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SUMMARY.
This thesis is in two parts.

In PART ONE a method for determining the congestion in telecommunication

networks is presented.

Chapter 1 contains a review of some of the various ways that congestions in
telecommunications networks have been determined. Problems associated with

these methods will be pointed out.

Chapter 2 presents a method to determine the call congestion in a network in

which only single link chains are used, some results will be presented.

In Chapter 3 the method discussed in Chapter 2 is extended to the case when

multi-link chains are used.

Chapter 4 is the conclusion of this part of the thesis and contains a summary

of the work described in this section as well as results obtained using our method.

PART TWO of this thesis presents a study of sensitivity bounds for certain
queueing systems. A method to determine certain bounds is given and is used to

find bounds on the time congestion in the GI/M/n/n queueing system.

Chapter 5 contains an introduction to the topics of insensitivity and Gener-
alised Semi-Markov Processes. Descriptions of various ways that have been used
to determine bounds for some performance measures in some insensitive systems

will also be presented.

Chapter 6 describes a method which can be used to determine the bounds

on certain performance measures for Generalised Semi-Markov Processes in which

v



there is only one general lifetime distribution. A few examples of systems which

can be analysed using this method will be given and some results presented.

In Chapter 7 the method described in Chapter 6 will be used to determine
bounds on the time.congestion in the GI/M/n/n queueing system. A proof of
this result will be presented for the case when n = 2, the full proof of this result is
presented in the Appendix. A comparison of the maximum time congestion and
the time congestion achieved using some well known arrival distributions will be

presented.

Chapter 8 contains some conclusions and points out ways in which further

research will extend these studies.
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PREFACE.

This thesis is in two parts. Both of these parts are concerned with problems

in the field of telecommunications.

The first part presents a method for approximating the end-to-end congestions
in a non-hierarchical telecommunications network. This research was undertaken
from 1983 to 1985 and was supported in part by a contract from Telecom Australia.
The work presented here is an outline of the method and some of the reasoning

behind the techniques used. Many of the details of this work have been omitted

since they tend to obscure the main points.

The work for the second part of this thesis was undertaken in 1988 and 1989.
This part of the thesis is concerned with finding bounds on performance measures
in some simple queueing systems with generally distributed inter-arrival or service
times. This method can give simple analytic results that could be useful when

analysing large networks of queues.
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CHAPTER 1
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INTRODUCTION TO TELEPHONE NETWORKS. LR /

With the introduction of new digital switching and transmission systems into
Australia’s telecommunication systems, advantages may be anticipated by replac-
ing some or all of the present hierarchical routeing network with a non-hierarchical
routeing system. Among the advantages to be gained by this replacement are
the creation of a cheaper, more robust network and the ability to incorporate a
certain amount of dynamic routeing by using one set of routeing rules for busy
daytime periods and a different set of rules for quieter evening periods. Jessop
and McLeod (1983) have discussed the possibility of introducing non-hierarchical
networks into the Australian International Digital Network and some of the advan-
tages . New methods for dimensioning these non-hierarchical telecommunication
networks must be introduced and one of the possible ways of doing this i1s to
adapt existing models, presently used with hierarchical networks, so that they can
be used for the non-hierarchical networks. The adaption of Berry’s chain-flow
model (1971), in which the network is investigated chain by chain, is the object of

the first part of this thesis.

When the exact structure, routeing rules and the traffic offered to a non-
hierarchical telecommunication network are known, we shall, by successively look-
ing at each chain, formulate an iterative scheme which will determine the end-to-

end congestions for each one of the network’s arrival streams.

1.1 Non-Hierarchical Networks.

In the hierarchical networks presently used in Australia (see for example Truitt

(1954)), the final choice routes in the network carry a large amount of overflow
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traffic, which has a high variance to mean ratio, while the direct routes carry
traffic with a lower variance to mean ratio. The higher the variance to mean ratio
of the traffic offered to a link, the greater the number of circuits per unit of traffic
required to carry this traffic. Hence the final choice routes in this network have
a lower efficiency than the direct links. However, it is possible that switching
and transmission equipment can be introduced into the present system (Schramel
(1982)) so that a new type of network is created. More flexible routeing rules can
be employed in which every link in a network can carry both direct and final choice
traffics. Therefore the total number of circuits required is less than that needed
for the present hierarchical network with the same grade of service. The grade of
service is specified by a set of lower bounds on the mean proportion of calls that
may be lost from any of the origin-destination streams. The introduction of new
technology has enabled many different routeing strategies to be employed. The
problem of designing routeing strategies to accomodate this flexibility is thus of

considerable 1mportance.

| The two different types of non-hierarchical networks which may be introduced
are dynamic and static networks. A dynamic network is one in which the routeing
rules employed in the network are not constant. An example of this is a network
in which there are only two sets of routeing rules for the network, one for the busy
daytime period and another for the evening period. Another possible system 1is one
in which the routeing rules are constantly changing depending on the present state
of the network (see for example Narendra and Mars (1981)). For each of these
types of networks there are also many different sets of routeing rules that can be
employed. Ash, Cardwell and Murray (1981) have looked at a number of different
routeing strategies for a proposed dynamic system. In this system a different

routeing pattern is used at different times of the day. They show that there is a



possible twenty percent reduction in the cost of the overall network where multi-
link path routeing is introduced, in which any call may use any possible multiple
link route to get from its origin to its destination. It was discovered, however, that
most of the calls only used routes with one or two links per route. Hence a two
link path routeing system was proposed since this system was easier to implement
and the cost for this system was about the same as the cost for other possible

routeing systems.

The second type of network is a static network in which the routeing rules
employed do not vary over time. The congestions in a static network may be larger
than those of a similar sized dynamic network but the cost of the dynamic network
will be greater. In some networks the cost savingé due to a dynamic network will
not be great enough to justify implementation. This, of course, depends on the
network that we are investigating. At this point in time Telecom Australia is
interested in investigating non-hierarchical static telecommunications networks.
In this thesis we describe a method for determining the congestions in a static
non-hierarchical network. This scheme may be applied to the sort of network
described by Ash, Cardwell and Murray (1981) by using it twice, once for one set
of routeing rules and then for the second set of routeing rules. The congestions
at the different times of the day when these different routeing systems are used
can be found in this way. However, this scheme can not be used to investigate

dynamic networks which have constantly changing routeing patterns.

Telecommunications networks, both of the static and dynamic type, may or
may not use crankback, that is a call’s signal, having proceeded along a route
to some node and finding the remaining paths to its destination all blocked may
be “pulled back” to an earlier node on its route to try an alternative path to its

destination. Crankback in which the call’s signal may be pulled back only one link
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or in which it may be pulled back a number of links are all possibilities which may
be implemented. Note that if a two link path routeing system is employed then -
only one link crankback is needed since any two link route must be from the origin
to the destination. The method outlined in this thesis can be used to investigate

a system with or without crankback.

As well as possibly being cheaper, non-hierarchical networks have other ad-
vantages over the present hierarchical systems. One of these advantages is the
increased robustness of the network. If, in a hierarchical network, one of the links
is blocked due to a breakdown, the increase in traffic lost from this network is
usually greater than the increase in traffic lost from a comparable non-hierarchical
system. This robustness is particularly evident in the networks which have con-
stantly changing routeing rules but it is still evident in static non-hierarchical sys-
tems. Cameron (1981) has demonstrated this robustness for a dynamic routeing
system using simulation techniques to investigate the performance of hierarchical
and dynamic non-hierarchical networks before and after a link breakdown. The
gréater flexibility offered by non-hierarchical routeing systems is one of the reasons
why this greater robustness of the network is possible, since a traflic stream may
have a number of possible routes, each having no link in common with any other

route to which this traffic stream may be offered.

Once the type of network and the routeing system that is to be employed
has been decided upon it is then necessary to investigate the performance of these
networks for any circuit allocation vector, that is a vector consisting of the number
of circuits on each link in the network. First it is necessary to be able to determine
the end-to-end congestions of the network when a certain circuit allocation vector
and set of arrival streams are known. Using these results it may then be possible

to find a process to optimise the number of circuits in the network. Garbin and



Knepley (1981), for example, have presented an iterative approach for designing
a static non-hierarchical network. In this approach a network which is fully con-
nected, that is every node is connected to every other node, has, at each successive
iteration, a number of circuits removed from the network in order to lower the cost
of the network. In some cases an entire link may be removed from the system. The
final network has a much lower cost than the initial fully connected system. The
procedure outlined in this thesis may be used with this type of scheme in which
circuits are successively removed until the grade of service requirements are just
met. In this case a lower cost, although not necessarily a minimum cost, network

may be designed.

We shall investigate a method to determine the end-to-end congestions in
a static non-hierarchical telecommunication network. It will be shown that it is
possible to use an iterative scheme to approximate the end-to-end congestions
using a chain-flow approach. A chain is a series of links forming a route between
an origin-destination pair. Each origin-destination pair may have a number of
possible chains or paths that a call may take. This iterative scheme calculates
the traffic lost from each arrival stream offered to the network by calculating the
traffic lost from each chain that a call from this arrival stream may take. A number
of people have investigated the problem of determining end-to-end congestions in
non-hierarchical networks using iterative schemes. These schemes all consist of
an iterative procedure in which the approximations to the congestion values on
the network converge after a number of iterations to some specific values. How
close these values are to the real values for the congestion on the network, usually
determined by simulation, is the major factor in assessing how good these schemes
are. Also of major importance is the running time for these schemes. If we want

to optimise a network using one of these iterative procedures, then this procedure



will be called many times during one run of an optimisation program. An overly
long running program which gives more accurate results is not necessarily a better

method than one which has a shorter running time.

In many procedures assumptions about the network are made which are not
necessarily true and these can lead to major errors. For example Lin, Leon and
Stewart (1978) have presented a single-moment method for determining end-to-end
congestions. Two assumptions made, which are admitted by the authors to be open
to skepticism, are “Link blocking probabilities are statistically independent” and
“Call arrivals (node originated plus overflows) on any link is a Poisson process”.
The second assumption means that the model assumes that the sum of the overflow
and direct traffics offered to a single link are Poisson. This is obviously not the
case. However, in comparing the results for a network’s grade of service using this
method with those obtained by using a two-moment method, in which the two
parameters mean and variance are used to describe the offered traffics to links, both
sets of results were close to the results obtained using simulation. This comparison
was for an AUTOVON network, part of the worldwide Defense Communication
System, in which special routeing strategies were used. For networks in which
a large proportion of the traffic is carried on first choice routes, the assumption
of Poisson offered traffics to every link may be approximately true. For other
networks in which large amounts of traffic are not carried on the first choice routes,
two moment methods would be expected to be more accurate. Of course even two
moment methods are still approximations and the description of traffic using more
than two moments may be more accurate still. However, the difficulties involved
would be even greater than those that exist for the two moment method and
the benefits are unlikely to be major. Whitt (1984) has investigated how much

variation may exist in a queue performance measure when the arrival stream is



approximated by using only the stream’s first two moments. This work is discussed

in more detail in the second part of this thesis.

The assumption of independent link blocking probabilities i1s an assumption
which is made by all other methods known to the author. When a number of
independent arrival streams are offered to various routes in a network, the state of
the entire network is dependent on each individual arrival stream and every pos-
sible route that this stream may take. Hence there is some amount of dependence
between any two overflow streams and between any overflow and direct stream in
that network. This dependence may range from being insignificant to being fairly
important and is one of the major problems which must be investigated when
looking at these networks. Very few actual results from the methods that assume
independence seem to have been published and the accuracy of some of them is
in doubt. This also means it is hard to compare the different methods. Gaudreau
(1980) has demonstrated a method in which the probability that a call is carried
on a path is the product of the probabilities that this call is carried on each of
the links in this path. For example for the serial path in figure 1.1, with blocking
prob’ability p; on the first link and blocking probability p, on the second link, the
congestion on the path is calculated to be equal to B =p; + (1 — p1 )p2 using the

independence of blocking probabilities.

If only a single stream is carried along this path, however, the probabilities
of blocking are not independent and in fact B = p; = p2, in other words the
total blocking on the path is the same as the blocking on each one of these links.
This leads to a significant error in the proposed approach for this simple network.
For large networks in which overflow streams from any single direct route link
are then routed into other multi-link chains, this effect will not be very serious if

the amount of overflow traffic is small. Therefore, for certain networks the above
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n circuits n circuits

Figure 1.1 A simple network in which individual link blocking probabilities

are not independent.

assumptions may be approximately true; in general, however, serious difficulties

may occur when they are used.

Further examples of methods to determine congestions include a three moment
method by Kuczura and Bajaj (1977), a polynomial algorithm for a certain class
of networks by Girard and Ouimet (1983) and the Fixed Point Method by Kelly
(1986).

1.2 General Assumptions.

The aim of this thesis is to formulate a method for determining the end-to-
end congestions in a general network. The assumptions which are made about the

network under investigation are:

1) Independent Poisson arrival streams.

ii) Negative exponential service times on all links.
ii1) All blocking occurs on the links.

iv) All blocked calls .are lost and do not return.
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v) Call set up time is negligible.
vi) All traffic is routed under full availability conditions.
vii) All traffic is described by only its first two moments.

viil) The system has reached equilibrium conditions.

As all the traffic is described by only its first two moments, we will use the
mean and variance, usually denoted M and V, to describe any traffic stream on

the network.

The assumption of independence of overflow and direct streams offered to a
single link is not made, however, if it is found that this assumption is valid it may

be incorporated into the procedure at a later stage.

1.3 Crankback and Routeing.

There are many different routeing systems that can be employed for non-
hierarchical networks. The system that is currently favoured by Australian Tele-
com (see for example Berry and Coyle (1984) ) has been used on simple networks
to analyse the method discussed in this thesis for determining the end-to-end con-
gestions in a network. The routeing schemes used have at most two links in any

chain of a network, see figure 1.2.

Normally an arrival stream is first offered to the direct single link chain from
the stream’s origin, node 1, to its destination, node 2. The stream of calls offered
to this link but which cannot be carried on this link form the overflow traffic
stream. This overflow traffic is now offered to the second choice route: a chain

composed of two links, the link from node 1 to node 3 and the link from node
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3 to node 2. A spare circuit must exist on both of these links for a call to be
carried on this chain. If a spare link does not exist on both of these links then
the call overflows from this chain. I a third choice route is used, the overflow
from the second choice route is also offered to a third choice two link chain and so
on. The traffic overﬂowing from the final two link chain is lost from the network.
The percentage of the calls from this arrival stream that are lost from the network
is this arrival stream’s end-to-end congestion. Using this scheme no two chains
carrying traffic from the same arrival stream have a common link. The problem
of the dependence of separate streams of traffic offered to a link is therefore not

as significant for this routeing scheme as it is for some other routeing schemes.

Some routeing schemes use crankback. A call that is offered to a multi-link
chain initially tries to get on the first link in this chain. If this first link is busy the
call cannot get on this chain and is offered to the next choice chain. If the first link
of this chain is not busy the call will now try to get onto the second link in this
chain. If this second link is blocked the call cannot be carried on this chain. For
systems using crankback this call can be offered to the next choice route, we say
the call has been “cranked back” to the start of this chain. For systems without
crankback this call is lost whether or not another choice route exists. This process

is the same for the other links in this chain.

For example, in figure 1.2 a call trying to get from node 1 to node 2 will first
be offered to the direct route 1-2. If this is blocked then the route 1-3-2 will be
attempted. If link 1-3 has a spare circuit the call’s signal will go to node 3 and try
to get on link 3-2. Without crankback if this link is blocked then the call is lost,
whether or not a path exists on the route 1-4-2. With crankback the call’s signal

is pulled back to node 1 and the third choice route 1-4-2 can now be tried.

11



Figure 1.2 An example of the routeing scheme that is favoured by Aus-

tralian Telecom.

We would expect the amount of traffic lost from a network using crankback to
be less than that lost from the same network not using crankback. This is shown
to be true in most cases when we compare some results from networks for which
crankback is implemented with those where no crankback is implemented. For
some cases, however, this is not true and using crankback actually increases the

congestion on a network. These results are presented in chapter 4.
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CHAPTER 2
AN ITERATIVE SCHEME FOR SIMPLE NETWORKS.

A scheme for determining the call congestion for some simple telecommunica-
tions networks when only single link chains are used in that network is introduced
in this chapter. This method will be extended in the next chapter so that it can
also be used on networks in which the chains are composed of more than one link.
The first three sections of this chapter introduce some well known preliminary
results which shall be used in the iterative scheme described in the fourth section

of this chapter.

2.1 Poisson Traffic Offered to a Link.

OO

Figure 2.1 The Erlang loss system.

One of the simplest and best known queueing systems is the Erlang loss
system. This system is represented in figure 2.1. A Poisson arrival stream with
intensity a is offered to a single link composed of n circuits. When a call arrives at
this link that call will be carried on the link if any of the n circuits are unoccupied.
If all of the circuits are occupied when a call is offered to this link the call cannot

be carried and is lost from this link. A number of formulae exist, some exact,
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others approxim;ate, to calculate how much of the traffic offered to this link will
be lost, the variance of this traffic, the amount of traffic carried on this link and
the variance of this carried traffic. The amount of traffic lost from this link, M, is
given by

M = aE(n,a)
where

a™/n!

E?:O al/z'

is the well known Erlang loss formula (see for example Brockmeyer, Halstrom and

E(n,a) = (2.1)

Jensen (1948)) which gives the probability that all n servers of the link are busy.
The variance of the traffic lost from this link, V', can be found exactly by using

Riordan’s formula given by

V:M<1-M+ (2.2)

a
n+l4+M-—a)’

(see Wilkinson (1956)). Although it is not obvious from the above, it can be shown
that V > M, this is a characteristic of traffic overflowing from a link offered Poisson
traﬁic. Traffic for which the variance to mean ratio is greater than one is called
rough traffic. It is always true that a traffic stream overflowing from a link in
a network with Poisson offered traffics will have a variance to mean ratio greater

than one.

The traffic carried on this link, M,,, is obviously just given by
M =a— M =a(l — E(n,a)) (2.3)

and the variance of the traffic carried on this link can be approximated by V.,
given by

Vea = Mca — (a . Mca)(n . —Alca) (24)

14



(see for example Benes (1961)). When a Poisson stream is offered to a single link
the traffic carried on that link has V., < M,,. Traffic for which the variance to
mean ratio is less than one is called smooth traffic. It does not follow, however,
that any traffic stream carried on a network has a variance to mean ratio less than
one, since if rough overflow traffic is offered to a link the traffic carried on this link

may have a variance to mean ratio greater than one.

2.2 Wilkinson’s Equivalent Random Method

In the above section it has been shown how the lost and carried traffics on a
single link can be calculated when a Poisson arrival stream is offered to this link.
To determine these same quantities when the offered traffic is no longer Poisson
a new technique must be used. Wilkinson’s Equivalent Random Method (ERM)
can be used in this case (see Wilkinson (1956)). The situation for which the ERM

is used is shown in figure 2.2.

s OO

Figure 2.2 Overflow traffic offered to a link.

A traffic stream with mean M and variance V is offered to a single link with
n circuits. This offered traffic stream is the overflow traffic from a previous link
or links and so it will-be a rough traffic stream. Wilkinson’s ERM represents this

rough traffic stream by the overflow traffic which would result when a Poisson
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arrival stream with arrival rate a, is offered to a link with n., circuits. In other

words we must find a., and n., such that

M = agE(neg, aeq) (2.5)
and
a
=M(1-M | . )
v ( +neq+1+M—aeq> )

So the overflow traffic stream with mean M and variance V is equivalent to a
Poisson arrival stream with intensity a., offered to a link with n, circuits. This

situation is shown in figure 2.3.

Figure 2.3 A situation equivalent to that shown in figure 2.2.

The traffic that overflows from a link with n circuits when it is offered an

arrival stream with mean M and variance V' can now be calculated by

M,y = a.gE(n 4+ neg, aeq) (2.7)
and
‘ a
Voo =My | 1 — M, =t : 2.8
v( . v+n+neq+1+Mov—a’eq> ( )

16



The traffic carried on the link is given by
M., =M — M,, (2.9)
and the variance of the traffic carried on this link can be approximated by

Vea = Mea — (Moy — Meo)(n — Me,). (2.10)

The ERM can be extended to the case when the traffic offered to a link is
not rough but smooth. This technique is called the Extended Equivalent Ran-
dom Method, EERM (see Bretshneider (1973)). This technique will be necessary
when multi-link chains are investigated but is not necessary when calculating the

congestions on single link chains.

The situation that occurs when more than one traffic stream is offered to a

circuit is discussed in the next section.

2.3 Combinations of Overflow Traffics.

The problem of determining lost traffics when two overflow traffic streams
are offered to a single link has been studied by many people. The results of
some of this work is shown here as these techniques will be used in the iterative
scheme described later in this chapter and some of them will be used in the more
general scheme described in Chapter 3. For mixing rough traffic streams the simple

network shown in figure 2.4 will be investigated.

