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Abstract

The goal of this thesis is to calculate the Seiberg-Witten invariant for complex surfaces,
X, with odd first betti number, that is complex surfaces that do not admit a Kiahler metric. It
is well known that the Seiberg-Witten equations have a simple, readily solved form when the
metric on X is Kahler. Under the more general assumption that the metric on X is hermitian,
we show that the Seiberg-Witten equations differ from the equations on a Kahler surface by a
real one-form (corresponding to the trace of the torsion of the canonical hermitian connection)
acting via Clifford multiplication in the Dirac operator. This “extra” term makes the analysis
of the Seiberg-Witten equations on an arbitrary hermitian surface somewhat more difficult than
the Kahler case. Rather than trying to solve the equations directly, we study how perturbing
the Dirac operator by a real one-form eflects the Seiberg-Witten moduli space. We show that
this perturbed moduli space is compact and cobordant with the “standard” Seiberg-Witten
moduli space. Apart from its subsequent applications, this result is aesthetically pleasing, as
it proves that the Seiberg-Witten invariant depends only on the first order part of the Dirac
operator. Our study of the moduli space means for the purpose of calculating the Seiberg-
Witten invariant we can ignore the torsion term present in the Dirac operator when the metric
on X is not Kahler. This simplification enables us to extend many of the results known for
Kahler surfaces to a general hermitian surface. In particular it enables us to determine the basic
classes and the Seiberg-Witten invariants for all complex surfaces with odd first betti number.
Finally we use these results to study the effect of a diffeomorphism on the exceptional curves

on a complex surface with odd first betti number.
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Summary of Results

The main goal of this thesis is to calculate the Seiberg-Witten invariant for non-Kahler
complex surfaces. In achieving this goal we also obtain a number of results of a more general
nature. A brief summary of the established results relevant to this thesis are presented in §0.1,

and in §0.2 the results proved in this thesis are summarised.

0.1. A Brief Summary of Established Results.

The Seiberg-Witten invariants were introduced in late 1994 [W] as a consequence of devel-
opments in N = 2 super-symmetric Yang-Mills theory [SW1, SW2]. The power of these new
invariants was made apparent by the ease with which it established many results suggested by,
but inaccessible to, Donaldson Theory. For example a proof of the so called ‘Thom Conjecture’
[KM3] was established contemporaneously with the announcement of the new invariants. Also
the vanishing of the Donaldson invariant on manifolds with positive scalar curvature had long
been suspected [FS2], but for the Seiberg-Witten invariant this appears as an almost trivial
consequence [W].

In Donaldson theory Kronheimer and Mrowka [KM1,KM2] introduced the important no-
tion of a four-manifold of simple type where the Donaldson series [D2] satisfies a type of re-
currence relation. They proved that for such manifolds the Donaldson series is determined by
a finite set of “basic classes” x; € Ha(X,Z) and an associated set of rational numbers a;. In
fact all known four-manifolds are of simple type and it is still an open question whether this
is true for all four-manifolds. Importantly for us the simple type condition translates easily
into Seiberg-Witten theory—a manifold is of (SW-) simple type if the only non-empty Seiberg-

Witten moduli spaces are zero-dimensional [W, FS1]. When Witten introduced the invariants
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he conjectured that the two notions of simple type coincide, and for manifolds of simple type
the set of basic classes are the same, where a Seiberg-Witten basic class is defined as the homol-
ogy class associated to a line bundle with a non-vanishing Seiberg-Witten invariant. He also
conjectured a precise relationship between the Donaldson series and the Seiberg-Witten invari-
ant for manifolds of simple type—from the results of Kronheimer and Mrowka this amounts
to conjecturing that not only are the basic classes k; the same but their associated rational
numbers a; bear an exact relationship with the Seiberg-Witten invariant. This conjecture has
been confirmed for simply connected elliptic surfaces [FS1], and inroads toward a general proof

have been made by [PT)].

The Seiberg-Witten invariant and Kahler Surfaces.

On a Kahler surface X the Seiberg-Witten equations have a particularly simple form.
Witten solved the equations on a Kahler surface [W] and showed that the moduli space can
be described completely in terms of the holomorphic structure on X. Importantly for the case
where py(X) > 0 he also gave an explicit algorithm for calculating the invariant and determining

the basic classes on X.

Theorem 0.1.1. [W] All Kéhler surfaces with bt > 1 are of simple type. The Seiberg-Witten
invariant associated to the canonical class K, is +1, and all other basic classes L satisfy,

—deg K, <deg L <deg K, .

The simple form of the invariants lead quickly to the confirmation of some outstanding
problems in algebraic geometry [FM1], the ease with which these results follow from the new
theory [FM3, Bs] is further testimony to the power of these new invariants. The results relevant

to the work in this paper are:

Theorem 0.1.2. [FM3, Bs] Let X and X' be minimal Kahler surfaces with Kodaira dimension
at least zero. Suppose that X and X' are blowups of X and X' at m and n distinct points
respectively, with associated exceptional curves €1,...,&m and €},...,&,. If ¢ : X > X' isan
orientation preserving diffeomorphism then m = n and,

(i) for each i there is a j such that ¢*[£]] = %[¢;].

(i) Also ¢*[K' ] = £[K, ], where K’ (K, ) denotes the pullback to X' (X) of the canonical
class of X' (X).

Using a general blowup formula [FS1, FM3], connected sums with more general negative

definite manifolds can be considered. First suppose that N is a negative definite manifold such
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that H1(N,Z) = 0 (thus H?(N,Z) is torsion free by the universal coefficient theorem). Then
H?*(N,Z) has a unique basis [D1, FM3] {ni,...,ns} such that n? = —1 and n; - n; = 0 for
i j.

Theorem 0.1.3. [FM3, Bs] Let X be a minimal Kahler surface with kod X > 0, and suppose
X is a blowup of X at p distinct points. Let N be a closed oriented negative definite as
described above. If there is an orientation preserving diffeomorphism ¢ : X — M #N, for some

four-manifold M, then for every i, ¢*(n;) = %[€;] for some exceptional curve £; on X.

In general one can replace X with a more arbitrary manifold M’# N'—however the equality

in Theorem 0.1.3. must be replaced with equality mod torsion, that is, ¢*(n;) = nj; mod torsion

[FM2, FM3].

Symplectic Manifolds.

Taubes’ results [T1,T2,T3, T4] for symplectic manifolds extend the results for Kahler
manifolds. Taubes first proved that the invariant for the canonical spin® structure (induced
from the almost complex structure defined by the symplectic form) is, as in the Kéhler case,
equal to +1. He then announced that the basic classes satisfy a bound analogous to the
bound for a K&hler metric, but most striking was his proof [T3, T4] of an equivalence between
the Gromov invariants [Gr] defined using pseudo-holomorphic curves and the Seiberg-Witten
invariants. When combined with Gromov’s results this yields many important consequences on
the structure of symplectic manifolds. For full statements of the consequences of this equivalence
the reader is referred to Taubes’ original papers, here we will merely state the basic structure

of the invariants which parallels that of complex surfaces.

Theorem 0.1.4. [T1, T2, T3, T4] All symplectic manifolds with b% > 1 are of simple type.
The Seiberg-Witten invariant associated to the canonical spin® structure K is +1. Any basic

class satisfies, = -w < L -w < K :w, where w denotes the symplectic form.
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0.2. Summary of results proved in this thesis.

The goal of this study is to understand the Seiberg-Witten equations and to calculate the
invariant on a general hermitian surface, in particular a hermitian surface whose first betti
number is odd. The first step in such a process is to determine what the Seiberg-Witten
equations look like for such a surface. This is done via a somewhat tedious calculation in
Chapter 2. Here it is found that the Dirac operator for a general hermitian metric differs
from the operator associated to a Kéahler metric by a real one-form (corresponding to the
torsion of the canonical hermitian connection) acting via Clifford multiplication. It is unlikely
that this result is not known—its absence from the literature is probably a consequence of its
intractability compared to the case when the metric is Kahler.

To simplify the equations obtained in Chapter 2 a new set of equations is defined in Chapter
3. These equations differ from the “standard” equations by an arbitrary real one-form acting via
Clifford multiplication in the Dirac equation. It is then shown that solutions to these equations
satisfy a C° bound. After this bound is obtained the compactness of the moduli space can be
proved in exactly the same fashion as for the standard equations.

Chapter 4 contains the fundamental result that enables us to use these new equations to
calculate the Seiberg-Witten invariant—that is the independence of the moduli space from the
perturbing one-form in the Dirac equation. Irrespective of its subsequent applications, this is an
aesthetically pleasing result—it proves that the Seiberg-Witten invariant is independent of the
particular “Dirac operator” used in the equations, where we are taking the broadest definition
of a Dirac operator as one whose square is a generalised Laplacian [BGV §3.3].

In the first three sections of Chapter 5 we apply the fundamental result of Chapter 4 to
reproduce a version of Theorems (0.1.1) and (0.1.4) for an arbitrary hermitian surface. The
only restriction placed on the hermitian metric is that its associated Kahler form is §8-closed.
This restriction is minimal since a theorem of Gauduchon [G] states that every hermitian metric
has a conformal rescaling so that its associated Kahler form is §8-closed.

Finally in the concluding two sections of Chapter 5 we return to our original goal, the
calculation of the Seiberg-Witten invariant on a non-Kahler surface with 4+ > 1. It should be
noted that classical methods classify such surfaces up to diffeomorphism by their fundamental
groups [Ue] so in this direction one cannot hope for improvement. Classical methods also imply

that the exceptional curves are preserved in diffeomorphisms between non-Kahler complex
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surfaces [FM3]. Using Seiberg-Witten theory we can give a direct proof of this fact, as well as

the more general assertion corresponding to Theorem (0.1.3), a result conjectured in [FM3].

Since completing this thesis, I have learned of the existence of a preprint by Olivier Biquard
[Bi} covering much of the same material. However I have not had the opportunity to see this

preprint and do not know any of his main results.



Chapter 1

The Seiberg-Witten Equations

"This Chapter contains a brief introduction to the Seiberg-Witten equations as defined in
[W]. Essentially this amounts to a presentation of a few facts about spin® structures over four-
manifolds. There is extensive literature on the subject of spin structures, the book by Lawson
and Michelsohn [LM] is a particularly good general reference (see also [BGV, BBW]). Since
the advent of Seiberg-Witten theory a number of papers ([Ak, KM3, M, OT, Sz] to name just
a few) have offered various explanations of the aspects of spin® structures that bear a direct
relation to Seiberg-Witten theory. For this reason our treatment of the general theory will be
as brief and direct as possible, with particular reference to the equations on a Kihler surface.
This example serves to both clarify the general theory and motivate our work on a general

hermitian surface.

1.1. Spin° Structures.

In all that follows X will denote a compact oriented Riemannian four-manifold, thus the

tangent bundle T'X has structure group SO(4). The group Spin® (4) is defined,

Spin®(4) = Spin(4) x U(1)/{=1}.
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Recall that in dimension 4 we have the isomorphisms,
SO(4) ~ SU(2) x SU(2)/{x1}
Spin(4) ~ SU(2) x SU(2),

so we have the following exact sequences,
0— U(1) — Spin°(4) — SO(4) — 0 (1.1.1)

0 — Spin(4) — Spin°(4) — U(1) — 0 (1.1.2)

A lift of the principle SO(4) associated to the tangent bundle T'X to a principle Spin°®(4) bundle
via sequence (1.1.1) is called a spin® structure over X. Importantly for us the obstruction to this
lift vanishes on all four-manifolds [HH, Mas], thus every four-manifold has a spin® structure, and
for every spin® structure the sequence (1.1.2) defines a U(1) bundle L. To such a spin® structure
one can also associate a pair of U(2) vector bundles W+ and W~ defined via representations
of the group Spin°©(4) into U (2).

For our purposes it is more convenient to regard a spin® structure as a pair of U(2) vec-
tor bundles W+ and W™, such that det W+ = det W~ = L and a homomorphism, Clifford
multiplication,

() : T*X — Hom(W*, W¥), (1.1.3)

satisfying c(v) o ¢(v) = —|v|?Id. It is easily confirmed [Ak, LM] that this definition is equivalent
to that in the previous paragraph.

Locally the bundles W can be written [LM], W% = $* ® L!/2, where S* are locally
defined bundles of spinors and L'/2 is a local square root of the determinant line bundle . The
bundles S* and L!/? exist globally if and only if the manifold X is a spin manifold, that is if
and only if the second Stiefel-Whitney class wy(X) vanishes. The existence of spin® structures
on all 4-manifolds means that though S* and the square root L!/2 of L may not exist globally,
their product S* ® L1/ exists, that is their obstructions “cancel” [LM]. More concretely this
obstruction is exactly whether wq(X) € Hy(X, Zs) lifts to an integral class.

Let I'(W%) denote the space of smooth sections of the bundles W2, a section of W+ (W)

will be called a positive (negative) spinor. The spin connection,
Vi.T(W%) - I(WH)eTX,

is defined by combining the Levi-Civita connection on S* with a choice of connection 4 on

L, which induces a connection on L/2. Even though the bundles S* and L!/2 may not exist
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globally, the spin connection is well defined [LM] on their product. The composition of the spin

connection with Clifford multiplication (1.1.3) defines the Dirac operator,
Pa=coVi.T(WE) — T(WTF). (1.1.4)

Note that we have dropped the superscript + from the Dirac operator. Usually we will be
interested in the operator acting on positive spinors and the context will make it clear when
we are dealing with the operator that acts on negative spinors. Observe that if we fix a base
connection Ap on L and write the connection A as A = Ag + ia for some one-form a, then the

corresponding Dirac operators are related by,

Pa = Pa, + %a . (1.1.5)

The factor of a half coming from the local description of the bundles W* = S*®@L1/2. Note also
that we are also using the shorthand notation, a-, for Clifford multiplication by the one-form a.
Clifford multiplication can be extended to the entire exterior (Clifford) algebra A*(X). For

example if u A v is a decomposable element of A?(X) then,
c(u Av) = c(u) o ¢(v) € Hom(W*, W), (1.1.6)

linearity and the obvious extension of (1.1.6) to higher degree forms defines Clifford mul-
tiplication on the whole algebra. The Hodge *-operator splits the two-forms A2(X,R) =
A*(X,R) @ A~(X,R), and (1.1.6) induces isomorphisms between the bundles A*(X) and
the bundles su(W%), of trace free skew hermitian endomorphisms of W* [Ak, M, KM3]. If we

complexify the above definition of Clifford multiplication we get,

(") : T*X ® C — Hom(W=*, W¥F),

which satisfies ¢(v)? = —|v|? on the real subspace. We also get the isomorphism A+(X, R)®C ~

sl(W*), the bundle of trace free endomorphisms. The real subspace of At(X,R) ® C is still
naturally identified with su(Wt).

Using the natural identification Hom(W+, W) ~ W+ g (W+)*, consider the map defined

for ¥ € T(WH),

e}
2

clearly §(¥) € sl(Wt). In fact §(¥) € isu(Wt), the trace free self-adjoint endomorphisms.

=¥ - Id,

This can easily be seen by representing ¥ locally as ¥ = (a, ) then,

3 a|‘2; glz alé
q(r) = ge  ler—lar |- (1.1.7)
2
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Using the isomorphism A*(X,R) ~ su(W™) we can identify §(¥) with a purely imaginary
self-dual form, which we will denote by ¢(¥) € AT (X, iR).

