This quantity may
be calculated as follows:
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—
—
>
~
]

xp 72 (kxo 2= x" | ).

fo(x) = x,973(kax,26,-(q-2) | x| 20 -2xx" +6).
fog(X)=xy07*(ka(q-1)x4 28, 2-4(q-2) X8 x "+ 8-(a-2) (-3) 8 %|x" | 2-2x, 2| 6" | 7).
Hence %xne'zq(qffee+(1-q)f92) = (kaxp2+(q-2) | x" | %) (2x,8,x "+ 6-8,2[x" | ?)
+ x02(2(1-9) (x*+0) | x' | ?[0" | -kaxp % 6" | ?).

But x'+6 < |x'||6'|, x, » 0, and o, < {6,|, and so by virtue of (7.2),

(kgxn2+(g-2) | x"| 2)

(k xp2-(2-0) (1-q)[x"| %) /(1-q)

> xn2(2(n-1)-a%(q+1) (q+2)-(2-q) (1-q)a?) /(1-q)
(n-1)x,2(2-((a+1)(q+2)+(2-9)(1-q))/(2+q%))/(1-q)
0.

\%

Hence Lxn®29(qffoqr(1-a)Fo2) < -(kaxn2+(a-2) ' 12) (| onl1x* |-l 8" |xp) %,
which is non-positive, so that f is indeed g-concave.

(ii) Define a function b: K » IR by b(x) = an(azxnz-lx'lz). Then
b(x) » 0 for all xeX, and direct calculation shows that for xeK,
Ab(x)+f(x) = 0. Since @ is a subset of K, b(x) >0 for all xe 3. But
Ab = Au in @. So the comparison principle for A on Q implies that
u{x) < b(x) for all xeq. For te (0,11, Tet x = te,. Then xe @ and so
u(x) < b(x) = a%td*2, Hence

Tim sup t-oy(x) =0
tsot

if -q~l+q+2 > 0; that is, if a > (q+2)~! = g/(1+28). Then Lemma 13 with

y =0 and z

en, shows that u is not a-concave for such q.

(iii) Putting q = 0 in the expressions for f and b makes f a

non-negative constant, 2(n-1-a2), while b(x) = a2xn2-|x'|2, so that

u® is not concave when o > 2, using the same kind of argument as in the

1
2
proof of part (ii). g
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Whereas Theorem 14 part (iii) showed that %—concavity for the
equation Au+k = 0 is sharp, Theorem 15 will show that the O-concavity

proved by Brascamp and Lieb for the fundamental solution for a clamped

membrane on a convex set (satisfying au+xu = 0) is sharp. These are the
cases y = 0 and 1 of the equation au+kuY = 0, which naturally raises
the question of whether the number %(l-y) in Theorem 9 is sharp - a

question that has not yet been looked into by the author.

THEOREM 15: Assumption:
a > 0.
Assertion:
There exists a bounded convex domain Q 1in Rz, a number A > O,

and a function ue C(Q) NC?() such that

au(x) + au(x) = 0 for xe @

and u(x) = 0 for xe 30
posriive 1w SL buk

and u is not g-concave.
A

PROOF: It is sufficient to consider the higher order eigenfunctions of
the Laplacian on the unit circle, restricted to suitable internodal
domains. Let o(x) = cos‘l(lexl'l) for x # 0, and 6(0) = 0. It is well

known that the function u: R% » IR defined by

u(x) = Jm(zm|Xl )cos (me(x)),

for positive integers m, where z, denotes the least positive zero of

the Bessel function Jg, satisfies
pu(x) + zz2u(x) = 0 for all xe RZ,
Q= {xe R?; 0 < |x] <1 and me < w/2} is a bounded convex domain,
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u(x) =0 on 32 and u(x) > 0 for xe Q. But J  has a zero of orde; m
at 0, and so by the same reasoning as that used to prove Theorem 14
part (ii), u is not o-concave for o > 1/m, and the theorem follows by
taking m + o, O

It is reasonable to ask whether the restriction o > % (that is,
g > 1) in Theorem 7 can be removed. Theorem 16 shows that a cannot be
extended down to a = O (that is, g = 0) in Theorem 7. The question of

whether the inequality g > 1 is sharp is thus not answered here.

THEOREM 16: Assumption:
n > 2.

