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Abstract

Seiberg-Witten monopoles were first discovered by Seiberg and Witten in the low
energy computations of the Donaldson invariants from N = 2 supersymmetric Yang-
Mills theories in dimension 4. They are defined on any compact, connected, oriented
4-dimensional manifold X with a smooth Riemannian metric g and a Spin® structure.
The 3-dimensional Seiberg-Witten monopoles on any compact, connected, oriented
3-manifold Y with a Spin® structure s and a Riemannian metric g are the static
(translation invariant) Seiberg-Witten monopoles on the cylinder Y x R. In this
thesis, the properties of these 3-dimensional Seiberg-Witten monopoles, including
the associated invariants (the Seiberg-Witten invariants and the Floer monopole
invariants) were established. Their applications to 4-dimensional Seiberg-Witten
monopoles were also discussed.

In construction of the Floer monopole invariants, we gave a detailed account
of the infinite dimensional Morse theory for the Chern-Simons-Dirac functional,
including the Lojaszewiz-type inequalities, transversality and compactness for the
downward gradient flow lines. For b;(Y) > 0 and c;(det(t)) # 0, these monopole
homology invariants are independent of the metrics and the perturbations, while
for a homology 3-sphere, we studied the equivariant version of the Seiberg-Witten-
Floer homology which is a topological invariance. We also define the Fukaya-type
monopole homology groups HFF,Em) (Y,s) and a pairing between them. They form
the mathematical device to study the gluing formulae for the 4-dimensional Seiberg-

Witten invariants.
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Chapter 1

Introduction and Statement of

Results

1.1 Introduction to Seiberg-Witten monopoles

Seiberg-Witten monopoles were first discovered by Seiberg and Witten in the low
energy computations of the Donaldson invariants from N = 2 supersymmetric Yang-
Mills theories in dimension 4 [39][40]. They are defined on any compact, connected,
oriented 4-dimensional manifold X with a smooth Riemannian metric ¢ and a Spin®
structure s.

For each Riemannian metric g, there is a principal SO(4) = (SU(2) x SU(2))/Z
bundle of orthonormal frames: Fr — X, with two distinguished associated bun-
dles, the bundle A%+ of self-dual 2-forms and the bundle A%~ of anti-self-dual 2-
forms such that A? = A2(T*X) = A2t @ A2~ corresponds to the isomorphism of
Lie algebra decomposition: s0(4) 2 50(3) @ s0(3). Moreover, Fr — X has a unique
Levi-Civita connection which is compatible with the metric ¢ and torsion free.

A Spin® structure on (X, g) is an equivalence class of lifts of Fr — X to a
principal Spin®(4) = (SU(Q) x SU(2) x U(l))/Z2 bundle P — X. Unlike the spin-
structure, where there is an obstruction (the second Stiefel-Whitney class of F'r) to a
lift of the frame bundle to a Spin(4)-bundle, it was proved by Hirzebruch-Hopf that
every oriented 4-dimensional Riemannian manifold possesses one Spin® structure.

The set of Spin® structures on X is an affine space modelled on H%(X,Z).

1



2 CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS

For each Spin® structure s, there are two U(2)-bundles S* associated
to P defined by using the two obvious homomorphisms pi of Spin®(4) to
U(2) = (SU(2) x U(1))/Zq: write

A, 0
spin“(4)={ | T As € SU2),ue U(1),
0 uA_

then the homomorphisms p4 are given by

UA+ 0
P+ = uAy.
0 uA_

We choose S* such that the projective bundle P(S*) is isomorphic to the unit 2-
sphere bundle in A>*, and similarly, P(S™) is isomorphic to the unit 2-sphere bundle
in A2,

As in the spin geometry, the complex endomorphism bundle of the total spinor
bundle S = S* @ S~ is isomorphic to the complexified Clifford bundle of (T*X,g).

This allows us to represent the Clifford multiplication by
A®C= Hom(S*,S7) 2 Hom(S~,S5%), AT @ C = Endy(ST),

where Endy denotes the traceless endomorphism of S*. Since Spin°(4) is a central
extension of SO(4) by U(1), a Spin® connection on P — X is determined by the
Levi-Civita connection on Fr — X and a U(1)-connection, A, on the determinant
line bundle £ of the Spin°-bundle P, where £ = P X, C and = : Spin®(4) = U(1) is

given by
uA+ 0

0 uA_
The Dirac operator P 4, which is a first order differential operator mapping sections
of ST to sections of S, is the composition of the Clifford multiplication with the
covariant derivative on St.
The Seiberg-Witten equations are equations for a pair (A, 1), where A is a U(1)-

connection on det(St) and 1 is a section of S, they read:
Ft=q(¥®9y*) | 1,

@A‘P == Ov
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where F'* is the self-dual part of the curvature Fy, q is the adjoint of the Clifford
multiplication: A%% @ C =, Endo(St), n in the curvature equation is a fixed,
imaginary valued, self-dual 2-form on X serving as a perturbation to achieve the
smooth structure of the moduli space M(X,s) (the solution space to (1.1) modulo
the gauge group C°(X, U(1))) with the topology inherited from the orbit space. For
a 4-manifold X with b > 1, there exist the Seiberg-Witten invariants coming from
the moduli space to the Seiberg-Witten equations (1.1). The programme coming
from the Seiberg-Witten equations is now called Seiberg-Witten gauge theory.

One advantage of the Seiberg-Witten gauge theory over the instanton (Yang-
Mills) gauge theory comes from the fact that the moduli space M(X,s) is always
compact. Moreover, for b > 1, for generic perturbation nin a Baire set of imaginary
valued, self-dual 2-forms, the corresponding moduli space M is a smooth, orientible

manifold with dimension given by
1 +)2 +
2m = Z<Cl (detST)* — (2x + 30)) = cp(ST) (1.2)

where x and o are the Euler characteristic and the signature of X respectively, and
c1(detST)? (or ca(St)) has been evaluated with the fundamental class [X] € H, (X).

The orientation on M is determined by assigning an orientation on
H°(X)® det(H' (X)) ® det(H>*(X)).

We adopt here the definition of the Seiberg-Witten invariants from Taubes’s
work in [45]. Fix a point € X, let G, be the based gauge group whose gauge
transformations take value 1 € U(1) at z, then we have a based U(1)-fibration M,
of M, which is the solutions to the Seiberg-Witten equations (Cf. (3.15)) modulo

the based gauge group ;. By varying «, we obtain a principal U(1)-bundle
M = UxEXMx

over X X M. Let ¢;(M) be the first Chern class of M, then the slant product

(integration along the fiber) defines the y-maps:

piH(X,Z) — H'(M,Z),  p:Ho(X,Z) — H*(M,Z).
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For any vy A--- A7y, € AP(H (X, Z)) with 2m — p non-negative and even, we can
assign
2m—p
[ A nep) A (D) T €2
This defines the Seiberg-Witten invariant SWx (s) € A*(H!(X, Z)), which is a dif-
ferential invariant (independent of the metric g and the perturbation n) for b3 > 1.
In particular, when X is simply-connected, SWx (s) is a Z-valued invariant, which

can be rewritten as:
0 if 2m < 0 or 2m is odd,
SWx(s) = [M] if 2m =0,
Samn([pt]™)  if 2m is positive and even.

Immediately after the inception of the Seiberg-Witten equations, Kronheimer
and Mrowka [26] applied these monopole equations to confirm an outstanding con-
jecture, the Thom conjecture, which asserts that any smooth Riemann surface in
CP, of degree d > 0 must have genus at least (d — 1)(d — 2)/2. A symplectic ver-
sion of this conjecture was also verified by Morgan-Szabo-Taubes [38]. The most
remarkable result coming out of the Seiberg-Witten monopoles is Taubes’ theorem
“Seiberg-Witten invariants = Gromov-Witten invariants” for a compact, closed sym-
plectic 4-manifold, where the Gromov-Witten invariant is defined by careful counting
of certain pseudo-holomorphic curves in the symplectic 4-manifold.

In [26], the Seiberg-Witten monopole equations on a 3-manifold (Y,t) with a
Spin® structure t are derived from the static monopoles on the cylinder Y XR. In fact,
they introduced the Chern-Simons-Dirac functional on the monopole configuration
space:

1
2Jy

C(A, %) = (A= Ag) A (Fa+ Fa,) + /Y (4, Par)dvoly.

where Ag is a fixed U(1)-connection, A is a connection, % is a spinor. The 3-d
Seiberg-Witten monopoles appear to be the critical points of the Chern-Simons-
Dirac functional. Moreover, the downward gradient flow of this function is the
Seiberg-Witten monopole equations on Y x R under the temporal gauge (where the

R-component of the U(1) connection vanishes).
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Since then, there has been steady progress by adapting Floer’s idea on his instan-
ton homology to the monopole case [22] [38][27]. There are also intensive investiga-
tions of the Seiberg-Witten monopoles on the 3-manifold Y, among these, the work
of Auckly on the Thurston norm [4] [5], Lim and Chen’s work on surgery formulae
[29] [14], with the remarkable announcement of Meng-Taubes on their “3d SW =
Milnor torsion” [34], which sparked a number of new discoveries about 4-manifolds

[19].

The construction of Floer monopole homology seems to be straight forward, but
there are many subtleties and analytic difficulties which need care. For example,
for a 3-manifold Y with 5; > 0 and with trivial Spin® structure s (the first Chern
class is zero), there is no nice way to formulate the corresponding monopole ho-
mology. Notice that the Chern-Simons-Dirac functional is an R-valued function on
the configuration space (pairs of U(1) connections and spinors modulo the gauge
transformations) as long as the perturbation term represents a zero de Rham coho-
mology class. Unfortunately, the critical points admit a reducible critical set which
is a torus T® with possible degenerate critical points even for the based configu-
ration space (where the gauge group is the restricted group whose element value
1 € U(1) at a fixed point in Y) and in the sense of Bott-Morse. If one tries to
perturb the Chern-Simons-Dirac functional by a co-closed one form representing a,
non-trivial cohomology class, one can get finitely many irreducible critical points
which formally generate the Floer chain complexes. The problem arises out of the
behaviour of the time independent gradient flow line from one critical point to an-
other. There is no control over the energy along the trajectories due to the ambiguity
of the Chern-Simons-Dirac functional, which is not R-valued anymore. So one can’t
achieve a uniform energy bound for the component of the trajectory moduli space
with fixed dimension (Cf. Lemma 3.1.17), hence one can’t obtain the compactness
or a compactification by adding broken trajectories. Even if one uses Novikov’s idea
of introducing a power series to distinguish the energy for the component of the
trajectory space with fixed dimension, there are some problems relating the depen-
dence of the Novikov ring on the perturbations. This problem is still unclear though

the study of the Seiberg-Witten monopoles in this case (eg. on T°) brought new
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understandings of four-manifolds ([37] [41]).
In this thesis, we settle some of the key analytical pionts of the construction of
the Seiberg-Witten-Floer homology theory, and include a brief discussion of their

applications.

1.2 Statements of the results

Most of Chapter 2 is devoted to giving a self-contained treatment of the Seiberg-
Witten monopoles on any closed, oriented 3-manifold Y. Some of these were also
studied in [4][5] [6] [13] [22] [29]. The author’s main contributions here are the de-
tailed studies of the stratification structure of the space of metrics and perturbation
v with non-trivial kernel for the twisted Dirac operator @ and the geometric proof of
the wall-crossing formulae for the Seiberg-Witten invariant for a homology 3-sphere.

Section 2.1 sets the notations for this thesis, we introduce the Spin® structure on
a 3-manifold Yand give some detailed calculations for the Seiberg-Witten equations.
In Section 2.2, we establish the main properties of the Seiberg-Witten monopoles on
Y used in this thesis, some of these were also obtained by other researchers in [4]

[13] [22] [33] [17] [29] [27).

Theorem 1.2.1. Let (Y,g,s) be a closed, Riemannian 3-manifold with a Spin®
structure s, then the Seiberg- Witten moduli space for (2.9) has the following proper-

ties.
(a) The monopole moduli space My, is sequentially compact.

(b) Let (A, ) be a smooth solution lo the perturbed Seiberg- Witten equations (2.3),

then |1|? < maxyey {0, —s(y) + 2||nllco} where s(y) is the scalar curvature for
¥, 9).

(c) There exists a Baire set of the co-closed, imaginary valued one forms such that
for any perturbation n in this set, Mj, is a smooth, oriented, 0-dimensional

manifold.

(d) For a 8-manifold Y with by(Y) > 0, for generic n, M, consists only finitely

many irreducible monopoles, moreover the perturbation n can be chosen to
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represent a trivial cohomology class if ci(det(s)) # 0 in H*(Y,R).

(e) For a rational homology 3-sphere Y (that is b1(Y) = 0), if the generic n = *dv
satisfies Ker(@,) = 0, then M, consists of only finitely many irreducible
monopoles with a unique, isolated, reducible solution [v,0]. The condition
Ker@? # 0 determines a subset in the space of metrics and perturbations

with real codimension one.

(f) There is an invariant associated with the monopole moduli space M, (Y, 9),
which is a topological invariant when by > 1 and, after a small generic pertur-

bation n, when b; = 1.

(9) The metric and perturbation dependence of the Seiberg-Witten invariant for
a Spin® structure 5 on a homology 3-sphere Y is given by the following wall-

crossing formula:
SWY(gla Vl) e SWY(gO, 1/0) + SF( ‘z:)

where SF(@3:) is the spectral flow of the twisted Dirac operator along a family
of metrics and perturbations which connect (go, vo) and (g1,v1) in the space of

metrics and perturbations.

It is worthwhile to point out that when b;(Y) > 0, and c;(det(s)) # 0, the
perturbation can be chosen to represent a trivial cohomology class. This is vital for
the construction of the Seiberg-Witten-Floer homology.

Chapter 3 is the main analytical part of this thesis, where we give a detailed
account of the infinite dimensional Morse theory for the Chern-Simons-Dirac func-
tional. We also construct the Seiberg-Witten-Floer homology groups including the
equivariant version of the Seiberg-Witten-Floer homology in the case of homology
3-spheres.

The Chern-Simons-Dirac functional C on the infinite dimensional configuration
space B (pairs of U(1)-connections and spinors modulo the full gauge group), can be
perturbed to achieve finitely many critical points which correspond to the Seiberg-
Witten monopoles we discussed in Chapter 2, and whose downward gradient flow

line is the Seiberg-Witten monopoles on the cylinder Y x R. The spectral flow of
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the Hessian operator is employed to define the relative indices among the critical
points. For b, (Y) > 1 and ¢)(det(s)) # 0, this index is only Zy(s) valued, where d(s)
is the divisibility of c;(det(s)). It can be lifted to be Z valued by restricting the

gauge group to those gauge transformation g : Y — U(1) such that:

/ er(det(s)) A [g~ dg] = 0.
Y

In this lifting, the critical points consist of Z-tamilies of the original critical points
M. This index can also be lifted to be Z-valued by using the universal cover of
B, where the gauge group is the identity component of the full gauge group. The
critical points consist of H!(Y,Z) families of the critical points My ,.

Due to the Palais-Smale condition for the Chern-Simons-Dirac function and the
L?-distance estimate near the critical points on the H!(Y,Z) covering, we can con-
firm that the Lojaszewiz-type inequality holds with the best exponent for the Chern-
Simons-Dirac function, which enables us to establish the exponential decay for the
downward gradient flow lines approaching the critical points. The decay rates are
governed by the least of the absolute eigenvalues of the Hessian operators at the
critical points. The Lojaszewiz-type inequality is one of the key technical devices in
this thesis.

The exponential decay makes it appropriate to apply the weighted Sobolev space
to study the moduli space of the gradient flow line between the critical points.
After carefully perturbing the gradient flow equation of the Chern-Simons-Dirac
functional, we can achieve the transversality property for the moduli space of the
gradient flow lines (See Proposition 3.1.15 and Corollary 3.1.16). In summary, if
c1(det(s)) # 0, the moduli space of the gradient flow lines between two critical points
a and f3, denoted by M(a, f3), consists of infinitely many smooth components with
dimension differing by multiples of d(s), each component is orientable and admits a
R-action which comes from the time translation on the gradient flow equations, the
quotient M(e, §) = M(a, 8)/R is called the moduli space of the time independent
trajectories; if ¢1(s) = 0, the trajectories moduli space M(a, ) is also a smooth,
orientable manifold of dimension given by the relative index.

The next task is to study the compactness of the time independent trajectory

moduli space, where we have to exclude the case of b1(Y) > 0 with ¢; = 0. We
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use the perturbation with trivial cohomology class from this point on. To establish
the compactness of the moduli space of time independent trajectories, we need the
uniform energy condition on the component with fixed dimension, this requires that
the perturbation of the 3D Seiberg-Witten monopoles represents a trivial cohomol-
ogy class. Then we compactify the moduli space of trajectories with fixed dimension
by adding the “broken” trajectories. In particular, the 0-dimensional component of
any moduli space M(a, B) is compact, and any 1-dimensional component of moduli
space M(a,'y) is a compact manifold with boundary points given by the “broken”

trajectories of simple type (ie., breaking only at one critical point):
UsM(a, B)° x M(B,7)°

where the superscript 0 indicates the 0-dimensional component. In general, the com-
ponent of M(«, 8) with fixed dimension is a manifold with corners (Cf. Proposition
3.1.18). All these are obtained in Section 3.1.3, which is concluded by the study of
the gluing map of the “broken” trajectories. The glueing theorem and the corre-
sponding gluing maps are the essential ingredient in the gauge theory, and play an
important role in this thesis. We only give the detailed proof for one kind of gluing
maps, and its variants can be confirmed almost word for word. Our gluing map
is Proposition 3.1.19, the proof is rather long and technical, but the idea is simply
to apply the exponential decay property of the trajectories to deform the pre-glued
solution (an approximate Seiberg-Witten monopole) to an actual Seiberg-Witten
monopole.

Using the 0-dimensional and 1-dimensional components of the trajectory moduli
spaces, we now can define the (non-equivariant) Seiberg-Witten-Floer homology
HESW(Y,s) for a homology 3-sphere, or Y with b1(Y) > 0 and ¢y (det(s)) # 0.
For the case of b1(Y') > 0 with ¢;(det(s)) # 0, the corresponding Seiberg-Witten-
Floer homology is a topological invariant which means that it is independent of
the metric and the perturbation chosen to define them. While HFfW(Y,ﬁ) for
a homology 3-sphere, after removing the reducible monopole, does depend on the
metric and perturbation, note that we use the metric g and perturbation *dv with
Ker(@#9) = 0. To understand the dependence of the Seiberg-Witten-Floer homology

on the metric and perturbation, we have to resort to the equivariant version of
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the Seiberg-Witten-Floer homology. Section 3.2 is devoted to constructing such
equivariant Seiberg-Witten-Floer homology.

Since for a homology 3-sphere Y with a fixed Spin® structure s, there is unique
reducible critical point # = [v,0] for the perturbation *dv, the stabiliser of this
reducible monopole is U(1). It is relatively easy to work out the U(1)-equivariant
Seiberg-Witten-Floer homology by considering the Chern-Simons-Dirac functional
on the based configuration space. The requirement of the Bott-Smale condition
on the critical orbits forces the metric and perturbation to satisfy the condition
Ker(@9) = 0.

We construct this U(1)-equivariant Seiberg-Witten-Floer homology by looking
at the trajectory moduli space between the critical orbits O, and Og, where O, is
the U (1)-orbit of & on the based configuration space, which is isomorphic to U(1) if
« is irreducible, while Oy = 6. We then show that this equivariant Seiberg-Witten-
Floer (co) homology is a topological invariant up to the index shifting which is given

by the real spectral flow of the twisted Dirac operator @J¢.

Theorem 1.2.2. Let (Y,s) be a Q-homology 3-sphere with a Spin® structure s,
let HFgE}Vn,*(Y,s,go, vy) and HFgH’)'*(Y,s,gl, v1) be the equivariant Seiberg- Witten-
Floer homology defined for two generic pairs (go,v0) and (g1,v1). Suppose that the
spectral flow of the Dirac operators §3: along a path (gi,v;) is 2m. Then there exists
an isomorphism between HFgg/)'*(Y,s,go, vy) and HFgE’Y)'*(Y,s,gl, vy) with index
shifted by 2m. The analogous claims hold for the equivariant Seiberg- Witten-Floer

cohomology.

In the proof of this topological invariance, we have to deal with the singular
time dependent trajectories. Suppose that (g;,14) (¢t € [0,1]) is a family of metrics
and perturbations which cross the codimensional one subset (where Ker(@9) # 0)
once with the real spectral flow SFr(#9:) = 2, we need to study the time dependent
trajectories, the 4D Seiberg-Witten monopoles on (Y x R,g; + dt?). Let 6y and
f; be the corresponding reducible critical points of (go,v0) and (g1,v1). The only
trouble here is the trajectory moduli space M(61,6) under based gauge group,
whose virtual dimension is —2, but it cannot be perturbed to be empty by any

consistent perturbations. This is due to the fact that b3 = 0 for (Y x R, g; + dt?),
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there is always a unique reducible 4D monopole in M (61, 6y) with 2-dimensional H?2-
cohomology group in the 4D deformation complex. We must take care of this singular
monopole in the construction of the chain maps and chain homotopy between the

chain complexes for (go, v9) and (gy,v1).

After checking with the obstruction bundle for the gluing map, we eliminate
such trouble by showing that this singular monopole doesn’t appear in various chain
maps (see Proposition 3.3.9), so that the chain maps and chain homotopy are well-
defined. Hence the topological invariance of the equivariant Seiberg-Witten-Floer
homology is confirmed. We also study the relationship between the non-equivariant
Seiberg-Witten-Floer homology and the equivariant Seiberg-Witten-Floer homology
by spectral sequences. As an application of our equivariant Seiberg-Witten-Floer
homology, we apply the topological invariant property of the equivariant Seiberg-
Witten-Floer homology to give a new (algebraic and simpler) proof of the wall-

crossing formulae for the Seiberg-Witten invariants on any homology 3-sphere.

Chapter 3 is concluded by a brief account of Fukaya-type monopole homology
groups HFF*(m) (Y, s) and of a pairing between them. They form the mathematical
device needed to address the gluing formulae for the 4-dimensional Seiberg-Witten
invariant for a closed 4-manifold X splitting along a 3-dimensional manifold Y. Here
we consider all the components in the trajectories moduli space instead of only the
zero dimensional components (which are naturally compact). The idea comes from
the work of Fukaya and Braam-Donaldson’s account of Fukaya’s construction though
the method is quite different. The problem here is that one has to define certain
invariants from the higher dimensional components which are non-compact or form

manifolds with corners after compactification by adding the broken trajectories.

In the case b;(Y) > 0 and c;(det(s)) # 0, there are only finitely many criti-
cal points (the Seiberg-Witten monopoles on Y) for the perturbation with trivial
cohomology class. Let «, 3 be two such critical points, the time independent trajec-
tory moduli space M (e, 8) (the Seiberg-Witten monopoles on (Y, g+ dt?, s) whose
asymptotic limits are o and 3 as ¢ — —00, 400 respectively) has many non-empty
components whose dimensions differ by multiples of the divisibility d(s) of the first

Chern class ¢;(det(s)) in H*(Y,Z)/Torsion (d(s) is always even). The local dimen-
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sions of M(a, 8) we can assume to be 2k or 2k + 1 with & > 0. If M(a,8)% is
one component of M(a,ﬂ) with fixed dimension 2k then there is a natural U(1)
fibration, Mo(a, B)%, (given by the based gauge transformations) whose associated
rank k£ complex vector bundle over M(a, B)%*

of U(1) on C*, denoted by &, .k,

is given by the natural multiplication

ga,ﬁ,k = Mo(aa ﬁ)2k ><U(l) Ck - M(O‘a :3)2k'

Choose a generic section sy g x = (s})‘,ﬂ,k, S2 5k slgﬁ’k) of & g,k which is transver-
sal to the zero section. Then (&, g,k Sa,8,k) is compatible with the corresponding
pairs over the boundary strata of M(a, B)%, from which we know that the section
Sa,0,k has no zeros on the boundary by dimension counting. Thus s;}ﬂ,k(O) consists
of finitely many oriented points in M(a, B)?%. Then there is an intrinsic integer as-
sociated with M (e, B)?*, which is the homology class [s;jgyk (0)], we formally denote

this “Euler” number by

Loy @ = #(s(0) (1.3)
where © is the first Chern class of the basepoint fibration MO(a,8)% over
M (e, B)%*. This formal notation proves to be very convenient in the formulation
of the calculations of the right hand side of (1.3), even though the left hand side
itself is not well-defined since the vector bundle £, g i can’t be trivialized over the
boundary. For example, if M(a, v) has a component with dimension 2k + 1, say

M (o, v)%+1| we can associate with it a rank k complex vector bundle,

ga,’y,k = Mo(a17)2k+1 Xy(1) Ck - M(aa7)2k+1

and a transversal section s, . Then s {Yk(O) is a one dimensional, compact mod-
y 1

uli space whose boundary consists of the zeros of s, over the codimension one
boundary of M (e, v)?*+!. From the gluing theorem (cf. Theorem 3.1.19), we know

that the codimension one boundary of M(a,7)2k+1 consists of

UM (e, )" x M(B, 7).

-1

We will show that the counting the boundary points of s  y:

(0) with orientation is

equivalent to the following formal calculation:

/ A d(0%) = 0.
Mayy)2k+t
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We will give an explicit calculation of the formal expression [ Mayy)2ht1 d(©%) in
terms of the right hand side of (1.3). We will give more details in Section 3.4, where
Sa,0,k Will be the main ingredient of our construction of the Fukaya-type homology

homology groups HFFSV (Y, 5).

Chapter 4 gives an application to the problem of associating invariants to a 4-
manifold with boundary and gluing formulae for 4-dimensional monopole invariants.

We summarise our main results as follows.

For a 4-manifold (X1,s1) with cylindrical end modelled on (Y,t) (in addition,
we assume ci (dett) # 0 if b;(Y) > 0), the Seiberg-Witten equations on X, define
a corresponding L% moduli space with finite variations of the perturbed Chern-
Simons-Dirac functional on the end. We associate these moduli spaces with certain
invariants which are used to define the relative Seiberg-Witten invariant of X;.
These relative Seiberg-Witten invariants take values in the Fukaya-type homology
groups HFFSY (Y,t). We denote this invariant of X; by SWx,. The definition
of the relative Seiberg-Witten invariant involves the canonical basepoint fibrations
and its transversal sections. We summarise this definition in the case b, (Y) >0, let
M(X1, @) be the L2 moduli space of the Seiberg-Witten monopoles with boundary
limit & (a is a Seiberg-Witten monopole on (Y,t)). Then M(X1,a) has many
components with dimension differing by the multiples of d(t) (the divisibility of

c1(t)).

There are similar gluing maps which give rise to the boundary term consisting of
the factorization of the L? monopoles and the time independent trajectories on Y xR.
Suppose that M (X1, @)% is one non-empty component with dimension 2k > 0, the
basepoint fibration is the U(1)-fiber bundle M°(X;, @)% whose associated rank k

bundle is
0 2k k 2k
gXl,a,k:M (XI,OZ) XU(I)C —>M(X1,a) .
Choose a transversal section SX1 0k = (s}(ha,k,sgﬁ'a,k, ‘e ,s’j(ha,k) which is com-

patible with the corresponding constructions over the boundary. The zero points of

SX,,a,k define the “Euler” number of the bundle EX, .k, Which we formally denote
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/M(Xl'a)zk of = #(s}},a,k(o))' (1.4)

In a manner similar to the construction of the Fukaya-type monopole homology,
these pairs (€x, .k, 5X;,a,k) Will be used to define a relative Seiberg-Witten monopole
invariant taking values in the Fukaya-type monopole homology groups.

Our main application is to consider gluing formulae for the Seiberg-Witten in-
variant on a simply-connected, closed 4-manifold (X,s) with 7 > 1, where X has
a decomposition X; Uy X, along a closed 3-manifold Y for which ¢;(s|ly) # 0 if
b1(Y) > 0. For b;(Y) > 0, we have a gluing formula which states that the monopole
invariant SWx (s) for (X,s) can be obtained through the pairing on the Fukaya-type
monopole homology over the two relative invariants SWx, and SWx,. For Y a ho-
mology sphere, though the Seiberg-Witten-Floer homology HFSW (Y) depends on
the metric and perturbation, as long as the 4-manifold X has b3 (X) bigger than one,
we still have a gluing formula along Y. The fact that the relative invariants for X;
take values in the metric-dependent homology group does not effect this conclusion.
There may still be some contribution to the Seiberg-Witten monopole SWx (s) from
the unique reducible Seiberg-Witten monopole # on Y. Hence after we study the
two versions of Fukaya-type homology groups H FE™ (Y) and HFF ,Em)(Y) forY,
we give two gluing formulae (4.8) and (4.9) for SWx (s) (X = X; Uy X3) in the two
cases: b;" (X1) > 1, b'2*' (X2) > 1 (in which there is no contribution from the reducible
critical point ) and b3 (X;) > 1, b3 (X2) = 0 (in which there is a contribution from
6) respectively.

Chapter 4 is ended with a similar construction of the Seiberg-Witten invariant

for certain contact structures on a closed 3-manifold.



Chapter 2

Seiberg-Witten monopoles on

3-manifolds

2.1 Spin° structures and Seiberg-Witten equations

Let Y be an oriented, closed 3-manifold equipped with a Riemannian metric g. The
tangent space of Y at each point y, denoted by V = T,Y, is a 3-dimensional real
vector space with a positive definite inner product. Choose an orthonormal basis
{e1, €2, e3} for V which trivializes the tangent bundle T'Y, the real Clifford algebra

CIl(V) is generated by {ei, e, e3} with relations:
(e,')2 = -1, e;e;=—eje; fori#j.

it is of dimension 8 over R, isomorphic to H @ H as an algebra, where H is the

quaternion algebra:
{RORi®RjORE|® = 2 = k? = —1,4j = k, jk = i, ki = 5}

The isomorphism between H and the first factor is given by sending 1,1, j, k to

1+ ejeqe3 ejeg —e3 eges — €1 ese; — ey
2 Y 2 3 2 1 2 ;

and the isomorphism between H and the second factor is given by sending 1,4, 7, k

to

1 —ejeze3 erex +e3 eres +e; eze; + e
2 ! 2 ! 2 ! 2 )

15
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There is a natural Z3-grading on CI(V) corresponding to the even-odd decom-

position of the algebra:
Cl(V) =CI°(V) @ CINV)

which are the +1 eigenspaces of the automorphism on CI(V) by sending the gener-
ator e; to —e;. CI°(V) is a subalgebra which is generated by 1, ejez, eze3, e3e; over
R, it can be identified with H as the diagonal copy in CI(V) = H o H.