Here traffic with intensity a; is first offered to link 2 with n, circuits and any
overflow from this link will be offered to link 1 with ny circuits. Similarly a traffic
stream with intensity ay is offered to link 3 with nj circuits, the overflow from this

strecam 15 also offered to link 1. Hence we have two overflow traflic streams being

17



Figure 2.4 ‘A simple network in which combinations of rough traflic are

offered to a single link.

offered to link 1. The mean and variance of these overflow traffic streams can be
calculated using Erlang’s loss formula and Riordan’s formula respectively. Let My
and V; be the mean and variance respectively of the overflow traffic stream from
link 2 when Poisson traffic of intensity a; is offered to ng circuits and M, and V2
be the mean and variance of the overflow traffic stream when traffic of intensity a,
is offered to nj circuits. Then the system depicted in figure 2.4 can be represented

by the situation shown in figure 2.5.

M,V S
MY ; B

A4

Figure 2.5 The network shown in figure 2.4 with the overflow means and

variances calculated.
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Since these two overflow streams are independent the total mean and variance
of the traffic offered to the nj circuits is just the sum of the individual means and
variances of the two offered traffic streams. Wilkinson’s ERM shows how we can
determine the total lost traffic from the above system. The ERM can be used
to determine the lost traffic from a link when any combination of independent
overflow traffic streams is offered to that link. In this case let the mean of the
traffic which overflows from link 1 be m and the variance of this traffic be v. We
now only have to find a method to determine how much of this traffic is due to
the first arrival stream and how much of it is due to the second arrival stream.
Olsson (see Berry (1971)) has shown that an approximate method for splitting
this overflow traffic m into its two individual traffic components, that we shall call
my and mao, is to split the traffic so that the proportion of the lost traffics is the
same as the proportion of the values V; + MJZ/VJ for each traffic stream 3. We can
compare the results we obtain using these methods with exact results obtained by
solving the steady state equations numerically for small values of ny,n, and nj.

That is, if the vector of state probabilities at time ¢ is p(t) then
p(t + 6t) = p(t) + p(t) At + O(6t*) (2.11)

where A is the matrix of transition probabilities and so

d—I(’i(:—) = p(t)A. (2.12)

Since equilibrium conditions are assumed the derivative of p(t) with respect to ¢
must be zero. So p(t) is the solution to the matrix equation p(t)A = 0 such that
the sum of the probabilities is 1.0. The application of this well known technique
to systems of the form shown in figure 2.4 is examined in more detail in Berry
and Coyle (1984). Approximate results obtained by simulation can be obtained

for larger values of nll, ny and n3. Some of these results are shown in table (2.1).
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The variances of the individual lost traffic streams must also be calculated, so
that if one or both of the lost traffic streams were now to be offered to a third choice
route we can, using the ERM, repeat the above procedure and hence determine
the lost traffic from this route and so on. For determining the variances of the lost

traffic streams Harris and Helm (1976) have proposed the approximate formula,
v; = Pj {(pj + (1 — pj)e_Pjn)(v = m) + m} (2.13)

where v is the variance of the total overflow traffic from the link and p; = V;/V

where V is the sum of the offered variances.

We shall now employ all of these techniques in an iterative procedure in order

to calculate the traffic congestions on a small one-link chain network.

Mean Var. Exact Olsson’s | % Error
Lost Lost

ny = )

S1 3.383 6.133 1.258 1.309 3.0
Sy 3.383 6.133 1.258 1.309 3.0
ny = 6

S1 6.600 13.811 2.546 2.519 1.1
S 2.732 5.268 1.003 0.978 2.5
ny =2

S1 0.796 1.301 0.190 0.194 2.1
So 0.618 0.945 0.143 0.139 2.8
ny =18

S1 10.759 17.313 0.592 0.604 2.0
So 2.705 6.340 0.185 0.205 11.0

Table (2.1) A comparison of the exact results obtained from the system
shown in figure 2.5 with the results obtained using Olsson’s splitting formula. The

two separate streams of traflic are entitled 51 and S,.
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2.4 An Iterative Scheme.

Figure 2.6 A simple network used to investigate the proposed iterative

method for determining congestions in non-hierarchical networks.

We demonstrate the iterative procedure for determining the end-to-end con-
gestions in a teletraffic network with only single link chains by examining the
simple network shown in figure 2.6. The traffic from the ith stream offered to
its jth choice route shall have mean M ]’ and variance VJ’ Therefore, since the
ith Poisson offered stream has intensity a;, M} = Vi' = a;. A Poisson stream of
intensity a, is first offered to the route O; — D;, the overflow traffic from this
route with mean M3 and variance V3 is then offered to the second choice route
O, — Dy — Dy and finally the overflow traffic stream from this route, with mean
and variance M3 ,‘V31, is offered to the final choice route Oy — 09 — Dy — D;. The

overflow traffic from the final choice route, with mean my, is lost. Similarly, a
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traffic stream with intensity a, is offered to the route Oz — D2, the overflow from
this route with mean and variance M3, V2 is offered to the route Oz — Dy —D; and
the overflow traffic from this route with mean and variance M2, V3 is offered to
the final choice route Oy — O; — D1 — D4, any overflow from this final route, with
mean ms, is lost. By choosing ns > ny, ng > ny, ny > ny +ny and ng > ny +ng
we ensure that any traffic overflowing from any one of these routes is due only to
the number of circuits on the links ny,n,,n3,ny and the intensity of the arrival
streams ap,aq. Hence for practical purposes we can look at this network as hav-
ing chains which are only composed of single links and calculate the lost traffics
from this network by only looking at these single links. We will try to find some
approximate values for m; and m,, the mean traffics lost from this network, using

the following iterative scheme.

When we use the ERM to calculate the overflow traffic with mean m and
variance v when traffic with mean M and variance V is offered to a link with N
circuits, we will denote this procedure by (m,v) = ERM(M.V,N). Our method
calculates approximate results for all the traffic streams on the network during
each iteration. Since the traffic from one of the arrival streams is dependent on
the results obtained from the other traffic stream, as one set of results becomes
more accurate this in turn affects the other set of results. So it is expected that
the approximations for the lost traffic on the network will rapidly approach the

correct values.
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2.5 An Overview of the Method.
Step 0: Only look at arrival stream 1.

Calculate Mj, V3 by
M} = a1E(ny,ay),
Vi=M;(1—- M) +ai/(n1+ My — a1+ 1)).
Calculate Mj, V3 by

(MSI)Vval) = ERM(MZI,‘/;)T'@)

Step la: Let M = ay + M1,V = ay + V3. Then (M,y, Voo) = ERM(M,V,ny) is
the mean and variance of the total traffic overflowing from link n,. Use Olsson’s

splitting formula to obtain Mj and my. Use Harris and Helm's variance formula

to obtain V22.

Step 1b: Calculate
(M32a V32) = ERM(M22> V22a ’I’L4).

Step 2a: Let M = a; + M2,V = a3 + V. Then (Moy, Vou) = ERM(M,V, ny) is
the mean and variance of the total traffic overflowing from link n;. Use Olsson’s

splitting formula to obtain M} and m,. Use Harris and Helm’s variance formula

to obtain V3.

Step 2b: Calculate

(M31a‘/31) = ERM(M%)V;)TL:;)‘

Step 3: If the results from the present iteration for m; and my are sufficiently
close to those obtained from the previous iteration stop the algorithm, if the results

have not converged sufficiently repeat the above from step 1la.
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2.6 . Some Results.

If all the formulae used in this procedure were exact then the exact and
calculated results would be the same. However, since this is not the case some
error will exist in the results. The size of these errors determines how useful this
method can be, and as the accuracy of these approximate formulae increases, the
accuracy of this method also increases. The traffics lost from the network in figure
2.6 can be found exactly by solving the relevent steady state equations. Table (2.2)
compares the exact and approximate results for some sets of network parameters.
The results show reasonably small errors involved in calculating the lost traffics
from this network. For a large number of cases the errors involved using this
iterative scheme were calculated and the average percentage error was less than
four percent. It usually took about three iterations before the results converged to
this accuracy. So we conclude that this iterative scheme works well for cases when
only single link chains are used. In the next chapter this method will be extended

so that it can be used on networks with multi-link chains.

24



nq Nog ng Ny aq aq ma ma
3 1 | 5.5 2.2 Exact 1.707 0.731
Approx. 1.697 0.742
% err 0.58 1.6
4 1 8 7.0 1.1 Exact 1.485 0.213
Approx. 1.474 0.231
% err 0.80 8.4
4 4 2 3 6.6 7.7 Exact 1.814 1.877
Approx. 1.799 1.882
% err 0.90 1.3
8 8 3 3 10.0 10.0 Exact 1.197  1.197
Approx. 1.193 1.200
% err 0.39 0.29
15 9 6 2 20.0 10.0 Exact 1.898 1.216
Approx. 1.985 1.181
% err 0.650 3.3

Table (2.2) A comparison of exact results for the simple non-hierarchical
network and the results obtained using the iterative scheme described above. For
each set of parameters shown in the table the first row in the final column is the

exact results, the second row are the results obtained using our method and the

third row is the percentage error of the results.
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CHAPTER 3
THE EXTENDED METHOD.

In chapter 2 an iterative scheme was described which calculates the conges-
tions in telecommunication networks with only single link chains. The results from
this method are quite good since the various traffic formulae used are fairly ac-
curate. In this chapter the algorithm will be extended to the more general case
when chains with more than one link can be used. The problems associated with
analysing networks with multiple link chains will be discussed and then a solution
to these problems proposed. This technique of analysing a telecommunications
network differs from other techniques known to the author in that it focuses on

the traffics carried on the chains in the network.

3.1 An Analysis of Multi-link Chains.

In the discussion that follows we will assume that crankback is implemented.

We will later extend these results to include the case when crankback is not used.

One approach which has been used to solve the problems discussed in this
thesis is to offer the traffics from the various chains in a network to each single
link in these chains. A lot of research has gone into looking at results for this
approach, which includes finding methods of determining the total lost traffics and
creating approximate splitting formulae for the separate streams of lost traffic. As
was shown in chapter 2, for systems with only single link chains this approach
works very well. For systems in which multi-link chains are used, however, this

approach does not always give satisfactory results.

Figure 3.1 shows part of a large network. An overflow stream, stream 1, with

mean M; and variance V7, is offered to the chain composed of links 1,3 and 4.
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Figure 3.1 Part of a large telecommunications network.

Another overflow stream, stream 2, with mean M, and variance V; is offered to
the chain composed of links 2 and 3. Apart from link 3 all of these links also have
other traffic streams offered to them from various chains in the network. If we
want to determine the amount of traffic lost due to link 3 from the streams My, V}
and M,, V, respectively we must first of all determine the traffic which is offered
to this link from these two arrival streams. If this is known we can then, using
Wilkinson’s Equivalent Random Method , approximate the total traffic lost from

the network due to this link.

A naive approach to the problem would be to let the streams of traffic, My, V;
and My, Va, be offered directly to link 3 and to calculate the traffic lost due to this
link. However, this could lead to more traffic from stream 1 being carried on link 3
than is possible, since any traffic carried on link 3 from stream 1 must firstly have

been carried on link 1. Link 1, having only five circuits, will permit only a certain
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amount of traffic from stream 1 to flow on this chain. So, this simple technique

will not yield very accurate results.

Another possible approach would be to offer M;,V; to link 1, determine how
much traffic is carried on this link and then offer this traffic to link 3. Similarly,
the traffic My, V, will be offered to link 2 and the traffic carried on this link will
also be offered to link 3. The previous problem has been solved since the traffic
carried on link 1 which is now offered to link 3 cannot be greater than the amount
of traffic which can be carried on link 1. These two traffic streams are offered to
link 3, the total lost traffic is calculated and then the traffic lost from each of the
two separate arrival streams is calculated. We must now offer the traffic carried
on link 3 from the first stream to link 4 which has only five circuits, as well as
having a number of other traffic streams offered to it. We would expect that a
lot of the traffic offered to link 4 could not be carried and so will be lost. This
means that the traffic that was calculated to have been carried on link 3 in fact
cannot be carried on this link, which also means that more traffic from the second
stream could have been carried on link 3. Thus the traffic streams offered to link
4 have affected the result we obtained for the traffic overflowing from the chain of

the second offered stream which does not even include this link.

For the simple system in figure 3.1 we could have offered the traffic M;,Vy
to link 4 initially and then continued in the manner described in the previous
paragraph, since the order in which we put the links in a chain should make no
difference to the final result as we are assuming crankback is used. However, if
we also consider another stream offered to link 2 the problem becomes even more
complicated. We will now have to decide what the traffic offered to link 2 due
to this new stream will be, which may involve looking at the links in the chain

associated with this stream and the chains of the other streams using these links
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and so on. Soon the problem of investigating the traffic overflowing from one link
will involve the whole network. These problems occur because we cannot talk
about traffic streams being offered to links independently of the rest of the chain
with which these arrival or overflow streams are associated. Since no one part
of the network is completely independent from any other part even the simplest

problem may soon involve looking at a large number of overflow streams and links.

We have attempted to solve the problems presented above by considering the
traffics carried on the chains of the network. The traffic carried on a chain is the
same at each single link in this chain and so the difficulty in having to look at the
other links in these chains no longer exists. The traffic offered to these chains and
the position of links in the chains are no longer important. If we want to determine
how much traffic is lost from the offered stream My, V; when it is offered to the
chain with links 1, 3 and 4, we only need to know how much traffic is carried on
each of these links from the other chains in the network. It is now a much simpler
matter of offering M;,V; to these three links in turn to determine how much of

the traffic from this stream is lost.

3.2 The Traffics Carried on a Chain.

Figure 3.2 depicts a traffic stream with mean M and variance V offered to a
chain of links in a network. We will call this traffic stream the chain offered traffic.
This chain offered traffic is either an arrival stream or a stream of overflow traffic
from a previous chain. Each link in this chain carries some traffic which is the sum
of all the other traffic streams that are carried on that link. This carried traffic
does not include the traffic which is carried from the chain offered traffic. The
problem we must now solve is to calculate how much of the chain offered traffic is

carried on this chain and how much of it overflows from this chain. Given these

29



N bV
ra) Y

M Ve

c C

Figure 3.2 A chain in a network. The traffic offered to this chain has mean
M and variance V. The traffics carried on the links in this chain, with means M

and variances V}, are represented by the lines below the chain.

resiilts we could then look at the next chain in this network and find the same

results for this chain and its associated offered stream and so on.

3.3 Finding the Traffic Lost from a Chain.

In chapter 2 we investigated ways of determining the traffic lost from a link
when the traffics offered to that link are known. If we can restate our problem in

terms of offered traffics then some of these techniques can be used.

For each link in figure 3.2 there is an associated stream of carried traffic,
the sum of all the traffic carried on this link not including that carried from the
chain offered traffic. For each of these carried streams there is an equivalent traffic

stream which when offered to the link will result in the correct amount of traffic
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being carried on this link. This equivalent offered stream may be calculated solely
from the traffic carried on the link, which is known, and the chain offered traffic.
This is not the same as the procedure mentioned in section 3.1 in which offered
traffic streams were combined, offered to a link and the traffic carried on the link
calculated. In our algorithm the offered traffics are calculated from the carried
traffics, not the other way round. Also the carried stream here is the sum of all
the carried traffics on this link, the procedures described earlier looked at each
individual offered stream one at a time. Once the carried traffic streams have
been replaced by equivalent offered streams then the system in figure 3.2 can be

represented by the system in figure 3.3.

M Y (i MY
wer O—O—0 0O
nl 1’12 1’1k

Figure 3.3  The chain in figure 3.2 but with the traffics carried on the links
replaced by traffics offered to the links. If we choose the offered traffics correctly
the traffic lost from this system would be the same as the traffic lost from the

chain shown in figure 3.2.

In figure 3.3 the traffics carried on the links have been replaced by streams of
traffics offered to the links. It should be noted that these streams of offered traffic

are also dependent on the offered traffic stream M, V. If this stream changes then
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the other offered streams will also change. What is important is that the amount
of traffic carried on this link due to this calculated offered stream is the same as

the amount of traffic we know is carried on the link.

\ \
OO0 O30 -0>70

Figure 3.4 The chain in figure 3.3 with an extra link added. The traffic

lost from this chain is equivalent to that lost from the chain in figure 3.3.

For the chain depicted in figure 3.3 let

Nmin = lréliiélk(m),

that is, nmin is the minimum number of circuits that are in any link of this chain.
Now we introduce an extra link to the chain in figure 3.3 which has 1, circuits.
No other traffic will be offered to this link apart from the chain offered traffic
M,V . The amount of traffic carried on this new chain is the same as the amount
of traffic carried on the chain depicted in figure 3.3. This is so since a call will be
blocked by this new link if and only if all the circuits on this link are being used
by calls from the chain offered traffic stream. However, when this occurs the call
would have been blocked anyway since there is at least one link in the chain with
the same number of circuits. We will find this simple result useful in trying to find

the amount of traffic lost from this chain.

From thé above we know that the amount of traffic lost from the chain shown
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in figure 3.3 is the same as the amount which is lost from the chain shown in
figure 3.4, with n,;, defined as above. The reason we introduce this extra link is
because the maximum amount of traffic that could be carried on the chain is the
maximum amount of traffic that could be carried on the link with n,;, circuits.
If no other streams of traffic were carried on the links in this chain, i.e. M; =0
for all ¢, then the amount of traffic lost from this chain would be just the amount
of traffic lost when M,V is offered to the single link containing nm;, circuits. For
the case when the other traffics are not zero we will use an approximate technique

to find the traffic blocked on this link due to the other traffic streams carried.

3.4 A Summary of our Algorithm.

For any given network in which a set of routeing rules, the intensity of the
arrival streams and the number of circuits on each link are known, approxima-
tions to the values of the end-to-end congestions of this network are found in the

following way.

Let S(k) be the set of all the chains (¢,7) that includes the link k, where
(1,7) is the chain from the jth choice route of the tth arrival stream. Also let

mﬁ’;;" ),vgi’j ) be the mean and variance respectively of the traffic which has been

calculated so far to be carried on the chain (z,7). Initially mﬁf;j) . vgi’j) = 0 for
all the chains (7,7). The following must be repeated for every arrival stream in

order to complete one iteration of this algorithm. At the end of each iteration a

test is performed to see if the results have converged.
For the ¢th arrival stream with intensity a; :

For the jth chain in the network that this stream is offered to :
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Let M,s,V,s be the mean and variance respectively of the traffic offered
to chain (z,7). Either this is the traffic which has overflowed from a
previous chain, or if this is the first chain that this stream is offered to,

Mof = Vof = a;.

Let npmin be the minimum number of circuits contained in any link of

chain (z,7) and append a link k' with nmincircuits which carries no other

traffic.

Using Wilkinson’s Method find the amount of the offered traffic that is
carried on link &' with mean M;, and variance V,';. We will denote this

operation by ERM,. and so

( :favo*f) = ERMC(Mof,Vof,nmin)-

For each link k in chain (z,7) :

Calculate the traffic carried on link k M., V., from other traffic
streams using link k, that is :
M. = Z mgi’jl)
(¢1,3")ES (k)

(iN#g)

and

Vea = Z vgl’ D

(i',571)€ES (k)
G737 #0,5)
The traffic which is carried on link k from the offered traffic MJ,, V'

must now be calculated. This traffic will have mean M}, and variance
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V. We will call the procedure that will give us this result the link

congestion method, or LCM. So
(Mc*aa VCTI) = LCM( :f7 o*fa Mca, Vca) nk)'

This procedure will fall into two related parts. As discussed earlier
the first part is to find the equivalent offered traffic with mean M ff
and variance VOE , which when offered to link & will result in the
correct amount of carried traffic, M., V.e. The second part of this
procedure is to find out how much of the traffic offered to link % is
carried on link k, that is, given the two traffic streams offered to link
k, My;, V) and Mf}, V£’:, find out the total traffic carried and split

it up into the two respective streams.

The traffic carried on link k in chain (¢,7) with mean M}, and variance
V¥ now becomes the traffic offered to the next link in chain (7,7) where
the above process is repeated, so My, = M, and V; = V. If thisis the
final link of the chain MZX , V} is the traffic carried on this whole chain
and so m{y? = M iyl and v&e?) = V. These results are used later in the
program when looking at the chains which have links in common with

chain (z,7).
Now calculate the traffic which has overflowed from chain (7, 7):

Mo, :Mof;_M*

ca?

and approximate the variance of the overflow traffic as if chain (z,7) was

a single link so that

Vov = ov(1 - Mov + aeq/(neq + 1 + M - aeq))
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where a4 and n, are calculated in the same way as in Wilkinson’s Equiv-

alent Random Method.

If chain (¢,7) is the last chain that this traffic stream is offered to then the
total traffic lost from this arrival stream is M,(:zt = M,y. If chain (z,7) is not
the last chain, then set M,y = Moy — M., and V5 = V,, and repeat this

process for the next chain.

