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SUMMARY.

This thesis is in two parts

In PARI ONE a method for determining the congestion in telecommunication

networks is presented.

Chapter 1 contains a review of some of the va¡ious ways that congestions in

telecommunications networks have been determined. Problems associated with

these methods wili be pointed out.

Chapter 2 presents a method to determine the call congestion in a network in

which only single link chains are used, some resuits will be presented.

In Chapter 3 the method discussed in Chapter 2 is extended to the case when

multi-link chains are used.

Chapter 4 is the conclusion of this part of the thesis and contains a summary

of the work described in this section as well as results obtainecl using oul methocl.

PART TWO of this thesis presents a study of sensitivity bounds for certain

queueing systems. A method to determine certain bounds is given and is used to

find bounds on the time congestion in the GIlMlnln queueing system.

Chapter 5 contains an introduction to the topics of insensitivity and Gener--

alised Semi-Markov Processes. Descriptions of various ways that have been used

to determine bounds for some performance measures in sorne insensitive systems

will also be presented.

Chapter 6 describes a method which can be used to determine the bounds

on certain per{ormance mea,sures for Generalised Se¡rri-Marltov Plocesses in which
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there is only one general lifetime distribution. A few examples of systems which

can be analysed using this method will be given and some results presented.

In Chapter 7 the method described in Chapter 6 will be used to determine

bounds on the time,,congestion in the GIlMlnln queueing system. A proof of

this result will be presented for the case when n : 2, the full proof of this result is

presented in the Appendix. A comparison of the maximum time congestion and

the time congestion achieved using some well known arrival distributions will be

presented.

Chapter 8 contains some conclusions and points out ways in which further

research u'ill extend these studies.
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PREFACE.

This thesis is in trvo parts. Boih of these parts are concerned with problems

in the field of telecommunications.

The first part presents a method for approximating the end-to-end congestions

in a non-hierarchical telecommunications network. This research was undertaken

from 1983 to 1985 and rvas supported in part by a contract from Telecom Australia.

The work presented here is an outline of the method and some of the reasoning

behind the techniques used. Many of the details of this work have been omitted

since they tend to obscure the main points.

The work for the second part of this thesis was undertaken in 1988 and 1989.

This part of the thesis is concerned with frnding bounds on performance measures

in some simple queueing systems with generally distributed inter-arrival or service

times. This method can give simple analytic results that could be useful when

analysing large networks of queues.
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CHAPTER 1

INTRODUCTION TO TELEPHONE NET'WORKS.

With the introduction of new digital switching and transmission systems into

Australia's telecommunication systems, advantages may be anticipated by replac-

ing some or all of the present hierarchical routeing network with a non-hierarchical

routeing system. Among the advantages to be gained by this replacement are

the creation of a cheaper, more robust network and the ability to incorporate a

certain amount of dynamic routeing by using one set of routeing rules for busy

da¡rfl-" periods and a different set of rules for quieter evening periods. Jessop

and Mcleod (i9S3) have discussed the possibility of introducing non-hierarchical

networks into the Australian International Digital Network and some of the advan-

tages . New rnethods for dimensioning these non-hierarchical teiecommunication

networks must be introduced and one of the possible ways of cloing this is to

acla,pt existing moclels, presently used with hierarchical networks, so that they can

be used for the non-hierarchical networks. The adaption of Berry's chain-floiv

moclel (1971), in which the network is investigated chain by chain, is the object of

the first part of this thesis.

When the exact structure, routeing rules and the traffi.c offered to a non-

hieralchical telecommunication network are known, we shall, by successively look-

ing at each chain, formulate an iterative scherne which will cletelrnine the end-to-

end congestions for each one of the network's arrival strearns.

1.1 Non-HierarchicalNetworks.

In the hierarchical networks presently used in Australia (see for exa,mple Truitt

(1954)), the-final choice routes in the network carry zr large a,tnourrt of overflorv
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tra,ffic, which has a high variance to mean ratio, while the direct routes caxry

tra,f,Ê.c with a lower variance to mean ratio. The higher the variance to rnean ratio

of the traffic offered to a link, the greater the number of circuits per unit of traffic

required to carry this traffic. Hence the final choice routes in this network have

a lower efficiency than the direct iinks. However, it is possible ihat switching

and transmission equipment can be introduced into the present system (Schramel

(1932)) so that a netvv type of network is created. More flexible routeing rules can

be employed in which every link in a network can carry both direct and fi.nal choice

traffics. Therefore the total number of circuits required is iess than that needed

for the present hierarchical network with the same grade of service. The grade of

service is specified by a set of lower bounds on the mean proportion of calis that

may be iost from any of the origin-destination streams. The introduction of new

technology has enabled many different routeing strategies to be employed. The

problern of designing routeing strategies to accomodate this flexibility is thus of

considerable importance.

The two different types of non-hierarchical networks which may be introduced

are dynarnic and static networks. A dynamic network is one in which the routeing

rules employed in the network are not constant. An example of this is a network

in lvhich there are only two sets of routeing rules for the network, one for the busy

daytime period and another for the evening periocl. Another possible system is one

in r,vhich the routeing ruies are constantly changing depending on the present state

of the network (see for example Narendra and Mars (1981)). For each of these

types of networks there are also many different sets of louteing rules that can be

employed. Ash, Cardwell and Murray (19S1) have looked at a nurnber of diffelent

routeing strategies for a proposed dynamic system. In this systern a ciiffer-ent

routeing pattern is uéed at different times of the day. They show that there is a

o()



possible twenty percent reduction in the cost of the overall network where multi-

link path routeing is introduced, in which any call may use any possible multiple

link route to get from its origin to its destination. It was discovered, however, that

most of the calls only used routes with one or two links per route. Hence a two

link path routeing system',¡/as proposed since this system \¡¡as easier to implement

and the cost for this system rvas about the same as the cost for other possible

routeing systems.

The second type of network is a static network in which the routeing lules

employed do not vary over time. The congestions in a static network may be larger

than those of a similar sized dynamic network but the cost of the dynamic networh

wil-i be greater. fn some networks the cost savings due to a dynamic network will

not be great enough to justify implementation. This, of course, depends on the

netrvork that we are investigating. At this point in time Telecom Australia is

interested in investigating non-hierarchicai static telecommunications networks.

In this thesis we describe a method for determining the congestions in a static

non-hierarchical network. This scheme may be applied to the sort of network

described by Ash, Cardwell and Murray (1981) by using it twice, once for one set

of routeing rules and then for the second set of routeing rules. The congestions

at the different times of the day when these different routeing systems are used

can be found in this way. However, this scheme can not be used to investigate

d)'namic networks which have constantly changing routeing patterns.

Telecommunications networks, both of the static and dynarnic type, may or

mar- not use crankback, that is a call's signal, having proceeded along a loute

to some node and finding the remaining paths to its destination all blocked may

be ''pulled back" to an earlier node on its route to try an alternative path to its

destination. Crankback in which the call's signal may be pulied back only one linlç
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or in which it may be pulled back a number of links are all possibilities which may

be implemented. Note that if a two link path routeing system is employed then

only one link crankback is needed since any two iink route must be from the origin

to the destination. The method outlined in this thesis can be used to investigate

a system with or without crankback.

As well as possibly being cheaper, non-hierarchical networks have other ad-

vantages over the present hierarchical systems. One of these advantages is the

increased robustness of the network" If, in a hierarchical netrvork, one of the links

is blocked due to a breakdown, the increase in traffic lost from this network is

usually greater than the increase in tra,ffic lost from a comparable non-hierarchical

system. This robustness is particularly evident in the networks which have con-

stantly changing routeing rules but it is still evident in static non-hierarchicai sys-

tems. Cameron (1981) has demonstrated this robustness for a dynamic routeing

system using simulation techniques to investigate the per{or-mance of }rierarchical

and dynamic non-hierarchical networks before and after a link breakclown. The

greater flexibility offered by non-hierarchical routeing s)¡stems is one of the reasons

wh¡r tþir greater robustness of the network is possible, since a traffic stream may

have a number of possible routes, each having no link in common with any other

route to which this tra,ffic stream may be offered.

Once the type of network and the routeing systern that is to be employed

has been clecided upon it is then necessary to investigate the perforrnance of these

netrvolks fol any circuit allocation vector, that is a vector consisting of the number

of circuits on each link in the network. First it is necessary to be able to dete::mine

the end-to-end congestions of the network when a certa,in circuit ailocation vector'

and set of arrival streams are known. Using these results it may then be possible

to find a process to optimise the number of circuits in the network. Garbin and
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I(nepley (1981), for example, have presented an iterative approach for designing

a static non-hierarchical network. In this approach a network whicir is fully con-

nected, that is every node is connected to every other node, has, at each successive

iteration, a number of circuits removed from the network in order to lower the cost

of the network. In some cases an entire link may be removed from the system. The

final network has a much lower cost than the initial fully connected system. The

procedure outlined in this thesis may be used with this type of scheme in which

circuits are successively removed until the grade of service requirements are just

met. In this case a lower cost, although not necessariiy a minimum cost, network

may be designed.

We shall investigate a method to determine the end-to-end congestions in

a static non-hierarchical telecommunication network. It will be shown that it is

possible to use an iterative scheme to approximate the end-to-end congestions

using a chain-flou¡ approach. A chain is a series of links forming a route between

an origin-destination pair. Each origin-destination pair may have a number of

possible chains or paths that a call may take. This iterative scheme calculates

the traffic lost from each arrival stream offered to the network by calculating the

traffic lost from each chain that a cail from this arrival stream may talie. A number'

of people have investigated the problem of determining end-to-end congestions in

non-hierarchical networks using iterative schemes. These schemes all consist of

an iterative procedure in which the approximations to the congestion values on

the network converge after a number of iterations to some specific values. How

close these values are to the real values for the congestion on the netrvork, usually

determined by sirnulation, is the major factor in assessing h.orr,' good these schemes

are. Also of major importance is the running time for these schemes. If u'e want

to optimise a network using one of these iterative proceclures, then this procedure
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will be calied many times during one run of an optimisation program. An overly

iong running program which gives more accurate results is not necessarily a better

method than one which has a shorter running time.

In many procedures assumptions about the network are made which are not

necessarily true and these can lead to major errors. For example Lin, Leon and

Stewart (1973) have presented a single-moment method for determining end-to-end

congestions. Two assumptions made, which are admitted by the authors to be open

to skepticism, are "Link blocking probabiiities are statisiicalll'independent" and

"Call arrivals (node originated plus overflows) on any link is a Poisson process".

The second assumption means that the model assumes that the sum of the overflow

and direct traffics offered to a single link are Poisson. This is obviously not the

case. However, in comparing the results for a network's grade of service using this

method with those obtained by using a two-moment method. in which the two

parameters mearr and variance are used to describe the offered tlaffics to links, both

sets of results ,¡,ere close to the results obtained using sirlulation. This comparison

was for an AUTOVON network, part of the worldwide Defense Communication

System, in rvhich special routeing strategies were used. For networks in which

a large proportion of the traffic is carried on first choice routes, the assumption

of Poisson offered tra,ffics to every link may be approximately true. For other

netrvorks in which large amounts of traffi.c are not carried on the first choice routes,

two moment methods would be expected to be more accurate. Of course even two

moment methods are still approximations and the description of traffic using more

than trvo moments may be more accurate still. However, the cliffi,culties involved

would be even greater than those that exist for the two moment method and

the beneflts are unlikely to be major. Whitt (1984) has investigated how much

variation may exist in a queue performance measure when the arrival stream is
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approximated by using only the stream's first two moments. This work is discussed

in more detail in the second part of this thesis.

The assumption of independent link blocking probabilities is an assumption

which is made by ail other methods known to the author. When a numbel of

independent arrival streams are offered to various routes in a network, the state of

the entire network is dependent on each individual arrival stream and every pos-

sible route that this stream may take. Hence there is some amount of dependence

between any two overflow streams and between any overflow and direct stream in

that network. This dependence may range from being insignificant to being fairly

important and is one of the major problems which must be investigated when

looking at these networks. Very few actual results from the methods that assume

independence seem to have been published and the accuracy of some of then is

in doubt. This also means it is hard to compare the different methods. Gaudr-eau

(1930) has demonstrated a method in which the probability that a call is calried

on a path is the product of the probabiiities that this call is carried on each of

the links in this path. For example for the serial path in flgure 1.1, with biocking

probability pr on the first link and biocking probability pz on the second link, the

congestion on the path is calculated to be equal to B :Pr t (i -pt)pz using the

independence of blocking probabilities.

If only a single stream is carried along this path, however, the probabilities

of blocking axe not independent and in facl B : pt : p2) in other words the

total blocking on the path is the same as the blocking on each one of these links.

Tiris ieads to a significant error in the proposed approach fol this simple networ-lc.

For large networks in which overflow streams from an)' single direct route link

are then routed into other multi-link chains, this effect rviil not be very serious if

the amount of overflow traffic is small. Therefore, for celtain networks the above
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n circuits n circuits

Figure 1.1 A simple network in which individual link blocking probabilities

a,re not independent.

assumptions may be approximately true; in general, hot'ever, serious difficulties

may occur when they are used.

Further examples of methods to determine congestions include a three rnoment

method by l(uczura and Bajaj (7977), a polynomial algorithm for a certain class

of networks by Girard and Ouimet (1933) and the Fixed Point Method by Kelly

( 1e86).

L.2 General Assumptions.

The aim of this thesis is to formulate a method for determining the end-to-

end congestions in a general network. The assumptions which are made about the

network under investigation are:

i) Independent Poisson arrival streams

ii) Negaiive exponentiai service times on all links

iii) All blocking occurs on the links

iv) All bloclicd calls are lost and do not return
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v) Call set up time is negligible.

vi) All traffic is routed under full availability conditions.

vii) A1l tra,ffic is described by only its first two moments.

viii) The system has reached equilibrium conditions

As all the traffic is described by only its first two moments, rve will use the

mean and variance, usually denoted M and V, to describe any traff.c stream on

the network.

The assumption of independence of overfl.ow and direct stream.s offered to a

single link is not made, however, if it is found that this assumption is valid it may

be incorporated into the procedure at a later stage.

1.3 Crankback and Routeing.

There are many different routeing systems that can be employed for non-

hierarchical networks. The system that is currently favoured by Austr-alian Tele-

com (see for example Berry and Coyle (1934) ) has been used on simple networks

to analyse the meihod discussed in this thesis for determining the end-to-end con-

gestions in a network. The routeing schemes used have at most tq'o links in any

chain of a network, see figure 1.2.

Normally an arrival stream is first offered to the direct single link chain from

the strearn's origin, node 1, to its destination, node 2. The stream of calls offered

to this link but which cannot be carried on this link form the overflow traffic

stream. This overflow traffi.c is now offered to the second choice r-oute: a chain

composed of two links, the link from node 1 to node 3 and ihe link from node
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3 to node 2. A spare circuit must exist on both of these links for a call to be

carried on this chain. If a spare link does not exist on both of these links then

the call overfl.ows from this chain. If a third choice route is used, the overflow

from the second choice route is also offered to a third choice two link chain and so

on. The traffic overflowing from the final two link chain is lost from the network.

The percentage of the calls from this arrival stream that are lost from the network

is this arrival stream's end-to-end congestion. Using this scheme no two chains

carrying traffic from the same arrival stream han'e a common link. The problem

of the dependence of separate streams of traffic offered to a link is therefore not

as significant for this routeing scheme as it is for some other routeing schemes.

Some routeing schemes use crankback. A call that is offered to a multi-link

chain initiatly tries to get on the first link in this chain. If this first link is busy the

call ca,nnot get on this chain and is offered to the next choice chain. If the first link

of this chain is not busy the call will now try to get onto the second link in this

chain. If this second link is blocked the call cannot be carried on this chain. For

systems using crankback this call can be offered to the next choice route, \Me say

the call has been "cranked back" to the start of this chain. For systerns without

crankback this call is lost whether or not another choice route exists. This process

is the same for the other links in this chain.

For example, in flgure 7.2 a call trying to get from node 1 to node 2 will first

be offered to the direct route 7-2. If this is blocked then the route 1-3-2 will be

attempted. If link 1-3 has a spare circuit the call's signal will go to node 3 and tly

to get on link 3-2. Without crankback if this link is blocked then the call is lost,

whether or not a path exists on the route 7-4-2. \\¡ith crankback the call's signai

is pulled back to node 1 and the third choice route 1-4-2 can now be tried.

11



lost

a

Figure 1.2 An example of the routeing scheme that is favoured by Aus-

tralian Telecom.

We rvould expect the amount of traffic lost from a network using crankback to

be less than that lost from the same network not using crankback. This is shown

to be true in rnost cases when r,¡/e compare sorne results flom networks for which

crankback is implemented with those where no crankback is irnplemented. For

some cases, however, this is not true and using crankback actually increases the

congestion on a network. These results are presented in chapter 4.
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CHAPTER 2

AN ITERATIVE SCHEME FOR SIMPLE NET'WORKS.

A scheme for determining the call congestion for some simple telecommunica-

tions networks when only single link chains are used in that network is introduced

in this chapter. This method will be extended in the next chapter so that it can

also be used on networks in which the chains are composed of more than one link.

The first three sections of this chapter introduce some well known preliminary

results which shall be used in the iterative scheme described in the fou¡th section

of this chapter.

2.L Poisson TYaffic Offered to a Link.

a

n

Figure 2.1 The Erlang loss system

One of the simplest and best known queueing systems is the Erlang loss

system. This system is represented in figure 2.1, A Poisson arrival stream with

intensity ¿ is offered to a single link composed of n cilcuits. When a call arrives at

this linli that call will be carried on the link if any of the n circuits a.re unoccupied.

If all of the c-ilcuits are occupied when a call is offeìed to this link the call ca,nnot

be carried ancl is lost from this link. A number of formulae exist, some exact,

13



others approximate, to calculate how much of the traffic offered to this link will

be lost, the variance of this traffic, the amount of traffic carried on this link and

the variance of this carried traffic. The amount of traffic lost from this link, M, is

given by

M : aE(n,a)

where

E(n,,a\: ^y.- (2.1)' Di-.o o' l¿''

is the well knos'n Erlang loss formula (see for example Brockmeyer, Halström and

Jensen (1948)) which gives the probability that all n servers of the link are busy.

The variance of the tra,ffic lost from this link, V, can be found exactly by using

Riordan's formula given b

V:M

(see Witkinson (1956)). Althor-rgh it is not obvious from the above, it can be shown

that V ) M , ihis is a characteristic of traffic overflowing from a link offered Poisson

traffic. Traffic for which the variance to mean ratio is greater than one is called

rough traffic. It is always true that a traffic stream overflowing from a link in

a network with Poisson offered traffics will have a variance to mean ratio greater

than one.

Tlre traffic carried on this link, M.o, is obviously just given by

M"o:a-M:ú(7-E(n,a)) (2 3)

and the variance of the traffic carried on this link can be approximated by Vro

given by

' 
V.o : M"o - (a - M.")(, - A["") (2'4)

74
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(see for example Beneð (1961)). 'When a Poisson stream is offered to a single link

the traffic carried on that link has V"o 1 M.o. Traffi,c for which the variance to

mean ratio is less than one is called smooth traffic. It does not follow, however,

that any tra,ffic stream carried on a network has a variance to mean ratio less than

one, since if rough overfl.ow tra,ffic is offered to a link the traffic carried on this link

may have a variance to mean ratio greater than one.

2.2 Wilkinsonts Equivalent Random Method

In the above section it has been shown how the lost and carried traffics on a

single link can be calculated when a Poisson arrival stream is offered to this link.

To determine these same quantities when the offered traffic is no longer Poisson

a ne'w technique must be used. Wilkinson's Equivalent Random Method (ERM)

can be used in this case (see Wilkinson (1956)). The situation for which ihe ER.M

is used is shorvn in fi.gure 2.2.

MrV+
n

Figure 2.2 Ovetflow traffic offered to a link.

A traffic stream with mean M and variance I/ is offered to a single linlc with

n circuits. Tþis offered traffic stream is the overfi.ow traffic from a previous link

or links and so it wiil be a rough tra,ffic stream. Wilkinson's ERM represents this

rough traf6.c stream bl' the overflow traffic which would result when a Poisson

15



arrival stream u'ith arrival rate a.o is offered to a link with n"o circuits. In other

words we must frrrd a"o and n"o such that

M : d"qÐ(n.cra.q)

geg

n*n.q +1+ Mor-u.o

16

(2.5)

and

v:M(t-** o"o 
). (2.6)Y -rY¡ \r 

tY! t 
ftee+1+ M - a"q)

So the overff.o'¡' traffic stream with mean M ar'd variance I/ is equivalent to a

Poisson arrival stream with intensity o"o offered to a link t'ith n"o circuits. This

situation is shos'n in figure 2.3.

n
q

a

n

Figure 2.3 A situation equivalent to that shown in fr.gure 2.2.

The traffic that overflows from a link with n circuits when it is offered an

arrival strea,m u'ith mean M arrd variance V carr now be caÌculated by

Mor:a.oE(tzln.qra"c) (2.7)

ancl

+eq

\,'or: Mo, 7-Mor+ (2.8)



The traffic carried on the link is given by

M"o: M - Mou (2.e)

and the variance of the traffic carried on this link can be approximated by

Vro -- M"o - (Mou - M.")(, - M"o) (2.10)

The ERM can be extended to the case when the traffic offered to a link is

not rough but smooth. This technique is called the Extended Equivalent Ran-

dom Method, EERIII (see Bretshneider (1973)). This technique will be necessaly

when rnulti-link chains are investigated but is not necessar5r ry1t"n calculating the

congestions on single link chains.

The situation that occurs when more than one traffi.c stream is offered to a

circuit is discussed in the next section.

2.3 Cornbinations of Overflow TYaffics.

The problem of determining lost traffics when two overflow traffic strearns

are offered to a singie link has been studied by many people. The results of

some of this wolk is shown here as these techniques will be used in the iterative

scheme clescribed later in this chapter and some of them will be usecl in the more

genelal scheme described in Chapter 3. For mixing rough traffic strearns the simple

network shown in figure 2.4 wlII be investigated.

Here traffic with intensity ø1 is frrst offered to link 2 with n2 circuits and any

overflow from this link rvill be offered to link 1 with tz1 circuits. Similarly a trafrc

stream with intensily a2 is offered to link 3 with n3 circuits, the overflow from this

strcam is alsð offerecl to link 1. Hence we have two overflou' traffi.c streams being

77
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a
1

a z

Figure 2.4 A simple network in which combinations of rough trafr.c arc

offered to a sinfle link.

offerecl to link 1. The mean and variance of these overflow traffic streams can be

calculated using Erlang's loss formula and Riordan's formula respectively. Lel NI1

and J/r be the mean and variance respectively of the overflow tra.ffic stream frorn

Iirrk 2 when Poisson traffic of intensity ø1 is offered to n2 circuits and M2 and V2

be the mean a.ncl va,riance of the overflow tra,ffi.c stream when traffic of intensity a2

is offered to rz3 circuits. Then the system depicted in figure 2.4 car' be represented

by the situa,tion shown in figure 2.5.