Assertion:
For some numbers « and g such that g > 0 and o = g/(1+2B), there
exists a bounded convex domain @ in R" and ue C(@)NnC2(g) such

that u(x) =0 for xed3Q, f =-Au 1is non-negative and f is

g-concave in @, and u is not a-concave.

PROOF: Let @ = {xe R"; |x] <1}, and for a > 0 define f on @ by
f(x) = exp(-a|x|?) for xe q. Let ue c() nC?(a) be the solution (which

exists and is unique) of

p(x) + f(x) = 0 for xe @

and u(x) = 0 for xe 3Q

Then f is non-negative and

f'z(ffee + (g—l)fez) 4a2(x.e)2-2a|e|2 + (B-1).4a%(x.0)?
4a%g(x.0)2 - 2a|e|?

2a(2ag| x| %|e| % - |6| %)

"
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= 2a(2ap|x|? - 1)

<0 inqif g < (2a)°t.

But as a » ah/2¢ converges in the weak topology of the space of
Radon measures on Q to a positive multiple of the Dirac delta
distribution with support at the origin. Hence a"/ 2y converges
pointwise to a positive multiple of the Green's function g for A on
Q with pole at 0, namely the function defined by g(x) = -log(|x|) for
n =2, and g(x) = |x| 2" - 1 for n > 3. However, for all n >2, log g
is not a 1log concave function. In fact, a routine application of
property 4 (see section 8) shows that a(g) = -» for n =2, and
a(g) = -(n-2)"! for n > 3. Hence for some a > 0, u is not «(g)-concave,
o= B/ 42B)
and hence not «-concave for‘AéﬂéL—«y4>—€h The proof is completed by

setting g = (2a)~! for this value of a. |

The research reported in this thesis originated in an attempt to

prove the concavity of the solution to

M(x) +k =0 for x in @

and u(x) = 0 for x in 3R

for positive constants k and bounded convex domains Q. Theorem 14,
part (iii), shows that when @ has a sharp enough vertex, a(u) = %.
However, when @ is an ellipsoid it 1is well-known that u is a concave
quadratic function of x, so that a(u) = 1. If the boundary of an
ellipsoid undergoes a small perturbation 1in the C2:% sense, an
application of standard Schauder theory enables one to make a
c2:® estimate of the resulting perturbation of the solution to the

above boundary value problem in terms of a €% ® bound on the

perturbation of the boundary. (The application is straightforward, but
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takes many pages and contains no surprises. The reader is therefore
spared an account of this application.) Since the solution on an
ellipsoid has strictly negative directional derivatives, this implies
that for @ close to an ellipsoid in the ¢c2>@ sense, the solution to the
above boundary value problem is concave. This suggests the possibility
of guaranteeing the concavity of the solution by means of a bound on
the curvature of the boundary. The necessity of an upper bound is
indicated by a consideration of the upper level sets close to the
boundary for the counterexample in Theorem 14 part (iii). The necessity
of bounding the curvature from below in some sense 1is indicated by
Theorem 18, which says essentially that if 3Q is locally a portion of a
hyperplane at some point, and @ is bounded, then the solution to the
above problem is not concave 1in some neighbourhood of that portion.
This theorem also implies, incidentally, that u is not concave for some
arbitrarily small ¢! deviations of @ from an ellipsoid, since if an
arbitrarily small flat slice is removed from @, and 3@ is smoothed near
the edges of the cut, @ will be arbitrarily close to an ellipsoid in

the C! sense and yet u will not be concave. Theorem 18 is preceded by

an elementary algebraic result.

LEMMA 17: Assumptions:
n>2, and A = (aij) is an nxn symmetric matrix.
ann = 1, and for all 1 #n, aj5 = O.
Assertion:
A 1is positive semi-definite if and only if all off-diagonal

entries of A are equal to zero (that is, ajj = 0 for all i #j).

PROOF: aj jXiXj = annxnz + 2anjxnx'j + a-'le'-iX'j, for all xe R", where

x' has been defined earlier as the projection of x onto R"-1. Suppose
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apnj * 0 for some Jj#n, and put x = tej + ey for te R, where
e; denotes the ith unit vector in the standard basis for R". Then
ajjxixj = 1+ 2tanj, which is negative for some t, so that A is not
positive semi-definite. So suppose that anj = 0 for all j #n and
ajj # 0 for some i and j with i # j and i #n # j. For real s and t,
put x/= sej + tej. Then ajjxjxj = 2stajj, which is negative for some

choice of s and t. This completes the proof. O

THEOREM 18: Assumptions:
n>2, and @ is a bounded convex domain in RN,
0€ aq, and for some open ball B with centre 0,
Bnga = {xeB; x, > 0}.

ue C(T)NnC?(q) satisfies

au(x) +1 =0 for x in @

and u(x) = 0 for x in 3q.