The end-to-end congestion for the ¢th arrival stream is given by

After the traffic lost from every stream offered to this network has been calculated
compare the values obtained for the end-to-end congestions from this iteration
with the results calculated from the previous iteration. If these two sets of results
are sufficiently close to one another then the results have converged and the desired

results have been achieved.

3.5 Some Remarks on the Link Congestion Method.

An algorithm to find the congestion in a telephone network has been presented
in section 3.4. There are, of course, many problems still associated with this
algorithm. In the Link Congestion Method we offer some traffic to a link which
has a known amount of traffic already being carried on it. Techniques must be
devised to find the amount of traffic lost and carried on this link. Some techniques

for approximating these traffics are presented here.

The problem we must solve in order for our algorithm to give accurate results

is shown in figure 3.5, which depicts a single link in a chain of a network. We know
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the traffic from other streams carried on this link, with mean M., and variance
Ve, and we also know that the traffic carried on the previous links in this chain
has mean M and variance V;;. We want to know how much of this traffic will
be lost from this link due to the other traffics carried on it. This corresponds to

the procedure that we called the Load Congestion Method, or LCM for short.

* *
Ofvof 2
N
5 / M vV
ca cCca
n ccts.

Figure 3.5 A link in a chain with the associated offered and carried traf-

fics.

We must investigate the second part of the LCM problem before the first
part. When we try to find the equivalent offered traffic in the LCM we must
firstly decide how the traffic carried on this link is to be calculated. An analogy to
this is, of course, Wilkinson’s Equivalent Random Method. It is necessary to know
the Erlang loss formula and Riordan’s formula before the ERM can be formulated.
In this section we will investigate the problem of finding the carried traffics on the
link given the offered traffics keeping in mind that this problem will be inverted
as part of the LCM.

The situation shown in figure 3.6 is the one which we are trying to solve.

We know the values of the offered traffics and we wish to know the values of the
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Figure 3.6 A link in a chain with the associated offered traffics.

carried traffics on this link, call it link k. We cannot just sum the two sets of offered
traffics and then offer them to the link using the ERM. The results obtained this
way would be wrong. The reason for this is that the offered traffic Mj;, V,'; has
already been offered to and carried on another link. If no other traffic were carried
on link k, that is Mf} = 0, then all the traffic offered to link k, with mean M7,
would be carried. We have ensured this will happen by offering the chain offered
traffic to a link with nm,;n circuits and calculating how much traffic will be carried
on this link. Here if any of the traffic carried on link k is blocked on the chain it

is because of the other traffic streams carried on this network.

So we need a different technique. The approximate method we have tried 1s
as follows. Firstly offer the sum of the two offered traffics to link & and find the
amount of traffic overflowing from link k using the ERM, the lost traffic calculated
this way is my. Next offer just the traffic carried on the chain so far, M7, VY,
to link k£ and calculate how much of this traffic is lost using the ERM, the lost
traffic calculated this way i1s mi. Now we use mg — m; as an approximation for
the total traffic that is lost due to link k. The reasoning behind this is that we

know that if ]\/I(E = 0 then the traffic lost from link k is in fact zero. So we use
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m; as an approximation to the extra traffic that would have been lost if M7, V'
had not been previously offered to any links. So m; is the traffic lost from link
k due to the restricted number of circuits on link k. Also mg is the amount of
traffic lost from link k& due to the combined effect of the number of circuits and
the other traffics carried on link k. So my — m; is taken as an approximation to
the amount of traffic lost on link k& due to the traffic carried on link k. For the
case when Mff = 0 this result is exact, it is also exact when M:f = 0. Thisis a

fairly rough estimate, but the results we get are actually quite reasonable.

a.2 n
N

(O

Figure 3.7 A simple network that can be investigated to determine the

AN

accuracy of our approximate method for calculating the traffics carried on a link

in a chain.

To determine the accuracy of our method for finding the traffic lost from a

link in a chain, we will investigate the simple system shown in figure 3.7. Note

E
Vot

by the offered streamn a, offered to the circuits n,. This is true even though the

firstly that by Wilkinson’s ERM we can represent the offered traffics M f},

traffic stream M OEf, VOE} is itself an equivalent offered traffic stream. In the system
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in figure 3.7 we offer one arrival stream of intensity a; to the two link chain, link 1
with ny circuits and link 3 with nj circuits, where ny < n3. Another traffic stream
of intensity a, is offered firstly to link 2 with ny circuits and the traffic overflowing
from this link is then also offered to link 3. For sufficiently small values of n;, ng
and n; we can find exact results for this simple system by solving the steady state
equations using the technique that was briefly described in chapter 2. We can also
use the method described in the last paragraph to find approximate values for the

traffics lost from this system. Some of these results are presented in table (3.1).

3.6 A Splitting Formula.

Having found the total lost traffic from the simple network in figure 3.6 we
must now determine how the traffic is split between the two offered traffic streams.
The splitting formula we use is one of many that have been attempted. This
formula gave the best results out of all the techniques tried when compared to the
exact results determined by the method described in the previous paragraph. We
want to determine how much of the total traffic lost from the link, with mean Moy,
is due to the equivalent offered traffic stream with mean and variance M, Ob}, Vﬁ,
this overflow traffic will have mean MEZ. We also want to determine how much
of the total traffic lost from the link, with mean M,,, is due to the traffic stream
which has been carried on the previous links in this chain with mean and variance

* *

~¢ Vg, this overflow traffic will have mean Mg, To do this we firstly calculate

& 0.4(V£ /ME)

E E
E MO pca VOf < MOf’
v 0.4(ME /VE) (3:1)
E v o ° E E
Mofpca 4 I Mof < Vof
and
* (M3, /VSy)
P == :fpca e

where p¢, is the propértion of the total offered traffic which is carried on this link,
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l.e.
E *
M’o)r +- J";Jo‘f — Moy

pca = E *
Mof - M’af
Now we find
E PE
MO'U = Moy E + p*
and
M* = M,,—Z

When we perform this splitting operation we will say

E * E E * *
(MO'U>]V‘[ ):SPL(MOf)VOf? of» of)MOU)'

ov

Once the overflow traffics have been calculated it is an easy matter to also find
out the carried traffics, M, and ME. In table (3.1) a few comparisons are made
between the results obtained using this splitting formula and exact results for the

system shown in figure 3.7.

Using the notation from chapter 2 we can use the above method to approxi-
mate the traffics lost from the system in figure 3.7 in the following way. Find the

traffic from the stream 2 overflowing from link 2
MOE} = ay E(ng,az)
Vﬁ = Mf}(l - Mf} + az/(nq +M£c —ay + 1)).
Find the traffic from the first stream carried on link 1
My = ay(1 ~ E(ny,a1))
o*f = M:f — (a1 — M:f)(nl - M:f)'

Now find the traffic that would overflow from link 3 due to the sum of the two

offered traffics

T (ma,v) = ERM(ME + M V) + Vi na).
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Also find the traffic that would overflow from link 3 if only the traffic carried on

link 1 is offered to this link
(m1,v1) = ERM(M;,Vy5,m3)-
The total traffic overflowing from link 3 is approximately
My, = mg — my.
This overflow traffic is now split up into its respective streams
(M, M3,) = SPL(M;, V5, M3y, Vo, Moy).

The traffic carried on this link from traffic stream 1 is

M:a. = : F M:v
and the traffic carried on this link from traffic stream 2 is

ME = ME — ME.

Table (3.1) shows some comparisons between the exact results and the results

obtained using the above technique.

3.7 The Inverse Problem.

We have found out how to approximate the traffics carried on a link when
we know the offered traffics. We must now work out the inverse problem, that is
determining the traffics offered to this link when we know the traffics carried on
this link. To do this, we use an iterative search technique varying M ff on each
search iteration until the traffic carried on the link due to MOEf 1s equal to the

required resilt, M.,. We must firstly find a way of determining Vﬁ for any Mf}
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ny ne, N3 aq asy total M, Mc%
3 3 3 3.0 2.0 proc. 1.37 1.17 0.20
exact 1.29 1.09 0.19
% err. 5.6 6.5 0.3
10 5 15 30.0 25.0 proc. 35.70 21.77 13.93
exact 35.90 22.17 13.73
% err. 0.6 1.8 1.4
5 25 25 30.0 70.0 proc. 51.81 25.28  26.53
exact 51.65 26.07 25.58
% err. 0.3 3.1 3.6
20 45 35 70.0 55.0 proc. 52.81 50.12 2.69
exact 53.45 50.74 2.71
% err. 1.0 1.1 0.8
45 65 50 100.0 125.0 proc. 111.6 66.75 44.71
exact 111.2 67.84 43.41
% err. 0.2 1.6 2.9

Table (3.1) A comparison of the traffic lost from the simple network shown
in figure 3.7 obtained using exact analysis and the results obtained using the
methods described in this chapter. The first row for each set of data is the results
obtained by the described scheme, the second row is the exact results and the

third row gives the percentage error.

we choose to use. The technique we have used is a very rough method which may

be improved upon later.

We would expect the variance to mean ratio of this offered traffic, Z =
Vﬁ/MOE)L, to depend on the variance to mean ratios of the traffics offered to the
chains which include this link. These individual variance to mean ratios will be
taken into consideration in proportion to the amount of traffic from each of the
streams carried on this link. Let M(ff, Voif be the traffic offered to chain ¢ which
includes the link in question and let M? be the traffic from this offered stream

which is carried on this link.
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Then our estimate of Z is given by :

Zi Wi

Ei Mga (32)
where
Vi M:’
1 — L{ca. (33)
of

Since we have now found an approximation for Z we can, for any M, f}, find Voifc
since Vo}fc =ZM f} By using this simple formula for determining the variance we
have avoided having to use a two parameter search scheme. In such a two parame-
ter scheme, given M f}, we would have to use a search scheme to find a suitable Vf;c
so that when this traffic was offered to the link the traffic carried on this link has
mean MZE and variance VE. In a two parameter search scheme the value of vE
is taken into consideration therefore we would expect more accurate results using
this scheme. The added complexity and time needed, however, would not make
this scheme a realistic proposition. If a simple relationship between VO%:, M ff, M
and V., could be found a simple more accurate system may be devised. It is ex-
pected, however, that no simple relation exists without introducing the values of
the total carried traffic on this link, which would depend in turn on M f} and Vﬁ.

Now our algorithm for finding the congestions in our telecommunications network

is complete for the case when crankback is implemented.

3.8 No Crankback.

With respect to the algorithm presented in the preceding sections of this
chapter, it is easier to find results for the case where crankback is used than if
crankback is not used. For networks without crankback, however, we can still use
this procedure to approximate the congestions in a telecommunications network

after certain modifications have been made.
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Chain (a).

o
5’\/

Figure 3.8 Chain (a) is a two link chain. Chain (b) is just the first link

of chain (a) with the same traffic offered to it.

Two chains which are part of a large network are depicted in figure 3.8. We
can find the traffic lost from these chains and the traffic streams carried on these
chains whether or not crankback is used. If chain (a) is not the last choice route
for an offered traffic stream then some calls overflowing from this chain will be
offered to the next choice route for this stream. If crankback is used all the calls
that overflow from this chain will be offered to the next choice chain. Without
crankback some of the calls which cannot be carried on this chain will be offered
to the next choice route, the other calls which cannot be carried on this chain are
lost completely from the network. The amount of traffic which is calculated to be
carried on chain (a) is independent of whether crankback is used or not. Let this
traffic be M(a), and so My, = M — M(a). is the amount of traffic not carried on
this chain. The traffic carried on chain (b), M(b)., is the amount of traffic whose
signal would reach the second node in chain (a), without crankback all of this traffic

is either carried on chain (a) or completely lost from the network. We know M (a).
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is the amount of traffic carried on chain (a) so the amount of traffic lost from chain
(a) and not offered to another route is approximately M;,ss = M (b).—M (a).. The

amount of traffic offered to the next choice route is My, — Miss:.

This scheme can be generalised for networks which have chains with more than

two links, so we can use our procedure on networks with or without crankback.

3.9 Reservation Schemes.

To lessen the amount of traffic lost from a network it is sometimes useful to
introduce a system of circuit reservation. We are interested in networks with two
links per overflow chain, however the effects we describe will also occur in networks
in which the overflow chains have more than two links. When a large amount of
traffic is offered to a network and congestions are high, a lot of traffic overflows
from the direct first choice route and is offered to the overflow chains. A call using
an overflow route uses two links for the duration of that call instead of the one
link it would use if it was using the direct route. As a result of this, calls which
are offered to the links this call is using cannot get on, and these calls are either
lost or use another two link chain. Although the number of possible routes a call

may take increases the congestion increases.

A possible way to reduce this effect is to introduce a circuit reservation scheme.
A possible reservation system is one in which, when a certain percentage of circuits
on a link are busy, only calls using this link as a direct route can use the remaining
circuits. Any other calls trying to use one of these circuits are blocked on this
link and either use another route on this network or are completely lost from
the network. Unfortunately, this reservation scheme cannot be modelled by the

method desctibed in this chapter. However, a scheme which approximates this one
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can be implemented. This approximate scheme is to reserve a certain percentage
of the circuits in a link only for direct routed calls. All the other circuits in this
link can be used by any type of call and are called common circuits. Calls trying
to use a direct route try first to get on one of the common circuits and only if all
of these circuits are busy is the call then offered to the circuits reserved only for
direct calls. If these circuits are all busy the call is then offered to the overflow

routes. This situation is depicted in figure 3.9.

common

r2 X>

reserved

- Figure 3.9. A simple circuit reservation scheme.

This scheme can be incorporated very easily into the method which has been
described in this thesis by simply calling the reserved circuits a separate link. The
second choice route of any offered stream’s calls is this extra link and only direct

routed calls may ever use this link.

The difference between this scheme and that previously described is that only
a percentage of all the circuits in the links have to be busy for the first scheme to
start reserving circuits for direct calls. It is possible, using the second scheme, to
have more than this percentage of circuits occupied on the common plus reserved

circuits and still have an overflow call being carried on the reserved link. If only
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one circuit in the whole link is not occupied, and this is one of the common
circuits, then it can be used by a call overflowing from a previous chain. In the
first scheme this situation is not possible. These two reservation systems are so
similar in practice that the simulation results obtained for them are very close.
So, in the results in.the next chapter we will use this second reservation scheme
to approximate the results from the first reservation scheme, this first scheme is

currently favoured by Australian Telecom.

In this chapter a method for determining congestions in a telecommunications
network has been outlined. An explanation of the ideas has been given and some
of the problems associated with this method outlined. In the next chapter results

obtained using this method are compared to simulation results.
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CHAPTER 4
CONCLUSIONS

4.1 Results and Simulation.

If the procedure that we have developed is to be used for practical purposes it
must not take too much time to give the desired results. A very accurate program
which takes a prohibitively long time to give realistic results is not preferred to a
program which quickly gives reasonably accurate results. When dealing with real
networks, the values of the traffics offered to this network are only approximations
with the errors involved as high as ten percent. Any algorithm which gives results
with an accuracy less than about five percent is calculating the traffics to an
unnecessarily high accuracy. The errors that we would hope to achieve using this
procedure would be around the ten percent mark and yet we desire also to keep
the run time of the program as low as possible. If a change in our method could
lead to a program which takes a shorter time to run, even though the results may
not be as accurate, then this change should be made. Therefore, when we are
looking for ways of solving problems associated with this procedure we must keep
in mind that to be useful the techniques we use must not take too long to run. In
many cases we must use a technique or formula, even though we realise it is not

the most accurate, because it is simple and gives reasonably accurate results.

Especially for the heuristic procedures we are using, the traffic variance is not
as important as the traffic mean when calculating values of performance measures,
so we can tolerate larger errors in the variance than in the mean. To use formulae
which are more accurate would sometimes require added complexity and may only

give a slight improvement to the final results. It may be possible that some of the
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procedures that we have used in our algorithm could be improved to give more
accurate results without increasing the running time of the program substantially.
If this is the case then the system described in this thesis may, as these more
accurate techniques are developed, give better results. Thus the results shown
in this chapter may be taken as an upper bound on the accuracy which can be

achieved using the scheme described in chapter 3.

4.2 A Four Node Network

Before using our procedure to investigate properties of non-hierarchical net-
works, the accuracy of the results obtained from this procedure must be estab-
lished. Since the networks that we are using are very large and complicated no
simple analytical technique can be used to find results for these networks, it is
necessary to use simulation. Because all the arrivals to a network are assumed
to be Poisson and all the service times are assumed to be negative exponentially
distributed, a Markov Chain Simulator is used to approximate the behaviour of
these networks. In a Markov system the probability an event occurs is indepen-
dent of the history of this system. So a Markov Chain Simulator only needs to
record the state of the Markov system and so is much quicker than the stored

event simulators that would have to used if the system was non-Markovian.

A telecommunications network has been investigated to determine the accu-
racy of the procedure described in chapter 3. This network is shown in figure
4.1. Any stream of offered traffic from any node in the network to any other node
will firstly be offered to the direct chain composed of a single link. If this link is
blocked, the next route used is the two link chain whose first link is the first link
clockwise of the direc_t link. If this chain is blocked, the next route attempted is

the two link ~chain whose link is the first link clockwise of the last route’s first link
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Figure 4.1 A four node non-hierarchical telephone network which allows us

to investigate the results obtained for the method descibed in Chapter 3.

which is the only possible two link chain left that this call can take. For example,
a call from node 1 to node 2 will firstly attempt to get on the direct single link
chain which has n; circuits. If this link is blocked, the two link chain from node 1
to node 4 and then onto node 2 will then be attempted, since the link from node 1
to node 4 with 1, circuits is the first link out of node 1 clockwise of the link from
node 1 to node 2. If crankback is used all the calls overflowing from this route are
offered to the last remaining two link chain, that is the chain from node 1 to node

3 and then onto node 2. If crankback is not used then a call which does not get
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onto the second choice route because the link from node 1 to node 4 is blocked
will be offered to this final choice route. If the link from node 1 to node 4 is not
blocked and a call’s signal gets to node 4 then this call cannot be offered to the
final choice route. If the link from node 4 to node 2 is not blocked the call will
then be taken on this route, if it is blocked the call will be lost, whether or not

the last chain is available.

Simulation results for this network have been calculated to determine the
accuracy of the procedure described in this thesis and these results are shown in
tables (4.1) to (4.10). We are primarily interested in the traffics lost from these
networks although the procedure can also be used to determine the traffics carried
on the various routes in these systems. The results shown are the lost traffics
from the network. The offered traffic intensities from the origin node z to the
destination node j is given in the column headed “a;;”. For each of these offered
streams the total traffic lost as calculated by the procedure is given in the column
headed “procedure” and ninety five percent confidence intervals for the results
calculated using simulation are given in the “simulation” column. The total traffic
offered to the network, the total traffic which is lost from the network calculated
using the procedure and the total lost traffic calculated by simulation are all given
in the final row of the table. At the end of each table the average congestion
and the number of iterations required to get these results are displayed. For each
particular example of the four node network, results will be given, first of all for

the case when crankback is used and then for the case when crankback is not used.

A few things can be seen by looking at these results. The first thing to notice
is that in most cases the total lost call intensity for the procedure lies within the
confidence intervals for the total lost call intensity obtained by simulation. The

individual traffic loss intcnsitics, however, show a different picture. In table (4.1)
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only one of the procedure’s results lie within the corresponding lost call intensity
confidence interval. In this example the streams with a high number of lost calls
appear to be underestimated and those with a low lost call intensity appear to
be overestimated, thus the overall congestion appears to be close to the correct

result.

Comparing table (4.1) and table (4.2) we find that crankback reduces the
overall network congestion as we would expect. Unexpectedly, perhaps, table (4.3)
and table (4.4) indicate the opposite. The overall network performance decreases
slightly when crankback is introduced. A factor in these results is that the overall
network congestion for the case shown in table (4.1) and table (4.2) is considerably
lower than for the case shown in table (4.3) and table (4.4). Crankback is an
efficient way of reducing network congestion when this congestion is low. A call
cranked back is likely to find an alternate route under a low network congestion
situation. If the network congestion is high an alternate route is less likely to be
found so any benefit from crankback will be lessened. Moreover, in a heavy traffic
situation overflow calls using many links are more likely to get in the way of direct
calls on single links and so substantially decrease network performance. In fact
there may be no benefit from using crankback and possibly even a deterioration
in the network performance. Tables (4.5) to (4.8) show results for the network
when the circuit allocation vector is kept constant. The total arrival rate for the
case shown in tables (4.5) and (4.6) is higher than that shown in tables (4.7) and
(4.8). In both cases there is low congestion and so crankback does lower the overall
network congestion. However, when the overall congestion is higher the benefit
that crankback has on network performance diminishes, both in terms of the total
traffic lost and percentage of traffic lost. These results are tied in with the results

shown in tables (4.1) to (4.4).
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In tables (4.9) and (4.10) some results are shox;vn for the case when some
circuits are reserved for direct routed calls. We have reserved about ten percent of
the circuits on eack link in this network. Tables (4.3) and (4.4) show the results
for this case when there is no circuit reservation. Comparing these results we find
that the circuit reservation does in fact reduce the congestion on the network for
this case. The overall congestion on the network in this case is quite high. When
the congestion is not as high a reservation scheme will not reduce the congestion
as much. Notice also that the results using the procedure are slightly higher than
those from the simulation. This is because the reservation scheme used by the
simulation is slightly different from that used by the procedure as was mentioned
in chapter 3. The procedure’s reservation scheme comes into effect less often than

the simulation’s and hence does not reduce the congestion as much.