The Seiberg-Witten Equations.

Let W+, W~ be a spin® structure on the compact four-manifold X with determinant line bundle
det(W*) = det(W~) = L. The Seiberg-Witten equations are for a pair (A4, ¥) consisting of
a unitary connection A on L and a section ¥ € I'(W*), of the positive spinor bundle which

satisfy,
Pa¥ =0

FF(L) = q(¥).
Where F} (L) denotes the self-dual part of the curvature of A. Recall that the curvature of

(1.1.8)

a unitary connection on a line bundle is a pure imaginary two-form and so the equations are
well defined. We will defer the discussion of the gauge group, moduli space and the perturbed

equations until Chapter 3 when we introduce the generalised equations.

1.2. The Equations on a Kahler Surface.

The case when the four-manifold is a complex surface with a Kahler metric sheds light on
the above definitions, as well as providing motivation for our later work when we consider a
complex surface with a general hermitian metric.

Any manifold with an almost complex structure has a canonical spin® structure given by,
Wi = A%X) A% (X), W, = A% (X), with det W = det W = A%2(X) = K3, where K,
denotes the canonical line bundle of the almost complex structure. Clifford multiplication on a
positive spinor, ¥ = (f, s) € A°(X)®A%2(X), by an element v = v} 4401 € TLOX TOL X =
T*X ® C is given by [BGV §3.6],

v-U = \/i,_)(’vo’lf - *(’1)1’0 A S)),
and on negative spinors ¢ € A%1(X),
v-¢ = V2" Ad— x(v10 A xg)).

It is easy to see that if v10 = %! that is, v is real, then (v-)v- = —|v]?, and so is consistent
with the definition in equation (1.1.3).
Let w denote the Kahler form associated to the Kahler metric on X, then the complex self-

dual two-forms can be decomposed orthogonally as [DK §2.1], A°(X)w & A%2(X) @ A20(X). If
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n = °w+n"24+4%0 is a real self-dual two form then clearly, 5° is a real function and %2 = 720,

If ¥ = (f,s) is a positive spinor the pure imaginary two-form ¢(¥) is given by (see (1.1.7)),
W, g 9 . _
o(¥) = 5-(IfF° = IsI*) + fs - f5. (1.2.1)

On a Kahler manifold the Levi-Civita and canonical hermitian connection coincide, and if
we make the choice of the canonical hermitian connection on the determinant line bundle the

Dirac operator is exactly [H],

m: \/5(5-{-5*) (1'2'2)

Any spin® structure on X can be written in terms of the canonical spin® structure by tensoring
it with a line bundle E. Thus we will write a spin® structure on a complex manifold as
WE = W}HQE = A%X,E)®A%%(X,E), Wz = W, ®F = A%Y(X, E) and det W3 =2E-K,.

If A is a connection on E the Dirac operator naturally induced from (1.2.2) is exactly,
Pa =V2(04 +53).

In this picture the Seiberg-Witten equations are regarded as equations for a spinor ¥ = (f,s) €
A%(X, E)®A%?(X, E) and a connection A on E satisfying (note that in this picture the equations
on the canonical spin® structure is for a connection on the trivial line bundle},
gAf + 5:13 =0
+ 1,1 _ W 2 2
FHQE - K, )" =2 (If1 = |sf?)
° (1.2.3)
Fa(2E - K,)"? =fs
FAl(2E = Kx)Z'O =-—fs,

where we have used (1.2.1) and A’ denotes the connection induced on the determinant line
bundle 2E — K, from the connection A on E and the canonical hermitian connection on
K,. Formulating the equations in this way makes it easier to analyse the equations for all
spin® structures at once, as well as avoiding the need to use objects that may only be locally
defined. Without going into details here (which will be covered in Chapter 5) the solutions
to these equations can easily be shown to exist only for certain holomorphic line bundles E,
and the solutions to the equations can be completely described in terms of holomorphic objects
associated to such a line bundle [W].

Apart from providing a concrete presentation of the abstract notions of the first section of

this Chapter, the ease of analysis of the equations on a Kahler surface should be thought of as
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an ideal situation which a large part of our subsequent work will be directed at realising. The
first step in the realisation of this ideal for an arbitrary hermitian surface is to get an explicit

description of the Dirac operator associated to such a surface. This is the subject of Chapter 2.
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Chapter 2

The Seiberg-Witten Equations

on a Hermitian Surface

In this chapter we establish the form of the Seiberg-Witten equations on a general hermitian
surface (X, h). As was seen in Chapter 1, if h is a Kahler metric then the equations have a
particularly simple form. If the metric h is not Kahler then the curvature part of (1.2.3) remains
the same, but the Dirac operator will have the form, 4 + 5;‘1 + 7, where 7 € Hom(W+, W™)

[H]. So determining the Seiberg-Witten equations amounts to determining this homomorphism.

The Spin Connection. Any complex surface has a canonical spin® structure with positive
and negative spin bundles given by,
W+ =A°(X) ® A°*(X)
W~ =A%(X),
its determinant line bundle is det W+ = det W~ = A%2(X).
The spin connection on W+ ® W~ is characterised by the fact that it agrees with the
Levi-Civita connection up to a choice of connection on the determinant line bundle. To make

use of this characterisation we use the canonical isomorphism, V ~ V* ® det V, valid for any

two dimensional complex vector space. Using the splitting of the complexified tangent bundle
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TX @ C~T%X @ TH0X, this implies,
TO'X @ TVX ~ T X ® A%3(X) @ THOX
~TO X @ (A°(X) ® A%2(X))
TO'X @ TVX ~ (W™)* @ WH. (2.1)
Using the hermitian metric k% the isomorphism in (2.1) can be realised for g% @ (f,s5) €
(W) @ W as,
9°® (f,58) > 4°f + h*¥gPs5q € T¥' X @ TH°X (22)
If we denote the hermitian connection by a semi-colon we can write the spin connection as,
V() ="+ Ba&ygs (2.3a)
VH(f,500) = (Fry + an S + 57 3857, 8ady + Caiyf + €4533) (2.3b)
where ¥ = (¢,¢). The cross terms c and b appear because the Levi-Civita connection is not
parallel with respect to the splitting of the complexified tangent space Tc X ~ T%1X @ 710X
(it is parallel if the metric h on X is Kéhler). The first step to determining the Dirac operator
consists of getting explicit expressions for B, a, b, ¢ and e in (2.3).

Using the isomorphism (2.2) the spin connection (2.3) induces a connection, Vy - gw+, on

the tangent bundle,

Vw-ew+(9® (£,5)) =V~ (9) ® (£,5) + 9@ V*(f,9)

="y + (haggasai);‘v

+ B hgPssq + cagoh® g f + ech®¥g®syg (2.4a)
+ Baiagsf +azg®f + bgfésafga (2.4b)
+ B5ch¢ suq + cagsh® 9" f + eshg%s4 (2.4¢)
+ B0 f + acg®f + b g%, 7 (2.4d)

Note that a choice of connection on the determinant line bundle amounts to a choice of ay +e.,
and the Levi-Civita connection will determine the components B,a,b,c and e up to such a
choice. The choice ay + ey = 0 amounts to choosing the canonical hermitian connection on the

determinant line.

The Levi-Civita Connection. Using the standard formulae [N] for the components of the

Levi-Civita connection V, and the canonical hermitian connection V,, we can write
V.=V, + A4
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where A is given by,

1
Aabc ='2'hae(hcé‘,b Co hbé,c)

Aasc =%haa(héc,5 - hsc,é')
1. .

Aaba =§hae(heb,e - hab,e)
1

AaEc =_hae(hel_>,c - th,e)

If h is a Kahler metric then hg, § = hg, 50 A vanishes in this case as expected.

To allow comparison with (2.4) consider,
V(6" f + had_gasad') = (haggasazf);'y + (9" )y
+ A%ch*g%sqg + A%5eg" f
+ A%:9" f + A%ehgPss;
+ Aabéhbjgasaj

+ A% f

(2.5)

(2.6a)
(2.6b)
(2.6¢)

(2.6d)

Equations (2.4) and (2.6) have been arranged so as to allow easy comparison of terms. As

explained above (2.4) and (2.6) are equivalent up to a choice for ay + ey. So equating the

coefficients of the same type in (2.4) and (2.6) yields,
Aabchbagasﬁi = BchhaggssaE‘*' echajgasai
A%eg’f = cagh®e’ f
A%peg®f = B f + acg’ f
A% yehtigPsyg = b7 25,5
A“bah”‘ig‘_‘s,-,g — aEaha‘i.‘IssaJ + eahad_yasaj

0

Ca _Ehaagaf
A% f = B%.d"f + acg®f

0= béfcgaséf-

(2.70)
(2.75)
(2.7¢)
(2.7d)
(2.7¢)
(2.7)
(2.79)

(2.7h)

The equations (2.7b), (2.7c), (2.7d), (2.7f), (2.7g) and (2.7h) immediately simplify to give the

following equations,

Agbe = Chac

14
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A%p = B + aclf (2.8b)

%Aﬁbah”sa; = 07157 (2.80)
Cags = 0 (2.8d)
A%, = B, + a6 (2.8¢)
b, =0 (2.81)

where the factor of 1/2 in (2.8c) comes from taking the trace over 2. In (2.7c) the factor of
sg7 has been left there purely for later convenience. We still haven’t used equations (2.7a) and
(2.7¢). First notice that the factor of s;7 can be cancelled immediately, and if we then replace
the B%, term in (2.7a) with the expression obtained in (2.7¢) we get,
AabchbJ 3 = (A%, — acéaa)hacfg5 il ech“d_ga
A%c68¢° = (2475, — 20,68)g° + 26,6247
2A%,. = 2A%;. — 4a, + 4e,
1

€e— Qe = E(A“ac - A%) (2.89)

A similar argument yields,
(A%5z — A%2¢) (2.8h)
Note that the expressions in (2.8) completely determine the components of the spin connection
up to a choice for ay + €. Such a choice fixes ay and e via (2.8g) and (2.8h), and once these
are fixed (2.7a)...(2.7f) fix the other components of the spin connection.
The Dirac Operator. The Dirac operator : T'(W*) — I'(W ™) is defined by the composition
of Clifford multiplication with the spin connection V*. Clifford multiplication on T(Wt) =
A%(X) & A®?(X) is defined by,

c: (T X o T*OX) @ T(WH) — T(Wy)

e(v®, V) (f, 5) = (@1 F — 1(v10)s, (2.9)
where € denotes exterior multiplication and ¢ denotes contraction with the metric. Note that

we have dropped the factor of v/2 from the definition in §1.2, but this will make no difference
to our final result.
Using (2.9) on the expression for V¥ (f,s) € (A®(X) @ A1 0(X)) @ (W) in (2.3b) shows
that the Dirac operator is,
If,8) = coVF(f, s45)
=fe+a:f+ béf“éséf- — h°(saz,ec + cacef + €c5az)
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After substituting the relevant terms from (2.7), this expression becomes,
- -1 .
Pf,s) = fe+ (az — Af)f — h*%saz. + hca(EAcbahbdsad‘ — €cS5z) (2.10)

The term Acpzh??s, in (2.10) has to be simplified to get a useable form of the Dirac operator.

Claim 2.11.
1
§AcbahbJ3aJ = —SaaAJ‘fc
Proof: We will need the following identities involving the totally antisymmetric tensor

3%, Given s;5 known to be skew and f;; not necessarily skew then,

We will also need to use some of the symmetries (which can be confirmed from (2.5)) of

the Levi-Civita connection namely,
Apea = _Acba

Aaba b Aaab
Note that our connection matrix A is taken with respect to the hermitian connection so it does
not have the same symmetries as the ‘usual’ Levi-Civita connection matrix. Now for the proof

of the claim,

%Acbghbgsag = —%Abcﬁhbd_sai
= —3A%zs53
-3 (56235 893 A%2)
= —3(36a6 855 A% g + 3eq6" are T spg Ades)

Which gives,

1 bd 1 d
FAcsh 555 = —g(saEA

2 - s—aAd_c&) (2.12)

& |

A closer inspection of the second term on the RHS of (2.12) yields,
hacsd_aAJcﬁ. - hacthSJEAbcﬁ
= —h*h®s g Acva
= —hdbSJEAaba

The claim is proved after changing the dummy indices and substituting back into (2.12).
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Returning to the Dirac operator we now have,
NS, s) = Je+ (az + A%)f — hcasaa;c . hca(Ad_Jc + ec)saz.

If we use the equivalence between contraction with the metric and the Hodge *-operator,
and define 8 = A%;; (0 is the trace of the torsion of the hermitian connection, also known as

the Lee form [V]). Also choose ay + ey = 0, then equations (2.8g) and (2.8h) yield,

_ 1

(Aaaa - Aaaa) = —513
1.
5[5

azg =
_l(Aa —A%) = -
Cc—4 ac ac) =

Thus we can write the Dirac operator in coordinate free form as,

Wfys) =0f +8*s+Q-(f,5) (2.13)

where Q = 1/2(8 + B) is a real one-form acting via Clifford multiplication.

Any other spin® structure can be obtained from the canonical spin® structure by tensoring
it with a complex line bundle E (this will be explained in greater detail in Chapter 5). In
this way the Seiberg-Witten equations on a Hermitian surface (X, h) become an equation for a

connection A on the bundle E and a section (f, s) of A°(X, E) & A%%(X, E),
Oaf+04s+Q-(f,8) =0
FFQE-K )M = Z(If2 = |s]%)
L (2.14)
Fa(2E—-K, )2 = fs
Fpy(2E-K, )20 = —f5

where as in (2.13) A’ denotes the connection on 2F — K, induced from the natural hermitian
connection on K, and the connection A on E. The torsion term Q makes the analysis of
these equations somewhat more difficult than the Kahler case where Q = 0. The approach
we take is to study the effect of perturbing the Dirac operator by a real one-form acting by
Clifford multiplication. Understanding such a perturbation requires a detailed study of the

Seiberg-Witten moduli space, which is the subject of the next two chapters.
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Chapter 3

A Generalisation of the

Seiberg-Witten Equations

In the previous chapter we saw that the Seiberg-Witten equation on a general Hermitian
surface had a torsion term in the Dirac equation that made analysis of the equations difficult
in comparison to the case where our surface has a Kéahler metric. The goal of the next two
chapters is to reduce the study of the Seiberg-Witten equations on a complex surface to a system
of equations as easy to analyse as those on a Kahler surface. To this end we define a new set
of equations that differ from the “standard” Seiberg-Witten equations by a perturbation in the
Dirac operator in (1.1.8). In the remainder of Chapter 3 and also in Chapter 4 we study the
properties of the moduli space of these “new” equations. As for the standard equations the
moduli space is easily shown to be compact. However, because of our perturbation of the Dirac
equation, we need to show the independence of the moduli space from this perturbation before
we can claim to be able to calculate the Seiberg-Witten invariant from these new equations. In
Chapter 4 we prove this independence. Note that for a similar reason, the idea of perturbing the
Dirac operator also appears in [MOY] where the three dimensional Seiberg-Witten equations
are studied on Seifert-fibered spaces.