Note that if v € V is non-zero element, then v is invertible in the Clifford algebra
CI(V), actually, v=! = —v/|v|2.

This motivates the definition of the Pin group Pin(V) and the Spin group
Spin(V) as in [28]. ClT(V) is defined to be the invertible element in CI(V) with re-
spect to the multiplication structure, clearly, CI*(V) contains all non-zero elements
in V. Let Pin(V) be the subgroup of CI*(V) generated by v € V with |v|® = 1.
The Spin group Spin(V) is defined by

Spin(V) = Pin(V) N CIO(V)
Lemma 2.1.1. Spin(V) = SU(2) for V = R3, where SU(2) is the special unitary

transformation on C2.

Proof. Note that SU(2) can be identified with the group of unit quaternion in H,

21 22 g
SU(2) > — 21+ jzp € H

—Z2 Z

Spin(V) is the subgroup of Pin(V) which can be written as a product of even
number of unit-length elements in V. Under the identification CI(V) = Il @ H,

V = R61®R62€BR63

R

{(a,—a) € H® Ha is a purely imaginary quaternion.}

iR

purely imaginary quaternion

Therefore,

Spin(V) = {abla,b are purely imaginary unit quaternion}
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Let a = ayi + azj + azk, b = byi + byj + bsk with 3", a? = >; 02 =1, then
ab = —(a1b1 + agzby + a3b3) + (a2b3 - a3b2)i + (a3b1 - a1b3)j + (a1bgy — a,2b1)]g

which is a unit quaternion by direct computation of its norm. This proves that
Spin(V) < SU(2), then the Lemma follows from that SU(2) is connected and has

the same dimension as Spin(V). ~ |

As we have seen that Spin(V) = SU(2), the spin representation is the stan-
dard representation of SU(2) on C?, whose infinitesimal representation (note
that LieSU(2) = su(2) = V C CI(V), the Lie bracket on V is given by

[v1,v2) = v1vg — v2vy.) is as follows:

€1 — el , €2 0 - , €3 > 0 § (2.1)
0 — 1 0 t 0
By the definition, the Spin® group Spin®(V') is the subgroup of the multiplicative
group of units of CI(V) ®r C generated by Spin®(V) and the unit circle in C, in
our case, we see that Spin®(R%) & SU(2) xz, U(1) & U(2) where U(2) is the rank
two unitary group. The spin representation of Spin(R3) has a natural extension to
Spin®(R3).
Definition 2.1.2. A Spin® structure s on an oriented, closed 3-manifold (Y,g) is
a pair (W,p) of U(2) bundle W and a map p : T*(Y) — End(W) satisfying the
Clifford relation:

p(v1)p(v2) + p(v2)p(v1) = —2g(v1, v2).

Due to the natural representation of U(2) on C? and our trivialization of TY,
there is a natural Spin® structure Wy = Y x C? with the Clifford multiplication gen-
erated by (2.1), we see that this Clifford multiplication gives a natural isomorphism
p:

p: QYY,R) = su(Wo).
Locally, let {e!,e?, €3} be an oriented local orthonormal basis for T*Y, under the

identification of T*Y = TY, then

3 - .
. ail —ag + ias
p(D_aie’) =
i=1

as + ias —ait
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. . . z1
rite the spinor (the section of Wy) as ¢ = , where 21, 29 are complex-valued

a,

)
function over Y, then (¢ ® ©%)o (where the subscript 0 denotes the trace-free part)

is an element in su(Wy), define
a(y,9) = ip~ ' ({(¥ @ ¥")o) € Q' (Y, R).
Lemma 2.1.3. Define the natural Hermitian metric on Wy by
(b, ¢y = 2171 + 2273

for ¥ = (21,22), ¢ = (21, 2}). Then {(a.9, )= 2g(a,o(,®)) for a € Q(Y,iR), where
g is complezx bilinear form on T*Y ®g C defined by the Riemannian metric, we use
. to denote the Clifford multiplication. Therefore, we have

3

o(h,8) = 5 Y (e, D)e

i=1

U(¢v¢)¢: —%W’Pfﬁ, and IO’(’(,D,’(#)P = %l"/)l‘l

Proof. Direct calculation gives rise to the following formulae:
(a) ("9, ) = i(lz]? — |22]?),
(b) (e%.9,9) = 2iIm(z172),
(c) (€3.4h,9) = 2iRe(z122),
(@) o, 8) = i((|21]? — [z2?)e! + Im(z132)e? + Re(=17)e%).
which complete the proof. O

This definition of o (1, %) can be extended to a symmetric R-bilinear pairing:

o, 9) = oW+ 9+ ) —a(h,$)—a(¢,9))

. . (2.2)
= iIm((eid, #))e' € A(Y,R).

Lemma 2.1.4. There is a quaternionic structure on C?, under this identification
C? >~ H, there is J action defined by the right multiplication of j which commutes
with the Clifford multiplication (2.1).
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Proof. Define the standard quaternionic structure on C? by sending
(21,22) = 21+ j22

then the Clifford multiplications p(e;), p(e2), p(es) are the left multiplication by
1,7, k. Hence, these Clifford multiplications commute with the right multiplication

by 7, on C?, J acts by sending
(21) 22) = (_221 21)'
|

Let Spin°(Y) denote the set of isomorphism classes of Spin® structures on Y,
there is a preferred Spin® structure Wy as discussed so far. Any other Spin® structure
s = (W, p) can be constructed from Wy by tensoring with a U(1) line bundle L7 for
an even line bundle L (that is, ¢;(L) = 0(mod 2)), since for 3-manifold Y, the short

exact sequence:
05247 Zo— 0
gives a long exact sequence in cohomology, from which we see that
2H*(Y,Z)® H'(Y,Z,) = HY(Y, Z).

H1(Y,Z,) classifies the isomorphism classes of the square root bundle for an even
line bundle. Therefore the Spin® structures on Y are parametrized by H?(Y,Z). Any
Spin® structure (W, p) is given by W = Wy ® L for some line bundle L, all the above
discussion of Clifford multiplication structure can be developed on (W, p) where 9
is a section of Wy ® L*, therefore the Hermitian metric on W is given by the pairing
on Wo® L and Wy ® L*. The claims in Lemma 2.1.3 also hold for these general

Spin® structures.

Remark 2.1.5. In case L is trivial, in particular if Y is a oriented integral, ho-
mology 3-sphere, the Spin® bundle also has a quaternionic structure as in Lemma

2.1.4.
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By a basic fact of Riemannian geometry, there is a unique torsion free orthogonal

connection V on the tangent bundle, it can be viewed as a covariant derivative:
V: QU(Y,TY) = QY(Y,TY)
which satisfies:
(a) d{vi,v3) = (V(v1), v3) + (v1, V(v2));
(b) Vy,v2 — Vy,v1 = [vr1,vq).

for any pair of vector fields vy, v, on Y. This connection is called the Levi-Civita
connection of the Riemannian metric g on Y. It can be lifted to a Spin-connection
on the Spin bundle Wy. We need to choose a U(1) connection, A, on the determinant
bundle det(W) for the lift of Spin-connection V 4 to the Spin°~-bundle W. The Dirac
operator for the Spin® structure (W, p) is defined by

Pa:  T(W) LA D(WQRTY) —2~ T(W).

In the local frame {e', €2, €3}, @4 () = S o, p(e')V 4, (¥).
In our case, we can choose a U(1) connection A on L for the Spin®-lift of the
Levi-Civita connection for det(W) = L2.

We review some of basic facts about this Dirac operator:

Lemma 2.1.6. LetY be a oriented, closed 3-manifold (Y, g) with a Spin® structure
s = (W,p) where W =Wy ® L, let A be a U(1)-connection on L, then

(a) @4 :T(W) = T'(W) is formally self-adjoint in the sense that

(Pa(P1),¥2) 12 = (1, Pa(%2)) 12

where (, )12 is the L%-inner product on the spinor space,
(¥, 92022 = [ (W, da)duoly.

(b) The set of Spin®-connections V 4 is an affine space of imaginary valued 1-forms

QL(Y,4R), the corresponding Dirac operator is given by

Pata = Pa+ p(a)
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for a € Q(Y,iR). For convenience, if instead, we choose a U(1) connection

A on det(W) = L%, then
1
Pata = Fa+5p(a).

(c) In the case that W has trivial determinant line bundle, then there is a quater-
nionic structure on I'(W) as in Lemma 2.1.4 for which J-action commutes

with the Dirac operator @, and

JP@a=Paxd
where A*=d—-a if A=d+ a.

(d) The symbol of @4 at a cotangent vector &, € T7Y is the Clifford multiplication
by &,, that is

Sym(P4)(ye,) = P(&)-

Hence, @4, @ are elliptic.
(e) (Weitzenbock formula)
N 1 s
Pada(y) = ViaVa - F(+Fa) 9+ Vid

where A is the corresponding connection on det(W) = L? and s is the scalar

curvature of (Y, g).

(f) @a: LE(W) — L2_, (W) is a self-adjoint, Fredholm operator. Moreover, any
L%-section ) € Ker@, is a smooth section and any L*-section orthogonal to

Im@a under the L2-metric is also smooth.

Proof. Some simple manipulations as in {28] [35] shows that at any y € Y

3

(Pa(h1), )y = (1, Pa(h2))y — d*(D_(ei-thr, a)ye’).

=1
By integrating over Y, we obtain the first result. Claim (b) and Claim (c) are
obvious. To prove Claim (d), locally at y, choose a function f such that f(y) =0,

(df)y = &, (Poincare’s Lemma), then by the definition of symbol,

Sym(Pa)yey) (W) () = limenyy @a((f(z) - f(y)¥)
pdfy) (¥) = p(&y).

Il
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The Weitzenbock formula was proved in Theorem D.12 [28]. Claim (f) follows di-
rectly from elementary clliptic thecory. Ch. IIL5 in [28] gives the proof by using
parametrix. Here we use the fundamental inequality (Garding-type inequality) for

elliptic operators on Sobolev space:

112 < CelIavliz; + I161%,)

for ¢ € L, (W) (The proof of this inequality uses the Weitzenbéck formula). We
also resort to Rellich’s theorem which says that the inclusion L2 41 < L? is compact
(compactness implies that the image of each bounded sequence has a convergent
subsequences). Suppose that Ker@d, has infinite dimension, then we can choose a
basis {zx}¢, with unit L? norm, then by Garding-type inequality and Rellich’s
theorem we know that these exists an subsequence {z; }32, which converges in
L%, this leads to the contradiction with the fact {z}$2, is a basis. Therefore

dimKer@a < co. This completes the proof of Claim ([) since 2o L2 C C*. O

Remark 2.1.7. iIm(@4 (1), ¥2) = iIm(b1, Pa(2)) — 2d*o (1, 92).

Now we can introduce the Seiberg-Witten equations on (Y, g) with a Spin®-
structure s = (W, p), for a pair of (A, ) consisting of a U(1) connection on the
determinant bundle of Spin® structure s and a spinor ¥ (a section of W). They are

the following two equations:

aA’(b =0,
*FA = O'(’(/)a 1/))

(2.3)

Denote by A(Y,s) the Seiberg-Witten configuration space on (Y,s) consisting
of pairs (A, 1)) where A is a U(1) connection on det(W) and ¢ € I'(W). Aq is an
affine space modelled on Q(X,:R) x ['(W). For analytic reasons, we shall use the
L2-integrable configurations, denoted by A L2

The automorphism group of det(W) is the gauge group Gy = ng of maps of Y
to U(1) locally modelled on the Lie algebra Q%% (Y,iR). The gauge group G2 acts

on Ay as follows (by gauge transformations):

(A, ) —— (A = 2u™ du, utp) (2.4)
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It is easy to see that Gpz acts freely on {(A, )| # 0}, those elements are said to be
irreducible, while (A, %) with 9 = 0 is said to be reducible. Denote by AZ% the open
subset of irreducible configurations, denote by B* = AZf/ng the quotient space of
AZ’f modulo the gauge group ngv then B* is a Hausdorff space.

Simple computation using Lemma 2.1.6, shows that the above Seiberg-Witten

monopole equations for (Y, s) are invariant under the gauge transformations v € ng.

Definition 2.1.8. The moduli space My of Seiberg-Witten monopoles on (Y, ) is
the solution space of the Seiberg- Witten equations (2.8) modulo the gauge transfor-
mation group ng. The moduli space M is the irreducible part of M.

Without any difficulty, we know that A4} can be viewed as zero-point set of
a section for an infinite dimensional bundle over B* which leads to the topologi-
cal quantum field theoretical interpretation of the Seiberg-Witten invariants on Y
[11]. The bundle over B* is the associated bundle of A* — B* via Grz-action on
Qllﬁ X L2(W) by (a,$) = (a,u¢). The corresponding section s can be described by

the following diagram:

A* xg (2 (Y,iR) x L2(W)) 3> [A, ¢, (Fa— o (s, %)), Pa(¥))]
‘L S/‘ (2.5)
B* > [A4,¢]

Actually, we will see that s defines a section on the L?-tangent bundle on B*. Now,

M* = s71(0). M — M* are the reducible solutions to (2.3), it consists of
{(4,0)| Fx = 0}/G3.

The structures of M, M* will be discussed in the following section. The following
proposition is the direct consequence of the Weizenb6ck formula for Dirac operator

in Lemma 2.1.6.

Lemma 2.1.9. Suppose that M, is non-empty for a Spin® structure s on (Y, g),
then the L®-norm of the curvature F4 is bounded by the L%-norm of the scalar

curvature s as follows:

[Ell
Full € —.
| Fall < 5
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Proof. Let (A, ) be a solution to the Seiberg-Witten equations (2.3), from the
curvature equation, we know that |¢|* = 4|F4|? (Cf. Lemma 2.1.3), pairing the

Weizenbdck formula with ¢ and applying the integration over Y, we have
s 1
LA+ S1912+ §1odvoly =0,
Y 4 4

which implies the inequality in the Lemma. O

Corollary 2.1.10. There are only finitely many Spin® structures on (Y, g) with non-
empty Seiberg- Witten monopoles to the Seiberg- Witten equations.

2.2 Moduli space for Seiberg-Witten monopoles

Let (Ao, %o) € A}, be an irreducible solution to the Seiberg-Witten equations (2.3),
1

there is a natural associated elliptic complex which incorporates the linearization

of the gauge action (2.4) and the linearization of equations (2.3) as follows. The

tangent space Az, can be identified with Q7 (Y, iR) @ L¥(W).
1

0= 09, (Y, iK) SCN Q2 (Y, iR) @ L (W) Ly Ql,(v,iR) & L2 (W) (2.6)
where G is the infinitesimal gauge transformation:
G:  fr—r (=2df, feo),
and L is the linearization of the Seiberg-Witten equations (2.3) at (Ao, %o):
(0,8) = (sdla ~ 20 (30, 8), Paot + 5a1o),
where o (%o, ¢) is the R-bilinear symmetric pairing as defined (2.2).

Lemma 2.2.1. LoG = 0.

Proof. Since o(%, ¢) is R-bilinear and symmetric, and from the definition (2.2),
we know that o(y, ¢) is complex linear with respect to the first factor, complex

anti-linear with respect to the second factor. This implies that o(fy,v) = 0 for
f € QO(Y,iR),v € T(W). Hence

LoG(f) = L(=24f, fibo) = (=20 (7o, %o), Pao (F) + 5 (=24 o)) = 0.
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From the deformation complex (2.6), we can read off the virtual dimension and
Zariski tangent space to M at [Ag, 10]. We need to put the deformation complex in

the following form:
T,
Q05 (Y, iR) @ Qp; (V,iR) & L} (W) =22 O, (Y, iR) & LX(W) @ Q% (Y, iR) (2.7)

where T4, 4,) = GOLOG* in which G* is the dual operator of G under the L2-inner
product on Q1,(Y,iR) & Li(W):
1

< (a,@), (b, ) >= /Y(—a A *b + 2Re($, $)dvoly), (2.8)

Lemma 2.2.2. G*(a, $) = —2(d*a + iIm(io, $)).

Proof.

< (=2df, fo), (e, 4) > = (f,—2d"a) + 2Re(fro, §)
= (f,~2d*a) + 2i fIm(so, )
= (f,-2d%a - 2iIm(i, 4))
= (/,G*(a,9))

Since G acts on B* freely and the tangent space of the gauge orbit G.(4, ¢) is

{(—2df, f)|f € Qp3(Y,R)}

the L?-orthogonal complement to this tangent space defines the L2-tangent space of

B* at [A, %], which can be identified with
{(0,8) € A (¥, iR) ® L*(W) | d*a+ iTm(s, ) = 0},

Actually, T(4,,y,) is @ compact perturbation of the sum of the signature operator

and the twisted Dirac operator:

xd —2d
—2d* 0

@ aAo

which has index 0. We have applied the following key C%-estimate for the Seiberg-

Witten monopoles to deduce the above compact perturbation. First note that the
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C* pairs (A, ¥) are dense in the configuration space A, every (4, ¥) is gauge equiv-
alent to a pair (A’,¢’) which lies in the slice of gauge group through a C'* object.
Restrict the Seiberg-Witten equations (2.3) to the slice through a C* object, we
see that as a solution to an elliptic equation with C'*° coeflicients, every solution to

(2.3) is gauge equivalent to C'*° solution.
Lemma 2.2.3. Let (Ao, o) be a smooth solution to (2.3). Then
[ol* < max{0, —s(y)}

where s(y) is the scalar curvature on (Y,g).

Proof. Apply the Weitzenbdck formula in Lemma 2.1.6 at the maxima of [1o]?

we obtain:

0 > Algol® =2|Va,th0|* — 2(V3, Va4, %o, %o)

> —=2(V3, Vaeto, Po)
- §|¢0|2 — (xF4.10, o) (by the Weitzenbéck formula, )
= §|¢0|2 — (o (%o, o) W0, o) (by equation (2.3))
> Sl + %|¢0|4. (by Lemma 2.1.3)
This completes the proof of Lemma. (|

Remark 2.2.4. This C°-bound in Lemma 2.2.8 for any Seiberg- Witten monopole
implies that any 3-manifold with a positive scalar curvature metric has only reducible

solutions.

Proposition 2.2.5. Given a 3-manifold Y with a Riemannian metric, there are
only finitely many Spin® structures (up to isomorphism) such that the Seiberg- Witten
equations (2.3) admit solutions. For each Spin® structure s, any solution (A, ) to
the equations (2.3) enjoys the following estimates:
9] < maxyey {0, —s(y)} = s,
&2
194)1s < Lool(y)
1 s
Fal = = 2 - °9
[Fal = 51¥1" < 5
||FA||%2 <C for some constant C depending only on'Y .
1
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Proof. The first and third inequalities in the proposition follow directly from
Lemma 2.2.3 and Lemma 2.1.3. From the Weitzenbock formulae and pairing with

1, we know that

1 1
IVa(®)liza + 5119074 + 15892 =0

1 2
Therefore, ||V 4(¢) |3, < —Z(sw, Y)pe < %gvol(Y). The bound of the curvature Fy

F
means that Z—Q—A— lies in a compact subset inside H?(Y,R), being an integral class in

s
H?(Y,Z) implies that there are only finitely many Spin® structures (parametrized
by H?(Y,Z)) which admit the Seiberg-Witten monopoles. The fourth inequality

follows from the third by integrating over Y and the following estimate:

l[dFal|Z2 d(xa (4, %))|12-

CollVa(®)lIZ2ll¥lico

IN

for some constant Cp. |

Using the bootstrapping technique and the Seiberg-Witten equations (2.3), we
can improve the LZ-bound on A and C%bound on % to C*°-bound on both 4 and
1 which gives rise to the compactness of the moduli space M. Note that we can
obtain the C*°°-bound for each 9 immediately from Garding-type inequality Lemma
2.1.6, but now we must obtain a uniform bound for a sequence of solutions. The
first lemma we need is the gauge fixing condition and the estimate of LZ-bound on
connections via an Li_l bound on curvature. In Yang-Mills theory, this is called
Uhlenbeck’s lemma, for 4-dimensional Seiberg-Witten theory, a similar lemma is
obtained by Morgan in [35] where the L2-norm of the gauged connection is bounded
by the Li_l—norm of the self-dual part of the curvature. Our lemma concerns the

3-dimensional case.

Lemma 2.2.6. Let L be a complex linear bundle over Y with a Hermitian metric.
Fiz a U(1)-connection Ag on L, then for any k > 0, these exist constants Cy,Cy > 0

depending only on'Y, Ag, k such that the following hold: for any L2 U(1)-connection
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A on L, there is an L%+1 gauge transformation u such that uw*(A) = Ao + o where

o€ in (Y,iR) satisfies

d*a =0
lall2, < CrllEAlZ, +Co

Proof. Write A = Ag + ag for @ € Q},(Y,7R). On the L2-orthogonal space of
k

constant functions in Q%Q (Y,iR), the Laplacian A has an inverse A~1. Let
k-1

fo = —A~Y(d*(an)) € QOLiH,
let ug = exp(— fo) which is Li+1 integrable, then
uo(A) = Ag+ ap + dfo £ Ao+ o4

where oy = ag + dfp is d*-closed and L-integrable. By the Hodge theorem, we
can write a; = h + a3 where h is a harmonic 1-form and a; € H*' the subspace
L%-orthogonal to the harmonic 1-forms. On H*Y, (d* 4+ d) is a bounded operator,

therefore, there is a constant C', depending only on Y and & such that

leallz; < Cll(d*as +dag)}; — (d*er =0)
= CllFa=Fallzs_

ClIFAll;  +C,

IA

after rescaling the constant C, depending on Y, Ag and k. We nced only to cstimate
h (the harmonic part of ;) by further transformation but without affecting as.
Notice that ug belongs to the identity component of G and h € iH!(Y,R). Note
also mo(G) = H(Y,Z) and iH'(Y,R)/iH'(Y,Z) is a compact torus, we can choose

a gauge transformation f:Y — U(1) in an appropriate component such that

f(uo(A)) = Ao+ hy + 0.

where hy is L2-bounded. In detail, we have mo(G) = ¢H(Y, Z), those harmonic 1-

forms with period in 4Z, i.e, those harmonic 1-forms hg = f~1df where f: Y — Slis
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harmonic. Write A = hg + h; where hg = f~1df represents an element in 7 H! (Y, Z)

and h; is L:-bounded. Apply the gauge transformation f:Y — S!, we obtain that

f(uo(Ao+ a0)) = f(Ao+h+az)
= Ao+h— fUf + o
= Ao+ hi+ as.

Setting a« = hy + ag, we have d*a = 0 and
ez < lihallzy +llellzy < CillEallz;_ +Co

for some constants C'y, C'; depending only on Y, Ag and k. This completes the proof
of the Lemma. O

Corollary 2.2.7. Fiz a smooth, U(1)-connection Ay on det(s) for a Spin® structure
5. These erists a constant C depending only on 'Y and Ao such that for any solu-
tion (A,) to the Seiberg- Witten equations, we have a gauge equivalent connection
A" = Ap + a with the properties:

da=0

llef? < C.

Proof. This is the direct consequence of Proposition 2.2.5 and Lemma 2.2.6. {0

Now we are ready to begin our bootstrapping argument to obtain a uniform

bound for solutions to the Seiberg-Witten equations (2.3).

Theorem 2.2.8. Fiz a smooth, U(1)-connection Ay on det(s), suppose that (A, )
is a solution to the Seiberg- Witten equations (2.3) such that A = Ag+o with d*a =0
and the harmonic projection of o has a bound only depending on Y, Ag. For every

k > 2, there exists a constant C'(k), depending only on 'Y, Ag and k such that
lal; + 1912, < C(b),

where the Li-norm of the spinor is taken with respect to Va,-

Proof. We will repeatedly apply the Sobolev embedding theorem (see [3]) and the

Sobolev multiplication theorem, so we summarize them as follows.
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e Sobolev embedding theorem: the inclusion L{ — L{ is a bounded map if
k— % > - % (here 3 is the dimension of our 3-manifold, in general, it should
be the dimension of the underlying manifold, w(k,p) = k — 5 is called the
“scaling weight” for L%).

e Sobolev multiplication theorem: L% x L} — L7 is a bounded map if
k > 1 and k > 2( using the Leibnitz’s rule for derivatives and the fact: for

k > 2, L2 — C° is bounded in dimension 3). There is a general Sobolev

multiplication theorem, the above Sobolev multiplications are enough for us.

Step 1: We already have 1 is C°-bounded, V 4% is L2-bounded and « is L3-bounded,

therefore, we have

11172 + 11V a0 ¥l Z2
191122 + V4l + llellZa 1 llco-

112

IA

That means ¥ is L2-bounded.

Step 2: By the Dirac equation, we know that

¢A0¢ = _%a"‘»b

Since a is L2-bounded and the Sobolev embedding L% < L* is a bounded map, we
see that @4,¢ is L*-bounded (note here we only use the CP-bound on ).

L?-decomposition: write ¢ = 1o + ¢ with @4,6 = 0 and g L Ker@,, under the
L%inner product. First, since % is L%-bounded and (3o, ¢);2 = 0, ¢ is also L2-
bounded, together with @4,6 = 0 and @4, is elliptic, we know that ¢ is C°-bounded
(elliptic regularity). Secondly, o is orthogonal to Kerds, and @4, is elliptic, from
the injectivity of the symbol map (@4, is elliptic), we see that there exists a constant

(5 depending only on Y and Ag such that

I%ollLs < Csl|@aoollLs
= Cs[|@a, ¥l < Cs (from Step 1).

Hence, o is Li-bound, then ¢ = 15 + ¢ is also L}{-bound.
Using the Sobolev multiplication and Sobolev embeddings:

L3x L} — L{ <= L3,
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1
dah = —-Q—a.1,b is L3-bounded. Repeat the L2-decomposition procedure as above,
we know that 9 is L3-bounded. Using the Sobolev multiplication and Sobolev em-

beddings:
Lix L3 L§ — L},

we know that @a,9 = —%omp is L2-bounded, repeat the L?-decomposition procedure

again, we know that @4,9 is L3-bounded, which yields that 1 is L2-bounded.
From the curvature equation in the Seiberg-Witten equations (2.3) and the

Sobolev multiplication L} x LZ < L2, we obtain that F4 is L3-bounded, then

by Lemma 2.2.6, a is L3-bounded.

Step 3: Suppose by induction that for some k > 3, we have Li-bounds of o and 1.

Then from

Past = —5ad

and the Sobolev multiplication: L? x Lf < L%, we know that @ 4,9 is L2-bounded,
then the L2-decomposition procedure yields that ¢ is L, -bounded. From the
curvature equation and the Sobolev multiplication: L%+1 X Li+1 — Li+1, Fy is
Li_H—bounded, hence « is Li“—bounded. By induction, we complete the proof of

the Theorem. |

Corollary 2.2.9. Let {(An,%n)} be any sequence of solutions to the Seiberg- Witten
equations. Then after passing to a subsequence and applying L2 gauge transforma-
tions {hn}, {hn(An,¥n)} are C*® and converge in C*®-topology to a limit which is
also a solution to the Seiberg- Witten equations. Therefore, the moduli space M4 of

Seiberg- Witten equations (2.83) is sequentially compact.

From the index of the complex (2.7) and the above discussion, we know that
M consists of only finitely many points if M is smooth. In general, we need to
perturb the Seiberg-Witten equations (2.3) to achieve the smoothness of M, that
is, for generic perturbation, T(4 ) in (2.7) will be surjective. There are two kinds
of perturbations: one is to perturb the curvature equation by adding an imaginary,
co-closed 1-form n on *xF4 — o (%, ¥) = 0. 7 must be co-closed, since o(¢, ) is co-

closed if ¢ satisfies the Dirac equation and *Fy is also co-closed (Bianchi identity).
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The other perturbation is to perturb the Dirac equation by Clifford multiplication of
any imaginary 1-form. Either of them is sufficient to obtain the smoothness of M.
Here we only consider the first kind of perturbation by adding a co-closed 1-form to
the curvature equation, though transversality of the second kind of perturbation is
simpler to prove.

Let 5 € Qig (Y,iR) be a co-closed 1-form. The perturbed Seiberg-Witten equa-

tions can be written as follows:

aAd) . 0’
*Fg = o(¢,9)+n.

(2.9)

For a small perturbation, the solutions to (2.9) enjoy all the properties of the
solutions to the unperturbed Seiberg-Witten equations (2.3) almost word by word,
we won’t repeat them in this perturbed situation but we just restate the C%-estimate
Lemma 2.2.3 to indicate the small modification due to the perturbation, the proof

is the same.

Remark 2.2.10. Let (A, ) be a smooth solution to the perturbed Seiberg-Witten

equations (2.9),
91? < max{0, —s(y) + 2||7llco}
yeY
where s(y) is the scalar curvature for (Y, g).

The corresponding moduli space is denoted by My, M;  its irreducible part.
Denote by Z!(Y,iR) the space of co-closed, L-integrable, imaginary 1-forms on Y.