+
-+

t3

M' vt -+
M

2
V

2 +
Figure 2.5 Tlte network shown in frgure 2.4 with tlte overflow means and

v ari ance s c a.l cul ¿tt e d.
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Since these two overflow streams are independent the total mean and variance

of the traffic offered to the n3 circuits is just the sum of the individual means and

variances of the two offered tra,ffic streams. Wilkinson's ERM shows how we can

determine the total lost traffic from the above system. The ERM can be used

to determine the lost tra,ffic from a link when any combination of independent

overfl.ow traffic streams is offered to that link. In this case let the mean of the

traffic which overflows from link 7 be m and the variance of this traffic be u. We

now only have to frnd a method to determine how much of this tra,ffic is due to

the first arrivai stream and how much of it is due to the second arrival stream.

Olsson (see Berry (1971)) has shown that an approximate method for splitting

this overflow traffic m into its two individual traffic components, that we shall call

m1 and nt2, is to split the tra,ffic so that the proportion of the lost trafrcs is the

same as the proportion of the values Vj + M? lV¡ for each traffic stream j. We can

compare the results we obtain using these methods with exact results obtained by

solving the steady state equations numerically for small values of n1 ,n2 ar^'d Tts.

That is, if the vector of state probabilities at time ú is p(f) then

p(r + óú) : p(¿) + p(t)A6t + O(dt2¡ (2.1r)

where ,4. is the matrix of transition probabilities and so

dP(t)
ìr"' p(ú),a. (2.12)

Since equilibrium conditions are assulned the derivative of p(ú) with respect to ú

must be zero. So p(t) is the solution to the matrix equation p(ú)A : 0 such that

the sum of the probabilities is 1.0. The application of this weil knorvn technic¡-re

to systems of the form shown in figure 2.4 is exa.rnined in rnole detail in Belry

and Co)'le (1934). Approxirnate results obtained by simr-rlzi,tion can be obtained

for larger va,hres of. n1,, ??2 and n3, Some of these results are sh.own in table (2.1)
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The variances of the individual lost traffic streams must also be calculated, so

thai if one or both of the lost traffic streams v/ere norvv to be offered to a third choice

route we can, using the ERM, repeat the above procedure and hence determine

the lost tra,ffic from this route and so on. For determining the variances of the lost

traffic streams Harris and Helm (1976) have proposed the approximate formula,

uj : pj {(p¡ + (7 - p¡)"-ni\@ - m) + *} (2.1 3)

where u is the variance of the total overflow traffic from the link and p¡ : V¡ lV
where V is the sum of the offered variances.

We shall now employ all of these techniques in an iterative procedure in older'

to calculate the traffi.c congestions on a small one-link chain network.

Mean Var Exact
Lost

Olsson's
Lost

% Error

nt:5
,Sr

Sz

3.383
3.383

6.133

6.133

1.258

1,258

1.309

1.309

3.0
3.0

nt:6
Sr
Sz

6.600
2.732

13.811

5.268

2.546
1.003

2.519
0.978

1.1
Ð<L..)

TIt :2

'9r
s2

0.796
0.618

1.301

0.945
0.190
0.143

0.194
0.139

2.7

2.8

nr:18
,9r

Sz

10.759
2.705

17.313

6.340
0.592
0.185

0.604
0.205

2.0
11.0

Table (2.L) A conparison of the exact resulús obtained ft-om the system

sIrcwn in frgure 2.5 with the results obtained using Olsson's splitting formula. The

tro separa.te streams of trafr.c are entitled St and Sz.
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2.4 An Iterative Scheme.

a

n
6

a
2

Figure 2.6 A simple network used úo investigate the proposed iterative

method for determining congestions in non-hierarchical netwotks.

We demonstrate the iterative procedure for determining the end-to-end con-

gestions in a teletraffic network with only single link chains by exarnining the

simple network shown in figure 2.6. The traffic from the ith stream offered to

iis 7th choice route shall have mean Mj and variance Vri. Therefore, since the

itlr Poisson offered stream has intensity a;, Mi. : Vl : oo. A Poisson stream of

intensity a1 is first offered to the route Or - D1, the overflow traffic from this

route with mean Mj, and variance V] is then offered to the second choice loute

Ot - D2 - D1 and finally the overflow traffi.c stream from this route, rvith mean

ancl varian ce luI!, 7r1 , is offered to the final choice route Ot - O" - D2 - D1. The

ovelflow traffic from the fi.nal choice route, with mcan rn1, is lost. Similarl¡r, a

n

nB

n
2

4
n5 n7

\

nJ
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tra,ffic stream with intensity ø2 is offered to the route Oz - D2,llne overflow from

this route with mean and variance M],V"2 is offered to the route Oz- Dt- D2 and

the overfl.ow traffic from this route with mean and variance M!,V] is offered to

the final choice route Oz - Ot - D1 - D2, arr! overfl.ow from this final route, with

mean rn2,is iost. By choosing ns) n2rn6) n1,frT) n1 iI14 and n6 ) n2ln's

rve ensure that any traffic overflowing from any one of these routes is due only to

the number of circuits on the links ttrtrrtr2¡flsrTt¡ and the intensity of the arrival

streams eL,a2. Hence for practical purposes we can look at this network as hav-

ing chains which are only composed of single links and calculate the lost tra,ffics

from this network by only looking at these single links. We rvill try to find some

approximate va,lues for rn1 and m2, the mean traffi.cs lost from this network, using

the following iterative scheme.

When 'vr/e use the ERM to calculate the overflow traffic with mean nz a,nd

variance u when traffi.c with mean M and variance V is offered to a link with I/

circuits, r,ve will denote this procedure by (*,,r) : ERM(AI,V,N). Our rnethod

calculates approximate results for ail the traffic streams on the networlt during

each iteration. Since the traffic from one of the arrival streams is dependent on

the results obtained from the other traffic stream, as one set of results becomes

more accurate this in turn affects the other set of results. So it is expected that

the approxirnations for the iost traffic on the network will rapidly approach the

correct values.
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2.5 An Overview of the Method.

Step O: Only look at arrival stream 1

Caiculate M),,Vrr by

M; : a1Û(nv,av),

vr' : M;(1- M; * avf (n1+ M; - ¿r * 1))

Calculate M!,Vrt by

(Ml,vrt) : E RM (M),vr|, ns).

Step 1a: Let M : o,z + Ml,V -- az -lV]. Then (Mo,,Vo,) : ERM(M,V,n2) is

the mean and variance of the total traffic overflowing from linli n2. Use Olsson's

spliiting formula to obtain M| and rn1. Use Harris and Helm's variance formula

to obtain Vr2.

Step lb: Calculate

(M? ,Vr') : E RM (Mî ,V] , rn)

Step 2az Let M : (rt + M?,V : at +V?. Then (Mou,Vo,) : ERUI(NI,I{ n1) is

the mean and variance of the total traffic overfl.owing from linli nr. Use Olsson's

splitting forrnula to obtain M) and rn2. TJse Harris and Helm's variance formula

to obtain V21.

Step 2b: Calculate

(M],Vrt) : ERM(M),Vr' ,4)

Step 3: If the rcsults from the present iteration for rn1 and m2 are sufficiently

close to those ol¡tained from the previous iteration stop the algorithm, if the results

have not conïerged sufficiently repeat the ahove from step 1a'
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2.6 Some Results.

If all the formulae used in this procedure were exact then the exact and

calculated results would be the same. However, since this is not the case some

error will exist in the results. The size of these errors determines how useful this

method can be, and as the accuracy of these approximate formulae increases, the

accuracy of this method also increases. The traffics iost from the network in fi.gure

2.6 can be found exactly by solving the relevent steady state equations. Table (2.2)

compares the exact and approximate results for some sets of network parameters.

The results show reasonably small errors involved in calculating the lost traffi.cs

from this network. For a large number of cases the errors involved using this

iterative scheme were calculated and the average percentage error l¡/as less than

four percent. It usually took about three iterations before the results converged to

this accuracy. So we conclude that this iterative scheme works well for cases when

only single link chains are used. In the next chapter this method will be extended

so that it can be used on networks I'r'ith multi-link chains.
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ft1 Tl,2 ng TI4 {71 A2 ffll TfI2

3121 5.5 2.2 Exact
Approx.

To err

7.707
1.697

0.58

0.731
0.742

1.6

4r31 7.0 1.1 Exact
Approx.

To en

1.485
7.474
0.80

0.213
0.231

8.4

4423 6.6 7.7 Exact
Approx.

To err

1.814

1.799

0.90

7.877
1.882

1.3

8833 10.0 10.0 Exact
Approx.

To err

1.197
1.193
0.39

1.197
1.200
0.29

15962 20.0 10.0 Exact
Approx.

To en

1.898

1.985
0.650

1.276
1.181

DOJ.r)

Table (2.2) A comparison of exact resuJts for the simple non-hierarchical

network and the -resuJ¿s obtained using the iterative scheme described above. For

ea,ch set of parameters shown in the table the frrst row in the fr.nal column is the

exact results, the second row are ú-he resuits obtained using our method and the

third tow is the percentage error of the resuJts.
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CHAPTER 3

THE EXTENDED METHOD.

In chapter 2 an iterative scheme was described '*'hich calculates the conges-

tions in telecommunication networks with only single link chains. The results from

this method are quite good since the va¡ious traffic formuiae used are fairly ac-

curate. In this chapter the algorithm wiil be extended to the more general case

when chains with more than one link can be used. The problems associated with

analysing networks with multiple link chains will be discussed and then a solution

to these problems proposed. This technique of analysing a telecommunications

network differs from other techniques known to the author in that it focuses on

the traffics carried on the chains in the network.

3.1 An Analysis of Multi-link Chains.

In the discussion that follows we will assume that crankback is implemented.

We will later extend these results to include the case rvhen crankback is not used.

One approacir which has been used to solve the problerns discussed in this

thesis is to offer the tra,ffi.cs from the various chains in a nets'ork to each single

link in these chains. A lot of research has gone into looking at results for this

approach, which includes finding methods of determining the total lost tra,ffics and

creating approximate splitting formulae for the separate streams of lost traffic. As

was shown in chapter 2, for systems with only singìe link chains this approach

works very well. For systems in which multi-link chains are used, however, this

approach does not always give satisfactory results.

Figule 3.1 shows part of a large network. An over-flow stream, stream 1, with

mean Afi and. valiance %, is offered to the chain cornposecl of links 1,3 and 4.
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link l- 5 ccts.
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20 ccts l-0 ccts. 5 ccts.

Figure 3.1 Part of a large telecommunications network.

Anotlrer overfl.ow stream, stream 2, with mean M2 and variance I/2 is offered to

the chain composed of links 2 and 3. Apart from link 3 all of these links also have

other traffi.c streams offered to them from various chains in the networ-k. If we

want to determine the amount of traffic lost due to link 3 from the streams M1,V1

ar'.d M2,72 respectively we rnust fi.rst of all determine the traffic which is offered

to this link from these two arrival streams. If this is known we can then, using

\Milhinson's Equivalent Random Method , approximate the total traffic lost from

the network due to this link.

A naive approach to the problem would be to let the streams of traffic, Mt,,Vt

alrd M2,V2,be offered directly to link 3 and to calculate the traffic lqst due to tiris

link. However, this could lead to more traffi.c from stream 1 being carried on link 3

than is possible, since any traffic carried on link 3 from stream 1 must firstly have

been carried on link 1. Link 1, having only five circuits, will permit only a celtain

1
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amount of traffic from stream 1 to flow on this chain. So, this simple technique

will not yield very accurate results.

Another possible approach would be to off.er M1,V to link 1, determine how

much tr¿ffic is carried on this link and then offer this traffic to link 3. Similarly,

the traffic Mr,Vz will be offered to link 2 and the traffi.c carried on this link will

also be offered to link 3. The previous probiem has been solved since the traffic

carried on link 1 which is now offered to link 3 cannot be greater than the amount

of traffic which can be carried on link 1. These two traffic streams are offered to

link 3, the total lost tra,ffic is calculated and then the tra,ffic lost from each of the

two separate arrival streams is calculated. We must now offer the trafrc carried

on link 3 from the first stream to iink 4 which has only fi.ve circuits, as weli as

having a number of other tra,ffic streams offered to it. We would expect that a

Iot of the tra.ffic offered to link 4 could not be carried and so rvill be lost. Tiris

means that the tra,ffic that was calculated to have been carriecl on link 3 in fact

ca,nnot be carried on this link, which also means that more traffic from the second

stream could irave been carried on link 3. Thus the traffic streams offered to link

4 have affected the result we obtained for the tra,ffic overflowing from the chain of

the second offered stream which does not even include this link.

For the simple systern in figure 3.1 we could have offerecl the traffic Mt,Vt

to link 4 initially and then continued in the manner descrìbed in the previous

paragraph, since the order in which we put the links in a chain should make no

clifference to the final result as we are assuming crankback is used. However, if

we ¿rlso consicler another stleam offered to iink 2 t}re proltlem becomes even more

complicated. We wiil nou, have to decide what the traffi.c offered to link 2 due

to this new str-eam will be, which may involve looking at the links in the chain

associated with this stream and the chains of the other streams using these links
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and so on. Soon the probiem of investigating the traffic overflowing from one link

will involve the whole network. These problems occur because we cannot talk

about tra,ffic streams being offered to links independently of the rest of the chain

with which these arrival or overflow streams are associated. Since no one part

of the network is completely independent from any other part even the simplest

problem may soon involve looking at a large number of overflow streams and links.

We have attempted to soive the problems presented above by considering the

traffics carried on the chains of the network. The traffic carried on a cha'in is the

saÍle at each single link in this chain and so the difficulty in having to look at the

other links in these chains no longer exists. The traffic offered to these chains and

the position of links in the chains are no longer important. If we want to determine

horv much traffic is lost from the offered stream Mt,Vt when it is offered to the

chain with links 1, 3 and 4, $'e only need to know how much traffic is calried on

each of these links fr-om the other chains in the network. It is norv a much simpler

rnatter of ollering A[1,V1to these three links in turn to determine h.orv much of

the traffic frorn this strea,rn is lost.

3.2 The TYaffics Carried on a Chain.

Figure 3.2 clepicts a traffic stream with rrrean M and variance V offered to a

chain of links in a network. We wili call this traffic stream the chain offered traffi.c.

This chain offered tlaffi.c is either an arrival stream or a stream of overflow tr-a,ffi.c

from a previous chain, Each link in this chain carries solrre trafrc which is the sum

of all the other traffic strea,ms that are carried on that link. This carried traffic

does not include the traffic u'hicir is carried from the chain offered traffic. The

problem we must now'solve is to calculate how much of the chain offered tr-affic is

carried on this chain and how much of it overflows from this chain. Given these
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Figure 3.2 A chain in a network. The traffic offered to this chain has mean

M ¿nd variance V. The traffi.cs carried on the links in this chain, with means M!

and variances Vj, aïe îepresented by the lines below the chain.

resrÍlts we coulcl then look at the next chain in this networlt and fi.nd th.e same

results for this chain and its associated offered stream and so on.

3.3 Finding the TYaffic Lost from a Chain

In chapter 2 we investigated ways of determining the traffic lost from a link

rvhen the traffics offered to that link are known. If rve can restate our problem in

terms of offered traffics then some of these techniques can be used'

For each link in figure 3.2 there is an associatecl stream of calried traffi.c,

the sum of all the traffic carried on this link not including that carried fïon the

chain offerecl traffic. Fôr each of these carried streams there is an equivalent traffic

stream which rn,hen offered to the link will result in the correct amount of tra,frc

\Ê
c c

kk
M,Vcc
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being carriecl on this link. This equivaient offered stream may be calculated solely

from the traffic carried on the link, which is known, and the chain offered traffic.

This is not the same as the procedure mentioned in section 3.1 in which offered

traffic streams were combined, offered to a link and the traffic carried on the link

calculated. In our algorithm the offered traffics are calcuiated from the carried

traffics, not the other way round. Also the carried stream here is the sum of all

the carried traffics on this link, the procedures described earlier looked at each

individual offered stream one at a time. Once the carried trafÊc streams have

been replaced by equivalent offered streams then the s)¡stem in figure 3.2 can be

r-epresented by the system in figure 3.3.

{,vr \,
\

*,u-*
n1 nk

Figure 3.3 The chain in fr.gure 3.2 but with the traffrcs carried on the linl<s

repla.cecl by traffi.cs offered to the ljnks. If we choose the offered tra'ffics correctly

tlte traffic lost fron tltis system would be tlte saÌne as the traffrc lost ft-on tlte

chain såotvn in fr.gure 3.2.

In flgur-e 3.3 the traffics carried on the links have been replaced by streams of

traffics offered to the links. It should be noted that these streams of offered traffic

a,re also depenclent on the offered tra.ffic stream AI,V . If this stream changes then
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the other offerecl streams wili also change. What is important is ihat the amount

of traffic carried on this link due to this calculated offered strea,m is the same as

the amount of traffic we know is carried on the link.

{'vt ,Y2

\
M,V+

n

vt

\
\

nl

Figure 3.4 The chain in frgure 3.3 with an extra link a.dded. The traffi.c

lost from this chain is equivalent to that lost from the chain in frgure 3.3.

For the chain depicted in figure 3.3 let

n¡nin : ,2j¿*(";),

that is, n,n¿, is the minimum number of circuits that are in any Link of this chain.

Now we introcluce an extra link to the chain in fi,gure 3.3 which has n-¿r, circuits'

No other traffic will be offered to this link apart from the chain offered traffi'c

M,V. The amount of tr-affic carried on this new chain is the saille as the amount

of tra.ffic carried on the chain depicted in fi.gure 3.3. This is so since a call will be

blocked by this new link if ancl only if all tire circuits on this iink are being used

by calls from tire chain offered traffic strearn. However, when this occurs the call

would have been blocked any'ñ/ay since there is at least one link in the chain with

the same number of circuits. We will find this simple result useful in trying to fi.ncl

the arnount of trafñc lost from this chain.

Frorn thi above r,r'e know that the amount of traffic lost from the chain shown

q.nz
mln
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in figure 3.3 is the same as the amount which is lost from the chain shown in

figure 3.4, with n-¿,, defined as above. The reason we introduce this extra link is

because the maximum amount of traffic that could be carried on the chain is the

maximum amount of traffic that could be carried on the link with n-¿,, circuits.

If no other streams of traffic were carried on the iinks in this chain, i.e. M¿ : Q

for all i, then the amount of traffic lost from this chain would be just the amount

of traffic lost when M,V is offered to the single link containing n,,r¿,' circuits. For

the case when the other tra,ffics are not zero we will use an approximate technique

to fi.nd the traffic blocked on this link due to the other traffic streams carried.

3.4 A Sumrr..ary of our Algorithm.

For any given netrnork in which a set of routeing rules, the intensity of the

arrival streams and the number of circuits on each link are known, approxima-

tions to the values of the end-to-end congestions of this network are fould in the

following way.

Let ^9(fr) be the set of all the chains (i,j) that includes the link k, wher-e

(i,j) is the chain from the jth choice route of the ith arrival strearn. Also let

,"Li¿Ð ,r|li) be the mean and variance respectively of the traffic which has been

calculatecl so far to be carried on the chain (i,i). Initially -fi¿il : ut:;i):0 for

ail the chains (i,j). The following must be repeated for every arrival stream in

or-der to complete one iteration of this algorithrn. Ai the end of each iteration a

test is per{ormed to see if ihe results have converged.

For the ith arrival strearn with intensity a; :

For the jth chain in the network that this stream is offered to

oo
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Let Mo¡,Vo¡ be the mean and variance respectively of the traffic offered

to chain (i,j). Either this is the traffic r¡'hich has overfl.owed from a

previous chain, or if this is the frrst chain that this stream is offered to,

¡ylo1 :Vor:ai.

Let n^;n be the minimum number of circuits contained in any link of

chain (i, j) and append a link k' with n^;,.circuits which carries no other

traffic.

Using Wilkinson's Method find the amount of the offered traffic that is

carried on link ,b' with mean Mit and variance Vj¡. We rvill clenote this

operation by ERM. and so

(Mi ¡,Vi¡) : E RM.(M't,Vo î,,tr,.,"in)

For each link Ã; in chain (i, j)

Calculate the traffic carried on link k M.o,V"o from other traffic

streams using link k, that is :

M"o: t ^Ln"i')
(r,,j/)És(þ)
(ít ,i ' )*(i,i )

and

t
[:l;]lì5',^'

The traffic which is carried on link k from the offerecl traffic NI:f ,V:f

must norv be calculated. This trafñc will have mean ltt[[" and variance

V"o ,it) 
,

Iz.uìo
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Vj. We will call the procedure that will give us this result the link

congestion method, or LCM. So

(M:",VJ) : LC M (Mi r,Vlt, M 
"o,V.o, 

nk)

This procedure wili fall into two related parts. As discussed earlier

the first part is to fi,nd the equivalent offered traffic with mean M"E,

and variance VoE¡, which when offered to link k u'ill result in the

correct amou¡t of carried traffic, M"orV"o. The second part of this

procedure is to find out how much of the traffic offerecl to link k is

calried on link k, that is, given the two traffic sJreams offered to link

lr, Mîf ,V]¡ and MP¡,VP¡, find out the totai tra,ffic carried and split

it up into the two respective streams.

Tlre traffic carried on link k in chain (i,j) with mean luI[o and variance

V) now becomes the traffic offered to the next link in chain (i,7) where

the a,bove process is repeated, so MI¡ : MTo andV]¡ : Vä. If tliis is the

fi.nal link of the chain Mi",V:" is the traffic carried on this whole chain

and so ,nt:¿i) : Mîo..,d rÍii) :V:". These results ale used latel in the

progra,m when looking at the chains which have links in common rvith

chain (i, i).

Now calculate the traffic which has overflorved from chain (i,7)

Mor: Mol - MTo,

and approximate the variance of the overflow traffic as if chain (i,7) was

a single link so that

Vo, : Mou(7 - Mou I a"of(n.o+ 1 + M - o"o))
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wlrere ø"0 and neq a:re calculated in the same',¡¡ay as in Wilkinson's Equiv-

alent Random Method.

If chain (i,j) is the last chain that this traffi.c stream is offered to then the

total traffic lost from this arrival stream * MI:I._ Mo,.If chain (i,j) is not

the last chain, then set Mol : MoÍ - M"o and Vof : Vou and repeat this

process for the next chain.