The presentation in the next two chapters will be as self-contained as possible, but it
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should be kept in mind that most of the results are just suitable generalisations of standard
Seiberg-Witten theory. In fact all the techniques find their roots in Donaldson ASD theory, the

beauty of Seiberg-Witten theory lies in how simply these techniques can be applied.

3.1 The Generalised Equations.

Let X be a smooth compact four dimensional manifold with b*(X) > 0. Let Wi be a
spin® structure on X with determinant line bundle det(W;) = L. With a fixed real one-form
v € A}(R) consider the following equations for a unitary connection A € A(L) on L and a

positive spinor ¥ € T'(W}):

(Pa+v)¥ =0 (8.1.1a)

FX(L) = q(¥) (3.1.1b)

where v acts by Clifford multiplication and the other terms are defined in Chapter 1. We will
still refer to these equations as the “Seiberg-Witten equations” but when comparing equation
(3.1.1) with equation (1.1.8) we will refer to the former as the “new” or “generalised” equations
and the latter as the “old” or “standard” equations.

We will also need to consider the following perturbed equations, where the perturbing

parameter § € AT (iR) is a pure imaginary self-dual two-form,

(Pa+v)¥ =0 (3.1.2a)

Ff(L) =q(¥) +46. (3.1.2b)

In fact we will be doing all our analysis with these perturbed equations, these have the advantage
that reducible solutions are avoided (see Theorem 4.0.1) and for the purposes of this chapter
contain (3.1.1) as a special case.

The solutions to (3.1.2) are a subset of A(L) x I'(W}) and the action of the gauge group
G(L) = Map(X,S?) on this space is: if g = ¢’ € G(L), where v € A°(iR) and (4, ) €
A(L) x T(W{) then,

9(A,¥) = (g(A), g7 ¥) = (A4 2dy,e” W),

The factor of two in the gauge action on 4(L) arises from the fact that the Dirac operator is
actually acting on the square root of L (see Chapter 1).
In order to use the analytical tools of Banach spaces we suppose that: A, ¥ and v are of class

L2 for some k > 3; our perturbation § is class L}_,; and our gauge transformations are L} 41
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Our assumption that k > 3 is to make use of the nice Sobolev multiplication, LZ x L? — L?
in this range. We will see that this is no restriction—the moduli space is independent of this

choice of k and will always consist of smooth objects. Define

B(L) = A(L)z x T(W{)12/G(L) 12

k41’

(note the surreptitious dropping of the L} subscript from B(L)), and the moduli space of

solutions to (3.1.2),

Mx,g(L,v,8) = {(4,¥) € A(L) x T(W[)|(Pa +v)¥ =0, FF (L) = ¢(¥) + }/G(L)

C B(L)

3.2 Compactness of the Moduli Space.

As in standard Seiberg-Witten theory there is an a priori C® bound on solutions to the
generalised equations (3.1.2). After this bound is obtained the proof of the compactness is
exactly the same for the usual theory. For the purpose of proving the compactness of the

moduli space, we assume that our perturbations v € A°(R) and § € A*(iR) are smooth.

Lemma 3.2.1. At any solution (A, ¥) to the generalised equations (3.1.2) we have the following

C° bound on any solution ¥,

[¥|? < max(0, ¢1(v, 5, 4)),

where c;(v, 5,8) is a constant depending only on the scalar curvature, s, of X and the pertur-

bation parameters (v,§). We also have a L? bound on V 4 ¥, that is,
”vA\II”i2 S C)

for some constant C' depending only on the scalar curvature and perturbation parameters.

Proof: The Dirac operator acts as a derivation over the functions, that is if f € A°(X) and
¥t € T(WE) then,

Pa*(FU%) = df - W* 4 FPaUE,
When v € A'(X) acts via Clifford multiplication on ¥ € T'(W}) its action is not so simple and

we will show below that,

Pam(v-¥) = Pa* (v V) = (d*v + dv )W —v - Pu¥ — 2V, v, (3.2.2)
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where Y denotes the vector field dual to v and V 4,y is the covariant derivative associated to

the spin connection V4 and the vector field Y.

Proof of (3.2.2): Note that by linearity it suffices to prove (3.2.2) for differential forms of type
fdg where f,g € A°(X). Then using the fact that both 4 and Pa* act as derivations over the

functions,

Pa*(fdg-¥) = df -dg - ¥ + fPa*(dg - ¥)
=df -dg- U+ fPa" (Pa(9¥) — 9Pa¥)
=df -dg-V — fdg - Pa¥ + f[Pa" Pa, g]¥
= f[VaVa,gl¥ +df -dg- ¥ — fdg - Pa¥ (3.2.3)
A quick check (using a local orthonormal frame as in [L, App. II] or for a coordinate free

proof see [BGV, Prop. 2.5]) establishes that [V%V4,¢]¥ = d*dg¥ — 2(dg, V4¥), and also
df -dg-¥ = (df Adg) - ¥ — (f,g)¥. Substituting these expressions back into (3.2.3) gives,

Pa*(fdg - ¥) = {fd*dg ~ (f,9)}¥ + d(fdg) - ¥ — fdg - Pa¥ — 2(fdg, V4 D).
The identity fd*dg — (f,g) = d*(fdg) completes the proof of (3.2.2).

We now return to our proof of Lemma (3.2.1). The Weitzenbdch formula on positive spinors

is [BGV §3.5, LM],
S

Pa’Pa = VaVal + 3

1
¥+ §F;{ 23
Now suppose that (A, ¥) is a solution to equation (3.1.2) then the Weitzenboch formula becomes,

1
Pa(=v W) = V3VAT + 20 + ST 46,

Rearranging this and taking the pointwise inner-product with ¥,
. 1
Re(¥, V4AVAY) = Rel[(¥, Pa(—v - ¥)) — 2| = (¥, q(¥)¥) - (¥,5 - ¥)].
Now substituting (3.2.2) and using the identity (¥, ¢(¥)¥) = 1/2|¥|*, which is evident from
(1.1.7) we get,
Re(¥, V54 VAT) = Re[(¥, (—d*v — dv-)T) + |v|?|¥|% + 2(F, V4 y T)
S Lo s
SIP — Zwf — (9,6 )
1
< et (V)T + 210l [PIIVaT| - Z1¥] — 2|+ |5 2
1 1
< c(v,5,8) U7 + ZVaUP - 1wl (3.2.4
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where we have used the identity 2|v||¥||V4¥| < 2|v|?|¥|2 + 1/2|V 4¥|?, and ¢(v, 5,d) denotes
a constant depending only on the scalar curvature and the parameters (v,48). Let A denote the
Laplacian on functions, at points where ¥ is a maximum we have,
1
0< §A|\Il|2 = Re(¥, V4 VAT) — (V4T,V4T)
1 1
< (v,5,8) WP = 10t~ S|V ¥P?
1
< ¢(v,s,0)|¥)? — §|\Il|4.
If ¥ is non-zero at the maximum then |¥|% < ¢(v, 5,4), and the first inequality is proved. The
second inequality follows by substituting the first back into equation (3.2.4) and integrating.

A

Now this C° bound has been established, to prove that the moduli space for (3.1.2) is compact
we will just repeat the proof in [M, KM3] for the standard Seiberg-Witten theory. The following
lemma (3.2.5) gives us the tool to bootstrap L? bounds on solutions up to C* bounds. For the
remainder of the chapter we will fix a smooth connection Ay on L and all our Lf norms will be

taken with respect to this connection.

Lemma 3.2.5. Let L be a complex line bundle over X and fix a smooth connection Ay on
L. Then for any L}, 1 > 1 connection A on L there is a L%, change of gauge g such that
9(A) = Ao + a, where a € A'(iR) > satisfies d*a = 0 and

lall2s < cllFF 12, +K,
where ¢ and K are constants depending only on Ay, X and l.

Proof: The first statement is elementary; a gauge transformation g = €7, v € A°(¢iR) acts on

A= Ay+a by,
g(Ao+a)=Ag+a+dy.
So we want to solve the linear elliptic equation,
d*dy = —d*a.

As d*a is L? orthogonal to the constant functions elementary linear elliptic theory gives an
L,Z+1 solution + to this equation whenever a € L2.
We now prove the bound on solutions. Consider the elliptic complex,
AY(R)-HA(R)LHA*GR),
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and suppose a € A!(iR) Ly satisfies d*a = 0. The Hodge decomposition of a can be written for

z € A°(iR) and t € At (iR),

a=nh+dz+(dt)*t

=h+p (3.2.6)

where h is a harmonic one-form and p is orthogonal to the space of harmonic one-forms. Since

p is orthogonal to the harmonic one-forms we have (see p.143 [We]),

lollZa < ellld*pllzz_, + lidtpllez_,),
for a constant ¢ depending only on X, Ag and . By assumption d*a = 0 so d*p = 0 implying,

lpllZ; < clld*pllZs = ellF} — |12
<¢(IFFIZ, +IFEIZ, )

=d||F{IZs  + K. (3.2.7)

K, c and ¢’ are all constants depending only on X, | and A,.

To conclude the proof we must bound h in the decomposition (3.2.6). Now h € iH ~
H'(X,R) and H'(X,R)/H'(X,Z) is the compact “Jacobian” torus. So we can write h =
hi + ho, where h; lies in the Jacobian torus and so is bounded in L and hq represents a class
in H*(X,Z). The component group of G(L) is isomorphic to H'(X,Z) and choosing a gauge
from an appropriate component we can arrange that hg is zero.

Combining this with (3.2.7) we have now proved,
lallZs = l1A + plIZ
= lihs + I,
< WhallZs +CIIFFIZ:  + K
/ +12 !
< NFflza  + K.
Which completes the proof of Lemma (3.2.5).
A
A careful examination of the proof of Lemma 3.2.5 reveals that once we have chosen an L,z_l_1

gauge such that d*a = 0 and ih € H'(X,R)/H*(X, Z) the inequality in (3.2.5) is valid for all
E>141.
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Note that Lemma (3.2.1) and equation (3.1.2b) immediately gives us a L bound on Fj,
and so by Lemma (3.2.5) we have, for an appropriate choice of gauge, an L? bound on a. We
cannot make immediate use of Lemma (3.2.5) because Sobolev multiplication for L} works well
only in the range ! > 3 and the somewhat fiddly results in the remainder of this section are
directed at improving our bounds on a and ¥ into the stable Sobolev range, I > 3. We are
essentially repeating Uhlenbeck’s [U, FU, DK] results for SU(2) connections in this simpler

linear setting.

Lemma 3.2.8. For any solution to equation (3.1.2) there is a constant C' depending only on

X and Ay such that,
IF{llz < C.
Thus Lemma (3.2.5) implies we have an L% bound on a for an appropriate choice of gauge.
Proof: The curvature equation (3.1.2b) reads,
FI=0Uu" - %|x1:|21d +4.

Using the fact that exterior differentiation corresponds to the Levi-Civita connection on differ-

ential forms gives,
dFf =VicFf = VAU Q¥ + ¥ @ V,U* — Re(Va T, V) + dd.
Lemma 3.2.1 immediately gives us the L2 bound,
l4F 2o < co (3.29)

Now make the L? decomposition F} = H + p where H is a harmonic self-dual two form

and p is orthogonal to the harmonic two forms. Consider the de-Rham complex,
LR LIV LRy Ly O
The Hodge theory of this complex gives us the following inequality for two forms orthogonal to

the space of harmonic forms [We p. 143],

llelizz < ei(lldpllza + 1ld*pllza).
In our case p is self dual and d* = — % d* so this simplifies to,
lellzz < ex(lldplizo + | « dpllz2)
< calldpllz
= col|dFf |2
< coca, (3.2.10)
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where we have substituted (3.2.9) and used the fact that dH = 0. We already have an L?
bound on F;{', which gives us an L? bound on H. Elliptic regularity theory now gives us an L?

bound on H. Combining this bound with (3.2.10) completes the proof of the Lemma.

A

We can now move directly to the bootstrapping argument. The proof of the next theorem
requires repeated use of the Sobolev embedding and multiplication theorems which we will
state here in the most useful form for our applications. See [P] for a good account of more

general results, as well as [FU] and [DK].

Sobolev Theorems. Let X be a compact four-manifold and V' be a vector bundle over X.
Recall that the L} sections of V are sections represented by locally L} functions in a bundle
trivialization. Associate to each L}, the scaling weight w(k,p) = k—4/p. The Sobolev theorems

then state:

(i) If w(k,p) > w(l,q) and k > I then there is a bounded inclusion map
If strict inequality w(k,p) > w(l, q) holds then the inclusion is compact.
(ii) If w(k;, pi) > 0, ¢ = 1,2 then the multiplication
L@ L2 — L (3.2.12)
is bounded provided | < 4/q — max(w(k;, p;)).
(if') If k > 1 and k > 3 then multiplication
L@ L — L} (3.2.13)

is bounded.
(iii) There is a compact embedding

Y (3.2.14)
for 1 > 3.
Theorem 3.2.15. If (A, ¥) = (Ao + a, ¥) is a solution to (3.1.2) and a gauge is fixed so that
Lemma 3.2.5 holds for l = 2. Then for every | > 2 there is a constant ¢(l) depending only on
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X, ! and Aq (recall that our Sobolev norms are being taken with respect to this fixed smooth
connection) such that,

llallzz + 1¥]lz2 < e(D).
Proof: First suppose that we have shown ¥ € L? for some [ > 3. The Sobolev multiplication
(3.2.13) applied to the curvature equation (3.1.2b) establishes that F} € L?. Lemma 3.2.5 now

gives us an L},; bound on a. The Dirac equation (3.1.2a) for ¥ reads,
1
(Pap +v)¥ = —3a- . (3.2.16)

Sobolev multiplication (3.2.13) on the right of (3.2.16) implies that (P, + v)¥ € L? and by
elliptic regularity ¥ € L,2+1. In light of this induction argument for I > 3, the proof of the
theorem reduces to proving ¥ € L3.

Lemma (3.2.1) gives us an L? bound on V¥, thus
C 2 IV4¥z = [V.4,9 + 3a¥]]zs
> [V 4 ¥llz — 5lla%|za. (3.2.17)
The C° bound on ¥ along with the L bound on a gives us an L? bound on a¥. Rearranging
(3.2.17) gives us an L? bound on V4, ¥, and thus ¥ € L3.

By assumption a € L} and by the Sobolev embedding (3.2.11) we get a € L*. This along
with the C° bound on ¥ implies there is an L* bound on ({4, +v) ¥ as is evident from (3.2.16).
Similarly (3.2.11) implies that ¥ € L*, and the elliptic inequality [GT, DK],

1¥llos < e(l(Pao + ) ¥l|ze + 1¥]ILe),
now proves that ¥ € L}.
Once again the Sobolev multiplication (3.2.12) L @ L} — L} applied to (3.2.16) implies
(Pa, + v)¥ € L3. Again we use the elliptic inequality
1¥llzg < e(ll(Pas + v)¥llzs + [1¥(|Ls),
to give us an L3 bound on ||¥||.
A final application of (3.2.12) L ® L§ — L3 gives us an L2 bound on (Pa, + v)¥ and the

elliptic inequality now gives us an L2 bound. The discussion at the beginning of the proof can

now be applied to prove the theorem.