Assertion:

u is not concave in BNgQ.

PROOF: Kellogg's theorem implies that ue C?(BNQ), since a is C~.
Thus all derivatives of u are defined on Bnan. Let x'eBnag, and
define the nxn matrix A = (aj;) by ajj = -ujj(x'). Then for i #n,

ajj = 0, since u = 0 on 39, and so ayp = 1, as au + 1 = 0.

Suppose now that u is concave in Q. Then the Hessian (uij) of u is
negative semi-definite in Q and therefore on 3Q. From Lemma 17 it then
follows that ajy = 0 for i # j. In particular, unj(x') =0 for all
j#n, so that up(x') is constant for x'eBnag. Denote this
(non-negative) constant by c. Then both Dirichlet and Neumann data are

specified on BN3Q, thereby uniquely determining the function u, which
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2 + cx, for x in Q. But this

must be the function given by u(x) = '%Xn
and the theorem is

O

contradicts the boundary data for the rest of 5@,

thus proved.
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8. CONCAVITY CALCULATIONS FOR MISCELLANEQUS EXAMPLES

This section commences with a discussion in detail of the
a-concavity properties of the solution to au+4 = 0 with zero Dirichlet
data on an equilateral triangle. This example neatly demonstrates
Theorem 14, part (iii), and Theorem 18. Then the corresponding
calculations are made for the Green's function for A on a sphere 1in
RN with pole at the centre of the sphere. These are used for
Theorem 16 and also indicate 1limits to any future results on the

a-concavity of the Green's function.

Define a bounded convex domain @ and a function u: @ » IR by

Q= [(x,y)e R?; -2/9 + |y/3] < x < 1/9}

and u(x,y) = 4/243 - (x%+y?) - 3x(x?-3y?)

4/243 - r? - 3r3cos(36),

where r = (x2+yz)1/2 and 6 = sign(y).cos"}(x/r). (Ambiguities in the
definition of o are irrelevant for these purposes.) Then Q is an
equilateral triangle with sides of length 1/¥3, u =0 on 3%, ue C7(Q)
and u satisfies au + 4 =0 in Q. In order to calculate the number
a(u) = 1 - sup uueeue'2 (see property 5), it is convenient to take the
supremum over all directions & for a fixed point x first and then take
the supremum of this quantity over x 1in Q. This intermediate
calculation gives a pointwise definition of o«(u), which may be written
as a(u,x), the concavity number of u at x. Then the concavity number
for u on any convex subset of @ may be evaluated by simply calculating
the supremum of o(u,x) for x in this subset. Although the quantity
a(u,x) has the virtue of simultaneously checking a given function for

all of the a-concavity properties for a€ (-=,+<], the author has
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unfortunately not been able to use it as an analytical tool on classes

of functions given as solutions of boundary value problems (that is,

functions not given explicitly). It does not seem to obey any kind of

useful maximum principle, unlike the quantity ugg, which is harmonic

for all ee S if au is constant, and subharmonic if Au is convex (that

is, au + f(x) = 0, where f is concave), or sup {uee(x); 6e S}, which is
{

subharmonic if au 1is convex. (These observations follow from the

equation A(ugg) = (Au)gg and the fact that the supremum of a set of

subharmonic functions is itself subharmonic.)

Now returning to the case of the equilateral triangle, it is
necessary to calculate the supremum of uueeue’2 over 8e S, For general
n > 2, let A denote the nxn matrix (uij(x)) - that is, the Hessian of u
at x - and write b for w(x), the gradient of u at x. Then a convenient
quantity to maximise is Q(e) = ueeue'z when u is positive. This can be
written as Q(e) = (aijeiej)(bkb1eke1)"l, whose derivative with respect

to ey (regarding Q as a function on the whole space R") is
- -3
aQ/aek = 2(a1-kbje1- 65 - aijbkeiej)(b.e) i