The end-to-end congestion for the ith arrival stream is given by

M[:)",
o,i

After the traffic lost from every stream offered to this network has been calculated

compare the values obtained for the end-to-end congestions from this iteration

with the results calculated from the previous iteration. If these trvo sets of results

are su-fficiently close to one another then the results have converged and the desired

results have been achieved.

3.5 Some Rerrrarks on the Link Congestion Method.

An algorithm to find the congestion in a telephone network has been presented

in section 3.4. There are, of course, many problems still associated with this

algolithm. In the Link Congestion Method we offer some traffic to a iink which

has a knorvn amount of tra.ffic already being carried on it. Techniques must be

devised to frnd the amount of traffic lost and carried on this link. Some techniques

for approximating these traffics are presented here.

The problem we must solve in order for our algorithm to give accurate results

is shown in figure 3.5, which depicts a singie link in a chain of a network. We know
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the traffic from other streams carried on this link, with mean M"o and variance

V.o, arrd we also know that the traffic carried on the previous links in this chain

has mean Mi, and variance Vj¡. We want to know how much of this traffic will

be lost from this link due to the other traffics carried on it. This corresponds to

the procedure that we called the Load Congestion Method, or LCM for short.

**
MVof of

MVca ca
n ccts.

Figure 3.5 A link in a chain with the associated offered and carried traf-

fr.cs

We must investigate the second part of the LCM problem before the firsi

part. When we try to flnd the equivalent offered traffic in the LCM we must

firstly decide how the traffic carried on this link is to be calculated. An analogY to

this is, of course, Wilkinson's Equivalent Random Method. It is necessary to know

the Erlang loss formula and Riordan's formula before the ERM can be formulated.

In this section we will investigate the problem of fincling the carried traffics on the

Iink given the offered traffics keeping in mind that this problem will be invelted

as part of the LCM.

The situation shown in figure 3.6 is the one which we are trying to solve.

\Me know the values of the offered traffics ancl we wish to know the values of the
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Figure 3.6 A link in a chain with the associated offered traffi.cs

carried traffics on this link, call it link k. We cannot just sum the tu'o sets of offered

traffics and then offer them to the link using the ERM. The results obtained this

way would be wrong. The reasonfor this is that the offered traffic Mir,Vj¡has

already been offered to and carried on another link. If no other traffic u'ere carried

on link k, that is Mlr: 0, then all the traffic offered to link k, rvith mean h{[t

would be calried. \Me have ensured this will happen by offering the chain offered

tra-fÊc to a link with rz-;r, circuits and calculating how rnuch traffic will be carried

on this link. Here if any of the traffic carlied on link k is l¡locked on the chain it

is because of the otirer traffic streams carried on this network.

So we need a clifferent technique. The approximate method rve ha¡'e tried is

as follows. Firstly offer the sum of the two offered traffics to link k and find the

amount of tr-affic overflowing from link k using the ERM, the lost traffic calculated

this way is m2. Next offer just the traffic carried on the chain so far, Mi¡,Vi¡,

to link k and calculate hor¡' much of this tra,ffi.c is lost using the ERlvI, the lost

trafrc calculated this way is m1. Now we use rrl2 - ?nl as an approximation for

the total traffic that is lost due to link k. The reasoning behincl this is that we

know that if M!, :0 then the traffic lost from link k is in fact zero. So \¡/e use
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n'ù1 âs an approximation to the extra traffic that would have been lost if Mi¡,Vï¡

had not been previously offered to any links. So rn1 is the traffic lost from link

k due to the restricted number of circuits on link k. Also rn2 is the amouht of

traffic lost from link k due to the combined effect of the number of circuits a.nd

the other traffics carried on link k. So rn2 - m1 is taken as an approximation to

the amount of traffic lost on link k due to the traffic car¡ied on link k. For the

case when U!¡:0 this result is exact, it is also exact when Mi¡:0. This is a

fairly rough estimate, but the results we get are actually quite reasonable.

a2

a1

Figure 3.7 A simple network that can be investigated to determine the

accuracy of our approximate method for calculating the traffics carried on a link

in a chain.

To determine the accuracy of our method for finding the traffic lost frorn a

link in a chain,, we will investigate the simple system shown in figure 3.7. Note

firstly that by Wilkinson's ERM'r¡/e can represent the offerecl traffics M!¡, VP¡

by the offered strearn a2 offered to the circuits n2. This is true even though the

tra,ffic strearn MP¡,,Vfr is itself an equivalent offered tlaffic stream. In the s)¡stem
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in figure 3.7 rl'e offer one arrival stream of intensit! al to the two link chain, link 1

witlr n1 circuits and link 3 with n3 circuits, where ny 1ns. Another traffic stream

of intensity a2 is offered firstly to link 2 with n2 circuits and the traffic overfi.owing

from this link is then also offered to link 3. For suffi.cientiy small values of n1, n2

and n3 we can find exact results for this simple system by solving the steady state

ecluations using the technique that was briefly described in chapter 2. lVe can also

use the method described in ihe last pa,ragraph to frnd approximate values for the

traffics lost from this system. Some of these results are presented in table (3.1).

3.6 A Splitting Formula.

Having found the total lost tra,ffic from the simple network in figure 3.6 we

must now determine how the traffi.c is split between the two offered traffic streams.

The splitting formula we use is one of many that have been attempted. This

formula gave the best results out of all the techniques tried when compa.red to the

exact results determined by ¡þs method described in the previous paragraph. We

want to cletermine how much of the total traffi.c lost frorn the link, rvith rrreart Mor,

is due to the equivalent offered tra,ffic stream with mean and variance M!r, Vf;,

this overflow traffic will have rnean MoE,. We also want to determine how much

of the total traffic lost from the link, with mean Mou, is due to the traffic stream

which has been carried on the previous links in this chain with mean and variance

Mî¡, Vi¡, this overflow traffic will have mean M|,. To do this we flrstl¡' calculate

MP¡PZ"n('!t l* V"u¡ . M:r,
(3 1)

MP¡pZ"n(*P¡ tvï' *P, . v:r

(Mi' /vÏ,)
P.o' ' 

,

where p.o is t,he proportion of the total offered tra,ffic'¡'hich is carried on this link,

)
E
o!

PD:

and

p* : Mir
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1.e.

Now we find
_E

r¡E tr Piutoú -- lvtou=F;;;p" tp
and

Mîu:M"'#'
When we perform this splitting operation \Ã/e will say

(M P,, M:,) : s P L(M :r,votr, Mi ¡,,vi¡, M o,).

Once the overflow traffics have been calcuiated it is an easy matter to also fi.nd

out the carried traffics, Mlo and. Mfl. In table (3.1) a few comparisons are rnad.e

between the results obtained using this splitting formula and exact results for the

system shown in figure 3.7.

Using the notation from chapter 2 we can use the above method to approxi-

mate the tra,ffics lost from the system in figure 3.7 in the following way. Find the

traffic from the stream 2 overflowing from link 2

l,tP¡ : a2E(n2,a2)

v# : mPrG - u!¡-t azl(nz + MPr - "z *r)).

Find the traffic from the first stream carried on link 1

Mi¡: ot(1 - E(n1,a1))

v]¡: ¡wi¡ - (o' - Mi¡)("' - Miì.

Now frnd the traffic that would overflow from link 3 due to the sum of the two

offered trafrcs

(*r,ur): ERAtt(A[P¡ -f Mi¡,VP¡ +V]¡,rr).
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Also frnd the traffic that would overflow from link 3 if only the tra^ffic carried on

link 1 is offered to this link

(*t, ur) : E RM (Mi ¡,V]¡, rt).

The total traffic overflowing from link 3 is approximately

Mou:ITIZ-TÍLt

This overflow tra,ffic is now split up into its respective streams

(M:,, M:,) : S PL(MP¡,V#,Mi¡,VÏ¡, M.,)

The traffic carried on this link from traffic stream 1 is

Mi¡ - Mi"

and the traffic carried on this link from tra,ffi.c stream 2 is

- M.E"

Table (3.1) shows some comparisons between the exact results and the results

obtained using the above technique.

3.7 The Inverse Problem.

We have founcl out how to approximate the traff.cs carr-ied on a link when

we l<now the offered tra.ffics. \Me must now work out the inverse problem, that is

determining the traffics offered to this link when we know the traffics carried on

tlris link. To do this, we use an iterative search technique valying M!, on each

search iteration until the traffic carried on the link due to M!, is eqr.ral to the

required resúlt, M,n. We must firstly fincl a way of determiningVfifor a'ny M!¡

MTO:

M"u": MPr
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Tl1 TI2 Ttg A1 A2 total M:" Mä
333 3.0 2.0 proc.

exact
To err.

1.37
1.29
5.6

7.17
1.09
6.5

0.20
0.19
0.3

10515 30.0 25.0 proc.
exact
To err

35.70
35.90

0.6

21.77
22.r7
1.8

13.93
13.73

7.4

52525 30.0 70.0 proc.
exact
To err

51.81
51.65
0.3

25.28
26.07

3.1

26.53
25.58
3.6

20 45 35 70.0 55.0 proc.
exact
To err

52.81

53.45
1.0

50.12
50.74
1.1

2.69
2.7r
0.8

45 65 50 100.0 125.0 proc.
exact
To err.

111.6
717.2

0.2

66.75
67.84
1.6

44.7t
43.4r
2.9

Table (3.1) A comparison of the traffic lost from the sirnple network shown

in frgure 3.7 obtained using exact analysis and the results obtained using the

methods described in tJris chapter. The frrst row for each set of data is the resulús

obtained by the described scheme, the second rorv is the exact -¡'esulús and tlte

third row gives tlte percentage error.

we choose to use. The technique we have used is a very rough method which rnay

be improved upon later.

\Me wouid expect the variance to mean ratio of this offered Lraffi.c, Z :

V:f lM:f , to depend on the variance to mean ratios of the trafrcs offered to the

chains which include this link. These individuai variance to mean ratios will be

taken into consicleration in proportion to the amount of traffic from each of the

streams carried on thìs iink. Let M|¡,Vå¡ be the traffic offered to chain i which

includes the link in question and let M|" be the trafrc from this offered stream

which is carried on this linl<.
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Then our estimale of Z is given by

Ð¿w;
Ð, Ml"

( 3.2)

where

W; (3 3)

Since we have now found an approximation f.or Z we can, for any U!r,nnaVf;

since Vfi : ZM!¡. By using this simple formula for deterrnining the variance v/e

have avoided having to use a two parameter search scheme. In such a two parame-

ter sclreme, given M!¡,we would have to use a search scheme to find a suitable VS

so that when this traffi.c was offered to the link the tra,ffic carried on tiris link has

mean MD"" anð. variance Vfl. In a trvo parameter search scheme the value of Vfl

is taken into consideration therefore we would expect more accurate results using

this scherne. The added complexity and time needed, however, would not make

tlris sclreme a realistic proposition. If a simple relationship between V#, A[:f , A[."

and V"o could be found a simple more accurate system may be devised. It is ex-

pected, h.owever, that no simple relation exists without introducing the values of

the total carriecl traffic on this link, which would depencl in turn on M!, andVf,¡.

Now our algorithm for finding the congestions in our telecommunications network

is complete for the case when crankback is implemented.

3.8 No Crankt¡ack.

With respect to the algorithm presented in the preceding sections of this

chapter, it is easier to find results for the case where crankback is used than if

crankback is not used. For networks without crankback, however) we can still use

this proceclure to approxirnate the congestions in a telecorr.munications network

after certain-moclifications have been made.
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Chain (a) .

M,V+
n1

Chain (b) .

M,

n1

Figure 3.8 Chain (a) is a two link chain. Chain (b) is just the frrst linlç

of chain (a) with the same traffic offered to it.

Two chains u'hich are part of a large network are depicted in frgure 3.8. We

can find the traffic lost from these chains and the traffic streams carried on these

chains whether or not crankback is used. If chain (a) is not the last choice route

for a,n offered traffic stream then some calls overflowing from this chain rvill be

offered to the next choice route for this stream. If crankback is used all the calls

that overflow from this chain will be offered to the next choice chain. Without

crankback some of the calls which cannot be carried on this chain u'ill be offered

to the next choice route, the other calls which cannot be carried on this chain are

lost con:pletely from the network. The amount of tra.ffic which is calculated to be

carried on chain (a) is independent of whether crankback is used or not. Let this

trafÊc be M(a)r, and so Moo: M - M(a)" is the amount of traffic not carried on

this clrain. The traffic carried on chain (b), IVI(b)", is the amount of traffic whose

signal wouid reach the second node in chain (a), without crankback ali of this traffic

is either carried on cha,in (a) or completely lost from the network. We know M(")"
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is the amount of traffic carried on chain (a) so the arnount of tra.ffic lost from chain

(a) and not offered to another route is approximately M¡o"t : M(b).- M(a)". The

amount of traffic offered to the next choice route is Mo, - Mro"t.

This scheme can be generalised for networks which have chains with more than

two links, so \;e can use our procedure on networks with or without crankback.

3.9 Reservation Schernes.

To lessen the amount of tra,ffic iost from a network it is sometimes useful to

introduce a,system of circuit reservation. We are interested in networks with two

links per overflow chain, however the effects we describe rvill also occur in networks

in which the over'flow chains have more than two links. When a large anount of

traffi.c is offered to a network and congestions are high, a lot of traffic overfl.ows

from the direct first choice route and i,. cffered to the overf.ow chains. A call using

an overflow route uses two links for the duration of that call instead of the one

link it would use if it was using the clirect route. As a result of this, calls which

are offered to the links this call is using cannot get on, and these calls are either

lost or use another two link chain. Although the number of possiìrle routes a call

may take increases the congestion increases.

A possible rvay to reduce this effect is to introduce a circuit reservation scheme.

A possible reserva,tion s)¡stem is one in which, when a certain percentage of circuits

on a link are busy, only ca11s using th,is link as a direct route can use the remaining

circuits. Any other czrlls trying to use one of these circuits are blocked on this

link ancl either use a,nother route on this networlc or- are completely lost from

the networ-k. Unfortunately, this reservation scheme cannot be modelled by the

rnethod desciibed in this chapter. However, a scheme which approxirnates this one
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can be implemented. This approximate scheme is to reserve a certain percentage

of the circuits in a link only for direct routed calls. All the other circuits in this

Iink can be used by any type of call and are called common circuits. Calls trying

to use a direct route try first to get on one of the common circuits and only if all

of these circuits are busy is the call then offered to the circuits reserved only for

direct calls. If these circuits are all busy the call is then offered to the overflow

routes. This situation is depicted in figure 3.9.

common

A

reserved

Figure 3.9. A simple circuit reservation scheme

This scheme can be incorporated very easily into the method which has been

described in this thesis by simply calling the reserved circuits a sepalate link. The

second choice route of any offered stream's calls is this extra link and only direct

routed calls may ever use ihis link.

The clifference betrn'een this scheme a¡rd that previously described is that only

a percentage of all the circuits in the links have to be busy for the first scheme to

start reserving circuits for direct calls. It is possible, using thc second scheme, to

have rnore than this percentage of circuits occupied on the comlnon plus reserved

circuits .t.1 .till have an overf.ow call being carried on the reservecl link. If only
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one circuit in the whole link is not occupied, and this is one of the common

circuits, then it can be used by a call overflowing from a previous chain. In the

first scheme this situation is not possible. These two reservation systems are so

similar in practice that the simulation results obtained for them are very close,

So, in the results in, the next chapter we will use this second reservation scheme

to approximate the results from the first reservation scheme, this first scheme is

currently favoured by Australian Telecom.

In this chapter a method for determining congestions in a telecommunications

network has been outlined. An explanation of the ideas has been given and some

of the problems associated with this method outlined. In the next chapter results

obtained using this method are compared to simulation results.
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CHAPTER 4

CONCLUSIONS

4.L Results and Sirnulation.

If the procedure that we have developed is to be used for practical purposes it

must not take too much time to give the desired results. A very accurate program

which takes a prohibitively long time to give realistic results is not preferred to a

program which quickly gives reasonably accurate results. When dealing with reai

networks, the values of the traffics offered to this network are only approximations

with the errors involved as high as ten percent. Any algorithm rvhich gives results

with an accuracy less than about five percent is calculating the traffics to an

unnecessarily high accur-acy. The errors that we would hope to achieve using this

procedure u'ould be around the ten percent mark and yet we desire also to keep

the run time of the program as low as possibie. If a change in our method could

lead to a program whicÌr takes a shorter time to run, even though the results may

not be as accurate, then this change should be made. Therefore, u'hen we a e

looking for rvays of solving problems associated with this procedure u'e must keep

in mind that to be usefui the techniques v¡e use must not take too long to run. In

many cases we nrust use a technique or formula, even though rve realise it is not

the most accurate, because it is simple and gives reasonably accurate results.

Especially for the heuristic procedures rve are using, the traffic variance is not

as important as the tlaffic mean when calculating values of per{orma,nce measures)

so r ¡e can tolera,te lzr,r'ger errors in the variance than in the mean. To use formulae

which are more a,ccurate rvould sometimes require added complexity ancl may only

give a slight implovernent to the finai resuits. It may be possible that some of the
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procedures that we have used in our algorithm could be improved to give more

accurate results without increasing the running time of the program substantially.

If this is the case then the system described in this thesis may, as these more

accurate techniques are developed, give better results. Thus the results shown

in this chapter may be taken as an upper bound on the accuracy rvhich can be

achieved using the scheme described in chapter 3.

4.2 A Four Node Network

Before using our procedure to investigate properties of non-hierarchical net-

works, the accuracy of the results obtained from this procedure must be estab-

lished. Since the networks that tv¡/e are using are very large and complicated no

simple analytical technique can be used to flnd results for these networks, it is

necessary to use simulation. Because all the arrivals to a network are assumed

to be Poisson and all the service times are assumed to be negative exponentially

distributed, a Markov Chain Simulator is used to approximate the behaviour of

these networks. In a Markov system the probability an event occurs is indepen-

dent of the history of this system. So a Markov Chain Simulator only needs to

rec.ord the state of the Nlarkov system and so is much quicker than the stoled

event simulators that would have to used if the system was non-Markovian.

A telecommunications netv'ork has been investigated to determine the accu-

racy of the procedure described in chapter 3. This network is shorvn in figure

4.1. Any stream of offered traffic from any node in the network to an¡' other node

will firstly be offerecl to the direct chain composed of a single link. If this linh is

blocked, the next route used is the two link chain whose first linlc is the first link

clockwise of the clirect link. If this chain is blocked, the next route attempted is

the two link chain whose link is the first link clockwise of the last route's first link
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n
9

n
11

n 4

Figure 4.1 A four node non-hierarchical telephone network whiclt allows us

to intestigate the resu/ús obtained for the method descibed in Chapter 3.

which is the only possible two link chain left that this call can take. For example,

a call frorn nocle 1 to node 2 will firstly attempt to get on the direct single link

chain which has n1 circuits. If this link is blocked, the two link chain from node 1

to node 4 and then onto node 2 will then be attempted, since the link from node 1

to node 4 with n2 cìrcuits is the first link out of node 1 clockwise of the link from

node 1 to nocle 2. If crankback is used all the calls ovefflowing from this route are

offered to the last remaining two link chain, that is the chain from node 1 to node

3 and then onto node 2. If crankback is not used then a call which does not get
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onto the second choice route because the link frorri node 1 to node 4 is blocked

will be offered to this final choice route. If the iink from node 1 to node 4 is not

blocked and a cali's signal gets to node 4 then this call cannot be offered to the

flnal choice route. If the link from node 4 to node 2 is not blocked the call will

then be taken on this route, if ii is blocked the cali rvill be lost, whether or not

the iast chain is available.

Simulation results for this network have been caiculated to determine the

accuracy of the procedure described in this thesis and these results are shown in

tabies (a.1) to (4.10). We are primariiy interested in the trafics lost from these

networks although the procedure can also be used to determine the traffics carried

on the various routes in these systems. The results shown are the lost traffics

from the network. The offered traffic intensities from the origin node i to the

destination node j is given in the column headed cca,ij' For each of these offered

streams the total tra,ffic lost as calculated b¡t the procedure is given in the column

headed "procedure" and ninety five percent confidence intervals fol the results

calculated using simulation are given in the "simuiation" column. The total traffic

offered to the network, the total traffi.c which is lost from the netwolk calculated

using the procedure and the total lost traffic calculated by simulation are all given

in the fi.nal row of the table. At the end of each table the average congestion

ancl the number of iterations required to get these results are displayed. For each

particular example of the four node network, results will be given, first of all for'

the case when crankbach is used and then for the case when crankback is not used.

A few things can be seen by looking at these results. The fi.rst tiring to notice

is that in most cases the total lost call intensity for the procedure lies within the

confi.dence intervals for the total lost call intensity obtained by simulation. The

individual träffic loss intcnsitics, howcver, show a clifferent picture. In table (4.1)
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only one of the procedure's results lie within the corresponding lost call intensity

confidence interval. In this example the streams with a high number of lost calls

appear to be underestimated and those with a lorv lost call intensity appear to

be overestimated, thus the overall congestion appea,rs to be close to the correct

result.

Comparing table (4.1) and table (4.2) we fi.nd that crankback reduces the

overall network congestion as v/e would expect. Unexpectedly, perhaps, table (4.3)

and table (4.4) indicate the opposite. The overall network performance decreases

slightly when crankback is introduced. A factor in these results is that the overall

network congestion for the case shown in table (4.1) and table (a.2) is considerably

lower than for the case shown in table (4.3) and table (4.4). Crankback is an

efficient way of reducing network congestion when this congestion is low. A call

cranked back is likely to frnd an alternate route under a low network congestion

situation. If the network congestion is high an alternate route is less likely to be

found so any benefit from crankback will be lessened. Moreover, in a heavy trafÊc

situation overflow calls using many links are more likely to get in the way of direct

calls on single links and so substantiaily decrease network performance. In fact

there may be no benefit from using crankback and possibly even a cleterioration

in the network performance. Tables (a.5) to (4.8) show results for the network

when the circuit allocation vector is kept constant. The totai arrival rate for the

case shown in tables (a.5) and (a.6) is higher than that shown in tables (a.7) and

(4.8). In both cases there is low congestion and so crankl¡ack does lower the overall

network congestion. However, when the overall congestion is higher the benefit

that crankback has on network performance diminishes, both in terms of the total

traffic lost and percentage of tra^ffi.c lost. These results are tied in with the results

shown in tables (a.1) to (4.4).
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In tables (a.9) and (4.10) some results are shown for the case rvhen some

circuits are reserved for direct routed calls. We have reserved about ten percent of

the circuits on eack link in this network. Tables (a.3) and (a.4) shou' the results

for this case when there is no circuit reservation. Comparing these results we find

that the circuit reservation does in fact reduce the congestion on the network for

this case. The overall congestion on the network in this case is quite high. When

the congestion is not as high a reservation scheme will not reduce the congestion

as much. Notice also that the results using the procedure are slightly higher than

those from the simulation. This is because the reservation scheme used by the

simulation is slighily different from that used by the procedure as was mentioned

in chapter 3. The procedure's reservation scheme comes into effect less often than

the simulation's and hence does not reduce the congestion as much.