The perturbed Seiberg-Witten equations define an G-equivariant map:

Apz x Z'(Y,iR) - QL (Y, iR) x LA(W),

(Aa 1/"1 17) = (*FA - 0-(11[), "rb) - aA¢)

Over B, § defines a section whose zero set is the parametrized moduli space 91:
m = U Mg'n-
neZ1(Y,iR)
The fiber of the natural projection 9 — Z1(Y,iR) at n € Z1(Y, iR) is the perturbed
moduli space Msg,. Denote by 9t* the irreducible part of 9.
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At any solution (Ag, %0, 7o), the linearization of the perturbed Seiberg-Witten
equations and the linearization of gauge transformations define a corresponding ex-

tended Hessian operator (cf. 2.7). Here T4, 90,m0)"
Qgg (Y,iR) @ Qif (Y,iR)® LI(W) @ Z' (Y, iR) = QL. (Y,iR) & L2 (W) @ Q%, (Y, iR)
is defined by assigning to (f, a, ¢, €) the element:

(da — 20 (o, ) — 2df + €, Pay + %anpo + fibo, —2d%a — 2Tm(o, ). (2.10)

Lemma 2.2.11. At any solution (Ag,vo,0) to the perturbed equations (2.9) with
o # 0, T a0, 40,m0) S Surjective. In particular, the parametrized irreducible moduli

space M* is smooth.

Proof. Let (a1, ¢, fi) be L*-orthogonal to the image of T(40,w0,m0) under the L2-
inner product. By varying € € Z!(Y,iR) alone, we see that a; must be an exact
1-form. Then from the direct calculations, we know that (a1, #1, f1) satisfies the
following equations (note that the L2-metric on spinors is twice of the real part of

the Hermitian metric (| )):

(1). d*ay + iIm(tho, ¢1) = 0,
(2). dfi + a(vo, ¢1) =0, see (2.2) (2.11)
(3). Pacdr+ %al.u)o + fivho = 0.

Apply d* to the second equation (2), we see that

d*dfy = —d*o (o, 1)

- _%1m<¢0,¢A0¢1> (by Remark 2.1.7 )
_ % Im((s, %al.d)o + fidbo)) (by the the equation (3))
_ %1m<¢0, Futbo) (since (3o, ar. o) is real)
= 3o, fito) = ~ fulo, o)

|%ol®

Therefore, we have d*df; +

2 fi =0, from which on Y — 351 (0), we have f; = 0.
On 1/10_1(0), we see that o (1o, #1) = 0, hence,

(%o, $1) = 0.
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This implies that df; = 0, that is f; is a constant function on Y, as a solution to
the Dirac equation, ¥ # 0 can not vanish on an open set, then f; must be zero.

Locally from the Spin® representation (2.1), we get

¢1 = 1o, (2.12)

on the complement of 451 (0) for some smooth function £ : ¥ — ¥51(0) = R. By
the unique continuation theorem for the Dirac equation, £ can be extended to all of
Y and ¢; = i€y on the whole of Y. Insert ¢y = i€3o into the third equation (3)
(note that f; = 0 already), we know that

1d€.2pg + %alﬂbo =0. (213)

Since the Spin® representation is the standard representation of U(2) on C?, we

have a; = —2id§ on Y — ¢51(0). Insert it in the first equation (1), we see that, on
Y - ¢61(0)»

d*d€ + €|vol” = 0.

From the maximum principle, £ must be zero, hence, ¢; = 0, and d*a; = 0, which
leads to a; = 0 since a, is exact. This completes the proof of the surjectivity of
T 40,90,m0)-

The smoothness of 91* is the conclusion of the implicit function theorem together
with the fact that the gauge group acts on 9* freely with the slice at [Ag, o] given

by the Coulomb gauge condition:
KerG* = {(a, ¢) € QL2 (Y, iR) & L*(W)|d*a + iIm(spo, ¢) = 0}.
O

Apply the Sard-Smale theorem, we see that there exists a Baire set ¥ in
Z'(Y,1R), such that for n € &, M7 is a smooth, 0-dimensional manifold. If we can
choose a perturbation such that the perturbed Seiberg-Witten equations have no

reducible solutions, then Mg, = Mg

5,n

is a compact, smooth, 0-dimensional man-
ifold, hence consists of finitely many points in B*. This is indeed the case except

when the first Betti number b;(Y) = 0 (Y is a homology 3-sphere). In the following
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Lemma, we will discuss the appearance of the reducible solutions to the perturbed

Seiberg-Witten equations.

Lemma 2.2.12. For any 3-manifold Y with non-trivial first Betti number, there
exists an open dense set of perturbations in Z'(Y,iR) such that the perturbed Seiberg-
Witten equations have no reducible solutions. If Y is a homology 3-sphere, there is
always a unique reducible solution (up to gauge transformation) which cannot be

perturbed away.

Proof. Suppose (A4,0) is a reducible solution to the perturbed Seiberg-Witten
equations (2.9), then

*FA =1

Since 7 € Z(Y,iR) is co-closed, write n = 79+ *dv where 7 is an imaginary-valued,

harmonic 1-form and v € Q°(Y,:R), therefore,
F4 = xno + dv. (2.14)

Certainly, if the first Betti number b;(Y’) > 1, the equation (2.14) cannot have a so-
lution for an open dense set (those 7 whose harmonic part is not [« F4] since [*F4] is
only a point in the lattice 27iH'(Y, Z) € H'(Y,4R). The perturbation with the har-
monic part representing [*F4] is a co-dimension b, (Y) subspace of Z!(Y,iR). If Y is
a homology 3-sphere, then [iF4/(27)] is a torsion element in H%(Y, Z) which classi-
fies the line bundle, and H?(Y,iR) = 0 implies that n = *dv. For each 5 € Spin®(Y),
*F4 = dn always has a unique solution A whose connection 1-form is given by v (up

to gauge transformation). |

Corollary 2.2.13. For a 3-manifold Y with b,(Y) > 0, there exists a Baire set of
perturbations in Z1(Y,iR) such that for any perturbation n in this open dense set, the
perturbed Seiberg- Witten moduli space M, consists of finitely many smooth points

in B*. Moreover, the perturbation n can be chosen to represent a trivial cohomology

class if c¢1(dets) # 0 in H2(Y,R).

Proof. We only need to prove that we can choose [17] = 0 as a de Rham cohomology

class. Checking through the proof of Lemma 2.2.11 again, we can choose 7 to be
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a co-closed 1-form xdu, where y is an imaginary l-form on Y. Then we need to
verify surjectivity of T( 49 yq,5) in Lemma 2.2.11. Now the equations in (2.11) don’t
require that a; be exact (cf. the proof of Lemma 2.2.11), but the exactness of a; can
be obtained from equation (2.13) and the unique continuation property of the Dirac
equation. The rest of the proof goes in the same way as the proof of Lemma 2.2.11,
after noting that we need the first Chern class of the Spin® structure to be non-trivial

in H%(Y,R) so there is no reducible solution in M, for a xd-exact one-form 7. O

For a homology 3-sphere Y we can perturb the Seiberg-Witten equations further
such that the reducible solution is isolated in Msg,. Then M7 also consists of
finitely many smooth points in B*.

Notice that a homology 3-sphere Y has only finitely many Spin® structures, for
each Spin® structure s there is only one reducible Seiberg-Witten monopole (up to
gauge transformation) for the perturbation n = *dv. Without confusion, denote by

v the corresponding connection on det(s).

Lemma 2.2.14. Let (Y, g,s) be a homology 3-sphere with a Spin°® structure s, de-
note by [v, 0] the unique reducible point in the perturbed Seiberg- Witten moduli space
M dy. If the twisted Dirac operator @, has trivial kernel, then [v,0] is isolated in

Mg xdy in the C*-topology.

Proof. We use perturbation theory by expanding the solution [4, %] to the per-
turbed equations (2.9) near [v,0]. Write (A, ¥) = (v+a, %), then (a, v) satisfies the

following equations:
(¢) d*a=0
(17) xda = o9, )
#9) 9u(8)+ 509 =0
Expand (e,) as
a=eay + a3 + az + - --
=€+ by + Szt

Then from the Dirac equation (iii) and Ker@, = 0, we know that ¢; = 0. Using

this fact and the curvature equation, we know that a; (¢ = 1,2, 3) are closed and co-
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closed for a homology 3-sphere, this leads to a;(: = 1,2, 3) must be zero. Repeating

the above procedure, we get [a, 9] is zero. This proves the Lemma. O

The following Proposition proves that the condition Ker@J = 0 holds for generic

metrics g and perturbations v.

Proposition 2.2.15. Denote by Met the space of all Riemannian metrics on a
homology 3-sphere Y, consider the twisted Dirac operator @9 associated with the
chosen metric g and the connection v. The condition Kerd9 # 0 determines a

subset in the space of Met x Z'(Y,iR) with real codimension one.

Proof. Let go be a metric on Y such that Ker@9 # 0 for the connection vy on
det(s). We can decompose the spinor space as # @ H*, under the L? inner product,
where H = Keré)f’,g, equipped with a Hermitian metric from the Spin® structure.
Consider the Dirac operator @} for (g, v) sufficiently close to (go, vo) under the C'°°-
topology. Under the isometry identification of the spinor spaces for go and g, the
Dirac operator for g can be conjugated to act on the spinor space of gg, still denoted
by @5.
Claim 1 : # acting on the spinor space of gq is self-adjoint if and only if they define
the same volume element (up to a scalar).

Suppose dvol, = f dvoly, for a positive function f on Y, then from the direct

calculation, we have

< P9, ¢ >go=< b, FPE(F1P) >4

Then the Claim 1 is obvious. Denote by Met® the space of metrics which have the
same volume element as gg up to a scalar.
Claim 2 : If two metrics g; and g, are conformal, that is, ¢g; = e?g, for a real
function u on Y, then the multiplication by e~* defines an isomorphism between
Ker@9t and Kerd%.

This is the consequence of the following relations: under the isometry identifica-
tion of the the spinor spaces for g, and gz, we have (see Proposition 1.3 in [24] or

Theorem 5.24 in [28])

92 = e
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Therefore, we only need to prove that the condition Ker@) # 0 determines a
real codimension one subset in the space of Met® x Z!(Y,iR).

We want to reduce the problem of the existence of solutions of the equation
@91 = 0 to a finite dimensional problem on H.

As a map from Met® x Z!(Y,iR) x T(W) to I'(W), the linearization of the
equation @1 = 0 at (go, ¥, 0) is invertible when restricted to #. Thus, the implicit
function theorem provides a unique map ¢ : Y — H* defined on a neighbourhood Y

of (go, v0,0) in Met® x Z'(Y,iR) X H, such that

for all (g,v,¢) € U, where II is the projection onto H.

Therefore, the operator #J has non-trivial kernel if and only if the equation

9% (6 +alg,v,¢)) =0
admits solutions in . This is a finite dimensional problem. Define a map
L:(Met® x Z'(Y,iR))NU — U(H)
by sending

L(g,v)(¢) = 1P} (¢ + a(9, v, 9))-

Direct calculation implies that L(g,v) is a Hermitian transformation of the space #,
that means L(g,v) € U(H), where U(#) is the space of Hermitian transformations
on H. The kernel of @9 is non-trivial if and only if the kernel of L(g,v) is non-
trivial. There is a real-valued function on U(#), which is the determinant function.
Therefore, we have a real-valued function f(g,v) = det(L(g,v)) on the neighborhood
of (go, o) in Met® x Z1(Y,iR). Those (g, ) with non-trivial kernel have value 0 for
this function.

Now we only need to check that the derivative of f(g,v) at (go, vo) is surjective,
then the Lemma follows from the Morse theory. It can be checked by differentiating
f(g,v) at (go, n) along (0, a)-direction, for a € Q'(Y,R). Since

D figou)(0,) = Tr(6 > TI(5a ),

which is non-zero for suitable choice of «. O
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In summary, for the homology 3-spheres case, from this Proposition, we see
that the complement of the codimension one subspace in the open dense subset of
Mat x Z'(Y,iR) has many chambers, for a pair (g,v) in each chamber, the moduli

space My, has only one reducible point [v, 0] which is isolated, therefore,
M;,u = M, — {[v, 0]}

consists of finitely many smooth points. From the proof of Corollary 2.2.13, we know
that for a 3-manifold Y with 5, > 1, the open dense set, In which the perturbed
Seiberg-Witten moduli space M, consists of finitely many smooth points, is path-
connected; while for a 3-manifold Y with b; = 1, this open dense set is not path-
connection since the perturbation with the harmonic part representing [xF4] (when
the perturbed equations (2.9) have reducible solutions) is a co-dimension 4 (Y) = 1

subspace of Z!(Y,iR).

2.3 Seiberg-Witten invariants on a 3-manifold

In the last section, we analysed the structure of the perturbed Seiberg-Witten moduli
space for a closed, oriented 3-manifold (Y, g) with a Spin® structure s. Now we can
define the Seiberg-Witten invariant for (Y, ¢, s) if the smooth point is oriented, that
is Mg, is a finite set of points with sign.

To see that My , is orientable, we only need to show that the determinant bundle

of the deformation complex (2.7)
£=N"*(KerT) ® \"**(CokerT)

is a trivial real line bundle over Mg ,. At each point [Ag, %o], T(4,,y,) is homotopic

to the sum of the signature operator and the twisted Dirac operator:

xd —2d
—2d* 0

@ @,

Since the Dirac operator @ 4, is a complex operator, therefore the determinant bundle
AP (CokerT) is naturally trivial over B* and oriented by the complex structure.

The kernel and the cokernel of the signature operator are both H9(Y,:R)@®H(Y, iR),
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which are independent of the base point, therefore, its determinant bundle is trivial
over B*. A choice of orientation of H°(Y,iR)® H'(Y,iR) determines an orientation
of Mg, at any smooth, irreducible points. The same argument can be employed for
the parametrized moduli space if the parameter space is oriented.

To determine the sign for the point [A,¥] € M5, (in the case where b1(Y) > 0,
M*

9,1

= M,,), we need to compare the orientation of £(4 4 with the natural orien-
tation of a trivial real bundle R over M;,. Notice that the orientation changes if
and only if the orientation of £ changes along a path connecting two points in Mg,
this happens only where T' (2.7) is non-invertible (7' is invertible at each point in
M ,). Therefore, we can use the spectral flow of the extended operator T in (2.7)
to determine the Seiberg-Witten invariants (up to an overall sign).

For a homology 3-sphere, we have the a priori solution (the reducible) [v, 0] from

which we recover the overall sign, the sign at each point {4, 9] is determined by

(-1)°7 Ly (T)

where S F[[:(’ﬁp] (T) is the spectral flow of T' (2.7) along a path from a representation
of [v,0] to that of [A,9] in A. This spectral flow is independent of the choices
of the path and the lifts of {v,0] and [A, %] in A, here we need to choose a small
positive € and use the (—¢)-spectral flow to define SF((‘%T) (T) (see [2]) since T}, g) has
one dimensional kernel. Or one could choose an irreducible pair (Ay, ) sufficiently
close to (v, 0) with trivial kernel, then apply the ordinary spectral flow (counting the
eigenvalues crossing 0), one needs to add a term §(4, 4,) to eliminate the dependence
of the spectral flow on the choice of (Ay, %1). One way to realise this is to choose a

path connecting (v,0) and (A1, 1) such that T on this path has no kernel except
s = 0. Let A(s) (A(0) = 0) be the eigenvalue of T near 0, then

0 if A(s) >0,
S(Arn) =
-1 if A(s) <0.
One can check that these two definitions of the spectral flow are the same by using

the additivity property of the spectral flow. In this thesis, we use the convention of

(—e¢)-spectral flow if the operator has non-trivial kernel at the end-points.
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Remark 2.3.1. For a family of self-adjoint, Fredholm operators D, (s € [0,1]) with
only zero eigenvalue in [—¢, €] for Dy, Dy, the e-spectral flow and the (—e€)-spectral

flow of Dy can be related by the following formula:
(e = SF)(Ds) = ((—€) — SF)(D;) + dimKer(Do) ~ dimKer(Dy).

We will reiterate this spectral flow in the next section where we define the relative
indices for solutions in M ;. So we won’t spend time here to justify the arguments.
Now we can define the Seiberg-Witten invariant for any closed, oriented 3-

manifold (Y, g) with a Spin® structure s.

Definition 2.3.2. LetY be an oriented, closed $-manifold (Y, g) with a Spin® struc-
ture 5, M3, (M5 = Mgy for bi(Y) > 0) is the perturbed Seiberg- Witten moduli
space which consists of a finite set of signed, smooth points. Counting the points in
M; ,, defines the Seiberg- Witten invariant:
Asw(Y,g9,7m,8) = Z sign(z).
TEMG
Lemma 2.3.3. If b1(Y) > 1, then Asw(Y,s) is a topological invariant for each
Spin® structure s, that is Asw (Y, g, 7,8) is independent of the metric and perturba-

tion.

Proof. This is the standard oriented cobordism argument for the perturbed
Seiberg-Witten moduli space. Note that the appearance of the reducible solutions
to the perturbed equations can only happen on a codimension b1(Y) > 1 subset
in Met x Z'(Y,iR) (which is path-connected). Suppose (90, m0), (91,m1) are two
pairs with the smooth, finitely many solutions (after modulo gauge transformations)
M (Y, go) and My, (Y, g1) respectively. We can choose a path (g;, 7;) for ¢ € [0,1]
connecting (go, 7o) and (g1, 71) such that each moduli space M o (Y, 9¢) at t consists
of finitely many, smooth points. Then the parametrized moduli spaces
U M (Y, g1)
te[0,1]
defines an oriented cobordism between M, . (Y, go) and M, (Y,91). By the defi-

nition of the Seiberg-Witten invariant, we see that

)\SW(Yu go, 770,5) = ASW(}/v a1, 772,5)'
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O

Therefore, the Seiberg-Witten invariant for Y with 6;(Y) > 1 is a Z-valued

function over the Spin®-structures:

Asw(Y) : Spin¢(Y) & HZ(Y, Z) — Z.

2.3.1 Special Case I: 5,(Y) =0

From our earlier discussion, we know that, for a homology 3-sphere Y, the Seiberg-
Witten invariant is only defined for (g, ) whose Dirac operator @) has trivial kernel
(here 7 = *dv). In this case, the unique reducible point in Ms, is isolated, hence,
M, consists of finitely many smooth points with sign. Proposition 2.2.15 tells us

that
W = {(g, *dv)| Ker@? # 0} (2.15)

is a codimension one subset in Met x Z1(Y,iR). There are many connected compo-
nents in Met x Z1(Y,iR)—W. Therefore, the Seiberg-Witten invariant Asw (Y, s, g, )
depends on the metric and perturbation. As a family of (g, *dvs) € Met x Z LY, iR)
for t € [—1,1] crosses W transversally, we know that there is a family of reducible
solutions [v, 0], then the Seiberg-Witten invariants for (go, *dro) and (g1, ¥dv1) are

related by the following “wall-crossing” formula:

Asw(Y,s, 91, m) = Asw (Y, 8, go, M0) + S Flu, 01(#%;) (2.16)

where SFj,, g(#9) is the spectral flow of the Dirac operator @9t for t € [0,1]. There
exist two approaches to verify this formula, one is to study the geometric structure
of the parametrized moduli space at the reducible whose twisted Dirac operator has
non-trivial kernel. The other method (simpler) is to use the algebraic structure of the
equivariant Seiberg-Witten-Floer homology. Both of these approaches were applied
by Marcolli and myself in [33]. In this subsection, we give a geometric interpretation
of the wall-crossing formulae for b; = 0.

From Proposition 2.2.15, we know that W is a codimension one subset in

Met x Z'(Y,iR).
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We need to know the dimension of the kernel of @9 for a generic pair (g,v) in W,
this is the issue of the following Lemma, it is Chen’s work [13] that motivates us to

study the structure of W.

Lemma 2.3.4. W is a stratified space with the highest stratum consisting of those
(9,v) with Ker@d = C, in general, the set of pairs (g,v) with Kerdd = C* is a
codimension 2n — 1 subset in Met x Z'(Y,iR).

Proof. As in the proof of Proposition 2.2.15, we only need to prove the Lemma
for (g,v) in Met® x Z'(Y,iR) (see Claim 1 and Claim 2 in the proof of Proposition
2.2.15). Consider a real Hilbert bundle £ over

Met® x Z'(Y,iR) x (L}(W) — {0})
whose fiber over (g, v, 9) is

E(g,u,lli) = {¢ € L%(W)|Re(¢7 “b)g = 0}

Define a section ¢ of £ by assigning to (g, v, ) the element #1p.
Claim : ¢ is transverse to the zero section of L.

We need to prove the differential map of { is surjective at a zero of (. Suppose
that (go, 0, %0) (¥ # 0) satisfies #99+py = 0. Differentiate ( with respect to the
directions tangent to Z! (Y, iR) x (L2(W)/{0}) only, then we see that the differential

map is
DC: QL (Y,iR)® LAW) — {¢ € LI(W)|Re(8, itho), = 0}
(vi,1) = 0P+ %VNPO-

If ¢ € L(g9,9,40) 18 orthogonal to the image of D¢, then ¢ satisfies:

(1). Re(s, itbo)g, = 0,
(2). Re(, vi.10)g, =0, for any v, € QL(Y,R).

(3). PP = 0.

140]
From the second equation,we see that there exists a function f : Y — R such that

¢ = ifto. Plugging into the equation (3), using @9y = 0, we obtain df = 0 which
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implies f = C' is a constant function. Then from (1), we can see that
Re(ic¢0, i¢o)g0 = Cl’(bolz =0

and we get C' = 0. Therefore, ¢ = 0, which means, D( is surjective at (go, 0, 10)-
It is easy to see that the index of D( is the index of @9, which is 1, since 79}y is

orthogonal to the image of @#7°.

From the Claim 1, (~!(0) is a Banach manifold and the projection
:¢710) = Met® x QL(Y, iR)

is Fredholm with index 1. Note that for any (g,v) € Met® x Q(Y,<R), we have
I~*(g,v) = Kerd;.

Moreover, at (go, Vo, %0), we have

Ker(Il,) = {¢ € T(W)|@%¢ = 0}
dimKer(IL,) — dimCoker(I,) = 1.

at (go, o). Therefore, dimCoker(Il,) = dimKer(Il.) — 1, then the Lemma follows

with the highest stratum of codimension one (from Proposition 2.2.15). a

Now we can prove the wall-crossing formula (2.16) by studying the local structure
of the parametrized moduli space near the degenerate reducible point. Note that a
family of metrics and perturbations (g;,2), which don’t cross the “wall” W (2.15),
yield the same Seiberg-Witten invariants. From Lemma 2.3.4, we can choose a
path of metrics and perturbations (g¢,v¢) which cross W at the highest stratum (a
codimension one subset). Suppose that (g;, ;) (t € [—1,1]) cross W only once at
t = 0 with Ker@? = C. For |t sufficiently small, write the eigenvalue near 0 for #4
as A(t) with A(0) = 0 and X\'(0) # 0. Then we know that
1 when A(0) > 0,
SFZ3 (%) =
-1 when )\'(0) < 0.
Denote by M(g,v) the moduli space of the Seiebrg-Witten equations on (Y, s)

with metric g and perturbation v. The unique reducible point [v,0] is isolated if



2.3. SEIBERG-WITTEN INVARIANTS ON A 3-MANIFOLD 45

Ker@dd = 0. We want to analyze the local structure of the parametrized moduli

space
M = {M(gs, 1) x {t}t € [-1,1]}

at the degenerate reducible point 99 = (g, 0), where 6y = [1,0] is the class of
the reducible solution of the Seiberg-Witten equation on (Y,s) with the metric and
perturbation (go,v0). There is a family of reducibles ¥, in M. Let M* be the
irreducible set in M, U be a sufficiently small neighbourhood of 6y in M, and U*

be the irreducible part of I/.
We construct a bundle over neighbourhood of ¥ in A x [~1, 1], together with a

section ¢ such that

u* = (s70) - {(9 )} /9-

Lemma 2.3.5. The based gauge group Go = G/U(1) acting on the configuration

space A has the following slice models:
(a) The slice of the G/U(1)-action at a point (Ao, 0) is V{4, 0y = Ker(d*) x'12(S),
(b) The slice of the G/U (1)-action at a point (A, ) is

Viaw) = {(a, 9)|d*(a) + iIm(, ¥)is a constant function on Y.}
(c) For (A,) close to (Ag,0) there is an isomorphism
Aawy Viaw) = Vo)

Proof. Properties (a) and (b) follow by direct computation. For (c), choose (¢, ¢)
in Viay) and define A4 yy(@, @) to be

(@ = 2d€(a,4)1 §(crig)¥ + B)
where §(, 4 is the unique solution of the following equations:
2d*d§(a,¢) =d*«o

dv=20
/YE(oz,qb) v

Direct computation shows that A(4 ) is an isomorphism. O
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The above Lemma shows that V is a locally trivial vector bundle over the space
of connections and spinors A endowed with a U(1)-action.

Define the section ¢
s:Ax[-1,1] =V
to be

C(Av ’l)b'l t) = )\(A,’l/)) (*g:(FA - th) - 0(¢’, 1/))’ aAw)

Near 9, we know that & = ¢~1(0)/G. Therefore, the local structure of U* at 9
is given by the Kuranishi model of s1(0)/G at 9.
Suppose (A, 1:) is an element in /*. Consider a formal expansion at ¥Jp of the

form
Ay =vi+tog +tlag+ - =t +t2a + o0

Near the degenerate point ¥g, the section ¢ is approximated by the following

pair:

(*god(ut Fton + t20n 4+ -0) — kgoduy — oty + 24y + -+ by + 20 + -+ ),
90 (ty + 2oy + ) + (bon + o +--+) - (thy + Pepa 4 ++)),
where we are perturbing in a neighbourhood of the wall W just by changing the
perturbation and fixing the metric go.

The zero set of the section therefore determines the conditions *da; = 0 and
d*oy = 0, which imply o; = 0 on a homology sphere. Moreover, we have d*az; = 0
and *xdog = o(11,11). On the kernel of d* the operator *d is invertible, hence we
have ay = (xd) 1o (1, ¥1).

The Kuranishi model near dq is given by a U(1)-equivariant map
S :R x Ker(#90) — Coker(@%),

where U(1) acts on Ker(@99) = Coker(#32) = C by the natural U(1) multiplication
on C.

We know that there exists a sufficiently small § > 0 such that, for t € [—4, 8], we
have that @9 has exactly one small eigenvalue A(t) with eigenvector ¢; (A(0) =0
and A'(0) # 0), that is @J°0¢; = A(t) .
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The map & is given by

S:Rx Ker(#2) — Ker(¢%),

S (t7 w¢) = HKer(é’ﬂg ) (@At w¢) :

Here we assume that ¢ is a spinor in Ker(@32) with ||¢|| = 1, so that Ker(@%) = C¢,

g (go0) is the L? projection onto Ker(#%).
Yo

Lemma 2.3.6. Consider the expression (0°¢, ¢) = z(t), then we have

Proof. We write formally A(¢) ~ tA(0), ¢+ ~ ¢ + té, and the Dirac operator
030 ~ 0% +tC, where vy ~ 1o +try and C acts as Clifford multiplication by vy. We

can write the first order term in the relation 9%°¢; = A(t)¢; as
(0061, 0) + 1(CP, ) = tX'(0) + A(0).

Here the term (99°¢1,¢) = (¢1,0%¢) vanishes, and also A\(0) = 0. Thus, we have
the relation (C'¢, #) = A'(0). On the other hand, we have (C¢, #) = 2'(0) from the

expansion of 3¢ = z(t)¢. O

Assume ¥ = re'?¢, then o(¢y, ;) = r2o(¢, ¢), the map S can be rewritten as
S(t,we) = 2(t)we+ t*{a2d, phwp + O(t%)

= (2() + Er((xd) " 0(4,8), 0 (6, 6)) Jw + O(t%).

whose zero set can be approximated by

2(t) + 2r%((+d) "o (¢, 9), 0 (¢, $)) = 0. (2.17)

The term (Y, go, vo) = ((xd) 1o (¢, ¢),o(¢, $)) is a constant that only depends
on the manifold (Y, s, go, v0). Generically, we can assume that 7(Y, go, vo) is non-zero.

Notice that we have (R x Ker(@92) — {0})/U(1) = R X R*. The irreducible
part of ¢71(0)/G is tangent to {0} x R* as t approaches 0.

The difference between the Seiberg-Witten invariants at ¢ = +6 can be eval-

uated by counting the number (with sign) of oriented lines in ¢~!(0)/G, with
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t € [-4,4], that are tangent to {0} x Rt x {0}. Here we identify &{* with the
set (S71(0) — {w = 0})/U(1). From the approximated zero set (2.17), we see that
the zero set (S71(0) — {w = 0})/U(1) is given by the condition

X(0) + tr2r(Y, go, vo) = 0.

Thus, we have only one line in /* given by

A'(0)

= ——

r27(Y, go, vo)’
whose contribution to Asw (Y,$, g, 11) (¢t € [—6,8]) is given by the (mod 2) spectral
flow.
Without loss of generality, suppose A'(0) > 0, that is SF},, o(@#J) = 1, by our

convention of the spectral flow, we see that
X
SFﬁfl(angxi) =1,
SFy (%) = 0.
When 7(Y, go, 4o) > 0, there are only one irreducible solutions approaching the

degenerate reducible point 9 which happens as ¢t < 0 with (—1) contribution to the

Seiberg-Witten invariant, hence,
)‘SW(Y151 a1, Vl) e )‘SW(Yv‘s,g—l) V—l) +1.

When 7(Y, go, ¥o) < 0, we see that there are only one irreducible solutions approach-
ing the degenerate reducible point 9J¢ which happens as¢ > 0 with (+1) contribution

to the Seiberg-Witten invariant, hence,
/\SW(Ya 5, g1, Vl) = ASW(Y, 5,0-1, V—I) 4 1.

This completes the geometric proof the wall-crossing formula (2.16). After intro-
ducing the equivariant Seiberg-Witten-Floer homology theory, we will give a more
general proof of the the wall-crossing formula (2.16).

We end this subsection by two remarks: For the trivial Spin® structure on Y, we
know that there is a quaternionic structure on I'(W) as in Lemma 2.1.4 for which
J-action commutes with the pure Dirac operator ¢ (see Lemma 2.1.6), one can

perturb the Seiberg-Witten equations on Y such that the moduli space admits this
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Zy-action, this has been worked out by Chen [13] to prove that the Seiberg-Witten
invariant is an integer lifting of the Rohlin Z; p-invariant for an integral homology

3-sphere.