whenever b.e # 0. This derivative vanishes for any & such that A¢ is a
multiple of b, since if A = tb for some real t, then a; 6; = tby and
2§04 = tbj, as A is symmetric. (Note that for any non-zero real
number t and non-zero vector 8, Q(te) = Q(e).) It is straightforward to
show that these are the only values of & (when b.e # 0) for which the
derivative vanishes for all k. Indeed the vanishing of the derivative
implies that ykbjej - bkyjej = 0, where y = As. On the assumption that
b.e is non-zero, this equation implies that y = b(y.e)(b.s)"!, a
muitiple of b, Thus the supremum of Q on S occurs either for 6 such

that Ae is a multiple of b, or in the Tlimit as b.6 » 0. For the
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function in question, a,, = -2-18x, a,, = 18y, and a,, = -2+18x. So
det A is equal to 4(1-81r2), which vanishes only when x lies on the
incircle of Q. Elsewhere A™! exists, and by putting o = A one
obtains 0 = (bYA=1p)~1 which, after a long calculation, becomes

(det A)/(-243r%u(x,y)).

The case b.e » 0 is easily taken care of in ]Rz, for such 6 must
converge to a multiple of bl= (bz"bl)' But (bl')tAbl is equal to
(det A).(btA’lb), which is the negative quantity —243r2u(x,y) given
above. So Q » -» as b.8 + 0. When det A vanishes, A has eigenvalues 0
and -2, But b.e # 0 when 8 is an eigenvector of A with eigenvalue 0,
because the only direction in which b.9 equals 0 is that of bl and
(b-L)tAbt is negative, as stated above. So on the incircle, sup Q = O.

Hence one obtains sup Q = (det A)/(-243r2u) throughout Q.

The final outcome of these calculations is that
af(u,x) = 1-u(x)sup Q is equal to %(1 + 2/(81r%)). Thus o(u,x) decreases

from +o at the circumcentre of the triangle (that is, r = 0) to % at

the vertices (that is, r = 2/9), and hence o(u) = %. It may be noted

that a(u,x) > 1 for x inside and on the incircle (that is, r < 1/9), so
ConCente

that u is «<oemvex in this Tocal sense on the boundary at one and only

one point on each side, which agrees well with Theorem 18, which

implies that u can not be concave in any neighbourhood of any point on

a flat portion of the boundary.

The comment should be made here that if u 1is known to be
quasiconcave, then 8A8 < 0 whenever b.e = 0, since ugg < 0 for all
directions 6 which are tangential to the 1level curves of u. An even
greater simplification of the calculations occurs when it is known that

Vu =0 only at the maximum of u, and the level sets of u are uniformly
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convex, for then 8As < 0 whenever b.6 = 0 and so the case b.s + 0 need

not be considered at all. Then the result is simply a(u,x) = u/(btAb).

Calculations can now be made for a(g), where g denotes the Green's
function of the unit sphere, as defined in section 7. It follows from
Study's theorem that the Green's function is quasiconcave (that is,
(—w)-ancave) for general bounded convex domains in R?, and Gabriel
([3]) demonstrated the same result 1in R3. It will now be shown that
the number -« is sharp in ]Rz, because o(g) = - for n = 2. Also, any
attempts to find o-concavity results for Green's functions when n > 3

are limited by the fact that a(g) = -(n-2)"1.

Write r for |x|. Then in R2, g = -logr, gy = -r"?(x.8), and
dgg = -r'“(2(x.é)2-r2|e|2), so that ggeege'2 = -log(r)(2-r%(x.8)"2).
Hence af(g,x) =1 + log(r). Unlike the torsion function on the
equilateral triangle dealt with above, this function has a local
concavity number which decreases with proximity to the maximum of the
function. In fact, a(g,x) + - as r » 0, and so the function is at most

(-»)-concave.

The same calculations for n » 3 reveal that
995090~ 2 = (n-2)1(1-r""2)(n-r?|x.e|"2).