A

Now using (3.2.14) we get as an immediate corollary of Theorem 3.2.15 the compactness of the

moduli space.
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Corollary 3.2.18. Let (A,,, ¥,) be a sequence of solutions to (3.1.2). There is a subsequence
(An;, ¥n,) and L} gauge transformations {gn,} so that gn,(An,, ¥,,) converges smoothly to a
limit (A, ).
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Chapter 4

Further Properties of

the Moduli Space

In this chapter we will exhibit further properties of the moduli space Mx 4(L,v,d) that will
enable us to define a smooth invariant on X namely: the free action of the gauge group on the
solution space, or equivalently the absence of irreducible solutions; Mx,q(L,v,d) is a smooth
oriented manifold “independent” of the choice of metric g and perturbation parameters v and
d, where “independent” means the spaces M. X,90 (L, v0,80) and M. x,g: (L, v1,d1) are cobordant
up to a suitable (to be determined) genericity of g;, v; and &;, i = 1,2. Compactness is also
required, but this was established in Chapter 3.

In Donaldson ASD theory [DK §4.3, FU] one proceeds by showing that for generic metrics
the moduli space of solutions to the ASD equations is a smooth manifold free from reducible
solutions whenever b+ > 0. If b* > 1 then there is a smooth cobordism, free from reducible
solutions, between any two such generic metrics [DK Cor.4.3.19]. Whilst it can be shown that
if e1(L) # 0 € H*(X,R) then for generic metrics the solutions to (3.1.1) are irreducible, but if
c1(L) is torsion in H2(X,Z) this is no longer true. This gives us the main reason for considering
the perturbed equations (3.1.2), because for any metric g and generic perturbation § we will

show that the moduli space Mx 4(L,v,6) is a smooth manifold free from reducible solutions
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whenever b+ > 0. Although at first glance this “independence” from the metric seems in glaring
contrast with Donaldson theory, once one takes note of the fact that the metric determines the
space of self-dual forms this result becomes more palatable. In fact to prove the results in
Donaldson theory [DK] one deals directly with the space of self-dual forms defined by the
metric, and infer from this analysis results on the metric.

Before proceeding with the main analysis we prove an elementary, but important result on
reducible solutions, which ensures the free action of the gauge group on the set of solutions to

(3.1.2) for generic perturbations 4.

Lemma 4.0.1. Let X be a smooth four manifold with b™ > 0 and let g be an arbitrary metric
on X. There is an open dense subset Ut C A*(iR) such that if § € UY the moduli space
Mx g4(L,v,8) consists only of irreducible points. Ifb* > 1 and h : [0,1] — A*(iR) is a smooth

path in A*(iR) there is an arbitrarily small perturbation of h whose image lies in U,

Proof: A reducible solution to (3.1.2) satisfies FI = 4. Let P denote the L? projection of
At (iR) onto the bt dimensional subspace of (pure imaginary) self-dual harmonic forms.Thus
reducible solutions exist only if P(2x/i.c(L)) = P(d), and this is clearly not the case if 4 is
chosen from an open dense subset U+ of A*(iR). The set of ‘bad’ points is a b+ codimensional

subspace of A*(iR), so if b* > 1 generic paths lie in U+.

4.1. The Elliptic Complex.

We now turn our attention to a local description of the moduli space—this amounts to a study
of the elliptic complex associated to a solution. Once again the techniques are the same as for
ASD theory, first studied in [AHS] (see also [L, DK, FU]), although in our case the application

of these techniques is simpler.

First we must calculate the linearization of the gauge action and the equations (3.1.2).

Recall that the gauge action for an element g = ¥ € G(L) is,
9(4,T) = (A+2d7,e7).
The linearization at (A, ¥) of this action is given by,

Dg(a,e) : A°(iR) — A'(iR) @ T(W})

D.‘](A,‘Il)(f) = (2df, -fv) (4-1-1)
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Equation (3.1.2) can be thought of as the zero set of the map,

F: A(L)®T(W}) — At (iR) ® T(W})

F(A,Y) = (FF(L)—q(¥) =38, (Pa+v)¥) (4.1.2)

The linearization of this map at a solution (A4, ¥) is,

A(iR)  A*(iR)
DF(A'\I;) 4 (&) — (7]
(W) r(wr)

DF(a,5)(a,¢) = ( %‘f:aq, _Q(‘f’l’bﬁ)_qu)f’ ¥) ) (4.1.3)

Where ¢(¥,¢) = ¥ @ ¢* — 1/2(¥, #)Id. Using the same local representation as in (1.1.7) one
can confirm that ¢(¥, ¢) + ¢(¢, ¥) is a traceless self-adjoint endomorphism so can be identified
with a pure imaginary self-dual two-form (see §1.1).

We incorporate the linearizations of the gauge action and equations into a single system
of equations, which we will prove in Lemma 4.1.5 is an elliptic complex whenever (A4, ¥) is a
solution to equation 3.1.2. It is important that (A, ¥) is a solution for otherwise the system is

not a complex.

Dga,w Al(iR) DF(A,W) A+(iR)
& — @ —0 (4.1.4)

L(w;) rwr)

0 — A°(iR)

Lemma 4.1.5. The system of equations (4.1.4) forms an elliptic complex at any solution to

equation (3.1.2). The index of the complex is
1 2
— 2 (e(LY? — (2 + 30))
where x and o denote the Euler number and signature of X respectively.

Proof: The leading terms of both Dg and DF are both elliptic operators, so it remains to show
that (4.1.4) forms a complex. Suppose f € A°(iR) then,

DF a2 o Dg(f) = (2d*df + (¥, 1%) + q(FL, %), df - ¥ — (Pa + v) 1)
= (Y © FU" + [Y @ — (L, W)+ (¥, FU)d , df - ¥ —d&f - ¥ — (Pa + o) V)
=0
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The final step follows from the facts that f is pure imaginary and ¥ is a solution to the Dirac
equation (3.1.2a).

To calculate the index of the complex note that the highest order terms give the following
two complexes,

0 — A°(iR) 2% ALGR) 25 A*(IR) — 0
0 — W) 24 rwr) — 0

The index of the first is 1 — by + bt = 1/2(x + o), and the real index of the second can
be calculated using the Atiyah-Singer index theorem and equals 1/4(c — ¢(L)?) . Their sum
1/4(2x + 30 — ¢(L)?) is the index of (4.1.4).

A
The cohomology groups of the complex are:
H{4 g) = {f € A°(iR) : Dg(a,u)(f) = 0} (4.1.6)
Hi, ) = {(a,%) € A'(iR) ® T(W{) : Dgl, 4)(a, %) = 0, DF(4,w)(a,%) = 0} (4.1.7)
Hisq) = {(n,€) € AT(iR) @ T(Wy) : DF( ¢)(n,€) = 0} (4.1.8)

We will denote the dimensions of these spaces by A*, i = 0,1,2, and from Lemma (4.1.5) ,
RO — Al + h? = —1/4(c(L)? - (2x + 30)).

It is easy to see that H?A,‘I,) # 0 if and only if (A, ¥) is a reducible solution. If (A, ¥)
is reducible then f = ic where ¢ € R is a non-trivial solution to Dg(a,%)(f) = 0. Conversely
solutions to Dg(4,w)(f) = 0 are necessarily of the form f = ic: ¢ € R, since df =0, but f¥ =0
as well, so either f =0 or ¥ = 0.

Since we are assuming that our self-dual perturbation d is chosen from the subset Ut of
Lemma, (4.0.1) we have no irreducible solutions. Thus H ?A,‘I,) = 0 for every solution (4, 7).
For such a § we have h? — h! = 1/4(c(L)% — (2x + 30)) = d(L), where the last equality is a

definition.

4.2 A Slice Theorem.

Our first goal in this chapter is to prove that the moduli space Mx 4(L,v,d) is a manifold
for generic 4. The first step in this process is to show that the quotient B*(L) = C*(L)/G(L) is

a Hausdorff manifold, where C*(L) C A(L) £z % INUZ) r2 1s the subset consisting of irreducible
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points. We will do this by constructing “slices” for the gauge action (see [FU]). Note that the
action of G(L) on C*(L) is free.

Let (A, W) € C*(L), we will say that an element (B, ¢) € C*(L) is in SW-gauge relative to
(A, 9) if,

Dglaa)(B—Aé—10) =0,

where the adjoint Dgz‘A,‘I,) of Dg(4,v) is taken with respect to L? inner products on A'(iR) @
I'(W). A quick check establishes that,

Dg{4,9)(a,¥) = 2d*a + ilm (¥, ¢) (4.2.1)
and
Dga,a)Dga,9) f = 4d*df — f|¥|*. (4.2.2)
In [FU] it is shown that the following theorem is equivalent to proving that B*(L) is a
manifold and that its tangent space at (A, ¥) can be represented by,

Ta,0)B* (L) = {(a, ¢) € A'(iR) x T(W) | Dyl s v)(a,¢) = 0}.

Theorem 4.2.3. There are constants ¢,e > 0 such that if (B, ¢) € C*(L) and (a,€) = (A —
B,V — ¢) satisfies,

llallzz +1I€llzz <,

then there is a unique v € A°(iR) with “7”Li+1 < €, such that g(A, ¢), where g = €7, is in
SW-gauge relative to (A, ¥) € C*(L).

Proof: With g = ¢” we have,

9(B,¢) = gl(4, ‘I’) + (a,€)]
=(A,¥) — (a+2dy,e™ "V + 776 - ).

Thus proving g(B, ¢) is in SW-gauge amounts to solving the equation,
G('Y; a)é') = DgZA,‘II) ((1. +2dy,e7 ¥ + e € — ‘I’) =0.
Using (4.2.1) and (4.2.2) this translates to,

G(7,a,€) = 4d*dy + 2d*a + iIm (¥, e VT + e~ 7€),
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If the differential of G restricted to the first variable is onto the image space, Im DgE‘ 4,9)
then the Implicit Function Theorem will give us a unique small solution 4 for sufficiently small

(a,&). Evaluated at 0 = (0,0, 0) the derivative of G is,
DGo(x,b,1) =4d*dx + 2d*b + iIm (¥, n) — x|¥|?
=Dg{a,5)D9(a,9)X + Dg{, ¢)(b,m).
Standard elliptic theory implies that the partial derivative D_qz‘ A',I,)Dg( A,1) is a bijection onto

the space Im Dg? 4,9) The Implicit Function Theorem applies and completes the proof of the

Theorem.

A

Note that elliptic regularity would imply that this solution is smooth if (A4, ¥) and (B, ¢) are
smooth. We also need to show that the manifold B*(L) is Hausdorft.

Theorem 4.2.4. Given two convergent sequences (An,¥,) = (A, %) and (B,, ¢,) = (B, ¢)

]

such that (Bp, ¢5n) = gn(An, ¥y), there is a subsequence of g, that converges to g and (A, ¥) =
9(B,¢).

In [FU] it is shown that this is equivalent to B*(L) being Hausdorff.

Proof: The hypothesis implies that {A, } and {¢,.(An)} = {Br} are bounded. Writing g,, = "=

we have,

2dvy, = B, — A,

and so dv, is bounded in L, (As, Bn € L) and +, is bounded in L}. Extracting a convergent

subsequence proves the theorem.

4.3 The Parametrized Moduli Space

Recall that we are assuming that B(L) = (A(L) x T(W}))/G(L) is of class L}, and our
perturbation § € AT (iR) is class LZ_, for some large k. This enables us to use Banach space
results such as the Implicit Function Theorem and the Sard-Smale theorems. It is important

to note that in this section the one-form ‘v’ is regarded as fized.
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We define the parametrized moduli space,

Mxg(Liv)= | Mxy(L,v,8) x {5} (4.3.1)
seA+(iR)

C B(L) x A*(iR).
We will denote the subset of Mx,4(L, v) consisting of irreducible solutions by M% (L, v).

Lemma 4.3.2. M ,(L,v) is a smooth manifold.

Proof: Consider the map,

F: A(L) x T(Wf) x A*(iR) — AT(GR) x T(W})
F(A,¥,8) = (FF(L) = q(¥) =&, (Pa+0)¥),
this is essentially the same as (4.1.2) except that the perturbation, §, is now regarded as a
variable. The first step in the proof of the Lemma is to show that the linearization of F is
surjective at an irreducible solution, then the Implicit Function Theorem will imply that the
zero set, Z — {reducible solutions}, of F' is a manifold. Let (A, ¥) be an irreducible solution.
The linearization of F' at (4,7, d) is,
DF(a,9,5) : A*(iR) x T(W}) x AT (iR) — A (iR) x T(W})
DF(a,2,6)(a,$,€) = (d¥a— g(1,8) = g(¥, %) — ¢, (Pa+ )9 + 3a V)
We decompose DF'( A,9,5) = DF(IA’\I,) + DF("’J) where,
DF}y (@, %) = (@*a = q(¥,¥) = a(b, W) , (Pa+0)9 + - ¥)
and
DFy(e) = —e.

Clearly DF(ZJ) is onto A*(iR), so to prove surjectivity of Dﬁ'( 4,¥,5) all that remains to show is

that DF(, g is onto T(Wy).

Suppose that ¢ is L2-orthogonal to the image of DF(lA g that is,

(€, (Pa+v)v + %a W)y =0 foralla,o (4.3.3)
Setting a to zero implies,
(€ (Pa+v)y) =0  forall . (4.3.4)
Setting 1 to zero in (4.3.3) gives,
(&, %a ¥y =0 for all a (4.3.5)
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Equation (4.3.4) implies that £ is in the kernel of the adjoint of D4 +v and by elliptic regularity
cannot vanish on an open set unless it is identically zero. By assumption ¥ is a non-zero solution
to the Dirac equation, so cannot vanish on open sets. Equation (4.3.5) cannot be satisfied for
all a, if both £ and ¥ are non-zero. We conclude that £ = 0 and so Dﬁ’( A,1,5) 1s surjective,

To prove M¥ ,(L, v) is a manifold we restrict the domain of F to values in SW-gauge with

respect to (A, ¥). That is,
Fo: {(A+a,¥ +¢) € A(L) x T(W}) : Dgly gy(a, %) = 0} x AY(iR) — A+ (iR) x T(W})
Define DF} and DFZ by DF3} + DFE = DF, analogously with DF! and DF? of DF. Consider
the elliptic complex (4.1.4),
Dgau) Al(iR) DF}, 4 At(iR)
—_— [&5) —

® — 0
r(wy) r(wy)

0 — A°(iR)

Since this forms a complex DF, (1,1,.;,) lim pg = 0. Since the Hodge theory of the complex implies
ker Dyz‘A’\I,) is orthogonal to Im DgZA,W) and DFol’(A,‘I,) = DF(IA,q,)Ikeer we conclude that
DFDI,( 4 = DF(lA g)- Clearly we also have DFOZ’( 5 = DF(%). Thus DF’ is surjective and as

before we conclude using the Implicit Function Theorem that M g (L,v) is a manifold.

A

We now want to show that the moduli spaces Mx 4(L,v,d) are smooth manifolds. Recall the

Sard-Smale theorem [S, DK]

Sard-Smale Theorem 4.3.6. If m: P — Q) is a proper Fredholm map between paracompact
Banach manifolds, the regular values of 7 form an open dense set in Q). For every such regular
value ¢ € Q the set m=1(q) C P forms a smooth submanifold with dimension equal to the index

of w.
Lemma 4.3.6. The projection 1] : M% (L,v) — A*(iR) is a proper Fredholm surjection
with index d(L) = 1/4(c(L)? — (2x + 30)).