As well as reducing overall congestion we find that by including a circuit

reservation scheme, introducing crankback now reduces the network congestion.

Without circuit reservation crankback did not reduce the overall netu'ork conges-

tion when this congestion was high. Our results seem to indicate that crankback

will reduce network congestion when this congestion is both high and low if a

circuit reservation scheme is introduced. This is because under high congestion

conditions it is not clesirable that calls will use alternate multi-link chains whereas

under low congestion conclitions it is desirable that alternate chains are used. A

combination of crankback and circuit reservation will ensure the preferred netrvork

behaviour under both high and low congestion situations. These re-.ults can be

seen by looking at both the simulation results and those obtained b¡'using our

algorithm.
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4.3 Final Conclusions.

It has been shown in this part of the thesis how a method for determining end-

to-end congestions in a non-hierarchical telecommunications network was created.

The reasoning behind some of the ideas used to create an accurate method has been

shown. The aim was to make the method as accurate as possible while preserving

speed of execution. As a result problems arose which, as yet, are not completely

resolved. However, the method is fairly stable and fast and gives reasonable results

under both high and low congestions for the networks analysed. When much larger

networks are used errors can creep in due to some numerical problems. These are

tied in with some of the heuristic procedures that are used in the algorithm. The

algorithm tends to give the correct result for the overall congestion but not for

the individual arrivai stream congestions. This would appear to indicate that our

methods for determining the traffics lost on the chains work reasonably well but

our splitting formulae do not.

Unless some of these problems can be solved, our algorithm can not be ex-

pected to give more accurate results than those presented in this chapter. These

problems are fairly difficult and no solution so far attempted has been entirely

satisfactory. It remains to be seen if any satisfactory solution can be discovered in

the future.
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Results for the 4 node network when the circuit allocation vector used is

N:( 9,1 1,20,8,5, 1 3, 1 5,4,57,29,73,34).

1 J 0,i j procedure simuiation
1

1

1

2

2

2

3

3

3

4

4
4

2

3

4
1

3

4

1

2

4
1

2

3

5.0
15.0

7.0
4.0
8.0
2.0
23.0

8.0
28.0

10.0

1.0
45.0

0.150
0.294
0.t72
0.115
0.161
0.093
0.299
0.154
0.403
0.262
0.063
0.704

(0.139,0.151)
(0.299,0.329)
(0.175,0.197)
(0.096,0.103)
(0.139,0.153)
(0.04e,0.053)
(0.343,0.366)
(0.124,0.i31)
(0.417,0.502)
(0.227,0.237)
(0.022,0.029)
(0.774,0.909)

156.0 2.87L (2.798,3.762)

Table (4.1) Crankback The number of iterations taken was 6 and the

average calculated network congestion was 1.8 percent.

I J aii procedure simuiation
1

1

1

2

2

2

3

3
oJ

4
4
4

2

Õ

4
1

3

4
1

2

4
1

2

3

5.0
15.0

7.0
4.0
8.0
2.0
23.0

8.0
28.0
10.0

1.0
45.0

0.175
0.330
0.197
0.119
0.167
0.087
0.410
0.157
0.445
0.289
0.062
0.790

(0.193,0.202)
(0.351,0.371)
(0.232,0.263)
(0.112,0.132)
(0.147,0.165)
(o.o63,o.o70)
(0.478,0.546)
(0.126,0.151)
(0.457,0.4e0)
(0.263,0.292)
(0:037,0.042)
(0.815,0.868)

156.0 3.228 (3.274,3.592)

Table (4.2) No Crankback The number of iterations taken was 3 and

the totaÌ network congestion was 2.1 percent.
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Results for the 4 node network when the circuit allocation vector used is

N:(8,10,18,7,4,1 1,13,3,46,26,11,30).

I J úii procedure sinulation
1

1

1

2

2

2

3

3

3

4
4

4

2

3

4

1

3

4

1

2

4
1

2

3

5.0
15.0

7.0
4.0
8.0
2.0
23.0

8.0
28.0
10.0

1.0
45.0

0.611
1.100
0.690
0.572
1.019
0.428
1.556
1.059
2.689
1.106
0.258
2.46r

(0.602,0.648)
( 1.i81,1.281)
(0.723,0.787)
(0.478,0.511)
(0.764,0.796)
(0.251,0.272)
(1.728,1.769)
(0.741,0.7õ8)
(1.990,2.149)
(1.033,1.080)
(0.134,0.144)
(3.480,3.580)

156.0 13.498 ( i3.105,13.775)

Table (4.3) Crankback The number of iterations taken was 4 and the

total network congestion was 8.6 percent.

I J o,ii procedure simulation
1

1

1

2

2

2

3
0J

3

4

4

4

2

.f

4

1
or)

4

1

2

4

1

2

.)

5.0
15.0

7.0
4.0

8.0
2.0
23.0

8.0
28,0

10.0
1.0

45.0

0.682
1.095
0.746
0.535
0.991
0.389
1.655
0.988
2.597
1.044
0.255
2.427

(0.675,0.744)
( 1.189,1.2õ0)
(0.7e0,0.8õe)
(0.505,0.5õ6)
(0.683,0.735)
(0.248,0.275)
(1.S97,2.001)
(0.659,0.708)
(1.599,1.793)
(0.972,7.rr4)
(0.742,0.r74)
(2.857,3.281)

156.0 13.398 (72.216,73.492)

Table (4.4) No Crankback The number of iteratioris taken was 4 and the

total network congestion was 8.6 percent.
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Results for the 4 node network when the circuit allocation vector used is

N :( 14, 1 7,20,,12,70,73, 15,9,31, 1 9,73,24).

I J o.ii procedure simuiation
1

1

1

2

2

2

3

3

3

4

4

4

2

3

4,

1

3

4
1

2

4
1

2

3

9.0
16.0

72.0

7.0
10.0

7.0
18.0

8.0
20.0
10.0

7.0
18.0

0.343
0.315
0.505
0.485
0.403
0.438
1.506
0.5t2
0.863
0.345
0. i79
0.036

(0.356,0.393)
(0.293,0.373)
(0.420,0.502)
(0.439,0.509)
(0.324,0.386)
(0.377,0.436)
(1.034,1.126)
(0.384,0.458)
(0.885,0.966)
(0.344,0.397)
(0.194,0.246)
(0.039,0.063)

742.0 5.930 (5.089,5.855)

Table (4.5) Crankback The number of iterations taken was 4 and the

total network congestion was 4.2 percent.

I J a;i procedure simulation
1

1

1

2

2

2

3

3

3

4
4
4

2
DJ

4
1

3

4

1

2

4
1

2
D
{-,

9.0
16.0
72.0

7.0
10.0

7.0
18.0

8.0
20.0
10.0
7.0

18.0

0.382
0.526
0.526
0.522
0.454
0.440
7.629
0.477
0.739
0.391
0.314
0.023

(0.445,,0.526)
(0.479,0.60e)
(0.474,0.579)
(0.410,0.467)
(0.3e6,0.463)
(0.368,0.415)
(1.233,1.336)
(0.292,0.351)
(0.655,0.750)
(0.335,0.394)
(0.346,0.404)
(0.020,0.037)

742.0 6.363 (5.453,6.331'

Table (4.6) No Crankback The number of iterations taken .vas 6 and the

total network congestion was 4.5 percent.
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Resuits for the 4 node network when the circuit allocation vector used is

N :( 14, 17,20,72,10 J3, 15,9,3 1,1 9,73,24).

I J aii procedure simulation
1

1

1

2

2

2

3

3

3

4

4
4

2

3

4

1

3

4
1

2

4

1

2

3

9.0
11.0

8.0
7.0
8.0
5.0
18.0

8.0
20.0

10.0

7.0
15.0

0.088
0.003
0.013
0.208
0.030
0.046
1.410
0.439
0.341
0.189
0.160
0.004

(0.123,0.156)
(o.0o1,o.oo5)
(0.008,0.022)
(0.174,0,218)
(0.013,0.033)
(0.031,0.049)
(0.846,1.006)
(0.358,0.3e5)
(0.443,0.543)
(0.286,0.356)
(0.182,0.205)
(0.001,0.005)

726.0 2.937 (2.466,2.993)

Table (4.7) Crankback The number of iterations tal<en was 4 and the

total network congestion was 2.3 percent.

I J 0"i.i procedure simulation
1

1

1

2

2

2

3
oJ

3

4
4
4

2

3

4

1

ô

4

1

2

4

1

2
D.)

9.0
11.0

8.0
7.0
8.0
5.0
18.0

8.0
20.0

10.0

7.0
15.0

0.224
0.007
0.017
0.276
0.031
0.045
i.567
0.412
0.314
0.383
0.244
0.003

(0.260,0.324)
(0.006,0,012)
(0.015,0.024)
(0.236,0.277)
(0.018,0.029)
(0.030,0.042)
(1.032,1.115)
(0.277,0.335)
(0.343,0.419)
(0.313,0.353)
(0.247,0.287)
(0.001,0.003)

126.0 3.523 (2.778,3.208)

Table (4.8) No crankback The number of iterations taken was õ and the

total network congestion r¡'as 2.8 percent.
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Results for the 4 node network when the circuit allocation vector usecl is

N:(8,10,18,7,4,77,7313146126,!7,30) and the number of reserved circuits are given

by the vector NR:(1,1,2,1,1,1,1,1,5,3,1,3).

t J aij procedure simulation
1

1

1

2

2

2

3

3

3

4

4
4

2

3

4
1

3

4

1

2

4

1

2

.)

5.0
15.0

7.0
4.0
8.0
2.0

23.0

8.0
28.0
i0.0

1.0

45.0

0.372
7.292
0.488
0.297
0.603
0.237
1.545

0.664
2.744
0.884
O.LL2

3.420

(0.319,0.361)
(7.225,1.28r)
(0.478,0.501)
(0.253,0.28e)
(0.656,0.692)
(0.148,0.156)
(L.292,7.329)
(0.638,0.694)
(1.887,2.028)
(1.060,1.114)
(0.062,0.075)
(3.115,3.236)

156.0 11.992 (i1.365,11.220)

Table (4.9) Crankback The number of iterations taken 'was 4 and the

total network congestion was 7.3 percent.

I J aii procedure simulation
1

1

1

2

2

2

.)

()

3

4
4

4

2

.)

4

1

.f

4

1

2

4

1

2

3

5.0
15.0

7.0
4.0
8.0
2.0

23.0

8.0
28.0
10.0

1.0
45.0

0.381
7.278
0.482
0.303
0.627
0.236
7.440
0.651
2.246
1.135
0.089
3.452

(0.365,0.3e1)
(1.175,1.236)
(0.420,0.455)
(0.230,0.268)
(0.662,0.671)
(0.182,0.189)
(1.302,1.352)
(0.626,0.700)
(2.787,2.325)
(1.058,1.126)
(0.060,0.074)
(3.226,3.331)

156.0 12.096 (11.705,11.901)

Table (4.10) No Crankback The number of iterations takerÌ rvas 4 and

the total network congestion was 7.6 percent.
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CHAPTER 5

INTRODUCTION TO SENSITIVITY BOUNDS.

In this second part of the thesis, a way of determining sensitivity bounds for

certain performa,nce measures of some simple Generalised Semi-Markov Processes

(GSMPs) will be presented. This method shall be applied to a number of exarnpies

of GSMPs and some interesting numeric and analytic results will be obtained. One

of these results u'ill be an analytic proof of an upper bouncl for the time congestion

in the GI lM lnln loss system.

Roughly speaking, a GSMP is a process whose states comprise sets of lifetimes

which may be negative exþonentially distributed or generally distributed" If all

the lifetimes are negative exponentially distributed we would, of course, just have

a Markov Process. Whenever a lifetime ends, be it from a negative exponential

distribution or a, general distribution, other lifetimes may be started depending on

the state of the process at that time' only one lifetirne rna5r snd at any one time

thus restricting the set of states that the process can move to when a lifetime ends.

Ma.ny queueing systems can be represented within the framework of a GSMP.

A GSMP is insensitive if its steady state distribution depends only on the

mean of the generally clistributed lifetimes involved. Thus, in an insensitive GSMP

the steady state distribution remains unchangecl when a general distribution is

allowed to range o\¡er a set of distributions with a fi.xed mean. There is an exten-

sive literature rvhich discusses criteria for a GSMP or other similar structures to

be insensitive (see, for exa.rnple, König and Jansen (1974), Schassberger- (1977),

(1978a) and (1978b), I(elly (i976), Franken et al' (1982), Burman (19E1), Hen-

derson (1983), Whittle (1985) and (1986), and Taylor (1988)).
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There are, perhaps surprisingly, many GSMPs which turn out to be rnsensr-

tive, including the Erlang loss system, the infinite server queue and many queueing

network models. (See Baskett et al (1975), Chandy, Howa¡d and Towsley (1977),

Kelty (1979), Hordijk and van Dijk (19S3a) and (1983b), ¿r.nd Chandy and Martin

(1933) ). However there are also many simple GSMPs which are not insensitive,

including fhe GI lM l"l" loss system. This is so since the partial balance criterion

for a GSMP cannot be satisfled when an arrival process is generally distributed.

If a GSMP is not insensitive then the value of the steady state probabilities of

the system do depend on the actual form that the generally distributed lifetimes

take, not only on their mean. So, in a non insensitive GSMP there must exist at

Ieast two different lifetime distributions with a fixed mean value which give rise to

different steady state probability distributions. The supremum and infimum of a

performance measure as the lifetime distribution range over the set of distributions

with fixed mean form the sensitivity bounds for that performance measure.

Briefly, the question which we will try to ansv/er in this pa,rt of the thesis

is : "Given a GSMP with only one generally distributed lifetime, horv much do

the steady state probabilities vary as the distribution of the general lifetime varies

over the set of distributions with a given mean?"

Tire problem of bounding various per{ormance measures in queueing systems

is an important practical problem. Finding an upper bound on measures such

as the congestion in a loss system or the queue length in a queueing s¡rsfsrn lvill

heip in designing networks of queues. Two methods for obtainìng bouncls for

certain per{ormance measures in queues with generally distributed lifetimes will

be mentioned. Some of the techniques used by these methods will be used later

in this thesis.
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The first of these methods has been studied recently by van Dijk (1987),

van Dijk, Walrand and Tsoucas (1987), Hordijk and Ridder (1988) and Ridder

(1987). Their methods involve the comparison of queues with other queues which

are known to be insensitive, thus providing maximum and minimum values for

performance measures associated with the insensitive queues. An example of a

queue that these methods can be applied to is the M lG lcln queueing system, that

is a queue with c servers and n - c waiting places, Poisson arrivals and a common

generally distributed service time. Van Dijk, Walrand and Tsoucas (1987) have

proved that the call congestion in fhe MlGlcf n qreue is bounded above by th.e

call congestion of the M lG lc/c queue and bounded below by the cali congestion of

the MlGlnf n qteue. Since the MlGlj f j qveue is just the Erlang system with j

servers, which is known to be insensitive, these two bounds can be easily calculated

using the Erlang loss formula. This type of approach when used to find bounds

on performance measures in certain queues can yield some very quick and useful

results.

. Another method of bounding certain performance measures in queues uses

the Laplace-Stieltjes transforms of the generally distributed lifetimes probabil-

ity distribution function. Several performance measures in queueing systerns can

be expressed in terms of these Laplace-Stieltjes transforrns. Bounds on such

performance measures can be found by finding bounds for the Laplace-Siieltjes

transforrns of the probabilitl' distribution functions. Estabiishing such bounds is

achieved by using the theory of complete Tchebycheff systems. (See l(reín and

Nudel'man (1977)). Examples of these types of results can be found in Eckberg

(1977) and Whitt (1984).

In Eckberg (1977), constraints on the Laplace-Stieltjes transforms of a proba-

bility distribtrtion function a.re ohta,ined when va,riorrs characteristics of tiris distri-
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bution are stipulated. These constraints are then used to find bounds on various

performance measures of queues if these performance measures can be found in

terms of the Laplace-Stieltjes transforms. A simple example of a queueing system

for which this technique is used is the GI lM l7 f I ryeueing system. For this system

the call congestion is given by þ(t la) where ¿ is the mean call arrival intensity

and /(s) is the Laplace-Stieltjes transform of the call arrival distribution function.

The maximum and minimum possible values of the Laplace-Stieltjes transform of

the distribution function will directly give bounds on the call congestion in this

queue. These results can be extended by specifying more characteristics of the

call arrival distribution function. For example, the variance of the distribution

function may be specified, further parameter constraints may also be added and

the bound corresponding to a distribution function with these characteristics can

be found. The addition of more parameters, however, can make the form of these

bounds very messy.

In Whitt (1984), methods using complete Tchebycheff systems have been

used to investigate how much information about a distribution is contained in the

moments of that distribution. Whitt has focused on the rnean queue length of

the GIIM/1 queue. The mean queue length of the GIIAIlI queue is given by

plQ - ø) where a satisfies the equatiotr o : ölp\ - ")] with p the mean service

ra|e, ¡.t the mean inter-call arrival time and /(s) the Laplace-Stieltjes transform of

the call inter-arrival clistribution. The maximum mean queue length occurs when

ø is maximised, this occurs u'hen an upper bound on /(s) is used. Bounds on the

rnean queue length of the GI lM l7 queue are found given the first two mornents of

the inter-arriv¿rl time clistlibution and the mean service rates. These results show

the range of possible vahres that the mean queue length may take if a two moment

moclel is usecl to approxirlate a queueing system. The distributions that achieved
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these bounds are unusual in that they are discrete probability distributions *'ith

positive probability at just two points. In Klincewicz and Whitt (1984), sharper

bounds on the mean queue length were obtained by introducing further constraints

on the probability distribution function. These constraints rvere introduced so

that no distribution function with peculiar properties would be considered, the

bounds so obtained rvould be expected to have more practical importance. The

motivation behind Whitt's work was the investigation of the congestion in non-

Markovian networks. If any stream offered to a node is represented as a renelval

strearn characterised by its first two moments then bounds on the congestion at

this node can be found by applying the techniques briefly described above.

In Chapter 6 of this thesis a method for finding sensitivity bounds on certain

performance measures of GSMPs with a single generally distributed lifetime will be

intloduced. This rnethod will involve solving a non-linear optimisation problem

where the variables are the Laplace-Stieltjes transforms of the general lifetime

distribution at certain points. Constraints on these variabÌes will be obtained by

using the fact that a probability distribution is completely monotone. This method

will be applied to certain simple queueing systems and some interesting numerical

and analytic results rvill be obtained.

In Chapter 7 bounds on the time congestion in the GIlMlnln queueing

system rvill be presented. A proof of this result for the ca,se r,vhen n : 2 wiil be

given. A general proof of this result is long and complicated and appears in the

appendix. These sensitivity bounds are then discussed.

In Chapter 8, the conclusion, the results presented in this part of tire thesis rvill

be surnmarisecl. There are many ways that this methoci of determining bounds

in a GSMP can be extended and improved which are beyond the scope of this
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thesis. These possible extensions wiil be mentioned briefly and hopefully can be

investigated in the near future.
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CHA.PTER 6

DETERMINING SENSITIVITY BOUNDS

6.1 The Model

The model described in this chapter is due to Whittle (1985), with slighi

modifications as made in Taylor (1938). Schassberger (1985) showed that the

standard GSÀ,{P framework is essentially equivalent to ü/hittle's moclel. Whittle's

model will be used since we find it a simpler system than the standard GSMP

model.

Take an irreducible Markov process M on a finite set'Jl and let A be a subset

of 11. Let the process have transition rates q.(r,r') from state r to state t'. If. r

and. r' are both in A, transitions between them can be of two types, those which

can be regarded as leaving A and immediateiy returning, and those which occur

u,itlrin A, with rates qE(ø,r') and qI(*,r') respectively. Thus the total transition

rate between two such states is g(r, *'): q.E(r,,*') + qI(*,*').

The sojourn time in A can be considered to be a random variable rt'ith unit

mean. When the current state is r € -4 this random variable is u'orked off at rate

c(r , A) : Dr, eA q.D (x , ,') + Ð x, eA" q(r, *') where A' : ?f\A Processes where

c(r,A) can be zero for some states Í can be treated by a suitable moclification to

our method (see Taylor (1988) ) but, for the sake of simplicity, we assume that

c(r,A) > 0.

The process M can be modified so that it has an a,rbitrarily distributed so-

journ time in A accor-ding to the following rules:

(1) On jurnping into A (either from A" or by an external transition) the process

is assigned a, nominal sojourn time from a general distributio" G(.) with unit
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mean. When the process is in a particular state r' € A this sojourn time rs

worked off at rate c(r, A).

(2) Until the nominal sojourn time is worked off transitions occur between states

r and æt in A at rate qr(rrr').

(3) When the sojourn time is complete the process must irnmediately jump out

of ,4. ancl it is then assigned to r'with probability q(n,xt)f c(r,A) for xt € A

or qø(*,|)f c(x,A) for r' e A. If the process is transferred to rt in A a netvl/

sojourn time is selected.

Kuczura (1973) introduced the concept of a piecewise Malkov process and

used it to rnodel queues with general arrival streams. Because it has only one

generally distributed lifetime the model described above is similar to a piecervise

Markov process, but covers more cases because the general iifetime may not always

be alive and, even if it is alive, can be worked off at a speed dependent on the

current state of the process.

In the follou'ing analysis 'we use the rnethod of supplementary variables to

analyse the process M, aclding a supplementary variable for spent sojourn time

in ,4.. Miyazawa (1988) has discussed conditions under rvhich the Koimogorov

differential equations ((6.3) below) characterise the stationary distribution of such

a process supplemented with a variable denoting residual sojouln time. Hou'ever,

because r¡/e use spent sojourn time we make the a priori assumption that a unique

supplemented stationary distribution exists, so that it must satisfy the appropriate

I(oimogorov differential equations.