As well as reducing overall congestion we find that by including a circuit
reservation scheme, introducing crankback now reduces the network congestion.
Without circuit reservation crankback did not reduce the overall network conges-
tion when this congestion was high. Our results seem to indicate that crankback
will reduce network congestion when this congestion is both high and low if a
circuit reservation scheme is introduced. This is because under high congestion
conditions it is not desirable that calls will use alternate multi-link chains whereas
under low congestion conditions it is desirable that alternate chains are used. A
combination of crankback and circuit reservation will ensure the preferred network
behaviour under both high and low congestion situations. These results can be
seen by looking at both the simulation results and those obtained by using our

algorithm.
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4.3 Final Conclusions.

It has been shown in this part of the thesis how a method for determining end-
to-end congestions in a non-hierarchical telecommunications network was created.
The reasoning behind some of the ideas used to create an accurate method has been
shown. The aim was to make the method as accurate as possible while preserving
speed of execution. As a result problems arose which, as yet, are not completely
resolved. However, the method is fairly stable and fast and gives reasonable results
under both high and low congestions for the networks analysed. When much larger
networks are used errors can creep in due to some numerical problems. These are
tied in with some of the heuristic procedures that are used in the algorithm. The
algorithm tends to give the correct result for the overall congestion but not for
the individual arrival stream congestions. This would appear to indicate that our
methods for determining the traffics lost on the chains work reasonably well but

our splitting formulae do not.

Unless some of these problems can be solved, our algorithm can not be ex-
pected to give more accurate results than those presented in this chapter. These
problems are fairly difficult and no solution so far attempted has been entirely
satisfactory. It remains to be seen if any satisfactory solution can be discovered in

the future.
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Results for the 4 node network when the circuit allocation vector used is

N=(9,11,20,8,5,13,15,4,51,29,13,34).

i ] A procedure simulation
1 2 5.0 0.150 (0.139,0.151)
1 3 15.0 0.294 (0.299,0.329)
1 4 7.0 0.172 (0.175,0.197)
2 1 4.0 0.115 (0.096,0.103)
2 3 8.0 0.161 (0.139,0.153)
2 4 2.0 0.093 (0.049,0.053)
3 1 23.0 0.299 (0.343,0.366)
3 2 8.0 0.154 (0.124,0.131)
3 4 28.0 0.403 (0.417,0.502)
4 1 10.0 0.262 (0.221,0.237)
4 2 1.0 0.063 (0.022,0.029)
4 3 45.0 0.704 (0.774,0.909)

156.0 2.871 (2.798,3.162)

Table (4.1) Crankback The number of iterations taken was 6 and the

average calculated network congestion was 1.8 percent.

1 ] ai; procedure simulation
il 2 5.0 0.175 (0.193,0.202)
il 3 15.0 0.330 (0.351,0.371)
il 4 7.0 0.197 (0.232,0.263)
2 1 4.0 0.119 (0.112,0.132)
2 3 8.0 0.167 (0.147,0.165)
2 4 2.0 0.087 (0.063,0.070)
3 1 23.0 0.410 (0.478,0.546)
3 2 8.0 0.157 (0.126,0.151)
3 4 28.0 0.445 (0.457,0.490)
4 1 10.0 0.289 (0.263,0.292)
4 2 1.0 0.062 (0.037,0.042)
4 3 45.0 0.790 (0.815,0.868)

156.0 3.228 (3.274,3.592)

Table (4.2) No Crankback The number of iterations taken was 3 and

the total network congestion was 2.1 percent.
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Results for the 4 node network when the circuit allocation vector used is

N=(8,10,18,7,4,11,13,3,46,26,11,30).

1 ] G procedure simulation

1 2 5.0 0.611 (0.602,0.648)
1 3 15.0 1.100 (1.181,1.281)
1 4 7.0 0.690 (0.723,0.787)
2 1 4.0 0.512 (0.478,0.511)
2 3 8.0 1.019 (0.764,0.796)
2 4 2.0 0.428 (0.251,0.272)
3 1 23.0 1.556 (1.728,1.769)
3 2 8.0 1.059 (0.741,0.738)
3 4 28.0 2.689 (1.990,2.149)
4 il 10.0 1.106 (1.033,1.080)
4 2 1.0 0.258 (0.134,0.144)
4 3 45.0 2.461 (3.480,3.580)

' 156.0 13.498 (13.105,13.775)

Table (4.3) Crankback The number of iterations taken was 4 and the

total network congestion was 8.6 percent.

1 ] aij procedure simulation
1 2 5.0 0.682 (0.675,0.744)
1 3 15.0 1.095 (1.189,1.250)
1 4 7.0 0.746 (0.790,0.859)
2 1 4.0 0.535 (0.505,0.556)
2 3 8.0 0.991 (0.683,0.735)
2 4 2.0 0.389 (0.248,0.275)
3 1 23.0 1.655 (1.897,2.001)
3 2 8.0 0.988 (0.659,0.708)
3 4 28.0 2.591 (1.599,1.793)
4 1 10.0 1.044 (0.972,1.114)
4 2 1.0 0.255 (0.142,0.174)
4 3 45.0 2.427 (2.857,3.281)
156.0 13.398 (12.216,13.492)

Table (4.4) No Crankback The number of iterations taken was 4 and the

total network congestion was 8.6 percent.
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Results for the 4 node network when the circuit allocation vector ﬁsed 1s

N=(14,17,20,12,10,13,15,9,31,19,13,24).

i ] Qs procedure simulation
1 2 9.0 0.343  (0.356,0.393)
1 3 16.0 0.315 (0.293,0.373)
1 4 12.0 0.505 (0.420,0.502)
2 1 7.0 0.485 (0.439,0.509)
2 3 10.0 0.403  (0.324,0.386)
2 4 7.0 0.438 (0.377,0.436)
3 1 18.0 1.506 (1.034,1.126)
3 2 8.0 0.512 (0.384,0.458)
3 4 20.0 0.863 (0.885,0.966)
4 | 10.0 0.345 (0.344,0.397)
4 2 7.0 0.179  (0.194,0.246)
4 3 18.0 0.036 (0.039,0.063)

142.0 5.930 (5.089,5.855)

Table (4.5) Crankback The number of iterations taken was 4 and the

total network congestion was 4.2 percent.

1 ] il procedure simulation
i 2 9.0 0.382 (0.445,0.526)
1 3 16.0 0.526 (0.479,0.609)
il 4 12.0 0.526 (0.474,0.579)
2 1 7.0 0.522 (0.410,0.467)
2 3 10.0 0.454 (0.396,0.463)
2 4 7.0 0.440 (0.368,0.415)
3 1 18.0 1.629 (1.233,1.336)
3 2 8.0 0.417 (0.292,0.351)
3 4 20.0 0.739 (0.655,0.750)
4 1 10.0 0.391 (0.335,0.394)
4 2 7.0 0.314 (0.346,0.404)
4 3 18.0 0.023 (0.020,0.037)

142.0 6.363 (5.453,6.331)

Table (4.6) No Crankback The number of iterations taken was 6 and the

total network congestion was 4.5 percent.
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Results for the 4 node network when the circuit allocation vector used 1is

N=(14,17,20,12,10,13,15,9,31,19,13,24).

1 ] @ procedure simulation
il 2 9.0 0.088 (0.123,0.156)
1 3 11.0 0.003 (0.001,0.005)
il 4 8.0 0.013 (0.008,0.022)
2 1 7.0 0.208 (0.174,0.218)
2 3 8.0 0.030 (0.013,0.033)
2 4 5.0 0.046 (0.031,0.049)
3 1 18.0 1.410 (0.846,1.006)
3 2 8.0 0.439 (0.358,0.395)
3 4 20.0 0.341 (0.443,0.543)
4 1 10.0 0.189 (0.286,0.356)
4 2 7.0 0.160 (0.182,0.205)
4 3 15.0 0.004 (0.001,0.005)

126.0 2.931 (2.466,2.993)

Table (4.7) Crankback The number of iterations taken was 4 and the

total network congestion was 2.3 percent.

1 ] @55 procedure simulation
1 2 9.0 0.224 (0.260,0.324)
1 3 11.0 0.007 (0.006,0.012)
1 4 8.0 0.017 (0.015,0.024)
2 i 7.0 0.276 (0.236,0.271)
2 3 8.0 0.031 (0.018,0.029)
2 4 5.0 0.045 (0.030,0.042)
3 il 18.0 1.567 (1.032,1.115)
3 2 8.0 0.412 (0.277,0.335)
3 4 20.0 0.314 (0.343,0.419)
4 1 10.0 0.383 (0.313,0.353)
4 2 7.0 0.244 (0.247,0.281)
4 3 15.0 0.003 (0.001,0.003)

126.0 3.523 (2.778,3.208)

Table (4.8) No crankback The number of iterations taken was 5 and the

total network congestion was 2.8 percent.
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Results for the 4 node network when the circuit allocation vector used is
N=(8,10,18,7,4,11,13,3,46,26,11,30) and the number of reserved circuits are given
by the vector NR=(1,1,2,1,1,1,1,1,5,3,1,3).

1 ] i procedure simulation
1 2 5.0 0.372 (0.319,0.361)
1 5 15.0 1.292 (1.225,1.281)
1 4 7.0 0.488 (0.478,0.501)
2 il 4.0 0.297 (0.253,0.289)
2 3 8.0 0.603 (0.656,0.692)
2 4 2.0 0.231 (0.148,0.156)
3 i 23.0 1.545 (1.292,1.329)
3 2 8.0 0.664 (0.638,0.694)
3 4 28.0 2.144 (1.887,2.028)
4 1 10.0 0.884 (1.060,1.114)
4 2 1.0 0.112 (0.062,0.075)
4 S 45.0 3.420 (3.115,3.236)
156.0 11.992 (11.365,11.220)

Table (4.9) Crankback The number of iterations taken was 4 and the

total network congestion was 7.3 percent.

1 ] ;s procedure simulation
1 2 5.0 0.381 (0.365,0.391)
1 3 15.0 1.278 (1.175,1.236)
1 4 7.0 0.482 (0.420,0.455)
2 1 4.0 0.303 (0.230,0.268)
2 3 8.0 0.621 (0.662,0.671)
2 4 2.0 0.236 (0.182,0.189)
3 1 23.0 1.440 (1.302,1.352)
3 2 8.0 0.651 (0.626,0.700)
3 4 28.0 2.246 (2.181,2.325)
4 1 10.0 1.135 (1.058,1.126)
4 2 1.0 0.089 (0.060,0.074)
4 3 45.0 3.452 (3.226,3.331)
156.0 12.096 (11.705,11.901)

Table (4.10) No Crankback The number of iterations taken was 4 and

the total network coﬁgestion was 7.6 percent.
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CHAPTER 5
INTRODUCTION TO SENSITIVITY BOUNDS.

In this second part of the thesis, a way of determining sensitivity bounds for
certain performance measures of some simple Generalised Semi-Markov Processes
(GSMPs) will be presented. This method shall be applied to a number of examples
of GSMPs and some interesting numeric and analytic results will be obtained. One

of these results will be an analytic proof of an upper bound for the time congestion

in the GI/M /n/n loss system.

Roughly speaking, a GSMP is a process whose states comprise sets of lifetimes
which may be negative exponentially distributed or generally distributed. If all
the lifetimes are negative exponentially distributed we would, of course, just have
a Markov Process. Whenever a lifetime ends, be it from a negative exponential
distribution or a general distribution, other lifetimes may be started depending on
the state of the process at that time. Only one lifetime may end at any one time
thus restricting the set of states that the process can move to when a lifetime ends.

Many queueing systems can be represented within the framework of a GSMP.

A GSMP is insensitive if its steady state distribution depends only on the
mean of the generally distributed lifetimes involved. Thus, in an insensitive GSMP
the steady state distribution remains unchanged when a general distribution is
allowed to range over a set of distributions with a fixed mean. There is an exten-
sive literature which discusses criteria for a GSMP or other similar structures to
be insensitive (see, for example, Konig and Jansen (1974), Schassberger (1977),
(1978a) and (1978b), Kelly (1976), Franken et al. (1982), Burman (1981), Hen-
derson (1983), Whittle (1985) and (1986), and Taylor (1988)).
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There are, perhaps surprisingly, many GSMPs which turn out to be insensi-
tive, including the Erlang loss system, the infinite server queue and many queueing
network models. (See Baskett et al (1975), Chandy, Howard and Towsley (1977),
Kelly (1979), Hordijk and van Dijk (1983a) and (1983b), and Chandy and Martin
(1983) ). However there are also many simple GSMPs which are not insensitive,
including the GI/M /n/n loss system. This is so since the partial balance criterion
for a GSMP cannot be satisfied when an arrival process is generally distributed.
If a GSMP is not insensitive then the value of the steady state probabilities of
the system do depend on the actual form that the generally distributed lifetimes
take, not only on their mean. So, in a non insensitive GSMP there must exist at
least two different lifetime distributions with a fixed mean value which give rise to
different steady state probability distributions. The supremum and infimum of a
performance measure as the lifetime distribution range over the set of distributions

with fixed mean form the sensitivity bounds for that performance measure.

Briefly, the question which we will try to answer in this part of the thesis
is : “Given a GSMP with only one generally distributed lifetime, how much do
the steady state probabilities vary as the distribution of the general lifetime varies

over the set of distributions with a given mean?”

The problem of bounding various performance measures in queueing systems
is an important practical problem. Finding an upper bound on measures such
as the congestion in a loss system or the queue length in a queueing system will
help in designing networks of queues. Two methods for obtaining bounds for
certain performance measures in queues with generally distributed lifetimes will
be mentioned. Some of the techniques used by these methods will be used later

in this thesis.
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The first of these methods has been studied recently by van Dijk (1987),
van Dijk, Walrand and Tsoucas (1987), Hordijk and Ridder (1988) and Ridder
(1987). Their methods involve the comparison of queues with other queues which
are known to be insensitive, thus providing maximum and minimum values for
performance measures associated with the insensitive queues. An example of a
queue that these methods can be applied to is the M /G /c/n queueing system, that
is a queue with ¢ servers and n — ¢ waiting places, Poisson arrivals and a common
generally distributed service time. Van Dijk, Walrand and Tsoucas (1987) have
proved that the call congestion in the M/G/c/n queue is bounded above by the
call congestion of the M /G /c/c queue and bounded below by the call congestion of
the M/G/n/n queue. Since the M/G/j/j queue is just the Erlang system with j
servers, which is known to be insensitive, these two bounds can be easily calculated
using the Erlang loss formula. This type of approach when used to find bounds
on performance measures in certain queues can yield some very quick and useful

results.

- Another method of bounding certain performance measures in queues uses
the Laplace-Stieltjes transforms of the generally distributed lifetimes probabil-
ity distribution function. Several performance measures in queueing systems can
be expressed in terms of these Laplace-Stieltjes transforms. Bounds on such
performance‘ measures can be found by finding bounds for the Laplace-Stieltjes
transforms of the probability distribution functions. Establishing such bounds is
achieved by using the theory of complete Tchebycheff systems. (See Krein and
Nudel’'man (1977)). Examples of these types of results can be found in Eckberg
(1977) and Whitt (1984).

In Eckberg (1977), constraints on the Laplace-Stieltjes transforms of a proba-

bility distribution function are obtained when various characteristics of this distri-
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bution are stipulated. 'i‘hese constraints are then used to find bounds on various
performance measures of queues if these performance measures can be found in
terms of the Laplace-Stieltjes transforms. A simple example of a queueing system
for which this technique is used is the GI/M/1/1 queueing system. For this system
the call congestion is given by ¢(1/a) where a is the mean call arrival intensity
and ¢(s) is the Laplace-Stieltjes transform of the call arrival distribution function.
The maximum and minimum possible values of the Laplace-Stieltjes transform of
the distribution function will directly give bounds on the call congestion in this
queue. These results can be extended by specifying more characteristics of the
call arrival distribution function. For example, the variance of the distribution
function may be specified, further parameter constraints may also be added and
the bound corresponding to a distribution function with these characteristics can
be found. The addition of more parameters, however, can make the form of these

bounds very messy.

In Whitt (1984), methods using complete Tchebycheff systems have been
used to investigate how much information about a distribution is contained in the
moments of that distribution. Whitt has focused on the mean queue length of
the GI/M/1 queue. The mean queue length of the GI/M/1 queue is given by
p/(1 — o) where o satisfies the equation o = ¢[u(1 — o)] with p the mean service
rate, 4 the mean inter-call arrival time and ¢(s) the Laplace-Stieltjes transform of
the call inter-arrival distribution. The maximum mean queue length occurs when
o is maximised, this occurs when an upper bound on ¢(s) is used. Bounds on the
mean queue length of the GI/M/1 queue are found given the first two moments of
the inter-arrival time distribution and the mean service rates. These results show
the range of possible values that the mean queue length may take if a two moment

model is used to approximate a queueing system. The distributions that achieved
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these bounds are unusual in that they are discrete probability distributions with
positive probability at just two points. In Klincewicz and Whitt (1984), sharper
bounds on the mean queue length were obtained by introducing further constraints
on the probability distribution function. These constraints were introduced so
that no distribution function with peculiar properties would be considered, the
bounds so obtained would be expected to have more practical importance. The
motivation behind Whitt’s work was the investigation of the congestion in non-
Markovian networks. If any stream offered to a node is represented as a renewal
stream characterised by its first two moments then bounds on the congestion at

this node can be found by applying the techniques briefly described above.

In Chapter 6 of this thesis a method for ﬁnding sensitivity bounds on certain
performance measures of GSMPs with a single generally distributed lifetime will be
introduced. This method will involve solving a non-linear optimisation problem
where the variables are the Laplace-Stieltjes transforms of the general lifetime
distribution at certain points. Constraints on these variables will be obtained by
using the fact that a probability distribution is completely monotone. This method
will be applied to certain simple queueing systems and some interesting numerical

and analytic results will be obtained.

In Chapter 7 bounds on the time congestion in the GI/M/n/n queueing
system will be presented. A proof of this result for the case when n = 2 will be
given. A general proof of this result is long and complicated and appears 1n the

appendix. These sensitivity bounds are then discussed.

In Chapter 8, the conclusion, the results presented in this part of the thesis will
be summarised. There are many ways that this method of determining bounds

in a GSMP can be extended and improved which are beyond the scope of this
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thesis. These possible extensions will be mentioned briefly and hopefully can be

investigated in the near future.
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CHAPTER 6
DETERMINING SENSITIVITY BOUNDS
6.1 The Model

The model described in this chapter is due to Whittle (1985), with slight
modifications as made in Taylor (1988). Schassberger (1985) showed that the
standard GSMP framework is essentially equivalent to Whittle’s model. Whittle’s
model will be used since we find it a simpler system than the standard GSMP

model.

Take an irreducible Markov process M on a finite set H and let A be a subset
of H. Let the process have transition rates ¢(z,z') from state z to state z'. If z
and 2’ are both in A, transitions between them can be of two types, those which
can be regarded as leaving A and immediately returning, and those which occur
within A, with rates ¢¥(z,z') and ¢f(z, 2') respectively. Thus the total transition

rate between two such states is ¢(z, ') = ¢¥(=z,2") + ¢ (z,z").

" The sojourn time in A can be considered to be a random variable with unit
mean. When the current state is £ € A this random variable is worked off at rate
c(z,A) = > ea qF(z,2") + ¥ prcae 4(z,2") where A° = H\A. Processes where
¢(z, A) can be zero for some states @ can be treated by a suitable modification to
our method (see Taylor (1988) ) but, for the sake of simplicity, we assume that
c(z,A) > 0.

The process M can be modified so that it has an arbitrarily distributed so-

journ time in A according to the following rules:

1) On jumpine into A (either from A€ or by an external transition) the process
J ping y p

is assigned a nominal sojourn time from a general distribution G(.) with unit
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mean. When the process is in a particular state z € A this sojourn time is

worked off at rate ¢(z, 4).

(2) Until the nominal sojourn time is worked off transitions occur between states

z and 2’ in A at rate ¢/(z,2").

(3) When the sojourn time is complete the process must immediately jump out
of A and it is then assigned to z' with probability ¢(z, z')/c(z, A) for 2’ € A°
or ¢Z(z,2")/c(z, A) for «' € A. If the process is transferred to z' in A a new

sojourn time is selected.

Kuczura (1973) introduced the concept of a piecewise Markov process and
used it to model queues with general arrival streams. Because it has only one
generally distributed lifetime the model described above is similar to a piecewise
Markov process, but covers more cases because the general lifetime may not always
be alive and, even if it is alive, can be worked off at a speed dependent on the

current state of the process.