Proof: Recall that a map is Fredholm if its differential has a closed range and finite dimensional
kernel and cokernel [BB, FU].
If we use the SW-gauge to take slices for the gauge action, the tangent space to M 4(L,v)

is given by,
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Tia,9,6)M3,g(L,v) = {(a,9,€) € A'(iR) x T(W}) x AT (iR) : Dg{4,g(a,%) =0,
1
(dta—gq(U,9) — q(,¥) — ¢, (Pa + v)¥ + 3¢ T) = 0}.
Let DH'I’I( A4,9,5) denote the differential of II evaluated at the point (A, ¥, ). I is just projection
so clearly, DH’{’(A,q,’&)(a, Y, e)=€= —DF(ZJ) (€), where DF(26) is defined in Lemma 4.3.2. Thus
ker DIIY (4 ¢ 5y = {(a,%,€) EA'(iR) x T(W]) x AT(iR) : e = 0,
Dg{4,w)(a,¥) = 0, DF(y g)(a,¥) = 0}. (4.3.7)

Inspection of (4.1.7) yields dimker DH"{,(A,\II,&) = hi,

Also it is clear that,

Im DIY (4 g5 = {¢ € AT (iR) : e =dta — q(¥,v) — q(¥, ¥), Dyl a,5)(a,¥) =0},
for (a,¥) € A'(iR) x T(W{). This can be written more succinctly as

(4.3.8)

- 1
Im DIY, (4,06 = P+ oIm DFl )0 0yoo

where Py o Im DF! denotes the projection of DF?! onto the A+ (¢R) part of the range. Using

the Hodge decompositions of the elliptic complex (4.1.4) we can in fact ignore the restriction
in (4.3.8) that is,

Im DH"]{,(A,‘Il,J) = P+ oIm DF(]A,\I’)'
Also from the Hodge decomposition of (4.1.4) we have,
T(WF) @ A*(iR) = Im DF! @ ker(DF)*,
and so coker DF(, gy ~ ker(DF')* has dimension h%. We know that DF* is onto the I'(W;)

variable so we may as well write,

A*(iR)

1 _ __AYGR)
coker DF(y ¢y = P, oIm DF!’

which is exactly coker DH’L( A4,9)"
We have established that index II{ = h! — h2. Since (4, V) is an irreducible solution,
h® = 0, and so index IT¥ = d(L) as claimed.

A

Using the fact that finite intersections of open dense sets are open and dense, we can combine the

Smale-Sard theorem applied to the projection IIj and Lemma (4.0.1) to immediately conclude,
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Corollary 4.3.9. Let X be a smooth compact four dimensional manifold with % > 0. There
is an open dense subset U} C At (iR) consisting of regular values of the projection IIY such
that if § € U then Mx 4(L,v,d) consists only of irreducible points. Thus Mx 4(L,v,d) is a

smooth, compact d(L) dimensional manifold. If b+ > 1 then generic paths in At (iR) lie in U} .

A

4.4 The Totally Parametrized Moduli Space.

Our next step is to show that the moduli spaces defined using different “v’s” differ by a
compact cobordism. This is the fundamental result that enables us to calculate the Seiberg-
Witten invariant using equation (3.1.2) for any choice of “v”. Many of the arguments in this
section are the same as in §4.3 so some proofs will be kept brief.

First we define the “totally parametrized moduli space”, where the term “totally” is used

to distinguish this space from (4.3.1).

MxgL)= |J Mxg(Lv,6) x{v} x {5} (4.4.1)

SeAT(iR)
vEAL(R)

C B(L) X Al(R)Li X A+(iR)L§-1 .
Denote the subset of the totally parametrized moduli space consisting of irreducible solutions
by M% 4(L). We prove that M% (L) is a smooth manifold in exactly the same way as (4.3.2).
Lemma 4.4.2. M¥% (L) is a smooth manifold.

Proof: As in Lemma (4.3.2) we linearize the map,

F:A(L)®T(W]) @ AL(R) ® AT (iR) — AT (iR) © T(W))

F(A,9,v0,8) = (Ff (L) —q(¥) =6, (Pa+v0)¥)

at an irreducible point (A4, ¥, v, d). Note that the only difference between this map and F of

Lemma (4.3.2) is that now we are regarding vy as a variable.
DF(4,9,u0,5) : A'(iR) @ T(W{) ® AY(R) ® At (iR) — AT(iR) & T(W])
DF(4,9,00,0)(8,%,v,€) = (d¥a— (T, ¥) — q(4,¥) — ¢, (Pa +v0)¢ + (v + %a) - ).
If we suppress the A'(R) variable v we get exactly the same map, DF as in Lemma (4.3.2)
which we know to be surjective. Thus DF is surjective and the Implicit Function Theorem
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implies that the zero set of F' is a manifold. We can construct slices of the gauge action using

the SW-gauge exactly as in Lemma (4.3.2) and thus M /(L) is a manifold.

Lemma (4.3.6) can be generalised to the totally parametrized moduli space.

Lemma 4.4.3. The projection Il : M% (L) = A'(R) & A*(iR) is a proper Fredholm sur-

Jection with index d(L).

Proof: The proof of this theorem varies only slightly to that of (4.3.6), so the arguments will
not be repeated. However an explicit description of ker DIy (4,¥,44,5) Will be of subsequent use

so we will give it here. As in (4.3.6) we can represent the tangent space to M ,(L) as,
T(4,9,00,0)M,4(L) = {(a,¥,v,¢) € A'(iR) T (W) & A'(R) @ AT (iR) :

Dyfa,0(@%) = 0,d%a = g(¥, ) ~ a($, ) — € = 0, Pa +vo)b + (3a+v) - ¥ = 0}

Calculating the linearization of the projection gives DIy (4, v0,5)(@, ¥, v,€) = (v,€). Thus we
can write the kernel of this map at an irreducible point as,
ker DT12,(4,9,00,5) = {(a,%,v,€) € A'(iR) @ T(WH)A'(R) @ A*(iR) : e = v = 0,

1 (4.4.4)
Dgl4 9)(a,%) = 0,0 =d*a—q(¥,9) — q(, ) , (Pu +vo)¥ + 50 1)}

Clearly this has dimension h!, the proof that the cokernel has dimension h? proceeds in the

same vein as (4.3.6).

Once again the Sard-Smale Theorem gives us,

Corollary 4.4.5. Let X be a compact, smooth four-manifold with bt > 0. Then there is
an open dense subset V C A'(R) & A*(iR) consisting of regular values of Il,, such that if
(v,8) € V then the moduli space Mx 4(L,v,d8) consists only of irreducible points. If bt > 1

then V is connected.

We are now in a position to prove the the fundamental theorem of the chapter, that is
the “independence” of the moduli space from the perturbation v in the Dirac equation (3.1.2).

This follows from the Fredholm transversality theorem [DK Prop. 4.3.10].

Fredholm Transversality Theorem 4.4.6. Suppose 7w : P — @Q is Fredholm map between

paracompact Banach manifolds and v : [0,1] — Q is a smooth path in Q, which is transverse
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to m at its end-points. Then there is a path 4’ : {0,1] — @ arbitrarily close to v, such that v’

is transverse to m and v'(0) = ¥(0) and v¥'(1) = ¥(1).

Theorem 4.4.7. Suppose X is a compact four dimensional manifold with b+ > 0. Then there
is a compact cobordism between My 4(L,vo,d) and Mx 4(L,vy,0) for arbitrary v, v1 € A'(R)
and generic § € At (iR).

Proof: The proof consists in setting up the problem so that we can apply the Fredholm

Transversality Theorem. A comparison of (4.3.7) and (4.4.4) yields

dim ker(DHi(A,\I,,(;)) = dim keI'(DHQ’(A’\I,’v’g)), (448)

so if § is a regular value of IT{ then (v,d) is a regular value of II,.

Consider the intersection Ut N Uk, where U}, i = 1,2 is as in in Corollary (4.3.9). Since
both U} and U} are open and dense in A*(iR) their intersection is also open and dense.
Equation (4.4.8) implies that if § € U} NU} then both (vo,d) and (vy,4) are regular values of

II,. For such a § define the path,

v :[0,1] — AY(R) ® AT (iR)

7(@) = [(1 - t)vo + tv1, 8] = [v(t), 6(2)],

between (vg,d) and (v1,6). By the Fredholm Transversality Theorem there is a path v/(t) =
[v(t),d'(t)] arbitrarily close to v, and with the same endpoints. We can in fact assume that
v/(t) = v(t), but this is irrelevant for our purposes. The set IT;!(/(t)) gives us the required
cobordism, if we note that for §’(t) sufficiently close to § then II;'(/(t)) will consist only of

irreducible points.

Contained in Theorem 4.4.7 is the existence of a cobordism between the moduli space of
solutions to equation (3.1.2) and the usual Seiberg-Witten equations (1.1.8), that is equation
(3.1.2) with v set to zero. Apart from its usefulness as a tool for calculating the Seiberg-Witten
invariant, as we will see in Chapter 5, this result is also aesthetically pleasing—it proves the
independence of the Seiberg-Witten invariant from the particular “Dirac operator” used to

define it.
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4.5 The Seiberg-Witten Invariant.

Before an invariant can be defined, we must prove that the moduli space Mx 4(L,v,9)
is orientable and any two moduli spaces Mx,g,(L,v,6;),i = 1,2, defined using generic metric-
perturbation pairs (g;,6;),7 = 1,2, are cobordant. Note that independence from the “v” pa-
rameter has been proved in Theorem (4.4.7) so this parameter will be largely ignored in the
following discussion. In fact because of this independence from “v” we could deduce the ori-
entability and independence from (g;,d;) from the fact that these properties are known for
the usual Seiberg-Witten moduli space, Mx ¢(L,0,d) (see [W, M, FS2]). Nevertheless, for the
sake of completeness, proofs of these facts will be presented here, though they bear no differ-

ence to the proofs in the papers referenced above which deal with the standard Seiberg-Witten

equations.

Orientability of the Moduli Space.
In §4.2 we saw that the tangent space to the moduli space at the point [(A, ¥)] is given by

the kernel of the elliptic operator,
Pia,9) = Dgla gy + DFaw) : A'(iR) ® T(W{) — A°(iR) @ A (iR) ® T(Wy),
where,
Dg{a,u)(a,¥) = 2d"a + ilm (¥, )
and,

DF 4 wy(a,9) = (da — q(¥, ) — g1, %) , (Pa + )¢ + %a ).

A trivialization of the determinant of the tangent bundle, det(ker P), corresponds to an orien-
tation of the moduli space Mx 4(L,v,d). If [(4, ¥)] € Mx,4(L,v,8) then coker P = 0 since we
are assuming that J is chosen so that the points in Mx 4(L,v,8) are smooth and irreducible.
Because of this it suffices to trivialize the determinant line, det(ker P) ® (det coker P)~!, of P
defined over the space B*(L)—the space of all irreducible pairs (4, ¥) mod gauge.

Any operator homotopic to P defines an isomorphic determinant line. So to prove P has

a trivial line it suffices to trivialize the determinant of the operator,
Qa,uy =2d" +dt + Py : A (iR) 6 T(WF) — A°(iR) ® AT (iR) @ T(W]).
The determinant of Q(4,y) can be decomposed,

det Q(A,\Il) = det(2d" + d+) ® det Py.
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The Dirac operator is complex linear so det )4 has a natural orientation coming from the
complex structure. The operator (2d* + d*) is independent of (A, ¥) so is naturally trivial.

Furthermore,
det(2d* + d*) = det(ker(2d* + d*)) ® (det coker (2d* + d*))~?
= det(H'(X,iR)) ® det(H>*(X,iR) ® H°(X,iR))™",

so choosing an orientation for H?*(X,iR), H'(X,iR) and H°(X,iR) determines an orienta-
tion of the moduli space. Note that this is the same information required to orient the ASD

instanton moduli space (Theorem 7.1.39 in [DK]).

Independence of Mx 4(L,v,d8) from g and 4.

Before we can prove this result we need to introduce a framework within which the problem
is manageable. First note that we are assuming the parameter v € A1(R.) is fixed.

The problem at hand is: Given (go,d0) and (g1,d1), where both of the §;,7 = 0,1 satisfy
Corollary (4.3.9) for their respective metrics g;,7 = 0,1, construct a cobordism between the
moduli spaces Mx g4,(L,v,d0) and Mx g, (L,v,81). We need to introduce the restriction bt > 1
so that a generic path joining (go,do) to (g1,d1) won’t contain reducible points (see Corollary
4.3.9.). Following [DK §4.3.3. and §1.1.56.] we introduce the following framework that will
enable us to identify the spaces of self-dual two forms A;‘ (¢R)) defined using different metrics g,
and refer the reader to this source for a more complete discussion. First fix a reference metric gg
which defines the splitting A?(iR) = A}, ({R) ® A, (iR) and to each metric g we can associate
amap, mg : Ay (iR) = A (iR) (cf. [DK §1.1.5] enabling us to identify A} (iR) with A}, (iR).
Explicitly this is done as follows: write § € A} (iR) as 6 = &f +§; € A, (iR) @ A5, (iR), with
respect to the reference splitting. We identify 6 € AT (iR) with ¢’ = §F + m,d; € A, (iR).

Exhibiting the cobordism is now a simple application of the Fredholm Transversality The-
orem (4.4.6).

Theorem 4.5.1. Suppose X is a closed compact four manifold with b* > 1. If (go,6o) and
(91,81) are two metric-perturbation pairs satisfying Corollary (4.3.9), then for a dense set of

paths v = (g(t),8(t)) between (go,d0) and (g1,61) the space
Wy = {([4],[¥],¢) € B(L) x [0, 1]|([4], [¥]) € Mx4(:)(L,v,6(1))}

consists only of irreducible points and gives a smooth cobordism between M X,90(L, v,80) and

MX191 (L, v, (51)
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Proof: Take any path y(t) = (g(t),d(t)) such that ¥(0) = (go,d0) and (1) = (g1,41). We
will now fix the path g(t) and prove the theorem for generic perturbations of the path 4(t).
By Lemma 4.0.1 along with our assumption that b* > 1 we can assume that the path v(t) =
(9(t),8(t)) has no points ¢; where the moduli space Mx g(¢:y(L,v,8(t;)) has reducible solutions,
and this is also true for suffiently small perturbations of the path ().

Following the discussion before the statement of the theorem we fix a reference space
A} (iR), and to each g(t) associate a map, m; : Aj (iR) — A (iR). This enables us to
identify the path §(t) C A, (iR) with §'(t) = &7 () + m.65 (t) C AL (iR).

Similarly we can identify the parametrized moduli spaces,
Mgt (L, v) C B(L) x A}, (iR)

with

[Mx g0y (L, v), 1] C B(L) x A} (iR) x [0, 1].