Hence a(g,x) = ((n-1)r"~2-1)/(n-2), which once again is equal to 1 on
the boundary, and decreases towards the centre. In this case, though,
a(g)=-1/(n-2), a fact which could have been found by a simple

inspection of the function.
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APPENDIX

This appendix contains a preprint of an article submitted to the
Australian Journal of Mathematics (series A) in December 1983. The
results of this article are obtained in the text of the thesis by a

different method, except for Lemma 2.2, which is cited in the thesis.
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THE CONCAVITY PROPERTIES OF SOLUTIONS OF THE
LINEAR CLAMPED MEMBRANE PROBLEM ON A CONVEX SET

Alan U. Kennington

Abstract

Suppose u is the solution of the clamped membrane problem:
-Aa = f(x) on a bounded convex domain £ in IRn, and u =0
on the boundary of §, where £f is a non-negative function

of x 1in § such that fB is concave (that is, —(fB) is

o

convex) for some R > 1. Then it is shown that u is

concave in §, where o = B/(1+2B8), and that if £ 1is constant,
1 i

u? is concave. Hence whenever f is non-negative and concave,

the level surfaces of u enclose convex sets.

1980 Mathematics subject classification (Amer. Math. Soc.) :35J25

Short title: Clamped membrane problem.
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1. Introduction

The principal results obtained in this paper are the

following:

Theorem 1.1: Let § be a bounded convex domain (that 1is,

non-empty open set) in R” for some n > 2, and suppose f
{

is a non-negative function defined on & such that fB is

concave for some B > 1. If u is continuous in 8, twice
continuously differentiable in £, and satisfies

(1.1a) -Au(x) = £(x) for x in Q

(1.1b) u(x) =0 for x in 098

then u% is concave in §, where a = B/(1+28).

Corollary 1.2: Under the assumptions of theorem 1.1, if

. Ly
f 1is constant, then u is concave.

I+ should be remarked that under the conditions of Theorem
1.1, f is concave and therefore Lipschitz continuous, so
that there exists a unique solution to problem (1.1) which is
continuous in § and twice continuously differentiable in Q.

Moreover, this solution is non-negative.

Makar-Limanov [9] showed that when n = 2 and f is
constant, the upper level sets, {xe 2; u(x) > cl, of u
are convex. The proof given shows that in fact, u% is concave,

The method used does not readily extend to n = 3.

The method used in the present paper to prove theorem 1.1

is essentially adapted from one used by Lewis [8] to prove the

62



Page 2.

convexity of upper level sets for a different problem. From
the solution u of (1.1), a function v 1is constructed so
that u and v are different whenever u®% 1is not concave.
Then maximum principle arguments are applied to the difference
petween u and v to arrive at a contradiction if u® is
assumed not concave. The natural extension of this method

'

to the non-linear clamped membrane problem is envisaged as

the topic of a later paper.

The author is grateful to J.H. Michael for supplying the
simplified barrier function b used to considerably shorten

the proof of lemma 2.2.

2. Proof of Theorem 1.1 and Ccrollary 1.2

For positive numbers o, we construct the function v on

0 from the solution u of problem (1.1) by defining
v(x) = sup((l—)\)u(y)u + Au(z)u)l/a

for x in §, where the supremum is over all y and z in
Q, and A € [0,1], such that x= (1-)\)y +Az. It is clear
(by putting y=2z=x) that v(x) 2> u(x) for all x, and

o

that v is identically equal to u if and only if u is

concave.

. o .
Now suppose that u is not concave. Then for some ¢€

satisfying 0 < € < 1, the function w on Q defined by

w = (l-€8)v - u
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has a positive supremum. It will be shown that this supremum
is attained at some X, in € (by lemma 2.1), and that the

supremum implicit in the definition of v(xo) is attained at
some pair (yo,zo) in © x @ (by lemma 2.2). A calculation
will then lead to a contradiction to the concavity of fB at

the triple (xo, Yo zo).
i

Lemma 2.1: Let £ be a bounded convex domain in r"

, u
be any continuous function on ﬁ, and v be the function
constructed from u as above. Then
(1) for all x in §, there exist y and 2z in
Q and A € [0,1] such that
vix) = ((1-AM)uly) “+ru(z)®*)7®
and
x = (l=-A)ytaiz
and
(ii) v is upper semi-continuous in Q.
Proof: It is sufficient to treat the case o =1, as
the result for general o > 0 follows by substituting u* for
u.
(i) Let x be in Q. From the definition of v(x), there
are sequences (y.).%. and (z.).°” in §, and a sequence
i 1=1 i i=1
(r.).” in [0,1]}, such that
i 1i=1
v(x) = lim ((1-Xx )u(y.) + rx,u(z ))
. 1 1 1 1
i » o
and
x = (1-)x)y, + x. z  for all i.
1 1 1 1

Choosing subsequences if necessary, it may be assumed that

Y, * Y, 2, *+Z and A - A as i » «», for some y and z
1 1
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in § and A e [0,1]. Then x = (1-A)y+rz, and since u is

continuous, v(x) = (1-A)u(y)+iu(z).