In the following analysis we use the method of supplementary variables to
analyse the process M, adding a supplementary variable for spent sojourn time
in A. Miyazawa (1988) has discussed conditions under which the Kolmogorov
differential equations ((6.3) below) characterise the stationary distribution of such
a process supplemented with a variable denoting residual sojourn time. However,
because we use spent sojourn time we make the a priors assumption that a unique
supplemented stationary distribution exists, so that it must satisfy the appropriate

Kolmogorov differential equations.

We will need to introduce a partitioning of the transition probability matrix
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for the Markov process M. Hence we write @ = [¢(z, z')] as

(QE +Q1-C Quue )
QACA QACAE

where
o(z,2" o4
Q.)z,s = (z,z' not both in A4),
—2end(z,z) =21

(1] e T e )
r,z! = CC,IE’ S i
—EZeAqI(:c,z) z==z'

[Q%)ze = ¢ (2,2 (z,2' € 4),

0 T#a
[Cla,er = (z,a' € A)
e(z,4) z=qa
and we define
Q1 =Q'

and

Qr=-C+QF - [Qaac(Qaens) ' Qaeca -

(6.1)

(6.2)

The invertibility of Q 4. 4. follows from the irreducibility of M (see Taylor 1987).

Let p,(y, G) be the stationary probability density that the process is in state «

with a spent lifetime y for z € A when the general lifetime is distributed according

to G(.). Define P(y,G) = (p.(v,G), z € A) as the vector containing these densities

and P(G)ae = (ps,x € A°) as the vector containing the stationary probabilities

that the process is in state z for z € A°. Then it is shown in Taylor (1987) that
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P(y, G) and P(G)4- satisfy
P(G)arQene + [ Pl GIA1AYQ a0 = 0
MR 6) + £ P,6)| €~ P, 6@ =0 (6.3
P@OaQuat [ P, GIM)Q" = P(0,G)C

where h(y) is the hazard function associated with the distribution G(.).

By some elementary manipulations on equations (6.3) it is easy to show that

they can be rewritten as

[h(wP(y, &)+ 5P, G)} ¢ = P(y,6): (6.4)
/ T Pw,6)d + [ " Py, G)h(y)dyQs = 0 (6.48)
_/ooo P(y, A(Y)dyQ 44 (Q pe pc) ™ = P(G) ac (6.4c)

where Q1 and Q2 are given by (6.1) and (6.2).

It is shown in Taylor (1987) that zero is an eigenvalue of Q) C~! and that
all-other eigenvalues have negative real parts. In the argument below we assume,
for simplicity, that @;C~! has n distinct real eigenvalues 0 = —ag > —a; >

. > —an_1 with corresponding left eigenvectors w;. If this is not the case the
argument can be suitably modified. An example of a queueing system when the

cigenvalues are not distinct is analysed later in this chapter.

The differential equation in (6.4a) has solution

P(y,G) = 2_: AP e [1 - G(y)] wi (6.5)

1=0

where the constants AgG) depend on G(.) because (6.4b) depends on G(.). From

(6.5) we get
o5 . @ n—1 (G') N .
/0 Py, G)dy = AP wo + ; — [1 = G(a,t)} W (6.6)
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and

0o n—1
| P ©hwdy = 47 w0 + 3 A Glacyw (6.7)
0

=1
where @(a,-) = fooo e~ *¥dG(y), the Laplace-Stieltjes transform of the generally
distributed lifetime’s probability distribution function at «;. Substituting (6.6)
and (6.7) into (6.4b) gives

A(G)

A(G)w + Z [1 — @(ai)] w;| Q1+

A wo + nf Agc)@(ai)wi} Q; = 0.

= (6.8)
The constants AEG) are determined up to a constant multiple by (6.8). This con-
stant multiple can be evaluated by substituting (6.6) and (6.7) into the normalising

condition

/0 P(y,G)dye —A P(y, G)h(y)dyQaac(Qacac) e =1

(where e represents a column of ones of appropriate dimension) to get

(G) A(G)

é(a,-)] Wi] e

n—1
= A(()G)WO + Z AEG)@(%)W’} Qanc(Queac) e =

=1
For a process with C = I the product w;e =0,¥i =1,...,n— 1 and so (6.9) can

be reduced to

n—1
APwpe — | AP wo + > A9 G(an)

1=1

Qane(Qaeac)le=1 (6.10)

Thus the stationary distribution of the process is determined by equations (6.8)
together with (6.9) or (6.10).
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6.2. A Method for Deriving Bounds on. Sensitivity.

Equations (6.8) and (6.9) form a system of non-linear equations that must be
satisfied by the variables AEG)’S and @(a,-)’s in order that these variables corre-
spond to a GSMP, with () matrix as described in the above section. These con-
straints, together with some extra ones derived below, will form the constraints
of a non-linear optimisation problem. The objective function of this problem is
a performance measure of the GSMP, given by a combination of the elements of
the vector P(y, G). By solving this non-linear optimisation problem, bounds on a

performance measure of this GSMP will be established.

In most cases the precise values of the @(ai) will not be known. In fact in
many cases the only characteristic of the general distribution that is known will
be its mean, and so it is of interest to determine the maximum variation that is
possible assuming that the mean of G(.) is fixed. As in section 6.1 we can, without
loss of generality, take G(.) to have unit mean and incorporate any variation into

the speeds at which the lifetime is worked off.

Let G = {G(.) : [°ydG(y) = 1} and H(G) = F(J;" P(y, G)dy, P(G)ac)
be a bounded function of the stationary distribution of the process when the

general lifetime is distributed according to G(.) € G. Then we wish to find the
supgeg H(G) and infgeg H(G).

If H(G) is taken to be [fooo P(y, G)dy]; then optimising the value of H(G) is
equivalent to finding the maximum and minimum possible values of the station-
ary probability that the process is in state j. In practical situations we may be
interested in this for some particular j to obtain, for example, bounds on the loss
probability of a queue or on the probability of emptiness of the system. However,

more complicated functions H(G) are possible.
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QOur approach will be to treat the constants AEG) and the values of X; = @(ai)
as variables in a non-linear constrained optimisation problem. It follows from

Jensen’s inequality that the X; have to satisfy the inequality constraints
e <X; 1=1,..,n (6.11)

and from the fact that Xy, = 1 and @'(a) < 0V a >0 (see Feller (1966), p. 415)
that

Xi<1l i=1,..,n (6.12)

and the X;’s and the A;’s satisfy the equality constraints (6.8) and (6.9). In fact it
is shown in Pearce (1978) that equality holds in (6.11) only if G(.) is deterministic
with unit mean. This result can also be obtained by using the method of complete
Tchebycheff systems. It is also possible to make @'(a) arbitrarily close to 1, still
preserving the unit mean of G(.) by defining G(.) by
l—e 0<y<

G(.) = (6.13)
1 y> =

o[-

for sufficiently small e.

If we were to try to formulate a non-linear program based on what has been
presented so far we would find the results obtained of little practical use. This
is because we have not introduced any constraints on the variables X; to ensure
that they at least resemble values of Laplace-Stieltjes transforms we would expect
to get from a probability distribution. These constraints would set bounds on the
value of Laplace-Stieltjes transform, X,,, in terms of the values of the previous
Laplace-Stieltjes transforms, X;,i < m. The use of complete Tchebycheff systems
would enable us to get exact bounds on X,, given that G(.) has unit mean and

that X; is fixed for 1 < m. However, the constraints that are given by the use of
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complete Tchebycheff systems can become very complicated and necessitates the

introduction of extra variables.

One way to get reasonable constraints in some problems which are not too
complicated is to use the fact that a(a) is completely monotone (see Feller (1966)).
If we know the value of é(ﬂ) for some 0 < < a we can obtain tighter bounds on

@(a) than given in (6.11) and (6.12). This follows from the following lemma.

Lemma 6.1

Let 0 < a1 < g < a3 and suppose that X; = @(al) and Xy = (3’(012). Then
Xo(az —aq)+ Xi(a2 — a3)

Q2 — Qg

< G(az) < X;. (6.14)

Proof

The right hand inequality is an easy consequence of the fact that é(a) is
decreasing. For the left hand ineqality we use the fact that @(a) is completely

monotone (see Feller (1966) ). In particular G"(a) > 0 for a > 0. Thus

B(c) = G (wal N 2—_0“&3)

Qa3 — a1 O3 — Gy

(a7 _— —~ —_ o~
< B2 8a) + 22 8(as)
Q3 — a1 Q3 — a1
~ oy — oy —
= G(Oz;;) > i Xo + -2—£X1
Qg — Q1 g —

Theorem 6.1

The supremum of H(G) as G(.) ranges over G is less than or equal to the

solution of the constrained optimisation problem P*, in the variables A4;, = =
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0,...,n—1and X;, 1=1,...,n —1 defined by

n—1 n—1
A; _
max F' (Aowo + Z - 1 —X;]w;, |Aowo + Z A,-X,-w,-jl Qanc(Q pcac) 1>
i=1 i=1
(6.16)
subject to the constraints
e <X;<1,i=1,..,n—1, (6.17a)
X _
TN oy <x, (6.170)
aj
Xi(oir —ai—1) + Xioa (o — g :
(@i —ai)+ Xia(@imain) oy O xipr1cicn—2, (6170
a; — Oy
n—1 A n—1
Agwo + z; E_ [1—X;)wi| Q1+ |Agwo + 2 A,-X,-w,-] Q=0  (6.18)
1= 1=
and
n—1 A n—1
Aogwo + Z; a_: [ - Xi] Wi:| e— | Aowo + z_; AiXiWi:| Qaac(Quesc)te=1.

(6.19)

Proof

By Lemma 6.1 the values of é(ai) as G ranges over § must satisfy the in-
equalities (6.17) and by the discussion in this chapter the constants A; must satisfy
the equality constraints (6.18) and (6.19). Thus H(G) is less than or equal to the

solution of P*. N

75



6.3. Some simple examples.

The non-linear optimisation problem given in Theorem 6.1 can be solved
analytically for some simple problems. However, numerical results are all that
can be expected in large, complicated systems. A computer program to obtain
results for the above problem has been written and results obtained. The program,
written in Fortran and using NAG routines is straightforward. The only point to
note is that convergence to a feasible solution is guaranteed when the initial point
is chosen to be feasible. This point can be found by setting the X;’s equal to some
values which satisfy (6.17) (for example X; = 1.0 for all 2 or X; = e~%' for all
i) and then finding the corresponding A;’s by solving the linear equations that
result from substituting these values of X; in (6.18) and (6.19). In fact it turns
out that in many cases the supremum occurs at one of the possibilities for the X;’s

suggested above.

We have not been able to show, in general, that the local maximum obtained
from the constrained optimisation problem P* is also a global maximum. However,
for any problem which we have treated analytically the local maximum obtained
does in fact turn out to be a global maximum. Also, we have varied the starting
points for the problems which we have solved numerically and found that the the
same solution is obtained, thus indicating that this solution is probably the global
maximum.

6.3(a) The Hyp/G/1/1 system.

Using the above method we can get analytic results for small simple systems.
An example of one of these systems is the Hyp/G/1/1 system in which arrivals with
a hyperexponential distribution are offered to a single general service queue with

service rate u. The hyperexponential distribution is often used to model “bursty”
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traffic, when the mean to variance ratio of the arrival stream distribution is larger
than one. The distribution function for the hyperexponential function with n

separate arrival phases is
F(t) =

where

2": 7, = 1.0.
k=1

The parameter Ay is the rate at which the arrival lifetime is worked off in
phase k and 7, is the probability that a new arrival will enter phase k. We use a
phase interpretation for the state space, defining the process to be in state (k,7)
when the arrival process is in phase k, k = 1,...,n, and there are j customers in
the system, j = (0,1). The time congestion is then given by

n

H(G) =} w(k,1)(G)

k=1
where the m(k, j)(G)’s are the stationary distributions of the process being in state

(k,7) when the service distribution is G(.).

For the case when n = 2 we can obtain analytic results for the sensitivity
bounds for this system using the scheme described in this paper. This is done
in Taylor and Henderson (1988), where the problem of finding the maximum or
minimum time congestion in a Hyp/G/1/1 system when there are two arrival
phases is shown to reduce to

/\1)\3&'
e + Mg — (N — Ag)2myma(Xy — 1)

(maz/min)

where
o = (/\17r2 + )\27‘(’1)
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such that

e @ S X1 < 1.0.

The maximum time congestion obviously occurs when X; = 1.0 and is equal to

A1y
i1e + )\1 /\2 '

This corresponds to the service distribution described by (6.13). The minimum

«

time congestion occurs when X; = e~ % and this corresponds to the deterministic

service distribution as described earlier in this chapter.

)\1 )\2 Max. Min.
1.0 1.0 0.5 0.5
2.0 0.6667 0.5 0.4218
5.0 0.5556 0.5 0.3846
10.0 0.5263 0.5 0.3564
1000.0 0.5003 0.5 0.3336

Table(6.1). The sensitivity bounds on the time congestion for the
Hyp/G/1/1 queueing system with two phases, my = m, = 0.5 and an overall arrival

rate of 1.0.

Table (6.1) and table (6.2) show two sets of numerical results obtained from
the program. In both cases the general service rate 1s 1.0 and the arrival rates are
chosen so that the overall arrival rate offered to the queue is 1.0. In the first case,
the phase transition probabilities are the same, that is 7 = 7, = 0.5, and in the
second case the phase transition probabilities 73 = 0.9 and m; = 0.1 have been
chosen. The numerical results obtained from the program correspond, as expected,
to the analytic results. Figure 6.1 and figure 6.2 display these results. Note that

in the graphs the maximum and minimum time congestions are the same when
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A Ao Max. Min.
0.9009 100.0 0.6410 0.4762
0.9184 5.0 0.6081 0.5168
0.9310 3.0 0.5870 0.5344

1.0 1.0 0.5 0.5

1.05 0.7 0.4565 0.4508

1.8 0.2 0.2657 0.2024
9.9 0.11 0.1800 0.1012
90.9 0.101 0.1679 0.0918

Table (6.2).  The sensitivity bounds on the time congestion for the
Hyp/G/1/1 quéueing system with two phases, m; = 0.9 and m = 0.1 and an

overall arrival rate of 1.0.

A1 = A2 = 1.0. This is not surprising since in this case the hyperexponential input
is equivalent to a single Poisson arrival stream with an arrival rate of 1.0. It 1s
well known that a M/G/1/1 queue is insensitive. Also note that even though the
method only gives an upper and lower bound for the time congestion, in this case

the actual bounds are obtained.

When there are more than two arrival phases analytic results are much harder
to obtain. In many cases only numerical results can be obtained. Table (6.3)
gives some numerical results for the Hyp/G/1/1 system for a varying number of
arrival phases. For these results a hyperexponential stream with n separate arrival
phases is offered to a single general server queue with phase arrival rates equal to

1,2,3,...,n respectively and m; =1/n fori =1,...,n.

6.3(b) The M/GM/n/n system.

Another queueing system that can be investigated using the above method

is one in which a Poisson arrival stream is offered initially to a server which has

79



1.0+

0.5+
Time o \

congestion.

1.0 4.0 7.0 10.0

Figure 6.1.  The sensitivity bounds on the time congestion for the
Hyp/G/1/1 queueing system with two phases, 71 = w3 = 0.5 and an overall arrival

rate of 1.0.

a general service distribution but if that server is busy the customer will then be
offered to n —1 negative exponential servers, all having service rates 1.0. A system
similar to this one with all servers having the same general service distribution
was investigated by van Dijk (1987). However, the requirement of our model that
there is only a single generally distributed lifetime necessitate the modification to

exponentially distributed overflow servers. Numerical results for the time conges-

80



0.5+
Time I
congestion.
0 l | T | l | |
1.0 2.0 3.0 4
A1
Figure 6.2.  The sensitivity bounds on the time congestion for the

Hyp/G/1/1 queueing system with two phases, 7y = 0.9 and 7, = 0.1 and an

overall arrival rate of 1.0.

tion when the arrival rate is 4.0 are shown in table (6.4) and graphical results are
shown in figure 6.3. Numerical results when the single general server is replaced
by a negative exponential server are also shown. In this case the results can be
calculated analytically as the system is just an M /M /n/n system. The numerical

and graphical results show that the calculated maximum and minimum valucs for
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7 Max. Min.
1 0.5 0.5
2 0.571 0.551
3 0.6206 0.5828
4 0.6575 0.6052
) 0.6865 0.6221
6 0.7101 0.6356
7 0.7297 0.6467
8 0.7464 0.6560
9 0.7608 0.6640
10 0.7735 0.6711
11 0.7846 0.6772

Table (6.3).  The sensitivity bounds on the time congestion for the

Hyp/G/1/1 queueing system with n phases, A; =1 and m; = 1/n.

the time congestion do in fact straddle the values obtained when the general server
is replaced by a server with a negative exponential distribution. When n = 1, the
three values are the same as at this point the system is insensitive. As n gets very
large, the three values all converge to zero as would be expected. For this queue-
ing system there exists a very simple way of getting an upper bound on the time
congestion using similar techniques to those used by van Dijk and others described
in chapter 5. If the general server in the M/GM/n/n queue is removed we get an
M/M/n—1/n—1 queue. The time congestion for this queue is obviously less than
that for the M /GM /n/n queue so a simple upper bound on the time congestion in
the M /GM /n/n queue is just the time congestion in the Erlang system with n—1
servers. This result is easily calculated. In figure 6.3 this simple upper bound on
the time congestion is compared with the results that have been obtained using
the method described in this chapter. When a low number of circuits are used the
simple upper bound is considerably larger than the bound we have obtained, for

a large number of circuits the two results are close to one another. The results for
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n Max. -ve exp. Min.
1 0.6400 0.6154 0.6144
2 0.4923 0.4507 0.4484
3 0.3605 0.3107 0.3071
4 0.2485 0.1991 0.1947
5 0.1593 0.1172 0.1127
6 0.0937 0.0627 0.0588
7 0.0502 0.0304 0.0274
8 0.0244 0.0133 0.0114
9 0.0108 0.0053 0.0042

Table (6.4). The sensitivity bounds on the time congestion for the
M/GM /n/n queueing system with the arrival rate equal to 4.0. The time conges-
tion for the case when the general lifetime is negative exponentially distributed is

also given.

this system once again correspond to the values that are expected.

6.3(c) The GI/M/1/2 system.

Theorem 6.1 in this chapter has been derived for cases in which the eigenvalues
of the matrix Q;C~! are distinct. It was stated that when this is not the case
the theorem can be modified accordingly. A system for which it is necessary to
implement these modifications is the GI/M/1/2 system which will be investigated
in this section. The methods for this queue can be extended to the more general
GI/M/1/n + 1 system, although the problem very quickly becomes much more
complicated. To get realistic results for this system, bounds on the derivative of
the Laplace-Stieljes transform of the call inter-arrival time probability distribution
must be obtained. We obtain these bounds by using the methods of complete

Tchebycheff systems (see Krein and Nudel’'man (1973)).

A complete Tchebycheff system on the interval [0,00) is a system of n + 1
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1.0+

Time

0.5-

congestion.

The number of circuits.

Figure 6.3. The sensitivity bounds on the time congestion for the
M/GM/n/n queueing system with the arrival rate equal to 4.0. The continuous
line represents the time congestion when the general lifetime is negative exponen-
tially distributed. The dashed line is another upper bound for the time congestion

obtained by looking at the M /M /n —1/n — 1 queue.

real valued, continuous functions yg, y1, ..., yn such that any linear combination of
these functions has at most n zeros on [0,00). One of the simplest examples of a

complete Tchehycheff system is a system of n 4 1 algebraic polynomials each with

84



degree at most n. The geometry of the complete Tchebycheff system 1,y, 42, ...,y"
can be generalised to encompass all other complete Tchebycheff systems. This
work has ramifications in areas such as approximation theory and the theory of

inequalities. It is with this second application that we are interested in this section.

Lemma 6.2.

For s > 0, {1,e™*¥,y} and {1,e™°Y,y,ye ¥} are complete Tchebycheff sys-

tems in the interval 0 < y < oo.

Proof.

Note first that the function ye™®Y is positive for all 0 < y < oco. Also note

that the two conditions

lim
y—oo Yy

are satisfied. For {1,e™*Y y,ye™*?} to be a complete Tchebycheff system any linear
combination of the four continuous functions 1, e™*¥, y and ye™*¥ must have at
the most 3 zeros for any s > 0 and any y > 0. This result is clearly apparent using
Rolle’s theorem and the fact that e™*¥ ye™*Y is a complete Tchebycheff system.
Using Rolle’s theorem we also find that the system {1,e™°¥,y} has at the most 2
zeros for s > 0 and y > 0. So Lemma 6.2 is true using the results of Krein and

Nudel’'man (1973), section V.1.2. O

Lemma 6.3.