Exactly as before we have a Fredholm map, = : [/\;I"X’g(t)(L,v),t] — A} (iR) x [0,1], and a
path &' : [0,1] — A} ({R) x [0,1]. By assumption the path &’ is transverse to 7 at 0 and
1. The Fredholm Transversality Theorem implies that we can find a new path §” : [0,1] —
AZ (iR) x [0,1] arbitrarily close to 8/, such that 6" is transverse to m. For 8" sufficiently close

to &’ there are no reducible points in any of the moduli spaces Mx 4(+)(L, v,8"(t)). The space
n=H(8"(8) = Wy = {([A], [9],%) € B(Z) x [0, I([A], [¥]) € Mx 45 (L, v, 8" (1))},

gives the required cobordism between Mx g4, (L, v,d0) and Mx g, (L,v,61).

A

The Seiberg-Witten Invariant. With these technical details out of the way we can now
define a smooth invariant for closed compact four-manifolds with % > 1 using the equations
(3.1.2), for an arbitrary choice of ‘v’.

First we need to list a few properties of spin® structures. If H?(X,Z) has no two torsion
then the spin® structure W is completely determined by the class of the determinant line,
L € H2(X,Z). Also there is a canonical way to identify two spin® structures W§ and W§,
on X via an element E € H?(X,Z). Such an E relates the two bundles W; and W}, via
Wi = Wi ® E. Thus the best way to think of the Seiberg-Witten invariant is as an integer,

SWx (E), assigned to each class E € H%(X,Z) with respect to a fixed spin® structure Ws.
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However not all manifolds have an obvious choice for this fixed spin® structure, so it is often
convenient to think of the invariant as associated with the class of the determinant line bundle
L. Nevertheless it will be clear from the context which picture we are using.

If the virtual dimension of the moduli space d(L) is strictly less than zero, then the Seiberg-
Witten invariant is defined to be zero.

In the case where the virtual dimension of the moduli space d(L) equals zero the moduli
space generically consists of a finite set of points. To each of these points one can associate a
sign, coming from the determinant of the operator 7" defined above. The sum of these points
counted with sign is an integer, the Seiberg-Witten invariant SWx (L) associated to the spin®
structure W{ with determinant L.

If the d(L) > 0 the invariant can be defined by a suitable integration over the moduli
space [FS1, FS2, M]. We will not give details here because in our application the moduli space
will always have virtual dimension equal to zero. Indeed there are no known cases where these
“higher” dimensional invariants are non-trivial (at least for the case when b%* > 1 [MS)), and
there is a conjecture that this is always the case.

Although implicit in the above discussion we will state the following result which contains
the equivalence between the Seiberg-Witten invariant as defined in [W], and the invariant

defined using the equation 3.1.2.

Theorem 4.5.2. Suppose X is a closed compact four manifold with b% > 1. Let W§ be a spin®
structure over X with determinant line bundle L. The integer SWx (L), defined above using
equation (3.1.2), is independent of the perturbation v in the Dirac equation (3.1.2a). Moreover
SWx (L) is independent from the choice of Riemannian metric g on X and generic perturbation
8 € A} (iR) in equation (3.1.2b). Thus SWx (L) is a diffeomorphism invariant and equal to the
invariant defined in [W].
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Chapter 5

The Invariant for Compact

Non-Kahler Complex Surfaces

In this chapter we return to our original goal, the study of the Seiberg-Witten equations on
a general hermitian surface. Using the results of Chapters 3 and 4 we simplify this study from
equation (2.14) obtained in Chapter 2, to a system of equations analogous to the Seiberg-Witten
equations over a Kahler surface (1.2.3). This enables us in §5.1, §5.2 and §5.3 to generalise the
results obtained by Witten [W] for K&hler surfaces to an arbitrary hermitian surface. Contained
in this generalisation is a solution to the vortex equation (§5.2) on a complex surface with an

arbitrary hermitian metric.

Section 5.4 sees us restrict attention to the case where the first betti number, b;, of our
surface is odd, or equivalently the case where the surface does not admit a Kahler metric [BPV].
After listing the relevant properties of such surfaces with b* > 1 we calculate the Seiberg-Witten
invariant on these surfaces. The knowledge gained in §5.4 of the basic classes for non-Kahler
complex surfaces enables us to generalise Theorems (0.1.1), (0.1.2) and (0.1.3) to non-Kahler

complex surfaces.
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5.1. The Generalised Equation on a Hermitian Surface (X,h).

Let (X, h) be a compact complex surface with b* > 1 and h a hermitian metric on X, such
that the Kahler form, w, associated to h satisfies 88w = 0. A theorem of Gauduchon [G] states
that every hermitian metric has a conformal rescaling so that its associated K&hler form is
00-closed, so our assumption on h puts no restriction on X or choice of hermitian metric.

Using this metric we can define the degree of a holomorphic line bundle L on X [B]. Let
L be a holomorphic line bundle with holomorphic structure given by 84, then the degree of L
with respect to w is,
deg (L) = deg (L,w) = ;_"/X Far(L) Aw,
where F4:(L) is the curvature of any holomorphic connection on L compatible with the structure
defined by 8. Since any two such connections on L differ by a d8-exact form, integration
by parts shows that deg (L,w) is independent of the hermitian connection on L. However
deg (L,w) is a topological invariant if and only if X admits a Kahler metric [B], that is if b1 (X)
is even,
Recall from §1.2 that every complex manifold (indeed every almost complex manifold) has
a canonical spin® structure W° with positive and negative spin bundles given by,
Wi =A%(X) @ A®D(X) =10 K;!
w; =A0D(X),
where I and K, ~ A(29(X) are the trivial and canonical line bundles on X respectively. Also
recall that for f = fO! 410 € T*01(X)@T*"%(X) and a positive spinor ¥+ = (e, §) € T(W+)
Clifford multiplication is given by

FUt=f(0,) = V2 a = +(f0 A B))
On negative spinors v € T'(W ™) Clifford multiplication by f is
For=Va(fst Ay =« (20 Axy)).

One easily checks that if f is real, that is f&! = f1.0 then f. f - ¢ = —|f|2¢ for any spinor ¢.
Choosing the canonical hermitian connection on det W;* = K3! the Dirac operator on I'(W;)
is given by (2.13),

P=56+6+9,
where € is a real one-form depending on the hermitian metric h (2 = 0 if and only if h is

Kahler).
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Every other spin® structure Wg can be written in terms of the canonical spin® structure
W€ by tensoring it with a complex line bundle E. The positive and negative spin bundles will

be denoted by WE and have the form,

Wi=(1eK,)®E=E®(E®K}")
Wz = AY(X, E).
A connection A on E and the canonical hermitian connection on K, determine a connection

A’ on det(Wg) = 2E — K, = L, where we are using the additive notation for line bundles.

With this choice the Dirac operator on WE becomes,
JDA =8_A+5:1+Q-.

We will be abuse notation slightly and represent the Chern class associated to a line bundle L by
“I”€ H?*(X,Z). The line bundle L = det(W}) is a characteristic class, that is its intersection
pairing, L - T with any line bundle T satisfies L - T = T2, mod 2. Furthermore we will call
the line bundle L a basic class if the Seiberg-Witten invariant associated to the spin® structure
associated to L does not vanish.

The work of the previous two chapters shows that in order to determine the basic classes,
and Seiberg-Witten invariants of any four-manifold with 4t > 1 we can study the equations
(3.1.1) and (3.1.2) with any choice of v. We make the choice v = —Q and the equations on a

hermitian surface (X, h) with spin® structure Wg become (see 2.14),

Oaf+04s=0 (5.1.1a)
FA(IM = 252 - 1sf?) (5.1.15)
Fa(L)»* = fs (5.1.1c)
Fai(L)*° = —f5 (5.1.1¢)

where f is a section of F and s is a section of £ — K, , and A’ is defined above. With these
equations we generalise the results obtained in [W] for Kahler surfaces to the case where (X, h)
is any compact complex surface with b > 1 and whose metric h has been conformally rescaled

so that its associated Kahler form is d8-closed.

Theorem 5.1.2. Let (X, h) be a compact complex surface with b* > 1 and hermitian metric
h that has been conformally rescaled so that its associated Kahler form w is 88-closed. Then

the following conditions are necessary and suflicient for the line bundle E to have a solution to
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the equations (5.1.1), and determine a moduli space with virtual dimension d(L) > 0.

(i) L* > K2 . By definition L = 2E — K, so this condition is equivalent to E> > E - K.

(ii) 0% = 0. That is A must determine a holomorphic structure £ on E.

(iii) For an irreducible solution we require that either H°(X,£) # 0 and 0 < deg £ < 3deg K,
or HY(X,K, — &) # 0 and %deg K, < deg & < deg K, . For a reducible solution we require

that 2deg £ = deg K, and A’ determines an anti-self-dual connection on L.

Proof: On a complex surface Kf‘ = 2x + 30 so we can write virtual dimension of the moduli
space d(L) = 1/4(L? — K2). Clearly (i) is necessary for a non-empty moduli space.
To prove the necessity of (ii) note the following identities that hold at any solution to
equation (5.1.1),
0% = Fa(E)*? = %FA:(L)O’Z = %fs. (5.1.3)
These identities are a consequence of the connection A’ on L = 2F — K, being induced from
the connection A on E, and the canonical connection on K, which has curvature of type (1, 1).
Suppose (A, f+5) € A(E) xT(W#) is a solution to the equation (5.1.1). Applying the operator
0a to (5.1.1a) gives,
O4f + 084055 =0.
If we take the pointwise inner product with s and use (5.1.3) this equation becomes,
%(s, FFs) +(s,040%3) = 0. (5.1.4)
Now integrate (5.1.4) over X to obtain the following equality which is true at any solution to
(5.1.1),
I£I121s1) + (|9%s]|> = 0. (5.1.5)
Both terms in (5.1.5) are manifestly non-negative and we conclude that either f or s is zero
at a solution to (5.1.1). Either way we see from (5.1.1c) that F4(E)%2 = 0, which proves the
necessity of (ii).
Now suppose that £ is a holomorphic structure on E. The sign of 2deg £ — deg K, will

determine which of f or s vanishes as well as the necessity of (iii). At a solution (4, f +s) €

A(E) x T(W¢) we have,

deg (26 - K,) = L/ FH(I)Aw
X

2m
= 537 | (7P = 5P Ao
deg (26— K,,) = %/X(M? —1fB)av (5.1.6)
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From (5.1.6) it is evident that if deg (26 — K, ) < 0 then s = 0, and if deg (26 — K, ) > 0 then
f = 0. Note that there is a problem with reducible solutions when deg (26 — K, ) = 0, which
is why we will consider the perturbed equations in §5.3. Nevertheless it is clear that reducible
solutions exist if 2deg £ =deg K, and L = 26 — K, has an anti-self-dual connection.

If deg L = deg (26 — K, ) < 0 then an irreducible solution f is a section of the line bundle
£, implying that H(X, £) # 0. Furthermore equation (5.1.1a) implies that G4 f = 0, so £ has
holomorphic sections, which implies deg £ > 0 [B]. Combining this with the restraint on the

degree of L = 2& — K, gives us the inequality
1
0<deg €< ideg K,,

proving the necessity of the first statement in (iii).
If on the other hand deg (2E — K, ) > 0 an irreducible solution to the equations consists
of a non-zero anti-holomorphic section s of £ — K, . This implies that H°(X,& — K, ) # 0 and

deg (£ — K, ) < 0. Again combining these inequalities yields,
1
§deg K, <deg £ <deg K,,

and the second statement in (iii) is proved.

We now prove the sufficiency of the conditions in the Theorem. Note that we have covered
the reducible case where deg (26 — K, ) = 0. So we will assume from now on that deg (2€ —
K,)#0.

First suppose that deg (26 — K,) < 0, and the conditions of the Theorem are satisfied.
The system of equations we are trying to solve for the line bundle £, corresponds to finding a

connection A on £ and a section f of £ (we know H°(X, &) # 0) satisfying,
32 =0
0af =0 (5.1.7)

W
FX’(28_KX) =2Fj(‘€) - F+(Kx) = ?lflza

subject to the condition that 2deg £ — deg K, < 0. This system of equations has the form of
the “generalised vortex equations.” These equations have been studied extensively, and solved,
for the case where the metric h on X is Kahler, see for example [Br, OT]. The proof that a
solution to (5.1.7) exists for a general hermitian surface is a considerable diversion and will be

proved in §5.2.
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Now suppose that deg 26 — K, > 0. Make the definition £’ = K, — £. Then F}(2&' —

K,) = —Ff(26-K,). We are looking for a connection 4 on E’ and a section s of E’ satisfying,

8% =0
das =0 (5.1.8)
W
2FF(€') = F*(Ky) =4 Isl’,

where 2deg € — deg K, < 0. This equation (5.1.8) is completely equivalent to (5.1.7), which
will be solved in §5.2. Subject to this proof, Theorem (5.1.2) is completed.

5.2. The Vortex Equations on a Hermitian Surface.

To solve (5.1.7) we use the fact that for any holomorphic line bundle £, there is a unique
connection B, the metric connection, compatible with both the holomorphic structure and
hermitian metric H. Using this fact we can redirect our search for a pair (5,4, f) satisfying
(6.1.7), to a search for a hermitian metric H’ whose metric connection B’ satisfies (5.1.7) for
a given holomorphic structure and section. Though the technique is standard, the paper [Br]
offers a particularly detailed account of the equivalence between the two approaches (see also
our discussion of the unperturbed moduli space following the proof of Theorem 5.2.4).

With the above understood suppose £ is a holomorphic line bundle with a hermitian metric
H and metric connection B. Any other hermitian metric H’ on £ can be expressed in terms of
H by, H' = e*H for A € C®(X,R). The curvature of the connection B’ compatible with H'

and the holomorphic structure on £ can be written,
FBl(g) = FB(g) + .
Also if f is a non-zero holomorphic section then |f|%, = |f|%e*. We are looking for a metric

H' whose metric connection B’ satisfies,

1

W
F§(6) — 3P (0,) = 2111,

for the prescribed holomorphic section f. In terms of H this is written,

FE(E) + (80N)* — %F"‘(KX) = %“’|f|§le*. (5.2.1)
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Define A to be the L? adjoint of - Aw. Then (5.2.1) is equivalent to,
AFB(g) + A56/\ — %AF(KX) = %|f|§,e*
m&»+%u@&-(;Ang—uubw»=o
1
PA+§m§&-C=o (5.2.2)
Where we have defined P = iA0 and C = (3iAF(K, ) — iAFg(£)). Note that the restriction
deg (26 —K) < 0in (5.1.7), means that [, C > 0.

It is convenient to write (5.2.2) in a form so that ‘C” is constant. Define ¢ = [, C, and let

v € C*(X,R) be the unique solution to,
Pv=C-c

The fact that such a v exists relies on our assumption that 88w = 0, since if this is the case
then ker P* = R [B], and our solution v follows from the fact that f (C'— &) = 0 and standard
elliptic theory. This observation also proves the existence of reducible solutions to (5.1.1) when
deg L =0, because this translates to the case f =0 and [, C = 0in (5.2.2). Define u = A — .
Then A is a solution to (5.2.2) if and only if u is a solution to,

Pu:(gﬂgwy“—a=o. (5.2.3)
A solution to (5.2.3) is provided by the following Theorem.

Theorem 5.2.4. Let X be a compact complex surface whose Kahler form, w, is 60 closed,

then if ¢ > 0 the equation,

Pu+he* —e=0 (5.2.5)
has a unique solution u if 0 < h € C*(X,R) and h > 0 at some point.