We will need to introduce a partitioning of the transition proìtzrbility matrix
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for the Markov process M. Hence we write Q : lq@rr')] as

QE +Qr -c
Q*¡

Q oo"
Q A"A. )

where

IQ..),,,,:
q(*,*')

- D "e'x 
q@,, z)

*l*'
Í: íLl

(*,r' not both in Ä),

lQ'1,,,, :
qI (r, r')

-Ð"'oqI (*'')
(*,*' € A),

,**'

l:ll

lQulr,,, : qE(r,r') (*,*' € A),

0 rt'xt
fcl,,,' : (æ,r' e A)

c(r,, A) r

and we define

Q,:QI (6 1)

and

Qz: -c + Q" - lQte"(Qo"o")-'Qo"of . (6.2)

The invertiliility of Q¡"¡" foliows from the irreducibility of M (see Taylor 1987)

Let p,(y, G) be the stationary probability density that the process is in state r

witlr a spent lifetime y lor r € A when the general iifetime is distributed accolding

to G(.). Define P(A,G) : (p,(y,G),r e A) as the vector containing these densities

and P(G) ¡" : (p,,,r ç A') as the vector containing the stationary plobabilities

tlrat the process is in state r for r e. A. Then it is shown in Taylor (1987) that
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P(y, G) and P(G)a" satisfy

P(G)I"Q t.¡" I l,* P(y,G)h(a)daQ t¡" : o

I,*P(y,G)dsQt * P(y,G)h(s)dyQ2: o

[0,r,",r, 
cl + fte(v, 

cl] 
" - 

r(r,G)eI : o

P(G)I"Q t.o * Io P@,G)h(a)daQE : P(0, G)c

(6.3)

where h(y) is the hazard function associated with the distributio" G(.)

By some elementary manipulations on equations (6.3) it is easy to show that

they can be rewritten as

tå'l
Ln(r)"(r, 

G) + tP(r,G)lc 
:P(y,G)Q, $.aa)

l,*
-t,

(6.4b)

oo

P(y,G)h(a)daQ ¡¡"(Q o"o)-' : P(G).e" $.ac)

where Q1 and Q2 arc given by (6.1) and (6.2).

It is shown in Taylor (1937) that zero is an eigenvaiue of Qt.C-r and that

all-other eigenvalues have negative real parts. In the argument below'we assume,

for simplicity, that Qrc-t has n distinct real eigenvalues 0 : -ûo ) -dt >

argument can be suitably modifled. An example of a queueing system when the

eigenvalues are not distinct is analysed later in this chapter.

The differential equation in (6.4a) has solution
n-1

P(a,G): t ¡\G) 
"-o'o [1 - c(y)]w¿ (6 5)

i:0

where the constantt A[G) depend on G(.) because (6.4b) depends on G(.). From

(6.5) we get

f p(y,G)cty: .4[")*o .I * ¡- ôio;¡] *n (6,6)
Jo"u-aiL
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and
.æ 7l-!

| ,@,G)h(y)dy: ,4[")*o + ! efc)ô1o;¡*;
Jo i:l

(6.7)

(6 e)

where G@ù: -[o- e-otedG(y), the Laplace-Stieltjes transform of the generally

distributed lifetime's probability distribution function at o¿. Substituting (6.6)

and (6.7) into (6.4b) gives

Alo)
a;

A[")*o + t QtI A[t)*o + t '+lG)G@)*;
n-I

i=1
Qz: o.

(6.8)

The consturrt. ,AlG) are determined. up to a constant multiple by (6.8). This con-

stant rnultiple can be evaluated by substituting (6.6) and (6.7) into the noruralising

condition

n-l

i:1

c)A 11/O€ -

[r - ôq"'¡] *'

n-I

i:1

n-l

i:I

lo* 
,rr,G)dye - lr* 

p(y,G)h(y)dae¡¡"(e¡"¡")-1e : 1

(where e represents a column of ones of appropriate dimension) to get

[r5")*o.E #V-êr'o)] *,1 "

Á[o)*o + t ,+lG)Gço¡¡*; Q¡¡.(Qo"o")-' e : 1

For a process with C : .[ the product w¿e : 0, Vi : !,'...,n - 7 and so (6.9) can

be reduced to

(
0

Á5o)*o + t 'tlc)Gço,¿i) Q¡*(Q¡.oò-te:1' (6'10)

Thus the stationary distribution of the process is determined by equations (6.8)

together u'ith (6.9) or (6.10).
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6.2. A Method for Deriving Bounds on. Sensitivity.

Equations (6.3) and (6.9) form a system of non-linear equations that must be

satisfied by the variables ÁÍ")'. and ê(a¿)'s in order that these variables corre-

spond to a GSMP, with Q matrix as described in the above section. These con-

straints, together with some extra ones derived below, will form the constraints

of a non-linear optimisation problem. The objective function of this problem is

a performance measure of the GSMP, given by a combination of the elements of

tlre vector P(A,G).By solving this non-linear optimisation problem, bounds on a

performance measure of this GSMP will be established.

In most cases the precise values of the ê@n) will not be known. In fact in

many cases the only characteristic of the general distribuiion that is knot'n will

be its mean, and so it is of interest to determine the maxirnum variation that is

possible assuming that the mean of G(.) is fixed. As in section 6.1 rve can, l'ithout

loss of generality, take G(.) to have unit mean and incorporate any variation into

the speeds at which the lifetime is worked off.

Let Ç: {c(.) , Í"" adc(y): 1} and H(C) = F(ffP(y,G)dy,P(G)*)

be a bounded function of the stationary distribution of the process when the

general lifetime is distributed accorcling to G(.) e Ç. Then we s'ish to find the

stlpc€ç H(G) and inf66 ç H(G).

If H(G) is taken to Jre ["[o'"P(y, G)dal¡ then optirnising the value of ä(G) is

equivalent to fi.nding the maximum and minimum possible lr.1r,.". of the station-

ary probability that the process is in state 7. In practical situations r¡/e may be

interested in this for some particula^r I to obtain, for exarnple, bouncls on the loss

probability of a queue or on the probability of emptiness of the s)¡stem' Horvever'

rnore complicatecl functions ff (G) are possible.
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Our approach will be to treat the constants A[G) .trd the values of X¡ = G@¿)

as variables in a non-linear constrained optimisation problem. It follou's from

Jensen's inequaiity that the X¡ have to satisfy the inequality constraints

e-o;1X¡ i:7r...rn (6.1 1)

and from the fact that X6 : 1 and. G'@)< 0 V a ) 0 (see Feller (i966), p. 415)

that

X¿17 i:L,...,fr (6.12)

and the X;'s and the ,4.¿'s satisfy the equality constraints (6.8) and (6.9). In fact it

is shown in Pearce (1978) that equality hoids in (6.11) oniy if G(.) is deterministic

with unit mearr. This result can also be obtained by using the method of complete

Tcirebycheff systems. It is also possible to make ô(o) arbitrarily close to 1, still

preserving the unit mean of G( ) by defining G(.) bV

(t-, 0<y<+
G(.) : { (6.13)

[t a>+

for sufficiently small e

If we were to try to formulate a non-linear program based on what has been

presentecl so far we would find the results obtained of little practical use. This

is because we have not introduced any constraints on the variables X; to ensure

that they at least resemble values of Laplace-Stieitjes transfolms we would expect

to get from a probability distribution. These constraints wouid set bounds on the

value of Laplace-Stieltjes transform, X,n, in terms of the values of the plevious

Laplace-stieltjes transforms, Xi, i < m. The use of compiete Tchebycheff si'stems

worrld enable us to get exact bounds on Xrn given that G(.) has unit rnean and

that X¿ is fixed for i < rn. Horvever, the constraints that are given by ihe use of
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complete Tchebycheff systems can become very complicated and necessitates the

introduction of extra variables.

One way to get reasonable constraints in some problems which are not too

complicated is to use the fact that ê@) is completely monotone (see Feller (i966)).

If we know the value "t GçB¡ for some 0 < P ( a we can obtain tighter bounds on

ô(r) than given in (6.11) and (6.12). This follows from the foilowing lemma.

Lemrr-- a 6.1

Let 0 ( a1 ( a2 1 as and suppose that Xt : ê(ot) and' Xz : G@ù.

xz(as - c-t)+ x{az - as) . ê(or) 1 xz
a2-at

Then

(6.14)

Proof

The right hand inequalit5, is an easy consequence of the fact that ô1"¡ it

decreasing. For the left hand ineqality rü/e use the fact that ô(a) is completely

monotone (see Feller (1966) ). Inparticular G"@) ) 0for a ) 0. Thus

G@r) : e ( r-:zo1 + 
o' - o' or)

\as-ar ds-o¿L /

dz-42
dg-dI

G(or) + 
a2 - at ê(*r)
ds-Qt

+ ê(ary t 9l- =t xz r *z - aB xt
A2-A7 aZ-dl

!

Theorern 6.1

TIre supremum of H(G) as G(.) ranges over Ç is less than or equal to the

solution of the constrainecl optimisation probler:r_'P*, in the valia.bles .4.¡, i -
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0,..., n - 7 and X;, i : 1r... )n- 1 defined by

max ,, (r.*, .E lt - v;)*,, 
I

n-t

i:1

e-di a X¡ 1 1, i : 7r...rn - 1,

Aowo + t A¿X¿w¿ Q,s,a.(Q ,a" o")-t

subject to the constraints

(6.16)

(6.17ø)

X¡(o¿+, - o,-t) + Xn-t (ot - oo+t)

(6.17ó)

1X¿+t 1X¡for 1< i < n-2, (6.17c)

Xtazlat-az 
aXzlXt,

ot1

di - di-t

tn-1.l
lro*o + t 5l - x;lw¡l Qt +
L 7:t on- i

Aowo + t A¡X¿w¡ Qz: o (6.18)
n-l

i:1

and

[r,*,.8 lt-xn]*,] "- |
n-7

Aowo + t A¡X;w¿ Q t*(Q ¡",a.)-le : 1'

(6.1e)
i:l

Proof

By Lemma 6.1 the values of G(a¿) as G ranges over I must satisfy the in-

equalities (6.17) and by the discussion in this chapter the constants A¿ must satisfy

the equality constraints (6.18) and (6.19). Thus H(G) is less than or equal to the

solution of P*. n
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6.3. Sorr- e sirnple exarnples.

The non-linea,r optimisation problem given in Theorem 6.1 can be solved

analytically for some simple problems. However, numerical results are all ihat

can be expected in large, complicated systems. A computer program to obtain

results for the above problem has been written and results obtained. The prograrn,

written in Fortran and using NAG routines is straightforward. The only point to

note is that convergence to a feasible solution is guaranteed when the initiai point

is chosen to be feasible, This point can be found by setting the X¿'s eclual to some

values which satisfy (6.17) (for example X¿ : 1.0 for all i or X; : e-a; for all

i) and then findìng the corresponding A¿'s by solving the linear equations that

result from substituting these values of. X¿ in (6.18) and (6.19). In fact it turns

out that in many cases the supremum occurs at one of the possibilities for the X¿'s

suggested above.

We have not been able to show, in general, that the local maximum obtained

from the constrained optimisation problemP* is also a global maximum. Horvever,

for any problem which we have treated analytically the local ma;rimum obtained

does in fact turn out to be a global maximum. Also, we have varied the starting

points for the problems which we have solved numerically and found that the the

sa,lrre solution is obtained, thus indicating that this solution is probably the global

maxlmum,

6.3(a) The Hyp /G/L/t systetn.

Using the above method v/e can get analytic results for smali sirnple systerns.

An example of one of these systerns is the H yp I G I t 11 system in rvhich arrivals with

a hyperexponentizrl clistribution are offered to a single genera,l service clueue rvith

service rate ¡-t,. The h¡'perexponential distribution is often used to model "bursty"
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traffic, when th.e mean to variance ratio of the arrival stream distribution is ìarger

than one. The distribution function for the hyperexponential function u'ith n

separate arrival phases is

0

Di:r rr*(1 - "-Ànt), ú ) o,

t 0

F(t) :

where

where

(rnar f nzin)

n

Ð"r:1'o'
k:1

The pararneter À¡ is the rate at which the arrival lifetime is worked off in

phase k and z'¡ is the probability that a ne'ù/ arrival will enter phase k. We use a

phase interpretation for the state space) defrning the process to be in state (k,j)

when the arrival process is in phase k, k :7r...,r1, and there are j customers in

the system, j : (0,1). The time congestion is then given by

H(G): t r@,I)(G)
n

&:1

whère the zr(k, j)(G)'. are the stationary distributions of the process being in state

(k, j) when the service distribution is G(.).

For the case when n : 2 we can obtain analytic results for the sensitivity

bounds for this system using the scheme described in this paper. This is done

in Taylor and Henclerson (1988), where the problern of finding the maximrim or

mirrimtrrn time congestion h a Hypf Gllll system when there are two arrival

phases is shown to reduce to

¡¡¿ : (\1n2 * Àzzrl )

È7,
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such that

e-a<)fl <1.0.

The maximum time congestion obviously occurs when Xr -- 1.0 ancl is equal to

)rÀz
pa+ÀrÀz'

This corresponcls to the service distribution described by (6.13). The minimum

time congestion occurs when Xl -- e-o and this corresponds to the deterministic

service distribution as described earlier in this chapter.

)1
^2

Max Min
1.0 1.0 0.5 0.5

2.0 0.6667 0.5 0.4278
5,0 0.5556 0.5 0.3846
10.0 0.5263 0.5 0.3564
1000.0 0.5003 0.5 0.3336

Table(6.1). The sensitivity bounds on the time congestion for the

HyplG l7f 7 qttetteing systemwith two phases, r(r : iT2: 0.5 a,nd an overaJl arrival

rate of 7.0.

Table (6.1) a,ncl table (6.2) show two sets of numerical results obtained from

the prograrn. In both cases the general service rate is 1.0 and the arrival rates are

chosen so that the overall arriva,l rate offered to the queue is 1.0. In the first case,

the phase transition probabilities are the same, that is 'trr : 'ï2 - 0.5, ancl in the

secorrd case the phase transition probabilities zr1 : 0.9 and 12: 0.1 have been

chosen. The nunerical lesults obtained from the prograrrr correspond., as expected,

to the analytic results. Figure 6.1 and figure 6.2 display these lesults. Note that

in the graphs the maximum and minimum time congestions ale the same rvhen
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l1
^2

Max Min.
0.9009 100.0 0.6410 0.4762
0.9184 5.0 0.6081 0.5168
0.9310 3.0 0.5870 0.5344

1.0 0.5 0.5

1.05 0.7 0.4565 0.4508
1.8 0.2 0.2657 0.2024
9.9 0.11 0.1800 0.1012

90.9 0.101 0.1679 0.0918

Table (6.2). The sensitivity bounds on the time congestjon for the

Hyplcltll quèueing system with two phases, itr :0.9 and rz:0.I and an

overall arrival rate of 7.0.

Àr : Àz : 1.0. This is not surprising since in this case the hyperexponential input

is equivalent to a single Poisson arrival stream with an arrival rate of 1.0. It is

well known that a MlGllll queue is insensitive. Also note that even though the

method only gives an upper and lower bound for the time congestion, in this case

the actual bouncls are obtained.

When there are more than two arrival phases analytic results are much harder'

to obtain. In rnany cases only numerical results can be obtained. Table (6.3)

gives some nurnerical results for the HyplGlt/1 system fol a varying number of

arrival phases. Fol these results a hyperexponential strearn with rz separate arrival

phases is offered to a single general server clueue with phase allival rates equal to

7,2,3,...,?? respectively and zr; --71" for i:7,...,fl.

6.3(b) The M/G}l4/n/n systern.

Another qr.reueing system that can be investigated using the above method

is one in which a Poisson arrival stream is offered initially to a sen'er which has
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1"0

0.5
Time

congestion.

4.0 7 "0 10.0

À1

Figure 6.1. The sensitivity bounds on the time congestion for the

Hyyt lG lt 11 queueing systern with two påases, irl : 7r2 : 0.5 and an overall artival

rate of 7.0.

a general service distribution but if that server is busy the customer will then be

offered to n-l negative exponential servers, all having service rates 1.0. A system

similar to this one rvith. all servers having the same general selvice clistribution

was investigatecl b), tu,.r Dijk (1987). However, the requirement of oul model that

there is only a single generally distributed lifetime necessitate the rnodifi.cation to

exponentially clistributed overflow servers. Numerical results for the time conges-
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1.0

0.5
Time

congestion.

1.0 2.0 3.0

l1

Figure 6.2. The sensitivity bounds on the time congestion fot' the

HyelGlTfT queueing system with two phases, T(t :0.9 and r(z :0.7 and an

ovet'all arrival rate of 7.0.

tion when the arrival rate is 4.0 are shown in table (6.4) and graphical results are

shown in figure 6.3. Numerical lesults when the single general server is replaced

by a negative exponential server are also shorvn. In this case the results carr be

calculated analytically as the system is just an AtIlMln/rz system, The numerical

and graphical results shorv that the calculated maximum and rninimum valucs for
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TL Max. Min.
1 0.5 0.5
2 0.571 0.551
3 0.6206 0.5828
4 0.6575 0.6052
5 0.6865 0.6227
6 0.7101 0.6356

7 0.7297 0.6467
B 0.7464 0.6560
I 0.7608 0.6640

10 0.7735 0.6711
11 0.7846 0.6772

Table (6.3) . The sensitit,ity bounds on the time congestion for the

HyelGlTlI queueing system with n phases, \¿ : i and r¿:71n.

the time congestion do in fact straddle the values obtained when the general server

is replaced by a server with a negative exponential distribution. WheÍr n :1, the

three values are the same as at this point the system is insensitive. As n gets very

large, the three values all converge to zero as would be expected. For this queue-

ing system there exists a very sinple way of getting an upper bound on the time

congestion using similar techniques to those used by van Dijk and others described

in chapter 5. If the general server in the MlGMln/n queue is removed \Me get an

M lM ln - 71" - 1 queue. The tine congestion for this queue is obviously less than

that for tkle M IGM f nf n qteue so a simple upper bound on the time congestion in

t}ae M IGM l"l" queue is just the time congestion in the Erlang system with r¿ - 1

servers. This result is easily calculated. In figure 6.3 this simple upper bound on

the time congestion is compared with the results that have been obtained using

the methocl described in this chapter. When a low number of circuits are used the

simple uppel bound is considerably larger than the bound we have obtained, for

a large number of circuits the two results are close to one another. The results for
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T't Max -ve exp Min.
1 0.6400 0.6154 0.6144
2 0.4923 0.4507 0.4484
3 0.3605 0.3107 0.3071
4 0.2485 0.1991 0.1947

5 0.1593 0.1772 0.7t27
6 0.0937 0.0627 0.0588
7 0.0502 0.0304 0.0274
8 0.0244 0.0133 0.0114
I 0.0108 0.0053 0.0042

Table (6.4) . The sensitivity bounds on the time congestion for the

M IGM lnf n queueing system with the arrival rate equal to 4.0. The time conges-

tion for the ca,se when the general lifetime is negative exponentially distributed is

also given.

this system once a,gain correspond to the values that are expected.

6.3(c) The GI/M /L/2 system.

Theorem 6.1 in this chapter has been derived for cases in which the eigenvalues

of tlre matrix QtC-r are distinct. It was stated that when this is not the case

the theorem can be modified accordingly. A system for which it is necessarl' to

implement these moclifications is the GI lM l712 syslem which wili be investigated

in this section. The methods for this queue can be extended to the lr.ore generai

GIlMlTln f l system, aithough the problem very cluickly becomes much more

complicated. To get realistic results for this system, bounds on the derivative of

the Laplace-Siieljes transform of the call inter-arrival time probability clistribution

must be obtained. We obtain these bounds by using the methods of complete

Tchebycheff sl,stems (see Krein and Nudel'man (1973)).

A complete Tchebycheff system on the interval [0, co) is a system of rz * 1
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1.0

\

Time

congestion.0 ' 5 x

X

x\

x

¡\

2 6 I 10

The number of circuits

Figure 6.3. The sensitivity bounds on the time congestion for the

MlGMlnf n queueing system with the arrival rate equal to 4.0. The continuous

line represents the tìme congestion when the general lifetime is negative exponen-

tially distributed. The dashed line is another upper bound for the time congestion

obtained by looking at the M lM ln - 11" - 1 queue.

real valued, continuous functions U0r Ur,...ry,. sr-rcb. that any linear combination of

these functions has at rnost n zeros on [0,-). One of the simplest exarnples of a

conrplete Tc.lìebycheff systern is a system of n * 1 algebla,ic. polynomia,ls ea,ch s'ith
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degree at most n. The geometry of the complete Tchebycheff system I,A,U2 , ...,Un

can be generalised to encompass all other complete Tchebycheff systems. This

work has ramifications in areas such as approximation theory and the theory of

inequalities. It is with this second application that we are interested in this section.

Lernrna 6.2.

For s ) 0, {1, e-"v,A} and {1, e-"e,A,Ae-"Y} are complete Tchebycheff sys-

tems in the interval 0 ( g/ < oo.

Proof.

Note first that the function Ae-"a is positive for all 0 < y ( oo. Also note

that the two conditions

lim I:oy-æ a

li- " "':o
a+@ y

are satisfled. For {I, e-'u ,A,A€-'u } to be a complete Tchebycheff system any linear

combination of the four continuous functions 7,, e-sa, y and ye-'a must have at

the most 3 zeros for any s ) 0 and any y > 0. This result is clearl¡'apparent using

Rolle's theorem and the fact that e-"a,lJ€-'v is a complete Tchebycheff system.

Usirrg Rolle's theorem we also find that the system {1,e-"a,y} has at the rnost 2

zeros for s ) 0 and E > 0. So Lemma 6.2 is true using the results of Krein and

Nudel'man (1973), section V.7.2. ¡

Lernrrra 6.3.

For any probability distribution with distribution function G(,) with Laplace-
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Stieltjes transform of G(.) given by

I,*êq"¡ : e-u" dG(a)

and the derivative of the Laplace-Stieltjes transform of G(.) given by

l,*ê'1r¡ : - ye-a" dG(y),

the following bound. otr ê'1r; hold

êq"¡1"1ôq,¡¡ . ô'(") I -e-"€s

where ( is the solution of the follorving equation

(1 -ê(s))(:(1 -e-'€)

ands)0

Proof.

It has been sho,¡'n in Lemma 6.2 that {"-"o ,I,A,!Je-"v} is a complete Tcheby_

cheff system where s ) 0 and g ) 0. Using this fact we carl frnd sorne bounds

otr ê'1";. Theorem 1.1 in section V of Kreín and Nuclel'man (1973) shows hos, a

minimum bound on the Laplace-Stieltjes transform can be found. Firstly we must

solve the systern of equations

ô1"¡ : pte-sÛlp2e-"Ê"

l:p1Ipz

I: prtt * pzËz

ancl then the rninimum bouncl on G'1"; is given by

Øtte-"€t i pz(ze-'€,
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where (r : 0. The solution to these equations is found to be

where {2 is the solution to the equation

(1 - G(s))€, : (1 - "-"ê').