For any probability distribution with distribution function G(.) with Laplace-
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Stieltjes transform of G(.) given by

G(s) = /0 - e~ ¥ dG(y)

and the derivative of the Laplace-Stieltjes transform of G(.) given by

&'(s) = ~ / ye 1dG(y),
0
the following bounds on G'(s) hold:

G(s)in(G(s)) < @'(s) < —e%

where £ is the solution of the following equation
(1—G(s)=(1-e7*)

and s > 0.

Proof.

- It has been shown in Lemma 6.2 that {e7°¥ 1, y, ye™°¥} is a complete Tcheby-
cheft system where s > 0 and y > 0. Using this fact we can find some bounds
on &' (s). Theorem 1.1 in section V of Krein and Nudel’'man (1973) shows how a
minimum bound on the Laplace-Stieltjes transform can be found. Firstly we must

solve the system of equations

o~

G(S) — p16_851 0 pze—sfz

L=p1+p2
1= p1é1 + p262

and then the minimum bound on é\”(s) is given by

prére % + pybye™
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where £; = 0. The solution to these equations is found to be

where €5 is the solution to the equation

(1—G(s))z = (1 —e%),
The minimum bound on —@’(s) is now found to be e~%¢2,

Theorem 1.2 in section V of Krein and Nudel’man (1973) shows how a max-
imum bound on the Laplace-Stieltjes transform can be found. Firstly we must

ensure that

te—st
c¢= lim
t—o0

< 0.

This is true with ¢ = 0. Now we must solve the system of equations
a(s) = pre

1:p1
1=pib+M

and then the maximum bound on —a'(s) is given by
prére™ % 4 cM.

It can be seen, therefore, that since ¢ = 0 the maximum bound on —@’(s) is

G(s)in(G(s))

S

Hence the lemma is proved. O
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Using theorem 6.1 and lemma 6.3 we can now find bounds on the time con-
gestion in the GI/M/1/2 queueing system. For the GI/M/1/2 queucing system

it 1s found that

and

There are two distinct eigenvalues of @1C™!, ap = 0 and the repeated eigenvalue
a; = —1/a. The eigenvector associated with g is wo = (1,0,0). An eigenvector
for the eigenvalue @y is wy; = (1,—1,0) and using the Jordan-Canonical form, a
generalised eigenvector of @;C~? is found to be wy = (0, a, —a). Solving (6.4a) it
is found that

P(y,G) = ADMT(1 - G(y))

where A is the canonical form of Q;C~! and T is a matrix of eigenvectors that

transforms Q;C~?! to its Jordan-Canonical form. So

0 0 0
A=10 —-1/a 1
0 0 —1/a
and therefore
1 0 0
efV =0 ev/e ye v/
0 0 ev/e
Also
1 0 0
T=1{0 a —a
1 =1 0

From the above it 1s found that

(Ao + Are7¥/% 4 Ayye /) (1 — G(y))
P(y, G) = | (—Are™/* + adpe™/% — Apye™¥/)(1 - G(y))
—adze™¥/(1 - G(y))
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Now

/0°° ye (1~ G(y))dy
= [—ay(1 - G(y))e ¥/ + fo ae~¥/%(1 — G(y))dy — /0 ” aye Vg (y)dy
=a? - a®G(1/a) + aG'(1/a).
Let G = a(l/a) and G = a’(l/a) so that

/ P(y,G)dy = —ad;(1 - G) — adyG'
0

Ao +adi(1 — @) + Ay(a® — aG + a@'))
—a?45(1 - G)

and

- Ao + A1G — A,G'
/ Py, )h(y)dy = | —A1G +aA;G + AG' | .
B —aAzG
Using these results and (6.4b) we must have

—(IAO s aA1 =0

—aAy — aly +a’4, — aAla + aA2(A¥’ =0
(12A2 . aAlé + aAza, = 0.

Solving these equations and using the fact that Ay = 1 we find that

o~

-G

A2: ——
a+ G’

So the time congestion in the GI/M/1/2 queueing system is given by

aQa(l — @')

= 6.20
- (6.20)

To find the maximum time congestion (6.20) must be maximised subject to
el <Gl
and

aln(a)

b

G < —e¢/e

1A
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where £ is the solution to
(1-G)=(1—e¥).

It is found that the maximum time congestion for the GI/M/1/2 queue is achieved

when

G- {0.4578 a < 1.2797
e Me g >1.2797

and

G = —a@ln(@).

The maximum possible time congestion in the GI/M/1/2 queue is achieved by
different call inter-arrival probability distributions depending on the call arrival in-
tensity a. When the call arrival intensity is greater than 1.2797 the call inter-arrival
probability distribution that maximises the time congestion is the deterministic
distribution. When the call arrival intensity is below 1.2797, the call inter-arrival
probability distribution that maximises the time congestion is one which has mass
a x 0.7813 at 1/a and a mass at infinity such that the overall call arrival intensity
is a. This distribution is something like a deterministic distribution with intensity
a x 0.7813 but every so often there is a large inter-arrival time, such that the

overall call arrival intensity 1s a.

The upper bound on the time congestion in the GI/M/1/2 queue is shown
in figure 6.4. A comparison 1s also made between this upper bound on the time
congestion and the upper bound on the time congestion in a GI/M/1/1 queue
which obviously is also an upper bound for the time congestion in the GI/M/1/2
queue. The results obtained using the technique described in this chapter gives
a much better bound than the bound found by looking at the GI/M/1/1 queue,

especially for low intensities.
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1.0

7 GI/M/1/1

- Maximum

Time

congestion.

1.0 2.0 3.

The arrival rate.

Figure 6.4. The upper bound on the time congestion in the
GI/M/1/2 queue. The upper line in the figure is the upper bound for the time
congestion in the GI/M/1/1 queue.
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CHAPTER 7
SENSITIVITY BOUNDS FOR THE GI/M/n/n QUEUE.

7.1 The GI/M/n/n queue.

We will now look at a specific GSMP, the GI/M/n/n queue with arrival
rate a. A GI arrival distribution is one for which the inter-arrival lifetimes are
generally and independently distributed. For this system the arrivals are offered
to n servers each with negative exponentially distributed service times. The states
of this GSMP correspond to the number of busy servers in the system and so there
are n + 1 possible states. If ¢(z, A) = a, Vz, A the general lifetime is being worked
off at rate a. This is equivalent to an arrival rate a. When a general lifetime has
been worked off, an arrival occurs and another general lifetime begins. If there is a
spare server this server will service the new arrival and if no spare server exists the
call is lost. Without loss of generality assume that the service times have mean 1
and therefore the rate at which a transition from state ¢ to state ¢ — 1 takes place

1s 1, ¢ € {1,...,n}. So we have

. a, 3=1+1, ..
qE(z,j):{O * 57 20000,

, otherwise

1, j=1—1,
¢ (1,5) = {_Za J =1, by = Ogresynys
0, otherwise

otherwise,
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It can be shown that

/0 0O 0 0 0 0 O\
1 -1 0 0 0 0 0
0o 2 -2 0 0 0 0
o 0 38 -3 0 0 0
Q1 =
0 0 0 0. ..2=n 0 0
0 0 0 0 n—1 1—n 0
\o 0 o0 o 0 n —n/
and
/—a a 0 0 0 0 0\
0 —a a 0 0 0 0
0 0 —a a 0 0 0
0 0 0 -a 0 0 0
Q2 =
0 0 0 0 —a a 0
0 0 0 0 w w 0 —a a
\0 0 0 0 ... 0 00
The eigenvalues of Q,C~! are
—a; = —_—Z, t=0,...,n
a
and the corresponding left eigenvectors are w; with components
(<17 (;), 0<j<i<n,
(Wi); =
0, otherwise.
Given these results, from (6.17b) and (6.17¢) we get
~1 < Xy —2X; (7.1)
and
0 SXH-I —2X,‘+X,‘_1 ’l, :2,...,77,—1. (72)

The dot product of the right and left eigenvectors corresponding to different
eigenvalues of a matrix is 0. Therefore since e is the right eigenvector of Q,C ™!

corresponding to the eigenvalue 0

Wi'e:{o, i=1..n



and so from (6.19)

Ao =1, (7.3)
Also
wiQ1 = (—a)oiw;
and
A _ [ (ma)wip1, i=0,...n-1,
S {(—G)W, i=n
where

Hence from (6.18)

n n—1
DA — 1w — Agwy — Y AiXiwiys — An X W =0. (7.4)
=1 i=1

In this case we want to look at the maximum possible time congestion in the
system and so the objective function we are looking at is the probability that n

servers are occupied. Since

co n A
1 ‘s
/ P(y,G)dy = Agwo + Z — [1 = X;]w;
0 . =1 &

is the probability density vector, the nth component of this vector is the probability
that n servers are occupied. The nth component of all the eigenvectors apart from
w, i1s zero. The nth component of w, is (—1)" and so the probability that n
servers are busy is given by

aA

n

P, = (—1)"22201 - X, (7.5)
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7.2 The Method oflLagrange Multipliers.

To solve a non-linear bounded optimisation problem with non-linear equality
and inequality constraints the method of Lagrange Multipliers can be used (see

for example Avriel (1976)). Suppose the optimisation problem is

Maz  f(x) (7.6)
such that hj(x) =0, g=1,..p (7.7)
and gi(x) >0, 1=1,...,m. (7.8)

If x* is a feasible solution to (7.6), (7.7) and (7.8) and there exist vectors

A* = (A}, i =1,..,m) and ®* = (¢}, j = 1,...,p) satisfying

m P
Ve L(x*, A*,8%) = Vo f(x*) + D AVaqi(x*) + > ¢5Vahi(x*) =0, (7.9)

i=1 j=1

(7.10)
oy m (7.11)

and for every z # 0 such that z € Z(x*)
m P
2T | V2F(x")+ Y AIVEIG(x")+ Y 43VERi(x*)| 2 <0 (7.12)
i=1 j=1
where
Z(x*) ={z:2TV,g:(x*) = 0,i € I'(x*),2T Vog:(x*) > 0,5 € I(x*),

2TV, h;(x*) =0, j=1,..,p}, (7.13)

with I(x*) the set of indices for which g;(x*) = 0 and I'(x*) the set of indices for

which ¢;(x*)y=0 andl)\;-“ > 0,then x* is a strict local maximum of f(x).
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Note that in general a point that is a local maximum of a problem is not
necessarily a global maximum. To prove that a point satisfying the above is in
fact a global maximum is often very difficult, if not impossible. In the problem
that follows, it can be shown that the local maximum presented is also a global

maximuin.

7.3 The Problem.

If we let the vector x correspond to (4;, ¢ = 0,...,n, X;, ¢ = 1,...,n), then
using the above results we find that the problem of finding an upper bound for the
time congestion in a GI/M/n/n queue using (6.17), (7.1), (7.2), (7.3) and (7.4) is

equivalent to

Maz f(x) =P, = (—1)’?% 1 - Xa] (7.14)

such that
hi(x) =) Ai[Xi — 1] (wi); — Ao(w1);
=1

n—1
— > AiXi(Wi1); — AnXn(W); =0, 5 =0,..,n,

1=1
hnp1(X) = Ag —1 =0,
g1(x) = X2 —2X; +1 20, (7.15)
gi(x)=Xip1 —2X; + X;21 20, 1=2,...,n—1,
gn(x)=1-X; 20,
Gitn—1(x)=X;1 - X; >0, i=2,..,n

Gitan—1(x) = X; — A 0, 2=1,...,n

and the method of Lagrange Multipliers can be used.
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7.4 The Solution.

Theorem 7.1

The solution to the problem formulated in (7.14) and (7.15) is

AT = (=) (’:) i=0,..n (7.16)
and
—nfa _
X = (%) i+l i=1,..n (7.17)
So
Py =(-1)" %42 (1 — x7
" (7.18)
a
21 _ ,—nla
n(l e ).
Proof.

The proposed solution given by (7.16), (7.17) and (7.18) can be shown to
satisfy the feasible solution conditions (7.6), (7.7) and (7.8) and also satisfy the

necessary optimality conditions (7.9) to (7.13) when we have

n—1
1
0 Z X

k=1
n—1 1
¢;.:—P;;ZF, j=1,..,n—1, (7.190)
k=j K
¢:1 =0,
;+1 =-P;,
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A== D (k—i)AICi (2% k) i=1,,n -1,

k=i+1
AL =0,
AL =0, =2
z+'n—1 7 ¢ ] )n (7,19b)
z+2n_1 :0, i=1,...,n'—1,
and
aA’
A= (=1
3n—-1 ( ) n

where
@) =0 ()
k=1
for0<:<nand:+j <nand

n

(@) = 6 =it ot (7Y b+ ()-8

n—1

= S0 (45,) +0 -

~ The proof of this result is achieved by showing that (7.7) to (7.14) are sat-
isfied by (7.18) when (7.14) defines the objective function and (7.15) define the
constraints. The algebra to show this result for the general case is messy and is
given in the appendix. A proof of the result when there are 2 servers is given here.

The case when there is only one server is relatively simple.

The case n=2

The vector of variables, x, for this problem is (Ao, A1, A2, X1, X3), the eigen-
values of @1C7! are —ay = 0, —a; = —1/a, —az = —2/a and the correspond-
ing eigenvectors are wo = (1,0,0), wy = (1,-1,0) and w, = (1,-2,1), also

wyQy = —aw = —a(1,—3,2). The optimisation problem as formulated by (7.14)
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and (7.15) can be written as
Maz f(x)=P, = %Ag(l — X2)

such that
ho(X) = —AO — A1 — A2 = 0,

hi(x) = Ap + A1 + 242 + A1 X1 + A2 X, =0,
hQ(X) = —A2 . A1X1 — A2X2 = 0,
h3(x) =Ay—1= 0,

gl(X)EX2 —2X1+1 > 0,

(7.20)
g(x)=1-X; 20,
93(x) = X1 — Xy >0,
ga(x) = Xy — e~/ >0
and
g5(x) = Xy — e~/ > Q.
The proposed solution to this problem given by (7.16) and (7.17) is
Ar =1,
Ar =2,
AF =1,
Xi = 6—2/; a 1, (7.21)

and so

The solution given by (7.21) satisfies all the constraints in (7.20). The partial
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derivatives of the Lagrangian given by (7.9) for this case are equivalent to

oL

—8A0:—¢0+¢1+¢3=0,

O 4 hi(Xy 1) — o Xy =0
8A1_ 0 1 1 241 — Y,

oL a

e X 2) — X 1 — X)) =
o4, Po + d1( X2 +2) — (X + )+2(1 X,) =0, (7.2)
oL
— =A1¢1 — A1 — 2 1 — Ao+ A3+ A =0
0X,
and
oL A
a—X2=A2¢1—A2¢2+A1—A3+A5—a72=0.

These equations are satisfied when we choose

4 = ~P(1+ g7),
4i=—Pi gz
¢3 =0,
¢3 = =Py,
A = =6 (7.23)
Ap =0,
AF =0,
X=0
and
s = a%

as proposed by (7.19). These values also satisfy (7.10) and (7.11). To show that
(7.12) is satisfied the vectors z € Z(x*) must be found. These are given by
(7.13). The components of z correspond to the variables in this problem so let
2T = (244,24,,%4,,%X,,%x,). The vector z must firstly satisfy 27 V,g;(x*) = 0

for the inequality constraints where gi(x*) = 0. The inequality constraints ¢g; and
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gs are equal to zero so

§
NREAAR

z7V,g:(x*) = 27(0,0,0,-2,1)T =0
= —2ZX1 +zx, = 0

and

27V, g5(x*) = 27(0,0,0,0,1)T =0
= zx, = 0
and therefore zx, = zx, = 0. It is also required that

2TV, hj(x*)=0, j=0,..,3

and so
27V ho(x*) = z7(~1,-1,-1,0, 0)T =0,
27V, hi(x*) = 27(1,14 X1,2 + X, A1, 42)T =0,
2TV ho(x*) = 27 (0, = X1, —(1 4 X3), —4;, —4)T =0
and

27V, hy(x*) =27(1,0,0,0,0)T = 0.

For all of these to be satisfied it is necessary for z4, = z4, = z4, = 0. Therefore
the oniy possible .vector z € Z(x*) is the zero vector and (7.12) is trivially satisfied.
The necessary conditions (7.7) through to (7.13) have been shown to be satisfied
by the proposed solution which is therefore a strict local maximum of f(x) . So P}

is a local maximum for the time congestion in the GI/M/n/n queue when n = 2.

To prove that this local maximum is also a global maximum, it must be shown
that no other local maximum exist that is larger than the presented result. The

equality constraints hg, hy, hy and hz can be reduced to the single constraint

’L(X) = —A2 [1 +X2 e Xl] + Xl = 0.
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The problem is now in the three variables X;, X, and A,. Rearranging the above

gives
X

Ay =——2
21X+ X,

and for any feasible solution A; must be positive since 0 < X7 <1 and 0 < X,.

The partial derivatives of the Lagrangian are now given by

OL a

94, =¢(1-X1+X2)+ 5(1-X2) =0,

oL

I :—¢(A2+1)—2)\1 —/\2+)\3+>\4:0

X, (7.24)
and

OL

o =¢A2+A1—A3+A5—3A2 — 0.

Rearranging the first of these partial derivatives gives

¢:_2(1—X1+X2)

therefore ¢ must be negative or zero, since 1 — X3 > 0 and 1 — Xy + X9 > 0. So

it 1s found from the other two partial derivatives that
201+ A — A3 — A =—¢p(A2 + 1)

=20+ =3 =X >0 (725)

and similarly

)\1 — )\3 -+ )\5 > 0. (726)

Any local maximum, which includes the global maximum, of the optimisation
problem must satisfy both the above two equations and the inequalities of (7.20).
Note that from (7.11) the A’s must be positive or zero and from (7.10) either an
inequality constraint must be satisfied with equality or the corresponding Lagrange

Multiplier must be zero.
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For constraint (7.25) to be an equality ¢ = 0 and this means that X, = 1,
X1 =1and P, = 0. Whilst this is a feasible solution it is obviously not the global

maximum of the problem.

Constraint (7.25) must be a strict inequality constraint and therefore either Ay
or A\, or both must be positive therefore X; = 1 or X3 —2X; +1 = 0 or both. The
case when X; = 1 has already been shown to be non-optimal so X, —2X; +1 =0
and X; < 1. Since X; < 1 it follows that A, = 0. Using this and manipulating
(7.25) and (7.26) it is found that

=33 — A +2A5 >0

so A5 must also be positive which means that X, = e~2/¢. The only feasible
solution is therefore X; = (14 e72/%)/2, A, = 1 and so Pj is the same as the
solution given by (7.18). It has been shown that for the case when n = 2 the value
of the time congestion in a GI/M/n/n queue given by (7.18) is the maximum

poésible value. O

The proof above is much briefer than the proof for general n given in the
appendix although the general steps followed are similar. The above proof will

help to investigate the GI/M/n/n queue for the case when n = 2 in more detail.

7.5 An Analysis of the Bounds.

An obvious lower bound for the time congestion in the GI/M /n/n queue is 0
for all values of a@ and n. The results that are obtained using the above method for
a lower bound of the GI/M /n/n correspond to this lower bound of 0. Unlike the

upper bound, the lower bound is arbitrarily close to a known distribution given
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for the case where € — 0. This distribution corresponds to the case when X; = 1
for all . Since this bound can be achieved by a known distribution and there is
no possible bound lower than this one, the proof of this bound is trivial. This
result and the upper bound described above give bounds on the sensitivity of the
time congestion in the GI/M/n/n system. Figure 7.1 plots the maximum time
congestion in the GI/M/n/n queue versus the arrival rate for different numbers
of circuits. Figure 7.2 plots the time congestion in the GI/M/n/n queue versus

the number of circuits n for various arrival rates.

Call Congestion and Time Congestion.

Work by Kuczura (1972) has shown that the call congestion in a GI/M/1/1
system is minimised when the call arrival distribution is deterministic and conjec-
tured this was also true for cases when there was more than one server. In fact,
in Chapter 4 of Takacs (1962) 1t is shown that the call congestion in a GI/M/n/n

loss system is given by

-1

(7.27)

()1

where X; is the Laplace-Stieltjes transform of the call inter-arrival distribution

J

calculated at the ith eigenvalue of Q1C™*. The terms (1 — X;)/X; are maximised
and hence the call congestion is minimised when the X;’s are minimised which is
when X; = e~ /%, It is shown in Pearce (1978) that this implies that the inter-
arrival lifetime distribution is deterministic, thus proving Kuczura’s conjecture.
The maximum of the time congestion occurs when X; = e~1/¢ by (7.17) and this

also corresponds to the inter-arrival lifetime distribution being deterministic. Thus
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1.0+

Time

congestion.

The arrival rate.

Figure 7.1. The maximum time congestion for the GI/M/n/n queueing

system versus the arrival rate for various values for the number of circuits, n.

in the single server case the time congestion is maximised when the call congestion
is minimised. This occurs when there is a deterministic inter-arrival distribution.