(ii) Let x be in . From the definition of lim sup v(p),
js) X
where p 1is restricted to be in §, a sequence (xi),°°l can
l=
be constructed in [ so that

{ \
lim wv(x; = 1
{1am (x31) . imxsup v(p)
and

Jlim x, = x.
i o i

Applying part (i) of this lemma to each x

i+ Sequences (y;)
and (zi) in §, and (Ai) in [0,1] can be constructed so
that

V(Xi) = (l—Ai)u(yi) + Aiu(zi)
and

X; = (1—Ai)yi + Aizy.

Choosing subsequences if necessary, it may be assumed that
Yi *¥, zi 2z and Xi + A as i + o, for some y and =z
in @ and A € [0,1]. Then x = (l1-\)y + Az, and as u is

continuous,

v(x) = (1-2)u(y) + ru(z)

Jim ((I=A ) uly;) + xjulz;))

lim sup v(p).
P * x

That is, Vv 1s upper semi-continuous at x. O

Lemma 2.1(ii) implies that the (positive) supremum of w

is attained at some point, X, say, of Q. But w(x) = 0 for
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X € 3. So x0 € Q. By lemma 2.1 (i), there are points y0

and zO in §, and ) in [0,1], such that

= 1- a4 ay l/a
V(xo) (( A)u(yo) Au(zo))
and
= (1- + .
xO ( )\)y0 kzo
!
Now suppose that Y, € 8%, and put y = (l‘G)YO T 8z,
whenever 0 £ § < ). Then xO = (1-¥)y + pzo, where

u = (A-6)/(1-8) € [0,1], and soO
vix) Z ((I-wuy)® + uu(zo)a)l/u.

But v(xo) = Xl/“u(zo), since u(yo) = 0. A brief

calculation then shows that
(2.1) uly) < él/au(zo).

Under appropriate conditions on o and £, this inequality

is shown to be impossible.

Lemma 2.2: Let & be a bounded convex domain in IR"™ for some
n 2 2, and suppose u is a function which is continuous in

Q, twice differentiable in , and satisfies -Au > ¢ in &
for some ¢ >0, and u =0 on 08%. Then for all p in 23§

and g in , there are positive numbers r and k such

that
u((l-t)p + tq) > kt?
whenever 0 £t < r.

Proof: After making an appropriate translation, rotation and

dilation if necessary, it may be supposed that p = 0 and
66



. . n ;
gy, = Een = (0,0,...1). For points x in IR , write x_ = x.e

and x' = x - x e . Since £ is convex and q € &, the

(cone~shaped) domain

¢ = 1lx e m™;|x'] < ax, and 0 < x, < ol

is a subset of § for some a satisfying 0 < a < 1l. For x
_
in G, define b(x) by

b(x) = (a’x? =lx"[%) (1-x))*.
Then Ab(x) =-2(n-1)(1-x_ ) - 2[x'|? + 2a®(6x_*-6x_+1) > -2n-1
for x in G, and b(x) =0 for x 1in 9G.

Hence by virtue of the comparison principle for A on G,

we conclude that for x € G,

But b((l-t)p + tq) = La?t? when 0 < t < %, Putting r = %

and k = %a’c/(2n+l) then verifies the lemma. O

If we now assume (temporarily) that £ is bounded below
by a positive constant, and put p = y,, d = Xj and‘ t = §/X
in lemma 2.2, it is seen that for small enough G,Auﬁﬁﬁjﬁgg*y
(2.1) is contradicted whenever o < }%. Thus Yo, and similarly
Zgr is in f. So the first and second derivatives of u are
defined at y, and 2z, whereas Vv need not necessarily possess
these derivatives at x,. To overcome this difficulty, it is

convenient to define upper and lower directional derivatives.

For any real function h on a domain 2, at any point x

in €, in any direction 0 € 5 = {¢ € R8;|¢|= 1}, define
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ot . -
hg(x) = tl£m9+sup t~ ' (h(x+t8)-h(x))
= : : -1 B
h, (x) = tl:_L>mO+1nf t7' (h(x+t6) ~h(x))
and hebx) = hg(x) = hg(x) if equality holds.