2.3.2 Special Case II: (YY) =1

For Y with b;(Y) = 1, we know that reducible solutions happen at a codimension

one subspace

(1). n=n°+ *,dv, where n° is harmonic, ,

R={(97 2
(2). 7°= Tﬂ *g [c1(det(W)] under the Hodge decomposition.

There is a projection map 7 : Met x Z'(Y,iR) — H'(Y,iR) defined by sending

(g,m) = n°

the harmonic part of 7 for the metric g. By fixing the metric go, we see that R,—,
separates Z'(Y,iR) into two chambers. By varying the metric, therefore, 2% divides
Met x Z1(Y,iR) into two chambers, at each chamber, apply the same proof as above,
Asw(Y) is constant. As a family of (g, n¢)(t € [—1, 1] crosses R once at t = 0, the
parametrized moduli space
MEM = ) My (Y, g0)
te[-1,1]
has reducible solutions at ¢t = 0. As in the proof of Lemma 2.2.6, the reducible part

of Mg, (Y, go), denoted Mged,
MBEd ={(A,0)|* Fgy=mno = 718 + xdy}/G

can be identified as a circle. Let wg be the connection on det(W) with curvature

F,, = *n3, then any connection A with xF4 = 13 + *dvy can be written as:
A=wy+w+a

where @ is an imaginary l-form with de = 0, using the gauge transformation in
the identity component, we can require d*¢ = 0, hence, a € H(Y, iR). Ap-
plying a further gauge transformation in an appropriate component, we see that

a € HY(Y,iR)/H(Y,iZ) = S* since mo(G) = H(Y,iZ).
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In Mg p,_ (Y,9-1), M5, (Y, 91), the contributions to the Seiberg-Witten invari-
ants, from those points which are not path-connected to M5 in the parametrized
moduli space MI=11 are the same for (9-1,7m-1) and (g1,m). Therefore we need
only consider the structure of the neighbourhood of Mjd in MI-1:1],

Similarly to Lemma 2.2.14, the following Lemma clarifies when the irreducible

solutions approach a point in M9,

Lemma 2.3.7. Suppose that M5 is indezed by a € H'(Y,iR)/H'(Y,4Z) with the
corresponding connection A, = wo+vp+a, then ifKerg?iOa = 0, there is no irreducible

solution connecting A, in M[=11],

Proof. Let a (A 1) be a family of solutions to the perturbed equations (2.9)
with respect to (g¢, ;). Suppose (A¢, ¥1)t=0 = (A4, 0), then differentiating the Dirac

equation ﬁ: ¥y = 0 with respect to t, one obtains the proof of the Lemma. O

Therefore, if we can perturb the Seiberg-Witten equations further so as to achieve
the result that M is isolated from the irreducible solutions in M1 then we
can claim that the Seiberg-Witten invariant Asw (Y, s) is also a topological invariant
as long as the invariant is defined away from PR. Can this situation really happen
for a 3-manifold Y with 5;(Y) = 1?7 Unfortunately, the answer is “No”. We will
discuss this as follows.

Notice that we can choose v € Q1(Y, iR) for the perturbation n = 7°+ *dv whose
harmonic projection under the metric go is 7° = *F,,,. Denote by Zyo, the v-space
(those n with harmonic part n°). Using the arguments similar to Lemma 2.2.15, we

know that

S = {(xdv,ag)|Kerdl, .1, # 0}

is a co-dimension one subset in Z,0 x S*. Therefore, there is an open dense set Zo
in Z,0 such that any xdv € Zgo, {*dv} x S is transversal to the highest stratum
in that co-dimension one subset &G. Then there are only finitely many 6 € S! such
that Kerd., ,, is non-trivial.

From Lemma 2.3.7, generically, there are only finitely many points on AM}e?

which can meet the irreducible solutions in M[=11], We call these points the singular
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points. The local structures at singular points determine the wall-crossing formula,

for the Seiberg-Witten invariants defined for (g, n) in each chamber separated by fR.

Proposition 2.3.8. Suppose ci(det(W)) = 2n x © where © is the generator of
H(Y,1Z) and defines the orientation on H'(Y,iR), let (9_1,7-1) and (g1, 1) belong
to the two different chambers separated by R. Then

Asw(Y,8,91,m) = Asw(Y,8,9-1,7-1) + n.

Proof. First choose a family of metrics and perturbations (g¢, 7:) (¢ € [-1, 1]) such
)

(
that it crosses R once at ¢ = 0, with only finite singular points A(6;) on
My = {A(8) = wo + v + 606 € [0, 27]}

Using the Kuranishi model at the singular point at A(6;), one can see that the
contribution to Asw(Y,s,91,m) — Asw(Y,s,g_1,7-1) from the singular point is the
same as the contribution of the spectral flow of the twisted Dirac operator along
Maed from this singular point (the proof of this claim is essentially the same as
the geometric proof of the “wall-crossing” formula for b; = 0 in next subsection).

Therefore,

Asw(Y,s,91,m) — Asw(Y,8,9-1,7-1) = SE(#% )

Note that A(f) defines a connection on det(W) over Y x S1, hence, the spectral flow

is the index of the corresponding Dirac operator on Y x S, which is

i(cf + sign(Y x S1)) = n,

where ¢; = 2n x © + ng. : O
27

One of the most striking results about the Seiberg-Witten invariants for
bi1(Y) > 0 was announced by Meng and Taubes [34], where they considered the
3-manifold Y with &; > 0 and zero Euler characteristic (possibly with boundaries
consisting of disjoint tori), then the Seiberg-Witten invariants for all the Spin® struc-
tures define a unique element SW in Z[H]/H for by > 1, and Z[[H]]/H where
H = HZ,  ..(Y,Z)/Torsion. They claimed that this version of Seiberg-Witten

invariant equals the Milnor torsion constructed from the combinatorial topology.
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Chapter 3

Seiberg-Witten-Floer homology

The Seiberg-Witten monopoles contain more information than we discussed in the
last section. They can define a homology group for each 3-manifold with a Spin®
structure. This chapter begins with a framework for the infinite dimensional Morse
theory for the Chern-Simons-Dirac functional whose critical points are defined by the
Seiberg-Witten equations (2.3). The irreducible critical points generate the Seiberg-
Witten-Floer (non-equivariant) complex with the boundary defined by counting the
gradient flows connecting the critical points with relative index one. We also con-
struct the equivariant Seiberg-Witten-Floer homology which takes account of re-

ducibles.

3.1 Morse theory for Chern-Simons-Dirac functional

Let Y be a closed, oriented 3-manifold with a Riemannian metric, g, and a
Spin® structure, s = (W, p), as in last section. A is the L2-configuration space
for the Seiberg-Witten equations, the tangent space is the space of L2-sections:

Q}J? (Y,iR) @ L}(W) with the L?-inner product < , > (see (2.8)):

< (a,9), (b,%) >= /Y(—a/\ xb + 2Re(¢, )dvoly),

G is the L} gauge transformation group on Y, its tangent space is QOL% (Y,:R).

Fix a C* connection Ag on det(W), then there is a functional, called the Chern-

53
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Simons-Dirac function on Ag:

C(A, ) = —%/Y(A—Ao) (FA+FA0)+/Y(¢,@A¢)dvoly. (3.1)

The L2-gradient vector field of C at (4,), denoted by VC(4y), is the L2
tangent vector for which the following equation holds for any L2-tangent vector

(a,9) € Qig (Y,iR)® L}(W) at (4,¢):
< VC(ay) (a,9) >= :(C(A+ ta, ¥ +1¢))li=0

Lemma 3.1.1. VC(A,,/,) = (*FA — U(@b,lﬁ),ﬂ,ﬁb).

Proof. This follows from the infinite dimensional variation with respect to the

tangent vector

(a,¢) € Qpa(Y,iR) ® LI(W)

at(C(A + ta, lp + t¢)|t=0

= _% /y(a A (Fa+ Fa,) + (A — Ao) Ada — (3, a.p)dvoly
+ ] (6 040) + (b, ag))dvoly

_ /Y a A (=Fa + 0(4, %)) + /Y2Re<¢A¢, $dvoly

= < (xFa4 —o(¥,¢),0a%), (a,¢) > .
(]

There is a surjective homomorphism: G — H(Y, Z) which sends each L% map
g:Y — U(1) to a cohomology class [g] = [-2mig~'dg] on U(1). The kernel of this

map is the identity component of G. For g € G, we have

Clg-(A, 1)) — C(A, ) = /Y c1(det(W)) A [g]. (3:2)

Therefore, C descends to a map B — R/dZ = U(1) where d is the divisibility of
c1(s) = ei(det(W)) in H*(Y, Z)/Torsion. Obviously, the critical points of C on B
form the moduli space M, of the Seiberg-Witten equations (2.3).

In the case of ci(det(W)) = 0, we see from (3.2) that C descends to a map
B — R. If ¢c;(det(W)) # 0, we know that C descends to a map 8 — S1. In order to
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obtain a R-valued function over certain quotient space, we need a H!(Y, Z)-cover of
B, which is the quotient of .4 by the identity component G° of G. Denote by B the
resulting quotient. Then the critical points of C on B consist of H 1(Y, Z)-copies of
M, denoted by M, (see the following diagram).
B +—> M,
0
g H\(Y,Z) |H\(Y,Z) (3.3)
A . - B = M,
Another nice lifting of C (in the case of ¢;(det(W)) # 0) on B was discovered by
R. Wang [47] where he defined a subgroup of G:

- e/ det(W)) Afg] = 0} 3.4
G ={g€G|| erlder()) A [g] = 0} (3.4)
Then there is a exact sequence

0= G —G— H\(Y,Z)/Ker(¢) = 0,
where £ is the map on H!(Y,Z) given by

£(0) = [ er(det(W)) A [o),

with HY(Y,Z)/Ker(£) & Z for ¢;(det(W)) # 0. The corresponding quotient space

B; = A4/Gy is a Z-cover of B. This cover is universal in the sense that
Bl =8 Xg1 R,

and any cover of B such that C descends to an R-valued function is a cover of By.

The critical point set Mg on By is a Z-cover of M.
Z
Mz — M,. (3.5)

Lemma 3.1.2. The Chern-Simons-Dirac functional can be perturbed by a co-closed,
imaginary, L% 1-form n € Z'(Y,iR),

1

=5 (A= 40) A (Fa+ Fay = +20) + (3, dav) dvoly,

C"? (Aa ¢) .

with the L?-gradient flow given by (+F4 — o, %) — n,Pav), whose critical points
on B give the perturbed Seiberg- Witten moduli space Mg, for (2.9). These critical
points are non-degenerate in the sense that the Hessian operator is invertible at the

critical point.
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Proof. Applying the variation as in Lemma 3.1.1, we see that the critical points

are the gauge equivalence classes of the solutions to the equations

*xFy = U(¢1¢) l/p
dav =0.

The rest of the claims are the consequences of Corollary 2.2.13, Lemma 2.2.14 and
Proposition 2.2.15, since the Hessian operator Q4,,4,] acts on the tangent space of

B* at [Ag, %] € M, with domain
{(a,¢) € Q'(Y,iR) & [(W)|da + iIm(so, ) = 0}.
and @ sends (g, ¢) to

(sda ~ 20 (4o, 8), Pac$ + abo).

This Hessian operator has G equivariant extension to T A*®T'G, which is the operator
T defined in (2.10). Both @ and T are essentially self-adjoint, their kernels have the

same dimensions at the irreducible critical points. a

For c¢i(det(W)) # 0, we will take the perturbation *7 to be an exact 2-form
(Cf. Corollary 2.2.13), then under the gauge transformation the perturbed Chern-
Simons-Dirac functional C;, behaves in the same ways as (3.2).

On B = A/G% C, is an R-valued function, the corresponding critical points
consist of H!(Y,Z)-copies of Ms,, denoted by M,,. We introduce this lifting in
order to establish the Lojaszewiz-type inequality for C,,.

For generic perturbation 7, the functional C,, which has only finitely many crit-
ical points on B, has the following nice property, since it satisfies the Palais-Smale

condition.

Lemma 3.1.3. For any ¢ > 0, there is A > 0 such that if [A,¢] € B has the
L2-distance at least € from all the critical points in M, for sufficiently small per-

turbation 7, then

IVCh([A, D2 > A.
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Proof. Suppose there is a sequence (4;, ;) in B whose L2-distance is at least ¢

from all the critical points in M, for which
IVCy([Asy ¥iDllze = 0  as i — oo.

Then as ¢ — 0o, we have

| ¥ Fa, — o (i, %) — mllg2 = 0
@4 (¥i)llz2 — 0

where 7 is sufficiently small. This means that there is a constant C' > 0 such that
[V Fa = o) = 0 + Bawi)P < C.

Resorting to the Weitzenbock formula for (331., and for n sufficiently small, the above

inequality reads as
s
/Y [Fail” + lo (i i)l + S1il* + 2V aif? < 2C.

It follows that ||4;||ps, ||Fa;llz2, ||V 4,¢i||r2 are all bounded independent of ;. Now
using the standard elliptic argument as in the proof of compactness, we know that
there is a subsequence converging in L}-topology to a solution of (2.9). This con-
tradicts the assumption that the (A;, ;) in B have L2-distance at least € from all
the critical points in M,,. O

Near the non-degenerate critical points of C,, we have the following L?-distance

estimate.

Lemma 3.1.4. Suppose o is a non-degenerate critical point of C,, there exists a
constant Cy, such that if the L?-distance from [A, 1] to « is sufficiently small, then
the L*-distance from [A, ] to « (denoted by dist2([A, ], a) is bounded by

Ca”VCn(Aa 1/’)HLﬁ(Y)-

The claims are also true for the GO-quotient cases with critical point set ./\;ls,, on the

quotient space B.

Proof. By Lemma 3.1.5,

1 . 5 .
Ao = maz{m| A; is a eigenvalue of the Hessian operator @ at o}
K
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exists and is bounded. We know that [A, 9] — VC,(A, ) defines a L?-tangent
section, which is smooth and transverse to zero at «. Hence, we may choose a
small neighbourhood of « (denoted by U,) which may be identified with a small
neighbourhood of 0 in the L2-tangent space of B* at «. We then have

VCy([A, ¥]) = Qal[A, ¥]),
which implies that
diSth ([Aa d}]a 0‘)
3
< SIRE(VC (A D) ey

3
< Sl VC (A ¥)llay)-

Choose the constant C, with
3
Cy > EAO”

then the Lemma follows. (]

3.1.1 Relative indices and spectral flow

Note that the tangent space of B* at [A, 1] is the L?-completion of
KerGiy 5 = {(a,9) € Q'(Y,R) @ T(W)|d*a + iIm (s, ¢) = 0}.

The Hessian operator of C at [A, ] € B* is given by

Quu* (@,9) = (sda— 20(9, 8) - 2, §ad + 509+ 1)

where f is the unique solution in Q9, (Y, R) of the equation
L2

* 1 .
(@*d+ S[[")f = iIm(@at, 8).
Notice that if [A, 9] is a critical point of C, then f = 0 by the maximum principle.

Lemma 3.1.5. Q4] defines a closed, unbounded, essentially self-adjoint, Fred-
holm operator on the L?-completion of KerG’["A,dJ], and its eigenvectors form an L?-
complete orthonormal basis for K”GFA,M- The domain of Q[4,y) is the L%-tangent
space of B*. The eigenvalues form a discrete subset of the real line which has no
accumulation points, and which is unbounded in both directions. Fach eigenvalue

has finite multiplicity.
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Proof.  We follow the arguments in [42]. Since Q(4,) defines a bounded, es-
sentially self-adjoint, Fredholm operator on the L2-completion of KerG’["A'w] to the
L?-completion of KerG’[“AM], the forgetful map from L? to L? is compact, and the
resolvent of (4 y) is compact, then Q[4,4) has no essential spectrum (accumulation
points or isolated eigenvalue with infinite multiplicity). Therefore ([4,y] has discrete
spectrum without accumulation points and each eigenvalue has finite multiplicity.
The remaining statements are standard in the elliptic theory on compact manifolds.

d

Remark 3.1.6. From the arguments in the last section, we see that after a generic

perturbation by a co-closed 1-form n, M} . consists of finitely many non-degenerate

X
critical points of Cy, in the sense that the Hessian operator Q, has no kernel at
these critical points. Then for any two critical points [Ay, 1] and [Az, s, the
spectral flow of the Hessian operator, (Q,,, for the generic perturbation, n, defines
a locally constant function on the space of continuous paths between [Ao, 1] and
[A1,%1]. This function depends only on the homotopy class of the path between
[Ao, ¥o] and [Ay, 1], but its mod (d(s)) reduction doesn’t depend on the homotopy
class of the path, where d(s) is the divisibility of the first Chern class c;(det(W)) in

H%(Y,Z)/Torsion.

Proof. We only need to prove the claims regarding the spectral flow of Q. Let
[A(t),¥(t)] (t € [0,1]) be a path in B* which connects [Ag, 1] and [Ay, 1] as t
varies. The eigenvalues near 0 vary and if the zero crossings are not transverse,
we can perturb @, with the two endpoints fixed, by adding a smooth family of
self-adjoint, @,-relatively compact operators p(t), such that the perturbed family
has its eigenvalues crossing zero transversely. Then the spectral flow of the Hessian
operator ¢}, is the number of eigenvalues which cross zero with positive slope minus
the number of eigenvalues which cross zero with negative slope. It is finite and
independent of a sufficiently small perturbation p(t). This spectral flow depends
only on the homotopy class of the path between [Ag, 9g] and [A;, ¥;]. Since A* is

simply connected, B* = A*/G is not simply connected,

m(B*) = mo(G) = H(Y, Z).
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Any two paths in B*, connecting [Ao, o] and [A1, 1], define a closed loop in B*
bhased at [Ag, 1bo], which belongs to the component [g] € H'(Y,Z) for g € G. The
difference of the spectral flows along two paths equals the spectral flow along the

closed loop. By [2], it is the index of operator
0r — Q.

This index equals the index of the deformation complex for the Seiberg-Witten
equations on Y x S! with the pull-back Spin® structure 7*(s) (7 : ¥ x S? - Y is
the projection). The positive spinor bundle for Y x S! can be identified with the
negative spinor bundle via the Clifford multiplication of dt. Therefore, the difference

of the spectral flows along the two paths equals

Ter(n*(6))? = 2(¥ x SY) = 30(¥ x 51)

= [ exdet(w)) Alg
= 0(mod d(s)),

where d(s) is the divisibility of ¢;(det(W)). Note that d(s) is always even. a

We know that Q4,4 has a gauge equivariant extension to TA* & TG, which
is the operator T as similarly defined in (2.10) where T was only defined for the
critical points. Denote by T(4 ) the extended Hessian operator at (A, ), on A*,
let (Ao, o) and (A1,%1) be two lifts of [Ag, ¥o] and [Ay, 9] respectively. By the
construction, the kernel of T4, 4.y is trivial, then the spectral flow of T4 ,) from

(Ao, o) to (A1, 1) is a well defined Z-function and

SF Q= SFLIIIT (mod d(s)). (3.6)

Recall that the definition of the Seiberg-Witten invariant for (Y, g,s) (See Defi-

nition 2.3.2), where we use the spectral flow of T(4 4y, up to a sign, is:

[A]
Asw(Y)(s) = ) (=1)5Fa0.90197 (3.7)
[A¥]
here [Ag, 1q] is a fixed critical point in Mj,. Note that for a 3-manifold with
b1(Y) > 0, we can choose the perturbation 7 so that Ms, = Mg, . For a homology

3-sphere Y, we need to choose the perturbation 7 = *dv so that the unique reducible
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critical point [v, 0] is isolated, that is, (g, n) is away from the codimension one set W
(2.15). In the latter case, we have a priori choice of the critical pOiI.It, the reducible
one [v, 0], then we can replace [Aqg, 1o] by [, 0] in (3.7). @ is invertible at [v, 0], but T
has one dimensional kernel at [v, 0], therefore the spectral flow of T’ from [v, 0] to an
irreducible critical point is defined to be the intersection number of the eigenvalues
with the line A = —e where ¢ is any sufficiently small positive number (see [2]).
Therefore, using the spectral flow of the Hessian operator Q,, we have defined

relative indices for the critical set Mg ,:
i: Mgm — Zd(s) (38)

by sending [A4, ¢] to SF[[‘fo’ﬁO]Q,,. In particular, the relative index between the two

critical points a, § is a well-defined Z4(4)-valued function:

i, B) = i(a) —i(B) (3.9)

which is the spectral flow of the Hessian operator along any path connecting o, 8
on B (mod d(s)). When c;(s) is a torsion class, which happens, if Y is a homology
3-sphere, then i is an integer-valued function. When ci(s) # 0, the Z)-valued
relative indices can be lifted to the Z-cover of M, (see (3.5)) to define a Z-valued

indices

i: Mg, —Z. (3.10)

3.1.2 Moduli space for the gradient flows

The downward gradient flow equation for C, on A is given by the path of pairs
(A(t), (t)) that satisfies the equations

%@Z—*FA@)+U(¢,¢)+%

dlg—it) = —@aw)¥(t).

(3.11)

These are the Seiberg-Witten equations on (Y x R, g + dt?) for the pull-back
Spin® structure with respect to the temporal gauge (the d¢ component of A on

det(W) — Y X R vanishes identically) [26]. The two solutions to the equations
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(3.11) are said to be equivalent if they (as paths in .A) are gauge equivalent under
the action of G.

Under the projection 7 : Y X R = Y, we identify
Q2 (Y x R,iR) = 7*(Q(Y, iR)) (3.12)
by sending p(t) to xp(t) + p(t) A dt, and identify
QY x R,iR) = 7*(Q°(Y,iR) ® Q' (Y, iR)) (3.13)

by sending (f(t), p(t)) to p(t) + f(t)dt). Let the Spin® structure on ¥ X R be the

pull-back of (s,W). Using the Clifford multiplication of dt, we can identify the
positive and negative spinor bundles W* both as m*(W) as follows:

(W)

P (3.14)

w+ = w-

such that for 1-form a € Q!(Y,iR), ¥ € W, we have
o (a.) = a.dt.p*(9) = 057 ().

Lemma 3.1.7. (Identification of Dirac operators) Let (t) be a section of m*(W)
and A(t) be a family of connections on det(W). Then we can view A(l) as a con-
nection on det(y*W), and the twisted Dirac operator D 4 for (Y X R, n*(W)) can be

expressed as Oy + @A(t) in the sense of

Palp ) = p~ (0 + Pa)p(2))-

Proof. Let {e;}3_, be an orthonormal basis for T'Y, then by the definition of Dirac
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operator on (Y x R, 7*(W)), we know

Dalp*v)
= Y1 €.Va(pte) + dt.oi(p*y)
= dt.y et dt.pt (V) + dt.0(pT )
= dt.pt (T2, . Va0 + 0)
= dt.p™((0: + Paq) ¥ ()

= p ((Ot+ Pag)®(2)).
O

Then the downward gradient flow equation (3.11) becomes the Seiberg-Witten
equations on (Y x R,7*(W)) in the temporal gauge [26] [49]:

Dayp=0
where FI is the self-dual part of the curvature F4, nt = x3n+ n A dt, and (%, ¥)

(3.15)

is the self-dual 2-form given in local orthonormal frame {e;, e;, €3, €4 = 8;} by
1 y W
Z(ei.ej.i,b, e Ael.

We say that two solutions to the Seiberg-Witten equations (3.15) are gauge
equivalent under Map(Y x R,U(1)) if and only if the paths in A they determine in
temporal gauge are gauge equivalent under gauge group the Gy = Map(Y,U(1)).

For any solution S(t) = (A(t),%(t)) of the downward gradient flow equations
(3.11), we have

Ca(S(t1)) = Cq(S(22))

_ [1OC,(S(2))
= /tz ety

= - [ Ivens )
= [TIve, (50

for any ¢; < tz. Hence, we will say that any gradient flow line S(t) = (A(t), ¥(t))

on A has “ a finite variation of C,” if S(t) satisfies the “finite energy” condition:

/":o IVC,(S())]224t < oo.
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Lemma 3.1.8. Suppose S(t) = (A(t),¢(t)) to be any solution to the equations
(3.11) with finite variation of Cy,, and 7 to be sufficiently small, then there exists

a constant s such that |¥(t)| < s and
ac
(a) —6—; <0 forallt or [S(t)] = «,
(b) lim¢y100 S(t) exist and represent some critical points in Mg,

(c) There exist Tg >> 0 and a positive constant Cy such that for t > Ty the

following inequalities hold:

ICa(S(2)) = Ca(S(+00))[V? < CollVC (S (D)l (y)

ICa(S (=) = Co(S(=00))['? < CollVCr (S (=) ll2(ry

Proof. The C%bound of 4 is a standard application of the Weitzenbock formula.

The first claim comes from the following equality:

0
5:Ca(S(®)

_ 25(1)
= (VCy(S(1)), 7>
= —|IVC,(S())]I2 (by the downward gradient flow)

Notice that
INLCEOT

- [ Ivensee:

= Cp(8(t)) - Cy(8(t2)) < o0

I

for any ty,ts, hence the finite variation of C,(S(t)) and the claim (a) imply that
limyy 400 VC,(S(t)) = 0. As a solution to an elliptic equation, S(t) is gauge equiv-
alent to a smooth solution, therefore, lim; 1., S(t) exist and represent two critical
points of C,.

The inequalities in claim (c) follow from the following lemma which is the infinite
dimensional version of the Lojaszewiz inequalities with best exponent proposed by

L. Simon for nonlinear geometrical equations.
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Lemma 3.1.9. For each critical point @ € M, (see Diagram (3.3)), there is a
neighborhood U, C B of a and a positive constant C, such that for every S € U,:

[Ca(S) = Cyle)] < CallVCH(S)II72(r) (3.16)

Proof of Lemma 3.1.9 This is an application of Lemma 3.1.4. Let U, C B be as

determined by Lemma 3.1.4. Choose any path S(t) (¢ € [t1,¢2]) in U, which connects
S and o with the least L2-distance, Cp is R-valued on , then

Ca(8) = C(e)
< [HElsa),
< IVe©l [ 1254

< CallVE ()2,

where C, is the constant in Lemma 3.1.4. |

Let , 8 be two critical points in Ms,. Denote by M(«, 3) the moduli space of
the gradient flow equations (3.11) with the asymptotic limits «, 8 as t — —o0, +00.
In the following we will prove that, generically, this moduli space is a smooth mani-
fold with dimension prescribed by the index theorem. This property depends on an
accurate choice of perturbation. First, we need to put M(e, 8) in suitable function
spaces. We choose the weighted Sobolev spaces by studying the decay rates of the
gradient flows in M(a, 3) as t & +oo.

We remind the reader that we always identify a path (A(t),+(t)) in A with a
pair consisting of connection and spinor for (Y x R, 7*(W)) under temporal gauge.

We need to perturb the gradient flow equations in the following form:

D

B=—xFato(,d)+n+E(AY)

r = —Pa(¥)

(3.17)

e

where E is a Q'(Y,iR)-valued, Gy-invariant function on A satisfying

1B, 9)llze < F1VCH (A, ). (3.15)



66 ; CHAPTER 3. SEIBERG-WITTEN-FLOER HOMOLOGY

Remark 3.1.10. This perturbation is to preserve the translation invariance of the
gradient flow equation under the action of R. We call the solution to (3.17) the
perturbed gradient flow line of C,, or simply, the gradient flow line. Denote again
by M (e, B) the moduli space of the perturbed gradient flow lines on B which connect
« and 3. For this kind of perturbation, Lemma 3.1.8 and the Lojasiewicz inequality

(3.16) still hold.

The corresponding perturbation of the Seiberg-Witten equations on Y X R is
given by

Ff =q(¢,9)+ 0t + E(A,9)*

P(y)=0

where A; is the Y-component of A and E(Aq, ¥)* = *3E (A1, %) + E(A1, %) A dt.

(3.19)

Another kind of perturbation is given by Froyshov [22] using the involution of
C, with certain cut-off functions. For the perturbation as in (3.17) satisfying (3.18),

we have the following lemma, which comes from a direct calculation.

Lemma 3.1.11. Let o, 3 € M,, suppose that S(t) = (A(t),®(t)) is a solution of
(3.17) with finite variation of C,, representing a perturbed gradient flow line on B

connecting « and (3, then for any t;,t2 € R,

% /tt2 IVC(SENNF20ry < Cn(S(t1)) = C4(S(t2)) < 2 /t't2 SO

Applying the Lojasiewicz inequality (3.16), we have the following exponential

decay estimates for the perturbed gradient flow connecting o and S.

Proposition 3.1.12. Let S(t) = [A(t), ¢(t)] be a perturbed gradient flow connecting

o and (3, satisfying the “finite energy” condition:

J IS @) gy < o0

then there erist gauge representatives (A(t),¥(t)) for S(t), (Aa,%a) for a and
(Ag,g) for B such that

(a) A~ Ay and ¢ — ¢, decay exponentially along with their first derivatives as

t — —oo,
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b) A — Ag and v — +pg decay exponentially along with their first derivatives as
B B

t — 00.

Proof. We will only establish the claims in (b), the others are similar. Choose

T>>1,lett>1T, define

£@) = [ IVC S @) syt

The same arguments as in (Lemma 6.14, [38]) can be employed to prove
distr(S(6),8) < C1 [ 19Co(S(t)Baqrydts = Cré(t - 1)

for some constant Cy. Lift S(t) to a path on A, then it is easy to see this lifted path

has a finite variation of C,. Continue to denote the lifted path by S(t). Then by

Lemma 3.1.8, we know that lim; 4., S(t) = S(£oo) exist and represent o and S.

We will prove that £(t)(t > T') decays exponentially as t — co. Note that

o
ot

= (VCy(S(t)), —0S (1)) 12(v)

3
> Z||VC,,(S(t))|I%2(y).