However, for situations when there is more than one server this is no longer true.
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1.0

Time 0.55 ]
congestion. 7 ) " ] .
- * Ya=20
1 ° . * * a=1.0
T ’ ° a=05
0 T T T T | |
2 4 6

The number of circuits.

~ Figure 7.2. The maximum time congestion for the GI/M/n/n queueing

system versus the number of circuits for various values of the arrival rate, a.

Two servers.

We can investigate various properties of the GI/M/n/n queueing system by
using some results of this system that were deduced in the proof of the sensitivity
bounds on the time congestion. Some of what follows may be generalised to cases
when n is larger than 2, but the mathematics involved becomes very messy as can
be appreciated by comparing the proof of theorem 7.1 for the special case when

n = 2 to the general proof given in the appendix. It has been shown that the time
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congestion in the GI/M/2/2 queueing system is given by

a Xl(l — .Xz)
2 (1= X1 + Xa)

where X7 and X, are the Laplace-Stieltjes Transforms of the inter-arrival time
distribution calculated at the eigenvalues of the @;C~! matrix which are —1/a
and —2/a respectively. This is true no matter what the inter-arrival distribution
is. The maximum time congestion was found by maximising the above expression
subject to certain constraints on the X;’s. An upper bound on the time congestion
was shown to occur when Xy = (e7%/¢ +1)/2 and X, = e~2/%, Whilst this is an
upper bound on the congestion, these X;’s need not correspond to any actual
distribution. In fact, it is known that the only actual distribution such that X, =

e~ 2/% is the deterministic distribution, for which X; = e“l/“, see Pearce (1978).

The time congestion for a deterministic inter-arrival time with rate a is given
by
a e—l/a(l _ e—2/a)
2 (1 — e~ 1/a + e—2/a)'

Inifially we thought that the time congestion in the queue when the inter-arrival
time is deterministic may in fact be the maximum possible time congestion. If
this were true then no matter what the value of a the result proven above is still
an upper bound on the time congestion but a better upper bound corresponding
to the deterministic arrivals could, at least in theory, be calculated. However, by
examining a number of other well known inter-arrival time distributions we have

been able to show that this is not true.

The hyperexponential distribution is an interesting distribution to investigate
as by making an appropriate choice of the parameters of this distribution we can
model a bursty inter-arrival distribution stream in which arrivals tend to occur in

batches separated by large gaps. The hyperexponential distribution function with
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n separate arrival phases is

0 t<0
F(t) = (7.28a)
Yok=1 (1 —eTPEY), >0,

where

> me = 1.0. (7.28b)
k=1

The parameters associated with this distribution were discussed in section (6.3)(a)
of this thesis. Here py is the ratio of the arrival rate at the kth phase ar to the
overall average arrival rate a, i.e. px = ai/a. This change is made since an
overall arrival rate of a has been specified in the matrix Q;C~! and py, is just the

proportion of a that is assigned to the kth arrival phase.

Using (7.28) the Laplace-Stieltjes transforms of the hyperexponential distri-

bution with two separate arrival phases is found to be

P1 D2
LX) = .
() 7r1/\+p1+7r2)\+p2

So the Laplace-Stieltjes transforms at 1/a and 2/a are given respectively by

ai as
X+ =
1 7r11+a1+7r21+a2
and
ay ag
Xy = }
) 7r12+a1+7r22—|—a2

By looking at various values of 7; and a; such that

aaz
@ = ——
agm1 + aime

is kept constant, different forms of the hyperexponential distribution all with ar-
rival rate a can be investigated. This has been done, the time congestions cor-
responding to these distributions have been calculated and the value of the pa-

rameters which gave the highest value of the time congestion have been used in
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a comparison with the time congestion calculated when the inter-arrival time is
deterministic. In figure 7.3 these values have been plotted along with the upper
bound on the time congestion. It can be seen that for 0 < a < 1 the time con-
gestion corresponding to the hyperexponential distribution is higher than that for
the deterministic distribution with the same average arrival rate a. Neither the
hyperexponential distribution nor the deterministic distribution can possibly be
used as an upper bound on the time congestion for all a. These are just two of the
many possible distributions the inter-arrival distribution may be. It appears that
no single actual distribution will have a time congestion greater than the time
congestions corresponding to all the other possible distributions for all possible
values of the arrival rate. So no single distribution will make the given upper

bound redundant for all a.

More than two servers.

It is possible for some cases when there are more than two servers to find an
expression for the time congestion in the GI/M/n/n queue. We have shown that

for n < 5 the time congestion in a GI/M/n/n queue is

-1

al—X B ANEL ) -
a n 1y 11 i 7.29
n X, +j=1<j>i:1 X, (7.29)

but we have not found a proof for general n. It is interesting to compare this

expression with the expression for the call congestion given by (7.27).

As was done in the case when there were two servers, the time congestion
for the queue can be calculated using (7.29) by replacing the variables in this
expression with the values of the Laplace-Stieltjes transforms for the type of dis-
tribution being used. The results that we get when we find the time congestions

in the queues corresponding to the deterministic inter-arrival distribution and the
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Figure 7.3. The time congestion for the GI/M/2/2 queueing system for
various arrival distributions. The postulated upper bound on the time congestion
is given as well as the time congestion for the case when the call inter-arrival
time distribution is deterministic and the case when the call inter-arrival time

distribution is hyperexponential.
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hyperexponential inter-arrival distribution are similar to the results that were ob-
tained for the case when there were two servers. At low arrival rates the time
congestion from the hyperexponential distribution is higher than the time conges-
tion from the deterministic distribution. Around about when the arrival rate is
one less then the number of circuits the time congestion from the deterministic
distribution becomes larger than the time congestion for the hyperexponential dis-
tribution. As the arrival rate increases, the time congestion from the deterministic
distribution remains larger than the time congestion from the hyperexponential
distribution and approaches the upper bound for the time congestion in this queue.

Results for the case when there are five servers is shown in figure 7.4.

7.6 Conclusion.

Even though the proof is very messy an upper bound on the time congestion
in a GI/M/n/n queue has been obtained. This bound has a very simple form
and is easy to use in practice. A comparison of this bound with some simple

distributions has been presented.
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Figure 7.4. The time congestion for the GI/M/5/5 queueing system for
various arrival distributions. The postulated upper bound on the time congestion
is given as well as the time congestion for the case when the call inter-arrival
time distribution is deterministic and the case when the call inter-arrival time

distribution is hyperexponential.
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CHAPTER 8
CONCLUSIONS

8.1 Restrictions on the General Distribution.

In Chapter 6, a method for determining bounds on some performance mea-
sures in certain simple queueing systems was demonstrated. A non-linear con-
strained optimisation problem was established which must be solved in order to
maximise performance measures of some GSMPs. The constraints that are im-
posed in this optimisation problem are necessary constraints that all feasible prob-
ability distributions must satisfy. There are no constraints imposed on the type of
distribution that could satisfy this problem. In a simple extension of this method,
the types of distributions that are looked at can be restricted by imposing extra
constraints. For example, Eckberg (1977) has shown that any distribution with

2

mean m and variance ¢ must satisfy

0'2 7‘n2 2
—sm s(m-+o*/m)
e < ¢(s) < 5 =+ — 5 € / (8.1)

where ¢(s) is the Laplace-Stieltjes transform of the distribution at the point s.
Therefore, if we want to impose the further restriction on the general distribution
that its variance must be a certain value then the constraint (8.1) will be added
to the set of necessary constraints that already exist. This in practice will mean
that the constraint (6.17a) will be replaced by (8.1). Note that if the variance is
constrained to equal zero then to satisfy (8.1) we must have ¢(s) = e™*™ and the
distribution must be deterministic. Other examples of constraints corresponding to

restrictions on the general distribution are given by Eckberg (1977) and Klincewicz

and Whitt (1984).
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8.2 Conclusions.

The work presented in this part of the thesis introduced a technique for finding
sensitivity bounds on measures of GSMPs in which there is only a single gener-
ally distributed lifetime. A number of examples of queueing systems that can be
analysed using this technique have been investigated. In all these cases some in-
teresting realistic results were obtained. The GI/M/n/n queue was investigated
in detail and an upper bound on the time congestion in this queue obtained. The
proof was presented not only to prove this result, but also to try and shed more
light on the overall method. The fact that the result obtained is useful and simple
is encouraging. However, the long and messy proof of this result unfortunately
does not lead to any major insights into how this method can be improved or
whether the results obtained are actually global maxima in the general case. Ev-
ery queueing system investigated that can be checked, has been checked and shown
to be a global maximum but this does not mean that this is always the case. A
way of showing that the results obtained by this method are indeed global maxima

would be very useful.

We have still found this method to be a very useful tool when investigating
certain queueing systems. In most cases the numerical results obtained from this
method lead to some interesting qualitative results that can be confirmed but
that would have been much more difficult to find without the aid of this method.
The proof given in this thesis of the upper bound on the time congestion in the
GI/M/n/n queue 1s a case in point. Only after looking at the numerical results
obtained from the program written to solve the non-linear program was the form
of the time congestion surmised and a proof of this result then established. Many

other results of this nature could, no doubt, be found using this technique.
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There are many directions of future research that can be undertaken into
the above method and using the above method. Any queueing system with a
single general server may be investigated numerically, and possibly analytically,
using the above method. An investigation into whether, and perhaps under what
conditions, the results given by this method are known to be global maximum is
of great importance. Further research could also include the creation of methods
similar to the above to look at queueing systems with more than one general
distribution, to investigate queueing systems in which batch arrivals are possible
or to look at systems where the general lifetimes are replaced by increment times
on a non-renewal point process, such as a Markov modulated point process. In
conclusion, the work in this thesis whilst by itself can act as a useful tool in
investigating some queueing systems, can also be taken to be a starting point for

much further research on this topic.

115



APPENDIX.
The Proof of Theorem 7.1.

Preliminary Lemmas.

Some combinatorial identities which are used in the proof of theorem 7.1 shall
be given in a series of lemmas. A proof of most of these identities shall be given
but some are trivial and can be found in elementary textbooks.

Lemma 1.

Taking ¢ =1 gives
n n 0, n>0
>0 () = { | (L)

Lemma 2.

Taking z = 1 gives
n . 0, n>1
o qyi—1 _ '
> i-1 (%) { (L.2)

Lemma 3.

z<> (3)=co(371), rsksn s

J
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Proof. Case n = k is trivial. Now suppose (L.3) is true for k = m < n then

2 ()= (1) e (00)

j=m-—1
-1
(1)1 n _n
(=1) {(m—-l) (m—l
¢ qym-1 (=1
and so (L.3) is true for 1 < k < n. O

Lemma 4.

S()=(;5,) 1zierse ”

=73

Proof. The case k — 1 = j is trivial. Now suppose that (L.4) is true for k = m

then
>()=(a)+ (5=
2:\;) = \G+1) TG ) TG
and so (L.4)is truefor 1 <5 +1< k. O
Lemma 5.
zn:(—nk (”) Bl 0, s (L.5)
: k/ \j ’
k=j
Proof. Now
0G)=6)GE3)
k/\J J k—j
and so

L (0 ()-2- () (E5)

() ze ()

-(D)z e (M)
0



using (L.1) provided n —j > 0. 0O

Lemma 6.

ii(—w‘ (’7‘7) =0, n>j+1. (L.6)

z —_—
i=j J

Proof.
;( Y < >=§(i+j)(—1)"“ (”;j)
- T (") v S ()

1=0 1=0

=0

using (L.1) and (L.2) provided n — j > 1. O

Lemma 7.

;::j(—l)kk (Z) (f) =0, n>j+1. (L.7)

Proof. In the same way as for (L.5)
S () (5) = 2o (5) (i)
- (7 xeos (i)
=0

using (L.6) provided n —j > 1. O

Lemma 8.

Z (—1)f ( —J “) = (n+1)(=1)" (L.8)

=]
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Proof. Using (L.6)

forn—3+4+1>0s0

Z( ("7 = e

provided n > j. O

Lemma 9.

$(-1 ;") (G)=com ("FY) e (L9)

Proof. -
g(_”i (20 ()= i(‘”i sy T
mz“ DG ey
- v (73
= Ty DD
- (")
using (L.8) provided n > j. O

The Theorem.

Theorem 2 in Chapter 7 proposes that the solution to the following non-linear

optimisation problem

Ay
n/a

Maz  f(x) = Pp = (=1)" X, (A1)
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such that

hj(x) = Z Ai [Xi — 1] (wi); — Ao(w1);

n—1
=Y AiXi(Wig1); — AnXn(W); =0, j =0,..,n, (4.2)
1=1
hn+1(X) =S Ao —1= 0, (A?))
a(x)=X,-2X;+120, (A.4)
gi(x)=Xip1 —2X;+ X520, ¢=2,..,n—1, (A.5)
gn(x)=1—-X; >0, (A.6)
gi-i—n—l(x) = -Xi—l — Xz' _>_ 0, = 2, N, (A7)
Gitono1(X)=X;—e /2 >0, i=1,..,n (A.8)
is given by
¥ __ 1\t n .
A =(-1) (Z)z 0,..,n (A.9)
and
g~ =1\ | s
X=(—)i+4+1, 1=1,..,n (A.10)
n
so that 4
* na n *
Pn :(_1) T [1 - Xn]
(A.11)

a
= (1 — e /%),
9 )

To prove this result it is first necessary to show that the solution given by (A.9)

and (A.10) is a feasible solution, that is it satisfies (A.2) to (A.8).
A feasible solution?

Equation (A.2) represents n+ 1 different equations with each one correspond-

ing to a separate element of the eigenvectors. If we look at the jth eigenvector
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element we shall get the jth equation. Each of these n 4+ 1 equations must be

satisfied by the proposed solution.

Case j # n. Firstly let us introduce a dummy variable Xy = 1. Then we can

write (A.2) as

n n—1
Y AX =1 (wi)j = D AiXi(Wis1)j — AnXa(®); =0
1=1 1=0

< z Ai [X,' _— 1] (W,’)J‘ — ZAi—lXi—l(wz’)j . Aan(W)j =0
=1 =1

= zn: {A, [X,' — 1] - Ai—lXi—l} (W,')j = Aan(W)j. (A.13)

Equation (A.13) must be satified by our proposed solution. Now

AP XY -1 - AT X

- () (FF) -0 (L) [(F5) e-v |

i[rlie™™ 1)  nli-1)e™e-1) ([ =n
=(-1) T (n—i)liln GC—Di(n—i+4+1)n + (i—1>]

R P = e
- () emre-n+ (1))
= (=1)f (if1>e—”/“.

Putting this in (A.13) we get

g(‘lf (Z ! 1) e M (wi); = AR XA(R);.

Since (w;); = 0 when ¢ < j this can be written

i(—l)i <l :L 1) en/a(~1)) (;) _ (=1)reme(—1) <n ;r 1>

1=j
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= g(_l)i (if1> (J’) = (1) (n;ﬂ) ;

which is true by (L.9). So (A.2) holds for j < n.

Case j = n. Only w, and W have a non-zero nth element, therefore (A.2) for

this case becomes

d n n n n % n n
An[Xn —1](~1) (n) = Ap_1Xn1(~1) (n) + ApXn(~1) (n " 1)
=4 An [.Xn - 1] - An—an—l + ’I’LAan (A].4)

For the proposed solution to be feasible solution we need

AL X, -1 = AL Xp AL X]

# (=== () [(F5) e en ()
Se ™t 1=n [(_—e_"/; — 1) (n—1)+ 1] + ne~/®

e e _ 1 = —(e—"/“ —1)(n—1) —ndne e

which is true and so (A.2) is satisfied for the case j = n and therefore for all n.
Aj =1 and so (A.3) is obviously satisfied.

The X!’s are monotonically decreasing so (A.7) is satisfied and since the X}'s

form a straight line (A.4) and (A.5) are also satisfied.
Now 1 — X{ = (1 - e ™%)/n > 0 since 1 > e/, s0 (A.6) holds.
For (A.8) to hold we need,

: —n/a _
6_'/a<<-e——1>i+1 0<:<n

- n

122



(e -1) (e -1)

7 n

=

0<i<n.

Now

?

d {(e—"/a — 1)} |1 edie=i/a

da R
which is positive or zero for 1 < ¢ < n and since the above is trivially true for the

case when 7 = n (A.8) must hold.

The solution given by (A.9) and (A.10) has been shown to be a feasible solu-

tion.

The Partial Derivatives.

In Chapter 7 necessary and sufficient conditions for a feasible solution of a non-
linear optimisation problem to be a strict local maximum were described. These
conditions (7.9) to (7.13) used the method of Lagrange Multipliers. In order to
show these conditions are satisfied, the partial derivatives of the Lagrangian must
be found. For this we must first find the partial derivatives of the constraints and
objective function, given by (A.1) to (A.8), with respect to the variables of this

problem. Recall that the eigenvectors of the matrix Q;C ™! are

(wi); = (-17 (}), 0<j<i<n,

0, otherwise

and the vector W is given by

(—1)* (":1) ,  k=0,...n-1,

(—1) (nzl), k=n.

Then the partial derivatives of the constraints are:

(Wi =

, 9, i=1
C}g|(}[):{1 ’ 222)
oXi o, i=3

3 ety



1, ? :.7 - ]'a
0g;(x) =2, i=]
—_—— 4 . _’ = 2 e —_
0X; T A
0 otherwise
Ogn(x) |1, =1,
80X; 10, 1:=2,...n.
i1
Bg i+n—1(X ’ z ] ’ )
JaX( )= _1’ z:], ]—_—2,. ,n-
i 0, otherwise

09 j+2n—1(X) _

oX;

99;(%) _,
04;

8hj (X) _

04,

1) 7’=]7 —_

{0 175 =t
j=1,...,3n—1, 2:0’ 1
_(Wl)j7 J=0,..,n
1) .7':0?

:{—1, ]=17
0, 7=2,..,n.

Ohj(x) = (Xi = 1)(wy); — Xi(Wig1);

0A;

s \iEL [ d
X1+ (1

= | X

0

JFEDH(G) i=Len-1, g

i=1,..,n—-1, =141

otherwise.
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M = (Xn — 1)(Wn)j — Xn(W);

A,
) {xn<—1)f+1 () + 0 () G=1m-1,
[ (n = DX (=)™ + (-1)»*1 (7)) j=n.
agfg) = Ai(wi)j — Ai(Wir1);

= A;(-1)yH <j ' 1) 7=0,.,n, i=1..n-1

Oh;(x .
aJT(n) = An(wn)j = Au(w)J

B { An(_l)j+] (321) .7 = 07"'7” - 17
(n—1)An(-1)" j =n.

ahn+1(X) - 1': Z = Oa
04; |0, otherwise.’

5f_{04ﬁ“%ﬁli=m

84; 10 =0

/- {(—1)“%; i =n,

0X; |0 i=1,..,n—1
Using the above the Lagrangian can now be calculated.
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Some preliminaries

For simplification in the following proof we will define

it

()= 0" ()

for0<:i<nandi+j5 <n and

Cl(@’n) =¢1—ng2+ ... + (—1)n—2 (n i 2) $n-1+ (_1)n—l(n - 1)¢n

n—1
n
— Z(—l)k+1¢k <k 0 1) + (_1)n—1(n _ 1)¢n
k=1
It follows that

Ci(¢7j + 1) B Cl((§>]) . Ci+l(¢)j)

for 0 <¢ <nandi+j <n. Also define the C;(®*,7)’s in the same way as the
Ci(®,5)’s with all the ¢y’s replaced by ¢%’s.

The Lagrangian.

The partial derivatives of the Lagrangian given in Chapter 7 by (7.9) are

calculated as follows

oL
a—AO=¢o—¢1+¢n+1
oL Oh af
oA~ 2 a4 T a4
_"i(b.ahj N of
~ %94, " B4

s -] () x ()]

+ di(—1) KZ : 1) X+ C)] b (=1) i X
= Co(8,1) + XiCa(,4)
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fore=1,...,n—1.

oL oh  8f

74, ~ % 74 +‘aT
n+1

_Z¢J f

n

= g0+ 61 [Xn+n] =62 [(7) Xat (5)] +

+0n(=1) [ = DX 1]+ (1)
= —Co(®,n) + XnC1(®,n) — (- 1)H+1Xn/a1

oL _ oh . g . of
ax. ~ % ax, A ax tax
n-1 3n--1

9 f
=St t L gt s

_Ai{% (;)- ¢2< Vet (-1 ()}

4+ Aict — 2X + Ait1 — Aign—1 + Aign F Aigon—1

= A;C1(®,0) + Aict — 22 + Xip1 — Nign—1 + Aign + digon—
for: =2,...,n—2.