Similarly, if he(x) exists, define

]
h6+e(x) = 1im sup 2t % (h(x+t8)-h(x)-th (x))
+ 5]
t * o
he_e(x) = 1im inf 2t " 2(h(x+t6)-h(x)-th_(x))
B B =l 5]

+

and hee(x) = hee

(x) = hé;(x) if equality holds.

Using these definitions, it is now possible to analyse the

first and second-order behaviour of v near x For arbitrary

0°

6€s_, for small enough positive t, put y =y, + £6 and

x = (1-A)y + Xzo = x4 *+ (1-A)t6. Then by the definition of v(x),

vix)® = (1-nuy ® + ru(zy)”

so that

vin® - vixg)® > (1-0) (euly) “Thugly)t ¥ o(8) as t > o,

whereas for a suitable set of positive values of t, (a set whose

closure includes 0,)
& o a=-1_- +
vix) - V(XO] <(x(l—k)v(x0) ve(xo)t + o(t) as t » ot.

Combining these two inequalities, dividing by a(l-}i)t,

and taking the limit as t = o+, one obtains

vix )a-l

" v;(xo) > u(yo)a_lgg%y )

8’70

l-0

So  vglxy) = (v(xg)/ulyg)) ™ “uglyy) -

But since w(xg) is a local maximum of w, w_(xq4) < 0,
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+ _—
and so Vg(xy) < (1-€) lue(xo).

Hence
(v(xg) /ulyg)) T Mg (yy) < vglxg) < vglxg) < (1-€) " Tug (x4) -

If these calculations are repeated with -8 in place of e

one obtains

{

(V(xo)/u(yo))l_aue(yo) = (v(xo)/u(yo))l—uu_e(yo)

v

- V:é(xo)

Vv
I

V:%(xo)

\Y
|

(l—E)—lu_e(xo)

(1-6) Tug(xg) -

Clearly equality holds throughout, and so v is differentiable

l1-a
at X and ve(xo) = Py ue(yo), where pl = v(xo)/u(yo).
l_
Similarly ve(xo) = P, 0tue(zo), where 0, = V(xo)/u(zo). As a
+ -
result, vee(xo) and vee(xo) are defined, and the second-order

behaviour of v near X

o May be analysed.

Let 6 € s, and for small enough positive t put

Yy =y, + t0, z=z25+p"t0, and x = (1-M)y + Az = X, ¥ P £8

where p = pl/pz. From the definition of v(x),

vix) “v(xg) ¢ > (190 (uly) Tmulyg)®) N (u(2)* ~ulz) %)

)

£ (1N oulyy) * Tug (vg) Hhaulzg) * g () o)

)a—l

i %tz((1—X)a(a—l)u(yo)““2ue(yo)2+(lfK)GU(yo Ugg (Yq)

+Aa(a—l)u(zo)a—2uefxq)2p2u+kuu(zo)a—luee(zo)p2u ) + o(t2)

2

o
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For a suitable set of values of t,

o ¢4 a-1 o
v(x) - v(xg) s tav(xo} ve(xo)pl
1L 2 _ -2 2 20 a-1__ - 2a 2
+ %t" (a(o l)v(xo) VB(XO) P +OLV(XO) Vee(xo)pl ) + o(t?)

+
as t > o0 .

; D . s . .
After combining these two inequalities, cancelling first-

ao—-1 2a

order terms in t, dividing by %t%XV(xo) ey and taking

. + )
the limit as t - o , the result 1is

(oc—l)v(xo)_lve(xo)2 + véé

\Y%

(xo)

(1-3) vix) T Maly ) ¢ T amD uly ) Tl (v ) Prug (v ) e

o -20

a—-1
) 1

4—Av(xo)l_ ul(z ((u—l)u(zo)'lue(z ) %+u (zo))pzap

0] 0 006

-3a 1-3a

B _ 1
= (1 X)pl uee(yo) + Apg u,,(z

+ (emDv(x) A= uly ) ¢ g (v ) 2ol 2

ug(z ) %0 %% .

ity =
+ Xu(zo) 5 :

But  (1-Muly,) * 2u (v ) 21 2% + aulz ) * Pug(z ) %

= v (x ) Pvixg) A= 0 %00 %) = v ()

0] 80 0]