Ca(S(1)) = Cp(S(o0)]

Applying integration over [t, 00), we get

2E0) < 1C(S(0) ~ CalS(o0))
< Cp||VC,,(S(t))||%2(Y) ( by Lojaszewiz inequality (3.16))
~ DE(t)

This implies

0E(t) 3
o\ .
ot - 4Cﬁg(t)

Therefore, there exists a positive constant C; such that

3
E(t) <y eXP(—@t)

fort > 1T. O
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. 3
Remark 3.1.13. By our choice of Cg (Cg > m, see the proof of Lemma
min
P 7 )1 7 PO 3 R 1 ’\min(lg) P
1.4), we know the decay rate is ég = E’ which is less than 5 s Where

3.1.4),

Amin(B) is the least absolute eigenvalue of the Hessian operator at the non-degenerate
critical point . From Proposition 3.1.12, we see that the perturbed gradient flow
lines always have erponential decay with rate g depending the critical points which

the gradient flow lines approach as t — +oo.

Since we work on the non-compact manifold Y x R, the ordinary Fredholm
theory won’t be enough because the Sobolev embedding theorems and the Sobolev
multiplications fail. By Proposition 3.1.12, we know that we can take the weighted
Sobolev space for the purpose of transversality and index calculations. See [30] for
the relevant background of the weighted Sobolev spaces, which satisfy the Sobolev

embedding theorems and the Sobolev multiplications.

3.1.3 Transversality and gluing procedure

We now study the geometric structure of the moduli space M(a, §) for the gradi-
ent flow lines connecting two different critical points «, 3. The space M(a, ) is
also the moduli space of solutions to the perturbed Seiberg-Witten equations on
(Y xR, g+ dt%, n*(s)), which are asymptotic to a at —oo and 3 at co. Let & be the
decay rate of the gradient flow line in M(a, ) (see Proposition 3.1.12 and Remark
3.1.13).

Consider the space of pairs of connections and spinor sections of
(v xR, g+ di?,7*(5)),

topologized with the weighted Sobolev norms of weight § as in [30]. Here the weight
function is es(t) = egt, where § is a smooth function with bounded derivatives,
6 : R — [—6,8] such that §(t) = —6 for t < —1 and 6(t) = & for t > 1. The L} s

norm is defined as

1Flz, = () es 12+ VA2 + V22 +- o [V5 1) dedvoly ) *

The weight es imposes an exponential decay as an asymptotic condition along the

cylinder.
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We summarize some of the Sobolev embedding theorems and the Sobolev mul-

tiplications for the weighted Sobolev spaces (see [30]).

Proposition 3.1.14. Let Y be a compact oriented three-manifold endowed with a
fized Riemannian metric g. Consider the cylinder Y X R with the metric g + dt?.
The weighted Sobolev spaces Lz,a on the manifold Y xR satisfy the following Sobolev

properties.
(a) The embedding Li,& — L12c—1,5 is compact for all k > 1.
(b) If k > m + 2 we have a continuous embedding L} 5 — C™.
(c) If k > m + 3 the embedding L} ; — C™ is compact.
(d) If2 < k' and k < k' the multiplication map Li',5®Lz,6 S Lz’% 18 continuous.

(e) The operator %-{— T(t) is a Fredholm operator on the weighted Sobolev spaces

5 . . .
if 2 is not an eigenvalue of the operators lim;_,4., T'(t), moreover, the index

of % + T'(t) is the spectral flow of the operator T(t).

Consider a metric g; + dt? on the cylinder Y x R such that for a fired T we have
gt =go fort > T and g; = g1 fort < =T and g; varies smoothly when t € [~1,1].

The same Sobolev embedding theorems hold for the Li,(; spaces on' Y x R.

An element v9 € M(a,3) determines a path in .A/G, also denoted by 5. Let
Fo = (Ao(2), %o(t)) be a lift of v to A(Y,s). There is a spectral flow of T'(¢) along
the path 4o (see (3.6) for the relation with the spectral flow of the Hessian operator
@), denoted by i(yo). We see that

i('70) = SFy (Q) = i(Oé, B)(mod d(ﬁ))

where (e, §) is the relative index between « and f, defined in (3.8) and (3.9), note
that i(vyo) is Z-valued.

For k > 2, let A s(c, B) be the space of pairs of connections and spinor sections

(A,¥) on Y X R satisfying

(A,%) € (Ao(t), Yo(0)) + (R (¥ x R,iR)® LE5(W+)).
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The gauge transformation group Gi41,5(e, B) is locally modelled on
Li41,5(Q°(Y x R,iR))

and approaches elements in the stabilizers G, and Gg as t — *oo. This gauge
group acts on Ak (o, ) freely. We can form the quotient Bis(e, ), a smooth
Banach manifold with tangent space at [A, ]

{(a,9) € Qpz , ® Lis(W™) [(e—sd”es)a + ilm(y, ¢) = 0}.

From Proposition 3.1.12, we know that the component of M(a, 3) containing

the given gradient flow line 7o, denoted by M(a, ), can be identified with

(A, 1) satisfies the
(A1 \II) € Ak,&(a)ﬂ) /Gk+l,5(a1ﬂ)°

monopole equations (3.19).

Note that for a homology 3-sphere, each component of the moduli space M(a, §)
with the relative index i(«, 8) has the constant dimension i(a, 3).

The perturbation parameter space P is the space of Qii“(Y, iR)-valued, Gy-
invariant functions on A with the L?(Y)-norm less than the L?(Y)-norm of EV(,’,7
at each point (A, ) (see equations (3.17), (3.19 and (3.18)). Therefore, each class

in P defines a compact perturbation E(Ag,¢)* with respect to the L%‘J—norm.

Proposition 3.1.15. For a generic perturbation E € P, M(a, §)~,, the component
of M(a, B) containing 7o, is an oriented, smooth manifold of dimension i(yo) — do
(tf i(y0) — do > 0), where dy = 1 if @ is reducible and d, = 0 otherwise. The space
M(v, B)4, 15 empty if i(v0) — da < 0.

Proof. Suppose (A(t),%(t), E) is a solution of the perturbed gradient flow equation
(3.17) or (3.19). The linearization of (3.19), together with the gauge fixing condition
G* at (A(t), ¥(t), E) is the operator

Dawr: PXLL;(Q8OW™) o Li_ (i Q@i Q> o W)
which sends (x, b, ¢) to

(6_5G*65(b, ¢)1 d*tb + K'(Aa ¢)+ + I((bv ¢) o ((Dq¢)¢)+a pA(¢) + %blb),
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where K (b, ¢) is a bounded operator which is the linearization of E(A, ¥)tat (A, ¢)

)

Dgy is the linearization of ¢(, ) at 1. Under the identifications of (3.12), (3.13),
(3.14) and Lemma 3.1.7, for a sufficiently small E(A,) (fixed), up to a compact

perturbation,
Dawe~0:+T(t)

where T'(t) is the extended Hessian operator of C;, at (A(t),%(t)). By the choice of
our weight 6 and Proposition 3.1.14, we know that for a fixed perturbation E(A, V),
Day,k is a Fredholm operator of index i(yp) — dy. The appearance of d, is due to
the fact that T'(—oco) has a one dimensional kernel at the reducible point.

. Now we need to verify that D4y g is surjective whenever (4, ¥, E) is a solution
to the equation (3.19) in Ay s(e, B).

Let (§,a,¢) € L?(iQ2°® iQ*T @ W), the dual space of L} (i@ iQ* T ow),

such that (¢, a,¢) is L2-orthogonal to the range of D4 4 . Varying k(A, 1) alone,
we see that @ = 0. Then (, ¢) satisfies the following equations:

(a)‘ —265(16_56 = a(d)v ¢)1
(0). Pap+&p=0.

from which we can obtain the following equation for &:

~4d" (esde—s€) = 240 (p, $) = iIm (v, Pad) = |¥[’%,

that is equivalent to

4(e-g"ey) (egde_y) (e-16) + 0P (e_g8) =o.

2

Note that e_s € is LZ-bounded, hence we know that £ = 0 by the maximum principle,
2

since 9 # 0. Then ¢ must satisfy the following equations (see the equations (a) and
(b)):

(). Pad=0,

(d). oy, ¢) =0,

(e). o(,bp)=0 for any b € 7*(:Q}).
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where the equation (e) comes from the fact that (0,0, ¢) is L2?-orthogonal to the
range of Dy y g. From (e), we know that ¢ = ify for a real function f. Plug
¢ = i f1 into the equation (d), to get f = 0, hence ¢ = 0.

Therefore, the moduli space M? of triples (4,9, E) in Ags(e, ) x P to the
equation (3.19) is a smooth, infinite dimensional manifold.

The projection IT : M? — P linearizes to a surjective Fredholm operator with
index i(yo) — dy. Then the Sard-Smale theorem implies that the moduli space
M (a, B).,, for generic perturbation E € P, is the inverse image under the projection
map II of a regular value. Thus M(«,§),,, the component of M(a, ) containing
Yo, is a smooth manifold of dimension (o) — dy if i(70) — dy > 0, and is empty
otherwise.

The orientation of M (e, ), is determined by the determinant line bundle of
DayE over Ags(a, ) for a fixed perturbation E. Notice that we consider the
configuration space of é-exponential decay connections and spinor sections. Then
the arguments in [49] and V.6 of [35] can be employed to get the orientation of
M(a, B) by choosing an orientation of

APHNY x R,iR)® APH2T(Y x R,iR)® HY(Y X R,iR).
Note that there are no exponentially decaying harmonic forms on Y x R. Therefore,
H}(Y xR,iR) = H§’+(Y x R,iR) = H(Y x R,iR) = 0.

This implies that M (e, §) has a canonical orientation from the complex structure

of the spinor sections. O

Proposition 3.1.15 has an immediate corollary.

Corollary 3.1.16. Let (Y, g,5) be a closed, oriented $-manifold with Riemannian
metric g and the Spin® structure s = (W = Wy ® L, p), Ms, be the set of non-
degenerate critical points of C, as in Lemma 3.1.2, let M(«, B) be the moduli space
of gradient flow lines (for a generic perturbation) of C,, which connect two different

critical points o« and 8. Then,

(a) If ci(s) is a torsion element, in particular, in the case of Y a homology 3-
sphere, M(a, B) is empty if i(a) — i(8) — do < 0, otherwise, M(a, ) is an

oriented, smooth manifold of dimension i(a) — i(8) — d,.
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(b) If c1(s) is non-zero in H*(Y,R), M(e, B) has many components, each of them
is an oriented, smooth manifold with dimension given by i(y) — d, > 0, where
v is a chosen element in that component, the dimensions of two non-empty
components are different by a multiple of d(s), where d(s) is the divisibility of
ci(s) in HX(Y, Z)/Torsion.

Fix a critical point g in M, for the case of a 3-manifold Y-with b;(Y) > 0, we
define

i(a) = i(a, a0) € {0,1,2,---,d(s) — 1} (3.20)

then the relative index i(a, ) = i(a) — i(8).

The primary components of concern in Corollary 3.1.16(b) are the non-empty
component with the least dimension. We will mainly study the components of
M(a, B) with dimension between one and d(s) — 1. Denoted by MU (@)=i8) the least
dimensional components in M(a, §) for i(a) > i(f) where i(e) and i(83) are defined

by (3.20). There are similar properties for the higher dimensional components of

M(e, f).

Lemma 3.1.17. For a homology 3-sphere (Y,s) or (Y,s) with b;(Y) > 0 and non-
trivial first Chern class ¢y (s) in HX(Y,R), the perturbation 7 is chosen to be xd-ezact

as in Corollary 2.2.13, then there exists a uniform finite energy E':

| IV (sO)zadt < B,

for any S(t) in a component of M(c, ) with fized dimension, in particular, on

Mile)=i(8),

Proof. For a homology 3-sphere (Y,s), the claim is obvious, since the perturbed
Chern-Simons-Dirac function on B is R-valued. For (Y, s) with 5;(Y) > 0 and non-
trivial first Chern class ¢;(s) in H?(Y,R), the perturbation *7 can be chosen to be
an exact 1-form by Corollary 2.2.13. We can lift C;, to be an R-valued function on By
where By is the intermediate covering space of B determined by ¢;(s). To be specific,

denote by Ker(ci(s)) the kernel of the map H'(Y,Z) — Z defined by sending [u] to

(e1(6) A L) (VD).
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Then B (cf. Diagram 3.3) is a covering space of By with fiber Ker(cy(s)):

b—; Ker(ci(s)) B() HY(Y,Z)/Ker(ci(s)) B.

Fix a point o in By over a € B. By the dimension formula and the definition
of energy, any lifting of S(t) € MU®)~UP) to a path on By starting from o(©) (as
t — —oo) will approach a fixed critical point in By over 8. Therefore, we have a
uniform finite energy for the gradient flow lines in M ®)=F), The same arguments
can be applied to prove this Lemma for a component in M(«, 3) with fixed dimen-

sion. =

There is a natural R-action on MU®)=i#) gince the perturbed gradient flow
equation (3.17) is R-translation invariant. Denote by M¥®)=i(8) the quotient of
Mi(@)=i8) by R. For a, B with i(a) > i(8), MU@P) is an oriented, smooth manifold
of dimension i(a) — i(f) — dy — 1.

Due to the R-action on MH®)=i8)  the moduli space M@)=iB) is not compact,
unlike the Seiberg-Witten moduli space on a compact manifold where the C°-bound
on the spinor can lead to the L?-bounds. Though we have the C°bound on the
spinor, the non-compactness of ¥ x R blows up the L%-bounds. Notice that our
solutions to (3.17) or (3.19) with a small perturbation satisfying (3.18), after the
quotient by R, MU@)=1(B) ig sequentially compact.

For any two gradient flow lines Si(t) € M(w,B), S2(t) € M(B,7), after
reparametrization, we can identify (S;(¢),S2(t)) as a “broken trajectory” of the
gradient flows in M(, ). With this convention, we show that M¥{®)~1(A) ig a man-
ifold with corners, the following Proposition claims that it is also compact. If we
already know the fixed quantity i(a) — i(8) = n, we would rather use the notation

MM, B) for MH@)=UP),

Proposition 3.1.18. Suppose that Y is a homology 3-sphere, or (Y,s) is a 3-
manifold with b;(Y') > 0 and ci(det(s)) # 0 in H2(Y,R), choose the perturbation n
on'Y as in Corollary 2.2.13, then MU(®)=1B) jg sequentially compact, namely, any
sequence in MU =P) pas g subsequence which either converges to a trajectory in
Mi(a)=i(B) op converges to a broken trajectory. The component ofM(a, B) with fized

dimension for by(Y') > 0 is also sequentially compact.
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Proof. We choose a lift of AMi(2)=i(8) jn Aqi(e)-i(B) by requiring that the gradient

flow line [A(¢), ¥(t)] have equal energy on (—o0,0] and [0, 00):

S IVe A, b = [ 1V, (A@), vl (320

Note that as a solution to the elliptic equation, VC,([A(t), ¥(t)]) is smooth. This
lift is unique since in the family of gradient flow lines R.[A(t), %(t)] in Mi(x)=i(B)
there exists a unique gradient flow line satisfying the equal energy condition (3.21).

Let [A4;(t), %:(t)] be a sequence of gradient flow lines on B with the equal energy
condition. By Lemma 3.1.17, we know that [A;(t), ¢i(t)] have uniformly finite energy
E. By the Palais-Smale condition (Lemma 3.1.3), we can find T >> 1 (choose
T > % where A is the constant appearing in Lemma 3.1.3), such that for [t| > T,
[A:(t),:i(t)] lie in a very small e-neighbourhood of a or 3.

OnY x [-T - 1,T + 1] (a compact 4-manifold), we can apply the compactness
result for the Seiberg-Witten moduli space [26], then we follow the arguments in [27]
to prove that (A;(t), ¥:(t)) represents a subsequence of [4;(t), 1;(t)] that converges
to a solution to (3.19) on Y x [-T — 1, T + 1] after a gauge transformation.

Now we assume that there is a subsequence with the uniform exponential decay,
then we can find a subsequence converging strongly on Y x ((—oo, —T] U [T, 00)).
On Y x [T - 1,T 4 1], after passing to a further subsequence, there exist gauge
transformations u; € L} (Y X [-T — 1, T+ 1]) such that the transformed solutions
converge strongly on Y x [-T' — 1,7 4 1]. We need to merge {u;} over the overlap
K =Y x([-T-1,-T]U[T,T+1]). This can be done by choosing a cut-off function
cequal to 1on Y X [-T,T]and 0 on Y x ((—00,~T — 1JU [T 4 1,00)). Over K,
there exists a subsequence of {u;} converging strongly to a gauge transformation u,
such that for a sufficiently large N and for all + > N, the C%bound |u; — un| < %

is satisfied. Then for all i > N, u; = uyeap(2ri6;) for a unique function 6; on K

1
satisfying |6;| < 7 Now define gauge transformations {v;} on Y x R by

u; onY x [-T,T],
vi = { unexp(2mich;) onY x ([-T-1,-T|U[T,T+1)),

uN onY X ((—oo, =T —1JU[T + 1,00)).
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Then the sequences [v;(A;, v;)] converges strongly on Y x R with limit representing
a trajectories from « to .

For the other situation such that the sequence is not uniformly exponential decay
onY x ((—oo0,=T]U [T, 0)), after reparametrization, let [A;(t £ T;), ¢;(t + T)] be
the resultant sequence with uniform decay on Y x (—oo, —=T] or Y x [T, 00), then the
above argument implies that there exists a subsequence converging in C{2-topology
to a broken gradient flow line from o to v and then from v to 8. Repeat these
procedures, there exists a subsequence converging to a broken trajectory. See [33]

for the another proof of the appearance of the broken trajectories. This completes

the proof of the Proposition. O

We will not distinguish M(a,ﬂ) from its compactification by adding the ‘cor-
ners’. After we understand the following gluing model in Proposition 3.1.19, we will
see that the boundary of MH{@)=iB) consists of “broken trajectories”. Now we con-
struct the gluing map of two gradient flows. This enables us to analyse the boundary

of the moduli space MU(@)=i(B),

Proposition 3.1.19. Given o, and v in M, ,(Y) with i(a) > i(B8) > i(y), intro-

a

duce the spaces MHD=IB) | A=) gnd AMHB)-10) gs before. We further assume
that

maz{i(e) — i(8), (8) - ()} < 2.

(a) If B is irreducible, then for large enough T there is an orientation preserving,

local diffeomorphism

g:  MUDTO)  [7,00) x KO- oy ppila)—it),

(b) If B is reducible, then for large enough T there is a orientation preserving,

local diffeomorphism

a

g : Ml(a)_i(ﬁ) X Mi(:@)_i("/) X U(]_) X [T, OO) oy Mi(a)—i('y).

Remark 3.1.20. There is a general gluing map on M (e, 8) x M(B,~) without the

assumption that maz{i(a) — i(8),1(8) —i(v)} < %’Q. Our assumption is to ensure
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that the image of the gluing map stays in the component of the least dimension.
This assumption is always satisfied in the construction of the Seiberg- Witten-Floer

homology.

Proof.  (a). Suppose that the perturbations for M(a, 8) and M(B,7) are E;
and Ej. Let [A1(2),1(t)] and [A2(t), ¥2(t)] be two elements in the moduli spaces
MU@)=HPB) and A=) respectively.

We lift [A;(t), ¥:(t)] to B with equal energy as in (3.21). Then there exists a
sufficiently large T', such that [A4:(¢), %1(t)]li7,c0) and [A2(8), Y2(t)]|(=0,—1] decay
exponentially to 8 as t — $o0 respectively.

We want to construct a path in the e-neighbourhood of 3 from [A; (¢), PY1()]][7,00)
to [A2(t), Y2(t)]l(=co,~1)- We identify the e-neighbourhood of 8 with the e-ball in
T3B* centered at 0. Write

[41(t), Y1(B)iT,00) = B + (a1 (t), é1(2)),
[A2(2), ¥2()]|(—c0,—17 = B + (a2(t), $2(2)),

where z;(t) = (ai(t), ¢:(t)) decay exponentially to 0 and satisfy the perturbed gra-

dient flow equation on the e-ball in T3B* centered at 0:

(9 + @)(ai(t), #i(t)) = N(ai(t), ¢:(t))- (3.22)

Here @ is the Hessian operator at 8, N (a:(t), ¢:(t)) is the non-linear term of o(¢;, ¢;)
and the term from the perturbation.
) . 1 1,.
Choose a smooth function p(t) on [—1, 1], which varies only in [—5, 5], is 1 near

—1 and 0 near 1. Define
z(t) = (a1, v)fT(az, ¥2) = p(H)e1 (t + 2T) + (1 p(t))za(t — 2T)

for =1 <t < 1. Then define the pre-gluing map:

[AL(t+2T), (¢t +2T)]  for t< -1
[AL(8), L1 (D[ A2 (1), ¥2(B)] = ¢ &(t) = B+ 2(2) for —1<t<1

[Ag(t — 2T), 9a(t — 2T)]  for t>1
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Using the exponential decay of (a;(t), ¢:(t)), we see that

[A1(8), ¥r ()7 [A2(2), $2(1)]

is an approximate solution to (3.22) for a sufficiently large T >> 1. Then one can
find an actual monopole on Y xR in a neighbourhood of [A; (t), ¥1 (¢)§}[A2(t), ¥2(t)]
which connects the critical points & and . This is a standard application of the
implicit function theorem.

Given a compact set K in M(a, ) x M(f,~) and a sufficiently large Tj, consider
the Hilbert bundles, 7; and 7y, that are defined respectively as pullbacks via the
map #% of the L?,s and of the Lg,s tangent bundles of B(w,7) on the base space
K x [Ty, ).

The perturbed gradient flow defines the fibre restriction of a bundle map from
71 to T2 defined on a neighbourhood of the zero section in 7;. The linearization £

at the approximate solution

[A1(2), 1 (1) ][ A2(2), $2(1)]

is the fibre derivative of the above bundle map. Since the linearizations L4, (¢) 4, (1))

and La,(1)y,(1)] 2re surjective, then

K= U Ker(Liawuwe) X Ker(Lra,owae))
KX[T(],OO)

is a subbundle of 7; over K x [Tp,00). Thus we can define a space 7;:' for
X € K x [Ty, 00) given by all elements of 7; that are orthogonal to the image of
Ker(Lia, 64161 % Ker(Liay(),u,(1))) under the linearization Ly of the pre-gluing

#7.
Lemma 3.1.21. There exist a bound T(K) > Ty such that, for all T > T(K) and

for all broken trajectories

((Ax(8), $1(2)), (A2(2), 2(1))) € K,

the Fredholm operator L,

Ly : Tiye = Toy
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is surjective, where x is the approrimate solution under the pre-gluing map. More-
over, composition of the pre-gluing map #% with the orthogonal projection on KerL,

gives an isomorphism

Ker(Lia, (1) X Ker(Liay ,9a(en) — Kerly.

Proof of Lemma 3.1.21: We know that £, is Fredholm of index i(a) — i(y) and

dimKer(»c[Al(t),d;l(t)]) =i(a) —i(0), dim[{er(‘c[Az(t),’ll}g(t)]) =i(0) - i(y).
We need to show that for any pair ([A1(t), ¥1(t)], [A2(t), ¥2(t)]) there is a bound

To = T(xy,z2) such that L, is surjective for T > Ty. The compactness of K will
ensure that there is a uniform such bound T'(K).

It is therefore enough to prove the following crucial step.

Lemma 3.1.22. There exist Ty and a constant C > 0 such that
1£x€lzz , 2 Cli€lzz -
for all T > Ty and € in 7;}.

Proof of Lemma 3.1.22: Suppose there are sequences Ty — oo and & € 7;J- such

that [|€]] = 1 and [|£,&|| — 0.

We first show that the supports of the &, become more and more concentrated
at the asymptotic ends as k — oco. We consider the operator L5 = % +Qp. If
¢:R —[0,1] is a smooth function which is equal to 1 on [-1/2,1/2] and equal to
zero outside (—1,1), let Ck(t) = ((zf;). Then we have

1L Celell < NICkEkIl + ISk Lokl
< g max ¢+ [1(£x = Lo)&kll + 105kl
< g max|C'] + supero, 1 1@xey — @l - 1€kl + 1€xEll-
Thus, ||Ls Ckék|| — 0 as & = oo. In fact, the term SUPye[—2Ty 2T}] ||Qx(t) - Qgl is

bounded by

su —Qsll+  sup N - 4+ su oo (41— - B
te[_glllle(t) all te[-sz,—uHQ (21, — Q) te[l,%)Tk]HQ 2(¢=21%) — Bl
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where z;(t) = [A;(t), ¥:(t)]. All these terms tend to zero because of the exponential
decay to the critical point 3 of the trajectories (A (t), ¥1(t)) and (Az(t), ¥2(t)). The
operator Lg is an isomorphism between the spaces L%ls(R,T(B)) and Lg,J(R,T(B)),
hence we have &, — 0 in the Lf norm over Y X [—2T}, 2T%].

This result allows us to rephrase the convergence condition ||£,&k|| = 0 in terms

of the Fredholm operators £, and Lg,:

Ly (Pr_z, & ™I < 1"~ €kll + 1107 L]l <

< Cligklly x(-1,11 + [1€xEkll = 0,

where pi_1, (t) = p(t+1—Tj) and f,:T" (t) = & (t—Tx). This implies pl__TkEI:T" —v

where v € Ker(Ly,), since Lz, is a Fredholm operator. Thus, ||p7& — vT*|| — 0.
Similarly we obtain an element u in Ker(L,,) such that ||p¥ & — u=T%|| — 0.

We now use these estimates to derive a contradiction with the assumption that

lék]] = 1 and & € 7;J'. We have

1= lim €kl = lilrcn(pl_fkafk> + (pF &k, Ex),

since the remaining term satisfies

((L=py = pE)& &) =0

+

for large k because (1 — p; — pT,) is supported in [—2,2]. Thus the equality can be

rewritten as
1 =lim(p~v, &) + lim(p*u, &) = lim(Ly(u, v), &) = 0.

The last equality holds since, by construction, £ € T+ is orthogonal to the image
of the linearization Ly of the pre-gluing map.

This completes the proof of Lemma 3.1.22. The proof of Lemma 3.1.21 follows
from dimension counting.

Now we want to define the actual gluing map # that provides a solution of
the flow equations in M(O,,O,). This means that we want to obtain a section
e of 71 such that the image under the bundle homomorphism given by the flow

equation is zero in 7g. Moreover, we want this element e(z;,z2,T) to converge to



3.1. MORSE THEORY FOR CHERN-SIMONS-DIRAC FUNCTIONAL 81

zero sufficiently rapidly as T' — oo, so that the glued solution will converge to the
broken trajectory (z1,3) in the limit T — oo.
The result is obtained as a fixed point theorem in Banach spaces. Consider the

right inverse map of £ restricted to 7+,
& ™ — T,
There is a T'(K) and a constant C' > 0 such that
IGXEll < Clé]]

for x € K X [T(K),00). The proof of uniform C for x € K x [T(K), ) is similar
to the proof Lemma 3.1.22.
We aim at using the contraction principle. Namely, suppose we are given a

smooth map f: E — F between Banach spaces of the form
f(z) = f(0) + Df(0)z + N(z),

with Ker(D f(0)) finite dimensional, with a right inverse Df(0)oG = Idp, and with

the nonlinear part N (z) satisfying the estimate
IGN(z) = GN @)l < C(ll=[ + Iyl le — y]| (3.23)

for some constant C' > 0 and « and y in a small neighbourhood B.(c)(0). Then,
with the initial condition ||G(f(0))|| < €/2, there is a unique zero zo of the map f
in B.(0) N G(F). This satisfies ||zo|| < e.

The map f is given in our case by the flow equation, viewed as a bundle homo-
morphism 73 — To. We write f as a sum of a linear and a non-linear term, where
the linear term is £ and the nonlinear term is Nia() (1)) (@, #). It is easy to see that
the estimate (3.23) holds for our equations.

We have to verify the initial condition. This is provided by the exponential

decay. In fact, we have

1 (AT Az, v1#592) | < Cll (01, 81 lly w10 + [} (2, ¢2) " lly x[o,1))-

The exponential decay of (A1(t),1(t)) and (A3(t), ¥2(t)) to the critical point 3

implies a decay

| F(A1#5 Az, 13 71)|| < Ce™®T (3.24)
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for all T > Ty. The constant C and the lower bound 7y can be chosen uniformly
due to the compactness of K.

This provides the existence of a unique correction term
e(r1, 22, T) € B{0)Nn Tt

satisfying f(e) = 0. The implicit function theorem ensures that e is smooth. The
exponential decay (3.24) ensures an analogous decay for e, hence the glued trajectory

approaches the broken trajectory when T is very large. The gluing map is given by

(Ar#rA2, Yi#tre) = (Ai#TAs, Y1#F¥2) + e([A1, ¥1], [A2, %], T).

By dimension counting, we see that g maps
MH@)=(B) o AqHB)-107) [T, c0) — Mi@)=i(7)

and is a local diffeomorphism which is orientation preserving.
The proof of (b) is analogous except that we need to work with the framed

configuration space near the reducible critical point 8, we omit the details. O

Notice that Lemma 3.1.22 and the fixed point argument that completes the proof
of Proposition 3.1.19 construct an Lis solution. However, on the manifold ¥ xR this
is not enough to guarantee that the solution is continuous. Since we are interested in
the moduli space of gauge orbits, we have to improve the regularity of the estimate
of Lemma 3.1.22. A similar problem is analysed in [15], 7.2.3. We can consider an
equivalent model of the moduli space by taking L% 5 connections and sections acted
upon by L} 1 5 gauge transformations. We have the following version of the Sobolev

embeddings of Proposition 3.1.14.

Proposition 3.1.23. Let Y be a compact oriented three-manifold endowed with a
fized Riemannian metric go. Consider the cylinder Y x R with the metric go + dt?.
The weighted Sobolev spaces L£|5 on the manifold Y xR satisfy the following Sobolev
embeddings.