Proof: . We first show that if a solution exists then it is unique. Note that if 88w = 0 then
d*d = A = P + P* on functions [B]. Let u and u’ be two smooth solutions to (5.2.5) then,

0 < fld(u — o')|?

=/(A(u—u’),u—u')
X

= [ Py 4 Pu—ut)u—v)
X

=/(P(u—u'),u—u')+(U—U',P(U—“I))
b

= 2Re /X(—h(e“ —e%),u—u').
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u = o’ on this set. On the set {z € X : h(z) = 0} we have d(u — v') = 0, and so u — nbdgal>"

constant function. In fact we must have u = u’ otherwise this would contradict the continuity
of u and o',

Existence. We follow the proof in [KW] (see also [BW]). It is a classical result [GT], that if
k > ¢ > 0 is smooth, then the elliptic equation, Lu = f where L = P + k, has unique, smooth
solutions u for all smooth f. Also since k£ > 0 the operator L satisfies the maximum principle,
namely: if Lu > 0 then u > 0. We will have cause to use these properties of L repeatedly. Note
that the operator P has negative symbol so that the statements here differ from those in [GT]
by a sign change.

Following [KW] we construct sub and super-solutions, u_ and uy such that uy > u_ and,

Pu_ 4+ he"- —¢c<0 (5.2.6)

Puy 4+ he't —¢>0 (6.2.7)

Clearly u_ can be taken to be a sufficiently large negative constant.
To construct u4, consider a solution, v, to the equation Pv = h —h where h = J x h. Then
choose constants a and b large enough so that ah > ¢ and e®+® — g > 0. Defining uy = av+b

we have,

Puy + het+ —c=a(h — h) + he®*® —¢
= ah — c+ h(e®*® — a)

>0
Now choose a smooth function k;(z), such that k;(x) > max{1, h(z)} > 0, and then define

k(z) = ki(x)e"+. Define L = P+ k() and recall from the discussion above that L satisfies the
maximum principle, and has unique smooth solutions u to the equation Lu = f for smooth f.

With up = u_ we define u;4; inductively to be the unique solution to,
Lujy1 = Puip1 + kuiyy = —he* + e+ ku;.

Claim. {u;} is monotonic increasing and u_ < u; < uy.
Proof of Claim. We use induction on u;.
Lui = —he* 4+ c+ ku_
>Pu_+ku. by (5.2.6)
= Lu_
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It follows from the maximum principle that u; — u_ > 0.

Now consider,
Luy — Luy = Puy + kuy + he¥~ —c— ku_
> —he"+ + kuy + he- — ku_ by (5.2.7)
= h(e"~ —e"*) + ky(uy —u_)e"* as k = kpe¥+t
> het+ {(e=(+7%-) _ 1) 4 uy —u_} since ky > h >0
> 0.
The last line follows since the function e™% + 2 — 1 is positive for £ > 0. Using the maximum

principle we conclude that 44 — u1 > 0 and the claim is true for u;.

Now suppose that the claim is true for 7 < j. Then,
LUj+1 — LUj = —he¥i 4+ ku,— + heti-1 — kuj_l
> et {em(emwia) — == 4 (uy — 1) — (uy — u5))

> 0.

The last line follows from the inductive hypothesis and the fact that the function e=% + z is
strictly increasing for £ > 0. The maximum principle now implies that {u;} is monotonic.
To finish the proof of the claim we need to show that {u;} is bounded by u.
Luy — Lujyy = Puy + kuy + he®i — ¢ — kuy;
> he't + he + k(ug — uy) by (5.2.7)
> he¥+{e~(U+4i) 1 4y, — u;}

> 0.

Once again the last line follows since the function e~% — 1+ & is positive when z > 0. One last
application of the maximum principle proves the claim by induction.
The theorem now follows from a standard bootstrapping argument. Let p > 4 = dim X,
then the elliptic inequality for u; gives,
lluillzg < C(I|Luillzs + |luillze)

= C(|| = he®=* + ¢+ hui_1||zr + |Juillzr)

<
where the uniform bound on u; was used to obtain the last inequality. Thus {u;} € L5. The

monotonicity of 4; and the uniform bound now imply u; — v € L§. The Sobolev embedding

L% — C" proves u € C'. We can repeat the argument above to prove that u € C* (X, R).
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A

The Unperturbed Moduli Space. Theorem 5.1.2 and the solution to the vortex equation
gives us the machinery to completely describe the moduli space associated to the line bundle
E in terms of the holomorphic structure on E. Firstly, the moduli space is empty unless
E?>E - K,.

Suppose £ is a holomorphic structure on the complex line bundle E, such that E? > E-K,
and 2deg £ — deg K, < 0. Initially we will suppose that the holomorphic structure is unique
(true if by = 0), and generalise after this initial discussion. The holomorphic line bundle £
admits solutions if and only if 0 < deg £ < deg K, and H?(X, &) # 0. If this is the case then
all solutions to (5.1.1) are irreducible, as can be seen from the insolubility of Pv = C when
Jx C > 0. Let G, = Map(X, C*) denote the complexified gauge group, then the points in the
moduli space are exactly the pairs (94, f)/G, where 84 is a holomorphic connection on € and
[ # 0 is a holomorphic section of £. The action of G, identifies the pairs (94, f') and (4, f) if
and only if 4+ and 94 determine isomorphic holomorphic structures [DK], and f' = tf where
t € C*. So when the holomorphic structure on F is unique, the moduli space can be identified
with H°(X,&)/C*.

We can check this description as follows: Suppose we are given a pair (5 4, f) on the bundle
& (with reference metric H), associated to this pair we found a unique positive function h €
C* (X, R) so that the metric connection B associated to the holomorphic structure determined
by 84 and metric Hh satisfied,

W
FE(E)mn = ?lfl%{hn

The function h can be decomposed uniquely (up to a factor of e,y € C®(X,R)) as h = g*g

where ¢ € G, . It is easy to check that with respect to our original metric H we have,
W
Fliny (@) = 2oty

(¢9(B) is in fact the metric connection of H), and this solution is uniquely associated to the
holomorphic structure determined by 84 and the section f. Taking the G orbit of (84, f)
makes the correspondence exact.

If we replace £ by & = K, — £, the description of the moduli space in the case when
deg (26 — K, ) > 0 is exactly the same as above.

When deg (26 — K, ) = 0 the moduli space corresponds the moduli space of ASD connec-

tions on L.
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If the holomorphic structure is not unique, the description is not so neat, but can be

identified with a union, taken over all the holomorphic structures {£} on E, of the spaces

HO(X, €)/C*.

5.3 The Perturbed Equations.

Although in §5.2 we got an explicit description of the moduli space, this description is inade-
quate for a number of reasons. Firstly there is a possibility of encountering reducible solutions—
which shouldn’t happen for generic equations. Secondly the expected dimension of the moduli
space and the dimension of the spaces described in §5.2 do not necessarily coincide. For ex-
ample an elliptic surfaces of class IVp and VI in [K3, K4] satisfies p; > 1, where p, is by
definition dim H°(X, K, ). This means the expected dimension, d(L) = 1/4(L? — K2 ), of the
moduli space associated to the canonical bundle K, is zero. However the dimension of the
space described in §56.2 is p; — 1 > 0. So unless pg = 1 these spaces are clearly non-generic.

So to refine our description of the moduli space, we must consider the perturbed equations.

On any complex surface the inequality [BPV Ch. IV §2] b* > 2p, holds, so we can choose a
non-zero holomorphic two-form, h € H%(X,K, ), as our perturbing parameter. The equations

(3.1.2) with the perturbation (—,h — k) become,

Oaf+045=0 (5.3.1a)
2FF(B)M — FH(K, )™ = Ff () = "2 (1] ~ |sf?) (5.3.10)
2FA(E)?0 = Fo(L)?° = —f5+h (5.3.1c)
2F4(E)"? = Fa(L)*2 = fs - h (5.3.1¢)

where f is a section of E and s is a section of E — K, and F*(K, ) denotes the self-dual part

of the curvature of the canonical hermitian connection on K, .

Theorem 5.3.2. Let X be a compact complex surface with bt > 1 whose hermitian metric has
been conformally rescaled so that its associated Kahler form is 80-closed. Then the following

conditions are necessary and sufficient for a line bundle E to determine an irreducible basic

class L=2F - K,
(i) E* > E - K, (or equivalently L? > K2 ).
(ii) E has a holomorphic structure .

(iii) 0 < deg £ < deg K, and both H°(X,£) # 0 and H(X,K, — £) # 0.

54



(iv)For a fixed generic h € H°(X,K,) there is a factorization h = f§ where, 0 # f € H°(X, £)
and 0 # 5 € H'(X, K, - &).

Proof: Clearly the condition E? > E - K, is required for a moduli space of non-negative
dimension.

Since the unperturbed moduli space vanishes unless ¢1 (F) is type (1,1) we can assume that
the perturbed moduli space also vanishes unless ¢;(E) is type (1,1). This being so it follows

that F%%(E) is exact. Using the fact that h is holomorphic we get the identities,

/ FO*(EYAh= / FX(E)AR=0. (5.3.3)
X X
Then applying 94 to the Dirac equation gives,
Bif+84845=0
(s, FA(E)**£) + (5, 84838 = 0
Now integrate over X and make expedient use of the identities in (5.3.3),
0=1336lP + [ sn(r5- B
X
0= 1Gsl* + [ (Fonfs—Fnn)
X
0= [|8%s|| +/ (Fs A F5— (Fa(B)*? + h) AR)
X
0= ||5:13||2+/ (FfsAfs—hAh)
X
0= ||5j4.s||2+/ {(fs—=hYA(f&—h)+ FsAh+h A f5—2h AR}
X
0= (|8%4sl|® + || s — R (5.3.4)

Equation (5.3.4) clearly implies that both terms on the right must vanish, thus proving
the necessity of (ii), (iii) and (iv). We have now established the necessity of the conditions in
the Theorem.

We now prove the sufficiency of these conditions. Suppose we are given a holomorphic
structure &£, determined by the operator 84, on the line bundle E and a factorization fs=h
where f € H(X,€) and 5 € HY(X,K, —&). Clearly 94 f = 0%s = 0. The system of equations
we need to solve is for a holomorphic connection A’ on £ satisfying,

iw
24 () — FF(K,) = 2SI - [sf).
Following the same steps as at the start of §5.2, this can easily be shown to be equivalent to
the equation for A € C°(X,R) given by,

1 1
PX+ §|f|"eA - §|s|2e-A -C =0, (5.3.5)

55



where [, C = —1/2deg (2£ — K, ), and the operator P = iAD0 is defined in §5.2. In Theorem
5.3.6 below we prove the existence of solutions to equation (5.3.5) whenever f and s are non-

trivial. If we assume this result for the moment the proof of Theorem 5.3.2 is complete.

A

Theorem 5.3.6. Let X be a compact hermitian surface whose Kihler form w is 88-closed.
Suppose also that A > 0,B > 0 and C are smooth functions such that A and B are not

identically zero, then the equation,
PA\+Ae* —Be™* —C=0 (5.3.7)

has a unique smooth solution A € C*(X,R).

Proof: The method of proof is similar to Theorem 5.2.4 which, as mentioned there, is due to
[KW] and [BW]. The proof will be kept brief to avoid excessive repetition of the arguments in
§5.2.

Uniqueness. Recall that if 8w = 0 then d*d = A = P 4+ P* on functions [B]. Suppose that

u and u’ are two solutions to (5.3.7) then,
0 < [|d(u ~ u')]|?
= 2Re / (PP Tl il
b'¢
= 2Re / (—A(e* —e*') + Ble™® —e %), u— u'y.
X
The expression inside the integral is non-positive whenever either A > 0 or B > 0, and so
u = u' on the set {# € X : A(z) > 0} U {z € X : B(z) > 0}. On the set where both 4 and B

vanish we have d(u — u') = 0 and so u — v’ is a constant function, which must be zero to avoid

contradicting the continuity of u and w’.

Existence. As in Theorem (5.2.4) the first step is to construct upper and lower solutions to
equation (5.3.7). Let v be a solution to the equation Pv = A — A, where 0 < A = J A If we

define Ay = cv + N where ¢ and N are constants then,
Py + Ae*t — Be ™™+ — C = c¢(A — A) + Ae®’tN — Be=v=N _ (¢
=cA—C+ AN —¢) — Be~v-N,
If we choose ¢ so large that cA > C, and N big enough that both e=*+¥ — ¢ > 0 and cA —
C — Be~°=N > (), then it is clear that A+ is an upper solution. To construct a lower solution
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consider w, a solution to Pw = B — B, where 0 < B = J B. Then defining A_ = nw — M for

constants n and M we have,
PA_ 4 Ae*- — Be™- —C =n(B ~ B) 4+ Ae"™M _ Be~"viM _

= —-nB —C + Ae™ M 4 B(n — e~ "vM),

We can choose n so large that —nB — C < 0, and M so large that the three inequalities
n—e "WtM <0, nB—C+ Ae™~M < 0 and A_ < Ay are all satisfied. With such choices it
is clear that A_ is a lower solution.

Following the proof of Theorem (5.2.4) we let k be a smooth function such that, & >
max(Ae** + Be=*-,1) > 0. Recall from Theorem (5.2.4) and [GT] that for such a k, the
equation, Pf + kf = g, has a unique smooth solution f, for any given smooth g. Also recall
(Theorem 5.2.4. and [GT]) that the operator, P + k, satisfies the maximum principle.

Define a sequence of functions {);}, by letting Ao = A_, and inductively defining, ); as the

unique smooth solution to,
PXi + kX = —Ae*-1 4+ Be™ -1 4 C' 4 k).

Exactly as in Theorem (5.2.4) we can make repeated use of the maximum principle to show
that {A;} is monotonic and bounded uniformly above and below by A, and A_ respectively.
The elliptic estimates and Sobolev theorems can easily be applied to the ); to show that
Ai & A € C®(X,R). The details are almost identical to Theorem (5.2.4) and will not be

repeated.

A

Theorem (5.3.2) provides us with an explicit way of determining which holomorphic bundles
£ have a non-zero Seiberg-Witten invariant [W]. Suppose that the zero set of the section h €

H°(X,K,) determines a divisor of the form,

Kx = Z m,-F;,
i

for irreducible curves F; of multiplicity m;. The holomorphic bundles £ which factorize h are

exactly those determined by divisors of the form,

£ = Za,-F,-,
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where 0 < a; < m;. With a bit more information on the curves F; one can count the number of
different factorizations that determine the same €, and this will be the Seiberg-Witten invariant

associated to the holomorphic bundle £.

5.4 The Invariant for non-Kahler Surfaces with »*+ > 1.

The minimal case. The first step is to collect the properties of minimal non-Kahler surfaces
with b* > 1. Most of these results were first proved by Kodaira [K1,K2, K3, K4] but the books
[BPV] and [FMZ2] are also invaluable references.