The minimum bound o.r -ô'1"¡ is now found to be e-sÊz

Theorem 7.2 in section V of Krein a¡rd Nudel'man (1973) shorvs how a max-

imum bound on the Laplace-Stieltjes transform can be found. Firstly we must

ensure that

1pr:r- 
e2

1Pr:6

.. te-"tc: ltm (oo.
f+oot

This is true with c: 0. Now we must solve the system of equations

ê1r¡ : pte-s€t

L: pr

7:pÅt*M

and then the maximum bound on -ê'1"¡ is given by

Ætte-"ê, * cM

It c¿n be seen, therefore, that since c: 0 the maximum bound ot -ô'ir¡ it

ôq';1"1êç';;
s

!Hence the lemma is pr-oved.
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Using theorern 6.1 and lemma 6.3 we can no\A/ find bounds on the time con-

gestion in the GIlMlll2 queueing system. For the GIlMlll2 queueing systern

it is found that

o,

-0,
0

and

C:Ia.

Tlrere are tr¡'o distinct eigenvalues of Q1 C-' , oo: 0 and the repeated eigenvalue

at: -71¿. The eigenvector associated with a6 is w6 : (1,0,0). An eigenvector

for the eigenvalue a1 is w1 : (1, -1,0) and using the Jordan-Canonical form, a

generalised eigenvector of QtC-r is found to be'w2 - (0,a,-a). Solving (6.aa) it

is found that

P(a,G): A(G) 
"^oT(7 - C(Y))

wlrere Á, is the canonicai form of QtC-1 and T is a matrix of eigenvectors th.at

transforrrrs QtC-r to its Jordan-Canonical form. So

0

1

1 i)

;)

and therefore

Also

^-

"Lo -

T-

0

?Je-Yla
e-a /a

000
0 -Lla 1

0 0 -71"

1

0

0

0

e-s /o

0

1

0

1

0

a

1

-4,

0

0

From the above it is found that

/ (Ao t- A1e-u/" * A2ye-u/.)(l.- G(ù) \
P(y,G): I (-4, c-ala * aAze-ala - A2ye-ul")(1 - C(y)) I

\ -aA2e-ul"(1 - c(y)) )
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lo* 
,"-0,"(1 _ G(ù)da

: l-ay(l - G(y))"-o/'li * 
Ir* 

o"-u/o(\ - G(y))da -
: o, - ", Gçt ¡ "¡ + aG, çt¡ a¡

Ler ô : Gçt¡"¡ u,r'd ê' : ê'Ql") so thar

Now

and

l,* aye-u / " g(y)dy

l,* P(E,G)dy :
Ao -f aAt(1 - e)) -f A2(a2 - o'G + "ê')

-aAt(1 -A) -aArG'
-a2 A2e - G)

l,* P(y,G)tz(y)da:
Aol ArG -^ArG'

-AtG i aAzQ+ l,
-aA2G

Qt

Using these results and (6.ab) v'e must have

-aAo-aA1 -0

-aAo - aAt + o2 Az - aAtG + oArê' : 0

a2 Az - afuG + aAzG' : o

Solving these equations and using the fact that A6 : 1 we find that

A2 -e
a+Gt

So the tirne congestion in the GIlMlll2 queueing system is given by

a+Gl

To find the maximum time congestion (6.20) must be maximised subject to

and

Gln(G) <ê,< _e_,€/o

c)"'Gçt -

71"<G<t
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where ( is the solution to

(1 -eX:(1 - e-€/"¡

It is found that the maximum time congestion for the GI lM lLl2 queue is achieved

wlr.en

a < 7.2797
a > 7.2797

G {
0.4578
e-[/ o

and

G' : -oGIn(A)

The maximum possible time congestion in the GIlMlll2 queue is achieved by

different call inter-arrival probability distributions depending on the call arrival in-

tensity ø. When the call arrival intensity is greater than 1.2797 the cail inter'-arrival

probability distribution that maximises the time congestion is the deterministic

distribution. When the call arrival intensity is belorv 1.2797, the cali inter-arrival

probability distribution that maximises the time congestion is one rvhich has mass

o x 0.7813 at 7f o, and a mass at infinity such that the overall call arrival intensity

is ¿. This clistribution is something iike a deterrninistic distril¡ution with intensity

c x 0.7813 but every so often there is a large inter-arrival tine, such that the

overall call arrival intensity is c.

The upper bound on the time congestion in the GIlMll12 queue is shorvn

in figure 6.4. A comparison is also made between this upper bound on the time

congestion and the upper bound on the time congestion in a GIIA\111 qlleue

which obviously is also an upper bound for the time congestion in tire G I I M 11 12

queue. The results obtained using the technique describecl in this chapter gives

a muclr better bouncl than the bound found by looking at the GIlMllll queue)

especially for low interrsities.
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Figure 6.4. The upper bound on the time congestion in the

GIlMlll2 queue. The upper line in the fr.gure is the upper bound for the time

congestion in the GI lM 11fi queue.

0
3.0

91



CHAPTER 7

SENSITMTY BOUNDS FoR THE GI/M/n/n QUEUE.

7.1 Tlre GI/M/n/n queue.

We will now look at a specific GSMP, the GIf Mln.ln queue u'ith arrival

rate ¿. A GI arrival distribution is one for which the inter-arrival lifetimes ale

generally and independently distributed. For this systern the arrivals are offered

to n servers each with negative exponentially distributed service times. The states

of this GSMP correspond to the number of busy servers in the system and so there

are n f 1 possible states. If c(x, A) : o, Vn ,, A the general lifetime is being in'orked

off at rate ¿. This is equivalent to an arrival rate a. When a general lifetime has

been worked off, a,n arrival occtlrs and another general lifetirne begins. If there is a

spare server this server will sen'ice the new arriva,l and if no spare servel exists the

call is lost. Without loss of generality assume that the service times have rnean 1

and therefore the rate at which a transition from state i to state i - 1 takes place

is i, i € {1, ...,n}. So we have

qE U,Ð :
a) i:i+7,
0, otherrvise

0J?,) ,Ì2,

I t. '\q \2,J )--

; ; 
-; 

_1

-i, i:i,
0, otherwise

0J?, 11

Q) -1 :2, ' ^¡1 x: U.,..)?z
other\Mlse,0

c(i,.i):
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It can be shown that

a

and
-a

0

0

0

Q, --

Tlre eigenvalues of Q1C-l arc

0

0

0

0

0

0

0

0

0

0

0

0

0

1

2

0

0

1

0

0

00
00
00
00

0

a

0

0

0

0

0

0

0

0

q

0

a

a

0

0

0

0

0

3

0

0

0

0

0

2

3

0

o,

0

0

0

2-n 0

n-I I-n
0n

0

0

-n

-o,
0

0

0

o,

-a

0

0

0

0

0

0

0

0

0

0

0

0

0

(-1), (;) ,

0,

-o,
0

0

0< j 1í1n,

otherwise.

a
a

0

-1,
-ai: ;1

i:0,...,,n

and the comesponding left eigenvectors are w¿ with components

(*,')¡:

Given these results, from (6.17b) and (6.17c) we get

ancl

0 ( X;a1 -2X¡l X¿-t i :2,...,n -I

rSxz-2xt (7 1)

(7 2)

The dot procluct of the right and left eigenvectors corresponding to different

eigenvalues of a matrix is 0. Therefore sínce e is the light eigenvector of Qß-r
corresponding to the eigenvalue 0

1, i:0,
0, i : Ir...rnÌV¿ 'e :
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and so from (6.19)

AIso

and

where

Hence from (6.18)

Ao:I.

w¿Qt : (-a)a¿w;

(-o)*¡+t, i:0,...,n-1,
(-o)û, i:n

( 7.3)

w;Qz :

(ú')ft :
(-i)u ("ft) , k:0,...,n-1,

(-1)" (":,) , k:n.

fL n-1

i:1 i:l

In this case 'we want to look at the maximum possible time congestion in the

system and so the objective function v/e are looking at is the probability that n

servers are occupied. Since

/"oo n 
^.I P@,G)dry: Áowo +t :', J.X¿l*¿Jo 7:, on _

is the probability density vector, the nth component of this vector is the probability

that n servers are occupied. The nth component of all the eigenvector-s apart frorn

w,,. is zero. The nth component of w,, is (-1)" and so the plobability that rz

ser\¡ers are busy is given by

DO¡IX¿ - 1]*n - Ao\¡r¡r - t A¿X¿w¡¡1 - A,'X,-fr :0. (7.4)

pn- (-ry+[l - x,]. (7.5)
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7.2 The Method of Lagrange Multipliers.

To solve a non-linear bounded optimisation problem with non-linear equalit,r'

and inequality constraints the method of Lagrange Multipliers can be used (see

for example Avriel (1976)). Suppose the optimisation problem is

Mar /(") (7.6)

such that h¡(x) : 0, j 1 ,P (7 7)

( 7.8)

(7.10)

(7.11)

If x* is a feasible solution to (7.6), (7.7) and (7.8) and there exist vectors

.A*: (Ài, i:1,...,rn) and (Þ*: (óï, j:I,...,p) satisfying

and øt(x)>0, i:L,...,m

nt p

i:I j:l
V"-L(x*, A*,Õ*) : V,.f(**) + t À]V"9¿(x*) + t óiV "/z¡(x*) 

: 0, (7.9)

Àig¿(x*) : g, i :\,...)rr1)

Ài>0, 1r...,ffi

andforevery %+0 suchthat ze Z(x*)

,T v?/(x.) + D ÀjVle;(x.) + t öjv2,h¡(x.1
fn

i:1

p

j:7
z 10 (7.12)

where

Z(*.): {z: zrV,g¿(x*) :0,i e f'(x*), zrY,g;(x.) > 0,i e f(x*),

(7 13)

with l(x.) the set of inclices for which 9l(x*; :0 and f'(*.) the set of inclices for'

which .g;(x*)-: 0 and )i > O,thert x* is a strict local maximum of .f(x).
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Note that in general a point that is a local maximum of a problem is not

necessa"rily a global maximum. To prove that a point satisfying the above is in

fact a global maximum is often very difficult, if not impossible. In the problem

that follows, it can be shown that the local maximum presented is also a global

maxlmum.

7.3 The Problern.

If we let the vector x correspond to (A;, i:0,...,n, Xi, i: Ir...,n), then

using the above results we find that the probiem of finding an upper bound for the

time congestion in a GI lM l"l" queue using (6.17), (7.1), (7.2), (7.3) and (7.4) is

equivalent to

M ar /(*) : Pn : (-l)+ Í - X.l (7.r4)

such that

h¡(*) = t A¿lX¿- 1l (*¿), - Áo(*').i
fL

i:l
n-7

- t A;X;(w¿¡)¡ - A.X,(û)¡ : 0, j : 0,...,n,
i:I

å"+r(*) =Ao-1:0,
9r(x)=Xz-2Xt+1>0,

gr(x) =X¡+t.-2X; f X¿-1 ) 0, i:2,...,fr-1,

9.(x)-1-Xr)0,

9;+., -t(") = X¡-t - X¡>. 0, i : 2',...,12,

g¿+zn-t(*) = X¿ - e-i/" > 0,, i : 7,,...,n

ancl the method of Lagrange Multipliers can be used.

(7.15)
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7.4 The Solution.

Theorerl-- T.l

and

So

nAi : (-1)' 0r...rfl
't

The solution to the problem formulated in (7.L4) and (7.15) is

( z) (7.16)

xi:( 
)

/ n-r
öä:-Pi{r+r\ z-r

\ k:1

Pi:e1)" [1 - x;]

:ie - "-n/").

i+l i:7,...,n.

,fl- 7,

(7.17)

(7.18)

(7.Lsa)

Proof.

The proposed solution given by (7.16), (7.17) and (7.18) can be shown to

satisfy the feasible solution conditions (7.6), (7.7) and (7.8) and also satisfy the

necessary optimality conditions (7.9) to (7.13) when we have

1

Xk

n-7
öi : -P;t +,

L-: 
'e

ñ-J

J 1

ói:0.,

ól*r: -P;,
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n

)i: - D f* -i)Aic.(o.,k) 1 ,fl-7,
Ë-t+1

Àl :0,

Àj.tr,-1 :0, i:2,

¡+j

/c:i

)l+zrr-r : 0, i :1,...rfr -7,

)ä,-, : (-t)""4r;

) T1'

(7.1eó)

and

where

cn(Q., j) : !{-r)*-nø;
J

k-i )

for 0 ( i 1n and i + j < n and

k:7
: I(-t)k+'ói + (-1)"-'(" - t)ói,k+1

Cr(ô*,n) : ói - "ói+ ... + (-I)*-' ói,-r+(-1)"-'("-t)óin-2

n-I

(
n

n

The proof of this result is achieved by showing thai (7.7) to (7.14) are sat-

isfied by (7.18) when (7.14) defi.nes the objective function and (7.15) define the

constrairrts. The algebra to show this result for the general case is m.essy ancl is

given in the appendix. A proof of the result when there are 2 servers is given here.

The case when there is oniy one server is relatively simple.

The case n-2

Tlre vector of va,riables, x, for this problem is (A6 rAt.,Az,Xr,Xz), the eigen-

values of QtC-1 are _ o,o:0, -ar : -\/a, -d2: -21" and the correspo¡d-

ing eigenvectors ar€ v/¡ : (1,0,0), w1 : (1,-1,0) and w2 : (1,-2, 1), also

wzQz: -o&: -a(1, -3,2). The optimisation problem as formulatecl by (7.14)
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and (7.15) can be written as

Max

such that
âo(") =-Ao-A1 -Az:0,
år(x) = Áo * At *2Az * AtXt * AzXz - 0,

hr(*) = -Az - AtXt - A2X2 -- 0,

hs(x) =Ao-1:0,
gr(x)=Xz-2Xt+1>0,

lz(x):l-Xt)0,

9s(x)=Xr -Xz)0,
ørlx):Xr-e-11">0v r\

and

9s(x)=Xz-"-21">0.

The proposed solution to this problem given by (7.16) and (7.17) is

Áð:1,

Á*__,
^l - -'¡

AI:7,
v*-"-zl"¡7t'l - 2 ,

Xî : "-'lo '

and so

(7.20)

(7.21)

The soiution given by (7.21) satisfies all the constraints in (7.20). The partial

.f(*): nr:f,z'z(l -xr)

: iG - "-"/")P;
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derivatives of the Lagrangian given by (7.9) for this case are equivalent to

and

(7.22)

AL A,
Ah : AzÓt - Azöz lÀr - Às * )s - "î : o'

These equations are satisfied when we choose

P;

n*t2t

óö: -P;(1 + +),

1

1

X
0

1ó

ó;

Qt,
(7.23)

and

as proposecl by (7.19). Tþese values also satisfy (7.t0) ancl (7.11). To show that

(7.12) is satisfiecl the vectors z € Z(*-) must be found. These are given by

(7.13). The components of z correspond to the variables in this problern so let

zT : (zAorzAr,,zAr,,zXrrzxr).The vector z must firstly satisfy zrVrg¡(x*) :0

for the inequality constlaints where gl(x.) : 0. The inequality constlaints S1 and
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s5 are equal to zero so

zTY "gt(**) 
: zr (0,0,,0, -2,1)" : 0

=+ -2zxt * "x" 
:0

and

zTY,g5(x*) : r'(0,,0,0,0, 1)" : 0

=+ zX, :0

and therefore zXL : zXz: 0. It is also required that

,Tv,h¡ç**) : o, j : 0,...,3

and so

uTv,hoçx*): r'(-1, -1, -1,0,0)t : o,

zTY,åt(*.) : z1: (7,7 * xt,2 + xz, Ay, A2)r - o,

,rv,hrç**) : rr (0,-xr, -(1 + x"), -Ar, - Az)r : o

and

,rv ,hrç**) : ,r (r,0, o, o, o)T : o.

For all of these to be satisfied it is necessary for zAo : zAt : zAz - 0. Therefore

tlre only possible vector z e Z(x*) is the zero vector and (7.12) is trivially satisfi,ed.

The necessary conditions (7.7) through to (7.13) have been shoq'n to be satisfred

by the proposed solution which is ther-efore a strict local maximum of /(x) . So Pj

is a local maximum for the time congestion in the GI lM lnln queue r.r'llen n -- 2.

To prove that this local maximun is also a global maximum, it must be shown

that no other local rnaximum exist that is larger tha¡. the presented result. The

equality constra,ints h,s, h,y, h2 andiz3 can be reduced to the single constraint

/,(*) : -Az[lIXz-Xt] +Xr:0.
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The problem is now in the three variables Xt, Xz and A2. Rearranging the above

gives

^-x1nc--' 1- Xt lXz
and for any feasible solution A2 must be positive since 0 ( Xr ( 1 and 0 1 Xz.

The partiai derivatives of the Lagrangian are now given by

AT

uÉ : óG - Xt t x") + ift - xz) : o,

AT

ú 
: -ó(A'+ 1) - 2\ -Àz * Às * À¿ : o

and

AI
å : öAz *Àr - Àa * Às - To, 

: o'

(7.24)

Rearranging the first of these partial derivatives gives

therefore / must be negativeor zeto) since 1- X2 ) 0 and 7- XtIXz 2 0. So

it is found from the other two partial derivatives that

2\*Àz-Às-À¿:-ó(Az+t)

+2^11\z-Às-À¿)0 (7.25)

and similarly

Àr-)s*)s>0. (7.26)

Any local maximum, which includes the global maximum, of the optimisation

problem rnust satisfy both the above two equations and the inequalities of (7.20).

Note that from (7.11) the À's must be positive or zero and from (7.10) either an

inequality constraint must be satisfied with equality or the corresponding Lagrange

Multiplier must be zero.
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For constraint (7.25) to be an equality ó : 0 and this means that Xz : 7,

Xr : 1 and Pz : 0. Whilst this is a feasible solution it is obviously not the global

maximum of the problem.

Constraint (7.25) must be a strict inequality constraint and therefore either À1

or À2 or both must be positive therefore Xt : I or X2 -2Xt * 1 : 0 or both. The

case when Xr -- t has already been shown to be non-optimal so X2 -2Xt f 1 : 0

and X1 < 1. Since Xt 11 it follows that Àz : 0. Using this and manipuiating

(7.25) and (7.26) it is found that

-3)¡-À¿*2)5>0

so À5 must also be positive which means that X2 - e-z/o. The only feasible

solution is therefore X1 : (7 + "-z/")12, 
Ar: 1 and so Pf is the same as the

solution given by (7.18). It has been shown that for the case when n : 2 the value

of tlre time congestion in a GIlMfnfn qteue given by (7.18) is the m.aximum

possible value. n

The proof above is much briefer than the proof for general n given in the

appendix although the general steps followed are similar. The al¡ove proof will

help to investigate the GI IM f nf n quete for the case when n :2 in more detail.

7.6 An Analysis of the Bounds.

An obvious lor¡'er bound for the time congestion in L]ne GI llul f nf n queu.e is 0

for all values of ¿ and r¿. The results that are obtained using the above method for

a lou.er bound of the Gl llul lnln correspond to this lorver bound of 0. Unlike the

upper bouncl, the lorver bouncl is ar'bitrarily close to a known distribution given
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by

G(.) :
1- e. 0 ( u ( 1.

1, A>+
for the case where 6 -) 0. This distribution corresponds to the case rvhen X¿: I

for all i. Since this bound can be achieved by a known distribution and there is

no possible bound lower than this one, the proof of this bound is trivial. This

result and the upper bound described above give bounds on the sensitivity of the

time congestion in the GIlMlnln system. Figure 7.1 plots the maximum time

congestion in the GIlMlnln queue versus the arrival rate for different numbers

of circuits. Figure 7.2 plots the time congestion in ihe GIlMlnl?? queue \¡ersus

the number of circuits n for various arrival rates.

Call Congestion and Time Congestion.

Work by Kuczura (1972) has shou'n that the call congestion in a GIINIIIIL

system is minimised when the call arrival distribution is cleterministic arrcl conjec-

tured this was also true for cases when there was more than one ser\/er. In fact,

in Chapter 4 of. Takács (1962) it is shorvn that the call congestion in a GI lAI ln,ln

loss system is given by

n
-1

1+t J

II
rL

l=1

7-X¡
X¿

(7.27)
J i:l

where X; is the Laplace-Stieltjes transform of tire call inter-alrival clistribution

calculated at the ith eigenvalue of QtC-l. The terms (I- Xi)lX; a,re maximised

ancl hence the call congestion is minimised when the X¿'s are minimisecl which is

wlren X;: e-i|". It is shown in Pearce (1973) that this implies that the inter-

arrival lifetime distribution is deterministic, thus proving Kuczura's conjecture.

Tlre maximum of the time congestion occurs when Xt: e-r/o by (7.t7) and this

also correspohcls to the inter-arrival lifeiime distribution being cleterrninistic. Thus
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Figure 7.1. The maximum time congestion for the GIlMlnln queueing

system versus the arrival rate for various values for the number of circuits, n.

in the single server case the time congestion is maximised when the call congestion

is minimised. This occurs when there is a deterministic inter'-arrival distribution.

Hou'ever, for situations when there is more than one server this is no longer true.
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. Figure 7.2. The maximum time congestion for the GIlUIlnln queueing

system versus the number of circuits for various vaJues of the arrival t-ate, a.

Two servers.

\Me can investigate various properties of the GIlMln,ln queueing systern by

using some results of this system that were deduced in the proof of the sensitivity

bounds on the time congestion. Some of what follows may be generalised to cases

when n is larger tha,n 2, but the mathematics involvecl becomes very messy as can

be appreciated by comparing the proof of theorem 7.1 for the special case when

n : 2 to the general proof given in the appendix. It has been shown that the tirne

o

^

x

o

o

o

0
62
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congestion in the GI lM l2l2 queueing system is given by

a, x1(7 - x2)
2(1 -Xt-|Xz)

where X1 and X2 are the Laplace-Stieltjes Transforms of the inter-arrival time

distribution calculated at the eigenvalues of the Q1 C-r malrix which are -!f a

arrd -2f a respectively. This is true no matter what the inter-arrival distribution

is. The maximum time congestion was found by maximising the above expression

subject to certain constraints on the X¿'s. An upper bound on the time congestion

was shown to occur when Xt : (e-z/" + 1)12 and X2 - e-2/". Whilst this is an

upper bound on the congestion, these X¿'s need not correspond to any actuai

distribution. In fact, it is known that the only actual distribution such that X2 :

e-2/" is the d.eterministic distribution, for which Xt: e-7/o, see pearce (1g7g).