(a) The embedding LY ; < LY, is continuous whenever + < 1 — k=L,
kS 1,6 p =9 4

(b) If1>

% > % - % > 0, then we have a compact embedding L}, s < L 5.
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(c) If k> a+ %, with 0 < o < 1, we have a compact embedding Li,& — C*,

(d) If2> k and 1+ -;‘; > g-{- k, then the multiplication map L’,‘:,(S ® Lﬁ,J Ll Lz'% is

continuous.

In particular this means that we can rephrase the estimate of Lemma 3.1.22 as

1£ess.4€llzz ,, 2 Colléllre

0,26 —

for all T > T4 and
€€ (Lyp(Ker(Ly) x Ker(L,))* .

Now, if we choose p > 4 the solution in sz,s is continuous. We can bootstrap from

the relation

F@#99) + Logg £+ N (€) =0

at the fixed point £&. We obtain the estimates

1€llzz ,, < CLlIV(E)Ilzg

k—1,26

+ 1f (@#79) |l g

k—1,25

Proposition 3.1.23 provides the bound

IV ()l e

k—1,26

< CollEll e

k—1,8

lellzs

Thus, we can bootstrap to bound higher Sobolev norms and obtain an equivalent

2
5 < CS“EHL;:_M'

1,

moduli space of smooth solutions.

Proposition 3.1.19 gives an explicit picture for the boundary of various moduli
spaces. We give here just one example of these arguments. We will meet several
other interesting boundaries of the various moduli space. Proposition 3.1.19 also
tells us how a trajectory connecting two critical points &,y (i(a) > i()) breaks into
two pieces, which become two trajectories satisfying (3.17) and by breaking at a

“middle” critical point 8 with i(a) > i(8) > i(y).

Corollary 3.1.24. Suppose a,7 are two irreducible critical points in M, ,, with the
relative indez i(a) —i(y) = 2, Then the boundary of M?(a,7) (an oriented, compact
1-manifold) consists of the union
U M'(a,8) x M (B,7)
BEMS,

where B only runs over those critical points with i(a) — i(8) = 1.
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3.2 Non-equivariant Floer monopole homology

Let (Y, g,s) be an oriented, closed 3-manifold with a Riemannian metric ¢ and a
Spin® structure s, if b;(Y) > 0, we require that ¢;(s) is non-trivial in H?(Y,R).
For generic perturbations n with zero cohomology class (see Corollary 2.2.13), the
critical points of C, consist of finitely many, non-degenerate points M,,(Y). If

b1(Y) > 0, then every critical point is irreducible, that is,
Moq(Y) = M5, (Y).

If 5,(Y) = 0, then there is a unique, non-degenerate reducible critical point ¥ = [v, 0]
for the generic perturbation 7 = *dv with Ker@J = 0.

The Floer complex C,(Y,s) is generated freely by the critical points in My (Y')
with grading given by the relative indices (3.8) or (3.9):

C'k(Y, 5) = @a:i(a,ao)zkz. <a>,

where aq is a fixed critical point in Msg,.

The boundary operator d on Ci(Y,s) is defined by

8:  Ci(Y) — Croy(Y)

d<a>)= D napg<pB>,
BEM;

where n,g is given by counting the points in M (a, ) (an oriented, smooth, compact
0-manifold) with sign.

If Y is a homology sphere (b;(Y) = 0), then by choosing ag = 9 the unique
reducible point in M, ,,, we see that C,(Y, 5) is Z-graded, which is a finitely generated
complex. If ¢, (det(s)) is a torsion class for b;(Y) > 0, then C,(Y, s) is also Z-graded,
though we don’t have a priori ayp.

If ¢1(det(s)) is non-zero in H(Y,R), then C,(Y,s) is a Z 4(s-graded complex as
follows (where d(s) is the divisibility of ¢; (det(W))).

0 0 0
Ca(s)-1 — Ca(s)-2 EE Cy
9 p (3.25)
J . 4] 0

C!{] - {’.frl C-"g nd ;'3
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Lemma 3.2.1. 300 =0.

Proof. By definition,

P(<a>) = D napd(< B >)
BEM:

DD Mapnpy <7>.

BEMF yeM}

where 3 runs over the critical points with the relative index i(a, ) = 1, ¥ runs over
the critical points with the relative index i(e,v) = 2. We want
D, Tapngy =0
pEM? i(b)=i(a)—1
for any v € M3, with i(y) = i(a) — 2. We know that the number

Z RafNEy

BeM;

is the number of oriented boundary points of ./\;12(01, 7) (Corollary 3.1.24), hence is

Zero. O

Now we can define the non-equivariant Seiberg-Witten-Floer homology as the

homology groups for the Floer complex (C.(Y,s), 8).

Definition 3.2.2. Let (Y, g,5) be an oriented, closed 3-manifold with metric g and
Spin® structure (if by(Y) > 0, ci(det(s)) # 0), let M}, be the non-degenerate,
irreducible critical points of the Chern-Simons-Dirac functional C, with a generic
perturbation n (a co-closed, iR-valued 1-form on Y representing a trivial de Rham
cohomology class (Cf. Corollary 2.2.13))). Let (Cy(Y,s),0) be the Floer complex
generated freely by the points in Mg, with the boundary operators given by count-
ing the I-dimensional, oriented, gradient flow moduli space against the natural R-

translation action. Then the Seiberg- Witten-Floer homology is defined to be

HFW(Y,s) = Kerdy/ITmdg4 (3.26)

In the definition, we have used the metric and perturbation, the dependence

of the Seiberg-Witten-Floer homology is summarized as follows: for a 3-manifold Y
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with b;(Y) > 0, the Seiberg-Witten-Floer homology is a topological invariant, which
doesn’t depend on the metrics or the perturbations. This is the standard proof as in
Floer’s paper on instanton homology [20]. This is the subject of the next subsection.

For a homology 3-sphere Y, there are only finitely many Spin® structures, for
each Spin® structure, there is a unique reducible critical point ¥ = [r,0] in M,
which is also non-degenerate. But the non-degenerate condition is a codimension-
one condition in the space of metrics and perturbations *dv. To understand how
HFW (Y,s) depends on the metric and the perturbation, we need to consider the
equivariant Floer monopole homology groups, which were constructed in a joint
paper with M . Marcolli. In the following section, we will discuss the construction

of the equivariant Seiberg-Witten-Floer homology theory for a homology 3-sphere.

Remark 3.2.3. The Seiberg- Witten invariant for (Y, s) (defined in Definition 2.5.2,
see also the equation (3.7) is the Euler characteristic of the Seiberg- Witten-Floer
homology HF>Y (Y,s):

X(HFW(Y,9)) = Zy(-1)*dim HFY (Y, g)
= Y (=1)Fdim Ck(Y)
= Taemy(-1)H*)

= Asw(Y)(s)

(3.27)

Therefore, the Seiberg- Witten-Floer homology is a refinement of the Seiberg- Witten
invariant on a 3-manifold (Y,s) for s € Spin®(Y').

3.2.1 Topological invariance for Y with b;(Y) > 0

For the 3-manifold Y with b;(Y) > 0 and non-trivial Spin® structure s (i.e, ¢1(s) # 0),
we can prove that the Seiberg-Witten Floer monopole homology groups are in fact
independent of the metric and the perturbation. The idea comes from Floer’s paper
[20], we only sketch the initial procedure and leave the details to the reader.

Given two pairs of metric and perturbation (go,70), (g1,7) for which
HESW (Y, s, go, 10) and HFW (Y, s, 91, m) are well-defined. We need to understand
the time dependent trajectories on (Y xR, g;+ dt?) with the product metric outside
Y x [0,1].
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The time dependent trajectory is the solution to the perturbed Seiberg-Witten

monopole equations on (Y X R, g; + dt?):

d’;_gt) = — % Fpy + 00 (4,0) + e,
W) -
7 = A(t)T/’(t)

where *¢, 0y and ﬁ(t) are the corresponding operators with respect the time depen-
dent metric g; on Y. Consider the perturbed Seiberg-Witten equations on ¥ x R,
then away from a compact set, these equations are equivalent to the perturbed gra-
dient flow equations (3.17) on the two ends with respect to (go, 70) and (g1, 71). Any
solution to the Seiberg-Witten equations (3.28) decays exponentia,liy ast — oo to
the critical orbits of C,, for (go,n0) and (g1,7:1) respectively. Let M(e,a’) be the
moduli space of the perturbed Seiberg-Witten equations (3.28) on (Y x R, g; + dt?)
with asymptotic limits « and o' as t = +oo0.

The local virtual dimension of M(a, @) is given by the index of linearization of
equations (3.28), which is the spectral flow of the time dependent extended Hessian
operator T'(t) on the weighted Sobolev space. Choose an element v in M(a,d’),
the local structure of M(a, o) at v can be studied as in the proof of Proposition
3.1.15 (see also Proposition 3.3.2), we know that generically (that means, after a
compactly supported, sufficiently small perturbation) is a smooth, oriented manifold

of dimension
SF,(Ty) > 0.

For each « (the Seiberg-Witten monopole for (go,70)) with fixed grading, we
can assign a grading for the Seiberg-Witten monopoles on (Y, g1, 71) by the spectral
flow of the time dependent extended Hessian operator T'(t). Then we also have the
compactness and gluing property for the time dependent trajectories, namely, the
component of M(a, a’) can be compactified by adding the lower dimensional “bro-
ken” trajectories, in particular, the 0-dimensional component of M(a, o) is always
compact, this provides a degree zero chain map I from the chain complex C,(Y, go)
to the chain complex C.(Y, ¢g1) by counting the solutions in the 0-dimensional com-

ponent of M(a, ') with sign given by the orientation. This chain map gives an
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isomorphism between the homology groups HFS%W (Y, go) and HF W (Y, g1) as in
the original proof of Floer’s instanton homology (CF. [20]).

3.3 Equivariant Floer monopole homology

In this section, we only concentrate on 3-manifolds Y which have the same homology
groups as S over the rational coefficient Q, sometimes, Y is called a Q-homology
sphere. A special Q-homology sphere is the integral homology 3-sphere, for which
the homology groups Ho(Y,Z), H1(Y,Z), Hy(Y,Z) and H3(Y,Z) are Z,0,0,Z re-
spectively. For a Z-homology 3-sphere, there is only one Spin® structure W = Wj.
Let 9 = [v, 0] be the unique reducible critical point for a fix Spin® structure s.

In order to take account of the reducible critical point, we need to consider the

framed configuration space on Y. It is the quotient of .A(Y, 5) by the based gauge

group
Go = {u € Glu(zo) = 1 for a fixed point zg € Y.} (3.29)

Actually, Go = G/U(1), therefore, Gy acts on A(Y,s) freely, the quotient being
denoted by Bg.

The Chern-Simons-Dirac C,, ( where n = *dv is the generic perturbation with
Ker@dy = 0) can descend to By as an R-valued function since we consider only
homology 3-spheres. Also we can write n = *dv for v € Q!(Y,iR). The critical
point set M, on By is a U(1)-fibration over Ms,. The U(1)-action on M3, is free
except at one point ¢ (the reducible point), therefore,

Mg,u . U On U {19} - Ms,w

a€EM;

where O, is the criticalU(1)-orbit over «. Note that C, is a Morse-Bott function
over By in the sense that the Hessian is non-degenerate on the normal bundle to the
critical U(1)-orbit (denote by Oy = 9).

The Z-valued index i on M, , defines the corresponding relative Morse index on

MY denoted that i(9), and

5,01

i(Oy) = ind(a, 9).
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On the framed configuration space By, all the claims in Lemma 3.1.8, Lemma
3.1.11, Proposition 3.1.12 regarding the (perturbed) gradient flow lines hold except
that the critical point «, 3 is replaced by the critical U(1)-orbits O, Op and so on.
So we summarize the main feature of the gradient flow lines connecting two critical
U(1)-orbits without the details of the proofs (see [33]) if one wants to see the details).
One way to understand these is to lift the gradient flows on B equivariantly to its

U (1)-fibration By.

Theorem 3.3.1. Let (Y, s) be a rational homology 3-sphere with a Spin® structure s,
the critical points set Mg’,, of the Chern-Simons-Diary functional C,, on the framed
configuration space By is the U(1)-fibration over M,, with only one singular fiber
over the unique reducible point 9. The gradient flow line on By is the solution to the

equation (3.11) modulo the based gauge group Go (3.29).

(a) Suppose [A(t),(t)] on By to be the gradient flow line with finite energy

o0

E([A®),»@®)]) = /oo IVCL([AQ®), PNz )dt < 0

then limy_+0[A(t), ¥(¢)] belongs to two critical U(1)-orbits in M3 .

(b) Let [A(t),¥(t)] be a gradient flow line of C, on By with asymptotic limits
in O, Op respectively, then [A(t),¢(t)] approaches the critical orbits 04y Og
exponentially fast with the decay rate §, where § is the same decay rate for
a, B as in Proposition 3.1.12, which is less than % of the absolute eigenvalues
of the Hessian operators at o, (i.e., the Hessian operator restricted to the

orthogonal directions to the critical orbits in By ).

These claims are also true for the perturbed gradient flow lines to the equation (3.17)

with the property (3.18).

As in the unframed case, we need the weighted Sobolev spaces to study the
moduli space of the gradient flow lines between the critical orbits O4,Og. Denote
by M(Oq,Op) the corresponding moduli space (we use this notation the perturbed
gradient flow lines between O, Og).

For a gradient flow [Ag(t), ¥o(t)] on By which connects the critical orbits O, Og,
lift it to be a path in A(Y,s), denoted by (Ao(t), ¥o(t)).
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For k > 2, let Ak s5(O4,0p) be the space of pairs of connections and spinor
sections (A, %) on Y x R satisfying

(4,9) € (Ao(t), %o(t)) + (Qigvé(Y x R,iR) & Li (W)

The gauge transformation group Gry1,5(Oq,Op) is the based gauge group (identity
over a fixed point (zo,%o)), elements of which are locally L? +1,6 and converge to
elements of the stabilizers G4 and Gg as ¢ = +00. Then M(Ogq, Op) is the moduli

space of solutions to the equations (3.19) modulo the gauge group Gi41,5(Oq, Op).

Proposition 3.3.2. For the Chern-Simons-Dirac functional over By with the criti-
cal orbits My, the moduli spaces of the gradient flow lines between the critical orbits

satisfy the following transversality and gluing properties:

(a) For a generic perturbation E € P, M(Oq, Op) is an oriented, smooth U(1) xR-

manifold of dimension
i(Oq) — (Og) + dim(0,) > 2.
Moreover, there are smooth, U(1) x R-equivariant endpoint maps:

el 1 M(0a,0g) = 0oy €5: M(O4O0p) = Op.

[¢4

If {(04) — i(Og) + dim(04) < 2, then M(On,Op) is empty for a generic

perturbation.

(b) Denote by M(Og, Op) the quotient of M(Oq, Op) by the R-translation action.

Then we have the following gluing model:
9:  M(O40p) X0, M(0p,0,) X [T,00) 3 M(Oq,O-)

in the case where all the involved moduli spaces are non-empty and g is a
local diffeomorphism near the boundary of M(OQ,OW), The endpoint maps
et and es descend to M (04, Op) U(1)-equivariantly as the endpoint maps of

-

M(O4,0p) go to O, and Op respectively.

Proof. The proofs of the transversality and the gluing model are in the same vein

as the proof of Proposition 3.1.15 and Proposition 3.1.19. See [33] for details. O
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As an immediate corollary, we have the boundary information for M(Oa,Op).
The existence of the gluing map g implies that the broken trajectories appear in the

boundary of M(O,,0p).

Corollary 3.3.3. For a generic perturbation as in Proposition 3.3.2, M(OQ,OQ)
has a compactification obtaining by adding boundary strata of the factorizations of

gradient flow lines breaking through intermediate critical orbits.

U M(OmOm) X0+, M(O’Ylvo’h) XOqyy * Xovk M(O’Yk?oﬁ)'

Y1¥2 Yk

Here the union is taken over all (possibly empty) sequences of critical orbits with de-
creasing indices strictly bigger than i(Og) in order that all the moduli spuces involved
are non-empty. The number of breaking points gives the codimension of the stratum.
Moreover, the endpoint maps e} and ez ertend smoothly over the lower strata of the
boundary and on the boundary they coincide with et and €5 on M(OQ,OAH) and

M(O,,,Op) respectively. This compactification is compatible with all the orienta-

tions.

Proof. We only need to prove that for any sequence in M(Oa,Oﬁ), there exists
a subsequence whose limit is either an interior point of M(Oa,Og) or the broken
trajectory as in the gluing model. As in the proof of Proposition 3.1.18, we know
that there exists a convergent subsequence. If all the trajectories are away from the
critical orbits except «,Op, then the limit is an interior point following from the
fact that M(Oa, Op) is cut out transversely by the equation (3.19). On the other
case, there is a subsequence approaching to a critical orbit (this orbit must be an
intermediate critical orbit), then by the gluing map, passing to further subsequence,
they approach a broken trajectory at that intermediate critical orbit. This completes

the proof of the Lemma. a

Now we are ready to construct the equivariant Seiberg-Witten-Floer .complex
and its (co)homology. Before we do that, let us briefly review some background of
the G-equivariant (co)homology for a G-manifold for a compact Lie group G, our

situation is the simplest case of G = U(1), the basic reference is [9].
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3.3.1 Brief review of equivariant (co)homology

Let X be a finite dimensional compact G-manifold, the equivariant cohomology
H(X,R) is defined to be the ordinary cohomology of the homotopy quotient
EG x¢ X, where EG — BG is the classifying space for the group G. One model to
calculate these equivariant cohomology group is to use “Cartan” model: the complex
of equivariant differential forms (2%(X), dg), where

hx) = @ (S o) (3.30)

2itj=k

where S*(g*) is the symmetric algebra of polynomial on g, 2*(X) is the de Rham
complex of X, the Lie algebra of G (linear functions have degree 2), the differential
dg =1®d — C where C is the multiplication on S*(g*) tensored with contraction
on *(X) with the universal element V € g* ® Vect(M) (V(§)(z) =& forz € X
and £ € g, here &, is the infinitesimal vector field generated by £).

Recall that for a free G-action on X,
H5(X,R) = H*(X/G,R),

and H%(pt,R) = (5*(g*))%, the G-invariant symmetric polynomial on g. The equiv-
ariant homology is defined to be Hg .(X,R) = H.(EG X ¢ X,R) which is isomorphic
to the homology of the following complex:
(26x(X),06) = ( @ (S'(e) ® QHmX)=i (X))G, 1®d - c) (3.31)
2i+j=k
where c is the contraction by the universal element V' € g*®@Vect(M). This boundary
operator has degree —1 and square 0.

Il f: X — Ris a G-invariainit Morse-Bott function in the sense that the critical
orbits (denoted by G,, Gb,...,) are isolated and the Hessian of f is non-degenerate
in the normal directions, whose ranks of the negative normal directions define the
indices of the critical orbits (denoted by i(G,)). Take the moduli space of the
gradient flow lines between two critical orbits, then the quotient by the R-translation

action, denoted by M(Ga,Gb), is an oriented, smooth manifold with dimension

i(Ga) — i(Ga) + dimG — 1.
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There are also the endpoint maps:

6;-,!- : M(Ga,Gb) — Gaa eb_ : M(Gava) - va

which can be extended smoothly to the (codimensional one) boundary where the tra-
jectory breaks once at an intermediate critical orbit. Then Austin and Braam [8] con-
structed a Morse-Bott (co)-complex which computes the equivariant (co)homology
of X:
P @), D)
(Ga)+i=k

with differential D given by a matrix

dgw if G, = Gy
Dopw = (=1)"@(e})u(e) ) w if i(G) > i(Gh)
0 otherwise

where w € Q%(Gy), r(w) is the de Rham degree of the equivariant form w, (e}).
is the “slant product” (the integration along the fiber of e : M(Ga,Gb) — G,).
This complex is a generalization of the Morse-Witten complex, and computes the
equivariant cohomology of X. There is also an analogous complex by using
D i), o)
(Gp)+i=k

which computes the equivariant homology of X. See [8] for details.

3.3.2 Equivariant Seiberg-Witten-Floer (co)homology

We follow Austin and Braam’s idea to construct the Morse-Bott complex for the
Chern-Simons-Dirac functional C, on the framed configuration space By.

Using the notation as in the brief review, we can consider the complexes of the
equivariant forms on Oyt Q5(0,) and Qg (O4). Since O, is a U(1)-orbit, at the

regular orbit,
Q56(0q) = Rlu]® 1, & R[] ® 7a, QG,*(OQ) =Rt]® 1, @ R[] ® 7

where ¢, u are the generators of LieU (1) = u(1) and its dual u(1)*, their degrees are

2 and the contraction between them are < u,t >= 1. 1, is the constant function 1
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on Oy, 1y is the canonical 1-form on Q4 22 U(1). Notice their degrees are different in
%(04) and Qg .(04) according to (3.30) and (3.31). At the singular orbit Oy = 9,
Q%(0s) and Qg . (Oy) become R[u] and R[t] respectively.

The equivariant Seiberg-Witten-Floer complex to compute the equivariant Floer

monopole cohomology HFgW’* (Y,s) is defined by the following bigraded complex:
(C{CIU)(Y’ 9= B )00 D) (3.32)
i(Op)+5=k

with the differential D given by a matrix

Dpow =4 (=1)"@(e}).(e5)"w if i(Ga) > U(Gp)
0 otherwise

here w € Q{,(l)(oﬁ) with maximum de Rham degree r(w), (e} ). is the integration
along the fiber of e, (e5)* is pull-back map. Note that dy;) = 1®d —u Qi
where u acts by the usual multiplication on S*(u(1)*) and i7 is the contraction by
the vector field generated by the infinitesimal U(1)-action.

The analogous complex that computes the equivariant monopole homology is
given by

(Coma¥is)= B Qwwi©0a), ) (3.33)
(Oq)+i=k

with the boundary operator § given by a matrix

(1®@d-c)w if Oy = Op
Ja,pw =4 (=1)"“)=(eg)u(ed) w if i(Ga) > i(Gp)
0 otherwise

here w € Q{](I)(Oa) with maximum de Rham degree r(w). Note that ¢ acts on
Qu(1),j(Oa) by the contraction of u @ ir.

By the dimension argument, Dg , and 8, g are zero if i(O4) > i(Op) + 3.
Lemma 3.3.4. The differential operators D and the boundary operators & have
square zero, this means that

D’2)’,0( = Z,B D’Yvﬁ B Dﬁva = 0

50{!7 = Zﬁ 601/[3 © 51617 = 0’
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where Og runs over the critical orbits with i(0y) > i(Og) > i(0,). Moreover,
there is a pairing on Cl"}(l)(Y,s) X Cyy«(Y,8) given by tensoring the pairing on
S*(u(1)*) x §*(u(1)) with the wedge product and integrating, this pairing < , >

satisfies

< Dwy,wy >=< w1,6w2 > .

Proof. We only prove the case for the boundary operators §, note that
(1®d—c)? = —L7 (where L is the Lie derivative) which is zero on Qu(1),x(Oq), there-
fore the statement is true for Oq = O.,. For critical orbits O, O, with i(O4) > 1(Op),

we have the following expression for 6% w for w € Qu(1),«(0a):
(_l)r(w)(( S )+0uy™ — Buy(e3)s + Z r( ﬁ).w) e>). (eﬁ) (e[;)*w)

where w = (ef)*w € QU(I),*M(OQ,OW) and r((e;).w) = r(w) — i(a, B) — 1. To
prove that the above expression is zero, we need to analyse the structure of various
moduli spaces by applying Proposition 3.3.2 and Corollary 3.3.3. We illustrate them

as in the following diagram:

- eﬁ
M(Omoﬁ) - Oﬁ

where i is the embedding as the codimension one boundary of M(O,, Op), € is the
fibration with boundary fibration e oi. Apply the Stokes’ theorem for the fibration
€ & M(04,0,) = O, to (€5 )+(dw), then we have

(€3)x(dw) = d((€7)s@) + (= 1)@ N (] 0 ) (@] ),

See [8] for the proof of the Stokes theorem for general fibration with boundary,

where the local expression of @ was used for the fiber bundle with boundary. By
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integration by parts, we see that

where the sign comes from the difference of the boundary orientation and the orien-
tation on M(O4, Op) X0p M(Op, O.,) (see Proposition 3.1.19 and Proposition 3.3.2).
Putting these calculations together, we know that 62 , = 0 for any i(O4) > i(0,)
since the differentials commute with the action of S*(u(1)*).

For the statement about the pairing, it is sufficient to verify that
< D(wl)a,(Uz >=< wl,é(wz)ﬂ >

for the equivariant forms w; € Q"‘U(l)(Oﬁ) and wy € QU(I),*(Oa)- If O = Og,
this is a simple consequence of integration by parts < Cwy,ws >=< wy,cwy >. If

i(Oq) > 1(Op), it follows from the identity

/u(e;)*(eg)*wl Awy = /M(Omop)(e;;)*wl A (ed)ws = /o,, w1 A (€3)a(ed) ws.

Remark 3.3.5. (Stokes theorem: [8] or Lemma 3.2 in [7]) Let v : E — B be a fiber
bundle with fiber F, a compact manifold with boundary. Denote by m o1 the fiber
bundle restricted to the boundary of F. Then for w € QF(E),

T (dw)) — dm, (W) = (=1)3es@)=dim(F)+1 (7 6 ) (w).

Definition 3.3.6. We define the equivariant Seiberg- Witten-Floer cohomology and
homology for (Y, s,v) with real coefficients to be

HES (7 (V,5) = H*(Cj,(Y,9), D)

and

HFGH) J(Y,5) = H*(Cy1) (Y, 5),9).
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For a given regular critical orbit O,, the complex of the equivariant forms in
Cu(1)«(Y, ) is given by

1),i(0a) = D RF@Q(0a)
2k+1=75

with the total grading j 4 1(0,), where Q(l)_l(Oa) denotes the U(1)-invariant forms.
We see that

Qg(Oa) =Rl Q(l)(oa) = R7q,

where 1, is the constant function 1 and 7, is the canonical 1-form on O,. We
normalize 7 such that / Mo = 1. Note that Q) .(Qs) = R[] ® 1.
Oaq
Thercfore, we can write the complex for the equivariant Seiberg-Witten-Floer

homology in more detail:

Comae¥18) = (BaR1® M) ® (Do, R18 10,) & (B REG 10,) D - -
OB, R @ Loy, ,) ORE® 19 & (Do, REE® 7,
@(@ﬁl Rt*® lﬁl) ® (69/32 Rt*1 @ 77/@2) @---

and

CU(I),Zk—l(Y': 5) - (@al R1® 77011) ® (@ag R1® 102) @ (®013 Ri® nots) ®---
EB(@azk Rt*'® 10121:) ©® (@,81 Rt* @ nﬁl)
e9(69@2 Rt* ® 152) D (®ﬁs Re*+! ® 77,33) D---

where g, oy, - -+, agk_1, gk range over the regular critical orbits with indices
i(ao) = 2]6, i(al) =2k-1 y eeey i(agk_l) = 1, i(azk) = 0,

and where $,.83, -, range over the regular critical orbits with indices i) = -1,
i(B2) = =2, i(f3) = —3 and so on. Note that t* ® 1y only appears in the complex
with even (here it is 2k) degree.

On these components, the equivariant boundary & can be expressed as follows:
tF@ly = —ngth @1,

b: th@l, — —naﬁtk ® 1g (3.34)
F @00 = naptt @mp+ metF IR L, + 1 @1,
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Here we assume that 7y = 0 whenever it appears in the expressions, and

Napg = #(M(av ﬂ))

for i(e, B) = 1. Notice that this nqg is exactly the same invariant that appeared
in the definition of the non-equivariant Seiberg-Witten-Floer homology in the last
subsection. If {(O4) = —2, then M (9, @) is also a O—dimensiona,l,'compact, oriented
manifold, which defines nyg,. If i(a,7) = 2, then we define the following useful

invariant

May = (€3)x(e3)"Na

for the endpoint maps:
2 Y (3.35)

Lemma 3.3.7. Let o, be irreducible critical points on the unframed configuration
space B. Suppose the relative indices i(c,y) = 2 and we have defined Mo~y to be
(e5)«(ed)*na as above, then {mqa,li(a,7) = 2} are integers which satisfy the follow-

ing property:

§ :na1a2m042014 = § :malaanasm
[+ ag

for any pair oy, a4 with i(on,a4) = 3, oy run over the crilical orbits with
i(ay,a2) = 1 and a3 run over the critical orbits with i(ay,a3 = 2. This Lemma

is true for any closed 3-manifold, see Lemma 2.7 and Lemma 2.8 in [12].

Proof. From the end point maps (see Diagram (3.35), we know that e}, e, induce

homomorphisms on their cohomology groups:
1 (2" 1,0 (e¥)e 11
H (O, R) === H (M(O4,0,),R) /= H'(0.,R).

Note that 7, is an integral class in H!(O,,R), therefore, Mo~ 1S an integer.
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The identity follows from the fact that the codimension-one boundary of

M (o, o) is given by
(M(Oay1003) X M(Oag,0ay)) U(M(Oar Oas) X M(Oas, Oc)

and applying the Stokes theorem to

(€a)»(d(e5,) M)

on the fibration M(Oq,,Oa,) = Oy, [

Using this Lemma, one can check directly that § (in (3.34)) is a square zero
operator. Also from Lemma and the expressions of § in (3.34) we can define the
equivariant Seiberg-Witten-Floer (co)homology with integral coefficients from which

we can recover the torsion elements.

3.3.3 Topological invariance of the equivariant monopole homology

For each metric and perturbation (g,v) with Ker@? = 0 on a (rational) homology
3-sphere, we have constructed the equivariant Seiberg-Witten (co)homology. In this
subsection, we will discuss the dependence on the metric and perturbations.

For two pairs of metrics and perturbations (go,#) and (g;,v1), by Proposition
2.2.15 and Lemma 2.3.4, we can choose a generic path (g:,v) (t € [0,1]) which
connects (go, ) and (g1,v1) such that @9 is invertible for all ¢ € [0, 1] except at
finitely many points {¢,t2,---,¢,} with Ker(ﬂz: = C. The path can be chosen to
be transverse to the codimension one subset W.