Hence (due to the careful choice of x,y and z) the above

inequality becomes simply

= 1-3a 1-3o
= (1- .
Voo (Xp) Z (1=M)p] “Tug(yy) +ap, “rugg(2,)
Now choose any n orthogonal directions 6, and denote

the sum of V;étxo) (respectively vés

directions by A+v(xo) ( respectively A_v(xo)). ‘ Then

(xo)) over these n
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1-3a 1-3a

M v(xg) > (1-0)p] bu(yy) + Apy *%sulz) = - hip),
where
hip) = (1-Wp) > £yg) + Ap, > £(z)

i

oc) (1-3a) /o

(1-2) (L=A+Xp £y + A((1-2)p %) 1739/ £(q

;
h is a differentiable function of the positive variable

Ot 15 @ o Ae constaxt (| -\ D+ > f@e Wi ® = +
P, hen o X 1/3, " ( ){Ej n{( ]9 Sks
A >

. _ _ (1-2a) /o
lim o h(p) = (1-2) f(Yb)

p > o

and

p >

f(zo).

To find the stationary points of h, note that

dp dp
—1 = 1-a 2 _ _(7— -~a—-1 2
ap kpz and dp (1 A)p‘ p,r SO that
- (1- 30
_ ol -3a _1l-0 _20-1 1-2a . .
o —Ak(l A)pl e, (f(yo) Pl <8 f(zo)), which is zero
only at p = p' = (£(y,)/f(z5)) /207,
h(p") = ((1-0) £y ) (1720 4 (g )@/ (1720)) (17200 /% < g (x )
since o/(1-2a) = B and fB is concave. Thus h(p) < f(xo) for

all p >0 when 1/3 <o < 1/2. (The reason that the proof of
theorem 1.1 does not readily extend to B < 1 1is the unsatisfactory

behaviour of h when a < 1/3.) So A_v(xo) > -f(xo).

But the definition of X implies that for each 6,

N

wgé(xo) 0, so that A+v(x0) < (l—e)—lAu(xo). Summarising

the second-order inequalities obtained,

(1—8)‘1f(x0) = -(1-8)—1Aigxo) < —A+V(X0) < =TV ) < £(x)).
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Since f(xo) > 0, this is impossible. So u® must have

been concave.

Returning to the case where £ 1is not necessarily bounded
below on § by a positive constant, let c > 0 and consider

the solution u to the following modification of problem (1.1):

—Auc = f + ¢ in Q
u, = 0 on 9fl.
The function (f+c)B is shown to be concave in § by the

following lemma.

Lemma 2.3: Suppose r,s,t,c >0, B =1 and X € [0,11.
£ r> ((1-0sPat?)® then r+c > ((1-2) (s+c) B (e+o) By 178,
Proof: It is sufficient to show that

((1-20) sP4at?) 7B > ((1-0) (s+o) Bra(t4e) By 1/B — ¢

Equality holds for ¢ = 0, and the derivative of the right

hand side with respect to c¢ is
((1-2) (s+c) B len (t+e) B71) ((1-0) (ste) Ban(rrey By (H7R /B g,
By Jensen's inequality, as 0 < (g=1) /R < 1,
(1-2) (s+c) B 1an (e4c) B1 < ((1-2) (s+c) Pra(tte) By (B7D /B,

So the right hand side derivative is non-positive, thus

proving the lemma. O
Putting r = f(x), s = £(y) and t = f(z) in lemma 2.3
whenever x = (1-))y + Az, the concavity of (f+c)8 follows

from that of fB, and hence ug is concave for all ¢ > 0.
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, p . ) = + o .
But uC + u uniformly in © as ¢ > o . So u 1s concave,

and the proof of the theorem is complete. O

To prove corollary 1.2, note that if £ is constant then

£ is concave for all B > 1, so that u® is concave for all

_ 1

o satisfying 1/3 < o < 1/2. As o =+ % , u® + u? uniformly
1

on comgact subsets of . So u? is concave. ]
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3. Remarks

(i) The concavity of a positive power of u implies (by Jensen's
inequality) the concavity of any lower positive power of u,
and also the convexity of its upper level sets. The power %
in corollary 1.2 is sharp in the sense that for each n = 2
there is a set  for which u' is not concave when <y > k.

A simple example of this is the equilateral triangle in IRZ

(ii) A local interpretation of the concavity of u* if u is
twice differentiable is that for all directions 0,

uu < (l—a)ug.

06
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