The time congestion for a deterministic inter-arrival time with rate a is given

by
a e-r/a(I _ 

"-2/")
2 (1 - e-7/o I e-z/a¡'

Initially we thought thai the time congestion in the queue when the inter-arrival

time is deterministic may in fact be the maximum possible time congestion. If

tiris were true then no matter what the value of ¿ the result proven above is still

an upper bound on the time congestion but a better upper bound corresponding

to the deterministic arrivals could, at least in theory, be calculated. However, by

examining a number of other well knou'n inter-arrival time distributions we have

been able to show that ihis is not true.

The hyperexponential distribution is an interesting distribution to investigate

as by making an appropriate choice of the parametels of this distribution we can

moclel a bursty inter-arr-ival disiribution stream in which arrivals tencl to occur in

batches separated by large gaps. The h¡'perexponential distribution function with
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n separate arrival phases is

(0 ¿<0
r(¿) : { (7.28a)

I Di:t nx(I - e-Pr'), r ] o,

where

I "* 
: 1.0. (7.28b)t,

The parameters associated with this distribution were discussed in section (6.3X^)

of this thesis. Here p¡ is the ratio of the arrival rate at the kth phase ø¡ to the

overall average arrival rate a, i.e. pk: orlo. This change is made since an

overall arrivai rate of ¿ has been specified in the matrix QtC-r and p¡ is just the

proportion of a that is assigned to the kth arrival phase.

Using (7.28) the Laplace-Stieltjes transforms of the hype'-exponential distri-

bution with two separate arrival phases is found to be

¿(À): "'#^*"rff*.
So the Laplace-Stieltjes transforms at 7f a and 2f a are given respectively by

Xr:r. ar +r., d2

7*q -llaz

and

v- -* 
a7 +r" a2

-.r2 -,tl 2 + o, r "'2 2 ¡ az'

By looking at various values of zr1 and a1 such that

ata2
a,:

clztrt * atirz

is kept constant, clifferent forms of the hyperexponential distr-ibution all rvith ar-

rival rate o can be investigated. This has been done, the tirne congestions cor-

responding to these clisiributions have been calculated and the value of the pa-

rameters which gave the highest value of the time congestion have been used in
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a comparison',Ã¡ith the time congestion calculated when the inter-arrival time is

deterministic. In figure 7.3 these values have been plotted along with the upper

bound on the time congestion. It can be seen that for 0 1 a ( 1 the tirne con-

gestion corresponding to the hyperexponential distribution is higher tha¡r that for

the deterministic clistribution with the same average arrival rate a. Neither the

hyperexponential distribution nor the deterministic distribution can possibly be

used as an upper bound on the time congestion for all ¿. These are just two of the

many possible distributions the inter-arrival distribution may be. It appears that

no single actual distribution will have a time congestion greater than the time

congestions corresponding to all the other possible distributions for all possible

values of the arlival rate. So no single distribution will make the given upper

bound redundant for all ¿.

More than two servers.

It is possible for some cases when there are more than two servers to find an

expression for the time congestion in the GIlMlnln queue. \4¡e have shou'n that

for n ( 5 the time congestion in a GI lM lnln queue is

-1
aI-Xn
nXn 1+t lIn

(;)
7-X;

X¡
(7.2e)

j:1 i:l

but rve have not found a proof for general n. It is interesting to compale this

expression with the expression for the call congestion given l>y (7.27).

As was clone in the case rvhen there were two servels) the time congestion

for the queue can be calculated using (7.29) by replacing the variables in this

expression rvith the values of the Laplace-Stieltjes transforms fol the type of dis-

tribution being used. The resuits that we get when rve find the time congestions

in the queues cor-responding to the deterministic inter-arrival distribution ancl the
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Figure 7.3. The time congestion for the GIlMl2l2 queueing system for

various arrival distributions. The postulated upper bound on the time congestion

is given as well as the time congestion for the case when the call inter-anival

time distribution is deterministic and the case when the call inter-arrival f,ime

distribut ion is hyp erexp onential.
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hyperexponential inter-arrival distribution are similar to the results that were ob-

tained for the case when there were two servers. At low arrival rates the time

congestion from the hyperexponential distribution is higher than the time colges-

tion from the deterministic distribution. Around about when the arrival rate is

one less then the number of circuits the time congestion from the deterministic

distribution becomes larger than the time congestion for the hyperexponential dis-

tribution. As the arrival rate increases, the time congestion from the deterministic

distribution remains larger than the time congestion from the hyperexponential

distribution and approaches the upper bound for the time congestion in this queue.

Results for the case when there are five servers is shown in figure 7.4.

7.6 Conclusion.

Even though the proof is very messy an upper bound on the time congestion

in a GIlMl"l" queue has been obtained. This bound has a very simple form

and is easy to use in practice. A compa,rison of this bound with some simple

distributions has been presented.
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Figure 7.4. The time congestion for the GIlMlSlS queueing system for

various aruival distributions. Tåe postulated uppü bound on the time congesújon

is given as well ás the time congestion for the case when the call inter-arrival

time distribution is deterministic and the case when the call inter-anival tine

dist ribut ion ìs hyp erexp onential.

172



CHAPTER 8

CONCLUSIONS

8.1 Restrictions on the General Distribution.

In Chapter 6, a method for determining bounds on some performance mea-

sures in certain simple queueing systems was demonstrated. A non-linear con-

strained optirnisation problem \¡/as established which must be solved in order to

maximise performance measures of some GSMPs. The constraints that are im-

posed in this optimisation problem are necessary constraints that all feasible prob-

ability distributions must satisfy. There are no constraints imposed on the type of

distribution that could satisfy this problem. In a simple extension of this method,

the types of distributions that a¡e looked at can be restricted by imposing extra

constraints. For example, Eckberg (1977) has shown that any distribution with

mean rn and variance ø2 must satisfy

tõ'
(8 1)

- o2 ¡yn2

where /(s) is the Laplace-Stieltjes transform of the distribution at the point s.

Therefore, if we want to impose the further restriction on the generai distribution

that its variance rnust be a certain value then the constraint (8.1) will be adcled

to the set of necessary constraints that already exist. This in practice rvill mean

that the constraint (6.17a) will be replaced by (8.1). Note that if the variance is

constra,ined to equal zero then to satisfy (8.1) we must have d(r) : e-"- and the

distribution must be deterministic. Other examples of constraints corresponding io

restrictions on th.e general distribution are given by Eckberg (1977) and Klincewicz.

and Whitt (1984).
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8.2 Conclusions.

The work presented in this part of the thesis introduced a technique for finding

sensitivity bounds on measures of GSMPs in which there is only a single gener-

ally distributed lifetime. A number of examples of queueing systems that can be

analysed using this technique have been investigaied. In all these cases some in-

teresting realistic results were obtained. The GIlMlnlr¿ queue was investigated

in detail and an upper bound on the time congestion in this queue obtained. The

proof u¡as presented not only to prove this result, but also to try and shed more

light on the overall method. The fact that the resuit obtained is useful and simpie

is encouraging. However, the long and messy proof of this result unfortunately

does not lead to any major insights into how this method can be improved or

whether the results obtained are actually global maxima in the general case. Ev-

ery queueing system investigated that can be checked, has been checked and shown

to be a giobal maximum bu'i; this does not mean that this is aiways the case. A

way of showing that the results obtained by this method are indeed globai maxima

woûld be very useful.

We have still found this method to be a very useful tool when investigating

certain queueing systerns. In most cases the numerical results obtained from this

method lead to some interesting qualitative results that can be confirmed but

that woulcl ha.r'e been much more clifficult to find rviihout the aid of this methocl.

The proof given in this thesis of the upper bound on the tirne congestion in the

GIlMlnlr¿ queue is a case in point. Only after looking at the numerical results

ol¡ta,inecl from the program u'ritten to soh'e the non-linear program was the forrn

of the time congestion surmised ancl a proof of this result then establishecl. lvlany

other results of this nature could, no doubt, be founcl using this technique.
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There are many directions of future research that can be undertaken into

the above method and using the above method. Any queueing system with a

single general server may be investigated numerically, and possibly anaiytically,

using the above method. An investigation into whether, and perhaps under what

conditions, the results given by this method are known to be global maximum is

of great importance. Further research could also include the creation of methods

simiiar to the above to look at queueing systems with more than one general

distribution, to investigate queueing systems in which batch arrivals are possible

or to look at systems where the generai lifetimes are repiaced by increment times

on a non-renewal point process, such as a Markov modulated point process. In

conclusion, the work in this thesis whilst by itself can act as a usefui tool in

investigating some queueing systems, can also be taken to be a starting point for

much further research on this topic.
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APPENDIX.

The Proof of Theorem 7.1.

Prelirninary Lemmas.

Some combinatorial identities which are used in the proof of theorem 7.1 shall

be given in a series of lemmas. A proof of most of these identities shall be given

but some are trivial and can be found in elementary textbooks.

Lernrna 1.

(1 -")':Ér
i:0

Takingr:lgives
n)0

(¿.1)
n:0

Lemma 2.

d
Ía

) (i)

Ér-,r'(î) :{,

dr
(1 - *)": t t(-")n-t (

i:0

n

n> 1

)

Takingr:lgives

Lemrna 3

I¿(-t)n-'
ÍL

i:0

n
x

(
n:7

(L.2)

f{-t)i
n

(;)
n-L: (-1)fr

j:k
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Proof. Case n: k is trivial. Nowsuppose (L.3) is truefor k:rn < n then
ÍL

(;)
n-t
n't-l

+

t (-1)i : (-1)- + (-1)--t
j-m-l

TT

m-1 )

: (-1)--t

: (-1)--t

and so (L.3) is true for 7 1 le 1n.

Lemma 4.

tz-I
tn-l

Ef:) 
:(, l,) ,

Proof. Thecase k-7: j istrivial. Norv supposethat (L.a) is truefor k:m
then

7<j+1<k

m*7
j +t

(1.4)

(¿ 5)

):(

Ër-'r-(;) (i) :0,

(Ð(:) :(;) (î_")

Ër-'r- (Ð (:) : å,-')' (;) (i -',

fr
k:j
n-j

rn
j +t

and so (L.a) is true for 7 < j + 1 < k

Lemrna 5.

Proof. Now

and so

tz>. J

k-j

,b:0

: (;)

: (;)

-0

1)o
n-J

I(-t)o*'
n-J

k
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using (L.1) provided n -7 > 0.

Lernrna 6.

I¿(-t)'
n

z:J

n

n-J
i-j(

n-J

n>j+t'

)

(¿.6)

Proof.

Ít

) XJ+
n-lt
i=0

D¿(-t)o (i
n-J
i-j 1);+i

z:J
n-j

:(-r¡iD¿(-r)n
i:0

-0
using (L.1) and (L.2) provided n - j > 7.

Lernma 7.

( )
n-J n-J

z':0

n-J
k-j

n-J
i+ j(-1)j I(-r)o

Ër-'r-*(î)
Ie: j

Proof. In the same \¡/ay as for (L.5)

k
(

J ):o n> j +t

¡

(1.7)

n

Ër-'r-*(;) (i)
TL

n

J
: I(-t)*t

-1)*k

using (L,6) provided n - j > 7

Lernrna 8.

I¿(-t)'
n-j+t

i-j
z=J
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Proof. Using (L.6)

f.otn-j+1>0so

provided n > j

Lernrna 9.

Proof.

D¿(-t)o :Q
n+L

Z:J

n- j +t
i-j )

I¿(-t)n : (n + 1X-1)'
ft

2:J

n-j+t
i-j )

n+.L
j

Ér-'r' (o:,) (;) : (-,)" (n*1
j nlJ

n'- j ¡r
i-j

(L.s)
)

:v6!¡-aå0,-','(
:¡6!A,(n+1)(-1)"

: (-1)'

using (L.8) provided n ) 7 n,

The Theorem.

Theorem 2 in Chapter 7 proposes that the solution to the following non-linear

optimisation problem

Mar ,f(*) : Pn:(-1)" *l - x.l (A 1)n/a'
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such that

is given by

and

år(*) = t A¿lX¿- 1l (*¿)¡ - Ao(*r)r.
n

i=1
n-l

- t A¿X¿(w;¡r)¡ - A,X,(fr)¡: 0, j : 0,

å,+r(x) : ¿o -nit: o,

9r(x):-Xz-2Xt+1>0,

9r(x) = X¡+t -2X¡ *X;-r à 0, i:2,...,n-I,

g.(x)-l-Xr20,

Ti+n-t(") = X¿-t- X¿ ) 0, i:2,.'.,n,

g¡+zn-t (*) = X¿ - "-i/" > 0, i :7,...,n

Aî : (-1)n (?) , i:0,...,n

i+7, 7,...,fr

(A 2)

(,4.3)

(A.4)

(A.5)

(A.6)

(A.7)

(.4.8)

(A.e)

(A.10)

TI

xi:( 
)

so that
-aA:.P; :(-1) t-xi)

(,4,11)

:iG - "-nl").
To prove this result it is first necessary to show that the solution given by (4.9)

and (4.10) is a feasible solution, that is it satisfies (4.2) to (4.8).

A feasible solution?

Equation (4.2) represents n * 1 different equations with each one correspond-

ing to a sepa,rate element of the eigenvectors. If we look at the jth eigenvector

L20

n



eiement we shall get the jth equation. Each of these n + I equations must be

satisfied by the proposed solution.

Case j f n. Firstly let us introduce a dummy variable Xo :1. Then 'we can

write (4.2) as

n n-I

D onlx¿ - 1l (*r)¡ - t A¿X¡(w;¡r)¡ - A*X,(î,)r : 0
i:l i:0

rL n

i=1 i:L
Ít

i:l

<+ t A¡lX¿- 1l (*¿),i - t A¿tX¿-t(*n)¡ - A,X*(îr)¡ : 0

<+ t {A¿[X¡ - 1] - A¡-tX¿-t] (*¿)¡ : A*X.(fr)¡. (,4.13)

Equation (4.13) must be satified by our proposed solution. Now

Ai lxi - 1l - Ai_rxi_,

1

1)

(e-n /"

e-n/o1)',

: (-1)i (o:r) "-"r"

e-n/" - I (4=): (-1)'

: (-1)'

: (-1)'

TL

i - (-1)n-' (n l,)
nl(i-t)(e-"/" -t)

(i-1)+1
n

nli e-n/" - r)
(i!n

+
1

(e

ln

-n

Putting this in (4.13) we get

I(-t)n "-"/"(*;)i : A;Xi(Ç)¡.
n

i:1

TT

n
z- I

Since (*¿)¡ : 0 when i < 7 this can 6e written

D(-t)n e--/" ç-t¡i : (-1)'e-./"ç-t¡)i-7 ) (;)
n*1

JL:J
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o ¡r-')' (o:,) (;) : r-'r" ( n]-l
j

which is true by (L.9). So (4.2) holds for j < n

Case j : n. Only w,, and * have a non-zero nth element, therefore (4.2) for

this case becomes

A.ÍX" - 1l (-1)" : An-tX.,,-l(-1)" + A^X.(-7)*(
TL

n (
n
n )

n
n-\

ë AnlX" - 7]: An-rXn-t I nAnXn

For the proposed solution to be feasible solution we need

Ai,[Xi- 1] : Ai,-rXi-, + nAixi

(A.14)

<+ (i) [r"-" 
/" - D) (.#) (n-i)+1 ln e-n lo

n

n n
( )n-I

(n-1)+1 t r¿e-n/o

ë e-nlo - 1 - -(e-n/a- 1X" - 1) - n*ne-nl"

which is true and so (4.2) is satisfied for the case j : n and therefore for all rz.

Aö :1 and so (4.3) is obviously satisfied

The Xi's are monotonicall¡'decreasing so (4.7) is satisflecl ancl since the Xf 's

form a straight line (A. ) and (4.5) are also satisfied.

Now 1 - Xi: (1 - "-"/\ln ) 0 since I> e-n|", so (4.6) holds

For (A..8) to hold we need,

è e_n/o_ 1_ _"1("",;-r)

¡t.<(
-\

e-n/" - I
e

TT
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<+
(e-i/a _ I) (e-./" - t)

çe-;1" - t¡ 1 _ a-li 
"-i/aa

i2

n?,0
rL

Now

tion

d

dz ?,

which is positive or zero for 1 ( i 1 n and since the above is trivially true for the

case when i : n (A'.8) must hold.

The solution given by (4.9) and (4.10) has been shown to be a feasible solu-

The Partial Derivatives.

In Chapter 7 necessary and sufficient conditions for afeasible solution of a non-

linear optimisation problem to be a strict local maximum were described. These

conditions (7.9) to (7.13) used the method of Lagrange Multipliers. In order to

show these conditions are satisfied, the pa^rtiai derivatives of the Lagrangian must

be found. For this we must first find the partial derivatives of the constraints and

objective function, given by (A.t) to (4.8), with respect to the variables of this

problern. Recall that the eigenvectors of the matrix Q1C-t are

(*¿)¡ :
(-1)'(

0,

and the vector û is given by

(-1)*("T'), k:0,...,n-1,

(-1)" (":,) , k:n.

Then the partial derivatives of the constraints are:

0< j 1i1n,

otherwise

i:7,
;-,u 

- 
u)

i : 3,...rn

(û)È:
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og¡(*)
0X¿

og¡+.-t(*)
0X¿

i:j-1,
i:j.,
i:j+L,
otherwise

J 2 ,n-L'

0s"(*)
OX;

: 
{å

i:I,
i :2r...rn

1, i':j-\,
-1, i:j,
0, otherwise

j :2,.-.,n.

j :1,...,n0g¡¡zn-t(*) _
0X¿

1, i:j,
0, ifj,

0 j :lr...r3n - L, i :0r...,n.

j : 0,,...,n

1, j :0,
-7, i:r,
0, j :2,...,n

ôh,6(x)

0A¡
1 7r...rfl

: (X¡ - 1X*¿)¡ - X¡(*¿+r),

x;(-r;j+r (r:') + (-1)j+' (;)

+P:-(wr)¡,
:{

1,

0h¡(x)
OA;

i :7r...,,t2 - 1,

i:7r...)Ttr-1, i:i+I

J l.-x,

Xt(-t;i+t

0
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0h¡(x)
õAn

: (Xn - 1)(*,)¡ - X"(Ç)¡

: I *,e1)j*' (¡1') + 1-t¡'.' (î)
ì, t" - 1)x"(-1)'+' + (-t)"*t (;)

1n1J

: .4;(w¡)¡ - A;(w¿+t)¡

: A¿(-I)i*' (, : , )

J:n.

j :0r...rfl, i :!r...rn-7.

j :0,.-.,D - 7,

J:n

i :0,
otherwise.'

ôå¡(x)
0Xn

0A¿

0hn+t X

0A¡
:17

Io

: 
{ [-t'"*'*: 

a'ar 2:fr,
i :0r...rn - I

ar
OX;

I eÐ"*n i: Ttr¡

\o i:1,...,n_ r
Using the a,bove the Lagrangian can norv be calculated.
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Sorne preliminaries

For simplification in the following proof rve will define

i+j
c;(a,ù: I(-r)r-tó* J

k-i )

for0(ilnandi+j<nand

n-L

Ct(Q,n) : ót - nóz+ ... + (-1)"-t ön-t*(-r¡"-r@-7)ó"

le:i

n
,t+r

n

n-2(

: I(-t)r*'öo + (-1)"-t (" - 7)ó..
I::1

It follows that

C¿(ó, i + 1) : C¡(ô, i) - C¡+t(O,i)

for 0 ( i 1n and i + j < n. AIso define theC;(Õ*,j)'sinthesamewayasthe

C¡(Q, j)'s with all the /¡'s repiaced by di'r.

The Lagrangian.

The partial derivatives of the Lagrangian given in Chapter 7 by (7.9) are

calculated as follows
AL
A,h: Óo - öt * Ón+t

AL -ôh AÍ
AI

ah- *' ah- ak
t+1:Dót
j:o

ôh¡ af
ah- ah

: -óo-t ,. Íx¡+ il - r, [(i) ",. (;)] .
+ ó;(-,)'-' 

| 
(n: r) ', * (;)] + G\nón+,x;

: -Co(Õ, i) + Xicl (O, i)
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fori:Ir...rn-L

f.ori:2r...,n-2

Similarly

AL

-:d).
aA-

:ä 
''#,.#,: -óo * ûtx**,1 - d, l(i) xnt (;)] -

-f ó.(-r)"-t [(r - r)x.+ 1] + (-1)"+t '" , 'nla

: -Co(Q, n) + X.C1(iÞ, r) - (-1)"+t *" , t
nla

aL:.. ôh *n. ôB *oÍ0X¿ ' 0X¿ ' ¡r 0X; ' 0X¡

: S 
^,0h, 

* 
tS 

,,0n, * or: +ej ah* 4 nj oxn- a&
J:u J=l

: o,{d' (å) - ó, (l) . i ö¿+,(-1)n (;)}
+ À¿-r - 2\; * À¿+r - )¿+,,-r * )¿+r, * \¿+z""-t

: A¿Ct(Õ, i) * À¡-r - 2À¿ * )¿+r - \¿+,,-t * l¿+,, I \¡+z,,-t

âh
ôAn

: AtCt(Q,1) - 2\ I \z - \n * )n+1 * Àz,'

n-7
0

n-I
1

n-I
n-7#:An-j {r'( -ó,
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i\n-z - 2\n-t - Àzn-z * )zn-t I \sn-z

: An-tCt(Õ,n - 1) * À"-z - 2\n-t - \zn-z I )zn-t * )ar,-z

AL ( , -2^¡ t / 1\n-1l- 1\-r. t / r\n*1 i ì
ft: A" 

\ót - 
nóz + ... + (-7)-'"ö, + (-1)"-'(n - r)ó^ + (-1)"+' úì

*Àr,-r -\zn-t*Àe",-r

An Ct(Q,n) + (-1)"+1
1

ú
* Àrr-r - )zn-t * )g"r-r

AL
61,:oe

For the proposed solution to be a local maximum of the optimisation problem

the partial derivatives of the Lagrangian must all be equal to zero. Therefore using

the above we find the following equations that must be satisfred.

co(a,i)
cr(ø,i) X¡

(A.15)

(,4.i6)

(A.17)

(A.18)

fori:1,...,n-1.