Firstly, all non-Kahler complex surfaces have odd first Betti number b; and bt = 2p,,
where py = dim H°(X,K,) is the geometric genus. Thus if b* > 1 then p; > 1 and hence the
Kodaira dimension of X, kod(X) is equal to 0 or 1—the case kod(X) = oo is eliminated since
this implies that p; = 0 [BPV Ch.I §7] and the case kod(X) = 2 is eliminated since all such
surfaces have b; = 0(mod 2) [BPV Ch. VI §1].

kod(X) = 0. Then from the Enriques-Kodaira classification of surfaces we see that the
only such surfaces with b+ > 2 are the primary Kodaira surfaces [BPV Ch VI §1, Ch V §5].
Their invariants are: pg = 1; by = 3; e(X) = x(X) = 0. Furthermore the canonical bundle K,
is trivial [BPV Ch V §5] and X has an elliptic fibration over an elliptic curve with no multiple
fibres [FM2].

kod(X) = 1. Then X admits an elliptic fibration, 7 : X — S, where S is a curve of genus
g > 1 [FM2]. Also e(X) = x(X) = 0. To see this note that X can only have fibres whose
reduction is smooth [FM2 p.201] (i.e. Kodaira type mly) and then using the formula for the
Euler number given in [BPV Ch.III §11] we see that ¢(X) = 0. Since 12x(X) = ¢(X) on an
elliptic surface the result follows. If f is the class of a general fibre and {F;} the singular fibres
then it is a result of Kodaira’s [K1, K2] that these are the only irreducible curves on X. It
follows from the above results and the canonical bundle formula [BPV Ch.V §12] that,

K,=@29-2)f+> (mi—1)F (5.4.1)

where m; > 1 is the multiplicity of the singular fibre. Importantly for us the general fibre, f,
on such a surface determines a torsion class in H?(X,Z) [RL, Bz](using Poincaré duality). In
fact f generates the torsion of the Neron-Severi group [Bz]. This must be taken into account
when calculating the Seiberg-Witten invariant since the line bundles determined by divisors of

the form af + )" b; F; are not necessarily topologically distinct when the coefficients ‘a’ and ‘b;’
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are different. Identifying which divisors are topologically equivalent is crucial for determining
the Seiberg-Witten invariant on non-Kahler surfaces. In the paragraph below we will make this
identification explicit, but it should be kept in mind that it is simply a combinatorial problem
depending on the order of the torsion classes f and F; in H2(X,Z).

Suppose we have a line bundle E that can be represented by the divisor,
E=af+) bF,
and also suppose that the order of f in H%(X,Z) is ‘n’. Then clearly the divisors,
(a+kn)f + Z b; F;,

are all representatives of ‘E’ in H%(X,Z). Furthermore since f generates the torsion of the
Neron-Severi group [Bz] a multiple fibre F; is homologous to some multiple of f; this means the
coeflicients a and b; are not necessarily uniquely determined. With this in mind we will define
the number 2,(E) as the number of ways E can be represented as a divisor af + 3 b; F; with
0 < b < m;. Finally note that the numbers z,(E) and #(44xn)(E) are equal for all integers k.

With these subtleties in mind we can use Theorem (5.3.2) and the discussion following it

to determine the basic classes E € H2(X, Z) as well as the invariant associated to such a class.

Theorem 5.4.2. Let X be a minimal non-Kéhler complex surface with b+ > 2.
(i) If kod(X) = 0, that is if X is a primary Kodaira surface, then the only line bundle deter-

mining a basic class is the trivial bundle K, and
SWx(K,)=1.

(ii)If kod(X) = 1 and a general fibre of the elliptic fibration X — S has order ‘n’, then the

Seiberg-Witten basic classes, E, can be represented by a divisor of the form,
E=af+ Z b; Fy,
i

where 0 < a < min{2g — 2,n — 1} and 0 < b; < m; — 1. The invariant for such an E is,
SW(E)= Y za(E)Y (=1)+" 29 -2 (5.4.3)
: a+kn/)’

0<a<gn

where the second sum is taken over all integers k such that 0 < a + kn < 2¢g — 2.

Proof: (i) If kod(X) = 0 then the canonical bundle K is trivial, and the holomorphic sections
are the complex constants, thus deg K, = 0 and K, is the only holomorphic bundle deter-

mining a non-zero invariant. Clearly a generic perturbation has only one factorization (up to
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multiplication by scalars) so the invariant is +1. In [W, §4] it is argued that the sign of the
invariant is given by (—1)* where w = h%(X, K, |z(a)), Where Z(a) denotes the zero set of the
section a in our factorization. Clearly in this case w = 0 and part (i) of the Theorem is proved.

(if) Suppose kod(X) = 1. By Theorem (5.3.2) and the discussion following it we con-
clude that the only holomorphic line bundles determining a non-empty moduli space arise from

divisors of the form,
&= af + Z biFl')

where 0 < a < (29 —2) and 0 < b; < (m; — 1). As explained above not all these divisors
are topologically distinct, and so the Seiberg-Witten invariant for a class E € H%(X, Z) will
involve contributions from each representation of E as a divisor of the form, af + 3 b; F; where
0<a<2g—2and0< b <m;—1. So our first step is to calculate the contribution from each
such representation of F.

The invariant associated to a divisor £ = af + _ b; F; is given by the number of different
factorizations A = a8 of a given holomorphic two form h € H(X, K,), where a € H(X, £)
and § € H(X,K, — £). Assume that such an h is fixed and is given by,

h=pi.. pog_o-,

where the y; vanish along a general fibre of 7 : X — S, and A vanishes on the singular fibres.

A factorization h = af where o determines a divisor of the form (5.4.3) can be written,

h=af = (.. i, N, o Hjag_a_g - N').

Note that the multiple fibres are in the fixed part of £ so won’t contribute to the invariant.

The number of different factorizations is exactly,

(")

a
The sign of the invariant will be given by ([W, §4]) (—1)* where w = h%(X, €|z(a)). The fact
that w = a follows because the normal bundle of each general fibre is trivial [BPV, Ch.III
Lemma 8.1] and the restriction to the multiple fibres cannot have sections since these bundles
are non-trivial [BPV, Ch. III Lemma 8.3] with zero degree.

We have shown that each representation of E as a divisor af + _ b; F; contributes an

Cue(*7),
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to the invariant for E. According to the discussion before the theorem, the sums in (5.4.3)
account for all the representations of E as a divisor af + >_b0;F; with 0 < a < 29 — 2 and
0 < b; < m; — 1. This completes the proof of Theorem (5.4.2).

A

Although implicitly assumed in the above count of solutions (such factorizations are iso-
lated) the fact that the moduli spaces are zero-dimensional for minimal non-Kahler surfaces
can also be seen more directly. All of the above surfaces have Ki = 0, and so the dimension
of the moduli space is therefore equal to 1/4L? for a holomorphic bundle L. On non-Kahler
surfaces all holomorphic bundles £ satisfy £2 < 0 [BPV, Ch. IV §2], and so the non empty

moduli spaces must all be zero dimensional.

Corollary 5.4.4. All minimal non-Kahler complex surfaces are of simple type, that is the only

non-trivial moduli spaces are zero dimensional.
A

This result confirms for the minimal non-Kahler case, the conjecture in [W] that all four-

manifolds are of simple type.

The non-minimal case. The results for minimal surfaces easily extend to the case where
X not necessarily minimal. The references [BPV, Ch. I §9] and [GH, Ch.1 §4] contain all
the relevant details on “blow-ups” required for this subsection. Let X 23X be the blow-up of
X (X is not necessarily minimal) at a single point &, and let £ = 7~1(z) be the exceptional
divisor. If w is a 8d-closed Kahler form on X then we can construct a 88-closed Kahler form
& = n*w — €€ for sufficiently small ¢ [B]. Note that the canonical class K, € H2(X,Z) is given
by K, = K, + ¢ and H%(X,Z) ~ H*(X,Z) & Z{¢} [BPV, Ch. I Theorem 9.1].

Theorem 5.4.5. Let X be a complex surface, not necessarily minimal, with b; odd and b*+ > 1.

Let X be the blow-up of X at a single point with 80-closed Kéhler form & and exceptional

curve € as above, then

(i) The holomorphic line bundles € that determine non-zero invariants are exactly the classes
m™& or 7*&€ + £ where £ admits non-zero invariants on X.

(ii) The invariant for such a class £ = n*€ or & = n*& + ¢ satisfies,

SWx(€) = SWx (£).
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Proof: (i) Suppose £ is a holomorphic line bundle on X determining a non-zero invariant.
First we will show that the classes £ = 7*€ and &' = n*€ + £ satisfy the conditions of Theorem
(5.3.2) for X. By assumption £ satisfies Theorem (5.3.2) so we have,

=€ K, =€ K, +86=£-K

x*

Also,

E?=2-1>¢6.K,-1=£"K

x"

Similarly we have,

0<é 0= w<K, w<K, w+e=K

< x W

It follows just as easily that 0 < &'-& < K « *@. We have shown that £ and &' satisfy Theorem
(5.3.2) if £ does, now we must show that these are the only such classes that determine non-zero
invariants.

Any holomorphic bundle on X can be written in the form & = #*€ + a¢ for some holomor-
phic bundle £ on X and integer a. We need to show that £ satisfies Theorem (5.3.2). Since &
satisfies Theorem (5.3.2),

B2 >8R, =€ K, —a,

so clearly £2 > £ - K, and £ satisfies (i) of Theorem (5.3.2). Suppose that £ - w < 0 then,

E-0=€ w+ae
and for sufficiently small € we contradict the fact that 0 < £.@. Similarly supposing £-w > K, -w
implies,

E.G=E wtae<K, @

K, w+e,

and for small enough € we contradict the fact that £ - @ < f{x - @.

By assumption H%(X, £) # 0, thus a section in H(X,£) determines a section in H° (X -
{pt},£). By Hartogs Theorem [BM] this extends across the point to determine a section in
HO(X, ). The proof that H°(X,K, — &) # 0 is similar. We have proved that & satisfies the
conditions of Theorem (5.3.2) and so determines a non-zero invariant.

To finish the proof of (i) we need to show that a = 0 or a = 1, which we do by induction

on the number of blow-ups.
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If X is minimal then £2 = £ - K, for all holomorphic line bundles determining non-zero
invariants (this is the simple type condition). Suppose inductively that £2 = £ - K, for all such
line bundles on surfaces X with n or fewer blow-ups. Let X be a blow-up of the surface X with
n blow-ups. We have proved above that the line bundles on X determining non-zero invariants

are of the form & = 7*& + af where £ gives non-zero invariants on X and a is an integer. Since

£ satisfies Theorem (5.3.2),

E=¢€-da’>f K, =6 K, —a.
The inductive hypothesis is that £2 = £ - K, s0o a? < a. Soa =0 or a = 1 and part (i) of the
Theorem is proved.

(i) This is actually a consequence of a general blow-up formula [FS] or more directly an
examination of the proof of Theorem (5.4.2) shows that the presence of exceptional curves will

not effect the count of factorizations.

A

Contained in the proof of part (i) Theorem (5.4.5) is a direct proof of the fact that non-

Kahler complex surfaces, minimal or not, are of simple type.

Corollary 5.4.6. All non-Kahler surfaces are of simple type.

5.5. An Application of the Invariants.

With the results of the previous sections we can generalise the results in [FM3] to the
non-Kahler case. For this purpose we need to use the ‘basic classes’ which are independent
from a reference spin® structure, and so are a diffeomorphism invariant. The line bundles ‘E’
used above are defined relative to the canonical spin® structure and so cannot be said to be
preserved under diffeomorphisms. Nevertheless there is an exact relationship between the two
pictures which will be exploited (in both directions) in the following Theorems. In the following
paragraph summarises the relationship between the two pictures.

Each complex line bundle E' that determines a non-zero invariant also determines a basic

class—which by definition is the class of the determinant line bundle L = 2E — K, of the spin®
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structure determined by E. These basic classes are characteristic that is, L - n = #%(mod 2),
for all n € H?(X,Z). The symmetry—K, — E determines solutions if and only if E does—
translates to L is a basic class if and only if —L is a basic class. It is worth keeping both
pictures in mind, since although the basic classes are diffeomorphism invariants and have more
manageable symmetries, they only determine spin® structures mod two torsion. With this in
mind, Corollary (5.4.5) in the terminology of basic classes reads: the basic classes L on X are
exactly the classes L & € for the basic classes L on X.

With these formalities out of the way we can use the results of §5.4 to extend the arguments

in [FM3] to the case of non-Kahler surfaces.

Theorem 5.5.1. Let X be a minimal non-Kéhler complex surface with b% > 1, and suppose
X isa blow-up of X at ! distinct points with {£1,...,£} the corresponding exceptional curves.
Let N be a closed negative definite 4-manifold with H1(N,Z) = 0 and suppose {ny,...,nx}
is a basis for H*(N,Z) such that n? = —1 for all i, and n; - n; = 0 for i # j. If there is an
orientation preserving diffeomorphism ¢ : XoM #N for some M, then for every i, n; = %[¢;]

for some j.

Proof: The blow-up formula for basic classes ([FS2], see also [FM3]) imply that the basic
classes of X are of the form P + ZLI +n;, where P is a basic class on M (note that we are
suppressing the pullback ¢* for notational convenience). Given an n € {n;} we can write all
the basic classes of X in the form, &n & L for certain classes L. In particular given such an L,
then £n £ L are all basic classes.

We can recover n from the set of basic classes on X as the difference of two classes of
square —1. Thus,

Ly — Ly

n=—2—:t£,-,

for some basic classes Ly, Ly € H?(X,Z) for X (recall that the basic classes for X all have
square 0). Define T' = (L; — L3)/2 and after renumbering and a possible sign change we can
suppose n = T' + £;.

Let K be an arbitrary basic class on X. Since K +&; + Zi>1 &; is a basic class on )2', then,

using the property of the basic classes discussed in the first paragraph of the proof, either,

K+&+) &=(T+6&)+1L, (5.5.2)
i>1
or
K+&+) &i=—-(T+6&)+1L, (5.5.3)
i>1
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for some class L.

Suppose (5.5.2) is true, then L = K + T + 26, + ) ;5 & and this would imply,

T+&6+L=K+2T+3:+) &

i>1
is also a basic class on X. However this class defines a moduli space with virtual dimension —4
and so clearly cannot define a basic class. Thus (5.5.3) is true and so L = K — T+, é.

This means,

—(T+&)+L=K-2T-¢& +Z€z‘,
i>1

is also a basic class on X. It follows that K — 2T is a basic class on X whenever K is a basic
class for X.

Since K is a basic class on X this means K, — 2T is also a basic class. Define E by
2FE — K, = K, — 2T, that is E defines the spin® structure associated to the spin® structure
with determinant line K, — 27. Thus both £ = K, — T and K, — E = T determine basic
classes. From Theorem (5.3.2) T' must be effective with a non-zero holomorphic section.

But —K, is also a basic class and by defining E' by 2B/ — K, = —K, — 2T we get
E' = —T is also a basic class. The only way that both 7" and —T can determine effective

divisors is if T'= 0, thus n = £; and the theorem is proved.

Theorem 5.5.1. obviously contains as a special case,

Theorem 5.5.4. Let X and X' be minimal non-Kahler surfaces with Kodaira dimension at
least zero. Suppose that X and X' are blowups of X and X' at m and n distinct points
respectively, with associated exceptional curves £1,...,&y, and €&,... &,. If ¢ : X — X' is

an orientation preserving diffeomorphism then m = n and for each i there is a j such that

¢°[€1] = £[¢;).
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