Without loss of generality, we suppose that there is only one ¢t with K erdlt = C.
Assume that the spectral flow of the Dirac operators @9: is one. Then we will show
that the equivariant Seiberg-Witten-Floer (co)homology for (go, o) and (g1, ;) are
isomorphic up to an index shift by 2 (decrease by 2).

Theorem 3.3.8. Let (Y,s) be a Q-homology 3-sphere with a Spin® structure s,
let HFgg)v*(Y,s,gg, Vo) and HFgm,*(Y,s,gl, v1) be the equivariant Seiberg- Witten-
Floer homology defined for two generic pairs (go, vo) and (g1,v1). Suppose that the
spectral flow of the Dirac operators @3 along a path (g¢,v1) is 2. Then there ezists

an isomorphism between HFgE’}/),*(Y,s,gO, V) and HFgg’)’*(Y,s,gl,ul) with index
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shifted by 2. The analogous claims hold for the equivariant Seiberg- Witten-Floer

cohomology.

Proof. Denote Mo(go) = {9,04,0p, -, } the critical orbits for the metric go and
Mo(g1) = {9',041,0p1, -+ , } the critical orbits for the metric g; with the indices

i: Mo(go) — Z, i & Mo(gl) — Z.

Give the manifold Y x R the metric g; + dt? on Y x [0, 1] extended as the product
metric outside Y x [0, 1]. From the assumption of the spectral flow of Dirac operators

9¢, we know that i(9) — i(9') = 2, therefore, we can shift the indices on Mo(g:) by
2 such that i =i 4+ 2 on Mo(g1).

Consider the perturbed Seiberg-Witten equations on Y x R, then away from a
compact set, these equations are equivalent to the perturbed gradient flow equations
(3.17) on the two ends with respect to (go,0) and (g1,v1). Any solution to the
Seiberg-Witten equations on Y X R decays exponentially as t — £oo to the critical
orbits of C,, for (go, vo) and (g1, v1) respectively. Let M (O, OY,) be the moduli space
of the perturbed Seiberg-Witten equations on Y X R with asymptotic limits in O4, O,
respectively. As in the proof of Proposition 3.1.15 (see also Proposition 3.3.2), we
know that generically (that means, after a compactly supported, sufficiently small

perturbation), suppose that at least one of @, ¢ is irreducible, then M (O, O)) is a

smooth, oriented U (1)-manifold of dimension
i(Oa) — i(0}) + dim O,

which is empty if i(Oy) — i(O4) + dim O, < 1. There are also similar gluing models
as in Proposition 3.3.2) which give the structure of the codimension one boundary
in M(Og,0L). Note that M(6,6") is 2-dimensional manifold which is smooth at
irreducible point, it admits one reducible monopole for b'{ = 0 for any perturbations.

Recall that we have shifted the indices of Mg(g1) by 2. Define a degree zero

homomorphism of the Floer complexes

I: Cu)x(Y,5, 90, v0) = Cuyx(Y,s,91,11)
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by sending w to (e,,)«(et)*w where w € QU (1), k-i(04)(Oa), €5 and e} are the two

endpoint maps:

O ~Z— M(04, OL) —22 0,
Claim 1: The map I is well-defined and a chain homomorphism.

To show that I is well-defined, we need to ensure that the fiber of e is compact
so the push forward is well-defined. It is easy to see that M(8,8') doesn’t involve
in the definition of I, then follows the compactness of the fiber of e

We need also to prove that JoD — Dol = 0. Since I commutes with ¢ = u ® i,

the expression of /o D — Dol at Oy € Mo(go) and 8 € My(gy) is given by
(ep)«(ed)*dw + (=1)7) Eﬁ(e,gl) (eF)* (e )x(ed) w
—d(eg)(ed) w — (1)W1 (eg)u(ed) (65 () w
where  ranges over the critical orbits in Mo(gg) with i(e, 8) > 0 and o ranges over
the critical orbits in Mg(g1) with i(e/, ') > 0.

From the gluing model, we see that the co-dimension one boundary of M (O, Op)

is of the form

U(M(Ou, Out) X o1 M(Our, O )Lﬁ)( (Oay Op) x M(0p,0p1)).

a!

Applying the Stokes theorem to the fibration M(Oq, Op) N Op, noting that the

dimension of fiber is i(«, o) + dimO, — dimO,/, we can express

() (e3) dw = d(e)x(ed)*w

(-1 7R (e, 0 i) ()W)

where eg o1 the boundary fibration of ez From the boundary orientation, we see
that oD — Dol =0.
Now reverse the path (g;,14), called by §;, we can construct the corresponding

map J:

J: CU(I),k(Yas,gla vy — CU(l),k(Ya5a901 VO)-
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Claim 2: The map J is well-defined and a chain homomorphism.

In the definition of J, we meet a potential trouble involving the singular monopole
in M(¢’, 8) whose virtually dimension is —2, but cannot be perturbed away, we must
be careful to study the definition of J when M(¢’, ) could enter. We can perturb
the monopole equations such that M(6,6) consisting only the unique reducible
monopole z on Y X R. The obstruction bundle must be applied to show that the
pre-glued pair from this singular monopole with any trajectories in M (6, &) cannot

be deformed to an actual monopole. This leads to following Proposition:

Proposition 3.3.9. Let © be the unique singular monopole in M(#,8), suppose
that y is a time independent trajectory in M (6, ) where i(a) > —3, then the pre-
glued, approzimate monopole z#%y can be not be deformed to an actual solution for
any large T. The same claim holds for the pre-gluing map on M(o/, ') x M(¢,6)
where i(a’) < 0.

We will prove this proposition later. Apply this proposition, we can show that J
is well-defined, the chain homomorphism is similar to the proof in case for I except
that we have to take Proposition 3.3.9 into account. From now on, we use the nation
ay and o}, to indicate their indices to be k. Then to ensure that the coefficient of
1g in J(na(f)), we must show that M(ap, 8) is compact. The compactness argument
could fail if there is a glued solution from M(a},8") x M(#,a). This is exactly
ruled out by Proposition 3.3.9. The other case is the coefficient of 1,_, in J(14),
we can show in the same way that M (6, o_3) (0-dimensional since i(') = —2) is

also compact. Thercfore, J is well defined.

The statement of the theorem now follows if we show that there is a chain

homotopy H on Cyy) (Y, 5, go, o) such that

wdy — (JI)g = Dypyr Hi + Hi—1 Dy (3.36)

In order to define H let us consider the manifold Y x R endowed with the metric
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o1 which is

go + dt? t< -2
gry2 +dt? t € [-2,-1]

o1 =14 g +dt? te[-1,1]
Ga_t + dt? t€[L,2]
go + dt? t> 2.

Consider a path of metrics o, with s € [0, 1], that connects o¢ = go + dt? to oy,
such that for all s the metric o, is the product metric gg + dt? outside a fixed large
interval [T, T1.

Let MP(O,,0p) be the parametrized moduli space of (A(t),(t), o), solutions
of the perturbed Seiberg-Witten equations with respect to the metric “o, modulo
gauge transformation. Consider a family of perturbations such that M¥(0,, Op) is
a smooth manifold of dimension i(e, 8) + 1 + dimO4 which is cut out transversely.
Denote by éf and & the end point maps from MF(0,,Op) to O, and Op respec-
tively.

Now we can define the degree-one map H to be

H : Cy1) k(Y 90, v0) = Cy1y,i(Y, 9o, v0)

Hop: w— (€5)«(EX) w,

a

with w € Quq), k-i(04)(Oa)-
The identity (3.36) which proves that H is a chain homotopy can be rewritten

as the following two identities:

ida,a - Za’ Ia'a’Ja’,a
= 24pi(8,0)<0} DasHp,a + 2 1g:(6,0)50) Ha8Dpa
and, for a # g3,
- za' Ia,a’ a’vﬁ
= Z{’y:i('y,a)SO} Da,'vH%ﬁ na Z{vzi(v,a)ZO} HowD'v,ﬁ'

These identities can be proved by applying Stokes theorem again to their explicit

expression, in the way we discussed already, and using the fact that the co-dimension
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one boundary for MF(0,,04) and M (0,,Op) is of the form (for o # B):

OMP(0a,00) = Uar(M(0a,O

U{ﬂ H{(8,2)>0} ( Oa? Oﬁ X0g M(Oﬁv Oa))
<0} (M(0a, 0p) X0, MF(0p,04))

') X0 rM(OaaUa))UJl a}

Usii(s.,0)

IMP (0, 0p) = Unr(M(Oa, Our) X0, M(Our, Op))
Upritraror(~M (02, 01) x0, M(0+,09))
U{’y:i('y,oz)SO} (M (Oaa O’y) XO,Y MP(O’y, 5 Oa)) )

We have applied Proposition 3.3.9 in the study of the boundary structures. a

Proof of Proposition 3.3.9: For simplicity, we only prove that there is no glue

map on M (#,6) x M(8, a_3), the proof for the other cases are similar. We adopt
the notation in the proof of the gluing theorem (Cf. Theorem 3.1.19).

Since at the singular point z, the operator £; has cokernel which is isomorphic
to C and trivial kernel. We need to study the obstruction bundle as in [16] [43] [44].
The unique feature here is that once the Seiberg-Witten monopole is irreducible, we
can always ensure that it is a smooth point which means that the linearization has
trivial cokernel.

Follow the work in [33], we write the gradient flow equation as s(A, %) = 0, if the
pre-glued element z#%y can be deformed to an actual solution, then there exists a

small («a, @) € Ker(ﬁz#oTy)l such that we have

[J)#%y + (aa ¢)] € M(Om Ob))

that is, the following equation is satisfied

S(w#(’l)“y) + ﬁz#%y(a’ ¢) + Nz#‘,}y(av d’) = 0. (3'37)

Here AN denotes the nonlinear term in the equation, as in the proof of the gluing
theorem. The presence of a non-trivial kernel (and of small eigenvalues since the
problem is non-linear) of Lry 40, Can generate obstructions to solving equation (3.37)
for (a, ¢). In fact, the hypothesis that £ 4o, has a trivial cokernel is essential in

the proof of the gluing theorem: the same argument cannot be extended to a case
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with a non-trivial cokernel. We need to show that there is in fact an obstruction for
the Seiberg-Witten monopoles.

We follow [44] and introduce open sets I (1) of elements [z#%y] such that 4 > 01is
not an eigenvalue of the unbounded operator Kx#gryC;#OTy acting on L? connections
and sections. There projection maps IT(y, #3y) onto the span of the eigenvectors

of ﬁz#%yﬁz#%y with eigenvalue < . These are smooth maps of [z#%y] € U().

Since the element («, ¢} is in Ker(Cx#oTy)'L, we have

(00 8) = Ligo, (5,8).
If [z#%y + (@, ¢)] is a solution, and we assume that (8,€) can be chosen so that

(8,€) € Ker(I(p, z#7y)),

then (8, ) solves the equations

Lopg oLy (Br€) + (1= T 5#59)) (Maggy Cog,, (B, €) + s(2#9) ) = 0,(3.38)

(o, o#59) (Nos s Lopay (8,€) + s(z#%)) = 0. (3:39)

The following lemma ensures that it is always possible to find a small solution of
equation (3.38), hence the problem of deforming an approximate solution to an
actual solution depends on whether equation (3.39) can also be solved. The latter
has a geometric interpretation as the section of an obstruction bundle, as described

in the following.

Lemma 3.3.10. There is an € > 0 such that, for u > €'/2, the equation (3.88) has

a unique solution

(8,€) € Ker(IL(u, x#7y))

with ||(8,8)l113 < e.

Proof. For y > 0 and any (A, ), the operator Higy) = L:(A.w)ﬁ?A ) Where
the operator ﬁ?Aﬂl/) is the dual operator under the weighted Sobolev space, has a
bounded inverse, when restricted to the image of (1 — I(x, (A, %)) in the space of

L? connections and sections.
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Thus, the equation (3.38) can be rephrased as a fixed point problem

We need to prove that the right hand side is a contraction. For all (3,¢) and

(6',€'), we have an estimate

VH g, (1= (s, 2#99)) (VL (8,6) — N.L*(8,€) |

< Gl = INVLH(B,€) = NL(8',€)) .2

< lINL(B,8) - NL (8, &)

< S(ILr B, Ol +IIL B, VNN ((8,€) - (6", )l
< Z31B,OI+ 1B, NNB ) = (8 €Iz

Here the two last estimates follow as in the proof of the gluing theorem.
Suppose given ¢ such that 2Ce!/2 < 1, and p such that p > ¢'/2. Then the map
is a contraction on the ball ||(,8,§)||L% <e ]

Using the result of the Lemma, we can construct the obstruction bundle and the

canonical section . There is a local bundle over & (1) and a section

su(e#hy) = T, 0#3y) (Moo, Logo, (6,6) + s(a#5)) (3.40)

such that the following property holds. z#%y can be deformed to a solution of the
flow equations iff z#%y € s;1(0).

This describes completely whether a given point of (1) can be deformed to a
solution or not. After a generic perturbation, Proposition 3.3.9 follows from the
dimension counting. See [33] for more details.

From Theorem 3.3.8, we have the following corollary which claims that the equiv-

ariant Seiberg-Witten-Floer homology is a topological invariant.

Corollary 3.3.11. Let (Y,s) be a homology 3-sphere with a Spin® structure. Sup-
pose that (go,v0) and (g1,v1) are two pairs such that their equivariant Seiberg-
Witten-Floer homology groups are well-defined, that means, Ker(@9: = 0. Let n be
the spectral flow of the twisted Dirac operator @S from (go, o) to (g1,v1). Then there
is an isomorphism between the equivariant Seiberg- Witten-Floer homology groups for

(90, v0) and (g1,v1) up to an index shift by 2n:

HFgg)vk(Y’ 3, 90 VO) = HFgg/]‘./),k—Zn(Y’ S, Jo, VO)-
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3.3.4 Comparison with non-equivariant Floer theory

We want to compare the equivariant Floer homology with the ordinary Floer ho-
mology in the case of homology 3-spheres. The general relationships are discussed
in [33].

From the detailed descriptions of the coboundary (see (3.34), we know that there
is an equivariant Floer monopole homology of Z-coefficients. The corresponding

complex, still denoted by Cy(y),2x(Y, ), is

Comar(t's) = (BayZ18 ) ® (Bo, 218 1ay) ® (Do Zt® 1ay) -
& (Baryy L7 ® Loy, ) BLEQ 1y & (D, Zt* ® T )
&(Dp, 2" ® 15,) © (D, 2+ @ 15,) @ -
here g, 0, -+ + , ak—1, g range over the regular critical orbits with indices

i(ao) = 2k, i(on) =2k —1,..., i(agk—1) =1, i(ag) =0

and p1.0z,---, range over the regular critical orbits with indices i(8;) = -1,
i(82) = =2, i(B3) = —3 and so on. The coboundary operator ¢ is given by 3.34.
Now we can define a chain homomorphism that maps the equivariant to the

non-equivariant complex.
i - CU(l),k(Y,s) — Ck(Y, 5),
acts on the generators as follows

i - @ QU(l),j(Oa) - Z Z< a>,
i(a)+i=k i(a)=k

w("®1,) =0,
for all values of n and i(O,),

%(1® na) =
if i(Oq) = k, and in all other cases

ik(tn ® ’I]a) =0,
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It is easy to see that Ox_1 01 = ix—1 0 8. Therefore, i, defines a subcomplex of
Cu) (Y, 8) given by Q. = Ker(i.) with the restriction of the boundary operator
d.

Theorem 3.3.12. Let (Y,s) be a Q-homology sphere with a Spin® structure s. Fix
a metric g and a perturbation v such that HFSW (Y, s) and HFgH’) .Y, s) are well-

defined. Then there is an exact sequence
v = Hypa)(9) = HFG oY) 5 HEZW (Y) - - -

where Hyy, y(1)(9) = Zt"®Y for n > 0, 0 otherwise, is the U(1)-equivariant homology
at the fized point 9. Moreover, for k < 0,

HFZW (Y,s) = HEG) 4(Y,9).
For k > 0, we have the following (finitely many) short exact sequences

0= HES s (V9) 25 HESH, (Y, 5) 2o 2t —
— HESE (Y,8) 2+ HFSY (Y,5) - 0.

Proof. The complexes Cy1)«, @+, and Ci all have a filtration by indices of Msy,.
For Cy (1), the filtration is given by
Cuqyx(n) = P Qu1),;(Oa)- (3.41)
i(Oa)t+ij=k,i(Oa)<n
The filtration on Q. is induced from (3.41). The filtration on the non-equivariant
complex is given by
Ck(n) = EB Z<a>.
i(a)=k<n
Let Eg be the spectral sequences associated to the filtration of the complexes
Q+«. We know that the El-term is precisely the equivariant cohomology of 9. Hence,
H.(Q4) = Hy(1),.(9) = Z[t] with deg(t) = 2.

Now the short exact sequences of

0= Q. — CU(l)’*(Y,E) = C, (Y, 5) —+0
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gives the long exact sequence of the homology groups:
P A
= Hypy(9) - HEGH) 4 (Y,8) — HFSY (V,5) =2 He 1 p@)(9) — -
The splitting of this long exact sequence follows from the structure of H ko (9). O

The connecting homomorphism Agj in the above long exact sequences is partic-

ularly interesting.

Proposition 3.3.13. Suppose we are given a representative Youla < @ > in

HFéskv_Kl (Y). Then the connecting homomorphism in the long ezact sequence is
Ay : HFY, = Hyaya(9) = Z¢ ® 9, (3.42)
where

Ak(z Ty < @ >) = Zmamaalmala2 .. -m(,(k_laknc,(k@t'c ® 9. (3.43)

Here the sum is understood over all the repeated indices, that is over all critical

points with indices i(e) = 2k + 1, i(a1) =2k — 1, i(ak—1) = 3, p(oy) = 1.

Proof. The map is defined by the standard diagram chase and by adding boundary
terms in order to find a representative of the form (3.43). For a cycle in H Fz‘,smfl
represented by
To < Q>
{ei(a)=2k+1}
with 3 (qi(a)=2k+1} Talla,s = 0 for any 8 with i(e, ) = 1. Since 1244, is surjective

(see the definition of égx41), the element 2 {asi(a)=2k+1} Ta < @ > has a preimage in
CU(I),2k+1(Ya s):
Z Tal ® Mo
{a:i(o)=2k+1}

under igk41. Adding the element (which is in the kernel of i3541)

Z xamacxlt ® 7]011

o,
applying the boundary operator 2541, we have

6(2al® N+ TaMaoyt ® Nay) = D, TaMaa; Magayl ® Lo,

QX ,02
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which is the kernel of i5;. Nexl adding the element

2
Z xamacxlmalagt & Nay

Q0,02

which is in the kernel of 45541, applying the boundary operator d5x41 again, we have
5(17011 ® Na + xamaalt ® Nay + wamaalmalagtz & 17(12)

= Za,al,az xamaalmalazmazaal @ lag
which is in the kernel of iy, repeat this procedure by adding the element
20,011,"' 03 mamaalmalag ma2a3t3 ® nag
+ e +
Za,al,-",ak ToMuyay ** 'mak_laktk ® Moy, + -

and the diagram chasing, we obtain that dz441(3 4 T < @ >) can be represented

by
Examaalmalag v 'motk_laknak'ﬂtk ® 19-
We use the fact that Cy(1) 2641(Y, s) is finitely generated over Z. O
Let « be a critical point of C,, with index 2k + 1, denote by
m(a7 19) = maalmalagmagag e mak_laknakﬂ
the number presented in Agxyi. Summing over i(ay) = 2k — 1, i(ag) =2k -3, -+ -,
i(ak—1) = 3, (o) = 1 we see that
Im(i2k+1) = I(ET‘(A}C)
(1) Tazac€ HFSY(Y,5)
- Za Talk
(2) Yazam(a,8)=0

Therefore, Ker(Agk+1) measures the interaction of HF5W (Y, g) with the re-
ducible critical points. There is a similar analogue for Seiberg-Witten-Floer coho-
mology.

As an application of Theorem 3.2.2 and Corollary 3.3.11, we can prove the wall-
crossing formulae for the Seiberg-Witten invariant on a homology 3-sphere (Y,s)

with a Spin® structure s.
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Note that the Seiberg-Witten-Floer homology is only well-defined for a metric ¢
and perturbation v with Ker(@#J) = 0. We call (g, v) with trivial kernel a good pair.
From Proposition 2.2.15 and Proposition 2.3.4,

{(9,v)|Ker(#)) = 0}

has many components separated by the codimensional one subset W (see (2.15).
The usual cobordism argument can be adopted to prove that the non-equivariant
Seiberg-Witten-Floer homology is independent of (g, v) in the same component. For

two good pairs (go, vo) and (g1,v1), we have (see Corollary 3.3.11)
HFggl)vk(Y’ 3, 9o, VO) = HngVI),k—2n(Y7 8, 9o, VO)- (344)

where n is the spectral flow of the twisted Dirac operator @ from (go, ) and
(91,v1). Then we claim that the Seiberg-Witten invariants for (go, ) and (gy,1)
are related by

)‘SW(Y151 g1, Vl) . ’\SW(sz’gOa VO) +n (345)

as claimed by the wall-crossing formula (2.16).

Proof of Claim (3.45): Without loss of generality, we can assume that we are in

one of the following two cases for the Floer homology group HFSW (Y, s, go, vp):
Case 1: There exists an integer N such that HF>W (Y, s, gq, vp) = 0 for all p > 2N
but HFSW (Y, s, go, 1) # 0.
Case 2: There exists an integer N such that HF5W (Y, 5, go, vp) =0forallp > 2N +1
but HFSW (Y, s, go, o) # 0.

For case 1, we can assume N > 0, otherwise, we can change the orientation of

(Y,s). Therefore, from the exact sequences in Theorem 3.3.12, we get

0 k> 2N, k is odd
(a‘) HFgE/Y),k-(Y75a Jo, VO) =
ztm k=2m > 2N.
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(b) There are the following identities which come from Theorem 3.3.12:
dim HESY o(Y, go, vo) — dim HFW (Y, go, vo)
= dim HFgm,zN_z(Y, go, vo) — dim Hpgg),zN—l(Y’ go, o) — 1;

dim HE5y" (Y, go) — dim HFSW (Y, go, vo)
= dim HF{?%,ZN_‘;(K 9o, Vo) — dim SWHU(l),zN—s(Y, 9o, 1/0) -1

.........

dim HESW (Y, go, vo) — dim HFSW (Y, go, vo)
= dim HFgg’)'O(Y, go, ¥o) — dim HFgH’),I(Y, go, vo0) — 1.

(c) For k < 0, HFSW (Y, go, o) = HFgg)’k(Y, 9o, Vo).

Given the above information, we can calculate the Seiberg-Witten invariant for

the metric and perturbation (go, 1) as,
’\SW(Y757 go, VO)
= Yr(-1)FdimHFSW (Y,s, go, vo) (3.46)

= k<N (dimHFg(Wl),zk(Y, 3, go, vo) — dim HES({) 1., (Y, 5, 9o, Vo)) - N.

From the isomorphism (3.44), we have

0 k>2N —2, kis odd
HEG (009 00 0) %4 247 k=2m>2N - 2n
HFI?(VY),k(Y,ﬁ,go, o) k< 2N — 2n.

Apply Theorem 3.3.12 once more to HFgg),k(Y,s,gl, v1), we obtain that

Asw (Y, s, 91,v1)
= Su(=DkdimHESY (Y,s, g1,11)
= Chenon (GmHESE, (Y, g1,01) — dim HFSH 5,01 (Y, g0, %0)) — (N = n)
= Y k<N (dimHFgg)ak(Y, go, Vo) — dim HFI'?K)'%H(Y, 9o, 1/0)) —N+n
= Asw(Y,s,g0,10) + 1 (by equation (3.46))

This proves claim (3.45) for case 1.

For case 2, similarly, we have
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0 k> 2N, kis odd
(a’) HFgFVn,k(Y,51gO) VO) =
Zt™ k=2m >2N 4+ 2.

(b) There are the following identities which come from Theorem 3.3.12:

dim HFY (Y, 9o, v0) = dim HES()) ,n (Y, g0, v0) — 1;

= dim HF5y (Y, go, o) — dim HFSW (Y, go, vo)
dim HFG(}) on (Y, 9o, vo) — dim HEG(]) ,n_y (Y, 9o, v0) — 1;

dim HFJW (Y, go) — dim HESW (Y, go, v0)
= dim HFSF"I)JN_‘;(Y, 90, v0) — dim SW Hy 1) an—3(Y, 9o, v0) — 1;

dim HESW (Y, go, v0) — dim HF$W (Y, go, vo)
= dim HF3Y)) o(Y, 9o, o) — dim HFGH) 1Y, g0, v0) — 1.

(c) For k <0, HFESY (Y, go,v0) = HFgH’),k(Y, go, Vo).
Then the Seiberg-Witten invariant for (g,, o) in this case is given by

AS'W (Y751 9o, VO)
= i) kdimHFSW (Y, s, go, vo)
(3.47)
= k<N (dimHFg(V}’)’%(Y, s, 90, vo) — dim HEG(}) 5 11 (Y, 5, 9o, Vo))

—N + dimHF§(}) on(Y, 5, 9o, vo) — 1.

From the isomorphism HFgg/)'k(Y,s,gl, v1) = SWHy ) k+2n (Y, 8, 9o, o), We know
that

0 k>2N —2n, kis odd
HF5() 4(Y,5,91,m) = { Zt™ k=2m>2N+2-2n

HFgE/]‘_I),k(Y’ Y,ﬁ’ qo, I/O) k < 2N + 2 _ Qn.
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Repeat the procedure in case 1, we get

/\SW(Yﬂsa a1, Vl)
= Ek(—l)kdimHF,fW(Y,s, a1, 1/1)

. Ek<N—n (dimHFgg)yzk(Y15, a1, Vl) — dim HFgg),zk+1(Y157 go, VO))
_(N - n) + dimHFgFVl),zN_Qn(Y,ﬁ,gh Vl) -1

= Shen (dimHFSH) (Y,5, g0, v0) — dim HESH) o1 (Y, 5, 90,v0))
~N+n+ dimHFgg’mN(Y,s, go, Vo) — 1

= Asw(Y,8,90,v0) + n (by equation (3.47))

This proves claim (3.45) in case 2.

3.4 Fukaya-Floer monopole homology

As in the instanton case, there is a version of Fukaya-type Floer homology for the
monopoles on 3-manifolds. These were constructed in a joint paper with A. Carey
in [12].

Note that the Seiberg-Witten-Floer complex for (Y, t) with non-zero ¢;(t) has a
period of d(t), see Diagram 3.25. We can lift these periodic complex to a Z-graded
complex by the repeated patterns {C;};ez. Since there is no fixed Cp, we can fix any
chain group C, to be Cp. In the specific applications later, there is a natural way
to get a fixed chain complex. This Z-graded complex is the Seiberg-Witten-Floer

complex for the Chern-Simons-Dirac function on the covering space B of B

5 H'(Y,2)/Ker(ci(Y)

B B

where Ker(ci(t)) is the kernel of the map: [u] = ([u] U c1(¢))[Y].
Suppose that we have a Z-graded complex {C;};ez. Define the chain complex

at grading j to be
CFF™ (Y, 1) = ®o<ngmCi-2n (Y, 1)
with the boundary operators J given by

dm): CFF™(Y,) = CFF™ (Y0
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whose non-zero entry is

AWCR
(k) %]
only at a € Cj_24 (Y, 1), 8 € Cj_1-a(Y,t) with m > [ > k > 0, which is given by

Na B as defined in section 3.2  for | =k,

(1-k)
Ny = (3.48)
N / o'~k for I > k.
M20-H) (a,8)

Here M(a, B)2(—*) is the non-empty component of M(a, B) with dimension 2(! — k),
and O is the first Chern class of the based moduli space over /\;t(a,ﬁ)z('_k), here
we use the convention explained in the introduction. We will justify this formal
notation since M(a, 8)2¢=*) is a manifold with boundary.

Using the based gauge group, there is a U(1) fibration over each trajectory
moduli space, which is actually the moduli space of the gradient flow line on the
configuration space (modulo the based gauge group). On this based configuration
space, the critical point set consists of finitely many U(1) orbits where U(1) acts
freely. We denote by O, the U(1) orbit corresponding to the critical point a. Then
the based fibration over M(q, 8) is M(Oa,Op) (the time independent trajectory
moduli space between O, Opg). We denote this moduli space by M©(a, 8). There

are two end-point maps:

ez M(04,0p) —> Oy €} : M(Oa,0p) — Op.

[0

We can construct a complex vector bundle by using the standard U(1) multiplication
on a complex vector space. Suppose that /\;I(oe, )% is one non-empty component of
M(a, () with dimension 2k (or 2k 4 1), then we associate a rank k complex vector

bundle &, gk
Ea Bk = M(Oa, Oﬁ)% Xu(1) ct

with a transversal section s, gk = (s}xﬁ,k, si,ﬁ,k, e ’Slci,ﬁ,k) with the following com-

patibility conditions on the boundary (corners).

The gluing map in the based moduli space setting, that is, for a sufficiently large
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T, the gluing maps define the following commutative diagram:

o e 7 e o ar oo~ o~
M(Oq, Op) X0, M(Op,0y) = M(Oq,O,)

(3.49)

M(a, B) x M(B,7) M(a,7).

There are natural isomorphisms between the pull-back bundles ¢7.€,, % and the

bundles

W;‘ﬂga’ﬁ’kl @ ”Br')'garﬂvk_kl b

The transversal sections are also compatible with the gluing maps.
In the definition of the boundary operator (cf. 3.48), we used the following
convention:

I-k _ 1
/M(a,ﬂ)z(‘—k) o= #(Sa,ﬁ.t—k(o))

where 5,51k is the transversal section of &, -k, S;,lﬁ,l—k is zero dimensional,
with no zeros from the boundary (by the dimension counting and the compatibility
conditions), hence S;,}@,l— 4 (0) has only finitely many oriented points.