AL ^.. Cs(Q,n)
AA- - " " Cr(O, ") - (-t¡'+r #È - X rL

AL
a&:0

ê À¿-r - 2À¿ * );+r - )¿+",-r t À¿+,o I À;+zn-t : -A¿Ct(Õ, i)

fori:2r...rn-2.
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#:0 <+ ),,-1 - \z.--t* Às,,-r - -Anir, {t, n) + (-1) "-'h}

<+ -2À1 I Àz - ),, * À,,+r I Àz.,' - -AtCt(O, i) (A.1e)

AL
0Xn-t

0

# À, -z -2\n-t - \zn-z* Àzn-t * Àe,r-z : -An-tC1(Õ,n - 1) (A.20)

(A.21)

So for the proposed solution to be a local maximum of the problem (4.15)

to (A..21) must all be satisfied. Note that the above equations have been found

inclepenclently of the solution that has been proposed. The above equations must

be satisfied for all local maxima of this problem.

The Lagrange Multipliers.

To find solutions to the equations (4.15) to (4.21) corresponding to the fea-

sible solution to the non-linear optimisation problem given by (4.9) ancl (4.10)

suitable va,lues for the vectors of Lagrange Multipliers ,4.* and Õ* must be found.

The following values for the Lagrange Multipliers are proposed.
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(,
\
n-7

D
k:j

Ói: -P:"
n-t

k
t Xk:1

ój: -e; X
j :7,,",fl - \,

1
+

1

k

ó!^:0,

ói+t:
Ài:-

??*I 
'.'t
n

f t* - i)Aict(o*, k) 1x ,fr - l, (A.22)

and

Àä,-t : (-1)

,{. local maxirnurn?

È:i*1
Àl:0,

ÀÏ+rr-r:0, i:2,...,n

Àl+zrr-r : 0, i:Ir...rfr -7,

ndAn
rL

In this section ii will be shown that (4.15) to (4.21) are satisfied by the pro-

posed solution given by (4.9) and (4.10) and the proposed Lagrange Multipliers

given by (Ã.22).

It is easily verified ihat (4.15) is satisfied by the prescribed solution. To see

that (4.16) is satisfied it must be noticed that the Xf 's are linear. Introduce Xfr

andlet Xi _ Xär: ei:0,...n- lwhere €:(1 -"-"/\lnispositive. Now

Lemrna 10.

_ P;(-1)t(j - 1)!ej-t

llil"-'x;

-xi:Q-i)exi

C¡(Q*,i)
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lor j :L,...,n-1, i+ i <n and f.or j : n,i :0.

Proof.

Now

C¡(Q*,t) : óî - óî+, : -# i : 0, ...,n - \

so (4.24) is satisfied for j : 1. Now providing that n ) 2

D*
C¿(Q*,2) : ói - 2öi+r * óî+z :-+#

A¡

xi x; xix;

for i:0,...,fl - 1. Suppose

c¿(ó*,i) : riÇ\iç¡ - 1)!€i

then

1 1 -(i-i), i :0r...,,n,, j :0r...rn

?Dt*
-tn
.(t t(

^i+t
e

xi xi+,P;

i:0r...rn-i, i 1 ,ITL

IIh:i
J -, xi

C,i(Q* ,n i 1) : C¡(Õ- ,r.') - C¿¡1(Ó* ,m)
P;(-L)^(m - r)le^-t P;(-1)*(m - l)t{""-r

niLT-',x; il;gï, x;
_ P;(-1)*(* - l)!em-t

illlftì'x;
P;(-1)-(m - 7)trm'-t 1)

Ili,fh;'x; XiXi+,"

_ P;(-1)'"+r(m)!e*

il Ic:i xi

cn(Q*, j) : e|(\i ç¡ - 1)!ej-t

IIk:i xi

?TLC

and so

J-

for j : 7,...,n - 7, i + i <n and for j : n,i :0
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From Lemma 10

co (Õ., i)
Cr(O*,i)

Pi i - l;!e;-t lli:, xi-1
I È=0 Xk

P;(-1)1 (i - 1)! Iez-

Xi v*xi --'

and therefore (A..16) is satisfied.

Note that by (4.11)

SO

{;-1 P;A* t. :__nlaXfi Xi
therefore the above process will also work to show that (A..17) is satisfied.

To shou' that (4.18) to (,{.21) are satisfied we should firstly note that many

of the À*'s are zero. Once we notice this, then by rearranging (4.21), we find we

must satisfy

)å-, * )ä,-, - - A- {rrre- ,n) +(-1)'*' -L I .( / "l"l'
Since )i,-, : (-Ð"# it is found that for (4.21) to be satisfied rve need

Àä-r : -Ai"Ct(Q-,t)

which is satisfied by the proposed solution so (4.21) is satisfied

For (4.20) to be satisfied we need

ÀL-z : ùi-t - Ai,-tCr(Q*, n - 1)

: -2Ai.,Ct(Õ*, t) - Ai-rCt(Õ*, rz - 1)
rL

: - I t* - @, - 2))Aicr(Õ., k)
k:n-7

P;

-1 9ôLòL



wlrich is true by (A.22) so (4.20) is satisfied. For (4.18) to be true for the case

i: n - 2 we need

)l-s : ùi-r- Àl-t - Al-rCt(@*,n - 2)

: -4AlCt(Õ*, r) - 2A;-(t(Õ*, " - 7) + A;Cr (Õ*, r) - Ai,-rCt(Q* ,n - 2)

: -SAiCt(Õ*, r) - 2A;-(r(Õ*, n - 7) - Ai-"Ct(Q*,n - 2)

a,nd continuing in this fashion it is found that for (4.18) to be satisfiecl we need

) I r¿ - i)Aic,(Õ*, k)
/c=j*1

for j :2,...,n - 2 which is also true by (A.22) so (A..18) is satisfied.

For (4.19) to be satisfied we must have

-2^i +À;: -AiC'(o.,1)

or equivalently

0 : 2Ài - 
^i 

- AiCl(Õ., 1)

ÍL

*
j

- -zIf * - ÐAicr(Õ., k) + t(k - 2)Aicr (Õ-, k) - Aicr (o.,1)
n

l.-t

n

k:2
n

r¿

&:3

: - I(r(k - 1) - k + 2)Aict(Õ., k) - Aicr(Õ.,1)

: - Ð kAic.l (o., k)
k:1

1ÐO
L ùt)



Norv using the fact that /i : g

-t kAict (o.,k): -tfr(-1)* cl(Õ., k)
n

fr:1

fT

lc:7

rL

k:0

n
k

n
k

(

(: - t k(-1)* D
min(k,n-l)

(i) ,-','ói*,
.t:0

n rnin(k,n-l):-i t k(-r¡i+-(;) (Ðr,-
&:0 j:0
n-]- n

: - t r *(-'),.r (i) (f) r;.,
j:o k=j
n-I n

: - Ðdï*,(-r)'Ë*,-t,- (;) (i)j=0 À'=j

0

by (L.7) and so (4.19) is satisfi.ed. The proposed solution satisfies (4.18) to (4.21).

Note that for every inequality constraint that is not equal to zero the corre-

sponcling Lagrange Multiplier is equal to zero and so condition (7.10) is satisfied.

It must also be shorvn that condition (7.11) is satisfled for the proposed solution

to be a local maximum, that is all the Lagrange Multipliers corresponding to

inecluality constraints must be non negative .

The Lagrange Multiplier À1,,-r : (-1)'(aAiln): aln is positive so it re-

m¿rins to shor,v that À; is positive f.or i:1,...,n - 1.
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Now by (A.22)

Ài : - It* - \)Aicl (o*, k)
n

lc:1
ÍL

,b:1

: - t kAicr(o., k) + t Aict(a.,,k)
f¿

,b:1

:-[+tAic{a.,k)
rL

lc= L

:D(-r)-(;)
È

Dj:o
k

J

k

J

(-7)'ói+r

k

) r-txø;.,* Ð,-t)- 
(;)

;) (i) +diË(-')-(;)

) t-'l'ø;.,. (å)t k

J
öi

j:7

:tt(-t)-(;)
j:7 k:j

ói

r¿ ÍL

k:j

using (L.1) and (L.5) and since /l is obviously negative Ài > 0

We will introduce a dummy variable /[*, such that

D*
-] rr

: I(-r)'öî*,tf -rl* (
j:1

-ói

/*
Qnl

c,(Q* ,r) + (-1)'-'(ó: - ói,+r): ói - nó; +...+ (-1)'-'"ói, * Gr)^óî+r

nó 1 xi

which means that using the same steps as described in the section "A local maxi-

tTulm"

_ P;(-1)n(n - 1)!e"-1

ß:1
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Non'using the facts that 0 < Xi 11 ,i: 1,...,n and e <7f n

Àå-r : -Ai,Cr(o*,t)

- -A; {Cr(o., n) + (-1)'-'(ói, - qi+t) + (-r)"( ói - ói,+r)}

- -(-1r^ lP;(-t)"("- ll!e'-r P; \:-\-1)"|ffi-(-1)"TfÌ

xiP;

xi lli=, X
n-llf*ln il n-lc

X,t:1
n-I

(n - 1)!e"-1 1

lli:' xä
("-7

il (n - k)e

1-lce

1 )!
1en-

P; *
k

Pä

xi

)e

k{'-

{'-

ftX

k:l
>0

and so Ài-, is positive.

Aiso since

Ài_, - 2^i +)i+r : -AiCt(Õ.,i)

: -(-1)'

:-(;)

P;eÐtu - 1)!e;-t

lll:' xt(i)
P;(i - 1)!er-r

lll:' xi
is always negative

)i_, - 2^i + )i+r < 0

ancl the )'s form a convex set. Since Àrr-1 is positive and À1 is also positive all

the ì's are positive. So the proposed set of Lagrange Multipliers satisfy all the

constra.ints on these multipliers, (7.9) to (7.11), and so the proposed maximum

has satisfied the necessary constraints, However, to show that this solution is a

strict iocal maxirnum.of the optimisation proì:lem it is still necessary to show the

final conditions (7.12) and (7.13).
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Final conditions for local maximum.

It rema,ins to show thai (7.12) *d (7.13) are satisfied to show that this

solution is a local maximum of /(x). The possible values of z must first be

cletermined. The elements of z correspond to the variables in the problem so

,T : (r¡orzAtr...¡zAn¡zxtt...¡zXn). The valid ralues of z must satisfy (7.13). So

if 9¡(x.) : 0 and )i > 0 then zTV,g¿(x*) : 0. This is true for the inequality

constraints g¿(x), i : \,..., n. So zrY rg¿(x*) : 0, i :7,... jTtr_ 1. For the case

wheni:lweget

,'(0,...,0,-2,1,0,...,0)t : o e -22y, t zy" : o.

Sinrilarly for the cases i :2,,...1n - 1 we find

zT(0,...,0,1, _2r7r0,...,0)" : 0 <+ Zx¡_t - 2zy, * zx,+, :0

Also for the case when i : n

z7'(0,...,0, -1,0,...,0)" : o <* -zx, : o.

Fol all of these conditions to be satisfied we must have zy, :0, 1?, n

The vatid values of z must also satisfy zTV"h¡(**) :0, j :0,...,n. Since

the elemenls of z corresþonding to the X¿'s are all zero 'we need only look at the

elernents of z corresponding to the A¿'s. The case j : 0 leads to

,'(r,-1, ..., -1,0, ...,0)" : o

ë z¡o - zAt - zAz zAn:0 (A.25)

The ca,se j : l leads to

zT (-r,xi + 7,2xi * 3, ..., x; + D,o, ...,0)" : o
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<', -zAo +(Xi *7)2,q,+(2Xi1-3)z¡, +... + (Xi+n)z¡^ -0. (A.26)

Tlre cases j :2r..1n - 1 lead to

zr: (0,.,0, (-1)r+'xi_r, .., (-l)j+t xi_, * (-i;i+tn-I
j -t

n-7
j )

(-r¡'+' n
j -1

xi, + (-r;r+r ,0, "',0) : 0(;)

<+ (-t¡i+' xî-rzAi -t+ ... + (-t)r-' 
{ (

*(-r¡i+r {(, : ,) x; . (;)} ,o^ - o

n-7
j -t

X *
n-l +

n-\
j )\,^^-,

(A.27)

Tlre case j : n leads to

Tlrecasej:n*lleadsto

(A.2e)

By adding all the equations given by (A..25) to (A.,29) it can be founcl that Xfiz¡,, :

0 u'lrich nr.eans Lhat z¡. : 0 since X; > 0. So the only possil¡le q'ay that a1l of

the above equations can be satisfied is if za. - Q, i : 0,...,n. Therefore the only

z tlrat satisfies (7.13) is the trivial case z : 0. The condition (7.12) is therefore

satisfied for the proposed solution.

Since (7.7) to (7..13) are all satisfied by the proposed solution it has been

shou,n that this .ol.,tion is a strict local maximum of /(x).

,r(0,..., (-l)'+txå_r, (-1)'+t(n - r)xit (-t¡'+t,0,...,0) : 0

<+ (-1)'+' X|-rro._, + (-1)"*t ((n - 1)X; I 7)z¡. : Q. (A.28)

u'(r,0, ...,0)T : o <+ zAo : o.
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A global rnaxirnurn?

To show that this local maximum is in fact the globai maximum it must

be shown that no other local maximum to this problem greater ihan the local

maximum presented in this appendix exists.

Equation (4.16) has been derived without any reference to the possible final

solution and so (4.16) must be satisfied by all local maxima. Since all the X¿'s are

positive t¡/e can find some necessary conditions on the Co(Õ, i)'s and the C1(Q, i)'s

which must be satisfied by any local maximum.

We start by showing that Cy(Q,I) : öo - þ1 cannot be positive. Assume

Co(Q,1) > 0 then by (4.16) for the case when i:7 it is found that C1(Õ,1) >

0 since X1 > 0. Since it is also known that X1 ( 1 and using (4.16) when

i : l again, we find Co(Q,1) < Cr(Õ,1) which means that Cs(Õ,2) : Co(O,1) -
Ct(Q,1) < 0. Continuing in this fashion it can be seen that the Co(Õ,i)'s ancl the

Cr(ô,,i)'s must alternate in sign. Note that this is true if Co(Q,1) is positive or

negative. Notice also that since

C¡(Q,i + 1) : Cj(Q,i) - C¡+t(Õ, i)

it is easy to see that the C¡(ô,i)'s are all either positive or are all negativefor the

sam.e J

For the case when Co(Õ, 1) is positive we must have (-l)n+tCo(O, i) also being

positive lor i :7.,...,'n. Also frorn (4.17)

Q,n
Ct(Q,n) + (-1)'+1

Co >0
T¿ f,

n¡1xn - 1

nf aX-
(-1)"+t(C,(Õ,n) + (-1)

ancL so
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or

which leads to

(-l)'+tcr(e, n) > 0"

But also notice that

C--y(Q,I): ó.-t - ó" > 0

and

Cn-z(ô,2) : ó.-z - 2ón-t + ó. < 0

and so

Ön_z - Tón_t -12ó. < 0.

Continuing in this fashion we find

((-1)"+'d' + (-1)" (i) Óz -t .'. t- (" - 1)d") < 0

= (-1¡"+tCt(Q,n) < 0

and so there is a contradiction. Therefore Ct(Q,i) cannot be positive but must be

negative and so (-1)'C0(O, i) must be positive for i : 1,..., n. Using this fact the

above contradiction does not exist since we find using the above techniques that

(-l)"+tCr(iÞ,r) ,' , {="
nf aXn

(-7)"Cr(Õ,r) , ##
and

(-L)Ct(e, n) < 0 (A.2ea)

wlrich are not contradictory conditions since Xn - 1 < 0

We must now investigate whether the ,4-¿'s are positive or negative. Firstly

note that for a maximum solution (-7)" A. must be positive" it has already been
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shown that a positive local maximum exists and so any local maximum that is

negative can be dismissed as it is obviously not a global maximum. Flom equation

(4.14)

A.lG-r)X"- lj : An-rX,-t

and so since the X¿'s are positive and (-1)'An is positive (-t)"-t O,,-1 must also

be positive. Now from (4.13)

I {¿o [x¿ - 7] - Ai-rx;-r] (w¿)¡ : A,X,(fr)¡
fI

i=1

<+ t {A¡[x¿ - 1] - A¿-tx¿-t] (-l)i (;) : A*x^(-L)i (
n

2,:J

n+r
j

SO

- A¡-tX¡-r
fL

z

)
: [1 - x¡]A¡ + t {A;lr - ynl* A¿-tX¡-t} + AnXn

i: jlL J

(;)A¡X¡ : Aj+t(X¡+, - 1) + (-r)"-.,

nl7
j(

: 
Ð 

A;tr - "il (:) * 
on*o(t;')

t:J

:å A¿x¡{('l') - (;)} .^,(:)

: 
å 

Anxn(i: 
') 

.'' (;)

for 1 ( j < n. For the case when j : rwe get

-An-tXn-t : AnXn(n - I) + A".

It ca.n be shown that equations (4.30) and (4.31) are equivalent to

(A.30)
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which will yield the result we are looking for. To prove this first note that for

j <n

A¡X¡

:Aj+tX j+t,- Aj+t + (-1

:A¡¡2X¡¡r-Aj+r-Aj*,

(;)
rù n

Y-' ("i) o^t^

* (-r¡"-r AnXn * (-t;"-r+t ,)

,)

(,

(-

AnXn

AnX:Anxn- t A** I (-t)"-**t

n

+
n

(

rL

k: jtl k: j]-l

: - t At -r (-l)'A,x" t (-1)**' I AnXn
n

k: j1,r
rL

ÍT

È=jf 1

(-1)',

n
k-7 )

t An * (-l)'Anx.
k: j+.r

using (L.3) which means that

r¿

k: j+7

(
n-7
j -1 - (-1)' + AnXn

A¡x¡:- t At I(-1)^A,x'(-l)j J <nn-I
j -1

(A.33)
)

which will now be shown to be equivalent to the above equations (4.30) and (4.31).

In other words if we want to show that equations (,{.30) and (4.31) are satisfied

then it is sufficient to show that (4.33) is satisfied.

When i :, - 1 in (4.33) we get

An-tXn-t - -An - AnX,(t - 1)

wlrich corresponds to (4.31). Now using (A..30) and (,A.31) from n - 7 down to j
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and using (L. ) and (L.9) we get

A¡-tX¡-r
TL

z:l
(,D¡.n*n -f A¡

L ?,

J ))-1

: - Ð {(r: ') [ -å, At'* A*x^(-r)"(-1)n ("n]i)]]

ä^,(:)-o^,,(, l,)
,-Ð(,\-

,/---

n

È:j*1
Í¿

Z:J
-Ðo

n-t

N:J

n-I
j -2

n-7
t,- I

AnXn
n

,) -'- (î) 
) 

-,,-
rL

?,

) - A,xn(-l)" t(-1)n (-1

(;) _ Anxn(, 1,)

t tAr
t:j+1 i:j-l

- A.X^(-t)"

t
k:j-l1

rL

fr-1

(, (, -1

i,_8, lr-,r' 
(;- i) (, :,)l - (-r;,-' (;- r) )

'- (:) ) - A¡ - A.x. (, 1,)

(,
n

-1
n-7
j -2)

(

- A.X-(-l)" (-1)"-t - (-r;'-'

: - t An -f A-x^(-7)'(-1)j-t
k:j

and so (4.33) is equivalent to the equations (4.30) and (,{.31). The equations

(4.32) must be satisfied for a local maximum and from this result we know that

the A¡'s must alternate in sign with (-1)'4," being positive.

So, in general, (-7)'A, rnust always be positive for the global maxirnum of

this problem. From (4.18) we have

);-r - 2\¿ f- À¡+r - )¿+,r-r * )¿+," i À;+zn-t - -A¿Cr(O, i)
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and so

À;-r - 2À; -f )¿+r - À¿+,,-t * À¿+r, I )¡+zn-t : -(-I)'At(-t)'CrçA,;¡

Since the right hand side must be negative

À;-r - 2\¡ -l À;+r - À¿+,,-r * À¿+,, f À¿.'2,,-1 ( 0 (,4.34)

In a simiiar fashion we find from (4.19) and (4.20)

-2Àr * Àz - Àn* À,,+r * À2,, ( 0 (A.35)

)n-z - 2Àn-t - Àzn-z I Àz, -tf À3r"-2 ( 0 (A.36)

and from (4.21) and (4.29a) we find that

n*r 1
An Ct(Q,n) + (-t) nla f Àrr-r - Àzn-t * Àsrr-r : 0

=) Àr,-r - Àzn-t f Àsrr-r ) 0 (A.37)

Firstly we notice that either 11 or À,, or both must be positive from (4.35). If

À," is positive then g,"(x) must be equal to zero or X1 : l. This means that all

the X,'s must be equal to 1 since g;(x) must be satisfi.ed for i : 7,...,n - 1. If

Xn - 1 then the time congestion will be zero and since we have already shown

that a positive feasible solution exists this cannot be a global maximum to the

problem. We cannot have ), > 0 therefore Àn : 0 and Àr > 0. So for a global

rnaximum to this problem we rnust have X2 - 2Xt f 1 : 0.

We must aiso have by (4.3a) with i :2

-)r*2Àz- Àe*À",+r -Àn1¿-À2r,11 )0
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and so either )2 or )¿11 must be positive. If ).,11 is positive then X1 - X2 which

is impossible as it will contradict the fact that X2-2Xr* 1 : 0 and Xt * 1. Hence

we must have À2 ) 0 and so X1 - 2Xz * Xe : 0. Continuing in this way we find

tlrat the inequalities gl(x) to gn-t(x) must all be satisfied for a local maximum

that is not zero or nêgative"

For g1(x) to 9"-r(x) to all be satisfied the X;'s must all lie on a line which

goes through l for i:0. The value of. Xn must also lie betweene-n/a and 1. So

the X¡'s must be of the form (X,, - 7)iln + 7"

It must now be shown that

(A.38)

For the case when k : n this is obviously true. Let's also suppose that it is true

for all n ) k ) 7 then using (4.32)

A*: (-1)'-* (i) o"

A¡x¡ : Aj+t(x¡+r- 1) + (-1)"-' ('1.) o^r.
\J ,/

,) o^ç*^ - r)++ (-1)"-i (;) o""": (-1¡n-i+t

: (-l;n-j+t A

: (-1¡n-i+t

nx

An

.i +tn- j xn
n{rr, - tr

{rr, - tl

n

('ï

(;)

(;)

j +t
n-J tr

JLn
TI

: ,-tr"-, (î)
: r -rl"-, (î)

An

A

(x, - 1) L +,
TL

J

and so (4.38) has been shown to be true.
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Now from (4.12) when j :0

1--Ðto
n,

i=1

- -Anft-r)"-'( )

TL

i:L

n
z

n
L

i:0 x

: (_7)" A"

and so the time congestion which is given bv (-1)"å A.(7 - X,) is equivalent to

Q - X")# which is maximised when X' is minimised that is when Xn : e-nlo

which is the postulated result. !

: (-l)n+|An I(-t)n
ÍL
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