Similarly

oL
o = A1 {1 — b2} — 221 + Xy — A+ A + Aon
80X,

= A1C1(D,1) =221 + XAy — Ay + X1 + A2n

oL - n—1 — n—
a8 (7o) - () e (D) 2
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+An—2 —2An_1 — A2n—2 + Azn—1 + Asn—2

= A 1C1(P,n— 1)+ Ane — 21 — A2n—2 + Aone1 + A3n_s

oL
0Xn

+An—1 — A2n—1 + Azn—1

1
= An {Cl(@fn’) + (_1)n+1__} + )\n—l - )\2n——1 + )\3n—1-

n/a

— A, {451 = ﬁ¢2 t e+ (1) g, + (=) (n — 1), + (=1)"!

o

For the proposed solution to be a local maximum of the optimisation problem

the partial derivatives of the Lagrangian must all be equal to zero. Therefore using

the above we find the following equations that must be satisfied.

0L
a—j%=0®¢0-¢1+¢n+1 =0
oL Co(®,%) .
o4, ~ 0% oym,i) T
fore=1,...,.n—1.
oL VO Co(®,n) N
9An C1(®,n) — (-1)"HZpx
oL
0X;: 0

S A1 =20+ Aip1 — A1+ Aign + Aigonor = —A4:C1(2,9)

fori =2,...,n—2.
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(A.18)



oL

ox; "
& =201+ A — A + /\n+l + Aop = —A161(<I>, 1) (Alg)
oL
a‘X—n—l =0

S A2 =2 a1 — Aon—2 + Aano1 + A2 = —A,1C1(8,n — 1) (A.20)

oL
0X,

[ 1
=0« )\n—l - )\2n—1 + )\Bn—l = _A'n {Cl(@,n) + (—1)n+1'n/—a} (A21)
So for the proposed solution to be a local maximum of the problem (A.15)
to (A.21) must all be satisfied. Note that the above equations have been found

independently of the solution that has been proposed. The above equations must

be satisfied for all local maxima of this problem.

The Lagrange Multipliers.

To find solutions to the equations (A.15) to (A.21) corresponding to the fea-
sible solution to the non-linear optimisation problem given by (A.9) and (A.10)
suitable values for the vectors of Lagrange Multipliers A* and ®* must be found.

The following values for the Lagrange Multipliers are proposed.
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n—1
* * 1
¢0:_Pn <1+2X*>3
k=1 "k

n—1
¢j=—PnZX*} .7:1)"')’”’_1,
k=; Tk

¢n =0,
Z+1 = Py,
A== > (k—0)AiC1(2%k) i=1,.,n—1, (A.22)
k=i+1
X =0,

* :
)‘i+n—-1 = 0, 1= 2, ey
A:+2n_1 :0’ 7/: 1,...,7’L—].

and

. n QAR
)‘Sn—l = (—1) d

n

A local maximum?

~ In this section it will be shown that (A.15) to (A.21) are satisfied by the pro-
posed solution given by (A.9) and (A.10) and the proposed Lagrange Multipliers
given by (A.22).

It is easily verified that (A.15) is satisfied by the prescribed solution. To see
that (A.16) is satisfied it must be noticed that the X}’s are linear. Introduce X

and let X — X}, =€i=0,..n — 1 where ¢ = (1 — e~ *)/n is positive. Now
X;— X} =(—ie

Lemma 10.

_ PG -1

+7—1 yrx
k=1 }Lk

Ci(®*,7)
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fory=1,...,.n—-1, t4+j3<nandforj=n,:=0.

Proof.

Now
1 1 —(j—1)e
Xy X; XiX;

_p* _
Ci(®%,1) = ¢; — :+1=X—: 1=0,....,n—1

so (A.24) is satisfied for j = 1. Now providing that n > 2

* * * _P':: =
Ci(®%,2) = ¢} — 26741 + 671, :Tf = X;_k:l
€
= Pr—=
XX

for ¢ =0,...,n — 1. Suppose

W Pr-1Y(G - Dl
Ci(®*,)) = —ir
k=]i X?S

1=0,...,n—3, J=lgu;m

then

Ci(®*,m+ 1) =Ci(®*,m) — C;i11(®*,m)
_ PY(-1)™(m — 1)lem! B PX(—1)"(m — 1)lem~t

t+m—1 yru +m *
k=i ‘Xk k=i+1 Xk
_ PH(=1)"(m — 1)lem [ 1 1
_ i+m—1 * Jrx | v
Hk=i+1 Xk Ai Ai+m
_ Pr(—1)™(m — 1)lem ! [ (—1)me ]
- t+m—1 4 * Vo
k=i+1 X XX
Pr(=1)™* (m)le™

i+m oy
k=1 ‘Xk

and so

N PH-1)(G - 1)
Ci(®%,5) = — itj—
e X}

fory=1,...n—1, 145 <nandforj =n,z =0.
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From Lemma 10

Co(@*,i) _ PE(=1)i(i—D)let [, X

AN Xy Pr(—1)iG— L)le!
X*
= = X*
o

and therefore (A.16) is satisfied.

Note that by (A.11)

P* = (1 '_X;)
" n/a
S0
g Xazl_ P

"' njaXy XX

therefore the above process will also work to show that (A.17) is satisfied.

To show that (A.18) to (A.21) are satisfied we should firstly note that many
of the A\*’s are zero. Once we notice this, then by rearranging (A.21), we find we

must satisfy

1
Ay Xy = —A {cl(cb*,m s <—1>"+1—} |

n/a

Since A}, _; = (—1)";?/% it is found that for (A.21) to be satisfied we need

ALy = —ALCH(3,n)

which is satisfied by the proposed solution so (A.21) is satisfied.

For (A.20) to be satisfied we need
Az =2X 1 — AL _1C(2%,n - 1)
= —2A7C,(®%,n) — A _C1(2*,n— 1)

== Y (k= (n—2))A5Cu (8", k)

k=n-—1
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which is true by (A.22) so (A.20) is satisfied. For (A.18) to be true for the case

1=n — 2 we need

An—3 = 2M 5y — Ahg — AR 5C1(2%,n — 2)
= —4Af16’1(<1>*, 'I’L) - 2A;_1C1(q)*, n — 1) 4 A:Cl(@*, n) — A2_261(<I>*, n — 2)

= —3A%C;(®*,n) — 24%_,C1(®*,n — 1) — A*_,C1 (3%, — 2)

and continuing in this fashion it is found that for (A.18) to be satisfied we need

== S (k= §)ALC(3°, k)
k=j-+1

for j =2,...,n — 2 which is also true by (A.22) so (A.18) is satisfied.

For (A.19) to be satisfied we must have
—2A] + A = —AIC{(27,1)

or equivalently

0= 2X7 — AL — A1Cy (8%, 1)

= -2 (k—1DA[CI(®", k) + ) (k= 2)A1C: (2%, k) — AJC1(®",1)

==Y (2(k — 1) — k+ 2)A5C; (2", k) — A1C1(2%,1)
k=2

= -3 kAjCi(@"F)
k=1
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Now using the fact that ¢}, =0

— é kALC, (®* k) = — k;k(—l)’“ (k) C1(®%, k)

n i min(kn=1) -
=20 (}) > (j)(—n »

n min(k,n—1)

:_; ; k(—1)1+’“<2)<%>¢’;+1

J
-5 e () (5)

=0

by (L.7) and so (A.19) is satisfied. The proposed solution satisfies (A.18) to (A.21).

Note that for every inequality constraint that is not equal to zero the corre-
sponding Lagrange Multiplier is equal to zero and so condition (7.10) is satisfied.
It must also be shown that condition (7.11) is satisfied for the proposed solution
to be a local maximum, that is all the Lagrange Multipliers corresponding to

inequality constraints must be non negative .

The Lagrange Multiplier A\3,_; = (=1)"(aA})/n) = a/n is positive so it re-

mains to show that A; is positive forz =1,...,n — 1.

134



Now by (A.22)

jg:(k-1 1C1 (D%, k)
=—Zk,4*c1 (®* k)+ZA C1(®*, k)

= -0+ Z ALCL (D%, k)
k=1

3 k}::l(—n’“ (D2 (§) e

J=0

=§(—1) (}:j (1>¢,+1+())

- i: zﬂ:(—l)k (:) (1) (1Y ¢41 + kzzl(_l)k (Z) ¢

i=1 k=j
= > (-1 +IZ -0 (0) )+¢12<—1)’~'(’,§)
=gy

using (L.1) and (L.5) and since ¢} is obviously negative AT > 0.
We will introduce a dummy variable ¢, ; such that

— P;:

br— b = 2
n n A;.;

which means that using the same steps as described in the section “A local maxi-

mum”

C( )‘*’( 1)n 1(¢ n+1) ‘151 ”¢2+ +( 1)n 17“15 +( 1) n—|—1

_ Py(-1)*(n—1)ler !
Z:l X’kf '
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Now using the facts that 0 < X <1 ,¢=1,...,nand e<1/n
My = —A3CH (8, n)

= — 43 {Ca(8",m) + (1) — i) (<165~ Fa))
e [BED et P
BRI S vaal

gt 1)
Hk:le X

n

_ pr { 1 (n —1)lent }
"LXE T X3

_ P n—l(n—k)e
= {1— 11 X—k}

i k=1
n-—1
P (n—k)e
=01~ A
X { kl;[l 1 — ke }

>0

and so A} _, is positive.

Also since
/\3—1 - 2)‘: + )‘3+'1 . —AfCl(@*,i) .
B L rny PE(=1)i(E — D)let?
=—(-1) (z)

[Then X5
(n) Pr(i — 1)!ei_1
v/ Ty X3

1s always negative

Aio1 =20+ A5 <0

and the A’s form a convex set. Since A,_; is positive and A; is also positive all
the A’s are positive. So the proposed set of Lagrange Multipliers satisfy all the
constraints on these multipliers, (7.9) to (7.11), and so the proposed maximum
has satisfied the necessary constraints. However, to show that this solution is a

strict local maximum of the optimisation problem it is still necessary to show the

final conditions (7.12) and (7.13).
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Final conditions for local maximum.

It remains to show that (7.12) and (7.13) are satisfied to show that this
solution is a local maximum of f(x). The possible values of z must first be
determined. The elements of z correspond to the variables in the problem so
2T = (244, ZA1s s ZAns Xy, -y 2X, ). The valid values of z must satisfy (7.13). So
if g;(x*) = 0 and Af > 0 then 27V, g;(x*) = 0. This is true for the inequality
constraints g;(x), ¢=1,..,n. SozTV,g;(x*)=0, i=1,...,n—1. For the case

when ¢ = 1 we get
z7(0,...,0,-2,1,0,...,0)T = 0 & —2zx, + zx, = 0.
Similarly for the cases ¢ = 2,...,n — 1 we find

z7(0,...,0,1,-2,1,0,....07 =0 & zx,_, — 2zx, + 2x,,, =0

it1
Also for the case when 1 = n

z7(0,...,0,-1,0,..,00T =0 & —zx, =0.
For all of these conditions to be satisfied we must have zx, =0, 7=1,...,n.

The valid values of z must also satisfy zTV,h;(x*) =0, j =0,...,n. Since
the elements of z corresponding to the X;’s are all zero we need only look at the

elements of z corresponding to the A;’s. The case j = 0 leads to
z7(1,-1,...,—1,0,...,00T =0
S Zay — ZA; — Ay — ... — 24, = 0. (A.25)
The case 7 = 1 leads to

z27(—1, X7 +1,2X3 +3,.., X +n,0,...,00T =0
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S —z4, t+ (Xf -+ 1)ZA1 -+ (2X; + 3)ZA2 + ...+ (X: -+ n)zAn = 0. (A26)

The cases j = 2,..,n — 1 lead to

ZT(O’ '10>(_1)j+1X;—1a "7(_1)j+1 <n B ;) X:l—l + (_1)j+1 <n _ 1) )
J — J

(—1)i+ <j " 1) Xr 4 (=1)7*1 <’;> ,0,...,0) =0

. . . n—1 " -1
& (UM 4t (P (D) X+ (U foane

J

+(=1)i+ {(] " 1) X5+ (?) } za, =0. (4.27)

The case 7 = n leads to
z7(0,...,(=1)" P X _ (=) (n - )X} +(-1)",0,...,0) =0

S (=) XE 24 A+ (D) (n = DXE+1)z4, =0. (A.28)

The case § = n + 1 leads to
27(1,0,...,0)T =0 & 24, = 0. (A.29)

By adding all the equations given by (A.25) to (A.29) it can be found that Xz4, =
0 which means that z4, = 0 since X; > 0. So the only possible way that all of
the above equations can be satisfied is if z4, =0, 1 =0,...,n. Therefore the only
z that satisfies (7.13) is the trivial case z = 0. The condition (7.12) is therefore

satisfied for the proposed solution.

Since (7.7) to (7.13) are all satisfied by the proposed solution it has been

~

shown that this solution is a strict local maximum of f(x).
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A global maximum?

To show that this local maximum is in fact the global maximum it must
be shown that no other local maximum to this problem greater than the local

maximum presented in this appendix exists.

Equation (A.16) has been derived without any reference to the possible final
solution and so (A.16) must be satisfied by all local maxima. Since all the X;’s are
positive we can find some necessary conditions on the Co(®,%)’s and the C1(®,1)’s

which must be satisfied by any local maximum.

We start by showing that Co(®,1) = ¢¢ — ¢1 cannot be positive. Assume
Co(®,1) > 0 then by (A.16) for the case when ¢ = 1 it is found that C;(®,1) >
0 since X; > 0. Since it is also known that X; < 1 and using (A.16) when
+ = 1 again, we find Co(®,1) < C1(®,1) which means that Co(®,2) = Co(®,1) —
C1(®,1) < 0. Continuing in this fashion it can be seen that the Co(®,:)’s and the
C1(®,i)’s must alternate in sign. Note that this is true if Co(®,1) is positive or

negative. Notice also that since
Cj(@ai + 1) - C]'(@> 7’) - CJ'+1(<P7 7’)

it is easy to see that the C;(®,1)’s are all either positive or are all negative for the

same .

For the case when Cy(®, 1) is positive we must have (—1)i+1C0(®, ¢) also being
positive for 1 = 1,...,n. Also from (A.17)

CO(@7 TL)
C1(@,n) + (-1)n+ Zazt

>0

and so

(~1)1 (G (@, m) + (~1)H 2y S

nfaX,
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or
]. —Xn

(-1)"*1e, (®,n) > njaX,

which leads to

(=1)**1¢Cy(@,n) > 0.
But also notice that
Cn-1(®,1) = ¢n—1—¢n >0
and
Cn2(®,2) =dn_2 —2¢n_1+ ¢n <0

and so

P2 —3dp_1+2¢, <O0.
Continuing in this fashion we find
(D" + (1) (7) d2 + o (n = 1)) < 0.

= (—=1)"*1Cy(®,n) < 0

and so there is a contradiction. Therefore C;(®,1) cannot be positive but must be
negative and so (—1)*Co(®,7) must be positive for s = 1,...,n. Using this fact the

above contradiction does not exist since we find using the above techniques that

n X, -1
(=1)"C1(®,n) > njaX,
and
(—1)"Cy(®,n) <0 (A.29a)

which are not contradictory conditions since X, —1 < 0.

We must now investigate whether the A;’s are positive or negative. Firstly

note that for a maximum solution (—1)"A, must be positive. It has already been
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shown that a positive local maximum exists and so any local maximum that is

negative can be dismissed as it is obviously not a global maximum. From equation

(A.14)
An [(1 e n)Xn — 1] = An.—an——l

and so since the X;’s are positive and (—1)"A, is positive (—1)""1 A,,_; must also

be positive. Now from (A.13)

n

D A4 — = Ais Xio1 } (Wi)j = ApXo(W);

i=1

@ -y = et (1 () = 4 ()

i=j J
SO
C A X
— 1= X A; + Z (A1 — Xi]) + Ai_1 Xie 1}< )+A X ("“)
i=j41 J
sz [1— Xi] ( )—i—AX <“J“1>
i=j

San{()- ()} ()
San(, L) va()

i=j
(A.30)
for 1 < j < n. For the case when j = n we get
—~An1Xng = A Xn(n—1) + A, (A.31)
It can be shown that equations (A.30) and (A.31) are equivalent to
AiX;= A1 (X — D+ (=) (j) A X, 0<j5j<n (A.32)
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which will yield the result we are looking for. To prove this first note that for
7<n
A; X
=Ajn1 X — Aj + (1) <:> ApXn

=442 X2 — Ajr — Ajpe

. fn . n
+ (=) ) Ap X + (=1 ( )Aan
(= (J > (=) J+1
=A, X, — Z A+ Z (—l)n_k+1 ( " 1) A X,
k=j+1 k=j+1
= — Z Ak + (_l)nAnX‘n Z (_1)k+1 (k " 1) + Aan
k=j+1 k=j+1 o
= (n—1
= — Z A+ (-1)"An X, {(—1)’ (n 1) — (—1)"} + A, X,
k=j+1 )~

using (L.3) which means that

A X; = Z A+ (—D) A Xn(—1) <]:11> j<n (A.33)
k=341

which will now be shown to be equivalent to the above equations (A.30) and (A.31).
In other words if we want to show that equations (A.30) and (A.31) are satisfied

then it is sufficient to show that (A.33) is satisfied.
When j =n —1in (A.33) we get
Ap 1 Xna=—-4, — A X (n—1)

which corresponds to (A.31). Now using (A.30) and (A.31) from n — 1 down to j
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and using (L.4) and (L.9) we get

AJ‘_1XJ'_1

{Ban(1) ()]

:_"f{(]il) - zn: A+ A X o (=1)"(~1)’ (j:f)”

z:] . k=i+1
N ()25 (;20)
-3 w% (L) e Eer (07 (L)
T () -2x(;20)

-2 E (L) () e ()
it 8 [ (7)) ()

=3

=Sl () )
— A Xp(—~1)" {(—1)"‘1 <j ! 1) - = (7:;»

_ Zn:Ak + A X (-1)"(=1) (n:;>

k=j J

and so (A.33) is equivalent to the equations (A.30) and (A.31). The equations

(A.32) must be satisfied for a local maximum and from this result we know that

the A;’s must alternate in sign with (—1)"A4,, being positive.

So, in general, (—1)*A; must always be positive for the global maximum of

this problem. From (A.18) we have

Aic1 = 20 + Aig1 — Aign—1 + Aign + Aigan—1 = —AiC1(D,9)
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and so
Nimt = 2Xi + Xip1 = Aignot + A+ Aiganor = —(—1) 4:(=1)'C1(8,9).
Since the right hand side must be negative
Aie1 = 2Xi + Ait1 — Aign—1 + Aign + Aiyan—1 < 0. (A.34)
In a similar fashion we find from (A.19) and (A.20)
=2X1 4+ A2 = A4 Ant1 + A2n <0 (A.35)
An—2 = 2Xn1 — Aon—2 + Aono1 + A3n_2 <0 (A.36)
and from (A.21) and (A.29a) we find that

1
An {Cl(@,n) + (_1)n+1n_/a} + /\n—l - )\211,—1 + /\3n—1 =0

= A1 — )\Qn_l + Agn_1 >0 (AS?)

Firstly we notice that either A\; or A, or both must be positive from (A.35). If
An is positive then g,(x) must be equal to zero or X; = 1. This means that all
the X;’s must be equal to 1 since g;(x) must be satisfied for 1 = 1,...n — 1. If
X, = 1 then the time congestion will be zero and since we have already shown
that a positive feasible solution exists this cannot be a global maximum to the
problem. We cannot have A, > 0 therefore A,, = 0 and A; > 0. So for a global

maximum to this problem we must have X, — 2X; +1 = 0.
We must also have by (A.34) with 1 =2

—A1 42X — A3+ Angi — Angz — Azng1 >0
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and so either Ay or An4; must be positive. If \,,11 is positive then X; = X, which
is impossible as it will contradict the fact that X, —2X;+1 = 0 and X; # 1. Hence
we must have A; > 0 and so X; — 2X3 + X3 = 0. Continuing in this way we find
that the inequalities g1(x) to gn—1(x) must all be satisfied for a local maximum

that is not zero or negative.

For g1(x) to gn—1(x) to all be satisfied the X;’s must all lie on a line which
goes through 1 for ¢ = 0. The value of X,, must also lie between e~ /¢ and 1. So
the X;’s must be of the form (X, — 1)i¢/n + 1.

It must now be shown that

Ag = (=1)"* (Z) An. (A.38)

For the case when k£ = n this is obviously true. Let’s also suppose that it is true

for all n > k > j then using (A.32)

. n
4 = Ay =)+ (-1 ()

— (—1)n—iH <Z> A, {(Xn 3 1).7' +1n—j Xn}

n j—I—l_

= (=1)n—iH (’;) A, {(Xn - 1)”;]’ = Xn}

= (—1)* (?) An {(Xn - 1)% 4 1}

and so (A.38) has been shown to be true.
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Now from (A.12) when j =0
1= - ZA
= A, ;(—1)"—i (%)
= (-1)"*4, {i(—l)" (7)- 1}

1=0
=(-1)"4A,
and so the time congestion which is given by ( —1)"2A,(1 — X)) is equivalent to
(1 — X,)2 which is maximised when X,, is minimised that is when X, = e~ "/¢

which is the postulated result. O
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