Suppose that M(a, v)?"*! is the non-empty component of M(a, ) with dimen-
sion 2n + 1, then s;,ly,n(O) is a one dimensional, smooth, compact manifold whose
boundary points coming from the zero points of the corresponding sections over the

co-dimension one boundary (the simply-broken trajectories, simply-broken means

that there is one broken point). For example, the contribution from the boundary

component M (a, 3)%F x M(8,7)* % is

Uiy in ((S:'.Yl,ﬁ,k’ e sZ‘,ﬂ,k)_l(O) % (Sjﬁl,'y,n—k’ e ’S/J(;:;,’;z—k)_l(o))

where {j1, -+, jn-k} = {1,---,n} — {i1,--+,i}. Counting the boundary points
with orientation +1, we know that the contribution from M(a, )2k x M(B,~)2"—2

is given by

(Z)#(s;fﬁ,k(m)#(sa,b.n_k(())) = (Z) /M(a,mzk ot /M(Wn_% ot
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where on the right hand side, we use our formal notation. Then counting the bound-

ary points of s;}%n (0) with orientation, which is zero of course, is equivalent to

2, (Z)#((S;’}B'k(o))#((SE,IW.n—k(O)) =)

Bk
This identity is a formal Stokes formula calculation applied to d(©™) on the moduli
space M(a,ﬂ)zn with codimension one boundary.
For a homology 3-sphere Y with a good metric and perturbation, there is also
a version of Fukaya-type homology group defined in the same way. (We ignore the
unique reducible critical point, as in the case of ¢;(t) non-zero.) There is another
variation of the Fukaya-type homology group where we take account of the reducible

critical point, we will discuss this after the following Proposition.

Proposition 3.4.1. (a) agm) =0 on C’FF,.fm)(Y, t), therefore there are homology
groups HFF.Em)(Y, t) which are independent of the metric and small perturba-

tions.

(b) Denote by (Y,t) the 8-manifold (Y,t) with the opposite orientation and the
induced Spin® structure t. Fiz the chain group for (Y,¥) by requiring that the

Jollowing pairing makes sense. Then there is a natural pairing o, :

HFF™(Y,8) x HFF), (V.9 = 7,

which is given by

((¢0,¢17 . 1¢m)a (¢01¢1) e a¢m)) = Z (Z) ’(/)k¢m—k-

k

on the corresponding chain groups.

Proof.  The proof of Proposition (a) goes in the same way as in the previous

subsection by applying the Stokes formula to the manifold with boundary. We

briefly indicate why (9(2m) = 0 and leave the details of the boundary information to

the reader. Note that the entry of d%m) coming from

()nlsH (D)nln

Ci—2k Do<i<m Cij—1-2

Cj—2—2n
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can be written as

(I-k) (n—l)

Tas "By

£ (o)t (7)o"
()=

n n
)zl

where 37,375 (72 ) (1 k) (qu Y is the formal integration of ©"~* over the co-
dimension one boundary of the moduli space M2("~#)t1(q, y) (the 2(n — k) + 1
dimensional component of M(a, 7)), which is zero as we explained above. In the
case that Y is a homology 3-sphere, we have to show that there is no contribution
from M(a,0) x U(1) x M(8,8) in 3;,}@,%4—1(0)’ this is due to the fact that there
is a U(1)-action on the pull-back bundle and the pull-back section is transversal
and U(1)-equivariant on M(a, 8) x U(1) x M(8, 8). The proof of Proposition (b) is
straight forward. O

Here we briefly discuss another variation of the Fukaya-type monopole homol-
ogy for a homology sphere (Y, g,n) whose monopole moduli space M, (Y) consists
of finitely many irreducible, non-degenerate critical points and a unique reducible
critical point #. The Z-graded chain complex is the same as the non-equivariant
Seiberg-Witten-Floer chain complex except at degree 0:

Ci(Y,g.n) = C;(¥) for j # 0,

] (3.50)
Co(Y,9,m) = Co(Y) ® Z.(6).

Then as in the previous construction, define the Fukaya-type complex as
CEF™(Y,8) = @ocnemCioan(Y, 9, )

with the boundary operator J(n,) given by (3.48) while B can be the reducible solu-
tion 6, and any entry né,'ﬁk = 0. Then there is a homology group C’C’Fim)(Y,g, n)
which satisfies Proposition 3.4.1. This version of Fukaya-type monopole homology
is the right model to study the gluing formulae for a simply-connected, 4-manifold
X = X, Uy X, splitting along a homology 3-sphere for which b;"(Xl) > 1 and

b (X2) = 0. The Fukaya-type monopole homology (by removing the reducible point
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f) will be applied to the case of both b (X;) > 1 and bJ(X;) > 1 where the
Seiberg-Witten monopole invariant has no contribution from the gluing monopoles
along 0. There is also a version of Fukaya-type monopole homology for the equiv-
ariant Seiberg-Witten-Floer homology defined in [33], which is used to investigate
the 4-manifold with b3 (X) = 1 splitting along a homology sphere. This last issue is

very subtle, we will leave it for future research.
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Chapter 4

Applications of Monopole
Homology Theory

4.1 Gluing formulae for 4-d SW invariants

4.1.1 Relative SW invariants for 4-manifolds with boundary

Let X be an oriented Riemannian 4-manifold with cylindrical end modelled on
Y x [0,00). Let s be a Spin® structure on X whose induced Spin® structure on
Y is t. My, is the moduli space of the Seiberg-Witten monopoles on (Y, t), which
consists of finitely many irreducible solutions for ;(Y) > 0, with a unique reducible
solution 6, for a homology 3-sphere Y. The relative Seiberg-Witten invariant for X is
defined by studying the relative Seiberg-Witten moduli space on X with asymptotic
limit representing a critical point in My,,.

We begin with by(Y) > 0: for each @ € My, define M(X, @) to be the moduli
space of the Seiberg-Witten equations on X with asymptotic limits representing o

modulo the gauge group of X. Then there is an asymptotic value map:

Ooo : Mx(s)= ) M(X,a) — M, (Y) (4.1)

aeMt,q

where M, ,(Y) is the moduli space of the Seiberg-Witten monopoles on (Y, t) modulo

the gauge transformations which can be extended to X. Note that M, (Y) is an

121
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HY(Y, Z)/Im(i*)-covering space of My, (Y):

HYY,Z)/Im(i

T Mt.n (Y) .) th (Y)

with ¢* : HY(X,Z) — H'(Y,Z) is the induced map of the embedding 7: Y — X.

The functional space for the monopole equations modelled on « are L?-Sobolev
spaces with ‘d-decay’ where § > 0 is determined by the least absolute eigenvalue of
the Hessian of C;, at o as in Remark 3.1.13. Let I'y = (A4, @4) be a Spin® connection
and a spinor on X which agrees with the pull-back of some gauge representative of o
on the cylindrical end. Define the configuration space to be the following §-weighted
Sobolev space (I > 4),

C(X, Fot) = {(Aa Q)b)lA - Aot € Ll2,6,¢ - (I)a € Ll2,6,Ao}
with gauge group given by
GX)={uv:X = Cllu| =1,1-ue Lf, s}

Fix r > [, choose p € T'(isu(W)) = A2+ (X) such that p— icp € C§ (6-decaying
C"-forms) where ¢ : X — R* is a cut-off function supported away from a compact
set and equaling 1 on the end.

The perturbed monopole equations on X are given by

(4.2)
Dap=0.

The corresponding L2-moduli space M(X,T,) is the set of G(X)-equivalence
classes of pairs (A4,%) € C(X,TI'y) solving equations (4.2) with finite variation on
the end for C,. Note that the asymptotic limit of [A, %] takes valued in My, (Y).
If Fg), Fg) are two such classes in /\;!t_n(Y) representing «, then there is a gauge
transformation u on Y such that u(l"&l)) = I‘g), where [u] lies in H(Y,Z)/Im(i*),
then the virtual dimensions iX(F(al)) and iX(FE,,Z)) of M(X, F&l)) and M(X, I‘g))
(the indices of the deformation complexes for the Seiberg-Witten monopoles) has

the following relations:



4.1. GLUING FORMULAE FOR 4-D SW INVARIANTS 123

Proposition 4.1.1. Ifi(I'y) < 0, then there exists a Baire set of perturbations such
that My(Ts) is empty; if i(Ty) > 0, then there exists a Baire set of perturbations

such that M;(La) is a smooth, oriented manifold with dimension i(T'y,).

Proof. This is the application of standard transversality arguments as in subsection

3.1.3. O

Let M(FS,O)) be the non-empty component of M (X, ) with the least dimension
ix (I‘,(,o)), denote by M(F((,n)) be the non-empty component of M (X, ) with dimen-
sion tX(F&")) + n d(t). We can view {F,(,,n) :n > 0} as in the fiber of the following

COVGI‘iIlg space:

~ Ly,z er(c
My, (v) ZERKerl®) 4 vy (4.3)

where Ker(ci(t)) is the kernel of the map [u] — ([w] U ¢; (£))[Y], for ¢; (%) # 0,
HYY,Z)/Ker(c,() 2 Z

hence, ./\;igm(Y) is a Z-covering space of M, ,(Y), and the relative Zg(y-indices can
be lifted to Z-valued indices on My, (Y), this was first discovered by R. Wang[47].

Then we know that generically M(X, ) is the union of the non-empty com-
ponents {M(F((,")) :n > 0}. We will define the relative Seiberg-Witten invariant
SWx (s) with values in the Fukaya-Floer monopole homology groups from the com-
pact components in {M(F&")) :n > 0}.

We know that on each component M (X, F((,,")), there is a canonical U(1) fibration
MO(F&")) with associated vector bundles.

If iy (I‘,(IO)) = 0, we define
SWi a0 = #(M(X,T)),

and for any n > 0, let MO(FE,,“)) be the based moduli space over .M(I‘((,")). Denote
by © its first Chern class. Then we construct a rank d complex vector bundle (where

2d is the dimension of M (X, an)))

gX,oz,d . MO(F&")) Xy(1) Cd
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with a transversal section sy o4 = (s}(’a,d, .. ,sg{,a'd) which is compatible with the

pairs (€q,6,«) Sa,8,x) Via the gluing map:
g1 : M(X, a) x M(a, ) — M(X, B).
Then we define

SWX'a(n) =# (s}}a'd(O)) .

We formally denote it by fM(X,FE,")) ©<. Now #(s}}a'd(O) is well-defined by an ar-
gument similar to the corresponding construction in the definition of Fukaya-type
homology groups.

Ifix (F‘(xo)) > 0 is an odd number, define ny ,m = 0. If ix (I‘&o) > 0 is even, we
again use the transversal section on the associated vector bundle x o4 (Where 2d

is the dimension of M (X, ™)) to define SWx o)

Definition 4.1.2. The relative Seiberg-Witten invariant for (X, s) is defined to be
the following formal series
SWx(s) = Z Z SWx otm (t" ). (4.4)
OtEMt,n(Y) 'nZO
For each 4-manifold with a Spin® structure s, there is a natural Z-lifting of the

periodic Seiberg-Witten-Floer chain complex which is given by the grading
ix (™) = ix(t"a) = n d(£) + ix (I'O). (4.5)
This can be extended to give a grading on M, (Y) (cf (4.3)).

Proposition 4.1.3. Let (X,s) be a Riemannian j-manifold with cylindrical end
modelled on (Y x [0,00),t) and Y be a closed 3-manifold with b;(Y) > 0 and
ci(t) #0. Let n be a perturbation such that My, (Y) consists of only finitely many
irreducible, non-degenerate critical points. Define the Seiberg- Witten invariant for
(X,s) to be ({.4). Then for any 2m > 0, we can extract a relative Seiberg- Witten in-
variant SW)((m)(s) from SWx (s) by only considering those terms with ix (t"a) < 2m
such that SWg{m)(ﬁ) represents a homology class in HFFE™ (Y, 1).

Proof. Note that there are only finitely many terms in the expression of SW}((m) (s)-

The cocycle condition can be checked through the boundary information of M(FE,”))
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involved in and following from the formal Stokes formulae explained in the Section

3.4. a

For a 4-manifold (X,s) with boundary a homology 3-sphere Y, we can define
the relative invariant from the Seiberg-Witten monopole moduli space on the cor-
responding 4-manifold with cylindrical end. We assume that b3 (X) > 1 and the
induced metric gy on Y is a ‘good’ metric in the sense that M,(Y,g) consists of
finitely many irreducible non-degenerate points and a unique reducible point . The
Seiberg-Witten moduli space Mx(s) on X with finite variation of C,, on the cylin-
drical end can be studied by using the weighted Sobolev space as before.

Any monopole in M x (s) has an asymptotic limit as we approach the end, which

decays exponentially to a critical point in M,(Y, g), therefore,

Mx(8) = Ugem, (v.g)Mx (5, @)

where M x (s, @) is non-empty only if the virtual dimension (the index of the defor-
mation complex) ix(a) > 0. The non-empty component Mx (s, ) is an oriented,
compact, smooth manifold of dimension ix(«) after a standard perturbation argu-

ment.

If ix(a) = 0, we can count the points in Mx(s,a) (an oriented, compact 0-
manifold) with sign, we get a number SWx o, if ix (@) = 2d > 0, we can define the
corresponding monopole invariant SWy , as in the Definition 4.1.2 (¢) by integrating
0 over M x (s, @), similarly, if ix(a) is odd, we assign SWx , to be zero. Note that

we take account of the reducible point § € M, (Y, g). Define

Wxe)= Y Wrala) € Cull,g,m). (4.6)
a€My(Y,g)

Then for any 2m > 0, we can retract a relative Seiberg-Witten invariant
SW)((m)(s) from SWx(s) by only considering those terms with ix(a) < 2m,
then SW)((m)(s) represents an element in the Fukaya-type homology groups
Eﬁ’(m) (Y, g,n). Moreover SW;m)(s)(mod Z .(#)) defines an element in the Fukaya-

(m)

type homology groups HFF, "’ (Y, ¢,7).
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4.1.2 Gluing formulae for 4-d monopole invariants

Our application is mainly to consider a simply-connected, closed 4-manifold (X,9)

with b3 > 1 and a Spin® structure s. Suppose that X has a decomposition:
X1 Uy X,

along a 3-dimensional submanifold Y. Here since the Seiberg-Witten invariant for
4-manifold X with b > 1 is independent of the chosen metric, we choose a metric
gt on X such that X contains a very long ‘neck’ Y x [T, —T).

Let zk denote the embedding maps of Y into X}, as the boundary. Suppose the
restriction of s on Y is a Spin‘-structure t such that M, (Y,t) consists of finitely
many, non-degenerate, irreducible critical points of C, for b;(Y) > 0 with a unique
reducible point € for a homology 3-sphere Y.

First we assume that Y is a closed 3-manifold with b;(Y) > 0. Let s; = s|x,,
$2 = 8|x,, then the Spin®-structure on X, denoted by Spin®(X;s;, s), which agrees

with s; over X, is an affine space over
HMY, Z)/Ims} x Imd}

where 4} : H'(X1,Z) - HY(Y, Z), i3 : HY(X,Z) —» H\(Y, Z).

By the Mayer-Vietoris sequence, we know that
ImiiNImi3 =0
Imit x Imiy = HY(Y, Z).
from which we see that Spin®(X; sy, s,) consists of only one point, that is {s}.

As T is chosen sufficiently large, each solution to the Seiberg-Witten equations
on X is approximated by a pair of solutions on X; ., where cylindrical ends are
attached.

From Definition (4.1.2), there exists a relative SW-invariant denoted by SWy;,
which take values in HF W (Y,t) and HFSW(Y,T) respectively. Note that
HFESW (Y %) is constructed from the same complex as HFESW(Y,t) with reversed
orientation.

SWXi = Z Z SWX.‘,Q(") (tna>7
aEMn(Y)n20
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where SWx, o(m is the Seiberg-Witten monopole invariant corresponding to the
compact moduli space M (X;, F&")) with even dimension iX'.(Ft(),”)).

The Seiberg-Witten monopole theory on a closed 4-manifold ([26]), tells us that
the moduli space Mx (s) is an oriented, compact, smooth manifold with dimension

given by
1@ (2x+ 30)) = dx() > 0

after a generic perturbation.

If dx(s) = 0, counting the points in Mx(s) with sign gives rise to the
Seiberg-Witten invariant SWx(s). If dx(s) is odd, we define SWx(s) to be 0.
If dx(s) = 2d > 0, then SWx (s) is defined to be

I
Mx(s)

where O is the first Chern class of the based moduli space over Mx(s).
When T is sufficiently large, the gluing theorem of the Seiberg-Witten monopoles
identifies M x (s) with the following product:

MX(ﬁ) = Ua(")ean(Xl? an)) X M(X2a an)) (4'7)

where ITx = {a™ : ix, (o) + iy, (™) = dx(s)}. From (4.7) we see that any
non-empty component M(X;, I‘S,n)) appearing in the gluing model can be compact-
ified by adding lower dimensional “broken” monopoles. Those components with
even dimensions will have contributions to the monopole invariant SWy (s) for sim-
ply connected 4-manifold X. We summary our gluing formulae in the following

proposition.

Proposition 4.1.4. Suppose that (X,s) is a closed, simply-connected 4-manifold
with b} > 1, which splits along a closed 3-manifold (Y, t) with by(Y) > 0. Then the
Seiberg-Witten invariant SWx(s) for (X,s) with dx(s) = 2d can be ezpressed as
follows:
d
SWx(s)= Y (ixl(a(")))Sle,a(mSWxQ,a(n)
alMelly \T 5

where I x = {a(™ : ix, (&™) +ix,(a(™) = dy (s)}. If we grade the Seiberg- Witten-
Floer chain complex by the indices defined in (4.5), and denote by SW)(g) the relative
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invariants valued in the Fukaya-type homology HFF,,(d) (Y,t) as in Proposition 4.1.3,
then

SWx (s) = 04(SWx,, SWx,)

where a4 is the pairing defined in Proposition §.4.1.

Proof. We give here only the formal proof by using our notation conven-
tion, one can reinterpret each identity in terms of the canonical vector bundle
and their transversal and compatible sections as we did in section 3.4. From
the gluing model (4.7), we know that the first Chern class © on Mx(s) can be
decomposed as ©; + O, (the sum of the first Chern classes) on any component
M(X;q, an)) XM (Xa, l"g,")),from which the contribution to SWx (s) can be expressed

as

01 + 0,)*
fM(,n.L*E:")xM(Xz,FE."’)( 10

d iy (a(")) iy [0(")]
= | ix (alm) / 072 / 07
=5— ) Imx, e M(X2,T0Y)

d
(ix, (a‘")]) SWx, amSWx, om-
2

Then the gluing formula follows from the definition of the relative monopole invari-

ants and the pairing 4. O

Now we suppose that the simply-connected 4-manifold X = X;Uy X; splits along
a homology 3-sphere Y. We further assume that b3 (X;) > 1 so that b3 (X) > 2,
then we will discuss the case when b3 (X;) > 1 and b3 (X2) = 0.

For the first case where b3 (X;) > 1, we know that the Seiberg-Witten invariant
is independent of metric and perturbation, then we can choose a good metric such
that there is no reducible solution on X; and X,, and the metric near Y has a
sufficient long ‘neck’ structure, we can also require that M, (Y) has only finitely
many critical points with only one isolated reducible solution.

The gluing model in this situation gives rise to the following isomorphism, in

which M x(s) is the Seiberg-Witten moduli space with even dimension d(s) = 2d:

M (8) 2 Uert (M, (@) x M, (@) U (M, (6) x Mx, (8) x U(1))
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where Iy = {or € MJ(Y) : ix, (o) +ix, (@) = d(s)}, My (Y) = M}(Y) U {6}.

We can see from the definition, the contribution of Mx, (6) x Mx,(6) x U(1) to
SWx (s) vanishes, so we can use the mod(Z 6) version of the relative invariants (cf
(4.6)) for X;, which can be written as

SWx,= Y. SWx,a{a).
aEM(Y)
The gluing formula in this case is the pairing o4 of SWx, and SWy,:
SWx(s) = Saem, (ﬂ.ﬁ ) SWx, «SW Xa, o

2
= 04(SWx,,SWx,)

(4.8)

In the case of b} (X1) > 1 and b3 (X3) = 0, there is always a unique reducible
solution (also denoted by 6) in the moduli space Mx,. We can choose a metric
on X such that My, has no reducible solution, and the induced metric on Y is
‘good’ with respect to the perturbation 7. We assume that there is no cokernel of
the twisted Dirac operator with # on X, in the weighted Sobolev space, therefore
there is no obstruction in the gluing of the monopoles in Mx, () with 6. Then the

above gluing model gives the following isomorphism:
Mx(s) = Uneny (Mx, (@) x Mx,(a))
U(Max, (8) x M5, (0) x U(1)) U (Mx, (6) x {6}).
From this gluing model, we see that d(s) = ix, (#) = 2d > 0 and the contribution to
SWx (s) from My, (6) x M%,(6) x U(1) is zero since M, () (the irreducible part)
is empty by dimension counting. The contribution to SWx (s) from M, (6) x {6}

is S’VVX1 (0) s

The gluing formula in this case is given by

d
2
S SVVX1 (0) + G'd(SWXl,SWX2)

(4.9)

) o~ (d)
where oy is the pairing on HFF, (Y, ¢, 7).
Even if there is non-trivial cokernel for the twisted Dirac operator with 6 on the

weighted Sobolev space over X, the above gluing formula (4.9) remains to be true
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by studying the obstruction bundle as in Donaldson theory [16]. We need to under-
stand the obstruction bundle over Mx, () x {8}, suppose that dimCoker () = C*,
then dimMx, (0) = 2d 4 2k. The obstruction bundle is

IT= MXI (6) Xu(1) c

with a canonical section A whose zero points are the actual monopoles obtained by

deforming the pre-gluing monopoles of the form

(A’w)#{e} € MX1 (0) X {0}

It is easy to see that the obstruction bundle © is the associated bundle with the
basepoint fibration, let £ be the line bundle associated with the basepoint fibration
Mx, (6), then

II= ®k—copies L

from which we see that the homology class [A~1(0)] is just the Poincare dual of ©F
(the first Chern class of the basepoint fibration) in M x(s), hence the contribution
to SWx (5) is SWx, (0)

Remark 4.1.5. Though the Seiberg- Witten-Floer homology for a homology 3-sphere
depends on the metric and perturbation, the gluing formulae to calculate the
monopole invariant on (X,s) makes sense since we always assume b3 (X) > 1. In
case of b3 (X) = 1, we know that the monopole invariant on (X,s) depends on the
metric, therefore, one may except that the wall-crossing formula for SWx (s) could
be worked out by using the gluing formulae in the equivariant Seiberg- Witten-Floer

homology setting. We will study this application in the futurc.

4.2 Monopole invariants for contact structures

In this subsection, we will apply the techniques in [27] [45] to define certain invariants
taking values in the Floer homology groups of a 3-manifold Y with contact structure
€. A contact structure £ on Y is an oriented 2-plane field which is nowhere integrable.

This requires that the 1-form « which annihilates £ satisfies oo A dov > 0.
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Let = denote the space of oriented 2-plane fields on Y. For each £ € =, there is

a natural Spin®-structure t = (W, p) associated with &, where
W=¢aC.

This Spin® structure t also admits a unit-length spinor ® € C unique up to gauge
transformations u : Y — U(1). On the other hand, for t = (W, p) € Spin(Y) and
® € I'(W) such a unit-length spinor, if we write W = C®L ¢ C® locally, then

-1 0

€ I'(isu(W))

0 ¢
defines a unique 1-form (of unit-length) & such that p(«) is the above form. This
1-form defines an oriented 2-plane field £ = ker(a). There is a projective map
from mo(W) (the connected component group of =) to the isomorphic classes of
Spin® structures on Y: p : mo(E) — Spin®(Y) whose fiber over t = (W, p) can
be identified with the set of homology classes of unit-length spinors of W modulo
the action of automorphisms of t. This set can be identified with Z/d(t)Z by using
relative Euler classes as in [27]. We briefly recall this identification as follows: let
®,,d; be two unit-length spinors of W, then we can define a difference element

§(®,, ®3) € Z given by the relative Euler class:
8(®1, ®2) = e([0,1] X W; P9, $1)[[0,1] x Y, 9].
If ®;,®; are homotopic, then §(®1,®2) = 0. If &y = u(Py) where u : Y — U(1),
then
§(®1,u(®1)) = (W xS A-u_1du)([Y x SY))
= ([WJua@)([Y]) € d(f) 2.

where [u] € H'(Y,Z) corresponds to the connect component determined by u.
Fix [&] € p~1(t), then for any [§] € p~1(t), the above difference element defines
8(&1,&2) € Z/d(t)Z which identifies the fiber p~1(t) with Z/d(t)Z.

Suppose that & € p~1(t) is a contact structure on Y, then there exists a unique

Riemannian metric g; on Y such that

(a) laf =1,
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(b) da=2xa,

(c) The canonical complex structure J on £ ( J? = —1, (e, Je) is a positively

oriented basis for any vector e € ) is an isometry.

For this contact manifold (Y,&), there is a symplectisation on [2,00) x Y whose

symplectic form w is given by
1. 2 Lo
w= §d(t da) =tdt Na+ Et do

and the compatible metric on [2,00) x Y is given by dt? + t2g;. Choose a smooth
p

positive function f :[-1,1] — [0, 1] such that

fli=1,0(t) = ¢, fliyz,(t) =1, 0< f(t) < 4.

Then (Y x R) with metric g

dt? + t%g, t € (—oo,—1]
g=9 dt*+ f(t)q1 te[-1,1] (4.10)
dt? + ¢, t €[1,00)

has one cylindrical end and one conical end. If Y is a homology 3-sphere, we can
further assume that the cylindrical end is modelled on Y with metric away from the
codimension one subset W in Proposition 2.2.15.

On the symplectic part [2,00) XY, there is a canonical Spin® structure as in [45]:
W+ — A0.0 @ A2‘0

associated with a unique spin connection Ag such that D4, Po = 0 for ® is the
constant unit-length spinor in A%°.
Write a spin connection as Ag + a, where a is a iR-valued 1-form on [2,00) x Y

and let

¥ = (p(Bo)-Po, p(B1).P0)

be an ordered pair where (8o,81) € A°® ® A®2, Then the perturbed monopole
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equations can be written as follows:

0o+ 0281 =0

Fy = é(l ~ |Bol?® + 181 [*)w (4.11)
F? = %BO,BI

where F¥ = %(Fa,w>.

Suppose that b;(Y) > 0 such that C, has only finite, non-degenerate, irreducible
critical point set My, (Y). Let M, (Y, &) be the L:-moduli space of monopole equa-
tions on (Y xR, g) whose restriction to the cylindrical end gives a finite variation of
C, and whose restriction to the conical end satisfies the above equations (4.11). Then
any Seiberg-Witten monopole in M, (Y, &) decays exponentially to a Seiberg-Witten
monopole in My, (Y) ast — —oo (see Proposition 3.1.12), and decays exponentially
to (Ao, ®o) as t = oo (see [27]). Denoted by M, (Y,&, a) the corresponding mod-

uli space, let i(€, @) be the index of the linearization of the monopole equations on

(Y xR, g,€&) for M, (Y,&, @) then

i(a, B) = i(&, B) — i(&, a)(mod d(t)).

The standard transversality and compactness argument in subsection

My (Y, €, o).

Proposition 4.2.1. There is a Baire set of perturbations n such that M, (Y, ¢, a)
is a smooth, oriented, compact manifold with dimension i(§, o) whenever i(€,a) > 0

and is empty when (£, @) > 0.

Now we come to define the monopole invariants for the contact structure

& € p~L(t) for a Spin®-structure t on Y.

Definition 4.2.2. Let { be a contact structure in p~'(t), denote by M, (Y,¢,a)
the moduli space of Seiberg- Witten monopoles on (Y, g) which satisfy the perturbed
gradient flow equation of C; on'Y X (—oo,—1] with asymptotic limit o € M, ,(Y)
as t — —oo and satisfy the equations ({.11) on'Y X [2,00). We also assume that
c1(t) #0if by (Y) > 1.

((l) Ifz(fv Oé) =0, define Nga = #(MU(Yvé‘v Ot)),
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(b) If i(§, @) is an odd number, define ne o = 0,

(¢) Ifi(¢, a) = 2m > 0, let MO(Y, &, @) be the based moduli space over M, (Y, €, a),

it is a U(1) bundle. Denote by © its first Chern class and then define

Nga = / om.
MY(Y € ,a)

where we use our formal convention as before, n¢ o is actually the “Euler”

number of the complex vector bundle associated with the basepoint fibration.

Then the monopole invariant for contact structure £ € p~1(t) is defined to be

SWY, )= D nagla). (4.12)
aEM5(Y)

Proposition 4.2.3. For each contact structure & € p~1(t), its Seiberg-Witten in-
variant SW(Y,€) € HESY (Y, t).

Proof. Applying the boundary operator 0 to SW (Y, £), we see that

I(SW(Y,§)) = Z Z nmﬁ"mﬁ(ﬂ)'

o gi(a,f)=1
We need to check 3, na¢nqg = 0 for any 8 with ¢(e,8) = 1. For those o with
i(§, @) = 0, then contribution comes from the boundary of 1-manifold M,(Y,¢, B),

which is zero. The other terms are also zero by the Stokes formula. a

Remark 4.2.4. We can define the monopole invariant for a contact structure on a
homology 3-sphere, where we need only to ignore any contribution from the unique

reducible solution in M, (Y).

Remark 4.2.5. In [27], the monopole invariant for a j-manifold with contact
boundary is defined through the Seiberg-Witten monopoles on the f-manifold with
conical end. This kind of invariant can be obtained by the gluing formulae between
the Seiberg- Witten invariant on a 4-manifold with cylindrical end and the Seiberg-
Witten invariant for contact structure. We leave the formulation of this gluing

formulae to the reader.
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